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Sesavali 

 

qarTveli specialistebi dResac kamaToben ekonomikis da biznesis 

marTvis TeoriaSi, maTematikis gamoyenebis aucileblobis Sesaxeb. 

xSirad,  studentebic eWvis TvaliT uyureben SeTavazebuli maTematikuri 

meTodebis dauflebis aucileblobas. 

im qveynebSi, sadac CvenTan SedarebiT aRniSnuli profilis sagnebis 

swavlebis meti gamocdileba da tradiciebi gaaCniaT, didi xania 

calsaxad gansazRvruli pozicia aqvT am sakiTxTan dakavSirebiT. 

Tanamedrove saxelmZRvaneloebis umravlesoba, romlebSic avtorebi 

mkiTxvels, amerikuli da evropuli skolebis midgomebs acnoben, 

cxadyofen, ekonomikis Teoriis safuZvliani Seswavla SeuZlebelia 

maTematikis kargi codnis gareSe. cnobili ekonomistisa da 

maTematikosis, roi jorj alenis mixedviT, maTematika ekonomistebisaTvis 

warmoadgens mZlavr damatebiT iaraRs mis winaSe mdgomi gansakuTrebiT 

rTuli problemebis gadasaWrelad. 

maTematikuri aRweris, sainterpretacio da optimizaciis modelebi 

dRes ukve moicaven ekonomikuri Teoriis did nawils da maTi roli sul 

ufro izrdeba ekonomikur praqtikaSic. 

 maTematikis winamdebare saxelmZRvanelo gankuTvnilia umaRlesi 

saswavleblebis ekonomikuri da biznesis marTvis specialobebis 

bakalavris safexuris studentebisaTvis. 

 saxelmZRvanelo emyareba sakmarisad mcire moculobis sabaziso 

codnas. studentebs saxelmZRvanelo miscems sakmarisad farTo klasis 

maTematikuri meTodebis praqtikul cxovrebaSi gamoyenebis unar-Cvevebs. 

 wignSi uxvad aris ganxiluli amocanebi ekonomikis da biznesis 

sferodan, romelTa amoxsnisa da gaanalizebisaTvis saWiro maTematikuri 

aparati gadmocemulia Sesabamis TavebSi. amis gamo saxelmZRvanelos 

kiTxvisas studentebs eWvi ar gauCndeba SeTavazebuli maTematikuri 

meTodebis dauflebis aucileblobaze. 

 yovel Tavs erTvis kiTxvebi TviTSemowmebisaTvis da savarjiSoebi. 

kiTxvebze pasuxebis gacema da savarjiSoebis damoukideblad amoxsna 

didad daexmareba students masalis aTvisebaSi. 
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 wignSi gadmocemulia maTematikis is sakiTxebi, romlebic yvelaze 

xSirad gvxvdeba ekonomikis da biznesis TeoriaSi. esenia: analizuri 

geometriis, wrfivi algebris, finansuri maTematikis, maTematikuri 

analizis elementebi. agreTve, albaTobis Teoriis da maTematikuri 

statistikis umniSvnelovanesi sakiTxebi. 

 avtori didi siamovnebiT da gulisxmierebiT miiRebs yvela 

SeniSvnas, romelic saxelmZRvanelos gaumjobesebis surviliT iqneba 

gamoTqmuli. 

 uRrmesi madloba minda gadavuxado wignis recenzentebs: 

saqarTvelos daviT aRmaSeneblis saxelobis universitetis profesors  

r. melaZes da guram TavarTqilaZis saswavlo universitetis asocirebul 

profesors d. kalandariSvils, sagulisxmo rCevebis da miTiTebebisaTvis, 

romlebic gaTvaliswinebulia saxelmZRvanelos saboloo redaqtirebisas. 

 wignze muSaoba mimdinareobda sulxan-saba orbelianis saswavlo 

universitetis reqtoris batoni vaJa vardiZis da amave institutis 

biznesis fakultetis dekanis qalbaton naTia gogolauris xelSewyobiT, 

risTvisac maT did madlobas movaxseneb. 
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Tavi 1 

 

wrfe da wrfis sxvadasxva saxis gantolebebi 

 
dekartes marTkuTxa koordinatTaOxy  sistemaSi yoveli wrfe 

aRiwereba pirveli xarisxis gantolebiT x  da y  cvladebis mimarT 

da piriqiT, yoveli pirveli xarisxis orcvladiani gantoleba 

gansazRvravs wrfes, Tu cvladebTan mdgomi koeficientebidan erTi 

mainc gansxvavebulia nulisagan. 

wrfis gantoleba sibrtyeze SeiZleba sxvadasxva saxiT iyos 

mocemuli. Cven ganvixilavT mxolod im saxis gantolebebs, 

romelTac gamoviyenebT ekonomikuri amocanebis gamokvlevisas. 

 

∞$1.1. wrfis gantoleba zogadi saxiT. wrfis gantoleba zogadi 

saxiT ase Caiwereba: 

0 cbyax ,                           (1.1) 

Sadac ba  ,  da c  mocemuli namdvili ricxvebia. amasTan, igulisxmeba, 

rom a  da b koeficientebi erTdroulad araa nuli, e.i. 022  ba . 

     radgan yoveli wrfe calsaxad ganisazRvreba masze mdebare ori 

wertiliT, amitom wrfivi orucnobiani gantolebis Sesabamisi wrfe 

rom avagoT, sakmarisia vipovoT mocemuli gantolebis nebismieri 

ori amonaxsni, avagoT maTi Sesabamisi wertilebi da am or wertilze 

gavavloT wrfe. 

ganvixiloT wrfis zogadi gantolebis kerZo SemTxvevebi da 

maTi Sesabamisi wrfeebis geometriuli saxe. 

a) .0c maSin (1.1) gantolebas aqvs saxe: 

0 byax                             (1.2) 

Dda igi gansazRvravs koordinatTa saTaveze gamaval wrfes, 

radganac  0;0 wyvili (1.2) gantolebis amonaxsnia (nax.1). 

b) ,0b 0a . maSin (1) gantolebidan gvaqvs: 

a

c
x  . 

e.i. (1.1) gantolebis amonaxsnebia Semdegi saxis wyvilebi 







 y

a

c
; , 

sadac y  nebismieri namdvili ricxvia. radgan am wyvilebis Sesabamisi 



 

15 

 

                                y  

                                  0 byax            0 cbyax  

 
 
 
 
                              0                               x  
 
 
 
 
                                       nax. 1 

 

 

abscisebi erTi da igivea, amitom isini gansazRvraven wrfes, 

romelic OxRerZis marTobia (e.i. Oy  ReZis paraleluria) da kveTs 

mas 







 0;

a

c
 wertilSi (nax. 2). kerZod, 0x  warmoadgens Oy  RerZis 

gantolebas. 

g) ,0a 0b . maSin (1.1)-dan gamomdinareobs 

b

c
y  . 

romelic gansazRvravs Oy  RerZis perpendikularul (anuOx  RerZis 

paralelur) wrfes. es wrfe kveTs Oy  RerZs wertilSi 









b

c
;0   

(nax. 2).  kerZod, 0y  warmoadgens Ox  RerZis gantolebas. 

 
 

                                   y  

           
b

c
y  y                










b

c
;0  

 

                                                   








 0;

a

c
 

                                   0                         x  
 

                                                   a

c
x   

 
 
                                                nax. 2 
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∞$1.2. wrfis gantoleba sakuTxo koeficientiT. wrfis 

gantolebas sakuTxo koeficientiT aqvs Semdegi saxe:  

,bkxy                              (1.3) 

sadac k  da b  namdvili ricxvebia. am gantolebis saxelwodeba 

gamomdinareobs im faqtidan, rom k  koeficienti ricxvobrivad udris 

im   kuTxis tangess, romelsac (1.3) gantolebiT gansazrvruli wrfe 

adgens OxRerZis dadebiT mimarTulebasTan, e.i. tgk  . 

Aamitom, Tu k >0 maSin Sesabamisi wrfe Ox  RerZis dadebiT 

mimarTulebasTan adgens maxvil kuTxes, xolo, Tu k <0, maSin _ 

blagv kuTxes. es wrfe Oy  RerZs kveTs  b;0  wertilSi. aqve 

SevniSnoT, rom (1.3) gantolebiT gansazRvruli wrfe, Tu ,0k  

paraleluria kxy   gantolebiT mocemuli koordinatTa saTaveze 

gamavali wrfisa (nax. 3,4). 

                                   y  
 

                   0,  bbkxy   
 
 
 

                                                        
 

                                                               x  
 

                                          0,  bbkxy   

 
 
 

            0,  kkxy                     nax. 3 

 
0,  kkxy  y  

 
 

 
 

                                b     0,  bbkxy   

                                             
 

                               0                              x  
 
 

             0  bbkxy ,  

                                  b  
                                                    nax. 4 
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∞$1.3. wrfis gantoleba RerZTa monakveTebSi. Tu wrfe 

sakoordinato RerZebs kveTs  0;a  da  b;0  wertilebSi, amasTan 0a

da 0b  , maSin misi gantoleba Caiwereba Semdegi saxiT 

,1
b

y

a

x

                            
(1.4) 

romelsac ewodeba wrfis gantoleba RerZTa monakveTebSi (nax. 5). 

 

            y  

 

            b  
 
 
 
 
 
 
 
 
             0                           a        x  
                      nax. 5            
 
 
 
∞$1.4. wrfis gantoleba normaluri saxiT. ganvixiloT (1.4) 

gantoleba. koordinatTa saTavidan wrfeze davuSvaT OP  marTobi. 

OP  marTobis Ox  RerZis dadebiT mimarTulebasTan Sedgenili kuTxe 

aRvniSnoT  -Ti, xolo OP  monakveTis sigrZe p -Ti (nax. 6). OPAda 

 

          y  

          B  
 
 

                      P  
 

        b  
 
 
 

                     a                      A      x  
 

        O 
                                   nax. 6 

OPB marTkuTxa samkuTxedebidan 

cos

p
a  ,    

sin

p
b  . 
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a  da b -s  es mniSvnelobebi SevitanoT (1.4)-Si, miviRebT: 

.0sincos  pyx                           (1.5) 

am gantolebas ewodeba wrfis gantoleba normaluri saxiT. 

wrfis zogadi saxis gantolebis dasayvanad normalur saxeze 

saWiroa (1.1) gantolebis yvela wevri gavyoT  22 ba   ricxvze, 

romlis niSani unda iyos c  ricxvis niSnis sapirispiro. 

 

∞$1.5. manZili wertilidan wrfemde. manZili wertilidan 

wrfemde aris am wertilidan wrfeze daSvebuli marTobis sigrZe. 

vTqvaT wrfis gantoleba mocemulia normaluri saxiT. maSin

);( 00 yx  wertilidan am wrfemde manZili gamoiTvleba Semdegi 

formuliT: 

pyxd   sincos 00 .                       (1.6) 

Tu wrfe mocemulia zogadi saxiT, maSin 

22

00

ba

cbyax
d




 . 

 

∞$1.6. or wertilze gamavali wrfis gantoleba. vTqvaT, 

mocemili gvaqvs ori  111 ; yxA  da  222 ; yxA  wertili. 

Tu 21 xx  , maSin, cxadia, rom 1A  da 2A wertilebze gamavali 

wrfe paraleluria Oy  RerZis da saZiebeli gantoleba iqneba  

.1xx   analogiurad, Tu 21 yy  , maSin wrfe Ox  RerZis paraleluria 

da saZiebeli gantoleba iqneba. 1yy  . 

Aaxla davuSvaT, rom 21 xx   da 21 yy  , maSin am or wertilze 

gamavali wrfis gantoleba Caiwereba Semdegi saxiT: 

12

1

12

1

yy

yy

xx

xx









                          (1.7) 

Dda mas ewodeba or mocemul wertilze gamavali wrfis gantoleba. 

es gantoleba gamodgeba 21 xx   an 21 yy   SemTxvevaSic 

(daamtkiceT!). 
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∞$1.7. orucnobiani wrfivi gantolebaTa sitemis grafikuli   

amoxsna.  ganvixiloT orucnobiani wrfiv gantolebaTa sistema 









222

111

cybxa

cybxa
,                          (1.8) 

sadac 212121 ,,,., ccbbaa  mocemuli namdvili ricxvebia, xolo x  da y  

ucnobebia. 2121 ,., bbaa  ricxvebs uwodeben sistemis koeficientebs, 1c  

da 2c  ricxvebs ki _ Tavisufal wevrebs. (1.8) sistemis amonaxsni 

ewodeba x  da y  cvladebis dalagebul  yx;  wyvils, romelic 

WeSmarit tolobad aqcevs (1.8) sistemis orive gantolebas. 

(1.8) sistemis grafikuli amoxsna niSnavs am wrfeebis TanakveTis 

wertilis koordinatebis povnas (Tu aseTi wertili arsebobs). 

ganvixiloT erT sibrtyeSi gavlebuli ori wrfis yvela 

SesaZlo mdebareoba. 

a) Tu (1.8) sistemaSi Semavali gantolebebis Sesabamisi K da L  

wrfeebi erT wertilSi ikveTebian, maSin sistemas aqvs erTaderTi 

amonaxsni. wertili  00 ; yx  warmoadgens (1.8) sistemis amonaxsns da K  

da L  wrfeebis gadakveTis wertilsac (nax. 6). am SemTxvevas adgili 

aqvs maSin da mxolod maSin, rodesac sruldeba piroba 

.
2

1

2

1

b

b

a

a
  

 

                           y  

                          K                 L  
 
 

                   0y  

 
 
 
 

                      0      0x                        
x  

 
                                       nax. 6 
 
b) Tu (1.8) sistemaSi Semavali gantolebebis Sesabamisi wrfeebi 

erTmaneTis paraleluria da sxvadasxva, maSin sistemas amonaxsni ar 

gaaCnia. am SemTxvevas adgili aqvs maSin da mxolod maSin, rodesac 

sruldeba piroba 
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.2

1

2

1

2

1

c

c

b

b

a

a
 . 

g) Tu (1.8) sistemaSi Semavali gantolebebis Sesabamisi wrfeebi 

erTmaneTs emTxveva, maSin am wrfis yoveli wertilis Sesabamisi 

koordinatebis wyvili (1.8) sistemis amonaxsnia, e.i. sistemas aqvs 

uamravi amonaxsni. am SemTxvevas adgili aqvs maSin da mxolod maSin, 

rodesac sruldeba piroba 

2

1

2

1

2

1

c

c

b

b

a

a
 . 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT 

 

 rogori saxe aqvs wrfis gantolebas zogadi saxiT?moiyvaneT misi 

daxasiaTeba koeficientebis mixedviT (aCveneT naxazze). 

 rogori saxe aqvs wrfis gantolebas sakuTxo 

koeficientiT?moiyvaneT misi daxasiaTeba koeficientebis mixedviT 

(aCveneT naxazze). 

 ras ewodeba wrfis gantoleba RerZTa monakveTebSi (aCveneT 

naxazze)? 

 ras ewodeba wrfis gantoleba normaluri saxiT? 

 rogor miviyvanoT zogadi saxis wrfis gantoleba normalur 

saxeze? 

 rogor gamoiTvleba manZili wertilidan wrfemde? 

 moiyvaneT or wertilze gamavali wrfis gantoleba. 

 ras ewodeba orucnobian wrfiv gantolebaTa sistema da misi 

amonaxsni? 

 raswarmoadgens orucnobian wrfivgantolebaTa sistemis amoxsna 

grafikulad? 

 rodis aqvs orucnobian wrfiv gantolebaTa sistemas erTaderTi 

amonaxsni? uamrvi amonaxsni? ara aqvs amonaxsni? (aCveneT naxazze) 
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s a v a r j i S o 1   

 

1. ipoveT im wrfis gantoleba, romelic gadis Semdeg wertilebze:  

a)  4;3 da  3;4  ;     b)  1;3  da  7;2 ; 

g)  5;3  da  5;2 ;    d)  2;5  da  4;0 . 

 

2. CawereT wrfeTa gantolebebi sakuTxo koeficientebiT da aageT 

grafiki: 

a) 0854  yx ;       b) 0185  yx ; 

g) 0 yx ;            d) 0632  yx  

3. daiyvaneT gantolebaze RerZTa monakveTebSi Semdeg wrfeTa 

gantolebebi da aageT grafiki: 

a) 0854  yx ;     b) 0185  yx ;   g) 01243  yx ; 

d) 02054  yx ;   e) 096  yx ;   v) 01625  yx . 

4. ipoveT ABC samkuTsedis gverdebis gantolebebi, Tu: 

a)  ;1;1A  ;5;3B  ;1;7C b)  ;3;2 A  ;4;3B  4;4C . 

5. amoxseniT grafikulad wrfiv gantolebaTa sistema: 

a) ;
93

1









yx

yx
         b)









1052

42

yx

yx
; 

g) ;
1443

0









yx

yx

     
d) .

12103

423









yx

yx
 

6. wrfivi gantolebaTa sistemis amouxsnelad gamoarkvieT, aqvs Tu 

ara mas amonaxsni da Tu aqvs, ramdeni: 

a) ;
33

124









xy

xy

         
b) ;

63

33









xy

xy
 

g) ;
223

15,1









yx

x

       
d) ;

5,0

32









xy

yx
 

e) ;
4226

3112









xy

yx

        
v) .

104

82









yx

yx
 

7. dawereT im wrfis gantoleba, romelic gadis  3;0B  wertilze da 

abscisTa RerZTan adgens 
4


   kuTxes. 
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8. dawereT im wrfis gantoleba, romelic ordinatTa RerZs 5 

erTeulis tol monakveTs CamoWris da abscisTa RerZTan adgens 

120 -ian kuTxes. 

9. ipoveT k  da b parametrebi im wrfisa, romelic  1;1M  da  2;3 N  

wertilebze gadis. 

10. gansazRvreT kuTxeebi, romlebsac abscisTa RerZTan adgens Semdegi 

wrfeebi:  a) ;0 yx   b) ;0 yx   g) ;053  yx   d) .075  yx  

11. wrfeze, romlis gantolebaa ,032  yx  ipoveT wertili, romelic 

amave wrfis  1;1M  wertilidan daSorebulia 5d  manZiliT. 

12. ipoveT 042  yx  wrfiTa da koordinatTa RerZebiT Sedgenili 

samkuTxedis farTobi. 

13. dawereT im wrfis gantoleba, romelic  3;0B  wertilze gadis da 

koordinatTa RerZebTan adgens samkuTxeds, 9S  kv. erT. 

farTobiT. 

14. wrfe gadis  4;10 P  wertilze da koordinatTa RerZebTan Seadgens 

samkuTxeds, romlis farTobi 10 kvadratuli erTeulis tolia; 

dawereT am wrfis gantoleba. 

15. dawereT im wrfis gantoleba, romelic abscisTa RerZze kveTs 

orjer meti sigrZis monakveTs, vidre ordinatTa RerZze da gadis 

(4; 3) wertilze. 

16. miiyvaneT normalur saxemde wrfeTa Semdegi gantolebebi: 

              a) 036125  yx ;       b) 02034  yx ; 

            g) 013 x ;             d)  012 y ; 

            e) 012  yx ;          v) 03
17

15

17

8
 yx ; 

            z) 0 yx ;             T) 03  yx . 

17. ipoveT manZili )1;3(A  wertilidan Semdeg wrfeebamde: 

a) 07
5

4

5

3
 yx ;       b) 01

13

12

13

5
 yx ;     g) 032015  yx ;             

d) 0932  yx ;              e) 032 x ;               v) 013 y ; 

18. ipoveT manZili Semdeg paralelur wrfeebs Soris: 

a) 052  yx   da  0142  yx ; 
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b) 0743  yx   da  01843  yx ; 

g) 0643  yx   da  0786  yx ; 

d) 43  xy   da  53  xy . 
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Tavi2 
 

wrfivi funqciebi da ekonomikis umartivesi 
maTematikuri modelebi 

 
$2.1. wrfivi funqciebis gamoyeneba ekonomikur amocanebSi. 

produqciisgamoSvebaze firmis danaxarji orgvaria: mudmivi 

danaxarji da cvladi danaxarji. mudmivi danaxarji ar aris 

damokidebuli gamoSvebuli produqciis raodenobaze. amitom sruli 

danaxarji am ori saxis danaxarjis jamis tolia, e.i. 

sruli danaxarji = cvalebadi danaxarji + mudmivi danaxarji. 

davuSvaT, produqciis erTeulze gaweuli cvalebadi danaxarjia 

k  da sul gamoSvebulia produqciis Q  raodenoba. maSin 

cvalebadi danaxarji = kQ . 

b -Ti aRvniSnoT mudmivi danaxarji, C -Ti ki sruli danaxarji, 

maSin 

bkQC += . 

miRebuli gantoleba warmoadgens sruli danaxarjis wrfiv 

models. k  sakuTxo koeficienti tolia produqciis erTeulze 

gaweuli cvalebadi danaxarjisa, xolo C  RerZTan gadakveTis 

wertilis ordinati b  tolia mudmivi danaxarjisa. 

 

                 C  
 
 
                                          cvalebadi danaxarji  
 
 

              b  
                                          mudmivi danaxarji 
 
                0                                   Q 

 
 
 
Aamocana 1. vTqvaT, 1kg yavis marcvlis warmoebaze gaweuli 

cvalebadi danaxarjia 0,5 lari, xolo firmis mudmivi danaxarjia 300 

lari. aageT sruli danaxarjis wrfivi modeli.  

Aamoxsna. Tu firma awarmoebs Q kg yavis marcvals, maSin sruli 

danaxarji Seadgens 



 25 

C =0,5Q+300. 

Sesabamis wrfivi modelis grafiks eqneba Semdegi saxe (nax. 1). 

davuSvaT, firmis mier gamoSvebuli produqciis sacalo fasi P  

mudmivia. Tu firmis mier gamoSvebuli da gayiduli produqciis 

raodenobaa Q , maSin R (Q ) Semosavlis funqcias aqvs Semdegi saxe: 

PQQR =)( . 

rogorc vxedavT, Semosavlis funqciis grafiki gadis 

koordinatTa saTaveze: Tu produqcia ar iyideba, maSin Q=0 da 

Semosavalic nulis tolia (nax. 2).  

 

   C                                  R  
 

                                                    pQR =  

 
 
 

300 
 
 

    0                        Q     0                                 Q 

 
nax. 1                                   nax. 2 
amocana 2. firmis mier gamoSvebuli produqciis sacalo fasia 

50 lari. a) aageT Semosavlis wrfivi modeli; b) risi tolia 

Semosavali, Tu gayiduli produqciis raodenobaa 20? 

amoxsna. Aa) R (Q )=50Q ; b) Q=20⇒ R (20)= 2050 ⋅ =1000. 

e,i. Tu gayiduli produqciis raodenobaa 20, maSin firmis mier 

miRebuli Semosavalia 1000 lari (nax. 3). 

                      R  
 
 
 
               1000 
 
 
 
 
 
                      0                    20       Q 

 
                                                  nax. 3 
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firmis mier miRebuli mogeba warmoadgens sxvaobas Semosavalsa 

da danaxarjsSoris. Tu mogebis funqcias aRvniSnavT Π ( x )-iT, maSin 

bQkPbkQPQQCQRQ −−=+−=−==Π )()()()()( danaxarji - Semosavali  

maSasadame, mogebis funqcia Π (Q ) aris wrfivi funqcia )( kP −

sakuTxo koeficientiT da y RerZs gadakveTs wertilSi, romlis 

ordinati _b -s tolia. _b <0, radgan b  mudmivi danaxarji dadebiTia. 

rentabeluri ekonomika gulisxmobs, rom sacalo fasi unda 

aRematebodes am produqciis gamoSvebaze gaweul danaxarjs, e.i. P > k

⇒ P _ k >0, rac niSnavs, rom mogebis funqcia zrdadi funqciaa (nax. 4). 

                   P  
 
 
 

                                      bQkPQ −−=Π )()(  

 
 
                 0                               Q 

                -b  
                                    nax. 4 
 
 
 
Aamocana 3. firmis mudmivi danaxarjia 80 000 lari. firmis mier 

produqciis erTeulis gamoSvebaze gaweuli cvalebadi danaxarjia 25 

lari, xolo produqciis sacalo fasia 75 lari. avagoT mogebis 

wrfivi modeli. 

amoxsna.  b =80000, k =25,P =75. 

Π (Q )=R (Q ) _C (Q )= =+− )( bkQPQ 75Q_(25Q+80 000)=50Q_80 000. 

Tu firmis mier gaweuli danaxarji aRemateba produqciis 

gayidvisagan miRebul Semosavals 

R (Q )<C (Q )⇒ Π (Q )=R (Q )_C (Q )<0, 

maSin firma ganicdis zarals. 

Tu firmis Semosavali aRemateba srul danaxarjs 

R (Q )>C (Q )⇒ Π (Q )=R (Q ) _ C (Q )>0, 

maSin firmis muSaoba momgebiania. 

produqciis im raodenobas, romlisTvisac sruli danaxarji 

utoldeba Semosavals 
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R (Q )=C (Q )⇒ Π (Q )=R (Q ) _ C (Q )=0, 

e.i. rodesac firmas arc mogeba aqvs da arc zarali, ewodeba 

nulovani mogebis wertili (nax. 5). 

 

                      P  
 

                                            8000050 −=Π Q  

 
 
 
 
                    0        nulovani mogebis          Q 

                                 wertili 
               -800000                           nax. 5 
 
 

amocana 4. amocana 3-is pirobebSi vipovoT nulovani mogebis 

wertili. 

amoxsna. Π (Q ) = 0⇒ 50Q_80000 = 0⇒ Q=1600. 

e.i. firmas nulovani mogeba eqneba, Tu gamoSvebuli produqciis 

raodenobaa 1600. 

warmoebisa da momsaxurebis gawevis procesSi firmebi iyeneben 

maT xelT arsebul ZiriTad saSualebebs (Senoba-nagebobeba, 

teqnikuri aRWurviloba da sxva), romlebic droTa ganmavlobaSi 

cvdebian, Zveldebian da saerTod gamodian mwyobridan. Sesabamisad 

maTi Rirebuleba mcirdeba. 

ZiriTadi saSualebebis Rirebulebis Semcirebis zomas cveTa 

(amortizacia) ewodeba. 

cveTis buRaltruli aRricxvis ramdenime meTodi arsebobs. Cven 

ganvixilavT wrfiv meTods, rac gulisxmobs ZiriTadi saSualebebis 

sawyisi Rirebulebis erTi da igive sididiT Semcirebas maTi 

eqsplotaciis periodis ganmavlobaSi. 

amocana 5. danadgaris sawyisi Rirebulebaa 100 000 lari, 

salikvidacio Rirebulebaa 5000 lari, xolo eqsplotaciis periodia 

10 weli. ipoveT: a) ra sididiT mcirdeba yovelwliurad danadgaris 

Rirebuleba; b) risi toli iqneba danadgaris Rirebuleba 9 wlis 

Semdeg? g) risi tolia danadgaris Rirebuleba t  wlis Semdeg? 
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amoxsna. a) danadgaris Rirebuleba 10 wlis ganmavlobaSi 

mcirdeba 100 000-dan 5000-mde. imis dasadgenad, Tu ra TanxiT 

mcirdeba yovelwliurad danadgaris Rirebuleba, saWiroa sxvaoba 

sawyis da salikvidacio Rirebulebebs Soris gavyoT eqspluataciis 

periodze 

9500
10

5000100000 =−=m . 

maSasadame, danadgaris Rirebuleba yovelwliurad 9 500 lariT 

mcirdeba. 

b) 9 wlis Semdeg danadgaris sawyisi Rirebuleba Semcirdeba 

8550099500 =× -iT da misi Rirebuleba iqneba 100000_85500=14500. 

g) t  wlis Semdeg danadgaris sawyisi Rirebuleba Semcirdeba 

t9500 -Ti da misi Rirebuleba V  iqneba 

0001009500  +−= tV . 

zogadad, Tu aqtivis sawyisi da salikvidacio Rirebulebaa 

Sesabamisad I  da S  da eqsplotaciis periodia n weli, maSin 

yovelwliurad aqtivis Rirebuleba mcirdeba  

n

SI
m

−=  

sididiT, romelsac wliur cveTas (cveTis normas) uwodeben. 

cxadia, m>0 da t  wlis Semdeg aqtivis Rirebuleba V  iqneba 

.mtIV −=  

ganvixiloT ramdenime amocana wrfivi funqciebis ekonomikaSi 

gamoyenebis sailustraciod. SevniSnoT, rom TiTqmis yvela amocanis 

amoxsnisas mogviwevs garkveuli cvladebis Semoyvana. aq cvladebi 

SezRudulia da isini SeiZleba icvlebodnen mxolod amocanis 

pirobebiT gansazRvrul simravleebze. amitom yovel konkretul 

amocanaSi aucilebelia mivuTiToT cvladebis Sesabamisi dasaSvebi 

simravleebi, rom Tavidan aviciloT mcdari pasuxebi da gavakeToT 

swori daskvnebi. 

amocana 6. (tvirTis gadatanis xarjebis gansazRvra). vTqvaT, 

tvirTis gadatana mocemuli qalaqidan 30 km-iT daSorebul punqtamde 

Rirs 45 lari, xolo 50 km-iT daSorebul punqtamde _ 65 lari. ra 

eRireba imave tvirTis gadatana x  km manZilze mocemuli qalaqidan, 
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Tu cnobilia, rom damokidebuleba manZilsa da tvirTis gadatanis 

xarjebs Soris wrfivia? 

amoxsna. pirobis Tanaxmad, manZili qalaqidan daniSnul 

punqtamde x  km-ia. tvirTis gadatanis xarjebi aRvniSnoT y -iT 

(lari). vinaidan y -sa da x -s Soris damokidebuleba gansazRvravs 

wrfes da amasTan, rodesac 30=x , maSin 45=y , xolo rodesac 50=x , 

maSin 65=y , amitom aRniSnuli wrfe gaivlis (30;45) da (50;65) 

wertilebze. misi Sesabamisi gantoleba Caiwereba ase 

4565

45

3050

30

−
−=

−
− yx

, 

saidanac miviRebT 15+= xy . amrigad, x  km-ze tvirTis gadatanis 

xarji iqneba )15( +x  lari. amocanis Sinaarsidan gamomdinareobs, rom 

aq 0≥x  da y >0. 

amocana 7 (warmoebis simZlavris gansazRvra). qarxnis sawarmoo 

simZlavre iseTia, rom mas saaTSi SeuZlia awarmoos 300 litri ludi 

an 600 litri limonaTi. qarxanas SeuZlia erTdroulad gamouSvas 

ludic da limonaTic. SevadginoT gantoleba, romelic daaxasiaTebs 

qarxnis sawarmoo simZlavres, Tu damokidebuleba warmoebuli 

ludisa da limonaTis raodenobebs Soris wrfivia. 

amoxsna. amocanis pirobis Tanaxmad, radgan Sesabamisi wrfivi 

damokidebulebis grafiki gadis (300; 0) da (0; 600) wertilebze, 

amitom saZiebeli wrfis gantoleba  RerZTa monakveTebSi Caiwereba 

ase 

1
600300

=+ yx
. 

aqedan 6002 =+ yx . am gantolebiT ganisazRvreba qarxnis sawarmoo 

simZlavre, romelic akavSirebs 1 sT-Si warmoebuli ludisa da 

limonaTis raodenobebs. amocanis pirobidan gamomdinareobs, rom  

3000 ≤≤ x  da 6000 ≤≤ y . 

amocana 8 (tvirTis gadatanis optimaluri variantis arCeva). 

vTqvaT, tvirTis gadatanis xarjebi qalaqidan x  km manZilze 

daSorebul punqtamde pirveli saxis transportiT gamoisaxeba 

202,0 += xy  formuliT, meore saxis transportiT ki _ 301,0 += xy
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formuliT. gamovikvlioT, ra saxis transportiTaa ufro 

xelsayreli tvirTis gadatana. 

amoxsna. gamokvleva CavataroT grafikuli meTodiT (nax. 6). 

amisaTvis, avagoT amocanaSi miTiTebuli wrfeebi, amasTan unda 

gaviTvaliswinoT, rom x>0. 

 

       x  

 

                         A 

40 

 

 

30 

20 

 

0            0x          100            1x           y  

                                         nax. 6 

aRniSnuli wrfeebis gadakveTis A wertili martivad moiZebneba 

Semdegi sistemis amoxsniT 





+=
+=

301,0

202,0

xy

xy
 . 

miviRebT: A=(100; 40). naxazidan davaskvniT, rom Tu 1000 0 << x , maSin 

pirveli saxis transportiT gadazidvis xarjebi naklebia, vidre 

meore saxis transportiT; Tu 1x >100, maSin tvirTis gadazidva 

xelsayreli iqneba meore saxis transportiT; Tu manZili 100 km-is 

tolia, maSin orive transportis SemTxvevaSi danaxarjebi erTi da 

igivea da udris 40 lars. 

amocana 9. (kompleqsuri sawarmos muSaobis optimaluri 

programis Sedgena).meqanikur saamqros erTi Tvis ganmavlobaSi 

SeuZlia daamzados A saxis manqanisaTvis nawilebis 60 kompleqti an 

B  saxis manqanisaTvis nawilebis 120 kompleqti. amwyob saamqros erTi 

Tvis ganmavlobaSi SeuZlia aawyos A saxis 120 manqana an B  saxis 80 

manqana. SevadginoT orive saamqros muSaobis yvelaze optimaluri da 
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ekonomiuri programa, Tu TiToeuli saamqros simZlavre iseTia, rom 

A da B  saxis gamoSvebul produqciebs Soris damokidebuleba 

wrfivia. (yvelaze optimaluri da ekonomiuri programa aris 

muSaobis iseTi reJimi, rodesac meqanikuri saamqro erT TveSi 

awarmoebs n raodenobis A da m  raodenobis B  saxis kompleqtebs 

da amwyobi saamqroc erT TveSi awyobs n raodenobis A saxis da m  

raodenobis B  saxis manqanebs). 

amoxsna. aqac gamoviyenoT grafikuli meTodi. Ox RerZze 

gadavzomoT A saxis produqciis raodenoba, xolo Oy  RerZze _ B  

saxisa. pirobis Tanaxmad meqanikuri saamqros mier gamoSvebuli A da 

B  saxis kompleqtebs Soris damokidebulebis wrfe (60; 0) da (0; 120) 

wertilebze gadis. amitom Sesabamisi wrfis gantoleba iqneba 

1
12060

=+ yx
, anu 1202 =+ yx . 

es gantoleba niSnavs Semdegs: meqanikuri saamqros simZlavre 

iseTia, rom mas SeuZlia erT TveSi awarmoos x  kompleqti A saxis 

manqanisaTvis da xy 2120 −=  kompleqti B  saxis manqanisaTvis. 

aseve, amocanis pirobis Tanaxmad, amwyobi saamqros mier 

gamoSvebuli A da B  saxis manqanebis raodenobebs Soris 

damokidebuleba aRiwereba wrfiT, romelic (120; 0) da (0; 80) 

wertilebze gadis. amitom misi gantoleba RerZTa monakveTebSi iqneba 

1
80120

=+ yx
,  anu 24032 =+ yx  . 

amrigad, amwyobi saamqros simZlavre iseTia, rom Tu erT TveSi 

igi gamouSvebs x  raodenobis A saxis manqanas, maSin man unda 

gamouSvas ( )xy 2240
3

1 −=  raodenobis B  saxis manqana. 

avagoT miRebuli wrfeebis grafikebi da SevudgeT analizs 

(nax. 7). es ori wrfe erTmaneTs kveTs M  wertilSi. cxadia, rom misi 

koordinatebi unda movZebnoT Semdegi sistemidan 





=+
=+

24032

1202

yx

yx
. 

martivad miviRebT, rom sistemis amonaxsnia x=30 da y =60. e.i. 

)60;30(M . 
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             y  

   120 

 

    80     

                M  

    60             

 

 

     0        30      60           120                  x  

 

                                           nax. 7 

radgan M  wertili orive grafiks ekuTvnis, es niSnavs, rom 

meqanikur saamqros Tavisi simZlavris pirobebSi SeuZlia awarmoos 

30 kompleqti A saxis manqanisaTvis da 60 kompleqti B  saxis 

manqanisaTvis, xolo amwyob saamqros SeuZlia gamouSvas 30 cali A 

saxis manqana da 60 cali B  saxis manqana. amitom )60;30(  M  wertili 

iZleva yvelaze optimaluri da ekonomiuri muSaobis programas, 

romlis moZebnac iyo Cveni mizani. 

 

$2.2. moTxovnisa da miwodebis analizi. aqamde gadmocemuli 

maTematikuri masala sruliad sakmarisia imisaTvis, rom 

gavaanalizoT sabazro ekonomikis erTi metad mniSvnelovani sakiTxi, 

romelsac  miwodebisa da moTxovnis wonasworobas uwodeben. 

SemoviRoT moTxovnisa da miwodebis funqciaTa cneba. 

vTqvaT, bazris moTxovna raime fiqsirebul nawarmze aris Q . 

cxadia, Q aris ricxvi, romelic aRniSnavs moTxovnili nawarmis 

raodenobas da izomeba garkveuli erTeulebiT. aRvniSnoT erTeuli 

produqciis sabazro fasi P  simboloTi. 

sabazro ekonomikis pirobebSi moTxovna Q damokidebulia 

produqciis sabazro P  fasze 

 

( )PfQ = .                                (2.1) 
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f funqciis konkretuli saxe dgindeba an ekonomikuri 

Teoriidan an sabazro monacemebidan. (2.1) tipis damokidebulebas 

uwodeben moTxovnis funqcias da amis misaTiTeblad f -s indeqsad 

miuweren D asos (ingl. functionDemand ): 

( )PfQ D= .                               (2.2) 

sazogadod, Df  SeiZleba Zalian rTuli funqcia iyos. igi 

damokidebulia P  fasze, momxmareblis Y  Semosavalze, 

alternatiuli produqciis SP  fasze, damatebiTi saqonlis CP  fasze, 

reklamis A danaxarjze, momxmarebelTa T  gemovnebaze da sxv. 

Cven ganvixilavT im SemTxvevas, rodesac Df  wrfivi funqciaa P

-s mimarT, kerZod, 

11)( bPaPfQ D +== ,                           (2.3) 

sadac 1a  da 1b  raime konkretuli mudmivebia, romlebsac ekonomikaSi 

parametrebs uwodeben. realur cxovrebaSi raime produqciaze fasis 

zrda iwvevs am produqciaze moTxovnis Semcirebas, e.i. (3) funqcia 

unda iyos klebadi. es ki niSnavs, rom 1a <0. amitom Sesabamisi 

grafiki OP  RerZis dadebiT mimarTulebasTan blagv kuTxes Seadgens 

(nax. 8) 

    Q                                    P  

                                     );0( b  

     11 bPaQ += , 1a <0                      ,baQP += a<0 

 

 

                                                           
)0;(

a

b−  

  0                             P      0                             Q 

         nax. 8                                    nax. 9 

tradiciulad, ekonomistebi moTxovnis funqcias weren ara (2.2) 

saxiT, aramed Semdegnairad 

)(QgP D=  

e.i. fass gamosaxaven rogorc moTxovnis funqcias. es tolfasia imisa, 

rom (2.2) gantolebidan gamovsaxoT P  cvladi Q cvladis 
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saSualebiT. amis Sesabamisad, grafikis agebis dros ordinatTa 

RerZze gadazomaven P  fass, abscisaTa RerZze ki _Q moTxovnas. 

(2.3) wrfivi damokidebulebidan martivad miviRebT 

,)( baQQgP D +==                           (2.4) 

sadac 
1

1

a
a = , 

1

1

a

b
b −= . SevniSnoT, rom, radgan 1a  uaryofiTi sididea, 

a parametric uaryofiTia. amitom (2.4) funqcia klebadia da mis 

Sesabamis wrfes  nax. 9-ze gamosaxuli mdebareoba eqneba (igi OQ  

RerZTan Sadgens blagv kuTxes). mas uwodeben moTxovnis wirs 

(wrfes). 

ekonomikuri Sinaarsidan gamomdinare, cxadia, rom 0≥P  da 

0≥Q . amasTan, P =0 niSnavs, rom, faqtobrivad, produqcia ufasod 

eZleva yvela msurvels, xolo Q=0 niSnavs, rom moTxovna 

gansaxilvel produqciaze ar arsebobs. 

gavarkvioT b  parametris ekonomikuri Sinaarsi (2.4) tolobaSi. 

cxadia , rodesac bP = , maSin 0=Q , e.i. rodesac fasi aris b -s  

toli, maSin gansaxilvel produqciaze moTxovna ar arsebobs (raRac 

mizezebis gamo, magaliTad, maRali fasis gamo). amrigad b  parametri 

dadebiTia da produqciis fasi bazarze SemosazRvrulia am b  

ricxviT.aseve cxadia, rodesac 0=P , maSin 
a

b
Q −=  ricxvi miuTiTebs 

bazris maqsimalur moTxovnas. 

axla ganvixiloT miwodebis funqcia (ingl. functionSupply ). igi 

Sesabamisobas amyarebs raime produqciis erTeulis P  fassa da amave 

produqciis im Q raodenobas Soris, romlis bazarze Setanasac 

gegmavs mwarmoebeli. ekonomikuri Teoria da realuri cxovreba 

uCvenebs, rom fasis zrdas mosdevs miwodebis zrda. amitom miwodebis 

funqcia 

)(QgP S=                                 (2.5) 

zrdadi funqciaa. 

aqac ganvixilavT im konkretul SemTxvevas, roca )(QgS  wrfivi 

funqciaa, e.i. 

,)( dcQQgP S +==                            (2.6) 
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sadacc  da d  mudmivebia. zrdadobidan gamomdinareobs, rom c  

kuTxuri koeficienti dadebiTia. radgan fasi yovelTvis dadebiTia, 

amitom d  parametric dadebiTia. amrigad, (2.6)  tolobaSi 0>c , 0>d . 

aqedan davaskvniT, rom Sesabamisi grafiki OQ RerZTan adgens 

maxvil kuTxes da OP  RerZs kveTs d  wertilSi (nax. 5). am grafiks 

miwodebis wiri (wrfe) ewodeba. 

 

                   P  

 

                               ,dcQP += 0>c , 0>d . 

 

          );0( d  

 

            0             nax. 10          Q 

zemoT motanili msjelobidan (nax. 10) gamomdinareobs, rom 

mwarmoebeli dagegmavs produqciis Setanas bazarze mxolod maSin, 

Tu fasi gadaaWarbebs d  sidides. 

avagoT axla erTsa da imave OPQ  sibrtyeze moTxovnis DL  da 

miwodebis SL   wirebi (nax. 11).        

        P  

                                    SL  

 1P           B                     C  

 

 0P
                      A 

 

 

 2P        E                                 F  

DL  

 

  0     ( )2
SQ ( )1

DQ          0Q
       

( )1
SQ
      

( )2
DQ                    Q 

                                                   nax. 11 

CavataroT am naxazis analizi. 
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jer ganvixiloT 1P  fasis Sesabamisi B  da C  wertilebi DL  da 

SL  wrfeebze. radgan DLB∈  da SLC ∈ , amitom 1P  fass Seesabameba ( )1
DQ  

moTxovna da ( )1
SQ  miwodeba, amasTan ( ) ( )11

SD QQ < , e.i. moTxovna CamorCeba 

miwodebas. es ki niSnavs, rom bazari gajerebulia miwodebuli 

produqciiT da amitom es produqcia mTlianad ar gaiyideba. amrigad, 

am SemTxvevaSi bazarze gvaqvs Warbi produqcia. 

axla ganvixiloT 2P  fasis Sesabamisi SLE ∈  da DLF ∈  

wertilebi. cxadia, rom 2P  fass Seesabameba ( )2
DQ  moTxovna da ( )2

SQ  

miwodeba. amasTan, ( ) ( )22
SD QQ > , e.i. moTxovna Warbobs miwodebas. es ki 

niSnavs, rom moTxovna mTlianad ver kmayofildeba da saqme gvaqvs 

produqciis deficitTan. es orive varianti arasasurvelia sabazro 

ekonomikisaTvis. 

axla ganvixiloT 0P  fasis Sesabamisi situacia. mas Seesabameba 

DL  da SL  wrfeebis saerTo A wertili, romlis abscisaa 0Q , 

bunebrivia, rom  0P  fasis Sesabamisi 0Q  moTxovna da 0Q  miwodeba 

erTmaneTis tolia, e.i. moTxovna emTxveva miwodebas. am SemTxvevaSi 

amboben , rom bazari gawonasworebulia (iyideba im raodenobis 

produqcia, ra raodenobis produqciac miewodeba bazars). am 0P  fass 

ewodeba wonasworobis fasi, Sesabamis 0Q -s ki _ wonasworobis 

sidide (moculoba). 

aSkaraa, rom gawonasworebuli bazari warmoadgens idealur 

variants. am idealuri variantis Sesabamisi wonasworobis fasi da 

wonasworobis sidide ganisazRvreba Semdegi sistemis amoxsniT 





+=
+=

dcQP

baQP
, 

romlis ( 0P , 0Q ) amonaxsnic gansazRvravs moTxovnis DL  da miwodebis 

SL  wrfeebis saerTo A wertilis koordinatebs. 
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$2.3. erovnuli Semosavlis gansazRvra 
 
gavecnoT mikroekonomikis erT-erT konkretul amocanas, 

romelic Seexeba erovnuli (nacionaluri) Semosavlis analizs. 

vTqvaT erovnul ekonomikas gaaCnia ori seqtori: saojaxo 

meurneobebi da firmebi.produqciis warmoebisa da momsaxurebisaTvis 

firmebi iseT resursebs iyeneben, rogoricaa miwa, kapitali da Sroma. 

am resursebs warmoebis faqtorebi ewodebaT da, rogorc wesi, isini 

saojaxo meurneobebis seqtors miekuTvnebian. aRniSnul SemTxvevaSi 

erovnuli Semosavali im Tanxebis nakadia, romlebsac firmebi uxdian 

saojaxo meurneobebs warmoebis faqtorebisaTvis. 

saojaxo meurneobebs SeuZliaT miRebuli Tanxa moixmaron ori 

mimarTulebiT: 1) maT SeuZliaT Tanxis nawiliT SeiZinon firmebis 

mier warmoebuli produqcia an isargeblon firmebis momsaxurebiT; 

2)  dazogili Tanxa anabrebis an sxva saxiT Seinaxon an daabandon, 

magaliTad, bankebSi, aqciebSi da a. S. 

cxadia, rom saojaxo meurneobaTa mier moxmarebuli C  Tanxisa 

da dazogili S  Tanxis raodenobebi damokidebulia erovnul Y  

Semosavalze, e.i.  

)(YfC = , 

)(YgS = . 

aq f -s moxmarebis (danaxarjis) funqcia ewodeba, xolo g -s _ 

danazogis funqcia. realur cxovrebaSi Y -is zrdas mosdevs rogorc 

moxmarebis xarjebis, ise danazogebis zrda, amitom f  da g  zrdadi 

funqciebia. 

jer gavecnoT moxmarebis f  funqcias. vTqvaT, moxmarebis C  

danaxarji wrfivadaa damokidebuli Y  Semosavalze, e.i. 

baYC += .                             (2.7) 

am funqciis zrdadobidan gamomdinareobs, rom a unda iyos 

dadebiTi. amasTan, 1<a , radgan, sazogadod, danaxarjma ar unda 

gadaaWarbos Semosavals. b parametrs  avtonomiuri danaxarji 

ewodeba da igi dadebiTia. amrigad, (2.7) tolobaSi a da b  

parametrebi akmayofileben Semdeg pirobebs: 

10 << a ,  0>b .                          (2.8) 
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amitom moxmarebis funqciis grafiks nax. 12-ze naCvenebi saxe eqneba. 

                 C  

                          baYC +=  

 

 

                 ),0( b  

 

              O                                   Y  

                                         nax. 12 

cxadia, rom saojaxo meurneobaTa danaxarjebisa da 

danazogebis jami emTxveva erovnul Semosavals (balansis 

gantoleba) 

YSC =+                               (2.9) 

amitom (2.7) tolobis gamoyenebiT miviRebT 

bYaS −−= )1( ,                            (2.10) 

romelsac danazogis funqcia ewodeba. misi Sesabamisi grafiki 

naCvenebia nax. 13-ze. (2.10) formulidan davaskvniT, rom danazogi 

dadebiTia mxolod maSin, rodesac erovnuli Semosavali 

gadaaWarbebs garkveul sidides, kerZod, 
a

b

−1
 sidides. 

                     S  

                                  bYaS −−= )1(  

                   O    0Y
      a

b

−1
Y  

                  0S  

                  b−  

                                      nax. 13 

mravali ekonomikuri funqciisagan gansxvavebiT, danazogis 

funqciam SeiZleba miiRos uaryofiTi mniSvnelobac. kerZod, rodesac 

a

b
Y

−
<<

1
0 , maSin danazogi uaryofiTia. magaliTad, nax. 13-ze 0Y -is 

Sesabamisi 0S  danazogi uaryofiTia. 

es realur cxovrebaSi im faqtze miuTiTebs, rom rodesac 

Semosavali sakmarisi araa aucilebeli danaxarjebis dasafaravad, 



 39 

maSin danaxarjebis nawili ifareba, magaliTad, anabrebidan 

danazogebis moxsniT. 

gamovsaxoT erovnuli ekonomikis ganxiluli umartivesi 

modeli Semdegi sqemis saxiT (nax. 14). 

 
 

                   C                                 Y  

 

 

 

 

 

                    C                              Y  

 

S  

 

 nax. 14 

vTqvaT, firmebi gegmaven raime konkretuli, fiqsirebuli  ∗= II  

raodenobis Tanxis investicias. maSin (ix. nax. 14) ujredSi “firmebi” 

Sedis C  da ∗I  Tanxebis nakadi, xolo gamodis Y  Tanxis nakadi. Tu 

Sesrulebulia toloba 

YIC =+ ∗                             (2.11) 

maSin amboben, rom ekonomika wonasworobaSia. rogorc aRvniSneT, aq 

∗I  aris fiqsirebuli mudmivi sidide, romelic dagegmilia modelis 

gareT, xolo C  da Y  cvladi sidideebia. SevniSnoT, rom ekonomikis 

wonasworobis SemTxvevaSi danazogebis sidide ( S ) emTxveva 

investiciis sidides  ( I ), rasac advilad davaskvniT  (2.9) da (2.11) 

tolobebis SedarebiT. 

Tu davuSvebT, rom C  danaxarji da Y  Semosavali 

erTmaneTTan dakavSirebulia (2.7) tolobiT, sadac a da b  cnobili 

mudmivebia, maSin ekonomikis wonasworobis (2.11) gantolebis 

gaTvaliswinebiT miviRebT orucnobia wrfiv algebrul gantolebaTa 

sistemas 

investiciebi I

firmebi 

erovnuli 
Semosavali: 
(gadasaxadebi 
warmoebis 

faqtorebisaTvis) 

danaxarjebi 
qveynis SigniT 
warmoebuli 

saqonlis SeZenaze 

saojaxo 
meurneobebi 

danazogebi 
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



+=
+=

∗ICY

baYC
,    anu    





−=
+=

∗IYC

baYC
.                 (2.12) 

am sistemis amonaxsni ( 00 ;CY ) gansazRvravs erovnuli ekonomikis 

wonaworobis Sesabamis 0Y  Semosavlisa da 0C  danaxarjis doneebs. 

amocana 9. vipovoT erovnuli Semosavlisa da moxmarebis 

wonasworobis done, Tu moxmarebis funqcias aqvs Semdegi saxe 

207,0 += YC  

da dagegmili sainvesticio Tanxaa 10=I  (erTeuli) 

amoxsna. gamoviyenoT (2.12) gantolebaTa sistema. Cvens 

SemTxvevaSi, amocanis pirobis Tanaxmad, a=0,7,  b =20,  ∗I =10. amitom 

miviRebT 





+=
+=
10

207,0

CY

YC
. 

am sistemis amoxsniT davadgenT, rom 0Y =100 da 0C =90. am ricxvebiT 

ganisazRvreba ekonomikis wonasworobis Sesabamisi erovnuli 

Semosavali da danaxarjebi. 

nax. 14-ze gamosaxuli modeli ufro rTuldeba, Tu masSi 

gaviTvaliswinebT saxelmwifo danaxarjebs (G ) da sagadasaxado 

mosakreblebs (begaras) (T ). sqematurad es gamosaxulia nax. 15-ze. 

Tanxa, romelic saojaxo meurneobebs rCeba saqonlis 

SesaZenad da danazogisaTvis ukve aris ara Y , aramed TY − . 

sidides 

TYYd −= ,                               (2.13) 

ewodeba wminda Semosavali (Semosavali gadasaxadebis gadaxdis 

Semdeg). 

vTqvaT, ∗= GG  aris raime fiqsirebuli saxelmwifo 

danaxarjebis sidide, ∗= II  ki _ fiqsirebuli investiciebia. 

maSinerovnuli ekonomikis wonasworobis piroba ase daiwereba 

YGIC =++ ∗∗ .                             (2.14) 

“saojaxo meurneobebis” ujredis balansis gantoleba 

gansaxilvel SemTxvevaSi ase Caiwereba (ix. nax 15)  

YTSC =++ .                              (2.15) 
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axla ukve wrfivi kavSiri C  danaxarjebsa da wminda dY  

Semosavals Soris Semdeg saxes miiRebs 

baYC d += anu bTYaC +−= )( ,                  (2.16) 

sadac dY  gansazRvrulia (2.13) formuliT. 

 

 

 

  

                     C                                 Y  

 

 

 

 

 

 

                      C                              Y  

        T          S  

  

 

nax. 15 

TviT sagadasaxado T  mosakreblebi damokidebulia erovnul 

Y  Semosavalze. Zalian xSirad am damokidebulebas (sagadasaxado 

mosakreblebis funqcias) iReben wrfivi saxiT 

∗+== TkYYhT )( ,                           (2.17) 

sadac k  da ∗T  fiqsirebuli mudmivebia. 

radgan sagadasaxado mosakreblebi ar aRemateba Semosavals, 

amitom 10 <≤ k . garda amisa, ekonomikuri Sinaarsidan gamomdinare, 

0>∗T . 

(2.13)-(2.17) gantolebebi gvaZlevs xuTi wrfivi algebruli 

gantolebisagan Sedgenil sistemas xuTi (Y ,T , dY ,C  da S ) cvladis 

mimarT: 

investiciebi I  
saxelmwifo 

danaxarjebiG  

firmebi 

erovnuli 
Semosavali: 
(gadasaxadebi 
warmoebis 

faqtorebisaTvis) 

danaxarjebi 
qveynis SigniT 
warmoebuli 

saqonlis SeZenaze 

saojaxo 
meurneobebi 

danazogebi sagadasaxado 
mosakreblebi 
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












+=
+=

++=
++=

−=

∗

∗∗

funqcia) bismosakreble dosagadasaxa

funqcia) moxmarebis

gantoleba) balansis

gantoleba) bis(wonasworo

)Semosavali wminda

(            

(             

(          

      

(               

TkYT

baYC

TSCY

GICY

TYY

d

d

    (2.18) 

aq ∗I , ∗G , a , b , k  da ∗T  mocemuli fiqsirebuli ricxvebia. 

es sistema aris erovnuli ekonomikis wonasworobis 

gantolebaTa sistema, rodesac gaTvaliswinebulia saxelmwifo 

danaxarjebi da sagadasaxado mosakreblebi. 

amocana 10. davadginoT erovnuli Semosavlis wonasworobis 

done, Tu cnobilia, rom: 30=∗G  (mTavrobis danaxarjebi), 40=∗I  

(investiciebi),  608,0 += dYC  (moxmarebis funqcia), 203,0 += YT   

(sagadasaxado mosakreblebis funqcia). 

vipovoT am wonasworobis Sesabamisi S  danazogis done, 

sagadasaxado T  Tanxa, wminda dY  Semosavali da moxmarebis C  done. 

amoxsna. amocanis pirobis Tanaxmad 30=∗G , xolo 40=∗I

.amitom wonasworobis (2.14) gantoleba Semdeg saxes miiRebs: 

YC =++ 3040  

anu 

70−= YC .                             (2.19) 

gavixsenoT, rom TYYd −= , gadavweroT amocanis pirobebSi 

mocemuli moxmarebis funqcia da (2.19) gantoleba erTi sistemis 

saxiT 









+=
+−=

−=

203,0

60)(8,0

70

YT

TYC

YC

.                       (2.20) 

radgan pirvel da meore gantolebaSi marcxena mxareebi erTi da 

igivea, amitom marjvena mxareTa gatoleba gvaZlevs 

608,08,070 +−=− TYY  

anu 

1308,02,0 =+ TY . 

davajgufoT es ukanaskneli gantoleba (2.20) sistemis mesame 

gantolebasTan 
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



=+
+=

1308,02,0

203,0

TY

YT
. 

miviReT orucnobiani wrfiv gantolebaTa sistema. pirveli 

gantolebidan T -s mniSvnelobis meoreSi CasmiT miviRebT 

130)203,0(8,02,0 =++ YY  

aqedan martivad vipoviT 

1,259
44,0

114 ≈=Y , 

rac erovnuli Semosavlis wonasworobis donea. Sesabamisi 

sagadasaxado Tanxa gamoiTvleba amocanaSi mocemuli T  funqciis 

saSualebiT 

73,97201,2593,0 =+⋅≈T . 

radganwminda Semosavali gamoiTvleba (2.13) formuliT, amitom 

miviRebT 

37,16173,971,259 =−≈−= TYYd . 

gamovTvaloT axla moxmarebis C  done (2.19) formuliT 

1,189701,25970 =−≈−= YC . 

da bolos , danazogebis S  Tanxis gamosaTvlelad 

gamoviyenoT (2.15) formula. miviRebT 

73,271,18973,971,259 −=−−≈−−= CTYS . 

amrigad, amocanis pirobebiT mocemuli modelis Sesabamisi 

erovnuli ekonomikis wonasworoba ganisazRvreba ricxvebiT: 1,259=Y , 

73,97=T , 37,161==dY , 1,189=C , 73,27−=S . 

davubrundeT  leqciis dasawyisSi Semoyvanil or seqtorian 

models, romlis wonasworobis mdgomareoba aRiwereba gantolebebiT 

ICY += ,                               (2.21) 

baYC += .                              (2.22) 

adre Cven vixilavdiT SemTxvevas, rodesac I  iyo mudmivi. 

realurad investiciebi damokidebulia dabandebis sargeblis r  

ganakveTze. cxadia, sargeblis rac ufro met ganakveTs iTxovs 

investori, miT ufro naklebi iqneba firmebis moTxovna sainvesticio 

Tanxaze. es ki niSnavs, rom I  investicia r  parametris klebadi 

funqciaa. kerZod, Tu maT Soris damokidebuleba wrfivia, e.i. 
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dcrI += ,                             (2.23)  

maSin 0<c  (klebadobis gamo) da 0>d  (ekonomikuri Sinaarsidan 

gamomdinare). aq c  da d  fiqsirebuli mocemuli ricxvebia. amasTan, d -

s avtonomiuri investicia ewodeba. 

zemoT amowerili sami gantoleba _ (2.21), (2.22) da (2.23) _ 

Seicavs oTx ucnobs ),,,( rICY . es saSualebas iZleva erTmaneTTan 

davakavSiroT Y  da r  sidideebi. marTlac, Tu (2.22) da (2.23) 

tolobebidan C -s da I -s mniSvnelobebs SevitanT (2.21) tolobaSi, 

miviRebT 

dcrbaYY +++=  

anu 

dbcrYa +=−− )1( .                         (2.24) 

am tolobas, romelic erovnuli Semosavlis Y  da sargeblis 

ganakveTis  r  sidideebs akavSirebs IS  Tanafardoba ewodeba (ing. 

       scheduleSavingInvestment − ) 

saWiroa kidev erTi gantoleba Y  da r  ucnobebis mimarT, rom 

isini C  da I  ucnobebTan erTad calsaxad ganisazRvros. es kavSiri 

myardeba fulis bazris wonasworobiT. 

amboben, rom fulis bazari wonasworobaSia, Tu bazarze 

miwodebuli fulis sM  raodenoba tolia fulze bazris moTxovnis 

dM  raodenobisa, e.i. 

Ds MM = . 

bazarze miwodebul fulSi SegviZlia vigulisxmoT qaRaldis 

banknotebi da liTonis monetebi, romlebic yoveldRiur brunvaSia. 

agreTve is fulic, romelic inaxeba sabanko depozitebze 

(angariSebze). am fuls akontrolebs saxelmwifos centraluri banki 

da misi raodenoba iTvleba raRac fiqsirebul ∗
SM  sidided. amrigad, 

fulis sM  raodenoba mudmivi ∗
SM  sididis tolia 

∗= Ss MM . 

meore mxriv, fulze moTxovna xorcieldeba sami wyarodan 

(romlebsac keinzis analizis kategoriebs uwodeben) : 
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1) garigebisaTvis saWiro fulze moTxovna (yoveldRiuri 

saqonelgacvlisa da moxmarebisaTvis); 

2) gauTvaliswinebeli miznebisaTvis fulze moTxovna 

(magaliTad sagangebo SemTxvevis dafinansebisaTvis); 

3) spekulaciuri  miznebisaTvis fulze moTxovna (es aris 

sarezervo Tanxebi im SemTxvevisaTvis, roca kerZo pirebi an firmebi 

gadawyvetilebebs miiReben investiciebis alternatiul sferoSi 

Casadebad, rogoricaa, magaliTad, saxelmwifo aqciebi da a. S.) 

pirvel da meore punqtSi miTiTebul moTxovnebis jams erT 

sidided aerTianeben da gulisxmoben, rom es jami (aRvniSnoT igi  1L

-iT) erovnuli Y  Semosavlis proporciulia, e.i. 

YkL 11 = ,                              (2.25) 

sadac 1k  aris dadebiTi mudmivi. 

moTxovnis mesame punqtSi aRweril sidides (aRvniSnoT igi 2L -

iT) ukavSireben sargeblis r  ganakveTs Semdegi TanafardobiT 

322 krkL += ,                            (2.26) 

sadac 02 <k  da 03 >k fiqsirebuli mudmivebia. fulze moTxovna 

spekulaciuri miznebisaTvis rom r -is klebadi funqciaa, Cven amas 

vnaxavT me-7 TavSi (ix. amocana 39). 

fulze mTliani DM  moTxovna samive moTxovnis jamia, anu 

32121 krkYkLLM D ++=+= .                     (2.27) 

amitom fulis bazris wonasworobis piroba DS MM =  miiRebs Semdeg 

saxes 

∗=++ SMkrkYk 321 .                         (2.28) 

am tolobas, romelic erovnul Y  Semosavalsa da sargeblis r  

ganakveTis sidides akavSirebs, LM  Tanafardoba ewodeba (ing. 

scheduleMoneyLiquidity     - ). es aris swored is meore gantoleba, 

romelic (2.24) gantolebasTan erTad gvaZlevs wrfiv algebrul 

gantolebaTa sistemas Y  da r  ucnobebisaTvis: 





−=+
+=−−

∗
321

)1(

kMrkYk

dbcrYa

S

.                        (2.29) 

miRebuli gantolebaTa sistema yovelTvis amoxsnadia, radgan 
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21

1

k

c

k

a −≠−
. 

es iqidan gamomdinareobs, rom 0
1

1

>−
k

a
, xolo 0

2

<−
k

c
.  (2.29) 

gantolebaTa sistema (2.21) _ (2.23) tolobebTan erTad mTlianad 

gansazaRvravs erovnuli ekonomikis wonasworobis yvela parametrs. 

amocana 11. ganvsazRvroT wonasworobis Sesabamisi erovnuli 

Semosavali da sainvesticio Tanxis sargeblis ganakveTi, Tu 

cnobilia sasaqonlo bazris Semdegi monacemebi: 

2007,0 += YC ,  200030 +−= rI , 

da fulis bazris Semdegi informacia: 

3000=sM ,  YL 2,01 = ,  2000202 +−= rL . 

ra efeqts axdens bazarze fulis miwodebis Semcireba Y  da r  

sidideebis wonasworobis doneze? 

amoxsna. Tu gaviTvaliswinebT, rom ICY += da SMLL =+ 21 , 

maSin (23) gantolebaTa sistema miiRebs Semdeg saxes: 





+=
+−=
5000100

3,7333100

rY

rY
.                        (2.30) 

amovxsnaT es sistema algebrulad da grafikulad (ix. nax. 5). 

am sistemis amonaxsnia 





=
=

7,11

7,6166

0

0

r

Y
. 

amrigad, erovnuli Semosavlis Sesabamisi wonasworobiTi 

donea 7,61660 =Y , xolo Sesabamisi sargeblis ganakveTia 7,110 =r . 

axla gavarkvioT, rogor moqmedebs wonasworobaze bazarze fulis 

miwodebis anu ∗
SM  sididis Semcireba. ganvixiloT kvlav (2.29) 

sistemis kerZo saxe Cveni SemTxvevisaTvis, oRond monacemad 

davtovoT ∗
SM , romelic naklebia 3000-ze. miviRebT 





−=−
=+

∗ 2000202,0

2200303,0

SMrY

rY
. 

SevniSnoT, rom 10002000 <−∗
SM , radgan 3000<∗

SM . gadavweroT es 

sistema Semdegi saxiT 
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



−+=
+−=

∗  100005100

3,7333100

SMrY

rY
,                      (2.31) 

da avagoT TiToeuli gantolebis Sesabamisi grafiki (ix. nax. 16) 

              Y  

 

       7333,3 

 

 

               6166,7            A 

        5000 

           1Y                     B  

 

     100005 −∗
sM  

 

        O         11,7      1r                               r  

                                  nax. 16 

cxadia, rom (2.30) da (2.31) sistemebis pirveli gantolebebi 

erTi da igivea da maTi grafikebi erTmaneTs daemTxveva. rac Seexeba 

meore gantolebebis Sesabamis wrfeebs, radgan 

50001000015000100005 =−<−∗
SM , 

amitom (2.31) sistemis meore gantolebis grafiki miiReba (2.30) 

sistemis meore gantolebis grafikis paralelurad qvemoT 

gadaadgilebiT (igi nax. 16-ze gavlebulia wyvetilad). amis Sedegad 

miviRebT, rom nacvlad );( 00 YrA  wertilis koordinatebisa, amonaxsni 

iqneba );( 11 YrB  wertilis koordinatebi. 

amitom, cxadia, rom 7,616601 =< YY , xolo 7,1101 => rr . amrigad, 

wonasworobis axal mdgomareobaSi, rac ganpirobebulia ∗
SM  fulis 

miwodebis SemcirebiT, erovnuli Semosavali mcirdeba, xolo 

sainvesticio Tanxis sargeblis ganakveTi izrdeba. 
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SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT 

 

• aRwereT danaxarjis wrfivi modeli. 

• ra pirobebSia mogebis funqcia zrdadi? 

• ras warmoadgens nulovani mogebis wertili? 

• ras ewodeba cveTa? cveTis norma?ras ewodeba moTxovnis funqcia 

da rogori saxe aqvs mas? 

• raze SeiZleba iyos damokidebuli moTxovnis funqcia? 

• rogori saxe aqvs moTxovnis funqcias, roca moTxovnasa da fass 

Soris damokidebuleba wrfivia? aCveneT grafikze. 

• gamoarkvieT moTxovnis funqciaSi parametrebis ekonomikuri 

Sinaarsi. 

• ras ewodeba miwodebis funqcia da rogori saxe aqvs mas? 

• miuTiTeT miwodebis funqciaSi Semavali parametrebis ekonomikuri 

Sinaarsi. 

• moTxovnisa da miwodebis wirebis daxmarebiT axseniT ras niSnavs 

bazarze: a) Warbi produqcia? b) produqciis deficiti? g) 

wonasworoba?  

• gansazRvreT erovnuli Semosavali, roca erovnul ekonomikas 

gaaCnia ori seqtori. 

• daaxasiaTeT moxmarebisa da danazogis funqciebi. ganixileT 

Sesabamisi grafikebi. 

• rogori saxe aqvs balansis gantolebas orseqtoriani erovnuli 

ekonomikisaTvis? 

• moiyvaneT orseqtoriani erovnuli ekonomikis sqema. 

• ras niSnavs erovnuli ekonomikis wonasworoba? moiyvaneT 

ekonomikis wonasworobis gantolebaTa sistema. 

• rogori saxe eqneba erovnuli ekonomikis sqemas, roca masSi 

gaTvaliswinebulia saxelmwifo danaxarjebi da sagadasaxado 

mosakreblebi? 

• razea damokidebuli sagadasaxado mosakreblebi? rogori saxe 

eqneba mas, roca es damokidebuleba wrfivia? 
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• amowereT erovnuli ekonomikis wonasworobis gantolebaTa 

sistema, rodesac gaTvaliswinebulia saxelmwifo danaxarjebi da 

sagadasaxado mosakreblebi. 

• ras ewodeba IS  Tanafardoba? 

• ras niSnavs fulis bazris wonasworoba? 

• moiyvaneT keinzis analizis kategoriebi. 

• ras ewodeba  LM  Tanafardoba? 

• ISda LM  Tanafardobis gaTvaliswinebiT CawereT gantolebaTa 

sistema, romelic mTlianad gansazRvravs erovnuli ekonomikis 

wonasworobis yvela parametrs. 

 

s a v a r j i S o 2  

 

1. firma awarmoebs skamebs. TiToeuli skamis warmoebaze gaweuli 

cvladi danaxarjia 25 lari. firmis fiqsirebuli danaxarji 

Seadgens 3000 lars. 

a) aageT danaxarjis wrfivi modeli da Sesabamisi grafiki; 

b) risi tolia 100 cali skamis warmoebaze gaweuli sruli 

danaxarji? 

2. produqciis sacalo fasia 40 lari. risi tolia Semosavali, Tu 

gamoSvebuli da gayiduli produqciis raodenobaa 300? aageT 

Sesabamisi wrfivi modeli da misi grafiki. 

3. Tu firma gamouSvebs da gayidis 500 cal televizors, maSin misi 

Semosavali iqneba 80 000 lari. 

a) risi tolia televizoris sacalo fasi? 

b) aageT Semosavlis wrfivi modeli;  

g) risi tolia firmis mier miRebuli Semosavali, Tu 

gamoSvabuli da gayidulia 300 cali televizori. 

4. firmis mudmivi danaxarjia 400 lari. produqciis TiToeul 

erTeulze gaweuli cvladi danaxarjia 2 lari, xolo 

produqciis sacalo fasia 4 lari. aageT mogebis wrfivi modeli 

da Sesabamisi grafiki. risi tolia mogeba, Tu gamoSvebuli da 

gayiduli produqciis raodenobaa: a) 100 cali; b) 200 cali; g) 300 

cali. 
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5. firmis mudmivi danaxarji Seadgens 240 lars. Pproduqciis 

TiToeul erTeulze gaweuli cvladi danaxarjia 3,5 lari, xolo 

produqciis sacalo fasia 12 lari. aageT Sesabamisi mogebis 

grafiki. 

a) ipoveT nulovani mogebis wertili; 

b) risi tolia nulovani mogebis Sesabamisi Semosavali da 

sruli danaxarjebi? 

6. firmis mudmivi danaxarji Seadgens 5000 lars. produqciis 

TiToeul erTeulze gaweuli cvladi danaxarjia 3,5 lari, xolo 

produqciis sacalo fasia 6 lari. aageT Sesabamisi mogebis 

grafiki. 

a) ipoveT nulovani mogebis wertili; 

b) produqciis ra raodenobaa gamoSvebuli da gayiduli, Tu 

firmis mogebaa 100 lari? 

g) risi tolia zarali, Tu gamoSvebuli da 

gayiduliproduqciis raodenobaa 1500? 

7. danaxarjebis wrfivi modelia 

6008,2)( += xxC . 

a) ipoveT nulovani mogebis wertili, Tu produqciis sacalo 

fasia 4 lari; 

b) cnobilia, rom gamoSvebuli da gayiduli produqciis 

raodenoba ar iqneba 450-ze naklebi. risi toli unda iyos 

produqciis sacalo fasi, rom firmam ar izaralos? 

g) aageT Sesabamisi mogebis wrfivi modelis grafiki. 

8. danaxarjebis wrfivi modelia 

3005,2)( += xxC . 

a) ipoveT nulovani mogebis wertili, Tu produqciis sacalo 

fasia 5 lari; 

b) cnobilia, rom gamoSvebuli da gayiduli produqciis 

raodenoba ar iqneba 150-ze naklebi. risi toli unda iyos sacalo 

fasi, rom firmam ar izaralos? 

g) aageT Sesabamisi mogebis grafiki. 

9. danaxarjebis wrfivi modelia 

10005)( += xxC . 
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a) ipoveT nulovani mogebis wertili, Tu produqciis sacalo 

fasia 7 lari; 

b) firmas SeuZlia Seamciros produqciis TiToeuli erTeulis 

warmoebaze gaweuli cvladi danaxarjebi 4 laramde mudmivi 

danaxarjebis 1200 laramde gazrdis xarjze. daadgineT, 

xelsayrelia Tu ara firmisaTvis amgvari cvlileba, Tu 

cnobilia, rom gayiduli produqciis raodenoba ar iqneba 300-ze 

naklebi. 

10. danadgaris sawyisi Rirebulebaa 50 000 lari, salikvidacio 

Rirebuleba ki – 5000 lari, xolo eqsplotaciis periodia 9 weli.  

   a) gansazRvreT cveTis norma; 

   b) aageT wrfivi cveTis modeli da Sesabamisi grafiki; 

   g) risi toli iqneba danadgaris Rirebuleba 5 wlis Semdeg? 

11. Senobis sawyisi Rirebulebaa 1 000 000 lari, narCeni Rirebulebaa 

100 000 lari, xolo eqspluataciis periodia 50 weli. 

    a) gansazRvreT cveTis norma; 

    b) aageT wrfivi cveTis modeli da Sesabamisi grafiki; 

   g) risi toli iqneba Senobis Rirebuleba 40 wlis Semdeg? 

12. warmoebis danaxarji garkveuli saqonlis 100 erTeulis 

sawarmoeblad Seadgens 300 lars, xolo 500 erTeulis 

sawarmoeblad _ 600 lars. gansazRvreT warmoebis danaxarji 

saqonlis 400 erTeulis sawarmoeblad, Tu vigulisxmebT, rom 

danaxarjis funqcia wrfivia. 

13. ori saxis transportiT gadazidvis xarjebi gamoisaxeba 

funqciebiT 15050 += xy  da 25025 += xy , sadac x  manZilia, xolo 

y  satransporto xarjebi. rodisaa ufro ekonomiuri meore saxis 

transportis gamoyeneba? 

14. warmoebis danaxarjebi garkveuli saqonlis 200 erTeulis 

sawarmoeblad Seadgens 500 lars, xolo 600 erTeulis 

sawarmoeblad _ 900 lars. gansazRvreT warmoebis danaxarjebi 

saqonlis 350 erTeulis sawarmoeblad, Tu vigulisxmebT, rom 

danaxarjebis funqcia wrfivia? 

15. vTqvaT, erTi da imave tvirTis gadatana mocemuli qalaqidan 20 

km-iT daSorebul punqtamde Rirs 50 lari, xolo 50 km-iT 
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daSorebul punqtamde ki _ 80 lari. ra eRireba imave tvirTis 

gadatana x  km manZilze mocemuli qalaqidan, Tu cnobilia, rom 

damokidebuleba manZilsa da tvirTis gadatanis xarjebs Soris 

wrfivia? 

16. qarxnis sawarmoo simZlavre iseTia, rom mas SeuZlia saaTSi 

awarmoos 300 kg araJani an 500 kg xaWo. qarxanas SeuZlia 

erTdroulad gamouSvac araJanic da xaWoc. SeadgineT gantoleba, 

romelic daaxasiaTebs qarxnis sawarmoo simZlavres, Tu 

damokidebuleba warmoebuli araJanisa da xaWos raodenobebs 

Soris wrfivia. 

17. vTqvaT, raime warmoebas aqvs 200 t nedleuli, romelic unda 

daixarjos 25 dRis ganmavlobaSi. ipoveT kavSiri daxarjuli 

nedleulisa da gavlili dReebis raodenobas Soris, Tu es 

damokidebuleba wrfivia. 

18. cnobilia, rom  wyali iyineba Co0 -ze (celsiusis skaliT), anu 

Fo32 -ze (farengeitis skaliT). aseve cnobili faqtia, rom wylis 

duRilis temperaturaa Co100 , anu Fo212 . ipoveT damokidebuleba 

am ori skaliT gazomili temperaturis mniSvnelobebs Soris, Tu 

cnobilia, rom es damokidebuleba wrfivia. amasTan upasuxeT 

Semdeg kiTxvebs: a) Co30  ramdeni farengeitia?  b) Fo77 ramdeni 

celsiusia? 

19. qalaqidan x  km-iT daSorebul punqtamde tvirTis gadatanis 

xarjebi pirveli saxis transportiT gamoisaxeba 604 += xy  

formuliT, meore saxis transportiT ki _ 902 += xy  formuliT. 

gamoikvlieT, romeli saxis transportiT ufro xelsayrelia 

tvirTis gadatana? 

20. ori saxis transportiT tvirTis gadazidvis xarjebi gamoisaxeba 

funqciebiT:  

   a) 26020 += xy da 36016 += xy ; 

   b) 1006 += xy da 409 += xy . 

sadac x  manZilia, xoloYY y DDdanaxarji. rodisaa ufro               

ekonomiuri meore saxis transportis gamoyeneba? 
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21. warmoebaSi dasanergad gamoscades ori konveieri. orive 

konveieris muSaobis reJimi iseTia,  rom daxarjuli nedleulis 

x  raodenobasa da gamoSvebuli produqciis y  raodenobas Soris 

damokidebuleba wrfivia. kerZod, pirvelis muSaobis reJimi 

aRiwereba formuliT 505 += xy , meorisa ki _ 106 += xy . romeli 

konveieris danergvaa ufro xelsayreli sawarmosaTvis? 

22. erT samkervaloSi tansacmlis erTi kompleqtis Sekerva Rirs 30 

lari da momsaxurebis xarjebi Seadgens 50 lars, xolo meore 

samkervaloSi ki _ 25 lari da momsaxurebis xarjebi ki aris 80 

lari. romel samkervaloSi ufro mosaxerxebelia tansacmlis 

didi partiis SekveTa? 

23. meqanikur saamqros erTi Tvis ganmavlobaSi SeuZlia daamzados A 

saxis manqanisaTvis nawilebis 105 kompleqti an B  saxis 

manqanisaTvis _ nawilebis 210 kompleqti. amwyob saamqros erTi 

Tvis ganmavlobaSi SeuZlia aawyos A saxis 280 manqana an B  saxis 

70 manqana. SeadgineT orive saamqros muSaobis yvelaze 

optimaluri da ekonomiuri programa, Tu TiToeuli saamqros 

simZlavre iseTia, rom A da B  saxis gamoSvebul produqciebs 

Soris damokidebuleba wrfivia.  

24. aageT moTxovnis funqciis grafiki, Tu 502 +−= QP . ipoveT: a) ra 

fasi Seesabameba 9=Q  moTxovnas? b) ras udris moTxovna, 

rodesac 10=P ? g) rogor icvleba fasi moTxovnis erTi 

erTeuliT gadidebisas? 

25. aageT moTxovnis wiri, Tu moTxovnis funqcia mocemulia Semdegi 

saxiT 1004 +−= QP . ipoveT: a) ras udris fasi, Tu moTxovnaa 10? b) 

ras udris moTxovna, rodesac fasia 40? g) rogor icvleba fasi 

moTxovnis ori erTeuliT Semcirebisas? 

26. ipoveT moTxovnis funqcia da aageT moTxovnis wiri, Tu 

cnobilia, rom,  roca produqciis erTeulis fasi aris 20 lari, 

maSin moTxovnaa 30 da roca fasia 10 lari, maSin moTxovna 35 

erTeulis tolia. cnobilia, rom moTxovnis funqcia wrfivia. 

27. aageT moTxovnis wiri, Tu moTxovnis funqcia mocemulia Semdegi 

saxiT 1203 +−= QP . a) ras udris fasi, Tu moTxovnaa 30? b) ras 
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udris moTxovna, Tu fasia 60? g) rogor icvleba moTxovna fasis 

3 erTeuliT gazrdisas? d) rogor icvleba fasi moTxovnis 4 

erTeuliT Semcirebisas? 

28. moTxovnis funqcia mocemulia Semdegi saxiT 2505 +−= QP . a) ra 

sazRvrebSi icvleba moTxovna? b) ra sazRvrebSi icvleba fasi? 

gaanalizeT miRebuli Sedegebi. 

29. aageT miwodebis wiri, Tu miwodebis funqcia mocemulia Semdegi 

saxiT 104)( +== QQfP S . a) ras udris miwodeba, roca fasi aris 

90? b) ras udris fasi, Tu miwodebaa 7? g) rogor icvleba fasi 

miwodebis 4 erTeuliT gazrdis SemRxvevaSi? 

30. CawereT miwodebis funqcia da aageT Sesabamisi miwodebis wiri, 

Tu cnobilia, rom roca fasi aris 400 lari, maSin firma gegmavs 

produqciis 100 erTeulis Setanas bazarze, xolo roca fasi aris 

640 lari, maSin firma Seitans bazarze produqciis 180 erTeuls. 

(igulisxmeba, rom miwodebis funqcia wrfivia). 

31. miwodebis funqcia mocemulia Semdegi saxiT  20
5

1
)( +== QQfP S .   

a) aageT Sesbamisi miwodebis wiri. b) ra sazRvrebSi icvleba     

miwodeba? g) ra sazRvrebSi icvleba fasi? gaanalizeT miRebuli 

Sedegebi. 

32. aageT miwodebis wiri, Tu 1206)( +== QQfP S . a) ras udris 

miwodeba, roca fasi aris 180 lari? b) ra fasis SemTxvevaSia 

miwodeba 20-is toli? g) rogor icvleba miwodeba fasis 6 

erTeuliT Semcirebisas? d) rogor icvleba fasi miwodebis 12 

erTeuliT Semcirebis SemTxvevaSi? 

33. ipoveT wonasworobis fasi da wonasworobis sidide, Tu 

moTxovnisa da miwodebis funqciebi mocemulia Semdegi saxiT: 

a) 
102)(

603)(

+==
+−==

QQgP

QQfP

S

D
;  b) 

22
2

1
)(

1006)(

+==

+−==

QQgP

QQfP

S

D

;  g) 
17

2

1
)(

804)(

+==

+−==

QQgP

QQfP

S

D

. 

34. moTxovnis da miwodebis funqciebi Sesabamisad aris: 

29
3

1
)(

1204)(

+==

+−==

QQgP

QQfP

S

D

. 



 55 

a) gamoTvaleT wonasworobis fasi da wonasworobis sidide. 

b) gamoTvaleT axali wonasworobis fasi da wonasworobis    

sidide, Tu produqtis yovel gayidul erTeulze mTavrobam 

daawesa gadasaxadi 13 laris odenobiT. rogor nawildeba es 

gadasaxadi momxmarebelsa da firmas Soris? 

35. moTxovnisa damiwodebis funqciebi mocemulia Semdegi saxiT: 

30
2

1
)(

1003)(

+==

+−==

QQgP

QQfP

S

D

, 

sadac pirvel gantolebaSi Q aris moTxovna, meoreSi ki _ 

miwodeba. 

a) ipoveT wonasworobis fasi da wonasworobis sidide; 

b) mTavrobam gadawyvita daawesos fiqsirebuli gadasaxadi 7 

laris odenobiT produqciis yovel gayidul erTeulze. rogor 

nawildeba es gadasaxadi momxmarebelsa da mimwodebels Soris? 

36. ipoveT wonasworobis fasi da wonasworobis sidide, Tu 

moTxovnisa da miwodebis funqciebi mocemulia Semdegi 

formulebiT: 

30
2

1
)(

1204)(

+==

+−==

QQgP

QQfP

S

D

. 

gamoTvaleT wonasworobis axali /
0P  fasi da wonasworobis axali 

/
0Q  sidide, Tu mTavrobam daawesa gadasaxadi 9 laris odenobiT 

produqciis yovel gayidul erTeulze. rogor nawildeba 

aRniSnuli gadasaxadi momxmarebelsa da mimwodebels Soris? 

37. moTxovnisa da miwodebis funqciebi, Sesabamisad, gansazRvrulia 

Semdegi tolobebiT: 

45
2

1
)(

1503)(

+==

+−==

QQgP

QQfP

S

D

. 

a) ipoveT wonasworobis fasi da wonasworobis sidide 

(grafikulad da algebrulad). 



 56 

b) mTavrobam gadawyvita daawesos fiqsirebuli gadasaxadi 14 

laris odenobiT produqciis yovel gayidul erTeulze. ipoveT am 

RonisZiebis gavlena bazris wonasworobaze. 

38. moTxovnisa da miwodebis funqciebi mocemulia Semdegi 

tolobebiT: 

.40
2

1
)(

1505)(

+==

+−==

QQgP

QQfP

S

D

 

a) ipoveT wonasworobis fasi da wonasworobis sidide 

(grafikulad da algebrulad). 

b)  ipoveT wonasworobis axali fasi da wonasworobis sidide, Tu 

produqciis yovel gayidul erTeulze daaweses gadasaxadi 

(begara) fasis 10%-is odenobiT. 

39. moTxovnisa da miwodebis funqciebi, Sesabamisad, gansazRvrulia 

Semdegi tolobebiT: 

.102)(

805)(

+==
+−==

QQgP

QQfP

S

D
. 

a) ipoveT wonasworobis fasi da wonasworobis sidide 

(grafikulad da algebrulad). 

b)  ipoveT wonasworobis axali fasi da wonasworobis sidide, Tu 

produqciis yovel gayidul erTeulze daaweses gadasaxadi 

(begara) fasis 15%-is odenobiT. 

40. ipoveT wonasworobis fasebi da wonasworobis sidideebi 

TiToeuli produqtisaTvis, Tu moTxovnisa da miwodebis 

funqciebi orsaqonliani bazrisaTvis, Sesabamisad, ganisazRvreba 

tolobebiT: 

a)   
funqcia), (miwodebis               

funqcia), (moTxovnis            

11

211

43

540

PQ

PPQ

+−=
−−=

 

         .(                             37

),(                    4250

22

212

funqcia) miwodebis

funqcia moTxovnis

PQ

PPQ

+−=
−−=

 

 

   b)   
funqcia), (miwodebis               

funqcia), (moTxovnis            

11

211

32

660

PQ

PPQ

+−=
−−=
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        ).(                           24

),(                     550

22

212

funqcia miwodebis

funqcia moTxovnis

PQ

PPQ

+−=
−−=

 

 

   g)   
funqcia), (miwodebis               

funqcia), (moTxovnis            

11

211

52

1052

PQ

PPQ

+−=
+−=

 

        ).(                              38

),(                       430

22

212

funqcia miwodebis

funqcia moTxovnis

PQ

PPQ

+−=
−+=

 

41. ipoveT erovnuli Semosavlisa da moxmarebis wonasworobiTi 

done, Tu moxmarebis funqcias aqvs Semdegi saxe 258,0 += YC , 

xolo dagegmili investiciaa 17=I . rogor cvlilebas ganicdis 

erovnuli Semosavlis wonasworobiTi done, Tu dagegmili 

investicia gaizrdeba erTi erTeuliT? 

42. mocemulia: 40=G  (saxel;mwifo danaxarjebi); 55=I  (investicia); 

258,0 += dYC  (moxmarebis funqcia); 101,0 += YT  (sagadasaxado 

mosakreblebis funqcia). ipoveT am modeliT mocemuli erovnuli 

ekonomikis wonasworobis mdgomareobis Sesabamisi: a) erovnuli 

Semosavali; b) sagadasaxado mosakreblebi; g) moxmarebis done; d) 

danazogebis done. 

43. moxmarebis funqcia mocemulia tolobiT 306,0 += YC , xolo 

dagegmili sainvesticio Tanxaa 100=I . ipoveT erovnuli 

Semosavlis, moxmarebisa da danazogebis wonasworobiTi done. 

rogor moqmedebs investiciis gaormageba wonasworobaze? 

44. gansazRvreT wonasworobiTi Y  Semosavali da investiciis 

sargeblis r  ganakveTi, Tu mocemulia Semdegi informacia 

sasaqonlo bazris Sesaxeb: 500=sM , YL 2,01 = , 230402 +−= rL . aageT

Y -isa da r -is damakavSirebeli gantolebebis Sesabamisi wrfeebi 

erTi da imave sakoordinato sibrtyeze (ix. sistema (23)). ra 

gavlenas axdens avtonomiuri investiciis zrda wonasworobis Y  

erovnul Semosavalze da sargeblis r  ganakveTze? 

45. Ria ekonomika wonasworobaSia, rodesac MXGICY −+++= , sadac 

cvladebi aRniSnaven Tanxebs, romlebic Seesabameba erovnul 

Semosavals (Y ), moxmarebas (C ), investicias ( I ), saxelmwifo 

xarjebs (G ), eqsports ( X ), imports (M ). gansazRvreT 
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wonasworobiTi erovnuli Semosavali, Tu mocemulia, rom: 

808,0 += YC , 70=I , 130=G , 100=X , 302,0 += YM . 

46. mocemulia: moxmarebis funqcia 608,0 += YC ; investicia 

74030 +−= rI ; fulis miwodeba 4000=sM ; fulze moTxovna 

garigebisa da gauTvaliswinebeli miznebisaTvis YL 15,01 = ; fulze 

moTxovna spekulaciuri miznebisaTvis 3825202 +−= rL . gansazRvreT 

erovnuli Y  Semosavali da sargeblis r  ganakveTi, Tu sasaqonlo 

da fuladi bazrebi wonasworobaSia. 
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Tavi 3 

 
veqtoruli algebris elementebi 

 
$3.1. veqtoris cneba. erT-erTi ZiriTadi maTematikuri cnebaa 

sididis cneba. sidide ori saxisaa: skalaruli (ricxviTi), romelic 

xasiaTdeba mxolod erTi ricxviTi mniSvnelobiT (sigrZe, FfarTobi, masa 

da sxva) da veqtoruli, romelic xasiaTdeba ara marto ricxviTi 

mniSvnelobiT, aramed mimarTulebiTac (Zala, aCqareba, magnituri veli 

daZabuloba da sxva). 

veqtori ewodeba mimarTul monakveTs, e.i. monakveTs, romlisTvisac 

dasaxelebulia saTave da bolo wertili.  

veqtors aRniSnaven AB  simboloTi, sadac A  wertils ewodeba 

veqtoris saTave, xolo B -s _ veqtoris bolo. 

veqtoris aRsaniSnavad xSirad gamoiyeneba laTinuri anbanis mcire 

asoebi: a

, b


 da a.S. naxazze veqtori gamoisaxeba isriT (nax. 1). 

             C         

       B                            

                                      a

                b


   

                                                   

  A                            D                    

                            nax. 1 

veqtors, romlis saTave da bolo wertili erTmaneTs emTxveva 

nulovani veqtori ewodeba da 0

 simboloTi aRiniSneba. mas garkveuli 

mimarTuleba ar gaaCnia. 

AB  veqtoris sigrZe ewodeba A  da B  wertilebs Soris manZils. 

AB  da a

 veqtoris sigrZeebi aRiniSneba, Sesabamisad AB  da a


 

simboloebiT. cxadia, 00 


. 

 veqtors, romlis sigrZe erTis tolia. erTeulovani veqtori 

ewodeba. 

 erTi da igive wrfis paralelur veqtorebs kolinearuli 

veqtorebi ewodeba. sam veqtors ewodeba komplanaruli, Tu isini 

paraleluria erTi da igive sibrtyis. 
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 or veqtors ewodeba toli, Tu maT aqvT erTi da igive sigrZe da 

mimarTuleba. 

Tu a

 da b


 veqtorebi tolia, weren ba


 . 

 

$3.2.  operaciebi veqtorebze. a

 da b


 veqtorebis jami ewodeba 

iseT c

 veqtors, romlis saTavea a


 veqtoris saTave, xolo bolo _ b


 

veqtoris bolo, Tu b

 veqtoris saTave a


 veqtoris boloSia (nax. 2). 

 

                                 

                                 bac


     b

 

        

                                a

            

                                           nax. 2 

 

veqtorebis Sekrebis am wess samkuTxedis wesi ewodeba. igi SeiZleba 

ganvazogadoT Sesakreb veqtorTa nebismieri sasruli raodenobisaTvis. 

veqtorTa Sekrebis operacias gaaCnia Semdegi Tvisebebi: 

1) abba


   (komutaciuroba); 

2) cbacba


 )()(  (asociaciuroba). 

cxadia, nebismieri a

 veqtorisaTvis adgili aqvs tolobas aa


 0 . 

a

 veqtoris   ricxvze namravli ewodeba iseT b


 veqtors, romelic 

akmayofilebs Semdeg or pirobas: 

1) ab


  ; 

2) a

 da b


 veqtorebs aqvT erTnairi mimarTuleba, Tu  >0 da 

urTierTsawinaaRmdego mimarTuleba, Tu  <0. 

a

 veqtoris   ricxvze namravli aRiniSneba a


  simboloTi. Tu 

=0 an a

=0

, maSin a


 =0


, maSin  =0 an a


=0

. 

a

 veqtoris (-1)-ze namravls ewodeba a


 veqtoris mopirdapire  

veqtori da aRiniSneba a


  simboloTi. cxadia, a

+( a


 )=0


. 

veqtoris ricxvze gamravlebis operacias gaaCnia Semdegi Tvisebebi: 

1) baba


  )( ; 
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2) aaa


2121 )(   ; 

3)      aaa


122121   . 

a

 da b


 veqtorebis sxvaoba ewodeba )( ba


  veqtors da is 

aRiniSneba ba


  simboloTi, anu a

 da b


 veqtorebis sxvaoba aris iseTi 

c

 veqtori, rom acb


 . 

arsebobs arakolinearul veqtorTa Sekrebis kidev erTi wesi, e.w. 

paralelogramis wesi, romelic veqtorTa sxvaobis agebis wessac 

gvaZlevs. 

vTqvaT, gvaqvs ori a

 da b


 veqtori. es veqtorebi movdoT nebismier 

O wertilze da avagoT maTze paralelogrami (nax. 3) naxazidan Cans, rom 

OB = ba


 , baCA


 . 

 

             A                                                   B  

                       ba


  

        a

                               ba


     

 

 

 

     O                       b

                    C      nax. 3 

 

 

$3.3. veqtoris gegmili RerZze. vTqvaT, mocemulia ori 

aranulovani a

 da b


 veqtori. movdoT isini sivrcis nebismier O 

wertilze (nax. 4). a

 da b


 veqtorebs Soris kuTxe ewodeba im umcires   

kuTxes, romliTac unda mobrundes a

 veqtori, rom misi mimarTuleba 

daemTxves b

 veqtoris mimarTulebas da mas ase aRniSnaven: 



),( ba

. 

Tu 


90),( 


ba , maSin weren ba


 . 

kuTxe a

 veqtorsa da l  RerZs Soris ewodeba kuTxes a


 veqtorsa da 

l  RerZis mimarTulebis mqone nebismier b

 veqtors Soris. 
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vTqvaT, mocemulia AB  veqtori. A  da B  wertilebis gegmilebi l  

RerZze Sesabamisad aris 
1A  da 

1B . 

11BA  veqtors ewodeba AB  veqtoris gegmili l  RerZze da aRiniSneba 

Semdegnairad: ABBA
l

geg11 . 

 

                                                                    B  

 
                              

                                    A                 

                          

                                                                      l  

       O               a

           

1A                       
1B  

             nax. 4                               nax. 5 

AB  veqtoris gegmilis algebruli mniSvneloba l  RerZze ewodeba 

11BA  monakveTis sigrZes, e.i. 11BA -s, Tu kuTxe veqtorsa da RerZis 

dadebiT mimarTulebas Soris maxvilia da - 11BA -s, Tu es kuTxe blagvia 

(nax. 5). 

AB  veqtoris gegmilis algebruli mniSvneloba l  RerZze ABlgeg  

simboloTi aRiniSneba. 

Tu   aris kuTxe AB  veqtorsa da l  RerZs Soris, maSin  

cos ABABlgeg . 

cxadia, rom tol veqtorebs erTsa da imave RerZze toli gegmilebi 

aqvT. 

marTebulia Semdegi 

Teorema 3.1. veqtorTa jamis gegmili raime RerZze Sesakreb 

veqtorTa gegmilebis jamis tolia; veqtoris ricxvze namravlis gegmili 

udris veqtoris gegmilis namravls amave ricxvze. 

 

$3.4. veqtoris koordinatebi. veqtoris ricxvze namravlis 

gansazRvrebidan gamomdinareobs, rom 

,eaa

  

b

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sadac  e

 aris a


 veqtoris mimarTulebis mqone erTeulovani veqtori. mas 

a

 veqtoris mimmarTveli veqtori anu mgezavi ewodeba. 

ganvixiloT dekartes marTkuTxa koordinatTa Oxyz  sistema 

sivrceSi. i

, j


 da k


 Sesabamisad Ox , Oy  da Oz  RerZebis  mgezavebia  

(nax. 6). 

 

                               z  

 

              

                             3M  

             

                           M    

 

                               k

 

                            j

   O   i


                      1M       x  

                  2M    

  

           y                        nax. 6 

vTqvaT, mocemulia OM  veqtori. 1OM , 2OM  da 3OM  veqtorebi OM  

veqtoris gegmilebia Sesabamisad Ox , Oy  da Oz  RerZebze. 

cxadia, rom 

kOMjOMiOMOMOMOMOM

 321321 . 

SemoviRoT Semdegi aRniSvnebi: 

xOM 1 , yOM 2 , zOM 3 . 

maSin 

kzjyixOM

 . 

aq x , y  da z  ricxvebs OM  veqtoris koordinatebi ewodeba da ase 

aRiniSneba: 

 zyxOM ;; . 
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e.i. veqtoris koordinatebi geometriulad warmoadgens am veqtoris 

gegmilebs sakoordinato RerZebze. 

koordinatTa saTaveze modebuli OM  veqtoris koordinatebi 

udris misi bolo M  wertilis koordinatebs. 

vTqvaT, a

 veqtoris sawyisi wertilia  1111 ;; zyxA , bolo wertili ki 

_  2222 ;; zyxA . maSin 21 AAa 


 veqtoris koordinatebia 121 xxa  , 122 yya 

, 123 zza  . e.i. 

   121212321 ;;;; zzyyxxaaaa 


. 

or veqtors ewodeba toli, Tu maTi Sesabamisi koordinatebi 

tolia, da piriqiT, Tu veqtorebis Sesabamisi koordinatebi tolia, maSin 

veqtorebi tolia. 

vTqvaT, mocemulia ori veqtori:  321 ;; aaaa 


 da  321 ;; bbbb 


. a

 da b


 

veqtorebis jami ewodeba iseT c

 veqtors, romlis koordinatebia 

11 ba  , 

22 ba  , 
33 ba  . e.i. 

 332211 ;; babababac 


. 

analogiurad ganimarteba ori veqtoris sxvaoba. 

 321 ,, aaaa 


 veqtoris   ricxvze namravli tolia  321 ;; aaaa  


 

veqtoris. 

 

$3.5. skalaruli namravli. ori veqtoris skalaruli namravli 

ewodeba am veqtorebis sigrZeebisa da maT Soris kuTxis kosinusis 

namravls. 

a

 da b


 veqtorebis skalaruli namravli aRiniSneba ba


  

simboloTi. maSasadame, gansazRvrebiT 

cos baba


, 

sadac   aris a

 da b


 veqtorebs Soris kuTxe. 

skalarul namravls aqvs Semdegi Tvisebebi: 

1) skalaruli namravli komutaciuria: abba

 ; 

2) skalaruli namravli nulis tolia maSin da mxolod maSin, roca 

veqtorebi urTierTmarTobulia an erTi maTgani mainc nulovani veqtoria. 
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e.i. ori aranulovani veqtoris marTobulobis pirobaa maTi skalaruli 

namravlis nulTan toloba; 

3) nebismieri a

 veqtorisaTvis 

2
aaa


  e.i.  

aaa

 ; 

4) sakoordinato RerZebis i

, j


 da k


 mgezavebisaTvis marTebulia 

tolobebi: 

1 kkjjii


;  0 ikkjji


; 

5) skalaruli namravli distribuciulia veqtorTa Sekrebis 

operaciis mimarT, e.i. 

  cabacba

 ; 

6) nebismieri a

 da b


 veqtorebisa da   ricxvisaTvis 

 bababa

  . 

 

marTebulia Semdegi 

Teorema 3.2. ori veqtoris skalaruli namravli udris maTi 

erTsaxela koordinatebis namravlTa jams, e.i. Tu  321 ;; aaaa 


 da 

 321 ;; bbbb 


, maSin  

332211 babababa 


. 

Sedegi 1. a

 da b


 veqtorebis marTobulobis piroba koordinatebSi 

ase Caiwereba: 

0332211  bababa . 

Sedegi 2. a

 veqtoris sigrZe gamoiTvleba formuliT 

 

2

3

2

2

2

1 aaaa 


. 

Sedegi 3. kuTxe a

 da b


 veqtorebs Soris gamoiTvleba formuliT 

2

3

2

2

2

1

2

3

2

2

2

1

332211),cos(
bbbaaa

bababa

ba

ba
ba
















. 

rogorc davinaxeT, sivrcis yoveli veqtori calsaxad 

ganisazRvreba Tavisi koordinatebiT _ namdvil ricxvTa dalagebuli 

sameuliT (analogiurad, , wrfeze da sibrtyeze mocemuli veqtorebi 
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calsaxad ganisazRvreba Sesabamisad _ namdvili ricxviT da namdvil 

ricxvTa dalagebuli wyviliT). yvela aseTi sameulebis simravle 

warmoqmnis samganzomilebian sivrces. Cven SegviZlia ganvazogadoT 

samganzomilebiani sivrcis cneba, Tu ganvixilavT namdvil ricxvTa 

dalagebuli oTxeulebis, xuTeulebis da a.S. n -eulebis simravleebs. 

aseTi simravleebisaTvis Cven veRar vixelmZRvanelebT im bunebrivi 

geometriuli warmodgeniT, rac Cven gvaqvs samganzomilebiani sivrcis 

SemTxvevaSi. miuxedavaT amisa, namdvil ricxvTa dalagebuli  n -eulebis 

simravleze SesaZlebelia ganisazRvros yvela is operacia, romelic 

samganzomilebiani sivrcis SemTxvevaSi gvqonda. 

n  raodenobis namdvil ricxvTa dalagebul erTobliobas (namdvil 

ricxvTa dalagebul n -euls) ewodeba n  koordinatiani (komponentiani) 

veqtori da igi Caiwereba Semdegnairad  naaaa ;;; 21 

 . 

ia  ( ni ,,2,1  ) ricxvebs a

 veqtoris koordinatebi (komponentebi) 

ewodeba. 

vTqvaT, mocemulia ori n -ganzomilebiani  naaaa ;;; 21 

  da 

 nbbbb ;;; 21 

  veqtori. a


 da b


 veqtorebi tolia, Tu sruldeba 

tolobebi: .,,, 2211 nn bababa       

ori a

 da b


 veqtorebis jami ewodeba veqtors 

).;;;( 2211 nn babababa  


 

a

 veqtoris   ricxvze namravli ewodeba veqtors 

 naaaa  ;;; 21 

 . 

a

 da b


 veqtorTa sxvaoba ewodeba veqtors 

 .;;;)1( 2211 nn bababababa  


 

advili dasanaxia, rom n  koordinatiani veqtorebisaTvis ZalaSi 

rCeba yvela is Tviseba, romelic samkoordinatian veqtorebze 

operaciebisaTvis iyo CvenTvis cnobili. 

nebismieri  naaaa ;;; 21 

  veqtori erTaderTi gziT warmoidgineba 

Semdegi saxiT 

nneaeaeaa





 2211 , 

sadac  0;;0;11 

e ,  0;;1;02 


e , . . . ,  1;;0;0 


ne . 
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ori  naaaa ;;; 21 

  da  nbbbb ;;; 21 


  veqtorebis skalaruli 

namravli ewodeba Sesabamisi komponentebis namravlTa jams: 

nnbabababa  


2211 . 

 naaaa ,,, 21 

  veqtoris sigrZe ewodeba sidides 

22

2

2

1 naaaa  


. 

cxadia, rom ori aranulovani veqtori orTogonaluria (maT Soris 

kuTxea 90 ) maSin da mxolod maSin, roca  

0ba


. 

 
 

 
 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 
 
 

 ras ewodeba veqtori? ras ewodeba nulovani veqtori? 

 ras ewodeba veqtoris sigrZe? erTeulovani veqtori? 

 rogor veqtorebs ewodeba kolinearuli? komplanaruli? 

 rogor veqtorebs ewodebaT toli? 

