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GEOMATHEMATICS

Geomathematics provides a comprehensive summary of the mathematical prin-
ciples behind key topics in geophysics and geodesy, covering the foundations of
gravimetry, geomagnetics, and seismology. Theorems and their proofs explain why
physical realities in geoscience are the logical mathematical consequences of basic
laws. The book also derives and analyzes the theory and numerical aspects of estab-
lished systems of basis functions and presents an algorithm for combining different
types of trial functions. Topics cover inverse problems and their regularization,
the Laplace/Poisson equation, boundary-value problems, foundations of potential
theory, the Poisson integral formula, spherical harmonics, Legendre polynomials
and functions, radial basis functions, the Biot—Savart law, decomposition theorems
(orthogonal, Helmholtz, and Mie), basics of continuum mechanics, conservation
laws, modelling of seismic waves, the Cauchy—Navier equation, seismic rays, and
travel-time tomography. Each chapter ends with review questions, with solutions
for instructors available online, providing a valuable reference for graduate students
and researchers.

VOLKER MICHEL is a mathematics professor at the University of Siegen, where he
founded the geomathematics group. He is also an editor-in-chief of the International
Journal on Geomathematics and a member of the editorial boards of the Journal
of Geodesy and Mathematics of Computation and Data Science. Previous works
include Lectures on Constructive Approximation (2013) and Multiscale Potential
Theory (2004) with Willi Freeden. Michel has organized several conferences on
inverse problems and geomathematics.
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1

Introduction

Ich behaupte aber, dass in jeder besonderen Naturlehre nur so viel eigentliche
Wissenschaft angetroffen werden konne, als darin Mathematik anzutreffen ist.
[But I maintain that in every special natural doctrine only so much science proper
is to be met with as mathematics. |
Immanuel Kant, 1786

Eratosthenes of Cyrene, who lived basically in the third century BC, was one of those first
mathematicians whose knowledge and abilities at these early stages of human civilization
were remarkable. Besides his method for seeking prime numbers, he particularly also con-
tributed to the measurement of the Earth by, for example, determining its circumference.
In this respect, he might have been the first geomathematician, or at least one of the first.
Many more followed him, and definitely Carl Friedrich Gaul must be mentioned here, as
he can be seen as the greatest genius in mathematical history. His works and their influ-
ence are widespread in mathematics, and they are also of essential importance in various
applications, in particular and (in the author’s possibly biased point of view) first of all in
Earth sciences, especially geomagnetics and potential theory. The awareness, which reaches
back to classical antiquity, that mathematics is the foremostly required skill and toolbox
for understanding the objects and processes that surround us has been preserved up to the
present. It has nicely and more generally been put in a nutshell by the preceding quotation,
which is from Kant (1786); for the English translation, see Kant (1883). Over the centuries,
Earth sciences and mathematics have both advanced. While the achievements at the time of
Eratosthenes and his fellows are nowadays parts of the curricula at schools, many modern
challenges in geosciences are equally challenges to twenty-first century mathematics.

The importance of mathematics for the understanding of the entire phenomenologies
which are associated to the Earth was recognized and highlighted by the initiative Mathe-
matics of Planet Earth (MPE), which was launched by UNESCO in 2013. Since then, the
interest in geomathematics has grown extensively and many publications have occurred in
the wake of MPE. Certainly, the Earth is as complex as it is versatile. Therefore, one single
book cannot cover the whole mathematics which models processes occurring in the Earth, at
its surface, and in the atmosphere. This new book that you are currently reading concentrates
on specific topics: gravitation, magnetics, and seismology, though also these fields could
easily fill books of the same size on their own. Moreover, this book is not only devoted
to the modelling of these physical areas, but also to the mathematical foundations which
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are necessary for understanding and solving the occurring challenges. This comprises, in
particular, a selection of basis function systems, including an algorithm for best basis choice,
and the theory of inverse problems and their regularization.

Given the limitations that naturally occur when an author tries to squeeze these topics
into approximately 500 pages, one needs to concentrate on certain essentials. A particular
focus was put on the interconnections. There are mathematical tools which are essential
in more than one of the three considered Earth sciences. Nevertheless, each chapter can
be read on its own, but cross references are set where theorems and concepts are needed
which have been derived in other contexts. Looking back at approximately a quarter of a
century of being a scientist, the author has noticed that often the solution of one’s currently
urgent problems is located beyond one’s own nose. Moreover, for opening the right drawer,
one needs to know what is inside each drawer — otherwise the search can become very
time consuming. Therefore, gravity experts, geomagnetics scientists, and seismologists are
particularly encouraged to look not only into those chapters which have headings that are
familiar in their own disciplines. Another focus was set on clear and rigorous deductions. For
example, in the chapter on gravitation, we start with nothing more than Sir Isaac Newton’s
law of gravitation, which leads us to an integral. Then we observe the properties of this
integral and their consequences. This brings us automatically, for instance, to the modelling
with spherical harmonics and radial basis functions. Many tools and common facts, which
are often accepted without scrutinizing them, occur here as logical consequences of ele-
mentary starting points in the modelling.

This book addresses several groups of readers: mathematicians who are interested in the
theoretical foundations of certain areas of Earth sciences but also those who need tools for
solving applied problems with mathematical means; geoscientists who look for a mathe-
matical reference which explains why common physical realities are actually mathematical
facts; and also those who look for new inspirations and alternative approaches for solving
various topical problems in their fields. The monograph has been written for students as
well as researchers who will both find their own particular benefit from it. It was also very
important for the author to produce a book where proofs and other derivations are compre-
hensible to a wide audience. Numerous graphical illustrations support the understanding of
complicated mathematical concepts. Moreover, for finding important keywords more easily,
many of them have been set in boldface.

Acknowledgements: Last but not least, the author, who switches here to the first person,
feels the strong need to thank many people who made this book possible and who helped to
bring it to what it has become. The largest gratitude is owed Kornelia Mielke, who coped
with my handwriting and translated it into I&IEX for major parts of this book. Without
her, the book would be far from finished yet. Certainly, I am also grateful to the people
at Cambridge University Press for giving me the opportunity to publish my book under
their famous brand and for being extremely patient with me, because I should have actually
finished this work years ago.

Moreover, 1 am beholden to those members of my group and students who have been
proofreading various intermediate versions of this book. In particular, I want to mention
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Amna Ishtiag, Max Kontak, Bianca Kretz, Sarah Leweke, Naomi Schneider, and Katrin
Seibert. The latter two also earn my gratitude regarding some of the numerical calculations
and the corresponding plots. Furthermore, there are also some other people without whom
this book might have never been written: those many students in Kaiserslautern and Siegen
who attended some of my master courses and were missing accompanying textbooks, which
was the reason why they asked me to fill this gap.

And now definitely last but surely not least: with special emphasis, I want to thank Willi
Freeden, my academic teacher, mentor, and friend, for awakening my lifelong enthusiasm
for geomathematics.
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Required Mathematical Basics

2.1 Some Important Definitions

We introduce here some notations and mathematical nomenclatures which we will need
frequently within the book. First of all, R denotes, as usual, the set of all real numbers,
whereas C stands for the set of all complex numbers, 7 for the set of all integers, and N for
the set of all positive integers with Ng := N U {0}. Furthermore, R represents the set of all
positive real numbers, where Rg = R™ U {0}, etc.

Definition 2.1.1 Let x° € R” and R € RT be given.

(a) The (open) ball with centre x° and radius R is defined by B(x?) = {x € R" |
|x — x%) < R} such that Br(x%) = {x € R"||x — x%| < R} is the closed ball.

(b) The corresponding sphere is Sp(x%) = {x € R" | |x —x°| = R}.

(c) The unit sphere in R? is denoted by Q := 51(0).

Here, | - | represents the Euclidean norm with |x| := /Z?Zl xlz., x e R™.

The following definition is based on Walter (1990).

Definition 2.1.2 Let R C R" and x1, ..., xx € R", k € N.

(a) Wecall x1x3 = {(1 — t)x; +tx2 | 0 <t < 1} a line segment.

(b) The polygonal chain Xx1x;---x; is the composition of the line segments
through x1,x3, ..., x, that is, X1x7 - - - X == X1x2 Uxpx3 U -+ - U X1 4%

(c) The set R is called connected, if every arbitrary pair of points x,y € R can
be connected by a polygonal chain which remains in R, that is, there exist
21, ...,2; € R(forsome j € N)suchthatxz1...Z;¥ C R;see also Figure 2.1.

(d) The set R is called open, if the following holds true: for every x € R, there
exists & > 0 such that B.(x) C R.

(e) The set R is called a region, if R is non-empty, open, and connected.

(f) The set R is called bounded, if there exists » > 0 such that R C B,(0).

(g) A point x € R" is called an accumulation point of R, if, for every & > 0, the
intersection (Bg(x) \ {x}) N R is non-void.

(h) The set R is called closed, if R contains all of its accumulation points.

(1) The set R is called compact, if it is closed and bounded.
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Figure 2.1 The light grey set (left) is not connected. For example, the two black points
cannot be connected by a polygonal chain which remains in the set. The dark grey set (right)
is connected — if it is also open (i.e., it does not contain its boundary), then it is a region.
Any choice of two points in the set can be connected by a polygonal chain within the set.

Figure 2.2 The light grey set (left) is a union of two balls. The distance of their two centres
is less than the sum of the two radii. Hence, this set is connected. In the case of the dark grey
set (right), the distance is larger than the sum of the two radii and the set is not connected.

For example, every ball Br(xg) is a region (for x,y € Br(xg), we always have
XXoy C Bg(x()). However, the union of two balls Bg,(xg) U Bg,(x1) is not a region, if
|xo — x1| > Rg + Ry, since there is, for example, no polygonal chain connecting xg and x;
(see Figure 2.2 for an illustration).

Besides the Euclidean norm, there also exist other commonly used operations for
vectors in R”.

Definition 2.1.3 Let x,y € R*. Thenx - y := (x, y)pr == 2?21 Xy, represents the
Euclidean inner product, the Euclidean scalar product, or the dot product of x
and y. Vectors x1, ...,xx € R” are called orthogonal, if x; - x; = O for all i, j with
i # j. They are called orthonormal if they are orthogonal and additionally satisfy
|x;| = 1foralli. Note that [x| = /x - x for all x € R". Moreover, in the case n = 3,

X2Y3 — X3¥2
xxy=[x3y1 —x1y3 | eR?
X1y2 — X2¥1

is called the cross product or the vector product of x and y.

Furthermore, the tensor product (dyadic product) of two vectors x € R"” and
y e R"isthe n X m-matrix x Q y = (xiyj)jgj _____ "

Eventually, for vectors w, z € C", the common inner product is defined by w - z :==
(w,z)cn = Z?Zl w;Z;, where Z; is the complex conjugation of z;.
Theorem 2.1.4 The vector product can be represented by using the Levi-Civita
(alternating) symbol
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1, if(,j, k) is an even permutation of (1,2,3),
gijk = 1—1, if(,j, k) is an odd permutation of (1,2,3),
0, else

asx Xy= (Z;,kzl ijkX; yk)i:1,2,3' Moreover, the following identities hold true:

3 3
Z &ijk€imn = 8 jmOkn — 8 jnSkm, Z EijkEijn = 28kn,
i=1 i j=1

3
> () =6,
i, j k=1
where 8;j with 8;j := 1 fori = j and 8;; '= 0 for i # j is the Kronecker delta.
This theorem is easy to verify such that we omit the proof here.

We summarize here a few basic properties of the vector product, which can be easily
proved by using the Levi-Civita symbol.

Theorem 2.1.5 Let a,b,c.d € R}. Thena x b = —b x a and
(axb)y-c=Mbxc)y-a=(cxa)-b.
Moreover, we have the expansion theorem
ax(bxcy=(@-c)b—(a-b)
and the Lagrange identity
(axb)y-(cxdy=(@-c)b-dy—(b-c)a-d).

Definition 2.1.6 The standard orthonormal basis in R is denoted by sl = (1,0, O)T,
£2:=(0,1,0)T, and £ := (0,0, 1)T. Note that the notations e!, e, ¢3 are also common
in the literature.

We will need the well-known Landau symbols.

Definition 2.1.7 (Landau Symbol) Let f and g be two functions (where g is scalar
valued) for which alimit x — a with a particular a € RU{—oc0, + 00} is declared. We
say that f(x) = O (g(x))as x — a,if % is bounded in a neighbourhood of a (for
a ¢ R, the neighbourhood is | — oo, b[ or ]b, + ool, respectively, for some b € R).
We say that f(x) = o(g(x)) as x — a, if lim,_,,(f(x)/g(x)) = 0. Analogously,
the Landau symbols can be defined for the left-hand and the right-hand limit, that is,
x — a+ or x — a— for a € R. Moreover, limits to vectors a € R” are also possible.

Example 2.1.8 Simple examples are as follows: sinx = O(x) as x — 0, since
limx_ﬂ;)(x_1 sinx) = 1. Moreover, sinx = o(x) as x — 400 and, consequently,
sinx = O (x) as x — 400, since lirnx_>_mo()c_1 sinx) = 0.

There are some other concepts that we need.
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Definition 2.1.9 Let D C R” be an arbitrary set. Then the characteristic function,
which is also called the indicator function, xp: R” — R corresponding to D is
defined by xp(x) := 1forx € D and xp(x) :=0forx ¢ D.

Definition 2.1.10 The GauB brackets are defined by
[x] =min{n € Z |x <n}, |x] =max{neZ|n <x}
for x € R. They represent rounding up and down.

Some of the properties which have been defined in this section can also be defined in more
general spaces than R”, as we will see in Section 2.5. Moreover, we clarify that, throughout
this book, log always stands for the natural logarithm, which is also known as In.

2.2 A Short Course on Tensors

We will only need some simple aspects of tensors as tools, mainly in the seismological
modelling in Chapter 7. The following introduction is based on Dahlen and Tromp (1998,
appendix A), where further details also can be found.

Definition 2.2.1 A tensor of order ¢ € N\ {0} is a functional T': (R*)? — R,
which is linear in all ¢ arguments (which are also called the slots of the tensor). This
means that

q
T(Mx(l), ... ,Aqx(q)) = 1_[ Aj T(x(l), ... ,x(q))
j=1

and

T(xD, ... x®=D 0 4y (D @)
= T(x(l), - ,x(k_l),x(k),x(k+1), .- ,x(q))

+ T(x(l), - ,x(k_l), y,x(k'H), . ,x(q))

forall A1,...,25 € R, all xD ,x(q),y e R3, andallk = 1,... ,q. Furthermore,
scalar multiplication and addition of tensors are defined in the usual way for map-
pings, that is, (A1 77 + 22 12)(x) = X T1(x) + AxTr(x) for all A1,2> € R and all
X € (R3)q, if 71 and T are both tensors of the same order ¢ € N\ {0}. Eventually, a
tensor of order 0 is a real number (that is, the slots are considered as non-existent).

The tensor product which we encountered in Definition 2.1.3 is only a particular case
of the following definition. Note that we will soon have a closer look on the link between
tensors, vectors, and matrices.

Definition 2.2.2 Let S and T be tensors of orders p € N and ¢ € N, respectively.
Then the tensor product or dyadic product S ® T is a tensor of order p + g which
is given by

S® T)(x(l), e ,x(p+q)) = S(x(l), e ,x(p))T(x(p'H), . ,x(p+q))

forall (U, ... xP+0) ¢ R3.
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Note that the tensor product is not commutative, that is, we have, in general, § ® T #
T®S.

Definition 2.2.3 Within Section 2.2, (b(l),b(z),b(3)) denotes an arbitrary choice of
an orthonormal basis of R? (with respect to the Euclidean inner product), where the
matrix whose columns are built by these vectors has a positive determinant (that is the
basis is right-handed). Such a system is called a Cartesian axis system.

An example of such a system is given by the standard orthonormal basis !, &2, £3; see

Definition 2.1.6.

Definition 2.2.4 Let 7" be a tensor of order ¢ € N\ {0}. Then the 3¢ components of
T with respect to (b0, b®, b)) are defined by

Ty =T (), ... (69))
for all tuples (i1, . ..,i,) € {1,2,3}9.

Usually, we choose our Cartesian axis system as one of our first steps when we do any
modelling. In this respect, there is a fixed and clearly defined basis which underlies all the
considerations. Therefore, tensors are usually represented by their components (since they
are one-to-one associated to the tensors, once we have chosen our Cartesian axis system).
With this in mind, we can also consider vectors and matrices as particular cases of
tensors, as the following example demonstrates.

Example 2.2.5 Let us have a closer look at the cases of orders 1 or 2.

(a) Let ¢ be a tensor of order 1. Then ¢ has three components, namely ¢; = c(b(l)),
= c(b(z)), 3= c(b(3)). Remember that every x € R> can be represented by
x = Z;Zl (x bl ))b(f ), where -’ is the Euclidean dot product (see Definition
2.1.3). Hence, the linearity of the tensor c yields

3 3

3
c(x) =c Z b(/) PN = Z (x .b(/) b(/) Z b(})
j=1

J=1 j=1

Moreover, after having chosen our Cartesian axis system, we would usually
write x; = x - b Thus, if we associate the tensor ¢ to a vector ¢ € R? with
the components ¢ = (c1, ¢z, C3)T, then ‘the tensor ¢ and the vector ¢’ satisfy
c(x) = x - ¢ = x'c. In particular, c(b(f )) =b.c=c ;. Furthermore, every
vector can be uniquely associated to a tensor of order 1 (again, provided that
the Cartesian axis system has already been chosen).

(b) Let A be a tensor of order 2, which, consequently, has 3> = 9 components
Ajp = A(b(f), b(k)), J. k= 1,2,3. This suggests that A can be associated to a
matrix, where we would usually write a;; '= A j; for the components. If we
represent x,y € R with respect to the Cartesian axis system (b(l), b, b(3)) as
x = (xl,xg,x3)T and y = (y1, y2, y3)T, then we get, due to the bilinearity,
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3 3
Alx,y) = Z xjykA(b(j),b(k)) = Z XjYEa -
jik=1 k=1

Hence, the tensor A is the quadratic form associated to the matrix A, that is,
A(x,y) = xTAy. In analogy to the preceding case, we get here a one-to-one
relation between tensors of order 2 and matrices (also here, provided that the
Cartesian axis system is fixed).

(c) The tensor product which we know from Definition 2.1.3 is, indeed, a partic-
ular case of the tensor product in Definition 2.2.2. If x = (x1,x2,x3)T and y=
1, y2, y3)T are arbitrary vectors in IR3 (or tensors of order 1), then Definition
2.2.2 defines the tensor product as the tensor of order 2 whose components
satisfy

CR®Mjir=0E® y)(b(j),b(k)) — x(b(j))y(b(k)) =Xy

forall j,k =1,2,3.

Note also that the Levi-Civita alternating symbol, see Theorem 2.1.4, represents
components of a tensor of order 3.

Definition 2.2.6 We define the trace of a tensor and its generalization.

(a) The trace of a tensor T of order 2 (or, in the sense explained previously, a
matrix T is defined by tr T := Z;Zl T (bW, 0V) = Z;Zl Tj;. Hence, tr T is
a tensor of order O, that is, a real number.

(b) The contraction of a tensor T of order ¢ € N\ {0, 1} upon the rth and the sth
slot of T is defined by

3
trys T ZT( b<f> ..,b<f>,...)

Jj=1 slot r slot s

provided that r,s € {1, ...,g} with» # s and °...” means that the correspond-
ing slots remain untouched.

Obviously, tr,s T is a tensor of order ¢ — 2 and, if T is a tensor of order 2, then
trip T =trT.

Definition 2.2.7 We define now the transpose of a tensor, first for the case of order 2,
where we recognize the usual transpose of a matrix, and then for general tensors.

(a) The transpose of a second-order tensor 7T is defined as the second-order tensor
TT, which satisfies

T (x,y) = T(y.x) forallx,y e R (2.1)

T is called symmetric, if 7 = 7T,
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(b) The transpose of a tensor 7" of order ¢ € N\ {0, 1} with respect to the rth and
the sth slot is defined via

HrsT(..., X ..., Yy ,...)::T(..., Y oL, X ,)

slot slot s slot slot s

forall x,y € R3 , where again °...” stands for untouched slots.
In terms of components, (2.1) means that Tﬁ( = Ty forall j,k=1,2,3.

Definition 2.2.8 Let S and T be tensors of orders p € N and g € N, respectively,
where ¢ < p. Then the double-dot product S : T is the tensor of order p — g, which
is defined by its components as

3
(S:TD)jjpy = Z S jpgkredeg They. kg -

Note that an analogous definition for complex-valued matrices (or complex tensors of
order 2) is given in Example 2.5.2, part c.

Example 2.2.9 The double-dot product contains particular cases which are known
from vector and matrix calculations.

(a) Let S be a tensor of order 2 and ¢ be a tensor of order 1; then the double-dot
product yields the tensor of order 1 with (S : #); = 22:1 Sxtx. In other words,
if § is a matrix and ¢ is a vector, then the vector S : ¢ is the usual matrix-vector
multiplication St.

(b) Let s and ¢ be tensors of order 1. Then s : ¢ is the tensor of order 0 which is
givenby s : f = 22:1 sktx. The analogous terms are here: if s and ¢ are both
vectors, then the real number s : ¢ is given by the Euclidean inner product s - z.

(c) Let x and y be tensors of order 1 and let A be the tensor of order 3 whose
components are given by the Levi-Civita alternating symbol &;j; (see Theorem
2.1.4). Then A : (x ® y) is a tensor of order 3 — (1 + 1) = 1. Its components
satisfy

3 3
(A:xey), = Z ijk(x @ y)jk = Z EijkXjye = (X X y)i.
jie=1 k=1

Hence, A : (x ® y) stands for the vector product of x and y.
In general, the following proposition is easy to verify.

Theorem 2.2.10 Within the set of all tensors of equal order q € N, the double-
dot product satisfies the properties of an inner product, as it will be defined in
Definition 2.5.1.

Note that the wusual multiplication of matrices S and 7 fulfils ST =

3
(ijl Sij Tjk)i,k:1,2,3 =3 (S®T).
We need another notation in the context of tensors.
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Definition 2.2.11 Let x be a tensor of order 1 and let A be a tensor of order 2. We
define the vector product or cross product of x and A as the tensor of order 2 which
is given by (x x A) j; = szzl EiimX1Ami, A X X = —x X A.

This means, if A1, Ap, A3 are the rows of the matrix associated to A, then we formally
apply the familiar formula for the vector product to get

x2A3 — x34A0
x X A= X3A1 —x1A3 s
x142 — x24A1

where each entry such as x2 Az — x3 A5 is a row vector of the obtained matrix (xo A3 has the
form ‘scalar times row vector’).

2.3 Derivatives: Notations and More

We start here with the introduction of some common differential operators.

Definition 2.3.1 The nabla operator V maps differentiable functions ¥: D — R,
D C R", to their gradient

dF F  \'
grad F(x) = VF(x) == (8—xl(x), cee, BT(x)) , xe€D.

For differentiable vectorial functions f: D — R™ with f = (fi,..., fn)!, we
call (as usual) V £(x) = (2L(x)) -1, x € D, the Jacobian matrix of f. Note

a2
that there is also the notation V ® f := (V f)T for the transposed Jacobian matrix. If
n = m, then we call the trace of V f, that is, div f(x) = (V- f)(x) = Z" %(x),

Jj=1 3x;
x € D, the divergence of f. Furthermore, if # = m = 3, then !
3 3
Ere LRl i
curl f(x) =V x f(x):= a%fl —337113 , xeD,
3 3
w2 —ag /1
is called the curl of f. Finally, for twice differentiable functions F: D — R,
D C R", the Hessian of F is the second-order derivative

(755)
(VR VYF(x) = (x) , xe€D.

0xj0xg k=1

The curl can also be represented in terms of the Levi-Civitd symbol (see Theorem
2.1.4) as

3
0
curl f(x) = Z €Uk Gy fi(x)
Jie=1 i=1,23
Note that no requirement on D was formulated in Definition 2.3.1. Usually, one would

suggest that D is open. On the other hand, also derivatives on boundary points can
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(under appropriate conditions) be defined, for example, in the sense of a left and a right
derivative in the 1D case. Moreover, also derivatives on manifolds, such as the sphere, can
be meant. For this reason, we state such conditions on D only if they are unavoidable and
assume otherwise that D is ‘sufficiently harmless’.

Sometimes it is necessary to make clear to which variable a differentiation operator
applies, for example, if F(x - y) with F: R — R, x,y € R", is to be differentiated with
respect to x. In this case (but not necessarily only in this case), we add the variable as an
index to the operator, that is, we write V, F(x - y), div, f(x - y), and so on.

Next, we introduce classes of functions with different levels of smoothness.

Definition 2.3.2 Let D ¢ R” and E ¢ R™. By C¥(D, E), we denote the space of
all F: D — E for which all derivatives of order up to k exist and are continuous.
In particular, C(D, E) represents the space of all continuous functions F: D — E.
Furthermore, C®)(D, E) contains all infinitely differentiable functions from D to E.
Moreover, following Freeden et al. (1998), we use the following abbreviations:

C®(D) = C®(D,R), C(D) = C(D,R),
c®(D) = C®(D,RY), o(D) := C(D,RY),
(D) = CcO(D, R, (D) = C(D,R>).

For intervals [a, b], we write C[a, b] = C([a, b]) and C®[a, b] := CH)([a, b]).

Definition 2.3.3 The Laplace operator A on C?(D) is defined as
. Y 2)
AsF() =) =5 F(). x € D.F e CO(D),
j=1 J
where D C R”". Functions F € C®(D) which satisfy A, F(x) = Oforall x € D are

called harmeonic. For vectorial functions, the Laplace operator is applied componen-
twise and the definition of harmonicity is analogous.

There are some commonly known and easy to verify rules concerning the differential
operators that we have discussed.

Theorem 2.3.4 Let F € CP(D), f € cP(D), G € CV(D), and g € ¢'V(D), where
D C R3 is open. Then the following holds true on D:

curl grad F = 0, 2.2)
diveurl f =0, 2.3)
divgrad F = AF, 2.4)
Af = graddiv f — curlcurl f, (2.5)
div(Gg) = (grad G) - g+ Gdivg. 2.6)

According to (2.2), gradient fields are curl-free. However, not every curl-free field is a
gradient field. This converse implication requires conditions on the domain. For example,
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on sets which are open and simply connected, all curl-free and continuously differentiable
vector fields are gradient fields. A simply connected set is one where every two points of
the set can be connected by a curve which remains within the set and, additionally, every
closed curve (i.e., the initial and final point are identical) can be continuously deformed into
a single point, again without leaving the set during the deformation. For instance, every ball
in R” is simply connected, but R? \ {0} is not simply connected (circle lines Sz(0) C R?
cannot be continuously deformed into a point because of the missing point O — this is like
knotting a lasso around a stick and trying to contract the lasso completely; the stick makes
this impossible).

Definition 2.3.5 Let f € ¢/)(D) with D c R>. Then the divergence of f is defined
as the vector field g € c¢(D) which is given by

div £1(x)
div f(x) == g(x) == | div fa(x) }, x €D,
div f3(x)

where f1, f>, f3 denote the rows of f.

Theorem 2.3.6 (Leibniz Rule) Let the functions F and G be m-times differentiable
in xg € R, where m € Ny. Then the product F G is also m-times differentiable in xg
and the mth derivative (FG)™ satisfies

m
(FG ™)=Y (’") FOx0) G (xp).
j=0 ™
Remember that the binomial coefficient is defined as ('7) = /‘(mm—l/)‘ for integers j,
m € Np with j < m. This definition can be generalized by using the gamma function
I': RT — R, which is given by I'(x) = Ooo e ’t*lds, x > 0. It is known that
I'n+1)=n!foralln € Ngand I'(x + 1) = xI'(x) forall x € RT.
The gamma function can be continued to a metamorphic function on C which satisfies
the functional equation I'(x 4+ 1) = xI'(x) in every x € C except the non-positive integers;

see, for example, Beals and Wong (2016, Theorem 2.1.1).

Definition 2.3.7 For x,y €] — 1, + oo [ with x — y > —1, the binomial coefficient

is defined by
(x) . Fx+1)
v/ TO+DIGx—y+1)

2.4 Some Theorems on Integration

This section is mainly devoted to convergence theorems for integrals. In other words, we
have a function depending on (x, y) € D x E. We integrate the function with respect to one
of its dependencies (e.g., x) and apply a limit (where this limit can also be the limit included
in a differentiation) to the other dependence (e.g., y). Moreover, the well-known theorem
by GauB and Green’s formulae are recapitulated.
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Remark 2.4.1 Note that all integrals in this book are Lebesgue integrals. Further-
more, we will use the word ‘measurable’ occasionally in this book in the context of sets
or functions. For further details, we refer to, for example, McShane (1974) or any other
textbook on measure theory or Lebesgue integrals. Nevertheless, it is not necessary to
be familiar with these mathematical subjects to understand this book. Measurable sets
represent a very large class of sets to which all geoscientifically relevant subsets of R?
belong. Moreover, wherever we write ‘measurable function’, the reader may replace
this by ‘integrable function’. Furthermore, the concept of ‘almost everywhere’ or ‘for
almost every ...” means ‘with the exception of a set of measure zero’. Examples of
sets of measure zero are all countable (and, in particular, all finite) sets. For instance, a
function on R which is discontinuous at every integer n € Z (and only there) is almost
everywhere continuous.

Some of the most important theorems in mathematical physics are Gauf’s law and
Green’s identities, which will be summarized here. For proofs, see Mikhlin (1970, pp. 210-
212) and Walter (1990, pp. 291-294) (see also Freeden and Gerhards, 2013, for the
conditions on the occurring functions).

Theorem 2.4.2 Let G C R? be open and bounded and let g,h: G — R be given
continuous functions (with g(x1,x2) < h(x1,x2) forall (x1,x2) € G)that define the set

V= {x e R?|(x1.x2) € G, g(x1.x2) < x3 < h(x1,x2)}. (2.7

Moreover, let 3V be the surface of V and let n be the outer unit normal field on 0V.
Then the following holds true:

(a) (Gaupf’s Law) If f: V> R3is continuously differentiable on V and continu-
ous on V, then

/ divf(x)dx = / fx) - n(x) do(x),
v A%

provided that the occurring integrals exist.

(b) (First and Second Green’s Identity) If u,v,w: V — R are continuously dif-
ferentiable functions on V, where v and w are additionally twice continuously
differentiable in V with Lebesgue integrable derivatives Av and Aw on 'V, then

/ u(x)Av(x) + (Vu(x)) - (Vo(x))dx = / u(x)g—v(x) dw(x)
v n

av

and

where g—z stands for the directional derivative of v in the direction n, that is,
v __
3 = n- Vv.
It is worth mentioning that Gaul}’s theorem (i.e., Gauf3’s law) is sometimes also called
Green’s theorem.
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Remark 2.4.3 (Domain for Gaul’s Law and Green’s Identities) The domain V for
which the identities in Theorem 2.4.2 are valid can be defined in many different ways
such that Gaul’s law and Green’s identities are not restricted to (2.7). In particular,
V may also be the interior of a regular surface; see Canuto and Tabacco (2010,
section 9.5.2) and Mikhlin (1970, chapter 10 §5-6). For the definition of a regular
surface, see Definition 2.6.4.

Moreover, in analysis, it is often critical to check if the interchanging of some limits,
such as a (common) limit and an integration, is allowed. Fortunately, there are a couple of
useful theorems for this purpose. We will cite some of them here (from Bauer, 1990, p. 95,
and McShane, 1974, p. 168).

Theorem 2.4.4 (Dominated Convergence Theorem I) Let D C R” be a measurable
set and (fo)neN De an almost everywhere convergent sequence of measurable func-
tions on D with fD | fu(x)|? dx < +ooforalln € Nand forone p € [1, +00l. If there
exists a function g: D — Rg such that fD lg()|P dx < +o00 and | fr(x)] < g(x)
for all x € D, then (f,)neN converges almost everywhere to a measurable function
f: D — R Every such function f is p-integrable, that is, fD | f(x0)|7 dx < 400,
and

/ | fa(x) = fO)IPdx —— 0.
D n—00
A useful variant is the following theorem (from Atiyah et al., 2001b, p. 260).

Theorem 2.4.5 (Dominated Convergence Theorem I1) Let D C R” be a measurable
set and ( fn)ncN be a sequence of integrable functions on D which converges pointwise
almost everywhere on D to the function f: D — R. Ifthere exists a function g: D —
Rgu{+oo} such that fD g(x)dx < +ooand | f,(x)| < g(x)foralln € Nandx € D,
then f is integrable and

/f(x)dx: lim / Ja(x)dx.
D n—00 D

Another theorem of this kind is dedicated to the case of a monotone sequence of func-
tions; see Walter (1990, pp. 331-332).

Theorem 2.4.6 (Beppo Levi’s Monotone Convergence Theorem) Let D C R” be a
measurable set and let ( f,),cn be a monotonically increasing sequence of measurable
non-negative functions and let f(x) = lim,— o fu(x) forallx € D, where f: D —
R U {+o00}. Then f is measurable and

/ f(x)dx = lim / fa(x)dx. (2.8)
D n— o0 D

Corollary 2.4.7 Let D C R" be a measurable set and let (fn)nen be a sequence of
measurable non-negative functions. Then the series Y .- | f, is measurable and

/ > ) dx = Z/ fu(x)dx. 2.9)
Dn:l n=1 D
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In particular, we can say for each of (2.8) and (2.9) that if any of the two sides is finite,
then the other one must be finite too.

Theorem 2.4.8 (Interchanging Differentiation and Integration 1) Let D C R” be a
measurable subset and [a,b] be a given interval with a,b € R and a < b. Moreover,
let T € |a,b] be given. If F: D x [a,b] — R satisfies the following conditions

(a) for everyt € la,b], the function D > x +— F(x,t) is integrable,
(b) there exists an integrable function G: D — R such that
‘ F(x,t) — F(x,1)

| = 6w

forallt € [a,b]\ {t} and all x € D,
(c) for almost every x € D, the partial derivative %(x, t) exists fort = 1,

then the function 1(t) == fD F(x,t)dx is differentiable in t = t and
oF

I'(r) = —(x,1

(r) /D a7 (x,1)

For a proof, see, for example, McShane (1974, pp. 216-217). Note that sets of measure
zero may be removed from a domain of integration without any consequences for the value
of the integral. Therefore, it does not matter that % only exists almost everywhere on D in
the integral (2.10). Furthermore, if T = a or T = b, then the right-hand side and left-hand
side limit, respectively, is meant.

A similar proposition is the following theorem from Bauer (1990, pp. 103-104) and
Craven (1982, Proposition 4.4.8).

dx. (2.10)

=7

Theorem 2.4.9 (Interchanging Differentiation and Integration II) Let U C R be
openand D C R" be measurable. If F: U x D — R satisfies the following properties

(a) the mapping D > y — F(x,y) is integrable on D for every x € U,

(b) the mapping U > x +— F(x,Yy) is partially differentiable with respect to x; in
everyx € U and forall y € D,

(c) there exists a non-negative integrable function h: D — R U {+oc} such that
|52 (e, 9| < h(y) forall (x,y) € U x D,

then the function U > x +— fD F(x,y)dy is partially differentiable with respect to x;
in every x € U, the function D 5 y —> % (x,y) is integrable on D for every x € U,
and

9
F(x,y)dy=/ a—F(x,y)dy
D 0X;

ox; Jp i

foreveryx e U.

Note that ‘integrable’ includes here that the corresponding function has a finite integral,
which is equivalent to a finite integral of the absolute value of the function.
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Furthermore, absolutely continuous functions have some nice properties. The first the-
orem is obvious and the second one (see also Jones, 1993, p. 550) requires more effort
regarding its proof.

Definition 2.4.10 A function f: [a,b] —> R, a,b € R, a < b, is called absolutely
continuous, if, forevery ¢ > 0, there exists > 0 such that ZT:I [fO)—fx) <¢
for each finite set of points ¢ < x1 < y1 < x3 < » < -+ < Xy < Yy < b with

Z;"l:l(yj — Xj) < 6.

Theorem 2.4.11 Every absolutely continuous function is continuous. Every continu-
ously differentiable function f: [a,b] — R is also absolutely continuous.

Theorem 2.4.12 (Generalized Fundamental Theorem of Calculus) A given function
fila,b] — R is absolutely continuous if and only if there exists a function
g: la,b] = Rwith [ |g(t)|dt < 400 and

f&)= fla+ /x g(t)dr forallx € [a,b].

In this case, f is differentiable almost everywhere in [a,b] and f'(x) = g(x) for
almost all x € [a,b].

2.5 Selected Topics of Functional Analysis

We summarize here some fundamental concepts, definitions, and theorems of functional
analysis. This part of mathematics helps us, for example, to investigate the convergence of
sequences of functions, to decide whether a function is ‘close’ to another one, and to use
the concept of an orthonormal basis not only for vectors in R” but also for functions. For
further details on functional analysis and for the proofs which will be omitted here, see, for
instance, Heuser (1992) and Yosida (1995).

From Definition 2.1.3, we already know the Euclidean inner product x - y = {(x,y) =
Z?Zl xjy;,x,y € R". It provides us with the possibility to measure angles between vectors
in R” by <t(x, y) = arccos[(x, y)(|x| [y)~!] € [0,7], x,y € R* \ {0}, where |z| = /{z,2)
for all z € R”. In particular, x,y € R" are orthogonal, if <((x,y) = %, that is, (x,y) = 0.
Furthermore, the inner product can be used to project a vector x onto the straight line
{Ay| X € R} corresponding to the vector y € R” \ {0}. This is done by the following (see
Figure 2.3):

- y) =< l>l 2.11
DEESRNETATE @1

This concept of an inner product was generalized essentially, since many of its features
are based on only a few properties of the inner product.
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v

r Yy

Figure 2.3 The projection of the vector x (grey) onto the straight line {Ay | . € R} associated
to the vector y is given by (x, )| v| -2 v (thick vector). The angle « between x and y satisfies

cosa = (x,y)(|x| |)’|)_1~

Definition 2.5.1 Let A" be a vector space over the field K € {R, C}. If A is equipped
with a mapping (-,-): X x X — K such that the following listed properties are satis-
fied, then X is called an inner product space or a pre-Hilbert space and (-, -) is called
an inner product or a scalar product. The properties are as follows: (-, -) has to be

(IP1) positive definite: (x,x) > 0 for all x € X, where (x,x) = 0, if and only if
x=0.

(IP2) conjugately symmetric: (x,y) = (y,x) forallx,y € X, where (y,x) stands
here for the complex conjugate of (y,x) € C.

(IP3) bilinear: (Ax+uy,2) = A{x,z)+u(y, z) forallx,y,z € X andall A, n € K.

Note that the complex conjugation causes that (x,Ay + wuz)=(R_y+ uz,x)=
Ay, x) + 1(z,x) = A{x,y) + {x,z) forall x,y,z € X and all A, u € K. Furthermore, if

K = R, that is, if X’ is a real vector space, then (x,y) = (y,x) forallx,y € X.

Example 2.5.2 Here are some examples of pre-Hilbert spaces.

(a) On X = R” (where K = R), the Euclidean inner product is, as we know, given
by x-y={(x,y) = Z?lejyj,x,y e R"™.

(b) In the complex case X = C" (where K = C), we have x - y = (x,y) =
Z?Zl x;yj, x,y € C". Note that the complex conjugation is alternatively
placed at the first argument in some literature (in particular in physics).

(c) For tensors/matrices A, B € C"*™_ we can define an inner product, which is
also called the double-dot product,by A : B:=(A,B):= 37 > " aji bk
where a j. and b j; are the components of A and B, respectively.

(d) If X = C(D) is the set of continuous real functions on a compact domain
D c R”, then (F,G), := fD F(x)G(x)dx, F,G € C(D), is an inner product.
Analogously, for vectorial real functions f,g € c¢(D), we can define an inner
product by (f,g)2 == [, p f(x) - g(x)dx, where °.’ is here the dot product from
earlier. Eventually, for tensorial real functions f,g € ¢(D), an inner product is
given by (f.g)2 := [, f(x) : g(x)dx.

(e) For complex-valued functions, the spaces C*(D, E), C(D, E), C®(D), C(D),
c®(D), ¢(D), ¢® (D), and ¢(D) can be defined in analogy to Definition 2.3.2.
Corresponding inner products would be, if D is compact, given by



2.5 Selected Topics of Functional Analysis 19
(F,G) = / F(x)Gx)dx, F,G e C(D),
D

3
(f.g)2 = /D FO) - g@ydr =Y /D £i0) g7 dx. f.g € e(D),
j=1

3
(f.g)> = / () gode= Y / Fr R dx, f.g € e(D).
D 1D

Definition 2.5.3 Let (X, (-,-)) be a pre-Hilbert space. Two vectors x,y € A are
called orthogonal if (x,y) = 0. A subset S C A is called an orthogonal system if
every arbitrary pair of distinct elements of S is orthogonal (i.e., x,yeS, x #y=
(x,y) =0). Moreover, an orthonormal system is an orthogonal system & C &,
where (x,x) = 1 for all x € S. If the elements of § can be associated to an index
such that S = {xy}sca, then we can represent the property of an orthonormal system
by the Kronecker delta

0. a#p,
1, a=8.

Example 2.5.4 For geomathematical applications, functions on spheres are partic-
ularly relevant. For this reason, we have a closer look here at the corresponding
geometry.

The unit sphere on R* 1! is defined as §" := {¢ € R""!||&| = 1}. Note that we
defined earlier that Q is used for S*. We start with the easier case of a one-dimensional
sphere, that is, a circle.

(xozaxﬂ) = 505/5 = {

(a) Points £ € S! can be uniquely represented by the angle ¢ € [0,27[, where any
other interval of length 2 which includes exactly one boundary point can be
used alternatively. This gives rise to the polar coordinates in R”: every x € R?
is representable as

Fcosg

x(r,sa):( ) reRy, ¢el0.2n],

rsing

where r = 1 corresponds to S! and the polar coordinates are unique for r # 0.
Let us now write

£(p) = (C"S *”) = &' ()

sin ¢

for £ € S!. By differentiating this with respect to ¢, we get

)= (o).

Note that every vector & € S! is always the outer unit normal to S! in the
corresponding point &. In combination with the orthogonality relation &(¢) -
£%(¢p) = 0O for all ¢, it becomes clear that €% represents a unit tangential vector
in the very same point &, as shown in Figure 2.4.
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2

Figure 2.4 The unit circle St can be parameterized by one angle ¢. The associated vector
field £¥ yields a tangential field on the sphere S!. Note that the position vector § € slis
automatically the outer unit normal &” at the position §.

(b) InIR3, the sphere S* can be constructed as follows: we cut the sphere into slices
S, associated to z-coordinates such that

S, = {(x,y,z) eR? |x2 +y2 +2= 1}, z fixed.

We write 7 := z for the z-coordinate and call it the polar distance. Then §; is
a circle with centre (0,0, t)T and radius /1 — ¢2. Hence,

V1 —1t2cosg
§?= 1| V1I—1Zsing ||@ € [0,27[, t € [-1,1]
I3

Commonly, a second angle is used for representing the polar distance. This
angle is called the latitude and can, for example, be chosen such that t = sin 9,
0el—n/2,m/2],ort =cosP,P €[0,7].Sincex =r&, r € R(‘;, & e §? may
be written for all x € R?, we obtain the polar coordinates in R by

r/1 —t2cosg
x(r,p,t) = | rv/1 —t2sing |, reRg,we[O,Zn[,te[—l,l],

rt

where this representation is unique for x # 0. Thus, ¢ is called the longitude.
In analogy to the case of S!, we can differentiate this representation again with
respect to the parameters:
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3 V1 —t2cosg 3 —r+/1 —t2sing

a—x(r, o,)= | ~/1 —t?sing |, ﬁx(r,ga, N=| ra/1 —t2cos¢p |,
;

t 0

rt

_«/1—12

0 rr
Ex(”,ﬁﬁa 1= —ﬁ sin @

r

cos ¢

The latter two vectors are not normalized such that we define the following unit
vectors in local coordinates:

3 V1 —1t2cosg
&' (g, 1) = 87X(F,§0,t) = | +1—¢%sing |,

t

—sing
1 d
e(g) = —— —x(r,¢,t) = | cosg |,
rv1—12 09
0
—71 COS
; 1—22 9 ) ¢
e, t) = ———— —x(r,p,t) = | —tsing
r ot

V1 =12

It is easy to verify that these three vectors are orthonormal, where " x £% = &'.
They serve as geoscientifically relevant directions on the sphere S* = €, since
&" represents the upward direction, ¥ stands for the east direction, and &’ is the
north direction, as shown in Figure 2.5.

Remember that the Euclidean norm and the Euclidean inner product are linked via
|x] = 4/(x,x), x € R". A norm in Euclidean space can be used to measure the length of a

vector. Note that
{x,x) < x > x
5 x={x,—)—
x| x|/ |x|

is the projection of x onto itself. Its length is, indeed,

{x,x)
x|

= (x,x)ﬂ = |x|.
x|

This concept of a norm can be generalized to vector spaces.

Definition 2.5.5 Let A’ be a vector space with respect to the field K e {R,C}. If
II-1: X - R is a mapping with the following listed properties, then | - || is called a
norm and (X, || - ||) is called a normed space. The properties are as follows: a norm
| - || has to
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Figure 2.5 The unit sphere §? needs two parameters (here ¢ and 7). The associated vector
fields ¥ and &’ are tangential and point eastwards and northwards, respectively. Note that
the position vector £ € S?is automatically the outer unit normal &” at the position &.

(N1) be positive definite: | x| > O for all x € X', where ||x|| = O, if and only if
x =0,

(N2) be homogeneous: ||Ax| = |A] - |x]| forall » € Kand all x € X,

(N3) satisfy the triangle inequality: |x + y| < ||x|| + [|y] forall x,y € X.

Theorem 2.5.6 Let (X, (-,-)) be an inner product space. Then the mapping || -||: X —
R defined by || x| = /(x,x), x € X, satisfies the properties of a norm. It is called
the induced norm.

Theorem 2.5.7 Let (X, | - ||) be a normed space. The norm || - || is an induced norm
if and only if the parallelogram identity holds true:

Ix + yI* + llx — ylI? = 2|x|I* + 2lly||* for all x,y € X.
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Theorem 2.5.8 (Cauchy—Schwarz Inequality) If (H,(-,-)) is a given pre-Hilbert
space with the induced norm || x|| = v/ (x,x), x € H, then |(x,y}| < ||x| - |yl for all
x,yeH.

Example 2.5.9 Besides the induced norms associated to the inner products in Example
2.5.2, we mention here some further relevant examples:

(a) If D C R" is compact, then we can define
[Flloo = IIFllc(py == max |F(x)|, F € C(D),
xeD

[ flloo = Il fllecpy = max lf(Ol f €c(D),

flloc = llflle(p) = max [f(x)], f€ (D),
xeD

as norms on C(D), c(D), and ¢(D). Note that |f(x)| = /F(x)) : (F(x)) uses the
induced norm of the double-dot product. The term | - || is also called the
maximurm norm.

(b) If D C R" is compactand 1 < p < 400 is a fixed parameter, then we can
define the following alternative norms:

1/p
1Flp = (/D IF(x)I”dx) , FeC),

1/p
1fllp = (/D If(x)l”dx) . [ ecD)

1/p
Ifl, = (/D [f(x)|? dx) , fecD).

Note that || - || is the induced norm associated to (-, -), in Example 2.5.2, part e.

(c) Let k € N. Then we can equip C*)(D) with the following norm || F lcw(py =
Z’,‘:o |FP oo, F € CO(D), where FY) is the jth derivative of F, provided
that D C R" is compact.

(d) The sequence space ¢f with 1 < p < 400 consists of all (complex or real)
sequences (a,)neN, C K such that 220:0 la,|? < +o0. Its elements are called
p-summable (and square-summable, if p = 2). The space can be equipped with
the norm [[(a,)]l, = ll@)ler == (X lanl?)"/”. This norm is induced if
and only if p = 2 (note the similarity to the case in Example 2.5.2, part b). More
precisely, || - ||2 is induced by the inner product ((ay),(b,))2 = 220:0 anb,,
(an),(by) € 22, where b, stands again for the complex conjugate of b,,.

Norms can also be used to measure the distance of two elements x,y € X by ||x — y||.
This leads us to the definition of metric spaces.

Definition 2.5.10 Let X # (J be an arbitrary set. If there exists a mapping d: X x
X — R with the following listed properties, then d is called a metric and (X',d) is
called a metric space. The required properties of a metric are as follows: d has to
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(M1) be positive definite: d(x,y) > 0 for all x,y € X, where d(x,y) = 0, if and
only if x =y,

(M2) be symmetric: d(x, y) = d(y,x) forall x,y € X,

(M3) satisfy the triangle inequality: d(x,y) < d(x,z)+d(z,y) forallx,y,z € X.

Theorem 2.5.11 Let (X, |- ||) be a normed space. Then the mappingd : X x X — R
with d(x,y) = ||x — y|| is a metric. It is called the induced metric.

Example 2.5.12 We mention here two examples of metric spaces:

(a) The inner product (F,G)y = f pF (x)G(x) dx for continuous functions F, G :
D — C on a compact domain D C R” was introduced before. Its induced
norm [|F |2 = ( [, IF)I2dx)'/?, F € C(D,C), induces the metric d(F, G) =
([p I F() =G> dx)"*, F,G € C(D,C).

(b) Every non-void set X can be equipped with the discrete metric, which is
defined as d(x,y) = 1 for x # y and d(x,y) := 0 for x = y. It is easy to
verify that this is a metric. To check if it is also an induced metric, we first
observe that metric spaces do not require a vector space, in contrast to normed
spaces. Moreover, if X is a vector space with at least one non-trivial element
x # 0, then, if there existed a norm which induced d, we would get2|2| - || x| =
I22x]| = ||Ax —(—Ax)|| = d(Ax, —ix) = 1 forall A € K\ {0}, which is impos-
sible. The discrete metric is, therefore, never induced, except for the trivial case
where X' = {0}.

Many basic concepts of analysis such as convergence and continuity as well as topo-
logical terms such as open and closed sets actually only need the possibility to measure
distances. We can, therefore, generalize them to metric spaces. Note that we automatically
also define these concepts for normed spaces and pre-Hilbert spaces via the induced metric.

Definition 2.5.13 Let (X,d) be a metric space. Moreover, let (a,) be an arbitrary
sequence in X, let ¢,x € X be arbitrary elements of X, and let S C X be an
arbitrary subset of X'. We define the following:

(a) The sequence (a,) converges to « if the real sequence (d(a,,®)), converges to
0 € R. In other words: for every ¢ > 0, there exists ng > 0 such that, for all
n > ng, we have d(a,, ) < . We write lim,_. » @, = « or, more precisely,
dlim,,_wo a, = .

(b) The sequence (a,) is a Cauchy sequence if the following holds true: for every
& > 0, there exists ng > 0 such that, for all n,m > ng, we have d(a,,a,) < €.

(c) The metric space X is called complete if every Cauchy sequence in X
converges to an element of X'. In the particular cases of complete normed
spaces, one refers to Banach spaces, and complete pre-Hilbert spaces are
called Hilbert spaces.

(d) The element x € S is called an interior point of the set S if there exists an
& > 0 such that the ball B;(x) := {y € A’ |d(x,y) < ¢} is asubset of S. The
set of all interior points of & is denoted by intS or S.
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(e) The set S is open if every element of S is an interior point of S, that is,
S =intS.

(f) The set S is closed if, for every sequence (a,) C & which is convergent in X,
we have dlim,,_wo a, €8§.

(g) The closure of the set S is defined by

gd =8 = ﬂ{C C X|S CC andC is closed}.

(h) The boundary of the set S is defined by 38 =S \ S.
(i) The point x € X is called an accumulation point of S if, for every ¢ > 0, we
have (Bs(x)\ {xp NS #0.
(j) The set S is densein X, if S = X.
(k) The set S is called compact if every sequence in S has a subsequence which
converges to an element of S'.
() The set S is called relatively compact if S is compact.
(m) The set S is called bounded if there exists an element xo € A" and a radius
r > Osuchthat S C B,(xp).
(n) The distance of the point x to the set S is defined by dist (x,S) := inf 5 d(x, y).
(o) The diameter of the set S is defined as diam § := sup{d(x,y)|x,y € §}.

If we use a metric d which is induced, for example, by a norm || - ||, then we may also

write 1'Mim,,_, « a;, instead of dl1m,,_>oo a, and § Il instead of S .

Theorem 2.5.14 Let (X, d) be a metric space. Then the following holds true:

(a) AsetS C X isopen, ifand only if X \ S is closed.

(b) Finite intersections of open sets are open, that is, if §1,8,...,8, C X are
open, then ﬂ?:l S is open.

(c) Arbitrary unions of open sets are open, that is, if {Sy}leca C X is a (not
necessarily countable) system of open sets, then | ), S o is open.

(d) Arbitrary intersections of closed sets are closed.

(e) Finite unions of closed sets are closed.

(f) ¥ and X are always open and closed.

(g) A set is closed if and only if it contains all of its accumulation points.

(h) A compact set is always closed and bounded.

This also implies that closures are always closed.

Theorem 2.5.15 Let (X, | - ||) be a normed space. Then the statement ‘every closed
and bounded subset of X is also compact’is true if and only if X is finite dimensional.

Theorem 2.5.16 Let (X,d) be a complete metric space and S be a subset. If S is
closed, then (S ,d) is also a complete metric space.

Note that, in every metric space X, the ball Br(x) = {y € X |d(x,y) < R} is open.
Moreover, in every normed space X, the closure of this ball is given by Br(x) = {y € X' |
d(x,y) < R} ={y € X||lx —y| < R}. This is not true in some metric spaces (with the
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discrete metric, we obtain Br(x)= {x}=Bgr(x)for0<R<1,but {y €e X |d(x,y) < 1} =
X #£ m, at least, if X has more than one element).

We also have to consider complete spaces, since they play an important role in some
parts of this book.

Definition 2.5.17 Let (X,d) be a metric space.

(a) AsubsetS C X is called nowhere dense if the closure S does not contain any
interior point, that is, if intS = @.

(b) & is said to be of the first category if there exists a countable system {S r }ren
of nowhere dense sets S such that ¥ = J xen S k- Otherwise, X is said to be
of the second category.

Theorem 2.5.18 (Baire-Hausdorff Theorem) Every non-empty and complete metric
space is of the second category.

Sets of the first category are relatively small. Sometimes, such sets are also alternatively
called ‘meagre’. So, there is not very much to find in there. For instance, Q = [, colr}
is of the first category and every {r}, r € Q, is nowhere dense, while R is of the second
category.

Example 2.5.19 We consider some of the examples of normed spaces introduced in
the preceding discussion. Certainly, K" is complete for K € {R, C} as well as K"*™,
which can be handled like K",

(a) If D C R”is compact, then the spaces (C(D), ||-|lc0), (c(D), ||l so), and (¢(D), || -
|lso) are Banach spaces (see Example 2.5.9, part a).

(b) If D C R" is compact, then (C®) (D), ||- | c®(py) is a Banach space (see Example
2.5.9, part ¢).

(¢) In general, the || - || ,-norm (again, for 1 < p < +00) for continuous functions
(see Example 2.5.9b) does not generate a complete space. For this reason, one
uses the space L?(D, C™), where D C R” is measurable. For its construction, it
has to be taken into account that f p |[F(x)| dx = 0 only implies that F'(x) = 0
for almost every x € D. Therefore, L?(D,C™) consists of all F: D — C™
which are integrable with f p [F(x)|?dx < +oo. However, functions which
are equal almost everywhere, that is, pairs of functions F,G: D — C™ with
f p |[F(x) — G(x)|dx = 0, are identified with each other. Note that this uses
the algebraic concept of equivalence classes, but the details are omitted here.
Furthermore, we write LP[a,b] = L?([a, b],R) for intervals D = [a,b]. In
analogy to the spaces of continuous functions (see Definition 2.3.2 and Example
2.5.9), we write L?(D) = LP(D,R), I1?(D) = L?(D,R?), and 1?(D) =
L?(D,R¥*3). Accordingly, if we wish to distinguish if the norm | - || p belongs
to scalar, vectorial, or tensorial functions, we may also write || - [[Lr(p), || - l1(D),
and || - [ly»(p). respectively. Analogously, we can write (-, )i 2(p). (-, )i2(p), and
{s-)i2(py- The resulting spaces LP(D,C™)y with 1 < p < +oo are Banach
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spaces such that (LX(D,C™), (+,-)2) is a Hilbert space (see Example 2.5.2, parts
d and e, for the formula of the inner product).

(d) For 1 < p < +o0, the spaces ({2, || - || ,) are Banach spaces and (02, (-,-)2)is a
Hilbert space; see Example 2.5.9, part d.

(e) Let D C R”" be measurable. Then we define the essential supremum as fol-
lows: a measurable function F: D — C™ is called essentially bounded if
there exists a constant M such that | F(x)| < M for almost every x € D. Then

| Flloo == supess | F(x)|
xeD

=inf {M >0 : |F(x)| < M for almost every x € D}.

Asinthe case of L (D,C™) with 1 < p < +00, we have to identify again func-
tions which are almost everywhere identical. Collecting all essentially bounded
and measurable functions from D into C™ in this sense, we get L°°(D,C™),
which is together with the essential supremum a Banach space.

In geomathematics, we are often in the situation that we want to approximate an unknown
function by a numerically calculated function (or a sequence of such functions). For this
purpose, norms and their induced metrics are an important and useful tool. However, the
decision about the accuracy of the approximation or the convergence of the sequence can
essentially depend on the chosen norm. Let us discuss this with the help of some examples.

Since || F — G| tells us how close the function F is with respect to the function G and
I(F —G)—0]| = |F — G|, we restrict our attention to the case where the zero function is
approximated. Consider the sequence (F,),cn of functions F,: [—1, 1] — R with F,(¢) =
max(l — n|t],0), ¢t € [—1,1]. In the L?[—1, 1]-norm, we obtain

1 l/p 1/n 1/p
1F = Ollp = [ Fall, = (/ |Fn<r>|Pdr) _ (2/ (1 —nr)Pdr)
—1 0
— /p
=yl 2
t=0 n(p+1)

Consequently, (F,,),en converges to the zero function as n — oo inevery L?[—1, 1]-norm,

2
_ p+1
= [—7’1( T (1 —nt)

that is, lim,, e [|[F]l, = O forall p € [1, + oo[. However, in the maximum norm, we
obtain || F,|lec = 1 for all n € N, because the maximum of F, is always F,(0) = 1. This
means that the sequence remains on the unit sphere of the Banach space (C[—1,1], || - |leo)
and never approaches the zero element. Note that (F;) also does not converge pointwise to
the zero function, because £,(0) = 1 for all » € N. It converges pointwise to the function
F:[—1,1] > Rwith F(0) = 1 and F(¢) = 0 for ¢ 5 0, which is not continuous; see also
Figure 2.6.

Furthermore, let us consider the sequence (Gj)ueN in C(O")[—l, 1] with G,(r) =
n1 cos(nznt), t € [—1,1]. In this case, we have |G, |lcc = n~! —> 0asn — oo and,

due to
1 1/p 1 1/p
1Grllp = (/ IGn(t)Ipdt) < (/ I1Gnll% dt) = [Gullos ¥2,
-1 -1



28 Required Mathematical Basics

—0.2

1 p =00
—
0.8 {'\ p= 32
R p=16
_B 08,
iﬁ . ‘\ p==5
= o4
0.2 ‘c. p - 4
p=2
o '\ Sseomens P = 1
O 10 20 3 40 H0 60 70 S0 90 100
n

Figure 2.6 The approximation quality and the convergence of a sequence of functions (F,)
such as F,(¢) := max(l —n|t],0), n € N, can be measured by the metric induced by a norm
in terms of || F, — F||. However, the result can essentially depend on the chosen norm. This
is illustrated by two examples. In this first example, the sequence (F,) of functions (top)
converges to the zero function in all || - || ,-norms but neither pointwise nor uniformly (i.e.,
in the || - || oo -norm). Moreover, the smaller p, the ‘weaker’ is the requirement for convergence
and the faster the sequence converges (bottom). For the second example, see Figure 2.7.

also lim, .o |Gyl = Oforall p € [1, 4 oc[. However, if we consider the derivative
G (1) = —nm sin(n*m1), 1 € [—1, 1], then |Gl carp_1. 13 = [Galloo+1G) oo = n~ 0
such that [|Gpllcayj—y 1) — 00 asn — 00; see also Figure 2.7.

Hence, there is, indeed, a major difference between the various kinds of convergences
which we get for different choices of norms. In general, we can say that integration smooths
a function, whereas differentiation roughens a function. Hence, integration-based norms
more easily ‘excuse’ small outliers in contrast to differentiation-based norms.

Concerning the norms which are important for us, we can formulate the following result.
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Figure 2.7 In this second example, the sequence of functions G, (t) = nl COS(nZTL’l‘),
t € [-1,1], n € N, converges to the zero function in all || - || ,-norms as well as pointwise
and uniformly. However, it diverges in the || - ”C(l)[—l 1]-horm.

Theorem 2.5.20 Let D C R” be a given domain.

(a) If D is measurable with a finite Lebesgue measure (i.e., M(D) < 400) and
1 <p<gqg < oo, then ||F||£ < AiAD)+ ||F||Zf0r all F € LY(D). In particular,
L9(D) C L?(D).

(b) If D is compact, then ||F|, < /(D) || F oo for all p € [1, + oo and all
F € C(D). In particular, C(D) C LP(D) for all p € [1, + ool.

(c) If D is compact (note that D should here be reasonably harmless such that
derivatives F'Y) make sense), then | F|loo < IFlcinpy = 1F lewpy for all
F e C®(D)Yand all j,k € Ny with j < k.

Proof Each part has a relatively easy proof.

(@) If F e L9(D) and p < ¢, then we consider 1 :={x € D||F(x)| < 1} and §3 =
D\ S1. By subdividing D into the disjoint union D = §; U S,, we obtain

||F||£=/ IF(x)Ipdxsf Ldx+
D S1

(b) If F € C(D), then the monotonicity of the integral yields that

/p 1/p
\Fll, = (/ |F<x>|de) < (/ ||F||é’odx)
D D
/p
— IF s (/Dldx) _ I Fllos V5D,

(c) Finally, the inequality for the norm in C™(D) is trivial. ]

|F(x)|? dx < /\(D)+/ |F ()| dx.
Sa D
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Hence, if D is compact, then we have, for | < p < g < oo and j,k € Ny with j <k,
the inclusion

™Dy c CY(Dyc--- c C(D) C LYD) C LP(D)
and the implications (for n — 00)

1Fn = Fllcwypy = 0= |1F = Fllcop) = 0
= |Fy— Fllc = 0= |F, — F||, > 0.

Moreover, again for n — oo,
|Fpo — Flloo = 0 = |Fu(x) — F(x)] —> Oforallx € D.

In general, these implications are not valid in the opposite direction, as we demonstrated
for some examples.

In this context, it is also useful to know that L?(D)-functions can be approximated
arbitrarily well by continuous functions, as the following theorem shows (for a proof, see
McShane, 1974, p. 229).

Theorem 2.5.21 Let D C R" be measurable and p € [1, + oo[. If F € LP(D)
and & > 0, then there exists a continuous function G: R* — R with |F — G|, =
(fD |F(x) — Gx)|? dx)l/p < &. In particular, if D is compact, then C(D) is a dense
subset of LP(D), that is, @”'”LP(D) = LP(D).

Even more can be shown. The following theorem from Voigt and Wloka (1975, Theorems
3.2.6 and 3.6.2) uses the concept of manifolds. We omit a discussion of the precise definition
and only mention that the sphere is a valid example here.

Theorem 2.5.22 Let D C R”" be an open set and M be an n-dimensional and compact
C®)manifold. Then C'(D) N L2(D) is dense in L*>(D) and C'°)(M) is dense in
L2(M).

We will also make use of the well-known Stone—Weierstrall approximation theorem
(see Dieudonné, 1960, (7.4.1)).

Theorem 2.5.23 (Stone—Weierstrall Theorem) Let D C R" be a compact subset.
Then the set Pol(D) of all polynomials in n variables restricted to D is dense in

(CD). Il - llem))-

Let us come back to the most specialized spaces, the Hilbert spaces. We have already
come across some examples of orthonormal systems. In IR3, the standard basis {51, g2, 53} is
obviously also an orthonormal system. Moreover, the representation of an arbitrary vector
x € R in this basis is very easy: x = ((x,sl), (x,&2), (x, 53))T = Z;Zl(x,sf)sf, where
{-,-) is the Euclidean inner product (see Definition 2.1.3). In Example 2.5.4, we discussed
a common local orthonormal system, which can be used to separate a vectorial field into a
normal (i.e., vertical), a North, and an East component: f: 2 — R> can be decomposed
into f = (f.e")e" + (f,&%)e? + (f,&")e", where (-,-) is still the Euclidean inner product.
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As we clearly see in the first example, we have that x = 0 holds if and only if (x,&/) = 0
for all j. Indeed, this holds in a more general context: if (X, (-,-}) is a Hilbert space with
finite dimensionn € Nand {y1, ..., y,} C X is an orthonormal system (and, consequently,
also a basis), then every x € X can be represented as

n

x =Y (6. (2.12)

j=1

Due to the bilinearity of the inner product, the zero vector x =0 obviously satisfies
{(x,y;) = 0O for all j. Vice versa, (2.12) immediately yields that x = O, if {x,y;) = 0
for all j.

These nice and in many contexts extremely useful properties are not restricted to the
finite-dimensional case.

Definition 2.5.24 Let (X, (-,-)) be a pre-Hilbert space. A system of vectors {xy }yeca C
X is called complete if the following holds true: the only vector f € X which
satisfies (f,xq) =O0forallae € Ais f = 0.

Note that there is an essential difference between complete sets, where all Cauchy
sequences are convergent (see Definition 2.5.13), and complete systems of vectors, which
are defined in Definition 2.5.24.

In the finite-dimensional case, it is clear that a system of n orthonormal vectors is a
basis if n is the dimension of the space. This system is then also complete. However, in
the infinite-dimensional case, this argumentation is not possible, because ‘infinite is not
infinite’. For example, the functions F,(¢) := /7 -1 sin(nt), t € [0,27], n € N, constitute
an (infinite but countable) orthonormal system in the infinite-dimensional space L? [0, 2].
However, this system is neither a basis nor complete: every constant function is orthogonal
to each F,,, because ﬁ_l fozn ¢ sin(nt)dt = 0 forallc € R and all n € N. A well-known
complete orthonormal system is instead given by

1 1
Fo1(t) = E, Fo () = ﬁ cos(nt), n €N,

1
Foo(t) = ﬁ sin(nt), n € N,

t € [0,2r]; see, for example, Chui (1992, pp. 36-43).
The concept of complete orthonormal systems, indeed, generalizes the concept of a basis
to the case of arbitrary dimensions, as the following fundamental theorem shows.

Theorem 2.5.25 Let (X, (') be a Hilbert space and {xq}yeca be an arbitrary
orthonormal system of vectors in X . Then the following holds true:

(1) For every f € X, we have (f,xy) # O for at most a countable number of
indices o € A, and the Bessel inequality >, 4 |(f.xa)|* < || £1|* holds true,
where || - || is the induced norm of X .
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(2) The system {xq}qca is complete if and only if one of the following equivalent
criteria is satisfied:

(a) Every f can be expanded into a Fourier series f = Y, 4 (f, X4)Xo.

(b) The Parseval identity I holds true: (f,g) = Y, ([, %a) (g Xa) for all
f.geX.

(c) The Parseval identity II holds true: | fII> = Y ,ca [{f.xa)|? for all
fekX.

(d) We have spanfxy | € Al | = X.

The latter property can be regarded as a basis property. In approximation theory, systems
with this property are called closed (which should not be mixed up with the concept of
closed sets; see Definition 2.5.13).

Definition 2.5.26 Let (X, | - ||) be a normed space. A system of vectors {xy }yea C X
is called closed (in the sense of the approximation theory) if

spanfag Ja € A) 1 = x. (2.13)

If X is additionally a Hilbert space, then an orthonormal system {x,}yes C X is
called an orthonormal basis if and only if it satisfies (2.13). More generally, an
orthogonal system {x4}yc4a C X which does not include the zero vector is called
an orthogonal basis if and only if it satisfies (2.13).

A proof of the following theorem can be found, for example, in Davis (1975, p. 263).

Theorem 2.5.27 Let (X, {-,-) x ) be an inner product space and S C X. Then S is
complete in X (in the sense of Definition 2.5.24) if and only if it is closed in X in the
sense of the approximation theory.

We conclude the general discussions on complete orthonormal systems with the follow-
ing theorem, which is a consequence of Zorn’s lemma.

Theorem 2.5.28 Let (X, (-,-)) be an arbitrary Hilbert space which consists of more
than only the zero vector. If {xq }qca F# @ is an orthonormal system in X, then it can be
supplemented by further vectors to obtain an orthonormal basis. In particular, every
such Hilbert space has at least one orthonormal basis.

The second part of the theorem is an easy consequence of the first one: if x € X with
x # 0 (such a vector must exist in X'), then {x/||x||} is a (simple) orthonormal system. It has
only one element, but this is enough to apply the first part of the theorem and supplement
this system to a complete system.

Another important concept in functional analysis in general but also in geomathematics
is the operator theory, of which we will summarize the required essentials here.

Definition 2.5.29 A mapping 7 : X — ) between two metric spaces X and ) is
called an operator. If X" is a normed space with the norm || - ||: X — K, then an
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operator 7 : X — K is (also) called a functional. We usually write 7 x instead of
T (x) for the images of an operator 7T .

Definition 2.5.30 Let (X, dy) and (), dy ) be two metric spaces and 7 : X — J be
an operator. Then 7 is continuous in x € A if, for every sequence (x,) C A which
converges to x, the sequence (7 x,) converges in Y to 7 x. 7 is called continuous if
it is continuous in every x € X.

As we know from real analysis, the previous sequential continuity is equivalent to the
g-8-criterion: 7: X — Y is continuous in x € X if and only if, for every ¢ > 0, there
exists 8 > O such thatall & € X with dy (x.&) < 8 satisty dy (T x,T &) < &.

Moreover, 7 : X — Y is continuous if and only if the preimage (also called the inverse
image) 7~ (V) of every open set V C Y is open in X. This equivalent criterion for
continuity is also called the topological continuity.

For linear operators, the case of continuous operators plays a particular role.

Definition 2.5.31 Let (X', | -|x)and (), |- |y) be two normed spaces and 7 : X' —
Y be a given operator.

(a) T is called linear if 7 (Ax + py) = A7 x + uTy forall x,y € X and all
A i€ K (where X and Y are both K-vector spaces).
(b) 7 is called bounded if

1T x|
TNz = 1T g v,y = sup ~—
cex Il

x#0

is finite. The set of all bounded linear operators 7 : X — Y is denoted by
L (X,Y). Moreover, L (X) = L(X,X).

Theorem 2.5.32 Let (X, || - | x), YV, |-y ), and (Z, || - || 2 ) be normed spaces. Then
the following holds true:

(a) A linear operator T : X — Y is bounded if and only if it is continuous.

(b) The vector space (L (X, V). |l - Iz ) is a normed space. It is complete, if Y is
complete.

(c) The operator norm || - || has the following equivalent formulae:

1Tl vy =sup{lITxlly |x € X, |Ixl|lx <1}
=sup{||Txlly |x € X, |lx|x =1}.
(d) IfS €e LYV, Z2)and T € L(X,Y), thenST € L(X,Z)and

ISTlewx, 2y < ISlecy, 2y 1Tz, vy

Theorem 2.5.33 (Banach-Steinhaus Theorem) Lez (X, | - [|lx) aswellas (V.| - |ly)
be Banach spaces and (T ) C L(X,Y) be a given sequence. This sequence con-
verges pointwise (i.e, |T,x — Txlly — Oasn — oo foreachx € X)1toa
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continuous and linear operator T : X — Y if and only if both of the following
criteria are fulfilled:

(a) sup, [|Tullz < +oo.
(b) There exists a dense subset S C X such that, for each fixed x € S, the
sequence (T ,x), convergesin}y.

Example 2.5.34 We consider two operators:
S:Cl0, 11— C[0,1] 7: o, 11 — Clo,1]

F|—>SF:=/ F(t)dt, Fr TF:=F,
0

where the maximum norm | - ||« is chosen for both involved spaces. Obviously, both
operators are linear. Moreover,

/X F()de
I1Jo

such that § is bounded (and, consequently, continuous) with ||S|, < 1. If we set
F=1,then |SFloo =1=||F|oo such that |S| s =1.

However, if we choose F, (1) := sin(umwt), t € [0,1], n € N, then (T F,)(¢) =
nx cos(nmt). Consequently, || Fylleo = 1 and ||7 Fylloo = nor for all n € N, that is,
1Tz = oo.

Hence, note that linear operators where at least one of the involved spaces is infi-
nite dimensional need not necessarily be continuous. It suffices, indeed, that X is
infinite dimensional such that not all linear operators 7 : X — Y are continuous:
let 7: CV[0,1] — R be the functional given by F F := F’(0). Then our previous
counterexample works again: | F F,,| = nm for all n € Np.

X
IS Flloo = max < max/ P dr < | Flloo - 1
x€[0,1 x€[0,1] Jo “~—~——

<l Flloo

Definition 2.5.35 Let (X,dy ) and (V. dy ) be two metric spaces andlet 7 : X — Y
be a mapping. This mapping 7 is called an open mapping, if the image 7 (I/) of
every open set I{ C X is an open set in the subspace 7(X) C V.

Theorem 2.5.36 (Open Mapping Theorem) Let (X, || - || x) and (V.| - |ly) be two
Banach spaces. Every T € L(X,Y) with T (X) = Y is an open mapping.

Lemma2.5.37 If (X, |-|lx) and (Y, |- |y ) are two Banach spaces, then the Cartesian
product X x Y equipped with ||(x, Wl xxy = /x| + ||y||§,, xeX, yel, is

a Banach space.

Theorem 2.5.38 (Closed Graph Theorem) Let (X, || - |x) and (V.| - |y) be two
Banach spaces and let T : X — Y be a linear mapping. Then T is continuous if and
only if its graph, that is, graphT = {(x,Tx) |x € X}, isa closed setin X x Y.

In several applications in the geosciences but also in other disciplines such as medical

imaging, inverse problems play an important role. In functional analytic language, we have
an operator 7 : X — Y, and the inverse problem is as follows: given G € Y, find F € X
such that 7F = G. We will further investigate such problems in detail, when we are
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at the right point in this book. One aspect could or should be addressed already here: if
T € L(X,)), is there a continuous inverse, that is, does T ler (Y, X) or, at least,
T e L(T(X), X) exist?

Functional analysis provides us with some general answers. Certainly, the inverse of a
linear operator is also linear (if it exists).

Theorem 2.5.39 Let (X, ||-||x) and (Y, |||y ) be twonormed spacesand T : X — Y
be a linear operator. Then T has a continuous inverse Tl e LIT(X),X), if and
only if there exists a constant C > O such that C||x||x < |Tx|y forallx € X.

A direct conclusion is the following theorem.

Theorem2.5.40 Let (X, ||-||x) and (Y, |-|ly ) be twonormed spacesand T : X — Y
be a linear operator. Then T does not have a continuous inverse (from T (X) to X)
if and only if there exists a sequence (x,) C X such that |x,||x = 1 for all n and
(T xp) convergesto 0 in Y.

The next theorem is an immediate consequence of the open mapping theorem (Theorem
2.5.36) if one discovers that a (topologically) continuous inverse T~! is connected to an
open mapping 7T .

Theorem 2.5.41 (Inverse Mapping Theorem) Let (X, | - |x) as well as (V.|| - ||ly)
be given Banach spaces and ] € L(X,Y) be a given operator, which is additionally
bijective. Then its inverse T~ Y — X is continuous.

Example 2.5.42 Letus have a look again at Example 2.5.34. The operator S is invert-
ible on its image, that is, (7 o S)F = F for all F € C[0,1]. § is linear and
continuous but its inverse S ' = 7 is not continuous. This is not a contradiction
to Theorem 2.5.41, because S is not surjective: all functions in its image S (C[0, 1])
are continuously differentiable and vanish at x = 0, that is, the image is a proper
subspace of C[0, 1]. Moreover, we can refer to Theorem 2.5.40 and use (F;,) from
Example 2.5.34: we have ||F,|loc = 1 forall n and |SF, | = (n7)™! — 0 as
n — 00.

On the other hand, 7 is not injective. However, on the subspace X = {F €
CD[0,11] F(O) = 0}, it is invertible: (S o T)F) = F for all F € X. Moreover,
F(s) = f(f F'(tydr = fS(TF)(t)dt, s € [0,1], such that |F(s)| < fg |7 F oo dz,
s € [0,1], and || Flloo < ||T F||co- This corresponds to Theorem 2.5.39 and confirms
that S = (7| x)~" is continuous. Nevertheless, one could get the idea to refer still to
the inverse mapping theorem and say: let us look at S:C[0,1] > X withSF :=SF
forall F € C[0O,1].

Then & is bijective. So, doesn’t it have a continuous inverse then? Actually, no,
because 7 is still the inverse. This is again no contradiction to Theorem 2.5.41,
because (X, || - ||o0) is not complete: let

Gt = /(¢ 1y, ! n’+4 te[0.1], neN
n - 2 n2 2n E) ) E) n -
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Then G, € X for all n € N, because the radicand is away from zero and G,(0) = 0.
Moreover, since

t 12+1+t 1>1
2 n? 21l T n
and
t 12—!-1 t ! 12+1+t !
2 n? 2 2 n? 2
_{ 12+1 Ly
- 2 n? 2/ R
we have
Gu(t) tl ! <1+ 1+1 !
" 2| 2)| = n 4 02 2
————

forall 7 € [0,1] and every n € N. Hence, |G, — G|loo — 0, that is, G is the uniform
limit of (G,,). Thus, (G,) is a Cauchy sequence in (X, || - || o), but it does not converge
in this space, because G is not differentiable in + = 1/2 and, consequently, G ¢ X.

The existence, or better the non-existence, of continuous inverses is associated to com-
pact operators, particularly for practical problems.

Definition 2.5.43 A linear operator 7 : X — ) between normed spaces (X, || - || x)
and (V.|| - |ly) is called compact if the image 7 of the unit sphere I/ =
{x e X||x|lx = 1} is relatively compact in V. The space of all compact linear
operators 7 : X — Y is denoted by K (X, Y). Again, K (X) = K (X, X).

Theorem 2.5.44 Itis K (X,YV) C L(X,Y) for all normed spaces X and Y, where
K (X,Y)is avector subspace of L(X,}).

Theorem 2.5.45 Let X,Y, and Z be normed spaces.

(a) IfS €e LYV, Z)and T € K(X,Y), thenST € K(X,Z).
(b) If S e KV, Z2)andT € L(X,Y), then ST € K(X,Z).

Theorem 2.5.46 Let X' be a normed space and Y be a Banach space. If (T,) C
K(X.,Y) is a sequence which converges to T € L(X,Y) in the sense that
limy—oo |7 — Tl = 0, then T € K(X,Y). In other words, K (X,Y) is a
closed subspace of L(X,Y).

Theorem 2.5.47 Let X and Y be normed spaces and T: X — Y be a linear
operator. If X is of finite dimension or if the image T (X') is of finite dimension and
T is continuous, then T is compact.
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By combining Theorems 2.5.46 and 2.5.47, we immediately get the following
proposition.

Theorem 2.5.48 Let X be a normed space and Y be a Banach space and let (T ) C
L (X,Y) be a sequence of operators with finite-dimensional images which converges
to T € L(X,Y) uniformly, that is, im,_eo |Tn — T |l =0. Then T is compact.

Theorem 2.5.49 Let X be a normed space. Then the identity T : X — X is compact,
if and only if dim X < 4-00.

Let us consider the following: assume that 7: X — ) is compact and invertible. If
T~ is continuous, then Theorem 2.5.45 tells us that 7 = 7! o 7 : X — X is compact.
However, Theorem 2.5.49 allows this only if A has a finite dimension.

Theorem 2.5.50 If7T € K (X,Y) and dim X = 400 for normed spaces (X, | - || x)
and (Y, || - |y), then T cannot have a continuous inverse.

Talking about continuous inverses, we should add the Neumann series, which is a very
abstract but highly useful generalization of the geometric series.

Theorem 2.5.51 (Neumann Series) Let X’ be a Banach space and T € L (X) be an
operator for which | T ||z < 1. Then T — T has a continuous inverse (I —T)™ ! e
LXYand (T —T) ! = > o T", where the convergence of the series is uniform,
that is, in the || - || o -sense.

This is enough about continuous inverses for the moment. We have discussed some
basic properties of continuous linear operators. Remember that functionals are special
operators. So, what can we say if & € £ (X,K)? For example, Theorem 2.5.47 tells us
that all continuous linear functionals are also compact. Moreover, due to Theorem 2.5.32,
(L(X,K), || - ll2) is always a Banach space.

Definition 2.5.52 Let X’ be a normed vector space over the field K. Then X'* =
L (X, K) is called the dual space of X'. We also write || - | y+ = | - | 2 x, k)-

Probably one of the most important theorems about a dual space is the Riesz representa-
tion theorem.

Theorem 2.5.53 (Riesz Representation Theorem) Let (H,(-,-)) be a given Hilbert
space. Then the following holds true for the dual space H*:

(a) For every F € H ¥, there exists a uniquely determined vector yr € H such
that Fx = (x,yFr) forall x € H. Moreover, || F |y * = |y~

(b) If y € H, then the mapping F y: H — Kwith Fyx = (x,y), x € H, is
bounded and linear and satisfies | F y|l4* = |yl -

Part b is easy to prove: the Cauchy—Schwarz inequality yields |F x| = [{x,y)]| <
(- llyll, where | Fyy| = [(y,y)| = [[¥Il - ly[l. Hence, | Fy|gy « = sup,egy = xz0(lF yxl/
x (D = Nyl
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Remark 2.5.54 Note that the Riesz representation theorem requires an underlying
Hilbert space. This should be stressed, because many authors, in particular in the
applied sciences, claim the existence of something called the (Dirac) delta function
8, a function which is supposed to have the property that fR S(x)F(x)dx = F(0), or,
based on a substitution, fR 8(x — y)F(x)dx = F(y). At first sight, this looks like an
application of the Riesz representation theorem with F F := F(0). However, this is
false! For the required property of 8, we need the L?(R)-inner product, which means
that F has to be regarded on L%(R) or a complete subspace of it. However, F(0) is
not well defined for F € L2(R), because the elements of L>(R) are only well defined
‘almost everywhere’; see Example 2.5.19. Moveover, even if we ignored this fact, 7
would not be continuous: let F,(t) := +/n(1 — n|z]) for —% <t < % and F,(r) =0

elsewhere, where n € N. Then we can easily check that || F;, ”I%%R) = 2]01/" n(l —
neydt = —(1 —nt)? =" = 1, but FF, = Fo(0) = J/n — +oo asn — +oo.

Indeed, one can show that there is no such function § with the required property; see,
for example, Michel (2013, remark 3.28). There is a Dirac delta distribution §, which
is actually a functional but not a function. We will not go into further detail here but
leave the reader with the advice not to follow the common mistake of treating § like a
function.

For some of our derivations, the distinction between strong and weak convergence is also

important.

Definition 2.5.55 Let (X, | - || x ) be a normed space. A sequence (x,), C X iscalled

(a) strongly convergent to & € X, if it converges to &, that is, ||x, — &|| — O as
n—> 00.

(b) weakly convergent to & € X, if Fx, — F& asn — oo for every element F
of the dual space X"*. In this case, the notation x, — & is also common.

The Riesz representation theorem (Theorem 2.5.53) immediately yields an alternative

equivalent characterization of weak convergence in Hilbert spaces.

Theorem 2.5.56 Let (M, (-, )4 ) be a Hilbert space. A sequence (x,) C H converges
weakly to & € H if and only if (xn,y) = (£,y)asn — oo forally € H.

Eventually, it is a simple continuity argument which allows us to conclude as follows:

Xp = E=F(x,) = FEforall F e X¥* = x, — &.

Theorem 2.5.57 A strongly convergent sequence in a normed space is always weakly
convergent to the same limit.

Theorem 2.5.58 Let (X, (-,-) x ) be a Hilbert space and let (x,,) be a sequence in X .
Then the following holds true: (x,) converges strongly to § € X ifand only if x, — &
and ||xp |0 — &l

The latter theorem is a consequence of the fact that

Ixa — &% = lxal — 2(xn. &) + 1615 -
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Let us now have a look at the following example: let 7 € L (H 1,H ) be an operator
between two Hilbert spaces H | and H . Then we consider the functional 7 y: H 1 — K
with Fyx = (Tx,y)y,, where y € H, is fixed. Is F, in the dual space H }? It is
obviously linear, because 7 is linear and every inner product is bilinear. Moreover, the
Cauchy—Schwarz inequality and the continuity of 7 help us to prove the continuity of F ,:

(T x99, < 1T xlag, Ivlag, < UTle Ixllz 1113,

Hence, ||yl =< 17z Iyll% ,- Thus, the Riesz representation theorem implies that
there is a unique element fr € 1, briefly f,, such that

Fyx =(Tx,y)y, =(x,fy)y, forallxeH;.

Note that f depends on y. So, we have a well-defined mapping 7*: H , — H 1 mapping
y € HotoT*y = fy.Itis not difficult to show that this mapping is in £ (H ,H 1). It is
called the adjoint operator of 7.

Theorem 2.5.59 Let ('H 1 ()H 1) and ('H 2, (- )y 2) be two Hilbert spaces corre-
sponding to the field K, and let T € L (H 1,H 2) be a given operator. Then there is
one and only one operator T* € L (H 2, H 1) such that

(Tx. vy, = &T V), forallx e Hiandy € H 5.

Moreover, T |z 1 | # ) = 1Tz # 54 ) This operator T* is called the adjoint
operator corresponding to T. I[f H1=Ho and T =T, then T is called self-
adjoint.

Theorem 2.5.60 (Properties of Adjoint Operators) Let H 1, H 2, and H 3 be Hilbert
spaces corresponding to the field K, T,T1, T2 € LH ,H2)and S € L(H2,H 3)
be given operators, and r € K be a given scalar. Then the following holds true for the
adjoint operators T*, T, T5, and S*:

(a) (T1E£T2)*=T7E£T5and (rTY =7 T¥ wherer is the complex conjugate
of r.

(b) (STY =T*S*.

(c) T =T.

(d) If T is bijective, then T* is also bijective and (T*)~' = (T ~H*.

Moreover, the identity operator T and the zero operator 0 are self-adjoint: T* = T
and 0* = 0.

Note the following causalities: if T is bijective, then 7 ~!is continuous due to the inverse
mapping theorem (Theorem 2.5.41). Since Theorem 2.5.60 says that the bijectivity of 7*
is implied, (7)1 is also continuous.

Theorem 2.5.61 Let H | and H 5 be two Hilbert spaces and T € L(H 1,H ) bea
given operator. Then T is compact, if and only if T is compact.
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These are some more important properties of adjoint operators. However, before we can
discuss them, we need to summarize the concept of an orthogonal complement, which is
also important in some other contexts. Moreover, also convex sets are relevant for some
parts of the theory in this book.

Definition 2.5.62 Let X be a vector space. A subset C C X is called convex if
x4+ (1 —2NyeC forallx,y € C and all A € [0,1].

Theorem 2.5.63 Let (H,(-,-)3 ) be a Hilbert space and C C ‘H be a non-empty,
convex, and closed subset. Then there exists one and only one element x € C such
that || x|y =inf{[|yll :y € Ch

Since C —z = {y—z|y € C}is also convex, if C is convex, we also have the following
best-approximation property.

Corollary 2.5.64 Let (H, (-, -}y ) be a Hilbert space and C C H be a non-empty,
convex, and closed subset. If z € ‘H is arbitrary, then there is one and only one element
x € C which is closest to z, that is,

lx —zllp =inf{lly —zll% :yeC}.

It is clear that non-convex sets need not have this property: the sphere S, (z) is non-convex,
and each y € S,(z) has the same distance r to z. Moreover, ]0,1] C R is not closed, and
there is no x €]0, 1] which is closest to a given z € R™: for every x € ]0, 1], the number
x /2 is closer to z, while 0 ¢ ]0, 1].

Convex sets should not be mixed up with convex functions. The latter have some useful
properties in real analysis such as Jensen’s inequality; see Heuser (2009, pp. 282-283), Iske
(2018, p. 73), Jensen (1906), and Rudin (1987, p. 62) for further details.

Definition 2.5.65 Let C C R” be a convex set and let: f: C — R be a given
function. The function f is called convex if, forall x,y € C and all € [0, 1], we have

fOx+ A=) =rfx)+ 1= f).

Theorem 2.5.66 A function f: C — R with C C R" is convex if and only if its
epigraph epi f = {(x,y)|x € C, y € Ruand y > f(x)} is a convex set in R"TL.

Theorem 2.5.67 A twice continuously differentiable function f: C — R on a convex
and open set C C R” is convex if and only if its Hessian V @ V f is positive semi-
definite everywhere in C.

Figure 2.8 shows an example of a convex function and its epigraph, which needs to be a
convex set. Note that Theorem 2.5.67 says that the graph of the function has a curvature of
the type of a ‘left turn’.

As we mentioned previously, Jensen’s inequality is a typical property of convex
functions.
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Figure 2.8 This figure shows the graphof f: R - R, x x2 asan example of a convex

function (note that /7 = 2 > 0). In the case of a convex function, every secant between two
points of the graph is located above the graph, as it is illustrated here for one example of a
secant (dashed). An equivalent definition of convexity of a function is the convexity of the
epigraph (grey).

Theorem 2.5.68 (Jensen’s Inequality) Let f: C — R be a convex function on the
convex set C C R”, and let xV, ... x® e C be arbitrary points in its domain. Then

F(5_ ax D) < 5 0 fGD) forall ay. .. hg € [0 1] with 35 2y = 1.

Corollary 2.5.69 Let x1,...,xx € R be arbitrary numbers and let p > 1.
Then ZI;':1 lx;| < kl_l/p(zl;zl |xj|p)1/p. In (analogous) terms of the £¥-norm
(see Example 2.5.9, part d), this means for x = (x1, ...,xk)T e RF that x|t <
K2 x|

Proof For p > 1, the function f: Rg — R, x — x? is convex, because f"(x) =

IA

p(p — DxP~2 > Ofor all x € RT. Hence, Jensen’s inequality yields (ZI;:1 k1 |xj|)p

Sk kT = kT R ) < k7P (25 1x517) 7 and Corollary 2.5.69 is proved
(the case p = 1 is trivial). U

In the following, we summarize some basics on the decomposition of (particular) vector
spaces.

Definition 2.5.70 Let V be a vector space and U, W be linear subspaces. We define
U+W ={u+w|ucUandw € W}. We say that V is the direct sum of U and W
and write V = U & W if the following holds true: for every v € V, there exist unique
elements ¥ € U and w € W such that v = u 4+ w. U and W are called algebraic
complements of each other.

Theorem 2.5.71 (Orthogonal Decomposition) Let (H,{(-,-)) be an arbitrary pre-
Hilbert space and U be a complete linear subspace. Then its orthogonal complement

Ut ={yeH |(yx)=0fralx el} (2.14)
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is also an algebraic complement of U, that is, H = U & u+. Moreover, Ut isa
closed linear subspace of 1, where U N U+ = {0} and (ULY- = U. Furthermore,
the operators Py : M — U and Pyt i — UL which are given by T =
Py + P gL, where T is the identity on H., are called orthogonal projectors. Each
orthogonal projector is continuous and its operator norm equals 1 if it is not the zero
operator.

Due to Theorem 2.5.16, the conditions of Theorem 2.5.71 are also satisfied if H is a
Hilbert space and I/ is a closed linear subspace.

Theorem 2.5.72 Let H 1 and H, be two Hilbert spaces. Moreover, let T €
L (H 1,H 2) be a given operator. Then the image T (H 1) of T and the null space
ker7 == {x € H1|Tx =0} of T as well as their orthogonal complements satisfy
the following identities:

TH 1)J‘ =ker7*, THi)= (kerT*)J‘,
T*Ho)" =kerT, T (Ha) = (kerT) .

Note that the null space of a continuous linear operator 7 : X — ) between two normed
spaces is always a closed linear subspace of X':if x1,x; € ker 7 and A € K, then T (Ax1) =
A x1=0and 7T (x1 +x)=Tx1+Tx2=0.If (x,) Cker7 and x, — x € X, then the
continuity of 7 implies that 7 x, — T x, where T x,, = 0 for all n, such that x € ker 7.

However, the image 7 (X") need not be closed, which is why Theorem 2.5.72 can only be
true for the closures of the images. Nevertheless, for taking the orthogonal complement, we
do not need the closure of the image: I/ Lin (2.14) is well defined also for non-closed linear
subspaces U/ and, actually, UL = U for the following reasons: the inclusion UL cut
is trivial. Let x € U+, that is, (x,y) = Oforall y € U.If y € U, then there is a sequence
(yn) C U with lim, . ||ys — ¥|| = 0. Hence, the Cauchy—Schwarz inequality yields (the
continuity of the inner product, that is) |{x,y) — 0] = |(x,¥y — ya)| < lIxl| - |y — yull = O
such that (x,y) = 0and x € UL.

The fact that images of linear continuous operators need not be closed is connected to
another aspect which we have mentioned earlier here.

Theorem 2.5.73 Let X and Y be Banach spaces and T € L (X,Y) be an injective
operator. Then the inverse T ~': T(X) — X is continuous, if and only if the image
T(X) is closed.

Another big topic in functional analysis is the spectral theory. We will only very briefly
touch this here, since we need a few theorems. The spectral theory itself is a generalization
of the theory of eigenvalues which is known for matrices, more precisely for linear operators
between finite-dimensional spaces.

Definition 2.5.74 Let X be a Banach space corresponding to the field K and let
T € L(X) be a given operator. Then the spectrum o (7) consists of all A € K
for which AZ — T does not have a continuous inverse (A\Z — 7)~! e £ (X). This
spectrum is subdivided into the point spectrum
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op(T) = {x e K|LZ — T is not injective},
whose elements are called the eigenvalues of 7 ; the continuous spectrum
oc(T) ={keo(M\op(T)| (LI —T)HX)is dense in X'};
and the residual spectrum
o(T) ={x € o (T \ op(T) | (WL — T)X)is not dense in X'}.

Remember that the inverse mapping theorem (Theorem 2.5.41) tells us that, as soon as
AT — T is bijective, the inverse (A Z — 7)~! is continuous, that is, 1 ¢ o (7).

Theorem 2.5.75 Let X be a Banach space and T € L(X) be compact. Then
ker(Z — T) is finite dimensional and (I — TYX) is closed in X.

Note that, in the finite-dimensional case, o (7) = op(7). Since compact operators are
somehow ‘closer’ to operators on finite-dimensional spaces, it is not surprising that the point
spectrum dominates the spectrum of compact operators.

Theorem 2.5.76 Let X be a Banach space and T € L(X) be compact. Then
o (TH\{0} = op(TH\ {0}

Let us collect some additionally useful theorems on spectra (see also Folland, 1976).
Theorem 2.5.77 Let H be a Hilbert space and T € L (H). Then o (T) = o (T ™).

Theorem 2.5.78 (Fredholm’s Theorem) Let H be a Hilbert space and let’T € L (H)
be a compact operator. Then the following holds true:

(a) o (T) is finite or countable, where the only possible accumulation point is 0.
Moreover, for . € o(T)\ {0}, the eigenspace E(;T) = {x € H | Tx = Ax}
is of finite dimension.

(b) If x # 0, then diimE(x; T) = dim E(x; T*), where X is the complex conjugate
of A

(c) If » £ 0, then the image (AT — T YH ) is closed in H..

Corollary 2.5.79 Let’H be a Hilbert space and letT € L (H ) be a compact operator.
Moreover, let ). # 0. Then the following holds true:

(a) The equation (\T — T)x =y is solvable if and only if y € EGo; T*)*.

Note that E(x; 7*) = ker (A T — T *) = ker (A T — T)* such that part a is a consequence
of Theorem 2.5.72 and the fact that (A\Z — 7 )(H) is closed (see Theorem 2.5.78).

There is something interesting about the latter results. Let us assume that H is an infinite-
dimensional Hilbert space, like an L?(D)-space as it is often the case in applications. Let
also 7 € L (H) be compact. Then 7 cannot have a continuous inverse (see Theorem
2.5.50). An inverse problem 7 F = G must be ill-posed in this case, as we will call it later



44 Required Mathematical Basics

(see Definition 3.3.2). However, as we learned now, this A = 0 case is a very special case
of (T — A I)F = G, because, for all other A € K, the inverse (7 — A Z)~! is continuous,
if it exists (see Theorems 2.5.73 and 2.5.78).

In the context of spectral theory, there are also some other useful theorems. They are
connected to a decomposition of the domain into the null space (kernel) and its orthogonal
complement as well as the decomposition of the co-domain into the range (image) and its
orthogonal complement.

Theorem 2.5.80 Let (H,(-,-)) be a Hilbert space and let T € L (H) be a compact
and self-adjoint operator. Then there exists a finite or countably infinite orthonormal
system of eigenvectors (uy),en in H (with N' C No) and a corresponding system of
eigenvalues (Ay),eny C R\ {0} such that

Tx =Y halx,u)un (2.15)
neN

forall x € H.If N is infinite, then (Ay)nens tends to zero.

The more general case where we have two Hilbert spaces (X, (-,-)x) and (V. {-,-)y)
and a compact operator 7 : X — Y can be easily deduced from Theorem 2.5.80 and is
also well known. Clearly, 77 is self-adjoint. Hence, we find a representation 77 x =
DoneN An{X,un)xtn, x € X, as before. Then A, = An(up,un)x = (T Tip,un)x =
|7 un ||%; > 0 such that &,, > 0 for all n € N. Moreover, (u,,),en is obviously a basis of
(ker 7).

Furthermore, (7 ttn. T ttin)y = (T T thn.ttm) x = AnSum such that the system (7 un)pen
is an orthogonal basis of 7 (X'). Correspondingly, we can expand 7 x for arbitrary x € X
in this basis:

Ta= 3 AT Tun)yhy Tun = 3 AT Txcun) b > Tty
neN neN
= > m ) ks P Tup.
neN

The fact that || A, Y 2T uy|ly = 1 leads us to the following fundamental theorem.

Theorem 2.5.81 (Singular-Value Decomposition) Let two Hilbert spaces (X, {-, ) x)
and (Y, {-,-)y) and a compact linear operator T: X — Y be given. Then there exist
orthonormal systems (u)pens C X and (vpens C YV, where N C Ny, and real
numbers (0,)nens C RY such that

Tx= ) oulx.utn)x vy (2.16)
neN
forall x € X.If N is infinite, then (0,),cnr tends to zero. The values o, are called
the singular values of T and {(0,, tn, Un)lnen s called a singular system of T .

The convergence in (2.15) and (2.16), which is relevant if A is infinite, is given in the
sense of H and Y, respectively.
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Conversely, if an operator is given by (2.16) with, for all x € X', a converging series (or
finite sum), then it is easy to see that |7z = sup,eas 0. Hence, 7 is bounded if and
only if (6,)uens is bounded. Moreover, if (o,) converges to zero (or is finite), then 7 is
compact: the finite case is trivial due to Theorem 2.5.47. Otherwise, we define a sequence
of operators Txx = Y,/ p<k On{X.un)xVn, x € X, k € No. Then |7 — Tl =
SUP,cA/.nsk On —> 0as k — oo. Since every T has a finite-dimensional image and is,
therefore, compact, Theorem 2.5.46 yields the compactness of 7. Hence, in total, 7 is
compact if and only if (o,) tends to zero.

Let us come to another useful topic of functional analysis. We know that, if we have a
metric space (X',d) and a subset S C A, then we can ‘easily’ clarify what the closure of
S is, namely the ‘smallest’ closed set which contains S (see Definition 2.5.13):

§:=ﬂ{c C X|S CC andC is closed} .

Since arbitrary intersections of closed sets are closed (see Theorem 2.5.14), S is closed, and
obviously there is no proper subset of S which is closed and still contains S . The question
is now: is there anything analogous for ‘complete’ instead of ‘closed’? The answer is: yes,
but the underlying theory is far more complicated. Therefore, we will also here only take
note of the facts but omit the proofs.

Definition 2.5.82 Let (X,dx) and (),dy) be metric spaces, where the latter
is complete. If there exists a mapping j: X — Y which is isometric, that is,
dy (j(x1), j(x2)) = dx(x1,x2) for all x1,x2 € &, and whose image j(X) C Y is
dense in Y, then ) is called a completion of A".

Note that an isometric mapping is always injective.

Theorem 2.5.83 Every metric space (X,d) has a completion (.i’, L?). If(i’h 31) and
(X 2,d>) are two completions of (X, d), then there exists a bijective isometric mapping
Jj: X1 < Xo. In other words, completions are unique up to isometry.

Since a bijective isometry of two spaces means that they are basically the same spaces
but only equipped with, maybe, different names and notations, one usually associates the
metric d of X with the metric d of the completion X as well as X with its embedding
JjxX) C X. Briefly, X is treated as a subspace of X.

2.6 Curves and Surfaces

We will have to deal with surfaces (e.g., as models for the Earth’s surface) and curves in
this book as well as integrals across or along such geometrical objects. Only some basics on
curves and surfaces are summarized here. For further details, please consult, for instance,
Lang (2001, chapters XV and XX), Protter and Morrey (1977, chapter 16), Riley et al.
(2008, chapter 11), Trim (1993, chapter 15), and Walter (1990, chapters 5 and 6). Let us
first define what curves and surfaces are.
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Definition 2.6.1 Let a < b be real numbers such that [ := [a,b] is an interval in R
and let D C R? be a bounded and measurable set whose boundary 8 D has a vanishing
area (A2(0D) = 0, if A5 is the Lebesgue measure in Rz). Moreover, let n > 2.

(a) A continuously differentiable mapping y: I — R" with y/(r) # 0 for all
t €la,b| is called a simple arc, and its image ¥ (I) is called a curve. We can
also say that y parameterizes the curve y (7). We also assume that y is injective
on la, bl.

(b) A continuously differentiable and Lipschitz continuous mapping ®: D — R?
which is injective on the interior int D of D and has a Jacobian with a full rank,
that is, tk ®’(x) = 2 for all x € int D, is called a parameterization of the
surface ®(D). The domain D is also called the parameter range.

We have already had a curve and a surface in Example 2.5.4: a circle, which can be
parameterized by

-

) ) @ € [0,27], 2.17)
sin ¢

is a curve. And, in the next dimension, a sphere is a surface, which can be parameterized by

rv/1—t2cosg
qD(QD’t) = ra/ 1— t2 Sin(p s (S [O,Zﬂ],t € [_15 1]' (2'18)

rt

Certainly, there is more than one way to parameterize a given curve or surface. For
example, ¢(t) := r(sing, cos ga)T, @ € [—m,m], yields the same circle as y.
We can use curves and surfaces as domains for integrations.

Definition 2.6.2 Let an interval / C R and a parameter range D C R? be given as in
Definition 2.6.1.

(@) Let y: I — R” be a simple arc and F: y(I) — R be a continuous function.
Then the line integral of F' along y (1) is defined as

b
/ FOodi(x) = / FoAo) [y ()] dr.
y() a

M) Letd: D — R3bea given parameterization of the surface ®(D) and let
G : ®(D) — Rbe acontinuous function. Then the surface integral of G across
®(D) is defined as

od 0P
/ G(x)dw(x) :=/ G(P(s,1)) ‘(— X —) (s.1)
®(D) D as ot

Note that F and G need not be continuous functions for the existence of the preceding
integrals, this condition is only sufficient.

d(s, 7).




2.6 Curves and Surfaces 47
For the previous example of a circle, we have

, _ —rsing _
ion=|(759)] =

For a sphere with the parameterization ® from earlier, we have

50 30 —r+/1—t2sing T cose
- X — ) (g.1)
0@ at

rvl—t2cosg | X | ——2—sing
0

r2/1—12cosg

= r?V1T—12sing =r.

r2t(sin® ¢ + cos? ¢)

Accordingly, for volume integrals over a ball Bg(0), the well-known substitution rule in the
case of the use of polar coordinates requires the Jacobian of

rv/1 —t2cosg
V(r.o.t) = | ri/1 —Zsing
rt
with » € [0,R],¢ € [0,27], and ¢t € [—1, 1]. This is given by

rt
V1 —t2cosgp —ra/l1 —t%sing _MCOS¢
detW'(r,g.t) = [«/1 —12sing rv/1 —12cosg —Jzt_zsin¢ =r’
t 0 -

r

such that

R
/ Foyde = / P / FrE) doi) dr
Br(0) 0 Q

for every measurable and bounded function f: Br(0) — R.
Let us come back to general curves and surfaces again. There are some other geometrical
objects associated to them which are also important.

Definition 2.6.3 Let an interval / C R and a parameter range D C R? be given as in
Definition 2.6.1.

(a) If y: I — R" is a simple arc, then ’(r) with ¢ € ]a, b[ represents a tangential
vector to the curve y([I) in the point y(¢). The arc length of the section y |[4,¢]
witha < ¢ < b,is givenby s(c) := f; |y’ (¢)| dz. We can use the arc length s for
an alternative parameterization 7 (s) := y(¢(s)). Then p’(s) is a unit tangential
vector. Moreover, if 7 € C?(I,R™), then |7”(s)| represents the curvature of
y(I) in 7(s), where |7”(s)| ! is the curvature radius and 7”(s) is a normal
vector to the curve in y(s).
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O Ifd: D > R parameterizes the surface ®(D), then %(u, v) and %(u, V)
span the tangential plane, and consequently (32 x %) (4, v) is a normal

vector to the surface in ®(u, v for (u,v) € int D.

For a circle with parameterization (2.17), a tangential vector is given by

—r sin
y’(¢)=( ’ ¢), 010,27
¥ cos @

This corresponds to the vector £#(¢) in part a of Example 2.5.4. The arc length is s(¢) =
fo‘p rdr = re suchthat y(s) = (r cos(s/r),r sin(s/ ) isa parameterization with respect to
the arc length. Hence, the curvature is everywhere |(—r_1 cos(sr—1), —r~! sin(sr_l))T| =
r~1 such that the curvature radius equals » along the circle.

For a sphere with parameterization (2.18), the tangential plane in ®(g,?) is spanned by

rt

/1 — 2 - cosg
LI vl 2ts1ng0 LI Vs
—_— 5 = — an _— B = j—
3¢ ¢ ra/1 (; cos @ ot % msmga
r

such that their vector product

21 —12cosg

r’V1—12sing

r2t

is a normal vector. By normalizing these vectors, we get the tangential vectors £¥(g) and
&'(@,1) as well the outer unit normal vector s (p,¢) from part b of Example 2.5.4. Note
that the requirement rk &’ = 2 guarantees (in the interior of the parameter range) that the
tangential vectors are linearly independent and indeed span the tangential plane, and that
the normal vector is not the zero vector.

We will often assume that the Earth’s surface is a regular surface. Let us define this here.

Definition 2.6.4 A surface © C R is called a regular surface if the following holds
true:

(1) © subdivides the R into a bounded region (see Definition 2.1.2 for the
definition of a region), which we call the interior X, , and an unbounded
region, which we call the exterior Xy, such that the IR3 is the disjoint union
R3 = 2 U Bipt U Tex.

(2) Z is a closed and compact surface which is free of double points.

(3) There exists a parameterization for X which is twice continuously differen-
tiable, where the Jacobian matrix of this parameterization has maximal rank
(i.e., rank 2) everywhere in the interior of the parameter range.

A few remarks on this definition are worth making:
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» The term ‘closed’ is not meant in the topological sense (this requirement would be
completely unnecessary in this case, because we already require that ¥ is compact)
but in the sense of ‘there is no hole in it’, that is, 0X = .

* Some publications require that 0 € Xy, which is only a matter of setting the
coordinate system appropriately, because this simplifies some notations and proofs
(see, e.g., Freeden, 1999, p. 56). However, we will need here some statements of the
form ‘for all regular surfaces’, where we definitely also need surfaces with 0 ¢ %, .
For this reason, we skip this requirement here.

» Since we require a twice continuously differentiable parameterization of X, there
exists a unit normal vector field on £ which is (at least once) continuously differen-
tiable.

For a similar definition of regular surfaces, see Canuto and Tabacco (2010, section 6.7).
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On Gravitation, Harmonic Functions,
and Related Topics

3.1 The Gravitational Potential

We start with the investigation of Newton’s gravitational potential. Often, gravitation and
gravity are distinguished in the sense that gravity represents the sum of the gravitational
force and the centrifugal force. This distinction has, however, not consistently been per-
formed in the literature. For this reason and due to the fact that the centrifugal force does
not play an important rule in this book, we will use the word ‘gravity’ here as an equivalent
expression for ‘gravitation’.

The formulae of (classical) gravitation are well known. The most simple one is the
following:

1
lx —yl’

V(iy) =

It represents the gravitational potential V (y) at an arbitrary point y € R3 \ {x}, while the
gravitational field is produced by a point mass M € R at the position x € R? and G is
the gravitational constant. Correspondingly, another point mass m at point y is attracted
by the gravitational force

=Y
mVyV(y) = GmM 3 -
| =l
In the presence of finitely many point masses My, ..., My € R at positions x(l), . ,x(N) €
IR3, the gravitational potential can be summed up to
.1
V() = GZ |x(k) T (3.1)

If we have a continuum, for example a planet, D C R (let us say a measurable and bounded
set) and a mass density distribution F: D — R (which can easily be assumed to be
bounded and 1ntegrable) then we could first subdivide D into a disjoint union of ‘many’

‘small’ subsets D = Uk 1 Dy and assume that each Dy is sufficiently small such that F is
approximately constant in each Dy (i.e., F(x) &~ F (x(k)) for all x € Dy, a fixed x'® e Dy,
and foreach k = 1, ..., N). Then we approximate the continuum D by N point masses and
apply (3.1), which leads us to

50
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(x®) Vol (Dy)

x(k) — y| ’ (3-2)

V(y) =~ Z

where Vol(Dy) is the volume of Dy. This approximation (3.2) becomes more and more
accurate (and, in the limit, exact) if we let the sizes of all Dy shrink appropriately (and at
the same time N — 00). This approach leads to an integral and the celebrated formula (see,
in chronological order, Newton, 1687; Koyré and Cohen, 1726; Wolfers, 1872; Tipler, 1982;
Hofmann-Wellenhof and Moritz, 2005)

B / F(x) ;

Viy)=G dx, yeR’, 3.3)
D |x—yl

for the gravitational potential V of a planet D C R> with the mass density distribution

F: D — R. We will, therefore, start our discussions by investigating what we can find out

about the function V in (3.3).

Note that F could also be the density distribution of an electric current. In this case, an
appropriate constant for G yields the Coulomb potential V'; see also Section 6.1.

Most of the proofs of this section are motivated by the derivations in Kellogg (1967,
chapter VI) and Mikhlin (1970, pp. 162-164, 228-236).

We first have to make sure that V is, as we stated previously, defined on the whole space
IR3. This is not trivial, since we integrate a singularity in |x — y|~!. Therefore, we have to
impose an appropriate condition on F.

However, we first have to do some preliminary work.

Lemma 3.1.1 Let Br(y) be a ball with arbitrary radius R > 0 and arbitrary centre
y € R3. Then fBR(y) |lx —y|7?dx = ;4_—”17 R*P forall p < 3.

Proof With the use of polar coordinates
ra/1 —12 cosg
x=y+ | rv/1 =12 sing |,

rt

27r
—d drd
/];R(y) |x—)’|p /// parar

47

—471/ PP dr = —— RYP. O
0 3—p

Theorem 3.1.2 Let the function F in (3.3) be measurable and bounded in D, where

D = Sy is the interior of a regular surface & C R3. Then the potential V is defined

on the whole space R3, it is bounded, and it is continuous in everyy € R3.

we get

Proof Within this proof, we neglect the constant factor G, since it does not play a role
concerning the discussed properties of V.
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(1) V exists everywhere and is bounded:
For every y € R3, we obtain

Vo)l s/ O 4 < qup [F ()
p lx =y

xeD p lx—

Since F is a bounded function, C := sup,. ., |F(x)| is finite. Let now d € R™ be a
fixed number. If y ¢ D, then |x — y| > dist(y, D) > 0 for all x € D. Hence, V(y)
exists and |V (y)| < Cldist(y, D)I~1a(D) for all y ¢ D, where ) is the Lebesgue
measure (i.e., roughly speaking, A(D) is the volume of D). Thus, if dist(y, D) > d,
then |V(y)| < Cd~1a(D).

Letnow y € D ordist (v, D) < d. We set R := diam D +d. Since D is a bounded
set, R is finite, and we have D C Bg(y). As a consequence,

V()| < c/ dx = 27CR?

Br(y) X =¥

for all y € R3, where we used Lemma 3.1.1. Consequently, V is bounded on the
whole R3.
(2) Some constructions:

We have to make some preparations for the following proof of the continuity of V.
First of all, let y € R be an arbitrary point (where we want to prove the continuity),
and let £ > O be an arbitrary real number. Corresponding to this choice, we define
8 :=8(g) = /e/(52n C).

Furthermore, let z € R with |z — y| < & (i.e., z € Bs(y)) be given. The proof
will be finished, once we have shown that |V (z) — V(y)| < &.

(3) Subdivision of the integral:

One problem that we are facing here is the singularity of the integrand, at least
if y,z € D. For this reason, we distinguish the treatment of the integrand inside
and outside a small ball Bys(y). We consider now the difference of the potential
values, use the triangle inequality, subdivide the domain of integration, and use the
boundedness of F. We get

V() - V()| = ‘/ F@x) x—/D F@&) dx‘

|x —z] |x — ¥

1 1
F(x)( - ) dx‘
D lx—z] |x—yl
1 1
= | |F) -
D |x — Ix—yl
s/ ()| ‘ L
Bas(y) x—z] |x —)’|

1
+/ F (o) ‘ S
D\Bas(») lx —z| Ix—ﬂ
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Figure 3.1 Illustration of the spheres used in the proof of Theorem 3.1.2, where this image
is simplified to the two-dimensional case (here z € Bs(y), Z € Bs(y), x € Bps(y), and
% € D\ Bos(y); note that x € B3s(z2)).

F F
5/ | F(x)] dx—l—/ | F ()] dx
Bas(y) 1¥ — 2 Bas(y) 1¥ — ¥l

+/ [F(x)
D\ Bas(y)

1 1
§C/ dx—l—C/ dx
Bas(y) 1¥ — 2 Bis(y) X — ¥l

/ 1 1
+C
DA\ Bys(y)

_ ‘ dx. 3.4)
x—z| [ =yl
For the case that Bys(y) ¢ D, we extend F, for example, by setting F(x) := 0 for all
x € R3\ D (note that F only has to be measurable and bounded). This is compensated
by the second inequality in (3.4).
(4) The integrals over the balls:
The first two integrals in our latter result are easy to handle. From Lemma 3.1.1,
: 1 _ 2
we obtain that fst(y) oy dx = 8w 6.
Furthermore, for x € Bos(y), we get (see also Figure 3.1)

1
___‘dx
lx—z] |x—yl

x —z] <lx —y[+ ]y —z] <284+ 6 = 34.

As a consequence, Brs(y) C Bzs(z), and, therefore,

1 1 5
dx < dx = 18w s-.
Bas(y) lx —z| Bss(2) lx —z|

Hence, the first two summands at the end of (3.4) can be estimated by 26 7 C 8% =
g/2.
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®)

(6)

In
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The remaining integral:

The use of the ball B>s(y) was to avoid the (possible) singularity of the integrand.
For x € D\ Bys(y) and 7 € m, we have (see also Figure 3.1) 26 < |x — y| <
|X — Z] + |2 — y| and, therefore, |x —Z| =286 — |2 —y| =26 — 8 = 4.

