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Sesavali 
 
mocemuli naSromis mizans warmoadgens zogadad fizi-

kuri procesebis kompiuteruli modelirebis aspeqtebis ganx-

ilva programuli paketis MATLAB-is gamoyenebiT. naSromSi 

ganxilulia programuli paketi MATLAB-is elementebi, misi 

funqciebi da brZanebebi, maTi gamoyenebis magaliTebi da Ses-
aZleblobebi; diferencialuri gantolebebi, romelTa saSua-
lebiTac ZiriTadad aRiwereba  gardamavali fizikuri proce-
sebi; mocemulia am gantolebebis klasifikacia da maTi amoxs-
nis meTodebi; ricxviTi integrireba da Cveulebrivi difer-
encialuri gantolebebis da kerZowarmoebulebiani difere-
ncialuri gantolebebis amoxsna MATLAB-is gamoyenebiT; 

eqsperimentuli monacemebis damuSaveba da funqciaTa interp-
olaciis amocanebi.  

naSromSi aseve ganxilulia gamoyenebiTi eleqtrodina-
mikis amocanebis gadasawyvetad axali kombinirebuli meTodi, 

romelic dafuZnebulia droiT areSi sasruli sxvaobebisa da 

kirxhofis meTodebis erTobliv gamoyenebaze. aRniSnuli kom-
binirebuli meTodis gamoyeneba ganpirobebulia manqanuri re-
sursebis SezRudulobis gamo droiT areSi sasruli sxvaobeb-
is meTodis gamoyenebiT gamoTvlebis SedarebiT mcire, SezR-
udul moculobaSi warmoebis SesaZleblobiT, rac ar iZleva 

Sor zonaSi velebis gamoTvlisa da amis safuZvelze mocemu-
li amocanebis sruli analizis SesaZleblobas. 

rogorc cnobilia, sivrceSi eleqtromagnituri vele-

bi aRiwereba maqsvelis gantolebebiT, romlebic kerZo warm-

oebulebian diferencialur gantolebaTa sistemas warmoadg-

enen. naSromSi warmodgenilia kerZo warmoebulebiani difer-

encialuri gantolebebis amoxsnis Tanamedrove meTodebi da 

midgomebi. moyvanilia sasruli sxvaobebisa da kirxhofis me-

Todebis safuZvlebi da am meTodebis efeqturad, ekonomiuri 

algoriTmebis saSualebiT gamoyenebis SesaZleblobebi. gansa-

kuTrebuli yuradReba eqceva sxvaobiTi sqemebis gamoyenebis-
as miRebuli Sedegebis mdgradobas SerCeuli sivrcul-droi-
Ti bijebis saSualebiT. 
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mokled mimovixiloT gamoyenebiTi eleqtrodinamikis 

amocanebi, ZiriTadi winaaRmdegobebi, amocanebis gadawyvetis 

istoria da am amocanebis gadasawyvetad gamoyenebuli ZiriT-

adi meTodebi. 

me-XX-e saukunis Sua xanebidan portatuli teqnikisa 

da cifruli teqnologiebis ganviTarebam gamoiwvia sivrceSi 

eleqtromagnituri velebis fonis gazrda, e.w. sivrcis eleq-

tromagnituri dabinZureba. rogorc cnobilia, yvela eleq-

tronuli mowyobiloba misi muSaobis da gansakuTrebiT amoq-

medebis dros gamoasxivebs eleqtromagnitur vels, romelic 

zemoqmedebs, rogorc cocxal organizmebze, aseve eleqtro-

magnituri velis mimarT mgrZnobiare mowyobilobebze. amitom 

aucilebeli gaxda eleqtronul mowyobilobaTa eleqtromag-

nituri gamosxivebis arasasurveli urTierTgavlenis Seswav-

la mgrZnobiare mowyobilobebsa da maTTan momuSave momxma-

rebelze eleqtromagnituri velebis zemoqmedebis kontrol-
isa da minimizaciis mizniT.   

am sakiTxis Sesaswavlad eleqtrodinamikaSi Camoyalib-

da specialuri, SedarebiT axali mimarTuleba, romelsac el-

eqtromagnitur SemTavseblobas uwodeben. eleqtromagnituri 

SemTavseblobis amocanebSi, rogorc aRvniSneT, yuradReba 

eqceva problemis or aspeqts: pirveli, eleqtromagnituri 

velebis zemoqmedeba adamianze da meore, eleqtromagnituri 

velebis zemoqmedeba Tanamedrove maRalmgrznobiare cifrul 

eleqtronul mowyobilobebze. adamianze eleqtromagnituri 

velebis mavne zemoqmedebiT gansakuTrebiT dainteresdnen ko-

munikaciur saSualebaTa raodenobisa da simZlavris gazrdas-

Tan dakavSirebiT. sxvadasxvagvari gadamcemebi, portatiuli 

telefonebi, mZlavri radio da telesadgurebi, energetiku-

li xazebi da a.S. garemoSi qmnian farTosixSirul eleqtro-

magnitur velebs, romelTa zemoqmedebas adamianze, mis ner-

vul sistemaze da sxva funqcionalur sistemebze arasasurve-

li Sedegebi moaqvs. swored amiT aris gamowveuli eleqtro-

magnituri zemoqmedebis kontroli da minimizacia adamianze 

misi Semcirebis mizniT. 
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amocanis meore aspeqts warmoadgens eleqtromagnitu-

ri velebis arasasurveli zemoqmedeba eleqtronul mowyobi-

lobebze. bolo wlebSi cifruli mowyobilobebis mgrZnobia-

robisa da sizustis gazrdasTan erTad aqtualuri gaxda maTi 

ekranireba arasasurveli gare eleqtromagnituri velebis ze-

moqmedebisagan. magaliTad, atomuri eleqtrosadgurebis, 

TviTmfrinavebis, kosmosuri xomaldebis an reaminaciuli apa-

raturis mcire SeSfoTebasac ki SeiZleba moyves savalalo 

Sedegebi. am SeSfoTebebis kontrols bolo wlebSi samecnie-

ro literaturaSi sul ufro meti adgili uWiravs. 

Tanamedrove cifruli mowyobilobebi mgZnobiare ari-

an arastacionaruli eleqtromagnituri velebis mimarT. cno-

bilia, rom gareSe da TviT sistemis Semadgeneli nawilebis 

(generatorebis, mimRebebis, gadamcemi xazebis) mier gamosxi-

vebulma velebma SeiZleba gamoiwvion zogierTi mowyobilo-

bis muSaobis reJimis darRveva da mwyobridan gamosvlac ki, 

rasac SeiZleba moyves mTeli aparaturis gaTiSva.  

aseTi mZlavri, arasasurveli eleqtromagnituri gamo-

sxivebis wyaros xSir SemTxvevaSi warmoadgenen spontanuri 

xasiaTis movlenebi, rogoricaa magaliTad, sxvadasxva proce-

sebis Sedegad damuxtuli sxeulebis sxva sxeulTan miaxloe-

bis Sedegad ganmuxtva. miuxedavad imisa, rom ganmuxtvis are-

Si denis Zala SeiZleba iyos mcire sidide, denis Zalis cvli-

lebis siCqare imdenad didia, rom ganmuxtvas SeiZleba Tan 

axldes mZlavri arastacionaruli gamosxiveba. dakvirvebebma 

uCvena, rom eleqtronuli aparaturis momsaxure personali 

da momxmarebeli xSirad warmoadgenen eleqtrostatikuri 

ganmuxtvis mizezs da maTda uneburad iwveven mgrZnobiare 

cifruli mowyobilobebis normaluri muSaobis reJimis dar-

Rvevas da zogjer mwyobridan gamosvlasac ki. 

arastacionaruli, anu farTozolovani signalebis ga-

mosxivebisa da gavrcelebis amocanebis ricxviTi eqsperimen-

tebiT Seswavlas ukanasknel periodSi didi yuradReba eTmo-

ba. pirveli gamokvlevebi am mimarTulebiT tardeboda anali-

zuri meTodebiT da SemoisazRvreboda maqsvelis gantolebe-
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bidan miRebuli asimptoturi integraluri warmodgenebis Ca-

weriT da analiziT. am mimarTulebiT mniSvnelovani Sedegebis 

miReba SesaZlebeli gaxda XX-e saukunis meore naxevris dasa-

wyisisTvis. es warmatebebi dakavSirebuli iyo kompiuteris 

Seqmnasa da gamoTvliTi meTodebis ganviTarebasTan, impulsu-

ri teqnikis srulyofasTan da a.S.  

arastacionaruli eleqtrodinamikuri procesebis in-

tensiur Seswavlas, garda eleqtromagnituri SemTavseblobi-

sa, moiTxovs Tanamedrove radiolokacia: gabneuli arastaci-

onaruli signalebiT radiolokaciuri obieqtebis amocnoba 

da radiolokaciuri gamosaxulebis ageba. unda aRiniSnos, 

rom radiolokaciaSi farTozolovani signalebis gamoyeneba 

mniSvnelovnad afarToebs mis SesaZleblobebs da iZleva mra-

valpoziciuri (radiogolografia) radiolokaciis alterna-

tiuli meTodebis Seqmnis saSualebas. 

arastacionaruli signalebi aseve gamoiyeneba samyaros 

Tvisebebis gamosakvlevad. dedamiwis SigniT myofi sagnebis 

aRmosaCenad, obieqtebis adgilmdebareobis zustad dasadge-

nad da sxva. 

saerTod, arastacionaruli eleqtrodinamikuri pro-

cesebis Teoriuli gamokvlevis aqtualoba dakavSirebulia 

eleqtromagnituri movlenebis Sesaxeb codnis gaRrmavebis 

aucileblobasTan. 

aseTi amocanebis amoxsna SesaZlebelia rogorc dro-

iT, ise sixSirul areSi. amis Sedegad miRebul Sedegebs Soris 

urTierTcalsaxa kavSiris arseboba saSualebas gvaZlevs avi-

rCioT iseTi midgoma, romelic ufro ufro Seesabameba kon-

kretul amocanas da movaxdinoT sxvadasxva meTodebiT miRe-

buli Sedegebis Sedareba. gardamavali procesebis analizisa-

Tvis pirveli gamokvlevebi tardeboda sixSirul areSi, rad-

gan droiT areSi amonaxsnis miReba calkeuli SemTxvevebis ga-

rda TiTqmis SeuZlebeli iyo. maRali sixSireebisaTvis sixSi-

ruli meTodebiT procesis analizi da Semdeg sixSiruli ari-

dan droiT areSi gadasvla dakavSirebuli iyo did siZneleeb-
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Tan. am procesebis Seswavlis pirveli Sedegebi miRebul iqna 

akustikaSi. 

rac Seexeba eleqtromagnituri talRebis difraqcias, 

gardamavali procesebis analizi Catarebul iqna organzomi-

lebiani amocanebisaTvis, radganac samganzomilebian sxeuleb-

Tan SedarebiT isini ufro martiv sxeulebs warmoadgenen. 

amis Semdeg moxda samganzomilebiani amocanebis gardamavali 

procesebis Seswavla sixSirul areSi. 

pirdapiri droiTi meTodiT gardamavali procesebis 

Seswvla sixSirul meTodTan SedarebiT iZleva mTel rig upi-

ratesobebs. es upiratesobebi mdgomareobs rigi amocanebis 

amoxsnis simartiveSi; amocanis arawrfivobis ufro moxerxe-

bulad gaTvaliswinebis SesaZleblobaSi; miRebuli Sedegebis 

fizikuri analizis simartiveSi, erTi gamoTvliT sixSiris 

farTo diapazonSi maxasiaTeblebis miRebis SesaZleblobaSi. 

droiTi meTodis gamoyenebis dros siZneleebi imaSi 

mdgomareobs, rom misi gamoyenebisaTvis saWiroa rTuli kom-

piuteruli prigramebis Sedgena da gamoTvlebisaTvis auci-

lebelia gacilebiT didi mexsiereba, vidre sixSiruli meTo-

dis gamoyenebis SemTxvevaSi. es meTodi pirvelad gamoyenebu-

li iqna fizikuri optikis safuZvelze, kerZod, ukan gabneu-

li impulsis meSveobiT miaxloebiT Seswavblil iqna brtyeli 

firfitisa da sferoidis maxasiaTeblebi]. amis Semdeg miRebu-

li Sedegebis ganzogadeba moxda sxva obieqtebisTvisac. Sem-

dgom naSromebSi pirdapiri droiTi meTodi dafuZnebul iqna 

integralur gantolebebze. 

70-ian wlebis bolos daiwyo difraqciis gardamavali 

procesebis Seswavla ricxviTi meTodebis gamoyenebiT. dasaw-

yisSi ganixileboda eleqtromagnituri impulsis difraqciis 

amocana organzomilebian idealurad gamtar sxeulebze. ga-

mokvlevebi tardeboda damxmare gamomsxiveblebis meTodiT 

droiT areSi. am meTodis gamoyenebisaTvis amrekli zedapiris 

modelireba xdeboda baduri zedapiriT, romelic Sedgeboda 

mcire radiusis mqone mavrTulebisagan. gaTvaliswinebuli 

iyo maT Soris urTierTqmedeba. am mavrTulebis optimaluri 
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raodenoba damokidebuli iyo, rogorc sistemis parametreb-

ze, aseve dacemuli eleqtromagnituri velis speqtralur Se-

madgenlobaze. eleqtromagnituri velis warmodgena xdeboda 

organzomilebiani talRuri gantolebis fundamenturi amo-

naxsnebis saSualebiT. gaSlis koeficientebi moinaxeboda sa-

sazRvro pirobis dakmayofilebiT da maT zedapirze denis 

mniSvnelobis fizikuri azri gaaCndaT. dacemuli radioim-

pulsisTvis (sinusoidiT Sevsebuli impulsisaTvis) bazisur 

funqciebad arCeul iqna henkelis funqciebi. am meTodis sa-

fuZvelze tardeboda arastacionaruli velebis gamoTvla 

sxvadasxva ganivkveTze ganlagebuli mavrTulebis meserze, 

rogorc naxevrad usasrulo, aseve sasruli sangrZlivobis 

radioimpulsis difraqciis SemTxvevaSi. Seiswavleboda gambn-

evi zedapiris Sesabamisi mesris SigniT rezonansis formire-

bis da milevis procesi. 

momdevno etapze gamoiyeneboda nebismieri droiTi da-

mokidebulebis mqone _polarizirebuli videoimpulsebis 

idealurad gamtar, organzomilebian sxeulebze (rogorc Ri-

a, aseve daxuruli) gabnevis amocanebis amoxsnis efeqturi me-

Todi, romelic efuZneboda velebis warmodgenas dagvianebu-

li potencialebis saSualebiT. Catarebul iqna gamokvlevebi 

cilindrze, zolze da ori zolisagan Semdgar sistemaze 

sxvadasxva video da radio impulsebis dasxivebisas gardama-

vali procesebis Sesaswavlad. droiTi gamoTvlebis monaceme-

bis sixSirul areSi gadayvanis Sedegad miRebuli informaciis 

safuZvelze SemuSavebul iqna idealurad gamtari sxeulebis 

identificirebis algoriTmi. modeluri amocanis magaliTze 

gamokvleul iqna muxtebisa da denebis sivrcul-droiTi gana-

willeba, ramac SesaZlebeli gaxada gardamavali procesebis 

ufro efeqturi warmodgena, SesaZlebeli gaxda samganzomi-

lebiani gambnevebisaTvis furie sinTezis meTodis gaumjobe-

seba, risTvisac droiT harmoniuli amocanebisaTvis gamoyene-

bul iqna damxmare gamomsxiveblebis meTodi. 

bolo wlebSi Seiqmna moculobiTi brunviTi sxeulebis 

eleqtrostatikuri ganmuxtvis kompiuteruli modeli, rac 
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aseve gamowveulia ukanasknel periodSi am problemisadmi di-

di dainteresebiT. kerZod eleqtrostatikuri ganmuxtvisaT-

vis Seiqmna eleqtrostatikuri ganmuxtvisaTvis eqsperimen-

tuli danadgari, romelzec tardeboda naturaluri eqsperi-

mentebi. amavdroulad SesaZlebeli gaxda eqsperimentuli mo-

delis adeqvaturi maTematikuri da fizikuri modelebis Seq-

mna. maT safuZvelze moxda am procesis kompiuteruli mode-

lireba.  

kompiuteruli modelirebis aqtualoba ukavSirdeba 

eleqtrostatikuri ganmuxtvisas gamosxivebuli velebis el-

eqtronul aparaturaze zemoqmedebis Seswavlis aucileblo-

bas. kompiuteruli modelireba cvlis Zvirad Rirebul eqspe-

rimentebs da iZleva iseTi fizikuri sidideebis (zedapirili 

denebis, muxtebis da a.S.) gamoTvlis saSualebas, romelTa 

eqsperimentulad gazomva Zalian Znelia da zogjer SeuZle-

belicaa. garda amisa kompiuteruli modelireba iZleva imis 

saSualebas, rom winaswar davadginoT eleqtronuli aparatu-

risaTvis saSiSi areebi, raTa SesaZlebeli gaxdes maRalmgZno-

biare eleqtronuli mowyobilobebis iseT areebSi ganTavseba, 

sadac maTze eleqtromagnituri velebis zemoqmedebis gamo 

mwyobridan gamosvlis albaToba minimaluri iqneba. 

eleqtrostatikuri ganmuxtvis amocanis modeli war-

modgenilia Semdegi saxiT: mocemulia 0V  potencialamde da-

muxtuli sxeuli, romelic uaxlovdeba idealurad gamtar 

damiwebul sibrtyes. sibrtyidan raRac h manZilze iwyeba ga-

nmuxtva. sxeulis siCqare imdenad mcirea, rom moZraobiT ga-

mowveuli eleqtrodinamikuri procesebi SeiZleba ugulve-

belvyoT da SegviZlia CavTvaloT, rom ganmuxtTvis procesis 

uSualo dawyebamde sawyisi mdgomareoba ganisazRvreba sxe-

ulze muxtebis eleqtrostatikuri ganawilebiT. 0t  moment-

Si iwyeba eleqtrostatikuri ganmuxtva. ganmuxtvis arxSi mim-

dinare fizikuri procesebi damokidebulia sxeulis geomet-

riaze, ganmuxtvis arxis h simaRleze, 0V  potencialze, haer-
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is mdgomareobaze (tenianoba, temperatura, ionizacia da 

sxva), sxeulis zedapirul impedansze da a.S. 

dasmuli fizikuri amocanis amoxsna Sedgeba ramdenime 

etapisagan, rac warmoadgens amocanis amoxsnis meTods. pirv-

el etapze aucilebelia amoixsnas eleqtrostatikis amocana, 

anu gamoiTvalos eleqtrostatikuri veli arxSi. es veli gan-

sazRvravs ganmuxtvis arastacionaruli procesis sawyis md-

gomareobas. sxeulis mier arxSi Seqmnili eleqtruli veli 

iwvevs arxSi haeris ionizacias, ris Sedegadac arxSi gadis 

eleqtruli deni. am denis gamosaTvlelad saWiroa ganmuxt-

vis arxis modelireba. arxSi denis gavlis Sedegad sxeulis 

zedapirze icvleba muxtis ganawileba da icvleba sxeulis mi-

er Seqmnili velis daZabulobis verqtori arxSi. sxeulis ze-

dapirze muxtebis ganawilebis dasadgenad aucilebelia amo-

ixsnas arastacionaruli difraqciis amocana. 

eseigi, eleqtrostatikuri ganmuxtvis amocana SeiZle-

ba ganvixiloT rogorc agznebis amocana ukukavSiriT. bolo 

etapze xdeba ganmuxtvisas gamosxivebuli eleqtromagnituri 

velis povna. rogorc Catarebuli gamoTvlebis Sedegebidan 

Cans, zemoT aRniSnul eleqtrodinamikur process Tan axlavs 

mZlavri eleqtromagnituri velebis gamosxiveba.  

am velebisagan mgZnobiare eleqtronuli aparaturis 

ekranirebisaTvis gamoiyeneba sxvadasxva tipis ekranebi, rom-

lebis iZleva aparaturis nawilobrivi ekranirebis saSuale-

bas. umetes SemTxvevaSi ekranebad gamoiyeneba idealurad gam-

tari zedapirebi. 

eleqtronuli aparaturis ekranirebisaTvis gamoyene-

buli ekrani yovelTvis ar SeiZleba iyos Caketili zedapiri, 

radganac eleqtronuli aparatura saWiroebs kavSirs gare 

periferiul sistemebTan, ventilacias da a.S., risTvisac ek-

ranebze saWiroa garkveuli teqnologiuri Wrilebis (apertu-

rebis) arseboba. am aparaturebidan gare eleqtromagnituri 

veli aRwevs ekranirebul areSi da am areSi moTavsebul 

mgrZnobiare eleqtronul mowyobilobebze zemoqmedebis Se-
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degad iwvevs maTi muSaobis reJimis darRvevas da aparaturis 

mwyobridan gamosvlas. 

bolo wlebSi eleqtromagnituri velebisagan aparatu-

ris ekranirebas mieZRvna rigi samecniero publikaciebisa, 

romlebSic kidev erTxel xazi gaesva im problemis aqtualo-

bas Tanamedrove wamyvan samecniero wreebSi. am publikaciebSi 

analizuri gamoTvlebi gakeTda samganzomilebiani marTkuTxa 

ekranebiT eleqtronuli aparaturis ekranirebis efeqturo-

bis dasadgenad. gairkva, rom eleqtromagnituri velebisagan 

ekranirebis efeqturoba damokidebulia aparaturis da ekra-

nis zomebze, dacemuli eleqtromagnituri velis speqtrul 

Semadgenlobasa da eleqtronuli mowyobilobis mdebareobaze 

ekranis SigniT. aRmoCnda, rom ekranirebis efeqturoba damo-

kidebulia ekranebis formasa da aparaturis zomebze.  Teor-

ia aseve ganviTarda wriuli da erTze meti raodenobis apara-

turis SemTxvevisTvisac.  

naSromSis me-9-11 TavebSi ganxilulia arastacionaru-

li eleqtrodinamikuri procesebis fizikuri da maTematiku-

ri aspeqtebi da kvlevis meTodebi. eleqtruli da magnituri 

velebisaTvis Cawerilia integro-diferencialuri gantole-

bebi, kerZod maqsvelis gantolebebi integraluri da difer-

encialuri formiT; diferencialuri gantolebebis maTe-

matikuri klasifikacia; hiperboluri tipis diferencialuri 

gantoleba (talRuri gantoleba); paraboluri tipis difere-

ncialuri gantoleba (Tbogamtarobis gantoleba); elifsuri 

tipis diferencialuri gantoleba (puasonis gantoleba); sxva-

dasxva amocanebisTvis ganxilulia am gantolebebis gamoyene-

bis fardobiTi upiratesoba; warmodgenilia arastacionaru-

li eleqtrodinamikuri procesebis fizikuri modeli. 

warmodgenili naSromis erTerT mizans warmoadgens sa-

sruli sxvaobebis meTodis Seswavla da gamoyeneba sxvadasxva 

procesebisaTvis. am midgomiT uwyveti garemo icvleba diskr-

etuli sivrciT. diferencialur gantolebebSi diferencial-

ebi Secvlilia sxvaobiTi sqemebiT, romlebic gvaZlevs dife-

rencialuri gantolebis Sesabamisi rekurentuli gantoleb-
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ebiT Secvlis SesaZleblobas. sivrceSi da droSi wanacvleba 

xdeba garkveuli droiT sivrculi bijebis gamoyenebiT, rom-

elTa urTierTdamokidebuleba iZleva amonaxsnis krebadobas 

amocanaSi mocemuli sasazRvro da sawyisi pirobebis gaTvali-

swinebiT. gamoyenebulia, rogorc cxadi, aseve aracxadi sxva-

obiTi sqemebi, romelTac gaaCniaT Tavisi naklebi da upirat-

esobebi, romelTa gaTvaliswinebiTac xdeba calkeuli sqemis 

SerCeva konkretuli amocanebis gadasawyvetad. 

sxvaobiTi meTodebi ZiriTadad gamoiyeneba iseTi pro-

cesebis aRwerisaTvis, romlebic moicema kerZowarmoebulebi-

ani diferencialuri gantolebebiT. fizikaSi aseTi procese-

bia, magaliTad sivrceSi talRis gavrcelebis procesi, nivTi-

erebaSi Tbogamtarobis procesi, myar sxeulebSi siTbos gav-

rcelebis procesi da a.S. 

sasruli sxvaobebis meTodis gamoyenebiT kerZowarmoe-

bulebiani diferencialuri gantolebebis amoxsnis pirveli 

warmatebuli mcdeloba mocemulia kurantis, fridrixsis da 

levis naSromSi romelic 1928 wels gamoqveynda, anu jer ki-

dev eleqtronuli gamoTvliTi manqanis gamogonebamde. am naS-

romSi mocemulia paraboluri, hiperboluri da elifsuri 

tipis diferencialuri gantolebis ricxviTi amoxsna sasru-

li sxvaobebis meTodis gamoyenebiT. 

kompiuteruli teqnikis da teqnologiebis ganviTareb-

asa da simZlavreebis gazrdesaTan erTad mniSvnelovnad gafa-

rTovda sasruli sxvaobebis meTodis gamoyenebis SesaZlebl-

obebi. SedarebiT martivi erTganzomilebiani amocanebis amo-

xsnidan gadavidnen or da samganzomilebiani arawrfivi gant-

olebebis gadawyvetamde. mniSvnelovnad gafarTovda amocane-

bis amosaxsnelad gamoyenebuli sxvaobiTi badeebis topolo-

giac. Tanamedrove ricxviTi eqsperimentebis saSualebiT Ses-

aZlebelia iseTi procesebis modelirebac ki, romlebic ara-

viTari klasikuri eqsperimentis Catarebas ar eqvemdebareba.    
rac Seexeba naSromSi gamoyenebiTi eleqtrodinamikis 

amocanebis gadasawyvetad gamoyenebul meTodebs, detalurad 

ganxilulia droiT da sixSirul areSi iseTi ZiriTdi me-
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Todebi, rogorebicaa: kirxhofis meTodi; sasruli sxvaobebis 

meTodi droiT areSi idealurad SeTanxmebuli fenebis gamoy-

enebiT; sasruli sxvaobebis meTodi sixSirul areSi; damxmare 

gamomsxiveblebis meTodi; momentebis meTodi; momentebis me-

Todi droiT areSi. naCvenebia rom es meTodebi iZleva farTo 

klasis eleqtrodinamikuri amocanebis Seswavlis saSualebas. 

naSromSi ganxiluli meTodebis garda aseve aRwerilia 

kombinirebuli meTodi, romelic siaxlea eleqtrodinamikis 

amocanebis amoxsnis meTodebSi. es meTodi warmoadgens sasr-

uli sxvaobebisa da kirxhofis meTodis erTobliobas, romel-

ic sasruli sxvaobebis meTodisagan gansxvavebiT iZleva Sor 

zonaSi gadasxivebuli velebis gamoTvlis saSualebas.  



 16

Tavi 1. zogadi cnebebi 
 

yvelafers, rac samyaroSi realurad arsebobs mecnie-

reba materias uwodebs. materia Cveni cnobierebisgan 

damoukideblad arsebobs da igi moqmedebs, an SeuZlia 

imoqmedos Cveni SegrZnebis organoebze. 

sabunebismetyvelo mecnierebebs Soris fizika bunebis 

Semswavleli erT-erTi ZiriTadi mecnierebaa da Seiswavlis 

materiis Tvisebebs, mis cvlilebas, materiisaTvis damaxasi-

aTebeli movlenebis kanonzomierebebs da kavSirs am movlen-

ebs Soris, amdenad cdilobs gasces pasuxi kiTxvas: ras warm-

oadgens samyaro, romelSic Cven vcxovrobT da ra kanonzomi-

erebebs emorCileba masSi mimdinare procesebi? 

fizikis mier dadgenili kanonebi zogadi xasiaTisaa. 

qimia, biologia, astronomia da sxva sabunebismetyvelo mecn-

ierebebi Seiswavlian movlenebis garkveul jgufebs da ayali-

beben kerZo saxis cnebebsa da kanonebs, xolo fizika am kano-

nebze dayrdnobiT, maT safuZvelze Rebulobs zogad cnebebsa 

da kanonebs, riTac udidesi wvlili Seaqvs samyaros Sesaxeb 

erTiani Sexedulebebis formirebaSi. 

kidev ufro gamoikveTa fizikis ZiriTadi roli mecni-

erebis ganviTarebis Tanamedrove etapze, roca sul ufro me-

tad vuRrmavdebiT bunebis aqamde ucnob kanonzomierebebsa 

da Tvisebebs, rac samyaros Sesaxeb manam arsebuli warmodge-

nebis Zireul Secvlas iwvevs. swored Tanamedrove fizikis 

monacemTa bazaze xdeba Cvens garSemo arsebuli obieqturi 

realobis, samyaros aRqmis Tanamedrove, axali msoflmxedve-

lobis Camoyalibeba. 

zemoT aRniSnulis TvalsaCino magaliTs drois, sivrc-

isa da materiis Sesaxeb arsebuli warmodgenebis ganviTareba 

warmadgens, rac imaSi gamoixateba, rom ainStainis mier fa-

rdobiTobis Teoriis Camoyalibebam gamoiwvia niutoniseuli 

universaluri droisa da absoluturi sivrcis uaryofa da, 

aseve, klasikuri fizikis ZiriTadi debulebebis Secvla, ram-

ac drosTan, sivrcesTan da materiasTan mimarTebaSi axali 

msoflmxedvelobis Camoyalibeba ganapiroba. 

am TavSi ganxilulia zogadi maTematikuri cnebebi da 

Teoremebi, romlebic saWiroa momdevno TavebSi mocemuli 

fizikuri procesebisa da maTematikuri gantolebebis amosax-

snelad. aseve ganxilulia funqcia. funqciis mocemis xerxebi. 
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funqciis zRvari da warmoebuli. gansazRvruli integrali. 

aseve ganxilulia maRali rigis warmoebulebi da diferenci-

alebi, romlebic mocemulia fizikuri procesebis aRsawerad 

gamoyenebul kerZowarmoebulebian diferencialur gantole-

bebSi.  

gansakuTrebuli mniSvneloba gamaxvilebulia funqciis 

miaxloebiTi mniSvnelobis povnis sakiTxze, romelic aucile-

belia sasruli sxvaobebis meTodis gamoyenebisas. xSirad kom-

binirebuli meTodis gamoyenebisas saWiro wertilebi da sas-

ruli sxvaobebis meTodSi kvanZebis wertilebi ar emTxveva 

erTmaneTs. es ki moiTxovs am wertilebSi funqciis miaxloeb-

iTi mniSvnelonebis gansazRvras mis garSemo arsebul kvanZeb-

Si funqciis mniSvnelobebis saSualebiT. 

 
 

 
§1.1 zogadi cnebebi 

 
imisaTvis, rom ganisazRvros sxeulis mdebareoba sivr-

ceSi aucilebelia mivuTiToT sxeuli, an sxeulTa jgufi, 

romlis mimarT ganixileba sxeulis mdebareoba sivrceSi. es 

imiTaa gamowveuli, rom TviT wertilebs an sivrcis nawilebs 

ar axasiaTebT raime erTmaneTisagan ganmasxvavebeli niSnebi, 

romelTa saSualebiT SevZlebT maT garCevas. Tu ar mivuTiT-

ebT aTvlis sxeuls an sxeulTa jgufs, maSin sivrceSi werti-
lis an sxeulis mdebareobis miTiTeba yovelgvar azrsaa mo-
klebuli. 

erTi da igive sxeulis moZraobas sxvadasxva sxeulis 

mimarT SeiZleba gaaCndes sxvadasxva xasiaTi. magaliTad, Tu 

a  sxeuli Cvens mimarT uZravia, xolo b  da c  sxeulebi moZ-

raoben erTi da igive mimarTulebiT erTnairi mudmivi siCqa-

reebiT, maSin c  sxeuli moZraobs mudmivi siCqariT a  sxeulis 

mimarT, xolo uZravia b  sxeulis mimarT. amitom, sxeulis mo-

Zraobis aRsawerad aucilebelia SevTanxmdeT imaze, Tu rome-
li sxeulis an sxeulTa jgufis mimarT ganixileba aRniSnuli 

sxeulis moZraoba. 

 

sxeuls an sxeulTa jgufs, romlis mimarTac ganixileba sivr-
ceSi sxeulis mdebareoba, aTvlis sxeuli an aTvlis sxeulTa 

sistema ewodeba. 
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aTvlis sxvadasxva sxeulis an sistemis mimarT erTi da 

igive wertili SeiZleba iyos uZravi, moZraobdes wrfivad da 

Tanabrad, asrulebdes mrudwirul moZraobas da a.S. aTvlis 

sistemad SesaZlebelia SeirCes nebismieri sxeuli an sxeulTa 

jgufi. 

sivrceSi sxeulis moZraobis aRsawerad aucilebelia 

am sxeulis mdebareobis gansazRvra, magram yvela sxeuls gaa-
Cnia zoma da amitom misi sxvadasxva wertili sivrcis sxvadas-
xva adgilasaa ganlagebuli. zogadad, sxeulis mdebareobis 

gansazRvra sivrceSi sakmaod rTulia, miTumetes, Tu sxeulis 

sxvadasxva nawili erTmaneTisagan gansxvavebuli saxis moZra-

obas asrulebs. mocemuli naSromis farglebSi Cven ar CavuR-
rmavdebiT nivTierebis Tvisebebs, amitom ganvixilavT absol-
uturad myari sxeulis

1
 moZraobis SemTxvevas da am sxeuls 

warmovadgenT, rogorc materialur wertilTa erTobliobas. 

myari sxeulis moZraobis umartives saxes gadataniTi 

moZraoba warmoadgens.  

 

gadataniTi moZraoba ewodeba 

iseT moZraobas, rodesac sxeu-

lis nebismieri ori wertilis 

SemaerTebeli monakveTi sxeul-

is moZraobisas Tavisi Tavis pa-

raleluri rCeba (nax.1.1). 

 

sxeulis gadataniTi moZ-

raobis dros yvela wertili er-

Tnairi formisa da sigrZis gzas 

gadis. amitom, absoluturad mya-

ri sxeulis gadataniTi moZrao-

bis Sesaswavlad sakmarisia misi nebismieri erTi wertilis 

moZraobis Seswavla. 

absoluturad myari sxeulis moZraobis erT-erTi ker-

Zo saxea brunviTi moZraoba,  

 

roca sxeulis yoveli wertili brunavs wrewirze, romelTa 

centrebi erTsa da imave wrfeze aris ganlagebuli. 

                                                 
1
 iseT idealur sxeuls, romlis wertilebs Soris manZilis Secvla 

SeuZlebelia, absoluturad myari sxeuli ewodeba. 

 

B

A
A  

A   

B

B   

nax.1.1 
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 amasTan, es wrfe SeiZleba kveTdes mocemul sxeuls, 

exebodes mas erT wertilSi an sxeulis gareT mdebareobdes 

(nax.1.2). zogadad sxeulis nebismieri miZraoba SeiZleba or 

moZraobad _ gadataniT da brunviT moZraobad daiSalos. 

zogjer sxeulTa moZr-

aobis ganxilvisas SesaZlebe-

lia maTi xazovani zomebis 

ugulvebelyofa. es dasaSvebia 

im SemTxvevaSi, roca sxeulis 

zoma gacilebiT naklebia im 

zomebTan SedarebiT, ro-

mlebTanac saqme gvaqvs mo-

cemuli amocanis pirobebSi. 

magaliTad, dedamiwis 

zomebis ugulvebelyofa Sesa-

Zlebelia, Tu ganvixilavT de-

damiwis moZraobas Tavis orb-

itaze mzis garSemo. aseve SesaZlebelia avtomobilis zomebis 

ugulvebelyofa, Tu ganvixilavT avtomobilis moZraobas or 

dasaxlebul punqts Soris da a.S. 

 

sxeuls, romlis xazovani zomebis ugulvebelyofa SesaZlebe-

lia mocemuli amocanis pirobebSi, materialuri (nivTieri) 

wertili ewodeba. 

 

maTematikuri wertilisagan gansxvavebiT materialur 

wertils gaaCnia masa da igulisxmeba, rom gansaxilveli sxe-

ulis masa mTlinad Tavmoyrilia mocemul wertilSi. materia-

luri wertilis sivrceSi mdebareobisa da moZraobis Seswa-

vla aseve moiTxovs aTvlis saxeulis an sistemis Semotanas. 

aTvlis sistemis arCev-

is Semdeg materialuri wert-

ilis mdebareobis gansazRvris 

sakiTxi ganixileba. aRniSnuli 

sakiTxis ganxilva daviwyoT 

martivi SemTxveviT, roca ma-

terialuri A  wertili moZraobs wrfeze (nax.1.3) da is yove-

lTvis am wrfeze mdebareobs. 

 

nax.1.2 

A

B

 
O A

x

X

nax.1.3 
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materialuri A  wertilis wrfeze mdebareobis gansasa-

zRvrad saWiroa am wrfeze avirCioT raime O  wertili, ro-

melic iqneba aTvlis sistemis saTave, an aTvlis wertili da 

wrfeze A  wertilis mdebareoba ganvsazRvroT misi erTi mon-

acemis, koordinatis saSualebiT. 

wrfe da masze arCeuli O  wertili aTvlis sistemas 

warmoadgens. A  wertilis O  wertilis mimarT mdebareobis 

gansazRvrisTvis sakmarisia OA  manZilis gansazRvra da imis 

dadgena Tu O  wertilis romel mxaresaa ganlagebuli A  wer-

tili. mivmarToT OA  monakveTis gaswvriv OX  ricxviTi Re-

rZi, xolo OA  manZili CavTvaloT dadebiTad Tu A  wertili 

O  wertilidan isris mxaresaa (nax.1.3), xolo uaryofiTad, Tu 

sapirispiro mxaresaa. OA  manZils vuwodoT materialuri A  

wertilis x  koordinati. rogorc vxedavT, aTvlis sistemis 

Semotanis Semdeg wrfeze nebismieri wertilis mdebareobis 

gansazRvrisaTvis sakmarisia saTanado niSniT aRebuli OA  ma-

Zilis anu x  koordinatis codna. amitom amboben, rom wrfeze 

moZraoba erTganzomilebiania. 

ganvsazRvroT materialuri A  wertilis mdebareoba 

sibrtyeze (nax.1.4). cxadia, rom am SemTxvevaSi A  wertilis 

mdebareobis gansasazRvravad erTi OX  ricxviTi RerZi masze 

aRebuli O  saTaviT ar aris sakmarisi. marTlac, Cven SegviZ-

lia ganvsazRvroT manZili A  

wertilis a  proeqciasa da O  

wertils Soris da gamovTva-

loT Sesabamisi niSniT aRebu-

li Oa  manZili, anu x  koord-

inati, magram es ar gansazRv-

ravs calsaxad A  wertilis 

mdebareobas XOY  sibrtyeze, 

radgan A  da a  wertilebze 

gavlebul wrfeze mdebare ne-

bismier wertils da TviT a  

wertilsac, igive x  koordin-

ati Seesabameba. 

maSasadame, x  koordi-

natis garda saWiroa kidev damatebiT sxva sidide imisaTvis, 

rom calsaxad ganisazRvros A  wertilis mdebareoba XOY  si-

brtyeze. aseTi sididis Semotana sxvadasxva wesiT aris SesaZ-

lebeli. magaliTad, O  wertilze gavavloT OX  ricxviTi Re-

 

 yxA ,  

O

b  

y  

x

a

X

nax.1.4 

Y
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rZis marTobi wrfe, SevarCioT romelime mimarTuleba, rome-

lsac movniSnavT isriT da mas OY  RerZi vuwodoT. davuSvaT 

A  wertilidan RerZze marTobi da ganvsazRvroT A  werti-

lis b  proeqcia OY  RerZze. Ob  manZils aRebuls saTanado 

niSniT vuwodoT A  wertilis y  koordinati. OX  da OY  Re-

rZebi maTi gadakveTis O  wertiliT aTvlis sistemas warmoa-

dgens da Tu cnobilia x  da y  koordinatebi, maSin A  wert-

ilis mdebareoba XOY  sibrtyeze calsaxadaa gansazRvruli. 

OX  da OY  erTierTmarTobuli RerZebis sistemas, dekartis 

organzomilebian marTkuTxa koordinatTa sistemas, xolo x  

da y  sidideebs dekartis koordinatebs uwodeben. 

meore wesi, romliTac SesaZlebelia A  wertilis sibr-

tyeze mdebareobis calsaxad gansazRvra SemdegSi mdgomare-

obs: ganvixiloT OA  monakveTis r  sigrZe da OA  monakveTsa 

da OX  RerZs Soris   kuTxe (nax.1.5). es ori sidide calsax-

ad gansazRvravs A  wertilis mdebareobas sibrtyeze, Tu miv-

uTiTebT   kuTxis niSans. winaaRmdeg SemTxvevaSi A  da 1A  

wertilebs erTnairi r  da   koordinatebi eqneba. Cveulebr-

iv Tvlian, rom   kuTxe dadebiTia, Tu igi gazomilia OX  

RerZidan saaTis isris moZraobis sawinaaRmdego mimarTuleb-

iT, xolo uaryofiTia, Tu igi gasazomilia OX  RerZidan saa-

Tis isris moZraobis mimarTulebiT. r  yovelTvis arauaryof-

iTi sididea, anu 0r , xolo   icvleba  20   sazRvrebSi. 

r  da   koordinatebs polaruli koordinatebi ewodeba da 

isini iseve xSirad gamoiyeneba wertilis sibrtyeze mdebareo-

  ,rA

 ,1 rA



O X

r

r

nax.1.5 

 

 yxA ,  

O

b  

y  

x

a

X

nax.1.6 

r  

  
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bis gansazRvrisaTvis, rogorc dekartis x  da y  koordinat-

ebi. kavSiri dekartis koordinatebsa da polarul koordina-

tebs Soris martivad gamoisaxeba (nax.1.6): 

.sin,cos

,,22





ryrx

x

y
arctgyxr




   (1.1.1) 

sibrtyeze wertilis koo-

rdinatebis gansazRvra sxva we-

siTac aris SesaZlebeli, magram 

rogori koordinatebic ar unda 

gamoviyenoT, yovel SemTxvevaSi 

saWiroa ori damoukidebeli ko-

ordinati da amitom amboben, 

rom sibrtye organzomilebiania. 

da bolos, ganvsazRvroT 

A  wertilis mdebareoba sivrce-

Si. am SemTxvevaSic wertilis mde-

bareoba SeiZleba sxvadasxva wes-

iT ganisazRvros. Cveulebriv, am 

SemTxvevaSi irCeven sivrceSi O  

saTaves da mas ukavSireben ko-

ordinatTa sistemas. nax.1.7-ze 

mocemulia a) dekartis samganz-

omilebiani marTkuTxa koordin-

atTa sistema; b) cilindrul ko-

ordinatTa sistema; g) sferuli 

koordinatTa sistema. 

ganvixiloT dekartis ma-

rTkuTxa koordinatTa sistema 

(nax.1.7.a). am SemTxvevaSi aTvlis 

sistemis O  saTavidan gavavloT 

urTierTmarTobi sami OX , OY  

da OZ  RerZi da A  wertilis 

mdebareoba ganvsazRvroT sami 

x , y  da z  koordinatiT, roml-

ebic A  wertilidan Sesabamis 

RerZebze daSvebul marTobTa 

RerZebis gadakveTis wertilebi-

dan O  saTavemde gavlebuli 

 

 zyxA ,,

X
Y

Z

 yxA ,  x
y  

z

nax.1.7.a 

O

 

 zA ,,  

X
Y

Z

 yxA ,    


z

nax.1.7.b 

O

nax.1.7.g 

 

 ,,rA

X
Y

Z

 yxA ,    


  r  

O
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monakveTebis sigrZeebia, saTanado niSniT. cxadia, rom sami x , 

y  da z  koordinati calsaxad gansazRvravs A  wertilis 

mdebareobas sivrceSi. aseve calsaxad ganisazRvreba A  

wertilis mdebareoba sivrceSi cilindrul koordinatTa 

sistemaSi  ,   da z  (nax.1.7.b) da sferul koordinatTa 

sistemaSi r ,   da   (nax.1.7.g) sidideebiT. 

naxazidan Cans, rom dekartis marTkuTxa koordinatTa 

sistemidan cilindrul koordinatTa sistemaze gadasvlis da 

ukugadasvlis formulebi Semdegnairad moicema: 

.,sin,cos

,,,22

zzyx

zz
x

y
arctgyx








  (1.1.2) 

dekartul koordinatTa sistemidan sferul koordin-

atTa sistemaze gadasvlis da ukugadasvlis formulebi: 

.cos,sinsin,sincos

,,,
22

222





rzryrx

z

yx
arctg

x

y
arctgzyxr






 (1.1.3) 

koordinatTa sistemis SerCeva xdeba konkretuli amo-

canis gaTvaliswinebiT. rogorc vxedavT, sivrceSi wertilis 

mdebareobis calsaxad gansazRvrisaTvis koordinatTa siste-

mis arCevisagan damoukideblad saWiroa sami ricxvi 

(koordinati), romelTagan erTs mainc unda hqondes sigrZis 

ganzomileba, amitom amboben, rom sivrce samganzomilebiania. 

bunebis yvela movlena da maT Soris wertilis mdebar-

eobis cvlileba, anu moZraoba sadRac (sad?) da odesRac (ro-

dis?) xdeba, anu bunebis yvela movlena sivrceSi da droSi mi-

mdinareobs. sivrce da dro materiis arsebobis ganuyofeli 

formebia, amitom bunebrivi movlenis aRsawerad aucilebelia 

aseve drois aTvla. iseve, rogorc sivrceSi sxeulis mdebare-

obis gansazRvris SemTxvevaSi, drois momentis gansazRvra mo-

iTxovs drois sawyisi momentis arCevas. drois am moments nu-

lovani dro ewodeba. imis Semdeg, rac arCeulia drois sawy-

isi momenti, drois sxva momentebis gansazRvrisaTvis saWiroa 

vicodeT Tu ra dro gavida drois sawyisi momentidan drois 

gansaxilvel momentamde. drois sawyisi momentidan drois ga-

nsaxilvel momentamde gavlil dros t  asoTi aRniSnaven da 

Tvlian dros dadebiTad, Tu gansaxilveli drois momenti 

sawyisi momentis Semdegaa da uaryofiTad, Tu gansaxilveli 
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drois momenti sawyis momentamdea. t  sidide savsebiT sakmar-

isia drois momenis calsaxad ganszRvrisaTvis Tu arCeulia 

drois sawyisi moenti, amitom amboben, rom dro erTganzomi-

lebiania. sivrcis wertilebis msgavsad drois momentebi ara-

friT gansxvavdebian erTmaneTisagan, amitom drois sawyisi 

momentis arCeva nebismierad xdeba. 

 
§1.2 . funqcia. funqciis mocemis xerxebi. funqciis zRvari 

da warmoebuli. gansazRvruli integrali. 
 

vTqvaT, mocemulia raime niSniT gaerTianebuli obieq-
tebis erToblioba, magaliTad wrfeze wertilTa erToblio-
ba, mzis sistemis planetaTa erToblioba, qarTuli anbanis 

asoebis erToblioba da a.S.  

 

erTnairi niSnis an Tvisebebis mixedviT gaerTianebul sidi-

deTa an saganTa erTobliobas simravle, xolo am simravlis 

Semadgenel obieqtebs _ misi elementebi ewodeba 

 

sidideTa an saganTa simravleebs laTinuri anbanis di-

di asoebiT ,...,,,, DCBA xolo simravlis elementebs laTinuri 

anbanis mcire asoebiT ,...,,, dcba aRniSnaven. simravle mocemu-

lia, Tu nebismier obieqtze SeiZleba iTqvas warmoadgens Tu 

ara igi am simravlis elements. simravlisa da misi elementeb-

is magaliTad fizikaSi gamodgeba materialuri wertilis 

traeqtoria. materialuri wertili sivrceSi Tavisi moZraob-

isas Semowers wirs, romelsac traeqtoria an gavlili gza ew-

odeba. traeqtoria _ im wertilTa erTobliobas anu simrav-

les warmoadgens, romelSic mocemuli materialuri wertili 

erTxel mainc imyofeboda.  

vTqvaT mocemulia ori X  da Y  simravle. maT elemen-

tebs Soris SeiZleba damyardes sxvadasxva saxis Sesabamisoba, 

romlebsac ,...,, hgf asoebiT aRniSnaven. 

 

X  da Y simravleebs Soris Sesabamisobas, roca X  simravlis 

yovel elements Y  simravlis erTaderTi da sruliad ga-

nsazRvruli elementi Seesabameba, funqcia ewodeba. 
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funqciis Casawerad, romelic amyarebs Sesabamisobas 

X  da Y  simravlis x  da y  elementebs Soris raime f  wesiT, 

miRebulia aRniSvna ),(xfy   sadac Xx  da .Yy  x -s uwodeb-

en damoukidebel cvlads anu arguments, xolo )(xfy  -s fu-

nqciis mniSvnelobas. 

X  simravles f  funqciis gansazRvris are ewodeba da 

is )( fD  simboloTi aRiniSneba.  

Y  simravlis yvela im elementTa qvesimravles, romle-

bic X  simravlis erT elements mainc Seesabamebian, f  funq-

ciis mniSvnelobaTa simravle an cvlilebis are ewodeba da 

)( fE  simboloTi aRiniSneba. f  funqcias, romlisTvisac 

YX
f

 , sadac )( fDX   da )( fEY    fD  simravlis  fE  

simravleze asaxva ewodeba. amrigad, funqcia aris erTi simr-

avlis asaxva meore simravleze. 

fizikaSi gamoiyeneba ricxviTi da veqtoruli funqci-

ebi. 

 

funqcias, romlis gansazRvris are da mniSvelobaTa simravle 

ricxviTi simravleebia, ricxviTi funqcia ewodeba.  

 

magaliTad, wrfeze A  wertilis x  mdebareobis damok-

idebuleba t  drosTan, anu f  Sesabamisoba 

)(1 tfx       (1.2.1)  

ricxviT funqcias warmoadgens. 

 

funqcias, romlis gansazRvris are ricxviTi simravlea, xo-

lo mniSvnelobaTa simravle veqtoruli sidideTa simravlea, 

veqtoruli funqcia ewodeba.  

 

magaliTad, Tu materialuri wertilis drois nebismi-

er t  momentSi sivrcis ),,( zyxA  wertilSi mdebareoba moicema 

)(tFr


         (1.2.2) 

damokidebulebiT, maSin F

 funqcia veqtorul funqcias war-

moadgens.  

gansazRvrebis Tanaxmad funqcia iTvleba mocemulad, 

Tu cnobilia funqciis gansazRvris are da Sesabamisobis wesi. 

amasTan, am wesis mocemis xerxi SezRuduli ar aris.  
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ganvixiloT funqciis mocemis sami yvelaze gavrceleb-

uli xerxi: cxriluri, grafikuli da analizuri.  

 

cxriluri xerxi. bunebis movlenaTa Seswavlis dros xSirad 

saqme gvaqvs iseT cvladebTan, romelTa Soris arsebul damo-

kidebulebas adgenen cdis safuZvelze. aseT SemTxvevaSi cda-

Ta Sedegebis mixedviT adgenen cxrils, romelSic mocemulia 

argumentis sxvadasvxamniSvnelobebis Sesabamisi funqciis mni-

Svnelobebi, magaliTad temperaturis droze damokidebuleba 

yovel erT saaTSi: 
 

 cxrili 1. 

dro(sT) 009  0010  0011  0012  0013  0014  

temperatura )(0C  10 12 13 14 14 12 

 

funqciis mocemis aseT xerxs cxriluri xerxi ewodeba 

da is farTod gamoiyeneba praqtikaSi. 

 

grafikuli xerxi. vTqvaT sib-

rtyeze aRebulia marTkuTxa 

koordinatTa sistema da am 

sistemaSi mocemulia ),( yxM  

wertilTa simravle, romelT-

agan arc erTi ori wertili 

ar Zevs OY  RerZis paralel-

ur erTsa da imave wrfeze. we-

rtilTa aseTi simravle gansa-

zRvravs funqcias, romlis ga-

nsazRvris are da mniSvnelo-

baTa simravle Sesabamisad mo-

cemul wertilTa simravlis abscisaTa da ordinatTa simrav-

leebia. marTlac, nebismier x  ricxvs gansazRvris aridan See-

sabameba erTaderTi y  ricxvi, iseTi, rom ),( yxM  wertili 

mocemul simravles ekuTvnis (nax.1.8). funqciis mocemis aseT 

xerxs grafikuli xerxi ewodeba. 

  

analizuri xerxi. umetes SemTxvevaSi funqcia mocemulia fo-

rmulis saSualebiT, romelic gviCvenebs, Tu ra moqmedebebi 

unda SevasruloT argumentze, rom miviRoT funqciis Sesaba-

nax.1.8 

 

),( yxM

O  

y  

x  X  

Y  
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misi mniSvneloba. aseT formulas funqciis analizuri gamos-

axuleba, xolo xerxs _ funqciis mocemis analizuri xerxi ew-

odeba. magaliTad,  
















xx

xx
xf

x

x
yxy

0,1

,0,
)(;

1
1;32 2

2
   (1.2.3) 

funqciebi analizuradaa mocemuli. 

Tu funqcia mocemuli formuliT da aris miTiTebuli 

gansazRvris are, maSin igulisxmeba, rom am funqciis gansazR-

vris area argumentis yvela im mniSvnelobaTa simravle, rom-

lisTvisac formulas azri aqvs. magaliTad xy   funqciis 

gansazRvris area  ,,0)( yD  xolo 
1
1





x

x
y  funqciis gansaz-

Rvris area     ,11,)( UyD . 

fizikuri procesebis SeswavlisTvis gansakuTrebuli 

mniSvneloba gaaCnia funqciis zRvarisa da warmoebulis gans-

azRvras, rame Tu isini gamoiyenebian sxvadasxva fizikuri si-

dideebis gansazRvrisaTvis, rogorebicaa magaliTad myisi si-

Cqare, aCqareba, kuTxuri siCqare, kuTxuri aCqareba da sxv.  

ganvixiloT )(xf  funqciis zRvari raime a  wertilSi.  

 

g a n s a z R v r e b a 1 . b  ricxvs ewodeba )(xf  funqciis zRvari 

a  wertilSi, Tu nebismieri 0  ricxvisaTvis moiZebneba 

iseTi 0  ricxvi, rom roca  

 ax  da 0x  

sruldeba utoloba  

.)( bxf  

 

is faqti, rom b  ricxvi aris )(xf  funqciis zRvari a  

wertilSi ase Caiwereba 

bxf
ax




)(lim ,    (1.2.4) 

magaliTad, 13)(  xxf  finqciis zRvari, rodesac 1x  aris 

2. marTlac, nebismieri 0 -saTvis gvaqvs 

.
3

1132)13(   xxx  

amrigad, Tu ,
3
   maSin, roca 

3
1 
x  sruldeba utoloba 
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,2)13( x  

e.i. 

.2)13(lim
1




x
x

 

radgan  ax  utoloba   axa  ormagi utol-

obis tolfasia, xolo bxf )(  utoloba   bxfb )(  

ormagi utolobis tolfasia, amitom funqciis zRvris gansa-

zRvreba SeiZleba Semdegnairadac Camoyalibdes (nax.1.9). 

 

b  ricxvs ewodeba )(xf  funqciis zRvari a  wertilSi, Tu b  ri-

cxvis nebismieri   midamosaTvis moiZebneba a  wertilis 

iseTi   midamo, rom funqciis grafikis is nawili, romelic 

Seesabameba   midamos wertilebs, garda SesaZlebelia TviT a  

wertilisa, ar gamova   bb ,  zolidan. 

 

funqciis zRvris gansazRvrebidan Cans, rom a  wertil-

Si )(xf  funqciis zRvris ar-

sebobisaTvis aucilebelia 

)(xf  funqcia gansazRvruli 

iyos a  wertilis raime mid-

amos yvela wertilSi, garda 

SesaZlebelia TviT a  wert-

ilisa. es ki imas niSnavs, 

rom )(xf  funqcia SeiZleba 

ar iyos gansazRvruli raime 

a  wertilSi, magram gaaCndes 

zRvari am wertilSi. magali-

Tad, 
1
1)(

2





x

x
xf  funqcia ar 

aris gansazRvruli 1x  wertilSi, magram 

.2
1
1lim

2

1





 x

x
x

 

marTlac, roca 1x  

,2
1

)1)(1(
1
12










x

xx

x

x
 

amitom 

a  

Y
 

nax.1.9 

X
  

  

b

b

b  

a  a  
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.121)2(
1
12





xx
x

x
 

amrigad, nebismieri 0 -saTvis, Tu ,   maSin, roca 

1x  da ,1x  sruldeba utoloba 

,)2(
1
12





x

x
 

e.i. 

.2
1
1lim

2

1





 x

x
x

 

damtkicebis gareSe moviyvanoT ramodenime Teorema, 

romlebic SemdgomSi gamogvadgeba. 

 

T e o r e m a 1. Tu )(xf  funqcias aqvs zRvari a  wertilSi, maSin 

es zRvari erTaderTia. 

 

T e o r e m a 2. mudmivi funqciis zRvari amave mudmivis tolia. 

 

T e o r e m a 3. Tu arseboben )(xf  da )(xg  funqciebis zRvrebi a  

wertilSi, maSin arsebobs am funqciaTa jamis zRvaric a  we-

rtilSi da es zRvari )(xf  da )(xg  funqciebis zRvarTa jamis 

toloa, e.i. 

).(lim)(lim))()((lim xgxfxgxf
axaxax 

       (1.2.5) 

 

T e o r e m a 4. Tu arseboben )(xf  da )(xg  funqciebis zRvrebi a  

wertilSi, maSin arsebobs am funqciaTa namravlis zRvaric a  

wertilSi da es zRvari )(xf  da )(xg  funqciebis zRvarTa namr-

avlis toloa, e.i. 

).(lim)(lim))()((lim xgxfxgxf
axaxax 

      (1.2.6) 

 

am Teoremis Sedegia is, rom mudmivi mamravli SeiZleba 

zRvris niSnis gareT gavitanoT, anu Tu constc   maSin,  

 ).(lim))((lim xfcxfc
axax 

     (1.2.7) 

 

T e o r e m a 5. Tu arseboben )(xf  da )(xg  funqciebis zRvrebi a  

wertilSi, amasTan )(xg  funqciis zRvari nulisgan gansxvaveb-
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ulia, maSin arsebobs )(xf  da )(xg  funqciaTa Sefardebis 

zRvari da es zRvari )(xf  da )(xg  funqciebis zRvarTa 

Sefardebis tolia, e.i. 