 CamoayalibeT veqtorTa Sekrebis samkuTxedisa da paralelogramis 

wesebi. 

 ras ewodeba veqtoris namravli ricxvze? 

 ras ewodeba ori veqtoris sxvaoba? 

 ras ewodeba kuTxe or veqtors Soris? veqtorsa da RerZs Soris? 

 ras ewodeba veqtoris gegmilis algebruli mniSvneloba RerZze? 

 moiyvaneT Teorema veqtorTa jamisa da veqtorTa ricxvze namravlis 

gegmilis Sesaxeb. 

 gansazRvreT veqtoris koordinatebi. 

 rogor xorcieldeba koordinatuli formiT mocemul veqtorTa 

Sekreba, gamokleba da ricxvze gamravlebis operaciebi? 

 ganmarteT veqtoris dekartes marTkuTxa koordinatebi. ra kavSiri 

aqvs am koordinatebs veqtoris gegmilebTan koordinatTa RerZebze? 
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 ras udris koordinatTa saTaveze modebuli veqtoris koordinatebi? 

rogor gamoisaxeba nebismieri AB  veqtoris koordinatebi A  da B  

wertilTa koordinatebis saSualebiT? 

 gansazRvreT ori veqtoris skalaruli namravli samganzomilebian 

sivrceSi. 

 moiyvaneT koordinatuli formiT mocemul veqtorTa marTobulobis 

piroba. 

 moiyvaneT veqtoris sigrZis gamosaTvleli formula. 

 moiyvaneT a

 da b


 veqtorebs Soris kuTxis kosinusis gamosaTvleli 

formula. 

 ras ewodeba n -koordinatiani veqtori? 

 rogor ganisazRvreba n -koordinatiani veqtorebis Sekrebis, 

gamoklebis da ricxvze gamravlebis operaciebi? 

 rogor ganisazRvreba n -koordinatian veqtorTa skalaruli namravli? 

 

 

s a v a r j i S o  3  

 

1. ipoveT ba


 , Tu mocemulia: 

a) 8a


, 6b


, 14 ba


;          b) 10a


, 12b


, 6 ba


. 

2. ipoveT ba


 , Tu mocemulia: 

a) 9a


, 13b


, 16 ba


;        b) 3a


, 7b


, 6 ba


. 

3. mocemulia ba


 =15;  ba


 =20; 


30))(),(( 


baba . ipoveT a

 da b


. 

4. mocemulia a

=4, ba


 =8, ba


 =5. ipoveT b


. 

5. mocemulia a

=5, b


=14, ba


 . ipoveT ba


  da ba


 . 

6. mocemulia a

=6, b


=8, 


150),( 



ba . ipoveT ba


 . 

7. mocemulia a

=2, b


=5, 


60),( 



ba . ipoveT ba


  da ba


 . 

8. mocemulia a

=3, b


=1, 


30),( 



ba . ipoveT ba


43   da ba


43  . 
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9. ABCD paralelogramSi aAB


  da bAD


 . gamosaxeT a

 da b


 

veqtorebiT MA , MB , MC  da MD , Tu M  warmoadgens diagonlebis 

gadakveTis wertils. 

10. ABC  samkuTxedSi cAB


 , aBC


 , bCA


 . gamosaxeT a

, b


 da c


 

veqtorebis saSualebiT MA , MB  da MC  veqtorebi, sadac M  

samkuTxedis medianebis gadakveTis wertilia. daamtkiceT, rom MA+MB

+MC =0. 

11. ABC  samkuTxedSi cAB


 , aBC


 , bCA


 . gamosaxeT a

, b


 da c


 

veqtorebiT Semdegi veqtorebi: AM , BN  da CP  sadac M , N  da P  

Sesabamisad BC , AC  da AB  gverdebis Suawertilebia. 

12. ABC  samkuTxedSi aAB


 , bAC


 . BC  gverdze aRebulia M  wertili, 

romelic mas yofs SefardebiT 5:3: MCBM . gamosaxeT  AM  veqtori 

a

 da b


 veqtorebiT. 

13. ABC  samkuTxedis BC  gverdi gayofilia oTx tol nawilad da 

dayofis 
1M , 

2M  da 3M  wertilebi SeerTebulia A  wverosTan. ipoveT 

1AM , 2AM  da 3AM  veqtorebi, Tu cAB


  da aBC


 . 

14. ABC  samkuTxedSi M  wertili BC  gverdis Sua wertilia. aAM


 , 

bAC


 . gamosaxeT AB  veqtori a

 da b


 veqtorebiT. 

15. vTqvaT, N  aris ABC  samkuTxedis medianebis gadakveTis wertili, 

xolo O sivrcis nebismieri wertilia. ON  veqtori gamosaxeT OA , OB  

da OC  veqtorebis saSualebiT. 

16. ipoveT a

 veqtoris gegmilis algebruli mniSvneloba l  RerZze, Tu a



=6 da a

 veqtori l  RerZTan adgens: a) 45 ; b) 150 . 

17. ipoveT Oxy  sibrtyeze mdebare a

 veqtoris gegmilebis algebruli 

mniSvneloba Ox  da Oy  RerZebze, Tu misi sigrZea 8a


 da Ox  

RerZTan adgens 30 -ian kuTxes. 

18. ipoveT  bal


23 geg , Tu a


=3, b


=4, 


30),( 



la , 


60),( 


lb . 

19. ipoveT  bal


23 geg , Tu a


=2, b


=1, 


45),( 



la , 


150),( 


lb . 
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20. mocemulia veqtorebi  3;1;2 a


 da  4;3;2b


. ipoveT Semdegi 

veqtorebi: 

  a) a

+b

;   b) ba


 ;   g) 3 a


;   d) ba



4

1

3

1
 ;   e) ba


42  ;   v) ba


34   

21. mocemulia  4;2;3a


,  2;3;0 b


 da  2;3;1 c


 veqtorebi. ipoveT 

cba


4
2

1
3   veqtoris koordinatebi. 

22. mocemulia veqtorebi  4;2;3a


 da  2;3;0 b


. ipoveT Semdegi 

veqtorebis gegmilebi sakoordinato RerZebze: 

a) 4 a

;   b) ba


32  ;   g) ba


2

3

1
 ;   d) ba


24  . 

23. mocemulia  5;2;1 A ,  1;2;3 B  wertilebi. ipoveT AB  da BA veqtorebis 

koordinatebi. 

24. mocemulia  2;3;1A ,  4;2;1B  da  2;3;4 C  wertilebi. ipoveT AN  

veqtoris koordinatebi, Tu N  aris BC  monakveTis Sua wertili. 

25. mocemulia  2;2;1 a


 veqtori. ipoveT veqtori, romlis sigrZe a

 

veqtoris sigrZeze orjer metia da romelsac a

 veqtoris 

sawinaaRmdego mimarTuleba aqvs. 

26. mocemulia  1;2;3 a


 da  6;0;1b


 veqtorebi. ipoveT ba


2  veqtoris 

koordinatebi da gamoTvaleT misi sigrZe. 

27. mocemulia  4;3;2 a


 da  5;6;1b


 veqtorebi. SeamowmeT, rom 

baba


 . 

28. mocemulia  1;1;3 A ,  3;1;2 B ,  1;7;4 C  da  9;11;6 D  wertilebi. 

SeamowmeT, rom 02 CDAB . 

29.  cnobilia a

 veqtoris ori koordinati: 21 a , 12 a . ipoveT mesame 

koordinati, Tu 3a


. 

30.   2;2;1 AB  da  2;4;5AC  veqtorebze agebuli samkuTxedis gverdebis 

sigrZeebi. 

31.  SeamowmeT, rom samkuTxedi, romlis wveroebia  0;1;1A ,  1;3;1 B , 

 1;2;0C  marTkuTxaa. 
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32.  kuTxe a

 da b


 veqtorebs Soris udris 

6


-s. ipoveT ba


 , Tu 2a


, 

5b


. 

33.  kuTxe a

 da b


 veqtorebs Soris udris 

3


-s, 5a


, 2b


. ipoveT:  

a) 2a

;  b) 2b


;  g)  baa


 ;  d)  bab


 ;  e)   baba


 ;  v)   aba


2 . 

34. a

 da b


 veqtorebi, romelTa sigrZeebia saTanadoT 4 da 3, 

urTierTmarTobulia. gamoTvaleT: 

a)  2ba


 ;  b)  2ba


 ;  g)  baa


52  ;  d)   baba


5432  . 

35. ipoveT kuTxe a

 da b


 veqtorebs Soris, Tu 4a


, 1b


, 22ba


. 

36. mocemulia: 2a


, 1b


, 
3

),(





ba


. ipoveT kuTxe ba


2  da ba


3  

veqtorTa Soris. 

37. daadgineT k -s ra mniSvnelobisaTvis iqneba bka


23   da bak


2  

veqtorebi urTierTmarTobuli, Tu 1a


, 2b


, 
3

),(





ba


. 

38. ipoveT  3;2;11a


 da  2;10;1b


 veqtorebis skalaruli namravli. 

39.  1;2;xa 


 da  1;1;1 b


 veqtorebis skalaruli namravli udris 5-s. 

ipoveT a

 veqtoris ucnobi koordinati. 

40. gamoTvaleT: 

a)       kjkjkijkj


 22
2

;    b)      2322 kjjkikji


 . 

41.  gamoTvaleT  6;0;3a


 da  2;2;1 b


 veqtorebze agebuli 

paralelogramis diagonlebis sigrZeebi da kuTxe maT Soris. 

42. ipoveT  4;0;3a


 da  1;0;7b


 veqtorebze agebuli samkuTxedis 

kuTxeebi. 
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T a v i  4  

 
meore rigis wirebi 

 
 
$4.1. wrewiri. wrewiris gantolebaa 

222 )()( Rbyax  ,                          (4.1) 

sadac a  da b  wrewiris centris koordinatebia, xolo R  _ radiusi. 

kerZod, Tu centri koordinatTa saTaveSia, maSin wrewiris 

gantoleba miiRebs Semdeg saxes: 

222 Ryx  .                             (4.2) 

Tu 

cBA 422  , 

maSin 

022  CByAxyx  

Ggantoleba gansazRvravs wrewirs centriT  )5,0;5,0( BA    wertilSi 

da radiusiT 

CBAR 45,0 22  . 

Aamocana 1. davweroT im wrewiris gantoleba, romlis radiusi 

7R , xolo centris koordinatebia )2;3( C . 

amoxsna. wrewiris gantoleba  CavweroT (4.1) saxiT. Cvens 

SemTxvevaSi 7R , 3a , 2b , amitom miviRebT 

49)2()3( 22  yx . 

amocana 2. vipovoT  

03010622  yxyx  

wrewiris centris koordinatebi da radiusi. 

amoxsna. wrewiris mocemuli gantolebidan gamovyoT sruli 

kvadratebi: 

025930)2510()96( 22  yyxx , 

saidanac 

64)5()3( 22  yx . 

pasuxi: 8);5;3(  RC  . 
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amocana 3. wrewiri gadis  )3 ;5(A  da )4 ;2(B  wertilebze. 

davweroT wrewiris gantoleba, Tu cnobilia, rom misi centri 

abscisTa RerZze mdebareobs. 

amoxsna. dauSvaT, wrewiris centria ),( baC . cxadia, rom 0b . a -s 

sapovnelad SevniSnoT, rom BCAC  , e.i.  

16)2(9)5( 22  aa . 

am gantolebidan 1a , e.i. wrewiris centria )0 ,1(C . wrewiris 

radiusi 59)51( 2  ACR . amrigad saZiebeli gantolebaa 

25)1( 22  yx . 

 

$4.2. elifsi.  elifsi ewodeba sibrtyis yvela im wertilTa 

simravles, romlebidanac sibrtyis or mocemul wertilamde 

manZilebis jami mudmivia. am or mocemul wertils elifsis fokusebi 

ewodeba. 

    y  

             2B   

             M  

 1r                         2r    x  

         1A  1F             O           2F   2A  

 

                               1B  

 nax. 1 

 

MFr 11   da MFr 22   monakveTebs, sadac 1F  da 2F  elifsis 

fokusebia, xolo M  elifsze mdebare wertili, am wertilis 

fokaluri radiusebi ewodeba. Tu elifsis fokusebia )0,(1 cF   da 

)0,(2 cF , xolo arr 221  , )22( ca  , maSin elifsis gantolebas Semdegi 

saxe aqvs: 

1
2

2

2

2


b

y

a

x
,                              (4.3) 
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sadac 222 cab  . elifsis am gantolebas kanonikuri gantoleba 

ewodeba. aAA 221   da bBB 221   monakveTebs Sesabamisad elifsis didi 

da mcire RerZebi ewodeba, xolo a -s da b -s _ naxevarRerZebi. 

elifsis eqscentrisiteti ( e ) ewodeba fokaluri manZilis 

)2( c  Sefardebas did RerZTan )2( a , e.i. ace : , cxadia, rom  

10  e . 

SeniSvna 1. (4.3) gantolebiT gamosaxuli elifsi ),( qpm


 

veqtoriT gansazRvruli paraleluri gadataniT aisaxeba elifsSi, 

romlis gantolebaa 

1
)()(

2

2

2

2







b

qy

a

px
,                       (4.4) 

 xolo fokusebi aRmoCndeba ),(1 qpcF   da ),(2 qpcF   wertilebSi. 

amocana 4. davweroT elifsis gantoleba, Tu misi fokusebia 

)0 ,2(1 F  da )0 ,2(2F wertilebSi, xolo eqscentrisiteti 
3

2
e . 

amoxsna. cxadia, rom 2c . vinaidan 
a

c
e  , amitom 

a

2

3

2
 , e.i.  

3a . 2b -is sapovnelad gamoviyenoT 222 cab   toloba. miviRebT 

52 b . 

amrigad, elifsis gantolebaa 

1
59

22


yx

. 

amocana 5. davwroT elifsis kanonikuri gantoleba, Tu 

cnobilia, rom misi naxevarRerZebis jami udris 7-s, xolo didi da 

mcire RerZebis boloebs Soris manZili 5-s. 

amoxsna. pirobis ZaliT 7ba , xolo 522

22  baBA . 

amrigad, a  da b -s mosaZebnad gvaqvs gantolebaTa Semdegi sistema: 









25

7
22 ba

ba
. 

am sistemas ori amonaxsni aqvs: (4; 3) da (3; 4). Tu gaviTvaliswinebT 

ba   utolobas, cxadi gaxdeba, rom meore amonaxsni ar gamogvadgeba. 

maSasadame, elifsis saZiebeli gantolebaa: 

1
916

22


yx

. 
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$4.3. hiperbola.  hiperbola ewodeba sibrtyis yvela im 

wertilTa simravles, romlebidanac  or mocemul wertilamde 

manZilebis sxvaobis moduli mudmivia. am mocemul wertilebs 

hiperbolis fokusebi ewodeba. 

   y  

 

   2B               M  

                
1r                          2r  

   
1F       

1A        O       2A      2F         x  

                             
1B             

             

                                    

                                                 nax. 2 

MFr 11   da MFr 22   monakveTebs, sadac  1F  da 2F  hiperbolis 

fokusebia, xolo M _ hiperbolaze mdebare wertili, M  wertilis 

fokaluri radiusebi ewodeba, xolo 1A  da 2A  wertilebs (nax. 2) 

hiperbolis wveroebi. Tu hiperbolis fokusebia )0,(1 cF   da )0,(2 cF , 

xolo  arr 221  ,  )22( ca  , maSin hiperbolis gantolebas Semdegi 

saxe aqvs: 

1
2

2

2

2


b

y

a

x
,                             (4.5) 

sadac  222 acb  . hiperbolis am gantolebas kanonikuri gantoleba 

ewodeba. aAA 221   da bBB 221   monakveTebs Sesabamisad hiperbolis 

namdvili da warmosaxviTi RerZebi ewodeba, xolo a -s da b -s _ 

naxevarRerZebi. Tu ba  , hiperbolas tolferda ewodeba. 

hiperbolis eqscentrisiteti ( e ) ewodeba fokaluri manZilis 

_ )2( c  Sefardebas namdvil RerZTan _ )2( a , e.i. ace : . cxadia, rom 

1e . tolferda hiperbolis eqscentrisiteti 2e .  

x
a

b
y   wrfeebs hiperbolis asimptotebi ewodeba. tolferda 

hiperbolis asimptotebi urTerTmarTobulia. 
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SeniSvna 2. (4.5) gantolebiT gamosaxuli hiperbola ),( qpm


 

veqtoriT gansazRvruli paraleluri gadataniT aisaxeba 

hiperbolaSi, romlis gantolebaa 

1
)()(

2

2

2

2







b

qy

a

px
,                       (4.6) 

 xolo fokusebi aRmoCndeba ),(1 qpcF   da ),(2 qpcF   wertilebSi. 

amocana 6. SevadginoT hiperbolis kanonikuri gantoleba, Tu 

namdvili naxevarRerZi 5-is tolia da hiperbola )3;10( M  wertilze 

gadis. 

amoxsna. vTqvaT, saZiebeli gantolebaa: 

1
2

2

2

2


b

y

a

x
. 

pirobis Tanaxmad 5a . radgan M  wertili hiperbolaze Zevs, amitom 

misi koordinatebi ( 3   ,10  yx ) unda akmayofilebdes (4.5) 

gantolebas. Tu a -s, x -isa da y -is mniSvnelobebs SevitanT 

gantolebaSi, miviRebT: 

1
9

25

100
2


b
, 

saidanac 32 b .  

amrigad hiperbolis saZiebeli gantolebaa: 

1
325

22


yx

. 

amocana 7. vipovoT hiperbolis eqscentrisiteti, Tu kuTxe 

asimptotsa da namdvil RerZs Soris aris 
3


. 

amoxsna. hiperbolis eqscentrisiteti 

222

1 












a

b

a

ba

a

c
e . 

amocanis pirobis Tanaxmad 3
3



tg

a

b
. maSasadame, 2e . 

 

$4.4. hiperbolis gamoyeneba ekonomikur amocanaSi. 

sworxazovani rkinigza A  qalaqs aerTebs B  sadgurTan. vTqvaT, 

erTi tona tvirTis 1 kilometrze gadazidva jdeba, manqaniT p  
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lari, xolo rkinigziT q  lari. vigulisxmoT, rom tona tvirTis 

CatvirTva matarebelSi  da qalaqSi gadmotvirTva Rirs m  lari, 

amasTan rkinigziT tvirTis gadazidva manqaniT gadazidvaze iafia. 

vTqvaT, M  wertili aRniSnavs sofels (nax. 3), romlidanac manZilebi 

A  da B  adgilebamde aris 1r  da 2r , Sesabamisad. viangariSoT ra 

eRireba 1 tona tvirTis gadazidva M  soflidan pirdapir A  

qalaqamde manqaniT da aseve imave tvirTis gadazidva M  soflidan 

jer B  sadguramde manqaniT da Semdeg B  sadguridan A  qalaqamde 

rkinigziT. 

             1r             M      

    A                

                 l                   2r  

        B  

 

 

 

                                        nax. 3 

pirvel SemTxvevaSi gveqneba 1pr , meore SemTxvevaSi ki 

mlqpr 2 , sadac l  warmoadgens manZils B  sadguridan A  qalaqamde. 

axla davsvaT kiTxva: M  wertilis ra mdebareobisaTvis 

iqneba es ori Rirebuleba Tanatoli? miviRebT tolobas 

mlqprpr  21 , 

saidanac 

p

mlq
rr


 21 . 

es imas niSnavs, rom M  sofeli unda mdebareobdes hiperbolaze, 

romlis fokusebia A  da B , xolo namdvili naxevarRerZia 

p

mlq
a

2


 . 

radganac 0a , amitom 021  rr  da maSasadame, miviRebT hiperbolis 

erT Stos, romlis Sesabamisi fokusia B . 



 

 78 

amgvarad, im soflebisaTvis, romlebic hiperbolidan 

mdebareoben A  qalaqis mxares, ufro xelsayrelia tvirTis pirdapir 

manqaniT gadazidva, imaTTvis ki, romlebic mdebareoben hiperbolidan 

B  sadguris mxares, ukeTesia tvirTis jer manqaniT mitana B  

sadgurSi, xolo Semdeg rkinigziT gadazidva A  qalaqSi (aseTi 

soflebi naxazis daStrixul nawilSi moeqcevian). im soflebisaTvis, 

romlebic TviT hiperbolaze mdebareoben, tvirTis gadazidva orive 

gziT erTi da imave Rirebulebisaa. 

SevniSnoT, rom iseTi M  wertilebis arsebobisaTvis, 

romelTaTvisac 
p

mlq
rr


 21 , aucilebelia da sakmarisi Sesruldes 

utoloba l
p

mlq



 , radgan ABM  samkuTxedSi unda gvqondes lrr  21

. maSasadame, 

)( qplm  , 

aqedan Cans, rom l  ar unda iyos Zalian mcire, vinaidan winaaRmdeg 

SemTxvevaSi ukanaskneli utoloba dairRveva. 

es garemoeba uSualod Cans: Tu B  sadguri Zalian axlosaa A  

qalaqTan, maSin CatvirTva-gadmotvirTvis m  fass ver anazRaurebs is 

gansxvaveba, romelsac iZleva mcire manZilze rkinigzis iafi 

tarifiT tvirTis gadazidva. 

 

$4.5. parabola. parabola ewodeba sibrtyis yvela im 

wertilTa simravles, romlebic Tanabrad arian daSorebuli 

mocemuli wertilidan da mocemuli wrfidan. mocemul wertils 

parabolis fokusi ewodeba ewodeba, xolo wrfes _ direqtrisa. 

                             y  

 

                         M  

 

                  O      F                       x  
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                                     nax. 4 

FMr   monakveTs, sadac F  parabolis fokusia, M  ki _ 

parabolaze mdebare wertili, M  wertilis fokaluri radiusi 

ewodeba. Tu parabolis fokusia  







0  ,

2

p
F , direqtrisis gantoleba ki 

2

p
x  , maSin parabolis gantolebas Semdegi saxe aqvs: 

pxy 22  .                              (4.7) 

abscisTa RerZi aris (4.7) parabolis simetriis RerZi, koordinatTa 

saTave ki parabolis wvero. parabolis simetriis RerZs parabolis 

RerZi ewodeba. 

Tu parabola ordinatTa RerZis simetriulia da wvero 

koordinatTa saTaveSia, maSin parabolis gantolebaa 

qyx 22  .                               (4.8) 

rogorc (4.7), ise (4.8) gantolebas parabolis kanonikuri 

gantoleba ewodeba. (8) gantoleba xSirad 2axy   saxiT Caiwereba. 

SeniSvna 3. (4.7) gantolebiT gamosaxuli parabola ),( nml


 

veqtoriT gansazRvruli paraleluri gadataniT aisaxeba 

parabolaSi, romlis gantolebaa 

  )(2
2

mxpny  ,                          (4.9) 

amasTan parabolis fokusi iqneba 







 n  ,

2
m

p
F  wertilSi, direqtrisis 

gantoleba ki  m
p

x 
2

. 

magaliTi 8. xy 42  parabolaze vipovoT wertili, romlis 

fokaluri radiusi 2r . 

amoxsna. vinaidan mocemuli parabolisaTvis 2p , amitom 

fokusi )0 ;1(F  wertilSia. vTqvaT, ) ;( yxM  saZiebeli wertilia. maSin, 

pirobis ZaliT 2FM , e.i.    21 22
 yx . 

arigad, M  wertilis koordinatebi unda akmayofilebdes 

gantolebaTa Semdeg sistemas: 
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







32

4
22

2

xyx

xy
. 

am sistemis amonaxsnebia: 1x , 2y . maSasadame amocanis pirobas 

ori wertili akmayofilebs: )2;1(1M  da )2;1(2 M . 

amocana 9. daviyvanoT kanonikur saxeze parabolis 

742  xxy  gantoleba. 

amoxsna.  parabolis mocemuli gantoleba gadavweroT Semdegi 

saxiT: 3)2( 2  yx . SemoviRoT axali cvladebi 21  xx  da 31  yy ,  

maSin ukanaskneli gantoleba Caiwereba Semdegi saxiT: 1

2

1 yx  , rac 

warmoadgens parabolis kanonikur gantolebas (4.8) saxiT, sadac 

2

1
q . 

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

 rogor Caiwereba wrewiris gantoleba? 

 ras ewodeba elifsi? dawereT elifsis kanonikuri gantoleba. 

 miuTiTeT  ra aris elifsis fokusebi da fokaluri radiusebi? 

 ganmarteT elifsis didi da mcire RerZebi. 

 ras ewodeba elifsis eqscentrisiteti? rogori sididea elifsis 

eqscentrisiteti? 

 wertilTa rogor simravles ewodeba hiperbola? 

 dawereT hiperbolis kanonikuri gantoleba. 

 ganmarteT hiperbolis fokusebi da fokaluri radiusebi. 

 ras ewodeba hiperbolis namdvili da warmosaxviTi RerZebi? 

 ras ewodeba toferda hiperbola? 

 ras ewodeba hiperbolis eqscentrisiteti? 

 ras ewodeba hiperbolis asimptotebi? 

 ras ewodeba parabola? moiyvaneT misi kanonikuri gantoleba. 
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 ganmarteT parabolis fokusi da direqtrisa. 

  rogor saxes miiRebs elifsis, hiperbolis da parabolis 

kanonikuri gantolebebi maTi paraleluri gadatanis Sedegad?  

 

 

s a v a r j i S o  4  

 

1. wrewiris centria )3 ,0(C  da wrewiri )2 ;2(A  wertilze gadis. 

dawereT wrewiris gantoleba. 

2. SeadgineT im wrewiris gantoleba, romlis centri )3 ,1(P  

wertilSia da romelic abscisTa RerZs exeba. 

3. wrewiri, romlis centri koordinatTa saTaveSia, exeba 

01034  yx  wrfes. dawereT am wrewiris gantoleba. 

4. )3;2(A  da )1;4( B  wertilebi wrewiris erT-erTi diametris 

boloebia. dawereT wrewiris gantoleba. 

5. dawereT im wrewiris gantoleba, romelic ordinatTa RerZs 

saTaveSi exeba da abscisTa RerZs ki (-8; 0) wertilSi kveTs. 

6. SeadgineT gantoleba im wrewirisa, romelic abscisTa RerZs 

)0;4(P  wertilSi exeba da ordinatTa RerZs )2;0(Q  wertilSi 

kveTs. 

7. wrewiri gadis (1; -2) wertilze da exeba koordinatTa RerZebs. 

ipoveT misi gantoleba. 

8. SeadgineT (0; 1), (3; 0) da (-1; 2) wertilebze gamavali wrewiris 

gantoleba. 

9. wrewiri gadis saTaveze da koordinatTa RerZebs kveTs )0 ;12(P  

da )5 ;0(Q  wertilebSi. SeadgineT wrewiris gantoleba. 

10. samkuTxedis gverdebis gantolebebia: 042  yx , 053  yx , 

0135  yx . SeadgineT am samkuTxedze Semoxazuli wrewiris 

gantoleba. 

11. ipoveT 2522  yx  wrewiris )4;3(A  wertilze gatarebuli mxebis 

gantoleba. 
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12. SeadgneT 0244422  yxyx  wrewiris (2;-2) wretilze 

gatarebuli mxebis gantoleba. 

13. SeadgineT 1322  yx  wrewiris im mxebebis gantolebebi, romlebic 

023  yx  wrfis paraleluria. 

14. ipoveT 04422  xyx  wrewiris im mxebis gantoleba, romelic 

koordinatTa RerZebze tol monakveTebs mokveTs. 

15. SeadgineT sibrtyis im wertilTa simravlis gantoleba, 

romelTaTvis )0,3(1 F  da )0 ,3(2F  wertilebamde manZilebis jami 

mudmivia da 10-s udris. 

16. mocemulia elifsis gantoleba: 

1
36100

22


yx

. 

gansazRvreT misi RerZebis sigrZeebi, fokaluri manZili da 

eqscentrisiteti. 

17. dawereT elifsis kanonikuri gantoleba, Tu misi naxevarRerZebia 

2 da 1. ipoveT misi fokusebi da eqscentrisiteti. 

18. dawereT elifsis kanonikuri gantoleba, Tu misi didi RerZia 10, 

eqscentrisiteti ki 0,6. 

19. dawereT elifsis kanonikuri gantoleba, Tu misi mcire RerZi 5-s 

udris, fokusebs Soris manZili ki 6-s. 

20. elifsis RerZebis jamia 16, eqscentrisiteti ki 0,8. dawereT am 

elifsis kanonikuri gantoleba. 

21. SedgineT im elifsis kanonikuri gantoleba, romelic )2 ,2(P  da 

)1 ;4(Q  wertilebze gadis. 

22.  1921612 22  yx   elifsze ipoveT wertili, romelic marcxena 

fokusidan 5 erTeuliTaa daSorebuli. 

23. elifsze, romlis gantolebaa  38406460 22  yx , ipoveT wertili, 

romelic marjvena fokusidan 9 erTeuliTaa daSorebuli. 

24. elifsze, romlis gantolebaa 9723627 22  yx , ipoveT wertili, 

romelic marcxena fokusidan orjer metadaa daSorebuli, vidre 

marjvena fokusidan. 
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25. 44 22  yx  elifsze ipoveT wertili, romelic Tanabradaa 

daSorebuli )3 ;3(M  da )1 ;5( N  wertilebidan. 

26. dawereT 22 22  yx  elifsis im mxebebis gantolebebi, romlebic 

(0; 3) wertilze gadis. 

27. SeamowmeT, rom 04123 22  yxx  gantoleba gamosaxavs elifss. 

ipoveT misi RerZebi da fokusebi. 

28. daiyvaneT kanonikur saxeze elifsis Semdegi gantoleba: 

01601625 22  yyx . ipoveT misi fokusebi. 

29. koordinatTa sistemis paraleluri gadataniT daiyvaneT 

kanonikur saxeze elifsis 0900300180259 22  yxyx  gantoleba. 

gansazRvreT fokusebis koordinatebi Zveli sistemis mimarT. 

30. SeadgineT sibrtyis im wertilTa simravlis gantoleba, 

romelTaTvis )0,5(1 F  da )0 ,5(2F  wertilebamde manZilebis 

sxvaobis moduli mudmivia da 6-s udris. 

31. dawereT sibrtyis im wertilTa simravlis gantoleba, 

romelTaTvis )3,0(1 F  da )3 ,0(2F  wertilebamde manZilebis 

sxvaobis moduli 4-s udris. 

32. mocemulia hiperbolis gantoleba: 

1
3664

22


yx

. 

   gansazRvreT misi RerZebis sigrZeebi, fokaluri manZili da       

eqscentrisiteti. 

33. dawereT hiperbolis kanonikuri gantoleba, Tu manZili wveroebs 

Soris 10-ia, xolo fokusebs Soris 12. ipoveT hiperbolis 

eqscentrisiteti. 

34. dawereT im hiperbolis gantoleba, romlis wveroebi 

1
36100

22


yx

 

   elifsis fokusebSia, fokusebi ki am elifsis wveroebSi. 

35. ra saxe aqvs elifsis gantolebas, romlis wveroebi 144169 22  yx  

hiperbolis fokusebSia, fokusebi ki am hiperbolis wveroebSi? 
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36. 753 22  yx  hiperbolis marjvena Stoze ipoveT wertili, romelic 

marcxena fokusidan 25 erTeuliTaa daSorebuli. 

37. SeadgineT 1052 22  yx  hiperbolis im mxebis gantoleba, romelic 

0532  yx  wrfis paraleluria. 

38. dawereT hiperbolis kanonikuri gantoleba, Tu cnobilia, rom 

01  yx  wrfe exeba am hiperbolas (4, 3) wertilSi. 

39. ipoveT 013518169 22  xyx  hiperbolis fokusebi. 

40. daiyvaneT kanonikur saxeze hiprbolis 2xy  gantoleba. ipoveT 

misi fokusebi. 

41. daiyvaneT kanonikur saxeze hiperbolis Semdegi gantoleba: 

04058 22  yyx . 

42. dawereT sibrtyis im wertilTa simravlis gantoleba, romlebic 

Tanabrad arian daSorebuli )0,4(F  wertilidan da 04 x  

wrfidan. 

43. dawereT sibrtyis im wertilTa simravlis gantoleba, romlebic 

Tanabrad arian daSorebuli )6,0(F  wertilidan da 06 y  

wrfidan. 

44. mocemulia parabolis gantoleba: xy 42  . ipoveT misi fokusi da 

dawereT direqtrisis gantoleba. 

45. gamoTvaleT manZili xy 122   da yx 162   parabolebis fokusebs 

Soris. 

46. gansazRvreT manZili )6;5(A  wertilidan 0122  xy  parabolis 

direqtrisamde. 

47. xy 82   parabolaze ipoveT wertili, romlis fokaluri radiusi 

10r . 

48. ipoveT xy 42   parabolisa da 0432  yx  wrfis  TanakveTis 

wertili. 

49. SeadgineT xy 82   parabolis im mxebis gantoleba, romelic (-1, -1) 

wertilze gadis. 

50. daiyvaneT kanonikur saxeze parabolis 442  xy  gantoleba. 

ipoveT misi fokusi da direqtrisa. 
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51. daiyvaneT kanonikur saxeze parabolis 222  xxy  gantoleba. 

ipoveT am parabolis wverosa da fokusis koordinatebi. dawereT 

direqtrisis gantoleba. 

52. ipoveT manZili 524 2  xxy  da 448 2  yyx  parabolebis 

fokusebs Soris. 

53. SeadgineT im parabolis gantoleba, romlis direqtrisa 03 y  

wrfea, xolo fokusi koordinatTa saTaveSia. 
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Tavi 5 

matricebi da determinantebi 

 

$5.1. matricis cneba. matrica warmoadgens ricxvebisagan 

(monacemebisagan) Sedgenil marTkuTxa cxrils, romelSic monacemebi 

Cawerilia striqonebisa da svetebis saxiT.  

matricebs aRniSnaven laTinuri anbanis didi asoebiT, mag. A , 

B , C ,..., matrica, xolo monacemebs aTavseben [ ] kvadratul an ( ) 

mrgval frCxilebSi. matricaSi moTavsebul ricxvebs matricis 

elementebs uwodeben da maT patara laTinuri asoebiT aRniSnaven, 

mag. ija , sadac pirveli indeqsi miuTiTebs imaze, Tu romel 

striqonSia es elementi, xolo meore indeqsi _ svetis nimeria. MTu 

matrica Seicavs m  striqons da n  svets, nm  rigis matrica 

ewodeba da ase Caiwereba 

A =

























mnmm

n

n

aaa

aaa

aaa

21

22221

11211

..

...

...

. 

xSirad gamoiyeneba Semdegi Semoklebuli aRniSvnac  
nmijaA


 . 

amboben,  rom A  matrica aris nm  rigis, Tu is Seicavs m  

striqons da n  svets. 

n1  rigis matricas n  ganzomilebiani matrica-striqoni, xolo 

1m  rigis matricas m  ganzomilebiani matrica-sveti ewodeba. 

Tu matricis striqonebis da svetebis raodenoba tolia, e.i. m

= n , maSin mas n  rigis kvadratuli matrica ewodeba. 

 

$5.2. operaciebi matricebze.  erTi da igive rigis  
nmijaA


  

da  
nmijbB


  matricebs ewodebaT toli, Tu maTi Sesabamisi 

elementebi tolia, e.i. ija = ijb ,  njmi ,,2,1;,,2,1    . am faqts ase 

aRniSnaven A = B . 

SemoviRoT operaciebi matricebze. 
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A =  
nmija


 da B =  

nmijb

 matricebis jami ewodeba iseT C = A + B =

 
nmijc


 matricas, romlis yoveli elementi mocemuli matricis 

Sesabamisi elementebis jamis tolia, e.i.  

ijc = ija + ijb ,  njmi ,,2,1;,,2,1     

cxadia, rom A + B = B + A . 

amocana 1. gamovTvaloT A  da B  matricebis jami, Tu 

A = 








13

25
 ;     B = 









20

54
. 

amoxsna.  

A + B = 





















13

71

2103

5245
. 

A =  
nmija


 matricis namravli   ricxvze ewodeba iseT 

 
nmijcAC


  matricas, romlis yoveli elementi aris mocemuli A  

matricis saTanado elementis namravli mocemul ricxvze, e.i. ijc =

ija , njmi ,,2,1;,,2,1    . 

amocana 2. vipovoT A  matricis da   ricxvis namravli, Tu 

A = 








13

25
    da    =2. 

amoxsna.  

A2 = 























26

410

)1(232

2252
. 

A =  
nmija


 da B =  

pmijb

 matricebis namravli ewodeba iseT pm  

rigis C = AB =  
pmijc


 matricas, sadac ijc  elementi aris A  matricis i -

uri striqonis B  matricis j -uri svetis Sesabamis elementebze 

namravlTa jami 





n

k

kjiknjinjijiij babababac
1

2211 ,    i =1,2,...,m ,    j =1,2,..., p . 

AB  matriculi namravli arsebobs maSin da mxolod maSin, 

roca A  matricis svetebis raodenoba tolia B  matricis 

striqonebis raodenobis. 

amocana 3. gadavamravloT A  da B  matricebi, Tu 
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A =
















21

33

02

   da   B = 








10

23
. 

amoxsna. ganmartebis ZaliT gvaqvs 

AB =







































43

99

46

12210231

13230333

10220032

. 

cxadia, rom am konkretul SemTxvevaSi B  matricis gamravleba 

A  matricaze ar SeiZleba. 

SevniSnoT, rom matricTa gamravleba ar aris komutaciuri 

operacia, e.i. sazogadod AB  BA . marTlac, vTqvaT 

A = 








43

02
,     B = 









10

23
. 

maSin 

AB = 








109

46
,   BA = 









43

812
, 

saidanac cxadia, rom AB  BA . ufro metic, SeiZleba am ori 

namravlidan erTi ganisazRvrebodes, meore ki ara, maTi 

ganzomilebebidan gamomdinare. 

matricas, romlis yvela elementi nulis tolia, nulovani 

matrica ewodeba. 

kvadratul matricaSi erTnairindeqsiani elementebis 

erTobliobas matricis mTavari diagonali ewodeba. Tu elementebi, 

romlebic ar mdebareoben mTavar diagonalze, nulis tolia, maSin 

kvadratul matricas diagonaluri ewodeba. amrigad, diagonalur 

 
nnika


 matricaSi ika =0, roca ki  . 

diagonalur nn  rigis matricas, romelSic mTavari 

diagonalis yvela elementi erTis tolia, n  rigis erTeulovani 

matrica ewodeba da aRiniSneba I  simboloTi 























1...00

......

0...10

0...01

I . 
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SevniSnoT, rom matriculi namravlis nulovan matricasTan 

tolobis SemTxvevaSi ar aris aucilebeli rom erT-erTi matrica 

iyos nulovani. 

amocana 4. mocemulia aranulovani A  da B  matricebi 

A = 








00

30
  da  B = 









00

14
. 

ipoveT maTi namravli. 

amoxsna.  

AB = 








00

00
. 

Tu A  matricis striqonebs CavwerT svetebad da, piriqiT, 

svetebs CavwerT striqonebad, miviRebT A  matricis transponirebul 

matricas. mas aRniSnaven TA  simboloTi 

TA =

























mnnn

m

m

aaa

aaa

aaa

21

22212

12111

..

...

...

. 

Tu A  matricis rigia nm , maSin transponirebuli matricis 

rigi iqneba mn . 

transponirebis operacias gaaCnia Semdegi Tvisebebi: 

1.   ;AA
TT   

2.  TBA  = TA + TB ; 

3.   TTT
ABAB  . 

n -uri rigis A  matricas ewodeba simetriuli, Tu TA = A  anu, 

nebismieri i  da j -Tvis jiij aa  . mag.: 

A = 








25

51
, 

da ewodeba iribadsimetriuli, Tu TA = _ A , anu nebismieri 

nebismieri i  da j -Tvis jiij aa  . mag.: 

A = 








 05

50
. 
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kerZod, Tu ji  , maSin iiii aa  , da e.i. iia =0, anu iribadsimetriuli 

matricis mTavari diagonalis elementebi nulis tolia. 

gamovyoT kidev egreT wodebuli samkuTxa matrici. ase 

uwodeben matrics, romlis diagonlis erT-erT mxares (zeviT an 

qveviT) moqceuli elementebi yvela nulis tolia: 


























nn

n

n

a

aa

aaa

A

00

..

...0

...

222

11211

,    


























nnnn bbb

bb

b

B

21

2221

11

..

0...

0...0

. 

 

martricebi friad mosaxerxebelia informaciis kompaqturi 

formiT warmodgenisaTvis. amiT aixsneba maTi didi gamoyeneba 

ekonomikuri sakiTxebis sxvadasxva aspeqtiT Seswavlisas. amis 

sailustraciod moviyvanoT ori amocana. 

amocana 5. ori qarxnis mier warmoebuli produqcia igzavneba 

sam sawyobSi. vTqvaT, pirvel sawyobSi pirveli qarxnidan produqciis 

erTeulis gadazidvaze ixarjeba, Sesabamisad, 4 lari, 3 lari da 5 

lari, xolo meore qarxnidan _ 2 lari, 1 lari da 3 lari. CavweroT 

orive qarxnis satransporto xarjebi matriculi saxiT. 

amoxsna. radgan cnobilia TiToeuli qarxnis mier erTeuli 

produqtis gadazidvis xarjebi, amitom satransporto xarjebi 

SegviZlia CavweroT Semdegi matricis saxiT 










312

534
. 

aq pirveli striqoni miuTiTebs pirveli qarxnis mier 

warmoebuli erTeuli produqtis gadazidvis xarjebs samive 

sawyobSi, xolo meore striqoni _ meore qarxnis mier warmoebuli 

erTeuli produqtis gadazidvis xarjebs. 

amocana 6. orma momxmarebelma maRaziaSi SeiZina sami 

dasaxelebis produqti: Saqari, makaroni da wiwibura. pirvelma 

SeiZina 2 kg. Saqari, 4 kg. makaroni da 3 kg. wiwibura. meorem ki _ 3 

kg. Saqari, 2 kg. makaroni da 5 kg. wiwibura. ganvsazRvroT TiToeuli 

momxmareblis danaxarji, Tu 1 kg. Saqari Rirs 1,5 lari, 1 kg. 

makaroni _ 1,2 lari, xolo 1 kg. wiwibura _ 1,8 lari. 
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amoxsna. orive momxmareblis mier SeZenili produqtebis 

raodenoba (kilogramobiT) xasiaTdeba matriciT 










523

342
, 

sadac pirveli striqoni Seesabameba pirveli momxmareblis navaWrs, 

xolo meore striqoni _ meore momxmareblis navaWrs. 

produqtebis Rirebuleba (larebSi) xasiaTdeba Semdegi 

matriciT 

















8,1

2,1

5,1

. 

martivi dasanaxia, rom am matricebis gadamravlebiT miviRebT 

orive momxmareblis danaxarjebis cxrils 

















































9,15

2,13

8,152,125,13

8,132,145,12

8,1

2,1

5,1

523

342
. 

aqedan Cans, rom pirvelma momxmarebelma daxarja 13,2 lari, xolo 

meorem _ 15,9 lari. 

 

$5.3. deteminanti, misi gamoTvlis wesebi da Tvisebebi. 

ganvixiloT nebismieri n  rigis kvadratuli matrica 

            A =

























nnnn

n

n

aaa

aaa

aaa

21

22221

11211

..

...

...

.                        (5.1) 

(5.1) kvadratul matricas yovelTvis Seesabameba garkveuli 

ricxvi, romelsac am matricis determinanti ewodeba da aRiniSneba 

Semdegi simboloebidan erT-erTiT: 

A ,  Adet ,  

nnnn

n

n

aaa

aaa

aaa







21

22221

11211


. 

Tu n =1, maSin (5.1) matrica Sedgeba 11a  ricxvisagan da misi 

Sesabamisi pirveli rigis determinanti ewodeba TviT am ricxvs. 

Tu n =2, maSin (5.1) matricas aqvs saxe 
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A = 








2221

1211

aa

aa
 

da am matricis Sesabamisi meore rigis determinanti ase ganimarteba: 

A =
2221

1211

aa

aa
= 21122211 aaaa  . 

nebismieri n >2 rigis determinantis gansazRvrisaTvis winaswar 

moviyvanoT matricis elementis minorisa da algebruli damatebis 

cnebebi: n  rigis (5.1) matricis ija ),...,2,1,( nji   elementis minori ijM  

ewodeba n -1 rigis im matricis Sesabamis determinants, romelic (5.1) 

matricidan i -uri striqonis da j -uri svetis amoSliT miiReba. 

ija  elementis algebruli damateba ijA  ganisazRvreba tolobiT 

ijA =   ij

ji
M


1 . 

(5.1) matricis Sesabamisi n -uri rigis determinanti tolia 

matricis nebismieri striqonis (an svetis) elementebisa da maTi 

algebruli damatebebis namravlebis jamis: 

ininiiii AaAaAaA  2211 ,   ni ,,2,1                      (5.2) 

an 

njnjjjjj AaAaAaA  2211 ,   nj ,,2,1                     (5.3) 

maSasadame determinantis gamoTvla SeiZleba misi gaSliT 

nebismieri striqonis an svetis mimarT. amitom praqtikuli 

gamoTvlebisas mizanSewonilia im striqonis an svetis amorCeva, 

sadac bevri nulia. 

mesame rigis determinantisaTvis, Tu gamoviyenebT (5.2) 

formulas pirveli striqonis gaSliT, miviRebT 


3231

2221

13

3331

2321

12

3332

2322

11

333231

232221

131211

aa

aa
a

aa

aa
a

aa

aa
a

aaa

aaa

aaa

 

122133322311312213231231321213332211 aaaaaaaaaaaaaaaaaa  . 

determinantis gamoTvlas am formuliT uwodeben determinantis 

gamoTvlas minorebad daSlis wesiT. 

am formulis dasamaxsovreblad sasargebloa e.w. samkuTxedis 

wesi, romelic simbolurad ilustrirebulia Semdegi sqemiT: 
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





=







+







+







_







_







_







. 

amocana 7. gamovTvaloT determinanti: 

A =

234

123

021







. 

amoxsna. 

A =              232311024124330221  

=4+8–3–12=–3. 

moviyvanoT determinantis ZiriTadi Tvisebebi. simartivisaTvis 

ganvixiloT SemTxveva, roca n =3. 

1. matricis transponirebiT determinanti ar Seicvleba, e.i. 

TA = A . 

2. determinanti mxolod niSans icvlis, Tu movaxdenT misi 

nebismieri ori svetis (striqonis) urTierTgadanacvlebas. 

magaliTad: 

 

333231

232221

131211

aaa

aaa

aaa

= –

313233

212223

111213

aaa

aaa

aaa

. 

3. determinanti udris nuls, Tu misi romelime svetis 

(striqonis) yvela elementi nulia. 

4. determinanti udris nuls, Tu misi romelime ori svetis 

(striqonis) Sesabamisi elementebi tolia. 

5. determinantis romelime svetis (striqonis) yvela elementis 

saerTo mamravli SeiZleba gavitanoT determinantis niSnis gareT.  

magaliTad: 

333231

232221

131211

aaa

aaa

aaa







=

333231

232221

131211

aaa

aaa

aaa

. 

6. determinanti nulis tolia, Tu misi romelime svetis 

(striqonis) elementebi proporciulia sxva svetis (striqonis) 

Sesabamisi elementebisa. 
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7. Tu determinantis romelime svetis (striqonis) yoveli 

elementi warmodgenilia ori Sesakrebis jamis saxiT, maSin es 

determinanti warmoidgineba ori determinantis jamis saxiT. 

magaliTad: 

33323231

23222221

13121211

aaaa

aaaa

aaaa







=

333231

232221

131211

aaa

aaa

aaa







+

333231

232221

131211

aaa

aaa

aaa







. 

8. Tu determinantis romelime svetis (striqonis) elementebs 

mivumatebT sxva svetis (striqonis) Sesabamis elementebs 

gamravlebuls erTsa da imave ricxvze, miviRebT mocemuli 

determinantis tol determinants. 

9. ori erTi da igive rigis kvadratuli matricis namravlis 

determinanti udris am matricTa determinantebis namravls, e.i. 

BAAB  . 

 

$5.4. Sebrunebuli matrica.  vTqvaT, A  aris n  rigis 

kvadratuli matrica, xolo I  imave rigis erTeulovani matrica. 

A  matricis Sebrunebuli matrica ewodeba iseT B  matricas, 

romlisTvisac  

IABBA  . 

A  matricis Sebrunebuli matrica aRiniSneba simboloTi 1A , e.i. 

1 AA = AA 1 = I .                          (5.4) 

(5.4) toloba simetriulia A  da 1A  matricebis mimarT. amitom 

Tu 1A  aris A  matricis Sebrunebuli, maSin A  aris 1A -is 

Sebrunebuli: 

A =   11 A . 

simetriulobidan cxadia agreTve, rom 1A  aris imave rigis 

kvadratuli matrica rac A  matrica. 

SeiZleba vaCvenoT, rom Tu A  matricas gaaCnia Sebrunebuli 

matrica, maSin is erTaderTia. 

kvadratul matricas ewodeba gadagvarebuli, Tu misi 

determinanti nulis tolia. winaaRmdeg SemTxvevaSi matricas ewodeba 

gadaugvarebeli. 



 

 95 

A  kvadratuli matricis mikavSirebuli matrica ewodeba 

matricas 

A =





















nnnn

n

n

AAA

AAA

AAA

...

......

...

...

21

22212

12111

, 

 

sadac ijA  aris A  matricis  ija  nji ,...,2,1,   elementis algebruli 

damateba. 

Teorema 5.1.  imisaTvis, rom A  matricas gaaCndes Sebrunebuli 

matrica, aucilebeli da sakmarisia, rom A  iyos gadaugvarebeli 

matrica. 

Sebrunebuli matrica gamoiTvleba formuliT 

1A =  A
A

1
.                              (5.5) 

amocana 8. vipovoT 

A =
















 325

436

752

 

matricis Sebrunebuli matrica. 

amoxsna. gamovTvaloT A  matricis determinanti: 

 

A =

325

436

752



= 116901058410018  . 

amasTan 

        189
32

43
11 


A ; 

        38)2018(
35

46
12 


A ;         

        271512
25

36
13 


A ; 

          11415
32

75
21 


A ;  
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        41356
35

72
22 


A ; 

          29254
25

52
23 


A ; 

        12120
43

75
31 A ; 

          34428
46

72
32 A ; 

        24306
36

52
33 A . 

amrigad mikavSirebuli matrica iqneba 

A =






















242927

344138

111

. 

(5.5) formulis mixedviT gvaqvs 

 

1A =














































242927

344138

111

242927

344138

111

1

1
. 

moviyvanoT Sebrunebuli da mikavSirebuli matricebis zogierTi 

Tviseba: 

1.  
11   AA ; 

2.    111 
 ABAB ; 

3.     TT AA 11 
 ; 

4.     TT AA 
 ; 

5.    
 ABAB . 

 

$5.5. matricis rangi.  ganvixiloT nm  rigis A  matrica: 


























mnmm

n

n

aaa

aaa

aaa

A

21

22221

11211

..

...

...

. 
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SevarCioT am matricaSi r  striqoni da r  sveti, sadac 

 nmr ,min . arCeuli striqonebisa da svetebis gadakveTaze mdgomi 

elementebisagan Sedgenil determinants matricis r  rigis minori 

ewodeba. 

mTel r  ricxvs ewodeba matricis rangi, Tu misi r  rigis 

minorTa Soris erTi mainc gansxvavebulia nulisagan, xolo yvela r -

ze maRali rigis minori nulis tolia. 

A  matricis rangi aRiniSneba simboloTi rangA. am ganmartebidan 

gamomdinareobs, rom Tu r  rigis minorTa Soris erTi mainc 

gansxvavebulia nulisagan, xolo yvela  1r  rigis minori (Tu aseTi 

arsebobs) nulis tolia, maSin A  matricis rangi r  ricxvis tolia. 

amocana 9. gamovTvaloT A  matricis rangi, Tu 



















700

500

201

A . 

amoxsna. imisaTvis, rom vipovoT rangA, saWiroa jer 

gamovTvaloT A  matricis determinanti. radgan 0A , amitom 

3rangA . 

gadavideT meore rigis minorebis gamoTvlaze: 

0
00

01
 , 0

01

01
 , 0

50

20
 , .03

51

21
  

radgan meore rigis minorebs Soris aRmoCnda nulisagan 

gansxvavebuli minori, amitom rangA=2. danarCeni meore rigis 

minorebis gamoTvla aRar aris saWiro. 

zogad SemTxvevaSi matricis rangis gamoTvla misi yvela 

minoris daTvlis saSualebiT, ra Tqma unda, Zalian Sromatevadi 

samuSaoa. amitom unda gamovyoT matricis iseTi elementaruli 

gardaqmnebi, romlebic ar cvlian mis rangs. aseTi elementaruli 

gardaqmnebia: 

1) matricidan nulovani striqonis an svetis amoSla. 

2) matricis striqonis an svetis gamravleba raime ricxvze. 

3) matricis striqonebis an svetebis gadaadgileba. 

4) matricis striqonebis an svetebis Sekreba. 
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5) matricis transponireba. 

advili dasanaxia, rom Tu matricas aqvs samkuTxa matricis saxe, 

maSin misi rangi tolia mis diagonalze myofi aranulovani 

elementebis raodenobisa. 

maSin ukve gasagebia, Tu rogor unda vipovoT mocemuli 

matricis rangi: amisaTvis 1) _ 5) tipis elementaruli gardaqmnebiT 

matrica unda daviyvanoT safexurian saxeze: 























knkk

n

n

aa

aa

aaa

00

..

...0

...

222

11211

, 

sadac 02211  kkaaa  . maSin krangA . 

amocana 10. vipovoT  





















162

514

652

A  

matricis rangi. 

amoxsna. TandaTanobiTi gardaqmnebiT miviRebT: 

























































000

7110

652

7110

7110

652

162

514

652

, 

amitom rangA=2. 

amocana 11. vipovoT 





















741063

38401

52731

 

matricis rangi. 

amoxsna. . TandaTanobiTi gardaqmnebiT miviRebT: 

























































00000

8101130

52731

8101130

8101130

52731

741063

38401

52731

, 

amitom rangA=2. 

amoviweroT matricis rangis Tvisebebi: 

1) rangBrangABArang  )( ; 
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2) rangBrangABArang  )( ; 

3)  rangBrangABArang ;min)(  ; 

4) rangAAArang T  )( ; 

5) ,)( rangABArang   Tu A  da B  kvadratuli matricaa da 0B . 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT 

 

 ras ewodeba matrica? 

 ras ewodeba matricis rigi? 

 ras ewodeba transponirebuli matrica? 

 ras ewodeba kvadratuli matrica? 

 ras ewodeba nulovani matrica? diagonaluri matrica? 

erTeulovani matrica? 

 rogor matricebs ewodeba toli?  

 rogor SevkriboT ori matrica? 

 ras ewodeba skalarisa da matricis namravli? 

 rogor gavamravloT A  da B  matricebi? 

 aris Tu ara A  da B  matricebis namravli komutaciuri? (aCveneT 

magaliTze). 

 ras ewodeba A  matricis transponirebuli? 

 moiyvaneT transponirebis operaciis ZiriTadi Tvisebebi. 

 risi tolia iribadsimetriuli matricis diagonaluri elementebi? 

 amowereT pirveli, meore da mesame rigis kvadratuli matricis 

Sesabamisi determinantis gamosaTvleli formulebi.  

 ras ewodeba n  rigis matricis ija  ),...,2,1,( nji   elementis minori? 

algebruli damateba? 

 amowereT n -uri rigis determinantis gamosaTvleli formula. 

 moiyvaneT determinantis gamoTvlis samkuTxedis wesis 

ilustracia. 

 CamoTvaleT determinantis ZiriTadi Tvisebebi. 
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 determinantis gamosaTvlel romel formulas uwodeben minorebad 

gaSlis wess? 

  n  rigis determinantis gamosaTvlelad ramdeni n -1 rigis 

determinantis gamoTvla dagvWirdeba minorebad gaSlis wesiT 

sargeblobisas?  

 gansazRvreT n -uri rigis kvadratuli matricis Sebrunebuli 

matrica. 

 SesaZlebelia Tu ara , rom A  matricas hqondes erTze meti 

Sebrunebuli matrica? 

 raSi mdgomareobs Sebrunebuli matricis arsebobis aucilebeli 

da sakmarisi piroba? moiyvaneT Sebrunebuli matricis 

gamosaTvleli formula. 

 ra kavSiri arsebobs matricisa da misi Sebrunebuli matricis 

determinantebs Soris? 

 ras udris matricTa namravlis Sebrunebuli matrica? ras udris 

matricTa namravlis mikavSirebuli matrica?  

 moiyvaneT matricis rangis ganmarteba. 

 moiyvaneT matricis elementaruli gardaqmnebi romlebic ar cvlis 

matricis rangs. 

 amowereT matricis rangis Tvisebebi. 

 

 

s a v a r j i S o  5  

 

1. ipoveT A + B  da A _ B , Tu 

 

a)      A =
















801

542

431

,      B =




















313

224

112

; 

 

b)      A = 








125

431
,      B = 









123

754
. 
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2. ipoveT BA  , Tu 

 

a)    A = 












45

23
,          B = 












; 

 

b)    A = 








dc

ba
,           B = 









 05

50
; 

 

g)    A =






















352

143

231

,       B =
















231

521

652

; 

 

d)    A =





























7467

4329

5346

3225

,    B =



























160168

882416

11351

2222

; 

 

e)     A =














 

10

31

12

,          B = 








213

121
; 

 

v)     A =
















12

21

13

,            B = 








10

21
; 

 

z)     A =





















54

43

32

21

,           B = 








10

21
; 

 

T)     A =  2131  ,    B =





















1

0

1

2

; 

 



 

 102 

i)      A =























1

1

2

1

,             B = 








121

301
; 

k)      A =





















10

01

10

31

,            B = 








121

301
; 

l)     A =
















3

1

2

,               B =  321 ; 

m)       A =  321           B =
















1

4

3

; 

3.     A = 








 24

13
   da   B = 













33

04
. ipoveT: 

 

a) 3 A +4 B ;   b) _2 A +2 B ; g) _ AB +3 B ; d) 0,5B _3 A ; e) 1/2 A +1/3 B . 

 

4. ipoveT AB _ BA , Tu A =














 

213

120

321

  da  B =
















 221

332

130

. 

 

5.  A = 








11

32
  da  B = 









 32

10
  matricebisaTvis SeamowmeT sruldeba 

Tu ara toloba      .2 222
BABABA   

 

6.  A = 








1

1

b

a
  da  B = 













12

11
  matricebisaTvis gansazRvreT a  da b  

iseTnairad, rom 

a)    222
BABA  ;     b)    22)( BABABA  . 

 

7. ipoveT iseTi A  matrica, romlisTvisac samarTliani iqneba 

Semdegi toloba: 
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a)   35
01

12









A ;     b)  




































10

13

06

10

11

02

A . 

 

8. ipoveT C  matrica, Tu: 

a)  TT ABAC 3 ,     A = 






 

22

13
,    B = 









31

22
; 

 

b)  TBBAC  ,       A = 








 37

56
,    B = 









3104

4231
. 

9. gamoTvaleT determinantebi: 

 

a)   
14

32
;        b)  

62

31
;      g)   





coscos

sinsin
; 

d)   




cossin

sincos
;       e)   

2132

3221




. 

 

10. gamoTvaleT determinantebi samkuTxedis wesiT: 

   a)   

012

113

101





;          b)    

152

321

000

 

   g)   

aaa

aaa

aaa





;       d)    

311

312





cba ; 

   e)   

431

013

312 

;         v)     

010

142

010



; 

   z)   

175

253

112



 ;        T)     
22

22

22

pcbcac

bcpbab

acabpa







. 

 

11. gamoTvaleT 
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



















1320

2064

1113

0012

 

matricis 
22a =1 da 32a =6 elementTa minorebi da algebruli 

damatebebi. 

 

12. gamoTvaleT determinantebi minorebad gaSlis wesiT: 

 

   a)    

1312

2314

0321

1021




;        b)    

2112

5421

4312

1134



; 

 

   g)    

0210

3004

4003

0120


;            d)    

3100

4310

0431

0043

. 

 

13. amoxseniT gantolebebi: 

   a)    
32

13





xx

x
=

2

3
;           b)    

xx

x

1

75

1

52
 ; 

 

   g)    2

212

31

132





x

x

;          d)    
x

x

x

xx



23

15

10

11

123

; 

 

   e)    0

1110

312

3









x

xx

;      v)    0

111

32

942

x

x

. 

 

 

14. ipoveT A  matricis mikavSirebuli matrica, Tu    

    a)    A = 






 

43

21
;            b)    A = 









 21

03
; 
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    g)    A =
















105

310

021

;         d)    A =
















100

110

111

. 

 

15. ipoveT A  matricis Sebrunebuli matrica, Tu 

    a)    A = 








75

43
;             b)    A = 









 34

21
; 

    g)    A = 








 25

13
;           d)    A = 









63

42
; 

    e)    A =
















4510

617

8615

;         v)    A =






















153

132

543

. 

16. daadgineT gaaCnia Tu ara A  matricas Sebrunebuli matrica, Tu 

    a)    A = 








35

12
;             b)    A = 









36

12
;    

    g)    A =
















111

011

001

;          d)    A =
















000

200

120

. 

 

17. uSualo gadamravlebiT daadgineT, aris Tu ara A  matrici B  

matricis Sebrunebuli: 

    a)    A =


















7210

211

438

              B =






















111412

121613

101311

; 

    b)    A =
















 212

134

012

               B =





























4

1

2

1

4

5
4

1

2

1

4

3
8

1

4

1

8

7

; 

    g)    A =





















0111

1011

1101

1110

              B =





























2111

1211

1121

1112

3

1
. 

 

18. ipoveT   1
AB , Tu cnobilia, rom 
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1A = 








20

01
   da   1B = 









23

12
. 

 

19. cnobilia, rom 

A = 








12

01
   da   B = 









10

21
. 

ipoveT  AB . 

20. mocemulia A  da B  matricebi. ipoveT am matricebis namravlis 

mikavSirebuli matrica, Tu: 

    a)    A = 






 

43

11
                 B = 









54

32
; 

    b)    A =
















102

020

201

               B =
















314

121

413

. 

 

21. Semdegi matricebidan amoarCieT iseTi ori, romelTac gaaCniaT 

Sebrunebuli da ipoveT maTi namravli: 

         A = 








84

63
,                   B = 









44

01
, 

         









4236

76
C ,                 










63

51
D . 

 

22. amoxseniT matriculi gantolebebi: 

 

    a)    

















95

53

43

21
X ;            b)    


























65

21

45

23
X ; 

    g)    





































4

1

3

121

123

412

X ;         d)    

















54

07

21

13
X ; 

    e)    











































31

21

73

112

112

203

X ;    v) 





































0

2

6

121

123

412

X  . 

     



 

 107 

23. SeamowmeT   
 ABAB  tolobis samarTlianoba Semdegi 

matricebisaTvis: 

A =
















100

030

001

,        B =
















100

140

101

. 

 

24. mocemulia A  matricis transponirebuli TA matrica. ipoveT 1A  

matricis determinanti, Tu 



















103

070

707
TA . 

25. ipoveT A  matricis rangi, Tu 

a) 




















132

514

602

A ;         b) 




















111

624

321

A ; 

g) 























0434

0421

4322

6473

A ;       d) 



















 



10121

00243

12052

54150

A . 
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Tavi 6 
 

wrfiv algebrul gantolebaTa sistemebi 

 

xSirad ekonomikuri modeli Seicavs mraval parametrs da, 

konkretuli problemebidan gamomdinare, saWiro xdeba moiZebnos 

parametrebis is mniSvnelobebi, romlebic akmayofileben garkveul 

Tanafardobebs (gantolebebs). Tu es Tanafardobebi warmoadgenen 

wrfiv gantolebebs, maSin Cven saqme gveqneba wrfiv algebrul 

gantolebaTa sustemasTan. 

 

$6.1. ZiriTadi cnebebi. vTqvaT, mocemulia n  ucnobiani m  

wrfivi algebruli gantolebaTa sistema: 



















mnmnmm

n

nn

bxaxaxa

bxaxaxa

bxaxaxa







2211

221222121

11212111

................................................
,                       (6.1) 

sadac 
nxxx ,...,, ,21
 ucnobebia, xolo mnaaa ,...,, 1211  koeficientebi da 

nbbb ,...,, ,21  Tavisufali wevrebi cnobili ricxvebia. sazogadod, 

ucnobTa ricxvi  n  ar udris gantolebaTa m  ricxvs. 

gantolebaTa (6.1) sistemas ewodeba erTgvarovani, Tu misi 

yvela Tavisufali wevri nulis tolia, xolo araerTgvarovani _ Tu 

erTi mainc Tavisufali wevri gansxvavebulia nulisagan. 

nccc ,...,, ,21  ricxvebs ewodeba (6.1) sistemis amonaxsni, Tu (6.1) 

sistemaSi 
nxxx ,...,, ,21
 ucnobebis nacvlad Sesabamisad nccc ,...,, ,21  

ricxvebis CasmiT, sistemis yoveli gantoleba gadaiqceva WeSmarit 

ricxviT tolobad. 

(6.1) sistemis yvela amonaxsnis povnas sistemis amoxsna ewodeba. 

sistemas ewodeba Tavsebadi, Tu mas gaaCnia erTi mainc 

amonaxsni, xolo araTavsebadi _ Tu mas ar aqvs arc erTi amonaxsni. 

wrfiv algebrul gantolebaTa sistemasTan dakavSirebiT ismeba 

ori ZiriTadi sakiTxi: 1) sistemis Tavsebadobis gamokvleva da 2) 

Tavsebadi sistemis yvela amonaxsnis povna. 

(6.1) sistemis amonaxsnis arseboba mWidrodaa dakavSirebuli 

Semdeg or matricasTan: 
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
























mnmm

n

n

aaa

aaa

aaa

A

21

22221

11211

..

...

...

,




























mmnmm

n

n

b

b

b

aaa

aaa

aaa

A
2

1

21

22221

11211

..

...

...

  . 

A  matricas ewodeba (6.1) sistemis Sesabamisi matrica, xolo A

-s _ sistemis gafarToebuli matrica. 

ganvixiloT wrfiv algebrul gantolebaTa sistema, romelSic 

ucnobTa ricxvi gantolebaTa ricxvis tolia, e.i. 



















nnnnnn

n

nn

bxaxaxa

bxaxaxa

bxaxaxa







2211

221222121

11212111

................................................
 .                       (6.2) 

aseT sistemas wrfiv algebrul gantolebaTa kvadratuli 

sistema ewodeba. am leqciaSi Cven SeviswavliT (6.2) tipis sistemis 

amoxsnadobis sakiTxs. 

 

$6.2. krameris formulebi. ganvixiloT (6.2) sistema da am 

sistemis koeficientebisagan Sedgenili determinanti aRvniSnoT  -

Ti 

nnnn

n

n

aaa

aaa

aaa







21

22221

11211


 .                           (6.3) 

ganvixiloT agreTve n  rigis damxmare determinantebi: 

n ,,, 21  , sadac j  ( nj ,,2,1  ) miiReba sistemis   

determinantisagan misi j -uri svetis SecvliT Tavisufali 

wevrebisagan Sedgenili svetiT 

nnnnjnn

njj

njj

j

aabaaa

aabaaa

aabaaa







121

2122122221

1111111211








 .                 (6.4) 

mtkicdeba, rom, Tu sistemis   determinanti nulisagan 

gansxvavdeba, maSin (6.2) sistema Tavsebadia da mas erTaderTi 

amonaxsni aqvs, romelic moicema formulebiT: 
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




j

jx ,  .,,2,1 nj                              (6.5) 

(6.5) formulebs krameris formulebi ewodeba. 

amocana 1. amovxsnaT wrfiv gantolebaTa sistema  















1

643

022

31

21

321

xx

xx

xxx

 

krameris formulebiT: 

amoxsna.gamovTvaloT saWiro determinantebi: 

.6
43

22
1

04

12
1

101

043

122








  

.16
46

20
1

04

12
1

101

046

120

1 








  

.21
11

63
1

11

06
2

111

063

102

2 








  

.10
11

63
2

10

64
1

101

643

022

3 





  

maSin amonaxsnia 
3

8
1 x , 

2

7
2 x , 

3

5
3 x . 

 

$6.3. matriculi xerxi. gadavweroT (6.2) sistema matriculi 

saxiT, risTvisac SemoviRoT Semdegi aRniSvnebi: 


























nnnn

n

n

aaa

aaa

aaa

A

21

22221

11211

..

...

...

,    























nb

b

b

B

2

1

,    























nx

x

x

X

2

1

. 

A -s ewodeba sistemis matrica, B -s _ Tavisufal wevrTa 

erTsvetiani matrica, xolo X -s _ ucnobi erTsvetiani matrica. 

matricTa gamravlebisa da matricTa tolobis gansazRvrebis 

Tanaxmad, wrfiv gantolebaTa (6.2) sistema matriculad ase Caiwereba 
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BAX  .                              (6.6) 

davuSvaT, rom A  matrica aragadagvarebulia, e.i. A  matricis 

determinanti 0 A .maSin, rogorc viciT, arsebobs A  matricis 

Sebrunebuli matrica 1A . gavamravloT (6.6) matriculi gantolebis 

orive mxare marcxnidan 1A matricaze 

BAAXA 11 )(   . 

radgan 

  XXIXAAAXA   11 )( , 

amitom miviRebT 

BAX  1                               (6.7) 

rac warmoadgens (6.6) gantolebis matricul amonaxsns. 

(6.7) tolobidan ganisazRvreba 
nxxx ,...,, ,21
 ucnobTa 

mniSvnelobebi, romlebic warmoadgenen (6.2) sistemis erTaderT 

amonaxsns. 

 

amocana 2. amovxsnaT matriculi xerxiT Semdegi sistema 















22

43

92

321

321

321

xxx

xxx

xxx

. 

amoxsna. SemoviRoT aRniSvnebi: 

























121

311

112

A ’   




















2

4

9

B ,   


















2

2

1

x

x

x

X . 

mocemuli sistema, matriculi saxiT ase gadaiwereba 

BAX  . 

radgan 

0171121322

121

311

112









A , 

amitom 



 112 

































 

2

4

9
1

332313

322212

312111

1

AAA

AAA

AAA

A
BAX , 

sadac 

761
12

31
11 




A ; 4)31(

11

31
12 


A ; 112

21

11
13 




A ; 

  121
12

11
21 




A ; 312

11

12
22 


A ;   514

21

12
21 


A ; 

413
31

11
31 




A ;   516

31

12
32 




A ; 312

11

12
33 


A . 

sabolood miviRebT 


























































































































1

2

3

17

34

51

17

1

6209

101236

8463

17

1

2

4

9

351

534

417

17

1

2

2

1

x

x

x

. 

 

rogorc ganxiluli magaliTebidan Cans, krameris formulebiT 

an matriculi xerxis gamoyenebiT wrfivi sistemebis amoxsna Zalian 

Sromatevadia da praqtikaSi sistemebis amoxsna sxva meTodebiT xdeba. 

garda amisa, krameris wesiT da matriculi xerxiT SeiZleba 

amoixsnas mxolod iseTi wrfiv gantolebaTa sistema, romlSic 

ucnobTa ricxvi gantolebaTa ricxvis tolia da sistemis 

determinanti gansxvavebulia nulisagan. axla, ganvixilavT iseT 

gantolebaTa sistemas, sadac ucnobTa ricxvi ar aris gantolebaTa 

ricxvis toli an sistemis determinanti (roca saqme gvaqvs 

kvadratul sistemasTan) ar udris nuls. 

 

$6.3. gausis meTodi. gausis meTodi saSualebas gvaZlevs n  

ucnobis Semcveli m  gantolebiani wrfivi sistema daviyvanoT iseT 

saxeze, romlis amoxsna siZneles aRar warmoadgens. igulisxmeba, rom 

sistema daiyvaneba samkuTxa saxeze an safexurebian saxeze, romelTa 

amoxsna marTlac araviTar siZneles aRar warmoadgens. 

vTqvaT gvinda amovxsnaT gantolebaTa sistema 
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

















mnmnmm

n

nn

bxaxaxa

bxaxaxa

bxaxaxa







2211

221222121

11212111

................................................
,                      (6.8) 

sadac 011 a . Tu 011 a , maSin SeiZleba gantolebebis gadanacvleba, 

ise, rom pirveli gasntolebis  1x -is koeficienti ar iyos nulis 

toli. 

pirveli etapi. pirvel gantolebas vamravlebT iseT ricxvze, 

rom pirvel gantolebas pirveli koeficienti gaudes 21a -is toli da 

meore gantolebas gamovakloT miRebuli gantoleba. Semdeg pirvel 

gantolebas vamravlebT iseT ricxvze, rom pirveli koeficienti 

gauxdes 31a -is toli da mesame gantolebas gamovakloT miRebuli 

gantoleba, da ase Semdeg, pirvel gantolebas vamravlebT iseT 

ricxvze, rom pirveli koeficienti gauxdes 1ma -is toli da m -ur 

gantolebas gamovakloT miRebuli gantoleba. maSin yvela 

gantolebaSi (dawyebuli meoredan) gaqreba wevrebi, romlebic 

Seicaven 1x -s. miiReba 

     

     

















11

2

1

2

1

2

1

22

1

22

11212111

.............................................

mnmnm

nn

nn

bxaxa

bxaxa

bxaxaxa







. 

meore etapi. davuSvaT, rom   01

22 a . vimeorebT igive proceduras: 

vamravlebT meore gantolebas iseT ricxvze, rom is Sesabamisad 

gautoldes  1

32a -s,  1

42a -s, da a.S.  1

2ma -s da paralelurad miRebul 

gantolebebs vaklebT Sesabamisad, me-3, me-4, da a.S. m -ur gantolebas. 

amis Sedegad miiReba sistema, romelSic yvela gantolebaSi 

dawyebuli mesamidan aRar iqneba wevrebi 1x -iT da 2x -iT: 

       

     

     


















22

3

2

3

2

3

2

33

2

33

1

2

1

23

1

232

1

22

11313212111

............................................................

mnmnm

nn

nn

nn

bxaxa

bxaxa

bxaxaxa

bxaxaxaxa









. 

Tu process gavagrZelebT, sabolood miiReba sistema 
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     

     

 

 

































1

1

1

111

1

2

1

22

1

22

11212111

0

................................................

0

.................................................

k

m

k

k

k

kn

k

knk

k

kk

nn

nn

b

b

bxaxa

bxaxa

bxaxaxa







. 

cxadia, rom Tu    11

1 ,, 



k

m

k

k bb   ricxvebs Soris aris erTi 

aranulovani ricxvi mainc, maSin sistemas amonaxsni ar eqneba. 

Tuki es ricxvebi nulis tolia, maSin bolo )( km   gantoleba 

sistemaSi iqceva tolfasobad da maTi ugulvebelyofa SeiZleba. 

maSin maTi mocilebis Semdeg SesaZlebelia ori SemTxveva: 

1) saboloo sistemaSi ucnobebisa da gantolebebis raodenoba 

tolia, e.i. nk  . maSin Sesabamisi matrica samkuTxaa: 




















//

/

3

/

33

/

33

/

2

/

23

/

232

/

22

11313212111

............................................................

nnnn

nn

nn

nn

bxa

bxaxa

bxaxaxa

bxaxaxaxa







 

am sistemis amoxsna ukve advilia, unda daviwyoT qvemodan da 

TandaTanobiT ganvsazRvroT 11 ,,, xxx nn  . 

2) saboloo sistemaSi nk  . maSin Sesabamisi matrica 

safexurebiania: 




















///

/

3

/

33

/

33

/

2

/

23

/

232

/

22

11313212111

............................................................

knknkkk

nn

nn

nn

bxaxa

bxaxa

bxaxaxa

bxaxaxaxa









. 

advili dasanaxia, rom am SemTxvevaSi sistemas ukve erTaderTi 

amonaxsni aRar aqvs. 

amocana 3. amovxsnaT gausis meTodiT gantolebaTa sistema 















043

432

632

321

321

321

xxx

xxx

xxx

. 
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amoxsna. amovweroT sistemis Sesabamisi matrica da 

gafarToebuli matrica 





















0

4

6

413

132
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da TandaTan gardavqmnaT igi. maSin miiReba 

 


































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
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0
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6
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















18

8
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1350
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



















22

8

6

2200

710
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

















1

8

6

100

710

321

  . 

maSasadame sabolood miiReba sistema 















1

87

632

3

32

321

x

xx

xxx

, 

saidanac 1,1,1 123  xxx   . 

amocana 4. amovxsnaT gausis meTodiT gantolebaTa sistema 















164

332

72

321

321

321

xxx

xxx

xxx

. 

amoxsna. amovweroT am sistemis Sesabamisi matrica da TandaTan 

gardavqmnaT: 























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3

7
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132
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

























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7
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1

11

7

  

000

3-70

1-21

















 

maSasadame bolo gantolebaa 0=1. amitom gantolebaTa sistema 

araTavsebadia. 

 

 

$6.4. kroneker-kapelis Teorema. wrfiv algebrul gantolebaTa 

(6.8) sistemis TavsebadobisaTvi aucilebeli da sakmarisia, rom 
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sistemis matricis rangi udrides gafarToebuli matricis rangs, e.i. 

ArangrangA . amasTan: 

a) Tu nArangrangA  , maSin sistemas aqvs mxolod erTi 

amonaxsni; 

b) Tu nArangrangA  , maSin sistemas aqvs amonaxsnTa 

usasrulo simravle; 

g) Tu ArangrangA , maSin sistema araTavsebadia. 

Teoremis Sinaarsi Cans zemoT moyvanili gausis meTodis 

Sedegad miRebuli sistemidan: 





























/

/

1

///

/

2

/

13

/

232

/

22

11313212111

0

.............

0

...........................................................

m

k

knknkkk

nn

nn

b

b

bxaxa

bxaxaxa

bxaxaxaxa







. 

rogorc ukve aRvniSneT sistema Tavsebadia maSin da mxolod 

maSin, roca 0//

2

/

1   mkk bbb  . magram, es swored imas niSnavs, rom 

sistemis gafarToebuli matricis rangi tolia k -si da e.i. sistemis 

rangisa. Tuki gafarToebuli matricis rangi metia k -ze, maSin 

romeliRac 0/  jkb  da sistema araTavsebadia. 

amrigad, sistemis Tavsebadobis gasarkvevad saWiroa gausis 

meTodiT sistema daviyvanoT samkuTxa an safexurian saxeze da 

gavarkvioT emTxveva Tu ara erTmaneTs matricisa da gafarToebuli 

matricis rangebi. 

Tu rangebi tolia, maSin SesaZlebelia ori SemTxveva: 

1) sistemis matrica daiyvaneba samkuTxa formaze da maSin nk  , 

e.i. sistemas aqvs erTaderTi amonaxsni. 

2) sistemis matrica daiyvaneba safexurian saxeze da maSin nk 

. am dros sistemas aqvs uamravi amonaxsni. 

ufro dawvrilebiT ganvixiloT 2) SemTxveva. am dros miiReba 

sistema Semdegi saxiT: 
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








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
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


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22222

11212111

. 

aseT SemTxvevaSi kxxx ,,, 21   ucnobebs ewodebaT sabaziso 

cvladebi (ZiriTadi cvladebi), xolo danarCen cvladebs ki 

Tavisufali cvladebi. advili dasanaxia, rom Tavisufal cvladebs 

SeuZliaT miiRon nebismieri mniSvnelobebi, xolo ZiriTadi cvladebi 

amis mere calsaxad gamoiTvleba. roca Tavisufali cvladebi nulis 

tolebi arian, maSin miiReba sistemis amonaxsni, romelsac sabaziso 

amonaxsni ewodeba 

amocana 5. gausis meTodiT amovxsnaT sistema 















75334

6322

52

4321

4321

4321

xxxx

xxxx

xxxx

. 

amoxsna. amoviweroT sistemis gafarToebuli matrica da 

TandaTanobiT gardavqmnaT: 




























   

7

6

5

5334

3221

1112
























 

17

17

6-

  

7-

7-

3

550

550

221

   
























0

17

6

0000

7550

3221

 

maSasadame sabolood miiReba gantolebaTa sistema: 









17755

6322

432

4321

xxx

xxxx
, 

aq 1x  da 2x  ZiriTadi cvladebia, xolo 3x  da 4x  ki Tavisufali 

cvladebia. Tu 13 Cx   da 24 Cx  , maSin  

212
5

7

5

17
CCx  , 21

5

1

5

4
Cx  . 

 

$6.5. erTgvarovan gantolebaTa sistema. wrfiv gantolebaTa 

sistemas ewodeba erTgvarovani, Tu misi Tavisufali wevrebi nulis 

tolia: 
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

















0

................................................

0

0

2211

21222121

1212111

nmnmm

n

nn

xaxaxa

xaxaxa

xaxaxa







,, 

cxadia, rom erTgvarovani sistema yovelTvis Tavsebadia, 

radgan erTi amonaxsni (nulovani) mas yovelTvis aqvs. 

advili dasanaxia, rom Tu nm   da matricis rangia n , maSin 

sistemis determinanti ar udris nuls da amitom sistemas mxolod 

nulovani amonaxsni aqvs. maSasadame aranulovani (aratrivialuri) 

amonaxsnebi aqvs mxolod iseT sistemebs, romelSic gantolebaTa 

raodenoba naklebia cvladebis raodenobaze an, Tuki isini tolia, 

maSin determinantia nulis toli. 

sxvagvarad: erTgvarovan sistemas aratrivialuri amonaxsnebi 

aqvs maSin da mxolod maSin, roca am sistemis rangi naklebia 

sistemis ucnobebis raodenobaze. 

aRvniSnoT erTgvarovani sistemis amonaxsni 11 kx  , 22 kx  ,. . . ,

nn kx  , striqonis saxiT ),,,( 211 nkkke  . 

advili dasanaxia, rom Tu 1e  erTgvarovani sistemis amonaxsnia, 

maSin ),,,( 211 nkkke   -ic sistemis amonaxsnia. aseve, Tu 1e  da 2e  

sistemis amonaxsnebia, maSin )( 21 ee  -ic amonaxsnia. 

maSasadame erTgvarovani sistemis amonaxsnTa nebismieri wrfivi 

kombinacia isev sistemis amonaxsnia. 

amocana 6. amovxsnaT erTgvarovani sistema 















05

0232

0

321

321

321

xxx

xxx

xxx

, 

amoxsna. gamovTvaloT am sistemis determinanti 

      1618732512103
23

11

15

11
2

15

23

151

232

111























 

radgan sistemis determinanti nulis toli ara, amitom sistemas aqvs 

mxolod erTi amonaxsni 

01 x , 02 x , 03 x . 
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amocana 7. amovxsnaT erTgvarovani sistema 















05

0333

0

321

321

321

xxx

xxx

xxx

. 

amoxsna. amovxsnaT sistema gausis meTodiT 




















    

0

0

0

115

111

121




















    

0

0

0

690

230

121

 

0

0

0

  

000

230

121

















. 

radgan matricis rangia 2, amitom sistemas aqvs aratrivialuri 

amonaxsnebi. dayvanili sistemaa 









023

0

32

321

xx

xxx
. 

aviRoT Cx 33  . maSin Cx 22   da Cx 1 . maSasadame siastemis 

zogadi amonaxsnia 

Cx 1 , Cx 22  , Cx 33  . 

 

 
SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 amowereT n  ucnobiani m  wrfif algebrul gantolebaTa sistema. ra 

SemTxvevaSi uwodeben am sistemas erTgvarovans? araerTgvarovans? 

 ras ewodeba wrfiv gantolebaTa sistemis amonaxsni?  ras niSnavs 

sistemis amoxsna? 

 rogor sistemas uwodeben Tavsebads? araTavsebads? 

 ras ewodeba sistemis Sesabamisi matrica? gafarToebuli matrica? 

 CamoayalibeT krameris wesi. 

 rogor Caiwereba n  ucnobiani n  wrfiv gantolebaTa sistema 

matriculi saxiT? 

 CawereT wrfiv gantolebaTa sistemis amonaxsni matriculi saxiT. 

 gadmoeciT gausis meTodis ZiriTadi etapebi. 

 CamoayalibeT kroneker-kapelis Teorema. 

 ras ewodeba wrfiv gantolebaTa sistemis sabaziso cvladebi? 

Tavisufali cvladebi? 

 ras ewodeba wrfiv gantolebaTa sistemis sabaziso amonaxsnebi? 
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 ra Tvisebebi aqvs erTgvarovan wrfiv gantolebaTa sistemis 

amonaxsnebs? 

 

savarjiSo 6 

 
 

1. krameris wesis gamoyenebiT amoxseniT Semdegi sistemebi: 
 

a)








023

52

21

21

xx

xx
  ;                      b)  









1042

53

21

21

xx

xx
 

 

g) 














3

22

1

321

321

321

xxx

xxx

xxx

;                 d) 














22

4

92

321

321

321

xxx

xxx

xxx

; 

 

e) 














35

1534

3

32

31

321

xx

xx

xxx

;                  v) 














04

12

823

32

321

321

xx

xxx

xxx

; 

 

z)














623

1

02

321

321

321

xxx

xxx

xxx

;                  T) 














524

12

23

321

321

321

xxx

xxx

xxx

; 

 

i)














47

64

322

31

321

321

xx

xxx

xxx

;                   k) 














12

532

3452

321

321

321

xxx

xxx

xxx

; 

 

l) 














22

034

2243

321

321

321

xxx

xxx

xxx

;              m) 














02

32

33

321

321

321

xxx

bxxx

axxx

. 

 
2. krameris wesis gamoyenebiT daadgineT a  parametris ra 

mniSvnelobisaTvis eqneba Semdeg gantolebaTa sistemas erTaderTi 

amonaxsni: 

a) 














12

32

0323

321

31

321

xxx

axx

xxx

;                 b) 














533

33

12

321

321

321

xxx

xxx

axxx
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g) 

 

 













01

0

1

321

321

321

xaxx

xxx

axxxa

;              d) 














3

321

321

321 1

aaxxx

axaxx

xxax

. 

 
3. amoxseniT sistema matriculi xerxiT: 
 

a) 














5

2232

0

32

321

321

xx

xxx

xxx

;                     b)














42

743

22

32

31

321

xx

xx

xxx

; 

 

g) 














10023

60

80432

321

321

321

xxx

xxx

xxx

;                    d) 














425

5423

0

32

321

321

xx

xxx

xxx

 

 
4. samsaqonliani bazris moTxovnis funqciebia Sesabamisad: 

 

                           3211 8 PPPQ  , 

3212 10 PPPQ  , 

3213 36 PPPQ  , 

  miwodebis funqciebi ki _ 

11 3 PQ  , 

 22 7 PQ  , 

 33 2 PQ  , 

  sadac 321 ,, PPP  Sesabamisi produqtebis erTeulis fasebia. ipoveT: 

  a) wonasworobis fasebi; b) wonasworobis sidideebi samive saxis                                   

saqonlisaTvis. 

 
5. Rvinis mwarmoebeli kompania savaWro centrs awvdis sami 

dasaxelebis samarko Rvinos, romelTa moTxovnis funqciebia 

Sesabamisad: 

 3211 2250 PPPQ  , 

 3212 450 PPPQ  , 

 3213 150 PPPQ  , 

miwodebis funqciebi ki _ 

 11 10050 PQ  , 

                              22 50100 PQ  , 

                              33 50100 PQ  , 

sadac 321 ,, PPP  Sesabamisi produqtebis erTeulis fasebia. ipoveT: 
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  a) wonasworobis fasebi; b) wonasworobis sidideebi samive saxis   

saqonlisaTvis. 

6. amoxseniT wrfiv gantolebaTa sistemebi: 

 

a) 














032

13

122

321

321

321

xxx

xxx

xxx

;                b) 














1

201082

1054

321

321

321

xxx

xxx

xxx

; 

 

g) 














1395

0

243

321

321

321

xxx

xxx

xxx

;             d) 














52

842

12

321

321

321

xxx

xxx

xxx

 ; 

 

e) 














142

332

2

321

321

321

xxx

xxx

xxx

;                v) 














810119

043

4345

321

321

321

xxx

xxx

xxx

; 

 

z) 














6393

4262

23

321

321

321

xxx

xxx

xxx

;            T) 














10543

325

82

321

321

321

xxx

xxx

xxx

 

 

i) 














42369

33446

24523

4321

4321

4321

xxxx

xxxx

xxxx

;           k) 














66534

222

442

4321

4321

4321

xxxx

xxxx

xxxx

; 

 

l) 





















432

632

55322

132

4321

4321

4321

4321

xxxx

xxxx

xxxx

xxxx

;          m)
























1

2

3

4

0

54

543

432

321

21

xx

xxx

xxx

xxx

xx

 . 

 

7. amoxseniT erTgvarovan wrfiv gantolebaTa sistemebi: 
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a) 














0243

02

032

321

321

321

xxx

xxx

xxx

;                 b) 














035

053

032

321

321

321

xxx

xxx

xxx

; 

g) 








032

0

321

321

xxx

xxx
;                  d) 















07

032

0

21

21

21

xx

xx

xx

; 

 

e) 














022

05

0432

4321

4321

4321

xxxx

xxxx

xxxx

;               v) 














02

052

0323

43

4321

4321

xx

xxxx

xxxx

. 
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Tavi 7 

 

finansuri maTematikis elementebi 

 

$7.1. procentis arsi.  procenti ewodeba ricxvis meased nawils 

da aRiniSneba simboloTi %. ganvixiloT procentebTan 

dakavSirebuli Semdegi sami tipis amocana. 

a) vipovoT mocemuli a  ricxvis k  procenti. 

am amocanis amosaxsenlad mocemuli a  ricxvi unda 

gavamravloT procentis k  ricxvze da Sedegi gavyoT 100-ze. 

.
100

ka
b


                                  (7.1) 

b) vipovoT a  ricxvi, Tu cnobilia, rom misi %k  udris b -s. 

(7.1) tolobidan ganvsazRvroT a  ricxvi: 

.
100

k

b
a


                                (7.2) 

g) ori ricxvis procentuli Sefardebis povna. 

am amocanaSi mocemulia ori a  da b  ricxvi da unda vipovoT, 

a  ricxvis ramdeni procentia b  ricxvi. 

saZiebeli procentis gamosaTvlelad unda vipovoT b  da a  

ricxvebis Sefardeba da Sedegi gavamravloT 100-ze 

.
100

a

b
k


                                (7.3) 

praqtikaSi xSiria SemTxvevebi, rodesac erTi mxare (pirovneba, 

banki, organizacia, saxelmwifo da a.S.) sargeblobis miRebis mizniT 

meore mxares aZlevs sesxs (kredits). im mxares, vinc fuli gaasesxa 

(krediti gasca), kreditori anu mevale ewodeba, xolo im mxares, 

vinc fuli isesxa (krediti aiRo) – debitori anu movale. 

arsebobs sesxis gacemis mravali forma. magaliTad, sesxebi 

erTjeradi an mravaljeradi gadaxdiT, fulis moTavseba sabanko 

angariSze, investiciebi fasian qaRaldebSi da a.S. 

xelSekrulebis dadebisas mxareebi adgenen sargeblis 

ganakveTs. vTqvaT, garkveuli vadiT aRebulia P  sididis sesxi 

erTjeradi gadaxdiT da sargeblis r  ganakveTiT. es niSnavs, rom 

movalem dadgenili vadis gadasvlis Semdeg mevales unda daubrunos 
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%r -iT gazrdili Tanxa. zogjer awarmoeben sargeblis mravaljerad 

daricxvas. daricxvebi xdeba drois garkveuli intervalebis gasvlis 

Semdeg. rogorc wesi, es intervalebi konkretuli sesxisTvis erTi 

da igivea da maT daricxvis periods uwodeben. daricxvis periodad 

SeiZleba aiRon weli, naxevari weli, kvartali, Tve da a.S. xandaxan 

awarmoeben yoveldRiur daricxvas, xolo zogjer _ uwyvet 

daricxvas. 

dadebuli xelSekrulebis Sesabamisad, sargeblis ganakveTiT 

gaTvaliswinebul Tanxas uxdian kreditors, an umateben vals. orive 

SemTxvevaSi xdeba sakredito fuladi Tanxis gazrda. am process 

sawyisi Tanxis zrda anu dagroveba ewodeba. 

Tu cnobilia sargeblis daricxvis wesi, maSin drois 

nebismieri t  periodisaTvis SegviZlia gamovTvaloT Sesabamisi 

Tanxis raodenoba. am Tanxas mimdinare Tanxas uwodeben. im Tanxas ki, 

romelic Seesabameba sakredito vadis bolos, dagrovili anu 

saboloo Tanxa ewodeba.  

arsebobs sargeblis daricxvis ramdenime gansxvavebuli wesi. 

maT Soris ZiriTadi gansxvaveba ganpirobebulia imiT, Tu romeli 

Tanxidan iangariSeba sargebeli. Tu sesxis mTeli vadis 

ganmavlobaSi dasaricxi %r -iani sargebeli iangariSeba kreditis 

sawyisi Tanxidan, maSin vambobT, rom saqme gvaqvs sargeblis martiv 

ganakveTTan. 

Tu daricxvis yovel periodSi dasaricxi %r -iani sargebeli 

mimdinare Tanxidan iangariSeba, maSin saqme gvaqvs sargeblis rTul 

ganakveTTan. 

 

$7.2. dagroveba martivi procentiT. gamoviyvanoT formula, 

romliTac gamoiTvleba sargeblis martivi ganakveTiT dabandebuli 

Tanxis raodenoba sakredito vadis bolos. 

vTqvaT, mocemulia P  laris raodenobis krediti n  periodis 

xangrZlivobiT. vigulisxmoT, rom yovel periodSi daricxva xdeba 

sargeblis martivi  %r -iani ganakveTiT, maSin yoveli periodis 
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gasvlis Semdeg dabandebuli Tanxa izrdeba erTi da imave P
r


100

 

TanxiT. amitom pirveli periodis bolos gveqneba Tanxa 

,
100

1

r
PPS   

meore periodis bolos _ 

,
100

2
100

12

r
PP

r
PSS   

mesame periodis bolos _  

,
100

3
100

23

r
PP

r
PSS   

da a.S. n  periodis bolos gveqneba: 

.
100100

1

r
nPP

r
PSS nn    

amrigad, miviReT formula, romelic aRwers kapitalis 

dagrovebas sargeblis martivi ganakveTiT dabandebis SemTxvevaSi 

.
100

1 









r
nPS                              (7.4) 

amocana 1. 5000 lari gacemulia sesxad 6 TviT, sargeblis 

martivi 3%-iani ganakveTiT. daricxvis periodia 1 Tve. ipoveT: a) 

dagrovili Tanxa; b) ramdeni procentiT gaizrdeba sawyisi kapitali? 

amoxsna. (a) amocanis pirobiT sawyisi kapitali P =5000, Tveebis 

(periodebis) raodenobaa n =6, xolo sargeblis martivi ganakveTia 

%.3r  gamoviyenoT (7.4) formula dagrovili Tanxis gamosaTvlelad 

 (lari)  590018,15000
100

3
615000 








S  

(b) jer gamovTvaloT mogeba. miviRebT: 5900-5000=900. axla 

gamovTvaloT 5000-is ramdeni procentia 900: 

%.18100
5000

900
  

Aamrigad, sawyisi kapitali 6 Tvis Semdeg gaizarda 18%-iT. 

 

 $7.3. moklevadiani sesxebi. praqtikaSi, rogorc wesi, 

sargeblis martiv ganakveTebs iyeneben moklevadiani sesxebis gacemis 

dros, rodesac sesxis vada ar aRemateba 1 wels. aseve misi 
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gamoyeneba xdeba maSinac, roca procenti ar emateba ZiriTad vals da 

xdeba procentebis perioduli gadaxda. radganac, rogorc wesi, 

kontraqtSi miTiTebulia wliuri saprocento ganakveTi, amitom 

vadac miTiTebuli unda iyos wlebSi da amitomac saWiro xdeba imis 

dadgena, Tu wliuri procentis ra nawili unda iqnas gadaxdili erT 

welze naklebi vadis SemTxvevaSi.  

ganvixiloT praqtikaSi gavrcelebuli SemTxvevebi. upirveles 

yovlisa vada n  SeiZleba warmovadginoT Semdegi wiladis saxiT:  

,
k

t
n   

sadac t  aris sesxis vada dReebSi,  k  _ dReebis raodenoba 

weliwadSi anu drois baza. drois baza SeiZleba iyos: 360k  (12 Tve 

TiToeuli 30 dRiT) an 365k  an k =366. Tu : 360k ,  maSin procents 

uwodeben komerciul anu Cveulebriv procents. Tu : 365k  an 366k , 

maSin ki _  zust procents. 

sesxis dReebis raodenoba SeiZleba daTvlili iyos 

miaxloebiT an zustad. pirvel variantSi yoveli Tve iTvleba 30 

dRed. sesxis gacemis da dabrunebis dRe ki erT dRed.  

praqtikaSi gamoiyeneba dReTa aRricxvis oTxi bazisi: 

 
 

1 

360/360,

)(

European

NASDUS   
 

weliwadSi _ 360 dRe 
TveSi _ 30 dRe 

“germanuli 
praqtika” 

2 

365/365

/

 an   

  ActualActual
 

weliwadi _ zusti dReebi 
TveSic _ zusti dReebi 

“inglisuri 
praqtika” 

3 

360/365

360/

 an   

  Actual
 

weliwadi _ 360 dRe 
TveSi _ zusti dReebi 

“franguli 
praqtika” 

 
cxrilis pirvel svetSi miTiTebuli ricxvebi gamoiyenebaEExel -

is programis gamoyenebis dros. 

germanuli praqtika gavrcelebulia germaniaSi, SvedeTSi, 

daniaSi da sxva. ‘’inglisuri praqtika’’ _ inglisSi, aSS-Si, 

portugaliaSi, ‘’franguli praqtika’’ ki _ safrangeTSi, espaneTSi, 

SveicariaSi da sxva. 

avRniSnoT, rom ‘’franguli praqtika’’ ufro did Sedegs iZleva, 

radgan mag. Tu sesxis vadaaa 364 dRe, maSin 011,1360/364 n  w. 
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amocana 2. bankma sesxi 1 mln. lari gasca 20.01.03w., sesxis 

dafarvis vadaa 05.10.03. wliuri saprocento ganakveTia 18%. ra Tanxa 

unda gadaixados mevalem vadis bolos?  gamoiyeneT samive ‘’praqtika’’. 

amoxsna. vipovoT dReebis raodenoba t : 
 
 |      |      |      |      |      |      |      |      |      |      |  
    20 ianv.   31 ianv   28 Teb   31 mart  30 apr   31 maisi  30 ivn.   31 ivlis  31 agv.  30 seqt   5 oqt.   
 
                                           

zusti dReebis raodenobaa _ 258; 

miaxloebiTi _ 255; 

‘’inglisuri praqtika’’. 365/365; n =258/365=0,706 weli. 

mln. 127232,1)18,0706,01(1 S  

‘’franguli praqtika’’. n =258/360=0,716 weli 

mln. 129,1)18,0716,01(1 S  

‘’germanuli praqtika’’. n =255/360=0,708 weli. 

mln. 127499,1)18,0708,01(1 S  

rogorc magaliTidan Cans ‘’franguli praqtikis’’ SemTxvevaSi 

ufro meti Tanxaa gadasaxdeli. 

 

moviyvanoT ori tipiuri amocana, romelic dakavSirebulia 

martiv procentTan.  

amocana 3. meanabrem anabarze Seitana 10 marts 8 aTasi lari. 14 

aprils man isev Seitana 4 aTasi lari. Semdeg 25 ivniss angariSidan 

moxsna 3 aTasi lari da 4 seqtembers ki _ 2 aTasi lari. da bolos 

angariSi daxura 20 dekembers. ipoveT mflobelis mier miRebuli 

Tanxa, Tu wliuri martivi saprocento ganakveTia 30%. (Cveulebrivi 

procenti zusti dReebiT) 

amoxsna.  amocanis pirobebi warmovadginoT Semdegi saxiT: 

 

   +8 aTasi    35 dRe    +4 aTasi  72 dRe      -3 aTasi    71 dRe    -2 aTasi    107 dRe        ? 

|               |               |               |               | 
   10 marti             14 aprili             25 ivnisi             4 seqtemb               20 dekemb. 

 

radgan martivi procentis dros procenti ericxeba mxolod 

ZiriTad Tanxas, amitom gveqneba: 

lari. 8233,33apr 14  )3,0
360

35
1(8000S  
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aqedan 233,33 lari aris daricxuli procenti. 

radgan 14 aprils daemata 4 aTasi lari, amitom 25 ivnisisTvis 

iqneba: 

lari. 12720ivnisi 25  )3,0
360

72
1()40008000(S  

xolo daricxuli procenti am droisTvis iqneba: 

233,33+720=953,33 LAlari 

analogiurad, darCenili periodebisTvis miviRebT: 

lari 9532,5seqt. 4  )3,0
360

71
1()300012000(S  

da daricxuli procenti  953,33+532,5=1485,83 lari. 

lari 7624,17dek. 20  )3,0
360

107
1()20009000(S  

da daricxuli procenti 1485,83+624,17=2110 lari. 

 amrigad meanabres bolos miuRia 7000+2110=9110lari.  

 

amocana 4. mewarmem aiRo sesxi 90 dRiT wliuri martivi 36% 

saprocento sargebliT. amasTan bankma daitova sakomisio, sesxis 

2,5%. ipoveT am operaciebis sruli Semosavlianoba wliuri martivi 

saprocento ganakveTis saxiT, Tu daricxva xdeboda sesxis sawyis 

sidideze. CavTvaloT, rom weliwadSi aris 360 dRe. 

amoxsna: vTqvaT, P  aris sesxis sawyisi sidide, maSin sakomisio 

iqneba 0,025 P . aqedan gamomdinare, mewarmem realurad miiRo 

PPP 975,0025,0  . mewarmem 90 dRis Semdeg unda daabrunos 

.09,1)36,0
360

90
1( PPS   e.i. bankma realurad gasca P0975,0  da 

daibruna P09,1 . Tu realur saprocentoo ganakveTs avRniSnavT real.r -

iT, maSin (4) formulis gamoyenebiT miviRebT gantolebas: 















100

real.r
PP

360

90
1975,009,1  

saidanac gveqneba real.r =47,18% anu, bankis Semosavlianoba Seadgens 

wliur martiv 47,18% saprocento ganakveTs.  
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$7.4.  diskontireba martivi procentiT. safinanso praqtikaSi 

gvxvdeba dagrovebuli jamis gansazRvris sawinaaRmdego amocanis 

amoxsna: mocemuli S  Tanxis mixedviT, romelic n  wlis Semdeg aris 

gadasaxadi, unda gansvazRvroT sesxis odenoba P . aseT SemTxvevaSi 

amboben, rom xdeba S  Tanxis diskontireba. diskontirebis 

aucilebloba xdeba maSinac, roca xdeba im moklevadiani 

valdebulebebis (Tamasuqi, trata da a.S) Sesyidva, romlebzec 

angariSsworeba moxdeba momavalSi. 

termini ‘’diskontireba’’ gamoiyeneba ufro farTo azriTac _    

rogorc nebismieri RirebulebiTi sididis gansazRvris saSualeba 

drois garkveuli momentisaTvis im pirobiT, rom momavalSi misi 

Rirebuleba iqneba S -is toli.  

S -is diskontirebiT gamoTvlil P -s uwodeben S -is mimdinare 

an dayvanil sidides. xandaxan P -s S -is dRevandel Rirebulebas 

uwodeben. es cneba erT-erTi umTavresia raodenobriv finansur 

analizSi, radgan swored diskontirebis meSveobiT xdeba iseTi 

faqtoris gaTvaliswineba, rogoricaa dro. umetesi analitikuri 

meTodebi efuZneba dRevandeli Rirebulebis gansazRvras. 

rogorc zemoT avRniSneT, diskontirebis dros xdeba Semdegi 

amocanis amoxsna: ra odenobis  Tanxa unda gaices sesxad, rom sesxis 

vadis bolos miviRoT S  Tanxa, im pirobiT, rom sesxze daericxeba 

martivi procenti r  saprocento ganakveTiT? am amocanis 

amoxsnisaTvis (4) gantolebidan vipovoT P  sidide: 

.

100
1

r
n

S
P



                                (7.5) 

.

100
1

1

r
n 

sidides diskontirebis koeficienti ewodeba. igi 

uCvenebs saboloo davalianebis ra nawils Seadgens sesxis sawyisi 

sidide. 

