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PREFACE

The subject matter of this book might be labelled fairly accurately Intrin-
sic geometry of uniform spaces. { For an impatient reader, this means elements
(259%,), dimension theory (40%,), function spaces (12} %), and special topics
in topology.} As the term ‘“‘geometry” suggests,'we shall not be concerned
with applications to functional analysis and topological algebra. However,
applications to topology and specializations to metric spaces are of central
concern,; in fact, these are the two pillars on which the general theory stands.
This dictum brings up a second exclusion: the book is not much concerned
with restatements of the basic definitions or generalizations of the funda-
mental concepts. These exclusions are matters of principle. A third exclusion
is dictated mainly by the ignorance of the author, excused perhaps by the
poverty of the literature, and at any rate violated in several places in the
book: this is extrinsic (combinatorial and differential) geometry or topology.

More than 809, of the material is taken from published papers. The pur-
pose of the notes and bibliography is not to itemize sources but to guide fur-
ther reading, especially in connection with the exercises; so the following
historical sketcn serves also as the principal acknowledgement of sources.

The theory of uniform spaces was created in 1936 by Wei] [W]. All the
basic results, especially the existence of sufficiently many pseudometrics, are
in Weil’s monograph. However, Weil's original axiomatization is not at all
convenient, and was soon succeeded by two other versions: the orthodox
(Bourbaki [Bo ]) and the heretical (Tukey [T]). The present author is a notor-
ious heretic, and here advances the claim that in this book each system is
used where it is most convenient, with the result that Tukey’s system of uni-
form coverings is used nine-tenths of the time.

In the 1940’s nothing of interest happened in uniform spaces. But three
interesting things happened. Dieudonné [1]invented paracompactness and
crystallized certain important metric methods in general topology, mainly
the partition of unity. Stone [1] showed that all metrizable spaces are para-
compact, and in doing so, established two important covering theorems
whose effects are still spreading through uniform geometry. Working in
another area, Eilenberg and MacLane defined the rotions of category, func-
tor, and naturality, and pointed out that their spirit is the spirit of Klein’s
Erlanger Programm and their reach is greater.

The organization of this book is largely assisted by a rudimentary version
of the Klein-Eilenberg-MacLane program (outlined in a foreword to this
book). We are interested in the single category of uniform spaces, two or
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PREFACE

three of its subcategories, and a handful of functors; but to consider them
as instances of more general notions gives us a platform to stand on that is
often welcome.

In 1952 Shirota (1] established the first deep theorem in uniform spaces,
depending on theorems of Stone [1] and Ulam [1]. Except for reservations
involving the axioms of set theory, the theorem is that every topological
space admitting a complete uniformity is a closed subspace of a product of
real lines. A more influential step was taken in 1952 by Efremovi¢ [1] in
creating proximity spaces. This initiated numerous significant Soviet con-
tributions to uniform and proximity geometry (which are different but coin-
cide in the all-important metric case), central among which is Smirnov’s
creation of uniform dimension theory (1956; Smirnov [4]). The methods of
dimension theory for uniform and uniformizable spaces are of course mainly
taken over from the classical dimension theory epitomized in the 1941 book
of Hurewicz and Wallman [HW]. Classical methods were pushed a long way
in our direction (1942-1955) by at least two authors not interested in uniform
spaces: Lefschetz [L], Dowker [1; 2; 4; 5]. These methods—infinite coverings,
sequential constructions—were brought into uniform spaces mainly by Isbell
(1; 2; 3; 4] (from 1955).

Other developments in our subject in the 1950’s do not really fall into a
coherent pattern. What has been described above corresponds to Chapters I,
II, IV and V of the book. Chapter III treats function spaces. The material is
largely classical, with additions on injectivity and functorial questions from
Isbell [5], and some new results of the same sort. The main results of Chap-
ters VI (compactifications) and VIII (topological dimension theory) are no
more recent than 1952 (the theorem Ind=dim of Katétov [2)).

The subject in Chapters VII and VIII is special features of fine spaces,
i.e., spaces having the finest uniformity compatible with the topology. Chap-
ter VII is as systematic a treatment of this topic as our present ignorance
permits. Central results are Shirota’s theorem (already mentioned) and
Glicksberg’s [2] 1959 theorem which determines in almost satisfactory terms
when a product of fine spaces is fine. There is a connecting thread, a functor
invented by Ginsburg—Isbell [1] to clarify Shirota’s theorem, which serves
at least to make the material look more like uniform geometry rather than
plain topology. There are several new results in the chapter (VII. 1-2, 23,
25, 27-29, 32-35, 39); and a hitherto unpublished result of A. M. Gleason
appears here for the first time. Gleason’s theorem (VII. 19) extends previous
results due mainly to Marczewski [1; 2] and Bokstein [1]. He communicated
it to me after I had completed a draft of this book including the Marczewski
and Bokstein theorems; I am grateful for his permission to use it in place
of them.
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PREFACE

Most chapters are followed by exercises adding details to the theory (in
some cases doing duty for proofs omitted in the text), starred exercises whose
results will be used later in the text, occasional unsolved problems, and a
major unsolved problem. The major unsolved problems are Problems A, B,
B,, B;, C, D. Not all are precisely posed, but all describe areas in which
there seems to be good reason to expect interesting results although the
results now known are quite unsatisfactory. The appendix might reasonably
be counted as another such problem, for it gives several characterizations
of the line and draws attention to the plane.

A preliminary version of this book was prepared as a set of lecture notes at
Purdue University in 1960. The work of writing it has been supported at
Purdue by the Office of Naval Research and at the University of Washing-
ton by the National Science Foundation. I am indebted to Professors M.
Henriksen and M. Jerison for helpful criticisms of the Purdue lecture notes.
Professors E. Alfsen, H. Corson, J. de Groot, E. Hewitt, E. Michael, D.
Scott, and J. Segal have contributed some criticisms and suggestions during
the writing of the final version. Many blemishes surviving that far were
caught and exposed by Professor P. E. Conner for the Editorial Committee.
But none of my distinguished colleagues has assumed responsibility for the
remaining errors, which are mine.
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FOREWORD

Categories. A concrete category € is defined by defining a class O of sets,
called objects of 4, and for each ordered pair of objects (X, Y) a set
Map(X, Y) of functions f: X—Y, called mappings, such that

(a) The identity function on each object is a mapping;

(b) Every function which is a composition of mappings is a mapping.

The analysis of this definition presents some peculiar difficulties, because
the class © may be larger than any cardinal number, and is larger in all cases
arising in this book. But the difficulties need not concern us Lere. All we need
is an indication of what is superfluous in the definition, i.e., of when two con-
crete categories determine the same abstract category.

A covariant functor F: € — & is given when we are given two functions,
F,and F,, as follows. F, assigns to each object X of % an object Fy(X) of 9.
F, assigns to each mapping f: X—Y of & a mapping F(f): Fy(X)—Fy(Y)
of 9. Further,

(A) For each identity mapping 1x of &, Fi(1x) =1grx);

(B) For every composed mapping gf of &, F,(gf ) = F1(g) F.(f).

Having noted the distinction between F, and F,, we can ignore it for
applications, writing Fo(X ) as F(X), F\(f) as F(f). The short notation de-
fines a composition of covariant functors F: £— 9, G: 9— ¥ for us:
GF(X)=G(F(X)), GF(f)=G(F(f)). Then an isomorphism is a covariant
functor F: ¥ — 9 for which there exists a covariant functor F*: 9—%
such that both FF~! and F~'F are identity functors.

A categorical property is a predicate of categories B such that if (%) and
¥ is isomorphic with 2 then B(2). Similarly we speak of categorical def-
initions, ideas, and so on.

The notion of a mapping f: X—Y having an inverse f': Y—X is categori-
cal. The defining conditions are just ff '=1y, f'f=1x. A mapping having
an inverse in¥ is called an isomorphism in & .

The notion of a mapping f: X—Y being one-to-one is not categorical.
However, it has an important categorical consequence. If f: X—Y is one-
to-one then for any two mappings d: W—X, e: W—X, fd=fe implies d=e.
A mapping having this left cancellation property is called a monomorphism.
Similarly a mapping f such that gf= hf implies g=h is called an epimorphism.
A mapping f: X—X satisfying ff=f is a retraction.

REMARK. If a retraction is either a monomorphism or an epimorphism then
it is an identity.

A contravariant functor F: %— 9 assigns to each object X of % an object

xi



FOREWORD

F(X) of 9 or to each mapping f: X—Y of & a mapping in the opposite
direction F(f): F(Y)—>F(X) of Dsatisfying condition (A) above and

(B*) For every composed mapping gf of &, F(gf)=F(f)F(g). Contra-
variant functors can be composed; but the composition of two contravar-
iant functors is a covariant functor. In fact, functors of mixed variances
can be composed, with an obvious rule for the variance of the composition.

A duality F: ©— Dis a contravariant functor admitting an inverse, which
is a contravariant functor F~': 9—% such that both FF~' and F~'F are
identity functors. It is a theorem that:

Every concrete category is the domain of a duality.

An interested reader may prove this, letting F(X) be the set of all subsets
of X and F(f)=f"".

The principle of duality says roughly that any categorical theorem ¢ for
arbitrary categories implies another theorem 6* for arbitrary categories. For
example, if 4 is a theorem about a single category &, the statement of 6 for %
is equivalent to a statement about a category 2 related to £ by a duality
F:%—2; that statement about D is §*, and it is true for arbitrary categories
because every category is the range of a duality.

The theorem 6 that a retraction f which is a monomorphism is an identity
can illustrate duality. The statement 6* is that if f is a mapping in %,
F:%—9 is a duality, and F(f) is a retraction and a monomorphism, then
F(f) is an identity. Using several translation lemmas we can simplify 6* to
the equivalent form: if f is a retraction and an epimorphism then f is an
identity.

Note that we may have ‘‘dual problems’’ which are not equivalent to each
other. A typical problem in a category ¥ is, does ¥ have the property $?
If Pris categorical, there is a dual propertyP*, and the given problem is equiv-
alent to the problem does a category dual to % have the property $*? By the
dual problem we mean: Does % have the property $*?

Finally, we need definitions of subcategory, full subcategory, and functor of
several variables. A subcategory & of & is a category such that every object
of 9 is an object of ¥ and every mapping of & is a mapping of €. D is a
full subcategory if further, every mapping of £ whose domain and range are
objects of 2 is a mapping of 9.

For several variables we want the notion of a product of finitely many cate-
gories &, - - -,%,. The product is a category whose objects may be described
as n-tuples (Xi, - -+, X»), each X; an object of &. To represent these as sets
the union X, - - UX,would serve, if some care is tuken about disjointness.
The set Map((X,, ..+, X,), (Yy,--+,Y,) is the product set Map(X,,Y))

xii
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X---X Map (X, Y,). Again, the mappings (f,,---,f,) can be represented
as functions on X,U- .- UX,, with (f,---,f) | Xi=f.

A pure covariant functor on %, ---,%, is a covariant functor defined on
the product &, X .-+ X %,. A functor on %,,...,%,, covariantin theset I
of indices and contravariant in the remaining indices, is a function F on
Z,X -+« X%, to a category 9, taking objects to objects, mappings to map-
pings, identities to identities; taking mappings f={f;}: { X;}—{ Y;} to map-
pings F(f) : F({Z;})>F({W.}), where for i€, Z;=X; and W;=Y,, but for
i1, Z,;=Y;and W;=X;; and preserving the composition operation defined
in the product category by gof=h, where h;=g;f.for i€, h;=fg; otherwise.
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CHAPTER 1

FUNDAMENTAL CONCEPTS

Some of the notions of the theory of uniform spaces are familiar from
metric spaces. It is possible to found the entire theory on the notion of a set
with a family of pseudometrics called a gage. We shall not do this here, but
we shall lead in gradually from metric notions to the idea which will be the
foundation of the development: the uniform coverings.

Metric uniform spaces. Recall that a pseudometric d on a set X is a real-
valued function on X X X satisfying d(x, y) =d(y,x) 20 and d(x,2)+d(z,y) =
d(x,y), forallx,y, zin X. It is called a metric if it separates points, i.e., x=y
implies d(x, y) > 0. A metric space consists of a set X with a metricd on X.
Commonly we refer to “the metric space X’ and use the letter d freely for
the distance in any metric space.

Recall that a function f: X—Y, where X and Y are metric spaces, is called
uniformly continuous if for each ¢>0 there is 6> 0 such that whenever
d(x,x’) <sin X, d(f(x), f(x’)) <e. Every uniformly continuous function is con-
tinuous, but the converse is not true.

A covering % of X is called a uniform covering provided there is a positive
number ¢ such that every subset of X of diameter less than ¢ is a subset of
some element of %. Such an ¢ is called a Lebesgue number for %.

1. A covering % of a metric space X is uniform if and only if there is >0
such that for each point x in X, the 5-neighborhood of x is contained in some ele-
ment of %.

Proor. If % is uniform with Lebesgue number ¢, then every (e/2)-neigh-
borhood of a point is contained in an element of Z Conversely, if elements of
% contain all §-neighborhoods then 5 is a Lebesgue number for %

2. A function f:X—Y is uniformly continuous if and only if for every uni-
form covering 9 of Y there is a uniform covering % of X such that, for each
element U of %, f(U) is contained in some element of 7.

1



2 FUNDAMENTAL CONCEPTS

ProoF. Suppose f is uniformly continuous and 2" is a covering of Y having
Lebesgue number ¢. If § is such that any two points of X at distance less than
6 have images at distance less than ¢, then the collection of (5/2)-neighbor-
hoods of all points of X is the required uniform covering %.

Conversely, suppose the condition on coverings is satisfied and ¢>0. Let%”
be the covering of Y consisting of all sets of diameter <¢, and % a uniform
covering of X each element of which has its image contained in a single ele-
ment of 2{ If é is a Lebesgue number for 2/ then any two points of X at dis-
tance <& have images at distance <e.

A uniformly continuous function f: X—Y is called a uniform equivalence if
fis one-to-one and onto and the inverse function f':Y—X is also uniformly
continuous.

3. If f: X—Y is a uniform equivalence, then a collection {U,} of subsets of
X is a uniform covering if and only if the collection {f(U,)} is a uniform cover-
ing of Y. The converse is also true.

The proof is left as an exercise.

Finally, we may define a metric uniform space as a set X together with a
family u of coverings of X such that for at least one distance function d on X,
u is precisely the family of all uniform coverings of the metric space (X, d).
The preceding remarks and results show that every metric space determines
uniquely a metric uniform space; that two different distance functions d, e,
on the same set X, determine the same uniform space if and only if the iden-
tity mapping is a uniform equivalence between (X, d) and (X, e); and further,
if we are given the metric uniform spaces (X,x) and (Y,») and a function
f: X—-Y, we can determine whether f is uniformly continuous by 1.2, without
knowing or constructing any specific distance functions.

This summary treatment of metric uniform spaces will not be used in
developing the general theory. It is included in justification; we propose to
define such terms as ‘“uniformly continuous’”’ and ‘“completion’, and we
ought to show that the notions are true generalizations of the familiar no-
tions for metric spaces. The remaining details in this showing will be swept
into exercises or omitted.

Another important point is that, while we lose the distance function in
passing from metric space to metric uniform space, we do not lose the topol-
ogy. For example,

4. For metric spaces X and Y, a function f: X—Y is continuous if and only
if for each point x in X, for each uniform covering 2 of Y, there exist an ele-
ment V of 2" and a uniform covering % of X such that for every element U of
% which contains x, f(U)CV.
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Another important point: the metric uniform space has more structure
than the topological space. There may be two homeomorphic metric uniform
spaces which are not uniformly equivalent; and more.

5. There is an uncountable family of countable discrete metric spaces, no two
of which are uniformly equivalent to each other.

Proor. From topology we know that there is an uncountable family of
compact subspaces of the plane, no two of which are homeomorphic with
each other.

(Recall the construction. For any increasing sequence of positive integers,
n,<ng< .--, begin with the segment from (0,0) to (0,1) in the plane and at
each point (0, 27°) attach n; short whiskers.)

Let { C, | be such a family of spaces in the plane. In each C, select a counta-
ble dense subset {p3]. Let the coordinates of p; be (x2,y3). Let X, be
the subset of three-space consisting of all points (x5, ¥4, 1/m), with m=n.
Then X. is a countable metric space. It is discrete since each of its points is
above the horizontal coordinate plane and for each ¢ >0 there are only finitely
many points of X. with third coordinate greater than ¢. Of course, X. is not
closed in three-space; its closure Y. consists of X. and a copy of C.. More-
over, Y, is the completion of X. . Now suppose f: X. —X; is a uniform equiv-
alence. In particular, f maps X. uniformly continuously into the complete
space Y, Hence f has a unique uniformly continuous extension g: Y,—Y,.
The same reasoning applies tof': X,—X., which must have a uniformly
continuous extension k: Y;—Y,.

Finally, consider the composed mapping hg of Y. into itself. On the dense
set X, , hg coincides with the identity mapping i. But for any two continuous
mappingsp : A—B,q: A—B, where A and B are Hausdorff spaces, the set
of all a in A such that p(a) =q(a) is a closed set. Hence hg: Y. —Y, is the
identity. Similarly gh: Y,—Y, is the identity. But then g maps C. homeo-
morphically onto C,, which is absurd. It follows that X. and X, cannot be
uniformly equivalent.

This result illustrates a useful rule of thumb in the theory of uniform
spaces: All counterexamples are discrete.

Uniformities and preuniformities. We shall need a little of the terminology
of the theory of quasi-ordered sets. Moreover, it will be convenient to use
slightly nonstandard terminology; so every reader should note carefully the
following definitions.

A set S is said to be quasi-ordered by a relation < if < is transitive. A sub-
set @ of S is cofinal in S if for each element s of S there exists an element g of
Q such thatq < s. @ is residual in S if wheneverg&Q and r<q in S, r€Q. Q is
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antiresidual if for g€@Q and r>q in S, r is in Q. The quasi-ordered set S is
directed if for any p and g in S there exists s in S satisfying s<p and s<q.
Such an s may be called a common successor of p and q.

One important example of a quasi-ordered set is any family S of subsets
of a given set X, ordered by inclusion C. In this case a common successor of
p and q is a subset of their intersection.

For another example consider coverings of X. A covering | U. | is called a
refinement of a covering { V,} if each U. is a subset of at least one V, We
write {U. } <{V,}, and note that < is a quasi-ordering.

Inclusion is actually a partial ordering, i.e., besides being transitive it is
reflexive and anti-symmetric. Note that refinement is also reflexive, but not
anti-symmetric. Two coverings %, %, may be equivalent in the sense that
U <% and9 ' <%.

Any two coverings {U,},| V, |, of a set have a coarsest common refine-
ment, the covering { U,N V,}. It may be denoted by {U,}A{ Vs }. Of course,
there are usually other coverings equivalent to this one.

If%is a covering of X and A is a subset of X, the star St(A,%) of A with
respect to % is the union of all elements of % which have a nonempty inter-
section with A. The collection {St(U,%): UE%} is a covering and is called
%*, the star of %. If %* is a refinement of 7, % is called a star-refinement of
%, and one writes Z <*% The relation <* is again a quasi-ordering, gener-
ally not reflexive.

In any quasi-ordered set, a filter is a directed antiresidual subset. A filter
base is a cofinal subset of a filter, i.e., a directed set. In a partially ordered
family of sets, ordered by inclusion, a proper filter is a filter which does not
have the empty set as an element.

Now we come to the main definitions. A preuniformity u on a set X is a
family of coverings of X which forms a filter with respect to <*. A uniform-
ity u on X is a preuniformity such that for any two points, x, ¥, of X, there is
a covering % in u, no element of which contains both x and y. A uniform space
pX is a set X with a uniformity x on X. The elements of u are called uniform
coverings.

6. A family u of coverings is a preuniformity if and only if (i) for % and ¥~
inu, UNY isin u; (i) for % <2 and % in u, 9 is in u; and (iii) every
element of u has a star-refinement in p.

7. For any two points, x, y, of a uniform space, there is a uniform covering
% such that St(x,%) and St(y, %) are disjoint.

In some of the literature, what we call a uniform space is called a separated uniform space,
and a set with any preuniformity on it is called a uniform space. We shall use the term ‘‘sepa-
rate” mainly in the following (customary) sense: a family {f.} of functions with the same do-
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main X but possibly different ranges separates points provided x>y in X implies that for some
a, f. (x) #f. (). Other uses of the word are introduced in places, particularly in Chapter VI,

The uniformities or preuniformities on any set form a partially ordered set
under inclusion. The preuniformities, like the topologies, form a complete
lattice. (This is a corollary of Proposition 9 below.) Evidently, any preuni-
formity which contains a uniformity is a uniformity. As with topologies, a
preuniformity x containing a preuniformity v is said to be finer than v. The
usage of the terms ‘“‘strong” and ‘“‘weak” is not standardized, and we shall
avoid them as far as possible.

The weak uniformity induced by a family of functions is too useful to be
avoided, and fortunately there has been little or no terminological confusion
here. We have

8. THEOREM. For any family { f,} of functions on a set X into various uni-
form spaces, there is a coarsest preuniformity on X including all the inverse
images of uniform coverings under these functions. If the functions separate
points, then this preuniformity is a uniformity.

This uniformity is the weak uniformity induced by the family {f.}. The
proof of Theorem 8 is not difficult, but we shall take some time marking out
important ideas in it.

A basis for a uniformity u is a filter base for u considered as a filter of cov-
erings; and similarly for a preuniformity: A sub-basis for a uniformity or
preuniformity is a family of coverings whose finite intersections form a basis.
Now a family » of coverings which satisfies condition (iii) of Proposition 6,
every covering in » has a starrefinement in », is called a normal family. It is
convenient and customary to use the term normal sequence for something
more special than a sequence which is a normal family: specifically, for a
sequence of coverings %" such tha* 2" <* %" for each n.

9. Every normal family of coverings is a sub-basis for a preuniformity.

Proor. The required preuniformity is the family of all coverings which
can be refined by finite intersections of coverings from the given family,
which automatically satisfies (i) and (ii) of I.6. For (iii) we need only observe
that if 27'<* %" for i=1, ---, n, then 2 A AV ""<*U'N---AN%"

Proor oF THEOREM 8. The operation f. on coverings preserves star-
refinements; so the inverse images of uniform coverings form a normal fam-
ily. Then this is a sub-basis for a preuniformity u, which is the coarsest
possible.

We should note that a sub-basis need not be a normal family; of course, a
basis must.
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There is a complement to Proposition 9. Every union of normal families
of coverings is a normal family; so every family A of coverings contains a
largest normal subfamily u. The coverings in p are called normal in . A
slightly broader notion is generally more useful. A covering % is said to be
normal with respect to A provided % belongs to the smallest anti-residual fam-
ily containing A and is normal in it; that is, provided % is the first term of
some normal sequence of coverings each of which has a refinement in . We
note that if % is known to belong to some preuniformity contained in A, it
must be normal with respect to \. The converse is true if A is a filter with re-
spect to <.

10. If ) is a family of coverings of a set which forms a filter under refinement,
then there is a finest preuniformity contained in X\, and it consists of all coverings
normal with respect to \.

Proor. It suffices to show that the family x of all coverings normal with
respect to X is a preuniformity, for we have already noted that every preuni-
formity contained in X is contained in u. We use Proposition 6. Conditions (ii)
and (iii) are obviously satisfied. It remains only to note that if % and %~
are in u, there are normal sequences { %"} and { 2™} in the filter A with
U=%,7=%";and{ %" A\?™} is a normal sequence.

Uniform topology and uniform continuity. The uniform topology of a uni-
form space X is defined as follows. A subset N of X is a neighborhood of a
point x of N if for some uniform covering %, N contains St(x,"«). N is open
if it is a neighborhood of each of its points.

We wish to prove

11. THEOREM. Every uniform space is a completely regular Hausdorff space
in the uniform topology.

The construction required for this proof can be made to yield another
important theorem; so we put it off for a while. Observe here that the uni-
form space X is at least a T', space; for X is an open set (obvious), any union
of open sets is open (obvious), the intersection of any two open sets is open
(easy exercise), and a point is closed (proof follows). For any point x, for any
point y#x, by definition there must be a uniform covering %, no element of
which contains both x and y. Then St(y, 2)CX—{x}. Thus X—{x} is a
neighborhood of each of its points, and the point x is closed.

For the rest of the proof we shall need real-valued continuous functions.
We may as well construct uniformly continuous functions, since it is no
harder. A function f on a uniform space X to a uniform space Y is called
uniformly continuous if for every uniform covering 2" of Y there is a uniform
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covering Z of X such that, for each element U of %, f(U) is contained in
some element of 2. We can restate this in terms of the convenient notion
of the inverse image f"'(7” ) of a covering %/, which is the set of all f~(V),
VE 7 fis uniformly continuous if and only if the inverse image of every
uniform covering is uniform. (This is equivalent to the definition since a
covering having a uniform refinement is uniform.)

12. Every uniformly continuous function is continuous.

ProOF. Suppose f: X—Y is uniformly continuous. In Y, let V be a neigh-
borhood of f(x). Then V contains St(f(x), %) for some uniform covering 7"
It follows that f~'(V) contains St(x, f~(2")); thus f~(V) is a neighbor-
hood of x, and f is continuous.

Further, clearly, a composition of uniformly continuous functions is uni-
formly continuous. Thus the uniform spaces and the uniformly continuous
functions form a category. This is the category of uniform spaces.

Now that we are into the category of uniform spaces, we shall use the
short term isomorphism in preference to uniform equivalence for a reversibly
uniformly continuous mapping. When the context makes the meaning clear,
we may simply say mapping for a uniformly continuous mapping.

To complete the proof of Theorem I.11, it will suffice to prove

13. In a uniform space X, for any point x and any closed set S not contain-
ing x, there is a real-valued uniformly continuous function f which vanishes
on S but not at x.

Here, and wherever we speak of real-valued functions, the real line is tak-
en as a metric uniform space with the uniformity induced by the usual dis-
sance function. To see that Proposition 13 implies Theorem 11, observe that
these functions are continuous and can therefore be used as the coordinate
functions for a homeomorphic embedding of X in a product of real lines.

We are still not ready for the proof, for there is a stronger result.

14. THEOREM. For every uniform covering % of a uniform space X, there
exists a uniformly continuous function g mapping X upon a metric space, so
that the inverse image of every set of diameter less than 1 is a subset of an element

of % .

This fundamental theorem is worth restating in language which, though
less precise, may be more memorable. As far as single coverings are concerned,
all uniform spaces are like metric spaces.
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To deduce 1.13 from 1.14, for x and S, take a uniform covering % no
element of which simultaneously contains x and meets S. Map into a
metric space so that the image of x is distant by at least 1 from the image
of S. For the function f which is wanted, use distance from the image of S.

To prove 1.14, write % =%, and take a normal sequence of uniform
coverings % , beginning with %,. For any x, y, in X, define t(x, y) to be 0
if St(x, %,) contains y for all n, 2 if St(x, %,) does not contain y, and
otherwise 2' ", where n is the largest index for which y is in St(x, %,). Now
consider the set of all real numbers r which can be expressed as finite sums
Zt(p,-, DPi+1), where both x and y occur among the p/s. Let d(x, y¥) be the
infimum of this set, or 1 if the infimum exceeds 1.

From the form of the definition, d(x, y)20 and d(x, y)=d(y, x). The
triangle inequality also follows (in a few lines) from the form of the defini-
tion. Consequently, X is split up into equivalence classes of d-diameter 0
and d defines a metric on the set M of equivalence classes. Let g: X—M
take each point to its equivalence class.

For any set WE%,, for x, y, in W, d(x, ¥) <t(x, y) =2'""; hence g is uni-
formly continuous.

To show that the inverse image of any set of diameter less than 1 is
contained in some element of %, it suffices to show that any two points at
d-distance less than 1 lie together in some element of the star-refinement
% .. We shall prove that if d(x, y) <2'™" then x and y are in some element
of % ,. The hypothesis implies that some particular finite sum ¢(p,, ps)+ - - -
+t(pr_1, P <2'7", where p,=x, p,=y. For k=2, this implies x and y are
in an element of %, (in fact, of %,.,). If k>2, choose p and g so that

(1) p is the last p; such that t(p;, po)+---+t(p,_1, p;) 27", and

(2) q is the last p; such that t(p;, pi,1)+---+t(pj-1, pj) 27"

Computation shows that the rest of the sum, from q to y, is also at most
27". By induction on k, each of the pairs (%, p), (p, 9), (g, ¥) is contained in
some element of %, ; therefore (x, y) is in some element of %,.

This completely establishes the connection of uniformities with metrics.
Later we shall have other language to describe the connection, but hardly
any real additional information.

The connection of uniformity and topology involves more various aspects
of the spaces. First, the uniformizable spaces—i.e., the topological spaces
homeomorphic with uniform spaces—are completely determined by I.11.
For if X is a completely regular Hausdorff space, 1.8 shows that the contin-
uous real-valued functions on X induce a weak uniformity; this uniformity
is sometimes designated as uc. It remains to check that the uniform topol-
ogy of ucX is the correct one. Since all the given continuous real-valued
functions are uniformly continuous on pcX, hence still continuous, the uni-
form topology contains the given topology. On the other hand, if a set N is
a neighborhood of a point p in ucX, this means by definition that N con-



UNIFORM TOPOLOGY AND UNIFORM CONTINUITY 9

tains St(p, %) for some %€ uc. By 1.8, ZEuc means that for some contin-
uous fi, -+, f» on X to the real line, for some ¢>0, every subset of X whose
image under each f; has diameter <e is contained in an element of %. But
then N is a neighborhood of p in the original topology, and we are done.

15. The uniformizable spaces are precisely the completely regular Hausdorff
spaces.

The proof of Proposition 15 establishes also

16. Let X be a set and { f.} a family of functions on X into various uniform
spaces, separating points. Then the uniform topology of the weak uniformity
induced by {f,} coincides with the weak topology induced by {f,}.

We now have two functors connecting uniform and uniformizable spaces.
First, we can associate to each uniform space X the topological space X,
and to a uniformly continuous function f:uX—yY the same function
f: X—Y. By Proposition 12, f is continuous; and obviously this association
is functorial. Further, to every uniformizable space X we may associate the
uniform space ucX, and again, to f: X—Y we associate f: ucX—pucY. Here,
f is uniformly continuous. In fact, there is a general criterion as follows.

17. Let pX be a uniform space, g a function from X to a set Y, and {f,} a
family of functions (separating points) from Y to uniform spaces Z,. For g to
be uniformly continuous into Y in the weak uniformity induced by {f,}, it is
necessary and sufficient that every composition f.g: uX—Z,_ be uniformly con-
tinuous.

ProOF. Necessity. Let » denote the weak uniformity on Y. If g: uX—Y is
uniformly continuous, then since f,: »Y—Z, is uniformly continuous, so is
f.8

Sufficiency. By Proposition 10, there is a finest preuniformity o on Y rela-
tive to which g is uniformly continuous. Specifically ¢ is the set of all cover-
ings of Y lying in normal sequences {%,} for which each g7'(%,) is uniform.
If f.gis uniformly continuous, then ¢ includes all £,"}(2") where 2" is a
uniform covering of Z,. But the weak uniformity on Y is the coarsest pre-
uniformity containing all these coverings; hence ¢ contains it, and g is uni-
formly continuous.

This establishes two important functors, the ‘“topologizing”’ functor T on
uniform spaces to topological spaces (T(uX) = X) and the “weak’ functor
W on uniformizable spaces X to uniform spaces ucX. The composition WT
is evidently idempotent, retracting the category of all uniform spaces upon
the full subcategory of spaces u,X. The composition TW is the identity.
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18. THEOREM. The category of uniformizable spaces is a retract of the category
of uniform spaces.

The proof that every completely regular Hausdorff space is uniformizable
led us naturally to the functor W; but W is not the most convenient such
functor. It is often easier to use the finest uniformity on a space X inducing a
given topology on X. The proof of existence (and some sort of description)
for this uniformity is now easy to get.

19. In a uniform space X, every uniform covering has a uniform refinement
consisting of open sets.

Proor. For each uniform covering % there is a uniformly continuous
mapping g: X—M, M metric, such that % is refined by the inverse image of
the covering of M by all sets of diameter less than 1. Then the same is true
for the covering 2" of M by all open sets of diameter less than 1. 2 is uni-
form, so g7'(%") is uniform. 2”is open, so g~'(?")is open.

20. THEOREM. Among the uniformities on a set X inducing a given uniformiz-
able topology, there is a finest; it consists of all coverings normal with respect to
the family of all open coverings.

Proor. Propositions 10 and 19.

It is easy to check that putting the finest uniformity on each uniformizable
space again gives us a functor F. TF, like TW, is the identity.

A uniformity inducing a given topology is sometimes called compatible
with the topology. A space whose uniformity is the finest compatible with its
topology is a fine space (and the uniformity, a fine uniformity). The open
uniform coverings of a fine space are called (simply) normal coverings.

21. Every continuous function on a fine space into any uniform space is uni-
formly continuous.

Proor. The inverse image of an open covering is an open covering and the
inverse image of a star-refinement is a star-refinement. Thus the inverse
image of any normal covering is a normal covering, and with 1.19 the proof is
complete.

We should note that the embedding of uniformizable spaces in uniform
spaces does not reduce all of topology to uniform geometry. There are signif-
icant structural features and classificatory notions which do not agree for the
two kinds of spaces. The fine spaces form one of the more important sub-
categories of the category of uniform spaces.



EXERCISES 11

Exercises.

1. Prove Propositions 3, 4, and 6.

2. Prove Proposition 7. (Hint: Use star-refinements.)

*3. STAR-REFINEMENT ORDERING.

(a) A partition is a covering whose elements are pairwise disjoint. Show
that a covering% which is equivalent to a partition P (i.e., Z < <%) is
a star-refinement of itself.

(b) For any covering %, there is a finest partition (%) coarser than%.
Each element U of % lies in a unique element P(U) of #(%).

(c) If % is a star-refinement of itself, then for each UE %, St(U, %) con-
tains P(U).

(d) Z is a star-refinement of itself if and only if % is equivalent to a parti-
tion.

4. Under what conditions on a covering % is there a coarsest preuniform-
ity containing % ?

5. NONHOMEOMORPHIC SPACES.

(a) Show that the spaces in the proof of Proposition 5 (the Y,) can be
topologically embedded in the plane.

(b) Show that there are uncountably many nonhomeomorphic compact
subsets of the line. (Hint: Use ordinal numbers.) There are in fact ¢ non-
homeomorphic compact subsets of the line. The proof (Reichbach [1]) again
uses ordinals, but in a fairly complicated way.

6. Show that we actually have two different embeddings of the category of
uniformizable spaces in the category of uniform spaces, by exhibiting a space
X whose fine uniformity cannot be induced by real-valued functions. (Hint:
All counterexamples are discrete.)

*7. STRONG UNIFORMITIES. Given a family {f,} of functions on various uni-
form spaces into a set X, Proposition 10 shows that there is a finest preuni-
formity u on X such that every f,” (%), % in p, is uniform. When is 4 a uni-
formity?

(a) Suppose all f, have disjoint images.

(b) Suppose the functions f,: X,—X are all one-to-one. Suppose the sets
[.(X,) form a star-finite collection, i.e., each one intersects only finitely many
others. Suppose for each finite union U of sets f,(X,) there is a uniformity on
U making these f, uniformly continuous. Suppose finally that the uniformity
on each such finite union U can be so chosen that the sets f,(X_.) form a uni-
form covering of U. Then prove that there is a suitable uniformity px on all
of X.

(c¢) The final assumption in (b) cannot be omitted. (Let X consist of the
rational numbers in [0, 1]. Choose all X, to be dense subsets of X in the usual
topology. Select a sequence of irrationals ¢, converging to 0, and modify the
uniformity and topology on X, so that some sequence in it which in the usual
topology converges to ¢, now converges to 1.)
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*8. ENTOURAGES. Let % be a uniform covering of a space X. Two points
x, y are said to be within % of each other, or near of order %, if some element
of % contains the set {x, y}. This defines a reflexive symmetric relation
R(%) on X. On the other hand, given a relation S on X, we may define a
covering 77(S) indexed by the points x of X: V,={y: (x, y) ES}. (Z7(S)
covers X if S is reflexive.)

(a) For any covering %, 2" (R(% )) < %*.

(b) For any symmetric relation S, R(%2  (S)) is a subset of the relation
SoS={(x, y): (32){ (x, 2), (z, ) }CS}.

(c) In view of (a), knowledge of all the relations R(%) for % in a uniform-
ity u determines u. All the relations (symmetric or not) containing relations
R(%) are called entourages of the uniform space. Give necessary and suf-
ficient conditions on a family % of relations for £ to be the set of entou-
rages of a uniform space.

(d) A function f: X—Y is uniformly continuous if and only if for every
entourage V of Y, the relation (f(x), f(x'))E V is an entourage of X.

Notes. There has been no general investigation of the topic of Exercise 7.

7(a) is solved in Ginsburg-Isbell [1]

The topic of Exercise 8 has been extensively investigated. In fact, entou-
rages are the basis of the definition of uniform spaces in Bourbaki [Bo]. The
approach by means of coverings was invented by Tukey [T], who showed the
equivalence of this approach and Bourbaki’s.

The two rules of thumb stated in this chapter (‘“All counterexamples are
discrete’’; “‘As far as single coverings are concerned, all uniform spaces are
like metric spaces’’) actually represent theorems of similar tendency, to the
effect that a suitably restricted property B possessed by (1) all topologically
discrete uniform spaces, or (2) all metric uniform spaces, will be possessed by
all uniform spaces. Rule (2) is already partially formalized in 1.14. Exercises
IV.5 and IV.8 show how to formalize fully a weaker result: a continuous
property possessed by all metric spaces is possessed by all spaces. But the full
formalization of rule (2), and any useful formalization of rule (1), stand as
unsolved problems.
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CHAPTER 11
FUNDAMENTAL CONSTRUCTIONS

As in many familiar categories, so in uniform spaces we have the notions of
free sum, direct product, subspace, quotient space. Completion, though not
paralleled in topology, is much like several algebraic completion construc-
tions. Ideas more peculiar to our present subject emerge in connection with
compactification—a sort of overcompletion—and the convergence of subsets.

Sum, product, subspace, quotient. In any category, an object Z is said tobe a
sum of a family { X, } of objects if there is a family {i,} of mappings i,: X,—Z
such that for every object Y in the category (1) if f: Z—Y and g:=Z—Y are
two different mappings, then for at least one « the compositions fi, and gi,
are different, and (2) for every family { f‘,} of mappings f,: X,—Y there exists
a mapping f: 2—Y such that fi,=f, for each «. The mappings i, are called
canonical injections. If they fail to be one-to-one functions, one might quar-
rel with the terminology. One will not find a better sum; for

1. Any two sums of a given set of objects are isomorphic.

ProorF. Let Z and 2’ be sums of {Xa}, with canonical injections i, i,
respectively. Since Z is a sum, there is a mapping f: Z —Z2’ such that
fi.=i’for all a. Similarly, there is g:2’ —2 such that gi.=1, for all «. Then
the composition gf: £ —Z has the property gfi,=1i, for all a. This is the
same as 1i,, where 1 is the identity map of = ; hence gf=1. Similarly, fg is an
identity map; so g and f are isomorphisms.

Moreover, the modest assumption that each X, admits at least one map-
ping to each X, suffices to assure that each i, embeds X, as a retract of =.
(Proof omitted.) In uniform spaces, this assumption may fail if X, is empty;
but it is easy to show that even so, canonical injections are always one-
to-one.

2. Every set of uniform spaces has a sum.

ProoF. Given the uniform spaces X, («¢ €A), define the uniform space 2
as follows. The points of = are the ordered pairs (¥, a), where «a €A and

13
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x€X,. The canonical injections i, are defined by i,(x) = (x,a). A covering
of £ is uniform if and only if its inverse image under i, is uniform for each «.

The verification that £ is a uniform space is a part of Exercise 1.7(a).
Then of the defining conditions for a sum, (1) is clear because different map-
pings must differ on some point of 3, and every point of Z is i (x) for some
x and a. For (2), given {f,: X,—Y:a€EA}, we define f: Z—Y by f(x,a)=
f.(x). Since each fi,=f, is uniformly continuous, the inverse image under f of
a uniform covering of Y is a uniform covering of = .

The general definition of a product is precisely dual to the definition of a
sum. For a space I1 to be a product of { X, }, we must have uniformly contin-
uous mappings p, : 1 -X, (canonical projections or, more usually, coordinate
projections) such that (1) if f: W—II and g: W—ll are two different map-
pings, then for at least one x the compositions p,f and p,g are different, and
(2) for every family of mappings f.: W—X,, there exists a mapping f: W—II
such that p.f=f, for each a. The proof of uniqueness of a product need not
be given, because of the principle of duality.

1*. Any two products of a given set of objects are isomorphic.

The construction of a product is roughly dual to the construction of a sum.
For I1 we take the Cartesian product set of the factors X,; for canonical
projections p,, the set-theoretic projections. In place of the finest uniformity
making the i, uniformly continuous we take the coarsest uniformity making
the p, uniformly continuous. This is a uniformity by I1.8. The proposed prod-
uct space I1 satisfies defining condition (1), since a point is determined by its
coordinates; for condition (2), the definition of the required mapping is obvi-
ous and the uniform continuity follows from 1.17.

3. Every set of uniform spaces has a product.

As a general rule, canonical projections are onto mappings; there is an
exception if some of the factors are empty.

The abstract definitions of sum and product are standard (though the
terminology is not. It is almost as common to call them the free product and
direct product, respectively. The safe way, suggested by P. R. Halmos, is to
say free sum and direct product). We shall discuss abstract definitions of
subspace and quotient too. Here the ground is slippery, but not impassable.

We need the notions of “one-to-one’”’ and “onto’’, which of course are not
categorical notions. In uniform spaces they are equivalent to rather simple
categorical notions. This point is brought up here, not because we shall use
the categorical notions, but because THEY ARE NOT DUAL.

4. In uniform spaces, the one-to-one mappings are precisely the monomor-
phisms.
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THE PROOF. A one-to-one mapping is always monomorphic, since hf=hg
requires h(x) =h(y) whenever x=f(p), y=g(p), and if this means x=y it
means f=g. On the other hand, if A is not one-to-one, h(x)=h(y) for some
distinct x, y, there are constant mappings to show Ak is not monomorphic.

Similarly, an onto mapping is epimorphic; but this is also true of any
mapping whose image is dense in the range. In Exercise I1.3 we shall see that
the onto mappings are characterized as the so-called “pure epimorphisms”.
The pure monomorphisms are not so easy to describe. The reader may refer
to the notes, p. 35; at any rate, remember that duality is not with us any
more.

The usual idea of an embedding mapping e:S—X is, certainly, a one-
to-one mapping such that the structure of S coincides with the structure
relativized from X to e(S). In the same spirit as the definitions of sum and
product we may say: if e has the form gf, where f: S—S’ is a one-to-one onto
mapping, then f is an isomorphism. That is, no other structure on the set S
can be interposed between the domain and range of e. It is immediate that,
for uniform spaces, this means that the uniformity of S is the weak uniform-
ity induced by the single mapping e. It is also immediate that, in any cate-
gory of sets and functions, two embeddings with the same image are related
by an isomorphism. This concludes the treatment of existence and unique-
ness for subspaces.

There are no less than three distinguishable usual ideas of a quotient map-
ping. They coincide, in uniform spaces and in all the individual categories
usually studied. It is not hard to manufacture examples of categories where
they differ, but that is not relevant to our subject. What is relevant is that
the three definitions suggest three different formulations of the existence
and uniqueness problems for quotient mappings in uniform spaces.

First, the reason for treating quotients together with subspaces. Employ-
ing the pseudo-duality ‘‘one-to-one’’— ‘““onto’’, we translate the definition of
an embedding to this: a quotient mapping q: X—@ is an onto mapping such
that whenever ¢=gf, where g : Q' —Q is one-to-one onto, then g is an isomor-
phism. Employing no formal procedure, one naturally thinks of the question
of existence and uniqueness in such a way that the following proposition
answers it.

5. Every uniformly continuous function f: X—Y has the form foq where
g X—Q is a quotient mapping and fy: Q—Y is one-to-one. Any two such
fuctorizations of f are related by an isomorphism of the middle spaces.

Each f also has the form ef, where e: S—Y is an embedding and f, is onto;
and this expression is unique up to isomorphism. Moreover, the relation between
the factors e and q is that there is a one-to-one onto mapping m: Q—S such that
mq=f,, em=f.

Proor. Consider all uniformities on the set of points f(X). For at least one
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of them, the one induced by the function e:f(X)—Y coincident with the
identity, f is uniformly continuous. Hence the finest preuniformity making f
uniformly continuous is a uniformity. Let @ be the set f(X) with this uni-
formity; let ¢ : X—@Q be the mapping coincident with f. Let fo: @—Y coincide
with the identity.

If g: X—@Q factors across a set @ in one-to-one correspondence with @,
X—Q~Q, then we have a finer uniformity on @ making f uniformly contin-
uous; that is the same uniformity and @@ is an isomorphism. This shows
that ¢ is a quotient mapping. Further, another such factorization X—@Q”"—Y
gives a one-to-one correspondence @—@”, uniformly continuous because of
the choice of finest uniformity for @; since @” is also a quotient, Q—Q” is an
isomorphism.

We have already constructed S and proved its uniqueness. The construc-
tion makes S the same point set as @, and the function m : @—S coincident
with the identity is uniformly continuous. This completes the proof.

The second idea of a quotient is of interest, here, mainly as a bridge to the
third. An onto mapping ¢: X—@Q determines an equivalence relation on the
points of X by q(x) =q(x’). It is a fact (we shall indicate how it follows from
Proposition 7 below), and one might make it a definition, that ¢ is a quotient
mapping if and only if every mapping f: X—Y determining a coarser equiv-
alence relation is a left multiple of ¢, f=foq.

REMARKS. This is a stronger requirement on ¢ than the one adopted above
as a definition—superficially stronger. The associated uniqueness problem,
is @ determined by the equivalence relation, is quite trivial. The existence
problem, to characterize the equivalence relations induced on X by various
mappings g, is part of Exercise 1.7(a).

The third idea is a categorical (point-free) variation of the second. Instead
of the equivalence relation ¢(x) =¢(x’) on points of X, we consider the equiv-
alence relation gf = gg on mappings into X. In any category, a right polar class
is the class of all mappings h with a given domain X satisfying some class of
equations hf=hg. We shorten this term to polar class here. (For the dual
notion, see Exercise 4.) A polar epimorphism is an epimorphism ¢: X—@ such
that the class of all its left multiples is a polar class.

RemaRk. Considering the constant mappings, it is obvious that polar
epimorphisms in uniform spaces coincide with quotient mappings in the
second proposed sense—once we show they are onto mappings. Hence, every
polar epimorphism is a quotient mapping (first sense).

6. In the category of uniform spaces, every polar epimorphism is an onto
mapping.

ProoF. Let p : X—P be an epimorphism which is not onto. By 1.13, p(X)
is a dense subset of P. Consider the mapping f: X—p(X) coincident with p.
Clearly it is in every polar class containing p. If f had the form fyp, we should
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have f;: P—p(X) coinciding with the identity on the dense set p(X) but not
on its closure, which is absurd. Hence p is not a polar epimorphism.

7. The quotient mappings are precisely the polar epimorphisms. Every polar
class consists of the left multiples of some polar epimorphism.

Proor. As we noted before, every onto mapping whose left multiples form
a polar class is a quotient mapping (by specializing the definition). Converse-
ly, suppose g : X—@ is a quotient mapping and f: X—Y satisfies f(x) =f(x’)
whenever g(x) =q(x’). Then there is a unique single-valued function f, from
@ to Y such that fog=/f. The weak preuniformity induced on the set @ by f,
consists of coverings whose inverse images under ¢ are uniform; so by con-
struction of the quotient space, f, is uniformly continuous.

Given a polar class & of mappings with domain X, consider the equiv-
alence relation on the points of X :x=x’ if for every p in &, p(x)=p(x’).
There is a set |f, } of mappings in & which suffices to induce the same equiv-
alence relation. Let the f, be the coordinates of a mapping into a product
space, f: X—Y, and factor f as fog according to I1.5. The quotient mapping
¢: X—Q induces the same equivalence relation as #. As was just proved, g
must be a polar epimorphism; so & consists of the left multiples of g.

This concludes the proofs of existence and uniqueness for the four ‘“‘uni-
versal” constructions. Some of the properties of sums and subspaces are
obvious. For products and quotients, almost nothing is obvious. We do have

8. The uniform topology of a sum, product, or subspace is the sum, product,
subspace topology, respectively.

Proor. This is among the obvious properties of sums and subspaces
mentioned above. For products, it follows from 1.16.

For quotients, Propositicn 8 is horribly false; this will be brought out in
the exercises.

9. If S is a subspace of a uniform space X and % a uniform covering of S,
the closures of the elements of % form a uniform covering of S™.

Proor. The uniformity of the subspace S evidently consists of coverings
1U,NS}, where { U, } is a uniform covering of X. By 1.19, { U, } has an open
uniform refinement {V,}. If V; is open, then (V,NS)~ contains V;NS~;
thus the uniform covering { V;NS™} of S~ is a refinement of {(U,NS)"}.

