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Introduction by the Editor of the
Russian Original

The elementary ideas of topology are based on direct observation of the world
around us, It is clear that the oenmetn(‘ nrrmf-rhpe ofa ﬁonrf- are not exhausted hv

its metric properties (such as lengths, angles, and so on), there are things out51de
the bounds of traditional geometry. Thus a curve (a rope, a wire, a long molecule)
cannot be described by its length alone. Indeed, it can be closed or not, and if
closed it can be knotted in complicated ways. Two or more closed curves can
be linked in a variety of ways. Solids and their surfaces can have holes. What
characterizes such properties of solids is that they are unaltered by deformations
resulting from arbitrary distortions that do not involve tearing. Such properties
are called topological. In addition to elementary geometric figures, many purely
mathematical objects have topological properties, and it is this that determines
their importance.

It is easier to determine the existence of topological properties of figures than it is
to create a “calculus” of such properties, that is, to develop a branch of mathematics
with exact concepts, rigorous rules and methods, as well as mathematical formulas
for the representation of topological magnitudes.

The earliest important insights and exact topological relations are due to Euler,
Gauss, and Riemann. But it is no exaggeration to say that topology as an indepen-
dent discipline was created at the end of the nineteenth century by Henri Poincaré.
The evolution of topology and the solution of its intrinsic problems turned out to
be difficult and prolonged; in fact, it extended over seventy to eighty years. Many
deep discoveries were made, which led in a number of cases to a revision of its

foundations. Some of the greatest mathematicians, including Russians, took part
in this nrocess of development. (In the 1920s P.S. TTrVan and PS. Alexandrov
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established in Moscow the Soviet school of topology.) Untll the end of the 1950s
mathematicians in other areas regarded topology as a beautiful but useless play-
thing. I freely admit that as a student in the 1950s I chose topology as my future
area of research because I was captivated by its beauty and “otherness” (compared
with the traditional areas of mathematics), and that for a long time, until the late
1960s, I was dissatisfied with the nature of its development, marked as it was by
a paucity of applications. Nonetheless, it is important to note that many beautiful
topological results had by then been obtained in areas such as function theory and
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complex analysis, qualitative theory of dynamical systems and partial differential
equations, operator calculus, and even in algebra.

However, it was not until the early 1970s that topological methods began to
penetrate strongly the apparatus of modern physics. Today their importance for
different areas of physics is beyond doubt. In particular, topological methods are
used in field theory and general relativity, in the physics of the anisotropy of solid
media, in the physics of low temperatures, and in modern quantum theory. This
makes it necessary to publish sufficiently elementary popular books on topology
andits applications, accessible (at least in part) to high school seniors and beginning
undergraduates interested in the natural sciences and technology.

The two eminent authors of this book, V.G. Boltyanskii and V.A. Efremovich,
have devoted many years to the popularization of topological ideas. The book in-

cludes a supplementary chapter dealing with an interesting application of topology

to the theory of nematic liquid crystals. Its author, V.P. Mineev, has contributed
significantly to the introduction of topological methods into theoretical physics.
I hope that this book will turn out to be very useful to a wide circle of readers.

S.P. Novikov
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10p010gy 1S a rcmuvcly young and very 1mp0r[anl: branch of mathematics. The
famous German mathematician Hermann Weyl said that “the angel of topology

and the devil of abstract algebra fight for the soul of each individual mathematical
Anmiain? Ha thire naintad ant tha ramarlahla cirhtlaty and haanty AfF tannalacy ae
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well as the extent to which all of modern mathematics is interlaced in a remarkable

way with the ideas of topology and algebra. In recent years topology has pene-
trated more and more into nhvsics r'hpmmfrv and bioloev. The reader will find an

LAGWAS dailVilr Qiihe SRiWiw 11400 PR J OV Dy willwddaldvd Qaase Vil aR e 2L AGRARAS Awe fais

example of the use of topologlcal ideas in phyS1cs in V.P. Mineev’s supplement.
However, it is difficult to enter the magical world of topology. Just as the scaffold-
ing surrounding an unfinished building prevents one from perceiving the beauty of
its design, so too the many tiresome details of the theory that fill books on topology
prevent one from seeing with the mind’s eye this beautiful mathematical structure.
Even professional mathematicians often give up rather than face the difficulties
barring the way to the mastery of topology (especially algebraic topology, whose
elements are dealt with in the third chapter of this book).

All this makes it imperative to write popular books on topology. A first book
of this kind was written in our country in the 1930s (P.S. Alexandrov and V.A.
Efremovich, Short Survey of the Fundamental Ideas of Topology. Moscow, 1936).
Then, beginning in 1957, our book Short Survey of the Fundamental Concepts of
Topology appeared in installments in issues 2, 3, 4, and 6 of the Soviet journal
Mathematical Education (translations of the book were published in Poland, Japan,
and Hungary). Both of these books became bibliographical rarities long ago. Part
of the material from our Short Survey is contained in the present book and represents
V.A. Efremovich’s contribution (he was the moving spirit behind the creation of
the Short Survey and the popularization of topology). The major part of the text is

L e sinlinda o Far ronane

mnwr and oo reittan ey maa Thic thn
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results. I have also added more than 200 problems, for I think that the study of
a scientific, or popular-scientific, book is useful only if the reader reflects on the

iscsues it deals with

e de wewrdiliry VY dnass

I would like to take this opportunity to thank S.P. Novikov for his valuable
remarks. I also wish to thank in advance all readers who take the trouble to
express their opinions and to comment on the book.

V.G. Boltyanskii
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This book was prepared for publication by V.G. Boltyanskil, who reworked and
supplemented the material in our Short Survey. 1 wish to take this opportunity to
express my deep thanks to him. I also wish to thank S.P. Novikov for his valuable
comments and support.

V.A. Efremovich
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1
Topology of Curves

The evolution of every area of mathematics begins with a fundamental idea, a fun-

e
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The fundamental concept of topology is continuity. We encounter it already in

analysis. But there, as a result of its subordination to other concepts of analysis, its
development is insienificant. It is in fnnn]nov that continuitv has been rlm.nﬂnpr—v‘l
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fully and in all possible ways. We give two examples that illustrate its application.
Example 1 We show that the cubic equation
P} tax>+bx+c=0 (1)

with positive real coefficients a, b, and ¢ has at least one real root.
We write equation (1) (for x # 0) in the form

x(1+ +£+ \ 0. (2)
\ X x*)

. T

or very large | x| the fractions a/x, b/x?, c/x> are very small. Hence the expres-

narenthecac rI1Ffr-rc Ur-lr\.r |1fﬂn from 1 and thiie 1¢ nocitiv
ad vall‘llvguu A%, LANSAAL A SALANS LLLRALY 1D Puulu

very large |x| the left side of equatlon (2) has the same sign as x3, 1.e., the same
sign as x. In other words, the left side of equation (1) is negative for large negative
x (xg in Figure 1) and positive for large positive x (x; in Figure 1). The graph of
the function 1s a continuous curve. It follows that when it crosses the x-axis (from
Po to pp) it must intersect it in at least one point. The point x’ of intersection of

the graph with the x-axis yields a root of equation (1).

Problems

5
3

1 AAd Aagvran xith —an
p UL ULRI L Wil Jeadl

one real root.
2. Show that for negative c equation (1) has at least one positive root.

Example 2 We show thatitis possible to circumscribe a square about every closed
curve K.

To this end we draw two parallel straight lines [ and [’ so that the curve X is
contained in the strip between them. Then we translate them, parallel to their
original positions, until they touch K. The resulting parallel straight lines m and
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FIGURE 1.

m' (Figure 2a) are called support lines of K. Now we draw two more support lines
perpendicular to [ (Figure 2b) and obtain a rectangle ABC D circumscribed about
K. It remains to show that for a proper choice of direction of the straight line [ the
rectangle becomes a square

Let nuz; be the wugm of the side AD p arallel to { L, aida nzu} the len g tho

side A B perpendicular to /. The rectangle becomes a square if 4;(l) — A2(l) =
Let [* be a straight line perpendicular to [. The circumscribed rectangle w 1th

cidas naralle]l and nernendicular to I* coincides with the rectanole ARCD. but
[ FAN LTS ) l.' A d%Wwd SALLWS l’vlt’vll“‘vu‘lm AL LA Wl LT ¥YY AWil WidAWw .l.w\,l-u-ll AW LA LF NS ‘-’

now the side AB is parallel to [* and the side AD is perpendicular to [*, i.e.,
hi(I*) = |AB| = Aa(l) and hy(I*) = |AD| = h1(l). Hence

s M
UIc

"'h

Ay (%) — ha () = — (lu (1) — A2 (D). (3

a)

c)

FIGURE 2.
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FIGURE 3.

Now we rotate ! until it coincides with [*. As we do this, the circumscribed
rectangle changes continuously. Thedifference #1 (I)— A (1) depends continuously
on [. But when we change from [ to I*, this difference changes sign (see (3)). It
follows that during its continuous change the difference takes on the value O (for
a suitable [), 1.e., the rectangle becomes a square (Figure 2c).

Problems

3. Show that it is possible to circumscribe a rhombus with angle 60° about
every closed curve K.

4, Show that if the diameter of a plane figure does not exceed a certain value

d (i.e., the distance between any two of its points does not exceed d) then

nen Ay hoavoasnn wwith Alctnmnn rAm Aamenotba ol thnt

tnere U}(lblb a lﬁguld.l LivAdzZUIL 'w1u1 Ulbl.dll\-c u UCLWGCH UPPUDILC blUCb I.l.l.d.L

contains this figure.
5. Show that if the diameter of a figure in space is less than or equal to d, then

there exists a rpcnlar octahedron that contains the ﬁ(ﬂlfF‘ and has the ?rnmrhf

' i DJ
that the d1stance between its opposite faces is d.

In topology we consider functions of the most general kind. To prescribe a function
is to associate with every point x of a set A (the domair of the function) a suitably
defined point f(x) of a set B. In this case we also say that a mapping f of the set
A into the set B is given and write briefly f: A — B.

Example 3 Let A be the boundary of an equilateral triangle and B its circumcircle
(Figure 3). The central projection p of the points of A onto the circle is a mapping
p. A— B,

A function f: A — B is said to be continuous at a point xo € A if whenever
x is “close” to (differs by“little” from) xo, f(x) is “close” to (differs by “little”
from) f(xo) -

More precisely, a function f is said to be continuous at xq if for every number
¢ > 0 there is a number § > 0 such that whenever x differs from xq by less than
8, f(x) differs from f(xo) by less than €. Of course, for this definition to make
sense notions of distance between points must be defined in the sets A and B.