PSD   

sidides diskonti ewodeba.  
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amocana 5. kontraqtis xelmoweridan 180 dRis Semdeg gadaxdil 

unda iqnes 310000 lari, 16% wliuri saprocento ganakveTiT. ipoveT 

sesxis sawyisi Tanxa, Tu erTi weli iTvleba 360 dRed. 

amoxsna. mocemulia: S =310000l., r =16%, t =180 dRe anu 
2

1

360

180
n  

weli. (7.5) formuliT vipoviT P -s : 

.03,287037

100

16

2

1
1

310000




P lari, 

xolo diskonti iqneba: 

D =310000-287037,03=22962,97 lari. 

amocana 6. depozituri sertifikati, nominaliT 20 aTasi lari, 

gamoSvebulia erTi wlis vadiT. sertifikats ericxeba wliuri 

martivi 40% sargebeli. ra fasad SeiZleba misi yidva ganaRdebamde 

60 dRiT adre, rom uzrunvelyos wliuri martivi 45% 

Semosavlianoba. gamoiyeneT zusti procenti. 

amoxsna. depozituri sertifikati aris dokumenti, romelic 

adasturebs, rom mis mflobels aqvs bankSi sertifikatze 

miTiTebuli Tanxa. wlis bolosTvis sertifikatis Rirebuleba iqneba 

28)4,01(20 S aTasi lari. misi Rirebuleba 60 dRiT adre 45% 

sargebliT iqneba: 

071,26.

100

45

365

60
1

)4,01(20





P  aTasi lari. 

e.i. Tu sertifikatis gasayidi fasi naklebia 26071 larze, maSin  misi 

yidva momgebiania myidvelisTvis. 

 

$7.5. sesxis vadisa da saprocento ganakveTis gamoTvla 

martivi procentis dros. kontraqtis pirobebis SemSavebisas da 

maTi analizsiTvis saWiro xdeba meoradi amocanebis _ sesxis vadisa 

da saprocento ganakveTis amoxsna, am sidideebis povna SeiZleba (7.4) 

formulidan. gveqneba: 

sesxis vada: 



 

 132 

100

r
P

PS
n




                               (7.6) 

an 

;,

100

k

t
nk

r
P

PS
t 




   sadac                         (7.7) 

saprocento ganakveTi: 

.100100 k
Pt

PS
r

Pn

PS
r 





      an                    (7.8) 

amocana 6.  sesxi 1 mln. lari gaizarda 1,20 mln.-mde wliuri 

25% saprocento ganakveTiT. ipoveT sesxis xangrZlivoba ( k =365 dRe). 

amoxsna. (7.7) formuliT miviRebT 

292365
25,01

12,1





t  dRe. 

amocana 7. sesxi 90 aTasi, gacemulia 120 dRiT. dasabrunebeli 

Tanxaa 110 aTasi. ipoveT kreditoris Semosavlianoba wliuri 

saprocento ganakveTis saxiT ( k =365 dRe) 

amoxsna. (7.8) formuliT miviRebT 

66,66360
12090

90110
100 




r  

e.i. wliuri Semosavlianobaa 66,66%. 

 

$7.6. dagroveba rTuli procentiT. grZelvadian safinanso-

sakredito operaciebSi, Tu procentebis gadaxda ar xdeba maTi 

daricxvisTanave da isini ematebian vals, maSin sesxis dagroveba 

xdeba rTuli procentiT. martivi procentisagan gansxvavebiT, 

procentebis daricxva xdeba wina davalianebaze da amitom misi 

dagroveba xdeba aCqarebiT. rTuli procentiT dagroveba SeiZleba 

warmovidginoT, rogorc dabandebuli saxsrebis perioduli 

reinvestireba martivi procentiT daricxvis erTi periodiT. 

ganvixiloT martivi SemTxveva, vTqvaT, procentebis daricxva 

xdeba yoveli wlis bolos wina Tanxaze. vTqvaT, P  aris sesxis 

sawyisi sidide da r  _ wliuri saprocento ganakveTi, maSin erTi 

wlis Semdeg davalianeba iqneba  
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,
100

1
100

1 









r
P

r
PPS  

meore wlis bolos ki  

 

2

2
100

1
100100

1
100

1 



























r
P

rr
P

r
PS  

da a.S. sabolood, n  wlis bolos dagrovebuli jami (davalianeba) 

toli iqneba 

n
r

PS 









100
1 .                                 (7.9) 

 

amocana 8. sesxi 1000 lari, gacemulia 5 wlis vadiT wliuri 

10% sargebliT (daricxva yoveli wlis bolos). ipoveT dagrovebuli 

Tanxa.  

amoxsna. (7.9) formuliT gveqneba: 

51,1610)1.01(1000 5 S  lari. 

 

$7.7. Sereuli procenti. xSirad procentebis daricxvis 

periodi ar gamoisaxeba wlebis mTeli ricxvebiT. aseT SemTxvevaSi 

gamoiyeneba ori meTodi. pirveli meTodi iyenebs (7.9) formulas, 

sadac n  aris wiladi (umetes SemTxvevaSi aTwiladad Cawerili). 

magaliTad Tu sesxis vadaa 2 weli da 3 Tve, maSin n =2,25 weli. meore 

meTodiT periodi n  iyofa or Sesakrebad, sadac pirveli Sesakrebi 

aris mTeli wlebis raodenoba, xolo meore ki warmoadgens wiladur 

nawils. mTeli wlebisaTvis gamoiyeneba (7.9) formula da miRebuli 

sididisTvis Semdeg gamoiyeneba martivi procentis (7.4) formula. e.i. 

Tu ban  , sadac a  aris mTeli ricxvi, b  ki wiladuri ricxvi, 

maSin dagrovebuli jami gamoiTvleba Semdegi formuliT: 

.
100

1
100

1 


















r
b

r
PS

a

 

amocana 9. sesxi, 3000 lari, gacemulia 3 wliT da 160 dRiT 

wliuri rTuli 16,5%-iT. ipoveT dagrovebuli jami. 
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amoxsna. gvaqvs: 43836,3
365

160
3,5,16,3000  nrP      weli. pirveli 

meTodiT miviRebT: 

93,5071165.13000 43836,3 S  lari. 

Sereuli meTodiT: 

59.5086)165.043836,01(165.13000 3 S  lari. 

amocana 10. erTi banki sTavazobs klientebs wliur 110% 

saprocento ganakveTs, meore banki ki kvartalur 22% sargebels 

yoveli kvartlis bolos daricxviT. orive variantSi gamoiyeneba 

Sereuli procenti. romeli variantia momgebiani klientisaTvis, Tu 

anabris vada iqneba 9 Tve. 

amoxsna. vTqvaT sawyisi Tanxaa P . radgan anabris vadaa 9 Tve, 

amitom pirvel variantSi gamoiyeneba martivi procenti. angariSze 

dagrovili Tanxa iqneba: 

.825,11,1
12

9
11 PPS 








  

meore variantSi, radgan 9 Tve aris sami kvartali da daricxva 

xdeba yoveli kvartlis bolos, amitom unda gamoviyenoT rTuli 

procenti. am SemTxvevaSi angariSze dagrovebuli jami iqneba: 

.816,1)22,01( 3

2 PPS   

radgan 21 SS  , amitom klientisaTvis pirveli vatrianti  aris 

momgebiani. 

 

$7.8. nominaluri saprocento ganakveTi. Tanamedrove 

safinanso praqtikaSi procentebis daricxva xdeba ara weliwadSi 

erTxel, aramed ramdenjerme. kerZod, yovel 6 TveSi, Yovel 

kvartalSi, yovel Tve da yoveldRec ki. am SemTxvevaSic SeiZleba  

(7.9) formulis gamoyeneba  Semdegi cvlilebebiT: n _iT unda 

aRvniSnoT daricxvebis periodebis  raodenoba, r -iT ki periodis 

saprocento ganakveTi. magaliTad, Tu sesxis vadaa 5 weli, 

procentebis daricxva xdeba yoveli kvartlis bolos da wliuri  

ganakveTia 12%, maSin gveqneba 45  =20 periodi da periodis ganakveTi 

iqneba %34:12  . e.i. (7.9) formulaSi n =20 da 3r . 
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radgan praqtikaSi, kontraqtebSi fiqsirdeba umetesad wliuri 

saprocento ganakveTi, amitomac, damatebiT mieTiTeba daricxvebis 

raodenoba weliwadSi. magaliTad, “wliuri 24 procenti, daricxva 

yoveli Tvis bolos”. aseT saprocento ganakveTs nominalur 

ganakveTs uwodeben. 

vTqvaT, weliwadSi daricxvis raodenobaa m . Tu wliuri 

saprocento ganakveTia r , maSin periodis saprocento ganakveTi 

iqneba 
m

r
. xolo periodebis raodenoba iqneba mn  . aseT pirobebSi 

dagrovebuli Tanxis gamosaTvleli formula miiRebs saxes: 

nm

m

r
PS 










100
1  .                              (7.10) 

amocana 11. ipoveT amocana 8-is pirobebSi dagrovebuli Tanxa, 

Tu daricxva xdeba yoveli kvartlis bolos. 

amoxsna. gvaqvs: .5,10,1000  nrP      (7.9) formuliT miviRebT:  

61,1638
1004

10
11000

45















S  lari. 

Tu SevadarebT miRebul Sedegs amocana 8-Si miRebul sidides, 

vnaxavT, rom dagrovebuli Tanxa gaizarda. ufro metic, igi miT 

ufro moimatebs, rac ufro xSirad moxdeba procentebis daricxva 

(TveSi erTxel, yoveldRiurad da a.S.), Tumca zrda ar xdeba 

usasrulod. zrdis zRvrul sidides iZleva uwyveti procenti. 

amocana 12. meanabrem anabarze ganaTavsa 40 aTasi lari. 1,5 wlis 

Semdeg angariSidan moxsna 18 aTasi lari da momdevno 3 wlis Semdeg 

daxura angariSi. ipoveT bolos miRebuli Tanxa, Tu rTuli wliuri 

saprocento ganakveTia 34% da daricxva xdeba yoveli 6 Tvis bolos. 

amoxsna. jer vipovoT 1,5 wlis Semdeg angariSze dagrovebuli 

Tanxa. gvaqvs: .34,2,5,1,40000  rmnP         (7.10) formuliT 

gveqneba: 

52,64064
1002

34
140000

5,12















S  lari. 

Tanxis gatanis Semdeg angariSze darCa 64064,52 _ 18000 = 46064,52 

lari. momdevno sami wlis Semdeg darCenili Tanxidan angariSze 

dagrovdeboda: 
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118163
1002

34
152,46064

32

3 













S  lari. 

e.i. meanabrem bolos miiRo 118163 lari. 

 

$7.9. efeqturi saprocento ganakveTi.  Tu davakvirdebiT 

amocana 11-s, davinaxavT rom Tanxis dagroveba xdeboda ara wliuri 

10%-iT, aramed ufro meti saprocento ganakveTiT. am amocanaSi 

realuri saprocento ganakveTi aris ara wliuri 10%, aramed 10,38%. 

(SeamowmeT Tqven TviTon!). aqedan gamomdinare, bunebrivia, SemoviRoT 

realuri ganakveTis, anu, rogorc mas uwodeben, efeqturi ganakveTis 

cneba. e.i. efeqturi saprocento ganakveTi aris procenti , romelic 

daericxeba anabars weliwadSi erTxel da romelic iZleva imave 

Sedegs, rasac weliwadSi m -jer daricxuli rTuli procenti. 

efeqturi ganakveTi aRvniSnoT effr -iT. ganmartebis Tanaxmad gveqneba 

Semdegi toloba 

mnn

eff

m

r
P

r
P 



















100
1

100
1  

aqedan 

100
100

1100 









m

eff
m

r
r .                       (7.11) 

amocana 13. a) ipoveT efeqturi ganakveTi, Tu nominaluri 

ganakveTia 25% da procentebis daricxva xdeba yoveli Tvis bolos. 

b) ipoveT nominaluri ganakveTi, Tu efeqturi ganakveTia 30% da 

procentebis daricxva xdeba yoveli kvartlis bolos. 

amoxsna. a) gvaqvs .12,25  mr    (7.11) formulidan miviRebT: 

%07,28100
10012

25
1100

12











effr  

e.i. wliuri nominaluri 25% saprocento ganakveTi, procentebis 

yovelTviurad daricxviT, tolfasia 28,07% efeqturi ganakveTisa. 

b) gvaqvs .4,30  mreff    (7.11) formulidan miviRebT gantolebas: 

,3,01
1004

1

4













r
 

saidanac r =27,11, anu, nominaluri saprocento ganakveTia 27,11%. 



 

 137 

$7.10. uwyveti procenti. radgan weliwadSi daricxvebi 

SeiZleba xdebodes ramdenjerme, da radgan, rac ufro xSiria 

daricxvebi, miT ufro izrdeba dagrovebuli jamis sidide, amitom, 

bunebrivia ganvixiloT SemTxveva, roca .m  maSin amboben,  rom 

gvaqvs uwyveti procenti. cxadia, am SemTxvevaSi procentebis 

daricxva xdeba myisierad, rac praqtikulad iSviaTad gamoiyeneba, 

Tumca, uwyveti procentis gamoyeneba xdeba sainvesticio 

gadawyvetilebebis miRebisas da rTuli finansuri problemebis 

analizisas, agreTve zogierTi fasiani qaRaldebis (fiuCersuli 

kontraqtebi da a.S. analizisas. 

mtkicdeba, rom uwyveti procentis dros (7.10) formula miiRebs 

saxes: 

100

rn

ePS   .                               (7.12) 

sadac, e  aris e.w. neperis ricxvi., romelic iracionaluri ricxvia 

da misi miaxloebiTi mniSvnelobaa 2,7182. 

uwyvet procentSi gamoyenebul saprocento ganakveTs zogjer 

zrdis sidides uwodeben . Tu r >0, maSin (7.12) formula aRwers 

kapitalis uwyveti zrdis kanons, xolo Tu r <0, maSin _ kapitalis 

uwyveti klebis kanons. 

vipovoT efeqturi ganakveTi uwyveti procentisaTvis. (7.12) 

formulis gamoyenebiT miviRebT: 

100

100
1

rnn

eff
eP

r
P 










 , 

saidanac miviRebT: 

.100100 100 

r

eff er                           (7.13) 

amocana 14.  6000 lars 5 wlis ganmavlobaSi ericxeboda 

uwyveti procenti. ipoveT dagrovebuli jami, Tu zrdis sididea 7%. 

amoxsna.  gvaqvs: .7,5,6000  rnP      (7.12) formuliT gveqneba: 

85146000 100

57





eS  lari. 

miRebuli sidide miuTiTebs, rom 6000 lari maqsimum SeiZleba 

gaizardos 8514 laramde 7% ganakveTis SemTxvevaSi. 
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$7.11.  diskontireba rTuli procentiT.  iseve rogorc 

martivi procentis SemTxvevaSi, rTuli procentis drosac 

diskontireba gulisxmobs mocemuli S -is mixedviT P  sididis 

povnas. (7.9) formulidan miviRebT 

n
r

SP













100
1                              (7.14)  

sadac  

n
r













100
1 -s 

ewodeba diskontirebis koeficienti, xolo P -s ki dRevandeli 

Rirebuleba anu mimdinare sidide. 

Tu procentebis daricxva weliwadSi xdeba m -jer, maSin (7.10)-

dan miviRebT: 

mn

m

r

S
P













100
1

 .                         (7.15) 

uwyveti procentis SemTxvevaSi ki miviRebT:  

100

rn

eSP


                                (7.16) 

radgan mimdinare sidide safinanso praqtikaSi erT-erTi 

mniSvnelovani sididea, amitom moviyvanoT misi ramdenime Tviseba: 1) 

rac ufro maRalia saprocento ganakveTi, miT ufro Zlieria 

diskontireba, e.i. ufro metad mcirdeba P , Tu sxva pirobebi 

Tanabaria; 2) didi n -is SemTxvevaSi P  iqneba mcire; 3) P  SeiZleba 

ganisazRvros drois nebismieri momentisaTvis. rac ufro uaxlovdeba 

mimdinare sididis gansazRvris momenti S -is gacemis moments, miT 

ufro mcirdeba sxvaoba ;PSD   4) m -is zrdasTan erTad izrdeba 

mn

m

r










100
1 -is mniSvneloba. 

amocana 15. 5000 lari gadaxdili unda iqnes 5 wlis Semdeg. 

ipoveT mimdinare Rirebuleba, Tu rTuli wliuri saprocento 

ganakveTia 12%, xolo daricxva xdeba a) weliwadSi erTxel, b) 

yovelTviurad. 

amoxsna. gvaqvs: .12,5,5000  rnS      
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a) m =1, maSin 

13,283712,15000 5  P  lari. 

b) ,12m  maSin 

25,2752

10012

12
1

5000
60














P  lari. 

amocana 16. ipoveT 20000 laris dRevandeli Rirebuleba, Tu: a) 

es Tanxa miRebuli iqneba 4 wlis Semdeg.  es Tasnxa miRebuli iyo 2 

wlis da 6 Tvis win. SesaZlebelia Tanxis ganTavseba depozitze 

rTuli wliuri 20% sargebliT yoveli 6 Tvis bolos daricxvebiT. 

amoxsna. a) gvaqvs: .20,2,4,20000  rmnS       (7.15) formuliT 

miviRebT:  

9330

1002

20
1

20000
60














P  lari. 

b) am SemTxvevaSi gveqneba: .20,2,5,2,20000  rmnP       (7.10) 

formuliT miviRebT: 

32210
1002

20
120000

5











S  lari. 

 

$7.12. sesxis vadisa da saprocento ganakveTis gamoTvla 

rTuli procentis dros. (7.9) da (7.10) formulebidan 

gamomdinareobs, rom sesxis vada gamoiTvleba Semdegi formulebiT 

      ,

100
1lg

)/lg(












r

PS
n       ,

100
1lg

)/lg(













m

r
m

PS
n  

xolo saprocento ganakveTi ki _ 

 1/100  n PSr ,     1/100  mn PSmr . 

uwyveti procentis SemTxvevaSi  (7.12)-dan gveqneba 

      
r

PS
n

)/ln(100
 da   .      

n

PS
r

)/ln(100
  

amocana 17. wliuri rTuli saprocento sargebelia 30%. ra 

droa saWiro sawyisi Tanxis 4-jer gazrdisaTvis? 

amoxsna. Tu sawyis Tanxas aRvniSnavT P -iT, maSin dagrovebuli 

Tanxa iqneba PS 4 , xolo  
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 
5,284















3,01lg

4lg

100
1lg

)/lg(

r

PS
n  weli. 

amocana 18. ra saprocento ganakveTis SemTxvevaSi gasammagdeba 

sawyisi Tanxa 7 weliwadSi, Tu daricxva xdeba: a) yoveli 6 Tvis 

bolos, b) yoveli Tvis bolos? 

amoxsna. a) radgan     ,2,7,3  mnPS amitom  

    .33,16132001/100 14  mn PSmr  

e.i. Tanxa gaormagdeba16,33% ganakveTis dros. 

b) gvaqvs:     ,12,7,3  mnPS amitom 

    .80,151312001/100 84  mn PSmr  

e.i. am SemTxvevaSi Tanxa gasammagdeba 15,8% saprocento ganakveTis 

dros. 

 

$7.13. gadasaxadebis finansuri eqvivalentoba. praqtikaSi, 

xSirad saWiro xdeba erTi finansuri valdebulebis Secvla meoreTi 

(magaliTad ufro Soreuli vadiT), ramdenime valdebulebis erTSi 

gaerTianeba (gadasaxadebis konsolidacia) da a.S. aseT SemTxvevaSi 

aucileblad gasarkvevia, Tu ra principebiT unda vixelmZRvaneloT 

xelSekrulebis pirobebis Secvlisas. cxadia, rom es principi unda 

mdgomareobdes valdebulebebis finansur eqvivalentobaSi. 

eqvivalenturad iTvleba iseTi gadasaxadebi, romelTa dayvanili 

sidide drois raime momentisaTvis, erTi da igivea. 

garda amisa, eqvivalenturobis principi saSualebas iZleva 

SevadaroT erTmaneTs drois sxvadasxva momentSi gadasaxdeli 

gadasaxadebi, amisaTvis isini unda daviyvanoT drois raime erTi 

momentisaTvis. aseTi saxis amocanebi praqtikaSi gvxvdeba ara 

mxolod safinanso valdebulebebis Secvlisas, aramed 

alternativebis arCevisas. Tu finansuri eqvivalentobis principi 

dairRva, maSin kontraqtSi monawile erT-erTi mxare zaraldeba. 

amocana 19. gvaqvs ori valdebuleba: pirveli _ 400 aTasi lari 

gadaxdil unda iqnes 4 Tvis Semdeg da meore _ 450 aTasi lari 

gadaxdil unda iqnes 8 Tvis Semdeg. gadamxdelisaTvis romeli 
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variantia ufro iafi, Tu wliuri saprocento ganakveTia 20% 

(martivi procenti). 

amoxsna. vipovoT orive variantis mimdinare Rirebuleba 

kontraqtis dasawyisisaTvis. leqcia 11-is (5) formuliT gveqneba: 

375

100

20

12

4
1

400
1 



P  aTasi;     06,397

100

20

12

8
1

450
2 



P  aTasi. 

radgan 21 PP   amitom pirveli varianti ufro iafia 

gadamxdelisaTvis. 

amocana 20. ori sesxi: 10 aTasi lari gadaxdis vadiT 150 dRe 

da 5 aTasi lari gadaxdis vadiT _ 180 dRe _ unda gaerTiandes erT 

sesxad, gadaxdis vadiT 200 dRe. mxareebi SeTanxmden wliur 20%-ian 

ganakveTze. ipoveT gadasaxdeli Tanxis sidide (martivi procenti, k

=360). 

amoxsna. 

;7,9230

2,0
360

150
1

10000
1 



P        4,4545

2,0
360

180
1

5000
2 



P  

radgan axali valdebuleba eqvivalenturi unda iyos mocemuli 

ori valdebulebisa, amitom Tu mis dRevandel Rirebulebas 

aRvniSnavT P -iT, maSin 21 PPP  . e.i. P =9230,7+4545,4=13776,1 lari. 

sabolood gadasaxdeli Tanxis sidide 200 dRis Semdeg toli iqneba 

8,153062.0
360

200
11,13776 








S  lari. 

amocana 21. kontraqtis mixedviT movalem kreditors unda 

gadauxados 20, 30 da 50 aTasi lari Sesabamisad 1,5 wlis, 2 wlis da 

4 wlis Semdeg. SeTanxmebis Sedegad, movale dafaravs mTlian 

davalianebas erTjeradad 3 wlis da 6 Tvis Semdeg. ipoveT 

gadasaxdeli Tanxa, Tu wliuri rTuli saprocento ganakveTia 36%. 

amoxsna. radgan gadaxda unda moxdes 3 wlis da 6 Tvis Semdeg, 

amitom bunebrivia, dayvanis drois momentad aviRoT naxazze punqti 

“3,5”. 
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                  20000         30000                      ?            50000 
  |                    |          |                    |          |                   
  0                  1,5         2                   3,5        4 
 

 
 

naxazidan Cans, rom  ,200001 P  ,25,15,31 n  ,300002 P  

,5,125,32 n   ,5 0 0 0 0S  .36,5,05,34  rn    aRvniSnoT X -iT 

gadasaxdeli Tanxa, maSin  

127447
)36,01(

50000
)36,01(30000)36,01(20000

5,0

5,12 


X  lari. 

aRvniSnoT, rom igive Sedegs miviRebdiT, dayvanis momentad rom 

agverCia nebismieri sxva punqti da miRebuli sididis mixedviT 

Semdeg gamogveTvala gadasaxdeli Tanxa. 

amocana 22. kontraqtis mixedviT mewarmem unda gadauxados 

banks 10 aTasi lari 2 wlis Semdeg da 30 aTasi lari 5 wlis Semdeg. 

SeTanxmebis Sedegad mewarme dafaravs davalianebas toli 

gadasaxadebiT 1 wlis, 3,5 wlis da 8 wlis Semdeg. ipoveT es 

sidideebi, Tu wliuri rTuli saprocento ganakveTia 36% da 

daricxva xdeba yoveli 6 Tvis bolos. 

amoxsna. dayvanis momentad aviRoT punqti “0”.  

 
 
 

         X      10           X             30                    X 
  |       |       |       |      |      |       |       |       |       | 
  0       1        2        3      3,5      4       5        6        7        8     

 
naxazidan gamomdinare (7.15) formulis gamoyenebiT miviRebT sawyisi 

variantisa da Sesacvleli variantis dRevandel Rirebulebas: 

825,3212252221

200

36
1

200

36
1

200

36
1

,

200

36
1

30000

200

36
1

10000





























































XXX

PP     . 

eqvivalentobis principiT gvaqvs 21 PP  . amitom 12010X  lari. 

amocana 23. sami gadasaxadi, 3000, 5000 da 7000, Sesabamisad, 70 

dRis, 130 dRis da 180 dRis Semdeg gadaxdiT, unda Seicvalos maTi 

jamis toli erT gadasaxadiT. ipoveT konsolidirebuli gadasaxadis 
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gadaxdis vada. gamoiyeneT martivi wliuri 32% saprocento ganakveTi, 

Cveulebrivi procenti. dayvanis momentad ganixileT punqti “0”. 

amoxsna. gvaqvs: ,15000,7000,5000,3000 321321  SSSSSSS     

.32,360,360/180,360/130,360/70 321  rknnn      saZiebeli vada 

aRvniSnoT n -iT. vipovoT samive gadasaxadis dRevandeli Rirebuleba 

punqt “0”-Si. 

 
 
 
 
 
               3000                    5000                  7000 

|                       |                       |                        | 
0                     70                      130                     180   

 

13340

32,0
360

180
1

7000

32,0
360

130
1

5000

32,0
360

70
1

3000
0 











P  lari. 

miviReT, rom 13340 lari n  wlis Semdeg gaxdeba 15000 lari 

wliuri 32% sargebliT. (7.5) formuliT gveqneba gantoleba: 

,13340
32,01

15000


 n
 

saidanac miviRebT 389,0n  weli anu 140 dRe. 

 

$7.14. inflacia. fasebis cvlilebis gamo investoris 

nominalurma Semosavalma SeiZleba dakargos msyidvelunarianoba. 

amitom azri aqvs realuri Semosavalis angariSs, romelic 

damokidebulia inflaciis tempze (ganakveTze). amisaTvis ki xSirad 

gamoiyeneba samommxmareblo indeqsi ( CPIIndexsiseConsumer    ,Pr ) anu, 

rogorc xSirad uwodeben inflaciis indeqsi. 

inflaciis tempi gulisxmobs fasebis zrdis fardobiT sidides 

mocemul periodSi. magaliTad, Tu periodis dasawyisSi 1000 laris 

Rirebulebis nivTi periodis bolos Rirs 1200 lari, maSin amboben, 

rom fasebi gaizarda 1,2-jer, anu inflaciis indeqsi aris 1,2. xolo 

inflaciis tempia (1200 _ 1000)/1000=0,2 anu 20%. inflaciis temps 

aRniSnaven h  asoTi. e.i.  1100  CPIh . 
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inflacia aris jaWvuri procesi. aqedan gamomdinare, ramdenime 

periodis inflaciis sruli indeqsi tolia TiToeuli periodis 

inflaciis indeqsebis namravlisa. e.i. Tu n  periodSi inflaciis 

tempebia nhhh ,,, 21   maSin inflaciis indeqsi iqneba: 





























100
1

100
1

100
1 21 nhhh

CPI                     (7.17) 

kerZod, Tu yovel periodSi inflaciis tempi mudmivia, maSin  

n
h

CPI 









100
1 . 

ganvixiloT inflaciis gavlena dagrovebul jamze. SemoviRoT 

realuri dagrovebuli jami (msyidvelunarianobis mixedviT) .realS . 

cxadia,  

 ..
CPI

S
S real   

martivi procentis SemTxvevaSi gveqneba: 

.

100
1

100
1

. nreal

h

r
nP

CPI

S
S





















                      (7.18) 

rTuli procentis SemTxvevaSi, roca daricxva xdeba yoveli wlis 

bolos da h  aris inflaciis wliuri tempi, gveqneba: 

.
100

100

100
1

100
1

.

n

n

n

real
h

r
P

h

r
P

CPI

S
S 


































                (7.19) 

analogiurad gamoiTvleba realuri dagrovebuli jami, roca 

daricxva xdeba yovel Tve, yovel kvartalSi da a.S. (gamoiyvaneT 

Tqven TviTon!). 

Tu  hr  , maSin  .. PSreal   e.i. Tu inflaciis tempi emTxveva 

saprocento sargebels, maSin, marTalia, sawyisi kapitali 

raodenobrivad izrdeba, msyidvelobiTi unari igive rCeba. Tu rh  , 

maSin xdeba kapitalis “erozia” da realuri dagroveba ar xdeba. 

vipovoT realuri saprocento realr  ganakveTi nominaluri nomr   

da inflaciis h  tempis mixedviT. 
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martivi procentis SemTxvevaSi (7.18) formulidan miviRebT: 

.

100
1

100
1

100
1

n

nom

real

h

r
nP

r
nP





























  

saidanac vipoviT realur ganakveTs: 

.1

100
1

100
1

100




































n

nom

real

h

r
n

n
r                       (7.20) 

rTuli procentis SemTxvevaSi (7.19) formulidan miviRebT: 

.
100

100

100
1

n

nom

n

real

h

r
P

r
P 





















  

saidanac gveqneba: 

 .100)100()100(100 hrr realnom   

anu   

100
1

h

hr
r nom

real




 .                          (7.21) 

radganac normalur ekonomikaSi inflaciis tempi mcirea, 

amitom bolo tolobaSi 
100

realrh 
 Sesakrebi iqneba mcire da misi 

ugulvebelyofa SeiZleba. maSin miviRebT e.w. fiSeris formulas: 

hrr nomreal                                (7.22) 

aRvniSnoT, rom Tu inflaciis tempi didia, maSin fiSeris 

formula iZleva damaxinjebul Sedegs, magaliTad, Tu nominaluri 

Semosavalia 110% da inflaciaa 100%, maSin realuri Semosavalia 5% 

da ara 10%. 

analogiurad gamoiTvleba inflacia, roca daricxva xdeba 

yovel Tve, yovel kvartalSi da a.S. ( gamoiyvaneT Tqven TviTon!). 

amocana 24. sam TveSi samomxmareblo kalaTa gaZvirda 634 

laridan 692 laramde. ipoveT: a) CPI  sam TveSi, b) saSualo Tviuri 

CPI , g) inflaciis tempi sam TveSi, d) inflaciis saSualo Tviuri 

tempi. 
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amoxsna. a) .0915,1634/692 CPI e.i. am periodSi fasebi gaizarda 

1,0915-jer anu 9,15%-iT b) x -iT aRvniSnoT saSualo Tviuri indeqsi. 

maSin gveqneba .0915,1 3x  saidanac .0296,10915,13 x                    

g) .0915,01 CPIh  igive Sedegs miviRebdiT, Tu gamoviyenebdiT 

.0915,0634/)634692( h  d) saSualo tempi TveSi iqneba 1,0296 _ 

1=0,296 anu 2,96%. 

amocana 25. sawyisi Tanxaa 1000 lari. inflaciis wliuri tempia 

20%, wliuri nominaluri ganakveTia 42%. ipoveT 4 wlis bolos 

dagrovebuli jami (msyidvelobiTi unaris mixedviT) da realuri 

wliuri saprocento ganakveTi a) martivi procentis, b) rTuli 

procentis SemTxvevaSi. 

amoxsna. a) martivi procentis SemTxvevaSi gvaqvs: ;1000P  

;42nomr  ;20h  .4n  (7.20) formuliT vpoulobT 

 
.31,71

2,01

42,041

4

100
4



















realr  

e.i. realuri ganakveTi aris wliuri 7,31%. dagrovebuli jami iqneba 

1292
100

1 







 real

real

r
nPS  lari. 

b) rTuli procentis SemTxvevaSi: (7.21) formuliT gvaqvs 

.2,02042 realreal rr   

saidanac, realuri ganakveTi iqneba wliuri 18,3%. dagrovebuli jami 

iqneba 

1961
100

1

4









 real

real

r
PS  lari. 

fiSeris formuliT ki %222042 realr . rogorc vxedavT 

gansxvaveba sakmaod didia. 

amocana 26. rva aTass lars sami kvartlis ganmavlobaSi 

ericxeboda procenti Semdegnairad: pirvel kvartalSi wliuri 40%, 

meoreSi _ wliuri 45% da mesameSi ki _ wliuri 50%. TiToeul 

kvartalSi inflaciis yovelTviuri tempi iyo, Sesabamisad, 3%, 1,5% 

da 2%. ipoveT dagrovebuli jami (msyidvelobiTi unaris mixedviT) da 

realuri Semosavlianoba wliuri martivi saprocento ganakveTis 

saxiT. 
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amoxsna. jer vipovoT dagrovebuli jami inflaciis gareSe. 

gvaqvs: 25,0,8000 321  nnnP   weli, .50,45,40 321  rrr    maSin 

miviRebT:  

  107005,025,045,025,04,025,018000 S  lari. 

inflaciis indeqsi sami kvartlisTvis iqneba: 

      .2126,102,01015,0103,01
333
CPI  

maSin realuri dagrovebuli jami iqneba: 

8824
2126,1

10700
realS  lari. 

realuri saprocento ganakveTis sapovnelad unda amovxsnaT 

gantoleba:  

.
100

75,0180008824 







 realr

 

saidanac miviRebT, rom %.73,13realr  

 

$7.15. anuitetis cneba. Tanamedrove safinanso-sabanko 

operaciebSi xSirad iyeneben ara calkeul da erTjerad 

gadasaxadebs, aramed droSi ganawilebuli gadasaxadebisa da 

Semosavlebis mimdevrobas. magaliTad, grZelvadiani kreditis miReba 

da dafarva, investiciidan perioduli Semosavlebis miReba, pensiebis 

gadaxda da a.S. SeiZleba warmovidginoT, rogorc gadasaxadebisa da 

Semosavlebis mimdevroba, romelTac gadasaxadebis nakads uwodeben. 

gadasaxadebis nakads romlis yoveli wevri dadebiTi sididea 

da drois intervali or momdevno gadasaxads Soris mudmivia, maTi 

warmoSobis, daniSnulebisa da miznebis miuxedavad, uwodeben 

anuitets anu finansur rentas.  

magaliTad, anuiteti aris Senatanebi samomxmareblo kreditis 

dasafaravad; sadazRvevo Senatanebi; gadasaxadebi saamortizacio 

fondSi da a. S. 

anuitetis ZiriTadi parametrebia: anuitetis wevri, aRiniSneba  

R -iT, yoveli calkeuli gadasaxadis sidide; anuitetis periodi _ 

drois intervali or gadaxdas Soris, rogorc wesi, anuitetis 

periodia Tve, kvartali, naxevarweliwadi da weli; anuitetis vada, 

aRiniSneba n -iT, dro (wlebSi) anuitetis dasawyisidan mis 
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dasrulebamde; wliuri saprocento ganakveTi, aRiniSneba r -iT, 

gadasaxadebis dagrovebis an diskontirebis dros gamoyenebuli 

ganakveTi; procentebis daricxvebis raodenoba weliwadSi, aRiniSneba 

m -iT da gadasaxadebis raodenoba weliwadSi, aRiniSneba p -iT. 

gadasaxadebis nakadebis raodenobrivi analizis dros gvixdeba 

ori ZiriTadi maxasiaTeblis gamoTvla: dagrovebuli jami da 

dRevandeli Rirebuleba. 

dagrovebul jamSi,  romelic aRiniSneba S -iT, igulisxmeba 

mimdevrobis yvela wevris jami, maTze daricxuli procentebis 

CaTvliT, anuitetis vadis bolosaTvis. anuitetis dRevandeli 

Rirebuleba, romelic aRiniSneba A -iT, aris anuitetis yvela wevris 

diskontirebul sidideTa jami anuitetis sawyisi momentisaTvis. 

anuitetis es ori maxasiaTebeli, gansakuTrebiT dRevandeli 

Rirebuleba, farTod gamoiyeneba Tanamedrove finansur gaTvlebSi. 

maT gareSe SeuZlebelia SevadginoT sesxis dafarvis gegma, 

SevafasoT proeqtis finansuri efeqtianoba, SevadaroT kontraqtebi 

erTmaneTs, SevcvaloT kontraqti eqvivalenturi kontraqtiT da a. S. 

qvemoT moyvanili iqneba am maxasiaTeblebis gamoTvlis formulebi 

zogierTi anuitetisaTvis. 

 

$7.16. anuitetis dagrovebuli jami. anuitetis dagrovebuli 

jami yalibdeba yvela gadasaxadisagan da rTuli procentebis 

jamisagan, romlebic am Tanxebs ericxeba. ganvixiloT 

amocana 27. vTqvaT, 6 wlis ganmavlobaSi yoveli wlis bolos 

keTdeba 100 laris Senatani. risi toli iqneba saerTo Tanxa, Tu 

wliuri sapprocento ganakveTi tolia 7%-is? 

amoxsna. Tanxebis Setana warmovadginoT droiTi diagramis 

meSveobiT. 

diagramidan Cans, rom Tanxis Setana warmoebs yoveli wlis 

bolos. bolo, me-6 Senatani saerTod ar iZleva procents. me-5 

Senatani iZleva  

107,1100
100

7
1100 








 . 
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         5        4       3        2       1        0 Senaxvis xangrZli-  

                                          voba (wlebSi)                              
  0       1        2       3        4       5        6                 
  
        
         100 l   100 l   100 l   100 l   100 l   100 l 

                                          100 
                                               107,1100                     

                                               207,1100                          

                                               307,1100                         

                                               407,1100                        

                                               507,1100                        
                                               
  

me-4 Senatani iZleva 

 

2

2

07,1100
100

7
1100 








 . 

analogiurad miiReba procentebi danarCeni Tanxebidan. Tu saboloo 

Tanxas aRvniSnavT S -iT, maSin 

54321 07,110007,110007,110007,110007,1100100 S . 

am jamis gamoTvla SesaZlebelia, magram damRleli. 

warmovidginoT, rom Tanxis Setana xdeba YyovelTviurad ramdenime 

aTeuli wlis ganmavlobaSi (ase iqmneba sapensio fondebi). am 

SemTxvevaSi SesakrebTa ricxvma SeiZleba ramdenime aseuls 

gadaaWarbos. garda amisa, zogierT amocanaSi ucnobia SesakrebTa 

raodenoba. xSirad saWiroa ganisazRvros, Tu ramdeni Senatanis 

gakeTebaa saWiro, rom Tanxam miaRwios winaswar mocemul S  sidides. 

am sakiTxebis gadasawyvetad gavixsenoT geometriuli progresiis 

Tvisebebi. 

geometriuli progresia ewodeba  ricxvTa iseT naaa ,,, 21   

mimdevrobas, romelSic yoveli momdevno wevri miiReba wina wevris 

erTi da imave q  ricxvze gamravlebiT, romelsac geometriuli 

progresiis mniSvneli ewodeba. e.i. 

.,,, 12312 qaaqaaqaa nn     

zogadi wevri 



 

 150 

.1

1

 n

n qaa  

Tu S -iT agvniSnavT geometriuli progresiis wevrTa jams, 

maSin SeiZleba vaCvenoT, rom 

 
.

1

11






q

qa
S

n

n                             (7.23) 

davubrundeT anuitetis amocanas Tanxis yovelwliuri SetaniT. 

am amocanaSi SSnqa n     ,6,07,1,1001 . Tu am mniSvnelobebs CavsvamT 

(7.23)-Si, miviRebT 

 
.33,715

107,1

107,1100 6





S  

(7.23)-dan gamomdinareobs zogadi formula, romelic 

gamoiTvlis anuitetis gadasaxadebis jams: 

,

1
100

1

100
r

r

RS

n











                         (7.24) 

sadac R -iT aRvniSnavT yoveli wlis bolos Sesatan Tanxas, n -iT _ 

wlebis raodenobas, r -iT _ wliur saprocento ganakveTs. im 

SemTxvevaSi, roca procentebis daricxvebis raodenoba weliwadSi m -

is tolia, xolo gadasaxadebis raodenoba weliwadSi aris p , maSin 

miiReba anuitetis dagrovebuli jamis yvelaze zogadi formula: 

.

1
100

1

1
100

1























p

m

mn

m

r

m

r

RS                         (7.25) 

SeniSvna 1. (7.25) formulaSi R  aRniSnavs TiToeuli 

gadasaxadis sidides. Tuki weliwadSi gadasaxadebis raodenoba aris 

p , maSin weliwadSi R  sididis gadasaxadi gveqneba p -jer. 

amocana 28. moqalaqes 5 wlis ganmavlobaSi yoveli wlis 

bolos depozitze Seaqvs 4000 lari. wliuri saprocento ganakveTia 

10%. ipoveT dagrovebuli jami 5 wlis bolos, Tu procentis 

daricxva xdeba: a) yoveli wlis bolos; b) yoveli kvartlis bolos. 

amoxsna.  a)  (7.24) formulis Tanaxmad:  

 
24420

1,0

11,01
4000

5




S  lari; 



 

 151 

b) aq 1p  da 4m . maSin (7.25)-is Tanaxmad: 

24606

1
4

1,0
1

1
4

1,0
1

4000
4

20























S  lari. 

amocana 29. CavTvaloT, rom amocana 2-is pirobebSi Setana xdeba 

ara weliwadSi erTxel, aramed weliwadSi 4-jer (e.i. yoveli 

kvartlis bolos 1000 lari). ipoveT dagrovebuli jami 5 wlis 

bolos, Tu procentebis daricxva xdeba: a) yoveli wlis bolos; b) 

yoveli kvartlis bolos; g) yoveli Tvis bolos. 

amoxsna. (7.25) formulis gamoyenebiT gveqneba: 

a) p =4; m =1; S =25319;  

b) p =4; m =4; S =25544;  

g) p =4; m =12; S =25586. 

amocana 30. yoveli kvartlis bolos anabarze SehqondaT 1000 

lari 3 wlis ganmavlobaSi. wliuri saprocento ganakveTia 12%. 

daricxva xdeba yoveli kvartlis bolos. ipoveT dagrovebuli Tanxa, 

Tu dasawyisSi anabarze ukve iyo 3000 lari. 

amoxsna. jer vipovoT anuitetiT dagrovebuli jami. gvaqvs: R

=1000, n =3, r =12, m =4, p =4. (7.25) formulis gamoyenebiT miviRebT: 

14192

1
400

12
1

1
400

12
1

1000
1

12























anuitetiS  lari. 

axla vipovoT, Tu ramdeni gaxdeba 3000 lari 3 wlis Semdeg. 

rTuli procentis (7.10) formuliT miviRebT: 

4277
400

12
13000

12









rTuliS  lari. 

sabolood, sruli dagrovebuli Tanxa iqneba:  

18469 rTulianuiteti SS  lari. 

(7.25) formula anuitetis gadasaxadebis jams iTvlis im 

pirobiT, Tu Tanxis Setana xdeba yoveli periodis bolos (bolos 

Setanil Tanxas procenti ar ericxeba). Tu Tanxis Setana warmoebs 
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yoveli periodis dasawyisSi, maSin (7.25) formula miiRebs Semdeg 

saxes: 

.
100

1

1
100

1

1
100

1
p

m

p

m

mn

m

r

m

r

m

r

RS 





























                      (7.26) 

(7.25) da (7.26) formula SeiZleba gamoyenebuli iqnas im 

SemTxvevaSic, rodesac cnobilia ,S  r , n , m , p  da saWiroa 

perioduli R  Senatanebis gansazRvra. 

amocana 31. firmis xelmZRvaneloba Tvlis, rom 5 wlis Semdeg 

mowyobilobebis Sesacvlelad saWiro iqneba 10000 lari. ismis kiTxva, 

rogori unda iyos yovelTviuri Senatanebi (yoveli Tvis bolos), Tu 

saprocento ganakveTi tolia 6%-isa wliurad.  

amoxsna. gvaqvs: S =10000, r =6,  n =5, m =12, p =12. (7.25) formula 

gadavweroT  Semdegnairad: 

.

1
100

1

1
100

1






















mn

p

m

m

r

m

r

SR                             (7.27) 

CavsvaT Cveni monacemebi: 

33,143

1
1200

6
1

1
1200

6
1

10000
512

12

12


























R  lari. 

143,33 lari aris yovelTviuri Senatanis odenoba. 

 

$7.17. anuitetis dRevandeli Rirebuleba. gavixsenoT, rom 

dRevandeli Rirebuleba warmoadgens anuitetis sawyisi 

momentisaTvis gadasaxadebis nakadis yoveli wevris diskontirebiT 

miRebuli sidideebis jams. es sidide farTod gamoiyeneba sxvadasxva 

finansur gaTvlebSi, rogoricaa magaliTad, grZelvadiani kreditis 

dafarvis dagegmva, investiciebis finansuri efeqtianobis Sefaseba da 

a. S. 
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ganvixiloT amocana, romelic dakavSirebulia Tanxis 

regularul miRebasTan. 

amocana 32 . ra Tanxa unda iqnas Setanili bankSi, romelic 

ixdis 5%-s wliurad, rom SesaZlebeli iyos momdevno 6 wels 

yovelwliurad miviRoT 100 lari (igulisxmeba, rom Tanxis bolo 

miRebis Semdeg angariSze araferi ar rCeba).  

amoxsna. cxadia, imisaTvis, rom n  wlis Semdeg miviRoT R  

Tanxa wliuri r  saprocento  ganakveTiT, unda SevitanoT Semdegi 

sididis Tanxa 

.
100

1

n

n

r
RA











  

Cvens amocanaSi 100R , %5r , .6,,2,1 n  

amrigad, yovelwliurad 100 laris misaRebad Cven unda 

SevitanoT anabari, romelic toli iqneba: 

.05,110005,110005,1100 621
6

1

621





  
n

nAAAA  

am jamis Sesakrebebi qmnian geometriul progresias, rac 

SesaZleblobas gvaZlevs miviRoT zogadi formula (1)-is gamoyenebiT. 

aRvniSnoT: 

1

1
100

1













r
Ra ,  ,

100
1

1











r
q  

maSin 

r

r

RA

n












100

11

100 .                       (7.28) 

Tu am formulaSi CavsvamT Cveni amocanis monacemebs, miviRebT: 

.57,507
5

100

5
11

100100

6

















A  

e.i. sawyisi anabris sididea 57,507A  (lari). rogorc mosalodneli 

iyo, es sidide naklebia, vidre bankis mier gadaxdili Tanxebis jami, 

romelic 600-is tolia. 

cxadia, (7.28) formula warmoadgens anuitetis dRevandeli 

Rirebulebis gamosaTvlel formulas, sadac R  aris yovelwliuri 

gadasaxadis sidide, n  _ wlebis raodenoba, r  _ wliuri saprocento 
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ganakveTi. im SemTxvevaSi, roca weliwadSi procentebis daricxvebis 

raodenoba m -is tolia da gadasaxadebis raodenoba weliwadSi aris 

p , maSin miiReba dRevandeli Rirebulebis gamosaTvleli zogadi 

formula: 

1
100

1

100
11

























p

m

mn

m

r

m

r

RA  .                        (7.29) 

SeniSvna 2. (7.29) formulaSi R  aRniSnavs perioduli 

gadasaxadis sidides, romelic damokidebulia p -ze. 

amocana 33.  sesxis dasafaravad mewarmem yoveli wlis bolos 

unda gadaixados 20000 lari 5 wlis ganmavlobaSi. ipoveT gacemuli 

sesxis sidide, Tu rTuli wliuri saprocento ganakveTia 10%. xolo 

procentebis daricxva xdeba: a) yoveli wlis bolos; b) yoveli 

kvartlis bolos. 

amoxsna. (7.29) formulis gamoyenebiT miviRebT: 

a) R =20000; r =10; p =1; m =1; n =5, maSin A =75815,74 lari. 

b) R =20000; r =10; p =1; m =4; n =5, maSin A =75082,13 lari. 

amocana 34. amocana 33-is pirobebSi CavTvaloT, rom gadaxda 

xdeba ara weliwadSi erTxel, aramed yoveli kvartlis bolos (e.i. 

5000 lari). danarCeni monacemebi ucvlelia. ipoveT dRevandeli 

Rirebuleba, Tu daricxva xdeba: a) yoveli wlis bolos; b) yoveli 

Tvis bolos. 

amoxsna. (7.29) formulis gamoyenebiT miviRebT: 

a) R =5000; r =10; p =4; m =1; n =5, maSin A =78602 lari; 

b) R =5000; r =10; p =4; m =12; n =5, maSin A =77792 lari. 

amocana 35. proeqti iTvaliswinebs yoveli 6 Tvis bolos 2000 

laris gadaxdas 3 wlis ganmavlobaSi da mesame wlis bolos 

damatebiT 5000 laris gadaxdas. ipoveT proeqtis dRevandeli 

Rirebuleba, Tu wliuri rTuli saprocento ganakveTia 12% da 

daricxva xdeba yoveli 6 Tvis bolos. 

amoxsna. jer vipovoT anuitetis dRevandeli Rirebuleba. 

gvaqvs: R =2000, n =3, m =2, p =2, r =12. maSin (7.29) formulis 

saSualebiT miviRebT: 
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9835

200

12

200

12
11

2000

6

















anuitetiA  lari. 

axla vipovoT 5000 laris dRevandeli Rirebuleba. gvaqvs S

=5000, n =3, m =2, r =12. maSin (7.15) formuliT miviRebT: 

3525

200

12
1

5000
6












rTuliP  lari. 

e.i. sruli dRevandeli Rirebuleba aris 9835+3525=13360 lari. 

amocana 36. ra Tanxa unda movaTavsoT anabarze wliuri rTuli 

36% saprocento sargebliT, rom 6 wlis ganmavlobaSi yoveli wlis 

bolos angariSidan movxsnaT 8000 lari da bolos angariSi 

daixuros, Tu procentebis daricxva xdeba: a) yoveli wlis bolos, 

b) yoveli Tvis bolos. 

amoxsna. a) gvaqvs: R =8000, n =6, m =1, p =1, r =36. maSin 

 
18710

36,0

36,011
8000

6








A  lari. 

e.i. sakmarisia 18710 lari SevitanoT anabarze imisaTvis, rom yoveli 

wlis bolos gamovitanoT 8000 lari da yoveli gamotanis Semdeg 

darCenilma naSTma masze daricxuli procentiT uzrunvelyos me-6 

wlis bolos angariSze nulovani naSTi. 

b) gvaqvs: R =8000, n =6, m =12, p =1, r =36. maSin 

16553

1
1200

36
1

1200

36
11

8000
12

72



























A  lari. 

amocana 37. TanamSromelma organizaciasTan gaaforma 

kontraqti, romlis Tanaxmad organizacia iRebs valdebulebas 

TanamSromlis angariSze 25 wlis ganmavlobaSi gadaricxos yoveli 

wlis bolos Tanabari Tanxebi. dagrovebuli Tanxa uzrunvelyofs 

TanamSromlis pensias (65 wlis asakis miRwevis Semdeg) yoveli wlis 

bolos 8000 lars, 18 wlis ganmavlobaSi. ipoveT bankSi gadasaricxi 

yovelwliuri Tanxa, Tu TanamSromeli aris 40 wlis da wliuri 

sargebelia 20%. 
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amoxsna. amocanis pirobebis mixedviT unda moxdes erTi 

anuitetis (bankSi gadaricxva) Secvla meoreTi (bankidan gamotana). 

Secvlis anu dayvanis momentad aviRoT TanamSromlis pensiaze 

gasvlis momenti (punqti “65”). e.i. Senatanebis dagrovebuli jami 

toli unda iyos gamotanebis dRevandeli Rirebulebis anu gam.Set. AS  . 

gvaqvs: 

 
2,0

12,01
25


 RSSet. ,   
 

2,0

2,011
8000

18


gam.A . 

am ori sididis tolobidan gamomdinareobs, rom R =81,57 lari. 

e.i. sakmarisia SevitanoT yoveli wlis bolos mxolod 81 lari da 57 

TeTri 25 wlis ganmavlobaSi, rom uzrunvelvyoT momdevno 18 wlis 

ganmavlobaSi yoveli wlis bolos 8000 laris gamotana.  

 

(7.29) formula anuitetis dRevandel Rirebulebas iTvlis im 

pirobiT, Tu gadasaxadebi warmoebs yoveli periodis bolos. Tuki 

gadasaxadebis gadaxda xdeba yoveli periodis dasawyisSi, maSin 

anuitetis dRevandeli Rirebuleba gamoTvleba Semdegi formuliT: 
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


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

                  (7.30) 

amocana 38. sesxis dasafaravad mewarmem yoveli wlis 

dasawyisSi unda gadaixados 20000 lari 5 wlis ganmavlobaSi. ipoveT 

valis dRevandeli Rerebuleba, Tu rTuli wliuri saprocento 

ganakveTia 10%, xolo procentebis daricxva xdeba: a) yoveli wlis 

bolos; b) yoveli kvartlis bolos. 

amoxsna. radgan gadaxda xdeba yoveli wlis dasawyisSi, amitom 

valis dRevandeli Rirebuleba gamoiTvleba (7.30) formuliT: 

a) mocemulia: R =20000, m =1, p =1, n =5, maSin 83397A  lari. 

b) mocemulia: R =20000, p =1, m =4, n =5, maSin 82871A  lari. 

 

xSirad saWiro xdeba anuitetis wevris R -is gamoTvla. 

igulisxmeba, rom sxva sidideebi cnobilia. amisaTvis gamoiyeneba 

(7.28) an (7.29) formula. 
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amocana 36. sesxi 100000 lari unda daifaros 5 wlis 

ganmavlobaSi Tanabari gadaxdebiT. gadaxda yoveli wlis bolos. 

daricxva yoveli wlis bolos. saprocento ganakveTia 10%. ipoveT 

yovelwliuri gadasaxadis sidide. 

amoxsna. gvaqvs A =100000, n =5, p =1, m =1, r =10. maSin (7.28) 

formulidan vwerT: 

26379

100

10
1100100

10
100000

100
1100100

5

























n

r

r
AR  lari. 

e.i. yovelwlis bolos unda moxdes 26379 laris gadaxda, rom 5 

weliwadSi daifaros 100000 lari sesxi.  

 
$7.18. investiciebis Sefaseba da Sedareba. am paragrafSi Cven 

gavecnobiT erTmaneTisagan gansxvavebul parametrebiani  

sainvesticio proeqtebis Sefasebis xerxebs maTi finansuri 

momgebianobis TvalsazrisiT. ganvixiloT Semdegi 

amocana 37. vTqvaT, sainvesticio proeqti iTxovs 10000 laris 

investirebas da garantias iZleva, rom oTx weliwadSi igi 

daubrunebs investors 16000 lars. amasTan cnobilia, rom safinanso 

bazarze sargeblis wliuri rTuli ganakveTia 8%. vipovoT:  

a) 10000 laris Sesabamisi saboloo Tanxa 4 wlis Semdeg 

sargeblis zemoT miTiTebuli ganakveTiT;  

b) 16000 laris Sesabamisi diskontirebuli Tanxa sargeblis 

imave ganakveTiT, Tu drois intervali 4 weliwadia;  

g) sargeblis ra rTuli ganakveTi Seesabameba Tanxis zrdas 4 

wlis intervalSi 10000-dan 16000 laramde?  

 d) sasurvelia Tu ara safinanso TvalsazrisiT am investiciis 

ganxorcieleba?  

amoxsna. a) oTxi wlis Semdeg 10000 laris Sesabamisi Tanxa 

sargeblis wliuri rTuli 8%-iani ganakveTiT gamoiTvleba (7.9)  

formuliT: 

89,136043605,110000
100

8
110000

4









S  lari. 

b) gamoviyenoT diskontirebis (7.14) formula da gamovTvaloT 

16000 ( S ) laris Sesabamisi diskontirebuli Tanxa, rodesac 
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sargeblis ganakveTia 8% ( r ) da drois intervalia 4 weliwadi ( n ), 

miviRebT: 

47,1176008,116000
100

8
116000 4

4









 



P  lari. 

g) oTxi wlis ganmavlobaSi 10000-dan 16000 laramde zrdis 

Sesabamisi sargeblis wliuri ganakveTi vipovoT (7.9) formulis 

gamoyenebiT: 
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11000016000 




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


x
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aqedan 

6,1
100

1

4











x
  anu    .1210016,14 x  

amrigad, saZiebeli sargeblis ganakveTia %12x . es imas 

niSnavs, rom rTul wliur 12%-ad dabandebuli 10000 lari 4 wlis 

Semdeg mogvcems 16000 lars. 

d) sainvesticio proeqti iTxovs 10000 lars da abrunebs oTxi 

wlis Semdeg 16000 lars. safinanso bazarze ki 10000 laris dabandeba 

8%-ad 4 wlis Semdeg iZleva 13604,89 lars. aqedan cxadia, rom 

sainvesticio proeqtSi Tanxis dabandeba finansurad momgebiania. 

es gamomdinareobs agreTve ganxiluli b) punqtidan: imisaTvis, 

rom safinanso bazarze 4 wlis Semdeg miviRoT sainvesticio 

proeqtiT SemoTavazebuli 16000 lari, amisaTvis bazarze dRes unda 

dabanddes sawyisi Tanxa 11760,47 lari, rac 1760,47 lariT aRemateba 

sainvesticio proeqtiT moTxovnil sawyis Tanxas. 

sainvesticio proeqtiT gaTvaliswinebul saboloo Tanxis 

Sesabamis diskontirebul sididesa da sainvesticio proeqtiT 

moTxovnil sawyisi Tanxis sidides Soris sxvaobas wminda sawyisi 

sidide ewodeba.  

Cvens SemTxvevaSi wminda sawyisi sidide iqneba  

11760,47_10000=1760,47 lari. 

Tu wminda sawyisi sidide dadebiTia, maSin sainvesticio 

proeqtSi monawileoba finansurad momgebiania. es aris erT-erTi 

kriteriumi sainvesticio proeqtis momgebianobis Sesafaseblad. 
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meore mxriv g) punqtSi vaCveneT, rom sainveticio proeqtSi 

monawileoba tolfasia Tanxis dabandebisa 4 wlis manZilze 

sargeblis wliuri rTuli 12%-iani ganakveTiT, rac aRemateba 

sabazro ganakveTs. 

sargeblis im wliur rTul ganakveTs, romelic uzrunvelyofs 

sainvesticio Tanxis zrdas sainvesticio proeqtiT gansazRvrul 

saboloo Tanxamde, ewodeba sargeblis Siga ganakveTi. 

Cvens SemTxvevaSi sargeblis Siga ganakveTia 12%. cxadia, 

sargeblis Siga ganakveTi metia safinanso bazris dominantur 

ganakveTze, maSin sainvesticio proeqti momgebiania. es warmoadgens 

kidev erT kriteriums sainvesticio proeqtis finansuri 

momgebianobis Sesfaseblad. 

SemoviRoT Semdegi aRniSvnebi: 

 NPV  _ wminda sawyisi sidide ( valuepresentNet    ); 

 IRR  _ sargeblis Siga ganakveTi ( returneofrateInternal     ); 

1M  _ proeqtiT gaTvaliswinebuli sawyisi sainvesticio Tanxa; 

2M  _ proeqtiT gaTvaliswinebuli saboloo Tanxa, romelic 

ubrundeba investors; 

r  _ safinanso bazris sargeblis wliuri rTuli ganakveTi; 

n  _ sainvesticio periodis xangrZlivoba. 

 NPV -s da  IRR -is ganmartebis safuZvelze miviRebT Semdeg 

formulebs:  

  12
100

1 M
r

MNPV

n













,                       (7.31) 

  1001
1

2 













 n

M

M
IRR  (%).                        (7.32) 

rodesac saqme exeba sxvadasxva sainvesticio proeqtebis 

Sedarebas, saWiroa gamoviyenoT orive kriteriumi ufro momgebiani 

proeqtis SesarCevad. rodesac saqme exeba sxvadsxva Tanxebs, maSin 

 IRR  kriteriumi yovelTvis ver iZleva finansuri mogebis 

TvalsazrisiT saukeTeso proeqtis arCevis saSualebas. aseT 

SemTxvevaSi ufro mizanSewonilia  NPV  kriteriumis gamoyeneba. 
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axla ganvixiloT amocana, rodesac investori iRebs 

mravaljerad Semosavals garkveuli periodis Semdeg. 

amocana 38. vTqvaT, investors aqvs 18000 lari, romelic 

SeiZleba dabanddes ori A  da B  sainvesticio proeqtebidan mxolod 

erTSi. dabandebuli 18000 laris SemTxvevaSi TiToeuli proeqti 

iZleva garantias, rom 4 wlis ganmavlobaSi yovelwliurad 

daubrunebs investors garkveul Tanxebs, romlebic mocemulia 

Semdegi cxriliT: 

 

weliwadi investoris Semosavali 

A  proeqti B  proeqti 

1 
1a =4000 1b =10000 

2 
2a =4000 2b =5000 

3 
3a =10000 3b =5000 

4 
4a =4000 4b =1000 

sul 22000 21000 

 

SevarCioT, romel proeqtSi aris umjobesi Tanxis dabandeba, 

Tu bazarze sargeblis wliuri rTuli ganakveTia 8%. 

amoxsna.  CavataroT am cxrilis analizi. 

erTi SexedviT A  proeqti ufro momgebiani Cans, radgan 4 

weliwadSi igi iZleva 1000 lariT mets, vidre B  proeqti. orive 

proeqtSi TiTo gadasaxadi Seadgens 10000 lars. A  proeqti am Tanxas 

uxdis investors mesame wlis bolos, xolo B  proeqti _ pirveli 

wlis bolos. radgan es miRebuli 10000 lari investors SeuZlia 

kvlav daabandos bazarze, amitom B  proeqtis mier pirveli welis 

gadaxdil 10000 lars ufro meti “fasi” aqvs, vidre A  proeqtis mier 

gadaxdil igive Tanxas mesame wlis bolos. 

imisaTvis, rom gavarkvioT romeli proeqti sjobia, 

daviTvaloT proeqtebiT gaTvaliswinebuli gadasaxadebis Sesabamisi 

diskontirebuli Tanxebis jami (dRevandeli Rirebuleba). 
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Tu gaviTvaliswinebT, rom bazris sargeblis wliuri rTuli 

ganakveTia 8%, diskontirebuli /

ka  da /

kb  TanxebisaTvis miviRebT 

Semdeg cxrils: 

 

weliwadi diskontirebuli Tanxebi 

A  proeqti B  proeqti 

1 /

1a =37037 /

1b =9259,26 

2 /

2a =3429,36 /

2b =4286,69 

3 /

3a =7938,32 /

3b =3969,16 

4 /

4a =2940,12 /

4b =735,03 

sul 18011,5 18250,14 

 

am cxrilidan Cans, rom A  proeqtSi monawileoba tolfasia 

mimdinare momentSi bazarze 18011,5 laris dabandebisa, xolo B  

proeqtSi monawileoba _ 18250,14 laris dabandebisa. radga B  

proeqtis dRevandeli Rirebuleba metia A  proeqtis dRevandel 

Rirebulebaze, amitom B  proeqtSi monawileoba ufro momgebiania. 

axla gavaanalizoT is damokidebuleba, romelic arsebobs 

sargeblis ganakveTsa da fulze spekulaciuri miznebiT moTxovnas 

Soris. 

spekulaciuri mizniT fulze moTxovna Sedgeba im fulisagan, 

romelic warmoadgens sarezervo Tanxas mTavrobis fasiani 

qaRaldebis (obligaciebis) SesaZenad. miRebuli fulis sanacvlod 

mTavroba iZleva obligacias, rac mis mflobels saSualebas aZlevs 

yovelwliurad mTavrobisagan miiRos garkveuli Tanxa. amasTan, 

gaTvaliswinebuli vadis gasvlis Semdeg mTavroba gamoisyidis 

obligacias da mis mflobels srulad ubrunebs obligaciis 

SesaZenad gadaxdil sawyis Tanxas. 

amocana 39.  vTqvaT, mTavrobam gamouSva aTwliani obligacia, 

romlis Rirebulebaa 4000 lari. myidvels mTavroba sTavazobs 

martiv 10%-ian wliur sargebels, xolo 10 wlis gasvlis Semdeg 

mTavroba gamoisyidis obligacias da mflobels daubrunebs 

gadaxdil sawyis Tanxas. es obligacia SeiZleba gaiyidos nebismier 
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dros. cxadia, rom obligaciis Rirebuleba damokidebulia 

gamosyidvamde darCenili wlebis raodenobasa da safinanso bazris 

sargeblis dominantur ganakveTze, romelic SeiZleba ar iyos 10%-is 

toli. 

amoxsna. vTqvaT, obligaciis gamosyidvamde darCenilia 3 weli. 

SevadginoT cxrili, romelic asaxavs obligaciisagan miRebul 

Semosavals (gamosasyidi Tanxis CaTvliT mesame wlis bolos) da 

Sesabamisi Tanxebis diskontirebul sawyis Tanxebs bazris sargeblis 

sxvadasxva wliuri rTuli ganakveTebis mixedviT: 

 

weliwadi Semosavali diskontirebuli Tanxa 

6% 8% 10% 12% 14% 

1 400 377 370 364 357 351 

2 400 356 343 330 319 308 

3 4400 3694 3493 3306 3132 2970 

sul 5200 4427 4206 4000 3808 3629 

 

gavaanalizoT cxrilis Sinaarsi. pirvel striqonSi weria 

Semosavali pirveli wlis bolos (400 lari) da misi Sesabamisi 

diskontirebuli (dRevandeli Rirebuleba) Tanxebi gamoTvlili 6%, 

8%, 10%, 12% da 14% ganakveTebis SemTxvevebSi. analogiuri Sinaarsi 

aqvs danarCen 2 striqonsac. sul bolo striqonSi ki miTiTebulia 

sruli Semosavlis Sesabamisi mTliani dRevandeli (sawyisi) 

Rirebuleba. aSkarad Cans, rom sargeblis sabazro ganakveTis zrdas 

mosdevs obligaciis sawyisi Rirebulebis Semcireba. 

axla ganvixiloT aRniSnuli damokidebulebis gavlena 

finansur bazarze. 

vTqvaT, sargeblis sabazro ganakveTi sakmarisad maRalia 

(magaliTad, 14%). maSin, rogorc cxrilidan Cans, obligaciis 

Rirebuleba sakmarisad dabalia (3629 lari). Tu savaraudoa, rom 

sargeblis aseT maRal sabazro ganakveTs mohyveba ganakveTis 

Semcireba, maSin obligaciebis fasi uaxloes momavalSi aiwevs. am 

situaciaSi investori Tamamad yidulobs obligacias ara marto im 

varaudiT, rom igi miiRebs obligaciasTan fiqsirebulad 
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dakavSirebul Semosavals, aramed imitom, rom TviT obligaciis fasi 

izrdeba (rac kidev ufro zrdis investoris kapitals). 

cxadia, am SemTxvevaSi xdeba fulis dabandeba fasian 

qaRaldebSi. es ki iwvevs spekulaciuri mizniT fulze moTxovnis 

Semcirebas. 

sawinaaRmdego situaciasTan gvaqvs saqme, rodesac sargeblis 

sabazro ganakveTi mcirea (magaliTad, 6%). Tu mosalodnelia 

sargeblis sabazro ganakveTis gazrda, maSin es avtomaturad 

gamoiwvevs obligaciebis sawyisi fasis Semcirebas. amitom 

investorebi Tavs arideben Tanxis dabandebas fasian qaRaldebSi, rac 

iwvevs fulze spekulaciuri mizniT moTxovnis zrdas. 

 

 

d  a  v  a  l  e  b  a  

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba ricxvis procenti? 

 amowereT ricxvis procentTan dakavSirebuli samive formula. 

 ras ewodeba sargebeli? ras ewodeba daricxvis periodi? 

 ras ewodeba sawyisi Tanxa? mimdinare Tanxa? saboloo Tanxa? 

 ra aris sargeblis martivi ganakveTi? 

 ra aris sargeblis rTuli ganakveTi? 

 moiyvaneT martivi procentiT dagrovebuli jamis gamosaTvleli 

formula. 

 ras ewodeba komerciuli anu Cveulebrivi procenti? zusti 

procenti? 

 ganmarteT dReTa aRricxvis oTxi bazisi. 

 ras ewodeba diskontireba? diskonti? moiyvaneT formulebi. 

 moiyvaneT sesxis vadisa da saprocento ganakveTis gamosaTvleli 

formulebi. 

 riT gansxvavdeba daricxvis rTuli procenti martivi 

procentisagan? 
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 moiyvaneT rTuli procentiT dagrovebuli jamis gamosaTvleli 

formula. 

 rogor gamoiTvleba dagrovebuli jami, roca daricxvis periodi 

ar gamoisaxeba wlebis mTeli ricxviT? miuTiTeT ori meTodi. 

 ras ewodeba nominaluri saprocento ganakveTi? 

 moiyvaneT rTuli procentiT dagrovebuli jamis gamosaTvleli 

formula, roca weliwadSi daricxva xdeba m -jer? 

 ras ewodeba efeqturi saprocento ganakveTi? moiyvaneT efeqturi 

saprocento ganakveTis gamosaTvleli formula. 

 moiyvaneT dagrovebuli jamis gamosaTvleli formula, roca 

daricxva xdeba uwyvetad. 

 rogor gamoiTvleba efeqturi saprocento ganakveTi uwyveti 

daricxvis dros? 

 ganmarteT diskontireba rTuli procentis dros da moiyvaneT 

Sesabamisi formula. 

 ras ewodeba dRevandeli mniSvneloba anu mimdinare sidide? 

 moiyvaneT diskontirebis formula rTuli procentis dros, roca 

procentebis daricxva xdeba weliwadSi m -jer? 

 moiyvaneT sesxis vadis gamosaTvleli formulebi. 

 moiyvaneT sesxis saprocento ganakveTis gamosaTvleli formulebi. 

 ras ewodeba finansurad eqvivalenturi gadasaxadebi? 

 ra daniSnuleba aqvs finansuri eqvivalenturobis princips? 

 ras ewodeba samomxmareblo fasebis indeqsi? inflaciis tempi? 

 rogor gamoiTvleba realuri dagrovebuli jami 

(msyidvelunarianobis mixedviT)  martivi procentis SemTxvevaSi? 

rTuli procentis SemTxvevaSi? 

 miuTiTeT rodis xdeba realurad sawyisi kapitalis zrda? kleba? 

 moiyvaneT realuri saprocento ganakveTis gamosaTvleli 

formulebi. 

 ras ewodeba anuiteti? 

 moiyvaneT anuitetis magaliTebi. 

 daasaxeleT anuitetis parametrebi. 

  ras ewodeba anuitetis dagrovebuli jami? 



 

 165 

 ras ewodeba anuitetis dRevandeli Rirebuleba? 

 amowereT anuitetis dagrovebuli jamis gamosaTvleli formulebi. 

 amowereT anuitetis dRevandeli Rirebulebis gamosaTvleli 

formulebi. 

 ras ewodeba wminda sawyisi sidide? amowereT wminda sawyisi 

sididis gamosaTvleli formula. 

  NPV -s rogori mniSvnelobisaTvis aris sainvesticio proeqti 

finansurad momgebiani? 

 ras ewodeba sargeblis Siga ganakveTi? amowereT sargeblis Siga 

ganakveTis gamosaTvleli formula. 

 ra kriteriumebiTaa SesaZlebeli sainvesticio proeqtebis 

Sefaseba? 

 ras niSnavs spekulaciuri mizniT fulze moTxovna? 

 rogori damokidebulebaa fasiani qaRaldis Rirebulebasa da 

safinanso bazarze arsebul dominantur rTul sargebels Soris? 

 

s a v a r j i S o  7  

                                                                                                                                                                                                 

1. 4000 lari gacemulia sesxad oTxi wlis vadiT sargeblis wliuri 

martivi 6%-iani ganakveTiT. gansazRvreT oTxi wlis ganmavlobaSi 

dagrovili Tanxa. 

2. klientma ganaTavsa 6 aTasi lari  bankSi wliuri 20% martivi 

saprocento ganakveTiT. ra Tanxa eqneba mas: a) 7 wlis Semdeg, b) 3 

wlis Semdeg, g) 3 wlis da 9 Tvis Semdeg? 

3. banki iRebs Tanxebs 3-Tvian depozitze wliuri 28%, 6-Tvian 

depozitze wliuri 32% da erTwlian depozitze wliuri 34% 

martivi saprocento ganakveTebiT. ra Tanxa eqneba klients samive 

SemTxvevaSi, Tu man samive variantSi depozitze Seitana 20000 

lari? 

4. mewarmem aiRo orwliani sesxi wliuri 32% martivi saprocento 

ganakveTiT. ramdenjer aRemateba vadis bolos gadasaxdeli Tanxa 

gacemul kredits? 
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5. bankma gasca 10 aTasi lari 45 dRiT wliuri 30% martivi 

saprocento ganakveTiT. ipoveT bankis Semosavlianoba (Tanxis 

saxiT), Tu iTvleba, rom weliwadSi aris a) 360 dRe b) 365 dRe 

6. Tanxa moTavsebuli iqna bankSi 10 ianvars da gatanil iqna imave 

wlis 14 aprils. ipoveT dReebis raodenoba, Tu weliwadi iyo a) 

nakiani, b) Cveulebrivi. gamoiyeneT orive (zusti da miaxloebiTi) 

meTodi. 

7. ipoveT procentebis daricxvis dReebis raodenoba (zustad da 

miaxloebiT), Tu Tanxa ganTavsebuli iyo depozitze: a) 12 

Tebervlidan imave wlis 15 maisamde b) 5 ivnisidan imave wlis 3 

noembramde. rogor Seicvleba Sedegebi, Tu weliwadi iqneba 

nakiani? 

8. sesxi 60 aTasi lari gacemulia nakiani wlis 12 marts wliuri 32% 

martivi saprocento ganakveTiT. sesxis dabrunebis vadaa imave 

wlis 15 agvisto. ipoveT bolos gadasaxdeli Tanxa. gamoiyeneT 

samive praqtika. 

9. 40 aTasi lari Setanili iqna bankSi 12 marts wliuri 30% martivi 

saprocento sargebliT. imave wlis 15 oqtombrisTvis angariSze 

iyo 47134 lari. romeli meTodi gamoiyena bankma procentebis 

daricxvisas? 

10. bankma gasca sesxi 9 TviT wliuri 28% martivi saprocento 

ganakveTiT. amasTan, bankma gacemis momentSi daitova 3% sakomisio. 

ipoveT bankis realuri Semosavlianoba wliuri martivi 

saprocento ganakveTis saxiT, Tu procentebi ericxeboda sesxis 

sawyis sidides. 

11. sesxis gacemisas, wliuri 42% martivi saprocento ganakveTiT, 

bankma daitova 2,5% sakomisio. bankis realurma Semosavlianobam 

wliuri martivi saprocento ganakveTis saxiT Seadgina 64%. ra 

vadiT iyo gacemuli sesxi, Tu procentebi ericxeboda sesxis 

sawyis sidides (zusti procenti). 

12.  bankma gasca sesxi jer erT mewarmeze, 30 aTasi lari, 80 dRiT. 

Semdeg dabrunebuli YTanxa srulad gasca meoreze 60 dRiT da 

bolos, dabrunebuli Tanxa isev gasca mesameze 160 dRiT. yvela 

sesxze ericxeboda wliuri 30% martivi saprocento ganakveTiT 
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(Cveulebrivi procenti). ra Tanxa unda daabrunos mesame mewarmem? 

ipoveT bankis Semosavlianoba wliuri martivi saprocento 

ganakveTis saxiT. 

13.  bankma gasca sesxi Tavis oTx klientze Semdegi wesiT: pirvel 

klientze 45 dRiT wliuri 28%-iT, dabrunebuli Tanxa imave dRes 

srulad gasca meoreze 120 dRiT wliuri 33%-iT, Semdeg 

dabrunebuli Tanxa imave dRes srulad gasca mesameze 100 dRiT 

wliuri 32%-iT da mesamisagan dabrunebuli Tanxa srulad misca 

meoTxe klients  40 dRiT wliuri 30%-iT. meoTxem banks daubruna 

37632 lari. ra Tanxa miiRo sesxad pirvelma (Cveulebrivi 

procenti)? 

14. klientma 16 ianvars Seitana bankSi 14000 lari, 20 Tebervals 

angariSidan moxsna 8000 lari, 14 aprils man Seitana 3000 lari, 16 

ivniss ki _ 2000 lari. 10 seqtembers angariSi daxura. ipoveT 

bolo Tanxis sidide, Tu wliuri saprocento ganakveTia 20%. 

gamoiyeneT 365/360 meTodi. operaciebi tardeboda erTi da igive 

weliwadSi. 

15. depozituri sertifikati, nominaliT 60 aTasi lari, wliuri 

martivi 35%-iani saprocento ganakveTiT , gamoSvebulia erTi 

wlis vadiT. ra Tanxad SeiZleba misi yidva ganaRdebamde 150 dRiT 

adre, rom uzrunvelyofil iqnes Semosavlianoba 42% wliuri 

martivi saprocento ganakveTis saxiT. CavTvaloT weliwadSi aris 

365 dRe.   

----------------------------------------------------------------------------------------------------------------  

16.  40 aTasi lari Setanili iqna bankSi 5 wliT wliuri rTuli 28% 

saprocento sargebliT. ipoveT dagrovebuli jami. 

17. bankma gasca sesxi 250 aTasi lari 33 TviT wliuri 34% sargebliT. 

ipoveT dasabrunebeli Tanxa: a) rTuli procentiT, b.) Sereuli 

sqemiT. procentebis daricxva xdeba yoveli wlis bolos. romeli 

sqemaa momgebiani bankisTvis? 

18. 90000 lari gacemuli iqna wliuri rTuli 36% saprocento 

sargebliT. 2 wlisa da 7 Tvis Semdeg dabrunebuli iqna 201421 

lari. romeli meTodi gamoiyena bankma, Tu procentebis daricxva 

xdeba yoveli wlis bolos? 
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19.  14000 l;ari Setanil iqna bankSi 5 wliT wliuri rTuli 32% 

saprocento sargebliT. ipoveT dagrovili jami rTuli da martivi 

procentis SemTxvevaSi, Tu procentebis daricxva xdeba: a) yoveli 

wlis bolos, b) yoveli 6 Tvis bolos. 

20. 8000 lari Setanil iqna bankSi 1,5 wliT wliuri 32% saprocento 

sargebliT. ipoveT dagrovebuli jami, Tu procentebis daricxva 

xdeba yoveli kvartlis bolos. rogor Seicvleba Sedegi, Tu 

daricxva moxdeba yoveli Tvis bolos? 

21. 100000 lari Setanil iqna bankSi 5 wliT wliuri rTuli 36% 

saprocento sargebliT. ipoveT dagrovebuli jami, Tu procentebis 

daricxva xdeba: a) yoveli kvartlis bolos; b) yoveli Tvis 

bolos. 

22. ra droSi gasammagdeba 20000 lari, Tu wliuri saprocento 

ganakveTia 28%, xolo procentebis daricxva xdeba: a) yoveli wlis 

bolos; b) yoveli kvartlis bolos; g) yoveli Tvis bolos. 

23. meanabres surs sawyisi Tanxa gaormagdes 4 wlis Semdeg. ra 

wliuri nominaluri saprocento ganakveTi iqneba misTvis misaRebi, 

Tu procentebis daricxva xdeba yoveli kvartlis bolos? 

24. sesxis gacemis romeli variantia bankisTvis momgebiani: a) wliuri 

29% yoveli kvartlis bolos daricxviT, Tu b) wliuri 30% 

yoveli 6 Tvis bolos daricxviT? 

25. sesxi 8000 lari gacemuli iqna 3 wliT da 6 TviT. dabrunebuli 

iqna 20000 lari. ipoveT efeqturi saprocento ganakveTi. 

26. ipoveT nominaluri saprocento ganakveTi, Tu efeqturi ganakveTia 

30%, xolo procentebis daricxva xdeba: a) yoveli kvartlis 

bolos, b) yoveli Tvis bolos.  

27. ra sawyisi kapitalis SemTxvevaSi miviRebT 15000 lars 4 wlis 

Semdeg wliuri 24% saprocento ganakveTis SemTxvevaSi, Tu 

procentebis daricxva xdeba: a) yoveli wlis bolos; b) yoveli 6 

Tvis bolos; g) yoveli Tvis bolos? ipoveT diskonti. 

28. meSvide wlis bolos dagrovebuli Tanxaa 240000 lari. ipoveT misi 

dRevandeli Rirebuleba, Tu daricxva xdeboda: a) yoveli 6 Tvis 

bolos wliuri 30% sargebliT; b) yoveli kvartlis bolos 

wliuri 40% sargebliT. 
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29. ra Tanxa unda SevitanoT bankSi rTuli wliuri 30% sargebliT, 

rom davagrovoT 50000 lari: a) 6 wlis Semdeg Tu daricxva xdeba 

yoveli wlis bolos; b) 4 wlis Semdeg, Tu daricxva xdeba yoveli 

Tvis bolos? 

30. ipoveT 40000 laris dRevandeli Rirebuleba, Tu: a) es Tanxa 

miRebuli iqneba 5 wlis da 3 Tvis Semdeg; b) es Tanxa miRebuli 

iqna 3 wlis da 6 Tvis win; g) es Tanxa miRebuli iqna kontraqtis 

gaformebis momentSi. Tanxis ganTavseba SeiZleba bankSi wliuri 

rTuli 36%-iT. 

31. nominaluri saprocento ganakveTia 32%. procentebis daricxva 

xdeba yoveli kvartlis bolos. ipoveT 15000 laris dRevandeli 

Rirebuleba, Tu: a) es Tanxa moTavsebuli iqna depozitze 3 wlis 

da 2 Tvis win; b) es Tanxa moTavsebuli iqneba bankSi 10 Tvis 

Semdeg. 

32. Tqven gaqvT 8000 lari. banki gTavazobT wliur rTul 25% 

sargebels. garda amisa, gTavazoben finansur garigebas, romlis 

mixedviTac Tqveni aqtivi 5 wlis Semdeg gaizrdeba 2,9-jer. romel 

variants amjobinebdiT? 

33.  ra aris ukeTesi TqvenTvis wliuri rTuli 29% sargeblis 

SemTxvevaSi: 100000 lari dRes, Tu 700000 lari 8 wlis Semdeg? 

34. ra ufro momgebiania TqvenTvis: 4600 lari 4 wlis Semdeg, Tu 5200 

lari 5 wlis Semdeg, Tu SegiZliaT ganaTavsoT Tanxa depozitze 

wliuri rTuli 16% sargebliT?  

35. klientma ganaTavsa 25000 lari bankSi rTuli wliuri 30%_iT. 1 

wlis da 9 Tvis Semdeg man gamoitana 8000 lari, momdevno 3 wlis 

Semdeg Seitana 4000 lari. klientma angariSi daxura momdevno 2 

wlis da 3 Tvis Semdeg. ipoveT Tanxis sidide daxurvis 

momentisaTvis. 

36. mewarmem ganaTavsa 30000 lari bankSi rTuli wliuri 32% 

sargebliTa da yovelkvartaluri daricxvebiT. 3 wlis da 3 Tvis 

Semdeg man gamoitana 12000 lari, momdevno 1 wlis da 6 Tvis Semdeg 

Seitana 8000 lari. angariSi daxura momdevno 15 Tvis Semdeg. 

ipoveT Tanxis sidide daxurvis momentisaTvis. 
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37. firmas surs daagrovos 2 milioni lari, raTa 10 wlis Semdeg 

SeiZinos Senoba ofisisaTvis. yvelaze usafrTxo meTodia urisko 

saxelmwifi fasiani qaRaldebis SeZena, romelic iZleva wliur 

rTul 8% sargebels, yoveli 6 Tvis bolos daricxvebiT. ra Tanxa 

unda gamoyos firmam dRes fasiani qaRaldebis SesaZenad? 

38. maenabrem Seitana bankSi 16000 lari 2 wlis win rTuli wliuri 

28% sargebliTa da yoveli kvartlis bolos daricxvebiT. 

Setanidan 18 Tvis Semdeg man moxsna angariSidan 12000 lari, xolo 

momdevno 3 wlis Semdeg isev Seitana 10000 lari. momdevno 1,5 wlis 

Semdeg meanabrem Seitana garkveuli raodenobis Tanxa da bolos 

naxevari wlis Semdeg angariSze aRmoCnda 80000 lari. ra Tanxa 

Seutania meanabres bolos. 

39. mewarmem aiRo sesxad 200000 lari wliuri 25% ganakveTiT. 2 wlis 

Semdeg man daubruna banks 120000 lari. momdevno erTi wlis Semdeg 

isev aiRo sesxad 60000 lari igive pirobebiT. amis Semdeg 3 wlis 

bolos man dafara davalianeba. ra Tanxa daabruna mewarmem 

bolos? 

40. mewarmem SeiZina 400000 laris mowyobiloba kreditSi rTuli 

wliuri 20% sargebliT. 2,5 wlis Semdeg gadaixada 250000 lari da 

kidev erTi wlis Semdeg man srulad dafara davalianeba. ipoveT 

bolos gadaxdili Tanxa. 

41. moqalaqem SeiZina 140000 larad Rirebuli saxli kreditSi rTuli 

wliuri 30% sargebliT. yidvis momentSi man gadaixada 80000 lari. 

darCenil davalianebas igi dafaravs 2 wlis ganmavlobaSi yoveli 

6 Tvis bolos Tanabari gadaxdebiT (pirveli gadaxda yidvidan 6 

Tvis Semdeg). risi tolia yoveli gadasaxadi? 

---------------------------------------------------------------------------------------------------------------- 

42. gadasaxadi 4000 lari, 3 Tvis Semdeg gadaxdiT, unda Seicvalos 5 

Tvis Semdeg gadaxdiT. ipoveT axali gadasaxadi, Tu wliuri 

martivi saprocento sargebelia 36%. 

43. gadasaxadebi 8000 lari, 5000 lari, 10000 lari da 7000 lari 

gadaxdil unda iqnes, Sesabamisad, 60, 150, 120 da 200 dRis Semdeg. 

mxareebis SeTanxmebis Sedegad movale dafaravs mTlian 

davalianebas 140 dRis Semdeg. ipoveT konsolidirebuli 
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gadasaxadi, Tu am finansur operaciaSi gamoiyeneboda wliuri 

martivi saprocento sargebeli 40%. (dayvanis momentad ganixileT 

konsolidirebuli gadasaxadis gadaxdis dRe). 

44. gadasaxadebi 4000 lari, 12000 lari da 9000 lari gadaxdil unda 

iqnes, Sesabamisad, 80, 150 da 210 dRis Semdeg. mxareebis SeTanxmebis 

Sedegad movale gadaixdis samive gadasaxadis jams. ipoveT 

konsolidirebuli gadasaxadis vada, Tu am finansur operaciaSi 

gamoiyeneboda wliuri martivi 30%-iani ganakveTi. dayvanis 

momentad ganixileT aTvlis momenti. (Cveulebrivi procenti). 

45.  20000 lari gadaxdil unda iqnes 100 dRis Semdeg. igi unda 

Seicvalos ori gadasaxadiT 30 da 60  dRis Semdeg. pirveli 

gadasaxadis sididea 12000 lari. ipoveT meore gadasaxadi, Tu 

wliuri sargebelia martivi 36%. dayvanis momentad ganixileT 

aTvlis momenti. (Cveulebrivi procenti). rogor Seicvleba Sedegi, 

Tu dayvanis momentad ganixilavT bolo dRes? 

46. kontraqtis pirobis mixedviT,  gadasaxadebi 15000 lari, 5000 lari 

da 10000 lari gadaxdil unda iqnes, Sesabamisad, 15 aprils, 8 

ivniss da 20 seqtembers.  mxareebi SeTanxmdnen gadaxdis axal 

wesze: 12000 _ 25 maiss, 4000 _ 15 ivliss, darCenili davalianeba 

daifareba 1 agvistos. ipoveT bolo gadasaxadi, Tu wliuri 

martivi ganakveTia 38%. (gamoiyeneT 365/365 meTodi, weliwadi 

nakiania). dayvanis momentad ganixileT 15 aprili. 

47. kontraqtis pirobis mixedviT, mewarmem unda gadauxados banks 

20000, 10000 da 30000 lari, Sesabamisad, 1 marts, 15 ivliss da 18 

oqtombers. ormxrivi SeTanxmebis Sedegad mewarme dafaravs 

davalianebas toli gadasaxadebiT 10 aprils, 1 ivniss da 1 

seqtembers. ipoveT es gadasaxadebi, Tu wliuri martivi ganakveTia 

26%. (gamoiyeneT 365/365 meTodi). dayvanis momentad ganixileT 1 

merti. 

48. kontraqtis pirobis mixedviT, mewarmem unda gadauxados 

kreditors 5000 lari 1 wlis Semdeg, 25000 lari 3 wlis Semdeg da 

20000 lari 4 wlis Semdeg. mewarmem SesTavaza gadaxdis Semdegi 

varianti: 20000 lari 2 wlis Semdeg da 25000 lari 3 wlis Semdeg. 

aris Tu ara es ori varianti eqvivalenturi, Tu wliuri martivi 
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ganakveTia 28%? romeli mxare dazaralda? dayvanis momentad 

ganixileT kontraqtis gaformebis momenti. 

49. gadasaxadi 18000 lari, 5 wlis Semdeg gadaxdiT, unda Seicvalos 3 

wlis Semdeg gadaxdiT. ipoveT axali gadasaxadi, Tu wl;iuri 

saprocento sargebelia rTuli 24%, procentebis yoveli kvartlis 

bolos daricxviT. 

50. gadasaxadebi 8000, 15000 da 25000 lari, Sesabamisad, 1 wlis, 2,5 

wlis da 3 wlis Semdeg gadaxdebiT, unda Seicvalos 2 wlis 

Semdeg gadaxdiT. ipoveT es gadasaxadi, Tu wliuri ganakveTia 

rTuli 36%. 

51. kontraqtis pirobis mixedviT, mewarmem unda gadauxados banks 

16000 lari 6 Tvis Semdeg, 12000 lari momdevno 1 wlis Semdeg da 

24000 lari momdevno 2 wlis Semdeg. mewarmem SesTavaza gadaxdis 

Semdegi varianti: 35000 lari 3 wlis Semdeg da 60000 lari 

momdevno 3 wlis Semdeg. aris Tu ara es ori varianti 

eqvivalenturi, Tu wliuri saprocento sargebelia rTuli 36%, 

procentebis yoveli kvartlis bolos daricxviT? romeli mxare 

dazaraldeba? 

52. kontraqtis pirobis mixedviT, mewarmem unda gadauxados 

kreditors 12000 lari 9 Tvis Semdeg, 15000 lari momdevno 1 wlis 

Semdeg da 18000 lari momdevno 1,5 wlis Semdeg. SeTanxmebis 

Sedegad mewarme dafaravs davalianebas toli gadaxdebiT 2 wlis 

da 4 wlis Semdeg. ipoveT TiToeuli gadasaxadi, Tu wliuri 

ganakveTia rTuli 32%, procentebis daricxva xdeba yoveli 6 Tvis 

bolos.   

53. mewarmem unda gadauxados banks 5000 lari 1 wlis Semdeg, 15000 

lari 2,5 wlis Semdeg da 10000 lari 4 wlis Semdeg. SeTanxmebis 

Sedegad mewarme dafaravs davalianebas oTxi toli gadasaxadiT, 

Sesabamisad, 6 Tvis, 1,5 wlis, 3 wlis da 5 wlis Semdeg. ipoveT 

TiToeuli gadasaxadi, Tu wliuri ganakveTia rTuli 28% da 

procentebis daricxva xdeba yoveli 6 Tvis bolos. 

54. ori valdebuleba 60000 lari da 90000 lari gadaxdil unda iqnas 

Sesabamisad, 3 wlis da 5 wlis Semdeg. ormxrivi SeTanxmebis 

Sedegad davalianebis dafarva moxdeba Semdegnairad: 15000 lari _  
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1,5 wlis Semdeg, 45000 lari _ 2 wlis Semdeg, 50000 lari _ 6 wlis 

Semdeg. darCenili davalianeba daifareba 7 wlis Semdeg. ipoveT 

bolo gadasaxadi, Tu wliuri ganakveTia rTuli 32% da 

procentebis daricxva xdeba yoveli kvartlis bolos. 

55.  naxevarweliwadSi samomxmareblo kalaTa gaZvirda 645 laridan 

788 laramde. ipoveT inflaciis tempi: a) yovel TveSi; b) yovel or 

TveSi. 

56. wlis ganmavlobaSi inflaciis saSualo Tviuri tempia 4%. ipoveT 

inflaciis indeqsi da tempi: a) kvartalSi, b) weliwadSi. 

57. 10000 lars 3 Tvis ganmavlobaSi ericxeboda wliuri martivi 30% 

sargebeli. yovelTve fasebi izrdeboda, Sesabamisad, 7%, 5% da 4%-

iT. ipoveT dagrovili Tanxa inflaciis gaTvaliswinebiT da 

realuri saprocento sargebeli. 

58. bankma gasca 700000 lari sesxad 75 dRiT martivi wliuri 40%-iT. 

am periodSi inflaciis tempi Seadgenda 8%-s. ipoveT bankis 

realuri Semosavali, Tu weliwadSi aris a) 360 dRe; b) 365 dRe. 

59. ipoveT realuri saprocento ganakveTi, Tu nominaluri wliuri 

martivi ganakveTia 30%, xolo inflaciis tempia 16%. ras unda 

udrides nominaluri ganakveTi, rom realuri ganakveTi iyos 30%? 

60. krediti, 150000 lari, gacemulia rTul procentSi 5 wlis vadiT. 

rogori unda iyos saprocento nominaluri ganakveTi, Tu realuri 

ganakveTia wliuri 20% da am periodSi fasebi gaizarda 2,6-jer? 

ipoveT dagrovebuli jami inflaciis gauTvaliswineblad. 

61. sesxis gacemisas banki cdilobs miiRos realuri wliuri 

sargebeli rTuli 22%. wliuri rTuli ra saprocento ganakveTiT 

unda gasces man sesxi, Tu inflaciis mosalodneli tempia 14% 

weliwadSi? 

62. ipoveT realuri Semosavlianoba wliuri rTuli saprocento 

ganakveTis saxiT, Tu nominaluri ganakveTia wliuri 36% da 

inflaciis mosalodneli tempia 20% weliwadSi? 

63. anabarze arsebuli Tanxis zrdis tempma 4 wlis ganmavlobaSi 

Seadgina, Sesabamisad, 1,52; 1,41; 1,64 da 1,53. ipoveT wliuri realuri 

Semosavlianoba efeqturi saprocento ganakveTis saxiT, Tu 

inflaciis wliuri tempia 30%.  
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----------------------------------------------------------------------------------------------------------------- 

64.  moqalaqes yoveli wlis bolos bankSi Sehqonda 4000 lari, 

romelsac ericxeboda wliuri 30% rTuli saprocento sargebeli. 

ipoveT angariSze dagrovebuli Tanxa: a) 3 wlis Semdeg; b) 8 wlis 

Semdeg; g) 15 wlis Semdeg. rogor Seicvleba Tanxis sidide, Tu 

Tanxis Setana moxdeba yoveli wlis dasawyisSi? 

65. mewarme investiciis Sedegad iRebs yoveli 6 Tvis bolos 12000 

lars. am Tanxebis ganTavseba xdeba bankSi wliuri rTuli 24% 

sargebliT. ipoveT 4 wlis bolos dagrovebuli Tanxa, Tu 

procentebis daricxva xdeba: a) yoveli wlis bolos; b) yoveli 6 

Tvis bolos; g) yoveli kvartlis bolos. 

66. 6 wlis ganmavlobaSi yoveli 6 Tvis bolos bankSi SehqondaT 10000 

lari. wliuri saprocento ganakveTia 20%. daricxva yoveli 6 Tvis 

bolos. ipoveT dagrovebuli Tanxa. 

67. SeadareT kapitalis dagrovebis 2 varianti: a) yoveli 6 Tvis 

bolos anabarze 30000 laris ganTavseba wliuri 18% sargebliT da 

yoveli 6 Tvis bolos daricxviT; b) yoveli wlis bolos anabarze 

63000 laris ganTavseba wliuri 19% sargebliT da yoveli wlis 

bolos daricxviT. ra Tanxa iqneba angariSze 10 wlis Semdeg? 

Seicvleba Tu ara gadawyvetileba, Tu meore variantSi saprocento 

ganakveTi iqneba 18,5%? 

68. SeadareT kapitalis dagrovebis 2 varianti: a) yoveli kvartlis 

dasawyisSi depozitze 15000 laris ganTavseba wliuri 20% 

sargebliT da yoveli kvartlis bolos daricxviT; b) yoveli 

wlis dasawyisSi depozitze 52000 laris ganTavseba wliuri 22% 

sargebliT da yoveli wlis bolos daricxviT. ra Tanxa iqneba 

angariSze 8 wlis Semdeg? Seicvleba Tu ara gadawyvetileba, Tu 

meore variantSi saprocento ganakveTi iqneba 23%? 

69. sadazRvevo kompaniam gaaforma kontraqti organizaciasTan 3 wlis 

vadiT, romlis Tanaxmad wliuri sadazRvevo Senatani iqneba 6000 

lari. am Senatanebis ganTavseba xdeba bankSi wliuri rTuli 25%-

iT. ipoveT sadazRvevo kompaniis mier miRebuli Tanxa, Tu Setana 

xdeba: a) yoveli wlis bolos; b) yoveli 6 Tvis bolos 3000 laris 

odenobiT; g) yoveli kvartlis bolos 1500 laris odenobiT. 
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70. sadazRvevo kompaniam gaaforma kontraqti organizaciasTan 4 wlis 

vadiT, romlis Tanaxmad kvartaluri sadazRvevo Senatania 15000 

lari. am Senatanebis ganTavseba xdeba bankSi wliuri rTuli 36%-

iT. ipoveT angariSze dagrovebuli Tanxis dRevandeli 

Rirebuleba, Tu daricxva xdeba: a) yoveli kvartlis bolos: b) 

yoveli Tvis bolos. 

71. moqalaqes depozitze yovelwliurad Seaqvs 24000 lari 

nominaluri 32% sargebliT. ipoveT 8 wlis bolos dagrovebuli 

Tanxa, Tu: a) Setana xdeba yoveli wlis bolos, daricxva ki _ 

yoveli 6 Tvis bolos; b) Setana xdeba yoveli Tvis bolos 

Tanabari wilebiT (e.i. 2000 lari), darocxva ki _ yoveli 3 Tvis 

bolos. 

72. Rirs Tu ara 5500 laris fasiani qaRaldebis yidva, romelic 

iZleva 1000 laris wliur Semosavlebs 20 wlis ganmavlobaSi, 

maSin, roca banki sTavazobs anabarze wliur rTul 18% 

sargebels? 

73. klients surs daagrovos 80000 lari: a) 5 wlis Semdeg; b) 10 wlis 

Semdeg. ra Tanxa unda Seitanos man yoveli wlis bolos, Tu 

wliuri rTuli saprocento ganakveTia 30%. 

74. mewarmes, mowyobilobis SeZenis mizniT, surs daagrovos 250000 

lari: a) 3 wlis Semdeg; b) 8 wlis Semdeg. amisaTvis yoveli 

kvartlis bolos mas Seaqvs bankSi toli Tanxebi. wliuri 28% 

sargebliT. daricxva xdeba yoveli 6 Tvis bolos. ipoveT 

yovelkvartaluri Senatani. 

75. yoveli kvartlis dasawyisSi anabarze SeaqvT 10000 lari 

nominaluri 24% sargebliT. ipoveT 3 wlis bolos dagrovebuli 

Tanxa, Tu procentebis daricxva xdeba: a) yoveli wlis bolos; b) 

yoveli 6 Tvis bolos. 

76. xuTwliani 300000 lariani fondis Sesaqmnelad mewarmes depozitze 

Seaqvs yoveli wlis bolos garkveuli Tanxa. nominaluri 

ganakveTia 24%. daricxva xdeba: a) yoveli wlis bolos; b) yoveli 

Tvis bolos. ipoveT es Senatanebi. 

77. TanamSromelma organizaciasTan gaaforma kontraqti, romlis 

Tanaxmad organizacia iRebs valdebulebas TanamSromlis 
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angariSze 15 wlis ganmavlobaSi gadaricxos yoveli wlis bolos 

Tanabari Tanxebi. dagrovebuli Tanxa uzrunvelyofs 

TanamSromlis pensias (60 wlis asakis miRwevis Semdeg) yoveli 

wlis bolos 5000 lars, 10 wlis ganmavlobaSi. ipoveT bankSi 

gadasaricxi Tanxa, Tu TanamSromeli aris 45 wlis da wliuri 

saprocento sargebelia 22%. 

78. mewarmes sTavazoben 300000 laris investicias, romlis dabruneba 

moxdeba Semdegnairad: yoveli wlis bolos 60000 lari 5 wlis 

ganmavlobaSi da 5 wlis bolos 120000 lari. misaRebia Tu ara es 

varianti mewarmisaTvis, Tu mas SeuZlia am Tanxis deponireba 

bankSi wliuri 20% sargebliT? 

79. ra Tanxa unda ganaTavsos mewarmem anabarze, rom misma I kursis 

studentma Svilma, yoveli wlis bolos angariSidan moxsnas 3600 

lari da mexuTe wlis bolos daxuros angariSi, Tu nominaluri 

ganakveTia 30%? 

80. ra minimaluri Tanxa unda movaTavsoT depozitze wliuri 30% 

sargebliT, rom 10 wlis ganmavlobaSi yoveli wlis bolos 

moixsnas 7000 lari, Tu procentebis daricxva xdeba: a) yoveli 

wlis bolos; b) yoveli 6 Tvis bolos? 

81. ra Tanxa unda movaTavsoT depozitze wliuri 24% sargebliT, rom 

9 wlis ganmavlobaSi yoveli 2 Tvis bolos moixsnas 2000 lari da 

mecxre wlis bolos angariSi amoiwuros, Tu procentebis 

daricxva xdeba: a) yoveli wlis bolos; b) yoveli kvartlis 

bolos? 

----------------------------------------------------------------------------------------------------------------- 

82. iuridiul pirs aqvs 40000 lari da Tanxis investireba 

SesaZlebelia ori A  da B  proeqtebidan mxolod erTSi. A  

proeqti iTxovs sawyis sainvesticio Tanxas 10000 lars da 3 wlis 

Semdeg abrunebs 12000 lars. B  proeqti iTxovs sawyis 

sainvesticio Tanxas 40000 lars da 3 wlis Semdeg abrunebs 45000  

lars. cnobilia, rom safinanso bazris sargeblis wliuri rTuli 

ganakveTia 6%. romel proeqtSi ufro momgebiania fulis 

dabandeba? 
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83. firmas aqvs arCevani daabandos 15000 lari ori A  da B  

proeqtebidan erTSi. am proeqtebidan Semosavali wlebis mixedviT 

mocemulia Semdegi cxriliT: 

weliwadi firmis Semosavali 

A  proeqti B  proeqti 

1 
1a =4000 1b =10000 

2 
2a =5000 2b =3000 

3 
3a =8000 3b =4000 

4 
4a =3000 4b =2000 

sul 20000 19000 

cnobilia, rom sargeblis sabazro wliuri rTuli ganakveTia 12%. 

romel proeqtSi monawileobaa ufro momgebiani? 

84. sainvesticio proeqti 18000 laris investors hpirdeba 6000 laris 

mogebas xuT weliwadSi. gamoTvaleT sargeblis Siga ganakveTi da 

gansazRvreT, momgebiania Tu ara es proeqti, Tu sargeblis 

sabazro wliuri rTuli ganakveTia 9%. 

85. mTavrobis mier gamoSvebuli rvawliani obligaciis Tavdapirveli 

Rirebuleba iyo 3000 lari, martivi 8%-iani yovelwliuri 

sargebliT. gansazRvreT obligaciis sawyisi Rirebuleba, Tu 

gamosyidvamde darCenilia 4 weli da sargeblis sabazro rTuli 

ganakveTia  10%.  

86. mTavrobis mier gamoSvebuli aTwliani obligaciis Tavdapirveli 

Rirebuleba iyo 1000 lari, martivi 7%-iani yovelwliuri 

sargebliT. gansazRvreT obligaciis sawyisi Rirebuleba, Tu 

gamosyidvamde darCenilia 5 weli da sargeblis sabazro rTuli 

ganakveTia  9%.  

87. ra Tanxas daubrunebs proeqtSi monawile mxare investors 18000 

laris sanacvlod, Tu sargeblis Siga ganakveTia 10%, xolo 

proeqtis xangrZlivobaa 6 weli? 

88. dabandebuli Tanxis sanacvlod 8 wlis Semdeg investors 

daubrunda 85000 lari. ra Tanxa daabanda investorma, Tu 

sargeblis Siga ganakveTi iyo 12%? 
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89. dabandebuli 18000 laris sanacvlod investors daubrunda 26000 

lari. ramdeni weli grZeldeboda investicia, Tu proeqtis 

sargeblis Siga ganakveTi iyo 8%? 

