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w i n a s i t y v a o b a 
  kompiuteruli teqnologiebis epoqaSi didad gaizarda 
maTematikis roli teqnikuri, ekonomikuri da mravali 
gamoyenebiTi amocanebis gadawyvetis saqmeSi. 
kompiuteruli programebis paketebi iZleva saSualebas-
ZviradRirebuli teqnikuri eqsperimenti Seicvalos 
kompiuteruli eqsperimentiT. amisaTvis aucilebelia 
gamoyenebiTi amocanis Sesabamisi maTematikuri modelis 
ageba, misi Teoriuli gamokvleva da miaxloebiT 
ricxviTi analizis Catareba kompiuteruli programebis 
gamoyenebiT. 
  saxelmZRvanelos TiTqmis yvela paragrafSi 
ganxilulia tipiuri magaliTebi, romelTa amoxsnisa da 
gaanalizebisaTvis saWiro maTematikuri aparati 
gadmocemulia Sesabamis ganakveTSi. yoveli Tavis boloSi 
savarjiSoebis saxiT darTulia magaliTebi, romelTa 
amoxsna didad daexmareba mkiTxvels praqtikuli 
amocanebis gadaWris unar-Cvevebis gamomuSavebaSi. 
amavdroulad yoveli Tavis bolo paragrafebSi farTod 
aris warmodgenili Mathcad-is gamoyenebiTi programebis 
paketebi. yvela ganakveTis Sesabamisi magaliTebi da 
amocanebi dayvanilia konkretul ricxviT Sedegamde. 
warmodgenilia Sesabamisi programebi Mathcad-is enaze. 
amgvarad saxelmZRvaneloSi mkiTxveli Sexvdeba mraval 
praktikul amocanas umaRlesi maTematikis Tanamedrove 
kursidan, romelTa amoxsna daiyvaneba konkretul 
ricxviT Sedegamde.  
  rogorc ukve aRvniSneT aq moyvanili programebis 
daniSnulebaa dainteresebulma pirma SeZlos gamoyenebiTi 
programebis Sedgena, ZiriTadi sainJinro da ekonomikuri 
amocanebis sarealizaciod ris gamoc ar gvicdia 
programa yofiliyo universaluri. 
  saxelmZRvaneloSi ganxilulia yvela saxis wrfiv 
gantolebaTa sistemebis, funqciaTa aproqsimaciis, 
ricxviTi gawarmoebisa da integrebis, optimizaciis, 
Cveulebrivi diferencialuri gantolebisa da 
gantolebaTa sistemebis, kerZo warmoebuliani 
diferencialuri gantolebis, fredgolmisa da volteras 
tipis integraluri gantolebebis ricxviTi amoxsnis 
meTodebi. 
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  vfiqrobT, rom SemoTavazebuli saxelmZRvanelo 
mniSvnelovnad daexmareba studentebs da mecnier-
mkvlevarebs im ZiriTadi maTematikuri meTodebis 
dauflebaSi, romlebic farTod gamoiyeneba praqtikuli 
amocanebis maTematikuri modelirebasa da gamokvlevaSi 
da Seuwyobs xels Sesabamisi profesionaluri unar-
Cvevebis gamomuSavebas.  
  winasityvaobis bolos udides madlobas vuxdi 
redaqtors profesor jemal rogavas da recenzentebs 
srul profesorebs daviT natroSvilsa da Tengiz 
maWaraZes sasargeblo rCevebisaTvis. aseve madlobas 
vuxdi Tazo (Tevdore) vekuas kursis kompiuterze 
awyobisaTvis da naxazebis agebisaTvis. 
  avtori madlobiT miiRebs yovelgvar saqmian SeniSvnas 
wignis Semdgomi gaumjobesebis mizniT. 
  
 
 
 
 

T. vekua 
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Tavi I 
wrfiv gantolebaTa sistemebis amoxsnis  

ricxviTi meTodebi 

 

$ 1.1. aucilebeli cnobebi algebridan. 

matricebi da determinantebi. 

 winaswar gavixsenoT wrfivi algebridan is 

masala, romelic exeba matricTa garkveul 

Tvisebebs. 

m striqonisa da n svetisagan Sedgenil 

aij=(i=1,2,...,m; j=1,2,...,n) namdvil ricxvTa marTkuTxa 

cxrils mxn  ganzomilebiani matrica ewodeba. igi 

ase Caiwereba 

11 12 1n

21 22 2n

m1 mnm2 mxn

a a a

a a aA

a a a

...

...
.........................

...

⎛ ⎞
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

      an      A=(aij)mxn 

 aij ricxvebs ewodeba matricis elementebi. Tu 

m=n, maSin matricas ewodeba n-uri rigis kvadratuli 

matrica, xolo a11, a22, …, ann elementebs mTavari 

diagonalis elementebi. 

  

matricebidan aRsaniSnavia: 

 

1. striqon-matrica A1xn=(a1 a2 ... an) 
 



 6 

2. svet-matrica        3. Nnulovani matrica 

                   

1

2

mx1

m

a
a

A

a

.

.

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

                

0 0 0

0 0 0 0

0 0 0

...

...

...

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

4. samkuTxa matrica 

11 12 1n 1 1n

2n 1 2n22

nn

a a a a

0 a a a

0 0 0 a

....

...

.......................................

...

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

   an     

11

21 22

n1 n2 nn 1 nn

a 0 0 0

a a 0 0

a a a a

...

...
...........................

... −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

       

 

5. diagonaluri matrica  6. erTeulovani ki 

     D=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

nnd

d

d

0...00
..............

00...0

00...0

22

11

                              En=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

10....00
...........
00...10
00...01

 

 
7. kanonikuri matrica            

   
r

r

E 0
A

0 0

...
............

......

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠
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8. transponirebuli matrica                  

11 21 n1

T 22 n212

1n nn2n

a a a

a a aA A

a a a

...

...
.......................

.....

⎛ ⎞
⎜ ⎟
⎜ ⎟

′ ⎜ ⎟= =
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 Er Tavis mxriv warmoadgens erTeulovan rxr-ze 
matricas. 

 ori A=(aij)mxn  da B=(bij)mxn  matricebi tolia Tu 

aij=bij. 
 K namdvili ricxvis namravli A matricaze 

ganisazRvreba tolobiT: 

K.A=(Kaij)mxn 

 ori erTi da igive ganzomilebis A da B 
matricTa jami ganisazRvreba Semdegi tolobiT: 

mxnjiji baBA )( ±=±  

 Tu A matricis svetebis raodenoba tolia B 
matricis striqonebis raodenobisa e.i. A=(aij)mxr  da 

B=(bij)rxn, maSin matricebis namravli gani-sazRvreba 

tolobiT: 

A.B=C 
sadac C=(cij)mxn, xolo  

∑
=

=++=
r

k
kjikrjirjijiji babababac

1
2211 ....  

 nebismieri matrica miiyvaneba kanonikur saxeze 

Semdegi elementaruli gardaqmnebiT: 

.1 striqonebis (svetebis) gadaadgileba; 
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.2 nebismieri striqonis (svetis) elementebis 

nulisagan gansxvavebul erTi da igive ricxvzze 

gamravleba (gayofa); 

.3 nebismieri striqonis (svetis) elementebis sxva 

romelime striqonis (svetis) Sesabamisi 

elementebTan mimateba (gamokleba). 

 A matricis rangi ewodeba misi Sesabamisi 

kanonikuri Ar matricaSi mdgomi erTeulovani Er 

matricis rigs da aRiniSneba simboloTi rangA=r. 
an r ricxvs ewodeba A matricis rangi, Tu am 

matricis r-ze maRali rigis yvela minori nulis 

tolia, xolo r rigis minorebs Soris erTi mainc 

gansxvavebulia nulisagan. unda aRiniSnos, rom 

elementaruli gardaqmnebis Catarebisas matricis 

rangi ar icvleba. 

 determinantebi: yovel kvadratul A=(aij)mxn 

matricas garkveuli wesiT Seesabameba raime 

namdvili ricxvi, romelsac ewodeba determinanti 

da aRiniSneba simboloTi 

AA ==Δ det  

1211

21 22

a a
A

a a

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

 meore rigis matricis Sesabamisi 

determinanti gamoiTvleba tolobiT 

11 12
11 12 21 12

21 22

a a
a a a a

a a
Δ = = − , 

xolo mesame rigis matricis Sesbamisi 

determinanti gamoiTvleba Semdegnaird 
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11 12 13

21 22 23 11 22 33 12 23 31 13 21 32 13 22 31 12 21 33 11 23 32

31 32 33

a a a
a a a a a a a a a a a a a a a a a a a a a
a a a

Δ= = + + − − −

 

 

SevniSnoT, rom Mik-minori, warmoadgens A 
matricaSi i-uri striqonisa da k-uri svetis 

amoSlis Sedegad miRebul determinants, xolo aik 

elementis algebruli damateba 

     ik
ki

ik MA +−= )1(  

mtkicdeba, rom nebismieri n-uri rigis A 
matricasaTvis erTmaneTis tolia ricxvebi 

∑
=

n

k
ikik Aa

1
,   i = 1, 2, ..., n      da   ∑

=

==Δ
n

k
ikik AaA

1
 

 Tu kvadrtuli A matricis Sesabamisi 

determinanti 0=A , maSin aseT matricas ewodeba 

gadagvarebuli. winaaRmdeg SemTxvevaSi 

aragadagvarebuli (gadaugvarebeli).  

 yoveli gadaugvarebeli A matricasaTvis 

arsebobs Sebrunebuli A-1 matrica, romelic 

akmayofilebs pirobas 

               EAAAA =⋅=⋅ −− 11  
mtkicdeba, rom 

∗− ⋅= A
A

A 11 , sadac A

11 21 n1

12 22 n2

1n 2n nn

A A A

A A AA

A A A

...

...
...........................

.....

∗

⎛ ⎞
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠
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$1.2. wrfiv gantolebaTa sistemis amoxsna 

Sebrunebuli matriciT. krameris 

formulebi 

 

 vTqvaT, amosaxsnelia n ucnobian n wrfiv 

gantolebaTa Semdegi sistema 

   

11 1 12 2 1n n 1

21 1 22 2 2n n n

n1 1 n2 2 nn n n

a x a x a x b
a x a x a x b

a x a x a x b

.....
.....

....................................................
.....

+ + + =⎧
⎪ + + + =⎪
⎨
⎪
⎪ + + + =⎩

              (1.1)   

SemoviRoT aRniSvnebi: 

11 12 1n

21 22 2n

n1 n2 nn nxn

a a a

a a aA

a a a

...

...
........................

...

⎛ ⎞
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

,

1

2

1

.

.

nxnx

x
x

X

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

= , 

1

2

n nx1

b
b

B

b

.

.

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

  (1.2)            

roca B=0 (1.1) sistemas ewodeba erTgvarovani, 

winaaRmdeg SemTxvevaSi araerTgvarovani. 

 A aris ucnobTa koeficientebisagan Sedgenili 

kvadratuli matrica; 

 X – saZiebeli svet matrica; 

 B – sistemis Tavisufali wevrebsagan 

Sedgenili svet matrici. 

 gntolebaTa (1.1) sistemis amonaxsni ewodeba 

x1,x2,...xn cvladebis im mniSvnelobaTa erTobliobas, 

romelic (1.1) sistemis yovel gantolebas aqcevs 

WeSmarit ricxviT tolobad. 
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 Tu sistemas gaaCnia erTi mainc amonaxsni, 

maSin mas ewodeba Tavsebdi, winaaRmdeg SemTxvevaSi – 

araTavsebadi. 

 (1.2) aRniSvnebis safuZvelze (1.1) sistema 

matriculi saxiT ase Caiwereba: 

BXA =⋅  
 im SemTxvevaSi, roca A 0detΔ = ≠ , maSin 

rogorc zemoT aRvniSneT, arsebobs Sebrunebuli A-1 

matrici. (1.3) tolobis orive mxare marcxnidan 

gavamravloT A-1 matricze, miviRebT: 

BAXAA ⋅=⋅⋅ −− 11  

radgan EAA =⋅ −1 , xolo XXE =⋅ , gveqneba 

     BAX ⋅= −1                    (1.4) 

 formula (1.4) gvaZlevs (1.1) wrfiv 

gantolebaTa sistemis erTaderT amonaxsns. am 

formulidan garkveuli gardaqmnebiT miiReba 

krameris formulebi. 

 radgan sistemis Sesabamisi determinanti 

0≠Δ , maSin (1.1) sistemas gaaCnia erTaderTi 

amonaxsni da moicema Semdegi formulebiT:        

i
ix Δ

=
Δ

,         i = 1, 2, ..., n                          (1.5) 

sadac iΔ -iT aRniSnulia determinanti, romelic 

miiReba Δ-gan, masSi i-uri svetis elementebis 

nacvlad B svet-matricis elementebis CasmiT. (1.5) 

formulebs krameris formulebi ewodeba. 

magaliTi 1. amovxsnaT gantolebaTa Semdegi 

sistema: 
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1 2

1 2 3

1 2 3

3x x 5
2x x x 0
2x x 4x 15

− =⎧
⎪ − − =⎨
⎪ − + =⎩

                      (1.6)                                

 amoxsna. (1.6) sistema CavweroT matriculi 

saxiT 

1

2

3

3 1 0 x 5
2 1 1 x 0

15x2 1 4

⎛ ⎞− ⎛ ⎞ ⎛ ⎞⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟− − ⋅ =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠−⎜ ⎟

⎝ ⎠

    

mocemuli sistemis Sesabamisi determinanti 

 

3 1 0

2 1 1 5 0

2 1 4

−

Δ = − − = − ≠

−

 

gmovTvaloT Sebrunebuli matrici A-1, 

amisaTvis vipovoT A matricis yvela elementis 

algebruli damatebebi: 

541
11

)1( 11
11 −=−

−−
−= +A ;  1042

12
)1( 21

12 −=
−

−= +A ; ( )l 3
13

2 1
A 1 1

2 1

+ −
= − =

−
 

21
1 0

A 4
1 4

;
−

= − =
−

  ;12
42

03
22 ==A   ;1

12

13
23 =

−

−
−=A  

;1
11

01
31 =

−−

−
=A  3

12

03
32 =

−
−=A    1

12

13
33 −=

−

−
=A  
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1
5 4 1

1A 10 12 3
5

0 1 1

−

⎛ ⎞−⎜ ⎟
⎜ ⎟= − −⎜ ⎟
⎜ ⎟−⎜ ⎟
⎝ ⎠

 

(1.4)-is ZaliT, miviRebT 

1

2

3

x
X x

x

⎛ ⎞
⎜ ⎟= =⎜ ⎟
⎜ ⎟
⎝ ⎠

5 4 1
1 10 12 3
5

0 1 1

⎛ ⎞−⎜ ⎟
⎜ ⎟− −⎜ ⎟
⎜ ⎟−⎜ ⎟
⎝ ⎠

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−
−

−=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⋅

3
1
2

15
5
10

5
1

15
0
5

 

amgvarad, x1=2,  x2=1,  x3=3. 
 

igive (1.6) sistema amovxsnaT krameris 

formulebiT, amisaTvis damxmare determinantebi 

iqneba: 

1

5 1 0

0 1 1 10

15 1 4

;

−

Δ = − − = −

−

       2

3 5 0

2 0 1 5

2 15 4

;Δ = − = −    

3

3 1 5

2 1 0 15
2 1 15

−

Δ = − = −
−

 

(1.5) formulebiT miviRebT: 

;2
5

10
1 =

−
−

=x      1
5
5

2 =
−
−

=x      da    

3
5

15
3 =

−
−

=x  
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exla SevadginoT (1.1) sistemis Sesabamisi 

gafarToebuli matrica  

Ā, romelic ase Caiwereba: 

Ā=

11 12 1n 1

21 22 2n 2

n1 n2 nn n

a a a b

a a a b

a a a b

...

...
...............................

...

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

              (1.7) 

damtkicebis gareSe moviyvanoT Teorema, romelic 

gagvcems pasuxs wrfiv gantolebaTa sistemis 

Tavsebadobaze (amoxsnadobaze). 

 kroneker-kapelis Teorema. imisaTvis, rom (1.1) 

sistema iyos Tavsebadi, aucilebelia da sakmarisi 

Sesruldes Semdegi piroba: 

 

      rangA = rang Ā                                (1.8)    
  

vTqvaT, exla r = n = rangA, maSin (1.1) sistema 

Tavsebadia da mas gaaCnia erTaderTi amonaxsni, 

xolo Tu r<n, maSin – amonaxsnTa usasrulo 

simravle. 

 Tu (1.8) piroba ar sruldeba maSin (1.1) 

sistemas monaxsi ara aqvs. Tu B=0, mSin wfiv 

gantolebaTa sistemas ewodeba erTgvarovani sistema 

da roca r = n, maSin mas gaaCnia mxolod nulovani 

amonaxsni, xolo, roca r<n – aranulovani amonaxsnic. 

e.i. erTgvarovani sistema yovelTvis Tavsebadia. 
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$1.3. wrfiv gantolebaTa sistemis amoxsna 

gaus-Jordanis meTodiT 

 es meTodi iTvaliswinebs wrfiv gantolebaTa 

sistemis amoxsnas Semdegi gziT. amovweroT 

mocemuli sistemis Sesabamisi gafarToebuli (1.7) 

matrica da elementaruli gardaqmnebis saSualebiT 

miviyvanoT masSi Semavali A matrica kanonikur 

saxeze. es ukanaskneli iqneba Ā matricis saboloo 

saxe, saidanac, rogorc amas magaliTis amoxsnis 

dros vnaxavT, gavarkvevT Tavsebadobis skiTxs da 

sistemis Tavsebadobis SemTxvevaSi, amovwerT 

saZiebel amonaxsns. sistemis amoxsnis es gza 

wrmoadgens gaus-Jordanis meTodis modifikacias. 

 aqve unda SevniSnoT, rom sistemis am meTodiT 

amoxsnisas ar aris aucilebeli winaswar 

davadginoT sistemis Tavsebadobis skiTxi, vinaidan 

Ā matricis sabolooo saxe TviTon gviCvenebs, 

sistema araTavsebadia, sistemas aqvs amonaxsnTa 

usasrulo simravle an sistemas aqvs erTaderTi 

amonaxsni. 

 ganvixiloT Semdegi magaliTebi: 

 magaliTi 2. amovxsaT sistema 

  

     

(1.9)  

  

 

amoxsna. amovweroT mocemuli sistemis Sesabamisi 

gafarToebuli matrica da elementaruli 

gardaqmnebiT A matrica miviyvaoT samkuTxa 

matricaze, gveqneba:            

 
x1 2 x2⋅+ 3 x3⋅+ 7

   
3 x1⋅ x2− 2 x3⋅+ 0

     
x1− x2+ 5x3− 8−
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aq pirveli striqoni  gavamravleT 3-ze da 

gamovakeliT meore striqons, mere pirveli strqoni 

daumateT  mesame striqons. xolo meore striqoni 

gavyaviT -7-ze.KK 

 rogorc Cans rangA=rangĀ=3 e.i. sistemas gaaCnia 
erTaderTi amonaxsni, radgan  r = n = 3.  exla 

amonaxsnis mosaZebnad gavagrZeloT analo-giuri 

gardaqmnebi, vidre A matricas ar miviyvanT 

kanonikur saxemde. gveqneba: 

 

   

 Cven miviReT Ā matricis saboloo saxe, rac imas 

niSnavs, rom mocemuli sistema ekvivalenturia 

Semdegi sistemisa 

 

amgvarad, (1.9) sistemis amonaxsia:                              
 
 x1= -1         x2 =1         x3=2.                 

  

A :=  
1

3

1−

2

1−

1

3

2

5−

7

0

8−

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

→

1

0

0

2

7−

3

3

7−

2−

7

21−

1−

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

→

1

0

0

2

1

0

3

1

5−

7

3

10−

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

  

1

0

0

2

1

0

3

1

1

7

3

2

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

 →

1

0

0

0

1

0

1

1

1

1

3

2

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

 
1

0

0

0

1

0

0

0

1

1−

1

2

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

 
    
> →

x1 0 x2⋅+ 0 x3⋅+ 1−  x1 0+ 0+ 1−

0 x1⋅ x2+ 0x3+ 1 anu 0 x2+ 0+ 1

0 x1⋅ 0 x2⋅+ x3+ 2 0 0+ x3+ 2
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magliTi 3. amovxsnaT erTgvarovani sistema:      

 

 

 

 

 cxadia am sistemis erTerTi amonaxsnia  

x1= x2=x3=0. 
 radgan r=2<3    kroneker-kapelis Teoremis 

safuZvelze am sistemas gaaCia aranulovani 

amonaxsnic. vipovoT es amoxsnebi, gveqneba 

 

 

saidanac 

 

 

  

CavTvaloT, rom x3=7t, t-nebismieri ricxvia, 

maSin mocemuli sistemis amonaxsni iqneba 

x1=-5t;     x2=11t;       x3=7t;  

3 x1⋅ 2 x2⋅+ x3− 0

x1 3 x2⋅+ 4 x3⋅− 0

2 x1⋅ x2− 3 x3⋅+ 0

3 x1⋅ 2 x2⋅+ x3
x1 3 x2⋅+ 4 x3⋅

x1

5− x3⋅

7
 x2

11 x3⋅

7
 



 18 

$1.4. specialuri saxis wrfiv 

gantolebaTa sistemis  amoxsna 

$1.1.-Si CamoTvlili 10, 20 da 30 operaciebiT 

Cven SegviZlia gantolebaTa sistema da misi 

Sesabamisi matrica daviyvnoT sasurvel formaze, 

magaliTad, miviRoT samkuTxa sistema: 

SemTxveva a):   

 

 

                                                                 

  

 

cxadia aii≠0 nebismieri i=1,2,...,n, maSin am 

SemTxvevaSi (1.10) sistemas aqvs erTaderTi amonaxsni, 

radgan r=rangA=n da es amonaxsni SeiZleba CavweroT 

rekurentuli formuliT Semdegnirad 

 

 

 

i=1,2,...,n-1  
an rac igivea 

  

         

a11 x1⋅ a12 x2⋅+ a13 x3⋅+ ................................+ a1n xn⋅+ b1

a22 x2⋅ a23 x3⋅+ ................................+ a2n xn⋅+ b2

a33 x3⋅ ................................+ a3n xn⋅+ b3 (1.10) 

.............................  

ann xn⋅ bn

xn i−

bn i−
0

i 1−

m

an i− n m−, xn m−⋅( )∑
=

−

an i− n i−,

 
(1.11)

xn

bn

ann
 xn 1−

bn 1− an 1− n, xn⋅−

an 1− n 1−,
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SemTxveva b): 

 Tu wrfiv gantolebaTa sistema Cawerilia 

Semdegi formiT: 

 

 

 

maSin am sistemis amonaxsnic Caiwereba Semdegi 

rekurentuli formuliT: 

                                         

 

 

 

 

saidanac 

 

 

....................................................................

x1

b1 a1n xn⋅− a1 n 1−, xn 1−⋅− ......− a12 x2⋅−

a11
 

xn 2−

bn 2− an 2− n, xn⋅− an 2− n 1−, xn 1−⋅−

an 2− n 2−,

 

A11 x1⋅ . B1

A21 x1⋅ A22 x2⋅+  . B2

A31 x1⋅ A32 x2⋅+ A33 x3+ . B3 (1.12) 

..................................................................................

..................................................................................

An1 x1⋅ An2 x2⋅+ An3 x3⋅+ ....................+ Ann xn⋅+ Bn

xi

Bi
1

i 1−

m

Ai m, xm⋅( )∑
=

−

Ai i,  
 

i 1 2, ...., n, (1.13) 

x1

B1

A11
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SemTxveva g): rogrc vnaxeT, samkuTxa sistemebis 
amoxsna advilia, amitom sxvadasxva meTodebis 
strategia xSirad emyareba gantolebebis am formaze 
dayvanas. am tipis amocanebs miekuTvneba 
diferencialuri gantolebis ricxviTi amoxsnis 
sxvaobiani sqemebi, teqnikis sxvadasxva praqtikuli 
amocanebi, kerZod, ganvixiloT samdagonaliani 
sistema, romelic matriculi saxiT ase Caiwereba 

x2

B2 A21 x1⋅−

A22
 

x3

B3 A31 x1⋅− A32 x2⋅−

A33
 

.......................................................................

......................................................................

xn

Bn An1 x1⋅− An2 x2⋅− .......................− An n 1−, . xn 1−−

Ann
 

b1

a2

0

0

0

0

0

0

0

0

0

0

c1

b2

a3

0

0

0

0

0

0

0

0

0

0

c2

b3

a4

0

0

0

0

0

0

0

0

0

0

c3

b4

0a5

0

0

0

0

0

0

0

0

0

0

c4

b5

0

0

0

0

0

0

0

0

0

0

c5

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

an 2−

0

0

0

0

0

0

0

0

0

0

bn 2−

an 1−

0

0

0

0

0

0

0

0

0

0

cn 2−

bn 1−

an

0

0

0

0

0

0

0

0

0

0

cn 1−

bn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

x1

x2

x3

xn 2−

xn 1−

xn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⋅

b1

b2

b3

bn 2−

bn 1−

bn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(1.14) 1.14( )
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 am sistemis amosaxsnelad gamoviyenoT gaus-

Jordanis umrtivesi sqema. gavyoT sistemis pirveli 

gantoleba b1-ze. gadavweroT is Semdegi saxiT: 

                                         

sadac  

 

 

  

meore gantolebidan x1 ucnobis gamoricxvis mizniT 

gamovakloT mas a2-ze gamravlebuli (1.15) 

gamosaxuleba, miviRebT: 

 

ukanaskneli 

gantoleba gadavweroT Semdegi saxiT: 

                                                                  

 

sadac 

 

 

  

(1.16) Tanafardobis gamoyenebiT da analogiui 

gardaqmniT gamovricxoT x2 mesame gantolebidan da 

a.S. ris Sedegadac, mivalT sistemamde 

ordiagonaluri matriciT, mas eqneba saxe: 

x1 p1 x2⋅+ q1
 (1.15)

p1

c1

b1
 q1

d1

b1
 

b2 a2 p1⋅−( ) x2⋅ c2 x3⋅+ d2 a2 q1⋅−

x2 p2 x3+ q2   (1.16)  

p2

c2

b2 a2 p1−
 q2

d2 q1 a2−

b2 a2 p1−
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bolo ori gantoleba amovweroT cxdi saxiT 

gveqneba: 

 

 

 

 

bolo gantolebidan xn-1-is gamoricxvis mizniT wina 

gavamravloT an-ze da gamovakloT bolo 

gantolebas, miviRebT:  

 

 

saidanac 

 

 

  

1

0

0

0

0

0

0

0

0

0

0

0

p1

1

0

0

0

0

0

0

0

0

0

0

0

p2

1

0

0

0

0

0

0

0

0

0

0

0

p3

1

0

0

0

0

0

0

0

0

0

0

0

p4

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

pn 3−

1

0

0

0

0

0

0

0

0

0

0

0

pn 2−

1

an

0

0

0

0

0

0

0

0

0

0

pn 1−

bn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

x1

x2

x3

xn 2−

xn 1−

xn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⋅

q1

q2

q3

qn 2−

qn 1−

dn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 (1.17) 

xn 1− pn 1− xn⋅+ qn 1−
 

an xn 1−⋅ bn xn⋅+ dn
 

bn an pn 1−⋅−( ) xn⋅ dn an qn 1−⋅−

xn

dn an qn 1−⋅−

bn an pn 1−⋅−
qn 
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amdenad (1.17) sistemis koeficientebi da 

marjvena mxareebi gamoiTvleba formulebiT: 

 

 

 

 amasTan gaviTvaliswinoT, rom xn=qn 

Catarebuli gamoTvlebis safuZvelze CamovayaliboT 

samdiagonaluri (1.14) gantolebaTa sistemis amoxsnis 

algoriTmi, romelic Sedgeba ori etapisagan: 

 

I. etapi: (1.18) formulebiT iTvleba pi da 

qi masivebi; 

II. etapi: Semdegi formulebiT 

 

gamoiTvleba saZiebeli amonaxsni. 

 es algoriTmi cnobilia faqtorizaciis 

meTodis saxelwodebiT. amgvarad, I etapi aris e.w. 

pirdapiri faqtorizacia, II – ki Sebrunebuli 

faqtorizacia. 

 SevniSnoT, rom (1.18) formulebSi Semavali 

mniSvneli yovelTvis gansxvavdeba nulisagan 

magaliTi 4. samdiagonalui algoriTmis 

gamoyenebiT amovxsnaT Semdegi sistema 

p1

c1

b1
 pi

ci

bi ai pi 1−⋅−
 i 1 2, ..n 1−,

(1.18) 

q1

d1

b1
 qi

di ai qi 1−⋅−

bi ai pi 1−⋅−
 i 1 2, ....n,

xi qi pi xi 1+⋅− i n 1− ......, 2, 1,                (1.19) xn qn
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(1.18) formulebiT gamovTvloT pi d qi 

sidideebi, miviRebT: 

 

 

 

 

 

(1.19) formulebiT miviRebT (1.20) sistemis 

amonaxsns 

x4=-2,       x3=2,       x2=-1,        x1=1 
ase, rom (1.20) sistemis amonxsni aris x1=1,    x2=-

1,     x3=2,     x4=-2. 
 

 

 

 

 

 

 

2 x1⋅ x2+  . 1 

x1 2 x2⋅+ x3+  . 1 

x2 2 x3⋅+ x4+ 1 

x3 2 x4⋅+ 2−  

(1.20)

p1
1
2
 p2

2
3
 p3

3
4
 

q1
1
2
 q2

1
3
 q3

1
2
 q4 2−



 25 

$1.5. wrfiv gantolebaTa sistemis 

amoxsna iakobis iteraciuli meTodiT 

 

ganvixiloT (1.1) wrfiv algebrul 

gantolebaTa sistema, vigulisxmoT, rom aii≠0, i=1, 2, 
..., n da is gadavweroT Semdegi formiT: 

 

sadac 

 

 

an (1.21) sistema matriculi formiT SeiZleba 

CavweroT ase: 

 

sadac 

 

(1.21) 

x1 β1 α12 x2⋅+ α13 x3⋅+ ............+ α1n xn+

x2 β2 α21 x1+ α23 x3⋅+ ............+ α2n xn⋅+

................................................................

................................................................

xn βn αn1 x1⋅+ αn2 x2⋅+ ......+ αn n 1−, xn 1−⋅+

βi
bi

aii
 αij

aij−

aii
 i j 1, 2, ......., n,

X β α X⋅+  

X

x1

x2

xn

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 β

β1

β2

βn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 α

0

α21

αn1

α12

0

αn2

0

0

0

αn

α2n

0

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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 miviCnioT x1,x2,...,xn ucnobTa nulovan 

miaxloebad nebismierii ricxvebi, Tundac β1,β2,...βn e.i. 

x1=β, x2=β,...,  xn=βn. ucnobTa es mniSvnelobebi 

SevitanoT (1.21) sistemis marjvena mxareSi. miviRebT 

x1,x2,...,xn ucnobTaTvis axal mniSvnelbebs, romlebic 

saTanadod aRvniSnoT x1
(1),x2

(1),...,xn
(1)-iT. 

Mmatriculad es toloba ase CaiwerebaYQQ  

 

sadc 

 

 

 

 

 

 

 

 

sazogadod gveqneba 

 

CavweroT es toloba gaSlili saxiT, gveqneba 

 

 

 

 

 

X1
β α X0

⋅+  (1.22)

X0

β1

β2

βn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 

Xi
β α Xi 1−

⋅+  (1.23)

xk βk

1

n

j

αkj xj⋅( )∑
=

+  i 1 2, .....,

0( ) 
xk βk αkk 0 k 1 2, ......, n,

i( ) 
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x(i), i=1,2... sidideebis (1.22) formuliT moZebnis wess 

mimdevrobiTi miaxloebis anu iteraciis meTodi 

ewodeba. 

  

magaliTi 5. amovxsnaT sistema 

 

amoxsna. CavweroT sistema (1.21) formiT, gveqneba 

 

 

 

 

aq 

 

 

SevitanoT (1.22)-Si an rac igivea (1.24)-Si, miviRebT: 

 

 

 

 

 

 

 

 

5 x1⋅ 0.25 x2⋅+ 0.04 x3⋅− 2.44

0.5 x1⋅ 4 x2⋅+ 0.32 x3⋅− 7.72

0.3 x1⋅ 11.8 x2⋅+ 3 x3⋅+ 8.22

          x1 0.488 0.55 x2⋅− 0.008 x3⋅+

x2 1.93 0.125 x1⋅− 0.08 x3⋅+ (1.24)
x3 2.74 0.1 x1⋅− 0.6 x2⋅−

α

0

0.125−

0.1−

0.05−

0

0.6−

0.008

0.08

0

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

 β

0.488

1.93

2.74

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

x 0( ) 

1( ) 
x1 0.488 0.0965− 0.0219+ 0.4134

1( ) 
x2 1.93 0.061− 0.2192+ 2.0882

1( ) 
x3 2.74 0.0488− 1.158− 1.5332
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miRebuli Sedegebi SevitanoT (1.24)-Si. 

 

 

 

 

 

 

 

 

 

 

    

 

amgvarad, mesame iteraciis Sedegad miviReT 

Semdegi miaxloebiTi amonaxseni 

mocemuli sistemis zusti amonaxsnia: 

x1=0,4;         x2=2;        x3=1,5 
 unda SevniSnoT, rom iakobis meTodis 

krebadobisTvis sakmarisia, rom sistemis ZiriTad 

matricSi adgili hqondes diagonalur dominirebas, 

rac imas niSnavs, rom amosavali gantolebaTa 

sistemis koeficientebi unda akmayofilebdnen 

Semdeg utolobebs 

       Yyvela i-saTvis.          

             

 

2( ) 
x1 0.488 0.1044− 0.0123+ 0.3959

2( ) 
x2 1.93 0.0517− 0.1227+ 2.0010

2( ) 
x3 2.74 0.0413− 1.2529− 1.4458

3( ) 
x1 0.488 0.10005− 0.0116+ 0.39955

3( ) 
x2 1.93 0.0495− 0.1157+ 1.9962

3( ) 
x3 2.74 0.0396− 1.2006− 1.4998

x1 0.3996 x2 1.9962 x3 1.4998

aii
i j≠

aij∑>  
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                 $1,6  Mathcad 
ganvixiloT sistema Mathcad-is ZiriTadi ,,fanjrebi-

panelebi,”romelic xSirad gamoiyeneba ZiriTadi 

maTematikuri da logikuri operaciebis Catarebis 

dros. 

 
1. Calculator 

. kalkulatori, gamoiyeneba ZiriTadi      

maTematikuri operaciebis  Casawerad; 

 
2. Grap 

. grafiki, gamoiyeneba sxvadasxva saxis grafikebis 

asagebad; 
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3. Matrix 

. matrica, misi gamoyenebiT xdeba matricis 

formireba, matriculi operaciebisa da veqtorebis 

Cawera; 

 

 
         

4. Evaluation 

. gamosaxuleba, gamoiyeneba gamoTvlebis marTvis 

operatorebis Casawerad 
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5. Calculus 

. gamoTvla, moicavs Semdeg operatorebs:  

warmoebulisa da maRali rigis warmoebulis, kerZo 

warmoebulebis, ganusazRvreli da gansazRvruli 

integralebisa da arasakuTrivi integralebis, 

jamebis, namravlisa da zRvrebis, maT Soris 

calmxrivi zRvrebis gamoTvlis operatorebs; 

 

 
6. Boolean 

. bulis simboloebi, gamoiyeneba bulis logikuri 

operatorebis Casawerad; 
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7. Programming 

. programireba, Mathcad-is saSualebebiT 

daprogramebisaTvis; 

 
8. Greek 

. berZnuli simboloebi, gamoiyeneba programuli 

simboloebisa da operatorebis Casawerad; 
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9. Symbolic 

 

. simboluri operatorebis Casawerad; 

 

am paragrafSi Cven ganvixilavT Semdeg ZiriTad 

sakiTxebs : 

. matricis formireba; 

. moqmedebani matricebze; 

. mocemuli matricis Sesabamisi determinantis       

gamoTvla 

. Sebrunebuli matricis povna; 

. matricis rangis gamoTvla; 

. sxvadasxva saxis wrfiv gantolebaTa sistemis 

amosxsna; 

   raime matricis formalizaciis mizniT anu A 
matricis asagebad garkveul winaswar “+”-iT 

moniSnul adgilze vwerT A:=, := miniWebis 

operators viRebT 1. Calculator-idan an 4. Evaluation- 
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dan. Amis mere 3. Matrix-idan viZaxebT matrics, 

imavdroulad ekranze gamoCndeba fanjaara, 

romelSic Segvaqvs mocemuli matricis 

ganzomilebebi da OK-iT miviRebT sasurvel 

ganzomilebian matricas Semdegi saxiT 

        

 

 

 

  

 

romelSic moniSnul adgilebze SegviZlia 

SevitanoT  A matricis Sesabamisi elementebis 

ricxviTi an simboluri mniSvnelobebi. 

  avagoT Semdegi matricebi  

   

 

 

 

 

 

 

A

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  

A

a11

a21

a31

a41

a12

a22

a32

a42

a13

a23

a33

a43

a14

a24

a34

a44

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

a

 B

b11

b21

b31

b41

b12

b22

b32

b42

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

b

 C

c11

c21

c31

c41

c12

c22

c32

c42

c13

c23

c33

c43

c14

c24

c34

c44

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

c

 

R
R11

R21

R12

R22

R13

R23

⎛⎜
⎜
⎝

⎞⎟
⎟
⎠

:=
R

 M
M11

M21

M12

M22

⎛⎜
⎜
⎝

⎞⎟
⎟
⎠

:=M  K

k11

k21

k31

k12

k22

k32

k13

k23

k33

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=

k
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  vipovoT: 

1) kA+mC,    2)  3A-5C,   3)  BR 

samuSao dafaze avkrifoT TiToeuli maTgani 

miviRebT:  

 

 

B R⋅

b11 R11⋅ b12 R21⋅+

b21 R11⋅ b22 R21⋅+

b31 R11⋅ b32 R21⋅+

b41 R11⋅ b42 R21⋅+

b11 R12⋅ b12 R22⋅+

b21 R12⋅ b22 R22⋅+

b31 R12⋅ b32 R22⋅+

b41 R12⋅ b42 R22⋅+

b11 R13⋅ b12 R23⋅+

b21 R13⋅ b22 R23⋅+

b31 R13⋅ b32 R23⋅+

b41 R13⋅ b42 R23⋅+

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

→  

 

vipovoT:    detM, MT, M-1, MM-1, rankM-rangi 
 

 

k A⋅ m C⋅+

a11 k⋅ c11 m⋅+

a21 k⋅ c21 m⋅+

a31 k⋅ c31 m⋅+

a41 k⋅ c41 m⋅+

a12 k⋅ c12 m⋅+

a22 k⋅ c22 m⋅+

a32 k⋅ c32 m⋅+

a42 k⋅ c42 m⋅+

a13 k⋅ c13 m⋅+

a23 k⋅ c23 m⋅+

a33 k⋅ c33 m⋅+

a43 k⋅ c43 m⋅+

a14 k⋅ c14 m⋅+

a24 k⋅ c24 m⋅+

a34 k⋅ c34 m⋅+

a44 k⋅ c44 m⋅+

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

→  

m A⋅ k C⋅−

a11 m⋅ c11 k⋅−

a21 m⋅ c21 k⋅−

a31 m⋅ c31 k⋅−

a41 m⋅ c41 k⋅−

a12 m⋅ c12 k⋅−

a22 m⋅ c22 k⋅−

a32 m⋅ c32 k⋅−

a42 m⋅ c42 k⋅−

a13 m⋅ c13 k⋅−

a23 m⋅ c23 k⋅−

a33 m⋅ c33 k⋅−

a43 m⋅ c43 k⋅−

a14 m⋅ c14 k⋅−

a24 m⋅ c24 k⋅−

a34 m⋅ c34 k⋅−

a44 m⋅ c44 k⋅−

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

→  

M 11−=
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determinantis gamosaTvlelad X -s viRebT 

Calculator-idan da moniSnul X-is adgilze CavwerT 

M-s Semdeg “=”-iT miviRebT determinantis 

mniSvnelobas. M 1−  aviReT Symbolic-idan. exla 

amovxsnaT Semdegi wrfiv gantolebaTa sistema 

 

 

 

 

 
 
Mathcad-is samuSao dafaze avagoT mocemuli 

sistemis Sesabamisi A matrici da Tavisufali 

wevrebisgan B svet matrici: 
 

M

0

1

2

1

0

2−

1−

3

1

0

0

1−

5−

2

2

0

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  MT

0

0

1

5−

1

2−

0

2

2

1−

0

2

1

3

1−

0

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

→  

M 1− 1−

11

2−

2

4

3

1−

12

35

7

4−

7−

25−

5−

2−

2

15

3

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

⋅→  M M 1−
⋅

1

0

0

0

0

1

0

0

0

0

1

0

0

0

0

1

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

→  

rank M( ) 4=  

x1 2 x2⋅− 4 x4⋅+ 2

2 x2⋅ x3− 2 x4⋅+ 1

x1 3 x2⋅+ x3− 5

x3 5 x4⋅− 0

B

2

1

5

0

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  A

1

0

1

0

2−

2

3

0

0

1−

1−

1

4

2

0

5−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  



 37 

amis Semdeg klaviaturidan avkrifoT lsoslve 
operatori-wrfivi sistemis amoxsna da CavweroT 

Semdegi saxiT lsoslve(A,B) bolos tolobis niSaniT 1 

an 4-idan vRebulobT mocemuli sistemis amonaxsns 

Semdegi formiT:  

 

 

 

 

 

 

 

 

 

es ukanaskneli niSnavs, rom mocemuli sistemis 

amonaxsnia 

 

cxadia igives miviRebT Tu gamovienebT Semdeg 

formulas  

 

 

 

 

 

 

 

 

 

 

lsolve A B,( )

10
3

0

5−

3

1−

3

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

→

3.333

0

1.667−

0.333−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=  

x3
5−

3
 x2 0 x4

1−

3
 x1

10
3

 

A 1− B⋅

10
3

0

5−

3

1−

3

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

→      X=
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Tu “lsolve” operatorma ar mogvca pasuxi, maSin 

gamovTvaloT sistemis matricisa da gafarToebuli 

matricis rangebi, Tu isini tolia da naklebia 

sistemis rigze, maSin kroneker-kapelis Teoremis 

Tanaxmad sistemas aqvs uamravi amonaxsni da is 

miiReba “Given – Find” operatorebis gamoyenebiT. 

magaliTad ganvixiloT sistema Semdegi matriciT 

 

 

 

 

  rank A( ) 2=   rank A1( ) 2=  

radgan sistemis matricis rangi naklebia sistemis  

rigze amitom visargebloT Semdegi Given-find 
operatoriT 

        

 

 

 

 

 

 

 

 

sistemas aqvs uamravi amonaxsni. 