As a consequence, the function D \ Bps(y) X Bs(y) 2 (x,Z) > |X — ZI_1 is con-
tinuous on a compact domain (note that D is bounded) and, consequently, uniformly
continuous. Hence, corresponding to our previously chosen € > 0, we finda §; > 0
such that

‘ 1 1 ‘ £
— <
|w — Z| X — y| 2CA(D)

for all (w,2),(X,y) € D\ Bas(y) x Bs(y) with |(w,z) — (&, )| < 81. This is, in
particular, the case if ¥ = w and y = y. In other words: if |z — y| < §; forz € Bs(y),
then

1 1 £
EErT: —y|‘ = 20.(D)
Hence, the last summand in (3.4) can be estimated as follows: if we have |z — y| <
min(41, §), then

g
D\ Bas(y)

V is continuous:

We started with an arbitrary point y € R? and an arbitrary real number & > 0. We
obtained constants 8,8; € R™ such that we can set §; = min(8, 81). Combining our
previous considerations, we can now conclude that |V(z) — V(y)| < &/24¢/2 = ¢,
if |z —y| < é&. O

forall x € m

1 1

lx—z|  |x—

ldx <

‘ dr < C—r £
hd 2C0M(D) Jp\By(y) 2

the following, we will show that the Newton potential satisfies two particular

differential equations: more precisely, the Laplace equation outside the Earth and the
Poisson equation inside the Earth (where actually the Poisson equation is an inhomogeneous
Laplace equation). For this purpose, we first have to verify the differentiability of the
potential.

Theorem 3.1.3 Let the function F in (3.3) be measurable and bounded on D, where
D = Sy is the interior of a regular surface © C R>. Then the potential V is partially
differentiable with respect to all coordinates on the whole space R>.

Proof Note that Theorems 2.4.8 and 2.4.9 cannot be used here, because the integrand of
(3.3) is singular, if y € D.

)

The suspected derivative:
If we knew that we could interchange the gradient operator V and the integration,
we would obtain

1 xX—y 3
g(y) = F(x)V, dx = F(x) 3 dx, yeR’,
D lx — | D lx — ¥l
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as the suspected derivative (note that we set again G = 1 for reasons of simplicity of
the formulae). Our task is, therefore, to show that

V(y + he!y = V(y)
h

di(y,h) = —g(».  yeRLheR\{0}

tendstoOash — Oforall j = 1,2,3andall y € R3. Remember thate/ = (8ij)i=1,2,3
is the jth canonical orthonormal basis vector in R3. The following considerations can
be done now for every choice of j € {1,2,3}.
(2) The function d; exists everywhere:
By some simple calculations, we obtain

di(y.h) /F()( ! ! x"_y")d
i(y,h) = X — — - x
! D hlx —y—hel| hlx—y| |x—yP

—vyl—lx—v—hel Ly
[ (st sy,
D hlx —y—he/||x —y| [x—y
2 12
v Cx — v — het
=/F(x)( v = yI” —lx =y — he/] '
D hlx —y —he/||x —yl(lx = y|+ |x —y — he/|)

—xj_yé) dx
|x — ¥l
2 2
—Dx -
=/ F(x)( 'le x -y 4|yl '
D hlx —y —hel||x — y|(Ix — y| + |x —y — hel])

%2+ |y> + h% — 2x -y — 2hx; + 2hy;
hlx —y —he/||x — y|(lx — y| + |x —y — he/])

—xj_yé) dx
|x — ¥l
2hx; —2hy; — h?
/F(x) A T A .
D hlx —y —hel||x = y|(|x — y|+ |x —y — hel])

_7|xf - y|g) d. (3.5)
X =Yy

Furthermore, we have |x; — y;| < |x — y| and

|2 — 2hy; — 12| < 1hI(Ix; — yjl + Ix; — y; — hl)
< hl(lx — y] + |x — y — he]).

Moreover, for a,b € R, we obtain 0 < (a — b)? = a® — 2ab + b? such that 2ab <
a® 4 b?. Hence, the integrand in (3.5) may be estimated by (again, we use the abbre-
viation C = sup,p |F(x)])
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‘F( ) 2hxj —2hy; — h? Xj—yj ‘
'x . - J—
hix —y—hel||x —y|(lx =yl + [x —y —he/])  |x =y}

1 1
<c . 4 )
(Ix—y—hefllx—yl lx — yI?

_ o oy el =yl + v —y —hel 2

|x —y —hei?|x — y|?
e =y = hedP + v = yIP + 2x — y — hed
2lx —y —hel P |x — y?

3 1
< C . . 3.6
= (m—w+m—wmm) G0

From Lemma 3.1.1, we get that the integral of the right-hand side of (3.6) (over a
ball Br(y) D D resp. Br(y +he/) D D) is finite. Hence, d;j(y,h)1is also finite. This
result is true for all y € R3 and all i € R\ {0}.
(3) The value d;(y,0):
If we insert 2 = 0 in the last line of the equalities in (3.5) (after canceling / in the
first fraction), we see that

, _ Z(XJ—yj)_x/'—yj) _
dmm_ﬁfm(m_w L) ar=o 3.7)

forall y € IR3. Tt remains to show that limy_.q di(y.h) = d;(y.0). In other words,
we have to show that d; is continuous in 2 = 0.
(4) The continuity of h — d;(y,h) at 0:
Lety € R? and (a sufficiently small number) #g > 0 be fixed. Without loss of
generality, we assume that || < hg. We split up now the integral in (3.5) into two

parts:
dj(y,h)
20x; —y))—h
Z/ F(x)( 2 —y)) .
D\Bjyy (») |x —y—hel||x —y|(lx —y|+|x —y —hel|)
_N 7Y _yé) dx
lx — ¥l

2xs h
+/ F(x)( 25— ) .
DNBy, () |lx —y —hel||x = y|(|x — y|+ |x —y — hel])

—|xf_y|g) dx. (3.8)
X =Yy

The first integral is continuous in % since y, y + hel € B, (y). In analogy to (3.7), we
conclude that it vanishes for 4 = 0. Hence, the first integral can be made arbitrarily
small for & — 0. The second integral can be handled, in combination with (3.6), as
follows (note that By, (y) C Bap,(y +hel), because |x — (y +hel)| < |x —y|+|h| <
ho + ho = 2hg for all x € By, (y)):
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/ Fl) 2y —h . _x/'—yé &
DN By (») lx —y —he/||x —y[(lx —y|+|x —y —he]) |x—y]

3 1
<C / ( + - ) dx
By \2[x — 2 2lx—y— hel|?

3 1
] e e
By () 21 — ¥l By (y+hed) 21X — (v + hel)|

= C (6mhy+4mhg) = 107 ho C,

where we used Lemma 3.1.1.

We summarize: for a given ¢ > 0, we can find an ¢ > 0 (in particular, g < £(207C )_1)
such that, for all 2 € R with |h| < hg, the last integral in (3.8) can be estimated by /2
and the first integral is also less than £/2. This yields the continuity of d;(y, ) with respect
to 2 in h = 0. Hence, lim;,— o d;(y,.h) = 0 and the potential V is partially differentiable
everywhere in R3. U

Corollary 3.1.4 Let the function F in
F
=6 [ [ yew
|x — ¥l
be measurable and bounded, where D = Ziy is the interior of a regular surface
¥ C R3. Then

Y dx forally e R

VV(y):G/ Flx)
D |x —

In physical geodesy, the gravitational potential represents an essential observable for the
geosystem. For instance, equipotential surfaces of V are used to define the geoid, which
is linked to the mean sea level. Moreover, mass transports can be detected by analyzing
temporal variations of the gravitational field. In particular, the GRACE mission has provided
us with an unprecedented quality of time-variable gravity models for such purposes (see,
e.g., Schmidt et al., 2008; Tapley et al., 2004b). In general, satellite-based gravity data are, in
the first place, not directly data of the potential V. For instance, satellite-to-satellite tracking
(SST) can be used to get data of the first derivative VV and satellite gravity gradiometry
(SGQG) is appropriate for getting data of the second derivative, that is, the Hessian V@ V'V,
or at least some components of it (for further details, see also Freeden et al., 2002). For
this reason, it is important to have a closer look at the first- and second-order derivatives of
the gravitational potential V. In particular, we will see that V satisfies a particular second-
order partial differential equation, which is an essential foundation for the modelling of the
gravitational field.

Theorem 3.1.5 Let the function F in
F(x)

dx, yeR,
D |x =yl

V(iy) =
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be measurable and bounded, where D = Ziy is the interior of a regular surface
¥ C R3. Then V is infinitely differentiable on R3\ D and satisfies the (homogeneous)
Laplace equation

AyV(y)=0 forally e R*\ D,
where A is the Laplace operator (see Definition 2.3.3).

Proof Let & > 0 be arbitrary and N, C R*\ D be an arbitrary open subset such that
|x —y| = eforall x € D andall y € N,. Note that, since D is closed, we can find, for
every y € R*\ D,ane > 0 and an N, of this kind such that y € N,. Hence, our result
will be valid eventually for all y € R3\ D. We have [x — y|™! < &~ ! forallx € D and all
y € N, such that

1 1

o2

X — v
Y < <
lx—y>2 " ¢

lx — y|?

o5 il
dy; lx =yl
forall x € D and all y € N, and (8 is the Kronecker delta)

‘8—2 #‘ _ ‘_ 8k . 3(xj — y)xe — yi)
dyrdy; |x —yl lx —yP3 Ix —yP
4 4

< < =
x—y]? ~ &

forall x € D and all y € N,. Due to the conditions on F, we are, consequently, allowed to
apply Theorem 2.4.9 twice such that, first of all,

0 0
V)= G/ F(x)—
D

X,
ay; ayj |x — yl
and then,
2 2
Vo) =6 [ F
0yrdy; D dyedy; [x — yl
for all y € N,. In particular,
AyV(y) = G/ Fx)A,y dx,
D [x — ¥l

where

= +3 =0 3.9)

for x # y. This yields, eventually, A, V(y) = Oforall y € R\ D. Furthermore, in analogy
to the preceding considerations, we can easily deduce that all derivatives of [x — y|~! are
bounded by a term of the form c,, ¢ ™. As a consequence, all derivatives of V exist on R*\ D,
and the differentiation may be interchanged with the integration here. |
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We get two other consequences. The first one has just been proved in (3.9). The second
one needs some further considerations.

Corollary 3.1.6 (Fundamental Solution) Let x € R? be arbitrary. Then the function
Ny =|x—y| Lye R3\ {x}, is harmonic, that is, it satisfies the Laplace equation
Aylx — y| 7t = Oforall y # x.

Corollary 3.1.7 Under the conditions of Theorem 3.1.5, we have |V (y)| = O (|y|™)
and |VV(y)| = O(y|™) as |y| — oo. For the Landau symbol O, see Definition
2.1.7. A function with these properties is called regular at infinity.

Proof Without loss of generality, let us assume that 0 € D (otherwise enlarge D and define
F as vanishing on the additional part of D). Let d := diam D be the diameter of D. Then,
forall y € R? with |y| > 2d and all x € D, we get [x| = |x — 0| <d < |y|/2 such that
|y —x| = |yl —|x| > |¥| = |¥|/2 = |y|/2. Hence, with C := sup,.p | F(x)|, we obtain
|F(x)] 2 1
Vil =G dx < GC | —dx =2GCAMD) —,

p lx =yl p |yl |yl
where L(D) = f p L dx isthe volume (i.e., the Lebesgue measure) of D. In a similar manner,
we obtain, using Corollary 3.1.4,

1
|VyV(y)|§G/ |F(x)|‘Vy ‘ dfoC/ 5 dx
D |x =yl plx—y
4 1
< GC/ — dx =4GC A (D) —.
D |yl |1
This completes the proof of the corollary. |

We now have a look at the interior of the Earth. From Theorem 3.1.3, we already know
that V is partially differentiable in the whole space R? if F is measurable and bounded. For
obtaining a differentiability of the second order in the interior, we have to require a stronger
condition on F.

Definition 3.1.8 Let D C R” and F: D — R be given. The function F is called
a-Hoélder continuous for an « € R if there exists a constant C € R™ such that
|[F(x)—F(y)| < Clx—y|*forall x,y € D. The set of all «-Htlder continuous (scalar)
functions on D is denoted by CO-%(D). The subset of C¥)(D) where all derivatives
of order k are a-Holder continuous is denoted by C(k*"‘)(D). Furthermore, 1-Hélder
continuous functions are also called Lipschitz continuous. If the value of & is not
important, then also the term Holder continuous can simply be used. For vectorial
functions, the property is understood componentwise. Accordingly, we get the set
c&9)(D) for mappings to R3.

Let us keep x € D arbitrary but fixed and assume that F': D — R is ¢-Hdlder contin-

uous. Then, for every sequence (y,) C D with y, ity x, we see that |F(x) — F(y,)| <
n—0o0

Clx — yu|¥ —> 0 such that F(y,) gt F(x). This explains why we say that F is



60 Gravitation and Harmonic Functions

Holder continuous. More precisely, since §(g) = (sC~hHl/e yields | F(x) — F(y)| < ¢ for
all x,y € D with |x — y| <&, F is also uniformly continuous. Furthermore, if « > 1, then

[F0) = FOom)l _

<Clx—y* ' ——0
X — ¥l n—oc

implies that F is differentiable in x and F’(x) = 0. Since we can argue this way for all
x € D, F is constant on connected subsets of D. For this reason, it does not make sense
to further investigate functions which are o-Holder continuous with & > 1. Note that the
converse implication (every constant function is «-Holder continuous (for actually every
a € RT)) is trivial.

Furthermore, if F: D — R is continuously differentiable, then the mean-value theorem
of differentiation says that, for every x,y € D, there exist &1, ...,&, € R such that

|F(x) = FO))| < [F(x) = F(y1,x2, ..., xp)| + [F(y1,x2, ..., x0) — F(y)
S |F('x)_ F()’I,XZ, ...,.x")| + |F(y15-x25 ---a-xn)_F(ylay25x3a---a-xn)|
+ - FOn - -1 X0) — F(Y)

oF oF
= _(ElaxZa---a-xn) |'x1_y1|++
dx1 0xy

()’1, .. a)’n—la%'n) |'xn - )’n|-
For this conclusion, we need to guarantee that

()’1, . e ayl—latyl + (1 - t)-xla-xl+15 LI a-xn) S D

foralli = 1,...,nandall¢ € [0, 1]. We have then actually that there is t; € [0, 1] such that
& =ty + 1 —1)x;.
Now, the Cauchy—Schwarz inequality in R” yields

oF oF
|[F(x) = F(y)| < ‘(—(51,362, cosXp)s e — O ---,yn—hén))

., x—yl
dx1 0xy | vl

If we additionally require that D is compact, then the continuity of V F implies that there
exists a constant y suchthat |F(x)— F(y)| < y |x—y|forall x,y € D.Thus, F is 1-Holder
continuous.

Let us summarize what we obtained so far.

Theorem 3.1.9 Let D C R" and F: D — R be given.

(a) If F is a-Holder continuous for o > 0O, then F is uniformly continuous.

(b) F is a-Holder continuous for a > 1 if and only if F is constant on connected
subsets of D.

(c) If F is continuously differentiable and its domain D is a compact orthotope
]_[?Zl[ai,bi], then F is a-Hdolder continuous for o = 1, that is, F is Lipschitz
continuous.
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Remark 3.1.10 The converse implications for parts (a) and (c) of Theorem 3.1.9 are
false. For part (a), consider the function

1 1
po e e *<]0d]:

on the compact domain [O, %] (see also Atiyah et al., 2001a, p. 424). Since lim,_, o+
F(x) = 0= F(0), F is uniformly continuous (it is continuous on a compact domain).
Moreover, |F(x) — F(0)| = |logx|~! = —(log x)~! for all x €]0,1/2].

If we found constants «, C € R such that | F(x)— F(0)| < C|x —0|*,x €]0,1/2],
then we would get —(logx)_1 < Cx“%, x €]0,1/2], such that —C7l > x log x,
x €]0,1/2]. However, the limit x — 0+ yields the contradiction —C 1 > 0. The lat-
ter requires L’Hospital’s rule: log x /x ~* is a fraction where log x — —ooand x ¢
+00. Since x 7 /(—ax ™% 1) = —(1/a)x® — 0, we obtain x* logx — 0. Hence, F
is not Holder continuous.

For an example of a non-differentiable but 1-Hdlder continuous function, see Hardy
(1916).

—

We will now show that the gravitational potential V satisfies the well-known Poisson
equation

AV =—4nGF

if F is Holder continuous. At this point, we are, for the first time, confronted with a gap
between theory and practice. The real mass density distribution is not even continuous. For
example, the core—mantle boundary is an interface between fluid and solid material which
causes a notable jump in F. One could certainly argue that we could approximate F by a
continuously differentiable function with a high slope instead of a jump. However, in such
cases, we should not forget that such a modelling error can be a source of an inaccuracy.

To emphasize the need of a stronger condition on F than our previous conditions, we
consider the function

I, xeQnDbD,

F =
) {Q xeD\Q’,

which equals 1 for all x € D with rational coordinates and vanishes elsewhere. Obviously,
F is measurable and bounded. Since Q* N D is a set of measure zero, we get

=0

F(x)

Viy)=6G dx
D lx =Yl

forall y € R3 such that AV = 0 in the whole space R*. Hence, AV # —4xGF on Q*ND.

Eventually, we prove the Poisson equation for the gravitational potential (note that the
Poisson equation is an inhomogeneous Laplace equation).
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Theorem 3.1.11 Let D = iy be the interior of a regular surface ¥ C R and
F: D — R be a-Holder continuous for o > 0. Then the gravitational potential V
with

. F(x) 3
V=G dx, yeR’,
p lx—yl

is twice continuously differentiable in the interior of D and satisfies there the Poisson
equation

AyW()=—4xG F(y), ¥ € Zint-

Proof Unfortunately, this proof is rather lengthy. One essential part consists of proving
the differentiability of the second order. Since D is compact, I fulfills the conditions of
Theorem 3.1.3 and Corollary 3.1.4 such that we already know that VV exists everywhere
in R? and

a ] 1
—Vi= G/ F(x) ———dx, yeR%, (3.10)
Ak D Ak |x — ¥l
for all k € {1,2,3}. We now have to investigate what we can find out about
a a
G— | F dx, j=123, (3.11)

AL
3y Jp Oy |x — y

for y € D. Remember that the main difficulty connected to y € D is the singularity of the
integrand. In the following, we set, for each k € {1,2,3},

3
vk |x =y

Wi(x,y) = G F(x) xeD,ye R3 \ {x}. (3.12)

(1) Exclusion of the singularity:
Let y € int D be an arbitrary point in the interior of D and £ > 0 be a sufficiently
small radius such that the (open) ball B.:(y) is completely contained in int D. From
(3.10), we get

iV(y) = lim Wi(x, y)dx.

9 =0+ JD\B.(y)
Let now S C int D be a closed subset with y € S. Without loss of generality, we
assume that ¢ < inf{|z —z|:z € 0D,z € 0§} = &. Note that § is always positive
due to the choice of S.

We will now have a look at (3.11) but for D \ B;(y) as the integration domain, that
is, we exclude the singularity. We restrict our attention here to the case j = 1. The
considerations for the other coordinates are completely analogous. Setting y/) =
(1 + h, y2, ¥3)T, we get

0
a1 Jo\B()

1
= lim — / Wk(x,y(h))dx —/ Wi(x,y)dx
h—0 h | Jp\B, (y™) D\B:(y)

Wi(x, y)dx
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1
— lim L / Wi (. y™) — Wi(x.y) + WieCx, y) d
D\B; (y®)

—/ Wi(x,y) dxi| . (3.13)
D\B.(y)

(2) The first half of the term:
We start by considering the first half of (3.13) as follows:

1
- ny _
/D\Bg(yw)) h [W"(x’y ) — Wilx, y)] dx

1
= /D X, (y) @ 5 [ y™) = Wt ] d.

where x is the characteristic function (see Definition 2.1.9). Obviously,

1
XD\BS (y(h))(x) 7 [Wk(x,y(h)) — Wi(x, y)]

0
— Wi,
0 XD\B.(»)(X) oo k(x,y)

for almost every x € D. From the mean value theorem of differentiation, we know
that, for every 4 with || < hg (where hg < €/2 is a fixed and sufficiently small
positive number), there exists a point 1, € Bp,(y), more precisely n, = (y1 + vh,
y2,y3) with ¢ € [0, 1], such that

1 0
i [y ™®) = Wt ] = 27 Wi mo.

Note that 5, also depends on x. Since D\Bs(y(h)) C D\ Bg_py(y)forall |h]| € [0, ho]
and since

_ d
[DN\ Beepg(¥)] X Beja(y) 2 (x,77) = ﬂWk(x, m)

is continuous on a compact domain, it is bounded such that there is a constant C;
where |h_1 [Wr(x, y(h)) — Wi(x,y)]| < Cyand fD C1 dx is finite. As a consequence,
we may apply Theorem 2.4.5 and get

Wie(x,y?) — We(x.y) dx = / iWk(x, y)dx. (3.14)

lim —
h=0h Jp\B.(y») D\B.(y) )1

(3) The second half of the term:
The remaining term in (3.13) is the limit of

1
o1 W= [ Wy
h | Jo\B.(y®) D\B:(y)

1

=|: Wk(-xay)d'x_
D,

h Wi, ) dx} , (3.15)

D,
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Figure 3.2 Illustration of the domains of integration in (3.15).

where the domains D1 and D» are defined by
Dy = (DA Be(3™)) \ (D Bey)) = B\ Be (v).
Dy = (D\ B.o)\ (D B ™)) = Bo(y")\ By

see also Figure 3.2. Here, we consider that the parts of the integration on
(D\ Bs(y(h))) N (D \ B:(y)) cancel out themselves.

Note that both domains D and D5 have similar geometries. We need to parame-
terize them and start with D». Its boundaries consist of parts of the spheres S:(y) and
Se (y(h)). Let us denote these parts by o7, 1 and 7,2, respectively; see again Figure 3.2.
We can represent every x € D5 uniquely by x = y 4+ #(z — y) with z € 01,1 and
t € R (with a still-to-investigate parameter range), that is, we use the rays from y
through arbitrary z € o1, 1. While the lower bound for ¢ (corresponding to x € o1,1)
is obviously 1, the upper bound 7 is not so easy to obtain. Since o7 2 C S, (y™), we get

3
Or+h— Iy +7@—yOD*+ D 0 — lyj + @ =y =&,
j=2
that is, [h — 7 (z1 — yDI*> + Zizz[f(zj — yj)]2 = &2. This can be simplified to
h? —2ht(zi —y1)+12 Z;:1(Zj — y;)* = &2, where Z;Zl(zj — y;)* = &2, since
z € Se(y). With z = y 4 €&, where & € Q (remember that Q = §1(0)), we arrive at
the quadratic equation (h> — £2)e~2 — 2he~1£17 + 1 > = 0 with the two solutions

o= lg s (Mo Mo by [0 ey
b2 =St g2 71 2 g g2 V1 '
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Since —(h% — £2)e™2 =1 — h%¢~2 and h can be considered as arbitrarily small (at
least, |h| < &), the ‘=" version of 7 5 would be negative. Furthermore, with the
Taylor expansion /1 +s = 1 + O (s) with respect to s — 0 (see Definition 2.1.7
for the Landau symbols), we get

_ h h? h
r=;sl+,/1+£—2 (s%—l)=;sl+1+o<h2>

for h — 0. Note that 7 depends on & € Q. With this parameterization, we can
represent the integral over D» as follows:

1 1 i (§) 5
i [ o= [ [ e ar dote),
h D2 h le 1 £
where Q11 ={e€Q:y+¢& €01}

The mean value theorem of integration yields the existence of a parameter t(§)
between 1 and 7 (¢) such that

1 1 _
— | Wi, y)dx = — [ Wiy + et V(@) T (¢) — D dw(®)
h D, h Q1

= | Wiy ek, NEEY[%61 + O ()] dw(®).
L1
Analogous considerations are possible for D; such that we obtain a corresponding
integral over 22 = {& € Q: y 4+ g€ € 07,2}. In detail, we parameterize D; by
x =y+t(z—y) withz € 022 := 3D1 N S¢(y). In this case, the upper bound for the
parameter is easily given by + = 1. For the lower bound, x € 02,1 :==3D1 N §; (y(h))
requires that

3
U1+ h =Dy TG = yOD? + ) 0 = Iy +1 @5 =y =&
j=2

which leads to h2 — 2ht (z; — y1) + 7 26> = 2. With z = y + €&, £ € , we obtain
f= hs‘lél + 14 O h?) for h — 0 as the lower bound.

It should be noted that the lower and upper bound may be interchanged here.
We used this nomenclature in accordance with Figure 3.2, where D, corresponds
to & = 0 and D; has directions & € Q with & < 0. It is, however, important that
each D; corresponds to a fixed sign of &; since y and y® have the same x»- and
x3-coordinates.

The preceding considerations yield

£

1 1
o weyar =2 / Wiy + rE.y)r dr dof®).
h Jp, h Jo,, Jere)

The mean value theorem of integration now provides us with (&) between 7 (§)
and 1 such that
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1 1 _
— | Wi(x,y)dx = — Wi(y + eT(&)E, y)((E)?e (1 — 7(§)) dw(&)
h D h 2

=— | Wil +et®E YT [%E1 + O ()] dw®).
22,2
Note the ‘—’ sign in front of the integral! In the limit # — 0, the union €11 U €232
(more precisely, Q1 1(h) U Q3,2(h)) becomes the unit sphere 2. Moreover, 7 (§) — 1
and, thus, t(¢) — 1 for both integrals (over D1 and over D3). In combination with
(3.15), the continuity of Wy, and Theorem 2.4.5, we obtain

1
lim — / Wi(x, y)dx — / Wie(x, y) dx
h—0h |: D\B, (y®) D\B:(»)

= —/ Wiy + €,y) £7&1 dw(§) = — Wi(x, y)
Q Se(y)

X1 =M

dw(x).

Altogether, we get for the differentiated integral in (3.13) the result (remember (3.14))

3 3
— Wilx, y)dx = — Wi(x, y)dx (3.16)
9y1 Jp\B.(y) D\B.(y) )1
X1 —MN
— [ Wiy 2 doo).
Se ()

(4) Simplifying the intermediate result:
With the definition of Wy in (3.12), our result in (3.16) becomes

0
G —

X)) — dx
y1 Jp\B.() Ok |x — ¥l

2 1
e / F(x) _
D\B:(») dy10yx |x — ¥l

“ya 1
—G / Fo 2= % dw(x). (3.17)
Se(») g Oy |x —yl

With x = y + £, & € Qand 5o|x — y|™! = (e — yo)lx — y| 7, we get

X1 —y d 1 £ 2
G/ F(x) — do(x) = G/ F(y + €€)&1& — &” dw(§).
S:(») e Oy lx —yl Q s

(3.18)

(5) Starting with the limit & — 0+:
Since F is continuous and €2 is compact, the last integrand is bounded on all
{y+¢c&|& e, ¢ €[0,6]} for some g9 > 0 (note that y € int D) and we may
apply Theorem 2.4.5 to conclude (again with the continuity of /') that

G lim / F()’+5§)§1§kdw(§)=G/ F(y)&1&r dow(§). (3.19)
e—=0+ Jo Q
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Note that every & € Q2 is the outer unit normal vector at § € €2, thatis, v(§) = & for
all & € €2, such that Gau3’s law (see Theorem 2.4.2) yields

4t

/ 16 doo(§) = / E10(E) - £ doo(e) = / divy (v16") dx = == 81 (3:20)
Q Q B1(0)

Hence, (3.18)—(3.20) yield for the last integral in (3.17) the limit relation

e—0+ e Oy lx—yl

. ( x1—y 0 1 ) 47
lim —G/ F(x) _ do(x) ) = -G F(y) — 811.
Se(y) 3
(3.21)

Note that, due to the construction of § earlier in this proof, we can argue in (3.19) that

sup / F(y + 68) &1 doo(®) — / F(ymskdw@)‘
yeS [JQ Q
— sup / (F(y + 58) — F(y) £1 dw@‘
yeS|1JQ
< / sup |F(y + £8) — F(3)| dao®) — / 0dew(®) = 0
Q yeS Q

as ¢ — 04 due to the uniform continuity of F on the compact set S. Consequently,
the convergence in (3.21) is uniform with respectto y € S.
(6) One more limit:

It remains to investigate the behaviour of the first integral on the right-hand side
of (3.17) for ¢ — 0+. Remember how we constructed S and D and defined § rather
at the beginning of this proof. We first subdivide the domain and also use the basic
trick of adding and subtracting an additional term. Note that we now have Bs(y) and
B:(y) and the spherical shell €, 5(y) := {x € R3|e < |x — y| < 8}. We get

2 1 2 1
G/ F(x) —dx:G/ F(x) ——dx
D\B:(y) dy10yx |x — yl D\Bs(») dy19yr |x — y|

+G/ [F(x)— F()] i !
x)— F(y
Qe 5() 0y19yx |x — ¥
+GF() / dx. (3.22)
Qe 500) 3y13yk lx — yl
Since we have
9* L0 m—w G-y —w) S
dy1dyr |x —yl  Oy1 lx —yP? lx —yI3 lx —y|*

we obtain for the latter integral with x = y 4+ r&, r €]g,8[, & € 2, the identity (note
that we use (3.20) for the surface integral)
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8> 1 8 _ _
/ —  — dx= / / (3818 — Suer ) r* dr dw(®)
Q. 5(y) OV10Yk [x — ¥ aJe

8
= /;2(35151( — 1) dw(®) logr|® = (4 81 — 4 81.1) log .= 0. (3.23)

Hence, the last integral in (3.22) vanishes. For the integrand of the penultimate
integral in (3.22), we use the Holder continuity (!) of F to derive the estimate

‘[F() F(»I 9 1
x) —
Y ayioye Ix — vl
— — 8
= |F(x)— F(y)| - ‘3061 |y1)<xk W Sk

x =y’ lx —y?
< Colx — y*Blx — [T+ 81 elx — yI73) < 4Calx — y[* 7.

Since

o—3 ¢ o—3+2 4 o
|x — y| dx = r drdw(é) = — & < 400,
B:(y) @ J0 o

we get the uniform convergence

3> 1
0y10ye |x — |
2

lim sup
=0+ yes

G / [F(x) — F(y)
Qs,é(y)

dx

G / [F(x) — F(y)
Bs(y) 0y10yx |x — ¥l

9% 1
G / ([F(x) —FO)] ——) a
B.(y) oy10yx |x — y|

In combination with (3.22) and (3.23), we obtain the uniform convergence (with
respecttoy € S) in

= lim sup =0.

e—0+ yes

. 3> 1
G lim F(x
£=0+ JD\B,(y) Oy10yx |x — |

82
=G / F(x) dx
D\Bs(y) dy10yx |x — ¥l

2 1
+G / [F(x) — F())] IR (3.24)
Bs(y)

0y10yk |x — y|

(7) We are reaching the Q.E.D.:
Remember that our task was to determine the derivative in (3.11). We excluded
a ball around the singularity at y € S and achieved the intermediate result in (3.17).
For the right-hand side, we obtained the uniform limits in (3.21) and (3.24). Since
both limits on the right-hand side are uniform, the left-hand side of (3.17) must also
converge uniformly for & — 0+. This implies that | p F(x) %pc — y|~!dx is also
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differentiable with respect to y; in all y € int D. For analogy reasons, this holds for
all components of y. This means that (note also (3.10))

8> 3 3
V) =G — | F(x)—
3y;3yk 3y; Jp Ik |x — ¥l
G i F( & dr— G F(» s
= im X x — y)—38ik
£=0+ JD\B.(y) 3y 0¥k |x — ¥l 37

forall y € intD and all j, k € {1,2,3}. This means that V is twice continuously
differentiable and

302

]
AV =) 5V )

2
j=1 8yj
. 1 47
=G lim F(x)Ay—— dx —3G F(y) —
g—0+ D\B.(y) |x — y| 3
=0
= —47 G F(y)

forall y € int D = Xy . Q.E.D. |

From the theory of elliptic partial differential equations, it is known that the regularity
of the mass density function F, that is, the regularity of the right-hand side of the Poisson
equation, propagates to the solution. The proof of the next theorem, which yields such a
property, is omitted; see, for example, Gilbarg and Trudinger (1977, Theorem 6.17).

Theorem 3.1.12 Let D = Sy be the interior of a regular surface & C R and
F e C*)(Dywithk € Noand o > 0. Then the corresponding gravitational potential

. F(x) 3
V) =G dx, yeR’,
p |x =yl

satisfies V€ CKT29(D). In particular, if F € C)(D), then V € C®)(D).
We summarize what we obtained so far. If D = Zj;; is the (closed) interior of a regular
surface ¥ and F: D — R is measurable and bounded, then the gravitational potential

F(x) 3
Vi) =G dx, yeR’,
plx =yl

has the following properties:

+ V exists on the whole space R® and is bounded, continuous, and partially differen-
tiable everywhere (see Theorems 3.1.2 and 3.1.3). We may also exchange differenti-
ation and integration here (see Corollary 3.1.4).

» V is infinitely differentiable in the outer space, that is, in R3 \ D = gy, and satis-
fies the (homogeneous) Laplace equation A,V (y) = 0 there (see Theorem 3.1.5).
Moreover, V is regular at infinity (see Corollary 3.1.7).
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« If F is o-Hdlder continuous for some o > 0, then V is also twice continuously
differentiable in the interior space, that is, in int D = X;;¢, and satisfies the Poisson
equation A, V(y) = —4x G F(y) there (see Theorem 3.1.11).

» Assume that F is a-Holder continuous. Since we can expect AV to be discontinuous
on the surface ¥ = 9D, V cannot (in general) be twice continuously differentiable
on the whole space R3.

In the following, motivations from practical applications cause us to investigate, in particu-
lar, the following issues:

» We can determine V (or some related quantities) outside the Earth. It is, therefore,
important to investigate the properties of the harmonic functions, that is, the solutions
of the partial differential equation AV = (0. We need basis systems, methods for
numerically approximating the solution, existence and uniqueness results, etc.

» The potential V opens a door for us to determine the mass density ', which is impor-
tant for identifying mass anomalies or mass transports. From the mathematical point
of view, we have to solve an inverse problem, which is represented by a Fredholm
integral equation of the first kind. Questions that arise are: is the equation solvable?
Is the solution unique? Does noise on the data have an essential influence on the
solution? And most of all: how can we get an (approximate) solution?

We will address these and other questions in the next sections and chapters. The example
of the gravitational potential already gives us a glimpse at the variety of different mathe-
matical areas which are involved in geomathematics.

3.2 Some Fundamental Properties of Harmonic Functions

We saw in Theorem 3.1.5 that the gravitational potential V satisfies the Laplace equation
AV = 0 outside the planet, that is, V' is harmonic there. Harmonic functions play an impor-
tant role in a series of applications, not only in gravitational field modelling. For this reason,
this class of functions has already been intensively investigated. The corresponding subjects
in mathematics are the theory of elliptic partial differential equations and, in particular, the
potential theory. We will derive here some widely known and frequently used theorems
on harmonic functions which are examples of starting points of these two mathematical
theories. The considerations in this section are primarily based on Kellogg (1967) and Walter
(1971).
We begin with the Kelvin transform.

Definition 3.2.1 Let R C R? be a region where 0 ¢ R. Then the Kelvin transform
maps functions F: R — R to functions F*: R* — R such that

* 3 X * 1 X *
R =1x e RO\ {0}|—5 € R : Frx)= —=F{— ). xR
|x| x| \ x|
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8

1.5

0.5

-15

Figure 3.3 The grey sets are examples of domains of a function and its Kelvin transform,
that is, they are mirrored at the unit sphere (dotted). Note that |x*| (Iength of the dash-dotted
line) is the reciprocal of |x| (lengths of dash-dotted and solid lines together).

We can imagine that R* is obtained from R by mirroring the set at the unit sphere; see
Figure 3.3. Some easy geometrical consequences are associated to the Kelvin transform:

If x* = x/|x|%, then |x*| = |x|/|x]* = 1/|x].
Hence, the sphere with centre 0 and radius » > 0 is mirrored to the sphere with centre

0 and radius r~!.

The origin x = 0 can be regarded as mirrored to infinity (in some three-dimensional

sense of infinity).
The Kelvin transform is the inverse of itself, that is,

2
x* x x x
K — — . 2
0= e |x|2/ xP| TR MEr
1 x 1 1 x x 2
F** = _F*{ )= __ Fl{— [ = F(x).
=g (|x|2) EE <x|2/ NE ) )

x|

Theorem 3.2.2 Let R C R? be a region with 0 ¢ R and F € C(R) be a given
function. Then F and its Kelvin transform F* satisfy

. 1
AP (x) = =P (AyF(») ly—x/x 2

forall x € R*, where F* € CO(R*).

Proof Tt is obvious that F* € C?(R*), since F* is a composition of a C?-function and

C)_functions.
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Let us now calculate what the application of the Laplace operator to F* yields. With the
product rule and Corollary 3.1.6, we get

s 5 [ ()]
LG E

/_1
( )

j=1

1 X 1 X
=O+2(Vx—) -VxF(—2)+—AxF(—2) (3.25)
x| x| |x] x|

for all x € R*. It is easy to verify that V,|x|™! = —x|x|™3 for all x # 0. Applying the
chain rule, we obtain

0 * ) = LT
o (W) = (MFO),_ s, ( TRt ) (3.26)
2x; 1
2k (O, + i (7 r )

Ix2

El

X
y:i
x|

j =123, x € R*. As a consequence, we get for the second summand in (3.25) the result

v LY vk (2
x| ! |x|?
|x |2

2
7 (VyF(y))|y:L2 T - (V F(y))|

x|

=47

\X\

2
= (va(y))|y:ﬁZ (3.27)

for all x € R*. It remains to discuss the last term in (3.25). By differentiating (3.26) once
again, we obtain, for j = 1,2,3,
3> ( x ) 20t —2x; - 20x - 2

2 2
dx; | x|

X (VyF(Y))|

X
|x[3 Y=hE

2x; ( 3 )
- =L —F

7 Wy, 7
_ 2% ( )

= \ay; F(y)

By setting Gi(y) == a%F(y), k=123, ye R,and G = (G1,Go, G3)T, we see that

0 x 2x; 1 .
— G| =1Y}= (V.G PN et —l),
0x; k(lxlz) (G-, ( |x|4”|x|25)

2x

oL ol

X

y=

x|
+ L2 ( ()) (3.28)
_— y . (3.

y=—ty |x|28xj ay; x

y==x
Ix| x|
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Jj.k =1,2,3, such that

2x; 1.
[y @ VFO, (__, o 51) .

|x[4

0
oy (WFO), o =

Ix|2

Hence, the previous line and (3.28) yield
° r x _8x12.—2|x|2 G x 4xj G X
a2\ T T el T UARE) T R RE
2x; i 1
— —2x' [(Vy ® V)F() (—Z—Jx—l——s/)
|x |4 [ y ]| W |x|2
+i( N[y @ VOF]|, (—ijx—l-lsj)
|x[? ) |x[4 |x[2
for j = 1,2,3. By summing over all j, we arrive at (with x = Z;Zl xjsf)

A F( x ) (8|x|2—6|x|2 4 )
—_— — — X
|x|? |x© |x |4

4 2 2
+ (_ - = _ W) %7 [(Vy ® Vy)F(y):Hy:L "X

X6 |6 b
| |4( ¥ (3.29)
We get the final result, eventually, by inserting (3.27) and (3.29) in (3.25):
AL F*(x) = ix-c;(i)—ix-G(i) Ay FOD|,_ =,
x| |x[2 x| |x[2 [x]® I
= ﬁ (AyF(y))|y:_XZ, x € R*. O

x|

There is an immediate consequence of Theorem 3.2.2.

Corollary 3.2.3 Let R C R3 be a region where 0 ¢ R and let U € CP(R) be a given
function. Then the following holds true: the function U is harmonic on R if and only
if its Kelvin transform U™ is harmonic on R*.

Example 3.2.4 From Corollary 3.1.6, we already know that the fundamental solution
F(x) = |x —y|™!, x € R\ {y}, is harmonic. The Kelvin transform (formally, we
restrict the domain of F here to R3 \ {0, ¥} to be able to apply the Kelvin transform)

yields
1 1 X
Fr(x)= — ||2 ) XGR3\{O’L2}’
|x| y‘ |x — |x]“y |yl
\X\2
as another harmonic function. In particular, for y = 0, we get F(x) = ‘ I and F* =1,

which are obviously both harmonic. We will study further examples later in this book.
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We continue with an integral theorem which is basically a consequence of Green’s second
identity (see Theorem 2.4.2). It is sometimes also called Green’s third identity. It is not
only valid for harmonic functions, but we will use it later for the particular case of harmonic
functions.

Theorem 3.2.5 (Fundamental Theorem) Let D = Xy be the interior of a regular
surface X with outer unit normal v and let U € CH(DYNCA(D) be a function with
AU € L3(D). Then we have, forall xg € D, the identity

4 U (xq)

B 1 oU 3 1 AU(x)
- /E (|x ol O VYRR —x0|) deo(ir) _/D PR

Proof Note that Green’s identities require that the considered functions are twice contin-
uously differentiable. However, V(x) = |x — x0|_1 is not even defined in x = xg. For
this purpose, we apply Green’s second identity to I/ and V on D, := D \ B:(x¢) for a
sufficiently small £ > 0. This is possible for all xg € D, because D is open. Note that D,
has two boundaries: ¥ and S;(xg), where the outer unit normal to S;(xg) in x € Sz(x0) is
—&~1{x — x¢). We obtain

1 1
/ U(x)Ax — A U(x)dx
D. [x —xo|  |x — xol

B 1 1 B
= / U(x) U (x) dw(x)
z

Jv(x) [x — x| |x — xo Jv(x)

X — Xp 1
+ Ux){ — -V,
Se(x0) g |x — xo

B 1 (_X - XO) -V, U(X) da)(x) (330)

lx — xol €

For the integral over S, (xg), we use the fact that VU is bounded, since U € C(D) and D
is compact. Moreover, Vy|x — x0|_1 = —(x —x0)|x — x0|_3 for all x # x¢ such that the
first part of the integral can be simplified to

_ / Ux)(x — x0) - Vi
Se(xo0)

&

do(x) = siz/‘ U(x)dw(x).
Se(x0)

|x — xo]

Since U is continuous, we can estimate this integral by

1 1
= min U(y)dw(x) < = / U(x)dw(x)
€7 JS:(x0) yeBe(xo) €7 JS:(x0)
1
<= max U(y)dw(x)
€7 JSe(x0) y€B:(x0)
such that
47 s? . 1 47 &?
5 min U(y) < - Ux)dw(x) < 5 max U(y).
€7 yeB.(xp) €7 JS:(x0) €7 yeB.(xo)
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Hence, the continuity of U yields

lim (12/ U(x) da)(x)) = 47U (xp).
e—=>0+ \ & Se(x0)

Second, we get

1 X — X0
-V U(x) dw(x)
S.(xg) 1X — X0l &

1 X — X0
< - [V U (x)| dox(x)
€JSs )| &
1
< —/ max |V, U(y)| dw(x) = 4me - max [V, U(y)|.
€ JSe(x0) yeD yeD

Obviously, this integral vanishes in the limit &¢ — 0-+. For the second part of the volume

integral in (3.30), we use the Cauchy—Schwarz inequality (here, we need that AU € L2( D))
and Lemma 3.1.1 to obtain

1 1
/ A U(x)dx —/ A U(x)dx
D 1x —xo] D, 1x — x0
1
/ AxU(x)dx‘
B:(xg) 1% — Xol

1 1/2 12
< ( / [P dx) ( / (AxU<x>>2dx)
Be(xp) 1X — Xol Be(x0)

< dme ||AU||L2(D)’ (331)

which obviously also tends to 0 as &€ — 04-.

Finally, we can apply the limit &¢ — 0+ to (3.30) and get the following (note that
Axlx — x0|_1 = 0 for x # xg; see Corollary 3.1.6):

AyU(x) Gl 1 1 9
— dx = U(x) — Ux)dw(x) + 47U (xo).
p 1x — xo ¥ dv(x) |x —xo|  |x — x| dv(x)
This is the desired result. ]

We immediately get the following consequence for harmonic functions.

Corollary 3.2.6 Let the conditions of Theorem 3.2.5 be satisfied, where U is addi-
tionally harmonic on D. Then

4 U (xg) = / ( ! a—U(x) —U(x) 9 ! ) dw(x)
b))

|x — xg| dv av(x) |x — xgl

forall xg € D.

This already shows us that the knowledge of U and % on the surface 3D = X only

suffices to define a harmonic function on D = %jy; uniquely. Corollary 3.2.6 additionally
leads us to the following result.
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Theorem 3.2.7 (Gauli’s Mean Value Theorem) Let the function U be harmonic on
the ball Br(xo) and continuous on Bg(xg). Then

1 3
= d = dx. 32
Uo) = — /S " U do() = /B " U(x)dx (3.32)

Proof Let0 < p < R. Then Corollary 3.2.6 yields the following identity (note that we
have U € C(B,(x0))):

1 1 1
Uxo) = / Wy —vm—— 1 guw
4 S,(xp) [ — xol v av(x) |x — xol
1 13U X — X0 X0 —
=1 —— @)= Ux) . 7 do(x)
T JS,0r0) £ OV o |x — xo
—_—— S———
=v(x)  =Vy|x—xg|"!
1
U(x)dw(x).

~ 4np Sp(xp) OV 0% J5,(x0)

Furthermore, Green’s second identity (see Theorem 2.4.2) yields

B oU
/ Ux)A 1 —-1AUKx)dx = / U(x) 1—1—(x)dw(x) (3.33)

By (xp) iy T Sp(x0) ov(x) v

=0
such that
1
Uxo) = —— / U(x) dw(x). (3.34)
47 0° Js,(x0)

In the limit p — R—, we obtain

1
Ulxg) = — / U(x) dw(x).
4 R Jspx0)
Furthermore, an additional radial integration of (3.34) leads us to
K 2 ko 2
[ veorrd= [ [ vwdem e ap
0 0 ATP” JSs,(xp)
such that
1
— U(xg) = —/ U(x)dx. Ll
3 4 J Br(xo)

Since 47 R? is the surface area and ;—‘yr R? is the volume of the ball B Rr(x0), GauB3’s
mean value theorem, indeed, tells us that the value U(xg) of a harmonic function U is its
mean value (one might also want to say its arithmetic mean; see Kellogg, 1967), over the
neighbourhood around xg or the boundary of this neighbourhood.
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Let us also remember what we proved in (3.33).

Corollary 3.2.8 If U is harmonic on Br(xg), then fsﬂ(m) %(x) dw(x) = 0 for all
p €10, R[, where v in the outer unit normal on the sphere S5(xq).

This identity is also valid for more general domains.

Theorem 3.2.9 Let U € C2(D) N CY(D) be a function which is harmonic on an
open and bounded set D for which Green’s identities are valid. Moreover, let 3D be
the boundary of D with outer unit normal v. Then faD %(x) dw(x) = 0.

Proof We apply Green’s second identity from Theorem 2.4.2 and get

aU ]
/‘D 1 AU(x)—U(x)%KL dx = /E;D (18_v(x) —U(x) 81)(x)l)da)(x)

S

0 =0 —-

such that 0 = [, ; 9% (x) do(x). O

To keep the statement of Theorem 3.2.9 as general as possible, the formulation ‘an open
and bounded set D for which Green’s identities are valid’ was chosen here. This includes
interiors Xj, of regular surfaces but also sets like D = Br(xg)\ By (yo) with two boundaries
such as Sg(xg) U S, ().

We come to the next important result on harmonic functions, the maximum principle.
There exist two ways to formulate it.

Theorem 3.2.10 (Maximum Principle 1) Let R C R3 be a region and let U be a
harmonic function on R. If U is not a constant, then U neither has a maximum nor a
minimum in R.

Proof We prove this theorem by contradiction. Let us assume that there is a point xg € R
such that U(xg) is a maximum of U (in the case of a minimum, replace U by —U), that is,
U(x) < U(xg) forall x € R.

Since U is not constant, there exists a point x, € R where the inequality U(x;) <
U(xg) =: M holds true. Since R is connected (see Definition 2.1.2), there exists a polygonal
chain, which we denote here by P, which starts in x¢, remains in R, and ends in x,. Due to
the continuity of U, there must exist a last point x; along P where

Ux)=M (3.35)

holds. Note that xg and x; might coincide, whereas x1 and xy cannot coincide.

Furthermore, R is open and, thus, there must exist a radius ¢ > 0 such that B:(x1) C R
but x5 ¢ Bg(x1). Let x3 be an intersection point of S;(x1) with that part of P which is
between x; and x»; see Figure 3.4 (note that x3 might not be unique, but this does not
matter).

Since x1 is the last point on the way along P from xg to x, where U attains its maximum
M, we must have U(x3) < M. Due to the continuity of U and the fact that R is open, there
exists, consequently, a § > 0 such that Bs(x3) C R and U(x) < M for all x € Bs(x3).
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Figure 3.4 Illustration of the geometrical construction for the proof of maximum principle
I (Theorem 3.2.10).

Now we apply Gaul3’s mean value theorem (Theorem 3.2.7). Because S:(x1) N Bs(x3)
has a positive surface measure, we get

1
Ulx)) = / U(x)dw(x)
47[82 Se(x1)
1
= 5 (/ U(x) dw(x) + / U(x) da)(x))
4me” \ Js.(e))nBs(xz) =~ S (x1)\ By (x3) =~~~
<M <M
1
<

—M/ ldw(x) = M.
47[82 Se(x1)

This is a contradiction to (3.35). Hence, there can be neither a maximum nor a minimum of
Uin R. [

The second formulation of the maximum principle immediately follows from the first
version.

Theorem 3.2.11 (Maximum Principle II) Let R C R? be a bounded region and U
CA(RYNC(R) be a harmonic and non-constant function. Then U attains its maximal
and minimal value at the boundary 0 R only.

Proof U is continuous on the compact domain R. Hence, it must have a maximum and a
minimum on R. Due to Theorem 3.2.10, these extrema cannot be in the interior of R. [

A consequence of the maximum principle is as follows: if we consider the gravitational
potential, for example, between the Earth’s surface and a satellite orbit, then the potential
can achieve its maximal and minimal values only at the Earth’s surface and at the orbit.
In combination with Corollary 3.1.7, we can expect that the potential has its strongest
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anomalies at the Earth’s surface. These structures become weaker and weaker, if the distance
to the centre of the Earth increases.
What have we learned in this section?

» The Kelvin transform mirrors functions and their domains at the unit sphere such that
harmonic functions remain harmonic after the mirroring (see Corollary 3.2.3). The
formula can certainly be modified easily such that a sphere with a different radius
serves as the mirror.

» Based on the fundamental theorem, harmonic functions on the interior i of a regu-
lar surface X can uniquely be recovered from their values and their normal derivatives
at ¥ (see Corollary 3.2.6).

» If we construct a ball Bg(xg) around a point x¢ in the interior of the domain of a
harmonic function U, then U(xp) is the mean value (in a continuous sense, where
an integral is used for calculating the mean value) of U on Bgr(xg) and Sg(xp),
respectively (see Theorem 3.2.7).

* On any sphere Sg(xq), the integral over the normal derivative of a harmonic function
vanishes (see Corollary 3.2.8).

» The extrema of functions which are harmonic on a bounded region R, non-constant
and continuous on R are located on the boundary 0 R (see Theorem 3.2.11).

3.3 Boundary-Value Problems, Green’s Function,
and Layer Potentials

In Section 3.2, we saw that harmonic functions are already determined by their values and
their derivatives at the boundary (at least if the domain is bounded). Indeed, in practical
applications, partial differential equations such as the Laplace equation are often combined
with given boundary values. This corresponds to initial-value problems as they occur for
ordinary differential equations. Indeed, there are some typical boundary-value problems
associated to the Laplace equation. Parts of our discussions here are based on Freeden and
Gerhards (2013), Kellogg (1967), and Walter (1971).

Problem 3.3.1 Let X be a regular surface with outer unit normal v and let F € C(X)
be a given function. The following boundary-value problems are distinguished:

(a) Interior Dirichlet Problem (IDP): find U € C?(Ziy) N C(Tino) such that
AU =0in Zjpy and U = F on Z.

(b) Interior Neumann Problem (INP): find U € CP(Zin) N CH(Zin) such
that AU = 0 in Zj; and aa_uU =FonZX.

(c) Exterior Dirichlet Problem (EDP): find U € C?(Zex) N C(Text) such that
AU =0in X, U = Fon X, and U is regular at infinity (see Corollary 3.1.7).

(d) Exterior Neumann Problem (ENP): find U € C(Zq) N CH(Texo) such
that AU = 01in ey, % U = Fon X, and U is regular at infinity.
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There are a couple of questions which arise when one formulates such problems. These
questions were used by Hadamard for a categorization of problems; see Hadamard (1902).

Definition 3.3.2 A problem is called a well-posed problem in the sense of Hadamard
if the following three criteria are satisfied:

(a) A solution exists.

(b) There is not more than one solution.

(c) The solution continuously depends on the given data (such a solution is called
stable).

Otherwise, the problem is called ill-posed.
We will take care of these criteria step by step.

Theorem 3.3.3 (Stability of the IDP Solution) Let X be a regular surface and let
F,G € C(2) be two given functions. Moreover, let U,V € C(z)(Eim) NC(Zin) satisfy

AU =0=AV in Ziu, U=FandV =G onZX. (3.36)

If there exists a constant € > 0 such that |F(x) — G(x)| < ¢ forall x € %, then
|[U(x) — V(x)| < & forall x € Ziy. In other words, if |F — Glles) < &, then
U = Ve <&

Proof Actually, not much work has to be done. Obviously, U — V + ¢ is harmonic, since
AU —V 4+¢) = AU — AV 4 Ag = 0. Analogously, U — V — ¢ is harmonic. Moreover,
(3.36) and the required proximity of F and G on ¥ imply that U(x) — ¢ = F(x) — ¢ <
Gx)=Vx) < F(x)+ & = U(x)+ ¢ for all x € Z. This means that U(x) — V(x) —
e <0=<U(x)— V(x)+ ¢ forall x € . Hence, maximum principle II (Theorem 3.2.11)
tells us that we also have U(x) — V(x) —e < 0 < U(x) — V(x) + ¢ for all x € Ziy. This
is equivalent to |U(x) — V(x)| < e forall x € Zyy. ]

Corollary 3.3.4 (Uniqueness of the IDP Solution) Let X be a regular surface and let
F € C(X) be an arbitrary function. Then there exists at most one solution to the IDP
with boundary values F.

Proof Let us assume that we have two solutions U and V. Then we have |U(x) — V(x)| =
|F(x)— F(x)] =0 < gforall x € ¥ and (in particular) all ¢ > 0. Hence, |U(x)—V(x)| < ¢
forall x € Tjy and all & > 0, thatis, U = V on Ziy. O

So far, we can tick the second and the third criterion by Hadamard in the case of the IDP.
This is not the case for the INP, as we can easily deduce. With boundary values F = 0, every
constant function would solve the corresponding INP. Hence, the solution is not unique.
Fortunately, constant summands to the solution are the only degree of freedom.

Theorem 3.3.5 (Non-uniqueness of the INP Solution) Let a regular surface X with
outer unit normal v be given and let ' € C(X) be an arbitrary function. If U and V
are solutions of the INP with boundary values F, then there exists a constant ¢ € R
such that U(x) = V(x) + c forall x € Tiy.
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Proof Obviously, W := U — V solves the INP:

oW
— =0 onZX.
ov

Let us now apply Green’s first identity (see Theorem 2.4.2) to W such that

AW =0 in Zjy,

/ W(x) AW () +|[ VW ()2 dx = / W(x)a—W(x) do(x). (3.37)
Sint —_— b2 v
-0 T

Hence, fEim |VW(x)|2 dx = 0. Since VW is continuous, this implies that VW = 0, that is,
W is constant. ]

Note that we could also use Green’s first identity to show the uniqueness of the solution
of the IDP. We would merely have to require that the solution is also in C')(Zpy) to be able
to apply Green’s identity. Then the surface integral in (3.37) would also vanish but this time
because W = 0 on . We would conclude again that W is constant. Since W = 0 on Z,
this constant is given by 0.

Let us now have a look at the exterior boundary-value problems. The proofs are, in parts,
similar to the interior case.

Theorem 3.3.6 (Stability of the EDP Solution) Let a regular surface ¥ be given and
let F,G € C(X) be two given functions. Furthermore, let U,V be solutions of the EDP
corresponding to the boundary values F and G, respectively. If there exists a constant
& > 0 such that max,ex |F(x) — G(x)| < &, then SUpP, 3., |U(x)—V(x)| <e.

Proof Note that the application of maximum principle II (Theorem 3.2.11) requires a
bounded domain. For this reason, let R > 0 be a sufficiently large radius such that %y C
Br(0); see Figure 3.5.

As in the proof of Theorem 3.3.3, we have that U(x) — V(x)—e <0 < U(x)—V(x)+¢
forall x € X, where U — V — g and U — V + ¢ both are harmonic functions. Since
Zext N Br(0) is a bounded region (at least for sufficiently large R), maximum principle 11
implies that

V@) = V() — e < max [0, max (U()~ V() o))

for all x € Xex¢ N Br(0). With analogous considerations for U — V 4 ¢, we come to the
conclusion that

U(x) — V(x)+ ¢ > min [0, min (U() = V() + 5)]
and, hence,
U@~ V() = min| -, min (U() ~ v

= — max [e, ~ min (U() - V<y))] = — max [e, max (V(y) - U(y))]
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Figure 3.5 For proving the uniqueness of the solutions of the exterior boundary-value
problems, we need bounded domains. For this purpose, we first consider the intersections
Text N Br(0) for sufficiently large R > O and finally let R tend to infinity.

for all x € Ze4 N Br(0). In total, we get
|U(x) = V(x)| < max (8, max |U(y) — V(y)l)
yeSgrO)
for all x € Zext N Br(0). Since U and V have to be regular at infinity (see Corollary 3.1.7),

limpg_; oo Maxyese0) |[U(¥) — V(y)| = 0 must hold. Hence, using the limit R — oo, we
obtain that |U(x) — V(x)| < e forall x € Zeyt. Ll

In complete analogy to Corollary 3.3.4, we obtain the uniqueness of the EDP solution.

Corollary 3.3.7 (Uniqueness of the EDP Solution) Let X be a given regular surface
and let F € C(X) be an arbitrary function. Then there exists at most one solution to
the EDP with boundary values F.

For the INP, we had found out that the solution is non-unique. In the case of the ENP, the
additional requirement of a regularity at infinity helps us. We can show the uniqueness of
the ENP solution similarly as we proved the non-uniqueness of the INP solution in Theorem
3.3.5, but we need again a bounded domain — this time because of Green’s first identity.

Theorem 3.3.8 (Uniqueness of the ENP Solution) Let ¥ be a regular surface with
outer unit normal v and let F € C(X) be an arbitrary function. Then there exists at
most one solution to the ENP with boundary values F.

Proof Let R > 0 be (again) sufficiently large such that iy C Br(0); see Figure 3.5. If
U and V solve the same ENP with boundary values F, then we apply Green’s first identity
to W :=U — V on Zg N Br(0) and get
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/ W(x) AW (x) +| VW () dx
EexthR(O) i/—_/

= —/ Wi(x) a—W(x) dow(x) + Wi(x) a—W(x) dw(x).
b)) av oan

=0

Sr(0)

Here, n is the outer unit normal to Sg(0), where ‘outer’ has to be understood with respect
to Xext N Br(0), that is, n(x) = x/R (the ‘outer’ unit normal to X is, therefore, here —v.

However, since % = 0 on X, this makes no difference). As a consequence, we arrive at

/ VW) dx = W) = . VW) dw(x). (3.38)
TexNBR(0) Sk(0) R

Since U and V (and, thus, also W) have to be regular at infinity, there exist constants
C1,C3 € R such that, for sufficiently large R > 0,

C C
W) < — and |[VW(@)| < —
x| NE

for all |x| > R. Hence,

W(x) % VW (x) do(x)

5/ 3-1-9@)@)
S

Sk(0) 20 R R?

1
=C1Cr -4 — (3.39)
R
for sufficiently large R. Combining (3.38) and (3.39), we get

/ IVW(x)|>dx = lim |[VW(x)|>dx = 0.

Text R=00 J5euNBR(0)

Thus, W is constant on Xey:. Since the regularity at infinity implies thatlim|y | oo W(x) = 0,
only W = 0 (and, consequently, U = V) is possible. U

Note that also here the proof is almost analogous for the EDP, if we have U,V €
C(l)( Zext) as an additional requirement.

Example 3.3.9 Letus consider the case of a Dirichlet problem with constant boundary
values, for example, F' = 1, with a spherical boundary £ = $1(0). In the case of the
IDP, the unique solution is U = 1. On the other hand, U = 1 also solves the Laplace
equation on Xx but it is not regular at infinity. In this case, the unique solution of
the EDP would be U(x) = |x|~!. From Corollary 3.1.6, we know that this function is
harmonic in R3 \ {0}. Moreover, it is obviously regular at infinity and U| si0 = L.
This simple example of unique IDP and EDP solutions shows the following: there
is, in general, more than one harmonic function corresponding to a given restriction to
a surface . We need another requirement to get a unique solution. In the case of the
EDP, this is the regularity at infinity. Note that we indeed used the regularity at infinity
in the proof of Theorem 3.3.6, which led us to the uniqueness result in Corollary 3.3.7.
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In the case of the IDP, it is the implicit ‘interior-space condition’ which gives us the
uniqueness, because U(x) = |x|_1 would satisfy U|y = | with £ = $1(0) but
AU = 0only on iy \ {0}. Hence, U(x) = |x|~!is excluded and U = 1 is left as the
solution.

We have not answered all questions about Hadamard’s criteria for a well-posed problem
(see Definition 3.3.2) here. In particular, the existence of the solution has not been addressed,
yet. The answer, more precisely the proof, is, indeed, rather complicated. However, it gets
a bit easier for the particular case of a spherical boundary. In geomathematics, we can
often deal pretty well with this simplification, and there is a huge amount of knowledge on
harmonic functions inside or (more important for us) outside a sphere. We will, therefore,
have a closer look at the case of a sphere in the next section. However, we can start our
considerations on the existence question with the general case of a domain D = Xjy,.

There is a (partially) constructive way to tackle the existence problem. This is given by
Green’s function.

Definition 3.3.10 Let D = Xy be the interior of a regular surface . A function
G: Dg — Rwith Dg = {(x,y) € D x D|x # y} and the form

1
Gx,y) = —
(x,y) I e =

is called Green’s function for A and D if the following conditions are satisfied:

+ R(x,y), (x,¥) € Dg,

(a) For each x € D, the function R(x,-): y — R(x,y) is an element of C?(D) N
cO(D).

(b) AyR(x,y) =0forall x,y € D.

(©) G(x,y)=0forallx €e Dandall y € .

Let us first clarify that a Green’s function is well defined.

Theorem 3.3.11 For a given D = Ziy, the Green’s function in Definition 3.3.10 is
uniquely determined if it exists.

Proof We assume that we found two Green’s functions

1 )
G/(x’)’)=4_ +Rj(-xay)a J=1a2a (-xay)EDGa

T [x —
for A and D. From Definition 3.3.10, we conclude for the difference H := G| — G that it
fulfills

AyH(x,y)=0 forally € D, H(x,y)=0 forallye X

for each x € D. This is an IDP, and we know that it cannot have more than one solution
(see Corollary 3.3.4). Consequently, we have H(x,-) = 0 for each fixed x € D and, since
x is arbitrary, H = 0. O

The answer to our question on the existence of a solution is given by the following
theorem, at least in parts.
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Theorem 3.3.12 Let D = iy be the interior of a regular surface X. If there exists a

Green’s function G for A and D, then there also exists a unique solution of the IDF,
with U € C2(D) N CD(D),

AU =0 inD, U=F onk,

corresponding to a given function F € C(X). This solution is represented by

d
Ulx) = —/ F(y) 8—() G(x,y)dw(y), x €D, (3.40)

where v is the outer unit normal to 2.

We are not yet able to prove this theorem. We have to do some further work. Let us start
as follows: from the fundamental theorem (Theorem 3.2.5), more precisely Corollary 3.2.6,
we get, if U is harmonic in D, the identity

1 1 0 0 1
U U —-U — ) d . 3.41
(0= 4n/z(|x—y| N R T |x—y|) o) G4

Moreover, with Green’s second identity (Theorem 2.4.2) applied to U and R (the remainder
term in Green’s function), we obtain (for all x € D)

/ RGey) A, U() —U() A, R(x. y) dy
D [ —

—_——
=0 =0
] ]
= [ R o= U0 = U0) s Rk doty)
Hence,
]
0= [ R G U0) = U0) s Rex.y) doy) (3.42)

forall x € D. We add (3.41) and (3.42) and get

0 0
U(x)=/ Gx, y)a—()U(y)—U(y)a—()G(x »y)do(y)

for all x € D, where G(x,y) = 0 for y € . Hence, we get (3.40). However, we argued
here as follows: if U solves the IDP, then U is represented by (3.40). For this reason, we
first have to prove that the IDP is solvable. This leads us to the investigation of so-called
layer potentials.

Definition 3.3.13 Let F: ¥ — R be a measurable and bounded function on the
regular surface . Then the single layer potential P is defined by

Pu(x) = / FO) o). xR
% |x — ¥

Moreover, the double layer potential P is defined by

do(y), x e R,

P =
A(0) /E (”av@) —

where v is the outer unit normal to X.
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Note that these layer potentials are often defined with a factor %, which we skip here.
Moreover, the single layer potential is also sometimes called the simple layer potential.
The single layer potential strongly resembles Newton’s gravitational potential, except that
the mass distribution F is only given at a surface instead of a volumetric domain.

In order to understand the double layer potential, we consider two electric point charges
+Q and — Q at the distinct points y, z € R3. Then their potential is given by (up to constant
factors)

Q

P(x) = -—=
lx =yl |x—z]

, X 6R3\{y,z}.

If we consider the straight line y + 7(z — y), 0 < ¢ < 1, then the mean value theorem
of differentiation tells us that there exists t €]0, 1[ such that, in w = y + t(z — y), the
following holds true:

Yooy @

P(X)=—(Z—y)'VUL v -
|x — | |,—y

lx — v
Note that the dot product on the right-hand side is a directional derivative. Now, we let z
tend to y along the straight line y + #(z — y). In this case, v = ‘i :; does not change and w
tends to y. Moreover, simultaneously, we let Q grow such that m = Q|y — z| also remains
constant. Then we get

=ly—z|

v=w |y_z|

1
—>mv-V,

Px)=mv-V, .
v=w |'x_y|

lx — v

If we transfer this from point charges to a continuous distribution, we come to the double
layer potential. Hence, the double layer potential can be regarded as a limit case where
two layers tend to each other. For us, the double layer potential is important because it has
already occurred in (3.40).

Let us see what we can find out about the layer potentials.

Theorem 3.3.14 Let F: ¥ — R be measurable and bounded and let & be a regular
surface. Then the corresponding single layer potential P is infinitely differentiable
on R3\  and the function is harmonic in R3\ £: Ay P(x) =0 forall x e R3\ Z.
Moreover, Py exists everywhere on R3, is bounded, and is continuous.

Proof The proof is analogous to the proofs of Theorems 3.1.2 and 3.1.5. We have to
take into account that the integrals in (3.4) are now surface integrals. For example, we get
integrals of the form

1
/ dw(x) (3.43)
Bo)NE |x — ¥

and we have to show that they tend to zero as » — 0. This can be explained as follows:
from the properties of a regular surface (see Definition 2.6.4), we can conclude that, for
sufficiently small » > 0, the surface part B,(y) N ¥ (or, maybe, a superset of it) can be
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parameterized by a C'V-function ®: D, — R, which represents one Cartesian coordinate
in terms of the others. Without loss of generality, we assume that

x3 = ®(x1,x2), (x1,x2) € Dy & (x1,x2.x3) € B(y) N Z.

Note that the domain of integration in (3.43) is empty for sufficiently small , if y ¢ X
(remember that ¥ is compact). The case y ¢ X is only relevant for the boundedness. In
this case, we choose ¢ > 0 and distinguish dist (y, £) > ¢, where fE lx — y|_1 dw(x) <
el 5 1dw(x).

We now proceed for the case dist(y, £) < &, which includes the case y € %, and set
R := ¢ 4 diam Z. Obviously,

3
=3P =D 0 — 3 = | x) — i) (3.44)
j=1

We use this now to estimate (3.43) by

1 1
/ dw(x) 5/ dw(x)
BNz |x — ¥ B o)z [(x1,x2) — (y1, y2)l

P
_m(-xla-xZ)

1
3D
= /D, [(x1,x2) — (¥1, y2) i, (1a2) || A0 x2).
1

Since ® is a CV-function, there must exist a constant € such that

1 1
/ dw(x) < C/ d(x1,x0).
B o)z |x — I p, 1(x1,x2) — (y1, ¥2)I

Moreover, the parameterization x = (x1,x2, ®(x1,x2)), (x1,x2) € D, of B,(y)N X implies
that D, is a subset of the two-dimensional ball B, (y1, y2) around (y1, y2); see (3.44). Hence,

1 1
/ dw(x) < C/ d(x1,x2) =2nCr.
BN |x — ¥ B (1) [(x1,x2) — (1, y2)l

Thus, in analogy to the proof of Theorem 3.1.2, we can choose again, for all £ > 0 and all
y € R3, an appropriate § > 0 such that |y — z| < & implies | P(y) — Ps(z)| < .

The preceding considerations also yield that fE |x — y|~!dw(x) < 27 CR, because
Br(y)NXE =% for all y with dist(y,%) < ¢&. Furthermore, for trivial reasons, the
inequality f):\B,(y) Ix — yI7ldo(x) < r7! [ 1dw(x) < o0 is true. This leads us to

the existence and the boundedness of Ps everywhere on R3. The fact that P is bounded
can also be shown in analogy to the proof of Theorem 3.1.2 by distinguishing points y with
dist(y, ) > d from the rest (where d > 0 is fixed). ]

Let us now take care of the double layer potential. Again, we address the questions on
the existence, continuity, and harmonicity.
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Theorem 3.3.15 Let F: ¥ — R be measurable and bounded, where ¥ is a regular
surface. Then the corresponding double layer potential Py is infinitely differentiable
and harmonic on R3 \ .

Proof 1t appears to be intuitive to look for an analogous proof to the proof of Theorem
3.1.5. In fact, A, (v(y) - Vy|x — y|7H) = v(3) - Vy Aglx — y|7! = 0,if x # y. Again, all
derivatives are bounded in an open set N, € R? \ £ with |x — y| > & forall x € N, and
y € X. The rest is, indeed, analogous to the proof of Theorem 3.1.5. U

Corollary 3.3.16 The function x — v(y)- Vy|x — y=l= %(y) |x — y| ™! is harmonic
inR3\ {y} forall y € R3.

Theorem 3.3.17 Let F: £ — R be a measurable and bounded function on the reg-
ular surface . Then the corresponding double layer potential Py exists on the whole
space R3. Moreover, the restriction Py|y, is continuous on X.

Proof Forx ¢ X, itis easy to see that Py(x) exists:
1
|[Pa(x)| < | [FODII v | Vy —— | do(y)
b2 lx =yl

1
< sup|F(z)|/ ﬁdw(y). (3.45)
% |x — ¥l

(4>

Ifx ¢ ¥,then £ 5 y — |x — y|~2 is bounded (note that ¥ is compact) and the preceding
integral is finite.

For the case x € X, we first proceed like in the proof of Theorem 3.3.14 and assume that
we have a parameterization ®: D — R of B,(x) N X for a sufficiently small » > 0 such
that

x3 = O(x1,x2), (x1,x2) € D & (x1,x2,x3) € B (x)N . (3.46)

We first subdivide the integral of the double layer potential as

Py(x) = / F(y)v(y) - Vy da(y)
TNB(x)

|x — ¥l

1
+ / Fy)v(y) - Vy ——— da(y). (3.47)
T\B,(x) |x — ¥yl

The second integral in the latter equation is finite for the same reason that (3.45) is finite.
Let us therefore concentrate on the first integral. With the parameterization (3.46), we get

(with X = (x1,x2), ¥y = (y1,)2))

1
/ FO) () - Vy —— doly) (3.48)
£NB, (x) |x — ¥l

£ D)) — (5. 06
Z/DF@,CD@)) v (§, DF)) - (*x, 2(x) — (3, P(3)

(%, ®(F) — §, 2GN I

g(dy.



3.3 Boundary-Value Problems, Green’s Function, and Layer Potentials 89

where g(y) = |( — % ), — % ), 1) , ¥ € D. Moreover, due to the parameterization,
the unit normal vector on ¥ N B, (x) is given by

(-2 - 1)

T
b /=~ b =~
—22), - 226 1)

v (3, P(y) = ‘ , YeD.

We denote the integrand on the right-hand side of (3.48) by I(y). We have
I)=F G, 2GN[( — D) - V5 P() + OE) — &)
-3/2
x[1F = 5P+ @@ - o] (3.49)

Since T is a regular surface, we can assume that & is a C‘>-function. Hence, we can apply
Taylor’s theorem to the first square-bracket term in (3.49) such that (note also that |x —y| >

X —¥D
I < [FG. OGN [T =57 - C - |5 =517,
where C € R is a constant. Consequently,

[F(y, @) &5
— = ay.
p 1Xx—=JYl

1
‘/1 F(y)v(y)-V, mxw‘sc (3.50)
£NB, (x) |x — ¥l
Since F is bounded and [}, |¥ — 5|71 d§ < J5.0) 1% — 3171 dy = 27 r, the right-hand side
of (3.50) is finite. Hence, Py(x) exists for all x € R
For the proof of the continuity on X, let x,z € ¥ be two distinct points. Then

P = i = [ O+, (# - ) do().
> x—=yl  lz=yl
We consider again a sufficiently small neighbourhood B, (x) and a parameterization @ like
above and let z € B,(x) N X. Also here, we want to use an analogy argument with respect
to the proof of Theorem 3.1.2. The analogous identity to (3.4) would then contain terms
which are of the form or can be estimated by

|,

£NB, (x)

|,
Z\ B (x)

The integrals of the first kind can be handled like in the proof of Theorem 3.1.2 and like
earlier in this proof and therefore tend to 0 as » — 04. For the second integral, the uniform
continuity argument from the proof of Theorem 3.1.2 can be applied in the same manner to
the modified integrand. Hence, the continuity of V4 on X holds true. |

v(y) - Vy

1
7‘ dy, we XN By (x),
lw — yl

v(y) - Vy # - ; ‘ dw(y).
lx =yl lz—yl

or
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Theorem 3.3.18 Let F be a measurable and bounded function on the regular surface
2. Then the corresponding single and double layer potentials are regular at infinity.

Proof Parts of this proof are analogous to the proof of Corollary 3.1.7. Let o =
maX,cy |x|. We now restrict our considerations to those y € R> which satisfy |y| > 20.
Then all x € X satisfy |x| < |y|/2 and |y — x| = |y|/2. Thus, with C = ||F||OofE 1 dw,

we have
F 2
/ ® 40 ¢
s |y — x| [¥]

Moreover, in view of Theorem 3.3.14 and its proof we can conclude that

|Ps(y)| =

2
snFnoo/ 2 do(x) =
> |yl

IV, P(y)| = ‘ /E POV ——do(o)| < Pl /

1 4C
5 dw(x) < T
s |y — x| Iyl

1
— x|

For the double layer potential, we get similar results:

Py ‘/ ! dw(x)<||F||/ do() < =5
= av<x>|y x| *Jshy TR

and (with Theorem 3.3.15 and its proof)

a
VP(y)—‘/F() ()‘
¥ Pe) Y o) )|y
a
= FO—/=V do(x )‘
/;: dv(x) yly
SN ‘(V @V )—H doo)
z
where || - || is here the Euclidean norm of the occurring matrix.

A few basic analytic calculations yield

1 8 xj—y
s ()
lx — ¥l dxi |x = yI° /4 j=1,2.3

= x = 317 (8 lx = P =y = )31 = yleu = ).

1 / x—»®(x—y)
x—yF

i,j=1,2.3

El

lx — yI3

where I3 is the 3 x 3 identity matrix. Hence,

172
1 V3 3 :
(Vx ® Vy) H < 5+ = Z (xi — y)*(xj — y;)?
H =yl b=yl =yl
V343
S 73’
|x — ¥l

such that |V, Py(y)] < 8(+/3 + 3)C|y| 3. -
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Note that we only showed the continuity of Py restricted to ¥ in Theorem 3.3.17. This
means that, for convergent sequences (x,) C X, the values Pq(x,) tend to Py(limxj,).
Moreover, due to Theorem 3.3.15, P, is continuous on RR3 \ Z. Hence, Py(limx,) =
lim Py(x,) if (x,) and lim x,, are both in R3 \ X. However, for convergent sequences (x,)
outside ¥ with limx, € ¥ this is not true in general, as the following example shows.

Example 3.3.19 The double layer potential is, in general, not continuous. As an
example, we consider the double layer potential corresponding to a constant ‘density’
F =1 and a spherical surface ¥ = Sg(xo), that is,

d 1
Py(x) = / — dw(y), xeR.
Sr(xg) 8U(y) |-x - y|

From Corollary 3.1.6, we know that y > |x — y| ™! is harmonic for all y # x. Hence,
Corollary 3.2.8 implies that Pg(x) = 0, if x ¢ Br(xo).

In the case x € Br(xg), we choose a sufficiently small ¢ > 0 such that B:(x) C
Br(xo) and observe that y — |x — y|~! is still harmonic in the case that y € Bg(xg) \
B:(x) = D;. Hence, Theorem 3.2.9 implies that

0 / 0 1 doo(y)
= 4]
o, V) P —yl

0 1 0 1
= da)(y)—l-/ dw(y).
ng(xo) av(y) |x — y| S (x) V(Y |x — ¥

=Py(x)

Note that v on S¢(x) must be directed outside D, that is, v(y) = e lx — y) for
y € Se(x). Thus, for x € Bg(xp),

] 1 X—y x-—y
Py(x) = — ————dw(y) = — : 5 do(y)
S.(x) V() |x — ¥l Se(xy £ |x — ¥

1 2
=—— 4mwe” = 4.
€

We already see here the discontinuity of Py at points x € X. When approaching x
from the interior, we get the limit —4sr. However, the limit from the exterior yields O.

Let us nevertheless also calculate the potential at the surface. For x € £ = Sg(xg),
we exclude again the singularity and first consider the domain D, := Bg(xg) \ Bs(x).
The boundary is given by (see also Figure 3.6)

9D, = (Sr(x0) \ Be(x)) U (Se(x) N Br(xo)) .

=0 =8¢

Moreover, let y; := Sg(x0) N Be(x). The integral [ %@)pc — y[ Y da(y) = L(x)
looks like a double layer potential, except for the fact that the domain is not a closed
surface, as we required it for regular surfaces. However, a closer look at the proof of
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Figure 3.6 Illustration of the surfaces w., f¢. and y;.

Theorem 3.3.17 (where only the first integral in (3.47) is relevant) reveals that also
integrals of the type I(x) are finite and, in particular,

lim Z(x) = 0. (3.51)
e—0+

We now get for the whole double layer potential Py(x)

0 1 0 1
d =1 d . 3.52
/zav@) =y W (xH/o;g 300 r — 1 2O (5:32)

Moreover, with Theorem 3.2.9, we conclude that 0 = f aD. %(y) |x —y|~ ! dw(y) such
that

/ 0 de()——/ U e (3.53)
e O =y YT =y '

where v(y) must be oriented outside D,.
We use (3.53) in (3.52) and arrive at

0
Pax) = 1(x) — / do(y) (3.54)

g V(Y [x — ¥l

xX—y xX—y 1
= I(x) — / : S do() = L) — / 1 dw(y).
g lx =yl |x—yl & Jp,

It remains to calculate the limit ¢ — 04 for the latter integral. This, actually, leads
to the concept of a solid angle, but we will not discuss this in detail here, since our
special case of a sphere is easier to handle. Obviously, §; is a part of the sphere Sg(x),
whose elements can be represented by y = x +¢ &, & € Q. Moreover, f; is symmetric
with respect to 1 := x 4 %(xo — x). We now move our coordinate system such that
x is the origin and x’ corresponds to (0,0, £)T. In polar coordinates, this means that x’
corresponds to r = ¢ and r = 1 (with arbitrary ¢).
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Moreover, 8. corresponds to those points y = x +¢ & € Sg(x) for which |[x +¢ & —
xo| < R holds. This is equivalent to

|x — xo|* +2e(x — x0) - & + &2 < R,
e —’
—R2

that is, a; ‘== ¢/(2R) < [(x0 — x)/R] - &, or, in our new coordinate system, » = & and
t > a,. Thus,

1 2 5 5 £
1d = deodr =2 1——). 3.55
/ﬁg w(y) //0 e dpdr = 2e” 2R) (3.55)

Finally, inserting (3.51) and (3.55) in (3.54) and taking the limit ¢ — 0+, we obtain
Py(x)=2m,x € Z.

Let us summarize what we found out.

Remark 3.3.20 If ¥ = Sg(x¢) and I = 1, then the corresponding double layer poten-
tial Py satisfies

e Py(x) = 0for x ¢ Br(xg) such that P4(y) - Ofory — x € X withy ¢

Br(x0).
e Py(x) = —4m for x € Bg(xg) such that Py(y) —» —4x fory — x € X with
y € Br(xo).

e Py(x)=-2mforx € X.

This result can, indeed, be generalized to regular surfaces. We omit the proof here and
refer to Folland (1976, Proposition 3.19).

Theorem 3.3.21 Let X be a regular surface and F = 1. Then the corresponding
double layer potential satisfies

Oa lf‘-x S ECXU
Py(x) = 1 —47, ifx € Ziy,
—2m, ifxeX.

Unfortunately, there is still much work to do, before we are able to prove the existence
of the solutions of the boundary-value problems. The following remaining steps are based
on Folland (1976).

Definition 3.3.22 Let D C R"” and E C R™ be two measurable sets. Moreover, let a
measurable function K : E x D — R and two scalar function spaces X' (D) and YV (E)
with domains D and E, respectively, be given such that the operator

T X(D) — V(E), F I—)/ K(,x)F(x)dx
D

is well defined. Then 7 is called a Fredholm integral operator of the first kind.
If D = E and X(D) = Y(E), then 7 + 7, where 7 is the identity, is called a
Fredholm integral operator of the second kind. Moreover, K is called the integral
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Figure 3.7 The dotted line corresponds to a segment of a (slice of) X. The solid lines show
the graphs of the normal line functions 7 > N(y, 1) for selected points y € ¥ and a small
interval for t.

kernel. We say that K isof order ¢ if D = E, 0 < o < n — 1, and there exists
a bounded function A: D x D — R such that K(x,y) = A(x,y)|x — y|~% for all
x,y € D with x # y. Eventually, equations of the type TF = Gor (T +I)F =G
are called Fredholm integral equations of the first or second kind, respectively.

Actually, Newton’s gravitational potential, shown in (3.3), represents a Fredholm integral
operator of the first kind with a kernel of order 1. We will discuss this aspect later in this
book.

Before we come to an important result, we need some lemmata.

Lemma 3.3.23 Let ¥ be a regular surface with outer unit normal v. Then there exists
a constant C € RT such that fE |%(y)|x —y|! | do(y) < C forallx e R3\ .
Proof Letus construct a function N: ¥ x R — R3 by N(y,1) := y+rv(y). Then N(y,-)
parameterizes a straight line through y in the direction of the normal vector v(y), as shown
in Figure 3.7.

Letus assume that thereisad > 0 and anopen set S O X such that the restricted mapping
N:Xx]—48/2, §/2] — S is bijective (this is, indeed, true; see Folland, 1976, pp. 8-9).

This implies the following: if x € R> has a distance dist (x, £) which is less than § /2, then
there is one and only one y € ¥ such that y 4+ rv(y) = x forexactlyone t €] —§/2, §/2[.

The other points (where dist (x, ) > §/2) are easy to handle. For them,

3 1 x—y| 4
< |v(y)| 3 5—2,
vy [x — ] x—y 8
/ 9 ! ‘d()<4/1d() C (3.56)
_— w — 4] = . .
sl —y)| OV = fy YT

Let now dist(x,X) < §/2and x = z +1v(z),z € X, |t| < §/2. We set Us := Bs(z) N X.
Ifye X\ Us then|y—x|>|y—z|—|z—x| =8 —38/2 =35/2. As a consequence,

/;J\Us

0 1 1 4
L | dwty < / do(y) < — / Ldo(y) = C1. (3.57)
vy |x — yl ‘ s X —yI? 82 Js
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Figure 3.8 The point y is in a neighbourhood of the point z € X withx = z + tv(2).

In the remaining case, where y € Us, we get

0 _ - -y
‘av@) =yl _‘”(” I y|3 ‘ 0 y|3 ‘ W e
ol ol 5 \sg
e P R R cos <{(v(y)z — ) (3.58)

Since X is a regular surface, its smoothness enables us to start a low-order Taylor expansion
of y > cos <(v(y), z—y) around the centre y = z, where <((v(y), z—y) —> m/2asy — z.
Hence,

cos<t(v(y), z—y) =0+ O(z—yD (3.59)

as y — z; see also Figure 3.8.
Similarly, cos <(v(z),z — ¥) = O(jz — y|) as y — z. As a consequence, the law of
cosines in the triangle given by x, y, and z yields

o=y = =z 2 =y = 20x — 2| |z — y| cos <(v(2),y — 2)
=l =z + 2=y’ + 0z =y
fory — z.
As a consequence, there exist constants Cp, C3 € R™, which are independent of x, such
that
lcos <(W(y).z — ¥ = Calz — vl

o=y =l =z + 2=yl = Calz =y P,

x—yP* =z =%
if y is sufficiently close to z. Hence,

|' |'3 | cos <v(y).z — y)| < %wos <)z~ = Colz — yI™!

(3.60)
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if y is sufficiently close to z. Furthermore, the Taylor expansion of the function R\ {—b} >
¢+ a(b+ )7 around ¢ = 0 (with b # 0) implies that there exists 6 € [0, 1] such that

a a 3 a

b+ 32 B2 20+ 00y C

where ¢ has to be close to 0. We set a == |x —z|,b =[x —z° + |z — y|%, and ¢:=
— 3]z — y|%. Hence, there is a constant C4 € R™ such that

lx —z |x — 2|

v =y T (x =z + |z = yI2 = C3lz -y

YR (3.61)

- lx — z| Lo, lx —z| ]z — ¥
T (x =z 4z — yP? (Jx — z|> + |z — y|»)3/?

for y sufficiently close to z. Here, we used that

. =P+ A —0C)|z -y
lim =1,
y=2 ¥ —z2 + ]z =y

where x and y can be considered to be elements of appropriate compact sets (e.g. x € S),
which implies that this convergence is uniform. Hence, there is indeed a § > 0 (independent
of x) such that the error term in the Taylor expansion can be estimated, for y € Us, by

Ix —z|lz — y|? Ix —z| |z — y|?
5/2 —
(x — 2P+ 1 =6C)z —yP)* ~ (x =zl +1z—yP)

52"
For calculating the remaining integral over Us, we use polar coordinates with the radial

coordinate r := |y — z|. This leads us in combination with (3.58), (3.60), and (3.61) to the
following (we set a := |x — z| and s := ra~! and Cs € R is another constant):

/ d 1
Us

vy |x —yl
<c/(s “ e d+ccfsl d
= 5 0 (02+r2)3/2 4(02+r2)5/2 r ar 5L2 0 rr r

o [ ! C ” 2ds + C58C
- 5/0 [512(1+s2)3/2Jr 4a2(1+s2)5/2}” $HEs0e

‘ do(y)

3

& § §
<C — 4+ C4————= ds + Cs8C
= 5/0 (1+s2)3/2+ A s+ Cs8Cr

2
=C5(1+§C4+5C2),

since [ s(1 + sHT24s = -1+ s2_1 + const and fs3(1 +52732ds = —(1/3)(3s% +
2)(s% 4+ 1)73/2 4 const. This completes the proof together with (3.56) and (3.57). Ll

1

Lemma 3.3.24 The kernel K(x,y) == %(y) =T

gral kernel of order 1.

withx,y € X and x # y is an inte-
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Proof We have

-y _ |x—ylcos<t(w(y),x —y)
| -y lx —y[?

K(x,y)=v(y)-

In the proof of Lemma 3.3.23, we have already seen that cos <{(v(y),x — y) = O (Jx — y|)
as x — y. As a consequence, the function

cos L(v(y),x — )
Alx,y) = TS X,y E€X, x#y,

isbounded on £ x ¥. Hence, K (x, y) = A(x, y) |x—y| ! is anintegral kernel of order 1. [

Lemma 3.3.25 Let ¥ be a regular surface, F € C(X) be a given function, andxo € X
be a given point. If F(xo) = 0 and Py is the double layer potential corresponding to
F, then Py is continuous in xq.

Proof We will use the g-§-criterion to prove the continuity. Let, therefore, ¢ > 0 be
arbitrary. Moreover, we introduce the constants
9 1 ‘
|

]
Cy = sup / C> = sup - -
xeR(\x /3 slov(y)|x —y

T | doly),
av(y) [x — y| xex
The former is finite due to Lemma 3.3.23. For the latter, we find, in analogy to (3.59), a
constant C3 € R such that

J

do(y).

v(y) -

dor(y) = / ICOS<I(v(y),3;—y)| doo(y)
¥ |x — y|

C
= [ 2 Hawm = / o),
T x

This integral is finite, because the single layer potential exists everywhere and is bounded
(see Theorem 3.3.14).

Since F is continuous, there exists an 7 > 0 such that, for all y € £ N B;(xg) = Ny,
we have |F(y)| = |F(y) — F(xo)| < &[3max(Cy, C>)17!. Note that this 1 is actually uni-
form, because F is continuous on the compact domain X. As a consequence, the triangle
inequality yields, if x € W,

| |3

| Pa(x) — Pa(xo)| < / ‘ |FO) da)
() [x — yl
d
F d
+/ av(y)|xo—y|" Ol det)
+/ i ( Lo )‘|F<)|dw<)
s, [0 N =y~ o — 1 |77

Due to our constructions, each of the first two integrals on the right-hand side is bounded
from above by &/3. Let us consider the latter as a function of x € W. Since the
integrand is non-singular, this function of x is continuous and, due to the compactness of the
domain, also uniformly continuous. As a consequence, it converges uniformly to its value at
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X = xg as x — xg, which is zero. Hence, there is a § < 7/2 such that, for all x € B;s(xo), the
latter integral is less than £ /3. Hence, | Pa(x) — Pa(x0)| < 3¢/3 = eforallx € Bs(xg). U

Now we can prove an essential result about the solutions of the Dirichlet problems (see
also Remark 3.3.20).

Theorem 3.3.26 Let F € C(X) be a given function (on the regular surfuce = with
outer unit normal v) and U : R® — R be the double layer potential Pq to F, that is,

. 1 3
Ux) ._/; (y)av(y)| 3 dw(y), x e R’

Then the restrictions of U to Liy and ey, respectively, are continuously extendable
to their closures Ziy and Ty, respectively. Moreover, the limits

Ui(x) = lim U(x + tv(x)), U_(x) = lim U(x — tv(x)), xXEX,
t—>0+ t—>0-+

are uniform on ¥ and yield continuous functions U and U_. They satisfy the Fred-
holm integral equations of the second kind:

U (x) = 27 F(x) + / (y)LL dw(y), x € X, (3.62)
b () |x — y|

U_(x) = —27F(x) + / F(y)
b))

0 1
—dw(y), xe€X. (3.63)
dv(y) x — v
Proof Letx € X. Then, by using Theorem 3.3.21 and Lemma 3.3.25, we deduce that

Us(x) = lim [/ (F(x)+ F(y) — F(x ))a ) I £ o) — |dw(y)}

. ] 1
= lm [F(x) s av(y) |x £ tv(x) —p 4o
1
+ [ - Fong: (y) o dw(y)}
=cx F(x)+ / (F(y)— F(x ))— do(y), (3.64)
) av(y) |x — y|
where
{O in the case  +°,
Cc4 =
47 inthe case ‘ —
Hence, using again Theorem 3.3.21, we get
Ur(x) =cy F(x)+ / F(y) 9 ! dw(y) + 27 F (x).
b v(y) |x =yl

This result corresponds to (3.63) and (3.62). Let us have a closer look at the convergence. For
the first part in (3.64), the integrals are constant. This is obviously uniform. For the second
integral, the convergence is a result of Lemma 3.3.25. A closer look at the proof reveals
that this convergence is also uniform. This uniform convergence in combination with the
continuity of I/ on R*\ T (see Theorem 3.3.15) implies the continuity of the extensions on
Tint and Tex, respectively. ]
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Theorem 3.3.26 has brought up a Fredholm integral operator in the context of the Dirich-
let problems. Though we still need some patience, we are not very far from the proof of the
existence of the IDP and EDP solutions any more.

In view of Theorem 3.3.26, we study now the following integral equations (with K =
— %K orK = %K , we see that we have Fredholm integral equations of the second kind):

27 F(x) —l—/ Kx,)F(y)dw(y)=U((x), xe€X,
z

—2m F(x) —l—/ Kx,)F(y)dw(y)=U((x), xe€X,
b))

where, in our particular case, K(x,y) = %(y) Ix—y| L x,y € T,x # y.Letus investigate
what we can find out about such equations.

Lemma 3.3.27 Let ¥ be a regular surface and K be a continuous integral kernel
of order o €]0,2[ which is defined for all (x,y) € =2 with x # y. Moreover, let
Tk : LX) — LX(X) be the corresponding Fredholm integral operator of the first
kind. Then the following holds true:

(a) Tk is a bounded operator.

(b) If U: ¥ — Ris bounded, then TxU is continuous on X.

(¢) The Fredholm integral operator of the second kind Tx + I has the following
property: if U € L2 () and (Tg +T)YU € C(T), then U € C(T).

Proof Part b needs to be proved separately.

(1) Partb:
Let U: £ — R be a bounded function, let y; € X be an arbitrary point, and let
8 > 0 be (for the moment) an arbitrary real number. Since K is a kernel of order
a €]0,2[, we may write K(y,x) = A(y,x)|x — y| ™ for x # y, where A is bounded.
Then

[Tk U1 — (Tk UX(32)I

/z (K (y1,%) — K(y2,x)) U(x) dox(x)

< / K (y1,) — K (32,0)] U] deo(x)
TNBs(y1)
4 / K (y1.x) — K (0] [UGO)] deo(x)
Z\Bs(y1)

5/ (IA(y1,x)| U0 4 A0 |U(x)|) doo(o)
ZNBs()

|x — y1|* |x — ya|®

+/ [K(y1,x) — K(y2, )| |U(x)] dox(x),
Z\Bs(y1)
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where y; € Bs(y1) N Z. Remember that A is bounded. Moreover, U is bounded such
that there is a constant C € R with

1 1
(T D)1 — (T U)y2)| < C/ ( —+ a) dw(x)
£nBs(y) \ X — ¥1l |x — y2l

+ C/ |K(y1,x) — K(y2,x)| dw(x). (3.65)
Z\Bs(y1)

The first integral can be estimated by using polar coordinates. It reveals that the whole
term is of the order O (82_0‘). Since o« < 2, we can find, for given ¢ > 0, a sufficiently
small § > O such that the first integral is bounded from above by 5. For the second
integral, we observe that, if (additionally) y» € Bss(y1) and [x — y1| > 6, then

x =y =|x—=yil=|y1—»m| =6— g = % Hence, the function

Bsp(y) N Z x (Z\ Bs(y1)) 2 (v,x) = K(y,x)

is continuous and, due to the compact domain, also uniformly continuous. Thus, for
a given € > 0, there exists §; < §/2 such that

-1
1K (y1.x) — K(y2.2)| < % ( / caw(x))
z

forallx € £\Bs(y1)andall y» € Bs, (y1)NZ. Consequently, forall y» € Bs, (y1)NE,
we have [(Tx U)(y1) — (Tg U)(»)| < s.

(2) Parts a and c:

Lete > Obe again an arbitrary real number. We construct a function ¢ € C(X x X)
with the following properties:

e O0<o¢(x,yy<lforallx,y e X.

+ Pl y)=Lifx —yl < 5.

o P, y)=0,if [x — y[ > &.

Such a function ¢ must exist. The ‘transition zone’ between |x—y| = § and [x —y| =
& suffices to ‘move’ the values from 1 down to 0 in a continuous way.

We now set Ko := ¢K and K; := (1 — ¢)K, where Tk, and Tg, are the corre-
sponding Fredholm integral operators of the first kind. The Cauchy—Schwarz inequal-
ity implies then

2
(T, U)(31) — (T 5, DY) < (/z |K1(y1,x) — K1(y2, )| IU(x)Idw(x))

< /E (K113 = K1 0202 dot) U [
(3.66)

Similarly, as we argued earlier for the second integral in (3.65), the right-hand side
of (3.66) converges to zero as y» — y; such that 7, U is a continuous function.
Hence, the function

F =Tk + DU — Tg, U (3.67)
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is continuous if (7x +Z)U is continuous. Let us now look at the operator Tx,. With
the Cauchy—Schwarz inequality, we obtain

A
/ ‘«p(y,x)ﬁ
x |

y—x[“

2/2
_ /E (M) Ay o)

ly — x|

1/2 172
< ( / $O.x). dw(x)) ( / POy )2 dw(x))
> |y —x[* > |y —x[*

1
< ”A”oo/ ——dw(x) < C1]|Alleo er e, (3.68)
£NB.(y) |y — x|

dw(x)

where C; € RT is a constant. By applying the Cauchy—Schwarz inequality in a
similar manner again, we get

Ay,
(Tio U)O)| < /E ‘«p(y,x)'(ﬂ

< ( | |#o0
([

such that Fubini’s theorem and (3.68) (which also holds, if we integrate with respect
to y) yield

”TKOUHEZ(E) = C1||A||0052—0‘/ /
JE

< (1Al 279 /E (U ()Y o).

|U (x)] dev(x)

172
da)(x))

12
U)? dw(x))

y—x*
A(y,x)
ly —x[

A(y,x)

ly — x|

d(y,x)

A(y,x)

¢<y,x)|y (U®)) do(x) do(y)

_x|0£

This does not only show that T, is bounded, it also shows that 7 is bounded, if
we choose € > 2 diam X such that ¢¢ = 1. Hence, there exists another constant C» €
R such that the operator norm of Tk, can be estimated by [Tk, |l 2 q2(x) 125y =
C> &>7®. As a consequence, we can choose ¢ > 0 sufficiently small such that the
latter operator norm is less than 1. Hence, according to Theorem 2.5.51, T, + I is
invertible and its inverse can be represented by the Neumann series (7x, + Z y =
> o(—=Tk,)". Let now (Tx + Z)U be continuous.

Due to part b of this theorem, we know that every (—TKO)" F is continuous
(remember that F is continuous, and continuous functions on the compact surface
% are always bounded). Moreover, (3.67) and the construction of Ko and K; imply
that F = (Z + Tx,)U such that

e ¢}

U=T+Tg) 'F=Y (~Tk)"F. (3.69)

n=0
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For concluding that U is continuous, we need to know that the preceding series
converges uniformly. For this purpose, we consider 7, as an operator from L>(X)
to L*°(X). With (3.68), we get that

[(Tk, YV = VE Ko(y, )G(x)do(x)| < [GllaoC1llAllcos™ ™

for all G € L*°(X). Hence, we might have to further decrease & > 0 in order to
eventually obtain that || Tkl 2 @) 102y < 1. Thus, the series in (3.69) also
converges in the || - ||oo-norm, that is, uniformly. ]

Note that we can replace the kernel K by A~'K for any A € R\ {0}. Hence, part ¢ of
Lemma 3.3.27 is also valid for 7x + A Z for any » € R\ {0}.

Lemma 3.3.28 Let X be a regular surface and K be an integral kernel on & x T\
{(x,x) | x € 2} of order a €]0,2[. Then the corresponding Fredholm integral
operator of the first kind Tg : LA(T) = LA2(Z) is compact.

The proof of the compactness of T requires further functional analytic concepts. We
omiit it for this reason see Folland (1976, Proposition 3.12).

For the single layer potential, a result can be proved which is the counterpart to Theorem
3.3.26. We omit the proof here and refer to Folland (1976, pp. 173—-177) and Walter (1971,
pp- 89-93).

Theorem 3.3.29 Let F € C(X) be a given function (on the regular surface
S with outer unit normal v) and U: R3 — R be (the single layer potential)
given by U(x) = fE F(y)|x —y|~Vda(y), x € R3. Then the restrictions of U
to Ziny and Zext, respectively, are continuous there and continuously differentiable in

Tint and e, respectively. Moreover, the limits
A+ U(x) = lim [v(x) - VU(x + tv(x))], x € X,
t—0+

oy_U(x) = tl_i)r(r)1+[v(x) -VU(x —tv(x))], x€ZX,

exist and are uniform such that 0,,.U and 98,_U are continuous on X. Furthermore,
they satisfy the Fredholm integral equations of the second kind:

0

1+ U(x) = =27 F(x) —l—/ F(y) ———dw(y), x€X, (3.70)
) dv(x) [x — y|

oy_U(x) = +27 F(x) —l—/ F(y) 9 —dw(y), x€X. 3.71)
) dv(x) [x — y|

Why is Lemma 3.3.27 helpful for our purposes? If we define the abbreviation K (x,y) =
%@)pc — y|_1 for x,y € R? with x # vy, then the double layer potential G := Tx F,
F e C(%), satisfies the integral equations

G_=-2xF+TgF, Go=+2aF+TgF
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according to Theorem 3.3.26. Moreover, G _ and G are continuous on ~. Lemma 3.3.27
now tells us that the continuity of G_ and G, respectively, implies that a solution F of
each integral equation is continuous.

Let us now set K*(y,x) = K(x,y) = %@)pc — y|7! for x,y € R? with x # y. Then
we have, for F{, F; € LZ(E), due to Fubini’s theorem,

0 1
B0y Jr —y| 200 et

(FoTh Fa) 2y = /E e /E B0)

d 1
= / Fr(y) / F1(x) dow(x) dw(y)
» b v(y) [x =yl

= (FZ,TK*FI)LZ(E)-
In other words, the adjoint operator of T is given by 7¢ = Tg-=. In this terminology and

with N(x,y) == |x — y|~! for x,y € R? with x # y, the single layer potential G := Ty F,
F e C(%), satisfies the integral equations

8y_ G = 427 F + Tg+F, 8+ G = =21 F + T+ F,

according to Theorem 3.3.29. The consequences due to Lemma 3.3.27 are analogous to the
previously discussed case of Tk .

Definition 3.3.30 Let K (x,y) == %@)pc— y|7tand K*(x,y) := K(y.x)forx,y € ©
with x # y. For the following discussions, we define the spaces

V_=1{G e L*()|(-2n T + Tx)G =0},
Vi =[G elXD)|(+2n I + Tx)G =0},
W_ =[G eLXD)|(-2nT + TG =0},
Wy ={G e LX(Z)|(+2n T + T})G =0}

as the null spaces of the operators which are obviously linked to the Dirichlet and the
Neumann problems.

We have to further investigate these spaces here. Note that Lemma 3.3.27 implies that
they are subspaces of C(X).

Lemma 3.3.31 The spaces V1 and W 1 are one-dimensional. Moreover, V_ =
W_ = {0}

Proof If G = 1, then Theorem 3.3.21 tells us that 7k G = —2x suchthat G € V4
(and therefore also every constant function). Hence, in combination with Theorem 2.5.78
(remember that Tx and TK* are compact; see Lemmata 3.3.24 and 3.3.28), we have 1 <
dmV_  =dmW .

Let now P be the single layer potential to an arbitrary function H € W . According
to Theorem 3.3.29, we have 8,_Ps = 2nZ + T¢)H = 0. Since a single layer poten-
tial is harmonic in R? \ ¥ (see Theorem 3.3.14), our P solves the INP with vanishing
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boundary values. Hence, P is constant on Xy, (see Theorem 3.3.5). Note that P linearly
depends on H. Moreover, with (3.70) and (3.71), we see that 0,+ Py = 0y Py — 0y Ps =
—4m H suchthat P; = 0, if and only if H = 0. Thus, we have a one-to-one mapping between
H € W and the space of all constant functions. Consequently, dmW = dimV . = 1.

From Theorem 2.5.78, we also have that dim )Y _ = dim W _. Let now P be the sin-
gle layer potential to a function H € W _. Now, Theorem 3.3.29 tells us that 0, P, =
(—27Z + Tg+) H = 0. However, now we refer to the uniqueness theorem for the ENP
(P is regular at infinity; see Theorem 3.3.18), as shown in Theorem 3.3.8, and conclude
that P, = 0 on Zey. Note that (see Theorem 3.3.14) P is continuous on the entire R3
such that P; = 0 also on X. Moreover, P, is harmonic in Zjy;, which implies that Py = 0
also on . In analogy to the first part of this proof, we now have H = 0. U

Lemma 3.3.32 The space L>(X) can be decomposed and represented as follows:
P =VieWw,=vi=wi
Proof The ‘—’-case is trivial. We only show the ‘+’-case. Let G € Vi N W . Then
(2nZ + T¢)G = 0 and, due to Corollary 2.5.79, there is a solution H of 2nZ + TZ)H =
—47 G. Now we consult part ¢ of Lemma 3.3.27, which tells us that G is continuous and,
consequently, also H must be continuous.
Let further P, ¢ and Ps g be the single layer potentials corresponding to G and H,
respectively. Hence, Theorem 3.3.29 implies that

By Py g(x) =21 G(x) + (TEGHx) = 0,

dy— Ps, g (x) =2 H(x) + (T H)(x) = =47 G(x),

dy+ P, 6(x) = =27 G(x) + (T G)(x) = —4n G(x) + 21 G(x) + (T G)(x)
= —4nG(x) = 0y— P, q(x).

Furthermore, by using the preceding result, Green’s first and second identities (see Theorem
2.4.2), and the harmonicity of the single layer potential (see Theorem 3.3.14), we obtain

/ |VPS,G<x)|2dx=/ Py 6(0) APy (1) +|V Py 6 (0P dx
Eext —

% ext

__ /E Py 61+ P () doo(x)

== [ Peo) P )~ P8, Puo) dot)
b)) ———— ————
=dv+ P5 (x) =0
== [ Pot) AP ()~ Pn() AP 6 dr =
- ———— ———
=0 =0
Note the similarity to the proof of Theorem 3.3.8, where we borrow here the justifica-
tion for the use of Green’s identities on Xy Finally, Ps ¢ is constant in X¢y such that
G =—@m) 1o, P, ¢ = 0. Clearly (see Theorem 2.5.71), LA(Z) = Vi @& V4, where
dimV . =1 = dim W ... Due to the trivial intersection, we get L>(Z) = Vi oW, 0O
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Lemma 3.3.33 The space L>(X) can also be decomposed and represented as
LA(®) = V4 ® QrT + TRWLAE) = (=277 + Ti)(L (D).

Proof LetG €V, N Q2nT + Tx)L*(X)). Then, due to Lemma 3.3.32, we have unique
functions H; € Vi and H> € W such that G = Hj + H;. Due to Corollary 2.5.79, the
image of 27Z + T is the orthogonal complement of the null space W . of 27Z + T§,
that is, (G, Hz)Lz(E) =0.

Furthermore, obviously, (G, H1)Lz(2) = 0. This is only possible if G = 0. As in the
previous proof, we can argue that L>(2) = W, @ W=, where dimW . = 1 = dimV ..
and Wi is the image of 277 4 Tg. Since V. N Wi = {0}, the proof is completed. The
‘—’-case is again trivial. O

After a lot of hard work, we are now able to prove the existence of the solutions of the
boundary-value problems (bvps).

Theorem 3.3.34 (Existence of the BVP Solutions) The boundary-value problems
IDP, EDPF, and ENP are all solvable. The INP is solvable if and only if the boundary-
value function F € C(X) satisfies fE F(x)dw(x) = 0.

Proof We consider the boundary-value problems one after the other.

(1) Let us start with the IDP:
Let, also for the other problems, I € C(X) be given as the boundary value. We
know from Lemma 3.3.33 that there exists H € L>(Z)suchthat F = —27 H+Tx H.
Let us now look at the function

U(x) 1=/EK(x,y)H(y)dw(y), X € Tint.

It is harmonic (as a double layer potential) in Zj,; (see Theorem 3.3.15) and its
boundary values (see Theorem 3.3.26) are —27 H+7Tx H = F, where, due to Lemma
3.3.27, H is continuous.

The function U is the solution we were looking for. Note that U is also in
CO(Zin) N C(Tin), as we have seen before (we skip this point for the other
problems, because it can be seen analogously).

(2) Now it is the turn of the EDP:

Lemma 3.3.33 now yields the existence of Hy, H, € L2(Z) such that H, € Vi
and F = Hy 427 H> + T g H>. We now consider the double layer potential Py(x) :=
fE K(x,y)YHr(y)dw(y), x € Tex. Again, Py is harmonic (see Theorem 3.3.15) and
its boundary values (see Theorem 3.3.26) are 2 Hy + T g H», where Hj is continuous
such that ¥ — H; is continuous and then H> is continuous (see Lemma 3.3.27).
Moreover, due to Theorem 3.3.18, Py is regular at infinity.

Concerning Hij, Lemma 3.3.31 and its proof tell us that H; is constant and, for
every constant such as 1, there is H/3 € VW _ such that the single layer potential P
associated to H3 equals Hy on Zj, . Furthermore, due to Theorems 3.3.14 and 3.3.18,
P is harmonic in X, it is regular at infinity, and P is continuous on the whole R3,
that is, it equals H; on it and, in particular, on X.
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Letnow U = Py + P4 on Zey. Then U is harmonic in Eeyy, is regular at infinity,

and satisfies Uy = Hy + 27 Hy + Tx Hy = F on X.
(3) It is time for the INP:

The vanishing surface integral of F is equivalentto F € V i Since the orthogonal
complement of the null space V. of 2nZ + Tk is the image of 2nZ + T, as a
consequence of Theorems 2.5.72 and 2.5.78, there is an H L%(Z) such that F =
2rH+T¢Hifandonlyif F e V +, where H is again continuous because of Lemma
3.3.27. Now we consider the single layer potential U (x) := fE H(y)|x— y|_1 dw(y),
X € Xijn, which is harmonic on Xj,; (Theorem 3.3.14). Moreover, 9, _U = F <
2m H + TgH = F due to Theorem 3.3.29.

(4) Finally, the ENP:

We know that ¥V _ = {0} (see Lemma 3.3.31). Hence (see again Theorems 2.5.72
and 2.5.78), we have L*(X) = (=277 + TZ)L*(Z)). Let now H € L*(Z) solve
F = =27 H + Tg H (which implies again that H € C(X)). Then the single layer
potential U(x) = fE H(y)|x— y|_1 dw(y), X € ey, is harmonic in ey, regular at
infinity, and has the property 8, .U = =27 H +T¢H = F on £. We are done! [J

And now let us remember our discussions after Theorem 3.3.12. This means that we have
finally also proved Theorem 3.3.12.

For reasons of completeness, let us also mention that Green’s function is symmetric (and,
consequently, also R), as we will see now.

Let us take two points x,z € D with x # z and let us choose ¢ > 0 sufficiently small
such that B.(x) N Bz(z) = @, Be(x) C D, and B.(z) C D. We apply now Green’s second
identity (see Theorem 2.4.2) to the functions y — G(x,y) and y = G(z,y) and set D, =
D\ (Be(x) U Be(2)). This yields

/ G, y)AyG(z,y) =G (z,¥) AyG(x,y) dy (3.72)
De — -0

0 0
/ Gx,y) —— G(z,y) — G(z y) G(x,y)dw(y)
E\—'vo—/a ( ) 0 ( )

+/ G(x y)L G(z,y) - G(z, y)L G(x,y) do(y),
Se(x)USe (2) an(y) an(y)
where v is the outer unit normal to ¥ and # is the outer unit normal to the involved spheres.
For symmetry reasons, it suffices to consider here only the integral over Sg(x) and then
conclude on the other integral by analogy.

On S:(x), we have n(y) = el (x — y). Hence, Remark 3.3.20 yields

0 0
G —G G G d
/Sg(x) (x,¥) n(y) (z.y) — G(z, y) n(y) (x,y) dw(y)

1 P 1
Z/Sgoc) (m RO y)) an(y) (471|z —y TR y)) da(y)
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1 0 1
- /sm) (4n|z —y tRE y)) 310y (4n|x " R(x’y)) do)

0 1
- /sgoc) Reey) on(y) (47‘[|z — v + R, y)) dw(y)
L R(z,y)do(y) — ! / ! + R(z,y) dw(y)
dme Se(x) on(y) 4rel Sg(x)47T|Z Y
=G(z,y)
1 3
- /sgoc) (m T RGEY )) 3n—(y)R(x’ y)dex(y), (3.73)
since
5 1 x—y x—y _
) x—yl & Jx—yP &

for y € S¢(x). Let us have a look at the integrals in (3.73). All integrands are continuous on
B.(x). Hence, each integral can be estimated by the maximum of its integrand times 47 &7
Hence, in the limit ¢ — 04, only

1
~ lim / G y) do(y) ) = —Gzx)
e—0+ \ 4ms? Se (%)

is left, where the limit is a consequence of the continuity of the integrand. If we proceed in
an analogous manner with the integral over S, (z), then we arrive at the limit

1
— lim / G(x,y)do(y) | = —G(x,2).
e—0+ 47‘[82 S:(2)

Hence, the limit &€ — 04 in (3.72) yields 0 = —G(z,x) + G(x,2).

Theorem 3.3.35 (Symmetry of Green’s function) If X is a regular surfuce and G is
Green’s function for A and D = Ziy, then G(x,y) = G(y,x) for all x,y € D with

X # y.

Hence, Ay R(x,y) =0forall x,y € D.

The ‘catch’ of Theorem 3.3.12 is the existence of Green’s function. Fortunately, there
is a helpful but theoretical result, which will not be proved here (see, e.g., Folland, 1976,
pp- 110, 343).

Theorem 3.3.36 (Existence of Green’s Function) Let D = Xy be the interior of a
regular surface T with C'®)-parameterization. Then Green’s function for A and D
exists. Moreover, for every x € D, the function G(x,-) is infinitely differentiable on

D\ {x}.

The more tricky ‘catch’ is the question: how do we get G? As an example, we consider
a very simple and geomathematically interesting C‘®-surface: the sphere £ = Sg(0); see
Walter (1971, pp. 41-45).
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Theorem 3.3.37 The Green’s function for the sphere ¥ = Sg(0) equals

1 R |R ‘_1 . 0
G(x,y) = 47T1\x—y\ 14N\X\ X T z.fx # 0, (3.74)
Iy IR ifx =0,
x € Br(0), y € Br(0), x # y.
Proof Let D = Zj . We have
R? 1 R (375)
2o = .
x| R |x]

such that %x is the mirror point of x with respect to S(0). Hence, Ié(x, D =G, ) —
(4 |x — P~ Lisin CD(D)Y N CA(D) (even in C)(D), cf. Theorem 3.3.36).

The mirroring corresponds to the Kelvin transform (see Definition 3.2.1 and Theorem
3.2.2). Since a function F(-) is harmonic if and only if F(R") is harmonic, it does not matter
if we mirror at Q@ = S7(0) or at Sx(0). Hence, Ayﬁ(x, y) = 0,if x,y € D, because
y > |x — y|~! is harmonic for x # y (see Corollary 3.1.6).