90. sainvesticio proeqti moiTxovs 35000 lars da 6 wlis Semdeg 

abrunebs 42000 lars. amasTan cnobilia, rom safinanso bazarze 

sargeblis wliuri rTuli ganakveTia 8%. ipoveT: a) wminda sawyisi 

sidide; b) sargeblis Siga ganakveTi; g) ra Tanxas miiRebs 

investori 6 wlis Semdeg Tanxis safinanso bazarze dabandebiT? d) 

ra Tanxa unda daabandos investorma safinanso bazarze, rom 6 

wlis Semdeg miiRos 42000 lari. 

91. investors aqvs SesaZlebloba 30000 lari daabandos Semdegi oTxi 

proeqtidan mxolod erTSi: A  proeqti iTxovs 18000 lars da 

abrunebs 25000 lars; B  proeqti iTxovs 22000 lars da abrunebs 

28000 lars; C  proeqti iTxovs 26000 lars abrunebs 35000 lars; D  

proeqti iTxovs 30000 lars da abrunebs 40000 lars. romeli 

proeqtia ufro momgebiani investorisaTvis, Tu safinanso bazarze 

sargeblis wliuri rTuli ganakveTia 10% da TiToeuli proeqti 

aris samwliani? 
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Tavi 8 

 

ricxviTi mimdevrobebi da mwkrivebi 

 

 
$8.1. ZiriTadi cnebebi.  Tu mocemulia wesi, romlis mixedviTac 

yovel naturalur n  ricxvs Seesabameba erTi garkveuli na ricxvi, 

maSin vityviT, rom mocemulia ricxviTi mimdevroba ,....,...,, 21 naaa  

    1a -s  ewodeba mimdevrobis pirveli wevri, 
2a -s _ meore wevri da 

a.S., na -s ewodeba n -uri anu zogadi wevri.  

 simoklisaTvis ricxviT mimdevrobas aRniSnaven  na  simboloTi.  

ganvixiloT mimdevrobis magaliTebi:  

1. 
n

an

1
 , e.i. gveqneba ;.... 

3

1
 

2

1
 

n

1
;...;;;1 am mimdevrobas maTematikaSi 

harmoniuli mimdevroba ewodeba. rogorc vxedavT am mimdevrobis 

yoveli wina wevri metia mis momdevno wevrze. am SemTxvevaSi amboben, 

rom mimdevroba klebadia. 

2. ,
2

2




n

n
an  e.i. gveqneba ;...

2

2
;...;;

3

2

n

n

5

6
 1;  am mimdevrobis yoveli 

momdevno wevri metia wina wevrze. am SemTxvevaSi amboben, rom 

mimdevroba zrdadia. 

3. ,)1( n

na  e.i. gvaqvs ;...;1 n(-1)1;...; 1;- 1;   es mimdevroba niSancvladia. 

4. ,
1

)1(






n
a

n

n  e.i. gvaqvs ,...
1

)1(
,...,,,

2

1






n

n

4

1
- 

3

1
 mimdevroba niSancvladia. 

5. ,43  nan e.i. gvaqvs ,...4,7 n13,...,3 10,  mimdevroba zrdadia.  

6. ,43  nan  e.i. gvaqvs ,...5,...,-- 2,- 43,1 n  mimdevroba klebadia. 

Tu mimdevroba mocemulia, rogorc zemoT, formuliT, maSin 

vityviT, rom mimdevroba mocemulia analizuri saxiT. magaliTad, Tu 

,43  nan  maSin SegviZlia gamovTvaloT mimdevrobis nebismieri 

wevri. kerZod,  ,164 a .304,64 10020  aa    

mimdevroba SeiZleba mocemuli iyos agreTve rekurentuli 

saxiTac. 

vityviT, rom mimdevroba mocemulia rekurentuli saxiT, Tu 

mocemulia mimdevrobis pirveli an ramdenime sawyisi wevri da 
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formula, romlis saSualebiTac gamoiTvleba mimdevrobis danarCeni 

wevrebi. 

moviyvanoT magaliTebi: 

1. 21 a  da .1,31  naa nn  es ariTmetikuli progresiaa. 

2. 21 a  da .1,21  naa nn   es geometriuli progresiaa. 

3. .1,1 1221 nnn aaaaa   da    

 na  mimdevrobas ewodeba zrdadi, Tu ...... 121  nn aaaa  da 

ewodeba klebadi, Tu ...... 121  nn aaaa  

 na  mimdevrobas ewodeba araklebadi, Tu ...... 121  nn aaaa   

da ewodeba arazrdadi, Tu ...... 121  nn aaaa  

zrdad, klebad, araklebad da arazrdad mimdevrobebs 

monotonuri mimdevrobebi ewodebaT. 

 na  mimdevrobas ewodeba zemodan SemosazRvruli, Tu arsebobs 

iseTi M  ricxvi, romelic metia an toli mimdevrobis yovel wevrze, 

e.i. .Man   

 na  mimdevrobas, ewodeba qvemodan SemosazRveuli, Tu arsebobs 

iseTi m  ricxvi, romelic naklebia an toli mimdevrobis yovel 

wevrze, e.i. .man   

 na  mimdevrobas ewodeba SemosazRvruli, Tu is erTdroulad 

SemosazRveulia qvemodanac da zemodanac, e.i. arsebobs iseTi M  da 

m  ricxvebi, rom nebismieri n sTvis adgili aqvs Mam n   

utolobas. sxva sityvebiT, es imas niSnavs, rom mimdevrobis yvela 

wevri moTavsebulia m  da M  ricxvebs Soris. 

 

$8.2. ricxviTi mimdevrobis zRvari.  ganvixiloT konkretuli 

mimdevroba  na , sadac 
n

an

1
  da davadginoT,ra xdeba, rodesac n  

usasrulod izrdeba (anu n ). rogorc vxedavT es  mimdevroba 

klebadia ...
1

11
...

3

1

2

1
1 1321 


 

n
a

n
aaaa nn  
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cxadia, rom rodesac n  Zalian didi naturaluri ricxvia, maSin 

n
an

1
  Zalian mcire dadebiTi ricxvia. Tu 

n
an

1
  ricxvebs 

gamovsaxavT ricxviT RerZze, davinaxavT, rom rac ufro didia n , 

miT ufro axlosaa 
n

an

1
  wertili O saTavesTan. e.i. manZili 

saTavesa da na  wertils Soris Zalian mcirdeba. 

          4a  3a     2a               1a  

    |       |   |      |                |         X                   

        O      
4

1
3

1    
2

1               1        

amrigad, roca n  miiswrafis usasrulobisken, maSin 
n

an

1
  

ricxvebi uaxlovdebian nuls. aseT SemTxvevaSi amboben, rom 
n

an

1
  

mimdevroba miiswrafis nulisaken, roca n  miiswrafis 

usasrulobisken. am faqts ase Caweren: 0
1

0
1

lim 
 nnn

 an , rodesac 

n . axla SemoviRoT  mimdevrobis zRvris zusti maTematikuri 

ganmarteba. 

a  ricxvs ewodeba  na  mimdevrobis zRvari, Tu nebismieri 

dadebiTi   ricxvisTvis moiZebneba iseTi  (00 nn  ricxvi, rom 

roca  (0nn , maSin adgili aqvs utolobas  aan . 

is faqti, rom a  aris  na  mimdevrobis zRvari, Caiwereba ase: 

.lim aan
n




 

mimdevrobis zRvars SeiZleba mivceT Semdegi geometriuli 

interpretacia. vTqvaT, ricxvTa  na  mimdevrobis wevrebi ricxviT 

RerZze gamosaxulia wertilebiT. Tu a  ricxvi aris  na  

mimdevrobis zRvari, maSin mimdevrobis yvela wevri, garda 

SesaZlebelia sasruli raodenobisa, moTavsdeba   aa(  

intervalis SigniT.   aa(  intervals uwodeben a  wertilis   

midamos an a  wertilis simetriul midamos.  
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      a    na   a        a  

 |       |      |    |          |                  X  

O         )(0 nn                                       

Tu  na  ricxviT mimdevrobas gaaCnia zRvari, maSin mas krebadi 

mimdevroba ewodeba. sawinaaRmdego SemTxvevaSi mimdevroba 

ganSladia. 

Teorema 8.1. yovel krebad mimdevrobas mxolod erTi zRvari 

aqvs. 

 Teorema 8.2. yoveli krebadi mimdevroba SemosazRvrulia. 

am Teoremidan gamomdinareobs Semdegi debuleba:  

mimdevrobas, rom zRvari hqondes, igi aucileblad 

SemosazRvruli unda iyos.  

SevniSnoT, rom mimdevrobis SemosazRvrulobidan, ar 

gamomdinareobs misi krebadoba. 

magaliTad, mimdevroba n

na )1(  SemosazRvrulia, radgan 

11  na , magram, mas zRvari ar gaaCnia. 

zRvrebis gamoTvlis dros gamoiyeneba Semdegi Teoremebi: 

Teorema 8.3. Tu  na  da  nb  mimdevrobebi krebadia, maSin 

krebadia  nn ba   mimdevrobac da adgili aqvs tolobas: 

.limlim)(lim n
n

n
n

nn
n

baba


  

Teorema 8.4. Tu  na  da  nb  mimdevrobebi krebadia, maSin 

krebadia  nn ba  mimdevrobac da adgili aqvs tolobas: 

  .limlimlim n
n

n
n

nn
n

baba


  

kerZod, Tu aan   mudmivi mimdevrobaa, maSin   .limlim n
n

nn
n

baba


  

e.i. mudmivi mamravli SegviZlia gavitanoT zRvris niSnis gareT. 

Teorema 8.5. Tu  na  da  nb  mimdevrobebi krebadia, 0lim 


n
n

b , da 

yoveli n –Tvis 0nb , maSin 








n

n

b

a
 mimdevroba krebadia da adgili 

aqvs tolobas: 
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.
lim

lim
lim

n
n

n
n

n

n

n b

a

b

a






  

Teorema 8.6. Tu monotonuri mimdevroba SemosazRvrulia, maSin 

igi krebadia. 

 

$8.3. neperis ricxvi. zRvars e
n

n

n













1
1lim  ewodeba neperis 

ricxvi. e  iracionaluri ricxvia da misi miaxloebiTi mniSvneloba 

aTi aTwiladis sizustid Semdegia e =2,7182818284. praqtikul 

gamoTvlebSi umetes SemTxvevaSi aTobiTi logariTmebiT 

sargebloben, magram xSir SemTxvevaSi sxvadasxva sakiTxis 

Seswavlisas ufro xelsayrelia visargebloT naturaluri anu 

neperis logariTmebiT, romelTa fuZed aRebulia neperis ricxvi e . 

Tu x  raime dadebiTi ricxvia, maSin am ricxvis naturalur 

logariTms aRniSnaven xln  simboloTi. e.i.  xxe lnlog  . mimdevrobis 

zRvris gamoTvlisas xSirad sargebloben formuliT: 

.1lim ab

nb

n
e

n

a












 

wina paragrafSi  (7.12) formula miviReT daumtkiceblad. axla 

davamtkicoT es formula: Tu  weliwadSi anabarze daricxva xdeba 

m –jer, maSin t  wlis Semdeg dagrovili Tanxa iqneba  

,
100

1

mt

m
m

r
KK 










                       (8.1) 

sadac, r -nominaluri wliuri saprocento ganakveTia. Tu (8.1)-s 

SevadarebT 
nb

n

a








1 -s da SemoviRebT 

100

r
a  , tb   aRniSvnebs, gveqneba:  

100

100
1limlim

rtmt

m
m

m
Ke

m

r
KK 













. 

 miviReT (7.12) formula.   

amocana 1.  gamovTvaloT mimdevrobis zRvari, Tu 

.
47

843
2

2

n

nn
an




  

 amoxsna. mricxvelisa da mniSvnelis 2n -ze gayofiT miviRebT:  
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4
7

8
43

2

2







n

nnan . 

zemoT moyvanili Teoremebis ZaliT gvaqvs: 

.2
40

800

4lim
7

lim

8lim
4

lim
3

lim

4
7

8
43

limlim

2

2

2

2
























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nnn

n
n

n

n
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n

nna  

 

$8.4. ricxviTi mwkrivi. vTqvaT, mocemulia usasrulo  na  

mimdevroba. am usasrulo mimdevrobis wevrTa jams  







1

21 ......
i

in aaaa                         (8.2) 

ewodeba ricxviTi mwkrivi. 

am mwkrivis wevrebisagan SevadginoT ,...,...,, nSSS   mimdevroba, 

sadac 

..  .  .  .  .  .  .    

.  .  .  .  .  .  .  .    

 

.

,...

.

,

,

21

1

21

2

1

2

1

1

1

1

n

n

i

in

i

i

i

i

aaaaS

aaaS

aaS



















 

nS  jams (8.2) mwkrivis kerZo jamebi ewodeba. 

(8.2) mwkrivs ewodeba krebadi, Tu kerZo jamTa  nS  mimdevroba 

krebadia, da am mimdevrobis zRvars mwkrivis jami ewodeba. e.i. Tu 

SSn
n




lim , maSin Sa
i

i 


1

.  

Tu mwkrivis kerZo jamTa  
1nnS  mimdevroba krebadi ar aris, 

maSin mwkrivs ganSladi ewodeba. 

amocana 2.  vipovoT 







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32
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1
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mwkrivis jami. 
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amoxsna. .
3

1
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1
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1
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3

1

3

1
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3

1
2221 nnSSS     

geometriuli progresiis wevrTa jamis formulis Tanaxmad 
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cxadia, rom  
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


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n
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amocana 3.  vaCvenoT, rom mwkrivi, romlis zogadi wevria 

n

na )1( , ganSladia. 

amoxsna. radgan 

 



n

i

ni

1

...)1(...1111  

da misi kerZo jamTa mimdevroba 

,...0,1,0,1 4321  SSSS     

ganSladia, amitom 



n

i

i

1

)1(  mwkrivic ganSladia. 

amocana 4.  vipoviT 


 1 )1(

1

i ii
 mwkrivis jami.  

amoxsna. ganvixiloT kerZo jami 
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e.i. 


 1 )1(

1

i ii
 mwkrivi krebadia. 

mwkrivis jami yovelTvis ar gamoiTvleba. amitom mniSvnelovania 

imis dadgena rodis aris mwkrivi krebadi. 
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Teorema 8.7. Tu 


1n

na  mwkrivi krebadia, maSin misi zogadi wevri 

miiswrafis nulisaken, roca n , e.i. mwkrivis krebadobis 

aucilebeli pirobaa, rom misi zogadi wevri miiswrafodes nulisken, 

roca n  da es Semdegnairad Caiwereba:  

.0lim 


n
n

a  

 

cnobilia ricxviTi mwkrivis krebadobis ramdenime sakmarisi 

piroba (niSani). CamovayaliboT erT-erTi maTgani:  

Teorema 8.8.  Tu dadebiTwevrebiani 


1i

ia  mwkrivisaTvis arsebobs 

n

n

n a

a
l 1lim 


  

zRvari, maSin mwkrivi krebadia, Tu 1l  da ganSladi _ Tu 1l ; Tu 

1l  an zRvari ar arsebobs _ mwkrivi SeiZleba krebadic iyos da 

ganSladic. 

amocana 5.  gamovikvlioT  
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mwkrivis krebadoba. 

amoxsna. cxadia, rom  
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e.i. Sesrulebulia mwkrivis krebadobis aucilebeli piroba. 
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 e.i. mocemuli mwkrivi krebadia. 
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SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba ricxviTi mimdevroba? 

 rogori xerxebiT moicema mimdevroba? 

 ras niSnavs: mimdevroba mocemulia analizuri xerxiT? 

 ras niSnavs: mimdevroba mocemulia rekurentuli xerxiT? 

 rogor mimdevrobebs ewodebaT monotonuri? (gansazRvreT 

TiToeuli maTgani) 

 rogor mimdevrobas ewodeba zemodan SemosazRvruli? 

 rogor mimdevrobas ewodeba qvemodan SemosazRvruli? 

 rogor mimdevrobas ewodeva SemosazRvruli? 

 ras ewodeba mimdevrobis zRvari? 

 rogor mimdevrobas ewodeba krebadi?  ganSladi? 

 CamoayalibeT Teoremebi krebad mimdevrobebze. 

 ras ewodeba neperis ricxvi? 

 ras ewodeba krebadi (ganSladi) mwkrivi? 

 CamoayalibeT mwkrivis krebadobis aucilebeli piroba. 

 CamoayalibeT mwkrivis krebadobis sakmarisi piroba. 

 

 

savarjiSo 8 

 

1. gamoTvaleT zRvrebi: 
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9)  3293lim 2 
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2. CawereT jami gaSlili saxiT: 
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3. ipoveT mwkrivis jami: 

 

1) 


1 4

1

n
n
;                              2) 







1 3

)1(

i
i

i

; 

3) ;
)12)(12(

3

1




 k kk
                    4) .

)24)(24(

7

1




 k kk
 

 

4. amowereT mwkrivis zogadi wevri da SeamowmeT sruldeba 

Tu ara mwkrivis krebadobis aucilebeli piroba: 
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5. mwkrivis krebadobis sakmarisi niSnis gamoyenebiT 

gamoikvlieT mwkrivis krebadoba: 
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Tavi 9 

funqcia, misi zRvari da uwyvetoba 

 

$9.1. funqciis cneba. vTqvaT, mocemulia nebismieri (ara aucileblad 

ricxviTi) ori X  da Y  simravle. 

Tu mocemulia raime f  wesi, romlis mixedviTac X  simravlis yovel x  

elements Seesabameba Y simravlis erTaderTi y  elementi, maSin vityviT, rom 

mocemulia funqcia da vwerT: YX  an YXf : an )(xfy  . 

x -s uwodeben damoukidebel cvlads anu arguments, xolo y -s 

damokidebul cvlads anu funqcias. )( 0xf -s uwodeben funqciis mniSvnelobas, 

romelic Seesabameba argumentis 0x  mniSvnelobas. X  simravles ewodeba 

)(xf  funqciis gansazRvris are da mas aRniSnaven )( fD  simboloTi, xolo Y  

simravlis yvela im elementTa  qvesimravles, romlebic X  simravlis erT 

elements mainc Seesabameba, funqciis mniSvnelobaTa simravle ewodeba da 

aRiniSneba )( fE simboloTi. 

funqcias, romlis gansazRvris are da mnisvnelobaTa simravle 

ricxviTi simravleebia, ricxviTi funqcia ewodeba. Cven ganvixilavT da 

SeviswavliT ricxviT funqciebs. ricxviTi funqciebis SemTxvevaSi Zalian 

xSirad gamoiyeneba misi grafikuli warmodgena. ricxviTi funqciis grafiki 

ewodeba sakoordinato Oxy  sibrtyis yvela im );( yx  wertilTa simravles, 

romelTaTvisac )(xfy  . sazogadod, funqciis grafiki warmoadgens wirs 

Oxy  sibrtyeSi da )(xfy  -s uwodeben mis gantolebas. 

 

$9.2. funqciis zRvari.  vTqvaT, )(xf  funqia gansazRvrulia 0x  

wertilis raime midamoSi, garda SesaZlebelia TviT 0x  wertilisa. 

 A  ricxvs ewodeba )(xf  funqciis zRvari 0x  wertilSi, Tu nebismieri 

0  ricxvisaTvis moiZebneba iseTi 0  ricxvi, rom  |)(| Axf , roca 

 ||0 0xx . am faqts ase Caweren: 

.)(lim
0

Axf
xx




 

faqtobrivad, es ganmarteba gveubneba, rom rodesac x  miiswrafis 0x -ken  

nebismierad ise, rom x  ar emTxveva 0x -s (anu x  Zalian axloa 0x -Tan da 
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0xx  ) , maSin funqciis Sesabamisi mniSvnelobebi miiswrafian A  ricxvisaken 

(anu )(xf  Zalian axloa A -sTan). 

zogjer saWiroa iseTi SemTxvevebis ganxilva, roca x  miiswrafis 0x -

sken ise, rom 0xx   an 0xx  , e.i. x  miiswrafis 0x -sken marjvnidan an 

marcxnidan. am SemTxveveaSi Semodis funqciis e.w. calmxrivi zRvris cneba. 

 A  ricxvs ewodeba )(xf  funqciis zRvari marjvnidan 0x  wertilSi, Tu 

nebismieri 0  ricxvisaTvis moiZebneba iseTi 0  ricxvi, rom 

 |)(| Axf ,  roca  00 xxx . am SemTxveveaSi weren  

.)()(lim 0
0

AxfAxf
xx




 an  

 A  ricxvs ewodeba )(xf  funqciis zRvari marcxnidan 0x  wertilSi, Tu 

nebismieri 0  ricxvisaTvis moiZebneba iseTi 0  ricxvi, rom 

 |)(| Axf , roca 00 xxx  . am SemTxveveaSi weren  

.)()(lim 0
0

AxfAxf
xx




 an  

zRvris ganmartebidan gamomdinareobs, rom Tu )(xf  funqcias aqvs 

zRvari 0x  wertilSi, maSin arsebobs )(xf  funqciis zRvari 0x  wertilSi 

marjvnidan da marcxnidan da es zRvrebi erTmaneTis tolia. 

piriqiT, Tu 0x  wertilSi arsebobs erTmaneTis toli marcxena da 

marjvena zRvrebi, maSin funqcias 0x  wertilSi gaaCnia zRvari, romelic 

tolia marcxena da marjvena zRvrebis saerTo mniSvnelobis. 

cxadia rom, Tu raime 0x  wertilSi arsebobs sasruli marjvena da 

marcxena zRvrebi, magram isini ar arian erTmaneTis toli, maSin funqcias am 

wertilSi zRvari ar gaaCnia. 

Teorema 9.1. Tu )(xf  funqcias gaaCnia zRvari 0x  wertilSi, maSin es 

zRvari erTaderTia da funqcia SemosazRvrulia 0x  wertilis mcire 

midamoSi. 

 

 

 

Teorema 9.2.. Tu )(xf  da )(xg  funqciebs aqvs zRvrebi 0x  wertilSi, 

maSin: 
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a)   );(lim)(lim)()(lim
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xgxfxgxf
xxxxxx 

   

b)   );(lim)(lim)()(lim
000

xgxfxgxf
xxxxxx 
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0
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0

0
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
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xx

xx

xx

xx
 Tu   

d)    .),(lim)(lim
00

constcxfcxfc
xxxx




 sadac (mudmivia).  

 

$9.3. funqciis uwyvetoba.  vTqvaT, )(xf  funqcia gansazRvrulia 0x  

wertilis raime midamoSi TviT 0x  wertilis CaTvliT. SemoviRoT Semdegi 

metad mniSvnelovani sami ganmarteba: 

 )(xf  funqcias ewodeba uwyveti 0x  wertilSi, Tu mas 0x  wertilSi gaaCnia 

zRvari da es zRvari )( 0xf  ricxvis tolia, e.i. Tu 

).()(lim 0
0

xfxf
xx




 

  )(xf  funqcias ewodeba uwyveti 0x  wertilSi marjvnidan, Tu arsebobs 

misi marjvena zRvari 0x  wertilSi da es zRvari )( 0xf  ricxvis tolia, 

e.i. Tu 

).()(lim)( 00
0

xfxfxf
xx




 

 G )(xf  funqcias ewodeba uwyveti 0x  wertilSi marcxnidan, Tu arsebobs 

misi marcxena zRvari 0x  wertilSi da es zRvari )( 0xf  ricxvis tolia, 

e.i. Tu 

).()(lim)( 00
0

xfxfxf
xx




 

funqciis zRvrebis cnebidan da zemoT moyvanili ganmartebebidan 

gamomdinareobs 

Teorema 9.3. 0x  wertilSi )(xf  funqciis uwyvetobisaTvis aucilebeli 

da sakmarisia, rom sruldebodes Semdegi tolobebi: 

).()()( 000 xfxfxf   

funqciis zRvris Tvisebebidan uSualod gamomdinareobs, rom raime 

wertilSi uwyveti funqciebis jami, namravli, Sefardeba (Tu am wertilSi 

mniSvneli gansxvavebulia nulisagan) agreTve uwyvetia am wertilSi. 
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 )(xf  funqcias ewodeba uwyveti );( ba  intervalSi, Tu is uwyvetia am 

intervalis yvela wertilSi. 

 )(xf  funqcias ewodeba uwyveti ];[ ba  segmentze, Tu igi uwyvetia );( ba  

intervalSi da, garda amisa, a  wertilSi igi uwyvetia marjvnidan, xolo 

b  wertilSi _ marcxnidan. 

 

$9.4. funqciis wyveta da misi saxeebi. vTqvaT, )(xf  funqcia 

gansazRvrulia raime );( ba  SualediSi da 0x  am Sualedis romelime Siga 

wertilia. rogorc zemoT iyo aRniSnuli, )(xf  funqciis uwyvetobisaTvis 0x  

wertilSi aucilebelia da sakmarisi, rom adgili hqondes tolobebs 

).()()( 000 xfxfxf   

Tu am tolobebidan romelime darRveulia an f  ar aris gansazRvruli 0x  

wertilSi, maSin amboben, rom )(xf  funqcia ganicdis wyvetas 0x  wertilSi. 

ganvixiloT funqciis wyvetis Semdegi saxeebi: 

1) arsebobs sasruli zRvrebi )( 0 xf  da  )( 0 xf  da es zrvrebi 

erTmaneTis tolia )()( 00  xfxf , magram 0x  wertilSi )(xf  funqcia 

gansazRvruli ar aris. 

magaliTad, ganvixiloT funqcia: 

.
2

252
)(

2






x

xx
xf  

cxadia, am funqciis gansazRvris area  

).;2()2;()( fD  

advili saCvenebelia, rom am funqcias gaaCnia marjvena da marcxena 

zRvrebi 2x  wertilSi: 

,3)12(lim
2

)2)(12(
lim

2

252
lim)1(

22

2

2













x

x

xx

x

xx
f

xxx
 

.3)12(lim
2

)2)(12(
lim

2

252
lim)1(

22

2

2













x

x

xx

x

xx
f

xxx
 

amrigad, arsebobs )(xf  funqciis marjvena da marcxena sasruli zRvrebi 

da isini erTmaneTis tolia, magram )(xf  funqcia 2x  wertilSi 

gansazRvruli ar aris. am funqciis Sesabamisi grafiki (ix. naxazi 1) ar 

Seicavs A  wertils. (Sesabamisi wrfidan amovardnilia erTaderTi A  

wertili). 
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                      Y  

 

                    3          A  

 

 

                      O         2              X   

  

                      -1 

                                     nax. 1 

2) arsebobs sasruli zRvrebi )( 0 xf  da )( 0 xf  da es zRvrebi 

erTmaneTis tolia, magram maTi saerTo mniSvneloba ar udris funqciis 

mniSvnelobas 0x  wertilSi, e.i. 

).()()( 000 xfxfxf   

     magaliTad, ganvixiloT funqcia: 










.0,1

,0,
)(

x

xx
xf

 roca 

  roca 
 

)(xf  funqciisTvis 0x  wertili  aris wyvetis wertili, radgan 

0)0()0(  ff , magram 1)0( f . funqciis grafiki Sedgeba Ria OE  da OF

sxivebisgan da B  wertilisgan (ix. naxazi 2).  

                         Y  

 

           F                         E    

 

 

                        1_ B  

                                               X  

                          O                                                                

                                          nax. 2                                                                           

zemoT ganxilul orive SemTxvevaSi 0x  wertils asacilebeli wyvetis 

wertili ewodeba. es saxelwodeba savsebiT gamarTlebulia imiT, rom Tu 

funqciis mniSvnelobad 0x  wertilSi aviRebT )(xf  funqciis zRvars amave 0x  

wertilSi, maSin aseTi funqcia gaxdeba uwyveti mocemul wertilSi. 
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3) arsebobs sasruli zRvrebi )( 0 xf  da )( 0 xf , magram )()( 00  xfxf . am 

SemTxvevaSi 0x  wertils naxtomis wyvetis wertili ewodeba, xolo sxvaobas 

)()( 00  xfxf  ewodeba funqciis naxtomi 0x  wertilSi.  

ganvixiloT magaliTi. vTqvaT,  












.0,0

,0,)(

x

x
x

x

xf

 roca 

  roca  

Tu 0x , maSin 1)( xf  da amitom 1)(lim
0




xf
x

. Tu 0x , maSin 1)( xf  da 

1)(lim
0




xf
x

. 0x  wertilSi funqciis naxtomia 2)0()0(  ff  (ix. nax. 3). 

 

                               Y  

                       1   

                                           X  

                               -1        

                                     nax. 3 

Tu 0x wertilSi romelime calmxrivi zRvari ar arsebobs, maSin mas 

ewodeba )(xf  funqciis meore gvaris wyvetis wertili. 

            

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

  ras ewodeba funqcia? 

  ras ewodeba funqciis gansazRvris are? 

  ras ewodeba funqciis mniSvnelobaTa simravle? 

  ras ewodeba ricxviTi funqcia? 

  ras ewodeba funqciis zRvari? 

  ras ewodeba funqciis zRvari marjvnidan? marcxnidan? 

  moiyvaneT funqciis uwyvetobis ganmarteba. 

  moiyvaneT funqciis uwyvetobis aucilebeli da   sakmarisi piroba. 

  ras niSnavs, rom funqcia uwyvetia intervalSi? 

  ras niSnavs, rom funqcia uwyvetia segmentze? 
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  ras niSnavs rom funqcia ganicdis wyvetas wertilSi? 

  CamoTvaleT funqciis wyvetis saxeebi. 

  ras ewodeba naxtomis wyvetis wertili? 

  ras ewodeba pirveli gvaris wyveta?  

  ras ewodeba meore gvaris wyveta?                                                                                       

 

 

savarjiSo 9 

 

gamoTvaleT funqciis zRvari: 

1)  ;
15

1673
lim

2

2





 xx

xx

x
              2)  ;

275

105
lim

3

2





 xx

xx

x
            

3)  ;
134

13
lim

2 



 xx

x

x
             4)  ;

19
lim

2  xx

x

x
  

5)  
x

x x

3

2

5
1lim 











                 6)  

x

x x

5

4

3
1lim 











 

7)  
x

x x

x
3

2

32
lim 







 


                 8)  

x

x x

x
5

2
lim 







 


 

9)  ;
1

1
lim

21 



 x

x

x
                    10)  ;

2

4
lim

2

2 



 x

x

x
 

11)  ;
3

32
lim

2

3 



 x

xx

x
               12)  ;

65

1
lim

2

2

1 



 xx

x

x
 

13)  ;
2

145
lim

2

2

2 xx

xx

x 




              14)  ;

102

54
lim

2

2

5 xx

xx

x 




 

15)  ;
1

372
lim

1 



 x

x

x
              16) ;

4

22
lim

22 



 x

x

x
 

17)  ;
345

lim
21 xx

x

x 




              18) ;

14

3
lim

3 



 x

x

x
 

19)    ;51lim
2

0
x

x
x


                  20)   ;31lim

5

0
x

x
x


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Tavi 10 

funqciis warmoebuli  

 

$10.1. warmoebulis cneba. mraval ekonomikur amocanaSi 

gvWirdeba imis dadgena, Tu romel SualedebSi izrdeba an 

klebulobs funqcia, sad aRwevs is lokalur maqsimums an minimums. 

magaliTad, rodis aRwevs Semosavlis funqcia  xRy   maqsimums, an 

rodisaa mogeba  xPy   maqsimaluri. 

vTqvaT, Semosavlis    xRTRy   funqciis grafikia wiri, 

romelic gamosaxulia nax. 1-ze. 

 

naxazidan Cans, rom  xR  zrdadi funqciaa  b;0  Sualedze, 

amasTan igi ufro swrafad izrdeba  a;0  Sualedze, vidre  ba;  

Sualedze. 

am funqcis ekonomikuri Sinaarsi Semdegia: Tu SevadarebT 

erTmaneTs Semosavlis zrdas gayiduli saqonlis erTi da imave x  

raodenobiT zrdisas 1x –dan xx 1 –mde da 2x –dan xx 2 –mde, 

davinaxavT, rom pirvel SemTxvevaSi Semosavlis cvlileba (namati) 

saqonlis erTeulze gaangariSebiT, aris  

   
x

xRxxR



 11 , 

xolo meore SemTxvevaSi 

   
.22

x

xRxxR




 

naxazidan Cans, rom 
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       ,2211 xRxxRxRxxR   

amitom 

       
x

xRxxR

x

xRxxR








 2211 . 

es niSnavs Semdegs: gayiduli saqonlis x  raodenobiT 

gazrdisas Semosavlis saSualo cvlileba (namati) produqciis 

erTeulze gaangariSebiT ufro metia  a;0  Sualedis 1x  

wertilisaTvis, vidre  ba;  Sualedis 
2x  wertilisaTvis. e.i. 

Sefardeba 

   
 . 

x

xRxxR




                         (10.1) 

aRwers mTliani amonagebis `cvlilebis siCqares~ produqciis 

erTeulze gaangariSebiT, rodesac gayiduli produqciis raodenoba 

izrdeba x –dan xx  –mde. rac ufro mcirea x  ricxvi, miT ufro 

zustad axasiaTebs (10.1) Sefardeba  xR  funqciis `cvlilebis 

siCqares~. Tu Semosavlis funqcia wrfivia, maSin misi `cvlilebis 

siCqare~ mudmivia. marTlac:  

 

    xPxRTRy     

da  

     
.P

x

xP

x

xPxxP

x

xRxxR















 

e.i. wrfivi modelis SemTxvevaSi Semosavlis `cvlilebis siCqare~ ar 

aris damokidebuli x  nazrdis SerCevaze. zogad SemTxvevaSi ki, 

funqciis `cvlilebis siCqaris~ idialurad zusti maxasiaTebeli 

iqneba (10.1) gamosaxulebis zRvari, roca .0x  Tu es zRvari 

arsebobs, maSin mas zRvruli anu marJinaluri Semosavali ewodeba 

da aRiniSneba  MR  simboloTi. e.i. 

 
   

                . MM 
x

xRxxR
MR

x 




 0
lim    (10.2) 

am tipis zRvrebs mivyavarT warmoebulis cnebamde. 
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vTqvaT, mocemuli  xfy   uwyveti funqcia, gansazRvruli  ba;  

Sualedze da x  am Sualedis raime wertilia. argumentis x  

nazrdisaTvis davweroT funqciis y  nazrdi: 

   .xfxxfy   

es gamosaxuleba damokidebulia x –ze, e.i. is warmoedgens x –is 

funqcias. x –is funqcia iqneba agreTve Sefardeba 

   
                    , 

x

xfxxf



 .
       (10.3) 

da Tu arsebobs am Sefardebis zRvari, roca ,0x  mas ewodeba 

 xf  funqciis warmoebuli x  wertilSi. 

 funqciis warmoebuli x  wertilSi ewodeba am funqciis 

nazrdis argumentis nazrdTan Sefardebis zRvars (Tu es zRvari 

arsebobs), roca argumentis nazrdi miiswrafis nulisaken.  

funqciis warmoebuli aRiniSneba Semdegnairad:  
dx

dy
yxf        ,, ''  

(`de igrek de iqsi~) an 
 

dx

xdf
. amrigad, 

 
   

 . lim
0

'

x

xfxxf
xf

x 





                     (10.4) 

amocana 1. gamovTvaloT   22  xxfy  funqciis warmoebuli 

4x  wertilSi. 

amoxsna. vipovoT mocemuli funqciis nazrdi 4x  wertilSi 

       84444 22
 xxxfxfy  

da ganvixiloT Sefardeba 

   
8

44





x

x

fxf
. 

Tu gadavalT zRvarze, roca ,0x  miviRebT  

 
   

  .88lim
44

lim4
00

' 






x

x

fxf
f

xx
  

zustad aseve gamoiTvleba 2xy   funqciis warmoebuli nebismier 

x  wertilSi da adgili eqneba tolobas 

 
   

  .22limlim
00

' xxx
x

xfxxf
xf

xx








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amrigad, funqciis warmoebulis gamosaTvlelad saWiroa 

vipovoT funqciis y  nazrdi da gamovTvaloT zRvari, , 
x

y

x 



 0
lim  Tu 

es zRvari arsebobs, maSin arsebobs funqciis warmoebuli x  

wertilSi. 

funqciis warmoebulis gamoTvlis operacias gawarmoeba ewodeba.  

 

$10.2. warmoebulis geometriuli Sinaarsi. gavecnoT 

warmoebulis geometriul Sinaarss. vTqvaT,  xfy   funqciis 

Sesabamis wirs   00 xfxA   ;  wertilSi gaaCnia mxebi (nax. 2). 

 

 

 

gamovTvaloT   00 xfxA   ;  da   x  x;  00 xfxB  wertilebze 

gamavali AB  mkveTis Ox  RerZTan daxris   kuTxis tangesi: 















x

y
tg  da mivaswrafoT x  nazrdi nulisaken (ix. nax. 2). maSin 

AB  wrfe daikavebs zRvrul mdebareobas da daemTxveva AT  mxebs. 

cxadia, am SemTxvevaSi BAC  miiswrafis TAC –ken anu 

 tgtg  . warmoebulis ganmartebis Tanaxmad 

  ,limlim 0

'

00
 xf

x

y
tgtg

xx








  

e.i. funqciis warmoebuli 0x  wertilSi ricxobrivad tolia im 

kuTxis tangensis, romelsac  xf  funqciis grafikis   00 xfxA   ;  

wertilSi gavlebuli mxebi Seadgens Ox  RerZis dadebiT 

mimarTulebasTan. 
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$10.3. mxebis gantoleba.  Tu )(xf  funqcias gaaCnia warmoebuli 

misi gansazRvris aris yovel x  wertilSi, maSin amboben, rom 

funqcia warmoebadia mocemul areSi.  

Teorema 10.1. Tu )(xf  funqcias 0x  wertilSi aqvs sasruli 

warmoebuli, maSin is uwyvetia am wertilSi. 

amrigad, Tu funqcia warmoebadia wertilSi, maSin igi am 

wertilSi uwyveticaa, magram SeiZleba, funqcia iyos uwyveti 

mocemul wertilSi, magram warmoebadi ar iyos am wertilSi. 

magaliTad,   xxf   funqcia uwyvetia x –is nebismieri 

mniSvnelobisaTvis, magram 0x  wertilSi warmoebuli ar gaaCnia 

(nax. 3). 

naxazze mocemul funqcias )0 ,0(  wertilSi mxebi ar gaaCnia. am 

wertilSi xy   funqciis mxebis daxriloba ar ganisazRvreba. e.i. 

Tu )(xf  funqcias x  wertilSi gaaCnia warmoebuli )(xf  , maSin )(xf  

funqcias grafikis ))(,( xfx  wertilSi gaaCnia mxebi, romlis 

daxriloba )(xf   mniSvnelobis tolia. 

 00 yx   ;  wertilze gamavali yvela wrfis gantoleba (garda y  

RerZis paraleluri wrfeebisa) Caiwereba Semdegnairad: 

                       .00 xxkyy         (10.5) 

Tu (10.5) formulas gamoviyenebT, funqciis mxebis gantoleba, 

romelic   00   ; xfx  wertilze gadis, iqneba 

                          .00

'

0 xxxfyy               (10.6) 
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amocana 2. vTqvaT, mocemulia 2)( 2  xxfy  funqcia. davweroT 

am funqciis mxebis gantoleba 4x  wertilSi. 

amoxsna. rogorc ukve vnaxeT, 8)4( f . roca 4x , maSin 

18216 y . amitom mxebis gantileba, romelic (4; 18) wertilze 

gadis, iqneba 

)4(818  xy   an  148  xy . 

 

$10.4. gawarmoebis wesebi da warmoebulebis cxrili. 

Teorema 10.2. Tu )(xf  da )(xg  warmoebadi funqciebia raime 

intervalSi, maSin amave intervalSi warmoebadia agreTve    ,xgxf    

)()( xgxf , 
 
 

  0, xg
xg

xf
    funqciebi da marTebulia tolobebi: 

a)         ;'''
xgxfxgxf   

b)             ;'''
xgxfxgxfxgxf   

g) 
 
 

       
 

  ;0,
2

'''












xg

xg

xgxfxgxf

xg

xf
     

kerZod, Tu c  mudmivia, maSin   )()( xfcxfc 


 . 

ZiriTad elementarul funqciaTa warmoebulebis cxrils aqvs 

Semdegi saxe: 

1. ;      ,0' constcc               2.   ;       ,1'
Rnxnx nn    

3.   ;ln
'

aaa xx                  4.   ;
' xx ee   

5.   ;
ln

1
log

'

ax
xa                 6.   ;

1
ln

'

x
x   

7.   ;cossin
'

xx                   8.   ;sincos
'

xx   

9.   ;
cos

1
2

'

x
tgx                10.   ;

sin

1
2

'

x
ctgx   

11.   ;
1

1
arcsin

2

'

x
x


         12.   ;

1

1
arccos

2

'

x
x


  
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13.   ;
1

1
2

'

x
arctgx


            14.   ;

1

1
2

'

x
arcctgx


  

 

$10.5. rTuli funqciis warmoebuli. vTqvaT, mocemulia  xgt   

funqcia, romlis gansazRvris area    dcgD ; , xolo 

mniSvnelobaTa area    bagD ; . mocemulia agreTve )(thy   funqcia, 

romlis gansazRvris area    bahD ; , maSin     xghxfy   

funqcias ewodeba x  argumentis rTuli funqcia. Tu argumentis 

miTiTebuli mniSvnelobebisaTvis TviToeuli  xg  da  th  warmoebadi 

funqciebia, maSin arsebobs ))(( xgh  funqciis warmoebulic da adgili 

aqvs tolobas 

       
 

                     '''''' xxghxthxghxf gg
xgt

 


(10.7) 

amocana 3.  vipovoT   132  xxxf  funqciis warmoebuli. 

SemoviRoT aRniSvnebi:   tth  ,   xxxgt 32  . maSin (10.7) formulis 

gamoyenebiT miviRebT: 

         

  .

132

32
32

132

1

13

13)(

22

'2

2

'
'''



















xx

x
x

xxtt

xx

xxt

g
xgt

txthxf

           

 

amocana 4.  vipovoT    1ln 2  xxf  funqciis warmoebuli. 

SemoviRoT aRniSvnebi: miviRebT, tth ln)(   sadac .12  xt  (10.7) 

formulis gamoyenebiT miviRebT 

   
 

    .

1

2
1

2

'2

1

'''

2

1









x

x
xg

xt

xgt t
xthxf  

rTuli funqciis gawarmoebis (10.7) formulis gamoyenebiT 

warmoebulebis cxrili, romelic wina paragrafSi iyo mocemuli 

SeiZleba ufro zogadi saxiT CavweroT:  

1.   ;,1'
Rnuunu nn                      2.   ;ln

'
uaaa uu                

3.   ;
'

uee uu                              4.   ;
ln

log
'

au

u
ua


               
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5.   ;ln
'

u

u
u


                            6.   ;cossin

'
uuu                  

7.   ;sincos
'

uuu                      8.   ;
cos2

'

u

u
tgu


                

9.   ;
sin2

'

u

u
ctgu


                      10.   ;

1
arcsin

2

'

u

u
u




          

11.   ;
1

arccos
2

'

u

u
u




                  12.   ;

1 2

'

u

u
arctgu




             

13.   ;
1 2

'

u

u
arcctgu




  

am tolobebSi igulisxmeba, rom u  aris x -is funqcia da 

gawarmoeba x -iT xdeba. 

 

$10.6.  maRali rigis warmoebuli. Tu meore rigis warmoebuls 

gaaCnia warmoebuli, maSin mas uwodeben mesame rigis warmoebuls da 

aRniSnaven  xf '''
 an 

'''y  simboloTi. 

sazogadod, )1( n  rigis warmoebuls ewodeba n –uri rigis 

warmoebuli da aRiniSneba 
   xf n

 an 
 ny  simboloTi. 

amocana 5. vipovoT   543 23
2  xxxxf  funqciis yvela rigis 

warmoebuli.  

TanmimdevrobiTi gawarmoebiT miviRebT: 466)( 2  xxxf , 

612)(  xxf , 12)(  xf , 0)()4( xf   da yvela ufro maRali rigis 

warmoebuli nulis tolia. 

amocana 6. vipovoT xxf sin)(   funqciis maRali rigis 

warmoebulebi. 

  ;cos
'

xxf    ;sin
''

xxf     ;cos
'''

xxf   
   xxf sin

4
 . aqedan 

gamomdinareobs, rom    ;sin
4

xxf
k

  
   ;cos

14
xxf

k



 

   ;sin
24

xxf
k




  

   ;cos
34

xxf
k




 ....,2,1,0       k  

 

$10.7. funqciis diferenciali. vTqvaT,  xfy   funqcia 

gansazRvrulia x  wertilis raime midamoSi.  xf  funqcias ewodeba 
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diferencirebadi x  wertilSi, Tu am wertilSi funqciis nazrdi 

SeiZleba warmovadginoT Semdegi saxiT: 

                     ,xxAxfxxfy      (10.9) 

sadac A  sasruli ricxvia da ar aris damokidebuli x –ze, xolo 

  ,0 x  roca 0x . funqciis nazrdis xA   Sesakrebs, romelic 

wrfivia argumentis x  nazrdis mimarT, funqciis diferenciali 

ewodeba. igi aRiniSneba dy  simboloTi. maSasadame, xAdy   

magaliTad, Tu mocemulia fynqcia   2xxfy  , maSin funqciis 

nazrdisaTvis miviRebT  

       222
2 xxxxxxxfxxfy  . 

am SemTxvevaSi x , xolo nazrdis mTavari nawilia xxdy  2 . 

 mtkicdeba, rom Tu funqcia diferencirebadia x  wertilSi, maSin 

funqcias x  wertilSi aqvs sasruli warmoebuli. marTlac, vTqvaT 

.xxAy    

aqedan 



A

x

y
. zRvarze gadasvliT miviRebT 

  .
00

limlim AA
x

y

xx







  

maSasadame,  xfA / . ukanaskneli tolobis gaTvaliswinebiT 

miviRebT: 

      .    ' xxfxfxxfy x    

cxadia agreTve, rom 

                           .' xfdy x                             (10.10) 

SevniSnoT, rom Tu  xxfy  )(   maSin   1
'

xf  da amitom (10.10)-is 

Tanaxmad xdx  , e.i. argumentis diferenciali argumentis nazrdis 

tolia. amitom, funqciis diferenciali SeiZleba asec CavweroT: 

                           .' dxfdy x         (10.11) 

amrigad funqciis diferenciali udris am funqciis 

warmoebulisa da argumentis diferencialis namravls. es 

saSualebas gvaZlevs funqciis warmoebuli warmovadginoT 

Semdegnairadac 
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                           .
'

dx

dy
xf                    (10.12) 

e.i. funqciis warmoebuli SeiZleba ganvixiloT, rogorc funqciis 

diferencialis Sefardeba argumentis diferencialTan.  

SevniSnoT, rom radgan 0  rodesac 0x , garkveuli 

sizustiT (10.9) formulidan funqciis nazrdisaTvis SegviZlia 

davweroT  

                 .' xdfxfxAxfxxfy x       (10.13) 

e.i. funqciis nazrdi miaxloebiT am funqciis diferencialis tolia. 

magaliTad, vipovoT 155)( 3  xxxf     funqciis diferenciali: 

  dxxdxxxxdf )53(155)( 23 


  

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

  ras ewodeba marJinaluri funqcia? 

  ras ewodeba funqciis warmoebuli wertilSi? 

  ras uwodeben funqciis warmoebulis povnis operacias? 

  raSi mdgomareobs warmoebulis geometriuli Sinaarsi? 

  rogori saxe aqvs funqciis mxebis gantolebas wertilSi? 

  moiyvaneT funqciis jamis, sxvaobis, namravlisa da fardobis 

warmoebulTa gamosaTvleli formulebi. 

  amowereT ZiriTadi elementarul funqciaTa warmoebulebis 

cxrili. 

 ras ewodeba rTuli funqcia? 

 2. amowereT rTuli funqciis warmoebulis formula. 

 3. ras ewodeba funqciis meore rigis warmoebuli? mesame 

rigis warmoebuli? n –uri rigis warmoebuli? 

 4. ras ewodeba funqciis diferenciali? 
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savarjiSo 10 

1. gamoTvaleT Semdegi funqciebis warmoebulebi: 

 

1) xxy 23  ;                               2)   xxy 2

2 log3   ;                 3)  tgxey x  ;   

4)  xxy sin25 2  ;                      5)  xxy cos37 3  ;                  6)  xxy ln42 3  ;  

  7) xxy 33  ;                               8) xexy  2 ;                             9) xxy 2

2 log2  ;   

10) xxy ln34 3  ;                       11) xxy cos3 3  ;                     12) xxy sin2 3  ;                

 13) xey x

3log ;                       14) xey x ln ;                         15) tgxxy  3 ;    

16) xy x sin2  ;                          17) 
x

x
y

cos

2

 ;                             18) 
x

x
y

sin

3

 ;     

19) 
x

e
y

x

sin
 ;                                 20)  

x
y

x

cos

2
 ;                            21)  

xx

x
y

2

sin
2 

 ;                  

 22)  
x

xx
y

cos

133 2 
 ;                    23) 

132 


xx

e
y

x

;                    24)  
12 


x

tgx
y ;   

25) xey xx sin2  ;                  26) xexy x coslog 5  ;   27) xxy x cos2sin  ;  

 28) xxtgxy sin2  ;               29) 
x

x
xy

cos

3  ;              30) 
x

e
xy

x

cos
3 2  ;  

 31) xey x arcsin ;                   32) xy x arccos2  ;            33) arctgxy x  3  

 

2. dawereT )(xfy   funqciis grafikisadmi gavlebuli 

mxebis gantoleba wertilSi, romlis koordinatebia  00 yx   ;  

1)     ;5  0;     ,543 23  xxxf      2)     ;1  1;      ,342 2  xxxf  

3)     ;4  2;      ,422  xxxf       4)     .8-  0;      ,842  xxxf  

 

3. gamoTvaleT rTuli funqciebis warmoebulebi: 

1) xexy 32  ;                   2) xxy 3sin3log5  ;                 3) xextgy  2 ;       

4) xxy 5cos25 2  ;          5)  102 15  xy ;                          6)  203 34 xxy  ;     

7) xexy 52  ;                       8)  xey x 3sin ;                        9) xxy 4cos5  ;  

10) tgxey x  7 ;                 11) xxy 2sinlog2  ;                 12) xexy 2ln  ;                
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13) 
x

x
y

3sin

ln
 ;                    14) 

x

x
y

2cos

log2 ;                             15) 
12

4




x

e
y

x

;       

16) 
1

2sin




x

x
y ;                   17)  

xe

xx
y

2

2 13_ 
 ;                      18) 

x

xx
y

7sin

23 2 
  ;   

19) xexy x sin22  ;       20)  xxtgxy 4cos2  ;             21) xy 4arcsin ;  

 22) xy 7arccos ;              23) xarctgy 4 ;                              24) xarcctgy 6 ;  

                                                                                                                                                                                                                                   

4. ipoveT meore rigis warmoebulebi: 

 

1) 
42

1 xxy  ;          2)  410 xy ;            3) 1701097 23  xxxy ;    

 4) lnx3  xy ;          5) 
12 


x

ey ;                  6)  xexy  2 ;   

7) )65sin( xy  ;     8) )95cos( xy  ;       9) )34ln(  xy ;    10) xy 2sin . 

 

5. ipoveT Semdegi funqciebis diferencialebi: 

1) 1752  xxy ;            2) 





   222 xxey x ;       3) xxxy  ln ;           

4)  24log
3

 xy ;              5) xxy
2

2 log ;                 6)  321 xxy  ;  

7) xx
ey

45
3 ;                  8) xx

ey
34

5 . 
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Tavi 11 

warmoebulis zogierTi gamoyeneba 

ekonomikuri amocanebis gadawyvetisas xSirad gvxvdeba 

garkveuli funqciebis udidesi da umciresi mniSvnelobebis moZebna, 

zrdadobis da klebadobis Sualedebis dadgena da sxva, rac 

dakavSirebulia warmoebulis cnebasTan. 

am TavSi Cveni mizania SeviswavloT warmoebulis gamoyenebis 

sxvadasxva aspeqti. 

 

$11.1. ZiriTadi Teoremebi.  

Teorema 11.1 (rolis Teorema). vTqvaT,  xf funqcia uwyvetia  ba,  

segmentze, warmoebadia am segmentis yovel Siga wertilSi da  

  )(bfaf  . maSin a  da b  wertilebs Soris iarsebebs iseTi c wertili, 

rom   0 cf . 

rolis Teoremas aqvs Semdegi geometriuli Sinaarsi: Tu 

warmoebadi funqcia raime or wertilSi tol mniSvnelobebs 

Rebulobs, maSin am wertilebs Soris iarsebebs iseTi wertili, 

romlisTvisac grafikisadmi Sesabamis wertilSi gavlebuli mxebi 

abscisaTa RerZis paraleluria (ix. nax. 1). 

            y  
 
 
 
 
 )()( bfaf   
 
 
 
          0  a         c       b      x  
 
                                             nax. 1 

Teorema 11.2 (lagranJis Teorema). vTqvaT,  xf  funqcia uwyvetia 

 ba,  segmentze da warmoebadia am segmentis yovel Siga wertilSi. 

maSin 

iarsebebs iseTi c wertili, romlisTvisac adgili eqneba tolobas 

  ))(()( abcfafbf  . 
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lagranJis Teoremis geometriuli interpretacia moyvanilia nax. 

2-ze. 

      y  

 

 

 

      o       a      c                b     x  

 

                                nax. 2 

 warmoebadifunqciis grafikze aRebul nebismier or wertils 

Soris arsebobs iseTi wertili, romelSic gavlebuli mxebi am ori 

wertilis SemaerTebeli qordis paraleluria. 

 

$11.2. ganuzRvrelobaTa gaxsnis lopitalis wesi.  

Teorema 11.3 (lopitalis wesi). vTqvaT,  xf  da  xg  warmoebadi 

funqciebia a  wertilis raime midamoSi, garda SesaZlebelia TviTon 

a wertilisa da akmayofileben pirobebs 

.0)(lim)(lim 


xgxf
axax

                         (11.1) 

 Tu arsebobs zRvari 
)(

)(
lim

xg

xf

ax 




, maSin arsebobs agreTve zRvari 

)(

)(
lim

xg

xf

ax
 da marTebulia toloba 

.
)(

)(
lim

)(

)(
lim

xg

xf

xg

xf

axax 





 

 

SeniSvna 1. moyvanili Teorema samarTliania maSinac, roca (11.1) 

pirobis nacvlad sruldeba Semdegi  

.)(lim)(lim 


xgxf
axax

                       (11.2) 

 ganvixiloT ramdenime magaliTi. 

amocana 1. lopitalis wesis gamoyenebiT vipovoT zRvrebi: 

a) 
8

23
lim

3

2

2  



 x

xx

x
 ;   b) 

x

xx

x

52
lim

0  




;    g) 

30  

sin
lim

x

xx

x




; 

d) 
1

1
lim

5

3

1  



 x

x

x
;         e) 

30  

1
lim

x

e x

x




;       v) 

xx

x

x sin

cos1
lim

0  




. 
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amoxsna.  Tu gamoviyenebT lopitalis wess, miviRebT 

a) 
 

  12

1

3

32
lim

8

23
lim

8

23
lim

22 3

2

2 3

2

2  
















 x

x

x

xx

x

xx

xxx
; 

b) 
 

5

2
ln5ln2ln

1

5ln52ln2
lim

52
lim

52
lim

000  















xx

x

xx

x

xx

x xx
; 

g) 
6

1

6

cos
lim

6

sin
lim

3

cos1
lim

)(

)sin(
lim

sin
lim

00203030  














x

x

x

x

x

x

xx

x

xx

xxxxx
; 

d) 
 

  5

3

5

3
lim

1

1
lim

1

1
lim

4

2

15

3

15

3

1  













 x

x

x

x

x

x

xxx
; 

e) 
 

 










 203030  3
lim

1
lim

1
lim

x

e

x

e

x

e x

x

x

x

x

x
; 

v) 
 

 
















 x

x

x

x

xx

x

xx

x

xxxx sin

cos
lim

cos1

sin
lim

sin

cos1
lim

sin

cos1
lim

0000  
. 

 

$11.3. teiloris da maklorenis formulebi. 

garkveul pirobebSi teiloris formulis gamoyenebis 

safuZvelze funqcia SegviZlia miaxloebiT warmovadginoT 

mravalwevris saxiT, rac saSualebas gvaZlevs rTuli analizuri 

gamosaxulebani SevcvaloT martivi gamosaxulebiT. 

Terema11.4 (teiloris formula). vTqvaT,  xf  funqcias a  

wertilis raime midamoSi gaaCnia warmoebuli 1n  rigamde CaTvliT. 

maSin, am midamos nebismieri x  wertilisaTvis moiZebneba a  da x  

wertilebs Soris mdebare iseTi c  wertili, romlisTvisac 

 
1

)1()(
2 )(

!1

)(
)(

!

)(
)(

!2

)(
)(

!1

)(
)()( 












 n
n

n
n

ax
n

cf
ax

n

af
ax

af
ax

af
afxf  , 

sadac 

 
1

)1(

)(
!1

)(
)( 






 n
n

n ax
n

cf
xr                      (11.3) 

teiloris formulis naSTiTi wevri ewodeba. 

radgana xca  , amitom c  SegviZlia ase warmovadginoT

)( axac   , sadac 10  .maSasadame, nr  miiRebs saxes 
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 
 

1
)1(

)(
!1

)(
)( 







 n

n

n ax
n

axaf
xr


. 

es aris teiloris naSTiTi wevri lagranJis saxiT. 

 Tu teiloris formulaSi vigulisxmebT, rom 0a , maSin es 

formula miiRebs saxes 

1
)1()(

2

)!1(

)(

!

)0(

!2

)0(

!1

)0(
)0()( 










 n

n
n

n

x
n

xf
x

n

f
x

f
x

f
fxf


 ,        (11.4) 

sadac 10  . 

(11.4) formulas, romelic warmoadgens teloris formulis 

kerZo saxes, ewodeba maklorenis formula. 

warmovadginoT zogierTi elementaruli funqcia maklorenis 

formuliT. 

vTqvaT, xexf )( . radgan 

xn exfxfxf   )()()( )1( , 

amitom 

1)0()0()0( )(  nfff  . 

 Tu am mniSvnelobebs SevitanT (11.4) formulaSi, miviRebT 

maklorenis formulas xe  funqciisaTvis 

x
nn

x e
n

x

n

xxx
e 

)!1(!!2!1
1

12






 , 

sadac 10  . 

analogiurad, miviRebT 

1

1
1

432

)1)(1(
)1()1(

432
)1ln(









n

n
n

n
n

xn

x

n

xxxx
xx


,  10  . 

 

1.0      ,)1(
)!1(

)()1(
     

!

)()1(

!2

)1(

!1
1)1(

11

2















 








nn

n

xx
n

n

x
n

n
xxx






 

gamosaxulebas 

n
n

n ax
n

af
ax

af
ax

af
afxP )(

!

)(
)(

!2

)(
)(

!1

)(
)()(

)(
2 





   

ewodeba teiloris n -uri xarisxis mravalwevri. )(xPn  

mravalwevri SegviZlia ganvixiloT rogorc  xf  funqciis 
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miaxloebiTi mniSvneloba nr  sizustiT. magram  nr  naSTiT wevrSi 

Sedis  , romlis Sesaxebac cnobilia mxolod is, rom igi imyofeba 

0-sa da 1-s Soris. amitom  nr  sididis zusti mniSvneloba sazogadod 

ucnobia. miuxedavad amisa es xels ar uSlis teiloris formulis 

gamoyenebas mTel rig sakiTxebSi. 

zemoTganxiluli funqciebisaTvis teiloris mravalwevri 

pirdapir daiwereba, Tu ukuvagdebT naSTiT wevrs. maSin gveqneba 

funqciebis miaxloebiTi gamosaxulebani: 

!!2!1
1

2

n

xxx
e

n
x   ; 

n

xxxx
xx

n
n 1

432

)1(
432

)1ln(  ; 

  nx
n

n
xxx

!

)()1(

!2

)1(

!1
1)1( 2  







 . 

 

$11.4. funqciis monotonurobis pirobebi. axla gavecnoT 

warmoebulis gamoyenebiT funqciis gamokvlevas. pirvel rigSi 

SeviswavloT funqciis monotonurobis Sualedebis dadgena, rac 

funqciis gamokvlevis erT-erT ZiriTad sakiTxs warmoadgens. 

 raime SualedSi gansazRvrul    xf  funqcias ewodeba zrdad 

funqcia, Tu am Sualedis yoveli 1x  da 2x  mniSvnelobebisaTvis  

12 xx   utolobidan gamomdinareobs utoloba   )( 12 xfxf  . 

 xf funqcias ewodeba araklebadi funqcia mocemul SualedSi, 

Tu   )( 12 xfxf  , roca 12 xx  . 

 raime SualedSi gansazRvrul    xf  funqcias ewodeba 

klebadi funqcia, Tu am Sualedis yoveli  1x  da 2x

mniSvnelobebisaTvis 12 xx   utolobidan gamomdinareobs utoloba 

  )( 12 xfxf  . 

 xf funqcias ewodeba arazrdadi funqcia mocemul SualedSi, 

Tu   )( 12 xfxf  , roca 12 xx  . 

 raime SualedSi zrdad, klebad, araklebad da arazrdad 

funqciebs ewodeba monotonuri funqciebi Sesabamis SualedSi. 



 214 

marTebulia Semdegi Teoremebi: 

Teorema 11.5 (funqciis zrdadobis sakmarisi piroba). vTqvaT, 

 xf  raime SualedSi warmoebadi funqciaa. Tu   0 xf , maSin  xf  

zrdadia. 

Teorema 11.6 (funqciis araklebadobis aucilebeli da sakmarisi 

piroba). vTqvaT,  xf  raime SualedSi warmoebadi funqciaa.  xf

araklebadia maSin da mxolod maSin, roca   0 xf . 

Teorema 11.7 (funqciis klebadobis sakmarisi piroba). vTqvaT, 

 xf  raime SualedSi warmoebadi funqciaa. Tu   0 xf , maSin  xf  

klebadia. 

Teorema 11.8 (funqciis arazrdadobisaucilebeli da sakmarisi 

piroba). vTqvaT,  xf  raime SualedSi warmoebadi funqciaa.  xf

arazrdadia maSin da mxolod maSin, roca   0 xf . 

amocana 2. vipovoT   652  xxxf  funqciis monotonurobis 

Sualedebi. 

amoxsna.   52  xxf . cxadia   0 xf  roca 5,2x  da   0 xf , 

roca 5,2x , e.i. funqcia klebadia 2,5) ;(  intervalSi da zrdadia 

) ;5,2(   intevalSi, sadac 5,20 x  warmoadgens parabolis abscisas.  

 

$11.5. funqciis eqstremumebi. funqciis gamokvlevisas arsebiTia, 

egreT wodebuli, maqsimumisa da minimumis wertilebis moZebna. 

 0x  wertils ewodeba  xfy   funqciis maqsimumis wertili, Tu 

arsebobs 0x  wertilis iseTi midamo, rom x -is nebismieri 

mniSvnelobisaTvis am midamodan adgili aqvs utolobas 

)()( 0xfxf  . 

 funqciis mniSvnelobas maqsimumis wertilSi maqsimumi ewodeba. 

maqsimumis wertili aRiniSneba maxx -iT, xolo maqsimumi maxy -iT. 

 0x  wertils ewodeba  xfy   funqciis minimumis wertili, Tu 

arsebobs 0x  wertilis iseTi midamo, rom x -is nebismieri 

mniSvnelobisaTvis am midamodan adgili aqvs utolobas 

)()( 0xfxf  . 
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 funqciis mniSvnelobas minimumis wertilSi minimumi ewodeba. 

minimumis wertili aRiniSneba 
minx -iT, xolo maqsimumi miny -iT. 

 wertils ewodeba funqciis eqstremumis wertili, Tu is aris 

am funqciis an maqsimumis  an minimumis wertili. 

funqciis mniSvnelobebs eqstremumis wertilebSi am funqciis 

eqstremumebi ewodebaT. 

 ba, segmentze gansazRvruli  xf  funqcias SeiZleba hqondes 

ramdenime maqsimumi da minimumi. amasTan, zogierTi maqsimumi 

SeiZleba zogierT minimumze naklebi iyos. magaliTad, nax. 3-ze 

531 ,, xxx  maqsimumis wertilebia, xolo 42 , xx  minimumis wertilebia. 

amasTan SevniSnoT, rom  2xf  minimumi metia  5xf  maqsimumze. 

  y  

 

 

 

 

 

 

 

    a   1x      2x        3x           4x      5x          b      x  

                                               nax. 3 

funqciis eqstremumis wertilebis mosaZebnad udidesi 

mniSvneloba aqvs Semdeg Teoremas. 

Teorema 11.9 (fermas Teorema). Tu 0x  wertilSi  xf  funqcias 

aqvs eqstremumi, maSin  0xf   an ar arsebobs an   00  xf . 

SevniSnoT, rom warmoebadi funqciisaTvis raime wertilSi 

warmoebulis nulTan toloba aris am wertilSi eqstremumis 

arsebobis mxolod aucilebeli piroba da ara sakmarisi, e.i. 

SeiZleba funqciis warmoebuli raime wertilSi iyos nulis toli, 

magram am wertilSi funqcias ar hqondes eqstremumi. magaliTad, 

3xy   funqciis warmoebuli 2' 3xy   nulia 0x  wertilSi, magram am 

wertilSi funqcias ar aqvs eqstremumi (ix. nax. 4). meore mxriv, 
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funqcias SeiZleba hqondes eqstremumi im wertilSi, romelSic 

funqcias warmoebuli ara aqvs.   

   y              
3xy   

 

 

 

 

                            0                    x  

 

 

 

nax. 4 

 

 wertilebs, romlebSic uwyveti  xf  funqciis warmoebuli 

nulia an ar arsebobs, kritikuli wertilebi ewodeba, xolo im 

wertilebs, sadac   0' xf , stacionaluri wertilebi ewodeba.  

rogorc zemoT aRvniSneT, kritikuli wertili yovelTvis ar 

warmoadgens eqstremumis wertils, magram Tu raime wertilSi 

funqcia aRwevs eqstremums, maSin igi aucileblad iqneba kritikuli 

wertili. 

axla CamovayaliboT eqstremumis arsebobis sakmarisi pirobebi: 

Teorema 11.9 (eqstremumis arsebobis pirveli sakmarisi piroba). 

vTqvaT  xf  funqcia warmoebadia 0x  wertilis raime midamoSi. 

maSin: 1) Tu  xf   0x  wertilze gavlisas icvlis niSans minusidan 

plusze, maSin  xf  funqcias 0x  wertilSi aqvs minimumi, 2) Tu  xf 

0x  wertilze gavlisas icvlis niSans plusidan minusze, maSin  xf  

funqcias 0x  wertilSi aqvs maqsimumi, 3) Tu  xf  0x  wertilze 

gavlisas ar icvlis niSans, maSin  xf  funqcias 0x  wertilSi ar 

aqvs eqstremumi. 

amocana 3. vipovoT 1159 23  xxxy  funqciis eqstremumebi. 

amoxsna.jer vipovoT mocemuli funqciis warmoebuli 
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15183 2  xxy . 

es warmoebuli gavutoloT nuls 

015183 2  xx ,  anu 0562  xx . 

aqedan 11 x , 52 x . 

jer aviRoT 11 x  kritikuli wertili. Tu 1x , maSin  0y , 

xolo Tu 51  x , maSin 0y .  

maSasadame, 1x  wertilze gavlisas y   warmoebuli dadebiTi 

mniSvnelobidan uaryofiTze gadadis da Teorema 11.9.-is Tanaxmad 

funqcias aqvs maqsimumi. 

analogiurad gamoirkveva, rom 52 x  wertilze mocemul 

funqcias aqvs minimumi. 

sabolood, gvaqvs 1max x , 6max y , 5min x , 26min y  

moviyvanoT eqstremumis arsebobis kidev erTi sakmarisi piroba, 

romelic yalibdeba meore rigis warmoebulis terminebSi. 

Teorema11.10 (eqstremumis arsebobis meore sakmarisi piroba). 

vTqvaT, 0x  wertilSi  xf  funqcias gaaCnia meore rigis 

warmoebuli, amasTan   00  xf . maSin: 

1) Tu   00  xf , maSin 0x  minimumis wertilia; 

2) Tu   00  xf , maSin 0x  maqsimumis wertilia; 

3) Tu   00  xf , maSin gvaqvs saeWvo SemTxveva. 

amocana 4.vipovoT maqsimumi da minimumi 183
3

1
)( 23  xxxxf  

funqciisaTvis. 

amoxsna.vipovoT am funqciis warmoebuli 

86)( 2  xxxf . 

gavutoloT es ukanaskneli nuls da vipovoT misi fesvebi: 

0862  xx ;    

miviRebT  41 x , 22 x . axla vipovoT meore rigis warmoebuli 

62)(  xxf . 

CavsvaT meore rigis warmoebulSi fesvebi 41 x da 22 x , maSin 

miviRebT  
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02642)4( f ,   02622)2( f . 

amrigad, Teorema 11.10.-is Tanaxmad,  4min x , 2max x . Sesabamisad 

3

1
4148434

3

1
)4( 23

min f ,  
3

2
5128232

3

1
)2( 23

max f . 

 

 $11.6.funqciis amozneqiloba da Cazneqiloba. gadaRunvis 

wertili.funqciis grafikis asagebad aucilebelia sruli 

informaciis moZieba Sesabamisi wiris formis Sesaxeb. 

magaliTad, ganvixiloT ori funqcia  xfy   da  xgy  , 

romelTa grafikebi gamosaxulia nax. 5-ze. 

                                      y  

  y                                 d  

d  

 

          )(xfy                            )(xgy   

c        c  

 

  0   a               b  x              0  a               b      x  

a)                                Bb) 

                 nax. 5 

orive funqcia gansazRvrulia  ba,  SualedSi, orive zrdadia am 

SualedSi, orive funqcia iRebs c  da d  ricxvebs Soris moTavsebul 

yvela mniSvnelobas, magram maTi grafikebi mainc Tvisobrivad 

gansxvavebul wirebs warmoadgenen:  xf  funqciis grafiki 

`Cazneqilia qvemoT~, xolo  xg  funqciis grafiki _ `amozneqilia 

zemoT~. funqciaTa grafikebis msgavsi yofaqceva SeiZleba dadgindes 

warmoebulis gamoyenebiT. SemoviRoT ramdenime ganmarteba: 

 raime SualedSi warmoebadi funqciis grafiks da TviTon 

funqciasac Cazneqili ewodebaT, Tu grafikis nebismier wertilSi 

gavlebuli mxebi mdebareobs grafikis qvemoT (nax. 5. a). 

 raime SualedSi warmoebadi funqciis grafiks da TviTon 

funqciasac amozneqili ewodebaT, Tu grafikis nebismier wertilSi 

gavlebuli mxebi mdebareobs grafikis zemoT (nax. 5. b). 
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 warmoebadi funqciis grafikis wertils gadaRunvis wertili 
ewodeba, Tu am wertilze gavlisas grafikis amozneqiloba icvleba 
CazneqilobiT an piriqiT (nax. 6) 
 

         y  

 

 

 

 

       0                                        x  

N                                   nax. 6N 

Teorema11.11 (amozneqilobis da Cazneqilobis aucilebeli da 

sakmarisi pirobebi). vTqvaT,  xf  raime Sualedze orjer warmoebadi 

funqciaa. Aam Sualedze: 

1)  xf amozneqilia maSin da mxolod maSin, roca   0 xf , 

2)  xf Cazneqilia  maSin da mxolod maSin, roca   0 xf . 

Teorema11.12 (gadaRunvis wertilis arsebobis aucilebeli 

piroba). Tu   00 ; xfx  aris raime Sualedze warmoebadi  xf  funqciis 

gadaRunvis wertili, maSin  xf   an ar arsebobs, an   0 xf . 

SeniSvna 2.   00  xf aris aucilebeli, magram ara sakmarisi 

piroba imisaTvis, rom   00 ; xfx  iyos  xf  funqciis grafikis 

gadaRunvis wertili. magaliTad,   4xxf   funqciisaTvis   00 f , 

magram am funqciis grafiks gadaRunvis wertili ar gaaCnia, radgan 

igi amozneqilia mTel Tavis gansazRvris areSi. 

Teorema11.13 (gadaRunvis wertilis arsebobis sakmarisi piroba) 

Tu  xf  -s 0x -is sxvadasxva mxares sxvadasxva niSani aqvs, maSin 

  00 ; xfx  aris  xf  funqciis grafikis gadaRunvis wertili. 

amocana 5. vipovoT   124122 234  xxxxxf  funqciis 

amozneqilobis da Cazneqilobis Sualedebi da gadaRunvis 

wertilebi. 

amoxsna.  xf funqcia gansazRvrulia x -is nebismieri 

mniSvnelobisaTvis.  gamovTvaloT misi warmoebulebi: 
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  242464 23  xxxxf ,          241212 2  xxxf . 

meore rigis warmoebuli arsebobs x -is nebismieri 

mniSvnelobisaTvis. vipovoT mis nulebi: 

.022  xx  

am gantolebas gaaCnia amonaxsnebi 11 x da 22 x . martivad 

davadgenT, rom, Tu 1x  an 2x , maSin   0 xf , xolo, Tu 

21  x , maSin   0 xf . amrigad, funqciis grafiki, Cazneqilia 

)1 ;(   da ) ;2(   SualedebSi da amozneqilia )2 ;1(  SualedSi. 

amitom 32)- ;1()f(-1) ;1(   da )1 ;2())2( ;2( f  wertilebi aris wiris 

gadaRunvis wertilebi 

 

$11.7. funqciis udidesi da umciresi mniSvnelobebi 

monakveTze.  gamoyenebiTi amocanebis, kerZod optimizaciis 

amocanebis amoxsnis dros mniSvnelovania funqciis udidesi da 

umciresi mniSvnelobebis moZebna mocemul monakveTze. 

cnobilia, rom, Tu  xfy   funqcia uwyvetia  b ;a  monakveTze, 

maSin am funqcias gaaCnia udidesi da umciresi mniSvnelobebi am 

monakveTze. aRmoCnda, rom funqcias udidesi da umciresi 

mniSvnelobebi SesaZlebelia hqondes rogorc eqstremumis 

wertilebSi, ise monakveTis boloebze. rogorc naxazi 7-dan sCans  

      y  

 

 

 

 

 

         a   1x                  b         x  

nax. 7 

funqciis udidesi mniSvneloba miiRweva  b ;a  monakveTis 

boloSi, bx  -Si, xolo umciresi _ 1x  minimumis wertilSi. 

monakveTze udidesi da umciresi mniSvnelobebis mosaZebnad 

SegviZlia visargebloT Semdegi sqemiT: 1) vipovoT  xf   warmoebuli; 
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2) vipovoT kritikuli wertilebi e.i. wertilebi sadac   0 xf  an 

 xf   ar arsebobs; 3) vipovoT funqciis mniSvnelobebi kritikul 

wertilebSi da monakveTis boloebSi da avarCioT maTgan udidesi 

udid.f  da umciresi umcir.f  mniSvnelobebi. 

amocana 6. vipovoT   323 xxxf  funqciis udidesi da umciresi 

mniSvnelobebi  1 ;1  monakveTze. 

amoxsna. visargebloT monakveTze udidesi da umciresi 

mniSvnelobebis moZebnis zemoT moyvanili sqemiT:  

1)   )2(336 2 xxxxxf  ; 

2)   0 xf , saidanac kritikuli wertilebia 01 x  da 42 x ; 

3) vipovoT funqciis mniSvnelobebi monakveTis boloebSi da im 

kritikul wertilSi, romelic aRmoCnda mocemul monakveTSi: 

  41 f ,   21 f ,   00 f . amrigad, 4)1(  ffudid. , 0)0(  ffumcir. . 

 

$11.8. funqciis grafikis asimptotebi. funqciis grafikis 

dadgenis dros, xSir SemTxvevaSi mniSvnelovania misi formis 

dadgena, rodesac am grafikis wertili usasrulod Sordeba 

koordinatTa saTaves. aseT SemTxvevaSi amboben, rom wertili 

grafikze miiswrafis usasrulobisaken. vityviT, rom  yxN ; wertili, 

romelic mdebareobs mocemuli  xfy  funqciis grafikze, 

miiswrafis usasrulobisaken, Tu misi erT-erTi koordinati mainc 

miiswrafis usasrulobisaken. Tu grafikis  yxN ;  wertili ise 

miiswrafis usasrulobisaken, rom is sul ufro uaxlovdeba raime 

wrfis grafiks, maSin am wrfes uwodeben mocemuli funqciis 

asimptots. 

 raime wrfes ewodeba funqciis grafikis asimptoti, Tu manZili 

grafikis wertilidan am wrfemde miiswrafis nulisaken, rodesac es 

wertili miiswrafis usasrulobisaken. 

funqcias SeiZleba hqondes vertikaluri, horizontaluri da 

daxrili asimptotebi.  
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magaliTad   2
2

1





x
xf  funqciis gansazRvris are 

          ;22;fD  da mis grafiki mocemulia nax. 8-ze. 2x  

aris am funqciis vertikaluri asimptoti, xolo 2y

horizontaluri asimptoti. 

 

 

                                       nax.  8 

 

amrigad, funqciis vertikaluri asimptoti unda veZeboT im 

wertilebs Soris, sadac mocemuli funqcia ganicdis usasrulo 

wyvetas da funqciis zRvari am wertilSi miiswrafis 

usasrulobisaken. 

horizontaluri asimptotis mosaZebnad unda ganvixiloT  

 xf
x 
lim . 

Tu es zRvari arsebobs da is sasruli ricxvia, e.i. 

  ,lim axf
x




 

maSin ay   iqneba am funqciis horizontaluri asimptoti. 

daxrili asimptoti moicema formuliT bkxy  , sadac  

 
                            lim

x

xf
k

x 
            (11.5) 

da 

  . lim kxxfb
x




                      (11.6) 



 223 

Tu arsebobs (11.5) zRvari, maSin veZebT (11.6) zRvarsac, Tu (11.6) 

zRvaric arsebobs, maSin amboben rom mocemul  xfy  funqcias aaqvs 

daxrili asimptoti da is aris bkxy   wrfe. 

amocana 7. mocemulia .
2

1




x
xy  vipovoT am funqciis 

asimptotebi. 

amoxsna. 2x  wertili ar Sedis funqciis gansazRvris areSi da 

am wertilSi funqcias aqvs usasrulo wyveta, e.i. 2x  aris am 

funqciis vertikaluri asimptoti.  

amfunqcias aqvs daxrili asimptotic. (11.5) tolobiT 

 
 

.1
2

1
1lim

2

1

limlim 















 xxx

x
x

x

xf
k

xxx
 

radganarsebobs (11.5) zRvari, vixilavT (11.6) zRvarsac: 

   .    0
2-

1














 x
x

x
xkxxfb

xxx
lim

2

1
limlim  

e.i. xy   wrfe aris am funqciis daxrili asimptoti. 

 

$11.9. funqciis gamokvleva da grafikis ageba. ukve Seswavlili 

masala saSualebas gvaZlevs srulyofilad gamovikvlioT funqcia 

da avagoT Sesabamisi grafiki. 

CamovayaliboT calkeuli punqtebis saxiT im sakiTxebis sia, 

romlebic unda SeviswavloT funqciis sruli gamokvlevis 

Casatareblad:  

1. vipovoT funqciis gansazRvris are; 

2. gamovikvlioT funqciis luwoba da kentoba, raTa davadginoT 

rogori saxis simetriulobasTan gvaqvs saqme: 

Tu  xf funqcia luwia, maSin misi grafiki simetriulia 

ordinatTaOy  RerZis mimarT, xolo Tu  xf  kentia, maSin misi 

grafiki simetriulia koordinatTa saTavis mimarT; 

3.  vipovoT funqciis grafikis koordinatTa RerZebTan 

gadakveTis wertilebi, e.i. movZebnoT Oy RerZTan gadakveTis wertili 
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  0;0 f da amovxsnaT gantoleba   ,0xf romlis amonaxsnebic 

gansazRvraven OxRerZTan gadakveTis wertilebs; 

4.  vipovoT funqciis warmoebuli, funqciis eqstremumis 

wertilebi da davadginoT funqciis zrdadobisa da klebadobis 

Sualedebi; 

5. vipovoT funqciis eqstremumebi; 

6.  vipovoT funqciis meore rigis warmoebuli da davadginoT 

grafikis amozneqilobisa da Cazneqilobis Sualedebi da gadaRunvis 

wertilebi; 

7.  vipovoT funqciis asimptotebi; 

8.  Catarebuli gamokvlevis safuZvelze avagoT funqciis grafiki.  

amocana 8. gamovikvlioT 

 
x

x
xf

2

2
  

funqcia da avagoT misi grafiki. 

amoxsna. CavataroT gamokvleva zemoT moyvanili sqemis mixedviT. 

1.  mocemuli funqcia gansazRvrulia da uwyvetia mTel ricxvTa 

RerZze, garda 0x wertilisa, e.i. 

        0  ;0;fD  

2.  radgan gansazRvris are simetriulia koordinatTa saTavis 

mimarT da  

   xf
x

x

x

x
xf 










2

2

2

2
, 

amitom funqcia aris kenti. 

3.  Oy RerZs ar kveTs, radgan 0x wertilSi funqcia 

gansazRvruli ar aris. vipovoT OxRerZTan gadakvetis wertili: 

.0
2

4
,0

2

2

2





x

x

x

x
   aqedan        

es gamosaxuleba arsad nuli ar xdeba. e.i. mocemul funqcias 

koordinatTa RerZebTan gadakveTis wertilebi ara aqvs. 

4.  vipovoT funqciis zrdadobisa da klebadobis Sualedebi. jer 

vipovoT pirveli rigis warmoebuli: 
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 
2

2

2

'

2

42

2

1

x

x

x
xf


 . 

stacionaluri wertilis mosaZebnad saWiroa warmoebuli 

gavutoloT nuls da amovxsnaT miRebuli gantoleba. miviRebT: 

2,2 21  xx     , e.i. gvaqvs ori stacionaluri wertili. Tu 2x  an 

2x , maSin   0' xf , xolo, Tu 02  x  ან 20  x , maSin   0' xf . 

amitom funqcia zrdadia     ;22;x  SualedebSi, xolo 

klebadia    2;00;2     x  SualedebSi. 

5.  vipovoT funqciis eqstremumebi. gamovTvaloT meore rigis 

warmoebuli: 

 
3

'

2

'' 42

2

1

xx
xf 








 . 

radgan  
 

,0
2

1

2

4
2

3



f  amitom funqcias am wertilSi aqvs 

maqsimumi. 

radgan   ,0
2

1

2

4
2

3
f amitom funqcias am wertilSi aqvs minimumi. 

e.i.     .2222 minmax  ff       da    

6.  vipovoT Cazneqilobisa da amozneqilobis Sualedebi da 

gadaRunvis wertilebi. meore rigis warmoebulis gamosaTvleli 

formulidan gamomdinareobs, rom grafiks gadaRunvis wertili ar 

gaaCnia, radganac nebismieri x –Tvis gansazRvris aredan   .0'' xf

garda amisa,  xf '' -is niSani emTxveva x  gamosaxulebis niSans. cxadia, 

roca 0x  grafiki Cazneqili iqneba, xolo roca 0x  grafiki 

amozneqili iqneba. 

7.  0x  vertikaluri asimptotia. vipovoT daxrili asimptoti:

 
2

12

2

1
limlim

2











 xx

xf
k

xx
, 

0
2

12

2
lim 











x

x

x
b

x
 

e.i. daxrili asimptotia xy
2

1
  wrfe. 
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8.  Catarebuli gamokvlevebis gaTvaliswinebiT SegviZlia avagoT 

mocemuli funqciis grafiki (ix. nax. 9). 

                                    y  

 

 

 

                                  2  

 

                              -2          2                   x  

                                    -2 

 

 

 

 

                                               nax. 9 

 

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

 CamoayalibeT rolis Teorema. 

 ra geometriuli Sinaarsi aqvs rolis Teoremas? 

 CamoayalibeT lagranJis Teorema. 

 ra geometriuli Sinaarsi aqvs lagranJis Teoremas? 

 moiyvaneT ganuzRvrelobaTa gaxsnis lopitalis wesi. 

 moiyvaneT teiloris formula. rogori saxe aqvs teiloris 

naSTiT wevrs lagranJis saxiT? 

 moiyvaneT maklorenis formula. 

 ras ewodeba zrdadi, klebadi, arazrdadi da araklebadi 

funqciebi raime SualedSi? 

 ras ewodeba monotonuri funqcia mocemul SualedSi? 
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 moiyvaneT funqciis zrdadobis da klebadobis sakmarisi pirobebi. 

 moiyvaneT funqciis araklebadobis da arazrdadobisa aucilebeli 

da sakmarisi pirobebi. 

 ras ewodeba funqciis maqsimumisa da minimumis 

wertilebi?maqsimumebi da minimumebi? 

 ras ewodeba eqstremumis wertilebi da eqstremumebi? 

 moiyvaneT eqstremumis arsebobis aucilebeli piroba (fermas 

Teorema). 

 ras ewodeba stacionaluri wertilebi? kritikuli wertilebi? 

 moiyvaneT eqstremumis arsebobis pirveli sakmarisi piroba 

(pirveli rigis warmoebulis gamoyenebiT). 

 moiyvaneT eqstremumis arsebobis meore sakmarisi piroba (meore 

rigis warmoebulis gamoyenebiT). 

 gansazRvreT, ras ewodeba funqciis amozneqiloba da Cazneqiloba? 

 moiyvaneT amozneqilobisa da Cazneqilobis sakmarisi pirobebi. 

 ras ewodeba gadaRunvis wertili? 

 moiyvaneT gadaRunvis wertilis arsebobis aucilebeli piroba. 

 moiyvaneT gadaRunvis wertilis arsebobis sakmarisi piroba. 

 gansazRvreT funqciis asimptoti. 

 moiyvaneT formulebi, romlis saSualebiTac ganisazRvreba 

funqciis grafikis daxrili asimptotebi. 

 gadmoeciT funqciis gamokvlevis zogadi sqema. 

 

 

savarjiSo 11 

 

1. lopitalis wesis gamoyenebiT ipoveT Semdegi zRvrebi: 

1)
xx

xx

x 



 5

3

0

2
lim ;            2) 

24

23

0 23

2
lim

xx

xx

x 




;          3) 

55

123
lim

3

2

1 



 x

xx

x
;  

4) 
2

624
lim

23

23

1 



 xx

xx

x
;      5) 

23

1625
lim

3

2

2 



 xx

xx

x
;       6) 

253

62
lim

2

23

2 



 xx

xxx

x
; 

7)  
x

e x

x 2

1
lim

0




;           8)

13

12
lim

0 



 x

x

x
;               9) 

1

ln
lim

21  x

x

x
; 
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10) 
x

x

x ln2

1
lim

3

1




;           11) 

x

x

x

3ln)3ln(
lim

0




;      12)

x

x

x

3log)3(log
lim 22

0




; 

13) 
x

xx

x

sin
lim

0




;         14) 

x

xx

x

sin
lim

0




;           15) 

20

sin
lim

x

xx

x




. 

2. ipoveT Semdegi funqciebis zrdadobisa da klebadobis 

Sualedebi da eqstremumis wertilebi: 

1) 13 23  xxy ;                 2)  334 xxy  ;                     3)  43 23  xxy ; 

4)   16 23  xxy ;             5)  132 23  xxy ;                 6)  4123  xxy ; 

7)   233  xxy ;               8)  23 32 xxy  ;                      9)  293 23  xxxy ; 

10)  193 23  xxxy ;    11) 11232 23  xxxy ;   12) 1596 23  xxxy ; 

13) 2156 23  xxxy ;  14) 
1

222






x

xx
y ;         15) 

3

77
2 




x

x
y . 

3. ipoveT funqciis eqstremumebi meore rigis warmoebulis 

gamoyenebis wesiT: 

1) 362  xxy ; 2) 482  xxy ; 3) 532 23  xxy ; 4) 89 23  xxy . 

 

4. ipoveT Semdegi funqciebis amozneqilobis da 

Cazneqilobis Sualedebi da gadaRunvis wertilebi: 

1) ;12 34  xxxy                     2)  ;441 43 xxxy    

3) ;226 24  xxxy                    4) ;641 42 xxxy   

5) ;14126 234  xxxxy               6) ;112 234  xxxxy  

5. ipoveT Semdegi funqciebis udidesi da umciresi 

mniSvnelobebi aRniSnul SualedebSi: 

1)  83 23  xxy ,   [-1; 1];              2) 1
3

2
3

 x
x

y ,  [-3; 1];    

3)  1
3

2 2
3

 x
x

y ,  [0; 2];               4)  3123  xxy ,   [0; 3]; 

5)  433  xxy ,   [0; 2];               6)  344  xxy ,   [0; 2]; 

7)  12793 23  xxxy ,   [0; 4];        8)  16
3

8 234  xxxy ,   [-2; 4]; 

9)  1
2

9
2

4

3 234  xxxy ,   [-4; 2];      10)  
1

32





x

xx
,   [-3; 0]. 
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6. ipoveT Semdegi funqciebis horizontaluri da daxrili 

asimptotebi: 

1)
29

5

x
y


 ;    2) 

1

32






x

x
y ;    3) 

1

53 2






x

xx
y ;    4) 

1

153
2

23






x

xx
y . 

7. gamoikvlieT da aageT Semdegi funqciebis grafikebi: 

1) 26 23  xxy ;        2)
3

4
2

3

2 3  xxy ;       3) 33 3  xxy ; 

4)   32 24  xxxf ;   5) 
x

x
y

3

3
 ;              6) 

2

8 x

x
y  ; 

7) 
2

2 42

x

xx
y


 ;       8) 

21

2

x

x
y


 ;              9) 

1

32






x

xx
y . 

8. რიცხვი 10 დაშალეთ ორ ისეთ შესაკრებად, რომ მათი 

ნამრავლი იყოს უდიდესი. იპოვეთ ეს ნამრავლი. 

9. 40 მეტრი სიგრძის მავთულისაგან დაამზადეთ ისეთი 

მართკუთხედი, რომ მისი ფართობი იყოს უდიდესი. იპოვეთ ეს ფართობი. 

10. რიცხვი 10 წარმოადგინეთ ორი ისეთი შესაკრების სახით, რომლის 

კვადრატების ჯამი უმცირესი იქნება.  

11. ფირმა ყიდის ტელევიზორებს. ყოველკვირეული შემოსავლის 

ფუნქციაა 

xxy 50000100 2  , 

სადაც  x  ერთი ტელევიზორის ფასია, ხოლო y  შემოსავალი. როგორი 

ფასისთვის         იქნება შემოსავალი მაქსიმალური? იპოვეთ  მაქსიმალური 

შემოსავალი. 

12. ავტომანქანის მიერ 100 კმ მანძილის გავლაზე დახარჯული 

საწვავის რაოდენობა დამოკიდებულია მორაობის სიჩქარეზე. ეს 

დამოკიდებულება გარკვეულ პირობებში მოძრაობისას აღიწერება 

კვადრატული ფუნქციით 

204,0005,0 2  xxy ,          2000  x . 

სადაც  x  მოძრაობის სიჩქარეა (გაზომილი კმ/სთ-ში), ხოლო y  

განსაზღვრავს 100 კმ-ის გავლისთვის საჭირო საწვავის დანახარჯს 

(ლიტრობით).    იპოვეთ: ა) ოპტიმალური სიჩქარე, რომლისთვისაც საწვავის 
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დანახარჯი მინიმალურია;   ბ) გაარკვიეთ სიჩქარის გაზრდა რა შემთხვევაში 

იწვევს  დანახარჯის გაზრდას?  (შემცირებას?) 

13. ვთქვათ, საწარმოში დღე-ღამის განმავლობაში  ელექტროენერგია  

იხარჯება შემდეგი წესით 

2
3

2

36

1 2  xxy ,       240  x , 

სადაც x  არის დრო (საათებში), ხოლო y - მოხმარებული ელექტროენერგია 

(კვტ/სტ-ობით). იპოვეთ:   ა) რომელ საათზე აღწევს ელექტროენერგიის 

მოხმარება მაქსიმუმს?  ბ) დროის რა შუალედში იზრდება (კლებულობს) 

ელექტროენერგიის მოხმარება? 

14.  დანახარჯების ფუნქციას აქვს სახე 

40159 23  xxxy , 

სადაც x  პროდუქციის მოცულობაა. გამოთვალეთ, წარმოების რა მოცულობის 

დროს იქნება დანახარჯები მინიმალური. 
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Tavi 12 

ori cvladis funqcia 

 

realur cxovrebaSi xSirad vxvdebiT iseT amocanebs, romelTa 

gadawyveta SesaZlebelia mxolod mravali damoukidebeli cvladis 

funqciaTa Teoriis daxmarebiT. 

mravalsaqonliani bazris maxasiaTeblebi damokidebulia 

TiToeuli saqonlis moTxovnasa da fasze, rasac bunebrivad 

mivyavarT erTze meti cvladis funqciamde. 

aseTi damokidebulebaTa Sesaswavlad unda SemoviRoT mravali 

cvladis funqciis cneba. simartivisaTvis SeviswavloT umartivesi 

SemTxveva, roca cvladebis raodenoba oris tolia. 

 

$12.1. ori cvladis funqciis zRvari da uwyvetoba. vTqvaT, E

aris Oxy  sibrtyis raime simravle. Tu mocemulia wesi, romlis 

mixedviTac D  simravlis yovel ),( yx  wertils Seesabameba 

erTaderTi z  ricxvi, maSin amboben, rom mocemulia ori cvladis 

funqcia da es faqti ase Caiwereba 

 ),( yxfz  .  

x  da y  sidideebs uwodeben argumentebs, anu damoukidebel 

cvladebs, xolo z –s _ damokidebul cvlads, anu funqcias. 

D simravles ewodeba ori cvladis funqciis gansazRvris are da 

aRiniSneba simboloTi )( fD . f funqciis mniSvnelobaTa simravle 

aRiniSneba simboloTi _ )( fE . 

magaliTad, 
22);( hyfxyexdxycybyayxfz  , 

funqcia sadac Rhfdcba ,,,,, , gansazRvrulia mTel sibrtyeze, 

xolo funqcia 

94
1);(

22 yx
yxgz   

gansazRvrulia x  da y  cvladebis im mniSvnelobisaTvis, romlebic 

akmayofileben pirobas 
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.1
94

      0
94

1

2222


yxyx

   anu  

vTqvaT, ),( yxfz   funqcia gansazRvrulia  00 ; yxM wertilis 

raime midamoSi, garda SesaZlebelia TviT M  wertilisa. 

 A  ricxvs ewodeba ),( yxfz   funqciis zRvari  00 ; yxM

wertilSi, Tu nebismieri 0 ricxvisaTvis arsebobs iseTi 0

ricxvi, rom  

   Ayxf ;  

roca .0
00

 yyxx  

am faqts ase Caweren 

  .;lim

0
0

Ayxf

yy
xx






 

magaliTad, Tu  
94

;
22 yx

yxf  , da    6;4; 00   MyxM   maSin 

  .844
9

36

4

16

94
lim;lim

22

6
4

0
0






















yx
yxf

y
x

yy
xx

 

Teoremebi zRvrebis Sesaxeb, romlebic moyvanili iyo erTi 

cvladis funqciisaTvis marTebulia ori cvladis funqciisaTvisac. 

amitom maT aq aRar gavimeorebT. 

 vityviT, rom ),( yxf  funqcia uwyvetia  00 ; yxM wertilSi, 

Tu 

   
00

;;lim

0
0

yxfyxf

yy
xx






. 

 Tu ),( yxf  funqcia uwyvetia raime D aris yovel 

wertilSi, maSin amboben, rom igi uwyvetia D  areSi. 

Tu gamoviyenebT uwyvetobis ganmartebas da Teoremebs zRvrebis 

Sesaxeb, SeiZleba ori cvladis funqciis SemTxvevaSic damtkicdes 

Teoremebi jamis, namravlisa da fardobis uwyvetobis Sesaxeb. 

 Tu ),( yxfz   funqcia ar aris uwyveti  00 ; yxM  

wertilSi, maSin amboben, rom am wertilSi is ganicdis wyvetas. 
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magaliTad,       

   












6;4;,10

6;4;,
9

2

4

2

;

                      

                

yx

yx
yx

yxf  

funqcia (4;6) wertilSi ganicdis wyvetas, radgan 

    106;48;lim

6
4






       , fyxf

y
x

. 

 

$12.2. kerZo warmoebulebi.  vTqvaT, Oxy sibrtyis raime D areSi 

mocemulia ori cvladis ),( yxfz   funqcia da   DyxM 00 ;

davafiqsiroT 0y  sidide da 0x  sidides mivceT iseTi x   nazrdi, rom 

wertili );( 00 yxx   ar gamovides gansazRvris aredan. aseT 

SemTxvevaSi z  funqcia miiRebs Sesabamis nazrds, romelsac 

aRvniSnavT zx simboloTi da vuwodebT ),( yxf funqciis kerZo 

nazrds x cvladis mimarT 

     .;;;
000000

yxfyxxfyxz
x

  

gavyoT tolobis orive mxare x –ze da gadavideT zRvarze, 

roca .0x  

Tu arsebobs am fardobis sasruli zRvari, maSin mas uwodeben 

),( yxf  funqciis kerZo warmoebuls x  cvladiT );( 00 yx wertilSi 

da aRniSnaven 
x

z




 an 

x

f




an  ),( 00 yxf x


 simboloebiT. maSasadame,  

x

yxfyxxf

x

yxx

x

yxf

x

x

x 















);();(
lim

);(
lim

);( 0000

0

00

0

00
. 

 ),( yxfz   funqciis kerZo warmoebuli x cvladiT 

);( 00 yx  wertilSi ewodeba funqciis );( 00 yxzx  kerZo nazrdis 

argumentis x  nazrdTan Sefardebis zRvars, roca argumentis 

nazrdi miiswrafis nulisaken. 

sruliad analogiurad davafiqsiroT x  cvladi )( 0xx   da  

0
y –s mivceT iseTi y  nazrdi, rom wertili  yyx 00 ;  ar gamovides 

gansazRvris aredan. maSin z  funqciac miiRebs Sesabamis nazrds, 
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romelsac aRvniSnavT );( 00 yxzy simboloTi da vuwodebT funqciis 

kerZo nazrds y   cvladiT 

     .;;; 000000 yxfyyxfyxzy   

tolobis orive mxare gavyoT y –ze da gadavideT zRvarze, 

roca .0y  Tu es zRvari arsebobs, maSin mas ewodeba ),( yxf

funqciis kerZo warmoebuli y  cvladiT );( 00 yx  wertilSi da 

aRvniSnoT  
y

z




 an 

y

f




an  ),( 00 yxf y


 simboloebiT. maSasadame, 

       
.limlim 0000

0

00

0

00 ;;;;

y

ff

y

z

y

yxyyxyxyxf

y

y

y 












 

 ),( yxfz  funqciis kerZo warmoebuli y   cvladiT 

);( 00 yx wertilSi ewodeba funqciis zy kerZo nazrdis argumentis 

y  nazrdTan Sefardebis zRvars, roca argumentis nazrdi 

miiswrafis nulisaken. 

amrigad, ),( yxfz   funqciis 
 

x

yxf



 ;
kerZo warmoebulis 

mosaZebnad unda CavTvaloT, rom y  fiqsirebuli parametria da 

gavawarmooT mocemuli funqcia rogorc erTi x   cvladis funqcia. 

aseve  
y

yxf



 ; –is mosaZebnad saWiroa x  CavTvaloT fiqsirebul 

parametrad da gavawarmooT mocemuli funqcia rogorc erTi y

cvladis funqcia. amitom kerZo warmoebulebis gamoTvla warmoebs 

gawarmoebis igive wesebis gamoyenebiT, rac gvqonda erTi cvladis 

SemTxvevaSi. 

amocana 1. vipovoT
94

22 yx
z  funqciis kerZo warmoebulebi  6  ;4

wertilSi. 

amoxsna. 

9

2
;

2

y

y

zx

x

z










           

amitom 
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   
.

3

4

3

623;2
;2

2

46;4














y

z

x

z  
          

 
 

 

$12.3. sruli diferenciali. vTqvaT, mocemulia ),( yxfz 

funqcia. gamosaxulebas 

);(),( yxfyyxxfz   

ewodeba funqciis sruli nazrdi, romelic Seesabameba argumentebis 

x   da y  nazrdebs. 

mtkicdeba, rom Tu funqcias gaaCnia uwyveti kerZo 

warmoebulebi, maSin funqciis sruli nazrdi miaxloebiT SegviZlia 

warmovadginoT Semdegi saxiT 

   
,

;;
dy

y

yxf
dx

x

yxf
z









  

sadac ., ydyxdx          tolobis marjvena mxares ewodeba f

funqciis sruli diferenciali. igi aRiniSneba dz simboloTi. 

amrigad 

   
.

;;
dy

y

yxf
dx

x

yxf
dz









  

winaamocanaSi ganxiluli funqciis sruli diferenciali 

gamoiTvleba Semdegi formuliT 

  dy
y

dx
xyx

dyxdz
9

2

94
;

2

22















 

$12.4. meore rigis kerZo warmoebulebi. vTqvaT, ),( yxfz  _ 

funqcias gaaCnia 
x

f




da

y

f




 kerZo warmoebulebi. es kerZo 

warmoebulebi, sazogadod, warmoadgenen x  da y cvladebis 

funqciebs. amitom Cven SegviZlia kvlav gamovTvaloT maTi kerZo 

warmoebulebi. 

am warmoebulebs ewodeba f funqciis meore rigis kerZo 

warmoebulebi da aRiniSneba 
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.,

,,

''

2

2'

''
2'

''
2'

''

2

2'

yy

y

yx

x

xy

y

xx

x

f
y

f

y

f
f

xy

f

y

f

f
yx

f

x

f
f

x

f

x

f









































































           

           

 

 yxxyf ;
''

 da  yxyxf ;
''

 warmoebulebs uwodeben meore rigis Sereul 

kerZo warmoebulebs. Sereuli kerZo warmoebulebisaTvis 

samarTliania Semdegi 

Teorema12.1 (Svarcis Teorema). Tu ),( yxfz  funqcia da misi 

pirveli da meore rigis kerZo warmoebulebi uwyvetia garkveul 

areSi, maSin am aris yovel wertilSi adgili aqvs Semdeg tolobas 

xyyx

zz








 22

. 

$12.5. ori cvladis funqciis eqstremumi. vTqvaT, mocemulia 

ori cvladis funqcia ),( yxfz  , romelic gansazRvrulia Oxy

sibrtyis raime D areSi. davuSvaT,   DyxM 00 ; . 

 amboben, rom ),( yxf  funqcia  00 ; yxM  wertilSi aRwevs 

maqsimums, Tu arsebobs D areSi  00 ; yxM wertilis iseTi midamo, rom 

am midamos yoveli ),( yxN wertilisaTvis marTebulia utoloba 

   00 ;; yxfyxf   (ix. nax. 1). 

 amboben, rom funqcia  00 ; yxM wertilSi aRwevs minimums, 

Tu arsebobs D areSi  00 ; yxM  wertilis iseTi midamo, rom am 

midamos yoveli ),( yxN wertilisaTvis marTebulia utoloba 

   00 ;; yxfyxf   (ix. nax. 2). 
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 maqsimumisa da minimumis wertilebs funqciis eqstremumis 

wertilebi ewodeba, xolo funqciis mniSvnelobebs am wertilebSi _ 

funqciis eqstremumebi.  

eqstremumis moZebnis amocanaSi arsebiT rols TamaSobs Semdegi 

debuleba: 

Teorema 12.2. Tu ),( yxf funqcias aqvs eqstremumi  00 ; yxM

wertilSi da am wertilSi arsebobs ),( yxf funqciis kerZo 

warmoebulebi  00 ;
'

yxxf da  00 ;
'

yxyf , maSin marTebulia tolobebi 

 

 
                           












.0;
'

,0;
'

00

00

yxyf

yxxf
   (12.1) 

 

  00 ; yxM wertils, romlis koordinatebic akmayofilebs 

(12.1) sistemas, ewodeba ),( yxf funqciis stacionaluri wertili. 

uwyvet funqcias eqstremumi SeiZleba hqondes agreTve im 

wertilSic, romelSic misi kerZo warmoebulebi ar arseboben. 

 yvela im wertilebis erTobliobas, romelSic ),( yxf

funqciis pirveli rigis kerZo warmoebulebi nulis tolia an ar 

arsebobs, kritikuli wertilebi ewodeba. 