A

2

1

3

1

0

0

2

2

6

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=  B

6

4

12

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=  

lsolve A B,( ) =lsolve A B,( )

A1

2

1

3

1

0

0

2

2

6

6

4

12

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=  

x1 0:=
    x2 0:=     x3 0:=

Given

2 x1⋅ x2+ 2 x3⋅+ 6

x1 2 x3⋅+ 4

3 x1⋅ 6 x3⋅+ 12

Find x1 x2, x3,( )

2−( ) x3⋅ 4+

2 x3⋅ 2−

x3

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

→  
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i 1 n..:=

 amovxsnaT samkuTxa sistema 

 

 

 

 

 

a

5

0

0

0

0

3

1

0

0

0

1−

2

4

0

0

4

1

2−

3

0

1

3

4

1

2

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=

 
 

xn

bn

an n,
:=

      

xn i−

bn i−
0

i 1−

m

an i− n m−, xn m−⋅( )∑
=

−

an i− n i−,
:=

            

x

1−

1

0

2

3

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=

  
 

             amovxsnaT sistema 

 

 

5 x0⋅ 3 x1⋅+ x2− 4 x3⋅+ x4+ 9

x1 2 x2⋅+ x3+ 3 x4⋅+ 12

4 x2⋅ 2 x3⋅− 4 x4⋅+ 8

3 x3⋅ x4+ 9

2 x4⋅ 6

b

9

12

8

9

6

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  

n 4:=

2 x0⋅ ................................. 14

3 x0⋅ 4 x1 .....................+ 9

4 x0⋅ 5 x1⋅+ x2+ 3 x3⋅+ 16

x0 x1+ 2 x2 .............− 4



 40 

    

xi

bi
0

i 1−

m

ai m, xm⋅( )∑
=

−

ai i,
:=

 

 

x

7

3−

0

1

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=

  

lsolve a b,( )

7

3−

0

1

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=

 
 

 

 

cxadia lsolve-c igives gvaZlevs. 

   amovxsnaT isev magaliTi 5,Mathcad‐is gamoyenebiT 

Sesabamis programas eqneba saxe 

 

 

 

 

b

14

9

4

16

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  a

2

3

1

4

0

4

1

5

0

0

2−

1

0

0

0

3

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  

n 3:=

i 1 n..:=
x0

b0

a0 0,
:=  

X0

0.488

1.93

2.74

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=  β X0:=
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miviReT zusti amonaxsni.  etapobrivad gvaqvs 

 

X1

0.413

2.088

1.533

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

= X2

0.396

2.001

1.446

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

= X3

0.4

1.996

1.5

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

= X4

0.4

2

1.502

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

= X5

0.4

2

1.5

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=  

 

 

mimdevroba krebadia. 

α

0

0.125−

0.1−

0.05−

0

0.6−

0.008

0.08

0

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

:=  

n 5:=  

i 1 n..:=  

Xi β α Xi 1−⋅+:=

Xn

0.4

2

1.5

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=  
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magaliTebi 

   

   amoxseniT gantolebaTa sistemebi 

 

3 x1⋅ 7 x2+ 2 x3+ 19 

2 x1⋅ 7 x2⋅+ x3− 8 x 3 x⋅+ 2 x⋅+ 7 

1.1 x1 2 x2⋅+ x3+ 4 1.2  x 2 x⋅+ 3x− 5 

3 x1⋅ 5 x2⋅− 3 x3⋅+ 1 2 x⋅ 5 x⋅+ 4x+ 12 

x1 2 x2+ x3− 4 3 x1 4 x2+ 2 x3+ 8 

1.3 1.4  2 x1 x2− 3 x3− 11 

x1− 4 x2+ x3− 6 x1 5 x2+ x3+ 9 

x1 x2+ x3− 1 
x1 x2+ 3 x3+ 7 

1.6  x1− x2+ x3+ 5 
1.5 5 x1 4 x2+ 3 x3+ 11 

x1 x2− x3+ 3 
10x1 5 x2+ x3+ 12 

x1 x2+ 3 
x2 3 x3+ 6 

1.8  x1 x2− 1 
1.7 2 x1 5 x2+ 2 

x2 x3+ 5 
x1 2 x2+ x3+ 3 

3 x1 x2+ x3− 1 x2 x3+ 3 
1.10  2. x1 4. x2+ 6 x3+ 3 1.9  x1 x2+ 2 x3− 8−  

x1 2 x2+ 3 x3+ 4 3 x1 2 x2+ 6−  
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2 x1 5 x2+ x3+ 4 x1 2 x3+ 4 
1.12  1.11  3 x1 6 x2+ 3 x3− 0 2 x1 x2+ 2 x3+ 6 

x1 2 x2+ x3− 0 4 x1 8 x3+ 16 

1.13  x1 4 x2⋅+ 2 x3⋅+ 0 1.14  

3 x1⋅ 7 x2⋅+ 3 x3⋅+ 0 

1.16  
1.15  

1.17  1.18  x2 x3+ 1  

x1 x2+ x4+ 5 

x1 x2− x3− 0 

x1 2 x2+ x3+ x4− 2 

3 x2 x3+ x4+ 3 

2 x1 2 x2− 2 x3+ 0 

x1 x2− x3+ 0 

3 x1 3 x2− 3 x3+ 0 

x1 x3+ x4+ 2 

2 x1 x2+ x3+ 3 

x1 2 x2− 2 x3+ x4+ 2 

x1 x2− 2 x3− 1 

2x1 x2+ x4− 4 

x1 2 x2+ x3+ 3 

x2 3 x3+ x4+ 6 

x1 x2+ 2 x4+ 1 

x3 5 x4− 0 

x1 3 x2+ x3− 5 

x1 2 x2− 2 x4+ 2 

2 x2 x3− 2 x4+ 1 
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 2 x1⋅ x2+ x3+ 5 
x1 x3+ 5 

x4 x5− x6+ 1 
3x3 4x4− 4 

x1 3 x2⋅+ x3+ 8 
2x1 3x2+ 5 

1.20  1.19  2 x1⋅ x2− x3+ 1 x2 2 x3⋅+ 9 
x4 x5− 3 x6⋅− 1 7 x5⋅ 8 x6⋅− 5 

2 x4 x5− 8 x6+ 4 x4 x6+ 4 

x1 x2+ 1 x1 x3+ 4 

x4 x5+ 3 x1 2 x2⋅− x3+ 0 

1 21,  x1 x2+ x3+ 2 1.22  x2 x3+ x4+ 6 

x2 x3+ x5+ 2 x2 3 x5⋅+ 2 

x3 x4+ x5+ 4 x3 x4+ 2 x5⋅+ 4 

3 x1⋅ 2 x2⋅− 4 x3⋅+ x4− x5+ 4 x6+ 7 x7− 3 x8− 1 

x2 3 x3+ x4+ 5 x5− x6+ 2 x7− x8+ 16 

5 x3 6 x4+ x5− 12 x6− 8 x7+ 2 x8− 0 

2 x4 3 x5+ 4 x6− 2 x7+ 2 x8+ 8 
1.23  4 x5 x6+ 7 x7− 2 x8− 0 

5 x6 2 x7+ x8+ 7 

3 x7⋅ x8+ 1 

2 x8 8 
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x1 2 x2+ 3 x3+ 4 x4+ x5− 6 x6− 2 x7+ 3 x8− 2 x9+ 12 

x2 x3− 3 x4+ 3 x5− x6+ x7− 2 x8+ 2 x9− 17 

3 x3 x4+ x5+ x6− x7+ x8+ 4 x9+ 5 

2 x4 x5+ 3 x6− 2 x7+ 3 x8+ 6 x9+ 4 

1.24  4 x5 x6+ x7+ x8− 4 x9− 1 

5 x6 3 x7+ 2 x8+ 8 x9+ 5−  

6 x7 x8+ 2 x9+ 5 

4 x8 2 x9+ 5 

2− x9⋅ 3 

3 x1⋅  ...................................................................................... 6 

4x1 x2+  .............................................................................. 5 

x1 2x2+ 3x3+  .............................................................. 1−  

2x1 x2+ x3+ 2x4+  ...................................................... 2 

x1 x2+ x3− x4+ x5−  ................................................... 0 
1.25  

3x1 x2+ 2x3+ 4x4− 5x5+ x6+  ................................ 5−  

x1 2x2− 3x3+ x4+ x5− 2x6− x7−  ........................ 13 

2 x1⋅ x2− x3+ x4− 2x5− x6+ 2x7+ x8−  ................... 4 

x1 x2+ x3+ x4+ x5+ x6+ x7+ x8+ x9+  ........... 15 

3 x1 2 x2+ x3+ x4− x5+ x6+ 4 x7+ x8+ x9+ x10− 6 
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3 x1⋅  ........................................................... 9 

2 x1⋅ x2−  ................................................... 4 

4 x1⋅ x2+ 3x3−  ........................................ 2 

1.26  x1 x2− x3+ 2x4+  ................................ 5 

x1 x2+ x3+ x4+ x5+  ........................ 9 

3 x1⋅ 2 x2⋅+ x3+ x4− 2x5− x6+  ........ 9 

5 x1⋅ x2+ 2 x3⋅+ 4 x4⋅− 5 x5− x6− x7+ 20 

 

x1 3x2−  ................................... 1 

2 x1⋅ x2+ 3 x3⋅+  ........................ 3 

2 x2⋅ x3− x4+  ................... 4 

1.27  4x3 x4− x5+  ......... 3−  

3 x4⋅ x5+ 3 x6− 1−  

2 x5⋅ x6+ 12 

3x1 2x2−  ................................................ 5−  

x1− x2+ x3−  ........................................... 2 

5x2 3x3+ 10x4−  ........................... 13−  

x3 2x4+ x5+  ................... 0 

4 x4⋅ 2 x5⋅+ x6−  ........ 0 

x5 2 x6+ x7− 2 

x6 2 x7+ 8 

 

1.28  
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amoxseniT sistema iteraciuli meTodiT 

 

              

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 x1⋅ 0.24 x2⋅+ 0.08 x3⋅− 8 2 x1⋅ x2− x3− 3−  

1.29  0.09 x1⋅ 3 x2⋅+ 0.15 x3⋅− 9 1.30  3 x1⋅ 5 x2⋅+ 2 x3⋅− 1 

0.04 x1⋅ 0.08 x2⋅− 4 x3⋅+ 20 x1 4 x2⋅− 10 x3⋅+ 0 
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Tavi II 

funqciaTa aproqsimacia 

$2.1. funqciaTa aproqsimaciis umartivesi 

amocana 

vTqvaT, mocemulia )(xf  funqciis 

mniSvnelobaTa simravle diskretul wertilebSi 

ii fxf =)( . aproqsimaciis umartivesi amocana 

mdgomareobs SemdegSi: SevadginoT gamoTvlebisaTvis 

iseTi martivi )(xf  funqcia, romelic mocemul 

wertilebSi miiRebs )(xf  funqciis cxriliT, 

mocemul if  mniSvnelobebs. es amocana ekuTvnis im 

amocanebis klass, romlebic xSirad gvxvdeba 

gamoyenebiT maTematuikaSi – cxriluri monacemebi 

SeiZleba miviRoT an kompiuterze Catarebuli 

gamoTvlebis Sedegad, an raime eqsperimentis dros 

Catarebuli gazomvebis Sedegad. 

 cxadia Tu 1+− ii xx  mcire sididea ixx ≈ -

saTvis SeiZleba davuSvaT ifxf ≈)( , am miaxloebis 

cdomilebaa 

ii xxxffxf −⋅′≈− ()()( ) 

 albaT, ufro zust miaxloebas miviRebT Tu 

x [ ]−∈ +1, ii xx saTvis )(xf  funqcias SevcvliT im wfis 

monakveTiT, romelic gadis (xi, fi) da  (xi+1, fi+1) 
wertilebze, kerZod: 

)()( i
i1i
i1i

i xx
xx
ff

fxf −⋅
−
−

+≈
+

+  
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 amdenad, azri esaxeba )(xf  funqcis iseTi 

xarisxovani polinomiT Secvlis ideas, romelic 

mocemul wertilebSi Rebulobs mocemul cxrilur 

mniSvnelobebs. es idea udevs safuZvlad 

aproqsimaciis (interpolebis) Teorias. 

 x0, x1, ... xn wertilebs sainterpolacio kvanZebi 

ewodeba x( )Φ  funqcias – ki saintepolacio 

polinomi. sainterpolacio polinomiT farTod 

sargebloben )(xf  funqciis mniSvnelobebis 

gamosaTvlelad x-is im mniSvnelobebisaTvis, 

romlebic [ ]nxx ,0  Sualedis rogorc SigniT, ise 

gareT mdebareoben. pirvel SemTxvevaSi saqme gvaqvs 

interpolirebasTn, xolo meore SemTxvevaSi – 

eqstrapolirebasTn.                

 

  am SemTxvevaSi cdomilobaa 

              ( ) ( ) ( )R x f x x= − Φ  

da  cxadia, 

 

xolo danarCen wertilSi )(xR  funqcia axasiaTebs 

)(xf -is gadaxras Φ x( ) funqciis mniSvnelobisagan. 

)(xR  funqcias naSTiTi wevri ewodeba. 

  

R x0( ) R x1( ) .... R xn( ) 0 
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$2.2. funqciaTa miaxloeba sainterpolacio 

polinomebiT 

      lagranJis sinterpolacio formula 

 vTqvaT, )(xf  funqcia mocemula cxrilis 

saxiT: 

ii fxf =)( ,              i=0, 1, 2, . . ., n 

romelic Seicavs )(xf -is mniSvnelbebs (n+1) 
wertilSi, amasTan xi  wertilebi wyvil-wyvilad 

gansxvavebulni arian. 

 visargebloT algebris cnobili TeoremiT, 

rom (n+1) wertilze SeiZleba gavataroT mxolod 

erTi n-uri rigis parabola. 

 vTqvaT, x-is saZiebeli polinomi, romelic 

gadis cxrilis sakvanZo wertilebze iyos: 

      n
n

2
210n xaxaxaaxP ++++= ...)(             (2.1) 

 Tu moviTxovT, rom cxrilis yovel sakvanZo 

wertilSi polinomis mniSvnelba daemTxves funqciis 

mniSvnelobas imave wertilSi, miviRebT wrfiv 

gantolebaTa Semdeg sistemas 

,... i
n

in
2

i2i10 fxaxaxaa =++++   i=1, 2, . . ., n      (2.2)                     
am sistemis determinantia 

n
n

2
nn

n
1

2
11

n
0

2
00

xxx1

xxx1

xxx1

...

..................................

...

...

=Δ  
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 es determinanti warmoadgens maTematikuri 

analizis ZiriTad kursSi ganxilul vandermondis 

determinants, gansxvavebul wertilTa 

simravlisaTvis, mtkicdeba, rom 0≠Δ  da misi 

mniSvneloba gamoiTvleba formuliT: 

( ) 0xx

ji
0ji

ji ≠−=Δ ∏
≠

=,
 

 rac imas niSnavs, rom saZiebeli polinomi 

arsebobs da is erTaderTia. Teorema damtkicebulia. 

 unda SevniSnoT, rom dasmuli amocanis 

saZiebeli amonaxsni SeiZleba amovweroT cxadi 

saxiT: 

                

( ) ( )( ) ( )
( )( ) ( )

( ) ( )( ) ( )
( ) ( )( ) ( )

( )( ) ( )
( )( ) ( )

1 2 n
n 0

0 1 0 2 0 n

0 k 1 k 1 n
k

k 0 k k 1 k k 1 k n

0 1 n 1

n 0 n 1 n n 1

x x x x x x
P x f

x x x x x x

x x x x x x x x
f

x x x x x x x x

x x x x x x
fn

x x x x x x

...
...

...

... ...
...

... ...

...
...

− +

− +

−

−

− − −
= ⋅ +

− − −

− − − −
+ +

− − − −

− − −
+ ⋅

− − −

 (2.3)          

SemoviRoT aRniSvna 

( )( ) ( )( ) ( )( ) ( )n1k1k10
k

n xxxxxxxxxxL −−−−−= +− ......  

romelic warmoadgens n-uri rigis specialur 

polinoms. 

 am aRniSvnis safuZvelze (2.3) SeiZleba mokled 

ase Caiweros: 

      ( )
( )( )

( )( )∑
=

⋅=
n

0k k
k

n

k
n

kn
xL

xL
fxP                (2.4) 
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 marTlac cxadia, rom (2.4) warmoadgens n-uri 
rigis polinoms da masSi nebismieri k-saTvis x=xk-s 

CasmiT vRebulobT kkn fxP =)( . 

 (2.4) polinoms lagranJis sainterpolacio 

polinomi ewodeba. Tu xi; i=o, 1, 2,. . ., n kvanZebi 

dalagebulia zrdis mixedviT anu xi+1>xi nebismieri i-
saTvis, maSin sidideebs {hi=xi+1-xi; i=o,1,...,n } 

interpolaciis bijebs uwodeben.           

Tu hi=h=const,  maSin xi=x0+ih, i=0,1, . . . , n   da am 

SemTxvevaSi gvaqvs Tanabari 
bijiT interpolireba. [ ]nxx ,0  monakveTs 

sainterpolacio monakveTi ewodeba. 

 SemoviRoT kidev erTi (n+1) rigis specialuri 

saxis polinomi: 

( ) ( )( ) ( ) ( )∏
=

+ −=−−−=
n

0i
in101n xxxxxxxxxW ....  

     cxadia, rom 

( ) ( ) ( )k
n k n 1 kL x w x+′= , xolo ( ) ( )n 1k

n
k

w x
L x

x x
+=
−

 

wn+1(x)-is gamoyenebiT lagranJis polinomi SeiZleba 

CavweroT Semdegi saxiT: 

  ( ) ( ) ( )( )∑
= +

+ −′
⋅=

n

0k kk1n
k

1nn xxxw
f

xwxP         (2.5)                 

 

(2.3)-dan gamomdinareobs, rom xn-is koeficienti, 

tolia 

     ( )( )∑
=

=
n

0k k
k

n

k
n

xL

f
a                (2.6) 
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$2.3. niutonis sainterpolacio polinomi 

  

ganvixiloT sainterpolacio polinomis Caweris 

kidev erTi forma:                     

PP P                                                       

                                               

   moviTxovoT, (2.7) polinomis mniSvnelobebi 

daemTxves funqciis mniSvnelobebs mocemul sakvanZo 

wertilebSi, maSin ucnobi                      Ai; i=0, 
1, 2,. . . n koeficientebisaTvis miviRebT wrfiv 

gantolebaTa sistemas samkuTxa matriciT: 

( )
( ) ( )( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=−−+−+
=−+

=

.....................................................................

.....................................................................
,

,
,

2120220210

10110

00

fxxxxAxxAA
fxxAA

fA

    (2.8)                

 romlis ricxviTi amoxsna CvenTvis cnobilia 

(1.12) – sistemis (1.13) amonaxsnis saxiT. 

 sainterpolacio polinoms, romelic 

Cawerilia (2.7) formiT, niutonis polinomi ewodeba. 

is sainteresoa im TvalsazrisiT, rom misi yoveli 

pirveli ( )1n +  wevris kerZo jami Tavis mxriv 

warmoadgens n-uri xarisxis sainterpolacio 

polinoms, agebuls cxrilis pirveli (n+1)  
mniSvnelobisaTvis. 

 (2.8) sistemis amonaxsni (1.13)-is analogiurad 

da (2.6)-is gaTvaliswinebiT SeiZleba CavweroT cxadi 

saxiT: 

(2.7) 
Pn x( ) A0 A1 x x0−( )+ ....+ An x x0−( ) x x1−( ) .... x xn 1−−( )+
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,00 fA =  ( )( )∑
=

=
m

0k k
k

m

k
m

xL

f
A ,    m=0, 1, 2,. . ., n      (2.9) 

 

 Tu am mniSvnelobebs SevitanT (2.7) tolobaSi, 

miviRebT niutonis Semdeg  

sainterpolacio polinoms: 

( ) ( ) ( ) ( )( )

( ) ( )( )( )

( ) ( )
( ) ( )( ) ( )110

01
1

1

2103
0123

102
012

0
01

0

...
!

11...

...
!3

33
!2

2

−
−

−
− −−−

⋅−+−++=
+

++−−−
−+−

+

+−−
+−

+−
−

+=

nn

n
n

n
nn

n

xxxxxx
hn

fnfnff

xxxxxx
h

ffff

xxxx
h

fff
xx

h
ff

fxP

 

amgvarad, miviReT, rom: 

( ) ( ) ( ) ( )∑∑
=

−
=

−==
n

k
kn

k
n

k
n

n

k k
k

n

k
n fC

hnxL
fA

00
1

!
1

 

sadac 

( )!!
!

knk
nC k

n −
=  

 gamoTvlebis TvalsazrisiT umjobesia 

gamoviyenoT 

( ) ( )∑
=

−−=
n

k
kn

k
n

k
nn fC

hn
A

0
1

!
1

 

n=0, 1, 2. . . . 
 

formulebi. 

SevniSnoT, rom (2.1), (2.3), (2.7) sainterpolacio 

polinomebi $2.2-Si moyvanili erTaderTobis 
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Teoremis safuZvelze warmoadgenen erTidaimave 

polinomebis sxvadsxva Canawers. 

 ra Tqma unda sainteresoa am Canawerebis 

Sedareba praqtikuli amocnis gadawyvetis dros, 

maTi gamoyenebis moxerxebulobis TvalsazrisiT. 

Tumca cxadia, unda gaviTvaliswinoT Semdegi 

mosazreba. konkretulad Tu saWiroa funqciis 

miaxloebiTi mniSvnelobebis gamoTvla ixx ≠  (i=0, 1, 

2,..., n) wertilSi, es ra Tqma unda ar niSnavs imas, 

rom unda gamoviyenoT cxrilis yvela wertilze 

agebuli sainterpolacio polinomi. didi rodenobis 

cxriluri monacemebisaTvis es arapraqtikulia. am 

SemTxvevaSi ase iqcevian: ageben dabali rigis 

sainterpolacio polinoms x wertilTan mdebare 

axlo kvanZebze da iyeneben mas mocemuli )(xf  

funqciis gamosaTvlelad. 

 Sedarebis TvalsazrisiT xazi unda gaesvas 

Semdeg garemoebas, kerZod (2.1)-is koeficientebis 

sapovnelad, saWiroa amovxsnaT (2.2) gantolebaTa 

sistema, maSin rodesac niutonis mravalwevris 

koeficientebi ganisazRvreba martivi (2.8) sistemidan 

da gamoiTvleba (2.9) formuliT. ganvixiloT Semdegi 

magaliTi. 

 vTqvaT, x1 wertilis midamoSi Cven avageT 

meoTxe rigis polinomi. aRmoCnda, rom misi sizuste 

ar aris damakmayofilebeli da saWiroa mexuTe 

rigis mravalwevris ageba. niutonis polinomisaTvis 

xarisxis aweva erTi Sesakrebis damatebas niSnavs 

anu Cvens SemTxvevaSi A5 koeficientis gamoTvlas (2.9) 

formuliT, maSin rodesac (2.1) mravalwevris 
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xarisxis aweva moiTxovs (2.2) wrfiv gantolebaTa (am 

SemTxvevaSi) mexuTe rigis sistemis amoxsnas. 

 amgvarad, Tanamedrove kompiuterizaciis 

pirobebSi, realizaciis TvalsazrisiT ganxiluli 

meTodebidan arcerTi ar warmoadgens did 

sirTules, magram aSkaraa niutoniseuli polinomis 

upiratesoba. 

 magaliTi 2.1. vTqvaT, mocemulia funqciis 

mniSvnelbaTa cxrili 

 

x 0 1 2 3 4 5 

f 0 0.5 1 2 1 0.5 

  

mocemul eqvs sakvanZo wertilze avagoT 

mexuTe rigis polinomi es polinomi CavweroT 

niutoniseuli formiT, miviRebT samkuTxa wrfiv 

gantolebaTa sistemas, romlis amonaxsni moicema 

(2.9) formuliT, romelic Cvens SemTxvevaSi, radgan 

0 0A f 0= = , miiRebs saxes: 

∑
=

=
m

k k
k

m

k
m xL

f
A

1
)( )(

,              m=1, 2, . . ., 5. 

sadac 

))...()()...()(()( 1110
)(

mkk
k

m xxxxxxxxxxxL −−−−−= +−  

amasTan gvaqvs 
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( )( )
( )( ) ( )( )
( )( ) ( )( )
( )( ) ( )( )( )
( )( ) ( )( )( )
( )( ) ( )( )( )
( )( ) ( )( )( )( )
( )( ) ( )( )( )( )4310
2

4

4320
1

4

210
3

3

310
2

3

320
1

3

10
2

2

20
1

2

0
1

1

xxxxxxxxxL

xxxxxxxxxL

xxxxxxxL

xxxxxxxL

xxxxxxxL

xxxxxL

xxxxxL

xxxL

−−−−=

−−−−=

−−−=

−−−=

−−−=

−−=

−−=

−=

 

( )( ) ( )( )( )( )
( )( ) ( )( )( )( )
( )( ) ( )( )( )( )( )
( )( ) ( )( )( )( )( )
( )( ) ( )( )( )( )( )
( )( ) ( )( )( )( )( )
( )( ) ( )( )( )( )( )43210
5

5

53210
4

5

54210
3

5

54310
2

5

5320
1

5

3210
4

4

4210
3

4

xxxxxxxxxxxL

xxxxxxxxxxxL

xxxxxxxxxxxL

xxxxxxxxxxxL

xx4xxxxxxxxxL

xxxxxxxxxL

xxxxxxxxxL

−−−−−=

−−−−−=

−−−−−=

−−−−−=

−−−−−=

−−−−=

−−−−=

 

50
xx

f
A

01
1

1 .=
−

= , 

( )( ) ( )( )
1 2

2
1 0 1 2 2 0 2 1

f fA 0 5 0 5 0
x x x x x x x x

, , ,= + = − + =
− − − −

 

 

   

f3
x3 x0−( ) x3 x1−( ) x3 x2−( )

 

A3

f1
x1 x0−( ) x1 x2−( ) x1 x3−( )

f2
x2 x0−( ) x2 x1−( ) x2 x3−( )+ +  

A 3 0.0833  A 4 0.1249− A 5 0.0667.
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igive Sedegs miviRebT Tu samkuTxa sistemas 

amovxsniT (1.13) formulebiT. 

 amgvarad sainterpolacio polinomi miiRebs 

saxes: 

     
 P5(x)=0,5x+0,0833x(x-1)(x-2)-0,1249x(x-1)(x-2)(x-3)+ 
               +0.0667x(x-1)(x-2)(x-3)(x-4) 
aqedan miviRebT: 

 
P5(0)=0;    P5(1)=0,5;     P5(2)=1;      P5(3)=1,9998;      P5(4)=1,002;     
P5(5)=0,51. 
 amgvarad gvaqvs sakmarisad kargi aproqsimacia. 

a) buan-uban wrfiv interpoleba. am SemTxvevaSi 

gamoiyeneba wrfivi miaxloeba (2.7) polinomSi viRebT 

pirvel or Sesakrebs da miviRebT: 

)()( 1
i

i
i xx

h
f

fxf −+≈ +               (2.10) 

cxadia (2.10) warmoadgens (xi, fi), (xi+1, fi+1) sakvanZo 

wertilebze gamaval wrfes. 

b) uban-uban kvadratuli interpoleba. gamoiyeneba 

kidev erTi damatebiTi sakvanZo wertili (xi, 
fi);(xi+1,fi+1) da (xi+2,fi+2) aigeba meore rigis mravalwevri. 

kerZod, 

 

f(xi)=fi,           f(xi+1)=fi+1,            f(xi+2)=fi+2 
 

 

 

f x( ) fi

fi 1+ fi−

h
x xi−( )⋅+

fi 2+ 2 fi 1+− fi+

h2
x xi−( )⋅ x xi 1+−( )⋅+=  (2.11) 
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$2.4. saSualo kvadratuli miaxloeba 

(umcires kvadratTa meTodi) 

  

vTqvaT, x0, x1, . . . xn wertilebSi mocemulia )(xfy =  

funqciis mniSvnlobebi ii fxf )( , i=0, 1, 2,...,n . vipovoT 

iseTi m, (m<n) xarisxis polinomi 

m
0 1 mx a a x a x( ) ... ,Φ = + + +  rom i ix f x( ) ( )Φ −  sxvaobaTa 

kvadratebis jami iyos umciresi, e.i. 

  ( ) ( )
2n

m
0 1 m 0 1 i m i i

i 0
a a a a a x a x f x, ,..., ...

=

⎡ ⎤Φ = + + + −⎢ ⎥⎣ ⎦∑  (2.12)            

gamosaxuleba Rebulobdes umcires mniSvnelobas. 

gmoviyenoT (m+1) cvladis      funqciis eqstremumis 

arsebobis aucilebeli piroba 

                 

i
0

a
,∂Φ

=
∂

            (i=0, 1, 2, . . . , m) 

miviRebT: 

         ( ) ( )
n n

k k
i i ii

i 0 i 0
x x f x x

= =
Φ ⋅ =∑ ∑      (k=0, 1, 2, . . . , m) 

 am sistemas normaluri sistema ewodeba. 

SevitanoT masSi ix( )Φ  mniSvneloba, miviRebT: 

              

( )
n n n

k k 1 k m
0 i ii i i

i 1 i 1 i 1
a X a1 X am X f x x k...+ +

= = =
+ + + =∑ ∑ ∑     (2.13)              

                  k=0, 1, 2, ..., m                            
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ucnobi { }maaaa ,...,, 210  koeficientebisaTvis Cven 

miviReT wrfiv algebrul gantolebaTa sistema 

simtriuli matriciT. misi elementebi gamoiTvleba 

cxriluri wertilebis koordinatebiT. Tavis mxriv 

(2.13)-is marjvena mxareebi ganiszRvreba cxriliT 

mocemuli funqciis mniSvnelobebiT. 

 x( )Φ  miaxloebas gansazRvruls (2.13) 

sistemidan ewodeba saSualo kvadratuli miaxloeba 

umcires kvadratTa meTodiT. 

 am miaxloebis cdomileba ganisazRvreba 

formuliT 

          ( )
n 2

m i i
i 0

1 P x f
n 1 =

⎡ ⎤Δ = −⎣ ⎦+ ∑  

(2.13) sistema matriculi formiT ase Caiwereba: 

 

 

cxadia, nm = -saTvis am amocanis amonaxsni 

aris lagranJis an niutonis sainterpolacio 

(2.14) 

n 1+( )

0

n

i

xi∑
=

0

n

i

xi( )2∑
=

0

n

i

xi( ) m∑
=

0

n

i

xi∑
=

0

n

i

xi( )2∑
=

0

n

i

xi( )3∑
=

0

n

i

xi( ) m 1+∑
=

0

n

i

xi( )2∑
=

0

n

i

xi( )3∑
=

0

n

i

xi( )4∑
=

0

n

i

xi( ) m 2+∑
=

0

n

i

xi( ) m∑
=

0

n

i

xi( ) m 1+∑
=

0

n

i

xi( ) m 2+∑
=

0

n

i

xi( )2 m⋅∑
=

⎡⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣

⎤⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

A0

A1

A2
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⎜
⎜
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⎜
⎜
⎜
⎝

⎞
⎟
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⎟
⎟
⎟
⎟
⎠

⋅

0

n

i

fi∑
=

0

n

i

fixi( )∑
=

0

n

i

fi xi( )2⋅⎡
⎣

⎤
⎦∑

=

0

n

i

fi xi( )2 m⋅⋅⎡
⎣

⎤
⎦∑

=

⎡⎢
⎢
⎢
⎢
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⎥
⎥⎦
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polinomi, vinaidan swored masze miiRweva Ф 

funqciis absoluturi minimumi. 0≡Φ . Tu nm ≤ , 

maSin dasmul amocanas gaaCnia erTaderTi amonaxsni. 

nm >. -saTvis Φ -s, absolutur minimums uamavi 

amonxsni aniWebs. Cven ganvixiloT SemTxveva nm <  

da am SemTxvevaSi ganvixiloT magaliTi 2.1, 2=m  

pirobiT (e.i. mivuaxlovdeT paraboliT): 

          ( ) ( ) 2
2 0 1 2f x f x a a x a x≈ = + + ,   miviRebT 

          

0

1

2

a 57 15 55
15 55 225 a 15
55 225 979 51a

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟ =⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

 

1 2 3

0 1 2

7140 700 7 620 1340

a 0 098 a 1 067 a 0 188

; ; ; ;

, ; , ; , ;

Δ = Δ = − Δ = Δ = −

= − = = −
 

amgvarad, gvaqvs umcires kvadratTa meTodiT 

miRebuli Semdegi aproqsimcia: 

 

( ) ( )
( ) ( ) ( ) ( )
( ) ( )

2
2f x P x 0 098 1 067x 0 188x

f 0 0 098 f 1 0 781 f 2 1 284 f 3 1 411

f 4 1162 f 5 0 537

, , ,

, , , , , , ,

, , , .

≈ = − + −

= − = = =

= =

 

 

SevadaroT erTmaneTs niutoniseuli 

polinomiT miRebuli aproqsimacia (wertilovani 

mrudi) da umcires kvadratTa meTodiT miRebuli 

mniSvnelobebi (wyvetili mrudi) gvaqvs Semdegi 

suraTi (nax. 2.1). 
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                        nax. 2.1 

am SemTxvevaSi naTlad Cans, rom 

niutoniseuli miaxloeba ukeTesia, magram umcires 

kvadratTa meTodiT miaxloebac misaRebia. umcires 

kvadratTa meTodiT vipovoT 0β  da 1β  

koeficientebi cxriliT mocemuli 

 

x x0 x1 x2 . .  . xn 

y y0 y1 y2 . . . yn 

funqciebisaTvis, Tu isini warmoadgenen Semdeg 

modelebs: 

a) 0 1y x= β + β  

(2.14)-dan, miviRebT 

  

( )( ) ( )( )
( )( ) ( )

( )( ) ( )( )
( )( ) ( )

2
i i i i i

0 22
i i

i i i i
1 22

i i

y x x y x

n 1 x x

n 1 x y x y

n 1 x x

−
β =

+ −

+ −
β =

+ −

∑ ∑ ∑ ∑
∑ ∑

∑ ∑ ∑
∑ ∑

         (2.15)             

0 1 2 3 4 5 6

0

2

4

y

P5 x( )

P2 x( )

t x,
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b) 1
0y

x
β

= β +       modelisaTvis gveqneba: 

 

   

 

 

 

 

 

 

 

 

 

g) 0 1y xln= β + β   modelis SemTxvevaSi umcires 

kvadratTa meTodiT, miviRebT: 

( )( ) ( )( )
( )( ) ( )

( )( ) ( )( )
( )( ) ( )

2
i i i i i

0 22
i i

i i i i
1 22

i i

y x x y x

n 1 x x

n 1 y x y x

n 1 x x

ln ln ln

ln ln

ln ln

ln ln

− −
β =

+ −

+ −
β =

+ −

∑ ∑ ∑ ∑
∑ ∑

∑ ∑ ∑
∑ ∑

     (2.17)                

d) ax
0 1y e= β + β    modelis SemTxvevaSi gvaqvsAAQ 

                  

 
 

 
     

β0

Σ yi( ) Σ
1

xi( )2
⎡
⎢
⎣

⎤
⎥
⎦

⋅ Σ
1
xi

⎛
⎜
⎝

⎞
⎟
⎠

Σ
yi
xi

⎛
⎜
⎝

⎞
⎟
⎠

⋅−

n 1+( ) Σ
1

xi( )2
⎡
⎢
⎣

⎤
⎥
⎦

⋅ Σ
1
xi

⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

2
−

 

2.16( ) 

β1

n 1+( ) Σ
yi
xi

⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

⋅ Σ
1
xi

⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

Σyi( )⋅−

n 1+( ) Σ
1

xi( )2
⎡
⎢
⎣

⎤
⎥
⎦

⋅ Σ
1
xi

⎛
⎜
⎝

⎞
⎟
⎠

⎛
⎜
⎝

⎞
⎟
⎠

2
−

 

β0
Σyi( ) Σ e

2 axi( )( ) Σyi e
axi⎛

⎝
⎞
⎠ Σe

axi⎛
⎝

⎞
⎠−

n 1+( ) Σe
2 axi⎛

⎝
⎞
⎠ Σe

axi⎛
⎝

⎞
⎠

2
−

(2.18) 

β1
n 1+( ) Σyi e

axi⎛
⎝

⎞
⎠⋅ Σe

axi⎛
⎝

⎞
⎠ Σyi( )⋅−

n 1+( ) Σe
2 axi⎛

⎝
⎞
⎠⋅ Σe

axi⎛
⎝

⎞
⎠

2
−
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$ 2.5 Mathcad 
   cxrilis mocemuli funqciiebis aproqsimacia 

Mathcad-ze mosaxerxebelia uban-uban wrfivi, 

kvadratuli, kuburi an polinomialuri splain 

funqciebiT moviyvanoT konkretuli magaliTi da 

SevadaroT erTmaneTs aproqsimaciiT miRebuli da 

mocemuli funqciebis mniSvnelobebi. Aargumentis 

mniSvneloba dalagebuli unda iyos zrdadobis 

mixedviT da unda warmovadginoT svet matricis 

saxiT. sainterpolacio y funqciis Sesabamisi 

mniSvnelobebic warmovadginoT matriculad. 

gveqneba: 

 

  

 

 

 

 

 

ganvixiloT konkretuli magaliTebi 

 

 

 

  x

x0

x1

x2

xn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:= y

y0

y1

y2

yn

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  

x

0

1

2

3

4

5

6

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  y

5.1

3.4

4

5.3

4.6

6.2

6.5

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  
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maSin mimarTva 

 

gvaZlevs wrfiv interpolacias A1(t) funqciis saxiT 

t-aris argumentis mniSvneloba, romelSic SeiZleba 

gamovTvaloT sainterpolacio funqciis 

mniSvnelobebi. Sedarebis mizniT avagoT mocemuli 

da interpolirebis- aproqsimaciiT miRebuli 

funqciebis grafikebi. gvaqvs: 

 

uban-uban kvadratuli aproqsimacia p-splainiT xdeba 

Semdegnairad. 

A1 t( ) interp s x, y, t,( ):=

0 2 4 6
0

2

4

6

8

10

y

A1 t( )

x t,
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kuburi splainisTvis gvaqvs 

 

s pspline x y,( ):=

Ap t( ) interp s x, y, t,( ):=

0 2 4 6
0

5

10

Ap t( )

y

t x,

 

0 2 4 6
0

5

10

Ac t( )

y

t x,

Ac t( ) interp s x, y, t,( ):=
s cspline x y,( ):=
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polinomialuri splinebiT miaxloebis SemTxvevaSi 

damatebiT gvWirdeba u veqtori romlis ganzomileba 

naklebia mocemuli funqciisa da argumentis 

ganzomilebaze da is faqtiurad warmoadgens 

argumentis Sualedur mniSvnelobebs sadac xdeba 

maproqsimebadi funqciebis gadabma, amasTan uo x0<  
 
da 

bolo mniSvneloba um xn>  

 

 
 

u

0.1−

2.2

3.3

4.1

4.5

7

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  

0 2 4 6
0

5

10

Ab t( )

y

t x,

 

 

Ab t( ) interp s x, y, t,( ):=

s bspline x y, u, 2,( ):=
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bolos Sedarebis mizniT avagoT 4-ive grafiki erT 

naxazze. 

x

1−

0

1

2

3

4

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  y

0

1.5−

2−

0.5

1.5

2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  u

2−

0.5

1.8

2.5

4.5

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  

s1 lspline x y,( ):= s2 pspline x y,( ):=

A1 t( ) interp s1 x, y, t,( ):= Ap t( ) interp s2 x, y, t,( ):=  

s3 cspline x y,( ):= s bspline x y, u, 2,( ):=

Ac t( ) interp s3 x, y, t,( ):= Ab t( ) interp s x, y, t,( ):=

1 0 1 2 3 4 5
4

2

0

2

4

y

A1 t( )

Ap t( )

Ac t( )

Ab t( )

x t,

 

t1 4.5:=  

A1 t1( ) 2.26=  Ap t1( ) 2.297= Ac t1( ) 2.969= Ab t1( ) 2.291=  
u 2.5:=  

A1 u( ) 1.217=  Ap u( ) 1.219= Ac u( ) 1.244= Ab u( ) 1.291=  
u 4:=  

A1 u( ) 2=  Ap u( ) 2= Ac u( ) 2= Ab u( ) 2=  
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y β0
β1

x
+  modelis aproqsimaciisTvis gveqneba 

 

 

 

 

 

 

x

0.5

1

1.5

2

2.5

4

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  y

14

11

10.2

10.5

8.5

7.8

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  

n 5:=

β0
0

n

i

yi∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠ 0

n

i

1

xi( )2∑
=

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅

0

n

i

1
xi

∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠ 0

n

i

yi

xi
∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

⋅−

n 1+( )

0

n

i

1

xi( )2∑
=

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦ 0

n

i

1
xi

∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

2

−

:=  

β1

n 1+( )

0

n

i

yi

xi
∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

⋅

0

n

i

yi∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠ 0

n

i

1
xi

∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

⋅−

n 1+( )

0

n

i

1

xi( )2∑
=

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

⋅

0

n

i

1
xi

∑
=

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

2

−

:=  

β0 7.738= β1 3.233=
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0 1 2 3 4

8

10

12

14

y x( )

x

 

 

y x( ) 7.738
3.233

x
+:=  
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               magaliTebi 
2.1. )(xfy =  funqcia mocemulia cxriliT: 

x -1 0 1 2 3 

y 2 1 -1 -0.5 0 

 

a) dawereT lagranJis sainterpolacio 

polinomi. 

b) aageT niutonis sinterpolacio polinomi. 

g) gamoTvaleT )5.1(f  da )5.2(f  orive 

polinomiT. 

2.2. mocemulia funqcia 

x 1 1.1 1.2 

y 2 2.5 1.8 

 

gamoiyeneT kvadratuli interpolebis (2.11) 

formula da gamoTvaleT ).05.1(f  

 

2.3. funqcia mocemulia cxrilis saxiT: 

x 0.5 0.7 0.9 1.1 1.3 

y 1 1.2 1.4 1.3 0.99 

 

umcires kvadratTa meTodiT, cxriliT 

mocemuli funqcia SecvaleT wrfivi funqciiT. 

miaxloeba SeamowmeT sakvanZo wertilebSi 

(isargebleT (2.15) ormulebiT). 

 

2.4. cxriluri saxiT mocemul Semdeg 
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x 1 1.5 2 2.5 3 4 

y 2 1 0 -1 0 1 

 

funqcias, umcires kvadratTa meTodiT 

mivuaxlovdeT kvadratuli funqciiT. miaxloebis 

gasaanalizeblad gamoTvaleT funqciis mniSvne-

lobebi sakvanZo wertilebSi. 

       

       Semdegi cxriliT mocemuli funqciebi 

SecvaleT    y=a0 +a1x+a2x2
   damokidebulebiT.                   

gamoiyeneT umcires    kvadratTa meTodi. 