Moreover, if x € D and y € £ (< |y| = R), then

R | R NOR R, R N

Sy ] == ——MI—Z——xw+b4)

x| [1x]? |x[2 (le4 x|

_ 1
=(R*=2c-y+ 1)) ' = . (3.76)
lx =yl

and consequently G(x,y) = 0. Hence, all conditions of Definition 3.3.10 are satisfied (the
case x = 0 is easy). U

Let us have a look at Theorem 3.3.12: if FF € C(Sr(0)) is given, then the unique solution
U of the corresponding IDP is given by

dv(y)

Let us now calculate the normal derivative of G. Since v(y) = y/R for all y € Sg(0), we
have (with (3.74) and (3.76))

0
wm=—/ F() —— G(e.y) day). x| < R,
Sr(0)

2

R
] 1y xX—y R p*—7Y
— G,y =—"- Ein 3
ov(y) dr R | |x —yl x| | g2
x2
RZ
1y x—y X2 GE¥ YY) 1 |x[2— R?
T4 R \|x—y3 R2 x—yP | 4nRjx—y]

for x # 0 and, for x = 0,

0 1y y 1 1 |x|>—=R?
=G y=—- AT s s e
av(y) 47 R | 47 R 47 R|x — y|
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If we write now x = r& and y = Rn withr = |x| and &,7 € €, then

d Glx.y) = 1 r2 — R?
av(y) X,y)= 4w R(r?2 4+ R2 —2rRE - n)3/2°

Let us summarize this in a theorem.

Theorem 3.3.38 (Poisson Integral Formula [IDP]) Let a function F € C(Sr(0)) be
given, where R > Q. Then the unique solution of the corresponding IDP is given, for
all x € Br(0), where x =r& and & € Q, by

U(x) / Foy =By
x) = V) —————da(y
Sz(0) 4 Rlx — y|3
R2_r2
— | FR
/Q R e - R —2rRE )P

Definition 3.3.39 The kernel P with

R dw(n).

R2—|x|2

P s =
) = R =y

for x € Br(0), y € Br(0), and x # y is called the Poisson kernel or the Abel-
Poisson kernel.

Can we get such a formula also for the EDP? Indeed, the Kelvin transform (see Definition
3.2.1 and Theorem 3.2.2) shows us how to getit: let x € R3 \ Br(0) and remember (3.75)
for the more general mirroring (the substitution x = Rx for x € B1(0) for transferring
the Kelvin transform from S1(0) to Sz(0) leads to F*(x) = R|x| ! F(R?|x|2x) as the
transformed function with respect to Sz (0); see also Kellogg, 1967, pp. 231-232) at Sg(0).
Then Theorem 3.3.38 and (3.76) yield

2
2 R?
) R R | x|
U'(x) = ] F(y) ; 5 do(y)
Sr(O) 47 R “fﬁx — y‘
2 R*
_R [ gy TR BE
x| Jsp0 47 R|x — y]? R3
r(0)
/ Fon PR )
Sz(0) 4 R|x — y|3

Moreover, if (x,) with |x,| > R for all n converges to x € Sg(0), then x;" := (R/ |x,,|)2 Xn
converges to x as well. Hence,

lim U*(x,) = lim (% U(x:;)) = F(x).

|xn

We omit here to verify that U* is regular at infinity.
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Theorem 3.3.40 (Poisson Integral Formula [EDP]) Let a function F € C(Sg(0)) be
given with R > 0. Then the unique solution of the corresponding EDP is given, for
all x € R3\ Bg(0), where x = r& and &€ € Q, by

UG / Foy PR
x) = y) ——— dow(y
Sr(0) 4 R|x — y|?
r2_R2
— | Fr R dew(n).
/Q B 2 R —2rrE i R 40D

Note the nice symmetry between the Poisson integral formulae for the IDP and the EDP.

The Poisson integral formula is not only helpful for solving the IDP or the EDP, if ¥ is a
sphere, it can also be used to prove some very fundamental properties of harmonic functions
(see also Walter, 1971, pp. 45-47), as we will do now.

Theorem 3.3.41 Every harmonic function on an open domain is infinitely
differentiable.

Proof Let D C R> be open and let U € C?(D) satisfy AU = 0 in D. Moreover,
let xo € D be an arbitrary point. Since D is open, there exists a ball Bag(xg) C D. Let
B = Bg(xp), then U € C?(B) and AU = 0in B. Hence, the Poisson integral formula for
the IDP (see Theorem 3.3.38) yields (for the equally harmonic function x +— U(xo + x) on
Br(0))

U(xp~+ x) =

R2_ 2
|x|/ U0+ 4wy, x € BrO).
N

47 R 2(0) |X — y|3

This integrand is infinitely differentiable with respect to x € Bg(0), since |y| = R. The
rest of the proof is analogous to the proof that Newton’s gravitational potential is infinitely
differentiable outside the domain of integration (see Theorem 3.1.5). []

Lemma 3.3.42 Foralls €] — 1,1] and all n € Ny, we have
o0
—n/2
(1 + sy = ;0 ( ’Z/ )sk, (3.77)

where, here, (T4/%) := 1 and, else, (7}/?) = (k) T\ Zy(=n/2 = ).

Proof The series in (3.77) is actually a Taylor series. By setting y(s) := (1 + $)""2, we
get y(0) = 1 and

y®(s) = [<_%) - <_§ k+ 1)] (1452 fork>1,

which can be easily verified by induction. Hence,

T(s):=1+ g [(_%) <_% ks 1)] %sk _ i (—Z/z)sk

k=0
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is the corresponding Taylor series, which converges for |s| < 1, because

k—1 . k—1 .

—n/2 1 n+2j n+2j
= — = — fork>1
‘( k )‘ all = =1l forkz

j=0 j=0
-1
such that |(_';€/ 2) (7(1/12) | = 2(k+1)(n+2k)~1 — 1ask — oo. Furthermore, the function
y satisfies the ordinary differential equation
n
")=— ) e]l—11], 3.78
¥ (s) 21+ 5) y(s) 5 €] [ (3.78)

with y(0) = 1. We will verify now that T also satisfies this first-order equation. By
differentiating the Taylor series, we obtain

T'(s) =Y (_'Z/ z)ksk_l =) (;"Jr/ f)(k + Dsk.

k=1 k=0
We now use both of the preceding representations and, additionally, separate the summand
with the smallest k. This yields

—%(1+s)T’(s)=1+s+§:[(—%—1)---(—%—k)]%s"

k=1
> n n 1
o) re
+Z[< 2 AT
k=2
=1+s5+ (-5 -1)
= s 2 s
o0
n n —n — 2k + 2k
) (re ] R
2 [( 2 7 TRt %
k=2
= T(s).
Furthermore, T(0) = 1 obviously holds true. Let us now choose a fixed ¢ €]0,1[ and
denote the right-hand side of (3.78) by
n
) = — , € |—o,0], neR.
fs,m TS [~o.0], 7

Then f is uniformly Lipschitz continuous in 7 in the sense that

[f(s.n1) — f(s,m2)| = (m—m)| = (71 — 2|

n n
2(1 4+ ) 2(1 — o)
for all s € [—o,0] and all 5,77 € R. Hence, the Picard—Lindelof theorem, (see, for
example, Heuser, 1991, pp. 139-141, or Roberts, 2010, pp. 46—47), implies that there is

only one solution y = T of (3.78) with y(0) = 1. Since ¢ was arbitrary in ]0, 1[, we have
y(s)y=T(s)foralls €] — 1, 1[. U

Theorem 3.3.43 Every harmonic function U on an open domain D is analytic, that
is, for every xo € D, there is a ball Br(xg) C D, where U can be expanded into a
(unique) power series with centre x.
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Proof Note that the uniqueness of a power series (with fixed centre x¢) is a basic result of
analysis. Furthermore, we choose now an arbitrary point xo € D and a ball Br(xg) C D,
which exists because D is open.

Let us first observe that

r2+R2—2rR§-77_ r2

where £, € Q.If0 < r < R/3, then |r>/R?> — 2(r/R)& - | < 1/9 +2/3 = 7/9. Hence,
Lemma 3.3.42 yields, for |x| =r < R/3,x =r&, y = Ry, and &,5 € €, that the Abel—
Poisson kernel can be represented as

}D( ) 1?2 _ r2 1?2
X, y)=
Y 2+R2—2rR§-;7

B 3/2\ (2 —2rRE -0\
B 471R4 ( )( R? ) ’

where (as is usual for a power senes) the convergence is uniform and absolute. Hence, the
Poisson integral formula (Theorem 3.3.38) and the binomial theorem imply that

R?— 72 3/2\ (2 —2rRE -\
U(xo—l-x)zm/;zU(xo—l-Rn)Z( /)(FR#) do(n)

( 3/2) -2k
471R2

x /Q U (xo + Rn) Z (l;)rzf(—zrleg - do().
j=0

3/2

We should observe here that r2, 2/, and (r&- n)k —J are all polynomials in x1, x5, x3. Hence,
a rearrangement of the preceding series (which is possible due to the absolute convergence,
as discussed previously) turns the latter result into a power series of U(z) with z = xg+x €
Br3(x0). O

Note that the analytic functions constitute a proper subspace of the space of all infinitely
differentiable functions.

There is just one more thing. A power series in R> has the form

=U,(z—y)
0 ———
URy=)_ Y Calz—y)",
i
where o € Ng is a multi-index with || = Z?:1 a; and x¢ = x1 x2 x * for x € R>. Let

us have a look at the inner sum. Obviously,

UpOx) = Y Cur®1 o2t x82585 = 310, (x)

3
aeNO
la|=n

forall x € R3 and all A € R.
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Definition 3.3.44 A polynomial P: RY — R is called homogeneous of degree
n € Ng, if P(ox) = A*"P(x) forall x € RY and all A € R. The space of all such
polynomials is denoted by Hom,, (R%).

The following theorem is easy to verify (we have already done a part of the work).
Theorem 3.3.45 Let d € N and n € Ny be arbitrary. Then the following holds true:

(a) Homn(Rd) is a vector space.

(b) A polynomial P: R? — R satisfies P € Hom,(R?) if and only if there exist
coefficients Cy € R such that P(x) = ZaeNg, ler|=n Cyx® forall x € R4, The
Cy in this representation are uniquely given by P.

So, we learned that every harmonic function U can be locally represented as U(z) =
> o Un(z — ¥), where U, is a homogeneous polynomial of degree 7. Hence, if we move
the coordinate system such that y = 0, then U(rz) = > 12 Un(A2) = 3 o2 o A" Uy (z) for
all z in a neighourhood of 0 and all & € [—1, 1]. Since we still have a power series here, we
are allowed to do the following: 0 = A, U(Az) = Y o2y A" A, U,(2). Since a power series
is unique (for a given centre), this power series of the zero function (with X as the variable)
is only possible if A, U,(z) = 0 for all z and all n. Remember that U, is a polynomial. If
A U, vanishes inside a ball, then A U,, = 0 everywhere in R

Theorem 3.3.46 If U is harmonic in an open set D C R3 and xo € D is arbitrary,
then U can be represented, in a neighbourhood of xo, as a series of homogeneous
harmonic polynomials.

Do not forget this last result of this section. It will be very helpful later. Let us already
introduce a notation for this purpose.

Definition 3.3.47 The space
Harm,, (Rd) = {P € Hom, (Rd) | AP =0in Rd}
collects all homogeneous harmonic polynomials of degree n on R?.
Let us summarize what the main results of this section are.

» We considered two kinds of boundary values: either the function U = F itself is
given at the surface ¥ (Dirichlet boundary values) or its normal derivative % =F
is given there (Neumann boundary values). Moreover, for both types of boundary
values, we distinguished the interior problems IDP and INP, where the function is
continued from % to a harmonic function in Xjy¢, from the exterior problems EDP
and ENP, where we attempt to continue the function U to a harmonic function in
Yext- In the latter case, the additional requirement of regularity at infinity is imposed
(see Problem 3.3.1).

» The IDP, EDP, and ENP are solvable for every boundary-value function F € C(X);
see Theorem 3.3.34. Moreover, the solution is unique in all these cases (see Corollaries
3.3.4 and 3.3.7 and Theorem 3.3.8). For the IDP and the EDP, we also showed that
the solution is stable (see Theorems 3.3.3 and 3.3.6). This means that these problems
are well-posed in the sense of Hadamard (see Definition 3.3.2).
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» The INP is ill-posed in the sense of Hadamard. It is solvable for boundary values
F e C(%) if and only if fE F(x)dw(x) = 0 (see Theorem 3.3.34). Moreover, its
solution is only unique up to constant summands (see Theorem 3.3.5).

» The uniqueness proofs were rather easy and used the maximum principle or Green’s
first identity. For the exterior problems, the regularity at infinity is also necessary to
prove the uniqueness of the solution.

» The concept of Green’s function is useful to represent the solution in terms of the
boundary values (see Theorem 3.3.12). However, the ‘catch’ is that it can be very
hard to find Green’s function in the case of more complicated surfaces. What we
know is:

— If Green’s function exists, then it is unique for the particular surface (see
Theorem 3.3.11) and it is symmetric (see Theorem 3.3.35).

— If the surface T has a C‘®)-parameterization, then Green’s function for ¥ exists
(see Theorem 3.3.36).

» The proof of the existence of the solutions was much more complicated than the
proof of the uniqueness. We needed an excursion to potential theory concerning the
properties of single and double layer potentials and an excursion to some parts of
functional analysis.

» The single layer potential corresponding to a measurable and bounded density func-
tion F on ¥ is infinitely differentiable and harmonic in R? \ . Moreover, it exists
everywhere on R3, and is bounded and continuous (see Theorem 3.3.14). However,
its normal derivative is, in general, not continuous on . If F is continuous, then the
single layer potential has a normal derivative which jumps (absolutely) by 47 F at ©
(see Theorem 3.3.29.)

» The double layer potential corresponding to a measurable and bounded function ¥
on X is infinitely differentiable and harmonic in R \ & (see Theorem 3.3.15) and
is, therefore, also continuous on [R3 \ X. Moreover, it exists everywhere in R3, and
its restriction to X is continuous on % (see Theorem 3.3.17). However, the double
layer potential is, in general, not continuous as a function on the whole space R> (see
Example 3.3.19 and Remark 3.3.20). If F is continuous on %, then the double layer
potential jumps (absolutely) by 4 F at X (see Theorem 3.3.26).

« If ¥ is a sphere, then a Green’s function can be found relatively easily. The cor-
responding representation of the solutions of the IDP and the EDP, respectively, is
called the Poisson integral formula (Theorems 3.3.38 and 3.3.40).

» Every harmonic function on an open domain is not only infinitely differentiable (see
Theorem 3.3.41) but also analytic (see Theorem 3.3.43). Moreover, in the neighbour-
hood of every point of its domain, it is representable as a series of homogeneous
harmonic polynomials (see Theorem 3.3.46).

We have seen that we can find out more about harmonic functions if their domain is the
interior or the exterior of a sphere. In the case of geomathematics, the latter situation is
very appropriate, because Newton’s gravitational potential is harmonic outside the Earth
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(see Theorem 3.1.5) and the surface of the Earth is approximately a sphere. For this reason,
the next section is dedicated to the particular case of a spherical boundary.

3.4 The Sphere as a Particular Boundary

What can we find out about functions U which satisfy the Laplace equation AU = 0 on
Yint Or Xy if the boundary is a sphere ¥ = Sg(0) as a particular case? One useful
approach could be a separation ansatz for U in the sense that U(x) = U(|x|(x/|x])) =
F(xDY(x/|x|). We will write here U(r&) = F(r)Y (&), where § € Q (remember that Q2
is the unit sphere) and r is either in [0, R] (interior problems) or in [R, + oo[ (exterior
problems). For the interior problems, we should observe that the separation only works
for x # 0, since 0 = r& with r = 0 leaves & as an arbitrary unit vector. Since we look for
functions U which are particularly continuous, this is, however, not a problem. Nevertheless,
we should take care that solutions to the IDP or the INP which we might derive are indeed
continuously extendable to x = 0.

For applying the separation ansatz, we also have to separate the Laplace operator. Let us
start with the first-order differentiation, which is represented by a gradient.

From the chain rule, we have for a function in Cartesian and polar coordinates, respec-
tively, the following identities (see also Example 2.5.4 for the used nomenclature):

0 0

8_1" F(x(r, @, t)) = VXF(x)|x:x(r,<p,t) ' 8_r-x(ra€0’ t)’
0 0
% F(x(r, @, t)) = VxF(x)|x:x(r,<p,t) ' %x(”’% t)a

a a
— F(x(r,0,0) = VxF(x)|x:x(r,<p,t) c—x(r,0,0).
ot ot
From Example 2.5.4, we already know that

ax , ax I ax r

=&, - = 1—t25¢, —2751"

or b o~ JT-12
where we have to exclude the poles (|¢| = 1) for the latter formula. We can now write the
chain rule and its result by a matrix-vector product

oF dxy dxy dx3 oF ()T 3F

or ar dr Or x| axy

aF | | x om s | [ OF | | p/T— 22T | | 2E

dp | — | 3¢ d¢ ¢ axy | T , AT dxy

aF x| dxy dx3 aF = (&) 3F

az Bt T o 9x3 1-t 9x3
=M

We have already observed that £”,£%, and &' are orthonormal. Hence,

M_lz(sr ! @ L-r t).
r

&, £

V1 =12 r
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Asa consequence,

Let us summarize this.

Theorem 3.4.1 If F has all first-order partial derivatives on D, where D C R is
some ‘harmless’ set, then the gradient of F can be written in polar coordinates as
follows:

(VXF(x))|x:x(r,<p,t)
_OF (x(r,0,1)
N ar

1 1L 9F (x(r.e.1) OF (x(r,@.1)
+ - @)+ 1 —12 — T el g0 ].
r [«/1 — 12 de @) ar (1)

Definition 3.4.2 The surface gradient is defined as the following differential

operator:

e"(p,1)

19 9
e 1—2 2.

V1 —12 0p ot

With this short-hand notation, we can write

VHi=¢¥

0 1
VXF(x)zégF(ré)—l— ;V;F(ré), x =r&, (3.79)

where r = |x| and & € Q. Here, & represents the unit normal vector to €2 (i.e., £"), which is
the same as the normalized position vector & = x/|x|. In the latter sense, Vg‘ stands for the
differentiation with respect to the angular dependence, but the notation Vg‘ itself remains
independent of particular choices of coordinate systems on €2, which is an advantage. In
other words, we can define Vg‘ also via (3.79).

What we actually need is a formula for the decomposition of A. Hence, we have to
proceed. Let us start with already stating the result.

Theorem 3.4.3 If F has all partial derivatives up to order 2 on D, where D C R? is
some ‘harmless’ set, then the Laplace operator can be decomposed into an angular
part and a radial part as follows:

(AxF(x))|x:x(r,<p,t)
_ 92 F 23 r
- 87 (-x(ra(pat))+ ;8_1" (x(”’ﬁﬁ’t))
1(a d 1@
+ 2 {E [(1 — 12)5 F(X(F,¢,t))i| + 1-2 3—g02 F(x(r,gﬁ,t))} .
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Briefly,

32 29 1
AF(x)= F(r$)+ ~ F(r§)+ 5 AL F(ré),

where A* is called the Beltrami operator or the Laplace-Beltrami operator.

Proof From Theorem 2.3.4, we know that AF(x) = divgrad F(x) = V - (VF)(x). For
this reason, we can use Theorem 3.4.1 and get

0 1 0 (1 0
AF=(5—+‘” +e 1—¢2 )
r ot

ey
0 1 0 1 0
Ty ZV1-2 2\ F.
(8 te «/ 8g0+£ r Bt)

Actually, we would have to write here &” (¢, 1), £%(¢), and &’ (g, t), which would have made
the preceding formula less readable. However, we have to be aware of this dependence,

because we need the product rule here:

AF=¢".¢" 82F+£r 5‘/’8 ! aF
- ifi—’ or? T or \ra/1 —¢2 0¢

o 1 3 , 1 32
= T F4ere " F
r1—¢2 0r g vl — 12 dpdr

9 1 9 1 9%
(2 2 F P g¥
i ( E)rza—ﬂ) Gp Sl ) g
9 1 3 1 82
(—st)——F—l-s‘p-st——F

ot ¥ ~
1 9 1 9 9 1—12 9

g 12 _F Y F
+’Lj~r2 o1 (a/—l_,z 3y )H (at ) 72 o

1 t 0 32
+elel =1 —12|— — F+V1—-t2 = F).
\-:fl—’ r2 V1 —¢2 0t or?
The derivatives of the vectors &, &%, and &’ are easy to obtain:
—+/1—f2sing
g =| V1—12cosp | =v1—12¢e%,
0

dp
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f

—~— cos
5 =Y 1
_grz _;Sin(p = St’
ot V1-12 V112
1
—cosg
a
ﬁz?‘p: —sing |,
0
tsing
a
%£t= —tcosg | = —1€¥,
0
—cosg
0 . 1 ,
— & = —Simng = — £ .
ar L, V1 —1¢2

We now only have to collect what we have done in this proof so far:

82F18 1 8% ra

AF =

- —_ F4+ - - F_ _
ar? +r aor +r2(1—t2) 8g02 r2 ot
19 9 1—12 3

F F —

r87 _1725 r2  9r2

8> 29 1 1 92 3 8>
=——F+-—F+—-|— —F-2—F+(1-tH—F
ar2 +r ar +r2(1—t2 dp? ot o )8t2 )

_32F+23F+1 1 32F+a a tz)aF
a2 roor r2 [ 1 =12 9¢2 at at ’

Corollary 3.4.4 The local orthonormal vectors &", &%, and &' satisfy:

iz?rzx/l—tzs‘p, iz?rz ! g,

a(p 8t 4/1—t2
—cos @
d d
— &=\ —sing |, —e? =0,
a9 at
0
3 1
- — g% I S r
ap " T TRV o
such that
d d d
e —&" =0, e —e¥=—y1-12, . —¢& =0,
dp dp de

] ]
T=y1-12, & —e¥ =0, . —g' =1,

— &
ap 0@ dp
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0 0 0
e — " =0, e — g% =1, e — ¢t =0,
A dp dg
0 0 —1
T =0, T v =0, Tl = ,
€ 8t£ € 8t£ ¢ 0 ¢ J1—12
0 0
SW'ESrZO, SW'EF,‘W:O, S(p'_tgt:()a
0 1 0
t._ r':i t-— w:o t-— t=0.
Cnt T e Twt TY et

Note that some of the preceding orthogonalities are obvious without the need of an
explicit calculation: for example, since |¢”|*> = 1 everywhere, we have
0

2 0 0
0= —|(g,)" = — (g, 1) - " (g, 1)) = 26" (@, 1) - —&"(@,1).
a¢|£(¢ )| W(S(sﬁ)s«a ) £(¢)a¢£(¢)

Analogous identities are valid for the derivative with respect to 7 and for the vectors
&% and &'

Definition 3.4.5 The Legendre operator £ : C?[—1,1] — C[—1,1] is defined by

dF d’F

LFi=-2—+(1—-1>)—.

dr ( ) dr?

The Legendre operator represents the part of A* which corresponds to the polar
distance 7.

F e CO[—1,1].

Let us come back to the original question: what can we find out about the solution of
one of our boundary-value problems if ¥ = Sz (0). The Laplace equation for the solution
U and Theorem 3.4.3 yield (remember that U(x) = F(r)Y (&) withx = r§, & € Q)

F(r)

AU =0 & (F”(r) + 2F’(r)) YE) + " ALY(E) =0.
¥ ¥

We set DIt := [0, R] and D% := [R, + o[ such that D, € {DM, D!} stands for the
domain corresponding to the considered interior or exterior boundary-value problem.

Now, outside the zeros of F and Y, we have
PPF'(ry+2rF'(ry  AFY(©)
F(r) Y -
The exception of the zeros of F and Y is not a serious problem here. Unless one of these
functions turns out to be vanishing on a neighbourhood of a point instead of just isolated
points, F and Y are still unique by using the continuity of these functions.

In (3.80), the left-hand side only depends on r and the right-hand side only depends on &.
This allows us to conclude as follows: by considering the solution at an arbitrary but fixed
sphere S,(0), we get a constant left-hand side, which must coincide with the right-hand side
forall& e Q. Vice versa, an arbitrary but fixed direction in space & € €2 turns the right-hand

side into a constant, which equals the left-hand side for all ». Thus, both sides in (3.80) must
be constant. That is, there is a constant C; € R such that

(3.80)

P2 F"(r)+ 2rF'(r) = CLF(r), (3.81)
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ALY (E) = —C1Y(§) (3.82)

for all r and &, where F and Y, respectively, do not vanish. For F, it suffices to have an
arbitrarily small interval where F does not vanish to conclude that all solutions of the
Cauchy—Euler type equation in (3.81) can be described as linear combinations of two lin-
early independent solutions (see Roberts, 2010, p. 185). With the ansatz F(r) = r¥, we get
from (3.81) the algebraic equation k(k — 1) 4+ 2k = (1, that is, k> +k—C, = 0. The

solutions are
kio= 1:|:1l1—|—C —_1< 1+ 1+4C) (3.83)
L2 2 4 ! 2 U ’

We will come back to this. Let us first look at (3.82) and use Theorem 3.4.3. We get

2

1 o
L:Y(E(p.1) + mWY@(% )= —C1Y (1), (3.84)

where & (@, t) stands for the representation of &€ in the polar coordinates ¢ and ¢. We use now
the same technique which we have used previously and transfer (3.84) with the separation
ansatz Y(&(¢,t)) = G(p)H(t) into

L.H®) ) G"(¢)
Ci(l—H=— ,
oo = G(p)

which is again valid outside the zeros of the denominators. Again, the separation of the

(1—1%

variables to different sides implies that both sides are constant. Hence, we have (another)
constant C; € R such that

(=L H@) = [C2 (- z2)] H(@), (3.85)

G"(p) = —C2G(9). (3.86)

There is something we know about ¢: as the polar coordinate of &, it represents the longitude

such that G®(0) = G®(27) must hold at least for k < 2. On the other hand, (3.86)

is a second-order linear and homogeneous differential equation with constant coefficients,
which is well known from the theory of oscillations. Its general solution has the form

aeV—C20 4 peVC20 ifC <0,
Gl@)=1a+be, ifC, =0,

asin (v/C2 )+ beos (v/Ca ), if C2 > 0.

Besides the trivial case where @ = b = 0 and the constant case (C; = 0 and b = 0), the
‘periodicity” G®(0) = G®(27) can only be achieved in the case of C> > 0 and only if

b = asin (271 Cz) + bcos (271 C2) ,
ay/Cs = ay/C cos (271 cz) — by/Cysin (271 cz)

(for k > 2, the equation G” = —C,G implies that G(k)(O) = G(k)(Zn) does not cause any
further constraints).
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Again, we do not want the trivial solution where a = b = 0. Hence, the previous system
of linear equations, which is equivalent to (with ¢ := 27 /C3)

0 =asinc 4+ b(cosc — 1), 0=a(cosc—1)—bsinc,
must have more than one solution. Consequently, the determinant

sinc cosc—1 5

= —sin®c —cos>c+2cosc —1=2cosc —2

cosc—1 —sinc
must vanish. In other words, ¢ = 2n j, j € Z, thatis, Cr» = j2, Jj € Ng. Note that j = 0
(& (> = 0) corresponds to the constant solutions. Let us now have a look at (3.85), which
1s written out as

21— H () + (1 — 2P H (1) = [ - — tz)] H(). (3.87)

This equation also has several solutions depending on the values of Cy and C> = j2.

We see that there is certainly not only one particular choice of a basis system for harmonic
functions inside or outside a ball. We will, therefore, later study a common generalized
approach to this task.

Let us now come back to the equations we derived earlier. In (3.82), we saw that the
angular part Y has to be an eigenfunction of the Beltrami operator, which resulted, for
example, in (3.87).

In the following, we use the assumption that the solution I of (3.87) is expandable into
a power series of the form

o0
H(t) = Z ant" (3.88)
n=0
such that H'(t) = Y02 a,nt"~!and H'(t) = Y 02, a,n(n — 1)t"~2. We insert these

series into (3.87) and get

[e 0] [e 0]
-2 Z apnt™ +2 Z apnt" 2
n=1 n=1

[e 0] [e 0] [e 0]
+ Zann(n — " - 22 apn(n — D" + Zann(n — )"t
n=2

n=2 = n=2
o0 o0
=GP =CD) ant" +C1 Y ant"
n=0 n=0

We perform a few index shifts and observe that summands including factors of the type
n — k can be added for n = k without changing anything. This leads us to
o0
Z [ —2au,n +ay,o(n+2)(n+ 1) —2a,n(n — 1)+ (C; — jz)an]t"
n=0
o0

+ Zan_z 20 —2)+ 0 —2)(n—23)—C]t" = 0.
n=2
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Since a power series is uniquely representable, this implies that the sum of all coefficients
of " must vanish. Hence,

an(—2n" + C1 — j%) + ap2(n + 2 + D+ ay_n (n* =30 +2-C1) =0
=(n-2)(n—1)
(3.89)

forn > 2 and
an(—2n* 4+ C1 — j?) + anp2(n +2)(n + D=0 (3.90)
for n < 2. This is a recursion where ag and a; are free to choose. Then (3.90) tells us that

_ A f 2 (3.91)
anin = CECESY a, forn <?2. .

Further, (3.89) leads us to

2%+ j2 - —n=2n—-D+C
= a

n+2n+1D " n+2)n+1

Obviously, the denominators never vanish such that these formulae are always valid.
We obtained here an interesting recursion. It tells us a lot about the solutions of (3.87),
namely:

ay_n forn>2. (3.92)

ap+2

» The odd and the even degrees are completely decoupled, because the recurrence
only incorporates ‘+2-steps’. Hence, we can separate the solutions of the differential
equation into a sum of an odd function and an even function (see Definition 3.4.6),
where both summands also solve the equation.

» The coefficients ag and a; are completely free to choose and all the others are
uniquely determined, because (3.91) and (3.92) together are equivalent to the
differential equation (3.87) with the power series ansatz (3.88).

* As a consequence, the initial assumption ag € R (arbitrary) and a; = 0 generates
all even solutions (and, analogously, ag = 0 and a; € R [arbitrary] yields all odd
solutions).

» In the case j = 0, the recursion is finite for particular values of Cy, that is, we get
polynomial solutions. This is not yet obvious, but we will soon derive this.

Definition 3.4.6 A function F: D — R, where D Cc Rand {—x|x € D} = D, is
called

() 0dd, if F(—x) = —F(x)forall x € D.
(b) Even, if F(—x) = F(x)for all x € D.

Let us now have a look at the case j = 0, for which we move a bit backwards in our
derivations. Namely, (3.87) simplifies for j = 0 to

—2tH'®)+ (1 — tHH"(t) = —C1H(®).



3.4 The Sphere as a Particular Boundary 123

The power series ansatz now leads us to

o0 o0 o0 o0
—ZZannt" + Zann(n — D" — Zann(n - D" =-C; Zant".
n=1 n=2 n=2 n=0

We perform again some index shifts and obtain (while adding also here some vanishing
summands)

e ¢}

Z [ — 204, + ansa(n +2)(n + 1) — agn(n — D]t" = Z(—Clan)t".
n=0 n=0

This is valid if and only if
an(—n* —n+ C1) + anpo(n +2)(n +1) = 0 foralln > 0.
The recursion is, indeed, simpler here:

n?+n—C

=———qa, foraln>0. (3.93)
n+2)n+1)

an+2

As a consequence, if C1 = k(k 4+ 1) for one k € Ny, then the choice
e ag#0,a =0,if kiseven,
e a9=0, a #0,if kis odd,

yields an even/odd polynomial of degree k, because the preceding recursion stops for n = k.

Definition 3.4.7 The polynomials P(t) = Zﬁ:o ant", k € Np, which are given by
the recurrence relation (3.93) with C; = k(k + 1) and

o ag=(—D2k! 27F[(k/2)! 172, ay = 0, if k is even,
o ag=0,a; = (—D* D2k 4 1)1 275{[(k +1)/2]! [(k—1)/211}7L, if k is odd,
are called the Legendre polynomials.
The choice of the initial coefficients looks weird here, but we will see later on that this
results in Pr(1) = 1 for all k € Np.

From what we learned so far, we can already state several properties of the Legendre
polynomials.

Theorem 3.4.8 All Legendre polynomials of even degrees are even functions. All
Legendre polynomials of odd degrees are odd functions.

Theorem 3.4.9 Each Legendre polynomial P,, n € Ny, is an eigenfunction of the
Legendre operator to the eigenvalue —n(n + 1). In other words, each polynomial P,
solves the Legendre differential equation

(1 —)P/(t) — 2Pty = —n(n + DPy(r), t€R. (3.94)
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Let us come back to (3.83) now. With C1 = n(n 4 1), n € Ny, we get

k —1(—11 1+ 4n( +1))—1[—1i(2 + 1]
2= 5 nn =5 n

such that k1 = n, ko = —n — 1. Hence, the general solution of (3.81) is given (for C; =
n(n 4+ 1)) by

F(ry=ar" +br "L (3.95)

For the interior problems, r~"~1 would not be defined in » = 0 such that F (r) = ar” has
to be used. For the exterior problems, only F(r) = br~"~! fulfils the regularity at infinity
(see Corollary 3.1.7).

The recursion which we used to define the Legendre polynomials in Definition 3.4.7 can
be resolved, as we will show in the following theorem. The corresponding formula is well
known (see, e.g., Agarwal and O’Regan, 2009, Equation (7.8)).

Theorem 3.4.10 The Legendre polynomials satisfy

5]
” 2k — 2m)! —om
Pr(t) = 2(_1) zkmy(k_m)!(k—Zm)!tk "

where | -] represents the Gauf3 bracket for rounding down (see Definition 2.1.10).

Proof We prove this theorem for the coefficients ax_z,, of

5]
Pty =) ag—omt" ", (3.96)

m=0
Note that we already know from Theorem 3.4.8 that P; must obey (3.96). We now perform
an induction with respect to m from |k /2] downward to O and show that
2k —2m)!
2km! (k — m)! (k — 2m)!”

ag—om = (=" (3.97)

For the initial value m = |k/2], we have to distinguish two cases: if k is even, then (3.97)
with m = k/2 yields

2k — k)!
ﬁ = (D
2(9)t(z)ro 2[(5)1]
which coincides with the value of qp in Definition 3.4.7. If k is odd, then (3.97) with
m = "2;1 yields

ap—r = (=12

)(k—l)/Z (2k —k+ 1)’ _ (_1)(1{—1)/2 (k + 1)’

e = (1 ’
ie—(e—1) = ot (@)v(%)v 1t 2 <%)’<%)’

which coincides with a; in Definition 3.4.7.
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Let us now assume that (3.97) holds for one m > 0. Then this assumption and the
recurrence formula (3.93) yield

(k —2m)?> +k —2m —k(k + 1)

k—2m—1) = *k—2m+ 2k —2m+ D) ax—2m
_ —4km +4m® —2m 1y 2k — 2m)!
T (k=2m+2)k —2m+ 1) 2km! (k — m)! (k — 2m)!
_ (! 2m(2k —2m + D)2k —2m)! k—m+1
- [k—2@m — DI 2km!k —m)! k—m+1
_ (! [2k — 2(m — D]!

[k —2@m — D] 2%(m — D[k — (m — D]V
which completes the proof. |

Corollary 3.4.11 The first Legendre polynomials are given, for all t € R,
by Po(t) = 1, P(t) =1, P2(1) = 31> — 1)/2.

The validity of these formulae for Py, P1, and P> can be easily deduced from Theorem
3.4.10.

Let us remember why we started to investigate Legendre polynomials. We still have to
take care of the more general equation (3.87), which we have only solved for j = 0 so far.

Theorem 3.4.12 FEquation (3.87) with Ci=n(n+1),n € Ny, and j €Ny is
solved by

H(@) =(1- zz)f/z(%jjp,,(z), tel— L1l (3.98)
where Py is the Legendre polynomial of degree n.
Proof We use the ansatz H(t) = K(t)P,Ej)(t) for (3.87). By inserting this, we get
=201 =2 (K0P 0+ KO P 0)
+ 1= 22 (KPP0 + 2K 0P 0 + KR 0)

[/7 = nn+ D = DK OP @),

which is equivalent to
(1 — 2K (1) [-2:13,5” Dy + (1 = 2P0 + nin + 1)P,§f)(z)]
T - [-2:1(’(:)13,5")(:) L (=1 (K”(z)P,Ef)(z) 12K ()Y “)(z))]

= 2K PPV @). (3.99)
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We differentiate (3.94) j times by using the Leibniz rule (Theorem 2.3.6):

(1= BI04+ j-a0pd Vo + 1YY

— 2P0 = 2j PP @0) = —n(n + DRV @) (3.100)

—2)P 1)

In the first square-bracket term of (3.99), we can discover parts of (3.100). Hence, (3.99)
holds if and only if

(1=K [2je P @) + jG + DR O]
F(1—1Y [-2zK’(z)P,§f)(t) F(1—1%) (K”(z)P,Ef)(z) 12K () PY +1>(z))]
=2k P ). (3.101)
Sufficient for the validity of (3.101) is the following system of equations:
JtK@®) + (1 —HK' 1) =0, (3.102)
1=+ DK@ —2tK'@) + (1 —HK"(0)] = j2K ). (3.103)
If we set K(7) := (1 — t2)//2, then
K= 20202 (20 = i 2P,
K6 = —j(1— =22 _ jp I =2 _ 202 (Zap
= —j(1 =P 4 (=P = ATV
We immediately see that (3.102) is fulfilled. For (3.103), we need a few more calculations:
(1 — [ + DK@ = 2K (1) + (1 — tHK"(1)]
= j(j + D =AU 1221 —2y//?
= J A= 4 (= (1 - Y2
==Y =)+ ] = jPa -y
Hence, H from (3.98) solves (3.87). Ll

Since P, is a polynomial of degree n, the preceding solutions only make sense for j < n
(the rest is the zero function). Let us summarize our results. We used the separation ansatz
U(x) = F(r)G(g)H(t), where (r, ¢, 1) are the polar coordinates of x. This has led us to

Fry=r% aen —n-—1}

odd
G(g) = asin(jg) + beos(j¢), H() = (1= Y2 = Pa(@),
where j = 0,...,n and n € Ny. Moreover, @ = n corresponds to interior boundary-value
problems and @« = —n — 1 belongs to the exterior counterparts. This result motivates us

to set
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a7 (3.104)

?n,/@(ﬁﬁ,l‘)) — (1 _IZ)U\/ZﬂP (t) {SIH(J.¢)a J 1,...,7/1’
COS(JQD)a J =" ... aOa

where n € Ng and &(g,7) is the representation of & € 2 in the polar coordinates ¢ and z.
Let us have a closer look at these functions. Since, for an integrable function L: & — R
with L(§(¢, 1)) = L1(¢)L(1), we have

1 2
/ L) do®) = / Loy de / Li(e) do.
Q —1 0

and due to the well-known fact that G; with G;(¢) = sin(j¢) for j = 1,....n and
G(p) =cos(jo) for j = —n, ... 0 satisfy

2 2T
/ Gi(@)Grlp)dp = 8 7——, (3.105)
0 2—4jo
where 8 j; is the Kronecker delta, we have that
(Fas: Ym,k)LZ(Q) = 0for j # k

(with | j|, k| < min(n,m)). What happens if j = k but n # m? In this particular case, we
should recall that the functions 17,,, ; were derived as solutions of (3.82). There is namely
something interesting about this equation (which is actually well known).

Lemma 3.4.13 Let Y, Yy, € C(Q) be eigenfunctions of the Beltrami operator to
the eigenvalues —n(n + 1) and —m(m + 1), respectively, where n,m € Ny. If n # m,
then (Yn, Ym)LZ(Q) = O

Proof Let H, and Hy, be the IDP solutions to the boundary-values Y, and Y,,, respectively.
Then Green’s second identity (see Theorem 2.4.2) yields

0= H,(x) AHy,(x) —H,;(x) AH,(x) dx
B(0) ‘—V—'ZO ‘V_J:O
oH, oH,
=/ Yn(§) . (&) — Yn(®) (§)dw(§), (3.106)
Q v av

where v is the outer unit normal v(&) = & to 2. From our derivations, we can deduce what
H, and H,, are, because they are unique:

H,,(ré):r"Yn(é), Hm(l"é):rmYm@'),

where r €]0,1] and & € 2. Hence, with p € {n,m}, we see that

oy =g [ (62 + 29 ) Hy00) %,
- &)=¢- —+- r = —H,(r

ov ar - 5)7F =1 ar 7
where we used Theorem 3.4.1 and the facts that £ = &¢" and ¢" - V* = 0 (see Example

2.5.4). Thus, 222(8) = (prP=1Y,(®)|,_, = pYp(). If we insert this in (3.106), we
obtain 0 = (m — n)(¥y, Ym)LZ(gz)- Hence, the inner product must vanish if # # m. O

9
r=1
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Theorem 3.4.14 For all integers n,m € Ng, j € {—n, ... ,n}and k € {—m, ..., m},
we have [o, Vo, () Y k() dar(®) = 0 if n £ m or j # k.
Proof This is an immediate result of the previous considerations. O

This means that the functions ¥, n, j are orthogonal in the LZ(Q)-sense. They are, however,
not orthonormal. Before we can calculate their norm, we need to do some further investi-
gations of the functions 17,,, ; and the Legendre polynomials. These functions have already
been intensively investigated; see, for example, Abramowitz and Stegun (1972), Atkinson
and Han (2012), Chihara (1978), Efthimiou and Frye (2014), Ferrers (1877), Freeden and
Gutting (2013), Freeden and Schreiner (2009), Freeden et al. (1998), Heiskanen and Moritz
(1981), Hobson (1965), MacRobert (1927), Magnus et al. (1966), Michel (2013), Miiller
(1966), Robin (1958), Robin (1959), and Szegd (1975). For parts of the remaining pages
of this section, we will use some derivations from Agarwal and O’Regan (2009); Freeden
et al. (1998), and Robin (1957).

Theorem 3.4.15 (Rodriguez’s Formula) The Legendre polynomials satisfy, for each
degree n € Ny, the identity

n
27p! de"?
Proof We set Q,(r) = (1> — 1)" and observe that
(2 = DQL(r) = (> — Dn(® — 1" 2t = 212 Q,(2).
Now we differentiate the latter result (n 4 1) times and use the Leibniz rule (Theorem 2.3.6):

n+1)-n
2

P,(t) = =1 tel-11].

= DO+ (n+ 1) -20- Q@) + -2 Q")

=211 QU V(1) 4 2n(n + 1HQW(2).
We can simplify this to
(7 = DO + 2t Q7 V(@) — n(n + DOP() = 0.

Hence, QE,") solves the differential equation (3.94) of the Legendre polynomials. In our
preceding considerations, we saw that the Legendre polynomials and their multiples are the
only polynomials which solve this equation. Thus, there exist constants ¢, € R such that
Eln) = ¢, P,. Moreover, we have Q,(t) = Z?:O (;%);21'(_1)n—/ such that
n
0Py = > (”) 2j-Q2j =12 =k + D=1y
J=lk/2]

and, consequently,
QE,")(O) = ( " )n! (=12, if n is even, and
n/2

0'(0) = 0 and Q"D (0) = ( )(n + DH=D" D2 if p is odd.

n
(n+1)/2
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On the other hand, Definition 3.4.7 tells us that

i -2
PMO):(—I)"”%[(%)!] ., ifniseven,and

-1
P,(0) =0 and P;(0) = (-~ 1/ = ;1)! [(n ; 1) ! (n ; 1) !} ’

if n is odd. Since

( n ) n! L
= ——, ifniseven, and
26T

n
2
n n! e
= ——+———, ifnisodd,
(n+1)/2 (u) 1 (ﬂ) 1
2 )\ )
we are able to conclude that QE,") =nl2"P, for all n € Ny. O
Corollary 3.4.16 The associated Legendre functions
24772 &/
P, j(0) = (1 —1%)// 57 @, rel=L1 (3.107)

wheren € Noand j =0, ..., n satisfy

(11— tz)f'/2L+j(t2 — D" re[-1,1]
217! denti ’ o

Obviously, P, j(+x1)=0forj=1,...,n.

Pn,j(t) =

With this abbreviation, we can write

sin(jg), j=1....n,

Y 1) = Py (@) -
&) = Py () {COS(J-@, j=-n,...,0.

There is still work to do before we can calculate ||Y, n,j lI12(q2)- Besides, most of the interme-
diate steps are valuable results by themselves.

Theorem 3.4.17 The so-called generating function of the Legendre polynomials,
which is given by F(x,t) = ZZOZO P,(x)t", satisfies F(x,t) = (1 — 2xt + 12712
where the series converges pointwise for all x,t € R with |t| < ~/1 4+ x% — |x|.
Moreover, if r € RT is arbitrary but fixed, then the series converges absolutely and
uniformly forall x € [—r,rl and all t € Rwith |t| < ~/1+r% —r.

Proof Letr € R™ be arbitrary. We consider now arbitrary x € [—r,r] and ¢ € R with

|t] < /1 4+r2 —r.Then
12xt — 12| < 2|x|t| + |1

<2142 =272 4 1412 =2,/ 1+ 12 4 12
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such that |2xz — t2| < 1. Hence, we may use the well-known power series (see, e.g., Zeidler,
1996, p. 119)

2 (=1/2) - (—k+ 12
(1+y)—1/2=1+z( /2) k(! /)yk’ y| < 1.
k=1
with y = —(2xt — %). This leads us to
(1 —=2xt +1H)~1/?
14 Z (=1/2)-- -k(!—k + 1/2)(2“ NN
k=1
0 k
=1+Y U2 'k(!_k 2 gk Z (l;)(Zx)k_j(—t)j
k=1 j=0
= Zan(x)t"
n=0

with the following (n = k + j impliesthat | <k <n,k =n—j,0<j <n—1,but
j <k=n— jsuchthat2j <n):

ap(x) =1,
W 1)) e 1)2) . .
an(x) =) . ( , )(2x)"—2/(—1)"—1+1
P (n— ! J
/2] .
—1/2)- (= 1/2 .
-y &Y )(n_(zn.)T.J,Jr /2 =21y
s Jj!
/2] .
= Z(—z)f—"1 3@ =277 D) a2, (3.108)
= (121!

Moreover, the following holds true:
Cn =2 @Cn-2/))Cn—-2j—1)---3-2-1
=yt = pHha—j—1---2-1
=27 02n—2j —1D2n —2j —3)---3 1. (3.109)

If we insert (3.109) in (3.108), then we obtain

ln/2] .
_ Njn-n 2n —2j)! n—2j
an(x) = ;)( Y et = B

due to Theorem 3.4.10, where the case n = 0 is trivial. Furthermore, remember that a power
series —such as the series we used in this proof — always converges absolutely and uniformly
in the interior of its circle of convergence. |
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Moreover, the series in Theorem 3.4.17 is known to converge pointwise for x € [—1,1]
and t €] — 1, 1[ and uniformly for x € [—1,1] and ¢t € [—hA, /] for an arbitrary but fixed
he]0,1].

Corollary 3.4.18 For all x,y € R3 with |x| < |y|, the fundamental solution can be
expanded in Legendre polynomials as follows:

|x|" ( y)
Ix—yl leyl"+1 x| Iyl/)”

Proof Wesett = |x|/|yland s := (x/|x|) - (y/|y]). Then Theorem 3.4.17 yields

] X n 1 a\ —1/2
S (M) pn(i_L)z_(l_zi ylxu%)
1 =\l EITIVANE RTINS

—1/2 _
= (P =22 y+ ) ==y O

The following theorem is very useful, also for practical numerical purposes, because it
allows us to calculate the Legendre polynomials much more easily than Definition 3.4.7 or
Theorems 3.4.10 and 3.4.15 allow it.

Theorem 3.4.19 (Recurrence Formula for Legendre Polynomials)
The Legendre polynomials obey the following recurrence relation
Po(x) =1, Pi(x) = x,
(n+ DPyr1(x) = 2n + Dx Py(x) — nPy1(x) (3.110)

forallx e Randalln e N.

Proof We differentiate the generating function (see Theorem 3.4.17) with respect to ¢ and
get (within the admissible domain) the identity

1 [e 0]
—5(1 —2xt+ ) (—2x 4+ 21y = Z P, (x)nt" L. (3.111)

n=1

Note that this is valid, because we have here, for every fixed x € R, a power series in 7,
which may be infinitely differentiated summandwise.
By multiplying the preceding result with (1 — 2x7 + %), we get

[e 0]
(A —2xt + )72 =) = (1 = 2x1 + 1) Y Po(x)nt™™!

n=1

such that

(x—1) Z P,(0)t" = Z P,(ont" ! + Z(—Zx)P,,(x)nt" + Z P,(x)nt" 1.

n=0 n=1 n=1 n=1
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With minor index shifts, we obtain

D O xPy + Y (= Pua ()"
n=0 n=1

=D Pui )+ D" + Y (—220m)Py ()" + Y Py_y(x)(n — D"

n=0 n=1 n=1

In the last series, we added the vanishing summand for n = 1.
Since a power series is unique for a fixed centre, the preceding identity is only

valid if x Py(x) —

Cn4+DxPy(x)—nPy_1(x)=m+ DPyr1(x)foralln > 1 and all x € R.

Corollary 3.4.20 The Abel-Poisson kernel can be expanded as follows:

e ¢}

1 R? — ;2
4w (r2 4+ R — 2rRx)3/?

47 R \R

w—1(x) = (n + DPrr1(x) — 2xnPy(x) + (n — 1)P,_1(x), that is,

O

-y 2n+1 (i)" P,(x). x € [-1,1.0 < r < R.

Proof By combining (3.111), where the vanishing summand for n = 0 can be added, and
the generating function from Theorem 3.4.17, we get

2xt — 2t2 N 1 —2xt + 12
(1—=2xt +12)%2 (1 —2x1 +12)3?

Z(Zn + D" Py(x) =

n=0
_ 1—1¢2
(1= 2xr +12)3/2°

With t = /R, we obtain

e ¢}

ZZn—l—l(r)nP() 1—2R2
r ) =
< 4TR \R " 47 R(1 — 2xrR=1 + r2R-2)3/2

n=

R2 _ 1’2
T 47(RZ—2rRx + r)2

Corollary 3.4.21 (More Recurrence Formulae for Legendre Polynomials)
Forallx e Rand all n € N, we have

nPy(x) = xPy(x) — P,_; (x),
2n+ 1DPy(x) = P, (x) — P)_ (x),
(n+ DPy(x) = P, (x) — x Pj(x),
(% = DPy(x) = n(x Py (x) — Py (X)),
(2 = DPx) = (n 4+ D(Pyy1(x) — x Py(x)),
@n 4+ D% = DPUx) = n(n + D(Pap1(x) — Paci (1)),
@n+ DxPy(x) =nP, (x)+ (n+ DP,_(x).

(3.112)
(3.113)
(3.114)
(3.115)
(3.116)
(3.117)
(3.118)
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Proof We only elaborate here the proofs of the first three formulae.

(1) The first formula:

We differentiate now the generating function from Theorem 3.4.17 with respect
to x. This yields #(1 — 2xz + ¢2)7%2 = 3°°° | P/(x)t". Together with (3.111), this
implies that (x — £) Y02 Pi(x)t" =t 3 °° | P,(x)nt"~!. Hence, again with a little
index shift, we arrive at

D oxPUO Y (P () =) Puxnr”,
n=1 n=2 n=1

which can only be true if (3.112) holds, where we should observe that Pr’l_1 = 0 for
n=1.
(2) The second formula:
By differentiating (3.110), we obtain

(n+ 1)P,’l+1(x) =2n+ DHP,(x)+ 2n + 1)xP,’l(x) — nP,:_l(x).
We use now (3.112) for x P, (x) such that

(n+ 1)P,:+1(x) =2n+ DHP,(x)+ 2n + DnPy(x)
+ 2n + 1)P,:_1(x) — nP,’l_l(x).

Eventually, we divide by n + 1 and get P, () =Qn+DP(x)+ P _,(x), which
proves (3.113).
(3) The third formula:
We only have to subtract (3.112) from (3.113) and immediately get (3.114).

The proofs of the remaining formulae (3.115)—(3.118) are left to the reader as an (easy)
exercise. ]

Let us now have a closer look at the integrals f_ll P, (1) Py (t)dz. Due to (3.104), we see

that P,(t) = fnﬁo(é(ga, t)) for all ¢ and ¢ (i.e., f/n,o is independent of ¢). Hence, Theorem
3.4.14 yields that

1 1 5 5
/ Py(t) P (1) dt = 2—/ Y, 06)Ym,0(8) dax(§) = 0,
-1 T JQ

if n # m. For the case n = m, we use Rodriguez’s formula (Theorem 3.4.15):

! 2 1 ra , n| 4 s n
/;l(Pn(t)) dt:mf_l[dtn(t -1 }W(t — *dr.

We now integrate by parts n times if n > 0. On the way to the result, we have to evaluate

terms of the kind
dn—k—l dn+k
{[W(fz - 1)"} e 1)"}

=1

=0

t=-1
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fork =0,...,n — 1. Finally, we get (using ¢ = cos x)

/1(P<r))2dr 1y /(2—1)" "< — ) dr
" dr2n

22n( 1)2
- 2222(2!)2/ A -ydr = 225,2(332 / s x - (— sinw) dr.

By induction and integration by parts, we can easily deduce that

T T
/ sin?t x dx = (— cos x - sin?" x)
0

T
+ Zn/ cos® x sin® ! x dx
0

T
= Zn/ sin? Ly — sin®* ! x dx
0

and, consequently,

/ sin” ! x dx = / sin?" ! x dx
0 2n + 1 0

_emen-2-2 (ro
_(2n+1)(2n—1)---3/ S e

=2
Hence, we obtain the following squared L2[—1, 1]-norm:

! em2n—1--2-1  @n@n—2)---2 2
2 _ o
/_I(Pn(r)) = D2 1P it BOn—D-3 2= g1

This is also true for n = 0, since Py = 1. We have proved the following theorem.

Theorem 3.4.22 (Orthogonality and Norm of the Legendre Polynomials) For all
n,m € Ny, we have

1
2
P,(OHP,()dt = — S,
/_1 O PR 0 = 2 S
where 8, is the Kronecker delta.

We will now show the generalization to the associated Legendre functions. Remember
that P, = n,0-
Theorem 3.4.23 (Norm of the Associated Legendre Functions) We get, for alln € Ng
andall j =0, ..., n, the identity
2 (m+
n+1(m—
Proof We may assume that j > 0. From the definition of these functions in (3.107),
namely, P, ;(1) = (1 — tz)f/zP,El)(t), we obtain that

1
/ (P, j())* dt =
-1

d j . , o
5 P = %G — U2 20y P @y + (1 = PPV,
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where P,Sj) is the jth derivative of P, = P, 0. We setnow P, ,+1(¢) :=O0foralls € [-1,1].
Hence,

d
(1= ) P (1) = =t Paj(O) + V1 = 12 Py 1 (0).
With a rearrangement and a little index shift (j + 1 — j), we get

d
P @) =v1—1 EPM—KI) +G-D Py, j-1(t) (3.119)

t
V1 =12

forall + €] — 1, 1[. Let us now integrate the square of (3.119)

1 2 1 d 2
/I(P,,,j(t)) dt:/l(l—tz) (EP,,J_I(:)) dr

1
d
423 — 1)/ (B 1 6) Py ()
—1

1 2
(- 1)2/1 ﬁ (P, j—1 (D) dr. (3.120)

The first integral on the right-hand side will now be handled via integration by parts, where
the obtained primitive functions term vanishes for r = £1. Then we use

d d
[ Po 1P ] = (P @) 4 2P 10 - Paja0)

in the second integral of the right-hand side. Moreover, the last integral in (3.120) will be
rearranged slightly by decomposing the fraction. We get

1 3 1 d d
/I(P,,,j(t)) dr = —/lpn,j_l(t)a [(1 _,z)apn,j_l(z)} dr

=1

1
. 1)/1 (P ja0) de 4G =D [1 (Paj10)’]

t=—1
1

1 1
- 1)2/1(P,,,,~_1(t))2 dr +(j — 1)2/1m(1’n,1—1(”)2df~

Either j — 1 = 0 or P, ;j_1(£1) = 0 (see Corollary 3.4.16) such that the third term on
the right-hand side vanishes. Moreover, Theorem 3.4.12 tells us that P, ;1 solves the
differential equation

d d
(- [(1 ~ P, j_l(r)} =[G =12 = a0+ DU =] Py,
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Thus,

1 1
| (uso) ar=[n+n-G-1-G- 1)2]/1 (Po.j-1(0)” dr

1

1
= (n2 +n— 4 J) /1 (Pn,j—l(t))2 dr

1
=+ ) —j + 1)/1 (Paj—1(0) dr.

With a simple induction and Theorem 3.4.22, we can now conclude that

1
/ (P, j(0) di
-1

2
= [(1+ o+ = Do DI =+ D= j4+2)-on] 5
n+1
=(n+J:)! 2 . .
n—jjH2n+1

Let us summarize what we have done in this section.
Definition 3.4.24 The fully normalized spherical harmonics are defined by

(2n+1)(n—|j|)!(2—5j0)P e sin(jg), j=1L1....n,
dr(n+ |j)! 1] cos(jo), j=—n,...,0,

Yy, j(§(p.1) 1=\/

where &(¢, 1) is the representation of & € €2 in polar coordinates.
Theorems 3.4.14 and 3.4.23 together with (3.105) yield now the following theorem.

Theorem 3.4.25 The fully normalized spherical harmonics represent an orthonormal
system in (L*(R), (-.)2(q))-

We have not proved yet that the fully normalized spherical harmonics are also complete in
LZ(Q). We will see later that this is, indeed, the case. With this ‘spoiler’ in mind, we can say
now that the unique IDP solution U to boundary values F: 2 — IR can be represented by

o0 n
UrE) =) Y (F.Yu gy Ya j6), rel0llEeQ,
n=0 j=—n
provided that the series has an appropriate convergence (e.g., we would have to interchange
A with the limit of the series Y .- ). Correspondingly, the unique EDP solution U to bound-
ary values F: Q — IR can (again under the assumption of an appropriate convergence) be
represented by

o0 n
Ure) =Y Y (F.Yy gy " Yaj€). r=léeq
n=0 j=—n
Just one more thing which fits quite well into our previous work: the functions Qip > 7€ +—
r"Y, j(§) and Qext > € — r_"_lY,,,j(é) can be obtained from each other by the Kelvin
transform (see Definition 3.2.1 and note Corollary 3.2.3).
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Figure 3.9 The Earth Gravitational Model 2008 (EGM2008) in m?s ™2 due to Pavlis et al.
(2012) from degrees 3 to 2190 and orders O to 2159.

Definition 3.4.26 The functions
int . n X
Hn,j(x) = |x| Yn,j m . X € Qine,
are called inner harmonics. Moreover, the functions

t . —n—1 d
HE)::—I,j(x) = |x| n Yn,j (—|x|) , X € Qexts
are called outer harmonics.

Fully normalized spherical harmonics are a common tool for representing approxima-
tions to the Earth’s gravitational potential. An example is the Earth Gravitational Model
2008 (EGM2008) due to Pavlis et al. (2012); see Figure 3.9.

3.5 A Brief Excursion to Other Dimensions

Within this chapter, we have concentrated on the three-dimensional case, which is reason-
able due to the focus on geomathematics. Nevertheless, it can be interesting to have a brief
look at some propositions and their counterparts in arbitrary dimensions. Some examples
are summarized here but without proofs. Further details can be found in Folland (1976),
Kellogg (1967), Mikhlin (1970), and Walter (1971).
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Theorem 3.5.1 Letn > 2andy € R”. Then the function F : R"\{y} 2 x > y,(x—y)

with
(x) ! eR"\ {0}, ifn=>3
X)) =———, X , fn =3,
T = a2
and
y(x) = —log x|, x e R2\ {0}, ifn=2

is harmonic. The functions F are called fundamental solutions of the Laplace
equation.

Sometimes, the fundamental solutions are also defined with an additional factor such as
w, 1 where w, is the area of the unit sphere in R”.

With these fundamental solutions, one can define volume potentials as generalizations
of Newton’s gravitational potential by

V(x) :=/ F(y) dy, xeR" ifn>3, (3.121)
D

|x — y[n?
V()= / F(y)log|x — y|dy, xeR% ifn=2 (3.122)
D

where D C R” is a bounded and open set and F: D — R is a bounded and Lebesgue-
integrable function. Indeed, one can also show the following in this generalized case:

» V iscontinuous and partially differentiable with respect to all variables in the whole
R”.

 V is infinitely differentiable and harmonic in R” \ D, that is, V satisfies the Laplace
equation outside D.

« If F is additionally Holder continuous, then V is twice continuously differentiable in
D and satisfies the Poisson equation:

AVx)=Q2 —nw,F(x), xeD, ifn=>3,
AV (x) = —wr F(x), xeD, ifn=2.

Also for the main properties of harmonic functions which we discussed here, analogues in
arbitrary dimensions are valid.

Definition 3.5.2 Let R C R",n > 2, be a region where 0 ¢ R. Then the Kelvin
transform maps functions F: R — R to functions

Fay= — (). xerr
T x|r2 Ix12)’ ’

where R* := {x € R"\ {0} | x/|x|> € R}.



Exercises 139

Theorem 3.5.3 Let R € R",n > 2, be a region with 0 ¢ R and F € CP(R) be a
given function. Then its Kelvin transform F* is an element of C?(R*) and

1
* - _ *
Ay F¥(x) = Pl (AyF() |y=ﬁ , x €R*.
Under appropriate conditions on the bounded region R and its boundary 6 R with outer
unit normal v, one also gets a fundamental theorem in R”,n > 2, of the following form:

0 0
w,U(x0) = / v(x — x0) a—U(x) —Ux) ——=y(x — x0) dw(x)
ap v ov(x)

—/ y(x — x0)AU(x)dx,
D

ifU e C(l)(ﬁ) N C(z)(D) with bounded second-order derivatives on D (note the slightly
different requirement, since the argumentation as in (3.31) is not analogous for n > 4).

This results again in GauB’s mean value theorem. If U is harmonic in Bg(xg) C
R”, 1 > 2, and continuous on Bg(xg), then

1 n
U(xg) = —— / Ux)dw(x) = / U(x)dx.
o R Jspx0) @nR" JBy(xg)

This leads to completely analogous versions of maximum principles I and II.

Last but not least, also the boundary-value problems can be formulated and discussed
in R” for n > 3 in a similar way as we did it here for the case n = 3. Only regarding
the regularity at infinity, the condition depends on the dimension. This results in analogous
statements regarding existence, uniqueness, and stability for n > 3 as far as they were
proved here for n = 3. For n = 2, there are some differences resulting in a modified
theorem for the ENP but analogous statements for the other three boundary-value problems
(for details, see, e.g., Folland, 1976, Theorem 3.41).

Exercises

3.1 Prove the harmonicity of the fundamental solutions in Theorem 3.5.1.

3.2 Verify that the generalization of the Newton potential to other dimensions in (3.121)
and (3.122) is harmonic outside D.

3.3  Suggestadefinition for ‘regular at infinity” in R”, n > 3, where your definition should
satisfy the following two conditions (which you need to prove): first, it should coin-
cide with the existing definition for n = 3. Second, the fundamental solution should
satisfy it (you may simply use y — |y|™"*2 here).

3.4 Prove Theorem 3.5.3 for the Kelvin transform in R".

3.5 GauB’s mean value theorem is also valid in R!. Suggest and prove a corresponding
analogous theorem. Moreover, derive an explicit formula for all harmonic functions
on a region in R!.
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3.6

3.7

3.8

3.9

3.10

3.11
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Let U € C®(Bg(xo)) with R > 0 and xg € R>. Prove the following stronger version
of Gaul}’s mean value theorem:

1
Ulxo) = ) /;R(xo) U(x)dw(x)

1 1 1
- — AU(x)( — —) dx.
4 Br(xg) |X —x0| R

The plumb line is given by the (opposite) direction of the gravitational field. More
precisely, we define n(x) := —|VV (x)| "' VV(x) for all x € R? in which |VV (x)| #
0, where V is the usual gravitational potential. If we choose now an arbitrary but fixed
point xg € R with |[VV (x0)| # 0, then the plumb line through xo is given by the arc
@: 1 — R? (I C Ris an interval, and the parameterization is done with respect to
the arc length s) which satisfies xg € @(I) and ¢'(s) = n(p(s)) in each s € I. Prove
that the curvature of the plumb line satisfies

o'y = (IvvItvevvl)|
@(s)

where V* is the surface gradient with respect to the equipotential surface {y €
R3 | V(y) = c} for a fixed ¢ = V(¢(s)), thatis, V*F = VF — (n - VF)n. (Hint: to
avoid the square root in the Euclidean norm |VV|, investigate V*|VV|? instead.)

Let R C R” be aregion and let U : R — R be a continuous function. If U satisfies

1
U (x0) < / U(x)dx (3.123)
QuR"™ J B (xp)

in every ball Br(xo) with Br(xg) C R, where Q,, = fBI(O) 1 dx is the volume of the
unit ball in R”, then U is called subharmonic. If always ‘>’ holds in (3.123) instead,
then U is called superharmonic.
(a) Prove (forn = 3 and U € CP(R)) that AU > 0in R < U is subharmonic.
(b) Which well-known property from analysis is equivalent to subharmonicity in R'?
(No proof is required.)
Let D C R" and E C R™ be compact and non-void sets and let K: £ x D — R be
a continuous function. The corresponding Fredholm integral operator of the first kind
T : C(D) — C(E) is defined as in Definition 3.3.22. First, show that 7 is bounded,
then show that 7™ is also compact. (Hint: Use the Ascoli—Arzela theorem for the latter.)
Let D C R” and E C R™ be measurable and non-void sets and let K € L*(E x D),
where 7 : L>(D) — L?(E) is again the corresponding Fredholm integral operator of
the first kind. Prove the following propositions: 7 F € L%(E)forall F € LX(D). T
is a bounded operator. 7 is a compact operator. (Hint to the latter: you may use that
bounded sequences in L?(D) always have a weakly convergent subsequence.)
The unit disc D = {x e R3 | x12 + x22 <1l,x3= O} is not a closed surface, but the
layer potentials can be defined completely analogously by replacing ¥ with D. For
reasons of simplicity, let the distribution function in the integrand be given by ¥ = 1.



3.12

3.13

3.14

3.15

3.16

3.17

3.18

Exercises 141

(a) Calculate P; along the x3-axis, that is, Pg(0,0,x3), and verify that the jump
dy+ Ps — 0y— Ps in (0,0, O)T forv = (0,0, 1)T is the same as in the known case for
a regular surface.

(b) In analogy to part (a), investigate (Pq)+ and (Pg)—.

Prove Harnack’s inequality: If U € CA(Bg(0)) N C(Bg(0)) is harmonic and non-
negative on Br(0), then

R—Ix U@0) <Ux) <R R U(0) forall x € BR(0).
(R+ > =7 0

(R — |x]?
Prove that the only functions which are non-negative and harmonic on the entire R3
are the constant functions (with non-negative constant).
Let R C R3 be aregion and let U € C(R). Prove the following: if U satisfies GauB’s
mean value property on every ball B,(xo) C R, thatis, (3.32) holds true on every such
ball, then U is harmonic on R. (Hint: check what the essential requirements for the
proof of maximum principle I were.)
Show that every uniformly convergent sequence of functions which are harmonic on
aregion R also has a harmonic function as its limit.
Download data (ideally, level 2 data) from a current gravitational model such as EGM-
type models and plot the gravitational potential.
Verify that the Laplace operator on R? is representable in two-dimensional polar
coordinates x = r cos¢@, y = r sin ¢ for twice continuously differentiable functions
U by

AU - 82U+1 oU 1 39U

a2 roor r2 9¢?’
Use the separation ansatz U(x,y) = F(r)Y(¢) to derive a representation for the
general solution of the 2D Laplace equation AU = 0 on the disc {(x,y) € R?|x? +

y?> < R%}.
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Basis Functions

We have already seen that fully normalized spherical harmonics provide us with one way
of expanding harmonic functions with respect to their angular dependence. There are many
other options of choosing such basis functions and numerous other modelling problems for
which different basis systems are required. In this chapter, we will discuss a selection of
such basis systems which have turned out to be useful in geomathematics.

4.1 Spherical Analysis

When we tried to solve the Laplace equation, we proved a couple of propositions from
spherical analysis. This includes the decompositions of the gradient V and the Laplace
operator A (see Theorems 3.4.1 and 3.4.3 as well as Definition 3.4.2), which we briefly
recapitulate here:

V,=¢£& —8 + lV* 4.1
or r &
A _ v +%—8 +—1 Af (4.2)
T2 rar 208 ’

where x = r&, r = |x|, & € Q. We will summarize here some further useful propositions in
the context of differentiation and integration on the sphere. We will not prove everything and
refer to Freeden et al. (1998), Freeden and Gutting (2013), Freeden and Schreiner (2009),
and Michel (2013) for further details.

We start by defining another differential operator, the surface curl gradient (note that we
defined ¢(2) = C(2,IR%)).

Definition 4.1.1 The surface curl gradient L*: C')(Q) — ¢(Q) is defined by
LEF(§) =& x VF(§),§ € Q,forall F € CV(Q).

Remember the local orthonormal basis system which is given in & € 2 with the polar
coordinates ¢ and ¢ by the normal vector " (g, 1) = & and the tangential vectors £¥(¢) and
&' (@, 1); see Example 2.5.4. We know that 8" x &% = g’. Moreover, we have the following
(see Definition 3.4.2):

1 d d
V* =¢g¥ — V1 —¢2—. 4.3
£ 7 5g +é& Py (4.3)

142
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Hence,
1 0 0
L= ——— — V1 —12 —. 4.4
RV ey Y o1 “
In analogy to the notations that we have for the (Euclidean) divergence, Jacobian matrix, and
Hessian (see Definition 2.3.1), we can also define corresponding operators on the sphere.

Definition 4.1.2 Let f € ¢'P(Q) and G € C?(Q) be given functions. Moreover, let
D*: CI(Q) — ¢(Q) be a first-order differential operator on the sphere (such as V*
and L*). Then we define

3
(D*- £)©) =) D} fi(®),

j=1

(D*® f) (&) = (Djfk(s))j,kzllj’

3

(D* x £) & = | Y euDi fi(§) :
k=1 j=123

(D*® D*) G(§) = (DjDZG(g))j,k:1,2,3’

where D;f is the jth component of the operator D* (i.e., D;TF(E) = &/ . D*F(§)
for F € C(l)(Q)), Ji is the kth component of the vectorial function f, and &y, is the

Levi-Civita alternating symbol (see Theorem 2.1.4).

Theorem 4.1.3 The following formulae hold true:

ViE=2, VEE - =n— (- nk,
Li-£=0, Ly -m=¢&xn,
ViQE=i—£®E, AfE-m =-2"n

as well as

3
Li@e=) ¢Exe)ee

j=1
3 . .
ViQExm=—) & @nxe)—E®(Ex ),
i=1
LEQExm=n®&— (&

for all £, € Q, where i is the 3 X 3 identity matrix (which is also denoted by I
elsewhere in this book).

Proof Forx € R3, we have V, - x = 3 such that (see (4.1))

0 l_, .
3= 5——!——VS -(ré):l—l—Vs-é, r>0¢&eQ,
or r
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and V* & = 2. Moreover, with the Levi-Civita symbol (see Theorem 2.1.4), we get Lg‘ £ =

Zl 1 (L*) & = Zl k= 1511165/( )kéi. Furthermore, using x = r&,r = |x|, & € Q, we
obtain

d 1
vx®x=(sgtv;)@(rs):s@swg@s,

where i = V, ® x. Hence, L* £ = Zl ket Eijkc (O — &€ = —§ - (§ x §) = 0.
Moreover,

0 1
77=Vx(x-77)=(587+;V§)(F§'77)=§(§'77)+V§(§-77)

such that V(& - ) = 1 — (6 - m&. Hence, L(§ - ) = & x Vi 1) =& x 1.
Furthermore, (4.2) yields

0= Av(r 1) = 82+23+1A r& )
_xx”_aﬂ ror g”ﬁ

such that 0 = 2r~1& .y + r_lA*(é n) and, consequently, A*(é n) = —2& 1.
For L* ® &, we consider an arb1trary component of this tensor:

(Li®E), Z ek (Vi) &) = Z einie (817 — &i&;)

k=1 k=1
= (& x&/), — (& xE)&.
=0

Hence, Ly ® § = Z? j=1 (L* ® E) e ®el = Zi’.:l(é x &/) ® &/. Finally, we consider

the application of L’g and Vg‘ to the vector product & x n. Again, we have a look at an
arbitrary component of the tensor and obtain

3 3
[Vi® (& x U)]i,j = (V§), D ejubom = Y, eju Gix — &) m

k=1 k=1
= (¢' x ), — & x ),

such that Vg‘ RE X =— Z?Zl et ® (n x &) — &£ ® (¢ x ). Analogously, we get the
following (using Theorem 2.1.4):

3 3 3
[Lg ® (& x 77) Z Z EimnEmOur i = Z Sjklgimk%'mnl

k=1 m,n=1 k[ m=1
3
Z EkjiEkmiEmnl = Z (8jmb1i — 8/iSim) Emmi = Ejmi — 8ij€ -
k,[m=1 I, m=1

such that L’g R (& x ) =n Q& — (& - ni, which completes the proof. ]
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For two of the obtained tensors in Theorem 4.1.3, an abbreviation is known (see Freeden
et al., 1998).

Definition 4.1.4 We define the tensors i () :=1— & ® £ and j,, (&) == 2;21@ X
eY®@el for& € Q.

By applying the chain rule, we immediately obtain the following corollary.
Corollary 4.1.5 If F € C'D[—1, 1], then we have, forall €,1 € R,
VEFE-m) = F'¢-mln— & &l LEFE -n) = F'(&-nE xn.

Concerning derivatives in Euclidean spaces, it is clear that V - V = A. Indeed, corre-
sponding properties are valid for V* and L* as well. Moreover, V* and L* always produce
tangential vector fields. We will address these issues in the next theorem.

Theorem 4.1.6 Let F € CP(Q) and G € CV(RQ). Then the following identities hold
true for all & € Q:

Vi VEF(E) = ALF(®), L -LiF(§) = A{F (&),
L ViF#) =0, Vi-LiF(E) =0
§-ViGE =0, £ LIGE) =0

(VEG®)) - (LEG®) =0.

Proof We will not prove all identities for reasons of brevity. As an example of the first
four equations, we show L* - V* = 0. The fifth and sixth identities, which mean that V*G
and L*G are tangential on €2, immediately result from the fact that ¢” = & and the repre-
sentations of V* and L* in terms of £% and &’ (see (4.3) and (4.4)). Moreover, L’S‘G(é ) =
& x Vg‘ G (&) is, as a vector product, orthogonal to Vg‘ G(&). Now, let us take care of L* . V*:

[F8]

3

L VEF® =) (L), [VEF®], = Y em&(V),[VEF®],

j=1 joki=1

& € Q. Here, we used the Levi-Civita alternating symbol (see Theorem 2.1.4). We can now
deduce that

3

LE - VEF® = ) enbe(VE),[VEF©)],

3 3
Z Z et (Vi), (Vi) ;F ©). (4.5)

Using Definition 3.4.2 and Corollary 3.4.4, we can calculate that (where v = (—cosg,
—sing,0")
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1 8 3
VIQVIFE)={¢e¥ — el =2 —
Fovire= (< g e )
1 8 3
® (& — 4+ &'V1—t2—F
1—12 0o ot
1 9F 1 8%F aF
= Il T 0?1l e
[ —2ap" OV T agn® @8 15,0 ¢
3’F t  OF 3’F
@ 3 - ot @ 3 @
tagert BF T T 25,7 O Yo, ®F

—— 0F F 3°F
— 1—tzﬁfl‘@éf—Z‘Eé‘t@gt—‘-(l—tz)ﬁ(?t@ft,

where ¢ and 7 stand for the polar coordinates of & € 2. We insert this result into (4.5) and
obtain

1 oF 3 F
% % t
t  9F P oy, O°F -
+1—t28g0§ (5 xs)—l—atawé (5 xs)
oF
—V1=12—&. (¢ x€").
8t§ (5 xs)
Since £? x v = (0,0, )T = 3 and &% x &' = &" = £ as well as & x &" = &%, we can

simplify the latter result to the following (note that & - £ = 1):

N t OF 3*F  3*F t  9F
Ly VEFG) = —— —+ - - s — =0,
1—1* d¢  deot atde 1 —1t* dg

where we used Schwarz’s theorem (remember that F € C(Q)). []
By combining Theorems 4.1.3 and 4.1.6, we obtain the following result.
Corollary 4.1.7 If G € C?[—1,1], then we have, for all £, 1 € L,
AFGE -m) = =2 -)G'E -+ [1—E-n)’]G" & - .
Proof From the previous results, we obtain
ALGE )= Vi -ViGE - = V- [GE - M — € - n)8)]
=[ViG' & -m] - [n— & -mE]+G'E-mVE - [n— (& nk]
=G"¢ - —E-mE]-[n— & -mE] - G'E-m[s - VEE - +2& 0]
=G -l - ¢ n?] =26 -k -7

forall &, € Q. |
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Figure 4.1 A zonal function 2 3 n — G(§ - n) only depends on the Euclidean distance
|& — n|. In other words, the function is constant on each circle around £ € 2 (see the left
picture, where the dot stands for &). The right image shows the values of P4(§ - 1) for the
Legendre polynomial of degree 4.
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Functions Q 3 & — G(£ - i7), as we encountered them here, play a particular role in the
construction of approximations to spherical functions, as we will see later in this book. We
dedicate here some additional considerations to these functions.

Definition 4.1.8 A function F: Q@ — R is called a zonal function if there exists a
point & €  and a function G: [—1,1] — IR such that the identity F(7) = G(& - 1)
holds for all 7 € 2. In this case, we also say that G is a £-zonal function.

By using a standard parameterization in polar coordinates and an appropriate coordi-
nate transformation (see, e.g., Michel, 2013, Theorem 4.16), one can prove the following
theorem.

Theorem 4.1.9 Let G: [—1,1] — R be an integrable function. Then we have

1

/G(é-n)dw(n)=/ G(£3-n)dw(n)=2ﬂ/ G(r)de
Q Q 1

forall & € , that is, the integral is independent of &.

Zonal functions 1 — G(& - 1) have the outstanding property that they only depend on
the Euclidean distance |& — 7|, because

& —nl* =167 =26 - n+ I =201—£&-n)

for all £, € Q. Since, for fixed £ € , the condition |§ — 5| = ¢ for € R? defines a
sphere, zonal functions are constant on the intersection of these spheres with €2. In other
words, &-zonal functions are constant on each circle on 2 which has & as a centre; see also

Figure 4.1.
For particular proofs and parameterizations, great circles on the sphere are of importance.

Definition 4.1.10 A great circle on the sphere Sg(0) is an intersection of Sr(0) and
a plane containing the point 0; see also Figure 4.2.
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Figure 4.2 A great circle on the sphere is shown from two different perspectives.

For a given sphere — without loss of generality, let us take 2 — a great circle G is
uniquely determined by two of its points &, € €, if these are not collinear, that is, if
& x 1 # 0 (equivalently, —1 < & - 7 < 1). In this case, & and 7 span a plane — the plane
whose intersection with €2 yields the great circle G. Clearly, & — (& -17)7 is located in the same
plane and is orthogonal to 7. Since |§ —(§ -mn|* = [§1>—2(6 -n)*+(E-n)*|n* = 1-(&-n)’,
we can easily normalize this vector such that G is parameterized by

E—(&-mn
VI—(E 2

¢(t) .= (cost)n + (sint) t €—m,m].

We have ¢(0) = 5 and
§—(&-mn
plarccosé - ) = (€ -mn+ /1 — ¢ - n)? ——= =§.
VI—E 7

Obviously, ¢ € C[—x, 7].

Let us now address some properties of integrals on the sphere.

We omit the proof of the following two theorems, which are somehow the surface coun-
terparts of Theorem 2.4.2; see Amann and Escher (2008, pp. 459-461), Freeden et al. (1998,
p- 16), and Freeden and Schreiner (2009, p. 40).

Theorem4.1.11 Let F,G € CP(T) be given functions and letT' C Q be a subset with
sufficiently smooth boundary ol (see Figure 4.3). Moreover, let the vector v denote
the outward unit normal surface vector field to 01'. Then the following identities are
valid.

(a) Green’s first surface identity:
/F VIG(E) - VEF(E) do®) + /F FEALGE) daf®)

0
= F —G dl(&).
/ar (€) o GO dIE)
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Figure 4.3 Subset I' (grey) of the unit sphere © with boundary aI" (dotted), unit surface
tangential vectors t (dark grey), and unit surface normal vectors v (light grey).

(b) Green’s second surface identity:

/r (FEALGE) — GEOALF(©)) dw(®)

9 9
= F&)—G& —-G¢&)——F dl(é).
/z;r ( & v(E) & 6 Bv(E) (E)) 9

If I' = €, then 81" = @ as a limit case such that the line integrals vanish.

Theorem 4.1.12 (Surface Theorems of Gaull and Stokes) Let I C Q be a subset with
sufficiently smooth boundary 01" with unit outer normal and positively oriented unit
tangential surface vector fields v and © to o1 (see Figure 4.3). If the vector field
f € V() is tangential (i.e., f(&)-& =0 forall & € Q), then Gauf’s surface law

/Vg-f(é)dw($)=/ v(E) - f(§)dI§)
r ar

and the surface theorem of Stokes

/FL’g-f(E)dw(E) = /ar T(§) - f(§)dl§)
hold true.
Since, for all F € CD(Q) and f € c'D(Q), we have
VE(FEFE) = (VIFE®) - fE + FEV*- f&),
L* - (FEFE) = (L*F©®) - fE) + FEL" - f(©),

& € 2, Theorem 4.1.12 obviously also yields the following integral identities.
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Corollary 4.1.13 For all F € CY(Q) and all tangential vector fields f € cD(Q),
the following identities hold true:

/ (VF®) - £(&) dol) = — / FEV* - £€)dal®),
Q Q
/ (L*F(©) - £(&)doo() = — / FEL* - £(6) do(e),
Q Q

/Q V' £(8) do®) = 0,

/QL* - f()dw(§) = 0.

An immediate consequence of Theorem 4.1.12 is that
/I(E)-f@)dl(é):O (4.6)
Y

for every sufficiently smooth, closed, and non-self-intersecting curve y on , if L* - f =0
on €. On the other hand, Theorem 4.1.6 tells us that L* - f = 0 holds if there is a function
G € CO(Q) with f = V*G. Indeed, there is a connection (see also Backus, 1986): let
0 <& < 1,n € Q and choose, for each & € , a curve y; C Q which starts in 5 and
ends in &. Moreover, let G € CV(Q) be extendedto allx e R* with 1 — & < |x| < 1 + ¢
by G(x) = G(x/|x|). Then V,G(x) = |x|_1V2‘G(§) with x = |x|{. Moreover, it is a
fundamental result of real analysis that

/ 2(©) - VEGE)IE) = / 2(@) - (Ve GO0, dI0) = GE) — Gn)
Ve Ye

is independent of the chosen curve yg from 5 to &. Vice versa, if L* - f = 0 on € and
f € cD(Q), then we set G(§) = fys 7(¢) - () dIE) + G(), £ € L, with an arbitrarily
chosen value G(7) at a fixed point € €.

If we choose the parameterization of y; sufficiently smooth and extend f to a volumetric
domain (like we did with G), then we can use again standard arguments from real analysis
to conclude that G € C?(Q), because f is continuously differentiable. Hence, our previous
derivations reveal that V*G satisfies fyg (¢)- V;‘G({)dl({) = G(&) — G(n) such that

/ ©(©) - (f(O) = ViG©) dIg) =0 4.7)
¥

for all &£ € Q. Since L* - (f — V*G) = 0 (see Theorem 4.1.6), all closed curve integrals
satisfy, due to (4.6), the identity

/ () - (f(©) = VFG(©) dI(§) = 0. (4.8)
Y

Hence, by combining closed curves with y¢ and using (4.7), we may conclude that (4.8) is
true for any arbitrary (sufficiently smooth) curve y on 2 (see also Figure 4.4). By shrinking
a curve y to an arbitrary point & and using the continuity of the involved functions, we get
that f(¢) = Vg‘ G (&). We proved the following theorem.
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Figure 4.4 The integral along the arbitrary curve ¥ from & to ¢ can be added to the integrals
along the curves from ¢ to 1 and from 5 to &. This yields a closed curve, along which the
integral of 7 - (f — V*G) vanishes. Since the added integrals along curves from and to 7
also vanish, also the integral of 7 - (f — V*G) along the arbitrary curve v must vanish.

Theorem 4.1.14 If f € c'V(Q) satisfies L* - f = 0 on Q, then there is a function
G € CP(Q) such that f = V*G. Moreover,

GE) -G = / (%) - (&) dID)

Y

for all £, € Q and every (sufficiently smooth and non-self-intersecting) curve from
1 to & with unit tangential vector t.

4.2 Spherical Harmonics and Legendre Polynomials

In Section 3.4, we derived a particular system of functions on the sphere, the fully normal-

ized spherical harmonics {Y, j},eNy; j=—n

n, Which is useful for representing harmonic

.....

functions (see Definition 3.4.24). Indeed, these functions have manifold applications in
Earth sciences and beyond. This is the reason why we study them in further detail here. We
will, however, follow a general ansatz of such functions for which the previously introduced
system is only a particular case (see also Freeden et al., 1998; Michel, 2013; Miiller, 1966).
Let us also here first summarize a few propositions which we have already proved:

The fully normalized spherical harmonic Y, ; is an eigenfunction of the Beltrami
operator to the eigenvalue —n(n + 1). This was a consequence of their derivation; see
(3.82) and the subsequent derivations.

.....

3.4.25.

The functions F,, ;(r§) = r"Y, j(§). r € R}, & € Q,and G, j(r§) = r "7'Y, ;(£),
r €IRT, & € Q, are harmonic. This is implied by the separation ansatz at the beginning
of Section 3.4 together with (3.81) and (3.95).
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+ A harmonic function on an open set D C R can be represented, in a neighbour-
hood of an arbitrary xg € D, in a series of homogeneous harmonic polynomials. We
denoted the set of all homogeneous harmonic polynomials of degree n on R¢ by
Harm,,(Rd); see Theorem 3.3.46 and Definition 3.3.47.

» The functions Y, ; have the form (see Corollary 3.4.16 and Definition 3.4.24)
Yo j (E(@.0) = cn (1 — PP 0)sinjg). if j > 0,
Yo (E(@.0)) = ¢ j(1 — 2P0y cos(g). if j <0,

where ¢, ; is a constant. Using the polar coordinate representation &(¢,t) of & € Q
(see also Example 2.5.4) and the common formulae

j .
< - J j—k ok
sin(jg) = E (—D* 1)/2( )cos/ sin® ¢,
J¢ - k @ @

k odd

J .
cos(jo) = Z (—1)"/2 (i) cos/* 7] sin® @,
k=0

k even

we see that all Y, ; are polynomials in &1, &2, and &3. Indeed, one can show that the
inner harmonic F, ;j(r&) = r"Y,, ;(§) is an element of Harm,, (R3). We will get this
as a byproduct later.

The fully normalized spherical harmonics Y, ; of degrees n =1,2,3 are shown in
Figures 4.5-4.7. Note the typical polynomial character of these functions.

We will use these common features of the fully normalized spherical harmonics as a
starting point for the generalization.

0.4

0.2

0

-0.2

-04

el 0.4 0.4

10.2 0.2
0 0
-0.2 -0.2
-04 -04

Figure 4.5 Scalar fully normalized spherical harmonics Y, ; of degree n = 1 and orders
Jj =—1,0,1 (sorted in reading direction).
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Definition 4.2.1 Let D C R? be an arbitrary non-empty subset. Then we define
Harm,, (D) as the set of all restrictions of all functions in Harm,,(Rd) to D. Further-
more, we set

n o0
Harmg,_,(R?) := @) Harm;(R?), Harmg,_oo(R?) := |_JHarmy, ;(R?).
i=0 i=0

0.5

-0.5 -0.5

Figure 4.6 Scalar fully normalized spherical harmonics Y, ; of degree n = 2 and orders
j=-2,...,2 (sorted in reading direction).

05

0

-0.5

Figure 4.7 Scalar fully normalized spherical harmonics Y, ; of degree n = 3 and orders
Jj =-3,....,3 (sorted in reading direction).



154 Basis Functions

The restrictions of such functions to D are collected, correspondingly, in the sets
Harmg_ ,(D) and Harmg_ (D), respectively.

Theorem 4.2.2 The following dimension formulae are valid:

1
dim Hom,,(R?) = n + 1, dim Hom,,(R3) = @

dim Harm,, (R*) = 21 + 1.

Proof We start with the general homogeneous polynomials and then consider the harmonic
homogeneous polynomials.

(1) The homogeneous polynomials:
For the homogeneous polynomials, we have already seen in Theorem 3.3.45 that
P € Hom, (R%) is uniquely representable as

Px)= Z C(Xx(lx1 ---xgd, x e RY.
aeNg
o) +tag=n
The rest is an easy combinatorial task: if d = 2, then all particular pairs («1,2) € N(Z)
with a1 + ap = n are given by (0,n),(1,n — 1), ..., (n, 1), which are n + 1 pairs. For
d = 3, we can, for example, choose o1 = 0, ...,n arbitrarily. Then we can choose
ar =0,...,n—aj and a3 = n — a1 — oy is fixed. This yields ZZI:O(” +l—a))=
Y i_1J =n(+1)/2triples « € Nj with o) + oy 4+ a3 = .

(2) The harmonic homogeneous polynomials:
Let H, € ngmn(R3). Using again Theorem 3.3.45, we can represent it as
Hy(x) = >"_ox] Ay j(x2.x3), x € R?, where A,_; € Hom,_;(R?) for all j =

j=0
0, ...,n. Since H, is also harmonic, this leads us to
n 2 2 2
d d d i
= > o+ 5+ ) [ A )]
2 2 2 1 J
o (axl dx;y 8x3)
n n—2 82 82
. i—2 i
=Y JG—Dx{ A j(ox) + Y x] (—2 + —2) Ap—j(x2,x3)
=2 =0 dx;  dx3
n—2 i 82 82
=Y x| G+ + DAnja(r2,x3) +{ == + — | Anmj(r2,x3) | -
) dxy  0x3

Hence, H,, is harmonic if and only if the A, ; satisfy the recurrence relation
_i—o(xp,x3) = - - + _ilx2,x
nojm2E R G+ +D 8x22 8x32 nmi 3

forall j =0,...,n —2. In other words, A, and A,_; are completely free to choose
whereas all the other A, —; are then uniquely determined. Thus, the following must
hold true:

dim Harm,(R*) = dim Hom,,(R?) + dim Hom,_1(R%) = 21 + 1. O
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Theorem 4.2.3 The restriction to the unit sphere does not change the dimension:
dim Harm,(Q2) = 2n + L.

Proof Obviously, dim Harm,(2) < dim Harm, (R3). Let us assume that there exist func-
tions Hy, ..., Hyy+1 € Harm, (R3 ) which are linearly independent while their restrictions
to €2 become linearly dependent. If now

2n+1

Z o Hilo =0 with (a,....0041) # (0, ....0),

j=1
then Z?’Sl ajH; solves the IDP on i, with vanishing boundary values. However,
the zero function on Qiy is the only solution of this IDP (see Corollary 3.3.4). Hence,
Z?’Sl ajH; =0o0n Qi and, since these are polynomials, also on the entire R3. This is a
contradiction to the linear independence on R3. Consequently, dim Harm, () = 2n+1. [

Corollary 4.2.4 For alln € Ny, we have dim Harmg,_,(Q2) = (n + 1)2.
Proof The dimension of Harmg_,(€2) is obtained via an easy calculation:

nn+1)

Z(2k+1)_2 +n+l=nn+D+n+1=@+17 O

k=0
We continue with a generalization of the fully normalized spherical harmonics, as it is,

for instance, also done in Freeden et al. (1998), Michel (2013), and Miiller (1966).

Definition 4.2.5 For all n € No, the finite sequence {Y j}j=—n,..,
arbitrary choice of an orthonormal basis of (Harm,, (€2), (-, ") Lz(Q)).

n represents an

Note that this convention is always and only valid for ¥ with a double index.
Definition 4.2.6 The elements of Harm,,(2) are called spherical harmonics.

Accordingly, Definition 3.4.26 of inner and outer harmonics can be generalized to
arbitrary choices of functions ¥, ;.

Theorem 4.2.7 The elements of Harm,, (2) are eigenfunctions of the Beltrami opera-
tor to the eigenvalue —n(n + 1).

Proof With Theorems 3.3.45 and 3.4.3 and with x = r&, & € 2, we obtain for every
H e Harm,,(R3), n € Ny fixed, with its corresponding C,, the identity

92 2 9 1
0=AHX) = Ay Y Cox® ( St ) > Culrg)
aeN3 aeN3
Ja|= ” | rL

? 29 1, al N N
Z(mﬁa_ﬁﬁ%)zca“&) (r&2)* (rg3)™

3
aeNO

laf=n
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w

= [n(n — 1)+ 2n]r" 2 HE) + r" P AFH(E).

9 29 1
z( + +r—2A§) (r"H(®))

Hence, A:;H@) =—nn+ DHE) forall & € Q. O

We do not know yet if these are the only eigenfunctions and eigenvalues. We will come
back to this question later on.

The combination of Lemma 3.4.13 and Theorem 4.2.7 yields further insight into the
specific properties of spherical harmonics.

Theorem 4.2.8 Let n,m € Ng withn % m and let Y, € Harm,(Q) and Y, €
Harm,, (2) be two arbitrary spherical harmonics (of, consequently, different degrees).
Then (Yn, Ym) LZ(Q) = O.

A fundamental property of orthonormal basis systems of spherical harmonics is the
addition theorem. There exist several ways of proving it, where each of them is rather
lengthy. For this reason, we omit the proof here and refer to Freeden et al. (1998), Michel
(2013), and Miiller (1966) for examples of proofs.

Theorem 4.2.9 (Addition Theorem for Spherical Harmonics) Let an arbitrary

.....

2n +

1
o Py(& - 1)

Y Y G i) =

j=—n
for all &, n € Q, where P, is the Legendre polynomial of degree n.

This is the right moment to remember what we have already found out about the Legendre
polynomials { P, },eN,-

» The function y = P, is the only polynomial which solves the differential equation
(1 = 2)y" () — 2tY' (1) = —n(n + Dy(r), t € [—1, 1], and satisfies

Py(0) = (—1)"/2% [(g) !]_2 if n is even,

and

1! 1 -1\, 1!
P0) = (— 102 ;) [("; )!("2 )1} if n is odd,

respectively; see Definition 3.4.7 and Theorem 3.4.9.

» P, is an even function if n is even, and it is an odd function if n is odd; see
Theorem 3.4.8.
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» The Legendre polynomials have the following explicit representation (see Theorem
3.4.10):

L5]
(2n — 20! n—2k
a0y = Z(_ T A

» The Rodriguez formula (see Theorem 3.4.15) says that

n

d
Xy @( 7 — n" rel-11]

» The following expansions in Legendre polynomials are valid (at least in the given
convergence range):

Pn(t) =

(1 =2th+h*)™ 1?2 = ZP(r)h" te[-L1L hel-1,1],

Z aky YY) kv e R Ixl < Iyl
= e () e ’

R — 72 2n+1 sr\»
(r2+R2—2rRt)3/2=nZT<E) Put). tel[-1L1.0<r<R.

See Theorem 3.4.17 as well as Corollaries 3.4.18 and 3.4.20. Note that the conver-
gence ranges for t and & are a bit different here than in Theorem 3.4.17, but it can
easily be proved that both sides of the first identity here solve the same initial-value
problem.

» With Py = 1, Pi(t) = t, and the recurrence formula

(n+ DPy1(0) = Qn + D1 Py(t) —nPp1(), n=1, (4.9)

the Legendre polynomials can be easily calculated; see Theorem 3.4.19. There are
numerous other recurrence relations, see Corollary 3.4.21.

« The Legendre polynomials are L?[—1, 1]-orthogonal. More precisely, the identity
f_ll P,(t)Py (t)dt = 84 2/(2n + 1) holds for all n,m € Np; see Theorem 3.4.22.

The latter property together with the fact that all polynomials on an interval [a, b] are dense
in (Cla,b]),|| - lloo) due to the Stone—Weierstrall approximation theorem (see Theorem
2.5.23) immediately yields another important property of Legendre polynomials.

Theorem 4.2.10 The Legendre polynomials P, constitute a complete orthogonal

System in (LZ[ LA () p2p—1, 1]) Moreover, {«/(Zn + 1)/2 P"}nENo is a complete
orthonormal system in (LZ[ LA () e, 1])

For an alternative proof, see the considerations after Theorem 4.2.21.
We will be able to prove further properties of the Legendre polynomials in this section.
One of them is an easy consequence of the already derived properties.



158 Basis Functions

Theorem 4.2.11 The Legendre polynomials satisfy

Py(—1) = (D", Py(1) =1,
Pj(—1) = (=1t pet 1) Pl = nnt+ D
2 2
2 _ 2 _
P(—1) = (—1)" n(n + 1)(n8 +n 2)’ PI(1y = n(n + 1)(n8 +n 2).

Proof Clearly, Py and P; satisfy all properties that we want to prove here. Using (4.9), we
get (with n > 1) that

(n+ DPpi(£]) = Qn+ 1) - (£]1) - Pu(£]) = nPp1(£D)
such that (by induction) P, () =2n+1—n)/(n+ 1) =1 and

(=2n — (=D —n(=1y*! iy n+1—n

=_1n+1’
n—+1 n—+1 =D

Pop (=D =

where the latter is also implied by P,+1(1) = 1 and the fact that P,,+1(—1) = (— 1yl Pny(1),
which is also applicable to the remaining proofs for values at 7 = —1 (note that P, ==
(— 1)"+2Pr’l+1(t) and so on). With (3.112) from Corollary 3.4.21, we getn P, (1) = P,(1) —
Pr’l_l(l) for n > 1 such that (again by induction) P,(1) =n + (n — Dn/2 = n(n + 1)/2.

Let us now differentiate (3.112). The result implies that nP,(1) = P.(1) + P]/(1) —
P/ (1) for n > 1. Hence, another simple induction yields

n(n+1)+(n—1)n[(n—l)2+n—l—2]

Pl()y=m—1

2 8
2 _ _
=n(n+1)[4n_4+(n_1)n 2n+1+n 3:|
n—+1
2y
=@[4n—4+(n—1)(n—2)]=”(”+1)(”8+” 2 u

The addition theorem (see Theorem 4.2.9) can be used to prove further useful proposi-
tions such as the following two norm estimates.

Theorem 4.2.12 Every spherical harmonic Y, € Harm,(R2) satisfies

2n+1
1Yallc = Igngas)zqyn@)' = Tdm ||Yn||L2(gz)-
In particular,
2n+1
1Yo, j ey < o

Proof With the arbitrary orthonormal basis of Harm, (£2), as introduced in Definition 4.2.5,
we can write | Y, (§)| = | Z?:_n (Yo, Yo, j) 1200 Yn,j(§)| for all ¢ € 2. Hence, the Cauchy—
Schwarz inequality in R?* ! (see Theorem 2.5.8) implies together with the addition theorem
(Theorem 4.2.9), the Parseval identity (see Theorem 2.5.25), and Theorem 4.2.11 that
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. 172 172

Z <Y"’Y"1/>2LZ(S2) Z Y, j(6)

j=—n j=—n

2n+1 1/2 2n+1
1Yall 120 Tpn@'é) = [1Ynll 12 ar

for all £ € Q. This inequality immediately yields the results of Theorem 4.2.12. O

1Y, (8)]

IA

A corresponding result can also be proved for the Legendre polynomials out of the
addition theorem.

Theorem 4.2.13 The Legendre polynomials satisfy
[ Pallci-1,11= max [P,(t)] = Py(1) = 1.
te[—1,1]

Proof Lett € [—1,1] be arbitrary. Obviously, there exist &, € Q such thatt = & - 7.
Then the addition theorem (Theorem 4.2.9) again in combination with the Cauchy—Schwarz
inequality in R?**! (Theorem 2.5.8) and Theorem 4.2.11 yields

4 "
[Pal -l = 5= Z Y, j (€)Y, j(n)
j=—n
. 172 . 1/2
< TS @] [ nm?
“2n+1\, I , I
J=—n j=—n
4 2n+1 V2 ron 41 12
= — P, (& P,(n - =1,
2n+1( 1 n(§ E)) ( - (1 77))
where we already know that 1 = P,(1). ]

We need another fundamental property of spherical harmonics: all choices of function
systems {Y"*j}neNo;j:—n _____ , are complete in (LZ(Q), (-, -)Lz(Q)). This means that every
F € L*(Q) can be expanded into a (Fourier) series in this orthonormal basis. For proving
this, we first have to do some preparations. They start with remembering an important
result from our considerations about boundary-value problems of the Laplace equation: the
Poisson integral formula. We will call the following variant the Poisson integral formula of
constructive approximation on the sphere (see, e.g., also Freeden et al., 1998, Theorem

3.4.1; and Michel, 2013, Theorem 5.19).

Theorem 4.2.14 (Poisson Integral Formula) Let F € C(2). Then the following
uniform convergence holds true:
1 (1=r)F()

li — d - F =0. 4.10
AL 3w Jo a2 g OO o
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Proof We consider the interior Dirichlet problem (IDP): find a function U € CO(Qim )N
C(Qjne) such that AU = 0in Qi and U = F on 2. The Poisson integral formula which
we have already proved, namely Theorem 3.3.38, tells us that

1—r2
A (1 4+r2 = 2r - n)3/2

UGre) = / F(n) dol). 0<r<LlEieq,
Q

solves this IDP. Since U € C(Qiy ), it is uniformly continuous: for each ¢ > 0, there exists
8 > 0 (without loss of generality, § < 1) such that, forall x,y € Qine with |x — y| < 8, we
have |U(x) — U(y)| < ¢. In particular, if y = & € Qand x = r& with 0 < r < 1, then
we have |U(r&) — U(§)| < eforall r € [1 — 4, 1[. In other words,

1 (1 —I’Z)F(n)
a7 Jo (1 +7r2 =278 - )32 do(n) — F(§)| < ¢

forall ¢ € Q and all € [1 — §, 1[. This is the required result. 1

Let us have a look at the Poisson integral formula in this version and the Abel-Poisson
kernel. From Corollary 3.4.20, we know that it can be represented as follows (here, with
R =1 again):

e ¢}

1 1—r2 2n+1
=Y TPy )
n=0

4 (1+ 72— 278 - )32

4

for 0 <r <1 and &,5 € Q. Obviously, for each fixed r, this series is uniformly con-
vergent in & and 7, because |P,(&§ - n)| < 1 for all &, € Q2 (see Theorem 4.2.13) and
thio(Zn 4+ 1)r" < 400. Hence, Theorem 2.4.5 allows us to interchange the series with
the integral in (4.10) such that

e ¢}

! (L= r)F() X2+l
E/gz(1+r2—2rg.n)3/2 dw@—g ey /QF(U)P,,(E-n)dw(n)

=> > /Q F() Yy, j(n)deo(n) Yo, ; (§)

n=0 j=—n

“.11)

forall £ € Q and all r € [0, 1[, where we used the addition theorem (Theorem 4.2.9) here.
Note that fQ FYy, j(mdo(n) = (F,Y, ) 12() and we know that the functions Y, ; are
orthonormal in L?(2). Hence, the Bessel inequality (see Theorem 2.5.25) implies that there
is a constant C > 0 such that |(F, Y,,,j)Lz(Q)| <Cforalln e Ngandall j = —n,...,n.
In combination with the estimate |Y, ;(§)| < +/(2n + 1)/(47) (see Theorem 4.2.12), we
are now in the position to conclude that the series in (4.11) also uniformly converges with
respect to & € 2 and for each fixed r € [0, 1].

Now let ¢ > (. We consequently find an N = N(r,e) € N such that the remainder
satisfies
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Z Z (F.Yn,j) 1200y Y, j =

n=N+1 j=—n c©)

Do ™

Here is now the link to the Poisson integral formula from Theorem 4.2.14: to the very same
& > 0, we also find a rg € [0, 1] such that (remember (4.11))

o0 n
Yo D G F Y gy Ve, — F =<

n=0 j=—n C(Q)

N

The triangle inequality eventually yields that for each & > 0, there exist ro € [0, 1[ and
N = N(rg, &) € N such that

Z Z ro Lz(Q)Y <e.

n=0 j=—n Q)
In other words, no matter how small the chosen error tolerance ¢ might be, for every contin-
uous function F: & — R, there exists a finite linear combination of ¥;, ;-functions which
uniformly approximates F with this error bound ¢. We have already learned that there is a
name for such a property (see Definition 2.5.26).

n 18 closed (in the sense of the

.....

Theorem 4.2.15 Each system {Y, j}neNg; j——n
approximation theory) in (C(Q), Il - ||C(Q)).

We now first use the fact that || - [c(q) is ‘stronger’ than || - || 2(q) (see Theorem 2.5.20,
part b) and then the property of C(2) as a dense subset of L%(2) (see Theorem 2.5.21) to
make the following conclusions.

Theorem 4.2.16 Each system {Y, j}neNg; j——n
approximation theory) in (C(Q), -l LZ(Q))~

n Is closed (in the sense of the

.....

Theorem 4.2.17 Each system {Y, j}neNg: j=—n
approximation theory) in (LZ(Q), I - ||L2(§2))~

n I8 closed (in the sense of the

.....

The latter result is a major property of the ¥, ;-functions, because they are constructed
to be (-, ) 1 2(q)-orthonormal, and now Theorem 2.5.25 on complete orthonormal systems
comes into play.

Theorem 4.2.18 Every system {Y, j}neNy; j=—n
system in (LZ(Q), () LZ(Q))'

n Is a complete orthonormal

.....

The fact that the ¥, ; constitute a basis is a reason to come back to the identity A*Y,, ; =
—n(n+1)Y, ; because the combination of both yields an alternative way of defining spher-
ical harmonics.

Theorem 4.2.19 All eigenvalues of the Beltrami operator A*: CD(Q) — C(Q)
are given by the sequence (—n(n + 1)),eN,. The eigenspace corresponding to the
eigenvalue —n(n + 1) for n € Ny is Harm, (€2).
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In other words, the spherical harmonics are the eigenfunctions of the Beltrami operator.

Proof We first determine the eigenvalues and then derive the associated eigenfunctions.

(1) Eigenvalues:
With Green’s second surface identity (Theorem 4.1.11), we can deduce that
Jo (FOALY, j(§) — Yy j(OAFF(§)) dw(§) = O for all F € C(R),n € No, and
j € {—n,...,n}. If we now assume that A*F = AF for a constant A € R and use
that A*Y,, ; = —n(n + 1)Y, ;, then we get

(=n(m +1) = M) (F. Yy j) 120 = 0. (4.12)

which holds again for all n € Ng and all j € {—n, ... ,a}.If A £ —n(n 4 1) for all
n € Ny, then (4.12) can only be true if (F,Y, ;) 2@ = 0 for all n € Ny and all
J € {—n,...,n}. Due to the completeness of the ¥, ; (Theorem 4.2.18), this means
that ¥ = 0 and, hence, F is not an eigenfunction (remember that the zero vector
is, by definition, never an eigenvector). Thus, if F # 0, then there must exist an
n € Np such that A = —n(n + 1). With our knowledge about the ¥, ;, we have
already observed that these eigenvalues, indeed, all occur.
(2) Eigenfunctions:

If A=—k(k+1) for a fixed k € Ng, then (4.12) implies (F, Y,,,j)Lz(Q) =0
forall » € Nog \ {k} and all j € {—n, ... ,n}. On the other hand, the basis prop-
erty of the Y, ; (see Theorem 4.2.18) implies that F has the expansion
F=Y%, Z?:_n(F, Y j)12(q) Yn,j in the sense of L?(R). Hence, F must be
representable as F' = ZIJ‘.:_,{(F, Yk,j)Lz(Q) Yy ; and consequently F € Harmy (£2);
see Definition 4.2.5. Ll

Since we constructed the fully normalized spherical harmonics as orthonormal eigen-
functions of A*, we see now that, indeed, they are a particular case of the more general
Definition 4.2.5.

Corollary 4.2.20 The system of fully normalized spherical harmonics Y, j,
Jj = —n, ...,n, constitutes an orthonormal basis of (Harm,($2), (-, -) LZ(Q))

In view of what we learned about the expansion of harmonic functions in homogeneous
harmonic polynomials, we can now indeed conclude, for example, that the solution of the
IDP (AU = 0in Qiy, U = F on X) is representable by the following formula U(r§) =
I Z?:_n(F, Yo )12 " Ya, j (§) with r € [0,1] and & € 2 (see also the discussions
after Theorem 3.4.25).

A similar result as in Theorem 4.2.19 can be shown for the Legendre polynomials P,.
Remember that they were introduced as solutions y = P, of the differential equation

(1= )y"(t) = 2ty (1) = —n(n + Dy ().

The left-hand side of this equation corresponds to a well-known differential operator, the
Legendre operator; see Definition 3.4.5.
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Hence, £ P, = —n(n + 1)P,. Moreover, L is a part of the Beltrami operator (see
Theorem 3.4.3) such that A’g =L+ - 2)_1 a 5. Consequently, if F € CO[-1,1]
and A € R such that £ F = L F, then this is equwalent to

Af 182F3—,\F3 forall & € Q
(S—ma—wz) (e7-&)=AF(e7 - &) forallé e Q.
Note that & - & yields the polar distance 7 of £ (see Example 2.5.4). Hence, L F = AF <
A*F(g3-) = AF(&3.). With Theorem 4.2.19, this means that £ F = AF if and only if there
exists n € Ng such that A = —n(n + 1) and F(¢>-) € Harm,(2). Furthermore, Theorems
4.1.9 and 4.2.9 and Lemma 3.4.13 allow us to conclude that

1
/ F(t)Pp(t)dr = % / F(&? - £)Pu(e? - &) dw(®) (4.13)
-1

2k_|_1 Z / F(S )Yk/(%')dw@)yk/(g )=20

forall k € Ng \ {n} and all j € {—k, ...,k}. In other words, £ F = A F is valid if and only
if there exists n € No with A = —n(n + 1) and (F, Pr)12;_; 13 = Oforall k € No \ {n}. By
consulting Theorem 4.2.10, we arrive at the following result.

Theorem 4.2.21 The eigenvalues of the Legendre operator L have the form
—n(n + 1), n € Ng. The eigenfunctions corresponding to the eigenvalue —n(n + 1)
have the form c P,, where ¢ € R\ {0} is a constant and P, is the Legendre polynomial
of degree n.

In this book, Theorem 4.2.10 on the completeness of the Legendre polynomials followed
in parts from the Stone—Weierstral3 approximation theorem. With the knowledge of the
completeness of the V), ;, we also could have proved it now with an alternative argument
similar to (4.13): for all 5 € Q and all F € L?[—1,1], we have

1 ) k
/_ Fonoa =32 ,; /Q Fn- &) Ye ;&) do®) Ye, ;(n)

for each £ € Ng. Hence, if (F, Pk)Lz[—l,l] = 0 for a given F ¢ [*[—1,1] and all k €
Np, then the right-hand side must also vanish accordingly. Since the zero function is also
uniquely representable in the Yy ;, the vanishing integrals imply that the function 2 > &
F(n - &) must vanish almost everywhere. Hence, F = 0 also in LA[—1,1].

Eventually, we briefly mention how fully normalized spherical harmonics can be calcu-
lated numerically. The following algorithm is based on Fengler (2005). Note that the fully
normalized spherical harmonics include the factor

2n+1 (n — jH!
(n+ j)!

P, ()= Py (), tel-1,11 (4.14)
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Since factorials quickly become extremely large, which can result in numerical instabilities,
it should be utilized that the fraction (n — j)! /(n 4+ j)! is not large. Therefore, we use a
property from Robin (1957, p. 100, (47)).

Theorem 4.2.22 The Legendre functions Py ; satisfy
(n— P, j() —Cn — DtPyy j(0) +(m+ j— DPp j(t) =0

forallt € [-1,1l,n € N\ {1}, and j € {0,...,n — 1}, where Py_3 ,—1(t) = 0
forallt.

Proof We recall the results from (3.110), (3.112), and (3.114), which read

nP,(t) = 2n — Dt Pu1(t) — (n — DP,_5(r), (4.15)
(n—DPu1(t) =tP,_ (1) — P, _, (1),
nP,_1(t) = Py(t) —tP,_,(t).

By adding the latter two identities, we get
(2n — DPy_1(t) = Pi(t) — P, _,(1). (4.16)

We now derive (4.15) j times and (4.16) j — 1 times. This results (with the Leibniz rule;
see Theorem 2.3.6) in

nPY @)= @n— i P )+ 2n — D PI V0 — = BP0y 417
and
en—DHPY Py = PP(0) — P o). 4.18)
We insert (4.18) into (4.17) and obtain
(n— DRI O = @n = 1P @) — (0 + j — DPL, (@)

The multiplication with (1 — #%)//? and a consultation of Corollary 3.4.16 yield the desired
result. Note that P,E'Sl) = 0 such that the theorem is also validin the case j =n — 1. [

With this result in mind, we can now derive that

N n—j =~
(n— Py j(1) =y/2n+ D2n — D1t /m 1, (1)

. nt+1(n—pn—1-j) 5
_(n+J_1)\/2n—3(n+j)(n—1+1) n=240)
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such that

Cn+1DH2n—1)
(n—j)n+j)

_\/(Zn—l-l)(n—l—j)(n—l—l—j) N

Py (1) = t Pyt (1)

==ty O (4.19)

To have a complete recursion, we also need formulae for 13,,, j with j > n— 2. We have that
(remember Corollary 3.4.16)

(1 — 22 (2n)!

(1 _ t2)n/2ﬂ(l‘2 _ 1)}1 -
27 p) dr2n 2" n!

and, consequently, forn > 1,

Pn,n(t) =

1
Pan) = 5N T= 1220 Q0 = DPycg st = 2 = DYT =2 Py a0,

Hence, again for n > 1, we obtain

~ 2 1 1 -
Pt = |22 @n = D1 =22 Byy py()
' 2n—1 2n(2n—1) ’
2n+1 -
= 1—172 Pn—l,n—l(t)-
2n

Moreover, still for n > 1, we can derive that

A L Tha a1 T
1 _
= W(l — =D ¢
1
= 3oy T @n = Dl = @n = Dt Py (),
n — !

where always ¢ € [—1, 1] in the considerations here. Hence,

2n+1 1
2n—1 2n—1
We also need to calculate the trigonometric part of the fully normalized spherical harmonics.
First, we recall that £ €  satisfies in polar coordinates £ = +/1 —t2cos¢ and & =
/1 — t2sin @. If we now set z = & +i&, with the complex imaginary constant i iZ=-1,
then

Pop—1(t) = Qn — Dt Pyyn—1() = 20+ 1 Pu_y p_1(2). (4.20)

=1 =2 (cosp +ising) = (1 —>)//%V¢

= (1 — %/ [cos(jg) +isin(jp)].
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This shows us that we obtain the factor (1 — r2)//2 of the associated Legendre functions
from the calculation of the trigonometric part of the fully normalized spherical harmonics.
We have the following (see Definition 3.4.24 and Corollary 3.4.16):

2 1 1
Yn,j(s«a,r)):\/ et L S A

4 (n+|jD! 2np

el oL [SE ey =t
x n-H/\( .

d N+t j=—n.....0,

where 3 and N stand for the imaginary and the real part of a complex number. Together
with (4.19), we now have found a way to calculate the fully normalized spherical harmonics
numerically. Note that the previous considerations also yield that

2n—|—1

(1 —tH™2P, (1) = (1=~ D2p, 1, 1),

(1 —H™=DR2p, ) = vzn + 11—~ =D2p, 1,1 (0).

Algorithm 4.2.23 The following algorithm yields Y, ;(§) at a given point & € Q for
all degrees n < N and all orders j = —n, ..., n.
Given: & € Q, maximal degree N € N.