Completeness and completion. A proper filter 7 of subsets of a topological
space is convergent, to the point p, if every neighborhood of p is an element of
% A proper filter in a uniform space is Cauchy if it includes at least one ele-
ment of each uniform covering. A convergent filter (in the uniform topology)
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is Cauchy by I.19. If every Cauchy filter is convergent, the space is called
complete.

10. THEOREM. Let A be a subspace of the uniform space X and f a uniformly
continuous mapping of A into a complete uniform space. Then there is a unique
uniformly continuous extension of f over the closure of A.

PRrOOF. Since A is dense in its closure A ~, there can be at most one exten-
sion of f over A~ which is even continuous. On the other hand, for any point
p of A~, the neighborhoods of p form a convergent filter whose trace on A is
still a Cauchy filter %. From the definitions, the image of % under f is a
base of a Cauchy filter f( % ). Since Y is complete, f(.% ) converges to a
unique limit f*(p).

This defines a function f*: A~ — Y. For p in A, since the inverse image
under f of a neighborhood of f(p) is a neighborhood of p, f*(p) is f(p).
Finally, consider any uniform covering 2 of Y. Let #  be a uniform star-
refinement of 2. Then|f~"(#") is a uniform covering of A, and by Proposi-
tion 9, the closures of the elements of f~(# ) form a uniform covering of A .
From the definition of f*, this covering is finer than f*~'(%2").

11. CoroLLARY. If two complete uniform spaces have isomorphic dense sub-
spaces they are isomorphic.

A completion of a uniform space X is defined as a complete space which
contains X as a dense subspace. The corollary shows that completions are
unique in the same sense that sums and products are.

The existence of a completion can be proved by a direct construction, but
the argument can be simplified by using some facts about complete metric
spaces; also, we can get extra information. Consider the chain of proposi-
tions:

12. A closed subspace of a complete space is complete.

13. Every metric space can be embedded (isometrically) in a complete metric
space.

14. Every uniform space can be embedded in a product of metric spaces.

15. A product of complete spaces is complete.

Once we have these, we have

16. THEOREM. Every uniform space has a completion.
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To prove the theorem, we embed in a product of metric spaces by 14;
embed the metric spaces in complete spaces by 13; observe that the product
of subspaces is a subspace of the product, from the definitions (the two uni-
formities are weak uniformities induced by the same functions); and finally
take the closure.

Now Proposition 12 is trivial (a Cauchy filter in the subspace must con-
verge in the big space and cannot converge to a point in the complement of
the subspace, which is an open set). Probably Proposition 13 is known to the
reader; if not, Propositions 19 and 22 below provide a proof. In any case we
should note at this point that a sequence of points {x,} in a uniform space is
called a Cauchy sequence if in any uniform covering, one element contains all
but finitely many x,; and

17. A metric space is complete if and only if every Cauchy sequence is con-
vergent.

The proof is left as an exercise.

It remains to prove 14 and 15. There is an important embedding lemma
involved here. A uniform covering % of a space X is said to be realized by a
mapping f: X—Y if for some uniform covering 2 of Y, f~1(%") < %. Thus
I.14 says that every uniform covering can be realized by a mapping into a
metric space.

18. If a family of uniformly continuous functions f,: X—Y, realizes every
uniform covering of X, then the mapping f of X into the product of all Y, whose
coordinate projections are the f, is an embedding.

Proor. For an embedding we require that the given uniformity is the weak
uniformity. It is at least as fine, since the f, are uniformly continuous; and
it is the same, since every covering is realized.

Note that the condition here is not necessary for f to be an embedding.
However, it is good enough. The application to prove Proposition 14 requires
only the most elementary set-theoretic precautions. Fix some set S whose
cardinal number is sufficiently large (say S=X) and consider the set of all
mappings f, of X onto metric spaces Y, whose set of points is a subset of S.
Then 1.14 and I1.18 achieve the proof.

PRrROOF OF ProOPOSITION 15. Let % be a Cauchy filter in a product P of
complete spaces X,. As in Theorem 10, each projection p, takes % to a
Cauchy filter £*, which must converge to a limit x,. Consider the point x in
P defined by p.(x)=x, for all a. In the product topology, the filter &
includes every sub-basic neighborhood p [!(N), N a neighborhood of x, in
X,; being a filter, it includes every finite intersection of these and therefore
converges to x.
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While we are embedding, we may as well go on and get into elementary
spaces. The ell-infinity space [, (S), for any set S, is the metric space whose
points are all the bounded real-valued functions on S with the distance
d(f, 8)=sup |f—g|. We remark that it is a Banach space. (The capital ell L _
is used in connection with measure spaces.)

19. Every metric space can be isometrically embedded in an ell-infinity space.

ProoF. Let M be a metric space and p a point of M. (The case that M is
empty is left as an exercise.) To each point x of M we associate the function
x*in|l, (M) whose value at each point y is min(d(x, y), 2d(x, p)). For any
x and y, d(x*, y*) is the supremum of |x*—y*, which is [min(d(x,z),
2d(x, p)) —min(d(y, 2), 2d(y, p))| at each z in M. Now d(x, y) does not
exceed d(x, p)+d(y, p), and therefore does not exceed twice the larger of
these. If d(x,p)zd(y,p), then x*(y)=d(x,y); since y*(y)=0, |x*(y)—
y*(y)|=d(x, y). On the other hand, for any z,|x*(2) —y*(2)| < |d(x, 2) —
d(y, 2)| £d(x, y). Hence we have an isometric embedding.

20. Every metric space is isomorphic (uniformly equivalent) with a bounded
metric space, and hence can be embedded in the unit ball of an ell-infinity space

Proor. In the metric space (M,d) the uniform coverings will not be
changed if we replace d by d’ =min(d, 1).

21. Every uniform space can be embedded in a product of unit balls of ell-
infinity spaces.

PRrOOF. Propositions 14 and 20.
22. Ell-infinity spaces (and their unit balls) are complete.

Proor. We use Proposition 17 for convenience. In [ (S) let {f,} be a
Cauchy sequence of functions. Then for each s€S, {f.(s)} is a Cauchy
sequence of real numbers, hence convergent to a limit f(s). This defines a
real-valued function f on S. For any ¢>0, finally sup|f.—f.|< ¢; hence for
sufficiently large m, |f.—f|<e. This shows that f&!_(S) and that {fa)
converges to f.

Since the unit ball is closed, it is also complete.

Compactness and compactification. The reader is assumed to be acquainted
with general compact (Hausdorff) spaces and compactification. In particular,
a space is compact if and only if every ultrafilter (maximal proper filter) is
convergent.



COMPACTNESS AND COMPACTIFICATION 21
23. THEOREM. Every open covering of a compact uniform space is uniform.

ProoF. To show that an open covering % is uniform it suffices to show %
has a uniform refinement. Now for each point x there is a uniform covering
9, such that St(x, 27) is contained in some element of U; if #, is a star-
refinement of 27, there is an open neighborhood N, of x such that each ele-
ment of #, which meets N, is contained in some element of %. Finitely
many N,’s cover the space. Then if 7 is the intersection of the correspond-
ing # ’s, every nonempty element of #  meets some N, and is contained in
an element of #; hence # refines %.

24. CorOLLARY. Every continuous function on a compact uniform space to a
uniform space is uniformly continuous. Two homeomorphic compact uniform
spaces are isomorphic.

The process of compactifying a uniform space does not involve embedding
it in a compact space. Indeed, if that is possible, completion does it. How-
ever, we can consider all the uniformly continuous mappings from X to com-
pact spaces Y,, and use them as coordinates of a mapping into the product
of the Y,; the closure of the image is compact, and it is in a sense the ‘“near-
est” compact space to X. This procedure is familiar from topology as the
construction of the Stone-Cech compactification. Moreover, it is familiar
from the last few pages as the construction of the completion. Let us formal-
ize it.

We are given a space X and a class £ of spaces. ( ¥ determines a full
subcategory which will also be called ¥.) We expect to find a space X| % and
a mapping r: X—X| % such that every mapping f: X—Y, Y in &, hastheform
for; X| Zitself should be in &, and f, should be unique. (Commonly the require-
ment that f, is always unique will make r an epimorphism, but this is by
the way.) Such a space X| ¥ is called a reflection of X in &, or a%-reflection of X.

25. The completion of a uniform space X is a complete reflection of X.

This is a corollary of Theorem 10. Further, the construction of a comple-
tion can be imitated to make a compactification, or a &-reflection for many
other classes of spaces %. (Cf. Exercise 8.)

26. A Z-reflection of X is unique up to isomorphism.

The proof is like the uniqueness proofs of Propositions 1, 1*, 5.

We adopt the simplifying convention that if X is already in %, the only
% -reflection of X is X itself and the only reflection mapping r: X—X is the
identity. Then we have the following:
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27. THEOREM. Suppose the uniform spaces X, Y have & -reflections X | &,
Y | &. Then any uniformly continuous mapping f: X —Y determines a unique
mapping f| € : X | € —>Y | & such that rf=(f| £)r.

X f > Y
r r
\ Vv
X\ % fle yi¥

The correspondence f—f| & is functorial. Thus if every space has a reflection
in %, then reflection defines a functor retracting the category of uniform spaces
upon the full subcategory Z.

ProOF. f| £ is the unique f, such that the mapping rf is for. If we have
also g: Y—Z and g|¥:Y|%—Z|%, the composition hy=(g| £)(f| £ )
satisfies hor=(g| &)rf=rgf; so hy is (gf)| Z. Hence the functor, and it is
the identity on Z by convention.

All general propositions about reflections (and clearly 26 and 27 are gener-
al) apply dually to coreflections Z’| X, determined by coreflection mappings
l: £ X—X over which all maps from % to X factor uniquely. Coreflections
are less familiar (not only in uniform spaces, but in algebra, where commu-
tator quotient groups and ring/radical are perhaps the best known reflec-
tions); but one may check that the functor FT of Chapter I is a coreflection.

A uniform space is called precompact if every uniform covering has a finite
uniform refinement.

28. A uniform space is compact if and only if it is precompact and complete.
Proor. From 11.23 and 1.19, a compact space is precompact; from 11.16
and 11.12 (since a compact space is closed wherever it lies), it is complete.
Conversely, in a precompact space every ultrafilter is Cauchy; hence, in a

precompact complete space every ultrafilter is convergent.

29, The completion of a precompact space is compact.
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Proor. We must show the completion Y of a precompact space X is pre-
compact. Let % be any uniform covering of Y,% a star-refinement—which
we may take to be open—#" a finite uniform covering of X finer than the
trace of 2" on X. Let & be the collection of closures in Y of elements of 7.
By Proposition 9, ¥ is a uniform covering of Y. Since 2" is open it is clear

that Z<7 *<%.

30. Every finite uniform covering of a uniform space has a finite uniform star-
refinement.

ProoF. Let % be any finite uniform covering and # auniform star-refine-
ment of . Define an equivalence relation on #: two elements are equivalent
if they are contained in the same elements of % and their stars are contained in
the same elements of%. Then there are only finitely many equivalence classes,
and their unions form a uniform covering that is still a star-refinemeat of % .

31. THEOREM. Every uniform space X has a precompact reflection pX.
pX has the same points as X; the finite uniform coverings of X form a basis of
uniform coverings for pX.

Proor. The finite uniform coverings form a basis for a uniformity, from
Proposition 30 and the fact that the intersection of two finite coverings is
finite. Then pX is a reflection since the inverse image of a finite covering
under a mapping is finite.

The completion of pX is called the Samuel compactification or uniform
compactification of X. When a uniform space is named x X, the usual notation
for the Samuel compactification is fuX. If the uniformity is not named, the
notation 8X should be avoided since that is the standard notation for the
Stone-Cech compactification BFTX. (The proof that BFTX is the Stone-
Cech compactification is an easy exercise.)

32. THEOREM. The Samuel compactification of a uniform space X is a com-
pact reflection of X.

Proor. It is compact by Proposition 29, and any mapping to a compact
space factors over the reflection pX and then over its completion.

Let us think a moment about discrete spaces, which stand in a very rough
duality with compact spaces. The fine discrete spaces are usually called
uniformly discrete. A disjoint collection of subsets X, of a uniform space is
called uniformly discrete if the collection {X,} is a uniform covering of its
union. In referring to a discrete collection the modifier ‘“‘uniformly’’ can usual-
ly be omitted. Note that for a discrete collection {X,} in a space X, there is
a uniform covering % of X such that the sets St(X,, %) are pairwise dis-
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joint (or even form a uniformly discrete collection. Proof by star-refine-
ments).

33. For any cardinal number m, the following properties of a uniform space
ure equivalent:

(1) Every uniform covering has a uniform refinement of power less than m;

(2) Every uniform covering has a subcovering of power less than m;

(8) There is no uniformly discrete subspace of power m.

Proor. Trivially (1) = (2)=>(3). Suppose (1) is false, % being a counter-
example. Let f be a mapping onto a metric space M such that % is refined
by the inverse images of sets of diameter 1. Let D be a maximal set of points
of M such that the distance between any two points of D is at least 1/4. The
(1/3)-neighborhoods of the points of D form a uniform covering whose in-
verse image refines % ; hence D has at least m points. But there is a subset E
of the given space which f maps one-to-one onto D, and E is uniformly dis-
crete.

Proximity. The notions of “near’’ and ““far”’ in a uniform space are of con-
siderable importance. Two sets A, B are said to be far, or uniformly distal, if
the pair {A, B} is a discrete collection. Sets are near or proximal if they are
not far. A set U is a uniform neighborhood of A if the complement of U is far
from A. Of course this implies that U is a neighborhood of A.

A function f from a uniform space to a uniform space is called a 5-mapping
if whenever A and B are near, f(A) and f (B) are near.

34. Every uniformly continuous function is a s-mapping and every 5-mapping
is continuous.

Proor. Suppose f: X—Y is uniformly continuous, A and B are subsets of
X, and f(A) is not near f(B). Then { f(A), f(B)} is a uniformly discrete
collection; so {f~'(f(A)), f'(f(B))} is discrete, and {A, B} is also. That
is, f is a 5-mapping. For the other assertion, observe that a uniform neighbor-
hood of a single point is just a neighborhood.

A one-to-one function f from X onto Y such that both f and f~! are
s-mappings is called a é-isomorphism. In the category whose objects are the
uniform spaces and whose mappings are the s-mappings, the objects are
called proximity spaces or é-spaces. There is an intrinsic theory of proximity
spaces, which we shall examine briefly here; but we are mainly interested in
the fundamental concepts of near, far, and uniform neighborhood, and in the
notion of a §-invariant property of uniform spaces—that is, a property shared
by all é-isomorphic spaces.

In the intrinsic theory we are given a set X and a symmetric relation on
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subsets of X; the relation é is written AsB, which we read ‘“A and B are
near’, or “... are proximal”’. Further,

(i) As(BUQ) if and only if AéB or AsC.

(ii) Two one-point sets are proximal if and only if they are identical.

(iii) No set is proximal to the empty set.

(iv) If A is not proximal to B then X is the union of two sets C, D, such
that A is not proximal to D and B is not proximal to C.

(The axioms would be a little simpler if we based them on ‘‘far’’ instead of
“near”, i.e., on the relation complementary to 5. However, the present
axioms and notation and the term ‘‘é-space’ are well established. The term
“infinitesimal space’’ is also used.)

For our purposes the crucial theorem is

35. THEOREM. Every é-space given by a relation & satisfying (i)-(iv) above is
&isomorphic with a uniform space. Two uniform spaces X, Y, are 5-isomorphic
if and only if their precompact reflections pX, pY are uniformly equivalent. In
fact, a function f: X—Y is a 5-mapping if and only if f: X—pY is uniformly
continuous.

In short, the category of 5-spaces is nothing more nor less than the cate-
gory of precompact uniform spaces. To prove the last part of Theorem 35,
we note that the identity mapping from Y to pY is a s-isomorphism. To
prove this we must show that if A, B, are far in Y—that is, for some uniform
covering %, St(A, %) and St(B,%) are disjoint — then for some finite uni-
form covering 7, St(A, 2°) and St(B, %) are disjoint. Let 2 consist of
three sets, St(4, %), St(B, %), and the union of all elements of % which
meet neither A nor B.

It follows, using I1.34, that if f: X—pY is uniformly continuous then
f: X—Y 1s a 6-mapping. Now suppose f: X—Y is a é-mapping, or what is
the same thing, f: X—pY is a s-mapping. First consider a two-element
uniform covering {U, V} of Y. To say that {U, V} is a uniform covering
means exactly that {Y—U.Y—V} is a discrete collection. Then Y—U
and Y-V are far; so f(Y—U) and f}(Y— V) cannot be near. Hence
U, V}) is uniform.

The proof that f is uniformly continuous into pY will be completed by the
following interesting lemma.

36. LEMMA. Every finite uniform covering is refined by a finite intersection
of two-element uniform coverings.

PROOF. Let % be a finite uniform covering and 2~ a finite uniform star-
refinement (Proposition 30). For each V& %, form the two-element covering
consisting of its complement and its star St(V, 2”). Now any member of the
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intersection of all these coverings is contained either in the star of some
element of 2" or in the complement of every element of 27 In the latter case,
it is empty. Hence the intersection refines 2°* and also %, as was to be
shown.

For the rest of Theorem 35 we must construct a uniformity, working from
the proximity axioms. It will suffice to construct a basis, or even a sub-basis.
Proposition 36 suggests a simple sub-basis; but clearly two-element coverings
are not enough for the construction of star-refinements. The combinatorial
complications in general finite coverings are not unmanageable, but they are
decidedly tedious. Therefore we proceed as follows.

A 5-chain of sets is a finite sequence of sets U,, - - -, U, covering the §-space
X, so that each U, is far from all U; for which |{—j|>1, and U;— U, is far
from Uiy, — Ui. A standard refinement of a §-chain {U,, ..., U,} is a é-chain
{Vi,+++, Vau_a| with each Vj_, contained in U; and both Vj_; and V,
contained in U;N\Uj,,. In particular, it is a star-refinement.

37. LEMMA. Every §-chain has a standard refinement.

Proor. Applying axiom (iv) to the far sets U,— U,, X—U,, we get in
particular a uniform neighborhood V, of U,— U, which is still far from
X — U,. Inductively, having Vj_,, so that I _,=\J[V;:j<8i—2] is a uni-
form neighborhood of U,UU---UU;— U, and far from U,U---UU;,~ U,
we construct successively I3_; and I3;, larger uniform neighborhoods which
are still far from U,U-.-UU;;;— U, by axiom (iv). Let Vj_; be Iy_,—
(UU---UU), Vi=I5—1I5_,. One applies axiom (iv) again to trim a
little off V4 to get it far from Vj_, Similarly V3, must be past Vi,
still large enough so that I is a uniform neighborhood of Vii— Va1, and also
large enough so that I5; U V3, is a uniform neighborhood of U,U--- UUi1—
U,,,. Axiom (iv) does all this, and completes the construction.

Thus the s-chains form a normal family of coverings, a sub-basis for a
uniformity x. Is the identity mapping from the 5-space X to the uniform
space uX a 5-isomorphism? If A and B are not 5-related, then { X — A, X — B}
is a 5-chain; so A and B are far in 4 X. On the other hand, if AsB, consider
any é-chain {Uy,.-+, U, }. By axiom (i), some (ANU)s(BNU)). Then the
difference between i and j does not exceed 1. At worst we have (ANU)s
(BNU,,,). Since ANU;— Uy, and BNU;y,— U, are far, we conclude that
(ANUYS(BNU,) either for k=i or for k=i+1. Now for any é-chain { V,,.--,
Vo ], there must be [ such that (ANU.NV)s(BNU,NV); and the argument
extends to any finite intersection of §-chains. Hence A and B are near in pX.
and Theorem 35 is completely proved.

38. Every 5-mapping from a metric space to a uniform space is uniformly
continuous.
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Proor. Since every uniform space can be embedded in a product of metric
spaces, and the coordinate projections are s-mappings, we may assume both
the domain and range are metric. If f: X—Y is not uniformly continuous
then for some positive ¢ there are points a,, b, in X with distance approaching
zero while f(a,), f(b,) are at least ¢ apart. If we can find an infinite set of
indices I such that { f(a,) : nE€I} and { f(b,) : nEI} are far from each other
in Y, we can conclude f is not a é-mapping.

Consider the set S of all f(a,) and all f(b,). If S has an infinite subset of
diameter at most ¢/2, there is such a set consisting entirely of f(a,)’s or
entirely of f(bn)’s. If all f(a,), nE1, are within ¢/2 of each other, then every
f(b,), mE1, is distant at least ¢/2 from all these f(a,), and we have the proof.
Similarly for d’s. In the contrary case the (¢/4)-neighborhood of any of these
points contains only finitely many others; so by induction we can find an
infinite set I such that all f(a,) and f(b,), m and n in I, are separated by
distances at least ¢/4. The cases are exhausted and the proof is complete.

This shows that each metric uniformity u is finer than any other é-isomor-
phic uniformity. (Two uniformities on the same set of pojnts are called
s-isomorphic if the identity mapping is a é-isomorphism between them.) We
shall conclude the treatment of proximity spaces with a list of assertions
whose proofs are outlined in the exercises. First

39. For some precompact uniformities there is no finest 5-isomorphic uniform-
ity. In fact. this is true for any product space X XY each of whose factors is
s-isomorphic with some nonprecompact space.

40. Products of s-isomorphic spaces need not be s-isomorphic. In fact, when-
ever X and Y are not precompact, X XY is not s-isomorphic with pXXpY.

On the other hand

41. The category of proximity spaces and 6-mappings does have sums, prod-
ucts, subspaces, and quotients. Specifically, two sums of families of uniform
spaces whose summands are s-isomorphic are themselves s5-isomorphic. Every
family of proximity spaces has a product. s-isomorphic uniformities on a set
induce é-isomorphic uniformities on its subsets. If f:uX—oY is a quotient
mapping of uniform spaces, and visa uniformity on X é-isomorphic with p, then
there is a uniformity r on Y, é-isomorphic with o, such that f:vX—:Y is a
quotient mapping.

Hyperspace. There is another important notion of nearness for sets
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according to which A and B are near if they almost coincide. More preciscy,
for a uniform covering %, A and B are near of order % if St(A, %) contains
B and St(B, %) contains A.

Note that if A and B have the same closure they are near of order % for
all %. For closed sets, however, nearness of this sort is a finer screen than
proximity, and it suffices to determine a uniformity on the hyperspace H(X)
of all nonempty closed subsets of a uniform space X. (The empty set could
be included but is customarily left out; it would be an isolated point, as it is
not near of order % to any nonempty set, for any %.)

Here is one place (there is another at the beginning of the next chapter)
where we pay a price for having defined uniformity by means of coverings.
For metric spaces (both here and in the next chapter) there is a shortcut; cf.
Theorem 48. In general, nearness of order % is a binary relation or entou-
rage H(%) on H(X) : H(%)is precisely the set of all ordered pairs (A, B)E
H(X) X H(X) such that A and B are near of order %. We can simplify the
general method of entourages outlined in Exercise 1.8., but the reader should
recall, or consult, that exercise for the constructions SoS and 27(S) and
perhaps for background.

A symmetric entourage basis & on a set X is a set of reflexive symmetric
relations R, S,--., on X satisfying

(i) for any R, S, in & there is T in E contained in RNS;

(i) for any K in % there is S in ¥ such that SoSCR;

(iii) for any two distinct points x, y, of X there is R in E such that
(x, y) &R.

As a supplement to Exercise 1.8 we have

42. If ¥ is a symmetric entourage basis on X then the coverings 2°(S),S€ %,
form a basis for a uniformity on X.

43. For any uniform space uX, the relations H(%),% Eu, form a symmetric
entourage basis on H(uX). Thus H(uX) is a uniform space.

Proor. H(% N?YCH(%)NH(?"); H(%)°H(%)CH(%"); if A=B
there is a point x of (A — B) U(B— A) and (since A and B are closed) a uni-
form covering % such that A and B are not near of order %.

This gives us a notion of convergence for subsets: the convergence of a
filter of families of closed sets to a limiting closed set. This is awkward to
work with, and we shall restate it, beginning with nets. A net is a function
whose domain is a directed set and whose range is a topological or uniform
space. A net is often denoted by such a symbol as |x, }, where the subscript «
ranges over a directed set and x, is the value of the net on the index a. The
net {x,,} is convergent to the point x if for every neighborhood N of x, the set
{a:x,EN} is nonempty and residual (hence cofinal). This condition is also
described by the language “x, is finally in N”’. More generally, x is a
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cluster point of {x } if each {a:x,EN} (N a neighborhood of x) is cofinal.
Moreover, a net in a uniform space is Cauchy if for each uniform covering %
the net is finally in some element of %. We defer to Exercise 16 the proof of

44. A uniform space is complete if and only if every Cauchy net is convergent.

A cluster point of a net of subsets A, of X is a point of X each of whose
neighborhoods meets A, for a cofinal set of indices «. Strictly, this should be
called an X-cluster point; but confusion is rare and can always be removed by
referring to ““a cluster point x&X"’.

45. The set C of cluster points of a net of subsets of X is closed. If the net con-
verges in H(X), it converges to C.

Proor. Since every neighborhood of a limit point of C is a neighborhood
of a point of C, C is closed. If the net converges to AcH(X), it is finally in
each neighborhood of A; hence its members finally fail to meet a neighbor-
hood in X of any point not in A but must finally meet each open set meeting
A.

A proper filter % in a uniform space X may be regarded as a net {F,} of
subsets of X; the subscripts are arbitrary indices, ordered by the inclusion
ordering of the members F, of % If we confine attention to the closed sets
F,E% wehave a net | F, } in the uniform space H(X). The filter Fis said to
be uniformly convergent to a set, or hyperconvergent, if this net {F,} is conver-
gent. The filter F is stable if { F, } is a Cauchy net. It is time we noted explic-
itly that every convergent net is Cauchy; so every hyperconvergent filter is
stable.

46. A stable filter in a uniform space X is precisely a proper filter & in X
such that for every uniform covering % , there is A& Zsuch that for every BE5,
St(B, Z)DA.

Proor. By definition of a stable filter % finally St(B,%)DA; that is,
every FE % has a subset B satisfying this condition, which implies
St(F,%)D A.Conversely, if & satisfies the given condition, then for
any % we have A € % such that (in particular) for subsets B of A in %,
St(B, % ) DA. Since St(A, % ) DA DB, all subsets of A in % are within
% of A. Clearly, this makes {F,} Cauchy and % stable.

47. The hyperspace H(X) is complete if and only if every stable filter in X is
hyperconvergent.

Proor. If H(X) is complete then from I1.44 and definitions, every stable
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filter is hyperconvergent. For the converse, let { G, } be a Cauchy net in H(X).
Let % be the set of all subsets F of X which contain the union U[G,: «ER]
for some nonempty residual set of indices R. For any uniform covering % of
X, there is a residual set R of indices a such that all G,,aER, lie in one ele-
ment of 27 (H(%)). That is, there is KEH(X) such that all these G, are
within % of K. Thenif A is St(K,%), AE %, and for any BE % B contains
some G, (aER), so St(B, % *) contains A. Thus Zis stable. From the hypo-
thesis, % is hyperconvergent to its set of cluster points C. This means that
for any %, for some residual set R, | (G, : aER] is within % of C; and the
same is true for each residual subset of R. For some residual SCR, all
G, (¢ ES) are within % of each other; hence they are within % of their union
and within 2* of C.

Two nets or filters in a uniform space are called equivalent if they converge
to the same point in the completion. What we just proved is that each
Cauchy net in H(X) is equivalent to a stable filter in X.

48. THEOREM. The hyperspace of a metric space is metric. The hyperspace of
a complete metric space is complete.

Proor. The Hausdorff distance between two (closed) sets A, B in a metric
space is defined as the maximum of sup(d(a, B):a€A] and sup [d(4,b):
bEB]. (As usual, d(x, S) is inf[d(x,s) : s€S].) It may be infinite. For some
geometric purposes the value « should be admitted, but here we apply 11.20
and consider only bounded metrics. Then the Hausdorff distance p(A, B) is
a pseudometric; for, first, it is non-negative by definition. Second, for sets
A, B, C, with arbitrarily small error ¢, the distance p(A, C) has the form
d(a, C). (Interchange A and C if necessary.) Were p(A, B) +p(B, C) smaller
than this we could find b in B so close to a, and ¢ in C so close to b, that
d(a, b)+d(b,c) <d(a,c); a contradiction. Further, p(A, B) separates points,
since the sets are closed.

If % is a uniform covering of the metric space X, having Lebesgue number
¢, then p(A, B) <¢ implies that A and B are near of order %. In the other
direction, if A and B are near of order 7, where every element of V has
diameter at most ¢, then p(A, B) <e. Hence the hyperspace is the metric
uniform space determined by p on H(X).

Suppose X is complete metric, and consider a Cauchy sequence {A,} in
H(X). For any positive number ¢, if n is an index after which the A’s are
within ¢ of each other, then within 2¢ of any point a of A, we can find a clus-
ter point c of the sequence. For this, put no=n, and select increasing indices
n; after which the A’s are within ¢/2' of each other. Put a,=a, and having
a;, select a;,, from A, “ within ¢/2° of a;, We get a Cauchy sequence of
points a;, which must converge to c. Thus the 2¢-neighborhood of the set C of
cluster points contains A,. But the e-neighborhood of A, must contain C; for
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a point distant by ¢+ & from A, is distant by é from all succeeding A,, and so
not a point of C. Hence {A,} is convergent and the proof is complete.

The hyperspace of a compact space is complete, too. A mild generalization
of this fact is occasionally useful. A proper filter % in a uniform space is
called semi-Cauchy if for every uniform covering %, some finite union of
elements of % belongs to % In a precompact space, every nonempty filter is
semi-Cauchy.

49. Every semi-Cauchy filter is stable, and, in a complete space, hypercon-
vergent to a compact set. The hyperspace of a compact space is compact.

PROOF. Let % be a semi-Cauchy filter and % a uniform covering. The
union of some Uy, ---, U, in U belongs to %, and we can choose them so
t 1at if any U; were omitted the union would fail to belong to %#. Then since
7 is afilter, no element B of % can fail to meet every U;; thus St(B, %)
contains U,U---UU, for all B, and % is stable.

Let C be the intersection of the closed sets belonging to % If C were not
precompact, there would be a uniform covering % for which infinitely many
elements meeting C had disjoint stars (11.33), and % would not be semi-
Cauchy. Thus if the space is complete, C is compact. To see that every
St(C, %) contains an element of % take a uniform star-refinement 2" and a
minimal finite union V,U-..-UV,E Z It suffices to show that each V; meets
C. The sets ANV, A€ % still form a proper filter since {V;} is minimal.
Let ¥ be an ultrafilter containing it. Since ¥ % ¥ is semi-Cauchy; since
¥ is an ultrafilter, this means ¥ is Cauchy, and therefore convergent to a
point ¢. But c©CN\ V;. Conversely, since every A~ in % contains C, so does
every St(A,%); and % converges to C.

This shows that the hyperspace of a compact space is complete. For pre-
compactness, for every finite uniform covering 02/={U,~: i€ I}, select a
nonempty closed set A(J) meeting exactly those U; for which i€J, for each
subset J of I for which such a selection is possible. Evidently every point of
the hyperspace is within % of one of these. This completes the proof.

We remark that the hyperspace of a uniformly discrete space is uniformly
discrete.

A space whose hyperspace is complete is called supercomplete. Every
supercomplete space is complete, since the one-point sets form a subspace
of H(X) isomorphic with X.

50. A discrete space of the power of the continuum, with the uniformity deter-
mined by all countable coverings, is complete but not supercomplete.

Proor. For the proof of completeness it is convenient to identify the
points with real numbers in [0,1]. Let % be a Cauchy filter. For any
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descending sequence of elements F, of % the sets F,— F,,, with the comple-
ment of F, and the intersection (N F, form a countable covering; hence NF,
isin % Then % has an element of minimum diameter, F,. If the diameter of
F, were not 0 we could split it into two sets of smaller diameter, one of which
would have to be in the Cauchy filter % Hence F, is a single point and the
space is complete.

Consider the filter < of all sets whose complements are countable. ¢ has
no cluster points so is not hyperconvergent. But for any countable covering
{U;}, let G be the union of all U; which are uncountable. Then GE ¥; and
for any BE ¢, B meets every uncountable set and St(B,{U;}) contains G.
Thus the space is not supercomplete.

The characterization of supercomplete spaces requires more concepts; we
reach it in Chapter VII.

Exercises.

1. Prove Propositions 17, 26 and 42.

2. The uniformity of a product of factors X, has a basis consisting of finite
intersections of coverings p; (%), %a uniform covering of X,.

3. A pure epimorphism is an epimorphism f such that whenever f=gh with
£ a monomorphism, A is an epimorphism.

(a) Every polar epimorphism is pure.

(b) In uniform spaces the pure epimorphisms are precisely the onto
mappings.

4. A polar monomorphism is the precise dual of a polar epimorphism: a
monomorphism e: S—X such that for every f: W—X not of the form et,
there exist g, h on X to some Y such that ge=he, gf =hf.

(a) An embedding of a closed subspace is a polar monomorphism.

(b) A monomorphism which is not an embedding is not polar.

(c) A mapping with image not closed is not a polar monomorphism.

5. QUOTIENT TOPOLOGY.

(a) There exist quotient mappings f: X—Y of uniform spaces such that
the topological quotient of X by f is not uniformizable. In fact, for every
non-normal uniformizable space X, in the fine uniformity, there is such a
mapping.

(b) In the category of uniformizable spaces and continuous mappings,
there are quotients; every mapping f is f,q, where ¢ is a polar epimorphism
and f, is one-to-one. The topology of the quotient space is called the uniform-
izable quotient topology.

(c) There exist quotient mappings f: X--Y of uniform spaces such that
the uniformizable quotient topology differs from the uniform topology of Y.
X and Y may be complete metric spaces, even plane curves: X a hyperbola
plus asymptotes.

6. A metric quotient space of a complete metric space (e.g. of the set of all
(x, y) in the plane with xy =1) need not be complete.
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*7. METRIC UNIFORMITIES. A uniform space is metric if and only if it has
a countable basis. There are at least two ways to prove this, a direct argu-
ment modeled on 1.14 and an argument using the results of 1.14 and 11.18.

In the next two exercises we simplify the category by removing all but
one member of each class of mutually isomorphic objects. The results could
be stated in another way, along the lines of 11.27.

8. REFLECTIVE SUBCATEGORIES. We define a reflective subcategory as a full
subcategory % of a given category in which every object has a % -reflection.
First note that Theorem 27 applies; there exists a reflection functor upon
%, perhaps more than one.

{t is an open question whether every intersection of reflective subcate-
gories of uniform spaces is reflective. We can prove that every set of spaces
is contained in a smallest reflective subcategory, as follows.

Suppose % is a reflective subcategory of uniform spaces.

(a) Every product of spaces in % is isomorphic with its reflection, and
therefore belongs to % (by the simplifying assumption above).

(b) For any f: X—Y and g: X—Y in %, the subspace {xEX: f(x) =g(x)}
is in %. The same holds for any intersection of subspaces of X of this type.

(c) For any set & of spaces, there exists a smallest full subcategory %,
containing ¥ and satisfying (a) and (b).

(d) The category %, of step (c) is reflective.

9. ARITHMETIC OF REFLECTIONS. Let & and & be reflective subcategories
of any category, with reflection functors C, D (idempotent).

(a) Even if €N\ is reflective, CD need not be a reflection functor. (Hint:
try the reflections in this chapter.)

(b) Suppose all the reflection mappings X—X|% are epimorphic, and
every epimorphism whose domain is in & has its range also in <. Then CD
is a reflection functor; and (DC)*=CD.

10. CoarsesT UNIFORMITY. If X is a locally compact uniformizable space
and Y any compactification of X, there is a (unique) continuous mapping
from Y to the one-point compactification «X which coincides on X with the
identity. Use this and precompact reflection to prove:

(a) A locally compact topology has a coarsest compatible uniformity.

On the other hand, a coarsest uniformity must evidently be precompact;
hence it is determined by a embedding in a compact space, whose uniformity
is determined by the topology.

(b) If Y is a compactification of X and Y — X contains two or more points,
then the uniformity induced on X by embedding in Y is not the coarsest
compatible one.

(c) If X is not locally compact, it has no coarsest compatible uniformity.

11. UNIQUE UNIFORMITY.

(a) Lf there is an unbounded continuous real valued function on a topo-
logical space X, there is a continuous function f such that neither f/~*(0) nor
f71(1) is compact.
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(b) A topological space admitting a compatible uniformity which is not
precompact has unbounded continuous real-valued functions.

(¢) A uniformizable space X has a unique compatible uniformity if and only
if the Stone-Cech compactification X contains at most one point not in X.

A proximity space has a unique compatible uniformity if and only if it has
no nonprecompact compatible uniformity. These spaces have not been inves-
tigated. The question of a finest compatible uniformity is considered in
Alfsen and Njastad [1]. See Notes, p. 35.

12. FINEST UNIFORMITY. Let X and Y be precompact spaces which are
é-isomorphic with nonprecompact spaces X,, Y,, respectively.

(a) p(X X Yo) =X XY.Toprove this, one must show that a finite covering
7 of XX Y,having a refinement{ U;X V,}, i running through a finite set and
a, an arbitrary set, has a refinement of the form { U;X T;}, where the T's are
a finite number of unions of V,’s exhausting {V,}. Do it by considering
equivalence relations R; on the indices «: (o, a’) ER; if the same elements of
# contain U;X V, and U;X V...

(b) p(X,XY,) is not XX Y. In fact, if {x,}, {y.} are countably infinite
uniformly discrete sets in X, and Yy, the set of all (x,, ¥,) in X;X Y, is far
from the set of all (x,, ¥,), m=n; but the images of these sets in XX Y are
near (Proposition 40).

(c) The proximity of X XY is induced by various uniformities among
which none is finest (Proposition 39).

*13. FAR AND SEPARATED.

(a) The following conditions on a pair of sets A, B in a uniform space uX
are equivalent:

(i) A and. B are far in uX;

(ii) A and B are far in puX;

(iii) A and B have disjoint closures in guX;

(iv) A and B are separated by a bounded uniformly continuous real-
valued function on pX.

(b) For a normal space X in the uniformity induced by embedding in 8X
(the Cech uniformity), every finite open covering is uniform.

(¢) A uniformizable space is normal if and only if every finite open cov-
ering is normal.

*14. ENTOURAGES AND TOPOLOGY.

(a) Every entourage in X X X is a neighborhood of the diagonal.

(b) If every neighborhood of the diagonal is an entourage, the uniformity
is fine.

(c) For a fine paracompact space, every neighborhood of the diagonal is
an entourage.

15. PROXIMITY CONSTRUCTIONS.

(a) Sums of s-isomorphic uniform spaces are é-isomorphic; subspaces of
é-isomorphic spaces, with corresponding images, are s-isomorphic; and these
constructs are sums and subspaces in the category of s-spaces and é-raap-
pings.
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(b) The isomorphism of é-spaces with precompact uniform spaces gives us
the construction of products in the category of é-spaces; they correspond to
uniform products.

(c) Suppose f: uX—cY is a quotient mapping and » is a uniformity on X
é-isomorphic with u. Then f:»X—peY is uniformly continuous.

(d) The quotient space 7Y obtained by factoring f: vX—peY from part (c)
is 5-isomorphic with ¢ Y. (Hint: Use Exercise 13.) This proves Proposition 41.

16. NETSs.

(a) A convergent net is Cauchy; and a hyperconvergent filter is stable.

(b) If a point x is in the closure of a set S, there exist a net in S and a filter
containing S which converge to x.

(c) Every Cauchy net is equivalent to a filter and every Cauchy filter is
equivalent to a net.

(d) A uniform space is complete if and only if every Cauchy net is con-
vergent (Proposition 44).

17. HYPERSPACE TOPOLOGY. Let u,» be two distinct uniformities on X. If
they are homeomorphic we may identify the point sets H(uX), H(X). But
the identity mapping between H(xX) and H(»X) is never a homeomorphism.
In fact, the identity from H(xX) to H(»X) is not continuous at X unless . is
finer than v. For if 27€v and 2" *@y, then for every % in u there is ACX
such that St(4, %)= X=St(A, 2.

Notes. Concerning quotient mappings, pure and polar epi- and mono-
morphisms, and embeddings, see Isbell [7]. Cf. Semadeni [1].

The theory of reflections and coreflections was developed by Freyd [1]. It
is important in many contexts that a reflective subcategory need not be full.

Proximity theory is extensively developed in the works of Smirnov (1; 2;
4] Much of it will be covered in this book; instead of speaking of properties
of proximity spaces we speak of é-invariant properties of uniform spaces.

In connection with Exercise 14, spaces X for which every neighborhood of
the diagonal in XXX is an entourage need not be paracompact. These
spaces were characterized by Cohen [1] and named almost 2-fully normal by
Mansfield [1]. (Fully normal means every open covering is normal; the fact
that this is equivalent to paracompact should be known to the reader from
topology, e.g. from Kelley [K]) The conjecture that a complete almost
2-fully normal space must be paracompact was raised by Kelley [K] and
buried by Corson [1].

Sandberg (1] has axiomatized the notion of families of sets (not necessarily
Cauchy but) containing arbitrarily small sets, and shown that these families
determine the uniformity. Exercise 17 shows that a uniformity on X is also
determined by what we may call arbitrarily large sets; specifically, by the
families of sets whose families of closures have X as a limit point in H(X).
The exercise is due to H. Kenyon.

Added in proof. The proximity spaces admitting a unique uniformity are
characterized in my paper Spaces without large projective subspaces submitted
to Compositio Mathematica.
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CHAPTER II1
FUNCTION SPACES

This chapter treats several topics in and around function spaces. For use
later in the book are Ascoli’s theorem (II1.37), the category argument for
existence of an embedding (I11.34), and some definitions and preliminary
results at the beginning of each quarter of the chapter (Propositions 1-2,
8-12, 19-21, 31-32). Each of the first three quarters wanders off into other
interesting questions.

The functor U. Let U(X, Y) denote the set of all uniformly continuous
functions from X to Y. For each uniform covering 2 of Y, an entourage
U(9) is defined on U(X, Y) as follows: (f, g) EU( %), or f and g are near
of order 7/, if for each x&€ X, f(x) and g(x) are near of order 2”in Y. A routine
check shows that these relations form a symmetric entourage basis; hence
they define a uniformity which makes U(X, Y) a uniform space, the func-
tion space.

As a functor, U(X, Y) is contravariant in X and covariant in Y. For a pair
of mappings f: X—X’, g: Y'—Y, the definition of U(f, g) : UX’, Y')—
UX, Y) is U(f, g)(h) =ghf.

1. LEMMA. Let X and Y be uniform spaces with uniformities defined by sym-
metric entourage bases ¥, ¥, respectively. For a function f: X—Y to be uni-
formly continuous it is necessary and sufficient that for each SE % there is
RE Asuch that (p, q) ER implies (f(p), f(g)) ES.

ProoF. Suppose f is uniformly continuous and S€ %4. Take TE % such
that ToT'CS, and consider the uniform covering 27 (T). Its inverse image is
refined by some 27 (R), RE . Then (p, q) ER implies {f(p), f(g) } is con-
tained in some V,& 2 (T), and (f(p), f(q)) ES.

For the converse, if (p, g) €R implies (f(p), f(g)) € S then the image of
each set V. in 27 (R) is contained in the set V,,& 27(S).

2. U is a functor.

Proor. To see that U(f, g) is a mapping, consider any basic entourage
36
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U(2) of U(X, Y). We have gh,f and gh,f near of order % if h, and h, are
near ot order g-1(%”). By Lemma 1, it is a mapping. The functorial property
is clear from the defining formula.

There are some natural questions to ask about any functor; we have not
considered them in Chapter II because wherever they were nontrivial, we
were not ready for them. Now we ask first, when is U(f, g) an isomorphism?

3.IfU(, 8 : UX’, Y)-U(X, Y) is an isomorphism then it is the product
of isomorphisms U(f, 1): U(X’, Y')—-UX, Y’) and UQ, g): U(X, Y)—
U(X, Y). The necessary and sufficient condition for U(1, g) to be an isomor-
phism is that X is empty or g is an isomorphism.

Proor. First, if both X and X’ are empty, everything is true. If X is
empty and X’ not, then since U(X, Y) is a one-point space, so is U(X’, Y’),
so also Y’; and everything is true. Next, if g is an isomorphism then, clearly,
so is U(1, g). It remains to prove that if X is nonempty and U(f, g) is an
isomorphism then g and U(f, 1) are isomorphisms. Consider the subspaces of
constant mappings, Y, in U(X, Y), Y4 in U(X’, Y’). Since X is nonempty,
Y, is clearly isomorphic with Y. Since f maps X into X’, X’ is nonempty
and Y; is isomorphic with Y’. Since U(f, g) is onto, g is onto; so U(f, g)
maps Y} isomorphically onto Y,. It follows that g is an isomorphism. Then
U(f, 1) is the product of two isomorphisms, U(f, g) and U(1, g7%).

The problem of U(f, 1) remains open. Reference to the corresponding
problem in abelian groups is interesting and suggests a restatement of the
results on U(1, g) (valid for both abelian groups and uniform spaces) and a
conjecture on U(f, 1) (valid at least for abelian groups). We omit details
concerning groups, but note without proof that the factorization of Proposi-
tion 3 fails there; for example, it fails for the natural isomorphism U(0, 0)
between Hom(Z,, Z3) and Hom(Z;, Z,).

Motivated by the facts for abelian groups, we define a construct
Im(X, Y). It is a very simple construct: Y, unless X is empty, and in that
case Im(X, Y) is the empty space. However, the natural definition is longer.
Form the sum 2 of a family of copies X, of X, indexed by fEU(X, Y). Let
m:2—Y be the mapping which on each summand X,=X is f. Then
Im(X, Y) is the subspace m(Z) of Y.

Note that the definition shows how to define a covariant functor of one
variable, Im(X, ), for fixed X; any mapping from Y to Y’ takes m(Z)CY
into m’(Z’)CY’. There is no functor of X involved; X has been ‘“summed
out”.

From Proposition 3:

4. A mapping U(1, g) : UX, Y)-U(X, Y) is an isomorphism if and only
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if Im(X, g) : Im(X, Y)—Im(X, Y) is an isomorphism.

On the other side we define a construct Ref(X, Y). Begin with the product
11 of a family of copies Y; of Y, indexed (again) by fEU(X, Y). Let r: X—Ii
be the mapping whose fth coordinate projection ri: X—Y is f. Now
Ref(X, Y) is the subspace of II which is the union of all subspaces E con-
taining r(X) such that any two mappings from E to Y which agree on r{X)
are identical.

Evidently Ref(X, Y) itself has the property that any two mappings to Y
which agree on r(X) are identical. Moreover, every mapping of X to Y,
being represented by a coordinate projection on II to Y, is factorable over
r: X—Ref(X, Y). Thus U(r, 1): URef(X, Y), Y)>U(X, Y) is one-to-one
onto. It is an open question whether U(r, 1) is always an isomorphism. If
this were true, a simple argument on a diagram would prove the analog of
Proposition 4:a map U(f, 1) is isomorphic if and only if Ref(f, Y)is an
isomorphism. (The proof that Ref( ,Y) is a functor is left for an exercise. It
is very easy, but a little more care is needed to show that it is a reflection—
the reason for the name.)

We note without proof that among the few categories having function
spaces there is at least one in which the following analysis is correct: “U(f, )
is an isomorphism from U(X’, Y’) to U(X, Y) if and only if its factors
UfD:UX,Y)-UX,Y)and U(1,8) : U(X, Y)—-U(X, Y) are isomor-
phisms, which means that Ref(f, Y’) and Im(X, g) are isomorphisms’. This
is true in the category of locally convex linear topological spaces.

Some worthwhile conclusions are suggested by the incomplete results
above. If the reflection mapping r: X—Ref(X, Y) is an epimorphism then
U(r, 1) is an isomorphism. Moreover,

5. If Y lies in a category % in which X has a reflection, and the reflection
mapping r: X—X| ¥ is an epimorphism, then U(r, 1): U(X| &, Y)—
U(X, Y) is an isomorphism.

PrOOF. Since r is an epimorphism and a reflection mapping, U(r, 1) is
one-to-one onto. For any open covering 27 of Y, if two mappings rf, rf; in
U(X, Y) are near of order 7, then £, and f,, restricted to the dense set r(X),
are near of order 7/ so f; and f, on X| % are near of order 7" *.

Another natural question is whether there is any space Y such that iso-
morphism of U(X, Y) and U(X’, Y) implies isomorphism of X and X’.
(From Proposition 3, any nonempty space X has the property that if
U(X, Y) and U(X, Y’) are isomorphic by a mapping U(1, g), then Y and
Y’ are isomorphic. But the qualification ‘“‘by a mapping U(1, g)” can be
omitted if we take X to consist of one point.) There is no such space. One
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can use Proposition 5 and the fact that for any cardinal number m (infinite),
every space maps onto a reflection in the category of all spaces having no
uniformly discrete subset of power m. This is left as an exercise.