 

2.5.  

x 0 2 4 6 8 10 

y 5 -1 -0.5 1.5 4.5 8.5 

 

2.6.  

x 0.07 031 0.61 0.99 1.29 1.78 2.09 

y 1.34 1.08 0.94 106 1.25 201 2.6 

 

 

 

2.7. 

x 26 30 34 38 42 46 50 

y 394 46 567 693 8.25 7.73 10.55 

 

2.8. 

x -2 -1 0 1 2 
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y 4.8 0.4 -3.4 0.8 3.2 

 

2.9. 

t 5 10 15 20 25 

T 59.3 59.8 601 649 72 

 

2.10. 

x -3 -2 -1 0 1 2 3 

y -10 00 4 5 4 2 -2 

   

cxriliT mocemuli funqciebi SecvaleT 

miTiTebuli modeliT 

             
x

y 1
0

β
β +=  

2.11 

x 2 4 6 12 

y 8 5.25 3.5 3.25 

2.12  

x 0.5 1 1.5 2 2.5 4 

y 20 10 7 5.33 4.12 2.6 

 

 

2.13 
x 1 2 3 4 5 6 7 8 9 10 

y 16.5 13.75 13.31 12.5 13.52 12.75 12.30 12.83 12.28 1234 
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2.14 
x 1 2 3 4 5 6 7 8 9 1 11 12 

y 2.11 2.45 2.61 2.73 2.75 2.81 2.87 2.91 2.96 3.03 3.05 3.12 

 

2.15 

 

SevcvaloT   x10
10 ey .β+β=   modeliT 

2.16 
x 1 2 3 4 5 6 7 8 9 10 11 

y 0.1 0.21 0.43 0.51 0.62 0.81 1.01 1.23 1.47 1.53 1.75 

 

2.17 
x 1 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 

y 4.11 4.16 4.23 4.29 4.36 4.42 4.53 4.57 4.63 4.75 4.87 

 

 

 

 

x 0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 3.0 3.3 3.6 

y 4.39 4.75 4.98 5.11 5.12 5.18 5.28 5.36 5.45 5.52 5.53 5.57 
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Tavi III 

ricxviTi gawarmoeba da integreba 

$ 3.1. ricxviTi gawarmoeba 

cxriliT an grafikulad mocemuli funqciis 

SemTxvevaSi warmoebulis misaRebad analizuri 

meTodebis gamoyeneba SeuZlebelia, am nawilSi Cven 

ganvixilavT cxriluri saxiT mocemuli funqciis 

warmoebulis miaxloebiTi mniSvnelobis 

gamosaTvlel formulebs. 

vTqvaT, ix ,  ;0=i  1; 2; ..., n  wertilebSi 

cnobilia funqciis  ifxf =)( , ;0=i  1; 2; ..., n  

mniSvnelobebi. ricxviTi gawarmoebis formulebis 

miRebis umartivesi gza mdgomareobs SemdegSi: 

cxrilis monacemebiT unda movaxdinoT )(xf  

funqciis interpoleba mravalwevriT da Semdeg am 

mravalwevris saWiro ricxvjer gawarmoebiT 

miviRebT saZiebel formulas. 

magaliTad, (2.7) n -uri rigis polinomis 

gamoyenebisas gvaqvs: 

)()()( xRxPxf nn +=                   (3.1) 

sadac,  )(xRn – interpolaciis cdomilebaa (an 

rac igivea naSTiTi wevria) da teiloris mwkvrivis 

Sesabamisad aqvs saxe: 

  ))...()((
)!1(

)( 10

)1(

n

n

n xxxxxx
n
fxR −−−⋅

+
=

+ ξ
      (3.2) 

amgvarad, )(xf  funqciis m -uri rigis 

warmoebulisaTvis [ 0x , nx ]-ze vRebulobT formulas  
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m
n

m
m

dx
xPdxf )()( ≈                (3.3) 

romlis cdomilebaa interpolaciis 

cdomilebis m -uri rigis warmoebuli - )(xRm
n .  

maSasadame, Tu saWiroa )(xf  funqciis 

warmoebulis miaxloebiTi gamoTvla cxrilis raime 

ix  wertilis midamoSi, maSin unda SevniSnoT 

Semdegi: vigulisxmoT, rom gvaqvs Tanabrad h -bijiT 

daSorebuli kvanZebi, anu hkxxk ⋅+= 0 . es gvaZlevs 

saSualebas gawarmoebis formulebi CavweroT ufro 

martivi saxiT. ganvixiloT Semdegi SemTxvevevbi:  

1. gansaxilvel ix  wertilis midamoSi 

funqcias miuaxlovdeT pirveli rigis polinomiT 

(2.10), gvaqvs: 

)()()( 1
1 i

ii
i xx

h
ff

fxPxf −
−

+≈≈ +  

am tolobis gawarmoebiT miviRebT: 

       
h

ff
xf ii

i
−

≈ +1' )(                    (3.4) 

es warmoadgens funqciis pirveli rigis 

warmoebulis gamosaTvlel umartives miaxloebiT 

formulas. 

analogiurad, uban-uban wrfivi interpolebis 

gamoyenebiT SesaZlebelia )(xf  funqciasTan Semdegi 

saxis miaxloeba: 

)()()( 1
1 i

ii
i xx

h
ff

fxPxf −
−

+≈≈ −  

aqedan, 
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h

ff
xf ii

i
1' )( −−

≈                   (3.5) 

unda SevniSnoT, rom (3.4) warmoadgens 

marjvena sxvaobian Tanafardobas, xolo (3.5) – ki 

marcxena sxvaobian Tanafardobas. 

 

2. mocemuli ix  wertilis midamoSi )(xf  

funqcias mivuaxlovdeT (2.11) formuliT agebuli 

meore rigi polinomiT: 

))((
2
2

)()()( 12
111

1 +
−++ +−

+−
+−

−
+≈≈ ii

iii
i

ii
i xxxx

h
fff

xx
h

ff
fxPxf

 am polinomis orjer gawarmoebiT miviRebT 

meore rigis warmoebulisaTvis Semdeg miaxloebiT 

formulas; 

    2
11'' 2

)(
h

fff
xf iii

i
−+ +−

≈                    (3.6) 

analogiurad gansaxilvel midamoSi SesaZlebe-

lia funqcias mivuaxlovdeT meore rigis Semdegi 

paraboliT 

2
2

1111
2 )(

2
2

)(
2

)()( i
iii

i
ii

i xx
h

fff
xx

h
ff

fxPxf −
+−

+−
−

+≈≈ −+−+             

(3.7) 

cxadia 11 )( −− = ii fxf , ii fxf =)(  da 11 )( ++ = ii fxf  

e.i es sainterpolacio polinomi agebulia funqciis 

mniSvnelobebze 1−ix , ix , 1+ix wertilebSi. amasTan 

cxadia, rom Canaweris aseTi forma SedarebiT ufro 

kompaqturia vidre donis da miT umetes 

langraJiseuli formebi. 
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(3.7)-is gawarmoebiT miviRebT 

( )i 1 i 1 i 1 i i 1
i2

f f f 2f ff x x x
2h h

' ( ) + − + −− − +
≈ + ⋅ −       (3.8)                  

ixx = -saTvis miviRebT pirveli rigis 

warmoebulis gamosaTvlel kidev erT miaxloebiT 

formulas: 

 
h

ff
xf ii

2
)( 11' −+ −

≈                    (3.9) 

es formula iTvaliswinebs qordis kuTxuri 

koeficientis aproqsimacias mxebis kuTxuri 

koeficientiT (lagranJis Teorema). 

es ukanaskneli warmoadgens centralur 

sxvaobian Tanafardobas. (3.8)-is gawarmoebiT 

miviRebT (3.6) Tanafardobas. 

analogiurad, ufro maRali rigis 

sainterpolacio formulebis gamoyenebiT SeiZleba 

miviRoT maRali rigis warmoebulebis gamosaTvleli 

miaxloebiTi formulebi.  

kerZod m -uri rigis sainterpolacio 

polinomis m -jer diferencirebiT, gawarmoebis 

miaxloebiTi formulebi SeiZleba warmovadginoT 

aseTi saxiT: 

km
K
m

m

K

K
m

m fC
h

xf −
=

∑ −≈
0

)( )1(1)(        (3.10)              

sadac 
)!(!

!
KmK

mC K
m −

=  

marTlac, roca m =0, miviRebT 0
0 ff = . roca 

m =1, miviRebT pirveli rigis warmoebulis 

gamosaTvlel (3.4) formulas. m =2-saTvis vRebulob 
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meore rigis warmoebulis gamosaTvlel (3.6) 

formulas. xolo, roca m =3 miviRebT 

( )2113
''' 331)( −−+ −+−≈ iiiii ffff

h
xf  da a.S. 

 

 

$ 3.2. integralis gamoTvlis ricxviTi 

meTodebi 

xSirad mraval praqtikul amocanaSi 

funqciebi, romelTa integrebaa saWiro, ufro metad 

mocemulia grafikulad an mniSvnelobaTa cxrilis 

saxiT, im SemTxvevaSic ki, roca funqcia analizurad 

aris mocemuli, xSirad ar xerxdeba maTi integreba 

e.i pasuxad pirveladi funqciis povna. agreTve, bevr 

sainJinro da mecnierul problemebSi winaswar aris 

cnobili, rom integralis mniSvneloba garkveuli 

sizustiT aris saWiro da miaxloebiTi meTodis 

gamoyenebam SeiZleba Tavidan agvacilos 

arasasurveli samuSao. yvela am SemTxvevaSi Cven 

gviwevs integralis ricxviTi gamoTvla. 

cnobilia martivi meTodi, romelsac 

gansazRvruli integralis ganmartebamde mivyavarT, 

romelic gulisxmobs aris dayofas toli siganis 

zolebad da garkveuli gziT yoveli zolis 

farTobis aproqsimacias. am aproqsimaciebis jami 

iZleva saboloo ricxviT Sedegs. 

maSasadame, gamosaTvlelia Semdegi integrali: 

∫
b

a
dxxf )(  
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amisaTvis [ a ,b ] intervali 0x , 1x , 2x , ..., nx  

wertilebiT davyoT n tol nawilad, ax =0 , bxn = , 

ihxxi += 0 , ni ,...,1,0=  da yoveli zolis sigane 

n
abh −

= -is tolia. )(xf  funqciis mniSvnelobebi am 

wertilebSi, rogorc wesi, aRiniSneba ii fxf =)( -iT. 

nax, 3.1 

Cven ganvixilavT martiv, magram 

amavdrdoulad gamoTvliT praqtikaSi farTod 

aprobirebul formulebs: marTkuTxedebis 

(centraluri wertiliT), trapeciebis, simpsonis. 

 
       nax. 3.1           nax 3.2          nax. 3.3 

 

      naxazi 3.1 warmoadgens aris dayofas toli 

siganis vertikalur zolebad. 

      naxazi 3.2 zolis farTobis Secvla 

marTkuTxediT. 

      naxazi 3.3 zolis farTobis aproqsimacia 

trapeciiT.  

nax. 3.1-is safuZvelze integralis saZiebeli 

mniSvneloba warmovadginoT Semdegi saxiT: 

  ∑∫∑
−

=

−

=

+==
1

0

1

0

1 )(
n

m

x

x

n

m
m

m

m

dxxfJJ              (3.11) 
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sadac, m 1

m

x
m x

J f x dx( )+= ∫  aris [ 1; +mm xx ] zolis 

farTobi. 

1. marTkuTxedebis formula.   .           

CavTvaloT h  mcire sidided da (3.11)-Si mJ  

SevcvaloT marTkuTxedis farTobiT nax. 3.2, romlis 

fuZea h , xolo simaRle ⎟
⎠
⎞

⎜
⎝
⎛ +=

+ 22
1

hxff rr
, maSin 

miviRebT marTkuTxedis farTobs.  

        

             
2
1

+
⋅=

rr fhJ                     (3.12) 

Tu avjamavT (3.12)-is Sesabamis miaxloebiT 

mniSvnelobebs yvela elementarul monakveTze, J -s 

miaxloebiTi mniSvnelobis gamosaTvlelad miviRebT 

marTkuTxedebis Semdeg formulas; 

  ( ) ∑
−

=
++−++ =+++⋅≈

1

0
2/12/112/32/1 ...~ n

r
rnaa fhfffhJ     (3.13)            

Cven aq )(xf  funqciis mniSvnelobebs viTvliT 

monakveTis Sua wertilze, magram, roca )(xf  

mocemulia cxrilis saxiT, maSin funqciis 

mniSvnelobebi unda ganvixiloT sazRvrebze 

(marjvena an marcxena). magram am SemTxvevaSi 

sagrZnoblad mcirdeba miRebuli Sedegebis sizuste. 

2. trapeciis formula.     axla  

movaxdinoT yoveli zolis farTobis aproqsimireba 

im trapeciis farTobiT, romelic zolis zeda 

sazRvriTi wiris qordiT SecvliT miiReba, rogorc 

es 3.3. naxazzea naCvenebbi. rogorc naxazidan Cans 

trapeciis simaRlea h , xolo fuZeebia kf  da 1+kf , 
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amdenad [ kx , 1=kx ] elementarul monakveTze trapeciis 

farTobi udris 

     )(
2 1++≈ kkk ffhJ                    (3.14) 

Tu avjamavT (3.14)-is Sesabamis miaxloebiT 

mniSvnelobebs yvela elementarul monakveTze, J -s 

miaxloebiTi mniSvnelobis gamosaTvlelad miviRebT 

trapeciebis formulas: 

J
h
2

f0 2 f1 f2+ ...+ fn 1−+( )⋅+ fn+⎡⎣ ⎤⎦⋅
h
2

1

n 1−

i

fi fi 1++( )∑
=

⋅     (3.15)              

cxadia igive Sedegs miviRebT Tu [ kx , 1=kx ]  

monakveTze integralqveSa funqcias SevcvliT 

pirveli xarisxis sainterpolacio mravalwevriT 

formula (2.10)-iT: 

)()( 1
k

kk
k xx

h
ff

fxf −
−

+≈ + , 

3. simpsonis formula. [ kx , 1=kx ] 

elementarul monakveTze, mxedvelobaSi miviRebT ra 

funqciis mniSvnelobas intervalis Sua wertilSi, 

integralqveSa funqcia SevcvaloT meore xarisxis 

sainterpolacio Semdegi mravalwevriT, 
2

1
2
2/1111

2/1 2)2/(2
2)

2
()( ⎥⎦

⎤
⎢⎣
⎡ +

−
+−

+
+

−
−

+≈ +++++
+

KKKKKKKKK
K

xxx
h

fffxxx
h

fffxf (3.16)            

aq ( )2/)( 12/1 ++ += KKK xxff  (3.16) polinomidan 

integralis gamoTvla [ kx , 1=kx ] monakveTze gvaZlevs 

simpsonis lokalur formulas 

      ( )12/14
6

~
++ ++= KKKK fffhJ                 (3.17)         
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(3.17)-is ajamviT vRebulobT J -is miaxloebiT 

gamosaTvlel simpsonis 

formulas

( )nnnK ffffffffhJ ++++++++= −− 2/1122/312/10 42...2424
6

~
(3.18)            

Tu integrebis [ a ,b ] monakveTs davyofT n2  

Tanaswor nawilad, maSin (3.18) formula miiRebs 

saxes                  .     

( ) nnnK fffffffffhJ 22242122310 ...(2)...2(4
3

~ ++++++++++= −−
) (3.19)  

integralis miaxloebiTi mniSvnelobebis 

gamosaTvlel (3.13), (3.15), (3.18) da (3.19) formulebs 

kvadraturuli formulebi ewodeba. 

kvadraturuli formulebis cdomilebebi 

aseTia: 

marTkuTxedis formula _       

2
224

~ hMabJJ ⋅⋅
−

≤− , 

trapeciis formula – 2
212

~ hMabJJ ⋅⋅
−

≤− , 

simpsonis (3.18) formula –     

4
42880

~ hMabJJ ⋅⋅
−

≤− , 

simpsonis (3.19) formula – 4
4180

~ hMabJJ ⋅⋅
−

≤−  

sadac 
[ ]

)(max )2(

,2 xfM
bax∈

=  da 
[ ]

)(max )4(

,4 xfM
bax∈

=  

axla gamoviyvanoT kidev erTi ricxviTi 

gawarmoebis formula, cxadia, 
0

t
τu τ( )

⌠
⎮
⌡

d f t( ) toloba 
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niSnavs )(')( tftu = ; cxadia gvaqvs ∫ =Kt

Kfdu
0

)( ττ  anu 

1
1

)( −−=∫
−

K

t

t K ffduK

K

ττ  Tu integrals gamovTvliT 

trapeciis formuliT, miviRebT:  

       11 )(2
−− −−= KKKK uff

h
u  

ukanaskneli rekurentuli formula gvaZlevs 

saSualebas vipovoT mocemuli f  funqciis pirveli 

rigis warmoebuli. 

 

$. 3.3. arasakuTvrivi integralis gamoTvla 

 

    rodesac Cven wina paragrafSi ganvixileT 

∫
b

a
dxxf )(  gansazRvruli integrali da vaCveneT misi 

kavSiri wiris qvemoT moTavsebuli aris farTobTan. 

vgulisxmobdiT, rom arauaryofiTi integralqveSa 

funqcia iyo uwyveti an uban-uban uwyveti mainc 

Caketil [ a ,b ] intervalze. imisaTvis rom vaCvenoT 

is SesaZlo Sedegi, rasac miviRebT, roca es piroba 

ar sruldeba, ganvixiloT “gansazRvruli 

integrali”.  

∫−

1

1 4

1 dx
x

 

Tu amovxsniT mas Cveulebrivad, miviRebT: 

3
2

3
11 1

1
3

1

1 4 −=⎥⎦
⎤

⎢⎣
⎡ −

=
−

−∫ x
dx

x
 

magram Tu davxazavT 4

1)(
x

xf = funqciis 

grafiks, rogorc es nax. 3.4-zea naCvenebi, advilad 
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davrwmundebiT, rom miRebuli Sedegi ar aris swori, 

radganac es niSnavs, rom farTobi im figurisa, 

romelic moTavsebulia wirsa da ox  RerZs Soris 

uaryofiTia. 

 

nax. 3.4 4

1)(
x

xf =  funqciis grafiki 

ismeba kiTxva, sad dauSviT Secdoma? saqme is 

aris, rom 4

1)(
x

xf =  funqcias 0=x  wertilSi aqvs 

usasrulo wyveta anu singularoba (rac niSnavs, 

rom igi SemousazRvrulia). aqedan gamomdinare, 

xsenebuli figura SemousazRvravia da Cveni 

integrebis procesi arasworia. 

am paragrafSi Cven ganvixilavT im pirobebs, 

romelTa drosac ∫
b

a
dxxf )(  integrali arsebobs, 

roca 

1.  integralqveSa )(xf  funqcia SemousazRvravia 

(anu mas meore gvaris wyveta aqvs) integrebis aris 

romelime wertilSi, an 

2.  integrebis area usasrulo (anu an a , an b  an 

orive erTad usasrulobaa). 
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aseT integralebs arasakuTrivi integralebi 

ewodebaT da xSirad gamoiyenebian sainJinro 

amocanebSi. magaliTad, wonasworobis 

mdgomareobidan α  kuTxiT gadaxrili martivi 

qanqaras periodia: 

             dx
x∫ −

α

α0 coscos
4

                 (3.20)       

rogorc magaliTidan Cans, integralqveSa 

funqcia usasruloa α=x  wertilSi, Tumca, 

rogorc fizikidan cnobilia, arsebobs sruliad 

gansazRvruli pasuxi. 

    1.  integralqveSa funcia  SemousazRvrelia      

vigulisxmoT, rom ax =  qveda zRvari aris 

)(xf  funqciis erTaderTi usasrulo wyvetis 

wertili [ a , b ] intervalze. am SemTxvevaSi ∫
b

a
dxxf )(  

integrali ganvmartoT, rogorc    

∫∫ ++→
==

b

tat

b

a
dxxfdxxfJ )(lim)(

0
,               (3.21) 

Tu es zRvari arsebobs, sxva SemTxvevaSi J  

integralis mniSvneloba ar iarsebebs (e.i integrali 

ganSladia).  

analogiurad, Tu bx =  zeda zRvari )(xf  

funqciis erTaderTi usasrulo wyvetis wertilia 

[a ,b ] intervalze, maSin 

 ∫
−

+→
=

tb

at
dxxfJ )(lim

0
,                 (3.22) 

im pirobiT, rom es zRvari arsebobs. sxva 

SemTxvevaSi J  integralis mniSvneloba ar arsebobs 

(e.i. integrali ganSladia). 
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Tu integralqveSa )(xf  funqcias usasrulo 

wyveta aqvs cx =  wertilSi, sadac bca << , maSin 

integrali ganvmartoT, rogorc: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∫ ∫

−

+
+→

tc

a

b

tc
t

dxxfdxxfJ )()(lim
0

             (3.23)         

Tu marjvniv orive zRvari arsebobs. sxva 

SemTxvevaSi J integrali ganSladia (ar arsebobs). 

Tu erTerTi zRvari ar arsebobs, maSin J -c ar 

arsebobs.  

magaliTi 3.1. vaCvenoT, rom dx
x∫−

1

1 4
1

 ar arsebobs. 

amoxsna. es is integralia, romelic am 

paragrafis SesavalSi ganvixileT da vnaxeT, rom 

Cveulebrivi integrebis teqnikis meqanikurad 

gamoyenebiT miviReT mcdari pasuxi. am SemTxvevaSi 

integralqveSa funqcias 0=x  wertilSi aqvs 

usasrulo wyveta. gamoviyenoT (3.23) zRvrebi: 

+∞=⎟
⎠
⎞

⎜
⎝
⎛ −=⎥⎦

⎤
⎢⎣
⎡−=

+→

−

−

−

−
+→+→ ∫ 3

1
3
1lim

3
1lim1lim 30

1 1
3040 tx

dx
x t

ta ta

tt
 

analogiurad meore zRvaric ar arsebobs da 

amdenad arasakuTrivi dx
x∫−

1

1 4

1
 integralic ar aris 

gansazRvruli. 

 

     2. integralebi usasrulo sazRvriT 

 

 

im SemTxvevaSi, roca integrebis are 

usasruloa, Sesabamisi arasakuTrivi integrali 

analogiuri gziT ganimarteba ase: 
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 ∫∫
∞

∞→
==

N

aa N
dxxfdxxfJ )(lim)(                                  (3.24) 

Tu es zRvari arsebobs. sxva SemTxvevaSi J  ar 
arsebobs. 

cxadia (3.21) da (3.22) ekvivalenturia Sesabamisad 

Semdegi zRvrebis 

∫
+

+→
=

ta

at
dxxf 0)(lim

0
 (a)  da ∫ −+→

=
b

tbt
dxxf 0)(lim

0
  (b) 

xolo (3.23) ki: 

∫ −+→
=

c

tct
dxxf 0)(lim

0
 (g)  da ∫

+

+→
=

tc

ct
dxxf 0)(lim

0
 (d) 

Tu TiToeuli integralisaTvis gamoviyenebT 

saSualo mniSvnelobis Teoremas miviRebT: 

(a) da (d)-saTvis  

           0)(lim
0

=+⋅
+→

tdft
t

θ   (3.25) 

(b) da (g)-saTvis  

0)(lim
0

=−⋅
+→

tdft
t

θ      (3.26) 

sadac [ ]bad ,∈ -Si Semavali wyvetis wertilia, 

xolo 10 << θ . amgvarad (3.25) da (3.26) warmoadgenen 

arasakuTrivi integralis krebadobis aucilebel 

pirobebs. 

meTodebi, romlebic gvaZlevs saSualebas 

miviRoT saimedo Sedegebi ganvixiloT Semdegi 

integralis magaliTze:  

dx
x

tgxJ ∫=
1

0 3
 

a) zogjer cvladTa gardaqmniT gveZleva 

saSualeba Tavi davaRwioT integralis 

gansakuTrebulobas. am magaliTSi x z3 gardaqmniT 

miviRebT: 
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dzztgzJ ∫=
1

0

33  

da miRebuli integrali nebismieri 

kvadraturuli formuliT gamoiTvleba saWiro 

sizustiT. 

b) igive integralSi SegviZlia nawilobiTi 

integrebiT Tavi davaRwioT gansakuTrebulobas 

dx
x

xtgxxdx
x

tgxJ ∫∫ −==
1

0 2

3 2
1
0

3 21

0 3 cos
 

bolo integrali garantirebuli sizustiT 

SeiZleba gamovTvaloT nebismieri kvadraturuli 

formuliT. 

g) maSin roca zemoT moyvanili martivi 

xerxebiT gansakuTrebulobis mospoba ar xerxdeba, 

aseT SemTxvevaSi mimarTaven gansakuTrebulobis 

gamoyofis universalur meTodebs.  

kerZod 

dxxfdxxfJJJ
b

a

a

a ∫∫ +

+
+=+=

η

η
)()(21  

2J  cxadia ar Seicavs araviTar 

gansakuTrebulobas da SgviZlia gamovTvaloT 

nebismieri sizustiT (kvadratuli formuliT), xolo 

rac Seexeba 1J  integrals misi mniSvneloba 

SeiZleba gavxadoT 
2
ε
-is toli, vinaidan, amisTvis 

adgili aqvs (3.25) an (3.26) pirobebs, miviRebT: 

       η
2

)( εθη =+af                    (3.27)         

vTqvaT, (3.27) gantolebis amonaxsnia 0ηη =  

maSin, saZebni integralis mniSvneloba iqneba 
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 ∫ +
+=

b

a
dxxfJ

η

ε )(
2

 

ukanaskneli meore Sesakrebi integrali 

kvadraturuli formuliT davTvaloT 
2
ε
 sizustiT, 

amdenad miviRebT J -s mniSvnelobas ε -s sizustiT. 

 

magaliTi 3.1.  

gamovTvaloT miaxloebiT integrali 

dxxJ ∫=
3

1

3  

gamoviyenoT marTkuTxedebis (3.13) formula, 

5=n , 4.0=h  

84.19)952.21824.138096.4728.1(4.0 =++++⋅≈J  

integralis zusti mniSvneloba .20=J  

axla vTqvaT, 10=n , 2.0=h , (3.13) formuliT 

miviRebT:  

96.19)389.24683.19625.15
167.12261.9859.6913.4375.3197.2331.1(2.02

=+++
+++++++⋅≈J

 

igive integrali gamovTvaloT trapeciis (3.15) 

formuliT 5=n , 4.0=h  

( ) 32.2027)576.17648.10832.5744.2(21
2
4.0

11 =+++++≈J  

axla igive integrali gamovTvaloT simpsonis 

formuliT: 

4=n ,  5.0=h  

( ) 20278.2)625.15375.3(41
3
5.0

=++++=J  
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3.4     Mathcad            
 

 

 

h 0.03:=  i 0 16..:=  j 1 14..:=  

xi h i⋅:=  xj j h⋅:=  

φj
f xj 1+( ) f xj 1−( )−

2 h⋅
:=  Yj

f xj 1+( ) f xj( )−

h
:=  

Zj

f xj 1+( ) 2 f xj( )⋅− f xj 1−( )+

h2
:=  g j

f xj 2+( ) 3 f xj 1+( )⋅− 3 f xj( )⋅+ f xj 1−( )−

h3
:=  

φ

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

0

5.851

5.704

5.558

5.415

5.273

5.133

4.994

4.858

4.723

4.59

4.459

4.33

4.202

4.077

=
 

Y

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

0

5.777

5.631

5.486

5.343

5.202

5.063

4.926

4.79

4.656

4.524

4.394

4.266

4.139

4.014

=
 

ricxviTi gawarmoeba 

f x( )
2 x3
⋅ 36 x⋅+ 15 x2

⋅−

6
:=  

f1 x( )
x
f x( )d

d
x2 6 5 x⋅−+→:=  

vTqvaT funqcia mocemulia cxrilis saxiT 
visargebloT ricxviTi gawarmoebis formulebiT 
da vipovoT mocemuli funqciis warmoebulebi 

f2 x( )
x
f1 x( )d

d
2 x⋅ 5−→:=  

f xi( )
0

0.178

0.351

0.52

0.685

0.845

1.001

1.153

1.301

1.444

1.584

1.72

1.852

1.98

2.104

2.224

= f1 xi( )
6

5.851

5.704

5.558

5.414

5.272

5.132

4.994

4.858

4.723

4.59

4.459

4.33

4.202

4.076

3.953

=
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f1(x) – aris f’(x) - is 

f2 xi( )
-5

-4.94

-4.88

-4.82

-4.76

-4.7

-4.64

-4.58

-4.52

-4.46

-4.4

-4.34

-4.28

-4.22

-4.16

-4.1

=  

Z

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

0

-4.94

-4.88

-4.82

-4.76

-4.7

-4.64

-4.58

-4.52

-4.46

-4.4

-4.34

-4.28

-4.22

-4.16

=  g

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

0

2

2

2

2

2

2

2

2

2

2

2

2

2

2

=  

zusti   mniSvneloba 

φ gamoTvlilia  φj centralur sxvaobiani formuliT 

Y gamoTvlilia  Yj miaxloebiTi  formuliT 

Z meore rigis warmoebulis Zj formuliT miRebuli 
mniSvnelobebia  

TvalsaCinoebis mizniT SevadaroT f1(x)-i, da Y,  f2(x) da  Z . 

gj formuliT miRebuli mniSvnelobebi emTxveva mesame rigis  

warmoebulis zust mniSvnelobas. 

zusti   mniSvneloba f2(x) – aris f’’(x) - is 
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     warmoebulis gamosaTvleli operatoris 

moniSnul adgilze CavsvaT winaswar Cawerili 

funqciis saxeli an TviT funqcia da amasTan 

moniSnul adgilze mivuTiToT warmoebulis rigi, 

Semdeg __> logikuri niSnis gamoyenebiT miviRebT 

warmoebuis mniSvnelobas. ganvixiloT magaliTebi:  

 

 

maRali rigis warmoebulebis gamoTvla 

warmoebulis gamosaTvleli operatorebi 

d
d

 d

d
 d

d
⎛
⎜
⎝

⎞
⎟
⎠

d
d

 

y x( ) x2 sin x( )⋅:=  
x
y x( )d

d
2 x sin x( )⋅⋅ x2 cos x( )⋅+→  

x
G x( )d

d
2

x

x2 2+
⋅→  

G x( ) ln x2 2+( ):=  

3x
f x( )d

d

3
2 x3

⋅
1
2

x2
⋅+ 6+→  

5x
f x( )d

d

5
12 x⋅ 1+→  

f x( )
x6

60
x5

120
+ x3

+ x2
−:=  

x
f x( )d

d
1

10
x5⋅

1
24

x4⋅+ 3 x2⋅ 2 x⋅−+→  

2x
f x( )d

d

2 1
2

x4
⋅

1
6

x3
⋅+ 6 x⋅ 2−+→  

4x
f x( )d

d

4
6 x2

⋅ x+→  

6x
f x( )d

d

6
12→  

7x
f x( )d

d

7
0→  
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pirveladi funqciis misaRebad integrebis 

operatoris moniSnul adgilze CavsvaT 

saintegracio funqciis saxeli an TviT funqciis 

gamosaxuleba da __> niSniT, miviRebT 

ganusazRvreli integralis mniSvnelobas. 

ganvixiloT magaliTebi: 

 

 

 

 

 

 

 

 

 

 

 

q x( ) x ex
⋅:=  

g x( )
x
q x( )d

d
ex x ex

⋅+→:=  

G x( ) 2x
q x( )d

d

2
2 ex
⋅ x ex

⋅+→:=  

integrebis operators aqvs saxe 

moniSnul adgilebSi CavweroT funqcia   da 

saintegracio cvladi, gveqneba 

G1 x( ) xG x( )
⌠
⎮
⌡

d ex x ex
⋅+→:=  

⌠
⎮
⌡

d  

          

G2 x( ) xG1 x( )
⌠
⎮
⌡

d x ex
⋅→:=  

P x( )
1 cos x( )2

+

1 cos 2 x⋅( )+
:=  vTqvaT 

K x( ) xP x( )
⌠
⎮
⌡

d
1

2 cos x( )⋅
sin x( )⋅

1
2

x⋅+→:=
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cxadia es gamosaxuleba integralqveSa 

gamosaxulebis tolia e.i. M(x)-Mpirveladi funqciaa. 

f x( )
1

x2 4+
:=

  
f1 x( )

2 x⋅

3 x2
−

:=

 

F x( ) xf x( )
⌠⎮
⎮⌡

d
atan

x
2

⎛⎜
⎝

⎞⎟
⎠

2
→:=

 
F1 x( ) xf1 x( )

⌠⎮
⎮⌡

d 2− 3 x2
−⋅→:=  

marTlac 

x
F x( )d

d
1

4
x2

4
1+

⎛
⎜
⎝

⎞
⎟
⎠

⋅

→

  

x
F1 x( )d

d
2 x⋅

3 x2
−

→

 

 

x
K x( )d

d
P x( ) marTlac 

x
x

λ
2

x2
−

⌠
⎮
⎮
⎮
⌡

d λ
2

x2
−( )

1

2
−→  x

sin x( )3

cos x( )5

⌠
⎮
⎮
⎮
⌡

d
1
4

sin x( )4

cos x( )4
⋅→  

M x( ) xx A x+⋅
⌠
⎮
⌡

d
2
5

A x+( )

5

2
⋅

2
3

A x+( )

3

2 A⋅⋅−→:=  

x
K x( )d

d
1

2 cos x( )2
⋅

sin x( )2
⋅ 1+→  

x
M x( )d

d
A x+( )

3

2 A x+( )

1

2 A⋅−→  



 96 

t
1

cos t( )2

⌠
⎮
⎮
⎮
⌡

d tan t( )→

  

x
e2 x⋅ 1−

ex 1+

⌠
⎮
⎮
⎮
⌡

d ex x−→

 
 

xx sin x( )⋅
⌠⎮
⎮⌡

d sin x( ) x cos x( )⋅−→

 
xx ex

⋅
⌠⎮
⎮⌡

d ex x 1−( )⋅→

 

 

xx3 ln x( )⋅
⌠⎮
⎮⌡

d
x4 ln x( )

1
4

−⎛⎜
⎝

⎞⎟
⎠

⋅

4
→

 
xx 2x

⋅
⌠⎮
⎮⌡

d 2x x
ln 2( )

1

ln 2( )2
−⎛

⎜
⎝

⎞
⎟
⎠

⋅→

 

 

x2 7 x⋅−( ) cos 2 x⋅( )⋅
⌠⎮
⎮⌡

d sin 2 x⋅( )
7 cos 2 x⋅( )⋅

4
−

7 x⋅ sin 2 x⋅( )⋅
2

−→

 

xatan x( )
⌠⎮
⎮⌡

d x atan x( )⋅
ln x2 1+( )

2
−→

    
xasin x( )

⌠⎮
⎮⌡

d x asin x( )⋅ 1 x2
−+→

 

xx atan x( )⋅
⌠⎮
⎮⌡

d atan x( )
x2

2
1
2

+
⎛
⎜
⎝

⎞
⎟
⎠

⋅
x
2

−→

 

xx asin x( )⋅
⌠⎮
⎮⌡

d
asin x( ) 2 x2

⋅ 1−( )⋅
4

x 1 x2
−⋅

4
+→

 

F2 x( ) x
1

4 9 x2
⋅+

⌠
⎮
⎮
⎮
⌡

d
atan

3 x⋅
2

⎛⎜
⎝

⎞⎟
⎠

6
→:=

 

x
F2 x( )d

d
1

4
9 x2

⋅
4

1+
⎛
⎜
⎝

⎞
⎟
⎠

⋅

→
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gansazRvruli integralis gamosaTvlelad 

gamoviZaxoT  integrebis operatori  

⌠
⎮
⌡

d
 

moniSnul adgilebSi SevitanoT Sesabamisi 

monacemebi.  

 

ganvixiloT magaliTebi: 

 

1

2
xx ln x( )⋅

⌠
⎮
⌡

d 0.636=

 1

2
xx ln x( )⋅

⌠
⎮
⌡

d 2 ln 2( )⋅
3
4

−→ 0.636=

 
f x( ) x2 sin x( )⋅:=  

 

0

π
xf x( )

⌠
⎮
⌡

d 5.87=

 0

π
xf x( )

⌠
⎮
⌡

d π
2

4−→ 5.87=

 

Φ x( ) 2 x⋅ ex2
⋅:=  

 

0

1
xΦ x( )

⌠
⎮
⌡

d 1.718=

 0

1
xΦ x( )

⌠
⎮
⌡

d e 1−→ 1.718=
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jeradi integralis gamosaTvlelad Sesabamis 

operatorSi  integralqveSa funqciis Casasmel-

moniSnul adgilze CavsvaT isev integralis 

operatori Semdeg CavsvaT sazRvrebi da yuradRebiT 

SevarCioT integrebis rigi. CavweroT integralqveSa 

finqcia moniSnul adgilze da Semdeg __> -iT an = 

niSniT, miviRebT gamosaTvleli integralis 

mniSvnelobas. 

⌠
⎮
⌡

d
⌠
⎮
⌡

d
 

0

1

x

0

1

y
x2

1 y2
+

⌠
⎮
⎮
⎮
⌡

d

⌠
⎮
⎮
⎮
⌡

d
1
12

π⋅→ 0.262=

 
0

1

y
1

2

xx2 y2
+( )⌠

⎮
⌡

d
⌠
⎮
⌡

d 2.667=

 

 

2

4

x

x

2 x⋅

y
y
x

⌠
⎮
⎮
⌡

d
⌠
⎮
⎮
⌡

d 9→

  
0

c
y

y c−

2 y⋅
xx y⋅

⌠
⎮
⌡

d
⌠
⎮
⌡

d
11
24

c4
⋅→

 
 

f x y,( )
x

x2 y2
+

:=  

0

c
x

x

c

x
yf x y,( )

⌠
⎮
⎮
⌡

d
⌠
⎮
⎮
⌡

d
1
4

c π⋅⋅ c atan
1
c

⎛⎜
⎝

⎞⎟
⎠

⋅−→

 

0

1
x

2

4
y

0

3
zx y+ z+( )

⌠
⎮
⌡

d
⌠
⎮
⌡

d
⌠
⎮
⌡

d 30=  

0

1
x

0

1
y

0

2 x− y−
zx 2 z⋅+( )

⌠
⎮
⌡

d
⌠
⎮
⌡

d
⌠
⎮
⌡

d 1.583=  
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G x y, z,( )
1

x y+ z+ 1+
:=  

 

0

1
z

0

1
y

0

1
xG x y, z,( )

⌠
⎮
⌡

d
⌠
⎮
⌡

d
⌠
⎮
⌡

d
248
15

72
5

3

1

2
⋅−

32
5

2

1

2
⋅+→ 0.643=  

 

0

1

x
0

1 x2−

y
0

1 x2− y2−

zx2 y2
+ z2

+
⌠
⎮
⎮⌡

d
⌠
⎮
⎮⌡

d
⌠
⎮
⌡

d 0.393=  

 

 

nebismieri integralis gamoTvlisas  mivendoT 

Mathcad-s. exla gamovTvaloT arasakuTvrivi 

integralebi 

 

0

3

x
1

3
x 2−( )2

⌠
⎮
⎮
⎮
⌡

d 3
3
2

4

2

3
⋅+→ 6.78=

   1−

1

x
3 x2
⋅ 2+

3
x2

⌠
⎮
⎮
⎮
⎮⌡

d
102
7

→ 14.571=

 

0

π

2
xtan x( )

⌠
⎮
⎮
⌡

d ∞→

  3

5

x
x

x 3−

⌠
⎮
⎮
⌡

d
22
3

2

1

2
⋅→ 10.371=

 

∞−

∞

y
∞−

∞

xe x2 y2+( )−
⌠⎮
⎮⌡

d
⌠⎮
⎮⌡

d 3.142=

     ∞−

∞

y
∞−

∞

xe x2 y2+( )−
⌠⎮
⎮⌡

d
⌠⎮
⎮⌡

d π→
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0

∞

z

0

∞

y

0

∞

x
1

x2 y2
+ z2

+ 1+( )2

⌠
⎮
⎮
⎮
⌡

d
⌠
⎮
⎮
⎮
⌡

d
⌠
⎮
⎮
⎮
⌡

d 1.235= 

 

 

0

∞

z

0

∞

y

0

∞

x
1

x2 y2
+ z2

+ 1+( )2

⌠
⎮
⎮
⎮
⌡

d
⌠
⎮
⎮
⎮
⌡

d
⌠
⎮
⎮
⎮
⌡

d
1
8

π
2

⋅→  

 

arasakuTvrivi integralis gamosaTvleli programa 

f x( )
1

x2 1−

:=

 

f 1 α+( ) 1

2 α⋅ α
2

+( )
1

2

→

 
α 0.5:=  ε 0.0001:=  
 
Given  

α f 1 α+( )⋅
ε

2
− 0 

η Find α( ):=   η 4.919 10 9−
×=  

ε

2 1 η+

2
xf x( )

⌠
⎮
⌡

d+ float 11, 1.3169078969→ 1.317=  

 

vnaxoT ras mogvcems Matcad-i 
 

1

2
xf x( )

⌠
⎮
⌡

d float 11, 1.3169578969→  
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rogorc vxedavT gamoTvlili Sedegebi emTxveva 

mZimidan oTxi niSnis sizustiT. 