(1) Let 7z := & +i& and Py = 1.
) forj=1t N,
Piy1 =P -z

end

(3) Let Xo,0 =/ 1=

@) forn=1to N,

Xnn = 2n+1 Xn 1,n—1
end

5) forj=0t N —1,
Xjr1,j =4/2j+3tX;
forn=j+2to N,

[GntDH2n=1) Cn+D)(n=1=)n—=1+)) .
Xnj =N T=parp X1 _\/ Gty X2

end
end
) forn=1to N,
forj=1toN,
Xnj = Xnj V2
end

end
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(7) forn=0to N,
for j=—nto0,
Yo j = Xnj - NP

end
for j=1ton,
Yn,j = Xn,j . SSPJ'
end
end

The array Y, ; contains the values of the fully normalized spherical harmonics

Yn,j(é)

Note that for large degrees (where the maximal degree of the gravitational model
EGM?2008 is already large in this sense), the calculation of the fully normalized spherical
harmonics becomes unstable due to the common machine accuracy. This problem can be
overcome by scaling the occurring terms appropriately; see Holmes and Featherstone
(2002). More advanced techniques are also available for extremely large degrees in
Fukushima (2012).

The recurrence relation in Theorem 4.2.22 can also be used to prove a well-known
theorem on spherical harmonics; see also Seibert (2018, Theorem 3.3.5) for a generalization
of this formula.

Theorem 4.2.24 (Christoffel-Darboux Formula) In the case of the fully normalized
spherical harmonics, we have
L—1

(g — 1) Z Yo, j(EVn, j() = cr.j (YL, jE)YL—1,j(n) — YL_1,;(E)YL, j(0)
n=|j|
(4.21)

Jorall L e N, allé,ne€ Q,andall j € {—L+1,...,L— 1}, where ts and t, are the
polar distances of & and n, respectively, and

e = (L2 = PEL2 — 1) = (L — XL+ HEL + DL — 1,

Proof With (4.19) and the abbreviations in (4.14) and Definition 3.4.24, we obtain
Y, ()= crji te Y1, j(6) — Cn—l,jC,;; Yy 2, j(§),& € Q,foralln > 2andall |j| <n—2.
Hence, 1 Y, 1 j(§) = ¢, j Yu, j(E) + 1, j Y2, j(§), & € Q. Certainly, this is also analo-
gously valid at the point 1 € 2. With a little index shift (n — 1 — n), we get

te Yo, j(6) = cut1,j Yor1,jE) +cp j Vo1, ;(8), § €S2
ty Yo, ;1) = cnt1,j Y1, j0) + Cn,j Y1, 501, 11 € &,

foralln > landall j € Z with | j| < n—1.Moreover, for |j| = n,wehavec, ; = ¢y n =0
and ¢y11,; = Cop1n = v/ 20+ DQ2n+ D120 +3)~1 = (2n + 3)~1/2. Hence, (4.20)
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shows us that the preceding identities are also valid for | j| = n. With this knowledge in
mind, we observe that

te Yo j(E)Yn, j(7) = cpnr1,j Your1, j(E) Y0, jO1) + cn, j Yn—1,;(E) Y0, j(0)
Iy Yn,j(n)Yn,j(%') = Cn+1,j Yn+1,j(77)Yn,j(§) + cn, j Yn—l,j(n)Yn,j(%')
and, consequently, again using that ¢, ; = 0 forn = | j|, we get

L-1

(te — 1) Y Yo j (&) Y ()
n=|j|
L-1 L-1
= Yt Yar jE Ya jD + Y cnj Va1 jE) Ya j(0)
n=|j| n=|j|
L-1 L-1
— > w1 Yar1 j(D Ya jE) = D cnj Yar1, i) Ya ;)
n=|j| n=|j|
L L-1
= Y iY@ Ya1 i+ Y cnjYao1jE)Ya i)
n=[j|+1 n=|j|
L L-1
— Y i YujDYar1 ;@ = Y cnj Yar1 j () Ya i)
n=lj|+1 n=|j|
=cr,j YL, j(E)Yr-1,;00) —cr,j Y, j(M) Y1, j(§)
It is easy to see that this is (4.21). Ll

4.3 Vector Spherical Harmonics

In this section, the well-known theory of vector spherical harmonics is summarized. The
considerations are essentially based on Edmonds (1957), Freeden et al. (1998), Leweke
(2018), and Morse and Feshbach (1953a,b). Not all properties of vector spherical harmonics
will be discussed here. For further details and applications, see these references as well as,
for example: Balandin et al. (2012), Barrera et al. (1985), Carrascal et al. (1991), Clapp and
Li (1970), Dahlen and Tromp (1998), Freeden and Gutting (2008), Freeden and Gutting
(2013), Freeden and Schreiner (2009), Gubbins et al. (2011), Hill (1954), Sanna (2000),
von Brecht (2016), and Weinberg (1994).

Intuitively, one would guess that each scalar spherical harmonic Y, ;, which we have
already discussed in detail, should be transformed into three vectorial functions in an
appropriate way in order to get an orthonormal basis for L?(2, R?) = 12(Q). Indeed,
this is a viable strategy and, certainly, there is more than one way of constructing such
systems. Two very easy possibilities are represented by multiplying the ¥, ; with vectors
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which are orthonormal in the Euclidean (i.e., Cartesian) sense. In other words, the systems
{El Yn,j}i:1,2,3; neNg; j=—n,...,n and

{SrYnJ} Mo SGecny el U{eYn i} neng

are both complete orthonormal systems in 17(2), which is rather obvious. The latter system
is definitely preferable in Earth sciences, because it allows one to separate fields f € 12(R)
into their normal and tangential components.

However, these simply constructed bases do not suffice for all applications or are, at
least, not as practicable as some other available options. For example, when talking about
gravitation, then the gradient VV of the gravitational potential is an important physical
quantity, because it is proportional to the gravitational force and it also becomes available
from satellite-to-satellite tracking techniques; see, for example, Freeden et al. (2002).

From Theorem 3.4.1, we know that

0 1
VXF(x)zéa—rF(ré)—l—;Vg F(r§), x=r& € e, (4.22)

for (continuously) differentiable functions F. In this respect, it makes sense to introduce the
following established alternative approach (see also Theorem 6.3.8).

Definition 4.3.1 For functions F € C(Q) and G € CV(Q), we define the operators
of F(£) = £F(£). of G(§) = V} G(£), and o) G (&) := LEG (), where the surface
curl gradient L* is deﬁned in Deﬁnmon 4.1.1. Moreover w1th 0; :=0fori =1and
0; == 1fori € {2,3}, we define the functions y = ||0(’)Y,, j ||12 i)Y,, ;j and call
(l)

@
i €{1,2,3} the type, n > (; the degree, and j € {—n, ., n} the order ofy

These functions are called the Morse-Feshbach vector spherical harmonics (see
Morse and Feshbach, 1953a,b). These functions are normalized by definition and their
norms are easy to determine: for type i =1, we get fQ |0(;)Y,,,j(§)|2da)(§) =
fQ(Y,,, j(é))2 dw(§) = 1 and, for type i = 2, by using Green’s first surface identity
(Theorem 4.1.11) and Theorem 4.2.19,

Jil

s ®)f do®) = [ 957,50 o)

== [ Fa OB €40 = 0+ 1) 1T,
Q [E—
=1

Moreover, with the Lagrange identity (see Theorem 2.1.5) and Theorem 4.1.6, we obtain

I

2
n,j@)‘ dw(é)=/ﬂ|§ X ViYs ;)] da®)

= [ P 19,0 = (¢ VY0, do®) = niu-+ 1),
Q ——

=1 0
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Hence, the Morse—Feshbach vector spherical harmonics have the form

1
MHE) =EY, ©), yE) = T VT ®)
3) _ * i
yn,j@) = 7’1(” D LgYn,/@)-

Next, we verify the orthogonality of these functions. For equal degree-order pairs (n, j),
Theorem 4.1.6 yields, if n > 1, that

Vi) 3HE) = Yo jEVE - VY j(®)ntn + DTV =0,

Vi) 3 E) = Yo jE)E - LY, j®)lnn + DIV =0,

WHE) 38 = [V j(©)] - [LY )] Inn + DI = 0.

In other words, these three functions are pairwise orthogonal in the Euclidean (or Cartesian)
sense, that is, pointwise orthogonal. For arbitrary pairs (n, j) and (m, k), it requires some
more work to prove the orthogonality. However, the preceding arguments remain valid for

WhE ® =0 Y@ yDe =0 (4.23)

Note that, in an arbitrary point & € 2, the vector £ is also the outer unit normal to 2
in this point &. In this respect, (4.23) simply reflects the fact that Morse—Feshbach vector
spherical harmonics of type i = 1 are normal vector fields to the sphere and those of type

i = 2ori = 3 are tangential. Merely the combination of yr(lz; and yr('i)k or of yr(l’)l and
(@)

Y.k | = 1,2,3, does not necessarily yield a pair which is pointwise orthogonal if (n, j) #

(m, k). Nevertheless, we have the 17(2)-orthogonality. Corollary 4.1.13 yields together with
Theorem 4.1.6 that

/ V¥ j(€) - L Yo (6) dao(§) = — / Yo j ) VE - LY k(&) deo(®) = 0
Q Q ——————
=0

For (n, j) # (m, k), we get additionally
/Q (EYa/(®)) - (EVmr(®)) dar(®) = /Q Yo 1(8) Yo 1€ )do(®) = O,
/ (V*Ep 18)) - (V" Em 18)) dool) = — / Yo 1(8) AV (€) dao(®) = O,
Q Q ~——
=—m(m~+1)Yy (&)
/Q (LY 16)) - (L F 6)) deo() = /Q (V¥ 1(8)) - (V*Em 4(8)) doo() = 0

in analogy to the calculation of the preceding norms.
So, we have the following intermediate result.

Theorem 4.3.2 The system { yr(li)j} is orthonormal in 12(S).

ie{1,2,3},n>0;, je{—n,...n}
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Plots of some Morse—Feshbach vector spherical harmonics can be seen in Figures 4.8—
4.13. The functions of type 1 are normal to the sphere whereas the others are tangential.
Moreover, due to Theorem 4.1.6, we have L* - y,(lz; = 0 and V* . y,(f; = 0, that is, the
functions of type 2 are surface-curl-free and those of type 3 are surface-divergence-free.

The next step is to show that the Morse—Feshbach vector spherical harmonics also con-
stitute a basis in 12(2).

Theorem 4.3.3 The orthonormal system { yr(li)j }
12(S2).

i€1,2.3},n0;, je{—n,....n) S complete in

Proof We first consider functions f € c!(Q) only. Let us assume that
/ WLE) - &) do &) =0 (4.24)
Q

fQ Y, ;j&)§ - f(§)dw(E) = Oforalln € Ngand all j € {—n,....,n}. Due to the
completeness of the scalar spherical harmonics (see Theorem 4.2.18), this means that
& f(&) = Oforall & € Q (since f is continuous, this really holds true pointwise).
Moreover, types i = 2 and i = 3 in (4.24) in combination with all identities in Corollary
4.1.13 lead us to

/Q Yo 6) Vi - F(&) do®) = 0 = /Q Yo JOLE - F(E) dor(®)

foralli € {1,2,3},h > 0;,and j € {—n,...,n}. For type i = 1, this means that

foralln € Ngand all j € {—n, ... ,n}. Note that n = 0 is included here! Hence, V* - f =
L*- f = 0. Now, we can use Theorem 4.1.14, which tells us that there exists a function
G € CP(Q) such that f = V*G. Hence, 0 = V* - f = A*G and consequently G must
be a constant function such that f = 0. This means that the functions y,(ll)l are complete in
(D), (-, -)lz(Q)) and consequently also closed; see Definition 2.5.26 and Theorem 2.5.27.
Finally, Theorem 2.5.22 shows us that these properties can be extended (for each component

of the vectorial functions) to all f € (). ]

Note that this system is also closed in (c(£2), || - [lc(2)); see, for example, (Freeden et al.,
1998, Theorem 12.3.5).

Let us have a look at further properties which can be proved for vector spherical harmon-
ics. For instance, we have an addition theorem for scalar spherical harmonics (see Theorem
4.2.9) which says that

2n+1
4

Y Y i i) =

j==n

Pu§ - 1)

forall&,n € 2, where P, is the Legendre polynomial of degree nn. Analogously, we can state
the well-known vectorial version of the addition theorem: let n € Ng and i1,i» € {1,2,3},
where n > 1,if iy % 1 oris % 1. Then

n . . n N2
Y@ eym =Y (kPu) T [o M ®] @ [ofYa ).

j=—n j=—n
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| 1
y:ll LN

(@) P —
n,j of typei =1, degrees n €
{1,2},and orders j € {—n, ...,n} (based on the scalar fully normalized spherical harmonics,
which are represented by the shading): it can be seen that the functions of type i = 1 are

normal fields to the sphere.

Figure 4.8 Vectorial Morse—Feshbach spherical harmonics y
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Figure 4.9 Vectorial Morse—Feshbach spherical harmonics y(i)j oftypei = 1,degreen = 3,

n,
and orders j € {—n, ...,n} (based on the scalar fully normalized spherical harmonics, which

are represented by the shading): it can be seen that the functions of type i = 1 are normal
fields to the sphere.
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(2) ?
V141 (2)

Figure 4.10 Vectorial Morse—Feshbach spherical harmonics yr(li)j of type i = 2, degrees
n € {1,2}, and orders j € {—n,...,n} (based on the scalar fully normalized spherical
harmonics, which are represented by the shading): note that the functions of type i = 2 are

tangential and surface-curl-free fields to the sphere.



Figure 4.11 Vectorial Morse—Feshbach spherical harmonics v,
3,and orders j € {—n, ...

and surface-curl-free fields to the sphere.

4.3 Vector Spherical Harmonics

{a

{a

a
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“

()

oftypei = 2,degreen =

,n} (based on the scalar fully normallzed spherical harmonics,
which are represented by the shading): note that the functions of type i = 2 are tangential

175



176 Basis Functions

Y i
Y11 v

(i) i

n j of type i = 3, degrees
n € {1,2}, and orders j € {—n,...,n} (based on the scalar fully normalized spherical
harmonics, which are represented by the shading): note that the functions of type i = 3 are

tangential and surface-divergence-free fields to the sphere.

Figure 4.12 Vectorial Morse—Feshbach spherical harmonics y
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Figure 4.13 Vectorial Morse—Feshbach spherical harmonics y(i). of typei =3, degreen =3,

n,

and orders j € {—n, ...,n} (based on the scalar fully normalized spherical harmonics, which
are represented by the shading): note that the functions of type i = 3 are tangential and

surface-divergence-free fields to the sphere.
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where
,bbg,l) — 1, ifi =1,
nn+1), ifi=2o0ri=3.

Hence, in the sense of Definition 4.1.2, we get, due to the scalar addition theorem, the
identity

2n—|—1

n ) ) ' ' 12
> e @y = (i) o @ ol Pt )

j=—n
Theorem 4.3.4 (Addition Theorem for Vector Spherical Harmonics 1) The Morse—

Feshbach vector spherical harmonics satisfy

1
EIW%@®WW)— i

/_—n

p&m@m £ €, (4.25)

foralli,io € {1,2,3} and all n € Ng with n > max (Oil,Oiz), where the (i,i)-
Legendre-tensor field of degree n is defined by

. RS Vo R .
PG = (10n?) oV @ PP ). e
Furthermore,

2n—|—1

> . Eeq (4.26)
j=—n

foralli € {1,2,3} and all n € Ng withn > 0;.

Proof We have already proved (4.25). For (4.26), we need the case i1 = i only and
set i = i; = Iy. Moreover, |y,(ll’)j(§)|2 = tr(y,(li)j(é) ® y,(lf)j(é)), where tr stands for the

trace of a second-rank tensor. For i = 1, the calculations are simple: |y21;(§)|2 =t ®
&)Yy, j(§)Yy, j(§) such that

3

j==n

2 1 2 1
5 2n + Put - £) = n—+

el =kr 2

We used here Theorems 4.2.9 and 4.2.11. For i = 2, we apply Corollary 4.1.5 and Theorem
4.1.3 and get

VEQ Vi Pul6 - ) = Vi@ [ Pr6 - )& — (& - i}
=%@4mWwema®E—@wm
+P,E-Mi—-E®E—[n— (& nEl@n}.
Hence, Theorem 4.2.11 yields
2. P

j=n

_ 2241 1 2n+ 1
47 nn -%1)})(D(3_'§|) 47
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With the same corollary and theorems, we can handle the case i = 3:
Li@Lr PuE - n)=L{ @ [Po(& - n)n x &]
=P/E - MEXM@M xE)+ P& -m[-n®E+ (¢ -mil
and consequently
n

j:—n

_ 241 1 241

2 2
y (+1)P(§ O~ 1E1° +3161°) = i O

Within the proof of Theorem 4.3.4, we derived formulae for the Legendre-tensor fields
(l Dfori = = 1,2,3. For a complete list of all nine formulae (including mixed types i1 and i»);
see, for example Freeden et al. (1998, Theorem 12.6.3).
The scalar addition theorem allowed us to derive further interesting propositions such as
an estimate for the maximum of spherical harmonics. This can also be done in the vectorial
case.

Theorem 4.3.5 Leti € {1,2,3} and n € Ng withn > 0;. If we have a function
fe span{y,(l)l}lf_n o then

.....

n—+
Iflley = dm £z e-
In particular,

2n+1
) 47

(@)
Ya,j

forall j = —n,...,n.

Proof Due to the orthonormality of the y(l) (see Theorem 4.3.2), we get, foreach & € €,
that

n

@I =] 32 (£ )y 9
j=—n
. 2, 172 - :
4 4 n+
=[ X (r y23>12(9) > Wl | =1 heay P

j:—n Jj=—n

where we used the Cauchy—Schwarz inequality, the Parseval identity, and the vectorial
addition theorem. O

An alternative system of vector spherical harmonics is popular in geomagnetics and is
due to Edmonds (see Edmonds, 1957).

Definition 4.3.6 The Edmonds vector spherical harmonics y ; are defined by

~(1) | ntl )
Ini =N g g1 Ini 2n4-1y"f
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~(2) noo n+1 ~3) 3)
T = —2n+1yn,,+\/—2n+1yn,j, Sp i = Y

forn e Nand j € {—n, ...,n}. Moreover, y(()l()) = y(()l()) In general, we can interpret

()

that formulae such as n y, ; are also defined for n = 0 and i # 1 in the sense that

such terms vanish.

It is clear that (ir(li)j, ir(p?)k)lz(fz) = 0fori € {1,2} due to our previous considerations.

In the same manner, it is clear that <y,(l”l), ir('izl)c>lz = 0, if (n, j) # (m, k). The remaining
combinations can be handled as follows: «

D ~2 Jan+1)  /n(n+1)
<y<> 5 >,> _ _ -0
nf0n e 2n+ 1 2n + 1 ’
~(1)> N n—l—l n =1
<y"/’y"112(sz) il 1
) ~<2>> _n n+1l
- + =1
<y"/y"/12(sz) M+l 2n+1
< ~(3) ~(3)> _‘ K
y" l’yn J () - n,j 12(Q) -

Theorem 4.3.7 The functions known as Edmonds vector spherical harmonics
{~(i)

. c 12
yn,j}ie{1,2,3}, n=0;, jel—n,...n) constitute a complete orthonormal system in 17(2).

Proof We have just proved the orthonormality. For the completeness, we use that
() _ =)
span{yn /}ze{1,2,3}, jetmnmn) = Span{yn,j}ig{1,2,3}, JP— for all »>1 and that

500 = 00 m
Note that (4.22) shows that gradients of scalar functions, as we have to deal with, for
example, when investigating the gravitational force, can be represented in types i = 1 and
= 2 of vector spherical harmonics — no matter, if we use the Edmonds version or the
Morse—Feshbach version. As a consequence, in both cases, type i = 3 corresponds to a
surface-divergence-free field, that is, V* - (3) =0=V*. ifﬁ} due to Theorem 4.1.6.
In analogy to the case of Morse—FeshbaCh Vector spherical Harmonics, one can also define

operators 05,), i = 1,2,3, but now with an index n > 0; such that

() F(&) = (1 + Do F(§) — o F (),
(37) F(&) = no F&) + o F(&), (6) F&) = o F (&),
£ e Q, where F ¢ c<1>(sz) Hence, (&) = (i) 1/2(55,”)51/,,,,@),5 € Q, fori =1,
23, n>0;,j=—n,...,n and
(n+1DQRn—+1), ifi=1,
A = Yn@2n + 1), ifi =2,
n(n+1), ifi = 3.

With this nomenclature, we are also able to derive an addition theorem for this type of vector
spherical harmonics.
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Theorem 4.3.8 (Addition Theorem for Vector Spherical Harmonics II) The Edmonds
vector spherical harmonics satisfy

I i 1 ~(i1,1
Z FE 50 y=2ntl L PPEn. Enee (4.27)

j=—n

foralliy,ir € {1,2,3} and all n € Ng with n > max(0;,0;,), where

5 1/2 i 0
B e = (BVAP) (), @ (6), P . Ee .
Furthermore,

2n—|—1

> 15 . teq, (4.28)

j==n

foralli € {1,2,3} and alln € Ng withn > 0;.

Proof Equation (4.27) is a direct consequence of the previous considerations. For (4.28),
we have to look again at the trace |y(l) (§)| = tr(yr(ll)l(é) & jzr(ll)l(é)) The case i = 3
coincides with the definition by Morse—Feshbach which requires, therefore, no further
effort for us.

Fori = 1, we get, due to Theorem 4.1.6, that

tr@ ® &) (Y, (&) +

HERGERVG)

2 +1 2 +1
- % (£ @Y © + 37/ ) Va6
= % (Yn,j(é)) + znj £eQ,
and for i = 2, we have, analogously,
FR@[ = 5 (@) A | feq

Hence, Theorems 4.2.9 and 4.3.4 yield, fori = l andi = 2,

> |t

j==n

n 2n—|—1 n+1 2n+1_2n—|—1
T4l 4x m+1  4x  4Ax

|

We conclude this section by looking back at one of the motivations for considering vector
spherical harmonics: in multiple applications, gradient fields play an important role. For
example, the gravitational force is a gradient field, and modern spaceborne measurement
technologies such as satellite-to-satellite-tracking (SST) as it was or is currently used in the
CHAMP, GRACE, and GRACE-Follow-On missions indeed yield first-order derivatives of
the gravitational potential; see, for example, Eicker et al. (2005), Flechtner et al. (2014),
Freeden et al. (2002), 1lk et al. (2005), Jekeli (1999), Reigber et al. (2005), Rummel (2003),
and Tapley et al. (2004a,b) for further details on the satellite missions and on SST.
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From the decomposition of the gradient, as in (4.22), we see how we can write gradient
fields in terms of vector spherical harmonics: if D is an open spherical shell centred at zero,
F e CY(D), and the following interchanging of differentiation and limits is possible for
F, then (with again x = r§, & € Q)

Vi F(x)
= Vrg (Z (F(rn" (n,j)Yn,j(E))
n=0 j=—n
o0 n 8 1 R .
= Z (E T Vg) [(FG ) (1, )Y, j(E)]
n=0 j=-n
0 n aF A i
=) [(a_r (r-)) (n, )Y 1 (E) + 7”1("“ (Fr )\ m )y, (g)} (4.29)
n=0 j=—n
_ < oF A . n+1 n (1)
=> (a—r(r-)) (n,J)(2n+1 +—2n+1)ym(§)

2 [aF A Jan+1)  Jnin+ DY
+2. 2 (3T(r')) (”’J)(_ G R P )y"*f@)

.- (Fe) 0, j) ( nn+1  na+DY
ZZ r ( 2+ 1 +2n+1)yn,,~(é)

z”: (F(r- ))A(n ) (n«/—n(n D N (n+ D/n(n +_1)) ® ey
2+ 1 M+ 1 In.j

L
Z [ L (—( )) (n. j)—n
=0

+11
1 ;(F(r-))/\(n,j):|

2 . n n+1 A .
D3> N <—<r>> [ )
x [ /2 y,(ll;(é)—l-,/ ffj(é)}
= ntl (OF (n - (F(r SR RG]
; 2n+ 1\ or J

2 n ] non
2 [ 20+ 1 (_(F)) D 5

. }iff}(é).

(4.30)



4.4 Tensor Spherical Harmonics 183

Hence, we have representations of VF in terms of the Morse-Feshbach vector spherical
harmonics, namely (4.29), and the Edmonds vector spherical harmonics, namely (4.30).
If we now have an inner harmonic H,‘ln; (r&) =r"Y, j(&), then

int A
( 3 w) (n.jy=nr" and (H0) () = 7"
such that V, ™, (x) = v/n(2n + D r"~ 1520 (&).

For an outer harmonic HE’::_l j(ré) = r_"_lY,,,j(é), we obtain

8cht ) A
(L”m) (n,j) = —(n+r—"72
or

and (HE’;:_I j(r-))/\(n, j) = r~"~1, which leads us to a representation of its gradient as

VeH | () = —/n+ D2n + Dr 7250 @),

The latter results show why Edmonds vector spherical harmonics also have their justifica-
tion. In particular, in cases where gradient fields of two different potentials — one originating
from an inner source and one originating from an outer source — occur, the Edmonds vector
spherical harmonics allow an orthogonal decomposition of these two fields. For instance,
in geomagnetics this is a valuable tool, as discussed in Chapter 6.

Having said that SST is a standard technique for spaceborne gravity measurements, we
should mention that the GOCE mission allowed the determination of second-order deriva-
tives of the gravitational potential, see, for example, Abrikosov and Schwintzer (2004),
Eicker et al. (2005), Freeden et al. (2002), Pail and Wermuth (2003), Pail et al. (2011), and
Rummel et al. (2001). This makes the investigation of the Hessian of the potential necessary,
which is also called the Marussi tensor in geodesy. A standard technique for approximating
tensorial functions on the sphere relies on tensor spherical harmonics, which we will further
explain in the following section.

4.4 Tensor Spherical Harmonics

Our considerations at the beginning of Section 4.3 can be done here analogously: it can be
expected that (almost every) Y, ; needs to be the origin for (in the tensorial case) nine new
basis functions. And, of course, if one has three orthonormal vectors b1, 52, 5% in R3 such as
el e?, &3 ore”, &%, ¢, then one could easily choose {b' ® b* Yo, j}ik=1,23neNg, j=—n, ...,
a complete orthonormal system in 12(52). Remember that we use the abbreviation 12(52) =
LZ(Q,R3 ><3). However, also in the tensorial case, it turned out that some other choices
of basis functions can be more helpful in specific applications. We will give here a short
introduction into this topic, which is unfortunately always cursed by lengthy formulae.
The considerations here are based on Freeden et al. (1994, 1998), Schreiner (1994), and
Seibert (2018), which should also be consulted for further details. Note that there are more
possible definitions of tensor spherical harmonics than those presented here. For instance,
such systems are introduced in Mathews (1962), Sandberg (1978), and Zerilli (1970a,b).
Note that, in these cases, as in our case, second-rank tensors (which can be associated to
matrices) are considered. Higher-rank tensor spherical harmonics are constructed in James
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(1976) and Winter (1982). Besides such a generalization to higher ranks of tensors, the
dimension of the domain can also be generalized. In Sandberg (1978) and Tomita (1982),
tensor spherical harmonics are defined on the unit sphere S in R*. General dimensions, that
is, "1 in R", are used in Higuchi (1987) and Rubin and Ordéfiez (1984). These lists can
certainly only serve as examples; see also the further references given in Martinec (2003).
We continue here with the construction of those (second-rank) tensor spherical harmonics
(on $? = ) which were introduced in Freeden et al. (1994, 1998), and Schreiner (1994).

Definition 4.4.1 For functions F € C(Q), G € C(Q), and H € CP(Q), the
operators 0'"¥ are defined as follows (with £ €  arbitrary):

of VF(§) = ®EF(),

o VG =& @ VIGE).

o VG(E) = § ®LIGE).

o VG(E) = (VIG(®) ® &

o VG(®) = (LEG®)) ® &,

ol F () = ian(®)F (£).

o VH(E) = (Vi ® Vi — L} @ LY H(E) + 2(VIH(E)) ® &
0(3’2)H(§) = (Vi ®L; +L; ® VI)HE) +2(LEHE) ® &,
o VF(E) = jun©)F(©).

Note that some of the scalar spherical harmonics Y, ; are mapped to zero by some olhh).
operators. For a similar reason, the ‘indexed zero’ 0; was introduced when vector spherical
harmonics were defined. In analogy, we now define 0; .

Definition 4.4.2 The notation 0; j stands for

=

,iF G R € {(1,1),(2.2).(3.3))
O =171, if(i,k) e {(1,2),(1,3),(2,1),(3, D},
. if (i, k) € {(2,3),(3,2)}.

[\

Definition 4.4.3 The functions y:l’ll.c): Q — R¥3 are defined by

i i 172 i
@ = (1) ol r ). seq

where n > 0; t, j € {—n,...,n},and i,k € {1,2,3}. Moreover,
2
(k) . Ho(’?")Y . .
Hy n, j 2@

We call these functions here the Freeden—Gervens—Schreiner tensor spherical
harmonics.
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For some of these functions, the factors ,LLE,I " for their normalization are easy to compute,
for instance,

of? 1>y,,,@)\ (of" "% s®): (o Y j(®)) = (6 ®©): (6 ® XY (6

such that pL(l D— = Y, [k 12 = = 1. In the same manner, we can use what we have learned

about the vector spherical harmonics to deduce that
2
i = uf? = [ 6P [vev o do®) =ntn+ 1)
Q

3,1 L3 2
= >—/Q|s|

For some other pairs (i, k) such as (2,3) and (3,2), the calculations are a bit more lengthy.
Similarly, the calculation of the additional pairwise inner products (which are (g) = 36
in total, if we use the symmetry) is also not difficult but it is time and pages consuming.
Therefore, we only quote the result here from Freeden et al. (1998) and Schreiner (1994).

? dw(€) = n(n + 1).

Theorem 4.4.4 We have

1, ifi,k) = (LD,
WK _ 2 if (i, k) € {(2,2),(3,3)},
Ky =
n(n + 1), if .k €{(1,2),(1,3),(2,1),3, D},

2n(n + D(m? +n —2), if(i.k) € {(2,3),(3,2)}.

Theorem 4.4.5 The Freeden—Gervens—Schreiner tensor spherical harmonics are a
complete orthonormal system in (lz(Q), (-, ')12(9)) and they are closed (in the sense of
the approximation theory) in (¢(Q), || - lle))-

Also an additiqn theorem can be formulated for all kinds of combinations
Z?:_n ysll’.k‘) ® yszl’.b), where the tensor product yields here a fourth-rank-tensor. In
total, 9 - 9 = 81 combinations exist, where only 45 need to be calculated and the rest can

be obtained by transposition. For details, see Freeden et al. (1998, section 14.6). We quote
here one of the essential results.

Theorem 4.4.6 We have
= 2n 41
(i,k) (i, k)
> (Pe): () ==
j=—n
forall& € Q. (i,k) € {1,2,3}2, and n = 0; . Moreover,

2n+1
() 47

(0.5)
Yaj
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for all (i,k) € {1,2,3}2, n > 0ix and j = —n,...,n. More generally, for f €

2n+1
Iflle) < \/; Ifllpg)-

We avoid here to plot some tensor spherical harmonics since there is not a really useful
way to plot a tensorial function on the sphere. One could plot the norm |y£llf) & )| instead.
However, the gain of information from such plots is limited. For instance, the type-(1, 1)-
functions satisfy

.....

W®)| = VEs €@ Y, ,©)] = |1, @)

such that merely the absolute value of the scalar spherical harmonics would be plotted.

Another difficulty, which has, however, been overcome in Freeden et al. (1994, 1998)
and Schreiner (1994), is the characterization of tangential and normal fields in the case of
tensor fields. In fact, the Freeden—Gervens—Schreiner tensor spherical harmonics have the
advantage that they allow such a distinction.

Definition 4.4.7 Let f: Q — R> be an arbitrary tensor field on the sphere. We
call f

(a) a left-normal tensor field, if £ @ (ng(g))T =f(&)forall& € Q.
(b) a right-normal tensor field, if (f(§)§) @ & =f(&) forall & € Q.
(c) a left-tangential tensor field, if £Tf(£) = 0 forall £ € Q.

(d) a right-tangential tensor field, if f(§)¢ = O for all £ € Q.

(e) a normal tensor field, if it is left-normal and right-normal.

(f) a tangential tensor field, if it is left-tangential and right-tangential.

Theorem 4.4.8 Let F € C(Q), G € CY(Q), and H € C(Q). Then the following
holds true:

o o'\ DF is a normal tensor field.

o 02IF 02IH 03DH, and 03IF are tangential tensor fields.

o 012G and 0V G are left-normal and right-tangential tensor fields.
o 02DG and 03 VG are left-tangential and right-normal tensor fields.

Proof Cleatly, §®[6T(6®89)]" = §®( 166" = § @5 and [(§@EEIRE = (5576 ®E =
£ ®& such that o' D F is a normal tensor field. Analogously, the left-normal or right-normal
properties of 012G, 013G, 02 VG, and 03 DG, respectively, can be shown. The left-
tangential or right-tangential properties are a consequence of the tangential property of V*
and L* (see Theorem 4.1.6). For the tangential tensor fields, we recall the following (see
Definition 4.1.4):

3
i) =i—§®& and ju@E) =) ExsHod

j=1
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Since ETign(8) = ET — £Te €T = 0 and i (6)€ = £ — £ £T& = 0, we have that 0> F is
tangential. Moreover,

3
Ejan(®) = ) ETE x /)T =0

j=1

3 3
jan®E =) ExeNeNTE=Ex D elg | =& xE=0
j=1 j=1
such that 0> F is also tangential. For the remaining two tangential fields, some more work
has to be done. We recall that V* H and L* I are composed of £¥ and &* (see (4.3) and (4.4)).
With Corollary 3.4.4, we obtain

0 0
Vi e? = PRl —e? ) +vV1I—r2@| —¢e?
1—12 g ot
t
e e gt) , 431)
( V1 —12
1 1
V¥®@e = e? ®(—ts¥)+ 1 t2£’®( r)
V1 —12 V1 —12
L R Y (4.32)
1—1¢2
L*®e? = ! & ® is‘p —V1-12:® is‘p
V1 =12 dp ot
=&® (—sr + ! st) (4.33)
V1 —12 '
1 1
L'®e = £ ®(—1e9) —V1-12e¥ ® (— Sr)
V1 —12 V1 —12
t t
=_ e+ ®e. (4.34)
J1—12

Thus, V* Q@ V*H, V* Q@ L*H, L* ® V*H, and L* ® L*H are left-tangential tensor fields.
Moreover, with Theorem 4.1.6, we get éT(VgH(é) R E) = 0 and éT(L’S‘H(é) R E) =0
such that 0% H and 0'*? H are left-tangential. It remains to show that they are also right-
tangential. For this purpose, we calculate
o
+e'v1—12 )} 3

ot

[V ® ViHE)E = [v,; ® ( J_

( —e? )}(e)Ts
=0

oH
3

= wm o [ (d— 5 )|
ke

= —VIHE),
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1 oH
[Lf ® ViHE)]E =

. 1 9H oH
- (s i)

gL aH

1 o oH
[Li @ LEH®)]é = =5, eV1—12 S = VIHE).

Consequently, we get
(o0 1)) & =~ Ve - Vi@ + 29 1) =0
[ 3, 2)[_]@)] £ = _LSH@) — LSH@) + ZLSH@) =

such that 03 H and 0% H are also right-tangential.

ver T2 28 e
«/1—t £ g ¢ ’

verdi— 2 M e
VIi—12 3 or — ETT

]

Note that the previous proof also shows that the terms Z(Vg‘ H(& )) ® & and 2(L§ H(& )) ®
£ are included in the definition of 0>® H and 0‘*>? H, respectively, in order to obtain

tangential fields.

From the preceding calculations, we also get that

1 8H 1 8H
* * _ * [ * @
VE®VIH(E) = (V ®£)m—a¢+vs( )®£

1 oH 1 oH
LIQLIHE) = (L* ® & 7—+L*(7—)®5’
S ( )«/ — 2 Oy V1 —1¢2 B¢

(L*®£‘/’)\/1—t2——LS (\/1—t2 88—1;1)(8)5‘”,

where

1-:2%+aza¢

3’ H dH 32
=& —— —¢¥ r—+<1—2) ,
ddr ot

oH 3’H oH 32H
— | =¢" e — 4+ -H—),
az) ¢ 8g08t+£( e T4 )

1 4*H r 9H 8*H
=g¥ +é&f

ar?

;1 *H  ( t 9H  3°H
=¢ —& -—+—.
1—1t2 3¢  0tde
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With (4.31), (4.32), (4.33), and (4.34), we obtain now, for H € C?(Q), that

Ve ® VEH(E) + L @ LiH (&)

_mgr(_;a_m;a_ff)
J1—=12 0 J1—¢2 09

P 8H 3’ H t OH °H
& & _—— = —
1—t2 Bga Bgaat 1—1t2 8¢  03tdp
0H  0H 3’ H
Y ®e? —t——t—+ (1 -1
tewe (1 2 8g0 e o T )aﬂ)

1— t2 Bga 8t8g0 1—12 3¢  O¢ot

H
+ef®e” ( \/1—t2 88_t)

, o0H 3*H t oH 82H)
+&®e?

P t8H+(1 t2)82H+ 1 3%*H H
gQRe{—t— — —t—

ot 0tz 1 —12 3¢? ot
= (@’ +e' ®¢) AFH(E).

Remember the definition of A* in Theorem 3.4.3. This leads us immediately to a well-
known identity. There is a similar second identity, whose analogous proof is omitted here.

Theorem 4.4.9 For all H € C2(Q), we have
V*Q@ V'H + L* Q L*H = ianA™H,
L*®@ VH - V*"QL*H = j,,A"H.
Also similar calculations lead to the following results.
Theorem 4.4.10 Let F € C(Q), G € C(Q), and H € CO(Q).
(a) Then the following identity holds true:
T
(Vi ® ViHE) ~ L@ LIHE) — (Vi ® VIHE) — L ® LEH(©))
=2[E @ VIHE) — (VIH () ®&].

(b) oLVF, 02D F o2IH, and 03P H are symmetric.
(c) (O(I*Z)G)T = 02VG and (0(1*3)G)T =03 DG.
(@) (03IH) = —o®IH,
We saw how gradient fields can be represented in terms of vector spherical harmonics in
Section 4.3. We show here now the well-known expansion of a Hessian in terms of tensor
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spherical harmonics. Let F: D — R be twice continuously differentiable on the open set
D C R?. We have, with x = r&, r = |x|, & € Q, that (remember Theorem 4.1.3)

d 1
Vi F(x) = (g —+ - vg‘) F(ré&)
or r
such that the Hessian of F satisfies

5 1, 5 1,
(vx®vx>F<x)=(s—+—vs)®(sa—r+;vs)ms)
1 d
—E®E F(E) 25®V§F<rs)+rs®vg(arF<rs>)

0 1 0 1
+ltan(§) —F(r§)+ [ (EF(FE))}®E+ Vi ® Vi F(r§)

32 (1o 1
=§®§7F(F§)+§®VS(;E—F_Z)F(”E)

1 1 0
+ I:Vg (— — F(Fé))} ® & +ian(§) — — F(r§)
r or

1 1
+52V Vi —Li®Li + ;@ Lf) (72 F(ré))

1 % %
+55 QVEF(rg) —2ViF(r§)) ®&.
Moreover, note that

0 (1)L Lo,
8_1’(; (rg))__r_z (”5)4‘;5 (r§).

If we now assume that F(x) = > oo Z';:_n F(r-)"(n, j)Y,, j(£) and the series converges
‘sufficiently nicely’ such that all differentiation operators which are involved may be inter-
changed with the limit of the series and the inner product, then we get (using Theorem 4.4.9)
the identity

o0 n 82 A
(Ve@VOFm=)_ ), (mnr-)) n. )8, ®)

n=0 j=—n

S § (1 A
+Y 3 Vawm+1) [5 (;F(r-))} ) (VP ® +y0 ©)

n=1j=—n
& 19 +1 A

+Y 3 V2 [(; - ”(”M )) F(r-)} (. )Y E)
n=0 j=—n

n=. 2/_—;1
(4.35)
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Note that the Hessian of a twice continuously differentiable function is always symmetric
due to Schwarz’s theorem. In this respect, it is worth mentioning that some of the tensor
a, 2) (2, 1) .

and y, ;. Since they
appear anyway in a dependent way, this matter can easily be repa1red We deﬁne the fol-
lowi L 2,2) I .
owing (the variation in sign of y, f has historical reasons):

spherical harmonics used in (4.35) are not symmetric, namely vy,

2D (LD @ _ L ayn, oo
2, =Yy zn’j._ﬁ<ynﬁj +yn,/)’
2P 2 72 2.2

Tnj = Ynj Znj = "Ynj

Hence, (4.35) can easily be rewritten in this system. It can also be supplemented to a basis
of all symmetric tensor fields, which obviously requires six types of functions:
< _ 1 ( 3, (G 4O . (B2

_ )
Zn,j‘_ﬁ Yoj +¥uj ) Znj = Ynj

We also set

0, ifi=1ori=4,
0;:=1491, ifi=20ri=35,
2, ifi=3o0ri==6.

This system was introduced in Zerilli (1970b) based on preliminary work by Regge and
Wheeler (1957). It was used, for example, for the representation of a Hessian in Martinec
(2003), where a similar notation was used. The following property of this system is clear
due to our previous considerations.

Theorem 4.4.11 The system { 0 } is a complete orthonormal

n, j
basis for all symmetric tensor fields in lz(Q).

1,..,6,n>0;, j=—n,...,n

4.5 On the Multitude of Trial Functions

Spherical harmonics are not the only kind of basis functions on the sphere. They have
become a commonly used system not only in Earth sciences due to the huge amount of
knowledge which has been gained on their theoretical and numerical properties. From the
mathematical point of view, they are orthogonal polynomials with all their pros and cons.
On the ‘pro’-side, we have the features associated to the fact that these functions constitute
an orthonormal basis of L(€2). Hence, we may use the expansion in a Fourier series and
the Parseval identity. Moreover, we can decompose signals into orthogonal components
associated, for example, to different degree bands. A disadvantage, however, is given (in the
case of some applications) by the ‘global’ structure of these functions, which is also visible
in the figures of the scalar and vector spherical harmonics in this chapter. This means that
spherical harmonics ‘live everywhere’. A decomposition of a signal into an expansion in
spherical harmonics loses any spatial references. The expansion coefficients are spherical
averages which reflect a pure degree dependence, which can here also be interpreted as a
frequency dependence. Indeed, there are several versions of an uncertainty principle on the
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sphere, which tell us that perfect space and frequency localization are mutually exclusive.
For further details (including also the more general case of a d-dimensional sphere), see Dai
and Xu (2014); Dang et al. (2017); Freeden et al. (1998, 2018); Iglewska-Nowak (2016);
Narcowich and Ward (1996). In this respect, spherical harmonics represent one extremal
case in the multitude of spherical trial functions which have been developed so far: they
enable a perfect frequency localization, but they completely lack a space localization.

The different systems of trial functions have already been categorized according to their
different properties and ways of their construction. We will introduce these terminologies
here. We first assume that we seek to approximate functions in a Banach space H (2) C
L2(Q) with || F|| 1@ = cllFlly (o forall F € H (£2) and a fixed constant ¢ € R™. We
consider a function system { F }xc, in H (€2) which is supposed to be a basis. Either H (£2)
is finite dimensional, that is, there is N € N such that « = {1,...,N}, or « = N (note
that the functions Y;, ; can be rearranged such that they have a single index of positive
integers). In the former case, this means that N = dim H (2) and the functions Fj are
linearly independent. In the latter case, we have the linear independence of every finite
subsystem of {Fy}xe. and the property span{Fy}re, "1 @ = H (Q). An example of a
finite-dimensional space is H (£2) = Harmg_ 4(£2) for an arbitrary 4 € No with || - |4 (@) =
| Il12(q)- A simple infinite-dimensional case is L2(Q) itself. We will get to know further
examples later on.

We start with a distinction of some trial functions which is related to the uncertainty
principle.

Definition 4.5.1 The basis {Fy}rc, 1S

(a) bandlimited, if, for each k € «, there exists dy € Ng such that the following
inclusion holds true: Fy € Harmg_ 4, (£2).

(b) spacelimited or locally supported, if, for each k € «, there exists a proper
measurable subset Sy C 2 in the sense that A(Sy) < 4w (A is the Lebesgue
measure) and Fi(§) = O for (almost) all & € @\ S.

Obviously, every basis of Harmg_;(2) is bandlimited. Moreover, since each Fy, is an ele-
ment of L?(), we may expand them into the Fourier series Fy = ZZOZOZ;%:_,EF,(A (n, NYn, ;.

which converges (at least) in the sense of || - || 12(q)- Hence, the basis is bandlimited if and
only if for each k € « there exists dy such that F,é\(n, j) = Ofor all n > di and all
j € {—n, ... n}. Clearly, such functions are polynomials.

Without knowledge of the uncertainty principle, we can easily see that ‘bandlimited’ and
‘spacelimited’ are properties of bases which are mutually exclusive, because polynomials
only have a finite number of roots (except for the zero polynomial, which is, however, always
linearly dependent).

The spherical harmonics basis has the outstanding property that F,(n, j) vanishes for all
pairs (n, j) except for one single pair. The opposite extremal situation is a function which
is limited to a very small subdomain of 2. There is, in fact, no optimal choice since this
would lead to a function which is only non-vanishing at a single point. Such a function Fy,
would, however, be identified with the zero function due to || Fi || 2(q) = 0. This matter is
connected to the non-existent Dirac delta function.
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Nevertheless, in the bandlimited case, Slepian functions provide us with a well-known
concept of optimal space localization.

Definition 4.5.2 Let R C Q be a measurable subdomain and d € Ny be a fixed
integer. If F € Harmg_ »4(€2) maximizes Ar(F) = ”FHZLZ(R)"F”E%(Q) among all
functions in Harmg_ 4(2), then F is called an optimally space-localizing Slepian
function to the subdomain R and the maximal degree d. Instead of ‘space-localizing’,

also ‘space-concentrated’ is common.

Clearly, it only makes sense that neither R nor €2\ R should have measure zero.

We will see later that the maximization of A z(F) leads us to an eigenvalue problem which
enables us to construct a basis of Harmg_ 4(€2) which consists of functions with descending
localization in R (i.e., decreasing A g(F)).

Another criterion for trial functions are their different kinds of isotropic or anisotropic
variation on the sphere, that is, the distinction of rotationally symmetric functions from
other functions (remember Definition 4.1.8 and the fact that |§ — 5| = /2(1 — & - ;) for all

&, neQ).

Definition 4.5.3 Functions from a basis system { F }r¢, are called (spherical) radial
basis functions if each Fj is a zonal function. In other words, for every k € «, there
exists a point n(k) € @ and a function Gy € L2 [—1, 1] such that Fr(&) = Gr(& - n(k))
for (almost) all & € Q2.

Often we have one generating function G € L%[—1,1] such that &) =GE- n(k)) for
(almost) all & € 2. This is, however, not necessarily the case. Furthermore, it is clear that,
in such a case, the points © have to be pairwise distinct due to the required basis property
of the Fy.

Since G € L2[—1, 1], which is a reasonable assumption because of Theorem 4.1.9, we
can expand Fy in terms of Legendre polynomials (remember Theorem 4.2.10) by

e ¢}

2 1
F(&) = Z n2+ (G Pa)121-1, 1y Pal€ - 1)

n=0
-y Zn+1 <Gk(,7<k> Y. Pa(n™® _)> Pt - 1)

i L2(Q)
00 n

= Z | <Fk, Pa(n® - )>L2(Q) Yo 1 (1), (8
n=0 J=—n

where the convergence of the series holds true in the sense of L*(£2), that is, not necessarily
pointwise. This result shows us that the expansion coefficients of spherical radial basis
functions must have the form

o) = (a1 ) o Yos (1),

We will discuss the different kinds of basis functions briefly in the next sections.

LX)



194 Basis Functions

4.6 Slepian Functions on the Sphere

The idea of maximizing the fraction || F|[;2(gy / | F || 1 2¢py to obtain functions F* which are
highly concentrated in the subdomain R of D was first developed for the case D = R
in Landau and Pollak (1961); Slepian (1964); and Slepian and Pollak (1961). Later, also
the spherical case, that is, the case where D = €2, was considered in Albertella et al.
(1999), Dahlen and Simons (2008), Simons (2010), Simons and Dahlen (2006), Simons
et al. (2006), Wieczorek and Simons (2005), and Wieczorek and Simons (2007). While
scalar functions were considered first, vectorial Slepian functions on the sphere were later
constructed in Jahn and Bokor (2012, 2013), Plattner et al. (2012), and Plattner and Simons
(2014). Moreover, also tensorial Slepian functions have been investigated in Eshagh (2009),
Michel et al. (2021), and Seibert (2018). The approach in Michel et al. (2021) and Seib-
ert (2018) uses a generalized system of spherical harmonics, the so-called spin-weighted
spherical harmonics, which have certain applications in quantum mechanics. The use of
this system essentially enables the numerical implementation of the concept of Slepian
functions, at least for the case that R is a spherical cap. It also provides a unified concept
which includes the scalar, vector, and tensor case (with applicability in geosciences and
cosmology) and also shows, therefore, a way to construct Slepian functions which are
tensors of higher order.

Eventually, we want to mention that also Slepian functions on the ball, that is, for the
case D = Bp(0), were recently developed. For further details, the reader is referred to
Khalid et al. (2016), Leweke et al. (2018b), and Maniar and Mitra (2005). Furthermore, a
theory of Slepian functions in a general Hilbert space setting, which includes the choice of
arbitrary (measurable) domains and the possibility to solve inverse problems instead of pure
approximation problems, is derived in Michel and Simons (2017) based on the article by
Plattner and Simons (2017), where the downward continuation of gravity or magnetic field
data from regionally given gradients is solved by means of spherical Slepian functions.

Within this section, we show, as an example, the scalar spherical case. For the other cases,
the reader is referred to the preceding listed references.

We consider the following scenario: we have a measurable subdomain R C €2 of the unit
sphere and a chosen bandlimit L € N. For all F € Harmg_ 1(2), we calculate the energy
ratio Ag(F) = ||F||2LZ(R)||F||£§(Q). Obviously, we have 0 < Ar(F) < 1.

With the expansion of F in a spherical harmonics basis, where we use the abbreviations
Fy = (F, Y,,,j> and f = (Fo,o, 1, FL,L)T, we get, due to the Parseval identity
in L2(2), that

LX)

.....

L L
() Dm0 e om0 e Fonej B Yo, Yo k) 2 ) _ f'mr

T 2 2
Zn:O Z?:—n Fn,j |f|
with the matrix M € RE+DXCL+D? given by

M = ((anj’quk>L2(R))

As a result, we have to determine the eigenvectors of the matrix M, which is symmetric
because of the symmetry of the inner product.

(4.36)

n=0,...
m=0,...,Lik=—m,...m
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Theorem 4.6.1 The aforementioned matrix M is symmetric and positive definite.
We can choose an orthonormal basis of RE+D? ywhich consists of eigenvectors
g, ... ,g(L'H)Z of M. All eigenvalues of M are real and positive. Moreover, if g
is such an eigenvector of M to the eigenvalue iy, and if we define the functions
Gr(®) = Xono X 8y Y s (6, & € 2 where g® = (3.8 1 ..gi),
then AR(Gr) = Ar. Furthermore, the set {Gl, . ’G(L+1)2} is an orthonormal basis

of (Harmo__1.(), (-,-) 1 2()-

Proof 1t is a basic result of linear algebra that M is, as a Gramian matrix, symmetric and
positive definite and hence has an orthonormal system of (L + 1)? eigenvectors with real,
non-negative eigenvalues. Thus, we have

N a1
Ar(Gr) = Q"RTF’ = ()" (g®) = 1 (e®) g™ = ar.
g
Eventually, the Parseval identity yields (G, G1)12(q) = (g(k))T gh = 8. 0

Definition 4.6.2 By ¢V, ..., ¢™ with N = (L + 1)?, we denote an orthonormal
system of eigenvectors of the matrix M in (4.36). The associated eigenvalues are
denoted by A1, ..., y. Eigenvectors and eigenvalues are assumed to be sorted such
that A1 > --- > Ay > 0. Furthermore, we define the Slepian basis {G{,..., Gy}
by Gr(§) = Zﬁ:o Zl__n g,(lk;Y,, ), € Q k=1,...,N. Here, we assume an
appropriate rearrangement of the double index of g® to a s1ngle indexin {1, ..., N},
for example, like in Theorem 4.6.1.

Clearly, G is an optimally space-localizing Slepian function (see Definition 4.5.2).
Slepian functions are particularly important if we only have data of an unknown signal F in
the subdomain R or if we are only interested in analyzing F in R. The former occurs often
in Earth sciences due to the non-uniform distribution of observation stations. A typical
example of the latter is the investigation of the increasing or decreasing mass of an ice
shield, for instance, of Greenland or Antarctica.

For both cases, it is also helpful to know the following theorem.

Theorem 4.6.3 The Slepian basis G, ...,Gy is also orthogonal in L2(R). More-
over, if F € Harmg_ 1(2) is an arbitrary function, then its restriction to R can be
represented by

N o
FEO =) o /I; FGe(m dw(n) Ge(6). & € R.
k=1

Proof Due to the eigenvalue problem and the Parseval identity, we have, for the restrictions
of the Slepian basis to R, that

(Gr. G L2py = Z Z Z g;kggr(p?, (i Yom, ) 12

n,m=0 i=—n j=—m

= (¢M)"'Mg? = 1,(g®) g? = du. (437)
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Hence, if I € Harmg_ 1,(£2), then its restriction F|r to R can be represented in the LZ(R)-
orthogonal system G1|g,...,Gn|g by

al G G
F@)=Z<F7" ”ﬁ teR.
L%(R)

— NGkl L2k Grlliary

The L2(R)-norm of each Gy can be found in (4.37), which leads us to the desired result. [

Hence, the Slepian basis is not only an L?(£2)-orthonormal basis of the bandlimited space
Harmg_ 7 (€2),itis alsoan LZ(R)-orthogonal basis for the restrictions of all such bandlimited
functions to R.

We have seen so far that the Slepian functions have coefficient vectors which are eigen-
vectors of the matrix M in (4.36). In fact, the Slepian functions are also eigenfunctions of
a Fredholm integral operator of the first kind.

Theorem 4.6.4 The Fredholm integral operatorT g : X — X with X = Harmg_ 1.(2),
() = (o) e and (TR F)E) = [ K& - MF ) dw(n) for all & € Q, where
K@) = Zrlfzo 22’;1 P,(1), t € [—1,1], has an orthonormal system of eigenfunctions
which constitute a basis of X. Moreover, all eigenvalues are real and positive. Every

such eigenfunction basis is a Slepian basis and vice versa.

Proof Every F in X can be represented by F(§) = Zﬁ:o Z?:_n Fo Yy j(6), & € @,
such that we get, by using the addition theorem (Theorem 4.2.9),

L m L n
/R (Z 3 Ym,k@)Ym,k(n)) SN B i) | deotn)

m=0k=—m n=0 j=—n

(TkF)E)

L m n
=Y Y Y Vk®F / Yo D Yo () deo .

m,n=0k=—m j=—n R

Hence, we have 7 ¢ F = A F if and only if we have

L n
> /I; Yon, k()Y (7) deo(n) By j = 2 Fop

n=0 j=—n
forallm = 0,...,L and all k = —m, ..., m. The latter is exactly the eigenvalue problem
which leads to the Slepian basis. |

Remark 4.6.5 In the literature, the following alternative has also been discussed:
instead of using a bandlimit, we seek a (to R) spacelimited function F € L),
that is, F(§) = 0 for almost every £ € Q \ R, which is optimally band-localizing
(or: optimally band-concentrated), that is, the ratio
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L 2
E:n:o§:7:—n<F¥Yﬁj>L%Q)

2
2:3io§:7z—n<F¥Yﬁj>L%Q)

has to be maximized. It is well known that this optimization problem is actually not
new but easily solvable with the previous results. To see this, we observe that

L n
2{: 2{: <F¥Yﬁd>12«n

n=0 j=—n

A (F) = (4.38)

L n
=Z Z /I;F@)Yn,j@)dw@)/l;F(U)Yn,j(n)dw(n)

n=0 j=—n

L n
= / F(®) / 33 Y j®Ya ) | Fopda(n do@).  (4.39)
R R n=0 j=—n
2
L2y
this norm equals 1, we are left with the maximization of (4.39). Consulting The-

orem 4.6.4, we can use the operator 7 g (stated now for X = L3(Q)) to say that
(F,TF) 12k has to be maximized. This is again an eigenvalue problem, which leads
us to G1|g, .. .,Gn|r as (some) eigenfunctions.

Moreover, the denominator in (4.38) is the same as || F|| If we assume that

Numerical experiments reported in previous publications on Slepian functions show that
the majority of the eigenvalues Aj; can be split up into values slightly below 1 and the
rest which are slightly above 0. On the one hand, this shows that a clear distinction of
the obtained Slepian functions into almost only well spatially concentrated or badly spa-
tially concentrated functions is possible, which is appropriate for applications with regional
aspects. On the other hand, this distribution of the eigenvalues causes a large condition
number of the matrix M and makes it, therefore, numerically challenging to solve the cor-
responding eigenvalue problem. However, for some particular regions R such as spherical
caps, it has been shown that the eigenvectors of M are also eigenvectors of an alternative
eigenvalue problem with a more ‘harmless’ distribution of the eigenvalues. For the case
of scalar functions on the sphere, this was elaborated in Griinbaum et al. (1982), Simons
(2010), and Simons et al. (2006). Moreover, there exists a unified concept in Michel et al.
(2021) and Seibert (2018) which includes this scalar case, the also known vectorial case,
and a new result for the tensorial case. We restrict also here our considerations to the scalar
case, but follow the approach of Michel et al. (2021) and Seibert (2018).

Before we proceed, we need a lemma about Legendre functions; see also Robin (1957,
pp- 100-101).

Lemma 4.6.6 The Legendre functions satisfy

(> — 1)P,’Lj(t) =nthPy j(t) — (n+ j)Py—1, (), (4.40)
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te[-11,neN,jef0,...,n}, where P,_1,,(t) := 0 for all t. Hence, for the fully
normalized spherical harmonics, the identity

0
=1 5 Yo iE@.0)

(n? — jH2n +1)
2n—1

= ntYn,j(é(cﬁ,t))—\/ Yyt ;0. 1) (4.41)

is valid, where £(@,t) is the representation of & € 2 in the polar coordinates (¢, t)
andwe havet € [-1,1],n e N, j € {—n, ... ,n}.

Proof Remember the following (see Corollary 3.4.16):

b
P,,,j(t)=(1—t2)f/2%1),,(t), re[—1,1]. (4.42)

By differentiating this identity, we obtain

: j +1
P PR N, SN 2 YT
P, () = 2(1 ) (—21) i P+ A —19)
such that
(> — 1)P,’Lj(t) = jtP, j(t) — V1 —12 P, j11(1). (4.43)

Note that this is also valid in the case j = n.
We now have a look at Corollary 3.4.21. Equation (3.117) tells us that

Qn + D> = DPy(@) = n(n + 1) (Pa1 (1) — Poo1(2))

forallt € [—1,1] and n € N. Then we differentiate this equation j times and take into
account the Leibniz rule (Theorem 2.3.6). We get

@n+1) [(rz— 1)ﬂ +2jtd—l. +1V=D 5 dj._l }P,,(t)
de/+1 deJ 2 dri—1
d/ d/

Note that the coefficient of the (j — 1)th derivative vanishes for j = 0 such that (4.44) is also
valid in this case. We now apply another equation from Corollary 3.4.21, namely (3.113),
which implies that

d/~1 d/
(2n+1)F Py(t) = —an—l(f),

d/
— P 1) —
n+1( ) dr

de/
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if j > 1. Hence, we rewrite (4.44) as

Jj+1

d d/
n + 1) [(r2 — D PO+ 2jth,,(t)}

o d/ d/
+Jj—D (@Pnﬁ—l(t) TG Pn—l(f))
d/ d/
=nn+1) (@Pn—s—l(t) T a Pn—l(f)) )
which we simplify by first multiplying with (1 — r%)//? and then applying (4.42) to

n + 1) (— 1= 12 Py () + 2jtP,,,,~(z))
=[nmn+1)—j(j — 1] (Pn+1,j(t) — Pn—l,j(f)) . (4.45)

As the next steps, we observe that n(n+1)— j(j —1) = n?4n —j2—|—j =m+j)n—j+1)
and insert (4.43) into (4.45). This leads us to

@n+ D[* = DP, (1) + jt Pa j(1)]
= (n+ ) = j + D(Pas1, (1) = Pacy, j(@)). (4.46)
Consulting Theorem 4.2.22, we see that
(n+1—= j)Poy1,j(0) = Qn+ Dt Py j(1) = —(n + j)Pay, j(1).
By subtracting (n + 1 — j)P,—1, j(¢), we obtain

(n+1— DPoy1,j(0) = Py1,j(0)) = Cn 4 D(t Py, j(t) — Py1, j(1)).
Let us now insert this identity into (4.46). Then we see that

@n+ D[ = DP, () + ji Py ;)]
= Q@n+ D+ j)(t Py j(0) — Py, j(D).

Hence, (12 — 1)Pr’w.(t) = ntP, j(t) — (n + j)P,_1, j(t). This is exactly (4.40), which is
proved now.

For proving (4.41), we remember the definition of the fully normalized spherical har-
monics (Definition 3.4.24). It is clear that we only have to take care of the normalizing
factor. Comparing these factors for degrees n and n — 1, we see that

2n+ D —jDH2 = 30)
4z (n + |jD!

Q=D —=1—jiDI2—=38;0) [2n41n—|j]
dm(n— 14 |j|)! 2n—1n+|j|
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Hence, we get the following (where & stands for £(g, ) here):

2n+1n —|j|

—Y_ .
=1ty @

2 1
=00, ) =\ S = ) Y ).

Hence, also the proof of (4.41) is complete. Note that the coefficient of ¥, ; vanishes for
ljl = n. O

0
(> — Do Yo j () =nt¥n ;€)= (n + 1D

Now we can draw our attention towards Slepian functions on a spherical cap.

Definition 4.6.7 A spherical cap corresponding to a centre 7 €  and a parameter
bel[-1,1[isgivenby Cy ,, ' ={§ € Q|&-n > b}.

Due to the rotational symmetry of the sphere, it suffices to consider the case where
1 = &>. Then the cap C 3 18 represented in polar coordinates by ¢ € [0,27[ and 57 - § =
t €[b1].

We come now to the main result regarding the alternative eigenvalue problem.

Theorem 4.6.8 Let the kernel K: [—1,1] — R be given as before by K(t) =
Zrlfzo 22’:1 Py(t), t € [—1,1], the region R be chosen as the spherical cap R = Cy3 4,
with b €1 — 1, 1], and the operator J : CP(Q) — C(Q) be defined by

0
TeF(E) =0b—-DAFE+ @ - 1) 5, F&(@.0) = L(L + 2 F(8),

where &(@,t) is the representation of & € Q in polar coordinates. For the consequent
part, let either D = Q or D = R be chosen. Then [J is self-adjoint with respect to
() 12(p)- Moreover,

Je /D K(E - n)F(n)doy) = /D TeK(E - n)F ) do(n) 4.47)

or a € and a € . AS a result, the operators an K wit
1 Q and all F e LX(D). A It, the op J and T ith
(TkF) &) = (K(&), F)1xp) satisfy TgJ = JT k on CP(Q). Because of these
properties, the operator J is called a commuting differential operator.

Proof We prove the properties step by step.

(1) The operator is self-adjoint:
Let D := C,3 . be an arbitrary spherical cap where t = b represents our consid-

ered particular cap and T = —1 stands for the whole sphere. We now separate the
integral
/ F)Te GE)dw(§) (4.48)
D

G ()
ot

2 pl
- / / F(g)[(b — DAL GE) + (P — 1) — L(L+ 2)tG(§)i| dr dg
0 T
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into several parts. For the first part, we apply Green’s second surface identity
(Theorem 4.1.11) and get

/D FE)b — 1A GE)dw(®)
= /D AL TFEB - D1GE) dw(E)

—/ i [FEXD —1)] GE) — FE)D — I)E ¢)dig). (4.49)
ap OV v

In the case D = €2, the preceding boundary integral vanishes. For the case of a
(proper) spherical cap, the outer unit normal is —¢’ and the curve 3 D is parameterized
by ¢ € [0,27], t = t. Moreover, the radius of this circle is +/1 — t2. Hence, the
parameterization satisfies

V1 —12cosg 3
E=1+1—-12sing |, ‘WE‘ =+v1-12
T
and we have aa_u =—& . V¥ = -1 —1¢2 %. With this constellation and the use of

Theorem 3.4.1, the boundary integral can be calculated as
0 oG
/ 3y FED =D GE) = FEND — 1) (5)dI(E)
ap oV ov

2 8
_ / (1= )L FEB - 0] GE)dy
0 t

=T

2 oG
+ / FE® =01 =) 5 ) dg
0 t

=7

2 oG oF
= (1—1% [F(E)(b - I)W &) - o &b - I)G@)} do

0

=T

2
+ ) (1 — HFE)GE)dg

=T

For the spherical cap, we have T = b such that (note the minus!)
0 oG
- / E™ [FEND =] GE) — FED — 1) —()dIE)
ap oV ov

2
= [(t2 - 1)/0 F(S)G(E)dw} . (4.50)
t

=T

The right-hand side vanishes in the case of the sphere, where T = —1, such that we
can also use (4.50) for the cap and the whole sphere.
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We continue now with an auxiliary calculation:

ALIFE)D — 1)

3 5 32 b—t @
= (25 [FEG =D+ (1 =125 [FENE = D] + 15 =5 F(E)

1 — 12 3¢2
]
= (=2r) [EF@)(IJ —1) - F(E)}

(1= 82F( Yb — 1) 28F() +—b_t i F(&)
- [mf “55} a2l ¢

—w-ndla-md 2_pd
= -1 [(1 r)atF@)}HrF(st(r Do F®

b—t 9°

1T—2 a—gﬂF@)

= (b — DAFF(E) + 20F(E) + 27 — 1)%17@)
B B
= (b —DALF(E) + 5[(z2 ~DF®]+ @ - 1)517@). (4.51)

For the second term on the right-hand side of (4.48), integration by parts leads us to

1
/ F(s)(t2 — 1)%G(§)dt (4.52)
2 =1 ' 2
= FE(* - “G@)Lf — / 5[F@)(r — D]G®)dr.
We now use (4.49), (4.51), (4.50), and (4.52) in (4.48). Hence,
/D F(E)T G (&) dw(®)
0
= /D GE)b — DAFF(E) dw(€) + /D G@)E[(rz— DF(&)] dw(&)
0 0
+ / G(E)(t* — Do F@) - —[FE&* — D]GE) dw(®)
D t ot
— /D L(L + 2}t F(&)G (&) do(§)

_ /D GET: FE) do®).

Thus, J is self-adjoint in the L2(R)- and in the L2($2)-sense.
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(2) Interchanging the operator and the integral:

We want to prove (4.47). This can be done by simply inserting the explicit formula
of K and the addition theorem for spherical harmonics (Theorem 4.2.9):

L n
‘QLK@mHmmw=ﬁﬁjjZym@mmwwmw

n=0 j=—n

L n
=3 Y Tt ® [ Yy Fmdot)

n=0 j=—n

L n
ZZ Z /D TeYn j(E)Y, (D F () dw(n)

n=0j=-—n

L n
=AZZJMﬁmmmmm)

n=0 j=—n

=Ajw@wwwmm>

(3) A symmetry property:

Before we can proceed to the commutation of the operators, we first have to prove
that JgK (& -n) = J,K (€ - 7). We remember the addition theorem for spherical
harmonics (Theorem 4.2.9) and choose the fully normalized spherical harmonics
as a particular basis in K(§ - ) = Zﬁ:o 27:_,! Yo, j(E)Y, j(), E,n € Q. The

application of J yields J¢K(§ - ) = Zﬁ:o Z?:_n (jY,,,j) (&)Y, j(m). In view of
the definition of 7, it is obviously useful to apply the eigenfunction property from
Theorem 4.2.19 and the recurrence formula (4.41) from Lemma 4.6.6. We get (with
polar coordinates (¢g, tz) and (¢;,t;) of & and 5, respectively) that

0
Te¥n j(6) = (b — t)ALY, j(E) + (7 — 1) @Yn,j(%') — L(L + DYy, j(§)
= —(b—1)n(n + DY, j(§) — L(L + 2y Yy, j(§)
+nig¥y, j(§) — Qn + Dep, jYn-1,j(8).
Tn¥u, j(D) = —(b —t)n(n + DYy, j(7) — L(L + 2)t5 Yy, j (1)

+ ntnYn,j(n) —(2n+ 1)Cn,an—1,j(77)a

where we abbreviated ¢, ; = V(@2 = j52n 4+ D~1(2n — 1)~1. Hence,
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JeKE-n)—TpKE -n)

L n
= [TV YEY () — Y jENT Y, )]

n=0 j=—n

L n
=@ —t) Y > [n(n+1) = LIL +2)+ n] ¥y j(E),, ;(n)

n=0 j=—n

L n
=Y D@+ Dewj (Yar1 jEVYn j() — Yo jE) Y1 () .

n=0 j=—n

The last term has the form of the right-hand side of the Christoffel-Darboux formula
(see Theorem 4.2.24). Together with minor simplifications of the other summation
term, we get

TeK (& -n)—T,KE-n)
L—-1 n

n=0 j=—n

L n n—1
Fe =)y > @41 Y Vi jE)Ye ().

n=0 j=—n k=1

With lengthy but easy calculations (see, e.g., Seibert, 2018, corollary 8.2.6), one can
deduce for the triple summation Zﬁ:o > ZZ;‘IJ.‘ that it can be replaced by the

j=n

summation 3 ¥~ Zl;z_k Sk +1- Hence,

JeKE-n)—TyKE-n)
L-1 n
=@ —1t) ) Y [n(n+2)— LIL+2)] Y, j(E)Y, ()
n=0 j=—n
L-1 &k

Fls—t) ) Y Z Q2n + DYz jE)Ye ().

k=0 j=—k n=k+1

Note that, in the last term, the summation with respect to n can be separated from the
other sums. Moreover, we can apply the addition theorem for spherical harmonics
(Theorem 4.2.9). We get

JeK(E-n)—T,KE-n

L-1
=@t —t) ) [n(n+2)— MLMH P@n)
n=0
L-1
+<rs—rn)2[ > <2n+1)} L e .
=0 Ln=k+1
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This identity is now independent of the chosen orthonormal system in L?($2), since
it only uses Legendre polynomials. The fully normalized spherical harmonics only
served as a tool in the intermediate derivations. Now we can finish this part of the
proof (note Corollary 4.2.4):

JeK & -m)—TyKE -m)

L-1

2n+1
= (e — 1) ,,2:;) (n* +2n — L* — 2L) o CICRE)
L-1 2k + 1
+ (g =) ) [(L+ D = G+ D] = —— Put& )
k=0

=L242L+1-k2-2k—1

=0.

Hence, 7K -n) = J,K(& -n)forallé, n € Q.
(4) The commuting operators:
Let F € C'2(). Then our previous results in this proof lead us to

(TkITF)§) = /D K& - m(T F)(p) d(n) = /DJnK(E - mMF () dw(n)

=/DJ5K(E-U)F(n)dw(n)=Js/DK(§-n)F(n)dw(n)

= (JTxF)&) forallé € Q. 0

As we have already mentioned, the purpose of the operator 7 is to have an alternative
eigenvalue problem in comparison to the typical eigenvalue problem of Slepian functions.
For further investigating this, we choose again a bandlimit L and look for eigenfunctions
F e Harmg_ 1, (2) of J. If x is the eigenvalue to the eigenfunction F, then 7 F = x F is
equivalent to

L n L n
DY NI [ =x )Y Y Fr)Yaj§), E€Q.  (453)
n=0 j=—n n=0j=-n
Let us now calculate the Fourier coefficients of both sides. Then (4.53) is equivalent to
L n
/Q D P ) (T () Y i€) doo€) = x F (. k)
n=0 j=—n

forallm =0,...,Land j = —m, ..., m. Note that the right-hand side vanishes for m > L
such that this must also be the case for the left-hand side. These considerations lead us to
the following result.
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Theorem 4.6.9 A function F € Harmq_1.(2) is an eigenfunction of the operator J
2

(see Theorem 4.6.8) if and only if its vector f € RETD of Fourier coefficients is an

eigenvector of the matrix

] = ( /Q Y k(§)T eYa, j@)dw@)) e (*+.54)
(n, j)ely,
where I, = {(p,q)|p=0,....,Landqg =—p,...,p}

Theorem 4.6.10 The matrices M from (4.36) and J from (4.54) commute, that is,
MJ =JM.

Proof We look at arbitrary components of the matrix products:

L 14

(M) guy = D Yk Yog) 12 Yog TYn 120
’ p=0g=—p

L p
= /I; Yo, 1 (6) /Q D0 Vg (Y g(DT g, () deo() deo(®).

p=0g=—p

Hence, we can now use Theorem 4.6.8 and the L2(€2)-orthonormality of the ¥, ; to get
My = [ Fus®) [ K0T o) doe

= [ Ens®) (T 77, © 0066 = [ Y@ (IT 72 € doe)
- /R Yo k(61T /Q K (& - )Y, (7 deop) deo(8)

- /R Yok &) (T ¥ 1) (6) dao().

where here T g acts on L2(2). For the interchanged factors, we obtain with Theorem 4.6.8
and Fubini’s theorem that

L p

(JM)<(mJ§)>=§ E T, TYp,q) 12000 ¥ pog Y j) L2(R)
1.7
p=0g=—p

L p
- /Q Yin i (6) /I; 33 (TeYpg(®) Yo g (Yo 1) doo() deo(§)

p=0g=-p
- /Q Yo i (8) /I; TeK(E - Yo () dao(n) deo(®)
= Y T Tk Y j)122) = Y TR T Y ) 12(00)

=/QYm,k(n)/I;K(U-E)(JYn,j)(E)dw(E)dw(n)
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=/;(JYn,j)($)/QYm,k(n)K(n-E)dw(n)dw(é)

_ /I; (T ¥ NE 1 (8) deo(),

where here T g acts on LZ(R) and we used again the orthonormality of the ¥, ;. Hence,
MJ=JM. O

For the entries of the matrix J, an explicit formula is known. The derivation is rather
technical and is omitted here. For a proof, see, for example, Seibert (2018, Lemma 8.3.2).

Lemma 4.6.11 The matrix J from (4.54) has, in the case of fully normalized spherical
harmonics, the following entries:

Ju ), jy = —n(n + Db,

nm+1—HE+1+j)
Cn+DC2n+3)

Ji, ), (n+1, ) = [n(n +2) — L(L + 2)]\/

o1, ), ) = i, pr+1,5) »
Jom, 1), ) = 0 else,

where L is the chosen bandlimit and b is the parameter which defines the size of the
spherical cap.

Lemma 4.6.11 tells us that J is a block-tridiagonal matrix, if we arrange the components
appropriately. This can be done, for example, by choosing indices p and g of J, , by
. p = 0
o fork:=—L,...,L
- form:=|k|,...,L
o increase p by 1

o g:=0
o forj=—-L,...,L
¢ forn:=|j|,...,L

* increase g by 1
+ calculate J, , to the indices (m, k), (n, j)
¢ end
o end
— end
e end

Note that M also has a block structure in the case of fully normalized spherical harmon-
ics, because we integrate over the full longitude ¢ € [0,27] if R is a cap around &3, and
thus ¥, ; is LZ(R)-orthogonal to Yy, if j # k. However, M is not tridiagonal.

Within each block of the matrix J, we see that Ji,, j) (u+1,) cannot vanish because
otherwise n + 1 = ||, but this constellation of degree and order does not occur. For such
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Figure 4.14 This image shows the distribution of the eigenvalues of the matrix M for the
Slepian eigenvalue problem with bandlimit L = 30 and a spherical cap with an angle of
60°. The eigenvalues are sorted in descending order.

a tridiagonal matrix, it is known from linear algebra (see, e.g., Fox and Johnson, 1966) that
the eigenvalues are non-degenerate. This means that each block (Jin, ), in, j))n, m=]j|
d =L —|j| + 1 pairwise distinct eigenvalues u1, ..., ity and corresponding eigenvectors
oD v e RY, Hence, the blocks of M and J which are associated to order j and which
we denote here by M) and J) satisfy M) J D0 = 1y MDp® and MWD JDy® =
JDMDy® such that JDMDp® = 1 MDD y®  Moreover, since v £ 0 (as an eigen-
vector) and M) is a regular matrix (see Theorem 4.6.1), M Dy # 0 also must hold
true. The one-dimensional eigenspaces (i.e., the non-degenerate eigenvalues) of JY) now
imply that the eigenvector M) v™® of J) to the eigenvalue s; must be collinear with the

eigenvector v'© of JU) to the same eigenvalue. In other words, there exists A;cj ) € R such

that MW p® = A;cj)v(k) with v £ 0.

.....

Theorem 4.6.12 Let MY and J9 be the blocks of the matrices M and J cor-
responding to the order j of the fully normalized spherical harmonics. Then every
orthonormal basis of eigenvectors vV, ... v E=IIIFD of 1Y) s also an orthonormal
basis of eigenvectors of M'Y).

For the purpose of illustration, we consider the case of the bandlimit . = 30 and a spheri-
cal cap of 60°, that is, the cap of all & € Q with& -3 > 1. Since dim Harmg,30(Q2) = 312 =
961, we obtain 961 orthonormal basis functions out of the Slepian eigenvalue problem.
Figure 4.14 shows the distribution of the eigenvalues of the matrix M. Some eigenfunctions
associated to particularly large and small eigenvalues are plotted in Figures 4.15 and 4.16.
Note that orders j and —j have eigenfunctions which are rotated copies of each other.
The author gratefully acknowledges the support by Katrin Seibert in the production of these
images.

The distribution of the eigenvalues shows an almost sharp transition from values close to
1 (very good localization in the cap) to values slightly above 0 (very bad localization in the
cap). Indeed, such a behaviour has often been reported for Slepian functions in the literature.
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Order j = — Orer Jr="3

H il

Order j = : Order j = 0
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Order j = — Order j =1

26 26
2 2

Figure 4.15 Six Slepian basis functions (i.e., eigenfunctions) with eigenvalues close to 1
are shown for the bandlimit 30 and the spherical cap with an angle of 60°. Due to the
particular block structure of the matrix, each Slepian function is associated to a single
spherical harmonic order j and has a rotated analogue for order —j (as can be seen here
for j = £1 and j = £2). For j = 0, two different Slepian functions are shown.
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Order j = 22

Figure 4.16 For the same scenario as in Figure 4.15, eigenfunctions corresponding to very
low eigenvalues (close to 0) are shown. Clearly, these functions have only large values away
from the chosen spherical cap.



4.7 Radial Basis Functions and Sobolev Spaces 211

It is certainly useful for our purposes, since we can rather easily separate a signal into its
components associated to the subdomain R, which is here the cap, and the remainder of the
signal. To define a kind of a cut in the Slepian basis in this respect, the Shannon number was
introduced in the literature. The idea is as follows: in the idealized case where we only have
eigenvalues 1 and 0O, the sum of the eigenvalues would equal the number of well-localized
Slepian functions. Since the trace of a matrix is invariant to basis transformations, this trace
equals the sum of all eigenvalues in the case of a symmetric matrix. Hence, the trace of the
matrix M is defined as the Shannon number and is often used as an approximate measure
for the number of eigenfunctions concentrated to R. However, one should be aware that this
is only a rough estimate and, in practice, one should try also slightly increased or decreased
numbers of eigenfunctions.

In the case of a spherical cap, the Shannon number can be easily calculated. We have,
due to the addition theorem for spherical harmonics, that

trM = Z Z/ Y. ©) dw@)—zzn“ /R(Pn@-s))zdw(s).

n=0 j=—n

Due to Theorem 4.2.13, we consequently, get

41
tr M = Z "Ry =@ 412 MY
n=0

,\(R)
7'[

where A(R) is the surface area of R, which is here A(R) = 2w (1 — b) if the cap consists
of all ¢ € Q with & - 5 > b for a fixed point n € Q and a fixed parameter b €]—1, 1].
In our numerical example, we have b = % and, hence, tr M = (L + 1)2 /4 = 240.25. Indeed,
Figure 4.14 shows that the jump from large to small eigenvalues occurs in the neighbour-
hood of the Shannon number.

4.7 Radial Basis Functions and Sobolev Spaces

Recapitulating parts of Section 4.5, we know that a radial basis function (RBF) is a basis
element Fy: 2 — R for which a point n(k) € 2 and a function Gy : [—1,1] — R exist
such that Fi(§) = Gr(n® . &) for all £ € Q. In the case of L>-spaces, we have to
replace ‘for all’ here by ‘for almost every’. Moreover, we learned that (F, Yy, ;) LX) =
<Fk, P, (n(k)-)>L2(Q)Yn,j(n(k)) for all » e Ng and all j = —n,...,n, where P, is the
Legendre polynomial of degree n.

When we want to study the properties of RBFs, it is useful to have spherical Sobolev
spaces as a tool in the way how they were introduced in Freeden (1981a,b), and Freeden
et al. (1998). Note that there are slight variations in the definitions in the literature. The only
difference is, however, in the use of A% or A Zin (4.56). Therefore, the reader is advised
to check the precise definition of the spherical Sobolev space when different literature
is used.
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Definition 4.7.1 Let (A,).en, be a real sequence. By £((A,); 2), we denote the
subset of C°)(2) which consists of all F € C®)() for which

(F, Yn,j)Lz(Q) =0 whenever A, =0 (4.55)
and
Z Z AJ(E, Y, ) LZ(Q) < +o0. (4.56)
n=0 J_—n
An#0

This linear space is turned into an inner product space by defining

o0

(F.G)y = (F.G)y ane) = Y Z A Yo ) 120)(Go Yo, ) 12
n=0 J_—n
An0

forall F,G € £((A,); Q). Eventually, the completion of £ ((4,); ) with respect to
(-,-) is denoted by H ((A,); 2) and called a Sobolev space on the sphere. If the
chosen sequence is clear from the context, then we will simply write H instead of
H ((A,); ©). The induced norm is denoted by | - llg7 = || - 134 (4, 2)-

The sequence (A ), w, controls the smoothness of the functions in the space H ((4,,); €2).
Commonly, (A,),cN, is chosen to converge to O (or to absolutely diverge to oo, if A% is
used instead of A, 2. The faster this convergence, the stronger is the condition (4.56). The
Fourier coefficients (F.Y, ;)12 have to decay rapidly as n — oo in order to yield a
convergent series. Hence, the high-degree parts (i.e., the parts which contribute to highly
frequent oscillations) are suppressed by a rapidly divergent sequence. More precisely, we
have the following propositions, which obviously hold true.

Theorem 4.7.2 For the spherical Sobolev spaces, we have the following:

(a) If (Andneng, (Bnaen, are real sequences with |A,| < |B,| for alln € Ny, then
H ((An); §2) C H((By); €2).

(b) For every constant sequence A, = ¢ € R\ {0}, we have H ((c); Q) = L*(Q).

(¢c) If (Andnen, is a real sequence with SUP,en, |An| < 400, then H ((Ap); Q) C
LA(Q).

(d) Every space (H , (-,-)34 ) is a Hilbert space.

Remark 4.7.3 The Sobolev spaces can analogously be defined on spheres Sg(0) by
replacing the unit-sphere-based Y, ; by the orthonormal basis functions Sg(0) > x >
R7'Y, j(x/R),n € No, j = —n....,n, of L2(Sg(0)).

As we mentioned earlier, the sequence (A,),cN, is usually chosen to converge to 0. More
precisely, an even stronger condition is required.

Definition 4.7.4 (A,);cn, C Ris called (spherically) summable if

[e 0]

41
3 P42 < oo, (4.57)
= 47
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Let now F € H ((A,); 2) in the case of a summable sequence (A, )uen,. If &€ € Q
and N € Ny, then the Cauchy—Schwarz inequality yields in combination with the addition
theorem for spherical harmonics that

Z Z (F. Yy, j) 12 Y, j(6)

n=N j=—-n

= Z Z ATUF Y ) 120 An Y, j (E)

n=N J_—n

An#0
1/2 1/2
> 2n +1
2
S DD SPCITEN N I b pP e I
X;IZO j=—n n=N _1

where we also used that P, (1) = 1 (see Theorem 4.2.11).
For N — oo, we can use (4.56) and (4.57) to see that the right-hand side converges
uniformly to zero. For N = 0, we obtain an estimate for || I [|c(g)-

Theorem 4.7.5 (Sobolev Lemma) Let (Ap)nen, be summable. Then every function
F e H((Ay,); Q) is continuous, has a uniformly convergent Fourier series F(§) =

Zzozo Z?:_n(F, Yn,j)LZ(Q)Yn,j(E)y £ eQ and

* i1 L\
n
IFllcey < I1F Il (Z Aﬁ) . (4.58)

47
n=0

Corollary 4.7.6 Let, for each k € Ny, a summable sequence (AE,k)) be given. If

each of the conditions

nENQ
(a) |AP] < |ASTD| for all n.k € Ny,
(b) limg— oo | ALY | =t AY® € RY exists for all n € Ny

holds true, then the spaces H ® =y ((AE,"))%NO Q) k € Ny, constitute a multi-
resolution analysis (MRA) on the sphere in the sense that

(i) H® c HE&D c H© forall k € Ny,

o=l 0
(ii) Ugexy H® =H,
L (00) .
where H (00) .— H ((A" )neNo’ Q)

Proof Property (i) is a consequence of condition a in combination with part a of The-
orem 4.7.2. For proving part (ii) of the current theorem, we choose an arbitrary F €
H ) We construct a corresponding sequence of functions Fy: @ — R with the series
Fe =35, > i——n{Fis Y, j) 12 Yn, j» Which is considered as a || - ||, w-limit, and the
coefficients
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0, if A = 0,

(I, Yn,j)LZ(gz) = & -1 .
40 (A7) (F Ya i) iney i AT 0.

We have indeed F, € H ©, since (4.55) is satisfied by construction of F; and (4.56) is a
consequence of the estimate (note that AE,OO) # 0, if AE,k) # 0)

z z (A9) " (Fe X gy Z z (48) " (F Yo Por

j=
A(k) 40 A(k) 7&0

Z Z (45) P Va1

A(OO)#)

and the fact that F € 7 (®). Hence, the sequence (Fy) is contained in UkeNo’H(k).
Furthermore,

IF — Bl oo = Z Z( <°°>) ((F. Y ) 120y — (Fi Y ) 1200)”
A(OO)#) /
-2 -17°2
= Z Z (A(OO)) |:1—|A5lk)|<A5l°°)) } (F, Y,,,)LZ(Q)
A(OO)#) Y

Since 0 < [1 — |A5,k)| (A5,°°))‘1]2 < 1forallk,n € Ngand F € H ), the preceding series
is uniformly convergent with respect to k € Ny. Thus, we are allowed to conclude that

(k) |

: o2 _ (c0) i I

0 i k—00
Ay ’_”_i’
N N N N ( )
This implies that F € (Jycn, H (" I -

Such spaces are strongly related to the scale spaces of the spherical wavelet theory due
to Freeden; see, for example, Freeden et al. (1998).

Theorem 4.7.7 If (An)nenN, is a summable real sequence with A, # 0 for all n € Ny,
then H =H ((A,); Q) is dense in (C(2), ]| - |c)) and in (LA(Q), -l LZ(Q)).

Proof From the Sobolev lemma (Theorem 4.7.5) and Theorem 2.5.20, we have that H C
C() C L*(). Moreover, the construction of { (see Definition 4.7.1) immediately implies
that span {Y, ;}neNy; j=—n,...n C H, as a span only contains finite linear combinations.
Since the functions Y, ; are closed (in the sense of the approximation theory) in the spaces
(C(2), || - lley) and @20 - |l 12(q)) (see Theorems 4.2.15 and 4.2.17), we obtain the
desired result. ]

Note that we need A, # O for all n € Ny in the proof of Theorem 4.7.7, since otherwise
not all ¥, ; are elements of H due to (4.55).
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The Sobolev spaces on the sphere which are used here have also proved to be useful
because of their connection to reproducing kernels. These kernels are common as a building
block for a spherical spline method due to Freeden and Wahba (see Freeden, 1981a,b,
Freeden et al., 1998 and Wahba, 1981). Before we continue, a very short introduction into
reproducing kernels may be helpful. For further details, see also Davis (1975) and Michel
(2013).

Definition 4.7.8 Let (X, (-, -) x) be a Hilbert space and a K-vector space (K € {R,C})
whose elements are functions with a joint domain D C R”. If there exists a kernel
function Ky : D x D — K such that

(a) Ky(x,) e X forallx € D,
®) (F,Kx(x, )y = F(x)forallx € Dandall F € X,

then K y is called a reproducing kernel of X', and &’ is called a reproducing kernel
Hilbert space.

Theorem 4.7.9 Let (X, (-,-) x') be a reproducing kernel Hilbert space with functions
F: D — K, where D C R". Then its reproducing kernel K x is unique and conju-
gately symmetric: Ky (x,y) = Ky (y,x) forall x,y € D.

Proof Suppose that Ky and L y are both reproducing kernels of X'. Then the properties
a and b from Definition 4.7.8 and (IP2) from Definition 2.5.1 imply that, for all x,y € D,
we have

KX(-xay)Z (KX(-xa)aKX(y’))X = (KX()’, ),KX(X,))X ZKX()”X)’
LX(X,y)I (LX(X,),KX()},))X = (KX(y’ ),LX(X,))X ZKX(y,X)
= Ky(x,y). |

Let us now direct our attention to the spherical Sobolev spaces.

Theorem 4.7.10 Let (A,)neN, be a summable real sequence. Then H = H ((A,); Q)
is a reproducing kernel Hilbert space with a unique reproducing kernel. The latter is
represented, for all £,n € 2, by

KyGEm=)Y Y A¥u;OYsm=) ”4: P&, (459)
n=0 j=—n n=0

Proof The alternative representation in (4.59) is a direct consequence of the addition
theorem (Theorem 4.2.9), and the uniqueness has already been proved in Theorem
4.7.9. It remains to verify properties a and b from Definition 4.7.8. Clearly, we have
(K3 (£, Yn j) 12(2) = AzYn, j(&). Consequently,

o0 n L 5 o0 n 5 5 o0 2n +1 5
DD APEKH G N = D D AT G = ) T AL < oo
n=0 j:—n n=0 j:—n n=0

An0 An0 An£0
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where we used the addition theorem again, the fact that P,(1) = 1 (see Theorem 4.2.11), and
the summability condition (4.57). Hence, K4 (&,-) € H (see Definition 4.7.1). Eventually,
let I € ‘H be an arbitrary function, which is continuous due to the Sobolev lemma (Theorem
4.7.5). Then

(F. Ky G Ny = ) Y ATF. Yo ) 2y AnYa, ()

n=0 j——p
Ap#0 J

= N (F Y 1o ¥ &) = F&)

n=0 j=—n

forall§ € €2, where we used the constructionof 7 (i.e., we had required (F, Y, j)12q) =0
if A, = 0; see Definition 4.7.1) and the uniform convergence of the Fourier series of F (see
the Sobolev lemma, Theorem 4.7.5). Ll

Since K4, is a zonal function, we will also write K4, (¢ - 1) instead of Ky (&, 7).

Depending on the properties we require from the considered function on the sphere, we
can choose the appropriate Sobolev space. One way of installing scales among Sobolev
spaces on the sphere is given in the following way.

Definition 4.7.11 For each s € R, we define the spherical Sobolev space H (2) ==
1\=5y.
H(((n+3)7):9).
Several properties can be proved for these spaces, for example concerning the applicabil-

ity of certain (pseudo-)differential operators. For further details, see, for example, Freeden
et al. (1998). We will only summarize a small selection here.

Theorem 4.7.12 The spaces H 5(2), s € 2, satisfy

(a) Ho(Q) = LX), (c) Hs(2) cC(), ifs > 1,
(b) H () C HAQ), ifs > 1, (d) H () C C(Q), ifs > 2.

Proof Part a is trivial (see part b of Theorem 4.7.2). Part b is a consequence of part a of
Theorem 4.7.2. Part c is valid due to the Sobolev lemma (Theorem 4.7.5), since the sequence
((n +1/2)7° )n N is summable if and only if s > 1. For the proof of part d, we refer to,
for example, Michel (2013, Theorem 6.16). Ll

Let us now prove how radial basis functions can be obtained on the sphere.

Theorem 4.7.13 Let (A,)neN, be a given summable real sequence and let {n(k)}keNo C
Q be a dense set of pairwise distinct points on the unit sphere. Corresponding to this
point set, we define the sequence of zonal functions Fy(§) = Ky (n'® - £), £ € ,
k € No, where Ky is the reproducing kernel of H = H ((A,); Q). Then the following
holds true:

(a) span{Fy}icN, is dense in H (i.e., the Fy are radial basis functions).
(b) span{Fy}ren, is dense in (C(Q), || - o) and in (L*(R), (-, -) 1 2q)) if and only
if A, # 0 foralln € Np.
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Proof We prove each part separately.

(1) Proof of part a:

We define i := span{Fy}rcn,. Since gl e

can decompose ‘H into H = E”'”H & (E”'”H )J‘ due to Theorem 2.5.71. If now F €
(E”'”H )J', then (K (n(k)-), F>7_[ = O since Ky (n(k)-) € h. However, the properties
of a reproducing kernel (see Definition 4.7.8) yield that F (77(")) = Qforall k €
Np. Since (Aj),en, is summable, F' must be continuous due to the Sobolev lemma
(Theorem 4.7.5). If {n(k)}keNO is dense in €2, then we must get F = 0.

(2) Proof of part b:

Our previous conclusions are still valid. Let now A, # Oforalln € Ng. If F €
C(Q) or F e L%(Q), then Theorem 4.7.7 tells us that there exists a function G € H
in an e-neighbourhood of F, where the corresponding norm of C(£2) or L2(Q) is
used. Due to the previous considerations, there is /1 € h in a neighbourhood of G,
measured in the norm of H . Due to part b of Theorem 2.5.20 and (4.58), we find also a
function H € hinan g-neighbourhood of G, measured in the norm of C(£2) or L2(),
respectively. Hence, Hisina 2¢e-neighbourhood of F in terms of the C(£2)-norm or
the L?(2)-norm, respectively.

Vice versa, let us assume that there exists v € Ng with A,, = 0. Then we have,
for example, (Y,),o, Ky (”(k)')>L2(s2) = 0 for all £ € Ny due to (4.59). Hence, Y, o
is orthogonal to the entire basis of E”'”LZ(Q), but ¥, 0 # 0. Thus, £ is not dense in
L2(2). Since e E”'”Lz(m, the function is also not in E”'”C(m, although ¥, ¢ €
C(Q) C LX(Q).

is a closed linear subspace of H , we

Note that the latter argumentation is not possible in A , because Y, o ¢ H if A, = O,
because of (4.55). O

It is important that {77(")} keNo is dense in 2. Otherwise, there would exist a ball B.(7)

with n € Q and & > 0 such that »® ¢ B.(y) for all k. Then, in the proof of part a, we
would not be able to make conclusions about F on B.(7).

Example 4.7.14 Let us consider some examples of spherical radial basis functions.

(a) We have already encountered the Abel-Poisson kernel. In Corollary 3.4.20,
we found out that the kernel can be expanded in Legendre polynomials by

e ¢}

1 R?2 -2 2n+1 /sr\n
- = —) P,(x),
47 (R4 712 —2rRx)3/2 2 47 R (R) ()

x € [—1,1], where 0 < r < R. We can easily turn this into a zonal function by

setting
1 1—h? > 2n+1
Kp(E-n) = — =y W' P, (€ - 1),
G = W —2hE 2 T4n a& -
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&,n e Q,h €0, 1]. We get non-bandlimited radial basis functions by choosing
a fixed h € [0,1] and a dense but countable subset {n(k)} keNo C €2. Then

Fr(8) = K(n® - £), & e Q, satisfies the required properties from Theorem
4.7.13. In view of Theorem 4.7.10, the corresponding Sobolev space is asso-
ciated to the sequence A, = K2 n e Np, which is, due to its exponential
character, obviously summable; see (4.57). Though these radial basis functions
vanish nowhere, they show a spatial concentration around their maximum at
g€ = ™, as shown in Figure 4.17. The location of this maximum is obvious,
because | P,(t)| < P,(1)forallt € [—1,1]and all n € Np; see Theorem 4.2.13.
This concentration gets stronger as 4 increases.

Due to the closed representation, the Abel-Poisson kernel has a rare out-
standing status among the non-bandlimited radial basis functions and is, there-
fore, frequently used in numerical computations.

(b) Note that bandlimited kernels are not covered by part b of Theorem 4.7.13.

A class of such kernels can be constructed by setting the sequence A, =
(¢ 7(nNHY/2, where J € Ny is a fixed scale and @y is a generator of a (spherical)
bandlimited scaling function; see, for example, Freeden et al. (1998, pp. 279—
296) or Michel (2013, pp. 195-199). We pick out two examples: the Shannon
scaling function corresponds to

) 1, 0<n<?2/,
Jn) =
¢ 0, n>27
and, consequently,
271
2n+1
K€ mi=Kn@E-m=) ——PE-n: &ne:

n=0

and the cubic polynomial (cp) scaling function is characterized by

r(n) = {(()1 —27n)" (1421 ), : il; 2,
such that
2] o o+l
Ky n) =Ky n= ;) (1=277n) (1 +217n) = — Pat& - );

&,n € Q. The associated radial basis functions are illustrated in Figures 4.18
and 4.19. The Shannon basis functions show some typical oscillatory behaviour
which is not the case for the cp basis functions. For this reason, the latter can
be expected to cause a lower risk of numerical artefacts.

Since bandlimited radial basis functions (i.e., A, # O for only a finite number of n)
only span a finite-dimensional space, only a finite number of points suffices to obtain a
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Figure 4.17 The Abel-Poisson kernel 2 5 £ — Kp(n - §) with a fixed point n (location of
the maximum) can be used to construct non-bandlimited radial basis functions by choosing
a dense but countable subset {r](k) } keNy © Q for the centres . In this figure, the kernels are
shown for one choice of n and different parameters 7 = 0.7 (top-left), 7 = 0.8 (top-right),
h = 0.9 (middle-left), and 4 = 0.95 (middle-right). The bottom row shows the functions as
zonal functions [—1,1] 3 1 +— Kj(¢). The parameter & controls the localization in a sense
that the ‘hats’ become higher and narrower with increasing /.
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Figure 4.18 The Shannon scaling function 3 £ +— K j(n-&) with a fixed point # (location
of the maximum) can be used to construct bandlimited radial basis functions by choosing an
appropriate subset { r](k)} ¢ C 2 forthe centres 7. In this figure, the kernels are shown for one
choice of 1 and different parameters J = 2 (top-left), J = 3 (top-right), J = 4 (middle-
left), and J = 5 (middle-right). The bottom row shows the functions as zonal functions
[-1,1] > t +— Kj(). In analogy to the parameter / for the Abel-Poisson kernel (see
Figure 4.17), the so-called scale J controls the localization of the Shannon kernel. Shannon
scaling functions have typical oscillatory patterns.
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Figure 4.19 In analogy to the Shannon scaling function, shown in Figure 4.18, the cp scaling
function is plotted here for different scales J. Again, the scale controls the localization of
the trial function. However, the radial basis functions based on the cp scaling function are
essentially smoother (i.e., less oscillatory) than the Shannon scaling function.

(theoretical) maximal coverage of the corresponding linear space H . If FF € H and we
want to find coefficients aq, . .., ap such that

N
F) = Z%K?{ (5 : 77(")) forall &€ € ,

n=1



222 Basis Functions

then we get the system of linear equations

N
F (;7<’<>) =Y a,ky (;7(") : ;7(")), k=1,....N,

n=1

with the quadratic matrix M = (K (n(k) . n(")))k,nzl _____ n. From the construction of H ,
we have H = span{Y, ;| Ay, # 0,n € No,j = —n,...,n}. Hence, if N = dim# and the
Gramian matrix

.....

constitute a basis of H .

is regular, then the functions {Kq_[ (77(")-)}k:1 N

Theorem 4.7.15 Let (A,),cn, be a given real sequence where A, % 0 for only a
finite number of indices n. Furthermore, let N = 220201 A,20(2n +1). Then N =
dimH ((A,); Q). If{n(k)}k:1 _____ n C S2is a finite set of pairwise distinct points such
that the matrix M = (Kq_[ (n(k) . n(")))k’nzl y IS regular, then the radial basis

.....

functions Fr(§) = Ky (n(k) . E), E e Q k=1,...,N, span the Sobolev space
H ="H (An):€).

In Section 4.5, we also mentioned the case of spacelimited basis functions (see Definition
4.5.1). Therefore, we discuss also an example of such trial functions. This example and the
properties we recapitulate can be found in Freeden et al. (1998, section 5.8.2), which is,
together with the references therein, recommended for further details. Moveover, further
discussions can also be found in Freeden and Hesse (2002).

Definition 4.7.16 For each 1 €]0,1[ and each k € Ny, we define the function
B [-1,11 > Rby

(T
B () .= § -7 - te[—1,1].
0, ifr < h,

The corresponding zonal functions 2 > & — B}(lk)(n - &) for fixed n € Q are called
smoothed Haar scaling functions on the sphere or finite elements on the sphere.

The functions are shown in Figures 4.20—4.23. For a better illustration of the different
orders of smoothness, the 1D-functions B}(lk) are also shown in Figure 4.24.

Is Theorem 4.7.13 applicable to the functions B}(lk)? We have to interpret them as repro-
ducing kernels in order to clarify this. By using Theorem 4.2.10, we can apply an orthonor-
mal basis of L2[—1, 1] which is based on the Legendre polynomials, since each B}(lk) is
obviously an element of L2[—1, 1]. Moreover, B}(lk) e C*=D[—1,1] forall k > 1. We have

00 00
B, = E B, P P, = E B P, 4.60
h R ) " h () 4m o ( )

n=0 n=0

in the sense of LZ[—1, 1], where we used a common abbreviation.
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By (1) By,

Figure 4.20 The spacelimited radial basis functions 2 3 § B}(lk)(r] - &) with a fixed point

n have supp B}(lk)(r]-) = {& € Q|n-& > h} as their support. In this figure, the kernels are
shown for different parameters /2 and the fixed parameter k = 0. The parameter / controls
the support, that is, the extent of the spacelimitation, whereas the parameter k controls the
smoothness of the function. In general, B}(lk)(r]-) e Ck=1(@) for k > 1. In the case k = 0,
the functions are indeed discontinuous at the boundary of the support.

By ()

Figure 4.21 In analogy to Figure 4.20, the spacelimited radial basis functions 2 > §
B}(lk)(r] - &) with a fixed point  are shown for different parameters 4 and the fixed parameter
k = 1. Note that these functions are continuous on the whole sphere but not differentiable
at the boundary of their support.

223
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Bii(n) ()
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Figure 4.22 In analogy to Figures 4.20 and 4.21, the spacelimited radial basis functions

QLa3é&- B(k)(r] - &) with a fixed point # are shown for different parameters 2 and the fixed
parameter k = 2. Note that these functions are continuously differentiable on the whole
sphere but not twice differentiable at the boundary of their support.

(
u" I n)

0.8 |0.8
0.6 06
0.4 0.4
0.2 0.2

(8} ‘ \
Byaln) o.us M)

|0.8 0.8
0.6 0.6
0.4 04
0.2 0.2

Figure 4.23 In analogy to Figures 4.20-4.22, the spacelimited radial basis functions © >
& > B(k)(r] - &) with a fixed point n are shown for different parameters 4 and the fixed
parameter £k = 3. Note that these functions are twice continuously differentiable on the
whole sphere but not three times differentiable at the boundary of their support.
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Figure 4.24 The 1D-functions B}(lk) are shown for a fixed parameter # = —0.4 and varying
parameters k = 0, ..., 3. Note that B}(lk) € C(k_l)[—l,l] fork > 1.

Definition 4.7.17 For each G € L*[—1,1], the Legendre coefficients are defined
by G*(n) = 27 f_ll G(t)P,(t)dt, n € Ng, where P, is the Legendre polynomial of
degree n.

Due to the obvious link to the representation of a reproducing kernel on the sphere (see
Theorem 4.7.10), we have to further investigate these Legendre coefficients.

There is a known recurrence formula for the Legendre coefficients of B}(lk), whose proof
we will recapitulate here.

Theorem 4.7.18 For each h €10,1[ and k € Ng as well as all n € Ny, the Legendre
coefficients of B }(lk) satisfy

(k) A . 1—h
(Bh ) O =27 —. (4.61)
() m=2n *k+Dk+2) (62

4k +3) (19}1"))A (1+2) = 2n+ 3 (BZ’”)A (n+ 1)
+(k—n) (B,ﬁ"))A ). (4.63)

Proof First of all, we notice that the local support of B}(lk) causes that

A 2 1
(B}slo) (”)Zﬁ /h (t — W Py(r) dr. (4.64)
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Forn = 0 and n = 1, this is easy to calculate:

(B(k))A o 2 /l(t . 27 (1 — h)F! 5 1—h
= — = = LT —_,
h (1= h¥x J, 1—mk k+1 k+1

A 2 1
(B}(lk)) (1):#/}1 (t — e de

o [ (r — h)k+1

1

=1 (l‘ )k+1
L

TA-hF| k+1
1—h 1—h1—h
=27 — 2
k+ 1 k+1k+2
1—h
= (k+14h).

(k 4+ Dk +2)

Hence, (4.61) and (4.62) are valid.
For the recurrence relation of the coefficients, we use one of the known recurrence
formulae for the Legendre polynomials, namely (3.110).

1
(n+2) / (t — WY P, s(r)dr
h
1 1
=Qn+ 3)/ (t — Wt Py (D dr — (n + 1)/ (t — WP, (1) dt
h h
1 1
=(2n+3) / (t — WY P, (1) dr + 2n + 3)h / (t — WP, (1) dr
h h

1
—(m+1) / (t — WY Py(t) dr. (4.65)
h

We apply now (3.113) and integration by parts to the first integral on the right-hand side of
(4.65) and obtain

1
(2n + 3)/ (t — WP dr
h
1
= / (t — WY (Phoy(t) — PU()) dr
h

1
= (1 — W (Pya(1) — Py(1) —(k + 1) /h (t — W (Puga(t) — P,(0)) dt. (4.66)
———
=0

When we insert this into (4.65), we obtain using (4.64) the result
A A A
n+2) (BP) 0 +2 =G+ [(B,(j‘)) n+2 - (B (n)}

420+ 3)h (B,ﬁ’”)A 41—+ 1) (19;[‘))A ().

We can easily summarize this to get (4.63). |
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Figure 4.25 Legendre coefficients of the locally supported trial functions B}(ll) for different
values of &: note that some of the coefficients are negative.

The recurrence relation allows the numerical calculation of the Legendre coefficients of
the spherical finite elements. Some coefficients are shown in Figure 4.25. In this figure, we
already see that the B}(lk) cannot be reproducing kernels. (B}(lk))/\(n) = A% needs to hold, but
some of the (B}(lk))/\(n) are negative.

This known drawback of the spherical Haar functions was tackled in the literature by
using the concept of the convolution of spherical radial basis functions. We will only use
this as a tool here such that we merely summarize what is important for the further consid-
erations but omit the proofs. For details, see, for example, Freeden et al. (1998), Freeden
and Schreiner (2009), and Michel (2013).

Theorem 4.7.19 Let G, H € L?[—1,1]. Then the function K : Q> — R, which is
defined by

K. = /Q G- O HE - )da). £ e

is a zonal function, that is, there is K € L2[—1,1] such that E(E -n) = K(&,n) almost
everywhere. This function is denoted by G * H = K and is called a convolution of
zonal functions. It has the property that (G * H)*(n) = G*(n)H"(n) for all n € Ny.

Definition 4.7.20 Let G € L2[—1,1]. Then the iterated convolution G©_k € N, is
defined by GV := G and G*TD := G® % G forall k € N.

We will now use the iterated convolution (B;(lk))(z), as it has only non-negative Legen-

dre coefficients. This function can be calculated by using (a truncation of) the expansion
(B}(lk))(z) =3, [(B}(lk))A(n)]z[(Zn + 1)/(47)] P,. Nevertheless, the question whether
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these functions are reproducing kernels cannot be answered with the facts that we have
recapitulated so far. For continuing, we need a known property of Legendre polynomials
which we will only quote here (see Freeden et al., 1998, (3.2.44)).

Lemma 4.7.21 Each Legendre polynomial satisfies the estimate

/ 2 2174 o
| Pa(1)] < n(n+1/2)(1 7y, if —1<t<l.

Now we come to the result which we need for deciding about the occurrence of a reproduc-
ing kernel. Note that we show here a stronger result in comparison to Freeden et al. (1998,
p- 126).

Theorem 4.7.22 The Legendre coefficients of the spherical finite elements, for fixed
k € No and h €]0,1[, have the asymptotic behaviour

(CUXE

Proof 1In the case k = 0, we have, due to (3.113), the identity

=0 (n_k_s/z) asn — oo.

1

)" rad
() 0 =2r [ Py = 7 (Bra) = Prcah)

forall 7 €]0,1[ and all n € N. Then Lemma 4.7.21 enables us to conclude that
A 8 1 1
(BY) | = o=y -
2n+1 Sn=1/2  /n+3/2
— '87[ (1_h2)—1/4\/n+3/2_\/n_1/2
2n+1 Vnt4+n—3/4

2n+1 Vn?4+n—=3/4(Vn+3/24 /n—1]2)
=0 (n—5/2)

as n — o0o. Now we have a look at (4.66), according to which we have
(k+D\" _ A )"
(1-m2n+3)(B, n+D=k+D]|(B, (n) — | By, n+2)].
Hence, an easy induction yields that
A
()

Now we combine Theorems 4.7.10 and 4.7.22, Definition 4.7.4, and (4.60), and our
previous question is answered.

=0 (n_kn_5/2) as 1 — 00. ]
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Theorem 4.7.23 Let h €10,1[ and k € Ng be arbitrary. Then (B}(lk))(z) is the repro-
ducing kernel of the Sobolev space H ((A,); ) associated to

A, = ‘(B;(lk))/\(n) .0 (B(k)) (n) 0,

0 else.

Hence, we can use the iterated spherical finite elements (B}(lk))(z) to construct spacelim-
ited radial basis functions based on Theorems 4.7.13 and 4.7.15, respectively.

In this context, the following theorem, which was proved in Freeden et al. (1998, corol-
lary 5.8.6), is worth knowing.

Theorem 4.7.24 Let k € Ng be chosen arbitrarily.

(a) There exist parameters h € 10, 1] for which (B}(lk))/\(n) # 0 forall n € Ny.
(b) For each m € Ny, there exists hg €10, 1[ such that (B}(lk))/\(n) # 0 for all
h €lhg, 1l and alln < m.

Since not only radial basis functions but also Sobolev spaces on the sphere comprise
the topics of this section, we also discuss here a certain aspect of differential operators and
equations, respectively, on the sphere. However, we skip the general abstract theory and
consider the example of the Beltrami operator instead, which we will need later on.

In view of Theorem 4.2.19, we can define the Beltrami operator in an alternative way.

Definition 4.7.25 The Beltrami operator can also be defined as the operator
A*H ((Apneny s @) = LA(RQ) with

AV = Z Z [—nGt+ DIV, Y ;) 120 Y, )
n=1 j=—n
Ag:=0,and 4, = [n(n + 1)]_1 for n € N. We write H a= for this Sobolev space.
Indeed, A*V e L2(), because

[e 0] n
1A VI gy =D Y In(n+ DIV Yo Vo) = 1VIG a0

n=1j=—n
forall V. e H ((A,);<2). This also shows that the linear operator is bounded.

Theorem 4.7.26 The Beltrami operator from Definition 4.7.25 is linear, continuous,
and isometric.

In the following, we investigate the solutions of the partial differential equation
AUB =F(©®), &eq (4.67)

where F e L2(Q) is given and U € H a+ is unknown. The considerations here are based
on Backus (1986). Let us first state a theorem on the solutions of (4.67) and then prove it.
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Theorem 4.7.27 Let F € L*(Q) be an arbitrary function. Then (4.67) is solvable if
and only if

/Q F(&)dw(&) = 0. (4.68)

Moreover, if U € C(z)(Q) solves (4.67), then all solutions of the equation must have
the form U + ¢, where ¢ € R is an arbitrary constant. The solution is unique if one
additionally requires that

/Q UE) dow(&) = 0. (4.69)

Note that, for U € H a=, condition (4.69) is satisfied anyway.
Proof The proof is a bit lengthy and therefore subdivided.

(1) Solution space:
It is clear that U + ¢ solves (4.67) if U is a solution. Let us now assume that U
and U3 both solve the equation. Then A*(U; — U) = 0. Hence, Theorem 4.2.19 tells
us that Uy — Us € Harmo(2), that is, U — U» is constant on 2.
(2) Uniqueness:
This fact is clear, since fQ(U(E) +o)dw(é) = fQ U(€)dw(§)+4mc = Ocan only
be achieved by one constant c.
(3) Necessary condition for the existence:
With Green’s first surface identity, we immediately obtain that

/ (VE1)-(VEU(®)) dw(®) + / 1-AfUE)dw(§) =0
Q —_ Q
=0
such that (4.68) is necessary for the existence of a solution. Besides, if U € H a=*
and A*U = F e L*(Q), then Definition 4.7.25 immediately yields (4.68).
(4) Existence of the solution:

Since F € L*(Q), Theorem 4.2.18 allows us to expand F in spherical harmonics
as F = > >, Z'J’.:_n(F, Yy, i) 12 Yn,j in the sense of L(Q). Since Yq ¢ is the
constant basis function, the condition in (4.68) implies that (F, Yo, o) 12 = 0. Let
us now check the following candidate for a solution:

U —Z Z (n+1) (F. Yo )12 Yn jE), & €Q.

n=1j=—n
Then, obviously, (U, Yo,0) 12 = 0, that is, (4.69) holds true. It is clear that U €
H ax, because

n

o0
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Furthermore, we define

N n
FE) =Y > (F. Y j) 1200 Y j(E).

n:lj:—n

Un() = Z Z D 1) (F. Yo j) gy Yo 6,

& € Q, where clearly Uy € H A+ and Fy € LZ(Q) for all N € N. Moreover, we
have | F — Fy|l12q) — 0as N — oo (for trivial reasons) and |U — Un |3 ,. =
IF — Fnlli2gq — 0. Since A*Upxy = Fy due to Theorem 4.2.19 (or Definition
4.7.25) and the operator A*: H ax — L2() is continuous (see Theorem 4.7.26),
we are now able to conclude that A*U = dlim,,_woA*UN = F in the sense of
L%(Q), that is, d is the metric induced by | - | L2 ]

Consequently, we can define an inverse operator.

Definition 4.7.28 The operator
(A7 {F e LX) | (F.Y0,0) 12 = 0} = H a»
is defined by

(AR —Z Z n(n+1) (F. Yo j 1Y)

n=l1 j=

for all F e L2(2) with fQ F(&)dw(E)=0
Theorem 4.7.29 Let the kernel K : [—1,1] — R be defined by

e ¢}

-2
K@E-n= 2(171)4 Pat 1) = Z Z Py +1) Yo (6) Y (),

n=1j=

&, n e Q. Then (A" can be represented as the Fredholm integral operator

[(A*)_IF](E)=/QK(E-U)F(n)dw(n)-

Proof Clearly, K(§-) € LZ(Q) for all £ € €2, because

e ¢}

2n+1
=1

n=1j=

Hence, the Parseval identity yields, for all & € €,

/Q K(E - ) F(n) do(n) = (KE.F) 120

=Z Z n/@)( )LZ(Q)

= [( *) 1F]@). 0
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In terms of differentiability, that is, the discussion of A*U = F for the Beltrami operator
on C?(Q), there is a theorem which is the spherical analogue to the theorem for the Poisson
equation in Euclidean space (see Theorem 3.1.12). For the proof of the following theorem,
the reader is referred to (Aubin, 1982, theorem 4.7).

Theorem 4.7.30 Let F € C*®(Q) withk € Noand 0 < a < L If [ F(§) dw(&) =
0, then there exists a function U € CKT29(Q) such that A*U = F. If F € C'®(Q),
then U € C(Q).