.
)(lim

)(lim

)(
)(lim

ax

ax

ax xg

xf

xg

xf






        (1.2.8) 

exla gadavideT funqciis warmoebulis gansazRvrebasa 

da warmoebulis Tvisebebis ganxilvaze. vTqvaT, )(xfy   funq-

cia gansazRvrulia 0x  wertilis raime midamoSi, xolo x  wa-

rmoadgens am midamos 0x  wertilisagan gansxvavebul nebismier 

wertils. 

  

0xx   sxvaobas ewodeba argumentis nazrdi 0x  wertilSi da x  

simboloTi aRiniSneba.  

 

e.i. ,0xxx   saidanac  

.0 xxx     (1.2.9.a) 

)()( 00 xfxxf   sxvaobas ewodeba )(xf  funqciis nazrdi 0x  wer-

tilSi da )( 0xf  an y  simboloTi aRiniSneba. 

 

e.i.  

).()()( 000 xfxxfxf    (1.2.9.b) 

aqve SevniSnoT, rom argumentis nazrdi x  SeiZleba 

iyos rogorc dadebiTi, aseve uaryofiTi, magram ar SeiZleba 

iyos nulis toli, funqciis )( 0xf  nazrdi ki SeiZleba iyos 

nebismieri nadvili ricxvi.  

 

g a n s a z R v r e b a 2. 0x  wertilSi )(xfy   funqciis nazrdis 

argumentis nazrdTan fardobis zRvars, rodesac argumentis 

nazrdi miiswrafis nulisaken, am wertilSi funqciis warmoe-

buli ewodeba da )(, 0xfy   an 
dx

xdf )( 0  simboloTi aRiniSneba, e.i. 

.)()(lim)(lim)( 00

0

0

00 x

xfxxf

x

xf
xfy

xx 









  (1.2.10) 

 

magaliTad, 2xy   funqciis warmoebuli nebismier x  we-

rtilSi Semdegnairad gamoiTvleba: 
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.2)2(lim

)(2lim)(2lim)(limlim

0

2

0

222

0

22

00

xxx
x

xxx

x

xxxxx

x

xxx

x

y
y

x

xxxx



























nebismieri mudmivis warmoebulisTvis, anu Tu constc   miviR-

ebT: 

.00lim0limlim
000









 xxx xx

cc
c  

aqve moviyvanoT warmoebulis geometriuli Sinaarsi, 

xolo meqanikur Sinaarsze momdevno paragrafebSi visaubroT: 

 

)(xf  funqciis warmoebuli 0x  wertilSi warmoadgens am funq-

ciis grafikis ))(,( 00 xfx  wertilSi gamavali mxebis kuTxur koe-

ficients. 

  

gavavloT mkveTi AB  (nax.1.10). rogorc naxazidan Cans 

tg
x

y





. mivaswrafoT B  wertili A  wertilisaken. maSin cxa-

dia, rom 0x  da AB  mkveTi miiswrafis AC  mxebisken, e.i. 

).(limlim 00
xftgtg

x

y
x









   (1.2.11) 

)(xfy   funqciis grafikis ),( 00 yx  wertilSi gamavali 

mxebis gantolebas aqvs saxe: 

),)(( 000 xxxfyy     (1.2.12) 

sadac, ).( 00 xfy   marTlac, 

cxadia, rom (1.2.12) warmo-

adgens ),( 00 yx  wertilSi ga-

mavali wrfis gantolebas, 

radganac am wertilis 

koordinatebi akmayofile-

ben (1.2.12) gantolebas, da 

misi kuTxuri koeficien-

tia ).( 0xf   

Tu raime wertilSi 

funqcias gaaCnia warmoeb-

uli, maSin funqcias am we-

rtilSi warmoebuli funq-

cia ewodeba. funqcias warmoebadi ewodeba SualedSi, Tu igi 

warmoebadia am Sualedis TiToeul wertilSi. 

  

nax.1.10. 

 

X  

Y  

O  

A  

B  

 0xf  

C  

y  

x  
xx 00x  

  
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l e m a 1. Tu )(xf funqcia warmoebadia 0x  wertilSi, maSin 

0)(lim 00



xf

x
    (1.2.13) 

 

d a m t k i c e b a.  

.00)(lim)(lim)(lim)(lim 0
0

0

0

0

0
0

0












xfx

x

xf
x

x

xf
xf

xxxxxxxx
 

damtkicebis gareSe moviyvanoT ramdenime Teorema, ro-

mlebsac SemdgomSi gamoviyenebT. 

 

T e o r e m a 6. Tu )(xf  da )(xg  warmoebadi funqciebia x  werti-

lSi, maSin maTi jamic warmoebadia am wertilSi da  

).()())()(( xgxfxgxf         (1.2.14) 

 

SevniSnoT, rom es Teorema marTebulia SesakrebTa neb-

ismieri raodenobisTvis 

 

T e o r e m a 7. Tu )(xf  da )(xg  warmoebadi funqciebia x  

wertilSi, maSin maTi namravlic warmoebadia am wertilSi da 

).()()()())()(( xgxfxgxfxgxf       (1.2.15) 

 

am Teoremis Sedegia is, rom mudmivi mamravli SegviZ-

lia gavitanoT warmoebulis niSnis gareT, anu Tu constc   da 

)(xf  funqcia warmoebadia x  wertilSi, maSin 

).())(( xfcxfc       (1.2.16) 

marTlac, ),()()())(( xfcxfcxfcxfc   radgan .0c   

 

T e o r e m a 8. Tu )(xf  da )(xg  warmoebadi funqciebia x  

wertilSi, amasTan ,0)( xg  maSin 
)(
)(

xg

xf
 fardobac warmoebadia 

am wertilSi da  

.
)(

)()()()(
)(
)(

2 xg

xgxfxgxf

xg

xf 












                  (1.2.17) 
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gansazRvruli integrali. vTqvaT )(xf  aris  ba,  monakveTze 

gansazRvruli uwyveti arauaryofiTi funqcia.  ba,  monakveT-

ze )(xf  funqciis grafikiT gansazRvruli mrudwiruli trap-

eciis farTobi, SeiZleba Semdegnairadac gamovTvaloT: davy-

oT  ba,  monakveTi n  nawilad nebismieri wesiT, 

    bxxxxa n  ...210   

wertilebiT  1, nn xx  monakve-

Tis sigrZe aRvniSnoT 
nx -iT, 

sadac 1,...,2,1,0  nk , cxadia 

nnn xxx  1 . avRniSnoT  -

iT udidesi nx  ricxvebs 

Soris. TiToeul  1, nn xx  mo-

nakveTze avagoT marTkuTxe-

di nx  fuZiT da )( nxf  sima-

RliT. yoveli aseTi marTk-

uTxedis farTobi aRvniSn-

oT nS -Ti. cxadia, rom  

nnn xxfS  )( ,    (1.2.18) 

xolo yvela aseTi marTkuTxedis farTobTa jami iqneba: 

.)()(...)()(
1

1
111100

1

0
k

n

k
knn

n

k
n xxfxxfxxfxxfS  










   (1.2.19) 

)(xf  funqciis uwyvetobis gamo agebuli marTkuTxede-

bis gaerTianeba mcire  -saTvis, e.i. sakmarisad didi n -saTv-

is `TiTqmis emTxveva~ gansaxilvel mrudwirul trapecias. es 

gvafiqrebineds, rom arsebobs agebuli marTkuTxedebis far-

TobTa jamis zRvari, rodesac 0  da igi mrudwiruli tra-

peciis farTobis tolia, e.i.  








1

0
0

)(lim
n

k
kk xxfS


.             (1.2.20) 

mtkicdeba, rom  ba,  monakveTze gansazRvruli nebismi-

eri uwyveti funqciisaTvis arsebobs aseTi saxis zRvari, rom-

elic ar aris damokidebuli monakveTis dayofis wesze. am 

zRvars uwodeben )(xf  funqciis gansazRvrul integrals a -

dan b -mde da  


b

a

dxxf )(         (1.2.21) 

Y  

X  O  

 xf

a  b  
0x  1x  2x  kx  1nx  nx  

nax.1.11 
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simboloTi aRniSnaven, e.i.  

 





b

a

n

k
kk dxxfxxf )()(lim

1

0
0

       (1.2.22) 

a  da b  ricxvebs integrebis sazRvrebi ewodeba: a -s 

qveda sazRvari, b -s ki _ zeda. )(xf -s integralqveSa funqcia 

ewodeba, xolo x -s saintegro cvladi.  

amrigad,  ba,  monakveTze, gansazRvruli uwyveti arau-

aryofiTi )(xf  funqciis Sesabamisi mrudwiruli trapeciis 

farTobi gamoiTvleba formuliT:                   


b

a

dxxfS )( .         (1.2.23) 

aseTia, mokled funqciis, funqciis zRvrisa da funqc-

iis warmoebulis da gansazRvruli integralis Tvisebebi, ro-

melTa moyvana naSromis winaSe dasmuli amocanis gadasawyvet-

ad srulebiT sakmarisad migvaCnia.  

 

§1.3. funqciis meore rigis warmoebuli da misi 

gamoyeneba 

 

vTqvaT, mocemulia ݕ = -funqcia, romelic warmoe (ݔ)݂

rbadia raime ܦ simravleze. maSin cxadia, rom ݂ᇱ(ݔ) agreTve 

warmoadgens funqcias ܦ simravleze da SesaZlebelia saubari 

am funqciis warmoebulze. ݕ =  funqciis waremoebulis warmoebuls funqciis (ݔ)݂

meore rigis warmoebuli ewodeba da ݕᇱᇱ, ݕ௫௫ an ݂ᇱᇱ(ݔ) simbol-

oTi aRiniSneba. magaliTad ݕ =  funqciis pirveli rigis ݔଶ݊݅ݏ

warmoebuli ݕᇱ = ௫ݕ = ݔݏ݋ܿݔ݊݅ݏ2 = -xolo meore rigis wa ,ݔ2݊݅ݏ

rmoebuli ݕᇱᇱ = ௫௫ݕ =  .ݔ2ݏ݋2ܿ

 

T e o r e m a 9. Tu ݂ᇱᇱ(ݔ)funqcia uwyvetia ݔ଴ wertilis raime 

midamoSi, ݂ᇱ(ݔ଴) = 0 da ݂ᇱᇱ(ݔ଴) ≠ 0, maSin ݔ଴ warmoadgens ݂(ݔ) 

funqciis eqstremulis wertils, amasTan Tu ݂ᇱᇱ(ݔ଴) < 0, maSin ݔ଴ maqsimumis wertilia, xolo Tu  ݂ᇱᇱ(ݔ଴) > 0, maSin ݔ଴ minimum-

is wertilia. 

 

meore rigis warmoebulis gamoyenebiT funqciis gamok-

vlevis ufro srulyofilad Catareba. kerZod SeiZleba dava-
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dginoT funqciis grafikis amozneqiloba Cazneqilobis ubnebi 

da gadaRunvis wertilebi (nax. 1.12). 

 

 
nax.1.12 

 

g a n s a z R v r e b a 3. ݕ = -funqciis grafiks ewodba am (ݔ)݂

ozneqili raime SualedSi, Tu am Sualedis nebismieri ݔ wert-

ilisaTvis funqciis grafikis am Sualedis Sesabamisi nawili (ݔ,  .wertilSi gavlebuli mxebis qvemoT mdebareobs ((ݔ)݂

 

g a n s a z R v r e b a 4. ݕ = -funqciis grafiks ewodba Cazneq (ݔ)݂

ili raime SualedSi, Tu am Sualedis nebismieri ݔ wertil-

isaTvis funqciis grafikis am Sualedis Sesabamisi nawili (ݔ,  .wertilSi gavlebuli mxebis zemoT mdebareobs ((ݔ)݂

 

g a n s a z R v r e b a 5. (ݔ଴,  funqciis (ݔ)݂ wertils ewodeba (଴ݔ)݂

gadaRunvis wertili, Tu am wertilSi grafikis amozneqiloba 

icvleba CazneqilobiT, an Cazneqiloba amozneqilobiT. 

 

magaliTad, nax.1.12-ze gamosaxuli funqciis grafiki 

amozneqilia ሿ−∞, ܽሾ da ሿܾ, +∞ሾ SualedebSi, xolo ሿܽ, ܾሾ Suale-

dSi Cazneqilia. am funqciis gadaRunvis wertilebia ܯ da ܰ. 

 

T e o r e m a 10. Tu funqciis meore rigis warmoebuli dadebi-

Tia raime ualedSi, maSin am SualedSi funqciis grafiki Cazn-

eqilia, xolo Tu funqciis meore rigis warmoebuli uaryofi-

Tia raime SualedSi, maSin am SualedSi funqciis grafiki am-

ozneqilia.  
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§1.4. funqciis miaxloebiTi mniSvnelobis povna 

 

droiT areSi sasruli sxvaobebisa da korxofis kombin-

irebuli meTodis gamoyenebisas umetes SemTxvevaSi kirxofis 

meTodSi gamoTvelebisaTvis saWiro  ݔ)ܯ, ,ݕ  wertilebi ar (ݖ

emTxveva kvanZebSi velis komponentebis ganlagebis wertil-

ebs. Sor zonaSi velis diagramis gamosaTvlelad velis komp-

onentebis mniSvnelobebi unda vipovoT swored ݔ)ܯ, ,ݕ -wer (ݖ

tilebSi. maTi povna SesaZlebelia miaxleobiTi mniSvnelobe-

bis gansazRvrisaTvis saWiro meTodebis gamoyenebiT. mocem-

ul paragrafSi velis komponentebis gansasazRvravad ganxil-

ulia erT-erTi aseTi meTodi. 

velis komponentebis sapovnelad gamoviyenoT ݔ)ܯ, ,ݕ  (ݖ
wertilis garSemo sasruli sxvaobebis meTodSi kubis wveroe-

bSi 8 kvanZSi ganlagebuli gamoTvlili velis Sesabamis komp-

onentis mniSvnelobebi (nax. 1.13). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

nax.1.13. funqciis miaxloebiTi mniSvnelobis  

povna ࡹ(࢞, ࢟,  wertilSi (ࢠ

 

vTqvaT, ݔ)ܯ, ,ݕ ,ݔ)ܯ wertili kubSi, ise rom (ݖ ,ݕ -wer (ݖ

tili nax.1.13-ze mocemuli (݅, ݆, ݇) kvanZis wertilidan ܱܺ Re-

rZis gaswvriv wanacvlebulia ∆ݔᇱ manZiliT, romelic naklebia 

an tolia kubis waxnagze. ܱܻ RerZis gaswvriv wanacvlebulia ∆ݕᇱ manZiliT. ܱܼ RerZis gaswvriv wanacvlebulia ∆ݖᇱ manZil-

(݅, ݆, ݇) 

(݅ + 1, ݆ + 1, ݇ + 1) (݅ + 1, ݆, ݇ + 1) 

(݅, ݆ + 1, ݇) 
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iT. kubis waxnagi warmoadgens sasruli sxvaobebis meTodSi 

sivrciT bijs da amasTan ∆ݔ = ݕ∆ =   .ݖ∆
mocemul ݔ)ܯ, ,ݕ -wertilSi velis komponentis (Sesab (ݖ

amisi ݂ funqciis) miaxloebiTi mniSvnelobis sapovnelad jer 

vipovoT funqciis miaxloebiTi mniSvneloba (݅, ݆, ݇) wertilSi 

gamaval ܻܱܼ sibrtyeze ݔ)ܯ, ,ݕ -ᇱ werܯ _ wertilis gegmilSi (ݖ

tilSi, xolo Semdeg (݅ + 1, ݆, ݇) wertilSi gamavali ܻܱܼ para-

lelur sibrtyeze ݔ)ܯ, ,ݕ -ᇱᇱ wertilܯ _ wertilis gegmilSi (ݖ

Si. amisaTvis gamoviyenoT e.w. wrfivi miaxloeba da vipovoT 

funqciis miaxloebiTi mniSvneloba ܯᇱ wertilSi. ௭݂଴ = ݂(݅, ݆, ݇) + (݂(݅, ݆, ݇ + 1) − ݂(݅, ݆, ݇)) ∙ ௭݂ଵ ,ݖ∆/ᇱݖ∆ = ݂(݅, ݆ + 1, ݇) + (݂(݅, ݆ + 1, ݇ + 1) − ݂(݅, ݆ + 1, ݇)) ∙ ௫݂଴ ,ݖ∆/ᇱݖ∆ = ௭݂଴ + ( ௭݂ଵ_ ௭݂଴) ∙  .ݕ∆/ᇱݕ∆

Sesabamisad, xolo Semdeg (݅ + 1, ݆, ݇) wertilSi gamavali ܻܱܼ paralelur sibrtyeze ݔ)ܯ, ,ݕ  ᇱᇱܯ _ wertilis gegmilSi (ݖ
wertilSi gveqneba: ௭݂଴ଵ = ݂(݅ + 1, ݆, ݇) + (݂(݅ + 1, ݆, ݇ + 1) − ݂(݅+, ݆, ݇)) ∙ ௭݂ଵଵ ,ݖ∆/ᇱݖ∆ = ݂(݅ + 1, ݆ + 1, ݇) + (݂(݅ + 1, ݆ + 1, ݇ + 1) − ݂(݅ + 1, ݆ + 1, ݇)) ∙ ௫݂ଵ ,ݖ∆/ᇱݖ∆ = ௭݂଴ଵ + ( ௭݂ଵଵ_ ௭݂଴ଵ) ∙  .ݕ∆/ᇱݕ∆

am sidideebis gamoyenebiT ݔ)ܯ, ,ݕ  wertilSi funqciis (ݖ

miaxloebiTi mniSvneloba gamoiTvleba ܱܺ RerZis gaswvriv 

wrfivi miaxloebiT: ݂(ܯ) = ௫݂଴ + ( ௫݂ଵ − ௫݂଴) ∙  .ݔ∆/ᇱݔ∆
zemoT moyvanili procedurebis Sedegad miRebuli ݂(ܯ) funqcia warmoadgens velis Sesabamis komponents mocem-

ul ݔ)ܯ, ,ݕ   .wertilSi (ݖ

testirebis Sedegad aRmoCnda, rom am xerxiT napovni 

velis komponentis miaxloebiTi mniSvneloba maRali sizust-

iT emTxveva namdvil mniSvnelobas ݔ)ܯ, ,ݕ  .wertilSi (ݖ

aqve aRvniSnavT, rom ݔ)ܯ, ,ݕ -wertilSi velis mia (ݖ

xloebiTi mniSvnelobis gamosaTvlelad SesaZlebelia sxva me-

Todebis gamoyenebac, magram zemoT moyvanili meTodi sakma-

od martivia da iZleva velis miaxloebiTi mniSvnelobisaTvis 

karg Sedegs. 
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Tavi 2. diferencialuri gantolebebi da maTi 
klasifikacia 

 

diferencialuri da integraluri gantolebebis Teo-

ria ganviTarda mecnierebis im dargebis paralelurad, roml-

ebSic Cndeba da gamoiyeneba diferencialuri da integralu-

ri gantolebebi. am mxriv gansakuTrebiT aRsaniSnavia fizikis, 

qimiis, biologiis da ekonomikis is amocanebi, romlebis SeiZ-

leba Caiweros diferencialuri da integraluri gantolebe-

bis terminebSi. 

ganarCeven Cveulebriv da kerZowarmoebulebian difer-

encialur dantolebebs, romelTa Soris gansxvaveba isaa, rom 

Cveulebriv diferencialuri gantoleba Seicavs erTi cvlad-

is funqciebs da maT warmoebulebs, xolo kerZowarmoebule-

biani diferencialuri gantoleba Seicavs mravali cvladis 

funqciebs da maT kerZo warmoebulebs. 

rogorc aRvniSneT, fizikaSi integro-diferencialur-

ma gantolebebma farTo gamoyeneba pova, radganac mravali 

movlena fizikis sxvadasxva dargSi aRiwereba swored am ga-

ntolebebis saSualebiT. amis magaliTi uamravia, magaliTad, 

siTbos gavrcelebis gantoleba, talRuri gantoleba, kerZod 

eleqtromagnituri talRis gavrceleba, laplasis gantoleba 

da a.S. 

fizikuri klasifikaciis mixedviT fizikuri amocanebi 

SeiZleba daiyos or klasad: stacionaruli da arastacionar-

uli fizikuri amocanebi. 

amocanas ewodeba stacionaruli fizikuri amocana, Tu 

raRac moculobis SigniT amocanis damaxasiaTebeli kerZowa-

rmoebulebiani gantolebis amonaxsni ganisazRvreba mxolod 

am moculobis SemomsazRvrel zedapirze mocemuli sasazRv-

ro pirobebiT. 

fizikurad stacionaruli fizikuri amocana aRwers 

ukve damyarebul fizikur process. maTematikurad es amocana 

daiyvaneba kerZowarmoebulebiani amocanis amoxsnamde cnobi-

li sasazRvro pirobiT. zogjer stacionarul fizikur amoc-

anebs determinirebul amocanebsac uwodeben, radgan Semosa-

zRvruli Σ moculobis nebismier Sida wertilSi amonaxsnis 

mniSvneloba ganisazRvreba am moculobis SemomsazRvrel Γ 

zedapirze mocemuli pirobebiT, anu sasazRvro pirobebi 
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srulad gansazRvraven amonaxsnis qcevas Σ moculobis Sig-

niT. 

arastacionaruli fizikuri amocana ewodeba amocanas, 

romlis amonaxsni unda ganisazRvros kerZowarmoebulebiani 

diferencialuri gantolebis amoxsniT SemousazRvrav (araSe-

mosazRvruli) Ria sivrceSi mocemuli sasazRvro da sawyisi 

pirobebiT. 

maTematikurad am tipis amocanebi warmoadgenen amoca-

nebs sawyisi an sawyisi da sasazRvro pirobebiT. maT amonaxsns 

eZeben am zedapiridan gareT Tanmimdevruli moZraobiT dro-

Si moculobaSi mocemuli sawyisi pirobebiT, ise rom dakmayo-

fildes sasazrvro pirobebi. arastacionaruli amocanebisa-

Tvis SeSfoTebebis gavrcelebis amocanebi amoixsneba droSi 

TandaTanobiTi gadaadgilebiT droiTi bijebis gamoyenebiT. 

ZiriTadad arastacionaruli amocanebi sawyisi da sasazRvro 

pirobebiT warmoadgenen hiperboluri an paraboluri tipis 

kerZowarmoebulebian diferencialur gantolebebs. 

 

§2.1 diferencialuri gantolebebis maTematikuri 

klasifikacia 

 

ganvixiloT meore rigis kerZowarmoebulebian wrfivi 

diferencialuri gantoleba: ܽݑ௫௫ + ௫௬ݑܾ + ௬௬ݑܿ + ௫ݑ݀ + ௬ݑ݁ + ݑ݂ = ,ݔ)݃  (2.1.1)      ,(ݕ
sadac ܽ, ܾ, ܿ, ݀, ݁, ݂ koeficientebi (ݔ, -cvladebis raRac fun (ݕ

qciebs warmoadgenen. kerZowarmoebulebiani diferencialuri 

gantolebis tipi mocemul wertilSi ganisazRvreba ܽ, ܾ, ܿ fu-

nqciebis mniSvnelobebiT. Tu sivrcis mocemul (ݔ଴, -଴) wertiݕ

lSi sruldeba utoloba ܾଶ − 4ܽܿ > 0,                        (2.1.2) 

maSin wrfiv kerZowarmoebulebian diferencialur gantoleb-

as (2.1.1) hiperboluri tipis gantoleba ewodeba. 

hiperboluri tipis kerZowarmoebulebiani diferenci-

aluri gantolebis pirveli kanonikuri saxe Semdegnairad Cai-

wereba: ݑకఎ = ℎଵ(ݑక, ,ఎݑ ,ݑ ,ߦ  (2.1.3)                   .(ߟ
meore kanonikuri forma Semdegi saxisaa: 

కకݑ     − ఎఎݑ = ℎଶ(ݑక, ,ఎݑ ,ݑ ,ߦ  (2.1.4)                .(ߟ
Tu sivrcis mocemul (ݔ଴,  ଴) wertilSi sruldeba tolobaݕ
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ܾଶ − 4ܽܿ = 0,                        (2.1.5) 

maSin wrfiv kerZowarmoebulebian diferencialur gantoleb-

as (2.1.1) paraboluri tipis gantoleba ewodeba. 

paraboluri tipis kerZowarmoebulebiani diferencia-

luri gantolebis kanonikuri saxe Semdegnairad Caiwereba: ݑకక = ℎଷ(ݑక, ,ఎݑ ,ݑ ,ߦ  (2.1.6)                  .(ߟ
Tu sivrcis mocemul (ݔ଴, ଴) wertilSi sruldeba utoloba ܾଶݕ − 4ܽܿ < 0,                       (2.1.7) 

maSin wrfiv kerZowarmoebulebian diferencialur gantoleb-

as (2.1.1) elifsuri tipis gantoleba ewodeba. 

elifsuri tipis kerZowarmoebulebiani diferencialu-

ri gantolebis kanonikuri saxe Semdegnairad Caiwereba: ݑకక + ఎఎݑ = ℎସ(ݑక, ,ఎݑ ,ݑ ,ߦ  (2.1.8)              .(ߟ
moviyvanoT am gantolebebis Sesabamisi fizikuri pro-

cesebis aRmweri gantolebebi: 

1. hiperboluri tipis kerZowarmoebulebiani diferenc-

ialuri gantolebebiT aRiwereba SeSfoTebebis gavrceleba 

sivrceSi da Sesabamisad am tipis gantolebebs talRur gant-

olebebs uwodeben. magaliTad ݔ RerZis gaswvriv talRis gav-

rceleba aRiwereba Semdegi gantolebiT: ݑ௧௧ = ܿଶݑ௫௫,                        (2.1.9) 
sadac ܿ - SeSfoTebis gavrcelebis siCqarea. 

2. paraboluri tipis kerZowarmoebulebiani diferenc-

ialuri gantolebiT aRiwereba nivTierebaSi Tbogamtarobis 

procesi, romlis Sesabamisi gantoleba Semdegnairad Cawereba: డ௨డ௧ = డమ௨డ௫మ)ߣ + డమ௨డ௬మ + డమ௨డ௭మ),               (2.1.10) 
sadac ߣ - Tbogamtarobis koeficientia. 

3. elifsuri tipis kerZowarmoebulebiani diferencia-

luri gantolebis magaliTia e.w. puasonis gantoleba, romel-

ic aRwers myar sxeulebSi siTbos gavrcelebis process. es 

procesi aRiwereba Semdegi gantolebiT: డమ௨డ௫మ + డమ௨డ௬మ = ,ݔ)݂  (2.1.11)                 ,(ݕ
sadac ݂(ݔ,  .siTbos wyaros warmoadgens - (ݕ

hiperboluri, paraboluri da elifsuri gantolebebi-

saTvis Sesabamisi kanonikuri saxiT Casawerad unda mivmarToT 

cvladTa gardaqmnas: 

,ݔ)   (ݕ → ,ߦ)  (2.1.12)                   .(ߟ
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davuSvaT, rom (ݔ, ,ߦ) da (ݕ  cvladebs Soris arsebobs (ߟ

urTierTcalxaxa Sesabamisoba, anu cvladTa gardaqmnis iako-

biani gansxvavebulia nolisagan (gadaugvarebeli gardaqmna) 

ܬ   = డ(క,ఎ)డ(௫,௬) = ௬ߟ௫ߦ − ௫ߟ௬ߦ ≠ 0.               (2.1.13) 

koordinatTa (2.1.12) gardaqmnis dros (2.1.1) gantole-

baSi Semavali yvela warmoebuli gamoiTvleba rTuli funqci-

is diferencirebis wesiT, anu: ߲ݔ߲ݑ = ௫ߦ ߦ߲ݑ߲ + ௫ߟ ଶݔ߲ݑଶ߲ ,ߟ߲ݑ߲ = ௫ଶߦ ߲ଶߦ߲ݑଶ + ௫ߟ௫ߦ2 ߲ଶߟ߲ߦ߲ݑ + ௫ଶߟ ߲ଶߟ߲ݑଶ + ௫௫ߦ ߦ߲ݑ߲ + ௫௫ߟ  .    .    . ,ߟ߲ݑ߲
CavsvaT pirveli da meore rigis warmoebulebis Sesaba-

misi mniSvnelobebi (2.1.1) gantolebaSi, miviRebT: ݑܣకஞ + కఎݑܤ + ఎఎݑܥ +  ⋯ = ,ߦ)݃  (a.2.1.14)         ,(ߟ
sadac ܣ = ௫ଶߦܽ + ௬ߦ௫ߦ2ܾ + ܤ ,௬ଶߦܿ = ௫ߟ௫ߦ2ܽ + ௬ߟ௫ߦܾ + ௫ߟ௬ߦܾ + ܥ ௬,     (2.1.14.b)ߟ௬ߦ2ܿ = ௫ଶߟܽ + ௬ߟ௫ߟܾ +  .௬ଶߟܿ

(2.1.14) gantolebis diskriminantisaTvis miviRebT: ܤଶ − ܥܣ4 = (ܾଶ − 4ܽܿ)൫ߦ௫ߟ௬ − ௫൯ଶߟ௬ߦ
.       (121.15) 

aqedan gamomdinare, cvladTa nebismieri gadaugvarebe-

li gardaqmna ar cvlis kerZowarmoebulebiani diferencial-

uri gantolebis tips. 

 

 

§2.2 hiperboluri tipis kerZowarmoebulebiani 

diferencialuri gantoleba 

 

daviyvanoT hiperboluri kerZowarmoebulebiani dife-

rencialuri gantoleba (2.1.3) kanonikur saxemde. gadavideT ߦ 
da ߟ cvladebze ise, rom isini warmoadgendnen ܣ = ܥ = 0 gan-

tolebis fesvebs. pirvel gantoleba ܣ = 0 Semdegnairad Caiw-

ereba: ܽߦ௫ଶ + ௬ߦ௫ߦܾ + ௬ଶߦܿ = 0.                      (2.2.1)           
gavyoT (2.2.1) gantoleba ߦ௬ ≠ 0 sidideze, miviRebT: 
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ܽ ൬కೣక೤൰ଶ + ܾ కೣక೤ + ܿ = 0.                      (2.2.2) 
zedapirze ݔ)ߦ, (ݕ = ߦ݀ amitom ,ݐݏ݊݋ܿ = డకడ௫ ݔ݀ + డకడ௬ ݕ݀ = 0,     =≻      కೣక೤ = − ௗ௬ௗ௫ .         (2.2.3) 
CavsvaT miRebuli (2.2.3) gamosaxuleba (2.2.2) gantole-

baSi, miviRebT: ܽ ቀௗ௬ௗ௫ቁଶ − ܾ ௗ௬ௗ௫ + ܿ = 0,     =≻      ௗ௬ௗ௫ = ௕±√௕మିସ௔௖ଶ௔ ,ݔ)ߦ (2.2.4)      .  (ݕ = ,ݔ)ߟ da ݐݏ݊݋ܿ (ݕ = -zedapirebi ganisazRvr ݐݏ݊݋ܿ

eba (2.2.4) gantolebidan. amgvarad napovn ߦ  da ߟ funqciebs 

(2.1.1) kerZowarmoebulebiani diferencialuri gantolebis ma-

xasiaTeblebi ewodebaT. swored es cvladebi unda SeirCes hi-

perboluri diferncialuri gantolebis pirvel kanonikur 

(maxasiaTebel) formamde dasayvanad. 

pirveli rigis warmoebulis Semcveli wevrebis gamosa-

ricxad saWiroa ucnobi ߦ)ݑ, ,ߦ)ݑ  funqciis Secvla (ߟ (ߟ = ݁ఒకାఓఎܸ(ߦ,  ,(ߟ
funqciiT, sadac ܸ(ߦ, -para ߤ da ߣ ,axli ucnobi funqciaa - (ߟ

metrebia, romlebic damatebiTi pirobebiT unda ganisazRvr-

os. ucnobi funqciis (2.1.3) gantolebaSi CasmiT ߣ da ߤ parame-

trebi SeiZleba SeirCes ise, rom gantolebaSi pirveli rigis 

warmoebulebi gamoiricxos. e.i. sabolood miviRebT hiperbo-

luri diferencialuri gantolebis Semdegi saxiT gardaqmnil 

formas: కܸఎ + ଵ݂ܸ = ݃ଵ(ߦ,  (2.2.5)                      .(ߟ
zemoT moyvanili Teoriuli masalis gasamyareblad mo-

viyvanoT Semdegi magaliTi: vTqvaT, mocemulia talRuri gan-

toleba ݑ௧௧ = ܿଶݑ௫௫ ,      ߳ݔ(−∞, ∞),                 (2.2.6) 
Semdegi sasazRvro pirobebiT ݔ)ݑ, 0) = ,ݔ)௧ݑ     ,(ݔ)݂ 0) =  (2.2.7)            .(ݔ)݃

SemovitanoT maxasiaTebeli cvladebi ߦ = ݔ + ߟ da  ݐܿ = ݔ − కఎݑ :miviRebT ݐܿ = 0.                           (2.2.8) 

miRebuli gantolebis amonaxsni, romelsac dalamberis 

amonaxsns uwodeben, Semdegi saxiT Caiwereba: ݔ)ݑ, (ݐ = ℱଵ(ݔ + (ݐ ܿ + ℱଶ(ݔ −  (2.2.9)            (ݐܿ
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ℱଵ da ℱଶ funqciebi unda vipovoT (2.2.7) sawyisi pirob-

ebis gaTvaliswinebiT: ℱଵ(ݔ) + ℱଶ(ݔ) = (ݔ)ℱଵᇱܿ ,(ݔ)݂ − ܿℱଶᇱ(ݔ) =  ,(ݔ)݃
amis gaTvaliswinebiT (2.2.9) gantoleba Semdegnairad gadaiwe-

reba: ݔ)ݑ, (ݐ = ଵଶ ݔ)݂] + (ݐܿ + ݔ)݂ − [(ݐܿ + ଵଶ௖ ׬ ݃(߬)݀௫ା௖௧௫ି௖௧ ߬    (2.2.10) 
funqciis maxasiaTebeli wirebi gaivlian (ݔ଴, -଴) wertiݕ

lSi. pirveli maxaliaTeblis daxris kuTxis tangensi 1 ܿൗ  to-

lia, xolo meore maxasiaTeblis daxris kuTxis tangensi ki ൫− 1 ܿൗ ൯.  ݔ)ݑ, ,଴ݔ) funqciis mniSvneloba (ݐ -଴) wertilSi damokiݐ

debulia mxolod sawyis pirobebze ݔ]߳ݔ଴ + ,଴ݐܿ ଴ݔ − -଴] interݐܿ

valSi. (2.2.10) gamosaxulebaSi pirveli Sesakrebi aRwers sawy-

isi monacemebis gadatanas maxasiaTeblis gaswvriv, xolo meo-

re Sesakrebi sawyisi ganawilebis wvlils sasrul Sekrul int-

ervalze.  

(2.2.10) gamosxulebidan gamomdinareobs, rom (ݔ଴, -଴) weݐ
rtilSi amonaxsnis mniSvnelobaze aRniSnul intervals gareT 

aRZruli SeSfoTebebi araviTar zegavlenas ar axdens. SeSfo-

Tebis gavrcelebis siCqare sasrulia. amonaxsnis es Tviseba 

axasiaTebs hiperboluri tipis yvela kerZowarmoebulebian 

gantolebas. hiperboluri gantolebis amonaxsni ganisazRvre-

ba droSi (an drois Sesabamisi koordinatiT) TandaTanobiTi 

gadanacvlebis saSualebiT.   

 

§2.3 paraboluri tipis kerZowarmoebulebiani 

diferencialuri gantoleba 

 

paraboluri tipis kerZowarmoebulebiani diferencia-

luri gantolebis diskriminanti  ܾଶ − 4ܽܿ = 0, 

Sesabamisad (2.2.4) gantoleba gadaiwereba Semdegi saxiT: ௗ௬ௗ௫ = ௕ଶ௔.                            (2.3.1) 
(2.1.1) gantolebis (2.1.6) kanonikur saxemde dasayvanad 

movaxdinoT cvladTa gardaqmna ߦ = ݔ − ߟ   ,ݕଵߣ = ݔ − -koef .ݕଶߣ

icienti ߣଵ ganisazRvreba (2.3.1) gantolebidan. paraboluri 

tipis kerZowarmoebulebiani gantolebebisaTvis arsebobs ga-
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ntolebis maxasiaTeblebis mxolod erTi ojaxi. koeficien-

tad unda SeirCes nebismieri orjer diferencirebadi ߟ = ,ݔ)߰ ߦ funqcia, romelic ar gamoisaxeba (ݕ = ,ݔ)߮  (ݕ
funqciis saSualebiT. es moTxovna ekvivalenturia 

gantolebis iakobianis nolisagan gansxvavebis pirobis ܬ = డ(క,ఎ)డ(௫,௬) = ,ଵߣ)݂ (ଶߣ ≠  cvladebze ߟ da ߦ ଶ koeficientis aseTi SerCeviTߣ (2.3.2)                    .0

gadasvlisas miviRebT (2.1.6) kanonikur saxes. dabali rigis 

warmoebulebis gamosaricxad hiperboluri tipis gantolebis 

ganxilvisas Catarebuli procedurebiT (2.1.6) kanonikuri fo-

rma Semdegnairad Caiwereba: ఎܸఎ + ݀ଶ కܸ = ݃ଶ(ߦ,  (2.3.3)                    .(ߟ
paraboluri gantolebebi Cveulebriv aRweren difuzi-

ur procesebs. es amocanebi warmoadgenen arastacionarul 

amocanebs rmelTa amonaxsni unda moiZebnos mocemuli sasaz-

Rvro da sawyisi pirobebis gaTvaliswinebiT. paraboluri ti-

pis gantolebebisagan gansxvavebiT amonaxsnis mniSvnelobaze 

zegavlenis are ar aris SezRuduli. paraboluri gantolebis 

amonaxsni drois nebismier ݐ momentSi damokidebulia gamoTv-

lebis warmoebis mTel areSi mocemuli parametrebisagan 

drois wina momentSi da sasazRvro sasazRvro pirobebisagan 

mocemuli aris sazRvarze. 

paraboluri tipis amocanebis gadaWra ganvixiloT Sem-

degi paraboluri tipis kerZowarmoebulebiani diferencial-

uri gantolebiT aRwerili amocanis magaliTze: ݔଶݑ௫௫ − ௫௬ݑݕݔ2 + ௬௬ݑଶݕ = ݁௫.             (2.3.4) 
koeficientebisa da determinantisaTvis gveqneba: ܽ = ,ଶݔ ܾ = ,ݕݔ2− ܿ = ,ݔ)݃   ,ଶݕ =∆     ,(ݕ ଶ(ݕݔ2−) − ଶݕଶݔ4 = 0 

da gantoleba paraboluria ݔ da ݕ-is nebismieri mniSvnelo-

bisaTvis. maxasiaTebeli gantoleba ݀ݔ݀ݕ = ିଶ௫௬ଶ௫మ = − ௬௫,   an   ௗ௫௫ = − ௗ௬௬             (2.3.5) 

aris Cveulebrivi diferencialuri gantoleba gancalebadi 

cvladebiT. misi amonaxsnebia ݈݊ݕ + ݔ݈݊ =  .ܥ

radgan amocana aRiwereba paraboluri diferencialu-

ri gantolebebiT, arsebobs maxasiaTebel wirTa erTaderTi 

ojaxi, romlis saSualebiTac ganimarteba axali cvladi ߦ, 
xolo ߟ cvladi SeirCeva ise rom is akmayofilebdes erTad-
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erT pirobas: cvladTa gardaqmnis iakobiani ar gaxdes nolis 

toli: ߦ = ݕ݈݊ + ߟ   ,ݔ݈݊ = ݔ   ,ݔ > ݕ   ,0 > ܬ ,0 = ௬ߟ௫ߦ − ௫ߟ௬ߦ = ଵିݕ− ≠ 0 

da ߦ da ߟ cvladebis warmoebulebisaTvis miviRebT: ߦ௫ = ௬ߦ   ,ଵିݔ = ௫௫ߦ   ,ଵିݕ = ௫௬ߦ   ,ଶିݔ− = ௬௬ߦ   ,0 = ௫ߟ ,ଶݕ− = 1, ௬ߟ = ௫௫ߟ = ௫௬ߟ = ௬௬ߟ = 0. 

zemoT moyvanili pirveli da meore rigis warmoebule-

bis SetaniT koeficientebis gamosaTvlel (2.1.14.b) gamosaxu-

lebaSi da imis gaTvaliswinebiT, rom ݔ = ܣ ,ߟ = ܤ = 0 mivi-

RebT (2.1.6) ߟଶݑఎఎ = కݑ + ݁ఎ pirvel kanonikur formas an ߟଶ 
koeficintze gayofis Semdeg ݑఎఎ = ଵఎమ కݑ + ଵఎమ ݁ఎ.                     (2.3.6) 
 

§2.4 elifsuri tipis kerZowarmoebulebiani 

diferencialuri gantoleba 

 

elifsuri tipis kerZowarmoebulebiani diferencialu-

ri gantolebis diskriminanti (2.1.7) uaryofiTi sididea, rac 

imas niSnavs rom, (2.1.1) gantolebis fesvebi ganisazRvreba Se-

mdegnairad: ߣଵ,ଶ = ݔ݀ݕ݀ = ௕±√ସ௔௖ି௕మଶ௔ ,                  (2.4.1)) 

e.i gantolebis maxasiaTeblis orive ojaxi kompleqsurmniSvn-

elobiania. 

elifsuri gantolebis (2.1.8) kanonikur saxemde dasayv-

anad cvladTa gardaqmna movaxdinoT Semdegi saxiT: ݕ − ݔଵߣ = ߦ + ,ߟߡ ݕ − ଶߣ = ߦ −  (2.4.2)            .ߟߡ

ݑ :funqcia warmovadginoT Semdegi saxiT ݑ  = ߱ఎఎ݁ି(ఈకାఉఎ).                  (2.4.3) 
CavsvaT (2.4.2) da (2.4.3) gamosaxulebebi (2.1.1) gantole-

baSi, miviRebT: ߱కక + ߱ఎఎ + ݃(߱) = ,ߦ)݂  (2.4.4)              .(ߟ
miRebuli gantoleba (2.1.8) kanonikuri formis analog-

iuria. dabali rigis warmoebulebis gamoricxvis Semdeg (2.4.4) 

kanonikuri forma Semdegi saxiT gadaiwereba: కܸక + ఎܸఎ + ଷ݂ܸ = ݃ଷ(ߦ,  (2.4.5)              .(ߟ
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arsebobs (2.4.4) kanonikur formaze dayvanis alterna-

tiuli meTodi romelic ar mimarTavs kompleqsur cvladebs.  

Tu (2.1.1) gantolebis ܽ, ܾ, ܿ, ⋯ koeficientebi arian mu-

dmivi sidideebi gansaxilvel areze, es gantoleba SesaZlebe-

lia ganvixiloT mTels ℝଶ sibrtyeze. zemoT miRebuli kano-

nikuri formebi hiperboluri, paraboluri da elifsuri ga-

ntolebebisaTvis samarTliania mTel ℝଶ sibrtyeze. am SemTxv-

evaSi cvladTa axali gardaqmniT SesaZlebelia kanonikuri 

formis kidev ufro gamartiveba.   

kerZowarmoebulebiani elifsuri gantolebebi princi-

pulad gansxvavdeba analogiuri hiperboluri da paraboluri 

gantolebebisagan. elifsuri gantolebebisaTvis SeSfoTeba, 

romelic aRiZvreba gansaxilveli sivrcis nebismier wertilSi 

gavlenas axdens gamoTvliTi aris nebismier wertilze. anu 

elifsuri gantolebebis ricxviTi amonaxsnebis Ziebisas auci-

lebelia globaluri aris ganxilva, romelSic Seiswavleba 

elifsuri gantolebebiT aRwerili procesi, maSin rodesac 

kerZowarmoebulebiani hiperboluri da paraboluri gantol-

ebebiT aRwerili procesis amonaxsnis Zieba SesaZlebelia 

droSi gadanacvlebis meTodiT sawyisi pirobebis gaTvaliswi-

nebiT. maTematikuri gantolebebis aseTi Taviseburebebi gana-

pirobebs konkretuli procesebis Sesabamisi gantolebebisaT-

vis konkretuli moxerxebuli meTodis SerCevas. 

ganvixiloT elifsuri gantolebis kanonikur formam-

de dayvanis magaliTi. diferencialuri gantolebisTvis ݁௫ݑ௫௫ + ݁௬ݑ௬௬ =  (2.4.6)                     ݑ

gveqneba: ܽ = ݁௫,   ܾ = ܿ   ,݋ = ݁௬,   ∆= 0ଶ − 4݁௫݁௬ < 0 

da am saxiT mocemuli gantoleba elifsuria cvladebis neb-

ismieri mniSvnelobisaTvis −∞ < ݔ < ∞, −∞ < ݕ < ∞. 

maxasiaTebeli gantolebebi iqneba: ݀ݔ݀ݕ = ଴±௜√ସ௘ೣ௘೤ଶ௘ೣ = ±݅݁భమ(௬ି௫)
 an ݁ିభమ௬݀ݕ = ݁ିభమ௫݀ݔ 

arian gancalebadi Cveulebrivi diferencialuri gantolebe-

bi da maTi amonaxsni iwereba cxadad −2݁ିభమ௬ − 2݁ିభమ௫ = ,ݐݏ݋ܿ −2݁ିభమ௬ + 2݁ିభమ௫ =  (2.4.7)       .ݐݏ݋ܿ
pirveli maTgani warmoadgens hoperbolebid ojaxs, xo-

lo meore wrewirebis ojaxs. gamoviyenoT cvladTa Semdegi 

gardaqmna: 
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ߦ = −2݁ିభమ௬ − 2݁ିభమ௫  da ߟ = −2݁ିభమ௬ + 2݁ିభమ௫         (2.4.8) 
da meore etapze ganvsazRvravT axal cvladebs rogorc ߦ da ߟ cvladebis namdvil da warmosaxviT nawilebs ߙ = −2݁ିభమ௬,   ߚ = −2݁ିభమ௫. 

maTi ߦ da ߟ warmoebulebisaTvis miviRebT: ߙ௫ = ௬ߙ   ,0 = ݁ିభమ௬,   ߙ௫௫ = ௫௬ߙ   ,0 = ௬௬ߙ   ,0 = − ଵଶ ݁ିభమ௬
௫ߚ , = ݁ିଵଶ௫,   ߙ௬ = ௫௫ߙ   ,0 = − 12 ݁ିଵଶ௫,   ߙ௫௬ = ௬௬ߙ   ,0 = 0. 

SevniSnoT rom gamoTvlebis orjer Catarebis nacvlad 

(2.1.14.b) formulebi ߙ da ߚ cvladebisaTvis samarTliania is-

eve, rogorc ߦ da ߟ cvladebisaTvis. amis gaTvaliswinebiT ܣ, ܣ :koeficientebisaTvis miviRebT ܥ da ܤ = ௫ଶߙܽ + ௫ߚ௫ߙ2ܾ + ௫ଶߚܿ = 0 + 0 + ݁௬ ൬݁ିଵଶ௬൰ଶ = ܤ 1 = ௫ߚ௫ߙ2ܽ + ܾ൫ߙ௫ߚ௬ + ௬൯ߙ௫ߚ + ௬ߚ௬ߙ2ܿ = ܥ 0 = ௬ଶߚܽ + ௬ߚ௬ߙ2ܾ + ௬ଶߚܿ = ݁௫ ൬݁ିଵଶ௫൰ଶ + 0 + 0 = 1 

da pirveli rigis warmoebulebisa da ݑ funqciis koeficient-

ebis gamoTvlis, Semdeg ki (2.1.14.a) formulaSi CasmiT miviR-

ebT elifsuri gantolebis Sesabamis kanonikur formas: ݑఈఈ + ఉఉݑ + ఈସ ఈݑ + ఉସ ఉݑ − ݑ = 0.             (2.4.9) 

  

 

§2.5 koreqtulad dasmuli amocanebi  

 

kerZowarmoebulebian diferencialur gantolebas saw-

yisi monacemebiT ewodeba koreqtulad dasmuli Tu is akmayo-

filebs sam pirobas: 

1. Tu arsebobs amonaxsni funqciaTa raime ॿଵ klasSi. 

2. Tu amonaxsni erTaderTia funqciaTa romeliRac ॿଶ 

klasSi. 

3. Tu amonaxsni uwyvetad damokidebulia amocanis sa-

wyisi da sasazRvro pirobebisagan, Tavisufali wev-

rebisagan, gantolebis koeficientebisagan da a.S. 

kerZowarmoebulebiani diferencialuri gantolebisT-

vis arsebobs sami tipis sasazRvro piroba: 
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dirixles amocana. saWiroa amocanis amonaxsnis povna sivrcis 

raime SemosazRvrul Σ ubanSi, Tu am sivrcis Γ sazRvarze mo-

cemulia saZiebeli funqciis mniSvneloba 

    ݂|୻ = ߮.                         (2.5.1) 

neimanis amocana. saWiroa amocanis amonaxsnis povna sivrcis 

raime SemosazRvrul Σ ubanSi, Tu mis sazRvarze mocemulia 

ara TviTon saZiebeli funqciis mniSvneloba, aramed saZieb-

eli funqciis warmoebuli Γ sazRvaris gare normalis gaswv-

riv 

    
డ௙డ௡ቚ୻ = ݃.                          (2.5.2) 

Sereuli sasazRvro amocana. xSirad aseT amocanebs mesame ti-

pis sasazRvro amocanas uwodeben da mis sasazRvro pirobas 

Semdegi saxe aqvs: 

    [ܽଵ డ௙డ௡ + ܽଶ݂]ቚ୻ = ℎ.                 (2.5.3) 

 arakoreqtulad dasmuli ewodeba amocanebs: 

1. Tu amocana amoxsnadia nebismieri sawyisi monacemebis-

aTvis. 

2. Tu amocanas gaaCnia erTze meti amonaxsni. 

3. Tu amocanis amoxsnisa da sawyisi monacemebisaTvis Se-

uZlebelia SeirCes iseTi pirobebi, rom am pirobebis 

farglebSi amonaxsni uwyvetad iqneba damokidebuli 

sawyis pirobebze.  

laplasis gantolebisTvis mesame moTxovnas amonaxsnis 

sawyis pirobebze uwyvetad damokidebulebis Sesaxeb akmayo-

filebs arakoreqtulad dasmuli amocana:  ∇ଶΦ = ∆Φ = ߲ଶݔ߲ݑଶ + ߲ଶݔ߲ݑଶ = 0, −∞ < ݔ < ∞, ݕ ≥ 0 

sasazRvro pirobiT ݔ)ݑ, 0) = ,ݔ)ݑ߲ ,0 ݕ߲(0 = sin (݊ݔ)݊ , ݊ > 0. 
zogierT SemTxvevaSi dgeba arakoreqtulad dasmuli 

amocanebis ganxilvis aucilebloba, romelTa amoxsna SesaZl-

ebelia garkveul specifiur SemTxvevebSi, magram am amocane-

bis amoxsnis Taviseburebebs Cven ar SevexebiT, rameTu es 

scdeba naSromSi ganxiluli fizikuri procesebisaTvis damax-

asiaTebeli gantolebebis farglebs.  
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Tavi 3. programuli paketi  MATLAB-is 
elementebi. funqciebi da brZanebebi MATLAB-Si 

 

MATLAB-i erTerTi mZlavri kompiuteruli sistemaa, 

romelic gankuTvnilia maTematikuri, fizikuri, inJineruli 

da ekonomikuri amocanebis amosaxsnelad. 

am TavSi ganxilulia MATLAB-is elementaruli funqc-

iebi, romlebic gamoiyeneba gamoTvlebisa da monacemTa vizu-

alizaciisaTvis. ganxiululia ciklebi da ciklis operatore-

bi, romlebic aqtiurad gamoiyeneba fizikuri amocanebis amo-

saxsnelad. naCvenebia, rom porogramuli paketi MATLAB-i 

iZleva fizikuri procesebis da gansakuTrebiT gardamavali 

fizikuri procesebis kompiuteruli modelirebis karg SesaZ-

leblobas.  

MATLAB-i gankuTvnilias aseve Semdegi tipis amocaneb-

is gadasawyvetad: 

 formulebiT martivi gamoTvlebi; 

 arawrfivi gantolebebis da sistemebis amoxsna; 

 wrfivi algebris amocasnebis amoxsna; 

 optimizaciis amocanebis amoxsna; 

 diferencireba das integrireba; 

 eqsperimentuli monacemebis damuSavebis amocana; 

 Cveulebrivi diferencialuri gantolebebisa da 

sistemebis amoxsna; 

 kerZowarmoebulebiani diferencialuri gantole-

bebis amoxsna. 

 

MATLAB-s gaaCnia e.w. CaSenebuli funqciebisa da oper-

atorebis uzarmazari raodenoba. aseve SesaZlebelia momxmar-

eblis mier axali funqciebisa da brZanebebis Seqmna. amasTan 

MATLAB-s gaaCnia sakmaod mZlavri programirebis sakuTari 

ena, romelic iZleva axali maTematikuri da fizikuri amoca-

nebis amoxsnis SesaZleblobas. 
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§3.1 elementaruli maTematikuri gamoTvlebi 
 

MATLAB-Si martivi maTematikuri gamoTvlebis Casata-

reblad gamoiyeneba Semdegi operatorebi: 

 + Sekreba; 

 - gamokleba; 

 * gamravleba; 

 / gayofa marcxnidan marjvniv; 

 \ gayofa marjvnidan marcxniv; 

 ^ xarisxSi ayvana. 

maTematikuri gamosaxulebis gamosaTvlelad saWiroa 

Sesabamisi gamosaxulebis CaweriT brZanebebis striqonSi da 

Enter klaviSze daWeriT. miRebuli mniSvneloba gamoisaxeba ek-

ranze, rogorc es naCvenebia magaliT 3.1.1-ze. 

magaliTi 3.1.1. 

>> 2.35*(1.8-0.25)+1.34^2/3.12 
ans = 
    4.2180 
 
Tu gamosaTvleli gamosaxuleba Zalian didia maSin 

Enter klaviSze daWeramde unda avkriboT sami an meti wertili 

da Sermdeg Enter klaviSze daWeriT gavagrZelebT gamosaxul-

ebis akrebas axal striqonze, rogorc esaa mocemuli magaliT 

3.1.2-ze. 

magaliTi 3.1.2. 

>> 1+2+3+4+5+6+7…. 
+8+9+10+11+12+13+14 
ans = 
    105 
 
brZanebis bolos `;~ simbolos gamoyernebisa ekranze 

monacemi ar gamoisaxeba, sruldeba moqmedeba da moqmedeba 

gadadis Semdeg striqonze.  

magaliTi 3.1.3. 

>> 1+2; 
>>1+2 
ans = 
    3 
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MATLAB-Si SesaZlebelia nebismieri cvladis gansazrv-

ra da Semdeg misi gamoyeneba gamoTvlebSi. nebismieri cvladi 

formulebSi an gamosaxulebebSi mis gamoyenebamde unda ga-

nvsazRvroT da Semdeg gamoviyenoT. cvladi gansasazRvravad 

saWiroa am cvladis akreba da Semdeg miniWebis operatoris 

`=~ gamoyenebiT da misi mniSvnelobis akrebiT cvladis gansa-

zRvra. aq tolobis niSani `=~ warmoadgens miniWebis operat-

ors da is iseTivea, rogoricaa sxva programirebis enebis Se-

mTxvevaSi. cvladis saxeli ar unda emTxvevodes programaSi 

CaSenebul proceduras, operators, funqcias da SeiZleba Se-

icavdes mxolod 19-mde simbolos. sistema ganasxvavebs did 

da patara asoebs cvladis dasaxelebaSi, magaliTad abc, Abc, 
aBc, abC da ABC sxvadasxva cvladebia. 

miniWebis opertoris marjvena mxares SeiZleba gvqond-

es ricxvi, ariTmetikuli gamosaxuleba, simboloebis striqo-

ni an simboluri gamosaxuleba. aqve aRvniSnoT, rom simbolo-

ebis striqonis an simboluri gamosaxulebis SemTxvevaSi moc-

emuli gamosaxuleba unda CavsvaT erTsimboloian brWyalebSi. 

miniWebis operatoris gamoyenebis ramdenime SemTxveva 

moyvanilia magaliT 3.1.4-Si. yaradReba unda mieqces imas, 

rom Tu striqonis bolos ar aris dasmuli `;~ simbolo maSin 

ekranze gamodis cvladis simbolo da misi mniSvneloba. Tu 

`;~ simbolo dasmulia striqonis bolos, maSin cvladis mniSv-

neloba gamoiTvleba da misi mniSvneloba Caiwereba kompiute-

ris mexsierebaSi da marTva gadaecema Semdeg striqons. 

magaliTi 3.1.4. 

>> a=1.3 
a= 
1.3000 
>> b=-2.6 
b= 
-2.6000 
>> x=1;y=2; 
>> z=(x+y)-a/b 
z= 
2.5000 
>>%-------------------------- 
>>% Secdomis Setyobineba, cvladi c ar aris  

>>% gansazRvruli 

>> c+2/3 
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??? Undefined function or variable ‘c’. 
>>%--------------------------- 
>>% simboluri cvladis gansazRvra 

>> c=’a’ 
c = 
a 
>>%---------------------------- 
>>% simboloebis striqonis gansazRvra 

>> h =’funqciis grafiki’ 

h = 
funqciis grafiki 

 

yuradReba mivaqcioT imas, rom Tu brZanebaSi ar figu-

rirebs miniWebis operatori, maSin gamoTvlebis Sedegi mieni-

Weba simbolur cvlads ans, amasTan miWebuli mniSvneloba Se-

saZlebelia gamoviyenoT Semdgom gamoTvlebSi. aqve unda gav-

iTvaliswinoT is, rom simboluri cvladis mniSvneloba icvl-

eba miniWebis operatoris yoveli gamouyeneblobis Semdeg.  

simboluri cvladis ans gamoyenebis magaliTebi moyvanilia 

magaliT 3.1.5-Si. 

magaliTi 3.1.5. 