Teorema 12.2. gviCvenebs, rom eqstremumis wertilebi unda 

veZeboT kritikul wertilebs Soris. SevniSnoT, rom rogorc erTi 

cvladis funqciebisaTvis, aqac pirveli rigis kerZo warmoebulebis 

nulTan toloba warmoadgens eqstremumis arsebobis aucilebel 

pirobas. 

CamovayaliboT eqstremumis arsebobis sakmarisi pirobebi. 

Teorema12.3. vTqvaT, ),( yxf funqcias gaaCnia meore rigis 

uwyveti kerZo warmoebulebi da  00 ; yxM  aris ),( yxf funqciis 

kritikuli wertili. vipovoT funqciis meore rigis kerZo 

warmoebulebi  00 ; yxM  wertilSi da gamovTvaloT ricxvebi: 

     .;
''

,;
''

,;
''

000000 yxfCyxfByxfA yyxyxx            
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a) Tu ,0
2
 BAC maSin  00 ; yxM minimumis wertilia, roca 0A

(an 0C ), xolo  00 ; yxM  maqsimumis wertilia, roca 0A   (an 0C ); 

b)  Tu ,0
2
 BAC maSin  00 ; yxM ar aris eqstremumis wertili; 

g) Tu ,0
2
 BAC  maSin gvaqvs saeWvo SemTxveva da saWiroa 

damatebiTi gamokvleva imis dasadgenad, aqvs Tu ara mocemul 

funqcias  00 ; yxM  wertilSi eqstremumi. 

amocana 2.  vipovoT   yxyxyxf 12832;
22

  funqciis eqstremumi. 

amoxsna. jer vipovoT stacionaluri wertilebi. amisaTvis 

pirveli rigis kerZo warmoebulebi gavutoloT nuls: 

 

 
                      





















2

2

0126;
'

084;
'

y

-x
 

yyxyf

xyxxf
 

SevamowmoT, aris Tu ara  2;2    eqstremumis wertili. 

gamovTvaloT meore rigis kerZo warmoebulebi am wertilSi: 

      .62;2
''

,02;2
''

,42;2
''

                yyxyxx fCfBfA  

cxadia, rom 

0
2
 BAC  

radgan ,0A amitom  2;2   aris minimumis wertili da es minimumia 

  .2024161282;2    f  

 

$12.6. pirobiTi eqstremumi. lagranJis mamravlTa meTodi. 

praqtikaSi xSirad gxvdeba amocanebi, romlebSic saWiroa 

moiZebnos mravali cvladis funqciis eqstremumi iseT situaciaSi, 

rodesac argumentebi akmayofileben raime damatebiT pirobebs. aseT 

amocanebs ewodebaT pirobiTi eqstremumis amocanebi. 

SeviswavloT ori cvladis funqciis pirobiTi eqstremumis 

moZebnis amocana lagranJis mamravlTa meTodiT. 

vTqvaT, mosaZebnia ),( yxfz   funqciis eqstremumi, rodesac 

damoukidebeli cvladebi erTmaneTTan dakavSirebulia Semdegi 

pirobiT 

0),( yxg  
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am ukanasknel tolobas zogjer uwodeben bmis gantolebas. 

SemoviRoT axali damxmare funqcia );;( yxF , romelic 

gansazRvrulia Semdegi tolobiT 

);();();;( yxgyxfyxF   . 

);;( yxF -s uwodeben lagranJis funqcias, xolo  –s lagranJis 

mamravls. 

imisaTvis, rom vipovoT im M wertilis x  da y koordinatebi, 

romlebic akmayofileben 0),( yxg  gantolebas da romlisTvisac 

),( yxfz   funqcias SeiZleba hqondes pirobiTi maqsimumi an 

minimumi, saWiroa gamovTvaloT );;( yxF  funqciis kerZo 

warmoebulebi x , y  da   cvladebiT, gavutoloT isini nuls da 

miRebuli sistemidan ganvsazRvroT saZiebeli  x , y   da   sidideebi, 

e.i. unda amovxsnaT sistema 

     

     

   

















. 

                          

 

0;;;

0;;;;

0;;;;

'

'''

'''

yxgyxF

yxgyxfyxF

yxgyxfyxF

yyy

xxx









(12.2) 

miRebuli sistema warmoadgens pirobiTi eqstremumis arsebobis 

aucilebel pirobas.  00 ; yxM wertils, romlis 0x  da 0y koordinatebi 

akmayofile-ben (12.2) sistemas, uwodeben pirobiTi eqstremumis 

stacionalur wertils bmis 0),( yxg gantolebis mimarT. cxadia, 

rom Tu  000 ;; yx  aris (12.2) sistemis amonaxsni, maSin  000 ;; yxN

wertili warmoadgens lagranJis );;( yxF  funqciis stacionalur 

wertils. 

axla moviyvanoT pirobiTi eqstremumis arsebobis sakmarisi 

pirobebi. vTqvaT,  000 ;; yx  aris (12.2) sistemis amonaxsni. amasTan, 

vigulisxmoT, rom ),( yxf da ),( yxg funqciebs  00 ; yxM  wertilSi 

aqvT meore rigis kerZo warmoebulebi. SevadginoT Semdegi 

determinanti 
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.         
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
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
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







































000

''

00000

000

''

000

''

00

'

00

'

00

'

;;;;'';'

;;;;;

;;0





yxFyxFyxg

yxFyxFyxg

yxgyxg

yyxyy

xyxxx

yx

 

 

mtkicdeba, rom Tu 0 , maSin ),( yxfz  funqcias  00 ; yxM

wertilSi aqvs pirobiTi minimumi, xolo Tu 0 , maSin ),( yxfz 

funqcias  00 ; yxM wertilSi aqvs pirobiTi maqsimumi. 

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

 ras ewodeba ori cvladis funqcia? 

 ras ewodeba ori cvladis funqciis zRvari? 

 ras ewodeba ori cvladis funqciis uwyvetoba? 

 ras ewodeba funqciis kerZo nazrdi? 

 moiyvaneTori cvladis funqciis kerZo warmoebulebis ganmarteba? 

 ras ewodeba ori cvladis funqciis sruli diferenciali? 

 ras ewodeba ori cvladis funqciis meore rigis kerZo 

warmoebulebi? 

 rogor aRiniSneba ori cvladis funqciis meore rigis kerZo 

warmoebulebi? 

 moiyvaneT Svarcis Teorema. 

 ras ewodeba ori cvladis funqciis maqsimumis wertili? 

 ras ewodeba ori cvladis funqciis minimumis wertili? 

 ras ewodeba eqstremumis wertilebi da eqstremumebi? 

 moiyvaneT eqstremumis arsebobis aucilebeli piroba. 

 ras ewodeba stacionaluri wertilebi? 

 ras ewodeba kritikuli wertilebi? 
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 moiyvaneT eqstremumis arsebobis sakmarisi pirobebi. 

 ras ewodeba pirobiTi eqstremumis amocanebi? 

 raSi mdgomareobs pirobiTi eqstremumis moZebnis lagranJis 

mamravlTa meTodi. 

 

 

savarjiSo 12 

1. ipoveT Semdeg funqciaTa pirveli rigis kerZo 

warmoebulebi da sruli diferenciali: 

 

1)   22
; yxyxf  ;                                           2)   432

; yyxxyyxf  ; 

3)    232 4332
3;  yxyxyxf                   4)     )432

(2; yyxxyyxf   

5)  
32

23
;

yx

xy
yxf



 ;                                       6)  
xy

yxyx
yxf




322
; ;       

7)    52332; xyyxyxf  ;                                   8)    3232; yxxyyxf  ;     

9)   xyx
eyxf




22
; ;                                            10)  

323
;

yx
eyxf  ;     

11)    2ln; 2 yyxyxf  ;                                    12)   )3
23

(
3

log; xyxyxf  ;     

13)    yxxyyxf 2223sin;  ;                               14)    22cos; yxyxf  ;   

15)   ytgxyxf
2

;  ;                                             16)   xyyxf arcsin;  ;  

17)   32
; yarctgxyxf  ;                                        18)   )

2
2sin(

32
3; yxyxyxf  ;                  

19)  
xy

yx
arctgyxf






1
; ;                                      20)  

xy

yx
yxf






1
arcsin; .   

 

2. ipoveT Semdeg funqciaTa meore rigis kerZo warmoebulebi: 

1)   42
; yxyxf  ;                              2)   2

3
3

2
32

3; yxyxyxf  ;         

3)   yx
eyxf

32
;


 ;                           4)   yx

eyxf


; ; 

5)    2ln; yxyxf  ;                      6)    2ln; xyyxf  ;                    
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7)  
2

;

y

x
yxf  ;                                8)  

2
;

x

y
yxf  . 

 

3. gamoTvaleT Semdeg funqciaTa eqstremumebi: 

1)   22 3645; yxyxyxf  ;                       2)   22 22; yxyxyxf  ; 

3)    yxyxyxyxf 224; 22  ;                 4)    yxyxyxyxf 81443; 22  ; 

5)    xyxyxyxf 2362; 22  ;                       6)     yxyxyxyxf 8822; 22  ; 

7)    xyxyxyxf 64; 22  ;                            8)    yyxyxyxf 64; 22  ; 

9)    yyxyxyxf 2263; 22  ;                      10)    22 43814; yxyxyxyxf   

11)   22 422; yxyxyxyxf  ;                 12)    yyxyxyxf 222; 22  ; 

13)    yxyxyxyxf 2422; 22  ;           14)    yxyxyxyxf 4222; 22   

15)    743; 33  yxyxyxf ;                     16)    62
3

; 22
3

 yyx
x

yxf  

17)     yyyxxyyxf 4; 2  ;                           18)    2423; 223  yyxxyxf . 

 

4. lagranJis mamravlTa meTodis gamoyenebiT ipoveT 

pirobiTi eqstremumebi: 

1)  
 









4

3; 22

yx

yxyxf
;                                       2)  

 









4

4; 22

yx

yxyxyxf
; 

3)  
 









032

2; 22

yx

xyxyxyxf
;                         4)   

 









01132

32; 22

yx

yxyxyxyxf
; 

5) 
 









032

; 22

yx

yxyxf
;                                        6)  

 









0102

5; 22

yx

yxyxf
. 
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Tavi 13 

ganusazRvreli integrali 

 

$13.1. pirveladi funqciis da ganusazRvreli integralis cneba. 

ganvixiloT konkretuli amocana, romlis amoxsnac moiTxovs 

gawarmoebis Seqceuli operaciis Catarebas. 

vTqvaT, mocemulia  xfy  funqcia, romelic gansazRvrulia 

raime SualedSi.  

  xF funqcias ewodeba  xf funqciis pirveladi funqcia raime 

SualedSi, Tu am Sualedis yovel wertilSi 

   .' xfxF   

magaliTad,   3xxF  funqcia aris   23xxf  funqciis pirveladi 

funqcia     ; SualedSi, radgan am Sualedis yovel wertilSi  

  .3 2'3 xx   

mocemuli  xf funqciiT misi pirveladis moZebna integraluri 

aRricxvis erT-erT ZiriTad amocanas warmoadgens. 

bunebrivia ismis Semdegi kiTxvebi: yoveli funqciisaTvis 

arsebobs Tu ara pirveladi funqcia? Tu arsebobs, rogor movZebnoT 

pirveladi funqcia da erTaderTia Tu ara igi? 

pirvel kiTxvaze pasuxobs Semdegi debuleba: 

Teorema 13.1. Tu  xf funqcia uwyvetia raime SualedSi, maSin am 

SualedSi arsebobs  xf –is pirveladi funqcia. 

meore kiTxvaze ki pasuxs iZleva Semdegi ori Teorema: 

Teorema 13.2. Tu  xF aris  xf funqciis pirveladi funqcia, maSin 

  cxF  , sadac c nebismieri mudmivia, agreTve  xf  funqciis pirveladi 

funqciaa. 

Teorema 13.3. Tu  xF  da  x  warmoadgenen  xf  funqciis 

pirvelad funqciebs raime SualedSi, maSin moiZebneba iseTi c

mudmivi, rom am SualedSi adgili eqneba tolobas: 

    cxFx  , 
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e.i.  xf funqciis ori pirveladi funqcia erTmaneTisagan mxolod 

mudmivi SesakrebiT gansxvavdeba. 

  xf funqciis yvela   cxF   pirveladTa simravles ewodeba 

ganusazRvreli integrali  xf  funqciidan da aRiniSneba simboloTi 

                               .cxFdxxf    (13.1) 

(13.1) tolobaSi  xf   funqcias ewodeba integralqveSa funqcia, 

xolo  dxxf  gamosaxulebas ewodeba integralqveSa gamosaxuleba, x -s 

ewodeba saintegracio (anu integrebis) cvladi, xolo  simbolo 

warmoadgens integralis niSans. 

 mocemuli funqciidan ganusazRvreli integralis moZebnas 

funqciis integreba ewodeba. 

 

$13.2. ganusazRvreli integralis ZiriTadi Tvisebebi. 

ganusazRvreli integralis ganmartebidan uSualod gamomdinareobs, 

rom: 

1.   ganusazRvreli integralis warmoebuli intagralqveSa 

funqciis tolia: 

    ;
'

xfdxxf   

2. ganusazRvreli integralis diferenciali intagralqveSa 

gamosaxulebis tolia: 

     ;dxxfdxxfd   

     3. ganusazRvreli integrali raime funqciis warmoebulidan 

udris am funqciisa da nebismieri mudmivis jams 

    ,' cxFdxxF   

anu 

    ;cxFxdF   

4.   mudmivi mamravli SegviZlia gavitanoT integralis niSnis 

gareT 

    const;AdxxfAdxxAf           ,  
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5.   ganusazRvreli integrali ori funqciis algebruli jamidan 

udris mocemuli funqciebidan integralebis algebrul jams 

         .  dxxgdxxfdxxgxf  

es ukanaskneli Tviseba marTebulia agreTve SesakrebTa 

nebismieri sasruli raodenobisaTvis. 

samarTliania agreTve Semdegi Teorema. 

Teorema 13.4. Tu     ,cxFdxxf   maSin 

                      .
1

cbaxF
a

dxbaxf                (13.2) 

marTlac, rTuli funqciis gawarmoebis wesis gamoyenebiT 

        baxfabaxf
a

baxF
a

cbaxF
a











111 '

'

, 

es niSnavs, rom (13.2) tolobis marjvena mxaris warmoebuli 

integralqveSa funqciis tolia. e.i. (13.2) toloba samarTliania 

nebismieri a da b ricxvebisaTvis, sadac 0a . 

 

$13.3. ZiriTadi integralebis cxrili. elementaruli 

funqciebis warmoebulTa cxrilis gamoyenebiT miviRebT ZiriTadi 

integralebis Semdeg cxrils: 

1. ;cxdx   

2.  ;1,
1

1







 



         c

x
dxx  

3. ;ln cx
x

dx
  

4.  ;1,0,
ln

              ac
a

dxa
x

x a
 

5. ;cedxe xx   

6. ;sincos cxxdx   

7. ;cossin cxxdx   

8. ;
cos2

ctgx
x

dx
  
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9. ;
sin2

cctgx
x

dx
  

10. ;arccosarcsin
1 2

cxcx
x

dx



  

11. .
1 2

carcctgxcarctgx
x

dx



  

 

$13.4. uSualo integrebis xerxi. am xerxiT sargebloben im 

SemTxvevaSi, rodesac integralqveSa funqcia ZiriTadi 

elementaruli funqciebis wrfiv kombinacias warmoadgens. 

ganusazRvreli integralis Tvisebebisa ZiriTadi integralebis 

cxrilis gamoyenebiT SegviZlia movaxdinoT uSualo integreba.  

amocana 1. gamovTvaloT integrali 

 

   .36 1
23 dxxxI  

amoxsna. me-4 da me-5 Tvisebis Tanaxmad gvaqvs: 

 

.
2

3

3
3

4
636 323 4

34

cxxxcx
xx

dxdxxdxxI    

amocana 2. gamovTvaloT integrali 

 

 







 .cos4

7
23 dxx

x
I x  

amoxsna. me-4 da me-5 Tvisebis Tanaxmad gvaqvs: 

.sin4ln7
2

3

sin4ln7
4

2cos472

3

3

4

3

1

3

cxxxx

cxx
x

xdx
x

dx
dxxI



 
 

amocana 3. gamovTvaloT integrali 

 

   .sin2cos5 dtttI  

 

amoxsna. me-4 da me-5 Tvisebis Tanaxmad gvaqvs: 
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   .cos2sin5sin2cos5 cttdtttdtI  

amocana 4. gamovTvaloT integrali 

 

   .1
332 dxxxI  

amoxsna. gvaqvs: 

   

.
12

1

3

1

2

1

3

1
33

33331

129611852

118529632

3 cxxxxdxxdxxdxxdxx

dxxxxxdxxxxxI





 


 

amocana 5. gamovTvaloT integrali 

 

 














 .

1

3

sin

2

22
dx

xx
I  

amoxsna. gvaqvs: 

 

  


 .32
1

3
sin

2 arcsin
22

cctgx
x

dx

x

dx
I x  

 

amocana 6. gamovTvaloT integrali 

 

 .
cossin 22 xx

dx
I  

 

amoxsna. gvaqvs: 

 

 
.

sin
.

coscossin

cossin
2222

22

cctgxtgx
x

dx

x

dx

xx

dxxx
I 


    

amocana 7.  gamovTvaloT integrali 

 




 .
1 2

2

dx
x

x
I  

amoxsna. gvaqvs: 
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 
.

11

1
1

1

11
222

2

carctgxx
x

dx
dxdx

x
dx

x

x
I 


















      

amocana 8. gamovTvaloT integrali 

 

   .65sin dxx  

amoxsna. gvaqvs ,6      ,5  ba  (13.2) tolobis ZaliT 

 

    .65cos
5

1
65sin cxdxx   

amocana 9. gamovTvaloT integrali 

 

   .65
8
dxx  

amoxsna. gvaqvs ,6      ,5  ba  (13.2) tolobis ZaliT 

 

 
 

  


 .65
45

1

9

65

5

1
65

9
9

8
cxc

x
dxx  

 

$13.5. Casmis xerxi ganusazRvrel integralSi. zogierT 

SemTxvevaSi ganusazRvreli integrali SesaZlebelia gavamartivoT 

integrebis axali cvladis SemoRebiT: 

Teorema 13.5. Tu   dxxf   integralSi davuSvebT, rom  tx  , 

sadac t  aris axali cvladi, xolo  t _uwyvetad warmoebadi 

Seqcevadi funqcia, maSin marTebulia Semdegi toloba 

 

 

amocana 10. gamovTvaloT integrali 

  dxxxI )23( 2 . 

amoxsna. SemoviRoT aRniSvna: .23 2 tx  gavadiferencialoT 

tolobis orive mxare. miviRebT dtxdx6 anu  
x

dt
dx

6
 da, maSasadame, 

 
  


 C

x
C

t
dtt

x

dt
xtI

36

23

66

1

6

1

6

626
55

. 

     dtttfdxxf )()( 
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amocana 11. gamovTvaloT integrali 

 


13

2

x

dxx
I . 

amoxsna. SemoviRoT aRniSvna: .13 tx  gavadiferencialoT 

tolobis orive mxare. miviRebT dtdxx 23 anu  
23x

dt
dx  da, maSasadame, 

CxCt
t

dt

t

x

dt
x

I 



  1ln
3

1
ln

3

1

3

13 3
2

2

. 

 

amocana 12. gamovTvaloT integrali 

 x

xdx
I

2ln
. 

amoxsna. SemoviRoT aRniSvna: .ln tx  gavadiferencialoT tolobis 

orive mxare. miviRebT dtdx
x


1

anu  xdtdx  da, maSasadame, 

C
x

C
t

dtt
x

xdtt
I    3

ln

3

33
2

2

. 

 

$13.6. nawilobiTi integrebis xerxi ganusazRvrel 

integralSi. zogierT SemTxvevaSi erTi ganusazRvreli integralis 

gamoTvla daiyvaneba meore ganusazRvreli integralis gamoTvlaze, 

romelic SeiZleba ufro martivi aRmoCndes, vidre pirveli. 

Teorema 13.6.  vTqvaT,  xuu   da  xvv  raime Sualedze uwyvetad 

warmoebadi iseTi funqciebia, rom   )(xvxu  funqcias gaaCnia 

pirvelyofili, maSin pirvelyofili gaaCnia   )(xvxu   funqciasac da 

adgili aqvs tolobas 

.)()()()()()( ''

  dxxvxuxvxudxxvxu .                               (13.3) 

rogorc viciT, )()( xdfdxxf  , amitom (13.3) formula asec 

SeiZleba Caiweros: 

  )()()()()()( xduxvxvxuxdvxu  

anu, mokled   



 

 250 

.  vduuvudv  

amocana 13. gamovTvaloT integrali 

.cos xdxxI  

amoxsna.  SemoviRoT aRniSvnebi: 

.cos, xdxdvxu            

maSin 

xvdxdu sin,            

da amitom nawilobiTi integrebis Tanaxmad, 

.cossinsinsin   cxxxxdxxxI  

amocana 14. gamovTvaloT integrali 

.3

 dxxeI x  

amoxsna. SemoviRoT aRniSvnebi: 

.
3

1
         ,

,         ,

3

3

x

x

evdxdu

dxedvxu





 

nawilobiTi integrebiT 

CexedxexeI xxxx  
3333

9

1

3

1
.

3

1

3

1
. 

sabolood gveqneba: 

.
9

1

3

3
3 Cx

e
dxxe

x
x 








  

amocana 15. gamovTvaloT integrali 

xdxxI ln
3

 . 

amoxsna. vTqvaT,  

.         ,ln 3dxxdvxu   

aqedan, 

.
4

1
         , 4xv

x

dx
du   

nawilobiTi integrebis formulis Tanaxmad: 

   Cxxxdxxxx
x

dx
xxxI 443444

16

1
ln

4

1

4

1
ln

4

1

4

1
ln

4

1
. 
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SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba pirveladi  funqcia? 

 moiyvaneT Teorema pirveladi funqciis arsebobis Sesaxeb? 

 moiyvaneT Teorema pirveladi funqciis erTaderTobis Sesaxeb? 

 moiyvaneT ganusazRvreli integralis ganmarteba. 

 ras ewodeba integralqveSa funqcia? integralqveSa gamosaxuleba? 

  moiyvaneT ganusazRvreli integralis ZiriTadi Tvisebebi. 

  moiyvaneT ZiriTadi integralebis cxrili. 

 axseniT, raSi mdgomareobs Casmis xerxi. 

 moiyvaneT nawilobiTi integrebis formula. 

 

savarjiSo 13 

 

1. uSualo integrebis xerxiT gamoTvaleTSemdegi 

integralebi: 

1)  dxx 4 ;                                    2) 
 dxx 2 ;                        3)  xdx2 ;                      

4)   dxxxx )5232( 23 ;       5)  







 dx

x
xx

4
23 2 ;       6)    dxxx cos32 ;     

7)   dxxx )sin52( ;                   8)  







 dx

x
e x 7

;                 9) 


dx
x

x 13

;           

10) 


dx
x

x
2

3

cos

cos1
;                      11) 


dx

x

x
2

3

sin

sin2
;              12)    dxx

5
23 ;    

13)    dxx
7

25 ;                        14)  
dx

x 32

1
;                   15)  

dx
x 15

3
;         

16) 
 dxe x 32 ;                              17) 

 dxe x3 ;                         18)    dxx 25sin ;     

19)  dx3)-cos(2x ;                     20)  xdx3sin ;                     21)  dxcos5x ;          

22)  dx
x3cos

1
 

2
;                         23)  x

dx

5sin2
;                      24)

 


dx
x

3
14

5
. 

2. Casmis xerxis gamoyenebiT gamoTvaleT Semdegi 

integralebi: 
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1)   dxxx )13( 2 ;                      2)   dxxx )12(3 32 ;           3)   223 x

xdx
;                       

4)  
dx

x

x

15

2
3

2

;                           5) dxxex


22

2 ;                 6)  dxex x32
;       

7) 
 dxx x 12

2 ;                            8) 
 dxx x 33 4

5 ;               9)   dxxx )52cos( 2 ;   

10)   dxxx )73sin( 2 ;              11)   tgxdx;                      12)   ctgxdx 

13)  xdxx sincos3 ;                    14)  xdxx cossin2 ;          15)   
dx

x

x

cos31

sin
;                    

16)   
dx

x

x

sin21

cos
;                   17) dx x

lnx
 ;                       18)

 
 dx

x

x
4

ln
 

19)
   xx

dx

ln1
;                           20)  dxxe xcossin ;               21) 

 x

x

e

dxe

2
 . 

 

3. nawilobiTi integrebis formulis gamoyenebiT 

gamoTvaleT Semdegi integralebi: 

1)  xdxxsin ;                             2)   xdxx cos ;                3)   xdxx 5sin2 ; 

4)   xdxx 2cos3 ;                        5)     dxxx )32sin( ;       6)    dxxx )23cos(  

7)  xdxx ln ;                               8)  xdxx ln5 ;                9)   xdxln ; 

10)  xdxx 5log ;                           11)   dxxex ;                   12)  dxxe x2  ;     

13  dx x x2 );                                  14)  dxx x3 ;                   15)  xdxx sin 2 ; 

16)  xdxx cos 2   ;                        17)  dxex x2  ;                  18)   dxex x)1( 2 . 
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Tavi 14 

gansazRvruli integrali 

 

$14.1. gansazRvruli integralis cneba. vTqvaT,  ba,  segmentze 

gansazRvrulia  xfy   funqcia. davyoT es segmenti n  nawilad 

 nkxk  , . . . ,1 ,0     wertilebiT, sadac  

.... 1210 ba nn xxxxx    

miviRebT  ba,  segmentis qvesegmentebs: 

         .,,...,,,...,,,,,, 11322110 nnkk xxxxxxxxxx                                   

miRebuli qvesegmentebis sigrZeebi aRvniSnoT, Sesabamisad,  

nk xxxx   ,...,,..., 121 ,  

simboloebiT, sadac .,...,2,1,1                 nkxxx kkk    

aRvniSnoT nxxx  ,...,21 ,  ricxvebs Soris udidesi   simboloTi, 

e.i. k
nk

x
1

max . 

axla yovel  kk xx   ,1  segmentze aviRoT nebismieri k  wertili 

da SevadginoT jami: 

                            .
1

k

n

k

kn xf 


     (14.1) 

am jams ewodeba f  funqciis integraluri jami. misi mniSvneloba 

damokidebulia, rogorc  ba,  segmentis danawilebaze, aseve k  

wertilebis SerCevaze. Tu arsebobs (14.1) integraluri jamis 

sasruli zRvari, roca 0  da igi araa damokidebuli  ba,  

segmentis danawilebaze da k  wertilebis SerCevaze, maSin am 

zRvars uwodeben  xf  funqciis gansazRvrul integrals  ba,  

segmentze da ase Caweren: 

    .lim
1

0  




b

a

k

n

k

k dxxfxf 


 

am SemTxvevaSi f  funqcias ewodeba integrebadi  ba,  SualedSi. 

a  da b  ricxvebs ewodeba Sesabamisad integralis qveda da zeda 

sazRvari,  ba,  segments ki _ integrebis Sualedi, x  cvlads ewodeba 
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integrebis cvladi. cxadia, rom gansazRvruli integrali 

warmoadgens ricxvs da igi araa damokidebuli imaze, Tu ra asoTi 

aRvniSnavT integrebis cvlads. zemoT Cven  vigulisxmeT, rom ba  .  

Tu ba  , xolo funqcia  xf  integrebadia  ab,  segmentze, maSin 

    . 

a

b

b

a

dxxfdxxf  

Tu ba  ,  maSin 

  .0
a

a

dxxf  

 

$14.2. gansazRvruli integralis Tvisebebi. gansazRvrul 

integrals gaaCnia Semdegi Tvisebebi: 

1.  gansazRvruli integralis mniSvneloba ar aris damokidebuli 

integrebis cvladze, e.i. 

    

b

b

b

a

dttfdxxf ;  

2.  Tu  xf  funqcia integrebadia  ba,  segmentze da A  mudmivi 

ricxvia, maSin  xfA  funqciac integrebadia da adgili aqvs 

tolobas: 

    

b

a

b

a

dxxfAdxxfA ;  

3.  Tu  xf  da  xg  funqciebi integrebadia  ba,  segmentze, maSin 

maTi jami agreTve integrebadia amave segmentze da  

          

b

a

b

a

b

a

dxxgdxxfdxxgxf ;   

4.  Tu  xf  aris arauaryofiTi integrebadi funqcia  ba,  

segmentze, maSin 

  .0
b

a

dxxf  
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$14.3. gansazRvruli integralis geometriuli mniSvneloba. 

zogierTi saxis brtyeli figuris farTobis gamoTvla 

gansazRvruli integralis saSualebiT. ganvixiloT  ba,  segmentze 

mocemuli arauaryofiTi   xfy   funqcia. rogorc viciT, aseTi 

funqcia integrebadia  ba,  segmentze. am  xf  funqciisaTvis 

gansazRvruli integrali geometriulad warmoadgens im 

mrudwiruli trapeciis farTobs, romelic SemosazRvrulia  xfy   

wiriT, Ox  RerZiT, ax   da bx    wrfeebiT (ix. nax. 1). 

              Y  

        

                )(xf        

 

 

S  

                O                 a                                            b          X  

 

nax. 1 

 

Tu am farTobs S –iT aRvniSnavT, maSin gveqneba: 

  .
b

a

dxxfS  

Tu  xf  funqcia uwyvetia da aradadebiTia  ba,  segmentze, maSin 

  .0
b

a

dxxf  

                                Y   

 

 

                O          a                                                       b          X  

S  

 

                                 )(xf  

nax. 2 
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am integralis absoluturi mniSvneloba im mrudwiruli 

trapeciis farTobis tolia, romelic SemosazRvrulia  xfy   

wiriT, Ox  RerZiT, ax   da bx   wrfeebiT (ix. nax. 2). 

 

gansazRvruli integralis saSualebiT SesaZlebelia sxvadsxva 

saxis figuris farTobis gamoTvla. Cven sanimuSod ganvixilavT or 

maTgans. 

1) im figuris farTobi, romelic SemosazRvrulia   ba,  

segmentze uwyveti )()( xgxf   funqciebiT da ax   da bx   

vertikaluri wrfeebiT (ix. nax. 3), gamoiTvleba formuliT 

  

b

a

dxxgxfS )()( . 

           y                                )(xf                       y                                                     )(xf  

                                                

 S  

 )(xg      o       a          c            d                     b    x  

  

   o   a                            b        x   

 nax. 3                                     nax. 4 

2) nax. 4-ze gamosaxuli tipis figuris farTobi SegviZlia 

gamovsaxoT ase 

      . 

b

d

d

c

c

a

dxxfdxxfdxxfS  

 

$14.4. niuton-laibnicis formula. vTqvaT,  xf  aris  ba,  

segmentze uwyveti funqcia. aRvniSnoT  xF –iT misi romelime 

pirveladi funqcia, maSin 

       aFbF
b

a

b

a

xFdxxf  . 
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am tolobas niuton-laibnicis formula ewodeba.  
b

a

xF   simbolo 

ikiTxeba ase: `Casma  xF –Si a –dan b _mde~. 

 

$14.5. gansazRvruli integralis gamoTvlis xerxebi. 

SeviswavloT gansazRvruli integralis gamoTvlis xerxebi: 

1.  Casmis xerxi. vTqvaT, gvinda gamovTvaloT gansazRvruli 

integrali  
b

a

dxxf , sadac  xf  warmoadgens  ba,  segmentze uwyvet 

funqcias. davuSvaT, rom  tx  , sadac  t  warmoadgens t  cvladis 

raime uwyvet da zrdad (an klebad) funqcias  ,  segmentze, 

romlis warmoebuli  t  uwyvetia amave SualedSi. garda amisa, 

  a  da   b  maSin adgili aqvs tolobas: 

       





 .dtttfdxxf

b

a

 

integralis gamoTvlis am wess ewodeba Casmis xerxi. 

amocana 1. gamovTvaloT integrali 



2

.
ln

e

e
xx

dx
 

amoxsna. aRvniSnoT ,ln tx   maSin .dt
x

dx
  davadginoT axali 

sazRvrebi t  cvladisaTvis. roca ex  ,  maSin ,1ln  et  xolo  roca 

2ex  , maSin ,2ln 2  et  amitom 

  

2

.2ln1ln2lnln
ln

2

1

2

1

e

e

t
t

dt

xx

dx
 

2.  nawilobiTi integrebis xerxi. vTqvaT,  xuu   da  xvv   

funqciebi uwyvetia  ba,  segmentze da uwyvetad warmoebadia  ba,  

intervalSi. 

rogorc viciT 

  '''
uvvuuv   



 

 258 

vaintegroT orive mxare a –dan b –mde da gamoviyenoT niuton-

laibnicis formula 

  .''

 

b

a

b

a

b

a vdxuuvdxuv  

miRebul formulas ewodeba nawilobiTi integrebis formula 

gansazRvruli integralisaTvis.  

amocana 2. gamovTvaloT integrali 

.2

2

0

 dxx x  

amoxsna. aRvniSnoT: xu   da dxdv x2 . aqedan miviRebT dxdu   da 

xv 2
2ln

1
 . amitom nawilobiTi integrebis formulis gamoyenebiT 

gveqneba: 

 

 
.

2ln

3

2ln

8

2ln

1

2ln

4

2ln

8

2ln

2

2ln

8

2ln

2

2ln

2
2

222

2

0
0

2

2

2

0
0

2

    
xxx

x dx
x

dxx  

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

  ras ewodeba  xf  funqciis integraluri jami? 

 ras ewodeba gansazRvruli integrali? 

 moiyvaneT gansazRvruli integralis Tvisebebi. 

 raSi mdgomareobs gansazRvruli integralis geometriuli 

Sinaarsi. 

 moiyvaneT zogierTi brtyeli figuris farTobis gamosaTvleli 

formulebi. 

 moiyvaneT niuton-laibnicis formula. 

 raSi mdgomareobs Casmis xerxi gansazRvruli integralisaTvis. 

 moiyvaneT nawilobiTi integrebis formula gansazRvrul 

integralSi. 
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savarjiSo 14 

 

1. gamoTvaleT gansazRvruli integralebi: 

 

1) 
1

0

4xdx;                              2)   

1

0

2 223 dxxx ;                   3)   

2

1

2 23 dxxx                   

4)  









2

1

1
dx

x
e x ;                    5)  dx

x

x



2

1

2 12
;                            6)   

1

0

3
13 dxx ;       

7)   

2

1

5
12 dxx ;                    8)   

2

1
12

1
dx

x
;                               9) 

2

0

sin



xdx ;        

 10) 
2

0

cos



xdx ;                       11) 
4

0

2cos

1


dx
x

;                             12) 
2

4

2sin

1




dx
x

.    

 

2. Casmis xerxis gamoyenebiT gamoTvaleT gansazRvruli 

integralebi: 

 

1)   

1

0

32 )12( dxxx ;                2)   

1

0

32 )1( dxxx ;                        3)  

1

0

2 13
dx

x

x
;                   

 4)  

1

0

3

2

1x

dxx
;                           5)  



2

1

12

dxxex ;                               6)   


2

1

12 3

53 dxx x ;    

7) 
e

x

xdx

1

ln2
;                         8)  

e

xx

dx

1
)ln1(
  ;                         9)  

2

0
cos1

sin


x

xdx
;                       

10)  

2

0
sin21

cos


x

xdx
;                   11)   

2

0

2 cossin



xdxx ;                   12)   

2ln

0
1x

x

e

dxe
. 

 

3. nawilobiTi integrebis xerxiT gamoTvaleT 

gansazRvruli integralebi: 

 

1) 
2

1

ln xdxx ;                         2)   
2

1

2 ln xdxx                               3)  
2

0

sin



xdxx ;     
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4)  
2

0

cos



xdxx ;                    5) 
5ln

0

dxxex ;                                   6) 
2

1

dxxex .                  

4. gamoTvaleT im figuris farTobi, romelic 

SemosazRvrulia Semdegi wirebiT: 

 

1) 3       ;1       ;0      ;3 2  xxyxy ;                                 

2) 3       ;2       ;0      ;23 2  xxyxxy ;    

3)  3       ;1       ;0      ;46 2  xxyxxy ; 

4)   2       ;1       ;0      ;29 2  xxyxxy ;                        

5) 12ln   ;7ln       ;0          ;  xxyey x ;                                 

6) 0;4 2  yxxy       ;                                 

7) 0;3 2  yxxy       ;                                 

8) 3;22  yxxy       ;                                 

9) 4;32  yxxy       ;                                 

10) 2    ;2  x  yxy ;                                 

11) xyxxy        ;2 2 ;                                 

12) 22 42;22 xxyxxy        ;                                 

13) 22 23;34 xxyxxy        .                                
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Tavi 15 

arasakuTrivi integralebi 

 

Zalian xSirad gamoyenebiT amocanebSi saWiroa iseTi 

gansazRvruli integralis ganxilva, romelSic saintegracio 

sazRvrebi araa sasruli ricxvebi (integrebis Sualedi araa 

SemosazRvruli), an integralqveSa funqcia ganicdis usasrulo 

wyvetas. aseT integralebs arasakuTrivi integralebi ewodebaT. 

Cven ganvixilavT ori tipis arasakuTriv integralebs: 1. roca 

integrebis Sualedi usasruloa; 2. roca integralqveSa funqcia 

SemousazRvrelia. 

moviyvanoT arasakuTrivi integralebis zusti ganmarteba. 

vTqvaT, mocemulia  xfy   funqcia, romelic gansazRvrulia 

   ;a  SualedSi da integrebadia  ba  ;  nebismier segmentze  ab  . 

 Tu arsebobs  

 
b

a

dxxf . 

integralis sasruli zRvari, roca b , maSin am zRvars ewodeba 

 xf  funqciis arasakuTrivi integrali    ;a  SualedSi da 

aRiniSneba Semdegi simboloTi  

    





b

a
b

a

dxxfdxxf          .          lim          (15.1) 

analogiurad, vTqvaT  xfy   funqcia gansazRvrulia  b  ;  

SualedSi da integrebadia nebismier  ba  ;  segmentze  ba   

 Tu arsebobs 

 
b

a

dxxf  

integralis sasruli zRvari, roca a  maSin am zRvars ewodeba 

funqciis arasakuTrivi integrali  b  ;  SualedSi da aRiniSneba 

simboloTi  

    




b

a
a

b

dxxfdxxf          .          lim         (15.2) 
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 Tu  xf  funqcia gansazRvrulia     ;  SualedSi da 

arsebobs arasakuTrivi integralebi 

 


a

dxxf        da    


a

dxxf , 

sadac a  fiqsirebuli ricxvia, maSin maT jams ewodeba arasakuTrivi 

integrali  




dxxf ,  e.i.  

              .          









a

a

dxxfdxxfdxxf         (15.3) 

cxadia, rom 

            .          









b

ab
a

dxxfdxxf lim               (15.4) 

 Tu arsebobs (15.1), (15.2) da (15.4) arasakuTrivi 

integralebis sasruli zRvari, maSin amboben, rom arasakuTrivi 

integrali krebadia. Tu es zRvrebi ar arseboben, an usasruloni 

arian, maSin zemoT ganxilul integralebs ewodebaT ganSladi 

arasakuTrivi integralebi. 

amocana 1. gamovTvaloT arasakuTrivi integrali 




1

2
x

dx
. 

amoxsna. arasakuTrivi integralis ganmartebis Tanaxmad gvaqvs: 

.11
1

lim
1

limlim
11

2

1

2
























 bx

dxdx

b

b

b

b

b xx
 

e.i. arasakuTrivi integrali krebadia. 

amocana 2. gamovTvaloT arasakuTrivi integrali 






1

x

dx
. 

amoxsna. arasakuTrivi integralis ganmartebis Tanaxmad gvaqvs: 

.
2

3

2

3
lim

3

2
limlim 3 2

1

3

2
1

3

11

3













































 b
x

dxx
x

dx

b

b

b
b

b
 

e.i. arasakuTrivi integrali ganSladia. 
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exla ganvixiloT is SemTxveva, rom integralqveSa funqcias 

usasrulo wyveta aqvs saintegracio SualedSi 

 vTqvaT, mocemulia  xfy   funqcia, romelic uwyvetia 

 ca  ;  SualedSi da c  wertilSi aqvs usasrulo wyveta. Tu arsebobs 

zRvari 

 dx

c

a

xf






 0
lim , 

maSin mas vuwodebT arasakuTriv integrals  ca  ;  SualedSi da vwerT 

               .          dxdx

c

a

c

a

xfxf 







 0
lim          (15.5) 

analogiurad, Tu mocemuli  xfy   funqcia uwyvetia  bc   ;  

SualedSi da arsebobs zRvari 

 dx

b

c

xf





 0
lim , 

maSin vwerT 

                 .          dxdx

b

c

b

c

xfxf 






 0
lim         (15.6) 

 Tu arseboben (15.5) da (15.6) zRvrebi, maSin vambobT rom, 

arasakuTrivi integralebi krebadia, winaaRmdeg SemTxvevaSi 

arasakuTrivi integralebs ganSladi ewodebaT.  

 Tu  xfy   funqcias aaqvs usasrulo wyveta 

 ba   ; SualedSi Siga c  wertilze, maSin arasakuTrivi integrali 

Semdegnairad ganimarteba 

             . lim lim
00

dxdxdx

b

c

c

a

b

a

xfxfxf 















                               (15.7) 

amocana 3. gamovTvaloT arasakuTrivi integrali 

 
4

0 x

dx
. 

amoxsna. ganmartebis Tanaxmad 

    4. 2-4 x2 





 




 0

4

00

4

2

1

0

4

0

limlimlim dxx
x

dx
 

e.i. integrali krebadia. 
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amocana 4. gamovTvaloT arasakuTrivi integrali (an gavarkvioT 

krebadia Tu ara) 




0

cosxdx 

amoxsna. ganmartebis Tanaxmad 

    . bbxxdxxdx
bb

b

b

b

b
sinlim0sinsinlimsinlimcoslimcos

0
00





   

am gamosaxulebis zRvari ar arsebobs, e.i. arasakuTrivi 

integrali ganSladia. 

amocana 5. gamovTvaloT arasakuTrivi integrali 




1

4x

dx
. 

amoxsna. ganmartebis Tanaxmad 

5

1

5

11
lim

5
limlim

5
0

5

1

4

1

4


































 b

x
dxx

x

dx

b

b

bb
 . 

e.i. arasakuTrivi integrali krebadia. 

ganvixiloT am faqtis  geometriuli interpretacia (nax. 1).  

 

                          nax.  1          

 


1

dxxf  warmoadgens daStrixuli usasrulo mrudwiruli 

trapeciis farTobs. sazogadod, Tu   ,0xf  maSin arasakuTrivi 

integrali  


a

dxxf  warmoadgens abscisTa RerZiT, ax   wrfiTa da 
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 xfy   funqciis grafikiT SemosazRvrul usasrulo mrudwiruli 

trapeciis farTobs. analogiuri geometriuli interpretacia aqvT 

sxva arasakuTriv integralebsac. 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

1. ras ewodeba arasakuTrivi integrali    ;a ,  a  ;   da     ;   

SualedebSi? 

2. ra SemTxvevaSi amboben, rom ganSladia arasakuTrivi integrali? 

3. ras ewodeba SemousazRvreli funqciidan arasakuTrivi 

integrali? 

 

 

savarjiSo 15 

 

1. gamoTvaleT arasakuTrivi integralebi: 

 

1) 
 




1
3

3x

dx
;          2) 

 
 

1

2
32x

dx
;         3) 

 


 
221

2

x

xdx
;           4) 



0

3 dxe x ;                 

 5) 


e
xx

dx
2ln

;             6) 


1

2x

dx
;                    7) 





0

2 dxx
;                8) 



0

3 dxx . 

 

2. gamoTvaleT integralebi SemousazRvreli funqciebidan: 

 

1) 


0

1
3 x

dx
;                   2) 



2

0 2 x

dx
;              3) 

e

xx

dx

1 ln
;              4) 

3

0
3 2x

dx
.   

 

3. gamoTvaleT im usasrulo mrudwiruli trapeciis 

farTobi, romelic SemosazRvrulia: 

 

1) 3x  wrfiT, abscisTa RerZiT da xey  3  funqciis grafikiT; 



 

 266 

2) abscisTa da ordinatTa RerZebiT da xey  3  funqciis grafikiT; 

3) 0y , 0x , 1x  wrfeebiT da 
3

1

x
y   funqciis grafikiT; 

4) ordinatTa RerZiT, 3x  wrfiT, abscisTa RerZiT da 
3

1

x
y    

funqciis grafikiT. 
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Tavi 16 

Cveulebrivi diferencialuri gantolebebi 

 

$16.1. Cveulebrivi diferencialuri gantolebis cneba. 

diferencialuri gantolebis amonaxsni.  

 gantolebas, romelic damokidebulebas amyarebs damoukidebel 

cvladebsa, am cvladebis ucnob funqciebsa da am funqciebis 

sxvadasxva rigis warmoebulebs an diferencialebs Soris, 

diferencialuri gantoleba ewodeba. 

 Tu damoukidebeli cvladebis ricxvi aris erTi, maSin 

gantolebas Cveulebrivi diferencialuri gantoleba ewodeba. 

Tu gvaqvs ramdenime damoukidebeli cvladi, maSin gantoleba 

Seicavs erTi an ramdenime ucnobi funqciis kerZo warmoebulebs, 

amis gamo aseT gantolebas kerZo warmoebulebiani diferencialuri 

gantoleba ewodeba. 

Cven SeviswavliT Cveulebriv diferencialur gantolebebs. 

Tu ucnob funqciaTa ricxvi ramdenimea, maSin unda gvqondes 

imdeni diferencialuri gantoleba, ramdeni ucnobi funqciac gvaqvs, 

anu sxvanairad am SemTxvevaSi gveqneba diferencialur gantolebaTa 

sistema, romelSiac gantolebaTa ricxvi tolia ucnobTa ricxvis. 

 roca gvaqvs erTi diferencialuri gantoleba erTi ucnobi 

funqciiT, masSi Semavali warmoebulebis an diferencialebis 

umaRles rigs, diferencialuri gantolebis rigi ewodeba. 

zemoT naTqvamis safuZvelze SegviZlia vTqvaT, rom  

                    ,0)('''
,...,,,, 





 n

yyyyxF       (16.1) 

sadac x  damoukidebeli cvladia, xolo y  aris x –is ucnobi 

funqcia, warmoadgens n –uri rigis Cveulebrivi diferencialuri 

gantolebis zogad saxes. kerZod, roca ,1n  maSin gveqneba 

                                                 

                       .0'
,, 





 yyxF       (16.2) 

maSasadame, (16.2) aris pirveli rigis Cveulebrivi 

diferencialuri gantolebis zogadi saxe. 
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imisaTvis, rom (16.1) gantoleba warmoadgendes n –uri rigis 

diferencialur gantolebas, masSi savaldebuloa Sediodes )(n
y , 

xolo danarCeni sidideebis )1('''
,...,,,,

n
yyyyx  Sesvla am gantolebaSi 

savaldebulo ar aris. 

aseve (16.2) gantoleba usaTuod unda Seicavdes '
y –s (an dx  da 

dy –s) danarCeni sidideebi x  da y  SeiZleba Sediodnen an ar 

Sediodnen am gantolebaSi. 

ase, magaliTad; 

                       0,0,0 '''
,, 

















 yyyyx FFF      

warmoadgenen pirveli rigis diferencialuri gantolebis kerZo 

saxeebs, xolo 

  0, yxF  

ar warmoadgens diferencialur gantolebas, radgan masSi ucnobi 

funqcia ar Sedis warmoebulis an diferencialis niSnis qveS. 

amitom SegviZlia vTqvaT, rom gantolebas ewodeba 

diferencialuri, Tu igi ucnob funqcias Seicavs warmoebulis an 

diferencialis qveS. 

 n -uri rigis (16.1) diferencialuri gantolebis amonaxsni 

ewodeba yvela iseT  n  rigamde CaTvliT warmoebad  xy   funqcias, 

romelic Casmuli (16.1) gantolebaSi mas gadaaqcevs igiveobad, e.i. 

                                                       ,0,...,,, 







 xxxx

n
F   

x -is yovel mniSvnelobisaTvis saTanado SualedSi.  

kerZod, pirveli rigis (16.2) diferencialuri gantolebis 

amonaxsni ewodeba yvela  xy   warmoebad funqcias, romelic 

Casmuli am gantolebaSi mas gadaaqcevs igiveobad e.i. 

                                    ,0,,  xxxF   

x -is yovel mniSvnelobisaTvis saTanado SualedSi. magaliTad,  

0''  yy . 
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diferencialuri gantolebis amonaxsnia xey  , radgan xey ' , xey ''  

da am mniSvnelobebis Casma mocemul diferencialur gantolebaSi 

mogvcems 

0 xx ee . 

es ki aris igiveoba (e.i. mas yvela x –sTvis aqvs adgili). 

diferencialuri gantolebis amonaxsnis moZebnis process 

diferencialuri gantolebis integreba ewodeba. 

Tu  xy   aris (16.2) gantolebis amonaxsni, maSin am funqciis 

grafiks mocemuli diferencialuri gantolebis integraluri wiri 

ewodeba. 

rogorc viciT, pirveli rigis Cveulebrivi diferencialuri 

gantolebis zogadi saxe aris 

   .0'
,, 





 yyxF                         (16.3) 

zogjer SesaZlebelia am gantolebis amoxsna y–is mimarT, 

miviRebT  

     .,
'

yxfy                            (16.4) 

(16.4) tolobis marjvena mxares mivceT saxe 

 
 
 

     ,  
x,y

x,y
x,yf

N

M
-  

sadac  x,yM  da  x,yN  mocemuli funqciebia, maSin (16.4) gantoleba 

miiRebs saxes: 

      .0 dyNdxM x,yx,y                        (16.5) 

samarTliania (16.4) diferencialuri gantolebis amonaxsnis 

arsebobisa da erTaderTobis Semdegi 

Teorema 16.1 (koSis Teorema). Tu  yxf ,  funqcia da misi kerZo 

warmoebuli  yxf
y

,
'  uwyvetia oxy  sibrtyis raime D  areze, romelic 

Seicavs  00 , yx  wertils, maSin moiZebneba    00 , xx  intervali, 

sadac arsebobs (16.4) gantolebis erTaderTi  xyy   amonaxsni, 

romelic akmayofilebs pirobas 

                   .         00 yxy          (16.6) 
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geometriulad es niSnavs, rom D  aris nebismier  00 , yx  

wertilze gadis (16.4) diferencialuri gantolebis erTaderTi 

integraluri wiri. Tu (16.6) pirobaSi 0x –s davafiqsirebT, xolo  

0y –s nebismierad SevcvliT (amasTan  00 , yx  wertili unda 

ekuTvnodes D  ares), maSin cxadi gaxdeba, rom D  aris nebismier 

wertilze gadis erTi da mxolod erTi integraluri wiri. aqedan 

gamomdinare, (16.4) gantolebas aqvs usasrulo simravle 

amonaxsnebisa, romelic warmoidgineba erTparametriani  cxyy ,  

funqciaTa ojaxis saxiT. 

 amocanas, romelic mdgomareobs, vipovoT (16.4) gantolebis 

amonaxsni, romelic akmayofilebs (16.6) pirobas, ewodeba koSis 

amocana, xolo (16.6) pirobas _ sawyisi piroba. (16.6) pirobas xSirad 

weren Semdegi saxiT 

0
0

yy
xx




. 

 (16.4) gantolebis zogadi amonaxsni ewodeba  cxyy ,  funqcias, 

sadac c  _ nebismieri mudmivia, Tu 

1) is warmoadgens am diferencialuri gantolebis amonaxsns, c  

mudmivis nebismieri mniSvnelobisaTvis; 

2) arsebobs erTaderTi 
0

cc   mniSvneloba, rom  0,cxyy   funqcia 

akmayofilebs   00 yxy   sawyis pirobas, rogoric ar unda iyos 

  Dyx 00 , . 

  (16.4) gantolebis kerZo amonaxsni ewodeba, iseT amonaxsns, 

romelic miiReba zogadi amonaxsnisagan, c  mudmivis konkretuli 

mniSvnelobisaTvis. 

xSirad diferencialuri gantolebis zogadi amonaxsni miiReba 

mxolod aracxadi saxiT, e.i. 

   .0,,  cyx                             (16.7) 

am SemTxvevaSi (16.7) tolobas ewodeba diferencialuri 

gantolebis zogadi integrali. Tu (16.7) damokidebulebaSi 
0

cc  , 

maSin miviRebT kerZo integrals.  
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$16.2. gancalebadcvladebiani diferencialuri gantoleba. 

pirveli rigis gantolebas ewodeba diferencialuri gantoleba 

gancalebuli cvladebiT, Tu mas aqvs an SegviZlia mivceT saxe: 

                            ,0 dyQdxP yx    (16.8) 

sadac  xP  aris x –is mocemuli funqcia, xolo  yQ    y –is 

mocemuli funqcia. 

aseTi tipis diferencialuri gantolebis amoxsna SesaZlebelia 

(16.8) tolobis orive mxaris integrebiT, rac mogvcems 

        ,cdyQdxP yx    

sadac c  nebismieri mudmivia. Tu gamovTvliT am integralebs, 

miviRebT funqcionalur damokidebulebas yx,  da c  sidideTa Soris 

  0,, cyxf . es iqneba (16.8) gantolebis zogadi amonaxsni. 

SesaZlebelia mocemul pirveli rigis diferencialur 

gantolebas hqondes saxe 

                      ,02211  dyyxdyyx           (16.9) 

sadac  x1 ,  x2 ,  y1  da  y2  mocemuli funqciebia. am 

gantolebaSi SesaZlebelia cvladTa gancaleba. marTlac, gavyoT 

gantolebis wevrebi    yx 12  namravlze; miviRebT 

 
 

 
 

.0
2

1

2

1  dy
y

y
dx

x

x








 

es gantoleba ki aris (16.8) saxis, romlis integreba mogvcems 

 
 

 
 

.
2

1

2

1 cdy
y

y
dx

x

x
  






 

am integralebis gamoTvliT miviRebT funqcionalur 

damokidebulebas yx,  da c  sidideTa Soris   0,, cyxf , rac iqneba 

(16.9) gantolebis zogadi amonaxsni. 

ganvixiloT ramdenime amocana cvladTa gancalebaze. 

amocana 1. amovxsnaT diferencialuri gantoleba 

.0 ydyxdx  

amoxsna. radgan aq cvladebi gancalebulia, amitom 

SesaZlebelia misi integreba, gveqneba 
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,
22

, 1

22

1 c
yx

cydyxdx      anu      

saidanac miviRebT 

.2, 1

2222 cccyx          sadac         

maSasadame mocemuli gantolebis zogadi amonaxsnia 

koncentrul wrewirTa ojaxi, romelTa centri koordinatTa 

saTaveSia. 

amocana 2. amovxsnaT gantoleba 

    0121 2  dyxxdxy . 

amoxsna. amisaTvis gavyoT misi wevrebi   2121 xy  –ze, miviRebT 

   
.0

211 2





 y

dy

x

xdx
 

am gantolebis integrebiT, gveqneba: 

   
,ln

2

1

211 2
c

y

dy

x

xdx






  

anu 

    ,ln
2

1
21ln

2

1
1ln

2

1 2 cyx   

saidanac SegviZlia davweroT: 

   .121 2 cxy   

aseTia mocemuli gantolebis zogadi amonaxsni. 

amocana 3. amovxsnaT gantoleba 

  .11' ye y  

amoxsna. amisaTvis es gantoleba gadavweroT aseTnairad  

  ,01,11 







 dxedye

dx

dy
e yyy    anu       

saidanac miviRebT 

.0
1




dxdy
e

e
y

y

 

movaxdinoT am tolobis integreba 

  ,ln1ln,ln
1

cxecdxdy
e

e y

y

y


     anu       

saidanac 
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.1,
1

ln xy
y

ceex
c

e 


     anu        

aseTia mocemuli gantolebis zogadi amonaxsni. 

amocana 4. vipovoT .lnsin' yyxy   diferencialuri gantolebis is 

kerZo amonaxsni, romelic akmayofilebs pirobas: roca ,
2


x  maSin 

.ey   

amoxsna. jer vipovoT am gantolebis zogadi amonaxsni, 

risTvisac mocemuli gantoleba gadavweroT Semdegi saxiT 

.
sinln x

dx

yy

dy
  

am gantolebis integrebiT, miviRebT: 

  ,ln
sinln

c
x

dx

yy

dy
 

anu 

  .ln
2

lnlnln c
x

tgy 







  

aqedan  

2
ln

x
tgcy   

aseTia zogadi amonaxsni. 

kerZo amonaxsnis sapovnelad SevitanoT am tolobaSi mocemuli 

sawyisi piroba, miviRebT 

.1             ,
4

ln  ctgce aqedan


 

SevitanoT c–s mniSvneloba zogad amonaxsnSi, miviRebT 

2            ,
2

ln

x
tg

ey
x

tgy  anu  

es iqneba saZiebeli kerZo amonaxsni, romelic akmayofilebs 

mocemul sawyis pirobebs. 

 

$16.3. pirveli rigis wrfivi diferencialuri gantoleba.  

 diferencialur gantolebas, romelsac aqvs saxe 

                  ,' xqyxpy                      (16.10) 
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sadac  xp  da  xq  mocemuli uwyveti funqciebia garkveul 

SualedSi, pirveli rigis wrfivi diferencialuri gantoleba 

ewodeba. 

Tu aRebul SualedSi   0xq , maSin gveqneba 

                 ,0'  yxpy                      (16.11) 

romelsac wrfivi erTgvarovani gantoleba ewodeba. 

im SemTxvevaSi, rodesac aRebul SualedSi   0xq , gantolebas 

ewodeba wrfivi araerTgvarovani diferencialuri gantoleba. 

pirveli rigis diferencialuri gantolebis amoxsnis ramdenime 

xerxi arsebobs. Cven ganvixilavT e.w. bernulis xerxs. 

veZeboT (16.10) gantolebis zogadi amonaxsni 

                               .xvxuy  (16.12) 

namravlis saxiT, sadac  xuu  ,  xvv   garkveul SualedSi uwyvetad 

warmoebadi ucnobi funqciebia. 

gavawarmooT (1612) toloba x –iT, miviRebT: 

.''' uvvuy   

SevitanoT y –isa da 'y –is mniSvnelobebi (16.10) gantolebaSi, 

miviRebT: 

   ,'' xquvxpuvvu   

anu 

                          .'' xquvuxpuv               (16.13) 

 xu  funqcia ise SevarCioT, rom 

                      .0'  uxpu       (16.14) 

es ki aris diferencialuri gantoleba gancalebadi cvladebiT, 

romlis zogadi amonaxsnia 

 
dxxp

ceu . 

kerZod, Tu miviRebT 1c ,  gveqneba 

 
               .


dxxp

eu                        (16.15) 

amrigad, Tu  xu –s SevarCevT (16.15) saxiT, maSin Sesrulebuli 

iqneba (16.14) toloba, ris gamoc (16.13) gantoleba miiRebs saxes: 

 ,xq
dx

dv
u   
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da radganac u  funqciaa x –is, amitom ukanasknel gantolebaSi 

cvladebis gancalebiT miviRebT 

 
   

,dxe
dxxp

xq
u

dxxq
dv   

romlis integrebiT gveqneba 

   
                  ,cdxe

dxxp
xqv 

         (16.16) 

sadac c  nebismieri mudmivia. 

SevitanoT u –sa da v –s mniSvnelobebi (16.12) formulaSi, 

gveqneba 

                      .)( )( dxexqce dxxpdxxp
y 

            (16.17) 

ganvixiloT ramdenime magaliTi: 

amocana 5. vipovoT 

0
1

2
2

' 


 y
x

x
y  

gantolebis zogadi amonaxsni. 

amoxsna. (16.17) formulis Tanaxmad, zogadi amonaxsni iqneba 

 22 1ln1

2

x
dx

x

x

cecey 

   

anu 

 .1 2xcy   

amocana 6. vipovoT 

                    0,3
1'  xxy
x

y             

diferencialuri gantolebis is kerZo amonaxsni, romelic 

akmayofilebs Semdeg sawyis pirobas: roca 1x , maSin 1y . 

amoxsna.  (16.17) formulis ZaliT, gveqneba 

 3

11
1

3 xc
x

dxxecey
dx

x
dx

x 













 



, 

.2x
x

c
y   

kerZo amonaxsnis sapovnelad CavsvaT 1x  da 1y  miviRebT 

.0,11  cc     e.i.     

ris gamoc 
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2xy  . 

es aris is kerZo amonaxsni, romelic akmayofilebs mocemul sawyis 

pirobas. 

amocana 7. amovxsnaT gantoleba 

tgxyxy 2' cos  

Semdegi sawyisi pirobebiT: roca 0x , maSin 0y . 

amoxsna. gadavweroT gantoleba Semdegi saxiT 

.
coscos 22

'

x

tgx

x

y
y   

gamoviyenoT (16.17) formula mocemuli magaliTisTvis da 

miviRebT: 

 

   .11                

       
coscos 2

cos

2

cos 22

tgxtgxtgx

tgxtgxx

dx

x

dx

cetgxctgxee

cdxe
x

tgx
ecdxe

x

tgx
exy




































 

sawyisi pirobebis gamoyeneba gvaZlevs: 

010 0  tgcetg  

saidanac 1c . 

maSasadame, saZiebel kerZo amonaxsns aqvs saxe: 

tgxetgxy  1 . 

 

$16.4. meore rigis mudmivkoeficientebiani wrfivi 

erTgvarovani diferencialuri gantoleba. meore rigis 

mudmivkoeficientebiani wrfivi erTgvarovani gantolebaa 

0 cyybya  

saxis gantoleba, cadac  a , b  da c  ( 0a ) mocemuli ricxvebia, 

xolo  xy   saZiebeli funqciaa. gantolebis a -ze wevr-wevrad 

gayofiT mas SegviZlia mivceT saxe               

0 qyypy .                        (16.18) 

Cveni mizania movZebnoT (16.18) gantolebis zogadi amonaxsni. 

amisaTvis, pirvel rigSi SevniSnoT, rom Tu  1y  da 2y  arian misi 

amonaxsnebi, xolo 1c  da 2c  raime mudmivebi, maSin 2211 ycycy   

agreTve iqneba (16.18) gantolebis amonaxsni. marTlac 
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     

  .000)( 2122221111

221122112211











ccqyypycqyypyc

ycycqycycpycyc
 

 

amis gamo, diferencialuri gantolebis zogadi amonaxsnis 

gansazRvrebidan gamomdinare, cxadia, rom Tu vipoviT (16.18) 

gantolebis raime or 
1y  da 

2y  damoukidebel amonaxsns (e.i. 

romelTa Sefardeba araa mudmivi), maSin 

2211 ycycy                              (16.19) 

iqneba (16.18) gantolebis zogadi amonaxsni. 

 Turme, saZiebeli zogadi amonaxsnis saxe damokidebulia 

02  qp                             (16.20) 

kvadratul gantolebaze, romelsac (16.18) diferencialuri 

gantolebis maxasiaTebeli gantoleba hqvia. ganvixiloT sami 

SemTxveva: 

1) roca maxasiaTebel gantolebas aqvs ori gansxvavebuli 

namdvili fesvi. vTqvaT, es fesvebia 
1  da 

2 . maSin funqciebi x
ey 1

1


  

da x
ey 2

2


  iqnebian (16.18) gantolebis damoukidebeli amonaxsnebi 

(SevamowmoT Cven TviTon!). Tu 
1y  da 2y -s SevitanT (16.19) tolobaSi, 

miviRebT, rom am SemTxvevaSi (16.18) diferencialuri gantolebis 

zogad amonaxsns aqvs saxe 

xx
ececy 21

21


 . 

 amocana 8. vipovoT 

065  yyy  

diferencialuri gantolebis zogadi amonaxsni. 

 amoxsna.  mocemuli gantolebis maxasiaTebel gantolebas 
eqneba Semdegi saxe 

0652   , 

romlis fesvebia 31   da 22  . saidanac davwerT wrfivad 

damoukidebel amonaxsnebs xey 3

1

  da xey 2

2  . aqedan 

xx ececy 2

2

3

1    

gantolebis zogadi amonaxsnia. 
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2) roca maxasiaTebel gantolebas aqvs erTi fesvi. vTqvaT, 

es fesvia  . maSin (16.18) gantolebis or damoukidebel amonaxsns 

mogvcemen funqciebi xey 1  da xxey 2  (SevamowmoT Cven TviTon!).  

 amrigad, am SemTxvevaSi (16.18) gantolebis zogadi amonaxsns 

eqneba saxe 

xxx exccxececy  )( 2121  . 

 amocana 9. vipovoT 

096  yyy  

gantolebis zogadi amonaxsni. 

 amoxsna. davweroT maxasiaTebeli gantoleba 

0962   , 

romelsac gaaCnia erTaderTi namdvili amonaxsni 3 . aqedan 

moceemuli gantolebis wrfivad damoukidebeli amonaxsnebi iqneba 

xey 3

1

  da xxey 3

2

 . 

 sabolood 

xexccy 3

21 )(   

gantolebis zogadi amonaxsnia. 

3) roca maxasiaTebel gantolebas ar aqvs namdvili fesvebi. 

am dros 042  qpD . aRvniSnoT 
2

p
 , 

2

4 2pq 
 . am 

SemTxvevaSi (16.18) gantolebis or damoukidebel amonaxsns mogvcemen 

funqciebi xey x  sin1   da xey x  cos2   (davamtkicoT Cven TviTon!).  

amrigad, am SemTxvevaSi (16.18) gantolebis zogad amonaxsns aqvs 

saxe 

xecxecy xx   cossin 21   

anu 

 xcxcey x  cossin 21  . 

  

amocana 10. vipovoT 

052  yyy  

diferencialuri gantolebis zogadi amonaxsni. 
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 amoxsna. radgan 016204 D , amitom SemoviRoT aRniSvnebi 

1
2

2
  da 2

2

16
 . aqedan, mocemuli gantolebis wrfivad 

damoukidebeli amonaxsnebia xey x 2sin1

  da xey x 2cos2

 . 

 sabolood 

 xcxcey x 2cos2sin 21    

warmoadgens mocemuli gantolebis zogad amonaxsns. 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

 ras ewodeba Cveulebrivi diferencialuri gantoleba? 

 ras ewodeba Cveulebrivi diferencialuri gantolebis rigi? 

 ras ewodeba n-uri rigis Cveulebrivi diferencialuri gantoleba? 

 ras ewodeba n-uri rigis Cveulebrivi diferencialuri gantolebis 

amonaxsni? pirveli rigis Cveulebrivi diferencialuri 

gantolebis amonaxsni? 

 CamoayalibeT koSis Teorema. 

 CamoayalibeT koSis amocana pirveli rigis Cveulebrivi 

diferencialuri gantolebisaTvis? 

 ras ewodeba Cveulebrivi diferencialuri gantolebis zogadi 

amonaxsni? kerZo amonaxsni? 

 rogor gantolebas ewodeba Cveulebrivi diferencialuri 

gantoleba gancalebadi cvladebiT? 

 moiyvaneT gancalebadcvladebiani Cveulebrivi diferencialuri 

gantolebis amoxsnis gza. 

 ras ewodeba pirveli rigis wrfivi Cveulebrivi diferencialuri 

gantoleba. 

 moiyvaneT pirveli rigis wrfivi Cveulebrivi diferencialuri 

gantolebis zogadi amonaxsnis formula. 
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 rogori saxe aqvs meore rigis mudmivkoeficientebian wrfiv 

diferencialur gantolebas? 

 rogori saxe aqvs meore rigis mudmivkoeficientebian wrfiv 

diferencialur gantolebis zogad amonaxsns? 

 ras ewodeba meore rigis mudmivkoeficientebiani wrfivi 

diferencialuri gantolebis maxasiaTebeli gantoleba? 

 rogor amoixsneba meore rigis mudmivkoeficientebiani wrfivi 

diferencialuri gantoleba, roca maxasiaTebel gantolebas aqvs 

ori gansxvavebuli fesvi? 

 rogor amoixsneba meore rigis mudmivkoeficientebiani wrfivi 

diferencialuri gantoleba, roca maxasiaTebel gantolebas aqvs 

erTi fesvi? 

 rogor amoixsneba meore rigis mudmivkoeficientebiani wrfivi 

diferencialuri gantoleba, roca maxasiaTebel gantolebas ar 

aqvs namdvili fesvebi? 

 

savarjiSo 16 

 

1. ipoveT gancalebadcvladebiani  diferencialuri 

gantolebebis zogadi amonaxsnebi: 

 

1) ;0'  xy            2) xyy ' ;                   3) 0'  xyy ;    

4) 0'  yxy ;          5) 03'  xyy ;                6) 03  ydydxx ;                            

7)   02
1  ydxdyy ;  8)     0121 2  dyxdxy x ;  9)     022  dxxxydyyxy ;           

10)    dyxdxxxy 21 ;   11) ydxxydyx cossinsincos  ;  12) xyy cos'  .     

 

2. ipoveT pirveli rigis wrfivi diferencialuri 

gantolebebis zogadi amonaxsnebi: 

 

1) x
x

y
y 

3' ;        2) xeyy ' ;    3) xyy 42'  ;      4) 3' xyxy  ;   

5) 022'  yy ;     6) 3'  yxy ;     7) 1'  xyxy ;    8) 0'  xeyxy . 
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3.  ipoveT meore rigis mudmivkoeficientebiani wrfivi 

diferencialuri gantolebebis zogadi amonaxsnebi: 

1)  ;02  yy             2) ;09  yy           3) ;06  yyy  

4)  ;0158  yyy        5) ;096  yyy       6)  ;044  yyy  

7)  ;0172  yyy         8) ;022  yyy       9)  .09  yy  
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Tavi 17 

 
xdomiloba da misi albaToba 

 
$17.1. elementarul xdomilobaTa sivrce. operaciebi 

xdomilobebze. bunebaSi gvxvdeba uamravi erTmaneTisagan gansxvavebuli 

tipis movlenebi, romelTa Soris arsebobs garkveuli damokidebulebebi. 

movlenaTa es simravle SegviZlia davyoT or klasad: 

a) movlenebi, romelTa Sedegebis gamocnoba SeiZleba winaswar. maT 

uwodeben deterministul anu gansazRvrul cdebs; 

b) movlenebi, romelTa Sedegebis gamocnoba winaswar SeuZlebelia. 

maT uwodeben SemTxveviT cdebs. 

albaTobis Teoriis kvlevis obieqts warmoadgens SemTxveviTi 

cdebi. 

 cdis nebismier SesaZlo Sedegs ewodeba xdomiloba. 

xdomilobebi aRiniSneba laTinuri anbanis didi, indeqsiani an 

uindeqso, asoebiT: ,...,,,...,,, 111 CBACBA  kamaTlis gagorebisas xdomilobis 

magaliTebia: 

   ,61  eqvsiani movaA   

   ,22  oriani movaA   

   ,6,4,23  ricxvi luwi movaA   

   .4,3,2,14  ricxvi naklebi xuTze movaA  

xdomilobas, romelic ar Seicavs sxva ufro martiv xdomilobas, 

ewodeba elementaruli xdomiloba. zemoTmoyvanili xdomilobebidan 1A  

da 
2A  warmoadgenen elementarul xdomilobebs, xolo 3A  da 

4A  ar arian 

elementaruli xdomilobebi, radgan isini Seicaven ufro martiv 

xdomilobebs. 

elementarul xdomilobebs aRniSnaven ,..., 21 ee  simboloebiT. Tu A  

Seicavs e  elementarul xdomilobas, maSin amboben, rom e  iwvevs A –s. 

 cdis yvela elementarul xdomilobaTa erTobliobas ewodeba 

elementarul xdomilobaTa sivrce da aRiniSneba E  asoTi.  

magaliTad, kamaTlis gagorebisas elementarul xdomilobaTa 

sivrce iqneba  6;5;4;3;2;1E . 
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 Tu e  elementaruli xdomiloba iwvevs raime A  xdomilobas, 

maSin mas ewodeba A –s xelSemwyobi elementaruli xdomiloba da es 

faqti simbolurad Caiwereba ase: Ae . 

Tu e  ar aris A  xdomilobis xelSemwyobi elementaruli 

xdomiloba, maSin weren Ae . 

 vityviT, rom A  xdomiloba moxda, Tu cdis Sedegi warmoadgens 

mis xelSemwyob raime elementarul xdomilobas. magaliTad, 3A  moxdeba 

maSin, roca cdis Sedegi iqneba an {2} an {4} an {6}. 

 xdomilobas, romelic Seicavs mocemuli cdis yvela 

elementarul xdomilobas, ewodeba aucilebeli xdomiloba. iseve 

rogorc elementarul xdomilobaTa sivrce, aucilebeli xdomiloba E  

asoTi aRiniSneba. 

gansazRvrebis Tanaxmad cxadia, aucilebeli xdomiloba moxdeba 

cdis yoveli ganxorcielebisas.  

  xdomilobas romelic mocemuli cdis arc erT elementarul 

xdomilobas ar Seicavs, ewodeba SeuZlebeli xdomiloba da aRiniSneba   

simboloTi. 

SeuZlebeli xdomiloba ar moxdeba cdis arcerT ganxorcielebisas. 

xdomilobas, romelic arc aucilebelia da arc SeuZlebeli, ewodeba 

SemTxveviTi xdomiloba. 

  vityviT, rom A  xdomiloba iwvevs B  xdomilobas, Tu A –s 

xelSemwyobi yvela elementaruli xdomiloba iwvevs B  xdomilobas da am 

faqts aRniSnaven ase: .BA  

  Tu BA   da AB   maSin A –sa da B –s ewodeba eqvivalenturi 

xdomilobebi da weren BA  . 

  ori A  da B  xdomilobebis jami (gaerTianeba) ewodeba 

xdomilobas, romelic xdeba maSin da mxolod maSin, rodesac A  da B  

xdomilobebidan erTi mainc moxdeba da aRiniSneba BA  an BA  

simboloTi. 

sxva sityvebiT rom vTqvaT, BA  xdomiloba Seicavs A  da B  

xdomilobebis yvela xelSemwyob elementarul xdomilobas. 

zemoT moyvanil magaliTSi  

}6;2{=+ 21 AA , }6;4;2{=+ 31 AA , }6;4;3;2;1{=+ 43 AA . 
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  ori A  da B  xdomilobebis namravli ewodeba xdomilobas, 

romelic xdeba maSin da mxolod maSin, rodesac xdeba A  da B  

erTdroulad. igi aRiniSneba  BA   an  BA∩  simboloTi. 

A  da B  xdomilobis namravli Seicavs mxolod im elementarul 

xdomilobebs, romlebic erTdroulad iwveven rogorc A –s, aseve B –s. 

xdomilobebis zemoT moyvanil magaliTSi 

 21 AA ,  32 AA {2},  43 AA {2;4}. 

  A  da B  xdomilobebis sxvaoba ewodeba iseT xdomilobas, 

romelic xdeba maSin da mxolod maSin, rodesac xdeba A  da ar xdeba B , 

aRiniSneba BA  an  BA \  simboloTi. 

A  da B  xdomilobebis sxvaoba BA \  Seicavs mxolod im 

elementarul xdomilobebs, romlebic iwveven A –s da ar iwveven B –s. 

igive magaliTidan:  

 6\ 21 AA , 32 \ AA Ø,  6\ 43 AA . 

 or A  da B  xdomilobas ewodeba uTavsebadi, Tu maTi namravli 

SeuZlebeli xdomilobaa. 

amrigad, Tu A  da B  uTavsebadi xdomilobebia, maSin BA  =Ø, e.i. 

A –sa da B –s erTdroulad moxdena SeuZlebelia. 

magaliTad, 
1A  da 

2A  uTavsebadi xdomilobebia, xolo 
1A  da 3A –

Tavsebadi. 

 A -s sawinaaRmdego xdomiloba ewodeba iseT xdomilobas, 

romelic moxdeba maSin da mxolod maSin, rodesac ar moxdeba A  da 

aRiniSneba A  simboloTi. 

A  Seicavs mocemuli cdis yvela im elementarul xdomilobas, 

romelsac ar Seicavs A , e.i. .\ AEA   

cxadia, A  da A  uTavsebadi xdomilobebia. magaliTad,  

 5;4;3;2;11 A ,  6;5;4;3;12 A ,  5;3;13 A ,  6;54 A . 

analogiurad ganisazRvreba xdomilobaTa jami da namravli 

nebismieri sasruli raodenobis xdomilobebisaTvis.  

 

$17.2. albaTobis klasikuri ganmarteba. ganvixiloT cda, romlis 

elementarul xdomilobaTa sivrce  neeeE ,...,, 21  Seicavs sasruli 
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raodenobis elementarul xdomilobebs. vTqvaT, cdis Sedegad TiToeuli 

elementaruli xdomilobis moxdenis SesaZlebloba erTi da igive 

ricxvia.  

vTqvaT, EA  xdomiloba Seicavs m  elements, maSin 
n

m
 fardobas 

uwodeben A  xdomilobis albaTobas da aRniSnaven )(AP  simboloTi, e.i. 

,)(
n

m
AP                                   (17.1) 

sadac m  aris A  xdomilobis xelSemwyob SemTxvevaTa  ricxvi, xolo n  

_ E  sivrcis yvela elementarul xdomilobaTa raodenoba (yvela 

SesaZlo SemTxvevaTa ricxvi). (17.1)-s ewodeba albaTobis klasikuri 

gansazRvreba, romelic sityvierad Camoyalibdeba Semdegnairad: 

 nebismieri xdomilobis albaToba ewodeba am xdomilobis 

xelSemwyob SemTxvevaTa ricxvis fardobas yvela SesaZlo SemTxvevaTa 

ricxvTan. 

gansazRvrebidan cxadia, rom aucilebeli xdomilobis albaToba 

,1)( 
n

n
EP  

xolo SeuZlebeli xdomilobis albaToba 

       P .0
0


n
ØØØØØØ 

amocana 1. vTqvaT, vagorebT kamaTels. ganvixiloT xdomilobebi: 

 2;1A ,   ,4B    6;5;4;3C ,   6;4;2D . 

vipovoT TiToeuli xdomilobis albaToba. 

amoxsna. cxadia, elementarul xdomilobaTa sivrce iqneba 

 6;5;4;3;2;1E , e.i. Sedgeba 6 elementisagan. amitom, 

3

1

6

2
)( AP ,  

6

1
)( BP ,  

3

2

6

4
)( CP ,  

2

1

6

3
)( DP . 

 

 $17.3. kombinatorikis elementebi da albaTobis gamoTvla 

kombinatorikis gamoyenebiT. bevr SemTxvevaSi E  sivrcis yvela 

elementarul xdomilobaTa raodenoba da xdomilobis xelSemwyob 

SemTxvevaTa ricxvis pirdapiri gamoTvla SeuZlebelia. xdomilobaTa 

albaTobebis gamoTvlis dros xSirad saWiro xdeba kombinatorikis 

formulebis gamoyeneba. 
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 kombinatorika aris mecniereba, romelic swavlobs kombinaciebs, 

romelTa Sedgenac SesaZlebelia garkveuli sasruli simravlis 

elementebidan gansazRvruli wesis gamoyenebiT. 

      pirvel rigSi CamovayaliboT kombinatorikis ZiriTadi principi, 

romelsac gamravlebis principi ewodeba: 

 Tu asarCevia m  obieqti da arsebobs pirveli obieqtis arCevis 
1n  

SesaZlebloba, pirveli obieqtis arCevis Semdeg arsebobs meore obieqtis 

arCevis 
2n  SesaZlebloba, da a. S., 1m  obieqtis arCevis Semdeg arsebobs 

m -uri obieqtis arCevis 
mn  SesaZlebloba, maSin arsebobs am m  obieqtis 

am mimdevrobiT arCevis 
mnnn  ...21
 SesaZlebloba. 

 magaliTad, Tu mamakacs aqvs 4 perangi, 3 pijaki da 2 halstuxi, 

maSin am mamakacs aqvs perangis, pijakis da halstuxis SerCevis 24234   

SesaZlebloba (varianti). 

  n  elementiani simravlis gadanacvlebebi ewodeba, iseT 

kombinaciebs, romlebic Sedgenilia mocemuli simravlis yvela 

elementisagan da erTmaneTisagan gansxvadeba mxolod elementebis 

ganlagebis rigiT. n  elementiani simravlis yvela SesaZlo 

gadanacvlebaTa ricxvia: 

!nPn  . 

 marTlac, Tu am amocanas SevxedavT rogorc n  obieqtidan n  

obieqtis arCevis amocanas, maSin arsebobs pirveli obieqtis arCevis n  

SesaZlebloba, pirveli obieqtis arCevis Semdeg arsebobs meore obieqtis 

arCevis 1n  SesaZlebloba, da a. S., 1n  obieqtis arCevis Semdeg 

arsebobs n -uri obieqtis arCevis erTaderTi SesaZlebloba. Sesabamisad, 

gamravlebis principis Tanaxmad:  

!12...)1( nnnPn  . 

 amocana 2. ramdeni gziT SeiZleba davsvaT 5 bavSvi 5 adgilze? 

 amoxsna.  

12012345!55 P . 

 wyobaTa ricxvi ewodeba n  elementiani simravlis m  elementian 

dalagebul qvesimravleTa raodenobas (e.i. qvesimravleebi erTmaneTisagan 

gansxvavdeba an elementebis SemadgenlobiT an elementebis ganlagebis 
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rigiT). n  elementiani simravlidan  m  elementiani yvela SesaZlo 

wyobebis ricxvia: 

)!(

!

mn

n
Am

n


 . 

 am amocanas Cven SegviZlia SevxedoT, rogorc n  obieqtidan m  

obieqtis SerCevis amocanas.. radganac, arsebobs pirveli obieqtis arCevis 

n  SesaZlebloba, pirveli obieqtis arCevis Semdeg arsebobs meore 

obieqtis arCevis 1n  SesaZlebloba, da a. S., 1m  obieqtis arCevis 

Semdeg arsebobs m -uri obieqtis arCevis 1mn  SesaZlebloba. amitom, 

gamravlebis principis safuZvelze gvaqvs: 

)!(

!
)1(...)1(

mn

n
mnnnAm

n


 . 

 amocana 3. sakrebulos 10 wevridan ramdeni gziT SeiZleba avirCioT 

sakrbulos Tavmjdomare da misi pirveli da meore moadgile? 

 amoxsna.  

7208910
!7

!103

10 A . 

 jufTebaTa ricxvi ewodeba n  elementiani simravlis m  

elementian qvesimravleTa raodenobas (e.i. qvesimravleebi erTmaneTisagan 

gansxvavdebian mxolod elementebis SemadgenlobiT). jufTebaTa ricxvi 

gamoiTvleba formuliT: 

)!(!

!

mnm

n
C m

n


 . 

 amocana 4. sakrebulos 10 wevridan ramdeni gziT SeiZleba 3 

wevriani komisiis arCeva? 

 amoxsna. wina amocanisgan gansxvavebiT aq dalagebas mniSvneloba 

ar aqvs. amitom viyenebT jufTebis formulas. Sesabamisad saZiebeli 

ricxvia: 

120
6

8910

)!310(!3

!103

10 





C . 

 axla ganvixiloT amocanebi albaTobis gamoTvlaze, sadac 

gamoviyenebT kombinatorikis elementebs. 

 amocana 5. sakrebulo sedgeba 10 wevrisagan, romelTagan 3 

respublikuri partiidanaa, xolo 7 _ demokratiuli partiidan. am 

sakrebulodan alalbedze unda airCion 3 gansxvavebuli Tanamdebobis 
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piri. ipoveT albaToba imisa, rom: a) samive arCeuli iqneba respublikuri 

partiidan; b) samive arCeuli iqneba demokratiuli partiidan; g) erTi 

arCeuli iqneba respublikuri partiidan, xolo ori _ demokratiuli 

partiidan.  

 amoxsna. SemoviRoT xdomilobebis aRniSvnebi: A  _ “samive arCeuli 

iqneba respublikuri partiidan”, B  _ “samive arCeuli iqneba 

demokratiuli partiidan” da C  _ “erTi arCeuli iqneba respublikuri 

partiidan, xolo ori _ demokratiuli partiidan” . maSin,  

                a)  
120

1

!7
!10

!3
)(

3

10

3 
A

P
Ap ; 

                b)  
24

7

!7
!10

!4
!7

)(
3

10

3

7 
A

A
Bp ; 

                g) 
40

7

!7
!10

!5
!73

)(
3

10

2

7

1

3 






A

AA
Cp . 

amocana 6. sakrebuloSi 10 wevria, romelTagan 4 respublikuri 

partiidanaa da 6 demokratiuli partiidan. alalbedze unda airCion 

samwevriani komisia. ipoveT albaToba, imisa, rom: a) samive iqneba 

respublikuri partiidan; b) samive iqneba demokratiuli partiidan; g) 

erTi iqneba respublikuri partiidan, xolo ori _ demokratiuli 

partiidan. 

amoxsna. SemoviRoT xdomilobebi: A  _ “samive arCeuli iqneba 

respublikuri partiidan”, B  _ “samive arCeuli iqneba demokratiuli 

partiidan” da C  _ “erTi arCeuli iqneba respublikuri partiidan, xolo 

ori _ demokratiuli partiidan” . maSin,  

                a)  
30

1

120

4
)(

3

10

3

4 
C

C
Ap ; 

                b)  
6

1

120

20
)(

3

10

3

6 
C

C
Bp ; 

                g) 
2

1

120

154
)(

3

10

2

6

1

4 






C

CC
Cp . 

 

$17.4. albaTobis geometriuli ganmarteba. albaTobis klasikuri 

ganmartebis erT-erTi nakli isaa, rom misi gamoyeneba ar SeiZleba im 
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eqsperimentebisaTvis, romlebsac gaaCniaT Sedegebis usasrulo 

raodenoba. aseT SemTxvevaSi SesaZlebelia visargebloT geometriuli 

albaTobis cnebiT. 

davuSvaT L  monakveTze SemTxveviT agdeben wertils. rac imas 

niSnavs, rom wertili aucileblad daecema L  monakveTze da amasTanave, 

Tanabari SesaZleblobebiT is SesaZlebelia daemTxves monakveTis 

nebismier wertils. amave dros, albaToba imisa, rom wertili daecema L  

monakveTis nebismier nawilze araa damokidebuli am nawilis ganlagebaze  

monakveTis SigniT da proporciulia misi sigrZis.. maSin albaToba imisa, 

rom agdebuli wertili daecema l  monakveTze, romelic aris nawili L  

monakveTis, gamoiTvleba formuliT: 

L

l
P  ,                                    (17.2) 

sadac l  _ l  monakveTis sigrZea, xolo L  _ L  monakveTissigrZe. 

 analogiurad, SesaZlebelia amocanis dasma wertilisaTvis, 

romelsac vagdebT brtyel S  areze da albaToba imisa, rom is moxvdeba 

am aris s  nawilSi ganimarteba rogorc: 

S

s
P  ,                                     (17.3) 

sadac s  _ s  aris farTobia, xolo S  _ S  aris farTobi. 

 samganzomilebian SemTxvevaSi albaToba imisa, rom SemTxveviTi 

gziT V  sxeulSi Cavardnili wertili aRmoCndeba am sxeulis v  nawilSi, 

gamoiTvleba formuliT: 

V

v
P  ,                                     (17.4) 

sadac, v  _ v  sxeulis moculobaa, xolo V  _ V sxeulis moculoba. 

amocana 7. vipovoT albaToba imisa, rom wreSi, romlis farTobia 

100 kvadratuli santimetri, SemTxveviT Cagdebuli wertili aRmoCndeba am 

wreSi Caxazul samkuTxedSi, romlis farTobicaa 25 kvadratuli 

santimetri. 

amoxsna. (17.3) formuli gamoyenebiT, gveqneba 

25,0
100

25
P . 
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$17.5. albaTobis statistikuri ganmarteba. SemoviRoT A  

xdomilobis fardobiTi sixSiris )(AW  cneba, romelic formuliT ase 

Caiwereba: 

n

m
AW )( , 

sadac n  _ cdaTa saerTo ricxvia, m  _ A  xdomilobis moxdenaTa ricxvi. 

 A  xdomilobis statistikuri albaToba ewodeba A  xdomilobis 

fardobiTi sixSiris zRvars, roca cdaTa ricxvi miiswrafis 

usasrulobisken. es faqti formuliT ase Caiwereba: 

)(lim)( AWAp n
n 

 . 

 am ganmartebidan gamomdinare, cxadia xdomilobis statistukur 

albaTobaT SegviZlia CavTvaloT am xdomilobis fardobiTi sixSire, 

roca cdaTa raodenoba sakmarisad didia. 

 

$17.6. albaTobis ganmarteba zogad SemTxvevaSi. albaTobis 

funqcia da misi Tvisebebi. sazogadod, xdomilobis albaToba 

ganisazRvreba Semdegnairad: 

vTqvaT, mocemuli gvaqvs diskretul (wyvetil) elementarul 

xdomilobaTa sivrce  ,..., 21 eeE  . 

P  funqcias, romelic E  sivrcis yovel ,...)2,1( iei  elementarul 

xdomilobas Seusabamebs [0;1] segmentSi moTavsebul namdvil  ieP  ricxvs, 

ewodeba albaTobis funqcia, Tu  

  .1
Ee

i

i

eP  

 ieP  ricxvs ewodeba ie  elementaruli xdomilobis albaToba. 

 nebismier EA  xdomilobis albaToba ewodeba ricxvs 

 .)( 



Ae

i

i

ePAP  

advilad mtkicdeba albaTobis funqciis Semdegi Tvisebebi: 

1) nebismieri A  xdomilobis albaToba arauaryofiTi sididea, e.i. 

;0)( AP  

2) 1)( EP , P (Ø)=0; 

3) Tu A  da B  uTavsebadi xdomilobebia, e.i. BA  =Ø, maSin 

);()()( BPAPBAP   
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4) Tu BA  , maSin );()()\( APBPABP   

5) nebismieri A  da B  xdomilobebisaTvis );()()()( ABPBPAPBAP   

6) Tu BA  , maSin );()( BPAP   

7) nebismieri A  xdomilobisaTvis ;1)( AP  

8) nebismieri A  xdomilobisaTvis ).(1)( APAP   

Tu E  ar aris diskretul xdomilobaTa sivrce, albaToba 

ganisazRvreba Semdegnairad: 

  E  elementarul xdomilobaTa sivrceze gansazRvrul P  

funqcias, romelic yovel EA  xdomilobas Seusabamebs arauaryofiT 

ricxvs, ewodeba albaTobis funqcia, Tu igi akmayofilebs Semdeg 

pirobebs: 

1) nebismieri A  xdomilobisaTvis ;0)( AP  

2) ;1)( EP ; 

3) Tu A  da B  uTavsebadi xdomilobebia, maSin ).()()( BPAPBAP   

)(AP -s uwodeben A  xdomilobis albaTobas. 

advili saCvenebelia, rom amgvarad gansazRvruli P  funqcia 

akmayofilebs 1)-8) Tvisebebs. 

 

d  a  v  a  l  e  b  a  

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba xdomiloba? 

 ras ewodeba elementeruli xdomiloba? 

 ras ewodeba elementarul xdomilobaTa sivrce? 

 rogor elementarul xdomilobas ewodeba A  xdomilobis 

xelSemwyobi? 

 ras niSnavs A  xdomilobis moxdena? 

 ras ewodeba aucilebeli da SeuZlebeli xdomilobebi? 

 ras ewodeba SemTxveviTi xdomiloba? 

 ras niSnavs: A  xdomiloba iwvevs B  xdomilobas? 

 ras ewodeba eqvivalenturi xdomilobebi? 
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 gansazRvreT A  da B  xdomilobebis jami. 

 gansazRvreT A  da B  xdomilobebis namravli. 

 gansazRvreT A  da B  xdomilobebis sxvaoba. 

 ras ewodeba uTavsebadi xdomilobebi? 

 ras ewodeba A  xdomilobis sawinaaRmdego xdomiloba? 

 moiyvaneT albaTobis klasikuri gansazRvreba. 

 CamoayalibeT kombinatorikis ZiriTadi principi. 

 ras ewodeba gadanacvlebaTa ricxvi? 

 ras ewodeba wyobaTa ricxvi? 

 ras ewodeba jufTebaTa ricxvi? 

 CamoayalibeT albaTobis geometriuli ganmarteba sigrZis, 

farTobis da moculobis mixedviT.  

 ras ewodeba xdomilobis fardobiTi sixSire? 

 CamoayalibeT albaTobis statistikuri ganmarteba. 

 moiyvaneT albaTobis geometriuli gansazRvreba. 

 moiyvaneT albaTobis funqciis gansazRvreba, roca elementarul 

xdomilobaTa sivrce diskretulia. 

 moiyvaneT albaTobis funqciis Tvisebebi. 

 moiyvaneT albaTobis zogadi ganmarteba. 

 

savarjiSo 17 

                                                                                                                                                                                                 

1. yuTSi, erTmaneTisagan mxolod feriT gansxvavebuli, 5 TeTri da 

15 Savi burTulaa. ras udris albaToba imisa, rom alalbedze amoRebuli 

burTula iqneba TeTri feris?   

2. yuTSi 1-dan 20-mde gadanomrili erTnairi burTulebia. ras udris 

albaToba imisa, rom am yuTidan alalbedze amoRebuli burTulas nomeri 

gaiyofa 5-ze? 

3. alalbedze asaxeleben naturalur ricxvs, romelic ar aRemateba 

24-s. ras udris albaToba imisa, rom es ricxvi warmoadgens 24-is gamyofs. 

4. ras udris albaToba imisa, rom erTi kamaTlis gagorebisas mova 

oTxze meti ricxvi? 
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5. ras udris albaToba imisa, rom ori kamaTlis gagorebisas: a) 

mosul qulaTa jami iqneba 8, xvaoba 4; b) mosul qulaTa jami iqneba 8, 

Tu cnobilia, rom maTi sxvaobaa 4? 

6. liTonis fuli aagdes orjer. ras udris albaToba imisa, rom 

erTxel mainc mova ‘’gvirgvini’’? 

7. yuTSi awyvia 15 detali, maTgan 10 SeRebilia. amwyobi alalbedze 

iRebs 3 detals. ras udris albaToba imisa, rom samive aRmoCndeba 

SeRebili? 

8. ras udris albaToba imisa, rom sami kamaTlis erTdroulad 

gagorebisas erT maTganze mova eqvsiani, xolo or danarCenze 6-isagan 

gansxvavebuli ricxvebi? 

9. yuTSi awyvia 100 detali, maTgan 10 arastandartulia. alalbedze 

iReben 4 detals. vipovoT albaToba imisa, rom: a) arc erTi maTgani ar 

aRmoCndeba arastandartuli; b) yvela arastandartulia; g) ori 

standartulia, ori arastandartuli. 

10. 12 students Soris 8 friadosania. am jgufidan alalbedze 

airCies 9 studenti. ipoveT albaToba imisa, rom: a) 5 maTgani iqneba 

friadosani; b) 3 maTgani iqneba friadosani. 

11. yuTSi awyvia 5 erTnairi detali, romelTagan 3 SeRebilia. 

alalbedze iReben 2 detals. vipovoT albaToba imisa, rom: a) erTi 

maTgani SeRebili iqneba; b) orive iqneba SeRebili; g) erTi mainc iqneba 

SeRebili. 

12. yuTSi moTavsebulia 3 TeTri da 7 Savi burTula. ras udris 

albaToba imisa, rom alalbedze amoRebuli ori burTula iqneba: a) 

orive Savi? b) erTi Savi da erTi TeTri? 

13. cnobilia, rom miRebul 50 xelsawyoSi 5 defeqtiania. ras udris 

albaToba imisa, rom alalbedze aRebuli 6 xelsawyodan 2 aRmoCndeba 

defeqtiani? 

14. SvidsarTuliani saxlis liftSi, pirvel sarTulze, Sevida sami 

pirovneba. TiToeul maTgans erTnairi albaTobiT SeuZlia gamosvla 

meoredan dawyebul nebismier sarTulze. ipoveT Semdeg xdomilobaTa 

albaTobebi: 

A ={samive pirovneba meoTxe sarTulze gamova}; 

B ={samive pirovneba erTsa da imave sarTulze gamova}; 
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C ={samive pirovneba sxvadasxva sarTulze gamova}. 

15. 20 sm rigrZis monakveTze moTavsebulia 7 sm sigrZis meore 

monakveTi. ipoveT albaToba imisa, rom did monakveTze alalbedze 

dasmuli wertili mcire monakveTze moxvdeba. 

16. qariSxalma daaziana xazi 160-e da 230-e kilometrebs Soris. ras 

udris albaToba imisa, rom dazianeba moxdeba xazis me-200-dan 220-e km-s 

Soris. 
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Tavi 18 

 
Sedgenili xdomilobebis albaTobebi 

 
 

$18.1. pirobiTi albaToba. xdomilobaTa namravlis albaToba. 

ganvixiloT E  elementarul xdomilobaTa sivrcis ori A  da B  

xdomiloba. davsvaT kiTxva: ras udris A  xdomilobis albaToba, Tu 

cnobilia, rom B  xdomiloba ukve moxda? es albaToba aRiniSneba )(APB
 

an )|( BAP  simboloTi da ikiTxeba ase:D A  xdomilobis albaToba B  

pirobiT. 

A  xdomilobis albaToba B  pirobiT ewodeba sidides  

)(

)(
)(

BP

ABP
APB  ,   Tu   .0)( BP  

moyvanili gansazRvrebidan gamomdinareobs, rom  

)()()( APBPABP B . 

radgan BAAB  , amitom 

)()()()( BPAPBAPABP A  

 da maSasadame 

)()()()( APBPBPAP BA  . 

amocana 1. studentma programiT gaTvaliswinebuli 50 sakiTxidan 

moamzada 40. ras udris albaToba imisa, rom students Sexvdeba bileTi, 

romlis samive sakiTxi momzadebuli aqvs? 

amoxsna. SemoviRoT aRniSnvnebi: kA  iyos imis xdomiloba, rom 

students Sexvda bileTi, romlis k –uri sakiTxi mas momzadebuli aqvs 

( k =1,2,3). xdomiloba, romlis albaTobac Cven gvainteresebs, warmoadgens 

sami xdomilobis namravls: 321 AAA   da 

.
490

147

48

38

49

39

50

40
)()()()( 321321 211

 APAPAPAAAP AAA  

 

$18.2. xdomilobaTa damoukidebloba. ori A  da B  xdomilobas 

ewodeba damoukidebeli, Tu erTi maTganis moxdena an ar moxdena 

gavlenas ar axdens meoris moxdenis albaTobaze, e.i. )()( APAPB   da 

).()( BPBPA   
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amocana 2. yuTSi awyvia 20 TeTri da 30 Savi erTnairi zomis 

burTula. vipovoT imis albaToba, rom Tu yuTidan alalbedze amoviRebT 

or burTulas, orive aRmoCndeba TeTri. cdis ganxorcieleba 

SesaZlebelia ori gziT: 1) yuTidan viRebT erT burTulas, viniSnavT mis 

fers, burTulas vabrunebT yuTSi  da cdas vimeorebT; 2) yuTidan viRebT 

erT burTulas, viniSnavT mis fers, magram ukan aRar vabrunebT da cdas 

vimeorebT. 

amoxsna. SemoviRoT aRniSvnebi: A  iyos xdomiloba _ ‘’pirveli 

burTula TeTria’’, B  _  ‘’meore burTula TeTria’’. 

pirvel SemTxvevaSi 

,
25

4

50

20

50

20
)()()(  BPAPABP A

 

meore SemTxvevaSi 

.
245

38

49

19

50

20
)()()(  BPAPABP A

 

pirvel SemTxvevaSi B  xdomiloba damoukidebelia A  

xdomilobisagan, xolo meore SemTxvevaSi _ damokidebulia A  

xdomilobaze. 

 

$18.3. sruli albaTobis formula.  vTqvaT, mocemuli gvaqvs raime 

E  elementarul xdomilobaTa sivrcis nAAA ,...,, 21  xdomilobebi. 

xdomilobaTa nAAA ,...,, 21  sistemas uwodeben xdomilobaTa srul 

jgufs, Tu isini akmayofileben Semdeg or pirobas: 

a) isini wyvil-wyvilad uTavsebadi xdomilobebia, e.i.  

,ji AA     ;,...,2,1, nji   

b) ....21 EAAA n   

      xSirad nAAA ,...,, 21  xdomilobebs uwodeben hipoTezebs, xolo 

xdomilobaTa srul jgufs _ E  sivrcis daxleCvas. 

Teorema 18.1. vTqvaT, nAAA ,...,, 21  qmnian xdomilobaTa srul jgufs. 

maSin nebismieri EB   xdomilobis albaToba gamoiTvleba Semdegi 

formuliT  

   



n

i

Ai BPAPBP
i

1

)( .                              (18.1) 

(18.1)-s ewodeba sruli albaTobis formula.  
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amocana 3. sawyobSi inaxeba sam saamqroSi damzadebuli erTi 

dasaxelebis 2000 detali. maT Soris 600 damzadebulia #1 saamqroSi, 650 

_  #2 saamqroSi, xolo 750 _  #3 saamqroSi. ras udris albaToba imisa, 

rom alalbedze aRebuli detali arastandartuli aRmoCndeba, Tu 

cnobilia, rom #1 saamqro saSualod 95% standartul produqcias 

uSvebs, #2 saamqro _  99%-s, xolo #3 saamqro _ 98%-s? 

amoxsna.  B  iyos xdomiloba imisa, rom alalbedze aRebuli 

detali arastandartuli aRmoCndeba, 
1A  _ xdomiloba, rom es detali 

damzadebulia #1 saamqroSi, 
2A  _ detali damzadebulia #2 saamqroSi, 

3A  _ detali damzadebulia #3 saamqroSi. 

 gamoviyenoT sruli albaTobis formula: 

    )()()()()()()(
321 321

3

1

AAA

i

Ai BPAPBPAPBPAPBPAPBP
i




. 

 )( 1AP , )( 2AP , )( 3AP   gamoiTvleba albaTobis klasikuri 

gansazRvrebis gamoyenebiT: 

;3,0
2000

600
)( 1 AP  ;325,0

2000

650
)( 2 AP   ;375,0

2000

750
)( 3 AP  

 

;05,095,01)(
1

BPA
 ;01,099,01)(

2
BPA

  02,098,01)(
3

BPA
. 

sabolood miviRebT: 

.02575,002,0375,001,0325,005,03,0)( BP  

              

$18.4. baiesis formula. 

Teorema 18.2. vTqvaT, nAAA ,...,, 21  sistema qmnis xdomilobaTa srul 

jgufs da B  raime xdomilobaa. maSin nebismieri k –saTvis ),...,2,1( nk   

marTebulia Semdegi formula: 

.

)()(

)()(
)(

1









n

i

iA

kA

kB

APBP

APBP
AP

i

k                             (18.2) 

(18.2)-s ewodeba baiesis formula. 

amocana 4. zemoT moyvanili magaliTis pirobebSi davuSvaT, rom 

alalbedze aRebuli detali aRmoCnda arastandartuli da ganvsazRvroT, 

rogori albaTobiT SeiZleba mivakuTvnoT es detali TiToeul saamqros. 
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amoxsna. unda vipovoT )( 1APB
, )( 2APB

, )( 3APB
 albaTobebi. 

visargebloT baiesis formulebiT: 

,
103

60

02575,0

05,03,0

)(

)()(
)( 11

1 






BP

BPAP
AP

A

B
 

,
103

13

02575,0

01,0325,0

)(

)()(
)( 22

2 






BP

BPAP
AP

A

B
 

.
103

30

02575,0

02,0375,0

)(

)()(
)( 33

3 






BP

BPAP
AP

A

B
 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba A  xdomilobis albaToba B  pirobiT? 

 moiyvaneT xdomilobaTa namravlis albaTobis formula. 

 ras ewodeba A  da B  xdomilobis damoukidebloba? 

 ras ewodeba xdomilobaTa sruli jgufi? 

 CamoayalibeT Teorema sruli albaTobis Sesaxeb. 

 CamoayalibeT baiesis Teorema. 

 

savarjiSo 18 

 

1. ipoveT erTi kamaTlis gagorebisas 2-anis mosvlis albaToba, Tu 

cnobilia, rom movida luwi ricxvi. 

2. yuTSi 20 TeTri da 15 Savi burTulaa. rigrigobiT iReben TiTo 

burTulas. ras udris albaToba imisa, rom meore burTula iqneba TeTri, 

Tu cnobilia, rom pirveli iyo Savi? 

3. yuTSi 19 TeTri da 5 Savi burTulaa. erTimeoris miyolebiT 

alalbedze amoiRes ori burTula. ras udris albaToba imisa, rom orive 

burTula iqneba TeTri? 