The systematic examination of a batch of further questions of this type
gives us some easy exercises, some more difficult exercises, one or two inter-
esting details, and one of the fundamental geometric problems of the theory
of uniform spaces. The next proposition may be classified with the exercises.

6. If g: Y'Y is a monomorphism, embedding, or polar monomorphism,
then so is U(1, g) for every identity mapping 1: X—X. If g has a right inverse
&: Y—Y', then so does U(1, g); hence U(1, g) is a polar epimorphism. If g has
no right inverse, then U(1, g) is not even an onto mapping for 1: Y—Y. For
every U(1, g) to be epimorphic, the necessary and sufficient condition on g is that
1: Y-Y is a limit of mappings gg..

For 1: X—X to make U(1, g) onto for every polar epimorphism g, X must
be uniformly discrete; to make U(1, g) epimorphic for every polar epimorphism
g, 1: X—X must be a limit of mappings into uniformly discrete subspaces of X.

7.1If f: X—X’ is an epimorphism then for every identity mapping 1: Y—Y,
U(f, 1) is a polar monomorphism. If f has a left inverse then U(f, 1) has a right
tnverse; if not, then U(f, 1) need not be onto.

Proposition 7 is like Proposition 6 except for the interesting detail that in
one place we get out more than we put in; from a mere epimorphism we get
a polar monomorphism. The reasons for this are worth thinking about; but
we defer the matter to the exercises.

The “other side” of the second paragraph of Proposition 6 motivates
much of the rest of this chapter; but the subject is far from being worked
out.

Injective spaces. A uniform space Y is called injective if whenever A isasub-
space of X, every mapping from A to Y can be extended to a mapping from
X to Y. Equivalently, for every embedding f: A—X, the map U(f, 1):
UX, Y)-U(A, Y) is onto.

“Injective’” is a sort of semi-standard notion in categories. The present
definition is consistent with definitions usually given in algebra, but super-
ficially inconsistent with the usual definition in topology; for the latter, one
demands only that U(f, 1) be onto whenever f is a polar monomorphism.
Actually, there is no inconsistency.

8. Suppose a uniform space Y has the property that whenever A is a closed
subspace of X, every mapping from A to Y can be extended to a mapping from
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X to Y. Then Y is complete; consequently, Y is injective.

Proor. Let Y be any incomplete space, and Z its completion. We put
A=Y, and construct X as follows. W will be the set of all ordinal numbers
less than or equal to w, where w is some large regular initial ordinal; in the
order topology, W is a compact Hausdorff space. Recall that any continuous
function f on W or even on W—w into a metric space is finally constant.
Since Y is embeddable in a product of metric spaces, choice of a sufficiently
large ordinal w will make every continuous function on W—w into Y finally
constant. Further, make sure that w exceeds the cardinal of some subset of
Y having a limit point in Z— Y; let S be such a set, and p such a limit point
of S. Then in the product space ZX W, let X consist of YXw, SXW, and
pX (W —w); identify Y with YXwCX. Here Y is closed in X; but the sizes
of S and the regular initial ordinal w assure that any continuous extension
over SXW of the identity 1: Y—Y must agree with coordinate projec-
tion on a uniform neighborhood of SXw, and cannot be extended over
pX(W—w).

Thus if Y has the property indicated, Y is complete. For any A CX and
f[: A=Y, f can be extended over the closure of A by I1.10 and then over X;
so Y is injective.

There are some injective spaces. Recall that in the category of compact
spaces, an interval I is injective. The following important theorem comes
out at once.

9. THEOREM. A closed interval I is an injective uniform space.

Proor. Let e: A—X be an embedding and f: A—I a mapping. Apply
Samuel compactification 8; and observe that g(e) : 6(4)—@(X) is again an
embedding. Hence the mapping B(f) can be extended to g:8(X)—I; and
the reflection r: X—g(X) gives gr, extending f over X.

The real line is also an injective space in topology, but not in uniform
spaces. We are not prepared to prove that this is true no matter what com-
patible uniformity one puts on the line (see Notes, p.55), but for the usual
metric we need only this: the function on the integers which takes n to n? is
uniformly continuous (since the integers are uniformly discrete), but no
extension over the line is uniformly continuous. The reason for the last
assertion is worth noting, in a fairly general setting. A convex metric space
is a metric space (X, d) in which every two points lie in a subspace isometric
with a closed interval.

10. For any uniformly continuous function f from a convex metric space X
to a metric space Y, there is a constant v such that for any two points p, q of X,

d(f(p), f(@)) £ max(~d(p, q), 7).
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Proor. On the contrary assumption we could find intervals from p, to ¢,
which are stretched by f by factors at least n (n—~) and to length at
least n; and in these, intervals of lengths <1/n stretched to lengths at least 1
—a violation of uniform continuity.

On the other hand, in metric geometry, the line is injective.

11. If M is a metric space and R a subspace isometric with the real line, then
there is a retraction r : M—R such that d(r(x), r(y)) <d(x, y) forall x, y in M.

Proor. Exercise 5.

12. Every product of injective spaces is injective. Every retract of an injective
space is injective.

Proor. If 11 is a product of injective spaces Y, and the subspace A of X
is mapped into Il by f, then each coordinate function f,: A—Y, can be
extended to g, : X—Y,. This defines a mapping g: X— 11 extending f. If Z is
a retract of an injective space Y, and ACX, then f: A—Z can be considered
as a mapping into Y. There is an extension h:X—Y, and a retraction
r: Y—Z gives rh: X—Z extending f.

It is an open question whether U(M, Y) is injective whenever Y is injec-
tive. First suppose M is discrete.

13. A function f: X—U(M,Y) is uniformly continuous (when M is uni-
formly discrete) if and only if the function f*: XX M—Y defined f*(x, m)=
f(x)(m) is uniformly continuous.

Proor. Suppose f is uniformly continuous and 2" is a uniform covering of
Y. There is a uniform covering % of X such that any two points near of
order % are mapped by f to functions near of order 2 Then the product of
% and the covering of M by all single points is finer than f*-1(27*). Con-
versely, if f* is uniformly continuous, then each f*7'(%2) is refined by a
product covering, and f~}(27(U(%2"))) is uniform.

14. If M is discrete and Y is injective then U(M, Y) is injective.

Proor. For ACX, AXM is contained in XXM. Then a mapping
f:A—U(M,Y) corresponds to a mapping f*: A X M—Y, which has an exten-
sion g*: XX M—Y, which yields an extension g of f.

15. THEOREM. Every uniform space can be embedded in an injective uniform
space.
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ProoF. The unit ball of a space I, (S) is the set of all functions on S to
I=[-1, 1]; and two functions are near of order ¢ in the metric if and only if
they are near of order ¢ as functions. Thus this space is U(M, I), where M is
the set S with the fine discrete uniformity. Such spaces, and products of
them, are injective by II1.9, I11.14, II1.12; so I1.21 completes the proof.

16. CoroLLARY. Every bounded uniformly continuous pseudometric on a
subspace of a uniform space X can be extended to a (bounded) uniformly con-
tinuous pseudometric on X.

Proor. Such a pseudometric on A CX amounts to a mapping of A onto a
bounded metric space Z. By 11.19, Z can be isometrically embedded in an
ell-infinity space; and since Z is bounded it will be embedded in an injective
subspace U(M, I). Then extension of the indicated mapping f: A—-U(M, I)
will yield an extension of the given pseudometric.

This corollary does not hold for unbounded pseudometrics, e.g. for |x*— 3%
on the subspace of integers in the real line.

17. COROLLARY. A uniform space is injective if and only if it is a retract of
every space containing it. A bounded metric space is injective if and only if it is
a retract of every metric space containing it isometrically.

Proor. If a space is injective then of course every embedding of it extends
to a retraction. If it is a retract of some injective space it is injective; so the
embeddings of I11.15, I11.19 complete the proof.

18. THEOREM. For every metric space M, the function space U(M, I) is injec-
tive.

Proor. It suffices to show that U(M, I) is a retract of the unit ball F of
I, (M). Write U for U(M, I). Let d be a bounded metric on M equivalent to
the given metric; let D be the diameter of M.

For fin F, let A(f) be the distance of f from the subspace U. If A (f) #0
then, since f is within 3A(f) /2 of a uniformly continuous function, there is
¢>0 such that the diameter in I of the image under f of any subset of M of
diameter ¢ is at most 3A(f). Let u(f) be the least upper bound of all such e
in [0, D]. On U, where A(f) =0, let u(f) =0. Now for any real number ¢ in
[0,1], for any x in M, f in F, define h(f, x, t) as the least upper bound of
the set

(8(y): §EF, yEM, d(g, f) <tA(f), d(y, %) <tu(g) }-
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Of course, h(f, x, t)&I.Moreover, g(x)<f(x)+tr(f), g(y) Sg(x) +3x(g),
f(x) +7A(f) is an upper bound for h(f, x, ¢) and f(x) is a lower bound. If fcU
then for all x and ¢, h(f, x, t) =f(x). In any case j(f, x) = S h(f, x, t) dt exists
(since the integrand is bounded and monotonic in t) and is uniformly contin-
uous in x; for if f is not in U, then u(f) >0, and for x and y within su(f) of
each other we have |j(f, x) —j(f, ¥)| <éd(f, 0)+ 767 (f). Thus the formula
r()) (x) =j(f, x) defines a retraction function r from F upon U.

'To verify uniform continuity of r, suppose d(f, g) <6°<1. If A(f) or A(g)
is less than 5, we find that r(f) is within 76+ 75%of f, r(g) is within the same
distance from g, and d(r(f), r(g)) <1456+ 155°. In the contrary case, the
smaller of A(f) and \(g) is k5 for some k=1. Then (1+8/k)A(f)=A(g),
and symmetrically. It follows that h(f, x, t+5/k) 2h(g, x, &) for t<1—4/k,
and symmetrically. On the other hand, for any u, v in [0, 1], the difference
be ween h(f, x, u) and h(g, x, v) does not exceed the supremum of the
ex ressions f'(y) —g’(2), where the conditions on f, g, y and z are as follows.
The distance d(f’, f) is at most A(f); so A(f') S2x(f). d(x, y) =u(f);so
[f () —f (x) | £3\(f') <6X(f). The like conditions hold for g’ and z. Conse-
quently, |A(f, x, u)—h(g, x, v)| <14k6+85%, and |r(f)(x) —r(g)(x)| < 2262
This completes the proof.

Equiuniform continuity and semi-uniform products. Wha. got us off the
ground in the matter of injective spaces was Proposition 13. Further thought
about it would naturally lead to the following definition. A family {f,} of
functions on a uniform space X(or even on various subspaces S, of X) to a
uniform space Y is called equiuniformly continuous (with respect to X) if for
each uniform covering 2" of Y there is a uniform covering % of X such that
every f.' (%) is refined by % (or by the trace of % on S,).

19. A family {f,: aEA} of functions on X to Y is equiuniformly continuous
if and only if, when A is considered as a fine discrete space, the function
f*: XX A->Y defined f*(x,a) =f,(x) is uniformly continuous.

Proor. Either condition means that for x,, x, sufficiently near (near of
order %, for some %), f.(x;) and f.(x;) are arbitrarily near (of order 2);
a is fixed but the order of nearness needed in X does not depend on «.

In terms of equiuniform continuity we can explain why the theory of
uniform spaces lacks some mappings which are present in algebra and
topology. If we associate to each x in X a function x** on U(X, Y) to Y,
defined x**(f) =f(x), we have an equiuniformly continuous family {x**:
xcX }, but the function taking x to x** is not uniformly continuous.

20. The uniformity of a function space U(X, Y) makes all the evaluation
functions x** form an equiuniformly continuous family, and is the coarsest
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uniformity having this property. Therefore a mapping h: T—-U(X, Y) is
precisely a function whose evaluations h.(t)=h(t)(x) form an equiuniformly
continuous family in U(T, Y).

Proor. Since the basic coverings 27 (U(%")) refine x**~1(2°*) for all x,
the evaluations are equiuniformly continuous. But {x**~(2'):xEX| has
no common refinement which fails to refine 27 (U( 27)). The second sentence
of the proposition follows immediately.

Now apply this to the function on X to U(U(X, Y),Y) taking x to x**.
For it to be uniformly continuous, its evaluations must be equiuniformly
continuous; but this means all of U(X, Y) is an equiuniformly continuous
family on X. This is false, e.g. for X=Y=1.

Similarly the pairing function »: U(X, Y) X X—Y, «(f, x)=f(x), is not
generally uniformly continuous. In fact, the condition for uniform continu-
ity of = is identical with the condition for uniform continuity of x—x**.

21. On a product space A X B, a function f into a uniform space is uniformly
continuous if and only if the functions f(a, ) on B form an equiuniformly
continuous family and the functions f( , b) on A form an equiuniformly con-
tinuous family.

Proor. If f: AXB--Y is uniformly continuous, then for every uniform
covering 2 of Y there is a product covering {T,X U,} finer than f~'(%).
This implies that {T, | refines every f( , b)7'(27) and {U,| refines every
fla, )7'(2). Conversely, if {T,} and {U,| satisfy the latter conditions,
then each set f(T, X U,) is contained in one element of 2 *.

The loss of two such mappings as ** and « is not to be taken lightly. We
have a remnant of =, for uniformly discrete spaces X; we have used it in
Proposition 13, and it has already shown its worth. In trying to recover more
of =, we should first think of changing the definition of the function space.
But Proposition 21 shows that this will not do it. As long as we have a direct
product, equiuniform continuity is necessary; and as a matter of fact, Prop-
osition 20 shows that everything that can be done to the function space to
save = has been done.

Therefore we turn to the product set A X B, and try to define a uniformity
on it so that the uniformly continuous functions f will be just those for which
f( . b) is equiuniformly continuous and f(a, ) is separately uniformly
continuous. Provisionally we define a semi-uniform function on A X B as a func-
tion f satisfying these conditions. We define the semi-uniform product A*B
to be the product set A X B with the weak uniformity induced by all semi-
uniform functions from A X B onto uniform spaces whose points form sub-
sets of AXB. This set-theoretic precaution assures us of a well-defined
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preuniformity; it is a uniformity finer than the product uniformity, in view
of I11.21. It is clear, further, that every semi-uniform function is uniformly
continuous on A*B.

22. THEOREM. For any uniform spaces A, B, Y, a function on A*B into Y
is uniformly continuous if and only if it i< semi-uniform. A*B is homeomorphic
with A X B; so on the direct product, every semi-uniform function is continuous.

PRrOOF. Suppose g: A*B—Y is uniformly continuous, and % is a uniform
covering of Y. By 1.9, there are finitely many uniform coverings f,”(%.), f.
semi-uniform on A*B, whose intersection refines g7(27). Then there are
uniform coverings % of A all of whose members S satisfy £,(Sxb)CUE %,
for every bEB; by finite intersection, there is a uniform covering .%of A
whose members satisfy these conditions for all a. Then g(SXb) C VE %~ and
g( , b) is equiuniformly continuous. For any fixed a, the same argument
shows that g(e, ) is a uniformly continuous function, q.e.d.

We have noted that the uniformity of A *B is finer than the direct product
uniformity. Consequently, a neighborhood of a point (a, b) in A X B is a neigh-
borhood in A *B. Suppose N is a neighborhood in A *B. There is a semi-uniform
real-valued function f which is 1 at (a, b) and 0 outside N. Since f(a, ) is
continuous, there is a neighborhood U of b such that f(a, u) >1/2 for u in U.
Since f( ,u) is equiuniformly continuous, there is a neighborhood T of a such
that f(¢,u) >0 for tET, ucU. Thus TXUCN and the proof is complete.

23. Every uniform covering of A*B has a refinement of the form {U,X V;},
where { U, } is a uniform covering of A and for each a, | V;} is a uniform cover-
ing of B. Every covering which is normal with respect to the coverings of this form
is uniform.

Proor. By 1.14 and 111.22, each uniform covering of A*B is realized by a
semi-uniform function h: A*B—M, M a metric space; it suffices to find a
covering of the given form, the images of whose elements in M have diame-
ters less than 1. By equiuniform continuity there is a uniform covering V 4
of A such that when a and a’ are near of order #, d(h(a, b), h(a’, b)) <1/3
for all b. For each a in A there is a uniform covering { V3| of B, the images
of whose elements under h(a, ) have diameters at most 1/3. Let U,=
St(a, #°). Then for any two points both in a set U,X V3, their images are
at distance <1/3+1/341/3, as required.

Let » be the uniformity (I.10) consisting of all coverings normal with
respect to the family A of all coverings of the form we are considering,
{U,X V;}. We have just shown that the uniformity of A*B is contained in A,
and therefore contained in u. That is, the identity function 1: u(A X B)—A*B
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is a mapping. It remains to check that 1: A*B—u(A X B) is semi-uniform.
For each {U,XVj}, all the inverse images under functions 1( ,b):
A —A X B coincide with the uniform covering {U, }; and each inverse image
under a function 1(a, ) is refined by one of the uniform coverings { V3}.
Thus 1 is an isomorphism, and the proof is complete.

This restores the pairing mapping = on the space U(X, Y)*X to Y(since,
by II1.20,  is semi-uniform), and we know, as far as 111.23 tells us, what the
space U(X, Y)*X is. Now our previous results give us some conclusions, and
suggest some more, concerning semi-uniform products. First, if A and B are
both compact, then A*B=A X B. This follows from Theorem 22 with 11.24
(homeomorphic compact spaces are isomorphic). Second, if B is discrete
(uniformly) then A*B= A X B. This follows from II1.21 and II1.22, since all
uniformly continuous functions on B are equiuniformly continuous. These
facts and Theorem 18 suggest at least the following.

24. THEOREM. The semi-uniform product A*B is the same as the direct
product AX B if A is compact or B is discrete.

25. If B is metric, then whenever A is a subspace of X, A*B is a subspace of
X*B. Consequently, for every injective space Y, U(B, Y) is injective.

It is not difficult to prove Theorem 24 by going right in and looking at the
coverings. However, we have already proved the discrete half of it by looking
at the functions, and we can profit from handling the rest in the same spirit.

26. For any three spaces X, M, Y, U(X, UM, Y)) and U(X*M, Y) are
isomorphic; the correspondence which associates to each mapping f: X—
U(M, Y) the mapping f* defined f*(x, m) =f(x)(m) is an isomorphism.

Proor. By 111.20, uniform continuity of f into U(M, Y) means that while
each value f(x) =f*(x, ) is uniformly continuous, the family of all evalua-
tions f*( , m) is equiuniformly continuous; i.e., it is equivalent to uniform
continuity of f* on X*M. Thus we have a one-to-one correspondence. If fi, fa
on X to UM, Y) are near of order 2" (U(%2")), then f; and f are near of
order 27 *; if f¥and f} are near of order %, then f; and f, are near of order

Y U(?Y).

27. Every precompact subset of a function space U(X, Y) is equiuniformly
continuous.

Proor. If {f,] is a precompact set of functions then for each uniform
covering 27 of Y thereis a finite set F of f,’s such that every f, is within 2~
of a member of F. By finite intersection, X has a uniform covering % the
images of whose elements under any function in F are contained in elements
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of 77 The image of an element of % under any f, is then contained in an
element of 2°*; so {f.} is equiuniformly continuous.

To conclude Theorem 24, suppose A is precompact and f* is a semi-
uniform function on A X B to some space Y. Then f: A—U(B, Y) defined as
in Proposition 26 is uniformly continuous. Thus f(A) is precompact and
hence equiuniformly continuous. That is, besides f*( , b) forming an equi-
uniformly continuous family, f*(a, ) does also. By Proposition 21,
f*: AXB—Y is uniformly continuous. Taking Y=A*B, f*=1, we have the
theorem.

For Proposition 25, the method will be quite direct. There is (again) a com-
plementary result involving a restriction on A. A family of sets is called
o-disjoint if it is a union of countably many subfamilies each of which is a
disjoint family.

28. THEOREM. Suppose either that B is metricor that A has a basis of o-disjoint
uniform coverings. Then every covering of A*B of the form {U,X V;}, where
{U,} is a uniform covering of A and, for each «, { V;} is a uniform covering of B,
is uniform.

Proor. By I11.23, it suffices to show that { U, X V| has a star-refinement
of the same form. Suppose B is metric. Then B has a countable basis of uni-
form coverings 2", which we may take to be a normal sequence. For each «,
choose n=n(a) such that 2" refines {V;}. Let Z={T,} be a uniform
covering of A satisfying 7 ** <{U, . For each A, let p(A) be the least integer
i such that for some U, containing St(St(T,, 7 ), ), n(a)=i. Let g=
g(\)=p(\)+1. Form the covering ? consisting of all sets Z,,=T\X WY,
where g=¢(A\) and W!& %% To show that Z*<{U,X V5}, consider any
Z,,; consider the following conditions on indices a, 8.

(i) U, contains St(T,, -2); and subject to this condition, n(a) is a mini-
mum, n.

(i) V§contains St(W¢, 27 "+}),

Since n<p(\), St(W?,2” "*!)is contained in an element of 2°", hence insome
V5; that is, (i) and (ii) can be satisfied. When they are satisfied, U,X Vj
contains every T, X W,'E? which meets Z,,. For, T, is in St(T,, -2 )CU.,.
Also W7 CSt(W?, 27**1); to see this, note that r=p(s)+1 is n(y)+1for
some U, which contains the star of St(T,, 27) DT, so that n(y) is not less
than the minimum, n. By (ii), W/C V3, and this case is finished.

In the other case we may suppose { U, | to be re-indexed as { U,,}, where
for fixed n the different sets U, are disjoint. Again let 7= {T,} be a uniform
covering, 7 **<{U,,}. Define p(A) as the least n such that some U,, contains
the iterated star St(St(7,, Z°), 7). For each n, a, take a uniform covering
% " <*{ Vp|. For each A, for each i <p(A), there is at most one a such that
U,DT,; let #*={W:| be a uniform covering of B refining all 27
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for this finite collection of indices i, a- Form & consisting of all T, X W2,
Every T,X W5 in & which meets 7\ X W is contained in U,,X V3" selected
as follows. (i) U,. contains St(T), %), hence contains T,; subject to this
condition, n is a minimum. (ii) V}* contains St(W,), 27™); this is possible
for the same reason as before, n <p(\) (with T\ CU,,). Again n=<p(s) too.
Since T,CU,.,# <?°™; so W:C V%, completing the proof.

Whenever A is a subspace of X, every uniform covering {U,} of A is the
trace on A of a uniform covering of X; hence the same is true for coverings
{U,X V3] of a product set AXBCXXB. If B is metric, or X (not just A)
has a basis of s-disjoint coverings, this implies that A*B is a subspace of
X*B. Proposition 25 follows in view of Proposition 26.

On the other side:

29. CoroLLARY. If C is metric and B a subspace of C then A*B is a subspace
of A*C for every uniform space A. Hence if Y is injective and e: B—C an
embedding, the mapping Ule, 1): U(C, Y)—-U(B, Y) has a right inverse.

Proor. The coverings { U, X V;} of A*B extend to coverings of the same
form on A*C, by extending each lV‘,;}. Thenput A=U(B, Y). The pairing
mapping = from A*B into the injective space Y extends to a mapping
f*: A*C—Y. I11.26 turns this into f: A—U(C, Y), i.e., f: UB, Y)—-U(C, Y).
Since f*(a, b) ==(a, b)=a(b), f(a) agrees with a on B; that is, U(e, 1)f(a) =
fla)e=a.

The mapping f, which takes each function a to an extension of it, is called
a simultaneous extension operator. The corollary shows that as far as metric
spaces are concerned, if Y always permits extension then it always permits
simultaneous extension. (Recall that the question whether a metric space is
injective can be settled by examining its relations with other metric spaces,
I11.17.)

The problem whether Theorem 28 (hence its corollaries, 25 and 29) gen-
eralizes to arbitrary uniform spaces is one of the principal currently unsolved
problems of the theory; see below, Research Problem B;. As things stand
now, the o-disjoint side of the theorem has corollaries like 25 and 29, but
they are not very satisfying.

We can conclude one piece of unfinished business with

30. If e: B—C is an embedding in any uniform space and Y is an injective
space, then U(e, 1) : U(C, Y)—U(B, Y) is a polar epimorphism.

Proor. Ule, 1) =r takes each f: C—Y to its restriction f|B. From I1.7,
it suffices (since we know r is onto) to show that no finer uniformity on
U(B, Y) leaves r uniformly continuous. We shall deduce this from (*) : For
every uniform covering 2 of Y there is a uniform covering # of Y such that
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for any mapping f: C—Y, and any g,: B—Y within # of f| B, g has an
extension g: C—Y within 27of f.

Suppose (*) established, and { U, } a nonuniform covering of U(B, Y). For
each uniform covering 2” of Y, we construct a set in 2°(U( 2")) on U(C, Y)
which is not contained in any r~(U,). Take # as described in (*), and note
that 27(U(#)) on U(B, Y) does not refine {U,}. Thus some f,: B—Y
has the set of all mappings within # of it contained in no U,. Let f: C—Y
be an extension of f;, and extend all these mappings within 2 of f.

For (*), we embed Y in a product 11 of factors U, which are unit balls of
ell-infinity spaces; let ¢ be a retraction of IT1 upon Y. The covering ¢7'(%") is
a uniform covering of the product I ; so it has a refinement % which is a
finite intersection of coverings p; (%), % the covering of U, by all sets
of diameter ¢. Now given f: C—Y and g,: B—Y, to get an extension g: C—Y
within 27 of f it suffices to get an extension g, : C— 11 within% of f, and put
8=qg, . For all coordinate indices a except finitely many, the coordinate
functions p,g, may be extended in an arbitrary manner. For the remaining
ones, if p,g is within ¢ of p.f| B, the difference p,(go—f| B) is amapping
d, into the e-ball of an ell-infinity space; let e, be an extension over C with
values in the e-ball, and define p,g; =€, —p.f. The covering # that we need
is just the trace of % on Y.

Closure properties. The theorem that a uniform limit of uniformly contin-
uous functions is uniformly continuous provides one of the most basic tools
for the theory. It amply justifies the introduction of a space of discontinuous
functions: the space F(X, Y) of all functions defined on X with values in Y.
The symbol F(X, Y) will be used for this set of functions, no uniformity
being involved unless specified. The function space uniformity, or uniformity
of uniform convergence, is defined for F(X, Y) just as for U(X, Y). Inspec-
tion shows that the relations U(%2") on F(X, Y) still form a symmetric
entourage basis; so F(X, Y) as a function space is a uniform space. Inspec-
tion also shows that U(X, Y) is a subspace. The product or pointwise uni-
formity, or uniformity of pointwise convergence, on F(X, Y), is the product
uniformity; F(X, Y) is, we note, logically identical with the product set of a
family of copies of Y indexed by the points of X. These terms are used also
for the uniformity induced on U(X, Y) considered as a subset of the product
F(X, Y). The notation U(X, Y) signifies the function space unless a differ-
ent uniformity is specified.

31. THEOREM. U(X, Y) is complete if Y is complete. In any case U(X, Y)
is closed in the function space F(X, Y).

ProOF. Suppose Y is complete and {f,} is a Cauchy net in the function
space F(X, Y). Then each tfa(x)} is a Cauchy net in Y, so converges to a
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point f(x). For any uniform covering 2" of Y, and a residual set R of indices
a for which all f, are in some element of 27(U(2")), all f.(x) are within 9~ **
of f(x); thus {f,} converges to f. Now suppose fEF(X, Y)— U(X, Y). There
is a uniform covering 2" of Y such that in X one can find points p, g, arbi-
trarily near, such that f (p) and f(q) are not near of order 2" *. Then for any
gEF(X, Y) within 2 of f, these g(p) and g(q) are not near of order 2 This
shows that F(X, Y) — U(X, Y) is open, and completes the proof.

32. CoroLLARY. A uniform limit of continuous functions is continuous.

33. In any function space U(X, Y), for any uniform covering % of X, the
mappings realizing % form an open set.

Proor. If f realizes %, with f'( 27*) refining %, then for any g within 2°
of e (V)<fUDYN<%.

34. Let Y be a complete metric space and X a metric space such that, for each
uniform covering % of X, every mapping f: X—Y can be approximated arbi-
trarily closely by mappings realizing %. Then X can be embedded in Y. In fact,
every mapping f: X—Y can be approximated by embeddings.

Proor. U(X, Y) is complete by Theorem 31 and metric by Exercise I1.7.
From topology, any countable family of dense open subsets of U(X, Y) has a
dense intersection. Hence there is a mapping in U(X, Y) which realizes every
covering in some basis for X and therefore embeds X in Y.

Proposition 34 gives us what may be called the random method of embed-
ding. It is a strikingly successful method in some cases; and hardly anything
has yet been done on embedding general spaces X in a fixed space Y beyond
obvious refinements of the random method.

35. A function f: X—'Y which can be approximated pointwise by the members
f. of an equiuniformly continuous family of functions is uniformly continuous;
in fact, the closure of {f,} in the product space F(X, Y) is an equiuniformly
continuous family.

Proor. Points f(p), f(q) are near of order 2" * whenever every pair £,(p),
f.(q) is near of order 7~

An equiuniformly continuous family of functions on a fine space is called
an equicontinuous family. Note that every proposition on equiuniformly
continuous families applies to equicontinuous families.

36. THEOREM. If X and Y are precompact, then every equiuniformly contin-
uous family in U(X, Y) is precompact.
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Proor. For any uniform covering { V;} of Y, there is a uniform covering
{ U;} of X refining f~'({ V;}) for all f in the equiuniformly continuous family
E; and we may suppose each covering is finite. Each f in E takes finitely
many sets U, to subsets of finitely many sets V; in some manner; choose a
finite set of f’s which do this in all possible ways. Then every member of E
is within { V;} of one of these; so E is precompact.

If just Y is precompact, then for each single f we could use finite coverings
of X, but there may be equiuniformly continuous families E for which no
finite covering of X suffices. The hypothesis of the theorem does admit one
weakening which is sometimes useful for applications. A family {f,} of func-
tions is called pointwise precompact (or sometimes pointwise bounded) if for
each point x the set of all values f,(x) is precompact.

37. AscoLI THEOREM. An equiuniformly continuous, pointwise precompact
family of functions on a precompact domain is precompact. On every space X
which is not precompact there is an equiuniformly continuous family of func-
tions into I which is not precompact

Proor. Let E be equiuniformly continuous and pointwise precompact in
U(X, Y). Let { V.}= % be a uniform covering of Y, and { U;} a finite uni-
form covering of X refining all f~'( %), fEE. Select x,&U; for each i. The
set {f(x;) : fEE}, being precompact, is covered by a finite set { V,:aEdJ;}.
Each f in E maps U, into some St(V,,2"), with aEJ;. Again select a finite
set of f’s which do this in all possible ways; every member of E is within 27*
of one of these.

If X is not precompact, there exist an infinite set {x,} in X and a uni-
formly continuous mapping h of X into a metric space such that d(h(x,),
h(x,)) =1 for m=n. Then defining f,(x) =min(1, d(h(x), h(x,))), we have
an equiuniformly continuous family of functions in U(X, I) all separated by
distance 1.

There is a further refinement on the Ascoii theorem for coatinuous func-
tions, i.e., for fine spaces; the equicontinuity can be taken pointwise. A
family of functions f, defined on a topological space X with values in a uni-
form space vY is said to be equicontinuous at a point x&X if for every cov-
ering 2'E€v there is a neighborhood N of x such that every image f,(N) lies
in a single element of 27

38. A family of functions on a fine space uX to a uniform space vY that is
equicontinuous at every point of X is equicontinuous.

ProoF. Let the family of functions be F={f,: «€A}; consider the cov-
erings in », 2" "=|V;:8EB,}. Let F, be the set of all functions ¢:4—B,,
For each ¢EF,let W,=N[f;(Vi5.):aEA]; let U, be the interior of W,.
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For each point x of X, equicontinuity of Fat x implies the existence of $¢-F,,
such that W, contains a neighborhood of x; hence {U,}|=%"(2™ is an
open covering. To see that it is a normal covering, it suffices to check that
2:<*7" implies & {(2°)<*F Y2°Y. For any member U, of
F “U7'?), there is ¢ EF, such that St(Vi,, 273 CV., for all a. Then
St(U,, & ~(2°%)) CW,; since the star is an open set, it is contained in U,.

Exercises.

1. Y-REFLECTION. We noted after Proposition 3 the unsolved problem
whether the reflection mapping r: X—Ref(X, Y) always has the property
that U(r, 1) : URef(X, Y), Y)>U(X, Y) is an isomorphism. An easier
exercise is:

(a) Show that Ref (X, Y) is a reflection of X.

(b) If it is true that U(r, 1) is always an isomorphism then every one-
to-one onto mapping of the form U(f, 1) is an isomorphism.

*2. CARDINAL REFLECTION.

(a) Prove that in the category of all spaces having no uniformly discrete
subspace of power m (an infinite cardinal) every space X has a reflection X,,.

(b) Using an indexing device like those in the proof of Theorem 28, show
that every countable uniform covering has a countable uniform star-
refinement. Hence every such covering is realized by the reflection mapping
rX — Xxg,.

It is an open problem whether (b) remains valid for higher cardinals.

3. LIFTING.

(a) Prove all affirmative statements about U(1, g) in Proposition 6. (The
affirmative part of the second paragraph can be strengthened if desired.)

(b) Check that if g: Y’—Y has no right inverse then U(1, g) : U(Y, Y')—
U(Y, Y) is not onto.

Suppose X is not uniformly discrete, and even has no uniform covering
consisting of sets of 1 or 2 points. Let Y’ be a sum of two-point sets {x,, y.},
one for each pair of distinct points x, y of X. For each uniform covering %
of X, define 2°(% ) on Y’ to consist of those pairs {x,, y,} for which x and
y are near of order %, and all the remaining single points of Y.

(¢) The coverings 2°(% ) form a basis for a uniformity on Y’.

(d) Map Y’ to X by g, defined q(x,) =x, g(y.) =y. Then q is a quotient
mapping.

(e) For 1: X—X, U(1, q) is not onto.

(f) If X is not uniformly discrete but has a uniform covering consisting of
sets of at most 2 points, find a quotient space Y of X which has no such
covering and modify the preceding to show that U(1, ¢) is not onto for some
quotient mapping q: Y'—Y.

(g) If 1: X—X is not a limit of mappings into uniformly discrete sub-
spaces, then X has no uniform covering consisting of sets of at most 2 points.
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Conclude the proof of Proposition 6.

4. Prove Proposition 7. (Use F(X’, Y) and Theorem 31.)

5. (a) For Proposition 11, let R be a real line isometrically embedded in a
metric space M. For each xEM, let r(x) be sup{y —d(x, y) : yER}.

(b) Formulate and prove the extension theorem corresponding to this
retraction theorem.

6. WEAK UNIFORMITY. In the usual two-type set theory having sets and
proper classes, the precautions taken in defining semi-uniform product are
not necessary. For any set X and any class of functions on X into various
uniform spaces, there is a coarsest preuniformity on X admitting all these
functions.

7. SEPARATE CONTINUITY. On the product set X X Y of two uniform spaces,
there is a uniformity such that f: XX Y—Z is uniformly continuous if and
only if each f(x, ) and each f( , y) is uniformly continuous. However, it
need not even be precompact when X and Y are compact.

This uniformity makes X XY into a space X #Y such that mappings
X # Y—Z correspond to mappings X—U(Y,Z) with the pointwise uniform-
ity. This seems to be the only way to put a uniformity on the function space
so as to get a commutative ‘‘tensor product” X #7Y.

8. THE FUNCTOR *.

(a) Mappings f: A—A’, g: B—B’, induce a mapping f*g: A*B—A’*B’.
* is a covariant functor of two variables. If A and B are nonempty, f*¢ is an
isomorphism if and only if f and g are.

(b) If f and g are quotient mappings, so is f*g. The essential point is that
when f: A—A’ is a quotient mapping and {A,} a family of mappings on A’
to Y, {h.f} is equiuniformly continuous if and only if {h,} is. (Use function
spaces.)

(c) Quotient mappings f: A—A’, g: B—B’, induce a quotient mapping
fXg:AXB—A’'XB'.

9. RECTANGULAR COMPACTNESS.

(a) In a function space U(X, Y), a closed rectangle H is determined by a
function h assigning to each point of X a closed subset of Y, and consists of
allfeU(X, Y) such that f(x) Eh(x) for each x. A closed rectangle is a closed
set.

(b) If Y is compact, then in F(X, Y) every family of closed rectangles
having the finite intersection property has a common point.

(c) Every nonempty open set in U(X, Y) (for any Y) contains a closed
rectangle with nonempty interior.

(d) If X is uniformly discrete and Y is compact, then in U(X, Y) a count-
able intersection of dense open sets is dense.

However:

(e) There exists a compact space Y having no isolated points and con-
taining no infinite closed metrizable subspace. For this, let N be a countably
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infinite discrete space, SN its Stone-Cech compactification, Y=8gN—N.
Show that Y has no isolated points.

(f) No sequence { y,} in Y is convergent. For the union of N and {y,} is a
countable completely regular space, and therefore normal. Thus any bounded
continuous real-valued function on {y,} can be extended over N, and then
over gN.

(g) A continuous mapping of the Cantor sét C into Y takes only finitely
many values.

(h) U(C, Y) is a countable union of nowhere dense sets.

10. GrAPH SPACE. The functions in U(X, Y) are determined by their
graphs, which are closed sets in X X Y forming a subspace of H(X X Y). This
space, the graph space of (X, Y), would be a poor substitute for the function
space; it need not be closed in H(XXY), e.g. for X a Cantor set and Y a
two-point space. However, it is homeomorphic with U(X, Y).

Research Problem A,

CHARACTERIZE U. It would clarify the properties of function spaces con-
siderably if a simple and convincing nonconstructive definition of U(X, Y)
could be found which would determine uniquely the uniform function space
as defined here. Such a definition should resemble the nonconstructive
definitions of sums, products, and more particularly reflections and quo-
tients. There seems to be no reason to expect it to be any simpler than the
triune definition of a quotient mapping. Since U is a fairly complicated
functor, the definition might resemble typographically the Eilenberg-
Steenrod axioms for homology theory; and its simplicity and convincingness
might not be generally granted for some years after its publication.

It is unnecessary to belabor the advantages of an axiomatic treatment
here.

In fact the existing theory of U is not entirely convincing; it is conceivable
that a different uniformity for function spaces can be found which is more
worthy of the title. The importance of the present U is sufficiently clear.
Even the derivative construction * seems firmly established, by its contri-
bution to the extension problem in IIT1.25 and II1.29. What is not proven
(though probably true) is that the analogy of U(X, Y) with Hom(A, B}, of
X*Y with A®B, is sound.

The problem has no literature. The obvious method of attack is by a
detailed study of properties which the space U(X, Y), or the functor U, has
and those which it might reasonably have but doesn’t. Among the latter,
recall that the natural function on X to U(U(X, Y), Y) is not a mapping.

Research Problem B,.
DEescrIBE X*Y. As we already noted, the problem whether Theorem
II1.28 and its corollaries hold without restriction on the spaces is open.
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It is even an open problem whether every uniform space has a basis of
s-disjoint coverings. If this could be proved it would show that I11.28 is
already without restrictions. It seems more likely that not every uniform
space has such a basis. However, that problem is related to other important
problems discussed later (B,, B,).

To generalize 111.28 is a straightforward infinite combinatorial problem
that, like many such problems, looks terribly difficult to carry out or to
prove impossible. As long as it is not done, even if it is proved impossible,
the corollaries (which are more interesting) might be treated separately. An
obvious approach to simultaneous extension is along the lines of I11.30. The
theory of Banach spaces might be applied to the problem in several ways.
The literature on simultaneous extension is mainly concerned with linear
operators extending bounded real-valued functions; see Day [D], Isbell-
Semadeni [1], McShane [1]. Similar remarks apply to the extension problem,
but it seems to be in better shape.

Notes. There is more on injective spaces in Isbell [2] and [5]. In the latter,
it is proved that if the power of the continuum is a number R, (i.e., less than
X.), then the real line is not even a neighborhood retract of an injective space
in any uniformity not equivalent to the usual one. In any case it cannot be
injective; a locally compact injective uniform space is compact.

In the proof of I11.30, the proposition (*) is a little stronger than is needed.
Not every quotient mapping has the property that the inverse image of each
nonuniform covering is nonuniform. Every mapping having a right inverse
does have this property.

There are many versions of the Ascoli theorem. Note that Kelley [K] gives
several.

Exercise 5 is from McShane [1]. There are several interesting notions of
injectivity for metric spaces, besides the uniform notion (Isbell [5]) and the
strict notion d(f(x), f(y))<d(x, y) (Aronszajn-Panitchpakdi [1]). Each of
these three papers considers some variants.
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CHAPTER IV

MAPPINGS INTO POLYHEDRA

Polyhedra occupy a central position in the theory of uniform spaces for
two reasons: the simplicity of their structure, and the ease of mapping other
spaces into them. This chapter develops the second notion. The simplicity
of the structure of infinite polyhedra, indeed, recedes as one looks more
closely, and turns out to enfold a very large part of the structure of the whole
category of uniform spaces. The point remains that general spaces are more
easily approached by way of polyhedra.

Uniform complexes. An (abstract) simplicial complex K consists of a set V
of vertices and a family of nonempty finite subsets of V called simplexes, such
that every single vertex is a simplex and every nonempty subset of a simplex
is a simplex. Vertices are said to have dimension 0, and generally a simplex
having n vertices is said to have dimension n—1. The subcomplex K® con-
sisting of all the vertices of K and all simplexes of dimension p or less is called
the p-skeleton.

A simplex s contained in a simplex t is called a face of t. The closure of a
simplex s is the subcomplex consisting of all its faces (including s itself). The
star of s is the collection of all simplexes which have s as a face.

The set of simplexes of a simplicial complex K may be regarded as a topo-
logical space (satisfying the T, separation axiom, but no more) in which the
closed sets are just the subcomplexes. This is at least a convenient device
for organizing definitions and relations. For example, the star of a simplex is
the smallest open set containing it. There is another example in the descrip-
tion of simplicial mappings that follows here. This point of view could be
used also in connection with products of simplicial complexes, which we shall
need later in the chapter.

A simplicial mapping from a complex K to a complex L is a function f
from the simplexes of K to simplexes of L which takes vertices to vertices
and, for each simplex s of K, takes s to exactly that simplex f(s) of L whose
vertices are the images f(v) of vertices v of s. Thus f is determined by the
vertex mapping fo=f| K. A vertex mapping is just a function from vertices
to vertices which takes the set of vertices of a simplex to the set of vertices
of a simplex.

56
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In the T,-topological interpretation, a simplicial mapping is just a closed
continuous mapping.

We want a more geometrical interpretation of the simplicial complexes,
as polyhedra. Only a single type of polyhedra will be used; but others are
possible, and for further progress in the theory others seem to be necessary.
Therefore we shall spend some time on preliminary descriptions.

NoTATION: §"is a complex consisting of an n-dimensional simplex with its
faces; s" is the complex §"—s".

The category of abstract simplicial complexes & is the category whose
objects are simplicial complexes and mappings, simplicial mappings. A topo-
logical realization of & is a functor r embedding % isomorphically in the
category of topological spaces, so that

(1) (NORMALIZATION). Each complex 5" is realized by a closed n-cell, and
r(s") is its boundary.

(2) (PRESERVATION OF SUBCOMPLEXES). A mapping embedding a subcom-
plex is realized by a mapping embedding a subspace.

(3) (DoMINATION). For each complex K, every point of the realization r(K)
belongs to r(s) for some simplex s of K. A uniform realization is a functor
embedding & isomorphically in the category of uniform spaces, satisfying
the same three conditions. Relative to a realization r, the spaces isomorphic
with spaces r(K) are polyhedra.

These conditions (1)-(3) are probably not enough for a full axiomatic
development of polyhedra. They do suffice for proving:

1. Embeddings of subcomplexes are realized by embeddings of closed sub-
spaces.

2. For each complex K, for each point p of r(K), there is a unique simplex s
of K such that for a subcomplex K’ of K, p is in r(K’) if and only if s is in K’.

3. The space realizing a finite complex is compact and topologically unique.

For the proofs, first note that r(K®) is discrete. Every two of its points
form a discrete space, in view of (1) and (2); the rest follows since every
function on K to itself is a simplicial mapping.

Proor oF ProrosiTiON 1. Let the subcomplex K’CK be realized by a
subspace L’ CL. Let p be a point of L—L’. Consider two cases: (I) there is
not, or (II) there is a simplex s” of K of dimension n>0 such that pEr(3").
In case (I), p is in r(v) for some isolated vertex v of K (in view of (3)). Then p
is separated from L’ by a continuous mapping into r(K ®); so p is not a limit
point of L’. In case (II), there is a vertex v of s" such that r(v) #p. Let
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f: K—K be the simplicial mapping which leaves the vertices of s” fixed and
takes all other vertices to v. Then r(f) is continuous and coincides with the
identity on r(s"). It maps all of L’ (using (3) here) into subsets r(t) of r(s"),
where t is a face of s” belonging to K’. This is a finite family of compact sets
not containing p. Thus r(f) separates L’ from p, and L’ is closed.

Proor oF PropPosiTION 2. Let s and ¢ be any two simplexes of K having a
largest common face u. Let v be a vertex of u, and let f be the simplicial map-
ping of K to K which leaves s fixed and takes all other vertices to v. Then
consider any point p of r(§)(Nr(¢). Since p is in r(s), rgf) (p)=p;sincepis
in r(f), r(f)(p)Er(a). Hence p is in r(a), i.e., r(s) Nr(t)=r(a).

Suppose s and t have no common face. If both are zero-dimensional we
already know r($) and r(?) are disjoint; if one has two or more vertices, an
obvious modification of the preceding paragraph shows r(§) and r(t) are
disjoint.

Now every point p of r(K) is in r(2) for at least one simplex z of K. By the
preceding, among the faces s of z having p in r(s) there is a smallest s. For
any simplex t, pEr(f) implies s is a face of t. With (3), the proof is complete.

ProOOF OF PROPOSITION 3. A finite union of n-cells is of course compact
Moreover, if r, and r, are topological realizations of %, a homeomorphism
h: ri(K)—r(K) (K finite) may be defined as follows. ri(K®) and rn(K©)
are homeomorphic by the correspondence h(r;(v)) =ry(v). Having defined
h: r(K®)—ry(K®), consider each (i +1)-simplex s of K. We have a homeomor-
phism k from the sphere ri(s) to r,(s); then it may be extended radially to a
homeomorphism of r(§) upon ry(5). In view of Proposition 2, this gives a ho-
meomorphism of the (4 1)-skeletons, and. the recursion completes the proof.

The simplex s associated with a point p of r(K) by Proposition 2 is called
the carrier of p. Further, an isomorphism f: r(K)—X is called a triangulation
of X. Relative to a triangulation f, the carrier of a point f~!(x) is also called
the carrier of x. The set of all points of X having a given carrier s is an open
simplex of f, and it may be notationally identified with s when this is con-
venient. Its closure f(r(5)) is a closed simplex of the triangulation.

No generally satisfactory uniform realization of all simplicial complexes
is known. In fact, the ‘‘realization” in most common use takes some sim-
plicial mappings to nonuniformly continuous functions. Since all our applica-
tions are in the finite-dimensional case, where this difficulty does not occur,
we shall not try to correct it here.

For any simplicial complex K, the uniform complex K, is a metric space
whose points are those non-negative real-valued functions p on the vertices
of K such that, for some simplex s of K, p(v) =0 for all vertices v not in s and
> wesp()=1. Distance in K, is defined d(p, q) =max,|p() —q(v)|. The
vertices of K then correspond to their characteristic functions, and each
simplex consists of all weighted averages of its vertices. A simplicial mapping
f: K—L is realized by f,: K,—L,, coinciding with f on vertices and defined
in general f(3_ a,v) =) a,f(v). Evidently
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4. Uniform complexes constitute a uniform realization of finite-dimensional
simplicial complexes.

We shall usually suppress the subscript u on a uniform complex. Also we
may refer to simplexes of K (=K,); this is relative to the triangulation
1: K,— K, unless specified otherwise. Dimension of a simplex is 1 less-than
the number of vertices; the uniform significance of the concept appears in
the next chapter. Further, the dimension of a complex (abstract or uniform)

is the least upper bound in {0, 1,..., »} of the dimensions of its ssmplexes.
5. A uniform complex is complete if and only if it is finite-dimensional.

Proor. The coordinates of the centroid of an n-dimensional simplex are
1/(n+1), n+1 times, and 0; if there are simplexes of dimensions n;— «, then
their centroids form a Cauchy sequence which is not convergent. On the
other hand, suppose X is an n-dimensional uniform complex and {p;} a
Cauchy sequence in X. For each vertex v, the values p;(v) form a Cauchy
sequence of non-negative real numbers with limit p(v). Let s be the set of all
v for which p(v) >0. There cannot be more than n+ 1 elements in s; for if p
had n+ 2 positive values, all = 2¢, then those p; which are within ¢ of p would
also have at least n+ 2 positive values. By the same argument, s is a simplex.
Obviously > ,e,p(v) 1. Suppose the sum is 1—4. Then for y <4/(n+1), and
i such that for j>1i, d(p;, p;) <v, we have ) _p,(v) <1, a contradiction. Thus
p is a point of X, and p,—p.