>> 25.7-3.14 
ans = 
22.5600 
>>% sistemuri cvladis mniSvneloba 22.5600-is tolia 

>> 2*ans 
ans = 
45.1200 
>>% sistemuri cvladis mniSvneloba 45.1200-is tolia 

>> x=ans^0.3 
x = 
3.1355 
>>% sistemuri cvladis mniSvneloba 45.1200-is tolia 

>> ans 
ans = 
45.1200 
 
ans cvladis garda MATLAB-Si gamoiyeneba sxva sistem-

uri cvladebic: 
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 ans - miniWebis operatoris gareSe bolo operaciis 

Sedegi; 

 i,j - warmosaxviTi erTiani √−1; 

 pi - ߨ mniSvneloba (3.1415922653589793); 

 inf - ∞-is manqanuri simbolo; 

 NaN - ganusazRvreli Sedegi (0/0, ∞/∞, 1ஶ da sxv.; 

 realmin - umciresi ricxvi (2.2251e-308);] 

 realmax - umciresi ricxvi (1.7977e+308);  

yvela zemoT CamoTvlili cvladi SeiZleba gamoviyen-

oT maTematikur gamosaxulebebSi. yvela cvlads MATLAB-Si 

gaaCnia Tavisi adgili mexsierebaSi, romelsac samuSao sivrce 

Workspase ewodeba. aseve SesaZlebelia mexsierebis gawmenda 

zedmeti monacemebisagan. amisaTvis gamoiyeneba Semdegi 

brZaneba: 

clear var1 [, var2, …, varN] 
am brZanebis gamoyenebis magaliTi moyvanilia qvemoT. 

magaliTi 3.1.6. 

>>% x da y cvladebis gansazRvra 

>> x=3; y=-1; 
>>% x cvladis mniSvnelobis gauqmeba 

>> clear x 
>>% x cvladi ar aris gansazvruli 

>> x 
??? Undefined function or variable ‘x’. 
>>% y cvladi gansazvrulia 

>> y 
y = 
-1 
 

 

§3.2 funqciebi MATLAB-Si 

 

programul paket MATLAB-Si gamoyenebuli yvela funq-

cia SegviZlia davajgufoT or klasad: 

 CaSenebuli funqciebi; 

 momxmareblis mier gansazRvruli funqciebi; 
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zogadad MATLAB-Si funqciebisadmi mimarTva Semdegna-

iria: 

[name1, name2, …]=fun(var1 [,var2, …]), 
amasTan 

 namr1, name2, … - cvladebis saxelebis siaa, romleb-

Sic Caiwereba funqciis muSaobis Sedegebi. Tu es Ca-

monaTvali ar figurirebs, maSin sistemur ans 
cvlads mieniWeba pirveli gamoTvlili Sedegis mni-

Svneloba; 

 fun - funqciis saxelia; 

 var1, var2, … - funqciis argumentebis CamonaTvalia; 

ganvixiloT elementaruli CaSenebuli funqciebi, rom-

lebic gamoiyeneba MATLAB-Si: 

elementaruli maTematikuri funqciebi. elementaruli ma-

Tematikuri funqciebi mocemulia cxrili 3.1-Si 
 

cxrili 3.1.   MATLAB-is elementaruli maTematikuri funqciebi 

funqcia funqciis aRwera 

trigonometruli funqciebi 

sin(x) x ricxvis sinusi 

cos(x) x ricxvis kosinusi 

tan(x) x ricxvis tangensi 

cot(x) x ricxvis kotangensi 

sec(x) x ricxvis sekansi 

csc(x) x ricxvis kosekansi 

asin(x) x ricxvis arksinusi 

acos(x) x ricxvis arkcosinusi 

atan(x) x ricxvis arktangensi 

acot(x) x ricxvis arkkotangensi 

asec(x) x ricxvis arksekansi 

acsc(x) x ricxvis arkkosekansi 

hiperboluri funqciebi 

sinh(x) x ricxvis hiperboluri sinusi 

cosh(x) x ricxvis hiperboluri kosinusi 

tanh(x) x ricxvis hiperboluri tangensi 

coth(x) x ricxvis hiperboluri kotangensi 

sech(x) x ricxvis hiperboluri sekansi 

csch(x) x ricxvis hiperboluri kosekansi 
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eqspotencialuri funqciebi 

exp(x) x ricxvis eqsponenta 

log(x) x ricxvis logariTmi 

mTelricxviani funqciebi 

fin(x) x ricxvis damrgvaleba nolis mxares uaxloes mTelamde 

floor(x) x ricxvis damrgvaleba uaxloes mTelamde −∞ - ken 

ceil(x) x ricxvis damrgvaleba uaxloes mTelamde +∞ - ken 

round(x) x ricxvis Cveulebrivi damrgvaleba uaxloes mTelamde 

rem(x,y) x/y fardobis naSTis gamoTvla  

sign(x) x ricxvis signum-funqcia, 0,x=0;   -1,x<0;  1,x>0; 
sxva funqciebi 

sqrt(x) kvadratuli fesvi x ricxvidan 

abs(x) x ricxvis moduli 

log10(x) x ricxvis aTobiTi logariTmi 

log2(x) x ricxvis orobiTi logariTmi 

pow2(x) ricxvi oris ayvana x xarisxSi 

gcd(x, y) x da y ricxvebis udidesi saerTo gamyofi 

lcm(x, y) x da y ricxvebis umciresi saerTo jeradi 

rats(x) x ricxvis warmodgena racionaluri wiladis saxiT 
 

kompleqsuri ricxvebi. kompleqsuri argumentis funqci-

ebi. warmodgenili maTematikuri funqciebis umravlesoba iT-

valiswinebs kompleqsur argumentTan muSaobas. amitom ganvi-

xiloT detalurad MATLAB-Si kompleqsuri ariTmetikis rea-

lizacia. rogorc zemoT aRvniSneT warmosaxviTi √−1 erTeu-

lis aRsaniSnavad gamoiyeneba ori sidide - i da j, amitom komp-

leqsuri ricxvis Seyvana xdeba Semdeg formatSi: 

magaliTi 3.2.1. 

>>7+i*2 
ans = 
7.0000+2.0000i 
>>-5+i 
ans = 
-5.0000+1.0000i 
 
garda zemoT moyvanili magaliTisa kompleqsur ricxv-

ebze gamoiyeneba elementaruli maTematikuri operaciebi: Se-

kreba, gamokleba, gamravleba, gayofa marjvnidan da marcxni-

dan da axarisxeba (magaliTi 3.2.2)  
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magaliTi 3.2.2. 

>>a=2+3*i;b=-3+2*i; 
>>(a+b)^2/(a-b)*(2-a) 
ans = 
-3.000 + 15.0000i 
 

kompleqsur ricxvebTan samuSao funqciebi mocemulia cxri-

li 3.2-Si 
 

cxrili 3.2.   MATLAB-is kompleqsuri cvladis funqciebi 

funqcia funqciis aRwera 

kompleqsuri cvladis funqciebi 

real(z) ekranze gamoaqvs z ricxvis namdvili nawili 

imag(z) ekranze gamoaqvs z ricxvis warmosaxviTi nawili 

angle(z) gamoTvlis z ricxvis Sesabamis mniSvnelobas radianebSi 

conj(z) gamoaqvs z kompleqsuri ricxvis SeuRlebuli ricxvi 
 
3.2 cxrilSi moyvanili funqciebis gamoyenebis magali-

Tebi moyvanilia qvemoT:   
magaliTi 3.2.3. 

>>a=2+3*I; 
>>real (a) 
ans = 
2 
>>imag (a) 
ans = 
3 
>>angle (a) 
ans = 
0.9828 
>>conj (a) 
ans = 
2.0000 – 3.0000i 
 
magaliTi 3.2.4. 

>>x=1.3 + 0.1*i 
>>sin(x) 
ans = 



 57 

0.9684 + 0.0268i 
>>exp (x) 
ans = 
3.6510 + 0.3663i 
>>sqrt (-2) 
ans = 
0 + 1.4142i 
 
§3.4 paragrafSi ganvixilavT momxmareblis mier gansaz-

Rvruli funqciebs, risTvisac dagWirdeba e.w. m -failebi, am-

itom momdevno paragrafSi ganvixiloT m-failebis Seqmna, re-

daqtireba da gamarTva. 

 

 

§3.3 m-failebis Seqmna redaqtireba da gamarTva 

 

am paragrafSi visaubrebT MATLAB programebis Seqmna-

ze. arsebobs MATLAB-is programuli modulebis ori saxeoba: 

skript faili da funqcia. aseT failebs ewodeba m-failebi, 

radgan maTi gafarToeba aris `. m ~. 

skript faili warmoadgens teqstur failSi ganlageb-

ul MATLAB-is brZanebaTa jgufs. MATLAB-dan SegviZlia 

skript failis gamoZaxeba, gaxsna da masSi Cawerili brZanebe-

bis Tanmimdevrulad Sesruleba zustad ise, rogorc is asru-

lebs striqonSi Setanil brZanebebis kods. e.i. MATLAB-i kiT-

xulobs skript failSi moTavsebul brZanebebs da Tanmimdev-

rulad asrulebs maT. programuli algoriTmis mravaljera-

dad gamoyenebis saWiroebis SemTxvevaSi mouxerxebelia brZan-

ebaTa Tanmimdevrobis xSirad akrefa samuSao areSi, amitom am 

SemTxvevaSi jobs skript m-failis an funqciis gamoyeneba. 

m-failebis momzadebas, redaqtirebas da gamarTvas em-

saxureba specialuri redaqtori, romlis gamoZaxeba xdeba 

mTavari menius brZanebiT File\New\m-file. skript failis ga-

formeba dasaSvebia nebimier teqstur redaqtorSi, Tumca 

MATLAB-i aRWurvilia sakuTari redaqtoriT Editor, romlis 

gamoZaxeba aseve SesaZebelia brZanebaTa striqonSi Edit brZan-

ebis SetaniT. 
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gaxsnili m-faili Sesruldeba, Tu redaqtoris fanja-

raSi avirCevT Debug\Save File and Run an ubralod avkrefT m-

failis saxels brZanebis saxiT MATLAB-is brZanebaTa striqo-

nSi. Editor redaqtori sxva redaqtorebisagan gansxvavebiT, Se-

uZlia programis sintaqsis Semowmeba, cvldebis, komentareb-

is, brZanebebis da sistemis sakvanZo sityvebis sxvadasxva fe-

ris SriftiT gamotana da a.S. 

m-failis Seqmnis sailustraciod moviyvanoT kvadrat-

uli gantolebis 2ݔଶ + ݔ5 − 3 = 0 fesvebis povnis programa: 

magaliTi 3.3.1. 

%test_1 
a=2;b=5;c=-5; 
x=-b/(2*a); 
y=sqrt(b^2-4*a*c)/2/a; 
f1=x+y 
f2=x-y 
 
mivaqcioT yuradReba pirvel striqons, rogorc vxed-

avT procentis %  niSnis Semdeg iwereba komentari, romelic 

Cven sxva magaliTebSic gamoviyeneT. MATLAB-i aseT striqon-

ebs ar asrulebs, axdens maT ignorirebas. maTi daniSnulebaa 

programis Sesaxeb informaciis dafiqsireba da momxmareblis-

aTvis kodis aRweris gasaadvileblad instruqciebis miTiTe-

ba. zemoT moyvanili magaliTis komentarebSi Cawerilia skri-

ptis saseli, romliTac misi damaxsovreba moxdeba MATLAB-is 

romelime direqtoriaSi, vTqvaT, brZanebiT File\Save as\My 
Documenta\Matlab\test_1. MATLAB-i inaxavs fails `.m~ gafarToe-

biT: test_1.m. programis gasaSvebad Command Window-Si unda Se-

vitanoT test_1 (gafarToebis gareSe) da davaWiroT klaviSze 

Enter. 
skript failis saxelis SerCevis dros unda gaviTvali-

swinoT rom: 

 saxeli unda iwyebodes asoTi da SeiZleba Seicavdes 

cifrebsa da qveda tireebs; 

 ar SeiZleba failsa da  masSi Semaval cvlads erTi 

da igive saxeli mieniWos, radgan MATLAB-i ver Seas-

rulebs skripts erTze metjer, Tu yoveli Sesrul-

ebis Semdeg cvladi ar waiSleba. ganmeorebiTi mima-
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rTva failis saxelis CabeWdviT brZanebaTa striqo-

nSi gamoiwvevs am cvladis mniSvnelobis ekranze ga-

motanas da ara am failis Sesrulebas. MATLAB-i eZ-

ebs miTiTebuli saxelis mqone skripts mxolod mas 

Semdeg, rac am saxelis cvladi ar moiZebneba cvla-

debis workspace direqtoriaSi. cvladis povnis Sem-

TxvevaSi is ubralod wyvets Semdgom Ziebas; 

 ar SeiZleba Seqmnil failsa da MATLAB-is brZaneb-

as an funqcias erTi da igive saxeli mieniWos. sasu-

rvelia winaswar SeamowmoT, arsebobs Tu ara msga-

vsi dasaxelebis faili, funqcia an brZaneba progra-

muli paketis MATLAB-is romelime direqtoriaSi. 

amisaTvis gamoiyeneba brZaneba which. magaliTad Se-

vamowmoT aresebobs Tu ara saxeli test_1 romelime 

direqtoriaSi: 

magaliTi 3.3.2. 

>>which test_1 
test_1’ not found. 
 
radgan aseTi dasaxelebis faili, funqcia an 

brZaneba ar arsebobs Cven SegviZlia Cveni failis 

test_1 saxeliT damaxsovreba; 

 skript failis Sesrulebis Sedegad Seqmnili cvla-

debi gansazRvrulia da inaxeba workspace direqtor-

iaSi. Tu skript failis Sesrulebis Semdeg Sevit-

anT brZanebas who an whos, ekranze gamoCndeba info-

rmacia am cvladebis saxelebis, tipisa da zomis Ses-

axeb; 

 brZaneba tipe-s gamoyenebis SemTxvevaSi SesaZlebe-

lia brZanebaTa fanjaraSi Sesabamisi failis gamot-

ana, magaliTad:  
magaliTi 3.3.3. 

>> tipe test_1 
% test_1 
a=2;b=5;c=-5; 
x=-b/(2*a); 
y=sqrt(b^2-4*a*c)/2/a; 
f1=x+y 
f2=x-y 
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cnobilia, rom miuxedavad programistis an momxmareb-

lis kvalifikaciisa programis pirvelsave gaSvebaze program-

is koreqtuli Sesruleba praqtikulad SeuZlebelia. Cveule-

briv saWiroa programis koreqtireba da gamarTva, rac ganpi-

robebulia skript failSi, brZanebebSi an funqciebSi gaparu-

li SecdomebiT. es Secdomebi ZiriTadad Semdegi xasiaTisaa: 

 sintaqsuri Secdomebi; 

 logikuri Secdomebi; 

 Sesrulebis Secdomebi; 

ganvixiloT es Secdomebi da Secdomebis gamarTvis mag-

aliTebi: 

sintaqsuri Secdomebi. Secdomebis yvelaze gavrcelebuli ti-

pia sintaqsuri anu beWdviTi Secdomebi. amgvar Secdomebs fa-

taluri Secdomebi ewodeba, imitom rom aseTi Secdomis mign-

ebisas MATLAB-i wyvets muSaobas da ekranze gamodis Secdom-

is Setyobineba. Cveni amocanaa gaviazroT es Secdoma da Sevas-

woroT programuli kodi. am process programis gamarTva ew-

odeba. moviyvanoT sintaqsuri Secdomis magaliTebi: 

magaliTi 3.3.4. 

>>sin(2x) 
??? sin(2x) 
Error: Unexpected Matlab expression. 

gamotovebulia operaciis niSani `*~; 

 

magaliTi 3.3.5. 

>>epx(5) 
???  Undefined function or method ‘epx’ for input arguments of 
tipe ‘double’. 

arasworadaa miTiTebuli exp funqciis saxeli; 

 

magaliTi 3.3.6. 

>>x=5(3-1) 
??? x=5(3-1) 
Error: Unbalanced or unexpected parenthesis or bracket. 

gamotovebulia gamravlebis operaciis niSani `*~; 

 

logikuri Secdomebi. logikuri tipis Secdomebi ar iwvevs 

programis Sesrulebis Sewyvetas, skripti sruldeba korerq-

tulad, magram miRebuli Sedegi moulodnelia. aseT SemTxve-
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vebSi Secdomaze eWvi unda SevitanoT programis algoriTmT-

an SesabamisobaSi da unda moxdes programis gadamowmeba.  

Sesrulebis Secdomebi. sintaqsuri da logikuri Secdomebis 

gasworebis Semdeg skripti amuSavdeba, magram miRebuli pasu-

xi an gamotanili Sedegi SeiZleba isev araswori iyos. aseTi 

ram, rogorc wesi, xdeba maSin, roca zogierTi operaciis Se-

degia an NoN (not a number sistemuri cvladi, sityvasityviT 

`ara cvladi~), an Inf (infinity - usasruloba) carieli masivi. 

msgavsi problemis daZleva SesaZlebelia Semdegi rCevebis ga-

TvaliswinebiT: 

 SevasruloT skriptis yvelaze martivi varianti 

testuri monacemebiT, romlis pasuxi winaswaraa 

cnobili; 

 amoviRoT wertil-mZimeebi Sualeduri Sedegebis 

displeize gamosatanad; 

 CavrToT brZaneba keiboard saeWvo adgilebSi. es 

brZaneba aCerebs programas da elodeba mausis Ri-

lakis an klaviaturis klaviSis daWeras muSaobis 

gasagrZeleblad, es ki mogvcems displeize gamota-

nili Sualeduri Sedegebis srulad gaazrebis Sesa-

Zleblobas; 

 
§3.4 momxmareblis mier gansazRvruli funqciebi 

 

zogadad m-failebi SeiZleba iyos ori tipis: m-progr-

amebi da m-funqciebi. orive maTgans gaaCnia `.m~ gafarToeba 

da amitom maTi erTmaneTisagan gansxvaveba SeuZlebelia. ganv-

sazRvroT calcalke orive maTgani: 

m-programa aris damoukideblad Sesrulebadi operatorebisa 

da brZanebebis erToblioba da misdami mimarTva ar sWiroebs 

Sesayvani cvladebis miTiTebas. yvela cvladi formirdeba 

programis Sesrulebis procesSi an Sesrulebamde da ekuTvn-

is workspace samuSao ares. workspace samuSao are saerToa yve-

la m-programisaTvis. aqedan gamomdinare unda gvaxsovdes, 

rom m-programebSi cvladebis saxelebi unda iyos urTierTS-

eTanxmebuli. m-programebSi ar gvaqvs programis saxeli - ga-

nsazRvruli saxis pirveli striqoni. 

m-funqcia, rogorc wesi, gankuTvnilia mravaljeradi gamoye-

nebisaTvis, mas gaaCnia Sesayvani parametrebi da is ar sruld-
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eba winaswari davalebis gareSe. m-funqcias gaaCnia gansazRv-

ruli saxis saxeli - pirveli striqoni da is Semdegi saxisaa: 

Function name1 [, name2, …]=fun (var1 [,var2, …]), 
sadac name1 [, name2, …] gamosatani parametrebis CamonaTva-

lia, anu cvladebis CamonaTvalia, romlebsac mieniWebaT gam-

oTvlebis saboloo Sedegebi. fun - funqciis (m-failis) saxe-

lia, xolo var1 [,var2, …] Sesayvani parametrebia. amrigad, m-

funqciis pirveli striqonis umartivesi magaliTia: 

magaliTi 3.4.1. 

Function name = fun (var) 
 
m-funqciaSi gamoyenebuli cvladebis saxelebi da ase-

ve Sesayvani da gamosatani parametrebis saxelebi sistemis mi-

er aRiqmeba rogorc lokaluri, anu es cvladebi iTvlebian 

gansazRvrulad mxolod m-funqciis SigniT. 
m-funqciisadmi mimarTva xorcieldeba iseve, rogorc 

sistemaSi CaSenebul nebismieri funqciisadmi, anu brZanebaTa 

striqonis gamoyenebiT.  

momxmeblis mier Seqmnili funqciis magaliTad moviyva-

noT kuburi gantolebis fesvebis povnis magaliTi: 

amocana 3.4.1. 

amovxsnaT kuburi gantoleba: ܽݔଷ + ଶݔܾ + ݔܿ + ݀ = 0.         (3.4.1) 

 

(3.4.1) gantoleba ܽ koeficientze gayofis Semdeg miiR-

ebs saxes: ݔଷ + ݔݎ + ݔݏ + ݐ = 0,                      (3.4.2) 

sadac  ݎ = ௕௔ , ݏ = ௖௔ , ݐ = ௗ௔. 

(3.4.2) gantolebaSi SevcvaloT ݔ cvladi Semdegnairad: ݔ = ݕ − ௥ଷ, 
miviRebT ݕଷ + ݕ݌ + ݍ = 0,             (3.4.3) 
sadac  ݌ = ଷ௫ି௥మଷ , ݍ = ଶ௥యଶ଻ − ௥௦ଷ +  .ݐ

(3.4.3) gantolebis namdvili fesvebis raodenoba damok-

idebulia ܦ = ቀ௣ଷቁଷ + ቀ௤ଶቁଶ
 diskriminantis niSanze (cxrili 3.3). 
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cxrili 3.3. kuburi gantolebis fesvebis raodenoba 

diskriminanti namdvili fesvebi warmosaxviTi fesvebi ࡰ ≥ ૙ 1 2 ࡰ < 0 3 - 

 

zemoT moyvanili gantolebis fesvebi SeiZleba gamovT-

valoT kardanos formulebis saSualebiT: ݕଵ = ݑ + ଶݕ ,ݒ = − ௨ା௩ଶ + ௨ି௩ଶ ଶݕ (3.4.3)    ,3√݅ = − ݑ + 2ݒ − ݑ − 2ݒ ݅√3, 
sadac ݑ = ට− ௤ଶ + యܦ√ , ݒ = ට− ௤ଶ − యܦ√

. 

brZanebebis erToblioba, romelic kuburi gantolebis 

fesvebis povnis realizaciis saSualebas mogcems m-funqciis 

gamoyenebiT warmodgenilia magaliT 3.4.2-ze, xolo magaliT 

3.4.3-ze moyvanilia samuSao aris is ubani, romelic gamoiZax-

ebs am funqcias da ekranze gamoitans m-funqciis muSaobis 

Sedegs: 

magaliTi 3.4.2. 

Function [x1, x2, x3] = cub (a, b, c, d) 
r=b/a; 
s=c/a; 
t=d/a; 
p=(3*s-r^2)/3; 
q=2*r^3+r*s/3+t; 
D=(p/3)^3+(q/2)^2; 
u=(-q/2+sqrt(D))^1/3; 
v=(-q/2-sqrt(D))^1/3; 
y1=u+v; 
y2=-(u+v)/2+(u-v)/2*i*sqrt(3); 
y3=-(u+v)/2-(u-v)/2*i*sqrt(3); 
x1=y1-r/3; 
x2=y2-r/3; 
x3=y3-r/3; 
 
magaliTi 3.4.3. 

[x1, x2, x3] = cub (3, -20, -3, 4) 
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x1 = 
6.7851 
x2 = 
-0.5064 
x3 = 
0.3880 

 

§3.5 masivebi MATLAB-Si 

 

xSirad MATLAB-Si saWiroa didi raodenobis monaceme-

bis gamoyeneba. amisaTvis xelsayrelia masivebis gamoyeneba, 

romelic mniSvnelovnad amartivebs programirebas. magaliT-

ad, SesaZlebelia ricxviTi da simboluri monacemebis Sesana-

xad masivebis Seqmna. am SemTxvevaSi yoveli monacemis Sesanax-

ad Sesabamisi cvladebis gamoyenebis magivrad sakmarisia erTi 

masivis Seqmna, romlis elementebs mieniWeba Sesabamisi rigiTi 

nomeri. amgvarad, masivi warmoadgens mravalmxrivi monacemeb-

is erTobliobas, romelic Sedgeba elementebis fiqsirebuli 

raodenobiT. iseve rigorc nebismier cvlads, masivsac unda 

mieniWos Tavisi saxeli. 

cvlads, romelic ubralod monacemebis CamonaTvals 

warmoadgens, erTganzomilebiani masivi an veqtori ewodeba. 

masivSi Senaxuli mocemuli elementisadmi misamarTad saWi-

roa miuTiToT masivis saxeli da elementis rogiTi nomeri, 

romelsac masivis elementis indeqsi ewodeba. 

Tu saWiroa monacemebis Senaxva striqonisa da svetis 

formatis cxrilis saxiT, maSin unda gamoviyenoT, e.w. organ-

zomilebiani masivi (matrica). am SemTxvevaSi masivis elementi-

sadmi mimarTva xdeba masivis saxelisa da ori indeqsis gamoy-

enebiT, romelTagan pirveli Seesabameba elementis ganlageb-

is striqonis rigiT nomers, xolo meore elementis ganlageb-

is svetis rigiT nomers. 

MATLAB-Si gamoyenebuli masivis mocemis umartivesi 

forma Caiwereba Semdegi saxiT: 

[name]=Xn:dX:Xk, 
sadac name - masivis saxelia, romelSic Caiwereba masivis ele-

mentebi, Xn - masivis pirveli elementis mniSvnelobaa, Xk - ma-
sivis bolo elementis mniSvnelobaa, xolo dX - bijia, romlis 

saSualebiT yalibdeba masivis yoveli momdevno elementi, anu 
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masivis meore elementia Xn+dX, mesame elementia Xn+dX+dX  
da a.S. Tu masivis warmodgenil CanawerSi dX biji ar aris mi-

TiTebuli 

 [name]=Xn:Xk, 
maSin biji aris erTis toli, anu masivis yoveli momdevno 

elementi miiReba wina elementze erTianis mimatebiT. erTgan-

zomilebiani masivebis Seqmnis magaliTebi warmodgenilia mag-

aliT 3.5.1-Si:  

magaliTi 3.5.1. 

>>Xn=-3.5; dX=1.5; Xk=4.5; 
>>X=Xn:dX:Xk 
X = 
-3.5000 -2.0000 -0.5000 1.000 2.5000 4.0000 
>>Y=sin(X/2) 
Y = 
-0.9840 -0.8415 -0.2474 0.4794 0.9490 0.9093 
>>A=0:5 
A = 
0 1 2 3 4 5 
 
masivis Seqmna aseve SesaZlebelia misi elementebis Ta-

nmimdevruli SeyvaniT, romelic mocemulia magaliTi 3.5.2-Si: 

  magaliTi 3.5.2. 

>>V=[1 2 3 4 5] 
V = 
1 2 3 4 5 
>>W=[1.2,3.1,2,5.5,-8.2] 
W =  
1.2  3.1  2  5.5  -8.2 
 
matricis svetis elementebis Seyvana xdeba wertil 

mZimis gamoyenebiT: 

magaliTi 3.5.3. 

>>V=[1;2;3] 
V = 
1 
2 
3 
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veqtoris elementisadmi mimarTva SesaZlebelia masivis 

saxelisa da elementis rigiTi nomris miTiTebiT Cveulebriv, 

mrgval frCxilebSi: 

magaliTi 3.5.4. 

>>V=[1,2,3,4,5]; 
>>V(2)+2*V(4) 
ans = 
10.0000 
 
matricis elementebis Seyvana aseve SesaZlebelia kvad-

ratuli frCxilebis gamoyenebiT, amasTan striqonis element-

ebi da svetis elementebi erTmaneTisagan gamoiyofa wertil 

mZimiT. matricis elementisadmi mimarTva xdeba matricis sax-

elis Semdeg mrgval frCxilebSi elementis Sesabamisi striq-

onisa da svetis rigiTi nomris miTiTebiT, romlebic erTman-

eTisagan gamoyofilia mZimiT: 

magaliTi 3.5.5. 

>>V=[1,2,3;4,5,6;7,8,9] 
V = 
1   2   3 
4   5   6 
7   8   9 
>>V(1,2)^V(1,3)-V(3,2)+V(2,3) 
ans = 
6.0000 
 

§3.6 pirobiTi operatorebi da ciklebi MATLAB-Si 

 

erTerT ZiriTad operators, romelic axdens progra-

mirebaSi programis Sesrulebis Tanmimdevrobis ganStoebas, 

programirebis enebis did umravlesobaSi warmoadgens pirob-

iTi operatori if. MATLAB-Si arsebobs am operatoris Cve-

ulebrivi da gafarToebuli forma. if  operatoris Cveulebr-

ivi forma MATLAB-Si Semdegi saxisaa: 

if expression1 
statements1 
else 
statements2 
end 
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aq expression1 logikuri gamosaxulebaa, statements1, state-
ments2 MATLAB-is operatorebi an m-funqciebia. Cveulebrivi 

if operatoris muSaobis principi SemdegSia: Tu expression1 lo-

gikuri gamosaxulebaa WeSmaritia, maSin sruldeba statements1, 
xolo Tu expression1 mcdaria sruldeba statements2.  

magaliTi 3.6.1. 

x=5; 
if x<0 
y=x+7 
else 
y=3*x 
end 
y = 
15 
 
logikuri mniSvnelobebisaTvis MATLAB-Si gamoiyeneba 

1 - (`WeSmariti~) da 0 - (`mcdari~). logikuri gamosaxuleba Se-

iZleba Sedgebodes logikuri operaciebisa da Tanafardobe-

bisagan. ganvixiloT if operatoris gamoyenebis magaliTi kvad-

ratuli gantolebis fesvebis povnis magaliTze. davweroT 

kvadratuli ܽݔଶ + ݔܾ + ܿ = 0 gantolebis namdvili fesvebis 

gamoTvlis programa: 

magaliTi 3.6.2. 

a=input (‘a=’); 
b=input (‘b=’); 
c=input (‘c=’); 
% diskriminantis gamoTvla 

d=b*b-4*a*c 
if d<0 
% namdvili fesvebi ar arsebobs 

disp (‘diskriminanti uaryofiTia! fesvebi ar arsebobs’) 
else 
% informacis fesvebis arsebobaze 

disp(‘gantolebas gaaCnia ori namdvili fesvi’) 
% am fesvebis gamoTvla 

x1=(-b+sqrt(d))/2/a 
x2=(-b+sqrt(d))/2/a 
end 
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am programis Tvlaze gaSvebis Semdeg displeize gamoC-

ndeba Semdegi monacemebi: 

a=1 
b=2 
c=-1 
 
d = 
8.0000 
 
gantolebas gaaCnia ori namdvili fesvi 

 

x1= 
0.4142 
 
x2 = 
-2.4241 
 
xSirad ptaqtikuli amocanebis amoxsnisas ar aris sakm-

arisi erTi pirobis Sesruleba. am SemTxvevaSi else operator-

is Semdeg SegviZlia CavweroT axali if  operatori. 

if expression1 
statements1 
else if expression2 
statements2 
else if expression3 
statements3 
. . .  
else if expressionN 
statementsN 
else 
statements(N+1) 
end 
 

am SemTxvevaSi gafarToebuli if operatori Semdegnair-

ad muSaobs: Tu pirveli piroba WeSmaritia maSin sruldeba 

pirveli operatori; winaaRmgdeg SemTxvevaSi mowmdeba meore 

piroba, Tu is WeSmaritia maSin sruldeba meore operatori 

da a.S. Tu arcerTi piroba ar sruldeba maSin Sesruldeba 

(N+1) operatori. 
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if operatoris gafarToebuli varianti ganvixiloT bik-

vadratuli ܽݔସ + ଶݔܾ + ܿ = 0 gantolebis fesvebis povnis Ses-

abamisi programis magaliTze. am gantolebis amosaxsnelad Se-

movitanoT axali cvladi ݕ =  ଶ da bikvadratuli gantolebaݔ

daviyvanoT kvadratul gantolebamde da vipovoT am gantol-

ebis fesvebi. am programaSi Sesayvani monacemebi warmoadgenen 

bikvadratuli gantolebis ܽ, ܾ, ܿ koeficientebs, gamosatan 

monacemebs warmoiadgenen bikvadratuli gantolebis ݔଵ, ,ଶݔ ,ଷݔ  ସ fesvebi. programis algoriTmi Sedgeba Semdegiݔ

etapebisgan: 

1. gantolebis ܽ, ܾ, ܿ koeficientebis Seyvana; 

2. gantolebis ݀ diskriminantis gamoTvla; 

3. Tu ݀ ≥ 0, ganisazRvreba ݕଵ da ݕଶ, winaaRmgdeg SemTx-

vevaSi fesvebi ar arsebobs; 

4. Tu ݕଵ,ݕଶ < 0, maSin fesvebi ar arsebobs: 

5. Tu ݕଵ,ݕଶ ≥ 0, maSin gamoiTvleba oTxi fesvi ±ඥݕଵ, ±ඥݕଶ formuliT da gamogvaqvs ekranze; 

6. Tu 4 da 5 pirobebi ar sruldeba, maSin unda Semowm-

des ݕଵ fesvis niSani. Tu ݕଵ ≥ 0, maSin gamoiTvleba 

ori ±ඥݕଵ fesvi. Tu ݕଶ ≥ 0, maSin gamoiTvleba ori ±ඥݕଶ fesvi. fesvebis gamoTvlili mniSvnelobebi 

gamogvaqvs ekranze; 

 

bikvadratuli gantolebis fesvebis gamosaTvleli 

programa mocemulia qvemoT: 

magaliTi 3.6.3. 

a=input (‘a=’); 
b=input (‘b=’); 
c=input (‘c=’); 
% diskriminantis gamoTvla 

d=b*b-4*a*c 
% Tu diskriminanti uaryofiTia 
if d<0 
% namdvili fesvebi ar arsebobs 

disp (‘namdvili fesvebi ar arsebobs’) 
else 
% winaaRmgdeg SemTxvevaSi vipovoT kvadratuli  
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%  gantolebis fesvebi ݕଵ = (−ܾ + ଶݕ ;ܽ/2/(݀)ݐݎݍݏ = (−ܾ − ଵݕ) ݂݅ Tu orive fesvi uaryofiTia  % ;ܽ/2/(݀)ݐݎݍݏ < ଶݕ) & (0 < 0) 

%  namdvili fesvebi ar arsebobs 

disp (‘namdvili fesvebi ar arsebobs’) 
% winaaRmgdeg SemTxvevaSi Tu orive fesvi dadebiTia  

elseif (ݕଵ >= ଶݕ) & (0 >= 0) 
% oTxi fesvis gamoTvla 

disp (‘oTxi namdvili fesvis gamoTvla’) ݔଵ = ଶݔ (ଵݕ)ݐݎݍݏ = ସݔ (ଶݕ)ݐݎݍݏଷୀݔ ଵݔ− =  ଷ % winaaRmgdeg SemTxvevaSiݔ−

else 
disp (‘ori namdvili fesvi’) 
 ଵ niSnis Semowmebaݕ %

if (ݕଵ >= 0) 
% ori namdvili fesvis povna ݔଵ = ଶݔ (ଵݕ)ݐݎݍݏ =  ଵݔ−
% winaaRmgdeg SemTxvevaSi 

else 
% ori namdvili fesvis povna ݔଵ = ଶݔ (ଶݕ)ݐݎݍݏ =  ଵ           endݔ−
     end 
end 
 
mivaqcioT yuradReba imas, rom ݔଵ, ,ଶݔ ,ଷݔ  ସ fesvebTanݔ

wertil mZimis ar arseboba ganapirobebs monacemebis ekranze 

gamotanas disp operatoris gamoyenebis gareSe. 

ganStoebis operaciis ganxorcielebis erTerT formas 

warmoadgens alternatiuli SerCevis operatori switch. misi 
struqtura da Sesrulebis Sedegi ganvixiloT Tvis dReebis 
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dasaxelebis ekranze gamosaxvis magaliTze. jer ganvixiloT 

am operatoris struqtura. 

switch parametri 

  case mniSvneloba 1 

      operatori 1 

  case mniSvneloba 2 

      operatori 2 

  case mniSvneloba 3 

      operatori 3 

             . . .  

  otherwise 

      operatori  

end 
 
am operatoris muSaobis principi Semdegia: Tu parame-

tri tolia mniSvneloba 1-is, maSin sruldeba operatori 1, 

Tu parametri tolia mniSvneloba 2-is, maSin sruldeba oper-

atori 2 da a.S. Tu parametri ar emTxveva case jgufis arc-

erT mniSvnelobas, maSin sruldeba operatorebi, romlebic 

programaSi ganTavsebulia otherwise brZanebis Semdeg. cxadia, 

rom nebismieri algoriTmi SeiZleba ganvaxorcieloT switch 
brZanebis gamoyenebis gareSe marto if  operatoris gamoyeneb-

iT, magram otherwise brZanebis gamoyenebiT programa ufro ko-

mpaqturia.  

 davweroT Semdegi amocanis programa: gamovitanoT 

ekranze mocemuli ricxvis Sesabamisi dRis dasaxeleba im pi-

robiT, rom Tve Sedgeba 31 dRisagan da 1 ricxvi aris or-

SabaTi. 

am amocanis amosaxsnelad gamoviuyenoT funqcia mod, 
romelic iZleva ori ricxvis gayofis naSTis povnis saSuale-

bas, amasTan gaviTvaliswinoT, isic rom mocemuli Tvis 1 ri-

cxvi orSabaTia   
magaliTi 3.6.4. 

K=input (‘Seiyvane ricxvi 1-dan 31-mde’); 
% K ricxvis 7-ze gayofis naSTis da misi Sedareba 

%  0-dan 6-mde 

switch miod(K,7) 
case 1 
   disp(‘orSabaTi’) 
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case 2 
   disp(‘samSabaTi’) 
case 3 
   disp(‘oTxSabaTi’) 
case 4 
   disp(‘xuTSabaTi’) 
case 5 
   disp(‘paraskevi’) 
case 1 
   disp(‘SabaTi’) 
otherwase 
   disp(‘kvira’) 
end 
 
MATLAB-Si arsebobs ori saxis ciklis operatori: while 

da for opereatorebi. ganvixeloT es operatorebi calcalke. 
while opereatori Semdegnairad Caiwereba: 

while piroba 

   opereatorebi 

end 
 
aq piroba logikuri gamosaxulebaa. operatorebi sru-

ldeba manam, sanam logikuri gamoisaxuleba WeSmaritia. cikl-

is operatori while sakmaod moqnili operatoria, magram is 

mouxerxebelia e.w. `mkacri~ ciklebis SemTxvevaSi, roca cik-

li unda Sesruldes gansazRvruli raodernobiT. for opereat-

ori gamoiyenebs awored aseT SemTxvevaSi.  

for opereatori Semdegnairad Caiwereba: 

for x=xn:hx:xk 
   opereatorebi 

end 
 
am SemTxvevaSi x skalaruli cvladis saxelia, xn ciklis 

parametris sawyisi mniSvnelobaa, xk ciklis parametris sabo-

loo mniSvnelobaa, xolo hx ciklis bijia. Tu ciklis biji 1-

is tolia, maSin hx SegviZlia gamovtovoT da ciklis operat-

ori Semdegnairad Caiwereba: 

for x=xn:xk 
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   opereatorebi 

end 
 

ciklkis operatoris Sesruleba iwyeba x skalaruli 

cvladisaTvis xn mniSvnelobia miniWebiT. Semdeg mowmdeba xom 

ar aRemateba es skalaruli cvladi xk parametrs. Tu x skala-

ruli cvladi metia xk parametrze maSin cikli dasrulebul-

ad iTvleba da marTva gadaecema ciklis Semdgom brZanbebas. 

winaaRmgdeg SemTxvevaSi ciklSi mocemuli op eratorebi. amis 

Semdeg cikis cvladi icvlis Tavis mniSvnelobas da ݔ = ݔ +ℎݔ. amis Semdeg isev iwyeba cvladis mniSvnelobis Semowmeba 

da algoriTmi meordeba.  

  MATLAB-Si arsebobs opoeratori break romelic 

wyvets ciklis Sesrulebas. aseve gvaqvs opoeratori continue 
romelic wyvets ciklis mindinare bijis Sesrulebas. 

moviyvanoT ciklis operatoris gamoyenebis magaliTi 

Semdegi amocaniT: 

amocana 3.6.1. 

mocemulia naturaluri ricxvi ܰ. ganvsazRvroT es ri-

cxvi martivia Tu rTulia (ܰ ricxvs ewodeba martivi Tu is 

unaSTod iyofa erTianze da ܰ ricxvze. winaaRngdeg SemTxvev-

aSi ricxvi rTulia).  

am SemTxvevaSi programaSi unda SeviyvanoT Semdegi mo-

nacemebi: 

 Sesayvani monacemebi: naturaluri ricxvi ܰ; 

 gamoisatani monacermebi: Setyobineba ܰ ricxvze; 

 Sualeduri monacemebi: ݅  ciklis parametri, ܰ ric-

xvis SesaZlo gamyofebi. 

am amocanis amoxsnis algoriTmi Semdegia: ܰ  ricxvi iy-

ofa ciklis ݅ parametrze, romelic icvleba 2-dan ܰ/2-mde. 

Tu am diapazonSi ar moiZebneba arcerTi rticxvi, romelzec 

iyofa ܰ ricxvi unaSTod, maSin es ricxvi martivia, xolo Tu 

aRmoCnda erTi unaSTod gamyofi ricxvi, maSin es ricxvi 

rTulia. algoriTmSi ciklisan ori gamosasvleli Setyobine-

ba. erTi roca gadamowmdeba ciklis parametris yvela SesaZ-

lo monacemi da meore, roca gamosvla xdeba ciklis dasrul-

ebamde da azri ara aqvs ciklis gagrZelebas, rameTu vipoveT 



 74

erTi gamyofi da ciklidan gamosvla xdeba break operatoris 

gamoyenebiT.  

am amocanis Sesabamisi programa mocemulia qvemoT: 

magaliTi 3.6.5. 

N=input (’SeiyvaneT ricxvi’); 
% davuSvaT rom ܰ ricxvi martivia (ݎ݌ = 1) 

    pr=1; 
% SevamowmoT yvela gamyofi 2-dan ܰ/2-mde. 
for 2: ܰ/2 
% Tu ܰ ricxvi iyofa i-ze unaSTod 

   if mod(N,i)==0 
% maSin ܰ ricxvi ar aris martivi (ݎ݌ = 0) 

   pr=0; 
% da ciklis Sesruleba wydeba 

   break; 
   end 
end 
%  Tu pr=1 maSin ܰ martivi ricxvia 

if pr==1 
   disp (‘martivi ricxvia’) 
%  Tu pr=0, maSin ܰ ar aris martivi ricxvi 

else 
   disp (‘ar aris martivi ricxvi’) 
end 
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Tavi 4. organzomilebiani grafika MATLAB-Si 
 

am TavSi ganxilulia MATLAB-is grafikuli SesaZlebl-

obebi organzomilebian grafikaSi. dekartul da polarul 

koordinatTa sistemaSi grafikebis ageba da gaformeba. naCve-

nebia, rom programuli paketi MATLAB-i iZleva  SesaZleblo-

bebs fizikuri procesebis da gansakuTrebiT gardamavali fi-

zikuri procesebis kompiuteruli modelirebisaTvis da am 

amocanebis vizualizaciisaTvis.  

ganxilulia grafikebis agebis SesaZleblobebi dekart-

is marTkuTxa koordinatTa sistemaSi; grafikebis ageba pola-

rul koordinatebSi; parametruli formiT mocemuli grafik-

is ageba da gaformeba; organzomilebiani grafikebis format-

irebis sakiTxebi.  
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§4.1 organzomilebiani grafikebis ageba dekartis 

koordinatTa sistemaSi 
 

organzomilebianad iTvleba iseTi grafikebi, romleb-

Sic mocemuli wertilis ganlageba ganisazRvreba ori sidid-

iT. MATLAB-Si organzomilebiani grafikis ageba SesaZlebe-

lia dekartul da polarul koordinatTa sistemaSi. 

organzomilebiani dekartis, anu marTkuTxa koordina-

tTa sistema warmoadgens or perpendikularul wrfes sibrt-

yeze, romelTav koordinatTa RerZebi ewodebaT. horizonta-

luri wrfe ܱܺ - abcisaTa RerZia, xolo vertikaluri ܱܻ - 

ordinataTa RerZia. RerZebis gadakveTis ܱ wertils koordi-

natTa saTave ewodeba. wertilis mdebareoba marTkuTxa koo-

rdinatTa sistemaSi ganisazRvreba ori sididis mniSvnelob-

iT, romelTac wertilis koorrdinatebi ewodebaT. Tu wert-

ils gaaCnia ori ݔ da ݕ koordinati, maSin ݔ - wertilis abci-

saa, xolo ݕ - wertilis ordinataa. ݔ da ݕ koordinatebis da-

makavSirebeli gantoleba ganisazRvreba rogorc im wiris gan-

toleba, romlis nebismieri wertili akmayofilebs mocemul 

gantolebas. ݕ sidides ݔ sididis funqcia ewodeba, Tu ݔ-is 

nebismier mniSvnelobas gansazRvris aridan, Seesabameba erTi ݕ mniSvneloba. amasTan ݔ sidides ݕ = -funqciis argume (ݔ)݂

nti ewodeba. funqcia mocemulad iTvleba, Tu argumentis 

nebismier mniSvnelobas Seesabameba funqciis Sesabamisi mniSv-

neloba. yvela mniSvnelobis erTobliobas, romelic mocemul 

amocanaSi SeuZlia miiRos ݕ =  argumentma ݔ funqciis (ݔ)݂

funqciis gansazRvris are ewodeba.  

ganvixiloT organzomilebian marTkuTxa koordinatTa 

sistemaSi grafikebis agebis sakiTxze. amisaTvis unda moxdes ݔ da ݕ masivebis formireba da Semdeg MATLAB-is plot funqcii-

sadmi mimarTva. 

amocana  4.1.1. avagoT ݕ = cos ቀ௫ଷቁ + cos(5ݔ) /2 funqciis 

grafiki [-10; 10] intervalSi. am amocanis Sesabamisi programa 

mocemulia magaliT 4.1.1-Si 

magaliTi 4.1.1. 

>> x=-10:0.1:15; 
>> y=cos(x/3)+cos(5*x)/2 
>> plot (x,y) 
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plot funqcisadmi mimarTvis Sedegad iqmneba Figure 1 da-

saxelebis fanjara, sadac aigeba Sesabamisi grafiki (sur. 3.1). 

 
sur. 4.1. ࢟ = (૜/࢞)ܛܗ܋ + (૞࢞)ܛܗ܋ /૛ funqciis grafiki 

 

mivaqcioT yuradReba imas, rom funqciis grafikis fo-

rmireba xdeba mezobeli wertilebis uwyveti wiriT SeerTeb-

isas. Tu plot funqcias ganmeorebiT mivmarTavT, maSin Seiqmne-

ba axali grafikuli fanjara da masSi aigeba axali grafiki. 

erT koordinatTa sistemaSi ramodenime grafikis asagebad 

unda visargebloT ori meTodidan erTerTiT: 

 plot funqcias unda mivmarToT Semdegnairad:  

plot (ݔଵ, ,ଵݕ ,ଶݔ ,ଶݕ . . ,௡ݔ  . ,ଵݔ ௡), sadacݕ -ଵ pirveli grafݕ

ikis abcisaTa da ordinataTa masivebia, ݔଶ,  ଶ meoreݕ

grafikis abcisaTa da ordinataTa masivebia da a.S. 

 yoveli grafiki gamovsaxoT plot(x,y) funqciis saSua-

lebiT, magram yoveli momdevno plot(x,y) funqciisad-

mi mimarTvamde gamoiviZaxoT hold on brZaneba, rac 

uzrunvelyofs axali fanjris Seqmnis blokirebas; 

gavcixiloT ramodenime grafikis erT koordinatTa 

sistemaSi agebis magaliTebi orive meTodis gamoyenebiT: 

amocana 4.1.2. avagoT ݕ = sin(2/ݔ) , z = cos(3/ݔ) , ݑ =exp (cos(ݔ))  funqciebis grafikebi erT koordinatTa sistema-

Si [ߨ2;ߨ2-]߳ݔ intervalSi. am amocanis Sesabamisi programa mo-

cemulia magaliT 4.1.2-Si 
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magaliTi 4.1.2. 

>> x=-6.29:0.1:6.29; 
>> y=sin(x/2); 
>> z=cos(x/3); 
>> u=exp(cos(x)); 
>> plot(x,y,x,z,x,u); 
 
magaliTi 4.1.3. 

>> x=-6.29:0.1:6.29; 
>> y=sin(x/2); 
>>plot(x,y); 
>>hold on; 
>> z=cos(x/3); 
>>plot(x,z); 
>>hold on; 
>> u=exp(cos(x)); 
>> plot(x,u); 

 
sur. 4.2. ࢟ = (૛/࢞)ܖܑܛ , ܢ = (૜/࢞)ܛܗ܋ , ࢛ =   ((࢞)ܛܗ܋) ܘܠ܍

 funqciebis grafiki 

 

 mivaqcioT yuradReba im garemoebas, rom erT koordi-

natTa sistemaSi grafikebis agebisas programa avtomaturad 

cvlis grafikebis ferebs. ferebis SerCeva SesaZLebelia aseve 

momxmareblis mier programulad, risTvisac gamoiyeneba plot 
funqciis gansxvavebuli varianti: plot (ݔଵ, ,ଵݕ ,ଵݏ ,ଶݔ ,ଶݕ   .  .  .,ଶݏ
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,௡ݔ ,௡ݕ ,ଵݔ) ௡), sadacݏ ,ଶݔ . . . ,ଵݕ) ,௡) grafikebis abcisebis masivebiaݔ ,ଶݕ . . . ,ଵݏ) ,௡) grafikebis ordinatebis masivebiaݕ ,ଶݏ . . .  (௡ݏ

striqonia, romelic Sedgeba sami simbolosagan, romlebic 

gansazRvraven grafikis wiris fers, markeris tips da wiris 

tips (cxrili 4.1). masSi gamoiyeneba erTi an ori simbolo. 
 

cxrili 4.1.   grafikis wirebis Tvisebebi 

simbolo simbolos aRwera 

wiris feri 

y yviTeli 

m vardisferi 

c cisferi 

r wiTeli 

g mwvane 

b lurji 

w TeTri 

k Savi 

markeris tipi 

. wertili 

o wrewiri 

x jvari 

+ niSani `pliusi~ 

* varskvlavi 

s kvadrati 

d rombi 

v samkuTxedi qveda wveroTi 

^ samkuTxedi zeda wveroTi 

< samkuTxedi marcxena wveroTi 

> samkuTxedi marjvena wveroTi 

p xuTqimiani varskvlavi 

h eqvsqimiani varskvlavi 

wiris tipi 

- uwyveri wiri 

: punqtiri 

-. Strix-punqtiri 

-- Strixi 

 

Semdeg magaliTSi moyvanilia amocana 4.2-is programa 

grafikis wirebis Tvisebebis da markerebis gamoyenebiT. 

agebulia Sesabamisi grafikebi (sur.4.3). 
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magaliTi 4.1.4. 

>> x=-6.29:0.1:6.29; 
>> y=sin(x/2); 
>>% y funqciis grafiki wiTeli feris uwyveti wiriT 

>>plot(x,y,’r-‘); 
>>hold on; 
>> z=cos(x/3); 
>>% z funqciis grafiki Savi feris punqtiriani wiriT 

>>plot(x,z,’k:’); 
>>hold on; 
>> u=exp(cos(x)); 
>>% u funqciis grafiki lurji feris Strixiani wiriT 
>> plot(x,u,’b--‘); 

 
sur. 4.3. ࢟ = (૛/࢞)ܖܑܛ , ܢ = (૜/࢞)ܛܗ܋ , ࢛ =   ((࢞)ܛܗ܋) ܘܠ܍

 funqciebis grafikebi gansxvavebuli wirebiT  
 

MATLAB-i iZleva funqciis grafikis gaformebis dama-

tebiT SesaZleblobebs: 

 brZaneba grid on adebs grafikze bades; 

 funqcia title (‘saxeli’) gankuTvnilia grfikze grafik-

is saxelis gamosatanad; 

 funqcia xlabel (‘warwera x RerZis qveS’) da ylabel 
(‘warwera y RerZis qveS’) gankuTvnilia am RerZebis 

qveS saxelis gamosatanad; 
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 funqcia legend (‘legenda 1’, ‘legenda 2’, . . . ‘legenda 

n’, k) gamoyavs grafikze legenda n-uri grafikisaT-

vis, parametri k gansazRvravs legendis grafikul 

fanjaraSi legendis adgilmdebareobas: -1 grafikis 

gareT grafikuli fanjris marjvena zeda kuTxeSi; 0 

- avtomaturad irCevs legendis saukeTeso mdebar-

eobas; 1 - grafikis marjvena zeda kuTxeSi; 2 - gra-

fikis marcxena zeda kuTxeSi; 3 - grafikis  marcxena 

qveda kuTxeSi; 4 - grafikis marjvena qveda kuTxeSi. 

grafikis saTauris gamoyvana xdeba sxvadasxva format-

iT. yvelaze gafarToebuli formati iZleva saxelis, fontis 

zomisa da konkretuli fontis SerCevis SesaZleblobas. ganvi-

xiloT zemoT moyvanili funqciebisa da brZanebebis gamoyene-

bis magaliTebi: 

magaliTi 4.1.5. 

>> x=-pi:0.1:pi; 
>>f=sin(x); 
>>g=sin(3*x); 
>>plot(x,f,’g-‘,x,g,’r-.’); 

 
sur. 4.4. ࢌ = (࢞)ܖܑܛ , ܏ =   funqciebis (૜࢞)ܖܑܛ

grafikebi gansxvavebuli wirebiT 

 

miRebuli grafikebi qmnian naTel warmodgenas funqci-

ebis qcevaze am intervalSi. ar aris aucilebeli, rom orive 

funqcia iyos gansazRvruli erTsa da imave  intervalSi. am 
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SemTxvevaSi grafikis agebisas MATLAB-i irCevs maqsimalur 

monakveTs, romelic moicavs danarCenebs. analogiurad aigeba 

sami, oTxi da meti grafikebi. exla gadavideT grafikis saxe-

lisa da RerZebze warwerebis gamotanaze.  

mag.4.1.5-ze moyvanil programas davamatoT funqcia: 

>>title (‘drawing of the function sin(x), sin(3x’) 
 
grafikis Tavze gamoCndeba Sesabamisi warwera: 

 
sur. 4.5. ࢌ = (࢞)ܖܑܛ , ܏ =   funqciebis (૜࢞)ܖܑܛ

grafikebi saTauriT 
 

grafikis saTauri SeiZleba Sedgebodes ori da meti 

striqonisagan. am SemTxvevaSi brZaneba unda gaformdes Semd-

egi saxiT: 

title ({‘pirveli striqoni’;’meore striqoni’} ) 
 
brZaneba text qmnis teqstur obieqts mimdinare RerZeb-

Si, anu aqtiur grafikul fanjaraSi. magaliTad davumatoT 

teqsti winamdebare grafiks: 

magaliTi 4.1.6. 

>> x=-pi:0.1:pi; 
>>f=sin(x); 
>>g=sin(3*x); 
>>plot(x,f,’g-‘,x,g,’r-.’,’LineWisth’,3); 
>>text(2.5,0,’sin(3x)’) 
>>title(‘draweing of the function sin(x), sin(3x)’, ’FontSize’, 14) 
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drawing of the functions sin(x),sin(3x)
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sur. 4.6. ࢌ = (࢞)ܖܑܛ , ܏ =   funqciebis (૜࢞)ܖܑܛ

grafikebi saTauriT da teqstiT 
 

text  brZanebis pirveli ori argumenti grafikuli fanj-

ris im wertilis koordinatebia, saidanac iwyeba teqsturi 

striqoni. brZaneba text-Si aseve miTiTebulia Sriftis zoma - 

FontSize, xolo plot brZanebaSi miTiTebulia grafikis wirebis 

sisqe - LineWidth. 
grafikis saTaurisa da teqstis gamoyvana aseve SesaZl-

ebelia qarTuli SriftiT, amisTvis saWiroa title an/da text fu-

nqciis argumentebSi mivuTiToT Sesabamisi fonti, magaliTad 

grafikis saTaurSi SegviZlia SevcvaloT programa da saTau-

ri gamovitanoT qarTulad: 
magaliTi 4.1.7. 

>> x=-pi:0.1:pi; 
>>f=sin(x); 
>>g=sin(3*x); 
>>plot(x,f,’g-‘,x,g,’r-.’,’LineWisth’,2); 
>>text(2.5,0,’sin(3x)’) 
>>title(draweing of the function sin(x), sin(3x)’, FontSize’, 14, … 
‘fontName’,’AcadNusx’) 
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drawing of the functions sin(x),sin(3x)
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sur. 4.7. ࢌ = (࢞)ܖܑܛ , ܏ =   funqciebis (૜࢞)ܖܑܛ

grafikebi qarTuli saTauriT  
 

inglisuri da qarTuli fontebis erTdrouli gamoyen-

eba garkveul sirTuleebTanaa dakavSirebuli, magram amis ga-

rkveuli SesaZlebloba arsebobs, mxolod erTi pirobiT: or-

enovani warwera unda iyos ganlagebuli sxvadasxva striqon-

Si.  

axla ganvixiloTori wertiliT SenosazRvruli monakv-

eT agebis sakiTxs. vTqvaT sibtyeze mocemulia ori ܣ = ,ଵݔ]  [ଵݕ
da ܤ = ,ଶݔ] -ଶ] wertili da unda avagoT am wertilebze gaݕ

mavali wrfis monakveTis grafiki. am amocanis relizacia 

MATLAB-Si SesaZlebelia Semdegi kodis saSualebiT: 

magaliTi 4.1.8. 