To understand better the meaning of continuity of a mapping we consider an
cxample of a break, i.e., of the undoing of its continuity. We take a rubber ring
and streteh it unul it breaks at one of its points. One part of Figure 4a shows the
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a a

. (O~CO-CO-00
NG A N B
0’ i, wr

before after

the break the break

FIGURE 4.
unbroken ring, the breaking point g, and a portion B of the ring initially “close” to

A-v‘u AL Al

a(ata dlstance 0 from 1t), whlle the other part shows the broken ring and the new
positions @’ and B’ of a and B respectively. We can describe the breaking event
by saying that while B was close to a (we write Bda) before the ring broke, B’ is
not close to a’. Now the following definition becomes understandable:

Let f: x — x' be a mapping of some figure. Let B denote any part of the
mapped figure and let B’ = f(B) denote the image of B. The mapping f is said
to be continuous at a point a if Béa implies B'da’.

One can show that this definition is equivalent to the previous one.

If amapping f: A — B is continuous at every point xg of A, then we say that f
is continuous. Intuitively, we can think of a continuous mapping as a mapping that
takes close points of A to close points of B, i.e., f does not disturb the cohesion
of A. Note that different points of A may be taken to the same point of B (they
may be “glued together” as in Figure 4b, and so on).

Problems

6. Show that the mapping in Example 3 is continuous.
7. For an arbitrary real a let f(a) denote the largest root of the equation x> —
3x + a = 0. Is the function f(x) continuous?

A mapping f: A — B is said to be one-to-one and onto, or, briefly, bijective, if
the nreimage of everv noint of B is p)mnﬂv one noint of A. This means two rhm_ac

LIS paviiudat VL LV L Y pviiiy VL 20 20 WAl ia pRAALIL ML & LAY

First, no two points of A are mapped on the same point of B (i.e., the mapping
does not “glue points together”), and second, the mapping associates with every
point of B a point of A (i.e., A is mapped onto all of B rather than onto a part
of it). For a bijective mapping f: A — B we can define the inverse mapping
f~1: B — A (that associates with every point y € B the point in A mapped by f
on y).

A mapping f: A — B is said to be homeomorphic (or a homeomorphism) if it
is both bijective and bicontinuous, i.e., f as well as the inverse mapping £~ are
continuous.

Intuitively, oue can think ol a homeomorplisin as a mapping ol a set on another
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FIGURE 6.

set that involves no tearing and no gluing together. We can think of the figures A
and B as made up of very strong and elastic material. We are allowed to stretch
and bend each figure but not to tear it or glue it together. If, using the permissibie
modifications, we can make the (modified) figures coincide, then we say that they
are homeomorphic Thus the boundary of a triangle (or, more generally, of any
p(‘uygﬁﬁ) is uuulcuuuupuu.. to a circle.

Translator’s note. “No tearing” means that points initially together must not

come apart (this is the continuity condition), and “no gluing” means that points

initi "\r anart chaornld not come taocether (thic ie the hiltective nnnrl ion) Ttie how-_
AAiAlWitAl ‘ ul.lt.l.l.l- WAAVI LA ANE RAVR WAWLLLlW LV&U“‘-U‘. \Lll‘-u A LAAW UI.JUVHI.'U WS LAWE L 5 ll’ AW ‘.u, AANT ¥Y

ever, possible to cut points apart, do some deformation, then rejoin the separated
points. See comment on p. 11.

Example 4 The surfaces of a ball, cube, and cylinder are homeomorphic o one

another but not to a torus (which can be thought of intuitively as the surface of an
automobile tire (Figure 5)). The surface of the wei O'hf inFi gure 6is hnrr!f-nmnmh

e aan igmserte ad g Pol U8 G5 A LIEL s \Joea 22RPE2

to a torus.

The lattere T T I

oncider come nf t
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o o alnhahat
h 111 A A l-l ll r’lluu\;l—
M, N, S, U, V, W, Z are homeomorphic. The letters E, F, T, Y are homeomorphic
to one another but not to any of the letters in the first group. Finally, the letter Q

is not homeomorphic to any other letter of the Latin alnhdhet

Ay U

Example 6 Consider Figure 7 below. A is a semicircle centered at o without its
_d,nmnrc m and n, and B is tangent to A and nnrnllpl to the diameter mn. The

central projection p: A — B withcenterois a homeomorphlsm. The semicircle
is homeomorphic to an open segment, i.e., a segment without its endpoints (it can
be straightened out). It follows that a straighr line is homeomorphic to an open
segment.

Problems

8. Show that the surface of acylinder without its top (a “cup”) is homeomorphic
to a disk.
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FIGURE 8.

9. Show that a plane is homeomorphic to an open disk (i.e., a disk without its
circular boundary).
10. Show that the figures in Figure 8 (a band homeomorphic to the lateral surface
of a cylinder and a band with two twists) are homeomorphic.

[Note. The figures in Figure 8 (as well as in others) seem to have thickness—seem
to have been made of some material. The reader must Keep in mind that this done
forintuitive appeal. We are actually dealing with “mathematical” surfaces without

thickness.]

Tt i noh-nr-t

AL L) LILDUL U Of

ye to comnar the notione of homeomornhiem and canomeaneca
W LW WL t’mv l—llv ll\lﬁl\lllo AW 5 AAUAAA\.’ULJ.IU]_IJAAAL)L.II mlu \rUll&A Rl LA N

figures. In geometry we study mappings that preserve distances between points.
These mappings are called (rigid) morions. A motion transfers a figure from place
to place without changing the distances between its points. Two figures that can be
made to coincide by means of motions are said to be congruent. They are regarded
as copies of each other, i.€., as being the same from a geometric standpoint. In
topology we study more general mappings, namely homeomorphisms. Two home-
omorphic figures are regarded as copies of each other, i.e., as being the same from
a topological standpoint. Properties of figures unchanged by homeomorphisms
are called topological properties, or fopological invariants. Topology investigates

topological properties of figures.

| o T T
' TODICIILS

11. A figure A can consist of finitely many or of infinitely many points. In the
first case n(A) will denote the number of its points. In the second casc we
will write n(A) = 0o. Is n(A) atopological invariant?

12, If a figure is homeomorphic to a plane figure, then we say that it is “em-
beddable o plane.” Is the property ol being embeddable in a plane a
topological mvariant?
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FIGURE 9.

It would be incorrect to think that it is possible to hnn;r any two hnmenmnmhm

figures in space into coincidence by bendmg stretching and moving (without cutting
and gluing together). For example, this cannot be done in the case of the figures
represented in Figure 8, for the two figures are differently embedded in space. In
order to bring them into coincidence by permissible modifications we must first
cut the figure in 8a, twist it twice, and glue together the points that were originally
together. This procedure (cutting and appropriate regluing after stretching and
after modifying the positions of parts of a figure} is often used in topology to
demonstrate the homeomorphism of two figures.

The sameness of the disposition of two figures in space (or in a figure that
contains them) is made precise by the concept of isoropy. We say of two figures
A and B that they are isofopic in a figure P that contains them (or fopologically
equally disposed in P) if there is a homeomorphism of P that takes A to B.
The bands in Figure 8 are homeomorphic but not isotopic in space (this will be
proved later). We can speak of embedding properties if we are given two figures
of which one contains the other. Topology is also concerned with the investigation

g, e e dm n ot s ods oS v | PR | ,....,.,. o f
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pairs of figures).

Problems

13. The curve A in Figure 9 does not divide the torus into two parts, whereas
the curve C does. Are A and C isotopic in the figure 77 Are they isotopic
in three-dimensional space?

14. Show that the meridian A and the parallel B on the torus T in Figure 9 are
isotopic in 7.

15. Show that any two points of the figure ¢ight (Figure 10) other than the point
X are 1sotopic.
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1.3. The Simplest Topological Invariants

We mentioned in Example 4 that the sphere is not homeomorphic to a torus. But
how can one prove that two figures are not homeomorphic? Obviously, the mere
fact that someone has been unable to find a homeomorphism between these two
figures does not imply that such a homcomorphism does not exist.

To prove that two figures are not homcomorphic onc uses topological invariants.
For example, if there is a rule that associates with every figure a number such that
the numbers associated with homeomorphic figures are always the same, then this
number is linked with some property of figures unchanged by a homeomorphism,
and thus is a topological invariant. If the numbers associated with two figures are
different, then these figures arc not homeomorphic.

Example 7 Each of the two lowercase letters i and j consists of two disconnected
pieces, while each of the remaining letters of the Latin alphabet consists of a
single connected piece. The number of connected pieces a figure is made up of
(the number of components of a figure) is a topological invariant; homeomorphic
figures have the same number of components. For example, the letters i and b are
not homeomorphic.

Example 8 The figure eight represented in Figure 10 contains a point x whose
removal results in a disconnected figure, i.e., a figure with more than one compo-
nent (see Figure 11). A point with this property is called a cur poins of the figure;
no point x’ other than x has this property (see Figure 12).

The property of being, or of not being, a cut point is topological: if x is a cut
point of A and f: A — B is a homeomorphism, then f(x) is a cut point of B. It
follows that the number of cut points of a figure is a topological property, and so
is the number of points that are not cut points.

Problems

16. For each (capital) lctter of the Latin alphabet give the number of cut points
as well as the number of points that are not cut points. Show that no two
of the letters D, 1, E, P are homeomorphic.

C O

FIGURE 11.

xf
CO)O

IFGuRE 172,



Problems 9

a
b
d
c
FIGURE 13.
17. Show that for every natural number » there is a ﬁg.z. vith just n cut points

as well as a figure with exactly n points that are not cu pomts

Example 9 Let A be a figure made up of a finite number of arcs and let x be
one of its points, The number of arcs issuing from x is called the degree of x in
A. Consider the figure shown in Figure 13. The respective degrees of the points
a, b, c,d in this figure are 1, 2, 3, 4. The numbers of points of A with degrees
i,2, 3,4, and so on, are different topological invariants of A.

Problems

18. Show that the letters E and K are not homeomorphic.
19. Give a necessary and sufficient condition for a figure made up of a finite
number of arcs to be homeomorphic to a circle.

Figures consisting of a finite number of arcs are called in topology finite graphs.
A finite graph contains a finite number of vertices some of which may be connected
by arcs free of self-intersections, called the edges of the graph. Two vertices may
be connected by more than one edge. Loops, 1.e., edges that begin and end at the
same vertex, are admissible.

Problems

20. LetG be afinite graph. Leta; (G) denote the number of vertices with degree
k. Show that the number of edees 1s Yea (CY 4+ D (f'\ + 'Zn.\({“'\ + . ).
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21. Show that in every finite graph the number of vertices w1th odd degree is
even.