Another characteristic property of finite-dimensional uniform complexes is
that the stars of the vertices form a uniform covering. (The best Lebesgue
number, in an n-dimensional complex, is 1/(n+1).) But in this case we have
more, as follows.

A triangulation g: L,—X is a subdivision of a triangulation f: K,—X in
case every closed simplex of g is a subset of a closed simplex of f. Equiva-
lently, every open simplex of g is a subset of an open simplex of f.

There is an abstract notion of subdivision, too. The first barycentric sub-
division KYof an abstract complex K is the abstract complex whose vertices
are the simplexes of K and whose simplexes are finite sets of simplexes of K
totally ordered by inclusion (the face relation). Successive barycentric
subdivisions are defined K™™' = Ki"l!]

A realized subdivision g: K W_,K, need not exist (as a uniform isomor-
phism). The idea behind the definition of K s that a vertex s of K" cor-
responds to the centroid of s in K,. Specifically, if s has vertices v, -, v,
in K, and we identify vertices with their characteristic functions, then
g: KWK, is defined (a) g(s)=2_[1/(n+1)v;: i=0,---, n}; (b) for p=2 ajs;
in K'Y g(p) =>_a,g(s). This is a function into K,, because the s; are totally
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ordered, and all g(sj) lie in the closure of the largest s; in K,. It is uniformly
continuous because, as one may compute without difficulty, it is distance-
decreasing. Moreover, g is one-to-one and onto. To see this, consider any p
in K,, with carrier s. If p is the centroid of s, it is clear; p is the image of the
vertex s of K!! and of no other point. Otherwise consider the ray (in the
linear space of all functions on the vertices of K) emanating from the cen-
troid of s and passing through p. Clearly this ray meets s in just one point
Do. Since p, has a carrier of lower dimension, we may assume inductively that
Po=28(xo) for just one xo in K. Then p is the image of a suitable average
of x5 and s, but not of any other point.

Suppose K is finite-dimensional. Note that K" has the same dimension;
the longest totally ordered sets of simplexes are those which include a sim-
plex of highest dimension and a face of it of each dimension through 0.
Further, in this case g ! is also uniformly continuous. Indeed, if n is the
dimension of K, then the centroids of any two simplexes of K, are distant
at least 1/(n+1) from each other, and one may compute that g~! increases
no distance by more than a factor of n+1.

Even if K is infinite-dimensional, the mapping g is called the first barycen-
tric subdivision of K,. Similarly for higher order subdivisions. We again
identify, speaking of sets g(¢)in K, (¢ a simplex of K as simplexes of the
first barycentric subdivision, and so on. Then:

6. THEOREM. In a finite-dimensional uniform complex X, let %, denote the
covering consisting of the stars of vertices of the nth barycentric subdivision. Then
the coverings %, form a basis for the uniformity.

ProoF. We know already that the stars of the vertices in a complex K"
form a uniform covering; this remains true after an isomorphic mapping to
X. Then we need only check that the diameters of simplexes in successive
barycentric subdivisions of X approach 0, since the star of a vertex has at
most twice the diameter of a simplex. These simplexes lie in simplexes of X,
of dimension at most p; such a simplex is uniformly equivalent with a sim-
plex in Euclidean p-space, by a mapping which is linear (so preserves cen-
troids) and independent of the choice of simplex in X. Then we need only
check that barycentric subdivision of a simplex of diameter M in EP cuts it
into a number of simplexes of diameter at most pM/(p+1). Since the diam-
eter is the maximum distance between two vertices, this is clear, and the
proof is complete.

7. The real line is a uniform polyhedron.

8. The product of two finite-dimensional uniform polyhedra is a uniform
polyhedron.
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Proor. Let K and L be abstract complexes corresponding to the polyhe-
dra X and Y. The uniform space X X Y is of course metric; the product uni-
formity is induced, for example, by the distance d((x,y), (x’,y'))=
max (d(x, x'), d(y, ¥')). We define an abstract complex M: the vertices of M
are all the ordered pairs (s, t) consisting of a simplex of K and a simplex of L;
a partial ordering of the vertices is defined (s, t) > (s’, t’) if sDs’ and tDt’;
a simplex of M is a totally ordered set of vertices. Let Z=M,. We define
i: Z—-XXY as follows. For each vertex (s, t) of Z, i(s, t)= (p, q), where
p is the centroid of s and q is the centroid of ¢t. Then any point 2 of Z can be
written uniquely as a weighted average of vertices D auy; i(2) is D axi(vy).
This is a mapping into X XY because the vertices v, are totally ordered.
Moreover, examination of the definitions shows that i (like g: K!''-K) is
one-to-one, onto, and distance-decreasing. Finally, if n is the larger of the
dimensions of K and L, any two centroids i(v), i(v’) in XX Y are distant at
least 1/(n+1); and i™' increases distances at most by a factor of n+1.

Canonical mappings. The nerve of a covering 2~ of a set S is an abstract
simplicial complex N defined as follows. The vertices of N are the nonempty
elements of 2. A finite set of vertices, V, ---, V,, is a simplex if V,N.--NV,
is a nonempty subset of S.

9. The nerve of the covering of a simplicial complex K which consists of the
stars of the vertices is isomorphic with K.

Indeed, the elements of the covering are already indexed by the vertices
of K, and the stars of a set of vertices have nonempty intersection if and only
if there is a simplex having all those among its vertices—which implies there
is a simplex having exactly those vertices. Note that the same thing is true
for the covering of a topological realization which consists of the stars of the
vertices.

Henceforward the term nerve will usually refer to the uniform complex
determined by an abstract nerve.

A canonical mapping of a (uniform) space X into the nerve of a covering 2~
of X is a (uniformly continuous) mapping such that the inverse image of the
star of each vertex Vis contained in the set V. The coordinates fy of a canon-
ical mapping f form a family of non-negative real-valued functions with
sum 1, which is called a partition of unity. The condition on stars means pre-
cisely that each function fy vanishes outside the set V; this condition is com-
monly expressed by saying that the family {f,: VE 2/} is subordinated to 2.
Uniform continuity of the mapping f is equivalent to equiuniform continuity
of its coordinates; and finally, for the fy to give a mapping into the nerve
they must be a point-finite family, i.e., at each point all but finitely many
vanish.
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10. A family of functions fy on a uniform space, indexed by the elements of a
covering 7, forms the family of coordinates of a canonical mapping into the
nerve of 9 if and only if it is a point-finite equiuniformly continuous partition
of unity subordinated to 7.

In case 2 is finite-dimensional (i.e., has a finite-dimensional nerve) a
family of functions subordinated to 2" is automatically point-finite. In this
case, further, a canonical mapping yields a realization of % since the cov-
ering of the nerve by stars of vertices is uniform. For the infinite-dimensional
case there are enough difficulties to make the canonical mappings, as defined
here, useless; however, canonical mappings are useful for infinite-dimensional
spaces in topology, and there is the possibility of a modification. We note
that two canonical mappings of X into the nerve of 2” are homotopic; their
values at each point of X can be joined by a straight line segment of length
at most 1.

11. THEOREM. To every uniform covering of a uniform space one can subor-
dinate an equiuniformly continuous partition of unity.

Proor. Let {U,} be a uniform covering indexed by a well-ordered index
set. Let d be a uniformly continuous pseudometric, as in I.14, such
that every set of d-diameter 2 or less is contained in some U,. By trans-
finite induction we define functions g,: g.(x) is the minimum of 1 and
sup{d(x, X —U,) :8<a}. For the first index oo, we interpret the supremum
over the empty set to be 0. Then let f,=g.+1—&.-

For any two points x, ¥, |g.(x) —8.(¥)| =d(x, y), | f.(x) —f.(y)| S2d(x, ¥);
hence the functions f, are equiuniformly continuous. For each x, the real
numbers g.(x) increase monotonically to 1; and for a limit index «, g,=
sup{gs;: 8<a}. Hence the functions f, form a partition of unity, which is
obviously subordinated to {U,}.

12. CorOLLARY. Every finite-dimensional uniform covering can be realized
by a canonicel mapping into its nerve.

Having mapped a space into a nerve, one does not usually stop there.
Among the mappings of uniform complexes we have the simplicial mappings
—more correctly, the mappings realizing simplicial mappings. Among these
note especially the connecting mappings between nerves. Here we must have
two coverings % and %2 of the same space, with 2’< %. Each V,E%2 then is
contained in at least one U,, a=f(8), in %. A function f selecting such an «
for each 8 dennes a vertex mapping from the nerve N of 2~ to the nerve M
of %; and from the definition of nerve it is clear that f takes simplexes to
simplexes. The realization of f is a connecting mapping. We remark that the
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notion depends not only on the triangulations of M and N but on the whole
situation, with 2<% on some space X.

13. If f: X—N is a canonical mapping and g: N—M is a connecting map-
ping, then gf is canonical,

Proor. Let N be the nerve of 2; M of %. For each U in %, each point of
X — Uis mapped by f into the subcomplex complementary to the union of
the stars of the vertices V; of N satisfying V,CU; so gf does not map it into
the star of U.

A covering 7 refining % is called a shrinking of % if some connecting
mapping is an embedding; i.e., there is a one-to-one correspondence between
all the V,&E %2 and some of the U,&E % such that V,C U,. There is a roughly
dual notion which we shall want more than once; it has no name, so we may
as well call it a coshrinking. It is not ¢lear how the definition should read; let
us select the simplest version. 2" is a coshrinking of % if 2°< % and some
connecting mapping is onto.

14. Every refinement is a coshrinking of a shrinking.

ProoF. Given 2"={V,} <% ={U,}, select a function f taking each index
8 to a=f(8) so that U,DV;. If f'(a) is not empty, define W, as (J[V;:
f(8)=a). Then # ={W,] is obviously a shrinking of %, and %" is a coshrink-
ing of 7.

A larger class of mappings of polyhedra, still determined by their effect
on vertices, are the semilinear mappings f: X—Y. Here X must be a poly-
hedron with a distinguished triangulation; Y may be a triangulated poly-
hedron or a linear topological space, as long as the notion of a convex
combination or weighted average is meaningful in Y. Then f is a semilinear
mapping if f is well-defined and its restriction to each closed simplex of X is
linear; i.e., on any combination of vertices p=> a;v;, f(p) is D a:f(v).

It is convenient not to put uniform continuity into the definition of a
semilinear mapping. Note that on a finite (i.e., compact) polyhedron every
semilinear mapping is uniformly continuous.

15. Every semilinear mapping of an n-dimensional finite uniform complex
into the Euclidean space E*"*' can be approximated uniformly by semilinear
embeddings.

Proor. All we need, because of compactness, is a one-to-one semilinear
mapping. Given semilinear f, taking the vertices v,,---, v to points p,,---, p,,
in order to approximate within ¢, we must find points ¢, .--,q, with
d(p;, q;) <e such that no 2n+2 points g; lie in a 2n-dimensional linear set in
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E™*'. This can be done recursively, starting with g,=p,, selecting each g;
near p; but not in any of the proper linear subsets determined by the pre-
ceding g;. Then the semilinear mapping taking each v; to g; is the required
approximation.

We are not yet prepared for dimension theory, but one of the basic results
is so close that we may as well reach out and take it. The uniform dimension
5dX of a space X is said to be <n provided every finite uniform covering of
X has a uniform refinement of dimension at most n. The precise number
8dX is the smallest such n, or —1 for the special case that X is empty; and
we write 8dX = « if there is no such n.

16. TUEOREM. Every precompact n-dimensional metric space can be embedded
in E**'; and every mapping into E**! can be approximated by embeddings.

Proor. We use I11.34. Given X, precompact n-dimensional metric, and
given a uniform covering % of X, we must show that any mapping f: X—
E¥*! can be approximated by mappings realizing %. We may suppose %
is finite; and if 27 is a uniform refinement of dimension at most n, then
Proposition 14 gives us a shrinking # of % which is finite and at most
n-dimensional. To realize % it suffices to follow a canonical mapping into
the nerve of # with an embedding. Now to approximate f: X—E**! to
within ¢, we make a preliminary modification, replacing % by a finer cover-
ing { U, } such that each f(U,) has diameter at most ¢/2. Then the shrinking
{ W, } has the same property. We use a semilinear mapping h from the nerve
of { W,} into E***! which takes each vertex W, to a point of the set f(W.).
Composing with a canonical mapping g, each point hg(x) is an average of
points within ¢/2 of f(x); so hg is within ¢/2 of f. Then approximating h
within ¢/2 by an embedding, we have it.

For infinite polyhedra matters are more complicated (and the problem of
embedding in Euclidean spaces is not solved). The first results needed for
the infinite case are these two.

17. A semilinear mapping of a finite-dimensional uniform complex into a
Euclidean space is uniformly continuous if and only if the images of simplexes
have bounded diameters.

18. For a uniformly continuous semilinear mapping of a uniform complex
into a Euclidean space to be an embedding it is necessary and sufficient that for
some >0, every two disjoint closed simplexes have images distant at least ¢ from
each other.

Proor oF ProrosiTION 17. Necessity is obvious. (The proof is the same
as in 111.10; here not every pair of points lies in an interval, but every pair
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in a simplex is in an interval.) The converse follows from the fact that in an
n-dimensional complex, two points at distance less than 1/(n+1) lie together
in the star of some vertex.

Proor oF ProposITION 18. Necessity is obvious, since disjoint closed
simplexes are distant by 1. For the converse it is enough to show that for
each vertex v, if 0=s<t<1, then any point x in the given complex whose
coordinate x, exceeds ¢ has an image distant at least ¢(t—s) from the image
of any y such that y,<s. First suppose s=0. Let A be the closure of the car-
rier of x, B the ciosure of the carrier of y, and F=ANB. (If F were empty, the
images would be distant by ¢, as required.) Let B, be the face of B oppo-
site F; then the images of A and B, are at least ¢ apart, and similarly for
the face A, of A opposite F. Consider the line segment axb through x which
joins a point a of A, to a point b of F. (It exists because x is a convex combin-
ation of the vertices of A.) On axb the vth coordinate is a positive linear func-
tion vanishing at b; the distance of the image from the image of B is piecewise
linear, vanishing at b, and increasing to a value A>e either at a or at the
first point m where the nearest point of the image of B becomes a point of
the image of B,. Between b and m (between b and a, if there is no such point
as m) the latter function is linear, and after m it remains at least ¢. Hence
the distance of the image of x from the image of B is at least te. Finally for
s>0, if y,<s, then y is a convex combination rv+ (1--r)y’, where r<s and
y,=0. Solving x=rv+ (1—r)x’ for x’, we have similar triangles vxy, vx’'y’,
and reduce to the previous case.

Extensions and modifications. It is convenient to give a narrow definition of
extension of coverings, so as to avoid repeating all the conditions satisfied
by the extensions we shall be interested in. Relative to an embedding XCY,
an extension over Y of a uniform covering | V;| of X is a uniform covering
{U,} of Y, where the notation indicates a one-to-one correspondence between
all Vs and some of the Uj, such that V= U,NX for each V,. From the defini-
tion of an embedding, every uniform covering of a subspace has an extension.
An extension { U, } of { V, | is isomorphic if the indexed nerves are isomorphic,
i.e., no finite family of sets Uj, has a common point unless they have a com-
mon point in the subspace X. (Applied to one-member families, this means
every U; meets X.)

For uniform coverings of a single space, { V.| is a strict shrinking of {U,}
if there is a uniform covering # such that for all «, St(V,, # )CU..

19. Every uniform covering has a uniform strict shrinking.
Proor. In view of 1.14, it suffices to consider a uniform covering of

a metric space, having a Lebesgue number ¢. The family of all V,=
{x: d(x, X—U,)>¢/3} is a strict shrinking.
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20. THEOREM. For any subspace X of a uniform space Y, every uniform
covering { V| of X has an isomorphic extension { U,} over a uniform neighbor-
hood of X in Y. One can secure that UyCSt(V,, %) for any given uniform
covering Y of Y.

ProoF. Let { W,} be a strict shrinking of {V,}. Choose % so fine that
St(W,,Z )NXCV; for all 5. Then apply 1.14 to 2. We get a uniformly
continuous pseudometric d on Y such that for each g, d(W,, X — V,;) = 1. Let
Uj consist of V; together with all points of Y within d-distance 1/4 of X and
1/3 of W;. Then on the 1/4 neighborhood of X, { U,} is a uniform covering.
Each UyNX is Vj, so that we have an extension. Finally, if some point p is
common to a family of sets Uy, BE I, then for p in X, p is in each V. For p
not in X, p is within 1/3 of every W, (3€I); then a point g of some W, within
1/3 of p is within 2/3 of each of the other W,’s and hence in all theV, (3EI).

COROLLARIES.

21. Every uniform covering of a uniform space has an isomorphic extension
over the completion.

22. If X is a subspace of Y and % a uniform covering of X, then there is an
extension of % to a uniform covering of Y which consists of an isomorphic
extension plus one more set, disjoint from X.

Another basic result of dimension theory follows now.

23. If X is a subspace of Y, then 6dX <5dY. If X is a dense subspace of Y,
then sdX =4dY.

Proor. To get n-dimensional refinements of finite uniform coverings of X,
it suffices to have n-dimensional refinements of their extensions over Y.
Conversely, if X is dense and 6dX <n, we treat any finite uniform covering
{U;} of Y as follows. Let { V;} be a strict shrinking, and { W;} an n-dimen-
sional uniform covering of X shrinking { V;N\X }(constructed as in IV.16).
Let {Z,} be an isomorphic extension of {W,} over Y, so chosen that we have
Z,CSt(W,, & )CU; for a suitable Z.

Next we consider ways of picking a covering apart. A priori the most
natural way is to “color % in p colors”, i.e., to write % as a union of subcol-
lections %, ---,%,, so that within each subcollection %;, no two members
have a common point. What we shall use is a pair of related partitioning
notions, one stronger, one weaker.

A pair of vertices of a simplicial complex are neighbors if they lie in a
simplex. The complex is star-bounded, of density k< =, if no vertex has more
than k distinct neighbors and some vertex has k neighbors. This implies



EXTENSIONS AND MODIFICATIONS 67

of course that the complex is at most k-dimensional. Also, it is stronger than
the notion star-finite mentioned in Exercise .7 (each vertex has only finitely
many neighbors). Note that whether a complex K is star-bounded (or star-
finite) is determined by the 1-skeleton K. Also, as with dimension, a
covering is called star-bounded (star-finite) if its nerve is. This applies to all
combinatorial properties of complexes.

24. A covering % is star-bounded if and only if it is a finite union of subcol-
lections %; such that no member of % meets two members of any %:.

PrOOF. If % is a union of k such subcollections, then each UE %, being
itself in one of the subcollections, has at most £— 1 neighbors. Conversely,
if 7 has density [, let %, be a maximal subset of % no two of whose mem-
bers have a common neighbor. Let #,= % — %, and recursively let %;,, be
a maximal subset of #;no two of whose members have a common neighbor
in %. With B, ,,=Hi— %1\, Ry, must be empty. For when UC R,
its / neighbors must have neighbors in all preceding %;, or be themselves in
%;. Each neighbor of U has at most | —1 other neighbors. So U cannot be
left out of the maximal subset %, ,.

Here the number of subcollections does not determine the density (as one
can easily check). In the next partitioning, the number of subcollections does
correspond exactly to the dimension; but the result is not combinatorial, for
we need a uniform refinement.

25. A uniform covering has an n-dimensional uniform refinement if and only
if it has a uniform refinement which is a union of n+1 uniformly discrete
subcollections.

ProOOF.“If” is trivial. For the converse, let f be a canonical mapping into
the nerve N of the n-dimensional uniform covering %. The stars of vertices
in the subdivision N form a uniform covering 2 which is a union of n+1
collections each of which is a disjoint collection, namely the collections %7 of
stars of vertices which are centroids of i-dimensional simplexes for i=0,.--,n.
If # is a uniform strict shrinking of 2/ then # is a union of n+ 1 uniformly
discrete collections; and the same is true for f~!(#), which refines %.

A uniform complex is called Euclidean (and with it the corresponding
abstract complex and any covering having it for nerve) if it is embeddable in
some Euclidean space. The problem of Euclidean complexes can be quickly
stated. Clearly a Euclidean complex must be countable and star-bounded.
One can show (we leave it for an exercise) that there is a higher-order restric-
tion on the number of neighbors; it must grow no faster, as we take neigh-
bors, neighbors of neighbors, and so on, than some polynomial. The problem
is whether these conditions characterize Euclidean complexes. It has hardly
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been touched. Corollary 27 throws a dim light on it.

26. THEOREM. Suppose N is a p-dimensional uniform complex and n>2p+1.
Among the semilinear mappings of N into E", every mapping that is within
finite distance of an embedding is a uniform limit of embeddings. These map-
pings are characterized by the conditions:

(1) the images of simplexes of N have bounded diameter;

(2) there exist 5>0 and an integer m such that no m+1 vertices of N are
mapped into a sphere of radius .

Proor. We have noted (IV.17) that (1) is the condition for uniform con-
tinuity; evidently if f satisfies (1), so does any function within finite distance
of f. Similarly (2) is satisfied by embeddings and by all functions within
finite distance of them; by embeddings, since a sphere of fixed radius can
hold only a limited number of points at distances bounded from zero, and
by functions within finite distance d, since a sphere of radius d+4 can be
covered by a limited number of spheres of radius é. It remains to approxi-
mate a semilinear mapping f satisfying (1) and (2), to within any assigned
¢>0, by a semilinear embedding g. The conditions g must satisfy are (1)
—which is automatic—and, from IV.18: for some fixed y >0, g maps any two
disjoint closed simplexes to sets distant by at least v .

Observe that E” can be covered with a family of sets which are all isomet-
ric to a convex bounded open set U, sav a cube, so that the covering is a
finite union of uniformly discrete subcollections, and (U, not being preas-
signed) so that it has any preassigned Lebesgue number; call such a covering
a standard covering of E". Let 6 be an upper bound for the diameters of
images of simplexes under £, and let % be a standard covering with Lebesgue
number 26+ 5e.

Then for any two simplexes of N, either f maps them into disjoint sets at
least 3¢ apart or f maps their union into a set whose e-neighborhood is con-
tained in one element of %. In the first case every mapping within ¢ of f
keeps these simplexes ¢ apart, in the second case every mapping within ¢ of f
maps them into a single element %. Now for each element U of %, let «(U)
be the sub-complex of N consisting of all simplexes whose vertices f maps
into U. The complexes a(U) have bounded numbers of vertices (as we noted
earlier, this follows from (2)) and hence may all be embedded isometrically
in some finite p-dimensional complex T. Let U, be an isometric copy of all
the elements of the standard covering %, and let M be the totally bounded
metric space of all semilinear mappings of T into U,. Next recall that % is a
union of uniformly discrete subfamilies %;,.--,%,. We shall define a semi-
linear mapping f;: N—E" by defining its effect on the vertices v. If f(v) is not
in an element of %, then f,(v)=f(v). For the others, choose a finite set of
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embeddings ¢; in M such that every point of M is within ¢/2 of some ¢;
(by 1V.15, this is possible), and on each a(U), U in %, modify f by less than
¢/2 to make it agree with some ¢;. Then there is a positive number ¢ such
that any two disjoint simplexes of T' are mapped by each ¢, into sets at dis-
tance at least ¢, from each other; and for any two disjoint simplexes con-
tained in some «(U), U in %,, any mapping within ¢,/3 of f, will still take
them to disjoint sets at least ¢;/3 apart. Thus we can go on to construct f,
near f;, mapping the vertices sent into %, by f, to new images so that disjoint
closed simplexes spanned by these vertices will have images at least ¢, apart,
for some ¢,>0; on the other vertices f; coincides with f;. The recursive con-
struction concludes with a mapping f; satisfying all conditions; f, is a semi-
linear embedding within ¢ of f.

27. COROLLARY. A uniform complex having a Euclidean 1-skeleton is
Euclidean.

Proor. First, any embedding of the 1-skeleton gives a semilinear mapping
coinciding with it on the vertices and satisfying (1) and (2) of the theorem.
Then, since the 1-skeleton is Euclidean, it is star-bounded, and the complex
is finite-dimensional.

We showed in I1.30 and in Exercise I11.2 that finite and countable uniform
coverings generate uniformities. There are corresponding results for most
of the usual combinatorial properties of coverings. We add that a covering is
called point-finite if each point is in only finitely many of the elements.

28. Let B denote the property of point-finiteness, star-finiteness, star-
boundedness, or finite dimensionality. Then if % is a covering of a set having
property B and % is a star-refinement of %, there is a covering #/  having
property B which satisfies 2 <V <*%.

29. Every Euclidean uniform covering has a FEuclidean uniform star-
refinement.

ProoF oF ProrosITION 28. We modify the proof of IV.14. For each V in
7, the set i(V) of all members of % that contain V is nonempty and finite,
and the set j(V) of all members of % that contain St(V, %) is a nonempty
subset of (V). For each finite subset i of U and each nonempty subset j or i,
let W;; be the union of all V such that i(V)=1t and j(V)=j. Then the cover-
ing W consisting of all W;; is as required; verification is left as an exercise

PROOF OF PROPOSITION 29. The covering is refined by f'(% ) for some
mapping f into an E” and some uniform covering % of E". Then take

fU2°), where 2" <*%.
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Inverse limits. We come to the transition from various mappings of a space
into polyhedra to systems of mappings into polyhedra, bound together more
tightly than the canonical mappings are bound by connecting mappings.
There is a reasonable analogy with the transition, in elementary calculus,
from approximation by differentials to development in series. In terms of
this analogy, we shall not get to Taylor series in this chapter. The main
result (Theorem 37) corresponds to the closure of the analytic functions
under summation of uniformly convergent series.

An (abstract) inverse mapping system is a category % such that

(1) £ has only a set S of objects;

(2) each Map(X, Y) in £ has at most one member;

(3) S is directed by the relation < defined X <Y if Map(X, Y) is non-
empty.

An inverse mapping system of uniform spaces is an inverse mapping system
composed of uniform spaces and uniformly continuous mappings.

The mappings in an inverse mapping system are called bonding mappings.
It is convenient to write the objects with indices, X,, and to write f.; for a
bonding mapping from X, to X,. Then {X,; f.;} is a notation for the whole
system.

Relative to an inverse mapping system {X,; f.s}, a left compatible family
is a family of mappings {g.: W—X,| satisfying f.,g.=8g, for every bonding
mapping f,s. An inverse limit of the system is a left compatible family {g,:
W—X,| such that for every left compatible family {h,:V—X,} there is a
unique mapping k: V—W satisfying g,k=h, for all a.

30. The inverse limit of an inverse mapping system is unique up to isomor-
phism.

Proor. If {g,: W—X,} and {h,: V—X,| are both inverse limits, then there
are k: VoW and j: W—V satisfying g,k=h,, h.j=g,. Hence g.kji=g.;
by uniqueness, kj is the identity 1. Similarly jk=1,.

We shall speak simply of “the” inverse limit. It consists of the limit space
W and the canonical or coordinate projections g,; however, as with products,
we may use the term “‘inverse limit”’ for the limit space alone.

31. Every inverse mapping system of uniform spaces { X,; f.s} has an inverse
limit. The limit space is a closed subspace of the product of the spaces X,. Every
uniform covering of it is realized by some coordinate projection.

Proor. Let P denote the product of all X,, with coordinate projections
p.: P—X,. A point x of P is called a thread if for every bonding map f.s,
fas Pa(x) = ps(x). Let L denote the set of all threads—which is clearly a closed
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subspace of P. Define g,: L—X, as p,|L. From the definition of L, {g.}is
left compatible. Moreover, any family {h,: V—X,}is p,k for a unique k: V—
P, and to say that {h,} is left compatible is just to say k(V)C L. Thus L,
with canonical projections g,, is an inverse limit.

Every uniform covering % of L can be extended to a uniform covering 2°
of P, which (by Exercise 11.2) is refined by a finite intersection of coverings
p2i(#), #:a uniform covering of X, . Since {X,; f.;}is an inverse mapping
system, there is A such that f, . exists for all i. The inverse images of the #;
under these mappings are uniform and have a common uniform refinement
#. Then % is realized by g,.

Among the corollaries of Proposition 31 we note

32. If L is an wnverse limit of spaces X, with 6d X,<n, then 6d L <n.
This would follow immediately if we already had

33. Every finite uniform covering % realized by a mapping g: X—Y is
refined by g '(2") for some finite uniform covering 2 of Y.

To prove this: we have % refined by g7'(#") for some uniform covering
4 ={W,} of Y. g '(#) is a coshrinking of a shrinking & of %. Then
group the sets W, into equivalence classes by means of a connecting mapping
h from the nerve of g7'(#") onto the nerve of & : W, is equivalent to W,
provided either h(g™'(W,)) =h(g '(W,)) or both g~'(W,) and g '(W,)
are empty. Since ? is a shrinking of %, there are only finitely many equiv-
alence classes. Then their unions form the required covering 2

Inverse mapping systems admit an extensive theoretical apparatus. They
can be mapped one to another; they can converge; and it is important in
some applications that they can be asymptotic. (Two inverse mapping
systems on the same spaces are asymptotic if their bonding mappings are
in a suitable sense finally arbitrarily close together.) Here we want two
notions from the mapping theory. A subsystem |Y,; e.;} of {X.; f.s} is an
inverse mapping system with each Y,CX, and e=f,5|Y.. The subspaces
Y, of tourse must satisfy f,,(Y,) CY,. A cofinal part of an inverse mapping
system { X,; f.s}, with the indices a forming a directed set A, is the mapping
system consisting of those X, whose indices lie in some cofinal subset B of A,
with whatever bonding mappings connect them.

34. Every closed subspace of the limit space of an inverse mapping system
{ X f.s\ is the limit space of a subsystem of closed subspaces of the X,.

Proor. Consider the limit L as the set of all threads in the product space.
For any closed subspace F of L, define Y,=g,(F)~ for each o. Evidently
the Y, form a subsystem; and every thread in F is a thread of { Y, fus| Yal.
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For any point x of L— F, there is a uniform covering of L with respect to
which x and F have disjoint stars. This covering is realized by some g,; so
g.(x) isnot in Y,.

35. A cofinal part of an inverse mapping system has the same limit space.

Proor. We remark that this is true in any category; but it can be proved
more quickly with threads. If {X,; f,,} is a cofinal part of {X,; f.,}, then
any thread x={x,| determines by restriction x’=|x,}. On the other hand,
for every a there is A such that f,, exists; and x’ determines x by the rule
x.= fi.(x), which is independent of the choice of A\. The mapping x—x’ is
uniformly continuous because its coordinate functions g, are uniformly con-
tinuous. Each coordinate h, of the mapping x’-—x is also uniformly contin-
uous, for it is a coordinate projection followed by a mapping f,.. Hence this
correspondence between the limit spaces is an isomorphism.

In view of Proposition 35, an inverse mapping system with only countably
many spaces in it can be replaced by a sequence, since every countable
directed set has a cofinal subsequence. (The proof of this is a straightforward
recursion, choosing indices n;,, which precede both the n; just chosen and
i+1)

36. Let { X,; fnn| be an inverse mapping system of countably many spaces,
with all bonding mappings onto. Then all canonical projections are onto.

Proor. It suffices to consider a cofinal sequence, beginning with an arbi-
trary X, relabeled as X;. Let x; be any point of X,. Recursively, having
defined x, in X,, choose x,,, in X,,; mapping by f,,1 »to x,; this is possible
since the bonding mapping is onto. Completing the recursion, we have a
thread x with g,(x) = x,.

The final theorem refers to sequences of metric spaces. We note, as another
corollary of Proposition 31, that the limit space of a sequence of metric
spaces is metric. The statement of the theorem is complicated at best; we
save some complication by imposing particular distance functions on the
spaces, though of course it does not matter which distance functions are
chosen. The point of this result is a sharpening of the embedding method of
I11.34. There we required that every mapping into the proposed range Y can
be approximated by mappings satisfying certain conditions; the following
result can be applied, sometimes, when we know only that certain classes
of mappings can be suitably approximated. The main application involves
the mappings which are approximated by embeddings in Theorem 26; but
it will require further preparation.
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37. THEOREM. If the metric space (X, d) is the limit space of an inverse
mapping sequence of metric spaces {(X,,d); fu.}, then there exists a sequence
of positive numbers e, such that the following is true. Suppose all X,, are embed-
ded in a complete metric space (E,d) by embeddings e,.Let.=inf[d(e,(x),
en(¥):d(x, ¥)>en). If 6,—0 and whenever m>n, 3d(ey, €, f,.,) <6n, then the
mappings e, g, converge uniformly to an embedding of X in E.

ProOF. For each natural number i there exist (by IV.31) a natural number
n; and a positive number §; such that any two points of X at distance more
than 1/i from each other have n;th coordinates distant by at least 6;. Since
all f,., are uniformly continuous, we can select the indices n; to be all differ-
ent. For each m, if m=n; for some i, define ¢, as min (6;,1/m); otherwise
let e,=1/m.

Suppose the embeddings e, are as described. Then the functions e,g,:
X—E form a Cauchy sequence; fot when m>n, e,g,=e,fn.&- is within
8./3 of e, g,. Thus they converge to a uniformly continuous limit function
e: X—E. Foreachi,twopointsx,yof X atdistance morethan1/ifrom each
other haveimages under some e,g, (n=n,) at least §, apart; hence forallm>n,
d(e,gn(x), €ngn(y)) >8,/3, and d(e(x), e(y)) =4,/3. Thus e is an embedding.

38. CorOLLARY. Any sufficiently rapidly convergent sequence of embeddings
of a metric space in a complete metric space converges to an embedding.

A precise e — 6 statement comes from the theorem on putting X,,=X, f,..=1.
This corollary will be applied in one place (VI.25); and the numbers will be
omitted.

Exercises.

1. If g is a subdivision of a triangulation f of a space, every simplex of f
(closed or open) is a finite union of simplexes of g.

2. OBSTRUCTION. Given a uniform covering % of XCY, consider the
closed subspaces S, of Y, containing X, over which % can be isomorphically
extended. Show that in the hyperspace H(Y )they have Y as a limit point.

One might develop a set-theoretic approach to obstruction theory, begin-
ning here, by considering the system of sets Y —S,. It is not clear whether
this would throw any light on algebraic obstruction theory.

3. COLORING. A covering even of dimension 1 need not be colorable in p
colors for any finite p. Colorability of the nerve K is equivalent to color-
ability of the 1-skeleton K. Thus if K can be colored in p colors then K® is
not the 1-skeleton of any p-dimensional complex.

Dirac has conjectured 1] that if K” admits no monotone mapping (i.e.,
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a mapping under which inverse images of points are connected) upon the
1-skeleton of a p-dimensional complex, then K is colorable in p colors. Th's
would imply the four-color theorem.

4. POLYNOMIAL GROWTH. A uniform complex K can be embedded in E"
only if there is an nth degree polynomial P such that any vertex v of K hsas
at most P(m) vertices joined to it by connected paths of m or fewer edges,
for each natural number m. Hence a Euclidean complex is star-bounded.

5. CONTINUOUS PROPERTIES. A property of uniform spaces is called left
continuous if every inverse limit of spaces having the property has the prop-
erty. Generalize Proposition 32 along the following lines. The definition of
4dX <n has the form: Every uniform covering having property P has a
uniform refinement having property Q.

In the generalization, apparently £ should be a hereditary property of
nerves, so that Q(27) implies Q(g7'(27)). B should satisfy Proposition

.33; but note that one can do the proof more carefully, using the subspace
g2(X) and using e.g. Proposition 22.

This problem is open-ended. The version with B vacuous and Q a heredi-
tary property of nerves is noted in Isbell [3]. Proposition 32 is proved in
another way in Isbell [5]; the powers of the method used there and the
method indicated here have not been compared in the literature.

6. LIMITS OF POLYHEDRA.

(a) Suppose X is an inverse limit of uniform complexes and simplicial
mappings { K.; f.;}. Then each projection g,(X) is a subcomplex X, of K,.
(Hint: If f,; takes a simplex s onto an n-simplex ¢", then there is an n-dimen-
sional face s" of s mapped isomorphically on ¢*. Curiously, this proof seems
to require the axiom of choice.)

(b) Every component of X containing more than one point contains an
interval.

Thus not every compact subset of E? is an inverse limit of polyhedra under
simplicial mappings. On the other hand:

7. MORE LIMITS OF POLYHEDRA. Two inverse mapping systems {X,; f.s},
{X.; ¢s |, on the same directed family of spaces, with limits L, A, and
canonical projections g,,v., are asymptotic provided for each g the net of
mappings ¢, g, converges to a limit i{,;: L—X,, and the mappings i, are the
coordinates of an isomorphism i: L— A.

(a) Given an inverse mapping sequence of complete metric spaces |{Xn;
fra; given classes &,,,,CU(X 41, X,) with each f,;,, a limit point of &, .;
there exists { X n; ¢mn | asymptotic to { Xom; fun |, With ¢4 12E ®ny1n for each n.

(b) Every uniformly continuous mapping of a finite-dimensional uniform
complex K into a uniform complex or linear topological space can be approxi-
mated uniformly by mappings which are semilinear on various barycentric
subdivisions K"l Thus if a space is an inverse limit of a sequence of finite-
dimensional polyhedra, under some mappings, then it is an inverse limit of
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the same polyhedra under semilinear mappings.

(c) One should prove also that asymptoticity is an equivalence relation.

*8. FURTHER LIMITS OF POLYHEDRA. Equivalent conditions:

(1) X is an inverse limit of finite-dimensional polyhedra.

(2) X is complete and has a basis of finite-dimensional uniform coverings.

(3) X is a closed subspace of a product of finite-dimensional polyhedra.

(4) X is an inverse limit of finite-dimensional polyhedra under semilinear.
mappings.

In fact

(a) the implications (4) =>(1) =>(2) =>(3) are trivial after the results in
the text.

To conclude, prove:

(b) A product space I1 [X,: « € A ] is the inverse limit of the partial prod-
ucts I [X,:«EF] over finite subsets F of A, bonded by the natural projec-
tions.

(c) Finish. (Note Theorem 6. Note the semilinearity in Proposition 8. Use
the method of Proposition 34.)

9. EMPTY LIMITS. An inverse mapping system of nonempty spaces and
onto mappings can have an empty limit space. Consider all the countable
ordinals a. The set of predecessors of « can be embedded, preserving order,
in the set @ of rational numbers. Moreover, every embedding f which goes
into a subset of @ that is bounded above can be extended to an embedding g
of all the predecessors of 3, for any larger countable ordinal 8. Let X, be a
discrete space whose points are all these bounded embedding functions f.
For 82 a, define the bonding mapping f;, by restriction; f5(f) is f restricted
to the set of predecessors of a.

Since @ contains no isomorphic copy of the set of all countable ordinals,
this defines an onto inverse mapping system with empty limit space.

This example is simplified from Higman-Stone [1]; they used only certain
countable subsets of the sets X,. There is no such example using only finite
sets, as the next exercise shows.

*10. COMPACT LIMITS.

(a) An inverse mapping system of nonempty compact spaces has a non-
empty limit space, even if the bonding mappings are not onto.

(b) Moreover, if {X,; f.s} is an inverse system of compact spaces with
li nit L, every point x& X, which is in every image f,;(X.) is1n g;(L). Nosuch
result holds for inverse mapping sequences of arbitrary spaces.

11. EMBEDDING IN E™,

(a) Consider Euclidean space E* as a product A X B of two copies of E".
Call a subset S of A X B flatif there is a homeomorphism h: AXB—AXB
such that h(S) CA X {0}. Then the graph of a continuous function f from a
closed subset of A into B is a flat set.

(b) If S is a compact space embeddable in E", then any continuous
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mapping of S into a flat subset of E** can be uniformly approximated by
embeddings into flat subsets.

(c) The inverse limit of a sequence of compact subspaces of E" can be
embedded in E*. (Use 1V.37.)

The fact that not every n-dimensional compact metric space can be
embedded in E** was established by Flores [1]. In fact, for each n, the
n-skeleton of a closed simplex of dimension 2n+2 cannot be embedded in
E™; but the proof is beyond the scope of this book.

Research Problem B,.

INFINITE-DIMENSIONAL POLYHEDRA. There is a large problem here, namely
the systematic investigation of topological and uniform realizations
of abstract simplicial complexes. One important paper in the literature
(Dowker [2]) has examined this problem, not from a categorical viewpoint.
Dowker’s work tends to confirm, what many successful applications suggest,
that for topology J. H. C. Whitehead’s realization by CW-complexes has
strong claims to preference. Its definition is as simple as could be: it satisfies
our axioms (1), (2), (3), hence also Proposition IV.2—this determines the
point set r(K) for every K—and the topology is the finest compatible with
axiom (1). But Dowker’s work highlights the point that the suitability of
CW-complexes for homology and homotopy is not conclusive; many realiza-
tions are topologically distinct but homotopy equivalent.

By now substantial experience in uniform spaces supports the pretensions
of uniform complexes, in the finite-dimensional case only. (In any case they
are homotopy equivalent (topologically) with CW-complexes; Dowker [2].)
In general they are not satisfactory, e.g. because they lack subdivisions. One
can save the subdivisions, or any sufficiently narrow requirement, by tailor-
ing a definition to fit. (Kuzminov and Svedov [1] define a realization for
which IV.6 is always valid; but all their applications are in the finite-
dimensional case.) The real problem holding up progress is, what applica-
tions can be made of infinite-dimensional polyhedra in the general theory
of uniform spaces? It would probably be beside the point to carry out a
formal investigation of realizations with no specific applications in mind.

We have not fully stated the problem yet. Cf. Research Problem B,,
where B, and B, will be brought together.

Notes. The theory of simplicial complexes branches off in at least two main
directions: to cell complexes, of which the first main examples are the finite
products of simplicial complexes, and to semi-simplicial complexes, of which
the first main example is the singular complex of a topological space. For
more on complexes, relevant to the present subject, see Lefschetz [L]

The theory of inverse limits branches off in many directions, but the
literature is not so extensive. Eilenberg-Steenrod [ES] give a fairly self-
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contained chapter on them; Freudenthal’s basic results.[1] on compact
metric spaces and finite polyhedra have been partially generalized (Isbell
[4]); and there is more in later chapters here.

The result of Exercise 6(b) was observed by James Case in 1957. The
results of Exercise 7 are implicit in Freudenthal [1]; 7(a) is explicit in Brown
nl

The analogy between inverse limits and series expansion of functions is
suggested in Freudenthal [1]. It does not seem profitable to press it very far;
in particular, the special representations we shall use (V.33) are highly non-
unique and so not analogous to Taylor series. But three remarks demand to
be made here. (1) Freudenthal developed devices for normalizing certain
inverse mapping systems, which do have applications (Freudenthal [1]); and
there is a qualified uniqueness theorem for normalized representations of
metric spaces. (2) However, Freudenthal’s existence theorem for normalized
representations in the compact case does not generalize; the normalization
steps make sense, but the process cannot be completed (Isbell [4]). (3) With
a different approach, Pasynkov [2] has given a unique inverse mapping
system whose limit is any prescribed compact space. The cardinal number of
the system is high.

In connection with the Research Problem we should note two theorems
in the literature that are significant for uniform spaces (though basically
topological) and originally proved by means of infinite-dimensional poly-
hedra: Dugundji’s Extension Theorem (Dugundji [1]), which (with Dowker
[3)) determines the fine spaces all of whose closed subspaces are fine, and a
theorem of Dowker [1]which may be restated as asserting the coincidence of
two dimension functions for fine spaces (namely éd defined above and Ad
defined in the next chapter). Both theorems have simpler proofs not involv-
ing realizations of complexes; see Arens [1], and VIII.3, VIII.4 below.

Zeeman has questioned the value of any topology for infinite complexes,
and at the same time formalized a theory of finite, not necessarily closed,
triangulations (in [F, pp. 57-70]). The nonclosed triangulations will not give
a complete uniformity; so infinite triangulations of uniform spaces are
indispensable. This scarcely diminishes the relevance of Zeeman’s work to
uniform polyhedra; it merely shows that the problems are not the same.
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CHAPTER V
DIMENSION (1)

This chapter is a systematic treatment of the dimension theory of general
uniform spaces.

Covering dimension. The large dimension AdX of a space X is said to he <n
provided every uniform covering of X has a uniform refinement of dimension
at most n. As with uniform dimension, the number AdX is the smallest such
n, —1 for empty X, « when there is no such n. Note

1. dX=AdpX.

ProoF. The condition for 6dX <n is that every finite uniform covering %
has a uniform refinement %2 of dimension at most n. For AdpX <n we must
be able to take 2 finite. But if 2”is a coshrinking of a shrinking #, then #
is finite and will do.

Obviously Ad ig a uniform invariant. In view of I1.35, éd is a é-invariant.

2. If X is a subspace of Y then é6dX <6dY and AdX <AdY. If X is dense in
Y there is equality in both cases. Hence the Samuel compactification of X has the
same uniform dimension as X.

The proof of IV.23, with the remark éd X=3dpX, proves this. For the
next two theorems we want a patching lemma.

3. LEmma. If { U,} is a finite uniform covering and 2  is a covering whose
trace on each set U, is uniform, then 27 is uniform.

PRroOF. Since the trace of 27 on Uj is uniform, it is the trace on U; of some
uniform covering 2" of the whole space. The finite intersection of all 2
and {U,] is a refinement of %2~

A related lemma, to be used shortly:

4. LEmMMA. If | A;} is a finite covering and for each i, N; is a uniform neigh-
borhood of A, then {N;} is a uniform covering.
78
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Proor. If N;DSt(A,% "), then the intersection of all % ' refines {N;}.

5. THEOREM. If AdX is finite then 6dX=AdX. In any case dX <AdX.
More generally, if every finite uniform covering has an n-dimensional uniform
refinement then so does every finite-dimensional uniform covering.

Proor. Note first that 6d X <AdX, immediately from the definitions. Now
suppose 6d X =n, and consider any finite-dimensional uniform covering of X.
By IV.25, we may suppose the covering has the form {U,}, where i takes
only finitely many values and for each fixed i, { U} is a uniformly discrete
collection. If H; is the union of all U, then { H;} is a finite uniform covering.
The hypothesis implies that {H;} has a shrinking {K;} which is at most
n-dimensional. Then let V,= U,NK;. The trace of {V,,} on K, is the trace
on K;,CH; of {U,}, which is uniform there; so by Lemma 3, all V,, form a
uniform covering of X. Since no two V, with the same first index meet, the
dimension does not exceed the dimension of {K;}.

There is no difficulty in constructing an example X with AdX = «, 6dX =0,
except that at this point we are not equipped to prove AdX = . Let us
assume that we have an infinite-dimensional uniform space Y, with a uni-
form covering { U, } that has no finite-dimensional uniform refinement. We
define X to consist of the points of Y, and a covering 2 to be uniform if Y
can be expressed as a union of finitely many sets A,,---, A, so that the trace
of 2/ on each A, is uniform. Then X is a uniform space and 6dX =0. Let { V,}
be a uniform covering of Y which is a strict shrinking of {U,}. Then {V,}
is a uniform covering of X. Suppose it has a finite-dimensional refinement
which is uniform on X, thus uniform in Y on each member of some finite
covering {A;}. Apply the extension theorem IV.20; we get a finite number
of coverings of neighborhoods N;, each finite-dimensional and finer than
{U,} By Lemmas 3, 4,the union makes a uniform covering of Y, a finite-
dimensional refinement of { U, }. This is a contradiction. Therefore AdX = .

6. THEOREM. If A is a subspace of X, AdA <n, and AdB=<n for every sub-
space B of X which is far from A, then AdX <n.

ProoF. Given a uniform covering % of X, take a strict shrinking, restrict
to A, take an n-dimensional uniform refinement, and extend isomorphically
over a uniform neighborhood N of A to a covering {U,} which is still finer
than %. Now let M be a uniform neighborhood of A so small that N is a uni-
form neighborhood of M; let L be a uniform neighborhood of A so small that
M is a uniform neighborhood of L. Then B=X—L is far from A, so that
AdB <n. Cover B with the sets U,— L and the trace of 2 on X— M. This
covering is uniform on N — L and on X — M; by Lemma 3, it is uniform on B.
Let | V,} be an n-dimensional uniform shrinking of it. Finally, for each U,,
define W_as (U,N\M)U(V,— M); for each V, which does not correspond to
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a U, let W,=V,. The covering { W,} of X is uniform on B, since it is
coarser than | V, }, and it is uniform on M. By construction it is finer than 2.
It is at most n-dimensional on M and also on X — M; so the proof is com-
plete.

7. COROLLARY. Theorem 6 applies also to &d.

For precompact reflection preserves all the relations involved.