>> x1=1;x2=2;y1=2;y2=1; 
>> plot(x1,y1,'ro',x2,y2,'ro') 
>> axis([0 3,0 3]) 
>> text(1,1.8,'A') 
>> text(2,1.2,'B') 
 
Sedegad miviRebT grafikul fanjaras, romelzec gam-

oisaxeba ori wiTeli feris rgoli ܣ = [1,2] da ܤ = [2,1] koo-

rdinatebiT. magaliT 4.1.8-Si gamoyenebuli brZaneba axis iZle-

va koordinatTa RerZebis diapazonis gansazRvris SesaZlebl-
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ori funqciis grafiki
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obas. RerZebis diapazoni am SemTxvevaSi aris OX RerZis gasw-

vriv [1,2], xolo OY RerZis gaswvriv [2,1]. 

 
sur. 4.8.  ࡭ = [૚, ૛] da ࡮ = [૛, ૚] wertilebis  

gamosaxva wiTeli rgolebis saxiT  
 

wina kods davamatoT Semdegi ori brZaneba da miviRebT 

grafikze gamosaxul monakveTs: 

magaliTi 4.1.9. 
>> hold on 
>> plot([x1,x2],[y1,y2],'LineWidth';,2) 

 
sur. 4.9.  ࡭ = [૚, ૛] da ࡮ = [૛, ૚] wertilebis  

SemaerTebeli monakveTi 
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am paragrafSi aseve ganvixiloT subplot brZaneba, rome-

lic yofs grafikul fanjaras ufro mcire fanjrebis `masiv-

ebad~. am brZanebis pirveli ori argumenti gansazRvravs `qve-

grafikebis~ masivis ganzomilebas, xolo mesame argumenti ki 

miuTiTebs konkretuli `qvegrafikis~ nomers, romelic aiTv-

leba striqonebis mixedviT. ganvixiloT Semdegi programuli 

kodi: 

magaliTi 4.1.10. 

>> x=-pi:0.1:pi; 
>> for j=1:4,subplot(2,2,j) 
plot(x,cos(j*x)) 
end 

 
sur. 4.10.  grafikuli fanjaris dayofa  

oTx damoukidebel qvefanjarad 
 

brZanebis Sesrulebis Sedegad miviRebT 2 × 2 ganzomi-

lebis grafikebis masivs (sur.4.10)., romelzec gamosaxulia ߨ−]߳ݔ, ݆ roca ,ݔ݆ݏ݋ܿ SualedSi [ߨ = 1: 4  anu icvleba 1-dan 4-

mde. pirveli striqonis pirvel grafikze gamosaxulia ܿݔݏ݋ 

funqciis grafiki, pirveli striqonis meore grafikze gamos-

axulia ܿݔ2ݏ݋ funqciis grafiki, meore striqonis pirvel gra-

fikze gamosaxulia ܿݔ3ݏ݋ funqciis grafiki, xolo meore 

striqonis meore grafikze gamosaxulia ܿݔ4ݏ݋ funqciis gra-
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fiki. saTaurebis Seqmnis text brZanebis gamoyenebiT SevecadoT 

TiToeuli grafikis saTauris gamoyvana qarTulad. Sevcv-

aloT magaliT 4.1.9-Si mocemuli kodi da gamoviyenoT text 
brZaneba: 

magaliTi 4.1.11. 

>> x=-pi:0.1:pi; 
>> for j=1:4,subplot(2,2,j) 
plot(x,cos(j*x)) 
k=num2str(j); 
s=strcat('grafiki',k); 
title(s,'FontName','AcadMtavr') 
end 

 
sur. 4.11.  grafikuli fanjaris dayofa oTx damoukidebel  

fanjarad da qarTulad saTauris gamotana 
  

mivaqcioT yuradReba ciklis mesame brZanebas, romels-

ac num2str funqciis gamoyenebiT gadayavs ciklis ricxviTi 

cvladi `j~ striqonis tipis cvlad `k~-Si misi Semdgomi gamoy-

enebisTvis strcat brZanebaSi, romelic axdens striqonebis mie-

rTebas da uzrunvelyofs ciklSi Semdegi striqonebis form-

irebas: grafiki1, grafiki2, grafiki3 da grafiki4.   
xSirad grafikebis gaformebisas saWiroa abcisaTa Tu 

ordinataTa RerZebis erTeulebis specifiuri SerCeva. amis 
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miRweva SesaZlebelia RerZebis Wdeebis Secvlis gziT. amisaT-

vis gamoviyenoT Semdegi funqciis grafiki: 

magaliTi 4.1.12. 
>> t=linspace(0,2*pi); 
>> plot(t,sin(2*t))  
 
grafikul fanjaraSi gamoisaxeba Semdegi suraTi: 

 
sur. 4.12.  ࢙࢔࢏(૛࢚) funqciis grafiki ࢚ࣕ[૙, ૛࣊] SualedSi 

 

exla SevcvaloT Wdeebi abcisaTa RerZze Semdegi funq-

ciis gamoyenebiT: 

magaliTi 4.1.13. 

>> set(gca,'XTick',(0:0.5:2)*pi) 
 

 
sur. 4.13.  ࢙࢔࢏(૛࢚) funqciis grafiki ࢚ࣕ[૙, ૛࣊] SualedSi  

abcisaTa RerZze Secvlili ricxviTi WdeebiT 
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rogorc vxedavT abcisaTa RerZze gaCnda axali ricxv-

iTi Wdeebi: 0 1.5708 3.1416 4.7124 6.2832. exla ki gamovsaxoT 

axladmiRebuli niSnulebi ݅݌ simbolos gamoyenebiT: 

magaliTi 4.1.14. 
>> set(gca,'XTickLabel','0|pi/2|pi|3pi/2|2pi') 
 
grafikul fanjaraSi gamoisaxeba Semdegi suraTi 4.14, 

romelic moyvanilia qvemoT. 

 
sur. 4.14.  ࢙࢔࢏(૛࢚) funqciis grafiki ࢚ࣕ[૙, ૛࣊] SualedSi  

abcisTa RerZze  pi aRniSnviT 
 

aseve SesaZlebelia ݅݌ simbolos nacvlad ߨ berZnuli 

asos gamoyenebac, Tu SevitanT brZanebebs: 
magaliTi 4.1.15. 
>> t=linspace(0,2*pi); 
>> plot(t,sin(2*t))  
>> set(gca,'XTick',(0:0.5:2)*pi) 
>> set(gca,'XTickLabel','0|pi/2|pi|3pi/2|2pi') 
>> set(gca,'FontName','Symbol') 
>> set(gca,'XTickLabel','0|p/2|p|3p/2|2p') 
 
zemoT moyvanili programuli kodis Sesrulebis Sede-

gad grafikul fanjaraSi gamoisaxeba axali grafiki romlis 

abcisaTa RerZze axali Wde, romelzec gamosaxulia ricxvebis 

nacvlad ߨ berZnuli aso.  

grafikul fanjara gamosaxulia Semdeg suraTze 4.14. 
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sur. 4.15.  ࢙࢔࢏(૛࢚) funqciis grafiki ࢚ࣕ[૙, ૛࣊] SualedSi  

abcisTa RerZze ࣊ aRniSnviT 
 

garda zemoT moyvanili magaliTebisa MATLAB-Si arseb-

obs organzomilebiani grafikebis gaformebis mravali asp-

eqti, romlebsac am naSromSi ar SevexebiT, rameTu moyvanili 

magaliTebi sakmarisia am naSromSi dasmuli amocanis gadasaw-

yvetad.  

 
§4.2 organzomilebiani grafikebis ageba polarul 

koordinatTa sistemaSi 
 

polaruli koordinatTa sistema xSirad gamoiyeneba 

fizikuri amocanebis gadawyvetis dros. gansakuTrebiT didi 

informaciis Semcvelia polarul koordinatebSi mocemuli 

grafikebi eleqtrodinamikis amocanebis SemTxvevaSi, roca sa-

Wiroa gamosxivebuli velebis diagrimis povna Sor zonaSi. 

polaruli koordinatTa sistema Sedgeba fiqsirebuli ܱ wertilisagan, romelsac polusi ewodeba, koncentruli 

wrewirebisagan, romelTa centrebi emTxveva sistemis poluss 

da ܱ polusidan gamomavali sxivebisagan, romelTagan erTer-

Ti, ܱܺ RerZi, polarul RerZs warmoadgens. 

nebismieri ܯ wertils polarul koordinatebSi Segvi-

Zlia calsaxad SevusabamoT ori damoukidebeli sidide ߩ = -romelic polarul radiuss warmoadgens da ߮, rom ,[ܯܱ]

elic ܱܺܯ kuTxis tolia da mas polarul kuTxes uwodeben. 

    
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
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 wertilis polaruli koordinatebi ܯ da ߮ sidideebs ߩ

ewodeba da es wertili ߩ)ܯ, ߮) simboloTi aRiniSneba. 

polarul koordinatTa sistemaSi grafikis formirebi-

saTvis saWiroa polaruli radiusisa da polaruli kuTxis 

masivebis Seqmna da polar funqciisadmi mimarTva. polar funqcia 

Semdegi saxiT Caiwereba: 

polar(phi, ro, s), 
sadac phi - polaruli kuTxis masivia; ro - polaruli radius-

is masivia; s - striqonia, romelic sami simbolosagan Sedgeba: 

es simboloebi gansazRvraven wiris fers, markers da wiris 

tips. 

polar funqcia gamoviyenoT Semdegi amocanis realizac-

iisaTvis:  

amocana 4.2.1. avagoT ߩ = 2cos (3߮) funqciis grafiki 

polarul koordinatTa sistemaSi; 

am amocanis Sesabamis programuli kodi moyvanilia ma-

galiT 4.2.1-Si. 

magaliTi 4.2.1. 
>> fi=0:pi/200:2*pi; 
>> ro=3*cos(4*fi); 
>> plot(fi,ro); 
 
grafikul fanjaraSi gamoCndeba grafiki:  

 
sur. 4.16.  ૜࢙࢕ࢉ(૝࣐) funqciis grafiki polarul koordinatebSi 
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rogorc aRvniSneT, polarul koordinatebSi mocemul 

grafikebze SesaZlebelia feris, markeris da grafikis wiris 

tipis SerCeva, aseve erT grafikul fanjaraSi ramodenime fu-

nqciis wiris ganTavseba. magaliTad moviyvanoT Semdegi prog-

ramuli kodi da misi Sesrulebis Sedegi: 

magaliTi 4.2.2. 

>>% polaruli kuTxis masivis formireba 

>> fi=0:pi/200:2*pi; 
>>% ro1=2.5sin(3߮) funqciis masivis formireba 
>> ro1=2.5*sin(3*fi); 
>>% grafikze wiTeli wreebiT funqciis gamotana 
>> polar(fi,ro1,'ro') 
>>% ro2=2cos(5߮) funqciis masivis formireba 
>> ro2=2*cos(5*fi); 
>>% axali fanjris Seqmnis blokireba 
>> hold on 
>>% grafikze mwvane varskvlavebiT  

>>% funqciis gamotana 
>> polar(fi,ro2,'g*') 

 

 
sur. 4.17.  ૛. ૞࢙࢔࢏(૜࣐) da ૛࢙࢕ࢉ(૞࣐) funqciis grafiki erT grafikul 

fanjaraSi mocemuli markerebis gamoyenebiT 
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programis gaSvebis Semdeg grafikul fanjaraSi gamoC-

deba grafiki polarul koordinatebSi, romelzec gamosaxu-

lia 2.5(3߮)݊݅ݏ da 2ܿ(5߮)ݏ݋ funqciebis grafikebi Sesabamisi 

markerebiTa da ferebiT (sur.4.17): 

Semdegi amocanis magaliTze ganvixiloT erT grafik-

ul fanjaraSi ori sxvadasxva funqciis `qvegrafikebis~ gamo-

saxvis SesaZlebloba.  

amocana 4.2.2. avagoT ߩ(߮) = 3.5cos (4߮) da ߩ(߮) =2.2 sin(ݔ) + 1 funqciis grafikebi polarul koordinatTa sis-

temaSi; 

 

am amocanis Sesabamis programuli kodi moyvanilia ma-

galiT 4.2.3-Si. 

magaliTi 4.2.3 

>>% vagebT polaruli fi kuTxis masivs 
>> fi=0:pi/100:2*pi; 
>> ro=3.5*cos(4*fi); 
>> ro1=2.2*sin(fi)+1; 
>>% grafikul fanjaras vyofT or nawilad 
>> subplot(1,2,1); 
>>%  grafikul qvefanjaraSi vagebT pirvel grafiks 
>> polar(fi,ro,'d') 
>>% pirvel grafikze gamogvyavs saTauri  
>> title('drawing of the function \rho(\phi)=3.5cos(4\phi)'); 
>> subplot(1,2,2); 
>>% vagebT polaruli fi1 kuTxis masivs 
>> fi1=0:pi/20:2*pi; 
>> ro1=2.2*sin(fi)+1; 
>>% grafikul qvefanjaraSi vagebT meore grafiks 
>> polar(fi,ro1,'r*') 
>>% meore grafikze gamogvyavs saTauri  
>> title('drawing of the function \rho(\phi)=2.2sin(\phi)+1'); 
 
programis Sesrulebis Semdeg grafikul fanjaraSi ga-

moisaxeba ori qvefanjara calkeuli grafikisaTvis Tavisi wa-

rwerebiT. aqve unda aRvniSnoT, rom pirvel SemTxvevaSi gamo-

Tvlebi xdeba 201 wertilSi xolo meoreSi 41 wertilSi. 
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drawing of the function ()=3.5cos(4)
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drawing of the function ()=2.2sin()+1
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

aqve aRvniSnoT, rom koncentruli wrewirebis radius-

ebis Sesabamisi mniSvnelobebi miTiTebulia grafikis zeda na-

wilSi ܱ polusidan gamomavali vertikaluri sxivis marjvena 

mxares. 

 

 

§4.3 parametruli formiT mocemuli grafikebis ageba  
ݔ  = ݕ da (ݐ)݂ = -funqci (ݔ)ݕ tolobebiT mocemul (ݐ)݃

as parametruli saxiT Cawerili funqcia, xolo ݐ cvlads dam-

xmare parametri ewodeba. aseTi formiT mocemuli funqciis 

grafikis ageba SeiZleba Semdegi Tanmimdevruli moqmedebebiT 

ganxorcieldes: 

 ganvsazRvroT ݐ damxmare parametris masivi; 

 ganvsazRvroT ݔ = ݕ da (ݐ)݂ = -funqciebis ma (ݐ)݃

sivebi; 

 avagoT (ݔ)ݕ funqciis grafiki plot funqciis gamo-

yenebiT; 

fizikaSi parametrulad mocemuli funqciis magaliTs 

warmoadgens meqanikaSi hotizontisadmi kuTxiT gasrolili 

sxeulis SemTxveva, romelsac animaciis ganxilvisas Sevexeb-

sur. 4.18.  3. ૞࢙࢕ࢉ(૝࣐) da ૛. ૛࢙࢔࢏(࣐) + ૚ funqciis grafikebi   

erT grafikul fanjaraSi calcalke 
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iT. ganvixiloT parametruli grafikebis agebis magaliTebi 

Semdegi amocanebis saSualebiT: 

amocana 4.3.1. avagoT ܽଶݔଷ − ଶݕ = 0 (ܽ > 0) naxevradkub-

uri parabolis grafiki. misi parametruli warmodgena gacil-

ebiT martivia: ݔ = ݕ ,ଶݐ = ∞− ,ଷݐܽ < ݐ < ∞. 

am amocanis Sesabamis programuli kodi moyvanilia ma-

galiT 4.3.1-Si. 

magaliTi 4.3.1. 

>> a=4; 
>> t=-10:0.1:10; 
>> x=t.^2; 
>> y=a*t.^3; 
>> plot(x,y); 
>> title('a^2 x^3-y^2=0, x=t^2, y=at^3'); 
>> xlabel('X'); 
>> ylabel('X'); 

 
sur. 4.19.  parametrulad mocemuli funqciis grafiki   

 

parametrulad mocemuli grafikebis agebis SemTxvevaSi 

plot funqcias gaaCnia igive Tvisebebi, risi magaliTebic ganxi-

luli iyo wina paragrafebSi. zogierTi maTTagani gamoviyen-

oT momdevno amocanaSi: 

amocana 4.3.2. avagoT (ݔ + ܽ)ܽଶ + ݔ) − ଶݕ(ܽ = 0, (ܽ > 0) 

strofoidis grafiki. misi parametruli warmodgena mocemu-

lia Semdegi saxiT:  (ݐ)ݔ = ܽ ௧మିଵ௧మାଵ, (ݐ)ݕ = ܽ ௧(௧మିଵ)௧మାଵ , (−∞ < ݐ < ∞). 
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am amocanis Sesabamis programuli kodi moyvanilia ma-

galiT 4.3.2-Si. 

magaliTi 4.3.2. 

>> a=3; 
>> t=-5:0.05:5; 
>> x=a*(t.^2-1)./(t.^2+1); 
>> y=a*t.*(t.^2-1)./(t.^2+1); 
>> plot(x,y,'bx') 
>> title('(x-a)*x^2+(x-a)*y^2=0'); 
>> grid on 
>> xlabel('X'); 
>> ylabel('Y'); 

 
sur. 4.20.  parametrulad mocemuli funqciis  

grafiki markeris da grafikuli badis gamoyenebiT 
 

grafikze grafikuli bade dadebuliua grid on funqciis 

moqmedebis Sedegad.  

es aris mokled parametruli funqciebis agebis magal-

iTebi, romlebic SemdgomSi gamogvadgeba fizikuri proceseb-

is modelirebis amocanebis ganxilvisas.   
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Tavi 5. samganzomilebiani grafika MATLAB-Si 
 

am TavSi ganxilulia MATLAB-is grafikuli SesaZlebl-

obebi samganzomilebian grafikaSi. dekartul koordinatTa 

sistemaSi samganzomilebiani wirebisa da zedapirebis  grafik-

ebis ageba da gaformeba.  

naCvenebia, rom programuli paketi MATLAB-i flobs 

mZlavr SesaZleblobebs grafikuli wirebisa da zedapirebis 

asagebad da iZleva am zedapirebis redaqtirebisa da grafike-

bis gaformebis SesaZleblobas.  

amisaTvis gamoyenebulia mravali brZaneba da funqcia, 

romelic iZleva grafikebis agebis SesZleblobas paramertu-

lad mocemuli funqciebis SemTxvevaSi. aseve ganxilulia 

MATLAB-is animaciuri SesaZleblobebi, rac iZleva farTo 

SesaZleblobebs gardamavali procesebis vizualizaciisaTvis. 

ganxilulia grafikebis agebis SesaZleblobebi dekart-

is marTkuTxa koordinatTa sistemaSi; samganzomilebiani wir-

ebis ageba; parametrul formaSi mocemuli grafikis ageba; sa-

mganzomilebiani grafikebis formatirebis sakiTxebi. grafik-

uli zedapirebis agebis, formatirebis da gaformebis sakiTx-

ebi; parametrulad mocemuli grafikuli zedapirebis ageba; 

programuli paketis animacia. 
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§5.1 samanzomilebiani wirebis ageba 
 

aRvweroT samganzolilebiani grafikis (vizualizaciis) 

funqciebi, romlebic iZleva samganzomilebiani wirebis ageb-
is SesaZleblobas. ori ganzomilebisagan gansxvavebiT  prog-
ramul paket MATLAB-Si aseTi funqciebi farTodaa warmodg-
enili ez~ tipis funqciaTa saxiT, romlebic iZleva wirebisa 

da zedapirebis agebis farTo SesaZleblobas.  
ganxilva daviwyoT ezplot3 funqciis ganxilviT, romel-

ic agebs parametrulad mocemul samganzomilebian wirebs. 

funqciis sintaqsi Semdegi: ezplot3(x(t),y(t),z(t)), sadac x(t), y(t), z(t) 
samganzomilebiani wiris parametrulad mocemuli gantolebe-
bia. naxazi avagoT [ߨ0,2]߳ݐ intervalSi. 

amocana 5.1.1. avagoT (ݐ)ݔ = sin(ݐ), (ݐ)ݕ = cos(ݐ),  (ݐ)ݖ =  ݐ

parametrulad mocemuli funqciis grafiki.  
magaliTi 5.1.1. 

>> ezplot3('sin(t)','cos(t)','t') 
 

 
sur. 5.1. ࢞(࢚) = (࢚)࢟ ,(࢚)࢔࢏࢙ = (࢚)ࢠ  ,(࢚)࢙࢕ࢉ = ࢚  

parametruli funqciis grafiki  
 

aq gamosaxulia sivrciTi wiris - spiralis erTi xvia. 

Tu gvinda ufro meti raodenobis xviebis miReba, maSin saWi-

roa parametris cvlilebis marjvena sazRvris Secvla, magal-

iTad, intervali aviRoT parametris cvlilebis 0 < ݐ <  ߨ5
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diapazonSi. es sazRvrebi SevitanoT organzomilebiani veqto-

ris saxiT ezplot3 funqciaSi. SevasruloT brZaneba: 

magaliTi 5.1.2. 

>> h=ezplot3('sin(t)','cos(t)','t',[0,5*pi]); 
>> set(h,'LineWidth',2.5) 
 

  
sur. 5.2. ࢞(࢚) = (࢚)࢟ ,(࢚)࢔࢏࢙ = (࢚)ࢠ  ,(࢚)࢙࢕ࢉ = ࢚  

parametruli funqciis grafiki sqeli wiriT 
 

 

am SemTxvevaSi ara marto gavzardeT xviebis raodeno-

ba, aramed SevcvaleT wiris sisqec. amis saSualeba mogvca op-

eratoris h=ezplot3('sin(t)','cos(t)','t',[0,5*pi]) formiT Caweram. Cven 

am SemTxvevaSi gamovTvaleT miRebuli wiris deskriptori h 
da iseve rogorc organzomilebian SemTxvevaSi SevcvaleT wi-

ris Tvisebebi. 

aqve ganvixiloT plot3(x,y,z) funqcia, romelic Tavisi 

organzomilebiani analogis msgavsad agebs wirs, romlis yov-

eli wertilis koordinati Seesabameba x, y da z  veqtorebis 

elementebs. Tu funqciis argumentebi erTnairi zomis matri-

cebia, maSin aigeba am matricebis Sesabamisi wirebi.  

amocana 5.1.2. SevitanoT plot3(x,y,z) funqciaSi ݔ ݐ|= ݊݅ݏ ݐ ݕ ,| = ݐ ݏ݋ܿ ݖ  ,ݐ =   .[1.25]߳ݐ argumentebi, sadac ݐ
magaliTi 5.1.3. 

>> t=1:.25:30; 
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>> x=abs(t.*sin(t)); 
>> y=t.*cos(t); 
>> z=t; 
>> h=plot3(x,y,z); 
>> set(h,'LineWidth',2) 
>> grid  

 
sur. 5.3. ࢞ = |࢚ ࢔࢏࢙ ࢚ |, ࢟ = ࢚ ࢙࢕ࢉ ࢠ  ,࢚ = ࢚  

parametruli funqciis grafiki sqeli wiriT 
 

rogorc suraTi 5.3-dan Cans es frafiki gansxvavebu-
lia wina grafikebisagan pirvel rigSi imiT, rom aq ar aris 

gamotanili grafikis saxeli da RerZebis saxelebi, romelic 

ezplot3 funqciis gamoyenebisas avtomaturad Cndeboda grafik-
ze. aseve miTiTebis gareSe xdeboda parametris masivis form-
ireba [ߨ0,2]߳ݐ intervalSi. rogorc vxedavT am operatoris 

gamoyeneba ufro moxerxebulia aseTi werebia asagebad vidre 

plot3 funqcia. miuxedavad amisa plot3 funqcias gaaCnia Tavisi 

dadebiTi mxareebi. 
zedapirebis agebis `ez~ tipis funqciaTa gamoyenebas 

detalurad SevexebiT momdevno paragrafSi mesh, surf, azmesh 
da ezsurf funqciebis magaliTze.  
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§5.2 samganzomilebiani zedapirebis ageba dekartis 

koordinatTa sistemaSi 
 

samganzomilebiani grafikebi, 3ܦ-grafika, an ubralod 

samganzomilebiani zedapiri aris grafiki, romelSic mocemu-

li wertilis mdebareoba sami koordinatis anu samganzomile-

biani veqtoris saSualebiT ganisazRvreba. samganzomilebiani 

dekartis koordinatTa sistema Cven ganvmarteT pirvel TavSi 

da aq ubralod gavixsenebT am ganmartebis ZiriTad sakiTxebs.  

samganzomilebiani dekartis marTkuTxa koordinatTa 

sistema warmoadgens koordinatTa ܱ saTaves da koordinatTa 

sam urTierTmarTobul RerZs, romlebic koordinatTa saT-

aveSi ikveTebian. es RerZebia ܱܺ  - abcisa, ܱܻ  - ordinata da ܱܼ – aplikata. Tu wertils gaaCnia sami ݕ ,ݔ da ݖ koordi-

nati, maSin ݔ - wertilis abcisaa, ݕ - wertilis ordinataa, 

xolo ݖ - wertilis aplikataa. ݕ ,ݔ da ݖ koordinatebis dama-

kavSirebeli gantoleba ganisazRvreba rogorc im zedapiris 

gantoleba, romlis nebismieri wertili akmayofilebs mocem-

ul gantolebas. ݖ sidides ݔ da ݕ sidideebis funqcia ewode-

ba, Tu ݔ-is da ݕ-is nebismier mniSvnelobas gansazRvris 

aridan, Seesabameba erTi ݖ mniSvneloba. amasTan ݔ da ݕ sidid-

eebs ݖ = ,ݔ)݂   .funqciis argumentebi ewodebaT (ݕ

funqcia mocemulad iTvleba, Tu argumentebis nebismi-

er mniSvnelobas gansazRvris aridan Seesabameba funqciis Se-

sabamisi mniSvneloba. yvela mniSvnelobis erTobliobas, rom-

elic mocemul amocanaSi SeuZlia miiRos ݖ = ,ݔ)݂ ݖ .argumentebma, funqciis gansazRvris are ewodeba ݕ da ݔ funqciis (ݕ = ,ݔ)݂  .funqcias ori cvladis funqcia ewodeba (ݕ

sam zedapirs romelic ܱܻܺ, ܱܼܺ da ܻܱܼ sibrtyeebs 

warmoadgenen koordinatTa RerZebi ewodebaT. am sibrtyeebi-

sa da ݖ = ,ݔ)݂  funqciis TanakveTa wirs warmosdgens da misi (ݕ

forma funqciis saxezea damokidebuli. 

MATLAB-Si samganzomilebiani grafikis ageba SesaZle-

belia dekartul koordinatTa sistemaSi. ori cvladis ݖ = ,ݔ)݂  funqciis grafikis asagebad unda SevasruloT (ݕ

Semdegi moqmedebebi: 
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 SevqmnaT grafikis agebis areSi marTkuTxa bade, 

mivmarToT ܱܺ da ܱܻ RerZebis paralelurad wirebi ݕ = ௝ݕ  da ݔ = ௜ݔ ௜, sadacݔ = =଴ା݅∆௫, ∆௫ݔ ௡ݔ − ݅ ,௡ିଵݔ = 0, 1, 2 … , ݊ da ݕ௝ = =଴ା݆∆௬, ∆௬ݕ ௞ݕ − ݆ ,௞ିଵݕ =0, 1, 2 … , ݇; 

 gamovTvaloT ݖ௜௝ = ,௜ݔ)݂ -௝) mniSvnelobebi badis gaݕ

dakveTis yvela kvanZSi; 

 mivmarToT ݖ௜௝ = ,௜ݔ)݂  ௝) zedapiris agebis funqciasݕ

masze parametrebad kvanZebisa da funqciis mniSvne-

lobebad am kvanZebSi ܼ = -mniSvnelobebis mini (௜௝ݖ)

WebiT; 

 

marTkuTxa badis formireba MATLAB-Si SesaZlebelia 

funqcia meshgrid-is gamoyenebiT. ganvixiloT samganzomilebi-

ani grafikis ageba Semdegi magaliTis saSualebiT: 

amocana 5.2.1. avagoT ݔ)ݖ, (ݕ = ଶݕ −  ,ଶ funqciis grafikiݔ

sadac [3,3−]߳ݔ da [2,2−]߳ݕ intervals. 

 

badis formireba xdeba  meshgrid funqciis gamoyenebiT 

(mesh - ujredi, grid - bade): 

magaliTi 5.2.1. 

>> [x y]=meshgrid(-3:3,-2:2) 
 
x = 
 
    -3    -2    -1     0     1     2     3 
    -3    -2    -1     0     1     2     3 
    -3    -2    -1     0     1     2     3 
    -3    -2    -1     0     1     2     3 
    -3    -2    -1     0     1     2     3 
 
y = 
 
    -2    -2    -2    -2    -2    -2    -2 
    -1    -1    -1    -1    -1    -1    -1 
     0     0     0     0      0      0     0 
     1     1     1     1      1      1     1 
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     2     2     2     2       2      2      2 

 

meshgrid funqciis Sesrulebis Sedegad bade formire-

bulia da saWiroa mis kvanZebSi funqciis mniSvnelobebis ga-

nsazRvra: 

>> z=y.^2-x.^2 
 
z = 
 
    -5     0     3     4     3      0    -5 
    -8    -3     0     1     0    -3    -8 
    -9    -4    -1     0    -1    -4    -9 
    -8    -3     0     1     0     -3    -8 
    -5     0     3     4      3      0    -5 
 

mimarToT mesh funqcias da avagoT Sesabamisi grafiki: 

>> mesh(x,y,z); 

 
sur. 5.4. ࢠ(࢞, ࢟) = ࢟૛ − ࢞૛ funqciis grafiki 

 

mocemuli grafikis ageba SesaZlebelia ufro mWidro 

badis SemTxvevaSi roca xdeba gacilebiT mcire bijis miTiTe-

ba badis formirebisas: 

magaliTi 5.2.2. 

>> [x y]=meshgrid(-3:0.2:3,-2:0.2:2); 
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>> z=y.^2-x.^2; 
>> mesh(x,y,z); 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sur. 5.5. ࢠ(࢞, ࢟) = ࢟૛ − ࢞૛ funqciis grafiki  

ufro mWidro badiT 
 

MATLAB-Si mesh funqciis saSualebiT miviReT e.w kark-

asulad agebuli grafiki. amis garda SesaZlebelia aseve surf 
funqciis gamoyeneba, romelic karkasuli funqciis ujrebs 

aferadebs sxvadasxva ferebiT ujrebis kvanZebSi funqciis 

mniSvnelobis mixedviT: 

 

sur. 5.6. ࢠ(࢞, ࢟) = ඥ࢞૛ + ࢟૛ funqciis grafiki  
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surf funqciis gamoyenebiT 

suraT 5.6-ze moyvanilia Semdegi programuli kodis 

muSaobis Sedegad miRebuli grafiki: 

magaliTi 5.2.3. 

>> [x y]=meshgrid(-2:0.2:2,-2:0.2:2); 
>> z=sqrt(x.^2+y.^2); 
>> surf(x,y,z); 
 
amocana 5.2.2. avagoT ݔ)ݖ, (ݕ = -funqciis grafi ݕݏ݋ܿݔ݊݅ݏ

ki, sadac [ߨ0,2]߳ݔ da [ߨ0,2]߳ݕ intervals. 

am amocanis gadasawyvetad gamoviyenoT plot3(X,Y,Z) fun-

qcia. amocanis Sesabamisi programuli kodi CavweroT Semdegi 

saxiT: 

magaliTi 5.2.4. 

>> x=linspace(0,2*pi); 
>> y=linspace(0,2*pi); 
>> [X,Y]=meshgrid(x,y); 
>> Z=sin(X).*cos(Y); 
>> h=plot3(X,Y,Z); 
>> grid on 
 

programis gaSvebis Semdeg grafikul fanjaraSi gamoC-

ndeba qvemoT moyvanili suraTi:  

 
sur. 5.7. ࢠ(࢞, ࢟) =   funqciis grafiki ࢙࢟࢕ࢉ࢞࢔࢏࢙
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plot3(X,Y,Z) funqciis gamoyenebiT 

zemoT moyvanili kodis mesame striqonSi yalibdeba 

diskretuli badis kvanZebis ܺ da ܻ matricebi, xolo meoTxe 

striqonSi ܼ matrica, romelic warmoadgens kvanZebSi funq-

ciis mniSvnelobebs da bolo striqonSi xdeba grafikis ageba. 

am matricebis zomebia [100 × 100] da Sesabamisad grafikze ga-

mosaxulia 100 wiri, TiToeuli maTgani warmoadgens matrice-

bis svetebis sivrciT grafiks. 

gadavideT funqciis moqmedebis ganxilvaze, romelic 

iZleva grafikze saTauris gamotanis SesaZleblobas. avagoT 

amocana 5.2.2-s ufro `martivi~ funqcia ezmesh-is gamoyeneb-

iT. asagebi funqciis formula simboluri saxiT apostrofeb-

Si Caiwereba: 

magaliTi 5.2.5. 

>> ezmesh(‘sin(x)*cos(y)’) 
 

 
sur. 5.8. ࢠ(࢞, ࢟) =   funqciis grafiki ࢙࢟࢕ࢉ࢞࢔࢏࢙

ezmesh funqciis gamoyenebiT 
 

bolo or naxazs Soris gansxvaveba gamowveulia sxvada-

sxva areebis gamoyenebiT: suraT 5.7-ze zedapiri agebulia [ߨ0,2]߳ݔ da [ߨ0,2]߳ݕ intervalSi, xolo suraT 5.8-ze ezmesh fu-

nqcia gaCumebiT iyenebs ߨ2−]߳ݔ, ,ߨ2−]߳ݕ da [ߨ2  .intervals [ߨ2
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Tu miveTiTebT ezmesh funqciSi wina intervals miviRebT su-

raT 5.7-is analogiur grafiks: 

magaliTi 5.2.6. 

>> ezmesh('sin(x)*cos(y)',[0,2*pi,0,2*pi]) 
 

 
sur. 5.9. ࢠ(࢞, ࢟) =   funqciis grafiki ࢙࢟࢕ࢉ࢞࢔࢏࢙

ezmesh funqciis gamoyenebiT 
 

iseve rogorc organzomilebiani grafikebis SemTxveva-

Si aqac SesaZlebelia ori zedapiris ageba erT koordinatTa 

sistemaSi, aqac gamoiyeneba hold on brZaneba, romelic axdens 

meore grafikuli fanjris gaxsnis blokirebas: 

amocana 5.2.3. avagoT ݔ)ݖ, (ݕ = ଶݔ)± + (ଶݕ − 1 funqciis 

grafiki, sadac [2,2−]߳ݔ da [2,2−]߳ݕ intervals.  

 

am amocanis gadasawyvetad gamoviyenoT surf funqcia. 

CavweroT amocanis Sesabamisi programuli kodi: 

magaliTi 5.2.7. 

>> [x y]=meshgrid(-2:0.2:2,-2:0.2:2); 
>> z1=x.^2+y.^2-1; 
>> z2=-x.^2-y.^2-1; 
>> surf(x,y,z); 
>> surf(x,y,z1); 
>> hold on 
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>> surf(x,y,z2); 

 
sur. 5.10. ࢠ(࢞, ࢟) = ±(࢞૛ + ࢟૛) − ૚ funqciis ori grafiki  

erT fanjaraSi ezmesh funqciis gamoyenebiT 

 

 
§5.3 parametrulad mocemuli samanzomilebiani 

zedapirebis ageba 

 

parametrulad mocemuli ݑ)ݔ, ݕ ,(ݒ = ,ݑ) ݖ da (ݒ = ,ݑ)  (ݒ
zedapiris grafikis asagebad aucilebelia avagoT erTi da 

igive zomis ܺ, ܻ da ܼ matricebi. amisaTvis unda avagoT erT-

nairi zomebis ݑ da ݒ masivebi. amis Semdeg unda gamovyoT ݕ ,ݔ 

da ݖ sidideebis ZiriTadi warmodgena zedapirebis paramet-

rulad gamosaxvis SemTxvevaSi: 

 Tu ݕ ,ݔ da ݖ sidideebi warmodgenilia ݂(ݑ)݃(ݒ) sax-
iT, maSin maTi Sesabamisi ܺ, ܻ da ܼ matricebis for-

mireba unda moxdes ݂(ݑ) da ݃(ݒ) metruli namravl-

is saxiT; 

 Tu ݕ ,ݔ da ݖ sidideebi warmodgenilia ݂(ݑ) an ݃(ݒ)  
saxiT, maSin maTi Sesabamisi ܺ, ܻ da ܼ matricebis 

formireba unda moxdes erTi ݂(ݑ)(ݒ)݁ݖ݅ݏ)ݏ݁݊݋ an me-
ore ݃(ݒ)(ݑ)ݏ݁݊݋ saxiT Sesabamisad: 
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ganvixiloT parametrulad mocemuli zedapirebis gra-

fikebis agebis amocana Semdegi ori amocanis magaliTze. 

amocana 5.3.1. avagoT erTRruiani hiperpoloidis ݑ)ݔ, (ݒ = ܿℎ(ݑ)cos (ݒ) grafiki, romelic mocemulia parametru-

li ݑ)ݔ, (ݒ = ܿℎ(ݑ)ܿݑ)ݕ ,(ݒ) ݏ݋, (ݒ = ܿℎ(ݑ)ݑ)ݖ ,(ݒ) ݊݅ݏ, (ݒ =  (ݑ)ℎݏ

saxiT: 

 

CavweroT am amocanis Sesabamisi programuli kodi: 

magaliTi 5.3.1. 

>> h=3.14/50; 
>> u=(0:h:3.14)'; 
>> v=(0:2*h:2*3.14); 
>> X=cosh(u)*cos(v); 
>> Y=cosh(u)*sin(v); 
>> Z=sinh(u)*ones(size(v)); 
>> surf(X,Y,Z); 
>> grid on; 
>> s=strcat('sferoidis grafiki'); 
>> title(s,'FontName','AcadMtavr'); 
>> xlabel('X'); 
>> ylabel('Y'); 
>> zlabel('Z'); 

 
sur. 5.11. ࢞(࢛, ࢜) = ,࢛)࢟ ,(࢜) ࢙࢕ࢉ(࢛)ࢎࢉ ࢜) = ,࢛)ࢠ  ,(࢜) ࢔࢏࢙(࢛)ࢎࢉ ࢜) =  parametruli funqciis grafiki  (࢛)ࢎ࢙
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momdevno magaliTSi ganvixiloT sferos grafikis age-

bis amocana: 

amocana 5.3.2. avagoT sferos zedapiri, romlis ganto-

leba mocemulia parametruli saxiT: 

,ݑ)ݔ  (ݒ = (ݑ)݊݅ݏ ,(ݒ)ݏ݋ܿ ,ݑ)ݕ  (ݒ = ,ݑ)ݖ  ,(ݒ) ݊݅ݏ(ݑ)݊݅ݏ (ݒ =  .(ݑ)ݏ݋ܿ

 

CavweroT am amocanis Sesabamisi programuli kodi: 

magaliTi 5.3.2. 

>> h=pi/40; 
>> u=(0:h:pi)'; 
>> v=(0:2*h:2*pi); 
>> x=sin(u)*cos(v); 
>> y=sin(u)*sin(v); 
>> z=cos(u)*ones(size(v)); 
>> surf(x,y,z); 
>> grid on; 
>> s=strcat('sfero'); 
>> title(s,'FontName','AcadMtavr'); 
>> xlabel('X'); 
>> ylabel('Y'); 
>> zlabel('Z'); 

 
sur. 5.12. ࢞(࢛, ࢜) = (࢛)࢔࢏࢙ ,(࢜)ܛܗ܋  ࢟(࢛, ࢜) =  ,(࢜) ܖܑܛ(࢛)࢔࢏࢙

,࢛)ࢠ   ࢜) =  parametruli funqciis grafiki (࢛)࢙࢕ࢉ
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sferos ageba SesaZlebelia sxva programuli kodis ga-

moyenebiTac parametruli formis gamoyenebis gareSe, magram 

mas moigvianebiT SevexebiT, roca ganvixilavT fizikuri pro-

cesebis kvlevis meTodebs, kerZod eleqtrodinamikis amocan-

ebis amxsnis kombinirebul meTods. 

 

 

§5.4 organzomilebiani da samganzomilebiani animacia 

 

sibrtyeSi an sivrceSi materialuri wertilis an sxeu-

lis moZraobis Sesaswavlad MATLAB-Si SesaZlebelia misi moZ-

raobis Sesabamisi grafikis ageba da mis moZraobaze Tvalis 

devneba. animaciuri rgolis asagebad gvaqvs ori funqcia: 

comet(x,y) da comet3(x,y,z). comet(x,y) funqcia gvaZlevs sibrtyeze (ݔ)ݕ wiris gaswvriv wertilis moZraobaze Tvalis devnebis sa-

Sualebas, xolo comet3(x,y,z) funcia wertilis moZraobas sivr-

ceSi ݔ)ݖ,  .wiris gaswvriv (ݕ

magaliTad, (ݐ)ݔ = (ݐ)ݕ ,(ݐ) ݏ݋ܿ = -gantolebiT mo (ݐ) ݊݅ݏ5

cemuli elifsis gaswvriv wertilis moZraobis Sesaswavlad 

sakmarisi Semdegi programuli kodis Sedgena, romlis Sesru-

lebis Semdeg grafikZe gamoisaxeba Semdegi suraTi (sur. 5.13): 

 

 
sur. 5.13. ࢞(࢚) = (࢚)࢟ ,(࢚) ࢙࢕ࢉ = ૞࢙࢔࢏ (࢚) gantolebiT mocemuli 
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 elifsis gaswvriv wertilis moZraoba  

 

magaliTi 5.4.1. 

>> t=0:0.001:2*pi; 
>> x=cos(t); 
>> y=5*sin(t); 
>> comet(x,y); 
 
 rogorc zemoT aRvniSneT, grafikze vakvirdebiT wer-

tilis moZraobas. magaliTad, drois ݐ = -momentSi graf 3/ߨ2

iks eqneba Semdegi saxe (sur. 5.14): 

 
sur. 5.14. ࢞(࢚) = (࢚)࢟ ,(࢚) ࢙࢕ࢉ = ૞࢙࢔࢏ (࢚) gantolebiT mocemuli 

 elifsis gaswvriv wertilis moZraoba  
 

sivrceSi spiralur wirze wertilis moZraobis Sesaswa-

vlad ganvixiloT parametrulad mocemuli gantolebis (ݐ)ݔ = (ݐ)݊݅ݏ , (ݐ)ݕ = (ݐ)ݏ݋ܿ , (ݐ)ݖ =  SemTxveva. amisaTvis ݐ

gamoviyenoT animaciis samganzomilebiani operatori: 

magaliTi 5.4.2. 

>> t=0:0.001:2*pi; 
>> comet3(sin(t),cos(t),t) 
 

programis gaSvebis da dasrulebis Semdeg grafikze ga-

moisaxeba parametrulad mocemuli gantolebis Sesabamisi wi-

ri, romlis wverSi moZraobs wertili: 
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sur. 5.15. ࢞(࢚) = (࢚)࢟ ,(࢚) ࢔࢏࢙ = ࢕ࢉ ࢙(࢚) , (࢚)ࢠ = ࢚ gantolebiT mocemuli 

 spiralis gaswvriv wertilis moZraoba  
 

am suraTze gamosaxulia grafikis erTi xvia. grafikis 

srulad gamosaxvisaTvis gavzardoT parametris cvladis ze-

da sazRvari da avgoT Sesabamisi suraTi. amisaTvis Sevcval-

oT magaliT 5.4.2-is kodi Semdegi magaliT 5.4.3kodiT: 

 

 
sur. 5.16. spiralis gaswvriv wertilis moZraoba  
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magaliTi 5.4.3. 

>> t=0:0.001:8*pi; 
>> x=sin(t); 
>> y=cos(t); 
>> z=t; 
>> comet3(x,y,z) 
 

programis gaSvebis da dasrulebis Semdeg grafikze ga-

moisaxeba sur.5.16-ze mocemuli wiri. 

animaciis gamoyeneba SesaZlebelia mravali saxis fizi-

kuri amocanis modelirebisa da vizualizaciisaTvis, maT So-

ris erTerTia horizontisadmi kuTxiT gasrolili sxeulis 

moZraoba, romlis Sesabamisi wiri warmoadgens wirs sibrtye-

ze, anu organzomilebiani animaciis SemTxvevas. 

comet(x,y) funqciis gamoyenebis magaliTad moviyvanoT 

sawyisi siCqariT horizontisadmi kuTxiT gasrolili sxeulis 

moZraobis amocana. 

amocana 5.4.1. vipovoT horizontisadmi ߙ kuTxiT da ݒԦ଴ sawyisi 

siCqariT gasrolili sxeulis frenis dro, siSore, maqsimal-

uri simaRle da avagoT sxeulis moZraobis grafiki. 

 
 

sur. 5.17. horizontisadmi kuTxiT gasrolili 

sxeulis moZraoba 
 

am amocanis gadasawyvetad sxeulis moZraobis gantol-

eba CavweroT parametrulad, anu gamovsaxoT sxeulis mdebar-

eobis koordinatebis damokidebuleba droze. 

rogorc naxazidan Cans ݒ௫ = ,ߙݏ݋଴ܿݒ ௬ݒ = ߙ݊݅ݏ଴ݒ −   (5.4.1)               .ݐ݃

 Ԧ଴ݒ

y 

x 

 Ԧ଴ݒ

 Ԧݒ

 ߙ
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sxeulis moZraoobis maqsimalur simaRleze ݒ௬ = 0. am 

simaRles sxeuli aRwevs ݐᇱ = ௩బ ୱ୧୬ ఈ௚  droSi, amasTan saxeulis 

frenis sruli dro ݐ = ᇱݐ2 = ଶ௩బ௦௜௡ఈ௚ .  

sxeulis moZraobis gantoleba ܱܺ RerZis gaswvriv to-

lia: 

ݔ   =   (5.4.2)              ,ߙݏ݋ܿݐ଴ݒ

xolo sxeulis moZraobis gantoleba ܱܻ RerZis gaswvriv 

ݕ   = ߙ݊݅ݏݐ଴ݒ − ௚௧మଶ .             (5.4.3)  

sxeulis frenis siSore tolia: 

௠௔௫ݔ   = ߙݏ݋଴ܿݒ ଶ௩బ௦௜௡ఈ௚ = ௩బమ௦௜௡ଶఈ௚ ,             (5.4.4)  

xolo sxeulis frenis maqsimaluri simaRle tolia: 

௠௔௫ݕ   = (௩బ௦௜௡ఈ)మଶ௚  .              (5.4.5) 

am amocanis Sesabamisi programuli kodi mocemulia ma-

galiT 5.4.4-Si.  

magaliTi 5.4.4. 

>> alpha=input('alpha='); 
alpha=2*pi/9; 
>> V0=input('V0='); 
V0=15; 
>> g=9.8; 
>> k=2*V0*sin(alpha)/g; 
>> t=0:0.01:k; 
>> x=V0*t*cos(alpha); 
>> y=V0*t*sin(alpha)-g*t.^2/2; 
>> Xmax=(V0^2*sin(2*alpha))/g 
Xmax = 
   22.6104 
>> Ymax=(V0*sin(alpha))^2/2/g 
Ymax = 
    4.7431 
>> Tmax=k 
Tmax = 
    1.9677 
>> comet(x,y); 
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suraT 5.18-ze mocemulia sxeulis mdebareoba frenis 

sruli drois 2/3 momentSi, rodesac sxeulma gaiara frenis 

maqsimaluri simaRle da eSveba qvemoT. 

 
sur. 5.18. horizontisadmi kuTxiT gasrolili 

sxeulis moZraobis animacia 
 

momdevno suraT 5.19-ze mocemulia sxeulis moZraobis 

traeqtoria, grafikze mocemulia frenis maqsimaluri simaR-

le da frenis siSore.  

 
sur. 5.19. horizontisadmi kuTxiT gasrolili 

sxeulis moZraobis traeqtoria 
 

grafikis gaformeba SesaZlebelia yvela im procedur-

ebis gamoyenebiT, rac moyvanilia wina paragrafebSi; 

markeriT, wiris feriT, wiris sisqiT da a.S. 
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amocana 5.4.2. vipovoT Tavisuflad vardnili sxeulis 

vardnis dro da koordinati drois mocemul momentSi. 

 

vTqvaT ݉ masis sxeuli Tavisuflad vardeba ℎ simaRl-

idan ݒ଴ sawyisi siCqariT. am sxeulze moqmedebs ܨ = ݉݃ 

simZimis Zala da ܨ௖ = ݇ଵݒ + ݇ଶݒଶ garemos winaaRmgdegobis 

Zala. sxeulis vardna aRiwereba niutonis meore kanoniT: ݉ܽ = ݉݃ −  ݔ ௖ erTganzomilebian koordinatTa sistemaSiܨ

RerZiT, romelic mimarTulia vertikalurad qvemoT da 

koordinatTa saTaviT sxeulis vardnis sawyis wertilSi. 

garemos winaaRmgdegobis Zala ܨ௖ = ݇ଵݒ + ݇ଶݒଶ  
damokidebulia sxeulis siCqareze da sxeulis ganivkveTze. ݇ଵ_stoqsis koeficientia, romelic damokidebulia garemos 

siblanteze. ݇ଶ_winaaRmgdegobis koeficienti damokidebulia 

sxeulis ganivkveTis farTobze da warmoadgens stoqsis 

koeficientTan SedarebiT mcire sidides. Tu sxeulis 

moZraobis siCqare ar aris didi, maSin winaaRmgdegobis 

ZalaSi dominirebs wrfivi wevri da kvadratuli wevri 

SeiZleba ugulvebelvyoT, xolo Tu moZraobis siCqare didia 

maSin mkveTrad izrdeba kvadratuli wevri da wrfivi wevri 

SegviZlia ugulvebelvyoT. 

sxeulis moZraobis modelireba gulisxmobs drois 

nebismier ݐ௜ momentSi sxeulis mdebareobis ݔ௜ da siCqaris ݒ௜ 
da ܽ௜ codnas. cxadia, rom es sidideebis drois funqcias 

warmoadgenen. 

drois sawyis momentSi 

଴ݐ  = 0, ଴ݔ = 0, ଴ݒ = 0, ܽ଴ = 0.       (5.4.6) 

gamosaTvleli maTematikuri modelis Sesaqmnelad 

davuSvaT, rom drois mcire ∆ݐ = ߬ monakveTSi sxeulis 

moZraoba TanabaraCqarebulia, maSin SegviZlia gamoviyenoT 

wrfivi TanabaraCqarebuli moZraobis cnobili kanonebi: 

ݔ  = ଴ݔ + ଴߬ݒ + ௔௧మଶ , ݒ = ଴ݒ + ܽ߬, ܽ =  (5.4.7)       .ݐݏ݊݋ܿ
(5.4.6) sawyisi pirobebis gaTvaliswinebiT gamoTvliTi 

procesisaTvis SegviZlia gamoviyenoiT Semdegi sqema: ݐ଴ = 0, ଴ݔ = 0, ଴ݒ = 0, ܽ଴ = 0.  

drois ݐ௜ momentSi saZiebeli sidideebisaTvis miviRebT: ݐ௜ = ଴ݐ + ݅߬ 
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௜ݔ = ௜ିଵݔ + ௜ିଵݒ + ܽ௜ିଵ߬ଶ/2 ݒ௜ = ௜ିଵݒ + ܽ௜ିଵ߬ ܽ௜ = (݉݃ − ݇ଵݒ௜ − ݇ଶݒ௜ଶ)/2݉ ℎ௜ = ℎ −  ௜ݔ
gamoTvlebi iwyeba ݅ = 1-dan da grZeldeba manam, sanam ݔ௜ gaxdeba ℎ-is toli. 
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Tavi 6. ricxviTi integrireba da Cveulebrivi 
diferencialuri gantolebebis amoxsna MATLAB-Si 

 

ricxviT integrirebasa da Cveulebrivi diferencialu-

ri gantolebebis amoxsnas MATLAB-Si Zalian didi praqtikuli 

mniSvneloba gaaCnia fizikuri amocanebis gadasaWrelad, rame 

Tu fizikuri amocanebis didi jgufi swored integraluri da 

diferencialuri gantolebebiT aRiwereba. 

am TavSi ganxilulia ricxviTi integrirebis sakiTxebi, 

integrireba trapeciis meTodis gamoyenebiT da integrireba 

simpsonis meTodiT. aseve ganxilulia Cveulebrivi diferenci-

aluri gantolebebis amoxsnis amocanebi, pirveli rigis da ma-

Rali rigis diferencialuri gantolebebisa da gantolebTa 

sistemis amoxsnis amocanebi. 
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§6.1 ricxviTi integrireba 
 

vTqvaT, mocemulia ݂(ݔ) funqcia da cnobilia, rom es 

funqcia uwyvetia ߳ݔ[ܽ, ܾ] intervalze da gansazRvrulia am 

funqciis pirveladi (ݔ)ܨ funqcia. cnobilia, rom am funqci-

is gansazRvruli integrali mocemul intervalSi gamoiTvle-

ba niuton-laibnicis formuliT: ׬ ݔ݀(ݔ)݂ = (ܾ)ܨ − ௕௔(ܽ)ܨ ,  (6.1.1) 

sadac, ܨᇱ(ݔ) =  .(ݔ)݂
xSirad praqtikaSi saqme gvaqvs iseT integralqveSa fu-

nqciebTan, romelTa pirveladebi ar gamoisaxeba elementaru-

li funqciebiT an warmoadgens Zalian rTuli saxis gamosaxu-

lebas, rac mniSvnelovnad arTulebs (6.1.1) formuliT integ-

ralis gamoTvlis SesaZleblobas. garda amisa xSirad integr-

alqveSa funqcia mocemulia cxriluri wesiT an grafikiT, 

rac gamoricxavs pirveladi funqciis SesaZleblobas. am Sem-

TxvevaSi didi mniSvneloba gaaCnia integrirebis ricxviTi me-

Todebis gamoyenebas,  romlis mTavar amocanas integralqveSa 

funqciis saSualebiT integralis gamoTvla warmoadgens. 

ricxviTi integralis gamoTvlas xSirad meqanikur 

kvadraturas uwodeben. ama Tu im miaxloebiTi ricxviTi 

integrirebis meTodis Sesabamis formulebs kvadraturul 

fgormulebs uwodeben. am formulebis amgvari dasaxeleba 

dakavSirebulia gansazRvruli integralis geometriul 

azrTan:  ݕ = ׬ ௕௔,ݔ݀(ݔ)݂ (ݔ)݂   ≥ 0,  (6.1.2) 

 

gansazRvruli integrali im marTkuTxedis farTobis tolia, 

romelic Tavis mxriv utoldeba farTobiT im mrudwiruli 

trapeciis farTobs, romlis fuZeebi [ܽ, ܾ] monakveTi da ݂(ݔ) 
funqciaa. 

integrirebis funqciebi MATLAB-Si realizebulia ram-

odenime gansxvavebuli ricxviTi algoriTmiT. zogadad ricx-

viTi maTematikis klasikuri saxelmZRvaneloebi gvTavazobs 

ricxviTi integrirebis mraval meTods, magram Cven ganvixil-

avT mxolod im meTodebs, romelTac uSualo kavSiri gaaCniaT 

MATLAB-is funqciebTan. 



 

 121 

ganvixiloT trapeciis meTodiT ricxviTi integrireb-

is geometriuli interpretacia (nax. 6.1)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sur. 6.1. trapeciis meTodis geometriuli interpretacia 
 

amisaTvis itegrirebis [ܽ, ܾ] monakveTi davyoT ݊ tol 

nawilebad, amasTan ݔ଴ = ௡ݔ ,ܽ = ܾ. dayofis Sedegad yoveli 

monakveTis sigrZe ℎ = (ܾ − ܽ)/݊, xolo yoveli danayofis abc-

isa gamoiTvleba formuliT: ݔ௜ = ଴ݔ + ݅ℎ, ݅ = 1, 2,   .  .  . ݊ − 1,  (6.1.3) 

gavavloT yoveli ݔ௜ wertilidan marTobi ݕ = -wi (ݔ)݂
ris gadakveTamde, xolo Semdeg yoveli miRebuli mrudwiru-

li trapecia SevcvaloT Sesabamisi wrfivi trapeciiT. integ-

ralis miaxloebiT mniSvnelobad CavTvaloT yvela miRebuli 

trapeciis farTobebis jami, amasTac calkeuli trapeciis 

farTobi gamoiTvleba formuliT: ௜ܵ = ௬೔షభା௬೔ଶ ℎ,   (6.1.4) 

aqedan gamomdinare saZiebeli figuris farTobi gamoiTvleba 

formuliT: ܵ = ׬ ݔ݀(ݔ)݂ ≈ ∑ ௜ܵ௡௜ୀଵ௕௔ =
௛ଶ ∑ ௜ିଵݕ) + ௜)௡௜ୀଵݕ = ℎ(௬బା௬೙ଶ + ∑ ௜௡ିଵ௜ୀଵݕ .(6.1.5) 

x 

y 

h 
௡ݔ =  ௡ିଵݔ ܾ

ଵݕ ଴ݕ  ௡ݕ ଶݕ

y=f(x) 

଴ݔ = ܽ 
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amrigad miviReT ricxviTi integralis gamoTvlis tra-

peciis kvadraturuli formula: ܫ = ׬ ݔ݀(ݔ)݂ ≈௕௔ ℎ(௙(௔)ା௙(௕)ଶ + ∑ ௡ିଵ௜ୀଵ((௜ݔ)݂ .    (6.1.5) 

MATLAB-Si ricxviTi integralis gamoTvla xdeba trapz 
da cumtrapz fuqciebis gamoyenebiT. ganvixiloT orive maTgan-

is gamoyenebis magaliTebi. 

trapz funqciis mocema SeiZleba sxvadasxva xerxiT: 

 trapz(x,y) gamoTvlis (ݔ)ݕ funqciis qvemoT ganTavse-

buli figuris farTobs, romelSic yvela wertili 

mocemulia x da y veqtorebiT, magaliTad ise ro-

gorc esaa gamosaxuli 6.1 cxrilSi; 

 

cxrili 6.1.  trapz(x,y) funqciis mocemis pirveli xerxi 

x ࢞૚                     ࢞૛                    ࢞૜                     .  .  .                    ࢞࢔ 
y ࢟૚                     ࢟૛                    ࢟૜                     .  .  .                    ࢟࢔ 
  

 trapz(y) gamoTvlis (ݔ)ݕ funqciis qvemoT ganTavseb-

uli figuris farTobs, romelSic yvela wertili 

mocemulia x da y veqtorebiT, amasTan x veqtoris 

elementebi Rebulobs Sesabamisi y veqtoris rigiTi 

nomris mniSvnelobas (cxr.6.2); 

 

cxrili 6.2. trapz(x,y) funqciis mocemis meore xerxi 

x ૚                      ૛                       ૜                         .  .  .                   ࢔ 
y ࢟૚                     ࢟૛                    ࢟૜                       .  .  .                   ࢟࢔ 

 

 trapz(x, Y [, k]) gamoTvlis ݕଵ(ݔ), ,ଶݕ . . .  ,  ௡ funqciebisݕ

qvemoT ganTavsebuli figuris farTobs, romelSic 

yvela wertili mocemulia x veqtoriT da Y matric-

iT (cxr.6.3). k ar aris aucilebeli parametri, is gvi-

Cvenebs rogor warmoebs Y matricis gamoTvla 

striqoniT Tu svetiT. Tu brZanebaSi es parametri 

ar aris, maSin gamoTvlebi warmoebs svetebis mixe-

dviT da Sedegad miviRebT striqon-veqtors; 
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cxrili 6.3. trapz(x,y) funqciis mocemis mesame xerxi 

x ࢟૚                     ࢟૛                    ࢟૜                  .  .  .                    ࢟ݔ ࢓ଵ ࢟૚૚                     ࢟૚૛                    ࢟૚૜              .  .  .                    ࢟૚ݔ ࢓ଶ ࢟૛૚                     ࢟૛૛                    ࢟૛૜              .  .  .                   ࢟૛࢓ 

 ࢓࢔࢟                   .  .  .              ૜࢔࢟                    ૛࢔࢟                     ૚࢔࢟ ௡ݔ . . .         . . .       . . .          . . .          . . .        . . .