Example 10 A graph is called Eulerian if it can be “drawn in a single sweep,”
i.e., if it can be traversed in a continuous way without going over any of the edges
twice. It is clear that for a graph the property of being Eulerian is topological. It
turns out, however, that this is not a new invariant, and that it can be expressed in
terms of the concept of the degree of a point (sec Problem 24).

Do LT e
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22. Show that if every vertex of a finilc graph has degree at least 2, then the
graph contains a curve homeomorphic to a circle and consisting of edges
only.
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23. Show that if all the vertices of a finite connected graph have even degree,
then it is Eulerian and can be traversed beginning and ending at any of its
vertices.

24. Show that a connected graph is Eulerian if and only if it contains at most
two vertices with odd degree.

There is a close connection between Eulerian graphs and the Konigsberg bridge
problem first investigated by Euler. At that time there were in Konigsberg (today’s
Kaliningrad) seven bridges (Figure 14) over the river Pregel. The question was
whether it was possible to take a walk in town and cross each bridge exactly once.

amciirme thoio mecaodinm rtrrn noonainta rxrié R ool pey |
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denote the left and right shores of the river and A and B the islands. The edges
of the graph correspond to the bridges (Figure 15). All four vertices of the graph

have odd deeree, and thus it is not Eulerian. It follows that one cannot walk and
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cross each bridge exactly once.

Problems

25. Show that if one added one more bridge that fits the city map in Figure 14,
then the resulting map would be such that one could cross each bridge
exactly once.

26. A complete graphis afinite graph without loops in which every two vertices
are connected by exactly onc edge. When is a compicte graph Bulerian?
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1.4, The Euler Characteristic of a Graph

Each graph can be built up by successive addition of edges. For example, we can
number the edges of the required graph, then draw the first, second, etc., edges.

Example 11 We want to construct the graph in Figure 16. Its edges are numbered
(some of the edge lines are broken to suggest their possible location in space).

The numbering of the edges in Figure 16 is such that at each step of drawing
the edges in the order indicated by the numbering we obtain a connected graph.
But if we reversed the numbering order, then, at a certain step, we would obtain
a disconnected graph consisting of three 1solated edges. This disconnected graph
would become connected only after we drew additional edges. The following is a
natural question: Given a connected graph, does there always exist a numbering
of its cdges such that we always get a connected graph when we draw the edges
in the order indicated by the numbering?

There is an affirmative answer to this question (see Problem 28). In other words,
every connected graph can be obtained as follows. We choose an edge, then we
add another edge so that the resulting graph is connected, then another edge (so
tlaat thao oo Jeezn g garam C AT an ntn Thia 1nos ln wafneend th oo tha
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theorem on drawing connected graphs.,

Problems

27. Show that every connected graph can be drawn “in a single sweep,” pro-
vided we stipulate that each edge should be traversed exactly twice.
28. Use Problem 27 to obtain a proof of the theorem on drawing connected

graphs.
25. Show that any two vertices of a connected graph can be joined by a simple
trail of edges, 1.e., a trail (of edges) whose union is homeomorphic to a

segment.

Hins. If the trail joining a and b passes twice through a vertex ¢ then it contains a
closed trail (one that begins and ends at ¢} which can be eliminated.
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FIGURE 17.

A circuitin a graph is a closed trail that is homeomorphic to a circle (Figure 17).
A connected graph without circuits is called a free. We show that for a tree with
V vertices and E edges we have:

V—-E=1. (4)

The proof is by induction on the number E of edges. Equation (4) holds for
E = 1, i.e,, when the tree consists of onc cdge and two vertices. Suppose (4)

9
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be obtained from a connected graph G’ with n edges by adding to it an extra edge
(this follows from the theorem on drawing connected graphs). Since G’ has no

r
circuits it is a tree. Since it has n edges, gqnﬂﬁnn (A) holds for it. But then G’ has
n

+ ron
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+ 1 vertices. Only one vertex of the added edge r is a vertex of G’ (otherwise,
we could choose in G’ a simple trail joining a and b, add to it the edge r, and
thus obtain a circuit in G; see Figure 19). Thus adding r to G’ has added just one
new vertex (see Figure 20). But now G has n + 2 vertices and n + 1 edges, i.e.,
equation (4) holds for it. Since (4) holds for E = n + 1, it holds for every tree.

Let G be a graph with V vertices and E edges. We call the difference V — E the
Euler characteristic of G and denote it by x (G). Thus the Euler characteristic of

any tree is 1,
\J/ /%
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Problems 13

FIGURE 20.

Problems

~AF bny
1

rapn without circuits is called a forest. Show that the number of tree
that “grow” in a forest G (i.e., the number of components of G) is x (G).
32. Show that any two vertices o f tree can be joined by just one simple trail.

Is the converse assertion also true?

Let G be a connected graph that is not a tree. Then G contains a circuit. Let r;
in Figure 21 be an edge of this circuit. If we erase rj, then the resulting graph G’
is still connected (the end vertices of rj in G’ are connected by the simple trail that
results when we erase r; from the circuit). G and G’ have the same vertices. If
G’ in Figure 22 is not yet a tree, i.e., if it contains a circuit, then we erase an edge
r, of this circuit and obtain a connected graph G” with the same vertices as G,

and so on. After erasing edges ry, s, ..., ry (we will occasionally refer to them
as erasable edges) we end up with a graph G* that has the same vertices as G and
is acyclic, and thus a tree. We call G* a spanning tree of G.

o Po

IFIGUREE 21.
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Let V be the number of vertices of G, and thus also of G*. Equation (4) implies
that G* has V — 1 edges. But then G has V — ] + & edges. Thus

x(Gy=V - (V-1+k) =1~k (5)

Since k > 1, x(G) < 0. It follows that if G is a connected graph, then x (G) < 1,
Y 1 3 and anlv 0D fe g fron
K\‘U} — 1 {'I rict Uf“’;)’ l:l L 2N B & AN Y o o

According to equation (5), the number of erasable edgesisk = 1 — x(G). Thus
to obtajn G we add to one of its spanning trees 1 — x (G) erasable edges, each of
which j
tree.

ns two vertices (nncmhlv coincident in case of a Innn\ of the cn;mmno
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33. Ifitis possible to obtain a connected graph G by adding loops to a suitable
tree, then the spanning tree of G is uniquely determined and coincides with
this tree. Is the converse statement true?

34. Show that if a graph G consists of [ components, then x(G) < !. When
does the equality x(G) = hold?

35. We say that a current is defined on a graph if each of its edges is assigned
a direction and a nonnegative number (its current) such that the Kirchhoff

vertex theorem holds at each vertex: The sum of the incoming currents is

nnnnn 1+t~ tha o nftha ritoning rurrante Qhaay that tha Aanlu Aneeant A
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tree is the trivial current, i.e., the current all of whose edge currents are 0.
36. Let G be a connected graph and ry, r,, ..., rr the edges erased in going

from G to its spanning tree G*, Define nrh1frf—|rv currentson ry, 75, ..., rx.
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Show that it is possible to define currents on the remaining edges so that
we end up with a current on G and that this can be done in just one way.

Hint. Let r be any erasable edge. Then there is a unique circuit that
contains this edge and no other erasable edge. With each edge of this
circuit we associate a current whose magnitude and direction agree with
the magnitude and direction of the current on r. Now we assign to each
cdge the sum of all circuit currents of all circuits that contain the edge in
question. This yields the required current on G. (For cach edge we form
the algebraic sum of the currents involved. The direction of the edge is
determined by the sign ol 1lns sua.) [0 there were two dilTerent currents that
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FIGURE 24,

agreed on the erasable edges, then their difference would yield a nontrivial
current on the spanning tree G*.

1.5. Intersection Index

In the next two examples we consider graphs that cannot be embedded in the plane.

Example 12 (“houses and wells”). H,, H,, H3 (houses) and B,, B,, B3 (wells)
are six points on the plane, Is it possible to join each house to each well by
noncrossing paths on the plane‘7 The answer is no; if all but one path have been

“built” (Figure 23), there is “no space” on the plane for the last path. Thus the
graph in Figure 23 is nonplanar.

Example 13 Let P, be a omplctc graph with five vertices. One of the edges
in Figure 24 is broken; there is “no space” on the plane for it. Thus P is also
nonplanar.

It is of interest that the graphs P, and P, are test graphs for whether a graph
can or cannot be embedded in the plane. Specifically, the Polish mathematician
K. Kuratowski proved that if a graph cannot be embedded in the plane, then it
contains a graph that is homeomorphic to Py or to P;.

Problems

37. Show that the graph in Example 11 (Figurc 16) is nonplanar.
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38. Let the edges of a graph be the sides and shortest diagonals (raised above
the plane to avoid crossing) of a regular n-gon. Show that the graph is
planar for even n and nonplanar for odd n > 3.

39. Let the edges of a graph be the sides and longest diagonals (raised above
the plane to avoid crossing) of a regular 2p-gon. Show that while this graph
is nonplanar for n > 3, it can placed on a torus.

40, Let the edges of a graph be the sides and longest diagonals (raised above
the plane to avoid crossing) of a regular (2n + 1)-gon. Show that this graph
is nonplanar for n > 2. Can it be placed on a torus?

Of course, the remarks in Examples 12 and 13 (to the effect that at some point
there is “no more space” on the plane) were meant to make the relevant results

plqnmh]p A ricorous nroof that P; and Pn are not embeddable in the nlane will

lausible. A rigorous proof that P; and P; are not embeddable in the plane
be given below.

Let a and b be two intervals on the plane such that neither contains the endpoints
of the other. If a and b intersect, then we write J(a, b} = 1. Otherwise, we write
J(a, b) = 0. We call J(a, b) the intersection index of a and b.

We will call a finite set of intervals on the plane a chain. The elements of a
chain are its members, and their endpoints are its vertices.

Let x and y be chains such that neither contains vertices of the other. Let
a,...,any be the members of x and b,, ..., b, the members of y. We write
J(x, y) Oifthesum ), ; J(a:, by) is even and J(x,y) = 1ifitis odd. We call
the number J (x, y) the intersection index of the chains x and y (more precisely,
the intersection index modulo 2).

A chain each of whose vertices is incident with an even number of members is
called a cycle (modulo 2). We will show that the intersection index of two cycles
is always 0.

Since every vertex of a cycle has degree at least 2, the cycle must contain a part
that is homeomorphic to a circle (see Problem 22). If we remove this part from
the cycle, then what is left is still a cycle (for each vertex has even degree). In this
cycle we can again find a part that is homeomorphic to a circle, and so on. Thus a
t._yut: can be represemcu as the union of a finite number of parts each of which is
homeomorphic to a circle (and no two such parts share intervals).