4. kargad areul 36 kartiani kompleqtidan alalbedze amoiRes ori 

karti. ras udris albaToba imisa, rom orive karti iqneba wiTeli? 

5. amwyobma saamqrom miiRo 100 detali, romelTagan ori 

arastandartulia. ras udris albaToba imisa, rom alalbedze aR-            

ebuli ori detalidan orive iqneba arastandartuli? 
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6. 6 saxelmZRvanelos Soris sami ydiania. alalbedze iReben or 

wigns. ras udris albaToba imisa, rom orive wigni ydiani iqneba? 

7. 25 kacian jgufSi 7 oTxosani da 3 xuTosani studentia. ras 

udris albaToba imisa, rom alalbedze gamoZaxebuli sami studentidan: 

a) samive iqneba oTxosani; b) samive iqneba xuTosani; g) arcerTi ar iqneba 

oTxosani an xuTosani? 

8. yuTSi 6 TeTri da 4 wiTeli burTulaa. ras udris albaToba, rom 

alalbedze amoRebuli oTxi burTidan: a) oTxive iqneba wiTeli b) 

pirveli ori iqneba wiTeli danarCeni ori ki TeTri? 

9. erT yuTSi 6 TeTri da 4 Savi burTulaa, meoreSi ki _ 7 TeTri 

da 3 Savi. TiToeuli yuTidan iReben TiTo burTulas. ras udris 

albaToba imisa,  rom orive burTula iqneba TeTri? 

10. abiturientma programiT gaTvaliswinebuli 60 sakiTxidan 

Seiswavla 50. ras udris albaToba imisa, rom abiturienti xuTians 

miiRebs, Tu cnobilia, rom mas mxolod sam sakiTxs ekiTxebian? 

11. CaTvla tardeba Semdegi wesiT: miRebuli sakiTxis arcodnis 

SemTxvevaSi students damatebiT aZleven kidev erT sakiTxs. ras udris 

albaToba imisa, rom studenti CaTvlas ver miiRebs, Tu CaTvlisTvis 

gankuTvnil 10 sakiTxidan man icis mxolod 7 sakiTxi? 

12. agoreben or kamaTels. ras udris albaToba imisa, rom erTze 

mova kenti ricxvi, xolo meoreze _ xuTiani? 

13. 52 kartiani ori kompleqtidan alalbedze iReben TiTo karts 

ras udris albaToba imisa, rom orive karti iqneba jvris? 

14. erT yuTSi 10 detalia, romelTagan 3 standartulia, meoreSi 

imave dasaxelebis 15 detalidan 6-ia standartuli. TiToeuli yuTidan 

alalbedze iReben TiTo detals. ras udris albaToba imisa, rom orive 

detali iqneba standartuli? 

15. xarati saSualod 90% standartul detals amzadebs. ras udris 

albaToba imisa, rom am xaratis mier damzadebuli sami detalidan samive 

iqneba standartuli? 

16. albaToba imisa, rom pirveli msroleli samiznes moaxvedrebs 0,8-

is tolia, meore msroleliTvis igive albaToba udris 0,2-s. ras udris 

albaToba imisa, rom orive msrolelis mier TiTojer gasrolis Semdeg 
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samizne daziandeba, Tu cnobilia, rom samiznis dasazianeblad mizanSi 

erTxel moxvedraa sakmarisi? 

17. amwyobma saamqrom miiRo erTi da igive detalebis ori partia: 200 

detali, romelTagan 4 arastandartulia da 100 detali, romelTagan 5 

arastandartulia. ras udris albaToba imisa, rom TiToeuli partiidan 

alalbedze aRebuli TiTo detalidan erTi mainc iqneba standartuli? 

18. ras udris albaToba imisa, rom oTxi kamaTlis erTdroulad 

gagorebisas oTxiveze erTi da igive ricxvi mova? 

19. erT yuTSi 5 Savi da 10 TeTri burTulaa, meoreSi ki 10 Savi da 5 

TeTri. TiToeuli yuTidan alalbedze viRebT TiTo burTulas. ras 

udris albaToba imisa, rom amoRebuli ori burTulidan, erTi mainc 

iqneba TeTri? 

20. erTi msrolelisTvis mizanSi moxvedris albaTobaa p , 

meorisTvis _ q . ras udris albaToba imisa, rom erTdroulad 

gasrolisas erTi moaxvedrebs mizanSi, meore ki aacdens? 

21. erT yuTSi moTavsebulia pirveli xaratis mier damzadebuli 100 

detali, meore xaratis mier damzadebuli 80 detali da mesame xaratis 

mier damzadebuli 120 detali. ipoveT albaToba imisa, rom yuTidan 

alalbedze amoRebuli detali standartuli iqneba, Tu pirveli xarati 

saSualod 95% standartul detals amzadebs, meore xarati 98%-s, mesame 

ki 90%-s. 

22. or yuTSi erTnairi dasaxelebis oc-oci detalia, TiToeulSi 18 

standartuli da 2 arastandartuli. pirveli yuTidan alalbedze 

amoiRes erTi detali da Cades meore yuTSi. ras udris albaToba imisa, 

rom amis Semdeg meore yuTidan amoRebuli detali iqneba standartuli. 

23. sam yuTSi erTnairi dasaxelebis mqone oc-oci detalia, maT 

Soris 15 standartuli da 5 arastandartuli. pirveli yuTidan 

alalbedze amoiRes erTi detali da Cades meore yuTSi. amis Semdeg 

meore yuTidan alalbedze amoiRes erTi detali da Cades mesame yuTSi. 

ras udris albaToba imisa, rom mesame yuTidan alalbedze amoRebuli 

detali iqneba standartuli? 

24. albaToba imisa, rom pirveli msroleli mizans daazianebs, aris 

0,6, xolo meorisTvis _ 0,7. orive msrolelma erTmaneTisagan 
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damoukideblad gaisrola. ris Sedegadac mizani dazianda. ras udris 

albaToba imisa, rom mizani pirvelma msrolelma daaziana? 

25. sami qvemexisgan Semdgarma bataream erTdroulad gaisrola, ris 

Sedegadac mizanSi ori yumbara moxvda. ipoveT albaToba imisa, rom 

mizanSi moxvda pirveli qvemexis gasrolili yumbara, Tu am 

qvemexebisaTvis mizanSi moxvedris albaToba Sesabamisad 0,2-is, 0,4-is da 

0,3-is tolia. 

26. erT yuTSi moTavsebulia 10 TeTri da 5 Savi mxolod feriT 

gansxvavebuli burTi, meore yuTSi ki _ 20 TeTri da 5 Savi. TiToeuli 

yuTidan alalbedze iReben TiTo burTs da Semdeg amoRebuli oridan 

alalbedze arCeven erTs. ras udris albaToba imisa, rom: a) amoRebuli 

burTi Savi ferisaa; b) es Savi feris burTi amoRebulia pirveli yuTidan. 

27. gamocdaze misuli 20 studentidan 8 momzadebulia xuTianze, 6 

oTxianze, 4 samianze da 2 orianze. sagamocdo bileTebSi Setanilia 40 

sakiTxi, romelTagan xuTianze momzadebulma icis yvela, oTxianze 

momzadebulma 35, samianze momzadebulma 25 da orianze momzadebulma 10 

sakiTxi. erT-erTma studentma miiRo xuTiani. ipoveT albaToba imisa, rom 

es studenti momzadebulia: a) oTxianze; b) orianze. 

28. albaToba imisa, rom pirovnebas aqvs raime daavadeba 0,03-is 

tolia. Tu pirovneba daavadebulia, maSin albaToba imisa, rom samedicino 

diagnostikuri centris testi mogvcems dadebiT pasuxs (daavadeba 

aRmoCenilia) aris 0,9-is toli. Tu pirovneba daavadebuli ar aris, maSin 

dadebiTi pasuxis albaTobaa 0,02.  

a) davuSvaTY testma mogvca dadebiTi Sedegi. rogoria albaToba imisa, 

rom pirovneba marTlac daavadebulia; 

b) davuSvaT testma mogvca uaryofiTi Sedegi. rogoria albaToba imisa, 

rom pirovneba daavdadebuli ar aris? 

29. pirvel yuTSi 10 burTia, maTgan 8 TeTri ferisaa, meore yuTSi 20 

burTia, maTgan mxolod 4-ia TeTri feris. TiToeuli yuTidan SemTxveviT 

amoiRes TiTo-TiTo burTi da Semdeg amoRebuli ori burTidan 

SemTxveviT amoirCies erT-erTi. ipoveT albaToba imisa, rom amorCeuli 

burTi TeTri ferisaa? 
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Tavi 19 

 
SemTxveviTi sidide 

 
$19.1. diskretuli SemTxveviTi sididis cneba, misi ganawilebis 

kanoni da ganawilebis funqcia. sidides, romelic eqsperimenatis 

Sedegad iRebs sxvadasxva ricxviT mniSvnelobebs, SemTxveviTi sidide 

ewodeba. SemTxveviT sidideebs, rogorc wesi, didi laTinuri asoebiT 

aRniSnaven, xolo maT SesaZlo mniSvnelobebs – Sesabamisi patara 

asoebiT. 

vTqvaT, X  SemTxveviTi sididis SesaZlo ricxviTi mniSvnelobebia 

nxxx ,...,, 21 . rogorc adre aRvniSneT, maT elementaruli xdomilobebi 

ewodebaT, ufro swored, elementarul xdomilobebs warmodgens  kxX   

simravleebi. kp -Ti aRvniSnoT am elementaruli xdomilobebis 

albaTobebi. aseT SemTxveviT sidideebs (e.i. iseTebs, romlebic sasruli 

raodenobis mniSvnelobebs Rebuloben) diskretul (wyvetil) SemTxveviT 

sidideebs uwodeben. 

X  diskretuli SemTxveviTi sididis ganawilebis kanoni (an ubralod 

ganawileba) ewodeba Semdegi saxis cxrils 

 

X  
1x  2x  3x  ... 

nx  

P  
1p  2p  3p  ... 

np  

  

sadac )( kk xXPp   da 1...21  nppp . 

aqve vigulisxmoT, rom SemTxveviTi sididis mniSvnelobebi 

dalagebulia zrdadobiT _ ....21 nxxx   

 vityviT, rom SemTxveviTi sidide srulad aris gansazRvruli, Tu 

mocemulia misi ganawilebis kanoni. es faqti ase SeiZleba iqnas 

gaazrebuli: Tu mocemulia SemTxveviTi sididis ganawilebis kanoni, 

maSin SesaZlebelia }{ bXa   saxis xdomilobebis albaTobaTa gamoTvla 

nebismieri a  da b  namdvili ricxvebisaTvis. amisaTvis ki sakmarisia 

SevkriboT is ip –ebi, romelTa Sesabamisi ix –ebic moxvdeba );( ba  

intervalSi. 
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amocana 1. X  diskretuli SemTxveviTi sididis ganawilebis kanonia 

X  -1 0 1 2 3 

P  0,1 0,15 0,3 0,25 0,2 

 

risi tolia albaToba imisa, rom 

1) SemTxveviTi sidide miiRebs erTze nakleb mniSvnelobas; 

2) SemTxveviTi sidide miiRebs dadebiT mniSvnelobas; 

3) SemTxveviTi sidide miiRebs samze nakleb dadebiT mniSvnelobas. 

amoxsna. rogorc zemoT aRvniSneT, 

),1( X  )3(),2(),1(),0(  XXXX        

elementaruli xdomilobebia da radgan isini uTavsebadia, xdomilobaTa 

Sekrebis wesis gamoyenebiT: 

1)     ;25,015,01,0)0(11  XPXPXP  

2)   ;75,02,025,03,0)3()2()1(0  XPXPXPXP  

3) .55,025,03,0)2()1()30(  XPXPXP  

rogorc zemoT aRvniSneT, SemTxveviTi sididis srulad 

gansazRvrisaTvis saWiroa misi ganawilebis codna. magram, es ar aris 

erTaderTi gza; kerZoT, }{ kk xXPp   albaTobebis nacvlad ganvixiloT 

}{ kxX   xdomilobaTa albaTobebi, romlebsac Cven )( kxF –iT aRvniSnavT, 

e.i.  

).()( kk xXPxF   

maSin  

)()()( 21 kkk xXxXxXPxXPxF   an a.S da an  an  

da radgan  

)(,...),(),( 21 kxXxXxX        

xdomilobebi uTavsebadia, xdomilobaTa Sekrebis wesiT gveqneba: 

  kkk pppxXPxXPxXPxF  ...)(...)()()( 2121 .            (19.1)  

e.i. Tu Cven viciT 1p , 2p , ... , np  SegviZlia gamovTvaloT  

)( 1xF , )(
2

xF , ... , )( nxF . 

piriqiT, (19.1)-dan advilad Cans, rom  

).()( 1 kkk xFxFp                               (19.2) 
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maSasadame, (19.2)-dan, Tu Cven  viciT )( 1xF , )( 2xF , ... , )( nxF , SegviZlia  

1p , 2p ,..., np _is aRdgena. ase rom, 1p , 2p ,..., np _is codna da )( 1xF , )( 2xF ,..., 

)( nxF _is codna erTi da igivea. 

axla ganvixiloT )()( xXPxF   nebismieri x –Tvis. advili 

saCvenebelia, rom  



















 





         ,1

;1,...,2,1  ,     ,

;        ,0

)( 1

1

1

n

kk

k

i

i

xx

nkxxxp

xx

xF

roca 

roca

roca

                 (19.3) 

da 

).()()( aFbFbXaP                              (19.4) 

maSasadame, garda ganawilebis kanonisa, SemTxveviTi sidide SeiZleba 

sruliad davaxasiaToT )(xF  funqciis saSualebiT. 

)(xF  funqcias didi mniSvneloba aqvs albaTobis Teoriasa da 

maTematikur statistikaSi. )(xF  funqcias aqvs specialuri saxeli:       

,, X  SemTxveviTi sididis ganawilebis funqcia’’. 

x  cvladis )()( xXPxF   funqcias X  SemTxveviTi sididis 

ganawilebis funqcia ewodeba. 

 ganmartebis Tanaxmad, ganawilebis funqcia gansazRvrulia x  

argumentis nebismieri namdvili mniSvnelobisaTvis da is warmoadgens 

)( xX   xdomilobis albaTobas. amitom, mas aqvs Semdegi Tvisebebi: 

1) ;1)(,0)(  FF    

2) F  araklebadi funqcia; 

3) F  funqciis mniSvnelobebi moTavsebulia [0, 1]_Si. 

amocana 2. amocana 1-Si moyvanili ganawilebis kanonidan 

ganvsazRvroT X  SemTxveviTi sididis ganawilebis funqcia. 

amoxsna.  roca 1x , maSin   

;0)()(  xXPxF  

Tu ,01  x  maSin 

;1,0)1()()(  XPxXPxF  

Tu ,10  x  maSin  

;25,015,01,0)0()1()()(  XPXPxXPxF  
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Tu ,21  x  maSin                            

;55,03,015,01,0)1()0()1()()(  XPXPXPxXPxF  

Tu ,32  x  maSin                            

;8,025,03,015,01,0)2()1()0()1()()(  XPXPXPXPxXPxF  

Tu ,3x  maSin                            

.1)3()2()1()0()1()()(  XPXPXPXPXPxXPxF  

 sabolood SegviZlia CavweroT 






























.3,1

;32,8,0

;21,55,0

;10,25,0

;01,1,0

;1,0

)(

x

x

x

x

x

x

xF

   roca     

  roca   

  roca  

  roca  

  roca   

  roca    

 

amocana 3. vTqvaT, diskretuli SemTxveviTi sididis ganawilebis 

funqciaa 






























.7,1

;75,8,0

;52,65,0

;25,0,45,0

;5,03,15,0

;3,0

)(

x

x

x

x

x

x

xF

   roca      

  roca    

  roca   

  roca   

  roca   

  roca     

 

 vipovoT ganawilebis kanoni. 

amoxsna. rogorc zemoT aRvniSneT, SemTxveviTi sididis 

mniSvnelobebs gansazRvravs )(xF  funqciis wyvetis wertilebi, xolo 

Sesabamisi albaTobebi gamoiTvleba (19.2) formuliT. amitom miviRebT, rom 

ganawilebis kanons aqvs Semdegi saxe: 

X  -3 0,5 2 5 7 

P  0,15 0,3 0,2 0,15 0,2 

 

$19.2. uwyveti SemTxveviTi sididis cneba, misi ganawilebis 

funqcia da simkvrive. uwyveti tipis SemTxveviTi sididis cnebamdi 

mivyavarT Semdeg magaliTs: vTqvaT, cilindruli formis savse Wiqidan, 

romlis simaRlea H  sm, xolo fskeris radiusi R  sm, xdeba wylis 

gadmosxma. SemTxveviT momentSi wylis gadmosxma wydeba da Cven 
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vinteresdebiT darCenili wylis simaRliT, romelsac aRvniSnavT X -iT. 

cxadia, radganac wylis gadmosxmis Sewyvetis momenti SemTxveviTia, X  

warmoadgens SemTxveviT sidides, romlis SesaZlo mniSvnelobaTa 

simravlea  ],0[ H  intervali. gamovTvaloT am SemTxveviTi sididis 

ganawilebis funqcia geometriuli albaTobis saSualebiT 

,)()(
2

2

H

x

HR

xR

V

V
xXPxF

H

x 



  

sadac xV  da HV , Sesabamisad, aris wylis darCenili da mTeli 

moculobebi. rogorc vxedavT, ganawilebis funqcia )0;(  SualedSi 

nulis tolia, 0-dan H –mde wrfivia da H –is Semdeg 1-is tolia anu mis 

grafiks aqvs Semdegi saxe:  

                    

                   )(xF  

 

 

 

 

                o            H            X  

                                          nax. 1 

cxadia, aseTi ganawilebis funqcia ar SeiZleba hqondes arc erT           

diskretul SemTxveviT sidides da maSasadame, am magaliTSi saqme gvqonia   

sul sxva bunebis SemTxveviT sididesTan _ uwyveti tipis SemTxveviT 

sididesTan. 

 SemTxveviT sidides ewodeba uwyveti tipis, Tu misi ganawilebis 

funqcia uwyvetia.  

uwyvet SemTxveviT sidideTa ganawilebis funqciebs aqvT yvela is 

Tviseba, rac hqondaT diskretuli tipis SemTxveviT sidideTa ganawilebis 

funqciebs, magram maTgan gansxvavebiT nebismieri x –saTvis 

.0)(  xXP  

garda amisa, gansxvavebiT diskretulisagan, maT aqvT kidev erTi 

damatebiTi Tviseba: isini  arian uwyvetni da gaaCniaT warmoebuli. 

ganawilebis funqciis warmoebuls, ganawilebis simkvrives uwodeben da 

aRniSnaven )(xf –iT. maSasadme, 
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).()( xFxf                                (19.5) 

Tu cnobilia uwyveti SemTxveviTi sididis )(xf  ganawilebis 

simkvrive, maSin )(xF  ganawilebis funqcia gamoiTvleba Semdegi 

formuliT: 






x

duufxF )()(  .                          (19.6) 

ganawilebis simkvrives aqvs Semdegi Tvisebebi: 

1) ganawilebis simkvrive arauaryofiTia, e.i. .0)( xf  

2) 




 1)( dxxf . 

kerZod, Tu SemTxveviTi sididis SesaZlo mniSvnelobebi ekuTvnis 

],[ ba  intervals, maSin 

 

b

a

dxxf 1)( . 

ganawilebis simkvriviTac calsaxad SeiZleba ganvsazRvroT yvela 

}{ bXa   saxis xdomilobaTa albaTobebi, Semdegi formuliT: 


b

a

dxxfbXaP )()( .                        (19.7) 

aqve SevniSnoT, rom ganawilebis simkvrives ganawilebis funqciasTan 

SedarebiT is upiratesoba aqvs, rom misi saSualebiT gamosaxuli raime 

intervalSi SemTxveviTi sididis moxvedris albaTobas (rogorc 

intervals) aqvs CvenTvis ukve kargad cnobili farTobis interpretacia.  

                            )(xf  

 

 

 

 

                             A  

                                           

                     a    o               b                      x  

                                                nax. 2 
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albaToba am SemTxvevaSi warmoadgens simkvrivis wiris qveS moTavsebuli 

mrudwiruli trapeciis farTobs (ix. nax. 2). 

 ).()( ASbXaP   

 

amocana 4. uwyveti SemTxveviTi sididis ganawilebis simkvrivea 

























.
3

,0

;3
0,cos

;0,0

)(

x

xxD

x

xf

   roca     

  roca   

 roca     

 

a)  gansazRvreT D  parametris mniSvneloba; 

b)  ipoveT )(xF  ganawilebis funqcia; 

g) ipoveT albaToba imisa, rom SemTxveviTi sidide moxvdeba  








 

4
;

6
  

intervalSi. 

amoxsna. pirvel rigSi SevamowmoT, akmayofilebs Tu ara funqcia 

ganawilebis simkvrivis Tvisebebs. marTlac, 0)( xf , roca 0D . D  

parametris mniSvneloba ki gamoiTvleba ganawilebis simkvrivis meore 

Tvisebidan. 






1)( duuf . 

CavataroT gamoTvlebi. ganawilebis simkvrivis gamosaxulebidan 

gamomdinare miviRebT: 

1sin0cos0)()()()(

0

3

3

0 3

0

3

0 3

0










 





 



      uDduuduDduduufduufduufduuf . 

ukanaskneli gamosaxulebidan miviRebT, rom roca 
3

2
D , )(xf  

akmayofilebs ganawilebis simkvrivis yvela Tvisebas. 

ganawilebis funqciis gamosaTvlelad visargeblod formuliT 






x

duufxF )()( . 
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roca ,0x  maSin 0)( xf  da 

.00)(

0

 


duxF  

roca ,
3

0


 x  maSin 

xududuxF

x

sin
3

2
cos

3

2
0)(

0

0

 


. 

roca 
3


x , maSin 

10cos
3

2
0)(

3

3

0

0

 






x

duududuxF . 

amrigad, saZiebeli ganawilebis funqciaa 

























.
3

,1

;
3

0,sin
3

2

;0,0

)(

x

xx

x

xF

 roca    

 roca  

 roca   

 

mesame SekiTxvaze pasuxis misaRebad visargeblod (19.7) formuliT. 

miviRebT: 

3

12

2

1

2

2

3

2
sin

3

2
cos

3

2

46
6

44

6

























 









 uuduxP . 

amocana 5. uwyveti SemTxveviTi sididis ganawilebis funqciaa 

























.
4

,1

;
4

0,2sin

;0,0

)(

x

xx

x

xF

 roca    

 roca  

 roca   

 

ipoveT ganawilebis simkvrive. 

amoxsna.  (19.5) formulis Tanaxmad 
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























.
4

,0

;
4

0,2cos2

;0,0

)()(

x

xx

x

xFxf

 roca    

 roca  

 roca   

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT:  

 

 ras ewodeba SemTxveviTi sidide? 

 ras ewodeba diskretuli SemTxveviTi sidide? 

 ras ewodeba diskretuli SemTxveviTi sididis ganawilebis 

kanoni? 

 ras ewodeba SemTxveviTi sididis ganawilebis funqcia? 

 ra kavSiri arsebobs diskretuli SemTxveviTi sididis 

ganawilebis kanonsa da ganawilebis funqcias Soris? 

 moiyvaneT diskretuli SemTxveviTi sididis ganawilebis funqciis 

Tvisebebi? 

 rogor SenTxveviT sidides ewodeba uwyveti? 

 ras ewodeba uwyveti SemTxveviTi sididis ganawilebis simkvrive. 

 rogor gamoisaxeba ganawilebis funqcia ganawilebis simkvrivis 

saSualebiT? 

 moiyvaneT ganawilebis simkvrivis Tvisebebi. 

 moiyvaneT SemTxveviTi sididis raime intervalSi moxvedris 

albaTobis geometriuli interpretacia ganawilebis simkvrivis 

daxmarebiT. 

 

savarjiSo 19 

 

1. mizanSi isvrian erTxel. moxvedris albaToba udris 0,3-s. 

SemTxveviTi X  sidide aris mizanSi moxvedraTa ricxvi. dawereT X  

SemTxveviTi sididis ganawilebis kanoni. 
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2. SemTxveviTi sidide Rebulobs Semdeg mniSvnelobebs: 

8;5;2 321  xxx   . cnobilia pirveli ori SesaZlo mniSvnelobis 

albaTobebi: 15,0;4,0 21  pp   .  dawereT am sididis ganawilebis kanoni. 

3. latariaSi gamoSvebulia 1000 bileTi. aqedan gaTamaSdeba: erTi 

mogeba 1000 lariani, oTxi mogeba _ TiTo 500 lariani, xuTi mogeba _ 

TiTo 400 lariani da 10 mogeba _ TiTo 100 lariani. ipoveT erTi bileTis 

mogebis ganawilebis kanoni. 

4. msroleli mizanSi isvris samjer, yoveli gasrolis moxvedris 

albaToba udris 0,4-s. yoveli moxvedrisas msrolels eTvleba 5 qula. 

dawereT miRebuli qulebis ganawilebis kanoni. 

5. kamaTels agoreben 3-jer. dawereT 6-ianis mosvlaTa ganawilebis 

kanoni. 

6. liTonis fuls agdeben 4-jer. dawereT ‘’gvirgvinis’’ mosvlaTa 

ganawilebis kanoni. 

7. msroleli, romelsac 3 vazna aqvs, esvris mizanSi pirvel 

moxvedramde. yoveli gasrolisas moxvedris albaToba udris 0,8-s. ipoveT 

daxarjuli vaznebis ganawilebis kanoni. 

8. msroleli, romelsac 4 vazna aqvs, mizanSi isvris pirvel 

moxvedramde. yoveli gasrolisas mizanSi moxvedris albaToba udris 0,6-

s. ipoveT dauxarjavi vaznebis ganawilebis kanoni. 

9. ori msroleli isvris erT mizanSi. albaToba imisa, rom pirveli 

msroleli mizanSi moaxvedrebs, aris 0,5, meore rom moaxvedrebs _ 0,4. 

SeadgineT mizanSi moxvedraTa ganawilebis kanoni. 

10. monadire esvris nadirs pirvel moxvedramde da 4-ze met 

gasrolas ver aswrebs. SeadgineT gasrolaTa ricxvis ganawilebis kanoni, 

Tu erTi gasrolisas moxvedris albaToba udris 0,7s. 

11. albaToba imisa, rom biblioTekaSi studentisaTvis saWiro wigni 

Tavisufalia, udris 0,4-s. SeadgineT im biblioTekebis ganawilebis 

kanoni, romlebic unda inaxulos studentma, Tu qalaqSi 4 biblioTekaa. 

12. ojaxSi 4 bavSvia. SeadgineT ganawilebis kanoni SemTxveviTi X  

sididisa, romelic gamosaxavs vaJTa raodenobas, Tu vaJiSvilebisa da 

qaliSvilebis dabadeba tolalbaTia. 

13. mocemulia ori SemTxveviTi sididis ganawilebis kanoni:  
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X  1 3 

P  0,4 0,6 

 

SeadgineT YX  SemTxveviTi sididis ganawilebis kanoni. 

14. mocemulia ori SemTxveviTi sididis ganawilebis kanoni:  

 

X  4 6 

P  0,3 0,7 

 

SeadgineT YX   SemTxveviTi sididis ganawilebis kanoni 

15. mocemulia SemTxveviTi X  sididis ganawilebis kanoni:  

X  -2 0 1 3 

P  0,1 0,5 0,3 0,1 

 

SeadgineT 2X  da 3 X  SemTxveviTi  sididis ganawilebis kanoni 

16. mocemulia ori SemTxveviTi sididis ganawilebis kanoni:  

 

X  -1 0 1 

P  0,2 0,3 0,5 

 

SeadgineT XY  SemTxveviTi sididis ganawilebis kanoni 

17. mizanSi isvrian erTxel. moxvedris albaToba udris 0,3-s. ipoveT 

moxvedraTa ricxvis ganawilebis funqcia. 

18. mizanSi isvrian 4-jer. yoveli gasrolisas mizanSi moxvedris 

albaToba aris 0,3. ipoveT moxvedraTa ricxvis ganawilebis funqcia da 

gansazRvreT albaToba imisa, rom mizanSi moxvedraTa ricxvi 

moTavsebuli iqneba [1, 4] SualedSi. 

19. yuTSi 7 burTulaa, romelTagan 4 TeTria, danarCeni Savi. 

SemTxveviTad airCeva 3 burTula. X  warmoadgens arCeul 3 burTulaSi 

TeTrebis raodenobas. vipovoT X  SemTxveviTi sididis ganawilebis 

kanoni da albaToba )2( XP . 

20. SemTxveviTi sididis ganawilebis funqcia mocemulia Semdegi 

saxiT:  

Y  2 4 

P  0,2 0,8 

Y  1 2 

P  0,8 0,2 

Y  0 1 2 3 

P  0,1 0,2 0,3 0,4 



 

 313 

















.1,1

;10,

;0,0

)( 2

x

xx

x

xF

   roca     

  roca   

  roca    

 

vipovoT SemTxveviTi sididis (0,25; 0,75) intervalSi moxvedris albaToba. 

21. X  SemTxveviTi sididis ganawilebis funqcias aqvs Semdegi saxe:  

























.1,0

;1,
1

1
)(

x

x
xxF

   roca          

  roca    
 

vipovoT X -is ganawilebis simkvrive. 

22. X  SemTxveviT sidide mocemulia ganawilebis funqciiT:  

 

















.4,1

;42,15,0

;2,0

)(

x

xx

x

xF

   roca        

  roca   

  roca        

 

vipovoT albaToba imisa, rom X  miiRebs mniSvnelobas: 

a) 0,2-ze naklebs b) 3-ze naklebs g) aranakleb 5-isa. 

23. X  SemTxveviTi sididis ganawilebis funqcias aqvs Semdegi saxe:  

















.1,1

;10,

;0,0

)( 4

x

xx

x

xF

   roca     

  roca   

  roca    

 

vipovoT ganawilebis simkvrive 

24. SemTxveviTi sidide mocemulia ganawilebis simkvriviT: 





















.,0

;0,sin
2

1

;0,0

)(

x

xx

x

xF

   roca     

  roca   

  roca    

 

 ipoveT ganawilebis funqcia. 
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Tavi 20 

SemTxveviTi sididis ricxviTi maxasiaTeblebi 

 

$20.1. maTematikuri lodini _ saSualo mniSvneloba. rogorc adre 

avRniSneT, SemTxveviTi sidideebis sruli maxasiaTeblebia e.w. 

ganawilebis kanonebi. diskretuli SemTxveviTi sidideebi sruliad 

xasiaTdeba ganawilebis funqciis an ganawilebis kanonis mocemiT, xolo 

uwyveti SemTxveviTi sidideebi _ ganawilebis funqciis an ganawilebis 

simkvrivis miTiTebiT. xSirad ar aris aucilebeli SemTxveviTi sidide 

amomwuravad iyos daxasiaTebuli, sakmarisia mivuTiToT misi calkeuli 

ricxviTi maxasiaTeblebi (ganawilebis parametrebi), romlebic 

SemTxveviTi sididis ganawilebis arsebiT niSnebs axasiaTeben. ricxviT 

maxasiaTeblebs (parametrebs), romelTa daniSnulebaa SekumSul formaSi 

gadmogvces ganawilebis kanonis yvelaze arsebiTi Taviseburebani, 

SemTxveviTi sididis ricxviTi maxasiaTeblebi ewodeba. 

SemTxveviTi sididis ricxviT maxasiaTeblebs Soris, upirveles 

yovlisa, unda ganvsazRvroT iseTi maxasiaTeblebi, romlebic axasiaTeben, 

SemTxveviTi sididis mdebareobas ricxviT RerZze, e.i. uCveneben 

romeliRac saSualo mniSvnelobas, romlis ‘’garSemoc’’ jgufdeba 

SemTxveviTi sididis SesaZlo mniSvnelobani. erT-erT aseT ricxviT 

maxasiaTebels warmoadgens SemTxveviTi sididis maTematikuri lodini, 

romelsac zogjer mis saSualo mniSvnelobasac uwodeben. ganvmartoT es 

cneba jer diskretuli SemTxveviTi sididisaTvis. amisTvis ganvixiloT 

diskretuli SemTxveviTi sidide, romlis ganawilebis kanonia 

 

X  
1x  2x  ... 

nx  

P  
1p  2p  ... 

np  

 

 diskretuli tipis SemTxveviTi sididis maTematikuri lodini 

ewodeba SemTxveviTi sididis yvela SesaZlo mniSvnelobebis Sesabamis 

albaTobebze namravlebis jams: 





n

i

nnii pxpxpxpxEX
1

2211 ... .                      (20.1) 

SevniSnoT, rom Tu 
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n
ppp n

1
...21  , 

 maSin,  





n

i

ix
n

EX
1

1
, 

anu SemTxveviTi sididis maTematikuri lodini aris misi mniSvnelobebis 

saSualo ariTmetikuli, rac amarTlebs maTematikuri lodinis meore 

saxelwodebas: ,,SemTxveviTi sididis saSualo mniSvneloba’’. 

damtkicebis gareSe mogvyavs maTematikuri lodinis Tvisebebi: 

1. cEc  , anu mudmivis maTematikuri lodini amave mudmivis tolia. 

2. cEXEcX  , anu mudmivi gadis maTematikuri lodinis niSnis gareT. 

3. 22112211 )( EXcEXcXcXcE  , anu wrfivi kombinaciis maTematikuri 

lodini lodinebis wrfivi kombinaciis tolia. 

4. Tu 1X  da 2X  SemTxveviTi sidideebi damoukideblebia, maSin 

2121 EXEXXEX  . 

uwyveti tipis X  SemTxveviTi sididis maTematikuri lodini ewodeba 

ricxvs: 






 dxxxfEX )( ,      Tu    




dxxfx )( . 

 

$20.2. dispersia _ gafantulobis sazomi. ganvixiloT ori 

diskretuli SemTxveviTi sidide ganawilebis Semdegi kanonebiT:  

 

 

(20.1) formulis mixedviT, 

;0
2

1
1

2

1
)1(1 EX       ;0

2

1
1000

2

1
)1000(2 EX  

da e.i. 

021  EXEX . 

maSasadame, maTematikuri lodinis doneze am SemTxveviT sidideebs 

Soris gansxvaveba ar aris. mivceT am SemTxveviT sidideebs Semdegi 

2X  -1000 1000 

P  
2

1
 

2

1
 

1X  -1 1 

P  
2

1
 

2

1
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interpretacia. davuSvaT pirovnebas sTavazoben iTamaSos  ‘’gvirgvini-

safasuris’’ grZeli seriis oridan erT-erTi varianti: pirvelis 

mixedaviT, yoveli gamocnobisas is igebs erT lars, xolo winaaRmdeg 

SemTxvevaSi agebs erT lars, xolo meore variantis mixedviT, yoveli 

warmatebis SemTxvevaSi igebs 1000 lars, xolo marcxisas agebs 1000 lars. 

TamaSis romel variants airCevda es pirovneba, Tu misi sawyisi kapitali 

SezRudulia da Seadgens 10000 lars? 

aseTi interpretaciis dros 021  EXEX  toloba niSnavs imas, rom 

saSualo mogeba orive variantSi erTnairia da nulis tolia. e.i. TiTqos 

orive TamaSs erTnair Sedegamde mivyavarT: orive variantSi is arc 

waagebs da arc moigebs. bevri pirovneba albaT uars ityoda TamaSis 

meore varintze pirvelis sasargeblod. saqme imaSia, rom pirveli 

variantis yovel agdebaSi SemTxveviTi sididis (mogeba-wagebis) gadaxra 

misi saSualodan mxolod erT lars Seadgens, maSin roca meore 

variantisTvis es sidide 1000 laris tolia. 

es magaliTi kargad gviCvenebs, rom SemTxveviTi sididis mxolod 

maTematikuri lodinis codna mis Sesaxeb bevrs arafers gveubneba da rom 

SemTxveviTi sididis Semdgomi daxasiaTebisaTvis saWiroa daisvas 

SekiTxva: ramdenad axlosaa misi SesaZlo ricxviTi mniSvnelobebi 

SemTxveviTi sididis saSualo mniSvnelobasTan, anu rogoria SesaZlo 

mniSvnelobebis gadaxrebi SemTxveviTi sididis maTematikuri lodinisgan 

da bolos, rogor davaxasiaToT es gadaxrebi? 

SemTxveviTi sididis mniSvnelobebis misi saSualos anu maTematikuri 

lodinis mimarT gafantulobis erT-erT sazoms warmoadgens albaTobis 

TeoriaSi kargad cnobili SemTxveviTi sididis dispersia. 

 X  SemTxveviTi sididis dispersia DX  ewodeba  2
EXX   

SemTxveviTi sididis maTematikur lodins 

 2
EXXEDX  .                                (20.2) 

maTematikuri lodinis Tvisebebis gamoyenebiT miviRebT, rom   

    2222222
)()(2)(2 EXEXEXEXEXEXEXXEXXEEXXEDX  ,   (20.3) 

sadac 2EX  aris X  SemTxveviTi sididis kvadratis maTematikuri lodini. 

uwyveti SemTxveviTi sididisaTvis (20.2) da (20.3) formulebs aqvT 

Semdegi saxe: 
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 




 ,)(
2

dxxfEXxDX                               (20.4) 






 .)()( 22 EXdxxfxDX                              (20.5)                                             

 kEX -s uwodeben SemTxveviTi sididis k  rigis sawyis moments da 

cxadia 





n

i

i

k

i

k pxEX
1

,                                (20.6) 






 dxxfxEX kk )(                                (20.7) 

_ Sesabamisad, diskretuli da uwyveti tipis SemTxveviTi sidideebisaTvis.  

am terminebSi maTematikuri lodini SemTxveviTi sididis pirveli 

rigis sawyisi momentia. 

 X  SemTxveviti sididis k –uri rigis centraluri momenti 

ewodeba  kEXX   SemTxveviTi sididis maTematikur lodins anu 

 k
EXXE  –s. am terminebSi dispersia SemTxveviTi sididis meore rigis 

centraluri momentia. 

moviyvanoT dispersiis Tvisebebi: 

1) Tu c  mudmivia, maSin ;0Dc  

2) Tu c  mudmivia, maSin ;2 DXcDcX   

3) Tu 1X  da 2X  damoukidebeli SemTxveviTi sidideebia, xolo 1c  da 

2c   raime mudmivebi, maSin 

2

2

21

2

12211 )( DXcDXcXcXcD                          (20.8) 

;)( 2

2

21

2

12211 DXcDXcXcXcD                         (20.9) 

4)   DXcacXD 2  e.i. SemTxveviT sidideze mudmivis damateba mis 

dispersias ar cvlis. 

vTqvaT, X  SemTxveviTi sididis maTematikuri lodinia EX , xolo 

disprsiaa DX . ganvixiloT SemTxveviTi sidide  

DX

EXX
Y


                                   (20.10) 

da gamovTvaloT misi maTematikuri lodini da dispersia. maTematikuri 

lodinisa da dispersiis Tvisebebidan gamomdinare miviRebT, rom  
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  ,0
1








 
 EXEX

DXDX

EXX
EEY  

xolo  

 
.1

222



















 








 








 


DX

EXXE

DX

EXX
E

DX

EXX
E

DX

EXX
DDY  

rogorc vxedavT, (20.10) iZleva imis saSualebas, rom X  SemTxveviTi 

sidide gardavqmnaT iseT Y  SemTxveviT sidideT, romlis maTematikuri 

lodini da dispersia araa damokidebuli X  SemTxveviT sidideze da aris 

Sesabamisad 0 da 1. am gardaqmnas ewodeba X  SemTxveviTi sididis 

centrireba  EXX   da normireba ( DX -ze gayofa) an ufro mokled 

SemTxveviTi sididis standartizacia. am gardaqmnas Cven xSirad 

gamoviyenebT momavalSi. 

 

$20.3. saSualo kvadratuli gadaxra. X  SemTxveviTi sididis 

saSualo kvadratuli gadaxra (aRiniSneba X  simboloTi) ewodeba am 

SemTxveviTi sididis dispersiidan kvadratul fesvs:  

DXX  . 

am terminebSi standartizaciis operacia ase Caiwereba: 

 

X

EXX
Y




 . 

 

$20.4. p -rigis kvantili da mediana. X  SemTxveviTi sididis (an rac 

igivea F  ganawilebis) p  rigis qvantili ewodeba iseT px  ricxvs, 

romlisTvisac sruldeba toloba 

.)( pxF p   

X  SemTxveviTi sididis (an F  ganawilebis) mediana ewodeba M  

ricxvs Tu 

.
2

1
)( MF  

SevniSnoT, rom p  rigis qvantilisa da M  medianis aseTi 

ganmartebebi diskretuli SemTxveviTi sididisaTvis ar gamogvadgeba, 

vinaidan maTi ganawilebis F  funqciisaTvis Cven SeiZleba saerTod ver 
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movZebnoT iseTi x  ricxvi, romlisTvisac pxF )( , radgan rogorc 

gvaxsovs, diskretuli ganawilebis funqcia safexura funqciaa. amitom 

aseT SemTxvevaSi qvantili da mediana ganimarteba Semdegnairad:  

})(:min{ pxFxx kkp  . 

medianis ganmartebaSi 
2

1
p . 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 moiyvaneT SemTxveviTi sididis maTematikuri lodinis ganmarteba, 

rogorc diskretuli, aseve uwyveti tipis SemTxveviTi sididisaTvis. 

 moiyvaneT maTematikuri lodinis Tvisebebi. 

 moiyvaneT magaliTi, romelic gviCvenebs, rom SemTxveviTi sididis 

mxolod maTematikuri lodinis codna, zogjer arasakmarisia mis 

dasaxasiaTeblad. 

 moiyvaneT SemTxveviTi sididis dispersiis ganmarteba, rogorc 

diskretuli, aseve uwyveti tipis SemTxveviTi sididisaTvis. 

 maTematikuri lodinis Tvisebebis gamoyenebiT daamtkiceT, rom 

 22 EXEXDX  . 

 ras ewodeba X  SemTxveviTi sididis k  rigis sawyisi momenti? 

 SemTxveviTi sididis romeli rigis sawyisi momentia maTematikuri 

lodini? ratom? 

 ras ewodeba X  SemTxveviTi sididis k  rigis centraluri 

momenti? 

 SemTxveviTi sididis romeli rigis centraluri momentia 

dispersia? ratom? 

 moiyvaneT SemTxveviTi sididis dispersiis Tvisebebi. 

 ras ewodeba SemTxveviTi sididis centrireba da normireba? 

 ras ewodeba SemTxveviTi sididis standartizacia? 

 daamtkiceT, rom SemTxveviTi sididis standartizaciiT miRebuli 

SemTxveviTi sididis maTematikuri lodini udris 0-s, xolo dispersia 

udris 1-s. 
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 ras ewodeba SemTxveviTi sididis saSualo kvadratuli gadaxra? 

 ras ewodeba X  SemTxveviTi sididis p  rigis qvantili? 

 ras ewodeba X  SemTxveviTi sididis mediana? 

 

 

savarjiSo 20 

 

1. ipoveT diskretuli tipis SemTxveviTi sididis maTematikuri 

lodini, romlis ganawilebis kanoni mocemulia Semdegi saxiT: 

 

a)                                                b) 

 

 

2. ipoveT diskretuli tipis X  SemTxveviTi sididis dispersia da 

saSualo kvadratuli gadaxra, Tu misi ganawilebis kanoni mocemulia 

cxrilis saxiT: 

 

                                                    

 

 

3. ipoveT dispersia da saSualo kvadratuli gadaxra X  

SemTxveviTi sididisa, Tu misi ganawilebis kanoni mocemulia cxrilis 

saxiT: 

                     a)  

                   

         

                     b) 

                                    

4. X  SemTxveviTi sidide aris sam damoukidebel cdaSi A  

xdomilobis moxdenis ricxvi. ipoveT misi dispersia, Tu TiToeul cdaSi 

xdomilobis moxdenis albaToba udris 0,2-s. 

5. X  SemTxveviTi sididis ganawilebis kanoni mocemulia cxriliT:  

X  -4 6 10 

P  0,2 0,3 0,5 

X  0,21 0,54 0,61 

P  0,1 0,5 0,4 

X  -5 2 3 4 

P                  0,4 0,3 0,1 0,2 

X  4,3 5,1 10,6 

P                    0,2 0,3 0,5 

X  131 140 160 180 

P                  0,05 0,1 0,25 0,6 
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X  
1x  2x  

P  0,6 0,4 

 ipoveT 2X –is ganawilebis kanoni da maTematikuri lodini. 

6. ipoveT Z  SemTxveviTi sididis maTematikuri lodini, Tu 

cnobilia X  da Y  SemTxveviT sidideTa maTematikuri lodinebi: 

     a)  YXZ 2 ,  5EX ,  3EY ; 

     b)  YXZ 43  ,  5EX ,  6EY .  

7. X  da Y  SemTxveviTi sidideebi damoukidebelni arian. ipoveT 

YXZ 23   SemTxveviTi sididis dispersia, Tu cnobilia, rom 5DX , 

6DY . 

8. X  da Y  SemTxveviTi sidideebi damoukidebelni arian. ipoveT 

YXZ 32   SemTxveviTi sididis dispersia, Tu cnobilia, rom 4DX , 

5DY . 

9. X  SemTxveviTi sididis mniSvnelobebia .x,x,x 321 321    . aseve 

cnobilia, rom .,EX,,EX 9532 2    ipoveT Sesabamisi albaTobebi. 

10. mocemulia X  SemTxveviTi sididis mniSvnelobebi: 

.x,x,x 101 321      aseve cnobilia, rom .,EX,EX 9010 2   da . ipoveT 

321 PPP  da  ,  albaTobebi, romlebic 321 x,x,x    mniSvnelobebs Seesabameba. 

11. X  SemTxveviTi sididis ganawilebis kanoni mocemulia cxrilis 

saxiT:  

 

 

 

ipoveT pirveli, meore da mesame rigis centraluri momentebi. 

12. diskretuli tipis X  SemTxveviTi sidide ganawilebulia Semdegi 

cxrilis mixedviT:  

 

 

 

ipoveT pirveli rigis sawyisi da centraluri momenti. 

X  1 2 4 

P                  0,1 0,5 0,4 

X  1 2 4 

P                  0,1 0,3 0,6 
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13. X  SemTxveviTi sididis ganawilebis kanoni mocemulia cxrilis 

saxiT: 

 

 

 

 ipoveT pirveli, meore da mesame rigis sawyisi momentebi. 

X  2 3 5 

P                  0,1 0,4 0,5 
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Tavi 21 

diskretuli ganawilebebi 

 
$21.1. bernulis ganawileba. biznessa da yoveldRiur cxovrebaSi 

xSiria situacia, romelSic raime cdis SedegTa simravles warmoadgens 

alternatiuli niSnis or elementiani simravle: moxda esa da es 

xdomiloba an is ar moxda. magaliTad, raime operaciis Sedegad firma 

miiRebs mogebas Tu ar miiRebs mogebas. SemTxveviT arCeuli axalSobili 

biWi iqneba Tu gogo; kamaTlis gagorebisas mova Tu ara samis jeradi da 

a.S. yvela aseT movlenas albaTobis TeoriaSi aRweren erTi da imave 

SemTxveviTi sididiT, romelsac saxelad bernulis SemTxveviT sidides 

uwodeben. saintereso xdomilobis (‘’warmatebis’’) moxdenas miaweren cifrs 

1, xolo ar moxdenas (‘’marcxs’’) cifrs 0; warmatebas miaweren albaTobas 

p , xolo marcxs _ p1 . maSasadame, bernulis SemTxveviTi sidide 

warmoadgens diskretuli tipis SemTxveviT sidides, romlis ganawilebis 

kanons aqvs Semdegi saxe:  

 

X  1  0 

P  p  p1  

 

an mokled  

  1.     ,0,)1( 1   kppkXP kk  

SevniSnoT, rom pEX   da  )1( ppDX  . 

 

$21.2. binomialuri ganawileba. bernulis SemTxveviTi sidide, 

romlis ganmartebac zemoT SemovitaneT, SeiZleboda gamogveyenebina 

Semdegi eqsperimentis aRsawerad: vTqvaT, yuTSi moTavsebulia TeTri da 

Savi burTebi, romelTagan TeTrebis wili Seadgens p –s, xolo Savebisa _ 

( p1 )-s. xdeba erTi burTis SemTxveviT amorCeva. Tu warmatebad CavTvliT 

TeTri burTis amoRebas, maSin aseT eqsperiments aRwers bernulis 

SemTxveviTi sidide, romelic zemoT iyo ganxiluli. 

vTqvaT, amoRebuli burTi davabruneT da yuTidan kvlav viRebT 

burTs, Semdeg kvlav vabrunebT da a.S. vimeorebT cdas n –jer. Cvens 

interess Seadgens n –cdaSi warmatebis (TeTri burTis amoRebis) 
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moxdenaTa raodenoba. cxadia, rom aseT eqspeiments bernulis erTi 

SemTxveviTi sididiT veRar avRwerT, axla Cven ukve gvaqvs bernulis n –

cali SemTxveviTi sidide: 
1X  _ pirveli cdis Sedegi ( 1, Tu pirveli 

burTi TeTria da 0_Tu is Savia), 
2X  _ meore cdis Sedegi da a.S., nX  _ n -

uri cdis Sedegi. axla ganvixiloT Semdegi SemTxveviTi sidide:  





n

i

inn XXXXS
1

21 ...                         (21.1) 

da davaxasiaToT is. radgan 
1X , 

2X , ... , nX  SemTxveviTi sidideebi 

Rebuloben mxolod or mniSvnelobas, nuls an erTs, amitom maTi jami 

toli iqneba erTianebis raodenobisa 
1X , 

2X , ... ,
nX  Sesakrebebs Soris, 

anu nS  miiRebs im mniSvnelobas, ramden warmatebasac eqneba adgili. 

maSasadame, nS  iqneba is SemTxveviTi sidide, romelic aRwers CvenTvis 

saintereso eqsperimentis Sedegs: n  damoukidebel cdaSi warmatebaTa 

raodenobas. magram sainteresoa, rogori ganawileba aqvs SemTxveviT 

sidides? amis dasadgenad SevniSnoT, rom nS  warmoadgens diskretuli 

tipis SemTxveviT sidides, romlis SesaZlo mniSvnelobaTa simravlea 

ricxviTi simravle  n;...;2;1;0 . )( kSn   xdomilobis albaTobis 

gamosaTvlelad, calke gamovyoT 
1X , 

2X , ... , nX  SemTxveviTi sidideebis 

ori ZiriTadi Tviseba: 

1) 
1X , 

2X , ... ,
nX  SemTxveviTi sidideebi damoukidebelia, radgan isini 

warmoadgenen damoukidebel cdaTa Sedegs. 

2) 
1X , 

2X , ... , nX  SemTxveviTi sidideebi erTnairadaa ganawilebuli anu 

maTi warmatebis albaTobebi tolia, e.i. )( kSn   xdomiloba niSnavs imas, 

rom romeliRaca k  cali Sesakrebi 
1X , 

2X , ... , nX  SemTxveviTi 

sidideebidan Rebulobs erTianis tol mniSvnelobas da danarCeni )( kn   

Sesakrebi 0-is tolia. 

TiToeuli aseTi xdomilobis albaToba 1) da 2) Tvisebis ZaliT, 

cxadia, tolia knk pp  )1(  ricxvisa. garda amisa, es xdomilobebi 

warmoadgenen uTavsebad xdomilobebs. marTlac, SeuZlebelia 

erTdroulad ganxorcieldes, magaliTad, Semdegi xdomilobebi: 

0 0 . . . 0 1 1 . . . 1  da  1 1 . . . 1 0 0 . . . 0. 
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e.i. )( kSn   xdomilobis albaTobis gamosaTvlelad saWiroa gamovTvaloT 

aseTi xdomilobebis raodenoba. es ki sxva araferia, Tu ara n  

elementiani simravlidan k  elementian qvesimravlis amorCevaTa, anu 

jufTebaTa ricxvi, romelic tolia  

)!(!

!

knk

n
C k

n


 ,                                  (21.2)  

sadac ,...321! nn   Tu n >0 da ,1!n  Tu n =0.  

amrigad, sabolood gveqneba, rom 

.)1()()( knkk

nnnn ppCkSPkP                        (21.3) 

(21.2) ricxvebs binomialur koeficientebs uwodeben. amdenad, 

bunebrivia SemTxveviT sidides binomialurad ganawilebuli SemTxveviTi 

sidide, xolo albaTobaTa (21.3) ganawilebas ki binomialuri ganawileba 

vuwodoT. is faqti, rom (21.3) marTlac ganawilebaa, advilad 

gamomdinareobs niutonis binomis formulidan  





n

k

knkk

n

n baCba
1

.)(  

marTlac, 

 







n

k

nnknkk

n

n

k

n ppppCkP
00

.11)]1([1)(  

maTematikuri lodinisa da dispersiis Tvisebebis gamoyenebiT  

miviRebT, rom  npES n   da ).1( pnpDSn   

davubrundeT (21.3) gamosaxulebas da davsvaT aseTi SekiTxva: vTqvaT, 

n  da p  cnobili ricxvebia. k  ricxvis romeli mTeli mniSvnelobisaTvis 

miiRebs 

knkk

nn ppCkSP  )1()(  

gamosaxuleba udides mniSvnelobas, anu warmatebaTa ra raodenobaa 

yvelaze metad mosalodneli n  damoukidebel cdaSi? am kiTxvaze pasuxi 

aseTia: k  unda akmayofilebdes Semdeg pirobas: 

.)1(1)1( pnkpn   

aseT k  ricxvs ewodeba ualbaTesi ricxvi (mocemuli n  da p –

saTvis). 

 

$21.3. hipergeometriuli ganawileba. wina punqtSi Cven ganvixileT 

e.w. bernulis cdaTa sqema, romelSic xdeboda yuTidan burTebis amoReba 
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dabrunebiT da gvainteresebda warmatebaTa raodenoba aseT n  cdaSi. 

axla davinteresdeT igive sididiT, mxolod cdaTa iseT sqemaSi, 

romelSic aRar xdeba burTebis ukan dabruneba. vTqvaT yuTSi N  cali 

burTia, aqedan A  TeTria, xolo danarCeni )( AN   _ Savi. iReben erT 

burTs, gadadeben gverdze, ise rom feric ar ician, Semdeg meores da a.S 

me- n  burTs. bolos interesdebian TeTri burTebis raodenobiT amoRebul 

n  calidan. 

cdaTa aseTi sqemis dros amboben, rom nS  SemTxveviT sidides aqvs 

hipergeometriuli ganawileba. )( kSn   xdomilobis albaTobis 

gamosaTvlelad Cven kvlav davubrundebiT eqvivalentur eqsperiments 

(yuTidan n  cali burTis erTdroulad amoRebas) da am albaTobebs 

gamovTvliT uSualod albaTobis klasikuri ganmartebiT. marTlac N –

dan n  cali burTis amorCeva SeiZleba  n

NC -nairad, e.i. n

NCEN )(  (yvela 

SesaZlo SemTxvevaTa ricxvi), k  cali TeTri burTis amorCeva A -dan 

SeiZleba k

AC -nairad,  xolo danarCeni )( kn   cali Savi burTis amorCeva 

)( AN  –dan kn

ANC 

 –nairad. amitom, kn

AN

k

An CCkSm 

 )(  (xelSemwyob 

SemTxvevaTa ricxvi). sabolood )( kSn   xdomilobis albaToba toli 

iqneba 

.)()(
n

N

kn

AN

k

A

nn
C

CC
kSPkP




  

samarTliania Semdegi tolobac, romelic gamomdinareobs ukanaskneli 

tolobidan:  

.)(
A

N

kA

nN

k

n

n
C

CC
kP




  

mtkicdeba , rom  

N

A
nESn    da  .

1
1 






















N

nN

N

A

N

A
nDS n  

Tu SevadarebT maTematikuri lodinisa da dispersiis am 

gamosaxulebebs binomialuri ganawilebis maTematikur lodinsa da 

dispersiis formulebs Cawerils 
N

A
p  –saTvis _  ,

N

A
nESn   











n

A

N

A
nDSn 1 , davinaxavT maT Soris aSkara msgavsebas. gansxvaveba 
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mxolod dispersiebSia. kerZoT, hipergeometriuli ganawilebis dispersias 

gauCnda Tanamamravli 

1

1
1

1 
















N

n

N

nN
, 

romelsac saxelad sasruli populaciis faqtors uwodeben. es 

saxelwodeba imiTaa ganpirobebuli, rom Tu Cven warmovidgenT, rom 

yuTSi burTebis raodenobebi, rogorc TeTris, ise Savis Zalian didia, 

mxolod ise, rom p
N

A
 , xolo amorCevaTa raodenoba n  gacilebiT 

pataraa burTebis saerTo raodenobaze, maSin 1
1

1
1

1



















N

n

N

nN
 da 

zemoTxsenebuli dispersiebi daemTxveva erTmaneTs. cxadia, aseTi 

eqsperimentis dros (roca burTebis saerTo raodenoba Zalian didia) 

warmatebaTa raodenobaze aRar unda axdendes did gavlenas is, Tu 

rogor viRebT burTebs, dabrunebiT Tu daubruneblad. am faqtis 

Teoriul dasabuTebas warmodgens Teorema, romelsac Cven moviyvanT 

damtkicebis gareSe.  

Teorema 21.1.  Tu A  da N  ise, rom p
N

A
 , maSin nebismieri 

n  da k –saTvis 

knk

A

N

kA

nN pp
C

C 



  )1( . 

 

$21.4. puasonis ganawileba.  sazogadod, puasonis kanoniT 

ganawilebuli ewodeba iseT X  SemTxveviT sidides, romelic Rebulobs 

Tvladi raodenobis mTel mniSvnelobebs 0, 1, 2, ... 


 e

k
kXp

k

!
)(                               (21.4) 

albaTobebiT, sadac   raime dadebiTi ricxvia, romelsac X  SemTxveviTi 

sididis intensivobas an puasonis ganawilebis parametrs uwodeben. is 

rom (21.4) marTlac ganawilebaa, emyareba maTematikur analizSi kargad 

cnobil faqts: e  funqciis teiloris mwkrivad gaSlas aqvs Semdegi saxe: 

.
!0






 


k

k

k
e  
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gavarkvioT   parametris azri. amisTvis gamovTvaloT X  

SemTxveviTi sididis maTematikuri lodini:  

      



















 
















0 1 1 1

1

.
!1!1!!k k k k

kkkk

e
k

e
k

e
k

ke
k

kEX  

rogorc  vxedavT, EX  e.i   parametri warmoadgens X  

SemTxveviTi sididis maTematikur lodins (saSualo mniSvnelobas). 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 

 aRwereT bernulis SemTxveviTi sidide da moiyvaneT misi 

ganawilebis kanoni. 

 ras udris bernulis SemTxveviTi sididis maTematikuri lodini da 

dispersia? 

 aRwereT binomialurad ganawilebuli SemTxveviTi sidide da misi 

ganawilebis kanoni. 

 aCveneT ra kavSiri aqvs binomialur ganawilebas niutonis binomis 

formulasTan. 

 ras udris binomialuri SemTxveviTi sididis maTematikuri lodini 

da dispersia? 

 ras ewodeba ualbaTesi ricxvi? 

 aRwereT SemTxveviTi sidide, romelsac aqvs hipergeometriuli 

ganawileba. 

 ras udris hipergeometriuli SemTxveviTi sididis maTematikuri 

lodini da dispersia? 

 SeadareT binomialuri da hipergeometriuli SemTxveviTi sidideebis 

maTematikuri lodinebi da dispersiebi. gaakeTeT daskvna. 

 aRwereT SemTxveviTi sidide, romelsac aqvs puasonis ganawileba. 

 ras udris puasonis SemTxveviTi sididis maTematikuri lodini? 
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savarjiSo 21 

 

1. gamoTvaleT albaToba imisa, rom ori kamaTlis oTxjer 

gagorebisas jamSi erTxel mainc dajdeba Svidiani. 

2. ra ufro mosalodnelia: toli Zalis moTamaSesTan oTxidan ori 

partiis mogeba, Tu eqvsidan samis? 

3. ra ufro mosalodnelia: kamaTlis eqvsjer gagorebisas samis 

jeradi ricxvis orjer mosvla, Tu ’’SaSis’’ erTxel mosvla? 

4. ras udris albaToba imisa, rom 36 kartiani banqos Sekvridan 5-jer 

erTi kartis (dabrunebiT) amoRebisas orjer mova tuzi? 

5. sistema Sedgeba xuTi erTgvarovani elementisagan, romlebic 

erTmaneTisagan damoukideblad 1/7-is toli albaTobiT SeiZleba 

gamovides mwyobridan. ras udris albaToba imisa, rom sistema gamova 

mwyobridan, Tu cnobilia, rom amisaTvis saWiroa mwyobridan gamovides 

sistemis ori elementi mainc. 

6. ras udris albaToba imisa, rom aTi erTnairi msrolelidan Svidi 

daazianebs samiznes, Tu TiToeulis mier samiznes dazianebis albaTobaa 

7/8? 

7. sakalaTburTo turnirSi monawileobs xuTi erTnari Zalis mqone 

gundi. turniri wriulia (erT wred) da mogebaze TiToeuls ericxebaT 2 

qula, xolo wagebaze 0. ras udris albaToba imisa, rom erT-erTi 

(winaswar gansazRvruli) gundi daagrovebs 6 qulas. 

8. ras udris albaToba imisa, rom dominos 28 qvidan 6-jer erTi qvis 

SemTxveviT (dabruebiT) amorCevisas udides da umcires ricxvebs Soris 

sxvaoba 2-jer iqneba 3-is toli. 

9. yuTSi 3 wiTeli, 2 Savi da 6 TeTri burTia. ras udris albaToba 

imisa, rom yuTidan erTi burTis xuTjer dbrunebiT amoRebisas samjer 

amova TeTri burTi. 

10. ras udris albaToba imisa, rom SemTxveviT amorCeuli 6 cifridan 

ori iqneba samis jeradi. 

11. ras udris albaToba imisa, rom ori kamaTlis cxrajer gagorebisas 

mosul cifrTa sxvaobis moduli 2-jer aRmoCndeba 2-is toli. 
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12. yuTSi 7 wiTeli, 3 Savi da 10 TeTri burTia. ras udris albaToba 

imisa, rom yuTidan erTi burTis samjer dabrunebiT amoRebisas erTxel 

mainc amova Savi burTi. 

13. erT-erT kvleviT institutSi momuSave qalTa Soris 20 eweva 

sigarets, xolo 10 aramwevelia. ras udris albaToba imisa, rom 

SemTxveviT arCeul 5 qalTa Soris 3 eweva. 

14. 52 kartiani banqos Sekvridan SemTxveviT iReben 5 karts. ras udris 

albaToba imisa, rom amorCeuli kartebidan 2 naxatia. 

15. yuTSi aris 15 TeTri da 10 Savi burTi. yuTidan SemTxveviT iReben 8 

burTs. ras udris albaToba imisa, rom amoRebuli burTidan 5 TeTria. 

16. auditoriaSi imyofeba 25 biWi da 15 gogo. SemTxveviT irCeven 10 

students. ras udris albaToba imisa, rom maT Soris 6 biWia. 

17. sabavSvo baRSi 60 qarTveli da 10 araqaTveli bavSvia. ras udris 

albaToba imisa, rom SemTxveviT arCeuli 15 bavSvidan 12 qarTvelia. 

18. satelefono sadgurSi Sesul gamoZaxebaTa intensivobaa 9 

gamoZaxeba wuTSi. ras udris albaToba imisa, rom erT wuTSi 

gamoZaxebaTa raodenoba iqneba 3-ze meti. 

19. firmis mier warmoebuli wundebuli paketebis intensivobaa 9 paketi 

dReSi. ras udris albaToba imisa, rom erT dReSi wundebuli paketebis 

raodenoba 7-ze naklebia. 

20. msoflio Cempionatze gatanili burTebis intensivoba iyo 3 burTi 

TamaSSi. ras udris albaToba imisa, rom mocemul or TamaSSi gava 4 

burTze naklebi. 

21. sadazRvevo agenti dReSi saSualod azRvevs 10 adamians. ras udris 

albaToba imisa, rom igi erT dReSi daazRvevs 8 adamianze naklebs. 

22. eqimTan misuli pacientebis intensivobaa 8 pacienti dReSi. ras 

udris albaToba imisa, rom igi erT DdRes miiRebs xuT pacients. 

23. manqanebis gamyidveli maRazia kviraSi saSualod yidis 9 manqanas. 

ras udris albaToba imisa, rom mocemul kviraSi maRazia ver gayidis 4-

ze met manqanas. 

24. mbeWdavis mier daSvebul SecdomaTa intensivobaa 8 Secdoma 

statiaSi. ras udris albaToba imisa, rom igi mocemul statiaSi ar 

dauSvebs 5 Secdomaze mets. 
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Tavi 22 

uwyveti SemTxveviTi sidideebi da ganawilebebi 

 
$22.1.  normaluri ganawileba.  normaluri SemTxveviTi sidide 

(aRiniSneba ),( 2mN  simboloTi) warmoadgens SemTxveviT sidides, romlis 

ganawilebis simkvrivesac aqvs Semdegi saxe: 

2

2

2

)(

2
,

2

1
)( 









mx

m exf ,                            (22.1) 

sadac m  da 2  raime namdvili ricxvebia )0,(  m , romelTac 

ganawilebis parametrebs uwodeben. rogorc viciT, Tu cnobilia 

SemTxveviTi sididis ganawilebis simkvrive, maSin am SemTxveviTi sididis 

maTematikuri lodini da dispersia gamoiTvleba Semdegi formulebiT: 






 ,)( dxxxfEX      




 .)()( 22 EXdxxfxDX  

gamoTvlebis gareSe mogvyavs normalurad ganawilebuli SemTxveviTi 

sididis maTematikuri lodinis da dispersiis ricxviTi mniSvnelobebi: 

,),( 2 mmEN       .),( 22 mDN                      (22.2) 

amrigad, normaluri ganawilebis simkvrive damokidebulia or m  da 

2  parametrze, romlebic, Sesabamisad, warmoadgenen am ganawilebis 

maTematikuri lodinisa da dispersiis ricxviT mniSvnelobebs. 

(22.1)-iT gansazRvruli simkvrivis funqcia maqsimalur mniSvnelobas 

Rebulobs roca mx  -s. mx   wrfe warmoadgens (22.1)-iT gansazRvruli 

funqciis simetriis RerZs. 2m  wertilebSi am funqcias aqvs gadaRunvis 

wertilebi da is asimptoturad miiswrafvis nulisaken, roca x . 

ganawilebis simkvrivis Tvisebebis gamo mrudwiruli trapeciis farTobi, 

romelic zemodan SemosazRvrulia am funqciiT, xolo qvemodan abscisTa 

RerZiT, tolia erTis. amrigad, maTematikuri lodinis m  parametri 

gansazRvravs ganawilebis simkvrivis maqsimumis wertils, xolo 2  

dispersia _ am wertilSi funqciis ricxviT mniSvnelobas, rac 
22

1


–is 

tolia. m  parametri gansazRvravs ganawilebis grafikis 

adgilmdebareobas ricxviT RerZze, maSin roca   gviCvenebs mis 

gaSlilobas (ix. naxazze). 
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                     )(, xf m   

                      
22

1


   

 
 
 
 
 
 
 

                   1m     0      2m      X  
 

    )(, xf m   

 
2

22

1


 

 

                      
2

12

1


 

 
 
 
 
      
                          0     m  X  
 
 

rogorc naxazebidan Cans, rac ufro didia maTematikuri lodini, miT 

ufro marjvnivaa ganawilebis simkvrivis grafiki da rac ufro mcirea 

dispersia, miT ufro SekumSulia ganawilebis simkvrivis grafiki. 

dispersiis didi mniSvnelobebisaTvis ganawilebis simkvrivis grafiki 

ufro gaSlilia. (22.1)-is safuZvelze ),( 2mN  kanoniT ganawilebuli 

SemTxveviTi sididis ganawilebis funqcia iqneba 














x mx

m dtexF .
2

1
)(

2

2

2

)(

2
,                            (22.3) 

cxadia, )(, xFm   albaTobebis gamoTvla sakmarisad rTulia misi 

integraluri formis gamo. garda amisa, is damokidebulia or parametrze 

da maSasadame, parametrebis mniSvnelobaTa cvlilebasTan erTad icvleba. 

es ki mouxerxebelia praqtikul gamoyenebaSi. magram, aq aris erTi 

gamosavali, romelic eyrdnoba SemTxveviTi sididis standartizacias. 

marTlac,  
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

 mmN
N




),(
)1,0(

2

                                (22.4) 

kvlav iqneba normalurad ganawilebuli, parametrebiT (0,1). radgan (4) 

miRebuli aris ),( 2mN  SemTxveviTi sididis standartizaciiT, amitom mas 

uwodeben standartul SemTxveviT sidides, xolo mis ganawilebas 

standartul normalur ganawilebas. mis ganawilebis funqcias aRniSnaven 

)(x –iT, xolo simkvrives )(x –iT. maSasadame,  

2

2

2

1
)(

x

ex



                                   (22.5) 

da  

.
2

1
)()( 2

2

duedxxx

x ux






 
                            (22.6) 

standartuli normaluri ganawilebis erT-erTi mniSvnelovani Tviseba 

mdgomareobs imaSi, rom arsebobs statistikuri cxrilebi, romlebSic 

tabulirebulia )(x  da )(x  funqciebis mniSvnelobebi yvela SesaZlo x  

argumentze, rac saSualebas gvaZlevs martivad gamovTvaloT ama Tu im 

xdomilobis albaToba. amasTan unda gaviTvaliswinoT standartuli 

normaluri ganawilebis  Tvisebebi, kerZod, 

2

1

2

1
)0(

0

2

2




 




due

u

 

 da  

),(1)( xx    ).()( xx   

aRniSnuli Tvisebebis gamo standartuli normaluri ganawilebis 

funqciasa da simkvrivis cxrilebi, rogorc wesi, mocemulia mxolod 

argumentis dadebiT mniSvnelobebisaTvis. 

amocana 1. gamovTvaloT )1,0(~ NX –Tvis Semdegi albaTobebi: 

a) ),2,1( Xp   b)  ),5,0( Xp   g)  ),7,05,0(  Xp   

d) ),( kXkp    roca .3,2,1k  

amoxsna.  

         a) ;88,0)2,1()2,1( Xp  

          b) ;31,069.01)5,0(1)5,0(  XpXp  

          g) ;44,031,075,0)5,0()7,0()7,05,0(  Xp  

          d) ;62,0)11(  Xp  ;94,0)22(  Xp   .99,0)33(  Xp  
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davuSvaT, vatarebT sakmarisad didi raodenobis n  dakvirvebas )1,0(N  

kanoniT ganawilebul SemTxveviT sidideze. maSin, miRebuli gamoTvlebi 

imaze miuTiTeben, rom Catarebuli n  dakvirvebidan 0,99 n  SemTxvevaSi X  

SemTxveviTi sidide miiRebs ricxviT mniSvnelobas (-3,3) intervalidan, 

0,94 n  SemTxvevaSi – (-2,2) intervalidan, xolo 0,84 n  SemTxvevaSi – (-1,1) 

intervalidan. amrigad n  dakvirvebidan )1,0(N  kanoniT ganawilebuli 

SemTxveviTi sidide mxolod 0,1 n  SemTxvevaSi miiRebs ricxviT 

mniSvnelobas, romelic ar ekuTvnis (-3,3) intervals. magaliTad, n =1000-is 

SemTxvevaSi saSualod 10 dakvirvebis ricxviTi mniSvneloba ar moxvdeba 

(-3,3) intervalSi. es faqti albaTobis TeoriaSi cnobilia 3 –s wesis 

saxeliT standartuli normaluri ganawilebisaTvis ( rogorc viciT, 

misTvis 1 ). 

axla gadavideT im SemTxvevis ganxilvaze, rodesac X  SemTxveviTi 

sidide ),( 2mN  kanoniTaa ganawilebuli. vTqvaT, gvainteresebs 

)),(( 2 xmN   xdomilobis albaTobis gamoTvla, Tu cnobilia m  da 2  

parametrebis ricxviTi mniSvnelobebi. saZiebeli xdomilobis albaToba 

ganawilebis funqciis terminebSi ase Caiwereba: 

).()),(( ,

2 xFxmNp m    

magram (22.4)-dan 

),1,0(),( 2 NmmN                            (22.7) 

amitom 

.)1,0()),(()( 2

, 






 








 





mxmx
NpxmNpxFm  

amocana 2. X  SemTxveviTi sidide )4,3(N kanoniTaa ganawilebuli, 

gamoTvaleT Semdegi xdomilobis albaTobebi:  a) ),1( Xp   b) ).6( Xp  

amoxsna.  a) 






 


2

31
)1,0()1)4,3(()1( NpNpXp  

           ;16,084,01)1(1)1()1)1,0((  Np  

         b) .07,093,01)5,1(1
2

36
1)6(1)6( 







 
 XpXp  

$22.2.  xi-kvadrat ganawileba.  sazogadod, xi-kvadrat ganawilebis 

mqone SemTxveviT sidides warmoadgens SemTxveviTi sidide  
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,... 22

2

2

1

2

kk XXX                                (22.8) 

sadac kXXX ,...,, 21  damoukidebeli standartulad normalurad 

ganawilebuli SemTxveviTi sidideebia. 

radgan 22

2

2

1

2 ... kk XXX   sidide Rebulobs arauaryofiT 

mniSvnelobebs, misi ganawileba Tavmoyrilia dadebiT naxevarRerZze, da 

Tu gavixsenebT sferos gantolebas maTematikuri analizidan, maSin 

)( 2 x  xdomilobis moxdena niSnavs ),...,,( 21 kXXXX   veqtoris moxvedras 

x –radiusiani k  ganzomilebiani sferos SigniT, romlis centri 

koordinatTa saTaveSia. 

qvemoT moyvanilia ganawilebis simkvrivis sqematuri naxazi, romelic 

saWiroa cxrilebiT sargeblobis dros. 

 

                )(xf  
 
 
 
 
 
 
  0             2k    X  
 
 

 

 

rogorc vxedavT, normaluri ganawilebis simkvrivisagan gansxvavebiT 

2  ganawilebis simkvrive asimetriulia. misi pikis abscisas warmoadgens 

misi Tavisuflebis xarisxs minus ori. roca Tavisuflebis xarisxi k , 

)(2 k  ganawileba uaxlovdeba normalurs. 

 

$22.3. stiudentis ganawileba.  stiudentis ganawileba, Tavisuflebis 

xarisxiT  , aqvs Semdeg SemTxveviT sidides 








2
)(

X
t ,                                 (22.9) 
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sadac 2

  SemTxveviT sidides aqvs 2  ganawileba   Tavisuflebis 

xarisxiT, xolo misgan damoukidebel X  SemTxveviT sidides ki 

standartuli normaluri ganawileba. iseve, rogorc wina SemTxvevaSi, 

aqac mxolod simkvrivis sqematur grafiks moviyvanT (ix. nax.). 

                                 )(xf      
 
 
 
 
 
 
 
 
 
 
                              0                                X   
 

 

normaluris msgavsad es simkvrivec simetriulia, misi pikis abscisa 

moTavsebulia 0x  wertilSi. roca Tavisuflebis xarisxi  , t  

ganawileba swrafad uaxlovdeba standartul ganawilebas. amitom, t  

ganawilebis cxrilebs iyeneben mxolod Tavisuflebis xarisxis mcire 

mniSvnelobebisaTvis )30(  . 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 rogor SemTxveviT sidides ewodeba normaluri SemTxveviTi sidide? 

 ras udris normalurad ganawilebuli SemTxveviTi sididis 

maTematikuri lodini da dispersia? 

 rodis Rebulobs normalurad ganawilebuli SemTxveviTi sididis 

simkvrive maqsimalur mniSvnelobas? ras udris maqsimaluri mniSvneloba? 

 rogor aris damokidebuli normalurad ganawilebuli SemTxveviTi 

sididis simkvrivis grafiki maTematikur lodinze da dispersiaze? 

 ras udris normalurad ganawilebuli SemTxveviTi sididis 

ganawilebis funqcia? 
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 rogori saxe aqvs standartuli normaluri SemTxveviTi sididis 

ganawilebis simkvrives da funqcias? 

 raSi mdomareobs standartuli normaluri ganawilebis upiratesoba 

Cveulebriv normalur ganawilebasTan SedarebiT? 

 moiyvaneT standartuli normaluri ganawilebis Tvisebebi. 

 raSi mdgomareobs standartuli normluri ganawilebisaTvis 3 –s 

wesi? 

 albaTobis gamoTvlis dros, rogor ukavSirdeba ),( 2mN  )1,0(N –s? 

 ras ewodeba 2  ganawileba? 

 rogori saxe aqvs 2  ganawilebis simkvrivis grafiks sqematurad? 

 ras ewodeba )(t  ganawileba? 

 moiyvaneT )(t  ganawilebis simkvrivis sqematuri grafiki. 

 

savarjiSo 22 

 

1. ras udris normalurad ganawilebuli SemTxveviTi sididis                                                    

maTematikuri lodini da dispersia, Tu ganawilebis simkvrives aqvs 

Semdegi saxe: 

.
8

1
)( 8

)3(

,

2







x

m exf  

2. ras udris normalurad ganawilebuli SemTxveviTi sididis 

maTematikuri lodini da dispersia, Tu ganawilebis simkvrives aqvs 

Semdegi saxe: 

.
5

1
)( 5

,

2x

m exf





  

3. amowereT normalurad ganawilebuli SemTxveviTi sididis 

ganawilebis simkvrivisa da funqciis gamosaxulebebi, Tu maTematikuri 

lodini nulis, xolo dispersia 5-is tolia. 

4. vTqvaT, )1,0(~ NX . cxrilebis gamoyenebiT gamoTvaleT Semdegi 

albaTobebi:  

a) ),1( Xp  b) ),7,0( Xp  g) ),96,1( Xp  d) ),6,1( Xp                         

e) ),33,2( Xp  v) ).9,23,0(  Xp  

5. vTqvaT, )1,0(~ NX . 
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a) ,8,0)( Xp  ,7,0)(  Xp  SeadareT erTmaneTs   da   ricxvebi. 

b) ,4,0)( Xp  .6,0)( Xp SeadareT erTmaneTs    da   ricxvebi: 

g) ,8,0)( Xp  .4,0)( Xp ras udris  )(  Xp ? 

6. X  SemTxveviTi sidide )4;3(N  kanoniTaa ganawilebuli. gamoTvaleT 

Semdegi xdomilobebis albaTobebi: a) ),1( Xp   b) ).6( Xp  

7. X  SemTxveviTi sidide )16;5(N  kanoniTaa ganawilebuli. vipovoT 

iseTi   da   ricxvebi, romlebisTvisac: a) ,7,0)( Xp  b) ;4,0)( Xp  

g) .8,0)(  Xp  

8. )1,0(~ NX , ,76,0)( Xp  64,0)( Xp . ras udris albaToba imisa, 

rom SemTxveviTi sidide miiRebs mniSvnelobas   da   ricxvebs Soris? 

9. ),16,7(~ NX  .)119(  Xp  ras udris )53(  Xp ? 

10. ).25,5(~ NX ipoveT maTematikuri lodinis mimarT iseTi simetriuli 

);(   intervali, romlisTvisac .8,0)(  Xp  

11. ).36,8(~ NX  ipoveT iseTi calmxrivi marjvena );( a  intervali, 

romelSic X  SemTxveviTi sididis moxvedris albaToba 0,2-is tolia. 

12. ).49,13(~ NX  ipoveT iseTi calmxrivi marcxena );( a  intervali, 

romelSic X  SemTxveviTi sididis moxvedris albaToba 0,1-is tolia. 

13. )1,0(~ NX . ipoveT 95,0p  donis kvantilis ricxviTi mnisvneloba. 

14. ),64,4(~ NX  ).36,13(~ NY  rogoria YX   SemTxveviTi sididis 

ganawilebis kanoni? 

15. ).49,34(~ NX ipoveT imis albaToba, rom X  SemTxveviTi sidide 

miiRebs mniSvnelobas (20; 50) intervalidan. 

16. ).36,20(~ NX  ipoveT imis albaToba, rom X  SemTxveviTi sididis 

gadaxra maTematikuri lodinisgan iqneba 3-ze naklebi? 

17. )1,0(~ NX  ganawilebisTvis vipovoT 4,0p  donis kvantilis 

ricxviTi mniSvneloba. 

18. vTqvaT^ )21(~ 2X . 

a) ipoveT marjvena calmxrivi );( a  intervali, romelSic moxvedris 

albaToba 0,05-is tolia. 

b) ipoveT marcxena calmxrivi );( a  intervali, romelSic moxvedris 

albaToba 0,05-is tolia. 
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19. )13(~ 2

1 X , )13(~ 2

2 X . ipoveT iseTi simetriuli intervali, 

romelSic 21 XXY   SemTxveviTi sididis moxvedris albaToba 0,9-is 

tolia. 

20. vTqvaT, )25(~ tX . ipoveT marjvena calmxrivi );( a  intervali, 

romelSic moxvedris albaToba 0, 025-is tolia. 

21. vTqvaT, )19(~ tX .  ipoveT marcxena calmxrivi intervali, romelSic 

moxvedris albaToba 0,05-is tolia. 

22. vTqvaT )1,0(~ NX , )7(~ tY , )30(~ tZ . am SemTxveviT sidideTagan 

TiToeulisaTvis vipovoT iseTi nulis mimarT simetriuli intervali, 

rom masSi moxvedris albaToba iyos 0,95. ras gveubneba miRebuli Sedegi? 
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Tavi 23 

did ricxvTa kanoni. zRvariTi Teoremebi 

 
ganvixiloT damoukidebeli, erTnairad ganawilebuli nXXX ,...,, 21     

SemTxveviTi sidideebis saSualo ariTmetikuli 

.
1

1





n

i

in X
n

X  

davuSvaT, rom .,...,2,1,, 2 niDXmEX ii    maTematikuri lodinisa da 

dispersiis Tvisebebis gamo 

,,
2

n
XDmXE nn


                              (23.1)                    

anu nX SemTxveviT sidides igive saSualo aqvs, rac yovel Sesakrebs, 

magram xasiaTdeba n jer ufro mcire gafantulobiT Tavisi saSualos 

mimarT, vidre TiToeuli Sesakrebi. qvemoT Cven moviyvanT debulebebs 

ariTmetikuli saSualos yofaqcevis Sesaxeb SesakrebTa raodenobis 

zrdisas, romlebic eyrdnoba jamis dispersiis Semcirebis efeqts. 

  

$23.1. CebiSevis utoloba. X SeTxveviTi sididis sakuTari 

maTematikuri lodinisagan gadaxris Sesafaseblad iyeneben e.w. CebiSevis 

utolobas. 

vTqvaT, X raime dadebiT mniSvnelobebiani SemTxveviTi sididea, 

romlis maTematikuri lodini sasrulia: .EX  maSin nebismieri 

dadebiTi   ricxvisaTvis 

                         


 EXXp  )( .                          (23.2)          

@  marTlac, Tu SemovifarglebiT diskretuli SemTxveviTi sididiT, 

romelic Rebulobs nxxx ,...,, 21  dadebiT mniSvnelobebs nppp ,...,, 21  

albaTobebiT, gveqneba 

).(
1 : : :


  

   
  

XppxpxpxpxEX
n

i xi xi xi

iiiiiiii

i i i

 

amiT utoloba (23.2) damtkicebulia. igi aseve martivad mtkicdeba 

zogad SemTxvevaSi. 

Teorema 23.1. (CebiSevis Teorema). vTqvaT, X raime SemTxveviTi sididea 

sasruli DX dispersiiT, maSin samarTliania Semdegi utoloba: 
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.)|(| 2
 DXEXXp                         (23.3) 

damtkiceba. cxadia, rom ).)(()|(| 22   EXXpEXXp  (23.2) 

utolobis ZaliT  

.
)(

)|(|)|(|
22

2
22




DXEXXE
EXXpEXXp 


  

CebiSevis utoloba amtkicebs, rom rogorc ar unda iyos dadebiTi   

ricxvi, albaToba imisa, rom X SemTxveviTi sidide gadaixreba Tavisi 

maTematikuri lodinidan   sidideze metad,zemodan SemosazRvrulia 
2

DX
 

sididiT. 

(23.3) utoloba SeiZleba Caiweros eqvivalenturi saxiT: 

                       
2

1)|(|



DX

EXXp                         (23.4) 

am saxiT Cawerili CebiSevis utoloba gansazRvravs p )|(|  EXX  

xdomilobis albaTobas, romelic qvevidanaa SemosazRvruli 
2

1


DX
  

sididiT.              

amocana 1. SeafaseT zemodan )2|(|  EXXp , Tu cnobilia, rom .2DX  

amoxsna. (23.3) formuliT gveqneba  

.
2

1

2
)2|(| 2  DXEXXp  

sazogadod CebiSevis utoloba iZleva maTematikuri lodinisagan 

SemTxveviTi sididis gadaxris mxolod uxeS Sefasebas, rasac adasturebs 

Semdegi magaliTi. vTqvaT, 2   ,  DXmEX  da  3 . maSin CebiSevis 

utolobiT gveqneba: 

.1111,0
9

1

9
)3|(|

2

2





mXp  

Tu davuSvebT, rom  X  ganawilebulia normalurad m  da 2   

parametrebiT, maSin, rogorc Sesabamisi cxrilebidan Cans, imave 

xdomilobis albaToba didi sizustiT tolia 0,0027 ricxvisa, rac 

gacilebiT naklebia vidre 
9

1
. 



 

 342 

$23.2. did ricxvTa kanoni. vTqvaT ,...,...,, 21 nXXX  damoukidebeli 

erTnairad ganawilebuli SemTxveviT sidideTa mimdevrobaa m  

maTematikuri lodiniTa da 2  dispersiiT. 

ganvixiloT 





n

i

in X
n

X
1

1
 

SemTxveviTi sidideebis mimdevroba. (23.1) formulisa da CebiSevis 

utolobis ZaliT, nebismieri dadebiTi   ricxvisaTvis gveqneba:  

2

2

2
)|(|)|(|








n

XD
mXpXEXp

n
nnn  ,                 (23.5)  

saidanac, imis gaTvaliswinebiT, rom ,0
2

2






n
 roca ,n  miviRebT 

,0)|(|  mXp n         roca  .n                (23.6) 

sabolood SeiZleba CamovayaliboT Teorema, romelic did ricxvTa 

kanonis saxeliTaa cnobili.              

Teorema 23.2. (did ricxvTa kanoni). Tu ,...,...,, 21 nXXX  erTnairad 

ganawilebuli damoukidebeli SemTxveviTi sidideebia saerTo m  

maTematikuri lodiniT, maSin nebismieri dadebiTi  isaTvis 

.0)|
1

(|lim
1






n

i

i
n

mX
n

p                              (23.7) 

SemTxveviT sidideTa ,...,...,, 21 nYYY  mimdevrobas ewodeba albaTobiT 

krebadi Y SemTxveviTi sididisaken, rac YY
p

n   simboloTi aRiniSneba, Tu 

nebismieri dadebiTi  isaTvis 

.0)|(|lim 


YYp n
n

                        (23.8) 

aqedan gamomdinare did ricxvTa kanoni mokled ase Caiwereba: 

.mX
p

n   

axla ganvixiloT erTi mniSvnelovani kerZo SemTxveva, rodesac iX  

SemTxveviTi sidideebi bernulis SemTxveviTi sidideebia  warmatebis p  

albaTobiT. am SemTxvevaSi 
n

S
X

n
X n

n

i

in  
1

1
 warmoadgens warmatebis 

fardobiT sixSires n  damoukidebel cdaSi. vinaidan ,pXE n   amitom did 

ricxvTa kanons bernulis sqemisaTvis eqneba Semdegi saxe: 
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.p
n

S pn   

statistikur literaturaSi 
n

Sn  fardobiT sixSires uwodeben 

SerCeviT proporcias da mas np̂ simboloTi aRniSnaven, .ˆ
n

S
p n

n   

am terminebSi bernulis Teorema Semdegnairad Caiwereba: 

.ˆ pp
p

n   

 

$23.3. centraluri zRvariTi Teorema. vTqvaT ,...,...,, 21 nXXX  

damoukidebeli normalurad ganawilebuli SemTxveviT sidideTa 

mimdevrobaa m  saSualoTi da 2  dispersiiT. rogorc cnobilia, 

nn XXXS  ...21  SemTxveviTi sidide kvlav normaluradaa 

ganawilebuli nm  saSualoTi da 2n  dispersiiT, xolo normirebuli 

jamebis ganawileba normaluria nulovani saSualoTi da erTeulovani 

dispersiiT, e.i. 

).1,0(~
2

N
n

nmSn




                             (23.9) 

rodesac iX  SemTxveviT sidideTa ganawileba normaluri araa, nS  

SemTxveviTi sididis ganawileba ar SeiZleba iyos normaluri. miuxedavaT 

amisa, normirebuli jamebisaTvis garantirebulia miaxloebiTi 

normaluroba, rodesac SesakrebTa raodenoba izrdeba. es faqti 

cnobilia centraluri zRvariTi Teoremis saxelwodebiT. 

Teorema 23.3. Tu nXXX ,...,, 21  damoukidebeli erTnairad ganawilebuli 

SemTxveviTi sidideebia saerTo m  maTematikuri lodiniTa da sasruli 

2 dispersiiT, xolo ,...21 nn XXXS   maSin 

,0)( 










xx

n

nmS
p n


 roca ,n                  (23.10) 

sadac )(x  aris standartuli normaluri ganawilebis funqcia. 

(23.10) Tanafardobidan martivad gamomdinareobs Semdegi faqti: 

),(xxn
mX

p
n



















  roca .n  

amrigad, SesakrebTa sakmaod didi raodenobisaTvis maTi 
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ariTmetikuli saSualo nX  miaxloebiT normaluradaa ganawilebuli m  

saSualoTi da 
n

2  dispersiiT. 

bernulis sqemisaTvis warmatebis mudmivi p  albaTobiT, 

pqp  1,10   centraluri zRvariTi Teorema iZens Semdeg formas: 

yoveli x isaTvis 

),(xx
npq

npS
p n 

















  roca  .n                     (23.11) 

am Teoremis meSveobiT SesaZlebelia gamoiTvalos nS  SemTxveviTi 

sididis zRvariTi ganawilebac, saxeldobr, 

,0)( 












 


npq

npx
xSp n

   roca .n                       (23.12) 

aqedan gamomdinareobs 

Teorema 23.4 (muavr-laplasis Teorema).  rogoric ar unda iyos a  da 

b  namdvili ricxvebi, ba  , gvaqvs 

,0)( 


























 














 


npq

npa

npq

npb
bSap n   roca .n  

am Teoremidan vRebulobT Semdeg miaxloebiT formulas sakmaod 

didi n saTvis: 

,)(












 














 


npq

npa

npq

npb
bSap n                    (23.13) 

romlis kerZo SemTxvevaa 

.)(












 


npq

npx
xSp n                                 (23.14) 

(23.11)-dan advilad miiReba Semdegi Tanafardoba SerCeviTi 

proporciisaTvis: 

),(
ˆ

xx

n
pq

pp
p n 






















   roca .n                    (23.15) 

rac sityvierad ase gamoiTqmis: 

Tu bernulis sqemaSi warmatebis albaTobaa p , cdaTa didi 

raodenobisaTvis SerCeviTi proporcia np̂  miaxloebiT normaluradaa 
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ganawilebuli p  saSualoTi da 
n

pq  dispersiiT.                           

Tu n  sakmaod didia da warmatebis p albaToba ar aris axlos an 1-

Tan an 0-Tan, binomuri ganawilebis miaxloeba normaluriT sakmaod zust 

Sedegebs iZleva. zomierad didi n isaTvis ufro zust miaxloebas 

iZleva formula 

,
5,05,0

)(












 














 


npq

npa

npq

npb
bSap n

              (23.16) 

romlis kerZo SemTxvevaa 

.
5,0

)(












 


npq

npx
xSp n

                          (23.17) 

amocana 2. ganvixiloT bernulis sqema, romelSic 1,0p  da n =100. 

maSin  

  


 
9

0

100

100100 .45,0)9,0()1,0(9
k

kkkCSp  

(23.12)-is ZaliT 

  3707,0)33,0(
3

109
9100 







 
Sp . 

rogorc vxedavT, (23.12)-is gamoyeneba ar iZleva damakmayofilebel Sedegs, 

maSin rodesac (23.16)-is gamoyenebiT miviRebT 

  .4325,0)17,0(
3

5,0109
9100 







 
Sp  

amrigad, (23.16) miaxloebiTi formulis gamoyenebam gaaumjobesa 

aproqsimaciis sizuste. 

amocana 3. 100 damoukidebel cdaSi xdomilobis ganxorcielebis 

albaToba mudmivia da 0,8-is tolia. normaluri aproqsimaciis gamoyenebiT 

ipoveT albaToba imisa, rom xdomiloba 100 cdaSi ganxorcieldeba: a) ara 

umcires 75-jer da ara umetes 90-jer; b) ara umcires 75-jer; g) ara umetes 

90-jer. 

amoxsna. amocanis pirobis Tanaxmad, 90,75,8,0,100  bapn  da 

saZiebelia Semdegi albaTobebi: a) ),9075(  Xp   b) ),75( Xp   g)  

).90( Xp  

(23.13)-is ZaliT gvaqvs 
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;888,0
2,08,0100

8,010075

2,08,0100

8,010090
)9075( 





































 Xp  

 

;89,0)25,1()5()10075()75(  XpXp  

 

.99,0)20()5,2()900()90(  XPXp  

 

bernulis cdaTa sqemaSi, rodesac warmatebis albaToba p  axlosaa 

nulTan da np didi araa, normalur miaxloebas amjobineben puasonis 

miaxloebas 





x

k

np
k

n e
k

np
xSp

0

.
!

)(
)(                            (23.18) 

am Tanadobis marjvena mxare warmoadgens np  parametris mqone 

puasonis ganawilebis funqcias. es aproqsimacia eyrdnoba Semdeg 

Teoremas. 

Teorema 23.5 (puasonis Teorema). Tu n –is zrdisas 0p  ise, rom, 

,0 np maSin 

 
 

 
x

k

x

k

k
knkk

nn e
k

ppCxSp
0 0

.
!

)1()( 
                   (23.19) 

puasonis (23.19) miaxloeba amocana 2-Si mogvcems, rom 

,4558,0)9( nSp  

rac am magaliTSi mocemul orive normalur miaxloebaze ukeTesia. 

 

amocana 4. vTqvaT, 5000 msroleli erTmaneTisagan damoukideblad 

esvris samiznes da mizanSi moxvedris albaToba TiToeulisaTvis aris 

0,001. gamovTvaloT albaToba imisa, rom samiznes ori msroleli mainc 

daazianebs. 

amoxsna. unda vipovoT ).1()0(1)2(  nnn SpSpSp zusti 

gamoTvlebi gviCvenebs, rom .9597,0)2( nSp  

normaluri aproqsimacia mogvcems: ,9633,0)2( nSp  Tu gamoviyenebT 

(23.14)-s, xolo (23.17)-dan gveqneba .9415,0)2( nSp  Tu axla gamoviyenebT 

puasonis (23.19) ganawilebas, miviRebT, rom: .9596,0)2( nSp  rogorc 
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vxedavT, puasonis miaxloeba am SemTxvevaSi ukeTes Sedegs iZleva 

normalurTan SedarebiT. 

martivi receptebi, Tu rodis gamoviyenoT normaluri da rodis 

puasonis miaxloeba ar gagvaCnia, Tumca zogierTi statististikosi 

gvTavazobs uxeS, empiriul wesebs. magaliTad, Tu n  didia, xolo p  

iseTia, rom 15 np , maSin rekomendebulia puasonis miaxloebis 

gamoyeneba.    

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

  CamoayalibeT da daamtkiceT CebiSevis utoloba. 

  CamoayalibeT da daamtkiceT did ricxvTa kanoni. 

  ras ewodeba SemTxveviT sidideTa mimdevrobis albaTobiT 

krebadoba? 

  CamoayalibeT did ricxvTa kanoni bernulis sqemisaTvis. 

  moiyvaneT centraluri zRvariTi Teorema. 

  CamoayalibeT centraluri zRvariTi Teorema bernulis 

sqemisaTvis. 

  CamoayalibeT muavr-laplasis Taorema. 

  moiyvaneT miaxloebiTi formulebi, romlebic gamomdinareobs 

muavr-laplasis Teoremidan. 

  CamoayalibeT puasonis Teorema. 

 

savarjiSo 23 

1. X SemTxveviTi sididis maTematikuri lodini ,1EX xolo 

dispersia .04,0DX  CebiSevis utolobis saSualebiT SevafasoT  

5,15.0  X   utolobis albaToba. 

2. visargebloT CebiSevis utolobiT da SevafasoT albaToba imisa, 

rom  2,0 EXX , Tu .004,0DX  

3. mocemulia: 9,0)(  EXXp  da .009,0DX  CebiSevis utolobis 

gamoyenebiT qvemodan SevafasoT  –is mniSvneloba.E 
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4. X  SemTxveviT sidides aqvs Semdegi maxasiaTeblebi: 

.2,0,1    EX SevafasoT qvemodan Semdeg xdomilobaTa 

albaTobebi: ).20(),25,175,0(),5,15,0(  XCXBXA    

5. visargebloT CebiSevis utolobiT da SevafasoT albaToba imisa, 

rom SemTxveviTi sidide gadaixreba Tavisi maTematikuri lodinisagan ara 

nakleb 2-jer saSualo kvadratuli gadaxrisa. 

6. SevafasoT imis albaToba, rom nebismieri SemTxveviTi sididis, 

Tavis maTematikuri lodinisagan gadaxris absoluturi sidide ar 

aRemateba: a) 2 saSualo kvadratul gadaxras; b) 3 saSualo kvadratul 

gadaxras; g) 4 saSualo kvadratul gadaxras.  

7. diskretuli tipis X  SemTxveviTi sidide mocemulia ganawilebis 

kanoniT:                            

X 0,3 0,6 

PP P P 0,2 0,8 

                                           

CebiSevis utolobis gamoyenebiT SevafasoT 2,0||  EXX  utolobis 

albaToba. 

8.   diskretuli tipis X  SemTxveviTi sidide mocemulia ganawilebis 

kanoniT:                        

 

CebiSevis utolobis gamoyenebiT vipovoT albaToba imisa, rom  

.4,0 EXX  

9. CebiSevis utolobis gamoyenebiT SevafasoT albaToba imisa, rom 

monetis 200 asrolaSi, safasuris mosvlis fardobiTi sixSire gadaixreba 

misi maTematikuri lodinisagan ara umetes 0,1-isa. 

10. SevafasoT albaToba imisa, rom kamaTlis 1200 damoukidebel 

asrolaSi, 1-ianis mosvlis ricxvi ar aRemateba 800-s. 

11. SevafasoT albaToba imisa, rom kamaTlis 3600 damoukidebel 

asrolaSi, 6-ianis mosvlis ricxvi metia an toli 900-is. 

12. TiToeul cdaSi A  xdomilebis moxdenis albaTobaa 1/4. CebiSevis 

utolobis gamoyenebiT SevafasoT albaToba imisa, rom A  xdomilebis 

moxdenis X  ricxvi, 800 damoukidebel cdaSi moTavsdeba 150-dan 250-mde. 

X  0,1 0,4 0,6 

P P  0,2 0,3 0,5 
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13. TiToeul cdaSi A  xdomilebis moxdenis albaTobaa 1/2. CebiSevis 

utolobis gamoyenebiT SevafasoT albaToba imisa, rom A  xdomilebis 

moxdenis X  ricxvi, 100 damoukidebel cdaSi moTavsdeba 40-dan 60-mde. 

14. SevafasoT albaToba imisa, rom kamaTlis 10000 damoukidebel 

asrolaSi eqvsianis mosvlis sixSiris misi albaTobisagan gadaxris 

absoluturi sidide ar aRemateba 0,01-s. 

15. biWis dabadebis albaToba tolia 0,52-isa. ras udris albaToba 

imisa, rom 150 axalSobils Soris iqneba: a) 70-ze meti biWi; b) 80-ze 

naklebi gogo; g) 65-dan 75-mde (CaTvliT) gogo? 

16. rogoria imis albaToba, rom studenti miiRebs CaTvlas, Tu man 

100 kiTxvidan unda upasuxos 60-s mainc. erT kiTxvaze pasuxia “ki” an 

“ara” da studenti absoluturad moumzadebelia. 

17. manqanis mwyobridan gamosvlis albaTobaa 0,05. ipoveT albaToba 

imisa, rom 1000 manqanidan mwyobridan gamova ara umetes 60 manqanisa. 

18. gamorkveulia, rom maRaziaSi Sesuli 5 myidvelidan erTi 

yidulobs raime nivTs. ipoveT albaToba imisa, rom 300 myidvelidan 

aranakleb 50-sa iyidis raime nivTs 

19. mwarmoebelma, romelic uSvebs disketebs kompiuterisaTvis, icis, 

rom disketebis 5% sagarantio periodis gasvlamde mwyobridan gamodis. 

ipoveT albaToba imisa, rom 80 disketidan sagarantio periodis 

gasvlamde mwyobridan gamova ara umetes 5 disketa. 

20. satelefono sadguri emsaxureba 400 abonents. albaToba imisa, 

rom TiToeuli @abonenti erTi saaTis ganmavlobaSi darekavs sadgurSi 

0,01-is tolia. ipoveT albaToba imisa, rom erTi saaTis ganmavlobaSi 

sadgurSi darekavs ara nakleb sami abonentisa. 

21. maRaziam unda miiRos 1000 boTli borjomi. albaToba imisa, rom 

boTli gatydeba gzaSi tolia 0,003-is. ras udris albaToba imisa, rom 

maRazia miiRebs ara umetes or damtvreul boTls.  

22. satelefono sadgurSi Semosul gamoZaxebaTa intensivobaa 29 

gamoZaxeba wuTSi. ipoveT albaToba imisa, rom erT wuTSi gamoZaxebaTa 

raodenoba iqneba ara nakleb 23. 

23. gamokvleulia, rom maRaziaSi Sesuli 5 myidvelidan erTi 

yidulobs raime nivTs. ipoveT albaToba imisa, rom 30 myidvelidan 4 

mainc iyidis raime nivTs.  O  
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Tavi 24 

mravalganzomilebiani SemTxveviTi sidideebi 

 

$24.1. SemTxveviTi veqtoris erToblivi ganawilebis kanoni da 

ganawilebis funqcia. Cven aqamde vixilavdiT iseT movlenebs, romlis 

damaxasiaTebeli SemTxveviTi sidideebi eqsperimentis Sedegad iRebda 

raime ricxviT mniSvnelobebs. magram bunebaSi da yoveldRiur cxovrebaSi 

bevria iseTi masobrivi movlenebi, romelTa daxasiaTeba SesaZlebelia 

mxolod ramdenime SemTxveviTi sididis erTobliobiT. magaliTad, 

sasoflo-sameurneo bazris moTxovnaTa Seswavlis dros interesdebian 

dRis ganmavlobaSi gayiduli sxvadasxva saxis produqtis (xorci, yveli, 

kvercxi da a.S.) raodenobebiT. aseT SemTxvevaSi, 1X  SemTxveviTi sidide 

aris pirveli saxis produqtis raodenoba, 2X -meoresi, da a.S. kX  _ k -

urisa. maSasadame eqsperimentis yvelanairi Sedegi aRiwereba  kXXX ,...,, 21  

SemTxveviTi sidideTa erTobliobiT, romelsac ewodeba k  

ganzomilebiani SemTxveviTi sidide an ubralod SemTxveviTi veqtori. 

SevniSnoT, rom simartivisaTvis SeviswavliT SemTxvevas, roca 

SemTxveviTi veqtoris komponentebis raodenoba .2k  misi ganzogadeba 

sami da ufro meti ganzomilebis veqtorisaTvis xdeba sruliad 

bunebrivad da ar aris dakavSirebuli arsebiT siZneleebTan. 