8. CoROLLARY. If X is a finite union of subspaces A; then AdX =max AdA;
and 6dX =max ddA,

Let us mention another special case of the theorem. d=X is defined as
5d(B(X) — X) (here 8 is Samuel compactification). rdX is the supremum of
5dB over all compact subspaces B of X; note that rd is a topological invar-
iant. Since the subspaces of 3(X) far from g(X)— X are just the subspaces
of X having compact closure; and since 8 preserves 5d; we have

9. COROLLARY. 8dX =max(rdX, d=X).

For the next theorem we want Sperner’s celebrated lemma on subdivi-
sions. It is actually valid for arbitrary subdivisions. We need it only for
barycentric subdivisions. Let us introduce an intermediate notion; then the
generalization can easily be covered in the exercises at the end of the chapter.

We call a subdivision g: L,—K, semilinear if it is a semilinear mapping.
From elementary geometry, a semilinear subdivision cannot take an
n-simplex into an (n — 1)-simplex; and when it takes an (n— 1)-simplex ¢ into
an open n-simplex s, ¢t must be a face of exactly two n-simplexes of L,-

10. SPERNER LEMMA. Let K be a polyhedron realizing a closed n-simplex
with vertices vy, - -,U,, and let g: L—K be a semilinear subdivision. For each
vertex w; of L let h(w,) be a vertex of K whose star includes g(w;). Then there is
a simplex of L whose vertices are mapped by h onto the set of vertices of K.

Proor. Call a simplex of L “‘good” if it satisfies the concluding condition.
We wish to prove the number of good simplexes is not 0; it will be easier to
prove that it is odd.

For n=0, the number of good simplexes is 1, which is odd. Now assume
this has been proved for n—1. We call an (n—1)-simplex of L a marked face
if h maps its vertices onto the set {v,,---,v,} Evidently, among the faces of
an n-simplex of L, at most two are marked. Moreover, an n-simplex is good
if and only if it has exactly one marked face. Then if m(t) denotes the num-
ber of marked faces of ¢, the sum of m(¢) over all n-simplexes ¢t of L has the
same parity as the number of good simplexes. This number may be obtained
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also by adding, over the marked faces u, the number k() of n-simplexes of L
having u as a face. This number is 2 if g() is in the interior of K and 1 other-
wise. We need only attend to the 1’s, of which (by the inductive hypothesis)
an odd number occur in the face of K whose vertices are vy,.--, v,. But no
simplex of K other than this face and the interior can possibly contain the
image of a marked face of L, for every other simplex of K is disjoint from
the star of one of the vertices v,,.- -, v,. This completes the proof.

11. If a closed n-simplex with vertices vy, - - -, v, is covered by n+1 closed sets
Ay, -+, A, in such a way that the face spanned by any set of vertices {v;: i€ 1}
is covered by the corresponding sets A;, iE1, then all A; have a common point.

Proor. For every positive number ¢, the simplex has subdivisions g: L—K
all of whose simplexes have diameter <e¢ in K. Then if every subdivision has
a simplex whose closure meets all A;,.there must indeed be a common point.
To complete the proof, define a function k on the vertices w of any subdivi-
sion L to {vp,---,U,}, 80 that each h(w) is a vertex v; of the carrier of g(w)
such that g(w) €A;. Such a choice is possible, since these A; cover the carrier
of g(w). By Sperner’s lemma, there is a good simplex; and it must meet all A4;.

12. THEOREM. For an n-dimensional simplicial complex K, AdK,=édK,=n.

ProoF. From IV.6 and I1V.9, AdK,<n. In view of V.2 and V.5, it remains
only to prove 6dK,=n in case K is a closed n-simplex. Let % be the open
covering consisting of the stars of the vertices vy, ---,v,. The specific result
(to be cited in Exercise 2):

(*) Any open covering 2 finer than % has dimension at least n.

Indeed, 2  is a coshrinking of a shrinking {W,, .-, W.|. Take a strict
shrinking {B;} of ﬁW,—}, and let A;=B;. The closed covering {A;} is still
a shrinking of { W;}. The face spanned by a set of vertices must be covered
by the corresponding A;, for it is disjoint from the others (being disjoint
from the stars of those vertices). Thus all A; have a common point; so { W}
and 2 are at least n-dimensional.

Note that the example for AdX >8dX can now be completed by using a
suitable metric space Y.

Extension of mappings. The next theorem we want is the following.
13. THEOREM. For a uniform space X, 6dX <n if and only if every uniformly
continuous mapping of any subspace A of X into an n-sphere S" has a uni-

formly continuous extension over X.

This reduces easily (using I11.9, IT1.11, V.2) to a theorem about compact
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spaces. However, the lemmas for Theorem 13 are done for uniform spaces
rather than just for compact spaces.

A space X is called an ANRU (uniform absolute neighborhood retract) if X
can be embedded in an injective space Y so that for some uniform neighbor-
hood N of X in Y, there is a retraction of N onto X.

14. If X isan ANRU then whenever A C B, any uniformly continuous map-
ping of A into X can be extended over a uniform neighborhood of A in B (and
conversely). Also, X is complete.

Proor. If XCY and r: N-X retracts a uniform neighborhood (Y being
injective), then consider any mapping f: A—X as going into Y. There is an
extension g: B—Y. Then g7'(N) is a uniform neighborhood of A in B, and
rg is an extension of f over g7'(N) with values in X. For the converse, put
A=X, let B be an injective space containing X, and extend the identity
1: X—X. Finally, X must be a retract of a uniform neighborhood in its com-
pletion Z, i.e., a retract of Z; hence X is closed in Z, and X is complete.

15. Every finite-dimensional uniform complex is an ANRU.

ProoF. Consider an n-dimensional complex K isometrically embedded in
an injective metric space Y. Let N be the 1/(3n+3) neighborhood of K in Y.
For each vertex v, of K, we define a non-negative real-valued function f, on
N which coincides on K with the ath coordinate function:

f.(p) = max(0, sup|x, — 2d(p, x) :xEK)).

Thus for f,(p) to be nonzero, p must be closer than A>0 to some x with
x, = 2\. Suppose this is true for some finite set of indices a;,- - -, ay, With posi-
tive numbers Ay,---,An. Let A\, be the smallest of the \’s. There is x&EK
within A, of p, thus within X\;+); of points of K having ajth coordinates at
least 2)\;= \; + ;. Since the inequality d(p, x) <A, is strict, x has ajth coordi-
nate nonzero for all j. Thus the set of « for which f,(p) >0 indexes the ver-
tices of a simplex.

On the other hand, each p&N is within (3n+3)~' of some xEK; since
some x, is at least (n+1) ', some f,(p) is at least (3n+3)'. Consequently,
g(p)=(_f.(p)) ™" defines a bounded uniformly continuous function; and
g.(p)=f.(p)g(p) defines an equiuniformly continuous partition of unity
and a retraction of N upon K.

A homotopy is a uniformly continuous mapping h: IX X—Y, where X and
Y are arbitrary and I is the closed interval [0, 1]. It is called a homotopy
between the mappings f and g defined f(x) =h(0, x), g(x) =h(1, x); and these
mappings are called homotopic. Not that since I X X =I*X (I11.24), a homo-
topy is essentially the same thing as a path in the function space U(X, Y).
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Then it is clear that the relation of being homotopic is an equivalence
relation. The equivalence classes are called homotopy classes.

16. If Y is an ANRU, then the homotopy classes in any function space
U(X, Y) form a uniform covering.

Proor. Embed Y in a product Z of unit balls of ell-infinity spaces. We
note some facts about Z. (The point is that Z is a bounded body in a locally
convex linear topological space.) First, any two mappings f: X—2Z,
g:X-—-Z are homotopic; the formula h(t,x)=tg(x)+ (1—t) f(x) defines a
homotopy. Second, Z has arbitrarily fine uniform coverings consisting of
convex sets. Now since Y is an ANRU it is a retract of a uniform neighbor-
hood, which contains St(Y, %) for some uniform covering % by convex sets.
Then any two mappings f: X—Y, g: X—Y, within % of each other, are
homotopic, by retracting the homotopy tg+(1—1t)f into Y.

17. HoMOTOPY EXTENSION LEMMA. Let A be a subspace of X and f and g two
untformly continuous mappings of A into an ANRU, Y. Suppose that f and g
are homotopic and that f has an extension f': X -Y. Then g has an extension
g’+ X —Y which is homotopic to f'.

Proor. Select a homotopy h:IX A--Y with h(0, @) =f(a), h(1, a) =g(a).
Consider the ell-shaped subspace L of I X X consisting ot IX A and {0}XX.
Define £ : L—Y to coincide with & on IX A and with f on {0} X X.

The proof that k is uniformly continuous, while simple, depends on the
shape of L. For any uniform covering 2 of Y there exist a uniform star-
refinement # of 2 and two uniform coverings, %, of X, %’ of IX A, such
that f~'(# ) is coarser than %, and h~'(# ) is coarser than %’. Since I X A
is a product space we may assume %’ is a product covering %, X%, We
may assume further that %, is an extension of %,. Then %, X%, restricted
to L, is finer than k~}(%2).

Since Y is an ANRU, there is a uniformly continuous extension j of k over
a uniform neighborhood N of L. Moreover, we may assume that N consists
of a product neighborhood of IXA and the set [0,¢) X X, for some ¢>9.
There is another uniformly continuous function e: I X X—1I that takes the
constant value 1 on L and 0 outside N. Then define ' on IX X to Y by
h’(t, x) =j(te(x, t), x). Because of the shape of N and the size of e, h’ is well-
defined. Uniform continuity of A’ is clear if we note that the functions being
multiplied are bounded. By definition A’ is an extension of k, and g'(x) =
h’(1, x) gives the desired extension of g.

18. ForanyANRU, Y, a space X has the property that every uniformly con-
tinuous mapping of a subspace of X into Y has a uniformly continuous exten-
sion over X if and only if the completion of X has this property. If Y is compact,
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then X has that property if and only if its Samuel compactification does.

ProoF. The second assertion reduces to the first by precompact reflection.
Further, if the completion of X, or any other space containing X, has the
property that every mapping of any of its subspaces into Y can be extended,
then so does X. Conversely, suppose Y is an ANRU. Let Z be the comple-
tion of X and f: A—Y be a mapping defined on a subspace A of Z. Let f, be
an extension of f over a uniform neighborhood of A, call it N. If the restric-
tion f;] NN X has an extension f, over X, then f, can be further extended over
the completion Z. This mapping f;: Z—Y coincides with f=f,| A, since it
coincides with f, on a dense subset of a neighborhood of A.

ProoF oF THEOREM 13. First suppose 6dX <n, and let f: A—S” be a uni-
formly continuous mapping defined on a subspace A of X. To show that f
can be extended, it suffices by Propositions 16 and 17 to show that one can
approximate f uniformly by mappings extensible over X.

Consider the following scheme for mapping X into S". % is some n-dimen-
sional finite uniform covering of X, and h a canonical mapping from X into
the nerve N of %. Further, S" is considered as the set of all points at distance
1 from the origin in E**'; and j: N—E"*! is a semilinear mapping satisfying
the following condition. For each vertex v; of N which corresponds to a set
U;&E% that meets A, j(v) is a point of 8" which is f(a) for some a& U,
Finally, note that j(N) must be nowhere dense in E"*!; select a point ¢ near
the origin, not in j(N), and let k:j(lN)—S” be central projection from c.
Then kjh is certainly a mapping from X to S". For each point p of A, jh(p)
is a weighted average of certain points f(a;), each a; lying in St(p, %). Then
if % is fine enough and ¢ close enough to 0, kjh(p) must be arbitrarily near
to f(p); there is no need to compute all the details.

Now suppose every uniformly continuous mapping of a subspace A of X
into S” can be extended over X. We prove first that the same is true for
mappings f: A—S""!. Such a mapping can be described by means of its
latitude f;: A—1I and its “longitude” f;: A—S"; the longitude is undefined at
the poles, however. Then let P and Q be small polar caps on S™*!, and let
A=A—fY(P)~f'Q). Let g0 be a uniformly continuous extension of f,
over X. Let g, be a uniformly continuous mapping from X to S" extending
the well-defined uniformly continuous mapping f,: A,—S". Let g: X—S"*"
take each point x to the point at latitude go(x) and longitude g,(x). For x in
A, g(x) has the same latitude as f(x) and unless the latitude is high, the
longitude is also the same. Hence g| A is as near as we please to f, and f is
extensible over X.

It follows that mappings of subspaces of X into S" or any higher-
dimensional sphere can be extended. Let us now assume (as we may) that X
is compact. Then let % be any finite open covering of X, and h: X—N a
canonical mapping into the nerve of %. Suppose B is a simplex of N of
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maximum dimension, and this dimension m exceeds n. Let S denote the
boundary of B, A=h7'(S), Y=h"'(B). The mapping h: A—>S can be
extended over all of X; in particular, it has a continuous extension A, over Y.
Let h’: X—N coincide with h on X — Y and with h; on Y. Then k'’ is continu-
ous, and, moreover, h’ is still canonical. Continuing this process we obtain a
canonical mapping A* from X into the n-skeleton of N. But the inverse
image under h* of the covering of N consisting of the stars of the vertices
is then an n-dimensional open covering finer than %.

Here is a restatement of the theorem that will be useful later. Note that
we could always extend mappings of subspaces into S” if we allowed the
extension to take values in a solid ball I"*' having S" as boundary. A
mapping f: X—I"*! is called essential if the restriction f|f*(S") cannot
be extended over X with values in S".

19. The uniform dimension of a uniform space X is the largest n such that
X has an essential mapping into I".

Separation. In a space X, a set U is said to §-separate two sets A, B if X— U
is the union of two sets A’, B/, far from each other, with ACA’ and BCB’.
A set W is said to free A and B if W is far from AUB and every uniform
neighborhood of W which is disjoint from A\B é-separates A and B.

20. A set W frees A and B if and only if the closure of W frees the closures
of A and B.

Since the far sets and the uniform neighborhoods are the same for the
given sets as for their closures, this is obvious.

Inductive dimension §Ind X of a uniform space X is defined as follows. As
usual, 6Ind X= — 1 means that X is empty. Recursively, éIndX <n if every
two far sets in X are freed by some subspace W such that sInd W=<n-—1.
Then 6Ind X is the least n such that éIndX <n, « if there is no such n.

This definition parallels the definition of topological ‘‘big inductive dimen-
sion’”’ Ind. The notion of freeing could not reasonably be replaced by the
notion of 3-separating; for example, a set s-separating the real line must
contain an interval.

Let us note before getting into the theorems that there will be no counter-
examples at all. It is an open question whether 4Ind X=édX for all X.

21. If X is a dense subspace of Y, then 6Ind X=5Ind Y.

ProoF. Suppose 6Ind X <n; let A and B be far sets in Y. Let C, D be
uniform neighborhoods of A, B, which are still far from each other. Let

E=CNX, F=DNX.Let W be a subset of X freeing E and F, with sIndW <
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n—1. Then W frees A and B in Y. To check this it suffices to consider any
closed uniform neighborhood V of W that is disjoint from CUD. Since VNX
is a uniform neighborhood of W in X, X— V is a sum of far sets H, K, con-
taining E and F, respectively. Since Y~ V is open, its intersection with X is
dense in it; therefore Y — V is the union of the relative closures of H and K,
which are far sets containing the relative closures of E and F, which in turn
contain A and B, respectively.

22. REMARK. The function §Ind would not be changed if we changed the defi-
nition to refer only to closed sets.

This follows from 20 and 21. We remark further that 5Ind is a é-invariant;
so Samuel compactification cannot increase it.

23. THEOREM. For every uniform space X, 6Ind Xz sdX.

Proor. It suffices to prove this for compact spaces. That is, if Y is com-
pact and éInd Y <n then édY <nr; and we may suppose this has already been
done for n— 1.

Let { U;} be any finite open covering of Y and { V;} a strict shrinking of it.
For each i, let W; be an (n— 1)-dimensional closed set freeing V; from Y- U;;
the meaning is éIndW; <n—1, but by the inductive hypothesis this implies
6dW;<n—1 too. Then the union W of the W; has dimension sdW <
n—1 (V.8). Using the covering extension theorem IV.20, we can get an
(n—1)-dimensional open covering { P;} of a neighborhood N of W which is
finer than {U;}. Let M be a neighborhood of W such that N is a uniform
neighborhood of M. Since M is a neighborhood of every W;, Y—M is a sum
of open-closed subsets H; containing V;— M and contained in U,. Let @,=
H,, and define @; recursively as H;— \J[H;:j<i|. Then Y—M is the union
of the uniformly discrete collection {Q;}, which with {P;} forms an open
covering of dimension at most n refining { U;}, as required.

There is a characterization of 4d in terms of separation, derived from the
notion of separating opposite faces of a cube. It will be convenient to repre-
sent the ball I"*! as the product of intervals I=(0,1] in E"*', Moreover, we
shall triangulate its boundary S" as a generalized octahedron, with 2n+ 2
vertices classified into n+ 1 antipodal pairs; a set of vertices spans a simplex
if and only if it contains no antipodal pair. It is convenient to note also
(using a round sphere, and the unique shortest paths joining nonantipodal
pairs of points) that two mappings of any space into S" are homotopic unless
points of the domain can be found whose two images are arbitrarily nearly
antipodal.

A family of sets in a uniform space is called vanishing if their complements
form a uniform covering.
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24. THEOREM. The following properties of a uniform space X are equivalent:

(a) 8dX =n.

(b) For any n+1 pairs (A;, B)) of sets, each pair far from each other, there
is a vanishing family of n+1 sets W; such that each W, frees A; and B;.

(c) Forany n+1 pairs (A;, B) of sets, each pair far from each other, there is
a vanishing family of n+1 sets U; such that each U; s-separates A; and B;.

Proor. First, though (b) and (c) seem worth stating separately, their
equivalence is trivial. A s-separating set can be shrunk to a freeing set, and
a vanishing family of sets has a vanishing family of uniform neighborhoods.

Suppose (a); so X has no essential mapping into I"*'. Let (A;, B;) be n+1
pairs of far sets. Take mappings f;; X—I with f;=0 on A;, fi=1 on B,. These
are the coordinates of a mapping F: X—I"*!. Since F cannot be essential,
there is G: X—S8" such that G(x) = F(x) whenever F(x)&S"— in particular,
when x is in any A; or B;. Then let U; be the set of all x such that G(x) has
ith coordinate in [1/3,2/3]; the U; form a vanishing family 5-separating A;
and B,.

Conversely, suppose 6d X > n; so there is an essential mapping F: X—I"t,
Define A; as the set where »;F=0, B; by =;F=1. We shall get a contradiction
from the assumption that the pairs (A;, B;) are 5-separated by a vanishing
family { U;}. The uniform covering { X —17;} would then be refined by a
uniform covering { Py,--+, Ppy1 @, -+, @un}, with A,CP;, B,CQ;, and P; far
from @,. The nerve of this covering is isomorphic to a subcomplex of S". Spec-
cifically, we embed it in the regular generalized octahedron, with P; corre-
sponding to the center of the face =;= 0, Q; to the center of r;=1; and we use
central projection from the center of I”*! to push the nerve into S". Now con-
sider a canonical map G’ from X to this nerve in S*. If F(x) &S" then F(x) is
in some face, r;=0 or ;= 1; G’(x) is not in the star of the center of the oppo-
site face. Therefore G'’=G'|F~'(S") is homotopic to F|F !(S"). By the
homotopy extension lemma, F | F~'(S") has an extension G: X—S8"; that is, F
is inessential, a contradiction.

It is natural to conjecture that the possibly stronger condition sInd X =n
amounts to (c¢) of Theorem 24 with a change in the order of quantifiers. This
is an open question, apparently independent of the problem whether 4Ind
and éd really differ. There is a partial result.

25. LEMMA. Suppose E is a subspace of X, sInd E=0, and A and B are far
sets in X. Then A and B are s-separated by some set far from E.

Proor. Let C and D be far uniform neighborhoods of A and B. Decompose
E into far sets FOCNE,GDDNE. Now F is disjoint from D, hence far
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from B; similarly G is far from A. Then AU F is far from BUG. Let U and V
be far uniform neighborhoods of these sets; then X — U— V is the set we
require.

26. THEOREM. 56Ind X =0 if and only if dX=0. 6Ind X <1 if and only if
any two far sets A,, B, can be freed by a set W, such that any two far sets A,, B,
can be freed by a set W, far from W,.

ProoF. Since $IndX <0 if and only if 8dX <0, the first assertion is a
special case of Theorem 24. For the second, if sIndX <1 we take W, zero-
dimensional and apply the lemma; on the other hand, if éIndX >1 we can
choose A, B, so that W, cannot be zero-dimensional, and then we can choose
A;, B; contained in W, and not freed in W, by the empty set.

Theorem 26 may extend to higher dimensions; Lemma 25 does not.
(Exercise V.7)

Metric spaces.

27. LEMMA. Let G and H be subspaces of a metric space. Then G contains a
set JJ such that

(1) every subset of J which is far from H is uniformly discrete, and

(2) every subset of G which is far from o is far from H.

Proor. To construct J, let U, denote the intersection of G with the 1/n
neighborhood of H; let J, be a maximal set of points of U, distant at least
1/n from each other; let J= .

28. THEOREM. Let M be a metric space, H a nonempty subset of M, and J a
subset of M such that every subset of J which is far from H is zero-dimensional.
Then 6IndJ <sIndH.

Proor. If sInd H=0, the theorem holds whether M is metric or not. Here
sd(HUJ) =0 by Theorem 6, 6dJ <0 by IV.23, and this means 6IndJ <0.

Suppose the theorem is established for sIndH <n—1, and consider the
case 6Ind H=n. For any far subsets A and B of J, let C and D be far uniform
neighborhoods of them, and let E and F be far uniform neighborhoods of C
and D, respectively. Then ENH and FNH are freed in H by some subset V
withdIndV <n—1. Applying the lemma to J and V, we get a subset K of J
satisfying (1) and (2). Then W=K —C— D also satisfies these conditions,
the first a fortiori, the second because a set far from K — C— D is the union
of a set far from K and a set contained in any preassigned uniform neighbor-
hood of CUD. By construction W is far from A and B; by the inductive
hypothesis 8Ind W <n— 1. It remains to show that for any uniform neighbor-
hood U of W disjoint from A and B, J— U decomposes into two far sets
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respectively containing A and B. Here J — U is far from V; i.e., V has a uni-
form neighborhood T disjoint from J — U. Choosing T small, it will 5-separate
ENH and FNH in H; so H—T=PUQ with P far from @, ENHCP,
FNHCAQ. Let R and S be far uniform neighborhoods of P\LUA and QUB.
Then RUSUT is a uniform neighborhood of H. Let I be a uniform neigh-
borhood of H far from J — R—S— T, and split J— I into far sets Y, Z, con-
taining (JNR) — I and (JNS) — I, respectively. We shall be finished when
we verify that J — U decomposes into its intersections with R(U(Y —S) and
with SU(Z — R), which are far sets containing A and B, respectively. Indeed,
R and S already contain A and B. Those points of J — U which are not in
RUS, being also not in T, are in J—I; hence they are in Y or in Z. Thus
J—UCRUSU(Y-8)YU(Z—R). R is far from S, and Y is far from Z.
(J—U)NR is far from JN\(Z— R); for (J—U)NRNIC I-S—T (far from
J—R) and (JNR)—ICY (far from Z). Likewise (J— U)NS is far from
JN(Y —S8). This completes the proof.

29. COROLLARY. For any subspace J of a metric space M, sIndJ <s5Ind M.
If J is dense in M then sIndJ =4éInd M.

Proor. Put H=M in the theorem.
30. THEOREM. For any metric space M, sInd M <AdM.

Proor. Since completion preserves both dimension numbers, we may
assume that M is complete; recall that M is then supercomplete (II1.48).
Let AdM=n. We assume inductively that the theorem is established for
spaces of smaller dimension; then it will suffice to show that any two far
sets A, B, can be freed by a set H such that AdH<n—1. (In view of V.26
we haven—12=0.)

H will be constructed as the limit of a stable filter with basis {S,, Sy, }.
For convenience, fix a metric d. Let C and D be far uniform neighborhoods
of A and B, and let Sy=M — C— D. Recursively, suppose S;_, is a subset of
S, that é-separates A and B, its complement being a union of far sets C;_;,
D;_, containing A and B, respectively. Let % ’ be a uniform covering of mesh
at most 2~/ (mesh: least upper bound of the diameters of the elements),
which is further so fine that each of its elements is either far from Cj_, or far
from D;_;, and which is the union of uniformly discrete collections %/,
0<i<n. Let 27={V,} be a uniform strict shrinking of % /={U,}. (Lett
be a positive number such that each U, contains the t-neighborhood of V,.)
Thus 2/ is a union of uniformly discrete collections 2/ corresponding to
the % i. Let E; be the union of all those elements V, of 2} such that U, con-
tains a point of S;_; whichbelongstonoelementof 27%; let S;=S; ,—E;.

Since S; contains all of S;_, except for a uniformly discrete collection of
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sets none of which reaches from near C;_, to near D;_,, S; é-separates A and
B. Moreover, S; has an (n—1)-dimensional uniform covering of mesh at
most _2,"} To see this, note that S; is a union of two far sets; those members
of 27y which meet S; are distant by at least ¢ from the rest of S;. Now on one
of these sets the trace of % { is a 0-dimensional uniform covering; on the
other set the trace of the rest of 2’ is an (n—1)-dimensional uniform cov-
ering. Finally, by construction, St(S; % ’)DS;_;. Therefore the sequence
{S;] is a basis of a stable filter, and the limit is the required set H.

31. CoroLLARY. If M 1s a metric space and AdM < , then AdM =5dM =
sInd M.

It is an open question whether Corollary 31 holds for all metric spaces.
At least the 0-dimensional case is not open.

32. For a metric space M, if 6dM =0 then AdM=0. (Thus if one of dM,
8IndM, AdM is 0, all are 0.)

ProoF. Fix a metric. For each positive number 35, define an equivalence
relation; two points are equivalent if they cannot be separated by a decom-
position of M into two sets distant at least § from each other. This defines a
zero-dimensional covering by equivalence classes, %(5), which certainly
has Lebesgue number 8. We shall show that if 6dM =0 and ¢>0 then some
% (5) has mesh at most . Suppose the contrary. Then there is a sequence
of pairs (x,, y,) of points distant by ¢, such that no decomposition of M into
two far sets separates infinitely many of these pairs. If some infinite set of
x’sor y's had diameter <¢/2, this would mean that the finite uniform cov-
ering consisting of the complement of this set S and the ¢/2 neighborhood
of S had no zero-dimensional uniform refinement. But if this is not the case,
we can construct an infinite sequence of indices n for which the x, and y,
form a uniformly discrete set, and again a contradiction. This completes the
proof.

For a metric space M, finally, if M is an inverse limit of finite-dimensional
polyhedra at all (cf. Exercise IV.8), then M is an inverse limit of the nerves
of its uniform coverings. Given any normal sequence of uniform coverings
% ", each of which is point-finite, we define an inverse mapping system on
the nerves which is called the barycentric system on the sequence {%"}.
Let K, be the nerve of % . Observe that for each vertex v, of K,,,, the
corresponding set U **'in % "*!is contained in at least one element of % ",
but in only finitely many. Moreover, since U"*! is nonempty, the corre-
sponding vertices in K, span a simplex. Now the bonding mappings f, , will
be semilinear. For each vertex v, of K,1, fas1.(V.) is the centroid of the
simplex whose vertices correspond to elements of % " containing UZt.
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This clearly takes simplexes into simplexes; so we have a well-defined semi-
linear mapping. Finally then, f, s, 18 foy1n:*  Fatkasb-1.

33. LEMMA. If X is a complete finite-dimensional metric space and | %"}
a normal sequence of k-dimensional uniform coverings forming a basis for X,
then X is uniformly equivalent to the limit space of the barycentric system on

(% ")

ProoF. For each x in X, let s"(x) =s" be the closed simplex of K, corre-
sponding to the set of all elements of % " which contain x. Clearly f,; 1 ,(s"*)C
s", so that {s"; f..| forms an inverse system. It is an inverse system of
compact spaces; so its limit space is a nonempty subspace of the limit
space L of the barycentric system (Exercise 1V.10). On the other hand,
each s" is a metric space of diameter at most 1. Let us check that f,,,,
restricted to s™*' decreases every disiance by at least the ratio k/(k+1).
It suffices to check the vertices v, of s"*'; and there is at least one U, in
% "*! such that each f,,.(v,) has ath coordinate at least 1/(k+1), so we
have it. Then the inverse limit of [s"(x);f,,,,,,} is a single point A(x) in L.

Now A : X—L is (1) uniformly continuous. For this it suffices to show
that the coordinates A\,: X—K, are uniformly continuous. Given n, given
¢>0, choose an integer r such that (k/k+1)"<e, and observe that each
element U, of % "*"is mapped by \,,. into the closed star of the vertex v,
of K,.,; thus A\, (U,) =fosrnhsr(U,) has diameter <e¢, and A, isuniformly
continuous. To see that (2) A is onto, consider any thread p= (p,) in L. If {"
is the carrier of p,, the sets A\, !(¢") form a Cauchy filter base in X, with
limit x. Then \,(x) is in the closure of t*, and A(x)=p. (3) X is one-to-one
because { %"} is a basis; moreover, each % " is realized by A,,, and \ is a
uniform equivalence.

34. THEOREM. Let X be a complete metric space and | %"} a basis of uni-
form coverings for X, each of which is finite-dimensional. Then there exists an
inverse mapping system whose spaces are some of the nerves of the coverings %"
and whose limit space is X.

The construction of the lemma proves this, if we make the following
observation. The only use of the fixed dimension & was in showing that
fai1a|8"t! decreases distances at least by k/(k+1). This depends on the
dimension of the range. To retain a fixed factor K <1 with a range K, of
arbitrary dimension p, realize the given covering % " by a canonical map-
ping and introduce a sequence of auxiliary p-dimensional coverings
A< A <*..<*Y " where | is so large that (p/p+1)'<K. Sincewe
have a basis, there is % "*! finer than 7. The barycentric system on the
sequence of coverings so constructed will then have X for limit space; and
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there is a cofinal part whose spaces are some of the nerves of the given cov-
erings %".

Exercises.

1. CLOSED COVERINGS AND THE CANTOR SET.

(a) A compact space X has 6dX <n if and only if every finite open cov-
ering is refined by an n-dimensional finite covering consisting of closed sets.

(b) If X is compact, 3dX <r, and f: X—Y is an onto mapping taking at
most k points of X to any one point of Y, then édY <kr+k—1.

(c) If X is complete metric and AdX <n then there is a complete metric
space Z with AdZ <0 and a mapping of Z onto X taking at most n+ 1 points
to any one point. (Use an inverse limit of 0-skeletons of nerves.)

(d) A compact metric space X without isolated points has dimension at
most n if and only if there is a mapping of the Cantor set onto X taking
at most n+ 1 points to any one point.

The generalization of this odd characterization poses an unsolved prob-
lem. Cf. Aleksandrov and Ponomarev [2].

2. ESSENTIALITY OF CUBES.

(a) The identity mapping 1: I"I" is essential (Use (*) from the proof
of Theorem 12.)

(b) If U is an open set in E" with compact closure V and f: V-V is a
mapping agreeing with the identity on V— U then f(V)= V. (Hint: E"=
-8t

3. FIXED POINT THEOREM. A continuous mapping of I" into itself must
leave at least one point fixed.

4. SuBDIVISIONS. To establish Sperner’s lemma for arbitrary subdivisions
of a closed n-simplex §”. it remains to show that an (n—1)-simplex "'
lying in §" is a face of just one n-simplex and an (n— 1)-simplex in the inte-
rior is a face of two.

(a) This will follow if we show that the star of #~! is not homeomorphic
with any open subset of E" unless t"~' is a face of just two n-simplexes.

(b) If "' is a face of just one n-simplex then its star contains open sets
with compact closure which do not satisfy the condition of Exercise 2(b).

(c) Suppose t""!is a face of at least three n-simplexes s,, s;, s3, and its
star is embedded in E” as an open set G. Let H be the image of "' Us,Us»;
note that H is also homeomorphic with E". Note that there is a retraction
r: G—H such that r(G— H) is nowhere dense in H. Let o be the image of
the centroid of "', and N a 3e-neighborhood of 0 in E* which is contained
in G. Choose p in G— H within ¢ of 0. Define g: G—{p }—G as follows: out-
side the 2¢-neighborhood of p, g is the identity; the deleted 2¢-neighborhood
is retracted radially upon its outer boundary. Define f: H—H as rg| H.
Show that on some open set in H with compact closure, f contradicts
Exercise 2(b).
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Of course there is a more general theorem, that an open set of E” is not
homeomorphic with a nonopen set of E". The proof cannot be given without
wandering rather too far from our subject. See e.g. Hurewicz and Wallman
[HW].

5. SUBSPACES OF FULL DIMENSION.

(a) A bounded subset S of E" has 6dS <n if and only if S is nowhere dense
in E",

(b) A subspace S of E” has AdS=n if and only if for some positive num-
ber r, every uniform neighborhood of S contains a ball of radius r.

*6. APPROXIMATION.

(a) 8dX <n if and only if every uniformly continuous mapping X into
any Euclidean space can be approximated by mappings into subspaces of
dimension at most n.

(b) AdX =nif and only if every uniformly continuous mapping of X into
a Banach space can be approximated by mappings into subspaces S with
AdS £n.

7. RELATIVE DIMENSION AND SUCCESSIVE SEPARATION. Theorem 26
extends to higher dimensions for metric spaces. Define the relative inductive
dimension of a family of subsets C,, ..., C, of X as follows. Indx(C,, ---,
Cy) = —1iff {Cy,---, C;} is a vanishing family. §Indx(C,,---, C;) Sn+1 iff
for any far sets A, B in X there is C,,, freeing A and B such that
6Indx(C,, .-+, Ciy)) Sn. This determines the number §Indx(C;, ---, Cy).
6Ind*X is defined as §Indx(X).

(a) 6Indx(Cy,---, C») =5Ind(C,N---MNCi). Hence 5Ind*=sInd. By Theo-
rem 26, 6Ind* X=4Ind X if 6Ind X< 1.

(b) Define a family of subsets Ci,.--, Ci to be divergent if its trace on
any set far from C;N-...NC, is a vanishing family. (Two very smooth
curves in E” are divergent if and only if they are not asymptotic. However,
a subfamily of a divergent family need not be divergent. We have:) If
{C,,--, Cy_1} is divergent then {C,,--., C,} is divergent if and only if Ci
is divergent from C,N---NC,_;.

(c) Key lemma for metric spaces: If 6IndC < n+1 and A is far from B
then there exists D divergent from C, freeing A and B, with Ind(CND) =n.

(d) If {Cy,---,C,} is a divergent family in a metric space X then
8Indx(C,, ..., Cy) =5Ind(C,N---NCy). In particular, sInd* X=6Ind X;
and §Indx(C) =6Ind C.

The last conclusion in (d) extends Lemma 25. However, there is a non-
metric space X containing an interval I such that §Indx(]) = «. Begin with
the long line L; the product of the set W of all countable ordinals and an
interval [0, 1), lexicographically ordered.

(e) L is connected in the order topology.

(f) Let L* be the one-point compactification of L. For each nowhere
dense set S in I, form a uniform space T as follows; from L*X I (which is



94 DIMENSION (1)

compact) remove L X S. Identify I with the undamaged copy { «}X I. Then
if H frees 0 from 1 in Ts, H has a limit point in I—S.

(g) Sewing together all Tg along the edges I, with any uniformity such
that all T's are subspaces, we get the desired space X.

8. PRODUCT SPACES.

(a) Ad(XXY)=<AdX+AadY. (Hint: Note IV.8.)

(b) The inequality (a) does not hold for 3d or sInd. In fact, if AdX = o,
then sd(X X X) = o, (Hence 6Ind also; V.23.)

A space X is called dimensionally deficient with respect to a dimension
function d if for some space Y, d(X X Y) <dX +dY. Dimensional deficiency
occurs already in 2-dimensional compact metric spaces. [HW]. Its study
involves homology and is outside the scope of this book.

9. EMBEDDING IN EUCLIDEAN SPACES. Lemma 33 combined with Theo-
rems V.26, IV.37 will embed a space X in a Euclidean space if such an
embedding is possible. To see this, define a star-bounded collection of cov-
erings as a collection, the union of any two of whose members is star-
bounded.

(a) X can be embedded in some Euclidean space if and only if X has a
basis which is a countable star-bounded collection of Euclidean coverings
all of whose nerves are embeddable in E” for some fixed n.

Restatement of the conditions will not get around the fundamental lack
of a characterization of Euclidean coverings; but restatements are of some
interest. Immediately from IV.26, we have a restatement in terms of
dimension and 1-skeletons.

(b) The conditions can be imposed on different bases. That is, if X has
four bases of uniform coverings, one of which is countable, another star-
bounded, another k-dimensional, and anuther having 1-skeletons of nerves
embeddable in E”, then X has a basis satisfying all these conditions.

(c) No three of the conditions suffice. Moreover, if either of the first two
conditions is omitted, there is a counter-example that is homeomorphic
with E! and has a basis of coverings whose nerves are isomorphic with E’.

(d) The star-bounded basis can be restated in metric terms: for some
fixed positive ¢, for every 6> 0, there is an integer n such that every set of
diameter ¢ can be covered by n sets of diameter 5.

(e) A metric space having a star-bounded basis is uniformly equivalent
to a metric space in which for every positive M and § there is n such that
every set of diameter M can be covered by n sets of diameter .

(f) The condition that X has a basis of coverings with the 1-skeletons
of their nerves embeddable in E* may be replaced by the condition that
some mapping f: X—E" realizes some covering belonging to a star-bounded
basis. (n=3.)

*10. REAL EXTENSION SPACES. X is called an RE space if every mapping
of a subspace of X into the real line can be extended over X. All known RE
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spaces are (dense) subspaces of inverse limits of fine spaces.

(a) Every fine space is RE. (Put a bounded metric on the line and use
pseudometric extension, II1.15. Then use coreflection into fine spaces and
Tietze's extension theorem for metrizable spaces.)

(b) Every inverse limit of RE spaces is RE. (Homotopy extension; one
need only approximate within finite distance for a homotopy.)

A subspace of an RE space is obviously RE.

(c) The completion of an RE space is RE.

(d) If X is an RE metric space then X has a basis of uniform coverings
each consisting of a uniformly discrete collection & and a finite collection
whose union is disjoint from the union of 9. (Otherwise an argument like
V.32 gives a uniformly discrete sequence of pairs (x,,y,) each of which is
joined by a finite chain of sets of diameter 1/n.)

(e) An RE metric space is a dense subspace of an inverse limit of fine
spaces. (V.34.)

Seventeen characterizations of the fine metric spaces have been collected
by Atsuji [1] and Rainwater [1]. (LevSenko [1] gives others.) Here is one.

(f) A metric space X is fine if and only if the set of all nonisolated points
of X is compact and every set far from it is uniformly discrete.

11. SUBCONNECTING MAPPINGS. In the proof of Theorem 34 the introduc-
tion of irrelevant canonical mappings is a flaw. The job can be done combin-
atorially as follows. A semilinear mapping f: L—K is called normal if it is
simplicial from L to K™ for some n. It is natural to extend the notion of
connecting mapping to a subconnecting mapping f: L—K, where L and K are
nerves of coverings /< % this is a simplicial mapping from L to K!' taking
each vertex V of L to the centroid of a simplex of K all of whose vertices
contain V, or a composition of such mappings.

(a) If % is a k-dimensional covering and % is a covering so fine that
St(St(---(St(V, 27 ),--+), 9 ), 97 ) is contained in an element of % for
each Vin 2 (where St appears k+1 times), then there is a subconnecting
mapping from the nerve of 2° to the nerve of %. (Define n(U, V) as the
number of times St can be applied to V without getting out of U. Since V is
in at most k+1 sets U, n(U, V) must omit a value in {0,---, k+1}. Use the
values greater than all omitted values.)

(b) Verify that an inverse mapping system of nerves of a basis bonded by
subconnecting mappings has the correct limit space. (This is true for non-
metric spaces, but no such inverse mapping system need exist; cf. Marde$ié
(2], Pasynkov [1].)

Research Problem C.

DIMENSION OF METRIC SPACES. Proofs of three conjectures would settle
all the unsolved problems apparent in this chapter except for Exercises 1
and 9. These are é§Ind=éd, sInd*=46Ind (see Exercise 7), and Ad=4éd in
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metric spaces. A proof of the last would dispose of all three for metric spaces.
Moreover, the methods available for metric spaces are so strong that the
question should not remain open long. It has no literature.

If some of these conjectures are false, more complicated questions arise.
There is no good reason apparent to the author for expecting either of the
first two to be true. (Reasons for expecting the third to be true might begin
with I1.38.) In any case we should note the problem of a sum theorem for
dInd (unsettled even for metric spaces) and the question whether §Ind is
monotonic on subspaces.

The sum theorems known for dimension functions defined inductively
have all been proved indirectly, by means of noninductive characterizations,
with some very important exceptions sharing the following peculiarity: the
countable sum theorem in dimension n—1 is needed to prove the finite sum
theorem in dimension n. (There is one such proof in this book, VIII.12, from
Cech [1].) A proof like this is quite unusable for general uniform spaces,
because there is no remnant of a countable sum theorem. So a direct proof of
a sum theorem for 6Ind (or sInd*: the same thing in metric spaces, but per-
haps easier to get at) would have to give us a new geometrical idea.

Notes. The only substantial omission in this chapter is homological dimen-
sion. Kuzminov and Svedov [1] give some results for uniform spaces. To read
their paper one needs background which can be obtained from [HW | That
book remains the basic book on topological dimension theory; it is the source
of Exercises 1-4 above. Exercise 5 is from Smirnov [5]. Exercise 9 is from
Isbell [3] and Doiéinov|1 ] Exercise 10(b)-10(e) is from Corson and Isbell [1].
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CHAPTER VI
COMPACTIFICATIONS

This chapter is a somewhat specialized treatment of compactifications.
We introduce several topological definitions of dimension and aim to relate
them to uniform notions by examining their behavior under compactifica-
tion. But compactification, not uniformity, is the main idea.

Dimension-preserving compactifications. In this chapter a space X is, unless
specified otherwise, a uniformizable topological space. Juxtaposition of g8
with the name of a topological space denotes Stone-Cech compactification.
Recall that g is a reflection functor and defines mappings 8f: 8X—8Y. For a
uniform space uX, 8(uX) denotes Samuel compactification.

We consider the question: has X a compactification of the same (or lower)
dimension? Four dimension functions will be defined. The notations (more or
less standard) are dimX, mindimX, indX, IndX; but the greater part of
the literature on dim and Ind is restricted to normal spaces and uses simpler
definitions, so our definitions may be surprising to the reader.

The covering dimension dim X is 6duX, where x is the fine uniformity. (In
normal spaces, in view of Exercise I1.13, the definition can be phrased in
terms of finite open coverings. The definition so phrased is due to Cech [2].
It was Smirnov [4] who pointed out that it had led to no results for non-
normal spaces in a quarter of a century, and gave the present definition.)
The minimum dimension min dim X is the minimum of édvX over all uniform
spaces vX homeomorphic with X. The little inductive dimension indX is (like
all dimension numbers) — 1, in case X is empty; indX <n-+1 provided X has
a basis of open sets U, whose boundaries B, have ind B, <n.

Next recall that two sets A, B in a space X are said to be separated if they
have disjoint neighborhoods M, N. (M and N will be themselves separated
if we took the trouble to choose open neighborhoods.) A set C separates A
and B if X — C=MUN, where M and N are separated sets containing A and
B (not necessarily neighborhoods). Similarly, a continuous real-valued func-
tion fon X separates A and B if f(A) and f(B) have disjoint closures in the
real line. But separation by a function is stronger than separation by a sét;

97
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it is possible if and only if A and B are far in the fine uniformity. Such sets
are said to be completely separated.

For the dimension function Ind, big inductive dimension, we begin with —1
for the empty space. Ind X <n--1 provided every two completely separated
sets are separated by a closed set C with Ind C<n. (Very little has been done
with this dimension function for non-normal spaces. In normal spaces, since
completely separated sets are just sets with disjoint closures, one says “every
two disjoint closed sets’ instead of ‘“‘every two completely separated sets’’.
One is tempted to say “‘every two separated sets””. But such a definition
would disagree with all current definitions even in compact metric spaces,
where all current definitions agree.)

Two trivial relations: dim X2 mindim X (immediately); Ind X=ind X
(by induction).

Back to compactifications; by V.2, dim X is the same as 6d8X. We may
restate this as follows.

1. dim 8 X =dim X.

But there may exist other compactifications of lower covering dimension.
We defer the example, for it can be used to establish several other points.
(See V1.13.)

For the function min dim, certain desirable properties follow at once from
the rather artificial definition.

2. mindim coincides with dim for compact spaces. For any space X,
min dim X is the minimum of dim Y over all compactifications Y of X—or over
all spaces Y containing X. Consequently, if WCX then mindim W=
mindim X.

Proor. Compact spaces have only the fine uniformity. If min dimX is
3dvX, then it is dimB(vX). On the other hand, if XCY and dimY =n, then
dim Y =n and 8Y induces on X a uniformity with dimension at most n. The
last assertion follows from this.

The difficulties with mindim show up before one goes much further.
The main difficulty is that its value for a given space is commonly hard
to determine. For the important case of dimension zero, this difficulty
vanishes.

3. mindim X =0 if and only if ind X=0, and this is if and oniy if X has a
basts of open sets that are at the same time closed sets.

ProoF. Since the sets with empty boundaries are the open-closed sets,
ind X=0 if and only if X has an open-closed basis. When sduX =0, every
finite uniform covering is refined by a covering by disjoint open-closed sets;
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so ind X =0. On the other hand, the finite coverings of a space by disjoint
open-closed sets always form a basis for a preuniformity; ind X =0 says that
this is a uniformity.

The preuniformity just described enables us to show that the subcategory
of spaces X such that ind X =0 is reflective. The reflection QZ of a space Z is
constructed as follows. The quasi-component of a point 2z&Z is the intersec-
tion of all open-closed sets containing z. Evidently the quasi-components
of two points are either identical or disjoint; so we have a decomposition of Z
into closed sets. However, the quotient space need not be regular. The space
QZ has for points the quasi-components of Z; a set M is a neighborhood of
a point K provided the union of M in Z contains an open-closed neighbor-
hood ot the set K. QZ is called the quasi-component space of Z. QZ has an
open-closed basis; so it is completely regular, and ind @Z=0. One verifies
easily that the natural mapping Z—@QZ is a reflection mapping.

The quasi-component space will be used in VI.29 and later; for the present
it suggests the qualitative difference between dimension zero and higher
dimensions. We remark that if Z is compact, not only is the reflection Z—QZ
a quotient mapping, but also the quasi-components are connected, i.e., they
are components. This remark will not be used, but it will be recalled later.

From Propositions 2 and 3, for compact spaces Y, indY =0 if and only
if dimY =0. Thus if indX =0 then X has a compactification Y with
ind Y=0. This does not generalize to higher dimensions. The example
showing this (VI.16) depends on the other promised example (VI.13). We
have trivially that ind cannot be lowered by compactification.

4. If WCX then indW <ind X.

Proor. Suppose ind X < n; we wish to show ind W<n, and may suppose
this has been done for n—1. Then if { U, ] is a basis of open sets of X with
at most (n— 1)-dimensional boundaries, { U,\W| is a basis for W with the
same property.

Finally, for Ind, the facts are very nearly the same as for dim. The exam-
ple of compactification lowering dim will lower Ind also; and the compactifi-
cation preserving dim preserves Ind also, at least for normal spaces. Three
lemmas are needed; the first is the result from general topology that if A is a
closed subspace of a normal space X then completely separated sets in A are
completely separated in X. (This follows easily from Tietze’s extension
theorem.)

In general, a subspace W of X is called normally embedded if completely
separated sets in W are completely separated in X. Equivalently, the refiec-
tion e of the embedding e: W—X is an embedding.

5. LEMMA. If W is a normally embedded normal subspace of X, then Ind W <
Ind X.
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Proor. Suppose Ind X =n; we wish to show Ind W<n, and may suppose
this has been done for n—1. Let A, B be completely separated sets in W, so
also in X. Then some closed set Cin X with Ind C<n—1 separates A and B.
Therefore CN\W separates A and B in W. CN\W is closed in the normal space
W, so normally embedded and normal. Then CNW is normally embedded
even in X, and in particular in C. Hence the inductive hypothesis applies;
Ind(CNW)=n-—1.

6. REMARK. If W is a normally embedded subspace of X, then dimW <
dimX.

For dim sW <dimgX by 1V.23.

7. LEMMA. If a closed set C separates A and B in X, then in 8X the closure
of C separates A and B.

ProoOF. X — C must be the union of two separated (hence disjoint open)
sets UDA, VDOB. Every point of 8X not in the closure of C must be a limit
point of U or of V; we have the desired separation if we show that such a
point p cannot be a limit of both U and V. Suppose it is. Let ¢ be a contin-
uous function on gX to I taking the value 0 at p and equal to 1 on C. Define
a function f on X by f(x) = ¢(x) except in case xE V and ¢(x) <1/2, in which
case f(x)=1/2. Then f is locally continuous on X, hence continuous, but
cannot be extended over 8X. The contradiction completes the proof.