We see that in order to show that the intersection index of two cycles x and y

on the nlane ig alwave () it suffices to nrove this for the case where x and vy are
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both homeomorphic to a circle. By moving x and y cver so slightly (so as not to
change their intersection index) we can achicve that no member of x is parallel to
a member of y. At this stage, we choose a straight line ! that is not parallel to any
straight line that joins a vertex of the cycle x 10 a vertex of the cycle y.

Now we move the cycle x (thought of as a rigid body) parallel to ! (Figure 25).
The only time the intersection index J(x, y) can change is when a vertex of one
cycle ends up on a side of the other cycle (the choice of I guarantees that no vertex
of one cycle can coineide with a vertex of the other cycle). But when a member a
ol the cyele x passes througl a vertex ¢ ol the eycele v, the parity of the number of
intersectious does not changre (see Fipures 20 28), A siilar statement holds il
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FIGURE 27,

a vertex of the cycle x passcs through a segment of the cycle y. It follows that the
intersection index J (x, y) does not change. Finally, as a result of the motion of x,

there comes a moment when the cvcles x and y are disioint (Ficure ')Q\ le. [hen"
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intersection index is 0. But then, initially, we must also have had J(x, y) =

We are now in a position to prove that the graph P (Example 12) is not em-
beddable in a plane. Call two paths separate if they lead from different houses to
different wells. Without barring intersections, we draw all needed paths (in the
form of polygonal trails) and denote by 7 the total number of points of intersection
of all pairs of separatc paths. We will show that I is odd for all locations of the
paths.

Suppose we vary the location of, say, the path H, B;. We denote this path in its
initial location by x and in its new location by x” (sce Figure 29). The four paths
that join the houses I and 1y to the wells B85 and £y are separate from 7, 13y and
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FIGURE 28.

form the cycle H, B, H3 B3 Hy, to be denoted by y. Together, the paths x and x’ also
form a cycle. Since the intersection index of two cycles is always 0, it follows that
J(x,y) = J(x', y). In other words, the number of crossing points of the path x
and the cycle y (i.e., the paths separate from x) has the same parity as the number
of crossing points of the path x’ and the cycle y. Thus replacing x by x’ does not
alter the parity of I.

~loar that th L F L L
Dy now u. is clear that the number I has

o
paths on the plane. Indeed, replacing one path o f e first representation by the

corresponding path of the second representation, then the next path, and so on, is
tantamount to the stepwise replacement of the first rPanQanhnn_ hv the second,
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and—as was proved—the parity of / remains unchanged in the process.

Since there is just one crossing point in Figure 23, it follows that / is odd for
all locations of the paths. Thus it is not possible to place the paths so as to avoid
crossings (if this could be done, then we would have I = 0). We have proved that
the graph P; is not embeddable in the plane.

Problems

41. Show that the graph P, in Example 13 is not embeddable in the plane.

42. Show that (just as on the plane) the intersection index of two cycles on a

sphere is 0. Show that there are two cycles on a torus whose intersection
index is 1.

Let @ and b be two oriented intervals neither of which contains a vertex of the
other. Suppose that we traverse a in the direction that agrees with its orientation.
We write J(a, b) = 1 or J(a, b) = —1 according as the interval b crosses a from
right to left or from left to right. If the two intervals do not cross then we write
J(a, b) = 0. The number J (a, b) is called the intersection index of the oriented

intervals @ and b.

Wa rallad thasrhaing rn
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sets of oriented intervals on the plane and call such a set a chain (more precisely,

S
an integral chain). Leta,,...,a, and by, ..., b, be the oriented intervals that
make up the mtf-m'al chains x and y rpqnf-(‘tlvelv Then, as before, we define rhe

dAill> YL, LRl &

intersection mdex of the ordered pair of mtegral chains x and y by the formula

J(x,y) =Y J(ai. by).

i
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FIGURE 30,

Finally, we call a chain a cycle (more precisely, an integral cycle) if at each
vertex the number of oriented intervals that enter it is equal to the number of
oriented intervals that leave it.

Problems

43.

44.
45.

1.6.

We call aclosed polygonal trail an oriented boundary if it is homeomorphic

ta a cirele and 1f each of ite ceomente 1¢ nartentaed hy an arrow (en that at
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each vertex one segment leads in and one segment leads out). An oriented

boundary is a cycle. Show that every (integral) cycle can be represented
ag the union of finitely many oriented boundaries no two of which share a

segment.

Show that the intersection index of two integral cycles is 0.

The cycle x in Figure 30 consists of two disjoint oriented boundaries. Show
that a point a is in the exterior of the annulus if and only the condition
J(x,y) = 2 holds for every oriented polygonal trail that joins o to a.
When is a in the crosshatched region of the annulus?

The Jordan Curve Theorem

We showed that the intersection index of two cycles on the plane is 0. The reader
may have thought about the following, simpler, proof of this fact: At cvery inter-
section point the closed polygonal trail x goes cither from the interior of the closed
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x gets into the interior of y as many times as
alternate), the number of crossings is even.

For this proof to be correct, what must be presupposed is a clear definition of the
concept of the interior of a region. But this concept is not as simple as it appears
to be at first sight. It is elucidated in the next paragraph.

By asimple closed curve we mean a closed curve homeomorphic to a circle. The
Jordan curve theorem states that every simple closed curve on the plane divides it
info two regions (its interior and exterior). To clarify the content of the theorem
we consider two points p and g not on the simple closed curve. If we can join p
and g by a polygonal trail that does not meet I, then we say that p and q lie in the
same region relative fo . If every polygonal trail joining p and g meets [, then we
say that p and q lie in different regions. The apparent obviousness of the Jordan
curve theorem is due to the fact that the first curves one tends to think of are curves
such as a circle, the boundary of a convex polygon, and so on.

—
—
=
[¢:]
m
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g
[¢']
=
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Exampie 14 Consider the points a, b, ¢, d and the simple closed polygonal trail
in Figure 31. At first sight it is anything but obvious which of these points lies in
which of the two regions.
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polygonal trail.

Let by, bs, ..., b, be the edges, in this order, of the simple closed polygonal trail

! in Figure 32. T et pand p " be two noints svmmetric with respect to by. Rgginning
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at p we draw a segment parallel to b just long enough to meet the bisector of the
angle between b, and b,. Beginning at that point we draw a segment parallel to
b, just long enough to meet the bisector of the angle between b, and b3, and so
on. In this way we obtain a polygonal trail x whose edges are equidistant from
the corresponding edges of [. If the distance |pp’| is short enough, then x does
not meet /, and if we traverse x beginning at p, then we end up at p or at p/. We
claim that x cannot lead to p’: If it did, then we could add the segment pp’ to x
and obtain a cycle that intersects the cycle / in just one point. This would mean
that the interseetion index of x and / is 1, which is impossible. Thus x is a closed
polygonal trail that begins at p, goes aromnd { onee, and returns to p. Similarly,
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we obtain a closed polygonal trail x’ that begins at p’, goes around ! once, and
retumns io p’.

Now let ¢ be a point not on /. We can join ¢ to p or p’ without meeting /. To do
this we draw a ray from c that intersects x or x’, traverse the ray from c to the first

rflnrln nn tha annranriata
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one of the curves x and x’ until we reach p or p'.

It is not difficult to see that two different polygonal trails y and z which begin
at ¢, do not meet [, and end at por n , end at the same nmnt Indeed, tf'th[-‘v ended

at different points, as in Flgure 33, then y U z and the segment pp’ would form a
cycle whose intersection index with [ would be 1, which is impossible.

Let U be the set of points on the plane that can be joined to p without meeting
and let V be the set of points on the plane that can be joined to p’ without meeting
I. U and V are the two regions into which, in accordance with the Jordan curve
theorem, [ divides the plane. If ¢| and c; lie in the same region (say U), then there
are polygonal trails y; and y; that join them to p without meeting [. Their union
is a polygonal trail that joins ¢, and ¢, without meeting {. Thus two points in the
same region can be joined by a polygonal trail that does not meet l. If ¢; and c;
arc in different regions, then they cannot be joined by a polygonal trail that docs

~
W
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not meet [ (otherwise, as before, we could obtain a cycle whose intersection index
with [ is 1).

Note that the “distant” points of the plane belong to the same region with respect
to . Hence one of the two regions into which [ divides the plane is unbounded,
and the other is bounded. The first of these regions is called the exterior of I and
the second, its interior.

Problems

[ aen)

-

46. i case e o
s di fﬁcul t ccxde whether a point ¢ i the nterior or in the exterior of

l Show that a ray from a point ¢ that av01ds the vertices of [ intersects/ in
an even number of points if ¢ is in the exterior of I and in an odd number
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of points if ¢ is in the interior of /.
47. Show that a simple closed curve on a sphere divides it into two regions.
48. Suppose that each of £ polygonal trails on the plane joins two given points
p and g. If these trails have only p and g in common, then they divide the
plane into & regions.

________ e

We wish to point out (without proof) that any iwo simple closed curves || and
I, on the plane are isotopic, i.e., that there is a homeomorphism of the plane that
takes [ to [,. This theorem says more than the Jordan curve theorem. Indeed, let

1. I 1 nAdl imnla clacad o tha nl A hamanmarnhicm of th
tpjoca circle and i7 a simpie Ciosed curve on ne piane. A u.UllleUluOl.lJu.iSlu. O1 uic

plane that takes [ to [ takes the exterior of /| to the exterior of [ and the interior
of I| (i.e., an open disk) to the interior of [;. It follows that the union of a simple
closed curve and its interior is hnmpnmnmhm to a (closed) disk. All the Jordan

curve theorem asserts is the existence of two regions-—the interior and exterior of
a simple closed curve.

1.7. What Is a Curve?

Euclid defined a curve as “a length without width.” Of course, this is an intuitive
description of a curve and not a deﬁnition The example that follows shows that

sl e 1o nemyy Tem e brand .L‘,.na-n....
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Example 15 Consider a square of area 1 (Figure 34a). We remove from it a Ccross
(Figure 34b) in which the width of the two “beams” is such that its area is ;. From
each of the remaining 4 squares we again remove a cross (Figure 34c) such that
the combined area of the 4 removed crosses is %. From each of the remaining 16
squares we again remove a cross (Figure 34d) such that the combined area of the
16 removed crosses is 7 m, and soon. Let A, be the figure that remains after » steps
of our procedure and let A denote the “limiting figure” AyN A, N---N A, N-

In spite of the fact that the squares are getting ever smaller, this ﬁgurc turns out to
have positive arca! lu Tact, sinee the avea of the removed squares is given by the
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FIGURE 34.

sum of the geometric progression % + % + Tlg + = % it follows that the area

of Aisl—3 =3
Now we construct a simple arc, ie., a figure homeomorphic to a segment,

that passes through each of the points of A. To do this we start with a bent strip

U S Cormr T P i S NN L. S 4

containing the 4 squares of step one in the previous construction (Figure 35a). Then
we narrow the strip and introduce enough bends so that it contains all squares of
step two in the previous construction (Figure 35b), then all squares of step three

in the previous construction (Figure 35c), and so on.