 

kerZowarmoebulebis gamoTvla 

f x y,( ) xy x sin y( )⋅+:=  

x
f x y,( )d

d
xy y

x
⋅ sin y( )+→  

y
f x y,( )d

d
xy ln x( )⋅ x cos y( )⋅+→  

2x
f x y,( )d

d

2
xy y2

x2
⋅ xy y

x2
⋅−→

  an 
x x

f x y,( )d
d

d
d

xy y2

x2
⋅ xy y

x2
⋅−→

 

2y
f x y,( )d

d

2
xy ln x( )2

⋅ x sin y( )⋅−→
        y y

f x y,( )d
d

d
d

xy ln x( )2
⋅ x sin y( )⋅−→  

Sereuli warmoebulebi ase gamoiTvleba 

x y
f x y,( )d

d
d
d

xy y
x

ln x( )⋅⋅
xy

x
+ cos y( )+→  

y x
f x y,( )d

d
d
d

xy y
x

ln x( )⋅⋅
xy

x
+ cos y( )+→  

 

jamis, namravlisa da zRvris gamoTvla 

1

10

n

n∑
=

55=   

1

5

i

i2∑
=

55=

 0

5

n

2 n⋅ 1+( )2∑
=

286=  

 

1

∞

n

1
n n 1+( )⋅∑

=

1→

     1

∞

n

1

1 n2
+

∑
=

1
2

i Psi 1 i−( )⋅⋅
1
2

i Psi 1 i+( )⋅⋅−→ 1.077=  
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2

∞

n

n 3+

n2 1−
∑
=

∞→

 0

∞

n

1−( )n 1
n 1+

⋅⎡⎢
⎣

⎤⎥
⎦∑

=

ln 2( )→

 
 

1

∞

n

1
n

1
5

⎛⎜
⎝

⎞⎟
⎠

2 n⋅ 2+
⋅

⎡
⎢
⎣

⎤
⎥
⎦∑

=

1−

25
ln

24
25

⎛⎜
⎝

⎞⎟
⎠

⋅→

 
 

1

∞

n

n3

en
∑
=

4e⋅ 1+ e2+

4−( ) e3⋅ e4+ 6e2⋅ 4e⋅−+ 1+

1
1−( ) e+

+ 3
e 1+

3−( ) e2⋅ 3e⋅+ e3 1−+
⋅+

3

2−( ) e⋅ e2+ 1+
+→ 6.007=

 
 

0

∞

i

ci∑
=

1−

c 1−
→

  1

∞

n

1 b+( )n∑
=

1 b+( )−

b
→  

 

0

5

i

x xi−( )∏
=

x x0−( ) x x1−( ) x x2−( ) x x3−( ) x x4−( ) x x5−( )⋅⋅⋅⋅⋅→

 

g x( )

1

3

i

x i−( )∏
=

x 1−( ) x 2−( ) x 3−( )⋅⋅→:=  

x
g x( )d

d
x 2−( ) x 3−( )⋅ x 1−( ) x 3−( )⋅+ x 1−( ) x 2−( )⋅+→

 
 

0

3

n

2 n⋅ 1+( )∏
=

105→

  1

5

n

n∏
=

120→  

 

1x

x2 3 x⋅+ 4−

x 1−
lim
→

5→
  0x

ln 1 x3
+( )

x2 e3 x⋅ 1−( )⋅
lim
→

1
3

→
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2x

sin π x⋅( )

x2 4−
lim
→

1
4

π⋅→

  0x

cos x( )
cos 2 x⋅( )

⎛⎜
⎝

⎞⎟
⎠

1

x2

lim
→

e

3

2
→ 4.482=

 
 

3x

2
x 3−

lim
+→

∞→
  3x

2
x 3−

lim
−→

∞−→
 

 

∞x
x e

1

x 1−

⎛
⎜
⎝

⎞
⎟
⎠⋅

⎡
⎢
⎣

⎤
⎥
⎦lim

→
1→
 1x

ln x( ) ln 1 x−( )⋅( )lim
−→

0→
 

 

∞x

x5 7x4
+ 2+

x5 5x4
+ 2+

⎛⎜
⎜
⎝

⎞⎟
⎟
⎠

x

lim
→

e2
→

 0x
cos x( )( )

1

xlim
→

1→
 

 

 

∞x
cos

A
x

⎛⎜
⎝

⎞⎟
⎠

⎛⎜
⎝

⎞⎟
⎠

x
lim
→

1→
 0x

x
ax bx

+ 1−lim
→

a b⋅→  

 

funqciis gaSla xarisxovan mwkrivad 

expand series operatorebis mimdevrobiT gamoZaxebiT 

ganvixiloT magaliTebi: 

 

sin x( )
expand x,

series x, 10,
1 x⋅

1
6

x3
⋅−

1
120

x5
⋅

1
5040

x7
⋅−+

1
362880

x9
⋅+→  

 

cos x( )
expand x,

series x, 10,
1

1
2

x2
⋅−

1
24

x4
⋅

1
720

x6
⋅−+

1
40320

x8
⋅+→
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ln 1 x+( )
expand x,

series x, 7,
1 x⋅

1
2

x2
⋅−

1
3

x3
⋅

1
4

x4
⋅−+

1
5

x5
⋅

1
6

x6
⋅−+→  

 

ex expand x,

series x, 6,
1 1 x⋅+

1
2

x2
⋅+

1
6

x3
⋅+

1
24

x4
⋅+

1
120

x5
⋅+→  

 

3 cos x( )⋅ x sin x( )⋅+
expand x,

series x, 8,
3

1
2

x2
⋅−

1
24

x4
⋅−

1
240

x6
⋅+→

 
 

x 1 tan x( )+( )⋅
expand x,

series x, 8,
1 x⋅ 1 x2

⋅+
1
3

x4
⋅+

2
15

x6
⋅+→

 
 

1 x+ x2
+

1 x− x2
+

expand x,

series x, 10,
1 2 x⋅+ 2 x2

⋅ 2 x4
⋅− 2 x5

⋅−+ 2 x7
⋅+ 2 x8

⋅+→  

 

atan x( )
expand x,

series x, 10,
1 x⋅

1
3

x3
⋅−

1
5

x5
⋅

1
7

x7
⋅−+

1
9

x9
⋅+→  

 

racionaluri wiladis warmodgena elementaruli 

wiladebis jamis saxiT 

  wiladis formirebis Semdeg symbolic-dan viZaxebT 

parfrac-operators ris Sedegadac wiladis 

gagrZelebaze gamoCndeba convert, parfrac, moniSnul 

adgilas CavsvaT Sesabamisi cvladi. miviRebT: 

1
x x 1+( )⋅

convert parfrac, x,
1
x

1
x 1+

−→  

 

2x2 3x− 1+

x2 7x− 10+
convert parfrac, x, 2

1
x 2−

−
12

x 5−
+→  
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x3 8+

x2 4x− 3+
convert parfrac, x, x 4

9
2 x 1−( )⋅

−+
35

2 x 3−( )⋅
+→

 
 

x 2+

x3 8−
convert parfrac, x,

1
3 x 2−( )⋅

1
3

x 1+

x2 2 x⋅+ 4+
⋅−→

 
 

x2 2 x⋅+ 4+

x4 4x3
+ 6x2

+ 4x+ 1+
convert parfrac, x,

3

x 1+( )4

1

x 1+( )2
+→

 
 

7x 5−

x3 x2
+ 6x−

convert parfrac, x,
5

6 x⋅
26

15 x 3+( )⋅
−

9
10 x 2−( )⋅

+→  

 

magaliTebi 

 

  gamovTvaloT miaxloebiT Semdegi     

integralebi: 

a) marTkuTxedebis formuliT: 

3.1 dxx∫
4

0

2 ;  ( 10=n ).   3.2. ∫
2

1 x
dx

; ( 10=n ). 

b) trapeciebis formuliT: 

3.3. ( ) ;4
1

0

2 dxxx∫ −  ( 10=n )    3.5. ∫
π

0
;sin xdx    ( 6=n ). 

3.4. ( )∫−
−+

1

1

232 dxxx ; ( 10=n )  3.6. ∫ 2
3

2

cos
π

π xdx ; 

( 6=n ). 

g) simpsonis formuliT: 

3.7 ∫ +

1

0 1 x
dx

; ( 102 =n ).      3.8. dxe x∫ −1

0

2

; 22 =n . 
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3.9. ∫ +
1

0 21 x
dx

; ( 102 =n ).    3.10. dx
x

x
∫ +

1

0 1
; ( 102 =n ). 

3.11. dxxx ⋅−∫
3

2
3 2 ; ( 102 =n ).  3.12. ∫ +

3

1 32 )1( x
dx

; 

( 102 =n ). 

 

 

gamoTvaleT arasakuTvrivi integralebi: 

3.13. ∫ −

2

1 1x
xdx

;         3.14. ∫ 2
0

π

tgxdx ; 

3.15. dx
x

x
∫−

+1

1 3 2

2 23
;       3.16. ∫

−

2

0 3 2)1(x
dx

;  
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Tavi IV 

Cveulebrivi diferencialuri 

gantolebisa da gantolebaTa sistemis 

amoxsnis ricxviTi meTodebi 

 

viciT, ra zogierTi pirveli rigis 

diferencialuri gantolebis analizuri amoxsnis 

meTodebi, axla ganvixiloT ramdenime meTodi, 

romlebic saWiroebis SemTxvevaSi gamoiyeneba 

diferencialuri gantolebebis ricxviTi 

amonaxsnebis asagebad. am wignSi Cven ver 

ganvixilavT yvela meTods, amitom yuradRebas 

gavamaxvilebT diferencialur gantolebaTa 

ricxviTi amoxsnebis ZiriTadi mimarTulebis  

amsaxvel meTodebze. ganvixilavT ZiriTad sabaziso 

principebs. 

 

 

$ 4.1. diferenialuri gantolebis amoxsnis 

eileris umartivesi meTodi 

koSis amocana. vTqvaT, saZiebelia Semdegi 

diferencialur gantolebaTa sistemis amonaxsni, 

mocemuli sawyisi pirobebiT e.i. gvaqvs koSis 

amocana: 
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( )

( )

i
i 1 2 n

i ia

dy f x y y y
dx
y a y
a x b

, , ,...,⎧ =⎪
⎪⎪ =⎨
⎪ < ≤⎪
⎪⎩

    i=1, 2,. . ., n         (4.1) 

fi  funqciebi akmayofileben koSis Teoremis 

pirobebs amonaxsnis arsebobis Sesaxeb. mocemuli 

(4.1) sistema SeiZleba CavweroT veqtoruli formiT 

 
( )

( ) a

dy f x y
dx
y a y

,⎧ =⎪
⎨
⎪ =⎩

                          (4.2) 

sadac 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

)(
.
.

)(
)(

xy

xy
xy

y

n

2

1

         

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎠
⎞⎜

⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛

=

n21n

n212

n211

yyyxf

yyyxf

yyyxf

f

,...,,

.............................

,...,,

,...,,

      (4.3)        

SevniSnoT, rom Tu diferenciqluri 

gantoleba amoxsnilia umaRlesi rigis warmoebulis 

mimarT, maSin koSis amocana SeiZleba Caiweros (4.1) 

sistemis saxiT. magaliTad amocana 



 109 

( )

⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

α=

α=

α=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

−=−

−

=

−

−

1nax1n

1n

1ax

0

1n

1n

n

n

x

yd

dx
dy

ay
x

yd
x

dyyxF
dx

yd

.....................................

,...,,,

 

advilad daiyvaneba (4.1) formaze, Tu 

SemoviRebT axal ucnob funqcciebs: 

,yy1 =      ,
dx
dyy2 =      ,

2

2
3

dx

ydy = . . . , 
n

1n
n

dx

ydy
−

=  

sistemis amonaxsns cxadia veZebT [a, b] 
intervalze, amavdroulad yvela dasmuli 

amocanisaTvis Sesrulebulia amonaxsnis arsebobisa 

da erTaderTobid pirobebi, amasTan fi  funqciebsac 

gaaCniaT saTanado sigluve. 

amgvarad es dayvana ekvivalenturia, amitom 

miRebuli pirveli rigis diferencialur 

gantolebaTa sistemis ricxviTi amoxsna 

ekvivalenturia sawyisi n-uri rigis diferencialuri 

gantolebis ricxviTi amoxsnisa. simartivisaTvis 

koSis amocanis amoxsnis meTodebs ganvixilavT erTi 

gantolebis magaliTze: 

 

a

dy f x y
dx
y a y

( , )

( )

⎧ =⎪
⎨
⎪ =⎩

                      (4.4)             
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    amasTan, unda gvaxsovdes, rom (4.4) amocanis 

amoxsnis nebismieri algoriTmi damatebiTi 

sirTuleebis gareSe SeiZleba Tavisuflad 

gamoviyenoT (4.2) sistemis amosaxsnelad, Tu kargad 

gaviTvaliswinebT (4.3) tolobebiT mocemuli 

funqciebis veqtorul xasiaTs. 

viwyebT ra romelime (xo,yo) wertilidan   [a, b] 
segmentze SevadginoT y(x) funqciis mniSvnelobaTa 

cxrili. davyoT [a, b]  segmenti n Tanatol nawilad 

wertilebiT 

a=x0<x1<x2<. . .<xn=b; 
h=xi+1-xi,     i=0, 1, . . ., n-1 

    SevcvaloT [x0, x1] segmentze integraluri AB 
wiris rkali A wertilze gamavali mxebis AA1 

monakveTiT (nax. 4.1) mxebis y-y0=(x-x0).f(x0, ya) 
gantolebaSi x-is nacvlad Tu CavsvamT x1=x0+h, 
miviRebT y(x) funqciis miaxloebiT mniSvnelobas x1 

wertilSi 

                           y1=y0+hf(x0,ya) 

 
         X0  X1       
                  nax.4.1 
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[x1, x2] segmentze integraluri wiri SevcvaloT 

wrfiT, romelic gadis A1(x1, y1) wertilze da romlis 

kuTxuri koeficientia f(x1, y1). am wrfis gantolebaa: 

y-y1=(x-x1).f(x1, y1) 
Tu am gantolebaSi SevitanT x=x1+h, miviRebT: 

y2=y1+h.f(x1, y1) 
 

   analogiurad y(x) funqciis miaxloebiTi 

mniSvneloba xi+1 wertilSi iqneba 

 
 yi+1=yi+h.f(xi, yi)                  i=0, 1, . . . , n-1                    (4.5) 

 

funqciis mniSvnelobaTa cxrilis agebis am 

meTods eileris meTodi ewodeba. 

 

$ 4.2. eiler-koSis gaumjobesebuli meTodi 

 

cdomilobaTa dagrovebis Tavidan nawilobriv 

acilebis mizniT iyeneben y1, y2,. . . , yn mniSvnelobaTa 

gadaTvlis Semdeg wess. x1 wertilze eileris 

meTodiT pouloben y1=y0+hf(x0, y0) mniSvnelobas. amave 

wertilze y(x) funqciis ukeTes miaxloebiT 

mniSvnelobad Rebuloben gamosaxulebas: 

( ) ( ) ( )[ ]11000
1

1 yxfyxf
2
hyy ,, ++=  

y1
(1) mniSvneloba SeiZleba kidev ufro 

davazustoT Semdegi gamosaxulebiT: 

( ) ( ) ( )( )[ ]1
11000

2
1 yxfyxf

2
hyy ,, ++=  

da saerTod 
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( ) ( ) ( )( )[ ]1i
11000

i
1 yxfyxf

2
hyy −++= ,,  

yk –s yoveli dazustebuli mniSvnelobis 

misaRebad gadaTvlis es procesi maSin unda 

SevwyvitoT, roca or momdevno miaxloebaSi yk
(i+1) da 

yk
(i) 

mZimis Semdeg erTmaneTs daemTxveva aTwilad niSanTa 

saWiro raodenoba. e.i.             

yk yk− ε<  

 Tu yk –s  mniSvnelobaSi sami oTxi gadaTvlis 

Semdeg erTmaneTs ar daemTxveva aTwilad niSanTa 

saWiro raodenoba, maSin, unda SevamciroT cxrilis 

h biji. 

 am meTods eiler-koSis gaumjobesebuli 

meTodi ewodeba, rasac Sereuli meTodi an PC-
meTodic (Predictor-Corrector) ewodeba. 
 prediqtori Sedegis winaswari gaTvla, 

romelic gamoiTvleba Sualeduri formuliT; 

koreqtori Sedegis dazusteba. 

 SevniSnoT, rom es meTodi axdens  amosavali 

diferencialuri (4.4) gantolebis aproqsimacias 

meore rigis sizustiT. 

 ganvixiloT dawvrilebiT, rogorc vnaxeT 

yoveli yk+1-is gamosaTvlelad Cven miviReT 

iteraciuli procesi 

        ( ) ( ) ( )( )[ ]i
1k1kkkk

1i
1k yxfyxf

2
hyy ++

+
+ ++= ,,   (4.6)            

 

                                   k=0, 1, . . .,n   .      
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sanam    yk 1+ yk 1+− ε<             

eileris cxadi meTodiT gamoiTvleba (nulovani) 

yk+1
(0) sawyisi miaxloeba 

  ( ) ( )kkk
0

1k yxhfyy ,+=+                    (4.7) 

(4.6) Tanaxmad pirveli miaxloebisaTvis miviRebT 

                    

( ) ( ) ( )( )[ ]0
1k1kkkk

1
1k yxfyxf

2
hyy +++ ++= ,,       (4.8)               

 

meoresaTvis gveqneba 

                    

( ) ( ) ( )( )[ ]1
1k1kkkk

2
1k yxfyxf

2
hyy +++ ++= ,,       (4.8’)            

da a.S. yk 1+ yk 1+− ε<  pirobis Sesrulebis Semdeg 

gadavalT saZiebeli funqciis yk+2 mniSvnelobis 

gamoTvlaze, amgvarad .x0, x1, . . . ,xn wertilebze Cven 

miviRebT y0, y1, . . .yn ordinatebs da miRebuli M0(x0,y0), 
M1(x1,y1), . . . , Mn(xn,yn) wertilebis gadaerTebiT 

miviRebT mocemuli (4.4) diferencialuri 

gantolebis im integralur wirs, romelic mocemul 

M0(a,ya) an rac igivea M0(x0,y0) wertilze gadis. 

 

$ 4.3. runge-kutas meoTxe rigis sizustis meTodi 
  

 rogorc eiler-koSis gadaTvlis meTodidan 

vnaxeT, integraluri wiris daxriloba [ ]1kk xx +,  

monakveTis Sua wertilSi icvleba monakveTis 

sazRvrebze misi daxrilobebis saSualo 

ariTmetikuliT. am SemTxvevaSic advilad SeiZleba 
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imis Semowmeba, rom (4.6) axdens (4.4)-is aproqsimacias 

meore rigis sizustiT. 

 rung-kutas meTodebi avrceleben am principebs 

[ ]1kk xx +,  intervalis sxvadasxva wertilebSi daxris 

kuTxis sididis gamoyenebiT, raTa Sefasdes 

amonaxsnis daxris kuTxis sididis saSualo 

mniSvneloba am intervalze. Cveulebrivad, yvelaze 

gavrcelebulia runge-kutas meoTxe rigis meTodi, 

romelic ukve gamoTvlili yk –saTvis momdevno yk+1 
mniSvnelobis gamosaTvlelad SeiZleba gamoisaxos 

Semdegnairad: 

yk 1+ yk
1
6

c1 2 c2⋅+ 2 c3⋅+ c4+( )⋅+
 

c1 hf xk yk, ( ) 
c2 hf xk

h
2

+ yk
c1
2

+, 
⎛
⎜
⎝

⎞
⎟
⎠   

                  (4.9) 

c3 hf xk
h
2

+ yk
c2
2

+, 
⎛
⎜
⎝

⎞
⎟
⎠ 

c4 hf xk
h
2

+ yk c3+, ⎛⎜
⎝

⎞⎟
⎠
 

      
 

 SevniSnoT, rom (4.9) tolobebiT gansaRvruli 

meoTe rigis procesis maTematikuri dasabuTeba 

scildeba am wignis miznebs. aRsaniSnavia, rom (4.8), 

(4.8’) PC meTodi agreTve SesaZlebelia gmoisaxos ase: 

         
( )
( )

( ),

,,
,,

21k1k

1kk2

kk1

cc
2
1yy

cyhxhfc
yxhfc

++=

++=
=

+
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 cxadia, amasac runge-kutas (meore rigis 

runga-kutas) meTodis saxe aqvs da maSasadame, meore 

rigis runge-kutas meTodi da PC meTodebi 

sinamdvileSi, tolZalovani procesebia. 

 aRvniSnoT, rom runge-kutas sqemebi 

warmoadgenen erTbijian modelebs, im SinaarsiT, 

rom isini Txouloben mxolod yk-s mniSvnelobas da 

ara y-is mniSvnelobas romelime wina nabijze. 

amdenad, isini arsebiTad `TviTdamwyebi~ arian, 

gansxvavebiT PC Tu sxva mravalbijiani 

meTodebisagan. 

 sakompiutero uzrunvelyofis TvalsazrisiT 

(rac yvelaze mniSvnelovania), runge-kutas 

formulebi iZleva saSualebas damatebiTi 

sirTuleebis gareSe vawarmooT gamoTvlebi 

integrebis cvladi bijiT (magaliTad, bijis 

avtomaturi SerCeviT saWiro sizustis moTxovnidan 

gamomdinare), sxva formulebis gamoyenebisas – es 

procesi rTulia. 

 

$ 4.4. pirveli rigis diferencialuri 

gantolebaTa 

sistemis ricxviTi amoxsna 

  

am TavSi Cven gavecaniT Semdegi saxis  

( )yxf
dx
dy ,=  

pirveli rigis diferencialuri gantolebis 

amoxsnis ricxviT meTodebs. iqve SevniSneT, rom 

SesaZlebelia ganxiluli meTodebis ganzogadeba 
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pirveli rigis gantolebaTa sistemisaTvis. aseTi 

sistemis magaliTia 

  

           

( )

( )

1

2

dy f x y z
dx
dz f x y z
dx

, ,

, ,

⎧ =⎪⎪
⎨
⎪ =
⎪⎩

                   (4.10)             

 amovxsnaT (4.10) sistema PC meTodiT, romelic 

cxadia aseT saxes miiRebs: 

    

 c1=hf1(xi,yi,zi),                   k1=hf2(xi,yi,zi), 
 
c2=hf1(xi+h, yi+c1, zi+k1),    k2=hf2(xi+h, yi+c1, zi+k1) 
            

  yi+1=yi+ ( )21 cc
2
1

+ ;          zi+1=zi+ ( )21 kk
2
1

+            (4.11) 

  

praqtikulad, es niSnavs, rom ori diferencialuri 

gantolebisagan Semdgari sistemis SemTxvevaSi, 

miaxloebiTi amoxsnis procedura unda erTdroulad 

ganvixiloT orive gantolebisTvis. amgvarad (4.10) 

sistemis amonaxsns gvaZlevs (4.11) formulebi. 

 amovxsnaT igive sistema runge-kutas meTodis 

meoTxe rigis sqemis gamoyenebiT, gveqneba: 

  

( )

( )

i 1 i 1 2 3 4

i 1 i 1 2 3 4

1y y p 2p 2p p
6
1z z q 2q 2q q
6

+

+

⎧ = + + + +⎪⎪
⎨
⎪ = + + + +
⎪⎩

          (4.12)             
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sadac 

( ) ( )

( )
( )

1 1 i i i 1 2 i i i

1 1
2 1 i i i

1 1
2 2 i i i

2
3 1 i i i

2 2
3 2 i i i

4 1 i i 3 i 3

4 2 i i 3 i 3

p hf x y z q hf x y z

p qhp hf x y z
2 2 2

p qhq hf x y z
2 2 2

qh p2p hf x y z
2 2 2

p qhq hf x y z
2 2 2

p hf x h y p z q

q hf x h y p z q

, , ; , ,

, ,

, ,

, ,

, ,

, ,

, ,

⎧ = =
⎪

⎛ ⎞= + + +⎜ ⎟
⎝ ⎠
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠
⎛ ⎞= + + +⎨ ⎜ ⎟
⎝ ⎠
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

= + + +

= + + +

⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎩

 

 ganvixiloT Semdegi sistema 

 

dx
dt

f1 t x, y, z, ( ) 

dy
dt

f2 t x, y, z, ( )            (4.13) 

dz
dt

f3 t x, y, z, ( ) 

 

 am sistemisaTvis runge-kutas meaTodis 

Sesabamisi sqema miiRebs aseT saxes: 

p1=hf1(tn;xn;yn;zn),    q1=hf2(tn;xn;yn;zn),          r1=hf3(tn;xn;yn;zn). 

p2=hf1( ⎟
⎠

⎞
⎜
⎝

⎛ ++++
2
r

z
2

q
y

2
p

x
2
ht 1

n
1

n
1

nn ;;;  

q2=hf2 ⎟
⎠

⎞
⎜
⎝

⎛ ++++
2
r

z
2

q
y

2
p

x
2
ht 1

n
1

n
1

nn ;;;  
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r2=hf3 ⎟
⎠

⎞
⎜
⎝

⎛ ++++
2
r

z
2

q
y

2
p

x
2
ht 1

n
1

n
1

nn ;;;  

p3=hf1 ⎟
⎠

⎞
⎜
⎝

⎛ ++++
2
r

z
2

q
y

2
p

x
2
ht 2

n
2

n
2

nn ;;;  

q3=hf2 ⎟
⎠
⎞

⎜
⎝
⎛ ++++

2
rz

2
qy

2
px

2
ht 2

n
2

n
2

nn ;;;  

r3=hf3 ⎟
⎠
⎞

⎜
⎝
⎛ ++++

2
rz

2
qy

2
px

2
ht 2

n
2

n
2

nn ;;;  

 
p4=hf1(tn+h; xn+p3; yn+q3; zn+r3) 
 
q4=hf2(tn+h; xn+p3; yn+q3; zn+r3) 
 
r4=hf3(tn+h; xn+p3; yn+q3; zn+r3) 

xn+1=xn+ ( )4321 pp2p2p
6
1

+++  

yn+1=yn+ ( )4321 qq2q2q
6
1

+++  

zn+1=zn+ ( )4321 rr2r2r
6
1

+++  
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$ 4.5. sasazRvro amocanebis amoxsnis 

ricxviTi meTodebi 

  

  am paragrafSi Cven SevCerdebiT Cveulebrivi 

diferencialuri gantolebisaTvis sasazRvro 

amocanis amoxsnis meTodebze. ganvixilavT amosavali 

diferencialuri gantolebis uSualo aproqsimacias 

da mis dayvanas samdiagonaliani wrfivi 

gantolebaTa sistemis amoxsnaze. am tipis amocanebi 

xSirad gvxvdeba sainJinro praqtikaSi.  

 dasawyisSi ganvixiloT sasazRvro amocana 

meore rigis wrfivi diferencialuri 

gantolebisaTvis 

( ) ( ) ( )

( ) ( )a b

y P x y q x y f x a x b

y a y y b y

, ;

,

⎧ ′ ′+ + = < <⎪
⎨
⎪ = =⎩

        (4.14) 

 amasTan vigulisxmoT, rom SemdgomSi Cvens 

mier ganxilul am da sxva sasazRvro amocanebis 

amonaxsnebi arseboben da erTaderTia. 

 pirvel rigSi SemoviRoT (rogorc wina 

paragrafebSi) integrebis kvanZTa bade 

⎭
⎬
⎫

⎩
⎨
⎧ −

==+=
n

abhn10iihaxi ,,...,,  

 zustad analogiurad saZiebeli amonaxsnebis 

qveS igulisxmeba amonaxsnis mniSvnelobaTa 

simravle badis kvanZebSi anu baduri funqcia 

( )
⎭
⎬
⎫

⎩
⎨
⎧ == n10iyxy ii ,...,,,  

 ganvixiloT (4.14) gantoleba i-uri kvanZis 

midamoSi da warmoebulebi SevcvaloT ricxviTi 
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gawarmoebis Sesabamisi formulebiT, miviRebT wrfiv 

algebrul gantolebaTa Semdeg sistemas y0, y1,. . .,yn 
komponentebis mimarT (e.w. sxvaobian sqemas): 

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−==

=+
−

+
+−

=

−+−+

1n21iyy

fyq
h2

yy
p

h
yy2y

yy

bn

iii
1i1i

i
2

1ii1i

a0

,...,,;

      (4.15)             

 

      aq   p(xi)=pi ,           q(xi)=qi,         f(xi)=fi 

  

  SevniSnoT, rom Sida kvanZebSi (4.15) amocanis 

yoveli gantoleba uaxlovdeba diferencialur 

gantolebas meore rigis sizustiT. 

 SemoviRoT Semdegi aRniSvnebi: 

ai
1

h2

pi

2h
−

 
bi qi

2

h2
−

 
ci

1

h2

pi

2h
+  

f1 0, f1 a1 y0−
  

fn 1− n, fn 1− cn 1− yn−  

sadac y0 ya  
 

am aRniSvnebis safuZvelze (4.15) sistema ase 

Caiwereba: 
b1 y1 c1 y1 ..........................................................+ f1 0,  
a2 y1 b2 y2+ c2 y3 ...........................................+ f2 

a3 y2 b3 y3+ c3 y4 ...........................+ f3 

............................................... 

............................................... 
an 1− yn 1− bn 1− yn 1−+ fn 1− n,

 

 

yn yb

(4.16) 
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(4.16) sistema warmoadgens (1.14) sistemis zust 

analogs da rogorc vnaxeT advilad ixsneba 

faqtorizaciis meTodiT, kerZod, (1.18) 

Dda (1.19) formulebiT. 

       magaliTi 4.1. amovxsnaT gantoleba 

y'' x 1+( )y'+ 2y− 2 x 1+( ) 
y 0( ) 0 y 1( ) 1  0 x≤ 1≤  h 0.2  
amoxsna. mocemul gantolebaSi warmoebulebi 

SevcvaloT ricxviTi gawarmoebis formulebiT da 

yovel sakvanZo wertilSi CavweroT maTi 

mniSvnelobebi, miviRebT (4.16) saxis sistemas Semdegi 

koeficientebiT: 

ai 22.5 0.5i−
  

b i 52−
 

c i 27.5 0.5i+  

f1 0, 2.4
 

f2 2.8
 

f3 3.2
 

f4 5, 25.9−
 

 

  
b 1 52−

 
c1 28

 
a 2 21.5

 
b 2 52−

 
c 2 28.5

 
a 3 21

 
b 3 52−

 
c3 29 

a 4 20.5
 

b 4 52−
 

c 4 29.5
 

   
agreTve wrfivi samdiagonaliani gantolebaTa 

sistema miiRebs saxes: 

52− y1 28.y2 .............................+ 2.4.   

21.5 y1 52 y2− 28.5 y3 ............+ 2.8
           

(4.17) 

  
21 y 2 52 y 3− 29 y 4+ 3.2 

20.5 y 3 52 y 4− 25.9−  

 

romlis amonaxsni (1.18) da (1.19) formulebis 

safuZvelze iqneba  
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y 0 0
   

y 1 0.04
  

y 2 0.16
  

y 3 0.36
  

y 4 0.64
   

y5 1 

SevniSnoT, rom mocemuli gantolebis zusti 

amonaxsnia y=x2. 
 

 

$ 4.6. diferencialuri gantolebis amoxsnis 

mravalwertilovani meTodebi 

 am tipis meTodebs xSirad mravalbijian 

meTodebsac uwodeben. es meTodebi xasiaTdeba imiT, 

rom gamosaTvleli amonaxsnis mniSvneloba mimdinare 

kvanZSi damokidebulia ara mxolod erT wina kvanZSi 

cnobil monacemebze, aramed ramdenimeze. aqedan 

gamomdinare, advilad misaxvedria Tu 

diferencialur gantolebaSi warmoebuls SevcvliT 

mravalwertiliani ricxviTi gawarmoebis formuliT, 

maSin, miviRebT Sesabamis mravalwertilovan meTods. 

 mokled, aRvweroT modeli, romliTac 

SeiZleba avagoT sxvadasxva sizustis sqemebi. 

ganvixiloT Semdegi diferencialuri gantoleba 

 

x
yd

d
f x y,( )

   
(4.18) 

 

  

SevniSnoT, rom am gantolebis amonaxsni 

akmayofilebs Semdeg integralur Tanafardobas: 

 

yk 1+ yk−
xk

xk 1+

xf
⌠
⎮
⌡

d

  
(4.19) 
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Tu amonaxsni k-uri kvanZis CaTvliT ukve 

gamoTvlilia, maSin fi xi yi,( ) i 1, 2, ......., k,
 

cnobili 

mniSvnelobebiT SeiZleba integralqveSa funqciis 

interpoleba sxvadasxva rigis polinomebiT. 

 arCeuli sainterpolacio polinomidan 

integralis gamoTvliT miviRebT sxvadasxva 

formulebs: 

 1. Tu integralqveSa funqcias (4.19)-Si, 

SevcliT misi mniSvnelobiT xk wertilSi (nulovani 

rigis polinomi), miviRebT: 

xk

xk 1+

xf
⌠
⎮
⌡

d hfk
   

(4.19’) 

                                    

                                      

Aan 

yk 1+ yk h fk⋅+     (4.20) 

 

  

ukanaskneli warmoadgens eileris cxad meTods; 

2. f fk 1+  

xk

xk 1+

xf
⌠
⎮
⌡

d h fk 1+⋅

   
yk 1+ yk h f xk yk 1+,( )⋅+

   
(4.21) 

                                   

(4.21) gvaZleva eileris aracxad meTods. 

3. f f
k

1

2
+

f xk y
k

1

2
+

,⎛
⎜
⎝

⎞
⎟
⎠
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Sesabamisad moviRebT eileris modificirebul 

meTods, kerZod 

yk 1+ yk h f
k

1

2
+

⋅+

    

(4.22) 

 

4. f fk

fk 1+ fk−

h
x xk−( )⋅+

 

 
xk

xk 1+

xf
⌠
⎮
⌡

d
h
2

fk fk 1++( )                                         

 

an (4.18) gantolebis amonaxsni Caiwereba 

Semdegnairad 

yk 1+ yk
h
2

fk fk 1++( )⋅+
   

(4.23) 

miviReT PC  meTodi anu runge-kutas meore rigis 

sizustis meTodi. 

 am axali midgomiT Cven miviReT ukve cnobili 

orwertiliani meTodebi. axla vnaxoT rogor saxes 

miiRebs mravalwertiliani meTodebi, romlebic 

SeiZleba miviRoT Semdegi gziT. 

[ x k x k 1+, ]
 
monakveTze f funqcias miuaxlovdeT 

niutoniseuli polinomiT  

f fk

fk fk 1−−

h
x xk−( )+

fk 2fk 1−− fk 2−+

2 h2
⋅

x xk−( ) x xk 1−−( )...+

  
(4.24) 

(4.19’) integralis gamoTvlisas pirveli ori 

Sesakrebis gaTvaliswinebiT, miviRebT: 

xk

xk 1+

xf
⌠
⎮
⌡

d
1
2

3fk fk 1−−( ) 
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aqedan miviRebT meore rigis sizustis Semdeg 

meTods: 

yk 1+ yk
h
2

3fk fk 1−−( )⋅+
  

(4.25) 

 
 

(4.24)-Si pirveli sami Sesakrebis gaTvaliswinebiT 

miviRebT mesame rigis sizustis meTods: 

yk 1+ yk
h
12

23fk 16fk 1−− 5fk 2−+( )+
 

(4.26) 

 

Tu (4.24)-dan aviRebT oTx wevrs miviRebT meoTxe 

rigis sizustis Semdeg sqemas: 

yk 1+ yk
h
24

55 fk⋅ 59fk 1−− 37fk 2−+ 9fk 3−−( )+
  

(4.27) 

(4.25), (4.26) da (4.27) formulebi warmoadgenen adamsis 

Sesabamisad meore, mesame da meoTxe rigis sizustis 

sqemebs. 

 amgvarad Cven gvaqvs meoTxe rigis sizustis 

ori sqema, erT runge-kutas (4.9) sqema da meore 

adamsis (4.27) sqema, sainteresoa romelia ukeTesi? am 

kiTxvaze pasuxis gacemisas unda gaviTvaliswinoT 

Semdegi mosazrebebi: adamsis meTodi moiTxovs 

nakleb ariTmetikul operaciebs momdevno yk+1 

mniSvnelobis misaRebad, vinaidan (4.27) formuliT 

Tvlis dros saWiroa mxolod erTxel gamovTvaloT 

fk mniSvneloba, danarCeni fk-1, fk-2, fk-3 mniSvnelobebi am 

droisaTvis ukve gamoTvlilia, maSin rodesac yk+1-is 

gamosaTvlelad runge-kutas (4.9) meTodi moiTxovs f 
funqciis oTxi damxmare mniSvnelobis gamoTvlas. 

 meores mxriv, adamsis sqemiT gaTvlebis 

Catarebisas garda y0 mniSvnelobisa, saWiroa 

rogorme ganvsazRvroT y1, y2 da y3-is mniSvnelobebi 
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integrebis pirvel sam kvanZSi. es ukanaskneli ki 

advilad mosaxerxebelia runge-kutas sqemiT. garda 

amisa, ufro mniSvnelovania is faqti, rom runge-

kutas formulebi iZleva saSualebas yovelgvari 

sirTuleebis gareSe vawarmooT gamoTvlebi 

integrebis cvladi bijiT (magaliTad, bijis  

avtomaturi SerCeviT saWiro sizustis moTxovnidan 

gamomdinare), adamsis formulebiT – es sakmarisad 

rTulia. 

 unda SevniSnoT, rom (4.20) – (4.27) formulebis, 

garda (4.24)-sa, miRebis gzidan gamomdinare 

aproqsimaciaze Semowmebis gareSec cxadia daskvna 

meTodis sizustis Sesaxeb. marTlac, vinaidan koSis 

amocanis amoxsna ganixileba rogorc integralis 

gamoTvla, meTodis cdomileba ar aRemateba 

gamoyenebuli kvadraturuli formulebis lokalur 

cdomilobaTa jams yvela elementarul monakveTze, 

romlebadac dayofilia saTvleli are. 
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4.7  Mathcad 
 

amovxsnaT Semdegi diferencialuri gantoleba 

Given-Odesolve-s operatorebis gamoyenebiT 

Given  

t
y t( )d

d
3 t2⋅ 6 t⋅− 1+

 
y 0( ) 1 
y Odesolve t 5,( ):=  
y1 t( ) t3 3 t2⋅− t+ 1+:=  

 

y1(t) warmoadgens mocemuli gantolebis zust 

amonaxsns. 

 

 oscilatoris meore rigis diferencialuri   

gantolebisaTvis koSis amocanis amoxsna 

λ 0.6:=  

0 1 2 3 4

0

5

10

y t( )

y1 t( )

t
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Given 

2t
y t( )d

d

2
λ

t
y t( )d

d
⎛
⎜
⎝

⎞
⎟
⎠

⋅+ y t( )+ t sin t( )⋅
 

y 0( ) 1−  
y' 0( ) 0 
y Odesolve t 50,( ):=  

 

 

 

   

  

 

 

 

 

 

 

0 10 20 30 40 50
100

50

0

50

100

y t( )

t
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oscilatoris Sesabamisi erTgvarovani gantolebis 

amoxsna: 

λ 0.2:=  
 

Given  
 

2t
y t( )d

d

2
λ

t
y t( )d

d
⎛
⎜
⎝

⎞
⎟
⎠

⋅+ y t( )+ 0
 

 
y 0( ) 1−  

 
y' 0( ) 0 

 
y Odesolve t 50,( ):=  

 

  

0 10 20 30 40 50
1

0.5

0

0.5

1

y t( )

t
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0 5 10
0

10

20

y

t

t

diferencialuri gantolebis amoxsna runge-kutes 

meoTxe rigis sizustis meTodiT fiqsirebuli h=0,1 
bijiT: 

 

 y' 12 y⋅ y2
−  

 y 0.1:=  

 D t y,( ) 15y y2
−:=  

 M 100:=  
y rkfixed y 0, 10, M, D,( ):=  
k 0 100..:=  

 tk k 0.1⋅:=  y

0 1

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0 0.1

0.1 0.43

0.2 1.73

0.3 5.497

0.4 10.81

0.5 13.739

0.6 14.649

0.7 14.903

0.8 14.974

0.9 14.993

1 14.998

1.1 14.999

1.2 15

1.3 15

1.4 15

1.5 15

=
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diferencialur gantolebaTa sistemis amoxsna 

 

 T1 1:=  
 Given 

u
y u( )d

d
5 y u( )⋅ 0.2 z u( )⋅−

 
y 0( ) 1 

u
z u( )d

d
2y u( ) z u( )+

  
z 0( ) 5 

f

g
⎛
⎜
⎝

⎞
⎟
⎠

Odesolve
y

z
⎛
⎜
⎝

⎞
⎟
⎠

u, T1, 100,
⎡
⎢
⎣

⎤
⎥
⎦

:=
  

t1 0
T1
100

, 1..:=  

 

 

0 0.2 0.4 0.6 0.8
0

20

40

60

80

100

f t1( )

g t1( )

t1
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sistemis amosaxsneli programa Mathcad-ze: 
T1 2:=  
Given  

 
u

x u( )d
d

2 x u( )⋅ y u( )− z u( )−
 

 u
y u( )d

d
12 x u( )⋅ 4 y u( )⋅− 12 z u( )⋅−

 

 u
z u( )d

d
4− x u( )⋅ y u( )+ 5 z u( )⋅+

 

 
x 0( ) 0 y 0( ) 1 z 0( ) 0 

 

X

Y

Z

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

Odesolve

x

y

z

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

u, T1, 200,
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

:=

 

t1 0
T1
200

, T1..:=
 

y t1( ) 3 2 e2 t1⋅
⋅−:= , y(t1)-- zusti amonaxsni, SevadaroT Y-s 

 

  
 

0 0.5 1 1.5 2

20

0

20
X t1( )

Y t1( )

Z t1( )

y t1( )

t1
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0 2 4 6 8 10

20

0

20

40

f t1( )

g t1( )

w t1( )

t1

diferencialur gantolebaTa sistemis 

amosaxsneli programa 

 

       T1 10:=  

 Given  

 
u

y0 u( )d
d

6− y0 u( )⋅ 6 y1 u( )⋅+
   

y0 0( ) 0 

 u
y1 u( )d

d
20 y0 u( )⋅ y1 u( )+ y0 u( ) y2 u( )⋅−

  
y1 0( ) 1−  

 u
y2 u( )d

d
y0 u( ) y1 u( )⋅ 2 y2 u( )⋅−

   
y2 0( ) 2 

 

    

f

g

w

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

Odesolve

y0

y1

y2

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

u, T1, 1000,
⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

:=

 

t1 0
T1

1000
, T1..:=  
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van der polis diferencialuri gantolebis 

amosaxsneli prgrama 

μ 2:=  

 
  Given  

  2t
y t( )d

d

2
μ 1 y t( )2

−( )⋅
t
y t( )d

d
⎛
⎜
⎝

⎞
⎟
⎠

⋅− y t( )+
t

10
sin t( )⋅

 

  
y 0( ) 0 
y' 0( ) 0 
y Odesolve t 20,( ):=  

 

0 5 10 15 20
5

0

5

y t( )

t
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x 0( ) 1

              magaliTebi:                                        

      amoxseniT Cveulebrivi diferecialuri 

gantolebisaTvis koSis saTanado amocana eiler-

koSis gaumjobesebuli, an runge-kutas meoTxe rigis 

sizustis meTodiT. 

4.1. ttx
dt
dx 2cos

3
+=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

  51t0 ,≤≤  

4.2.  

( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=

+

+
=

31x
x
ttg5634

xt
dt
dx

2

22

.   2t1 ≤≤  

4.3.  

( )⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

+
=

+

5.01

sin2
3333.0

242

2

x

xtt
e

dt
dx tx

  2t1 ≤≤  

 

4.4.  

( )⎪
⎩

⎪
⎨

⎧

=
+

=

05832x
xt

tx
dt
dx

22

.

sin
   3t2 ≤≤  
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x 2( ) 0.2

4.5. ⎟
⎠
⎞

⎜
⎝
⎛ +

+
−=

⎪
⎪
⎩

⎪⎪
⎨

⎧

2
1

lnsin 2x
tx

dt
dx

   [ ]32t ;∈  

 amoxseniT diferecialur gantolebaTa 

sistema PC meTodiT. 

 

 

4.6. 
)2(3

4015
22 yxxy

yx
dt
dx

−+
+

=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

 
)2(3

1510
22 yxxy

yx
dt
dx

−+
+

−=

⎪
⎪
⎩

⎪
⎪
⎨

⎧

 

x 0( ) 3 y 0( ) 1 h 0.3 
 

 ipoveT x(0,3) da y(0,3). 

4.7. ( )
( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

===

+
−

=

+=

250h11z01y

z
x

1yx
z3

dx
dz

1
x
z

dx
dy

2

,,;

 

ipoveT y(125) da z(1,25)  

4.8. 

( )

[ ]

( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

===

∈+=

+= +−

50h20z0y

500xzy3
dx
dz

e1
dx
dy

2

yx 22

,,;

,;,  
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ipoveT  y(0.5);  z(0.5). 