 

cumtrapz fuqcia asrulebs trapeciis meTodaT e.w. `int-

egrirebas dagrovebiT~. es imas niSnavs, rom is iseve rogorc 

trapz brZaneba gamoTvlis (ݔ)ݕ funqciis qvemoT ganTavsebuli 

figuris farTobs, misi moqmedebis Sedegs warmoadgens Sual-

eduri  gamoTvlebis Sedegebs, e.i. Tu saerTo farTobi ܵ Sed-

geba calkeuli trapeciebis ௜ܵ(݅ = 1, 2, … , ݊) farTobebis jami-

sagan, maSin veqtoris elementebi warmoadgens mimdevrobas: ଵܵ = 0, ܵଶ = ଵܵ + ܵଶ, ܵଷ = ଵܵ + ܵଶ + ܵଷ,   .  .  . , ܵ௡ = ଵܵ + ܵଶ+ . . . +ܵ௡. 

amgvarad, veqtoris bolo elementi saZiebeli figuris ܵ farTobis tolia. aqve aRvniSnoT, rom am brZanebis gamoyen-

eba SesaZlebelia yvela im formatiT, rac ganvixileT wina 

brZanebis garCevisas. 

ganvixiloT am brZanebis gamoyenebis ramdenime SemTxv-

eva Semdegi amocanebis magaliTze: 

amocana 6.1.1. gamovTvaloT gansazRvruli integrali ܫ = ׬ ݔ2√ − 1ଷହ .                 (6.1.6) 

es integrali martivad daiyvaneba mocemul cxriliT 

integralze ׬ ݔ2√ − 1 = ଵଷ ඥ(2ݔ − 1)ଷ,      (6.1.7) 

amitom niuton-laibnicis formuliT misi gamoTvla martivia 

da misi Sesabanisi programuli kodi mocemulia Semdeg maga-

liTze: 

magaliTi 6.1.1.  

>> a=5; b=13; 
>> I=1/3*(2*b-1)^(3/2)-1/3*(2*a-1)^(3/2) 
 
I = 
 
   32.6667 
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exla gamovTvaloT igive integrali trapeciis meTod-

is gamoyenebiT. Semdegi magaliTi Seicavs am integralis gamo-

saTvlelad ramodenime variants, romlebSic gamoTvlebi ta-

rdeba sxvadasxva bijiT. pirvel SemTxvevaSi biji erTis to-

lia, meoreSi 0.5-is, xolo mesame SemTxvevaSi 0.1-is. rogorc 

Sedegebidan Cans gamoTvlebis sizuste izrdeba bijis Semcir-

ebasTan erTad: 

 

magaliTi 6.1.2.  

>> x=a:b 
>> y=sqrt(2*x-1); 
>> S=trapz(x,y) 
S = 
   32.6556 
>>% - - - - - - - - - - - - - - - - - - 
>> h=0.5; 
>> x=a:h:b; 
>> y=sqrt(2*x-1); 
>> S=trapz(x,y) 
S = 
   32.6639 
>>% - - - - - - - - - - - - - - - - - -  
>> h=0.1; 
>> x=a:h:b; 
>> y=sqrt(2*x-1); 
>> S=trapz(x,y) 
S = 
   32.6666 
 
Semdeg magaliTSi moyvanilia igive brZanebis gamoyene-

bis erT argumentiani varianti: 

magaliTi 6.1.3.  

>> x=a:b; 
>> y=sqrt(2*x-1); 
>> S=trapz(y) 
S = 
   32.6556 
>>%  - - - - - - - - - - - - - 
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>> h=0.1; 
>> x=a:h:b; 
>> y=sqrt(2*x-1); 
>> S=trapz(y) 
S = 
  326.6656 
 

rogorc vxedavT, miviReT absoluturad gansxvavebuli 

Sedegi, radganac meore SemTxvevaSi Cven TiTqos SevcvaleT 

argumentis biji, magram brZanebam gaCumebiT mianiWa argum-

ents Y matricis elementis rigiTi nomeri, biji darCa erTis 

toli, xolo gamoTvlebi Catarda pirvel SemTxvevaSi rva we-

rtilis nacvlad oTxmoc wertilSi h=1 fuZiani trapeciebis-

aTvis. Sedegad gamovTvaleT sxva figuris farTobi vidre pi-

rveli programuli kodiT gamoTvlili figuraa da Sesabamis-

ad miviReT pirvelisagan gansxvavebuli Sedegi. 

momdevno magaliTSi ganxilulia integralis gamosaTv-

leli meore brZanebis gamoyeneba igive amocanis SemTxvevaSi: 

magaliTi 6.1.4.  

>> x=5:0.5:13; 
>> y=sqrt(2*x-1); 
>> S=cumtrapz(x,y) 
S = 
  Columns 1 through 9 

         0 1.5406  3.1603  4.8555  6.6229  8.4597 10.3634 12.3316 14.3624 
  Columns 10 through 17 

         16.4538 18.6042 20.8120 23.0756 25.3939 27.7654 30.1891 32.6639  
>>% - - - - - - - - - - - - - - - - - - 
>> x=5:0.5:5.5; 
>> S1=0; 
>> y=sqrt(2*x-1); 
>> S2=S1+trapz(x,y) 
S2 = 
    1.5406 
>> x=5.5:0.5:6; 
>> y=sqrt(2*x-1); 
>> S3=S2+trapz(x,y) 
S3 = 



 

 126 

    3.1603 
>> x=6:0.5:6.5; 
>> y=sqrt(2*x-1); 
>> S4=S3+trapz(x,y) 
S4 = 
    4.8555 

   
rogorc vxedavT ܵ veqtoris elementebi warmoadgenen 

gamoTvklebis Sualedur Sedegebs. 

amocana 6.1.2. gamovTvaloT ݕଶ = ݕ da ݔ9 =  wirebiT ݔ3

SemosazRvruli figuris grafiki. 

rogorc vxedavT es figura SemosazRvrulia wiriT da 

abcisis RerZis gaswvriv mimarTuli paraboliT. am amocanis 

Sesabamisi programuli kodi Semdegnairad Caiwereba: 

magaliTi 6.1.5.  

>> x=0:0.01:1.2; 
>> y1=3*sqrt(x); 
>> y2=3*x; 
>> y3=0:0.1:3.5; 
>> plot(x,y1,'-k.',x,y2,'-k.',1,y3,'-k') 

 
sur. 6.2. amocana 6.1.2-is grafikuli amoxsna 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.5
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4
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suraTi 6.2-dan Cans, rom figuris farTobi unda veZi-

oT ori farTobis sxvaobis saxiT, sadac pirveli warmoadgens ݕଶ = ݕ ,funqciiT ݔ9 = 0 da ݔ = 1 wirebiT, xolo meore ݕ =  ݔ3

funqciiT, ݕ = 0 da ݔ = 1 wirebiT. amrigad integrirebis int-

ervali SemosazRvrulia [0,1]߳ݔ monakveTiT. 

am amocanis amoxsnis kodi mocemulia magaliT 6.1.6=Si. 

magaliTi 6.1.5.  

>> x=0:0.01:1; 
>> Y(:,1)=3*sqrt(x); 
>> Y(:,2)=3*x; 
>> I=trapz(x,Y) 
I = 
    1.9994    1.5000 
>> s=I(1)-I(2) 
s = 
    0.4994 
 
aq funqciaTa mniSvnelobebi romlebic aRweren mocem-

ul figuras warmodgenilia matricis or svetad. trapz(x,y) fu-

nqciis gamoZaxeba xdeba erTxel da misi gamoZaxebis Sedegs 

warmoadgens ori integralis mniSvnelobis povna. es integra-

lebia ׬ ׬ da ݔ݀ݔ√3  .ݔ݀ݔ3

 

 

§6.2 Cveulebrivi diferencialuri gantolebebis amoxsna 
 ݊-uri rigis diferencialuri gantoleba Caiwereba Sem-

degi saxiT: ݐ)ܨ, ,ݔ ,ᇱݔ ,  .   .  .   ,ᇱᇱݔ (௡)ݔ = 0 .      (6.2.1) 

(6.2.1) gantolebis amonaxsni ewodeba (ݐ)ݔ funqcias, 

romelic mas aqcevs WeSmarit tolobad. ݊-uri rigis diferencialuri gantolebaTa sistema ew-

odeba Semdegi saxis sistemas: 

൞ݔଵᇱ = ଵ݂(ݐ, ,ଵݔ ,  .  .  .   ,ଶݔ ଶᇱݔ,(௡ݔ = ଶ݂(ݐ, ,ଵݔ ,  .  .  .   ,ଶݔ ௡ᇱݔ.  .  .,(௡ݔ = ௡݂(ݐ, ,ଵݔ ,  .  .  .   ,ଶݔ  ௡).      (6.2.2)ݔ
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rac Seexeba wrfiv diferencialur gantolebaTa siste-

mas is Semdegi saxiT moicema: 

۔ە
ۓ ଵᇱݔ = ∑ ܽଵ,௝௡௝ୀଵ + ܾଵ,ݔଶᇱ = ∑ ܽଶ,௝௡௝ୀଵ + ܾଶ,.  .  .   ݔ௡ᇱ = ∑ ܽ௡,௝௡௝ୀଵ + ܾ௡.    (6.2.3) 

(6.2.2), (6.2.3) gantolebaTa sistemis amonaxsni ewodeba 

veqtors (ݐ)ݔ = ൭௫భ(௧)௫మ(௧).  .  .௫೙(௧)൱, romelic am gantolebaTa sistemas 

WeSmarit tolobad aqcevs. 

yovel diferencialur gantolebas, iseve rogorc di-

ferencialuri gantolebebis sistemas gaaCniaT amonaxsnebis 

usasrulo raodenoba, romlebic erTmaneTisagan konstanteb-

iT gansxvavdebian. amonaxsnis calsaxad gansasazRvravad saWi-

roa damatebiTi sawyisi an sasazRvro pirobebi. aseTi damaTe-

biTi pirobebis raodenoba unda emTxveodes diferencialuri 

gantolebis an gantolebaTa sistemis rigs. diferencialuri 

gantolebisaTvis ganasxvaveben damatebiTi pirobebis Semdeg 

saxes: 

 koSis amocana - yvela damatebiTi piroba mocemu-

lia inervalis erT wertilSi (umetes SemTxvevaSi 

sawyis momentSi); 

 sasazRvro amocana - damatebiTi  pirobebi mocemu-

lia intervalis sazRvrebze; 

ganasxvaveben erTmaneTisagan diferencialuri ganto-

lebebis amoxsnis zust (analitikuri) da miaxloebiT (ricxvi-

Ti) meTodebs. diferencialuri gantolebebis didi nawili Se-

saZloa amoixsnas zustad, anu analitikurad. miuxedavad ami-

sa arsebobs fizikuri procesebis aRsawerad gamoyenebuli 

diferencialuri gantolebebi, romlebic SeuZlebelia amoix-

snas analitikuri meTodiT. amis gamo saWiro gaxda diferenc-

ialuri gantolebebis amosaxsnelad ricxviTi meTodebis Seq-

mna da ganviTareba, ris Sedegadac es meTodebi didi popula-

robiT sargeblobs mkvlevarebSi. Cven ganvixilavT ricxviT 

meTodebs, romelTa realizeba SesaZlebelia programul pak-

et MATLAB-Si specialuri funqciebis gamoyenebiT. 
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§6.3  diferencialuri gantolebebis amoxsnis  

ricxviTi meaTodebi 

 

pirveli rigis diferencialuri gantolebebis amoxsnis 

ricxviTi meTodebi ganvixiloT koSis Semdegi amocanis maga-

liTze: ݔᇱ = ,ݔ)݂  (6.3.1)       ,(ݐ

romelic akmayofilebs sawyis pirobas ݔ(ݐ଴) =  ଴,       (6.3.2)ݔ

 

anu unda vipovoT integraluri wiri ݔ =  romelic (ݐ)ݔ

gaivlis ܯ଴(ݐ଴,   .଴) wertilSiݔ

sur. 6.3. integraluri wiri ࢞ = ࢞(࢚) romelic  

gaivlis ࡹ૙(࢚૙, ࢞૙) wertilSi  

 ݊-uri rigis diferencialuri gantolebisaTvis: ݔ(௡) = ݂൫ݐ, ,ݔ ,ᇱݔ ,ᇱᇱݔ . . . ,  ൯,       (6.3.3)(௡ିଵ)ݔ

koSis amocana SemdegSi mdgomareobs - unda vipovoT integra-

luri wiri ݔ =  romelic akmayofilebs (6.3.3) gantolebas ,(ݐ)ݔ

da sawyis pirobebs: ݔ(ݐ଴) = ,଴ݔ (଴ݐ)ᇱݔ = ଴ᇱݔ , . . ., (଴ݐ)(௡ିଵ)ݔ = ଴(௡ିଵ)ݔ
.    (6.3.4) 

ganvixiloT koSis amocanis amoxsnis ZiriTadi ricxvi-

Ti meTodebi. 

 

 ଴ݔ

 ଴ݐ

 (ݐ)ݔ

 ݐ



 

 130 

eileris meTodi. koSis (6.31)-(6.3.2) amocanis [ݐ଴; -௡] intervaݐ

lSi amoxsnisas sakmaod mcire ℎ bijis SerCeviT avagoT erTm-

anetisagan Tanabrad daSorebuli wertilTa sistema:  ℎ = ௧೙ି௧బ௡ , ௜ݐ = ଴ݐ + ݅ℎ, ݅ = 0,1,2,.  .  . , ݊, 

maSin: ݔ௜ାଵ = ௜ݔ + ℎ݂(ݔ௜, ݅   ,(௜ݐ = 0,1,2, .  .  . ,  ௜ݔ ௜ kvanZis wertilebSi (6.3.5) formuliT funqciisݐ (6.3.5)       .݊
mniSvnelobebis povnis process eileris meTodi ewodeba. am 

meTodis arasakmarisi sizustis gamo SeimuSaves sxva araerTi 

ricxviTi meTodi, romelic warmoadgenen zemoT moyvanili 

meTodis modifikacias.  

es modificirebuli meTodebia: eileris modificireb-

uli meTodi, runge-kutis meTodi, runge-kutis meTodi pirv-

eli rigis amocanebisaTvis, runge-kutis meTodi meore rigis 

amocanebisaTvis, runge-kutis meTodi meoTxe rigis amocane-

bisaTvis, adamsis meTodi da a.S. 

 

 

 §6.4  pirveli rigis diferencialuri  

gantolebebis amoxsna 

 

MATLAB-is gamoyenebiT pirveli rigis diferencialu-

ri gantolebebis amoxsna ganvixiloT Semdegi amocanis magal-

iTze: 

amocana 6.4.1. 

amovxsnaT koSis amocana: ௗ௫ௗ௧ + ݔ = sin (6.4.1)       ,ݐݔ 

romelic akmayofilebs sawyis pirobas (0)ݔ = ,ݐ)߮ (6.4.2)                 .1.5 ,ݔ (ᇱݔ = 0 saxiT Cawerili diferencialuri gantol-

ebis amosaxsnelad programuli paketi MATLAB-is gamoyeneb-

iT saWiroa misi igivuri gardaqmna ݔᇱ = ,ݐ)݂  saxiT. amisaTvis (ݔ

(6.4.1)-(6.4.2) gantoleba gadavweroT Semdegi saxiT: ൜ ଵᇱݕ = cos (ݕଵ ∙ ଶᇱݕ(ଶݕ = ଵݕ) ݊݅ݏ + ݐ ∙ ଵ(0)ݕ , (ଶݕ = ଶ(0)ݕ   ,0 = 0 (6.4.3) 
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momdvno etapze es gantoleba unda warmovadginoT m-

funqciis saxiT, rogorc es gamosaxulia (6.4.1) magaliTze. 

(6.4.3) amocanis amosaxsnelad gamoviyenebT ode113 funqcias, 

romlis parametrebi iqneba: 

 @D - winaswar Seqmnili m-funqciis D(t,x)-sadmi mima-

rTva; 

 [0 35] - (6.4.3) gantolebis integrebis intervali; 

 1.5 - sawyisi piroba (0)ݔ = 1.5.   

mivaqcioT yuradReba imas, rom funqciis gamoZaxebis 

formatSi gamosatani parametrebi cxadad araa miTiTebuli. 

es ki imas niSnavs, rom funqciis gamoZaxebis Sedegad (6.4.3) 

amocaniT aRwerili procesis Sesabamisi grafiki miiReba:   

 

magaliTi 6.4.1. 

function y=D(x,t) 
y=-x+sin(x*t); 
end 
>> %- - - - - - - - - - -  
>> ode113(@D,[0 35],1.5) 
 

 
sur. 6.4. (6.4.1)-(6.4.2) gantolebis amoxsna 

 

cxadia, rom gamosatani parametrebis miTiTebiT SesaZ-

lebelia am parametrebis ricxviTi mniSvnelonebis gamotana, 

maTi Semdgomi gamoyenebisaTvis. aseve SesaZlebelia naxazze 

0 5 10 15 20 25 30 35
0

0.5

1

1.5
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garkveuli miTiTebebis Sedegad wiris zomis, markeris, wiris 

feris da a.S. Secvla.  

Semdeg paragrafSi ganvixiloT pirveli rigis diferen-

cialuri gantolebebis sistemis amoxsnis magaliTebi. 

 

 §6.5  pirveli rigis diferencialuri gantolebebis  

sistemis amoxsna 

 

MATLAB-is gamoyenebiT aseve wesaZlebelia pirveli 

rigis diferencialuri gantolebebis sistemis amoxsna. ganvi-

xiloT Semdegi amocana: 

amocana 6.5.1. 

amovxsnaT koSis amocana: ൜ ଵᇱݕ = ଵݕ) ݏ݋ܿ ∙ ଶᇱݕ(ଶݕ = ଵݕ) ݊݅ݏ + ݐ ∙ ଵ(0)ݕ , (ଶݕ = ଶ(0)ݕ   ,0 = 0  (6.5.1) 

[0;15] intervalze. 

 

magaliTi 6.5.1. 

function dy=sist(t,y) 
dy=zeros(2,1); 
dy(1)=cos(y(1)*y(2)); 
dy(2)=sin(y(1)+y(2)*t); 
end 
>>%diferencialuri gantolebebis sistemis amoxsna 

>>[T,Y]=ode23(@sist,[0,15],[0 0]); 
>>%grafikuli amonaxsnis formireba 

>>plot(T,Y,’-k’) 
>>grid; 
 

magaliT (6.5.1)-ze moyvanilia funqcia, romelic Cveu-

lebrivi diferencialuri gantolebebis mocemuli sistemas 

aRwers da MATLAB-is brZaneba, romelic saWiroa am sistemis 

ricxviTi da grafikuli amoxsnisaTvis. funqcia ode23-is 
gamoZaxeba xdeba gamosatani parametrebis T-veqtorisa da Y-

matricis cxadad miTiTebiT, magram maTi zomebis sididis 

gamo isini warmodgenilia grafikis saxiT (sur.6.5). 
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sur. 6.5. (6.4.1)-(6.4.2) gantolebis amoxsna 
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Tavi 7. eqsperimentuli monacemebis damuSaveba 
umciresi kvadratebis meTodiT 

 

xSir SemTxvevaSi saqme gvaqvs ricxviTi meTodebiT gad-

awyvetili amocanis Sedegebis SedarebasTan imave fizikuri am-

ocanis Sesabamis eqsperimentul monacemebTan, rac garkveul 

siZneleebTan aris dakavSirebuli.   

am TavSi ganxilulia eqperimentuli monacemebis damu-

Savebis sakiTxi uciresi kvadratebis meTodis gamoyenebiT. um-

ciresi kvadratebis meTodi iZleva imis saSualebas, rom eqspe-

rimentuli monacemebis bazaze SeirCes iseTi analizuri funq-

cia, romlis Sesabamis wiri rac SeiZleba axlos Caivlis eqspe-

rimentis monacemebis wertilebTan. aseve ganxilulia eqsperi-

mentuli monacemebis safuZvelze polinomuri damokidebule-

bis agebis sakiTxi. 
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§7.1 umciresi kvadratebis meTodi 
 

eqsperimentis Sedegad miRebuli monacemebi mocemulia 

cxrilis saxiT (cxr.7.1). 

cxrili 1. ݔଵ               ݔଶ                ݔଷ               ݔସ               ݔହ               . . .               ହݕ               ସݕ               ଷݕ               ଶݕ               ଵݕ ௡ݔ                . .  ௡ݕ                .
 

saWiroa SeirCes iseTi analitikuri damokidebuleba, 

romelic yvelaze miaxloebulad aRwers eqsperimentiT miReb-

ul monacemebs.  

umciresi kvadratebis meTodis idea imaSi mdgomare-

obs, rom funqcia: ܻ = ,ݔ)݂ ܽ଴, ܽଵ,   . . .  , ܽ௞) 
unda SeirCes ise, rom gamoTvlil ௜ܻ da ݕ௜ gazomil monacem-

ebs Soris gadaxris kvadratebis jami iyos umciresi sidide: ܵ = ∑ ௜ݕ] − ,௜ݔ)݂ ܽ଴, ܽଵ, . . .  , ܽ௞)]ଶ௡௜ୀଵ → ݉݅݊.       (7.1.1) 

zemoT moyvanili amocana daiyvaneba (7.1.1) pirobis gam-

oyenebiT ܽ௜ koeficientebis gansazRvris amocanamde. am amoc-

anis gadasawyvetad saWiroa Semdegi gantolebaTa sistemis Se-

dgena: 

۔ۖەۖ
ۓ డௌడ௔బ = 0,డௌడ௔భ = 0,. . .డௌడ௔ೖ = 0.        (7.1.2) 

Tu ܻ = ,ݔ)݂ ܽ଴, ܽଵ, . . .  , ܽ௞) gamosaxulebaSi ܽ௜ parametre-

bi Sedian wrfivi damokidebulebiT, maSin miviRebT ݇ + 1  rao-

denobis wrfiv gantolebaTa sistemas ݇ + 1  ucnobiT: 

۔ۖەۖ
∑ۓ −2௡௜ୀଵ ௜ݕ) − ,ݔ)݂ ܽ଴, ܽଵ, . . .  , ܽ௞) డ௙డ௔బ = 0,∑ −2௡௜ୀଵ ௜ݕ) − ,ݔ)݂ ܽ଴, ܽଵ, . . .  , ܽ௞) డ௙డ௔భ = 0,. . .∑ −2௡௜ୀଵ ௜ݕ) − ,ݔ)݂ ܽ଴, ܽଵ, . . .  , ܽ௞) డ௙డ௔ೖ = 0.    (7.1.3) 

erTerT yvelaze xSirad gamoyenebad funqcias, romel-

ic gamoiyeneba umciresi kvadratebis meTodSi warmoadgens 



 

 136 

ݕ = ܽ଴ + ܽଵݔ saxiT aRwerili wiri da mas regresiis wiri, xo-

lo  ܽ଴ da ܽଵ sidideebs regresiis koeficientebi ewodeba. ݔ-sa daݕ-s Soris kavSiris simWidrovis maxasiaTebel 

sidides sidides korelaciis koeficienti warmoadgens da is 

gamoiTvleba formuliT: ݎ = ∑ (௫೔ିெೣ)(௬೔ିெ೤)೙೔సభට∑ (௫೔ିெೣ)మ೙೔సభ ∑ (௬೔ିெ೤)మ೙೔సభ , ௫ܯ = ∑ ௫೔೙೔సభ௡ , ௬ܯ = ∑ ௬೔೙೔సభ௡ .    (7.1.4) 

korelaciis koeficienti akmayofileba −1 ≤ ݎ ≤ 1 ut-

olobas. rac ufro mcired gansxvavdeba korelaciis koefici-

entis absoluturi mniSvneloba erTisagan, miT ufro axlosaa 

ganlagebuli regresiis wrfisagan eqsperimentuli wertile-

bi. Tu korelaciis koeficientis mniSvneloba axlosaa nulT-

an, maSin ݔ-sa daݕ-s Soris kavSiri ar aris wrfivi, magram Ses-

aZlebelia maT Soris arsebobdes sxva, arawrfivi kavSiri. ݔ-sa daݕ-s Soris arawrfivi kavSiris SemTxvevaSi kore-

laciis koeficientis analogs warmoadgens korelaciis inde-

qsi romelic gamoiTvleba formuliT: ߛ = ට1 − ∑ (௬೔ష௒೔೙೔సభ )మ∑ (௬೔షெ೤೙೔సభ )మ,      (7.1.5) 

sadac ݕ - eqsperimentuli monacemia, ܻ - umciresi kvadrateb-

is meTodiT gamoTvlili sididea, xolo ܯ௬ - ݕ-is saSualo 

mniSvnelobaa. korelaciis indeqsis mniSvneloba icvleba 0-

dan 1-mde SualedSi. 

 

 

§7.2 polinomuri damokidebulebis ageba 

 ݇-rigis polinomis koeficientebis SesarCevad uncire-

si kvadratis meTodis saSualebiT MATLAB-Si gamoiyeneba pol-
yfit(x,y,k) funqcia, sadac: 

 ݔ - eqsperimentuli wertilebis abcisebis masivia; 

 ݕ - eqsperimentuli wertilebis ordinatebis masivia; 

 ݇ - polinomis xarisxia. 

polyfit(x,y,k) funqciis gaSvebis Sedegad miiReba polinom-

is koeficientebis masivi. cxadia, Tu cnobilia polinomis 

koeficientebi, maSin SesaZlebelia nebismier wertilSi poli-

nomis mniSvnelobis gamoTvla. am miznis misaRwevad gamoiyene-
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ba polyval(k,t) funqcia, sadac ݇ - polinomis koeficientebia, 

xolo ݐ - polinomis gamoTvlis wertilia. ganvixiloT polyfit-
(x,y,k) da polyval(k,t) funqciebis gamoyeneba aproqsimaciis konk-

retuli amocanis magaliTze. 

 

amocana 7.2.1. cxrilSi (7.1) mocemulia 100 wil wyalSi 

natriumis azotmJavas ܱܰܽܰଷ xsnadobis wilis damokidebule-

ba temperaturaze: 

 

cxrili 7.1. azotmJavas ࡻࡺࢇࡺ૜ xsnadobis wilis damokidebuleba 

temperaturaze 

t       00               40          100        150        210         290         360         510               680  ࡻࡺࢇࡺ૜    66,7       71.3       76.3       80.6       85.7       92.9       99.4       113.6       125.1 
 

vipovoT azotmJavas xsnadobis wili ݐ =32
0 

temperatu-

raze da korelaciis koeficienti wrfivi damokidebulebis 

SemTxvevaSi 

 

am amocanis amoxsna Sesabamisi komentarebiT mocemu-

lia magaliT (7.2.1)-ze. sur.7.1-ze mocemulia am amocanis gra-

fikuli amonaxsni, romelzec gamosaxulia pirobaSi mocemuli 

eqspetimentuli wertilebi da gamoTvlili ݕ = ܽଵݔ + ܽଶ po-

linomis Sesabamisi grafiki, romelzec aRniSnulia ݐ =32
0
 we-

rtili 

 

magaliTi 7.2.1.  

>> % eqsperimentuli monacemebis Seyvana 
>> X=[0 4 10 15 21 29 36 51 68]; 
>> Y=[66.7 71.0 76.3 80.6 85.7 92.9 99.4 113.6 125.1] 
ݕ % << = ܽଵݔ + ܽଶ polinomis koeficientebis veqtoris 

>> %gamoTvla 

>> [a]=polyfit(X,Y,1) 
a = 
    0.8706   67.5078 
ݕ % << = ܽଵݔ + ܽଶ polinomis mniSvnelobis gamoTvla 

ݐ% << =32
0
 wertiliSi 

>> t=32; 
>> yt=a(1)*t+a(2) 
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yt = 
   95.3683 
>> % erT grafikul fanjaraSi  ݕ = ܽଵݔ + ܽଶ polinomis 

>> %grafikis, eqsperimentuli monacemebisa da  

ݐ% << =32
0
 wertiliSi  mniSvnelobis ageba 

>> x=0:68; 
>> y=a(1)*x+a(2); 
>> plot(X,Y,'ok',x,y,'-r',t,yt,'sb') 
>> grid 
>> % (7.1.4) formuliT korelaciis koeficientis  

>> % gamoTvla 

>> mx=mean(X); 
>> my=mean(Y); 
>> k=sum((x-xm).*(y-ym))./sqrt(sum(x-xm).^2*sum(y-ym).^2)) 
k = 
   1.0000 

 
sur. 7.1. amocana 7.2.1-s grafikuli amoxsna 

 

sur.7.1-ze lurji feris kubi aris azotmJavas xsnado-

bis wilis mniSvneloba t =32
0 
temperaturaze. 

 

amocana 7.2.1. cxrilur damokidebulebas ݔ-sa daݕ-s Soris 

aqvs Semdegi saxe: 

0 10 20 30 40 50 60 70
60

70

80

90

100

110

120

130
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cxrili 7.2. damokidebuleba ࢞-sa da࢟-s Sori 

x 10.1 10.2 10.3 10.8 10.9 11 11.1 11.4 12.2 13.3 13.8 14 14.4 15 15.6 15.8 17 18.1 19 

y 24    36    26    45    34   37  55    51     75   84    74   91  85   94  92    96   97  98   99  

movaxdinoT am damokidebulebis aproqsimacia umcire-

si kvadratebis meTodiT Semdegi funqciebis saSualebiT: 

a) ݕ = ܽଵ + ܽଶݔ + ܽଷݔଶ; 

b) ݕ = ܾଵ + ܾଶݔ + ܾଷݔଶ + ܾସݔଷ; 

SevadaroT erT grafikul fanjaraSi miRebuli Sedegebi. 

 

am amocanis Sesabamisi programuli uzrunvelyofa mo-

cemulia magaliT (7.2.2)-ze, grafikuli amonaxsni gamosaxulia 

sur. 7.2-ze. 

 

magaliTi 7.2.2.  

>> % eqsperimentuli monacemebis Seyvana 

>> X=[10.1 10.2 10.3 10.8 10.9 11 11.1 11.4 12.2 13.3 13.8 14 
14.4 14.5 15 15.6 15.8 17 18.1 19]; 

>> Y=[24 36 26 45 34 37 55 51 75 84 74 91 85 87 94 92 
96 97 98 99]; 

>> % a) polinomis koeficientebis gamoTvla 
>> a=polyfit(X,Y,2) 
a = 
   -1.4066   48.5515 -319.2648 
>> % b) polinomis koeficientebis gamoTvla 
>> b=polyfit(X,Y,3) 
b = 
    0.1359   -7.3034  131.8384 -701.7599 
>> % [10;20] intervalze polinomis mniSvnelobebis 

>> %   gamoTvla 
>> x=10:0.5:20; 
>> y1=polyval(a,x); 
>> y2=polyval(b,x); 
>> % erT grafikul fanjaraSi  polinomebis  

>> %grafikis da eqsperimentuli monacemebis  

>> mniSvnelobis ageba 

>> plot(x,y1,'-r',x,y2,'-b',X,Y,'ok') 
>>grid 
>> % a) polinomis regresiis indeqsis gamoTvla 
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>> gam=sqrt(1-(sum((Y-polyval(a,X)).^2/(sum((Y-mean(Y)).^2))))) 
gam = 
    0.9767 
>> % a) polinomis regresiis indeqsis gamoTvla 

>> gam=sqrt(1-(sum((Y-polyval(b,X)).^2/(sum((Y-mean(Y)).^2))))) 
gam = 
    0.9793 
>> % a) da b) polinomis gadaxris kvadratebis  

>> % gamoTvla 

>> S=sqrt(sum((Y-polyval(a,X)).^2)) 
S = 
   25.4685 
>> S=sqrt(sum((Y-polyval(b,X)).^2)) 
S = 
   24.0312 

 
sur. 7.2. amocana 7.2.1-s grafikuli amoxsna 

 
sur.7.2-ze wiTeli feris grafiki Seesabamba a) polino-

mur damokidebulebas, xolo lurji feris grafiki b) polin-

omur damokidebulebas. 
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Tavi 8. kerZowarmoebulebiani diferecialuri 
gantolebebis amoxsna MATLAB-is gamoyenebiT 

 
fizikuri procesebis maTematikuri modelebi xSirad 

aRiwereba kerZowarmoebulebiani diferencialuri gantolebe-
biT. am gantolebebis Sesabamisi funqciebi warmoadgenen sivr-
ciTi ݔ, ,ݕ -argumentebis funqciebs. kerZowarmo ݐ da droiTi ݖ
ebulebiani diferencialuri gantolebebis Sesaxeb zogadi sak-
iTxebi ganxilulia meore TavSi.  

am TavSi Cven ganvixilavT kerZowarmoebulebiani dife-
rencialuri gantolebebis fizikur klasifikacias da maTi ga-
dawyvetis sakiTxebs e.w. badeTa meTodis gamoyenebiT. amocan-
is realizacia xdeba programuli paketi MATLAB-is Sesabamisi 
funqciebis gamoyenebiT. 
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§8.1 kerZowarmoebulebiani diferencialuri 

gantolebebis fizikuri klasifikacia 
 

rogorc aRvniSneT kerZowarmoebulebiani diferencia-
luri gantolebebis zogadi daxasiaTeba da maTematikuri 

klasifikacia Cvens mier ganxilulia meore TavSi. am parafgr-
afSi ganvixiloT kerZowarmoebulebiani diferencialuri gan-
tolebebis kerZo SemTxvevebi romlebiც aRweren fizikur 

procesebs da movaxdinoT maTi klasifikacia Sesabamisi fizi-
kuri procesebis Sesabamisad.  

fizikuri procesebis aRsawerad gamoiyeneba Semdegi 

klasikuri elifsuri tipis kerZowarmoebulebiani diferenc-
ialuri gantolebebi: 

 

 laplasis gantoleba ∆ݑ = 0, romelic xSirad gamoiyen-

eba magnituri da stacionaruli siTburi velebis aR-

სawerad; 

 puasonis gantoleba ∆ݑ = ݂, romelic gamoiyeneba eleq-

trostatikaSi, drekadobis TeoriaSi da sxv.;  

 helmholcis gantoleba ∆ݑ + ݑܿ = ݂, romliTac aRiwer-

eba rxeviTi procesebi. 

 

hiperboluri tipis diferencialuri gantolebebi: 

 

 talRuri gantoleba: erTganzomilebiani talRuri ga-

ntoleba 
డమ௨(௫,௧)డ௧మ =  ܽଶ డమ௨(௫,௧)డ௫మ + ,ݔ)݂ -aRwers simis iZul (ݐ

ebiTi rxevas; talRuri gantolebis organzomilebiani 

SemTxveva 
డమ௨(௫,௬,௧)డ௧మ = ܽଶ ቀడమ௨(௫,௬,௧)డ௫మ + డమ௨(௫,௬,௧)డ௬మ ቁ + ,ݔ)݂ ,ݕ -aR (ݐ

wers membranis iZulebiT rxevas. Tavisufali rxevebs ݂(ݔ, (ݐ = 0 da ݂(ݔ, ,ݕ (ݐ = 0 SemTxveva Seesabameba; 

 telegrafuli gantoleba: kerZowarnoebulebiani dif-

erencialuri 
డమ௨డ௧మ + ோ஼ା௅ீ௅஼  డ௨డ௧ + ோீ௅஼ ݑ − ଵ௅஼  డమ௨డ௫మ = 0 gantole-

ba aRwers ݑ potencialis cvlilebas eleqtrogadamcem 

xazebSi. ܮ, ,ܥ ܴ, -Sesabamisad TviTinduqciis koeficie ܩ

nti, tevadoba, winaRoba da eleqtrogadamcemi xazis 

erTeulze danakargis maxasiaTebelia.  



 

 143 

paraboluri tipis klasikur gantolebas warmoadgens: 

 

 Tbogamtarobis gantoleba: 
డ௨డ௧ = ܽଶ∆ݑ + ݂. 

 

rogorc §2.5-Si aRvniSneT, kerZowarmoebulebiani dif-

erencialuri gantolebebis erTaderTi mniSvnelobis sapovne-

lad saWiroa Sesabamisi sawyisi da sasazRvro pirobebi. elif-

suri tipis gantolebebisaTvis moicema mxolod sasazRvro 

pirobebi, romlebic sam klasad iyofa: 

 

 dirixles piroba: saWiroa amocanis amonaxsnis povna 

sivrcis raime SemosazRvrul ߑ ubanSi, Tu am sivrcis ߁ 

sazRvarze mocemulia saZiebeli ݑ funqciis mniSvne-
loba.  ݑ|௰ = ߮.                              (8.1.1) 
magaliTad, erTganzomilebiani diferencialuri gant-

olebis SemTxvevaSi 0)ݑ, (ݐ = ߮ଵ(ݐ); ܮ)ݑ, (ݐ = ߮ଶ(ݐ), funq-

ciis saZiebel [0,  ;intervalze [ܮ
 neimanis amocana: saWiroa amocanis amonaxsnis povna si-

vrcis raime SemosazRvrul ߑ ubanSi, Tu mis sazRvarze 

mocemulia ara TviTon saZiebeli funqciis mniSvnelo-
ba, aramed saZiebeli funqciis warmoebuli ߁ sazRvaris 

gare normalis gaswvriv డ௨డ௡ቚ௰ = ݃.                                      (8.1.2) 
 Sereuli sasazRvro amocana: xSirad aseT amocanebs 

mesame tipis sasazRvro amocanas uwodeben da mis 

sasazRvro pirobas Semdegi saxe aqvs: [ܽଵ డ௨డ௡ + ܽଶݑ]ቚ௰ = ℎ.                              (8.1.3) 

 
paraboluri tipis diferencialuri gantolebebisaTv-

is sasazRvro pirobis garda, aucilebelia erTi sawyisi piro-

ba, romelis Semdegi saxiT Caiwereba: ݔ)ݑ, ,ݕ ,ݖ (଴ݐ = ,ݔ)߰ ,ݕ  (4..8.1)                         .(ݖ

hiperboluri tipis diferencialuri gantolebebisaT-

vis sawyisi pirobebi SeiZleba iyos Semdegi saxis: ݔ)ݑ, ,ݕ ,ݖ (଴ݐ = ߰ଵ(ݔ, ,ݕ ,ݔ)ݑ߲ ,(ݖ ,ݕ ,ݖ ݐ߲/(଴ݐ = ߰ଶ(ݔ, ,ݕ  (5..8.1) .(ݖ
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diferencialuri gantolebebis TeoriaSi cnobilia ke-
rZowarmoebulebiani diferencialuri gantolebebis amoxsnis 

analizuri meTodebi, magaliTad cvladebis gancalebis fur-
ies analizuri meTodi rodesac amonaxsni Caiwereba sakmaod 

rTuli struqturis usasrulo mwkrivis jamis saxiYT da moc-
emul wertilSi funqciis mniSvnelobis gamoTvla warmoadg-
ens calke aRebul maTematikur amocanas. amitom aseTi amoca-
nebis gadaswyvetad xSirad gamoiyeneba kerZowarmoebulebiani 

diferencialuri gantolebebis amoxsnis ricxviTi meTodebi. 

erTerTi maTgani ganvixiloT momdevno paragrafSi. 
 

§8.2 badeTa meTodi da misi realizacia MATLAB-Si 

 

kerZowarmoebulebiani diferencialuri gantolebebis 

amoxsnis erTerT yvelaze gavrcelebul ricxviT meTods bad-

eTa meTodi warmoadgens, romelsac xSirad sasruli sxvaobe-

bis meTodsac uwodeben.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sur. 8.1. ࢎࢳ∆ bade ࢳ arisaTvis ࢣ sazRvriT 
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badeTa meTodis gamoyenebisas ߑ are ߁ sazRvriT, rome-

lSic unda vipovoT gantolebis amonaxsni, dayofilia marTk-

uTxa areSi RerZebis paraleluri ݐ = ݔ ௝ daݐ = -௜ monakveTebݔ

iT (sur.8.1), sadac ݔ௜ = ଴ݔ + ݅ℎ, ℎ = ௜ݔ − ௜ݐ ௜ିଵ daݔ = ଴ݐ + ݆∆, ௝ݐ=∆ − -௛∆ bade ewodߑ ௝ିଵ. Sedegad vRebulobT bades romelsacݐ

eba. ℎ da ∆ sidideebs Sesabamisad ݔ da ݐ RerZebis gaswvrivi 

bijebi ewodebaT. 

badeTa meTodis idea SemdegSi mdgomareobs: nebismier 

uwyvet ݔ)ݑ, funqcias warmovadgenT 0 (ݐ ≤ ݔ ≤ ,௜ݔ) ௛∆ badisߑ  ܮ ௜௝ݑ ௝) kvanZSi rogorcݐ = ,௜ݔ)ݑ -௝) sadidews, romelic gansazݐ

Rvrulia badis kvanZebSi, xolo kvanZebSi warmoebulebs ganvi-

xilavT rogorc maT sxvaobiT aproqsimacias. amgvarad, kerZ-

owarmoebulebiani diferencialuri gantolebis nacvlad vRe-

bulobT algebrul gantolebaa sistemas. 

 rac naklebia ℎ da ∆ sidideebi miT ufro zustia mi-

Rebul algebrul gantolebaTa sistemis gamoyenebiT sawyisi 

kerZowarmoebulebiani diferencialuri gantolebis modeli-

reba. me-VIII Tavis momdevno paragrafebSi Cverns mier ganxil-

ulia badeTa meTodi samive tipis kerZowarmoebulebiani dif-

erencialuri gantolebebis gadasawyvetad. badeTa meTodis 

(droiT areSi sasruli sxvaobebis FDTD meTodi) gamoyenebis 

magaliTebi samganzomilebian sivrceSi moyvanilia eleqtrod-

inamikis gardamavali procesebis ganxilvisas XI TavSi, rodes-

ac ricxviTad gadawyvetilia e.w. eleqtromagnituri SemTavs-

eblobis amocanebis konkretuli SemTxvevebi.  

 

 

§8.3 badeTa meTodis gamoyeneba MATLAB-Si paraboluri 

gantolebebis amosaxsnelad 

 

kerZowarmoebulebiani diferencialuri gantolebebis 

ricxviTi meTodebiT amoxsna ganvixiloT paraboluri tipis 

gantolebis amoxsniT. sxvaobiTi sqemebi gamoviyenoT Semdegi 

erTganzomilebiani diferencialuri gantolebis magaliTze: 

 

ങೠ(ೣ,೟)ങ೟ ୀ ௔మങమೠ(ೣ,೟)ങೣమ ,   ଴ஸ௫ஸ௅,   ଴ஸ௧ஸ்;௨(଴,௧)ୀఓ(௧),   ௨(௅,௧)ୀఘ(௧),   ଴ஸ௧ஸ்; ௨(௫,଴)ୀఝ(௫),   ଴ஸ௫ஸ௅.      (8.3.1) 
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ganvixiloT ߑ௛∆ bade (sur.8.1). badis kvanZebSi ricxviTi 

(rekurentuli) gantolebebis misaRebad meore rigis sivrciTi 

warmoebuli 
డమ௨(௫,௧)డ௫మ   SevcvaloT miaxloebiTi sxvaobiTi sqemiT: డమ௨(௫೔,௧ೕ)డ௫మ = ௨೔శభ,ೕିଶ௨೔,ೕା௨೔షభ,ೕ௛మ .                                  (8.3.2) డ௨డ௧   droiTi warmoebulis Sesacvlelad gamoviyenoT er-

TerTi Semdegi sxvaobiTi sqemebidan: డ௨(௫೔,௧ೕ)డ௧ = ௨೔,ೕశభି௨೔,ೕ∆ ,                             (8.3.3) 

     
డ௨(௫೔,௧ೕ)డ௧ = ௨೔,ೕି௨೔,ೕషభ∆ .                                     (8.3.4) 

garda amisa SevcvaloT sawyisi da sasazRvro pirobebi 

maTi sxvaobiTi aproqsimaciiT: ݑ௜,଴ = (௜ݔ)߮ = ߮௜, ݅ = 0,1,2, . . . , ଴,௝ݑ (8.3.5)                         ,݊ = ௝൯ݐ൫ߤ = ,௝ߤ ௡,௝ݑ = ௝൯ݐ൫ߩ = ,௝ߩ ݆ = 0,1,2, . . . , ݇.      (8.3.6) 

(8.3.1) gantolebaSi kerZo warmoebulebis (8.3.2) da 

(8.3.3) TanafardobebiT SecvliT miviRebT ߑ௛∆ badis kvanZebSi ݑ funqciis gamosaTvlel rekurentul formulebs: ݑ௜,௝ାଵ = ௜ାଵ,௝ݑߛ + (1 − ௜,௝ݑ(ߛ2 + ௜ିଵ,௝ݑߛ + ∆ ௜݂,௝,          (8.3.7) ݑ଴,௝ = ,௝ߤ ௡,௝ݑ = ,௝ߩ ௜,଴ݑ  = ߮௜, ߛ = (ܽଶ∆)/ℎଶ.            (8.3.8) 
(8.3.7) gantolbis amosaxsnelad gamoiyeneba orSriani 

cxadi sxvaobiTi sqema, romelic gamosaxulia sur.8.2-ze.  
 
 
 
 
 
 
 
 

 
sur. 8.2. orSriani cxadi sxvaobiTi sqema 

 

funqciis mniSvneloba drois yovel momdevno momentSi 

kvanZSi moicema kvanZSi da mis mezobel kvanZebSi drois wina 

momentSi funqciis mniSvnelonebiT. es iZleva imis saSualeb-
as, rom vipovoT funqciis mniSvnelobebi kvanZebSi mTeli 

݅, ݆ ݅ − 1, ݆ ݅ + 1, ݆ 

݅, ݆ + 1 
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drois ganmavlobaSi drois sawyisi momentidan droiTi bijiT 

wanacvlebisas, radgan cnobilia saZiebeli funqciis mniSvne-
lobebi drois sawyisi momentisaTvis. sxvaobiTi sqemis mdgra-
dobisTvis ݔ da ݐ RerZebis gaswvrivi bijebi unda akmayofile-
bdnen pirobas: ∆≤ (ℎଶ)/2ܽଶ.                  (8.3.9) 

ganvixiloT MATLAB-is gamoyenebiT paraboluri kerZ-

owarmoebulebiani diferencialuri gantolebis amoxsna Tbo-

gamtarobis amocanis magaliTze: 

 

amocana 8.3.1. vipovoT spilenZis 0) ܮ ≤ ݔ ≤  sirZis (ܮ

ReroSi temperaturis ganawileba, Tu Reros sawyisi tempera-

turis ganawilebaa  ߮(ݔ) = 20଴ܥ. sasazRvro piroba ki moicema 

Semdegnairad: temperatura 0)ݑ, -ܥdan 100଴-ܥicvleba 20଴ (ݐ

mde, xolo Reros boloSi ܮ)ݑ,  .mde-ܥdan 50଴-ܥicvleba 20଴ (ݐ

am amocanis amoxsnis Sesabamisi programuli uzrunvel-

ofa moyvanilia magaliT (8.3.1)-ze. sur.8.3-ze mocemulia am 

amocanis grafikuli amonaxsni, romelzec gamosaxulia Rero-

Si temperaturis ganawileba mTeli dakvirvebis drois ganmav-

lobaSi. 
 

magaliTi 8.3.1.  

>> a=0.4;N=50;K=200;L=5;T=3; 
>> h=L/N;delta=T/K;gam=a^2*delta/h^2; 
 

>> for i=1:N+1 
x(i)=(i-1)*h; 
u(i,1)=20; 
end 
>> for j=1:K+1 
t(j)=(j-1)*delta; 
u(1,j)=20+(j-1)/K*30; 
u(N+1,j)=20+(j-1)/K*80; 
end 
>> for j=1:K 
for i=2:N 
u(i,j+1)=gam*u(i-1,j)+(1-2*gam)*u(i,j)+ 
gam*u(i+1,j)+delta*fi(i,j); 
end 
end 
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>> surf(t,x,u); 
>> title ('U(^0 C)'); 
>> xlabel('T'); 
>> ylabel('X'); 

 
sur. 8.3. amocana 8.3.1-s grafikuli amoxsna 

 

 
sur. 8.4. amocana 8.3.2-s grafikuli amoxsna 
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amocana 8.3.2. vipovoT spilenZis 0) ܮ ≤ ݔ ≤  sirZis (ܮ

ReroSi temperaturis ganawileba, Tu Reros sawyisi tempera-

turis ganawilebaa  ߮(ݔ) =  sasazRvro piroba ki moicema .ݐݔ݊݅ݏ

Semdegnairad: temperatura 0)ݑ,  ,mde-ܥdan 2଴-ܥicvleba 1଴ (ݐ

xolo Reros boloSi ܮ)ݑ,  .mde-ܥ଴ݔ݊݅ݏdan 2.5-ܥicvleba 1଴ (ݐ

 

sur.8.4-ze mocemulia am (8.3.2) amocanis grafikuli am-

onaxsni, romelzec gamosaxulia ReroSi temperaturis ganawi-

leba mTeli dakvirvebis drois ganmavlobaSi. 

 

zemoT ganxiluli amocanebi gadawyvetilia cxadi sxva-

obiTi sqemis gamoyenebiT, romlis mTavari nakli amocanis am-

onaxsnis mdgradoba warmoadgens. mTavari problema droiTi 

bijis SerCevaa, romelic akmayofilebs (8.3.9) pirobas. am pro-

blemis gadasawyvetad SemoTavazebul iqna e.w. aracxadi sxva-

obiTi sqemebi. isini absoluturad mdgradi amonaxsnis miReb-

as uzrunvelyofenen, magram amocanis amoxsnis algoritmi ga-

cilebiT rTulia cxadi sxvaobiTi sqemis gamoyenebisas miyvan-

il algoriTmTan SedarebiT.  

 
 
 
 
 
 
 

 
 
 

sur. 8.4. orSriani aracxadi sxvaobiTi sqema 

aracxadi sxvaobiTi sqemis asagebad (8.3.1) amocanaSi ke-

rZo warmoebulebis SevcvaloT (8.3.2) , (8.3.4) gamosaxulebeb-

iT da (8.3.5)-(8.3.6) pirobebis gaTvaliswinebiT ܷ funqciis ga-

mosaTvlelad kvanZebSi miviRebT gamosaTvlel rekurentul 

formulas: ݑ௜,௝ = 11 + ߛ2 + ∆ℎ ௜,௝ିଵݑ + 1ߛ + ߛ2 + ∆ℎ ൫ݑ௜ିଵ,௝ +  ௜ାଵ,௝൯ݑ

݅, ݆ 

݅ − 1, ݆ ݅ + 1, ݆ 

݅, ݆ − 1 
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+ ∆௛ଵାଶఊା∆௛ ௜ିଵ,௝ݑߛ ,଴,    i=1,2,. . .,n-1, j=1,2,. . .,kݑ − (1 + ௜,௝ݑ(ߛ2 + ௜ାଵ,௝ݑߛ = ௜,௝ିଵݑ− − ∆ ௜݂,௝, 
i=1,2,. . .,n-1, j=1,2,. . .,k.     (8.3.10) 

(8.3.10) gantoleba (8.3.8) pirobasTan erTad warmoadg-

ens e.w. orSrian aracxad sxvaobiT sqemas  

orSriani aracxadi sxvaobiTi sqemis gamoyenebiT, roca ݂(ݔ, (ݐ ≠ 0, amovxsnaT Tbogamtarobis kidev erTi amocana: 

 

amocana 8.3.3. vipovoT 0) ܮ ≤ ݔ ≤ -sirZis ReroSi te (ܮ

mperaturis ganawileba, Tu Reros sawyisi temperaturis gana-

wilebaa mocemulia nebismieri ߮(ݔ) funqciiT. Reros boloeb-

ze temperatura 0)ݑ, (ݐ = ଵܷ = ,ܮ)ݑ da ݐݏ݊݋ܿ (ݐ = ܷଶ = -Rer .ݐݏ݊݋ܿ

os gverdiT zedapirse siTbocvla xdeba niutonis kanoniT ga-

remosTan, romlis temperatura ݑ଴-is tolia. 

 

mocemuli amocana aRiwereba Semdegi gantolebiT: ങೠ(ೣ,೟)ങ೟ ୀ ௔మങమೠ(ೣ,೟)ങೣమ ି௛(௨ି௨బ),௛ୀ ഀ೛೎ഐ഑   ଴ஸ௫ஸ௅,   ଴ஸ௧ஸ்;௨(଴,௧)ୀ௎భ,   ௨(௅,௧)ୀ௎మ,   ଴ஸ௧ஸஶ; ௨(௫,଴)ୀఝ(௫),   ଴ஸ௫ஸ௅,    (8.3.11) 

sadac, ߙ - siTbocvlis koeficientia, ߪ - Reros ganivkveTis 

farTobia, xolo ݌ - Reros ganivkveTis perimetria. 

am amocanis amoxsnis Sesabamisi programuli uzrunvel-

ofa moyvanilia magaliT (8.3.2)-ze.  
 

magaliTi 8.3.2.  

>> a=0.8;h=0.01;K=50;N=200;T=3;L=5;u0=20; 
>> hx=L/N;delta=T/K; 
>> gam=a^2*hx^2/h^2; 
>> for i=1:N+1 
x(i)=(i-1)*hx; 
u(i,1)=0.25+(i-1)/N; 
end 
>> for j=1:K+1 
t(j)=(j-1)*delta; 
u(1,j)=0.25; u(N+1,j)=1.25; 
end 
>> for j=2:K+1 
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for i=2:N 
u(i,j)=gam*(u(i-1,j)+u(i+1,j))/(1+2*gam+delta*hx)+u(i,j-

1)/(1+2*gam+delta*hx)+delta*h*u0/(1+2*gam+delta*hx); 
end 
end 
 

sur.8.5-ze mocemulia am (8.3.3) amocanis grafikuli am-

onaxsni, romelzec gamosaxulia ReroSi temperaturis ganawi-

leba mTeli dakvirvebis drois ganmavlobaSi. 

 
sur. 8.5. amocana 8.3.3-s grafikuli amoxsna 

 

 

§8.4 badeTa meTodis gamoyeneba MATLAB-Si hiperboluri 

gantolebebis amosaxsnelad 

 

hiperboluri tipis gantolebebis amosaxsnelad aseve 

gamoiyeneba sxvaobiTi sqemebi, rogorc erTganzomilebiani, 

aseve ori da samganzomilebiani gantolebebis amosaxsnelad 

gamoiyeneba. hiperboluri tipis samganzomilebiani gantoleb-

ebis amosxnas Cven davubrundebiT me-11-e TavSi, rodesac ga-

nvixilavT gamoyenebiTi eleqtrodinamikis konkretuli amoc-

anebis amoxsnisas, romlebis aRiwereba maqsvelis gantolebeb-

is saSualebiT. am paragrafSi ganvixiloT sxvaobiTi sqemis 
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gamoyeneba erTganzomilebiani hiperboluri gantolebebisaT-

vis Semdegi gantolebis magaliTze: ങమ(ೣ,೟)ങ೟మ ୀ ௔మങమೠ(ೣ,೟)ങೣమ ,   ଴ஸ௫ஸ௅,   ଴ஸ௧ஸ்;௨(଴,௧)ୀఓ(௧),   ௨(௅,௧)ୀఘ(௧),   ଴ஸ௧ஸ்; ௨(௫,଴)ୀఝ(௫),   ങೠ(ೣ,బ)ങ೟ ୀట(௫),   ଴ஸ௫ஸ௅.     (8.4.1) 

avagoT ߑ௛∆ bade (sur.8.1), romlis saSualebiT veZebT 

(8.4.1) gantolebis amonaxsns. badis kvanZebSi ricxviTi ganto-

lebebis misaRebad meore rigis droiTi warmoebuli 
డమ௨(௫,௧)డ௧మ   

SevcvaloT miaxloebiTi sxvaobiTi sqemiT: డమ௨(௫೔,௧ೕ)డ௧మ = ௨೔,ೕషభିଶ௨೔,ೕା௨೔,ೕశభ∆మ .                                  (8.4.2) 

(8.4.2), (8.3.2) da (8.3.3) gamosaxulebebis (8.4.1) gantole-
baSi CasmiT miviRebT (8.4.1) gantolebis amosaxsnelad cxad 

sxvaobiT sqemas: ݑ௜,௝ାଵ = ௜,௝ିଵݑ− + ௜ିଵ,௝ݑ൫ߛ + ௜ାଵ,௝൯ݑ + (2 − ௜,௝ݑ(ߛ2 + ∆ଶ ௜݂,௝, ݅ = 1,2,   .  .  .  , ܰ − 1, ݆ = 1,2,   .  .  .  , ܭ − ௜,଴ݑ ,1 = (௜ݔ)߮ = ߮௜, ௨೔,భି௨೔,బ∆ = (௜ݔ)߰ = ߰௜ ݅ = 0,1,2, . . . , ଴,௝ݑ (8.4.3)    ,݊ = ,௝ߤ ௡,௝ݑ = ,௝ߩ ௜,଴ݑ  = ߮௜,   ݆ = 0,1,2, . . . , ߛ ,ܭ = (ܽଶ∆)/ℎଶ, 
romelic mdgradia (8.3.7),(8.3.8) sxvaobiTi sqemis analogiurad 

da SesaZlebelia matrtivad moxdes am amocanis Sesabamisi al-
goriTmis Seqmna MATLAB-Si.  

amocana 8.4.1. amovxsnaT Semdegi hiperboluri tipis ga-

ntoleba sawyisi da sasazRvro pirobebiT: ങೠమ(ೣ,೟)ങ೟మ ୀ ௔మങమೠ(ೣ,೟)ങೣమ ା௦௜௡௫௧,   ଴ழ௫ழ௅,   ଴ழ௧ழ்;௨(଴,௧)ୀఓభ,   ௨(௅,௧)ୀఘభ,௨(௫,଴)ୀఝభ,   ങೠ(ೣ,బ)ങ೟ ୀటభ.          (8.4.4) 

 

am gantolebis Sesabamisi algoriTmi mocemulia Semdeg maga-
liTSi: 
 

magaliTi 8.4.1.  