After n steps of our present procedure we obtain a strip B, contained in the
previous strips and containing A, (and thus also A). Let B denote the “limiting
figure” By N By N - .-, i.e., the intersection of all strips. Since B contains A, its
area is at least % Figure 35 shows that B is an extremely convoluted curve. This
curve has positive area, and so is hardly “length without breadth.”

Euclid gives yet another description of a curve as the “boundary of a surface.”
But, as we will soon see, the notion of boundary conceals many surprises.

We are used to the idea that the plane abuts on every segment of a plane curve
“on two sides.” For example, if  is a simple closed curve, then the two regions U
and V determined by / abut on it throughout its extent (i.e., for every x € [ there
are points of U and V arbitrarily close to x); [ is their simultaneous boundary.

Our intuition tells us that a plane curve cannot simultaneously be the boundary
ol more than two regious. But in this our intuition deceives us!
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Example 16 We show that there is a curve on the plane that is simultaneously the
boundary of three regions. This curve was discovered by the Japanese mathemati-
cian Wada.

Consider an island in the ocean with two lakes, one cold and the other warm. We
build canals to bring water from the sea and the two lakes to the island’s interior.
During the first day we build a canal from the warm lake that makes no contact
with either the ocean or the cold lake such that each point on land is less than 1
away from warm water. On the second day we build a canal from the cold lake

thnat 1 ntaont ith aithar tha Ar n nr th arm lal- H
that makes no contact with either the ocean or the warm lake or the canal built on

the previous day such that each point on land is less than 1 away from cold water.

On the third day we build a corresponding canal from the sea. Thus after three
days each point on land is less than 1 away from warm, cold, and salt water (see

Figure 36).

During the next three days the canals are further extended, so that each point
on land is now less than -,i; away from the threc kinds of water. After three more
days each point on land is less than % away from the thrce kinds of water, and so
on. Note that at the end of each day of work the land remains connected, so that
as time passes the nciwork of canals gets ever denscr.

In the limit we obtain three disjoint networks of canals with warm, cold, and
salt water. What remains of the land is a curve each of whose points is arbitrarily
close to all three kinds ol water. 1In other words, three donmains abut on our curve
throughont its extent!
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Euclid gave a third description of a curve: A surface has two extensions, a

curve has one extension, and a point has no extension. Many mathematicians
tried to define the number of extensions, or the dimension of a figure, The final
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clarification of this concept and the ]usuﬁcatlon of dimension theory is due to P.S.
Uryson (1898-1924) and K. Menger (1902-1985).

We say that a sct A, embedded in a figure X, separates a point @ from a point b if
there is no connected set in X that contains @ and b and does not intersect A. Thus
the spherical boundary of a (closed) ball separates the interior points of the ball
from its exterior points (Figure 37a). This example shows thatin three-dimensional
spacc we can scparate points by two-dimensional figures. On the plane (which
is a two-dimensional figure) we can scparatc a point and ncarby points from the
other points by a one-dimensional figure, i.c., a curve (Figure 37b). Finally, on a
straight linc (a onc-dimensional ligurc) we can separate a point and nearby points
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from the other points by a pair of points (the points m, n in Figure 37c), i.e., a
zero-dimensional figure.

These examples suggest that in a figure with n extensions (or in what we call

i zr Al o Ay 1HA PaS Ty
an n-dimensionat usl.uC} we Can separate a l)uuu. and n uccuu_y poin its from the oth

points by a figure with fewer extensions. This suggests that we should define a
zero-dimensional figure, use the notion of a zero-dimensional figure to define a
one-dimensional ﬁO‘an (i.e., a curve), use the notion of a one-dimensional figure
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to define a two—dlmenswnal figure, and so on.

We will say that a figure X is zero-dimensional if it contains no connected
figure with more than one point. Thus a figure with a finite number of points is
zero-dimensional and so, too, is the figure A in Example 15.

Suppose that we have already defined the notion of an (n — 1)-dimensional
figure. Then we say that a figure is n-dimensional if it is not (n — 1)-dimensional
and if it is possible to separate each of its points together with nearby points from
the rest of the figure by a figure of dimension n — 1 or lower. This is precisely
Uryson’s definition of dimension.

Example 17 A graph is a one-dimensional figure, i.e., a curve. Indeed, a point
x and nearby points can be separated from the rest of the graph by a finite (i.e.,
zero-dimensional) set: Specifically, the separating set contains two points if a is
an interior point of an edge (e.g., a; in Figure 38) and k points if a is a vertex of
degree k (e.g., a; in Figure 38).

Example 18 The Polishmathematician Sierpifiski constructed an interesting curve.
We divide a square into nine equal squares and discard the central square (Fig-
ure 39a). Then we divide each of the remaining squares into nine equal squares and
again discard the central square (Figure 39b). After one more such operation we
arrive at the figure shown in Figure 39¢. In the limit we obtain a one-dimensional
figure C, i.e., a curve (known as the Sierpiriski carpet).

The figure C 18 a universal plane curve: If a curve | can be embedded in the
plane, then it can be embedded in the Sierpinski carpet,i.c., thercisacurvel’ C C
that is honieomorphic to £, Itis eleay that a curve that canuot be embedded in the
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plane cannot be embedded in the Sierpifiski carpet either. But as was shown by
the Austrian mathematician Menger, there is a curve in space, analogous to the
Sicrpinski carpet (Figure 40), i which amy curve can be cmbedded.
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Problems

49. Is there a plane curve that is simultaneously the boundary of 20 regions?

50. Show that the diagonal of a square in which the Sierpiriski carpet is con-
structed intersects it in a zero-dimensional set. Deduce from this that the
Sierpifiski carpet is a one-dimensional figure, i.e., a curve,

51. Show thatthe property of being a curve is a topological invariant of a figure.

1.8. Peano Curves

A frequent intuitive description of a curve is that it is the track of a moving point.

Example 19 Suppose that a moving point traverses the figure shown in Figure 41
in two different ways (the solid line represents the path run through by a certain
time, and the broken line represents the future path). In both cases the mov-
ing point traverses the same figure, i.e., the track is the same, but the paths are
different.

We give an exact definition of the concept of a path. Consider a figure A and a
point moving from time ¢ = O to time ¢t = 1. Suppose that we know the position
a(t) € Aforeacht € [0, 1], 1.e., that with every point ¢ € [0, 1] there is associated
apointa(t) € A. Inthis way we obtain a mapping of the interval [0, 1]into A, and
this mapping is continuous, i.e., a(t) changes continuously with ¢. This mapping
issaid to r epresent a pam Hence the definition: We call a continuous i.‘r‘tapp‘mg UJ
the interval [0, 1] info a figure A a path (in A).

A simple arc can be viewed as a path (for it is the homeomorphic image of an

ntarval and a homeomornhic manmine 1e continuoitey  In nartienlar the curva
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of positive area) in Example 15 can be viewed as the track of a moving point.
This alone shows that the notion of a path is not simple. This is confirmed by the
following example.

Example 20 We show that it is possible to construct a path that passes through
cvery point in a square. In other words, we show that there is a continuous mapping
ol ay interval onto a square. Such a path is called a Peano curve.
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To obtain a Peano curve we construct in a square Q ever more winding strips and
take the limit of their midlines. This is a shorthand description of the following
procedure: We divide the square into 4, 16, 64,...,4",... congruent squares
(Figure 42). At each stage of subdivision we remove some of the sides of the
“subsquares” of the square. The leftover sides form non-removable partitions that
determine the successive strips. In each strip we introduce its midline. (The first
few winding strips and their midlines are shown in Figure 43; the midlines are the
broken lines.) The limit of these midlines is a path that fills the whole square, i.e.,
a Peano curve. A more technical description of this procedure follows.

WCc consider a continuous mapping of [0, 1] on the first broken line (Figure 43a).
Hcre [0, %] is mapped on the part of the line in the lower Icft quarter of the large

S(uare, “ ',] on the part of the line in the upper [eft quarter of the [arge square,
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[3, %] on the part of the line in the upper right quarter of the large square, and [ 2, 1]
on the part of the line in the lower right quarter of the large square; we denote this
mapping by f1(#),¢ € [0, 1]. By f>(¢) we denote the mapping of [0, 1] on the bro-
ken Iine shown in Figure 43b. In this, the second stage of our construction, the inter-
vals [0, ﬁs] ; [ 6 T 6] [ 6> ] are mapped on the successive parts of the broken
line in the 16 squares of the large square By f3 (t) we denote the mapping of [0, 1]

A Dnnit AL tlan o
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quence of functions f;(f), f2(f), f3(¢), ...isamapping f: [0, 1] = Q,i.e.,, apath
in the square @, which is also a Peano curve. Itis easy to see that this limit exists.
Cancidar for exyamnle the noint L = 0 11 Qince 1 e [L 17 £¢lyicin the left

\,Ulloluul FR WS} \.’nmlll,u.v, WA AW tlv‘.llb 3 h L\J’ J._I b LA AW 3 L4, 2-], J l \3} Adxy 114 WilWw AWwilb
upper square in Figure 42a. Since 3 3 € [ 156, 16] fi ( ) is in the sixth of the squares

traversed by the broken line in Figure 43b, i.e., in the left upper square in Figure 42b.

Qince 1 e [2L 227 ¢ (1\ 1sin the 22nd of the squares traversed b ]'\v the broken line
Wi Aliw 3 S~ l.64, 64_], JILIN

in Figure 43c, i.e., in the left upper square in F1gure 42c, and so on. The limit of
this nested sequence of decreasing squares, in our case the left upper corner of the
square, 18 f( %). The point f(¢) is determined in a similar way for every ¢ € [0, 1].

We note that the Peano curve is not a simple arc: It has infinitely many points
that are “glued together,” (i.e., the square contains infinitely many points that are
traversed by f(¢) more than once).

Problems

§2. Show that ther ointg in the sauare O through which the Peano curve

..v.- .-..' rv- 2%y 41 ....v B At TR Y - 222822 S48

f(¢) passes four times but no points through which it passes five times.