4.8 Basis Functions on the 3D Ball — Briefly

Basis functions on the three-dimensional ball are also of importance in Earth sciences. Such
systems are needed whenever the Earth’s interior comes into play. This can be the case for
tomographic inverse problems, where a connection to medical imaging is obvious, or for
the modelling of processes in the mantle or the core. In this book, the most important topics
are only summarized, but basically without proofs for the sake of brevity. The reader shall
be provided with the tools which he or she might need, whereas the theory has already been
summarized and elaborated in Michel (2013, part III). For more recent results, the reader is
alsoreferred to Leweke et al. (2018a) and Michel and Orzlowski (2016). For a generalization
to d-dimensional balls, see Ishtiaq (2018) and Ishtiaq et al. (2019). Since the Earth’s interior
approximately consists of layers with boundaries which are concentric spheres, it is canon-
ical to seek basis functions G on the ball B := {x € R? | |x| < 8} = m which have the
form G(x) = F(|x|)Y(x/|x|). The considerations here are consequently restricted to such
basis functions. For orthogonal basis functions on the ball where Cartesian coordinates are
used, see Dunkl and Xu (2001).

The ansatz G(x) = F(|x|)Y (x/|x]|) leads to the following orthonormality condition for
two functions G, G € L%(B):

~ 0, ifG#G,
/ G(x)G(x)dx = ~
B 1, ifG=0,

where

~ B ~ ~
/ G(x)G(x)dx =/ r2F(r)F(r)dr/ Y (&)Y (&) dw(§).
B 0 Q

Obviously, the system {¥, ;}neNg; j=—n,...,n Of spherical harmonics is a good choice for the
angular dependence of G. For the radially dependent part, we need functions which are
orthogonal with respect to a weighted L2-inner product. Depending on the application, dif-
ferent choices for F have been investigated in the literature. In each case, Jacobi polynomials
are used.

Theorem 4.8.1 Let o, 8 > —1 be fixed real numbers. Then there exists one and only
one sequence of polynomials {P,E,OMS )}m No with the following properties:

(a) Each nyla,ﬁ) has the degree m.
(b) If my % my, then
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1
/_ 1(1 — (1 +x)P PP ) PP (x)dx = 0.
(c) For every m € Ny, we have P(a ’S)(l) (m'HX) where the binomial coefficient
is defined as in Definition 2.3.7.
These unique functions are called the Jacobi polynomials.

Note that the Legendre polynomials represent a particular case of the Jacobi polynomials
since P, = P,go’ 9 For further details on such 1D-orthogonal polynomials, see, for example,
Chihara (1978), Michel (2013), and Szeg6 (1975). For normalizing the basis on the ball, we
also need the weighted L”-norm of the Jacobi polynomials, whose proof is omitted here.

Theorem 4.8.2 For each a, B > —1 and all m € Ny, we have

1
/ (1 — (1 + 2P [PEP ()] dx
-1

_ 20+B+1 F'm+a+DI'm+B8+1)
T 2m+a+B+1 m!Tm4a+B+1)

El

where I is the gamma function.

Note that this coincides with the particular result for the Legendre polynomials if & =
B = 0; see Theorem 3.4.22.

Theorem 4.8.3 (Orthonormal Basis on the Ball) Let B = Bg(0). Then each of the
following systems is an orthonormal basis of L>(B).

(a) Let (£,)peN, be a fixed sequence of non-negative real numbers. Then we set

4 20, +3 £n
m n, ()C) _m + + P(O £n+1/2) 2|x| 1 |x| Ynﬁl i ’
i B3 B? B x|

x € B\{0}, m,n e Ny, j€{—n,...,n}
(b) We define

2m+3 |x] X
G . 0,2) . _
mn 09 \/ B3 En (2 B _1) Y’“(|x|)’

x € B\{0}, m,n e Ny, j€{—n,...,n}

If propositions are formulated which are valid for both types of basis systems, then we
will simply write G, n, j to represent the arbitrary choice.

Remark 4.8.4 The different basis systems have different properties and different
applications:

(a) If we set £, := n for all n € Ny in type I, then the functions play an important
role in the context of the inverse gravimetric problem; see also Section 5.2.
Indeed, this system was developed in Ballani et al. (1993) and Dufour (1977)
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for this particular application. A closer look at the basis functions reveals
I

that {GO,n,j}neNo;j:—n ..... n

of inner harmonics) on B; see also the discussions after Theorem 3.4.25.

The elements of the L?(/3)-orthogonal complement, which is spanned by

o0 are called anharmonic functions.

is a basis of all harmonic functions (the basis

I
{Gm,n,j}meN,neNo;j:—n .....

These functions Gin nj with ¢, = n for all n also have another nice prop-
erty: since we can write them as the product of a polynomial in |x|> = x% +
x% —l-x_,% and an inner harmonic, all Gim nj of this kind are algebraic polynomials

in x1, x2, x3 and can, particularly, be extended to a C(oo)(B )-function by setting
Gin’n’j(O) = 0ifn > 0, and GL’QO(O) = /(dm + 3) /(47 B?) POy,

where the well-known theory of Jacobi polynomials tells us that P,E,O’ Y 2)( -1 =

0" (",)-

(b) The case ¢, ‘= n — 1 for all n € N, where the functions G;n,n, ; are only
considered for n > 0, plays an important role in medical imaging; see Leweke
(2018) and Leweke et al. (2020) for further details.

(c) The functions of type II go back to Tscherning (1996). Their advantage is the
complete decoupling of the radial and the angular part, whereas type I requires
(if ¢, # £, for n # v) calculating a set of Jacobi polynomials for each angular
degree n. On the other hand, type II is not extendable to x = 0, if n > 0,

because then lim,_.¢ Gg " j(x) does not exist.

With Theorem 2.5.27, we also get the following property.

Theorem 4.8.5 The functions {GI
the approximation theory) in (C(B )L )) if £y = n foralln € Ny.

, are closed (in the sense of

Moreover, the Stone—Weierstra3 approximation theorem (Theorem 2.5.23) says

that
{G,

m,n,j}m,neNO;j:—n .....

the polynomials on 3 are dense in (C(B Ll - e )). Since the functions
, With £, = n for all n € Ny constitute a basis for all polynomials

on BB (see Michel, 1999, lemma 2.3.7 and theorem 2.3.11), we are able to add another
conclusion.

Theorem 4.8.6 Let £, .= n be chosen for all n € No. Then the previously defined

. I
functions {Gm,n,j}m,neNo;j:—n ..... n

theory) in (CUB). || - los))-

are closed (in the sense of the approximation

Theorem 4.8.7 Let the operator *AX acting on sufficiently differentiable functions
on B \ {0} be defined as the concatenation *Aff = DX o A;/m, where A* is the

|x]
usual Beltrami operator and

(a) in the case of type X =1, the operator D is defined by

2r2\ B2 d B>
- ?) ~ @ — €€y + 1)1’_2’

1 2 2 d2
D= —r )ﬁ+2(1
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(b) in the case of type X = 11, we set

d2
D} =r(B—r) 5+ 0GB - 4r)—

Then the functions GX . are eigenfunctions of *AX in the sense that

m,n, j

“AXGE () = (*AX) (m,n)Gpy , (x) forallx € B\ {0},

m,n, j

where

3 .
<*AX)A . [e,,(e,, +3) + 4m (m O+ 5)] nn+1), ifX =1,
m(m + 3)nn + 1), if X =1L
In analogy to the spherical case, Sobolev spaces and their reproducing kernels can be
constructed. Also this topic will only be briefly summarized here. For further details and
proofs, see Akram et al. (2011), Amirbekyan (2007), Amirbekyan and Michel (2008),

Ishtiaq (2018), Michel (2013), and Michel and Orzlowski (2016). For corresponding
structures built out of vectorial functions on the ball, see Leweke (2018).

Definition 4.8.8 Let X € {1, 1I}. Moreover, let (A, »)m, nen, be a countable set of real
numbers. In the set £ ((A,,,,); X ; B), we collect all F € C*)(B) for which

<F GX

- />L2(B) =0 whenever 4,, , =0

and

2
A (FGYL )
mznjo Z mi gy = T

Am, n#o

We equip this space with the inner product

-2 X X
(Fl,Fz Z Z A <F1’Gmn/> Z(B)<F2’Gm’n’j>L2(B).

m,n=0
Amrﬁm

The completion of £ ((An,»); X; B) with respect to this inner product is denoted by
H (A, »); X; B) and is called a Sobolev space on the ball. If no confusion is likely
to arise, we will simply write H for this Sobolev space.

Remark 4.8.9 Two short comments are worth adding.

(a) Obviously, H is a Hilbert space.
(b) Since we use an L>-inner product, it is negligible that the functions G X

mon, j aTe,
in general, not defined in x = 0.
Definition 4.8.10 We say that (Ax n)m, neN, is I-summable if

(L, +m+ 1/2)""
(m!)?

[e 0]
Z A% Q2+ D(dm + 20, + 3)

m,n=0
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and II-summable if

[e 0]
> AL L,Qn+ D@m+3Y < 4o

m,n=0

Note that in some earlier publications, such as Michel (2013), a minor error occurred in
the summability condition for the ball. The preceding conditions are the corrected versions
and have already been mentioned in Ishtiaq (2018) and Ishtiaq and Michel (2017).

Theorem 4.8.11 (Sobolev Lemma) If (Am, n)m, nen, is X -summable, then every F €
H ((Am.n); X; B) has a uniformly convergent series

Foy=Y ) <F Gﬁﬁnﬁj>LZ(B)Gﬁﬁnﬁj(x), x e B\ {0},

m,n=0 j=—n

and is continuous on B \ {0}. If X = 1 and £,, = n for all n € Ny, then the uniform
convergence and the continuity is even given on B.

Theorem 4.8.12 If (Ay. n)m,neN, is X-summable, then H ((Ay, »); X; B) is a repro-
ducing kernel Hilbert space. Its unique reproducing kernel obeys the representation

Kyey)= Y Y Ay ,Gr ()GX, (»: xyeB\{0}. (470)

m,n=0 j=—n
If X =Tland ¢, = n for alln € Ny, then (4.70) is validon B x B.

Moreover, we can also conclude that analogous propositions to Theorems 4.7.2, 4.7.7,
4.7.13, and 4.7.15 as well as Corollary 4.7.6 hold true, particularly for X = I and ¢, = n
for all n € Np. In the other cases, limitations occur; note the restrictions on the embedding
of the basis functions on the ball into spaces of continuous functions.

Theorem 4.8.13 The Sobolev spaces on the ball have the following properties (always
X e {L1I}):

(a) If (Am,n)m,neNg» (Bm,n)m, neN, are real sequences with |Ay, ,| < | By, 4| for all
m,n € No, then H (Am.n); X;B) C H (Bm.n); X; B).

(b) For every constant sequence Ay, = ¢ € R\ {0}, we have H ((c); X;B) =
L%(B).

(c) If (Am, n)mneN, is a real sequence with SUPyy, nel, |Am.n|l < -o00, then
H ((Am,n): X: B) C LA(B).

(d) Let, for each k € Ny, a summable sequence (Aﬁ,’,‘),,)
the conditions
(i) |AW,| < [ANED]| for all m,n, k € Ny,
(ii) limy— oo | A | = Aseor € R exists for all m,n € Ny
holds true, then the spaces 'H & — ((Aﬁ,’,‘),,), X;B), k € Ny, constitute a
multi-resolution analysis on the ball in the sense that

be given. If each of

m,neNy
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o HOCHED CHO = ((AS)); X: B) for all k € Ny,

(e) If (A, n)m, neN, is summable and Ay, , # 0 for allm,n € Ny, then H ((Am,1);
X;B) is dense in (LZ(B), - 2 )). If additionally £, = n for alln € Ny,
then H ((Am,n); 1; B) is dense in (C(B), || - llc@s))-

(f) If (A, n)m, nen, is summable and {x(k)}keNo C B is a set of pairwise distinct
points in the ball B (where, except for X = 1 and £, = n for all n € Ny, the
point x = 0 must be contained in this point set), then the functions Fi(y) =
Ky (x(k), y), y € B, k € Ny, constructed out of the reproducing kernel K1y of
H = H{(Am, ) X;B), satisfy the following properties:

(i) If{x(k)}keNo is dense in B, then span{Fy }ren, is dense in H,

(ii) span{Fr}ren, is dense (in (C(B), || - llcg)) if X =1and £ = n foralln €
No and) in (L2(B), () 123))s if {x®}keny, is dense in B, and Ay, # 0
forall m,n € Ny.

(g) Let (Ap, ) be a summable sequence with only a finite number of non-vanishing
components. We setd = Zgﬁnzo; Am’”;ﬁo(Zn—l-l). ThenH = H (Am.n); X5 B)
has dimension d. If{x(k)}k:1 _____ d C B is a finite set of pairwise distinct points

such that the matrix M = (Kq.[ (x(k),x(z)))k’zzl _____

Proof The proofs are basically completely analogous to the spherical case. We only need
to consider that, except for X = [ and ¢,, = n for all n € Ny, the functions in H are not
necessarily continuous on B3 . Therefore, the conclusion

<F, Ky (x“‘),-))H =0 forallk = F=0

requires that the conclusion F(0) = (F, K4 (0,-))y = 0 can be made directly. Moreover,
B \ {0} is not compact and, thus, there is no norm ‘|| - |c¢5\(op) - O

It should eventually be remarked that there also exist spacelimited trial functions on the
ball which were developed in Akram (2008) and Akram and Michel (2010).

4.9 A Best Basis Algorithm

When we try to model a geoscientifically relevant function, we are confronted with the
embarras de richesses of available trial functions. We have seen here only a small selection
of basis functions on the sphere and their counterparts on the ball. All have their pros and
cons. For example, spherical harmonics are probably the most established basis functions
and are accompanied by a vast amount of efficient numerical tools. Their disadvantages
can become visible, when high-resolution models are desired and, for example, the data
coverage is not of a spatially uniform quality or quantity. This gap can be filled by adding
radial basis functions into the toolbox. However, then we lose the orthonormality of the
trial functions and, at least in theory, even their linear independence. We now have an
overcomplete set of trial functions. Such a general set of trial functions (the ‘toolbox’, as
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we called it previously) from which we pick those trial functions which turn out to be useful
is called a dictionary in signal analysis.

A ‘literal’ dictionary represents a collection of the words which are needed to explain
semantic contents in a particular language (see also the explanations in the introduction of
Mallat and Zhang, 1993, for the connections between a ‘literal’ dictionary and a mathemat-
ical dictionary). Usually, not all words are needed for a particular purpose; for example,
this book does not contain all words which are listed in the Cambridge Advanced Learner’s
Dictionary (Walter et al., 2005). Other books will most likely use a different subset of this
dictionary. Moreover, there are several words with similar meanings but sometimes slightly
different nuances in their usage and interpretation. Hence, the same particular issue can
be explained in different ways. Which one of the different ways is most desired depends
on the situation and on the specific intentions of the speaker. In this sense, a dictionary is
redundant. We could say, ‘this object is a geometrical two-dimensional structure with four
sides of equal length and perpendicular vertices’. Or we might say, ‘this object is a square’.
Both sentences describe exactly the same fact. In this respect, we could remove the word
‘square’ from all English dictionaries, because it is unnecessary and we are happy with the
first sentence. Fortunately, this has not been done, because conciseness (in signal analysis,
we would say ‘sparsity’) of a description has advantages by itself.

In an analogous manner, a mathematical dictionary collects all functions which might be
useful building blocks for constructing an approximation to an unknown function. Not all
of them will be needed for a particular signal under consideration, but other signals might
require different functions, which are also available in the dictionary. Moreover, there is
not a unique way of representing the unknown function by elements of an overcomplete
dictionary. However, among those possibilities there is often a ‘best’ choice, which depends
on the particular objectives of the researcher. The advantage of the overcompleteness is this
possibility of choosing among different options of representing the solution of the problem
under consideration. Moreover, an infinite basis always needs to be reduced to a finite
subsystem in numerical calculations. For instance, a radial basis function in general or a
point mass can be expanded into spherical harmonics, but we need all (infinitely many)
spherical harmonics for this purpose. Thus, combining a bandlimited system of spherical
harmonics with a system of radial basis functions allows us to cover structures in the solution
which could not be covered otherwise in numerics.

There are several algorithms which were designed for approximating signals based on
a dictionary. We will present here the Regularized Functional Matching Pursuit (RFMP),
which was developed with a particular focus on its applicability to direct and inverse prob-
lems in Earth sciences. It is based on the Matching Pursuit (MP) algorithm due to Mallat
and Zhang (1993) and Vincent and Bengio (2002). The RFMP was constructed, theoretically
investigated, and applied to various problems in Fischer (2011), Fischer and Michel (2012),
Fischer and Michel (2013a,b), Gutting et al. (2017), Leweke (2018), Michel (2015), Michel
and Orzlowski (2017), Michel and Schneider (2020), and Michel and Telschow (2014).

The MP has several variants, in particular, the Orthogonal Matching Pursuit (OMP)
(see Patietal., 1993, and Vincent and Bengio, 2002) and the Weak Matching Pursuit (WMP)
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(see Temlyakov, 2000). Also for these algorithms, corresponding extensions exist: the Regu-
larized Orthogonal Functional Matching Pursuit (ROFMP) (see Michel and Telschow, 2016,
and Telschow, 2014) and the Regularized Weak Functional Matching Pursuit (RWFMP)
(see Kontak, 2018, and Kontak and Michel, 2019). The novelties of RFMP, ROFMP, and
RWFMP, in comparison to MP, OMP, and WMP, are the following:

» The data need not originate from the same space where the unknown function is
contained; in particular, inverse problems may be considered.

» For the handling of ill-posed inverse problems (see also Chapter 5), a regularization
is included into the algorithm.

» In the details of the implementation and in the numerical experiments, a focus was
set on problems where the domain of the unknown function is a sphere or a ball. As a
consequence, most of the applications can be found in Earth sciences, but it was also
shown in Leweke (2018) that the RFMP and the ROFMP yield very good results in
medical imaging as well.

Note that these methods do not use particular sparsity-promoting penalty terms as some
other signal analysis methods do (see, e.g., Candes et al., 2006; Donoho, 2006; Grasmair and
Naumova, 2016; Peter et al., 2015; and Zhang and Xin, 2018) where sparsity is the primary
objective. However, numerical experiments showed that, due to their iterative character, the
RFMP and its variants are able to construct equally (or more) accurate approximations while
choosing essentially fewer trial functions out of the dictionary, in comparison to previously
established approximation methods.

In this section, we only discuss the unregularized versions FMP, OFMP, and WFMP.
In Chapter 5, we will discuss the basics on inverse problems and their regularization. This
will then enable us to explain the RFMP, the ROFMP, and the RWFMP in an appropriate
context.

The (inverse) problem which we want to solve by a variant of the MP is as follows: there
are two real Hilbert spaces (&', (-,+) ) and (/, (-, )y ) and a linear and continuous operator
T: X — Y. While the right-hand side y € Y is given, we seek F € X" suchthat T F = y.
This setting allows finite data in the sense that Y = R!. It also includes the setting for the
pure approximation of a function F': D — R, as it is used for the MP, the OMP, and the
WMP, because we can use the identity operator 7 = 7 with X = ) or a sampling operator
T:X - R with TF = (F(x,)n=1..; € R and {x,},—1 . ; C D. For further details on
inverse problems, see also Chapter 5.

We choose a dictionary D C X \ ker7 and do not require any further conditions
regarding D at the moment. For reasons of brevity of the occurring formulae, we have the
freedom to require additionally that each d € D is normalized in the sense that either
|dl|lx = 1foralld € D (we call this an X' -normalized dictionary here) or | 7d||y =1
for all d € D (for which we use the nomenclature of an image-normalized dictionary or,
briefly, i.n.d.).

Certainly, the choice of D can influence the obtained result. In a previous and an ongoing
research project, it has, therefore, been investigated how the dictionary can be learned

..........
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automatically for the given problem (for further details and results, see Michel and Schnei-
der, 2020, and Schneider, 2020).

The basic idea of all kinds of matching pursuits is to iteratively construct a sequence of
approximations (F,)en, where n denotes the number of summands of F;,. More precisely,
Fn =) }_q akdi, where a € R and di € D for all k.

The initial step of the algorithm is to choose a first approximation Fy. However, we
need not implement this into the algorithm itself, because the linearity of 7 allows us to
replace the right-hand side by y — T Fy. Therefore, we set Fy := 0. In this sense, there is
no difference between finding F,, | = F, + o,+1d,1 for a given F, and finding the first
approximation F; = ad;.

4.9.1 Functional Matching Pursuit (FMP)

We start with the construction of the FMP. The objective in every iteration step is here to
minimize the (squared) data misfit

M:(@.d) > |ly =T (F + ed)|l3,
among all (a.d) € R x D. Clearly,
Ma,dy=(y =T (Fy +ad),y — T (F, +ad))y
=lly = TFally = 20y — T Fo. Td)y + o> Td]3,. (4.71)

A necessary condition for a minimizer is given by
0
aMed =0 & —(y=TF.Td)y+ | Td|3, =0.
o

Since ker 7 N'D = {J, we get
—TF,.Td
o= w 4.72)
17413,
If we insert this into the data misfit (4.71), then we get

(y=TF.,Td3 (y—TF.,Td)3

M (a.d)=lly = TFll3 —2 +
Y ITdI3, ITdI3,
(y = TFp.Td)3
=lly=TFhl) - ——F5—> (4.73)
17d13,

Hence, («,d) minimizes M («,d) only if « satisfies (4.72) and d maximizes the term
(y —TF,Td )%; |'7Td ||3_;2. This leads us to the following algorithm.

Algorithm 4.9.1 (Functional Matching Pursuit (FMP)) Let an operator T €
L(X, Y)Y\ {0} and a right-hand side y € Y be given.

(1) Set n := 0 and Iy ‘= 0 and choose a stopping criterion. Select a dictionary
D cCcX\kerT.
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(2) Find dy+1 € D such that

(6 =T Fa Tdpt)y | _ [0 =T Fa Td)y |
ITdilly = I7dly

foralld e D (474

and set

(y — TF,, Tdn+1)y
[Tt 15,

(4.75)

Opt1 =

aswell as Fy11 = Fy + opyr1dn+1-
(3) If the stopping criterion is fulfilled, then F, 1 is the output as an approximate
solution of T F = y. Otherwise, increase n by 1 and go to step 2.

In the case of an i.n.d., (4.74) and (4.75) are simplified to

|(y = TFo. Tdnt1)y | = |[(y = T Fa,Td)y| foralld e D (4.76)

and

Qpt] = (y — TFnaTdrH—l)y . (4.77)

This shows that o, 1 is exactly the minimum value found in (4.76) for an i.n.d.
The following are possible stopping criteria:

(a) A fixed number N of iterations is given, and the algorithms stops ifn + 1 > N.

(b) A threshold ¢ for the residual is given such that the algorithm stops as soon as
ly = T Fally <e.

(c) A threshold § for the expansion coefficients is given, and the algorithm stops if
1] < .

As long as nothing different is stated, we assume for the theoretical considerations that the
algorithm is not stopped, that is, we get a sequence (Fy),en. The stopping criteria are for
numerical purposes where we can (or better: need to) accept sufficiently close approxima-
tions to the exact result by applying only a finite number of iterations.

Example 4.9.2 We demonstrate the FMP in the following example: we take values of
the Earth Gravitational Model 2008 (EGM2008, Pavlis et al., 2012), where we use the
degrees 3 to 2,190 and orders O to 2, 159 (we start at degree 3 to skip the dominant
effect of the Earth’s ellipticity) at an equidistributed spherical grid (¢); with 12,684
points (Reuter grid with parameter 100; see the original reference and the textbook,
respectively: Reuter, 1982; Michel, 2013) as the components of the given data vector
y € R1268 —: ) The operator 7 is simply the sampling operator on H 2(Q) =: X,
that is, TF = (F(§ (i)))izl _____ 12,684 yields the values of the gravitational potential
F at the Earth’s surface. The problem of finding F is, therefore, the problem of
interpolating the gravitational potential from grid-based terrestrial data.
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The given data are contaminated by 5% Gaussian noise, that is, we take values ¢;
from an array of standard normally distributed pseudo-random numbers and replace
yi by yi(1 4+ 0.05¢;). We use the following dictionary:

D test = {Yn,j |n=0’”,,25; j:—n,...,n}U
{Ph (n(k),.)‘heH; k:l,...,4,551}U
{Wh (,7(1«)’_)‘;16}1; k:l,...,4,551}U

Wlth {S(Qaaaﬁaya)|9 =7T/4,7T/2, 05,)/ =O,7T/2,7T,37T/2, .B 2057[/2’7[}

H :={0.75,0.8,0.85,0.89,0.91, 0.93,0.94,0.95,0.96,0.97},

where the notation has to be understood as follows: as usual, Y, ; stands for a fully nor-
malized spherical harmonic of degree n and order j (see Definition 3.4.24). Further-
more, we use the Abel-Poisson kernels (see Definition 3.3.39 and Theorem 4.2.14)

1 —h?
4 (1402 —2hn- )™

Pp(n,8) =

with different parameters 4 € H, which control the ‘hat-width’ of these radial basis
functions, and different centres ®), which are chosen from a Reuter grid with param-
eter 60. The Abel-Poisson wavelets are defined as differences of Abel-Poisson ker-
nels by Wy, = P, — Pj2. Eventually, the dictionary also contains some Slepian
functions (see Section 4.6) with bandlimit 5. The parameters of the Slepian function
S(0,a,B,y;-) represent the ‘angular size’ 6§ = arccos b of the spherical cap to which
the Slepian function is concentrated (see Definition 4.6.7) and Euler angles («, 8, y),
that is, each Slepian function is calculated in a preprocessing for the spherical cap
centred around the North pole &3 and is then rotated to a different location on the
sphere by use of the three Euler angles (for further details on rotations represented in
Euler angles, see, for example, Dahlen and Tromp, 1998, appendix C.8).

The FMP stops if at least one of the following criteria is satisfied: the number of
iterations reaches 200,000 or [|R" |y /ll¥lly < 0.05 (or = 2 as a ‘negative’ criterion
for failures due to inappropriate regularization parameters). The obtained approximat-
ing function F,, is evaluated at an equiangular latitude-longitude grid of 181 x 361 =
65,341 points (¢); on the unit sphere Q. This grid is used for plotting the result and
for calculating the relative approximation error

T (Fa (69) = Feaet (¢9))
65,341 Y53 (Foet (¢0))

where Fexacr 1S the exact solution given by EGM2008. Figures 4.26 and 4.27 show
the obtained result. Note that all plots of the solution and its (complete and partial)

approximations were produced with the same colour scale for the sake of compara-
bility. Only for the approximation error, the colour scale was adapted to the minimum
and the maximum of the specific plot.
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Figure 4.26 The FMP is used to interpolate grid-based data from EGM2008. The exact
solution (given by EGM2008) is shown at the top on the left-hand side. The obtained
approximation by the FMP (top-right) is very close to the exact solution. The absolute
difference (bottom-left) shows that only small deviations, particularly in areas with fine local
details, occur. These deviations become visible on the finer plot grid but are not captured
by the coarser data grid, in particular in the presence of noise, as was the case for this
demonstrating example. All values of these plots are in m2s~2. Moreover, the curve on
the right-hand side at the bottom shows the rapid decay of the relative approximation error
during the iterations.

The algorithm stopped after 34, 130 iterations, because the residual had reached the
given threshold (which was chosen in accordance with the noise level). The relative
approximation error of the result is 0.000215. The FMP is able to construct a very
close approximation to the exact, noise-free solution. Moreover, due to the use of
the dictionary, it provides us with the possibility to decorrelate the signal into, for
example, global and local structures. However, a very critical and careful look at the
images shows that some small peak-like perturbations occur due to a few (apparently
inappropriately) chosen radial basis functions. Therefore, it is reasonable to add a
smoothing effect to the algorithm. This can be achieved by including a regularization,
which is also here useful, though the problem is theoretically not an unstable inverse
problem. For further details, see Section 5.4.

All numerical examples for matching pursuits in this book were calculated by
Naomi Schneider (Geomathematics Group Siegen), whose support for this book is
gratefully acknowledged by the author.
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Figure 4.27 The dictionary elements which are chosen by the FMP in Example 4.9.2
are separated: we have a look at the spherical harmonics alone (top-left), the Slepian
functions alone (top-right) and their sum (middle). These basis functions provide a coarse
approximation of the large global structures of the solution, while the sum of all chosen
radial basis functions (bottom), that is, the Abel-Poisson kernels and wavelets, reveals
more localized structures in the gravitational field such as the signals due to the Andes or
the Himalayas. For a better visibility of these anomalies, the coast lines were omitted in
the plots.
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Let us now investigate some theoretical properties of the FMP. From (4.73), we directly
get the following result.

Lemma 4.9.3 Let the sequence (F,), be produced by the FMP (Algorithm 4.9.1).
Then the sequence of (norms of the) residuals (||y — T Fplly )a is monotonically
decreasing.

Since the residual is bounded from below by zero, we get another immediate conclusion.

Lemma 4.9.4 Let the sequence (F,), be produced by the FMP (Algorithm 4.9.1).
Then the sequence of (norms of the) residuals (||y — T Fy|ly), is convergent.

The following lemma is due to Jones (1987, lemma 2).

Lemma 4.9.5 Let (ax) be a square-summable sequence of non-negative real numbers.
Then liminf,,—oo (an Y p_; ar) = 0.

Proof We choose an arbitrary £ > 0 and observe that, due to the square-summability of

(ay), there exists an integer K such that

e ¢}

Yoa <l (4.78)

2
k=K,

Let m > K be an arbitrary but fixed integer. Since a; — 0 is necessary for the square-
summability, there exists K» = K(m) > m such that

m
&
a —. 4.79
Ky Y ak < 5 (4.79)
k=1
Eventually, we choose an integer K3 = K3(m) € {m + 1,...,K5} such that ag, =
minf{ay |k = m 4+ 1,..., K;3}. If we now combine this with the non-negativity of the ay

and Equations (4.78) and (4.79), then we get

n K3 m K3
inf anZak §aK3Zak=aK3Zak+ Z ag,ar
n=m k=1

k=1 k=1 k=m~+1
m K3 m 00
5 5 & &
§aKZZak+ Z akfaKZZak—l— ak<§+§.
k=1 k=m+1 k=1 k=K,

Hence, since m > Kj was arbitrary, a, 22:1 ar is in [0,g] for an infinite number of
integers n. |

Definition 4.9.6 We define the abbreviation R" := y — T F, for the residuals in all
considered matching pursuits.

Lemma 4.9.7 Let the sequence (F,), be produced by the FMP (Algorithm 4.9.1).
Then the sequence of residuals (R"), = (y — T F,), is convergent in the Hilbert
space Y. Moreover, the sequence (&), is square-summable.
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Proof Considering an i.n.d. does not influence the determination of d,11 (see (4.74))
and it also does not influence the term o, +1d,+1 (see (4.74) and (4.75)) in F41 = F, +
¢n+1dn+1. Therefore, we assume, without loss of generality, that the dictionary is image-
normalized.

We prove the proposition of the theorem by contradiction: We assume that (R"), is not
a Cauchy sequence. For this purpose, let us assume that there exists an £ > 0 such that, for
all Ny € Ny, there exist integers m = m(Ng),n = n(Ng) = Ng with

|R* = Ry, > e (4.80)

Moreover, let ¢ > 0 be an arbitrary constant. Since (|| R¥|| y )k is convergent due to Lemma
4.9.4, we are able to find an index N; € Ny such that || RM ||%; < r? 4 ¢, where

= lim ||R inf | R¥||, . 4.81

ro= lim | inf | R, (4.81)

k
” y =
Due to the monotonicity (see Lemma 4.9.3) of (|| R¥|| y )k, we automatically get that

H RMND)

2
v <rP+ec and H RMND

2 2
<r°+ec. (4.82)
y

From (4.73), we deduce by means of a telescoping sum that

k—1
[%°] = Z(||Rl||§; —IRS) + 1R,

k-1 k-1
= Y (R Ty + [R¥3, = 3"y + | R[5,
1=0 1=0

for all k € N, where R® = y. Clearly, the limit k — oo must yield a convergent series
Yo et because of Lemma 4.9.4.

The square-summability of the o in combination with Lemma 4.9.5 leads us to the
existence of an integer p > max(m(N1),n(N1)) for which

p+1
lapt| Y lewl < e (4.83)

Furthermore, we consult (4.80) and use the triangle inequality

e < HRnuvl) _ gD

< HR'!(Nl) _ RPH + HRP — R™AN)
y - Yy

y
and see that, for ¢ = n(N1) or ¢ = m(N1), we have
|RT = RP|y, > /2. (4.84)

Remember that g < p.
In the next step, we use the underlying inner product of Y, the representation R =
y—TF=y— ch:1 oy T dy, the inequality —x < |x| forall x € R, the triangle inequality,
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the bilinearity of the inner product, the algorithmic criterion for d41 (see (4.76)); Equations
(4.81)—(4.83), and the formula o341 = (Rk,Tdk+1)y (see (4.77)).

[R? —R?IS = ||, + |7 [, —2ARP.RY),,

p
— ||Rq||§; + ||RP||§, —2<RP,RP + ) Oédek>
k:q—H y

p
< [RE5 = IR +2 )7l (RP. Ty |
k=gq+1

14
= [R5 IR +2 )2l [(RE.Tdpur)y | @89)
k=q+1

p
<r’4c—r’+2 ‘(Rp,poH)y ‘ Z lax| < 3c.
k=g+1

Since we may choose ¢ < g2 /12, we get a contradiction to (4.84). Hence, (R*Yen is a
Cauchy sequence and, since Y is complete, it is also convergent. |

In the following theorem, we will see that the limit of the residuals is zero under certain
reasonable constraints.

Theorem 4.9.8 Ler the dictionary used in the FMP (Algorithm 4.9.1) satisfy
span{7d|d € ’D}”'”y = W”'”y and let (F,) be the sequence produced by the
FMP for a given right-hand side y € T (X). Then we have lim, . |ly—T F,|ly =0,
that is, (T Fp)n strongly converges to y.

Proof As in the proof of Lemma 4.9.7, we assume, without loss of generality, that D is
anin.d.

(1) Square-summability of the o;,:
From Lemma 4.9.7, we have the square-summability of («,),. This also implies
that o, — 0 as n — o00. Moreover, with (4.76) and (4.77), we are also able to
conclude that

lim (R",Td>y =0 foralld eD. (4.86)
n— o0
(2) Weak convergence of the residuals to zero:
Since (|| R" ||y )» is convergent due to Lemma 4.9.4, we have o = sup, [|[R"||y <
+o00. Furthermore, (4.86) implies the following (remember that 7 is linear and an
inner product is bilinear):

lim (R",Td>y =0 foralld € spanD. (4.87)

n—00
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We can also conclude that, for arbitrary z € T(X), there is (see the condition of the
theorem) a sequence (Jm)m C span D such that ij — zand |(R",T£?m -yl =
ol Tdp—z ly — Oasm — oo, where the latter convergence is uniform with respect
to n. Thus, we may apply the Moore—Osgood double limit theorem and obtain

oo Y T oo m—oo m—>00 =00
due to (4.87).
Letnow z € Y be arbitrary. Then Theorem 2.5.71 yields a decomposition z = z|+
7z, withzy € T(X)and z, € T(X)L. Since R" € T (X) such that (R",z1)y =0,

lim (R".z),, = lim lim <R",Tz7m>y = lim lim <R",Tz7m>y =0

we arrive at
Jim (R".z)y, = Tim ((R"’Znh; + (R"’Zﬁy) = lim (R".zj)y, =0.

Consequently, (R"), weakly converges to zeroin V.

From Lemma 4.9.7, we know that (R"), is (strongly) convergent in Y. In combination with
the weak convergence to zero (see Theorem 2.5.57), we get || R"|y — 0. |

Corollary 4.9.9 Let the conditions of Theorem 4.9.8 be satisfied, where y € T (X).
If the generated sequence (Iy,), converges in X, then the limit Foo = Z,fil ardy is
an exact solution of T F = y.

Proof This corollary is an immediate consequence of Theorem 4.9.8 and the continuity
of T. m

The conditions of Theorem 4.9.8 are reasonable: if the dictionary is not able to cover the
image space of T, that is, if span{7d |d € D }”'”y ¢ T(X)”'”y , then we cannot expect
the sequence (7 F,), to approximate all kinds of data vectors y sufficiently. For instance, if
TX)=Y =R?and D is only chosen such that 7 d always has the form (r, 0)T for some
r € R, then data vectors such as (0, 1) cannot be approximated. A simple example is given
by the identity operator 7 = 7 on R and the dictionary D = {(1,0)"}.

For similar reasons, right-hand sides y € Y \ T (X") leave components 0 PWL y =
v € T(X), where (y — TF,Td)y = ((y —y1)—TFyTd)y foralld € D shows
that y; does not influence the choice of d,+1 (and, analogously, of &, 1). Therefore, we
can only expect that right-hand sides y € 7 (X’) guarantee that the residual tends to zero.

Note that Corollary 4.9.9 requires the convergence of the sequence (F,,) produced by the
FMP. We can, indeed, prove this converges under a particular condition on the dictionary.

Theorem 4.9.10 Let D be a dictionary which satisfies the semi-frame condition:
there exist a constant ¢ > 0 and an integer M € N such that, for all expansions
H= Zlfil ,Bkjk with By € R and dy € D where each dictionary element may occur
multiple times but not more than M times (i.e., |{j € N| L?j = [?k}| < M for all
k € N), the inequality

o0
clHI} =) 8 (4.88)
k=1
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is satisfied. If this dictionary is used in the FMP (Algorithm 4.9.1) and no dictionary
element is chosen more than M times by the FMF, then the generated sequence (I7,),
is convergent. Moreover, if

span{7d|deD}) " =T ¥
and y € T(X), then the limit Foo = Y oo | axdy satisfies T Foo = .

Proof From Lemma 4.9.7, we know that 21311 oz,% < 400. Hence, the semi-frame condi-
tion (4.88) yields

E oy dy < - E oz,%—)O as N — oo
c
k=N-+1 X k=N+1

such that Zszo ardy — Z,fio axdy as N — oo. The consultation of Corollary 4.9.9
completes the proof. |

The semi-frame condition (4.88) is a bit inconvenient, because, so far, it could not be
verified for all kinds of dictionaries which have been (successfully) used in numerical
experiments. However, we will see later on that the (practically more relevant) regularized
version RFMP does not require this condition any more.

It should also be noted that the terminus ‘semi-frame condition’ is not completely ade-
quate, because the condition is rather one half of the condition for a Riesz basis than for a
frame, though the differences are minor. See, for example, also Chui (1992, pp. 69-71). We
will give here an abstract definition of a Riesz basis.

Definition 4.9.11 A system of elements {b;} jey C A is called a Riesz basis of A, if
span {b;};cn is dense in A" and if there exist constants 0 < A < B < +00 such that

2
0

Allel3 = | ejbj| < Blel3 (4.89)
j=1 X
for all sequences ¢ € £2. The constants A and B are called the Riesz bounds of the

Riesz basis.

The following particular case of a Riesz basis is obvious due to the Parseval identity (see
Theorem 2.5.25).

Theorem 4.9.12 Every orthonormal basis is a Riesz basis.

Despite the critical aspects of the semi-frame condition, let us at least show here that
every Riesz basis satisfies the semi-frame condition.

Theorem 4.9.13 Every Riesz basis satisfies the semi-frame condition.

Proof Let the dictionary D be a Riesz basis and let H = Y 7, Brdx be an expansion as
it is considered for the semi-frame condition. Corresponding to H, let (d;) jeny = D be the
sequence of all dictionary elements which occur in H, but now none of them is counted
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multiple times, that is, D is necessarily a subsystem of the Riesz basis D with pairwise
disjoint elements. Then we get with the Riesz bounds A and B (see (4.89)) the inequality

ZZ.Bkd/ SBi(Zﬁk)z

X J 1 1<k=<N I<k=N
di=d; d=d;
00 2
NONTP
i=1 keN
1 dk:d_j

We observe that the term within the brackets in the previous line has at most M summands
for each j, and we could add vanishing summands to get exactly M summands per j. With
the corollary of Jensen’s inequality (see Corollary 2.5.69), we eventually get

o0
| <BY M Z Bi = BMZﬁk,
X j:l keN
dg=d
which is the semi-frame condition (4.88) with ¢ = (BM)~!. ]

We can also prove a convergence rate for the residual in the case of the FMP.
Theorem 4.9.14 Let the sequence (R™"), be produced by the FMP. Then

Ry < Iyly [l = 1G)]

where I(T) ‘= inf cy\j0) T(2) and the correlation ratio t(z) is given by

z, Td)y|
deD lzly 1Tdlly’

n/2

() = € Y\ {0} (4.90)

Proof Obviously, 0 < 7(z) < 1 forall z € Y \ {0} due to the Cauchy—Schwarz inequality
such that also 0 < I(7) < 1. Due to the algorithmic criterion for d,, 11 (see (4.74)), we get

[(R™, Tdyi1)y | - [(R"Td)y|

=t (R") |R" .
Tanaly = o8 yrary ~ " E)IF
We insert this now into (4.73) and obtain
(R, Tdy11)3 > 2 on 2
R = R, — ——— Y < — 7 (R |R"|3, .
I = ey~ S = I e e e

A simple induction leads us eventually to

R" Rnl 1—1 Rnl /2<___< RO = 1— Rk21/2
IRy = [R*y [t =2 (&) = < ROy, TT[1 = o(RY]
k=0

such that ||R"||y < || RO ||y [1 — I(z)?]"2, which is the desired result (remember that
RO =y). ]
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Clearly, the estimates made in this proof are rather rough. Nevertheless, the proved con-
vergence is exponential. However, one should take into account that, on the one hand,
I(7) > 0 for finite-dimensional data spaces ), as we will show in the next theorem, but, on
the other hand, a value of I(7) close to zero can nevertheless thwart the exponential decay.

Theorem 4.9.15 [fdimY < +o0 and if the dictionary D satisfies

span(TddeD] ¥ =y, (4.91)
then I(t) > O.

Proof Letus assume the contrary. Then we find sequences (z,), C Y \{0} and (z,), C RT
such that t(z,) < t, foralln € N and 7, — 0asn — oo. If we have a closer look at
(4.90), then we see that 7(z) only depends on the normalized vector z/||z||y . Hence, we
may assume, without loss of generality, that ||z,|ly = 1foralln € N.

We have dim Y < +oo, which holds true if and only if the unit sphere I/ of Y is compact
(see Theorem 2.5.49). Hence, (z,) has a convergent subsequence (z, j) ;- If we denote the
limit by ¢, then ||¢ ||y = 1 and

JTd n;, Td

= sup Tl _ o e Tl |
acp ITdly j=ouep  ITdlly j—o0

where the interchanging of the limit and the supremum is easy to verify. However, this

means that (¢,7d)y = 0forall d € span D, because T is linear. Due to (4.91), this is

only possible, if ¢ = 0, which contradicts the previously derived identity || |ly =1. [

From the previous proof, we can see that the finite dimension of ) plays an important
role in the deduction of I(7) > 0. This is not essentially critical, because we usually have
finite-dimensional data spaces in practice, for example, if the right-hand side of TF = y
consists of samples of a function. For reasons of completeness of the theoretical discussions,
we also show here a counterexample where dim Y = +o00 and I(7) = 0.

Example 4.9.16 Let ) be an arbitrary Hilbert space with dimY = +o0, and let D
consist of an orthonormal basis of ) (see Theorem 2.5.28 for the existence of such
a basis). For instance, we could have YV = LZ(Q) and D = {Yy jlneNy; j=—n,...n-
Moreover, let 7 = Z be the identity. Hence, (4.91) is satisfied. We choose now a
countable but infinite system (1, ),¢cn, out of D and a real sequence (hy)ien, C 10,1]
with hy — 1 as k — o0. Then we define the vectors z; = ,/1 — h% 220:0 hZun,
k € Nyp. Consequently, we obtain
> 1

lzelly = (1 =) Y " = (1 — hi)q

n=0
T (zx) = sup |(zx.d)y | = sup |(zk,un)y| =,/1- hihg =,1- h%
deD neNy

for all k € Np. Since t(zx) — O0ask — oo, we get I(t) = 0.

=1,
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The bottleneck of the FMP is to find d,+1 in (4.74) or (4.76). We have to test every
d € D in order to find a maximizer. This procedure can be accelerated by saving the inner
products (d, d yx and (T d, Td )y for all d.d € D as entries of symmetric matrices in the
preprocessing. Moreover, we save (y — T Fo,7d)y foralld € D in the preprocessing.
Then, in every step, we can utilize the identity

(y=TF+1.Td)y =y —TF.Td)y —ant1({Tdut1,Td)y

and ‘update’ the previously stored values (in the right-hand side). It needs to be taken into
account that the available RAM then limits the size of the dictionary if this preprocessing
is desired.

Some dictionary elements have continuous parameters, for example, the centre &
of a radial basis function and, possibly, its associated localization parameter 2 (see,
e.g., the Abel-Poisson kernel). In this case, we can also interpret the maximization of
[{y — T F,.Td)y| as a continuous non-linear optimization problem with respect to the
unknowns & and /. This approach is (a variant of) a dictionary learning and was recently
elaborated for the FMP and several of its variants. For details, the reader is referred to Michel
and Schneider (2020) and Schneider (2020). It can be seen that essentially fewer iterations,
resulting in an essentially smaller ‘best basis’, suffice to achieve the same approximation
accuracy in comparison to the use of a dictionary with discrete centres & and localization
parameters /.

4.9.2 Weak Functional Matching Pursuit (WFMP)

Another alternative for accelerating the algorithm is to skip the requirement of hitting the
exact maximum. This is implemented in the following algorithm, which is due to Kontak
(2018) and Kontak and Michel (2019).

Algorithm 4.9.17 (Weak Functional Matching Pursuit (WFMP)) Let an operator
T € L(X,V)\ {0} and a right-hand side y € Y be given.

(1) Set n := 0 and Iy ‘= 0 and choose a stopping criterion. Select a dictionary
D C X \kerT. Choose a real number ¢ €]0,1].
(2) Find dy11 € D such that

|y = T Fp, Tdps1)y | _ [y = TF.Td)y|
7 dn+1lly - I7dlly

foralld e D (4.92)

and set

(y=TF:,Tdut1)y

(4.93)
I Tdus1 13,

Up+1 =

aswellas Fi 1 = F, + ay11d,11.
(3) If the stopping criterion is fulfilled, then F, | is the output as an approximate
solution of T F = y. Otherwise, increase n by 1 and go to step 2.
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Correspondingly, for an i.n.d., (4.92) and (4.93) become
|0 = TFo. Tdui)y| = 0 |(y = TFa. Td)y| foralld e D (4.94)

and
Oyt = (y— TF,, Tdn—H)y-

The only difference, therefore, is that it suffices to reach g-times the supremum. We will
call o the weakness parameter here. For ¢ = 1, the algorithm is the FMP as we know it.
One drawback is that we need to know the supremum of the right-hand side in (4.92) and
(4.94), respectively. This can be overcome by using the Cauchy—Schwarz inequality in

[(y = TF.Td)y|
I7dlly
We, therefore, look for a d,11 € D such that

|(y = TEp. Tdusr)y |

17 dn+1lly
where ¢ needs to be smaller than ¢ due to the error caused by the Cauchy—Schwarz inequal-
ity. Numerical experiments in Kontak (2018), Kontak and Michel (2019), and Rennhack

(2018) support the hope that the computation time can be essentially reduced while the
approximation quality is not significantly influenced. However, for a scientific judgement,

<lly—=TFuly.

20ly—TFuly.

further tests have to be made in the future.

Let us now have a look at the theoretical properties of the WFMP. For this purpose, we
follow step by step the derivation of the theory of the FMP. Equation (4.73) is caused by
the choice of «, which is the same for the FMP and the WFMP. Hence, Lemmata 4.9.3 and
4.9.4 remain valid.

Lemma 4.9.18 Let the sequence (Fy), be produced by the WFMP (Algorithm 4.9.17).
Then the sequence of (norms of the) residuals (||y — T Fylly), is monotonically
decreasing.

Lemma 4.9.19 Let the sequence (Fy), be produced by the WFMP (Algorithm 4.9.17).
Then the sequence of (norms of the) residuals (||y — T Fy|ly), is convergent.

The proof of Theorem 4.9.8 was lengthy and, therefore, requires a closer look. It turns
out that it is also still valid.

Theorem 4.9.20 Let the dictionary used in the WFEMP (Algorithm 4.9.17) satisfy
span{7d|d € D}”'”y = W”'”y and let (F,) be the sequence produced by the
WFMP for a given right-hand side y € T (X). Thenwe havelim, .o ||y — T Fy ly =
0, that is, (T F,), strongly converges to y.

Proof We follow the proof of Theorem 4.9.8 and its preceding Lemma 4.9.7 and assume
again that the dictionary is image normalized. Since (4.73) is still valid, we obtain again the
square-summability of (), and the implication that &, — 0 as n — oo and, thus,
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0= 11m lope1] = l1m ‘(R ,Tdnt y‘ >Q 11 ‘R ,Td>y

that is, lim, (R",Td)y = 0, for all d € D, which is the analogue of (4.86). The
remaining derivations are almost completely analogous. We only have to take into account
that, in (4.85), we get

p
&9 =R, <[RS — |R7S +2 ) ol (B2 T )y |
k=g+1

2 p
=< [[&]5 - |®7[5, T, ol [(RP. Td )y |
k=q+1

2 u 2
§r2+c—r2+5 ‘(Rp,poH)y‘ Z Iak|§(1+5)c.

k=g+1

We may still choose ¢ sufficiently small; for example, in this case we could take an arbitrary
value with 0 < ¢ < (4 + 8/0)~'e? to cause the desired contradiction. O

We consequently also get the following propositions.

Corollary 4.9.21 The sequence of coefficients (o )x which is produced by the WFMP
(Algorithm 4.9.17) is square-summable: Y ;> oc,% < 4o00.

Corollary 4.9.22 Let the conditions of Theorem 4.9.20 be satisfied, where 'y € T (X).
If the generated sequence (Iy,), converges in X, then the limit Foo = Z,fil ardy is
an exact solution of T F = y.

Concemning the convergence of the WFMP, we have to use the semi-frame condition
again.

Theorem 4.9.23 Let the dictionary D satisfy the semi-frame condition (see Theorem
4.9.10) with the associated integer M € N, where the WFMP chooses (dy)y out of
D but selects each element of D not more than M times. Then the sequence (I,),
produced by the WFMP converges. If

span(Td|d e D} Y =T ¥ (4.95)
andy € T (X)), then the limit Fo, = Zliil aidy solves the inverse problem T Fo, = y.

Proof Due to Corollary 4.9.21 and the semi-frame condition, we can also here conclude
that

o0 2 o0
Zakdk <lZak—>O as N — oo,
T c
k=N+1 X k=N+
which leads us to the existence of the limit F,. The fact that F, solves the inverse problem
under the condition (4.95) is implied by Corollary 4.9.22. |

Let us now focus on the convergence rate of the algorithm.
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Theorem 4.9.24 Let the sequence (R™), be produced by the WFMP. Then

/2
18]y < Iylly [1 = @107

where ¢ is the weakness parameter of the WFMP and I(t) is the infimum of the
correlation ratio (see Theorem 4.9.14).

Proof Because of (4.92), we now get

R",Td R",Td
K Tn+1)y|ZQ sup |(R", Td)y|
17 dn+1lly aep  Tdly

If we use this inequality in (4.73), then we arrive at

=0t (R") |R"]y -

(R", Tdns1)3

ey = e - T

2 2 2 2
=Ry =7z (&) |R"[, -
As in the proof of Theorem 4.9.14, we can refer to a simple induction which leads us to
IR" Iy < IRy [1—@*I(r)*]"/?, while R® = y. m

4.9.3 Orthogonal Functional Matching Pursuit (OFMP)

The FMP often chooses dictionary elements several times. This means that coefficients oy
of previously selected dictionary elements dj are corrected by the algorithm at a later stage.
The reason is the (usual) non-orthogonality of the images {Fd|d € D}. If dy,....d,
have already been chosen, then the next choice d,1 is (by construction of the algorithm)
best in approximating the residual by F'd,1. However, Fd, 1 often has non-vanishing
projections onto F d1, ..., Fd,. Hence, adding o, +1d,,+1 to F,, improves the approximation
but there are undesired contributions by dj, .. .,d,. As a consequence, the algorithm later
on identifies a notable error in these ‘directions’ and chooses them again for reducing
the residual. This effect is illustrated in a simple example in Figures 4.28 and 4.29. The
author gratefully acknowledges a discussion with Ingrid Daubechies and Doreen Fischer
in this context, which eventually led to the introduction of the OFMP and the ROFMP
(see Section 5.4.3) in a joint work with Roger Telschow (see Michel and Telschow, 2016;
Telschow, 2014). OFMP and ROFMP are based on the OMP in Pati et al. (1993) and Vincent
and Bengio (2002).

Let us further examine the situation mathematically. After step n, we have the resid-
ual R" = y — T F, and the approximation F, = 22:1 ardy. Let us define V, =
span{Tdy, ...,7T d,} and its orthogonal complement W,, = Vf; withrespectto (V. (-, -)y);
see also Theorem 2.5.71.

If we assume that 7 F, is the best approximation of y in V,, (see also Corollary 2.5.64),
then 7 F, =Py, ¥, where Py, is the orthogonal projection onto V,,. This is clear, because

ly = TE} =Py, 0= TE|5 + |Pw, 0 = TED3

=[Pv,y =TELy, +1Pw,5]5 -
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Figure 4.28 We show a simple example of the FMP where Y = RZ and 7D = {Td|d €
D} = {(L.0)T,571/2(1,2)T} (dotted). The data vector y = (1,1)T (dashed) is iteratively
approximated. We have a look at the first six iteration steps (see the headings at the top of the
graphs). In every step, the residual R"1 (dashed grey; note that RO = y) is projected onto
each T d and the largest projection (solid grey) is chosen as «y,dy,. The new approximation
is Fy == F,_{ + andy (we show T Fy in solid black for n > 1), and the residual is R" =
vy—T Fy (dotted grey). We see that R" | T d,, and, since no T d is orthogonal to T dy,, there
is no 7'd which is collinear to R". So, T d,,, 1 cannot cover R” and 0 # R"T1 1 Td, 1,
and so on. As a result, the algorithm only asymptotically approaches the data vector y. The
norm of the residual after six iterations is 0.8%. See also Example 4.9.30.
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n=1 n=2
1.2 1.2
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Figure 4.29 In order to illustrate that the non-orthogonality of 7D is the reason for the slow
convergence in Figure 4.28, we modify the dictionary such that 7D = { (1,0)T, o, 1)T}.
Now, the FMP only needs two iterations in order to obtain an exact result: 7 Fr = y.
Since non-orthogonal dictionaries cannot be avoided in practice (due to the desired over-
completeness of the dictionary, this is partially also intended), this drawback can only be
overcome by changing the algorithm, which leads to the OFMP.

The last summand cannot be changed, and the penultimate one is minimal, if and only if
Py .,y = T F,. This fact that the ‘plumbline’ shows the way to the best approximation is
commonly known, also in Hilbert spaces.

In the search for d,41, we decompose T d,.1 into Py Tdn1 and the orthogonal
remainder Py, 7 dy+1. The component Py, T d,41 is not desired, because the definition
Fut1 = F, + apt1dy+1 would cause a residual

R =y — (TF +an1 Py, Tdosr +on1 P, Tdntt ),
EV” EWrL

that is, we would deteriorate a previously best-approximated component in V. Therefore,
we should only look for updates of the kind

Rn+1 =R"— Oln+17)W”Tdn+1.

We introduce now coefficients ,Bi"), e, ,(,"), n € N, with
n
Py, Td=) ﬁ;'”(d) Td;. (4.96)
j=1

These coefficients need not be unique (7 dy, ..., 7T d, could be linearly dependent), but this
is not a problem here. We will discuss further later how the ,B;.") can be calculated.

In the FMP, d, 1 is chosen to maximize |[(R", T dp+1)y | IT dns1 ||3_;1, which is equiva-
lent to minimizing the residual ||R" — 0,17 dpt1lly; see (4.73) and (4.74). In our case,
where we intend to minimize || R” —a,11 P, T dat1ly , the derivations lead analogously
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to the maximization of |(R",Pw ,Tdur1)y | IIPw, T dut1 ||3_;1 and a correspondingly
analogous formula for ¢, 1. The new approximation is then chosen such that

TFn—H =TF,+ an—Q—l,PW,len—ﬁ—l =TF,+ O5n—§—17ﬂdn—§—1 - an—Q—IPV,len—Q—I-

This can be achieved by

n
Fuv1 = Fy + apr1dpy1 — dpny Z .B;n) (dn+1) d/
j=1

n
= Z (af - O‘"+1:3;n) (dn-H)) dj + opp1dn41.
=1

Algorithm 4.9.25 (Orthogonal Functional Matching Pursuit (OFMP))
Let an operator T € L (X,Y)\ {0} and a right-hand side y € Y be given.

(1) Set n := 0 and Iy ‘= 0 and choose a stopping criterion. Select a dictionary
D C X \kerT. Moreover, set Vg = {0} and Wo := Y.
(2) Find dy11 € D such that
‘(y_TFmPW”Tdn-Q—l)y‘ ‘(y_TFmPWan>y‘
>
[Pw, Tdwily = [Pw,Td]y

foralld € D
(4.97)
(where only d € D with Py, Td # 0 are considered) and set
Y= TFn.Pw,Tdus1)y

o = < i (4.98)
" |Pw, Tdnia [

where Py is the orthogonal projection onto W ,,. With the coefficients ,B;")
from (4.96), we also set

1 1 .

oV = a) — oV BY (dyrr), j=1..n, (4.99)

n+1

1

Fpot = Z(x;’H_ d;, (4.100)

j=1

1
R'l .= R" — ,(:fl )PW Tdpi1,

Vn—H =V,+ {”'Tdn—H |y e R},

Wt = Vfl‘_H (orthogonal complement in Y ).

(3) If the stopping criterion is fulfilled (stop at least, if R" = 0), then F,1 is the
output as an approximate solution of T F = y. Otherwise, increase n by 1 and
go to step 2.

Let us have a look at the properties of this algorithm.
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Theorem 4.9.26 Let (F,), be a sequence produced by the OFMP. Then R* € W,
and TF, =Py yforalln € No.

Proof Forn = 0, we have R" = y, Fp = 0, Py,y = 0,and W, = Y. Let now
R"eW,and T F, =Py, y forafixed n € Ng. Then our previous discussions reveal that
T Fop1 =Py, ysuchthat R =y — TF, 01 =Py, . 0

Lemma 4.9.27 Let a dictionary D be chosen for the OFMP such that
span{7d|d € ’D}”'”y =Y. If R"#0 in an iteration step n €N, then
Py, Tdns1 #0.

Proof Let us assume that Py, 7 dy1 = 0. Then the criterion for choosing d,.1 in the
OFMP (see (4.97)) implies that (R”, Py, Td)y = 0foralld € D.In combination with
Theorem 4.9.26, this implies (R",7d)y = Oforalld € D. Due to the condition on the
dictionary, this is only valid if R” = 0. Hence, Py, T dp+1 # 0, it R" # 0. ]

Lemma 4.9.28 Let a dictionary D be chosen for the OFMP such that
span{7d|d € ’D}”'”y = Y. If R" # O in an iteration step n € N, then

dimV,4+1 =dimV, + 1.

Proof Since Py, Tdys1 # 0 due to Lemma 4.9.27, we have T d,4+1 ¢ V,.. Hence, the
dimension of V,+1 = span{7d;|i = 1,...,n + 1} is increased by 1 in comparison to
dimV,. ]

Theorem 4.9.29 Let Y have a finite dimension. Moreover, let the dictionary D satisfy
span{Td|d € D} = Y. Then the OFMP reaches an exact solution F,, that is,
T F, =y, after at most n = dim Y steps.

Proof 1In every iteration step n, there are two possibilities: either R* = 0 (i.e., we have
reached our aim) or R" # 0. If the latter case keeps appearing, then Lemma 4.9.28 tells
us that, after £ := dim ) steps, we must have dimV,; = ¢ and, thus, ¥V, = ). Hence,
W, = {0}, and Theorem 4.9.26 leaves us no other possibility than R® = 0. |

Example 4.9.30 Let us have a look again at the simple problem in Figure 4.28. We had
TD = {(1, O)T,5_1/2(1,2)T} and y = (1, 1T, Without loss of generality, we assume
that 7 = 7, the identity operator. In the first step, we start with RY = y, Fo =0,
Vo = {0}, and Wo = Y = R?. Clearly, Pw,Td = Tdforalld € D. Hence, the
FMP and the OFMP do not differ in the first step. For choosing d;, we observe the
following (see (4.74) and (4.97) for FMP and OFMP, respectively):

(R0 3 (RS20
T ~ =5

NAR ERE L

Hence, the FMP and the OFMP yield d; = 5 /2(1,2)", (a; =)' = 57123, F, =
(3/5.6/5)", Rt = (2/5, — 1/5)".
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Let us now have a look at the second step, where FMP and OFMP differ. With the
FMP, we would now compare

(RLA,0) ) 2

|.0" g5

and choose d» = (1,0)T and @ = 2/5. However, the next approximation f, = (3/5,

6/5)T +2/5(1,00T = (1.6/5)T and its residual R> = (0, — 1/5)T show us that we are
not finished yet, as we have already seen in Figure 4.28.

We pursue the second step of the OFMP, which is also illustrated in Figure 4.30.

We have V| = span(l, DLW, = span (—2, DT, and (see (2.11) for the formula of a

one-dimensional projection):

()= HO- G (-4 7 k)-)
o (=0 OL O 5k -

Hence, in contrast to (4.101), the OFMP now compares

<R1,PW1(150)T>R2 2/5 1 O <R1,PW15_1/2(L2)T>R2
= = — > = .
[Pw L0 2/v5 V5 [Pw 57121275
Like the FMP, it also chooses dy = ( 1,O)T, but it continues with the following (see
(4.98) and (4.99) for the formulae):

Co— <R1’5_1/2(1’2)T>R2
I BRI

(4.101)

o (RLPw (L0 2/5 1 o 3 11 1

a, = = e = 5 V=2 - — =5
|Pw, LOT|g 45 2 N3O245 0 2

Eventually,

-5 ()40~ ()-

Indeed, the OFMP yields an exact solution after two steps in this two-dimensional
example.

In the following, we will derive explicit formulae for the ,B;"), which were developed in
Schneider (2020).

In stepn = 1, we have Vo = {0} and W = Y, and no projection is necessary. In the
next step, we have V| = {¢17d1|c1 € R}. For arbitrary d € D, we then get (see also
(2.11)) the projections

(Td.Td)y

Py, Td = 2 Td, Pw,Td=Td - p{P(d)Tdr. (4.102)
17 di13,

)
If we then have Vo = {c1Td) + 2T d> | c1,¢2 € R}, then we need to take into account
that 7 dy and T ds are in general not orthogonal. Hence, we need to project an arbitrary 7 d
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Figure 4.30 We solve the problem in Figure 4.28 with the OFMP; see also Example 4.9.30.
Without loss of generality, let 7 = Z. Again, the dictionary D = T D is dotted, the data
vector y is dashed, T F,, is solid, and the new residual (after the OFMP step) is dotted grey.

The iteration steps n are given in the titles of the images. Now we show ai")d 1 indashed grey

and aé")dz in dash-dotted grey. The first steps of FMP and OFMP are identical. However,
in the second step, the OFMP considers projections of the residual onto P4 T d instead
of Td. We show Py | T dz in dotted dark grey. As we can see, (4.99) causes a change of
the approximation in the direction of dy, and the obtained iterate F» calculated via (4.100)

is an exact solution.

onto 7d; (i.e., onto V1) as in (4.102) and then determine the remainder in ¥V, which is
orthogonal to 7 d; (in other words, the projection of 7'd onto Py T d). Thus, we have

(Td. Td)y

Py, Td=
’ ITdl3,

(Td. Py, Tda)y,

IPw, Td>

With the formula for Py, 7d in (4.102), we obtain

(Td, Tdi)y - (Td. Py, Tda)y,

Py, Td=

=@

(Td. Pw, Tda)

= | g @) -

[Pw, Ty,

I7d13 |Pw, T3,

Y 80y | Ty +

(T4, PWIsz)y

Pw,Tdo.

(Ta2= 8" (@) Tar)

[Pw, Ty,

=A@

=87 @)
(4.103)



262 Basis Functions

After considering the case in V3 and W 3, which we omit here, we can find a conjecture for
a formula of the ,B;").

Theorem 4.9.31 Foralln € Nandall j =1,...,n — 1 and everyd € X, we have
(provided that we do not divide by zero)

(Td.,Pw,  Tdu)y,

:Br(zn)(d) _ -, (4.104)
||7)W”71Tdn ||y
BV = B V) — @) B (dn) (4.105)
such that
Py, Td=)_p" ) Td;. (4.106)
j=1
Pw,Td=Td—Py,Td (4107
for V, = span{Tdi, ..., Tdp}, W, = le-, and an arbitrary choice of elements
di,...,d, e X.

Proof The case n = 1 corresponds to (4.102). For n = 2, (4.104) and (4.105) are con-
firmed by (4.103). Let us now assume that (4.104) and (4.105) in combination with (4.106)
and (4.107) are valid for an integer n € N and all corresponding j = 1, ...,n — 1. Then,
with analogous considerations to those preceding this theorem, we observe that

(Td, Pw,Tdus1)y,
|Pw, Tdust |3

With the assumption of the induction, we conclude that

'PV”HTd =Py, Td+

PW”TdrH—I-

Py, Td=) B d)Td,

j=1

Td, Pw,Tdn1 LI
| Zb Tdpr1 =y B} (dns1) T4,
|Pw, Tdust]y

j=1
=Zﬁ%ﬂj
j=1

Td,PW”Tdn+1>
[P, Tdwer |5

2B (o) | T4,

=" V)
(Td,Pw,Tdur)y
[Pw, Tdwer ]y

dn+1- U

=81 @
Schneider (2020) also showed that the recursion in (4.105) can be resolved. We also
recapitulate this result here.
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Theorem 4.9.32 The coefficients ,B;.") in Theorem 4.9.31 satisfy

B =g — Y B BT (o)

ke=j+1
forallneN, j=1,...,n,andd € X.

Proof We keep j € N fixed and prove the formula foralln € {j,j + 1,...}. Forn = j,
the formula is trivial. Let now n > j. We iteratively apply (4.105):

B(d) = Vi) — pd) BV (dn)
=By — BV @) B (dur) — B @) BT ()

=B — Y @B @)

k=n—1

=)~ LD BT du) — Y B@ BT (o)
k=n—1

- 'B;n_3)(d) - Z ﬁl(ck)(d) .3;](_1) (dr) = -+ (and so on)
k=n—2

n
j k k—1
=g @ - Y p@ BT @ 0
k=j+1
For algorithmic details of an efficient implementation of the OFMP, see Telschow (2014).
For the regularized versions of the algorithms FMP, OFMP, and WEMP, see Section 5.4.

Exercises

4.1 Prove that V* . V* = A* = L* . L* on C?(Q).

4.2 Derive explicit formulae for Yq o, Y1, -1, Y1,0, and Y7 1 and their vectorial counterparts
y,(ll)l Express the results in polar coordinates ¢, t and in Cartesian coordinates &1, &,
&3. Simplify your results as far as possible.

4.3 Find the reproducing kernel of (Harm, (€2), (-, -)  2(q))-

4.4 Show that the Legendre polynomials satisfy | P, (§-¢)— Py (57-¢)| < [n(n+1)/2]1& —n|
forall &,5,¢ € Q.

4.5 It is known that functions in H ¢(€2) with s > 2 are Lipschitz continuous. Show
that, for a function F € H ;(2), the following finite term can be used as a Lipschitz
constant:

e ¢}

172
1 2n+1 n(n+1)
C == F .
F(s) (2 Z Fr— 1/2)28) 1F % 2

n=

4.6 Prove part a of Theorem 4.4.10.
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Inverse Problems

There are three purposes of this chapter: first, two examples of geomathematical inverse
problems are discussed and their most important properties are summarized. These two
problems will show us what the typical features of inverse problems are. We will also
come across another example in the following chapters. Secondly, basics on the theory of
inverse problems and their regularization will be explained. Thirdly, the matching-pursuit
type algorithms for constructing an approximation in a best basis, which were discussed in
Section 4.9, will be supplemented with their known regularized versions.

5.1 Example 1: Downward Continuation

We have already discussed the boundary-value problems for the Laplace equation in detail.
One formula from this context is important for the following derivations: the unique solu-
tion of the EDP with given boundary values ' € C(2) is given by the following (see the
discussions after Theorem 3.4.25):

o0 n
UrE) =) Y (F Y iagr ™ V)., r=léeQ (5.1)
n=0 j=—n
This can easily be generalized to the case that the boundary is the sphere 2, = 0Q =
{0815 € Q} = 5,(0) of radius ¢ > 0. Then F € C(£2,) is continued to a harmonic
function by

00 n —n—1
voe) =3 > (FYy )i, (g) Y. 08, rze e (52)

n=0 j=—n

where Y,ﬁj(x) = 07 'Y, j(x/Ix]), x € Q. n € No, j € {—n,...,n}, is obviously an
orthonormal basis of (LZ(QQ), (-, -)Lz(Qg)). It should be noted that the series in (5.1) and
(5.2) are pointwise convergent outside the surface and convergent in the L>-sense on the
surface.

In practice, ¢ would be the radius of the approximately ball-shaped Earth (or any other
planet) and U would be the gravitational potential. If we now evaluate the potential at an
approximately spherical surface €2, (containing, e.g., a satellite orbit) with radius o > g,
then

264
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—n—1
U(Ué)—z Z S R ITT (%) Y} (o)

n=0 j=—n
0 n —n—1
=S Y ey (2) 2 2h®
>, JITA(R2) ’
n:Oj:—n ¢ e ea
Q n
_Z Z (F.Y2 )i, (;) Y (08, e
n=0j=-n

This way we can upward continue the gravitational potential I from the Earth’s surface €2,
to a higher altitude o . This relation can be represented by a linear and continuous operator.

Definition 5.1.1 The operator 7": LZ(QQ) — L*(Q,), where o > ¢ > 0, with the
singular-value decomposition

up . 0 2\" o
THF = Z Z EY, Lz(szg)<;) Yo

n=0 j=—n

is called the upward continuation operator.
Theorem 5.1.2 The upward continuation operator is linear, continuous, and compact.

Proof The linearity is obvious. Moreover, since the singular values (oo ~1)" tend to zero as
n — 00, the operator is also continuous and compact (see the considerations after Theorem
2.5.81). O

However, in practice, we have the opposite, that is the inverse problem. Gravitational
data are given on a higher altitude due to airborne or spaceborne measurements. Thus, the
question is: can we invert 7 "P? This is a typical example of an inverse problem. From
Definition 3.3.2, we already have a classification of problems including inverse problems:
an inverse problem 7 F = G is well-posed in the sense of Hadamard if each of the
following criteria is satisfied:

(a) The problem is solvable, that is, 7 is surjective.
(b) There is not more than one solution to a given G, that is, 7 is injective.
(c) The solution is stable, that is, 7! is continuous.

Otherwise, the problem is called ill-posed.
Let us investigate these requirements on well-posed problems in the case of the upward
continuation operator.

Definition 5.1.3 The inverse problem of finding F € LZ(QQ) such that T"PF = G
for a given G € L*(2,) is called the downward continuation problem.

Question 1: is the problem TP F = G always solvable? Since 7"PF = G is equivalent to

o0 n
> <F’Y"J>L2(Qg)< ) Z Z G.Y7 e Yo

n=0 j=—n n=0 j=—n
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and both sides are expansions in the same orthonormal basis of L2(Q,), we obtain that
TYPF = G if and only if

% .
(F.¥8 Vo (5) = (G0 )i, foralln e Noand j € (=n.....n}.

For solvability, it is necessary that the function F € LZ(QQ) with

n
o .
(F, Yn />L2(s2g) = (Q) (G, Y:/>L2(Qg) foralln ¢ Ngand j € {—n,...,n} (5.3)

exists. In other words, we need that

Z Z ( ) G,Y,;’J)LZ(Q) < 400 (5.4)

n=0 j=—n
due to the Parseval identity. Hence, the answer is no: for solvability, it is necessary (and, as
a matter of fact, also sufficient) that G € H (((oo ~1)"): Qo ), which is a proper subspace of
L%(Q,), as indicated in Theorem 4.7.2. For example, G := >0 Z?:_n (Qa_l)"/er‘Zj is
an element of L2(Q,), since 0 < ¢ < o, but violates (5.4).

Question 2: if G € T"P(L*(2,)), is there only one F such that 7"°F = G? Yes, F
is given by (5.3). We do have a downward continuation operator 79" = (7%P)~1.
TP(L?(22)) — L(R,) with

Tdowney Z Z( ) G,Y:J>L2(QJ)Y51

n=0 j=—n

Question 3: is T continuous? Obviously not, because it has exponentially diverging
singular values! For example, each G, = (n + )~'Y : o is an element of 7T~ up(LZ(QQ))
due to its bandlimit. However, we can easily see that |G|l;2q,) = (1 + D! — 0, but
[ 799%0G, || L2(Q,) = (oo™ "(n+1)"! — oo. For this reason, the downward continuation
problem is considered to be an example of an exponentially ill-posed problem; see also
Louis (1989, Definition 3.2.1).

Theorem 5.1.4 The downward continuation problem stated in Definition 5.1.3 is ill-
posed in the sense of Hadamard.

The downward continuation problem is a well-known and intensively discussed inverse
problem in geomathematics. When we summarize general properties of ill-posed problems,
we will recognize also the properties that we found here for the downward continuation
problem.

5.2 Example 2: Inverse Gravimetry

Rather early in this book, on page 51, we had our first look at Newton’s gravitational
potential in (3.3), namely

G / O 4= vy, yer: (5.5)
D

|x — y
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where G is the gravitational constant. This equation is additionally the starting point for
another inverse problem: can we determine the mass density distribution F out of data of
the gravitational potential V?

Definition 5.2.1 The (linear) inverse gravimetric problem consists of inverting
(5.5), that is, given V (and D), find F.

Note that there is also a non-linear inverse gravimetric problem, which is: given V and F,
find D. We will not investigate this problem here, because, for reasons of brevity, the consid-
erations in this chapter are limited to linear inverse problems. The non-linear inverse gravi-
metric problem is not only applicable to the determination of the topography of the Earth’s
surface but (more interestingly) also of boundaries inside the Earth such as the Mohorovici¢
discontinuity between the mantle and the crust. For further details on the non-linear inverse
gravimetric problem, see, for example, Bagherbandi (2012), Hettlich and Rundell (1996),
Isakov (1990, 2006), Kontak (2018), Kontak and Michel (2018), Novikoff (1938), and
Weck (1972).

The linear inverse gravimetric problem has several applications. For example, gravita-
tional data can be used in combination with other data to reveal structures inside the Earth or
other celestial bodies; see, for example, Berkel (2009), Berkel and Michel (2010), Berkel
et al. (2011), Blick et al. (2017), Bolton et al. (2017), Boulanger and Chouteau (2001),
Fengler et al. (2006), Fischer (2011), Fischer and Michel (2012), Kaban et al. (2002),
Last and Kubik (1983), Li and Oldenburg (1998), Michel (1999, 2002b, 2005), Michel
and Wolf (2008), Tesauro et al. (2008), Yegorova and Starostenko (1999), Yegorova et al.
(1995, 1997), and Zuber et al. (2013). Furthermore, temporal variations of the gravitational
potential, which have been observed with the GRACE (Tapley et al., 2004b) and the GRACE
follow-on (Flechtner et al., 2014) missions, provide us with possibilities to observe mass
transports on the surface of the Earth. Such mass transports often have climatic reasons,
either due to seasonal phenomena or due to climate change. Examples of such data analyses
can be found in Baur and Sneeuw (2011), Chen et al. (2006), Fengler et al. (2007), Fersch
et al. (2012), Fischer and Michel (2012, 2013b), Harig and Simons (2016), Jansen et al.
(2009), Ramillien et al. (2006), Sasgen et al. (2012), and Velicogna and Wahr (2006, 2013).
Moreover, non-climatic influences such as major seismic events can also reveal traces in
the gravitational field, possibly even beforehand; see, for example, Panet et al. (2018).

The theory of the inverse gravimetric problem has already been intensively studied;
see (in chronological order), in particular, Stokes (1867); Pizzetti (1909, 1910); Lauri-
cella (1912); Novikoff (1938); Weck (1972); Buchheim (1975); Rubincam (1979); Marussi
(1980); Moritz (1990); Michel (1999); Freeden and Michel (2004); the survey article Michel
and Fokas (2008), including the references therein; and the generalized approach to a class
of integral equations comprising the inverse gravimetric problem in Michel and Orzlowski
(2016) and Leweke et al. (2018a). Note that Leweke et al. (2018a) also includes the case of
reconstructing a surface mass distribution from gravitational data.

We will derive here again the most important properties of the inverse gravimetric prob-
lem. Before we start, we should further specify the problem: first of all, if we know V inside
D presumably on a sufficiently dense grid, then the problem is rather easy. If the unknown
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function is Holder continuous (which might not be realistic but could be a sufficiently
close approximation), then V and F satisfy the Poisson equation (see Theorem 3.1.11)
AV = —4x G F inside D; see also Blick et al. (2017), Moritz (1990), and Stokes (1867).
Though numerical differentiation is not easy, this is still relatively simple in comparison to
the case that V is only given on R? \ D, which we will consider now. Moreover, we will
assume a ball-shaped Earth D = Bg(0). Essentially, more properties can be proved for this
particular case. Only some of them can be generalized to the case where D is the interior
of a regular surface; see for instance, Freeden and Michel (2004, chapter 6). So, let us now
further specify our inverse problem.

Definition 5.2.2 The inverse gravimetric problem which we will consider is as
follows: given a function V: R3 \ Bg(0) — R which is harmonic and regular at
infinity, find F € L>(Bg(0)) such that

(TEF)(») =G / FO e = V(y) forall y € R*\ Bg(0). (5.6)
Br(0) |X — ¥

We have already encountered the integral kernel k(x, y) := |x —y|~! in Corollary 3.4.18:
if |x| < |y|, then

x|™ y
. 5.7
Ix—yl Z < |y[**! (le Iyl) 67

The condition |x| < |y| for (5.7) is obvious, because otherwise the series is divergent,
and is the reason why we would get into trouble if we did not assume a ball-shaped Earth.
With |x| < |y|, we can say that, for fixed y € R? \ Bg(0), the series in (5.7) is uniformly
convergent with respect to x € ‘Br(0) and, thus, also convergent in the sense of L2(Bg(0)).

Furthermore, F needs to be represented in an appropriate basis. We slightly postpone this
and only do half the work in this respect. We expect F to be expanded on (almost) every
sphere S, (0) with 0 < r < R into a series of spherical harmonics:

F(r&)=Y Y Foj(0Y; (r§), relORLEe, (5.8)

n=0 j=—n

where the (strong) convergence of the series is given in L%(Bg(0)) and Fu j(r)=
(F (r),Y . 1>L2(S,(0))‘ We insert now (5.7) and (5.8) into (5.6) and use the addition theo-
rem for spherical harmonics (Theorem 4.2.9). Moreover, we observe that (78 F)(y) =
G(F,k(-.¥)) 12(Bg(0y and use the fact that the strong convergence of the series in (5.7) and
(5.8) in L*(Bg(0)) implies their weak convergence (see Theorem 2.5.57). We arrive at

(TEF) ()

y
6y % Z/ [ Fsr Yn/<$>| = P (s-m)dw@)dr

n=0 j=—nn'=0
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oo n oo A R
=Gy Y Y ¥ /0 r" U, () dr /Q Y, j(€) Yo jr(§) da(§)

n=0 j=—nn'=0 j'=—n'
oy ()
) 2w

[e 0] n R n+1 1 y 47[
= GZ Z ) r F"’/(r)drMTHY"’/ m (59)

"m0 j—n vl

In the latter identity, we used the orthonormality of the ¥, ;-functions (see Theorem 4.2.18).
Since V is harmonic in R\ Bg(0) and regular at infinity and since the EDP is uniquely solv-
able (see Corollary 3.3.7), it suffices to assume that V' is given at Sg.(0) for a sufficiently
small ¢ > 0. Its expansion would be

00 n R+e n+1 Ree
VoY= ) Va, ) Yai 0% blzR+e (5.10)

n=0 j=—n

where V,, ; = fSR+s(0) V() erfs (y)dw(y). A comparison of (5.9) and (5.10) shows us that

An G R 1
1 /(; r"TUF, j(rdr =V, j(R+ )" (5.11)
must hold true foralln € Ngand all j € {—n, ..., n}. We could already conjecture here that

the chances for getting a unique solution tend to zero. Apparently, there is only a weighted
mean of each F, ;(-) which contributes to V, ;. We get a more precise answer if we use
the basis functions Gin’ nj with ¢, .= n for all n € Ny (see Theorem 4.8.3) for expanding
F in L?(Bg(0)). As a matter of fact, this basis was introduced by Ballani et al. (1993) and
Dufour (1977) for exactly this purpose of resolving the non-uniqueness of the solution of

the inverse gravimetric problem. The formula of the functions is

dm+2n+3 _ons1/2) (41X [x\" x
GI . = - P( \n+ / 27 —_ 1 - Y., : — 1.
mn =N T s m R R) "\ x|

If we now expand F by F =37 (320>, (F, Giz,n,j>L2(BR(0))G£n,n,j in the sense

of L2(Br(0)) and compare this ansatz with (5.8), then we observe that

1 e I dm +2n + 3 0,n+1/2) r2 r\"
—Fa ()= Y (F. G sony ——— P 2251 <E) :
m=0

We insert this into (5.11) and obtain

dnG (RS o+ 2n+ 3
" Y (F.GL i dm+ n+ 5
2n+1Jg m,n, jI1L2(BR(0)) R3+2n
m=0

2
X Py (2 % - 1) P2 dr =V, (R +e)".
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With the substitution 7 := 2r>R~2 — 1, which implies that df = 4rR~>dr and r =
R./(t 4+ 1)/2, we get the equivalent formula

47 G I dm +2n +3
1 / Z G s 2ony — grean— (5-12)

2n+1 R2

POy g 12 B K gy vy R ey

n+1/2 4_

Now it has become obvious why this particular basis was chosen for expanding F. The
Jacobi polynomials P,E,O’"'H/ ? are orthogonal with respect to the occurring inner product
on [—1, 1] with the weight function w(z) = (r+ 1)**1/2; see Theorem 4.8.1. In combination
with Theorem 4.8.2 on the norm of the Jacobi polynomials, this simplifies (5.12) essentially.
F solves T¢ F = V, if and only if

dn G 2013 ontd/2 R2nt3 )
o+ 1<F Go n, j>L2(BR(0)) R3+20 4 372 2n+5/2 = Vp, j(R+¢)

or, briefly,

(R +&)* 2n + 1
(F, Go , 1>L2(BR(0)) Vij GRr32 Y 2n+3 dor
for all n € Ng and all j € {—n, ... ,n}. Clearly, the unknown expansion coefficients

(F Gin n. 1>L2( Br(0) € free to choose for m > 0 and uniquely determined for m = 0.
We have an ill-posed problem!
The rest of Hadamard’s criteria are easy to handle. For solvability, we need that

F € L2(Bg(0)), that is,

Z Z [v,,,(R+ ) V2n+3 (2n—|—1)i| < +o0. (5.13)

n=0 j=—n

The factor [(R + )/ R]" is a result of the downward continuation which is actually a part of
the inverse gravimetric problem. This implies here that analogously (5.13) is not satisfied by
all V € L?(Sg+¢(0)) and apparently the inverse singular values exponentially diverge. An
instability of polynomial order still remains in the limit ¢ — 0+, since /21 + 3 (2n + 1)
is also divergent.

Let us summarize the derived results.

Theorem 5.2.3 The inverse gravimetric problem is ill-posed in the sense of Hadamard.
More precisely, it violates all three criteria due to Hadamard. The operator T&":
L2(Bg(0)) — L*(Sg+¢(0)) has the singular-value decomposition

n

TEF Z Z GR* 4 < Gl > yR+e
(R+e) 20 +3Q2n+ 1) NI

and its null space is characterized by

- (RIF
ker 78 = span{GI |m eN neNy j=—n, ,n} LAERO)

m,n, j
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There is, at last, one bit of good news. Due to the structure of the Gim . j-functions, the
non-uniqueness is limited to the radial dependence of F. This was also indicated by (5.11).
Formulated in a positive manner, this means that we can recover the angular dependence
of F completely. This is important, because it justifies the calculation of temporal surface
mass density changes out of gravitational data (for explicit formulae, see, e.g., Leweke et al.,
2018a). However, if one is interested in using gravitational data to infer anomalies inside
the Earth, then this is impossible without additional types of data (e.g., magnetic or seismic
data) or a priori information about the solution!

5.3 Basic Theory of Inverse Problems and Their Regularization

We will collect here the essential properties of inverse problems and the foundations of
handling ill-posed problems by a so-called regularization. Inverse problems alone suffice as
a topic for a book. Therefore, for a more detailed treatise, we refer the readers to standard
books on inverse problems such as Engl et al. (1996), Hanke (2017), Hofmann (1986),
Kirsch (1996), Louis (1989), Lu and Pereverzev (2013), and Rieder (2003), which serve as
a basis for this section.

We assume that we have an inverse problem

TF =G, (5.14)

where 7: X — Y is a linear and continuous operator, (X, {-,-)x) and (¥, {-,-)y) are
Hilbert spaces, G € Y is given, and F € X is known. It should be mentioned here that one
can also construct a concept of regularizations in Banach spaces; see, for example, Hofmann
et al. (2007), Resmerita (2005), Schopfer et al. (2006), and Schuster et al. (2012), but this
topic is sacrificed here for reasons of brevity.

Often the interesting cases occur if 7 is also compact. The reason is that Theorem 2.5.50
tells us that, if dim X' = +o0, the operator 7 cannot have a continuous inverse. In other
words, in the realistic case of infinite dimensions, the inverse problem (5.14) must be ill-
posed in the sense of Hadamard, if 7 is compact. This also fits the examples which we
developed in the previous sections.

Compact operators have another and this time useful property: they possess a singular-
value decomposition (svd; see Theorem 2.5.81)

Tx = Zan(x, Un)x Un, (5.15)

where 0, > 0O for all # and (), and (v,), are orthonormal systems in X and Y, respec-
tively. More precisely, it is obvious that (i, ), is an orthonormal basis of (ker Ty and (vy)y
is an orthonormal basis of 7 (X).

The fact that an svd exists does not necessarily mean that we also know it. Fortunately,
there are inverse problems in geomathematics with a known svd such as the examples
in the previous sections. These examples can also be extended to the case that first- or
second-order derivatives of the potential are given. We only have to combine the svds from



272 Inverse Problems

Definition 5.1.1 and Theorem 5.2.3, respectively, with the formulae for the gradient and the
Hessian tensor in vector/tensor spherical harmonics in Sections 4.3 and 4.4.

Moreover, for finite dimensions, there exist numerical techniques for determining an svd
of a linear operator 7 : X — ) (which is automatically compact due to Theorem 2.5.47)
with dim X < 400 (or, at least, dim(ker T)J‘ < 4-00). One of the techniques is based on
the idea of the Slepian functions. The reason is that, in practice, the situation of an unknown
svd also occurs if the data are only given on a subdomain. Our examples from the previous
sections also rely on the fact that the data are given on an entire sphere and we can use
spherical harmonics as a basis. If we have data only on a part of the sphere, then Slepian
functions can be constructed as a basis, but not every orthonormal basis yields an svd. The
construction, therefore, has to be done in a more sophisticated way. We explain here the
method which was developed in Michel and Simons (2017), which is also applicable to
other cases of unknown svds.

We need to know the operator 7 : X — Y with its finite-dimensional svd 7x =
ZnN:1 On (X, n) x U, and we have an isometric (i.e., (1(F1),1(F2))y = {(F1,F2)z for all
F1,F; € Z)embedding t: Z < Y, where (£, (-,-) z) is another Hilbert space, such that
we may interpret Z as a subspace of YV (e.g., Z2 = L3(Ryand Y = L*(Q), where R is a
surface in R3 with R C 2). Moreover, we assume that there is a projection P : V — Z,
thatis, PP G = PG forall G € YV, suchthat’P ot = idz (in the mentioned example where
Z = L*R)and Y = L%(Q), P could be the restriction operator F — F|p, F € L%(Q)
and ¢ could be a continuation by zero, i.e., (¢G)(x) := G(x) forall x € R and (tG)(x) =0
forallx € Q\ R, if G € L2%(R)).

We seek an svd for the restricted operator P77 : X — Z in order to solve the inverse
problem PTF = G where ‘only’ G € Z is known. For this purpose, we calculate the

..... =L

=1,...,

dqw™® foralln = 1,...,N. Since A is self-adjoint and positive semi-definite, all eigen-
values are real and non-negative and an orthonormal basis of eigenvectors in C¥ exists. We
now use the components of the eigenvectors as expansion coefficients and set

N
gn :=Zwl(€")uk€X, n=1...,N.

Due to the Parseval identity, we have (g,, gm) v = <w("), w(’”)>(C ~ = 8um. Hence, the func-
tions g4, n = 1,..., N, represent an alternative to u,, n = 1,..., N, as an orthonormal
basis of (ker 7)~. The advantage of this new basis is as follows: if we take into account that
Ten = ZkN:1 Ukw( )vk foralln =1,...,N, then

N N
(PTgnPTgmz = Z Zakalw,(c")wl (Por. Pz = (w("))TAw(m)
k=1 I=1

w(n))TAmw(m) — Am<w(n)’w(m)>cN = AnSum-

—_—
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Now we rearrange the functions g, and the eigenvalues A, suchthat1, =0 < n > N.Ifwe
set h, = A;l/zp T gn and 7, = A,l,/z forn = 1,..., N, then the operator P77 : X — Z
satisfies PTF = PTZnN:1 (F,gn)x gn for all F € X and, consequently, has the svd

.....

bases (gn),_; gy and (ha),_;
details and numerical aspects of this ansatz, the reader is referred to Michel and Simons
(2017).

If we have an svd of the form in (5.15), that is,

.....

Tx = Zan(x,un)X Un (5.16)

with o, > 0 for all n, where we allow now finite as well as countably infinite summation
ranges, then we can address the criteria due to Hadamard in analogy to the considerations
which we made for the particular examples in the previous sections.

Theorem 5.3.1 The inverse problem (5.14) with svd (5.16) is solvable if and only if
G €T (X) and G satisfies the Picard condition

2
3 |(G§7"2)y| < to0. (5.17)
n n

The Picard condition (5.17) is certainly only relevant if the summation range is infinite.
Concerning the other two criteria by Hadamard, we can again analogously state the
following:

» The problem has not more than one solution if and only if (u#,), is complete in X.

» The solution is stable if and only if (Un_l),, is bounded.

Compact operators on infinite-dimensional spaces must violate at least one of these three
conditions. In the case of the downward continuation, the stability and the Picard condition
were violated. For the inverse gravimetric problem, all three criteria failed.

Let us talk a bit more about compact operators. There is one thing which often confuses
students at this point: let us assume that we have an injective, compact, and linear operator
T:X — Y (such as the upward continuation operator 7"P) with dimX = +o0 (e.g.
X = LZ(QQ)). Then the simple modification T:X - T(X), F — TF,is bijective
but still compact. It is invertible, but the inverse T_l is definitely not continuous (because,
again, compact operators on infinite-dimensional spaces never have a continuous inverse;
see Theorem 2.5.50). However, is this not a contradiction to the inverse mapping theorem
(Theorem 2.5.41), where linearity, (mere) continuity, and bijectivity suffice for a continuous
inverse?

As a matter of fact, this is not a contradiction, because the inverse mapping theorem is
only valid for mappings between Banach spaces, but 7 (X) is not complete. So, the inverse
mapping theorem is not applicable to T. Actually, T can serve as a counterexample which
shows that the inverse mapping theorem fails if the image space is not complete.
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Theorem 5.3.2 Let (X,{.,-)x) and (YV,{--)y) be Hilbert spaces and let T €
L(X,Y). The bijective mapping T |qer ). © (ker TY- — T(X) has a continuous
inverse if and only if the image T (X)) is closed in ).

Proof We prove both directions of the conclusions.

)

@)

6¢’:

Let us assume that the inverse S = (T|(ker7’)L)_1: TX) = (ker T)L is con-
tinuous. Moreover, let (x,), be a Cauchy sequence in 7 (X). Since the continuity of
S implies that |Sx, — Sxmllx < ISz Ixs — xmlly, the sequence (Sx,), is a
Cauchy sequence in (ker T)J- C X. Hence, there is a limit y := limy— o0 Sx, € X.
Consulting Theorem 2.5.71 and the considerations after Theorem 2.5.72, we observe
that (ker 7)* is closed such that y € (ker 7)*. Let now z := 7 y. Then the continuity
of T yields

lxp —zlly = 1TSx = TSzly < ITlz 1Sxn —Szllx
=Tl ISxn —yllxy — 0 asn — oo.

Hence, (x,) is convergent and 7 (X') is complete and thus closed.
6<:’:

If 7 (X) is closed, then it is complete (see Theorem 2.5.16). With the same argu-
mentation, (ker T)J- is, as a closed subset of X, also complete. Hence, we may
apply the inverse mapping theorem (Theorem 2.5.41) such that the inverse S is
continuous. ]

The connection between the stability of the solution of an inverse problem and the image
of the operator is used for an alternative definition of an ill-posed problem which goes back
to Nashed (1987).

Definition 5.3.3 Let (X.(--)x) and (), {,-)y) be Hilbert spaces and let 7 €
L (X,Y). The inverse problem 7 F = G is called well-posed in the sense of Nashed
if T(X)is closed in V. Otherwise, it is called ill-posed in the sense of Nashed.

Example 5.3.4 From our previous considerations, it is obvious that the downward
continuation problem and the inverse gravimetric problem both are also ill-posed
in the sense of Nashed.

We come back now to the particular cases where (X, {-,-) ) and (Y, {-, )y ) are Hilbert

space
given

s. And still we have an inverse problem 7 F = G with an operator 7 € L (X,)),
G € Y, and unknown F € X.

One of the questions that arise if we have to solve an ill-posed inverse problem is: what
can we do if G € Y \ T(X)? For instance, we could try to solve the unsolvable equation
TF = G ‘as well as possible’, that is, we seek F € A’ such that the residual |7 F — G||y
is minimized. This is, indeed, a common ansatz.
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Theorem 5.3.5 The following propositions are equivalent:

(a) F € X solves TF = PWG’ where PW is the orthogonal projector
onto T (X): see Theorem 2.5.71.

(b) F € X minimizes the residual, that is, |TF — Glly < |TH — G|y for all
HeX.

(¢c) F € X solves the normal equation T*T F = T*G, where T is the adjoint
operator to T ; see Theorem 2.5.59.

Proof We prove the theorem by deriving the equivalences a<>b and as>-c.

1)

@)

a<b:
T (X) is, as a closed subset of the complete space ), also complete (see Theorem
2.5.16). With Theorem 2.5.71, we get

TF—GZ'PWTF-F'P T(X)
[ —
=TF -0
such that
2
2 _
LT S (O T

We cannot influence P 1 G by choosing F. Hence, the residual is minimal if and

TX)
only if TF = PWG’ provided that the latter equation is solvable. This makes

clear that ‘a = b’ holds true. We should add one more argument for ‘a < b’. If
TF = PWG is not solvable, then we set z := PWG and observe that there
must exist a sequence (z,), C 7T (X) with ||z, — z|lyy — 0. We can definitely
solve TF, = z,, which yields || T F, — PWGHJI — 0 asn — oo, that is,
infpex |[TF — Pr@a;Glly = 0, whereas there is no ¥ € A such that |TF —
PWG ly = 0. Hence, there is no minimizer of the residual. Therefore, we also
have ‘nota = notb’.

a&c

Let F solve the normal equation. We get

T*TF=T"G & (T*TF—-T*G,H),, =0 forallH € X
S (TF-G,TH)y =0 forallH ¢ X
S (TF -G, J)y =0 forall J € T(X)
& (TF—-G,J)y =0 forallJ e T(X).
In the latter equivalence, the ‘<=’ part is trivial. The ‘=’ part can be achieved by
choosing, for an arbitrary J € T (X), a sequence (J,), C 7 (X) with J, — J.

Since then also J, — J (see Theorem 2.5.57), we get the desired conclusion.
We now decompose G into G = PWG + 777, 59 1 G. This enables us to

continue our chain of equivalences by
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T*TF=TG
& (TF Dy = (PranG.d), +(Prgy G forall 1 e T(E)
—_———
=0

& (TF—PrrG.a), =0 forall J  TC)

@TF—PWG GT(X)L
@TF—PWGZO.

The latter holds true because 7 (X) N T (X )L = {0}. ]

Apparently, the normal equation is a key to handling overdetermined problems, that is,
problems where ) is larger than the range 7 (X'). The question is, therefore: can we solve
the normal equation 7*7 F = T *G for more right-hand sides G than inthe case 7 F = G?
Indeed, we can.

Theorem 5.3.6 The following propositions hold true:

(a) The normal equation T*T F = T*G is solvable if and only if the right-hand
side fulfils G € T(X) @ T (X)*.

(b) The solution space S(T;G) = {F € X |T*TF = T*G} is closed and
convex.

Proof Remember that U - = UL for every linear subspace I/ C ).

(1) Part a, conclusion ‘=-":
If the normal equation is solved by F € X, thenwe usethat G = T F+(G—T F),
while 7F € T(X) and, forall H € X,

(G —TFTH), =(T*G-T*TF,H), =0

thatis, G — TF € T(X)*. Hence, G € T(X) & T(X)*.
(2) Part a, conclusion ‘<=":

If G € T(X)® T(X)*, then there exists F € X and H € T (X)L such that
G =T F + H. With the orthogonal projector (see Theorem 2.5.71) onto the closure
of the image of 7, we obtain then PWG = T F. Consequently, F solves the
normal equation due to Theorem 5.3.5.

(3) Part b, closed:

Let (F,) C S(T; G) be a convergent sequence with limit F € X'. Due to the con-
tinuity of 7 and 7" (see Theorem 2.5.59), we directly get 7*TF = lim,_
T*TFy, =1lim,_00 T*G = T7*G. Hence, F € S(T;G).

(4) Part b, convex:

If F1,F; € S(T7;G) and A € [0, 1] are arbitrary, then the linearity of 7 and 7*

implies
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T*T AL+ (=R =AT*TF + (- )T T F
=AT*G+A-MDT*G=T"G
such that AF; + (1 — M) F> € S(7;G) and S(T; G) is convex. O

Note that 7(X) = T (X) if and only if the inverse problem is well-posed in the sense of
Nashed. Theorem 5.3.6 now tells us that the normal equation 77 F = T*G is solvable
for all G € Y if and only if the inverse problem 7 F = G is well-posed in the sense of
Nashed. In combination with Theorem 5.3.5, we can add another conclusion.

Corollary 5.3.7 The residual X > F +— ||TF — G|y has, for every fixed G € Y,
a minimum if and only if the inverse problem T F = G is well-posed in the sense of
Nashed.

Moreover, part b of Theorem 5.3.6 in combination with Theorem 2.5.63 yields another
immediate consequence.

Theorem 5.3.8 If G € T(X) & T(X)™, then there exists one and only one Ft €
S(T:;G) such that |F¥||x = min{||F|x : F € S(T;G)}. This F™ is called the
minimum-norm solution of the normal equation (but also of the inverse problem).

This result motivates the following definition.

Definition 5.3.9 Let D(7T 1) = T(X)® T(X): C Y be a given domain. The
mapping 7T : D (TT) — X whichmaps every G € D (7 7) to the unique minimum-
norm solution F* of T*T F = T*G is called the generalized inverse or the Moore—
Penrose inverse of 7.

As we mentioned previously, one sometimes calls F* the minimum-norm solution of
the inverse problem 7 F = G. When using this nomenclature, one should also be aware
that FT is not necessarily a solution of 7F = G, but it is a solution of T*T F = T*G.
Vice versa, every solution of 7 F = G solves the normal equation.

So much for the non-solvability of the inverse problem. Constraints from applications
sometimes also suggest to look for an actual solution (of the inverse problem) with a minimal
norm if the inverse problem has more than one solution. Indeed, the Moore—Penrose inverse
can also be connected to the null space of 7.

Theorem 5.3.10 For each G € D (T ™), the normal equation T*TF = T*G has
one and only one solution F in (ker TYL. This solution is the minimum-norm solution

FT=T77G.

Proof We apply the principle of an orthogonal decomposition (see Theorem 2.5.71) to an
arbitrary solution F € X of T*TF = T*G and the closed subspace ker 7 C X. This
leads us to

TG =T*T (PkerTF + ,P(kerT)L F) =T*TP (kerT)LF'
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Since ||F||%( = ||77ker7-F||%( + ||7)(ker7’)LF||%(, the minimum-norm solution F* of tlle
normal equation is obviously in (ker 7)*. Let us now look at two arbitrary solutions F|
and F| of

T*TF, =T*G, F, e kerT) . (5.18)

Then T*T(FL —F.) = 0, while ker 7* = 7 (X)* due to Theorem 2.5.72. Hence, 7 (F| —
F1) € T(X)N T(X)*+ = {0}. However, this yields F| — F| € ker 7 N (ker 7))+ = {0}.
Hence (5.18) is uniquely solvable and its solution must consequently be F; = FT. U

Example 53.11 In the case of the inverse gravimetric problem (see Section 5.2),
(ker 78)L is the set of all harmonic functions on Bg(0); see Theorem 5.2.3 and
Remark 4.8.4. The unique minimum-norm solution of 78 F = V is, consequently, at
the same time the unique harmonic solution of this inverse problem. Since no physical
justification for a harmonic solution exists in this context, other uniqueness constraints
have been discussed in the literature; see the survey article Michel and Fokas (2008).

Let us now look at some properties of the Moore—Penrose inverse.

Theorem 5.3.12 Let T be the Moore—Penrose inverse to the operator T € L (X, )).
Then T has the following properties:

(a) D(TTY=Y ifand only if T(X) is closed.

(b) TT(D(TT)) = (ker T)*.

(¢c) T is a linear operator.

(d) T is continuous if and only if T(X) is closed.

Proof Part a is obvious due to Theorem 2.5.71. Let us take care of the rest.

(1) Partb:

From Theorem 5.3.10, we know that F~ = 77G e (ker 7)* forall G e D (T ).
Hence, 7 T(D(TT)) C (ker 7)*. Vice versa, if F € (ker 7)*, then G == TF €
T(X) C D(TT), and consequently we have 7*T F = T*G with F e (ker T)*.
The latter implies, because of Theorem 5.3.10, that F = FT = TG € TT(D (T ).
Hence, TT(D(T1)) = (ker T)L.

2) Partc:

Let G1,G2 € D(T ) and G3 = G + G>. We know that F, :== T "Gy, k €

{1,2,3}, is the minimum-norm solution of 7*7 F; = T * Gy, that is,

T*TTTGy = T*Gy. (5.19)
Additionally, we observe that 77 TGy € T(X) = (ker T*)* due to Theorem 2.5.72
and 7* is injective on (ker 7*)*. This shows us that (5.19) implies 77 TG, =

(T* ltker T#)L ) ! T*G. With the orthogonal projectors (see Theorem 2.5.71), we can
modify the latter equation into

1
TT+Gk = (T*|(kerT*)L) TP (kerT*)LGk =P (kerT*)LGk = PWGk'
(5.20)



5.3 Basic Theory of Inverse Problems and Their Regularization 279

Since the orthogonal projectors are linear, we have

TT G+ TT G =PrnG1 +PrayG2 = Py (G + G2)
and
TT™ (G1+ Gy = TT+G3 = PWG3 = PW(GI + G»).

Since we have already proved part b, we may use that the image of 7 is (ker 7)~*
such that 7 is injective on the image of 7 +. Hence,

TT G +TT Ga=TTT(G1+Gr)
implies
TYG1+T Ga=TT(G1+G2).

Eventually, let @ € K, where K is the field R or C corresponding to the Hilbert space
Y. In analogy to our preceding considerations, we get

TT (G) = Pray@G) = aPr7G = aTTTG

and T (aG) =aT TG forall G € D(T ™).
(3) Part d, conclusion ‘=-":

Let 7 be continuous. Clearly, D (7 ") is dense in ). We define an operator
A:Y — X as follows: if y € Y and (m)x € D(TT) with 5 — 7, then we
set Ay = limi_oo 7 T7nx. The limit exists, because 7 T is continuous and X is
complete. Moreover, A is well defined this way, because a different sequence (7 ) C
D (T ) with the same limit y = lim #j; must satisfy

T =T ie=T7 (e — i) — TT0=0,

since 7 T is linear (see part ¢, which we have already proved) and continuous. Hence,
lim 7 T = lim 7 T and A is well defined.

Due to the construction of A, the operator is linear and continuous. For proving
that 7 (X') is closed, we choose an arbitrary y € T(X) and pick a sequence (1) C
D (T ), which converges to y. With (5.20), we get 77T Tn = P ¢y such that
the continuity of the involved operators implies 7. Ay = PW)} = y. Hence,
T@) =T(X).

(4) Part d, conclusion ‘<=’:

Let 7(X) be closed. Clearly, T =T lker 7L+ (ker TYt — T(X) is bijective,
where (ker 7))+ and 7 (X) are closed and thus complete (see Theorem 2.5.16) inner
product spaces. Hence, 7“_1 is continuous due to the inverse mapping theorem (The-
orem 2.5.41). As a consequence, remembering that 77y € (ker 7)* due to part b,
we obtain

st [ 2 [l = 1 1
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forall y € D(7T ) = V (note that we assume that 7 (X) is closed). Hence, with
(5.20), we get

ly =V [Prawly + 1Prasll 2 [Praoly = [T,
A —1

P T

>

~—1 . . .
such that |7 7yllx < 7 |z Iylly. Thus, 77 is bounded and, since it is linear
(see part ¢), it is also continuous. []

Corollary 5.3.13 Let T be the Moore—Penrose inverse to the operator T € L (X, )).
Then TT*G = P7,G forall G € D(T™).

Theorem 5.3.14 For each T € L(X,)), there exists one and only one operator
S: D(TT) — X which fulfils the Moore—Penrose axioms:

TST =T, STS =S, ST =Py TS =Py

This operator is the Moore—Penrose inverse: S =T .

The proof is omitted for reasons of brevity.
As a short summary, we should observe here that problems which are well-posed in the

sense of Nashed have a continuous Moore—Penrose inverse 7 which is defined on the

whole space Y. Vice versa, ill-posed problems in terms of Nashed’s definition neither have

a continuous Moore—Penrose inverse nor yield a minimum-norm solution F* = 7 +G for
every G € Y butonly for G € T(X) @ T (X)*.
We will now have again a look at the particular but also typical case where T is a

compact operator. Since 7 must have an svd in this case, some more useful propositions

can be derived. Moreover, a well-known classification of inverse problems is based on the
knowledge of an svd.

Definition 5.3.15 Let 7 be compact with dim(ker 7)* = +oc and let an svd of 7
be denoted by

o0
Tx = Zak(x, ug) vk, x € X. (5.21)
k=0
(@ Ifor = Ok™) as k — oo for a fixed @ > 0, then the inverse problem

T F = G is called (polynomially) ill-posed of order o.

(b) If there exist constants kg € Ng, C > 0, and 8 > 0 such that the singular values
satisfy |logoy| = C kB for every k € Ng with £ > kg, then the inverse problem
T F = G is called exponentially ill-posed.

Example 5.3.16 We discussed examples of geomathematical inverse problems in
Sections 5.1 and 5.2. For bringing their svds into the form of (5.21), we use a
renumbering k = n>+n + jforn € Ng, j € {—n, ... ,n}such thatn = VK] (see
Definition 2.1.10 for the Gaul} brackets).
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In the case of the downward continuation problem, we have then the following
(note that (o} ) are the singular values and o > g is the radius of the satellite orbit):

[logoy| = -
o

log(g)tdﬂ‘ = L«/%J log% > «/%% log%.

Hence, the downward continuation problem is exponentially ill-posed, as we have
already mentioned in Section 5.1.

For the inverse gravimetric problem, we can analogously derive that it is also
exponentially ill-posed, because it includes the downward continuation problem. For
surface-based data (¢ — 0+4), the inverse gravimetric problem satisfies

4mGR3? - 4mGR3? _ 87GRY?
2 VE|+3 (2| VE|+1) T VEVERS (3VERL) TR

and is, therefore, ill-posed of order 3/4.

o) =

Theorem 5.3.17 Let T be compact and let an svd of T be denoted by

Tx = Za,, (xX,up) y vy, x €X. (5.22)

Then the adjoint operator T* € K (,X) and the Moore—Penrose inverse T T :
D(TT) — X of T have the following svds:

Ty =Y on(y:va)yttn, y€Y, (5.23)

1
Try=> — ovalyttn, ¥y €D(TT). (524

n n

Proof We use Theorem 2.5.72, according to which we have
ker 7 =T ()", (ker T)" = T*(V). T =ker T,
and the theorem on orthogonal decompositions (Theorem 2.5.71).

(1) SVD of 7*:
The adjoint operator 7 must satisfy (7 x,y)y = <x, T*y> y forallx € X and
y € Y (see Theorem 2.5.59). With the svd in (5.22) and the Parseval identity, we get

(T2 Y)y =D oulx,un)x (7. 0a)y, (5.25)

since the orthogonal projection of y onto 7 (X)* is orthogonal to 7 x. Moreover,
withx = Y, (x,un) x tin + Pier X and ker 7 = T*(V)*, we obtain

(T ) e = > (e ttn) 2 (T, thn) - (5.26)

n
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Since (5.25) and (5.26) must be equal, in particular for x = uy, we get ox(y, vg) y =
(T*y, uk> Py for all k and all y € Y. Eventually, we remember that (u,), is an
orthonormal basis of the subspace (ker Ty = T7*%), and consequently

T*y = Z(T*y,uk>xuk = Zak(y, ve)yur forally e V.
k k

(2) SVDof 77
If y € D(T ), then there exist x € X and z € T(X)t = ker 7* such that
y="Tx+z. Weset

f= Z = (3. 00) hn- (5.27)

In the case of an infinite number of summands, we need to clarify the convergence in

(5.27). This is, however, a consequence of the Picard condition (see Theorem 5.3.1),

since (v,), is an orthonormal basis of 7 (X) and thus (y, vn)y =(Tx, vy)y foralln.
With (5.22), (5.23), (5.27), and again (5.23), we obtain

TTf =T (D onlFotndavn) = Y 02 (fua) it

=Y " ou(y.va)yun = T*y. (5.28)

By construction, f € (ker TYE. Moreover, (5.28) shows that f solves the normal
equation. Hence, Theorem 5.3.10 implies that f = 7 Ty.

Thus, (5.23) and (5.24) represent the svds of 7* and T T. ]

Example 5.3.18 Let us have a look again at two inverse problems which we have
already discussed. For the downward continuation problem 7P F = V (see Section
5.1), we have

o0 n
(7)) Z Z ( ) V. Y:;)LZ(QJ)Yrﬁj’ Ve LX),
P
T V=% 3 (2) 32 e, ¥
n=0j=-—n
=7, Ve TrLQ).

since here T“P(LZ(QQ)) is dense in L*(Q,) and, thus, [T”P(LZ(QQ))]J‘ = {0}.
For the inverse gravimetric problem 75 F = V (see Section 5.2), we obtain

7%V =2 G e Dy,
B (R+&) /an+3C2n+ D\ % [12@pe O

n=0 j=—n
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for V e L>(Qr.4e) and

1
! Gp .
9
0,n,
e >L2(QR+S) "I

o e e (R4 e V243D e,
(T ) V_Z Z G R"+3/2 477 <V Y,

n=0 j=—n

for V € TE(L2(BR(0)) & [T=(LX(Br(0))]". Note that

-1
(TEYV = (T i) ¥ forall Ve TE(L2(Br(O)).
where Harm(Br(0)) is the set of all harmonic functions on Bg(0).

These examples and propositions show that the instability of the inverse problem is
directly connected to the fact that the singular values of the forward operator 7 tend to
0 (again, in the case that 7 is compact). This is also obvious: while [v, ||y = 1foralln, we
have |7 Tv,llxy = o, I — 00. And, clearly, the faster (o, 1), diverges, the more severe is
the instability. This explains also why we distinguish different orders of ill-posedness (see
Definition 5.3.15) depending on the speed of divergence of (o, b,.

In Theorem 5.3.17, we saw that the svds of 7* and 7 can be obtained by applying
simple algebraic operations to the singular values of 7~ (and interchanging the orthonormal
systems). Some regularization methods can also be associated to operators with svds where
a particular function is applied to the singular values of 7. For this reason, the concept of
functional calculus is useful for inverse problems.

Definition 5.3.19 Let the compact operator 7 have the svd

Tx = Zan(x,un)xvn, xekX.
n

Furthermore, let ¢ : Rg — R be a piecewise continuous function with at most finitely
many discontinuities. At these discontinuities, the left-hand and the right-hand limit
need to exist. Then we define the operator (7 *7): X — X by

o (T*T)x = @(02) (x.un) x tn + QOVP rer T X, (5.29)

n

where P .. 7 is the orthogonal projector onto ker 7~ (see Theorem 2.5.71).

Theorem 5.3.20 The operator (T *T) is linear and continuous with

le (T"T)|, = sup  lo@©)]. (5.30)
oe[o 1T 1% ]

If dim(ker TYE = 400, then the series in (5.29) converges strongly in X .

Proof The linearity is obvious. Furthermore, since (o,), is either a finite sequence or
converges to 0 and is therefore bounded, the conditions on ¢ imply that (¢ (a,%)),, is also
bounded. Hence, the considerations after Theorem 2.5.81 together with Theorem 2.5.71
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imply the continuity of the operator. The operator norm estimate (5.30) and the convergence
of the series are a consequence of

2
lo (T°7)x 1% =3 [0(0D)] 1tunha P+ [0OF [Prerr 1%

n

IA

sup  [p(o))? (Z | un) 0 I+ 1P rer T x5 )
oe[o T I% ] n

where the term in the latter brackets equals || x ||%( . ]

Example 5.3.21 Let us consider some simple examples.

@ If ¢ = 1, then o(T*T)x = Y, (x,un)xitn + Pye7x = x such that
e(T*T)=1dy.
(b) If p(t) = t* forall t € R} and a fixed k € N, then

@ (T*T) X = Zafk(x, Up)y ity +0= (T*T)kx.

In other words, the notation ¢(7*7) indeed makes sense, since polynomials

o) = Z];:0 a;t yield o(T*T) = Z];:0 a;(T*T), where the right-hand

side may be understood in the conventional sense without functional calculus.
(¢) If p(r) = /7 for all t € R, then

o (T*T)x =T Tx = onlx,un) xin. (5.31)

This operator is known from other contexts of functional analysis, because it
has the property that (v 7 *7)? = T*T . It is, therefore, also denoted by |7|.

Definition 5.3.22 Let 7 € K (X,)). Then we write |7 | := «/7 T, where the latter
is understood in terms of functional calculus.

Note that 7** = 7", and therefore we automatically also defined |7*| = ~/T T *.
With functional calculus, we may also formulate the following inequality.

Theorem 5.3.23 (Interpolation Inequality) If 7 is a compact operator and some
constants o, f € R are given, then

i _a_
[T 1Px |, < N1 P2 |57 Ix157 forallx € X.

The proof is omitted and left to the reader as an exercise.

Theorem 5.3.24 Let T be compact. Then the images of | T | and | T*| satisfy | T (X)) =
Ty and |[T*|(V) = T(X).