4.9. 

( )

( ) ( )
⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=−=

+
=

+
+

=

1.0;30;10
21

18

,
212
219

hyx
ydt

dy
yx
y

dt
dx

              [ ]10t ;∈  

ipoveT x(1); y(1). 

4.10. 

( ) ( )
⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

==

+=

+=

10y0z

zxy
dx
dz

yxz
dx
dy

             
250h

50x0
.

.
=

≤≤
 

 qvemoT moyvanili maRali rigis Cveulebrivi 

diferencialuri gantolebebi daiyvaneT pirveli 

rigis diferecialur gantolebaTa sistemamde da 

amoxseniT runge-kutas meTodiT. 

 

4.11. 

( )( ) ( ){
( )
( )
( )⎪

⎪
⎩

⎪
⎪
⎨

⎧

−=′′
=′
=

=′−+′′−+′′′−−+

160
60

10
06474116 222

y
y
y

yxyyxyxxx

           

[ ]
25.0
05;0

=
∈

h
x
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4.12. 

( )( )
( ) ( ) ( )

[ ]⎪
⎩

⎪
⎨

⎧

∈
=′′=′=

=−′−+′′−′′′

1;0
00,10,00

062 2

x
yyy

yyxyxy
 

 

4.13. 

( ) ( ) [ ]⎪
⎩

⎪
⎨

⎧

=′=

′
′=′′

2111y01y

x
yyyx

;,,

ln
 

 

4.14. 

( ) ( )
( ) ( )

[ ]⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

=′=
−=′′+

50h20

10y0y
x21yyx1

22

,;;

 

4.15. 
( ) ( ) [ ]⎪⎩

⎪
⎨
⎧

==′=

+=′−′′

50h2010y00y

ey2xyyx x22

,,;,;

coscos
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  Tavi V 

funqciaTa diferencialuri aRricxvis  

gamoyeneba optimizaciis sakiTxebSi 

 

am TavSi Cven vnaxavT Tu rogor gamoiyeneba 

diferencialuri aRricxvis ZiriTadi cnebebi 

praqtikuli problemebis gadawyvetisas. 

amavdroulad gavecnobiT ricxviTi gamoTvlebis 

meTodebs, romlebic farTod gamoiyeneba praqtikaSi 

arsebuli problemebis gadawyvetisas. cxadia, rom 

warmoebis marTvis ZiriTadi roli im 

gadawyvetilebis miRebaSia, romelic arsebuli 

resursebis yvelaze efeqturad gamoyenebis 

saSualebas iZleva. efeqturi marTva gulisxmobs 

mTliani procesis Semadgeneli calkeuli nawilebis 

optimizacias. arsebobs maTematikuri meTodebis 

farTo arCevani, optimizaciis iseTi problemebis 

gadasawyvetad, romelic efuZneba diferencialur 

aRricxvas. 

 

 

$. 5.1. eqstremaluri mniSvnelobebi 

 

optimizaciis amocanebis SeswavlaSi 

ZiriTadad gamoviyenebT im faqts, rom 

diferencirebadi ( )f x  funqciis eqtremaluri 

mniSvneloba (misi maqsimaluri an minimaluri 
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mniSvneloba), sazogadod miiRweva iq sadac funqciis 

warmoebuli nulia: 

            ( ) 0f x′ =                          (5.1) 

an sadac warmoebuli ar arsebobs.  

(5.1) piroba aucilebelia, radganac funqciis 

grafiks maqsimaluri da minimaluri mniSvnelobebis 

Sesabamis wertilebSi horizontaluri mxebi wrfe 

aqvs. nax. 5.1-dan Cans, rom es eqstremaluri 

mniSvnelobei mxolod lokaluri maqsimumis da 

minimumis mniSvnelobebia. romlebic Seesabameba 

grafikis “pikebs”. 

funqciis eqstremaluri mniSvnelobebis 

dadgenisaTvis horizontaluri mxebi wrfeebis 

gamoyenebisas unda gamoviCinoT yuradReba. 

 

 

 

                        nax. 5.1 
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                        nax. 5.2 

 

nax. 5.1 x a=  absoluturi minimumis wertilia, 

 1x x=  da 4x x=  lokaluri maqsimumis 

wertilebia; 

3x x=  funqciis grafikis gadaRunvis 

wertilia (ara aqvs eqstremumi); 

2x x=  da 5x x=  lokaluri minimumis 

wertilebia; 

x b=  warmoadgens absoluturi maqsimumis 

wertils. 

nax. 5.2. (a) 1x -Si warmoebuli ar arsebobs, 

1y x x a= − + funqcias aqvs a -s toli minimumi; 

(b) 2x -Si warmoebuli ar arsebobs, 

2y b x x= − − funqcias aqvs b -s toli maqsimumi; 

(g) 3x -Si warmoebuli ar arsebobs, y
3

x x3−( )2
 

funqcias aqvs 0 -s toli minimumi; 
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naxazi 5.1-dan Cans, Tu ratom unda gamoviCinoT 

yuradReba zogierT, e.w. gadaRunvis wertilebSi, anu 

im wertilebSi, sadac funqciis grafiki kveTs 

missave mxeb wrfes – mxebi wrfe SeiZleba iyos 

horizontaluri, magram es wertili (Cvens 

SemTxvevaSi 3x ) ar warmoadgens eqstremumis 

wertils. 

kidev erTi mizezi yuradRebisa aris is, rom 

funqcias SeiZleba gaaCndes eqstremaluri 

mniSvneloba im wertilSi, sadac funqciis 

warmoebuli ar arsebobs. amis martivi magaliTebia 

nax. 5.2-ze moyvanili (a), (b) da (g) funqciebi. 

wertilebs, sadac '( ) 0f x = , kritikuli, anu 

stacionaluri wertilebi ewodebaT. Cven gvWirdeba 

vicodeT, rodis warmoadgenen isini lokaluri 

minimumis, lokaluri maqsimumis, an gadaRunvis 

wertilebs. Cven amis dadgenas DSevZlebT, Tu 

SeviswavliT '( )f x -is mniSvnelobebs kritikuli 

wertilis midamoSi.  

 

 
nax. 5.3. 

kuTxuri koeficientis cvlileba 

a) lokaluri maqsimumi b) lokaluriminimumi 
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Tu '( )f x -is mniSvneloba, anu mxebi wrfis kuTxuri 

koeficienti icvleba dadebiTidan uaryofiTisaken, 

roca stacionaruli wertilis gavliT mivdivarT 

marcxnidan marjvniv, maSin mocemuli wertili 

lokaluri maqsimumis wertilia (nax. 5.3.a). 

Tu '( )f x -is mniSvneloba icvleba 

uaryofiTidan dadebiTisaken, roca stacionaluri 

wertilis gavliT mivdivarT marcxnidan marjvniv, 

maSin es wertili lokaluri minimumis wertilia. 

Tu ki '( )f x  ar icvlis niSans stacionalur 

wertilze gavlisas, maSin es wertili funqciis 

grafikis gadaRunvis wertilia.  

stacionaruli wertilis bunebis dasadgenad 

gamoiyeneba mocemuli ( )f x  funqciis meore rigis 

warmoebuli ''( )f x . 

funqcias aqvs lokaluri maqsimumi x a=  

wertilSi, Tu '( ) 0f a =  da ''( ) 0f a < ; 

funqcias aqvs lokaluri minimumi x a=  

wertilSi, Tu '( ) 0f a =  da ''( ) 0f a > ; 

Tu ''( ) 0f a = , uceb ver vaskvniT, rom x a=  

wertili gadaRunvis wertilia, am SemTxvevaSi unda 

davadginoT '( )f x -is niSani stacionaluri wertilis 

orive mxares. gadaRunvis wertilSi icvleba 

grafikis Cazneqiloba-amozneqiloba, radganac isini 

ganisazRvreba ''( )f x -is niSniT, amitom gadaRunvis 

wertilSi ''( ) 0f x = . SevniSnoT, rom gadaRunvis 

wertilSi ar aris aucilebeli '( ) 0f x =  nax. 5.4. 
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                 nax. 5.4 

 

( , ( ))M a f a  - gadaRunvis wertilia. 

 

$.5.2. funqciis udidesi da umciresi 

mniSvnelobebis povna  

segmentze (globaluri eqstremumi) 

 

raime [ ],a b  segmentze mocemuli uwyveti 

( )y f x=  funqciis umciresi da udidesi 

mniSvnelobebi moiZebneba Semdegi wesiT: 

1. unda vipovoT ( )y f x=  funqciis yvela is 

stacionaluri wertili, romelic ekuTvnis [ ],a b   

segments; 

2. gamovTvaloT ( )y f x=  funqciis mniSvnelobebi 

zemoT aRniSnul stacionarul wertilebSi da 

segmentis a  da b  boloebSi. miRebuli ricxvebidan 

yvelaze mcire iqneba umciresi mniSvneloba [ ],a b  



 145 

segmentze, yvelaze didi ki – udidesi mniSvneloba 

amave segmentze. 

miTiTebuli algoriTmidan Cans, rom, 

sazogadod, funqciis umciresi da udidesi 

mniSvnelobebi [ ],a b  segmentze SeiZleba ar 

daemTxves funqciis lokalur eqstremumebs. 

magaliTad, nax. 5.5 a-ze gamosaxuli funqcia umcires 

mniSvnelobas aRwevs 1x  wertilSi, romelic amave 

dros, aris lokaluri minimumis wertili, xolo 

maqsimums aRwevs segmentis bolo b  wertilSi, 

romelic ar warmoadgens lokaluri eqstremumis 

wertils.  

                nax. 5.5. 

(5.5.) (b) – naxazze gamosaxul funqcias, ar 

gaaCnia lokaluri eqstremumebi, magram igi Tavis 

umcires da udides mniSvnelobebs aRwevs segmentis 

boloebze, Sesabamisad a  da b  wertilebSi. 

ganvixiloT Semdegi magaliTi 

magaliTi 5.1. a) vipovoT,                                   

 
3 2( ) 2 6 18 4f x x x x= + − +                                   
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funqciis lokaluri eqstremumebi. 

amoxsna: pirvel rigSi amovxsnaT gantoleba 

'( ) 0f x = , miviRebT: 

2 2 3 0x x+ − =  

stacionaluri wertilebia 1 3x = −  da 2 1x = , 

miviRebT Semdeg sqemas. 

 

 
aqedan gamomdinareobs, rom 1 3x = −  lokaluri 

maqsimumis wertilia, xolo 2 1x =  lokaluri 

minimumis wertilia. 

xolo, radgan ''( ) 12 12f x x= +  da ( 3) 0f − < , 

''(1) 0f > ;  adasturebs imas, rom 1 3x = −  lokaluri 

maqsimumis wertilia da 2 1x =  lokaluri minimumis 

wertilia. amis Semdeg gamovTvaloT eqstremaluri 

mniSvnelobebi: 

max ( 3) 54 54 54 4 58f − = − + + + =  

min(1) 2 6 18 4 6f = + − + = −  

  

magaliTi 5.2. mag. 5.1.-Si ganxiluli 

funqciisaTvis vipovoT, globaluri eqstremumebi 

[ ]4;0−  segmentze. 

amoxsna. amocanis pirobidan gamomdinare 

[ ]4;0−  segmentSi Sedis mxolod 1 3x = −  lokaluri 

eqstremumis wertili, amitom gamovTvaloT 
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mocemuli funqciis mniSvnelobebi sazRvris 

boloebze da 1 3x = − -Si gveqneba: 

( 4) 128 96 72 4 44f − = − + + + =  

( 3) 58f − =  

(0) 4f =  

amgvarad, f umc.=4, f ud.=58. 

 

 

$.5.3. ori cvladi funqciis eqstremumi 

   

  rogorc cnobilia ( ; )z f x y=  ori cvladis 

funqcia, geometriulad gamosaxavs zedapirs 

samganzomilebian sivrceSi. sadac z  gviCvenebs ( ; )x y  

sibrtyidan manZils zedapiramde: 

 

 
 

              nax. 5.6. 

ganmarteba. ( ; )z f x y=  funqcias 0 0( ; )x y  

wertilSi gaaCnia lokaluri maqsimumi (minimumi), Tu 
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arsebobs am wertilis midamo, romlis yovel ( ; )x y  

wertilisaTvis ( )0 0( ; ) ( ; )x y x y≠ sruldeba utoloba 

0 0( ; ) ( ; )f x y f x y<  (a);  0 0( ( ; ) ( ; ))f x y f x y> , (b); 

minimumis da maqsimumis wertilebs uwodeben 

eqstremumis wertilebs. Tu ( ; )z f x y=  funqcias 

0 0( ; )x y  wertilSi gaaCnia eqstremumi, maSin orive 

pirveli rigis kerZo warmoebuli, Tu isini 

arseboben nulis tolia (stacionaluri wertilebi) 

an erTi mainc ar arsebobs am wertilSi (funqciis 

kritikuli wertili).  

amgvarad eqstremumis arsebobis aucilebeli 

pirobaa: 

  ' ( ; ) 0xf x y = ; ' ( ; ) 0yf x y =       (5.2)                     

wertilebs sadac (5.2) piroba sruldeba, 

funqciis stacionaluri wertilebi ewodebaT, xolo 

funqciis mniSvnelobebs am wertilebSi – 

stacionaluri mniSvnelobebi anu eqstremumebi. 

am SemTxvevaSi, Cven gvWirdeba vicodeT, rodis 

warmoadgenen isini lokaluri minimumis, 

lokalluri maqsimumis an unagira wertilebs. 

amisaTvis jer SemoviRoT zogierTi aRniSvnebi: 

 

 
''

0 0( ; )xxA Z x y= , ''
0 0( ; )xyB Z x y= , ''

0 0( ; )yyC Z x y= , 

2B ACΔ = − , 

axla CamovayaliboT eqstremumis sakmarisi 

piroba: 
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a) Tu 0Δ < , maSin funqcias aqvs 

eqstremumi, amasTan 0A >  gvaqvs 

minimumi; 

b) Tu 0Δ <  da 0A < , gvaqvs maqsimumi; 

(g)  0Δ > , maSin funqcias eqstremumi ara 

aqvs da stacionaluri wertili unagira 

wertilia. 
1

c  wiris minimumis da 
2

c  

wiris maqsimumis wertili. 

Tu 0Δ = , maSin Cven am pirobidan ver 

gavakeTebT daskvnas da wertili SeiZleba iyos an 

maqsimumis, an minimumis, an unagira wertili. am 

SemTxvevaSi saWiroa damatebiTi gamokvleva, 

SesaZloa gaxdes aucilebeli teiloris mwkrivis 

mesame rigis wevris ganxilva. 

magaliTi 5.3. vipovoT 
16 9z x y
x y

= + + + , 0x ≠ , 

0y ≠  funqciis lokaluri eqstremumi. 

amoxsna. movZebnoT funqciis stacionaruli 

wertilebi 

'
2

'
2

161 0

91 0

x

y

z
x

z
y

⎧ = − =⎪⎪
⎨
⎪ = − =
⎪⎩

 ⇒  
4
3

x
y

= ±⎧
⎨ = ±⎩

 

amgvarad  miviReT oTxi stacionaluri 

wertili (4; 3), (4; -3),  (-4; 3)  da (-4; -3). axla 

movZebnoT funqciis meore rigis kerZo 

warmoebulebi, gamovTvaloT maTi mniSvnelobebi 

oTxive wertilSi da SevamowmoT eqstremumis 

sakmarisi pirobebi. 
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radgan ''
3

32
xxz

x
= , '' 0xyz = , ''

3

18
yyz

y
=  

(4; 3) wertilSi: 
1
2

A = , 0B = , 
2
3

C =  

2 1 0
3

B ACΔ = − = − < , 
1 0
2

A = >  amitom gvaqvs 

minimumi: min (4;3) 14z =  

(4; -3) wertilSi: 
1
2

A = , 0B = , 
2
3

C = −  

1 0
3

Δ = > , funqcias eqstremumi ar gaaCnia,    

(4; -3) unagira wertilia. 

(-4; 3) wertilSi: 
1
2

A = − , 0B = , 
2
3

C =  

1 0
3

Δ = > , funqcias eqstremumi ar gaaCnia, 

(-4; 3) unagira wertilia. 

(-4; -3) wertilSi: 
1
2

A = − , 0B = , 
2
3

C = −  

1 0
3

Δ = − < , 
1 0
2

A = − <  funqcias aqvs maqsimumi: 

max ( 4; 3) 14z − − = −  

 

$.5.4. pirobiTi eqstremumi 

imisaTvis, rom vipovoT ( , )z f x y= funqciis 

eqstremumi im pirobiT, rom ( ; ) 0x yϕ = , saWiroa 

SevadginoT lagranJis funqcia 

( ; ; ) ( ; ) ( ; )L x y f x y x yλ λϕ= +                     (5.3) 
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sadac λ  ucnobi parametria, faqtiurad L  

warmoadgens x , y  da λ  sami cvladis funqcias da 

movZebnoT am funqciis Cveulebrivi upirobo 

eqstremumi. am SemTxvevaSi (5.3) funqciis 

stacionaruli wertilebi moiZebneba Semdegi 

gantolebaTa sistemidan: 

  

' ' '

' ' '

'

( ; ; ) ( ; ) ( ; ) 0

( ; ; ) ( ; ) ( ; ) 0

( ; ; ) ( ; ) 0

x x x

y x x

L x y f x y x y

L x y f x y x y

L x y x yλ

λ λϕ

λ λϕ

λ ϕ

⎧ = + =
⎪

= + =⎨
⎪

= =⎩

       (5.4)                     

Tu am sistemis amonaxsnia ( 0x ; 0y ; 0λ ) 

sameuli, maSin ( ; )z f x y=  funqciis eqstremumi 

( , ) 0x yϕ =  pirobiT ganisazRvreba Semdegi 

debulebiT: 

 

 

' '
0 0 0 0

' '' ''
0 0 0 0 0 0 0 0

' '' ''
0 0 0 0 0 0 0 0

0 ( ; ) ( ; )
( ; ) ( ; ; ) ( ; ; )
( ; ) ( ; ; ) ( ; ; )

x y

x xx xy

y xy yy

x y x y
x y L x y L x y
x y L x y L x y

ϕ ϕ
ϕ λ λ
ϕ λ λ

Δ = −      (5.5)           

 

Tu 0Δ < , maSin ( , )z f x y=  funqcias gaaCnia 

0 0( , )x y  wertilSi pirobiTi maqsimumi, xolo Tu 

0Δ >  - pirobiTi minimumi. 

zemoT moyvanili lagranJis mamravlTa meTodi 

SeiZleba ganzogaddes nebismieri raodenoba 

cvladis funqciebis SemTxvevaSi. igi agreTve 

SeiZleba bunebrivad ganzogaddes im SemTxvevaSi, 

roca mocemulia erTze meti piroba. am SemTxvevaSi 

Semodis pirobis raodenobis toli raodenobis 

lagranJis mamravlebi. zogadad, Tu 1 2( ; ;...; )nf x x x  
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warmoadgens n  cvladis funqcias m  

( )m n< raodenobis 1 2( ; ;...; ) 0j ng x x x = , ( 1,2,..., )j m=  

pirobiT, maSin, imisaTvis rom vipovoT f  funqciis 

stacionaruli mniSvnelobebi, SemovitanoT damxmare 

funqcia.  

1 2 1 1 2 2( ; ;...; ) ...n m mL f x x x g g gλ λ λ= + + + +  

da amis Semdeg amovxsnaT m n+  gantolebaTa 

sistema  

1
0, 1, 2,...,

0, 1, 2,...,

m

i
ii i i

j
i

L f g i n
x x x
L g j n

=

∂ ∂ ∂⎧
= + = =⎪∂ ∂ ∂⎪

⎨
∂⎪ = = =

⎪∂⎩

∑λ

λ

 

ganvixiloT Semdegi magaliTi: 

magaliTi 5.4. vipovoT 2 2 2( , , ) 3 2 6f x y z x y z= + +  

funqciis eqstremumi 1x y z+ + =  pirobiT da pasuxi 

davasabuToT. 

SevadginoT lagranJis funqcia 
2 2 23 2 6 ( 1)L x y z x y zλ= + + + + + − . 

maSin (5.4) sistema miiRebs saxes 

      

  

⎪
⎪
⎩

⎪⎪
⎨

⎧

=++
=+

=+
=+

1
012

04
06

zyx
x

y
x

λ
λ
λ

              (5.4’)    

(5.4’) sistemis amonaxsnia 

0
1
3

x = , 0
1
2

y = , 0
1
6

z = , 0 2λ =  
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meores mxriv Tu 1x y z+ + =  pirobidan 

ganvsazRvravT z -s da SevitanT ( , , )f x y z funqciis 

mniSvnelobaSi, miviRebT: 

 
2 2( , ) 9 8 12 12 12 6x y x y x y xyφ = + − − + +  

 

ori cvladis funqciis lokalur eqstremums. 
' ( , ) 18 12 12 0x x y x yΦ = + − =  

' ( , ) 12 16 12 0y x y x yΦ = + − =  

     an 
3 3 2
3 4 3
x y
x y

+ =⎧
⎨ + =⎩

 

am sistemis amonaxsnia 0
1
3

x = , 0
1
2

y =  da amasTan 

pirobidan 0
1
6

z =  

'' 18xxA = Φ = , '' 12xyB = Φ = , '' 16yyC = Φ =  

2 144 288 0A B AC= − = − < , 18 0A = > , wertili 

1 1,
3 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 minimumis wertilia min
1 1 1, , 1
3 2 6

f ⎛ ⎞ =⎜ ⎟
⎝ ⎠

. 

SevniSnoT, rom SemosazRvrul Caketil areSi 

diferencirebadi ( ; )z f x y=  funqcia aRwevs Tavis 

udides (umcires) mniSvnelobas stacionalur 

wertilSi an aris sazRvarze. 

vipovoT 2 2 2 4z x y x y= + + −  funqciis 

globaluri eqstremumi 2 2 5x y+ ≤  areSi. 
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rogorc viciT funqciis stacionaruli 

wertilebi moiZebneba Semdegi sistemidan 

  

'

'

2 2 0

2 4 0
x

y

z x

z y

⎧ = + =⎪
⎨

= − =⎪⎩
 

am sistemis amonaxsnia (-1; 2) wertili, romelic 

mdebareobs mocemuli aris sazRvarze. am wertilSi 

( 1;2) 5z − = − . 

axla vipovoT funqciis eqstremaluri 

mniSvnelobebi aris sazRvarze. amisaTvis SevadginoT 

lagranJis Semdegi funqcia 
2 2 2 2( ; ; ) 2 4 ( 5)L x y x y x y x yλ λ= + + − + + −  

da vipovoT misi stacionaruli wertilebi. 

gveqneba 

 

2 2

2 2 2 0
2 4 2 0

5

x x
y y

x y

λ
λ

⎧ + + =
⎪ − + =⎨
⎪ + =⎩

 

am sistemis amonaxnebia (-1; 2) da (1; -2) 

wertilebi. (-1; 2) wertilSi funqciis mniSvneloba 

gamoTvlilia da udris -5. xolo (1; 2) 15z − = . 

mocemuli funqciis mniSvnelobaTa SedarebiT 

miviRebT 

 

z umc.= (1; 2) 5z − = − ;   z ud.= (1; 2) 15z − =  
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$.5.5. wrfivi daprogramebis amocana. 

miznis funqciis optimizacia 

Cven gavecaniT mravali cvladis funqciis 

pirobiTi eqstremumis povnis wesebs, rodesac 

damatebiTi SezRudvebi mocemuli iyo gantolebis 

saxiT. Zalian xSirad praqtikul amocanebSi 

damatebiTi SezRudvebi ekonomikur maxasiaTeblebs 

Soris mocemulia utolobebis saxiT. 

im amocanebs, romelSic mosaZebnia wrfivi 

funqciis udidesi an umciresi mniSvneloba da 

romelSic cvladebi akmayofileben wrfivi 

utolobebiT gansazRvrul SezRudvebs, wrfivi 

daprogramebis amocanebi ewodebaT. 

am amocanebis amoxsna SeiZleba davyoT or 

etapad. 

pirvel etapze xxdeba wrfiv utolobaTa 

sistemis amoxsna anu wertilTa im simravlis 

moZebna, romelTa koordinatebic akmayofileben 

mocemuli sistemis yvela utolobas. am simravles 

dasaSveb mniSvnelobaTa simravle ewodeba. 

meore etapze ki vpoulobT mocemuli wrfivi 

funqciis (miznis funqciis) udides an umcires 

mniSvnelobas dasaSveb simravleze. 

Tavdapirvelad ganvixiloT orcvladiani erTi 

utoloba. sazogadod mas eqneba saxe: 

ax by c+ >                  (5.6) 

ax by c+ ≥                  (5.7) 

ax by c+ <                  (5.8) 

ax by c+ ≤                  (5.9) 

sadac a , b  da c  mudmivebia. 
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am utolobebis amoxsna niSnavs sibrtyis yvela 

im wertilis moZebnas, romelTa koordinatebic 

akmayofileben mocemul utolobas.  

aseTi tipis utolobebis geometriulad 

amoxsnis mizniT, pirvel rigSi XOY  sakoordinato 

sibrtyeze unda avagoT l wrfe, romlis gantolebaa  

         ax by c+ =                (5.10) 

cxadia, am wrfiT mTeli sibrtye gaiyofa or 

naxevarsibrtyed ixileT (nax. 5.7). 

 

 
                    nax. 5.7 

 

SevniSnoT, rom Tu ( )0 0;x y wertili ar ekuTvnis 

l  wrfes, maSin 0 0ax by c+ ≠ , radgan ax by c+ −  

funqcia nuli xdeba mxolod l  wrfis wertilebze. 

aqedan gamomdinare, martivad vaCvenebT, rom 

ax by c+ −  funqcias l  wrfis sxvadasxva mxares 

mdebare naxevarsibrtyeSi aqvs sxvadasxva niSani. 

amisaTvis sakmarisia aviRoT raime “sacdeli” ( )0 0;x y  
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wertili da gamovTvaloT 0 0ax by c+ −  sidide. am 

ricxvis niSani gansazRvravs ax by c+ −  funqciis 

niSans gansaxilvel naxevarsibrtyeebSi 0ax by+ >  an 

ax by c+ < . 

magaliTi 5.5. amovxsnaT utoloba 

3 4 24x y− ≥  

amoxsna: pirvel rigSi avagoT l  wrfe, romlis 

gantolebaa 3 4 24x y− =  

nax. 5.8. sacdel wertilad aviRoT (0; 0) 

wertili da SevamowmoT sruldeba Tu ara mocemuli 

utoloba am SemTxvevaSi: vxedavT, rom mocemuli 

sacdeli wertilis koordinatebi mocemul 

utolobas ar akmayofileben. amitom, utolobis 

amonaxsni ar iqneba is naxevarsibrtye, romelSic 

moTavsebulia sacdeli (0; 0) wertili. amgvarad 

amonaxsnia meore naxevarsibrtye. 

  
               nax. 5.8 

am SemTxvevaSi, radgan l  wrfe gansazRvrulia 

aramkacri utolobiT, amitom l  wrfe ekuTvnis 

amonaxsnTa naxevarsibrtyes. 
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roca mocemulia ramdenime orucnobiani wrfivi 

utolobisgan Sedgenili sistema, maSin misi amoxsna 

niSnavs yvela im wertilTa simravlis moZebnas 

sibrtyeze, romelTa koordinatebi akmayofileben 

sistemaSi Semaval yvela utolobas. radgan 

sistemaSi Semavali TiToeuli utolobis amonaxsenia 

naxevarsibrtye, amitom utolobaTa sistemis amoxsna 

daiyvaneba Sesabamisi utolobebiT gansazRvruli 

naxevarsibrtyeebis TanakveTis povnaze. am 

TanakveTiT gansazRvrul simravles ewodeba 

dasaSvebi simravle (dasaSvebi are).  

magaliTi 5.6. avagoT dasaSvebi simravle, 

romelic mocemulia Semdegi utolobebiT: 

         

1

2

2 3 5; ( )

4 3;
0
0

x y l

x y l
y
x

⎧ + ≤
⎪

− ≥⎪
⎨

≥⎪
⎪ ≥⎩

 

avagoT 1l  da 2l  wrfeebi. 

 

      
                nax. 5.9 
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pirveli utolobis amonaxsenia 1l  wrfis qvemoT 

mdebare naxevarsibrtye (sacdeli wertilia (0; 0)). 

imave sacdeli wertilis SemTxvevaSi meore 

utolobis amonaxsni iqneba agreTve 2l  wrfis qvemoT 

mdebare naxevarsibrtye, mesame utolobis amonaxsnia 

x  RerZis zemoT mdebare naxevarsibrtye, xolo 

meoTxe utolobis amonaxsnia y  RerZis marjvniv 

mdebare naxevarsibrtye. amitom, sistemis amonaxsnia 

daStrixuli ABC  samkuTxedi. sadac 
3 ;0
4

A⎛ ⎞
⎜ ⎟
⎝ ⎠

; ( )1;1B  

da 
5 ;0
2

C ⎛ ⎞
⎜ ⎟
⎝ ⎠

. cxadia, B -s koordinatebi ganisazRvra 

2 3 5
4 3

x y
x y

+ =⎧
⎨ − =⎩

 sistemis amonaxsniT. 

axla gadavideT wrfivi daprogramebis amocanis 

amoxsnis meore ZiriTad nawilze. 

vTqvaT, mocemulia ori x  da y  cvladi wrfivi 

funqcia 

( ; )L x y Ax By= +               (5.11) 

sadac A  da B mocemuli aranulovani raime 

mudmivi ricxvebia.  

vigulisxmoT, rom x  da y  cvladebi 

SezRudulia raime pirobebiT, romlebic 

gamoisaxebian wrfivi utolobaTa sistemis saxiT. es 

imas niSnavs, rom ( x ; y ) wertili icvleba raime D  

dasaSveb simravleze, romelic ganisazRvreba 

xsenebuli utolobaTa sistemis amoxsniT. aseT 

( ; )L x y  funqcias miznis funqcia ewodeba.  
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wrfivi daprogramebis amocana daismeba ase: 

vipovoT (5.11) tolobiT mocemuli funqciis udidesi 

(umciresi) mniSvneloba dasaSveb D  areze. 

wrfivi miznis funqciis udidesi da umciresi 

mniSvnelobeis mosaZebnad D  areze miviRoT Semdegi 

algoriTmi: 

1. avagoT D  mravalkuTxedi da movZebnoT misi 

wveroebis koordinatebi; 

2. gamovTvaloT ( ; )L x y Ax By= +  funqciis 

mniSvnelobebi am wveroebSi; 

3. SevarCioT miRebul mniSvnelobebs Soris 

umciresi da udidesi ricxvebi. swored isini 

iqnebian ( ; )L x y  funqciis umciresi da 

udidesi mniSvnelobebi D  simravleze. Tu 

umcires (udides) mniSvnelobas ( ; )L x y  

funqcia iRebs or wveroSi, maSin es wveroebi 

aucileblad mdebareoben D  mravalkuTxedis 

erT gverdze da am gverdis yvela wertilSi 

( ; )L x y  funqcia iRebs imave umcires (udides) 

mniSvnelobas. 

 

magaliTi.5.7. vipovoT miznis           

( ; ) 8 5L x y x y= +   

funqciis udidesi da umciresi mniSvnelobebi 

D  simravleze, Tu D  gansazRvrulia magaliTi 5.6-

Si mocemuli utolobaTa sistemiT. 

zemoT moyvanili algoriTmis Tanaxmad mag. 

6.6.-Si davadgineT, rom ABC  samkuTxedis wveroebia 
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3 ;0
4

A⎛ ⎞
⎜ ⎟
⎝ ⎠

; ( )1;1B  da 
5 ;0
2

C ⎛ ⎞
⎜ ⎟
⎝ ⎠

 gamovTvaloT miznis 

funqciis mniSvnelobebi am wveroebSi: 

  
3 ;0 6
4

L ⎛ ⎞ =⎜ ⎟
⎝ ⎠

; ( )1;1 13L = ; 
5 ;0 20
2

L ⎛ ⎞ =⎜ ⎟
⎝ ⎠

. 

amgvarad, miznis funqciis umciresi 

mniSvneloba 6, romelsac mocemuli funqcia aRwevs 

3 ;0
4

A⎛ ⎞
⎜ ⎟
⎝ ⎠

 wertilSi, xolo udidesi mniSvneloba 

miiRweva wertilSi 
5 ;0
2

C ⎛ ⎞
⎜ ⎟
⎝ ⎠

 da 
5 ;0 20
2

L ⎛ ⎞ =⎜ ⎟
⎝ ⎠

. 

 

        $.5.6. ekonomikuri amocanebis amoxsna 

        wrfivi daprogramebis gamoyenebiT 

 

gamoyenebiTi saxis amocanebis gadawyvetisas 

yvelaze rTuli momentia sityvierad Cawerili 

ekonomikuri pirobebis aRwera zusti maTematikuri 

modelis saxiT. 

magaliTis saxiT ganvixiloT Semdegi 

ekonomikuri amocana. 

magaliTi 5.8. sawarmo uSvebs ori 1P  da 2P  

saxis produqcias, romlebze bazris moTxovna 

aRemateba sawarmos simZlavres. 1P  saxis produqciis 

erTeulze danaxarjia 8 lari, xolo 2P  saxis 

erTeulze danaxarjia 4 lari. amasTan, 1P  saxis 

produqciis erTeuli iyideba 10 larad, 2P  saxisa – 
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6 larad. transportirebis xarjebi 1P  saxis 

produqciis erTeulze aris 0.2 lari, 2P  saxis 

erTeulisaTvis ki – 0.3 lari. sawarmos finansuri 

SesaZlebloebis SezRudulobis gamo misi 

yovelTviuri danaxarjebis maqsimumi orive saxis 

produqciis sawarmoeblad SeiZleba iyos 3200 lari, 

xolo yovelTviuri satransporto xarjebi 

araumetes 150 larisa, rogor unda aawyos sawarmom 

saqmianoba, rom miiRos maqsimaluri mogeba. 

amoxsna. pirvel rigSi sawarmom unda 

gadawyvitos Tu ra raodenobis 1P  da 2P  saxis 

saqoneli daamzados yovelTviurad. radgan es 

raodenobebi ucnobia 1P  saxis produqciis 

raodnoba, romelic unda awarmoos sawarmom 

yovelTviurad aRvniSnoT x -iT.  y -iT ki 2P  saxis 

produqciis raodenoba, romelic unda daamzados 

sawarmom yovelTviurad. 

amocanis pirobidan gamomdinare, saWiroa x  
da y  SevarCioT ise, rom sawarmom miiRos 

maqsimaluri mogeba. amdenad saWiroa vipovoT 

mogebis gamosaTvleli funqcia, romelic 

gamoisaxeba x  da y  cvladebiT. 

SemoviRoT Semdegi aRniSvnebi: 

1( ; )f x y  iyos produqciis gayidviT miRebuli 

mTliani amonagebi erT TveSi; 

2 ( ; )f x y iyos danaxarji erT TveSi x  da y  

raodenobis produqciis sawarmoeblad; 

3 ( ; )f x y iyos 1P  da 2P  saxis produqciis 

transportirebaze gaRebuli danaxarjebi erT TveSi. 
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aqedan gamomdinare cxadia, rom yovelTviuri 

mogebis funqcias eqneba Semdegi saxe: 

1 2 3( ; ) ( ; ) ( ; ) ( ; )f x y f x y f x y f x y= − −  

SevniSnoT, rom radgan warmoebuli 

produqciaze moTxovna aRemateba sawarmos 

simZlavres, amitom moTxovna aRemateba produqciis 

miwodebas bazarze. amis gamo, sawarmos mier 

damzadebuli produqcia iyodeba mTlianad. rac imas 

niSnavs, rom yovelTviurad produqciis gayidviT 

miRebuli mTliani amonagebia 1( ; ) 10 6f x y x y= + . 

amocanis pirobidan gamomdinare, orive saxis 

produqciis sawarmoeblad yovelTviuri danaxarji 

gamoiTvleba tolobiT 2 ( ; ) 8 4f x y x y= + , amasTan 

yovelTviuri satransporto danaxarjia 

3 ( ; ) 0.2 0.3f x y x y= + . amitom, miviRebT mogebis 

funqciis Semdeg gamosaxulebas. 

  

( ; ) 10 6 (8 4 ) (0.2 0.3 ) 1.8 0.7f x y x y x y x y x y= + − + − + = +   

 

   e.i.    ( ; ) 1.8 1.7f x y x y= +  

 

warmoadgens miznis funqcias da saZiebelia 

misi maqsimaluri mniSvneloba. 

axla davadginoT yvela is SezRudva, rasac 

unda akmayofilebdnen x  da y  cvladebi. sawarmos 

miznebidan gamomdinare, yovelTviuri danaxarji ar 

unda aRematebodes 3200 lars, e.i.      

   8 4 3200x y+ ≤   
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amasTan yovelTviuri satransporto 

danaxarjebi ar unda aRematebodes 150 lars, e.i. 

0.2 0.3 150x y+ ≤ . 

garda amisa, ekonomikuri Sinaarsidan 

gamomdinareobs, rom 0x ≥  da 0y ≥ . amrigad, 

maTematikurad dasmuli amocana ase Camoyalibdeba: 

vipovoT  

          ( ; ) 1.8 1.7f x y x y= +  

miznis funqciis udidesi mniSvneloba, roca x  
da y  cvladebi eqvemdebareba Semdeg SezRudvebs: 

  

8 4 3200,
0.2 0.3 150,

0,
0

x y
x y

x
y

+ ≤⎧
⎪ + ≤⎪
⎨ ≥⎪
⎪ ≥⎩

 

amgvarad, miviReT wrfivi daprogramebis 

amocana. wina paragrafSi aRwerili algoriTmis 

Tanaxmad jer unda vipovoT dasaSveb mniSvnelobaTa 

are anu amovxsnaT utolobaTa sistema da Semdeg 

vipovoT dasaSvebi aris sakvanZo wertilebis 

kordinatebi (aris wveroebis koordinatebi pirveli 

etapi). 

sacdel wertilad miviRoT (0;0)  
koordinatTa saTave da avagoT 8 4 3200x y+ =  da 

0.2 0.3 150x y+ =  gantolebebiT gansazRvruli 

wrfeebi. 
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                    nax. 5.10 

utolobaTa sistemis pirveli da meore 

utolobaTa amonaxsnia 1l  da 2l  wrfeebis qvemoT 

moTavsebuli are romelsac ekuTvnis (0;0)  sacdeli 

wertili. amgvarad utolobaTa sistemiT 

gansazRvruli dasaSveb mniSvnelobaTa area OABCO  

oTkuTxedi nax. 5.10. 

cxadia, rom O , A  da C  wveroebis 

koordinatebia (0;0)O , (0;500)A  da (400;0)C , xolo 

B  wertili koordinatebi warmoadgens 1l  da 2l  

wrfeebis gadakveTis wertils, amitom amovxsnaT 

Semdegi sistema  

         
8 4 3200
0.2 0.3 150
x y

x y
+ =⎧

⎨ + =⎩
  

am sistemis amonaxsnia  

        225x = ; 350y =  

axla gamovTvaloTYmiznis funqciis 

mniSvnelobebi D  mravalkuTxedis wveroebSi (meore 

etapi): 
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        (0;0) 0f = , 

        (0;500) 850f = , 

        (225;350) 1000f = , 

        (400;0) 720f = . 

rogorc zemoT aRvniSneT mesame etapi 

iTvaliswinebs miRebul mniSvnelobebs Soris 

udidesi (umciresi) ricxvis SerCevas. Cvens 

SemTxvevaSi, udidesi ricxvia 

        (225;350) 1000f =  

romelic miiRweva mxolod erT 

(225;350)B wveroze. amitom, sawarmos yovelTviuri 

mogeba iqneba 1000 lari, romelic miiRweva im 

SemTxvevaSi, Tu sawarmo yovelTviurad awarmoebs 1P  

saxis 225 erTeuli produqcias da 350 erTeul 

2P saxis produqcias. 
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Mathcad 
 

     erTi cvladis funqciis lokaluri 

eqstremumis gamosaTvleli programa 

f x( )
x3

3
2 x2

⋅− 3 x⋅+ 15+:=
 

x 5:=  
Given 

R Maximizef x,( ):=  
R 1=  
f R( ) 16.333=  
L Minimize f x,( ):=  
L 3=  
f L( ) 15=  i 0 200..:=  

x 0.01 i⋅:= i 

 

 

 

 

 

 
0 2 4

10

15

20

f x( )

x
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 ori cvladis funqciis lokaluri eqstremumi 

Z x y,( ) 18 6 x⋅+ 2 y⋅− x2
− y2

−:=  

     x 0:=   y 0:=  

Given  
P Maximize Z x, y,( ):=  

P
3

1−
⎛
⎜
⎝

⎞
⎟
⎠

=
 

Z P0 P1,( ) 28=
 

Q Minimize Z x, y,( ):= Z  
Q =Q  
Z Q0 Q1,( ) =Q

 
e.i. minimumi araaqvs. marTlac 

 

 

 

Z
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vipovoT Semdegi funqciis lokaluri 

eqstremumi 

F x y,( )
9
x

4
y

+ x+ 4 y⋅+ 7+:=
 

x 10:=  
y 5:=  
Given 
T Maximize F x, y,( ):= F  
T 1 T=  
F T0 T1,( ) =T0  
L Minimize F x, y,( ):=  

L
3

1
⎛
⎜
⎝

⎞
⎟
⎠

=
 

F L0 L1,( ) 21=
 

x 5−:=   y 5−:=  
Given 
K Maximize F x, y,( ):=  

K
3−

1−
⎛
⎜
⎝

⎞
⎟
⎠

=  

F K0 K1,( ) 7−=  
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wrfivi daprogramebis ekonomikuri 
amocanebis amoxsna 

 

f x y,( ) 0.8 x⋅ 0.7 y⋅+:=  
x 0:=  
y 0:=  
Given 

 x 0≥  
 y 0≥  

 6 x⋅ 3 y⋅+ 2700≤  

 0.2 x⋅ 0.3 y⋅+ 120≤  

 R Maximize f x, y,( ):=  

 R
375

150
⎛
⎜
⎝

⎞
⎟
⎠

=
 

 f R0 R1,( ) 405=
 

 
RM Minimize f x, y,( ):= f  

 RM
m1

m2
⎛
⎜
⎝

⎞
⎟
⎠

:=
m1

 

 f m1 m2,( ) =m1  

 

minimumi araaqvs 
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f x y,( ) 400 x⋅ 320 y⋅+:=  

 x 1:=   y 1:=  

Given 
60 x⋅ 20 y⋅+ 120≥  
20 x⋅ 20 y⋅+ 80≥  
40 x⋅ 120 y⋅+ 240≥  
x 0≥   y 0≥  
x 7≤   y 7≤  
S Maximize f x, y,( ):=  

S
7

7
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f S0 S1,( ) 5.04 103
×=

 
x 2:=   y 1:=  
Given 
3x y+ 6≥  
x y+ 4≥  
x 3y+ 6≥  

R Minimize f x, y,( ):=   f R0 R1,( ) 1.36 103
×=

 

R
1

3
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 1.36 103
×=
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y1 x( ) 3− x⋅ 6+:=  
y2 x( ) x− 4+:=  

y3 x( ) 2
x
3

−:=
 

x 0 7..:=   y 0 7..:=  

 

 

   arawrfivi daprogramebis amocanis amoxsnis       

programa 

0 2 4 6
0

2

4

6

y1 x( )

y2 x( )

y3 x( )

x
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f x y,( ) x 3−( )2 y 4−( )2
+:=  

x 10:=  y 10:=  
Given 
x 0≥   y 0≥  
3 x⋅ 2 y⋅+ 7≥  
10 x⋅ y− 8≤  

18− x⋅ 4 y⋅+ 12≤  
R Maximize f x, y,( ):=  

R
2

12
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 65.001=
 

R Minimize f x, y,( ):=  

R
3

4
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 0=  

f
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f x y,( ) x 3−( )2 y 4−( )2
+:=  

 x 0:=   y 0:=  

 Given 
x 0≥   y 0≥  
3 x⋅ 2 y⋅+ 7≥  
10 x⋅ y− 8≤  

18− x⋅ 4 y⋅+ 12≤  
R Maximize f x, y,( ):=  

R
1

2
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 8=
 

R Minimize f x, y,( ):=  

R
3

4
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 0=  

 

y1 x( )
7
2

3
x
2

⋅−:=
  

i 0 1000..:=      x 5:=   y 5:=  

y2 x( ) 10 x⋅ 8−:=  xi 0.01 i⋅:=
  

Given 

y3 x( ) 3 9
x
2

⋅+:=
 

y1i y1 xi( ):=
     

M Maximize f x, y,( ):= f  

y2i y2 xi( ):=
  

M :=  

y3i y3 xi( ):=  
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utolobaTa sistemis amonaxsnia samkuTxedis 
Siga are 
 

 

 

 

 

 

 

 

 

 

0 2 4 6
0

5

10

15

20

y1

y2

y3

x
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funqciis globaluri eqstremumis povna 

f x y,( ) 5 2 x⋅+ 2 y⋅+ x2
− y2

−:=  
 

 

 

 

 

 

 

 

 

 

 

x 2 9..:=   y 2 9..:=  

 

 

 

 

 

 

f

0 5 10
0

5

10

11 x−

y

2

x 2, x,
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x 3:=   y 5:=  
Given 
x 2≥  
2 y≤ 9 x−≤  am SezRudvebiT vipovoT eqstremumi 

P Minimize f x, y,( ):=  P
2

7
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f P0 P1,( ) 30−=
 

x 5:=   y 4:=  
Given 
x 2>  
2 y≤ 9 x−≤  

Q Minimize f x, y,( ):=    Q
7

2
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f Q0 Q1,( ) 30−=
 

x 4:=   y 5:=  
Given 
x 2≥  
2 y≤ 9 x−≤  

R Maximizef x, y,( ):=  R
2

2
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f R0 R1,( ) 5=  

 

L Maximize f x, y,( ):=   L
1

1
⎛
⎜
⎝

⎞
⎟
⎠

=
 

f L0 L1,( ) 7=  

     (1,1) wertilSi, romelic mdebareobs dasaSveb 

mniSvnelobaTa aris gareT, napovnia lokaluri 

maqsimumi. 
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                   magaliTebi 

ipoveT Semdegi funqciebis eqstremumebi. 

miTitebul SualedSi ki udidesi da umciresi 

mniSvnelobebi: 

5.1. 4 21 1
2

y x x= − + ;  

5.2. 
2 2 2

1
x xy

x
− +

=
−

; 

5.3. 
3

29 3 2
3
xy x x= − + − ; 

5.4. 3 21 2 3 5
3

y x x x= + + −  

5.5. 4 3 21 1 8
4 3 3

y x x x= − − +  

5.6. 4 3 21 5 12
4 3 3

y x x x= − − −  

5.7. 2 42 4y x x= − +  

5.8. 4 28y x x= −  

5.9. 4 3 24 6 4 1y x x x x= − + − +  

5.10. 3 21 3.5 6 3
3

y x x x= − + +  

5.11. 3 25 3 6y x x x= − + + ; [ ]1;3  

5.12. 3 22 5 2 5
3 2

y x x x= − + − ; [ ]0;3  

5.13. 3 21 1 5
3 2

y x x= − − ; [ ]1;2−  

5.14. a) 2 5y x= − ; b) 5 3y x= + ; [ ]1;3−  
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5.15. a) 17 2y x= − ; b) 12y x= + ; [ ]1;4−  

5.16. 3 21 2 3 1
3

y x x x= − + + ; [ ]1;5−  

5.17. 2 41 6 3y x x= − + − ; [ ]2;2−  

5.18. 5 4 35 5 1y x x x= − + + ; [ ]1;2−  

5.19 3 22 15 36y x x x= − + ; [ ]1;1−  

5.20. 2y x x= + ; [ ]0;4  

 

ipoveT Semdegi ori cvladis funqciebis 

lokaluri eqstremumi: 

5.21. 2 2 5 10 50z x xy y x y= + + − − + ;    

5.22. 2 2( 1) ( 2) 1z x y= − + − − ;        

5.23. 2 3 26 8z x x y y= − − − ;           

5.24. 2 2 2z x xy y x y= + + − − ;       

5.25. 3 3 3z x y xy= − + ;              

5.26. 
16 9z x y
x y

= + + + ; 

5.27. 
1 1
4

z x y
x y

= + + +  

5.28. (3 ); 0; 0z xy x y x y= − + ≠ ≠  

5.29. ( 1); 0; 0z xy x y x y= + − ≠ ≠  

5.30. 
5 25z xy
x y

= + + . 

ipoveT Semdegi funqciebis pirobiTi eqstremumi: 

5.31. 2 2z x y= + , Tu 4
2 3
x y

+ =  
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5.32. 2z x y= + , Tu 2 2 5x y+ =  

5.33. 5 4 3z x y= − − , Tu 2 2 1x y+ =  

5.34. 24 4 3 5z xy x y= + − − , Tu 3 4 9 0y x− + = . 