8. THEOREM. If X is normal, IndgX=Ind X.

Proor. Ind X <IndgX by Lemma 5. For the converse, if IndX <n, con-
sider any completely separated sets A, B in 8X. Let E, F be completely
separated neighborhoods of them. Then ENX, FNX are separated in X by
a closed set C with Ind C<n—1. Since C is closed in X, its closure in 8X
isC We may apply induction to conclude Ind sSC<n—1, and by Lemma 7,
BC separates ENX and FNX. Since 83X —8C is open, it is a union of dis-
joint open sets UDENX, VOFNX. Then every point of A, being a limit
point of EN X, is a nonmember of V. It is also not in BC, since E is a neigh-
borhood of A disjoint from C. Thus A CU; similarly BCV, and the proof
is complete.

The effect of 3 on Ind for non-normal spaces has never been studied. It
seems likely that it changes dimension in an arbitrary fashion, except that
it must preserve the distinction between zero and positive dimension.

9.Ind X=0 if and only if dim X=0.
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Proor. Let uX be fine. Ind X=0 means any two far sets lie in comple-
mentary open-closed sets, i.e., every binary normal covering has a normal
refinement of dimension 0. In view of I1.36, this is equivalent to 0=éduX =
dimX.

The assertion just before Proposition 9is now justified by Proposition 1.
Before resuming compactification we consider a more modest addition to
a space.

10. If p is a point of a space Y containing more points, then dim(Y —{p}) =
dim Y and Ind(Y—{p})2IndY.

PRroOF. Let X=Y—{p}.If Ind X <n, and A and B are completely separ-
ated sets in Y, let C be a closed subset of X separating ANX from BNX
with Ind C<n—1. If p€AUB, then C separates A and B in Y. Otherwise
CU{ p} separates them, and by an induction we have Ind(CU{p}) <Ind C.

For dim, we write 1Y and »X for the fine spaces, uX for the subspace X
of uY. We wish to show that if 6dvX <n then éduY <n. By V.7, it will suffice
to show dduH <n for every subspace H of Y that is far from p. H is a sub-
set of X, and we know édvH <n. To conclude we shall show that vH=puH.
by showing that every continuous mapping of H into an ell-infinity space L
which can be extended over X can be extended over Y. Given f: X—L, and
taking a continuous real-valued function g on Y that is 1 on H and 0 on a
neighborhood of p, we define h: YL by h(x)=g(x)f(x), h(p)=0. Then
h|H=f|H, and the proof is complete.

We shall see that equality need not hold in Proposition 10. Moreover,
this inequality does not hold for ind or min dim, though the reverse inequal-
ity holds trivially. Also trivially, ind(Y—{p}) 2ind Y — 1. Whether this holds
formindim is unknown; see the end of Exercise 10, where a possible counter-
example is described.

11. Ind X <0 if and only if every space Y consisting of X and one more point
has ind Y=0.

Proor. If Ind X £0, wehave0=Ind Y=ind Y=0.IfInd X>0, let A and
B be completely separated sets which are not separated by the empty set.
In 8X, consider the points p of A~. Adjoining one of them to X must give
a space in which p(though far from B) is not separated from B by the empty
set; otherwise, in view of the compactness of A~, we should have a finite
number of open-closed sets of X whose union contains A and is far from B.

Proposition 10 involves a helpful property of subspaces of fine spaces.
The concluding portion of the proof does not depend on the fact that Y— X
is a single point; it proves the following. (An excision property.)

12. If A is a subspace of B and B is a subspace of C, with C— B completely
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separated from A, then the fine uniformities on B and on C induce the same
uniformity on A.

Examples.

13. EXAMPLE. There is a normal space X with Ind X=dim X=1, ind X=
min dim X =0, such that by adjoining a single point one can get a space Y with
all four dimension numbers 0 or a space Z with all dimension numbers 1. The
compactifications 8Y and SZ have the same dimension numbers as Y and Z.

Proor. Let W be the space of all countable ordinals, in the order topology.
In the interval I=[0, 1], consider the congruence classes modulo the ration-
als. There are ¢ such classes, each dense in I. and ¢=N,. Take some N, of
these classes @, indexed by the elements of W. Then X is the subspace of the
product space WX I consisting of those points (@, p) for which p does not
belong to any @, fZ .

Note first that every initial segment S, of W (the set of all 8 <a) is a separ-
able metrizable space. Hence S,X I is separable metrizable. It is open and
closed in W I. Its intersection with X is a subspace of S, X (I —®,), so has
dimension zero in the sense of all four dimension functions. Therefore
ind X=0 (and mindim X=0 by VI1.3).

Next note

(*) In W, two unbounded closed sets have unbounded intersection.

Proor. If H and K are unbounded closed sets, then for any ay& W there
is a; in H after a; there'is 8, in K after o;; and we can get a sequence
-+« <a, <B,, which must converge to a point of HNK.

Consequently, a finite open covering of W must have an element whose
complement is bounded. Moreover, the space W is countably compact
(every infinite set has a limit point); so every countable open covering is
refined by a finite open covering.

(**) If % is a finite open covering of X and p is a point of I, then for some
aEW and some neighborhood N of p in I, one element of % contains
XN[(W=8,) XN,

Prour. First note that WX { p} isin X except for an initial segment. Thus
one open set UE % contains (W—S,) X {p} for some g. For each a>8, U
must contain [{a | X N]NX for some neighborhood N of p; let ¢, be the radius
of the largest spherical neighborhood N satisfying this condition. If the
numbers ¢, had 0 as a limit point, we should have a sequence {a,} in W—S,,
having a limit point ay> 8, with the contradictory conclusion that (ag,p) is
not interior to U. Therefore the ¢, are bounded away from 0, and (**) fol-
lows.

Now since I is compact, it follows that every finite open covering of X has
a refinement of the following form. For some covering {Ni,---, N} of I
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(which we may suppose 1-dimensional and consisting of intervals), for some
a €W, we have the trace on X of {(W—S,)XN;}; and on XN[S,XI] we
have a finite covering by disjoint open-closed sets.

Since these coverings are normal, X is a normal space. We have dimX <1;
and since the boundary of (W—S,) X N; is contained in the topological sum
of two copies of W, Ind X <1. However, dimX is not 0. If it were, the open
covering consisting of the complements of the two sets WX {0}, Wx {1},
would have a finite zero-dimensional refinement, and thus a refinement of
the form described above in which {Ny,.--, N,} would not contain a chain
joining O to 1, which is absurd. By V1.9, IndX is not 0, and we have proved
all the assertions about X.

To construct Y we add a point w,, and define the sets far from «, to be the
sets whose projection in W is bounded. Normality of Y follows from nor-
mality of Y minus a point (with regularity of Y, which is evident). Moreover,
given two disjoint closed sets in Y, one of them is bounded; hence Ind Y=0.
With VI.9 and V1.3. 0=dimY =mindim Y=ind Y. The same goes for gY.

To construct Z we add a point (w;, 0); a basis of neighborhoods for it is
(w1,0)U[(W—S,) X NJ, for all « in W and all neighborhoods N of 0 in I. Z,
like Y, is normal. We have ind Z0, since no open-closed set contains (w;, 0)
and is contained in Y—[WX{1}]. Reversing the argument of the preceding
paragraph, all dimension numbers of Z are nonzero. But IndZ and dimZ
are 1, just as for X; hence so are the smaller numbers. Then IndgX and
dimBZ are 1. Finally, mindimgZ=dimgZ and indZ <indBZ <IndgsZ.

This example (X) has a name; it is Dowker’s Example M. A number of
observations have been published on the properties and construction of
Example M (see Notes, p.121). Here we note the corollary:

14. There is a compact space having an open subspace of higher covering
dimension. That is, there is a locally compact space A with dim A >mindim A.

Proor. Let X be the space of Example M, and let p: X—W be the first
coordinate projection. Form 8p : 3X—gW, and let A be (8p) '(W). Since
XCACBX,8A=8X and dimA =dim X =1. But every point of A is in the
closure in X of an open-closed subset of X of covering dimension 0. Thus
ind A=0, and mindim A =0.

The space A is normal; this is left as an exercise.

15. For every locally compact space A, mindim A is the supremum rd A of
the covering dimensions of compact subspaces.

ProoF. The one-point compactification B of A has dim B=rdA by V.6;
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every compactification of A has dimension at least rd A by IV.23.

16. EXAMPLE. There is a normal space X with ind X =1 such that for every
compactification Y of X, indY 22.

The example has also Ind X=2, dim X=mindim X =1. This will give us

17. CoroLLARY. The four functions dim, mindim, ind, Ind are all different
for normal spaces.

Proor. After Example M it remains only to distinguish Ind from dim—X
does this—and ind from mindim. X is a compactification of X, so
indgX 22>dim X =mindimgX.

The idea for Example 16 is, first, that when Ind X 2ind X we may be
able to assure that for any compactification Y, ind Y 2Ind X. Certainly
this cannot be done with ind X=0, because of VI.2, VI.3, and VI.9. The
trouble is that two completely separated sets A;, A, in X which are hard to
separate may not be completely separated in Y. So we may think of con-
structing a sequence of such sets A, converging to a point of X. If the dif-
ficulty of separating the A, from each other is localized near single points p,
of BA, (as VI.11 suggests), and if the p, converge to a point of X, then we
shall have it; for in a compactification the p, cannot all be identified to a sin-
gle point. It is the limit of {p,} that enforces ind X >0.

The details are based on Example M. For the localization in 8A,, we have

18. The only compactification of the space W of countable ordinals is the one-
point compactification.

Proor. If W had a compactification adding more than one point, W would
contain disjoint closed noncompact sets; but VI.13(*) shows that it does not.

Now in Example M the design is right but the dimension is wrong. To
raise it we use the long line L (Exercise V.7); the lexicographically ordered
product WX [0,1). We regard W as embedded in L, a corresponding to (a, 0)!
note that this is a homeomorphic embedding. As before, index X, disjoint
dense sets Q, in I. Define the subspace S of the topological product LX I to
consist of WX I and those points ((a, x), p) for which x>0, p&(0,1), and p
does not belong to any @, 8= a.

Let L, denote the set of all (8,x) <(a,0) in L. Let S,=SN[L,XI]. Then
L, is homeomorphic with I. Also (i) dim S, <1 and (ii) ind S,<1. For (i),
it is easiest to apply V.7 and VI.12; the compact set [WXI]NS, has covering
dimension 1, and the rest of the space lies in L, X (I—@Q,). For (ii), every
point has a basis of rectangular neighborhoods whose top and bottom are
subspaces of W and whose ends are subspaces of I— @, for some «. It follows
that ind S<1. On the other hand, S contains intervals and is not zero-
dimensional in any sense.
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(**) If % is a finite open covering of S and p is a point of I, then for
some o &W and some neighborhood N of p in I, one element of U contains
SN[(L—L,) XN]. ,

ProoF. Asin VI.13, one open set UE % contains all of WX |p} except an
initial segment. We shall want the specific conclusion (***) that this implies
(**) for the set U. For each « €W, define ¢, =0 as the infimum of those ¢
such that S — U contains a point ((a, x), p%t). After the excepted initial seg-
ment of WX {p}, ¢, cannot take the value 0 infinitely often nor can it take
a sequence of values converging to 0; either way, this would give us a
sequence of points of S— U converging to a point of U. This proves (***)
and (**).

Just as in VI1.13, it follows that S is normal and dim S<1.

For sets H in S, let us abbreviate the expression ‘“H—S,, for some o’ to

almost all of H”’. Next suppose A contains almost all of WX {0}, and B
almost all of WX {1}. We shall show that a closed set C separating A and B
must contain an interval. Certainly it does unless it is nowhere dense; so we
may assume S — C= UV, where U and V are disjoint open sets with dense
union, UDA, VOB, U "NV~=C. Let U, (resp. V,) be the set of all pEI
such that U (resp. V) contains almost all of WX {p |. By (***), pEU, implies
U contains almost all of L X {p }, and similarly for V. Consequently if U, and
V, have a common limit point ¢&I, C contains almost all of L X {g |(since g
would be the limit of countable subsets of U, and V;). In the remaining
case there is an interval JCI— U,— Vy; for each tin J, neither U"N[W X {¢}]
nor V-N[Wx{t}]is bounded. Then, since U is open, for every « W there
exist (8, x) >a in L and two rational numbers m <n in J such that U contains
SN[{(B,x)}X [m, n]). Since there are only countably many rationals, this
remains true for some fixed m and n; the set U° of all (8,x) such that U
contains the dense part of { (8, x) | X[m, n] that lies in S is unbounded in L.
But the same argument applies to V and J’ = [m, n]CJ giving an unbounded
set V° and an interval J” CJ’. Taking l,<l,<... alternately from U° and
{V"i we get a common limit point A in W. Then C contains the interval

AMXJ”.

To construct the final space X, consider L X [0, ). Define S, as the set of
all points (I, n+p), where (I,p)ES. X consists of the union of all S,, n=
0,1,-.-, plus a point «; a set is far from « if and only if it is contained in a
finite union of S,’s.

Given two disjoint closed sets in X, one of them is contained in a finite
union of S,’s; so X is normal. Since » has a basis of neighborhoods with
boundaries homeomorphic to W, indX=1. It is clear that a finite union
of S,’s has covering dimension 1; so by V.7, dimX=1. IndX is at least 2
because of what we just proved about S; and since it is not important for
us that Ind X is just 2, we leave it as a (tedious) exercise.

Let A, be the set WX{n} in X. Let Y be any compactification of X.



106 COMPACTIFICATIONS

By VI1.18, A, is the union of A, with a point p,. Since every neighborhood
of = contains almost all A,, the sequence {p,} converges to «. Since p, «
foralln, p,=p,;, for some n. Given any basis of neighborhoods of p, in Y
with boundaries B,, their intersections with S, form a family of relatively
open sets with boundaries C,CB,; and some C, separate almost all of A, from
almost all of A,;, in S,. Hence ind C,>0 for some a, and ind Y>2.

Metric case.

19. THEOREM. Any basis for a uniformity on a separable metrizable space
contains a basis for a metric uniformity.

PROOF. Let % be a basis for a uniformity x on X and let { U;} be a count-
able basis of open sets. Enumerate in some order all those ordered pairs
DP»= (U;, U) such that U, is a uniform neighborhood of U,. Select coverings
2, from .é recursively sothat 7;,, is a star-refinement of 2/ and so that
in p,= (U;, U)), U; contains St(U;,%;). Then the coverings %, form a basis
for a metric uniformity inducing the given topology.

20. CorOLLARY. If X is separable metrizable and min dim X =n then X can
be embedded in a compact metric space Y with dimY=n. Hence X can be
embedded in E¥!,

21. COROLLARY. A topological space X is homeomorphic with a closed subset
of a Euclidean space if and only if X is separable metrizable and locally com-
pact and dim X is finite; in case mindim X=n, X is homeomorphic with a
closed subset of E***',

ProoF. Necessity of the conditions is clear if we recall (VI.6) that for
normally embedded subspaces dim is monotonic. Supposing X satisfies these
conditions, the one-point compactification Y of X is compact, has a count-
able basis, and has dim Y=n (V.6). Then Y can be embedded in E***'. Now
observe that the one-point compactification of E***! is the sphere S*"*!; in
particular, it is homogeneous. Hence if we add to E***! a point at infinity and
remove the point corresponding to Y — X, we have another copy of E*"!
containing X as a closed set.

This gives us the interesting corollary that for these spaces, rdX =n
implies dimX =2n+1. Perhaps we should pause to prove the theorem
mindim=dim. Recall that a s-compact space (also called ‘‘denumerable at
infinity”’) is a space which is a countable union of compact sets. It is then an
expanding union of compact sets K,CK,\UK,C---; if it is locally compact



METRIC CASE 107

too, then every compact set has a compact neighborhood and the space is a
union of compact sets K, with each K, ,, a neighborhood of K,. This makes it
obvious that the space is normal.

22. LEMMA. For a locally compact o-compact space X, dimX = rdX =
mindim X.

Proor. It suffices to prove that the uniform dimension of .X in the fine
uniformity is at most n, assuming this is true for all compact subspaces.
Let X= K, with each K, a compact neighborhood of K,. Let A be a
subspace of X and f: A—S" a uniformly continuous function. Then f has a
continuous extension f, over the closure A, of A. Since dim K,<n, f;]A;NK;
has a continuous extension f2 over K,. Recursively, having f™: K,—S"
agreeing with f, on A|\NK,, define f,: A;UK,—S" to agree with fionA,
and with f™ on K,. Since A; and K, are closed, f, is continuous. Then
fu| Kn\U(A1NKnry1) has a continuous extension f™*' over K, .;, and the
recursion runs. It defines a function g: X—S8" which is locally continuous,
hence continuous, and extends f.

REMARKS. (1) Of course Lemma 22 can be proved directly by cutting and
fitting a finite open covering. (2) It is true without the assumption of local
compactness. (VII1.7) (3) We should mention that rd X need not approach
the genuine dimension numbers unless some compactness condition is
imposed. (Exercise 6.)

A space has the Lindelof property (or is a Lindeléf space) if every open
covering has a countable subcovering.

23. THEOREM. If X has the Lindelof property then mindim X =dim X.

PRrOOF. Assume mindim X=n; so X is contained in a compact space Y
with dim Y =n. We shall show that every finite open covering { U;} of X has
an at most n-dimensional normal refinement; this will prove the theorem
besides proving X is a normal space. Each U; is V;N\X for some open set V;
of Y. The complement of the union of the V/’s is a closed set K. Each point
x of X has a neighborhood N, in Y completely separated from K; moreover,
using a continuous function f, that is 1 at x and 0 on K, we may suppose N,
is open and ¢-compact. Since X has the Lindelof property it is contained in
a countable union Z of the sets N,. Then Z is locally compact and ¢-compact.
Since every compact subset of Z, being a closed subset of Y, has covering
dimension at most n, so does Z (Lemma 22). Since Z is normal and contained
in Y— K, the sets V;\Z cover it and there is an n-dimensional refinement
{W,}. Since { W;} is a normal covering of Z, { W,N\ X is a normal refinement
of {U;} of dimension at most n.

No substantial extension of Theorem 23 beyond Lindelsf spaces is known.
(See, however, Exercise 5.) It does not extend to arbitrary metrizable spaces,
by a recent example of Roy [1].
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The coincidence theorems tying in Ind and ind for separable metrizable
spaces, where all four dimension functions coincide, involve some other ideas;
see VIII.15 and VIII.16.

For an n-dimensional separable metrizable space X, we know (Exercise
V.6) that any continuous mapping into a Euclidean space can be approxi-
mated by mappings into n-dimensional subspaces; and we may suspect
(from IV.16) that any mapping into E***! can be approximated by embed-
dings. The next theorem combines these approximations.

24. LEMMA. Suppose given a metrizable space X, a metric uniformity u on X,
and a basis @ for a uniformity finer than u. Then <2 contains a basis for a
metric uniformity finer than p.

Proor. If {%,,} is a basis for u, we need only select coverings %; from B
such that 7,,,<*?,<%,.

25. THEOREM. If X is separable metrizable, dim X =n, and m=22n+1, then
every continuous mapping of X into E™ can be approximated uniformly by
embeddings into n-dimensional closed sets.

Proor. Given the continuous mapping f: X—E™, we shall first construct
a locally compact o-compact metric space Z containing X, over which f can
be continuously extended so that the inverse image of any compact subset
of E™ is compact n-dimensional. Select a basis 4 for the Cech uniformity
of X (the finest precompact uniformity) consisting of n-dimensional cov-
erings; select a precompact metric uniformity » on X. Let X, denote the
subspace {xE X: d(f(x), 0) <r}. Let e, denote the one-to-one function from
X, to vX defined e,(x) =x; let f, denote f|X,, considered as a mapping into
a uniform space (e.g. into the compact r-neighborhood of 0, with its unique
uniformity). The weak preuniformity induced by e, and f, is a compatible
uniformity, since both functions are continuous and e, is a topological embed-
ding. It is a precompact metric uniformity p,; so Lemma 24 applies. In
particular, X, has an n-dimensional metric compactification C, over which f
extends continuously. Let D, be the subspace of C, consisting of X, and the
closure of X;. A topological space Y, is defined as follows: it is the union of D,
and X; (which have intersection X;), with a set defined to be closed if its
intersections with D, and with X; are closed. Evidently Y, is regular and
has a countable basis of open sets; i.e., Y, is separable metrizable, and then
dim Y, <n in view of VI.12. Since f, extends continuously over C,, f; extends
continuously over Y,. Using any precompact metric uniformity » on Y,, we
get as before an n-dimensional metric compactification C; over which f;
extends. To continue the recursion, define D, ,, Y,,1, Ciys, in the same man-
ner as Dy, Y,, C,. It gives us the required space Z = |_C}: each Cy,, is a neigh-
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borhood of C;, and dim Z=n (by Theorem 23). Let f denote now the
(unique) extended mapping of Z into E™.

To conclude, we need only approximate f by embeddings of Z. The image of
Z under any mapping within finite distance of f is closed, since the inverse im-
ages of compact sets are compact. We use the sets Z,= {2E Z: d(f(2), 0) <r}.
A mapping within finite distance of f is an embedding if its restriction
to each Z, is an embedding. Moreover, we can get the required mapping g as
a limit of mappings g, if on Z, the sequence {g,,g1,---} is a very rapidly
convergent sequence of embeddings (IV.38). For each r (recursively) we get
a suitable embedding e,: Z,,,—E™ from IV.16. We define g, to coincide with e,
and Z, and with f outside Z,,,; if d(f(2),0)=r+t for some t in (0,1], we
define g,(2) =tf(2) + (1 —t)e,(2).

Freudenthal compactification. This concluding portion of the chapter pre-
sents a specialized theory that has grown out of a question which we may
state roughly, so: Is there a natural way to compactify an open manifold?
Had the development of the theory stayed veryclose to manifold theory,
it would not appear here. Perhaps the best way to introduce what does
appear here is with the following question. What spaces X have compactifica-
tions Y such that the remainder Y — X is zero-dimensional? Obviously the
open manifolds, and all other locally compact spaces, are included. In effect
we expect to get naturality by working for generality.

26. For any compactification Y of X, with the embedding e: X—Y, we
have ge: fX—Y. Y is determined as a quotient space of 3.X by an upper
semi-continuous decomposition, in which the single points of X are elements.
(For if Be(x) = ge(z), x X, z #x, there would be a closed set H of X far from x
but not from z; then ge(H) =e(H) would have x as a limit point, so that e is
no embedding.) Hence the decomposition is determined by its restriction to
X*=pX—X. It is an upper semi-continuous decomposition of X* into
compact sets, but not an arbitrary one. However, the restrictions imposed
on it depend only on X*~ in gX. (For a decomposition is upper semi-
continuous if it is upper semi-continuous on some closed set containing all
its nondegenerate elements.) We write X*~ =K(X), K(X)NX=R(X).
R(X) is the set of all points of X at which X is not locally compact.

27.1f S is a subset of a space X, a neighborhood of S is a set whose interior
contains S. A basis at S is a cofinal subset of the family of all neighborhoods
of S ordered by inclusion. Suppose X is a dense subspace of Y. Then
X-neighborhoods U and Y-neighborhoods V correspond (roughly) by
U—U~", V-VNX.IncaseS is compact, this correspondence takes bases to bases.



110 COMPACTIFICATIONS

ProoF. The point is that a compact set has a basis of closed neighbor-
hoods. If V is a closed neighborhood of S in Y, VN\XDU implies VO U".
If U is a closed X-neighbornood, U~ DV implies UD VN X.

When SCXCY, X not dense in Y, the correspondence between Y-neigh-
borhoods and X-neighborhoods is many-one, and worst, bounaaries cannot
be controlled. The following lemma is the reason for a critical turn in the
treatment of our topic question, which we shall take after Proposition 33.

28. LEMMA. Suppose X is a closed subspace of a normal space Y and U is an
open subset of X whose X-boundary is contained in BNX for some closed G; set
Bof Y. Then there exist open sets V of Y such that VN\X = U and the boundary
of V meets X in BN X; in fact, every Y-neighborhood of U~ contains such a
set V.

ProOF. Bis f~'(0) for some continuous non-negative real-valued function f
on Y. (If B is the intersection of open sets W,, let f=) 27"f,. where f, is0
on B and 1 outside W,.) Define g: X—E"' by g(x) = —f(x) for xEU,g(x)=
f(x) otherwise. Then g is continuous and has a continuous extension h over
Y. Moreover, if N is a neighborhood of U™, we can make sure h is positive
outside N by adding a suitable function vanishing on U~. Then the set where
h is negative is the required set V.

In connection with G; sets we shall want two more results from general
topology. (1) A completely regular space has a basis of open F, sets; in fact,
any two completely separated sets have disjoint open F, neighborhoods.
(Moreover, we have the proof in the proof of Theorem 23.) (2) In a compact
space, a closed G; has a countable neighborhood base.

Proor. It is the intersection of a shrinking sequence {U,} of open sets
with U, ,CU,; any closed set disjoint from it is disjoint from some U, , so
the U,’s form a base.

Returning to compactifications e: X—Y and zero-dimensional remainders
Y — X: Since Y provides a uniformity, there are seven dimension functions
available. However, for dimension zero they reduce to three, 6d, dim, and
ind (by V.1, V.26, V1.3, and V1.9). The problem on éd(Y — X) =0 is the only
one of the three that is completely solved.

29. X has a compactification Y in which §d(Y — X) =0 if and only if X has
a basis of open sets whose boundaries have.compact neighborhoods.

Proor. 6d(Y—X)=0 if and only if the compact space K(X) is zero-
dimensional. If it is, the mapping ge| K(X) factors across the zero-
dimensional reflection ¢: K(X)—QK(X). In any case ¢ determines a decom-
position of X (cf. VI.26), with quotient space Y. The question is whether Y,
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is a compactification of X, i.e., whether every single point of R(X) is a com-
ponent of K(X). This means points of R(X) have neighborhood bases in
K(X) consisting of open-closed sets; equivalently (Lemma 28), they have
neighborhood bases in X whose boundaries are contained in X — R(X).
VI1.27 translates the question into X. Now the closed sets of X that have
compact neighborhoods are just the compact subsets of X — R(X). Then the
proof is complete when we note that points of X — R(X) always have neigh-
borhoods of the required sort.

The topological dimensions dim, ind are harder to manage. The reflection
device does not quite work for ind(Y — X), and for dim(Y —X) there is no
such device to try. We can conclude that if ind(Y—X)=0 for some com-
pactification Y of X, then the restriction ge| X*=g%e: X*—Y — X factors
across ¢: X*—@QX™*. It follows easily that the points of X and the quasi-
components of X* constitute an upper semi-continuous decomposition of g X.
It is not known whether this necessary condition is sufficient for the existence
of such a compactificatiqn of X.

we reformulate the problem to make it easier. What if not only
ind(Y —X) =0, but every point of Y — X has a basis of neighborhoods in Y
whose boundaries are contained in X? (Cf. Exercise 7.)

A space is called rim-compact (also locally peripherally compact and semi-
compact) if it has a basis of open sets with compact boundaries.

30. THEOREM. Every rim-compact space X has a compactification that has a
basis of open sets whose boundaries are contained in X.

ProoF. We define a proximity relation 6§ on X: AsB unless the closures of
A and B are separated by some compact set. For the axioms: (i) If A is not
near B or C, there are compact sets H, K separating A~ from B~ and C-,
respectively. Then X — H contains a relatively open-closed set U containing
A~ and disjoint from B~, and X — K contains such a set V)OA™, disjoint
from C~. UNV is an open set containing A~ whose boundary is a compact
set separating A~ from (BUC)~. Axioms (ii), (iii) are obvious. (iv) If A is
not near B, then some compact set K separates X into open sets UDA™,
VOB~. X is the union of UUK and KUYV. A is not near KUV, because K
has a finite covering by open sets W; with compact boundaries, and the union
of K, V, and all W; has a compact boundary L separating KUV from A~.
Similarly B is not near UUK. Thus é is a proximity; and rim-compactness
of X says precisely that a point is near a set S if and only if it is in the closure
of S. So 6 determines a precompact uniformity x and a completion g(uX);
callit Y. Now in Y, two sets are far if and only if they have neighborhoods
whose intersections with X are far. In particular, if a compact set K in X
separates X into open sets U, V, then each point p of U"—K in Y is far
from V; so K separates Y into U"— K, V™ - K. It follows that every point
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of Y has a basis of neighborhoods whose boundaries lie in X, as was to be
shown.

31. CoroLLARY. Every rim-compact space X has a compactification Y with
ind(Y—X)=0.

The compactification constructed in Theorem 30 is called the Freudenthal
compactification FX of the rim-compact space X. Generally, a subset Z of a
space Y is said to be zero-dimensionally embedded if Y has a basis of open sets
whose boundaries are disjoint from Z. We note

32. A compactification Y of X has zero-dimensionally embedded remainder if
and only if the uniformity induced on X as a subspace of Y has a basis of finite
open coverings by sets with compact boundaries. Y is the Freudenthal compacti-
fication if every such covering of X is uniform (and not otherwise).

PRrooOF. Y — X is zero-dimensionally embedded if and only if Y has a basis
of finite open coverings by sets whose compact boundaries are contained
in X, and this is clearly equivalent to the condition asserted. In proving
Theorem 30(iv) we showed that two closed sets in X separated by a compact
set are far if every finite covering by open sets with compact boundaries is
uniform. The converse is clear since every open covering of FX is uniform.

33. dim Z=0 if and only if Z is zero-dimensionally embedded in every
compactification.

Proor. If U is an open set of 3Z whose boundary is disjoint from Z, then
UNZ is closed. If BZ has a basis of open sets of this sort, then it also has a
basis of finite open coverings consisting of these sets. Hence every finite
normal covering of Z is refined by a finite covering consisting of open-closed
sets. But every such covering has an open refinement of dimension zero.

Suppose dim Z=0, and let Y be a compactification of Z. Points of Z of
course have bases of neighborhoods that are closures of open-closed sets of Z,
so have boundaries disjoint from Z. But for p€Y -2, dim(ZU{p}) is still
0 (VI.10). Thus every point of Y has the required basis of neighborhoods.

REMARKS. (1) The condition for Z to be zero-dimensionally embedded in
some compactification is ind Z=0. (2) Proposition 33 does not extend to
arbitrary spaces containing Z, because Z-neighborhoods of points of Z do
not extend suitably; we must fall back on Lemma 28. The counterexample
requires preparation, though. (VII.25) It will give us a space X that is not
rim-compact but has a compactification Y with the remainder Y— X zero-
dimensional in the strongest topological sense: dim(Y — X) =0.

The G; sets of VI.28 need not be preserved by compactification; but by



FREUDENTHAL COMPACTIFICATION 113

V1.27, if S is compact and has a countable basis of neighborhoods in X, then
S is a closed G; in any compactification of X. A set having a countable neigh-
borhood base is said to have countable character.

34. LEMMA. Suppose every compact subset of R(X) is contained in a compact
set of countable character in X, and X has a compactification Y with
dim(Y —X)=0. Then Y— X is zero-dimensionally embedded in Y; so X is
rim-compact.

Proor. Let K= (Y —X)". Let p be a point of K, U a neighborhood of p
in Y. U"NK is a K-neighborhood of p; it contains (Proposition 33) an open
K-neighborhood U, whose boundary is a compact subset B, of R(X). By
hypothesis B, is contained in a compact set of countable character B,CX.
Also (since Y is completely regular) there is an open F, set N containing p
and disjoint from K — U,. Then B= B,— N is a compact G; in Y whose inter-
section with K contains the boundary of U,— B. By Lemma 28, every neigh-
borhood of U~ contains a neighborhood V whose boundary meets K in
BNK; in particular, the compact boundary of V lies in X. Since the points
of X — R(X) have compact neighborhoods, the proof is complete.

The largest familiar class of spaces satisfying the first condition of
Lemma 34 is the class of metrizable spaces, in which every compact set has
countable character.

Proor. For a closed set H disjoint from a compact set S, the minimum
on S of d(x, H) exceeds 1/n for some n.

It is advantageous to introduce an intermediate class: those spaces X in
which every compact set is contained in a compact set of countable char-
acter. These spaces are said to be Lindeldf at infinity, for the following reason.

35. The following conditions on a space X are equivalent:

(a) X is Lindelof at infinity.

(b) X=Y—Z for some compact space Y and some subspace Z having the
Lindelof property.

(c) For every compactification Y of X, Y—X has the Lindelof property.

Proor. It suffices to prove the equivalence of (a) and (c) for each com-
pactification Y of X. Now (a) means that closed sets contained in X lie in
closed G, sets contained in X; that is, open sets containing Y — X contain
open F, sets containing Y — X. Clearly this implies Y — X is Lindel6f. Con-
versely, if Y—X is Lindelof, consider any open set U containing it. Each
point a of Y— X has a Y — X neighborhood N, whose Y-closure is contained
in U; moreover, we can find an open F, set containing « and contained in N, .
Some countable union of these contains Y— X, and it is an open F, set
contained in U.
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36. THEOREM. If X is Lindeldf at infinity, the following conditions are equiv-
alent.

(a) X is rim-compact.
(b) X has a compactification Y with dim(Y — X)=0.
(¢) X has a compactification Y with ind(Y —X)=0.

Proor. Since ind(Y — X) =0 means mindim (Y — X) =0, Theorem 23 and
Proposition 35 show that (b) and (c) are equivalent. Lemma 34 gives
(b) =>(a), and Corollary 31 gives (a) =>(c).

37. COROLLARY. A separable metrizable space X has a metric compactifica-
tion Y with zero-dimensional remainder if and only if X is rim-compact.

ProoF. Necessity is immediate. Conversely, when X is rim-compact, a
compactification Y has zero-dimensional remainder if and only if (VI.32,
V1.34) X has a basis of uniform coverings (as a subspace of Y) that are finite
coverings by open sets with compact boundaries. Since one such compactifi-
cation exists, there exists one such basis & for a uniformity. By Theorem 19,
4 contains a basis for a metric uniformity. It is a precompact uniformity;
so the completion is the desired metric compactification of X.

So far, the problem of zero-dimensional remainders is distinguished mostly
by difficulties. And we should not leave the general problem without men-
tioning that it is still unknown whether every rim-compact space X has a
compactification Y with dim(Y — X) =0. However, with this exception, the
Freudenthal compactification is a successful one.

Recall the property of Stone-Cech compactification from VI.7: if a closed
set C separates A and B in X, then C~ separates A and B in X. In general,
a compactification Y of X for which this holds is called perfect.

38. The following conditions on a compactification e¢: X—Y of a space X are
equivalent.

(a) Y is a perfect compactification.

(b) If p€Y—X, then for any neighborhood U of p, UNX is not the union
of two disjoint relatively open sets both having p as a limit point.

(¢c) Under Be:BX—Y, the inverse images of points are connected sets.

Proor. (a) => (b). Suppose (b) violated by UNX= VUW. The disjoint
sets V, W are separated by C=X—V—~W, but in Y, C~ does not contain
p and cannot separate V from W. (b) => (c). If (8e) ~'(p) were disconnected,
it would be a union of disjoint closed sets H, K, having disjoint neighbor-
hoods V, W. ge(VIUW) would be a neighborhood of p (since ge is a closed
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mapping) whose intersection with X splits into VNX, WNX, contrary to
(b). Finally, (c) =>(a). Suppose C separates A from B in X; by V1.7, the
closure C? in 8X separates 8X into open sets UDA, VDB. If C™ is the clo-
sure in Y, then C*= (8e) ~'(C™) contains C”, so separates U— C* from V—C*.
The sets ge(U— C*), Be(V—C*) are disjoint since the inverse image of a
point is connected. Hence both U— C* and V— C* are complete inverse sets.
Since ge is a quotient mapping, fe(U— C*) and ge(V— C*) are open; so C~
separates A from B.

39. The Freudenthal compactification of a rim-compact space is perfect.

Proor. We use (c¢) of Proposition 38. Consider Be: X—FX. Suppose
(8e) "'(p) is disconnected for some p in FX. Then (3¢) '(p) is the union of
two closed sets H, K with disjoint neighborhoods V, W. For any sufficiently
small neighborhood U of p, (8e) *(U)C VUW. This gives us a separation
(8e) "'(U) = V,UW,. By the proof of Theorem 30 we may suppose the bound-
ary of U is a compact subset B of X. Every boundary point of V; or of W,
isin (8e) "!(B) = B; so B separates V, from W,. Taking smaller closed neigh-
borhoods V,, W, of H and K, we have V,NX and W,NX closed and separ-
ated by a compact set; therefore V,N\X and W, X are far in FX. The con-
tradiction completes the proof.

It follows that g*e: X*—FX — X isjust thereflection mapping ¢: X*—
QX*; for the inverse images of points are connected, and the image satisfies
ind(FX —X)=0. In fact, this shows that the space X* (the Stone-Cech
remainder of a rim-compact space) has the property that quasi-components
are components.

The Freudenthal compactification of a metrizable space of course need
not be metric; in fact, if the Stone-Cech compactification is zero-dimensional,
that is the only perfect compactification. The Freudenthal compactification
is a quotient space of every perfect compactification (by the preceding para-
graph); it follows that FX is metric if any perfect compactification is. This
depends on a well-known result from general topology which we need to
amplify.

40. LEMMA. A continuous image of a separable metrizable space has the
Lindelof property; and if it is compact Hausdorff, it is metric.

Proor. If f: X—Y is continuous onto and X has the Lindelof property,
then for any open covering 27 of Y, f'(2°) has a countable subcovering;
hence so does 2. Then Y X Y also is an image of X X X, by f*(x,%2) = (f(x,),
f(x,)); moreover, Y XY minus the diagonal is the image of its inverse image
in XX X.If Y is compact (Hausdorff), this implies the diagonal in Y X Y has
countable character (since the complement has an open covering by F, sets



116 COMPACTIFICATIONS

of YX Y). Therefore the unique uniformity of Y has a countable basis of
entourages (in view of Exercise 11.14) and is metric.

41. LEMMA. In a separable metrizable space, every basis of open sets contains
a countable basis.

This is the topological counterpart to Theorem 19 and is proved in the
same way.

42. THEOREM. The Freudenthal compactification FX of a rim-compact
space X is metric if and only if X is separable metrizable and the quasi-
component space QX is compact.

Proor. If any compactification of X is metric, X is separable metrizable.
Suppose FX is metric; then so is its quotient space QFX. Reflect e: X—FX
to f: QX—QFX, an embedding. If f(QX) =#QFX, then there is a sequence of
distinct quasi-components K, of X converging to a point p of FX —X. The
union H of the odd-numbered K, and the union J of the even-numbered ones
are closed sets. By Lemma 40, QX has the Lindeléf property; so IndQX =0.
Hence H and J are separated in X by the empty set. Since F X is a perfect
compactification, H and J must be separated by the empty set in FX, a con-
tradiction.

For the converse, we want

(*) If QX is compact and U is an open subset of X with compact bound-
ary B, then Q(X — U) is compact.

ProOF. A quasi-component of X — U that does not meet B is a quasi-
component of X. Hence any ultrafilter of quasi-components of X — U either
is finally an ultrafilter of quasi-components of X or has a cluster point in B.
In either case it is convergent.

Then suppose X is rim-compact separable metrizable and QX is compact.
Let % be a countable basis of open sets of X with compact boundaries
(Lemma 41). We wish to exhibit a countable basis for the uniformity u
induced on X by embedding in FX, which is described in VI.32. We des-
cribe a countable family of coverings as follows. Let C, D be finite unions of
elements of & with C~CD=U,U---UU,. The zero-dimensional finite open
coverings of X — C have a countable basis ¥ by (*) and Lemma 40; let
{Vi,--+, V.| be a member of %. Then {U,,---, U, Vy,---, V| Eu.

Let { W,,.-., W,} be any finite open covering of X by sets with compact
boundaries. The union of the boundaries B is compact; on some neighbor-
hood of it we can refine the given covering by a finite family {U,---, U,}C
%A. Another finite subset of % has union CDOB with C~ covered by U,,---
-+, U,; and { W,} is refined by one of the coverings described above. This
completes the proof.
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Exercises.

1. DiMENSsION 1. For compact spaces, there is just one covering dimension,
i.e., mindim coincides with dim. It is an unsolved problem whether the
inductive dimensions ind and Ind coincide. One has trivially Ind=2ind. One
can show

(a) If X is compact and ind X=1 then Ind X =1, using finite coverings
of closed sets by open sets with zero-dimensional boundaries, and using the
sum theorem V.8. The sum theorem for covering dimension is applicable
because for compact spaces, covering dimension zero means inductive dimen-
sion zero.

Several somewhat different examples show that there is no sum theorem
for inductive dimension in compact spaces. In order to use this to make an
example for Ind>ind, one would have to carry out a very intricate condensa-
tion-of-singularities procedure. Perhaps it is not possible.

One way to construct X=X,UX, with IndX;=1, indX=2, is as fol-
lows. Let C be the ternary Cantor set of all reals having representations
20"3'" (n=1, 2, -..) with each a,=0 or 2. Let f: C —I take Za,,3"‘ to
> a,27""; fis onto, and it is one-to-one except for a countable dense set
SCI, where f is two-to-one. Form X, from LXC (L the long line) by com-
pactifying, adjoining {w;}XC, and decomposing {w;}X C according to f so
that it becomes an interval. Let X, be a homeomorphic copy of X;.

(b) For any two countable dense sets S, T in I, neither containing 0 or 1,
there is a homeomorphism g: I—1 such that g(S)=T.

(c) Use (b) to identify the edges I in X, and in X, in such a way that the
exceptional sets S do not match at any point. The result is a compact space
X=X,UX, having the required properties.

2. ToPOLOGICAL PRODUCT.

(a) For any spaces X, Y, mindim (XX Y) <mindimX+mindimY. (Cf.
Exercise V.8)

(b) If a compact space X is the union of two closed sets A, B, of inductive
dimension 1, with zero-dimensional intersection, then Ind X=1.

(c) For compact X, Y, of inductive dimension 1, Ind (XX Y) 2.

No example is known in which any of these dimension functions takes a
larger value for a product than the sum of the values for the factors.

3. Reflection q: X—@QX factors across a topological quotient space that is
always Hausdorff but need not be regular.

4. The space A of Proposition 14 is normal. For this, let ¢: X—1I be
the second coordinate projection. Form gq:8X—gl. Prove: If H and
K are disjoint closed sets in A then for some a, H—[S,XI] and K—[S,XxI]
have completely separated images under §q.

5. A space is said to have the star-finite property if every open covering has
an open star-finite refinement. Since a star-finite collection is a disjoint union
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of countable collections, one can prove that mindim and dim coincide for
these spaces in the same manner as for spaces with the Lindel6f property.

6. Rim-compactness is not enough to make rd a reasonable dimension
function; for there is a connected rim-compact plane set X with rd X=0.
The Sierpifiski curve is the subset of IX I given by [IXCJU[CXI], C the
Cantor set.

(a) The Sierpifski curve is not separated by any countable set.

(b) An uncountable compact metric space has the power of the con-
tinuum. (No more, of course; but it contains a closed dense-in-itself set, and
that contains a homeomorphic copy of C.)

(c) Since the Sierpinski curve contains the same number of (1) points, (2)
compact connected sets, and (3) closed separating sets; and since all the sets
(2) and (3) are the same size; therefore one can remove from it a set S which
meets every set (2) and contains no set (3), avoiding enough separating sets
to make certain that indS=0. Then the complement of S is the required
example X.

7. We have not answered the question preceding Theorem 30: what if
every point of Y — X has a basis of neighborhoods in Y whose boundaries are
contained in X? This does not imply that Y—X is zero-dimensionally
embedded in Y; and though Y is compact, X need not be rim-compact. For
this, use the compactification 3Z of Example M (Example 13).Let Y be the
product of 8Z with the space of all ordinals <u,; let Y— X be the product of
Example M by the point w,. This construction is more complicated than
necessary, but the complication makes Y the Stone-Cech compactification of
its subspace X.

8. A rim-compact space need not have a compactification which at the
same time preserves dimension and introduces a zero-dimensional remainder.
Let X be I X I minus the set of all points both of whose coordinates are irra-
tional. Clearly that is a zero-dimensional set; so X is rim-compact.

(a) mindim X=1.

(b) Two subsets of X are far in I X I if and only if their closures in X are
separated by a compact set; so IXI is the Freudenthal compactification.

In view of Propositions 32 and 34, every compactification of X with zero-
dimensional remainder is a quotient space of I X I. But consider the closed
subset A of X, A=[Ix{0,1}]JU[{0,1}XI]. The obvious mapping f: A—S"
cannot be continuously extended over IXI. Therefore

(c) it cannot be continuously extended over any compactification of X
with zero-dimensional remainder. Thus every such compactification has
covering dimension at least 2.

9. COMPLETELY METRIZABLE SPACES. A metrizable space X is complete in
some metric (i) if and only if it is a G, subset of (ii) some compactification,
or (iii) some metric completion, or (iv) each space Y in which X is embedded
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as a dense subspace. Trivial implications: (iv) => (ii), (iv)=> (iii).

(a) (i) =>(iv). Consider a uniform basis of open coverings of X, and the
open subspaces of Y over which they can be extended.

(b) (iii) =>(i). First, an open subset M —A of a complete metric space
(M, d) is complete in the metric e(x, y)=d(x, y) S f(t) 'dt, where f(t)=
td(x, A)+ (1—t)d(y, A). Then, an intersection of subspaces U; of a space is
an inverse limit of the U;, thus a closed subspace of their product.

(c) (ii) =>(i). This seems to require a recursive construction of a suitable
normal sequence {2 "} related to a given metric basis 2" and a sequence
of open sets U,DX.

10. PROPERTIES AT INFINITY. For any topological property P, a space X is
said to have P at infinity if X* has the property PB. This is of interest
primarily when the remainders of X in various compactifications must either
all have P or all lack P—as with the Lindelof property. Some further prop-
erties for which this is true are (b) compactness, (c) local compactness,
(d) s-compactness, (e) paracompactness, (f) the property of being Lindelof
at infinity.

(b) “Compact at infinity’’ means locally compact.

(c) X is locally compact at infinity if and only if R(X) is compact.

(f) X is Lindelof at infinity, at infinity if and only R(X) has the Lindelof
property.

(g) Generalize (c) and (f).

(a) Consider V1.26. A proper mapping is a closed continuous mapping
f: A—B such that each inverse set f ~!(b), bEB, is compact. A proper map-
ping onto is called a fitting mapping. A topological property P is called a
fitting property if when f: A—B is fitting, both or neither of A and B must
have PB. Show that if P is a fitting property and X has a compactification
in which the remainder has P, then the remainder in any compactification
of X has P.

(d) Compactness, hence also oc-compactness, is a fitting property. A space
that is s-compact at infinity is called an absolute G;. (The objectionable term
topologically complete is also in use, because of Exercise 9.)

(e) Paracompactness is a fitting property.

For properties involving metrics and dimension, it is not so easy. It is
clear that none of those properties is fitting, perhaps excepting rim-
compactness. For that, consider the coordinate projection @ X I—@, where @
is the space of rational numbers.

Nevertheless the relations between fitting mappings and dimensional
properties call for much more study. It is an open question whether every
locally compact space admits a proper mapping into a 1-dimensional space
(in the sense, say, of mindim), or even whether every uniformizable space
admits such a mapping. The product Z of a long line with [0,1) may be a
counterexample. If it is, one can construct a space Y having a point p such
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that mindim (Y— {p}) = mindimY — 2. One need only build along the lines
of Example M so that ind(Y —{p}) =0 but Y* contains Z and the closure
in 8Y is Z U{p}. (Z, like I, is the union of an expanding family of X, dense
zero-dimensional subspaces. One would need the lemma that a continuous
real-valued function on WX W is constant on a rectangle {(a, 8): a=ay,
B28o}; VII.34 implies this.)

11. NATURAL COMPACTIFICATION.

(a) A continuous mapping f: X—Y is proper if and only if gf(X*)CY*.

(b) If X and Y are rim-compact, every proper mapping f: X—Y has a
continuous extension Ff: FX—FY.

From Proposition 38(c), a space X can have at most one perfect compacti-
fication Y with ind(Y — X)=0; for Y — X must be @X*. Moreover,

(c) A space X can have at most one perfect compactification Y with
rd(Y—X)=0.

A space Z is called punctiform if rd Z=0. A subset Z of a space Y is called
nowhere cutting if Y —Z is dense and no neighborhood of any point p of Z is
a union of two disjoint relatively open sets of Y —Z both having p as a limit
point. (Cf. Proposition 38(b).)

(d) Suppose A and B are compact spaces having nowhere cutting puncti-
form subspaces C, D, respectively. Then any proper mapping f: A—C—B—D
has a continuous extension f ": A—B. If A— C and B— D are homeomorphic,
so are A and B.

The Freudenthal compactification is not indisputably the most natural
compactification for open manifolds; for example, S'X E* has the perfect
compactification S'XS?, but the Freudenthal compactification is not a
manifold. It is not likely that any general construction can give the com-
pactification S' X S? in this case, since there exist nonhomeomorphic compact
spaces A, B whose products with E* (even with E') are homeomorphic.
(Bing [1]) From this point of view it seems natural to confine attention to
perfect compactifications. One could regard FX as a mere preliminary con-
struction and go on to study boundaries of neighborhoods of the points of
FX — X with a view to removing singularities.