Proof 1If suffices to prove one of the two identities, because 7 = T **.
Let {(04, n, )}, be a singular system of 7. Due to Theorem 2.5.72, we have 7 (Y) =
(ker 7)*. Hence, if x € T*(V), then x € (ker 7)) and Tx € TT*). Vice versa, if
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T (continuous)

Figure 5.1 Illustration of the basic idea of a regularization {R ;};.

x € (ker T)+ and Tx € TT*()), then there exists y such that 7x = 77 *y. Since T*y €
T*(V) C (ker T)* and 7T is injective on (ker 7)*, we get x = 7 *y, that is, x € T*().
By applying the Picard condition (Theorem 5.3.1) to the fact that Tx € TT*(), we
can formulate our preliminary deductions as follows (note that {(U,%, U, v,,)},, is a singular
system of 77 ):

2
xeT*Y) < ZM<+OO and x € (ker T)*.

From the expansion (5.31) of |7 |x, we deduce that |7 |(X) = (ker 7). Moreover, the svd
of T vields

xu,,;(|2

xeT*()) <« 27<+oo and x € |T|(X).

n

The right-hand side is exactly the Picard condition (Theorem 5.3.1) for x € [T |(X). ]

Let us not forget that the main objective here is to handle ill-posed inverse problems.
The keyword for methods which are able to solve ill-posed problems in a stable way is
‘regularization’. The basic idea is that we have an operator 7 and a family {R ,}, of opera-
tors. While it is not recommended to calculate the minimum-norm solution FT = 7 TG, if
the problem is ill-posed in the sense of Nashed, the operators R ; are continuous. The price
which we have to pay is that R ;G # 7 G in general, but by choosing  appropriately we
can get sufficiently close to 7™ G. This idea is illustrated in Figure 5.1.

The more precise definition of a regularization is commonly as follows.

Definition 5.3.25 Let 7 be, as usual, a linear and continuous operator between the
Hilbert space (X, (-,-) x) and (Y, {-,-)y ). Moreover, let {R ;};<y be a family of con-
tinuous operators R ;: J — X such that R ;0 = O forevery ¢t € I, where I C RY is
a set which has (at least) the accumulation point 0. Furthermore, let there be a function
v:RY x Y — I such that, forall G € T(X),
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lim sup y(,G°)=0 (5.32)
£=0% GecB.(G)

and

: + gl —

s |76 Ry ] =0 539
where B.(G) is the ball in V with centre G and radius ¢. In this case, the pair
({R t}se1, v) is called a regularization (or a regularization method) of (or for) 7T,
y is called a parameter choice, and y (¢, G®) is called the regularization parameter.
We set I' := {y(e,G)|e > 0, G € T(X)}. If each R, is linear, then we refer to a
linear regularization, otherwise a non-linear regularization. If the mapping y is
independent of the second argument, that is, if it only depends on ¢, then y is called
an a priori parameter choice.

The parameter choice tells us how to choose the particular operator & ; among the family
of operators depending on the noise level & and the given (noisy) right-hand side G®. We
expect that, if the noise level tends to 0, then the stable(!) approximations R , ¢, g¢)G? tend
to 7 G, the minimum-norm solution of 7 F = G with exact, unnoisy, right-hand side G.
This is what (5.33) says.

In the following, we derive some fundamental properties of regularizations.

Lemma 5.3.26 Condition (5.33) is equivalent to requiring that, for all F € (ker T)*,
we have limg 0+ SUPG: BT F) || F =Ry 659G ” v = 0.

Proof This equivalence is easy to show. Since G needs to be in 7 (X'), we can replace it
by T F with F € (ker 7)*. Due to Theorem 5.3.10, this F equals F™ = 7 G. |

Lemma 5.3.27 If {R :}ic1. V) is a regularization of T, then

fim R ye,6)G = TTG forall G € T(X).
e—0+

Proof This is necessary for (5.33), since G € B:(G). Ll

Lemma 5.3.28 If ({R;}icr.y) is a regularization of T where y continuously
depends on & and 1 is an interval of the form 0, c[, then

Jim ;G = TYG forall G € T(X).

—0+

Proof Due to the continuity of y and (5.32), we get, for every A sufficiently close to zero,
an £ > 0 such that y (¢, G) = A. The rest is implied by Lemma 5.3.27. |

Note that the convergence in Lemma 5.3.28 is pointwise; it cannot be uniform, because
then the continuity of R ; would be inherited to T, which need not be continuous.

Theorem 5.3.29 If ({R ;}ic1. ) is a linear regularization of T, where y is contin-
uous in € and I =]0,c[, and the inverse problem is ill-posed in the sense of Nashed,
then it must hold true that sup, .y |R |z = +oc.
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Proof We assume the contrary: let there be a constant C > 0 such that |[R:|| < C
for all ¢ € I. Lemma 5.3.28 yields the pointwise convergence of R ; to 7 on T (X) as
A — 0+. Furthermore, 7(X) is dense in 7 (X) and each R ; is also a continuous linear
operator on 7 (X), where [|R 1| - Ty < C forall & € I. Hence, we may apply the
Banach-Steinhaus theorem (Theorem 2.5.33) such that R 3G — TG forall G € T(X)
and 77 is continuous, which, however, implies that 7(X) = T (X), see Theorem 5.3.12.
This is a contradiction. ]

The following theorem addresses the question of the speed of convergence that we can
achieve for a regularization. Unfortunately, the answer is not very pleasant: the convergence
can be arbitrarily slow.

Theorem 5.3.30 Let the inverse problem T F = G be ill-posed in the sense of Nashed
and let ({R ;}ie1,v) be a regularization of T . Then the set of all functions h: RT —
R* with lime_,o+ h(s) = 0 and

__Sup ||T+G - Ry(s,GS)GS”X < h(e) foralle >0
G®eB.(G), GeT (X)

is the empty set.

Proof The easiest way of proving this theorem is to assume that we do have such a func-
tion h. Let now V = B1(0) C Y, G € T(X)NV, and (G,), C T(X)NYV with
|G, — Glly — 0. Simply by the definition of convergence, we get the following: for
every € > 0 (without loss of generality, & < 1), there exists no(¢) such that, for all n > o,
wehave |G, —Glly <e <1 . Asaresult, G, — G € T(X)NV forall n > ng. Moreover,
Corollary 5.3.13 says that 77 7 = Prayon D (7). This projector is continuous with
its operator norm bounded by 1 due to Theorem 2.5.71. Hence,

for all n > ng. This implies that, again for all n > ng,
TG — G|y <sup{lixlla :x e THTX)NY), |Txly <&}

By choosing H® = 0 and remembering that R ;0 = 0 for all ¢ (see Definition 5.3.25), we
can conclude next that

||T+ (Gn — G)”X < sup{ ||x — Ry(S,Hs)HS”X x e THT(X)NY),

He ey,

Tx—HS”y 55}
= sup{ ||T+H—Ry(S’Hs)HS”X tH e T(X)OV,

He ey,

H -1y <ef.

For the latter identity, we replaced x by x = TTH € (ker T)* (see Theorem 5.3.12) with
HeTX)NVsuchthat Tx =77 H = PWH = H.
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What we derived so far means that, for every ¢ > 0, there exists ng(¢) such that, for all
n > no, |7T7(G, — G)lx < h(e). However, if lim, o, () = 0,then T7G, — TG
as n — oo and 7 is continuous first of all on 7 (X) NV but, due to its linearity, also on
the whole space Y. This contradicts the ill-posedness and Theorem 5.3.12. |

This means that no matter which speed of convergence /2 we hope to get (and no matter
how humble our expectations are), we will always find a pair (G, G®), where our hope will
be frustrated. This fact is underlined by the following theorem. The proof is due to Schock
(1985) and is omitted here.

Theorem 5.3.31 Let ({R;}i=0,v) be a regularization of T, where the underlying
inverse problem is ill-posed in the sense of Nashed, and let the function h: RT — RT
be monotonically increasing with limg_.o0+ h(e) = 0. Then the set {F €¢ X : |[F —
R 7T Flx = O (h(e)) as e — 04} is of the first category in X

In other words, if we choose a speed of convergence / and a regularization method, then it
is not only impossible to achieve this speed universally for all right-hand sides, but it is even
worse: there is not just one single counterexample for the right-hand side. On the contrary,
it is rather rare that a solution F (also without the presence of noise) allows the chosen
speed of convergence. In most cases, it will fail. Note that X is of the second category (see
Definition 2.5.17 and Theorem 2.5.18).

The reason for this arbitrarily slow convergence is hidden in the ill-posedness. If 7
is discontinuous, then small changes ¢ to the data can have severe effects on the solution.
Therefore, one needs certain smoothness assumptions on the right-hand side for proving
convergence rates of the regularization. This is achieved by the so-called source conditions.

Definition 5.3.32 Let the compact operator 7 have the singular system {(oy, t,, V) }n-
For each v > 0, we define the space X', C X as the range X', := |T |"(X) and set

1/2
el = (Y ow lruna P ) forallx e X,.
n

Note that |7|” is understood in terms of functional calculus. Moreover, it is easy to show
that || - ||, is anorm on Xy.

Theorem 5.3.33 Let the spaces {X,}y>0 be given corresponding to the compact
operator T with the singular system {(op,1ty, Vy)}n. Then the following holds true:

(a) x € Xy & x =3, (x,un)ytun and ||x|> < +oc.

(b) Xy C X, CXo=(kerT)! forv=>p.
(c) T 1 x|, = ||x||lx for all x € (ker T)*.

Before we prove the theorem, let us look at an example.

Example 5.3.34 Though the notation is different, we have already encountered these
spaces. In the case of the sphere with spherical harmonics as an orthonormal basis,
these are the spherical Sobolev spaces; compare Definition 4.7.1 with part a of
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Theorem 5.3.33. The coefficients A, in the definition of the Sobolev spaces corre-
spond to the singular values o, of |7|”, and the requirement that (F,Y, ;) 12 =0,
if A,, = 0, corresponds to the expansion of x € X, in the basis of (ker T)J-. Moreover,
part b of Theorem 5.3.33 can be recognized in Theorem 4.7.2.

Proof (of Theorem 5.3.33) By definition, y € X', if and only if there exists x € X
withy = |T|"% = >, 0/ (X,un) x ttn + 0"P i 7X. This is equivalent to the existence of
x € (ker 7))L such that y =2 ,07{x,us) ytin. Hence, y € X, ifand only if y € m
and Y |y, ) x |20n_2” < 4-00. This proves part a and also shows that

-2 2
Y117 Za U (vaun) x Z|xun = lxl%.

which proves part c.
For part b, we observe that, for v > u, we have

Yoo [vaun) x "= P TR "+ > o () i
n

n n
op>1 op <l
Z ) Z 2
< U H | ya un X | + U ya un | .
D'n>l J,l<1

Since 7 is compact and consequently (o,), tends to zero, the first summation on the right-
hand side has only a finite number of summands. The second one is finite if y € X';,. Hence,
we also have y € X,. |

With smoothness properties that we associate to data G € Y with TG e X, we are
provided with a tool for analyzing the stability of an inversion.

Definition 5.3.35 Let 7 € K (X, )) be given with the corresponding spaces { X'y}, >0.
An operator §: Y — X is called a (stable) reconstruction method if S is
continuous and satisfies SO = 0. For such an operator and given constants v > 0,
g,0 > 0, we call

Eu(g,0,8) = sup{”SGs —T+G||X G eT(X),G*

, <o}
(5.34)

the worst-case error of S with respect to 7 in the case of the noise level ¢ and the
source condition |7 7G|, < o. Moreover, the best-possible worst-case error is
defined as

ey(g,0) = inf{Ey(¢,0,8)|S: Y — X is continuous and SO = 0}. (5.35)
Note that S may be non-linear.

The worst-case error measures for a specific reconstruction method S how large the error
is between the minimum-norm solution 7+ G for exact data G and the reconstructed approx-
imation § G° for noisy data G®. Note that we assume here deterministic noise by requiring
G* —Glly < e. A corresponding theory for the (usually more realistic) case of stochastic



290 Inverse Problems

noise is also available; see, for example, Lu and Pereverzev (2013). The best-possible worst-
case error measures how good a reconstruction method can become maximally. It certainly
does not tell us zow we could get a correspondingly optimal reconstruction method.

Both quantities depend on the operator T~ of the inverse problem and thus give us infor-
mation about how hard it is to regularize the problem and, in the case of E,,, also how good
S is in achieving this aim.

Theorem 5.3.36 The formula (5.34) is equivalent to
Ey(e,0,8) = sup{”SGs — F”X cFeX, G°eBATF), |Fl|l, < Q} (5.36)
and the formula (5.35) is equivalent to
ev(e.0) =sup{lIFllx : F € Xy, ITFlly <& |Fly < o}. (5.37)

The proof of (5.36) is analogous to the easy proof of Lemma 5.3.26, whereas the proof
of (5.37) is lengthy and, for this reason, omitted here.

Let us assume that we found a ‘good’ reconstruction method S for F+ = TTG e X,
G € T(X),inthesense that SG € X', and | T (S G)—G®|ly < efor||G—G?®|y < e, that
is, we can solve the inverse problem with an accuracy which does not exceed the noise level.
Then we get the following (note that 777G = G for G € T (X) due to the Moore—Penrose
axioms; see Theorem 5.3.14):

Ft-SGeX,, (5.38)
| T (F*=SG6)|y, < |[TFT -G*|y, +]G° - TSG|,, <2 (5.39)
|FF=8G|, < |FF|, + ISGIly < 2max {|FT|| .ISGllv} . (5.40)

If we use (5.38)—(5.40) in (5.37), then we directly get the following theorem.

Theorem 5.3.37 fT e K(X, V), GeT(X), FFr=TTGe Xy, andS:Y — X
is continuous with S0 = 0 and satisfies SG € X, and the inequality |T(SG) —
G?|ly =< ¢ for at least one G° € B(G), then

||F+ —SG”X <e, (25,2max{||F+|

, ISGIv}).

Of particular importance is the dependence of e, on & and ¢: how quickly does the
accuracy still decay if the error increases? How sensitive is the error to the source condition?
The probably most relevant answer is given by the next theorem.

Theorem 5.3.38 Foreach]T € K(X,)Y), we have
e, (6.0) < o/ VTV TD foralle v, 0 > 0. (5.41)

Moreover, there is no better estimate in the sense that, for each ¢ > 0, there exists a
sequence (ex ) with e — 0 such that

ey (61, 0) = o/ D /D (5.42)

Proof We first prove the inequality and then construct the sequence (& ).
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(1) The inequality:
Let x € X,. From Definition 5.3.32, we know that there exists z € X

such that x = |7 |Vz, where we may assume, without loss of generality, that
z € (ker T)*, because (ker 7)) = (ker |7 |V)*. Then, part ¢ of Theorem 5.3.33
tells us that ||x||y, = |7 "zlly = lizlla, while the interpolation inequality

(Theorem 5.3.23) leads us to

v/(v+1)

I = 171l < Ite et

Hence, [[x < 117 1x %Y Jocl/® Y. With the svds of 7" and | T,

Tx =) onlx.un)xVn, 1 Tlx =) oulrun)yun, (543

and the Parseval identity, we easily get that

ITxl5 =Y oflnud x>, NT x5 =Y of l(nud x> = T3
n n

Hence, (5.37) allows us to conclude that

v/(w+1) H1/0v+1)

ey(6,0) ¢ @

(2) There is no better estimate:
Let o > 0 be arbitrary but fixed. We define &; = g0, *1 for all k (if the
sequence (o )i is finite, then we extend the sequence (gx ) by zeros). Since T~
is compact, (g ) converges to 0. Moreover, if we set x := ¢|7 |"uy for all k,
then Theorem 5.3.33 yields that x;, € (ker 7)* and |x¢ |, = olluzllx = o for
all k. With the svds (5.43) of |7| and 7, we also get

g\ /0D
bl = Jeotin ] = oo =0 (%)

1/(v+1) 5;;/(v+1)

=0

1-v/(v+1) 5;:/(v+1) =0

and || Txelly = Q”U]:-Hvk”y = &. We use these derivations in (5.37) as
particular elements and see that

1
ey (e, 0) = llxelly = Ql/(”“)s;/(‘“’ ).

In combination with (5.41), we obtain that ‘=" holds in the latter inequality. [

Let us have a closer look at the estimate (5.41). If the noise level ¢ increases, then it is
obvious that the accuracy of the reconstruction can become worse. The good news is that e,
increases less than linearly with ¢, since v/(v + 1) < 1. Moreover, if ¢ increases (i.e.,
|| F ||, may increase), we include less smooth solutions into the reconstruction. It is clear
that this will also have negative effects on the accuracy of the reconstruction. If we increase
v, then X', becomes ‘smaller’ and || F|, < ¢ becomes a stronger criterion, that is, in total,
we consider smoother functions again and an increase of ¢ has a lower influence on e,
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(as 0Y/*D decreases for increasing v). Having said this, we need to consider that the
influence of the data noise level ¢ increases with increasing v (note that v/(v 4+ 1) =
1= 1/(v+ 1)

The question that certainly arises now is: can we find a method which reaches the
behaviour in (5.42)7 Commonly, this demand is weakened in the sense that the orders in
which the dependencies on ¢ and ¢ occur can be achieved.

Definition 5.3.39 Let the inverse problem corresponding to the forward operator 7 €
K (X,Y) be ill-posed in the sense of Nashed. A family {S .}~ of reconstruction
methods is called order optimal with respect to X', and 7 if there exist constants
C, > 1 and &y > 0 such that

E, (£,0,8¢) < Cp o/ /0D (5.44)

for all € €]0,¢0] and all ¢ > 0. If (5.44) also holds true for C,, = 1, then the family
is also called an optimal reconstruction method.

Note that every regularization method is also a reconstruction method such that the
preceding propositions and definitions are also valid for regularization methods. Vice versa
and briefly stated, an order optimal reconstruction method is also a regularization. The
precise statement is formulated in the next theorem and has a complicated proof, which
is omitted here. We refer to the original paper Plato (1990) for a proof and suggest here a
name for the theorem.

Theorem 5.3.40 (Plato’s Theorem) Let the inverse problem corresponding to the
forward operator T € K (X,Y) be ill-posed in the sense of Nashed. Moreover,
let {R ;};~0 be a family of reconstruction methods and let y: R™ x Y — RT be
a function which satisfies (5.32). We define for an arbitrary b > 1 the function
w:RT xY — RT by yp(e,y) == y(be,y) foralle > OQandall y € Y. If the
Samily {R y (e, y}e>0 is order optimal with respect to X\, and T, then ({R }1=0,Vp) is
a regularization method for T, which is order optimal with respect to X ;, and T for
all p €10, v].

One of the big questions is: how can we obtain a regularization method, in particular
order optimal or even optimal methods? For approaching the answer, we remember that
the minimum-norm solution ¥~ = 7 TG is the unique solution of the normal equation
T*TFt = T*G, FT € (kerT)* for G € D(T ™) (see Theorem 5.3.10). So, clearly,
FT = (T*T| (ker T)L )_IT*G. Moreover, with Theorem 5.3.17, we have the identity
TTG =3, 0, (G.v,)y u,. The difficulty is the discontinuity of 7 if the inverse prob-
lem is ill-posed in the sense of Nashed. How can we find stable approximations to 7 G?
The functional calculus can provide us with an answer to this question.

Definition 5.3.41 Let {F;};~o be a family of functions where each F; satisfies the
conditions on ¢ in Definition 5.3.19. If furthermore

1
lim Fi(o)= — forallo e ]0, ||T||2£],
t—0+ o
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where 7 € K (X,)) is a given operator, then the family {F;},-¢ is called a filter.
In this case, we also define the family of operators {R ;};~0 C L(Y,X)by R, =
F(T*TYT™

We immediately get the svd of R ; as follows (remember that P, 77 G = 0, see

Theorem 2572:R.G =), Ft( )a,,(G Un)y y. If we keep in mind that Ft( ) —

2 ast — 0+ for all n, we can conjecture that R ;G tends to > .0 20,(G, Vp)yty =
T+G. To verify this conjecture, we have a look at the norm of the difference:

2
[R:G=T*G | =Y [Flodon— ;'] 1Gony [ (5.45)

However, we need to interchange the limit # — 04 with the sum over n, which is
usually a series. This interchanging is not trivial. It can be achieved, for example, by
enforcing a uniform convergence with respect to ¢ in (5.45) with the requirement that
Crp = SUp, (o, IT I3 teR+ O | F;(0)] < +00. Then

[FioDon =o' | Gy = [Elo)o = 1] o7 [1G.omy
< (Cr+ 1202 [(Goon)y [
where
o2 (G.unly ! = ST Gl = |77 <400
forall G € D (7). Now we are able to conclude that
lim |R.G-T7G|% =" lim [Ft(af)a,,—an—l]2|<c;,v,,)y ’=o.

t—0+ t—0+
n

Theorem 5.3.42 Let {F,},.q be afilter corresponding toT € IC (X, ). If there exists
a constant Cgp > 0 such that o |F,(0)| < Cp forall o € [0, ||T||2£] and allt > 0,
then

Jim, |IR:G-T*G||, =0 forallGeD (T7).

A filter which satisfies the aforementioned conditions is called a regularizing filter

forT.

Filters and particularly regularizing filters have analogues in the wavelet analysis, where
scaling functions ® 7, J € R™, and wavelets ¥y, J € R™, are constructed and convolutions
@7 * G yield approximations to F™ in the sense that ®; + G — F™ as J — oo. Under
appropriate constraints, R ;G = ®,-1 * G yields a regularization based on regularizing
filters. The filters R ; are (in the language of signal processing) low-pass filters because,
usually, Ft( )a,, is closer to o, ~1 for low n than for large n; see also the examples of
regularizing filters that follow. Note in this context that the degree n of ¥, ; and of sin(n?),
cos(nt) can be interpreted as a frequency and the singular values o, are usually arranged to
a monotonically decreasing sequence.
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The larger the scale J, that is, the closer # is to zero, the weaker the filter. In other words,
with increasing J (decreasing ¢ ), more frequencies may pass the filter. The differences in the
resolutions can reveal interesting detail structures in the solution F which are not visible in
F7 or R ;G themselves. This effect is utilized by constructing detail operators (band-pass
filters) S, which are representable by a convolution §;G = W,-1 * G with the wavelet
W._1. In a continuous approach,

3l
RQG:/ $:Gdt+R G for0 <t <t
(9]

The more practicable discrete wavelet analysis uses a strict monotonically decreasing
sequence (f; )reN, With 7 — 0, forexample, ;, == 2=k and corresponding so-called wavelet
packets \IJ}: with operators SgG = \IJ}: * G suchthat R, G = SgG + R 4G and, con-
sequently, F* =312 _, SgG with Slil ‘= R y4,- The wavelet analysis {SgG}keNou{—l}
then decomposes F™ into details of different resolution (e.g., spatial extent). As for the
regularizing filters, a theory of regularizing wavelets could also be developed for arbitrary
compact operators on Hilbert spaces. For further details, see Michel (2002a). Examples for
numerical results of such a wavelet-based regularization can be found in the case of the
downward continuation problem in Freeden and Schneider (1998) and Schneider (1997)
and for the inverse gravimetric problem in Michel (1999, 2005).

In the theory of inverse problems, two kinds of errors are distinguished. This can be made
plausible by considering the following application of the triangle inequality:

1776 —R.G*| 4 < |[T7G—R:G|, + |R:G—R:G*| 5. (546

The latter term ||R :G—R,G? || Py is influenced by the noise G — G* and is also called the
data error, though this error is measured in the solution space X'. Since R ; needs to be
continuous, we can hope that ||R :G—R,G*® || y 1s not too much higher than |G — Gly.
Certainly, in practice, there can still be major differences, particularly if ¢ is close to 0. The
other error term | 77G — R ;G| 5 is also called the approximation error. It measures
how much we have to sacrifice when we replace the exact generalized inverse 7 T by its
regularization R ;. While we can expect that, for ¢ close to 0, the data error gets large, the
approximation error should become small. Vice versa, for controlling the data error, we
would have to move further away from the discontinuous operator 7, which comes along
with a larger approximation error. It is one of the major challenges for practically handling
inverse problems to find an ‘ideal’ regularization parameter ¢ such that both types of errors
remain acceptably small. There are numerous parameter choice methods with their own
specific pros and cons. It would be beyond the scope of this book to discuss them in detail.
The reader is referred to, for example, Bauer et al. (2015), Engl et al. (1996), Gutting et al.
(2017), Hanke (2017), and Rieder (2003) and the references therein as well as the very brief
discussions on hand after Theorem 5.3.52.

There is a known estimate for the data error — in the solution space and the data space —
which will be recapitulated here.
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Theorem 5.3.43 Let {F,},..0 be a regularizing filter for’T € K (X,Y)andletCr > 0
be the constant from the requirements on the filter, that is, o |Fi(o)| < Cf for all
o€ [0 ||T||£] and all't > 0. Moreover, let M(7) = sup, o 7121 | F;(0)| for each
t>0.IfG,G* € Y with |G — G®|ly <&, then

IR:G—R.G*|, <ey/CrM@®), (5.47)
|TR:G —TR.G*|y, = Cre. (5.48)
Proof We start with the latter estimate.

(1) Estimate in the data space:
With Theorems 5.3.17 and 2.5.72 and the functional calculus, it is easy to see the
following commutativity: for all y € J, we have

F (T*T)T*y = F, (T*T) Z O (Y. Vn)y ttn (5.49)

= g Ft Un (¥, vn)y tn + F(O) Pree 7Ty
—_————
=0

—T*ZFt )0-00)y va + T+ (FOP e 70)

=0

=T F(TT")y.
Hence, we get
|TR:G=TR.G®|y, = |[TE(T*T)T*G = TF(T*T)T"G*|,,
=|TRT DT 16 - 67y
=TT E (T, -6 =67y
= |F (TT") ;o le=¢

Iy

where I:}(U) = o0 F;(0) and Theorem 5.3.20 (together with Theorem 2.5.59) tells us
that | F,(TT*)| , < Cr. This yields (5.48).
(2) Estimate in the solution space:
By using the underlying inner product, the linearity of R ;, and again (5.49) as
well as Theorems 2.5.59 and 2.5.8, we obtain

IR .G —R.G*|% =(R.G—R.G"R,G—R,G*),
=(R:(G—G*).F (T"T)T*(G—G"))y
=R (G=G). T E(TT") (G- G)y
=(TR:(G—G*),F (TT") (G - G))y,
=|TRAG =)y - |F(TT) |6 -6y
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With (5.48) and Theorem 5.3.20, we finally get (5.47), that is,

IR:G—R.G°|y <v/Cre- M) & =6yCrM(). O

Let us come back to the decomposition of the error in (5.46). From Theorem 5.3.42, we
know that the approximation error tends to 0 as t — 0+ if /R ; is built with a regularizing
filter. The data error remains critical in the limit ¢ — O+, but Theorem 5.3.43 shows us that
it is sufficient to have lim,_ o+ £+/M(y ()) = O for an a priori parameter choice y. This
leads us immediately to the following corollary.

Corollary 5.3.44 Provided that all conditions in Theorem 5.3.43 are fulfilled
and y: RT — RT satisfies limg_ 04 ¥(8) = 0 and limy— 0+ e/M(y (2)) = 0, then
(R i}i=0, V) with R ; := F,(T*T)T* is a regularization method for T ™.

We briefly quote a known result on order optimality in the context of filters and the associ-
ated concept of qualifications.

Theorem 5.3.45 Let {F;};~0 be a regularizing filter for T € K(X,Y) and let
p:(0) = 1 — o F;(0). The filter and . > 0 are chosen such that a constant t5 > 0
and a function w,, : 10,t9] — R exist with

sup ("% |p(0)]) < wu(t) forallt €10.10] (5.50)
o[0T 1% ]

and w, (1) =0 (t“/z) ast — 0+. Moreover, M(t) == SUPg o, |71 ] |Fi(0)],t € RT,
needs to satisfy M(t) = O (t71Yy as t — O+. Furthermore, we use an a priori param-
eter choice y : RT — RT which allows the existence of constants C1,Cy > 0 such

that
g\ 2/t g\ 2/t
C1 (—) <y =C (—)
@ @

for sufficiently small but arbitrary €,0 > 0. Then ({R ;};~0,y) with the operators
R, = F(T*T)YT* is an order optimal regularization method for T with respect
to Xy

The phrase ‘the filter and ;& > 0 are chosen such that ...” should not be forgotten here.
Since  refers to the source condition in X', in the implication of the theorem, the important
question is: for which p is (5.50) valid? This certainly depends on the filter. We can further
guess that, with increasing u, it gets harder to fulfil this condition. The ‘best’ p which we
can get in this respect is called the qualification of the filter.

Definition 5.3.46 Let {F;};-o be a regularizing filter for 7 € K (X,)) for which
M) = SUP, o, 1712 ] | Ft(0)| satisfies M (1) = O @ Yast — 0+. Moreover, let
p:(0) =1 — o F;(0). Then the number

sup {,uo e RT |V €10, uo]:  sup (U“/Z |pt(a)|) =0 (t“/z)as t— 0+ }
oelo 1T I% ]

(5.51)

is called the qualification of the filter.
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Remember Definition 5.3.39. Order optimality means (here) that we have E; (£,0,R ;) <
Cu Ql/(““) g/ (tD for all @ €10, up[ and all ¢ > 0. In other words, the qualification
(o means that the convergence rate cannot exceed O (5“0/ (“O‘H)) as & — O0+. In the
case (o = 400, the convergence rate can get arbitrarily close to O (g).

We consider now two examples of filters which are commonly used (not only) in Earth
sciences.

Theorem 5.3.47 (Truncated Singular-Value Decomposition (TSVD))  The family of
functions

o eR{.r e RT,

l .
Fo)=1o 7020
0, ifo<t,

vields a regularizing filter for every T € K (X,)) with the qualification g = +00.
The corresponding regularization is obtained with

Z oy (G va)y un, G €D, (5.52)

2
oy >t

where the summation in (5.52) always consists of only a finite number of summands.

Proof Clearly, each F; is piecewise continuous with only one discontinuity, while the left-
and right-hand limits exist at this point op = ¢. Moreover, for each fixed 0 € R, we have
lim;, o+ F; (o) = o~ L. Furthermore, o|Fi(o) < 1forallo € Rg and all ¥ € RT. Hence,
{Fi}i~0 is a regularizing filter for every 7 € K (X', ). The corresponding regularization
is constructed via

RiG = F, (T*T) ZFt )ou(Govn)y ttn = Y <2 (G va)y tn.

n, Un

D',%zt

which yields (5.52). For a compact operator 7, the singular values (o), are either a finite
sequence or tend to zero. In both cases, there are only finitely many o, with U,% >t fora
fixedr € RT.

Eventually, we determine the qualification, which is also an easy task for the TSVD. We
have M(t) = SUp,, (o, 1712 ] |F:(0)| = SUP, ey, 1712 ] o7l =1 forallr € RT such that

MO =0@G¢Yasr — 0+ 1is obviously true. For
0 ifo>1t
o2 pi0) =" |l —aFyo)| = |~ -
pr ! alt? ifg <1,

we observe that

sup (U“/Z |pi(a)]) < sup ohl? = /2
oe[o 1T I% ] o¢l0,]
for all i > 0. Hence, the qualification is pug = 4-o0c. U
Equation (5.52) explains the name of this regularization method. We take the svd of

the Moore-Penrose inverse 77G = Y, 0, (G, vp)y s, G € D(T ™), and cut out all
summands (i.e., we truncate the expansion) where the coefficients Un_l are larger than the
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threshold +~1/2. The closer ¢ gets to 0, the fewer summands are omitted, which can be
expected to reduce the approximation error. On the other hand, including terms with very
large o,7! means that noise in the associated coefficients (G?,v,) y of the data G* gains
essentially more influence and the data error might grow.

Let us have a look now at the other regularization method which we discuss here.
While the TSVD is a ‘hard’ way of regularizing, since some coefficients <T+G, u,,) y =
o, HG,v,) y are taken just as they are and the others are replaced by 0, the Tikhonov—

Phillips regularization provides us with a ‘smoother’ alternative.

Theorem 5.3.48 (Tikhonov—Phillips (TP) Regularization) The family of functions
Fi(o) = (6 + 17}, 0 € R, t € RT, yields a regularizing filter for every T €
K (X,Y), where the filter has the qualification po = 2. The corresponding regular-
ization is obtained with

R.G = ZU +t(G )y Un, G €Y. (5.53)

Proof Every F, is continuous and, for each 0 € R™, we get lim,_, g, F;(0) = o~!. Fur-
thermore, o |F;(0)| = o(c + Nl <l1forallo e Rg and all t € R". Hence, we have a
regularizing filter, where

Oy
ZFI UnGvn)yun—Z +I(Gvn)yun
n

for all t € RT, which proves (5.53). All these conclusions are possible for every
T e KA, V).
Concerning the qualification, we first observe that, for all 7 € X (X, )),

1
M=  sup |EO@)|=F0O=-=0¢"" ast— 0+
o[0T 12 ] f
and
o+t—o t
=1-0F(()= = )
pi(o) o Ii(o) p—— p——

We now consider the quotient g2 |pi(0)| = o2y /(o 4+ t), which is relevant for (5.51),
and distinguish two cases.
If i > 2, then

3 ot 1 uo > (o + 1) — 20141 B ot t(u—2)+ o pr?
doo+r 2 (o +1)2 ) (0 +1)2

> 0.

The implied strict monotonicity with respect to o yields

r — 0 (22
sup (0" Ipuo)]) = T, [=0 (7). .
oel0 1T 1% ] 1Tz +¢ |£0 @0, ifa>1

ast — 04 for all p > 2. Hence, the qualification cannot be larger than 2.
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If now p < 2, then

/2 /2
sup (0" |pio)]) = sup [t“/z %} < sup %
2 2 o R+ 7
se[0 T2 ] oc[0TZ ] e
=Cy

Since pu < 2, we have that C), is finite.
Combining both cases, we are able to conclude that the filter has the qualification
Ho = 2. U

This result implies that we can expect a convergence rate of O (¢%/3) as ¢ — 0+ for the
TP regularization, while the TSVD can approach O (¢). However, we have here an exam-
ple where theoretical results need not coincide with practical numerical experiences. The
convergence rate O (s*0/(#0+1)) is only one criterion for the behaviour of a regularization
method. The various real-world inverse problems and different requirements on the solu-
tion — depending, for example, on the way how the error FT—R ,G¢ is quantified and which
specific properties (such as smoothness, interpretability, or more particular aspects such as
known characteristics of the real but in general unknown solution F) are expected — often
paint a different picture. There are many cases where the TP regularization outperforms
the TSVD. Besides, there are many other regularization methods which are preferred for
specific inverse problems and requirements on the solution. Some of them are constructed
by imposing side conditions such as the minimization of a certain functional. We (maybe
recklessly) neglect such approaches here and apologize this again with reasons of brevity.
However, we remark, because this will also be important later on, that the TP regularization
is equivalent to imposing a particular minimization side condition.

Theorem 5.3.49 Let T € K (X,Y). While FT =T G for G € D(T T) is known to

be (see Theorems 5.3.5 and 5.3.8) the minimum-norm solution of the normal equation
T*TF =T*G

and one minimizer of the residual | T F — G|y, the approximation R ;G® obtained
by the TP regularization for arbitrary right-hand sides G® € Y is the unique solution
of the Tikhonov—Phillips (TP)-regularized normal equation

(T*T +1I)F = T*G, (5.54)

where T is the identity operator on X . Moreover, (T*T + tT)~\ is continuous for
everyt > 0and F} =R ,G? is the unique minimizer of the Tikhonov-Phillips (TP)
Jfunctional

Joge(F) = |TF = G5, + 1l F I3

Proof Lett > 0 throughout the whole proof and let X and ) be Hilbert spaces with
respect to the field K € {R, C}.
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(1) The regularized normal equation:
From (5.53) and Theorem 5.3.17, we see that

O

for all G® € Y. Moreover, if (T*T +tZ)F = Qforan F € X, then

0={(T*T +1I)F.F), =(T*TF.F)y +t(F.F)x =|TFI3 +|F|%
due to Theorem 2.5.59. Hence, F = 0 and 77 + t7 is injective. Furthermore, if
H e X is arbitrary, then

1

— H, for all n,
P |(H,un) x| foralln

(Haun)){‘ =
while > [(H,u,)x | < 4+00. Thus,
F = —1 (H ) —1 H
= E U Uy + = PyerT
t - ,% " n/X Un ; ker

exists in X and satisfies the equation (T*T +tZ )I:} = H. Hence, the operator
T*T + 17 : X — X is bijective, and consequently (T*T + 17 )_1 exists and is
continuous due to the inverse mapping theorem (Theorem 2.5.41).

(2) The minimization of the Tikhonov—Phillips functional:

For the functional J; =, we can derive an analogous formula as follows (where
cecKandd € X):

Ji.ce (Ff + ad)

= (T (Ff + ad) — G, T (F{ + ad) — G°)y, + 1{Ff + ad, F{ + ad),,
=(TF — G TF —G)y, +(F . Ff)y

+ lal* ((Td, Td)y +t{d.d)x)

+ &(TF —G*,Td)y, +a{Td.TF —G°),,

+ ta(Ff.d),, +tald Ff),
= | T7Fe = G5 + o [ FE % +lel? (1715, + 141 )

=J,. e (FF)

+ 20 [od. T*TFE = T*G* +1FE), ] (5.55)

where %t stands for the real part and & is the complex conjugate of «. Let us now only
consider coefficients ¢ € R for a moment to ensure the existence of the following
derivative. If F/ is a minimizer of J; =, then
8 & e & e & &
0= {5z Jice (F + od) =2R[d.T"TF —T*G* +1Ff),]

a=0
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must hold true for all d € A'. If K = C, then we add the following: since the latter
identity must remain true, if we replace d by id, we also have for the imaginary part
that 2?5[<d,T*TFf —T*G® + th)X] = QOforalld € X. Hence,if K = R or
K = C, then (d, T*T Ff — T*G® +tFf}, = Oforalld € X, thatis, T*T F —
T*G® + tFf = 0, which equals (5.54).

Vice versa, if F; solves the regularized normal equation (5.54), then (5.55), now
again with o € K, simplifies to

B (Ff +ad) = Jige (F) + Ll (ITdI3, + 11413, )

Obviously, J;, g=(F) = J;, g=(Ff) forall F € X, where ‘=" holds true if and only if
d =F — F} € X (with @ = 1) satisfies ||Td||%; + t||d||%( = 0, where the latter is
equivalent to d = 0, since t > 0. O

Note that a generalized Tikhonov—Phillips functional of the form

T (F) = |TF - G|y, +tIISF|%

I3
y
can be found in the literature (see, e.g., Rieder, 2003, section 4.1), where § € L (X', Z) is
an a priori chosen operator with a continuous inverse. In this case, the regularized normal
equation becomes (7T*7T +tS*S)F = T *G*. We will restrict our considerations here to
the case § = 7, which was discussed in Theorem 5.3.49.

There is a very elaborated theory on the Tikonov—Phillips regularization. We only cite
here a small selection of theorems and omit their proofs for reasons of brevity.

Theorem 5.3.50 Let T € K(X,Y) and let {R ;},»0,V) be given by the Tikhonov—
Phillips filter (see Theorem 5.3.48) together with a parameter choice y: RT — R™T
which satisfies

lim y(e) =0 and
e—0+

£
Iim —— =0
e=0+ /Y (€)
Then ({R :}:=0,y) is a regularization method for T

Theorem 5.3.51 Let 7,c > 0 be constants and let G € D (T ) be the right-hand
side of the inverse problem TF = G, T € K(X,)Y), with the restriction that its
minimum-norm solution needs to satisfy F* € X, with |[FT |2 < 1. If we define an
a priori parameter choice by y () = c(g /t)*/3, then the Tikonov—Phillips regularized
approximation

-1
Foy=(T"T +y@©I) TG
Jor |G® — Glly < ¢ satisfies
1
+ 1/3.2/3
”F;(S)_F ”X = (2ﬁ+c)t Pel3,

that is, order optimality is achieved.
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See Kirsch (1996, Theorem 2.12¢) for a proof. Note that F* € X3 and |FT |z < 7
represent source conditions on G here; see Definition 5.3.32 and Theorem 5.3.33. This is,
however, a rather theoretical result confirming the optimal convergence rate O (¢>/?) for
& — 0+, since we will, in practice, often not be able to estimate 7 before the calculation
of F7. For this reason, we present here a short look at some parameter choice strategies for
the TP regularization.

Theorem 5.3.52 Let G € T(X), t > 0, andT € K (X, V). If
Fo= (T*T +1I)" T*G forallt >0,

then the dependence of F; on t is continuous. Moreover, as t — 0+, the norm
| Fllx is monotonically increasing and the data misfit || T F; — G|y is monotonically
decreasing, where limy o T F; = G and lim;_, 4 oo F; = 0. If T*G £ 0, then both
monotonicities are strict.

The latter theorem is useful for determining a regularization parameter ¢ in practice.
It tells us that, by choosing ¢ very close to 0, we can fulfil the equation 7F = G very
accurately, while F; might have a very large norm, that is, it might be very oscillatory and
we might have under-regularized the problem. On the other hand, by choosing ¢ too large,
we might over-regularize the problem, that is, the data misfit can be large, F; might be too
smooth, and interesting details in F could not be visible any more in F;.

At this point, two common parameter choice strategies should be mentioned. One strat-
egy is the L-curve method (see Hansen, 1992, 1998; and Hansen and O’Leary, 1993),
where a diagram with log || /||, on one axis and log |7 Ff — G®||y on the other axis
are plotted (sometimes, the logarithms are omitted). In an ideal situation such as in Figure
5.2, one observes bottom-left a ‘kink’. At this point, || F?||x and |7 F — G*||y are both
acceptably small. The corresponding parameter ¢ is then chosen. However, one does not
always obtain a clear kink, as shown in Figure 5.3. Moreover, it turned out to be problematic
to find theoretical results on a general convergence behaviour of the L-curve method; see,
for example, Vogel (1996). Nevertheless, the L-curve method is popular and turned out to
produce useful results for a series of practical applications. Long-term experiences, also by
the author, suggest that there is no ‘perfect and universal’ parameter choice method. It can
significantly vary from problem to problem which particular parameter choice method is
eventually the best performing one.

The discrepancy principle (see Morozov, 1966, 1967, 1984; and Phillips, 1962) recom-
mends to search for a parameter ¢ which satisfies

|TF —G°| (5.56)

y=°
(or, atleast, approximately). The idea is that, in the presence of anoise level | G—-G* ||y <&,

it does not make sense to fulfil the equation 7 F = G? with a higher accuracy than ¢. Due
to Theorem 5.3.52, we have the monotonic limits
t—0+ t——+00

0=[6° -G, —|7F - 6*|y, —= [T0-6, =[c], -
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Figure 5.2 As a simple example, the system of linear equations 7x = vy is used for
T = (:; 2_110,6 ), y=(-1, —2)T eR? = Y, and the noise vector & := (0.1,0.1)T such

that y® := y + &. Then the TP-regularized approximation x; := (T*T +uZ )_1’7'* yé e
R2 = X is computed for 1, = 10_8+k/10, k =0,...,60, and the values log ||)ct‘°;C ”X and
log ||’7'xfk —yf || y are plotted. A typical L-shape can be seen in the diagram. The L-curve
method suggests the use of the parameter #;, which corresponds to the kink in the ‘L.

If we have ||G®|ly > e, that is, the signal-to-noise ratio is larger than 1, then, assuming
T*G*® # 0 (otherwise, Ff = 0 for all 1), we can use the intermediate value theorem to
conclude that there is exactly one ¢t > 0 which satisfies (5.56). It can be shown that, under
some conditions, the discrepancy principle for the TP regularization can achieve an order of
convergence O (51/ 2) as ¢ — 04 but not more (see, e.g., Kirsch, 1996, theorems 2.17 and
2.18). Often, the discrepancy principle is modified for practical purposes in the sense that
a monotonically decreasing sequence (t); with #, — 0 is used and an index k* is chosen
such that

|TF;. -G

o <ae < |TF

&
k*—1

Iy — Gy (5.57)

Here, @ > 1 is a factor which is selected based on a particular heuristic. Under certain
constraints, this procedure yields order optimality with respect to X, for 4 < po — 1 in
the case of filters with a qualification g > 1 (including the TP filter). The best possible
convergence order in this respect is here, again, O (51/ 2) ifwesetu =po—1and pug =2
for the TP regularization (see Theorem 5.3.48). Indeed, one can show that, in the case of
the TP filter, a stronger convergence order than O (51/ 2) in the presence of the discrepancy
principle (5.57) can only be achieved if dim7(X) < +oo. For further details, see, for
example, Rieder (2003, section 3.4).

For this reason, alternatives to the discrepancy principle were considered in the literature.
One of these options is the generalized discrepancy principle (see Engl and Gfrerer,
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Figure 5.3 Points &1, ... ,&, with n := 2,026 are chosen on a sphere with radius 1 together
with contrived masses x = (xq, ... ,xn)T € R" = X. Then the norm of the gravitational
force vector (up to a constant factor) y; = 2421 xj/1&; — mlti=1...,m:=2502is
computed at some points 7 ; on a sphere with radius 6,971/6,371 (i.e., an orbit of 600 km
altitude). The data y = T x € R™ = ' are contaminated with normally distributed random
noise £ € Y such that y* = y + £. Note that, due to the finite dimensions, 7 can be
represented by a matrix. Eventually, the TP-regularized approximation xfk = (T*T +
tkl')_l’T*ys is computed for 7, = 0.0025 + 0.0025k, k = 0,...,199 and the values
log thi |l x and log || Txfk — ¥ y are plotted. The identification of the location of the kink
is here not obvious.

1988; Hanke and Engl, 1994; Raus, 1985). In this case, a family of positive and piecewise
continuous functions s; : [O, ||T||2£ ] — R, r € R™, is chosen such that

t o+l 5 ¢ o+l
C <s;(c7)y=<C
1(02+t) <807 < 2(02+z)

forallt € RT and allo € [0,]7 ||z ] and some positive constants C1 and Cz. Then, based
again on a sequence (f); and a factor T > sup,, , s:(0?), an index k* is chosen such that

tx = sup {tk ‘ (G54 (TT) G‘9>y < tsz} .

One can show that, again under some constraints, this parameter choice yields order opti-
mality but now with respect to X, for all ;1 €10, uo] if uo > 0 is the qualification of the
filter. Hence, the convergence order O (s>/) can be achieved for the TP regularization in
the case u = 2 (= o) if the generalized discrepancy principle is applied.

As we previously mentioned, there are numerous other parameter choice strategies,
which we cannot discuss here for reasons of brevity. Nevertheless, they all have their own
particular use and justification; see the references listed in this section for further details.
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5.4 Best Bases for Ill-Posed Inverse Problems

In Section 4.9, the best basis algorithms FMP, OFMP, and WFMP were explained. These
algorithms start with a dictionary D € A" \ ker 7 of possibly suitable functions and choose
an (in some sense) optimal selection di,...,dy € D and corresponding coefficients
o1,...,y € R such that Fy = ZkN:1 aidy is a sufficiently close approximation to a
solution of an inverse problem 7 F = y. These algorithms are appropriate if the inverse
problem is well-posed. For ill-posed problems, we need to introduce a regularization into
the algorithms. Moreover, it can also be reasonable for well-posed problems to include a
regularization, for example if large amounts of data are used or if the data are sampled at a
very scattered point set.

The Tikhonov—Phillips-regularized counterparts, or better generalizations (the parameter
choice A = 0 yields the unregularized versions), of the aforementioned algorithms, namely
the REMP, the ROFMP, and the RWFMP, were introduced in Fischer (2011), Fischer and
Michel (2012), Kontak (2018), Kontak and Michel (2019), Michel and Telschow (2016),
and Telschow (2014). In Kontak (2018) and Kontak and Michel (2019), it was pointed
out that an elegant way of including such a regularization is to consider an appropriately
modified problem THWF = y. For elaborating this in detail, we first need to do a little
preliminary work.

We assume again throughout this section that (X, (-,-) x) and (V, (-, -)y,) are arbitrary
Hilbert spaces. The considered inverse problem is 7 F = y with 7 € L (X,)).

Lemma 5.4.1 Corresponding to two arbitrary Hilbert spaces (X, (-,-)x) and
YV, () y) we define, for all x1,xo € X and y\,y» € Y the bilinear mapping
<(x1, yl)T’ (x2, yz)T>X “y = (x1,x2) x + (31, yz)y. This mapping is an inner product
on X x Y, which becomes a Hilbert space this way.

The validity of Lemma 5.4.1 is easy to verify. Note that the induced norm is the same as the
norm in Lemma 2.5.37.

Theorem 5.4.2 Let 7 € L(X,Y) and A > 0. We define the operator ’7]: X —
X x Y by %AF = («/X F, 7:F)T, F e X Ifh > 0, then the image %A(X) is closed,
that is, the inverse problem T, F = G, G € X x Y given, is well-posed in the sense
of Nashed (see Definition 5.3.3).

Proof Obviously, the image T (X)) of 7} is the graph of the operator A~1/27", because 7~
is linear. Since A~1/27 is linear and continuous, its graph is closed (see, nomen est omen,
the closed graph theorem, i.e., Theorem 2.5.38). |

We now replace the (possibly ill-posed) inverse problem 7 F = y by the well-posed
inverse problem 7 3 F = (0,y)'. As a consequence, instead of minimizing |7 F — y||%; ,
we now seek to minimize

|T5F — 9"y = MIFI% +ITF = 31} (5.58)

This also shows again very simply the basic principle of the Tikhonov—Phillips
regularization.
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Let us now go through the theory of the algorithms FMP, OFMP, and WFMP, where we
will study the consequences of replacing the inverse problem accordingly.

5.4.1 Regularized Functional Matching Pursuit (RFMP)

For transferring the FMP (Algorithm 4.9.1) to the problem %AF = (0, y)T, we need to have
a look at the terms

<(0) - ﬂFn,ﬂdn+1> = <—ﬁ Fn,ﬁdn+1> + Ay = TFa, Tdn+1)y
y X xy X

and

T adnst ] vy = VA Mdns1le + 1T dnst 113, (5.59)
y y

Moreover, for L > 0, 7] is injective, that is, ker 7] = {0}, while ker 7’0 = ker 7. This
leads us to the following algorithm.

Algorithm 5.4.3 (Regularized Functional Matching Pursuit (RFMP))
Let an operator T € L (X,Y)\ {0} and a right-hand side y € Y be given.

(1) Set n := 0 and Iy ‘= 0 and choose a stopping criterion. Select a dictionary
D C X \{0}. Choose a regularization parameter A € RT.
(2) Find dy11 € D such that

(v = TF.Tdnet)y — MFndus) ) _ (9 = TETd)y — MFud)x)

=

1T et 1y 42 st 1 1T+ 1%
(5.60)
foralld € D and set
—TF,Td — MFy.d
et = (y =TF.T n+1)y (Fa,dn+1) x (5.61)

1T dusa 13y + & st 1%

aswell as Fy11 = Fy + ap1dp+1-

(3) If the stopping criterion is fulfilled, then F, 1 is the output as an approximate
and regularized solution of T F = y. Otherwise, increase n by 1 and go to
step 2.

In the case A = 0, the RFMP would become the previously discussed FMP (Algorithm
4.9.1), except that D C X \ ker 7 is needed for the FMP.
We have to reconsider what an image-normalized dictionary is in this case, due to (5.59).

Definition 5.4.4 Let A € Rg be a chosen regularization parameter. A dictionary
D C X \ kerT, is called an image-normalized dictionary (or, briefly, i.n.d.), if
IITdII%; +A||d||%( = 1, thatis, | Td|lxxy = 1,foralld € D.

Note that this definition includes our previous definition for the case A = 0; see
page 239.
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If we use an i.n.d., then (5.60) and (5.61) simplify to the requirement that

(v = T Fa Tdusr)y =M Facdnst) )’ = ((y = T . Td)y =M Fand) )
(5.62)

for all d € D and the definition
41 = (y — TFn,Tdn+1)y — A(Fn,d+1)‘)(‘ . (563)

Example 5.4.5 We consider the same scenario of an interpolation problem from
Example 4.9.2 again, but this time we use the RFMP. The regularization term uses the
norm of X = H 2(2); see Definition 4.7.11. Several regularization parameters were
tested. For some parameters, the truncation after the maximal number of iterations
applied because of an insufficient decay of the data error. In the following, we
only considered those parameters for which the truncation based on the data error
occurred. Eventually that parameter was used which yielded the lowest relative
approximation error, that is, we assume an ideal parameter choice rule. This optimal
parameter is & = 10710y Iy . Like the FMP, the RFMP also stops at a residual with
IR"lly /llylly = 0.05, where 46,131 iterations were necessary here. The relative
approximation error is 0.000205 and is, therefore, slightly lower than in the case of the
FMP. The analogues of Figures 4.26 and 4.27 are shown in Figures 5.4 and 5.5. Again
we obtain a very good approximation. By construction, the regularization as part of the
RFMP has a smoothing effect to the calculated approximations, which, however, is not
visible here in this theoretically stable problem. According to the experiences of the
Geomathematics Groups, for such typical geomathematical problems, it nevertheless
appears to be the best practice to use the RFMP instead of the FMP, at least as soon
as the problem becomes relatively high dimensional or ill-posed.

Example 5.4.6 Since the RFMP is specifically designed for ill-posed inverse prob-
lems, we also demonstrate its performance for such a scenario. We consider the down-
ward continuation problem, which is exponentially ill-posed and therefore particularly
challenging, as discussed in Section 5.1. The example is designed in analogy to the
interpolation problem in Examples 4.9.2 and 5.4.5. The differences are as follows:
the data y; are obtained by evaluating EGM2008 at the same Reuter grid as before,
but now at an orbit height of 500 km (for the formula of upward continuation, see
Definition 5.1.1), that is, we assume grid-based space-borne data. Then noise is added
as in the case of the interpolation problem. With the upward continuation operator 7 P
the forward operator 7, we run the RFMP in analogy to the previous interﬁéfation
tests. We pick again the optimal regularization parameter out of a finite selection and
choose A = 107°||y|ly .

Also here, the algorithm stops when the residual reaches the 5% threshold, which
occurs after 957 iterations. Due to the ill-posed nature of the inverse problem, the
relative approximation error 0.000466 is higher than in the case of terrestrial data,
but it is still very low, considering the exponential ill-posedness. The result is shown
in Figures 5.6 and 5.7. Also these images show that locally the error increases in
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Figure 5.4 The RFMP is used to interpolate grid-based data from EGM2008. The exact
solution (given by EGM2008) is shown at the top on the left-hand side. The obtained
approximation by the RFMP (top-right) is very close to the exact solution. The absolute
difference (bottom-left) shows that only small deviations, particularly in areas with fine local
details, occur. These deviations become visible on the finer plot grid but are not captured
by the coarser data grid, in particular in the presence of noise, as it was the case for this
demonstrating example. All values of these plots are in m?s~2. Moreover, the curve on
the right-hand side at the bottom shows the rapid decay of the relative approximation error
during the iterations.

comparison to the pure interpolation problem, which can be expected. It is remarkable
that these errors remain local. They occur mainly in regions with a very fine, ‘low-
wavelength’ signal. Such ‘high-frequency’ parts are particularly smoothened by 7P
and are, therefore, hardly extractable from the data at the orbit, especially if the data
are contaminated with noise. In this respect, the approximation of the RFMP can
be considered as very good. Moreover, the solution is smoother in comparison to
the solution of the interpolation problem: the ill-posedness also resulted in a larger
regularization parameter such that non-smooth updates of the approximations are
more strongly penalized for the sake of the stability of the numerical result. The
smoothness of the approximation can particularly be seen if the contributions of the
radial basis functions are compared, as shown in the bottom images in Figures 5.5 and
5.7. Fewer anomalies are visible now.

Let us now investigate the theoretical properties of the RFMP. Since the residual satisfies
(5.58), we can apply Lemmata 4.9.3 and 4.9.4 in order to immediately obtain the following
propositions.
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Figure 5.5 The dictionary elements which are chosen by the RFMP in Example 5.4.5
(in analogy to Example 4.9.2) are separated: we have a look at the spherical harmonics
alone (top-left), the Slepian functions alone (top-right) and their sum (middle). These basis
functions provide a coarse approximation of the large global structures of the solution, while
the sum of all chosen radial basis functions (bottom), that is, the Abel-Poisson kernels and
wavelets, reveals more localized structures in the gravitational field such as the signals due
to the Andes or the Himalayas.
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Figure 5.6 The RFMP is used for the downward continuation of grid-based data from
EGM2008 at an orbit height of 500km. The images are arranged as in Figure 5.4.
Considering the exponentially ill-posed nature of downward continuation and the artificial
noise on the data, the approximation by the RFMP is very close to the exact solution.

Lemma 5.4.7 Let the sequence (Fy), be produced by the RFMP (Algorithm 5.4.3).
Then the corresponding sequence of norms of the regularized residuals (|| y —
TF, ||%; + A Fp ||%( )n is monotonically decreasing.

Lemma 5.4.8 Let the sequence (Fy), be produced by the RFMP (Algorithm 5.4.3).
Then the sequence of corresponding norms of the regularized residuals (|| y —
TF,,||%; + A Fy ||%()n is convergent.

Also Lemma 4.9.7 is applicable to 7. and it provides us with a very valuable result.

Lemma 5.4.9 Let the sequence (Fy), be produced by the RFMP (Algorithm 5.4.3).
Then the sequence of regularized residuals ((«/X Iy, TF,,)T — (0, y)T)n is convergent
in X X Y. Moreover, the sequence (o), is square-summable.

Theorem 5.4.10 Every sequence (F,), which is produced by the RFMP (Algorithm
5.4.3) with ). > 0 is convergent in X .

Proof Lemma 5.4.9 says that the sequence ((«/X Fo.,TF, — y)T)n strongly converges in
X x Y, that is, there is a so far unknown limit (I:“ ,¥) € X x Y such that
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Figure 5.7 In analogy to Figure 5.5, we decompose the approximate solution of the
downward continuation problem in Example 5.4.6 and Figure 5.6 into bandlimited functions

(top-left: spherical harmonics; top-right: Slepian functions; middle: sum of both) and non-
bandlimited radial basis functions (bottom).
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A necessary conclusion is the convergence of («/XF,,)n to F. |

Note that we do not need the semi-frame condition in the regularized case!

In Theorem 4.9.8, we required that the span of all Td, d € D, is dense in the closure of
T(X). In the case of 7], the image is already closed (see Theorem 5.4.2). Moreover, we
have %Ad = (ﬁ d, Td )T foralld € D by the definition of 7]. Hence, it suffices if span D
is densein X': if (ﬁ F, TF)T is an arbitrary element of 7} (X)with F € X, then we find,
for every ¢ > 0, a corresponding G € spanD such that | F — G| x < &. Since T is linear
and continuous, we obtain |[TF —TGly < |Tlzwx wIF —Gllx < ITllgwx.v)e-
Hence,

T & A _ 2 _ 2
|(ir.TF) T)\GHXXy_/\HF Gl +ITF =TGI

= (AT e y) £

where %AG is an element of span {%Ad |d € D} because of the linearity of 7.

Nevertheless, we cannot 1mmed1ately apply Theorem 4.9.8, because it requires (formu-
lated for the replaced problem with T;L) that (0, y)T € T;L (). Provided that A > 0, this is
valid if and only if y = 0. Therefore, we cannot proceed analogously to the FMP-case any
more.

With some building blocks from the convergence proof in Michel and Orzlowski (2017),
we are able to prove that the limit F, € X of the RFMP, which must exist due to Theorem
5.4.10, is consistent with the choice of the TP functional as the objective function (see also
Theorem 5.3.49).

Theorem 5.4.11 Let a dictionary D with span D X — % pe used in the RFMP
(Algorithin 5.4.3) with a given right-hand side y € Y and a regularization parameter
A > 0. Then the limit Foo = limy_. Fy of the RFMP satisfies the TP-regularized
normal equation

(T*T +AZ) Foo = T*y. (5.64)

In particular, the unregularized algorithm, that is the FMP (Algorithm 4.9.1), yields,
if convergent, a limit Fo, which satisfies the normal equation

T*T Foo = T*y. (5.65)

Note that no restrictions apply for the right-hand side y in both cases (FMP and RFMP)
and the propositions for the RFMP also do not require the semi-frame condition. For the
FMP, we still need to know that (F,,) converges and (5.65) requires y € D (T ™), see
Theorem 5.3.6 and Definition 5.3.9, that is, this is necessary for the convergence of the
FMP. Let us now prove Theorem 5.4.11.
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Proof Again, we may assume that D is an i.n.d., because this does not influence the
sequence (Fy). We first have a look at the residual of the inverse problem %AF = (0, y)T.
We define Ié;’ = (0, )T — 7} F, = (—«/X F,y— TF,,)T. Note that Lemma 5.4.9 tells us
that (o), is square-summable.

(1) A weak limit:

The square-summability can only be valid if &, — 0 as n — o00. Hence, (5.63)
yields (y — TF,,,Td,,_H)y — MFy.dpy1)y — 0asn — oo. With (5.62), we are
also able to conclude that (y — T Fy,Td)y — AM{Fy,d)x — 0asn — oo for all
d € D. With the adjoint operator (see Theorem 2.5.59), we can equivalently write
that

(T*y = T*TF, — AFu,d)y — 0 (5.66)

asn — oo forall d € D (and, due to the bilinearity of an inner product, also for
all d € spanD). The sequence (F,), converges in X due to Theorem 5.4.10, and
T as well as 7 are continuous. Hence, the left-hand argument in the inner product
of (5.60) is a bounded sequence. Consequently, we also get for every convergent
sequence (d)m C spanD with d := limy,_, o dy € X the identity

lim (T*y — T*T F, — AF,.d)

n—00

— lim lim <T*y —T*TE, — AF,,,J,,,)X —o.

m—00 n—00
(2) A strong limit:
Since the span of D is dense in A, the latter result means that the sequence
(T* y—T*T F,—\F, ,,)n weakly converges to zero. As we know that the strong limit
T*y—T*T Foo— A Fx of this sequence exists, wehave Ty —T*T Foo—AFoo = 0,
which is equivalent to (5.64).
(3) The unregularized case:
The RFMP with A = 0 coincides with the FMP. The only difference is that we
do not automatically get the convergence of the FMP, which, therefore, occurs as an
additional condition. Eventually, (5.64) with A = O 1is the normal equation (5.65). [

Theorem 5.4.11 in combination with the well-known theory of the TP regularization (see
Theorems 5.3.42, 5.3.48, and 5.3.49) yields the following essential properties of the RFMP.

Theorem 5.4.12 Let D be a dictionary with W”'”X = & and let Fo, ) be the
limit obtained by the RFMP (Algorithm 5.4.3) for the right-hand side y € D (T ™)
in dependence of the chosen regularization parameter A > 0, where T € K (X,V).
Then imy o4 | Foox — T Tylly =0.

Note that D (7 ) is the notation for the domain of the Moore—Penrose inverse (see
Definition 5.3.9) and has nothing to do with the dictionary D .

Theorem 5.4.13 Let D be a dictionary with spanD % = X and T e K (X, D).
Then the limit F, of the RFMP (Algorithm 5.4.3) with & > 0 depends continuously
on the right-hand side y € .
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Hence, noise on the data has only a small influence on the approximation (i.e., the RFMP
is stable). Moreover, depending on the noise level, the regularization parameter can be
chosen small for small noise levels. Note also the results on TP regularization in Theorems
5.3.50 and 5.3.51 concerning the parameter choice. Furthermore, first experiments where
different parameter choice strategies for the RFMP are compared were presented in Gutting
et al. (2017).

5.4.2 Regularized Weak Functional Matching Pursuit (RWFMP)

In analogy to the WEFMP (see Section 4.9.2), a weak formulation of the RFMP was also
developed in Kontak (2018) and Kontak and Michel (2019). We will also summarize the
state of the art on this algorithm here. The basic principle is again that the selection criterion
for d,+1, here given by (5.60), is weakened by trying to get a value of the objective function
which is at least p-times the supremum of it. This also has the advantage that one need not
worry about the existence of a maximizer.

Algorithm 5.4.14 (Regularized Weak Functional Matching Pursuit)
Let an operator T € L (X,Y)\ {0} and a right-hand side y € Y be given.

(1) Set n := 0 and Iy ‘= 0 and choose a stopping criterion. Select a dictionary
D C X\ {0}). Choose a regularization parameter ). € RT and a real number
(weakness parameter) o €10, 1].

(2) Find dy11 € D such that

(v = TFa. Tdns1)y =M Fuudni) )’ o (0 =Tk, Td)y —MFud)x)’
1T dnet 13,4+ et 1 - I7d13, +a 1%
foralld € D and set

(y - TFnaTdrH—l)y - )\(Fnadn+1))(‘
1T duet I + % Tt I

Upt1 =

aswell as Fy11 = Fy + ap1dp+1-

(3) If the stopping criterion is fulfilled, then F, 1 is the output as an approximate
and regularized solution of T F = y. Otherwise, increase n by 1 and go to
step 2.

Some of the previous results can again be obtained analogously by simply introducing
the factor ¢ in the case of the proofs for the REMP (e.g., when we use (5.62) in the proof of
Theorem 5.4.11) or by replacing 7~ with 7T in the proofs for the WFMP. We then obtain
the following propositions rather immediately.

Lemma 5.4.15 Let the sequence (Fy), be produced by the RWFMP (Algorithn
5.4.14). Then the sequence of norms of the regularized residuals (||y —TF, ||%; +

M Fy ||%( )n is monotonically decreasing.
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Lemma 5.4.16 Let the sequence (Fy), be produced by the RWFMP (Algorithn
5.4.14). Then the sequence of norms of the regularized residuals (||y — TF,,||%; +
M Fy ||%( )n is convergent.

Lemma 5.4.17 Let the sequence (Fy), be produced by the RWFMP (Algorithmn
5.4.14). Then the sequence of regularized residuals ((«/X Fn,TFn)T — (0, y)T)n is
convergentin X x Y.

Theorem 5.4.18 Every sequence (Fy), which is produced by the RWFMP (Algorithmn
5.4.14) with A > 0 is convergent in X .

Theorem 5.4.19 Let a dictionary D with W”'”X = X be used in the RWFMP
(Algorithin 5.4.14) with a given right-hand side y € Y and a regularization parameter
A > 0. Then the limit Foo = lim,_, o F,, of the RWFMP satisfies the TP-regularized
normal equation

(T*T +AT) Foo = T*y.

In particular, the unregularized algorithm, that is, the WFMP (Algorithm 4.9.17),
yields, if convergent, a limit Fo, which satisfies the normal equation

T*T Foo = T*.

Theorem 5.4.20 Let D be a dictionary with span D e _ X and let Fo ) be the
limit obtained by the RWFMP (Algorithin 5.4.14) for the right-hand side y € D (T
and the regularization parameter ) > 0, where T € K (X,Y). Then
lim |[Foox — 7" =0.
Jim | Foop =T y] 5 =0
Note again that D (7 ") is the notation for the domain of the Moore—Penrose inverse (see
Definition 5.3.9) and has nothing to do with the dictionary D .

Theorem 5.4.21 Let D be a dictionary withspan D ' = X and T € K (X, V). If
A > 0, then the limit Fo, of the RWFMP (Algorithm 5.4.14) depends continuously on
the right-hand side y € ).

5.4.3 Regularized Orthogonal Functional Matching Pursuit (ROFMP)

We present here the regularized version of the OFMP, which was developed in Section 4.9.3.
Much like the RFMP, the ROFMP, by updating the coefficients «;, avoids choosing too many
dictionary elements multiple times. The numerical experiments which have been done so far
for some inverse problems in Earth sciences and medical imaging revealed that the ROFMP
usually yields the most satisfactory numerical results among all matching pursuits.
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While the FMP seeks to minimize |R" — a7 d ||y, the OFMP minimizes
|R* —aPw,Td|y = |R" —a(Td - Py, Td)|,

R" — o (Td -y ﬁ,ﬁ”(d)Tdk)
k=1 y

See Section 4.9.3 for details. Since the RFMP has the objective function |R" — o7 d ||%; +
M Fy + ad ||%( , the ROFMP now seeks to minimize

R'—« (Td -3 ﬁ,§">(d)Tdk) Fy+a (d -y ﬁ,ﬁ")(d)dk)
k=1

k=1

2 2

+ A

X
(5.67)

y

The derivation of the algorithm for choosing o, | and d,,+| as minimizers of this objective
function is analogous to the derivation of the FMP.

Algorithm 5.4.22 (ROFMP) Let an operator T € L (X, V) \ {0} and a right-hand
side 'y € Y be given.

(1) Set n := 0 and Iy '= 0 and choose a stopping criterion. Select a dictionary
D c X\ {0} and a regularization parameter A > 0. Moreover, set Vo = {0}
and Wqo = ).

(2) Calculate

n n
Pw,Td=Td=Y B @)Td. W) =d-Y B d)d;(568)
j=1 j=1
foreachd € D. Find dy,1 € D such that
2
(= TFPw, Tdussly — M{Fu W @)y )
[P, Tdust |3 + 2 [ W @i

2
N ((y — T En Py, Td)y — MEn WO@) X)
|Pw,Td[5 + x| wo@|%

(where only d € D are considered for which the preceding denominator is
non-zero) for all d € D and set

<y - TFnaPW”Tdn+1>y - )\<Fm w (dn+1)>X

(n+1) .
[Pw, Tl + 2 [W @ity

n—+1

With the coefficients ,B;") from (5.68), we also set
+1 +1 -
a;" )= oc;") — oc,(lﬂl ),B;n) dny1), j=1...,n,
n+1
1
F= Za;"+ )dj,
j=1
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R =R —a" VP, T, (5.69)

Vo1 =Va+ {I’Tdn—H |r € R},
W1 = le_—ﬁ-l ny.

(3) If the stopping criterion is fulfilled, then F, 1 is the output as an approximate
and regularized solution of T F = y. Otherwise, increase n by 1 and go to
step 2.

For an efficient calculation of the 8, see Theorems 4.9.31 and 4.9.32, which are also
valid for the ROFMP (where 7 remains 7 and is not T ;).

Example 5.4.23 We apply the ROFMP to the interpolation problem in Examples 4.9.2
and 5.4.5. We pick again the optimal regularization parameter out of a finite selection
and choose A = 10710y || y . A restart was performed after 250 iterations each.

The truncation criteria are only modified in comparison to FMP and RFMP in
the sense that the maximum number of iterations is now 6,000. Nevertheless, also
here, the algorithm stops when the residual reaches the 5% threshold. The relative
approximation error for the obtained solution is 0.000212. The result is shown in
Figures 5.8 and 5.9. The obtained function Fy is approximately of the same quality as
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Figure 5.8 The ROFMP is used for the interpolation of grid-based data from EGM2008 (top-
left) at the surface. The approximation is shown on the right-hand side of the first row. The
absolute approximation error is shown on the left-hand side of the second row. The decay of
the relative approximation error during the iterations is demonstrated on the right-hand side
of the second row.
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Figure 5.9 In analogy to Figure 5.5, we decompose the approximate solution of the
interpolation problem in Example 5.4.23 and Figure 5.8 into bandlimited functions (top-
left: spherical harmonics; top-right: Slepian functions; middle: sum of both); and non-
bandlimited radial basis functions (bottom).

the result for the RFEMP (see Example 5.4.5), with slight local differences. However,
the RFMP needed 46, 131 iterations to obtain the approximation which reaches the
5% residual threshold, while the ROFMP only needed 5,337 iterations, which is a
reduction by 88%.
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Figure 5.10 This figure shows EGM2008 (top-left), its approximation (top-right) by the
ROFMP for the downward continuation of synthetic, noisy data at a 500 km orbit, and the
corresponding absolute difference (bottom-left). The obtained approximation is close to
the exact, noise-free solution (local structures get lost due to the exponential ill-posedness
and the noise) and is obtained with essentially fewer iterations than the similar result of
the RFMP; see Example 5.4.6. The decay of the relative approximation error during the
iterations is demonstrated at the bottom-right.

Figure 5.9 shows also in this case that a multi-resolution analysis of the signal is
possible: local details can be revealed by looking at the contributions of the radial
basis functions which were chosen by the ROFMP.

Example 5.4.24 We apply the ROFMP to the same downward continuation problem as
in Example 5.4.6. The choice of the regularization parameter ledusto 2 = 1072 y|| y-
Restarts were performed after each 250th iteration. The maximum number of iter-
ations was set to 6,000. The algorithm stopped again at the 5% threshold for the
residual. The result has the relative approximation error 0.000463, which is slightly
lower than for the RFMP. More importantly, the RFMP needed 957 iterations, while
the ROFMP needed only 600 iterations, which is a reduction by 37%. The result is
illustrated in Figures 5.10 and 5.11.

From the construction of the algorithm as a stepwise minimization of (5.67), we immedi-
ately get the following result in analogy the derivations for the previously discussed match-
ing pursuits.

Theorem 5.4.25 The sequence (||R"||%; + )‘”F"”%()n of norms of the regularized
residuals produced by the ROFMP (Algorithin 5.4.22) is monotonically decreasing
and convergent.
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Figure 5.11 We decompose the approximate solution of the downward continuation problem
in Example 5.4.24 and Figure 5.10 into bandlimited functions (top-left: spherical harmonics;
top-right: Slepian functions; middle: sum of both) and non-bandlimited radial basis functions
(bottom).

There is a drawback which needs to be discussed here. Due to the regularization term,
we do not necessarily get R” € W, as it was the case for the OFMP. Hence, we also cannot
expect that the ROFMP yields a vanishing residual after a finite number of steps. This is,
however, also not intended here, because R” = 0 would mean that we get the/an exact, that
is, unstable, solution of the ill-posed problem 7 F = y. Let us have a closer look at these
circumstances.
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In the case of the OFMP, we had that 7 F,.1 = Py, ¥, which resulted in R e W,
and Py, Tdut1 # 0 (for R” # 0 and a sufficiently large dictionary). The latter implied
dimV,+1 =dimV, + | and the convergence in finite steps (if dim Y < +00). In the case
of the ROFMP, it is, however, possible that Py T dn41 = 0. If this situation occurs, then
Tdyr1 € Vo, thatis, Tdp41 is a linear combination of Tdy, ..., 7T d,. In contrast to the
OFMP, the ROFMP might choose such dictionary elements d,,. | due to the regularization.
As the residual is updated by R**1 = R" — ozf:fll)PW”TdnH, we obtain R"T! = R”"
in the discussed case. This implies that in such a step where Py T d,1 = 0, we do not
make any progress regarding the accuracy of fulfilling the equation 7 F = y. This step is
thus completely devoted to the regularization. The objective function in (5.67) is minimized
by reducing the norm of the approximation only.

If Py, Tdpt1 # 0, then automatically dim V,, 1 = dim V', + 1 holds again. Therefore,
we have (almost) derived the following property of the ROFMP.

Theorem 5.4.26 Let (R"), be the sequence of the residuals produced by the ROFMP
(Algorithm 5.4.22). If dimY < oo, then there exists an index N € N such that
R" = RY foralln > N.

Proof There can only be a finite number of steps (namely dim steps) with Pyy Td, 1 #
0. Either this maximal number of steps occurs after a finite number N — 1 of iterations, then
Wy ={0}and Vy = Y, or less than dim Y steps of this type occur. In both cases, there
is an ultimate N with Py, Tdy # 0. After this, R" = RN foralln > N. O

This stagnation of the residual of the ROFMP might cause the obtained result to be not
as desired. The reason behind this is the regularization term in the objective function (5.67).
We do not entirely concentrate on minimizing the residual such that R” Y V', might occur.
Then, as a consequence, there is a non-vanishing projection of R” onto V,, which cannot
be approximated anymore, because we only reduce R” with elements of W ,; see (5.69).
However, after a large number of iterations, when we have already significantly reduced the
residual, it might indeed be reasonable to take care of this part of the residual which has
been left aside before. For this reason, it is recommended to use the whole dictionary again
after an appropriately chosen number K of iterations. This procedure is called the restart
of the ROFMP. It has a positive side effect: the orthogonal projections become more and
more expensive with increasing n (in particular, the terms (F,, W (d)) y and |W™(d )||%(
are expensive to calculate for large n) while the restart also re-initializes 1V, to {0}.

We follow here Michel and Telschow (2016) and Telschow (2014), to which the reader
is also referred for further details. We now equip the approximation and the residual (and
a couple of related objects) with two indices: the first one (72) counts the iterations of the
ROFMP between restarts, and the second one (j) counts the restarts. Hence, we start with
Fy,0, which was previously Fg, and perform K iterations, which yield

n
Fuo= Za,ﬁ"&dk,o, 0<n=K,
k=1

and the corresponding residuals R0 — y — T Fy 0. After the K iterations, we set Fp 1 =
Fx o0, ROl .= RK.O Vo,1 = {0}, and Wy 1 := V. With this setting, we run another X
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iterations of the ROFMP, and so on. Note that we always work with the complete regular-
ization term (Fo, 1 = Fk o), that is, we remember the previously chosen approximation in
the regularization term. This means that (5.67) is replaced by

n 2 n 2
R — (T d— Zﬁéf’}(d)Tdk,j) + k| Fujta (d - Zﬁéf’%d)dw) :
k=1 y k=1 X
where
ji-1 K n
Fuy= X0 o+ 3o
i=0 k=1 k=1

We now focus on the subsequence of those approximations which are obtained immediately
before each restart, that is, we look at the sequence (I'k, ;). We obtain the following result.

Theorem 5.4.27 For the residuals and the approximations produced by the ROFMP
with restart, the sequence (| R%:7 ||%; +AllFk, ||%( );j is monotonically decreasing and
conyergent.

Proof We use the formulae of the restart procedure according to which we have
[REIS + 2 Fe ol = 1R + 2 [ Foly (5.70)

For every j, the procedure from R%/ to RX:/ and from Fo,j to Fg j is the same as in the
ROFMP without restart. Hence, we may utilize Theorem 5.4.25 and conclude that

[ 15 + 2 Fos % = [REITS + 2| Fre sy - -71)

Equations (5.70) and (5.71) together prove the monotonicity with respect to j. In
combination with the non-negativity of the sequence, we obtain the convergence. |

Under some technical conditions, the convergence of the sequence (Fk ;); in X could
be shown in Michel and Telschow (2016) and Telschow (2014). The details are omitted
here. However, properties of the limit of this sequence have not been derived so far. Though
there is this lack of a theoretical fundament, the previous numerical experiments revealed
that this algorithm can be very useful for ill-posed inverse problems, for example in Earth
sciences but also in medical imaging.

Exercises

5.1 Let V:R*\ Br(0) — R be a gravitational potential such that the inverse gravi-
metric problem 78 F = V is solvable. Prove that with the additional requirement
Ax(F(x)|x|7P) = 0 in Br(0) for a fixed p € R, there is a unique solution
F of T¥F = V. Derive also an expansion of F in the following form F(x) =
220:0 Z?:_n Y, j1%|%" Yy, j(x/|x]) and determine the coefficients v, ; and a;,.
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5.5
5.6

5.7

Exercises 323

Let a spherical shell be givenby 0 < 7 < |x| < t+8 < Rand § > 0. More-
over, let F&': Bgr(0) - Rbe a sufficiently harmless function of the form ¥ Lix) ==
>0 Z?:_n F,%j Y, j(x /|x|) for x inside the shell and FL(x) = 0 elsewhere. Even-
tually, let V be the gravitational potential to the mass density function FL. Derive
an explicit formula for FnL j in dependence of the spherical harmonic coefficients of
V|SR+€(0) fore > 0.

Prove Lemma 5.4.1.

Let7 € L (H ) where (H, (-,-)) is a Hilbert space. The Galerkin method for approx-
imately solving an equation 7 x = y with given y € 1 and unknown x € H works
as follows: let H ,, == span{zy, ..., z,} be an n-dimensional subspace of H . We seek
§=3"_1a;z; € H, suchthat

n
> ai(Tzpu)=(v.zx) forallk=1,....n. (5.72)
j=1
LetP :="Py,: H — H, be the orthogonal projection onto H ,. Prove that (5.72)
is equivalent to PTPE = Py.
Prove Theorem 5.3.14 on the Moore—Penrose axioms.
Let (X, {-,-)) be a Hilbert space and A € L (X) be an injective and self-adjoint
operator.
(a) Why is the image A (X) dense in X'?
(b) Assume the existence of a constant y > 0 such that (4 x,x) > y|/x|| for all x €
X . Prove that A has a continuous inverse A ~1: X — X with | A 71| <y~
Let 7: L2(D) — L2%(D) be a Fredholm integral operator of the first kind, that is,
(TH(y) = fD k(y,x)F(x)dx for (almost all) y € D with k € L%(D x D), and
let A # O be a constant. Prove the following propositions, which are altogether also
known as the Fredholm alternative:
(a) 7 has at most a countable number of eigenvalues {1, },. The non-vanishing eigen-
values of 7* are their complex conjugates {X,}, \ {0}.
(b) The solution spaces of each of the two equations

/ k(y,x)F(x)dx — AF(y) =0, y € D, (5.73)
D

/ k(y,x)H(y)dy — AH(x) = 0, xeD, (5.74)
D

are both finite dimensional and they have the same dimensions.
(c) The equation

/Dk(y,x)F(x)dx —AF(y) = G(y). y €D,

has a solution F if and only if G is LZ(D)-orthogonal to all solutions H of (5.74).
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5.8
59

5.10

5.11

5.12

Inverse Problems

(d) The equation
/ FODHMdy — THE) = GO, veD,
D

has a solution H if and only if G is LZ(D)-orthogonal to all solutions F of (5.73).
Prove the interpolation inequality in Theorem 5.3.23.
Let 7 € K (X,)Y) have the singular system {(o,,un, Vy)}nen With monotonically
decreasing (0,),, where X and Y are Hilbert spaces. Furthermore, let ¢ : Rg — R
and v : Rg — IR satisfy the conditions stated in Definition 5.3.19. Prove the
following propositions:
@ Tl =o1.
®) o(T*HT* =T e(TT™.
© |eT* DT D = sup{|e(o7) ¥(07)| : j € N} =< sup{lpGoy Gl :
0<r=<|TIP}
@ [eT*TT*| = sup{o; |@(o})| - j € N} = sup {VAlp(0)] : 0=2=|IT |7}
Let7 : X — Y beacompact linear operator between Hilbert spaces and let { X", }, >0
be the associated spaces. Prove the inequalities:

Ixlvr—oy < Ikl forall x € Xmaxqy,ups pov = 0,9 € [0, 1],
Ixlle < HT 1P flxlly  forallx € Xy, v > p > 0.

Let7 : X — Y beacompact linear operator between Hilbert spaces and let { X", }, >0
be the associated spaces. Moreover, let f1, f>» € X, for some v > 0 be approximate
solutions of 7' f = g for a given g € ) such that |7 f; — glly <&, j = 1,2, for
some ¢ > 0. Prove that

Ifi— Flla <ev(2e.2max {| fill,. I /21,})-
Prove Theorem 5.3.45.



6
The Magnetic Field

We will discuss here some mathematical tools which are useful for modelling and analyzing
the geomagnetic field. Handling this topic completely would exceed the available capacity
for such a book. Therefore, we will focus on essentials which are expected to be of interest
for a broad audience. For further aspects and details, we refer to the publications Backus
(1986), Backus et al. (1996), Bayer (2000), and Blakely (1996) on particular geomagnetic
topics as well as, from a general mathematical point of view, the publications Freeden and
Gerhards (2013), Freeden and Gutting (2013), Leweke (2018), and Leweke et al. (2020).
These works have also been consulted for the production of this chapter.

6.1 The Governing Equations

Maybe, the best starting point of our discussions is represented by the famous Maxwell’s
equations

VxE=——B, 6.1
x ot ©.D
v.E=2, 6.2)
£0
)
VXB:/JL()(J—FSOEE), (6.3)
V-B=0, (6.4)

where E, B € ¢'V(R? x R) are the electric and magnetic field, respectively, which depend
on space and time; ¢ € C(R? x R) is the charge density; g9, no € R are the capacity
and permeability of vacuum, respectively; and J € c¢(R® x R) is the current density. The
derivatives represented by the nabla operator all apply on the spatial variables only.

The preceding equations are mathematically the same for the vacuum and for polarized
media. In the latter case, the functions are to be understood as integral mean values over a
ball of small radius (much larger than the distance of atoms). The spatial dependence occurs
then with respect to the centre of the ball.

If we consider the static case where % B =0, then (6.1) reduces to the equation
V x E = 0. Also, if we only assume that % B = 0 on a subdomain of R3, as long as
this domain is simply connected, we obtain (in the subdomain) the existence of an electric
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potential ¢ with £ = —V¢. From (6.2), we get —V - V¢p = —A¢d = ngl, which is the
Poisson equation. We may now consult Theorem 3.1.11 to get a solution for ¢. We will
come back to this soon.

For considering (6.3) and (6.4), we first need a very useful tool from mathematical
physics: the Helmholtz decomposition.

Theorem 6.1.1 (Helmholtz Decomposition) Let f: D — R3 be (componentwise)
Holder continuous on D with D = iy, the interior of a regular surface, that is
fe C(O*“)(B)forsome o > 0. Then there exist functions ¢ € C(Dyand A € ¢'V(D)
such that

f=grad ¢ +curlA=Vep+VxA onD. (6.5)

Moreover, if additionally f € (D), then we can choose ¢ € CO(D)yand A €
(D) with

1 di
$0) = —1— ARASY

7 Jp |x —

_ 1 curl f(x)
M”‘ZE/ ]

dx and (6.6)

dx forally € D, 6.7)

if we additionally require that div A = 0 on D (Coulomb gauge).

Proof We define the vectorial function

1 Jf()

4 Jp |x =yl

v(y) = — dx, yeD.
Due to Theorem 3.1.2 we know that v exists. Moreover, Theorem 3.1.11 tells us that v €
¢@(D) and Av(y) = f(y) forall y € D. Now we use (2.5) from Theorem 2.3.4. It tells
us that f = graddivv — curlcurlv. Let now ¢ = divv and A = —curlv. Then f =
grad ¢ + curl A, where ¢ € C(D)and A € V(D).

Let now the stronger condition on f hold true. Then ¢ € CP(Dyand A € ¢P(D) due to
Theorem 3.1.12. We apply now the divergence and the curl operators, respectively, to (6.5)
and use (2.2)—(2.5) from Theorem 2.3.4. This leads us to div f = A¢ and

curl f = curlcurl A = graddivA — AA.

With the assumption div A = 0, the latter identity becomes —curl f = AA. If we now
consult Theorem 3.1.11 again, then we obtain (6.6) and (6.7) as possible choices for ¢
and A. O

Let us come back to the discussion of the static case. We had £ = —V¢ and % B =0on
a subdomain D. Let us assume that D = Xjy; is the interior of a regular surface (which is
then also simply connected). Then the Helmholtz decomposition and (6.4) yield B = Vx A
with (6.7) for A. We can insert (6.3), which becomes in the static case: Vx B = uoJ. Hence,
V-J =uy'V-(V x B)=0dueto (2.3).
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Theorem 6.1.2 (Static Case) Let D = iy be the interior of a regular surface & C
R3. Moreover, let E,J € ¢'V(D) and B € ¢ (D) N cH¥(D) be independent of the
time t. Furthermore, let ¢ be Holder continuous on D. If Maxwell’s equations hold
true, then E = —V¢, B=V X A, and V - J = 0on D, where, forall y € D,

1

P(y) = / ew 4. (6.8)
dmeg Jp |x — ]

Ay =10 / AP (6.9)
47 Jp |x — ¥l

The quantity ¢ in (6.8) is called the Coulomb potential. Concerning its mathematical
properties, no further work has to be done by us, because its formula coincides with the
formula of Newton’s gravitational potential. Hence, the discussions starting in Section 3.1
are also valid here. Eventually, it could be added that £ = —V¢ in combination with (6.8)
is known as Coulomb’s law.

Moreover, the vectorial quantity A in (6.9) is, from the mathematical point of view, com-
ponentwise the same as Newton’s gravitational potential. Hence, we may apply Corollary
3.1.4 and get

0
P gy = n/ JeGo) 0 g

dy,j lx —yP

where Ay and Ji are the kth components of the vectors A and J. Hence,

curl A(y) = V x A(y) = / 2T T d.
4 lx —y?

By changing the order in the cross product inside the integrand and taking into account the
associated change of sign, we obtain another fundamental physical law.

Corollary 6.1.3 (Biot—Savart Law) If the conditions of Theorem 6.1.2 are fulfilled,
then the magnetic field satisfies

B(y) = n/J()X 3dx forally € D.

y —
ly —
6.2 The GauB} Representation and Inner and Outer Sources

As we have seen before, the equations for the magnetic field B in the static case are
VxB=upyJ and V-B=0.

In the Gaul} representation of the geomagnetic field, the presence of electric currents is
neglected. This is valid, for example, in the lower parts of the atmosphere (where, at Gauf3’s
era, the only way of measuring the magnetic field existed). However, in the case of satellite
measurements from, for instance, the ionosphere, this assumption is not realistic.
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If J = 0, then we have
VxB=0 and V- -B=0.

A layer in the atmosphere is, geometrically speaking, a spherical shell. Such a domain is
simply connected. Hence, in the GauB} representation, also the magnetic field possesses a
potential. We set B = —VU and immediately get 0 = V- B = —V - VU = —AU. Thus,
the magnetic potential U is harmonic. Harmonic functions are something with which we
are very familiar now at this stage of the book. We have discussed this topic in detail, when
we studied the gravitational field. However, there is a difference here: remember that, when
we developed a basis system in Section 3.4, we came across the inner harmonics and the
outer harmonics (see Definition 3.4.26):

X

Hmt (x) = |x| Y j (m) s HE};: 1, ,(y) = |Y|_n_1Yn,j (ﬁ) s
X € Qint, ¥y € Qex- The former were only appropriate for interior problems (the IDP and
INP), because we know that the gravitational potential is regular at infinity while the inner
harmonics are not. The latter are only admissible for exterior problems (the EDP and ENP),
because they cannot be continued to y = 0. In contrast to the gravitational field modelling,
which takes place in the exterior of a regular surface (usually approximated by a sphere),
we now have a spherical shell as the domain D for the modelling of the magnetic field.
This provides us neither with arguments against the inner harmonics nor against the outer
harmonics, because the domain is bounded but it does not contain the zero point. Therefore,
we have to deal with both basis functions:

Ux) = Z Z (U,,,H““ () 4+ U—po1, jHZ 1,(x)),

n=0 j=—n

x € D. This reflects the physical reality: there are inner sources due to the core field
and the crustal field of the Earth and there are outer sources from space. If we remember
what we learned about gravitational field modelling, then it is evident that the harmonicity
caused by a source is given outside the source. Therefore, the coefficients U, ;, n € Ny,
which accompany the inner harmonics are associated to outer sources, while the coefficients
U_y-1,j, n € Np, of the outer harmonics belong to the inner sources — just like outer
harmonics correspond to the gravitational field caused by the masses inside the Earth.

We have learned before that the Edmonds vector spherical harmonics are a good tool for
representing gradient fields such as the gradient of U; see Definition 4.3.6 and (4.30). We
get, withx =r&,r = |x|, & € Q,

e ¢}

B(x)=—-VU(x) = Z Z U_p_1,jv/(n + )21 + 1) 25 1;(%.)

n=0 j=—n

_Z Z Un jv/n@n+1) r" 152 @),

n=1j=—n
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Therefore, the orthonormality of the Edmonds vector spherical harmonics allows a complete
separation of the fields due to the internal and the external sources.

However, as we noted previously, the Gaul} representation requires that the magnetic
field is curl-free, that is, there are no electric currents in the region of interest. This assump-
tion is not valid everywhere. Therefore, we also need to consider the more general Mie
representation, which we will do in the next section.

6.3 The Spherical Helmholtz Decomposition and the Mie Representation

For finding an appropriate way of modelling magnetic data, we have to exploit the fact that
div B = 0. The investigation of divergence-free fields leads to the concept of solenoidal
functions and the Mie representation. We first need some definitions. Before we proceed, it
should be mentioned that the following discussions are based on Backus (1986) and Backus
et al. (1996).

Definition 6.3.1 Let U C R> be an open subset and f: U — R be a given vector
field.

(a) f is called solenoidal if, for every regular surface ¥ C U, the surface integral
f 5 f(x)-v(x) do(x), where v is the outer unit normal to X, exists and vanishes.

(b) The operator L: COWY - () is given by L, Q(x) = x x Vs Q(x), x € D,
forall Q € C(U). The vector field f is called toroidal if there exists a scalar
field Q0 € CV(U) such that f = L. In this case, Q is called a toroidal scalar
of f.

(c) f is called poloidal, if there exists a scalar field P € C®(U) such that
f =curlLP. Inthis case, P is called a poloidal scalar of f.

Obviously, every poloidal field is the curl of a toroidal field. Moreover, the poloidal and
toroidal scalars are never unique: let us assume that we have a function R: U — R which s
sufficiently often differentiable and which is only radially dependent, that is, there is another
function F': Rg — R such that R(x) = F(|x]|) for all x € U. Then, using Theorem 3.4.1
and x = r& with r = |x| and & € €2, we obtain

0 1
L(P(x) + R(x)) = r§ X (E Pl ;Vg) (P(r&) + F(r))

=& X VI(P(ré) + F(r) = £ x VEP(ré).

Hence, LP = L(P + R), and consequently curl LP = curl L(P + R). The preceding con-
siderations also show us that L. = L* (for the surface curl gradient; see Definition 4.1.1) in
the sense that

L:G(x)= L’gG(ré), x=r& & e, (6.10)

for all differentiable functions G on open subsets of R.
There are several further properties of solenoidal, toroidal, and poloidal vector fields,
which we will discuss here. Let us first have a look at the link to divergence-free fields.
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Theorem 6.3.2 Every continuously differentiable vector field which is poloidal or
toroidal is also divergence-free (provided that the toroidal scalar is in C?(U) and
the poloidal scalar is in cB®, respectively).

Proof From Theorem 2.3.4, we get immediately that divcurl LP = 0. Letnow f = LQ
be toroidal. Then we saw earlier that div LQ = V- (LfQ(r§)) = (& 2 +r71VE) - LEQUE).
Finally, we only have to consult Theorem 4.1.6, which tells us that divLQ = 0 must hold
consequently. |

Theorem 6.3.3 Let U C R? be an open subset and f: U — R3 be a solenoidal and
continuously differentiable vector field. Then div f = 0 on the whole set U.

Proof Letx € U be an arbitrary point. Since U is open, there exists an £ > 0 such that
B:(x) C U. Since S,(x) with 0 < ¢ < & is aregular surface inside U and f is solenoidal,
we have fsg(x) FO) - v(y)dw(y) = 0, where v is the outer unit normal to S,(x). Hence,

Gauly’s law (see Theorem 2.4.2) implies that fBg(x) div f(y)dy = 0 for all o €]0,¢[. By
taking the limit ¢ — 04 and using the continuity of div f, we get div f(x) = 0. O

The converse of Theorem 6.3.3 is false, as the following counterexample shows.

Example 6.3.4 If U :=R>\ {0} and f(x) := |x|3x forall x € U, then

3 3 3
. ] Xj L-|x|” —xjlx|-2x; -3/2
div f(x) = i T2 2 23/2=Z o
=1 % (xf +xg 4 x3) j=1
3
=7 3xF =3 x7 | =0
j=1

Hence, f is divergence-free. However, it is not solenoidal, because

X

/ fx)-v(x)do(x) = / B do(x) = i dwr? =4 # 0.
$,(0) s, |xIF x| r?

The question that occurs here is: what is the difference between the proof of Theorem
6.3.3 and the counterexample in Example 6.3.4? A closer look reveals the answer: for the
opposite conclusion in Theorem 6.3.3, we would have to be able to apply Gaul}’s law to
I S div f(y)dy = O for every regular surface £ C U. However, in Example 6.3.4, regular
surfaces X with 0 € Xy, like all spheres S,(0), do not satisfy iy C U. Therefore, the
converse in Theorem 6.3.3 is true if ¥ C U for every regular surface ¥ C U. This prop-
erty is connected to the topological concept of a contractible set (see also Ballmann, 2015;
Jinich, 2005; Laures and Szymik, 2015; and Munkres, 2000). In this context, the author
gratefully acknowledges valuable discussions with his colleague Mohamed Barakat.

Definition 6.3.5 A set U C R", n € N, is called contractible if there exists a point
xp € U and a continuous mapping F: U x [0,1] — U such that F(x,0) = x and
F(x,1) = xo for all x € U. In other words, the set U can be continuously shrunk to a
single point.
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We can easily deduce that contractible sets have the desired property. If ¥ C U and
y € Ziye but 'y ¢ U, then one can only deform X to the point xo without leaving the set U
by ‘tearing’ the set X apart, that is, in a discontinuous manner.

Examples of contractible sets are all star-shaped sets, that is, all sets U for which a point
xo € U exists such that every line segment xox with x € U is contained in U. This includes
all balls but, for instance, not spherical shells.

Theorem 6.3.6 Let U C R3 be an open and contractible subset and let f: U — R3
be a continuously differentiable vector field. If div f = 0 on the whole set U, then f
is solenoidal.

Proof Let X C U be an arbitrary regular surface. Since U is contractible, we have i C
U such that we apply GauB3’s law (Theorem 2.4.2) to

/ fx)-v(x)do(x) = / div f(x)dx = 0.
b)) Eim

Hence, f is solenoidal. |

Since the magnetic field is divergence-free everywhere in R3 (due to the fact that the non-
existence of magnetic monopoles is a fundamental component of the classical electromag-
netic theory), we can assume that the magnetic field is also solenoidal. This is an important
conclusion, because the Mie representation for solenoidal vector fields is a common tool in
geomagnetic modelling.

In the case of a spherical shell, which is a non-contractible domain, an alternative crite-
rion is sometimes helpful.

Theorem 6.3.7 Let U = Qu 8 == {x € R? |« < |x| < B} be a spherical shell,
where 0 < a < B < +oo. If f € cD(U) is divergence-free, that is, div f = 0in U,
and if additionally

fx)- i dw(x) =0 for at least one ¢ € ], Bl,
5,(0) x|

then f is solenoidal.

Proof Let X be an arbitrary regular surface inside U and let v be its unit normal. If Z;;;; C
U, then we can follow the proof of Theorem 6.3.6 and obtain fE fx) - v(x)do(x) = 0.
Otherwise, as shown in Figure 6.1, only Xy \ B,(0) is a subset of U. Since X is a compact
set, there exists oy, = min{|x|: x € X}, where oy > «, because ¥ C U. Let now
@ <1 < Omin-

If r # o, then we need an additional discussion: let § be the spherical shell which is
given by ), o or ), [, depending on if ¢ or r is larger. Clearly, § C U and GauB’s law
(Theorem 2.4.2) implies that

/ div f(x)dx = + ( / FOO) - = dao(x) — oy = da)(x)) ,
s 5(0)

x| $,(0) x|
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™

Figure 6.1 Two-dimensional analogue of the situation discussed in the proof of Theorem
6.3.7: the regular surface ¥ (dashed) is located inside the spherical shell U (light grey with
dotted boundaries S¢(0) and S5(0)) in a way such that Xjy¢ ¢ U. In this case, we choose
a sphere S, (0) with @ < r < min{|x| : x € X} (solid, dark grey line). Then i \ B-(0)
(crosshatched) is contained in U, and Gauf’s law can be applied on this set.

where ‘+’ occurs if and only if » < g. Due to the conditions on f, the first two integrals
vanish. Hence, fS,(O) fx)-x |x|_1 dw(x) = 0, no matter if r = @ or not.

We have a look now at V := Ty \ B,(0). Obviously, V C U and GauB’s law (Theorem
2.4.2) yields

X

/ div f(x)dx = / f(x) - v(x)dow(x) —l—/ fx)- ( ) dw(x).
v b 5:(0) x|

The volume integral and the latter surface integral vanish. Hence, also the integral over X
must vanish. U

Before we can prove the Mie representation, we first have to show the spherical version
of the Helmholtz decomposition, which is also called the Hodge decomposition or the
Hansen decomposition.

Theorem 6.3.8 (Spherical Helmholtz Decomposition) Let 0 < a < ¢ and let U =
Qe = {x € R¥|a < |x| < ¢} be a spherical shell. If f € ¢"(U) for 0 <
o < 1, then there exist scalar functions F,G,H : U — R such that F € cLan,
G € CYW), and G(r-), H(r-) € C>*NQ) for all r €]la,c[ and

fr&) =EF (&) + ViGré) + L H(ré) (6.11)
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forallr €la,cl and all & € Q. The function F is unique, where G and H are unique
up to summands which only depend on the radial coordinate.

Here, V* and L* are the surface gradient and the surface curl gradient (see Definitions
342and 4.1.1).

Proof This will get a bit lengthy.

(1) Normal and tangential part:
Let us first observe that we can decompose f into a radial vector field and a field
which is tangential to all concentric spheres around O:

J& =[E-foOE+fE - fOOE. a<r<c el

radial/normal tangential

Remember that the outer unit normal vector to S,(0) in x = r& is given by &. Since
V*G and L*H are tangential in this respect (see Theorem 4.1.6), it is clear that
F(r&) = & - f(r&) for all r €la,c[ and all & € Q. Therefore, we ‘only’ have to
deal now with the tangential part. Let now f represent this tangential part.

(2) Uniqueness:

Due to the differentiation which is included in V* and L*, it is clear that additive
constants do not change the outcome. Let us assume that f is decomposed like in
(6.11).

We now refer to Theorem 4.1.6 and conclude that

Vi f(rE) = Vi VEGrE) + Vi LEH(rE) = AFG(rE).

Hence, if there is another scalar G which could be used instead of G in (6.11), then
A’S‘(G(ré) — a(ré)) = Oforall » €]a,c[ and all & € Q2. From Theorem 4.2.19, we
know that only the constants are eigenfunctions of A* to the eigenvalue 0. Hence, for
each r € ]a,c[, there exists a constant C(r) € R such that G(r&) = a(ré) + C(r) for
allr €]a,c[and all & € Q2.

Analogously, L’g . f (r¢) = A’S‘H (r&) yields that H is also unique up to summands
which only depend on r.

(3) Existence:
Since f is a tangential vector field, we can use Corollary 4.1.13 to conclude that

( | Ve Forerdote) =)o= | 1z Forerdote)

forall r € ]a, c[. Hence, Theorems 4.7.27 and 4.7.30 tell us that there is, for each r €
Ja, cl, a function H(r-) € C>* () such that AfH(r§) = Lf- f(r§) forallr €la,cl
and all £ € . Our next step is now to use Theorem 4.1.6, because it allows us to
conclude that

Lt (Foo) - LiH0®) =Lf - Foe) — A HEE =0
for all » €]a,c[ and all £ € 2. Hence, Theorem 4.1.14 and its derivation yield the
existence of a continuously differentiable function G : €2y, [ — R such that
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Fre) —LEH(re) = VEG(rE)

for all ¢ € Q and all r €]a,c[. Note that Vg‘ . f(ré) = A’S‘G(ré) such that also
G(r-) € CC9(Q) forall r €]la,cl. O

In view of the preceding proof and of the used Theorem 4.7.27 (see also Definition
4.7.28), we can also further specify what F, G, and H are.

Corollary 6.3.9 The function F in Theorem 6.3.8 is uniquely determined by F(r&) =
E-f(ré), r ela,cl, & € Q. Moreover, the functions G and H in the same theorem are
uniquely determined if

/ G(x)dw(x) = / H(x)dw(x)=0
$r(0) $-(0)
is required for all r € la,cl. In this case,
Gre) = (A))TH(VE - FUro)). H) = (87) 7 (LE - Frg)

for all r €la,c] and all & € Q, where f(ré) = f(r&) —&EF(r§). Moreover,
G(r-),H(r-) € H a+ forallr €]la,cl.

Note that we have not proved that H € C?(Q), ). For us it will be important that
L’S‘H (r&) is well defined, which is the case for the spherical Helmholtz decomposition. In
view of (6.10), we will also write L, H (x) instead of L’g H(r&), independent of the existence
of a radial derivative of H.

Lemma 6.3.10 Let P € CP(D), where D C R? is an open set. Then the poloidal
field curl LP can be represented as

(Curl LPY(x) = x A, P(x) — Vy P(x) — Vo (x - Y P(x)) (6.12)
1 AR

where x = r&, r = |x|, £ € Q. Instead of P € CP(D), it also suffices if P is twice
partially differentiable of all kinds and aa—rV*P = V*% PinD.

Proof We use the Levi-Civita symbol (see Theorem 2.1.4) to write

& 9P
(LPY) = (x x VOP@) = | Y exm 15— () :

l,m=1 k=1,2,3

3
3
(curl LPYx) = | Y &ijx 5 LPXR@

X

- J
Jk=1 i=1,2,3

3

Z d ( BP( ))

= 8ijk Ektm —— \ X1 —(x
X X,

jik L m=1 0x; 0xm
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3 2
aP P
= Eiik Ekim (.x)+ X (-x)) s
Z / ( 0x 00X,

J.klm=1 i=1,2.3

where § ; is the Kronecker delta. Since &; j; = &y;; (the permutation from (i, j, k) to (k, i, j)
is even and, therefore, does not change the sign here), Theorem 2.1.4 yields

3 2p
oP a“P
urlLPYx) = | D" (8ubjm — 8imbj1) ( pr R (x)
Jilim=1 X% i=1,2,3
P 3P
- 8xl (x) + Z (M 3_JCi(X) Y 0xj0x; (X))

i=1,2,3

Note that Theorems 3.4.1 and 4.1.6 yield

3 1,
Z /%axl() =<x-V)VP(x)=r5(sa—ﬁ;VS)P(rs)
- i=1,2,3
9% 9
=r§ o5 P(r§) - VSP<rs)+ —VEP(rE)

3> 9
=& —P(ré) + ré P(ré) + Vg —P(ré) Ve P(r§)

=V (r a—rP(ré)) — Vg P(r§)
=V, (x - V. P(x)) — VL P(x).
Hence, we can represent the poloidal function by
(curl LP)(x) = =V P(x) + xAx P(x) — Vy (x - VL P(x)),

which proves the first part of (6.12). With the radial-angular decomposition of V and A (see
Theorems 3.4.1 and 3.4.3 as well as Definition 3.4.2) and Theorem 4.1.6, we obtain

a 1_, 32 29
(curl LP)(r§) = — (s S vs) PrE) + rE (m .

a 1_, 9
- (E P + - VS) (r a—rP(ré))

I, . 0 1 -
=~ VEP(rE) = Vi o P(rE) + EALP(E).

1
+ A’g) P(ré)

This completes the proof. |

This lemma enables us now to prove the Mie representation of solenoidal vector fields,
which goes back to Mie (1908).
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Theorem 6.3.11 (Mie Representation) Let0 < a < c and let Q4,01 = {x € R?|a <
|x| < c} be an open spherical shell. If f € C(j*"‘)(Q]a,c[)for afixed) < o < 1 and for
all j =0, ...,k (with a fixed k € N\ {1}) is a solenoidal vector field, then there exist
scalar functions P, Q: Qa.¢f — R with P(r-) € CCTR9(Q) and Q(r-) € CZ9(Q)
Jor all r €la,cl, existing second-order partial derivatives of P on Qg [, and

f=cullLP +LQ. (6.13)

Moreover, the functions P and Q are uniquely determined by (6.13) up to summands
which only depend on the radial coordinate. They are called Mie scalars. In addition,
the poloidal part curl LP and the toroidal part LQ are unique.

Proof Again, it is better to subdivide a lengthy proof.

(1) Existence:
We have already proved a decomposition of functions such as f, namely the
spherical Helmholtz decomposition (Theorem 6.3.8):

fr&) =EF(r&) + ViGr&) + L H(r§), (6.14)

where r €la,c[ and § € Q. Here F,G, and H are scalar fields, where we use
Corollary 6.3.9 and require

/ G(x)dw(x) = / H(x)dw(x) =0 (6.15)
S, (0) $,(0)

for all ¥ € ]a,c[ to obtain unique functions G and H. Considering (6.10), we see that
it makes sense to set Q := H. Moreover, Theorem 4.1.6 implies that

O0=r f(x)-v(x)dolx) = / rF(x)dw(x)

Sy (0) S5,(0)

for all ¥ €]a,c[, because f is solenoidal. Hence, Theorems 4.7.27 and 4.7.30 guar-
antee that, for each arbitrary but fixed » € ]a, c[, there is a function P, € C(Z‘H‘*"‘)(Q)
such that

/Q Po(E)deo(®) = 0 6.16)
and
ALP(§)=rF(rg) forall§ € Q, (6.17)

where the function 7§ > AP(§) is in CED(Qy, o). If we use this in (6.14), we
arrive at

1
fré) = ;EAgPr(E)JrV§G(Fé)+L§Q(Fé) (6.18)

for all » € ]a,c[ and & € Q. From Theorem 4.7.29, we know that

Pr($)=/QK(§-77)rF(rn)dw(n) (6.19)
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forall » €la,c[ and & € 2, where

K oL, : Q

(5'77)—; m n(&-m); & e
It is possible to derive that the preceding series converges to the function K(t) =
{log[(1—1)/2]41}/(4m)if & # n; see, for example, Backus et al. (1996, pp. 165-166)
or Freeden and Gutting (2013, pp. 159-161), where X is also called Green’s function
of the Beltrami operator. Moreover, for the Lebesgue integral, it is clear that it does
not make any difference if P.(§) in (6.19) is, for each fixed & € Q, determined by
integrating over 2\ {£}. Furthermore, the orthogonality of the Legendre polynomials
and the absence of degree 0 in the expansion of K imply that fQ K¢ -n)dwin) =0
for all £ € Q2 such that we have fQ |K (& - n)|dw(n) < +oo forall & € Q.

Now let r € ]a,c[ be arbitrary. Clearly, there exist y,§ € Rwitha <y <r <
8 < c¢. Then F is k-times continuously differentiable on the compact set 2, 51 =
{x e R?|y < |x| < 8} and Theorem 2.4.9 allows us to conclude that

3/ Bl
—— Pr(§) = / K& -n) - Frm)do(n), § €
ar/ Q ar/
exists and holds true forall j = 0, .. ., k. Moreover, the continuity of these derivatives

follows from Theorems 2.4.5 (regarding r) and 4.7.30 (regarding &). For general
limits rx&® — o¢ within Qy, 51, we get with A(rn) := %(rF(rn)) that

‘ | (9 n) a0 dotn ~ | K(@-U)A(Qn)dw(n)‘
Q Q

< ‘ K (6% n) a0 - aceny dw(n)‘
Q

+

[ (K (1) Kt - ) aten awtn)

1 1/2 1/2
< (271 / 1 K@) dr) ( /Q (A (ren) — Alon))? dw(n))

) 1/2 1/2
+ ( [ (& (9 n) - k) dw(n)) ( | (A(@n))zdww)) :
Q Q

Note that K € L2[—1, 1], A is continuous, and 2 as well as €[y, 1 are compact. For
given ¢ > 0, we can now find a k¢ such that, for all & > kg, we have |A(ryn) —
A(pn)| < ¢ for all n € Q. Moreover,

iZ(Q) = Z Zn nz(nli—l—l)z (Yn,j (5(]()) - Yn,j(f))z

n=1j=—

) ke
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is uniformly convergent such that we can conclude that there is also a k; such that,
for all k > k1, this norm is less than &. In total, we obtain that r& +— aaTijr(é) is
continuous on 21, .[. We also see that

. 0/ 3/ 8,
Ao P& = = (FOE) = — ALPA(E)

forall j = 0,...,k,all r €la,c[, and all £ € 2 due to Theorem 4.7.29 and
(6.17). Note that the term in the middle has a vanishing spherical integral, because
the radial derivative may be interchanged with the integration due to reasons which
are analogous to the preceding case.

Theorem 4.7.30 tells us that aaTj/'P’ e C*=i+2(Q) for j=0,...,kandeachr €

la, c[. In particular, V* aaT/j P, exists and is continuous in the angular variables. From
Freeden and Schreiner (2009, Theorem 4.5), we know that V* may be interchanged
with the integral over K times a continuous function. Hence,

. 9 \ o/
Ve g7 @)= /Q VEK (& - 1) = (rFrn) deo()

forall j = 0,...,k and r& € K, . It is easy to verify that V;K(é - =

—(n — (€ - mE)/[4n(1 — & -l and [VEK(E - m)I> = 1+ & - p)/[167°(1 — & - )]
for & # . Since Theorem 4.1.9 yields

/‘V*K(é- )‘ dox( )—1/1,/ﬂdt—z
o€ P =51 V19T

we can apply the dominated convergence theorem (Theorem 2.4.5) similarly to how

we argued previously and get the continuity of r +— Vg‘ aanj P.(&). Let now r£® —

0¢ in €2y 51. Then, for all k > ko(g) (as introduced earlier in this proof), we have
(with a slightly modified derivation) that

‘ /Q VEK (89 5) A G dotn) — /Q K(@-U)A(Qn)dw(n)‘
<o [ [5e (5 ) aotr
+ ‘ /Q (Vi (6% -n) = Vi & -m) Alow dw(n)‘

ve b ()

or/

_ew v BjP
—74- — gm - (£

r=g

El

r=g

where the latter term is less than ¢ for sufficiently large k. Hence, we get continuous
derivatives V*;TJJ-P, for j =0,...,kwith k > 2 on 2y, .[. Since we know already

that %Pr exists and is continuous on the spherical shell Q, . for j = 0,...,k

and V* ® V*P, exists on the shell, the function r& +— P,.(§) is twice partially

differentiable in all combinations of variables and V*-Z P = iV*Pr on Q4. [
ar ar s
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We continue with some elementary calculations to get a useful formula for the
divergence of f (remember Theorems 3.4.1 and 4.1.6):

s 1
Vré'f(r§)=<§a—r+;vg)'f("§) (6.20)
—_Larp Lardp
= S AR+~ AL P
1 % - 1 -
+ 5V <§A5Pr(§)) + - AL G,

We have a closer look at the third term of the right-hand side:

Vi (sarp©) = 23: (v2), (88 E®)

j=1
= (Vi §)AFPr(E) + & - VEALP(E),
=0

where Vg‘ - & = 2 due to Theorem 4.1.3. Hence, (6.20) becomes
I . I .0 2 -
Veg - f(r§) = -3 AgPr(§) + - Ag P P (&) + =) AgPr(§) + - AgG(ré)

(L, 13 o
= %(72 HE) o P+ (rs))

L1 0 1
= AL 5 o CPE)+ - GrE) |-
r< or r
Since f is solenoidal, Theorems 4.2.19 and 6.3.3 imply that the term in square brack-

ets is, for each fixed r, constant. In other words, there is a function A: Ja,c[— R
such that

1 1
— o= PP E) + - G(r§) = A(r) (6.21)
r or r
for all r €]a,c[ and all & € Q2. Remember that we required in (6.15) that
/ Gx)dw(x)=0 (6.22)
$,(0)
for all r € Ja,c[. Remember also that P, originates from (6.17). Since we have

already seen that & +— aaTijr(é), j = 0,...,k, is continuous on each compact
shell €2, 351, we may apply Theorem 2.4.9 and (6.16) in the sense that (with x = r£&)

1 0 a
/ polew (r Pr(§)) do(x) / = (rPr(§)) do(§)
S, r Q 81"

or

0

= (r / P,(g)dw(g)) =0  (623)
ar Q
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for all r €]a, c[. However, (6.21) in combination with (6.22) and (6.23) implies that
A = 0, which means that

1o
G(ré)=—- o (rPr(§) (6.24)

forallr €la,c[ and all & € Q. Letnow P(r&) .= P.(§) for all r§ € Qy, . It is now
the right moment to summarize our results: from (6.10), (6.18), and (6.24) as well as
Lemma 6.3.10, we obtain

1 1 0
fré) = ;§A§P(F§) - Vi o (rP(rg) + L Q(r§)

r

1 1 0
= ~EALP(E) - V] ( + a—r) P(r£) + Lt Q)
= (curlLP)(r&) + (LO)(r&) (6.25)

forall » €]a,c[ and all & € Q. This is the Mie representation (6.13) of f.
(2) Uniqueness:
Let us assume that f is decomposed as in (6.13). Then Lemma 6.3.10 implies the
representation in (6.25), which means that (remember Theorems 4.1.3 and 4.1.6)

1
§-f0r8) =~ ALPCE). (6.26)
* 2 * 1 kA K * 1 9
Ve fr§) = ;ASP(”@‘F z §-VEALP(ré) —Ag (;4— 8_1") P(r§)
=0
—ar(s-2)p 6.27
= S(;_B_r) (ré). (6.27)
Li - f(r&) = A; Q(r&) (6.28)

for all » € ]a,c[ and all £ € 2. Hence, if there are further Mie scalars P and @, then
AL(P - PYrE)=0= AKQ - 0)(r€) such that Theorem 4.2.19 implies also here
that, for fixed r, (P — P)(r&) and (Q — Q)(r&) are constant with respect to & € Q.
Therefore, let A, B: Ja,c[ — R be functions such that P(r&) = ﬁ(ré) + A(r) and

Qr&) = Q(r&)+ B(r) forall r €]a,c[ and & € Q2. Then

L0 =L 009 = (& x V7) 00®)
= (& x V) (Qr&) + B(r)) = Ly O(x)

and analogously L, ﬁ(x) =Ly P(x)forall x € Q4 [. This shows that, independent
of the chosen Mie scalars P and Q, the poloidal part curl LP and the toroidal part
L@ are unique. U

In view of (6.26)—(6.28) and Theorem 4.7.27, we are immediately enabled to deduce the
following additional result.
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Corollary 6.3.12 The Mie scalars P and Q in Theorem 6.3.11 are uniquely deter-
mined if one additionally requires that

/ P(x)dow(x)=0= / Qx)dw(x) forallr €la,cl.
$,(0) $,(0)

An orthogonal polynomial basis system on the foundations of the spherical Helmholtz
decomposition and the Mie representation for functions on a ball was constructed in Kazant-
sev and Kardakov (2019) by the use of (generalized) Zernike polynomials.