53. Do there exist Peano space curves, i.e., paths that fill an octant?

54. We place a square in a horizontal plane and consider a Peano curve on
this square. Let g(¢) be the point in space that is ¢ above the point f(¢)
(Figure 44). Show thatasr traverses [0, 1], g (¢) traverses a path in space that
is a simplc arc. Show that the projection of this simple arc on the horizontal
plane fills the wholc squarc Q. In other words, wc have constructed a curve,
a simple arc, that turns out to form an intricatc “roof” over all of Q.

We saw that there are complicated paths, This example shows that there
ave cowplicated simmple ares as well.
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Topology of Surfaces

2.1. Euler’s Theorem

The table below lists the number of edges, vertices, and faces of the five Platonic
solids.

Name of Number V Number £ Number F
polyhedron of vertices quotation  of edges of faces
tetrahedron 4 6 4
cube 8 12 6
octahedron 6 12 8
dodecahedron 20 30 12
icosahedron 12 30 20

The table shows that for each Platonic solid we have the relation

V—E+F=2. (6)

T+ 10 pacwu tn chawur that
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A
polyhedra. Euler was the first to recognizc and prove this important property of
polyhedra.

We will orvp a an(‘isc formulation of Euler’s theorem. To do this we note
that each face of any of the polyhedra under consideration is homeomorphic to a
circular disk, and that the surface of each of these polyhedra (more generally, of
each convex polyhedron) is homeomorphic to a sphere (to prove the latter assertion
note that if P is one of our polyhedra and S is a sphere in the interior of P centered
at o, then the projection with center o of the surface of P to S yields the required
homeomorphism). It follows that relation (6) holds for any polyhedron whose
surface is homeomorphic to a sphere and each of whose faces is homeomorphic
to a disk.

This theorem can be given a purely topological formulation. To this end note
that the vertices and edges of each of our polyhedra form a connected graph that
divides its surface into surface elements, i.e., into pieces homeomorphic to disks.
This implies the following theorem (which is somewhat more general than Euler’s
thcorem):

Suppose that a connected graph with V vertices and E edges ona sphere
(or on a surface homeomorphic to a sphere) divides it into F regions
(“faces™). Then V| E, and I are related by (6).
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The idea lor a proofl of this result is fonad in Prohlem 55.
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Problems

55.

56.

57.

58.

Let G be a connected graph on a sphere. Let G* be a spanning tree of
G and k the number of omitted edges (i.e., edges of G not in G*). Show
that G* defines on the sphere just one region (piece) and that therefore (6)
holds for it. Show that addition of any one of the omitted edges increases
the number of pieces by 1 and deduce from this Euler’s theorem.

Show that relation (6) holds for any connected graph on the plane (provided
that the surrounding unbounded region is counted as a “piece™).

Let G be a graph that can be embedded in the plane. Show that for every
embedding G divides the plane into 7 — V + E + 1 regions; here r denotes
the number of components of G, V the number of vertices, and E the
number of edges.

Let a convex n-gon be divided into triangles by m points on its sides and
p points in its interior. We assume that if two triangles share a segment,
then it is a common side (Figure 45). Show that the n-gon is divided into
m + n + 2p — 2 triangles.
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number of its quadrangular faces, and so on. Show tha
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When does the inequality become an equality?
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decomposition of the sphere if each face of the decomposition is an n-gon
(i.e., if it is bounded by a closed chain of n edges) and if k faces meet at
each vertex. Show that if E is the number of edges, then

1 + 1 1 + 1

n k 2 E
Deduce from this that in addition to the decompositions that are topolog-
ically equivalent to the five Platonic solids, there are just two types of
topologically regular decompositions; the Tatter are shown in Figure 46.
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FIGURE 46.

2.2. Surfaces

Example 21 Figure 47 depictsa “book with three pages.” This figure is differently
structured in the vicinity of each of the points x, y, and z. The neighborhood of y
has the form of a semidisk with y on its boundary; in this case we say that y lies on
the Uui.‘u“ldcuy of the ug“ure The ﬂf:iguum hood of z consists of three semidisks with
common diameter; in this case we say that the figure is ramified at z (i.e., three or

more sheets of the figure abut on a single curve). Finally, the neighborhood of x

. .
is a disk with x in its interior; thus x is not on the boundary and the figure is not

ramified at x.
A figure is called a surface if each of its points x has a neighborhood home-
morphic to a disk (with x in its interior). A surface has neither boundary nor
rarruﬁcauons. A sphere and a torus are surfaces. We consider also surfaces with
boundary. They have boundaries but are not ramified. A disk is a surface with

boundary. A sphere with round holes (Figure 48) is likewise a surface with bound-
ary.

Example 22 A torus with a round hole is a surface with boundary. Such a surface
is called a handle (Figure 49).

Example 23 In their works published between 1862 and 1865 the German math-

ematicians Mobius and Listing described an interesting example of a surface with

boundary. It is obtained by taking a rectangular strip (Figure 50a), twisting it once
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FIGURE 50.

(Figure 50b, c), and gluing its ends together. The resulting surface (Figure 50d)
with boundary is called a Mdbius strip. This surface is one-sided. If we go over a
Mobius strip with a paintbrush, then we return to the starting point on the opposite
side. If we continue, then we paint the whole Mobius strip and see that it has
indeed just one side.

Of course, for a one-sided surface to be intuitively describable in terms of
coloring it must have thickness, and so must bc made of some material. But its
mathematical version has no thickness. llence the need for a dilferent description
ol one-sidedness.
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FIGURE 52.
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one of them and move it together with a (Figure 52b). By the time a has gone
a direction

around the whole Mobius strip, the normal attached to it pnin[s in

n,
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opposite to its initial direction (Figure 52c). This shows that there is a closed path
on a Mobius strip whose traversal results in the normal changing its direction.
Such surfaces are said to be one-sided.

The use of normals invol ves not only the surface but also its disposition in space.
Hence the need for an intrinsic defimtion of one-sidedness of a surface. Draw a
small circle around each point a that is not a boundary point and orient it (by
means of arrows) counterclockwise when viewed from the end of a normal at a
(I'igurc 53a). When a moves, so do the normal at a and the oriented circle around
a. As a result of traversing the whole Mobius strip the orientation of the circle
is reversed (for the normal changes its orientation; Figure 53b). Thus there is
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FIGURE 53.

FIGURE 54.
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a closed paul on the Mobius Strip whose traversal reverses the orientation of

oriented circle. Such a path is said to be an orientation-reversing circuit.
A surface without an orientation-reversing circuit is called orientable (or two-

.
sided) and a surface with such a circuit is called nonorientable (or one-sided).

Intuitively, a surface is orientable if it can be covered with small circles that can
be oriented so that neighboring circles have the same orientation,

Let O, and Q> be two surfaces with boundaries each of which is homeomorphic
to a circle (Figure 54). By gluing these boundaries together we obtain a new
surface. We say that we have closed the hole in @, with Q» (or conversely).

Ert o)
all

Example 24 Consider a sphere with p round holes and close each of them with
a handle. The resulting surface (Figure 55a) is called a sphere with p handles.
A sphere with one handle (Figure 55b) is homeomorphic to a torus, and a sphere
with two handles is homeomorphic to a pretzel (it is obtained by gluing together
two handles; Figure 55c¢).

a}

IFIGURLE 55.
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Problems

61.

62.

63.

65.

Show that the graph “houses and wells” (Example 12) can be put on a
Mobius strip without self-intersections.
Consider the serrated figure in Figure 56a with four pairs of segments.

In each of the four pairs, twist one of the two segments and glue them
fngnl‘hpr fp'l mu’p qﬁh\ thln ﬂ"lnf ﬂ‘\p 'rpcn]hn(r Qnr‘qu\p 1Q nnp_c1r|pr| cnnrl that

ether ng surfaceis that
its boundary is homeomorphic to a circle.

Drill three disjoint cylindrical holes through a ball. Show that the surface
of the resulting solid is homeomorphic to a sphere with three handles.
Drill three cylindrical holes through a ball so that their axes pass through
the center of the ball. Show that the surface of the resulting solid is home-
omorphic to a sphere with five handles.

Consider the square in Figure 57a. If we glue together its opposite sides
and observe the indicated directions, then we obtain a torus (see Figures
57b, ¢, and d). What surface do we obtain if we glue together the opposite
sides of the figure in Figure 58, observing the indicated directions (the side

¢ is left unglued)?

FIGURE 56.

[\tGurl: 57,
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66. Consider the 4k-gon in
¢ with
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We are now ready to formulate the theorem on the topological classification of
surfaces discovered in the nineteenth century by Mobius and the French mathe-
matician Jordan. We consider only closed surfaces (i.e., surfaces without boundary
that can be divided into a finite number of polygons). For example, the plane is
not a closed surface. Indeed, a finite graph on the plane does not divide it into
regions each of which is homeomorphic to a disk. The problem of topological
classification of surfaces is to give pairwise nonhomeomorphic closed surfaces
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First we state the solution of this problem for orientable surfaces. Let Py denote
the sphere and Py the sphere with £ handles. It turns out that the surfaces

Po, P1, Pay ooy Py e (7)

give a complete classification of closed orientable surfaces, i.e., this sequence is
a complete list of all topologically different closed orientable surfaces. The proof
of this assertion is given in the next two sections.

2.3. The Euler Characteristic of a Surface

Let Q be a surface (with or without boundary, one- or two-sided) that admits
decomposition into polygons, i.e., it 1s possiblc to “draw” a graph on the surface
that divides it into finitcly many pieces cach ol which is homcomorphic to a disk.
l.et V be the nunber ol vertices of the graph, /' the number of its edges, and 7
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the number of polygons into which the graph divides Q. The number
x(Q)=V—E+F (8)

is called the Euler characteristic of the surface Q. Note that x (Q) seems to depend

on the particular decomposition of Q into polygons and not on Q itself. On the

athar hand pn'nr I3 fhpnrpm chnurc that 1? n 18 hn amarnhic tn a cnh than tha
AV 9§ LW ll“llu AR AW/ VY O R1LAAG 1 10 LLUILIUUIIIULHLLLV Lwa l-’l.lb-l- \-’, ‘vll\/ll Lll\-’

Euler characteristic of Q is independent of the choice of its decomposition into
polygons: x(Q) = 2 (see (6)). We will show that the Euler characteristic of any
surface Qis mdenendent of its dgcomnmztmn into polygons and is determined
by the surface alone. Thus the Euler characteristic of a surface is a topological
invariant.

Let G, and G, be two graphs on the surface Q each of which divides it into
polygons homeomorphic to disks. We denote the respective numbers of vertices,
edges, and faces associated with the graph G, by V,, E,, and F,, and the corre-
sponding numbers associated with the graph G, by V,, E,, and F;. While it can
happen that the number of points of intersection of the two graphs is infinite, it
can be reduced to finitely many by “slightly moving” G,.