12. COMPACT QUASI-COMPONENT SPACE. The first part of the proof of
Theorem 42 proves more than is stated, in two ways. If X has a perfect
metric compactification, then @X is compact and the reflection mapping
¢: X—QX is a quotient mapping.

13. A METRIZATION THEOREM.

(a) A compact space X is metric if it is a countable union of separable
metrizable subspaces. (Use Lemma 40.)

(b) This generalizes from compact spaces to absolute G;’s. For the diag-
onal in X X X is still a G;. Embed X in a compactification K; X X X becomes
a G, in KX K. Construct a preuniformity with countable basis on K that
induces a compatible uniformity on X.
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Research Problem D.

n-COMPACTIFICATION AND DEFECT. The defect of a space X relative to a
dimension function d is the least n such that X has a compactification Y
such that d(Y — X) =n. We have been studying the case of defect zero. Very
little is known about higher defect. The concept has been introduced, and
the problem stressed, by de Groot. The present remarks are based on Pro-
fessor de Groot’s 1960 lectures on the problem.

First, there is little point to going beyond separable metrizable spaces
(where d is unique) until more is known in that context. It may be desirable
to insist that the compactifications be metric too. In that context, one can
prove the necessity of a condition for defect X <n which may be necessary
and sufficient for arbitrary compactifications of separable metrizable spaces.
The key lemma is that if Y is compact metric and Z is an n-dimensional
subset, then any two far sets are separated by a closed set C such that CNZ
has dimension at most n—1. Then one defines cmp X inductively: cmp X =
—1if and only if X is compact; cmp X <n+1 if X has a basis of open sets U;
whose boundaries B; satisfy cmp B;<n.

The conjecture is cmp X =defect X. The theorem is cmp X <defect X.
Moreover, one can introduce “Cmp”’, defined like cmp except that the U;
must contain a basis of neighborhoods at every closed subset of X (starting
not at — 1 but with Cmp X =0 for rim-compact X); then cmp X <Cmp X =
defect X. This splits the problem.

Another splitting is given in Sklyarenko [4 ). If we define Skl X <n to mean
X has a basis of open sets, any n-+1 of whose boundaries have compact inter-
section, we get cmp X <Skl X < defect X.

What is lacking seems to be a novel idea or cluster of ideas, perhaps com-
parable with Sperner’s Lemma or the idea of degree of a mapping. Spaces
are known having arbitrarily high defect; the defect of a closed n-simplex
minus an open (n— 1)-dimensional face is n — 1. (The proof is like Exercise 6,
with an appeal to the fact that S” 2 is an absolute neighborhood retract.)
There are spaces X known to have cmp X=n for each n; but for the exam-
ples just described, cmp is not known to exceed 2.

The problem has no literature. The possibility exists that the conjecture
cmp X =defect X might go long unsettled (like the Hauptvermutung) while
a substantial theory of defect grows up without it; but that is the fate of
few conjectures.

Notes. Example M, and a number of other counterexamples in dimension
theory, are inDowker [5]. More such examples, partly based on Example M,
are in Smirnov [6;7]. The latter paper gives the first known example proving
V1.16; however, a more complicated auxiliary space than Example M is used,
and the proof seems to require assuming some weak analog of the continuum
hypothesis. (There is an argument by cases which is not exhaustive if 2% is
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the sum of a smaller number of smaller cardinals.)

It is an unsolved problem whether separability is a redundant assumption
in Theorem 42. Even if X is connected, metrizable, and rim-compact, must
X be separable? For some 25 years it was unsolved even if “rim-compact’ is
weakened to ‘‘rim-separable’’; but Treybig [1] gave a counterexample to
that.

In Exercise 1, (a) is a theorem of Vedenisov [1}; the example is Lokuciev-
skii’s [1} The first such example was given by Lunc [1] Mardesi¢ [1]
gives an example having a basis of coverings whose nerves are intervals;
all three examples have dim X=1, ind X=2, and are therefore not inverse
limits of their nerves. (Mardesi¢ [2], Pasynkov [2].)

On Exercise 2, see Morita [4]. In particular, the conclusion (c) can be
strengthened to equality. Exercise 5, and the theorem it generalizes (23), are
due to Morita [4]. Morita proved earlier (Morita [1]) that the Lindelsf prop-
erty implies the star-finite property (hence it implies paracompactness).
Spaces with the star-finite property are sometimes called strongly para-
compact.

The Sierpinski curve (Exercise 6) contains a topological image of every
1-dimensional compact plane set (Sierpinski [1]); compare Menger [1] (or
Hurewicz and Wallman [HW]) for n-dimensional compact metric spaces in
which every n-dimensional compact metric space can be embedded.

Exercise 7 is from Smirnov [6]. Exercise 8, Zippin [1], Nishiura [1],
Sklyarenko (3 ]. Exercise 9, Hausdorff [1] and Cech [3]. Exercise 10(d) is also
from Cech [3]. Much of Exercise 10 was independently discovered several
times, e.g. by Vainitein [1], Hanai [1], Henriksen-Isbell [2]. Cf. Aleksandrov
[1].

Exercise 11(c) and (d), again Sklyarenko [3]. Cf. Michael [2]. Exercise
13(a), Smirnov [3]; 13(b), Arhangelskii [1]. Lemma 40 (the latter part) and
the application to Exercise 13 are unpublished results of Corson.
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CHAPTER VII

LOCALLY FINE SPACES

The theory of fine uniform spaces may be described fairly accurately as
an unexplored wilderness in which a few patches have been cleared; so we
have here a rather loosely connected chapter. The most basic result is Stone’s
theorem that every metrizable space is paracompact. We shall strike a key-
note by introducing some larger classes of spaces and generalizing Stone’s
theorem.

The functor A\. To begin with, we have characterizations of fine spaces in
1.20 and 1.21 (normal coverings; continuous functions). No better characteri-
zation (in fact, essentially no other characterization) is known. The fine
spaces form a coreflective subcategory; and we know something about the
coreflection, e.g. on Lindelof spaces it cannot increase uniform dimension.
Note that coreflection upon fine spaces takes sums to sums, and a sum of
fine spaces is fine. Although the functor does not preserve quotients (Exercise
11.5), a quotient of a fine space is fine.

A subspace of a fine space is called subfine.

1. THEOREM. Every uniform space uX has a subfine coreflection lpX. If uX
is embedded in any injective space vY, the uniformity induced on X by the fine
uniformityon Y is lu.

Proo¥r. Write lu for the uniformity induced on X by the fine uniformity lv
on Y. Consider any mapping f:cA—uX, where oA is a subspace of a fine
space ¢B. It has an extension g:oB—»Y. Since ¢B is fine, the continuous
function g is uniformly continuous on ¢B into IvY; so the restriction to A is
uniformly continuous, and that is f: cA—luX.

2. CorOLLARY. The subfine coreflection of an injective space, or of a complete
metric space, is fine.

Proor. The injective case is immediate from the theorem. If uX is com-
plete metric, it is a closed subspace of a metric injective space vY; since
123
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every open covering of X extends over Y, the fine uniformity on Y induces
the fine uniformity on X.

The existence of many subfine uniformities is easy to establish. For exam-
ple, every precompact uniformity is subfine. Every non-normal space has
closed subspaces that are subfine but not fine, and many examples are com-
plete. We can give more explicit examples after Corollary 24.

The fact that every uniform covering can be realized in a metric space
implies that every normal covering, and in fact every uniform covering of a
subfine space, has whatever combinatorially simple refinements the open
coverings of metrizable spaces have. The main theorem in this connection
is not combinatorial as usually stated: every open covering of a metrizable
space has a locally finite open refinement. Recall another theorem: Every
open covering of a metrizable space has a o-disjoint open refinement.

A collection % of sets in a uniform space is called uniformly locally finite
if there is a uniform covering % each of whose elements meets only finitely
many elements of % It is o-uniformly discrete if it is a countable union of
uniformly discrete collections.

3. LEMMA. Every point-finite uniform covering has a uniformly locally finite
uniform shrinking. Every g-disjoint uniform covering has a s-uniformly discrete
uniform shrinking.

PrOOF. Any uniform strict shrinking (IV.19) will do.

4. STONE THEOREM. Every subfine uniform space has a basis of uniformly
locally finite uniform coverings and a basis of g-uniformly discrete uniform
coverings.

Proor. This follows immediately from the lemma and the preceding
remarks.

We observe that the information in Theorem 4, though welcome, does not
focus very sharply; as a matter of fact, no example is known to refute the
seemingly ridiculous conjecture that Theorem 4 generalizes to arbitrary
uniform spaces.

There is a much stronger property of subfine spaces, which may char-
acterize them. A covering 2~ of a uniform space is called uniformly locally
uniform if there is a uniform covering { U, } such that the trace of 2~ on each
subspace U, is uniform. A space uX is called locally fine if every uniformly
locally uniform covering is uniform.

We show in VII.6 that every subfine space is locally fine. Some comment
must be made on the term. First, if it can be shown that every locally fine
space is subfine, the term “locally fine” will no longer be needed. In any
case it is intended to suggest two main ideas about the spaces; they are like
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fine spaces, and local arguments (more precisely, uniform local arguments)
can be used in them. Briefly, the same local arguments can be used in locally
fine spaces as in fine spaces. The property of being locally fine is not a local
property, but that should not cause confusion because no interesting uniform
properties are local. Should our terminology be codified by an academy,
“localizationally fine’’ would be more precise.

A typical uniformly locally uniform covering has the form {U,NV;},
where { U, } is a uniform covering, and for each « we may suppose that { V5|
is either a uniform covering of the subspace U, or a uniform covering of the
whole space. The obvious method for constructing locally fine uniformities
is transfinite iteration of this construction. We can prove that the method
works, using Stone’s theorem; but it is an unsolved problem whether the
intermediate constructs are uniformities. Therefore, for the nonce only, we
introduce generalized uniformities.

A quasi-uniformity p on a set X is a family of coverings of X forming a
filter in the refinement ordering. X with n is a quasi-uniform space uX. A
subspace is a subset A of X with the traces on A of coverings in u. Coverings
in u are uniform; a covering 92 is uniformly locally uniform if for some uni-
form covering { U, }, the trace of 2~ on each U, is uniform.

The family of all uniformly locally uniform coverings of a quasi-uniform
space pX is a quasi-uniformity u"', the derivative of u. For any ordinal a+1,
p“*? is defined as 4”; for a limit ordinal 8,u® is the union of all preceding
u® The successive derivatives form an expanding family of quasi-
uniformities. Since X has a limited number of coverings, there is a last
derivative p@=4“*Y; it is called Az, and its members are A-uniform cov-
erings.

By an easy induction we see that every A-uniform covering of a uniform
space has an open A-uniform refinement.

Call a uniformity or preuniformity point-finite if it has a basis of point-
finite coverings. (Equivalently, uniformly locally finite coverings; but the
notion of point-finiteness is more convenient when we have several uniformi-
ties.) In view of 1.10, every quasi-uniformity u contains a finest point-
finite preuniformity pfu. If u contains a uniformity », then pfu contains pw;
so pfu is a uniformity.

5. If u is a point-finite uniformity then so is u".

Proor. Let {U,NV;} be a covering in x®, with {U,} and each 2=
{ Vs} point-finite coverings in x. Let {Y,}= 2 be a point-finite star-
refinement of {U,}, and # “<* 2 %, all in u. Each Y, is contained in only
finitely many U,; let 2™ be the intersection of the corresponding # °, and
let "={Z;] be a point-finite uniform refinement of 2. Then {Y,NZ;}
is a point-finite covering in V. It remains to check that this covering, Q, is a
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star-refinement of {U,NV;}]. For any y and &, choose U, containing
St(Y,, ) and V§ containing St(Z}, # ). If Y,NZ! meets Y,NZ}, then
Y.CSt(Y,, Z)CU,; 302 <Z° < ¥ . Hence Y,NZ:CU, NV;,as wasto be
shown.

6. If uX is a subspace of vY, u'"X is a subspace of v"'Y. Every subfine space
is locally fine.

PRrooF. The first assertion is immediate from the definitions. The second
follows by VII.4 and VIL.5.

7. LEMMA. Let P be a partially ordered set in which every descending chain is

finite. Then there exists an ordinal-valued function f on P such that for each p
in P, f(p) is the least ordinal exceeding f(q) for all successors q of p.

Proor. Define f(p)=0 if p is minimal in P; inductively, for each «, let
f(p) =« if p is minimal among the elements of P for which f has not yet
been defined. When the cardinal of o passes the cardinal of P, the process
must have concluded. Any p for which f was not defined would have an
infinite descending chain of successors at which f was not defined; so f was
defined on all of P.

We remark that the function f is unique and exists only when there are
no infinite descending chains. It is the height function of P; f(p) is the height
of p.

8. LEMMA. Let {U,} be a family of subsets of a quasi-uniform space uX,
indexed by a partially ordered set P. Let S be a subset of P such that every
descending chain in P—S8 is finite. Suppose (a) the set of all U, is a uniform
covering, and (b) for every p in P, the trace on U, of the family of all U, q a
successor of p, is uniform. Then %s={U,: pES} is a \-uniform covering of X.

Proor. We use the height function f on P—S. If f(p)=0, then % is uni-
formly locally uniform on U,. If there were some U, on which %; is not the
trace of a A-uniform covering, there would be one of least height; but then
the successors U, form a uniform covering, and %; coincides on each of them
with a A-uniform covering. Thus % is A-uniform on every U, so also on X.

9. For any complete metric space uX, A\ is the fine untformity on X.

Proor. First, every covering { U, } in u has the property that the interiors
of its elements cover X. By a trivial transfinite induction, the same is true
for \u; and Ay is contained in the fine uniformity.

For the converse, let { V,} be any open covering of X. For each n, let
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% "={U,,.} be a uniform covering of uX consisting of sets of diameter at
most 27", Partially order the set P of all indices (n, ) as follows: (n+1,8) <
(n,a) if Upy1s meets U,,; (n+k,y) <(n,a) if there is a chain (n+k,v)<
(n+k—1,0)<..-<(n,a). Let S be the set of all (n,a) such that U,, is
contained in some V;. Since pX is complete and each U,, has diameter at
most 27", each infinite descending chain in P indexes a sequence of sets con-
verging to a point x. Some e-neighborhood of x is in some Vj; so only a finite
number of the indices in the chain can be in P—S. The conditions (a) and
(b) of Lemma 8 are satisfied. Thus S indexes a A-uniform covering, and since
{ V,] is coarser, the proof is complete.

REMARK. If Proposition 9 is true for injective spaces then every locally
fine space is subfine, and A=1.

10. THEOREM. For any uniformity u,\u is a point-finite uniformity. It is
the coarsest locally fine uniformity finer than u. Every mapping f: uX—Y is
uniformly continuous on \uX to \vY; so \ defines a coreflection upon the sub-
category of locally fine spaces. The coreflection takes embeddings to embeddings.

Proor. We wish to show that A\u is the uniformity pfiu, i.e., each covering
in any 4 is in pfAu. For a covering % in u itself, we may realize % by a
mapping into a complete metric space, f: uX—vY. By Proposition 9, there
is a covering 27 in pfir such that f1(2") < %; and clearly (2" ) Epfiu.
Then p is contained in p=pfiu. From uCp Chu we have p Cp® Chp. Since
p" is a point-finite uniformity (VIL.5), it is pDu™. By induction, »* Cp
for all «, and Au=p.

Any locally fine uniformity containing x4 contains x”, and by induction
contains Au; so A is the coarsest. If f: uX—»Y is a mapping, then the inverse
image of a uniformly locally uniform covering is uniformly locally uniform;
so by induction, f: \uX—vY is a mapping. This establishes the coreflection.
Induction applied to VII.6 shows that embeddings are preserved.

1

11. CoroLLARY. Every locally fine uniform space has a basis of uniformly
locally finite coverings and a basis of o-uniformly discrete uniform coverings.

Shirota’s theorem.

12. The functors | and A commute with completion. In particular, the com-
pletion of a locally fine space is locally fine.

PRrOOF. Since both coreflections preserve embeddings and topology, the
embedding of X in its completion Y embeds {X(AX) as a dense subspace of
lY (resp. AY). Since Y is complete in the given uniformity, it is complete in
any finer uniformity inducing the same topology, which these do.
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13. The completion of a lacally fine space X is an inverse limit of fine metriz-
able spaces; so every uniformly continuous real-valued function on a subspace

of X can be extended over X.

Proor. We appeal to Exercises IV.8, V.10. Any complete uniform space Y
is an inverse limit of complete metric spaces Z,, since it is a closed subspace
of a product of them. Applying the functor ), we get a left compatible family
of mappings of AY into the complete, fine metrizable spaces \Z,. Y is still
the set of points of the limit space. Assuming Y was already locally fine,
every uniform covering is realized by projection into one of the Z,; so Y is
the limit space. The rest is immediate from Exercise V.10.

The next two theorems will establish a connection between completion
and real-valued functions for locally fine spaces. They say almost that two
functors commute on the image of A\: completion and reflection upon sub-
spaces of products of real lines. But there is a hedging clause arising from an
unsolved problem in set theory.

The Problem of Ulam is this. Does there exist a countably additive meas-
ure u defined on all subsets of some set S, taking no value other than 0 and
1, vanishing for all one-point sets, but not vanishing identically? The prob-
lem is unsolved even if the restriction to two values is abandoned; on the
other hand, even if that restriction is abandoned, it is known that (if set
theory is consistent) there exist models for set theory in which there are no
such measures. We shall not go into that (see Notes, p. 144); but without
constructing special models we can show that the (restricted) Ulam Problem
has a negative solution unless the cardinal number of the set S of the coun-
terexample far exceeds all the well-known cardinals.

Call a cardinal m nonmeasurable if when S has power m, every countably
additive two-valued measure defined on all subsets of S and vanishing on
singletons vanishes. Obviously X, is nonmeasurable. Obviously if m <n and
n is nonmeasurable then m is nonmeasurable.

14. ULAM THEOREM. A product of nonmeasurably many nonmeasurable
cardinals is nonmeasurable.

Proor.Let S be a product set of factors F, («&A), where A and each F.
have nonmeasurable powers. Let x be a countably additive two-valued meas-
ure on subsets of S, vanishing on singletons. Suppose u(S)=1. Consider the
projections p, : S—F,. We define a measure 4, for all subsets G of F,: 4, (G) =
u(p }(@)). Then 4, is a countably additive two-valued measure that does
not vanish; so u.({x, D=1 for some point x,EF,. This gives us a set
T.=p;'(x,), with u(T,) = 1. The intersection of the sets T, («€£A) is a single
point x; u({x})=0. S—{x} is then a union of nonmeasurably many sets R,
of measure zero. We can write it as a disjoint union by means of a well-
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ordering of A; R,=R,— U[Rs: 8<a] Define a measure » on A:v(I)=
p(U|RL: a€l ). Again » is countably additive two-valued, and it vanishes
on points by construction. We conclude v(A) =0=pu(S— {x }) =u(S), a con-
tradiction.

This theorem and a little cardinal arithmetic show that it is not possible
to construct ‘‘arithmetically’’ a measurable cardinal number. The model-
theoretic results we noted above make this statement of impossibility pre-
cise.

We call a uniform space nonmeasurable if it has a basis of uniform cov-
erings of nonmeasurable power. It is the same (by I11.33) to say that there
is no uniformly discrete subspace of measurable power.

15. If uX is locally fine and nonmeasurable, then a filter in X which meets
every countable uniform covering is Cauchy in pX.

ProoF. Let % be a filter meeting every countable uniform covering. It
will suffice (by Corollary 11) to show % meets every o-uniformly discrete
nonmeasurable uniform covering {U,.}, where each {U,,}.-,, is uniformly
discrete. The unions W, of the sets U,, form a countable uniform covering;
se at least one W, belongs to $On W, {U,.:aEA | is a uniform covering.
For any countable partition {A;} of A, & contains exactly one set
U|Un: @€ A;]. Then define a measure » on A:v(I) =1 if U[U,:eEIE %,
»(/) =0 otherwise. This is countably additive two-valued, and it does not
vanish. Hence » takes the value 1 on a singleton, and % meets | U, }.

Liet us name the reflection upon spaces having a basis of countable uniform
coverings: e. (The existence of such a reflection was noted in Exercise I11.2.)
By Exercise I11.2, every countable uniform covering of 41X is a uniform cov-
ering of euX. We define cuX as the set X with the weak uniformity induced
by all real-valued functions uniformly continuous on pX. We remark that
this is a reflection too (also ce=ec=c), but we shall not use the fact. We shall
use the obvious relation pe=p, or more specifically its consequence that
B(uX) is the Samuel compactification of the completion of euX.

16. If uX is locally fine, so is euX.

Proor. A uniformly locally uniform covering of euX has a refinement of
the form {U;NV}} that is countable and (xX being locally fine) uniform.

Obviously the functor e takes embeddings to embeddings. On the other
hand, ¢ does not preserve either local fineness or embeddings. We want a
conservative property of ¢ that could be stated in either of two ways; since
both are easy to prove, let us have both.

17. If uX is a subspace of uY, and either X is dense in Y or pY is locally
fine, then cuX is a subspace of cuY.
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ProoF. In either case every real-valued uniformly continuous function
on uX extends over uY; so the weak uniformity induced on X by all uni-
formly continuous real-valued functions on xY is the same as that induced
by the real functions on uX.

18. SHIROTA THEOREM. If uX is locally fine, then every Cauchy filter in cuX
is Cauchy in euX; thus it is Cauchy, if uX is nonmeasurable. Then if uY is the
completion of uX, cuY is the completion of cuX.

Proor. Let % be a Cauchy filter in cuX and %= { U;} a countable uniform
covering of uX. % is realized by a mapping into a complete separable metric
space, f: uX—wvZ. For some locally finite countable open covering | V;} of Z,
Jj=1,2,---,f'({ V;}) refines Z. Subordinate a partition of unity {g;} to | V1,
and define h: Z—E" as_ jg;. h is locally a finite sum; so it is well-defined and
continuous. By Theorem 9, hf is uniformly continuous. Therefore & has a
member F on which Af is bounded. This means f(F) is contained in a finite
union of V/'s; for outside ViU---UV,, h exceeds n. Consequently F is con-
tained in a finite union of U/s. So & is semi-Cauchy in exX and converges
to a compact set in the completion.

Now consider puX. There & is Cauchy and converges to a single point y
of 8(xX). The completion of euX is topologically a subspace of 8(uX); there-
fore the compact set to which % converges is just y, and % is Cauchy in euX.

If X is nonmeasurable, & is Cauchy by Proposition 15. Passing to the
completion uY, it is complete, locally fine, and nonmeasurable; so cuY is
complete. By Proposition 17, cuX is a dense subspace, and the theorem is
proved.

REMARK. The fact that this theorem holds for locally fine spaces as well
as fine spaces is not at all deep; all properties mentioned in the conclusion
are continuous properties inherited by arbitrary subspaces.

Products of separable spaces. The fact that products of separable topolog-
ical spaces are in some ways ‘“‘almost separable’” should be set down as a
discovery of E. Szpilrajn (= E. Marczewski). Several results of this type are
described in the Notes, p. 145. The uniform applications that have been
discovered so far can all (all three of them) be derived from the following
new result of A. Gleason.

On a product space X of factors X, (a« €A), a countable projection is a rap-
ping p : X—Y upon the partial product Y of the spaces X, («€B), for some
countable subset B of A; p(x) has the same ath coordinate as x, for each o
in B.

19. GLEASON THEOREM. Every continuous function f: X—M from a prod-
uct X of separable topological spaces to a Hausdorff space M in which every
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point is a G, set has the form gx, where » : X—Y is a countable projection and
g:Y—M is a continuous function.

Proor. Let X be the product of {X,:a€A}. We may suppose no X, is
empty. Select a point 0,, or 0, in each X,; let p° be the point of X having
all coordinates 0, Let S°=f~'f(p°). This is a countable intersection of open
sets, and it contains a countable intersection of basic open sets of the prod-
uct containing p°; so there is a countable subset B, of A such that each
point x having the same coordinates in B, as p° has the same image under f.
Generally, having a countable subset B, of A, select a countable dense set
{g’*'} in the partial product of {X,:«€B,}. Let p!*'EX have the same
ath coordinates for aEB, as ¢'*!, with all other coordinates 0. Let S't'=
f! f(p*"); again there is a countable set of indices B!*' such that each
point having the same coordinates in B}*! as p ?*! has the same image under f.
Let B,,,=UB!"*".

Complete the induction and form B=J,B,. For any x in X, let x’ have
the same coordinates in B as x, 0 otherwise. Evidently x’ is a limit of points
p?. If r} has the same coordinates in B as p} and the same coordinates in
A—B as x, then {r?} converges to x whenever {p}} converges to x’. But
for)=f(p}). Since limits are unique in a Hausdorff space, f(x)=/f(x’).
Thus f=gr, where = is the projection upon the partial product of {X,: « B}
and g is a function. Since = is a quotient mapping and f is continuous, g is
continuous.

20. COROLLARY. Every metrizable continuous image of a product of separable
topological spaces is separable.

21. CoRrOLLARY. If uX is a product of complete separable metric spaces, then
X is fine.

Proor. Every normal covering of X is realized by a continuous function
gr, where v : X—Y is a countable projection. Y is complete metric in the
product uniformity », and = is uniformly continuous from uX to »Y. So
7 : \uX—MY is uniformly continuous. AvY is fine (by VII.9); so g is uni-
formly continuous on MY. Therefore every normal covering of X is
A-uniform.

22. COROLLARY. A locally fine space containing no uncountable uniformly
discrete subspace is subfine.

ProOF. Such a space X can be embedded in a product pR of complete
separable metric spaces, by I1.33 and I1.13-11.14. Then Au X = X is embed-
ded in the fine space MR.
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In view of VII.16, for any locally fine space uX, e X can be embedded in
a fine space Y. The real-valued uniformly continuous functions on X may
be identified as the functions continuously extensible over Y.

For the last application (an example), we want a modified form of
Gleason’s theorem. Though it is a corollary in spirit, it contains the theorem;
so we label it:

23. GLEASON THEOREM. Every continuous function f: U—M from an open
subset U of a product X of separable topological spaces to a Hausdorff space M
in which every point is a G; set has the form gx| U, where = : X—Y is a countable
projection and g : #(U)—M is a continuous function.

ProoF. Conduct the same argument with the following modifications.
p® should be a point of U. Having a countable index set B,C A, let Y, be the
partial product of { X.: «EB,}, U, the projection of U in Y,. As coordinate
projections are open mappings, U, is an open set. Hence it has a countable
dense subset {¢'*'}. For each i, there is u!*' in U projecting upon ¢!*'. Since
U is open in the product topology, there are finite sets of indices C(n+1, i)
such that every point of X agreeing with u?*' in these indices is in U. Let
p**! have the same ath coordinate as u?*! for « in B, UC(n+1,i), all other
coordinates 0. Construct Bf*! as before and let B,,, be the union of these
sets and the C(n+1,1i). Again let B=J, B,.

Consider any x, y in U having the same coordinates in B. Let x’ be the
point of X having these coordinates for indices in B, all other coordinates 0.
Still x’ is a limit of points p}. Let r? and s} have the same coordinates in B
as p}; let the other coordinates of r} be the same as for x, the other coordi-
nates of s! the same as for y. Then f(r})=f(p?)=f(s}) for each n and i,
and if we select a net { p?} converging to x’ we get nets {r}}—x, {s!|—y.
Hence f(x)=f(y). The conclusion follows as before since »|U is an open
mapping.

24. COROLLARY. Any two disjoint open sets in a product of separable metric
spaces are mapped into disjoint (open) sets by some countable projection.

25. EXAMPLE. There exist a uniformizable space Z with dim Z=0 and a
compact space Y containing Z that has no basis of open sets whose boundaries
are disjoint from Z. Y —Z is not rim-compact.

ProoF. Let Q consist of an interval I=[0, 1] and for each point ¢ of I a
copy W, of the space of all countable ordinals, converging to t. Each W, is an
open set; a subset U of Q@ is a neighborhood of t€I if U contains an
I-neighborhood N of t and, for each s€N,U contains almost all of W,. Let
Z (9 consist of 01 and all isolated points. Since Z has only one nonisolated
point, dimZ=0. (Incidentally, this makes Z paracompact; the example



GLICKSBERG’S THEOREM 133

cannot have the Lindelof property, by VI.36.) Since every continuous real-
valued function on W, is finally constant, every continuous real-valued
function on Q that is 0 at 0 and 1 at 1 takes the value 1/2 on Z. Then let C
be the set of all bounded real-valued continuous functions on @, and embed
Qin a product Y of closed intervals indexed by C, each pEQ going to the
point whose cth coordinate (¢&C) is ¢(p). In Y, the points 0 and 1 of @ are
not separated by any set disjoint from Z; for if M and N are disjoint open
sets of Y, Corollary 24 gives a mapping of Y to a metric space taking M and
N into disjoint open sets, and thus a continuous function whose values are
<1/20n M and >1/2 on N. Consequently the point 1 of Y—Z has no basis
of neighborhoods whose boundaries are compact subsets of Y—Z2.

Glicksberg’s theorem. When is a product of fine spaces fine? The complete
answer is not known, but there is an answer in terms of reasonable topologi-
cal properties of the factor spaces and the product. Perhaps the term
‘““reasonable’’ should be qualified; except for the compact and discrete cases,
products of the most familiar spaces are never fine.

First we consider the problem for locally fine spaces. If a product space is
going to be fine, it must be locally fine, and the conditions for this are already
so restrictive that only some obvious supplementary conditions need be
added to make the product fine. (What has to be added to prove the product
fine is less obvious.)

A uniform space is said to admit a cardinal number m if every m uniform
coverings have a uniform common refinement. The finite cardinals are of
course admitted by all spaces.

26. If uX admits an infinite cardinal, AduX =0.

ProOF. A uniform covering % has a normal sequence of refinements,
... <*9 <*%; and a uniform common refinement 2 for the sequence.
Every finite chain of intersecting elements of 2~ lies in one element of % .
Then it follows that the finest partition £?(%2°) coarser than %~ is finer
than %. (Cf. Exercise 1.3, if necessary.)

27. A uniform space that admits a cardinal m and is not uniformly discrete
has a uniformly discrete subspace of power m.

Proor. This is obvious for finite m. If X admits R, and is not uniformly
discrete, we can find a descending chain of w, uniform partitions %,, all
distinct. Their intersection is another uniform partition 2. Suppose 2” has
fewer than K, elements V;, say n. Each V,lies in a unique element U} of each
%,; moreover, U} is a union of elements of 2 For fixed 8, there are at most n
values X such that U;=U}*!, Then there are only n?<X, indices A such
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that 2,5 % \+1, a contradiction. This shows there is a uniformly discrete
subspace of power N,.

28. The product of two locally fine spaces uX, vY is locally fine if and only
if each factor admits the power of every uniformly discrete subspace of the other
factor. Unless one factor is uniformly discrete, there is a unique cardinal m such
that each factor has uniformly discrete subspaces of all powers less than m but
not of power m, and admits all cardinals less than m but not m.

Proor. If uX fails to admit the power of a uniformly discrete subspace
of vY, say D of power m, consider a uniform covering of »Y consisting of
Y —D and disjoint neighborhoods N; of the points of D. Let {%*] be a
family of coverings in u having no uniform common refinement; let
% *={U;}. Cover pXX»Y by XX(Y—D) and the sets U,XN,. This
covering is uniformly locally uniform, but if it were uniform it would be
refined by a product covering {U,X V;}, and {U,} would be a common
refinement of all Z°.

This shows that the proposed condition is necessary. If neither factor is
uniformly discrete, let m be the smallest cardinal 41X does not admit. By
Proposition 27, p X has uniformly discrete subspaces of all smaller powers;
so »Y also admits all smaller cardinals, and »Y has uniformly discrete sub-
spaces of all those powers. Since uX does not admit m, »Y has no uniformly
discrete subspace as big as that and does not admit m; so uX also has no
uniformly discrete subspaces as big as that.

Suppose the condition satisfied. If one factor space is uniformly discrete,
the product is clearly locally fine. If both factors are precompact, so is the
product. In the remaining case, each space admits an infinite cardinal; so
each space has a basis of uniform partitions, and their powers are cardinals
admitted by both factors. For any uniformly locally uniform covering
{UX VIN(Y P X Z;%) |, the total number of coverings involved is so small
that we can intersect them all; and the covering is uniform on the product
space.

Two remarks ought to be added. (1) Whether a space has a basis of uni-
form partitions or not, the cardinal numbers of its uniformly discrete sub-
spaces are the cardinals of the uniform coverings in a basis, by 11.33. The
smallest cardinal greater than all these is called the covering character of the
space. (2) The smallest cardinal m not admitted by a space is necessarily a
regular cardinal, i.e., it is not the sum of fewer than m smaller cardinals.
(Proof is obvious.)

29. An infinite product of uniform spaces each containing more than one
point is locally fine if and only if all factors are precompact.
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Proor. If all factors are precompact, so is the product. If one factor is
not precompact, then the product space contains the product of an infinite
discrete space and a Cantor set, which is not locally fine.

Among the fine spaces we have the same cases to consider. A uniformizable
space is called pseudodiscrete (usually abbreviated: a P-space) if every G, set
is open; we shall call it m-discrete if every intersection of at most m open sets
is open. A space is m-compact if every open covering has a subcovering of
power less than m; we shall call it pseudo-m-compact if every normal covering
has such a subcovering, i.e., the covering character in the fine uniformity is
at most m. The term pseudocompact is standard for precompact fine spaces.
So we have pseudocompact=pseudo-N,-compact, pseudodiscrete= R,-
discrete.

30. A fine space admits an infinite cardinal m if and only if it is m-discrete.
It has a uniformly discrete subspace of power m if and only if it is not pseudo-
m-compact. It admits the powers of all its uniformly discrete subspaces if and
only if for every cardinal m it is either m-discrete or pseudo-m-compact.

PROOF. Suppose the fine space X admits m, and {U,} is a family of at
most m open sets. For any point x of (\U,, consider the binary coverings
{X—x,U,}. There is a normal covering # refining all of them; then
St(x, ) is a neighborhood of x contained in (U,. Thus X is m-discrete.
Now suppose X is m-discrete, m infinite. Then a normal covering % and a
whole normal sequence refining it are refined by their intersection, an open
partition. It remains to check that the intersection of m or fewer open parti-
tions is an open partition, which is immediate. Thus X admits m.

Then the other two assertions are obvious.

Here are some further facts about these concepts; some for later use, some
not.

31. A finite product of m-discrete spaces is m-discrete. An m-discrete pseudo-
m-compact space is discrete. An N,-discrete X, ,-compact space is paracompact.
Pseudocompact spaces are characterized by the property that every real-valued
continuous function is bounded, or by the property that every locally finite family
of nonempty open sets is finite. Pseudodiscrete spaces are characterized by the
property that every continuous real-valued function is locally constant.

Proor. The first assertion is obvious. The second is a special case of
VII1.27. Next suppose X is N,-discrete (so has an open-closed basis) and
X..2.-compact. Then any open covering is refined by a covering consisting of
at most N,.,; open-closed sets V,, which can be well-ordered so that each
one has at most X, predecessors. Then define V; as V; minus the union of
the predecessors, and we have an open partition. Thus X is fully normal,
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which means X is paracompact.

On a pseudocompact space there is clearly no unbounded real-valued
continuous function. In turn this implies there is no locally finite infinite
sequence of nonempty open sets U,; for there would be functions f, to [0,1]
vanishing outside U, but taking the value 1 somewhere inside, and ) nf,
would be continuous. To close the cycle of implications, a space that is not
pseudocompact has even a uniformly discrete sequence of open sets.

Finally, a real-valued continuous function is constant on Gj’s, so locally
constant when all G;’s are open. If some G; has a noninterior point x, we get
a function not locally constant at x by a formula ) f,/n.

32. For the product of two fine spaces to be fine, one of the following must
hold. (a) One factor is discrete of power at most m and the other is m-discrete.
(b) Both factor spaces are pseudocompact; and so is the product. (¢) For some
N., both factors and the product are pseudo-X, -compact and m-discrete for all
m<R,.

For an infinite product of fine spaces, each having two or more points, to be
fine, the factors and the product must be pseudocompact.

Proor. Most of this is a specialization of Propositions 28 and 29. A prod-
uct of fine pseudocompact spaces is certainly precompact; so if it is fine, it
is pseudocompact. Pseudo-N,-compactness of the product in case (c) is
deduced in the same way, and m-discreteness from Proposition 31.

We show next that the four alternative necessary conditions of VII.32 are
sufficient.

33. A product of two fine spaces is fine if one is m-discrete and the other is
discrete of power at most m.

Proor. The product is a topological sum of copies of an m-discrete space.
Any normal covering has a normal trace on each copy; so it is refined by a
product covering.

34. GLICKSBERG THEOREM. A product of fine spaces is fine if it is pseudo-
compact.

ProoF. First we consider a product X XY of two spaces. Since the uni-
formities involved are precompact, it suffices to show that every continuous
real-valued function f on X XY is uniformly continuous. By III.21, this
means the families of functions f(x, ) and f( ,y) are equicontinuous.

We reduce the problem by means of the Ascoli theorem I11.37. Since these
families of functions are bounded, we have to show they are precompact.
This means there is no infinite uniformly discrete subset; so it suffices to
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show that any countable set of them is equicontinuous. In view of 1I1.38, we
need only show that a sequence of functions f( ,y,) must be equicontin-
uous at a point x,. (The same proof will show the equicontinuity of f(x, ).)

Suppose the contrary. For some ¢>0, every product neighborhood WX Y
of {x}XY contains a point (x,y,) such that |f(x,y.)— f(x,y.)| >e. By
recursion we can get a sequence {(xi,¥.,)] of such points, lying in open
neighborhoods U, X Y such that (a) U, CU,, (b) for some open neighbor-
hood V;, of ys,, the variation of f on U,;, X V, is at most 1/k. Then in U,Xx V,,
let Ui X Vi be an open neighborhood of (x4,¥,) inwhich [f(x,y) —f(x,, y)| >
¢/2. The sequence of open sets U;X Vj cannot be locally finite (VII.31); it
must have a cluster point (%,%). By continuity, |f(Z,7)—f(x,¥)|=¢/2.
On the other hand, since U;CU,, ¥ (\Ui= (\U,. Therefore for ycV,_,,
U,X V,_, contains hoth (x5,y) and (%,y); so |f(X,y) —f(x0,¥)| <1/(k—1).
Since ¥ is a cluster point of { Vi}, this is a contradiction; and the finite case
is proved.

For the infinite case, we observe first that every finite partial product,
being a continuous image of a pseudocompact space, is pseudocompact. Then
it suffices to show that given a continuous real-valued function f on a pseudo-
compact product of factors X, (aEA), given >0, there is a finite subset F
of A such that if points x, y have the same ath coordinates for «a€EF,
|f(x) —f (¥)| <e. Suppose this is not the case. We construct points p,, g,
X, ¥a, and finite sets F,, as follows. |f(p)) —f(q))| 2¢. In basic (product)
neighborhoods of p, and g, we find points x,, y, such that x, (resp. y,) has
the same ath coordinates as p, (resp. ¢,) for a« in F\U .-+ UF,_,,
| f(x) — f(Pn) | < €/3 >|f(¥a) —f(gs) |, and x, and y, have thesame ath coordi-
nates for all a excepting a finite set F,. Then p,,, and g¢,,, are to have the
same coordinates over the finite set F1U---UF,, with|f(p,.1) —f(gss1) | Ze.
Thus for x,, y., F,, we have |f(x,) —f(ys)| >¢/3, %, and y, differonly in the
coordinates indexed by F,, and (since p, and g, agree up to F,,;) the finite
sets F, are disjoint.

Each x, and y, have neighborhoods U, V, such that |f(x)—f(y)]| >¢/4
for x& U,, yE V,; moreover, we may assume U, and V, are basic neighbor-
hoods having identical coordinate projections except for the coordinates
(in F,), where x, and y, differ. By pseudocompactness, {U,} has a cluster
point . The fact is, { U, | and | V,} have the same cluster points. To see this
let N be a basic neighborhood of %, projecting onto X, except for « in the
finite set F. Whatever FN\\UF, may be, it is contained in some FyU---UF,.
After k, U, meets N if and only if V, meets N. This shows that every neigh-
borhood of X contains points where the values of f differ by ¢/4, a contradic-
tion that completes the proof.

35. THEOREM. A product of fine spaces is fine if, for some N,, it is pseudo-
N.-compact and m-discrete for all m <X,.
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Proor. The case a=0 is the case of the preceding theorem. For o« >0, the
product space is pseudodiscrete and is therefore not an infinite product.
So we need only consider the case XX Y.

The fine uniformity has a basis of partitions, by VII.26. Since these parti-
tions are smaller than X,, it will suffice to prove that every continuous func-
tion f on X XY to a two-point space T is uniformly continuous: for then
every open partition is refined by a product of open partitions.

As before, it suffices to show that any K, functions f( ,y) are equicontin-
uous. This is so for the following reasons. The function space U(Y, T) is
uniformly discrete; so if the induced function on X to U(Y, T), x—f(x, ),
is actually continuous, it takes fewer than X, values. The converse is also
true; any m <K, continuous functions on X are equicontinuous, since X is
m-discrete. Thus if the functions f( ,y) are not equicontinuous on X, it is
because there are K, different functions f (x;, ); in that case these functions
differ already on some K, points y,, and {f( ,y,)} is a nonequicontinuous
family. '

Now note that if X X Y admits X, (in any uniformity), it is discrete. Other-
wise N, is the least cardinal not admitted by the fine uniformity; so it is
regular. It follows that any family of X, open-closed sets of X X Y must have
a complete cluster point (a point, each of whose neighborhoods meets X, of
the sets). This is clear if the characteristic functions of the sets do not form
an equicontinuous family. If they do, these sets are various unions of ele-
ments of a single partition of power <N_, and R, of them must have a com-
mon point.

Then suppose (as before) that {f( ,¥,):v<w,} is not equicontinuous
at x,. We can get a cofinal subsequence {z,} (necessarily of power NX,) as
follows. For points x, in a shrinking sequence of open-closed neighborhoods
U, of xy, f(x,,2,)#f(%, 2,); but f is constant on U, X V,, for some neigh-
borhood V, of z,. Pick open-closed neighborhoods U;X V] of (x,,2),in
U,XV,, on which f(x, y)#f(xo, y). Consider a complete cluster point
(%,5) of these sets. By continuity, f (X, ) =f(x,,¥). On the other hand, for
yEV,, U, 1 XV, contains both (x;,y) and (%,y); so continuity gives the
contradictory conclusion f(%,7)=f(x,¥), and the proof is complete.

The original Glicksberg theorem on pseudocompact spaces is actually the
union of Theorem 34, several preceding results, and an additional construc-
tion. For pseudocompact spaces with pseudocompact product, it is the same
thing to say the two uniformities (fine and product) coincide as to say their
completions coincide. More precisely, for any spaces X,, the reflection map-
pings embedding X, in 8X, embed the product I1X, in [I8X.. We write
BII1X,=118X, when this embedding is a normal embedding.

36. GLICKSBERG THEOREM. For any family of infinite uniformizable spaces
X., sBI1X,=TI8X, if and only if I1X, is pseudocompact.
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Sufficiency has already been proved. For necessity, a trivial lemma reduces
to the case of finite products, which is then settled by a nontrivial lemma.

37. LemMma. If 11X, =T18X, (« EA), then for any subset A’ of A, gI1X,=
[I8X., (a€A").

38. If X and Y are infinite spaces and XXY is not pseudocompact,
then X XY has an infinite uniformly discrete family of open product sets
U, XV, such that the sets U, are disioint and the sets V, are disjoint.

Proor. If one factor, say X, is not pseudocompact, then we can take { U, }
uniformly discrete, and the V, need only be disjoint. The sets V, can be
constructed by a recursion in which the complement of Vi U..--UV; is
always infinite. In case both factors are pseudocompact, begin with a uni-
formly discrete family { U} X V*|. The projections U;* must have an infinite
union (since Y is pseudocompact). Then recursively we can select points
from infinitely many of them and surround these points x, with neighbor-
hoods U;C U}, disjoint from the preceding U/, so that the remaining pro-
jections U, contain infinitely many points not in U{"(J.-..(UU}{". Then s
similar construction of V’s establishes the lemma.

ProoF OF THEOREM 36 (CONCLUSION). Suppose BIIX,=[I8X,, where
all X, are infinite. For any one factor X, let Y denote the product of the
other factors. (X X Y)=8XXB8Y by Lemma 37. If the product is not pseu-
docompact, apply Lemma 38. For each n, there is a continuous function f,
on X X Yto I that vanishes outside U, X V, but takes the value 1 at some
point (X, y,). Since {U,X V, | is uniformly discrete, ) f,=f is continuous.
It must have a continuous extension g over SX XgY. At any cluster point
(x*,¥*) of { (x,, ¥») | in BX XBY,g must have the value 1. But (x*, y*) is also
a cluster point of { (x*, y,) |; and each (x*,y,) is a cluster point of the points
(x,, ¥,), at almost all of which f vanishes. This is a contradiction, and the
proof is complete.

The whole problem can be generalized, for example, as follows.

39. Let X and Y be fine spaces. The semi-uniform product X*Y is fine if and
only if the topological product X XY is normally embedded, by the natural
embedding, in X X8Y. This is true if the uniform product is fine, and in other
cases; e.g. it is always true if X is discrete or Y compact.

The proof is outlined in Exercise 7. Some conditions for a product of
pseudocompact spaces to be pseudocompact appear in Exercises 4, 5. Very
little is known about the spaces of the ‘“‘third case’” (VII.32(c)).
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Supercomplete spaces. Supercomplete spaces can be characterized in terms
of the locally fine coreflection . It is not clear why this should be, as A does
not preserve the topology of the hyperspace. (In effect, no change in the
given space preserves the topology of the hyperspace, by Exercise 11.17.)
For the proof we replace convergence of sets with another type of conver-
gence that is invariant under A.

For any partially ordered set P, a function f: P—uX is said to be con-
vergent if for every uniform covering { U, } of uX there exists a family of resid-
ual setsS, in P whose union is cofinal in P such that f(S,) C U, for each «. Here
X may be any quasi-uniform space; since the only application intended is in
case u=»" for some uniformity » and ordinal 8, we have a uniform topology
on X (induced by v). For f: P—uX, then, a point x of X is a cluster point
of fif for every neighborhood U of x, f~'(U) contains a nonempty residual set.

40. If f: P- suX is convergent then f: P—AuX is convergent.

Proor. Suppose not; consider the least ordinal a for which f: P—u“X is
not convergent. a« must be a nonlimit ordinal 8+ 1, as otherwise ' is just
the union of its predecessors. But consider any covering {U,N\V}}, {U,} and
each { V}} in . Any pEP has a successor g all of whose successors are
mapped into one set U,. For that v, ¢ has a successor r all of whose succes-
sors are mapped into one V]. Thus there is a cofinal union of residual sets
each mapped into one set U,N V], and we have a contradiction.

41. THEOREM. The following conditions on a uniform space uX are equiva-
lent.

(a) uX is supercomplete.

(b) X is paracompact and \uX is fine.

(c) Every convergent function into uX has a cluster point.

Proor. (a)=>(b). Condition (b) means that every open covering is
A-uniform. Suppose this is not the case, 2 ¢ u. We construct a net N of
points of the hyperspace H(uX), ordered by inclusion; N consists of all
those closed sets SCX such that on some uniform neighborhood of X—S
the trace of % is A-uniform. Because of the requirement of a uniform neigh-
borhood, N is directed by inclusion; that is, N is a filter base. To show the
filter is stable, we must show that for every 2°€u there is SEN such that
every TCS in N is within 27 of S—or within 2°* of S, since 2 * is arbi-
trarily fine if %7 is. For this, let S be the closure of the union of all V&2~
on which % is not A-uniform. Then SEN. For, the union of all remaining V in
% is a uniform neighborhood of X —8, containing W=S8t(X—S§,%2); if we
introduce a uniform neighborhood Z of X — S that is far from X — W, then %
is uniformly locally A-uniform on Z, proving SEN. Next, for any TEN,
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St(T, 2”7 ) contains at least a dense subset of S. For if x is in a set VE %7
on which Z is not A-uniform, that V is not contained in X — T (since TEN),
and x€St(T,2"). So St(T',27*) DS, and N is stable.

However, N is not hyperconvergent. In fact, it has no cluster points, since
% 1is locally uniform.

(b) =>(c). By Lemma 40, we need only show that a convergent function
f: P—\uX has a cluster point. If it did not, X would be covered by open sets
whose inverse images contain no nonempty residual set. Considering (b),
this contradicts convergence.