5.35. 2z x y= + , Tu 2 2 1x y+ =  

ipoveT funqciaTa globaluri eqstremumi 

mocemul areebSi: 

5.36. 2 2 6 4z x y x y= + − + , Tu 2 2 52x y+ ≤  

5.37. 2 2 12 16z x y x y= + − − , Tu 2 2 25x y+ ≤  

5.38. 2 2 2 4z x y x y= + − − , Tu 3x y+ ≤ , 0x ≥ , 0y ≥  

5.39. 2 2 2 6z x y x y= + − − , Tu 5x y+ ≤ , 0x ≥ , 0y ≥  

5.40. 2 21 2 4
2

z y x y x= − − + , Tu 6x y+ ≤ , 0x ≥ , 0y ≥  

moaxdineT funqciaTa maqsimizacia: 

5.41. 3 2 maxz x y= + → , Tu 3 5y x+ ≤ , 5y x+ ≤ , 0x ≥ , 

0y ≥  

5.42. 3 5 maxz x y= + → , Tu 3 2 18y x+ ≤ , 7y x+ ≤ , 0x ≥ , 

0y ≥  

5.43. 3 4 maxz x y= + → , Tu 3 9x y+ ≤ , 2 8x y+ ≤ , 0x ≥ , 

0y ≥  

5.44. 4 10 maxz x y= + → , Tu 2 5 20x y+ ≤ , 7x y+ ≤ , 

0x ≥ , 0y ≥  

5.45. 3 3 maxz x y= + → , Tu 4x y+ ≤ , 3 6x y+ ≤ , 0x ≥ , 

0y ≥  

5.46. fabrika uSvebs ori H  da G  tipis 

produqcias, romlebze moTxovna aRemateba fabrikis 

simZlavres. H  tipis produqciis erTeulze 

danaxarjia 6 lari, xolo G  tipis erteulze 3 



 181 

lari. amavdroulad, H  tipis produqciis erTeuli 

iyideba 7 larad, G  tipis ki 4 larad. 

transportirebis xarjebi H  tipis produqciis aris 

0.2 lari, G  tipis erTeulisaTvis ki – 0.3 lari. 

fabrikis finansuri SesaZleblobebidan gamomdinare 

misi yovelTviuri danaxarjebis maqsimumi orive 

tipis produqciis sawarmoeblad SeiZleba iyos 

mxolod 2700 lari, xolo yovelTviuri 

satransporto xarjebi ar unda aRematebodes 120 

lars. rogor unda aawyos fabrikam saqmianoba, rom 

miiRos maqsimaluri mogeba? 

5.47. firma awarmoebs sami xarisxis luds. 

amisaTvis mas aqvs ori 1H  da 2H  Camosasxmeli xazi. 

pirveli xarisxis ludi miewodeba elitarul 

maRaziebs, meore xarisxis ludi miewodeba 

supermarketebs, mesame xarisxis ludi ki – dabali 

Semosavlis mqone mosaxleobisaTvis gankuTvnil 

specialur maRaziebs. kontraqtis Tanaxmad firmam 

elitarul maRaziebs yovelkvira unda miawodos 

aranakleb 120 dekalitri ludi, supermarketebs – 

aranakleb 80 dekalitri da specialur maRaziebs – 

aranakleb 240 dekalitri.  

1H  xazis eqspluatacia 1 samuSao dReSi firmas 

ujdeba 400 lari, xolo 2H  xazisa – 320 lari. 

amasTan 1H  xaziT 1 samuSao dRis ganmavlobaSi 

SeiZleba Camoisxas 60 dekalitri pirveli xarisxis, 

20 dekalitri meore xarisxis da 40 dekalitri 

mesame xarisxis ludi. Sesabamisi maCveneblebi 2H  

xazisaTvis aris 20 dekalitri – pirveli xarisxis, 

20 dekalitri – meore xarisxis da 120 dekalitri 
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mesame xarisxis. ramdeni dRe unda imuSaos kviraSi 

TiToeulma xazma, rom firmam daicvas kontraqtis 

pirobebi ekonomikuri reJimiT? 

5.48. sadazRvevo kompania GPI-s hyavs mudmivi da 
droebiTi Statis TanamSromlebi. mudmivi Statis 

TanamSromlebi muSaoben kviraSi 40 saaTs da iReben 

800 lar xelfass (yovelkvireulad), xolo 

xelSekrulebiT momuSave droebiTi Statis 

TanamSromlebi muSaoben kviraSi 20 saaTs da iReben 

320 lar xelfass (yovelkvireulad). kompaniis 

saStato wesdebiT, droebiTi Statebis raodenoba ar 

unda aRematebodes mudmivi Statebis raodenobis 

mesameds. sadazRvevo saqmeebis Sesasruleblad 

saWiroa aranakleb 900 samuSao saaTis daxarjva 

kviraSi. 

rogor unda daadginos kompaniam sadazRvevo 

saqmeebis Sesasruleblad mudmivi da droebiTi 

Statebis raodenoba, rom misi danaxarjebi iyos 

minimaluri? 

5.49. firmam gadawyvita gamouSvas ori axali 1K  

da 2K  tipis kompiuteri. 1K  tipis erTi kompiuteri 

firmas ujdeba 1200 dolari, xolo 2K  tipisa – 1600 

dolari. riskis faqtoris gaTvaliswinebiT firmam 

SezRuda yovelkvireuli warmoebis danaxarji 40 000 

dolaramde. garda amisa, kvalificiuri 

specialistebis deficitis gamo, erT kviraSi firmas 

ar SeuZlia daamzados 30-ze meti kompiuteri. 

1K  tipis TiToeuli kompiuteridan firmas aqvs 

600 dolari mogeba, xolo 2K  tipis kompiuteridan 

700 dolari.  
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rogor unda aawyos firmam warmoeba, rom misi 

mogeba iyos maqsimaluri? 

 

5.50. Rvinis qarxana boTlebSi asxams da 

safirmo maRaziebs awvdis TeTr da wiTel Rvinnoebs. 

1 boTli TeTri Rvinis fasia 6 dolari, 1 boTli 

wiTeli Rvinis fasi ki – 8 dolari. 1 boTli TeTri 

Rvinis warmoeba qarxanas ujdeba 1.5 dolari. 1 

boTli wiTeli Rvinisa – 4 dolari. kontraqtis 

pirobebiT miwodebuli TeTri Rvinis raodenoba ar 

unda aRematebodes wiTeli Rvinis raodenobis 

meoTxeds. saqonlis transportireba qarxanas 

yovelTviurad ujdeba gadasatani tvirTis 

Rirebulebis 10%. maRaziebisaTvis gadasaxdeli 

yovelTviuri xarjebi Seadgens 3000 dolars.  

yovelTviurad maRaziebs SeuZliaT miiRon da 

gayidon ara umetes 2000 boTli Rvino. rogor unda 

dagegmos qarxanam Rvinis miwodeba, rom misi 

yovelTviuri mogeba iyos maqsimaluri? 
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Tavi VI 

kerZowarmoebuliani diferencialuri 

gantolebebi 

$. 6.1 kerZowarmoebuliani diferencialuri 

gantolebebis ricxviTi amoxsnis meTodebi 

(gadatanis gantoleba) 

 
daviwyoT kerZowarmoebuliani modeluri 

gantolebebis Semcveli amocanebis ricxviTi 

amoxsnis meTodebis ganxilva.  

fizikuri da teqnikuri procesebis maTematikur 

modelebs mivyavarT kerZowarmoebulian 

diferencialur gantolebamde. 

rac Seexeba am tipis amocanebis amoxsnis 

ricxviT meTodebs, arsebobs mravali monografia da 

saxelmZRvanelo, romelSic gaSuqebulia am 

sakiTxebis gadawyvetis gzebi. Cveni mizania Sesavali 

kursis farglebSi miviRoT pirveladi warmodgena 

maTematikuri fizikis amocanebis amoxsnis sxvaobiani 

sqemebis (algoriTmebis) agebis umartives meTodebze. 

ganvixilavT gadatanis, Tbogamtarobis da 

puasonis modeluri gantolebebis ricxviTi amoxsnis 

meTodebis Seswavlas. am gantolebebs aqvs saxe: 
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 ),( xtF
x
Ua

t
U

=
∂
∂

+
∂

∂
 - gadatanis gantoleba,   (6.1)  

 2

2

x
U

t
U

∂
∂

=
∂

∂ μ  - Tbogamtarobis gantoleba,   (6.2)  

 ),(2

2

2

2

yxf
y
Ua

x
U

=
∂
∂

+
∂
∂

- puasonis gantoleba    (6.3) 

),( xtU  pirvel or gantolebaSi aRwers 

mdgradobis evolucias drosa da sivrceSi da maT 

evoluciuri an arastacionaluri gantolebebi 

ewodebaT.  

mesame gantolebaSi ),( yxU  aRwers damyarebul 

(stacionalur) mdgomareobas. 

axla, daviwyoT kerowarmoebuli 

diferencialuri gantolebis ricxviTi sxvaobiani 

sqemebis simravleSi orientirebis swavla.  

daviwyoT umartivesi amocaniT. 

vipovoT, (6.1) diferencialuri gantolebis 

U t x( , )  amonaxsni +∞<<∞− x , 0≥t  (6.4) areSi, 

romelic roca 0=t  Rebulobs mocemul 

mniSvnelobebs                                  

        )(),0( xxU Φ=                        (6.5) 

am amocanis zusti amonaxsni Caiwereba Semdegi 

formuliT: 
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( ) ( ) ( )t
0

U t x x at F x at a d, ,= Φ − + τ − + τ τ∫     (6.6) 

magram miuxedavad simartivisa Cven ganvixilavT 

(6.1), (6.4) (6.5) amocanis ricxviTi amoxsnis gzebs, 

radgan amis safuZvelze SeiZleba SeviswavloT 

kerZowarmoebuliani diferencialuri gantolebis 

ricxviTi amoxsnis meTodebi. 

ricxviTi algoriTmis agebis mizniT uwyveti 

(6.4) are unda Seicvalos wertilTa diskretuli 

simravliT kerZod:  

⎩
⎨
⎧

=

=

τnt

khx
n
k ,

   
,...2,1,0

,..2,1,0
=

±±=
n
k

                (6.7) 

amgvarad miviReT ori τ  da h  baduri bijebi. 

),( xtU , ),( xtF  da )(xΦ  funqciebis nacvlad 

ganvixiloT baduri funqciebi an rac igivea 

ricxviTi n
ku , n

kf , kϕ , mimdevrobebi, romlebic 

Seesabameba badis kx , nt  (6.7) wertils nax. 6.1.  
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         Nnax. 6.1   

Tu (6.1) gantolebaSi Semaval 
t
U
∂

∂
 da 

x
U

∂
∂

kerZowarmoebulebs kx , nt  wertilis midamoSi 

SevcvliT sxvaobebiT, miviRebT 

          n
k

n
k

n
k

n
k f

h
uuau

=
−

⋅+ +
+

1
1

τ
               (6.8) 

indeqsebis yoveli k , n  wyvilisaTvis. 

amgvarad (6.5)-is nacvlad miviRebT 

 

         ( ) )(,00
kkkk xxUu Φ=== ϕ            (6.9) 
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   xolo 

  

     ( )k
nn

k xtFf ,=                    (6.10)                   

 

amgvarad (6.1), (6.4), (6.5) amocanis nacvlad Cven 

miviReT (6.8), (6.9), (6.10) sxvaobiani amocana. Tu (6.8) 

tolobidan ganvsazRvravT 1+n
ku -s, miviRebT n

ku  

amonaxsnTa gamosaTvlel formulas: 

n
k

n
k

n
k

n
k fu

h
aua

h
u ⋅+⋅−⎟

⎠
⎞

⎜
⎝
⎛ ⋅+= +

+ τττ
1

1 1      (6.11)                   

rogorc (6.9)-dan Cans cnobilia kku ϕ=0  

mniSvnelobebi (6.11) formuliT miviRebT 1
ku , Semdeg 

2
ku  da a.S.  

mtkicdeba, rom (6.8) sxvaobiani gantoleba 

axdens (6.1) gantolebis aproqsimacias ),(0 hτ  

pirveli rigis sizustiT. xolo, rac Seexeba kvanZTa 

konfiguracias, romlebSic baduri funqciis 

mniSvnelobebi gansazRvravs badis Sida 

kvanZebisaTvis Cawerili sxvaobiani gantolebebis 

saxes, ewodeba sxvaobiani sqemis Sesabamisi Sabloni. 

magaliTad, (5.8) sqemis Sesabamisi Sabloni 

mocemulia 6.2 nax-ze. 
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 nax.6.2            nax.6.3            nax.6.4                   

                         

  nax. 6.3-ze mocemuli SabloniT sxvaobiani 

sqema Caiwereba Semdegi saxiT: 

 

    1
11

1
1

−
−−

+
−

=
−

⋅+
− n

k

n
k

n
k

n
k

n
k f

h
uuauu

τ
            (6.12)            

da piriqiT, sqemas 

    1
1
1

11
−

−
−

−−

=
−

⋅+
− n

k

n
k

n
k

n
k

n
k f

h
uuauu

τ
          (6.13)              

Seesabameba nax. 6.4-ze mocemuli Sabloni. 

axla gadavideT ufro konkretuli amocanis 

amoxsnaze. 

ganvixiloT 

    

   ),( xtf
x
Ua

t
U

=
∂
∂

+
∂

∂
                    (6.14)           

 

gadatanis gantolebisaTvis Semdegi sasazRvro 

amocana. 
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vTqvaT, unda vipovoT (6.14) gantolebis 

amonaxsni Tt ≤≤0 , 10 ≤≤ x  marTkuTxedSi. 

jer ganvixiloT amocanis koreqtulobasTan 

dakavSirebuli sakiTxebi.  

ganvixiloT a
dt
dx

=  diferencialuri gantoleba. 

mis amonaxsns warmoadgens catx +=  wrfeTa ojaxi, 

sadac c  nebismieri mudmivia. am ojaxis yoveli 

wiris gaswvriv amosavali (6.14) gantoleba SeiZleba 

CavweroT Cveulebrivi diferencialuri gantolebis 

saxiT: 

( )
C

C

xtf
dt
du ,= ,           ( 6 14. ′ ) 

xt
C

aUU
dt
dx

x
u

t
u

dt
du

+=
∂
∂

+
∂
∂

=  warmoadgens  a
dt
dx

=  

gantolebiT gansazRvruli mimarTulebiT 

warmoebuls. catx +=  wirebs romelTa gaswvriv 

kerZowarmoebuliani diferencialuri gantoleba 

gadadis Cveulebriv diferencialur gantolebaze, 

ewodebaT maxasiaTebeli wirebi.  

imisaTvis, rom calsaxad ganvsazRvroT (6.14) 

gantolebis amonaxsni marTkkuTxedis romelime Sida 

A  wertilze nax. 6.5 (a), SeiZleba am wertilze 

gavataroT maxasiaTebeli wrfe da Semdeg amovxsnaT 
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koSis amocana (6.14) gantolebisaTvis t -s mimarT 

zrdis an sawinaaRmdego mimarTulebiT. pirvel 

SemTxvevaSi sawyisi piroba unda iyos mocemuli 0M  

wertilSi, xolo meore SemTxvevaSi 0N  wertilSi. 

xolo amonaxsnis calsaxad gansazRvrisaTvis Sida 

),( BA  wertilebSi aucilebelia U -s mniSvnelobis 

mocema x  RerZis [0;1] monakveTze (sawyisi monacemebi) 

da t  RerZis [ TO; ] monakveTze (sasazRvro pirobebi).  

 

           (a)                   (b)                          

nax. 6.5 

am SemTxvevaSi amocana Caiwereba Semdegi 

formiT:  

   
⎪
⎩

⎪
⎨

⎧

=
=

=+

)()0,(
)(),0(

),(

ttU
xxU

xtfaUU xt

ψ
ϕ  

Tt
x

xt

≤<
≤<

≤<>

0(
)10(

10,0(
        (6.15)              
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unda SevniSnoT, rom Tu 0<a , maSin damatebiTi 

pirobebi unda daisvas ara marcxena, aramed marjvena 

sazRvarze. 

nax. 6.4-ze mocemuli SabloniT sxvaobiani 

gantolebaTa Sida wertilebisaTvis igeba Semdegi 

sqema: 

 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

==

==

===
−

+
− −

−
−

−−

NntU
KKxU

KKNnf
h
UUaUU

nn
KK

n
K

n
K

n
K

n
K

n
K

,..,3,2,1),(
,...,2,1),(

,,...,2,1.,..,3,2,1,

0

0

1
1
1

11

ψ

ϕ
τ

    

       (6.16)                                 

aq igulisxmeba, rom )0()0( ψϕ =  

(6.16) sqemis pirveli tolobidan miviRebT 

amonaxsnis Sualeduri mniSvnelobebis gamosaTvlel 

formulebs gansaxilveli Sris darCenil kvanZebSi:  

      ( ) 11
1

11 −−
−

−− ⋅+−−= n
K

n
K

n
K

n
K

n
K fUU

h
aUU ττ

             (6.17)                        

Tu ganvixilavT sqemas nax. 6.3-ze mocemuli 

SabloniT miviRebT: 
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⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

==

==

===
−

+
− −

−−
+

−

NntU

KKxU

KKNnf
h
UUaUU

nn
KK

n
K

n
K

n
K

n
K

n
K

,..,3,2,1),(

,...,2,1),(

,,...,2,1,,..,3,2,1,

0

0

1
11

1
1

ψ

ϕ
τ

 (6.18)      

am sistemis pirveli tolobidan miviRebT 

 

n n 1 n 1 n 1
K K KK 1

a aU U 1 U f
h h

− − −
+

τ ⋅ τ ⋅⎛ ⎞= − + + + τ ⋅⎜ ⎟
⎝ ⎠

      (6.19) 

 

amovxsnaT gadatanis amocana nax.6.4-ze mocemuli 

SabloniT agebuli (6.17) sxvaobiani sqemiT. 

ganvixiloT konkretuli amocana: 

magaliTi 6.1. vTqvaT, xtxtf +=);( , 1=a ; 

2.0== hτ ; maSin amocana miiRebs saxes:  

( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⋅===

⋅===

⋅+⋅−+= −
−

22
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220

1
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01.0
4
1)(

01.0
4
1)(

2.02.0)1(2.0
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Kxxu
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n
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anu 
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;0.1;81.0;64.0;49.0;36.0;25.0
;81.0;64.0;49.0;36.0;25.0;16.0
;64.0;49.0;36.0;25.0;16.0;09.0
;49.0;36.0;25.0;16.0;09.0;04.0
;36.0;25.0;16.0;09.0;04.0;01.0
;25.0;16.0;09.0;04.0;01.0;0
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SevniSnoT, rom gantolebis zusti amonaxsnia 

 

2)(
4
1);( txxtu += ; anu 2

n Ku t x 0 01 k n( ; ) . ( )= + . 

 

sxvaobiani sqemiT miRebuli kvanZiTi 

mniSvnelobebi kargad eTanadeba zust amonaxsns.  

(6.19) damokidebulebiT marcxena sazRvris 

wertilebSi amonaxsni ar ganisazvreba calsaxad, 

amdenad (6.15) gantolebis amosaxsnelad es sqema ar 

gamodgeba. 
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$.6.2. Tbogamtarobis gantolebisaTvis 

sasazRvro amocanis 

ricxviTi amoxsna 

ganvixiloT (6.2) Tbogamtarobis gantoleba da 

ganvixiloT misi amoxsna sasrul areze, kerZod 

CavTvaloT, rom 10 ≤< x , 0>t  da Tu U  aris 

temperatura, maSin (6.2) gantoleba aRwers siTbos 

gadatanas erTeulovani sigrZis erTganzomilebiani 

Reros gaswvriv temperaturis mocemuli sawyisi 

)(xϕ  ganawilebiT da mocemuli temperaturuli 

)(1 tψ  da )(2 tψ  reJimebiT Reros boloebze. 

SevniSnoT, rom Tu U  aris koncentracia, maSin 

(6.2) aRwers nivTierebis difuzias da Sesabamisad 

(6.2) gantolebas zogjer difuziis gantolebas 

uwodeben. 

amgvarad gvaqvs Semdegi sasazRvro amocana 

⎪⎩

⎪
⎨
⎧

===

≤≤>>
∂
∂

=
∂

∂

)()1;(),()0;(),();0(

10,0,0,

21

2

2

ttUttUxxU

xt
x
U

t
U

ψψϕ

μμ
  (6.20) 

am amocanis amosaxsnelad nax. 5.2-ze mocemuli 

SabloniT badeze sxvaobiani sqema Caiwereba Semdegi 

saxiT                                                      

n 1 n n n n
k k k 1 k k 1

0
kk

n n n n
1 20 k

U U U 2U U
n 123 N 1 k 12 K 1

h

U x k 12 k

U t U t n 123 N

, , , ,.., , , ,..., ,

( ), , ,...,

( ), ( ), , , ,..,

+
+ −

⎧ − − +
⎪ =μ = − = −
⎪ τ
⎪

=ϕ =⎨
⎪
⎪ =ψ =ψ =
⎪
⎩

 (6.21)                       
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aqedan saTvleli formula )1( +n  Sris Sida 

kvanZebisaTvis miiRebs Semdeg saxes: 

( )n
K

n
K

n
K

n
K

n
K UUU

h
UU 112

1 2 −+
+ +−

⋅
+=

μτ
,      (6.22) 

xolo mniSvnelobebi marjvena sazRvris 

kvanZebSi gamoiTvleba mocemuli formuliT - )(2 ntψ . 

ganvixiloT kidev erTi Semdegi saxis Sabloni 

 
nax. 6.6 

nax. 6.6-ze mocemuli SabloniT miviRebT Semdegi 

saxis aproqsimacias 
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0

1
1

11
1

1

ψψ

ϕ

μ
τ

                                                                                  (6.23) 
amgvarad, miviReT aracxadi sqema (6.23), romelic 

gvaZlevs saSualebas n -uri Sridan cnobili 

monacemebiT, gamovTvaloT )1( +n Sris amonaxsnebi es 

amocana daiyvaneba wrfiv gantolebaTa 

samdiagonaliani sistemis amoxsnaze da rogorc 
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viciT ixsneba faqtorizaciis meTodiT – sistema 

(1.14). 

sistema (6.23) Caiwereba Semdegi formiT: 

⎪
⎩

⎪
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n
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sadac 2h
r μτ ⋅

=  

 

 

$. 6.3. puasonis gantolebis ricxviTi 

amoxsna 

 
ganvixiloT pirveli sasazRvro amocana – 

dirixles amocana puasonis gantolebisaTvis: 

⎪
⎩

⎪
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⎧

∈=

∈=
∂
∂

+
∂
∂

ryxyxU

yxyxf
y
U
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2

2

ϕ

ω
  (6.25) 

sadac ω  aris saTvleli aris Sida wertilebis 

simravle, r  aris saTvleli ω  aris sazRvari. 

Tu gamoviyenebT Cveulebriv midgomas e.i 

warmoebulebs SevcvliT sxvaobebiT, miviRebT (6.25) 

amocanis aproqsimacias sxvaobiani gantolebiT. 

),(
122

2
,,1,

2
,1,,1

mk
y

mKmKmK

x

mKmKmK yxf
h

UUU
h

UUU
=

−+−
+

+− +−+    (6.26) 
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ω∈),( kk yx  

sadac  

)~,~(~
,, yxU mKmK ϕϕ ==           (6.27) 

 

sadac )~,~( yx  aris (6.25) amocanaSi Γ  sazRvris 

kvanZTan mdebare uaxlesi wertili. sqema (6.26) 

aRiwereba Semdegi SabloniT 

 
nax. 6.7 

amocanis amoxsnis sakiTxze gadasvlisas Cven 

SemovifarglebiT marTkuTka saTvleli ariT: 

ax ≤≤0 , by ≤≤0 . (6.26) – (6.27) sqema axdens 

amosavali (6.25) amocanis aproqsimacias marTkuTxa 

areze meore rigis sizustiT, orive cvladis mimarT. 

advili SesamCnevia, rom am SemTxvevaSi sxvaobiani 

sqema warmoadgens wrfiv algebrul gantolebaTa 

sistemas. 

(6.6) sxvaobiani sistema mKU , -is mimarT 

gadavweroT da ganvixiloT iteraciuli procesi 
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⎥
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⎢
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⎡
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mK UU
h

UU
h

f
hh

hh
U  (6.28)             

sadac i -miaxloebis nomeria; ( mK yx , )Γ  sazRvris 

kvanZTan mdebare uaxloesi wertilia. 
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(6.28) procesi igivea rac wrfiv gantolebaTa 

sistemis amoxsna iteraciuli meTodiT $1.5 vinaidan 

Cven ( k m, )-uri gantolebidan gamovricxavT mKU , -s 

anu diagonalur elements. mtkicdeba, rom (6.28) 

iteracia krebadia. is ikribeba Zalian nela, magram 

miuxedavad amisa, es meTodi mainc gamoiyeneba. 

Tu aviRebT hhh yx == , maSin (6.28) miiRebs saxes: 

⎥⎦
⎤

⎢⎣
⎡ ++++−= −+−+

+

1,

)(

1,

)(

,1

)(

,1

)(

,
2

,

)1(

4
1

mK

i

mK

i

mK

i

mK

i

mKmK

i
UUUUfhU  (6.29) 
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6.4 Mathcad 

     kerZowarmoebuliani diferencialuri 

gantolebebis ricxviTi amoxnsis programebi. 

a 1≡  L 2 π⋅≡  T 2 π⋅≡  

Given 

vt x t,( ) a2 wxx x t,( )⋅  wt x t,( ) v x t,( ) 

w x 0,( ) sin
π x⋅
L

⎛⎜
⎝

⎞⎟
⎠

−  v x 0,( ) 0 

w 0 t,( ) 0 w L t,( ) 0 

w

v
⎛
⎜
⎝

⎞
⎟
⎠

Pdesolve
w

v
⎛
⎜
⎝

⎞
⎟
⎠

x,
0

L
⎛
⎜
⎝

⎞
⎟
⎠

, t,
0

T
⎛
⎜
⎝

⎞
⎟
⎠

,
⎡
⎢
⎣

⎤
⎥
⎦

:=  

0 2 4 6
1

0.5

0

0.5

1

w x 0,( )

w x 0.5,( )

w x T,( )

x
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M CreateMesh w 0, L, 0, T,( ):=  

M

a 1≡  L 2 π⋅≡  T 2 π⋅≡  

Given 

vt x t,( ) a2 wxx x t,( )⋅  wt x t,( ) v x t,( )−  

w x 0,( ) sin
π x⋅
L

⎛⎜
⎝

⎞⎟
⎠

−  v x 0,( ) 0 

w 0 t,( ) 0 w L t,( ) 0 

w

v
⎛
⎜
⎝

⎞
⎟
⎠

Pdesolve
w

v
⎛
⎜
⎝

⎞
⎟
⎠

x,
0

L
⎛
⎜
⎝

⎞
⎟
⎠

, t,
0

T
⎛
⎜
⎝

⎞
⎟
⎠

,
⎡
⎢
⎣

⎤
⎥
⎦

:=  
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0 2 4 6
1

0.5

0

0.5

1

w x 0,( )

w x 0.5,( )

w x T,( )

x

M CreateMesh w 0, L, 0, T,( ):=  

M
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a 2≡  L 2 π⋅≡  T 2 π⋅≡  

Given 

vt x t,( ) a2 wxx x t,( )⋅  wt x t,( ) v x t,( ) 

w x 0,( ) sin
π x⋅
L

⎛⎜
⎝

⎞⎟
⎠

−  v x 0,( ) 0 

w 0 t,( ) 0 w L t,( ) 0 

w

v
⎛
⎜
⎝

⎞
⎟
⎠

Pdesolve
w

v
⎛
⎜
⎝

⎞
⎟
⎠

x,
0

L
⎛
⎜
⎝

⎞
⎟
⎠

, t,
0

T
⎛
⎜
⎝

⎞
⎟
⎠

,
⎡
⎢
⎣

⎤
⎥
⎦

:=  

0 2 4 6
1

0.5

0

0.5

1

w x 0,( )

w x 0.5,( )

w x T,( )

x
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M CreateMesh w 0, L, 0, T,( ):=  

M
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t
v x t,( )d

d
a2

2x
w x t,( )d

d

2
⋅  

t
w x t,( )d

d
v x t,( ) 

Given 

vt x t,( ) a2 wxx⋅ x t,( ) wt x t,( ) v x t,( ) 

w x 0,( ) sin
π x⋅
L

⎛⎜
⎝

⎞⎟
⎠
 v x 0,( ) 0 

w 0 t,( ) 0 w L t,( ) 0 

a 3≡  
w x t,( ) Pdesolve

w

v
⎛
⎜
⎝

⎞
⎟
⎠

x,
0

L
⎛
⎜
⎝

⎞
⎟
⎠

, t,
0

T
⎛
⎜
⎝

⎞
⎟
⎠

,
⎡
⎢
⎣

⎤
⎥
⎦

:=  
L 2 π⋅≡  

T 2 π⋅:=  
w x t,( ) sin

π x⋅
L

⎛⎜
⎝

⎞⎟
⎠

:=  

0 2 4 6
1

0

1

w 0 0,( )

w x T,( )

w x 0,( )

x
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M CreateMesh w 0, L, 0, T,( ):=  

M
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               magaliTebi 

       amoxseniT gadatanis amocanebi nax. 6.4-ze 

mocemuli SabloniT agebuli sxvaobiani sqemiT: 

6.1. 0 2
K
n 2
0

u u 3 t x h 0 2
t x

u 0 04K

u 0 04n

( ), .

.

.

∂ ∂⎧ + = + τ = =⎪ ∂ ∂⎪⎪ =⎨
⎪

=⎪
⎪⎩

 

    6.2. 0
K
n
0

u u0 5 2x t h 0 25
t x

u 0

u 0

. , .∂ ∂⎧ + = + τ = =⎪ ∂ ∂⎪⎪ =⎨
⎪

=⎪
⎪⎩

 

6.3. 0
K
n
0

u u 2tx t x h 0 1
t x

u 0

u 0

( ), .∂ ∂⎧ + = + τ = =⎪ ∂ ∂⎪⎪ =⎨
⎪

=⎪
⎪⎩

 

6.4. 0 2
k
n 2
0

u u2 2 t x h 0 2
t x

u 1 0 02k

u 1 0 04n

( ), .

.

.

∂ ∂⎧ + = + τ = =⎪ ∂ ∂⎪⎪ = +⎨
⎪
⎪ = +
⎪⎩

 



 208 

6.5. 0 2
k
n 2
0

u u2 2 t 2x 0 1 h 0 2
t x

u 0 04k

u 0 01n

( ), . ; . ,

.

.

∂ ∂⎧ + = + τ = =⎪ ∂ ∂⎪⎪ =⎨
⎪
⎪ =
⎪⎩

 

 
nax. 6.2-ze miTiTebuli SabloniT miRebuli 

sxvaobiani sqemiT amoxseniT Tbogamtarobis 

sasazRvro amocanebi. 

 

6.6. 

( )n 1 n n n
kK k 1 k k 12

2

1

u u u 2u u
h

1u 0 x x x 0 x 1
2

u t 0 t t h 0 2 1
1u t 1 t n 0 1 4 K 1 2 4
2

,

( ; ) ( ) , ,

( ; ) ( ) , . , ,

( ; ) , , ,..., ; , ,..,

+
+ −

τ ⋅μ⎧ = + − +⎪
⎪
⎪

= ϕ = ≤ ≤⎪
⎨
⎪ = ψ = τ = = μ =⎪
⎪

= + = =⎪
⎩

 

 

6.7. 

2

2

0 2
kk

n
1 n0

n
2 n5

u u 1 h 0 2
t x

u 0 04k k 1 2 4

u t 0 4n n 0 1 4

u t 1 0 4n n 0 1 4

, , .

. , , ,..,

( ) . , , ,..., ;

( ) . , , ,..., ;

⎧∂ ∂
= μ μ = τ = =⎪

∂⎪ ∂
⎪⎪ = ϕ = =⎨
⎪

= ψ = =⎪
⎪

= ψ = + =⎪⎩
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6.8. 

2

2

0 2
k
n

1 n0
n

2 n5

u u 2 h 0 2
t x

u k 0 02k k 1 2 4

u t 0 4n n 0 1 4

1u t 0 4n n 0 1 4
2

, , .

. , , ,..,

( ) . , , ,..., ;

( ) . , , ,..., ;

⎧∂ ∂
= μ μ = τ = =⎪

∂⎪ ∂
⎪

= ϕ = =⎪
⎨
⎪ = ψ = =⎪
⎪

= ψ = + =⎪
⎩

 

 

nax. 6.5-ze aRniSnuli SabloniT miRebuli sqemis 

gamoyenebiT amoxseniT difuziis gantoleba Semdegi 

sasazRvro pirobebiT: 

 

6.9. 

2

2

0 2
kk

n
1 n0

n
2 n5

u u 1 h 0 2 n 0 1 4 k 1 2 4
t x

u x 0 02k k 0 1 5

u t 0 2n n 1 2 5

1u t 0 2n n 1 2 5
2

, , . , , ,..., ; , ,..,

( ) . , , ,,..,

( ) . , , ,..., ;

( ) . , , ,..., ;

⎧∂ ∂
= μ = τ = = = =⎪

∂⎪ ∂
⎪

= ϕ = =⎪
⎨
⎪ = ψ = =⎪
⎪

= ψ = + =⎪
⎩

 

    6.10. 

n
1 n0

n 1 n 1 n 1 n
5k 1 k k 1

n
2 n5

u t 0 4n

ru 1 2r u ru u

u t 0 5 0 4n n 1 2 5

h 0 2 k 0 1 4

( ) . ;

( )

( ) . . , , ,..., ;

. ; , ,...,

+ + +
− +

⎧ = ψ =
⎪
⎪− + + − =⎪
⎨
⎪ = ψ = + =
⎪
⎪τ = = =⎩

 

sadac 2h
r μτ ⋅

=  
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     Tavi VII 

zogierTi gantolebisa da gantolebaTa 

sistemis  

amoxsnis modificirebuli ricxviTi 

meTodebi 

 

$.7.1. gantolebis namdvili fesvis moZebna  

monakveTis Suaze gayofis meTodiT 

vipovoT ( ) 0f x = , gantolebis namdvili fesvi 

[ ];a b -Si. sainJinro teqnikuri, fizikuri da sxva 

amocanebis amoxsnis dros am amocanebis 

Sinaarrsidan gamomdinare ufro metad cnobilia 

sasurveli fesvis Semcveli [ ];a b  monakveTi. 

monakveTis Suaze gayofis umartivesi meTodi 

mdgomareobs SemdegSi: [ ];a b  monakveTs vyofT Suaze 

( ) / 2c a b= +  da vamowmebT ( )f a , ( )f c  da ( )f b -s 

niSnebs da amis Semdeg vadgenT [ ];a c  da [ ];a b  

Sualedebidan romel naxevars miekuTvneba saZiebeli 

fesvi. kerZod fesvia im naxevar RerZze sadac 

( ) ( ) 0f f∗ ⋅ ∗∗ < . ukanasknel naxevar RerZs isev vyofT 

Suaze da a.S. manam sanam ar Sesruldeba piroba 

                    
2n

b a ε−
≤  
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sadac n aris Catarebul gayofaTa raodenoba, 

xolo ε -aris sizustis maxasiaTebeli mcire 

parametri an rac igivea dasaSvebi cdomilebis 

zRvari, misi Sinaarsi mdgomareobs SemdegSi x∗ 

amonaxsni unda gansxvavdebodes x∗  zusti 

amonaxsnisagan araumetes ε -sididiT e.i. 

x x ε∗
∗− ≤  

an rac igivea, rom or momdevno miaxloebebs 

Soris gvaqvs: 

1n nx x ε+ − ≤  

 

SevniSnoT, rom ganxiluli midgoma SeiZleba 

gamoviyenoT, rogorc saZiebeli fesvis mimdevrobiTi 

dazustebis saSualeba: yovel etapze fesvis 

Semcveli segmentis zoma orjer mcirdeba. cxadia, 

rom es meTodi, SeiZleba gamoviyenoT mxolod im 

SemTxvevaSi, roca mocemul gantolebas aqvs kenti 

jeradobis fesvi. 

 

 

    $.7.2. gantolebis amoxsnis niutonis mxebTa 

meTodi 

 gavecnoT niutonis mxebTa meTods Semdegi 

interpretaciiT.  

vTqvaT,  

( ) 0f x =       (7.1) 

gantolebis saZiebeli amonaxsnis erTerTi 

miaxloebaa nx  mniSvneloba. 
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( ), ( )n nM x f x wertilze ( ) 0f x =  funqciis 

grafikisadmi gamavali mxebis gantoleba iqneba: 

 

( ) '( ) ( )n n ny f x f x x x= + ⋅ −   (7.2) 

 
                           nax. 7.1. 