X  da Y  diskretuli SemTxveviTi sidideebisgan Sedgenil  YX ;  

veqtors diskretuli SemTxveviTi veqtori ewodeba. diskretuli tipis 

SemTxveviTi veqtoris ganawilebis kanoni ganisazRvreba misi SesaZlo 

mniSvnelobebisa da Sesabamisi albaTobebis mocemiT. ganawilebis kanoni 

advilad Caiwereba Semdegi cxrilis saSualebiT: 

 

   Y  

X  
1y  2y      my  

1x  
11p  12p      mp1  

2x  
21p  22p      mp2  

                    

nx  1np  2np      nnp  
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sadac nxxx ,...,, 21  aris X  SemTxveviTi sididis SesaZlo mniSvnelobebi, 

xolo myyy ,...,, 21  _ Y  SemTxveviTi sididisa. ijP  aris X -is mier ix  

mniSvnelobis da erTdroulad Y -is mier jy  mniSvnelobis miRebis 

albaToba, mjni ,...,2,1    ,,...,2,1  , sadac 
 


n

i

m

j

ijP
1 1

1 

 aseT cxrils ewodeba X  da Y  SemTxveviT sidideTa erToblivi 

ganawilebis kanoni an mokleT, erToblivi ganawileba. 

organzomilebiani SemTxveviTi veqtoris ganawilebis kanonidan 

advilad miiReba misi nebismieri komponentis ganawilebis kanoni. 

marTlac  

 

      ,;
11









m

j

iijji

m

j

i PPyYxXPxXP                (24.1) 

da analogiurad 

     .;
11









n

i

jijji

n

i

j PPyYxXPyYP                (24.2) 

aseTi xerxiT miRebul ganawilebebis kanonebs, Sesabamisad X  da Y  

SemTxveviTi sidideebis marginaluri ganawilebis kanonebs uwodeben. 

maSasadame, imisaTvis, rom gamovTvaloT  ixXP   albaToba, saWiroa 

SevkriboT cxrilis i -ur striqonSi moTavsebuli albaTobebi, xolo 

 
jyYP   albaTobis gamosaTvlelad saWiroa SevkriboT cxrilis j -ur 

svetSi Cawerili albaTobebi. 

                                           

 

X  1x  
2x      nx  

p  
1p  2p      np  

   

                                           

Y  1y  2y      my  

p  
1p  2p      mp  
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 X  da Y  diskretul SemTxveviT sidideebs ewodeba 

damoukidebeli, Tu yoveli  ji,  wyvilisaTvis  

       . yYP; j ijiij xXPyYxXPP               (24.3) 

amrigad, damoukidebeli SemTxveviTi sidideebisaTvis samarTliania 

toloba           

Jiij PPP   . 

amocana 1. vTqvaT vagorebT or kamaTels. X -iT aRvniSnoT pirvel 

kamaTelze, xolo Y -iT _ meoreze mosuli qulebi. maSin  YX ;  

warmoadgens organzomilebian diskretul SemTxveviT veqtors. vnaxoT, 

rogoria am veqtoris ganawileba da davadginoT, aris Tu ara misi 

komponentebi damoukidebeli. 

amoxsna. albaTobis klasikuri ganmartebis Tanaxmad 

                   1,2,...,6ji,             ,
36

1
;  jYiXPPij  

amave dros                                 
6

1
   ,

6

1
  jYPPiXPP ji  

da, maSasadame,        .         jiij PPP    

amocana 2. amocana 1-is pirobebSi SevamowmoT, aris Tu ara 

damoukidebeli X  da YX   SemTxveviTi sidideebi.  

amoxsna. advili dasanaxia, rom 

  ,04   ,3  YXXP  

xolo     
36

4
4P     ,

6

1
3  YXXP . 

amrigad, radgan 

     ,434   ,3  YXPXPYXXP  

X  da YX   SemTxveviTi sidideebi ar arian damoukidebelni. 

sazogadod, SemTxveviT sidideTa  YX ;  wyvils ewodeba SemTxveviTi 

veqtori, Tu yoveli x  da y  namdvili ricxvebisaTvis gansazRvrulia 

albaToba: 

    .  ,;, yYxXPyxF YX                         (24.4) 

  yxF YX ;,  funqcias  YX ;  SemTxveviTi veqtoris ganawilebis 

funqcia ewodeba. rogorc qvemoT vnaxavT, SemTxveviTi veqtoris X  da Y  
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SemTxveviT sidideTa ganawilebis funqciebi ganisazRvreba YXF ,  funqciis 

saSualebiT da amitom  yxF YX ;,  funqcias X  da Y  SemTxveviT sidideTa 

erToblivi ganawilebis funqciasac uwodeben. 

qvemoT visargeblebT    yxFyxF YX ;;,   Semoklebuli CanaweriT.  

moviyvanoT erToblivi ganawilebis funqciis Tvisebebi: 

1) nebismieri  yx;  wyvilisaTvis   1;0  yxF  da  yxF ;  araklebadi 

funqciaa TiToeuli argumentis mimarT; 

2) nebismieri x -sa da y -isaTvis     ,0;;  xFyF    ,1; F  

sadac    ,;lim; yxFyF
x 

     yxFxF
y

;lim;


  

3)           0,,,,, 112112222121  yxFyxFyxFyxFyYyxXxP  

nebismieri 21 xx   da 21 yy   ricxvebisaTvis. 

Tu cnobilia erToblivi ganawilebis funqcia, SegviZlia aRvadginoT 

calkeuli SemTxveviTi sididis (marginaluri) ganawilebis funqcia: 

       ,;     ,; yFyFxFxF YX   

sadac    yxFxF
y

;lim;


 ,     yxFyF
x

;lim;


 . 

SevniSnoT, rom, sazogadod, Sebrunebuli debuleba ar aris 

marTebuli, anu X  da Y  SemTxveviTi sidideebis ganawilebis  xFX
 da 

 yFY  funqciebis codna ar aris sakmarisi X -is da Y -is erToblivi 

ganawilebis funqciis gansazRvrisaTvis. 

 YX ;  SemTxveviT veqtors uwodeben uwyvets, Tu arsebobs iseTi 

arauaryofiTi  yxf ;  funqcia, romelsac ganawilebis simkvrive hqvia, rom 

sibrtyis nebismieri  yx;  wertilisaTvis, adgili aqvs tolobas: 

      .;; dsduusfyxF

x y

 
 

                       (24.5) 

ganawilebis funqciis me-2 Tvisebidan cxadia, rom 

    .1;;  








Fdsduusf  

(24.5)-dan gvaqvs 

   
       

yx

yxFyyxFyxxFyyxxF
yxFyxf

y
x

XY








;;;;
lim;;

0
0

''  
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da ganawilebis funqciis me-3 Tvisebidan gamomdinareobs, rom arsebobs 

Semdegi ormagi zRvari 

 
 yxf

yx

yyYyxxXxp

y
x

;
;

lim

0
0









 

es ukanaskneli Tanafardoba amarTlebs  yxf ;  simkvrivis funqciis 

saxelwodebas. 

sazogadod, X  da Y  SemTxveviT sidideebs damoukidebeli ewodeba, 

Tu nebismieri  ba;  da  dc;  intervalebisaTvis 

           .         dYcpbXapdYcbXap  ;    (24.6) 

aqedan avtomaturad gamomdinareobs Semdegi Tanafardoba 

                             ,yFxFyxF YX ;         (24.7) 

sadac  yxF ;  aris X -isa da Y -is erToblivi ganawilebis funqcia, xolo 

 xFX  da  yFY  Sesabamisad X  da Y -is ganawilebis funqciebia. piriqiT, 

mtkicdeba, rom (24.7) iwvevs (24.6)-s nebismieri  ba;  da  dc;  

intervalebisaTvis. amdenad (24.7) SeiZleba gamoyenebuli iqnas, rogorc 

damoukideblobis gansazRvreba. 

marginaluri ganawilebis simkvriveebi gamoiTvleba Semdegnairad:  

                         .;; dsysfyfduuxfxf YX 








  da        (24.8) 

es formulebi (24.1) da (24.2) formulebis uwyveti analogiebia. aq 

albaTobaTa saTanado indeqsebiT ajamvis operacia Secvlilia 

simkvrividan saTanado cvladebiT integralis aRebis operaciiT. 

 X  da Y  SemTxveviT sidideebs ewodeba damoukidebeli, Tu maTi 

erToblivi ganawilebis simkvrive tolia Sesabamisi marginaluri 

ganawilebis simkvriveebis namravlisa: 

                    .         yfxfyxf YX ;         (24.9) 

cxadia, am SemTxvevaSic  

                            . ; yFxFyxF YX   

$24.2. SemTxveviTi veqtoris ricxviTi maxasiaTeblebi. axla 

ganvixiloT organzomilebiani SemTxveviTi sididis ricxviTi 

maxasiaTeblebi. vTqvaT,  YX ;  veqtoris komponentebis maTematikuri 

lodini Sesabamisad EX –is da EY –is tolia. maSin  EYEX ,  ricxviT 
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veqtors uwodeben  YX ;  SemTxveviTi veqtoris maTematikur lodins (an 

lodinebis veqtors).  EYEX ,  veqtoris komponentebs aqvs 

erTganzomilebiani SemTxveviTi sididis maTematikuri lodinis yvela 

Tviseba da amitom Cven maT aRar gavimeorebT. 

ganvsazRvroT organzomilebiani SemTxveviTi sididis sxva ricxviTi 

maxasiaTeblebi. 

X  da Y  SemTxveviTi sidideebis kovaracia ewodeba am sidideTa 

maTive maTematikuri lodinebidan gadaxrebis namravlis maTematikur 

lodins: 

               .          EYYEXXEYX ;cov        (24.10) 

maTematikuri lodinis Tvisebebis gamoyenebiT, advili saCvenebelia, 

rom 

                     ,;cov EXEYEXYYX          (24.11) 

sadac 

                   
 


n

i

m

j

ijii pyxEXY
1 1

         (24.12) 

diskretuli ganawilebis SemTxvevaSi, xolo uwyveti ganawilebis 

SemTxvevaSi  

                         








 ,; dsduussufEXY      (24.13) 

igulisxmeba, rom 

                   . ; 








dsduusfsu  

SevniSnoT, rom Tu X  da Y  SemTxveviTi sidideebi damoukidebelia, 

maSin EYEXEXY   da 

  .0;cov YX  

(24.10) formulidan gamomdinareobs, rom SemTxveviTi sididis 

dispersia SeiZleba ganvixiloT, rogorc am SemTxveviTi sididis 

TavisTavTan kovariacia. marTlac, kovariaciis gansazRvrebis Tanaxmad, 

       .;cov
2

DXEXXEEXXEXXEXX   

kovaracias gaaCnia Semdegi Tvisebebi: 

1)    XYYX ;cov;cov   _ kovariacia simetriulia; 

2)      YXYXYXX ;cov;cov;cov 2121   _ kovariacia adiciuria; 
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3)    YXaYbaX ;cov;cov  SemTxveviT sidideze mudmivi sididis 

damateba mis kovariacias meore SemTxveviT sididesTan ar cvlis, xolo 

mudmivi mamravli gadis kovariaciis niSnis gareT; 

4) Tu X  da Y  SemTxveviTi sidideebi damoukidebelia, maSin 

  .0;cov YX  

kovariacia axasiaTebs kavSirs or SemTxveviT sidides Soris. 

saxeldobr, rogorc kovairaciis (24.10) gansazRvrebidan Cans, is 

warmoadgens ori SemTxveviTi sididis maTi saSualoebis mimarT 

yofaqcevis “msgavsebis” sazoms. kovariacia dadebiTia, Tu X  da Y  

SemTxveviTi sidideebi saSualod erTsa da imave mxares ixrebian 

Sesabamisad EX  da EY  mniSvnelobebidan da is uaryofiTia, Tu X  da Y  

SemTxveviTi sidideebi EX  da EY  mniSvnelobebidan saSualod sxvadasxva 

mxares arian gadaxrili. sazogadod kovariaciis koeficientma SeiZleba 

miiRos nebismieri rixviTi mniSvneloba   ;  Sualedidan. 

or SemTxveviT sidides Soris damokidebulebis dasaxasiaTeblad 

ufro moxerxebulia e.w. korelaciis koeficientis SemoReba. 

X  da Y  SemTxveviTi sidideebis korelaciis koeficienti ewodeba 

ricxvs. 

 
   

                     .
;cov;cov

;
YX

YX

DYDX

YX
YX


 


   (24.14) 

rogorc vxedavT, moxda kovariaciis koeficientis mxolod 

normireba, masStabis Secvla, magram am normirebas aqvs garkveuli 

albaTuri Sinaarsi, romelic kargad Cans korelaciis koeficientis 

qvemoT CamoTvlili Tvisebebidan. 

1)     XYYX ;;   , 

2)     ,  

0a,1  

0a,0  

0a,1

signa  ,Y;XsignaY;aX
















   

    

    

  

Tu 

Tu

Tu

 sadac  

3)   ,1; YX  

4)  Tu X  da Y  SemTxveviTi sidideebi damoukidebelia, maSin 

  ,0; YX  

5)   ,1; YX  maSin da mxolod maSin, roca baXY   raime namdvili 

a  da b  ricxvebisaTvis anu, roca X  da Y  SemTxveviT sidideebs Soris 
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arsebobs wrfivi kavSiri, amasTan 0a  maSin da mxolod maSin, rodesac 

1  da 0a  maSin da mxolod maSin, rodesac 1 . 

sazogadod me-4 Tvisebis Sebrunebuli debuleba, rom Tu   ,0; YX  

maSin X  da Y  SemTxveviTi sidideebi “damoukidebelia”, ar aris swori. 

roca   0; YX  amboben, rom X  da Y  SemTxveviTi sidideebi 

arakorelirebulia. arsebobs erTaderTi klasi uwyveti SemTxveviTi 

sidideebisa, romelTaTvisac arakorelirebisa da damoukideblobis 

cnebebi emTxveva; kerZod, es aris klasi normalurad ganawilebuli 

SemTxveviTi sidideebisa. moviyvanoT magaliTi imisa, rom 

arakorelirebulobidan ar gamomndinareobs SemTxveviT sidideTa 

damoukidebloba. 

amocana 3. gamovTvaloT X  da YX   SemTxveviTi sidideebis 

kovariaciis koeficienti, sadac X  da Y  amocana 1-Sia gansazRvruli. 

amoxsna. X  da YX   SemTxveviT sidideebis erToblivi da 

marginaluri ganawilebis kanonebi moicema cxriliT. 

 

 

     YX                    

X  
0  1 2  3 4  5 ip  

1 36
1  

36
1  

36
1  

36
1  

36
1  

36
1  

6
1  

2  36
1  

36
2  

36
1  

36
1  

36
1  0  6

1  

3 36
1  

36
2  

36
2  

36
1  0  0  6

1  

4  36
1  

36
2  

36
2  

36
1  0  0  6

1  

5 36
1  

36
2  

36
1  

36
1  

36
1  0  6

1  

6  36
1  

36
1  

36
1  

36
1  

36
1  

36
1  

6
1  

jp  
36

6  
36

10  
36

8  
36

6  
36

4  
36

2  1 

 

saidanac vpoulobT, rom 
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   
2

7

6

21

6

1
654321

6

16

1

6

1

 
 j j

jjXjpEX  

 
18

35

36

2
5

36

4
4

36

6
3

36

8
2

36

10
1

36

6
0

5

0

 
i

iYXpiYXE  

da aseve,  

 

.
36

245

36

1
56...

36

1
02

36

1
51...

36

1
01  ,

6

1

5

0



 
 j i

iYXjXpjiYXEX

 

maSasadame,   0
18

35

2

7

36

245
;cov YXX  anu   ,0; YXX  miuxedavad 

imisa, rom, rogorc amocana 2-Si vaCveneT X  da || YX   SemTxveviTi 

sidideebi ar arian erTmaneTisagan damoukidebeli. sxvanairad rom 

vTqvaT,   ,0; YX  tolobidan ar gamomdinareobs X  da Y  SemTxveviT 

sidideTa damoukidebloba. 

nebismier X  da Y  SemTxveviTi sidideebisaTvis adgili aqvs Semdeg 

tolobas: 

           

        .2
22

22

EYYEYYEXXEXXE

EYYEXXEyXEYXEYXD




 

amrigad,  

   YXDYDXYXD ,cov2 . 

es faqti samarTliania SesakrebTa nebismieri sasruli 

raodenobisaTvis 

 











ji

ji

n

i

i

n

i

i YXDXXD ,cov2
11

. 

 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT. 

 

 ras ewodeba diskretuli SemTxveviTi veqtoris erToblivi 

ganawilebis kanoni? 

 ras ewodeba diskretuli SemTxveviTi veqtoris komponentebis 

marginaluri ganawilebis kanoni? 
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 ras ewodeba diskretul SemTxveviT sidideTa damoukidebloba? 

 moiyvaneT damoukidebeli diskretuli SemTxveviTi sidideebis 

magaliTi. 

 moiyvaneT magaliTi, sadac diskretuli SemTxveviTi sidideebi ar 

aris damoukidebeli. 

 ras ewodeba SemTxveviTi veqtoris erToblivi ganawilebis 

funqcia? 

 mioyvaneT erToblivi ganawilebis funqciis Tvisebebi. 

 rogor SeiZleba erToblivi ganawilebis funqciidan aRvadginoT 

marginaluri ganawilebis funqcia? 

 rodis ewodeba SemTxveviT veqtors uwyveti? ras ewodeba 

ganawilebis simkvrive? 

 rogor gamoisaxeba ganawilebis simkvrive ormagi zRvariT? 

 rogor ganimarteba uwyveti SemTxveviTi sidideebis 

damoukidebloba? 

 daamtkiceT, rom (6)-dan gamomdinareobs (7) da piriqiT. 

 rogor gamoiTvleba marJinaluri ganawilebis simkvrive? 

 rogor ganimarteba uwyveti SemTxveviTi sidideebis 

damoukidebloba erToblivi ganawilebis simkvrivis saSualebiT? 

 ras ewodeba SemTxveviT sidideTa kovariacia? (ganmarteba 

moiyvaneT rogorc diskretul, ise uwyvet SemTxvevaSi). 

 rogor ganisazRvreba SemTxveviTi sididis dispersia kovariaciis 

gamoyenebiT? 

 moiyvaneT kovariaciis Tvisebebi. 

 ganmarteT SemTxveviTi sidideebis korelaciis koeficienti. 

 moiyvaneT korelaciis koeficientis Tvisebebi. 

 rodis emTxveva SemTxveviT sidideTa arakorelirebuloba da 

damoukidebloba? 

 moiyvaneT magaliTi imisa, rom arakorelirebulobidan ar 

gamomdinareobs SemTxveviT sidideTa damoukidebloba. 

 moiyvaneT SemTxveviT sidideTa jamis dispersiis gamosaTvleli 

formula. 
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savarjiSo 24 

 

1. mocemulia,  YX ;  diskretuli SemTxveviTi veqtoris ganawilebis 

kanoni 

 

 

 

 gamoTvaleT X  da Y  SemTxveviTi sidideebis marginaluri ganawilebebi 

da SeamowmeT arian Tu ara isini damoukideblebi. 

2. mocemulia  YX ;  organzomilebiani SemTxveviTi sididis 

ganawilebis kanoni 

 

   Y  

X  
2  0  1 

0  21
1  

21
1  

21
5  

1 21
2  

21
4  

21
1  

2  21
1  

21
5  

21
1  

 

ipoveT X  da Y  SemTxveviTi sidideebis ganawilebis kanonebi da 

SeamowmeT arian Tu ara isini damoukideblebi. 

3. cda mdgomareobs ori tetraedris agdebaSi, romlis waxnagebs 

aweria ricxvebi 1,2,3,4. 1X –iT aRvniSnoT, pirvel tetraedrze mosuli 

qula anu ricxvi, romelic davardnili tetraedris fuZeze weria, xolo 

2X –iT meore tetraedrze mosuli ricxvi. aageT 1Y  da 2Y  SemTxveviTi 

sidideebis erToblivi da marginaluri ganawilebis kanonebi, Tu 

a) 211 XXY   da , 212 XXY   

b) 11 XY   da   , ,min 212 XXY   

   Y  

X  
1  0  1 

2  12
3  

12
1  

12
2  

2  12
2  

12
3  

12
1  
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g) 
11 XY   da  , 212 XXY   

d) 
11 XY   da  , 2 212 XXY   

daadgineT damoukidebelia Tu ara 
1Y  da 

2Y   SemTxveviTi sidideebi.  

4. mocemulia uwyveti tipis organzomilebiani SemTxveviTi sididis 

ganawilebis funqcia: 

 













.0      ,0

,
2

0     ,
2

0    ,sinsin
;

yx

yxyx
yxF

        

   

an  0Tu

Tu 


 

vipovoT  YX ;  SemTxveviTi sididis, 
3

   ,
6

  ,
4

  ,0


 yyxx  wrfeebiT 

SemosazRvrul marTkuTxedSi moxvedris albaToba. 

5. mocemulia organzomilebiani SemTxveviTi sididis ganawilebis 

funqcia: 

 











.0yx      ,0

,0y    ,0x    ,3331
y;xF

yxyx

     

  

 an    0Tu

 Tu 
 

vipovoT misi ganawilebis simkvrive. 

6. mocemulia  YX ;  organzomilebiani SemTxveviTi sididis 

ganawilebis funqcia: 

 
   












.0yx         ,0

,0y    ,0x    ,e1e1
y;xF

y2x4

     

   

 0,Tu

Tu 
 

vipovoT misi ganawilebis simkvrive. 

7. mocemulia  YX ;  organzomilebiani SemTxveviTi sididis 

ganawilebis kanoni: 

 

   Y  

X  
1  1 

1  4
1  

10
3  

1 5
1  

20
3  

2  20
1  

20
1  

 

ipoveT X  da Y  SemTxveviTi sidideebis: a) kovariacia; b) korelaciis 

koeficienti. 
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8. mocemulia  YX ;  organzomilebiani SemTxveviTi sididis 

ganawilebis kanoni: 

 

 

 

ipoveT X  da Y   SemTxveviTi sidideebis: a) kovariacia; b) korelaciis 

koeficienti. gamoTvaleT 12  YXZ  SemTxveviTi sididis maTematikuri 

lodini da dispersia 

9. vTqvaT, .22 ZYXT   ipoveT ET  da ,DT  Tu: ,2EX  ,3EY  

,1EZ  ,9DX   ,16DY  ,16DZ    ,8;cov YX     ,4;cov ZX    .4;cov YZ  

10. vTqvaT, .22 ZYXT   ipoveT ET  da ,DT  Tu  ,2EX  ,1EY  

,2EZ  ,9DX   ,25DY  ,16DZ    ,5;cov YX     ,7;cov ZX    .8;cov YZ  

   Y  

X  
2  0  

1  0  15
1  

0  5
1  

15
4  

2  3
1  

15
2  
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Tavi 25 

monacemTa statistikuri damuSaveba da SerCevis meTodebi 

 

$25.1. monacemebi, populacia da SerCeva.  monacemebis qveS 

igulisxmeba obieqtTa raime simravlis raodenobriv an Tvisebriv 

maxasiaTebelTa dakvirvebuli mniSvnelobebis erToblioba. am 

erTobliobis yovel wevrs dakvirveba, monacemi an monacemi wertili 

ewodeba. igi SeiZleba iyos fizikuri gazomvis Sedegi (magaliTad, wona 

an simaRle), pasuxi kiTxvaze (ki an ara) an raime niSnis mixedviT 

klasifikaciis Sedegi. yvela SesaZlo dakvirvebaTa simravle Seadgens 

statistikur populacias an ubralod populacias. amgvarad gvaqvs 

Semdegi gansazRvreba: 

populacia aris konkretuli maxasiaTeblis yvela SesaZlo 

mniSvnelobis erToblioba. 

unda aRiniSnos, rom populaciaze saubrisas ar igulisxmeba, rom 

yvela SesaZlo mniSvneloba marTlac dakvirvebulia. populacia SeiZleba 

iyos realuri (rogorc, magaliTad, 2006 wels Teusu-Si Caricxuli 

abiturientebis mier zogad unarebSi mogrovili qulebis erToblioba), 

ise warmosaxviTi anu konceptualuri (vTqvaT, garkveuli cxovelis 

garkveul pirobebSi sicocxlis xangrZlivobis SesaZlo mniSvnelobani). 

SerCeva anu amokrefa Seicavs zogierT dakvirvebul mniSvnelobas. 

SerCeva anu amokrefa aris dakvirvebaTa erToblioba, romelic 

Seadgens populaciis mxolod raime nawils. 

statistikuri kvlevis saboloo mizani populaciis Seswavlaa. im 

SemTxvevaSi, roca populacia sruladaa mocemuli, amboben, rom xelTa 

gvaqvs sruli aRweris Sedegebi. magram problema swored isaa, rom 

xSirad sruli aRwera SeuZlebelia an mizanSeuwonelia da mkvlevaris 

gankargulebaSi mxolod SerCevaa. 

populaciis elementaruli erTeulebi ewodeba obieqtebs, romelTa 

maxasiaTeblebic populacias Seadgenen. erTi da igive elementaruli 

erTeulebis meSveobiT, SeiZleba Seiqmnas sxvadasxva populacia. 

magaliTad, Teusus akademiuri personalis erToblioba mogvcems maTi 

Semosavlebis populacias, maTi wonebis populacias, maTi samecniero 
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mimarTulebebis populacias da a.S. Sesabamisad ganisazRvreba SerCevis 

elementaruli erTeulebi. 

elementarul erTeulTa maxasiaTeblebis mixedviT ganirCeva 

Tvisebrivi da raodenobrivi populaciebi. isini sxvadasxva meTodiT 

Seiswavleba. Tvisebrivi maxasiaTebeli ewodeba elementaruli erTeulis 

raime Tvisebas an mdgomareobas (magaliTad sqesi, profesia, feri, 

politikuri orientacia da sxva). Tvisebriv maxasiaTeblis konkretul 

dones atributi ewodeba. atributebia, magaliTad, piris qorwinebiTi 

mdgomareobis Semdegi doneebi: martoxela, daqorwinebuli, gayrili, 

qvrivi. raodenobrivia iseTi maxasiaTebeli, romlis calkeuli 

mniSvnelobebi dakvirvebis, gazomvis an Tvlis Sedegad miiReba da 

ricxvebiT gamoixateba (simaRle, masa, xelfasi, wliuri mogeba da sxva). 

raodenobrivi monacemebi obieqtebis (elementarul erTeulTa) gazomvis 

Sedegia, xolo TviT gazomva niSnavs sagnebisTvis ricxvebis miweras 

garkveuli wesiT. 

dakvirvebuli raodenobrivi maxasiaTeblebis mixedviT SeiZleba 

ganvasxvavoT diskretuli da uwyveti monacemebi. diskretuli 

maxasiaTebeli Rebulobs mxolod calkeul izolirebul mniSvnelobebs, 

xolo uwyvet maxasiaTeblebs SeuZlia miiRos nebismieri (namdvili) 

ricxviTi mniSvneloba raime sazRvrebSi. diskretuli maxasiaTebeli 

Cveulebriv Tvlis Sedegad miiReba. aseTebia, magaliTad: ojaxis wevrTa 

raodenoba, oTaxebis raodenoba binebSi, abiturientebis mier miRebuli 

qulebis raodenoba maTematikaSi da a.S. aseT monacemebs diskretuli 

ewodeba. diskretuli monacemebis alternativa uwyveti monacemebia, 

rogoricaa wona, simaRle, sicocxlis xangrZlivoba, Semosavali da sxva. 

magaliTad, wona bunebiTaa uwyveti maxasiaTebeli, Torem mocemuli 

sizustiT gazomvisas isic ki SeiZleba diskretulad CaiTvalos. amdenad 

gazomvis mocemuli sizustisaTvis alternativa _ diskretuli an uwyveti 

_ pirobiTia. 

populaciisa da SerCevisaTvis Cven qvemoT vixmarT gamaerTianebel 

termins _ erTobliobas. erTobliobaSi Semaval monacemTa raodenobas 

misi moculoba hqvia. populaciis moculoba sasrulic SeiZleba iyos da, 

roca populacia warmosaxviTia, usasruloc. SerCeva yovelTvis sasruli 

moculobisaa. 
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qvemoT Segvxvdeba termini "generaluri erToblioba", rac 

"populaciis" sinonimia, "SerCevis" magier ki zogjer "SerCeviTi 

erToblioba" ixmareba. 

Tavdapirvel monacemebs raime azriT dalagebis da dajgufebis 

gareSe nedli (daumuSavebeli) monacemebi ewodeba. 

qvemoT Cven moviyvanT raodenobriv monacemTa TvalsaCino, kerZod, 

cxriluri da grafikuli warmodgenis meTodebs, romelTa mizania  

arsebuli informaciis iseTi SekumSuli formiT gadmocema, rom misi 

ZiriTadi Sinaarsi iyos martivad aRsaqmeli. 

 

$25.2. variaciuli mwkrivi. wertilovani da meseruli diagramebi. 

vTqvaT elementaruli erTeulebi xasiaTdeba erTi raodenobrivi x  

niSniT da nedli monacemebi Sedgeba Semdegi n  dakvirvebisagan: 

nxxx ,...,, 21 . 

pirveli, rac SeiZleba statistikosma moimoqmedos, esaa am 

mimdevrobis dalageba araklebadi mimdevrobis saxiT: 

     nxxx  ...21 , 

rasac variaciuli mwkrivi ewodeba. Tu axla  1x –iT aRvniSnavT minimalur 

dakvirvebul mniSvnelobas,  2x -iT _ sididiT meore mniSvnelobas 

variaciul mwkrivSi da a.S.  sx –iT ki – maqsimalurs, maSin miviRebT 

zrdad variaciul mwkrivs 

     sxxx  ...21  

da Tu 1n –iT aRvniSnavT variaciul mwkrivSi  1x –is sixSires (anu  1x –is 

tol mniSvnelobaTa raodenobas variaciul mwkrivSi), 
2n -iT _  2x -is 

sixSires da a.S., sn -iT _  sx -is sixSires, miviRebT zrdadi variaciuli 

mwkrivis Sesabamis sixSireebs, anu sixSireTa ganawilebas: 

 

 ix   1x   2x         sx  jami 

in  
1n  2n        sn  n  

                               cxrili  1 
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Tu gadavalT 
n

n
h

n
n

h s
s  ,...,1

1
 fardobiT sixSireebze, sadac 

,1...21  shhh  cxrili 1-is magier gveqneba fardobiT sixSireTa 

ganawileba 

 

 ix   1x   2x         sx  jami 

ih  
1h  

2h        sh  1 

 

cxrili  2 

 

pirveli da meore cxrilebi SeiZleba wertiliani diagramis an 

meseruli diagramis saxiT gamoisaxos: (ix. nax. 1, da nax. 2) 

 
       nax.1. sixSireTa ganawilebis                                 nax.2. fardobiT sixSireTa  

             wertiliani diagrama                                        ganawilebis meseruli diagrama 

 

$25.3.  dagrovil sixSireTa funqcia (kumulata). e.w. dagrovil 

sixSireTa an dagrovil fardobiT sixSireTa funqciebi, romelTac Cven 

axla SemoviRebT, moicaven sixSireTa ganawilebiT da fardobiT 

sixSireTa ganawilebiT mocemul informacias. 

mocemuli namdvili x  ricxvisaTvis dagrovili sixSire  xN n  

ganisazRvreba rogorc im  ix  mniSvnelobaTa sixSireebis jami, romlebic 

x –s ar aRemateba (anu   xx i  ). Tu  xN n –s n –ze gavyofT, miviRebT  xFn  

dagrovil fardobiT sixSires, romelic, cxadia, iqneba im  ix  

mniSvnelobebis fardobiT sixSireTa jami, romlebic ar aRemateba x –s. 

amrigad, vinaidan    kxx ,...,1  da mxolod isini ar aRemateba im x –s, 

romelic  kx –ze naklebi araa da naklebia  1kx –ze, gvaqvs 

ih  

 ix  o

 

o  



 

 

 

 

 

ih  

 ix  
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 

 

   

   

 





























.,1

............................

,,
...

...........................

,,

,,0

11

211

1

s

kkk

n

xx

xxx
n

nn

xxx
n

n

xx

xF

            

      

         

         

 

rogorc aqedan Cans,  xFn  funqcia uban-uban mudmivia da misi zrda 

xdeba    sxx ,...,1  wertilebSi.  1x –mde  xFn  nulia,  sx -is marjvniv (misi 

CaTvleT) ki _ 1.  yovel  kx  wertilSi  xFn  funqcia matulobs 
n

n
h k

k   

fardobiTi sixSiris toli sididiT, swored es ukanaskneli garemoeba 

niSnavs, rom  xFn  moicavs fardobiT sixSireTa ganawilebiT mocemul 

informacias. 

 xFn  funqcias zogjer kumulatas uwodeben. 

 

$25.4.  monacemTa dajgufeba. sixSireTa intervaluri ganawileba. 

   sxx ,...,1  variantebis didi raodenobisaTvis kumulata Znelad aRsaqmelia 

da misi gamoyeneba Semdgomi analizisaTvis SezRudulia. am SemTxvevaSi, 

gansakuTrebiT ki uwyvet monacemTa aRwerisas mimarTaven dajgufebas da 

sixSireebs da kumulaciur sixSireebs dajgufebuli monacemebisaTvis 

gamoTvlian. 

dajgufebis mizniT intervali, romelSic moTavsebulia 

dakvirvebuli mniSvnelobebi 
minx  minimaluri mniSvnelobidan maxx  

maqsimalur mniSvnelobamde daiyofa toli an aratoli sigrZis ramdenime 

intervalad: 

max12110min   , ... ,    , xaxaaxaaxax kk    

Semdeg gamoiyofa am intervalebSi moTavsebul dakvirvebaTa jgufebi, 

romelTa sixSireebi knnn ,...,, 21  simboloebiT aRiniSneba. 

Tu gavixsenebT    bxaxba   :;  da    bxaxba   :;  aRniSvnebs, 

miviRebT sixSireTa da fardobiT sixSireTa intervalur ganawilebebs, 

romlebic Semdegi cxriliT moicema: 
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intervali  10 ;aa   21;aa         kk aa ;1  jami 

sixSire 
1n  

2n        kn  n  

fardobiTi 

sixSire n

n1  
n

n2        
n

nk  1 

 

       cxrili  3 

 

zogjer sixSireTa da fardobiT sixSireTa ganawilebis nacvlad 

ixilaven mis diskretizacias anu ganawilebas, romelic yoveli 

intervalis Suawertils miawers intervalis Sesabamis sixSires an 

fardobiT sixSires. 

 

intervali 
 

2

10 aa 
 

 
2

21 aa 
       

 
2

1 kk aa   jami 

sixSire 
1n  

2n        kn  n  

fardobiTi 

sixSire n

n1  
n

n2        
n

nk  1 

 

       cxrili  4 

 

$25.5. histograma. monacemebis dajgufebisas, rogorc wesi, toli 

sigrZis intervalebs amjobineben, Tumca zogjer gamarTlebulia 

gansxvavebuli sigrZis intervalebis ganxilvac. intervalebis 

araerTgvarovnebis maCvenebelia Semdegi magaliTi: vTqvaT, erTi 

intervalis sigrZea 10 da igi 30 dakvirvebas Seicavs, meoris sigrZea 4 da 

masSi 20 dakvirvebaa. pirvelSi sigrZis erTeulze modis saSualod 3 

dakvirveba, xolo meoreSi _ 5. amdenad gamarTlebulia sixSireTa 

simkvrivis, anu 

,,...,1   , ki
a

n

i

i

i 


  

fardobis SemoReba, sadac .1 iii aaa  analogiurad miviRebT fardobiTi 

sixSiris simkvrivesac: 

,,...,1, ki
an

n

a

h

i

i

i

i

i 





      
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Tu axla 3 cxrilis intervalebis sixSireTa simkvriveebs Sesabamis 

intervalebSi Ox  RerZis paraleluri monakveTebiT gamovsaxavT RerZidan 

i  simaRleze, miviRebT  x  sixSireTa histogramas, xolo fardobiT 

sixSireTa simkvriveebis analogiuri gamosaxviT Ox  RerZis paraleluri 

monakveTebiT RerZidan i  simaRleze _  x  fardobiT sixSireTa 

histogramas, yovel  ii aa ;1  intervalze, rogorc fuZeze, agebulia pirvel 

SemTxvevaSi in  farTobis marTkuTxedi, xolo meoreSi _ 
n

n
h i

i   

farTobisa.  x  sixSireTa histogramisaTvis am farTobebis jamia n , 

xolo  x  farTobiT sixSireTa histogramisaTvis _ 1. 

histogramTa agebis moyvanili wesi mokled me-5 cxriliT gamoisaxeba. 

 

intervali 0ax    10 ;aa   21;aa         kk aa ;1  kax   

 x  0 
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1
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n


  
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2
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n


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k
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
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1
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h


   
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2
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h


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k

k
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h


   0 

 

cxrili  5 

 

 x  da  
 
n

x
x


   funqciebi erTi da igive naxazze gamovsaxoT, 

oRond  x –is SemTxvevaSi ordinatTa RerZze masStabi n –jer meti unda 

vigulisxmoT. (ix.nax.3). 

sixSireTa intervaluri ganawilebis agebisas intervalebis 

raodenobisa da siganis gansazRvrisaTvis sayovelTaod miRebuli wesi ar 

arsebobs. statistikur literaturaSi rekomendebulia 5-dan 20-mde toli 

sigrZis intervalis ageba, magram sakiTxi yovel kerZo SemTxvevaSi 

calkea gadasawyveti.  

Tu toli   sigrZis intervalebs vagebT, maSin maTi k  raodenoba  




 minmax xx

k  

formuliT ganisazRvreba. 
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                                                                       nax. 3 

  amocana 1.  avagoT sixSireTa histograma didi zomis avtomanqanebSi 

sawvavis danaxarjze 100 dakvirvebis meSveobiT. me-6 cxrili gviCvenebs 

garbenis im manZils milebSi (1 mil = 1,609 km), romelsac yofnis 1 galoni 

(1 galoni = 3,78 l) sawvavi (1 mil/galonze = 1,426 km/l). 

 

 

cxrili  6 

 

amoxsna. Tu mocemuli populaciisaTvis dajgufebis 5 intervals 

avirCevT, maSin   96,15:1,149,23   (mili/galonze). simartivisaTvis es 

mniSvneloba davamrgvaloT 2-mde da minimnumad aviRoT 14, xolo 

mili/galonze 

 19.0   20.8    22.0     22.7     20.0     18.9     16.6     16.8    20.8     14.7 

 15.1    21.8   21.1      21.5     21.1      15.5     19.3     15.1    20.6     16.8 

 18.2   20.5   15.3      16.2     16.3      22.8     22.7     21.9   22.5      17.1 

 19.1   21.6   19.0      18.3     18.6      22.1     17.5      2.9    21.7     18.7 

 21.9   20.2   14.5     14.1      22.9     20.2    17.3       22.6   19.3      21.7 

 21.5   22.6   18.7     19.2      22.8     21.6     21.7      20.5    22.7      20.4 

 18.8   15.1   16.5     20.5      19.1     17.4      19.7      19.2    16.4      21.9 

 14.3   19.2    19.7    17.1      21.4     21.9      21.7     19.2    23.9      19.6 

 20.9   18.5    20.2    18.2      20.2     22.4     20.4     21.6     21.3      22.4 

 20.5   18.1    20.7    21.3      16.9     20.3      23.9     18.8     21.1      21.9 

1 h  

1  
1

 
2  

2  
3  3  

 x   x  

0a  
1a  

2a  3a  
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maqsimumad _ 24. miviRebT dajgufebis 5 intervals, xolo sixSireebi 

gamoTvlilia me-7 cxrilSi: 

 

 

intervali  16  ;14   18  ;16   20  ;18   22  ;20   24  ;22  jami 

sixSire 9 13 24 38 16 100 

 

cxrili  7  

 

me-7 cxrilis mixedviT avagoT sixSireTa histograma:   

 

 

nax. 4 

 

$25.6.  poligoni. histogramasTan erTad ganixilaven e.w. poligonsac. 

diskretuli monacemebisaTvis poligoni miiReba wertilovani diagramis 

wertilebis SeerTebiT (ix. nax. 1). intervaluri monacemebisaTvis xdeba 

maTi diskretizacia me-4 cxrilis mixedviT da monakveTebiT aerTeben 

miRebul wertilebs, rodesac ....21  kaaa  Ox  RerZze pirveli 

intervalis marcxniv, misi Sua wertilidan   manZilze da bolo 

intervalis Sua wertilidan marjvniv igive   manZilze aiReba wertilebi 

da isinic uerTdeba miRebuli texilis uaxloes wertilebs (nax. 5). 

amgvarad miRebul texils (romelic ukve dasrulebuli poligonia) da 

Ox  RerZs Soris farTobi sixSireTa SemTxvevaSi n –is tolia, xolo 

fardobiT sixSireTa SemTxvevaSi – 1-isa.        

 

    5 

      10 

      15           

      20 

      25 

      30 

      35 

14 16 18 20 22 24 

manqanebis 
raodenoba 

mili/galonze 
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nax. 5 

 

 $25.7.  sixSireTa ganawilebis formebi.  histogramisa da 

poligonis meSveobiT Cven SegviZlia davadginoT ganawilebaTa tipobrivi 

formebi, rac mniSvnelovania ganawilebaTa Sedarebisas. umniSvnelovanesi 

tipebi me-6 naxazzea gamosaxulia. cxadia, rom rac metia SerCevis 

moculoba da dajgufebis intervalTa raodenoba da rac naklebia 

intervalis sigrZe, miT ufro gluvi iqnebian histograma da poligoni. 

amitom ganawilebis savaraudo formebi SegviZlia gluvi wirebis 

meSveobiT warmovadginoT.  

                

 

                      I tipi                    a           b    II tipi 

         a    b 

                                                                                                        

 

 

               III tipi                                        IV tipi  

 

 

                                     nax. 6                             

pirveli tipis mrudi im garemoebas asaxavs, rom kidura 

mniSvnelobani ufro iSviaTad gvxvdeba, vidre Sualeduri. amasTan b  

mrudi ufro mdored icvleba, vidre a  mrudi. orive mruds erTaderTi 

0a  
1a  

2a  3a  x  o  

 x
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wvero aqvs mniSvnelobaTa simrudis SuaSi da am mniSvnelobis irgvliv es 

mrudebi simetriulia. 

meore tipis ganawileba asimetriulia wveros Sesabamisi 

mniSvnelobis (intervalis) garSemo. b  mrudi marcxniv damrecia, marjvniv 

ki cicabod eSveba. maqsimaluri sixSiris mniSvnelobis marcxniv 

mniSvnelobaTa speqtri ufro ganieria, vidre marjvniv, da am 

mniSvnelobisgan erTi da igive manZilze gadaxraTagan marcxenas ufro 

meti sixSire aqvs vidre marjvenas. amgvari asimetria aris marcxena 

asimetria. a  mrudi sixSireTa zustad Sebrunebul yofaqcevas gviCvenebs, 

anu marjvena asimetria gaaCnia. 

mesame tipis mruds ramdenime wvero aqvs. aseTi mrudebi maSin Cndeba, 

rodesac populacia, romlis Tvisebebsac asaxavs populaciidan 

amorCeuli monacemebiT agebuli mrudi, araerTgvarovania, e.i. populacia 

faqtobrivad sxvadasxva Tvisebebis mqone ramdenime populasciisagan 

Sedgeba. magaliTad, Tu adamianTa populaciidan, sadac qalebic da 

mamakacebic sakmao raodenobiTaa, gamovyofT SerCevas, maSin simaRleTa 

poligons ori wvero eqneba. saqme isaa, rom calke qalebs da calke 

mamakacebis simaRleTa ganawileba TiTqmis simetriulia da maT TavTavisi 

gansxvavebuli centraluri mniSvnelobebi gaaCniaT, romelTa garSemoc 

Tavs iCens simetria, xolo am erTobliobaTa gaerTianebas ki eqneba 

orwvera ganawileba. 

meoTxe tipis mrudi gviCvenebs, rom kidura mniSvnelobebi ufro 

xSirad gvxvdeba, Sua mniSvnelobebi ki _ iSviaTad. es mrudic 

simetriulia, magram ori wvero gaaCnia kidura mniSvnelobebze, sadac 

maqsimaluri sixSireebia. igi did laTinur U –s waagavs. 

 

$25.8. ratom vamjobinebT SerCevas? populaciis srul aRweras Cven 

SerCevis gamoyofas da mis Seswavlas vamjobinebT Tundac imitom, rom 

nawilis dakvirveba ufro iafia, vidre mTelisa. Tumca xarjebis 

ekonomiis garda SerCevis upiratesobas sxva motivebic ganapirobeben.  

informaciis droulad mopoveba mxolod SerCevis meSveobiT 

SeiZleba, magaliTad, politikuri xasiaTis gamokiTxvisas, roca saWiroa 

ganisazRvros, visken ixreba amomrCevelTa simpaTiebi, drois faqtori 

gadamwyveti mniSvnelobisaa. saqme isaa, rom amomrCevelTa neba xSirad 
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TviT arCevnebamdec ki meryeobs da amitom yoveli gamokiTxva mxolod im 

mokle periods asaxavs, roca is Sedga. aq sruli aRweris Catareba kidec 

rom iyos SesaZlebeli, misi Sedegebi ver iqneboda adekvaturi 

sazogadoebrivi azris mniSvnelovani cvlilebis gamo im xnis 

ganmavlobaSi, rac srul aRweras sWirdeba. zustad aseve muSaobs drois 

faqtori marketingul gamokvlevebSic. arasodes araa imis saSualeba, rom 

raime axali produqtis an momsaxurebis axali saxeobis Taobaze 

mosaxleobis 100%-s Seeqmnas azri. Tuki SerCevam cxadi suraTi daxata, es 

sakmao safuZvlad iTvleba daskvnebis gamosatanad. 

Tu populacia didi moculobisaa, elementaruli erTeulidan 

informaciis aReba Zalze iafic rom iyos, srul aRweras azri mainc ar 

eqneba da SerCeviT unda davkmayofildeT. aseTive daskvnamde mivalT, Tu 

populaciis erTeulebis umetesoba miuRwevadia. gasaTvaliswinebelia ara 

marto fizikuri miuRwevadoba; SesaZlebelia erTeulis gamokvleva 

imdenad Zviri iyos, rom Sesabamisi elementaruli erTeuli miuRwevadad 

CavTvaloT. 

zogjer TviT dakvirvebis aqtic ki spobs elementarul erTeuls. 

asanTis kolofis xarisxze yvelaze ufro saimedo daskvnas maSin 

gamovitanT, Tu ki yoveli Reris xarisxSi davrwmundebiT, magram Sedegad 

carieli kolofi dagvrCeba. aravin amowmebs yovel saavtomobilo Zravas 

an yoveli televizoris kineskops gaangariSebuli samuSao vadis 

tolfasi datvirTvis micemiT. sruli aRweris magier, msgavs situaciebSi 

iZulebuli varT mxolod SerCevas mivmarToT. 

bolos, SerCeva SeiZleba iyos ufro zusti, vidre sruli aRwera. 

cudad Catarebul srul aRweras SeiZleba mohyves bevrad ufro 

arasaimedo Sedegi, vidre zedmiwevniT Catarebul SerCevas. 

 

$25.9.  SerCevis saxeobani. SerCevis cdomileba. sityva SerCeva ori 

azriT moicema. erTi mxriv esaa populaciis nawili, meore mxriv ki 

procedura am nawilis gamosayofad. amitom proceduris rolSi Cven 

xSirad gamoviyenebT sinonimebs “miReba”, “gamoyofa”. 

SerCevas ewodeba warmomadgenlobiTi anu reprezentaciuli, Tu igi 

kargad warmoadgens populaciis proporciebs. 
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SerCevis wesi gansazRvravs SerCeviT erTobliobis adekvaturobas. 

miRebuli SerCevis reprezentaciulobas xels uSlis SerCevis cdomileba.  

SerCevis SemTxveviTi cdomileba es is gansxvavebaa SerCevasa da 

populacias Soris, romelsac ganapirobeben mxolod SerCevaSi monawile 

konkretuli elementaruli erTeulebi. aseTi cdomileba Zalian advili 

warmosadgenia. Tu magaliTad, yuTSi 7 sxvadasxva feris 70 burTia, 

TiToeuli 10-10 odenobiT, maSin 10 elementian SerCevaSi SeiZleba yvela 

wiTeli aRmoCndes da aqedan gakeTebuli daskvna imis Taobaze, rom yuTSi, 

burTebis umetesoba wiTelia, swori ar iqneba. SemTxveviTi cdomilebidan 

Tavis daRwevis mTavari saSualebaa SerCevis moculobis gazrda. 

SerCevis sistematuri cdomileba anu Canacvleba, esaa tendencia 

arCeul iqnas garkveuli kerZo Tvisebebis mqone elementaruli 

erTeulebi. amgvari cdomileba, cxadia, SerCevis cudi dagegmvis Sedegia. 

ganvixiloT politikuri azris gamokiTxvis Semdegi klasikuri magaliTi. 

magaliTi 1. 1936 wels aSS-is gazeTma “literaturuli daijesti” 

moawyo amomrCevelTa gamokiTxva. arCevnebSi demokrati franklin 

ruzvelti gamodioda respublikeli alfred landonis winaaRmdeg. 

ramdenime milioni gamokiTxulis reaqcia iyo safuZveli imisa, rom 

gazeTma gamoacxada, landoni sarekordo SedegiT gaimarjvebso. moxda 

sruliad sapirispiro, ruzveltma moipova amerikis istoriaSi udidesi 

gamarjveba. gamokvlevis mcdari Sedegi Semdgom kvalificirebuli iyo 

rogorc SerCevis Canacvleba. 

saqme isaa, rom gazeTma SerCeva moawyo Tavisi xelmomwerebis 

siebidan da satelefono wignebidan. amerikis istoriaSi didi depresiis 

saxeliT cnobili periodis mkacr pirobebSi orive es wyaro Seicavda im 

warmatebuli pirebis disproporciul raodenobas, romelTac moswondaT 

respublikelTa plaTforma. vinaidan ukmayofilo umravlesobas, romelic 

calsaxad ruzvelts amjobinebda, arc telefonebi gaaCnda da arc 

gazeTze xelmowera, igi SerCevaSi adekvaturad ar iyo warmodgenili.  

SerCevis Canacvlebis Tavidan acileba statistikosis ZiriTadi 

amocanaa. 

arsebobs SerCevis miRebis sxvadasxva xerxi, romlebic an SemTxveviTi 

xasiaTisaa da eqvemdebareba albaTobis Teoriis meTodebiT Seswavlas an 

araa aseTi xasiaTis da amdenad maTTvis zusti Teoria ar arsebobs. jer 
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CamovTvaloT iseTi gavrcelebuli xerxebi, romelTac ara aqvT 

SemTxveviTi xasiaTi. 

1) SerCeva ifargleba populaciis mxolod misawvdomi nawiliT 

(misawvdomi SerCeva). amis magaliTia rkinigzis Ria vagonidan qvanaxSiris 

amoReba mxolod 15-20 santimetris siRrmidan. 

2) SerCeva uwesrigod warmoebs (uwesrigo SerCeva). magaliTad, Tu 

mkvlevars sWirdeba aTi bocveri laboratoriaSi mdebare didi galiidan, 

igi imaT daiWers, romlebic xelSi moxvdeba. 

3) mcire, magram araerTgvarovani populaciis gamosakvlevad 

aTvaliereben mTel populacias da irCeven tipobrivi erTeulebis mcire 

raodenobas, e.i. iseT erTeulebs, romlebic pasuxoben saSualo 

warmodgenas populaciis Sesaxeb. amgvar meTods mizanmimarTuli SerCeva 

ewodeba. 

SerCevis gamoyofis samive es xerxi anu gegma iZleva Canacvlebas, 

magram zogjer SerCeviT gamokvlevis sxva saSualeba ar arsebobs. 

CamoTvlili araSemTxveviTi meTodebi Sesabamis pirobebSi SeiZleba 

sasargeblo aRmoCndes, Tundac winaswari informaciis mopovebisaTvis, 

magram SerCeviTi meTodis Teoriis ganviTareba am meTodebs ar 

ukavSirdeba, vinaidan isini ar Seicaven SemTxveviTi (anu albaTuri) 

SerCevis elementebs. 

 

$25.10. SemTxveviTi SerCeva. SerCevis umniSvnelovanesi saxeobaa 

SemTxveviTi SerCeva. SemTxveviTi SerCeva gulisxmobs, rom populaciis 

yoveli elementisTvis gansazRvrulia SerCevaSi moxvedris Sansi (anu 

albaToba). 

 1) martivi SemTxveviTi SerCeva. rodesac SerCevis gegma iseTia, rom 

populaciis yoveli elementisaTvis SerCevaSi moxvedris Sansi erTnairia, 

amboben, rom gvaqvs martivi SemTxveviTi SerCeva. 

martivi SemTxveviTi SerCeva latariis principiT ewyoba. Tu, 

magaliTad, gvsurs SerCevis mixedviT warmodgena SeviqmnaT mocemuli 

dawesebulebis TanamSromelTa ganaTlebis doneze, SegviZlia e.w. 

kadrebis aRricxvis baraTebidan SemTxveviT amoviRoT saWiro raodenobis 

baraTebi. teqnikurad umjobesia mcire zomis furclebze davweroT 

baraTebis nomrebi, movaTavsoT yuTSi, kargad avurioT da Semdeg 
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SemTxveviT avirCioT imdeni furceli, ramdenic gvWirdeba. Tu axla 

SerCeuli nomrebis mixedviT gadmoviRebT saaRricxvo baraTebs, 

SemTxveviTi SerCevac miRebuli iqneba. 

2) sistematuri SemTxveviTi SerCeva. Tu populaciis erTeulebi 

gadanomrilia, SegviZlia avirCioT SemTxveviTi cifri da am nomriani 

erTeulidan dawyebuli avirCioT yoveli meaTe erTeuli. es iqneba e.w. 

sistematuri SerCeva. 

amrigad sistematuri SerCeva miiReba erTi erTeulis SemTxveviTi 

SerCeviT da danarCenebis rolSi am erTeulidan garkveuli bijiT 

daSorebuli nomrebis mqone erTeulebis gamoyofiT manam, sanam 

erTeulebis saWiro raodenoba ar dagrovdeba. Tu biji aris k , pirveli 

elementi amoiReba SemTxveviT k ..., ,2 ,1  nomriani erTeulebidan da Tu misi 

nomeria   maSin sistematuri SerCevaa nkk   ,...,, , sadac n  SerCevis 

moculobaa. 

arsebobs SerCevis sxva meTodebic, romlebic erTi mxriv amartiveben 

SerCevis proceduras, meore mxriv ki zrdian mopovebul informacias. 

3) ganSrevebuli SemTxveviTi SerCeva. zogjer Cveni amocanaa 

uzrunvelvyofT SerCevaSi populaciis sxvadasxva jgufis 

warmomadgenloba. amisaTvis gamoyofa ise unda moxerxdes, rom am 

jgufebis proporciebi SerCevaSi iseTive iyos, rogorc populaciaSi. 

populaciis TiToeul jgufs Sres uwodeben, xolo miRebul SerCevas-

ganSrevebul SerCevas. 

ganSrevebas maSin mimarTaven, rodesac populacia araerTgvarovania. 

arsebobs sxva mizezic, ris gamoc ganSreveba sasurvelia. kerZod, 

xandaxan ufro moxerxebulia SerCevaTa miReba raime teritoriis 

sxvadasxva raionisaTvis. adamianebis populaciis ganSreveba SeiZleba 

moxdes sqesis, asakis, profesiuli kuTvnilebis an samuSaos tipis 

mixedviT da a.S. ganSreveba ise unda moewyos, rom Sreebi TanaukveTi 

gamovidnen. rogorc ki populacia Sreebad daiyofa, Cven SegviZlia 

TiToeul SreSi martivi SemTxveviTi SerCeva movawyoT. 

4) klasteruli SemTxveviTi SerCeva. SemTxveviTi SerCevis kidev erTi 

forma gamoiyeneba upiratesad momxmarebelTa azris gamokiTxvisas, 

rodesac ufro ekonomiuria, magaliTad, rom gamomkiTxvelma qalaqis 
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SemTxveviT arCeul ubanSi 50 ojaxi kardakar daiaros, vidre qalaqis 

masStabiT 50 SemTxveviT arCeul ojaxs estumros. 

Tu populacias davyofT TanaukveT nawilebad-klasterebad (vTqvaT, 

qalaqis mcxovreblebs geografiuli siaxlovis mixedviT ubnebad 

davyofT), maSin SemTxveviTi SerCeva SeiZleba jer klasteris an 

klasterebis SemTxveviT SerCevaSi mdgomareobdes, xolo Semdeg 

TiToeuli SerCeuli klasteris srul aRweraSi. amgvar SerCevas 

klasteruli SerCeva ewodeba (zogjer klasters budes uwodeben, xolo 

klasterul SerCevas – budobriv SerCevas). 

sistematuri SerCeva klasterulis kerZo SemTxvevaa, Tu k  aris 

sistematuri SerCevis biji da populaciis yvela mkN   erTeuli 

gadanomrilia, maSin gvaqvs k  klasteri, romlebic Sesabamisad Semdeg 

nomrebs Seesabameba  

    mkkkkmk  ..., ,2 , ..., ,11,...,1,1   

da sistematuri SerCeva niSnavs klasterebidan erT-erTis SemTxveviT 

SerCevas da mis srul aRweras. 

klasteruli SerCeva ufro ekonomiuria, magram mas xSirad Tan sdevs 

Canacvleba, vinaidan socialuri gamokvlevisas mezoblobis principiT 

Sedgenil klasterSi SeiZleba erTgvarovani Sedegebi miviRoT da amiT 

populaciis adekvaturi suraTi ar gamovides, vinaidan gansxvavebuli 

dakvirveba swored im klasterSi darCes, romelic ar arCeula. 

xazi unda gaesvas im garemoebas, rom ganSrevebuli da klasteruli 

SerCeva orive yofs populacias jgufebad, magram Tu Sre erTgvarovani 

elementebisagan Sedgeba, klasteris agebis principia mezobloba da 

siaxlove. ganSrevebul SerCevaSi yvela Sre monawileobs, klasterSi ki 

mxolod ramdenime klasteria warmodgenili, oRond srulad. Tu 

ganSrevebuli SerCeva axerxebs Canacvlebis gamoricxvas, klasteruli 

SerCevis upiratesoba mxolod ekonomiurobaSia. 

 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 ras ewodeba monacemebi? 

 ras ewodeba statistikuri populacia? SerCeva? 
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 ra aris statistikuri kvlevis mizani? 

 ras ewodeba populaciis elementaruli erTeuli? 

 rogor gesmiT elementaruli erTeulis Tvisebrivi da 

raodenobrivi maxasiaTebeli? moiyvaneT magaliTebi. 

 ras niSnavs diskretuli da uwyveti monacemebi? moiyvaneT 

magaliTebi. 

 rogor SeiZleba raodenobriv monacemTa TvalsaCino warmodgena? 

 ganmarteT variaciuli mwkrivi. 

 rogor warmovadginoT variaciuli mwkrivis sixSireTa (fardobiT 

sixSireTa) ganawileba cxrilis saxiT? 

 ra aris wertilovani da meseruli diagrama? 

 ras ewodeba kumulata? 

 ganmarteT sixSireTa da fardobiT sixSireTa intervaluri 

ganawileba. 

 rogor xdeba histogramis ageba? 

 rogor xdeba poligonis ageba? 

 moiyvaneT sixSireTa ganawilebis formebi histogramis da 

poligonis daxmarebiT. 

 ratom sjobia SerCevis gamoyofa da misi Seswavla populaciis 

srul aRwerasTan SedarebiT? 

  ras niSnavs SerCevis sistematuri cdomileba anu Canacvleba? 

  moiyvaneT SerCevis miRebis xerxebi, romlebsac ara aqvT 

SemTxveviTi xasiaTi. 

  moiyvaneT SerCevis miRebis xerxebi, romlebic SemTxveviTi 

xasiaTisaa. 

  daaxasiaTeT martivi SemTxveviTi SerCeva. 

  ras niSnavs sistematuri SemTxveviTi SerCeva? 

  aRwereT ganSrevebuli SemTxveviTi SerCeva. 

  daaxasiaTeT klasteruli SemTxveviTi SerCeva. 

  SeadareT ganSrevebuli da klasteruli SerCeva. 
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Tavi 26 

SerCeviTi  ricxviTi  maxasiaTeblebi. maTematikuri 

statistikis albaTuri safuZvlebi 

 

aqamde, monacemebis aRsawerad Cven vsargeblobdiT iseTi 

maxasiaTeblebiT, rogoricaa sixSireTa ganawilebebi, saxeldobr, 

vajgufebdiT ra monacemebs, grafikulad warmovaCendiT sixSireTa 

ganawilebebs jgufebis mixedviT. rogorc gvaxsovs, aseTi maxasiaTeblebia 

histograma da poligoni. 

am TavSi ganxiluli ricxviTi maxasiaTeblebidan TiToeuli 

saSualebas iZleva SekumSuli formiT davaxasiaToT ricxviT monacemTa 

esa Tu is Tviseba, kerZod, sad da rogor arian monacemebi ganlagebuli, 

sad aris maTi ganawilebis centri, rogoria maTi gafantuloba, 

simetriulia Tu ara monacemTa ganlageba centris mimarT, 

asimetriulobis ra tipTan gvaqvs saqme da sxva. 

 

$26.1. centraluri tendenciis sazomebi: ariTmetikuli saSualo, 

mediana da moda. 

ariTmetikuli saSualo (anu ubralod saSualo) warmoadgens 

centraluri tendenciis erT-erT yvelaze gavrcelebulsa da gamWirvale 

Sinaarsis mqone sazoms. 

vTqvaT, mocemulia ricxvebiT gamoxatuli n  dakvirveba ( n  

moculobis SerCeva raime populaciidan), romlebsac aRvniSnavT nxxx ,...,, 21  

simboloebiT. maSin am monacemTa ariTmetikuli saSualo aRiniSneba 
_

x –iT 

da gamoiTvleba formuliT: 








n

i

i

n x
nn

xx
x

1

1
_ 1...

,                              (26.1) 

anu ariTmetikuli saSualo warmoadgens dakvirvebul mniSvnelobaTa 

jamis fardobas dakvirvabaTa raodenobasTan. 

amocana 1. Seswavlilia 10 ojaxSi bavSvTa raodenoba. Sesabamisi 

monacemebia 3, 2, 1, 1, 2, 3, 3, 1, 2, 2. 

maSin erT ojaxze mosuli bavSvebis saSualo raodenoba iqneba 

,2
10

2213321123



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e.i. 2 bavSvi. 

imis gamo, rom saSualo advili gamosaTvlelia, gaaCnia martivi 

interpretacia da masze SeiZleba maTematikuri operaciebis Catareba, is 

warmoadgens monacemTa centris erT-erT yvelaze gavrcelebul ricxviT 

maxasiaTebels. saSualo gansakuTrebiT mniSvnelovania gadawyvetilebebis 

miRebis TvalsazrisiT, radgan xSir SemTxvevebSi is centraluri 

tendenciis saukeTeso sazomia da masze dayrdnobiT SesaZlebelia 

dasabuTebuli statistikuri daskvnebis gakeTeba populaciis ganlagebis 

centris Sesaxeb. 

magram saSualo ariTmetikuls gaaCnia erTi seriozuli nakli, 

romelic garkveuli azriT aradamakmayofilebels xdis mas, rogorc 

centraluri tendenciis sazoms. igi zedmetad reagirebs eqstremaluri 

dakvirvebebis umniSvnelo raodenobazec ki.  

sailustraciod ganvixiloT Semdegi amocana.  

amocana 2. vTqvaT, musikalur nawarmoebTa katalogidan, romelSic 

mocemulia calkeuli nawarmoebis Sesrulebis xangrZlivoba (gamoxatuli 

wuTebSi) SemTxveviT avirCieT 5 nawarmoebi, romelTa monacemebia ,371 x  

,462 x  ,403 x  ,574 x  ,505 x  maSin .46
_

x  magram mexuTe nawarmoebis 

(Caikovskis simfoniis) nacvlad Cven, rom agverCia vagneris opera e.i. 

,2005 x  maSin ,76
_

x  e.i. saSualom gadainacvla eqstremaluri ,2005 x  

dakvirvebisaken, yvela danarCeni monacemi sagrCnoblad naklebia 76-ze – 

yvela daTanxmdeba imas, rom 
_

x  ar aris ganlagebis mdgradi 

maxasiaTebeli. SevniSnoT, rom Tu mexuTe monacemebs SevcvliT 4005 x –

iT, maSin 116
_

x da a.S. 

miuxedavad am potenciuri defeqtisa saSualo warmoadgens 

centraluri tendenciis yvelaze popularul sazoms, radganac arsebobs 

mravali populacia, romelTaTvis eqstremaluri dakvirvebebi Zalian 

mciredaa mosalodneli (magaliTad, rodesac gagluvebul histogramas 

aqvs e.w. normaluri ganawilebis simkvrivis forma). aseTi 

populaciebisaTvis ariTmetikuli saSualo mdgradia da SerCevis kargi 

maxasiaTebelia. 
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mediana ganekuTvneba centraluri tendenciis mdgradi sazomebis 

jgufs. 

sazogadod, monacemTa raime ricxviTi maxasiaTeblis mdgradoba 

niSnavs, rom dakvirvebaTa mcire raodenobis cvlilebas SezRuduli 

gavlena aqvs masze, miuxedavad imisa, Tu rogoria am cvlilebis sidide. 

saSualos ar gaaCnia es Tviseba, radgan Cven SegviZlia ragind didi 

gavxadoT igi, SevcvliT ra mxolod erT monacems ufro didi monacemiT. 

rogorc cnobilia “mediana” aris “Sua”-s sinonimi. sinamdvileSic, 

mediana ganimarteba, rogorc monacemTa variaciuli mwkrivis (anu zrdis 

moxedviT dalagebuli dakvirvebebis mwkrivis) Sua mniSvneloba im azriT, 

rom masze naklebi ricxviTi mniSvnelobis monacemTa raodenoba masze 

didi ricxviTi mniSvnelobis monacemTa raodenobis tolia. miRebulia 

medianis Semdegi ganmarteba. 

vTqvaT, nxxx ,...,, 21  SerCevis elementebia, xolo      nxxx ,...,, 21  Sesabamisi 

variaciuli mwkrivia. mediana aRiniSneba x~ –iT da aigeba Semdegi wesiT: 







































 

luwia.   Tu  

kentia,     Tu  

n

xx

x

x
nn

n

  ,
2

n,

~

1
22

2

1

 

arsebobs SemTxvevebi, rodesac mediana ukeT aRwers centralur 

tendencias, vidrte saSualo da amasTan mediana ufro mdgradia 

eqstremaluri dakvirvebebis mimarT, anu eqstremaluri dakvirvebebis 

gavlena medianaze umniSvneloa. amaSi davrwmundebiT Semdeg magaliTze. 

amocana 3. qvemoT moyvanilia avstraliis erT-erTi universitetis 

TanamSromelTa wliuri Semosavlebi ($ 1000-Si): 

28, 109, 26, 32, 30, 26, 29. 

davalagoT es monacemebi zrdis mixedviT: 

  ,261 x    ,262 x    ,283 x    ,294 x    ,305 x    ,326 x    .1097 x  

maSin, radgan n  kentia, ,29xxx~ 4

2

1n









 
 xolo, saSualo 40x   

rogorc vxedavT, mediana ukeT aRwers tipobriv Semosavals, vidre 

saSualo. 

vTqvaT, dakvirveba   .1097 x  SevcvaleT 200–iT maSin, Secvlili 

monacemebisaTvis ,29x~   xolo 53x  . amrigad mediana ar Seicvala, 
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saSualom ki mniSvnelovnad wainacvla didi dakvirvebis mimarTulebiT. 

amrigad, mediana mdebareobis ufro mdgradi maxasiaTebelia, vidre 

saSualo. 

magram ar unda vifiqroT, rom mdgradobis gamo medianas yovelTvis 

unda mieniWos upiratesoba saSualosTan SedarebiT. saSualo 

gamoiTvleba yvela monacemis meSveobiT da Seicavs met informacias, 

vidre mediana, misi mgrZnobiaroba ki xSir SemTxvevaSi mas mocemuli 

SerCevis karg maxasiaTeblad aqcevs. uxeSad rom vTqvaT, saSualo 

SeiZleba gamoyenebuli iqnas rogorc sazomi, romelic asaxavs, Tu 

saSualod ra sididisaa SerCevis elementebi. 

centraluri tendenciis mesame sazoms warmoadgens moda. is 

warmoadgens SerCevidan im mniSvnelobas, romelic yvelaze xSirad 

gvxvdeba. magaliTad, Tu Cveni monacemebia 

2, 3, 5, 4, 6, 4, 7, 1, 

maSin moda iqneba 4, radganac is orjer Segvxvda SerCevaSi, yvela 

danarCeni dakvirveba ki erTxel.  

SeiZleba ise moxdes, rom SerCevaSi aseTi mniSvneloba ar aRmoCndes. 

am SemTxvevaSi SeiZleba vilaparakoT e.w. modalur intervalze, romelic 

ase ganimarteba: Tu agebuli gvaqvs ase Tu ise misaRebi histograma, maSin 

modaluri intervali iqneba is, romelsac Seesabameba histogramis 

maqsimaluri mniSvneloba. amrigad, modaluri intervali warmoadgens im 

intervals, romelSic moxvda dakvirvebaTa yvelaze didi raodenoba. 

garkveulobisaTvis modas uwodeben modaluri intervalis Sua wertils. 

Tu SerCevis moculoba didia, amjobineben monacemTa dajgufebas da 

modaluri intervalis moZebnas. 

modac, iseve rogorc mediana centraluri tendenciis mdgradi 

sazomia. is reagirebs SerCevis elementebis mxolod zogierT 

cvlilebaze da ara yovelgvarze, rogorc saSualo. 

SerCeviTi modis interpretacia waagavs yoveldRiur cxovrebaSi 

sityva “modis” mniSvnelobas. rogorc is, rac “modaSia” (anu yvelaze 

xSiria, gavrcelebulia), SeiZleba sulac ar aRwerdes saerTo stils da 

aseve SerCeviTi modac axasiaTebs dakvirvebaTa mxolod mcire nawils. 

SerCeviTi moda iZleva mniSvnelovan informacias sxvadasxva 

saqonlis gamomSvebi firmisaTvis, maRaziis mflobelisaTvis, 
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konstruqtorebisaTvis, romlebic awodeben saqonels specifikur bazrebs. 

magaliTad, tansacmlis maRaziis mflobelma unda icodes kostiumebis 

yvelaze gavrcelebuli zomebi, raTa gaiTvaliswinos es faqti saqonlis 

momaragebisas. saaTebis mwarmoebelma unda icodes, Tu ra klasis saaTebi 

iyideba yvelaze xSirad, im mizniT, rom gazardos am klasis produqciis 

warmoeba.  

monacemTa ganlagebis centris samive maxasiaTebeli: ariTmetikuli 

saSualo, mediana da moda warmoadgens populaciis Sesabamisi 

maxasiaTeblebis: saSualos, medianisa da modis SerCeviT analogebs.  

Tu populacia sasrulia da Sedgeba Nxxx ,...,, 21  ricxviTi 

monacemebisagan, maSin populaciis maxasiaTeblebi _ saSualo, mediana da 

moda igive gziT ganisazRvreba, rogorc SerCevisaTvis. magaliTad, 

populaciis saSualoa 





N

i

ix
N

m
1

1
. 

bunebrivia vifiqroT, rom SerCeva warmoebs dabrunebis gareSe. maSin 

rac ufro metia SerCevis n  moculoba, nx
_

-is ricxviTi maxasiaTeblebi, 

miT ufro kargad warmoadgens m  saSualos. 

 

$26.2. momacemTa gafantulobis sazomebi: dispersia da 

standartuli gadaxra. Cven SeviswavleT centraluri tendenciis sami 

ricxviTi maxasiaTebeli: SerCeviTi saSualo, SerCeviTi mediana da 

SerCeviTi moda. aSkaraa, rom es sami maxasiaTebeli srulad ver aRwers 

monacemTa simravlis Tvisebebs.  

amocana 4.  vTqvaT mocemuli gvaqvs monacemTa ori mwkrivi:  

A     8     9     10     10     13 

                    B     1     5      10     16     18 

gamovTvaloT TiToeuli maTganis saSualo: 

  ,1013101098
5

1
x

A
    .1018161051

5

1
x

B
  rogorc vxedavT 

orive saSualo tolia, magram erTi SexedviTac ki cxadia, rom B  

mwkrivis elementebis cvalebadoba ufro Zlieria, vidre A  mwkrivisa: A  

mwkrivis wevrebi mWidrod arian koncentrirebuli saSualos irgvliv, 

rasac ver vityviT B  mwkrivis Sesaxeb.  



 

 385 

aSkaraa, rom saWiroa gafantulobis sazomebis SemoReba, e.i. iseTi 

ricxviTi maxasiaTeblebisa, romlebic saSualebas mogvcemda 

gagvekeTebina daskvnebi monacemTa gabnevis xarisxis Sesaxeb.  

dispersia warmoadgens monacemTa saSualos mimarT gafantulobis 

erT-erT umniSvnelovanes sazoms. 

sanam moviyvandeT mis ganmartebas, CavataroT martivi msjeloba. 

kvlav ganvixiloT magaliT 4-Si moyvanili A  da B  mwkrivi. 

rogorc ukve avRniSneT. .10
__


BA

xx  amasTan vizualuradac advili 

dasanaxia, rom B  mwkrivis cvalebadoba ufro Zlieria, vidre A  

mwkrivisa. aSkaraa, rom Tu monacemTa simravle didi moculobisaa, aseTi 

faqtebis vizualurad aRmoCena SeuZleblia. saWiroa iseTi sazomis 

SemoReba, romelic gagviadvilebs monacemebis Tavisi ariTmetikuli 

saSualos mimarT gafantulobis Sesaxeb daskvnis gakeTebas. swored aseT 

sazoms warmoadgens SerCeviTi dispersia. dispersias Cven SemoviRebT A  

da B  mwkrivebis magaliTze, Semdeg ki moviyvanT mis formalur 

gansazRvrebas.  

gamovTvaloT saSualodan gadaxrebi orive mwkrivisaTvis (TiToeul 

monacems vaklebT saSualos).  

A     _2    _1      0     0     3 

                    B     _9    _5      0     6     8 

SeiZleba gvefiqra, rom gafantulobis sazomad SeiZleboda agveRo am 

gadaxrebis ariTmetikuli saSualo, magram orive SemTxvevaSi gadaxraTa 

jami nulis tolia. amitom gadaxrebis saSualoc nulis toli iqneba da 

e.i. araviTar informacias es sidide ar mogvcems. 

am sirTulidan Tavis daRwevis erT-erTi saSualebaa aviRoT 

saSualodan gadaxrebis kvadratebis saSualo. ase gamoTvlil sidides 

ewodeba dispersia (aRiniSneba 2S -iT). gvaqvs  

  ,6,2914
5

12 AS  

  .2,4164362581
5

12 BS  

e.i.  22

BA SS  . 

CavweroT SerCeviTi dispersiis gamosaxuleba formulis meSveobiT.  
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vTqvaT, mocemulia n  moculobis SerCeva. gamovTvaloT nxxx ,...,, 21  

ariTmetikuli saSualo 



n

i

ix
n

x
1

_ 1
 da misgan gadaxrebi 

__

2

_

1 ,...,, xxxxxx n  , 

gamovTvaloT gadaxraTa kvadratebi 

2
_

2
_

2

2
_

1 ,...,, 

























 xxxxxx n

 

da maTi ariTmetikuli saSualo. gveqneba SerCeviTi dispersia 








































2
_

2
_

2

2
_

1

2 ...
1

xxxxxx
n

S nn
, 

anu 














n

i

in xx
n

S
1

2
_

2 1
. 

Tu Nxxx ,...,, 21  warmoadgens populacias, maSin populaciis saSualoa 





N

i

ix
N

m
1

1
, 

xolo  

 
2

1

2 1




N

i

i mx
N

  

gamosaxulaebas ewodeba populaciis dispersia. 

radgan SerCeviTi dispersiis gamoTvlamde 
_

x  ukve gamoTvlilia, 

SerCeviTi dispersiis ufro martivad gamosaTvleli gamosaxulebaa 














n

i

i xx
n

S
1

2
_

22 1
. 

SevniSnoT, rom SerCeviTi dispersiis ganzomileba udris 

dakvirvebaTa ganzomilebis kvadrats. magaliTad, Tu dakvirvebebi izomeba 

wuTebSi (kilogramebSi, larebSi) maSin dispersiis sazomi erTeulebia 

wT2 (kg2, lari2). 

statistikoss xSirad esaWiroeba gafantulobis iseTi sazomi, 

romelic imave erTeulebSi izomeba, rac sawyisi monacemebi. aseTi sazomi 

advilad miiReba SerCeviTi dispersiidan kvadratuli fesvis amoRebiT. 
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standartuli gadaxra warmoadgens kvadratul fesvs SerCeviTi 

dispersiidan  

2SS  , 

aseve, populaciis standartuli gadaxra aris kvadratuli fesvi 

populaciis dispersiidan  

2  . 

unda aRiniSnos, rom standartuli gadaxra ar warmoadgens 

gafantulobis mdgrad sazoms. is gacilebiT ufro mgrZnobiarea 

eqstremaluri dakvirvebebis mimarT, vidre saSualo. sailustraciod 

kvlav ganvixiloT monacemebi 

34   46   40   57   50. 

maTTvis 46
_

x .  gamovTvaloT 2S .  jer gamovTvaloT saSualodan 

gadaxrebi: 

-9   0   6   11   4 . 

gvaqvs 

  .13,78,50          ,8,50161213681
5

12  SS  

axla monacemTa ganxilul simravleSi erT-erTi monacemi, vTqvaT 50, 

SevcvaloT 200-iT, e.i. axali monacemebia 

 34   46   40   57   200.  

gveqneba 76
_

x . gamovTvaloT SerCeviTi dispersia 

  .76,624,3939          ,4,393912419363042
5

1 222222  SS  

amrigad, erTi monacemis 50-is 200-iT Secvlam gamoiwvia Semdegi 

cvlilebebi: 

76      46
__

 xx  

76,62      137  S,S  

e.i. standartuli gadaxris reagireba ufro Zlieri aRmoCnda, vidre 

saSualosi 

amocana 5. bolo wlebSi mcire investorTaTvis, rogorc 

sainvesticio alternativa, didi popularobiT sargeblobs investiciebis 

Cadeba sainvesticio fondebSi _ trestebSi. imisaTvis, rom investors 

gauadvildes gadawyvetilebis miReba, Tu romel konkretul trestSi 
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moaxdinos investireba, finansur JurnalebSi regularulad qveyndeba 

yoveli calkeuli trestis wliuri saprocento Semosavlis monacemebi 

bolo aTi wlis ganmavlobaSi. 

cxrilSi mocemulia ori trestis wliuri saprocento Semosavlis 

monacemebi bolo 10 wlis ganmavlobaSi. 

tresti A  8,3 _ 6,2 20,9 _ 2,7 33,6 42,8 24,4 5,2 3,1 30,5 

tresti B  12,1 _ 2,8  6,4  12,2 27,8 25,3 18,2 10,7 _1,3 11,4 

 

romeli tresti miekuTvneba riskis ufro maRal dones, A  Tu B ? 

amoxsna. radgan dispersia monacemTa gafantulobis yvelaze 

TvalsaCino sazomia, yoveli trestis monacemebis mixedviT unda 

gamovTvaloT TiToeuli maTganis SerCeviTi dispersia 2

AS  da 2

BS  da 

SevadaroT isini erTmaneTs. 

Tavdapirvelad gamovTvaloT saSualoebi, Semdeg ki dispersiebi: 

  %165,301,32,54,248,426,337,29,202,63,8
10

1_


A

x , 

  %124,113,17,102,183,258,272,124,68,21,12
10

1_


B

x , 

         45,25125649,5074
10

1
165,30...2,63,8

10

1 22222 AS , 

       44,8914436,2334
10

1
124,11...8,21,12

10

1 22222 BS , 

%46,9          %,86,15  BA SS . 

amrigad, BA SS      e.i. A  tresti miekuTvneba riskis ufro maRal 

dones (ufro riskiania), vidre B  tresti, samagierod, BA
xx
__

 , anu A  

trestis amonagebi saSulod ufro maRalia, vidre B  trestisa. es faqti 

savsebiT eTanxmeba Cven intuicias. investicia, romelic dakavSirebulia 

riskis ufro maRal donesTan, unda iZleodes ufro maRal saSualo 

amonagebsac. 

 

$26.3. CebiSevis utoloba. dakvirvebaTa mocemuli nxxx ,...,, 21  

simravlisaTvis samarTliania Semdegi utoloba: 

 
,

1
1

:#

2kn

ksxxx ii



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rac sityvierad ase gamoiTqmis:  ksxksx   ;  intervalSi moxvedril 

monacemTa fardobiTi sixSire (anu am intervalSi moxvedril monacemTa 

raodenobis fardoba SerCeviT moculobasTan) aranaklebia 









2

1
1

k
–ze. 

CebiSevis utoloba iZleva  ksxksx   ;  intervalSi moxvedrili 

dakvirvebebis fardobiTi sixSiris qveda sazRvars, rodesac x –is da s –

is garda sxva informacia dakvirvebaTa ganawilebis Sesaxeb ar gagvaCnia. 

moviyvanoT  ksxksx   ;  intervalSi moxvedrili dakvirvebaTa 

fardobiTi da procentuli raodenobis qveda sazRvrebi, roca .4 ,3 ,2 ,1k  

 sxsx   ;  fardobiTi sixSire 0 , procentuli raodenoba %;0  

 sxsx 2 ;2   fardobiTi sixSire 
4

3
 , procentuli raodenoba %;75  

 sxs; x 33   fardobiTi sixSire 
9

8
 , procentuli raodenoba %;9,89  

 sxsx 4 ;4   fardobiTi sixSire 
16

15
 , procentuli raodenoba 

%;7,93  

mtkicdeba, rom CebiSevis utoloba samarTliania populaciisTvisac. 

sasruli populaciisaTvis CebiSevis utoloba ase SeiZleba Camoyalibdes: 

vTqvaT Nyyy ,...,, 21  aris populacia, romlis saSualoa m  da 

dispersia _ 2 . maSin  kσmm-kσ  ;  intervalSi moxvedrili wevrebis 

raodenobis fardoba populaciis N  moculobasTan aranaklebia 









2

1
1

k
–

ze. 

.
1

1

:#

2

_

kN

kyyy ii










 

 

CebiSevis utoloba gveubneba, rom Tu monacemTa ganawilebis Sesaxeb 

sxva araviTari informacia ar gagvaCnia (e.i. cnobilia mxolod x  da s ), 

maSin 

 sxsx 2 ;2   

intervalSi moxvedril dakvirvebaTa procentuli raodenoba aranaklebia 

75%-ze. magram, Tu gvecodineba damatebiT, rom sixSireTa histogramas 
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miaxloebiT normaluri ganawilebis simkvrivis funqciis grafikis forma 

gaaCnia, anu aqvs zariseburi forma, maSin  

intervali  sxsx 2 ;2   Seicavs monacemTa 95%; 

intervali  sxs; x 33   Seicavs monacemTa 99%; 

intervali  sxsx 4 ;4   Seicavs praqtikulad yvela monacems. 

 

$26.4. asimetriisa da eqscesis SerCeviTi koeficientebi. asimetriis 

SerCeviTi koeficienti ewodeba sidides 

 
3

3

1

1

S

xx
n

n

i

i

n







 . 

es koeficienti iZleva sixSireTa histogramis simetriulobis (an 

asimetriulobis) Sesaxeb daskvnis gakeTebis saSualebas misi agebis 

gareSe. kerZod, Tu  

,0


n
  

SegviZlia davaskvnaT, rom sixSireTa histograma araa simetriuli x –is 

mimarT, ufro metic, Tu 













0           ,0
nn

 , 

 

maSin sixSireTa ganawileba marjvniv (marcxniv) asimetriulia.  

eqscesis SerCeviTi koeficienti ewodeba sidides  

 
.3

1

4

4

1 










S

xx
n

e

n

i

i

n
 

eqscesis koeficienti aris sixSireTa histogramis x –is midamoSi 

zeviT gawelilobis (anu wvetianobis) sazomi. 

 

 

$26.5. SerCeviTi saSualos da dispersiis gamoTvla dajgufebuli 

monacemebisaTvis. ganvixiloT dajgufebuli monacemebi, romlebic 

mocemulia sixSireTa intervaluri ganawilebis Semdegi cxriliT: 
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intervali  10 ;aa   21;aa  . . .  tt aa ;1  

sixSire 
1n  

2n  . . . tn  

 

am cxrilis mixedviT monacemebi dajgufebulia t  raodenobis 

klasad, TiToeuli klasi Seicavs  ii aa ;1  intervalSi moxvedril 

monacemebs, romelTa sixSirea in , 



t

i

i nnti
1

,    , ., . . ,2 ,1  n  SerCevis 

moculobaa.  ii aa ;1  intervalis Sua wertili aRvniSnoT im –iT 

 ..,..,2,1 ti        maSin SerCeviTi saSualos miaxloebiTi mniSvneloba 

ganisazRvreba formuliT  

.
1

1





t

i

ii mn
n

x  

SerCeviTi dispersiis miaxloebiTi mniSvneloba moicema formuliT 

2

1

22 1
xmn

n
s

t

i

ii  


. 

 

$26.6. kovariaciisa da korelaciis koeficientebi.  mravali 

problemis kvlevisas, kerZod, rodesac Seiswavleba kavSiri or (an 

ramdenime) maxasiaTebels Soris, saqme gvaqvs iseT monacemebTan, 

romlebic warmoadgens am maxasiaTeblebis erTdroulad dakvirvebul 

mniSvnelobaTa simravles. magaliTad, vTqvaT, vikvlevT sakiTxs 

damokidebulia Tu ara studentis swavlis xarisxi misaReb gamocdebze, 

zogad unarebSi miRebul qulebze, aris Tu ara kavSiri aqciis daxurvisa 

da gaxsnis fasebs Soris da a.S. 

ama Tu im or maxasiaTebels Soris kavSiris Seswavlis mizniT am 

maxasiaTeblebis dakvirvebuli mniSvnelobebis simravle SegviZlia 

warmovadginoT wyvilebis Semdegi simravlis saxiT 

     nn yxyxyx ,  , . . .  ,,  ,, 2211 . 

am monacemebis mixedviT ageben e.w. gabnevis diagramas Semdegi wesiT: 

sibrtyeze koordinatTa marTkuTxa sistemaSi moniSnulia wertilebi, 

romelTa koordinatebia    n.1,2,...,i  ,, ii yx  

amocana 6. imisaTvis, rom ganisazRvros axali produqciis fasi, 

romlis gatanac surs kompanias bazarze, kompaniis kvlevis departamentma 
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SearCia 10 qalaqi, romlebsac arsebiTad erTi da igive yidvis 

potenciali gaaCnia da gamoitana produqcia bazarze yovel maTganSi 

sxvadasxva fasad. qvemoT moyvanil cxrilSi mocemulia fasebi 

(dolarebSi) da Sesabamisi gayidvis moculoba (aTasobiT dolarebSi). 

 

 

qalaqis nomeri 1 2 3 4 5 6 7 8 9 10 

fasi   x  15.0 15.5 16.0 16.5 17.0 17.5 18.0 18.5 19.0 19.5 

gayidvis moculoba y  15 14 16 9 12 10 8 9 6 5 

 

 

avagoT gabnevis diagrama. fasebis monacemebi gadavzomoT x  RerZze, 

gayidvis moculobebi ki y  RerZze. 

 

 

         
        

 
 
 
16                                •  
15                              •                                                             
14                                • 
13    
12                                   • 
11       
10                                      • 
9                                    •      • 
8                                        •    
7 
6                                            • 
5                                              • 
4 
3 
2 
1                                                                                                                                                                                                       
                                                                                                                                                                                                        
 0               11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26                                                            
 
 
 
 
 

zogierT SemTxvevaSi SesaZloa, rom gabnevis diagramam vizualurad 

aRmogvaCeninos kavSiri monacemTa or simravles Soris. magaliTad, 

SesaZloa, rom  ii yx ,  wertilebi dajgufebulni iyvnen raime wrfis an 

sxva mrudis maxloblobaSi. Cvens mier agebuli diagramidan Cans, rom 

monacemebi Tavmoyrili arian uaryofiTi daxrilobis wrfis midamoSi. am 

wrfis moZebnis amocanas Zven mogvianebiT SevexebiT. axla Cven SemoviRebT 
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or raodenobriv cvlads Soris kavSiris erT-erT umTavres 

maxasiaTebels _ korelaciis koeficients, romelic warmoadgens or 

cvlads Soris wrfivi kavSiris siZlieris sazoms. 

Tavdapirvelad ganvmartoT SerCeviTi kovariaciis koeficienti. igi 

ganimarteba Semdegi TanafardobiT 

     yyxx
n

yx i

n

i

i  
1

1
;cov , 

sadac 



n

i

i

_n

i

i

_

y
n

y,x
n

x
11

.
1

    
1  

SerCeviTi korelaciis koeficienti ki moicema Semdegi formuliT: 

 
   

   

   

   


























n

i

i

n

i

i

i

n

i

i

n

i

i

n

i

i

i

n

i

i

yx

yyxx

yyxx

yy
n

xx
n

yyxx
n

SS

yx
r

1

2
2

1

1

1

2
2

1

1

11

1

;cov
 

 kovariaciis koeficientis gamosaTvleli gamartivebuli formulaa 

  



n

i

ii yxyx
n

y;xcov
1

1
. 

xSirad iyeneben korelaciis koeficientis Semdeg ekvalentur 

gamosaxulebasac: 













 













 
 

 y

i
n

i x

i

S

yy

S

xx

n 1

1
r . 

axla moviyvanoT korelaccis koeficientis ramdenime Tviseba: 

1. 11  r . r –is dadebiTi mniSvnelobebi miuTiTebs cvladebs Soris 

pozitiuri damokidebulebis arsebobaze, uaryofiTi mniSvnelobani ki 

uaryofiTze.  

2.  1r  maSin da mxolod maSin, roca cvladebs Soris arsebobs 

zusti wrfivi kavSiri, anu wertilebi gabnevis diagramaze zustad 

ganlagdeba raime wrfeze. 

3.  korelacia zomavs cvladebs Soris wrfivi damokidebulebis 

siZlieres. sxva, arawrfivi, Tundac deterministuli kavSiri korelaciaSi 

ar aisaxeba. 

gamovTvaloT magaliT 6-Si moyvanili x  da y  sidideebs Soris 

korelaciis koeficienti. amisaTvis jer SevavsoT Semdegi cxrili: 
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i  
ix  iy  ii yx  2

ix  
2

iy  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

15 

15,5 

16 

16,5 

17 

17,5 

18 

18,5 

19 

19,5 

15 

14 

16 

9 

12 

10 

8 

9 

6 

5 

225 

217 

256 

148,5 

204 

175 

144 

166,5 

114 

97,5 

225 

240,25 

256 

272,25 

289 

306,25 

324 

342,25 

361 

380,25 

225 

196 

256 

81 

144 

100 

64 

81 

36 

25 

jami 172,5 104 1747 2996,25 1208 

 

25,175,172
10

11

1

 


n

i

ix
n

x , 

xS 44,15625,297625,299
1

1

22




n

i

i xx
n

, 

4,10104
10

11

1

 


n

i

iy
n

y , 

yS 56,316,1088,120
1

1

22




n

i

i yy
n

, 

  7441797174
1

1

,,,yxyx
n

y;xcov
n

i

ii  


. 

 

sabolood 

 
92,0

13,5

7,4;cov
r 

yx SS

yx
, 

rac adasturebs gabnevis diagramis daxmarebiT miRebul daskvnas. 

miuxedavad imisa, rom korelaciis koeficientis gamoTvlili 

mniSvneloba 94,0r  metyvelebs uaryofiTi wrfivi kavSiris arsebobaze 

gayidvaTa moculobasa da gayidvis fass Soris, es sidide arafers 

gveubneba im wrfis Sesaxeb, romlis midamoSicaa Tavmoyrili 

dakvirvebuli wyvilebi. am wrfis mosaZebnad iyeneben e.w. umcires 

kvadratTa meTods (am meTods dawvrilebiT gavecnobiT me-15 leqciaSi), 
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romlis Tanaxmadac iZebneba iseTi wrfe 01
ˆˆ   xy , romlidanac 

vertikaluri gadaxrebis kvadratebis jami minimaluria. am wrfis 

koeficientebia: 

 

xS

yx;covˆ
1  ,          .ˆˆ

10 xy    

movZebnoT es wrfe magaliT 6-Si moyvanili monacemebisaTvis:  

26,3
44,1

7,4ˆ
1  ,        64,6625,1726,34,10ˆ

0  . 

amrigad saZebni wrfis gantolebaa 

64,6626,3  xy . 

 

$26.7.  maTematikuri statistikis ZiriTadi cnebebi. maTematikuri 

statistikis ZiriTadi amocana mdgomareobs masobriv movlenebsa da 

procesebze dakvirvebis an eqsperimentis SedegTa mixedviT daskvnebis 

miRebaSi. maTematikuri statistika arsebiTad eyrdnoba albaTobis 

Teoriis meTodebs. garkveuli azriT maTematikuri statistikis amocanebi 

albaTobis Teoriis amocanebis Sebrunebulia. kerZod, Tu albaTobis 

TeoriaSi mocemulad iTvleba SemTxveviTi movlenis modeli da mis 

safuZvelze keTdeba daskvna am movlenis realuri mdgomareobis Sesaxeb, 

maTematikur statistikaSi ganixileba SemTxveviTi movlenis konkretuli 

realizaciebi da maTi saSualebiT keTdeba daskvnebi am movlenis aRmweri 

Sesabamisi albaTuri modelis Sesaxeb. 

davuSvaT gvaqvs elementTa raime simravle, romlis yoveli wevri 

xasiaTdeba raodenobrivi an Tvisebrivi maxasiaTeblis konkretuli 

mniSvnelobiT. 

statistikuri populacia aris konkretuli maxasiaTeblis yvela 

SesaZlo mniSvnelobis erToblioba. 

SerCeva anu amokrefa aris dakvirvebaTa erToblioba, romelic 

Seadgens populaciis mxolod raime nawils. 

statistikuri kvlevis saboloo mizani populaciis Seswavlaa. 

populaciasa da SerCevaSi Semaval monacemTa raodenobas misi 

moculoba hqvia. populaciis moculoba sasrulic SeiZleba iyos da 

usasruloc. SerCeva yovelTvis sasruli moculobisaa. 
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SemTxveviTi sididis cnebis SemoRebis Semdeg SesaZlebeli xdeba 

populaciis aRwera raime X  SemTxveviTi sididis meSveobiT. magaliTad, 

Tu gvaqvs sasruli simravle, romlis sruli aRwera gvaZlevs Semdeg 

suraTs: populacia Sedgeba raodenobrivi maxasiaTeblis N  

mniSvnelibisagan, romelTa Soris aris k  gansxvavebuli mniSvneloba. es 

mniSvnelobebi iyos .,...,, 21 kxxx  vTqvaT, ix -is sixSirea in  (e.i. in  aris 

populaciis im elementebis raodenoba, romelTa mniSvnelobebic ix –is 

tolia), Nn
k

i

i 
1

,MmaSin populacia aRiwereba diskretuli X SemTxveviTi 

sididiT, romlis ganawilebis kanonia 

 

X  1x  
2x  . . . 

kx  

p  
1p  

2p  . . . 
kp  

 

sadac 

            .k,...,,i,
N

n
)xX(Pp i

ii 21   

es daSveba bunebrivia im TvalsazrisiT, rom populaciidan 

SemTxveviT arCeuli elementis mier ix  mniSvnelobis miRebis albaToba 

N

ni  Sefardebis tolia.E 

SemdgomSi populacias gavaigivebT mis aRmwer X SemTxveviT 

sididesTan da populaciis ganawilebis qveS vigulisxmebT X-is 

ganawilebis kanons. amasTan, ganawilebis kanoni SeiZleba mocemuli iyos 

nebismieri formiT: diskretuli ganawilebis kanoniT, ganawilebis 

funqciiT, ganawilebis simkvriviT da sxva. populaciis aRmweri X 

SemTxveviTi sididis ricxviT maxasiaTeblebs (saSualos, dispersias, 

standartul gadaxras da sxva) populaciis parametrebi ewodebaT.  

davuSvaT X  SemTxveviTi sididis dakvirvebuli mniSvnelobebia 

.,...,, 21 nxxx   1x   aris pirveli dakvirvebuli mniSvneloba, 2x - meore da a.S. 

dakvirvebebis mopovebamde yoveli kerZo dakvirveba ganusazRvrelia, ris 

gamoc,  monacemebis mopovebamde dakvirvebebs ganvixilavT, rogorc 

SemTxveviT sidideebs da aRvniSnavT nXXX ,...,, 21  simboloebiT, realurad 
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dakvirvebul nxxx ,...,, 21  mniSvnelobebs ki miviCnevT X= ),...,,( 21 nXXX  

SemTxveviTi veqtoris konkretul realizaciad.E 

vityviT, rom X= ),...,,( 21 nXXX  SemTxveviTi veqtori warmoadgens n  

moculobis SemTxveviT SerCevas (an ubralod, SerCevas) mocemuli 

populaciidan (generaluri erTobliobidan), Tu nXXX ,...,, 21  warmoadgens 

damoukidebel erTnairad ganawilebul SemTxveviT sidideebs, romelTa 

saerTo ganawileba emTxveva populaciis ganawilebas. 

xSirad gamoiyeneba Semdegi terminologiac: nXXX ,...,, 21  mimdevroba 

warmoadgens damoukidebel dakvirvebebs X SemTxveviT sidideze, romlis 

ganawilebis kanonia ).(xF  

wina TavSi gavecaniT ricxviTi monacemebis (SerCeviTi 

mniSvnelobebis) warmodgenisa da damuSavebis xerxebs. SerCeviTi 

mniSvnelobebis (monacemebis) safuZvelze viTvlidiT sxvadasxva 

maxasiaTeblebs; yoveli maxasiaTebeli iyo x )x,...,x,x( n21 SerCeviT 

mniSvnelobaTa safuZvelze gamoTvlili ),...,,( 21 nxxxT  ricxviTi funqcia. 

magram, rogorc aRvniSneT, x= ),...,,( 21 nxxx  veqtori aris X= ),...,,( 21 nXXX  

SemTxveviTi veqtoris erT-erTi SesaZlo mniSvneloba, amitom 

nT (x)= ),...,,( 21 nxxxT  sidide warmoadgens nT (X)= ),...,,( 21 nXXXT  SemTxveviTi 

sididis erT-erT dakvirvebul mniSvnelobas nT (X)–is mniSvnelobaTa 

simravlidan. 

 SerCeviTi mniSvnelobebis nebismier funqcias, romlis agebis 

algoriTmi cnobilia, statistika ewodeba. 

statistikas Cven SevxedavT ornairad: 

1. rogorc ricxvs, Tu nT  funqciis argumentad aviRebT nxxx ,...,, 21  

SerCeviT mniSvnelobebs. ),...,,( 21 nn xxxTt   statistikis dakvirvebuli 

(realizebuli) mniSvnelobaa. 

2. rogorc SemTxveviT sidides; Tu nT  funqciis argumentad aviRebT 

nXXX ,...,, 21  SerCevas, maSin igive ),...,,( 21 nn XXXTT   funqcia warmoadgens 

SemTxveviT sidides. 

sxva sityvebiT rom vTqvaT, statistika warmoadgens sidides, romlis 

mniSvneloba SeiZleba gamoiTvalos SerCeviTi monacemebis saSualebiT. 
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monacemebis miRebamde statistikebi ganixileba rogorc SemTxveviTi 

sidideebi, dakvirvebebis Catarebis Semdeg ki _ rogorc ricxvebi. 

ase magaliTad, yoveli dakvirvebuli nxxx ,...,, 21  mniSvnelobebisaTvis 





n

i

ix
n

x
1

1
-s, ( 2

1

2 )(
1




n

i

i xx
n

s ) ricxviTi mniSvneloba aris Sesabamisi wesiT 

agebuli 



n

i

in X
n

X
1

1
 ( 2

1

2 )(
1




n

i

i XX
n

S ) SemTxveviTi sididis dakvirvebuli 

mniSvneloba. 

statistikas, ganxiluls rogorc SemTxveviT sidides, gaaCnia Tavisi 

ganawilebis kanoni, romelsac ewodeba statistikis SerCeviTi ganawileba. 

yoveli kerZo statistikis ganawileba damokidebulia ara mxolod 

SerCevis n  moculobasa da populaciis ganawilebaze, aramed im 

meTodzec, romliTac warmoebs SerCeva. 

SemdgomSi davuSvebT, rom populaciidan amokrefa xdeba iseTi wesiT, 

rom n  moculobis nXXX ,...,, 21  SerCeva warmoadgens damoukidebel 

erTnairad ganawilebul SemTxveviT sidideebs, romelTa saerTo 

ganawileba emTxveva populaciis ganawilebas. magaliTad, es pirobebi 

sruldeba, rodesac SerCeva warmoebs an usasrulo populaciidan anda 

sasruli populaciidan dabrunebiT. 

 

$26.8.  SerCeviTi saSualos maTematikuri lodini da dispersia. 

vTqvaT, nXXX ,...,, 21  damoukidebeli SerCevaa populaciidan, romlis 

saSualoa m  da  dispersiaa 2 . gamovTvaloT SerCeviTi saSualos, 





n

i

in X
n

X
1

1
-is, maTematikuri lodini da dispersia. maTematikuri 

lodinisa da dispersiis Tvisebebis gaTvaliswinebiT miviRebT, rom: 





n

i

i

n

i

in mnm
n

EX
n

X
n

EXE
11

,
111

 

xolo 














n

i

i

n

i

in
n

DX
n

X
n

DXD
1

2

2
1

.
11 

 

amrigad, SerCeviTi saSualos maTematikuri lodini tolia 

generaluri erTobliobis maTematikuri lodinisa, xolo SerCeviTi 

saSualos dispersia n –jer naklebia generaluri erTobliobis 
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dispersiaze. SevniSnoT, rom miRebuli Sedegi samarTliania nebismierad 

ganawilebuli populaciisaTvis. amasTan did ricxvTa kanonis ZaliT, 

,mX
p

n   roca .n  

Tu nXXX ,,, 21   damoukidebeli erTnairad ganawilebuli SemTxveviTi 

sidideebia da ,mEX i 
2iDX  da 




n

i

in X
n

X
1

1
 maSin 

mXE n  , 
n

XD n

2
 , mX

p

n  . 

 

$26.9.  SerCeviTi dispersiis maTematikuri lodini. gamovTvaloT 

2

1

2
)(

1




n

i

nin XX
n

S  

SerCeviTi dispersiis maTematikuri lodini. vinaidan Y  SemTxveviTi 

sididis dispersia  22 EYEYDY   tolobiT moicema. gvaqvs: 
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2
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
 


  

amrigad ,mXE n   tolobisagan gansxvavebiT, .22
nES  am mizezis gamo 

ganixilaven Sesworebul SemTxveviT dispersias, romelic Semdegi 

formuliT ganisazRvreba 
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1
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1
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n

i

inn XX
n

S
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
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                    (26.2) 

advili saCvenebelia, rom  
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.
1

1
)

1
( 2222

 









n

n

n

n
S

n

n
ESE nn  

aqve aRvniSnoT, rom 22
 p

nS , roca n . 

 

Tu nXXX ,,, 21   damoukidebeli erTnairad ganawilebuli SemTxveviTi 

sidideebia da ,mEX i   2iDX  da 2

nS  gansazRvrulia (26.2) 

TanafardobiT, maSin 

22 
nSE , 22  p

nS , roca n . 