(c) =>(a). Suppose ¥ is a stable filter in u X that is not hyperconvergent.
Then the set K of cluster points of % has a uniform neighborhood U con-
taining no element of % In fact, we may suppose some set far from U meets
every element of 5¥. Then let P be the partially ordered set, ordered by
inclusion, of all subsets of X — U that are uniform neighborhoods of sets
meeting every element of &. Let f: P—uX be any choice function. Obviously
f has no cluster point; but we shall see that f is convergent. Let {U,} be any
uniform covering of uX. For any SEP,S is a uniform neighborhood of a
set T meeting every element of & There is a uniform covering 2 such that
St(T,2°*)CS and 2 **<{U,}. In the stable filter & let A be a member
that is contained in every star St(B, 2°), BE % Let x be a point of TNA.
Some U, contains R=St(x,2"*)CSt(T,2"*)CS; moreover, since xEA,
every B in % meets St(x,%2"). Thus R is a uniform neighborhood of a set
meeting all B in % and R is a successor of S in P, all of whose successors
are mapped into U, by f.

Exercises.

1. STAR-UNIFORM COVERINGS. The fine spaces satisfy a stronger condition
than that every uniformly locally uniform covering is uniform; but the con-
dition has not been successfully developed. Call an open covering { V,}=%2"
star-uniform if its trace on each set St(Vj, 27) is uniform.

(a) A uniformly locally uniform covering has a star-uniform refinement.

(b) In a fine space, a star-uniform star-finite covering is uniform.

(c) If the uniformizable space X has the star-finite property (defined in
Exercise V1.5), then a uniformity on X is fine if and only if every star-
uniform covering is uniform. In fact, for any uniformity on X, every open
covering has a star-uniform refinement. (Hint: Reduce to the locally compact
case.)

It is an open question whether a star-uniform covering must be normal.
The definition is suggested by consideration of the reciprocals of uniformly
continuous nowhere vanishing real-valued functions; but perhaps the defini-
tion should be modified. Unlike the definition of ‘‘uniformly locally uniform”,
it involves the specific requirement that the covering is open.

(d) Let W be the space of countable ordinals. In the coarsest uniformity
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on WX I, every star-uniform covering is uniform.

2. DERIVATIVE UNIFORMITIES. The quasi-uniformities 4 are probably not
of much interest; but it would be desirable to free the theory of locally fine
spaces from quasi-uniformities. By the same device as in II1.28, one can
show that x"" is a uniformity if 4 is a uniformity having either a countable
basis or a basis of o-disjoint coverings. In the latter case, 4" has the same
property; so all 4 are uniformities.

3. (a) Do all the reflections and coreflections in this book generate a finite
or an infinite semigroup of functors under composition?

The author does not know the answer, nor whether the problem is difficult.
One problem in this semigroup that has been the subject of several unsuc-
cessful attempts: does e (of VII.16) commute with completion on arbitrary
nonmeasurable spaces? This is true if the spaces have bases of o-disjoint
coverings; but it seems likely that not every space has such a base, which
would leave this question remaining.

(b) ¢ does not commute with completion.

4. NoN-pPSEUDOCOMPACT PRODUCT. The space 8N (cf. Exercise 111 .10) has
two dense countably compact subspaces A, B whose intersection is N. So
A X B contains N as an open-closed subset (a ““diagonal”’) and is not pseudo-
compact.

5. PSEUDOCOMPACT PRODUCT.

(@) If K is compact and Y is pseudocompact, then KXY is pseudo-
compact. (If {U,X V,} is a locally finite family of nonempty open sets,
then { V,} is locally finite.)

Consider the class P of all spaces X such that XX Y is pseudocompact
for every pseudocompact space Y. (a) shows that P contains the compact
spaces. Obviously P is contained in the pseudocompact spaces.

(b) A pseudocompact space X belongs to P if every point of X has a
neighborhood belonging to P.

(c) A pseudocompact space satisfying the first axiom of countability
belongs to P. (If { U, X V,} is a locally finite sequence of nonempty open sets,
then { U, } is locally finite.)

6. EQUICONTINUITY AND CHARACTER. The proofs of Theorems 34 and 35
suggest some questions about the following cardinal invariant for uniform
spaces uX: the smallest cardinal m such that in every function space
U(uX,»Y), each family that is not equiuniformly continuous has a subfamily
of power at most m that is not equiuniformly continuous. This might be
called the equicharacter of uX.

(a) Dense subspaces of 4 X have the same equicharacter.

(b) Equicharacter cannot exceed density character (smallest cardinal of
a dense subspace. Use entourages).

(c) A precompact space uX has equicharacter at most X, (If every X,
members of FCU(pX, vY) form an equiuniformly continuous family, prove
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first that the induced function uX—U(F,»Y) has precompact image; then
that it is uniformly continuous.)

(d) If uX has covering character m and admits all cardinals n <m, then
the equicharacter of uX is at most m.

It is an open question whether (d) remains true without any assumption
on admitting cardinals.

(e) This is true in metric spaces, but in this case the result is strictly
weaker than (b).

The method of (c) applies partially, if X has covering character m and
FCU(X,vY) is not equiuniformly continuous; one finds a subfamily F’
that is not equiuniformly continuous but is the union of at most m subfami-
lies that are. This will prove the conjectured inequality assuming any of
several side conditions.

7. SEMI-UNIFORM PRODUCTS. For fine spaces X, Y,

(a) X*Y is fine if and only if for every continuous function f on XX Y to
any uniformizable space Z, {f( ,y)} is an equicontinuous family. Then
for any epimorphism Y—Y~ such that every continuous mapping from Y to
Z factors over Y, every continuous mapping from XX Y to Z factors over
XXY".

(b) If f: XX Y—Z is continuous and {f( ,y)} is not equicontinuous,
there is a continuous function g : Z—1I such that {gf( ,y)} is not equicon-
tinuous.

(¢) Conclude the proof of Proposition 39.

8. SUPERCOMPLETENESS IN PRODUCTS. For a product of fine spaces X,, is
AM1X, fine? This question is of interest in at least two cases: the paracompact
case, which is the supercomplete case, and the case of uncountably many
complete metric spaces. Complete metric spaces are usually not isomorphic
with fine spaces, but that does not matter; for

(a) AIT(AX,) =AIlX..

If Corollary 21 generalizes to a larger class of products of complete metric
spaces (or perhaps injective metric spaces), so does Corollary 22. One would
have to use a different method; for

(b) Both Theorem 19 and Corollary 24 fail for a product of uncountably
many metric spaces containing two or more points each, unless all factor
spaces are separable.

Note also that even Corollary 21 fails for arbitrary fine spaces—by Exer-
cise 4. Let us change the subject.

(¢) The product of a supercomplete space and a compact space is super-
complete.

(d) Let pX,»Y be fine spaces topologically embedded in compact metric
spaces A, B. Then the open A-uniform coverings of uX XvY are those which
can be extended to open coverings of M XN, for some G; sets M DX in A,
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NDY in B. (Use Exercise VI.9.)
(e) A fine separable metrizable space X has the property that X XY is

supercomplete for every fine separable metrizable space Y if and only if X is
locally compact.

Research Problem B,.

WHAT coVERINGS SUFFICE? The primary problem here is whether Stone’s
theorem generalizes to arbitrary uniform spaces. That is, (1) does every
space have a basis of uniformly locally finite coverings? (2) Does every space
have a basis of s-uniformly discrete coverings? One may conjecture that
neither is true, that no infinite-dimensional Banach space has a basis of uni-
formly locally finite coverings, and that no nonseparable Banach space has
a basis of ¢-uniformly discrete coverings. But what is known falls far short
of settling either question. The locally finite coverings constructed by Stone
[1] in metrizable spaces, and earlier by Dieudonné |1] in the separable case,
are certainly not often uniform with respect to the metric used for the con-
struction. On the other hand, we have no global properties of locally finite
coverings to use in proving their nonexistence. In topology, such coverings
give continuous mappings into polyhedra; but not here. For question (2),
the generalization would imply generalizations of I11.25 (injective function
spaces) and VII.15 (Cauchy filters) that can perhaps be shown to be false.
Note, though, that results like these certainly need not require a whole basis
of coverings of the appropriate special form; consider the statement of
VII.15, which refers to countable coverings, or consider the use of binary
partitions in VII.35. So our heading ‘“What coverings suffice?”’ might be
reinterpreted, even to cover the whole problem of what can be done with
special coverings. But that is not a problem one may propose for ‘“‘solution”.
The specific problem (1) is. Moreover, its solution will probably be impor-
tant even if locally finite uniform coverings are not important (cf. Research
Problem B,), because the arguments used to solve it will certainly tell us
more about the elementary spaces. This is so because, if every ell-infinity
space has a basis of uniformly locally finite uniform coverings, so does
every uniform space.

The problem has no literature. However, it may be related to the problem,
given a basis % of open sets in a paracompact space, when does every open
covering have a locally finite refinement consisting of elements of %? On
that, see Corson [2], and the abstract Corson-McMinn-Michael-Nagata [1].

The question (1) was first raised in Stone [2]. There is a rather indirect
connection between this question and the results of that paper.

Notes. For the construction of a relative model for set theory in which
there are no measurable cardinals, see Shepherdson [1]. Recent results of
Hanf, Tarski, and Scott (see [NST| and Scott [1]) greatly extend Ulam’s
theorem. Tarski extends it directly. The first cardinal which is not excluded
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by the theorem of Ulam (let us say, Theorem 0) is excluded by a similar
Theorem 1 of Tarski; these theorems continue until all cardinals shown to be
nonmeasurable have been used for numbering theorems, and past that point.
Scott’s result implies that if m is a cardinal in some model for set theory
(with the axiom of choice), there is another model containing a cardinal “as
large as’”” m which is not measurable.

It should be noted that Shirota’s theorem cannot be disassociated from
the Problem of Ulam; in a set theory in which a measurable cardinal m
exists, Shirota’s theorem fails for a discrete space of power m.

On products of separable spaces, Marczewski showed in [1] that they have
no uncountable disjoint collection of open subsets and in [2] that they have
a stronger countable covering property. Sanin [1; 2] investigated related
topological properties very extensively; some lying between separability and
absence of uncountable disjoint collections of open sets are preserved under
arbitrary products. Meanwhile Mazur [1] gave the first factorization theo-
rem like Theorem 19, a remarkable result related to Ulam’s theorem in which
the given mapping is assumed only to be relatively continuous on every
convergent sequence in X and turns out to be ¢ontinuous because of the
factorization. The next significant step was Bockstein’s [1] discovery of the
separation theorem VII.24 for products of separable metrizable spaces.
Much of VII.19—VII.23, and much more, can be deduced from Bockstein’s
theorem; this is a discovery of H. H. Corson, see [1],(3], and Corson-Isbell
(1]

Note that the (so far) max1mal (Gleason Theorem 23 contains Marczewski’s
original result as well as Bockstein’s separation theorem. However, the
maximal results of Sanin [2], Mazur [1], Corson [1] go off in three different
directions. A systematic investigation in the spirit of Sanin [2] would now
be a much more involved and more interesting piece of work.

Onuchic|1; 2]investigated case (c) of Proposition 32 in considerable detail
for a product X X X with a=1.

Exercises 2 and 3(b) are from Ginsburg-Isbell [1], with the question
whether e commutes with completion. A stronger conjecture was raised
earlier by Henriksen [B, p. 130}, involving a uniformity (shall we say hu?)
between ey and cu.

Exercise 4 is from Novak [1]. Exercise 5 is mainly from Frolik [1]. The
results (a) and (c) were known earlier. See Bagley-Connell-McKnight [1],
and see Glicksberg [2], where weaker sufficient conditions are given and there
are some results on infinite products. Frolik [1] also has further results.
Exercises 6(c) and 8(b) are due to Corson.

Finally, in connection with quasi-uniformities, some work has been done
in which the star-refinement axiom is replaced by some weaker axiom of
similar tendency. See in particular Morita [3]. Morita’s regular (quasi-)
uniformities (associated with regular topologies) have considerable structure
and are closed under taking derivatives.
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CuaptERr VIII

DIMENSION (2)

This chapter concerns special classes of spaces in which such theorems
hold as Ad=éd and dim=ind.

Essential coverings. A uniform covering % is called essential if every uni-
form refinement of % is a coshrinking.

1. If % is an essential uniform covering then for any uniform refinement 2
of %, every connecting mapping from the nerve of 9 to the nerve of % 1is onto.

ProoF. First, if 2={U,| is essential, then for each o, U,CU, implies
B=a. Otherwise (for fixed a) consider %/, the set of all U, such that U, U,
orf=a. % <% ’;so %' isuniform. % ' < %; but 2 ’ is not a coshrinking.

Then suppose { U, | is essential but 2~ is a uniform refinement of { U, } with
a nononto connecting mapping ¢. Factoring ¢, we get a shrinking {W,} of
{ U, such that for some set of indices {0,---,n}, UyN---NU,#=0=W,N...
NW,. Define Z,=W, (e =£n), Z,=U.a>n). Then {W,|<{Z |<{U,} A
connecting mapping ¢ from the nerve of {Z,} to the nerve of {U,}| must
take Z, to U, for a>n, since no other U contains Z,. Whatever y does on
Zy,- -, Z,, it takes no simplex onto the simplex spanned by U,,---, U,. This
contradicts the assumption of essentiality.

Essentiality is generalized and specialized as follows. A space uX is essen-
tial if it has a basis of essential uniform coverings. A finite subset F of a
uniform covering % of pX is essential in % if it spans a simplex ¢ in the
nerve of % and, whenever 2 is a uniform refinement of % and ¢ a connec-
ting mapping, ¢ maps some simplex of the nerve of 27 onto o. In view of
Proposition 1, % is essential if and only if every subset spanning a simplex
is essential.

2. 8duX is the supremum of the dimensions of essential uniform coverings
of uX, or equivalently, the dimensions of essential subsets of uniform coverings.

ProoF. Suppose édu X = n. Then there is an essential mapping f of uX to a
146
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closed n-simplex I". Let 2 be the covering of I" consisting of the stars of
the vertices. Then f~!1(2") is essential. Suppose it were not; then f ~(2") =
{Us,-++, U,} wouldhave a uniform shrinking { W,,---, W,} with WyN--.
NW,=0. Identifying the nerve of {W,,-.., W,} with its image in I"
(a subcomplex of the boundary S"°!), and taking a canonical mapping,
we get g : uX—S""'. On f~}(S"""), g need not coincide with f, but it is homo-
topic, since every member of % containing f(x) contains g(x). This con-
tradicts the assumed essentiality of f.

Suppose % ={U.} is a uniform covering of xX in which {U,,.--, U,}
is essential. Let 2°={V,} be a uniform strict shrinking of %. Let V*=
U[V.:a>n]. Then { V*, V,,..., V,} is a finite uniform covering. Suppose
it had a uniform shrinking {W*, W,,..., W,} of dimension <n. Define
Y,=W, for asn, Y,=U, for a>n. It remains to check that {Y,} is a
uniform covering; since Y, ---MNY,=0, this will be a contradiction of the
essentiality of {Uy,---, U,}. Now with respect to some uniformly contin-
uous pseudometric, { W*, W,-.., W,/ has a Lebesgue number 2¢ and the
e-neighborhood of each V, is contained in U,. Then consider any point x
of X. It is ¢ inside some of W,---, W,, in {Y,}, or ¢ inside W*. Inthelatter
case it belongs to V*, hence to someV, (a>n), and it is ¢ inside U,. Thus
{Y,} has Lebesgue number . The contradiction proves éduX =n.

3. THEOREM. For an essential space p X, AduX =8duX.

ProoF. If 6duX <n, then every essential uniform covering has dimension
at most n by Proposition 2; since these form a basis, AduX <n. In view of
V.5, this completes the proof.

The principal application of Theorem 3 is given by the following
theorem.

4. THEOREM. Every locally fine space is essential.

Proo¥. Let { Uy, .-, U,| be an inessential subset of a uniform covering
{U.} of any space uX. Then there is a uniform shrinking {V,} such that
VoN---NV,=0. Put W,=V,U[U,—- (UyN---NU,)]. Then W,N.--
MNW,=0, and {W,} coincides with {U,} except on UyN---NU,.

If % is a uniformly locally finite uniform covering, then the collection
of all intersections My of finite subsets F' of % is also uniformly locally
finite. Suppose the space is locally fine. Write Z={U,: « €A }. Well-order
the set of all finite subsets F, of A that index subsets of % which have non-
empty intersection M, but are inessential. Let 2°'={V!} be a uniform
shrinking of %, coinciding with % except on M,, such that {V!:aEF,}
has empty intersection. Recursively, having 277, let 2"*! be a uniform
shrinking of 277, coinciding with 27" except on M,, such that {V}*':
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aEF, ) has empty intersection—if possible; it may be that F. indexes an
essential set in 277, in which case we put 27"*'= 27", For a limit ordinal 3,
2® is defined by Vi=N[VI:y<g]. Uniformly locally, there are only
finitely many different coverings 2°*; so 2°* coincides with one of them.
Thus the recursion runs and gives a uniform shrinking { V,} of %. For any
finite subset of 2~ spanning a simplex o of the nerve, the natural embedding
of the nerve of 27 in the nerve of % or in the nerve of some 2 * takes o (and
no other simplex) to an essential simplex. So 2~ is essential.

It is an open question whether locally fine coreflection A can ever raise
dimension, either éd or Ad. From VI.23 we have

5. If uX is a supercomplete space of covering character X,, then Ad\uX =
sdauX <éduX.

PRrOOF. \uX is fine by VII.41; so AdapX =dim X. Since A\uX has covering
character K, (VI1.16), X is pseudo-K,-compact; being paracompact, it has
the Lindel6f property. Then VI.23 gives dim X <édu X, as required.

6. If uX has covering character X,, then Ad\uX < AduX.

ProoOF. Suppose AduX <n. By VII.22, \uX is embeddable in a fine space
M1, where vI1 is a product of complete separable metric spaces and contains
uX. Now any uniform covering of \uX is realized by a mapping to a metric
space J, which we may take to be injective. Thus the mapping extends to
f:awli—d. By VIIL.19, f factors as gr, where = :\II—A¢P is a countable
projection. Thus = is uniformly continuous on vII to ¢P, and its restriction
x| X is a uniformly continuous mapping ¢ from X to a complete metric
space. If { %™} is a basis for oP, {¢"'(%™)} is refined by a normal sequence
of (at most) n-dimensional countable uniform coverings of uX; so ¢ factors
as sr, where r is a uniformly continuous mapping from uX to a separable
metric space pY with AdpY <n. We may suppose pY is complete, so that
MY is fine. By VI.23, dimY <n. Then the given mapping f|X is gsr,
MX Y SaoP£xJ. The coverings realized by gsr are realized by r in an
n-dimensional space. This completes the proof.

Sum and subset. The basic sum theorem for topological dimension is a
theorem in normal spaces. We shall need finite collections of open sets
which are strict shrinkings of collections of dimension at most n. Note
that, since disjoint closed sets are far, this means just that the closures
form an n-dimensional collection (at most n). Let us call such a finite col-
lection of open sets in a normal space strictly n-dimensional.

7. THEOREM. If the normal space X is the union of a countable family of
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closed subspaces X;, and dimX, <n for each i, then dimX <n.

Proor. Let {Uj: j <m | be a finite open covering of X. To begin a recursion,
let V=0 for j<m. Having a strictly n-dimensional collection of open sets
Vi covering at least X,,..., X;, with each (V}))~CU;, insert open sets W,
so that (V))"CW;, Wj CU,, and { W} is strictly n-dimensional. Let{Z,}
be a finite open covering of a neighborhood of X;,, with { Z; } n-dimensional
and finer than | U;}, and so that if Z; meets (V)™ then Z,CW,. Toeach
Z, we associate an index j= (k) such that Z;y CU, and (if there is such a j)
Zy meets (V;)~. Then V;*' is the union of V! and all Z, such that
j=xk).

Evidently { Vi*':j<m} covers X,,---, X,,,, and the closure of V!
is contained in U;. Consider any point p in some (V})~. For any V*! whose
closure contains p, W,” also contains p. This is clear if p is in (V) ~;
otherwise p is in some Z,", \(s) =t, and since Z,; meets (V})~ it also meets
(V1)~, which proves the assertion. Hence such a p cannot be in more than
n+1sets (Vi*')~; and for the remaining points p, they are in no more dif-
ferent (V}) ™ than they are in Z; . Consequently the recursion runs, and the
sets V;=J,V/ form an n-dimensional open shrinking of { U;}.

A perfectly normal space is a normal space in which every open set is an
F,. We have

8. Every subspace of a perfectly normal space is perfectly normal.
9. If A is a subspace of a perfectly normal space X, dim A <dim X.

ProoF oF ProrosiTioN 8. Obviously every relatively open set in a
subspace is a relative F,. We have to show that two disjoint relatively
closed sets B and C in the subspace A of X lie in disjoint open sets. Consi-
der the open subspace U of X which is the complement of B-N\C~. U con-
tains A; and it will suffice to show that B~ N U and C"NU lie in disjoint
open sets. This does not depend on the fact that U is open; the proposition
is

An F, subspace of a normal space is normal.

Let U be the union of closed sets F;; put B;=B~NF,, C;=C NF;. B, has
an open neighborhood M, whose closure does not meet C~. Having an open
set M, whose closure does not meet C~(JN;_,, let N, be the union of N,_,
with an open neighborhood of C, whose closure does not meet B~ UM, .
Let M,,, be the union of M, with an open neighborhood of B,,, whose
closure does not meet C"\UN;. Then M,,, also satisfies this condition,

and the recursion runs. ) ) )
Proor oF PROPOSITION 9. A finite open covering of A is the trace on A of a
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finite open covering of an open subspace U. U is an F,, and by V1.6 and
VIIL.7, dim U =dim X. So dim A <dim X.

It is an unsolved problem whether Proposition 9 generalizes to all com-
pletely normal spaces (spaces in which every subspace is normal). From
VI1.13, it is not enough to assume that the space X and the subspace A are
normal.

For any further substantial results, we shall have to assume normality or
(usually) much more. Note that (since Ad coincides with the proximity
invariant &d for fine spaces) inductive uniform arguments are applicable to
closed subspaces of fine normal spaces, since they are normally embedded
and thus é-isomorphic with fine spaces. We apply this remark for 6Ind in the
next proof.

10. In a fine uniform space X, if a closed set A separates two far sets B, C,
and is far from them, then A frees B and C. If X is normal, Ind X=dim X.

Proor. Given that X — A is a topological sum UUYV, with BCU, CCV.
For any uniform neighborhood N of A disjoint from BUC, consider
U—NDB and V—NDC. There is a continuous real-valued function f that is
0 on A and 1 outside N. Define g to be fon AUU and —fon V. Then g is
continuous and separates U— N from V—N; so A frees B and C.

To finish, it will suffice (in view of V.23) to prove that if Ind X <n then
6Ind X <n; and we may suppose this has been done for n— 1. Consider two
far sets B, C. They have far uniform neighborhoods D, E, which are separ-
ated by a closed set A with Ind A <n—1. As A is far from B and C, it frees
them, and the proof is complete.

11. We want an analog of V1.28. In a completely normal space X, two sets
A and B are separated (have disjoint neighborhoods) if neither has a limit
point in the other; for they lie in disjoint closed sets in the open normal sub-
space X — (A~NB7). In particular, if U is a relatively open set in a subspace
S, U can be extended to an open set V such that V- N\S=U"NS.

We want some notation. Fr(A4) will denote the boundary A" N(X—A4)".
In case several spaces are involved we write Fr(A, X) for the boundary of A
in X. Ind(A, X), A a closed subspace of X, will be the least n such that every
set far from A can be separated from A by a closed set W with IndW<n—1.
X being normal, Ind(A4, X) <n if and only if every neighborhood U of A
in X contains a neighborhood V such that Ind Fr(V, X) <n-—1.

12. THEOREM. If the perfectly normal space X is the union of a countable
family of closed subspaces X;, and IndX;<n for each i, then IndX=<n.

Proor. This is true for n= — 1. Suppose it has been established for n—1.
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(1) Let S be a closed subspace, and A, B*, two closed subsets of S separ-
ated (in S) by an (n—1)-dimensional closed set W*. Suppose further that
for each closed subset F of X disjoint from S, Ind(F, X) <n. Let B be any
closed subset of X such that BNS= B*. Then A and B can be separated by a
closed subset W with Ind W<n—-1.

To prove this, let S— W* break into summands PDA, @D B*. Since W*
is closed, P and @ are open in S. Further P~ and B are disjoint closed sets,
and thus can be separated by open sets UDP~, TDB. There is an open set
VCU, VNS=P, V"NS=P . ThenFr(V, X)NS=Fr(P, S)CW*.

Let K=Fr(V, X). Write K as the intersection of a shrinking sequence of
open sets E;. Further, X —S, and hence K —S, is the union of a sequence of
closed sets Fj. Since Fj is disjoint from S, Ind(Fj, X) <n. Select a neighbor-
hood N of K with N~ disjoint from B, and let W; be a neighborhood of F,
contained in E;N\N -8, with Ind Fr(W)<n—1.

Let R be the union of V and all the W;. A boundary point of R which is
not in the boundary of any W; must certainly be in K= Fr(V), for uear every
point not in K the collection { W;} is locally finite. But K — S is interior to R.
Hence W=Fr(R) is contained in the union of W* and the Fr(W)), so that
Ind W<n—1 by induction; and clearly W separates A and B.

(2) If X is a finite union of closed subspaces with Ind <n, then Ind X <n.

For (2), we need only treat the case X=S\UT'. Let A be a closed set and U
& neighborhood. By (1), ANS and X — U can be separated by an (n—1)-
cdimensional set, so that there is a neighborhood V, of ANS contained in U,
with IndFr(V,) Sn—1. Applying the same argument to AT, and the
inductive hypothesis again, we have it.

(3) For the infinite union, we may now suppose X;;;DX;. Let A be a
closed set and Z a neighborhood. To begin, insert an expanding sequence of
open sets Z;, ACZ;CZ; CZ;,CZ. We shall construct three more sequences
of open sets, U;, V;, T}, so that the following conditions are satisfied:

(a)) ANX,CU;CZ;

(b)) Ui, CU;

©) Ind(X,NFr(U)) n—1
(d)) Uj—Uj-1CVja

(e) Fr(U) - X;_.,CV;,
(f) Fr(U,.))—X;.,.CVj_,
(g) ACV;,

(h)) X —ULCTin
(i) T, .CTj,

(.]}) T,‘-1m‘/j_1=0.
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To begin, let X, Toand T_, be the empty set, Vo=X. We shall construct
U, so that (a;)-(ji) are satisfied. Then recursively, assuming U,, V,_,, T:_,
and the preceding sets satisfy (ay)-(ji), we shall construct V, and T so as
to satisfy (fi,1)-(jss1) and then U,,, so as to satisfy (a,,;)-(€s,1).

Since Ind X, <n, A <X, has a relative neighborhood in X,, contained in
Z,NX,,whose X,-boundary has Ind at most n—1. Since X is hereditarily
normal, this neighborhood can be extended to an open set U* of X without
picking up any new limit points in X;. Then (a,))-(j,) are satisfied by U,=
U*ﬂzl, U0= Ul.

Having gone as far as U, we check that AU[Fr(U,) — X,| and T,_,U
(Xix— Uy) are separated. A is separated from T,_, by (g,) and (j,) ; and from
X,— Uy by (a); Fr(U,) — X, is separated from T,_, by (e;) (recall X,_,C
X,) and (j»), and from X,— Uy, as one sees at a glance. Consequently these
two sets are contained in disjoint open sets V, T, i.e., (f411)-(jes1) can be
satisfied.

Next, the closed set [AUFr(U,) JN\X,4, is the intersection of a shrinking
sequence of open sets E;, and there is a sequence of closed sets F; whose union
is [AUFr(Uy) IN(X431— X)). By (fiyy) and (ge4,), each F; is contained in
Vi; so there are open sets P,DOF;, P;CV, Then F; is contained in
(PNE;NZy41) — X, (in Z,4, because that set contains A and Z; DUy).
Since . Ind X,,;=n, there are open sets W, containing Fj, contained in
(PNEjNZy11) — X, with Ind(Fr(W)NXit) Sn—1. We define U,y, as U,
together with |U;W,.

Then (a.;) and (b,,,) are satisfied by construction, and so is (dy;;). As
in part (1) of the proof, a boundary point of U,,, which is outside ();E; must
be in U; Fr(W,) or in Fr(Uy). If it is not in X, then in view of (fy,,) it is
in V,. Further, a boundary point of U,,, in (;E; cannot be in \U;F;CU,4;.
Then all such points are in X, which establishes (e,;;). Further, these points
are not in A, by (a;). Hence X, ;NFr(U,,,) is contained in the union of
X,NFr(U,) and all X, ,NFr(W); so (c;) follows, and the recursion runs.

Finally we define U as the union of all U,. By (a;)), U contains A and is
contained in Z. We shall check that its boundary is contained in the union of
the sets X;NFr(U,); by the inductive hypothesis, this will finish the proof.

For each k, U— U, is contained in the union of the V; for j=%&, k+1,---,
by (d;). T} is disjoint from that union, by (i) and (j;). Hence Fr(U)NT\,C
U;. Then by (hy,1), Fr(U) is disjoint from X,— Uy, so that X,NFr(U)
is contained in U; . It must be contained in Fr(U,), since U,CU; and the
proof is complete.

13. CoroLLARY. If A is a subspace of a perfectly normal space X, Ind A <
Ind X.

Proor. Disjoint closed sets B, C of A lie in disjoint closed sets of the open

F, subspace X — (B~ C7); so the result follows from Theorem 12 by induc-
tion.
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Coincidence theorems.

14. LEMMA. In a metrizable space X, any basis for the fine uniformity con-
tains a basis for a metric uniformity compatible with the topology.

Proor. Let { %"} be a basis for some metric uniformity on X, and 2 a
basis for the fine uniformity. Recursively construct a normal sequence {2"|
taken from #sothat 27" <"

15. THEOREM. For a meirizable space X, dimX =1Ind X, and this is also
the minimum of AduX for all compatible metric uniformities u on X.

Proor. Choose a metric uniformity ¢ minimizing AduX. By the lemma,
with Theorems 3 and 4, AdeX <dim X. By Proposition 10 dim X <Ind X.
It remains to prove Ind X <AduX; or, when AduX <n, then Ind X =n.

Take a normal sequence of n-dimensional coverings %; forming a basis
for u. Let E and F be disjoint closed sets. Recursively we split each %, and
the space X, into three parts; at the end, one of the parts of the space will
separate E and F and parts of the coverings %; will define some (n—1)-
dimensional metric uniformities which we can use, assuming the present
theorem established for n—1.

Let My=N,=0. Having M;_, and N;_,, let ¥, be the family of all ele-
ments of %; whose stars (with respect to %;) do not meet FUN,_,; & the
set of all elements of %; whose stars meet FIN;_, but do not meet E\UM,_;;
£ the remaining elements whose stars meet both sets. Let G; be the union
of ¢, H; the union of &, J; the union of/,». Let Mi=X—-H,—J,N;,=
X —G;—J,. Clearly M;CG; so that M; and N; are disjoint.

For any UE % i, at least one V in %; contains U*. We check that

(1) if V€ ¥, then U*N(FUN) =0,

() if VE & then U*N(EUM)) =0,

(3) if V& _githen U*N(M;UN,) =0.

For (1), U* is contained in V, which is disjoint from F; also VCG;CX — N,.
In (2), V is disjoint from E and contained in H;C X — M;; for (3), both M;
and N; are disjoint from J;, which contains V.

From (1) and (3), if U* meets N; then Vis in &; by (2) then, U*N(EU
M;) =0. Similarly if U* meets M, then U*N(FUN;) =0.

(4) If UE _F£i,1then U*N(M;UN) =0, but U*NE»0 and U*N\F=0.

From (4), St(Jiy1, %:,1) is disjoint from M;UN;. By construction G,
is far from N; and H;,, is far from M, It follows that M; is interior to
M;,, (=X—-H;,,—J;;1) and N; is interior to N;,..

Let M be the union of all M;, N the union of all N;. Since the sequences
are expanding, M and N are open; since each M; and N; are disjoint, M and
N are disjoint. Moreover, M contains E and N contains F. For example, for
xEE, for sufficiently large i, any U in %; which contains x has U*N\F=0.
Since U* meets E, U is not in &; by (4), U is not in/,-. Thus x is in
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X —H;—J;=M.. Similarly, each point of F is in some N;.

Let W=X— M — N, we wish to show Ind W<n—1. Consider W;=W-J,.
From (4), every member of %; containing a member of #;,; is a member of
/.-; 80 J;,1C¢J:. Since the members of #; are small sets meeting both E and
F, the intersection of all J; is empty and W is the union of the sequence of
closed sets W;. By Theorem 12, then, we need only show IndW;<n—1.

Fixing i, let 2/; be the trace of &;,;on W,.Since W,CWCX—-M,;—N,,;=
(G,‘+jﬂH,'+j) UJ,'.H', and W,' is disjoint from J,'_H-, we have W;CG;+jﬂHi+j.
Hence on the one hand, 2/; covers W;; on the other hand, each point of W;
is also in at least one element of ¢ ;,;, and %/ is at most (n— 1)-dimensional.

Let UNW; be a nonempty element of 27,,. Then U*CV for some V in
%.;- Since V meets W;, V is not contained in J; and hence V is not an ele-
ment of #,;. If V were an element of ¢,,; then by (1), U*N(FUN,,,) =0,
UE Z,js1. It follows that V is in & ;. A fortiori VNW; contains
St(U, %2 j41), and we have a normal sequence. It is clear that its uniform
topology on W; is the original topology, and therefore Ind W;=n—1, as was
to be shown.

16. THEOREM. If X has the Lindelof property and ind X <n then dim X <n.
ProoF. Consider the following lemma.

L. If X has the Lindelif property and ind X <m then any two disjoint closed
sets of X are separated by a closed set C with dim C<m—1.

Let T,, denote the theorem for n=m. We have T,, from VI.3 and VI.23.
We shall prove T,=>L, 1 =>Tni1.

Assume T, let ind X <m+1, and let A and B be disjoint closed sets of X.
Every point x of X has an open neighborhood N, whose boundary has ind
(so also dim) at most m, such that N; does not meet A unless x is in A, and
in that case N; does not meet B. A countable number of these neighborhoods
cover X. Let { U;} be the list of those which meet A, { V;} the list of the rest.
Define U;= U,— \U[V; :j<k]. Let U be the union of all U;. Then Uisopen,
since each Uj is open. Each point x of A lies in some U,; since x lies in no
Vi,x€U} and ACU. Similarly every point of B is in some V; and U~ is
disjoint from B. Thus the boundary C of U separates A and B. Now the
boundary of each Uj is contained in a finite union of m-dimensional bound-
aries of sets N,; so L,,,; follows from Theorem 7, once we check that each
point ¢ of C is a boundary point of some Uj. Suppose not. Then c is a cluster
point of { U;}; so it is not in any V,. Hence c¢& U, for some i, since the U’s
and V’s form a covering. If ¢ is not in the boundary of U}, then U[V;:j<i]
is a neighborhood of ¢, and ¢ cannot be a cluster point of { Ui}, a contradic-
tion.

Lny: being established, suppose indX<m+1, and let f: A—S™"! be a
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uniformly continuous mapping of a subspace A of X into the sphere S™*!,
We may suppose A is closed; moreover, we can extend f continuously over a
neighborhood U of A. By Ly,,. we can replace U by a smaller closed neigh-
borhood V whose boundary C has dim C<m. Now the mapping f|C can be
approximated arbitrarily closely by a mapping into an m-dimensional sub-
space (Exercise V.6); so f|C is homotopic to a constant. Therefore f|C can
be continuously extended over the closure of X — V. This gives us a contin-
uous extension of f over all of X, completing the proof.

17. CoroLLARY. For a separable metrizable space X, dim X =mindim X=
Ind X=ind X.

Exercises.

1. A separable metrizable space X of dimension at most n is a union of
n+ 1 subspaces X; of dimension at most 0.

2. #1 characterizes dimension for separable metrizable spaces.

The argument also offers an alternative to Theorem 16 for concluding the
proof of coincidence of all four dimension functions.

(a) Suppose ind X <m implies dim X <m. Let indY <m+1. Then using
Lemma VI.41 and Theorem VIII.7, Y=Y,UX, where dimY,=0 and
dim X <m.

Using Theorem 15, (a) implies ind X <m; so induction gives #1 for
n=m+1.

(b) Then using VIII.11, prove dimY <m+1, completing the main induc-
tion.

(c) # 2 generalizes: If the completely normal space X is a union of sub-
spaces Xy, -+, X, then ind X <m—1+)_indX,. (Use VIII.11.)

3. Every completely uniformizable space is an inverse limit of finite-
dimensional polyhedra; and

4. Every completely metrizable space is the limit space of an inverse map-
ping sequence of finite-dimensional polyhedra; and

5.In #4, the polyhedra may be taken at most n-dimensional if the given
space X has dim X <n.

# 5 follows readily from

(a) In a completely metrizable space, every basis for the fine uniformity
contains a basis for a complete metric uniformity.

#3 almost follows from Exercise IV.8 and Shirota’s theorem—with
Euclidean polyhedra; but there is a reservation about measurable cardinals,
in case they exist.

(b) Going back to Stone’s theorem, complete the proof of # 3.

(c) Prove #4 for separable X, considering that X is a G; in a compact
metric space and thus a closed subspace of a countable product of real lines.

(d) Combine the fact of (c) and the method of (b) to finish the proof.
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Little more is known about Exercise 3. Exercises 4 and 5 can be brought
into a unified treatment by means of

(e) In an essential uniform space, every uniform covering has an essential
uniform shrinking. (The proof of VIII.2 shows how to go about it, though
the present proof will be longer.)

By VIII1.2, a covering of X that is essential in the fine uniformity has
dimension at most dim X. By VIII.15, X, lower-dimensional coverings can-
not be enough for a basis of a compatible uniformity. So (e) applied to # 4
gives # 5.

The result (e) is included here for its interest, not because it is necessary.
The application is only in the fine case, and the proof of Theorem 4 has
already proved (e) in that case. Another interesting result, not unrelated to
these questions:

(f) The uniform dimension of an essential complete metric space uX may
exceed dim X. (Construct pX as an inverse limit, starting with X,=1. X, is
the set of all points (x, y) of the plane, with y&€ I, such that x is a positive
integer and |y—1/2|21/x. Map X, to X, by (x, y)—y. Now each com-
ponent of X, is isomorphic with X; let its inverse image in X, be isomorphic
with X, and map in the same way, and arrange that the image of X; in X,
omits the values 1/3 and 2/3 as well as 1/2. Continue in the same manner.
Then in the limit AduX =1, uX is essential and complete, but dim X=0.)

6. Suppose X is completely uniformizable and mindim X =n. Then X is an
inverse limit of inverse limits of n-dimensional polyhedra; for X is an inverse
limit of completely metrizable spaces with n-dimensional metric uniformities.

7. Covering dimension is lower semi-continuous on inverse mapping
sequences of metrizable spaces. To prove this, on any system lX ms frmn | With
dim X, <k, construct k-dimensional metric uniformities making the bonding
mappings uniformly continuous. Conclude by applying Theorem 15 to the
limit space.

Concerning possible extensions of this result (weakening ‘‘sequences’’ or
“metrizable’’ or replacing dim with another dimension function) little is
known. Cf. Pasynkov [3] Sitnikov [1].

8. A uniformizable space X has dimX <n if and only if any n+1 pairs of
completely separated sets (4, B;) can be separated by sets C; whose comple-
ments form a normal covering.

9. Define Ind* in the manner of Exercise V.7 and prove

(a) Ind*=dim for all uniformizable spaces.

(b) Ind*=Ind for completely normal spaces.

It is an open question whether Ind coincides with Ind* or Ind =zdim for
all spaces.

10. LocaL pIMENSION. We say locdim X <n if every point of X has a
neighborhood U with dim Ux<n.

(b) Prove locdim X =dim X if X is paracompact, by means of

(a) asuitable trivial extension of Theorem 7.
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Similarly, locInd X <n ifevery point has a neighborhood U with Ind U <n.

(c) Generalize Theorem 12 trivially, and prove locInd X=1Ind X if X is
paracompact and perfectly normal.

Open questions: Is locdim=dim, or locInd=1Ind, for all completely uni-
formizable spaces?

Notes. Coincidence of Ad and 5d for locally fine spaces can be proved by
means of canonical mappings; the canonical mappings are easily constructed
for uniformly locally finite coverings. The first proof of such a theorem is in
Dowker [1], for fine spaces. For nonfine spaces one must be more careful
about essentiality; cf. Isbell [4].

The proof of coincidence of Ind and dim for metrizable spaces given in
the text was the third published proof. (Dowker and Hurewicz [1]) The
earlier proofs of Katétov [2] and Morita [5] both develop out of special theo-
ries devised with this object; each theory seems likely to have further appli-
cations,and there have been scattered uses of Katetov’s ideas.

Roy (1] has constructed an example of a metrizable space for which the
dimension numbers differ, ind and mindim being 0, Ind and dim, 1. Its
metric uniformities are thus all at least one-dimensional, though apparently
not essential. This example seems to mark the boundary between two types
of dimension theory. Outside separable metrizable spaces, in spite of Theo-
rem 15, the main feature is the divergence of the several dimension functions.
One wants to know what relations restrict their divergence and what
happens to other geometric notions when even dimension is ambiguous. The
principal geometric notions associated with dimension are homotopy and
homology; for the associations, one begins in the separable metrizable case
[HW |. So the further development of this type of dimension theory depends
on the other type, and requires quite another book.

The first proof of dim <ind for Lindelof spaces (Smirnov [8]) differs from
both Theorem 16 and Exercises 1 and 2 [HW ]. Exercises 3-9 are from Isbell
(2; 4; 5], Exercise 10 from Dowker [4; 5]. The results of Exercises 6 and 8
are basically due to Mardesi¢ and Aleksandrov, respectively; see Mardesié
(2], Sklyarenko [2].
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APPENDIX

LINE AND PLANE

For the real line E!, we can give a characterization.

THEOREM A. A complete metric space which is uniformly locally connected,
has a star-bounded basis of uniform coverings, and has a basis of coverings with
nerve E', is isomorphic with E'.

(A star-bounded basis is defined in Exercise V.9.)

No characterization of the plane is known. At least, we can distinguish two
problems, for the Euclidean plane and the hyperbolic plane of Bolyai-
Lobacevskil.

THEOREM B. The hyperbolic plane is not embeddable in any Euclidean space.
We prove first

1. A complete metric space X that is homeomorphic with E* is jsomorphic with
E' if and only if X is uniformly locally connected and has a star-bounded basis.

Proor. Clearly E' satisfies these conditions. Suppose X satisfies them.
Let 2/ be a covering belonging to some star-bounded basis, and observe that
every family of star-bounded uniform coverings finer than 2~ is a star-
bounded family. For, if 7 and % are finer than 2; and # is a common
refinement of (7 and % which belongs to a star-bounded family with 2
routine counting shows that' 7" U% is star-bounded.

Let be a uniform covering consisting of connected sets which is a star-
refinement of 2. Choose some homeomorphism of X with the line and define
U as the star of the point 0 with respect to Z. Then U ¢ is an interval.
Because of the star-bounded basis, U] is precompact; because of complete-
ness, it is a finite interval (a, b), with or without endpoints. Define U] as the
union of all elements of ? which contain b and do not contain 0, UL, as the
union of those which contain a and not 0, and so on for all Ul,. We get a
uniform covering % finer than 2 consisting of intervals, and with nerve
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isomorphic with E'. For this nerve N, we also have a marked point 0, the
vertex corresponding to Uj; and a simplicial isomorphism e': N;—E" taking
the vertices onto the integers.

In the same way we construct a uniform covering % 2<*% ', whose ele-
ments are intervals of diameter (in the metric space X) at most 1/2, and
whose nerve is uniformly isomorphic with E'. Continuing, we have a star-
bounded basis which is a normal sequence, with each nerve a copy of E', and
the elements of % "*! contained in any given element of %" forming a chain.
The limit space L of the barycentric system on { %"} is isomorphic with X,
by V.33. To get an isomorphism of L upon E', observe first that every vertex
of N, is the image of at least one vertex of N, ,, since the bonding mappings
f=n are onto and take simplexes into closed simplexes. Recursively select a
thread of vertices mapping upon 0 in N,, and call each of these vertices 0
in N,. Define e?: N;,—N, as follows. e?(0)=0. For m=+1, +2,---, let v, be
the nearest vertex to 0 in N, such that f,,(v,) =m, and put e%(v,) =m. On the
intervals in N, between these vertices, €? is linear.

The inverse images under e} of intervals [m, m+1]in N, contain bounded
numbers of vertices, by star-boundedness. Moreover, each contains at least
three vertices, since the mapping f; does not take any simplex to a set of
diameter 1.

Define e *! recursively in the same manner, and €] by composition; put
e"=e'el. Obviously, the functions e™g, : L—E' are each uniformly contin-
uous. Moreover, they form a Cauchy sequence, since each e; differs from f,,
only by modifications within some intervals whose images under " have
diameter at most 2'". Let e be the limit of {e"g,|. Then e is a uniformly
continuous mapping of L onto E’ realizing all 2", and the proof is complete.

Now Theorem A could be proved by using a topological characterization
of the line, together with the first paragraph of the following argument.
Instead we shall indicate a direct proof along the same lines as the proof of
Proposition 1.

ProoF oF THEOREM A. Suppose the uniform space X has a basis of cov-
erings with nerve E!, and A, B, C are three far connected sets each of which
meets a closed connected set J; then J contains one of A, B, C. For on the
contrary assumption we can find points a, b, cin A—J, B—J, C—J, and a
uniform covering % with nerve E' with respect to which J, a, b, and ¢ have
disjoint stars and A, B, and C have disjoint stars. Realizing 2 by a canoni-
cal mapping, we have an absurdity.

Now let 2 be a uniform covering belonging to some star-bounded basis.
Let # ' be a finer uniform covering with nerve E!, and index the elements
W of #' with the integers i so that W; meets W; if and only if |i—j| 1.
Let & ! be a finer uniform covering with compact connected sets. (As in
Proposition 1, X is uniformly locally compact because of star-boundedness
and completeness.) Let H; be the union of all elements Z of & ! such that i
is the smallest integer in absolute value such that ZCW;. Let 7' be the
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covering whose elements are the components of the sets H;. Evidently f)‘ <
Ty

It is possible for one element K of 7' to be contained in another element
L of 7%; but evidently this implies that L is not again contained in a third
element M. Hence we can form the subcovering 2! consisting of all elements
of 7 ! which are not contained in other elements of 7 !, and 7 '<% ‘<
7 . The nerve of %! is connected, for there is a finer uniform covering with
connected nerve (E'). No element J of %' meets three other elements A,B, C;
for any two of A, B, C must be either different components of the same H;
or components of some H; and H; with |i—j| =2, and (since disjoint compact
sets are far) the first paragraph of the proof applies. Now the nerve of %! is
also infinite, and the only infinite connected complexes in which no vertex is
joined to three others are the half-line and line. But %" is finer than %!,
and each element of # ' contains only finitely many elements of 2. Since
the nerve of # ! is a line, the nerve of ! is not a half-line.

Continuing in the same manner we can construct a basis {%2"| to which
the argument of Proposition 1 will apply, completing the proof.

2. COROLLARY. A closed subspace of a Euclidean space that is homeomorphic
with E' is isomorphic with E' if it is uniformly locally connected.

3. COROLLARY. A metric space homeomorphic with E' is isomorphic with E'
if it has a transitive group of isometries.

The first corollary is trivial; the second is easy.

REMARKS. (1) In Corollary 2, if the curve is rectifiable, yet arc length need
not be a uniformly continuous function. (2) The 2-dimensional Finsler spaces
having transitive groups of isometries are known (Busemann [1]). Up to uni-
form isomorphism, the only noncompact ones are the Euclidean and hyper-
bolic planes and E'XS*. But if we do not assume a Finsler space, nothing is
known in this context.

For Theorem B, we do not need much background information on the
hyperbolic spaces H". (One may consult, for example, [BK ].) Recall that H"
is a metric space homeomorphic with E", having an elementary geometric
structure (line, plane,---; length, angle), having free mobility (any isometry
of a subspace of H” into H" can be extended to an isometry of H" onto
itself), and with the angles of every equilateral triangle less than »/3, varying
from 7 /3 to 0 as the side goes from 0 to .

Then we can triangulate H? at once. Since there exists an equilateral
triangle with each angle 2x/7, the space can be covered with such triangles
with exactly seven of them meeting at each vertex. The triangles are isomet-
ric with each other and (being compact) uniformly equivalent with ordinary
triangles; hence H*® is uniformly equivalent with the corresponding uniform
complex.
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In this triangulation, the number of vertices which can be joined to a
given vertex by connected chains of n or fewer edges is seven times the sum
of the first 2n Fibonacci numbers (plus one if we count the given vertex).
Recall that the ratios of consecutive Fibonacci numbers approach a limit >
3/2, so that these numbers exceed (3/2)".

Proor oF THEOREM B. Let % be a uniform covering whose elements have
diameter less than the side s of a triangle in the triangulation described
above. % has some Lebesgue number s/m, and the mnth iterated star of an
element of % must contain (3/2)" different elements of %. No polynomial in
mn exceeds(3/2)", and H? does not have a basis of uniform coverings of
polynomial growth.

This proof is due to Edward Nelson. A somewhat more sophisticated proof
was published by Efremovié [2].
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