The Mie representation also allows the following short characterizations of poloidal and
toroidal fields.

Corollary 6.3.13 The only vector field f with f € ¢V *(Qyu.cp) forall j =0,1,2 0n
a spherical shell Q)4 [ which is poloidal and toroidal is the zero function.

Proof Since the zero function is obviously poloidal and toroidal, f has the Mie repre-
sentation as ‘poloidal + toroidal’ in two ways: f = f + 0 = 0 + f. However, the
Mie representation is unique (see Theorem 6.3.11). Hence, both decompositions must be
identical: f = 0. |

Corollary 6.3.14 Let Q4 [ be a spherical shell and let p € C(j*"‘)(Q]a,C[) for all
Jj = 0.1,2 and a fixed @ €]0,1[. Then the following holds true: p is poloidal with
a poloidal scalar in C(3)(Q]a,c[) & p is solenoidal with poloidal Mie scalar in
C(3)(Q]a,c[) and toroidal Mie scalar in C(z)(Q]a,c[) and its curl is tangential (i.e.,
&-curl s p(r§) =0 forallr €la,cl and all &€ € Q).

Proof We prove both implications separately.

Q) ‘="

Let p be poloidal such that there is a scalar function P € C(3)(Q]a,c[) with p =
curl LP. Hence, Theorem 2.3.4 yields that p is divergence-free. Furthermore, the
representation of a poloidal field in (6.12) in Lemma 6.3.10 in combination with
Theorem 4.1.6 leads us to & - (curl LP)(r&) = r_lA’gP(ré) for all » €]a,c[ and all
& € Q. Hence, we have, for all r € ]a, ¢[, the result

1
| &peoae = [ appeedoe)
S (0) $,(0)

-
where Green’s first surface identity (see Theorem 4.1.11) implies that we obviously
have | $,(0) - A’S‘P(ré) dw(§) = 0. Therefore, we may apply Theorem 6.3.7 and
conclude that p is solenoidal. Moreover, due to Theorem 2.3.4, we have

curl p = curlcurl LP = graddivLP — ALP. (6.29)

From Theorem 6.3.2, we learn that the toroidal field L P is divergence-free. Moreover,
it is easy to verify that A and L commute on C(3)(Q]a,c[), that is, we have ALP =
LAP. Hence, curl p = —LAP and, hence, & - curl p(r§) = —& -L’S‘AP(ré) =0,
where we used (6.10) and Theorem 4.1.6.
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(2) ‘="
If p is solenoidal, then it allows the Mie representation p = curl LP 4+ LQ with

/S o PGr&)do(E) =0 = Q(ré) dw(¥) (6.30)

5-(0)

for all ¥ € ]a, c[, where we assume P € C(3)(Q]a, ¢0)- In analogy to our considerations
in the context of (6.29), we get that curl curl LP = —LA P. Furthermore, we consult
Lemma 6.3.10 and conclude that

1 1 d

curl p(r€) = ~LAP(r§) + - EALQ(rE) + V! (—— - —) G

r r or
forall r €]a,c[ and all £ € 2. For the converse implication, which we want to prove
here, we also have the requirement that the curl of p is tangential. In view of (6.10)
and Theorem 4.1.6, we now obtain 0 = r~! A’g Qré)forallr €la,c[andall £ € Q,
which is only valid if @ has no angular dependence (remember the eigenfunctions
of A*; see Theorem 4.2.19), that is, & — Q(r&) is constant for each fixed r € ]a,c|.

However, (6.30) only allows that this constant is zero. Hence, @ = 0 on the spherical
shell. Thus, p = curl LP. U

In the context of (6.29) we have also proved the following identity.

Corollary 6.3.15 Every function F € C®(Q)4.c[) on a spherical shell Q.| satisfies
curlcurl LF = —LAF.

We prove some further properties of poloidal and toroidal fields.

Corollary 6.3.16 Let Q4 [ be a spherical shell and let p € C(j*"‘)(Q]a,C[) for all
Jj = 0.1,2 and a fixed o €]0,1[. Then the following holds true: p is poloidal with
a poloidal scalar in C(3)(Q]a,c[) & p is solenoidal with poloidal Mie scalar in
C(3)(Q]a,c[) and toroidal Mie scalar in C(z)(Q]a,c[) and curl p is toroidal.

Proof If p is poloidal with C®)-scalar, then Corollary 6.3.14 tells us that p is solenoidal
and Corollary 6.3.15 shows that curl p is a toroidal vector field.

Vice versa, let p be solenoidal and let there be a scalar field Q with curl p = LQ. We
know that L corresponds to L*, as shown in (6.10), and L* produces tangential vector fields,
as a result of Theorem 4.1.6. Eventually, it is only left to consult Corollary 6.3.14 to see that
p is poloidal. U

Corollary 6.3.17 Let Q. o[ be a given shell and let ¢ € ¢V (Q,.c[) for all j =0,
1,2 and afixeda €10, 1[. Thenthe following holds true: q is toroidal < q is solenoidal
and tangential, that is, & - q(r&) = 0 forallr €la,c[ and all & € Q.

Proof We have already seen that toroidal fields g are tangential. Moreover, Theorem 6.3.2
tells us that g is also divergence-free. If we combine both properties of toroidal fields ¢,
then Theorem 6.3.7 yields that g is also solenoidal.
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Vice versa, let g be solenoidal and tangential. Then we can apply the Mie representation
and get scalar fields P and Q with g = curlLP + LQ and

/ P(x)dw(x) = O(x)dw(x) =0 (6.31)
$r(0) $r(0)

forall » € ]a, c[; see Theorem 6.3.11 and Corollary 6.3.12. Due to the first part of this proof,
the toroidal field LQ is tangential such that & - g(r&) = & - (curl LP)(r&) for all r € ]a,c|
and all & € Q2. Moreover, Lemma 6.3.10 tells us that & - (curl LP)(r&) = rl A’S‘P(ré).
Since we assume that ¢ is tangential, we see now that A’S‘P(ré) = O0forall r €la,c|
and all £ € 2, which means that 2 5> & — P(r&) is constant for each fixed r €]a,c|,
see Theorem 4.2.19. Due to (6.31), this constant is zero for each r. Hence, ¢ = LQ is
toroidal. ]

Let us now apply the Mie representation to the geomagnetic field modelling. The mag-
netic field B is solenoidal due to (6.4), which holds true in the whole R?, and Theorem
6.3.6. Hence, we find scalar fields P® and Q®, where the superscript is a reference to the
magnetic field, such that

B =curlLP? +LQ% (6.32)

and
/ PE(x)dw(x)=0= / 08 (x) dw(x) (6.33)
Sy (0) Sr(0)

for all r in a subinterval of Rg which may be chosen arbitrarily. We assume sufficient
regularity for all occurring functions here. In the static case, which we assume to be valid
in a spherical shell Q4 o[, (6.3) reduces to V x B = poJ. The left-hand side, that is, the
curl of B, can be expressed, provided that the Mie representation (6.32) is used, by applying
Corollary 6.3.15. We get

pod = curl B = —LAPE 4 curlLQ5. (6.34)

Hence, J is solenoidal and has a unique Mie representation
J =curlLP’ +LQ’ (6.35)

with
/ P/ (x)do(x)=0= / 07 (x) dow(x) (6.36)
5 (0) S-(0)

for all r € ]a,c[. Let us compare the Mie scalars in (6.34) and (6.35). It appears that Pl =
,ual Q8 and Q7 = —,LLEIAPB, but we need to check, if (6.36) is satisfied by these scalars.
For P/, this is immediately clear because of (6.33). For 7, we utilize the decomposition
of the Laplace operator (see Theorem 3.4.3). Furthermore, we observe that the following
interchanging of the radial differentiation and the angular integration is allowed, because we

assumed a sufficient regularity of the occurring functions and because a sphere is compact.
We get
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a2 'y oor

32 29 B
_ (37 2 37) /S P

+i2/ AFPE(r&) do(rg).
= Js.0

5 2 209 1
/ APE(x)dw(x) = / (— +-—+ = As) PEGre) do(re)
S, (0) $,(0)

The first integral on the right-hand side vanishes due to (6.33). The latter one can be handled
with one of Green’s surface identities (where the other function is constant), see Theorem
4.1.11, which yields a vanishing integral. Hence, we have, indeed,

1 1
T=_—_0f and Q' =——APE. (6.37)
Ko Ho

6.4 Internal and External Fields under the Mie Representation

We have seen in Section 6.2 how external and internal fields can be separated if currents are
neglected, that is, if the GauB} representation is used. The essential argument of the derivation
was the harmonicity of the field and its potential. This is no longer the case if currents are
present and the Mie representation needs to be used.

Remember Theorem 6.1.2 and Corollary 6.1.3. If D = %j is the interior of a regular
surface and represents a planet, for example the Earth, then currents J € ¢'V(D) produce
the magnetic field B! = V x Al with

A%y):ﬂf T® 4 and  Bly) = /J( ) x 2 dv, (638)
4 ly —

p [x—Yl x|

where the latter is the Biot—Savart law. We use here the superscript ‘I’ in order to stress that
this is the magnetic field caused by inner sources, which is called the internal field. If J is
Holder continuous, then

AA'= —poJinD and AA'=0inR*\D

due to Theorems 3.1.5 and 3.1.11. Hence, with Theorem 2.3.4, we can deduce that V x BL =
VxVxAl=vv.aAh)— AAland we get

VxB'=V(V-A)+ue/inD and VxB'=V(V.4A)inR*\D.
(6.39)

The integral for A'in (6.38) has componentwise the form of a gravitational potential, where
the components of J play the role of the mass density function. Hence, Corollary 3.1.4 yields

B] a1
—AI( y= Ko /Jj(x)f dx
dy; 47 Jp Ay lx —yl
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Since V|x — y| ™! =—Vylx =y~ I, we can conclude, by also using the product rule, that
0 0 1
—AI()——”O/Jj(x)— dx
0y; 4 Jp ox; |x — vl
R 1 0
_ o [ 8 ™) T (x)dx.

4w p 0x; |x—y| |x — y| 8xl
Hence, the divergence of Al takes the form

J V.J
VoAl =20 [y, W VI,
47 Jp lx—yl  |x =yl
In the static case, we have V - J = 0 (see Theorem 6.1.2). Moreover, we apply Gaul}’s law
(Theorem 2.4.2). This leads us to

MO
C4x x—y|

v-Aly) = v(x) - J(x)do(x), (6.40)
where v is the outer unit normal on . Note that this has the form of a single-layer potential.
The formula shows us that, if the currents on the surface are only tangential, then V- Al = 0
and, due to (6.39), V x BY(y) = Oforall y € R?\ D. In general, we will not have a purely
tangential J on X. For this reason, external sources also need to be modelled.

For mathematical reasons, it is easier to assume that the external sources are in a bounded
domain. This is not a serious restriction, because we can take a ball with an arbitrarily large
radius. So, let E == Q¢ C IR3 be the domain which includes all external sources but
not the internal sources, that is, we require £ C R® \ D. Obviously, E is measurable and
bounded. Moreover, we choose D = B,;(0), thatis, ¥ = 5,(0). An established ansatz is to
define the vector fields

y—x
PO —471 / (LO7)(x) x TEEA

E Ho J y—
= L X
PO = /E (LQ")(x) TE
y € R3, where Q7 is the toroidal scalar of the current J; see (6.35). If we compare this
ansatz with (6.38), then we see that these vector fields satisfy, in analogy to (6.39) and

(6.40), the partial differential equation

1
prl(y>=—j‘—£ V(/z T R 7)) dw(x))+uo(LQ])(y)
=0

(6.41)

for all y € D, where we used Corollary 6.3.17 (the fact that toroidal fields are tangential is
independent of the domain). As a consequence and by analogous considerations, we get

V x p' = poLQ’ on D, (6.42)
Vxpl=0 onR*\ D D E, (6.43)



346 The Magnetic Field

V X pE =0 on D, (644)
V x pF = uoLQ’ onE. (6.45)

For pF, we get two surface integrals in the analogue of (6.41), because 3 E consists of two
spheres. Both integrals vanish also in this case.

Hence, p' and pF have toroidal curls on D and E (separately). Moreover, both are
curls of a field like A in (6.38), but with LQJ instead of J; see also the derivation of
the Biot—Savart law (Corollary 6.1.3). Since p! and p® are defined on the whole R3, they
are consequently solenoidal due to Theorem 6.3.6. Now we have all properties which are
required by Corollary 6.3.16 such that we may conclude that p' and pF are poloidal (on
D and E). Furthermore, we have V x (pI + pE) = ,LLOLQJ due to (6.42) and (6.45), and
consequently V x (pI + pE+ LQB) = uoLQ’ + oV x LPY = pgJ; see (6.37) and
(6.35). In view of (6.32), the static Maxwell equation V X B = pugJ, and the uniqueness of
the Mie representation, we see that

B=p +pF+LQ" (6.46)

works, where p! and pF are poloidal fields associated to internal and external sources,
respectively, while these sources are toroidal currents. This justifies the ansatz.

For the toroidal part of the magnetic field, the situation is different. From (6.37), we know
that LQ? = poLP”. We combine this with (6.17) from the proof of the Mie representation
and obtain

LOP(re) = poL(AL) & - T (), (6.47)

because P is the poloidal scalar of J, and F in (6.17) is the scalar of the normal part of the
decomposed function, which is in this case the current J. The preceding identity is true for
allé € Qandall r € ]a, c[, where we use again ¥ = §,(0) as the Earth’s surface and ¢ > a
is a radius which we can choose based on the practical situation such that €2y, . covers
the interesting domain. Referring again to our assumption that all occurring functions are
sufficiently regular, we obtain that (6.47) still holds true in the limit » — a+. Hence, based
on (6.46), we can decompose B at the Earth’s surface as follows:

B(a&) = p'(a&) + p©(a&) + q(ab),

where the toroidal part g(r§) = LQB(ré), r € la,cl,& € Q,atr = a, is produced by
the normal component of the current crossing the surface S,(0). Therefore, we do not have
to (and cannot) subdivide the toroidal magnetic field into contributions of inner and outer
sources. Instead, it corresponds to a process taking place at the very same sphere where we
also consider the magnetic field.

We have seen in Section 6.2 that, in the absence of currents, the Gauf} representation
allows an orthogonal decomposition of the field based on outer and inner sources. In the
more general situation of the Mie representation, this is still possible. Due to our previous
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considerations and analogous conclusions, the inner-source part p! of the poloidal magnetic
field has a poloidal scalar P!, which satisfies

AP = —po0’ onD, AP'=0 onR’\DDE.
Analogously, we get for the poloidal scalar P¥ of pF, due to (6.44) and (6.45),
E—0 onD, APE = —poQ? onE.

Since D = B,(0), we know, due to our previous work in this book, how to expand these
poloidal scalars in outer and inner harmonics (see the discussions after Theorem 3.4.25):

Pl(re) = Z Z <PI 5.0 Y8 1>L2(S o) (a)n+1 Y, (ré)

n=0j=-n

forr > a and & € 2, while

Pen=3 Y (PE 50 Y53 g o (5) Yot sr8)

n=0 j=—n

for r < a and & € Q. Our assumption on a sufficient regularity allows us to extend these
equations to » = a. Furthermore, (6.43) implies the existence of a scalar potential y' such
that p! = —Vy! on R? \ D. We compare now the decomposition of the gradient (see
Theorem 3.4.1) with the structure of poloidal fields (see Lemma 6.3.10) in the case of pI:

] 1
PHr§) = =& —ylr§) — — VEylerd)
¥ ¥

_;E £ r& s(—;—a—r) r&

forall » > a and all £ € Q. Since surface gradients are tangential, we obtain two equations
out of this identity:

—-r %wl(ré) = AfP'(rg) and Viy'(r&) = (1 +r i) Plre).

Since ! is unique up to a constant, we can choose this constant in a way such that y!(r&) =
(14+r Z)PYré)atr = aforallé € Q. With a slight simplification of the right-hand side,
we obtain

Voo = (rPew)

a n+1 a
- _Z Z <P 5.0 - "1>L2<S ) (7) Yo j0r8)

n=0 j=—n

at r = a, but, since p! is divergence-free (see Theorem 6.3.2) and V - p! = —Ay! on
R3\ D, the potential 1! allows the preceding expansion for all » > a (due to the definition
of pl, it needs to be regular at infinity such that only outer harmonics can be used).
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Analogously, we have a potential ¥F of pF on D due to (6.44) such that

vEee = o (rPEes))

—Z Z < 5.0 - n/>L2<Sa(0)) (n+1)<£)n Y, (ré)

n=0 j=—n

forall r < a and all & € Q2. By calculating the gradients of these potentials and taking into
accout (4.30) and the consequent discussions, we see that

n+2 1
plrg) = Z S (5)7 5@, rza gen (6.48)
n=1 j=—n
- o0 n E r n—1 ~(2)
PPeo =YY wEi(5) . r=a tea (6.49)
n=1 j=—n
where
I I 4 ny/(m+ DH2n+ 1)
Pnj ="~ <P 5.0 ’Y"*f>L2(sa(0)) a2 ’
E E (n+ D/nn+1)
c=—(P"| a.
Pu,j S:0 Y5 .00 )
foralln > 1 and all j = —n, ..., n. Eventually, the toroidal magnetic field is also expand-

able in Edmonds vector spherical harmonics (see also Definition 4.3.6 and the preceding
discussions):

A/ +1) .
glag) = ZZ( B0 n,)LZ(Sa(O))MyS,?}@), EeQ. (650)

a
n=1 j=—n

::Qn,j

Hence, (6.48)-(6.50) give us an expansion of B at the Earth’s surface S;(0) in the form

Bat) =Y Y (ph 55 + o 50 © + 0.50©)

n=1 j=—n

for all £ € Q. Since the Edmonds vector spherical harmonics are orthonormal with respect
to 12(52), the three parts of B, namely,

« the poloidal field p', which is produced by the toroidal current inside the Earth,
« the poloidal field pF, which originates from external currents, and

» the toroidal field g, which is produced by the normal component of the current cross-
ing the surface,

are orthogonal in the same sense and can, therefore, be completely decoupled if B is known
on the surface ¥ = §,(0).
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Exercises

Determine a Helmholtz decomposition of the functions f(x) = x and g(x) =
(x2, x3,x1)1.

Let f(x) := &?(¢p) on the spherical shell ), g, where ¢ is the longitude of x. Is f
solenoidal, toroidal, or poloidal? Determine corresponding Mie, toroidal, and poloidal
scalars, as far as they exist.

What do you get if f in Exercise 6.2 is replaced by & or £?

Let again f be one of the vector fields £”, £%, and &’. Determine a spherical Helmholtz
decomposition in each case.

Use the Levi-Civita alternating symbol to prove that A and L commute on C** (D),
D C R3 open.
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Mathematical Models in Seismology

The field of mathematical models in seismology is large and versatile. For this reason, this
book would not be able to cover this whole area. We will focus here on some selected
topics which are important as theoretical foundations of the science of earthquakes and
which are related in parts to mathematical tools we have come across in earlier chapters.
For more detailed discussions, for example in cases where we restrict our considerations to a
spherical Earth and where the reader is interested in the ‘whole picture’, but also regarding
more general theories on topics such as elasticity or waves, we recommend the standard
books and relevant research papers. A small selection of such works is Aki and Richards
(2002), Ben-Menahem and Singh (1981), Berkel and Michel (2010), Billingham and King
(2000), Dahlen and Tromp (1998), Marsden and Hughes (1994), Michel (2003), and Nolet
(2008), which also partially served as the basis for this chapter.

7.1 Continuum Mechanics with Focus on Elasticity

Briefly speaking, the existence of earthquakes is a consequence of the elasticity of the Earth.
Tectonic plates move relative to each other, but this motion sometimes gets blocked at the
boundaries, where different plates meet, the seismic faults. Since the driving forces are still
there but a motion is not possible, the Earth starts to deform at the faults. This continues
until the stress exceeds a certain point and the motion continues all of a sudden as an
earthquake — like a rubber band ruptures if we pull too strongly. This nutshell explana-
tion of the cause of an earthquake shows us that understanding earthquakes first requires
the understanding of the mathematical methods for elastic bodies, which is a part of the
mathematical theory of continuum mechanics. This section adopts concepts from Marsden
and Hughes (1994), which is also recommended for further reading.
We start with some notations which will be used throughout this chapter.

Definition 7.1.1 A simple body is a bounded and open subset of R? and is usually
denoted by B. A configuration of a simple body B is a mapping F: B — R3.
Configurations are supposed to model a deformed state of a simple body. The set of
all configurations of B is denoted by C (B ) or simply C, if the reference to the simple
body is clear from the context. A mapping which associates configurations to every
point of time ¢, that is, an operator of thekind ¢: R > 1 — ¢, € C, is called a motion

350
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of 3. Elements (i.e., points) in 3 will be denoted by capital letters X, Y, ..., while
elements of ¢, (8), that is, positions to which a point X € B has moved at time 7, will
be denoted with lower-case letters x, y, . .., where usually x = ¢:(X), y = ¢:(Y), ...
Moreover, we will use the notations ¢;(X) =: (X, 1) = dx(¢).

The idea of this modelling is that a particle X € B moves at time ¢ to the position
x = ¢ (X) € ¢(B). In this sense, ¢;(I3) represents the deformed state of the body 5 at
time #. We will assume later in this chapter that B is the form of the body at time ¢t = 0
such that ¢o(X) = X for all X € B. Moreover, the function ¢x follows the trajectory of
particle X over the observed period of time. It is comparable to what is called a word line
in relativity theory.

Example 7.1.2 As an example, we consider the motion

X1+1tXs
P(X,1) = X2 ;
X3+ 51X,
which is applied to the cube 10, 1[>=: B as a simple body. Figure 7.1 shows the states
¢:(B) of the cube at the times r = 0,0.5, 1, where t = 0 stands for the undeformed
state, that is, ¢po(B) = B.

Definition 7.1.3 Let B be a simple body. A motion ¢ of B is called regular or
invertible if, for each time 7, the set ¢ (13 ) is open and each mapping ¢;: B — ¢:(BB)
has an inverse ¢, L ¢:(B) — B.If the motion additionally satisfies the requirement
¢ € C(B x R,R3) for r € Ny, then we call the motion ¢a ct )-regular motion.

Regularity is a reasonable assumption for motions in seismology. To understand this, let
us assume that a motion is not regular, then two different particles X,Y € BB would move at
time ¢ to the same position x = ¢,(X) = y = ¢,(Y). This would be the case, if, for example,
a chemical reaction is taking place, where two molecules form a chemical compound. This
is not a relevant situation in the modelling which we are interested in.

0.5 e

Figure 7.1 Example of a simple body (here: the unit cube) and a motion.
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Based on our initial modelling, we can now state a general assumption, which shall be
valid throughout the whole chapter.

Assumption 7.1.4 We assume that the following is valid unless anything different is
stated.

(a) An initial state of the deformation is given at time t = 0, that is, ¢(X,0) = X
forall X € B.

(b) B represents a simple body and ¢ is a C‘?-regular motion, where the Jacobian
satisfies det(Vx ¢, (X)) # O for all times ¢ and all X € B.

In continuum mechanics, one distinguishes two points of view how a motion can be
observed or represented. The Lagrangian description or material description follows a
fixed particle while it moves in space. Since particles are, in our modelling, elements of B
and are represented by capital letters, functions corresponding to the material description
are represented with capital letters as well according to a common notation, that is, we write,
for example, Q(X, 1) for such a quantity.

On the other hand, the Eulerian description or spatial description observes the motion
from a fixed point in space. Spatial quantities, which are accordingly denoted by lower-
case letters, are transferred from material quantities by the formula Q(X,7) = g(¢;(X),t) or,
equivalently, g(x,t) = Q (¢t_ Lo, t). For a better understanding, we first define the velocity
and the acceleration in their Lagrangian and their Eulerian version. In this context, it should
be mentioned that we will use ‘Lagrangian’ and ‘material’ as equivalent terms, that is, it
does not matter if we speak about a Lagrangian velocity or a material velocity. The same
holds true for the terms ‘Eulerian’ and ‘spatial’.

Definition 7.1.5 Let ¢ be a motion which satisfies Assumption 7.1.4.

(a) The material velocity is defined by
Vi(X) = Vx(t) = V(X,t) = %q’)(x, t), XeB,teR
(b) The material acceleration is defined by
Ai(X) = Ax(t) = A(X,1) = % V(X,t), XeB,reR.
(c) The spatial velocity is defined by
v (x) = v(x,1) = V(g (x)1), x €d(B)reR.
(d) The spatial acceleration is defined by
a,(x) = a(x,1) = A(p; ' (x)ht), x €p(B)teR.

Note that we will often simply state that ¢ € R, as we did it here, though certainly the
considered quantities need not and will not be available on such a time scale.

A simple example can illustrate here the difference between the material description and
the spatial description. If you drive around in your car, then your car is something like a
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particle X. The velocity which your speedometer shows at time ¢ is the material velocity
V(X,1). At every time ¢, the material velocity V(X,t) gives us the velocity of the very
same object/particle/atom/... X, which we observe. If the police install a speed trap, then
the position where they install it is a fixed position x in space. The speed which the police’s
instrument indicates at different times is associated to different cars. If you pass by the
speed trap with your car at a particular point of time 7y, then the speed v(x,#y) which the
police measure with their instrument at the position x at the time #y should be the same
as the speed V (X, 1) which the speedometer of your car X measures at the time 7. Hence,
V(X,19) = v(x,19), whilex = ¢;,(X), thatis the car X has moved to the position x = ¢, (X)
at time #y. The motion ¢ itself would describe how all vehicles move around. If X and Y are
different vehicles, then Vx and Vy deliver the time series of the velocity of vehicle X and
vehicle Y, respectively. If x and y are different positions in space, then v(x,-) and v(y, )
represent the velocities of vehicles which pass by these points at different times.

There is a helpful formula which allows us to transfer temporal derivatives from material
quantities to spatial quantities.

Lemma7.1.6 Let Q: B xR — R withn € N be a differentiable Lagrangian quan-
tity and let q be the corresponding Eulerian quantity, that is, q(x,t) = Q(qﬁt_l(x), t)
forallx € ¢,(B) and all t € R. Then the following identity holds true for all X € B
and all t € R:

a a a

Proof The proof consists basically of the application of the chain rule.
! QX.1) = d (p(X,0).1) = ! (p(X.1).1) ! ¢(X,1) + ! (p(X.1).1)
or 2T g PO E G GRS G SRR G O

a a

T ox

Here, % stands for the total time derivative with respect to all explicit and implicit time
dependencies, where % is the common partial time derivative, which only applies to the
explicit temporal argument of Q(-,7) and g(-,t). Note also that % g is here an n x 3 Jacobian

matrix, which is multiplied with the three-component vector V. O

For example, we get for the material acceleration

AX, 1) E VX, )= 8% v(p(X, 1), ) V(X,t)+ % v(p(X,1),1)

ot
= 2 e n + v,
ox ot

where x = ¢;(X). Note that % vy = (% v) v in the usual mathematical syntax.

Definition 7.1.7 Let ¢ be a motion which satisfies Assumption 7.1.4.

(a) The Jacobian matrix which is given by g = (g—;)T is called the spatial

deformation-rate tensor.
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(b) The operator D; which is defined by

D
E CI(X’ t) = Dt‘l(x’t) = ;ix CI(X’ t) U(.x, t) + %Q(x’ t)

is called the material time derivative. We will rarely also use the notation
D;:=ve % + % for this operator.

Hence, a shorter version of (7.1) can be written as

]
5 Q(Xa t) = Dt‘l(x’t)’ X = ¢I(X)

Definition 7.1.8 The second-rank-tensor-valued function ¥ is a material quantity
which is defined by F(X,r) := Vx¢(X,t) forall X € B and all r € R and is
called the deformation gradient of ¢. As for other quantities, the alternative notations
F:(X) = Fx(t) = F(X,t) may be used. Moreover, the second-rank-tensor-valued
material quantity C is defined by C(X,?) = (F(X, WY F(X,1) forall X € B and
all r € R and is called the Green deformation tensor or the right Cauchy—Green
tensor.

Assumption 7.1.4 guarantees that, foreach X € 5 andt € R, the second-rank tensors (or
matrices) F(X,t) and C(X,t) are invertible. We can, therefore, always define the following
additional quantity.

Definition 7.1.9 The second-rank-tensor-valued material quantity B is defined by
B(X,1) = (C(X,t)) ! forall X € B and all r € R and is called the Piola deforma-
tion tensor.

The proof of the following lemma is an easy exercise in linear algebra.

Lemma 7.1.10 Foreach X € B andt € R, the matrix C(X,t) is invertible, symmet-
ric, and positive definite.

From the principal axis theorem, which is a basic theorem in linear algebra, we know
that symmetric matrices always have only real eigenvalues (which need to be positive if
the matrix is positive definite) and an orthonormal basis of eigenvectors. Moreover, there
is another well-known theorem from linear algebra in this context: if M is a symmetric
and positive definite matrix, then there is one and only one symmetric and positive definite
matrix N such that N> = M. This matrix N is often also called the square root of matrix
M and denoted by N =: M /2,

Definition 7.1.11 Let C be the right Cauchy—Green tensor. Then the symmetric and
positive definite matrix U/ which satisfies U? = C is called the right stretch tensor.
Its eigenvalues are called the principal stretches.

We continue now with the formulation of essential physical conservation laws. The first
one, which is also the easiest to formulate, is the conservation of mass. Moreover, we also
introduce a notation for the domain of a spatial quantity and adopt a known terminology for
a particular class of sets.
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Definition 7.1.12 Let ¢ be an arbitrary motion of the simple body 13 . Then the domain
of a spatial quantity is denoted by

Dy ={(x0|x €, (B)andt € R}.

Furthermore, a subset &/ C B is called nice if I/ is open and has a boundary with a
piecewise continuously differentiable parameterization.

Definition 7.1.13 A time-dependent mass density function ¢: ©_¢ — R is said to
obey conservation of mass if, for every nice set I/ C B, the following identity holds
true:

— o(x,)dx =0 forallr € R. (7.2)
dr Jo.w

Definition 7.1.13 says not only that the total mass |, #(B) o(x,1) dx of the simple body B
does not change over time. In (7.2), we require that every arbitrary part 4 C B keeps its
mass, that is, the masses of ¢:({{) are constant with respect to the time z. This is realistic,
since all particles move together with the motion. If tectonic plates collide, then parts of
the plates might deform and, for instance, build fold mountains, but the total masses of the
affected region and all of its local areas do not change during this deformation.

There is a property of motions which should not be mixed up with conservation of mass:
while conservation of mass is a fundamental physical law, which is always true, volume
preservation is a property which some motions have but others do not. For seismological
applications, we cannot, in general, assume that motions are volume preserving, while they
must always satisfy conservation of mass.

Definition 7.1.14 A motion ¢ is called volume preserving, alternatively also iso-
choric or incompressible, if, for every nice region I C B, the following holds true:

d

- ldx =0 forallz € R. (7.3)
dr Js, 1)

Note that the integral in (7.3) yields the volume of ¢;({{ ). Hence, the requirement is here
that each (connected) part if C B keeps its volume during the motion. Thus, compression
and expansion are excluded.

At this point, we should realize that conditions such as (7.2) and (7.3) are not practicable.
We would not want to verify them for a specific motion. We would also not prefer to use
them as starting points for the derivation of theorems. Therefore, we need a different, but
equivalent, statement. The preceding definitions have the purpose of an easy interpretation.
We see that they claim what we understand by conversation of mass and volume preserva-
tion, respectively. Now they need to be turned into something more practicable. We will see
that such conservation laws can be modified into equivalent partial differential equations.
However, we first need some preliminary work.

Definition 7.1.15 The Jacobian associated to a motion ¢ is denoted by J(X,?) =
det F(X,t) = det(Vxop(X,1)), X € B,t e R.

Lemma 7.1.16 We have J(X,t) > Oforall X € B and allt € R.
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Proof From Assumption 7.1.4, we immediately get that J is continuous and J(X,t) # 0
forall X € B and all r € R. The assumption also requires that ¢(X,0) = X forall X € B
such that F(X,0) is the identity matrix for each X € B. Hence, J(X,0) = 1 for every
X € B. Thus, the intermediate value theorem implies that / must remain positive. |

Lemma 7.1.17 Let A € C'D(D,R™™) with D C R (open) be an n x n-matrix-valued
Sunction whose components are denoted by aj, j.k = 1,....n. Then the derivative
of the determinant of A satisfies

d " o dai
— detA = — 1)/ L det A 4,
dr j;l( P 7

where A j represents the (n—1) x (n—1)-matrix which is obtained from A by removing
the jth row and the kth column.

The proof of Lemma 7.1.17 is left to the reader as an exercise.

Lemma 7.1.18 The Jacobian J of the motion ¢ satisfies
0 .
p” J(X,1) = (divy v (9:(X), 1)) J(X,1) (7.4)

forall X € B andt € R, where v is the spatial velocity (see Definition 7.1.5) and
div, stands for the divergence with respect to the spatial variable x = ¢;(X).

Proof We apply Lemma 7.1.17 to J(X, 1) = det(Vx¢(X,t)) and obtain

0 3 ; 32 3¢,’(X,t)
_ — E : _1)/tk . R e
P J(X,t) = (-1 (aza . ¢J(X, t)) det( 90X, ) Lasin) (7.5)

i
Jik=1 1=1,2,3; Ik

where ¢; is the jth component of ¢ and X} is the kth material coordinate. Moreover, we
get from the definition of the spatial velocity and the chain rule the identity

v v, _ v, _ dg,
S D= a—x(@ Hx)t) = (8—X(¢t 1(x),r)) 8; (x),

where the right-hand side is a multiplication of matrices. Remember also that x = ¢;(X).
We now apply the inverse function theorem from differential calculus and observe that

dv 3 (X) 3V 3 (x) 0 (X) BV
(5ree0) 5 = (5 e) -

—(X,t = —(X,1). 7.6
X 8X( ) ox X BX( ) (7.6)

Keeping in mind that %(X, t) = %db(X, t) = %db(X, t) holds true due to Schwarz’s
theorem, we insert (7.6) into (7.5) and get (with ‘-’ denoting, as usual, the dot product)

)j+k8vj(x,t) - op(X,1) det (8¢,~(X, t))

) 3
5J(X,z): Z(—l

Jk=1 ox 0Xx 0Xp ) imaye
3
0V (x, 1) 8, (X, 1 0 (X, ¢
Ly e 30t )det( i ))_ o
jik p=1 0xp  0Xk 0Xp ) imtadiy
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We have a look now at those summands which we obtain for each fixed pair (j, p), but we
factor out ’ , that is, we consider

jp — Z( 1)1+k 8¢P()Ii ,1) et(afpg(xxla t)) ) (7.8)
k=1

We distinguish two cases. If p = j, then Laplace’s formula for a determinant yields

0¢; (X t) i (X, 1)
Jjtk J
V= Z( 1) t( oX, ) sy = det(Vxo(X,1)).

If p # j, we also obtain Laplace’s formula, but for a different matrix. In (7.8), the determi-
nant of the underlying matrix is expanded along the jth row, which is

pp(X.1) 3¢p(X,1) dp(X,1)
0X, 7 08X, = 0Xj ’

The other rows are identical to those of Vx@(X, 7). This means that the j-th row has the
same entries as the pth row, which is, however, not the same row, because j # p. Hence,
the underlying matrix has two identical rows and the corresponding determinant must con-
sequently vanish. Thus, in total, ¥, = 6, J(X, t). If we use this conclusion in (7.7), then
we get

3

0 0 )1 .

—JX=) D0 5%,y = (dive v (Ge(X).0) T(X.0) m
ot s oxp

Lemma 7.1.19 Let B be a simple body and let F,G: B — R be two continuous

functions. Then fu F(X)dX = fu G(X)dX holds true for every nice regionUd C B
ifandonly if F = G.

The proof mainly uses the continuity of both functions and is left to the reader as an easy
exercise.

Lemma 7.1.20 Let ¢; be a configuration of the body B which originates from a
motion ¢ which fulfils Assumption 7.1.4, and let f, g : $:(B) — R be two continuous
functions. Then f¢z(U) f)dx = f¢z(U) g(x)dx holds true for every nice regionU C
B ifandonlyif f = g.

Proof With the substitution x = ¢:(X), we get
/u [ (9:(X)) |det (Vx¢(X))| dX = /u 8 (#:(X)) |det (Vx¢,(X))| dX
for all nice regions U/ C B. With Lemmata 7.1.16 and 7.1.19, we obtain then

f@:(XNJ(X,1) = g(d(X)J(X,1) for all X € B. Keeping in mind that J(X,7) # 0
for all X € B, we only have to resubstitute x = ¢;(X) and get the desired result. |
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Theorem 7.1.21 The following properties of a motion ¢ are equivalent:

(i) ¢ is volume preserving.
(ii) J(X,t) =1 forall X € B and allt € R.
(iii) divy v(x,t) =0 forall x € ¢:(B)and allt € R.

Proof We prove the equivalence in three steps.

1) () < (i):
Since ®o(X) = X forall X € B due to Assumption 7.1.4, ¢ is volume preserving
if and only if f¢z(U) ldx = f;; 1dX for every nice region & C B and every 7 € R.
We substitute now x = ¢;(X) in the left-hand integral. Then volume preservation is
equivalent to

/ |det (Vx¢:(X))| dX = / 1dX forallt € R and nice regions If.
U U

With Lemmata 7.1.16 and 7.1.19, we get that the latter holds true, if and only if
J(X,t) =1forall X € B and allr € R.
2) (i) = (ii):

If (ii) holds true, then J is constant and %(X,t) = Oforall X € B and all
t € R. If we insert this into (7.4) from Lemma 7.1.18 and if we take into account
that J(X,7) # Oforall X € B and all t € R due to Assumption 7.1.4, then we get
divy v(x,t) = 0forallx € ¢;(B)and all € R.

3) (ii) = (ii):

If we use the vanishing divergence of the spatial velocity in (7.4), then % (X,1)=0
must be valid for all X € B and all r € R, that is, J is constant in time. Due to
Assumption 7.1.4, J(X,0) = 1 forall X € B. Hence, J(X,t) = 1 is also valid for
all times ¢ € R. [

Theorem 7.1.22 Let ¢ € C(l)(©—¢) be a spatial mass density function. Then the
following properties are equivalent:

(i) o obeys conservation of mass.
(ii) o(p(X,1),1) J(X,1) = o(X,0) forall X € B and all t € R.
(iii) The equation of continuity is valid: for all x € ¢,(B)and allt € R,

D;o(x,t) + o(x, 1) divy v(x,1) = 0, (7.9)

or, equivalently,

0
Eg(x, 1) + divy (o(x,t) v(x,1)) = 0. (7.10)
Proof We will need two parts to prove this theorem.

1) () < (i):
Due to the vanishing time derivative in (7.2), conservation of mass is given if and
only if
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/ Q(x,t)dx:/ o(X,0)dX forallr € Randniceld C B.
¢ (U) U
The substitution x = ¢,(X) yields the equivalent identity

/u 0 (¢:(X).1) |det (Vx¢:(X))| dX = /u o(X.0)dX

for all + € R and nice subsets &/ C B. In analogy to the previous proof, we also
apply here Lemmata 7.1.16 and 7.1.19. It turns out that ¢ obeys conservation of mass
if and only if

0 (@,(X),t) J(X,t)=p(X,0) forall X € B andallt € R.

(2) (i) < (ii):

Remember that ®3(X) = X for all X € B due to Assumption 7.1.4. For this
reason, (ii) states that the left-hand side is independent of time and therefore equals
its value at + = 0, which is the right-hand side of (ii). Hence, (ii) is equivalently
represented as

% (0 (X)) J(X,t)) =0 forall X € B and r € R. (7.11)

Let us now apply the total differentiation operator on the left-hand side and use
Lemma 7.1.18:

d
n (0(¢:(X), 1) J(X,1))
d 0
= EQ((/J)’(X)’ D) J(X, 1) + 0(pe(X), 1) EJ(X’ 1)

d
= a@((ﬁz(X),t) J(X, 1) + 0(¢:(X), 1) divy v (¢:(X), 1) J(X,1).

We insert this into (7.11) and use the fact that J never vanishes (see Assumption
7.1.4). As a consequence, (ii) is equivalent to

%Q(@(X), 1) 4 0(gp:(X), 1) divy v (¢;(X),t) =0 forall X € B and r € R.

We need to change now from material coordinates to spatial coordinates, where x =
¢+(X). The total time derivative in the first summand transforms then into a material
time derivative (see Lemma 7.1.6 and Definition 7.1.7). Hence, (ii) holds true if and
only if

D;o(x,t) + o(x,t)divy v(x,£) =0 forallx € ¢;(B)andr e R. (7.12)

This is the first version (7.9) of the equation of continuity. If we apply the definition
of D;, we get that (7.12) is the same as

3 do(x, 1)
EQ(X, H+ o

() + oG, dive v(x,1) = 0, x € ¢e(B), 1 € R.
(7.13)
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Finally, we apply Theorem 2.3.4 to see that (7.13) can also be written as

]
EQ(X’ 1)+ divy (ov)(x,t) =0 forallx € ¢,(B)andr € R,

which is (7.10). O

We will see that all conservation laws which we need have a common mathematical
structure. This is also the reason why Marsden and Hughes (1994) introduce and discuss a
master balance law. We will adhere to this concept in this chapter. Therefore, it is reasonable
if we first concentrate on some general propositions.

Theorem 7.1.23 (Transport Theorem) Let f € C(l)(©_¢) be a given spatial quantity
and let U C B be an arbitrary nice set. Then the following identity holds true:

d
- Fletydr = / D, f(x.0) + f(x,1)divy v(x, 1) dx
dz Jg, @ty $u(U)

=/ if(x, £) + divy (fv)(x, 1) dx. (7.14)
¢t 01

Proof We first apply the familiar substitution x = ¢,(X).

d d
dr ¢[(u)f(x,t)dx = a/{; FfloX, 0,0 J(X,t)dX.

Since f and its first-order derivatives are bounded due to the compact domain, we may
apply Theorem 2.4.9 and get

d d aJ
t gt y dr at

Then we use Lemma 7.1.18, the resubstitution X = ¢, 1(x), the material time derivative
(see Lemma 7.1.6 and Definition 7.1.7), and Theorem 2.3.4:

d
— f(x,t)ydx
dr Jo,1)

d
- /z:{ Ef(‘/)(x’ DD J(X, 1)+ f((X.1), 1) dive v (¢(X),1) J(X,1)dX

= / D; f(x.t) + f(x,0)divy v(x, 1) dx
)

_ / 0f.1) | OO oy b Gy divy v o) dx
&) ot ox

_ / 0F D | v (Fo)rndr.
gy 01

Hence, both right-hand sides of (7.14) are valid. []
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Definition 7.1.24 Spatial quantities a,b: ©y — Rand c: Dy x @ — R are said
to satisfy the master balance law if, for every nice set i/ C 5 and each ¢ € R, all
following terms (i.e., the integrals and the derivative) exist such that the identity

— a(x,t)ydx = b(x,t)dx + / c(x,t,n(x)) dw(x)
dr Jg,1) (U 0, (U)

holds true, where #n is the outer unit normal to d¢; (U).

Remember that Q is the unit sphere in R>. Moreover, note that a is here an arbitrary
function and not the spatial acceleration.

In the following, we show now the announced equivalence of conservation laws of the
type previously described to a partial differential equation.

Theorem 7.1.25 (Spatial Localization Theorem) Leta € CV(®y), b € C(Dy), and
c € C(l)(©—¢ x ) be given functions, where the latter has a particular form: there
exists d € c(l)(©_¢) such that

c(x,t,&) =d(x,t)- & forallx € p;(B),t € R and & € Q. (7.15)

Then the following holds true: a, b, and c satisfy the master balance law, if and only if
0
Ea +divy (av) = b+ div,d onDy, (7.16)

where v is the spatial velocity (see Definition 7.1.5).

Proof We apply (7.14) from the transport theorem to the left-hand side of the master
balance law. Then we see that the master balance law is satisfied if and only if

/ (ia(x, t) + divy (av)(x, t)) dx = / b(x,tydx + / d(x,t) - n(x)dw(x)
1) \ 01 (U 0¢,(U)
(7.17)

for all nice i/ C B and all ¢+ € R, where Gaul3’s law (see Theorem 2.4.2) allows us to write
the surface integral as

/ d(x,t) - n(x)ydw(x) = / div, d(x,t)dx.

g, (U) ¢ (L)

With this replacement in mind, we can apply Lemma 7.1.20 to (7.17). The immediate
conclusion is then: the master balance law is satisfied by a, b, and ¢, if and only if (7.16)
holds true. O

Example 7.1.26 Conservation of mass, see Definition 7.1.13, is an example of the
master balance law, where a = ¢, b = 0, and ¢ = 0 (and, therefore, also d = 0).
The spatial localization theorem, see above, yields the partial differential equation
%Q + divy (ov) = 0 in Dy. This is exactly the equation of continuity (7.10), see
Theorem 7.1.22.
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In Theorem 7.1.25, the representation of ¢ via (7.15) was formulated as a condition.
However, we will see now that this is not an additional requirement if the master balance
law is already satisfied.

Theorem 7.1.27 (Cauchy’s Theorem) Let a € CY(®Dy,), beC®y), and
c€ C(©_¢ X 2) satisfy the master balance law. Then there exists a unique vector
field d: Dy — R? such that

c(x,t,E) =d(x,t)-& forallx e p;(B),t e R, and & € Q.
Proof To make along story short: divide et impera.

(1) Application of the transport theorem:
With the first part in (7.14), we get

/ Dia(x,t) 4+ a(x,t) divy v(x, 1) dx (7.18)
¢ U)

2/ b(x,t)dx—l—/ c(x,t,n(x)) dw(x)
du(U) g, (U)

as the master balance law (for all nice ./ C BB andallz € R). We choose now arbitrary
t € Rand x° € ¢:(B) and keep them fixed. Moreover, we move our coordinate
system, without loss of generality, such that x® = 0. This is possible since an affine
transformation x” := x — x9 does not harm (7.18) notably.

(2) Some geometrical framework:

In the first octant (given by x1, x3,x2 > 0), we draw a closed tetrahedron 7 (or,
maybe more precisely, a 3-simplex) with the following specifications: each vertex
lies on a coordinate axis, and three edges lie on the three-coordinate axis and have
the length £ > 0, as shown in Figure 7.2.

We assume that ¢ is sufficiently small such that Ty C ¢;(13). The interior of T} is
open and, as a consequence of Assumption 7.1.4, so is ¢, Yint 7,) =: U, which is

0.2

04 46

(TR 0
1 T2

Figure 7.2 A tetrahedron in the first octant with three vertices along the coordinate axis: if
these vertices have equal length (left), then the (constant) outer unit normal vector on Sy
is (1,1, HT /+/3. By varying the vertex lengths, different normal vectors can be generated
(right).
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a nice subset of 5. Hence, we get for int 7; = ¢;(U) and 8T, = d¢,(U ) that (7.18)
yields (note that 0Ty, = T \ int 7} is a set of measure zero)

/ D;a(x,t) + a(x,t)divy v(x,t) — b(x,t)dx = / c(x,t,n(x))dw(x)
7,

a7,
—f(x.0) ‘

for all sufficiently small £ > 0. Remember that f is a continuous function. We denote
(again) the Lebesgue measure (i.e., the volume measure) by A and the corresponding
surface measure by w. Then we can see that

c(x,t,n(x))dw(x)| <

(“T’“’) max| £ (x, r)|)
z—>0+ w (0T;) xeTy
(7.19)

lim
=0+ |w (8T) Jor,

Both sides are zero, because (7)) = 63/6 and w(3Ty) = C¢? for a constant C > 0
(the precise formula is presented later).
(3) The faces of the tetrahedron/simplex:
T has four faces, which are triangles (or 2-simplices). We denote them as follows:
Sj, j = 1,2,3, is the face which is orthogonal to the x ;-axis and Sy is the remaining
face (remember that they depend on ¢, though this is not indicated here). The asso-
ciated (constant) outer unit normal vectors are called n'd, j=1,....4 Clearly, §i,
S>, and S3 have the area I%/2 each and Sy is an equilateral triangle with side length
/2 ¢ and area «/552/2. Hence, w(07T;) = 3+ «/§)52/2. We get now for the surface
integral in (7.19) that

min c(x,t,n(x)) <
xeadly

= 20T /E;TZ clx,t,n(x))dw(x) < )grelgl)T(Z c(x,t,n(x))

and

/ c(x,t,n(x))dw(x)
a7y

w (07T%)
4 | '
= c(x, t,n(/)) dw(x)
o @@ Js,
4
S.
< @(5;) maxc(x t n(/))
= w (0Ty) xeS;
3
1 ; V3
_ o)) C))]
= maxclx,t,n + — maxclix,t,n
3+ 4/3 xS ( ) 3+ /3 xeSs ( )

where the analogous statement with ‘>’ and ‘min’ holds. Hence, the limit £ — 0+
yields, due to the continuity of ¢, the identity

[F8]

V3
3+«/—

0 ,n') + c(xr.n¥). (7.20)
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@) A closer look at the normal vectors:
For j = 1,2,3, we obviously have n) = —g/. The fourth outer unit normal
vector is n™® = (1,1, 1)T/«/§. Hence, (7.20) leads us to

Vi1 o
=2 [ DY 4 (60 1@
3443 ﬁjZIC(x ! ) C(x ! )
V3 : 0 AWC)) 0. @
_73+«/§ jZIC(x,t,—Sf)nj —I—c( t,n )
Consequently,
c(xo, t,n(4)) = — E c(xo, t, — Sj)n?). (7.21)

j=1

(5) Deforming the tetrahedron:

Let now & € Q2 be an arbitrary direction in the interior of the first octant, which
means that all components &; are positive. We build a modification of the tetrahe-
dron (or simplex) 7; with the vertices v@ = 0,0,0)T, vV = 3&63¢ gl v@ =
3£1830 €2, and v = 3£1£¢ &3, Then one can easily verify that £ is the outer unit
normal vector to S4. Note that we previously had &; = 1/ V3 for all j.

The volume of 7; is obtained as 1/6 times the lengths of the axis-parallel vertices,
that is, A(Ty) = 951252253263 /2. For the vertices which are right-angled triangles, the
area is easy to calculate: w(S1) = 9676,630%/2, (S,) = 961£5€302/2, and o(S3) =
9€1£,£3¢% /2. For Sy, we get

| or —583 —683
w(Sy) = 3 ‘(v(z) — v(l)) X (v(3) — v(l))‘ = = £1&63 | X 0
0 &5
£65
972 |71 9¢2
= ||a8e || = - etas + et + e3¢l
£16&7
9¢2 9¢2
= /a8 (§+8+8) = —aas.

Hence, o(3Ty) = 951588 + & + & + 1)£2/2 such that, like before, we obtain
limg_ox A(Te X (dT7))~! = 0 and

o(S}) _ §; s w (84)
w(@Ty) & +&E+&+1

J forall j =1,2,3.
w(3Ty)

Consequently, if we follow the preceding argumentation with n'¥ = £, then we arrive
again at (7.21).
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Let us harvest from our work. We can now set dj(xo, t) = —c(xo, t, — sf), j=123.
Then

c(x%, 1,8y =dx% 1) - € (7.22)

holds true for all & € 2 with &,&;,&3 > 0. For symmetry reasons, this must also work in
the other octants. Moreover, all occurred functions, in particular ¢, are continuous such that
the relevant identities can be continuously extended to the cases where components of &
may vanish. Eventually, (7.22) holds true for all & € 2. The extension of the identity to
x € ¢;(B) is also possible due to the continuity of c. Furthermore, note that it is clear that
d is uniquely defined by (7.22). U

We are now in the position to take care of further conservation laws. We start with the
conservation of (linear) momentum, which is basically Newton’s second law. It states that
the temporal changes of the linear momentum (in terms of a time derivative) equal the sum
of all external forces. In particular, in elasticity it is important to subdivide these forces into
body forces, which act on the whole volume ¢;(l{ ), and surface forces, which are exerted
on surfaces 0¢; ({4 ). These forces are represented by (force) density functions, in the sense
of a force per volume or surface area, and are denoted by b and { here. The latter symbol
helps us avoid confusion with the time 7. Note that conservation laws are sometimes also
called balance laws, that is, mass balance, balance of momentum, etc.

Definition 7.1.28 The motion ¢, the mass density ¢: ©, — IR, and the force den-
sities b: D, — R3, t: Dy x @ — R? are said to satisfy conservation of (linear)
momentum if, for each nice set { C B and all 7 € R, the following terms exist such

that the identity

— (ev)(x,1)dx = / (eb)(x, 1) dx + / (x, 2, n(x)) dox(x) (7.23)
dr Jg,@ o) 89 U)

holds true, where n is again the outer unit normal to d¢:({{) and v is the spatial
velocity.

Theorem 7.1.29 If the motion ¢ and the densities ¢ € C(l)(©—¢), b e C(©—¢), and
te C(©—¢ x §2) satisfy conservation of momentum, then there exists a unique tensor
field o € c(©_¢) such that W(x,1,&) = o(x,t) & forallx € ¢;(B), 1t € R, and & € Q.
This tensor field o is called the Cauchy stress tensor.

Proof Equation (7.23) is a vectorial equation. Each component yields a scalar equation,
which has the form of the master balance law. We may now apply Cauchy’s theorem (The-
orem 7.1.27), which provides us, for each index j = 1,2,3, with a vectorial function
ai: ©_¢ — R3 such that

ti(x,1,6) =dD(x,1)- & forallx € ¢(B), 1t € R,and £ € Q,

where d'/) inherits its continuity from {. If we use the /) as the rows of o, then we get
the desired result. The uniqueness of o is a consequence of the obtained linearity of t with
respect to &. |
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Theorem 7.1.30 (Euler’s Equation of Motion) Let a motion ¢ and density functions
Q0 € C(l)(©_¢), b e C(©_¢), and { € C(l)(©_¢ x ) be given such that conservation
of mass and momentum are fulfilled. The (consequently existing) Cauchy stress ten-
sor is denoted, as usual, by 0 € c(l)(©_¢). Then Euler’s equation of motion holds
true on Dy

oD;v = pob+ divyo. (7.24)

Proof First, we remark that the regularity of o (continuously differentiable) is inherited
from {. Then we remember that conservation of mass yields the equation of continuity

D;o+odiviv =0 onDy; (7.25)

see Theorem 7.1.22. After that, we apply the spatial localization theorem (Theorem 7.1.25)
to conservation of momentum, which we have already identified as a componentwise
particular case of the master balance law:

d
— (ij) + div, (ijv) =0bj +divyo; onDyforall j =1,2,3,

ot
where o is the jth row of 0. We apply now the product rule and Theorem 2.3.4 and get
do ov; . .
o v;+o 5 +v;(Vxo)-v+o (vaj) v+ vj divy v = ob; + divy ;.
With a well-chosen factorization, we obtain
do . dv; .
vi| 5, + (Vi0)-v+odivev ) + 0 = + (Vxvj) v ) = obj +divy 0.

We remember Definition 7.1.7 regarding the material time derivative and recognize (7.25)
in the latter identity. Hence, we get ¢ D;v; = ¢b; + divy o for all j = 1,2,3, which is the
desired equation of motion. |

Euler’s equation of motion is maybe the most important governing equation in seismol-
ogy (but also in many other applications). We will later discuss what this particularly means
if b represents the body force density which is exerted to the Earth and if o is further
modelled regarding elasticity properties.

We continue now with the conservation of angular momentum. It says that the temporal
changes of the angular momentum are due to the external torques which are produced by
the body and surface forces.

Definition 7.1.31 The motion ¢, the mass density 9: ©4 — R, the body force density
b: Dy — R3, and the Cauchy stress tensor o : Dy — R3*3 are said to satisfy
conservation of angular momentum if, for each nice set /f C B and all r € R,
the following terms exist such that

o o(x,t)x x v(x,t)dx (7.26)
tJgh)

= / o(x,t)x x b(x,t)dx +/ x X (o(x,t)n(x)) dw(x).
¢ (U) (L)
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Before we prove a consequence of this conservation law, we should first notice that
something is different here. For the previous two conservation laws (mass and momentum),
we had introduced new quantities (¢ in the first case and b,t in the second case). The
conservation laws stated rules for these new quantities. However, there is no new quantity in
Definition 7.1.31, but we get three new conditions (in terms of the three components of the
vectorial equation (7.26)). Therefore, conservation of angular momentum can be expected to
reduce the degrees of freedom of our previous quantities by three. Indeed, this conservation
law is equivalent to the symmetry of o, which causes three pairs of equal components.

Theorem 7.1.32 (Symmetry of the Cauchy Stress Tensor) Let a motion ¢ and den-
sity functions ¢ € C(l)(m), b e C(©7¢), and t € C(l)(m x §2) be given such that
conservation of mass and momentum are fulfilled. The (consequently existing) Cauchy
stress tensor is denoted, as usual, by o € c(l)(©_¢). Then conservation of angular
momentum is satisfied if and only if o is symmetric.

Proof The proof is a bit lengthy.

(1) The integrand of the surface integral:
If we denote the Tows of o by o, j = 1,2,3, and the kth component of on by
(on)y, then the integrand of the surface integral in (7.26) can be written as

x2(on)z — x3(on) X203 -1 — X302 - 11
x X (on)y= | x3(on) —x1(on)z | = | x301-n —x103-n ) =(x xo)n.
x1(on)y — xy(on) X102 -1 — X201 - 11

For vector products like x x o, see Definition 2.2.11.
(2) Spatial localization:
Also conservation of angular momentum has componentwise the form of a master
balance law. Therefore, Theorem 7.1.25 tells us that angular momentum is conversed,
if and only if

B]
> [o(x, )(x x v(x,1);] + divy [o(x,)(x x v(x,0));v(x,1)] (7.27)
= o(x,0)(x X b(x,1)); + divy (x X o(x,1));

for all (x,7) € D, and all j = 1,2,3. We apply now the product rule and Theorem
2.3.4, but we skip the argument ‘(x,¢)’ for the sake of readability:

0 0
8—§(x Xv)j+o E(x X v)j+(x xv);(Vyo)-v+o [Vx(x X v)j] -V
+o(x x v)jdivy v = o(x X b); +divy (x X 7);.
We factor out again in a well-chosen way to get

(x x v); (%_ét? + (Vi0) - v + o divy v) +0 (%(x X v)j + [Vx(x X v)j] . v)

=0o(x X b); +divyx (x X 0);.
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We can still follow the path of the previous proof and recognize the equation of
continuity (which holds due to conservation of mass; see Theorem 7.1.22) and the
material time derivative (see Definition 7.1.7):

oD:(x X v); = o(x x b); +divy (x X 7);.

Remember that this equation holds on ©y and for all j = 1,2,3. We will now write
the equation in vectorial form and apply the product rule to the material time deriva-
tive, where D;x = %—f + (Vyx)v = 0 4+ v = v. Therefore, we obtain

o0V X v+ox X Div=px Xb+divy (x X 0). (7.28)
——
=0

Since g is a scalar function, we can write (7.28) as

x X (¢ Dsv — ob) = divy (x X 0). (7.29)

We have not used the conservation of momentum yet, but this is the right moment,
as we discover with a closer look on the left-hand side. Hence, (7.29) is the same as

x x divy o = divye (x X 0). (7.30)

Note that all steps from (7.27) to (7.30) are equivalent. We can state, therefore, that
conservation of angular momentum is given if and only if (7.30) is valid on D .

(3) A few simple calculations at the end:

With the components o ;. of o, we obtain the following (note Definition 2.3.5 and
Theorem 2.3.4):

X203 — X302
div, (x x o) =div, | x301 — x103
X102 — X201
x2 divy 03 + 033 — x3 divy 00 — 093
= | x3divy 01 + 013 — x1 divy 03 — 031
x1divy 0o + 031 —x2div, 01 — 012
X2 diVx 03 — X3 diVx (o} 032 — 023

= | x3divy 01 —x;divy o3 | + | 013 — 031

X1 diVx gy — X2 diVx g1 021 — 012
032 — 023
=xxdivyo + | o3 — 031

021 — 012

Let us summarize what we have: conservation of angular momentum < (7.30) < 033 = 023

and 013 = o031 and021—012<:>U=UT. ]

One conservation law is still missing. It involves the introduction of three new quantities.
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Definition 7.1.33 The motion ¢, the mass density 9: ©4 — R, the body force density
b: Dy — R3, the surface force density t: Dy x @ — R3, the internal energy
density e: Dy — R, the heat supply density : ©4 — R, and the heat flux density
h: Dy x & — IR are said to satisfy conservation of energy if, for each nice set
U C B and all € R, the following terms exist such that

& ) o(x, 1) (e(x, 1)+ %(v - v)(x, t)) dx (7.31)

= / o(x,t) (b(x,t) - v(x,t) 4+ r(x,1)) dx
¢ (U)
+ / {(x, t,n(x)) - v(x,t) + h(x, t,n(x)) dwlx).
g, (L)

On the left-hand side of (7.31), the temporal changes of two kinds of energies are summed
up: the kinetic energy 27! f ¢,(U)(Qv - v)(x, 1) dx due to the motion ¢ and the energy which
is stored in any other imaginable way inside the medium (e.g., as chemical binding energy,
intermolecular energy, or molecular vibrations). If this temporal derivative is non-zero, then
energy must be inserted from outside or gets lost. This can have mechanical reasons due to
the power associated to the body forces b and surface forces t and thermodynamic reasons:
the heat supply » per unit mass represents the heat energy which is transmitted from outside
into the volume (this can be caused, e.g., by radiation) and the heat flux # per unit surface
area represents energy which is transmitted via heat conduction on a surface or interface.

A simplified illustration can be seen in a kitchen: if you put a pot with water on your
cooker, then the hot plate transfers energy (heat) via heat conduction to the bottom of your
pot. And heat conduction is also responsible for the fact that the heat finally arrives in the
water. Hence, this kind of bringing water to boil acts with the surface integral part on the
right-hand side of (7.31). On the left-hand side, the energy density e increases and, at least
when the water finally boils, you can also see that there is some kinetic energy in the medium
(actually, the convection between the hot parts on the bottom and the colder parts on the top
also has some kinetic energy before the boiling). In contrast, if you put a bowl with water
into your microwave oven, then electromagnetic radiation enters the water, gets absorbed,
and thus increases the total energy of the medium, but via the volume integral on the right-
hand side.

We can now apply familiar procedures to this conservation law.

Theorem 7.1.34 (Localized Energy Balance, Spatial Form) Let the motion ¢ and the
densities 0 € CV(Dy), b € c(Dy), t € V(@D x Q), e € CV@Dy), r € C(Dy), and
h € C(l)(@ x ) be given such that all four conservation laws (mass, momentum,
angular momentum, and energy) are satisfied. Moreover, let ¢ € c(l)(©_¢) be the
Cauchy stress tensor. Then there exists a unique vector field q € C(l)(©_¢), which is
called the heat flux vector, such that

h(x,t,§) = —q(x,t)-& forall (x,t) € ©—¢ and all & € Q (7.32)
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and
¢oDie+divig =0 :d+or, (7.33)
where d = (Vxv + (Vx)) /2,
For the definition of the double-dot product, see Definition 2.2.8 or Example 2.5.2, partc.
Proof Obviously, conservation of energy also has the form of the master balance law.

(1) Existence of the heat flux vector:
We first apply Cauchy’s theorem (Theorem 7.1.27), which gives us a unique vector
field f € c(l)(©_¢) with the property that

W, 1, 8) - v(x, 1) + h(x, 1.8) = . ) o (x,0) € + h(x,1,8) = flxt)-&

forall (x,7) € ©_¢ and all £ € Q. Note that we have already used here the conservation
of momentum, which gave us the Cauchy stress tensor o. With the symmetry of o
(equivalent to conservation of angular momentum), we obtain

h(x,1,8) = f(x,0)- £ = [(o(x.0) v(x, t)]TE =[f(x.0) —o(x,n)v(x,0)]-§.

Hence, q(x,t) = — f(x,1) + o(x,t) v(x,t) fulfils the desired property (7.32), which
cannot be satisfied by more than one function.
(2) The differential equation:
In the next step, we apply the spatial localization theorem (Theorem 7.1.25):

0 1 1
E[Q(e—l-iv.v)}—l-divx [Q(e—l—iv.v)v}=Q(b.v+r)+divxf.

In analogy to what we have already done before, we use the material time derivative
(see Lemma 7.1.6 and Definition 7.1.7) and the formula for the divergence of a scalar
times a vectorial function (see Theorem 2.3.4) and apply these to the left-hand side
of the latter equation:

1 1
D, [Q(e—l— 2v-v)i|+g(e+ 2v-v)divxvzg(b-v—l—r)—l—divxf.
(7.34)

Let us now have a closer look at the divergence of f and use the symmetry of o. This
leads us to

div, f = divy (ov — q)
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Z 80”1) —l—i:l Z o; %—l—a" 0v; — div
- ox; J F i o0x; It 0x; x4

i, j=1

3 Ull ov; av; .
:ZZ j Z Ulla—xl—‘-(flla —dIqu

j=1 i, j=

. 1 .
(dwx aj) v; + 2 'ZI (U,’j (va)iTj + oy (va)ij) —div, g
L j=
= (divy o) - v+ o0 :d—divy g, (7.35)

Il
Mw

-
Il
_

where o; is the jth row of o and (Vxv);;,(Vx v)T denote the (i, j)th component of
the corresponding Jacobian matrix and transposed Jacobian matrix, respectively.

Our next auxiliary calculation considers the material time derivative of the inner
product v - v:

a
Di(v-v) = = (v-v) + [Va(v-v)] - v

J=1 i=1,2,3
=2 iv -v+2(vTVv)v=2 iv—l—(Vv)v )
at * at *
=2(D;v) - v. (7.36)

We can insert (7.35) and (7.36) into (7.34) and get

1
Dz(@€)+ Do) (v-v) + 0 (Dv) - v+ gedivy v+ Q(v v)divy v
=Q(b-v+r)+(d1vxa)-v+a.d—dwxq.

We apply the product rule to the first summand and rearrange the terms:

1
(D;o + o divy v) e + oDse + (D;o + o divy v) E(v -v)+ 0 (D) v
=pob-v+r)+ (divyo)-v+o0 :d —divyq.

The identical factors in front of e and (v - v)/2 on the left-hand side are well known
to us from the equation of continuity (7.9). Since conservation of mass holds, these
two factors vanish. We are left with

oDie+ o (Div) - v=0b-v+4+or+ (divyo)-v+o0 :d —divyg. (7.37)
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Since also conservation of momentum is valid, Euler’s equation of motion (7.24)
holds true, namely

oDyv = b +div, 0. (7.38)

If we take the dot product of (7.38) with v, then we recognize the terms in (7.37).
Hence, our equation is now reduced to

oDie =pr + 0 :d —divyq. |

Definition 7.1.35 For a motion ¢, we define the first Piola—Kirchhoff stress ten-
sor by P(X.1) :== J(X,t) o (¢,(X),O[(F(X.1))~ 1T and the second Piola—Kirchhoff
stress tensor by S(X,1) = (F(X, N LP(X, 1) for all (X,r) € B x R, where F is
the deformation gradient (see Definition 7.1.8) and J is the determinant of F (see
Definition 7.1.15).

Theorem 7.1.36 (Localized Energy Balance, Material Form) If the conditions of
Theorem 7.1.34 are satisfied, in particular all four conservation laws are given, then
the localized material form of (7.33) is

oE .
ORef - +divy Q =grer R+ S : D, (7.39)

where the occurring functions of (X,t) with X € B, t € R are based on the coor-
dinate transformation x = ¢.(X) in the sense that E(X,t) = e(x,1), oref(X,1) =
J(X,0)o(x, 1), Q(X, 1) = J(X,)(F(X,1) " q(x,1),

D(X,1) = %[(vx VXY FX, D + (F(X, ) Vx V(X))

R(X,t) :=r(x,t), and S is the second Piola—Kirchhoff stress tensor. Note that
ORef(X, 1) = 0(X,0) = go(X) forall X € B and allt € R.

Proof The fact that gRrer is the mass density at the time ¢ = 0 is an immediate consequence
of the equivalent statements for conservation of mass; see Theorem 7.1.22. For proving
(7.39), we multiply (7.33) with J(X,7) and apply the transformation of x into the material
coordinate X such that

oE
ORef(X, 1) E(X’ D+ J(X,t)divy g (¢:(X), 1) (7.40)

3

= ORef (X, DR(X, 1) + J(X,1) Z 0ij (e (X),1) dij (¢ (X), 1)
i j=1

holds true for all X € BB and all r € R. For reasons of brevity, we omit here the derivation
of the following Piola identity:

divy O(X.t) = J(X,t)divy g(¢:(X).t) forall X € B andallt e R.  (7.41)
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It can be shown by using GauB3’s law and arguments from differential geometry, see, for
example, Marsden and Hughes (1994, p. 117).

From the definition of the first Piola—Kirchhoff stress tensor P, we know that Jo = PFT
with the usual relation between material and spatial coordinates. Since the left-hand side is
symmetric (see Theorem 7.1.32), this must also be the case for the right-hand side. Note that
we will omit the arguments of the functions for the remaining proof, but keep in mind that we
will handle spatial and material quantities in the same context here. We get

3 3

1/ dv; av;
T i J
J Z oijdij = Z (PF )"15 (8x~ + 8x~)
i j=1 i j=1 7 !
3 3 3 3
1 av; 1 av
2 (D) 3 (S ) 3
i,j=1 \k=1 i,j=1 \k=1
—212:1 ik Fik
3 3 3 3
av; av
- () - > m
i j=1 \k=1 Y= j=1 *

Briefly, we have just seen that Jo : d = P : [(V,v)F]. On the other hand, VxV(X,t) =
[Vixv(d:(X), ) Vxp:(X) = [Viv(ep(X), )] F(X,t) holds due to the chain rule such that
Jo:d=P:VxV = (FS): VxV,where S = F7'P = JF~lo(F~)T is the second
Piola—Kirchhoff stress tensor. Obviously, S is symmetric, which allows us to derive that

BV,
Jo:d=(FS): VxV = Z(FS),, e (7.42)
i,j=1
3 3
aV; aV;
Z (Z lkSk]) L = Z Skj (ZE}( l)
i,j=1 \k=1 k, j=1 i=1
3 3V, 3
__ZSk]ZEk l+ ZS]kZEk
k. j=1 = j
J= lh\,—/ _,__/
=(FTVxV),; =((VxV)TF) ;,

If we now insert (7.41) and (7.42) into (7.40), then we obtain the desired identity (7.39). [

In a similar manner, we can also transfer Euler’s equation of motion (see Theorem 7.1.30)
into a Lagrangian form, that is, material form. The proof is omitted here — it is actually
a merely moderately difficult exercise — and we only state the result, the, so to speak,
Lagrangian equation of motion.
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Theorem 7.1.37 (Lagrangian Equation of Motion) Provided that the conditions of
Theorem 7.1.30 are satisfied, in particular conservation of mass and momentum are
given, then

ORefA = Qref B +divy P (7.43)

holds true in all (X,t) € B xR, where B(X,t) = b(¢:(X), 1) is the body force density
and P is the first Piola—Kirchhoff stress tensor. Remember that A is the material
acceleration and oretr = Q0.

7.2 Specifics and Simplifications for the Elastic Body Earth

The derivations of the general equations of continuum mechanics cover a wide range of
motions of a body, which may even be fluid and not solid. We need to keep in mind that
such general equations never result in general solution formulae. Therefore, we need to have
a look at the specifics which occur in the case of the Earth as the body B, where we are
particularly interested in modelling seismological phenomena.

Having a look at the specifics has here a double meaning in this section: on the one hand,
we will look at the formulae of the body forces which occur if B is the Earth. This will
at least make the equations more lengthy. On the other hand, we have to simplify terms
by omitting them if they are too small to have any influence or by replacing them with
approximations which are easier to handle. One omission can already be discussed now:
thermal effects and radiation are considered to be negligible in seismology such that we
may ignore 4 (and consequently also g) as well as r.

Let us first start with a general assumption, which saves us the repetition of recurring
conditions (Assumption 7.1.4 remains valid).

Assumption 7.2.1 If nothing different is required, we always assume that B is a
simple body (representing the shape of the Earth) and the functions introduced in
Section 7.1 belong to the function classes ¢ € (B xR), Q€ C(l)(©_¢), be c(©_¢),
te c(l)(©_¢ x Q), and e € C? (©_¢). Moreover, these functions are assumed to obey
conservation of mass, momentum, angular momentum, and energy. The correspond-
ing (symmetrical) Cauchy stress tensor is denoted by o . Furthermore, we assume that
the state at time t = 0, where ¢o(X) = X for all X € B, is a state of equilibrium with
minimal internal energy. This minimal energy is gauged to be zero.

The latter gauging is possible, since we will only use derivatives of the energy
density E.

Regarding the body force density b, there are three forces which play a role for the body
Earth:

Gravitation: More precisely, if we include gravitation into the equations, then we model
the fact that every small subset (every grain of sand, so to speak) of the Earth is
attracted by the rest. This is also called self-gravitation. At this stage of the book,
this is an easy exercise for us. Every point mass  at the position x € ¢,(B) is
attracted by the Earth with the force
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(y.1) (y.1)
f<x>=vax/ QLdy=—Gm/ oL -y,
o8y X — ¥ o8y [x — ¥l

where G is the gravitational constant. Thus, if I/ is a nice subset of B, then the
gravitational attraction of this part of the Earth by the planet itself is given by

N
—G/ @(x,r>/ 00D y)dydx.
G (U) $(B) 1Xx — ¥l

Since we represented the body forces exerted on U/ at time ¢ by
f S U o(x,1) b(x, 1) dx, the contribution of self-gravitation to the total body force
(per volume) term b, is given by

.t
1) = —G/¢(B) |f(_y yT3 (x—y)dy, xeg(B)reR.

Centrifugal force: If & € R is the angular velocity in the sense that & ~ 2% ¢, then

24h
the contribution of the centrifugal force to & is given by the well-known formula
been(x) = —@ X (@ X x). We neglect here the minor variations of @ in time, since

they most likely do not have an essential influence on earthquakes and their waves.

Coriolis force: Also for the Coriolis force, we have a well-known formula at our disposal.
By removing also here the factor corresponding to the mass, we obtain the con-
tribution to b in the form bcor(x,7) := —2® X v(x,t). Note that this force term
implicitly depends on the time via the spatial velocity v.

Theorem 7.2.2 The gravitational force and the centrifugal force are gradient fields.
Their primitive functions (or potentials) in the sense that g = Vi@ and beey = Vit
are given, forall x € ¢,(B)and allt € R, by

o(x,1) = G/ CASILIN Y(x) = l[|d>|2 x> — (@ x)*].
6By |x — ¥l 2

However, the Coriolis force is not a gradient field.

Proof The proof is very easy and therefore omitted here. For the gravitational force, this is
old hat for us; see Section 3.1. The gradient of the centrifugal potential » can be calculated
without effort, which yields a verification of the proposition. Eventually, it is also an easy
exercise to determine curl by to see that it is, in general, not identical to zero. O

For a self-gravitating and rotating Earth model, the ansatz would be b = g+ bcen + beor-
Euler’s equation of motion (7.24) then becomes

o(y.1)
By 1x —yI?

o(x,t)Dsv(x,t) = o(x,1) [—G/ (x —y)dy — @ x (@ x x) — 20 X v(x, t)i|
é

+ div, o (x,1)
= o(x,1) [Vx (p(x,t) + Y(x)) — 200 X v(x,t)] + divy o (x,1)

forall x € ¢;(B) and all + € R. This is indeed an equation which we cannot expect to
be solvable in such a general constellation. What we would be looking for would be the
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motion ¢ or its (in some sense) derivative v. However, the equation above is non-linear in
the motion and we have no imagination yet how ¢ should be handled here. Therefore, we
need to continue with our modelling by applying also some simplifications.

Typically, in such situations, equations are simplified by linearizing them. For reasons of
brevity, the mathematical background of this procedure is not explained in detail here. What
is done is essentially the following: each quantity is considered as an operator depending
on the motion. For example, each configuration ¢, yields a corresponding gravitational
potential ¢ and a Coriolis force density bc,, (as functions). Moreover, for operators between
Banach spaces, there also exists a kind of a Taylor’s theorem which allows an expansion
into terms with multi-linear operators (with increasing order of multi-linearity) and higher-
order derivatives (so-called Fréchet derivatives). This expansion can be truncated after, for
example, the linear term to get a simplified relation between the motion on the one hand
and the considered quantity on the other hand.

First, we do the following: we do not look for the whole motion ¢ but for the deviation
from the initial configuration ¢p. This deviation is also called the displacement and is
denoted by U, that is, we have ¢(X,1) = ¢o(X) + U(X,t) forall X € B and all r € R.
Clearly, the material velocity and acceleration satisfy V(X,1) = %(ﬁ(X ) = % U(X,t)and
AX,t) = %db(X 1) = %U (X,1). Moreover, the material time derivative of the spatial
velocity satisfies, due to Lemma 7.1.6, the identity

d 3 82
-1
Dy v(x,t) = EV(‘/’f (x).1) = 5 VXD = —5UXD),

where x = ¢,(X), X € B, and r € R. We assume now that the displacement is ‘small’,
which is definitely the case if we compare the amplitude of U with the size of the Earth.
This assumption has a consequence: the borderline between the Lagrangian formalism and
the Eulerian formalism is not entirely sharp any more. If the displacement is small, then the
difference between E?_t and Dy is also small. Since we know that this difference is represented
byve % , this means, for example in the case of v, that the term (V,v)v in Euler’s equation of
motion is neglected. This is a non-linear part of the equation, which would then be removed.

Anyway, we stick to the Lagrangian formalism in the following discussions and remem-
ber the Lagrangian equation of motion (7.43), which we can now write as

2
00 WU = ooB + divy P, (7.44)
and the Lagrangian energy balance equation (see Theorem 7.1.36), which has the form
0
Q0 EE =S5:D, (7.45)

where Q and R were omitted as we discussed previously. Remember also that we saw in
the derivation of the latter equation that

3 3
S.D:P.VXV=P.(antcp(X,t)):P.(atF), (7.46)

where we used here Schwarz’s theorem.
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Our next task is to discuss the interdependence of some of the quantities which play arole
in our modelling. Alternatively worded: can there be particular different motions (or simply
configurations) which nevertheless produce certain identical quantities? Let us understand
what is meant by this by having a look at the Lagrangian internal energy density £, which
occurs in (7.45). Let Xg € BB be a fixed point in material coordinates and let ¢¥ and ¢! be
two configurations (the superscripts are merely enumerations) which may be arbitrary with
the exception of one requirement: they need to produce the same deformation gradient F in
Xy, that is, VX¢0(X0) = VX¢1(X0). Then we define a contrived motion ¢ as follows:

(X, 1) = ¢°(X) +1(p'(X) — ¢°(X)), X €B.

We assume that ¢° and ¢! are chosen such that ¢ satisfies our assumptions on motions.
Obviously, ¢o(X) = ¢(X,0) = ¢%(X) and ¢1(X) = ¢(X,1) = ¢p1(X) forall X € B. We
easily see that the deformation gradient corresponding to this motion satisfies

F(X,1) = Vx¢'(X) + 1 (Vx¢' (X) — Vx9°(X)),

%nx, 1) = Vx¢' (X) — Vx¢"(X), %F (Xo.1) = 0.
Hence, (7.45) and (7.46) imply that % E(Xgp,t) = Oforall #, because gg > 0 everywhere. In
particular, we see that E(Xg,0) = E(Xo, 1), that is, at time r = 0, when the motion equals
the configuration ¢, and at time ¢ = 1, when the motion equals ¢!, the internal energy at
X is the same. In other words, only changing the deformation gradient F in X can change
the internal energy there.

Theorem 7.2.3 The internal energy density E depends on the material coordinate X
and the deformation gradient F only. Moreover, this dependence obeys the identity

oFE
Pij =00 —— foralli,j=1273. (7.47)
o0F;;
Proof We have already proved the reduced dependence. Regarding (7.47), we have a look
at the Lagrangian energy balance equation, which states that

8E—P~ aF —i:P aF ; (7.48)
Qo =10 o _klfl M\ 57k ) .

see (7.45) and (7.46). Since E only depends on X and F, and X is independent of ¢, we are
allowed to apply the chain rule to the left-hand side in the following manner:

3
d 0FE 0Fy
S E= oL 9TH 7.49
00 % QOkl:l 3F, ot (7.49)

Note that (7.48) and (7.49) must be valid for all motions and, therefore, also if ¢(X, 1) =
X + thjsi for arbitrary i, j € {1,2,3}. For each of these nine motions, we get F(X,t) =

I+126' @&/, where I is the identity matrix. Note that (X, t) is an invertible matrix for each
choice of (i, j) and Assumption 7.1.4 is satisfied. Moreover, we have %(X, =2 Q@&
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that is, aEI;—I"’(X ,t) = 2t6;;8j;, which we may insert in the preceding equations. This reveals
that (7.48) can only be true if (7.47) is valid. ]

These discussions of interdependencies can be put on an abstract, more mathematically
rigorous basis by using so-called constitutive equations. However, for our purposes this
would be a bit of overshooting the mark. Readers who are interested in such a background
theory, can, for example, consult Marsden and Hughes (1994, chapter 3).

Now we come to an assumption which is often stated as an axiom. Though its name may
be somehow misleading, it is not a material property. This axiom basically states that the
properties of an elastic material (in this particular case, its internal energy) are independent
of how we set our coordinate system. More precisely, if we rotate or mirror the coordinate
system, then this should not make any difference. It appears to be intuitively clear that this
is a feasible assumption.

Axiom 7.2.4 (Axiom of Material Frame Indifference) If X € B and F is a defor-
mation gradient of a motion, then the internal energy density E which is given by X
and F remains the same if F is replaced by RF for any orthogonal matrix R (i.e.,
RT = R™1, briefly R € O(3)).

This axiom is assumed to be valid throughout the remaining modelling.

Theorem 7.2.5 The internal energy density E depends on the material coordinate
X and the right Cauchy—Green tensor C only. Moreover, this dependence obeys the
identity

Sij =200 IE foralli,j =1,23. (7.50)
0C;j

Remember Definition 7.1.8, where we defined the right Cauchy—Green tensor by C =
FTF. Theorem 7.2.5 is indeed a restriction of the degrees of freedom of the variability
of E. Formerly, Theorem 7.2.3 stated a dependence on X (three independent components)
and F (nine independent components). However, C is symmetric and has, thus, only six
independent components. So, the variability is reduced by three degrees of freedom. Let us

now prove Theorem 7.2.5.

Proof Let F! and F? be two deformation gradients (the superscripts are again only
enumerations and no powers) with the same right Cauchy—Green tensor C = (FHTF! =
(FHTF2, We define now the second-rank tensor (or, let us simply say, the matrix)
R = FX(FYH~!. Note that F! must be invertible due to Assumption 7.1.4. Then we
have RF! = F2. Consequently, the right Cauchy—Green tensor has the representations

C=FYF =FHYF? =RFHY (RF') = (FH'RTRF..
We focus now on the second term and on the last term of the latter identity. We multiply
them with [(FI)T]‘1 from the left-hand side and with (F1)~! from the right-hand side.
Then we obtain / = RTR, where [ is the identity matrix. Hence, R is an orthogonal matrix.

Since F? = RF!, the axiom of material frame indifference requires that F> and F' cause
the same internal energy density.
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For proving (7.50), we remember (7.45) and (7.46), which tell us that oo %7 aE =P: %1;
Moreover, the Piola—Kirchhoff stress tensors are related by P = F S; see Deﬁnmon 7.1.35.
We apply now the chain rule, the symmetry of S, an index exchange, and the product rule

and get

3

dE 0Cy 3Fk1 8Fkl
o= il Fo S *
v 9Cu o Z . klzm:1 o

Z Sleka@

I,m=1

Qo

3

3
2% ZSlekaaFkl“‘ZSlmZka@

I,m=1 I,m=1
1S 3 3Fy IF,
=_ E S E Fiy —— + F m

5 ml (km 37 + Fy 3t )

L,m=1 k=1

1S 3 <

= 5 Sml E Z kkal Z Sml le
I,m=1 k=1 l m=1

Hence, respecting the symmetries of C and S, we conclude that
3k
0E 0Cy Cu
2 —_— = Skt —-
DD e IR

With analogous arguments to those which we used at the end of the proof of Theorem 7.2.3,
we obtain (7.50). ]

Corollary 7.2.6 Energy balance can also be represented by

oF oC
200— =8: —.
6o at at
Due to the observations which we made earlier, we can consider the first Piola—Kirchhoff
stress tensor P as a function of X and F and its relative S as a function of X and C. This

justifies the following definition.

Definition 7.2.7 The fourth-order tensor fields A and E are defined by their compo-
nents as follows:

0F; 0S;;
0Fy; oCu

They are called the first and the second elasticity tensor, respectively.

Aijkl = y Eijkl = for all i,j,k,l = 1,2,3.

Theorem 7.2.8 The elasticity tensors satisfy the following identities:

3’ E
Nijkl = 00 > (7.51)
0 Fy 0 F;
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Ajjrr = Agijs (7.52)
) =2 92E (7.53)
Sijkl = <Q0 8Cklacij’ .

Eijii = Bjitt = Bijik = Epiij- (7.54)

Proof ldentities (7.51) and (7.53) are immediate consequences of the definition of the
tensors and of (7.47) and (7.50), respectively. The first two symmetry properties of Z in
(7.54) are implied by the symmetry of C. The third symmetry of E and the only symmetry
of A in (7.52) are given by Schwarz’s theorem. U

—

Theorem 7.2.9 A has 45 independent components while E has 21 independent
components.

Proof There are nine pairs (i, j) € {1,2,3}%. The same holds true for the pairs (k,!) €
{1,2,3}2. Let us arrange these pairs in some way, for example by I = 3G — 1)+ j €
{1,...,9}and K := 3(k — 1) 4+ [. Due to the symmetry, the component of A corresponding
to (1, K) is the same as the component corresponding to (K, I). Thus, for each I, we have
I independent components, namely those belonging to (I, 1), ...,(I,I). Hence, the total
number of independent components of A is Z?:l I =45.

In the case of &, the argumentation is similar. The only difference is that the additional
symmetries reduce the number of relevant pairs (i, j) as well as (k, [) to six each. The reason
is actually the same as before: for each i, we only need to know i components with the initial
index pairs: (i, 1), ...,(i,7), these are 1 + 2 4+ 3 = 6. Hence, in analogy to the earlier case,
the tensor E has and Z?:l I = 21 independent components. U

At this point, we should allow ourselves a short break before we continue. The study of
the elastic behaviour of materials with this amount of independent components is certainly
interesting, important, and challenging. There are indeed publications which investigate the
theory and numerics for elastic waves under such general conditions such as Chattopadhyay
(2004), just to mention one example. However, regarding the scope of this book and the
broadness of its topics, this is beyond its aims. Therefore, we consider a simpler case,
which is nevertheless a very useful and realistic assumption for most of the geophysical
applications, namely the investigation of isotropic materials.

Definition 7.2.10 Whenever we assume in the modelling of a simply body B that
the underlying material is isotropic in Xg € B, then this means: regarding E as
depending on X and C only, then the value of E for X = X and an arbitrary C does
not change if C is replaced by RTC R for any choice of an orthogonal matrix R with
positive determinant, briefly R € SO(3). We say that the material is isotropic if it is
isotropic inevery X € B.

Isotropy literally means ‘same direction’. An isotropic material behaves indepen-
dently of the direction of the motion. At first sight, the condition in Definition 7.2.10
sounds like the axiom of material frame indifference (Axiom 7.2.4). However, there is an
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essential difference. Material frame indifference means that the behaviour of the material
cannot depend on our choice of setting the coordinate system, which certainly needs to
be always the case. Isotropy means something different: let x = ¢;(X) and ¥ = ¢(RX)
for an arbitrary R € SO(3). Elements of O(3) are rotations and mirrorings, the absolute
value of their determinant needs to be 1. The subset SO(3) contains the rotations only. If
we compare the x-motion with the rotated X-motion (we will denote now all quantities
belonging to x with a tilde), then F = Vx¢:;(RX) = [(Vx¢:)(RX)]R = FR. Hence,
the right Cauchy—Green tensor satisfies C = (FR)'FR = RTFTFR = RTCR. This is
exactly the replacement which is made in the condition for isotropy.

The difference to material frame indifference becomes clear, if we compare the motion
with X '= R¢,;(X), where F= Vx(R¢: (X)) = RVx¢,(X) = RF. The latter is the replace-
ment which was made in the axiom of material frame indifference. It leadsusto C = FTF =
FTRTRF = C. The ‘hat’-motion means that we have a body and let something happen
to it, that is, it is deformed or a wave propagates through it, etc. After that, we rotate the
deformed object and observe its state, particularly its internal energy, which results, as we
know now, in a distribution of stresses. Certainly, the rotation will only cause the same
stresses to now to occur at different coordinates, but the body itself does not change its
deformation only because we rotate it after everything is over. However, in the case of the
‘tilde’-motion, we rotate the body before something happens. Imagine a part of the Earth
which is isotropic. Then it will behave the same way if a wave passes through it, no matter
how we rotated it beforehand. Or equivalently worded, no matter from which direction the
wave arrives, it will always propagate in the same way through an isotropic material. This
is certainly not a natural law but a specific property which some materials have and others
do not have.

Now, if we have an isotropic material, then the degrees of freedom for the variability
of E (and consequently also the stress) are further decreased. This can be seen as follows:
since C is symmetric, the principal axis theorem allows us to choose an orthonormal basis
of eigenvectors as the columns of the matrix R, which is then automatically orthogonal
(and also with a positive determinant if we arrange the column vectors in an appropriate
order). Then RTCR is a diagonal matrix with the eigenvalues of C as the diagonal entries.
These eigenvalues are the squares of the principal stretches; see Definition 7.1.11. In other
words, E depends, in general, on X (three independent components) and C (six independent
components). In the case of isotropic materials, £ still depends on the three components of
X and additionally now only on the three independent principal stretches. The same must
hold true for the second Piola—Kirchhoff stress tensor.

This section was also dedicated to simplifications of the model. So, we should now take
care of this again. For this purpose, we have a closer look at the dependence of E on C. We
assumed small deformations, that is, the deviations from the initial state ¢o(X) = X must
be small in comparison to ¢g. This initial state yields the identity matrix as deformation
gradient: ' = I. Consequently, C = I. Thus, if we want to make a Taylor expansion of
E with respect to C, then C = [ would be the appropriate choice for the centre of the
expansion, from which C should not be too far away. Actually, (C — I)/2 is also called the
material (or Lagrangian) strain tensor.
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And here is the simplification: we truncate this Taylor expansion after the quadratic term.
We will denote the resulting approximated internal energy by W. The change of the notation
of the energy function is recommended here, because we change the variables and because
itis only an approximation. The link between E and W is as follows: if we have a motion ¢,
then the energy at point X and time ¢ is given by E(X,7) = e(¢;(X),t) and is approximated
by W(X, (VX@(X))TVX@(X)). We also avoid writing ‘~’ for the cases where we use such

kinds of approximation but simply write ‘=". We get
W(X.C)= WX, 1)+ Z (X D (Cij — &)
i,j= 1

3
1
=) X.I) (Cij — 8i;) (Cy — 8
2[} - lacljackl( )( if z/)( ki kl)

= W(X.1 (8WXI)'C 1
=WX D+ 57D ):(C=1D)

1 [/3°W
+§ (8C2<x, 1)) (€ —D®(C— D). (1.55)

The next step is to remember Assumption 7.2.1, where we required that the initial state
¢o corresponds to an equilibrium of minimal energy, where we set the latter to zero. This
implies that W(X,I) = 0 and %(X, I) = 0. Moreover, if we have a look at (7.53), then
we eventually get

_ 1
400

E:(C-D&C—-D].

We use now (7.50) and one of the symmetries of E in (7.54) and represent the previous
double-dot product via components:

3
Simn = 2 8C Z El]kl Cl] ij) (Crt — k1)
mn
1 [ 3 3 T
=3 Z Emnkt (Crt — Sk) + Z Sijmn (Cij — 8ij)
| k=1 i j=1 ]
1 [ 3 3 T
=5 Z Emnkt (Crt — Sk) + Z Smnij (Cij — 8ij) (7.56)
| k=1 i j=1 ]
3
= Z Emnij (Cu 5!1)
i j=1

Hence,

S=8:(C-1). (7.57)
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Now, we need to add a linearization. If a small perturbation /4 is added to the initial state ¢,
then the difference for the right Cauchy—Green tensor is as follows:

[Vx (¢o + M1" [Vx (o + )] — (Vxgo) " (Vxeo)
= (Vx¢o) " (Vxh) + (Vx)' (Vxo) + (Vi)' (Vxh)
= (Vxh) + (Vx)" + (Vi)' (Vxh) .

The latter term is quadratic in /& and therefore neglected in the further discussions (with an
appropriate norm, a small norm of 4 implies that (Vx)T(Vxh) is also small). This means
that the right Cauchy—Green tensor which corresponds to a motion ¢g + U is approximated
by I + VxU + (VxU)T. For (7.57), this means

S=E:[VxU+ vxI)'] (7.58)

Writing this in components again and using the second symmetry of & in (7.54), we
arrive at

3 3 3
Uy al; Uy aU;
Si= Y S| gt oo )= Y Bijpt oo + Y Bijtk o
ij e l/kl(axl 8Xk) e ijki 39X, e ijlk X%

such that
S=2&8:(VxU). (7.59)

Equation (7.58) and its equivalent form (7.59) are known as Hooke’s law. It states, that, for
small displacements U (with small derivatives as well), the relation between the stress (S)
and the strain (Vx U +(Vx U)") can be linearized and therefore be regarded as proportional.
The associated proportionality factor (in the sense of a double-dot product) is the (second)
elasticity tensor.

In analogy to (7.55), we can also consider the internal energy density E as a function of X
and F and expand it around F = [ in a Taylor series, which is truncated after the quadratic
term. We obtain then an approximation which we denote by W. Since the deformation
gradient F = I corresponds to the equilibrium with minimal and also vanishing energy,
we arrive at

WXFlaZWXI'FI F—1 1A'FI F—1
(X, )_E m( 1) -[( - D — )]—2—00 -[( - D — )]-
In the case of W(X, C), we continued by calculating S in (7.56). We can do this completely
analogously if we seek P out of W(X. F), because (7.47) gives us a corresponding formula
for P as a derivative of the internal energy with respect to F and the particular symmetry
of B, which was used in (7.56), is also available for A; see (7.52). Eventually, we get

P=A:(F-D=A:(VxU). (7.60)

This is Hooke’s law for the first Piola—Kirchhoff stress tensor and the first elasticity tensor
as the proportionality factor.
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Let us summarize what we have done here. After introducing the small displacement U,
we turned the equation of motion into (7.44). If we also use Hooke’s law (7.60), then we get

2

U .
s =poB +divy (A :VxU).

This equation can also be transformed into a spatial form, for which the derivation is omitted
here (see, e.g., Marsden and Hughes, 1994, chapter 4). See also Gurtin (1984), where a
consistent linear theory of elasticity is constructed from the beginning. Independent of
the way the modelling is started and in which mathematical sense simplifications such as
linearizations are applied, one usually arrives at this point at the following equation

Qo

2
0 aTZ — ob +div, (I': Vyu) (7.61)
for small displacements u and an elasticity tensor I' with I';;;; = I"y;; = I' jizy. Equation
(7.61) is the equation of linear elasticity. It should be noted that the postulated symmetries
of I" also imply that I'; jz; = Ty, because Uy ji; = I'yij = Uigij = Ui i Besides, the use
of a capital letter for the elasticity tensor, although we stick here to the spatial formalism,
could be a bit confusing, but I' indeed also occurs in some of the literature. Moreover,
note that the additional symmetries of I" in comparison to A should be rather regarded as a
postulation in our context of modelling here.

Remember how we modelled the internal energy density as a quadratic function with
respect to one of the elasticity tensors and also that we linearized the Lagrangian strain
tensor to [VxU + (VxU )T] /2. In this context, the following definition should be seen.

Definition 7.2.11 The linearized strain tensor ¢ as well as the elastic stored energy
function ¢ is defined by

e(x,t) = %[qu(x,t) + (Vyeu(x, t))T], e(x,t) = % I'(x,t): (e®@e)x,t).

Moreover, the linearized Cauchy stress tensor is defined by o := I" : e. Since the
pre-linearization version has the same notation, we declare that, from now on, o
denotes the linearized Cauchy stress tensor only, unless anything different is stated.

Indeed, the state of equilibrium where ¢ = 0 is associated again to the minimal energy.
Moreover, we obviously get the following identities.

Theorem7.2.12 Inevery (x,t) € Dy andforalli, j,k,l € {1,2,3}, we have 0;; = %
ij
3
and Fijkl = Wgzkl
In analogy to Definition 7.2.10, where isotropy was defined, we also specify what

isotropy means in the linearized model. Certainly, this needs to be done in a consistent way.

Definition 7.2.13 Whenever we assume in the context of the linearized model for
motions ¢ of the simply body B that the underlying material is isotropic in xg €
¢:(B), then this means that regarding ¢ as depending on x and e only, then the value
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of € for x = xg and an arbitrary e does not change, if @ is replaced by RTzR for any
choice of an orthogonal matrix R € SO(3). We say that the material is isotropic if it
is isotropic in every xo € ¢;(3) at all times ¢.

Definition 7.2.14 A material is called homogeneous in a non-void open subset I C
B if the elasticity tensor I" and the mass density o are constant in ¢, (/) at all times 7.
The material is called homogeneous if it is homogeneous in 5.

By applying analytical methods to some advanced identities from linear algebra includ-
ing the invariants of symmetric matrices, one can derive that in the homogeneous isotropic
case, the elasticity tensor I" only depends on two constants. The proof for this is omitted
here. Readers who are interested in further details are referred to Marsden and Hughes
(1994, sections 3.5 and 4.2). We state here the result, which will be very important for our
further considerations.

Theorem 7.2.15 IfT is isotropic and homogeneous in a non-void open subsettd C B,
then there exist constants A, 1 € R such that the (constant) components of I' on U are
representable by

Tijrr = 88k + e (881 + 8i181) - (7.62)

Definition 7.2.16 The constants % and p in Theorem 7.2.15 are called the Lamé
parameters or the Lamé moduli. The parameter y is also called the rigidity or the
shear modulus. Furthermore, instead of using the parameter pair (4, 1t), the pair (x, 1)
is also often used in the literature, where « := X142 /3 is the incompressibility and is
also called the bulk modulus or the modulus of compression.

For physical reasons, only A, it € Rg make sense.

Let us see what isotropy implies for the Cauchy stress tensor. First of all, we observe that
one of the symmetries of I" allows us to show that I" : ¢ = I' : (V,u), which can be done in
complete analogy to the derivation of (7.59). With (7.62), we obtain then

3
d
Oij = Z [)\ 8ij0k + 1 ((Sik(sjl + 8i15jk)] 8Lxll€
k=1

? duy ou; ou;
=8y — : LY. 7.63
”kz_;axk+ﬂ(axj+8xi) ( )

This leads us to the following identity.

Corollary 7.2.17 On homogeneous and isotropic subsets, the (linearized) Cauchy
stress tensor is given by

o = Mdive )] + p[Veu + (qu)T] = M(divy u)I + 2ue, (7.64)

where I is the second-rank identity tensor.
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Remark7.2.18 A perfect fluid is usually modelled by the requirement that the Cauchy
stress tensor satisfies that o £ is a vector which is parallel to £ forall & € R3\ {0} (due
to the linearity of the condition, it suffices to consider only unit vectors &), which
means that stresses at surfaces are normal and have no tangential component. It is
easy to verify that this constraint can only be fulfilled if ¢ is diagonal with equal
diagonal entries. We can, therefore, write 0 = —pl, where [ is the identity matrix
and p is a scalar function, which is called the pressure. In comparison with (7.64),
we see that a perfect fluid is associated to a vanishing shear modulus p. Then we have
p = —idivy u.

7.3 Propagation of Body Waves and Normal Modes

Within this section, we consider the following scenario: the Earth (more precisely, the part of
the Earth which will serve as the medium for wave propagation) consists of a finite number
of homogeneous layers, where ‘layer’ does not refer to any specific geometry. There could
be some open subsets £; C B,i = 1,...,N, such that vazl £ is the considered part of
the Earth. We will only investigate here waves which propagate through the Earth’s body
(unlike waves which propagate across its surface). These waves are called body waves.
For solving the equation of linear elasticity (7.61), we will use the ansatz of a plane

progressive wave here (remember that €2 is the unit sphere).

Definition 7.3.1 A plane progressive wave is a vector field u: D4 — R which has
the form

u(x,t) = ap(x - k — ct), (7.65)

where @ € R?, k € ©, and ¢ € R are constant (in each layer £;) and ¢ € C(z)(R)
is a function whose second derivative is not identical to zero. We call « the ampli-
tude of the wave, k the direction of wave propagation, and ¢ the speed of wave
propagation.

Example7.3.2 Let, forinstance, k = 5~V 2(2, —1, O)T. The vanishing third component
makes a graphical illustration in the x1-x2-plane possible, which is done in Figure 7.3.
Obviously, the shape of the wave depends on the function ¢. More precisely, if we
choose an arbitrary T € R, then u(x,t) is constant on the set of all (x,#) for which
x -k — ct = 7. From a slightly different point of view, we could say: at a fixed time 7,
the vectorial value u(x,t) is the same on the set of all x for which x - k = t + ct.
The latter identity is the normal form of a plane, which explains why we talk about
plane waves. So, whatever the shape of the wave is which ¢(7) indicates — let it, for
example, be the crest of the wave or its trough — it occurs on a plane. A closer look
at the normal form of the plane shows us that & is the normal vector, which does not
depend on the time. This is why it appears that the wave propagates in the direction
of k. Moreover, the right-hand side 7 4 ¢t determines the distance of the plane to the
origin, because x = (T + ct)k is the point of the plane which has the minimal distance
to O (this is the well-known fact that the plumbline gives the shortest distance from a
plane to a given point).
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Figure 7.3 Mlustration of the propagation of a plane progressive wave, restricted to the
x1-x2-plane: on the left-hand side, planes are shown which are given by x - k = 7 + ct
for a fixed value of 7 and varying times 7. At each time 7, the wave has on the corresponding
plane the state which is given by a¢@(7). The other two pictures show sin(x - k — cr) for the
same k and ¢ and the times ¢ = 0 (middle) and r = 1 (right).

Before we can insert the ansatz (7.65) into the equation of linear elasticity (7.61), we
need to do some simple calculations: if « is given by (7.65), then

ou; , ou; ’

——(x.1) = —coj@ (x - k — ct), (x,1) =kjoi@'(x -k —cr),
at ij

3214' 82ul~

t 2 1
—(x,1) = cq; k—ct
o972 (x,t) =cajp"(x ct), o, 0%,

(x,t) = kjkloc,'ga”(x -k —ct).

Hence, respecting the symmetries of the elasticity tensor I, which is assumed to be constant
inside a layer (see the previous discussions), we obtain

. . > duy
divy (" : Vyu) = divy, E Uijim —
0xm
lim=1 i j=1,23
? 8%u, 3 p
= E Uijim ——— = E Uijimk jkmay @
. 0xj0x, .
jlm=1 =123 Jilm=1 i=1,2,3

=[:k®@a®b]y

where the argument x - k — ct of ¢” was omitted here.

It is common to consider a modified version of (7.61) in this context. It means basically
that the body forces are neglected in the equation of linear elasticity. There are alternative
modellings (see, e.g., Dahlen and Tromp, 1998, section 3.6.3) which arrive at essentially the
same result, and there is also a (let us say) typically mathematical way of just defining that
there is this new equation whose solutions are called elastic waves (see, e.g., Marsden and
Hughes, 1994, section 4.3). For our purposes, let us try to get accustomed to the following
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imagination: if a seismic wave propagates, then neither its reason nor its way of propagating
is predominantly a consequence of gravitation or the Earth’s rotation. The latter two cer-
tainly have influence on the wave, but it is primarily caused and determined by the elasticity
of the Earth. Thus, what is called an elastic wave is the wave as it would occur as the pure
result of elasticity. The body forces will cause some (likely minor) perturbations.

Definition 7.3.3 A function u of the form (7.65) which solves the equation
2

22 = dive (T: Vo) (7.66)

Qaz

is called an elastic plane progressive wave. In general, solutions of (7.66) are called
elastic waves.

Taking into account that ¢”” # 0, our preceding calculations immediately lead us to the
following result.

Theorem 7.3.4 (Fresnel-Hadamard Theorem) A plane progressive wave is elastic if
and only if we have inside each layer the identity

I':(kQa®k) = oca. (7.67)

With the definition of the second-rank tensor Y as Yp4 ‘= Z?,j:l Upijgkikj, p.g =
1,2,3, (7.67) is equivalent to the Christoffel equation:

Ta = ch(x, (7.68)

Proof Equation (7.67) follows from the preceding derivations. For the Christoffel
equation, we have a closer look at the left-hand side of (7.67):

3
F:(k@a@ky=| Y Tijmkjorkn
Jibm=1 i=1,2,3
3 3
= Z Uijmikjorknm, = Z Uijmik jkm o
Jibm=1 i=1,2,3 Jom=1 i1=1,2.3
=Ta,

where we used one of the symmetries of I" and the latter two terms stand for matrix-vector
multiplications. O

It is not difficult to see that the Christoffel equation (7.68) represents an eigenvalue
problem. For solving this, the next proposition will be helpful.

Corollary 7.3.5 The second-rank tensor Y in the Christoffel equation (7.68) is
symmetric.
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Proof We use the symmetries of I' to obtain, for all p,q = 1,2,3,

3 3 3
Yog = ) Thijgkikj = ) Tjgpikikj = ) Tqjipkik; = Ygp. O
i, j=1 i,j=1 ij=1
Hence, the principal axis theorem from linear algebra tells us that Y has only real eigen-
values and we can find a corresponding system of three mutually orthonormal eigenvectors.
We will calculate these eigenvalues and eigenvectors for the particular case of an isotropic
material.

Corollary 7.3.6 In the case of an isotropic material, the previous second-rank tensor
Y has the form T = (A + wk Q k + pl, where ) and p are the Lamé parameters
and I is the second-rank identity tensor (i.e., the identity matrix).

Proof Theorem 7.2.15 provides us with a formula for the elasticity tensor in the case
of an isotropic material. By inserting this into the definition of the components of T and
remembering that k € Q, that is, |k| = 1, we obtain

3

Ypq= Z [%8pi8jq + 1t (8pjBiq + 8pgBij) ] Kik;
i, j=1

3
= Mkpkg + pkgkp + 18pq Y kiki = (h + kpky + 18 pg
i=1

forall p,g =1,2,3. ]

The eigenvalues and eigenvectors of Y in the isotropic case are easy to find. First, we
observe that

Tk = (h 4+ wkkk + pk = O+ wk + pk = O+ 2k

such that the vector k of the direction of propagation is an eigenvalue (including its non-
trivial multiples). The associated eigenvalue can be compared to eigenvalue problem (7.68),
where we see that oc> = & + 2. Moreover, all vectors & which are orthogonal to k need
to satisfy

To =G+ ,LL)kkToc + pa = po.

Thus, the plane of all vectors which are orthogonal to k is a two-dimensional eigenspace
associated to the eigenvalue i = oc?. This leads us to the following fundamental property
of body waves.

Theorem 7.3.7 In the isotropic case, the Christoffel equation only has two kinds of
solutions: first, all multiples of k, the direction of wave propagation, are solutions.

In this case, the speed of propagation is ¢ = /(A + 2u)o~1. Every other solution
is given by all vectors @ € R>\ {0} with k - « = 0. For these waves, the speed of

propagation is ¢ = /oL,
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Figure 7.4 Tlustration of a P-wave: a beam is provided with equidistant vertical lines (top
row). An example of a displacement vector u corresponding to a P-wave is shown by the
arrows in the first row, where the right column belongs to a point of time slightly later than
in the case of the left column. The effect of the displacement is indicated by the moved
vertical lines in the second row. The wave propagates to the right, while the displacement
due to the oscillating wave is horizontal, that is, parallel to the direction of propagation.

Thus, there are two kinds of waves. The first type is a wave where the direction of the
oscillations (i.e., the amplitude «) is parallel to the direction of propagation k, as shown
in Figure 7.4. For this reason, these waves are called longitudinal waves. Oscillations
parallel to the direction of propagation cause compressions and extensions of the material.
So, from the physical point of view, they are nothing else than compressional waves or,
simply put, they are sound waves. Since their speed is obviously larger than the speed of
the other type, they are always the first to arrive at a seismic station. For this reason, the
longitudinal waves are also called the primary waves, which is commonly abbreviated as
P-waves.

The second type of waves, which consequently obtains the name S-waves for secondary
waves, has in common that the direction of oscillation is orthogonal to the direction of prop-
agation. These waves, which are therefore called the transversal waves, are not associated
to compressions and extensions. Instead, they cause deformations in the sense of a shear
strain, that is, S-waves are shear waves; see Figure 7.5. Remember Remark 7.2.18: shear
waves can obviously not occur in perfect fluids, because the formula for the speed would
yield zero.

However, looking at a seismic wave from a very local perspective can allow us to consider
the wave as a plane progressive wave, while this is not realistic from a global point of
view. In the latter perspective, we would expect something like spherical wavefronts in a
homogeneous medium and wavefronts with more complicated geometries in more general
media. For this reason, we use now a different ansatz to solve (7.66), but we will see that
the speeds of wave propagation will obey the same formulae that we obtained for the plane
waves. For reasons of simplicity, we reduce our discussions also here to a homogeneous and
isotropic medium (such as a layer of the Earth with this property). From (7.64), we obtain,
by using Schwarz’s theorem,
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Figure 7.5 Illustration of an S-wave: a delineation in analogy to Figure 7.4 is used, but now
the displacement u corresponds to an S-wave and is therefore orthogonal to the direction of
propagation. That is, here a vertical displacement occurs which is indicated by the arrows
and the moved horizontal boundaries of the beam. Unlike for P-waves, the material is not
compressed or extended, but shear strains occur.

1 8 [(du  du;
. _ . . s { J
divy o = Z o Ondivendy; +uy o (ax ™ )
=1 %Y 193 =1 J i=1,2,3
3
= grad, divy u 4 p Ayu + —’
grad, divy u + p Ayu+ p Bx, Z o
- i=1,2,3
= (A4 w)grad, divy u + @ Ayu. (7.69)

Theorem 7.3.8 In isotropic and homogeneous media, a twice continuously differen-
tiable function u is an elastic wave if and only if the Cauchy—Navier equation holds
true, which has the following equivalent forms:

82
(A +pygrad, diveu +p Ayu =0 2 (7.70)
. 3%u
= (A +2p) grad, divy u — pcurlycurl, u = o 2 (7.71)
2
& o’ grad, divy u — ,32 curly curl, u = FrR (7.72)

where o = /(A +2p)o~1 and B := /g~ are the velocities of P- and S-waves.

Proof Equation (7.70) is obtained by combining (7.66) with (7.69). The modification into
(7.71) is a consequence of the application of (2.5) from Theorem 2.3.4. Moreover, (7.72) is
derived by dividing (7.71) by o. U
To get rid of the time derivative, we first apply the Fourier transform
+00

F(f)w) = f(ne @ dr, feL'(R),weR.

—00
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It is well known that F (%u(x, -)) (w) = (iw)*F (u(x, ")) if the Fourier transform applies

to the temporal dependence, provided that the Oth to kth derivatives are in L!(R). Hence,
9%

W’
transform —aw?F (u(x, -))(w). For reasons of better readability of the formulae, we will
abbreviate the Fourier transform J (u(x, -))(w) by u(x,®), and similar assertions hold for

related terms, such as the spatial derivatives of u. We arrive now at the following equation,

the term which occurs in the Cauchy—Navier equation, can be replaced by its Fourier

where u stands for the function (x,w) +— u(x,w), which will always be the case from now
on, unless anything different is stated:

o’ grad, divy, u — ,32 curly curl, u# + w’u = 0. (7.73)

An alternative to the use of the Fourier transform is a separation ansatz, where we assume
that u(x,t) = v(x)w(z). The insertion into (7.72) yields

(o? grad, div, v(x) — B curly curly v(X))w(r) = V(X)W (). (7.74)

Since we are not looking for solutions which are identical to zero, we divide (7.74) by vw
outside their zeros and arrive at the equation

(o? grad, div, v(x) — B curly curly V() PN = WE) W @), (7.75)

whose left-hand side only depends on x while the right-hand side only depends on ¢. Hence,
the identity in (7.75) can only be guaranteed if both sides are constant. Consequently, there
is a constant C such that

a? grad_ div, v(x) — B2 curl, curl, v(x) = C v(x), w’(t) = Cw() (7.76)

must hold true. The right-hand equation is easy to solve: because we are expecting oscilla-
tions and not an exponential behaviour with respect to ¢, the constant C must be negative.
We write it as C = —w” and get

w(t) = y1 cos(wt) + 2 sin(wt) (7.77)

for arbitrary constants y;, y» € R. It is clear that every constant C (or every eigenfrequency
w) has its own solutions w and v. To take this into account, we denote the solution x — v(x)
corresponding to w by (x,w) — u(x,w). The left-hand equation in (7.76) becomes then the
same equation as (7.73).

The next essential step for solving the Cauchy—Navier equation is the application of the
Helmbholtz decomposition (see Theorem 6.1.1). Provided that u satisfies the corresponding
conditions, it can be decomposed into # = u,, + ug, where u, is a gradient field (and, thus,
curl-free) and ug is a curl field (and, thus, divergence-free), see also Theorem 2.3.4. We
obtain

o’ grad, div, uy — B*curly curl, ug + w?(uy + ug) = 0. (7.78)
It is clear that, if

o’ grad, divy uy + a)zua =0 and — ,32 curly curl, ug + a)zuﬁ =0,
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then (7.78) is also satisfied. By applying (2.5) from Theorem 2.3.4, we can equivalently
state the following: it is also clear that, if

w? w?
Axua—l-?ua =0 and Axuﬁ—l-?u/g =0,
then (7.78) is also satisfied. Certainly, the converse is not automatically true (if a sum
vanishes, then the summands need not vanish). Nevertheless, the following can be proved

(see Michel, 2003).