If the graph G, U G is not connected, then by a slight motion of G, and G,
we can achieve that they have common points, and that therefore their union is
connected. In other words, we can assume a priori that the number of points of
intersection of G and G, is finite and that the union of the two graphs is connected.
We regard all points of intersection of the two graphs as well as their vertices as
the new vertices. Then G, U G5 is a finite connected graph (its edges are pieces
of the edges of G, and G, resulting from the division of the “old” edges by points
of Gl U GZ)

Let V be the number of vertices of G, U G, E the number of its edges, and F
the number of faces into which it divides Q. We want to prove the equalities

Vl—E1+F1 = V—E+F,
Vo—E,2+F, = V—-—E+F. (9)

They imply that V, — E, + F} = V, — E5 + F,. Both equalities in (9) are proved
in the same way. We prove the first.

Let M be one of the polygons (faces) determined by the graph ;. We denote the
number of vertices and edges of G, UG5 in the interior of M (not on its boundary)
by V' and E’ respectively, and the number of vertices of G, U G, (including those
on its edges) on the boundary of M by g. Finally, we denote the number of faces
defined by G| U G, and contained in M by F’. For example, in Figure 60 we have
V =4,E' =12, F' =9,q9 = 15.

Now we cut out from the surface Q the polygon M (together with the part of
G UGy onit). Since M is homcomorphic to a disk and thus to a hemisphere, we
can supplement it with a hemisphere and thus obtain a surface homeomorphic to
a spherc (Figure 61). On this sphere we now have a connected graph with V' + ¢
vertices, ' - ¢ edges, and 17 4- | faces (there are I faces in M, and there s the
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FiGURE 61.

additional hemisphere). We thus obtain
V+q—(E+9+(F +1) =12,

ie.,
V —E'+F =1. (10)

We now go back to the surface Q in which the graph G, U G, was embedded.
If we remove from G, U G, the part that was in the interior of M, then we obtain
a new graph with the same value of V — E + F as G, U G,. This is so because,
instead of V' vertices, E” edges, and F’ faces, we now have O vertices, 0 edges,
and one face (the polygon itself), i.e., the number V' — E’ + F’ goes over into the
number § — O + 1, which is the same as the number in (10).

It is now clear that if we remove from G, UG the part consisting of the interiors
of all polygons defined by G, U G-, then we obtain a new graph G* for which the
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V*_E*4+F*=V—E+F; (11)

herc V* and E* denote, respectively, the number of vertices and edges of G*, and
F* denotcs the number of faces determined by G*.

Finally, it is casy to sce that G* can be obtained from Gy by placing some new
verlices ot its edges. But addition of i vertex incrcases the ntuber of edges by |
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(because a certain edge is thereby divided into two). If G* is obtained from G, by
the addition of k new vertices, then V* = V; + k and E* = E,| + k. Moreover,
F* = F, (for G* and G, determine the same faces). It follows that

—E*+F =W+ —(E,\+k)+F =V,—E, + F,.

This equality and (11} yield the first of the equalities in (9).

We see that the Euler characteristic of a surface does not depend on its subdi-
vision into pmygons but is determined b Y the surface itself. Moreover, the Euler
characteristic is a topological invariant, i.e., if two surfaces Q; and Q, are home-

omorphic, then x(Q;) = x(Q>). This is so because, under a homeomorphism
f- f) — (). a oranh f‘ embedded in O, goes over into a granh f:.-. embedded
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in Qz, and on each of the two surfaces the number of vertices, edges, and faces is
the same.

Problems

67. Show that a sphere with g holes has Euler characteristic 2 — g.
68. Let Q, and Q5 be two surfaces with boundaries, each of which is home-
nmnmhm to a circle. Show that if we elue the boundaries tnoether ag in
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Figure 54, then the Euler characteristic of the resulting surface is x (Q,) +
x(Q2).

69. What are the Euler characteristics of a disk, a handle, and a Mébius strip?

70. Show that the Euler characteristic of the surface Py is 2 — 2k.

71. A torus admits regular topological decompositions (cf. Problem 60). Show
that each face of such a decomposition is either a triangle, a quadrangle, or
a hexagon and give examples for each of these posibilities.

72. Draw a graph with V vertices and E edges on a closed surface Q. The
graph divides the surface into F surface pieces (of which none need be
homeomorphic to a disk). Show that V — E + F > x(Q).

Hint. In order to divide the surface @ into polygons (homeomorphic to a
disk) it suffices to carry out one or more of the following operations:

(a) addition of a new vertex on an edge;

(b) addition of an edge that has just one vertex in common with the
cr;mh alre; ady drawn:

(c) add1t10n of an edge connecting two vertices of the graph already
drawn.

Show that each of these opcrations can only increase V — E + F.

73. A graph with V vertices and £ cdges is embedded in a closed surface Q.
The graph divides thie surface into /7 regions. ghnw that if each of these
regions has o its boundary at most & cdges, then (K - 2) K < kV — x(Q).
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2.4. Classification of Closed Orientable Surfaces

The surfaces Py, Py, P», ... have different Euler characteristics (Problem 70) and
thus are pairwise nonhomeomorphic. This being so, all we need do to complete
the proof of the theorem formulated at the end of Section 2.2 is show that any
closed orientable surface is homeomorphic to one of the surfaces Py, Py, P, .. ..
We do this in a number of steps.

A) Let Q be a connected closed orientable surface. We put on it a connected
graph G that divides it into regions homeomorphic to a disk. About each vertex
of G we take a small disk, to be referred to in the sequel as a cap. About each
edge of G we take a strip that connects the caps at its endpoints. If we remove all
caps and strips, then what is left of each region is a piece homeomorphic to a disk
(to be referred to in the sequel as its core). In Figure 62, which depicts a piece
of O, the caps are hatched, the strips are dotted, and the cores are left unmarked.
We divide Q into caps, strips, and cores, reassemble it—by gluing—out of these

We remove from Q all cores of all faces and denote what is left by Qq. The
boundary of Qy consists of the contours of the cores.

B) We choose in the graph G a spanning tree (see Figure 63). We cut all stri

corresponding to the omitted edges (i.e., edges not in the tree) in the middle.
We call the segments a,b,, axb,, ..., a,b, along which the strips have been cut

it 63,
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FIGURE 64.

chords. We proceed step by step. Cutting along the chord a,b, changes Qg into

a surface O, . Cutting along a»b, in Q; vmldc 0,. We continue in this way, and
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finally, by cuttmg along ayb, in Qp_, we obtaln a surface Q,. To get Qg out of
Q, we must reglue along the chords.

C) Before regluing we show that the surface O, is homeomorphic to a disk. We
draw the spanning tree of the graph G by adding an edge at a time, but do this so
that at each step we have a tree. The strip and the two caps corresponding to the first
edge and its endpoints form a surface homeomorphic to a disk (Figure 64a). By
adding the strip and cap corresponding to the second edge we again obtain a surface
homeomorphic to a disk (Figure 64b). Each step of the construction involves the
gluing of a strip and a cap to a surface homeomorphic to a disk, and the result is
again a surface homeomorphic to a disk. After the whole spanning tree has been
drawn we obtain a surface homeomorphic to a disk and consisting of all caps and
strips corresponding to the edges of the spanning tree. To obtain the surface Q,
all we need do 1s glue on the half-strips obtained trom the remaining strips atter
they were cut along the chords (the half-strips are drawn in Figure 64c with little
strokes). The surface resulting from the gluing on of a half-strip continues to be
homeomorphic to a disk.

Next we show that each of the surfaces Q,, Qp—1, ..., Qo is homeomorphic to
a sphere with a finite number of holes some of which may be closed with handles.
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with one hole.

D) Foreachi = 1,..., p we consider the transition from Q;_, to Q; (i.e., the
cutting along the chord ag;b;) and the converse transition from Q; to Q;_;. There

are two possibilities: the points g; and b; lie either on the same component of the
boundary of Q;_, or on different components.

If a; and b; lie on different components of the boundary of Q;_i, then cutting
along the chord a;b; reduces the number of holes by 1 (Figures 65a and 65b). This
means that transition from Q; to Q;_; increases the number of holes by 1. If O;
can be obtained from a sphere by cutting in it a few holes and closing some of
them with handles, then the same is true for Q;_;.

E) Now consider the case where the endpoints of the chord g; b; lie on the same
component of the boundary of @, .., (IYigure 66). The surface Q,, obtained as a
result of cutting (Figure 67), is homeomorphic to the surface (Figure 68) obtained
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FIGURE 67.

from @;_, by two cuts: a cut along the closed curve [ (Figure 69} that does not
intersect the boundary of Q;_ (this yields the intermediate surface QF shown in
Figure 69), followed by a cut along the chord a;c; whose endpoints lie on different
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Figure 68) to Q; (Figure 69) creates a hole It remains to investigate the transition

from Q7 to Q;_;.

Now Q7 was the result of cutting Q;_ alon , ,
boundary of Qi—-1. If instead of making this cut we remove from Q,_l a narrow
strip L that contains in its interior the curve (Fi gure 70), then we obtain a surface
homeomorphic to Q}. The strip L is homeomorphic either to a Mtbius strip or to
the lateral surface of a cylinder. If we cut it (Figure 71), then we can flatten it into
a rectangular strip. What must be ascertained is whether or not gluing it together
involves a twist,

Since the initial surface Q (as well as the surfaces Qg, Qy,.... Qp) are ori-
entable and a Mébius strip contains an oricntation-reversing closed path, the strip
L cannot be homeomorphic to a Mébius strip. But then £ must be homeomorphic
to the lateral surlface of a cyhnder, and when ent along the curve I, it yields two
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FiGURE 70.

parts. Thus @} gains two boundary components /| and /. The transition from g
to 0;_ consists in gluing together the curves /| and /,, which are the boundaries
of holes in QF. A detailed description of this step follows.

17, A th el andl.h 111 t
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by a strip. In this way, we obtain on Q7 a figure (an “eyeglass frame”; Figure 72)
homeomorphic to a disk with two holes (Figure 73). When gluing together the
contours /; and I» we must make sure that they have nnngsltg orientations, for
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otherwise, as shown in Figure 74, the (hatched) strip would become a Mébius
strip—a possibility ruled out by the orientability of Q;_;. All this shows that
gluing together the curves /; and [, is equivalent to closing a hole in Qf with a
handle (Figure 75). We conclude that transition from Q; to Qf produces a hole,
and transition from Q7F to Q;_; results in decreasing the number of holes by 1 and
in gluing in a handle. If Q; can be obtained from a sphere with holes by closing
some of the holes with handles, then this applies as well to Q;_;.