(7.1) gantolebis fesvis Semdeg miaxloebad 

miviCnioT (7.2) mxebis OX  RerZTan gadakveTis 1nx +  

abcisa, romelic miiReba (7.2) gantolebis amoxsniT, 

roca 0y = . 

am SemTxvevaSi miviRebT: 

       

1
( )
'( )

n
n n

n

f xx x
f x+ = −                   (7.3) 

naxazi 7.1-dan Cans, rom A  wertilze gamavali 

mxebis OX  RerZTan gadakveTis wertilis abcisi 

gantolebis fesvs daSordeba.  

mtkicdeba, rom mxebTa meTodi gamoiyeneba 

segmentis im bolodan, sadac '' 0f f⋅ > , maSin 
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1.   (7.3) formuliT miRebuli { }nx mimdevroba 

monotonuria da yvela ix , 1,2,...i =  

mdebareobs saZiebeli x∗  fesvis erT 

mxares, sadac ( )f x  da ''( )f x  sidideebs 

erTnairi niSani aqvT. 

2.   { }nx  mimdevrobis zRvari (7.1) gantolebis 

fesvia. 

 

$.7.3. gantolebis namdvili fesvis moZebna qordaTa 

meTodiT 

 

  isev ganvixiloT algebruli an transcendentuli    

(7.1) gantoleba.  

vTqvaT, napovnia ori iseTi a  da b ricxvi, rom 

( ) ( ) 0f a f b⋅ < . dauSvaT, rom ( )f x , '( )f x  da ''( )f x  

funqciebi uwyvetia [ ];a b -ze da '( )f x  da ''( )f x  

inarCunebs mudmiv niSans. 

am pirobebSi ( )y f x=  funqciis grafiks [ ];a b -

segmentze eqneba amozneqili an Cazneqili forma. 

ganvixiloT, romelime maTgani nax. 7.2. 
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                         nax. 7.2. 

davweroT AB  qordis gantoleba: 

( )
( ) ( )

n n

n n

y f x x x
f b f x b x

− −
=

− −
    (7.4) 

AB  qordis OX  RerZTan gadakveTis 1nx +  abcisa 

ganisazRvreba (7.4) tolobidan, masSi 0y = -is CasmiT, 

miviRebT:  

1
( )( )
( ) ( )

n n
n n

n

f x b xx x
f b f x+

−
= −

−
                    (7.5) 

1x a= , 1,2,...n =  

mtkicdeba, rom: 

1.  (7.5) formuliT miRebuli 

{ }nx mimdevroba monotonuria da 

yvela ix , 1,2,...i =  mdebareobs 

saZiebeli fesvis erT mxares, sadac 

( )f x  da ''( )f x  sidideebs sxvadasxva 

niSani aqvT, e.i. ( ) ''( ) 0i if x f x⋅ <  
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2. { }nx  mimdevrobis zRvaria x∗ , da is 

(7.1) gantolebis fesvia. fesvis 

miaxloebiTi mniSvnelobis povnis am 

meTods qordaTa meTodi ewodeba.  

 

 

      $. 7.4. gantolebaTa amoxsnis iteraciis 

meTodi 

 

garda aRniSnuli meTodebisa praqtikaSi xSirad 

gamoiyeneba martivi iteraciis meTodi anu 

mimdevrobiTi miaxloebis meTodi (romlis erT-erT 

kerZo SemTxvevas warmoadgens niutonis meTodi). 

gantoleba (7.1) CavweroT Semdegi formiT.   

( )x xϕ=  

cxadia, rom saZiebeli x∗  fesvi am ukanasknel 

tolobas gadaaqcevs igiveobad: 

( )x xϕ∗ = ∗  

mtkicdeba, rom 1 ( )n nx xϕ+ = tolobiT 

gansazRvruli { }nx mimdevroba krebadia (7.1) 

gantolebis fesvisaken, Tu x∗  fesvis midamoSi 

sruldeba Semdegi piroba: 

0 '( ) 1x qϕ< < <  

magaliTad, Tu CavTvliT, rom 

( )( )
'( )

f xx x
f x

ϕ = − , 
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am SemTxvevaSi vRebulobT niutonis meTods 

(rogorc martivi iteraciis meTodis kerZo 

SemTxvevas). 

praqtikaSi xSirad gamoTvlebis Catarebisas 

miRweuli sizustis Semowmeba xdeba Semdegi pirobis 

safuZvelze: 

1n nx x ε+ − ≤ , 

am pirobis SesrulebisTanave 1nx +  CaiTvleba 

saZiebeli fesvis miaxloebad da gamoTvlebi 

damTavrdeba.  

 

$.7.5. gantolebis amoxsna modificirebuli    

diferencialuri meTodiT 

 

ganvixiloT isev (7.1) gantoleba da 

simartivisaTvis vigulisxmoT, rom is warmoadgens 

funqcionalur gantolebas e.i. ( ) 0f x =  

gantolebaSi ( )x x t= , xolo mocemuli 

funqcionaluri gantolebis amonaxsnis sawyis 

miaxloebad miviRoT nebismieri 0(0)x x=  ricxvi da 

ganvixiloT Semdegi gantoleba 

0( ) ( ) 1 tf x f x
h

⎛ ⎞= ⋅ −⎜ ⎟
⎝ ⎠

                     (7.6) 

sadac t  warmoadgens damoukidebel parametrs 

da 0 t h≤ ≤ .  

(7.6) tolobidan Cans, rom roca 0t = , 

0( ) ( )f x f x= , e.i x  udris SerCeul sawyis 0x  

mniSvnelobas, xolo, roca t h= , maSin ( ) 0f x = . 
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amgvarad ( )x x h= akmayofilebs (7.6) funqcionalur 

gantolebas an rac igivea (7.1) gantolebas. 

amdenad vaskvniT, rom roca t  icvleba 0 -dan 

h -mde, x  icvleba 0x  sawyisi mniSvnelobidan im 

uaxloes ( )x h  mniSvnelobamde, romelic warmoadgens 

(7.1) gantolebis erTerT amonaxsns. Semdeg SevcvliT, 

ra 0x -s mivuaxlovdebiT meore amonaxsns da a.S. 

gavawarmooT (7.6) toloba t  parametriT, 

miviRebT: 

 

f''x x( )
dx
dt

⋅
f x0( )−

h    
 (7.7) 

 

am ukanasknelidan miviRebT Semdeg 

diferencialur gantolebas: 

( )
( ) ( )0

'

0

,

(0)
x

f xdx t x
dt hf x
x x

⎧
= − = Φ⎪

⎨
⎪ =⎩

           (7.8) 

amgvarad miviReT koSis amocana. 

 

SevniSnoT, rom (7.8) diferencialuri 

gantolebisaTvis amonaxsnis arsebobisa da 

erTaderTobis piroba ( ), ( )h x h wertilis midamoSi 

iqneba f'x x( ) q≥ 0>  koSis Teorema. rac niSnavs 

imas, rom ( ) 0f x =  gantolebas ara aqvs luwi 

jeradobis fesvi.  
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(7.8) diferencialuri gantolebis amonaxsni 

SesaZlebelia miviRoT sxvadasxva ricxviTi 

meTodebiT, ganvixiloT ramodenime SemTxveva: 

I. SemTxveva: CavTvaloT nebismieri nx  ricxvi 

fesvis sawyis miaxloebad, amasTan ganvixiloT 

diferencialuri gantolebis amoxsnis eileris 

meTodi da warmoebuli SevcvaloT sxvaobiani 

sqemiT. 

1n nx xdx
dt h

+ −
=  

Tu warmoebulis aproqsimaciis h bijs 

davamTxvevT (7.8)-Si Semaval h -s miviRebT niutonis 

sqemas, kerZod 

1 '

( )
( )

n
n n

x n

f xx x
f x+ = −                     (7.9) 

        0,1,2,...n =  

II SemTxveva: axla (7.8) diferencialuri 

gantoleba amovxsnaT eiler-koSis gadaTvlis 

meTodiT (PC -meTodi) an rac igivea runge-kutas 

meore rigis sizustis meTodi, miviRebT Semdeg 

algoriTms: 

    '

( )1
( )

n

x n

f xC
f x

= − , '

( )2
( 1)

n

x n

f xC
f x C

= −
+

       (7.10) 

        ( )1 0.5 1 2n nx x C C+ = + ⋅ +  

        0,1,2,...n =  

III. SemTxveva. Tu (7.8) gantolebas amovxsniT 

runge-kutas meoTxe rigis sizustis meTodiT, 

miviRebT Semdeg models: 
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( )

'

'

'

'

1

( )1
( )

( )2 1( )
2

( )3 2( )
2

( )4
( 3)
1 1 2 2 2 3 4
6

0,1,2,...

n

x n

n

x n

n

x n

n

x n

n n

f xK
f x

f xK Kf x

f xK Kf x

f xK
f x K

x x K K K K

n

+

⎧ = −⎪
⎪
⎪

= −⎪
+⎪

⎪
⎪

= −⎪
⎨ +⎪
⎪
⎪ = −
⎪ +
⎪
⎪ = + + + +
⎪
⎪ =⎩

      (7.11) 

Tu (7.9), (7.10) da (7.11) xerxebiT miRebul 1x  

mniSvnelobebs miviCnevT sawyis mniSvnelobad da 

process gavimeorebT miviRebT 2x -s da a.S. 1x , 2x , ... 

mimdevrobis wevrebi qmnian ( )x h amonaxsnisaken 

krebad mimdevrobebs.  

samive SemTxvevaSi ganxiluli sqemebi 

warmoadgenen iteraciul meTodebs garkveuli 

modifikaciiT. 

unda SevniSnoT, rom III-SemTxvevaSi 

ganxiluli sqema ufro swrafad krebadia vidre 

meore xolo meore sqema swrafia pirvelze. cxadia, 

gamoTvlebi damTavrdeba maSin, roca 

1n nx x ε+ − <  

rogorc vnaxeT gantolebis amoxsnis 0x  

miaxloebidan ( )x h  miaxloebaze gadasasvlelad 
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zemoT moyvanili diferencialuri meTodis 

safuZvelze, miviReT Sesabamisi martivad 

realizebadi iteraciuli sqemebi. 

ganvixiloT konkretuli gantoleba da 

amovxsnaT is zemoT moyvanili meTodebiT: 

magaliTi 7.1: amovxsnaT gantoleba: 

( ) 31 3 18 0
3

f x x x= + − =  

amoxsna: pirvel rigSi mocemuli gantoleba 

CavweroT diferencialuri formiT: 

( )
( )'

2 2
0,1,2,...

n

x n

f xdx
dt f x
x
n

⎧
= −⎪

⎪
⎪ =⎨
⎪ =⎪
⎪⎩

 

I SemTxveva: (7.9) sqemiT miviRebT: 

1

2

3

4

2 1.3333334 3.3333334
3.3333334 0.3079615 3.0253719
3.0253719 0.025212 3.0001599
3.0001599 0.0001598 3.0000001

x
x
x
x

≈ + =
≈ − =
≈ − =
≈ − =

 

gantolebis zusti amonaxsnia 3x = . 

II SemTxveva. (7.10) modeliT miviRebT: 

I iteracia     
1

1 1.3333334, 2 0.661417
2 0.9973753 2.9973753

C C
x

= =⎧
⎨ ≈ + =⎩

 

II iteracia 

2

1 0.0026265, 2 0.005246
2.9973753 0.5(0.0026265 0.002623) 3

C C
x

= =⎧
⎨ ≈ + + =⎩
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maSasadame, (7.10) meTodiT meore iteraciiT 

miviReT kargi miaxloeba. 

III SemTxveva 

I iteracia 

1

1 1.3333334, 2 0.9230769
3 1.0302635, 4 0.7661265

3.0010234

K K
K K
x

= =⎧
⎪ = =⎨
⎪ =⎩

 

II iteracia 

2

1 0.0010231, 2 0.0010228
3 0.0010228, 4 0.00010236

3

K K
K K
x

= − = −⎧
⎪ = − = −⎨
⎪ =⎩

 

SevniSnoT, rom ganxiluli samive iteraciuli 

procesi krebadia nebismieri sawyisi 0x -saTvis.  

 

$.7.6. arawrfivi gantolebaTa sistemis 

amoxsnis modificirebuli ricxviTi 

meTodebi 

 

arawrfivi gantolebaTa sistemis amoxsnis 

gamoTvliTi meTodebis ganxilvisas Cven, ZiriTadad, 

gavyvebiT gegmas, romelic realizebuli iyo wina 

paragrafSi, sadac ganvixileT arawrfivi 

gantolebis fesvebis povnis sakiTxi.  

amgvarad, ganvixiloT sistema 

       

1 1 2

2 1 2

1 2

( ; ;..., ) 0
( ; ;..., ) 0

( ; ;..., ) 0

n

n

n n

f x x x
f x x x

f x x x

=⎧
⎪ =⎪
⎨
⎪
⎪ =⎩

              (7.12) 

an veqtoruli formiT  
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        ( ) 0F X =                       (7.13) 

sadac X t−  formalur parametrze 

damokidebuli ucnob sidideTa veqtoria, ( )F X  - 

veqtor-funqciaa, romelic gansazRvravs sistemis 

gantolebaTa struqturas: 

1

2

( )
( )

( )

( )n

x t
x t

X X t

x t

⎛ ⎞
⎜ ⎟
⎜ ⎟= =
⎜ ⎟
⎜ ⎟
⎝ ⎠

, 

1 1 2

2 1 2

1 2

( ; ;..., ) 0
( ; ;..., ) 0

( )

( ; ;..., ) 0

n

n

n n

f x x x
f x x x

F X

f x x x

=⎛ ⎞
⎜ ⎟=⎜ ⎟=
⎜ ⎟
⎜ ⎟

=⎝ ⎠

 

CavTvaloT, rom mocemul (7.12) sistemas 

gaaCnia erTi amonaxsni mainc, iseve rogorc erTi 

gantolebis SemTxvevaSi, fizikur mosazrebebze 

dayrdnobiT an sxva mosazrebiT. nulovan 

miaxloebad miviRoT raime 0 (0)X X= da (7.13) sistema 

cavweroT Semdegi parametruli formiT:       

0( ) ( ) 1 tF X F X
h

⎛ ⎞= ⋅ −⎜ ⎟
⎝ ⎠

             (7.14) 

sadac t  rogorc adre warmoadgens 

damoukidebel cvlads, 0 t h≤ ≤ . cxadia, rom roca 

0t = , F(x)=F(x0) , sadac 0X sawyisi miaxloebaa, xolo 

roca t h= , maSin ( ( )) 0F X h = , anu ( )X X h=  

mocemuli sistemis amonaxsnia. amdenad aqac 

SegviZlia davaskvnaT, rom roca t  icvleba 0 -dan h -

mde, X  icvleba 0X  nebismieri sawyisi mialoebidan 

( )X h  miaxloebamde, romelic warmoadgens sistemis 

erTerT amonaxsns. 
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(7.14)-is t -Ti diferencirebiT miviRebT: 

1 1 1 2 1
1

1 2

2 1 2 2 2
2

1 2

1 2

1 2

1... (0)

1... (0)

1... (0)

n

n

n

n

n n n n
n

n

dxf dx f dx f f
x dt x dt x dt h

dxf dx f dx f f
x dt x dt x dt h

f f f dxdx dx f
x dt x dt x dt h

∂ ∂ ∂⎧ + + + = −⎪ ∂ ∂ ∂⎪
⎪ ∂ ∂ ∂

+ + + = −⎪ ∂ ∂ ∂⎨
⎪
⎪

∂ ∂ ∂⎪ + + + = −⎪ ∂ ∂ ∂⎩

         (7.15) 

sadac  

       ( )1 2(0) (0); (0);...; (0);i i nf f x x x=  1,2,...,i n= .         

(7.15)  sistemis Sesabamisi matrici warmoadgens 

iakobis matrics Tu (7.15) sistemas amovxsniT 
dx
dt

-s 

mimarT, miviRebT Semdeg diferencialur 

gantolebaTa sistemas: 

( )

1

12
0

1 ( )X

n

x
xdx d F X F X

dt dt h
x

−

⎛ ⎞
⎜ ⎟
⎜ ⎟ ⎡ ⎤= = − ⋅⎣ ⎦⎜ ⎟
⎜ ⎟
⎝ ⎠

         (7.16) 

sadac ( ) 1
XF X

−
⎡ ⎤⎣ ⎦  aris iakobis matricis 

Sebrunebuli matrici.  

TvalsaCineobis TvalsazrisiT ganvixiloT 

orucnobiani ori gantolebaTa sistema da 

miviyvanoT is cxadi saxiT (7.16) sistemaze. 

vTqvaT, gvaqvs sistema: 

( ; ) 0
( ; ) 0

f x y
g x y

=⎧
⎨ =⎩

                       (7.17) 
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sadac, rogorc aRvniSneT ( )x x t= , ( )y y t= , 

0 t h≤ ≤ . sawyis miaxloebad aq aviRoT 

( );n n n nM M x y= , n=0,1,2,... wertili da (7.17) CavweroT 

Semdegi parametruli formiT: 

( ( ); ( )) ( ) 1

( ( ); ( )) ( ) 1

n

n

tf x t y t f M
h
tg x t y t g M
h

⎧ ⎛ ⎞= −⎜ ⎟⎪⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = −⎜ ⎟⎪ ⎝ ⎠⎩

         (7.18) 

am sistemis gawarmoebiT miviRebT: 

1 ( )

1 ( )

n

n

f dx f dy f M
x dt y dt h
g dx g dy g M
x dt y dt h

∂ ∂⎧ + = −⎪∂ ∂⎪
⎨∂ ∂⎪ + = −
⎪ ∂ ∂⎩

          (7.19) 

Tu (7.19) sistemidan ganvsazRvravT 
dx
dt

 da 
dy
dt

-

s miviRebT Semdeg diferencialur gantolebaTa 

sistemas.  

' '

' ' ' '

' '

' ' ' '

( ) ( ) ( ) ( )1
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )1
( ) ( ) ( ) ( )

n y n y

X y y X

n X n X

X y y X

g M f M f M g Mdx
dt h f M g M f M g M

f M g M g M f Mdy
dt h f M g M f M g M

⎧ −
=⎪

−⎪
⎨

−⎪ =⎪ −⎩

      (7.20) 

sadac ( ; )M M x y=  

(7.17) sistemis nacvlad Cven miviReT (7.20) 

diferencialur gantolebaTa sistema. aq Cven 

ganvixilavT diferencialur gantolebaTa sistemis 

amoxsnis im gamoTvliT meTodebs, romelic martivia 

ricxviTi realizaciis TvalsazrisiT. cxadia, is 

rac miRebuli iqneba (7.20) sistemisaTvis advilad 
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gadaitaneba ufro maRali rigis sistemebisaTvis. 

ganvixiloT amoxsnis Semdegi SemTxvevebi.  

I SemTxveva. Tu (7.20) sistemaSi 
dx
dt

 da 
dy
dt

 

warmoebulebs SevcliT sasruli sxvaobebiT, 

miviRebT niutonis ganrfivebis meTods, CavweroT 

aRniSnuli faqti saTvleli formulebis saxiT, 

gveqneba Semdegi algoriTmi: 

' '

1 ' ' ' '

' '

1 ' ' ' '

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

n y n y
n n

X y y X

n X n X
n n

X y y X

g M f M f M g M
x x

f M g M f M g M

f M g M g M f My y
f M g M f M g M

+

+

⎧ −
= +⎪

−⎪
⎨

−⎪ =⎪ −⎩

         (7.21) 

0,1,2,...n = , 0 0 0 0( ; )M M x y= nebismieri sawyisi 

wertilia. 

II SemTxveva. (7.21) tolobis marjvena mxareSi 

wiladebi SevcvaloT Sesabamisad ( ; )n nF x y  da 

( ; )n nG x y -iT, maSin (7.20) sistema ase Caiwereba: 

1 ( ; )

1 ( ; )

dx F x y
dt h
dy G x y
dt h

⎧ =⎪⎪
⎨
⎪ =
⎪⎩

                 (7.22) 

amovxsnaT (7.22) diferencialur gantolebaTa 

sistema eiler-koSis (PC ) gadaTvlis meTodiT an 

rac igivea runge-kutas meore rigis sizustis 

meTodiT da gamoTvlis algoriTmi CavweroT cxadi 

saxiT, miviRebT: 
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⎪
⎪
⎩

⎪
⎪
⎨

⎧

=
+⋅+=+⋅+=

++=++=
==

++

,...2,1,0
)(5.0),(5.0

),(),,(
),(),,(

211211

112112

11

n
PPyyCCxx

PyCxGPPyCxFC
yxGPyxFC

nnnn

nnnn

nnnn

,    (7.23) 

 

III SemTxveva. amovxsnaT (7.22) sistema runge-

kutas meoTxe rigis sizustis meTodiT da 

algoriTmi CavweroT cxadi saxiT: 

( )

( )

1 1

1 1 1 1
2 2

2 2 2 2
3 2

4 3 3 1 3

1 1 2 3 4

1 1 2 3 4

( , ), ( , )

( , ), ( , )
2 2 2 2

( , ), ( , )
2 2 2 2

( , ), ( , )
1 2 2
6
1 2 2
6

0,1,2,...

n n n n

n n n n

n n n n

n n n n

n n

n n

P F x y l G x y
P l P lP F x y l G x y

P l P lP F x y l G x y

P F x P y l l G x P y l

x x P P P P

y y l l l l

n

+

+

⎧ = =
⎪
⎪ = + + = + +
⎪
⎪

= + + = + +

= + + = + +⎨

= + ⋅ + + +

= + ⋅ + + +

=

⎪
⎪
⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎪⎩

 

amgvarad, (7.17) arawrfiv gantolebaTa sistemis 

(7.22) pirveli rigis wrfiv diferencialur 

gantolebaTa sistemaze dayvanis Semdeg, cxadia unda 

visargebloT diferencialuri gantolebaTa 

sistemis amoxsnis (7.21), (7.23) an (7.24) algoriTmebiT. 

SevniSnoT, rom (7.21) algoriTmi nela krebadia, 

magram Tanaemdrove kompiuterizaciis pirobebSi arc 

erTi algoriTmis realizacia ar warmoadgens 

sirTules. TvalsaCinoebis TvalsazrisiT 

ganvixiloT konkretuli arawrfiv gantolebaTa 
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sistema da amovxsnaT igi samive ganxiluli gziT, 

erTi da igive sawyisi pirobiT.  

magaliTi 7.2. amovxsnaT Semdegi sistema 

2 2

2

29
1

x y
x y

⎧ + =⎪
⎨

− = −⎪⎩
  

amoxsna. sawyisi piroba iyos Semdegi 

0(0) 1x x= = − , 0(0) 3y y= =  an 0 ( 1;3)M − , radgan 

0( ) 19f M = −  da 0( ) 1g M = − , am pirobebis 

gaTvaliswinebiT amosaxsneli sistema CavweroT 

Semdegi formiT: 

2 2

2

( ; ) 29 19 1

( ; ) 1 1 1

tf x y x y
h

tg x y x y
h

⎧ ⎛ ⎞= + − = − −⎜ ⎟⎪⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = − + = − −⎜ ⎟⎪ ⎝ ⎠⎩

 

t  parametriT gawarmoeba, gvaZlevs 

192 2

12

dx dyx y
dt dt h
dx dyx
dt dt h

⎧ + =⎪⎪
⎨
⎪ − =
⎪⎩

 

Tu ukanaskneli sistemidan ganvsazRvravT 
dx
dt

 

da 
dy
dt

-s miviRebT Semdeg diferencialur 

gantolebaTa sistemas. 
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( )

( )

19 2
2 1 2

18
1 2

dx y
dt h y x
dy
dt h y

+⎧ =⎪ +⎪
⎨
⎪ =
⎪ +⎩

 

Tu visargeblebT (7.21) sistemis amoxsnis 

algoriTmiT da aq yvelgan gaviTvaliswinebT, rom 

integrebis h  biji emTxveva modificirebul 

sistemaSi Semaval h -s miviRebT:  

1

1

1 1.7857142 2.7857142
3 2.5714285 5.5714285

x
y

= − − = −⎧
⎨ = + =⎩

 

amgvarad, miviReT Semdegi miaxloeba 

( )1 2.7857142;5.5714285M −  

( )
( )

1

1

9.801018

3.1887751

f M

g M

=

=
 

diferencialur gantolebaTa sistema miiRebs 

saxes: 

( )

( )

9.801018 6 3775502
2 1 2

6.6123049
1 2

dx y
dt xh y
dy
dt h y

− ⋅ ⋅⎧ = −⎪ +⎪
⎨
⎪ = −
⎪ +⎩

 

saidanac 

 
2

2

2.7857142 0.3803382 2.405376
5.5714285 0.5445427 5.0268858

x
y

= − + = −⎧
⎨ = − =⎩

 

meore etapze miviReT Semdegi miaxloeba 

( )2 2.405376;5.0268858M −  

Semdeg etapze gveqneba: 
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( )2 2.055413f M =  da ( )2 1.7589482g M =  

Semdeg etapze gvaqvs 

( )

( )

2.055413 3.5178964
2 1 2

0.2964648
1 2

dx y
dt hx y
dy
dt h y

+ ⋅⎧ = −⎪ +⎪
⎨
⎪ = −
⎪ +⎩

 

3 2.0341725x = −  da 3 5.0000656y =  

amgvarad ( )3 2.0341725;5.0000656M −  

analogiurad Semdeg meoTxe etapze miviRebT 

sistemas 

( )

( )

0.138513 0.2755842
2 1 2

0.0007209
1 2

dx y
dt hx y
dy
dt h y

+ ⋅⎧ = −⎪ +⎪
⎨
⎪ = −
⎪ +⎩

 

saidanac 4 2.0002871x = − , 4 5.0000001y =  

( )4 2.0002871; 5.0000001M −  

ganxiluli sistemis erT-erTi zusti 

amonaxsnia 

2x = −  da 5y =  

axla igive sistema amovxsnaT II SemTxvevaSi 

moyvanili modificirebuli PC  meTodiT. 

 

visargebloT (7.23) algoriTmiT: 

gvaqvs Semdegi diferencialur gantolebaTa 

sistema 
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( )

( )
( )0

19 2
2 1 2

18
1 2

1;3

dx y
dt x y h
dy
dt y h

M

+⎧ =⎪ +⎪
⎪

= −⎨ +⎪
⎪ = −⎪
⎩

 

( )

( )

1 1

2 1

1

1

1

19 6 181.7857142; 2.5714285
2(1 6) 7

19 11.142857 180.445505; 1.4823529
5.5714284 12.142857 12.142857

11 1.7857142 0.445505 2.1156096
2

13 2.5714285 1.4823529 5.0268907
2

2.1156096; 5.

C P

C P

x

y

M

+
= = − = =

− +
+

= = = =
− ⋅

= − + − − = −

= + + =

−( )0268907
 

Semdegi etapi: 

( )
( )

1

1

4.4758039 25.26963 29 0.745433

4.4758039 5.0268907 1 0.4489132

f M

g M

= + − =

= − + =
 

amis safuZvelze miviRebT Semdeg 

diferencialur gantolebaTa sistemas. 

( )

( )
( )1

0.745433 0.8978264
2 1 2

0.2965198
1 2

2.1156096; 5.0268907

dx y
dt x y h
dy
dt y h

M

+ ⋅⎧ = −⎪ +⎪
⎪

= −⎨ +⎪
⎪ −⎪
⎩
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1 1

2 2

2

0.745433 0.4489132 10.053781 0.29651980.1124352; 0.026825
4.2312192 11.053781 11.053781

0.745433 0.4489132 10.053781 0.29651980.1187784; 0.026956
4.2312192 11.053781 11.000131

12.1156096

C P

C P

x

+ ⋅
= = = − = −

⋅
+ ⋅

= = = = −
⋅

= − + ( )

( )

( )
2

2

0.1124352 0.1187787 2.0000027,
2

15.0368907 0.026825 0.026956 5.0000065,
2

2.0000027; 5.0000065

y

M

+ = −

= + − − =

−

 

maSin, roca mocemuli sistemis zusti 

amonaxsnia  

              MMMM(‐2, 5) 
amovxsnaT mocemuli sistema runge-kutas 

meoTxe rigis sizustis meTodiT, amisaTvis 

visargebloT (7.24) algoriTmiT, miviRebT: 

1 1

2 2

3 3

4

1.7857142; 2.571425;
19 8.5714284 180.7609124; 1.880597;

3.7857142 9.5714284 9.5714284
19 7.880597 181.0963371; 2.0268907;

2.7609124 8.880597 8.880597
19 10.053781

4 1926742 11.05378

P l

P l

P l

P

=− =
+

= =− = =
− ⋅

+
= =− = =

− ⋅
+

=
− ⋅ ⋅

( )

( )

4

1

1

180.6269034; 1.628402;
1 11.053781

11 1.7857142 1.5218248 2.1926742 0.6269034 2.0211861,
6

13 2.5714285 3.761194 4.0537814 1.628402 5.0024675
6

l

x

y

=− = =

=− − + + + =−

= + + + + =

 

am etapze Cven miviReT Semdegi miaxloeba: 

( )1 2.0211861; 5.0024675M −  
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( )
( )

1

1

4.0851932 25.024681 29 0.109874

4.0851932 5.0024675 1 0.0827257

f M

g M

= + − =

= − + =
 

Sesabamisi diferencialuri gantolebaTa 

sistema miiRevs saxes: 

( )

( )
( )1

0.109874 0.1654514
2 1 2

0.0271483
1 2

2.0211961; 5.0024675

dx y
dt x y h
dy
dt y h

M

+ ⋅⎧ = −⎪ +⎪
⎪

= −⎨ +⎪
⎪ −⎪
⎩

 

      

1 1

2 2

3 3

0.9375392 0.02714830.0210749; 0.0024669;
4.0423722 11.004935 11.004935

0.937335 0.02714830.0211854; 0.0024674;
4.0212974 11.002468 11.002468

0.97131 0.0270.0211862;
4.0211868 11.0000002

P l

P l

P l

= = = − = −
⋅

= = = = −
⋅

= = = −
⋅

( )

4 4

2

2

1483 0.0211862;
11.0000008

0.9371309 0.02714830.021298; 0.002468;
43.999993 10.999999

12.0211861 0.0210749 0.0423708 0.0423724 0.021298 2.0000001,
6

15.0024675 0.0024669 0.0049348 0.004936
6

P l

x

y

= −

= = = − = −

= − + + + + = −

= − + + +( )0.002468 5.000000=

 

maSasadame, mZimidan Svidi niSnis sizustiT 

gvaqvs: 

( )2 2.0000001; 5.0000000M − . 
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$.7.7. fredgolmis integraluri gantolebis 

ricxviTi amoxsnis meTodebi 

 

fizikis, geofizikis, teqnikuri da sxva 

mravali amocanebis amoxsnis dros, xSirad gvxvdeba 

gantolebebi, romlebic saZiebel funqcias Seicaven 

integralis niSnis qveS, aseT gantolebebs 

integraluri gantolebebi ewodebaT. 

Cven ZiriTadad SemovifarglebiT 

fredgolmisa da volteras tipis gantolebebis 

ricxviTi amoxsnebiT. 

fredgolmis pirveli gvaris integralur 

gantolebas aqvs saxe: 

( ) ( ) ( );
b

a
K t U d f tλ τ τ τ =∫              (7.25) 

xolo fredgolmis meore gvaris integralur 

gantolebas aqvs Semdegi saxe: 

( ) ( ) ( ) ( );
b

a
U t K t U d f tλ τ τ τ+ =∫         (7.26) 

volteras pirveli da meore gvaris 

integralur gantolebebs Sesabamisad aqvT saxe: 

     ( ) ( ) ( );
t

a
K t U d f tλ τ τ τ =∫     (7.27) 

( ) ( ) ( ) ( );
t

a
U t K t U d f tλ τ τ τ+ =∫   (7.28) 

sadac ( )f t  da ( );K t τ  - mocemuli funqciebia, 

xolo ( )U t  - saZiebeli funqciaa da λ  - parametria.  

I. fredgolmis integraluri gantolebis amoxsna 

kvadraturuli meTodiT.   
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[ ];a b  intervali 1 2, ,..., ,nt t t  wertilebiT davyoT 

n  tol nawilad. 

(7.25) fredgolmis integralur gantolebaSi 

CavsvaT it t=  ( )1, 2,...,i n= , maSin gveqneba: 

∫ ==
b

a i tfdUtKtU )()(),()( 1 τττλ      (7.29) 

1,2,...,i n=  

integralis gamosaTvlelad gamoviyenoT 

romelime kvadratuli formula, vTqvaT, 

( )
1

( )
nb

j ja
j

F t dt A F t R
=

= +∑∫            (7.30) 

1A , 2A , ..., nA  koeficientebi ar aris 

damokidebuli F -is SerCevaze, sadac R  

gamoyenebuli formulis Sesabamisi cdomilebaa. 

(7.29) gamosaxulebaSi Semavali integrali 

SevcvaloT (7.30) kvadraturuli formuliT, 

miviRebT: 

    
1

n

i j ij j i
j

U A K U fλ
=

+ =∑ ,    1,2,...,i n=          (7.31) 

sadac ( )i iU U t= ; ( )i if t f=  da ( );i j ijK t t K=  

(7.31) warmoadgens wrfiv algebrul 

gantolebaTa sistemas iU , 1,2,...,i n=  saZiebeli ( )U t  

funqciis Sualeduri mniSvnelobebis mimarT. 

amgvarad (7.31) sistemis amonaxsni, warmoadgens 

( )U t  saZiebeli funqciis miaxloebiT mniSvnelobas.  

ganvixiloT Semdegi magaliTi. 
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magaliTi 7.3. amovxsnaT fredgolmis meore 

gvaris integraluri gantoleba simpsonis 

kvadraturuli formuliT: 

 

U t( )
0

1
τt eτ 1−( ) U τ( )⋅

⌠
⎮
⌡

d+ 2 et
⋅ 2 t⋅−  

  

amoxsna. vipovoT mocemuli gantolebis 

miaxloebiTi amonaxsni. amisaTvis, [ ]0,1  segmentis 

Sualedur wertilebad miviRoT 1 0t = , 2 0.5t =  da 

3 1t = , am mniSvnelobebisaTvis, miviRebT: 

 

U1 2 

U2

0

1

τ
1
2

e0.5 τ⋅ 1−( )⋅ U τ( )
⌠
⎮
⎮
⌡

d+ 2 e0.5
⋅ 1−  

U3
0

1
τeτ 1−( )U τ( )

⌠
⎮
⌡

d+ 2 e 1−( )⋅  

            

Tu yoveli integrals SevcvliT simpsonis 

paraboluri formuliT: 

     ( ) [ ]
1

0

1 1 (0) 4 (0.5) (1)
2 6

f d f f fτ τ ≈ + +∫ , 

miviRebT: 
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( ) ( )

( ) ( )

1

0.25 0.5 0.5
2 2 3

0.5
3 2 3

2
1 1 10 4 1 1 2 1
6 2 2
1 0 4 1 1 2( 1)
6

U

U l U l U l

U l U l U l

⎧
⎪ =
⎪
⎪ ⎡ ⎤+ + ⋅ − + − = −⎨ ⎢ ⎥⎣ ⎦⎪
⎪ ⎡ ⎤+ + ⋅ − + − = −⎪ ⎢ ⎥⎣ ⎦⎩

 

anu 

     

1

2 3

2 3

2
1.0947 0.0541 2.2974
0.4325 1.2864 3.4366

U
U U
U U

=⎧
⎪ + =⎨
⎪ + =⎩

 

am sistemis amoxsniT miviRebT: 

 

    1 2U = , 2 1.9999U = ; 3 1.9992U = . 

 

        ganxiluli integraluri gantolebis zusti       

amonaxsnia ( ) 2U t = . rogorc Cans miRebuli Sedegi 

sakmarisad kargia. 

 

II. fredgolmis gantolebis amoxsna mimdevrobiTi 

miaxloebis meTodiT 

(7.26) fredgolmis gantolebis miaxloebiTi 

amoxsnis mizniT, gamoiyeneba mimdevrobiTi 

miaxloebis meTodi, romlis arsi mdgomareobs 

SemdegSi. 

(7.26) gantolebis amonaxsni veZeboT Semdegi (λ -

s mimarT) xarisxovani mwkrivis saxiT: 
2

0 1 2( ) ( ) ( ) ( ) ... ( ) ...n
nU t t t t tϕ λϕ λ ϕ λ ϕ= + + + + +    (7.32) 
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(7.32) CavsvaT (7.26) gantolebaSi da λ -s 

erTnairi xarisxebis koeficientebi gavutoloT 

erTmaneTs, miviRebT:  

         

0

1 0

2 1

1

( ) ( )

( ) ( ) ( ; )

( ) ( ) ( ; )

( ) ( ) ( ; )

b

a
b

a

b

n na

t f t

t K t d

t K t d

t K t d

ϕ

ϕ ϕ τ τ τ

ϕ ϕ τ τ τ

ϕ ϕ τ τ τ−

=⎧
⎪

= −⎪
⎪
⎪ = −⎪
⎨
⎪
⎪
⎪ = −
⎪
⎪⎩

∫
∫

∫

         (7.33) 

magaliTi 7.4. amovxsnaT Semdegi integraluri 

gantoleba  

 ( ) ( )
1

0
14 12U t t U d lτ τ τ+ ⋅ ⋅ = +∫  

amoxsna: (7.33) mimdevrobiTi miaxloebis 

meTodis gamoyenebiT gveqneba 
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0

1 2
1 0

1 2
2 0

1 2
3 0

1 2
4 0

( ) 14 12
32( ) (14 12 )
3

32 32( ) ( )
3 9

32 32( )
9 27

32 32( )
27 81

32 32 32 32 32 1 1 1( ) 14 12 ... 14 12 1 ...
3 9 27 81 3 3 9 27

t t

t t d t

t t d t

t t d t

t t d t

U t t t t t t t t

ϕ

ϕ τ τ τ

ϕ τ τ

ϕ τ τ

ϕ τ τ

= +

= − + = −

= − − =

= − = −

= =

⎛ ⎞= + − + − + − − = + − − + − + =⎜ ⎟
⎝ ⎠

=

∫

∫

∫

∫

32 114 12 14 12 8 6 1213 1
3

t t t t t

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪

+ − ⋅ = + − = +⎪
⎪ +
⎪⎩
 

 

e.i. ( ) 6 12U t t= +  

  

es ukanaskneli ki warmoadgens mocemuli 

integraluri gantolebis zust amonaxsns. 

im SemTxvevaSi, roca gantolebaSi Semavali 

integrali zustad ar gamoiTvleba an marjvena 

mxare ( )f t mocemulia cxrilis saxiT, maSin unda 

gamoviyenoT integralis gamosaTvleli romelime 

kvadraturuli formula da Semdeg amovxsnaT 

saZiebeli funqciis Sualeduri mniSvnelobebisaTvis 

miRebuli wrfiv gantolebaTa sistema, rogorc es 

gavakeTeT magaliT 7.3-Si. 

SevniSnoT, rom fredgolmis pirveli gvaris 

(7.25) gantolebis amosaxsnelad (7.31) sistemis 

nacvlad gveqneba Semdegi sistema: 
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1

n

j ij j i
j

A K U fλ
=

=∑ , 1,2,...,i n=           (7.34) 

Tu (7.34) sistemaSi Semaval integralur jams 

SevcvliT marTkuTxedebis formuliT, maSin 

1 2

1 2

, , ..., ( 1) ;

;
1

n

n

t a t a h t a n h b
b aA A A h
n

= = + = + − =
−

= = = =
−

 

trapeciis formulis gamoyenebisas gveqneba: 

    
1 2 3 1

, 0,1, , 1;

; ;
2

i

n n

t a ih i n
hA A A A A h−

= + = −

= = = = =
 

xolo integrebis simpsonis formulisaTvis,     

2 1n m= +  

      

1 2 2 1

1 2 1 2 4 2

3 5 2 1

, , ..., 2 , ;
2

4; ;
2 3

2
3

m

m m

m

b at a t a h t mh b h
m

h hA A A A A

hA A A

+

+

−

−
= = + = = =

= = = = = =

= = = =

 

 

 

$.7.8. volteras tipis integraluri 

gantolebis amoxsnis miaxloebiTi meTodebi 

 

1. integralur gantolebaTa Teoriidan 

cnobilia, rom Tu integraluri gantolebis 

( ; )K t τ guli uwyvetia { }R a t bτ≤ ≤ ≤ areSi, da ( )f t  
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uwvetia [ ],a b  segmentze, maSin (7.28) integralur 

gantolebas aqvs erTaderTi uwyveti ( )u t  amonaxsni 

nebismieri λ -saTvis. es amonaxsni SeiZleba veZeboT 

Semdegi saxiT: 

 

0
( ) ( )i

i
i

U t tλ ϕ
∞

=

= ∑                  (7.35) 

(7.35) SevitanoT volteras Semdeg meore gvaris 

gantolebaSi 

 

( )( ) ; ( ) ( )
t

a
U t K t U t dt f tλ τ− =∫       (7.36) 

da gavutoloT erTmaneTs λ -s erTnairi 

xarisxebis koeficientebi, miviRebT: 

 

( )0 1( ) ( ), ( ) ; ( )
t

i ia
t f t t K t dϕ ϕ τ ϕ τ τ+= = ∫         (7.37) 

0,1,2,...i =  

am meTods mimdevrobiTi miaxloebis meTodi 

ewodeba. 

magaliTi 7.5. mimdevrobiTi miaxloebis (7.37) 

meTodiT amovxsnaT volteras meore gvaris Semdegi 

integraluri gantoleba: 

 

( ) 1 2

0
( ) ( ) 1

t t tU t e U d e eτλ τ τ− + − −− = − +∫  

amoxsna: am gantolebidan (0) 1u =  da (7.37) 

algoriTmiT miviRebT: 



 241 

2
0

2 3 4
1

3 4 5 6
2

3 5 6 7 8
3

3 5
4

( ) 1
5 1 1( )
6 2 3
17 5 1 1 1( )
120 12 3 8 15

( ) 0.0215 0.0708 0.1042 0.0667 0.0208 0.0095

( ) 0.0017 0.0108 0.0177 0.0

t t

t t t t

t t t t t

t t t t t t

t t t

t e e

t e e e e

t e e e e e

t e e e e e e

t e e e

ϕ

ϕ

ϕ

ϕ

ϕ

−

− − −

− − − − −

− − − − − −

− − −

= − +

= + + −

= − + − +

= − + − + −

=− − + − 7 8 9 10

3
0 1 2 3 4

5 7 9 10

124 0.0095 0.0034 0.0011

( ) ( ) ( ) ( ) ( ) ( ) 1 0052 0.0017

0.0031 0.0084 0.0034 0.0011

t t t t

t t

t t t t

e e e e

U t t t t t t e e

e e e e

ϕ ϕ ϕ ϕ ϕ

− − − −

− −

− − − −

+ − +

≈ + + + + ≈ − + −

− + − +
 

(0) 0.9995,U ≈ , xolo (1) 0.9982,U ≈  

Tavidan ganxiluli integraluri gantolebis 

zusti amonaxsnia ( ) 1U t ≡ . rogorc Cans gvaqvs 

sakmarisad kargi miaxloeba. 

axla ganvixiloT volteas pirveli gvaris 

(7.27) gantoleba, im SemTxvevaSi roca ( ; ) 0K t t ≠  da 

( )f t  diferencirebadi funqciaa, maSin is daiyvaneba 

volteras meore gvaris gantolebaze, amisaTvis (7.27) 

gavawarmooT t  parametriT, miviRebT 

'( ; ) ( ) ( ; ) ( ) '( )
t

ta
K t t U t K t U d f tλ λ τ τ τ+ =∫  

saidanac, miviRebT volteras meore gvaris 

Semdeg gantolebas: 

'1 '( )( ) ( ; ) ( )
( ; ) ( ; )

t

ta

f tU t K t U
K t t K t t

τ τ
λ

+ =∫  
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$.7.9. volteras gantolebebis ricxviTi 

amoxsnis kidev erTi meTodi 

(T. vekuas meTodi) 

gavnixiloT volteras tipis Semdegi 

gantoleba 

''( ) ( ; ) ( ) ( )
t

a
U t K t d f tττα τ τ⋅ + =∫       (7.38) 

roca parametri 1α = , miviRebT volteras 

meore gvaris integralur gantolebas, xolo, roca 

0α = , gveqneba volteras pirveli gvaris 

integraluri gantoleba, (7.38) gantolebis amonaxsns, 

Cven veZebT [ ],t a b∈  segmentze, vTqvaT, 
b ah

n
−

= ; 

it a ih= + , 0,1,...,i n= , cxadia, rom  

''( ) ( ; ) ( ) ( ) ( )it

i ia
U t K t U t d f tττα τ τ⋅ + =∫  

cxadia, 0 0 ( )U f f aα ⋅ = =  da maSin, roca 

0α = pirveli gvaris integraluri gantolebis 

SemTxvevaSi vigulisxmoT, rom 0 0( ) ( )f t f f a= = , 

xolo meore gvaris gantolebisaTvis 1α =  da 

U0 U t0( ) f0 f a( ).  

am pirobebSi mocemuli gantoleba CavweroT ase:  

1
1

''

0
( ; ) ( ) ( )j

i t

i i ij
j

U K t U d fττα τ τ τ+
−

=

⋅ + =∑∫         (7.39) 

sadac ( )i iU t U=  da ( )i if t f= , 0( )f a f= . 

yovel 1,j jt t +⎡ ⎤⎣ ⎦  lokalur Sualedze saZiebeli 

( )U t  funqcia SevcvaloT wrfis monakveTiT: 
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U τ( ) Uj
Uj 1+ Uj−

h
τ tj−( )⋅+  

 

da nawilobiTi integrebiT gamovTvaloT 

integrali 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

1

1

1

1''

1 1' '

1' '
1 1 1

;

; ;

; ; ; ;

j

j

j

j

j

j

t j j
i j jt

t
tj j j j

j j i it
t

j j
j i j j i j i j i j

U U
K t U t d

h

U U U U
U t K t K t d

h h

U U
U K t t U K t t K t t K t t

h

ττ

τ τ

τ τ

τ τ τ

τ τ τ τ

+

+

+

+

+ +

+
+ + +

−⎡ ⎤
⋅ + − =⎢ ⎥
⎣ ⎦

− −⎡ ⎤
= + − − ⋅ =⎢ ⎥

⎣ ⎦

−
⎡ ⎤= − − − −⎣ ⎦

∫

∫

 

ajamviT (7.39)-dan miviRebT: 

α Ui⋅
1
h

K ti ti 1−,( ) K ti ti,( )− h Kτ⋅ ti ti,( )+⎡⎣ ⎤⎦⋅ Ui⋅+ +
 

 

1

i 1−

j

K ti t j 1−,( ) 2 K ti tj,( )⋅− K ti t j 1+,( )+( )∑
=

Uj⋅ fi 

      ukanaskneli tolobidan, miviRebT Semdeg 

rekurentul formulas                                         

( ) ( ) ( ) ( ) ( )
1

1 1
1

1 ; 2 ; ;
; ;

i
i

i i j i j i j j
ji i

hfU K t t K t t K t t U
h hβ α β α

−

+ −
=

⎡ ⎤= − − +⎣ ⎦∑  (7.40)                

sadac ( ) ( ) ( ) ( )'
1; ; ; ;i i i i i i i ih h hK t t K t t K t tτβ α α −= + − + ; 

1,2,...,i n= . 