 

$26.10.  SerCeviTi saSualosa da dispersiis ganawilebis kanoni 

normaluri populaciisaTvis. nebismieri nT  statistikis savaraudo 

yofaqcevas aRwers misi ganawilebis kanoni. am leqciaSi Cven moviyvanT 

SerCeviTi saSualosa da SerCeviTi dispersiis ganawilebis kanonebs 

mxolod im SemTxvevisaTvis, rodesac populacia normaluradaa 

ganawilebuli. 

vTqvaT, nXXX ,...,, 21  warmodgens SerCevas normaluri populaciidan, 

.,...,2,1),,(~ 2 nimNX i   ramdenadac 
nX  warmoadgens damoukidebeli 

normalurad ganawilebuli SemTxveviTi sidideebis wrfiv kombinacias, 

amitom 

).,(~
2

n
mNX n


                                @(26.3) 

gadavideT 
2

nS  SerCeviTi dispersiis ganawilebis kanonis dadgenaze. 

amisaTvis, upirveles yovlisa davadginoT, Tu rogori ganawileba aqvs 

SerCeviT dispersias 
2

nS  im SemTxvevaSi, rodesac populaciis saSualo 

cnobilia 

.)(
1 2

1

2
mX

n
S

n

i

in 


                              (26.4) 

radgan ),(~ 2mNX i
, miviRebT, rom ),1,0(~/)( NmX i   e.i. 
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in mXSn
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warmoadgens )1,0(N  kanoniT ganawilebuli damoukidebeli SemTxveviTi 

sidideebis kvadratebis jams da maSasadame, mas aqvs 2 –ganawileba 

Tavisuflebis xarisxiT n : 
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).(~ 2

2

2

n
Sn n 
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                                (26.5) 

SevniSnoT, rom 
2

nS  statistikis (26.4) gamosaxulebaSi 

,,...2,1),( nimX i   arian damoukidebeli SemTxveviTi sidideebi. sul 

sxvnairadaa saqme 
2

nS –isaTvis: 
2

2



nnS
 ar warmoadgens damoukidebeli 

SemTxveviTi sidideebis kvadratebis jams. kerZod, .0)(
1




n

i

ni XX  am 

SemTxvevaSi samarTliania Semdegi faqti: ).1(~ 2

2

2

n
nSn 


 amasTan, SeiZleba 

damtkicdes, rom 
nX  da 

2

nS  damoukidebeli SemTxveviTi sidideebia. 

sabolood, yvela CamoTvlili faqti SegviZlia CamovayaliboT Semdegi 

Teoremis saxiT: 

Teorema 26.1 (fiSeris Teorema). Tu nXXX ,,, 21   SemTxveviTi 

SerCevaaEnormalurad ganawilebuli populaciidan 2 ,m  parametrebiT, 

maSin 

a) 
nX  da 2

nS  2

nS   SemTxveviTi sidideebi damoukidebelia; 

b) 








n
mNX n

2

,~


; 

g) 
 

 1~
1 2

2

2




n
Sn n 


.  

normaluri populaciidan miRebuli SerCevisaTvis ganvixiloT 

Semdegi ori statistika: e.w. Z  statistika da T  statistika: 

,

n

mX
Z n

n 


                                  (26.6) 

.

n

S

mX
T

n

n

n 


                                   (26.7) 

fiSeris Teoremis ZaliT advilad miviRebT, rom nZ  statistikas aqvs 

standartuli normaluri ganawileba, xolo nT  statistikas aqvs 

stiudentis t  ganawileba 1n  Tavisuflebis xarisxiT, rac aSkarad sCans 

nT  statistikis Semdegi warmodgenidan 
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SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 moiyvaneT centraluri tendenciis sazomebis: saSualos, medianis da 

modis ganmarteba. 

 moiyvaneT centraluri tendenciis mdgradi maxasiaTeblebi. 

 moiyvaneT SerCeviTi dispersiis ganmarteba. 

 moiyvaneT populaciis dispersiis ganmarteba. 

 ras ewodeba standartuli gadaxra? 

 aris Tu ara standartuli gadaxra gafantulobis mdgradi sazomi? 

moiyvaneT magaliTi. 

 CamoayalibeT CebiSevis utoloba SerCeviTi erTobliobisaTvis. 

 CamoayalibeT CebiSevis utoloba populaciisaTvis. 

 rogor ganisazRvreba asimetriis SerCeviTi koeficienti da ras 

gviCvenebs igi? 

 ras ewodeba eqscesis SerCeviTi koeficienti? 

 rogor ganisazRvreba SerCeviTi saSualos da SerCeviTi dispersiis 

miaxloebiTi mniSvneloba dajgufebuli monacemebisaTvis? 

 moiyvaneT SerCeviTi kovariaciis da korelaciis koeficientebis 

ganmarteba. 

 moiyvaneT SerCeviTi korelaciis koeficientis Tvisebebi. 

 ras ewodeba statistikuri populacia? SerCeva? 

 rogor xdeba populaciis aRwera SemTxveviTi sididis meSveobiT? 

 ras niSnavs, nXXX ,...,, 21  SemTxveviTi veqtori warmoadgens n  

moculobis SemTxveviT SerCevas mocemuli populaciidan? 

 rogor nT  funqcias ewodeba statistika? 
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 daaxasiaTeT nt  da nT  statistikebi. moiyvaneT Sesabamisi 

magaliTebi. 

 ras udris SerCeviTi saSualos maTematikuri lodini? pasuxi 

daasabuTeT. 

 ras udris SerCeviTi saSualos dispersia? pasuxi daasabuTeT. 

 did ricxvTa kanonis gamoyenebiT ra daskvna SegiZliaT gaakeToT 

SerCeviTi saSualos Sesaxeb? 

 ras udris SerCeviTi dispersiis maTematikuri lodini? pasuxi 

daasabuTeT. 

 ras ewodeba Sesworebuli SerCeviTi dispersia? ras udris misi 

maTematikuri lodini? 

 rogori ganawileba aqvs SerCeviT saSualos, roca populacia 

normaluradaa ganawilebuli? 

 rogori ganawileba aqvs SerCeviT dispersias, roca populacia 

normaluradaa ganawilebuli da cnobilia misi saSualo? 

 rogori ganawileba aqvs SerCeviT dispersias (Sesworebul 

SerCeviT dispersias), roca populacia normaluradaa ganawilebuli 

da  misi saSualo ucnobia? 

 CamoayalibeT fiSeris Teorema. 

 moiyvaneT Z  da T  statistikebis ganmarteba. 

 rogori ganawileba aqvs Z  da T  statistikebs? pasuxi daasabuTeT. 

 

 

savarjiSo 25 

 

1. vTqvaT, monacemTa raime simravlisaTvis mocemulia 

10    ,31500     ,105
1

2

1

 


nxx
n

i

i

n

i

i . 

a) gamoTvaleT ;,, 2
_

ssx      

b) SesaZlebelia Tu ara am monacemebiT medianis gamoTvla? 

2. a) vTqvaT, 9n  da monacemTa simravlis Sesaxeb gagvaCnia Semdegi 

informacia: sididiT mexuTe elementi e.i.   175 x . SesaZlebelia Tu ara 

medianis gamoTvla? 
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b) vTqvaT, 20n  da   1410 x ,   1711 x . ras udris mediana da ra 

pozicia ukavia mas? 

3. qvemoT moyvanil cxrilSi mocemulia aSS-is 13 Statis Semosavlebi 

erT sul mosaxleze 1983 wels (monacemebi gamosaxulia dolarebSi)  

9999, 9342, 11769, 12580, 9560, 10719,  9031,  12516,  12051,  10920,  13239,  

16820, 12101. 

a) moZebneT saSualo da mediana. 

b) fiqrobT Tu ara, rom am SemTxvevaSi saSualo ukeT axasiaTebs 

tipobriv Semosavlebs, vidre mediana? 

4. NED–eleqtroniksis muSebis mcire raodenoba gamokiTxuli iqna im 

mizniT, rom daedginaT, Tu rogoria tipiuri saaTobrivi anazRaureba ($ -

Si), Sedegad miiRes: 

9.50,  9.00,  11.70,  14.80,  13.00. 

a) es SerCevaa Tu populacia? 

b) ras udris ariTmetikuli saSualo, mediana, dispersia, asimetriis 

koeficienti? 

5. aSS-Si Statebis mixedviT wliuri Semosavali erT sul mosaxleze 

(aTasobiT $ -Si) aris 11.1, 17.7, 13.2, 10.7, 16.8, 15.1, 19.2, 15.1, 18.9, 14.3, 13.2, 14.7, 

11.4, 15.4, 12.9, 13.2, 14.4, 11.1, 11.2, 12.7, 16.6, 17.5, 14.1, 14.7, 9.5, 13.6, 11.9, 13.8, 15.1, 

15.9, 18.3, 11.1, 17.1, 12.2, 12.3, 18.7, 12.4, 12.2, 13.9, 14.7, 11.1, 11.9, 11.8, 13.5, 10.7, 12.8, 

15.4, 14.5, 10.5, 13.8, 13.2. 

a) aageT sixSireTa ganawileba dajgyfebis 5 intervaliT; 

b) gamoTvaleT saSualo, mediana da moda;                                                        

g) gamoTvaleT dispersia da standartuli gadaxra; 

d) gamoTvaleT asimetriisa da eqscesis koeficientebi; 

e) aris Tu ara ganawileba simetriuli?   

 

 6. SemTxveviT SerCeuli 100 manqanisaTvis dadgenilia manZili 

(milebSi), romelsac manqana gaivlis 1 galoni benzinis moxmarebisas. 

monacemebi dajgufebulia Semdegi cxrilis mixedviT: 

 

benzinis moxmareba [14, 16) [16, 18) [18, 20) [20, 22) [22, 24) 

manqanaTa raodenoba    9    18    24    33    16  

a) gamoTvaleT mediana da saSualo; 
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b) gamoTvaleT dispersia da standartuli gadaxra; 

g) aageT sixSireTa histograma. 

 

7. NYSE–s aqciebis SerCevisaTvis miRebuli iqna fasi/amonagebi 

fardobis Semdegi monacemebi: 

15.3,  9.7,  12.4,  21.0,  62.3,  9.5,  5.3,  8.6,  29.7,  43.4. 

gamoTvaleT saSualo, mediana, dispersia, standartuli gadaxra, 

asimetriisa da eqscesis koeficientebi. 

8. vTqvaT, monacemTa raime simravlisaTvis ( 6n ) gamoTvlilia ,8
_

x  

.5,2s  

a) im pirobebSi, roca sxva araviTari informacia ar gagvaCnia, 

moZebneT is 







 axax

__

  ;  intervalebi (e.i. a  ricxi), romelSic 

moxvedrilia monacemTa aranakleb 84%-sa, 55,6%-sa, 91,8%-sa; 67,35%-sa. 

 

9. Semdegi monacemebi warmoadgens SemTxveviT SerCeuli 25 muSis 

kvireul xelfasebs (dolarebSi). monacemebi dajgufebulia Semdegi 

cxrilis mixedviT:   

intervali[ ii aa ;1 ) [25, 30) [30, 35) [35, 40) [40, 45) [45, 50) [50,55) [55,60) 

sixSire in     2     3     3     7     6    2    2 

a) ipoveT modaluri intervali; 

b) gamoTvaleT saSualosa da dispersiis miaxloebiTi mniSvnelobani. 

 

10. ojaxis Semosavlebis ganawileba aSS-Si 1983 wels mocemulia 

Semdegi cxrilis saxiT: 

Semosavlebis intervali ojaxebis procent. 

raodenoba 

       5000-mde 

[5000, 10000) 

[10000, 15000) 

[15000, 20000) 

[20000, 25000) 

5,7 

10,2 

11,6 

11,8 

11,5 
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[25000,35000) 

[35000, 50000) 

     50000-is zeviT 

  

19,5 

17,1 

12,6 

 

gamoTvaleT medianis miaxloebiTi mniSvneloba. 

 

11. avia kompania bolo ramdenime wlis ganmavlobaSi periodulad 

cvlida bileTebis fass. qvemoT moyvanilia garkveul aviareisze 

bileTebis fasebi dolarebSi(X) da Sesabamisad mgzavrTa raodenoba (Y). 

 

X 99 150 130 105 219 167 180 

Y 1200 1000 1050 1150 700 850 900 

 

gamoTvaleT korelaciis koeficienti da gaakeTeT Sesabamisi 

daskvnebi X daYY cvladebs Soris kavSiris Sesaxeb.  

12. garkveul regionSi ojaxuri Semosavlebis monacemebi (aTasobiT $-

Si) dajgufebuli saxiT Tavmoyrilia cxrilSi: 

 

Semosavlebis 

intervali 

[0, 10) [10, 20) [20, 30) [30, 40) [40, 50) [50, 60) 

ojaxebis proc. 

raod. 

  11   19   30   15   10   15 

 

gamoTvaleT saSualo da mediana. 

 

13. qvemoT moyvanilia msoflios ramdenime regionisTvis qalaqSi 

mcxovrebTa procentuli raodenobis monacemebi 1975 wlisaTvis: 

 

afrika 25,67  samxreT azia 22,02 

laTinuri amerika 61,21  evropa 66,45 

Crdilo amerika 71,99  okeania 73,35 

aRmosavleT azia 30,70  ruseTi 60,90 

 



 

 407 

gamoTvaleT saSualo da mediana. 

 

14. mocemulia aSS-s erT-erTi universitetis 8 TanamSromlis asakebi 

(X) da Sesabamisi wliuri Semosavlebi(Y): 

X 40 31 50 53 36 55 37 45 

Y 32 24 47 50 30 55 33 41 

Y 

a) aageT gabnevis diagrama da gaakeTeT daskvna X da Y cvladebs Soris 

kavSiris Sesaxeb; 

b) gamoTvaleT korelaciis koeficienti da gaarkvieT TanxmobaSia Tu ara 

misi meSveobiT gakeTebuli daskvna a) punqtis daskvnasTan; 

g) dadebiTia Tu uaryofiTi kavSiri X da Y cvladebs Soris? 

 

15. reklama warmoadgens warmatebis umniSvnelovanes faqtors. imis 

gansazRvrisaTvis Tu ra gavlenas axdens reklamaze gaweuli xarjebi  (X, 

$1000-Si ) gayidvaTa moculobaze (Y,$1000-Si) Segrovda Semdegi monacemebi:  

 

X 3,0 5,0 7,0 6,0 6,5 8,0 3,5 4,0 4,5 6,5 7,0 7,5 7,5 8,5 7,0 

Y 50 250 700 450 600 1000 75 150 200 550 750 800 900 1100 600 

 

mocemulia      6070625;598;5,57787;8175;5,91 22

iiiiii yxyxyx . 

a) gamoTvaleT korelaciis koeficienti; 

b) aageT saukeTeso wrfe (moZebneT misi gantoleba); 

g) axseniT ra kavSiria sareklamo xarjebsa da gayidvaTa moculobebs 

Soris. 

16. mocemulia 13 ojaxis Semdegi maCveneblebi: ojaxis wevrTa 

raodenoba (X) da Tviuri samedicino xarjebi (Y,$-Si)  

 

X 2 2 4 5 7 3 8 10 5 2 3 5 2 

Y 20 28 52 50 78 35 102 88 51 22 29 49 25 

SeiswavleT kavSiri am or sidides Soris. 

 

17. axali produqciis realuri fasis gansazRvris mizniT, romlis 

gatanac surs kompanias bazarze, misma kvlevis departamentma aarCia 10 
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qalaqi, romlebsac arsebiTad erTnairi gayidvaTa procenti aqvs da am 

qalaqebis bazarze gaitana produqcia sxvadasxva fasad (X, $ -Si). Sedegebi 

Tavmoyrilia Semdeg cxrilSi (gayidvebia (Y, $1000-Si) ): 

 

X 15,0 15,5 16,0 16,5 17,0 17,5 18,0 18,5 19,0 19,5 

Y 15 14 16 9 12 10 8 9 6 5 

 

ra daskvnas gaakeTebdiT? 
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Tavi 27 

populaciis ucnobi parametrebis wertilovani da 

intervaluri Sefaseba 

 

ganvixiloT raime obieqtTa populacia  da vTqvaT, gvainteresebs am 

obieqtTa romelime niSan-Tvisebis Seswavla. davukavSiroT mocemul 

populacias SemTxveviTi sidide, romelic aRniSnul niSan-Tvisebas 

Seesabameba. aseTi SemTxveviTi sididis ganawilebis kanoni amave dros 

warmoadgens populaciis dasakvirvebeli niSan-Tvisebis ganawilebas. am 

ganawilebis ricxviT maxasiaTeblebs (maTematikur lodins, dispersias da 

a. S.) ewodeba populaciis ricxviTi parametrebi. maTi WeSmariti 

mniSvneloba umetes SemTxvevaSi ucnobia. ismis ucnobi parametrebis 

Sefasebis amocana. Sefaseba xdeba populaciidan garkveuli SerCevis 

Seswavlis safuZvelze. 

vTqvaT, mocemulia n  moculobis ),...,,( 21 nXXXX   SerCeva raime 

kanoniT ganawilebuli populaciidan. SemdgomSi Cven vigulisxmebT, rom 

populaciis ganawilebis kanonis forma cnobilia, magram ucnobia 

ganawilebis parametris (an parametrebis) ricxviTi mniSvneloba. 

ganvixilavT or parametrul models: 

 

I.            binomuri modeli: X  SemTxveviTi sidide ganawilebulia 

binomurad cdaTa n  ricxviTa da warmatebis ucnobi p  albaTobiT, 

npEXp    ,10 . aRniSvna: ).,( pnBiX    

am modelis kerZo SemTxvevaa bernulis sqema .),,1( pEXpBiX     

II. normaluri modeli: X  SemTxveviTi sidide normaluradaa 

ganawilebuli. radgan ganawilebas gaaCnia ori parametri, SeiZleba 

gamovyoT Semdegi sami SemTxveva. 

1) ucnobia m  saSualo, xolo saSualo kvadratuli gadaxra 

cnobilia da udris 0 –s. aRniSvna: ).,( 0mNX   

2) saSualo kvadratuli gadaxra ucnobia, xolo saSualo cnobilia 

da udris 0m –s. aRniSvna: ).,( 0 mNX   

3) ucnobia rogorc saSualo, ise saSualo kvadratuli gadaxra. 

aRniSvna: ).,( mNX   
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vTqvaT, modelis ucnobi parametria  . Cveni Semdgomi mizania 

X= ),...,,( 21 nXXX  SerCevis safuZvelze gavakeToT statistikuri daskvnebi   

ucnobi parametris Sesaxeb: avagoT ucnobi parametris e. w. wertilovani 

da intervaluri Sefaseba.  

 

$27.1. wertilovani Sefaseba. wertilovani Sefasebis agebis amocana 

mdgomareobs SemdegSi: unda moiZebnos iseTi ),...,,()( 21 nnn XXXTXT   

statistika (Semfasebeli), romlis ricxviTi mniSvneloba 

),...,,()( 21 nnn xxxTxt  , garkveuli azriT, SeiZleba CaiTvalos ucnobi   

parametris WeSmariti mniSvnelobis ricxviT miaxloebad da gamoyenebuli 

iqnas mis nacvlad. aseT miaxloebas vuwodebT wertilovan Sefasebas. 

imisaTvis, rom wertilovani Sefaseba iyos “kargi”, igi unda 

akmayofilebdes sam pirobas: Caunacvleblobas, Zalmosilebas da 

efeqturobas. ganvmartoT TiToeuli maTgani. 

),...,,()( 21 nnn XXXTXT   Sefasebas (statistikas) ewodeba 

Caunacvlebeli, Tu nebismieri n –saTvis 

)(XETn = .                                (27.1) 

Caunacvlebloba niSnavs, rom Tu CavatarebT mraval ganmeorebiT 

eqsperiments (anu miviRebT n  moculobis SerCevaTa seriebs), maSin 

agebul SefasebaTa saSualo mniSvneloba axlos iqneba parametris 

WeSmarit mniSvnelobasTan. es Tviseba saSualebas gvaZlevs darwmunebuli 

viyoT, rom sistemur Secdomebs adgili ara aqvs. 

)(XTT nn   Sefasebas ewodeba Zalmosili (Zaldebuli), Tu nebismieri 

 –saTvis   

,1)|(|  nTp  roca .n                       (27.2) 

Zalmosileba Sefasebis asimptoturi (zRvariTi) Tvisebaa. is 

axasiaTebs Sefasebis qcevas, rodesac SerCevis n  moculoba usasrulod 

izrdeba. 

(27.1) da (27.2) pirobas erTi da igive ucnobi parametrisaTvis 

SeiZleba akmayofilebdes ramdenime sxvadasxva Sefaseba. aseT SemTxvevaSi 

upiratesoba unda mivaniWoT umciresi dispersiis mqone Sefasebas. 

aqve aRvniSnoT, rom populaciis yoveli ucnobi parametrisaTvis 

SesaZlebelia gamoTvlil iqnas nebismieri Sefasebis dispersiis SesaZlo 
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minimaluri mniSvneloba. Tu fiqsirebuli n –saTvis nT  statistika 

minimaluria, mas efeqturs uwodeben. 

xSir SemTxvevaSi nT  statistikas ar gaaCnia aRniSnuli Tviseba, 

magram statistikis dispersia miiswrafis minimaluri mniSvnelobisaken, 

roca, .n  am SemTxvevaSi nT  statistika asimptoturad efeqturia. 

moviyvanoT zemoT ganxiluli parametruli modelebis ucnobi 

parametrebis SefasebaTa Tvisebebi: 

 



n

i

in X
n

X
1

1
-SerCeviTi saSualo aris populaciis ucnobi saSualos 

Caunacvlebeli, Zalmosili da efeqturi Sefaseba. 

 normalurad ganawilebuli populaciis SemTxvevaSi SerCeviTi 

saSualo normaluradaa ganawilebuli. sxva SemTxvevaSi, centraluri 

zRvariTi Teoremis Tanaxmad, SerCeviTi saSualo asimptoturad 

normaluradaa ganawilebuli. 

 2

nS -SerCeviTi dispersia aris populaciis ucnobi dispersiis 

Canacvlebuli, magram Zalmosili da efeqturi Sefaseba. 

 2

nS  -Sesworebuli SerCeviTi dispersia aris ucnobi dispersiis 

Caunacvlebeli, Zalmosili da asimptoturad efeqturi Sefaseba. 

im SemTxvevaSi, roca saSualo cnobilia, e. i. ,mEX   ucnobi 

dispersiis Sesafaseblad gamoiyeneba statistika 

.)(
1 2

1

2 mX
n

S
n

i

i  


 

swored 2S  warmoadgens ucnobi dispersiis Caunacvlebel, Zalmosil 

da asimptoturad efeqtur Sefasebas. 

amrigad, Tu populaciis m  maTematikuri lodinis da 2  dispersiis 

WeSmariti mniSvnelobebi ucnobia da miRebulia n  moculobis nxxx ,...,, 21  

SerCeviTi mniSvnelobebi aRniSnuli populaciidan, maSin am SerCeviTi 

mniSvnelobebis safuZvelze gamoTvlili 



n

i

in x
n

x
1

1
–SerCeviT saSualosa 

da 2

1

2
)(

1

1
n

n

i

in xx
n

S 


 


 Sesworebuli SerCeviTi dispersiis ricxviTi 

mniSvnelobebi SeiZleba CaiTvalos populaciis ucnobi saSualosa da 

dispersiis WeSmariti mniSvnelobebis miaxloebad. 
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amocana 1. mocemulia 10 Cveulebrivi aqciis wliuri amonagebis 

mniSvnelobebi. es monacemebi warmoadgens SerCevas aqciaTa amonagebebis 

didi populaciidan, romelic normaluradaa ganawilebuli. es 

monacemebia: 

7, 9, 12, 8, 11, 13, 9, 12, 8, 7. 

a) risi tolia populaciis saSualos Caunacvlebeli Sefaseba? 

b) risi ntolia populaciis dispersiis Caunacvlebeli Sefaseba? 

amoxsna. a) populaciis saSualos Caunacvlebeli SefasebaaA 

.6,9
10

78129131181297



x  

 b) populaciis dispersiis Caunacvlebeli Sefasebaa 





9

)6,97(...)6,99()6,97( 222
2

nS 4,933. 

aRniSnuli Sefasebebi,  gamoTvlili konkretuli n  moculobis 

SerCevis safuZvelze, rogorc wesi gansxvavdeba ucnobi parametris 

WeSmariti mniSvnelobisagan da CvenTvis ar aris cnobili, Tu ramdenad 

didia es gansxvaveba. am dros, ra Tqma unda, vuSvebT garkveul Secdomas. 

wertilovani Sefasebis nakli isaa, rom mxolod misi dakvirvebuli 

mniSvnelobis codna ar iZleva am Secdomis sididis dadgenis saSualebas.  

es mosazreba gvibiZgebs, rom wertilovani Sefaseba _ erTi ricxvi, 

SevcvaloT intervaluri SefasebiT _ mTeli intervaliT. 

  

$27.2. ndobis intervali normaluri populaciis saSualosaTvis. 

),( 0mNX   modeli. vTqvaT, ),...,,( 21 nXXXX   aris n  moculobis 

SerCeva. rogorc viciT, populaciis “karg” Sefasebas warmoadgens 

SerCeviTi saSualo 

),(~
1

1

nmNX
n

X
n

i

in 


 . 

X -is standartizacia gvaZlevs 

)1,0(~
0

N
n

mX
Z n

n



 .                            (27.3) 

(27.3)-is Tanaxmad nebismieri winaswar gansazRvruli )1(  –Tvis 

advili mosaZebnia nulis mimarT simetriuli iseTi ),( 22  zz  intervali, 

romelSic nZ –is moxvedris albaToba )1(  –s tolia, e.i.  
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.1)( 2

0

222 


 
















 z

n

mX
zpzZzp n

n               (27.4) 

rogorc wesi iReben  –s Semdeg ricxviT mniSvnelobebs:  =0,1; 0,05; 0,01. 

(ix. nax.1, sadac aradaStrixuli figuris farTobi )1(  –s, anu mTeli 

farTobis %100)1(  –is tolia). 

                               )(0 x  

                                  
 
 
 
 
                      
                 

                 2                       2            

              - 2z                  2z            x  

                       nax.1 
                       

2z -s standartuli normaluri ganawilebis zeda 2 –kritikul 

wertils uwodeben. 2z –is ricxviTi mniSvneloba martivad ganisazRvreba 

ganawilebis cxrilis saSualebiT (ix. danarTi). 

pirobis Tanaxmad SerCevis moculoba da populaciis dispersia 

cnobilia. SerCeviTi mniSvnelobebis safuZvelze advili gamosaTvlelia 

X , SerCeviTi saSualos, ricxviTi mniSvneloba. amrigad, erTaderTi 

ucnobi, romelsac Seicavs (27.4) gamosaxuleba aris populaciis ucnobi 

saSualo. (27.4)-dan martivad miviRebT Semdegs: 

.1
0202


 













 





n

z
Xm

n

z
Xp  

aqedan 













 





n

z
X

n

z
X

0202
,

 
                           (27.5) 

warmoadgens )1(   ndobis albaTobiT agebul ndobis intervals. n  

moculobis SerCevas vuwodoT seria. ganmeorebiT seriebSi am wesiT 

agebuli ndobis intervali Seicavs ucnobi parametris WeSmarit 0m  

mniSvnelobas yoveli 100 seriidan 100)1(   SemTxvevaSi. am intervals 

%100)1(  –ian ndobis intervalsac uwodeben. 
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)1(  -ndobis intervali ),( 0mNX   modelis saSualosaTvis 

gamoiTvleba Semdegi formuliT 

            







 2

0

2

0    , 


z

n
xz

n
x ,                            (27.6) 

sadac, x  SerCeviTi saSualos ricxviTi mniSvnelobaa, xolo 2z -

standartuli normaluri ganawilebis zeda 2  kritikuli wertilia. 

 

Tu )1(   erTTan axlomyofi raime ricxvia, maSin praqtikulad 

SegviZlia CavTvaloT, rom aRniSnuli xdomiloba erTeulovan cdaSi 

yovelTvis ganxorcieldeba. 

amocana 2. n =35 moculobis SerCevis monacemebma normaluri 

populaciidan mogvca: .3;7,24  x  avagoT 0,9 donis mqone ndobis 

intervali ucnobi saSualosaTvis. 

amoxsna. visargebloT (27.6) formuliT. aq ,645,105,02  zz  amitom 

saZiebeli intervalia 

(24,7_ 
35

3
1,645; 24,7+ 

35

3
1,645)=(24,7_0,8; 24,7+0,8), 

rac sabolood gvaZlevs (23,9; 25,5) intervals. 

),( mNX   modeli. daSveba imis Sesaxeb, rom populaciis saSualo 

ucnobia, xolo dispersia cnobili, ararealuria. rogorc wesi, 

dispersiis Sesaxeb informaciis mopovebas win uswrebs saSualos Sesaxeb 

informaciis arseboba. praqtikul amocanebSi es orive parametri ucnobia. 

rogorc viciT, m  da 2 parametrebis “kargi” Sefasebebia SerCeviTi 

saSualo da Sesworebuli SerCeviTi dispersia. amasTan 

),1,0(~ N

n

mX n




         ).1(~

)1( 2

2

2




n
Sn n 


 

fiSeris Teoremis ZaliT aRniSnuli SemTxveviTi sidideebi 

damoukidebelia. Tu axla gavixsenebT studentis t  ganawilebis 

ganmartebas, miviRebT, rom 

)1(
)1(
2

2








n
Sn

n

mX

T

n

n

n





)1(~ 



 nt

n

S

mX

n

n . 
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nebismieri winaswar gansazRvruli )1(  -Tvis advili mosaZebnia nulis 

mimarT simetriuli iseTi ),( 2,121,1   nn tt  intervali, romelSic nT  

statistikis moxvedris albaToba )1(  –s tolia, e.i. adgili aqvs Semdeg 

Tanafardobas 

 























1

2
,1

2
1,1 n

n

n
t

n
S

mX
tp , 

sadac 21,1 nt  da 2,1nt  studentis )1( nt  ganawilebis qveda da, 

Sesabamisad, zeda 2  zomis kritikuli wertilebia. am faqtze 

dayrdnobiT )1(  -ndobis intervali ucnobi saSualosaTvis aigeba 

zustad igive gziT, rogorc cnobili dispersiis SemTxvevaSi. kerZod  








 






2

,1
2

,1
;  nn

t
n

s
xt

n

s
x  

warmoadgens )1(   ndobis albaTobiT agebul ndobis intervals ucnobi 

saSualosaTvis. 

)1(  -ndobis intervali ),( mNX   modelis saSualosaTvis 

gamoiTvleba Semdegi formuliT 

,;
2

,1
2

,1 






 





  nn
t

n

s
xt

n

s
x                         (27.7) 

sadac x  da s SerCeviTi saSualosa da, Sesabamisad, Sesworebuli 

standartuli gadaxris ricxviTi mniSvnelobebia, xolo 2,1nt  stiudentis 

)1( nt  ganawilebis zeda 2  zomis kritikuli wertilia. 

radgan ,
1
S

n

n
S


  )1(  -ndobis intervali SeiZleba Semdegi 

saxiTac gadaiweros: 

















2

,1
2

,1
1

   ;
1

 nn
t

n

s
xt

n

s
x .                      (27.8) 

amocana 3. ganvixiloT monacemebi, romlebic warmoadgens romelime 

firmis mosamsaxureTa 30 satelefono saubris xangrZlivobas 

(gamoxatuls wuTebSi). 

11,8  3,6  16,6  13,5  4,8  8,8  8,9  9.1  7,7  2,3  12,1  6,1  6,2  11,2  10,4 

10,2  8,0  11,4  6,8  9,6  19,5  15,3  12,3  8,5  15,9  18,7  11,7  7,2  5,5  14,5 
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am monacemebis safuZvelze avagoT 0,99 ndobis intervali firmis 

mosamsaxureTa satelefono saubrebis saSualo xangrZlivobisaTvis. 

amoxsna. centraluri zRvariTi Teoremis Tanaxmad CavTvaloT, rom 

monacemebi miRebulia normalurad ganawilebuli populaciidan. 

populaciis orive parametri ucnobia. gamovTvaloT SerCeviTi saSualo 

da standartuli gadaxra: .29,4,26,10  sx  

visargebloT (27.8) formuliT, romlis Tanaxmadac 99%-iani ndobis 

intervali saSualosaTvis iqneba: 

( 005.0,29
29

29,4
26,10 t ; 005.0,29

29

29,4
26,10 t ). 

radgan 005.0,29t =2,756, sabolood saZiebeli intervalia (8,06; 12,46). 

 

$27.3. ndobis intervali  populaciis saSualosaTvis SerCevis 

didi moculobis SemTxvevaSi.  zemoT, ucnobi saSualosaTvis ndobis 

intervalis agebisas vgulisxmobdiT, rom populacia normaluradaa 

ganawilebuli. amasTan, SerCevis moculoba nebismieri iyo. es 

ganpirobebuli iyo imiT, rom normaluri populaciis SemTxvevaSi 

SerCeviTi saSualosa da dispersiis ganawileba zustad aris cnobili, 

rasac sazogadod, ver vityviT im populaciebisaTvis, romlebic ar aris 

normalurad ganawilebuli. miuxedavad amisa albaTobis Teoriis 

zRvariTi Teoremebi saSualebas iZleva avagoT ndobis intervali 

populaciis ucnobi saSualosaTvis zogad SemTxvevaSic, roca SerCevis 

moculoba sakmaod didia. 

ganvixiloT SemTxveva, rodesac populaciis dispersia ucnobia. 

visargebloT 

n

S

mX

n

n




 

statistikiT, romelsac SerCevis sakmaod didi moculobisas (im 

damatebiTi faqtis gaTvaliswinebiT, rom 22
 p

nS , roca n ), 

miaxloebiT normaluri ganawileba aqvs, nulovani saSualoTi da 

erTeulovani dispersiiT. aqedan, standartuli msjelobis gamoyenebiT 

miviRebT, rom intervali 
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  (
n

z
sxn

2
 ;

n

z
sxn

2
   


 ) 

warmoadgens )1(   ndobis donis asimptotur intervals (misi ndobis 

done miaxloebiT )1(  –s tolia). 

 

$27.4. ndobis intervali normaluri populaciis dispersiisaTvis. 

 

),( mNX   modeli. gansaxilvel SemTxvevaSi populaciis ucnobi 

2  dispersiis Sefasebas (statistikas) 

2

1

2
)(

1

1
n

n

i

in XX
n

S 


 


 

aqvs 2  ganawileba Tavisuflebis xarisxiT 1n , anu 

),1(~
)1( 2

2

2




n
Sn n 


 

ris safuZvelzec winaswar gansazRvruli )1(  –Tvis 

,1
)1(

2
,1

2

2

2

2
1,1

2 

















  n

n
n

Sn
p                 (27.9) 

sadac 2

, pn aris )(2 n ganawilebis zeda p –kritikuli wertili. (27.9)-is 

safuZvelze aigeba ndobis intervali populaciis dispersiisaTvis.   

)1(  -ndobis intervali ),( mNX   modelis dispersiisaTvis 

gamoiTvleba Semdegi formuliT 

,
)1(

   ,
)1(

2

2
1,1

2

2

2
,1

2
















  
nn

snsn
                         (27.10) 

sadac 2

,1 pn  aris )1(2 n ganawilebis zeda p –kritikuli wertili. 

amocana 4. normalurad ganawilebuli populaciidan miRebulia 

25n –is toli amonarCevi da mis safuZvelze gamoTvlilia Sesworebuli 

SerCeviTi dispersia .5,3
2


nS  )1(  =0,9 ndobis albaTobiT aageT ndobis 

intervali populaciis dispersiisaTvis. 

amoxsna. cxrilis saSualebiT vipoviT 41,362

05.0;24

2

2
,1




 n
 da 

.84,132

95.0;24

2

2
1,1




 n
 0,9 ndobis albaTobiT ndobis intervali ucnobi 

dispersiisaTvis iqneba 
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






 

84,13

5,325
;

41,36

5,325
(2,4; 6,32) 

 

$27.5. ndobis intervaluri warmatebis ucnobi albaTobisaTvis 

(ucnobi proporciisaTvis) bernulis sqemaSi. bernulis sqemaSi ucnobi 

p  albaTobis saukeTeso wertilovani Sefasebaa fardobiTi sixSire,  

,
n

S
W n

n   

sadac 



n

i

in XS
1

warmatebaTa raodenobaa n  damoukidebel cdaSi, amasTan  

pEWn  ,      
n

pp
DWn

)1( 
 . 

ucnobi p  albaTobisaTvis ndobis intervalis asagebad iyeneben 

standartizaciis Sedegad miRebul statistikas 

n

pp

pWn

)1( 


, 

romelic Tu SerCevis moculoba n  sakmarisad didia, miaxloebiT 

normaluradaa ganawilebuli, nulovani saSualoTi da erTeulovani 

dispersiiT. magram am statistikis gamosaxulebaSi mniSvneli Seicavs 

Sesafasebel p  parametrs, rac aZnelebs standartuli gziT ndobis 

intervalis agebas. 

SeiZleba gamoviyenoT gamartivebuli midgoma, romlis Tanaxmadac 

mniSvnelSi ucnobi p  unda Seicvalos misi nW  SefasebiT da aqedan 

moyolebuli ndobis intervali aigos standartuli msjelobiT. 

SerCevis didi moculobis SemTxvevaSi )1(  –ndobis intervali 

),( pnBiX   modelis ucnobis albaTobisaTvis gamoiTvleba Semdegi 

formuliT 













 





n

WW
zW

n

WW
zW nn

n

nn

n

)1(
   ;

)1(
22                  (27.11) 

sadac ,
n

S
W n

n   nS  warmatebaTa raodenobaa n  cdaSi. es intervali 

SeiZleba gamoyenebuli iqnas, roca ,5nnW .5)1(  nWn  2z  standartuli 
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normaluri ganawilebis zeda 
2

  kritikuli wertilia. 

amocana 5. sawarmo uSvebs garkveuli tipis produqcias. menejers 

ainteresebs Seafasos defeqturi produqciis proporcia. am mizniT 

SerCeuli iyo 400 erTeuli, romelTa Soris defeqturi aRmoCnda 60. 99%-

iani ndobis doniT aageT intervaluri Sefaseba sawarmos mier 

gamoSvebuli defeqturi produqciis ucnobi albaTobisaTvis. 

amoxsna. nw =60/400=0,15; 85,01  nw ; 01,0 ; 2z =2,58. radgan n =400, 

,60nnw  ,340)1(  nwn  amitom SegviZlia visargebloT (27.11) formuliT, 

romlis Tanaxmad saZiebeli intervalia 

(
400

85,015,0
58,215,0


 ; 

400

85,015,0
58,215,0


 ) 

e.i. ucnobi albaTobisaTvis 99%-iani ndobis intervalia (0,104; 0,196). 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

1. ra  parametruli modelebia ganxiluli leqciaSi? miuTiTeT 

ucnobi parametrebi. 

2. ras ewodeba populaciis ucnobi parametris wertilovani Sefaseba? 

3. ra pirobebs unda akmayofilebdes “kargi” wertilovani Sefaseba? 

4. ganmarteT wertilovani Sefasebis Caunacvlebloba, Zalmosileba 

da efeqturoba. 

5. moiyvaneT leqciaSi ganxiluli modelebis ucnobi parametrebis 

Semfaseblebi da maTi Tvisebebi. 

6. moiyvaneT )1(  -donis ndobis intervali ),( 0mNX   modelis 

saSualosaTvis. 

7. moiyvaneT )1(  -donis ndobis intervali ),( mNX   modelis 

saSualosaTvis. 

8. amowereT ndobis intervali populaciis saSualosaTvis SerCevis 

didi moculobis SemTxvevaSi. 

9. amowereT ndobis intervali ),( mNX   modelis dispersiisaTvis. 

10. rogor gamoiTvleba )1(  -donis ndobis intervali ),( pnBiX   

modelis ucnobi albaTobisaTvis SerCevis didi moculobis SemTxvevaSi? 
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savarjiSo 26 

1.   40 pedagogze dakvirvebam aCvena, rom isini saSualod 12,6 wuTs 

andomeben erTi naweris gasworebas. aageT 90%-iani ndobis intervali 

gasworebis drois saSualosaTvis, Tu cnobilia, rom standartuli 

gadaxra tolia 2,5 wuTis.  

2.   SemTxveviT SerCeuli 40 Tavdamsxmelis saSualo qula aris 186, 

xolo TavdamsxmelTa populaciis standartuli gadaxraa 6. aageT 95%-

iani ndobis intervali TavdamsxmelTa populaciis saSualo qulisaTvis. 

3.  SemTxveviT SerCeul 20 pacientis 100 mililitr sisxlSi 

hemoglobinis saSualo Semcveloba aRmoCnda 16 grami, xolo 

Sesworebuli standartuli gadaxra ki 2 grami. aageT 99%-iani ndobis 

intervali WeSmariti saSualosaTvis. 

4.   20 Tinusze dakvirvebam aCvena, rom isini saSualod  curaven 8,6 

mils saaTSi. SerCevis Sesworebuli standartuli gadxraa 1,6. aageT 90%-

iani ndobis intervali WeSmariti saSualosaTvis. 

5.  SemTxveviT arCeuli 6 spilos saSualo wonaa 12200 funti, xolo 

Sesworebuli standartuli gadaxraa 200 funti. aageT 95%-iani ndobis 

intervali WeSmariti saSualosaTvis. 

6.  28 moqalaqis gamikiTxvis mixedviT maTi amJamindel misamarTze 

cxovrebis saSualo xangrZlivobam Seadgina 9,3 weli, xolo SerCevis 

Sesworebuli standartuli gadaxra aris 2 weli. aageT 90%-iani ndobis 

intervali populaciis saSualosaTvis. 

7.  SemTxveviT SerCeuli 25 avtomobiliani studenti kviraSi 

saSualod xarjavs 18,53 laris benzins. SerCevis Sesworebuli 

standartuli gadaxraa 3 lari. aageT 95%-iani ndobis intervali 

realuri saSualosaTvis. 

8.  stresul situaciaSi myofi 6 qalis guliscemis saSualo ricxvi 

wuTSi Seadgens 115-s, xolo Sesworebuli standartuli gadaxra aris 6. 

aageT 95%-iani ndobis intervali stresul situaciaSi myofi qalebis 

guliscemis realuri saSualosaTvis. 

9.  erovnul gamocdaze maTematikaSi 20 abiturientis guliscemis 

saSualo iyo 96 dartyma wuTSi, xolo Sesworebuli standartuli 

gadaxra ki 5. aageT 95%-iani ndobis intervali guliscemis realuri 

saSualosaTvis. 
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10. SemTxveviT SerCeul 49 bavSvze dakvirvebam aCvena, rom isini 

savaWro centrSi saSualod xarjaven 18,5 lars, xolo Sesworebuli 

standartuli gadaxraa 1,56 lari. aageT 90%-iani ndobis intervali 

bavSvebis mier savaWro centrSi daxarjuli Tanxis realuri 

saSualosaTvis. 

11. gamokvlevebma aCvena, rom aSS-s moqalaqes saSualod Wirdeba 5,9 

Tve axali samuSaos mosaZebnad. aageT 95%-iani ndobis intervali 

samuSaos moZebnis saSualosaTvis, Tu gamokiTxuli 36 samuSaos 

mZebnelisaTvis Sesworbuli standartuli gadaxra aRmoCnda  0,8 Tve. 

12. centraluri respublikuri saavadmyofos 84 sxvadsxva adgilas 

gazomili xmauris donis saSualo iyo 61,2 decibali, xolo Sesworebuli 

standartuli gadaxra 7,9 decibali. aageT 95%-iani ndobis intervali 

saavadmyofoSi realuri xmauris donis saSualosaTvis. 

13. aageT 95%-iani ndobis intervali elementis sicocxlis 

xangrZlivobis dispersiisa da standartuli gadaxrisaTvis Tu cnobilia, 

rom 20 elementiani SerCevis Sesworebuli standartuli gadaxraa 1,7 Tve. 

14. aageT 90%-iani ndobis intervali avtobusis usafrTxoebis 

Sesamowmeblad saWiro drois dispersiisa da standartuli 

gadaxrisaTvis Tu cnobilia, rom 20 avtobusis usafrTxoebis 

Sesamowmeblad saWiro drois Sesworebuli standartuli gadaxraa 6,8 

wuTi. 

15. aageT 99%-iani ndobis intervali Zravis zeTis 25 litriani 

konteineris wonis dispersiisa da standartuli gadaxrisaTvis Tu 

cnobilia, rom 14 konteinerisaTvis Sesworebuli dispersia aris 3,3. 

16. aageT 90%-iani ndobis intervali universitetis meoTxe kursis 

studentebis asakis dispersiisa da standartuli gadaxrisaTvis, Tu 

cnobilia, rom 24 studentis asakis Sesworebuli standartuli gadaxraa 

2,3 weli. 

17. 1500 gamokiTxuli axalgazrdidan 39%-ma Tqva, rom isini apireben 

momaval wels aiRon ufro xangrZlivi Svebuleba. aageT 95%-iani ndobis 

intervali im axalgazrdebis realuri proporciisaTvis, romlebic 

apireben momaval wels ufro xangrZlivi Svebulebis aRebas. 
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18. dedaqalaqis 100 SemTxveviT SerCeul macxovrebelTa Soris 27 

msuqania. aageT 90%-iani ndobis intervali dedaqalaqis mosaxleobaSi 

msuqani adamianebis raluri proporciisaTvis. 

19. 80 avtosagzao SemTxvevidan  46-is gamomwvevi mizezi iyo mZRolis 

mier alkoholis miReba. aageT 95%-iani ndobis intervali im avtosagzao 

SemTxvevebis realuri proporciisaTvis, romelTa gamomwvevi mizezi iyo 

mZRolis mier alkoholis miReba. 

20. 90 gamokiTxuli ojaxidan 40 flobs erT iaraRs mainc. aageT 95%-

iani ndobis intervali im ojaxebis realuri proporciisaTvis, romlebic 

floben erT iaraRs mainc. 
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Tavi 28 

hipoTezaTa Semowmeba 

 

$28.1. hipoTezis Semowmebis zogadi sqema. statistikuri hipoteza 

aris raime gamonaTqvami populaciis ganawilebis kanonis an misi 

ricxviTi maxasiaTeblebis Sesaxeb. hipoTezas ganawilebis saxis Sesaxeb 

araparametruli hipoTeza ewodeba, xolo hipoTezas ganawilebis ricxviT 

maxasiaTebelze _ parametruli hipoTeza. 

statistikaSi miRebulia hipoTezebis 0H  (ZiriTadi hipoTeza) da 1H  

(alternatiuli hipoTeza) simboloebiT aRniSvna. vTqvaT, populaciis 

ganawilebis kanoni cnobilia da damokidebulia romeliRac ucnob   

parametrze. maSin, ucnobi parametrisaTvis gvaqvs ZiriTadi da 

alternatiuli hipoTezis Camoyalibebis sami SemTxveva: 

 ormxrivi:  0H : 0  , 1H : 0  . 

 marjvena calmxrivi:  0H : 0  , 1H : 0  . 

 marcxena calmxrivi:  0H : 0  , 1H : 0  . 

 amocana mdgomareobs SemdegSi: populaciidan n  moculobis 

nxxx ,...,, 21  SerCevis safuZvelze davadginoT, romeli hipoTezaa 

samarTliani ZiriTadi 0H  Tu alternatiuli 1H . amisaTvis unda aigos 

e.w. statistikuri kriteriumi anu gadawyvetilebis miRebis wesi, romelic 

saSualebas mogvcems ganvsazRvroT dakvirvebul mniSvnelobaTa rogori 

erTobliobisaTvis CavTvaloT samarTlianad ZiriTadi hipoTeza da 

rogorisTvis ara. Tumca, SesaZlebelia dvuSvaT Secdoma da ukuvagdoT 

samarTliani hipoTeza. aseTi Secdomis albaToba aRiniSneba  -Ti da mas 

mniSvnelovnobis done ewodeba. 

 gavakeToT erTi mniSvnelovani SeniSvna: “samarTliania 0H  

hipoTeza” niSnavs, rom nxxx ,...,, 21  monacemebi ar ewinaaRmdegeba mas, anu am 

monacemebiT 0H  hipoTezis uaryofis sfuZveli ara gvaqvs. amiT imis Tqma 

gvinda, rom 0H -Tan erTad SeiZleba samarTliani iyos bevri sxva 

hipoTezac. 

sabolood hipoTezaTa Semowmebis amocanis gadawyveta SeiZleba 

davyoT Semdeg etapebad: 1) CamovayaliboT 0H da 1H  hipoTezebi; 2) 
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avarCioT kriteriumis (testis) statistika da mivuTiToT misi 

ganawilebis kanoni; 3) mivuTiToT mniSvnelovnobis   done; 4) vipovoT 

kriteriumis (testis) ricxviTi mniSvneloba ( ..VT );  5) vipovoT kritikuli 

wertili ( VC. .) da kritikuli are ( ..RC ); 6) miviRoT gadawyvetileba. 

 

$28.2. hipoTezis Semowmeba normaluri ganawilebis maTematikuri 

lodinis Sesaxeb cnobili dispersiis SemTxvevaSi. vTqvaT, populacias, 

romelsac aRwers X  SemTxveviTi sidide, aqvs normaluri ganawileba 

),( 2mNX  , sadac 2 dispersia cnobilia, xolo m  maTamatikuri 

lodini ucnobia. nXXX ,...,, 21  SerCeviTi erTobliobaa populaciidan. 

moviyvanoT hipoTezis Semowmeba ucnobi m  parametrisaTvis zemoT 

moyvanili sqemis mixedviT. 

1) ZiriTadi da alternatiuli hipoTza: 

ormxrivi:  0H : 0mm  ,   1H : 0mm  . 

marjvena calmxrivi:  0H : 0mm  ,  1H : 0mm  . 

marcxena calmxrivi:  0H : 0mm  ,  1H : 0mm  . 

2) kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(0 N

n

mX
Z n 





, 

sadac 



n

i

in X
n

X
1

1
 SerCeviTi saSualoa; 

3) mniSvnelovnobis done:  . 

4) kriteriumis mniSvneloba: 

n

mx
VT


0..


 . 

5) kritikuli wertili (wertilebi) da kritikuli are: 

ormxrivi:  
2

.. zVC  ,    );[];(..
22

  zzRC ; 

marjvena calmxrivi:  zVC .. ,  );[..  zRC ; 

marcxena calmxrivi:  zVC .. , ];(.. zRC  . 

aq 
2

z  ( z ) _ standartuli normaluri ganawilebis zeda 
2

  ( ) 

kritikuli wertilia. 
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6) gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

SevniSnoT, rom roca SerCeva miRebulia ara normaluri 

populaciidan, magram SerCevis moculoba n  sakmaod didia ( n >30), 

centraluri zRvariTi Teoremis ZaliT, 
nX  SemTxveviTi sidide 

miaxloebiT normaluradaa ganawilebuli, ris gamoc statistikuri 

hipoTezebis Semowmebis zemoT moyvanili kriteriumebi am SemTxvevaSic 

gamoiyeneba. 

amocana 1. meteorologis azriT qalaqSi qaris saSualo siCqarea 8 

km/sT. SemTxveviT SerCeuli 32 dRis monacemebiT qaris saSualo siCqare 

aRmoCnda 8,2 km/sT, xolo Sesworebuli standartuli gadaxra ki 0,6 km/sT. 

05,0  mniSvnelovnobis doniT gvaqvs Tu ara safuZveli daveTanxmoT 

meteorologs? 

amoxsna. ZiriTadi da alternatiuli hipoTza: 

0H : 8m ,   1H : 8m . 

kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(0 N

n

mX
Z 





; 

mniSvnelovnobis done: 0,05; 

kriteriumis mniSvneloba: 

.89,1

32

6,0

82,8
.. 


VT  

kritikuli wertilebi  da kritikuli are: 

96,1.. 025,0
2

 zzVC  ;     

);96,1[]96,1;(.. RC ; 

gadawyvetileba: vinaidan .... RCVT  , amitom 0H  ar unda uarvyoT, anu ar 

gvaqvs sakmarisi safuZveli, rom ar gaviziaroT meteorologis azri. 

 amocana 2. mkvlevars  surs Seamowmos hipoTeza, rom maSvelebis 

saSualo asaki 24 welze metia. man SemTxveviT SearCia 36 maSveli da 

daadgina, rom maTi saSualo asaki iyo 24,7 weli, xolo Sesworebuli 
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standartuli gadaxra 2 weli. gvaqvs Tu ara sakmarisi safuZveli 

hipoTezis misaRebad 05,0  mnisvnelovnobis doniT? 

 amoxsna. ZiriTadi da alternatiuli hipoTza: 

0H : 24m ,   1H : 24m . 

kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(0 N

n

mX
Z 





; 

mniSvnelovnobis done: 0,05; 

kriteriumis mniSvneloba: 

.1,2

36
2

247,24
.. 


VT  

kritikuli wertilebi  da kritikuli are: 

64,1.. 05,0  zzVC  ;     

);64,1[.. RC ; 

gadawyvetileba: vinaidan .... RCVT  , amitom 0H   unda uarvyoT, anu  gvaqvs 

sakmarisi safuZveli imisa, rom maSvelis saSualo asaki metia 24 welze. 

 

 $28.3. hipoTezis Semowmeba normaluri ganawilebis maTematikuri 

lodinis Sesaxeb ucnobi dispersiis SemTxvevaSi. populacias aqvs 

normaluri ganawileba ),( 2mNX  , sadac m  da 2  ucnobia. nXXX ,...,, 21  

SerCeviTi erTobliobaa populaciidan.  

1) ZiriTadi da alternatiuli hipoTza: 

ormxrivi:  0H : 0mm  ,   1H : 0mm  . 

marjvena calmxrivi:  0H : 0mm  ,  1H : 0mm  . 

marcxena calmxrivi:  0H : 0mm  ,  1H : 0mm  . 

2) kriteriumis statistika da misi ganawilebis kanoni: 

)1(0 



 nt

n

S

mX
T

n

n , 

sadac 



n

i

in X
n

X
1

1
 _ SerCeviTi saSualoa, xolo 2

1

)(
1

1
n

n

i

in XX
n

S 


 


 

_Sesworebuli SerCeviTi standartuli gadaxra; 
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3) mniSvnelovnobis done:  . 

4) kriteriumis mniSvneloba: 

n
s

mx
VT




 0.. . 

5) kritikuli wertili (wertilebi) da kritikuli are: 

ormxrivi:  
2

;1
.. 


n

tVC ;  );[];(..
2

;1
2

;1


  nn
ttRC ;  

marjvena calmxrivi:  ;1..  ntVC ,  );[.. ;1   ntRC ; 

marcxena calmxrivi:  ;1..  ntVC ,  ];(.. ;1 ntRC . 

aq
2

;1n
t  ( ;1nt ) _ stiudentis ganawilebis zeda 

2
  ( ) kritikuli 

wertilia 1n  Tavisuflebis xarisxiT. 

6) gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

 SevniSnoT, rom aRniSnuli kriteriumi gamoiyeneba, roca n <30. 

rodesac n  izrdeba, rogorc viciT, stiudentis ganawileba swrafad 

uaxlovdeba standartul normalur ganawilebas, ris gamoc ganawilebis 

kritikuli aris mosaZebnad sargebloben standartuli normaluri 

ganawilebiT.  

amocana 3. jadacvis ministris mtkicebiT eqimis saSualo wliuri 

Semosavali Seadgens 24000 lars. SemTxveviT SerCeuli 10  eqimis wliuri 

Semosavlis saSualo aRmoCnda 23450 lari, xolo Sesworebuli 

standartuli gadaxra ki 400 lari. gvaqvs Tu ara sakmarisi safuZveli 

ministris mtkicebis uarsayofad 05,0  mnivnelovnobis doniT? 

amoxsna. ZiriTadi da alternatiuli hipoTza: 

0H : 24000m ,   1H : 24000m . 

kriteriumis statistika da misi ganawilebis kanoni: 

)1(0 



 nt

n

S

mX
T

n

n ; 

mniSvnelovnobis done: 05,0 ; 

kriteriumis mniSvneloba: 
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;35,4

10
400

2400023450
.. 0 









n
s

mx
VT . 

kritikuli wertilebi da kritikuli are: 

262,2.. 025,0;9
2

;1



ttVC

n  ,    );262,2[]262,2;(.. RC ; 

gadawyvetileba: radgan .... RCVT  , amitom 0H  hipoTezas uarvyofT, anu 

gvaqvs sakmarisi safuZveli ministris mtkicebis uarsayofad. 

amocana 4. eqimebis azriT morbenali adamiani ufro met Jangbads 

moixmars vidre saSualod yvela adamiani. SemTxveviT SerCeuli 15 

morbenalisaTvis Jangbadis moxmarebis saSualo iyo 40,6 ml/kg, xolo 

Sesworebuli standartuli gadaxra ki 6 ml/kg. Tu yvela adamianis 

saSualo moxmareba Seadgens 36,7 ml/kg, gvaqvs Tu ara sakmarisi 

safuZveli davujeroT eqimebs 05,0  mniSvnelovnobis doniT? 

amoxsna. ZiriTadi da alternatiuli hipoTza: 

0H : 7,36m ,   1H : 7,36m ; 

kriteriumis statistika da misi ganawilebis kanoni: 

)1(0 



 nt

n

S

mX
T

n

n ; 

mniSvnelovnobis done: 05,0 ; 

kriteriumis mniSvneloba: 

;517,2

15
6

7,366,40
.. 0 









n
s

mx
VT . 

kritikuli  wertili da kritikuli are: 

761,1.. 05,0;14;1  ttVC n  ,    );761,1[.. RC ; 

gadawyvetileba: radgan .... RCVT  , amitom 0H  hipoTezas uarvyofT, 

anu gvaqvs sakmarisi safuZveli gaviziroT eqimebis mtkicebuleba. 

 

$28.4. hipoTezis Semowmeba normaluri populaciis 

dispersiisaTvis ucnobi saSualos SemTxvevaSi. vTqvaT, populacias, 

romelsac aRwers X  SemTxveviTi sidide, aqvs normaluri ganawileba 

),( 2mNX  , sadac 2  dispersia da m  maTamatikuri lodini ucnobebia. 
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nXXX ,...,, 21  SerCeviTi erTobliobaa populaciidan. moviyvanoT hipoTezis 

Semowmeba ucnobi 2  parametrisaTvis : 

1) ZiriTadi da alternatiuli hipoTza: 

ormxrivi:  0H : 2

0

2   ,   
1H : 2

0

2   . 

marjvena calmxrivi:  0H : 2

0

2   ,  
1H : 2

0

2   . 

marcxena calmxrivi:  0H : 2

0

2   ,  
1H : 2

0

2   . 

2) kriteriumis statistika da misi ganawilebis kanoni: 

)1(
)1( 2

2

0

2

2 


 n
Sn n 


 ; 

sadac 2

1

2
)(

1

1
n

n

i

in XX
n

S 


 


 Sesworebuli SerCeviTi dispersiaa; 

3) mniSvnelovnobis done:  . 

4) kriteriumis mniSvneloba: 

2

0

2)1(
..



nsn
VT


 ; 

5) kritikuli wertili (wertilebi) da kritikuli are: 

ormxrivi:    2

2
1;11.. 



n

VC  da   2

2
;12.. 




n
VC ;  );[];0(.. 2

2
;1

2

2
1;1


  

nn
RC ;  

marjvena calmxrivi:  2

;1..   nVC ,     ;.. 2

;1nRC ; 

marcxena calmxrivi:  2

1;1..   nVC ,   2

1;1;0..   nRC . 

aq 2

;1 n  _ xi-kvadrat ganawilebis zeda   kritikuli wertilia 1n  

Tavisuflebis xarisxiT; 

6) gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

amocana 5. sigaretis kompanias surs Seamowmos hipoTeza, rom mis 

sigaretSi nikotinis Semcvelobis dispersia aris 0.644. nikotinis 

Semcveloba izomeba miligramebSi da igulisxmeba, rom is normalurad 

ganawilebulia. 20 sigaretisgan aRebuli SerCevis Sesworebuli 

standaetuli gadaxraa 1 miligrami. 05,0  mniSvnelovnobis doniT 

gvaqvs Tu ara sakmarisi safuZveli uarvyoT kompaniis hipoTeza? 

amoxsna. ZiriTadi da alternatiuli hipoTza: 
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0H : 644,02  ,   
1H : 644,02  . 

kriteriumis statistika da misi ganawilebis kanoni: 

)1(
)1( 2

2

0

2

2 


 n
Sn n 


 ; 

mniSvnelovnobis done: 05,0 . 

kriteriumis mniSvneloba: 

5,29
644,0

1)120()1(
..

2

2

0

2










nsn
VT ; 

kritikuli wertilebi da kritikuli are: 

  907,8.. 2

975,0;19

2

2
1;11 


 n
VC da   852,32.. 2

025,0;19

2

2
;12 


 n

VC  ; 

)  ;852,32[]907,8  ;0(.. RC ; 

gadawyvetileba: radgan .... RCVT  , amitom 0H  ar unda uarvyoT. e.i. 

ar gvaqvs sakmarisi safuZveli uarvyoT kompaniis mosazreba. 

amocana 6. profesors surs Tavis jgufSi, sadac 23 studentia, 

gaarkvios qulebis cvalebadoba aris Tu ara naklebi, vidre populaciis 

dispersia 225. profesoris jgufSi qulebis Sesworebuli dispersiaa 198. 

05,0 mniSvnelovnobis doniT gvaqvs Tu ara sakmarisi safuZveli 

vamtkicoT, rom profesoris jgufSi qulebis cvalebadoba naklebia 

populaciis dispersiaze? CaTvaleT, rom qulebi normaluradaa 

ganawilebuli. 

amoxsna. ZiriTadi da alternatiuli hipoTza: 

0H : 2252  ,   1H : 2252  . 

kriteriumis statistika da misi ganawilebis kanoni: 

)1(
)1( 2

2

0

2

2 


 n
Sn n 


 ; 

mniSvnelovnobis done: 05,0 . 

kriteriumis mniSvneloba: 

36,19
225

198)123()1(
..

2

0

2










nsn
VT ; 

kritikuliwertili da kritikuli are: 

338,12.. 2

95,0;22

2

1;1    nVC ,  

 338,12   ;0.. RC . 
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gadawyvetileba: radgan .... RCVT  , amitom 0H  ar unda uarvyoT anu 

ar gvaqvs sakmarisi safuZveli imisaTvis, rom profesoris jgufSi 

qulebis cvalebadoba naklebia populaciis dispersiaze. 

 

$28.5.hipoTezaTa Semowmeba ucnobi albaTobisaTvis (ucnobi 

proporciisaTvis) bernulis sqemaSi. populacia bernulisaa ucnobi p  

albaTobiT (proporciiT). moviyvanoT hipoTezis Semowmebis sqema: 

1) ZiriTadi da alternatiuli hipoTza: 

ormxrivi:  0H : 0pp  ,   
1H : 0pp  . 

marjvena calmxrivi:  0H : 0pp  ,  1H : 0pp  . 

marcxena calmxrivi:  0H : 0pp  ,  1H : 0pp  . 

2) kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(
)1(

.

00

0 N
npp

pW
Z

as
n 



 , 

aq 
n

S
W n

n  , sadac 



n

i

in XS
1

 ( 1iX , Tu i -ur cdaSi moxda warmateba, da 

0iX  Tu i -ur cdaSi moxda warumatebloba); 

3) mniSvnelovnobis done:  . 

4) kriteriumis mniSvneloba: 

npp

pw
VT n

)1(
..

00

0




 ; 

5) kritikuli wertili (wertilebi) da kritikuli are: 

ormxrivi:  
2

.. zVC  ,    );[];(..
22

  zzRC ;  

marjvena calmxrivi:  zVC .. ,  );[..  zRC ; 

marcxena calmxrivi:  zVC .. ,  ];(.. zRC  . 

aq
2

z  ( z ) _ standartuli normaluri ganawilebis zeda 
2

  ( ) 

kritikuli wertilia. 

6) gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

amocana 7. marketinguli kompaniis mtkicebiT kompaniis mier 

gagzavnili eleqtronuli werilebidan 8%-ze Rebulobs pasuxebs. am 
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mtkicebulebis Sesamowmeblad SemTxveviT SerCeul 500 adresats 

gaegzavna eleqtronuli werili da maTgan 25-ma gamoagzavna pasuxi. 

SeamowmeT Sesabamisi hipoTeza 0,05-is toli  mniSvnelovnobis doniT. 

 amoxsna. sanam gadavalT hipoTezis Semowmebaze, manam amovweroT 

zogierTi mocemuloba:  08,0
100

8
0 p ;  ;500n ;25nS 05,0

500

25
nw . 

ZiriTadi da alternatiuli hipoTza: 

0H : 08,0p ,   1H : 08,0p . 

 kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(
)1(

.

00

0 N
npp

pW
Z

as
n 



 , 

mniSvnelovnobis done: 05,0 . 

kriteriumis mniSvneloba: 

47,2
500)08,01(08,0

08,005,0
.. 




VT ; 

kritikuli wertilebi  da kritikuli are: 

96,1.. 25,0
2

 zzVC  ,    );96,1[]96,1;(.. RC ;  

gadawyvetileba:radgan kriteriumis mniSvneloba .... RCVT  , amitom 0H  

hipoTezas uarvyofT, e.i. marketinguli kompaniis mtkiceba arasworia. 

amocana 8. prokuroris mtkicebiT advokatebis 25%-ze meti iyenebs 

reklamas. 200 SemTxveviT SerCeul advokatze dakvirvebam aCvena, rom 63 

maTgani ama Tu im formiT iyenebda reklamas. 05,0 mniSvnelovnobis 

doniT gvaqvs Tu ara sakmarisi safuZveli gaviziaroT prokuroris 

mtkicebuleba? 

amoxsna.mocemulia:  

25,00 p ;  ;200n ;63nS 315,0
200

63
nw . 

ZiriTadi da alternatiuli hipoTza: 

0H : 25,0p ,   1H : 25,0p . 

 kriteriumis statistika da misi ganawilebis kanoni: 

)1,0(
)1(

.

00

0 N
npp

pW
Z

as
n 



 , 

mniSvnelovnobis done: 05,0 . 
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kriteriumis mniSvneloba: 

12,2
20075,025,0

25,0315,0
.. 




VT ; 

kritikuli wertili  da kritikuli are: 

64,1.. 05,0  zzVC  ,    );64,1[.. RC ; 

gadawyvetileba: radgan kriteriumis mniSvneloba .... RCVT  , amitom 

0H  hipoTezas uarvyofT damaSasadame gvaqvs sakmarisi safuZveli 

gaviziaroT prokuroris mosazreba. 

 

$28.6. damoukideblobis Semowmebis xi-kvadrat kriteriumi. 

mowmdeba erTi populaciis ori sxvadasxva A  da B  niSnis erTmaneTTan 

damokidebulebis sakiTxi. A  niSani iyofa R  kategoriad, xolo B  niSani 

_ C  kategoriad. 

ZiriTadi da alternatiuli hipoTza: 

0H : A  da B  niSnebi damoukidebelia; 

1H : A  da B  niSnebi damokidebulia. 

mniSvnelovnobis done:  . 

kriteriumis statistika: xi-kvadrati. 

kriteriumis mniSvneloba: 

 





ji ji

jiji

e

eo
VT

, ,

2

,,
.. , 

sadac 
jio ,
 _ dakvirvebuli sixSireebia, xolo jie ,  ki mosalodneli 

sixSireebi, romlebic ase ganisazRvrebian: 



 


ji ji

i j jiji

ji
o

oo
e

, ,

,,

, . 

SezRudva: yvela 5, jie , winaaRmdeg SemTxvevaSi unda moxdes 

kategoriis gaerTianeba sxva kategoriasTan ise, rom gaerTianebuli 

kategoriis mosalodneli sixSire gaxdes meti an toli 5-is. 

kritikuli wertili: 

2

;.. kVC  , 

sadac Tavisuflebis xarisxi )1()1(  CRk . 

kritikuli are: 



 

 434 

  ;.. 2

;kRC . 

gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

amocana 9. mkvlevars ainteresebs aris Tu ara kavSiri adamianis 

sqessa da mis mier miRebuli alkoholis raodenobas Soris. SemTxveviT 

SerCeuli 68 adamianisaTvis miRebuli monacemebis mixedviT, 1,0  

mniSvnelovnobis doniT, SeuZlia Tu ara mkvlevars daaskvnas, rom 

miRebuli alkoholis raodenoba dakavSirebulia sqesTan? 

 

sqesi 

alkoholis miRebis done  

jami dabali saSualo maRali 

mamrob. 10 9 8 27 

mdedrob. 13 16 12 41 

jami 23 25 20 68 

 

amoxsna. ZriTadi da alternatiuli hipoTza: 

0H : miRebuli alkoholis raodenoba damoukidebelia adamianis 

sqesisagan; 

1H : alkoholis raodenoba damokidebulia adamianis sqesisagan; 

mniSvnelovnobis done: 1,0 . 

gamovTvaloT  mosalodneli sixSireebi: 

13,9
68

2327
1,1 


e ;       93,9

68

2527
2,1 


e ;     94,7

68

2027
3,1 


e ; 

87,13
68

2341
1,2 


e ;      07,15

68

2541
2,2 


e ;     06,12

68

2041
3,2 


e . 

TvalsaCinoebisaTvis mosalodneli sixSireebi SeiZleba CavweroT 

frCxilebSi cxrilis Sesabamis ujrebSi: 

 

sqesi 

alkoholis miRebis done  

jami dabali saSualo maRali 

mamrob. 10 (9,13) 9 (9,93) 8 (7,94) 27 

mdedrob. 13 (13,87) 16 (15,07) 12 (12,06) 41 

jami 23 25 20 68 
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gamovTvaloT kriteriumis mniSvneloba: 

 

283,0
06,12

)06,1212(

07,15

)07,1516(

87,13

)87,1313(

94,7

)94,78(

93,9

)93,99(

13,9

)13,910(
..

22

222

, ,

2

,,

























ji ji

jiji

e

eo
VT

 

kritikuli wertili: aq Tavisuflebis xarisxia 

2)13()12()1()1(  CRk , amitom 

605,4.. 2

1,0;2

2

;   kVC . 

kritikuli are: 

 

   ;605,4..RC . 

gadawyvetileba: radgan .... RCVT  , amitom 0H -is uaryofis safuZveli 

ar gvaqvs anu ar arsebobs sakmarisi safuZveli vamtkicoT, rom 

alkoholis moxmareba damokidebulia sqesze. 

 

$28.7. erTgvarovnebis Semowmebis xi-kvadrat kriteriumi. mowmdeba 

populaciaTa erTgvarovnebis hipoTeza, romelic ekvivalenturia 

hipoTezisa imis Sesaxeb, rom ama Tu im niSnis proporciebi sxvadasxva 

populaciebSi erTi da igivea. 

ZiriTadi da alternatiuli hipoTza: 

0H : proporciebi erTi da igivea (populaciebi erTgvarovania); 

1H : proporciebi ar aris erTi da igive (populaciebi araerTgvarovania);      

mniSvnelovnobis done:  . 

kriteriumis statistika: xi-kvadrati. 

kriteriumis mniSvneloba: 

 





ji ji

jiji

e

eo
VT

, ,

2

,,
.. , 

sadac 
jio ,
 _ dakvirvebuli sixSireebia, xolo jie ,  ki mosalodneli 

sixSireebi, romlebic ase ganisazRvrebian: 



 


ji ji

i j jiji

ji
o

oo
e

, ,

,,

, . 
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SezRudva: yvela 5, jie , winaaRmdeg SemTxvevaSi unda moxdes 

kategoriis gaerTianeba sxva kategoriasTan ise, rom gaerTianebuli 

kategoriis mosalodneli sixSire gaxdes meti an toli 5-is. 

kritikuli wertili: 

2

;.. kVC  , 

Tavisuflebis xarisxi )1()1(  CRk , sadac R  warmoadgens populaciaTa 

(SerCevaTa) raodenobas, xolo  C  _ populaciaTa (SerCevaTa) klasebis 

raodenobas. 

kritikuli are: 

  ;.. 2

;kRC . 

gadawyvetilebis miRebis wesi: Tu kriteriumis mniSvneloba 

.... RCVT  , maSin 0H  hipoTezas uarvyofT, winaaRmdeg SemTxvevaSi amis 

safuZveli ar gvaqvs. 

amocana 9. sami qarxana uSvebs erTi da igive dasaxelebis detalebs. 

am qarxnebidan aRebulia Sesabamisad 250, 200 da 150 detali, romelTagan 

arastandartuli aRmoCnda Sesabamisad 10, 9 da 11 detali. SevamowmoT 

hipoTeza aRniSnul SerCevaTa erTgvarovnebis Sesaxeb 1,0  

mniSvnelovnobis doniT. 

amoxsna. pirvel rigSi, SevadginoT SerCevaTa SeuRlebis cxrili: 

 

 standartuli arastandartuli jami 

I qarxana 240 10 250 

II qarxana 191 9 200 

III qarxana 139 11 150 

jami 570 30 600 

 

ZiriTadi da alternatiuli hipoTza: 

0H : SerCevebi erTgvarovania; 

1H : SerCevebi ar aris erTgvarovani; 

mniSvnelovnobis done: 1,0 . 

gamovTvaloT mosalodneli sixSireebi: 

5,297
600

570250
1,1 


e ;       5,12

600

30250
2,1 


e ;     190

600

570200
1,2 


e ; 
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10
600

30200
2,2 


e ;      5,142

600

570150
1,3 


e ;     5,7

600

30150
2,3 


e . 

mosalodneli sixSireebi CavweroT frCxilebSi cxrilis Sesabamis 

ujrebSi: 

 

 standartuli arastandartuli jami 

I qarxana 240 (997,5) 10 (12,5) 250 

II qarxana 191 (190) 9 (10) 200 

III qarxana 139 (142,5) 11 (7,5) 150 

jami 570 30 600 

 

kriteriumis mniSvneloba: 

 

.36,2
5,7

)5,711(

5,142

)5,142139(

10

)109(

190

)190191(

5,12

)5,1210(

5,237

)5,237240(
..

22

222

, ,

2

,,

























ji ji

jiji

e

eo
VT

 

kritikuli wertili:  

605,4.. 2

1,0;2)12()13(

2

;    kVC . 

kritikuli are: 

 

   ;605,4..RC . 

gadawyvetileba: radgan .... RCVT  , amitom 0H -is uaryofis safuZveli 

ar gvaqvs anu SerCevebi erTgvarovania. 

 

SeamowmeT Teoriuli masalis codna Semdegi kiTxvebis saSualebiT: 

 

 CamoayalibeT hipoTezis Semowmebis zogadi sqema. 

 rogor xdeba hipoTezis Semowmeba normaluri populaciis 

maTematikuri lodinisaTvis cnobili dispersiis SemTxvevaSi? 

 rogor xdeba hipoTezis Semowmeba normaluri populaciis 

maTematikuri lodinisaTvis ucnobi dispersiis SemTxvevaSi? 

 aRwereT hipoTezis Semowmeba normaluri populaciis 

dispersiisaTvis ucnobi saSualos SemTxvevaSi. 
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 aRwereT hipoTezis Semowmeba bernulis sqemaSi ucnobi 

albaTobisaTvis (ucnobi proporciisaTvis). 

 CamoayalibeT damoukideblobis Semowmebis xi-kvadrat kriteriumi. 

 CamoayalibeT erTgvarovnebis Semowmebis xi-kvadrat kriteriumi. 

 

savarjiSo 27 

1. statistikis departamentis monacemebiT dedaqalaqSi sastumros 

erTi nomris saSualo Rirebuleba Seadgens 69,21 lars. Aam hipoTezis 

Sesamowmeblad mkvlevarma SemTxveviT SearCia sastumros 30 nomeri da 

daadgina, rom maTi saSualo Rirebulebaa 68,43 lari, xolo Sesworebuli 

standartuli gadaxra ki 3,72 lari. 05,0  mniSvnelovnobis doniT 

gvaqvs Tu ara sakmarisi safuZveli uarvyoT hipoTeza? 

2. samgzavro TviTmfrinavis saSualo asaki Seadgens 14 wels. Ddidi 

aviakompaniis SemTxveviT SerCeuli 36 TviTmfrinavis saSualo asaki 

aRmoCnda 11,8 weli, xolo Sesworebuli standartuli gadaxra ki 2,7 

weli. 01,0 mniSvnelovnobis doniT SegviZlia Tu ara davaskvnaT, rom am 

kompaniis TviTmfrinavebis saSualo asaki naklebia vidre populaciis 

saSualo asaki. 

3. Ffirmis menejeris mtkicebiT ganaTebis muSaobis saSualo 

xangrZlivobaa 36 Tve. standartuli gadaxra Seadgens 8 Tves. SemTxveviT 

SerCeuli 50 ganaTebis muSaobis saSualo xangrZlivoba aRmoCnda 32 Tve. 

SeiZleba Tu ara am mtkicebis uaryofa 01,0  mniSvnelovnobis doniT? 

4. Ddekanatis mtkicebiT studentebis saxelmZRvaneloebis saSualo 

fasi metia 27,5 larze. SemTxveviT SerCeuli 50 saxelmZRvanelos saSualo 

fasi aRmoCnda 39,3 lari, xolo Sesworebuli standartuli gadaxra ki 5 

lari. 05,0  mniSvnelovnobis doniT unda ukuvagdoT Tu ara ZiriTadi 

hipoTeza? 

5. uZravi qonebis agentis mtkicebiT dedaqalaqSi mcire biznesis 

ofisis xarjebis saSualoa 800 lari. SemTxveviT SerCeuli 10 mcire 

biznesisaTvis ofisis xarjebis saSualom Seadgina 863 lari, xolo 

Sesworebuli standartuli gadaxra iyo 20 lari. 05,0  

mniSvnelovnobis doniT gvaqvs Tu ara sakmarisi safuZveli ukuvagdoT 

uZravi qonebis agentis mtkicebuleba? 
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6. Tbilgazis mtkicebiT mcire kompaniebis gazis saSualo danaxarji 

TveSi ar aRemateba 350 lars. Kkompaniebis mflobelebi ki eWvoben, rom 

gazis danaxarji ufro metia. SemTxveviT SeirCa 12 mcire kompania da 

aRmoCnda, rom maTi saSualo danaxarji iyo 358 lari, xolo Sesworebuli 

standartuli gadaxra ki 16 lari. SeamowmeT hipoTeza imis Sesaxeb, rom 

05,0  mniSvnelovnobis doniT gazis saSualo danaxarji metia 350 

larze. 

7. 05,0  mniSvnelovnobis doniT SeamowmeT hipoTeza imis Sesaxeb, 

rom raionebSi manqanis garecxvis saSualo fasia 3 lari, Tu cnobilia, 

rom SemTxveviT SerCeul 5 raionSi manqanis garecxvis saSualo fsi iyo 

3,7 lari, xolo Sesworebuli standartuli gadaxra ki 0,3 lari. 

8. studentebis azriT SabaTi saRamos barSi gatareba saSualod ar 

unda dajdes 30 larze meti. TavianTi mosazrebis Sesamowmeblad maT 

SemTxveviT Seamowmes 16 studenti da SeekiTxen Tu ramdeni daxarjes 

gasul SabaT saRamos barSi. aRmoCnda, rom SerCeviTi saSualo aris 31,17 

lari, xolo Sesworebuli standartuli gadaxra ki 5,51 lari. 05,0

mniSvnelovnobis doniT gvaqvs Tu ara safuZveli daveTanxmoT 

studentebis mosazrebas? 

9. SerCeuli iqna 18 TiTo kilogramiani Saqris fuTa. Aawonvis 

Sedegad aRmoCnda, rom Sesworebuli SerCeviTi dispersia Seadgens 6,5-s. 

01,0  mniSvnelovnobis doniT SeamowmeT hipoTeza imis Sesaxeb, rom 

populaciis dispersia metia 6,2-ze. 

10.  Kkompaniis menejeris mtkicebiT maT mier gamoSvebul iogurTSi 

Saqris Semcvelobis dispersia ar aRemateba 25 grams. SemTxveviT SerCeul 

20 iogurTSi gazomes Saqris Semcveloba da aRmoCnda, rom Sesworebuli 

SerCeviTi dispersia tolia 36-is. 1,0  mniSvnelovnobis doniT SeiZleba 

Tu ara am mtkicebulebis uaryofa? 

11.  wina kvlevebis Tanaxmad mkvlevari Tvlis, rom pirvelkursel 

studentTa asakis dispersia Seadgens 1,6-s. SemTxveviT SerCeuli 20 

pirvelkurselis asakis Sesworebuli SerCeviTi dispersia aRmoCnda 2,3. 

05,0  mniSvnelovnobis doniT aris Tu ara pirvelkurselTa asakis 

dispersia 1,6-ze meti? 

12. Kkriminalistebis kvlevis mixedviT xanZrebis sul cota 40% 

gamowveulia axalgazrdebis mier. Mmkvlevaris dakvirvebis mixedviT 80 
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xanZridan 30 gamowveuli iyo axalgazrdebis mier. 1,0 mniSvnelovnobis 

doniT gvaqvs Tu ara sakmarisi safuZveli ukuvagdoT kriminalistebis 

mosazreba? 

13. Uukanaskneli kvlevebis mixedviT aviakatastrofaSi moyolili 

adamianebis araumetes 32% iRupeba. 100 adamianisagan Semdgar SerCevaSi, 

romlebic moyvnen aviakatastrofaSi, 38 daiRupa. 05,0 mniSvnelovnobis 

doniT unda uarvyoT Tu ara kvlevis Sedegi? 

14. Uukanaskneli kvlevis mixedviT pirvelkurseli studentebis sul 

cota 15% Warbwoniania. 80 SemTxveviT SerCeul pirvelkursels Soris 9 

aRmoCnda Warbwoniani. 05,0 mniSvnelovnobis doniT gvaqvs Tu ara 

sakmarisi safuZveli uarvyoT kvlevis Sedegi? 

15.  Kkriminalistebis mixedviT mkvlelobebis 10% Cadenilia qalebis 

mier. Gvaqvs Tu ara sakmarisi safuZveli 01,0  mniSvnelovnobis doniT 

ukuvagdoT es mtkicebuleba, Tu 67 SemTxveviT SerCeuli mkvlelobidan 10 

aRmoCnda qalebis mier Cadenili? 

16.  swavloben aris Tu ara kavSiri sportsa da sisxlis wnevas 

Soris. SemTxveviT SerCeuli 210 adamianis qvemoT moyvanili monacemebis 

mixedviT, 05,0  mniSvnelovnobis doniT, SeamowmeT hipoTeza imis 

Sesaxeb, rom sporti da wneva ar aris damokidebuli. 

 sisxlis wneva 

dabali saSualo maRali 

sportsmeni 34 57 21 

arasportsmeni 15 63 20 

 
17. Aaxali preparatis gamokvlevis mizniT SerCeuli iqna pacientTa 

ori jgufi, romelTagan erTs aZlevdnen axal preparats, xolo meores ki 

placebos. qvemoT moyvanili kvlevis Sedegebis mixedviT, 1,0  

mniSvnelovnobis doniT, SeiZleba Tu ara davaskvnaT, rom preparati 

efeqturia? 

 efeqturi araefeqturi 

Ppreparati 32 9 

placebo 12 18 
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18. wignis gamomcemels ainteresebs aris Tu ara gansxvaveba 

mamakacebisa da qalebis mier wasakiTxad arCeul wignebs Soris. qvemoT 

moyvanili monacemebis mixedviT, 05,0  mniSvnelovnobis doniT, 

SeamowmeT hipoTeza imis Sesaxeb, rom arCeuli wignis tipi 

damoukidebelia mkiTxvelis sqesisagan. 

 mistika romani deteqtivi 

mamrobiTi 243 201 191 

mdedrobiTi 135 149 202 

 

19. gamokiTxuli iqna 100-100 adamiani qveynis oTxive kuTxeSi. maT 

dausves kiTxva: “aqvT Tu ara mudmivi samuSao”. 1,0  mniSvnelovnobis 

doniT SeamowmeT hipoTeza imis Sesaxeb, rom proporciebi im adamianebis, 

romelTac aqvT mudmivi samuSao tolia qveynis oTxive kuTxeSi. 

 aRmosavleTi dasavleTi CrdiloeTi samxreTi 
Ddiax 43 39 22 28 
ara 57 61 78 72 

 
20. sasursaTo maRaziebis qselis mepatrones surs daadginos misi 

maRaziebis momxmareblebi maRaziaSi wasvlamde winaswar adgenen Tu ara 

saWiro produqtebis sias. am mizniT gamokiTxul iqna 288 momxmarebeli. 

1,0 mniSvnelovnobis doniT SeamowmeT hipoTeza imis Sesaxeb, rom 

proporciebi im momxmareblebis, romlebic maRaziaSi wasvlamde adgenen 

SesaZeni produqtebis sias tolia samive maRaziisaTvis. 

 I maRazia II maRazia III maRazia 

Aadgens sias 77 74 68 

Aar adgens sias 19 22 28 
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)(x  _ standartuli normaluri ganawilebis funqciis mniSvnelobebi 

 
 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359 
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753 
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141 
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517 
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879 
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224 
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549 
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852 
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621 
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830 
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177 
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319 
1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441 
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545 
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633 
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706 
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767 
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817 
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857 
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890 
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916 
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936 
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952 
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964 
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974 
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990 
 
 
 
 

 
standartuli normaluri ganawilebis zeda  -kritikuli wertilebis, 

z -s mnisvnelobebi 

 
 
 

  0.1 0.05 0.025 0.125 0.01 0.005 0.0025 0.001 

z  1.28 1.64 1.96 2.24 2.33 2.57 2.81 3.08 
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2  (ხი-კვადრატ) ganawilebis zeda  -kritikuli wertilebi, 2

, n  
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t  (სტიუდენტის) ganawilebis zeda   -kritikuli wertilebi, ,nt  
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43 Q ; 5. a) 61 P ; 32 P ; 63 P ; b) 5501 Q ; 502 Q ; 2003 Q ;  



 454 

6. a) 






 
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 3232   ;  x;32 xxx  ; T) (1; 2; 3); i) 






 
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375; b) 369,86%; 6. a) 94 da 95; b) 94; 7. a) 92; 93; b) 151; 148; nakianisTvis: 
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g) 55540,60; d) 26467,12; 91. A  proeqti. 

 

savarjiSo 8 

1. 1) 0; 2) 0; 3)  ; 4)  ; 5)
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3. 1) 6)3(min y ;  2) 12)4(min y ;  3) 5)0(min y , 4)1(max y ;  
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3) horizontaluri asimptoti ar aqvs, daxrili asimptotia 23  xy ; 

4) horizontaluri asimptoti ar aqvs, daxrili asimptotia 53  xy ;  

8. 5 da 5; 9. 100S ;  10. 5 da 5;  11. 6250000y   ,250 x ;  12. a) 40; b) 

Tu siCqare izrdeba 40 km/sT-mde sawvavis danaxarji mcirdeba, xolo 

40 km/sT- dan 200km/sT-mde _ izrdeba; 13. a) 12 sT;  b) 0 sT-dan 12 sT-

mde moxmareba izrdeba, xolo 12 sT-dan 24 sT-mde – klebulobs;  

14. 5x  

savarjiSo 12 

1. 1) xf x 2 , yf y 2 , ydyxdxyxdf 22);(  ;  2) 32xyyf x  , 

322 43 yyxxf y  ,    dyyyxxdxxyxyxdf 3223 433);(  ; 3) 23 66 xxyf x  , 

322 126 yyxf y  ;  4) 542 26 yyxf x  , 433 108 xyyxf y  ;   

5) 
 232

225 33

yx

yxy
f x




 , 

 232

43 36

yx

xyyx
f y




 ;  6) 

2

22 12

x

yx
f x


 ,  

2

3 14

x

xy
f y


 ;  

7)     22423 36325 yyxxyyxf x  ,    xyxxyyxf y 62325 3423  ;    

8)    32323 222  yyxxyf x ,    222323
22  xyyxxyf y ;  
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9)  yxef xyx

x   4
22 ,   yef xyx

y  22 ;  10) 
32336 yx

x exyf  , 
323229 yx

y eyxf  ; 

11) 
yx

x
f x




2

2
,  

22

2 2

yyx

yx
f y




 ;  12) 

  3ln3

33
23

22

xyx

yx
f x




 , 

  3ln3

2
23

2

xyx

yx
f y


 ;  

13)    xyyyxxyf x 4323cos 222  ,     222 2623cos xxyyxxyf y  ;   

14) )sin(2 22 yxxf x  ,  )sin(2 22 yxyf y  ; 15) 
yx

xy
f x 22cos

2
 ,  

yx

x
f x 22

2

cos
 ;  

16) 
221 yx

y
f x


 ,  

221 yx

x
f y


 ;  17) 

64

3

1

2

yx

xy
f x


 ,  

64

22

1

3

yx

yx
f y


 ;       

18) )2cos(26 23 yxxyf x  ,  )2cos(29 222 yxyyxf y  . 

2. 1) 42yf xx  ,  38xyf xy  , 2212 yxf yy  ; 2)  xyf xx 126 3  ,  218xyf xy  , 

618 2  yxf yy ;  3) yx

xx ef 324  ,  yx

xy ef 326  , yx

yy ef 329  ;  4) yx

xx ef  , 

yx

xy ef  , yx

yy ef  ;  5) 
 22

1

yx
f xx


 , 

 22

2

yx

y
f xy


 , 

 22

222

yx

yx
f xx




 ;  

6) 
 22

222

yx

xy
f xx




 ,  

 22

2

yx

x
f xy


 , 

 22

1

yx
f xy


 ; 7) 0xxf ,  

3

2

y
f xy  , 

4

6

y

x
f xy  ;  8) 

4

6

x

y
f xx  ,  

3

2

x
f xy  , 0yyf . 

3. 1) 12)1;2(max f ;   2) 0)0;0(min f ;   3) 18)1;3(min f ;  4) 15)2;1(min f ;   

5) 1)1;1(min f ;  6) ar aqvs eqstremumi; 7) 3)2;1(min f ;  8) 3)1;2(min f ;   

9) 1)1;1(min f ;  10) 15)2;1(max f ;  11) 2)1;1(max f ;  12) 1)1;1(max f ;       

13) 5)1;3(max f ;  14) 5)3;1(min f . 

4. 1) 12)3;1(min f ;  2) 10)1;3(max f ; 3) 5)1;1(min f ; 5) 3)2;1(min f . 
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1. 1) 
5
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; 2) 1 x ; 3) 2x ; 4) xxx
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2

23
4

 ; 5) xxx ln423  ; 6) xx sin32  ; 
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 ;  8) xe x ln7 ;  9) x

x
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3

3

 ;  10) xtgx sin ;  11) xctgx cos2  ;  

12) 
 

18

23
6

x
;  13) 

 
40

25
8

x
;  14) )32ln(

2

1
x ;  15) )15ln(

5

3
x ;  16) 32

2
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17) xe 3

3

1  ;  18) )25cos(
5

1
 x ;  19) )32sin(

2

1
x ;  20) x3cos

3

1
 ;  21) x5sin
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1
;  

22) xtg3
3

1
;  23) xctg5

5

1
 ;  24) 

2)14(8

5




x
. 

2. 1) 
 

12

13
22 x
;  2) 

 
4

12
23 x
;  3) 

4

)23ln( 2x
 ;  4) 

15

)15ln(2 3 x
;  5) 22xe ;    

6) 
3

3

1 xe ;  7) 
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2 12 x

;  8) 
5ln4

5 34 x

;  9) )52sin(
4

1 2 x ;  10) )73cos(
6

1 2  x ;        

11) xcosln ;  12) xsinln ;  13) x4cos
4

1
 ;  14) x3sin

3

1
;  15) )cos31ln(

3

1
x ;  

16) )sin21ln(
2

1
x ;  17) x2ln

2

1
;  18) x5ln

5
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;  19) )ln1ln( x ;  20) xecos ;      

21) )2ln( xe . 

3. 1) xxx sincos  ;  2) xxx cossin  ;  3) xxx 5sin
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5cos

5

2
 ;              

4) xxx 2cos
4

3
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22 xx exe
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14) 
3ln

3

3ln

3
2

xxx



;  15) xxxxx cos2sin2cos2  ; 16) xxxxx sin2cos2sin2  ;  

17) xxx exeex 222  ;  18) xxx exeex 322  . 

 

savarjiSo 14 

1. 1) 2; 2) 2; 3) 10; 4) ee  2ln2 ; 5) 2ln3 ; 6) 
4

85
; 7) 
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35 66 
; 8) 
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3ln
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3. 1) 
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9

7
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8
 ; 3) 1; 4) 1
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
; 5) 45ln5  ; 6) 2e . 
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4. 1) 26; 2) 24; 3) 68; 4) 24; 5) 5; 6) 
3

2
2 ; 7) 4,5; 8) 

3

1
10 ; 9) 

6

5
20 ; 10) 4,5;     

11) 
6

1
; 12) 9;  13) 9. 
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1. 1) 1;  2) 
2

1
; 3) 0; 4) 

3

1
; 5) 1; 6) 1; 7) 

2ln

1
; 8) 

3ln

1
. 

2. 1) 
2

3
 ; 2) 22 ; 3) 2; 4) 3 33 . 

3. 1) 33e ;  2) 3; 3) 
2

3
; 4) 

2

933
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1. 1) c
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y 
2

2

;  2) cxy  22 ;  3) cxy  ;  4) 
x
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y  ;  5) cxy  22 3 ;      

6) cyx  24 2 ;  7) cx
y

y 
2
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;  8) cyx  )21)(1( 2 ;  9) )1(1 22 xcy  ;  

10) 11 2  xcy ;  11) 1cossin xxc ;  12) xcey sin . 

2. 1) 23 xcxy  ;  2) )( xcey x   ;  3) xcexy 212  ;  4) cx
x

y 
2

3

;       

5)  12  xcey ;  6) 3
x

c
y ;  7) 1

2


x

x

c
y ;  8) 

x

e

x
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y

x
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3. 1) xeccy 2

21

 ;  2) xeccy 9

21  ;  3) xx ececy 3

2

2

1   ;  4) xx ececy 5

2

3

1  ;  
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3 xccey x  ;  6) )( 21

2 xccey x   ;  7) )4sin4cos( 21 xcxcey x  ;        

8) )sincos( 21 xcxcey x   ;  9) xcxcy sincos 21   

 
 savarjiSo 17 

 

1.   0,25;  2. 0,2;  3.  
3

1
;     4. 

3

1
;   5.  ა)  

18

1
;    ბ)

2

1
;   6. 

4

3
 ;  7. 2637362,0

91

24
 ;             

8. 3472222,0
72

25
 ;  9.a) 

979899100

87888990
4

100

4

90






C

C
 ;  ბ) 

979899100

6789
4

100

4

10






C

C
  ; გ) 

4

100

2

90

2

10

C

CC
; 



 462 

10.  ა) 
9
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4

4

5

8
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15

7
;  ბ) 

15

7
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;  15. 
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7
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.       
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
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  ;  b) 0004.0
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1
 ;  g) 2.0
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 ;  8. a) 
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1
;  b) 
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15
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1
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1
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25
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216

1
;  19. 

9

7
;  20. pqqp 2 ; 21. 938,0 ; 22. 0,9;  23. 75,0 ;        

24. 682,0
88,0

6,0
 ; 25. 48936,0

47

23

188,0

092,0
 ;  26. a) 266666,0

15

4
 ;  Bb) 625,0 ; 27. 

a) 324,0 ; b) 03,0 ;  28. a) 0,58;b) 0,9968; 29. 0,5. 

 

 

savarjiSo 19 

 

1.                                   

X  0 1 

P  0,7 0,3 
2.  

X  2 5 8 

P  0,4 0,15 0,45 
3.  

X  0 10 400 500  1000 

P  0,98 0,01 0,005 0,004 0,001 
4.  

X  0 5 10 15 

P  0,216 0,432 0,288 0,064 
5.  

X  0 1 2 3 

P  0,576 0,347 0,069 0,005 
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6.                    





0625,0

4

25,0

3

375,0

2

25,0

1

0625,0

0
X  

7.  

X  1 2 3 

P  0,8 0,16 0,04 
8.  

X  1 2 3 4 

P  0,6 0,24 0,096 0,064 
9.     

X  0 1 2 

P  0,3 0,5 0,2 
10.  

X  1 2 3 4 

P  0,7 0,21 0,063 0,027 
11. 

X  1 2 3 4 

P  0,4 0,24 0,144 0,216 
12.   

X  0 1 2 3     4 

P  0,0625 0,25 0,375 0,25  0,0625 
13.  

YX   3 5 7 

P  0,08 0,44 0,48 
14.  

YX   2 3 4 5 

P  0,06 0,24 0,14 0,56 
15.  

X 2 0 1 4 9 

P  0,5 0,3 0,1 0,1 
 

3 X  -6 0 3 9 

P  0,1 0,5 0,3 0,1 
16.  

XY 0 -1 -2 -3 0 0 0 0 0 1 2 3 
P 0,02 0,04 0,06 0,08 0,03 0,06 0,09 0,12 0,05 0,1 0,15 0,2 
 

-3 -2 -1 0 1 2 3 
0,08 0,06 0,04 0,37 0,1 0,15 0,2 
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
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19.  

X  0 1 2 3 
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1. a) 6;  b) 0,535;  2. D 291,15DX ; 91.3291,15 X ; 

3. a) 545,8DX ; 924,2X ;  b)D DX 248,9475;  X =15,778;  4. 0,48;  
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5. E 2EX = 2

2

2

1 4,06,0 xx   

2X  2

1x  
2

2x  

P  0,6 0,4 

6. a) 11; b) 30;  7. 69;  8. 61;  9. 2,01 p ; 3,02 p ; 5,03 p ; 10. 4,01 p ;  

1,02 p ; 5,03 p ; 11. E   0 EXXE ;    21,1
2
 EXXE ;   3

EXXE  =0,216; 

12. 1,3EX ;  0)(  EXXE ; 13. E 9,3EX ; 5,162 EX ;  1,743 EX . 
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4

1

99
4

9
3

9
2

9
1

!

9

!4

9

!3

9

!2

9

!1

9

k

k

k
eeeee ; 

24.  )5(Xp  8
0

8
4

8
5

!0

8
...

!4

8

!5

8   eee . 

 

savarjiSo 22 

1)   4DX    ,3 EX ;   2)  2,5DX    ,0 EX ;                                      

3. 10
,

2

10

1
)(

x

m exf





 , 






x x

m dtexF 10
,

2

10

1
)(


 ; 4. a) 0,84; b)0,53; g) 0,975; d) 0,06; 

e) 0,99; v) 0,381; 5. a)  =0,85;  =-0,53; b)  =-0,26;  =-0,26; g) 0,4; 6. a) 0,16;      

b)  0,07; 7. a)  =7,12 ; b)  =6,04; g) 0,1; 8. 0,4; 9.  ; 10. 45,1 ; 45,11 ;  

11.  (13,1;+  ); 12. (-  ;3,97);  13. 1,65;   14.  N(-9,100)Y-X  ;  15.  0,964;   

16. 0,38;  17. -0,26;  18. a) (32,6706;+ ); b) (- ;11,5915); 19.  (15,3792; 38,8851);   

20. (2,060;+ ); 21. 1,729)- ;(- ; 22. (-1,96; 1,96); (-2,365: 2,365); (-2,042; 2,042).   
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savarjiSo 23 

1. 0.84;   2.  0,9;   3.  0,3;  4. 0,84;  0,36;  0,96;  5.  0,25;  6. ა) 0,75;   ბ)
9

8
  ;   გ)

16

15
;     

 7. 0,64;  8. 0,909;  9. 0,875; 10. 1;  11. 0;   12.  
50

47
;   13.  0,75;    14). 

36

31
;   15. a) 0,872;   

b) 0,872; g) 0,559;  16.  0,023;    17.  0,926;  18.  0,925;  19.  4
5

0 !

4 



 e
kk

k

; 20. 4
2

0 !

4
1 



 e
kk

k

; 

21. 3
2

0 !

3 



 e
kk

k

; 22. 29
22

0 !

29
1 



 e
kk

k

; 23. 6
3

0 !

6
1 



 e
kk

k

. 

 

savarjiSo 24 

1.  

X  -2 2 
p  1/2 1/2 

ar arian damoukideblebi. 

2.  

X  0 1 2 
p  1/3 1/3 1/3 

ar arian damoukideblebi. 

3. a)  

   2Y   

1Y         

0 1 2 3 

2 1/16 0 0 0 
3 0 2/16 0 0 
4 1/16 0 2/16 0 
5 0 2/16 0 2/16 
6 1/16 0 2/16 0 
7 0 2/16 0 0 
8 1/16 0 0 0 

 

1Y  2 3 4 5 6 7 8 

p  1/16 2/16 3/16 4/16 3/16 2/16 1/16 
 

ar arian damoukideblebi. 

  b)  

 

 

 

 

Y  -1 0 1 
p  5/12 1/3 1/4 

Y  -2 0 1 
 4/21 10/21 1/3 

2Y  0 1 2 3 

p  4/16 6/16 4/16 2/16 

 1Y   

2Y     

 
1 

 
2 

 
3 

 
4 

1 4/16 0 0 0 
2 1/16 3/16 0 0 
3 1/16 1/16 2/16 0 
4 1/16 1/16 1/16 1/16 
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1Y  1 2 3 4 

p  4/16 4/16 4/16 4/16 

 

  ar arian damoukideblebi. 

g)  

  2Y   

1Y    

0 1 2 3 

1 1/16 1/16 1/16 1/16 
2 1/16 2/16 1/16 0 
3 1/16 2/16 1/16 0 
4 1/16 1/16 1/16 1/16 

 

1Y  1 2 3 4 

p  4/16 4/16 4/16 4/16 
 
ar arian damoukideblebi. 

d)  

  2Y   

1Y    

0 1 2 3 4 5 6 7 

1 1/16 2/16 1/16 0 0 0 0 0 
2 1/16 1/16 1/16 1/16 0 0 0 0 
3 0 0 1/16 1/16 1/16 1/16 0 0 
4 0 0 0 0 1/16 1/16 1/16 1/16 

 

1Y  1 2 3 4 

p  4/16 4/16 4/16 4/16 
 

2Y  0 1 2 3 4 5 6 7 

p  2/16 3/16 3/16 2/16 2//16 2/16 1/16 1/16 
ar arian damoukideblebi. 

 

4. 
4

26 
;  5. );( yxf =













0yan       0 x     0,

0y0,  x ,3ln3 2

 Tu

Tuyx

 ;  6. yxeyxf 248);(  ; 

7. a)
10

1
);cov( YX ; b) 0877,0

1310

10

120/26

10/1
);( 







YX ; 

8. a) 0);cov( YX ;  b) 0);( YX ;  
15

57
EZ  ; 

225

1288
DZ ; 9. 1ET ;             

68DT ;  10. 4ET ; 108DT . 

 

 

2Y  1 2 3 4 

p  7/16 5/16 3/16 1/16 

2Y  0 1 2 3 

P
p  

4/16 6/16 4/16 2/16 
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savarjiSo 26 

1. (11,9; 13,3); 2. (184; 188); 3. (15; 17); 4. (8; 9,2); 5. (11990; 12410); 6. (8,7; 9,9);  

7.  (17,29; 19,77);  8. (109; 121);  9.  (94; 98)  10.  (18,13; 18,87);  11. (5,6; 6,2);   

12. (59,5; 62,9);  13. (1,7; 6,2); (1,3; 2,5);  14. (30,9; 78,2); (5,6; 8,8);  15. (1,4; 11,7); 

(1,2; 3,4);  16. (3,5; 9,3); (1,9;3);  17.  (0,365; 0,415);  18. (0,197; 0,343);  19. (0,467; 

0,683);  20. (0,337; 0,543).    

savarjiSo 27 

1. 21,69:H   ;21,69: 10  mmH ; 5,1.. VT ; 96,1.. VC ; 0H ;  

2. 14:H   ;14: 10  mmH ; 89,4.. VT ; 33,2.. VC ; 
1H ; 

3. 36:H   ;36: 10  mmH ; 54,3.. VT ; 58,2.. VC ; 
1H ; 

4. 5,27:H   ;5,27: 10  mmH ; 55,2.. VT ; 
1H ; 

5. 800:H   ;800: 10  mmH ; 96,9.. VT ; 262,2.. VC ; 
1H ; 

6. 350:H   ;350: 10  mmH ; 732,1.. VT ; 796,1.. VC ; 0H ; 

7. 3:H   ;3: 10  mmH ; 22,5.. VT ; 776,2.. VC ; 
1H ; 

8. 30:H   ;30: 10  mmH ; 85,0.. VT ; 0H ; 

9. 2,6:H   ;2,6: 2

1

2

0  H ; 823,17.. VT ; 409,33.. VC ; 0H ; 

10.  25:H   ;25: 2

1

2

0  H ; 36,27.. VT ; 204,27.. VC ; ki; 

11.  6,1:H   ;6,1: 2

1

2

0  H ; 438,70.. VT ; 144,30.. VC ; ki; 

12.  4,0:H   ;4,0: 10  ppH ; 462,0.. VT ; 28,1.. VC ; ara; 

13.  32,0:H   ;32,0: 10  ppH ; 29,1.. VT ; 65,1.. VC ; ara; 

14.  15,0:H   ;15,0: 10  ppH ; 94,0.. VT ; 65,1.. VC ; 0H ; 

15.  1,0:H   ;1,0: 10  ppH ; 34,1.. VT ;  0H ; 

16.  :0H damoukideb.; 
1H : damokideb.; 789,6.. VT ; 991,5.. VC ; 

1H ; 

17.  :0H araefeqturia; 
1H : efeqturia; 643,10.. VT ; 

1H ; 

18.  :0H damoukideb.; 1H : damokideb.; 43,19.. VT ; 1H ; 

19.  :0H proporciebi tolia; 1H : proporciebi ar aris toli; 

755,12.. VT ; 251,6.. VC ; 1H ; 

20. :0H proporciebi tolia; 1H : proporciebi ar aris toli; 

401,2.. VT ; 605,4.. VC ; 0H . 

 