>> a=0.8;K=50;N=200;T=2;L=10; 
>> h=L/N; delta=T/K; 
>> for i=1:N+1 
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x(i)=(i-1)*h; 
u(i,1)=sin(x(i)); u(i,2)=u(i,1)+delta*sin(x(i)); 
end 
>> for j=1:K+1 
t(j)=(j-1)*delta; 
end 
>> for j=2:K+1 
u(1,j)=0; u(N+1,j)=sin(L); 
end 
>> gam=a^2*delta^2/h^2; 
>> for j=2:K 
for i=2:N 
u(i,j+1)=-u(i,j-1)+gam*u(i-1,j)+(2-2*gam)*u(i,j)+ 
gam*u(i+1,j)+delta^2*sin(x(i)*t(j)); 
end 
end 
>> surf(t,x,u) 
>> title('U(^0C)') 
>> xlabel('T') 
>> ylabel('X') 

 
 

sur. 8.6. amocana 8.4.1-s grafikuli amoxsna 
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sur.8.6-ze mocemulia amocana 8.4.1-is grafikuli amon-

axsni. hiperboluri gantolebebis amosaxsnelad aseve SesaZl-

ebelia aigos aracxadi sxvaobiTi sqema, magram imis gamo rom 

mas ar gaaCnia iseTi upiratesobebi, rogorc paraboluri gan-

tolebebis SemTxvevaSi, maTi gamoyeneba xdeba mxolod im Sem-

TxvevebSi, roca SeuZlebelia konkretuli amocanis ganxilvi-

sas cxadi sxvaobiTi sqemis ageba. ZiriTadad es xdeba amocane-

bisaTvis, romlebic mocemulia gansaxilveli aris sazRvarze 

Sereuli sasazRvro pirobebiT.  

 

 

§8.5 badeTa meTodis gamoyeneba MATLAB-Si 
elifsuri gantolebebis amosaxsnelad 

 

rogorc §8.1 aRvniSneT elifsuri tipis kerZowarmoeb-

ulebiani diferencialuri gantolebebiT aRiwereba fizikuri 

procesebis farTo speqtri, rogorebicaa: magnituri da sta-

cionaruli siTburi velebi; eleqtrostatikis amocanebi; dr-

ekadobis Teoriis amocanebi; damyarebuli rxeviTi procesebi 

da sxva. 

amocana 8.5.1. ganvixiloT sxvaobiTi sqema elifsuri 

tipis kerZowarmoebulebiani diferencialuri gantolebisaT-
vis marTkuTxa Σ(ܴ − ܾ ≤ ݔ ≤ ܴ + ܾ; −ܽ ≤ ݕ ≤ ܽ) areSi Γ sazRv-
riT da dirixles sasazRvro pirobebiT sazRvarze qvemoT mo-
yvanili gantolebis magaliTze: ∆௨ୀങమೠങೣమାങమೠങ೤మିఱೣങೠങೣୀିଶ,௨(௫,௬)|(ೣ,೤)∈౳సబ.            (8.5.1) 

ganvixiloT bade Σ௛ೣ௛೤
, risTvisac gavavloT Σ areSi Re-

rZebis paraleluri wrfeebi ݕ = ݔ ௜ daݕ = ௜ݔ ௜, sadacݔ = ܴ −ܾ + ݅ ∙ ℎ௫, ℎ௫ = 2ܾ/݊, ݅ = 0, 1,   .  .  .  , ݊  da ݕ௜ = −ܽ + ݆ ∙ ℎ௬, ℎ௬ = 2ܽ/݇, ݆ = 0, 1,   .  .  .  , ݇. 
sxvaobiTi gantolebis misaRebad SevcvaloT kerZo wa-

rmoebulebi da sasazRvro pirobebi Semdegi TanafardobebiT: 
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ങమೠ(ೣ೔,೤ೕ)ങೣమ ୀೠ೔శభ,ೕషమೠ೔,ೕశೠ೔షభ,ೕ೓మೣ ,ങమೠ(ೣ೔,೤ೕ)ങ೤మ ୀೠ೔,ೕశభషమೠ೔,ೕశೠ೔,ೕషభ೓೤మ ;           (8.5.2) 

 ௨೔,బୀ௨೔,ಿ೤ୀ଴,   ௜ୀ଴,ଵ,   .  .  .  ,ேೣ,௨బ,ೕୀ௨ಿೣ,ೕୀ଴,   ௝ୀ଴,ଵ,   .  .  .  ,ே೤.           (8.5.3) 

 

(8.5.2) da (8.5.3) gamosaxulebebis gamoyenebiT gardavq-

mnaT elifsuri (8.5.1) sasazRvro amocana Semdeg sxvaobiT gan-

tolebaTa sistemad: ݑ௜,௝ = ଵ஺ ௜ାଵ,௝ݑ௜ܤ) + ௜ିଵ,௝ݑ௜ܥ + ௜,௝ିଵݑ൫ܦ + ௜,௝ାଵ൯ݑ + 2), ݅ = 1,2,   .  .  .  , ௫ܰ − 1, ݆ = 1,2,   .  .  .  , ௬ܰ − ௜,଴ݑ ,1 = ௜,ே೤ݑ = 0, ݅ = 0,1,2, . . . , ௫ܰ,                          (8.5.4) ݑ଴,௝ = ேೣ,௝ݑ = 0,   ݆ = 0,1,2, . . . , ௬ܰ , 
sadac  ܣ = ቆ 2ℎ௫ଶ + 2ℎ௬ଶቇ , B௜ = 1ℎ௫ଶ + 52ℎ௫ݔ௜ , C௜ = 1ℎ௫ଶ − 52ℎ௫ݔ௜ , ܦ = 1ℎ௬ଶ. 

gantolebaTa (8.5.4) sistemis amoxsna SesaZlebelia zei-

delis iteraciuli meTodiT. am gantolebaTa sistemis badeTa 

meTodiT amoxsnais Sesabamisi algoriTmi mocemulia Semdeg 

magaliTSi: 

  

magaliTi 8.5.1.  

>> a=3;b=6;R=18;Nx=200;Ny=100; 
>> hx=2*b/Nx; 
>> hy=2*a/Ny; 
>> for i=1:Nx+1 
x(i)=R-b+(i-1)*hx; 
u(i,1)=0; 
u(i,Ny+1)=0; 
end 
>> for j=1:Ny+1 
y(j)=-a+(j-1)*hy; 
u(1,j)=0; 
u(Nx+1,j)=0; 
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end 
>> A=2/hy^2+2/hx^2; 
>> D=1/hy^2; 
>> for i=2:Nx+1 
B(i)=1/hx^2+5/(2*hx*x(i)); 
C(i)=1/hx^2-5/(2*hx*x(i)); 
end 
>> for i=2:Nx 
for j=2:Ny 
u(i,j)=1/A*(B(i)*u(i-1,j)+C(i)*u(i+1,j)+D*(u(i,j-1)+u(i,j+1))+2); 
end 
end 
>> surf(y,x,u) 
 
sur.8.7-ze mocemulia am (8.5.1) amocanis grafikuli am-

onaxsni. 

 
sur. 8.7. amocana 8.5.1-s grafikuli amoxsna 

 
vimedovnebT, rom zemoT moyvanili amocanis gamoyeneb-

iT martivad gaverkveviT sxvaobiTi sqemebis agebaSi laplasi-

sa da puasonis gantolebebisaTvis. 

rogorc am TavSi ganxiluli amocanebisa da magaliTeb-

is farTo klasi gviCvenebs, rom badeTa meTodis gamoyenebiT 

0
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6
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SesaZlebelia kerZowarmoebulebiani diferencialuri ganto-

lebebiT aRwerili uamravi fizikuri procesis aRwera. momde-

vno TavebSi ganxilulia eleqtrodinamikis gardamavali pro-

cesebis kvlevis maTematikuri meTodebi da maTi gadawyvetis 

algoriTmebi.  
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Tavi 9. eleqtrodinamikis gardamavali procesebis 
aRweris maTematikuri meTodebi da zogadi 

algoriTmebi 

 

mocemul TavSi ganxilulia arastacionaruli difraq-

ciisa da agznebis zogadi fizikuri da maTematikuri aspeqte-

bi. pirvel paragrafSi Cawerilia cnobili integro-diferen-

cialuri gantolebebi, romlebic erTmaneTTan akavSireben 

muxtebs, denebsa da gamosxvebul eleqtromagnitur velebs. 

es damokidebulebebi dafuZnebulia eleqtromagnituri vele-

bis warmodgenaze dagvianebuli potencialebis saxiT. gakeTe-

bulia daskvnebi integro-diferencialuri gantolebebidan 

romlis gamoyenebaa xelsayreli konkretuli difraqciis amo-

canis gadasawyvetad. warmodgenilia arastacionaruli difr-

aqciis fizikuri modeli. gaanalizebulia energiis nakadis 

yofaqceva, rogorc axlo ise Sor zonaSi.  

ganxilulia arastacionaruli difraqciis amocanebis 

gadasawyvetad gamoyenebuli ricxviTi meTodebi. kerZod, sas-

ruli sxvaobebis meTodi difraqciis organzomilebiani da sa-

mganzomilebiani amocanebisaTvis, damxmare gamomsxiveblebis 

meTodi da momentebis meTodi. naCvenebia am meTodebis SesaZ-

leblobebi da maTi gamoyenebis sazRvrebi. manqanuri resurs-

ebis SezRudulobis gamo, imisaTvis, rom SesaZlebeli gavxad-

oT sasruli sxvaobebis meTodiT sasrul moculobaSi xangrZ-

livi drois ganmavlobaSi velebis maekranirebel sxeulze ze-

moqmedebis dakvirveba am sqemaze damatebulia e.w. idealurad 

SeTanxmebuli dieleqtrikuli fenebi. es fenebi TandaTanob-

iT STanTqaven SemosazRvruli moculobis kedlebamde miRwe-

ul vels da amcireben am kedlebidan dacemuli velis arekv-

lis koeficients. es fenebi iZleva sasruli sxvaobebis meTo-

dis ekranirebis amocanebSi efeqturad gamoyenebis saSualeb-

as. organzomilebian zolze gabnevis amocanisaTvis gamokvle-

ulia idealurad SeTanxmebuli fenebis gamoyenebisas dacemu-

li velis am fenebidan arekvlis koeficientis damokidebule-

ba fenebis raodenobaze. 

arastacionaruli difraqciis SemTxvevisaTvis gabneu-

li veli warmodgenilia kirxhofis meTodiT dagvianebuli po-

tencialebis saSualebiT. amgvari warmodgenis gamoyeneba sas-

azRvro pirobebSi gvaZlevs eleqtruli da magnituri veleb-

is integralur gantolebebs. gamokvlevebi aCvenebs, rom sxva-
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dasxva tipis gambnevebis SemTxvevaSi maTi ricxviTi amoxsnisa-

Tvis upiratesoba gaaCnia zogierT SemTxvevaSi erT, xolo 

sxva SemTxvevaSi meore integralur gantolebas. magaliTad, 

magnituri velis integraluri gantoleba warmoadgens meore 

gvaris integro-diferencialur gantolebas, masSi ar Sedis 

arcerTi sivrciTi warmoebuli da ricxviTi realizaciisaTv-

is ufro xelsayrelia gamoyenebul iqnas amoburculi gluvi 

zedapiris mqone gambnevebis SemTxvevaSi, maSin rodesac eleq-

truli velis integraluri gantoleba warmoadgens pirveli 

gvaris integro-diferencialur gantolebas, am gantolebaSi 

divergenciis operatoris 0



jdiv
t


 saxiT Sedis zedapirze 

sivrculi warmoebuli, amitom am gantolebis ricxviTi amoxs-

na mosaxerxebelia iseTi `nulovani sisqis~ mqone sxeulebisa-

Tvis, rogorebicaa wvrili mavrTuli da Txeli Cauketavi ze-

dapiri. 

moyvanilia arastacionaruli difraqciis fizikuri 

modeli, romelic dafuZnebulia zedapirze muxtebisa da de-

nebis cvlilebis xasiaTze. miRebuli Sedegebis mixedviT da-

dgenilia, rom mTeli energia, romelic gaaCnia dacemul  el-

eqtromagnitur vels, gadanawildeba gambnev struqturasTan 

dakavSirebul axlo velsa da Sor zonaSi gadasxivebul vels 

Soris. gare zemoqmedebis Sewyvetis Semdeg gambnevSi mimdina-

reobs procesebi, romlebic dakavSirebulia gambnevis fizik-

ur maxasiaTeblebTan. 

 

 
§9.1 arastacionaruli difraqciis zogadi  

integro-diferencialuri gantolebebi 

 

ganvixiloT arastacionaruli difraqciis klasikuri 

amocana. vTqvaT, eleqtromagnituri talRa cnobili sivrcu-

li da droiTi maxasiaTeblebiT )},(),,({ trHtrE incinc 
 difrargir-

ebs 0S  zedapiriT SemosazRvrul sxeulze (sur.9.1). am 0S  zed-

apirze inducirdeba denebi da muxtebi ),( trj 


 da ),( tr 


  simk-

vriveebiT Sesabamisad. aq 0Vr 


, sadac 0V  aris 0S  zedapiriT 

SemosazRvruli moculoba. sivrceSi sxeulis mier gamosxive-

bul arastacionarul velebs )},(),,({ trHtrE scsc 
 gabneul velebs 
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an ubralod gamoZaxilebs uwodeben. arastacionaruli difr-

aqciis amocanas sxeulze dacemuli veliT inducirebuli de-

nebisa da muxtebis, an maT mier gamosxivebuli velebis povna 

warmoadgens. 

kavSiri eleqtruli da magnituri velebis daZabulo-

bebis veqtorebsa da maT Semqmnel wyaroebs Soris aisaxeba 

maqsvelis gantolebebSi: 




































,0,

,,0,

,

,

0

0
0

Jdiv
t

HB

EDHdivEdiv

t

B
Erot

t

E
JHrot

sc
sc

sc
sc

















         (9.1.1) 

sadac, 
scH


 da 

scB


 gabneuli magnituri velis daZabulobisa da 

magnituri velis induqciis veqtorebia Sesabamisad, 
scE


 da 

scD


 gabneuli eleqtruli velis daZabulobisa da eleqtruli 

velis induqciis veqtorebia, xolo J

 da   eleqtruli denis 

simkvrive da eleqtruli muxtis simkvrivea. 

(9.1.1)-is meore gantolebaze rot operaciis Catarebisas 

miviRebT: 

2

2

0

1
t

E

ct

J
Brot

t
Erotrot

sc
scsc
















 .   

analogiuri operaciis magnituri velis daZabulobis 

veqtorze ((9.1.1)-is pirvel gantolebaze) CatarebiT gabneuli 

eleqtruli da magnituri velis daZabulobebis veqtorebisa-

Tvis martivad Caiweriba Semdegi araerTgvarovani talRuri 

gantolebebi 

t

J
grad

t

E

c
E

sc
sc












0

0
2

2

2
2 11 


 ,  (9.1.2.a) 

 Jrot
t

H

c
H

sc
sc











2

2

2
2 1

 .   (9.1.2.b) 
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am gantolebebis amoxsna veZeboT kirxhofis
1
 cnobili 

meTodiT, romlis Tanaxnadac 0V  moculobis nebismier r

 wer-

tilSi eleqtruli an magnituri veli SeiZleba warmovadgin-

oT ori integralis jamis saxiT: pirveli maTgani warmoadg-

ens moculobiT integrals 0V  moculobis SigniT moTavsebu-

li nebismieri wyarosa da grinis funqciis namravlisan; meore 

ki aris zedapiruli integrali 0V  moculobis SemomsazRvrel 

S zedapirze da integralqveSa gamosaxuleba warmoadgens 

grinis funqciis, S zedapirze velis normaluri warmoebul-

is, S zedapirze velisa da grinis funqciis normaluri warm-

oebulis kombinacias. 

zogadi SemTxvevisaTvis gantolebebis marjvena wevri 

aRvniSnoT P

-iT, xolo velis daZabulobis veqtori F


-iT. 

maSin, rogorc cnobilia, araerTgvarovani gantolebis amo-

naxsni Caiwereba araerTgvarovani gantolebis kerZo amonaxs-

nisa da erTgvarovani gantolebis zogadi amonaxsnis jamis 

saxiT: 

   ,
ˆ

11
ˆ

ˆ1
4
1

),(
4
1),(


































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



S ss

ss

V

ds
n

RF

RcRn
FFgradn

R

d
R

trP
trF



 










 (9.1.3) 

sadac r

 dakvirvebis wertilia, r 


- integrebis wertilia, 

rrR 


, RR


  manZilia wyarodan dakvirvebis wertilamde, t  

- dakvirvebis droa, crt /  - dagvianebis droa, c- sinaTlis 

siCqarea, sn̂  - S zedapiris gare normalia, sgrad -is indeqsi 

miuTiTebs, rom gradienti aiReba S zedapirze. Tav-

dapirvelad CavataroT (9.1.2.a) gantolebis amoxsna. amisaTvis 

(9.1.3) mocemuli gantolebisaTvis Caiwereba Semdegnairad: 

   ,
ˆ

11
ˆ

ˆ1
4
1

)1(
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scsc
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EEgradn
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
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     (9.1.4) 

                                                 
1 გუსტავ რობერტ კირხჰოფი, გერმანელი ფიზიკოსი, დაიბადა 1824 წელს. 
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am gantolebis marjvena mxareSi amoRebulia argumenti 

 ,r 


. SeZlebisdagvarad (9.1.4) gantolebaSi gamovricxoT 
scE


 

sivrculi warmoebulebi da zedapiruli integrali gadavwe-

roT eleqtromagnituri velebis tangencialuri mdgenelebis 

gamoyenebiT. cnobilia, rom  

         Rgradn
E

c
trEgradnrEgradn ss
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da Caketili zedapirisaTvis 
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garda amisa, ramdenadac 
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miviRebT: 
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saidanac (9.1.4) gantolebis zedapiruli integrali  Semdegna-

irad Caiwereba: 
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cnobilia, rom 
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o
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s
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R
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. 

amis gaTvaliswinebiT (9.1.4) sabolood miiRebs Semdeg 

saxes: 
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 daZabulobisaTvis analogiur-

ad miviRebT: 
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   (9.1.6) 

rogorc vxedavT, (9.1.5) da (9.1.6) formulebi jer kid-

ev ar arian gamosaxuli S zedapirze eleqtromagnituri vel-

ebis tangencialuri mdgenelebiT, magram Semdgomi ganxilv-

isaTvis amas principuli mniSvneloba ar gaaCnia. 

cnobilia, rom realuri denebi da muxtebi arseboben 

mxolod oV  moculobis SigniT, amitom (9.1.5) da (9.1.6)-Si in-

tegreba unda movaxdinoT oV -iT. amisaTvis S zedapiri avi-

RoT usasrulobaSi da masze gabneuli velebisaTvis gamo-

viyenoT gamosxivebis pirobebi. ramdenadac arastacionaruli 

difraqciisas gabneul velebSi dagvianebuli droiTi cvlad-

is meSveobiT cxadad Sedis manZili wyarodan dakvirvebis we-
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rtilamde, amitom am SemTxvevaSi velebis xasiaTi usasrulob-

aSi arc Tu ise cxadia, rogors droiT harmoniuli dacemuli 

velis difraqciisas. Tu davuSvebT, rom mocemuli sistemis 

saTavidan yvela wyaro moTavsebulia sasruli manZiliT da 

asxivebs sasruli drois ganmavlobaSi, maSin SeiZleba viguli-

sxmoT, rom S zedapiri gadatanilia iseT manZilze, romelic 

gacilebiT ufro Sorsaa, vidre manZili saTavidan pirvel ta-

lRur frontamde. amitom SegviZlia CavTvaloT, rom S zeda-

piramde t  momentisaTvis SeSfoTeba jer ar misula, ris gam-

oc S zedapirze  scsc HE


,  velebi da maTi yvela warmoebuli 

nulis tolia. e.i. 
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4
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,    (9.1.7) 
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V
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4
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.            (9.1.8) 

idealuri gamtarisaTvis (9.1.7) da (9.1.8) gantolebebi 

SesaZlebelia Caiweros Semdegi saxiT: 
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R
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sadac  ,rJ 


 da   ,r 


 saxeulis zedapirze dacemuli veliT 

inducirebuli eleqtruli denisa da muxtebis simkvriveebia 

Sesabamisad. 

idealurad gamtar sxeulze eleqtromagnituri talR-

is difraqciisas sruli eleqtruli velis tangencialuri 

mdgenelisaTvis sasazRvro pirobis gamoyenebiT miviRebT el-

eqtruli velis integralur gantolebas (e.v.i.g): 
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R
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, (9.1.11) 

xolo sruli magnituri velis tangencialuri mdgeneli gani-

cdis wyvetas, romelic zedapirze inducirebuli eleqtruli 

denis simkvrivis tolia. am sasazRvro pirobis gamoyenebiT 

miviRebT magnituri velis integralur gantolebas (m.v.i.g): 
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       
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. (9.1.12) 

orive gantolebaSi oSr 


, n̂  - am zedapiris gare nor-

malia da integralebi aiReba mTavari mniSvnelobis azriT. 

(9.1.12) gantoleba aris meore gvaris gantoleba da 

masSi ar Sedis zedapirze arc erTi sivrciTi warmoebuli. es 

gantoleba ricxviTi amoxsnis TvalsazrisiT mosaxerxebelia 

Caketili gluvi zedapiris mqone idealurad gamtari sxeule-

bisaTvis. eleqtruli velis integralur gantoleba e.v.i.g. 

(9.1.11) ki warmoadgens pirveli gvaris integro-diferencial-

ur gantolebas. am gantolebaSi divergenciis operatoris  

Ojdiv
t



 

 saxiT Sedis zedapirze sivrculi warmoebuli. am-

is gamo am gantolebis ricxviTi amoxsna mosaxerxebelia ise-

Ti nulolovani sisqis mqone sxeulebisaTvis, rogorebicaa 

wvrili mavrTuli da Txeli Cauketavi zedapiri. unda aRiniS-

nos, rom eleqtruli velis integralur gantolebis gamoyen-

eba mosaxerxebelia iseT amocanebSi, sadac zedapiruli muxt-

is simkvrive raRac mizezebis gamo xdeba nulovani. kerZod 

aseT SemTxvevas adgili aqvs OZ  RerZis gaswvriv usasrulo 

erTgvarovan struqturebze amave RerZis gaswvriv polarize-

buli eleqtruli velis dacemisas. cxadia, rom am dros sxe-

ulze aRiZvreba deni jnj s
ˆ


, sadac O

z

j





 da gabneuli velic 

polarizirebuli iqneba OZ  RerZis gaswvriv da O
z

E sc





. amis 

Sedegad miviRebT, rom  

O
z

E

y

E

x

E
Ediv

sc

z

sc

y
sc

xsc 

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

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

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


 da O
z

j
jdiv 







, 

amitom O  da O
t





. am SemTxvevaSi (e.v.i.g) gamoyeneba uf-

ro mosaxerxebelia, vidre m.v.i.g., radganac es ukanaskneli 

ufro rTuli saxisaa. 

magnituri velis integraluri gantolebis gamoyene-

bisas mxedvelobaSi unda miviRoT, rom (9.1.12) gamosaxulebis 

marjvena mxaris pirveli Sesakrebi aRwers dacemuli velis 

uSualo zemoqmedebas denze dakvirvebis  tr ,


 wertilSi. gar-

da amisa, Tu ganvixilavT mxolod gambnevi sxuelis ganaTeb-
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ul ares, maSin igi iZleva denis sidides cnobil fizika-opti-

kur miaxloebaSi. (9.1.12) gantolebis marjvena mxaris integr-

ali aRwers zedapiris sxvadasxva denebis zemoqmedebas dakvi-

rvebis wertilis denze. es zemoqmedeba agvianebs 
c

R
 droiT, 

rac iZleva (9.1.12) gantolebis amoxsnis saSualebas droSi 

Tanmimdevrulad gadaadgilebis meTodiT. 

rogorc Cans, (9.1.11) da (9.1.12) gantolebebi im SemT-

xvevaSi, roca dakvirvebis ubani emTxveva integrebis ubans 

xdebian singularuli. am ubnis wvlili SesaZlebelia gamoiT-

valos analizurad. SromebSi singularuli ubnis wvlilis ap-

roqsimireba xdeba wriuli segmentiT, romelzec veli iT-

vleba mudmiv sidided. m.v.i.g.-Si singularuli singularuli 

ubnis wvlili xSir SemTxvevaSi miiswrafvis nulisaken, amitom 

am gantolebis amoxsna zedapiruli integralis mTavari mniSv-

nelobis azriT aproqsimirdeba yvela ubnis jamiT, garda im 

ubnisa sadac integralqveSa gamosaxulebas gaaCnia singular-

oba. xSirad integralis gamoTvla yvela ubnis ufro mcire 

qveubnebad dayofiT. rac Seexeba e.v.i.g. gamoTvlisas singul-

aruli ubnis wvlils, rogorc aRvniSneT misi ugulvebelyofa 

ar SeiZleba da igi unda gamoiTvalos analizurad.  

 

 

 §9.2 kvlevis meTodebi 

 

9.2.1 sasruli sxvaobebis meTodi.  
aperturis mqone, idealurad gamtar sxeulebSi eleqtrosta-
tikuri ganmuxtvisas gamosxivebuli velebis SeRwevis amocan-
is Seswavlis ZiriTad mizans warmoadgens eleqtromagnituri 

velebis ekranirebis efeqturobis gansazRvra. am amocanis ga-
dasawyvetad arsebobs sxvadasxva ricxviTi meTodebi. erT-

erT aseT meTods warmoadgens sasruli sxvaobebis meTodi 

droiT areSi  FDTD . Tavisi arsiTa da SesrulebiT sasruli 

sxvaobebis meTodi martivia, amavdroulad mas axasiaTebs maR-
ali mdgradoba eleqtromagnitur velebsa da obieqtebs So-
ris urTierTqmedebis amocanebis modelirebis uzrunvelyof-
isaTvis. aqedan gamomdinare es meTodi warmatebulad gamoiye-
neba iseTi tipis amocanebisaTvis, rogorebicaa 
 

1. kanonikuri organzomilebian samizneebi: 
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 metaluri Rero kvadratuli ganivkveTiT, TM  ti-

pis talRa; 

 wriuli cilindri, TE  tipis talRa; 

 erTgvarovani anizotropuli Rero kvadratuli ga-

nivkveTiT, TM  tipis talRa; 

 konformul-modulirebadi wriuli metaluri cil-

indri; 

 Ria metaluri Rru; 

2.  kanonikuri samganzomilebiani samizneebi: 

 metaluri kubi, talRis normaluri dacema; 

 brtyeli gamtari fena, arekvlis efeqturi zedapi-

ri, dakvirvebis sxvadasxva kuTxeebi; 

 T-magvari gamtari samizneebi, arekvlis efeqturi 

zedapiri, dakvirvebis sxvadasxva kuTxeebi; 
 

9.2.1.a sasruli sxvaobebis meTodi difraqciis organzomilebia-

ni amocanebisaTvis.  

difraqciis organzomilebiani amocanebis SemTxvevaSi es meT-

odi SemdegSi mdgomareobs:  

 

  

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

sur.9.1. z=0  sibrtyeze badis kvanZebSi eleqtruli da  

magnituri velis komponentebis ganawileba 
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gabneuli eleqtromagnituri velis mosaZebnad Caiwereba maqs-

velis gantolebaTa sistema E -polarizaciis mqone velebis-

aTvis: 
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sadac   da   warmoadgens garemos dieleqtrul da magnit-

ur SeRwevadobas Sesabamisad. 

sasruli sxvaobebis meTodis Tanaxmad vaxdenT  droisa 

da sivrcis diskretizacias: XOY sibrtyeSi xdeba specialuri 

tipis badis arCeva, romlis kvanZebSi ganlagebulia velis 

sxvadasxva komponentebi. aseTi bade naCvenebia sუr.9.1-ze. am 

sqemaSi droiT da sivrcul bijebs Soris arsebobs Semdegi 

kavSiri tcyx  2 , sadac c  sinaTlis siCqarea vakuumSi. as-
eTi droiT-sivrciTi sqemis gamoyebebiT velebis sivrculi 

da droiTi warmoebulebisaTvis sxvaobiTi sqemebi Caiwereba 

Semdegi saxiT: 
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  (9.2.2) 

 

 

(9.2.2) sxvaobiTi sqemis gaTvaliswinebiT (9.1.1) gantol-

ebaTa sistema Semdegnairad gadaiwereba: 
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9.2.1.b sasruli sxvaobebis meTodi difraqciis samganzomilebia-

ni amocanebisaTvis. samganzomilebiani amocanebis SemTxvevaSi 

es meTodi SemdegSi mdgomareobs: gabneuli velis mosaZebnad 

Caiwereba maqsvelis gantolebaTa sistema: 
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   (9.2.4) 

 

sadac   da   garemos magnituri da eleqtruli Tvi-

sebebis maxasiaTebeli sidideebia da maT garemos magnituri 

da eleqtruli gamtareblobebi ewodebaT. sasruli 

sxvaobebis meTodis Tanaxmad vaxdenT droisa da sivrcis 

diskretizacias: 

 sivrceSi xdeba specialuri tipis samganzomilebiani 

badis arCeva, romlis kvanZebSi ganlagebulia eleqtruli da 

magnituri velis sxvadasxva komponentebi. aseTi bade naCve-

nebia sur.9.2-ze. am sqemaSi droiT da sivrcul bijebs Soris 

arsebobs Semdegi kavSiri tczyx  , sadac c  sinaTlis 

siCqarea vakuumSi. aseTi diskretizaciisas velebis sivrculi 
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da droiTi warmoebulebisaTvis sxvaobiTi sqemebi Caiwereba 

Semdegi saxiT: 

 

 
sur.9.2. sivrcis diskretizacia eleqtruli da magnituri  

velebis komponentebisaTvis 
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(9.2.5) sxvaobiTi sqemis gaTvaliswinebiT maqsvelis 

(9.1.1) gantolebaTa sistemaSi SegviZlia miviRoT eleqtroma-
gnituri velis veqtorebis komponentebisaTvis Sesabamisi gam-
osaxulebebi, romlebSic kvanZis mocemul wertilSi da drois 

mocemul momentSi velis mniSvneloba Caiwereba velis kompon-
entebis saSualebiT mimdebare kvanZebSi da drois wina momen-
tSi. es gvaZlevs imis saSualebas, rom vipovoT velis mniSvne-
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lobebi drois momdevno momentebSi wina momentebSi cnobili 

komponentebis saSualebiT. magaliTad, eleqtromagnituri ve-
lis xH  da zE  mdgenelebisaTvis zemoT motanili sxvaobiTi 

sqemebisa da maqsvelis gantolebebis gamoyenebiT miviRebT: 
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zemoT mocemuli sqemis Sesabamisad Caiwereba eleqtr-

uli da magnituri velebis daZabulobebis gamosaxulebebi 

sxva mdgenelebisaTvisac. am formulebSi mocemuli  ,,,   

sidideebis Sesabamisi SerCeva iZleva saSualebas sasruli 

sxvaobebis meTodSi gamoyenebuli badis kvanZebSi Caisvas sxva-

dasxva tipis da nivTierebis gambnevebi zedapirebi an mocul-

obiTi sxeulebi. 
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§9.3  idealurad SeTanxmebuli fenebi sasruli  

sxvaobebis meTodSi 

 

rogorc cnobilia, sasruli sxvaobebis meTodis gamoy-

enebisas, manqanuri resursebis SezRudulobis gamo, eleqtr-

omagnituri velis gavrcelebis procesis modelireba xdeba 

sasrul areSi. amasTan rac mcirea modelirebis are miT uf-

ro metia Sesabamisi kompiuteruli gamoTvlebis Catarebis si-

swrafe. dakvirvebis aris SezRudulobis gamo da gardamavali 

procesebis sruli analizisaTvis aucilebelia iseTi idealu-

rad SeTanxmebuli fenebis serCeva, romelic mTlianad gaata-

rebs masze dacemul eleqtromagnitur talRas, raTa aris ki-

deebidan arekvlilma talRam mniSvnelovnad ar imoqmedos ga-

moTvlebiT miRebul Sedegebze.  

sasruli sxvaobebis meTodis swrafi da efeqturi muSa-

obisaTvis dakvirvebis are idealurad SeTanxmebul fenebTan 

erTad modelirebulia rogorc erTiani eleqtruli da magni-

turi gamtareblobis mqone garemo. aseT garemoSi maqsvelis 

gantolebaTa sistema daSlilia Tormet gantolebad Semdegi 

saxiT: 
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sadac   da 
  garemos eleqtruli da magnituri gamtare-

blobebia Sesabamisad;   da   garemois dieleqtruli da mag-

nituri SeRwevadobebia; o  da o  eleqtruli da magnituri 

mudmivebia; idealurad SeTanxmebuli fenebisaTvis SeTanxmeb-
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is piroba Caiwereba, rogorc 
oo 



 

 . eleqtruli da magnitu-

ri velis mdgenelebi gamoiTvleba Semdegi saxiT: 
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velis TiToeuli mdgenelisaTvis miiReba rekurentuli 

formula, magaliTad, magnituri velis x mdgeneli, romelic 

kubis waxnagis normaluria da moTavsebulia 
2
1,

2
1,  kji  wer-

tilSi (sur.9.2.) yoveli 
2
1

n  drois momentisaTvis miiReba 

Semdegi gamosaxuleba: 
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sur.9.3. amocanis geometria  

analogiurad Caiwereba eleqtruli da magnituri vel-

ebis sxva komponentebic. 
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am algoriTmis testirebisaTvis SeviswavloT organzo-

milebian zolze H  polarizirebuli brtyeli gausis impu-

lsis gabnevis amocana (sur.9.3.). dacemul impulss aqvs Semde-

gi saxe: 

),)(exp()( 22
oz ctctytH    sadac 0.1,2.3

 o

o

ct
ct

 m. 

zolis sigane 0.1W m. 

 

dakvirvebis aris im wertilebSi, sadac moTavsebulia 

zoli, vwerT: ,,  yx 
 
sxva wertilebSi, garda idealu-

rad SeTanxmebuli fenebisa, ki OO yx   , . idealurad SeT-
anxmebul fenebSi ki eleqtruli da magnituri gamtareblo-

bebi SerCeulia Semdegnairad:  
2

max)( 







D

d
d ii  , 

sadac i  - aris idealurad SeTanxmebuli fenis nomeri, d  - 

aris idealurad SeTanxmebul fenaSi Sesvlis manZili, D  - ki 

idealurad SeTanxmebuli fenis sruli sisqea. maxi  gamoiTv-

leba 











o

o
i DR




 max2exp  pirobidan. aq R  arekvlis koefic-

ientia yoveli fenidan.  

suraT 9.4-ze naCvenebia 2/, WxOy   wertilSi arekvl-

is koeficientis 
 

))(max(

)()(max
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tE

tEtE
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ex

x

ex

x

cal

x 
  sididis damokide-

buleba idealurad SeTanxmebuli fenebis ricxvze, sadac 

)(tE cal

x
 aris gamoTvlili velis mniSvneloba, xolo )(tE ex

x
 velis 

zusti mniSvneloba mocemul wertilSi. 

rogorc vxedavT fenebis raodenobis gazrdisas gamoT-

vlili Sedegebi miiswrafvian velis zusti mniSvnelobisaken. 

grafiki gviCvenebs, rom ramodenime idealurad SeTanxmebuli 

fenac ki sakmarisia sakmaod kargi Sedegis misaRwevad, magali-
Tad roca 10n  fenis SemTxvevaSi %002.0_ coefR , rac gviCv-
enebs, rom am SemTxvevaSi praqtikulad adgili ara aqvs idea-
lurad SeTanxmebuli fenidan arekvlas, anu praqtikuli gamo-



 175 

TvlebisaTvis 10 fenac ki sakmarisia sasurveli Sedegis misa-
Rwevad. 

sur.9.4. arekvlis koeficientis damokidebuleba idealurad  

SeTanxmebuli fenebis raodenobaze 

 

 
§9.4  damxmare gamomsxiveblebis meTodi 

 

eleqtromagnituri velebis modelirebisaTvis erTerT 

mZlavr meTods warmoadgens e.w. damxmare gamomsxiveblebis 

meTodi, romlis arsi SemdegSi mdgomareobs: warmovadginoT 

gabneuli veli, rogorc im velebis wrfivi kombinacia, roml-
ebic Seqmnilia gambnevis SigniT moTavsebuli da helmholcis 

gantolebebis fundamenturi amonaxsnis mixedviT agebuli ga-
momsxiveblebis mier.  

SevCerdeT araorTogonaluri mwkrivebis daSlis meTo-

dze: vTqvaT, G  aris Г  zedapiriT SemosazRvruli mravalgan-
zomilebiani mravalkavSiriani are nR - dan. ganvixiloT saer-
To sasazRvro amocana: 
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araorTogonalur funqciebad daSlis meTodi (9.4.1) da 

(9.4.2) sasazRvro amocanebisaTvis mdgomareobs SemdegSi: 
  1ii r


  aris veqtor-funqciaTa sistema, romelic akmayofil-
ebs Semdeg pirobebs: 

1. yoveli  ri


  funqcia G -Si akmayofilebs (9.4.1) ganto-

lebas; 

2. Г -ze yoveli  ri


  funqciisaTvis gansazRvrulia axali 

 


iÎ  funqcia, sadac Î  sasazRvro (9.4.2) pirobebSi ga-

moyenebuli operatoria; 

3.   1ii r


  funqciaTa sistema aris sruli da wrfivad da-

moukidebeli  rL


2  areSi da kvadratulad integrebadi 

funqcia Г -ze. 
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 gavSaloT mwkrivad   1ii r


  funqciaTa sistemis 

mixedviT: 
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1,,  wer-
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

 funqcia Г  zeda-
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2L  sivrceSi ganvsazRvroT funqcionali 
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e.i.  
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rogorc cnobilia es gantoleba kolokaciis meTodis 

gamoyenebiT (sasazRvro pirobebis daweriT M  wertilSi Г  

zedapirze) zogadad daiyvaneba algebrul gantolebaTa sist-
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emis amoxsnamde, rac Tanamedrove kompiuteruli SesaZlebl-

obebis gamoyenebiT arc ise rTul amocanas warmoadgens. 

 

 

§9.5  momentebis (proeqciuli) meTodi 

 

droiT areSi (9.1.11) da (9.1.12) integro diferencial-
uri gantolebebis amosaxsnelad erT-erTi efeqturi meTodia 

momentebis meTodi, romelsac xSirad proeqciul meTodsac 

uwodeben. am meTodis dawvrilebiTi SeswavlisaTvis (9.1.12) 

integro-diferencialuri gantoleba gadavweroT Semdegi sa-
xiT: 

     rtHnrtJrrttL inc 
,ˆ2,/,/  ,  (9.5.1) 

sadac  

  ds
R

R

cR
nrrttL

s
 









2

1
2
1ˆ1/,/





          (9.5.1’) 

wrfivi integro-diferencialuri operatoria.  rrttL  
/,/  op-

eratoris SemotaniT analogiurad Caiwereba (9.1.11) integro-

diferencialuri gantolebac. 

zogadad ganvixiloT momentebis meTodi   da  skal-

aruli funqciebisaTvis. vTqvaT, mocemulia   da  skala-

ruli funqciebi, romlebic (9.5.1) gantolebis analogiurad 

akmayofileben  Semdegi saxis gantolebas: 

     rtrrttLrt 


,/,/,  ,                    (9.5.2) 

sadac  warmoadgens skalarul funqcias L operatoris gan-

sazRvris aridan. movaxdinoT droisa da sivrcis diskreti-
zacia dt  da dr  zomis bijebiT, anu  1 mdtt  da  1 kdrr . 

vTqvaT,  funqciis aproqsimacia xdeba Semdegi mwkrivis meS-
veobiT: 

     


 


1 1

, ,,,
m

N

k
km rtfkmГrt ,   (9.5.3) 

sadac Г  warmoadgens  funqciis daSlis koeficientebs, xo-
lo  rtf km

,,  aris  funqciis mwkrivad daSlis bazisuri funq-
ciebi. rogorc ukve vTqviT, L wrfivi operatoria, amitom 

(9.5.3) gamosaxulebis gaTvaliswinebiT (9.5.2) gantoleba Semd-
egnairad gadaiwereba: 
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       


 


1 1

, ,/,/,,
m

N

k
km rtfrrttLkmГrt .   (9.5.4) 

 rt


,  sivrceSi yoveli m  da k  - Tvis SemovitanoT 
ijS ,  

woniTi funqciebis sistema da  rt


,  da  rtS ij


,,  funqciebis 

skalaruli namravli ganvsazRvroT Semdegnairad: 

           

       
 

 



0

,, ,,,,,
rD

ljlj drdtrtSrtrtSrt  .          (9.5.5) 

(9.5.5) skalaruli namravlis daxmarebiT (9.5.4) gamosa-

xuleba SeiZleba Semdegnairad gadaiweros: 

    
          ljkmlj SLflkjmГGrtSrt ,,, ,,,,,  ,  (9.5.6) 

sadac G  raRac funqciaa SГ -gan, xolo  jm  da  lk  indeq-

sebi iseTia, rom sruldeba (9.5.6) toloba. magaliTisaTvis, 

Tu (9.5.5) skalaruli namravlis gansazvrebis Sesabamosad 

kmLf ,  da 
ljS ,  

orTogonaluria sivrcSi da droSi, maSin (9.4.6) 

baTildeba yvela jm   da lk   indeqsebisaTvis. 

G  funqciis povna principSi SesaZlebelia yovelTvis, 

magram misi povnis simartive damokidebulia bazisuri da 

woniTi funqciebis arCevaze, L operatoris saxeze da sawyis 

da sasazRvro pirobebze. 

(9.5.1) gantolebis marjvena mxare gviCvenebs dacemuli 

velis uSualo zemoqmedebas  tr ,


 dakvirvebis wertilSi gamav-

al denze, integraluri wevri ki asaxavs sxeulis zedapiris 

sxva ubnebSi gamavali denebis zemoqmedebas dakvirvebis wer-

tilis denze. es zemoqmedeba agvianebs 
c

R
t   droiT. amitomac 

SesaZlebelia (9.5.6) gantolebaTa sistemis amoxsna droSi ga-

daadgilebis meTodis gamoyenebiT. 

 

 
§9.6  momentebis (proeqciuli) meTodi 

 droiT areSi 

 

momentebis (proeqciuli) meTodi droiT areSi ganvixi-

loT cilindruli sxeulis mier aramonoqromatuli brtyeli 

talRis gabnevis amocanis magaliTze. dacemul velSi eleqt-

ruli velis daZabulobis veqtori orientirebulia cilind-

ris msaxvelis paralelurad da droze isevea damokidebuli, 
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rogorc eleqtrostatikuri ganmuxtvisas gamosxivebuli el-

eqtruli velis daZabuloba ganmuxtvis aridan raRac fiqsir-

ebul manZilze. 

organzomilebian amocanaSi, rodesac gambnevi zedapi-

ris msaxveli z  RerZis paraleluria, dacemuli veli E -pol-

arizirebulia  EnE z
ˆ


 da ar aris damokidebuli z  koordin-

atze, maSin jamuri eleqtromagnituri veli SeiZleba Caiwer-

os Semdegnairad: 

     
L

L

LL

L

inc dz
R

cRtF
dLtEtE 

 


0

,
,,







,   (9.6.1) 

sadac L mocemuli cilindris ganivkveTia, 2

LLL zR  


 da 

   
t

tJ
tF Lz

L 



,

2
, 0 








, xolo zJ  denis zedapiruli simkvrivea. 

imis gaTvaliswinebiT, rom sruli eleqtruli velis 

tangencialuri mdgeneli idealurad gamtari sxeulis zeda-

pirze nulis tolia, ucnobi F  funqciis (`wyaros funqciis~) 

povnis amocana daiyvaneba Semdegi tipis pirveli gvaris 

singularuli integraluri gantolebis amoxsnaze: 

   
L

LL

LLL

L
L

inc dz
R

cRtF
dLtE 

 


0 *

*

*

,
,0







,    (9.6.2) 

sadac 
** LLLL

R 


  manZilia L konturis  LL yxM ,  wertilidan 

amave konturis  ** , LL yxM  wertilamde. 

am gantolebis ricxviTi amoxsnisaTvis gamoyenebulia 

momentebis meTodi. amisaTvis, cilindris ganivkveTi L davy-

oT Tanabari sigrZis rkalebad  M

mmL 0 , romelTa Sua werti-

lebis koordinatebia  M

mmm yx 0,  . amiT cilindris zedapiri da-

iyofa marTkuTxa, Lm zL   - farTobis mqone ujedebad ise, 

rom LLm  2 ; zzL  2 ; tzcLt /2/2  . TiToeul ujredSi 

dacemuli veli da saZiebeli funqcia CaTvlilia mudmivad da 

iseTad, rogoricaa es funqcia ujredis centrSi. 

garda amisa (9.6.2) integralur gantolebaSi integral-

qveSa funqcias gaaCnia gansakuTrebuloba da ricxviTi algo-

riTmis efeqturobaze did gavlenas axdens am gantolebaSi 

Tavis Tavze zemoqmedebis (wili arasakuTriv integralSi im 

arisa, sadac integrebisa da dakvirvebis wertilebi erTmane-

Ts emTxveva) koreqtulad gaTvaliswineba. amitom sasurvelia 
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saTanado zedapiruli integralis gamoiTvalos analizurad. 

(9.6.2) gantolebaSi integralis Semcveli Sesakrebi miaxloeb-

iT gadavweroT Semdegnairad: 

      



 


mL

z

nm

M

mm

m
n

N

n
n

mm

nm
m

L LZ

tFz
R

tF
L

0
*
,0 0 *

,,  


, 

sadac ormagi integrali  


mL

z

0

 iTvaliswinebs (9.6.2) itegral-

ur gantolebaSi mcire zL  22  zomis farTis Tavis Tavze 

eleqtromagnitur zemoqmedebas. es integrali ar aris damo-

kidebuli indeqsze zedapiris Tanabari zomis ujrebad dayo-

fis gamo, Tu maTi raodenoba sakmarisad didia, amotom misi 

gamoTvla SesaZlebelia Semdegi formuliT: 























































   




 22

00

1ln21ln2 
z

L

z

L
z

L

z

L

z
L

R

dz
dl

L

L

z

mL

z

,  (9.6.3)  

sadac 
22 zlR  . 

garda amisa, ori, aramezobeli ujredis urTierTqmed-

ebis dagvianebis dro yovelTvis ar gamoisaxeba droiTi t  

bijis mTeli ricxvebiT da zogadad tolia   tn
c

R
t   , 

sadac 10   , amitom aucilebelia saZiebeli funqciis dro-

Si interpolacia mTel bijebs Soris. am mizniT gamoiyeneba 

Semdegi saxis sainterpolacio formula: 

       11
1

12
11

2
2





 








 nn

nn
nn

nnn Ft
t

FF
tt

t

FFF
F  ,  (9.6.4) 

sadac  1 nttn . 

naSromSi zemoT aRwerili algoriTmis testireba mox-

da sxvadasxva tipis geometriis sxeulebisa da sxvadasxva da-

cemuli velebisaTvis. ricxviTma eqsperimentma gviCvena sak-

maod kargi Tanxvedra literaturaSi warmodgenil SedegebT-

an wriuli da xazovani kveTis mqone cilindrebisaTvis, rome-

lTa agzneba xdeba gausuri, video an radio impulsebiT. 
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§9.7  droiT areSi sasruli sxvaobebisa da kirxofis 

kombinirebuli meTodi eleqtrodinamikis amocanebSi 

 

am paragrafSi eleqtrodinamikis amocanebis amosaxsne-

lad Cvens mier Seqmnilia axali kombinirebuli meTodi. es me-

Todi warmoadgens droiT areSi sasruli sxvaobebisa (FDTD) 
da kirxofis meTodis (KM) kombinirebul variants, romelTa 

kombinirebuli gamoyeneba ganpirobebulia calke aRebuli 

TiToeuli meTodisaTvis arsebuli rigi naklovanebiT. 

kerZod, (FDTD) meTodis gamoyeneba SesaZlebelia mxo-

lod sivrcis da drois SezRudul areSi, rac ar iZleva gamo-

Tvlebis sakmaod did areSi Catarebis saSualebas. Sesabamisad 

SeuZlebelia sistemis mier gamosxivebuli eleqtromagnituri 

velis diagramis povna Sor zonaSi. diagramis povna SeiZleba 

kirxofis meTodis (KM) gamoyenebiT, romelic hiugens-frene-

lis principis maTematikur ganzogadoebas warmoadgens. zem-

oT aRvwereT sasruli sxvaobebis meTodi, exla ki aRvweroT 

kirxofis meTodi da sasruli sxvaobebisa da kirxofis kombi-

nirebuli meTodi (FDTD+ KM). 
kirxofis meTodi. rogorc aRvniSneT, kirxofis meTodi war-

moadgens hiugens-frenelis principis maTematikur ganzogad-

ebas, romlis ZiriTadi idea imaSi mdgomareobs, rom sivrcis 

z 

x 

y 

ሬ݊Ԧ 
,ݔ)ܯ ,ݕ  (ݖ

S 

ܴଵሬሬሬሬԦ 

ሬܴԦ
Ԧݎ

sur.9.5 kirxofis meTodis geometria 
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raime ݔ)ܯ, ,ݕ -wertilSi talRuri SeSfoTeba warmoadgens me (ݖ
oradi wyaroebidan gamosxivebuli velebis interferenciis 

Sedegs. meoradi wyaroebi ganlagebulia realur wyaroebsa da ݔ)ܯ, ,ݕ  wertils Soris gamaval Sekrul ܵ zedapirze (ݖ

(sur.9.7.5.)  

vTqvaT ܷ(ܯ) da (ܯ)ܩ warmoadgenen ݔ)ܯ, ,ݕ  wertilis (ݖ

kompleqsur funqciebs, romelTac ܸ moculobis SemomsazRv-

rel ܵ zedapirze gaaCniaT uwyveti pirveli da meore rigis 

kerZo warmoebulebi. maSin grinis Teoremis Tanaxmad ׬ ܷ∆ܩ) − ܸ݀(ܩ∆ܷ = ׬ ቀܩ డ௎డ௡ − ܷ డீడ௡ቁ ௌ௏ݏ݀ ,      (9.7.1) 

sadac 
డడ௡ aRniSnavs warmoebuls ܵ zedapiris ሬ݊Ԧ gare normalis 

gaswvriv. vTqvaT, ܷ funqcia warmoadgens talRuri velis ko-
mpleqsur amplitudas da ܸ moculobis SigniT akmayofilebs 

helmholcis erTgvarovan gantolebas (CavTvaloT, rom dro-

ze damokidebulebas aqvs ݁ି௜ఠ௧ saxe): ∆ܷ + ݇ଶܷ = ܩ∆   funqciad avirCioT funqcia, romelic akmayofilebs ܩ (9.7.2)                     .0 + ݇ଶܷ = ൫หߜߨ4− ሬܴԦ − ܴଵሬሬሬሬԦห൯              (9.7.3) 
gantolebas, sadac ሬܴԦ - ݔ)ܯ, ,ݕ  ,wertilis radius-veqtoria (ݖ

xolo ܴଵሬሬሬሬԦ - ܸ moculobis mimdinare ܱ wertiluis radius-ve-

qtoria. (9.7.3) gantolebis erTerT mniSvnelovan amonaxsns wa-

rmoadgens    ܩ = ௘೔ೖೝ௥ , sadac ݎ = ห ሬܴԦ − ܴଵሬሬሬሬԦห             (9.7.4) 
funqcia, romelic aRwers erTeulovani amplitudis sferul 

talRas da romelsac wertilovani wyaros funqcias an Tavis-

ufali garemos grinis funqcias uwodeben. 

(9.7.2) da (9.7.3) gantolebebidan ∆ܷ da ∆ܩ sidideebis 

gansazRvriTa da am sidideebis (9.7.1) gantolebaSi CasmiT miv-

iRebT: 4ߨ ׬ ܷ( ሬܴԦ)ߜ(ห ሬܴԦ − ܴଵሬሬሬሬԦห)ܸ݀ = ׬ ቀܩ డ௎డ௡ − ܷ డீడ௡ቁ ௌ௏ݏ݀ ,  (9.7.5) ܷ൫ ሬܴԦ൯ = ଵସగ ׯ ቀܩ డ௎డ௡ − ܷ డீడ௡ቁ ௌݏ݀ .          (9.7.6) 

formalurad SesaZlebelia kirxofis meTodi ganvazog-

adoT veqtoruli, magaliTad ܧሬԦ da ܪሬሬԦ eleqtruli da magnitu-

ri velis daZabulobebisaTvis. maTi dekartuli koordinate-

bisTvis (9.7.6) formulis gamoyenebiTa da Semdeg veqtorulad 
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SekrebiT miiReba veqtoruli Teorema, romelic sabolood 

Semdeg saxes Rebulobs: ܧሬԦ(ݔ, ,ݕ (ݖ = − ଵସగ ቄ݅ ఠ௖ ൣߤ ሬ݊ԦܪሬሬԦ൧ܩ + ቂൣ ሬ݊ԦܧሬԦ൧݃ܩ݀ܽݎቃ + ൫ሬ݊ԦܧሬԦ൯݃ܩ݀ܽݎቅ ,ݔ)ሬሬԦܪ (9.7.7)  ,ݏ݀ ,ݕ (ݖ = − ଵସగ ቄ−݅ ఠ௖ ൣߝ ሬ݊ԦܧሬԦ൧ܩ + ቂൣ ሬ݊ԦܪሬሬԦ൧݃ܩ݀ܽݎቃ + ൫ሬ݊ԦܪሬሬԦ൯݃ܩ݀ܽݎቅ  (9.7.8)  ,ݏ݀
anu zedapirze velebis, grinis funqciisa da normalis saSua-

lebiT SesaZlebelia velis mniSvnelobis povna ݔ)ܯ, .ݕ -we (ݖ

rtilSi. ࡰࢀࡰࡲ + -kombinirebuli meTodis aRwera. rogorc aRvniSn ࡹࡷ

eT, kompiuteruli resursebis SezRudvebis gamo, (ܦܶܦܨ) meT-

odi ar iZleva sakmaod did areSi gamoTvlebis xangrZlivad 

Catarebis SesaZleblobas, amitom saWiroa Sor zonaSi gamosx-

ivebuli (gabneuli) velis diagramis sapovnelad kombinireb-

uli meTodis Seqmna. erTerTi aseTi meTodi SeiZleba iyos 

Cvens mier naSromSi moyvanili (ܦܶܦܨ + -kombinirebuli me (ܯܭ

Todi romelic SemdegSi mdgomareobs. 

Tavidan gamoTvlebi unda CavataroT ܦܶܦܨ meTodiT 

sivrcis SezRudul areSi, romelic mogvcems am aris SigniT 

moTavsebul Sekrul zedapirze velis droiTi (ݐ)ܨ funqcieb-

is povnis saSualebas, gadaviyvanoT droiTi Sedegebi furies 

gardaqmnis  ܩ(߱) = ଵ√ଶగ ׬ ஶିஶݐ௜ఠ௧݀ି݁(ݐ)ܨ               (9.7.9) 

formulis gamoyenebiT xolo Semdeg (9.7.7) da (9.7.8) 

formulis saSualebiT vipovoT velis mniSvnelobebi sivrcis 

nebismier ݔ)ܯ, .ݕ -wertilSi rac mogvcems Sor zonaSi gamos (ݖ

xivebuli (gabneuli) velis diagramis povnas saSualebas. Sor 

zonaSi gabneuli velis povna kirxofis meTodiT SesaZlebe-

lia mxolod Sekruli zedapiris gamoyenebiT, romelic mTli-

anad moTavsebulia sasruli sxvaobebiT warmoebuli gamoTv-

lebis areSi idealurad SeTanxmebuli fenebis SigniT. Cvens 

mier warmoebuli gamoTvlebisas amisaTvis gamoyenebulia 

sferuli zedapiri, romelic dayofilia elementarul ݀ݏ ze-

dapirebad (sur.9.6) da romelTa centrebSi SesaZlebelia 

velis miaxloebiTi mniSvnelobebis gamoTvla am wertilis ga-

rSemo arsebuli kubis kvanZebSi ganlagebuli velis Sesabamisi 

komponentis mniSvnelobebis gamoyenebiT.    
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-elementaruli zedapirebis centrSi gare norma ݏ݀ 
lis gamoTvlis, am mimarTulebaze velis Sesabamisi komp-
onentis warmoebulis povniT da (9.7.7-9.7.8) gamosaxulebis 
gamoyenebiT SesaZlebelia sferos gareT nebismier werti-
lSi Sesabamisi komponentis povna.  
meTodis testireba. meTodis testireba moxda sasruli 
zomis mikrozolovani antenis mier Sor zonaSi gamosxiv-
ebuli velis diagramis Sesaswavlad. cnobilia, rom mikr-
ozolovan antenebs gaaCniaT ramdenime iseTi gansakuTreb-
uli Tviseba, romelic maT xdis erT-erT alternatiul 
variantad mravalkavSiriani mobiluri kavSirgabmulobid-
an dawyebuli samxedro radaruli mowyobilobebiT damT-
avrebuli, fazirebuli antenuri mesris ZiriTad element-
ad gamoyenebis saqmeSi. fazirebuli antenebis efeqturi 
da usafrTxo gamosxivebis miReba moiTxovs TiToeuli 
elementis gamosxivebis fundamentur Seswavlas. 