Tu integraluri gantolebis ( ) ( );K t K tτ τ= −  

guli Seicavs ( )t τ−  sxvaobas, maSin 
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0 2 4 6 8
2

1

0

1

2

u

y

t

( ) ( ) ( ) ( ) ( )'; 0 0 ;i h h hK K K h hτβ α α β α= + − + = , maSin 

formula (7.40) miiRebs saxes: 

   
Ui

h fi⋅

1

i 1−

j

K ti tj 1+, ( ) 2 K ti tj, ( )⋅− K ti tj 1−, ( )+( ) Uj⋅⎡⎣ ⎤⎦∑
=

−

β           
7.41( )             

magaliTi 7.6. amovxsnaT volteras meore gvaris  

( ) ( )
0

3( ) sin sin cos
2 2

t tU t t U d t tτ τ τ+ − = −∫  

integraluri gantoleba: 

aq 1α = ; ( ) ( )'' sinK t tττ τ τ− = − ; ( ) ( )' cosK t tτ τ τ− = − ; 

( ) ( )sinK t tτ τ− = − − , ( )1; 2 sinhh hβ β= − = . 

(7.41) rekurentuli formuliT miviRebT Sedegs, 

romelic gamosaxulia nax. 7.3-ze uwyveti wiriT, 

xolo wertilebiT ocemulia ntegraluri 

gantolebis zust amonaxsns, kerZod ( ) sinU t t≡ , 

0.1h = . 

 

 

 

 

 

 

 

 

 

 

 

 

nax.7.3 
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magaliTi 7.7. ganvixiloT abelis amocana, romelic 

daiyvaneba volteras pirveli gvaris integraluri 

gantolebis amoxsnaze: 

( ) ( )
0

t U t
d f t

t
τ

τ
=

−∫  

am tipis gantolebaze daiyvaneba meqanikisa da 

fizikis uamravi amocanebi. am SemTxvevaSi α 0 ; 
( )0 0U = ; ( )0 0f = ; ganvixiloT konkretuli 

SemTxveva: ( ) 216
15

f t t t= , amasTan ( )'' 1K t
t

τ
τ

− =
−

, am 

SemTxvevaSi mocemuli gantolebis zusti amonaxsnia 

( ) 2U t t= , 0.1h = , SevadaroT erTmaneTs ( ) 2U t t= -is 

zusti da (7.41) formuliT miRebuli miaxloebiTi 

mniSvnelobebi, ixileT cxrili: 

 

 

t  2t  (7.41) t  2t  (7.41) t  2t  (7.41) 

0.1 

0.2 

0.3 

0.4 

0.5 

0.01 

0.04 

0.09 

0.16 

0.25 

0.008 

0.039 

0.088 

0.159 

0.248 

0.6 

0.7 

0.8 

0.9 

1.0 

0.36 

0.49 

0.64 

0.81 

1.0 

0.359 

0.488 

0.637 

0.808 

0.998 

1.1 

1.2 

1.3 

1.4 

1.5 

1.21 

1.44 

1.69 

1.96 

2.25 

1.208 

1.438 

1.688 

1.959 

2.248 
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$ 7.10. fredgolmis gantolebis ricxviT 

amoxsnis kidev erTi meTodi 

rogorc viciT volteras wrfivi integraluri 

gantolebas aqvs saxe: 

( ) ( ) ( )( ) ;
t

a
U t K t U d f tτ τ τ+ =∫ , a t b≤ ≤    (7.42) 

zogierTi SezRudviT volteras integraluri 

gantoleba egviZlia ganvixiloT, rogorc 

fredgolmis gantolebis kerZo SemTxveva. 

( );K t τ  integraluri guli (7.42) gantolebaSi 

amocanis arsidan gamomdinare, gansazRvrulia 

a tτ≤ ≤ . Tu guls damatebiT, roca tτ > , 

ganvmartavT ase: ( ); 0K t τ = , t bτ< ≤  maSin (7.42) 

gantoleba SegviZlia ganvixiloT, rogorc 

fredgolmis gantolebis kerZo SemTxveva, Semdegi 

( );G t τ  guliT 

( ) ( ); ,
;

0
K t

G t
τ

τ
⎧⎪= ⎨
⎪⎩

roca 
t
t

τ
τ

≤
>

 

aseTnairad ganmartebuli integraluri ( );G t τ  

guliT fredgolmis integraluri gantoleba   

( ) ( ) ( )( ) ;
b

a
U t G t U f tτ τ+ =∫            (7.43) 

igiuria (7.42) volteras gantolebisa.  
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                nax. 7.4 

daStrixul areSi ( );G t τ  emTxveva ( );K t τ - 

guls, xolo aris meore nawilSi igiurad nulia.  
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7.11 Mathcad 

A arawrfivi gantolebisa da gantolebaTa 

sistemebis amoxsnis modificirebuli ricxviTi 

meTodebi.  

   rogorc zemoT aRvniSneT arawrfivi gantolebisa 

da ganotelebaTa sistemis amoxsna SesaZlebelia 

saxelmZRvanelos avtoris mier SemoTavazebuli 

modificirebuli meTodiT, romlisganac miiReba 

dasmuli amocanis amoxsnis niutonis, runge-kutas 

meore rigis (PC-meTodi) da runge-kutas meoTxe 

rigis sizustis meTodebi. 

    amovxsnaT f(x)=0 gantoleba samive meTodiT erTi 

da imave sawyisi pirobiT. 

       

 f(x)=x3+x2-4x-4 
niutonis meTodiT miviRebT 

x0 4:=
  

n 5:=  

f x( ) x3 x2
+ 4 x⋅− 4−:=  

f1 x( )
x
f x( )d

d
3 x2
⋅ 2 x⋅ 4−+→:=

 

x z 0←

xi 1+ xi

f xi( )
f1 xi( )−←

i 0 n..∈for

:=

 

x float 10,

4.

2.846153846

2.239419356

2.027615546

2.000434296

2.000000110

2.000000000

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

→
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    PC-runge-kutas meore rigis sizustis meTodiT 

vRebulobT: 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

  

n 2:=  

f x( ) x3 x2
+ 4 x⋅− 4−:=  

f1 x( )
x
f x( )d

d
3 x2
⋅ 2 x⋅ 4−+→:=  

x z 0←

x0 4←

A f xi( )←

k1
A−

f1 xi( )←

k2
A−

f1 xi k1+( )←

xi 1+ xi 0.5 k1 k2+( )⋅+←

i 0 n..∈for

:=

x

4

2.269

2.001

2

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=  x float 10,

4.

2.268968114

2.001178172

2.000000000

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

→  
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runge-kutas meoTxe rigis sizistis meTodiT 

vRebulobT: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

n 1:=  

f x( ) x3 x2
+ 4x− 4−:=  

f1 x( )
x
f x( )d

d
3 x2
⋅ 2 x⋅ 4−+→:=  

x z 0←

x0 4←

b f xi( )←

c1
b−

f1 xi( )←

c2
b−

f1 xi
c1
2

+⎛⎜
⎝

⎞⎟
⎠

←

c3
b−

f1 xi
c2
2

+⎛⎜
⎝

⎞⎟
⎠

←

c4
b−

f1 xi c3+( )←

xi 1+ xi
c1 2 c2⋅+ 2 c3⋅+ c4+

6
+←

i 0 n..∈for

:=

x

4

2.012

2

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=  x float 10,

4.

2.011635922

2.000000000

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

→  
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  rogorc vnaxeT erTi da igive miaxloeba 10-niSnis 

sizustiT miiRweva Semdeg etapebze: 

   niutonis meTodiT              n=6 
   runge-kuta meore (PC)                  n=3 
   runge-kuta meoTxe              n=2 
   

integraluri gantolebis amoxsna meTodebiT 

  amovxsnaT volteras meore gvaris integraluri 

gantoleba: 

   

α U t( )⋅
0

t
τt τ− 4 sin t τ−( )⋅−( ) U τ( )⋅

⌠
⎮
⌡

d+ t 

 

da ricxviTi meTodiT miRebuli amonaxsni 

SevadaroT am gantolebis  y t( ) t
et e t−

+
2

⋅≡  

zust amonaxsns. gamosaTvlel programas aqvs saxe: 

h 0.1:=    α 1:=   n 40:=  
K2 t τ,( ) t τ− 4 sin t τ−( )⋅−:=  f t( ) t:=  

K1 t τ,( ) τK2 t τ,( )
⌠
⎮
⌡

d t τ⋅
1
2

τ
2

⋅− 4 cos t−( ) τ+⎡⎣ ⎤⎦⋅−→:=

 

K t τ,( ) τK1 t τ,( )
⌠
⎮
⌡

d
1
2

t τ
2

⋅⋅
1
6

τ
3

⋅− 4 sin t−( ) τ+⎡⎣ ⎤⎦⋅−→:=

 
i 2 n..:=   j 0 n..:=  
ti i h⋅:=

  
t j j h⋅:=

 
Ki j, K ti t j,( ):=

 
βi α h⋅ h K1 ti ti,( )⋅+ Ki i,− Ki i 1−,+:=
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β2 0.1=  u1

h f t1( )⋅

β2
:=

 

ui

h f ti( )⋅

1

i 1−

j

Ki j 1+, 2 Ki j,⋅− Ki j 1−,+( ) u j⋅⎡⎣ ⎤⎦∑
=

−

βi
:=

 
 

u0 0=
   

y j t j
e

t j−
e
t j+

2
⋅:=

 
u1 0.101=  

 

 programiT miRebuli Sedegebia 

 

 

  

u

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0

0.101

0.204

0.314

0.433

0.564

0.712

0.879

1.071

1.291

1.545

1.837

2.176

2.566

3.016

3.535

=  y

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0

0.101

0.204

0.314

0.432

0.564

0.711

0.879

1.07

1.29

1.543

1.835

2.173

2.562

3.011

3.529

=  



 253 

0 1 2 3 4
0

50

100

u

y

t

 

 

 

 

 

 

 

 

 

 

 

 

 

amovxsnaT volteras pirveli gvaris integraluri 

gantoleba. 

0

t

τ
u τ( )
t τ−

⌠
⎮
⎮
⌡

d
16t2 t⋅

15
 

 

  da amonaxsni SevadaroT y=t2 zust amonaxsns. 
h 0.2:=  α 0:=   n 40:=  

K2 t τ,( ) 1

t τ−
:=

  
f t( )

16 t2⋅ t⋅

15
:=

 

K1 t τ,( ) τK2 t τ,( )
⌠
⎮
⌡

d 2−( ) t τ−( )

1

2
⋅→:=

 

K t τ,( ) τK1 t τ,( )
⌠
⎮
⌡

d
4
3

t τ−( )

3

2
⋅→

4
3

t τ−( )

3

2
⋅→:=
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i 2 n..:=   j 0 n..:=  
ti i h⋅:=

  
t j j h⋅:=

 
Ki j, K ti t j,( ):=

 
βi α h⋅ h K1 ti ti,( )⋅+ Ki i,− Ki i 1−,+:=  

β2 0.119=  u1

h f t1( )⋅

β2
:=

 
u0 f 0( ):=

 

ui

h f ti( )⋅

1

i 1−

j

Ki j 1+, 2 Ki j,⋅− Ki j 1−,+( ) u j⋅⎡⎣ ⎤⎦∑
=

−

β2
:=

 
 

          
y j t j( )2

:=
 

u

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0

0.032

0.155

0.354

0.634

0.994

1.434

1.954

2.554

3.234

3.994

4.834

5.754

6.754

7.834

8.994

=

  

y

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0

0.04

0.16

0.36

0.64

1

1.44

1.96

2.56

3.24

4

4.84

5.76

6.76

7.84

9

=
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u
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  vTqvaT, unda vipovoT P x( ) anxn an 1− xn 1−
⋅+ ....+ a1 x1+ a0+  

polinomis fesvebi, amisaTvis saWiroa SevadginoT 

koeficientebis svet-matrica V 

                                 

 

 

 

 

 

 

v

a0

a1

an 1−

an

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

:=  
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Semdeg polyroot operatoriT miviRebT sasurvel 

Sedegs. ganvixiloT magaliTebi: 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. f x( ) x4 10 x3
⋅− 27 x2

⋅+ 2 x⋅− 40−:=  

v

40−

2−

27

10−

1

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  

polyroots v( )

2−

1

2 3i+

2 3i−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=  

2. f x( ) x4 3 x3
⋅− 7 x2

⋅+ 21 x⋅+ 26−:=  

v

26−

21

7

3−

1

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  

polyroots v( )

2−

1

2 3i+

2 3i−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=  

3. f x( ) x3 3 x2
⋅− 5 x⋅− 39+:=  

v

39

5−

3−

1

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

:=  
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polyroots v( )

3−

3 2i−

3 2i+

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

=  

4. f x( ) x4 7 x3
⋅+ x− 5+:=  

v

5

1−

0

7

1

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=  
f 1−( ) 0=

polyroots v( )

6.965−

1−

0.482 0.697i+

0.482 0.697i−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=  

5. f x( ) x5 4 x4
⋅+ 3 x3

⋅+ 3 x2
⋅− x+:=  

v

0

1

3−

3

4

1

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=  

polyroots v( )

2.325− 0.666i−

2.325− 0.666i+

0

0.325 0.256i−

0.325 0.256i+

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=
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gantolebaTa sistemis amoxsna Given-Find 
operatorebiT 

 

g x y,( ) x y+ 3−:=  

f x y,( ) x2 y2
+ 5−:=  

x 3:=  y 1−:=  
   Given 

f x y,( ) 0 
g x y,( ) 0 
R Find x y,( ):=  

R
1

2
⎛
⎜
⎝

⎞
⎟
⎠

=  

f R0 R1,( ) 2.637− 10 6−
×=  

g R0 R1,( ) 0=  

 

 

 

  roca cnobilia fesvis ganTavsebis Sualedi maSin 

vsargeblobT root(f(x),x, a,b) operatoriT  

1. G x( ) x2 4 x⋅− 3+:=  

 

P0 root G x( ) x, 0, 1,( ):=   P1 root G x( ) x, 2, 4,( ):=  
 
P0 1=     P1 3=  
 
G P0( ) 0=    G P1( ) 0=  
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Gantolebis amoxsna root operatoriT 

2. f x( ) tan x( ) e x−
−:=    3. f1 x( ) x 1− 0.5 sin 2 x⋅( )⋅−:=  

R root f x( ) x, 0, 1,( ):=    L root f1 x( ) x, 1, 2,( ):=  
R 0.531=     L 1.143=  
f R( ) 2.21− 10 9−

×=    f1 L( ) 1.95− 10 9−
×=  

 

gantolebis amoxsna solve operatoriT 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

f x( ) cos x( )2 1− solve x,
0

π

⎛
⎜
⎝

⎞
⎟
⎠

→:=  

f1 x( ) sin x( )2 1− solve x,

1
2

π⋅

1−

2
π⋅

⎛
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎠

→:=  

f2 x( ) x3 x2
+ 4x− 4− solve x,

2

2−

1−

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

→:=  

f3 x( ) x2 8 cos x( )⋅− solve x, 1.343286418780731280→:=  

f3 x( ) float 20, 1.343286418780731280→

f4 x( ) x3 1− solve x,

1

1−

2
1
2

i 3

1

2
⋅⋅+

1−

2
1
2

i 3

1

2
⋅⋅−

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

→:=  
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f5 x( ) x2 25− solve x,
5

5−
⎛
⎜
⎝

⎞
⎟
⎠

→:=  

g x( ) sin x( ) 1−:=  

x 1:=

Given
g x( ) 0 

R root g x( ) x,( ):=  

g R( ) 7.029− 10 11−
×=  

R 1.571=  
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magaliTebi 

ipoveT ( ) 0f x =  gantolebis erT-erTi namdvili 

fesvi moTavsebuli ( ),a b  SualedSi 

410ε −= sizustiT: 

7.1. ( ) ln 4xf x x e= + − ; ( )1;2  

7.2. ( ) / 2 4 6xf x e x= + − ; ( )1;2  

7.3. ( ) ( )3sin 0.5ln 1 1f x x x x= + + + − ; ( )0;1  

7.4. ( ) ( )ln 1 sin 4xf x x e x= + − + ; ( )0;1   

7.5. ( ) ( )ln 1 cos 2xf x e x x= + − + ; ( )0;1  

7.6. ( ) ( )1 cos 5xf x xe x x x= + + ; ( )0;1  

7.7. ( ) ( ) 2ln 1 cos 3 2 xf x x e x−= + − ⋅ + ; ( )0;1  

7.8. ( ) 2 25.425 0.163 7.15xf x tg x e x−= − + ; ( )0;1  

7.9. ( ) /3 4 6xf x e x= + − ; ( )1;2  

7.10. ( ) ( )3ln 1 1 1.3001f x x x x= + − + + ; ( )0;1  

7.11. ( ) 2 cos 1f x x x= − − ; ( )0;1  

7.12. ( ) 2cos 1f x x x= − + ; ( )1;2  

7.13. ( ) 3 24 30f x x x= + − ; ( )1;2  

7.14. ( ) xf x tgx e−= − ( )0;1  

7.15. ( ) 1 0.5sin 2f x x x= − − ; ( )1;2  

7.16. ( ) 4 3 7 1f x x x x= + + + ; ( )2;1−  

7.17. ( ) ( )1 0.25ln 1f x x x= − + + ; ( )0;1  

7.18. ( ) cos 7 1xf x e x x= + − + ; ( )0;1  
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7.19. ( ) 4 31.5 6 1f x x x x= − + − ; ( )0;1  

7.20. ( ) ( )ln 2 10xf x e x x= + + − ; ( )0;1  

 

amoxseniT Semdegi gantolebebi da gantolebaTa 

sistemebi modificirebuli diferencialuri 

meTodebiT. 

7.21. ( ) 31 4
3

f x x x= − ; 0 0.5; 2.5, 3.5x = − ; 

7.22. ( ) 3 0.468473f x x= − ; 0 1x = ; 

7.23. ( ) 3 24 4f x x x x= − − + ;  

7.24. ( ) 3 22 1.2621399 2.5242798f x x x x= − − + ; 

7.25. ( ) 3 22 0.1254661 0.2509322f x x x x= + − − ; 

7.26. 

2 2

2

13,
10.

x y
x xy

⎧ + =⎪
⎨

− =⎪⎩
 ( )0 1; 1M − ; ( )0 3;1M  

7.27. 

2 2

2

29,
1.

x y
x y

⎧ + =⎪
⎨

− = −⎪⎩
 

7.28. 7.27 amoxseniT runge-kutas meoTxe rigis 

sizustis meTodiT. 

7.29. 
2 1 0,

1 0.
x y
x y

⎧ − + =
⎨

− + =⎩
 

7.30. 

2

2

3ln 0,
2 5 1.
x x y
x xy x

⎧ + − =⎪
⎨

− − = −⎪⎩
 

amoxseniT fredgolmis integraluri 

gantolebebi kvadratuli formulebis gamoyenebiT: 

7.31. ( )
1 1

0
( ) 1t tU t te U d t teτ τ τ+ ++ = + +∫  
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7.32. ( )
1 1

0
( ) 2t t tU t te U d t te teτ τ τ− −+ = + −∫  

7.33. ( )2 21

0
( ) t t tU t te U d e teτ τ τ−+ = −∫  

7.35. ( )
1

0

1( ) sin 2
3

U t t U d tπ τ τ τ− ⋅ = +∫  

 

amoxseniT meore gvaris integraluri 

gantolebebi mimdevrobiTi miaxloebis meTodiT: 

7.36. ( )
1

0
( ) 2U t t U d tτ τ τ− ⋅ =∫  

7.37. ( )2

0

1( ) cos 1U t U d
π

τ τ τ
π

+ =∫  

7.38. ( ) ( ) ( ) ( )
1

0

1( ) 1 sin 1
2

U t x U d tπ πτ τ τ− − ⋅ = −∫  

7.39. ( )
0

1( ) sin 2sin
2

U t t U d t
π

τ τ
π

− =∫  

7.40. 

( ) ( ) ( )
0

1( ) cos cos cos
2

U t t t U d t
π

τ τ τ τ
π

⎡ ⎤+ + + − =⎣ ⎦∫  

7.41. ( )
0

( ) 1
t

U t U dτ τ− =∫  

7.42. ( )
2

0
( )

2
t tU t U d tτ τ+ = +∫  

7.43. ( ) 2

0
( ) 1

t
U t t U d tτ τ− = −∫  

7.44. ( )
0

( ) 1
t

U t t U dτ τ− =∫  

7.45. ( )
0

( ) 1
t

U t U dτ τ τ− =∫  

7.46. ( ) ( )
0

( ) 1
t

U t t U dτ τ τ− − =∫  
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(7.41) rekurentuli formuliT amoxseniT 

Semdegi integraluri gantolebebi: 

7.47. ( ) ( )
0

( ) sin 2 sin
t

U t t U d t tτ τ τ+ − = −∫ ; 0.1h = ; 

7.48. ( ) 2 3

0

1( )
3

t
U t U d t tτ τ+ = +∫ ; 0.25h = ; 

7.49. ( ) ( )
0

t
U d f tτ τ =∫ , amonaxsni  ( )U t  

warmoadgineT rekurentuli formulis saxiT. 

7.50. ( ) 3 2

0

1 1
3 2

t
U d t tτ τ = −∫ , . amoxseniT 7.49-Si 

miRebuli rekurentuli formuliT.  
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pasuxebi 

1.1. 1 1x = ; 2 1x = ; 3 1x =                  1.2. 1 1x = ; 

2 2x = ; 3 0x =  

1.4. 1 1x = ; 2 2x = ; 3 1x =                 1.4. 1 2x = ; 

2 2x = ; 3 3x = −  

1.5. 1 1x = ; 2 0x = ; 3 2x =                 1.6. 1 2x = ; 

2 3x = ; 3 4x =  

1.7. 1 1x = ; 2 0x = ; 3 2x =                 1.8. 1 2x = ; 

2 1x = ; 3 4x =  

1.9. 1 2x = − ; 2 0x = ; 3 1x =                1.10. 

sistema araTavsebadia 

1.11. 1 37 8x x= − ; 2 34 3x x= − ; 3x  - nebismieri 

ricxvia; 

1.12. 1 34 2x x= − ; 2 32 2x x= − ; 3x  - nebismieri 

ricxvia; 

1.13. 1 2x t= ; 2 3x t= − ; 3x st= ; t  - nebismieri 

ricxvia; 

1.14. 1 2 3x x x= − ; sadac 2x  da 3x  nebismieri 

ricxvia; 

1.15. 1 3x = ; 2 0x = ; 3 1x = ; 4 2x = . 

1.16. 1 0x = ; 2 1x = ; 3 2x = ; 4 0x = . 

1.17. 1 2x = ; 2 0x = ; 3 1x = ; 4 3x = . 

1.18. 1 4x = ; 2 2x = ; 3 5x = ; 4 1x = . 

1.19. 1 1x = ; 2 1x = ; 3 4x = ; 4 2x = ; 5 3x = ; 6 2x = . 

1.20. 1 1x = ; 2 2x = ; 3 1x = ; 4 3x = ; 5 2x = ; 6 0x = . 
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1.21. 1 5x x= ; 2 51x x= − ; 3 1x = ; 4 53x x= − ; 5x  - 

nebismieria. 

1.22. 1 1x = ; 2 2x = ; 3 3x = ; 4 1x = ; 5 0x = . 

1.23. 1 1x = − ; 2 0x = ; 3 2x = ; 4 3x = ; 5 0x = ; 6 1x = ; 

7 1x = − ; 8 4x = . 

1.24. 1 2x = − ; 2 1x = ; 3 2x = ; 4 3x = ; 5 2x = − ; 6 0x = ; 

7 1x = ; 8 2x = ; 9 1.5x = − . 

1.25. 1 2x = ; 2 3x = − ; 3 1x = ; 4 0x = ; 5 2x = − ; 6 0x = ; 

7 0x = ; 8 8x = ; 9 9x = ; 10 9x = . 

1.26. 1 3x = ; 2 2x = ; 3 4x = ; 4 0x = ; 5 0x = ; 6 8x = − ; 

7 13x = − ; 

1.27. 1 4x = ; 2 1x = ; 3 2x = − ; 4 0x = ; 5 5x = ; 6 2x = . 

1.28. 1 3x = − ; 2 2x = − ; 3 1x = − ; 4 0x = ; 5 1x = ; 6 2x = ; 

7 3x = . 

1.29. 1 1.9092x ≈ ; 2 3.1949x ≈ ; 3 5.0449x ≈ . 

1.30. 1 0.842x ≈ − ; 2 0.88x ≈ ; 3 0.436x ≈ . 

 

2.1. a) 

( ) ( )( )( ) ( )( )( )( )

( ) ( )( ) ( ) ( )( )

4
1 11 2 3 1 1 2 3

12 6
1 11 2 3 1 1 3
4 12

P x x x x x x x x x

x x x x x x x x

= − − − − + − − − −

− + − − + + − −

 

 b) ( ) 2 3 4
4

31 1 13 11
12 4 12 4

P x x x x x= − − − − . 
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 g) ( ) ( )41.5 1.5 1.04685f P= = − ;  

( ) ( )42.5 2.5 0.14063f P= =  

2.2. ( )1.05 2.4f =  

2.5. 23.995 2.163 0.268y x x= − + . 

2.6. 21.4 1.23 0.87y x x= − + . 

2.7. 20.14 0.088 0.002y x x= + + . 

2.8. 21.93 0.28 1.54y x x= − − + . 

2.9. 261.84 0.67 0.04T t t= − + . 

2.10. 25.38 1.24y x x= + −  

2.11. 
122y
x

≈ + . 

2.12. 
15.974.69y

x
≈ + . 

2.13. 
4.3911.92y

x
≈ + . 

2.14. 2.209 0.35lny x≈ + . 

2.15. 4.973 0.466lny x≈ +  

2.16. 0.10.863 0.913 xy e≈ − +  

2.17. 0.13.018 0.992 xy e≈ +  

 

3.1. 18.24 ; 3.2. 0.719 ; 3.3. 0.995 ; 3.4. 1.96 ; 3.5. 1.951; 
3.6. 1.9541− ;  

3.7. 0.69 ; 3.8. 0.75 ; 3.9. 0.78 ; 3.10. 0.31 ; 3.11. 1.929 ; 
3.12. 0.159 ;  

3.13 2.6667 ; 3.14. integrali ganSladia; 3.15. 

14.571; 3.16. 6 ; 
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4.1. ( )0.25 1.007904x ≈ ; ( )0.5 1.032735x ≈ ; 

( )0.75 1.091106x ≈ ; 

    ( )1.0 1.149478x ≈ ; ( )1.25 1.255612x ≈ ; 

( )1.55 1.405889x ≈ ; 

4.2. ( )1 3x = ; ( )1.25 3.39024x ≈ ; ( )1.5 3.83433x ≈ ; 

    ( )1.75 4.33876x ≈ ; ( )2 4.91069x ≈ ;  

4.3. ( )1 0.5x = ; ( )1.25 0.8281x ≈ ; ( )1.5 1.1274x ≈ ; 

( )1.75 1.4038x ≈ ; ( )2 1.6679x ≈ ;  

4.4. ( )2 3.058x = ; ( )2.25 3.30285x ≈ ; 

( )2.5 3.53471x ≈ ;  

    ( )2.75 3.74642x ≈ ; ( )3 3.92234x ≈ ;  

4.5. ( )2 0.2x = ; ( )2.2 0.03211x ≈ − ; ( )2.4 0.32448x ≈ − ;  

    ( )2.6 0.68329x ≈ − ; ( )2.8 1.04209x ≈ − ; 

( )3 1.40856x ≈ −  

4.6. ( )0.3 3.536427x ≈ ; ( )0.3 0.706737y ≈  

4.7. ( )1.25 0.3y ≈ ; ( )1.253 0.6z ≈  

4.8. ( )0 1y = ; ( )0.5 1.6044y ≈ ; ( )0 2z = ; 

( )0.5 5.0882z ≈  

4.9. ( )1 2.1156096x ≈ − ; ( )1 5.0268907y ≈  

4.10. ( ) ( )0 0 1y z= = ; ( ) ( )0.25 0.25 1.3203125y z= ≈ ; 

( ) ( )0.5 0.5 1.8432506y z= ≈  
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4.11. pirveli rigis gantolebaTa sistema, axal 

'y u= ; '' 'y u z= = ; '''y z=  funqciebSi miiRebs saxes: 

( )( ) ( )

( ) ( ) ( )

2 2 26 1 1 ' 4 7 64 0,

'
'
0 1, 0 6, 0 16,

x x x z x z y xu

y u
u z
y u z

⎧ + − − + − + − =
⎪

=⎪
⎨

=⎪
⎪ = = = −⎩

 

( )0.25 0.53125y = ; ( )0.5 0.5y = −  

4.12. ( )

( ) ( ) ( ) [ ]

2

' 0,
' ,

6'
2 2

0 0, 0 1, 0 0. 0,1

y
u z

x xz z u y

y u z

=⎧
⎪ =⎪⎪

−⎨ = + ⋅ −⎪
⎪

= = =⎪⎩

 

     ( )0.5 0.8243y = ; ( )1 2.7183y ≈  

4.13. ( )1.25 0.217698y ≈ ; ( )1.5 0.483673y ≈ ; 

( )1.75 0.700992y ≈ ; ( )2 0.896362y ≈ ;  

4.14. ( )0 0y = ; ( )0.5 1.58986y ≈ ; ( )1 2.19328y ≈ ; 

( )1.5 2.67191y ≈ ; ( )2 3.02571y ≈  

4.15. ( )0.5 1.30958y ≈ ; ( )1 2.61444y ≈ ; 

( )1.5 2.88981y ≈ ; ( )2 7.32464y ≈  

5.1. ( )max 0 1y = ; ( ) ( )max min
11 1
2

y y− = =  

5.2. ( )max 0 2y = − ; ( )min 2 2y =  

5.3. ( )min
21 7
3

y = ; ( )max 3 9y =  
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5.4. ( )min
11 6
3

y − = − ; ( )max 3 5y − = −  

5.5. ( )min
91
4

y − = ; ( )max
20 2
3

y = ; ( )min 2 0y =   

5.6. ( )min
10
3

y = − ; ( )max 1 0.25y = ; ( )min 4 11y = −   

5.7. ( )min 0 4y = ; ( )max 1 5y ± = ; 

5.8. ( )max 0 0y = ; ( )min 2 16y ± = − ; 

5.9. ( )min 1 0y = ; 

5.10. ( )max
51 5
6

y = ; ( )min 6 15y = − ; 

5.11. y umc. ( )3 3= − ; 

5.12. y umc. ( ) 22 5
3

= − ; y ud. ( )3 3.5= −  

5.13. y umc. ( ) 51 5
6

− = − ; y ud. ( ) 12 4
3

= −  

5.14. a) y ud. ( )1 7− = ; y umc. ( )3 13= −  

b) y umcd. ( )1 2− = ; y ud. ( )3 13=   

5.15. a) y ud. ( )1 19− = ; y umc. ( )4 9=  

b) y umcd. ( )1 11− = ; y ud. ( )4 16=  

5.16. y umc. ( ) 11 4
3

− = − ; y ud. ( ) 25 7
3

= −  

5.17. y umc. ( )2 25± = − ; y ud. ( )1 2± =  

5.18. y umc. ( )1 10− = − ; y ud. ( )1 2=  

5.19. y ud. ( )1 23= ; y umc. ( )1 53− = −  
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5.20. y umc. ( )0 0= ; y ud. ( )4 8=  

5.21. ( )0;5 25minz = ; 5.26. ( )4;3 14minz = ; 

( )max 4; 3 14z − − = −        

 

5.22. ( )1;2 1minz = − ; 5.27. ( )0.5;1 3minz = ; 

5.23. ( )0;4 16minz = − ;  5.28. ( )1; 1 1minz − = − ;      

5.24. ( )1;0 1minz = − ;  5.29. 
1 1 1;
3 3 27minz ⎛ ⎞ = −⎜ ⎟

⎝ ⎠
;  

5.25. ( )max 1;1 1z − = ; 5.30. ( )1;5 15minz = ;  

5.31. 
18 12 36;
13 13 13minz ⎛ ⎞ =⎜ ⎟

⎝ ⎠
; 6.32. ( )0.5; 1 2.5minz − = − ;  

5.33. max
4 3; 10
5 5

z ⎛ ⎞− − =⎜ ⎟
⎝ ⎠

;  
4 3; 0
5 5minz ⎛ ⎞ =⎜ ⎟

⎝ ⎠
;  

5.34. min
9 ;0 4
4

z ⎛ ⎞ =⎜ ⎟
⎝ ⎠

;  max
3 ; 2 16
4

z ⎛ ⎞− =⎜ ⎟
⎝ ⎠

;  

5.35. ( )min 2;1 8z = − ;  ( )max 2; 1 36z − − = ;  

5.36. z umc. ( )3; 2 13− = − ; z ud. ( )6;4 104− =   

5.37. z umc. ( )3;4 75= − ; z ud. ( )3; 4 125− − =  

5.38. z umc.
11; 2.25
2

⎛ ⎞ = −⎜ ⎟
⎝ ⎠

; z ud. ( )0;3 6=   

5.39. z umc. ( )1;3 10= − ; z ud. ( )5;0 15=   

5.40. z umc. ( )6;0 12= − ; z ud. ( )0;6 6=  

5.41. z ud. ( )5;0 15= ;  5.42.  z ud. ( )0;6 30=   

5.43. z ud. ( )3;2 17= ; 5.44.  z ud. ( )5 5 ;2 2 40t t− + =   
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5.45. z ud. ( )1 ;3 12t t− + = ;   

5.46. amocana daiyvaneba 

( ); 0.8 0.7 maxz f x y x y= = + →   z -funqciis 
maqsimizaciaze Semdegi SezRudvebiT: 

6 3 2700
0.2 0.3 120

0, 0

x y
x y

x y

⎧ + ≤
⎪ + ≤⎨
⎪ ≥ ≥⎩

   

amgvarad fabrikis yovelTviuri maqsimaluri 

mogebaa 405 lari. 14 tipis produqciis raodenoba 

375 erTeuli. G -ki 150.  

5.47. ( ); 400 320 minz f x y x y= = + →  kontraqtiT 

unda Sesruldes Semdegi SezRudvebi:  

60 20 120
20 20 80
40 120 280
0 7, 0 7

x y
x y
x y
x y

+ ≥⎧
⎪ + ≥⎪
⎨ + ≥⎪
⎪ ≤ ≤ ≤ ≤⎩

 

( )min 1;3 1360z f= = . 1H  xazma unda imuSaos 1 

dRes, 2H -ma ki – 3 dRes. 

5.48. ( ); 800 320 minz f x y x y= = + → , Semdegi 

pirobebiT: 

 

40 20 900

,
3
0, 0

x y
xy

x y

+ ≥⎧
⎪⎪ ≤⎨
⎪
⎪ ≥ ≥⎩

 

( )min 20;5 17600z f= =  mudmivi Statis 20 

TanamSromeli, droebiTi Statis 5 TanamSromeli.  
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5.49. Tu firma gamouSvebs 1K  tipis 20 

kompiuters da 2K  tipis 10 kompiuters, maSin igi 

miiRebs 1900 dolar maqsimalur mogebas. 

5.50. qarxanam unda Camoasxas 400 boTlis TeTri 

da 1600 boTlis wiTeli Rvino, am dros 

maqsimalluri yovelTviuri mogebaa 3680. 

 

6.1. ( )2 20.04n
KU K Kn n= + + ;    6.2. 0.125n

KU Kn= ;  

6.3. 2 20.0001n
KU K n= ; 6.4. 2 21 0.02 0.04n

KU K n= + + ;  

6.5. ( )2 20.01 4n
KU n K= + ; 6.6. 20.2 0.02n

KU n K= + ;  

6.3. 20.4 0.04n
KU n K= + ; 6.4. 20.4 0.02n

KU n K= + ;  

6.5. 20.2 0.02n
KU n K= + ; 6.4. 2).4 0.02n

KU n K= + ;  

 

7.1. 1.3153≈ ;   7.2. 1.412≈ ;   7.3. 0.2259≈ ;    

7.4 0.265≈ ;   7.5. 0.621≈ − ;   7.6. 0.188≈ ;  

7.7 0.251≈ ;   7.8. 0.132≈ − ;   7.9. 1.4467≈ ;  

7.10 0.2884≈ ; 7.11. 0.8352≈ ;   7.12. 1.177≈ ;      

7.13 1.1812≈ ; 7.14. 0.5315≈ ;   7.15. 1.1427≈ ;    

7.16 1.143≈ − ; 7.17. 0.847≈ ;     7.18. 0.505≈ ;   

7.19 0.1677≈ ; 7.20. 0.2012≈ ;    

7.21 1 0.x ≈ ; 2 3.46414x ≈ ; 3 3.46414x ≈ −   

7.22. 1 0.776655x ≈   7.23. 1 1x ≈ − ; 2 1x = ;  3 4x =  

7.24.  1 1.12345x ≈ − ; 2 1.12345x ≈ ;  3 2x =  

7.25.  1 2x = − ; 2 0.354212x ≈ − ;  3 0.354212x ≈  

7.26.  ( )2; 3− ; ( )3.535534;0.707107 ; ( )2;3− ;    

( )3.535534; 0.707107− −  
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7.27.  ( )2;5− ; ( )2;5 ;   7.28. ( )2;5− ; ( )2;5  

7.29.  ( )0;1 ; ( )1;2 ;     7.30. ( )3.487;2.262≈ ;  

7.31.  (0) 1u = ; (0.5) 1.4992u ≈ ; (1) 1.997u ≈     

7.32.  (0) 0u = ; (0.5) 0.5003u ≈ ; (1) 1.0012u ≈  

7.33  (0) 1u = ; (0.5) 1.6381u ≈ ; (1) 2.718u ≈   

7.34.  (0) 1u = ; (0.5) 1.12501u ≈ ; (1) 1.2502u ≈   

7.35.  
1(0)
3

u = ; (0.5) 0.8333u ≈ − ; (1) 1.3333u ≈   

7.36.  ( ) 3u t t= ;    7.37.  
2( )
3

u t = ; 

 7.38.  ( ) 1u t t= − ;  

7.39.  ( ) 4sin( )u t t= ;   7.40.  
2( ) cos( )
3

u t t= ;      

7.41.  ( ) tu t e= ;       7.42.  ( )u t t= ;        7.43.  

( ) 1u t = ;  

7.44.  
2 / 2( ) 1 tu t e= + ;   7.45.  

2

2( )
t

u t e= ;       7.46.  

( ) cos( )u t t= ;  

7.47.  (0) 0u = ; (0.1) 0.1u ≈ ; (0.2) 0.21;....u ≈    

7.48.  (0) 0u = ; (0.25) 0.0626u ≈ ; (0.5) 0.2502u ≈ ; 

(0.75) 0.5626u ≈ ; (1) 1.0003u ≈    

7.49. ( )1 1
2

K K K Ku f f U
h − −= ⋅ − −  

7.50. (0) 0u = ; 0 (0.2) 0.1633u ≈ − ; 0 (0.4) 0.24u ≈ − ; 

(0.6) 0.2533u ≈ − ; (0.8) 0.16u ≈ − ; (1) 0.0134u ≈ −  
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