Theorem 7.3.9 For each three-times continuously differentiable vectorial function u,
which is, regarding its spatial dependence, Holder continuous up to the third differ-
entiation order and given on D = Ty, where ¥ is a regular surface, the following
holds true: u satisfies the (Fourier transformed) Cauchy—Navier equation (7.78) if
and only if u can be decomposed into a sum u = uy + ug where the summands satisfy

2
(4
(,()2
Axttp gy up =0, divy up = 0. (7.80)

Proof We have already derived that every sum u, 4 ug whose summands obey (7.79) and
(7.80) must satisfy (7.78).

Now let u# be an arbitrary solution of (7.78) with the regularity requirements stated pre-
viously. The Helmholtz decomposition still allows us to decompose it into a curl-free part
uq and a divergence-free part u g. However, the left-hand sides of (7.79) and (7.80) need not
hold true. Therefore, we set f = Ajuy + wra~? uy. The Cauchy—Navier equation now
implies that Ayug + @?B 2 ug = —a’p72 f.

From Theorems 3.1.12 and 6.1.1, we know that u,, and ug are three-times continuously
differentiable. Therefore, we may apply Schwarz’s theorem in

2
curl, f = Ay (curly uy) + a)_2 curl, uy = 0, (7.81)
(¢4
‘32 (,()2
divy f = ) Axdivyug — ) divy ug = 0. (7.82)

Equation (7.81) implies that f is a gradient field. By inserting f = grad, F into (7.82), we
see that the potential F is harmonic due to (2.4). Using Schwarz’s theorem again, A, f =
Aygrad, F = grad, A, F = 0, we get immediately that f is also harmonic. Thus,

062 (,()2 062
Ax M(x—ﬁf +¥ M(x—ﬁf =O,

062 (,()2 062

By setting iy = uy — @’w ™2 f and g =ug+ a’w™? f, we obtain u = iy + g, where

the summands satisfy (7.79) and (7.80). ]
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Equations of the type Axo(x,w) + w?c™? ¢(x,w) = 0 are summarized under the
Helmholtz equation. The Helmholtz equation is the Fourier transform of the wave
equation A, ¢(x,1) = ¢ %ga(x, t). It describes waves which propagate with the speed c.
This means that the use of the Helmholtz decomposition provides us with a more flexible
way of concluding that there must be waves with the speeds of P- and S-waves.

It is known that solutions of the Helmholtz equation, under conditions which are sat-
isfied in our modelling, are always analytical; see Miiller (1969, §4) and Smirnow (1977,
pp- 592-593). We can, therefore and with good conscience, restrict our quest to infinitely
differentiable solutions from now on.

Our next task is therefore to find ¢!*-solutions of (7.79) and (7.80). This is now feasible
due to the preliminary work which we have done so far. Regarding u,, we know that we
have a gradient field, and for ug, we will apply the Mie representation. We will write here
CSO )(D) for all functions in ¢® (D) where all derivatives are Hilder continuous. Theorem
6.3.6 indeed suggests that ug can be assumed to be solenoidal. However, the regularity
which we get for the Mie scalars in Theorem 6.3.11 does not suffice for the argumentation
which we will use within the following proof, and we do not have a spherical shell here.
For this reason, we will use a slightly cautious statement in the following theorem for
the sake of the mathematical rigour. In fact, the application of the Mie representation in
this context is a common and well-working tool and should not pose a notable restriction
to the modelling. Moreover, we could imagine that the considered domain is a union of
overlapping spherical shells. The overlap should be sufficiently large such that the Mie
scalars in each shell are sufficiently smooth continuations of each other. Besides, if we
focus, for example, on waves in the mantle, that is, on a subset of the domain, we would
have a structure which is approximately a spherical shell (where, however, divergence-free
fields need not be solenoidal).

Note also that we consider, for a moment, the angular frequency w as a constant and only
look for functions of the spatial variables. Certainly, every w causes a different Helmholtz
equation and, consequently, different solutions. The resulting w-parameterized family of
functions represents the general dependence on space and frequency.

Theorem 7.3.10 Let D = Ziy be the closed interior of the regular surface ¥. Every
CE{OO)(D)-SOZMIL'OH uy of (1.79) is representable by

2
w
Uy = Va, Apy + 7 = 0. (7.83)

Furthermore, every C?)(D)-solution ug of (7.80) possesses a Mie representation on
each spherical shell E .= Q4 p) C D. If the corresponding Mie scalars are elements
of C'®N(E), then ug is representable on E by

2
w .
ug = L*Qﬁﬁ,l +V x L*galg,z, Agg,j+ ? 0p,; =0, j=12. (7.84)

In both cases (7.83) and (7.84), all possible, infinitely differentiable solutions
Qo> 9B, 1, 9,2 Of the right-hand equations can be inserted into the left-hand terms. We
setug | = L*gﬁﬁﬁl and ugo = V x L*gﬁﬁﬁz.
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Proof The proof of (7.83) is easy. The unknown solution u, is curl-free and D is simply
connected. Thus, there exists a scalar potential @, such that u, = V@,. Hence, Schwarz’s
theorem and (7.79) yield

a)2 a)2
0=A(Vgy) + 5 Voo =V (A% + o) %) . (7.85)

As a consequence, the term in the large brackets on the right-hand side must be constant
on D. We multiply this constant by w2 and denote the resulting constant by y. Eventu-
ally, we set ¢, = @y — v. Then Vo, = V@, = u, and
>
Apy + — o = 0. (7.86)
o

Hence, every solution u,, of (7.79) has the form of (7.83). Vice versa, we get, in analogy to
(7.85), that the gradient of each solution ¢, of (7.86) also solves (7.79).

Let now P, Q € C(E) such that ug = L*Q + curl L* P solves (7.80) on E. We know
that Q and P are uniquely determined up to summands which only depend on the radial
coordinate. Due to Schwarz’s theorem, A and curl commute. Moreover, it is also easy to
verify that AL* = L*A. Hence, the Helmholtz equation for ug leads us to

w? w?
curl L* (AP + ? P) +L* (AQ + — 5 Q) =0 (7.87)
on the spherical shell E. This is a Mie representation of the zero function. From Theorem
6.3.11, we know that the Mie scalars are unique up to summands which only depend on
the radial coordinate. Since we could replace both bracketed terms in (7.87) by the zero
function, the bracketed terms themselves may only depend on the radial coordinate r.
We focus first on @ and observe that consequently there must exist a scalar function
G e C'™)(Ja,b[) such that AQ(x) + w?>B~2Q(x) = G(x|) for all x € E. This is an
inhomogeneous Helmbholtz equation. According to Smirnow (1977, p. 588), one solution of
this equation is given by

~ 1 e—iw? 2 x—y|
Q)= ——/ ————G(jyDdy, x€E.
4 Jg o [x —yl

If we write x = |x|&, y = rip with &, 57 € Q and use Theorem 4.1.9, then the formula above
becomes

—1w \x\2+r2 2|x|r&-m
O(x)=——— / >G(r) / dw(n)dr
J|x|2+r —20x|rE - q

—1w \x\2+r2 —2|x|rt
= ——/ 2G(r)/ dt dr.
\/|x|2—|—r — 2lx|rt

Hence, @ also only depends on the radial coordinate. We now define ¢g 1 '= Q — @ . This
new function satisfies the homogeneous Helmholtz equation and the property of @ yields
L*pg 1 = L*(Q— 0)=L*Q—L*Q = L*Q, that s, L*@g 1 is indeed the (unique) toroidal
part ug 1 of ug on E, and the toroidal scalar gg 1 solves the right-hand equation in (7.84).
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Regarding the poloidal part, the conclusions are completely analogous. Equation (7.87)
also yields that P satisfies a Helmholtz equation with a merely radially dependent inhomo-
geneity. For this equation, we find an also purely radially dependent solution P. Eventually,
pg2 =P — P yields the desired result and (7.84) holds true.

Vice versa, every ug which s constructed via (7.84) satisfies the corresponding Helmholtz
equation — this follows in analogy to (7.87) — and is divergence-free — this is a consequence
of Theorem 6.3.2. Hence, ug obeys (7.80). O

Definition 7.3.11 The vectorial solutions u,, ug 1, and ug > are called the Hansen
vectors. In the literature, they are also denoted (in this order) as L, M, and N. More-
over, solutions of the type ug 1 are called toroidal or torsional oscillations, while
linear combinations of u, and ug  are called poloidal or spheroidal oscillations. All
kinds of solutions of these types are called normal modes.

We will now derive a basis system for the Hansen vectors. We still ignore the angular
frequency, though we are aware that this ignorance cannot last forever. For finding a basis,
we approach the scalar potentials ¢ by using a separation ansatz of the kind ¢(r&) =
F(r)Y (&), r €la,bl, & € Q. Note that all these potentials are given as solutions of the
Helmholtz equation with only differing speeds. The easiest starting point is the investiga-
tion of the toroidal oscillations, where we get ug 1(r§) = L’S‘(F(r)Y(é)) = F(r)L’gY(é).
Therefore, it appears to be reasonable to start with vector spherical harmonics of type 3 (see
Section 4.3). We set M,, ;(r§) = F, J(r)y(3) &) relabl.E ecQneN,jel{-n, ...n}
Actually, if we set @ 1(r&§) = Fy ;(r)Y,, (5 ) here, then a normalization factor would occur
in M,, ;. However, since we are dealing with a linear and homogeneous equation, we can
skip this factor (more precisely, we hide it by using the following potential ¢g 1(r&) =
[n(n + DITY2Fy, ()Y, j(6)).

Let us continue with the poloidal oscillations of type u,,. For this purpose, we have (4.29)
available, which yields for ¢y (r&) = ﬁn,j(r)Yn,j(é),

"’() n(n+ D)y j(€) = Ly j(rE).  (1.88)

ua(ré) = F, [(r)yy y(€) + 1
relabl,&§ € Q,n e Ny, j € {—n,...,n}. This also means that we will stick here to
the use of Morse—Feshbach vector spherical harmonics. For n = 0, the second summand in
(7.88) is considered to be vanishing due to the factor /n(n + 1) such that the non-existence
of the vector spherical harmonic of type 2 and degree 0 does not matter here. Note that we
cannot avoid the occurrence of this normalizing factor here. Furthermore, the tilde on the
radial part takes into account that ¢, solves a Helmholtz equation with a different speed.

Finally, for ¢g >, we need a formula for curl ¢ L’S‘(F,,, (Y, ;(€)). We have already
solved this problem in Lemma 6.3.10 such that we have

Fn,j(r)
r

ug 2(r€) = EALY, J(6) - ( i O g )) ViY, (@)



7.3 Propagation of Body Waves and Normal Modes 397

Due to the linearity of the Helmholtz equation, we permit ourselves to multiply the previous
function with —1. Moreover, we use the Helmholtz equation in combination with Theorem
3.4.3, which yields

2
F,:’,j(r)Yn,j(E)Jr n, /(Y ,(§)+ 314 )Ag Y, ,(§)+j;) Fu, j(nY,, j(§) =0

(7.89)

This leads us eventually to

w?

—up2(r§) = ( Fy )+ 28, ;00 4 25 ,(r)) Ve h®)

+ (F"‘j(r) +F, ,~<r>) nn+ 1)y &) = Ny j(r6),

relabl,&§ € QnelN,je{—n,... n} Note that the coefficient of y Vamshes for
n = 0 because of (7.89) and A*Y), ; = —n(n + DY, ;.

In view of the properties which we obtained earlier for the vector spherical harmonics
(see also Theorem 4.1.6), we can already see here that Hansen vectors of types L and N
indeed belong together, while the type M oscillations have a different mathematical nature.
The latter are surface-divergence-free and they are tangential to concentric spheres around 0.
This explains why these oscillations are also characterized as torsional.

We need to take care of the radially dependent part of the Hansen vectors now. Since this
radial part originates from the scalar potentials ¢, it suffices to use the Helmholtz equation
here. Due to the different speeds, we write now ¢ for the speed and I?,, ; for the radial part,
which may then be replaced appropriately. We start with the use of Theorems 3.4.3 and
4.2.19:

2
0= A (B /(Y0 (8) + ‘C"—z By (1Y ()

n/()

" W2
= F,:fj(F)Yn,j(E)+ ,(F)Yn JE) + —5— ALY, ,(§)+ Fo ()Y, (&)

~ 2 w? nm+n
Z[Fy:fj(r)“‘;Fy/,,j(r)“‘(C_z 7]@ n/(”) n/@)
is valid for all € ]Ja,b[ and all £ € 2. Obviously, we can cancel out the spherical harmonic
here such that we get an ordinary differential equation for the radial part alone:

~, 2 -, o> an+1)
Fn’j(r) + - Fn’j(r) + P F,, J(r) =0, relabl. (7.90)

In addition, we see that we can skip the dependence of the unknown function on the order
Jj of the spherical harmonics. We substitute now F,(r) =: rY 2G,,(a)c_lr) and insert this
into (7.90). We obtain
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1 3 -5/2 w 1 —3/2 1 w w

2
2 1
+r7Y2G" (9 r) 24z [—— r32G, (9 r) +r712G (8 r) @
c 2 c c c

r

2
+ a)_2 r_l/zG,, (9 r) —n(n + 1)r_5/2G,, ( r
c

C

& (%r)ZGZ<§r)+§rG;< r
+[Z’§r2+(i—1—n(n+1))]6n(‘;’r

r €la,b[,where3/4 — 1 —n(n+1)= —n> —n — 1/4 = —(n + 1/2)>. With s := wc™!r,
we obtain for G, the Bessel differential equation:

CP , 5 1\? 0w
G (s)+5sG,(5)+ s —|{n+ < Gu() =0, se¢€ ]—a,—b[.
2 c ¢

This equation is well known, and its solutions can be found in the standard literature on
ordinary differential equations; see, for example, Heuser (1991, sections 27 and 28). We
briefly summarize what we need from the available theory.

Definition 7.3.12 The function J,,: RT — R with v € R \ (—N) and

_ s (=1 X\ 2k+v N
To(x) = ;m <§) . xeRT (7.91)

is called the Bessel function of the first kind and the order v.

Definition 7.3.13 The function ¥, : RT™ — R with v € Ny is defined by
v—1

2 1 v—k—=D! /x\2%kv
Yo (x) = — |:(C + logx —log2)J,(x) — 5 kz:;) T (E)

l oo (_1)k (hi + hx+y) ({)Zk-ﬁ—v [
24T Kkt \2 ’ ’

where h; = Z’;Zl Land ¢ = limg_, oo(hx — logk) is the Euler-Mascheroni
constant. The function Y, is called the Bessel function of the second kind and the
order v as well as the Neumann function of the order v.

There is a large amount of literature on Bessel functions including the common books on
special functions, such as Abramowitz and Stegun (1972), Beals and Wong (2016), Freeden
and Gutting (2013), and Magnus et al. (1966). Moreover, the monograph Watson (1944)
is entirely dedicated to the Bessel functions. For us, the following property is primarily
important.
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Theorem 7.3.14 The general solution of the Bessel differential equation
x2y//+xy/+(x2_v2)y=()

of the order v € Rg is representable on RT by

(a) y(x) = C1 Ju(x) + Ca J_y(x), x € RY, with arbitrary coefficients C1,C2 € R,
ifv ¢ No,

(b) y(x) = C1 Jy(x) + C2 Y,(x), x € R™, with arbitrary coefficients C1,C; € R,
if v e No.

In our case, v = n 4 1/2 is definitely not an integer, that is, we need the linear combi-
nation of two Bessel functions of the first kind.

We only discuss here the basic essentials for the modelling of normal modes. This
includes that we restrict our derivations to the simplified case of a homogeneous ball.
This implies that we need to be able to calculate a limit @ — 0+ for the domain of the
derived functions. Remember that @ and b are the radii of the bounding spheres of the
spherical shell. For b, we can simply take the radius of the homogeneous ball. The limit
a — 0+ restricts the possibilities of how we can choose the radial part I?,,, which we
are still seeking. From (7.91), we deduce that the Bessel functions with negative order
do not have a finite limit if their argument tends to zero. Therefore, we can only choose
I/*:,,(r) = r 1V2G(wc™r) = yr‘l/zJ,,H/z(a)c_lr), where y is an arbitrary constant.
We can now summarize what we have derived on the previous pages and redefine our
preliminary basis. Before we do this, we quote a common abbreviation (we add a tilde to
the notation to avoid confusion with the order of a spherical harmonic).

Definition 7.3.15 The nth spherical Bessel function 7,, RT™ — R withn € Ny is
given by j,(s) := [71/(2s)]1/2J,,+1/2(s), s eRT.

Theorem 7.3.16 The normal modes which solve the (Fourier-transformed) Cauchy—
Navier equation o® grad, div, u — B2 curl, curl, u + w’u = 0 on a homogeneous ball
of radius b and with centre 0 can be expressed as linear combinations of the Hansen
basis vectors:

d ~ 1~
Lo 6.0 = =3 (S 1) 3@+ 5 (2 r) Vatr+ Dy )

M, j(r§, @) = ], (% r) YHE),

d? d o \~ (o M
Ny, j(ré, w) = (F eyt B2 r) In (E r) Ini®)
N (l + i) 7 (9 r) n(n+ 1)y (),

r dr B "

r €10,b], § € @, where j € {—n,...,n} andn € Ng for L, j andn € N for the
others.
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Figure 7.6 Qualitative illustration of the toroidal normal modes Mj, ;w for different points
of time (left to right) and different degrees and orders (top: (n, j) = (2,0); bottom: (n, j) =
(5,3)): type M Hansen vectors are purely tangential and surface-divergence-free.

There are two ways of getting time-dependent solutions in the end. One possibility is the
application of the inverse Fourier transform, which was done in Michel (2003). A drawback
of this choice is that we cannot automatically conclude that the inverse Fourier transform
also solves the original time-dependent equation (7.72). Remember, therefore, that we saw
that a separation ansatz is an alternative. It easily gives us solutions on the space-time
domain by multiplying the previous solutions (for arbitrary but fixed w) with the function
w from (7.77).

In the preceding formulae, we can see that the toroidal oscillations are purely tangential,
where these tangential motions are described by the vector spherical harmonics of type 3,
that is, by surface-divergence-free basis functions. The spheroidal oscillations have a normal
component and a tangential part. The former is (naturally) described by the Morse—Feshbach
vector spherical harmonics of type 1 and the latter by those of type 2, that is, by surface-
curl-free basis functions. If we plotted qualitatively those Hansen vectors and their normal
and tangential projections, we would not get essentially different images than those for
the Morse—Feshbach vector spherical harmonics (see Figures 4.8—4.13 on pages 172-177).
Therefore, we show an alternative illustration in Figures 7.6—7.8. There, longitudes and
latitudes are deformed based on the tangential part of the normal modes times the function
w for the time dependence.

There are two issues which should keep us from relaxing and leaning back at this point:
first, people who are familiar with partial differential equations would pose the question
if there are any boundary conditions. Second, seismologists would object that «w cannot
be arbitrary, since there are discrete eigenfrequencies which can be observed. Indeed, the
boundary conditions are the reasons why the frequencies are discrete. So, this becomes our
next topic.
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Figure 7.7 Qualitative illustration of the tangential part of the spheroidal normal modes
Ly, jw and Ny jw for different points of time (left to right) and different degrees and orders
(top: (n, j) = (2,0); bottom: (n, j} = (5,3)): the tangential part of type L and N Hansen
vectors is surface-curl-free. All lines in the figure and in Figure 7.6 are located on the sphere,
since only horizontal motions are shown. Due to an optical illusion, it might look as if there
were vertical motions.
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Figure 7.8 Qualitative illustration of the normal part of the spheroidal normal modes L, jw
and N, ;w for different points of time (left to right) and different degrees and orders (top:
(n, j) = (2,0); bottom: (n, j} = (5,3)): on a sphere, the normal part is proportional to the
spherical harmonic of the same degree and order. As it is the case for all normal modes,
the number of crests and troughs increases with the polynomial degree n, where modes
corresponding to j = 0 have a rotational symmetry. The spheroidal normal mode forn = 2
and j = 0 is also called the football mode due to the resemblance of the top-left image to
an American football.
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In our simple model of a homogeneous and isotropic ball, we will use the (hydrostatic)
boundary condition o (b€, w)s = 0 for all &£ € 2, where we respected the frequency depen-
dence in this formula. Remember that b is the radius of the ball and o is the (linearized)
Cauchy stress tensor, which obeys Corollary 7.2.17. For handling this boundary condition,
we need some preparatory work.

Lemma 7.3.17 The transposed surface Jacobian matrix of a function y € c¢'V(Q)
satisfies, forall & € ,

(Viy®) e = (Vi @ y(®)E = Vi) - H) + & ® & — Dy(©), (7.92)
N (VEy®©) =T (Vi® y(®) =0, (7.93)

where I is the identity matrix. In particular, the Morse—Feshbach vector spherical
harmonics fulfil

(Vi@ ®) e =Vl + Dy @)
(Vi@ ®)e =@, (Ve ®)e =)@

Proof Remember that yj represents the kth component of the vector y and, for example,
¥ = (Vr)k=1,2,3 represents the vector by its components. For tensors of higher orders, the
notations are analogous. We start the proof by calculating the terms, as always here for all
& € Qand with x = ré&:

3
VI(E) - £) = ((Vé‘)i (Z yk@sk))
k=1 i=1,2,3
3
(Z{ [(VE) 3e®) ] + ye®)(VE), sk})
i=1,2,3

k=1
= (Vi @ y(®)E + (Vi @ £)y(®).

From Theorem 4.1.3, we know that V* ®&=1—&®E& such that we have proved
(7.92). The insertion of the Morse—Feshbach vector spherical harmonics (see Section
4.3) leads us to

(Ve @) & = Vi (Ya 08 - £) + 678X 1©) — £7a(©)
= Vn(n+ Dy, 4 (®)

and for i € {2,3} with the use of Theorem 4.1.6 to

(Ve ®)e=vi (W ©- &) +& (8 50©) - © = —0®.
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For proving (7.93), we only need to consider that, due to Theorem 4.1.6,

£ (vey®)' (Zsk (VEx®), ) = (6 (Vin@®)) _

1=1,2,3
is the constant zero vector. ]
With these formulae at hand, we are now able to calculate the stress o (b€, w)& in the
case of a toroidal oscillation. For this purpose, we insert M,, ;(r§,w) = j,(wfB -1 r)y,(f;. &)
into (7.64) from Corollary 7.2.17, that is 0 = A(Vy - u)] 4+ p[(Vyx ® W + V., ® u]. We

already know that M, ; is divergence-free. For the Jacobian matrix and its transpose, we
use Theorems 3.4.1 and 4.1.6 as well as Lemma 7.3.17 and obtain, with x = r§&,

d 1 ~
(Ve ® My j(x. ) § = [(s e v;) ® (jn (% r) yf,?}@))} £
d ~
= [d—Jn (E r) £ @y i(®) +1 ~n (E r) Vi@ @)} 3

o d ~ w 3) T 1*7 w 3)

= —n (Er)s O®) &+ (E r) (- ®)
1~ 3

=" Jn (,3 ) J@)

and, with an analogous beginning, additionally

d~
(V2 ® M ) & = -, (Er)< D©)% ¢ (E )(vseay@@)) ;

_d~ (o \ 3
= drjn( ﬁr) ©.

Theorem 7.3.18 Let a toroidal oscillation be represented by the series

M(ré,0) = Z Z Vi j Jn (— )yff;(s) r€l0.bl. & €,

n=1 j=—n

where this series and its first-order term-by-term derivative are assumed to be
uniformly convergent. Then the (linearized) Cauchy stress which is caused by this
oscillation obeys the formula

(d~ 1~
o(ré,wE =pny (ajn (%r) ~ (— )) Z Vo Yo &) (7.94)
n=1

j=—n
forallr €]0,b] and & € Q. The boundary condition o (r&, w)é = 0 for r = b and all
& € Q then implies the following two equivalent toroidal frequency equations

Eb*’(fb)—ﬁ(gb) s 2bj <gb)—(n—1)7(gb) (7.95)
8 Jn B = Jn B B Jn+1 B = Jn 8 -

which hold for all n € N (provided that i > 0).
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Figure 7.9 Spherical Bessel functions 7,, for different orders n: the functions show a
structure reminiscent of typical oscillations.

Proof Equation (7.94) is an immediate consequence of the preceding derivations. Regard-
ing the boundary condition, we mention that certainly some y;,, ; might vanish, but our point
of view is different here: if one of the modes M), ; occurs, then its corresponding y;,, ; does
not vanish and this imposes a condition on the frequency. So, if for some n € N at least one
¥n, j is non-zero, then the boundary condition and the linear independence of the y,(ll)l imply

that
a]n Er —;Jn Er =O atr = b.

A simple application of the chain rule yields the left-hand frequency equation. The right-
hand version in (7.95) is a result of a particular property of spherical Bessel functions,
which can be found in the literature (see, e.g., Ben-Menahem and Singh, 1981), namely
z;(s) = s_ln;,(s) — 7,,+1(s) for all n € Ng and all s > 0. Then the first equation becomes

which immediately results in the right-hand equation of (7.95). U

The following property of spherical Bessel functions, which is an immediate conse-
quence of a theorem for Bessel functions, which is proved in Beals and Wong (2016,
Theorem 9.2.1), tells us something about the solutions of (7.95).

Theorem 7.3.19 Each spherical Bessel function 7,,, n € Ny, has a countable number
of positive zeros (spren,- The difference sp1 — si of consecutive zeros is at least 7.
Moreover, siy1 — sy =7+ O (k=) as k — ooc.

Hence, spherical Bessel functions show some kind of oscillatory behaviour, which is also
confirmed by Figures 7.9-7.10. The frequency equation restricts w to a discrete, that is, infi-
nite but countable, set of toroidal eigenfrequencies. They can be calculated numerically,
and they obviously depend on the degree n of the vector spherical harmonics but not on
their order j (i.e., there are 2n + 1 modes with the same eigenfrequency). So, if yw, denotes
the kth solution (sorted as an increasing sequence) of (7.95) corresponding to a particular
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Figure 7.10 The plots show the function g,(s) = s7n+1(s) —(n— 1)7,,(3‘) for n = 1 (left)
and n = 2 (right). The zeros of g, (multiplied by Bb~1) are the solutions of the toroidal
frequency equation (7.95) to the degree n.

n € N, then the general representation of a toroidal normal mode for a homogeneous
and isotropic ball is, in the space-time domain,

e ¢}

MGED =Y > ], ("j;’" r) Y (ve 1 008 kont) + v g sin(ewnt) )y 1 (),

n=1k=0 j=—n

(7.96)

r €]0,b], & € ©2,t € R for arbitrary coefficients y,i I y;’ ik (as long as a proper conver-
gence, see previous discussions, is guaranteed — but in practice we will only have a finite
number of modes).

The discussion of the spheroidal frequency equation is lengthy and omitted here for
reasons of brevity (see, e.g., Ben-Menahem and Singh, 1981). It also yields a discrete set
of spheroidal eigenfrequencies ;w, such that the general representation of a spheroidal
normal mode for a homogeneous and isotropic ball is, in the space-time domain, analo-
gous to (7.96), where M, ; needs to be replaced by an arbitrary linear combination of L, ;
and N, ; —note the two different speeds which are associated to these two kinds of modes.

Certainly, the Earth is not a homogeneous ball. The preceding derivations can essentially
also be used for unions of homogeneous spherical shells, which are also not the truth but
a better approximation of it. A more realistic Earth model has to take into account the
inhomogeneity (in the radial but also the angular coordinates) and the (at least in parts)
anisotropy of it as well as the occurring body forces, including those caused by the rotation.
This leads to much more complicated problems, which are far beyond the scope of such a
general book, whose author struggles to fulfil the given page limitations and tries to give
a broad overview of some highly exciting mathematical problems in Earth sciences. In
fact, more sophisticated models lead to perturbations of the modes and eigenfrequencies
which theoretically occur for a homogeneous ball. Such more accurate models also yield
the practically proved fact of the splitting of the normal modes, that is, the eigenfrequencies
depend on the order j of the vector spherical harmonics. The degenerate case of 2n + 1
identical eigenfrequencies given earlier is actually split into 2n + 1 (slightly) different
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Table 7.1. Approximate solutions of the toroidal frequency equation given as x = bﬁ—1w. The numerical
solutions were obtained with Newton’s method.

n 0Xn 1Xn 2Xn 3Xn 4Xn 5Xn

1 5.76346 9.09501 12.32294 15.51460 18.68904 21.85387
2 2.50113 7.13601 10.51460 13.77168 16.98306 20.17171
n 6Xn 7Xn 3Xn 9Xn 10Xn 11Xn

1 25.01280 28.16783 31.32014 34.47049 37.61937 40.76712
2 23.34729 26.51462 29.67640 32.83426 35.98925 39.14206

eigenfrequencies per degree n. For further details, the readers are referred to, for example,
Aki and Richards (2002), Ben-Menahem and Singh (1981), and Dahlen and Tromp (1998).

Remark 7.3.20 An easy way of finding the solutions of the frequency equations is
available with Newton’s method. For example, the solutions of (7.95) in terms of s =
wB b are the zeros of g,(s) = s7,,+1(s) —(n— 1)7,,(s); see also Figure 7.10. The
derivative of this function is given by

() = jur1(s) + 5 jhq(s) — (n — DJI(s)
= Jns1(8) + (1 + D Jas1() = 5 jurals)
— (1 = Dns™ ju(s) + (1 — Djusr(s)
= =8 jar2(8) + 2n 4 Djns1(s) = (1 = Dns™ ().

After an initial approximation sy was chosen (e.g., by looking at the graph of g such
as in Figure 7.10), we can determine an approximation to a zero by the well-known
iteration s,41 = 5, — gu(s p)(g;l(s p))_l. Table 7.1 shows some examples of approxi-
mate solutions. Note that these solutions are also denoted by ;. x,, = bﬁ_lkwn in the
literature.

7.4 An Inverse Problem in Seismology

In this section, we will have a look at the mathematical and theoretical basics of an inverse
problem which can be worded as follows: we have some seismic data (more precisely, some
travel times of seismic waves) and we want to find out which velocity such waves have at
different points inside the Earth. Such a velocity model then allows conclusions on the
material which occurs in the various layers and substructures in the interior of our planet.
For reasons of brevity, we reduce the discussions here (in some parts but not in general) to
the case that we seek a model which only depends on the radial coordinates, such as the
well-known Preliminary Reference Earth Model (PREM; see Dziewonski and Anderson,
1981). Moreover, we reduce our discussions to the infinite-frequency limit (also called the
high-frequency limit).
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This is only a selection out of several inverse problems about which we could talk
in this section. However, a detailed and all-embracing discussion of inverse problems
in seismology could fill entire books or major parts of suchlike, which it has already
done indeed; see Aki and Richards (2002), Ben-Menahem and Singh (1981), Dahlen and
Tromp (1998), and Nolet (2008) as examples. For instance, the analysis of the frequency
anomalies which can be observed for normal modes allows a partial inference of structures
inside the Earth; see also Berkel (2009), Berkel and Michel (2010), Berkel et al. (2011), and
the references therein. Moreover, in Section 7.3, we have already restricted our attention
to the propagation of body waves. Certainly, surface waves also have a very interesting
mathematical modelling, and the analysis of their travel times is another challenging
inverse problem, which has been investigated and solved in numerous papers, includ-
ing Amirbekyan (2007), and Amirbekyan et al. (2008) about the theory and numerics,
where Amirbekyan (2007) and Amirbekyan and Michel (2008) also consider the inversion
of body wave travel times.

Moreover, the finite-frequency modelling is more accurate than the infinite-frequency
limit but (as usual in such cases) more complicated and page consuming. It plays an impor-
tant role in regions with a very large number of data and a dense grid of measurements. The
inverse problem is then represented by an integral equation which relates the deviations of
the travel times 815 to the P-wave and S-wave velocities as well as the mass density ¢. In
detail, we have

S 8B do
(STq = / Koz,q(x) —(x) + K/S,q(x) —(x)+ Kg,q(x) —(x)dx,
Bg(0) oM Bm oM

g =1,...,N, where Br(0) is a ball as an approximation of the Earth’s shape. Moreover,
Ky g4, Kg 4, and K, ; are given kernels, which depend, inter alia, on the source and the
receiver. Furthermore, S, 68, and 8¢ are deviations from a reference model (am, Bum, oM)-
It should be noted that the travel times are more strongly correlated with the velocities than
with the mass density. More details on this modelling can be found, for instance, in Dahlen
and Tromp (1998), Marquering et al. (1998, 1999), and Yomogida (1992).

Let us now come back to the case which we consider in this book. Since we are interested
in the detection of velocity variations inside the Earth, we have to go back in our modelling
to the point before we started to assume that we have a homogeneous ball. We now have
an inhomogeneous, but still isotropic, medium. More precisely, we assume that we have
the equation of linear elasticity (7.61) with an elasticity tensor which obeys (7.62), but with
variable A and p. Remember that the speeds of body waves depend on these two parameters.

The derivation of the succeeding equation (7.103) is based on a particular ansatz which
occurs in varying versions, among others, in Aki and Richards (2002, section 4.4),
Ben-Menahem and Singh (1981, section 7.1.3), Billingham and King (2000, section
5.4.3), Dahlen and Tromp (1998, sections 15.1 and 15.2), and Nolet (2008, section 2.5).
The underlying principle is a so-called JIWKB approximation (which also occurs in the
literature with permutations or omissions of some letters but also as Liouville-Green
method): we assume that # (as a function of space and angular frequency) is representable
as u(x,w) = A(x)exp(—iwT(x)), where A(x) represents the (vectorial) amplitude of the
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considered wave at x and T'(x) stands for the travel time, that is, the time at which the wave
(more precisely, a certain state of the wave) arrives at x. Moreover, it is assumed that A is
expandable as A(x) = thio(ia))_"A,,(x) with vectorial A,. This expansion also shows
that somehow ‘large’ frequencies are required for a reasonable modelling here. The first
two derivative orders of this ansatz for u are given by

ou dA . . . oT
— = — exp(—iwT) — Aexp(—iwT) iw —, (7.97)
0x; ox; ox;
3%u 32A dA aT
_ —iwT) — — —iwT)iw — 7.98
3xk3Xj 3xk3Xj exp( @ ) 3Xj exp( @ )16() Bxk ( )
dA oT oT oT
— — exp(—iwl)iw — — A exp(—iwT) w* — —
Bxk 3Xj Bxk ij
2

— Aexp(—iwT)iw .
p( ) 0xp0x;

Furthermore, we need to consider the equation of linear elasticity (7.61) in the space-

frequency domain (i.e., we either use the Fourier transform or a separation ansatz; see the

discussions before and after (7.73)). We also insert (7.63), omit the body force term, and

use (2.6) such that we obtain

—owu = divy [ (divy u) I + uVyu + p (Veu)' | (7.99)
= (Vid) divy u + A grad, dive u +[Veu + (Vo) Vet
+ M(Axu + grad, div, u)
= (Vid) divy u + (0 + pigrad, divy u +[ Ve + (Veu) ' Vi + g Agu.

In the next step, we insert (7.97) and (7.98) as well as the expansion of A into (7.99), while
we keep an eye on the powers of @ which occur in the resulting equation. It is clear that
we get exponents which consist of all integers up to 2 (the exponential term is not included
in this point of view, because it is located on the unit circle line in C). We can reason now
that the coefficients of each power of w must fulfil the equation on their own and then
only look at the coefficients of w”. Or we can say that all terms which do not include w”
are O (w) as w — oo (here is again the high/infinite frequency modelling). Certainly, this
ansatz has its drawbacks and inaccuracies: we cannot be sure that the applied formula for
u covers all possible solutions, and we certainly produce a modelling error by ignoring all
terms that are not coefficients of w? (in particular, those of w, if we assume high or infinite
frequencies). Nevertheless, this modelling has served as a foundation for many acceptably
good approximations to the reality for quite a long time. To make a long story short, the
second-order terms in w which we get are obviously as follows:

—ow? Ag exp(—iwT) = —(h + )’ exp(—iwT) (Ag - Vi T) V; T
— pAgexp(—iwT) o |V, T)?
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such that
0A0 = O+ w) (Ao - ViT) VT + 11|V T)? Ao. (7.100)

We need to get a geometrical imagination of what we are doing here: if the function T
describes the travel time, then a surface across which T is constant contains all points in
space where the wave (or, again, a particular state of the wave) arrives at the same time. It is
a basic result of real analysis that the gradient of a level set, which here is V, T, is a normal
vector to this surface. Comparing this with the propagation of planar waves and realizing
that V. T is the normal vector to the tangential plane, we get the interpretation that V, T'(x)
points into the direction of wave propagation at point x. In view of the experience which
we have made before regarding P-waves and S-waves, we distinguish now two cases: either
Ao is orthogonal to V, T (S-wave) or Ag is parallel to V, T (P-wave). In the former case,
(7.100) becomes

0=p|ViTP. (7.101)
In the latter case, where Ag = *+c|Ag| VT, ¢ € R, we obtain
0=+ W IVl P+ 1 |VaT|*. (7.102)

We abbreviate the speeds of P-waves and S-waves with ¢ and summarize (7.101) and (7.102)
with the famous eikonal equation, which we assume to be valid from now on:

VT (x)| = L (7.103)
c(x)
Definition 7.4.1 The vectorial function x — p(x) := c(x)V, T(x) is called the unit
slowness vector and the reciprocal of the speed function, that is, x (ctx)~! =
S(x), is called the slowness. Moreover, each surface on which T is constant is called
a wavefront.

We use here the Gothic print letter p for the unit slowness vector in order to distinguish
it from the ray parameter p, which will be introduced later. Alternatively, one also finds the
boldface letter p for the unit slowness vector in the literature. As we mentioned previously,
V, T(x) is a normal vector to the wavefront through x. Due to the eikonal equation, p(x) =
(S(x)~'V,T(x) is a unit normal vector.

Solving the eikonal equation is not an easy task. A common approach is the construction
of seismic rays. From the mathematical point of view, this is related to the method of char-
acteristics (see, e.g., Agarwal and O’Regan, 2009, lecture 28). From the physical point of
view, the eikonal equation also occurs in optics, where the propagation of light is visualized
by light rays, which is basically the same concept. The fundamental idea behind this is to
replace the solution of the partial differential equation (7.103) with a family of solutions of
a system of ordinary differential equations. The parameterization of this family is achieved
by leaving the initial condition open.
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Definition 7.4.2 Every arc I 3 s — X(s) € R?, where I C R is an interval and
the parameter s is the arc length, which satisfies the system of ordinary differential
equations

d ViT(X(5))

is called a (seismic) ray.

We should talk about geometry once again. As we know, the right-hand side of (7.104) is
the unit slowness vector at X (s), which is a unit normal vector to the wavefront. Regarding
the rays, it is a unit tangential vector along the rays — since every derivative of an arc
with respect to the arc length has this property. Therefore, rays are everywhere normal
to the wavefronts. Note that solutions of systems of differential equations are also called
trajectories in mathematics and note also that we use here capital letters X for the rays in
order to better distinguish them from points in space. This has nothing to do with material
coordinates.

Example 7.4.3 We consider a simple two-dimensional example where all rays start in
the origin of coordinates and the travel times fulfil 7(x) = ax% + bx% fora = 5 and
b = 6. Then the wavefronts in the x1-x2-plane are obviously ellipses. The rays are
defined (in 2D) as solutions of

9 sy = 1 (20X1(s))
ds \/402X1(s)2 T 4b2X5(s)2 \2bXa(s) ’
We calculate the rays numerically as follows: first, we choose a step size h:=2.5 x
10~*. Then we start in O, O)T and use, for each ray, an initial angle out of 0,7 /25,
2 /25, ...,2m. We make a first step into the direction of the initial angle and with
the length /. From this new point, we iteratively proceed as follows: we calculate the
right-hand side of (7.105) at the current point, make a step in this direction, again
with the length 4, and reach our new point. The iteration is truncated, if the ray leaves
the frame of the image. The result is shown in Figure 7.11. This is certainly a simple
way of calculating a ray. For more sophisticated methods, see, for example, Tian et al.
(2007).

(7.105)

We will further investigate now the properties of rays, because this will lead us to inter-
esting conclusions on the behaviour of seismic waves and their travel times.

Lemma 7.4.4 Along an arbitrary ray, the slowness satisfies

d d
35 SPX () = VxS(X (), 35 LX) = S(X (). (7.106)

Proof ldentities such as (7.1006) are always to be understood as valid for all s in the interval
which is the domain of the trajectory X. We first prove the second identity by using the chain
rule, the defining equation (7.104) of the rays, and the eikonal equation (7.103):
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Figure 7.11 Illustration of a simple example of two-dimensional elliptic wavefronts (dot-
ted): the rays (solid lines) are everywhere normal to the wavefronts.

I XN = VT (X)) - L X () = Vi T(X AARACLO)
& (X(s)) = Vi T( (S))a (8) = Vi T( (s))m

1
- 5o = S(X(s)).

For the remaining identity, we first need an auxiliary calculation, which is obtained by using
the multivariate differential quotient:

oo 21
" % [VXT(X(S) +hel). %jhgl) C VL T(X(s) - dif)}
= pm, % [VXT(X(s) + hel) — VxT(X(s))] dX(s)
= (%VXT(X(S))) : d?;ES).

With the previous two identities and the chain rule, we eventually obtain

d d dX(s)
d—(SP)(X(S)) = — [VixT(X(s)] = [Vx ® V, T(X(s5))]
5 ds ds
— v, [VXT(X(s)) : dX(s)} _ v, XS g sxey. O
ds ds

Definition 7.4.5 The vectorial function Sp is called the ray vector.
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Theorem 7.4.6 If X: I — X(I) =: y describes a ray between two points A and B,
then the travel time from A to B is given by the line integral

/ Sx)dl(x) =: Ta~B-
Y

Proof The theorem is a rather immediate conclusion of Lemma 7.4.4 and the fundamental
theorem of calculus. By evaluating the integral, we obtain

dX(s)
/S(x)dl(x):/S(X(s)) ‘
y I ds

with the help of | £ X (s)| = 1. O

ds = / iT(X(s)) ds =T(B)—-T(A)
I ds

So far, we have no notable restriction on the Earth model, which could be characterized,
for example, by the mass density ¢ and the Lamé parameters A and . We will now introduce
a simplification, namely an SNREI Earth model (see, e.g., Dahlen and Tromp, 1998,
section 8.2), where only the ‘S’ is new here. SNREI stands for spherically symmetric, non-
rotating, petfectly elastic, and isotropic. The spherical symmetry means that the material
parameters only depend on the radial coordinate », which implies that the speeds ¢ of
P-waves and S-waves also only depend on r. We will, therefore, represent ¢ and S as univari-
ate functions of » now. The spherical symmetry leads us, indeed, to some very interesting
results.

Theorem 7.4.7 In the case of an SNREI Earth model, the ray vector satisfies, along
each ray X, the identity

d
as [X(s) X (Sp)X(s))] = 0. (7.107)

Proof We use the product rule, the defining equation (7.104) of the rays, and Lemma 7.4.4
and get

d dXx d(Sp (X
o [X(s) X (SpIX(s))] = X(s) X (SPUX($)) + X(s) x dSpX ()
s ds ds

= [p x (SPIX () + X(5) X VaS(xDlr=x(s)

_ , X(s)
= X(s) x (S (|X(s)|)|X(s)|) )

Obviously, also the remaining cross product vanishes. |

Theorem 7.4.7 can be exploited in two ways: since the derivative of the cross product
in (7.107) vanishes along each ray, its norm and its orientation both have to be constant on
each ray. The former conclusion means that | X (s)| S(X(s)) |p(X(s))] sin £L(X(s), p(X(s)) is
constant with respect to s, where |p(X(s))| = 1. This yields the celebrated Snell’s law.

Definition 7.4.8 Along an arbitrary ray, the angle between the position vector X(s)
and the unit tangential vector p(X(s)) is denoted by i(X (s)) and is called the angle of
incidence; see also Figure 7.12.
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Figure 7.12 Ilustration of the angle of incidence i as well as the coordinates r = | X(s)| and
¥, which suffice for a planar ray in an SNREI Earth model. The points H and S represent a
hypocentre and a seismic station, respectively, and X is the Earth’s surface.

We choose also here a Gothic print letter, because i is a common enumeration index and
this might cause a confusion otherwise. Note that i € [0,77/2] on an ‘upgoing leg’ and
i€ [r/2,m] on a ‘downgoing leg’.

Corollary 7.4.9 (Snell’s Law) In the case of an SNREI model, the term Srsini is
constant along every arbitrary ray.

If we consider the rays caused by one earthquake with a point-shaped source (as in Figure
7.11), then the initial angle at the source defines a unique ray (at least if we ignore splitting
of rays due to reflections or other phenomena at sharp changes of the material). This means
that if X(0) is the starting point of every ray, then it is exactly i(X(0)) which determines a
specific ray. In this respect, S(X(s)) | X(s)| sini(X(s)) is not only constant along the ray X,
its constant value also uniquely identifies the ray itself (up to rotational symmetries). This
is the reason for the following common definition.

Definition 7.4.10 If X is an arbitrary ray in an SNREI Earth model, then its associated
constant function s = S(X(s)) | X(s)| sini(X(s)) =: p is called its ray parameter.

The exploitation of (7.107) regarding the constant orientation of the cross product can
be done as follows: X(s) is a point on the ray, while (Sp)(X(s)) is a tangential vector to the
ray at the same point. Both span a plane (if we exclude the degenerate case where they are
collinear) and their cross product is a normal vector to this plane. Hence, this normal vector
does not change its orientation, which means that this spanned plane is always the same for
each point X (s) of the same ray. In other words, we get the following result.

Corollary 7.4.11 Every ray in an SNREI Earth model is a planar arc.

Each single ray is, therefore, located in a disc, where the disc certainly can differ from ray
to ray. Thus, if we keep an arbitrary ray fixed, then two coordinates suffice to describe each
point on the ray: a radial coordinate (naturally the distance to the centre of the ball-shaped
Earth) and one angle instead of two. We denote this angle by ¥ and gauge it such that & = 0
corresponds to the starting point of the ray (usually the hypocentre of the earthquake) and ¢
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increases along the ray; see Figure 7.12. Also here, we ignore more complicated geometries
of rays where they might be reflected and cross their own curve again or similar scenarios.

Theorem 7.4.12 If X is a ray in an SNREI Earth model and if it is parameterized by
r and ¥ as described in the preceding paragraph, then the eikonal equation (7.103)
restricted to the corresponding disc is equivalent to the equation

aT 2+1 A (7.108)
(&) +7 (@) = |

Proof We user and ¢ as two of the polar coordinates in the ball-shaped Earth and supple-
ment them appropriately with the angle ¢ (basically, this means that we put the epicentre in
the North pole). From Theorem 3.4.1, we know that the gradient can be decomposed into

oT 1 oT N1 —12 8T

VI =—¢' +———¢&%+ — &,

or /1 —¢2 8g0 14 ot
where t = cos?¥, ¥ € [0,7]. Since we restrict the eikonal equation to a disc where ¢
is constant, the derivative with respect to ¢ does not appear. Due to the chain rule, %
—(sin®)! % =—(1—rH12 % for all ¥ €]0,7[. Due to the orthonormality of ", &%,
and &', we immediately obtain (7.108). Ll

Definition 7.4.13 The radial coordinate of a hypocentre will be denoted by r.

Based on our modelling, it is reasonable that we initialize the travel time as vanishing at
the hypocentre coordinates, which are r = r, and ¥ = 0.

Theorem 7.4.14 Some solutions of (7.108) together with the boundary condition
T (x(ry, 0)) = 0 are given by

Tx(r,0)=pot /‘r v S%(0)o?* — p? é do, (7.109)
"

where p is the ray parameter and S = ¢~ is the slowness. Moreover, x(r,9) repre-
sents the Cartesian point x in terms of the disc coordinates r and ¥.

. . o 2
Proof For proving this theorem, we only have to calculate the derivatives (%) =

(\/ S2(ryr? — p? l’_l)2 = 5%(r)— p’r~? and (%)2 = p”. Inserting both identities into the
left-hand side of (7.108) yields S2(r). Ll

We immediately get the following equation.

Corollary 7.4.15 (Benndorf’s Relation) Let X be a ray in an SNREI Earth model and
with the travel time function (7.109), then % = p.

Hence, the ratio between the increasing travel time along a ray and the passed angle is
constant along each ray. The fact that this constant is the ray parameter gives us, hence,
another interpretation of p.
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We will now have a look at the inverse problem of travel time tomography. We apply the
limitations announced earlier: we only investigate the problem for the infinite frequency
model. Moreover, we first discuss the case of an SNREI Earth model while we will also
have a look at more general models afterwards.

Definition 7.4.16 The inverse problem of travel time tomography (in the infinite
frequency model) is represented here as follows: for a given finite set of hypocentre
locations Al}. and positions of seismic stations B;, j=1,...,N, we know the travel
times T'4h ., ps of seismic waves of a particular type (P or S). The task is to find a

slowness function S such that

B3
/h’ S()dI(x) = Ty, pe forall j=1,...,N; (7.110)
AR J J

J

see also Theorem 7.4.6.

For the SNREI model, we continue with the formula (7.109), where we need to have a
closer look at the ‘£’ which is there. Clearly, if  increases, then 7" also increases in the ‘+’-
case, while in the ‘—’-case, a decreasing r causes an increasing 7. Naturally, we want to
follow the propagation of the wave (or the ray), which means that we need a monotonically
increasing T along the ray. Hence, the ‘4-’-case belongs to the upgoing leg and ‘—’ occurs on
the downgoing leg. We also change our point of view. We consider (7.109) on a wavefront,
that is, T is now a constant, but the ray parameter p is a variable, which means that we
compare different rays which reach the wavefront at time 7'. The derivative of (7.109) with
respect to p becomes then

"1 - 1
0=02 [ (S@e*~ ) FH2p)do
,

h

such that

,
9 = ip/ ($%(0)0* - pz)_l/21 do.
h 0

For reasons of simplicity, we only look at rays which start with a downgoing leg and then
have an upgoing leg which finally reaches the surface (as in Figure 7.12) — more precisely,
we pick out such a ray among those rays which reach our wavefront. Moreover, we assume
a shallow earthquake, that is, r, = a, where a is now the Earth’s radius. Therefore, we
introduce 8§ as the total angle between the hypocentre and the seismic station, as shown
in Figure 7.13. The constancy of the ray parameter S(r)r sini implies a symmetry of the
rays: if two different points of the same ray have equal radial coordinates, then the angles
of incidence are either equal or are symmetric to 7z /2 — in our case of one downgoing leg
and one upgoing leg, it needs to be the latter case. The symmetry axis is the line through the
centre of the Earth and the deepest point of the ray, whose radial coordinate is, therefore,
minimal along the ray and represented by rp,.

Certainly, we have reached very strong limitations here. Indeed, this is less exciting
from the point of view of today’s research, where one seeks lateral heterogeneities in the
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Figure 7.13 In the simplified case of a hypocentre on the surface of an SNREI Earth model,
the ray is symmetric with respect to its deepest point. The total angle between hypocentre H
and seismic station S is denoted by §. The radial coordinate at the deepest point is represented
by rn. The radius of the Earth is a. The right-hand graphic illustrates that the limiti — 7 /2
for the angle of incidence at the surface points corresponds to the limit § — 0.

Earth’s structure. However, as a textbook-like starting point into the theory, it is nevertheless
interesting to have a closer look at this specific scenario, because we gain a simple way of
learning something about the coarse structures of the Earth.

Taking into account the aforementioned derivations and assumptions, we obtain the fol-
lowing formula for the total angle (note that § depends on the particular ray):

a _121
3(p) = Zp/ (Sz(r)r2 — p2) 122 dr.
m r

The factor 2 occurs from the combination of the downgoing leg and the upgoing leg. We
substitute now y = (S(r)r/a)2 and use % logr(y) = (r(y))_1 g—;. We should not ignore
that this substitution requires an injective relation between r and y. In other words, S(r)r
needs to depend in a monotonical way on r. We will discuss this condition later on. At the
moment, we assume its validity (at least, in an upper layer where the ray is located) and
obtain

$3(a) d

—-1/2

5(p) = 2p / (a®y — p2) 2 —logr(y)dy.
(SCrm)rm/a)? dy

Since p # 0 (aray with a vanishing ray parameter would have an angle of incidence which
is constantly O or ), we can also write

2
as(p) $H@) on—1/2 d
= / y—pPa ) Zlogr(y)dy.
2p (SCrm)rm/@)? dy

Atr = rp, we have i = /2 (see Figure 7.13). Hence, p = S(rm)rm holds true for each
ray. The lower integral limit is thus the term p?a~> =: yp,, which also occurs elsewhere.
With G(y) := % log r(y), we can write

8 (a4/ym)

S 1/2
Ea— O —ym)” TG dy.
zm /m Y — ¥Ym yyay
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We substitute now z = yy, + w — y, where w = 52(a) — Ym (such that z = $%(a) — y),
and get

5 (a/S5@—w)
( ) = / (w -2 G(§%a) - 7) dz. (7.111)
2J/8%(a) — w 0

Equation (7.111) has the form of an Abel integral equation. For further details on this type
of integral equation, we refer, as an example of related literature, to Gorenflo and Vessella
(1991), whose theorem 1.2.1 tells us that, provided that the left-hand side of (7.111) is
absolutely continuous with respect to w (i.e., actually, with respect to p), there is one and
only one solution, and this is given by

5 (av/S2(@) — w)

G(8%a)—z) = li/Z (z—w)~'/? dw.
7 dz Jo 2/ 8%(a) — w
Resubstituting back to y and y,, we arrive at
d 1 a [ 8 (a/ym)
Tlogr() = G0 = 5D [ (=72 gy,
dy £ 2 dy Js2(0) " /Ym "

We integrate now with respect to y and insert S%(a) as the lower limit. This leads us to

1 Si@ 8 (a/Tm
logr(y) — logr(8*(a)) = _Z/ (ym — y) 2 % dym.  (7.112)
y m

The integration variable y,, = p?a~2 isstill artificial. So, actually we have a hidden integra-
tion with respect to the ray parameter p. The limits of the integration satisfy (S(r)r/a)> =
y < pza_2 < 5%a) = (S(a)a/a)z. Hence, we can rewrite (7.112) as

r 1 Sta)a p2 r\2 -2 ad(p) 2p
log - = —— L (s 2) =L dp
a 2w Jsyr \@ a p a

1 S(a)a —-1/2
=—— | (P -6om?) T amdp.
T JS(ryr

From here on, we consider r as an arbitrary but fixed value. We integrate now by parts,
which requires that p > §(p) is continuously differentiable. For the solution of the Abel
integral equation, we have already required that  is absolutely continuous with respect to p,
which is (on compact intervals) necessary but not sufficient for continuous differentiability
(see Theorem 2.4.11), which is now our stronger condition. We get

p=S@a 1 Sa)a p
+ — 8'(p) arcosh
p:S(r)r T S(r)r S(I")I"

1
log A 8(p)arcosh dp.
a T

S(ryr
(7.113)
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The insertion p = S(a)a should be regarded as a limit p — S(a)a, which is obtained by
letting 1i|,_, tend to 7z /2. In fact, the closer the hypocentre and station are, the closer is the
initial angle of incidence to 7 /2. The limit yields 5(p) — 0 (see Figure 7.13). Thus, (7.113)
becomes

1 S(a)a 1 0 S
r Py (p( )) as.

log— = — 8 h =— h
og (p) arcos 3 | arcos S

a 7 Jsoyr r P x 3(r)
where we used integration by substitution, which causes the condition that §'(p) # 0 for
all p (which implies the invertibility of p > 8(p)). Here, g(r) represents the total angle &,
which corresponds to the ray with ray parameter p(g(r)) = S(r)r = r/c(r), that is, the ray
for which our fixed value r is the radial coordinate ry, of the deepest point.

After the application of the exponential function and the multiplication with a[ p(g(r DI
we obtain the following famous result.

Theorem 7.4.17 (Herglotz—Wiechert Formula) Let a be the Earth’s radius in an
SNREI Earth model, whose upper layer satisfies the following requirements: r +—
S(r)r is monotonically increasing and p — 8(p) is continuously differentiable with
a non-vanishing derivative. If r is a radial coordinate which belongs to this layer and
if’g(r) is the total angle of the ray with r as lowest radial coordinate, such that all
rays with total angles < 8(r) are also inside the layer, then the wave speed at this
coordinate satisfies

o(r) = ——ex —l/g(r)arcosh PO s (7.114)
0 P\ 7k PG ") '

The vigilant reader might get confused at this point: if one chooses a radius » and is
interested in c(r), then (7.114) requires the knowledge 3(1*). However, this knowledge is
only available if the geometry of the ray with lowest radial coordinate r is known, which
is only accessible via a velocity model. So, this is a catch-22. The way out is, fortunately,
very simple: we start in a different way. What we actually have is a table of travel times
between hypocentres and stations. In an SNREI model with our further assumptions, the
travel time actually only depends on the total angle, no matter where the hypocentre and
station are located. So, what we have is a finite sequence {(6;,7;)};=1,..., 5, Where the total
angles are out of a range [0, dmax]. Benndorf’s relation (Corollary 7.4.15) suggests that we
can approximately calculate the ray parameters p(§) = % by numerical differentiation.
If we replace 8(r) in (7.114) by 8max, then we know everything on the right-hand side and
can numerically calculate the formula, which gives a velocity value at an unknown radius r.
However, since p(émax)c(r) = r, we also know at which radius this velocity occurs. Then
we proceed with different values for §,,x (within the data range) and obtain in this way a
collection of velocity values for different radial coordinates.

Even more interesting than the derivation of Theorem 7.4.17 is the discussion of the cases
where its preconditions are violated. We will have a look at two particular cases:

Low-Velocity Zones (LVZs): A layer in which r — S(r)r is monotonically decreasing
is called an LVZ. If we follow a downgoing leg, then r decreases and, in an LVZ, r/c(r)
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Figure 7.14 (Exaggerated) illustration of an LVZ: rays which enter the LVZ are refracted
towards the centre of the Earth. Their angle of incidence cannot decrease on the downgoing
leg as long as the ray is inside the LVZ. The consequence is a shadow zone on the surface,
where no waves occur.

increases, that is, the velocity decreases more than linearly, which explains the nomencla-
ture. For understanding what is so particular about an LVZ, we assume that the top layer of
the Earth is not an LVZ, but somewhere deeper there is an LVZ. Let p; be the ray parameter
of that ray which just touches the upper boundary of the LVZ but does not enter it, as shown
in Figure 7.14. Rays with lower 7, have a larger initial angle of incidence (i.e., at r = a)
and (since this angle is in [ /2, 7] and p = S(a)a sin i|,_,) a smaller ray parameter p. So
let p» := p; — ¢ for a sufficiently small & > 0. As long as this ray propagates through the
upper (non-LVZ) layer downwards, r /c(r) decreases and the constancy of the ray parameter
implies that sin i must increase, which means that i decreases. In the case of p1, the angle of
incidence eventually reaches 7 /2 and the upgoing leg starts, which is already determined
due to the symmetry of the rays under our assumptions.

For the ray with parameter p,, the situation becomes, however, different as soon as
it enters the LVZ. It did not reach i = 7 /2 so far, but now r/c(r) starts increasing, and
therefore sin i must decrease. Hence, the angle of incidence increases, that is, it moves away
from 7 /2, as long as the ray propagates through the LVZ. After that, i can decrease again
and the upgoing leg comes in sight. The consequence is a shadow zone where no waves
arrive. This shadow zone has the form of a belt which is defined by the total angles § (with
respect to the hypocentre) between §(p1) and lim,_, ,, _ 8(p). This also shows us that an
LVZ causes a discontinuity in the function p - 3(p). A continuous differentiability is thus
by far not given. Interestingly, the requirement of a monotonical function r — S(r)r is also
violated in the very same context, as we have seen.

Another cause of a shadow zone is a discontinuity of c. If the velocity jumps from high
to low, regarded from above a layer boundary to below it, then the angle of incidence needs
to jump as well to keep the ray parameter constant. On a downgoing leg, this means that i
jumps to a larger value and the ray is refracted towards the centre of the Earth, as shown
in Figure 7.15. As a consequence, the path of such a ray is much longer with an essentially
larger total angle. Also here, we get a shadow zone. LVZs and jump discontinuities occur,
indeed, in the Earth; see Dziewonski and Anderson (1981). A famous jump discontinuity,
where waves are decelerated if they move below it and a large shadow zone occurs, is the
core—mantle boundary between the solid mantle and the liquid outer core.
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Figure 7.15 A refraction of the rays towards the centre and a resulting shadow zone also
occur at velocity discontinuities, where the velocity jumps on the downgoing leg to a lower
value. The discontinuity surface is dotted in this figure.

Zones of Rapid Velocity Increase (ZRVI): These zones are defined by the property
that > ¢(r)|c’(r)|~! is monotonically increasing. From the point of view of a downgoing
leg, where r decreases, the latter term decreases as well along the leg in the ZRVI. In the
majority of the Earth’s layers, the velocity increases with depth. Hence, the derivative of the
velocity (i.e. the acceleration) increases faster than the velocity does in a ZRVI.

For understanding wave propagation in a ZRVI, we need a little bit of basic differential
geometry. The vector %X (s) = p(X(s)) is the unit 2tangential vector to the ray in X(s), its
derivative with respect to the arc length, that is, %X (s) = d%p(X(s)) = m(X(s)), is a
normal vector to the ray; and the Euclidean norm of this derivative is the curvature of the
ray at the very same point. By definition of p, we have Sp = VT and thus curl (Sp) = 0
such that

Scurlp + (V4 S) x p = 0. (7.115)

Due to Lemma 7.4.4, we obtain for the second term

d ds dp
(Vi) xp=—E ) xp={—p+S—)xp=Smxp (7.116)
ds ds ds

along each ray. Combining (7.115) and (7.116), we see that curlp = —m x p. With the

antisymmetry of the cross product and the expansion theorem (see Theorem 2.1.5), we come
to the conclusions

(culp) xp=px(mxp) = (curlp)xp=m.
The curvature of a ray must consequently obey

Im| = |p xm| = [p x [(curlp) x p]| = [curlp — (p - curl p)p|
= |curlp — [p - (—m x P)p| = | curlp|.
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Figure 7.16 In a ZRVI, rays which enter deeper into the Earth obtain a higher curvature
and have a smaller total angle. The result is a triplication of the travel time curve (right,
parameterized with the ray parameter): there is an interval of total angles § where three rays
(with mostly different but similar travel times) occur. The letters A to D refer to special rays
and their (8, T')-pairs. The edges of the reverse segment, which correspond to B and C, are
called cusps.

We insert (7.115) and use the spherical symmetry of our Earth model to obtain the following
(remember that S = ¢~1), again along aray x = X(s):

¥ p‘ = 571|8'|sini = 71 |¢/| sini.
dr |x|

Im| = STH(Ve8) x p| = 7

Let us now compare different rays which arrive at the same radial coordinate. Their only
difference is their angle of incidence. The deeper this radius r is, provided it is in a ZRVI, the
smaller is c(r)|c’ (r)|_1, and thus the larger is the curvature of the ray. The effect becomes
particularly clear if we look at the case r = ry, for each ray. The deeper this ‘turning point’
is, the larger is the curvature there, which is simply (c(rm))~!|¢(rm)|. Therefore, rays going
down at a steeper angle (and hence reaching deeper into the Earth) arrive at a surface point
which is closer to the hypocentre, as shown in Figure 7.16. Hence, the condition 8'(p) # 0
is violated at those ray parameters which correspond to rays which touch tangentially one
of the bounding spheres of the ZRVI. The mapping p +— &(p) loses its injectivity, which
leads to a triplication of the travel time curve.

A way out is available with the so-called intercept time, which is defined by t(p) =
T(p) — pd(p). With Benndorf’s relation (Corollary 7.4.15), we easily see that

dT(3(p)) d3(p) e
TV —3(p)—pd(p)=-3p)<0

t'(p)=T'(p) = 8(p) — p8'(p) =
outside the cusps (there is no 7'(8), but there is a T(5(p)) in the sense that p gives the
information in which segment of the travel time curve we are, e.g., between A and B, such
that in each segment there is a well-defined 7'(§), while at the cusps B and C there is no
neighbourhood which allows this). Hence, p — t(p) is injective, that is, different rays have
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different intercept times. For further details on the use of the intercept time for the inversion
of seismic data, also in the case of an LVZ, see Aki and Richards (2002, chapter 9).

If we do not have an SNREI Earth model, then the Herglotz—Wiechert formula and
many of the other derivations in this section are not applicable. In this case, we have to
use Equation (7.110) as 1t was stated in Definition 7.4.16. In other words, we know the

values of line integrals f L S(x)dl(x) along selected curves and we seek the integrand S.

This is related to the Radon transform as it occurs in computerized tomography (CT), but it
is now more complicated, since the CT case is associated to integrations along straight lines
in a planar disc. The scope and available size for this book do not allow a comprehensive
discussion of the methodologies and the theory for this problem, but we will give a short
summary of some important mathematical issues and references.

First of all, we need to be aware that the inverse problem is actually non-linear, because
the ray (i.e., the domain of integration) depends on the slowness itself. In practice, this
is avoided by taking a reference model which is already a good approximation, a priori
calculating the rays based on this model, and keeping them fixed such that only the integrand
remains unknown. This adds a slight inaccuracy into the inversion. However, the solution of
non-linear inverse problems is often extremely challenging, while linear inverse problems
can be regularized very well with a number of methods such that it is better to add an error
in the modelling than to obtain severe limitations in the resolution for the original problem.

A survey on the theory of the linearized problem is given in the thesis Amirbekyan
(2007). In particular, Bernstein and Gerver (1978) showed a sufficient condition for a unique
solution: if the set of rays along which travel times are given is large enough such that
through each point of the domain (e.g., the Earth) rays exist with all possible tangent vectors
in this point and some other criteria are satisfied, then there is not more than one solution.
Certainly, this is not possible in practice, and it suggests that we will have to deal with a
severe non-uniqueness of the solution when we deal with real data. Moreover, Amirbekyan
(2007) proved that, if a unique solution is available, it must be unstable, that is, the slowness
function does not continuously depend on the travel times. Hence, no matter if it is due to a
non-uniqueness or due to the instability, the seismic travel time tomography problem is for
sure an ill-posed inverse problem.

For the numerical solution of travel time inversion at the global scale, several method-
ologies exist. Often, the problem is discretized by subdividing the Earth or the region into
small volumes (blocks) such as tetrahedra. This is combined with the assumption that the
solution has a very simple structure within each single block. For example, the values of
the solution at the vertices are considered as unknowns and are linearly interpolated in
between. In this context, there also exist methods where the structure of the blocks is more or
less manually adapted, for example, by a subdivision into smaller subblocks or by melting
several blocks into a larger block. Examples of such works can be found in Humphreys
and Clayton (1988), Nolet (2008), Sigloch (2008), Tanabe and Ogata (1990), and Tian
et al. (2009), as well as Bianco and Gerstoft (2018), where the latter uses a subdivision
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of a two-dimensional domain into pixels and considers dictionaries of Haar wavelets and
discrete cosine transforms together with a dictionary learning technique. For the similar
inverse problem of ocean acoustic tomography, a related approach to the latter is introduced
in Wang and Xu (2016), where the well-known K-SVD algorithm is used for dictionary
learning. Also for ultrasound tomography in medical imaging, such kinds of techniques
exist; see, for example, Tosic et al. (2010). These dictionary-based approaches have sparsity
as a main objective and the methods rely on an a priori discretization of the solution into a
finite set of function values. Several alternative approaches have been discussed and applied
so far for seismic travel time tomography. This includes the use of localized basis functions
such as splines in Amirbekyan (2007) and Amirbekyan and Michel (2008).

Exercises

71 Let ¢(X) = e~ XX/ (X1, X5, (r + 1)X3)T be defined on the set By (0). Verify if
Assumption 7.1.4 is fulfilled and determine the material velocity and acceleration.

7.2 Prove Lemma 7.1.17.

7.3 Prove Lemma 7.1.19.

74 Letg(X) = (X1(1+1), X2(1 +1%), X3(1 —|—2t))T on the set B1(0) for t € Ry Check
if Assumption 7.1.4 is fulfilled and verify the validity of (7.4) by calculating both
sides of the equation.

7.5 Prove that the deformation gradient obeys %(X, 1) = g—;(@(X),t) F(X,t) for all
X € B and all t € R, where g—; stands for a Jacobian matrix.

7.6 Show that the definition of a perfect fluid in Remark 7.2.18 leads, indeed, to the
particular form of o and verify that div, 0 = —V, p.

7.7 Let U be a displacement. We define £(U) = (VXU + (VXU)T)/Z and R (U) =
(VXU —(Vx U)T) /2. Prove that R (U) = (1/2)(curlxU) x I and give a justification
of the approximation ¥ >~ [ 4+ £ + R for the deformation gradient.

7.8  Consider the linearized model and the case of a homogeneous and isotropic medium,
where E has a form as in (7.62). Show that trS§ ~ (61 + 4u)divy U and £ =~
4p)~H(S — 2Bx +20)" L (trS) D).

7.9 A long, thin, and cylinder-shaped wire is located along the X-axis and is being
stretched along this axis. Its second Piola—Kirchhoff stress tensor has then vanishing
components S;; for (i, j) # (1,1). The assumptions of Exercises 7.7 and 7.8 also
apply here. Determine £, Young’s modulus S1;& 1_11, and Poisson’s ratio —& ;& 1_11,
Jj=23.

7.10 Letu be aplane progressive wave in a homogeneous and isotropic medium in the case
of the linearized model. Show that the linearized Cauchy stress tensor I' : (Vyu) is
given in the case of a P-wave and an S-wave, respectively, by

op(x,)=¢'(x k—ct)Oa - k1 +2pna k),
os(x,) =¢'(x - k—ectHpla @k +k ® o).
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7.11

7.12

7.13

7.14

Mathematical Models in Seismology

Use the separation ansatz U (x) = F(r)G (@) in polar coordinates on the disc Br(0) C
RR? to solve the Helmholtz equation AU + w”U = 0 for a fixed w € R*. Determine
the general solution for G and show that all F with F(r) = Ji(wr), k € N, can be
used.

Use the substitution I?,, jr) = ;,(a)r/ ¢) in (7.90) to derive a differential equation
for the nth spherical Bessel function. Verify that ﬂ)(x) = x"sinx and 71(x) =
x~1x~Lsinx — cos x) solve this equation for x > 0 in the cases n = O and n = 1,
respectively.

Show that the toroidal frequency equation (7.95) can be written in the case n =
las x 'tany = 33 — x2~!, where x := wbB~! is the unknown. Determine
approximately the smallest positive solution. (You may use that the 2nd spherical
Bessel function is given by 72(x) =GBx"2 — Dx~lsinx —3x~2cosx for x > 0.)
Show that, in the case of a constant speed c, the rays are straight lines.



Appendix A

Hints for the Exercises

In this appendix, some short hints are given for the exercises which have been stated through-

out the book.

3.1 Basically, one needs to apply the chain rule to the formula for the occurring Euclidean
norm.

3.2 The proof is analogous to the case n = 3.

3.3 Forexample, take |[U(y)| = O ([y|*™), [VU()| = O (|y|' ™) as |y| — oc.

34  The proof is analogous to the case n = 3.

3.5 Harmonicity in 1D means U” = 0, which essentially restricts the structure of U.
Also regions in R! have a simple structure. Think about what their boundary would
be.

3.6  Start with the fundamental theorem on the ball and apply Green’s second identity.

3.7 Calculate V*|V V|, which leads you to the calculation of V|VV| via the comment in
the exercise. The rest is basically the application of differentiation rules.

3.8  Part (a): use Exercise 3.6. Part (b): there is a property in real analysis regarding the
curvature of the graph.

3.9  For the first part, use the triangle inequality for integrals and estimate the integrand.
For the second part, apply the Ascoli-Arzela theorem to 7/, where I/ is the unit
sphere in C(D).

3.10 Use the Cauchy—Schwarz inequality and the dominated convergence theorem.

3.11 Use polar coordinates. The occurrence of an absolute value in Ps(0,0,x3) and
P4(0,0, x3) is responsible for the jumps.

3.12 Use the Poisson integral formula for the IDP, find an appropriate estimate for the
Abel-Poisson kernel, and use Gaul}’s mean value theorem.

3.13 Use Harnack’s inequality from Exercise 3.12.

3.14 Have a look at the solution of the IDP: AV = Qin B,(xq), V = U on S,(xg).

3.15 Use Exercise 3.14. Note that the uniform convergence does not automatically allow
the interchanging of the limit and the Laplace operator, but it suffices for the inter-
changing of the limit and an integration.

3.16 Your result should basically look like Figure 3.9.

3.17 The derivation basically uses the chain rule and is a simpler analogue of the 3D case.
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3.18

4.1
4.2

4.3
44
4.5
4.6
51
52
53

54
5.5

5.6

53

5.8

59

5.10

511
512

6.1

6.2

Hints for the Exercises

We get Y/ = —CY and r>F"(r) + r F'(r) = CF(r). Use the periodicity of ¥ and
(e.g.) a power series ansatz for F.

The proof is similar to the proof of L* - V* = 0 in Theorem 4.1.6.

For verifying your results, note that all functions are algebraic polynomials in the
Cartesian coordinates &1, &, and &3.

Use the addition theorem for spherical harmonics.

Use the mean value theorem of differentiation and the Cauchy—Schwarz inequality.
Insert (n+ 1/2)*(n 4+ 1/2)™° into the spherical harmonics expansion of F(§)— F ()
and use the Cauchy—Schwarz inequality and Exercise 4.4.

Use the formulae for V* and L* to represent V* ® V*H — L* @ L*H in terms of
the spherical tensor basis ¢ ® 7, ¢¥ ® &7, 89 ® ¥, &' ® &7, ... This allows you to
determine the transposition, which can then be easily subtracted.

Since Br(0) > x — F(x)|x|~? is harmonic, it can be expanded in inner harmonics.
Use Theorem 5.2.3.

Separate the properties into their analogues in X and ) and use that these spaces
are known to be Hilbert spaces.

Use that P zx = zx and P is self-adjoint.

Use the orthogonal decomposition of X into the null space of 7 and its orthogonal
complement.

For part (a), use Theorem 2.5.72. For part (b), use the Cauchy—Schwarz inequality
and Theorems 2.5.39 and 5.3.2.

Fredholm’s theorem and its implications, that is, Theorem 2.5.78 and Corollary
2.5.79, are helpful here. Moreover, for part (a), prove by contradiction that 7 — AZ
is not surjective if A is an eigenvalue. Then have a look at the orthogonal complement
of the image of 7 — AZ. For part (b), use orthonormal bases {xj}j=1,..,n of
ker(7 — AZ) and {yx}x=1...m of ker(7T* — AT) and investigate the operator S
withSF=TF — Zr;:l (F,xj)y;.

Use the Holder inequality 3 0% | x,y, < (300 x)YP(X%  yiYa for p=! +
g ' =1.

Use the singular-value decompositions for the occurring operators and the corre-
sponding analogues in the functional calculus. It is also helpful to solve the parts (a)
to (d) consecutively.

Use the Holder inequality (see the hint for Exercise 5.8) for the first inequality and
use Exercise 5.9a for the second one.

Use (5.37) in Theorem 5.3.36.

Start with an arbitrary /™ € X', andlet f, := R ,7 f7. Then estimate || f ™ — f; || x
via Exercise 5.9¢. Furthermore, use Theorem 5.3.43.

For example, f(x) = grad (|x|>/2)+curl 0, because curl f = 0, and g(x) = grad 0+
curl [(x32,x%, x22)T/2], because divg = 0.

Use Theorem 6.3.7 and Corollaries 6.3.17 and 6.3.13 to show that f is solenoidal
and toroidal but not poloidal. Use Theorem 2.1.5 to find a toroidal scalar such as
Q(x) = —arcsin&; = — arcsin(x3/|x|). Possible Mie scalars are, hence, the same
Qand P =0.



6.3

6.4

6.5

71

7.2
7.3
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7.3

7.8
7.9
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Hints for the Exercises 427

Both fields are not divergence-free such that they have none of the properties (see
Theorems 6.3.2 and 6.3.3).

&" = E14+V*0+L*0, £¥ = £0+V*0+L*(— arcsin&3), and & = £0+ V* arcsin &3+
L*0.

Write LU with the Levi-Civita alternating symbol, elaborate all derivatives, and use
Schwarz’s theorem.

The Jacobian J has zeros. For the material velocity and acceleration, use Definition
7.1.5.

Use induction and the chain rule.

Take an arbitrary point X € B, use balls B, (X) with , — 0+ as nice regions, and
use the continuity of the integrands.

The assumption is fulfilled. Note that v needs to be differentiated with respect to x.
Use Schwarz’s theorem, replace X by ¢, 1((jﬁt(X)), and apply the chain rule.

For the form of o, use that also the standard basis vectors are eigenvectors. The
formula of divy o is a simple calculation.

Use the Levi-Civita alternating symbol and its properties to calculate (curly U) x I.
Moreover, note that F can be replaced by I + VxU.

Use Hooke’s law to calculate S.

Use the formula for £ in Exercise 7.8.

Use (7.64) and the formula for the spatial derivative of a plane progressive wave.
Use the representation of A in R” from Exercise 3.17 and note the periodicity of G.
The equation is ;7 (x) 4+ 2x 1 j7(x) + (1 — n(n + Dx~2)j,(x) = 0.

The equation results from 72( x) = 0 and the observation that the zeros of cos do not
solve this. The smallest solution is x ~ 5.763459197.

Use Lemma 7.4.4 and the definition of rays.



Appendix B

Questions for Understanding

The following selection of questions refers to some essential topics of the book. The answers
can be found by a thorough study of this book (with a few indicated exceptions where
outlooks to different topics are given). Readers, in particular students, who want to learn
the contents which were derived and explained in the previous chapters are recommended
to use them as a self test.

428

What is the formula of Newton’s gravitational potential?

Which properties does it have? What are conditions on the mass density function for
each of these properties of the potential?

Which properties do harmonic functions have in general?

Where does the Poisson equation play a direct or indirect role within this book?
What does Holder continuity mean and how is it related to other properties of func-
tions?

What is the Kelvin transform and what is it good for?

Outlook question: there is a terminus in the theory of functions of a complex variable
which has strikingly similar properties in comparison to harmonic functions. What
is this? Can you imagine (or find in the literature) how this can be mathematically
explained?

We defined four common boundary-value problems for the Laplace equation. What
was their precise definition?

Outlook question: if we measure the gravitational force at the Earth’s surface and
want to determine the potential outside the Earth, then this also leads us to aboundary-
value problem. Why is it not precisely one of the four preceding problems? What is
different?

Which answers connected to the three questions behind well-posedness in the sense
of Hadamard have been given for each of the four boundary-value problems?

What is a Green’s function for A? What does it have to do with the preceding
boundary-value problems?

Which properties of Green’s functions were mentioned in the book?

What is the Green’s function in the case of a spherical boundary? To which famous
formula did this lead us?

What is the definition of the single and double layer potentials?
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Which properties do the layer potentials have? What are the associated conditions on
the numerator of the integrand (here usually denoted by F)?

In particular: what are the differences between these two potentials regarding discon-
tinuity properties?

What do the layer potentials have in common with Newton’s (volume) potential?
What is different?

What is a Fredholm integral operator? Which kinds are distinguished?

Where did Fredholm integral operators occur within the book?

How can the gradient and the Laplace operator be decomposed into polar coordi-
nates? What is the surface curl gradient? What did we learn about the Beltrami oper-
ator?

We used a separation ansatz to determine a basis for harmonic functions in polar
coordinates. What was the ansatz and what were the essential steps which eventually
led us to the ¥, ;-functions?

What are the Legendre polynomials and which properties do they have?

What is a spherical harmonic?

What are inner and outer harmonics?

Which properties of spherical harmonics did we encounter throughout this book?
What are, in particular, the properties of the ¥, ;?

Outlook question: how could spherical harmonics and a Y, j-basis be constructed in
R%? What would this basis be particularly in R2, that is, for a circle line?

What is the Levi-Civita alternating symbol and what can it be used for?

What is a zonal function? Why is the integration of a zonal function rather simple?
What do GauB3’s surface law and the surface theorem of Stokes look like precisely?
From basic courses on real analysis, it is well known that gradient fields are curl-free,
while the opposite holds true under certain sufficient conditions on the domain. What
is, in some sense, the surface analogue on the sphere?

What is the Poisson integral formula? Note that it occurs twice. How are these two
versions connected? Which other question in this list refers to this formula?

What is the Christoffel-Darboux formula?

What is an efficient way of calculating the ¥, ;?

What is a vector spherical harmonic? Which two kinds of systems are distinguished?
What do these two kinds have in common and what is different? Which functions of
these two kinds are identical?

For which kind is it easier to represent the gradient of inner and outer harmonics?
What is the definition of the Freeden—Gervens—Schreiner tensor spherical harmonics?
Which properties do they have?

In which (broadly geometrical) sense do some of the types of tensor spherical har-
monics differ from others?

What is the difference between a bandlimited and a spacelimited function? Which
alternative name to ‘spacelimited’ is also common?
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Questions for Understanding

What is an optimally space-localizing Slepian function on the sphere (here now just
called Slepian function)? How can it be calculated? For which domain and how can
this calculation be done in an efficient way?

What do the vectors of the spherical harmonic coefficients of Slepian functions have
in common with the Slepian functions themselves? Why is this the case?

Which equivalent statements to the definition of Slepian functions exist?

What is a radial basis function?

What is a Sobolev space on the sphere (here now briefly Sobolev space)?

When does it occur that a Sobolev space is embedded into another one? Which
particular nested sequence of Sobolev spaces did we use?

Which further properties do Sobolev spaces and their elements have? What are the
requirements on the corresponding sequence (A;)neN,?

What is a multi-resolution analysis?

What is a reproducing kernel?

When do radial basis functions deserve their name, that is, when do they really con-
stitute a basis?

Which examples of radial basis functions occurred throughout the book?

The equation A*U = F can be considered the spherical version of the Poisson
equation. When is it solvable and what is known about its solutions?

Which basis functions on the three-dimensional ball were considered in the book?
What is the definition of a Sobolev space on the ball?

Which best basis algorithms were discussed here? What are their differences regard-
ing their objective function and regarding their properties? Are there algorithmic
differences?

What is the downward continuation problem? What do we know about it? Is it well-
posed?

What is the inverse gravimetric problem? What do we know about it? Is it well-posed?
For an inverse problem with a known svd, which criterion is available for its solv-
ability? If you want to prove this criterion, then make it so.

Which two concepts of well-posedness are used in the book? What are their defini-
tions? Is there a connection?

Moreover, there is a way of classifying how severely ill-posed an inverse problem is.
How is this done? What is the case for downward continuation and inverse gravime-
try?

What is the normal equation and what does it have to do with inverse problems?
What is a minimum-norm solution? What do you know about it?

What is the Moore—Penrose inverse? Which properties does it have?

What is a regularization? Which examples occurred in the book?

What is the benefit of a regularization?

What is a source condition?

What is meant by order optimality?
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Tikhonov—Phillips regularization is represented by what? Which properties does it
have?

What are the four Maxwell equations?

In the chapter on the magnetic field, we encountered three different decomposition
principles for particular kinds of functions. What are these and what are their precise
propositions? Which of them was used to prove which other one among them?

For each decomposition principle, where did it, throughout the book, become useful?
Under which conditions is a function solenoidal, toroidal, or poloidal by definition?
Which sufficient, necessary, or equivalent criteria exist?

We had a counterexample which showed that ‘solenoidal’ is only a sufficient but not
necessary criterion for a differential equation. What is the corresponding theorem and
what is the counterexample?

How can the magnetic field B and the current J be decomposed?

The distinction of internal and external fields is easy if the absence of currents is
assumed. Why is this the case and how can this be done?

Which alternative exists if currents cannot be neglected? Which kind of vector spher-
ical harmonics is useful in this case?

What is a simple body and a motion in continuum mechanics?

What is the difference between an Eulerian and a Lagrangian description? Which
other names exist? Explain the difference for the velocity and the acceleration.
What is the right Cauchy—Green tensor?

Which conservation laws occurred in the seismology chapter? What is their precise
definition? Which implications or equivalences exist? What are the basic steps of
proving them?

What does ‘volume preserving’ mean? Are there also implications or equivalences?
Why is this not a conservation law?

Which body forces need to be taken into account in the case of the Earth (in a precise
modelling)? What is the difference between these forces?

Which kinds of stress tensors did we encounter? What are their properties?

What are elasticity tensors?

Which equations were used in the linearized model?

What does isotropy and homogeneity mean? Which simplifications occur in the
isotropic (and homogeneous) case?

What does the ansatz of a plane progressive wave stand for? What does it yield and
why (for the case of an elastic wave)?

What is the Cauchy—Navier equation and how is it derived? How can it be solved?
What is the Helmholtz equation?

Which kinds of basis vectors did we get for the solutions of the Cauchy—Navier
equation? How are they composed? Which kind of vector spherical harmonics is
useful here? Which type is needed for which basis vectors?
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Questions for Understanding

We also had boundary conditions in this context. What are they and what did they
imply?

What is a seismic ray?

What is the inverse problem of travel time tomography?

Which special properties do rays have in the case of an SNREI model?

In the derivation of the Herglotz—Wiechert formula, several requirements on the
velocity field had to be made. We saw that these are not satisfied, for example, in two
kinds of zones. What are these zones and how are they characterized? What happens
to rays propagating through such a zone? Which way out was briefly mentioned?
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0;, 1. 184 adjoint operator, 39, 281
0;, 169 algebraic complement, 41
Il 4 amplitude of a wave, 386
I 1l2, 23, 24 analytic function, 111
I ey 23 angle of incidence, 412
I lecpys 23 angular momentum conservation, see conservation of
Il lle(py. 23 angular momentum
Il Ay 2 212 anharmonic function, 234
-1l .33 approximation error, 294
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e, 354 B, 232,350
) Ay 212 Baire-Hausdorff theorem, 26
330 26 balance law (general form), 361
LA(D) 2% ball, 4, 24, 25, 232
2 .)IZ(D)’ orthonormal basis, 233
{ ')IZ(D)’ 26 Banach space, 24
(,)2,23,24 Banach-Steinhaus theorem, 33
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1.7 bandlimited, 192
V, 11,115, 116, 183 Beltrami operator, 117, 142, 163, 229
VeV, i1l eigenfunctions and eigenvalues, 155, 161
V*,116, 142 Benndorf’s relation, 414
@, 41 Beppo Levi’s monotone convergence theorem, 15
®.,5 Bessel differential equation, 398
|'T"| for operators 7, 284 Bessel function
of the first kind, 398
a priori parameter choice, 286 of the second kind, 398
Abel integral equation, 417 spherical, 399
Abel-Poisson kernel, 109, 132, 160 Bessel inequality, 31
Abel-Poisson wavelet, 242 best-approximation property, 40
absolutely continuous, 17 best-possible worst-case error, 289
acceleration, 352 bilinear, 18
accumulation point, 4, 25 binomial coefficient, 13
addition theorem for spherical harmonics, 156 Biot-Savart law, 327, 344
addition theorem for vector spherical harmonics, 178, body waves, 386-406
181 in isotropic material, 389
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boundary, 25
boundary-value problems, 79
bounded operator, 33
bounded set, 4, 25

bulk modulus, 385

C.350

C (B, 350

C(D), 12, 18, 23, 26, 30
C(D,E), 12,18

cl0-9)(p)y, 59
ctk-2)(D), 59
(D), 12, 18,23, 26
(D), 12, 18,23, 26
koD, 59
c®(Dy, 12, 18,23, 26
c®(D,E), 12,18
By, 12, 18
(D), 12, 18
(D), 394
Cartesian axis system, 8
Cartesian product
of Banach spaces, 34
of Hilbert spaces, 305
category, 26
Cauchy sequence, 24
Cauchy stress tensor
definition and existence, 365
linearized version, 384
symmetry, 367
Cauchy’s theorem, 362
Cauchy—Green tensor, 354
Cauchy—Navier equation, 391, 393, 399
Cauchy—Schwarz inequality, 22
centrifugal force, 375
characteristic function, 7
X, 7
Christoffel equation, 388
Christoffel-Darboux formula, 167
closed graph theorem, 34
closed in the sense of the approximation theory, 32
closed set, 4, 25
closure, 25, 45
commuting differential operator, 200
compact operator, 36, 39
compact set, 4, 25
complete space, 24, 26
complete system of vectors, 31, 32
completion, 45
compressional wave, 390, see also P-wave
configuration, 350

conjugately symmetric (property of an inner product),

18
connected, 4
simply connected, 13
conservation of angular momentum, 366, 367, 369,
372,374
conservation of energy, 369, 372, 374, 376
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conservation of linear momentum, 365-367, 369, 372,

374
conservation of mass, 355, 358, 366, 367,369, 372,
374

continuous, 33

absolutely, 17

Holder, 59

Lipschitz, 59
continuous inverse operator, 35, 37
continuous spectrum, 43
contractible set, 330
contraction of a tensor, 9
convergence, 24

strong, 38

weak, 38
convex function, 40
convex set, 40
convolution of zonal functions, 227
Coriolis force, 375
correlation ratio, 250
Coulomb gauge, 326
Coulomb potential, 51, 327
Coulomb’s law, 327
cross product, 5, 11
cubic polynomial scaling function, 218
curl, 11,12
curvature, 47
curvature radius, 47
curve, 46

Dy, 355

Dy, 354

3,25

data error, 294

deformation gradient, 354

deformation-rate tensor, 353

A, 12,116

A* 117,142,161, 163,229

(A%1, 231

*A, 234

3. 6,19

delta function, 38

dense subset, 25

diam, 25

dictionary, 238, 239
image-normalized, 239, 306
semi-frame condition, 248

not necessary for the RFMP, 312

X -normalized, 239

dictionary learning, 252

Dirac delta function, 38

direct sum, 41

direction of wave propagation, 386

Dirichlet problem
existence of a solution, 105
exterior, definition, 79
exterior, Poisson integral formula, 110
exterior, stability, 81



exterior, uniqueness, 82
interior, definition, 79
interior, Poisson integral formula, 109
interior, solution for the sphere, 108
interior, stability, 80
interior, uniqueness, 80
discrepancy principle, 302
generalized, 303
discrete metric, 24
displacement, 376
dist, 25
distance to a set, 25
div, 11-13
divergence, 11-13
dominated convergence theorem, 15
dot product, 5, 17, 18
double layer potential, 85, 88, 90, 91, 93,97, 98, 105
double-dot product, 10, 18, 23
downward continuation operator, 266, 282, see also
downward continuation problem
downward continuation problem, 265, 274, 281, 282,
294
dual space, 37
dyadic product, 5, 7

E((An); ), 212
Eyv(s,0,5), 289
ev(e, 0), 289
Edmonds vector spherical harmonics, 179, see also
vector spherical harmonic
EDP
definition, 79
existence, 105
Poisson integral formula, 110
stability, 81
uniqueness, 82
eigenfrequencies
spheroidal, 405
toroidal, 404
eigenspace, 43
eigenvalue, 43
eikonal equation, 409, 414
elastic plane progressive wave, 388
elastic stored energy function, 384
elastic wave, 388, 391
elasticity tensor, 379, 383, 384
for isotropic and homogeneous material, 385
electric potential, 326, see also Coulomb potential
energy, 369, 372, 376, 384
energy balance equation, 369, 372, see also
conservation of energy
energy conservation, see conservation of energy
energy ratio, 194
ENP
definition, 79
existence, 105
uniqueness, 82
epigraph, 40

Index

gk ,6
e¥,21,118
e",21,118
e’, 21,118
equation
Abel integral equation, 417
Bessel differential equation, 398
Cauchy—Navier equation, 391, 393, 399
Christoffel equation, 388
eikonal equation, 409, 414
energy balance equation, 369, 372, see also
conservation of energy
equation of continuity, 358, 361
equation of linear elasticity, 384
Euler’s equation of motion, 366
for a self-gravitating and rotating Earth, 375
Fredholm integral equation, 94, 98, 102
frequency equation
spheroidal, 405
toroidal, 403
Helmbholtz equation, 394
Lagrangian equation of motion, 374
Laplace equation, 58, 61, 138
Legendre differential equation, 123
Maxwell’s equations, 325
static case, 327
Poisson equation, 61, 62, 138, 326
spheroidal frequency equation, 405
toroidal frequency equation, 403
wave equation, 394
essential supremum, 27
essentially bounded, 27
Euclidean inner product, 5, 17, 18
Euclidean norm, 4, 5
Euclidean scalar product, 5, 17, 18
Euler’s equation of motion, 366
for a self-gravitating and rotating Earth, 375
Euler-Mascheroni constant, 398
Eulerian description, 352, 354
even function, 122
expansion theorem, 6
exponentially ill-posed, see ill-posed
exterior, 48
exterior Dirichlet problem
definition, 79
existence, 105
Poisson integral formula, 110
stability, 81
uniqueness, 82
exterior Neumann problem
definition, 79
existence, 105
uniqueness, 82

filter, 293
band-pass filter, 294
examples, 297, 298
low-pass filter, 293
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filter (Cont.) fundamental theorem, 74, 139
qualification, 296 fundamental theorem of calculus (generalization), 17
regularizing filter, 293

finite elements on the sphere, 222 Gm,n, s 233

first category, 26 Gl 233

first Piola—Kirchhoff stress tensor, 372 ﬁ’n’] 3

fluid, see perfect fluid

FMP, see Functional Matching Pursuit
force density, 365

Fourier series, 32

Fourier transform, 391

m,n, j
Galerkin method, 323
gamma function, 13
Gauf bracket, 7
Gaufy’s law, 14, 15

Fredholm alternative, 323 Gauf}’s mean value theorem, 76, 139
Fredholm integral equation, 94, 98, 102 Gauli’s surface law, 149
Fredholm integral operator GauB representation, 327
of the first kind, 93, 99, 102, 140 generalized discrepancy principle, 303
of the second kind, 93, 99 generalized fundamental theorem of calculus, 17
Fredholm’s theorem, 43 generalized inverse, 277, see also Moore—Penrose
Freeden—Gervens—Schreiner tensor spherical inverse
harmonics, 184 generalized Tikhonov—Phillips functional, 301
frequency equation generating function, 129
spheroidal, 405 grad, 11, 12, see also gradient
toroidal, 403 gradient, 11, 115, 116, 183
Fresnel-Hadamard theorem, 388 surface gradient, 116
fully normalized spherical harmonic, 136, 151, 198 graph, 34
Christoffel-Darboux formula, 167 gravitation, 50-141
numerical calculation, 166 self-gravitation, 374
function gravitational potential, 50, 94, 266
absolutely continuous function, 17 great circle, 147
analytic function, 111 Green deformation tensor, 354
anharmonic function, 234 Green’s function, 84, 85
Bessel function existence, 107
of the first kind, 398 for the sphere, 108
of the second kind, 398 symmetry, 107
spherical, 399 Green’s identities, 14, 74
characteristic function, 7 Green’s surface identities, 148
even function, 122 Green’s theorem, 14, 15
gamma function, 13
harmonic function, 12, 234 H ((Am,n) X, B), 235
Hélder continuous function, 59 H ((An); ), 212, 288
indicator function, 7 H a*,229
Lipschitz continuous function, 59 H s(82), 216
Neumann function, 398 Haar scaling functions on the sphere, 222
odd function, 122 Hansen decomposition, 332
poloidal vector field, 329, 334 Hansen vectors, 396-406
solenoidal vector field, 329 Harmg (D), 154
subharmonic function, 140 Harmomoo(]RS), 153
superharmonic function, 140 Harmg_,(D), 154
toroidal vector field, 329 Harmg_ ,(€2), 155
zonal function, 147 Harmomn(]RS), 153
convolution, 227 Harmy, (D), 153
functional, 33, 37 Harm,, (R2), 155, 156
functional calculus, 283 Harm,, (]RS), 154
Functional Matching Pursuit, 239, 240 Harmy, (Rd)a 113
convergence in the solution space, 248,312 harmonic function, 12, 234
convergence of the residual, 245, 247 Harnack’s inequality, 141
convergence rate, 250 heat flux density, 369
monotonicity of the residual, 245 heat flux vector, 369

fundamental solution, 59, 131, 138 heat supply density, 369
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Helmbholtz decomposition, 326, 332, see also spherical Poisson integral formula, 109
Helmholtz decomposition solution for the sphere, 108
Helmholtz equation, 394 stability, 80
Herglotz—Wiechert formula, 418 uniqueness, 80
Hessian, 11 interior Neumann problem
Hilbert space, 24 definition, 79
Hodge decomposition, 332 existence, 105
Holder continuous, 59 non-uniqueness, 80
Hom,, (]Rz), 154 interior point, 24
Hom,, (]RS), 154 internal energy density, 369
Hom, (R9), 113 interpolation inequality, 284
homogeneous (property of a norm), 22 inverse gravimetric problem, 267, 268, 274, 278, 281,
homogeneous harmonic polynomial, 113 282,294
homogeneous material, 385 inverse image, 33
homogeneous polynomial, 113 inverse mapping theorem, 35, 273
Hooke’s law, 383 inverse problem, 34, 264-324
inverse problem of travel time tomography, see travel
i, 143 time tomography
itan, 145 invertible motion, see motion, regular
IDP isochoric, see volume preserving
definition, 79 isometric, 45
existence, 105 isotropic material, 380, 384, 389
Poisson integral formula, 109 body wave propagation, 389
solution for the sphere, 108 elasticity tensor, 385
stability, 80
uniqueness, 80 J;, e (F), 299
ill-posed Jtan» 145
exponentially ill-posed, 280 Jacobi polynomials, 233
in the sense of Hadamard, 80, 265 Jacobian matrix, 11
in the sense of Nashed, 274, 280 surface Jacobian matrix, 402
of order «, 280 transposed surface Jacobian matrix, 402
polynomially ill-posed, 280 Jensen’s inequality, 41
image-normalized dictionary, 239, 306, see also
dictionary K(X,¥), 36
incompressibility, 385 Kelvin transform, 70, 136, 138
incompressible, see volume preserving ker, 42
i.n.d., see image-normalized dictionary Kronecker delta, 6, 19
indicator function, 7
induced metric, 24 Ly, s 396
induced norm, 22 L£(X,Y), 33
inner harmonics, 137, 155, 183, 234 £,119
inner product, 18, see also double-dot product L, 329
inner product space, 18 L*, 142, 169, 329
inner sources, 328 L>®(D,C™), 27
INP ¢2,23,27
definition, 79 L2(D), 27
existence, 105 LZ(D,C’”), 27
non-uniqueness, 80 Lz[—l, 1], 134
int, 24 P 23,27
integral, 14 17(D), 26
integral kernel, 94 17(D), 26
order, 94 LP(D), 26,30
intercept time, 421 LP(D,C™), 26
interchanging differentiation and integration, 16 L-curve method, 302
interior, 48 Lagrange identity, 6
interior Dirichlet problem Lagrangian description, 352
definition, 79 Lagrangian equation of motion, 374

existence, 105 Lagrangian strain tensor, 381
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Lamé moduli, see Lamé parameters
Lamé parameters, 385
Landau symbol, 6
Laplace equation, 58, 61, 138
fundamental solution, 59, 131
Laplace operator, 12, 116
Laplace—Beltrami operator, 117, 142, 163, 229
eigenfunctions and eigenvalues, 155, 161
latitude, 20
layer potential, see single layer potential, double layer
potential
Lebesgue integral, 14
left-normal tensor field, 186
left-tangential tensor field, 186
Legendre coefficient, 225
Legendre differential equation, 123
Legendre functions, 129, 164, 198
norm in L2[—1,1], 134
Legendre operator, 119
eigenfunctions and eigenvalues, 123, 163
Legendre polynomials, 124, 125, 156, 157, 159, 163,
233
basis property, 157
definition, 123
differential equation, 123
estimate, 228
generating function, 129
norm in L2[—1,1], 134
orthogonality, 134
recurrence formulae, 131, 132
Rodriguez’s formula, 128
Legendre-tensor field, 178, 181
Leibniz rule, 13
Levi-Civita alternating symbol, 5, 9, 10
line integral, 46
line segment, 4
linear elasticity
equation, 384
Hooke’s law, 383
linear operator, 33
linear regularization, 286
linearized Cauchy stress tensor, 384
linearized strain tensor, 384
Lipschitz continuous, 59
In, see log
localized energy balance
material form, 372, 376, 379
spatial form, 369
locally supported, 192
log, 7
longitude, 20
longitudinal wave, 390, see also P-wave
low-pass filter, 293
low-velocity zone, 418
LVZ, see low-velocity zone

My, j, 396
magnetic potential, 328

Index

magnetics, 325-349
Marussi tensor, 183
mass conservation, see conservation of mass
master balance law, 361, 362
Matching Pursuit, 238, see also Functional Matching
Pursuit, Orthogonal Functional Matching
Pursuit, Orthogonal Matching Pursuit,
Regularized Functional Matching Pursuit,
Regularized Orthogonal Functional Matching
Pursuit, Regularized Weak Functional
Matching Pursuit, Weak Functional Matching
Pursuit, Weak Matching Pursuit
material acceleration, 352, 353
material description, 352
material frame indifference, 378
material strain tensor, 381
material time derivative, 354
material velocity, 352
matrix as a particular case of a tensor, 8
maximum norm, 23
maximum principle, 77, 78, 139
Maxwell’s equations, 325
static case, 327
measurable, 14
metric, 23
discrete metric, 24
induced metric, 24
metric space, 23
Mie representation, 336
Mie scalars, 336
minimum-norm solution, 277
modulus of compression, 385
momentum conservation, see conservation of linear
momentum
monotone convergence theorem, 15
Moore—Penrose axioms, 280
Moore—Penrose inverse, 277, 278, 280, 281
Morse—Feshbach vector spherical harmonics, 169,
402, 406, see also vector spherical harmonic
motion, 350
invertible, see motion, regular
regular, 351
MP, see Matching Pursuit
MRA, 213, 236
multi-index, 112
multi-resolution analysis, 213, 236

N, j.397
nabla operator, 11, 115, 116
natural logarithm, 7
Neumann function, 398
Neumann problem
existence of a solution, 105
exterior, definition, 79
exterior, uniqueness, 82
interior, definition, 79
interior, non-uniqueness, 80
Neumann series, 37



Newton’s gravitational potential, 50, 94, 266
Newton’s second law, 365
nice set, 355
non-linear regularization, 286
norm, 21
induced norm, 22
normal equation, 275
minimum-norm solution, 277
solution space, 276
normal modes, 396
football mode, 401
poloidal, see spheroidal
spheroidal, 396
eigenfrequencies, 405
general representation for a homogeneous and
isotropic ball, 405
toroidal, 396
eigenfrequencies, 404
general representation for a homogeneous and
isotropic ball, 405
torsional, see toroidal
normal tensor field, 186
normal vector, 47, 48
normed space, 21
nowhere dense set, 26
null space, 42

oK) 184
0,169
0(3),378
odd function, 122
OFMP, see Orthogonal Functional Matching Pursuit
Q, 4
Qp, 264
OMP, see Orthogonal Matching Pursuit
open mapping, 34
open mapping theorem, 34
open set, 4, 25
operator, 32
adjoint, 39, 281
bounded, 33
compact, 36, 39
continuous, 33
continuous inverse, 35, 37
generalized inverse, see Moore—Penrose inverse
graph, 34
inverse image, 33
linear, 33
open, 34
preimage, 33
self-adjoint, 39
operator norm, see || - || ~
optimal reconstruction/regularization method, 292
order optimal reconstruction/regularization method,
292, 296, 301, 303, 304
orthogonal, 5, 17, 19
orthogonal basis, 32
orthogonal complement, 41, 42
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orthogonal decomposition, 41

Orthogonal Functional Matching Pursuit, 239, 255,
258

Orthogonal Matching Pursuit, 238

orthogonal projector, 42

orthonormal basis, 32

orthonormal system, 5, 19, 30

outer harmonics, 137, 155, 183

outer sources, 328

Py, see double layer potential
Pg, see single layer potential
p-summable, 23
P-wave, 390, 391, 394, 409
parallelogram identity, 22
parameter choice, 286
a priori, 286
discrepancy principle, 302
generalized discrepancy principle, 303
L-curve method, 302
parameter range, 46
parameterization, 46
Parseval identity, 32
perfect fluid, 386, 390
Picard condition, 273
Piola deformation tensor, 354
Piola identity, 372
Piola—Kirchhoff stress tensor
first tensor, 372
second tensor, 372
plane progressive wave, 386
elastic plane progressive wave, 388
Plato’s theorem, 292
plumbline, 140
point spectrum, 42
Poisson equation, 61, 62, 138, 326
Poisson integral formula
EDP, 110
IDP, 109
of constructive approximation on the sphere, 159
Poisson kernel, see Abel-Poisson kernel
Poisson’s ratio, 423
Pol(D), 30
polar coordinates
in 2 dimensions, 19, 46
in 3 dimensions, 20, 46
polar distance, 20
poloidal, 329, 334
poloidal oscillations, see spheroidal oscillations
polygonal chain, 4
polynomial
homogeneous, 113
homogeneous harmonic, 113
polynomially ill-posed, see ill-posed of order &
positive definite
property of a metric, 24
property of a norm, 22
property of an inner product, 18



454 Index

potential
Coulomb potential, 51, 327
gravitational potential, 50
magnetic potential, 328
pre-Hilbert space, 18
preimage, 33
pressure, 386
principal stretches, 354
projection, 17
orthogonal, 42

qualification of a filter, 296

R", see residuals in matching pursuits
h, 414
radial basis functions, 193, 211, 216,222
examples, 217
ray, 410
angle of incidence, 412
ray parameter, 413, 414
ray vector, 411
RBE see radial basis functions
reconstruction method, 289
region, 4
regular at infinity, 59, 79, 90
regular motion, see motion
regular surface, 15, 48
regularization, 285, 286, 292, 296, 301
linear regularization, 286
non-linear regularization, 286
order optimal, see order optimal
reconstruction/regularization method
regularization parameter, 286
Regularized Functional Matching Pursuit,
238,306
convergence in the solution space, 310, 312
convergence of the regularized residual, 310
monotonicity of the regularized residual, 310
regularized normal equation, 299, 301, 312, 315
Regularized Orthogonal Functional Matching Pursuit,
239,315,316
convergence of the regularized residual, 319
monotonicity of the regularized residual, 319
stagnation of the residual, 321
with restart, 321
convergence in the solution space, 322
convergence of the regularized residual, 322
monotonicity of the regularized residual, 322
Regularized Weak Functional Matching Pursuit, 239,
314
convergence in the solution space, 315
convergence of the regularized residual, 315
monotonicity of the regularized residual, 314
weakness parameter, 314
regularizing filter, 293, 296, see also filter
examples, 297, 298
qualification, 296
relatively compact set, 25
reproducing kernel, 215

on the ball, 236
on the sphere, 215, 216
reproducing kernel Hilbert space, 215
on the ball, 236
on the sphere, 215
residual, 274
residual spectrum, 43
residuals in matching pursuits
convergence, 245, 247, 253, 310, 315, 319, 322
convergence rate, 250, 255
monotonicity, 245, 253, 310, 314
notation R, 245
RFMP, see Regularized Functional Matching Pursuit
Riesz basis, 249
Riesz bounds, 249
Riesz representation theorem, 37
right Cauchy—Green tensor, 354
right stretch tensor, 354
right-handed basis, 8
right-normal tensor field, 186
right-tangential tensor field, 186
rigidity, 385, 386, see also shear modulus
vanishing, 386
Rodriguez’s formula, 128
ROFMP, see Regularized Orthogonal Functional
Matching Pursuit
rotating Earth, 375
RWEFMP, see Regularized Weak Functional Matching
Pursuit

Sgr(x), 4

S, 19

S(T;6),276

S-wave, 390, 391, 394, 409

scalar product, 18, see also double-dot product

second category, 26

second Piola—Kirchhoff stress tensor, 372

seismic ray, see ray

seismology, 350424

self-adjoint operator, 39

self-gravitation, 374

semi-frame condition, 248, 312, see also dictionary
not necessary for the RFMP, 312

shadow zone, 419

Shannon number, 211

Shannon scaling function, 218

shear modulus, 385
vanishing, 386

shear wave, 390, see also S-wave

X, 48

Text, 48

Sinc. 48

simple arc, 46

simple body, 350

simple layer potential, see single layer potential

simply connected, 13

single layer potential, 85, 86, 90, 102-104, 106

singular system, 44



singular values, 44
singular-value decomposition, 44, 297, see also
truncated singular-value decomposition
Slepian function, 194-211
commuting differential operator, 200
optimally band-localizing, 196
optimally space-localizing, 193, 195
Shannon number, 211
Slepian basis, 195, 196
slowness, 409
slowness vector, 409
smoothed Haar scaling functions on the sphere, 222
Snell’s law, 413
SNREI Earth model, 412
SO(3), 380
Sobolev lemma on the ball, 236
Sobolev lemma on the sphere, 213
Sobolev space on the ball, 235
Sobolev space on the sphere, 212, 288
solenoidal, 329
solution space of the normal equation, 276
sound wave, 390, see also P-wave
source condition, 288, 289, 302
spacelimited, 192
spatial acceleration, 352
spatial deformation-rate tensor, 353
spatial description, 352, 354
spatial localization theorem, 361
spatial velocity, 352
spectrum, 42
speed of wave propagation, 386
sphere, 4
spherical Bessel function, 399
spherical cap, 200
spherical harmonic, 155, 156
addition theorem, 156
closed in C(R2), 161
closed in L2(Q), 161
estimate of maximum, 158
fully normalized, 136, 151, 198
Christoffel-Darboux formula, 167
numerical calculation, 166
vectorial, see vector spherical harmonic
spherical Helmholtz decomposition, 332
spheroidal oscillations, 396
eigenfrequencies, 405
frequency equation, 405
general representation for a homogeneous and
isotropic ball, 405
square root of a matrix, 354
square-summable, 23
stable reconstruction method, see reconstruction
method
stable solution, 80, 265
star-shaped set, 331
Stokes’s surface theorem, 149
Stone—Weierstraf} theorem, 30
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strain tensor

Lagrangian, 381

linearized, 384
stretch

principal stretches, 354

right stretch tensor, 354
strong convergence, 38
subharmonic function, 140
summable, 212, 235
superharmonic function, 140
surface, 46

regular, 15, 48
surface curl gradient, 142, 169, 329
surface gradient, 116, 142
surface integral, 46
surface Jacobian matrix, 402
surface theorem of Gauf3, 149
surface theorem of Stokes, 149
svd, see singular-value decomposition
symmetric tensor, 9
symmetry (property of a metric), 24, see also

conjugately symmetric

T,.305
tangential plane, 48
tangential tensor field, 186
tangential vector, 47
tensor
addition, 7
components, 8
contraction, 9
cross product, 11
definition, 7
double-dot product, 10, 18, 23
dyadic product, 7
order, 7
particular case
matrix, 8
vector, 8
scalar multiplication, 7
slots, 7
symmetric, 9
tensor product, 7
trace, 9
transpose, 9
vector product, 11
tensor product, 5, 7
tensor spherical harmonic, 184
theorem
addition theorem for spherical harmonics, 156
addition theorem for vector spherical harmonics,
178,181
Baire-Hausdorff theorem, 26
Banach-Steinhaus theorem, 33
Benndorf’s relation, 414
Beppo Levi’s monotone convergence theorem, 15
Bessel inequality, 31
best-approximation property, 40



456

theorem (Cont.)
Biot—Savart law, 327
Cauchy’s theorem, 362
Cauchy—Navier equation, 391, 399
Cauchy—Schwarz inequality, 22
Christoffel equation, 388
Christoffel-Darboux formula, 167
closed graph theorem, 34
dominated convergence, 15
equation of continuity, 358, 361
Euler’s equation of motion, 366
for a self-gravitating and rotating Earth, 375
existence of Green’s function, 107
existence of the Cauchy stress tensor, 365
expansion theorem, 6
Fourier series, 32
Fredholm alternative, 323
Fredholm’s theorem, 43
Fresnel-Hadamard theorem, 388
fundamental theorem, 74, 139
fundamental theorem of calculus (generalization),
17
Gauf’s law, 14, 15
Gaufy’s mean value theorem, 76, 139
Gauly’s surface law, 149
generalized fundamental theorem of calculus, 17
Green’s identities, 14, 74
Green’s surface identities, 148
Green’s theorem, 14, 15
Hansen decomposition, 332
Harnack’s inequality, 141
Helmbholtz decomposition, 326
Helmholtz decomposition (on the sphere), 332
Herglotz—Wiechert formula, 418
Hodge decomposition, 332
interchanging differentiation and integration, 16
interpolation inequality, 284
inverse mapping theorem, 35, 273
Jensen’s inequality, 41
Lagrange identity, 6
Lagrangian equation of motion, 374
Leibniz rule, 13
maximum principle, 77, 78, 139
Mie representation, 336
Neumann series, 37
open mapping theorem, 34
orthogonal decomposition, 41
Parseval identity, 32
Picard condition, 273
Plato’s theorem, 292
Poisson integral formula, 109, 110, 159
Riesz representation theorem, 37
Rodriguez’s formula, 128
singular-value decomposition, 44
Snell’s law, 413
Sobolev lemma on the ball, 236
Sobolev lemma on the sphere, 213
spatial localization theorem, 361

Index

Stokes’s surface theorem, 149
Stone—Weierstraf} theorem, 30
surface theorem of Gauf3, 149
surface theorem of Stokes, 149
symmetry of the Cauchy stress tensor, 367
transport theorem, 360
Tikhonov—Phillips functional, 299, 312
generalization, 301
Tikhonov—Phillips regularization, 298, 299, 301, 305,
312
Tikhonov—Phillips-regularized normal equation, see
regularized normal equation
topological continuity, 33
toroidal, 329
toroidal oscillations, 396
eigenfrequencies, 404
frequency equation, 403
general representation for a homogeneous and
isotropic ball, 405
torsional oscillations, see toroidal oscillations
TP, see Tikhonov—Phillips
trace, 9
transport theorem, 360
transpose, 9
transposed surface Jacobian matrix, 402
transversal wave, 390, see also S-wave
travel time, 408
travel time tomography, 415, 422
triangle inequality, 22, 24
triplication of the travel time curve, 421
truncated singular-value decomposition, 297, 299
TSVD, see truncated singular-value decomposition

unit slowness vector, 409

unit sphere, 4, 19

upward continuation operator, 265, 282, see also
downward continuation problem

vector as a particular case of a tensor, 8

vector field, see function

vector product, 5, 11

vector spherical harmonic, 169, 179, 402
addition theorem, 178, 181

velocity, 352, see also speed of wave propagation

volume potential, 138

volume preserving, 355, 358

wave
amplitude, 386
body wave, 386-406
compressional wave, 390, see also P-wave
direction of propagation, 386
elastic, 388, 391
elastic plane progressive wave, 388
longitudinal wave, 390, see also P-wave
P-wave, 390, 391, 394, 409
plane progressive wave, 386
S-wave, 390, 391, 394, 409



shear wave, 390, see also S-wave
sound wave, 390, see also P-wave
speed of propagation, 386
transversal wave, 390, see also S-wave
wave equation, 394
wavefront, 409
wavelet analysis, 293
weak convergence, 38
Weak Functional Matching Pursuit, 239, 252
convergence in the solution space, 254, 315
convergence of the residual, 253
convergence rate, 255
monotonicity of the residual, 253
weakness parameter, 253
Weak Matching Pursuit, 238
weakness parameter, 253, 314
well-posed
in the sense of Hadamard, 80, 265
in the sense of Nashed, 274, 280
WEMP, see Weak Functional Matching Pursuit
WMP, see Weak Matching Pursuit
worst-case error, 289
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X*, 37
X -normalized dictionary, 239, see also
dictionary

Y"J’ 136, 151, 155, 156, 158, 166, 167, 198, see also
spherical harmonic
closed in C(R2), 161
closed in L2(Q), 161
complete, 161

e
Yy - 264
yoi 184

S0
Vu, 7 179, 181
@)
Y, 7 169, 178, 402
Young’s modulus, 423

20191
zonal function, 147
convolution, 227
zone of rapid velocity increase, 420

ZRVI, see zone of rapid velocity increase