-1
-0.5

0
0.5

1

-1

-0.5

0

0.5

1
-1

-0.5

0

0.5

1

sur.9.6. sferos ࡿ zedapiris dayofa mcire ࢙ࢊ elementebad 
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am SemTxvevaSi Seswavlilia sasruli zomis mikro-
zolovani antenis (sur.9.7) eleqtrodinamikuri Tvisebebi. 
rogorc aRvniSneT am amocaniT xdeba sasruli sxvaobebi-
sa da kirxofis kombinirebuli meTodis testireba.  

mikrozolovani antena Sedgeba sasruli zomis erTi 

mxridan metalizebuli damiwebuli dieleqtrikisagan, roml-

is meore mxares moTavsebulia mcire zomis metaluri firfi-

ta. am firfitis kveba SeiZleba moxdes zolovani xaziT miwasa 

da firfitas Soris an koaqsialuri kabeliT damiwebuli 

mxridan. zogadad metalur firfitas SeiZleba hqondes marT-

kuTxa, wriuli an sxva nebismieri forma. antenis forma damo-

kidebulia misi gamoyenebis saWiroebaze. mas SeiZleba hqondes 

kompleqsuri geometriac. 

am SemTxvevaSi ganxilulia kvadratuli zomis mikroz-

olovani antenis aRgzneba zolovani xaziT. antenis zomebi 

Semdegia: kvadratis gverdi a=5mm, zolis sigrZe b=3mm, diel-

eqtrikis sisqe c=2mm, dieleqtrikis kvadratis gverdi d=15mm. 

mikrozolovani xazis gaswvriv metalur firfitasa da damiw-

ebul fenas Soris eleqtruli velis daZabulobis ܧ௭ mdgen-

eli icvleba droSi Semdegi saxiT: ܧ௭∗(ݐ) = ݊݅ݏ ቀଶగఒ  ቁ,                  (9.7.10)ݐܿ
sadac ܿ sinaTlis siCqarea da talRis sigrZe ߣ = 3sm. aRgzne-

bis areSi eleqtruli velis daZabulobis veqtoris ݖ kompon-

entisaTvis vwerT, rom ܧ௭ = ௭௦௖ܧ +  ௭௦௖ antenis mierܧ ௭∗, sadacܧ

nax.9.7 antenis geometria. OXYZ koordinatTa sistemis saTave 

moTavsebulia antenis centrSi: a=5mm, b=3mm, c=2mm, d=15mm. 

x z 

y 
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Seqmnili eleqtruli velis daZabulobis veqtoris ݖ mdgene-

lia. am sididis mniSvneloba gansazRvravs imas, Tu ramdenad 

optimizirebulia antenis parametrebi. 

amocanis amoxsna xdeba sasruli sxvaobebis meTodiT 

droiT areSi. am meTodis gamoyenebiT drois yoveli momenti-

saTvis ganisazRvreba eleqtruli da magnituri velis daZabu-

lobis veqtoris mniSvnelobebi antenis SemomsazRvreli sas-

ruli sivrcis, am SemTxvevaSi sferuli zedapiris elementa-

ruli ݀ݏ zedapirebis Sua wertilebSi.  

gamosxivebuli velis mosaZebnas Sor zonaSi viyenebT 

kirxofis meTods. amisaTvis sferuli zedapiriris ݀ݏ elemen-

taruli zedapirebis Sua wertilebSi gamoTvlili eleqtru-

li da magnituri daZabulobis veqtorebis droiTi mniSvnelo-

bebi droiTi aridan swrafi furie gardaqmniT gadagvyavs si-

xSirul areSi (9.7.9) gamosaxulebis gamoyenebiT. aseTi warmo-

dgeniT eleqtruli velis diagrama gamoiTvleba formuliT: E஘(θ, φ) = න −eି୧୩஡ ቎ඨμ଴ε଴ ቀሾnሬԦ஘ × nሬԦᇱሿ ∙ HሬሬԦ(rԦᇱ, ω) + ൣnሬԦ஦ × nሬԦᇱ൧ ∙ EሬሬԦ(rԦᇱ, ω)ቁ቏ dsᇱୱ  

E஦(θ, φ) = න −eି୧୩஡ ቎ඨμ଴ε଴ ቀൣnሬԦ஦ × nሬԦᇱ൧ ∙ HሬሬԦ(rԦᇱ, ω) + ሾnሬԦ஘ × nሬԦᇱሿ ∙ EሬሬԦ(rԦᇱ, ω)ቁ቏ dsᇱ,ୱ  

sadac ߩ = ߠ݊݅ݏ߮ݏ݋଴ܿݔ + ߠݏ݋ܿ߮݊݅ݏ଴ݕ + ,଴ݔ) ,ߠݏ݋଴ܿݖ ,଴ݕ -଴) _ saZieݖ
beli eleqtromagnituri velis koordinatebia diagramis sa-
Ziebel zedapirze, ሬ݊Ԧᇱ aris ݏ zedapiris gare normali, ߝ଴ და ߤ଴ 
eleqtruli da magnituri SeRwevadobaa, ሬ݊Ԧఝ da  ሬ݊Ԧఏ dakvirvebis 

wertilis erTeulovani veqtorebia, EሬሬԦ(rԦᇱ, ω) da HሬሬԦ(rԦᇱ, ω) eleq-

truli da magnituri velis daZabulobebia damxmare sferul ܛ zedapirze.  

sur.9.8-ze gamosaxulia antenis (sur.6) mier gamosxive-

buli eleqtruli velis daZabulobis diagrama ܢܗܠ sibrtyeSi, 

anu gamosxiveba xdeba antenis firfitisadmi ૢ૙૙-iani kuTxiT. 

gamosxivebuli velis diagrama ૚ૡ૙૙ gradusze metia da iZl-

eva dafarvis karg diapazons antenis mxares.  
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 sur.9.8. ણી diagrama ࣐ = ૙ sibrtyeSi 

rac Serexeba yoz sibrtyeSi eleqtruli velis diagram-

as (sur.9.9), rogorc vxedavT gamosxivebuli velis maqsimume-
bi modis 20଴ da 160଴ kuTxeebze, xolo gamosxivebuli veli 

moicavs orive mimarTulebiT 120଴ met diapazons. 

sur.9.9. ણી diagrama ࣐ = ૛࣊ sibrtyeSi xoy sibrtyeSi gamosxivebuli eleqtruli velis diagr-

amis (sur.9.10), maqsimumebi modis 90଴ da 270଴. gamosxivebuli 

velis sigane 60଴ gradusze metia orive mimarTulebiT. 



188 

sur.9.10. ણ࣐ diagrama ࣂ = ૛࣊ sibrtyeSi 

sxva geometriis antenebis Seswavlam aCvena, rom ufro 

viwro diagramis miReba SesaZlebelia mikroantenebis ganlag-

ebiT brtyel an cilindrul zedapirebze.  

miRebuli Sedegebi Sedarebulia igive amocanis amoxsn-

is SedegebTan, romelic miRebulia damxmare gamomsxiveblebis 

meTodis (ܵܣܯ)gamoyenebiT. Sedarebam cxadyo, rom Sedegebi 

karg TanxvedraSia erTmaneTTan da cdomileba Seadgens da-

axloebiT 2 − 3%, anu mocemuli kombinirebuli meTodi Ses-

aZlebelia warmatebiT gamoviyenoT am tipis gardamavali el-

eqtrodinamikuri amocanebis efeqturad gadasawyvetad. 
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Tavi 10. ganmuxtvis arastacionaruli procesis 
kompiuteruli modelireba 

rogorc cnobilia, ukanasknel periodSi didi yuradReba 

eqceva kompiuteruli sistemebisa da eleqtronuli mowyobi-

lobebis ekranirebas arasasurveli eleqtromagnituri veleb-

is zemoqmedebisagan. aseTi `mavne~ eleqtromagnituri gamosx-

ivebis wyaroebs xSir SemTxvevaSi warmoadgenen am mowyobilo-

bebis axlos ganlagebuli damuxtuli sxeulebi, romelTa gan-

muxtvis Sedegad gamosxivdeba mZlavri eleqtromagnituri ve-

lebi. magaliTad, sxeulebi sxvadasxva fizikuri procesebis 

Sedegad SeiZleba daimuxtos. damuxtuli sxeulis sxva sxeul-

Tan miaxloebisas xdeba eleqtrostatikuri ganmuxtva. miuxe-

davad imisa, rom ganmuxtvis areSi eleqtruli denis Zala Se-

iZleba iyos mcire, denis Zalis droSi cvlileba imdenad di-

dia, rom ganmuxtvas Tan axlavs mZlavri arastacionaruli 

eleqtromagnituri gamosxiveba. 

dakvirvebebma uCvena, rom eleqtronuli aparaturis mo-

msaxure personali xSir SemTxvevaSi warmoadgens arastacion-

aruli ganmuxtvis mizezs da misda uneburad iwvevs mgZnob-

iare cifruli mowyobilobebis normaluri muSaobis reJimis 

darRvevas da xSir SemTxvevaSi mwyobridan gamosvlasac ki. 

ivane javaxiSvilis saxelobis Tbilisis saxelmwifo unive-

rsitetis gamoyenebiTi eleqtrodinamikis laboratoriaSi am sa-

kiTxebTan dakavSirebiT Tavis droze Catarda gamokvlevebi, 

romlebic Semoifargleboda sferoidis eleqtrostatikuri ga-

nmuxtvis amocanebiT da SezRuduli iyo Tavisi gamoyenebis Ses-

aZleblobebiT. am samuSaoebis Sedegebi gamoqveynda adgilobriv 

da sazRvargareTis leteraturaSi. 

naSromSi gamoyenebuli midgoma winamdebarisagan imiT 

gansxvavdeba, rom ufro meti yuradReba eqceva ganmuxtvis 

arxis modelirebas da garda amisa amocanis amoxsnis meTodSi 

Setanilia rigi cvlilebebisa, romelic iZleva saSualebas 

ganxilul iqnas ganmuxtvis amocanebis ufro farTo klasi, 

mTavaria ganmuxtvis obieqti warmoadgendes brunviT sxeuls. 

moyvanilia ukanasknel periodSi berlinis teqnikur universi-

tetSi Catarebuli ara marto Teoriuli, aramed praqtikuli 

Rirebulebis mqone eqsperimentiT (konusis, adamianis xelSi 

moTavsebuli metaluri sxeulis arastacionaruli ganmuxtva) 
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miRebuli Sedegebisa da kompiuteruli modelirebis Sedegad 

miRebuli Sedegebis Sedareba. 

mocemulia arastacionaruli ganmuxtvis amocanis form-

ulireba da fizikuri da maTematikuri modeli. naCvenebia am 

modelis Sesabamisoba eqsperimentul modelTan. Seswavlilia 

arastacionaruli ganmuxtvis amocanebi, arastacionaruli 

ganmuxtvisas gamosxivebuli eleqtromagnituri velebis maq-

simaluri mniSvnelobebis damokidebuleba damuxtvis potenc-

ialze, ganmuxtvis arxis sigrZesa da radiusze, ganmuxtvisas 

gamosxivebuli velebis gavrcelebis mimarTulebaze. 

ganxilulia eleqtrostatikuri amocana, miRebulia sfe-

roidze muxtebis ganawileba da sferoidisa da damiwebuli 

sibrtyisagan Semdgari sistemis tevadobis damokidebuleba 

ganmuxtvis arxis sigrZeze. miRebuli Sedegebi gamoiyeneba sa-

wyis monacemebad eleqtrostatikuri ganmuxtvis amocanebisa-

Tvis. moyvanilia brunviTi sxeulebis arastacionaruli ganm-

uxtvis konkretuli amocanebis amoxsnisas miRebuli Sedegebi 

da maTi Sedareba eqsperimentiT miRebul SedegebTan. 

 

 

§10.1 arastacionaruli ganmuxtvis amocanis  

zogadi formulireba 

ganvixiloT arastacionaruli ganmuxtvis amocanis fi-

zikuri modeli. mocemuli amocana sakmaod rTulia ricxviTi 

realizaciisaTvis. jer erTi, garemos gamtarebloba zogad 

SemTxvevaSi arawrfivadaa damokidebuli eleqtruli velis 

daZabulobaze, ganmuxtvis arxSi haeris mdgomareobaze, ganm-

uxtvis arxis sigrZeze da arxSi mimdinare fizikur proceseb-

ze. garda zemoT aRniSnulisa amocanis sirTule dakavSirebu-

lia imasTanac, rom ganmuxtvis obieqtze ganmuxtvis dawyebis-

as gadanawilebuli muxtis CamoSlis dros arxSi gaivlis mux-

tis nawili, romlis sidide aseve damokidebulia zemoT aRni-

Snul sidideebsa da fizikur procesebze, xolo danarCeni na-

wili warmoqmnis denis talRas, romelic moZraobs arxis saw-

inaaRmgdego mimarTulebiT da zeda wverodan arekvlisas isev 

darCenili muxtis nawili gaivlis ganmuxtvis arxSi, xolo  

nawili airekleba. aqedan gamomdinare, Tu SesaZlebeli gaxde-

ba dasmuli sawyisi amocanis maTematikuri modelis Seqmna, ma-

Sin is dakavSirebuli iqneba uamrav integro-diferencialur 
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gantolebaTa sistemis amoxsnasTan. mocemul SemTxvevaSi gam-

oyenebulia rTuli fizikuri procesis Seswavlis standar-

tuli gza. 

pirvel etapze Seiqmna gamartivebuli fizikuri mode-

li, romelic inarCunebs sawyisi amocanis yvela ZiriTad Tvi-

sebas. aseTi gamartivebis mizania mocemuli fizikuri amocan-

isTvis iseTi maTematikuri modelis Seqmna, romlisaTvisac 

SesaZlebeli gaxdeba dasmuli amocanis realur manqanur 

droSi ricxviTad amoxsna. 

meore etapze unda damzaddes eqsperimentuli modeli, 

romelic maqsimalurad unda Seesabamebodes, rogorc fizik-

ur, aseve maTematikur models. Tu es ar xerxdeba, maSin sa-

Wiroa samive fizikuri, maTematikuri da eqsperimentuli mo-

delis urTierTkoreqtireba. 

samive modelis erTmaneTTan SesabamisobaSi mosayvanad 

keTdeba Semdegi daSvebebi: 

1. ganixileba idealurad gamtari brunviTi sxeulebi,

romlebic amozneqilia brunvis RerZis gaswvriv.

2. sxeulebis erTmaneTis mimarT moZraobis siCqare CaTv-

lilia imdenad mcired, rom ganmuxtvis dawyebamde sxe-

ulze muxtebis ganawileba SeiZleba CaiTvalos eleqt-

rostatikurad.

3. garemos gamtarebloba warmoadgens eleqtromagnituri

velis cnobil funqcias.

4. ganmuxtva iwyeba sxeulebs Soris fiqsirebul manZilze

da drois fiqsirebul momentSi.

5. ganmuxtvis arxis zoma gacilebiT naklebia damuxtuli

sxeulis zomebTan SedarebiT.

am daSvebebis safuZvelze sawyisi fizikuri amocana

gvaZlevs imis saSualebas, rom gamartivebuli geometriis 

mqone sxeulebis SemTxvevaSi gacilebiT mcirdeba gamoyenebu-

li manqanuri mexsierebis moculoba da gamoTvlis dro. 

ganmuxtvis arxis gamtareblobis eleqtromagnituri 

velis daZabulobaze da droze damokidebulebis dadgena wa-

rmoadgens damoukudebel rTul amocanas, romlisaTvisac sa-

Wiroa ganmuxtvis arxis modelireba. arxis winaRobis aRweri-

saTvis arsebobs sxvadasxva fenomenologiuri modeli. gamok-

vlevebis Sedegad dadgenilia, rom ganmuxtvis procesSi arxis 

winaRobis droze damokidebulebas rompesa da vaiczelis mo-

deli yvelaze ukeT aRwers. 
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§10.2 arastacionaruli ganmuxtvis amocanis  

fizikuri dasma 

 

arastacionaruli ganmuxtvis amocana Semdegnairad da-

ismis: gvaqvs winaswar 0V  potencialamde damuxtuli sxeuli, 

romelic uaxlovdeba idealurad gamtar damiwebul sibrtyes. 

sibrtyidan raRac h  manZilze iwyeba ganmuxtva (sur.10.1).  

 
sur.10.1. amocanis geometria 

 

h -s SemdgomSi vuwodebT ganmuxtvis arxis sigrZes. 

rogorc wesi, eleqtrodinamikuri procesebis mimdinareobis 

siCqare gacilebiT metia gamnmuxtvis obieqtis siCqareze, ami-

tom SegviZlia sxeulis moZraobiT gamowveuli eleqtrodina-

mikuri procesebis ugulvebelyofa da ganmuxtvis procesis 

uSualod dawyebamde sistemis sawyisi mdgomareoba mTlianad 

ganisazRvreba sibrtyidan h  simaRlze myof ganmuxtvis obie-

qtze muxtebis eleqtrostatikuri ganawilebiT.  

drois 0t  momentSi iwyeba eleqtrostatikuri ganmux-

tva. ganmuxtvisas arxSi mimdinare procesebi damokidebulia 

sxeulis geometriaze, ganmuxtvis arxis h  sigrZeze, 0V  pote-

 
z  

h  

x  
a2  

b2  

r  
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ncialze, ganmuxtvis arxSi haeris mdgomareobaze (tenianoba, 

temperatura, ionizacia da sxv.), sxeulis zedapirul impedan-

sze da sxv. aRwerili fizikuri amocanis amoxsnis procesi Se-

iZleba daiyos or etapad: 

1. sawyis etapze unda amoixsnas eleqtrostatikis amocana

e.i. gamoiTvalos gamtari sibrtyidan h  manZilze moT-

avsebuli sxeulis mier arxSi Seqmnili eleqtrostati-

kuri veli, romelic gansazRvravs ganmuxtvis arastac-

ionaruli procesis sawyis mdgomareobas.

2. meore etapze unda moxdes ganmuxtvis arxis modelir-

eba.

eleqtrostatikuri amocanis amoxsna mocemulia momd-

evno paragrafSi. am paragpafSi ki yuradRebas gavamaxvilebT 

ganmuxtvis arxis modelirebaze. 

ganmuxtvis dawyebamde sxeulis zedapirze muxtis simk-

vrivis ganawileba  r


st  cnobilia eleqtrostatikuri amocan-

is amoxsnis Sedegad. ganmuxtvis procesSi xdeba am muxtis ga-

danawileba sxeulis zedapirze. statikuri muxtis SeSfoTeba 

aRvniSnoT  tr ,nst


 _Ti. am arastacionaruli muxtis moZraobas-

Tan dakavSirebulia zedapiruli denebi  trJ ,


. ganmuxtvis ar-

xSi gvaqvs deni, romlis simkvrivea  trJ ,0


. am denebis sapovne-

lad Cven vaxdenT Semdegi amocanis formulirebas: 

1. ucnobi zedapiruli denebisaTvis  trJ ,


 Caiwereba inte-

graluri gantoleba magnituri velisaTvis: 

       
 
















s

ds
R

RrJ

cR

rj
ntrHntrJ 20

,1,ˆ
2
1,ˆ2,








,  (10.2.1) 

sadac r


 ganlagebulia sxeulis S  zedapirze.

2. arxis nebismier wertilSi samarTliania omis diferen-

cialuri kanoni: 

          trEtrErEtrtrJ s

nstnstst ,,,, 0
0


 . (10.2.2) 

ganvixiloT am formulebSi Semavali sidideebi.  trH ,0



warmoadgens arxis mier gamosxivebuli magnituri velis daZa-

bulobas, r


 - dakvirvebis wertilia, xolo r 


- integrirebis

wertili. 
c

R
t   - dagvianebis dro, RR


 , sadac rrR 


, stE

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- warmoadgens sxeulis mier warmoqmnil eleqtrostatikuri 

velis daZabulobas. 
0
nstE


 - aris arxis mier warmoqmnili ele-

qtruli velis daZabuloba, xolo 
s

nstE


 - warmoadgens sxeulis 

mier warmoqmnil eleqtruli velis daZabulobas. 

integraluri (10.2.1) gantolebis amoxsna warmoebs mom-

entebis meTodiT. ganvixiloT ufro dawvrilebiT (10.2.2) gan-

toleba. gavaintegriroT es gantoleba arxis gaswvriv: 

         



h

h

s

nst

h

h

nst

h

h

st dztzEdztzEdzzEtItR ,,0
0 ,  (10.2.3) 

sadac  tR  warmoadgens arxis droze arawrfivad damokideb-

ul winaRobas    tS

h
tR

0

2
 , xolo  tI 0  - arxSi gamaval dens. 

arxis winaRobis gamosaTvlelad gamoyenebulia rompesa da 

vaiczelis empiriuli formula 

 
  


t

R dttIa

h
tR

0

2
02

2
,   (10.2.4) 

sadac  tR  - winaRobis ganzomilebaa [omi], h  - aris arxis si-

grZe [m],  tI 0  - arxis denia [a]. Ra  - parametria [m
2
/v

2
wm], rome-

lic ganisazRvreba ionizaciis procesis analiziT, t  - dakvi-

rvebis droa [wm]. parametri Ra  - romelic Tavis mxriv damoki-

debulia damuxtuli sxeulis sawyis Zabvasa da arxis simaRle-

ze ar warmoadgens mudmivas. literaturuli monacemebis Tan-

axmad Ra  parametris mniSvneloba icvleba 
44 102105.0   m

2
/v

2
wm 

sazRvrebSi. Ra  parametris mniSvnelobebis dasadgenad Catar-

da ganmuxtvis denis gazomvebi 150 omis TEM  xazisaTvis. es 

gazomvebi Sedarebuli iyo gadamcemi xazis modelTan, romel-

Sic gamoyenebulia rompesa da veiczelis empiriuli kanoni. 

aseTi Sedarebis meSveobiT dadgenil iqna Ra  parametris dam-

okidebuleba Zabvaze da arxis sigrZeze. 

zemoT aRniSnul algoriTmSi stE  daZabulobis gamoTv-

la xdeba eleqtrostatikuri meTodebiT. arxSi Seqmnili ara-

stacionaruli velisaTvis gveqneba: 
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   
dt

dI
LtzEhdztzE nst

h

h

nst
000 ,02, 



,  (10.2.5) 

sadac arxis, rogorc denis gamtaris induqtivoba 







h

h R

dzh
L




4
2

.  (10.2.6) 

gamovTvaloT sxeulis mier warmoqmnili arastaciona-

ruli veli: 

    
0

1 /,


 cztt
tzE nsts

nst


 .     (10.2.7) 

(10.2.7) gamosaxulebaSi   czt /  sidide miuTiTebs, 

rom adgili aqvs droSi dagvianebis gaTvaliswinebas. ar-

astacionaruli muxtis gamosaTvlelad gamoviyenoT mu-

xtis Senaxvis kanoni: 

1

1
1

S

qnst
nst 
  ,     (10.2.8) 

sadac 
         

t

nst dttItItq
0

01
1

.   sidide miuTiTebs, rom muxti ar 

aris Tanabrad ganawilebuli zedapirze. CavTvaloT, rom   

arastacionarul SemTxvevaSi iseTivea ganmuxtvis arxis maxl-

oblad, rogoric statikur SemTxvevaSi 

1

1
1

S

qst
st 
  .     (10.2.9) 

es varaudi samarTliania indenad, ramdenadac statik-

uri muxtis ganawileba gansazRvravs ganmuxtvis sawyis da yve-

laze mniSvnelovan etaps. 

gadavweroT (10.2.3) gantolebis ori wevri Semdegi sax-

iT 

       czttqq
S

EE nstst

s

nstst /11

10








.  (10.2.10) 

statikuri amocanidan vpoulobT, rom  

 
0

12

 st

h

h

st hdzzE 


.       (10.2.11) 
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1  sidide miuTiTebs, rom statikuri veli ar aris mu-

dmivi arxis gaswvriv. amis gaTvaliswinebiT (10.2.3) gantoleba 

gadaiwereba Semdegi saxiT:L 

       
 

  







 


1

1
0

0 1
st

nst

h

h

st q

q
dzzE

dt

tdI
LtItR .            (10.2.12) 

(10.2.12) gamosaxulebidan arxis denis mniSvnelobisa-

Tvis miviRebT: 

 
 

 

   

 
t

L
tR

ttI
t

L

q

q
dzzE

tI st

nst

h

h

st





















01

1

0

1
.           (10.2.13) 

dasmuli amocanis amoxsnis procesSi dadgenil iqna, 

rom sxeulis zedapiris dayofa unda iyos sakmaod didi, rad-

ganac arxis maxloblad velebs da denebs gaaCniaT Zalian di-

di zedapiruli gradientebi. magram aseTi dayofa moiTxovs 

gamoTvlebis ararealisturad maRal drosa da did manqanur 

resursebs, amitom SemuSavebul iqna algoriTmi, romelic iZ-

leva imis saSualebas, rom zedapiris arc Tu ise didi dayof-

isas moxdes miRebuli Secdomis gasworeba. Tu zedapiri day-

ofilia arxis zomebTan SedarebiT did ubnebad, arxis mimdeb-

are ubnebidan gamosxivebuli velis mniSvneloba ar iqneba ga-

moTvlili zustad. movaxdinoT am mniSvnelobis koreqtireba 

0C  koeficientis meSveobiT. gavamravloT arxTan uaxloesi 

ubnidan gamosxivebuli velis mniSvneloba  121 0  C  sidide-

ze. 0C  koeficientis mcire varirebiT erTis maxloblad, vawa-

rmooT dakvirveba imaze, Tu ra raodenobis muxti gaivlis 

arxSi ganmuxtvis mTeli procesis ganmavlobaSi. am muxtis si-

dide ganmuxtvis procesis dawyebamde sxeulze ganlagebuli 

statikuri muxtis toli unda iyos. 0C  koeficientis cvlile-

biT (1.01 _ 1.2 farglebSi) mivaRwevT statikuri da arastati-

kuri mustebis erTmaneTTan tolobas. gamoTvlebis Sedegebis 

eqsperimentul monacemebTan Sedarebam cxadyo, rom am dros 

miiReba eqsperimentul SedegTan saukeTeso damTxveva. 

zedapiruli muxtebisa da denebis simkvriveebis povna 

daiyvaneba standartuli arastacionaruli agznebis amocanis 

amoxsnamde, sadac amgznebs warmoadgens arxSi gamavali deni. 
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am amocanis amosaxsnelad gamoiyeneba zemoT moyvanili magni-

turi velis integraluri gantoleba. 

amrigad, ganmuxtvis amocana daiyvaneba arawrfiv ara-

staciunarul agznebis amocanamde, romelSic sawyis mniSvne-

lobad aRebulia sxeulis zedapirze da sibrtyeze gadanawil-

ebuli eleqtrostatikuri muxti. momdevno paragrafebSi gan-

xilulia zemoT dasmuli fizikuri amocanebis amoxsna cal-

calke. 

 

 

§10.3 eleqtrostatikis amocana 

 

eleqtrostatikuri ganmuxtvis amocanis amosaxsnelad 

pirvel etapze saWiroa Sesabamisi eleqtrostatikis amocanis 

amoxsna, raTa ganvsazRvroT damuxtul sxeulze zedapiruli 

muxtebis ganawileba. am paragrafSi mocemulia eleqtrostat-

ikuri amocanis fizikuri dasma da dasmuli amocanis amoxsna 

damxmare gamomsxiveblebis meTodis gamoyenebiT. 

ganvixiloT idealurad gamtari sxeuli, romelic dam-

iwebuli sibrtyidan moTavsebulia h  simaRleze (sur.10.1). es 

sxeuli damuxtulia 0V  potencialamde. sxeulis zedapirze 

Zabva ganisazRvreba sistemis tevadobiT, romelic icvleba 

sxeulis geometriisa da sxeulsa da sibrtyes Soris manZilis 

cvlilebiT. es tevadoba ganisazRvreba sxeulis zedapirze 

muxtebis ganawilebiT anu eleqtrostatikuri amocana daiyva-

neba sxeulis zedapirze muxtebis ganawilebis povnaze. zemoT 

dasmuli fizikuri amocana  zyx ,,  potencialisaTvis daiyvan-

eba laplasis gantolebis amoxsnaze Sesabamisi sasazRvro pi-

robebiT. Tu gvaqvs brunviTi sxeuli, maSin potenciali da 

eleqtruli velis daZabulobis veqtori cilindrul koor-

dinatebSi damokidebulia mxolod   da z  koordinatebze. 

eleqtruli velis mdgenelebsa da skalarul potencials So-

ris am sistemaSi arsebobs Semdegi kavSiri: 

z
EE z 













 , ,     (10.3.1) 

xolo  z,  potencialisaTvis Caiwereba laplasis ganto-

leba Sesabamisi sasazRvro pirobebiT: 
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01
2

2



















z






,            (10.3.2) 

    SzMVz  ,,, 0  ,       (10.3.3) 

    SzMz  ,,0,  ,      (10.3.4) 

sadac S  da S   sxeulisa da sibrtyis zedapirebia Sesabamis-

ad. dasmuli amocanis amoxsna xdeba damxmare gamomsxivebleb-

is meTodiT, romlis Tanaxmad da brunviTi simetriis gaTval-

iswinebiT sivrcis nebismier wertilSi potenciali moiZebneba 

Semdegi saxiT: 

      

sZ

sZ

dzzzGzz
2

1
0

,,
4

1, 


 ,         (10.3.5) 

sadac 

 
   2222

11,,
zzzz

zzG








 .    (10.3.6) 

sZ 1  da sZ 2  sxeulis brunvis RerZze mdebare wertile-

bia. maTi mdebareoba ganisazRvreba sxeulis geometriiT da 

dakavSirebulia sxeulis SigniT velis singularobaze. (10.3.6) 

gamosaxulebaSi pirveli da meore wevri Seesabameba sxeulis 

zedapirze da sibrtyeze ganawilebuli wyaros grinis funqci-

ebs. Tu CavTvliT, rom veli warmoiqmneba ara sxeulis brunv-

is RerZze uwyvetad ganawilebuli damxmare wyaroebiT, aram-

ed brunvis RerZze mdebare s

iZ  wertilebSi ganlagebuli wya-

roebiT, maSin gveqneba: 

   



N

i

s

ii zzGqz
10

,,
4

1, 


 .    (10.3.7) 

(10.3.7) gamosaxulebis sasazRvro amocanaSi CasmiT mii-

Reba Semdegi gantolebaTa sistema: 

  0
10

,,
4

1
VzzGq

N

i

s

ii 





.         (10.3.8) 

iq  ucnob koeficientebs gaaCniaT damxmare wyaroebis 

fizikuri azri da isini moiZebnebian kolokaciis meTodiT, 

romlis Tanaxmad sxeulis msaxvelze varCevT M  raodenobis 

wertilebs da am wertilebSi vwerT sasazRvro pirobebs. am 

proceduris Sedegad vRebulobT NM   gantolebaTa siste-

mas ucnobi iq  koeficientebis mimarT: 
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MjVGq
N
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jii ,...,2,1,

4
1

0
1

,
0




,        (10.3.9) 

sadac 

   2222
,
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ijij

ji

zzzz
G






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.      (10.3.10) 

(10.3.9) gantolebaTa sistemis amoxsniT miviRebT iq  

koeficientebis mniSvnelobebs, xolo am koeficientebis co-

dna gvaZlevs saSualebas gamovTvaloT skalaruli poten-

ciali da eleqtruli velis daZabuloba sivrcis nebismier 

wertilSi: 

   



N

i
ii zGqz

10

,
4

1, 


 ,  (10.3.11) 
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
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sadac 

   2222
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,         (10.3.13) 

 
     2
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

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






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.  (10.3.14) 

rogorc aRvniSneT, muxtis ganawilebis codna gvaZlevs 

sistemis tevadobis povnis saSualebas. sistemis tevadobis 

gamosaTvlelad gamoiyeneba Semdegi formula: 

02V

q
C  ,          (10.3.15) 

sadac C  - sferoidisa da damiwebuli sibrtyisagan Semdgari 

sistemis tevadobaa, q  - sferoidis sruli muxtia, xolo 0V  - 

sferoidze muxtis gadacemis Semdeg sferoidsa da damiwebul 

sibrtyes Soris damyarebuli potencialia. 

zemoT aRwerili algoriTmis gamoyenebiT ricxviTi ga-

moTvlebi Catarebul iqna 31a  sm da 5b sm naxevarRerZeb-

is mqone sferoidisaTvis, romelic moTavsebulia damiwebuli 

idealurad gamtari sibrtyidan h manZilze (sur.10.1). 

sur.10.2-ze mocemulia 50 V
 
kilovolt potencialam-

de damuxtuli damiwebuli zedapiridan 06.0h sm manZilze 
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moTavsebuli sferoidis zedapiris gaswvriv muxtis simkvriv-

is ganawileba.  

 
sur.10.2. 31a sm da 5b sm naxevarRerZebis mqone sferoidis 

zedapiris gaswvriv muxtis simkvrivis ganawileba. 50 V kv, 06.0h sm. 

 
 

sur.10.3. 31a sm da 5b sm naxevarRerZebis mqone sferoidisa  

da damiwebuli sibrtyis sistemis tevadobis damokidebuleba  

maT Soris manZilze.  

 

sur.10.3-ze moyvanilia igive geometriisaTvis sistemis 

tevadobis damokidebuleba sibrtyesa da sferoids Soris man-

Zilze. rogorc am suraTidan Cans sibrtyidan sferoidis da-

Sorebisas sistemis tevadoba mcirdeba. 

miRebuli Sedegebi mniSvnelovania imdenad, ramdenadac 

eleqtrostatikis amocanis amoxsnis Sedegad miRebuli monac-
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emebis gamoyeneba xdeba arastacionaruli ganmuxtvis amocan-

is sawyis monacemebad. 

 

§10.4 brunviTi sxeulebis arastacionaruli 

ganmuxtva 

 

am paragrafSi Seswavlilia brunviTi sxeulebis aras-

tacionaruli ganmuxtvis eleqtrodinamikuri procesi. am 

procesis Sesaswavlad ricxviTi gamoTvlebi Catarebulia id-

ealurad gamtari sferoidisa da konusisaTvis, romelic mo-

Tavsebulia damiwebuli idealurad gamtari sibrtyidan h  

simaRleze (sur.10.1) da damuxtulia 0V  potencialamde. eqsp-

erimentuli monacemebi miRebulia berlinis teqnikur univer-

sitetSi Seqmnil danadgarze. eqsperimenti Catarda 31a  sm 

da 5b sm naxevarRerZebis mqone sferoidis ganmuxtvisaTv-

is. ganmuxtvis ricxviTi modelireba Catarebul iqna igive 

zomis mqone idealurad gamtari sferoidisaTvis. 

 
 

sur.10.4. ganmuxtvis arxSi gamavali denis warmoebulis  

maqsimaluri mniSvnelobis damokidebuleba arxis sigrZeze: 

31a sm, 5b sm, 10oV kv. 

 

sur.10.4_ze moyvanilia eqsperimentulad gazomili ga-

nmuxtvis arxSi gamavali denis warmoebulis maqsimaluri mniS-
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vnelobis damokidebuleba arxis sigrZeze. ganmuxtva xdeba 

10oV kilovoltze. 

am suraTze naTlad Cans Tu rogori gansxvavebaa erTi 

da igive Zabvis dros arxSi gamavali denis warmoebulis maqsi-

mumebs Soris sxvadasxva arsis sigrZeebisaTvis. 

arxSi gamavali denis maqsimaluri mniSvneloba damoki-

debulia sferoidis qveda boloSi eleqtrostatikuri muxtis 

raodenobaze. sur.10.5-ze warmodgenilia eqsperimentulad 

gazomili arxis denis normirebuli maqsimaluri mniSvneloba 

da sferoidis boloSi ricxviTi gamoTvlebiT miRebuli mu-

xtis simkvrivis normirebuli mniSvneloba. 

 

 
sur.10.5. eqsperimentulad gazomili arxis denis normirebuli 

maqsimaluri mniSvneloba da sferoidis boloSi ricxviTi 

gamoTvlebiT miRebuli muxtis simkvrivis normirebuli mniSvneloba. 

 

warmodgenili suraTebi gviCveneben, rom arxis denis 

maqsimaluri mniSvnelobebi statikuri muxtis mniSvnelobebis 

proporciulia, rac adasturebs ricxviTi gamoTvlebisas gam-
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oyenebuli algoriTmis sisiwores. proporciulobis koefici-

enti damokidebulia damuxtvis 0V  potencialze. 

sur.10.6-ze gamosaxulia eqsperimentiT gazomili arxis 

denisa da ricxviTi gamoTvlebiT miRebuli arxis denis mniSv-

nelobebis Sedareba sxvadasxva arxis sigrZeebisaTvis. am sur-

aTebidan naTlad Cans rom es denebi erTmaneTTan Tvisobri-

vad da raodenobrivad karg TanxvedraSia. rac kidev erTxel 

gvarwmunebs gamoyenebuli algoriTmis sisisworeSi.  

 
 

sur.10.6. eqsperimentiT gazomili da ricxviTi gamoTvlebiT miRebuli 

arxis denis mniSvnelobebi 50 V kv. 55.0) ha mm; 116.1) hb mm; 

843.0) hc mm; 55.0) hd mm; 

 

sxvadasxva SemTxvevebisaTvis rompesa da veiczelis ko-

eficientis mniSvneloba gansxvavebulia: 
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41080.1) Raa [m
2
/v

2
wm]; 

41070.0) Rab [m
2
/v

2
wm]; 

41080.1) Rac [m
2
/v

2
wm]; 

41070.0) Rad [m
2
/v

2
wm]; 

 
sur.10.7. sferoidis zedapiruli denis sivrcul_droiTi  

ganawileba 50 V kv; 314.0h mm; 4106.3 Ra [m
2
/v

2
wm]; 

 

eleqtrostatikuri ganmuxtvis procesis mimdinareob-

is analizisaTvis aseve moyvanilia sferoidis zedapirze den-

ebis sivrcul-droiTi ganawileba (sur.10.7). am suraTidan 

Cans, rom mas Semdeg rac sferoidis boloSi moTavsebuli 

eleqtrostatikuri muxtis didi nawili gaivlis arxSi, ganmu-

xtvis denisaTvis SeimCneva plato. am platos arseboba gamow-

veulia denis talRiT, romelic gairbens sferoidis msaxvel-

is gaswvriv. ganmuxtvis procesidan 2.2  nanowamSi denis tal-

Ra aRwevs sferoidis zeda bolos da airekleba misgan. am mo-

mentSi xdeba talRis mimarTulebis Secvla da Sesabamisad ga-

mosxivdeba Zlieri eleqtromagnituri veli. talRa moZraobs 

arxis mimarTulebiT da miaRwevs ra sferoidis qveda bolos 

muxtis nawili gaivlis ganmuxtvis arxSi, xolo danarCeni air-

ekleba da denis talRa isev daiwyebs moZraoba sferoidis ze-

da bolos mimarTulebiT.  
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mas Semdeg, rac viciT sferoidis zedapirze denebisa 

da muxtebis ganawileba SegviZlia gamovTvaloT arastacio-

naruli ganmuxtvisas gamosxivebuli velebi. 

sur.10.8-ze gamosaxulia eleqtruli velis daZabulo-

bis mniSvnrlobebi. rogorc suraTidan Cans, eqsperimentiT 

gazomilia eleqtruli velis mniSvneloba erTi da igive Sem-

TxvevisaTvis samjer da maTTan aris Sedarebuli ricxviTi ga-

moTvlebiT miRebuli eleqtruli velis daZabuloba.  

 
sur.10.8. sferoidis ganmuxtvisas gamosxivebuli eleqtruli velis 

daZabuloba ganmuxtvis arxidan 3.0 m manZilze sibrtyis gaswvriv 

(sur.1). 100 V kv; 5.1h mm; 
4101.2 Ra [m

2
/v

2
wm]; 

 

 
sur.10.9. sferoidis ganmuxtvisas gamosxivebuli magnituri velis 

daZabuloba ganmuxtvis arxidan 6.0 m manZilze sibrtyis gaswvriv 

(sur.1). 100 V kv. 2h mm; 41027.1 Ra [m
2
/v

2
wm]; 
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sur.10.9-ze gamosaxulia magnituri velis daZabulobis 

mniSvnelobebis Sedareba eqsperimentuli da ricxviTi gamoT-

vlebiT miRebuli SedegebisaTvis. 

Semdeg suraTze naCvenebia arastacionaruli ganmuxtv-

isas gamosxivebuli velis magnituri daZabulobis damokideb-

uleba gamosxivebis mimarTulebaze.  

 

.  

sur.10.10. sferoidis ganmuxtvisas gamosxivebuli magnituri velis 

daZabulobis damokidebuleba gamosxivebuli velis mimarTulebaze 

ganmuxtvis arxidan 1m manZilze. 50 V kv. 6.0h mm; 

41051.2 Ra m
2
/v

2
wm]; 

 

gamosxivebuli eleqtromagnituri velis aseTi saxiT 

gamosaxva gvaZlevs saSualebas davagdinoT am konkretuli am-

ocanis SemTxvevaSi maqsimaluri da minimaluri gamosxivebis 

mimarTuleba. 

zemoT miTiTebul eqsperimentul danadgarze berlinis 

teqnikur universitetSi aseve Catarebul iqna eqsperimenti 

adamianis xelSi moTavsebuli d  diametrisa da l  sigrZis 0V  

potencialamde damuxtuli metaluri sxeulis eleqtrostat-

ikuri ganmuxtvisaTvis. am eqsperimentis Sesabamisi amocanis 

modelireba moxda 220  sm naxevarRerZebis mqone sferoidis 

gamoyenebiT. zemoT aRwerili algoriTmis gamoyenebiT miReb-

ulia Sedegebi, romlebic moyvanilia Semdeg suraTebze.  
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sur.10.11-ze gamosaxulia ricxviTi gamoTvlebiT miRe-

buli arxSi gamavali eleqtruli denis pikuri mniSvnelobebis 

Sedareba adamianis xelSi moTavsebuli 8d mm diametrisa 

da 75l mm sigrZis 100 V kilovoltamde damuxtuli metal-

uri sxeulis ganmuxtvisas arxSi gamavali denis pikur mniSvn-

elobasTan sxvadasxva arxis sigrZisaTvis. eqsperimentuli de-

nis gasazomad gamoyenebulia Jon Barth Electronics-is firmis 

xelsawyo.  

arxis sigrZe icvleba 55.0 mm-dan 7.2 mm-mde, xolo 

rompesa da veiczelis koeficientebi 
4104 Ra [m

2
/v

2
wm]-dan 

4101 Ra [m
2
/v

2
wm]-mde.  

sur.10.12-ze gamosaxulia ricxviTi gamoTvlebiT miRe-

buli arxis pikuri denis droiTi warmoebulis mniSvnelobe-

bis Sedareba adamianis xelSi moTavsebuli 6d mm diametri-

sa da 80l mm sigrZis 100 V kilovoltamde damuxtuli meta-

luri sxeulis ganmuxtvisas arxSi gamavali denis droiTi wa-

rmoebulis pikur mniSvnelobasTan sxvadasxva arxis sigrZisa-

Tvis. 

 
 

sur.10.11. ganmuxtvis arxSi gamavali denis pikuri mniSvneloba arxis 

sxvadasxva sigrZeebisaTvis. 100 V kv; 8d mm; 75l mm. 

sur.10.13-ze gamosaxulia eleqtrostatikuri ganmuxt-

visas sibrtyis gaswvriv ganmuxtvis arxidan 5.0 m manZilze ri-
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cxviTi gamoTvlebiT miRebuli magnituri velis daZabulobis 

pikuri mniSvnelobebisa da eqsperimentiT gazomil 6d mm 

diametrisa da 80l mm sigrZis 100 V  kilovoltamde damux-

tuli metaluri sxeulis ganmuxtvisas gamosxivebuli magnit-

uri velis daZabulobis mniSvnelobebis Sedareba igive manZi 

sxvadasxva arxis sigrZisaTvis. 

 
sur.10.12. ganmuxtvis arxSi gamavali denis warmoebulis pikuri 

mniSvneloba arxis sxvadasxva sigrZeebisaTvis.  

100 V kv; 6d mm; 80l mm. 

 
sur.10.13. magnituri velis daZabulobis pikuri mniSvnelobebi 

damiwebuli sibrtyis gaswvriv 5.0 m manZilze arxis sxvadasxva 

sigrZeebisaTvis. 100 V kv; 6d mm; 80l mm. 
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eqsperimentSi denis gasazomad gamoyenebulia Hewlett 
Packard-is firmis mier damzadebuli HP54720D osciloskopi. 

rogorc vxedavT eqsperimentuli da ricxviTi gamoTvlebiT 

miRebuli Sedegebi erTmaneTTan karg Tvisobriv da ricxviT 

TanxvedraSia. 

zemoT moyvanili Sedegebis analizi gvaZlevs Semdegi 

daskvnis gakeTebis saSualebas: 

imisaTvis, rom gamovTvaloT adamianis xelis an adamia-

nis xelSi moTavsebuli sxeulis ganmuxtvisas gamosxivebuli 

eleqtromagnituri veli srulebiT ar aris aucilebeli is-

eTi rTuli geometriis mqone sxeulis modelireba, rogorsac 

warmoadgens adamianis xeli. sakmarisia am amocanis ufro mar-

tivi formis ganmuxtvis sxeuliT modelireba, mTavaria am 

sxeulis ganmuxtvisas sawyisi monacemebi, rogoricaa modeli-

rebuli sxeulis tevadoba, damuxtvis potenciali da ganmux-

tvis arxis parametrebi (ganmuxtvis arxis sigrZe, ganmuxtvis 

arxSi haeris mdgomareoba da sxv.) emTxveodes realur par-

ametrebs. 

 
sur.10.14. amocanis geometria 

 

aqedan gamomdinare SesaZlebelia nebismieri rTuli 

formis sxeulis eleqtrostatikuri ganmuxtvis modelireba 

z

r
h
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ufro martivi, moculobiTi brunviTi sxeulis saSualebiT da 

ricxviTi gamoTvlebiT miRebuli Sedegebi Tvisobrivad da 

sakmaod kargi sizustiT raodenobrivadac daemTxveva real-

ur monacemebs. 

zemoT aRniSnulis gaTvaliswinebiT Catarebul iqna 

moculobiTi brunviTi sxeulis, konusis eleqtrostatikuri 

ganmuxtvis kompiuteruli modelireba da ganmuxtvis Teori-

uli da eqsperimentuli Sedegebis analizi. ricxviT algori-

Tmad gamoyenebulia momentebis meTodi droiT areSi. ganmu-

xtvis arxis winaRobis arawrfivi modeli daemata momentebis 

meTodis sqemas. amocanis geometria mocemulia sur.10.14-ze. 

ricxviTi gamoTvlebi Sedarebulia eqsperimentiT gazomil 

monacemebTan. 

 

sur.10.15.a konusis denebi.
 

30 V kv;  199.0h mm. 

sur.10.15.b konusis denebi.
 

30 V kv;  572.0h mm. 

 

sur.10.15.g konusis denebi.
 

50 V kv;  496.0h mm. 

sur.10.15.d konusis denebi.
 

50 V kv;  062.1h mm. 

 

sur.10.15-ze moyvanilia ganmuxtvis arxSi denis ricx-

viTi gamoTvlebiTa da eqsperimentiT miRebuli Sedegebis 
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Sedareba. eqsperimenti da ricxviTi gamoTvlebi Catarda 

770 mm sigrZisa da 150 mm fuZis diametris mqone konusisaT-

vis. suraTebidan Cans sakmaod kargi Tanxvedra eqsperimentsa 

da ricxviTi gamoTvlebiT miRebul Sedegebs Soris. 

zemoT moyvanili eqsperimentuli monacemebis sizuste 

aris ara umetes %20 , zog SemTxvevaSi ki %1510 . ricxviTi 

gamoTvlebiT miRebuli Sedegebi eqsperimentulTan Sedare-

biT moTavsebulia eqsperimentis cdomilebis farglebSi. 

eqsperimentiT miRebuli monacemebisa da ricxviTi ga-

moTvlebis Sedareba cxadyofs, rom SemuSavebuli algoriTmi 

da Sesabamisi programuli paketi SeiZleba gamoyenebul iqnas 

moculobiTi brunviTi sxeulebis gamoyenebiT eleqtrostat-

ikuri ganmuxtvis amocanebis modelirebisaTvis. 

rogorc vxedavT me-10-e TavSi Catarebuli gamokvleve-

bis ZiriTadi Sedegebi moicavs eleqtrostatikur amocanas, 

arastacionaruli ganmuxtvis eqsperimentuli danadgaris Ses-

abamisi fizikuri da maTematikuri modelis Seqmnas, am mode-

lebis safuZvelze moculobiTi brunviTi sxeulebis (sferoi-

di, konusi) arastacionaruli ganmuxtvis kompiuterul mode-

lirebas.  

Seqmnili programuli paketi iZleva iseTi gamoTvlebis 

Catarebis saSualebas, romelTac gaaCniaT ara marto Te-

oriuli, aramed praqtikuli (adamianis xelSi moTavsebuli 

metaluri sxeulis ganmuxtvis modelireba) mniSvnelobac.  

Catarebuli eqsperimentebisa da ricxviTi gamoTvlebis 

Tvisobrivi da ricxviTi Tanxvedra gviCvenebs, rom program-

ul paketSi SemuSavebulia iseTi algoriTmi, romelic Se-

iZleba gamoyenebul iqnas eqsperimentze dayrdnobis gareSe. 

me-10-e TavSi moyvanili amocanebis amosaxsnelad Seqmn-

ili programuli paketi wearmoadgens Matlab-Si Seqmnil prog-

ramul alogoriTms, is sakmaod moculobiTia (aseulobiT 

programuli striqoni) da amitom ar miviCnieT saWirod na-

SromSi misi srulad warmodgena. 
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Tavi 11. arastacionaruli eleqtromagnituri 
velebisagan eleqtronuli aparaturis idealurad 

gamtari ekranebiT ekranireba 

  

cnobilia, rom arastacionaruli eleqtromagnituri 

velebis zemoqmedebas SeuZlia gamoiwvios Tanamedrove mgrZn-

obiare kompiuteruli sistemebisa da eleqtronuli mowyobi-

lobebis muSaobis reJimis darRveva da xSir SemTxvevaSi mwyo-

bridan gamoyvanac ki. es velebi SeiZleba gamosxivdnen rog-

orc bunebrivi movlenebis Sedegad, aseve xelovnurad Seqmni-

li eleqtromagnituri velebis wyaroebisagan. saWiroa am zem-

oqmedebis xasiaTis Seswavla da misi marTvis eleqtrodinamik-

uri meqanizmebis SemuSaveba, rogorc misgan mowyobilobebis 

dacvis, aseve, saWiroebis SemTxvevaSi, am zemoqmedebis sasarg-

eblod gamoyenebis mizniT, samxedro an raime sxva specifiku-

ri daniSnulebis sakomunikacio da sainformacio sistemebis 

lokalurad dezorientirebisa da izolirebisaTvis. es ki, 

rogorc cnobilia, Tanamedrove gamoyenebiTi mecnierebis 

erT-erT mniSvnelovan problemas warmoadgens, romelsac yve-

lasTvis cnobili mizezebis gamo, ganviTarebul qveynebSi 

sul ufro mzardi yuradReba eTmoba. 

SezRuduli manqanuri resursebis gamo, droiT areSi 

sasruli sxvaobebis meTodis gamoyenebisas gardamavali pro-

cesebis sruli analizisTvis aucilebeli gaxda iseTi ideal-

urad SeTanxmebuli fenebis gamoyeneba, romlebic mTlianad 

an rac SeiZleba mcire arekvliT gaatareben am fenebze dace-

mul eleqtromagnitur talRas. 

sasruli sxvaobebis meTodis swrafi da efeqturi mu-

SaobisaTvis dakvirvebis are idealurad SeTanxmebul feneb-

Tan erTad modelirdeba, rogorc erTiani eleqtruli da ma-

gnituri gamtareblobis mqone garemo da naCvenebia idealur-

ad SeTanxmebuli fenebis gamoyenebisas arekvlis koeficient-

is damokidebuleba fenebis raodenobaze. 

konkretuli gamosxivebisa da ekranebis SemTxvevaSi sa-

Wiroa amoixsnas konkretuli eleqtrodinamikuri amocana, 

romelic moiTxovs Sesabamisi algoriTmis Seqmnas, magram Se-

saZlebelia ganxilul iqnas iseTi amocanebi, romlebic mogv-

cems am procesebisaTvis damaxasiaTebeli saerTo daskvnebis 

gakeTebis saSualebas. 
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am miznis misaRwevad meTerTmete TavSi Seswavlilia 

gausis tipis impulsis da damiwebuli sibrtyis maxloblad 

ganlagebuli brunviTi sxeulebis mier eleqtrostatikuri 

ganmuxtvisas gamosxivebuli eleqtromagnituri velebis SeRw-

eva aperturis (Wrilis) mqone idealurad gamtar ekranebSi. 

moyvanilia am sxeulebis aperturebSi velebis SeRwevis 

procesis kompiuteruli modelirebis Sedegad miRebuli ara-

stacionaruli procesebis mimdinareobis specifika, rogorc 

sixSirul, aseve droiT areSi. 

naCvenebia ekranis SigniT SeRweuli velis maqsimaluri 

mniSvnelobis damokidebuleba gausis impulsis sigrZesa da 

aperturis zomaze; Tu rogor aris damokidebuli ekranireb-

uli velis sidide aperturis formaze; aperturis zolebis 

saSualebiT dayofisas zolebis raodenobaze.  

ganxilulia grZivi aperturis mqone idealurad gamta-

ri, wriuli ganivkveTis ekranebSi droiT harmoniuli eleqt-

romagnituri velis SeRweva; ekranSi velis mniSvnelobis dam-

okidebuleba talRuri ricxvisa da ekranis radiusis namrav-

lze aperturis sxvadasxva zomebisaTvis; rezonansuli sixSir-

eebisaTvis axlo velebis ganawileba. 

samganzomilebian SemTxvevaSi: Seswavlilia realuri 

samganzomilebiani sxeulis ganmuxtvisas gaamosxivebuli ara-

stacionaruli eleqtromagnituri velebis SeRweva aperturis 

mqone marTkuTxa paralelepipedis - kompiuteris tipis yu-

TSi, velebis ganawileba yuTis SigniT dakvirvebis sxvadasxva 

momentebSi da velis maqsimaluri mniSvnelobebis ganawileba 

yuTis sxvadasxva sibrtyeSi mTeli dakvirvebis drois ganmav-

lobaSi, imdenad, ramdenadac saWiroa iseTi ubnebis dadgena 

mocemuli tipis ekranebisaTvis, sadac SesaZlebelia metad 

mgrZnobiare eleqtronuli mowyobilobebis moTavseba. 

naCvenebia agreTve, rom zogad SemTxvevaSi erTi da ig-

ive aperturis SemTxvevaSi firfitebiTa da mowyobilobebiT 

Sevsebul yuTSi SeRweuli velis maqsimaluri mniSvneloba Se-

saZlebelia meti iyos vidre igive geometriis cariel  yuTSi. 

am SemTxvevebisaTvis moyvanilia ekranis SigniT SeRweuli ve-

lis maqsimaluri mniSvnelobebis damokidebuleba aperturis 

zomaze da orientaciaze; moyvanilia ekranis SigniT SeRweuli 

velis maqsimaluri mniSvnelobebis damokidebuleba apertur-

is zomaze. 
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dadgenilia aRniSnuli tipis ekranebiT arastaciona-

ruli eleqtromagnituri velebis ekranirebis efeqturobis 

damokidebuleba ganmuxtvis arxis sigrZeze, ekranisa da aper-

turis zomaze, rac mogvcems konkretuli SeSfoTebis dros 

ufro efeqturi ekranebis gamoyenebis SesaZleblobas.  

 

 

§11.1 marTkuTxa ganivkveTis mqone cilindruli 

ekranebiT eleqtromagnituri velebisagan eleqtronuli 

aparaturis ekranireba 

 

am paragrafSi ganxilulia eleqtromagnituri velebis 

ekranireba grZivi aperturis mqone marTkuTxa ganivkveTis 

organzomilebiani ekranebiT. kvlevis meTodad gamoyenebulia 

sasruli sxvaobebis meTodi, romelic waroadgens yvelaze 

efeqtur meTods aseTi tipis amocanebis gadasawyvetad. sasr-

uli sxvaobebis meTodis aRwera moyvanilia pirveli Tavis me-

ore paragrafSi. 

gareSe impulsuri signalebis mavne zemoqmedebisagan 

eleqtronuli aparaturis dacvis erT-erT gzas am mowyobil-

obebis sxvadasxva formis ekranebiT ekranireba warmoadgens. 

ekranirebul eleqtronul aparaturas gaaCnia periferiuli 

kavSirebi gare eleqtronul sistemebTan, rac saWiroebs gar-

kveuli teqnologiuri Wrilebis (aperturebis) arsebobas ek-

ranebSi. am aperturebidan gare eleqtromagnituri velebi 

aRweven ekranirebul eleqtronul mowyobilobebamde da iwv-

even maTi muSaobis reJimis Seferxebas da xSir SemTxvevaSi ga-

TiSvasac ki. 

cxadia rodesac aperturis zomebi didia dacemuli im-

pulsis sigrZesTan SedarebiT, ekranirebuli aris SigniT Sea-

Rwevs mosuli energiis didi nawili. amitomac, ekranirebis 

efeqturobis gazrdis mizniT aperturis farTobs igives to-

veben da axdenen mis dayofas (badis saxiT) ufro mcire zomis 

xvrelebad an aperturas umateben damatebiT zolebs, ris Se-

degadac isini gardaiqmnebian ufro mcire zomis talRgamta-

rebad (zolovan aperturebad, ix. sur.11.1). yoveli talRgam-

tari iwvevs masze dacemuli impulsis speqtris CamoWras, ami-

tom zolovani aperturis mqone ekranis SigniT unda moxdes 

dacemuli eleqtromagnituri velis energiis sagrZnobi Semc-

ireba. 
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sur.11.1. amocanis geometria 

 

Cvens mizans warmoadgens marTkuTxa formis idealur-

ad gamtari, zolovani aperturis mqone cilindruli zedapi-

rebiT farTozolovani eleqtromagnituri impulsebisagan 

eleqtronuli aparaturis ekranirebis efeqturobis Seswavla. 

am amocanis gadasawyvetad Seswavlilia gausis formis ܧ-pol-

arizirebuli eleqtromagnituri impulsis gabneva sur.1-ze 

gamosaxuli tipis organzomilebian struqturebze. dasmuli 

amocanis gadasawyvetad arsebobs sxvadasxva ricxviTi meTo-

di. am paragrafSi gamoiyeneba sasruli sxvaobebis meTodi 

droiT areSi, romelzec damatebulia e.w. idealurad SeTanx-

mebuli fenebi. es meTodi warmoadgens erT-erT yvelaze efe-

qtur meTods mocemuli amocanisaTvis. 

am algoriTmis testireba moxda marTkuTxa formis ge-

ometriebisaTvis da sxvadasxva sigrZis dacemuli impulsebis-

aTvis. ricxviTma eqsperimentma gviCvena, rom roca 0x , 

fizikuri sidideebi (velebi da denebi) krebadia. 

ganvixiloT konkretuli Sedegebi, romlebic miviReT 

zemoT aRwerili algoriTmiT. gamoTvlebSi dacemuli veli 

Cawerilia Semdegi saxiT: 

   2
0

2 /exp ttcxzE inc  


,               (11.1.1) 

sadac z

 aris ݖ RerZis paraleluri erTeulovani veqtori, c  

- sinaTlis siCqarea vakuumSi, x  - koordinatia, 0t  aris impu-

lsis xangrZlivobis naxevari. ricxviTi gamoTvlebisas moxer-

xebulobisaTvis xdeba gausis impulsis CamoWra maqsimumidan 

 c/2.5  manZilze, amitom   sididisaTvis vRebulobT 

0/2.5 ct . 
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SemovitanoT ekranirebis efeqturobis cneba. apertu-

ris mqone ekranebze eleqtromagnituri impulsis gabnevisas 

ekranis SigniT SeRweuli sruli eleqtruli velis daZabulo-

bis veqtoris maqsimaluri mniSvnelobis Sefardebas dacemuli 

impulsis eleqtruli velis daZabulobis veqtoris sididis 

maqsimalur mniSvnelobasTan vuwodoT ekranirebis efeqtur-

oba da aRvniSnoT  -Ti. 

%100
max

max


incE

E




 ,                     (11.1.2) 

sadac E

 sruli eleqtruli velis daZabulobis veqtoria ek-

ranis SigniT, xolo 
incE


 aris dacemuli impulsis eleqtruli 

velis daZabulobis veqtori. 

sur.11.2-ze naCvenebia idealurad gamtar, aperturis 

mqone, kvadratuli formis cilindrul sxeulze sxvadasxva 

sigrZis impulsis dacemisas ekranSi SeRweuli sruli eleqtr-

uli velis daZabulobis maxsimaluri mniSvnelobis damokide-

buleba zolebis ricxvze. 

a) rodesac dacemuli impulsis sigrZe 2ܿݐ଴ = 0.25m.; b) 2ܿݐ଴ = 0.5m.; g) 2ܿݐ଴ = 1.0m.; d) 2ܿݐ଴ = 2.0m.; ܽ, ܾ, ܿ, ݀ Seesabameba 

sxvadasxva zomis aperturebs. kerZod a) Seesabameba SemTxve-

vas, roca aperturis zoma ܮ = 0.5m.; b) roca ܮ = 0.4m., g) roca ܮ = 0.3m.; d) roca ܮ = 0.2m.. 

am suraTebidan Cans, rom impulsis sigrZis Semcirebis-

as ekranSi velis maqsimaluri mniSvneloba izrdeba. es gasage-

bicaa, Tu impulsis sigrZe mcirea aperturis zomasTan Sedar-

ebiT, maSin dacemuli impulsi ver grZnobs xvrelis arsebobas 

da eleqtromagnituri veils didi nawili SeaRwevs ekranis 

SegniT. aseve Cans, rom zolebis mqone aperturaSi (ix. sur. 

11.2, roca zolebis ricxvi ܰ = 2-is tolia) SeRweuli velis 

energiis maqsimaluri mniSvneloba mcirea vidre Cveulebriv 

aperturian (ܰ = 0) ekranSi da mcirdeba zolebis raodenobis 

gazrdisas (ix. sur.11.2 ܰ = 2,3,4,5,6). 

aperturis mqone struqturebSi eleqtromagnituri ve-

lebis SeRwevis dawvrilebiTi SeswavlisaTvis mniSvnelovania 

axlo velebis ganawilebis codna. 
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sur.11.2. ekranirebis efeqturobis damokidebuleba zolebis 

raodenobaze. kvadratis gverdis sigrZe ܟ = ૚. ૙m. 

 

sur.11.3-ze naCvenebia axlo velebis ganawileba im Sem-

TxvevisaTvis, rodesac aperturis zoma ܮ = 0.5m da dacemuli 

impulsis sigrZe 2ܿݐ଴ = 0.5m. suraTze mocemuli axlo velebis 

ganawilebis pirveli sveti Seesabameba ܿݐ = 0.5m moments, meo-

re sveti ܿݐ = 1.0m moments, xolo mesame sveti ܿݐ = 1.75m mo-

ments. pirveli striqoni Seesabameba SemTxvevas, rodesac zo-

lebis raodenoba ܰ = 0, meore striqoni ܰ = 3, xolo mesame ܰ = 6. 
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sur.11.3. eleqtruli velis daZabulobis ganawileba idealurad 

gamtari, aperturis mqone kvadratuli formis cilindruli garsis 

SigniT. aperturis zomaa 0.5m, kvadratis gverdis sigrZea 1.0m 

 

axlo velebis ganawilebebidan Cans, rom ܿݐ = 0.5m (sur. 

11.3 a,d,z) momentisaTvis dacemuli velis nawili SeaRwevs ek-

ranSi. roca zolebis raodenoba ܰ = 0, (sur.11.3a) ekranis Si-

gniT moZravi da dacemuli talRa moZraoben TiTqmis erT xa-

zze, maSin, rodesac zolebis raodenoba ܰ = 3,6 (sur.11.3d,z) 

ekranis SigniT moZravi talRa CamorCeba dacemul talRas, 

amasTan ekranis SigniT SeRweuli velis maqsimaluri mniSvne-

loba 0.843v/m-dan (sur.3a) 0.0583v/m-mde (sur.11.3z) icvleba, 
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e.i. 93.09%-iT mcirdeba. es Sedegi imiT aixsneba, rom zolov-

an aperturas gaaCnia sakuTari talRuri winaRoba, romelic 

iwvevs dacemuli impulsis speqtris nawilis CamoWras. Semd-

egi suraTi gviCvenebseleqtronuli velis daZabulobis mni-

Svnelobis ganawilebas ekranis SigniT (sur.3b,e,T) drois ܿݐ = 1.0m momentisaTvis. es veli vrceldeba ekranis SigniT da 

airekvleba ekranis kedlebidan (sur.3g,v,i) drois ܿݐ = 1.75m 

momenti. 

 
sur.11.4. eleqtruli velis daZabulobis ganawileba ekranSi ࢚ࢉ = ૚. ૙m 

momentisaTvis 

sur.11.4,5-ze naCvenebia ekranis SigniT eleqtruli ve-

lis ganawileba ܿݐ = 1.0m da ܿݐ = 1.5m momentebisaTvis (ap-

erturis zomaa ܮ = 0.5m da dacemuli impulsis sigrZea 2ܿݐ଴ = 0.5m): a) Seesabameba SemTxvevas, rodesac gvaqvs 

sur.11.5-ze mocemuli saxis ekrani zolebis gareSe, xolo b) 

Seesabameba SemTxvevas, rodesac am ekranze damatebulia 

idealurad gamtari kedeli ݔ = 0, ݕ = 0: −0.5 m. 

 
 

sur.11.5. eleqtruli velis daZabulobis ganawileba ekranSi 

࢚ࢉ  = ૚. ૞m momentisaTvis 
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am suraTebidan naTlad Cans, rom ekranSi damatebiTi 

kedlis arseboba iwvevs ekranis ݔ = 0: −0.5, ݕ = −0.3: −0.5  ub-

anSi ekranirebuli velis Semcirebas. cxadia rom Zalze efeq-

turia damatebiTi idealurad gamtari kedlebis arseboba ob-

ieqtSi calkeuli ufro ekranirebuli zonebis Sesaqmnelad. 

am ubanSi ekranirebis efeqturobis damatebiTi kedlis arseb-

obasTan damokidebulebas ufro TvalsaCinod warmosadgenad 

moyvanilia sur.11.6,7. 

 

 
sur.11.6. eleqtruli velis daZabulobis ganawileba ekranSi  ࢚ࢉ = ૚. ૙m momentisaTvis 

 

 

 
sur.11.7. eleqtruli velis daZabulobis ganawileba ekranSi  ࢚ࢉ = ૚. ૞m momentisaTvis 
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am suraTebze Sedarebulia eleqtruli velis ganawile-

ba ݔ = 0: −0.5, ݕ = −0.3: −0.5 ubanSi  ܿݐ = 1.0m da ܿݐ = 1.5m mom-

entisaTvis: a) ekrani damatebiTi kedlis gareSe da b) ekrani 

damatebiTi kedliT. 

rogorc suraTebis analizi gviCvenebs, ekranirebis ef-

eqturoba ekranSi damatebiTi kedlis arsebobisas (sur.11.6,7 

b) Cveulebriv ekranTan (sur.11.6,7 a) SedarebiT sagrZnoblad 

izrdeba. 

amrigad, eleqtronul aparaturaze eleqtromagnituri 

velebis zemoqmedebis Sesamcireblad mizanSewonilia am apara-

turis ekranireba zolovani aperturis mqone ekranebiT. aseve 

ekranirebis efeqturobis gasazrdelad SesaZlebelia gamoye-

nebul iqnas ekranis SigniT damatebiTi kedlebic. ekranirebis 

efeqturobis dasadgenad aucilebelia aperturaSi zolebis 

raodenobis, maTi sigrZisa da urTierTganlagebis dadgena Se-

saZlo SeSfoTebebis gaTvaliswinebiT. miRebuli Sedegebi Sei-

Zleba ganvazogadoT realuri samganzomilebiani struqture-

bisTvisac. 

 

 

§11.2 ganmuxtvisas gamosxivebuli arastacionaruli 

velebis SeRweva marTkuTxa ekranebSi 
 

mocemul paragrafSi warmodgenilia ganmuxtvisas gam-

osxivebuli arastacionaruli eleqtromagnituri velebis Se-

Rweva aperturis mqone marTkuTxa ganivkveTis cilindrul 

sxeulebSi. idealurad gamtar damiwebul sibrtyesTan moTav-

sebuli brunviTi sxeulebis arastacionaruli ganmuxtvis am-

ocana amoxsnilia poirdapir droiT areSi momentebis meTod-

is gamoyenebiT. specialurad SerCeuli geometriebisaTvis 

(sferoidi, konusi, cilindri) adamianis xelis eleqtrostat-

ikuri ganmuxtvis modelirebisas gamoTvlilia arxis denebi 

da gamosxivebuli eleqtromagnituri velebi da isini Sedare-

bulia eqsperimentul monacemebTan. naCvenebia am meTodis si-

zustis sakmarisoba eleqtromagnituri SemTavseblobis saki-

Txebis Sesaswavlad. 

 arastacionaruli ganmuxtvisas gamosxivebuli velebi-

sagan mgZnobiare aparaturis ekranirebis efeqturoba Seswav-

lilia cilindruli formis idealurad gamtari ekranebisaT-
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vis. ekranirebis efeqturobis droiTi analizisaTvis gamoyen-

ebulia sasruli sxvaobebis meTodi droiT areSi. 

sivrceSi ganmuxtvisas gamosxivebuli velebis analizi 

mniSvnelovania imdenad, ramdenadac is iZleva informacias im 

aris Sesaxeb, sadac mgZnobiare aparatura SeiZleba mwyobri-

dan gamovides. 

qvemoT moyvanil yvela amocanaSi ganmuxtvis obieqtad 

aRebulia ܽ = 31sm da ܾ = 5sm naxevarRerZebis mqone idealu-

rad gamtari sferoidi. sferoidi damuxtulia ଴ܸ potencial-

amde. ganmuxtva iwyeba damiwebuli sibrtyidan ℎ manZilze (Ta-

vi 10, sur.10.1).  

sur.11.8-ze naCvenebia ganmuxtvisas gamosxivebuli ele-

qtruli velebi or SemTxvevaSi a) ܸ = 5kv, ℎ = 0.7mm da b) ܸ = 10kv, ℎ = 1.0mm. dakvirvebis wertili aRebulia damiwebul 

sibrtyeze. manZili dakvirvebis wertilsa da arxs Soris 1m-

ia. 

 

 
sur.11.8. 0.31m da 0.05m naxevarRerZebis mqone sferoidis  

ganmuxtvisas gamosxivebuli eleqtruli velis daZabuloba:  

a)V=5kv, h=0.7mm;  b) V=10kv, h=1.0mm. 

 

sur.11.9-ze gamosaxulia sxvadasxva potencialamde da-

muxtuli sferoidis ganmuxtvisas gamosxivebuli eleqtruli 

velis maqsimaluri mniSvnelobebis damokidebuleba arxis sig-

rZeze. dakvirvebis wertili aRebulia damiwebul sibrtyeze 

ganmuxtvis arxidan 1m. manZilze. 

yoveli eleqtronuli aparaturisaTvis cnobilia vel-

is is zRvruli mniSvneloba, romelic usafrTxoa am mowyobi-

lobis normaluri funqcionirebisaTvis. amdenad sur.11.9 im-
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iT aris mniSvnelovani, rom is iZleva informacias im areebis 

Sesaxeb, Tu sad SeiZleba ganTavsdes mocemuli mowyobiloba. 

 

 
sur.11.9. sferoidis ganmuxtvisas gamosxivebuli eleqtruli velis 

maqsimaluri mniSvnelobebis arxis sigRZeze damokidebuleba 

 

eleqtrostatikuri ganmuxtvisas arxidan sxvadasxva 

mimarTulebiT gamosxivebul velebs Soris gansxvavebis Sesa-

faseblad moyvanilia sur.11.10. am suraTze naCvenebia (V=5kv, 

h=0.6mm) sferoidis ganmuxtvisas gamosxivebuli velebi arxi-

dan 1m manZilze sxvadasxva mimarTulebiT. 

 
sur.11.10. sferoidis ganmuxtvisas gamosxivebuli eleqtruli 

 velis daZabulobis damokidebuleba gamosxivebis  

mimarTulebaze  (V=5kv, h=0.6mm) 

 

aperturis mqone, idealurad gamtar cilindrul sxeu-

lebSi eleqtrostatikuri ganmuxtvisas gamosxivebuli veleb-

is SeRwevis Seswavlis ZiriTad mizans eleqtromagnituri ve-

lebis ekranirebis efeqturobis dadgena warmoadgens. naSro-
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mSi gamoyenebuli meTodebi saSualebas iZleva ekranSi da ekr-

anis garSemo drois nebismier momentSi ganisazRvros eleqt-

romagnituri velis mniSvneloba. 

eleqtromagnituri velebis ekranirebis efeqturobis 

SefasebisTvis viTvliT Semdeg sidides: ܵ = ׬ ௠௔௫หா೟೚೟ೌ೗หௗ௦ಲೝ೐ೌ׬ ௠௔௫หா೔೙೎หௗ௦ಲೝ೐ೌ ∗100%,        (11.2.1) 

sadac `Area~ - aperturis farTobia. eleqtruli velis maqsim-

aluri mniSvneloba gamoTvlilia aperturis SigniT yovel we-

rtilSi mTeli dakvirvebis drois ganmavlobaSi. 

 
sur.11.11. marTkuTxa formis cilindruli ekranebiT ekeranirebis 

efeqturoba, rogorc arxis ࢎ sigrZisa da aperturis ࢊ zomis funqcia. 

ganmuxtva xdeba a) V=5kv  da b) V=10kv  

 
sur.11.12. marTkuTxa formis aperturis mqone cilindris SigniT maq-
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simaluri eleqtruli velis daZabulobis normirebuli mniSvne-

lobebi. eleqtrostatikuri ganmuxtva xdeba V=5kv, 10=ࢎkv, ࢊ =20sm.  

 

sur.11.11-ze marTkuTxa formis idealurad gamtari 

cilindruli formis sxeulebiT ekranirebis efeqturoba mo-

cemulia ori SemTxvevisaTvis: a) V=5kv da b) V=10kv. 

aperturis mqone sxeulis SigniT eleqtruli velis maqs-

imaluri mniSvnelobebis ganawileba naCvenebia sur.11.12-ze. am 

suraTidan Cans, rom aperturaSi SeRweuli eleqtruli velis 

maqsimumi moTavsebulia aperturis maxloblad da mcirdeba 

aperturidan daSorebisas. am suraTze naCvenebi velis maqsim-

aluri mniSvnelobebis Sefasebis saSualebas iZleva (11.2.1) 

formuliT gamoTvlili ܵ sidide. 

es suraTi sainteresoa imiTac, rom am konkretuli Sem-

TxvevisaTvis gvaZlevs saSualebas davadginoT ekranis SigniT 

is areebi, sadac unda ganvaTavsoT mgrZnobiare cifruli mo-

wyobiloba, imis gaTvaliswinebiT, Tu ra maqsimaluri zRvru-

li eleqtromagnituri zemoqmedebis `gaZleba~ SeuZlia ama 

Tu im mowyobilobas. 

zemoT moyvanili amocanis amoxsnisaTvis gamoyenebuli 

algoriTmi iZleva saSualebas nebismieri marTkuTxa formis 

ekranebisaTvis amoixsnas Sesabamisi amocanebi, raTa SesaZle-

beli gaxdes konkretuli geometriebisaTvis Sesabamisi Se-

degebis miReba garantirebuli sizustiT da dadgenil iqnas 

ekranis SigniT cifruli mowyobilobebisaTvis saSiSi zonebi 

maTi mdgradobis gaTvaliswinebiT. 

 

 

§11.3 eleqtromagnituri velebis SeRweva aperturis mqone 

wriuli ganivkveTis ekranebSi 

 

am paragrafSi ganxilulia grZivi aperturis mqone ide-

alurad gamtar cilindrul ekranebSi droiT harmoniuli 

eleqtromagnituri velis SeRweva; aperturis centrSi velis 

mniSvnelobis damokidebuleba talRur ricxvisa da ekranis 

radiusis namravlze aperturis sxvadasxva zomebisaTvis; rez-

onansuli velebisaTvis axlo velebis ganawileba; eleqtros-

tatikuri ganmuxtvisas gamosxivebuli velebis ekranireba ci-

lindruli ekranebiT da eleqtruli velis maqsimaluri mniS-

vnelobebis ganawileba ekranis SigniT. 
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11.3.1 monoqromatuli eleqtromagnituri velebis SeRweva aper-

turis mqone wriuli ganivkveTis ekranebSi. rogorc wesi, gare-

moSi sxvadasxva procesebisas gamosxivebuli eleqtromagnit-

uri impulsebis speqtruli Semadgenloba iseTia, rom praqti-

kulad saintereso aperturebi SeiZleba CaiTvalos eleqtro-

magniturad mcired. dabal sixSireebze (talRis sigrZesTan 

SedarebiT mcire zomis aperturebis SemTxveva) velis SeRweva 

aperturebSi sakmaod kargad aris Seswavlili da gaanaliz-

ebuli. am SemTxvevaSi aperturis gavlena gadasxivebul velze 

aRiwereba aperturis adgilas moTavsebuli eqvivalenturi 

magnituri wyaros saSualebiT, romlis dipoluri momenti 

analizuri gamosaxulebiT Caiwereba (beTes Teoria), magram es 

meTodi ar iZleva velebis swor ganawilebas aperturasTan Za-

lian axlos myof areSi. 

aperturebSi velebis SeRwevis Sesaswavlad sasurvelia 

gamoviyenoT meTodi, romelic iZleva axlo velebis koreqtu-

lad aRweris SesaZleblobas. ufro metic, es meTodi SeiZl-

eba gamoyenebul iqnas beTes Teoriaze dafuZnebuli martivi 

analizuri formulebis gamoyenebis sazRvrebis dasadgenad. 

 
sur.11.13 aperturis mqone organzomilebiani garsis geometria. 

 

am paragrafSi mocemulia damxmare gamomsxiveblebis 

meTodiT ݖ RerZis paraleluri aperturis mqone idealurad 

gamtar cilindrul ekranSi SeRweuli velis gamoTvlis pro-

cedura. CaTvlilia, rom ekrani yvelgan Tanabari sisqisaa, ga-

nivkveTi SemosazRvrulia konturiT ܮ = ାܮ + -da mTel gan ିܮ

xilul sixSirul diapazonSi misi sisqe ݀ ≤  .(nax.11.13) ߣ0.02

davuSvaT, rom dacemuli veli aris ܧ-polarizebuli, e.i. ܧሬԦ௜௡௖ = ො݊௭ܧ௜௡௖(ݔ,   .(ݕ
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rogorc cnobilia, gabneuli veli ܧሬԦ௦௖ = ො݊௭ܧ௦௖(ݔ, -ekr (ݕ

aniT SemosazRvruli aris gareT akmayofilebs helmholcis 

gantolebas: ΔE௦௖(ݔ, (ݕ + ݇ଶܧ௦௖(ݔ, (ݕ = 0,              (11.3.1) 

sadac ݇ talRuri ricxvia Tavisufal garemoSi. (11.3.1) gan-

toleba akmayofilebs gamosxivebis pirobas da  ܮ  konturze 

sasazRvro pirobas:  E௜௡௖(ݔ, (ݕ + ,ݔ)௦௖ܧ (ݕ = ,ݔ)ܯ   ,0  (11.3.2) .ܮ߳(ݕ

(11.3.1)-(113.2) sasazRvro amocana amovxsnaT damxmare 

gamomsxiveblebis meTodiT. 

am meTodis Tanaxmad ܮ konturiT SemosazRvruli aris 

SigniT damxmare konturs Γ, romelic Tanabradaa daSorebuli 

konturebidan ܮା da ିܮ. Γ konturze uwyvetad vanawilebT da-

mxmare gamomsxiveblebs, romelTa mier gamosxivebul vels aR-

wers (11.3.1) talRuri gantolebis fundamenturi amonaxsnebi ܪ଴(ଵ)(݇R୻) (sadac ܴ୻ - manZilia Γ konturis ݔ)ܯ୻, -୻) wertiliݕ

dan dakvirvebis ݔ)ܯ, -wertilamde) da gabneul vels warmov (ݕ

adgenT Semdegi saxiT: E௦௖(ݔ, (ݕ = ׬ ଴(ଵ)(݇R୻)݀Γ୻ܪ(Γ)ܬ ,           (11.3.3) 

sadac ݔ)ܯ୻,  ଴(ଵ)(ܴ)-nulovani rigisܪ ,୻)-wyaros wertilebiaݕ

pirveli gvaris henkelis funqciaa.  ܬ(Γ)-damxmare konturiT 

gansazRvrul zedapirze denebis simkvrivis proporciuli si-

didea. 

Tu ekranis mier gadassxivebuli eleqtruli veli war-

modgenilia (11.3.3) saxiT, maSin (11.3.1)-(11.3.2) sasazRvro amo-

canis amoxsna daiyvaneba Semdegi, pirveli gvaris, arasingula-

ruli integraluri gantolebis amoxsnaze:  ׬ ଴(ଵ)(݇R୻L)݀Γܪ(Γ)ܬ = E௜௡௖(ݔ௅, ௅)୻ݕ ,         (11.3.4) 

am SemTxvevaSi gamoyenebulia (11.3.4) integrtaluri gantole-

bis amoxsnis Semdegi algoriTmi. 

saZiebeli ܬ(Γ) funqciisagan moiTxoveba funqcionalur 

sivrceSi ܮଶ Semdegi kvadratuli formis (normis) minimumis 

uzrunvelyofa: ฮE௦௖(ݔ, (ݕ − ,ݔ)௜௡௖ܧ ฮ௅(ݕ = ൤׬ ቚ׬ ଴(ଵ)(݇R୻L)݀Γܪ(Γ)ܬ +୻ E௜௡௖(ݔ௅, ௅)ቚଶ௅ݕ ሿభమܮ݀ =  (11.3.5)    ,ߝ 



 228 

sadac ܴ୻L = ඥ(ܺL − ܺ୻)ଶ + ( Lܻ − ୻ܻ)ଶ. amisaTvis (11.3.5) gamosax-

ulebaSi Semavali integraluri operatorebi SevcvaloT sas-

ruli jamiT miaxloebiTi integrebis romelime formulis sa-

SualebiT: ∑ ቚ∑ ଴(ଵ)(ܴ݇௡௠)ܪ௡ெܬ + ,௜௡௖(ܺ௠ܧ ܻ௠)௡ୀଵ ቚଶ = ேெ௠ୀଵߝ , (11.3.6) 

sadac ܴ௡௠ = ඥ(ܺ௠ − ܺ௡)ଶ + (ܻ௠ − ௡ܻ)ଶ; xolo zemoT moyvanili 

wertilebi {ܺ௡, ௡ܻ}௡ୀଵே , {ܺ௠, ܻ௠}௠ୀଵெ  - kvanZiTi wertilebia Zir-

iTadi ܮ da damnxmare Γ konturebze Sesabamisad. ܬ௡ெ -௠∆Γ୬ - ucnobi koeficientebia, romlebic aproqsiܮ∆(Γ௡)ܬ=

mirebas ukeTeben saZiebel funqcias damxmare konturis {ܺ௡, ௡ܻ}௡ୀଵே  wertilebSi. 

ricxviTi eqsperimentebi gviCvenebs, rom manqanuri re-

sursebis (mexsiereba, gamoTvlebisaTvis saWiro dro) efeqtu-

rad gamoyenebisTvalsazrisiT optimaluria Semdegi proced-

ura: moviTxovoT ucnobi koeficientebisagan (11.3.6) gamosax-

ulebis kvadratul frCxilebSi moTavsebuli gamosaxulebis 

nolTan toloba dasaSvebi ̂ߝ sizustiT, e.i. problema daviyva-

noT Semdegi saxis wrfiv algebrul gantolebaTa ܯ × ܰ sist-

emis fsevdoamonaxsnebis moZebnaze ∑ ଴(ଵ)(ܴ݇௡௠)ܪ௡ெܬ = ,௜௡௖(ܺ௠ܧ ܻ௠)௡ୀଵ , (݉ = 1,2, …  (11.3.7)  ,(ܯ
sadac cxadia, rom miaxloeba ߝேெ ≈ -miT ufro kargad srul ̂ߝ

deba, rac metia ܯ da ܰ. 

da bolos, (11.3.7) gantolebaTa sistemis fsevdoamonax-

snebis saSualebiT (11.3.1)-(11.3.2) sasazRvro amocanis miaxlo-

ebiTi amonaxsni Semdegnairad Caiwereba: ܧ෨௧௢௧(ݔ, (ݕ = ෨ܧ ௦௖(ݔ, (ݕ + ,ݔ)௜௡௖ܧ (ݕ = ∑ ଴(ଵ)൫ܴ݇௡ܪ௡ெܬ ൯ + ,ݔ)௜௡௖ܧ ௡ୀଵ(ݕ .       (11.3.8) 

aRwerili meTodi gamoyenebulia aperturis mqone org-

anzomilebian sxeulebSi droiT-harmoniuli eleqtromagnitu-

ri velebis SeRwevis analizisTvis. 

ganvixiloT wriuli cilindri, romlis apertura cil-

indris ݖ RerZis paraleluria da gaSlis kuTxe ߮-s tolia. 

sur.11.14-15-ze mocemulia eleqtruli velis damokid-

ebuleba ݇ܽ parametrze aperturis centrSi, sadac ܽ cilind-

ris radiusia. sur.11.14-ze naCvenebia cilindris agzneba 0
0
 

kuTxiT dacemuli veliT, sadac dacemis kuTxe aris aTvlili 
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velis gavrcelebis mimarTulebasa  da ݔ RerZs Soris. gamoT-

vlilia ori SemTxveva, roca aperturis zomaa 30
0
 (uwyveti xa-

zi) da 60
0
 (wyvetili xazi). igive aperturaa warmodgenili 

sur.11.15-ze roca dacemis kuTxea 45
0
, aperturis zomaa 30

0
 

(uwyveti xazi) da 60
0
 (wyvetili xazi). warmodgenili suraTeb-

idan Cans, romaperturis kuTxuri zomis gazrdisas pirveli 

rezonansis amplituda izrdeba, xolo meore da mesame rezon-

ansis amplitudebi klebulobs da rezonansi ar aris mkveTri. 

aqedan cxadia, rom mcire aperturebis SemTxvevaSi dacemis 

kuTxis cvlileba ar iwvevs velis mkveTr cvlilebas. 

 
sur.11.14. eleqtruli veli aperturis centrSi. dacemis kuTxea 0

0
, 

aperturis zomaa 30
0
 (uwyveti xazi) da 60

0
 (wyvetili xazi). 

 
sur.11.15. eleqtruli veli aperturis centrSi. dacemis kuTxea 45

0
, 

aperturis zomaa 45
0
 (uwyveti xazi) da 60

0
 (wyvetili xazi). 
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aperturisaTvis, romlis zoma 60
0 
rigisaa, dacemis ku-

Txe sagrZnob gavlenas ar axdens velis maRalsixSiruli komp-

onentebis yofaqcevaze. 

 
sur.11.16. eleqtruli veli aperturis centrSi.  

dacemis kuTxea 0
0
, aperturis zomaa 30

0
 . 

 

sur.11.16-ze naCvenebia aperturis centrSi eleqtruli 

velis amplitudis damokidebuleba sixSireze (݇ܽ) 300
 apert-

uris SemTxvevaSi.  

sur.11.17-22-ze mocemulia axlo velebis ganawileba 

sxvadasxva sixSireebisaTvis. ݇ܽ = 2.29 sididisaTvis apertur-

is centrSi veli miaRwevs maqsimalur mniSvnelobas, xolo ݇ܽ = 2.46 mniSvnelobisaTvis miaRwevs minimalur mniSvnelob-

as. Semdeg ݇ܽ = 3.50 gvaqvs meore maqsimumi, xolo ݇ܽ = 3.98 

gvaqvs meore minimumi da a.S. rogorc Cans, ݇ܽ = 2.29 Seesabam-

eba cilindris SigniT ganawilebuli velis pirveli rezonan-

si. miuxedavad imisa, rom ݇ܽ = 2.26 mniSvnelobisaTvis (sur. 

11.18) velis struqtura cilindris SigniT praqtikulad ar 

aris Secvlili sur.11.17-Tan SedarebiT, cilindris gareT 

veli Seicvala ise, rom aperturis areSi vels gaaCnia minimu-

mi. cilindris SigniT velis maqsimaluri mniSvneloba am sixS-

irisaTvis ufro dabalia, vidre ݇ܽ = 2.29 mniSvnelobisaTvis. 

sixSiris Semdgomi zrda iwvevs cilindrSi meore rezonansis 

formirebas. am rezonansis Sesabamis velebi naCvenebia sur.11. 

19-ze. rogorc Cans, sixSiris zrdasTan erTad rezonansebis 

raodenobac matulobs.  
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am analizidan Cven SegviZlia davaskvnaT, rom meTodi 

iZleva saSualebas efeqturad gamovTvaloT sixSireebi, rome-

lTaTvisac xdeba ekranis SigniT energiis akumilireba da da-

vakvirdeT rezonansuli sixSireebisavis axlo velebis stru-

qturas. 

 

11.3.2 ganmuxtvis arastacionaruli velebis SeRweva apertureb-

Si. rogorc avRniSneT sivrceSi arastacionaruli ganmuxtvis-

as gamosxivebuli velebis analizi Zalze mniSvnelovania, rad-

ganac gvaZlevs inforacias sivrcis im lokaluri areebis Ses-

axeb, sadac mgrZnobiare aparatura SeiZleba gamovides mwyob-

ridan. sur.11.23-ze naCvenebia ganmuxtvisas sxvadasxva mimar-

TulebiT gamosxivebuli eleqtruli velebis droze damokid-

ebuleba. 
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sur.11.23. ganmuxtvisas gamosxivebuli eleqtruli velis daZabuloba. 

ganmuxtva xdeba  5kv. damuxtuli 0.31m - 0.058m. naxevarRerZebis mqone 

sferoidze. arxis simaRlea 0.6mm. gamosxiveba xdeba a) 90
0
  

mimarTulebiT, b) 30
0
 mimarTulebiT. manZili ganmuxtvis arxidan 

dakvirvebis wertilamde 2m-is tolia. 

 

am paragrafSi Seiswavleba cilindruli sxeulis mier 

aramonoqromatuli brtyeli talRis gabnevis amocana. dace-

mul velSi eleqtruli velis daZabulobis veqtori orien-

tirebulia cilindris msaxvelis paralelurad da droze is-

evea damokidebuli, rogorc eleqtrostatikuri ganmuxtvisas 

gamosxivebuli eleqtruli velis daZabuloba ganmuxtvis ari-

dan raRac fiqsirebul manZilze. 

rogorc sur.11.23-dan Cans sferoidis ganmuxtvisas 

sxvadasxva mimarTulebiT gamosxivdeba gansxvavebuli ampli-

tudisa da formis eleqtruli veli. am velis maqsimaluri 

gamosxivebis mimarTuleba damokidebulia damuxtuli sxeul-

is formaze. am konkretul SemTxvevaSi gamosxiveba xdeba 90
0
 

mimarTulebiT; 

sur.11.24-ze gamosaxulia sferoidis eleqtrostatiku-

ri ganmuxtvisas gamosxivebuli eleqtromagnituri velis SeR-

weva grZivi aperturis mqone wriuli ganivkveTis 1.26m. radi-

usian idealurad gamtar cilindrul sxeulSi. aperturis ga-

Slis kuTxe 20
0
-is tolia. ganmuxtva xdeba 5 kv damuxtuli 

0.31m da 0.05m naxevarRerZebis mqone sferoidze. eleqtrost-

atikuri ganmuxtva iwyeba damiwebuli sibrtyidan 0.6mm simaR-

leze. 

algoriTmi saSualebas iZleva gamoviTvaloT cilindr-

is mier gadasxivebuli veli sivrcis nebismier wertilSi da 

drois nebismier momentSi, agreTve cilindris zedapirze in-

ducirebuli eleqtruli deni. informaciis uzarmazari rao-
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denoba, romlis miRebac SeiZleba am dros, aq warmodgenilia 

iseTi saxiT, rom rac SeiZleba Rrmad CavwvdeT movlenis ars-

Si (sur.11.24). 

 

 
sur.11.24. eleqtruli veli cilindruli garsis SigniT cilindris 

radiusia 1.2 m. aperturis kuTxuri zomaa 20
0
 . 

es suraTebi gviCveneben eleqtruli velis gavrcelebas 

cilindrSi da cilindris axlo zonaSi. ܿݐ = 0.3m momentisaTv-

is veli aRwevs cilindrs da iwyebs masSi SeRwevas, Semdegi 

suraTebi gviCvenebs velis gavrcelebas cilindris SigniT 

ise, rom velis gamosxivebis centri imyofeba aperturis cen-

trSi. droiTi momentisaTvis ܿݐ = 2.85m veli aRwevs cilindr-

is marjvena sazRvars. Semdeg iwyeba am velis arekvla da misi 

fokusireba daaxloebiT radiusis naxevaris tol manZilze 
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centridan marjvniv. cilindris radiusi isea SerCeuli, rom 

dacemuli impulsuri velis speqtris centraluri sixSire 

rezonansuli iyos. miuxedavad amisa, veli struqturulad ar 

aris rezonansuli xasiaTis. sakmarisad didi aperturisaTvis, 

rogoric naCvenebia sur.11.24-ze, dacemuli veli Sedis gars-

is SigniT da uSualod urTierTqmedebs garsis kedlebTan. 

garsis sakuTari sixSireebis aRgzneba xdeba mxolod momdev-

no droiTi momentebisaTvis amiT aixsneba, magaliTad, is faq-

ti, rom radiusis mcire cvlileba nakleb gavlenas axdens ve-

lebis ganawilebis xasiaTze garsis SigniT. amis garda, impul-

sis speqtri ZiriTadad dabalsixSirovania, da erTi sixSirisa-

Tvis Catarebuli analizi ar SeiZleba pirdapir iqnas gadata-

nili sxva sixSirul diapazonze.  

imisaTvis, rom gavaanalizoT velis SeRweva idealurad 

gamtari garsis SigniT saWiroa am garsSi eleqtruli velis 

maqsimumebis ganawilebis codna. 

 

 

 
 

sur.11.25. eleqtruli velis maqsimaluri mniSvnelobebis ganawileba 

wriuli kveTis mqone garsisaTvis. aperturis kuTxuri zomaa 30
0
, cil-

indris radiusia ࡾ = ૙. ૡૢ૙m. a)ganmuxtvisagan 90
0
-iT gamosxivebuli 

veli,b) ganmuxtvisagan 30
0
-iT gamosxivebuli veli(ix. sur.11.23).  

 

es ganawileba warmodgenilia sur.11.25-ze 30
0
-iani ape-

rturis mqone cilindrisTvis. aseTi apertura ar SeiZleba 

CaiTvalos mcired, amitomac masSi velis maqsimaluri mniSvne-

loba TiTqmis iseTivea, rogorc dacemul velSi 800 v/m. rog-

orc naCvenebia sur.11.24-ze, veli fokusirdeba cilindris 

centridan marjvniv daaxloebiT radiusis naxevris tol ma-

nZilze. 

aq misi mniSvneloba aRwevs 748v/m-s, rodesac cilindrs 

ecema sferoidisagan 30
0-
iT gamosxivebuli veli da 591v/m-s, 
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rodesac ecema sferoidisagan 90
0
-iT gamosxivebuli veli. es 

imis maCvenebelia, rom aseTi didi aperturis mqone garsebiT 

ekranireba naklebad efeqturia. 

ekranirebis xarisxze did gavlenas axdens Tanafardo-

ba cilindris radiussa da dacemuli velis sivrcul ganfeni-

lobas Soris. sakmarisad didi garsebisaTvis impulsis speqt-

ris Semadgeneli sixSireebis umravlesoba SesaZlebelia iyos 

rezonansuli. 

miuxedavad imisa, rom informacia miRebuli sixSirul 

areSi Zalze mniSvnelovania, am paragrafSi warmodgenili Se-

degebi cxadyofen droiT areSi Catarebuli analizis aucil-

eblobas. 

  

 

§11.4 samganzomilebiani arastacionaluri velebis 

modelireba sasruli sxvaoebis meTodiT 

 

Cvens mizans warmoadgens Seswavlil iqnas ganmuxtvisas 

gamosxivebuli velebis SeRweva realur struqturebSi. am mi-

znis misaRwevad saWiroa CavataroT eleqtromagnituri vele-

bis modelireba sasruli sxvaobebis meTodiT samganzomilebi-

an amocanebisaTvis. SeviswavliT modelirebis Sedegad miReb-

uli sidideebis krebadobis damokidebuleba sivrciT bijze, 

raTa davrwmundeT ricxviTi gamoTvlebiT moRebuli Sedegeb-

is sisworeSi. am mizniT Seswavlilia arastacionaluri dipo-

lis mier gamosxivebuli velebis difraqcia Ria yuTze (sur. 

11.26), amocanis amoxsnis meTodad gamoyenebuli sxvaobebis 

meTodi, romelSic sivrcis is are, sadac gamoTvlebi warmo-

ebs, SemosazRvrulia e.w. idealurad SeTanxmebuli fenebiT. 

 
sur.11.26 amocanis geometria .  sur.11.27. meTodis sqema 
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Catarebuli gamoTvlebis Sedegad dadginda rom vele-

bisa da denebis krebadoba miiRweva im SemTxvevaSi, rodesac  ∆∆௧ ≤ √3ܿ, sadac ∆ݐ da ∆ droiTi da sivrculi bijebia Sesabam-

isad, xolo ܿ  sinaTlis siCqarea vakuumSi. CvemoT moyvanil 

yvela gamoTvlaSi ∆ݐ = 0.016nwm tolia. 

cxadia gamoTvliTi teqnikis SezRuduli SesaZleblob-

ebis gamo maqsvelis gantolebaTa sistema Caiwereba sasrul 

moculobaSi. procesis dakvirvebisaTvis xangrZlivi drois 

manZilze aucilebelia dakvirvebis kedlebis iseTnairi SerCe-

va, rom ar moxdes maTgan eleqtromagnituri velebis arekv-

la. am problemis Tavidan asacileblad gamoyenebulia eleqt-

ruli da magnituri gamtareblobis mqone idealurad SeTanxm-

ebul fenebi. am areSi maqsvelis gantolebaTa sistema aRweri-

lia eleqtruli da magnituri gamtareblobebis gaTvaliswin-

ebiT, romelTa Soris damokidebuleba Semdegia: 
ఙఌబ = ఙ∗ఓబ sadac ߪ da ߪ∗ efeqturad ar arekvlaven misul talRebs da iZlevi-

an sivrcis im aris SezRudvis SesaZleblobas, sadac gamoTvl-

ebi warmoebs. 

ganvixiloT arastacionaluri dipluri wyaros mier gam-

osxivvebuli velebis SeRweva Ria yuTSi (sur.11.26) dipoluri 

wyaro warmoadgens eleqtronuli mowyobilobisaTvis arasas-

urveli gamosxivebis wyaros models. dipoli ganlagebulia ݖ 
RerZis gaswvriv yuTis Ria nawilis mxares, ݔ = −50sm, ݕ = 0, ݖ = 0 wertilSi. dipolis momentis droisagan 

damokidebuleba Semdegi saxisaa: ௭ܲ(ݐ) = ݐ)ଶߙ−)݌ݔ݁ − ߙ ଴)ଶ), sadacݐ = ସ௖௧బ , ଴ݐܿ = 0.5m. 

 
sur.11.28. ࢞ = ࢟ = ૙, ࢠ = ૚૙sm wertilSi zedapiruli denisa da 

magnituri velis daZabulobis droisagan damokidebuleba 3-
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SemTxvevaSi 1) ––– Seesabameba࢞ࢊ = ࢟ࢊ = ࢠࢊ = ૙. ૚/ૡ. 2) rgolebi ࢞ࢊ = ࢟ࢊ = ࢠࢊ = ૙. ૚/૚૙. 3)×-xazi  ࢞ࢊ = ࢟ࢊ = ࢠࢊ = ૙. ૚/૚૛  SemTxvevas. 

 

sur.11.28-ze naCvenebia zedapirze ݔ da ݕ mimarTuleb-

iT denisa da magnituri velis daZabulobis droisagan damok-

idebuleba, rogorc Cans dayofis ricxvis gazrdisas zedapi-

ruli deni da magnituri velis daZabuloba wertilSi TiTqm-

is ar icvleba e.i. amoxsna krebadia. 

eleqtruli velis ܧ௭ mdgenelis ganawileba yuTis Sua 

WrilSi drois sxvadasxva momentebisaTvis naCvenebia sur.11. 

29-ze. es suraTi iZleva gamosxivebuli eleqtromagnituri 

velis Ria yuTSi SeRwevis dinamikis ufro TvalnaTliv gamos-

axvis saSualebas. 

 

 
sur.11.29eleqtruli velis  ࢠࡱ mdgenelis ganawileba ࢞࢟࢕ sibrtyeSi 

drois sxvadasxva momentSi. ࢚ࢊ = ૙. ૙૚૟nwm.  
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rogorc Cans ݐ =  momentisaTvis dacemuli veli ݐ240݀

aRwevs obieqts; ݐ = -momentisaTvis exeba yuTis Siga ked ݐ260݀

els da iwyeba arekvla; ݐ =  momentis Semdeg dacemuli ݐ340݀

veli gadis dakvirvebis aridan da sistema TviTon iwyebs ga-

mosxivebas. 

rogorc vxedavT sasruli sxvaobebis meTodi saSuale-

bas iZleva ganvsazRvroT axlo velebis ganawileba, vipovoT 

gambnev obieqtze dacemuli veliT inducirebuli muxtebi da 

denebi da Sesabamisad ganesazRvroT veli Sor zonaSi. ganvix-

iloT dipolis mier gamosxivebuli velis aperturis mqone 

marTkuTxa yuTSi SeRwevis eleqtrodinamikuri procesi. mar-

TkuTxa yuTis geometria mocemulia sur.11.30-ze. 

 
sur.11.30. a) yuTi ori horizontaluri aperturiT; b) igive farTobis 

ori vertikaluri aperturiT. 

 

yuTis zomebi Seesabameba sur.11.26-ze gamosaxuli Ria 

yuTis zomebs. yuTis wiboebidan aperturebamde manZili da 

aperturebs Soris moTavsebuli zolis sigane 0.02m–ia. 

 
sur.11.31. dipolis mier gamosxivebuli eleqtruli velis 

daZabulobis droze damokidebuleba dipolidan 0.8 m manZilze. 
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sur.11.31-ze gamosaxulia dipolis mier gamosxivebuli 

velis eleqtruli daZabulobis mniSvneloba dipolidan 0.8m. 

manZilze. Semdeg suraTebze gamosaxulia dipolis mier gamo-

sxivebuli velis urTierTqmedeba yuTis aperturian kedelT-

an. yuTi dipolidan moTavsebulia 0.95m. manZilze. 

dipolis mier gamosxivebuli veli mas Semdeg rac miaR-

wevs am manZils daiwyebs yuTSi SeRwevas. Cvens amocanas warm-

oadens imis dadgena, Tu rogor aris damokidebuli yuTSi Se-

Rweuli velis maqsimaluri mniSvneloba aperturis orienta-

ciaze. 

 
sur.32. dipolis mier gamosxivebuli eleqtruli velis  daZabulobis 

sivrculi ganawileba ࢞࢟࢕ sibrtyeSi. ࢚ = ૛૟૙࢚ࢊ. 

 

sur.11.32-ze gamosaxulia eleqruli velis ganawileba  ݕ݋ݔ sibrtyeSi drois ݐ =  (momentisaTvis am suraTis a ݐ260݀

da b) SemTxvevebi Seesabamebian. sur.11.30-ze gamosaxuli a) da 

b) SemTxvevebs Catarebulma ricxviTma gamoTvlebma gviCvena, 

rom a) SemTxvevaSi ufro meti eleqtruli veli SeaRwevs yuT-

is SigniT vidre b) SemTxvevaSi. 

yuTis SigniT SeRweuli eleqtruli velis maqsimaluri 

mniSvneloba mTeli dakvirvebis drois ganmavlobaSi sur.11. 

30-ze gamosaxuli a) SemTxvevisaTvis tolia 195.52v/m, xolo 

b) SemTxvevisaTvis 92.32v/m maSin rodesac gamosxviebuli ele-

qtruli velis maqsimaluri mniSvneloba 214.28v/m-ia. 

rogorc vxedavT vertikaluri orientaciis mqone zo-

liT dipolis mier gamosxivaebuli velis ekranireba ufro 

efeqturia, vidre horizontaluri zoliT. es dakavSirebulia 
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dacemuli velis xasiaTTan. dipolis mier gamosxivebul vels 

gaaCnia eleqruli velis mxolod vertikaluri mdgeneli. ase-

Ti veli ganapirobebs vertikaluri orientaciis mqone zolze 

gacilebiT ufro didi denis aRZvras vidre horizontalur 

orientaciis zolze. es iwvevs pirvel SemTxvevaSi meti velis 

arekvlas vidre meore SemTxvevaSi. 

Semdeg paragrafSi ganvixilavT sferoidis ganmuxtvis-

as gamosxivebuli arastacionaruli eleqromagnituri veleb-

is SeRwevas sxvadasxva tipis teqnologiuri aperturis mqone 

sxeulebSi, maT Soris marTkuTxa paralelepipedis - kompiut-

eris tipis Sevsebul yuTSi. 

 

 

§11.5 sferoidis ganmuxtvisas gamosxivebuli velebis 

SeRweva aperturis mqone yuTSi 

 

rogorc avRniSneT mocemuli naSromis erT-erTi miza-

nia Seswavlil iqnas ganmuxtvisas gamosxivebuli eleqtromag-

nituri velebis SeRweva realur samganzomilebian eleqtron-

ul aparaturaSi. am paragrafSi zemoT aRniSnuli mizniT misa-

Rwevad Seswavlilia sferoidis ganmuxtvisas gamosxivebuli 

velebis SeRweva sxvadasxva formis teqnologiuri aperture-

bis mqone struqturebSi, maT Soris kompiuteris tipis marT-

kuTxa paralelepipedis formis yuTSi. sawyis etapze Seviswav-

liT Tu rogor aris damokidebuli ekranSi SeRweuli velis 

maqsimaluri mniSvneloba aperturis formaze, farTobze da 

Wrilebis orientaciaze. amisaTvis SeviswavliT ganmuxtvisas 

gamosxivebuli eleqtromagnituri velebis SeRweva sxvadasxva 

aperturis mqone cariel yuTSi. 

amocanis geometria mocemulia sur.11.33-ze, dacemul 

velad aRebulia ଴ܸ = 10kv potencialamde damuxtuli ܽ = 0.2m 

da ܾ = 0.02m naxevarRerZebis mqone sferoidis ganmuxtvisas 

gamosxivebuli eleqtromagnituri veli, rodesac ganmuxtvis 

arxis sigrZe ℎ = 0.1sm tolia. ekranirebis efeqturobis ufro 

TvalsaCino suraTis miRebis mizniT dacemuli veli normire-

bulia maqsimumze. 

Catarebul ricxviT eqsperimentSi gamoyenebul iqna ma-

rTkuTxa paralelepipedis formis idealurad gamtari yuTi 

(sur.11.33), romlis geometruli zomebi Semdegia: ܽ = 0.2m, 
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ܾ = 0.1m, ܿ = 0.2m. yuTs gaaCnia marTkuTxa formis apertura 

romlis zomebia: ݕ RerZis gaswvriv 8sm, ݖ RerZis gaswvriv 8sm.  sferoidi moTavsebulia ݔ = −50sm. wertilSi ݕ݋ݔ sibr-

tyis perpendikularulad. 

 

 
 

sur11..33. amocanis geometria 

 

Seswavlil iqna gamosxivebuli velis SeRweva sur.11.33-

ze gamosaxul yuTSi. sur.11.34-ze moyvanilia eleqtruli ve-

lis maqsimumebis ganawileba yuTis SigniT a) ݖ = 0sm da ݖ =8sm sibrtyis paralelurad. 

 
sur.11.34. eleqtruli velis ganawileba yuTis SigniT a) ࢠ = ૙sm da b) ࢠ = ૡsm ࢞࢟࢕  sibrtyis paralelur sibrtyeSi  

 

garda amisa gamokvleul iqna sur.11.30-ze mocemuli 

orive SemTxvevaSi yuTis SigniT ݖ = 0 sibrtyeSi eleqtruli 

velis maqsimaluri mniSvnelobebis damokidebuleba or apert-

uras Soris moTavsebuli zolis farTobze da orientaciaze. 

miRebuli Sedegebi moyvanilia sur.11.35-ze. 
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sur.11.35 ekranirebuli eleqtruli velis maqsimaluri 

mniSvnelobebis damokidebuleba aperturaSi zolis orientaciaze  

1-Seesabameba horizontalur zols, 2-vertikalur zols. 

 

am suraTidan Cans, rom vertikaluri orientaciis mqo-

ne zolis SemTxvevaSi ekranirebis efeqturoba ufro metia 

vidre horizontaluri zolis dros. es dakavSirebulia dace-

muli velis xasiaTTan. sferoidis ganmuxtvisas gamosxivebul 

vels ekranis maxlobel zonaSi ZiriTadad gaaCnia eleqtruli 

velis vertikaluri komponenti, xolo sxva komponentebi no-

lisagan mcired gansxvavdeba. 

 
sur.11.36. ekranirebuli eleqtruli velis maqsimaluri 

mniSvnelobebis damokidebuleba aperturis farTobze. 

 

aseTi veli iwvevs vertikaluri orientaciis mqone zo-

lze gacilebiT ufro didi denis aRZvras vidre, horizonta-
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lur zolze. es ganapirobebs pirvel SemTxvevaSi dacemuli 

velis ufro metad arekvlas vidre meore SemTxvevaSi. 

sur.11.36-ze mocemulia yuTis mTels moculobaSi SeR-

weuli velis globaluri maqsimaluri mniSvnelobebis damoki-

debuleba wina waxnagis centrSi ganlagebuli kvadratuli 

formis aperturis Ria nawilis farTobze. 

suraTze Cans mcire sididis maqsimumebi rac albaT ga-

npirobebuli unda iyos TviT aperturis, rogorc dabali va-

rgisianobis mqone rezonatoris saqcieliT. 

rogorc avRniSneT, Cvens mizans warmoadgens Seviswav-

loT realur eleqtronul aparaturaSi gareSe mavne eleqt-

romagnituri velebis SeRweva. am mizniT Seswavlil iqna sfe-

roidis mier gamosxivebuli impulsis SeRweva sur.11.37-ze ga-

mosaxuli geometriisaTvis, romelic warmoadgens kompiuter-

Si ganlagebuli firfitebisa da eleqtronuli mowyobilobe-

bis miaxloebiT models. 
 

 

sur.11.37. amocanis geometria. ࢇ = ૙. ૛m, ࢈ = ૙. ૜m, ࢉ = ૙. ૝m. 

 

wina suraTze arsebuli aperturis zomebia horizonta-

lurad 0.12m da vertikalurad 0.08m, ukana waxnagze arsebuli 

aperturis horizontalurad 0.10m da vertikalurad 0.06m. 

ukana waxnagze mimagrebulia 3 firfita, romlebic, ݕ݋ݔ sib-

rtyis paraleluria da ganlagebulia  ݖ = −6sm, ݖ = 0sm da ݖ = 6sm simaRleze. ݖ = 0  simaRleze ganlagebul firfitaze 

moTavsebulia ori marTkuTxa paralelepipedis formis cif-
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ruli eleqtronuli mowyobilobis formis sxeuli. am sxeul-

is xazovani zomebi Semdegia: fuZe warmoadgens kvadrats, ro-

mlis gverdi 0.032m tolia, xolo simaRle 0.024m ekranirebis 

efeqturobis gasazrdelad gamoyenebul iqna. sur.11.37-is wi-

na kedelze moTavsubeli aperturis SuaSi damatebiTi vertik-

aluri zoli romlis sifarTe 0.016m-ia. 

Semdeg surTebze mocemulia eleqtruli velis maqsi-

maluri mnivSnelobebis ganawileba ݕ݋ݔ sibrtyeSi a) ݖ = 0m, b) ݖ = 0.024m, g) ݖ = 0.032m d) ݖ = 0.04m. pirvevl svetSi mocemu-

lia velebis ganawileba uzolo aperturisaTvis,  xolo meore 

svetSi zoliani aperturisaTvs. 

 
 

sur.11.38. eleqtruli velis maqsimaluri mniSvnelobebis ganawileba ࢞࢟࢕ sibrtyis paralelur sibrtyeSi a) ࢠ = ૙m b) ࢠ = ૙. ૙૛૝m  pirvel 

svetSi uzolo aperturisaTvis, meore svetSi zoliani 

aperturisaTvis. 
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ekranirebis efeqturobis gasazrdelad vertikaluri 

zolis SerCeva dakavSirebulia gamosxivebuli eleqtromagni-

turi velis eleqtruli daZabulobis veqtoris orientacias-

Tan, radganac aseTi orientaciis zolis gamoyeneba am SemTx-

veaSi ufro efeqturia. marcxena svetSi moyvanil suraTebze 

SeRweuli velis maqsimaluri mniSvneloba 1.82v/m tolia, xo-

lo marjvena svetSi moyvanil suraTeze 0.54v/m rogorc am 

suraTebidan Cans aperturaSi zolis damateba ekranirebis 

efeqturobas sul mcire 2-3-jer aumjobebsebs. 
 

 
sur.11.39. eleqtruli velis maqsimaluri mniSvnelobebis ganawileba ࢞࢟࢕ sibrtysis paralelur sibrtyeSi g) ࢠ = ૙. ૙૜૛m  d) ࢠ = ૙. ૙૝m 

pirvel svetSi uzolo aperturisaTvis, meore svetSi zoliani 

aperturisaTvis. 

 

garda amisa Catarebulma ricxviTma gamoTvlebma gva-

Cvena, rom zogad SemTxvevaSi erTi da igive aperturis arse-

bobisas firfitebiTa da mowyobilobebiT Sevsebul yuTSi Se-
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Rweuli velis maqsimaluri mniSvneloba SesaZlebelia meti 

iyos vidre igive geometriis cariel yuTSi. 

rac kidev erTxel adasturebs im mosazrebas, rom auc-

ilebelia yvela konkretuli geometriisaTvis konkretuli 

gamoTvlebis Catareba ekranirebuli velis minimizaciisaTvis 

saukeTeso variantis SerCevis mizniT.  

Catarebul irqna aseve gamoTvlebi igive sifarTis ho-

rizontaluri zolis SemTxvevaSic. raTa Segvedarebina ekran-

irebisaTvis rogori orientaciis zoli iqneboda ufro ef-

eqturi. atarebuli gamoTvlebis Sedegebi sur.11.40-zea gamo-

saxuli. 

rogorc mosalodneli iyo am SemTxvevaSi ekranirebis 

efeqturoba TiTqmis ar Secvlila, es adasturebbs im mosaz-

rebas, rom ekranirebis efeqturobis gasazrdelad didi yur-

adReba unda mieqces gamosxivebuli velis xasiaTs. 

 
sur.11.40. eleqtruli velis maqsimaluri mniSvnelobebis 

 ganawileba a) ࢠ = ૙m b) ࢠ = ૙. ૙૛૝m, g) ࢠ = ૙. ૙૜૛m  d) ࢠ = ૙. ૙૝m.   

damatebiT zols gaaCnia horizontaluri orientacia. 
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e.i. eleqtruli velis daZabulobis veqtoris vertikal-

uri orientaciis dros es veli faeqtiurad ver grZnobs dam-

atebis horizontalur zols da aseTi SemTxvevisaTvis rekom-

endirebulia vertikaluri damatebiTi zolebis gamoyeneba 

ekranirebis efeqturobis gasazrdelad. 

am TavSi moyvanili gamoTvlebis sizustis Semowmeba 

xdeba sasazRavro pirobebis SemowmebiT da miRebuli Sedege-

bis cdomileba ar aRemateba 1 − 3%. 

miRebuli Sedegebidan SeiZleba Semdegi daskvnis gake-

Teba: yvela konkretuli SemTxvevaSi saWiroa gareSe zemoqme-

debis yvelaze albaTuri gamosxivebis polarizaciis gaTvali-

swineba da ekranirebis efeqturobis gasazrdelad Sesabamisi 

orientaciis damatebiTi zolebis SerCeva. 
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