F) We show by induction that Q) is obtained from a spherc by making in it k+r
holes (k > 0, r > 0) and by closing & ol them with handles. It remains to add that
in going over from Qy 1o the itial surlace (0 we must again glue in all cores in
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Qo, i.e., we must close each of the & holes in O, with a disk. Thus Q is obtained
from a sphere by making k& holes in the latter and closing them with handles, i.e.,
Q is homeomorphic to one of the surfaces Py, Py, Py, .

Problems

74.

77.

78.

Formulate and prove a theorem on the topological classification of ori-
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Let ¢ nonintersecting closed curves be given on a surface P;. Suppose that
P; remains connected if we cut it along these curves. Show that g < k.

Let Q be a closed surface with a regular topological decomposition such
that each face is a pentagon and four faces meet at each vertex. Show that if
the number of faces is not a multiple of 8, then the surface is not orientable.
Three curves p, g, r are given on a closed surface Q. The curves are
homeomorphic to segments, have common endpoints, and are otherwise
pairwise disjoint. If Q remains connected when cut along one of the curves
pUgq, pUr,and g Ur, then this is also true of at least one of the two other
curves.

Consider a regular dodecahedron (Figure 76a). If we extend all edges of a
face to interscction, then we obtain a regular five-pointed star (Figure 76b).
Two such stars, construcied for neighboring faces, share a segment; in

ral
Vllivial _y.
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the case of the neighboring faces selected in Figure 76c it is the segment
ad. We stipulate that the stars adjoin only at the segments ab and cd, and
that the segment bc is their redundant intersection due to their unsuitable
embedding in space. If we construct similar stars for all faces of the
dodecahedron (Figure 76d), then we oblain a surface Q embedded in space
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FIGURE 77.

with self-intersections (the intersection lines are the edges of the initial
dAndarahadrnan) Chow
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1
characteristic is —16, i.e., that it is homeomorphic to a sphere with nine

handles.

Starting with a dodecahedron, we can construct yet another surface. We
add to the contour of each star segments such as bc (Figure 76¢) and obtain
in this way a five-element closed polygonal line (with self-intersections).
Then we smooth these polygonal lines so that the self-intersections are
eliminated (and so that we still have segments such as ad as sides). In
each of these polygonal lines we hang a face (a pentagon). In this way
we obtain a surface with 12 pentagons in which the number of vertices
(such as @ and d) is also 12 and the number of edges is 30. Show that this
surface is orientable and that its Euler characteristic is —6, i.e., that it is
homeomorphic to a sphere with four handles.

79. Over each of the faces of a cube we set up a “four-spiked star” (with crooked
spikes; see Figure 77a) so that neighboring stars touch at the boundaries
of their spikes (Figure 77b). In this way we obtain in space a surface with
self-intersections (the lines of self-intersection are the edges of the cube).
Show that this surface is homeomorphic to P;.

80. Suppose that we modify the construction in Problem 79 by using “three-

bleCU stars” and dpply ittoa Le[I'dIlCUI'OIl an OLI.d.l'lCCll'Ol'l and an icosahe-
dron respectively. Describe the three resulting surfaces.

at thic curface ic arnentahle and that ite Ruler
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2.5. Classification of Closed Nonorientable Surfaces
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Example 25 Figure 78a shows a surfacc with boundary /, and Figure 78b shows
a cut across its “throat.” If we close the hole [ with a disk, then we obtain a closed
surface with self-intersection (Figure 78¢). "The sclf-intersection is due to our
construction ol the surface. Later we will sce that it is impossible to embed this
surlace inthree space without sell-intersection. Ouiside three -space we candouble
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the points of the section curve and in this way eliminate the self-intersection. The
resulting surface is called a Klein bottle. It is one-sided. By appropriately moving
a point located outside the throat we can move it into its interior (Figure 78c).

Example 26 Since the boundary of a Mobius strip is homeomorphic to a circle
(Figure 79), we could try to glue it along its boundary to the boundary of a hole in
some surface. Figure 80a shows a M&bius strip (a ring with a twist), and Figure 80b
shows a piece of a surface @ with a hole cut in it. If we untwist the inner “shovel
blade” of Q, then it is easy to see (Figure 80c) that the hole cut in the surface is
homeomorphic to a disk. Since the surfaces in Figures 80a and 80b have equal

boundaries, we can glue them together along these boundaries, i.e., we can attach
a Méobius strip to a circular hole cut in a surface Q. It is true that the Mobius
strip intersects O but we can take it that this intersection is solely the result of its

“awlew »* amheddine in enace

awkward” embedding in space.

There is another description of the closing of a hole with a Mébius strip. This
description calls for some preliminaries.

We ask: what figure do we get by cutting a Mobius strip along its midline, i.e.,
by gluing together the narrow sides of a twisted rectangular strip to obtain a Mobius
strip and by cutting it along its midline mnp (Figure 81a)? To answer this question
we change the order of the above steps, i.c., we cut a rectangle with reversely
oricnted short sides along the line map (Figure 81b) and glue together the narrow
sides of the two halves of the rectangle in accordance with their orientations. To
do the latter we flip the lower hall of the cut rectangle (Figure 81¢) and place the
two lulves as shown i Fignre 8(d. Now the required gluing is casy (Figure 8l e).
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to an annulus. Reversing our steps changes an annulus 1nto a MOblUS strlp More
specifically, if on one of the two circles of an annulus we glue together diametrically
opposite points (see Figure 81¢), then we obrain a Mobius strip.

Now let / be the boundary of a hole on a surface Q. We cut from Q a narrow
strip (an annulus) around the hole [ with outer boundary I’ (Figure 82). As a result
we obtain a surface homeomorphic to Q (with a larger hole /') and a detached ring,
We now glue together the diametrically opposite points on the boundary { of the
annulus. This turns the annulus into a Mébius strip, which we gluein the hole!’. In
effect, we have glued a Mébius strip in the surface Q (strictly speaking, in a surface
homeomorphic to @). But cutting the surtace along !’ and the subsequent gluing
are unnccessary steps: It suffices to glue together the diametrically opposite points
of 1. Thus gluing together of the diametrically opposite points on the boundary of
1 iole is equivalent (o gluing in it a Mabius strip.
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FIGURE 83.

Example 27 In projective geometry one adds to the points of the Euclidean plane
“points at infinity.” With each straight line on the Euclidean plane we associate a
point at infinity. The points at infinity associated with parallel straight lines are the
same (i.e., “parallel straight lines intersect at infinity’’), and the points at infinity
associated with nonparallel straight lines are different. The plane enlarged by the
addition of points at infinity is called the projective plane.

To clarify the topological structure of the projective plane we consider a hemi-
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termined by the boundary of the hemisphere is parallel to the (original) plane

(Figure 83). The central projection with center o is a homeomorphism of the
open hemisphere (i.e., the hemisphere minus its boundary) to the whole Euclidean
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plane.

Draw a straight line [ through the point of contact of the hemisphere with the
plane and a straight line !’ through o parallel to I. The straight lines / and [’
intersect at the same point at infinity. This means that our projection maps the
points m; and m3 in which I’ meets the boundary of the hemisphere to the point
at infinity on /. But then the projection of the hemisphere with the boundary onto
the projective plane is not one-to-one. To make the projection one-to-one (and
therefore a homeomorphism) we must identify diamctrically opposite points on the
boundary of the hemisphere. In other words, the projective planc is homeomorphic
to a hemisphere with a Mobius strip attached to its boundary (or to a sphere with
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a hole closed with a Mdbius strip). It follows that uunlike the Euclidean plane, the
projective plane 1s one-sided.

We can now formulate the second half of the theorem of Mébius and Jordan
on the classification of surfaces. We will list all topologically different types of

closed nononentable surfaces Let N, be the surface obtained from a sphere with

Ny, Nay oo Ny, (12)

yleta a camptete wpuwgu,cu classi J cation U_] all closed nonorientable .)ulf CEes.

Problems

81. Show that if one cuts a hole in the surface N,, then one obtains a surface
that can be embedded in three-space without self-intersections.

Hint. The resulting surface is homeomorphic to the surface studied in
Problem 62.

82. Show that the Euler characteristic of the surface N, is 2 — g.

83. Consider a sphere with m + n + p holes. If m of them are closed with
handies and n with Mobius strips, show that the Euler characternistic of the
resulting surface is2 —2m —n — p.

84. Show that the graph “4 houses and 4 wells” (whose edges are paths joining
different houses to different wells) cannot be put on a projective plane
without self-intersections but can be so put on a torus.

85. Suppose that one can draw the graph “m houses and n wells” on a surface
() Show that v(()\ <m+n —mn/2

86. Which of the surfaces N1, N2, N3, ... is homeomorphic to a Klein bottle
and which is homeomorphic to a projective plane?

87. Consider the figures a, b, ¢, d in Figure 84. What surfaces do we obtain
if, minding orientations, we glue together the sides marked with the same
letters?

88. Consider a Mobius strip in three-dimensional space R* and a point p in
R* that contains R*. Add to the Mobius strip all segments that join its
boundary points to p. Show that the resulting surface is homeomorphic to
a projective plane. Show also that every surface N, can be embedded in
R* without sclf-intersections.
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The surfaces Ny, N2, N3, ... are pairwise nonhomeomorphic for they have dif-
ferent Euler characteristics (Problem 82). Thus in order to show that these surfaces
yield a complete topological classification of all closed nonorientable surfaces it
suffices to show that every closed nonorientable surface is homeomorphic to one
of the surfaces Ny, N», N3, .... This proof is similar to the proof in Section 2.4.
One difference is that now the strip L (see Figure 70) can be homeomorphic to a
Mabius strip (we are dealing with nonorientable surfaces). In that case the surface
Q7 resulting from the removal of L has just one component (for the boundary of
L, i.e., of a MObius strip, is homeomorphic to a circle). Conversely, Q,+1 arises
out of O &y ¥if L is glucd to one of the boundary components 0 of 5_41 ,i.e., Q;-1 arises
out of QF when a hole is closed with a Mébius strip. Another difference is that
now the gluing together of the curves Iy and / shown in Figures 72 and 73 can be

carried out recardless of whether thev have the same or opnosite orientations (in
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the latter case, the gluing together is equwalent to gluing in a handle; see Figure
75). In the first case ;- arises out of O} as a result of two holes being closed
with Mébius strips (Problem 89). Thus the argument in Section 2.4 shows that
every closed nonorientable surface Q can be obtained from a sphere with k + g
holes by closing k of the holes with handles and q of them with Mobius strips. Here
g > 1; if g were O, then we would obtain the orientable surface Py. It remains
to mention that if we have glued in at least one M&bius strip in the surface, then
gluing in a handle is equivalent to gluing in two Mdbius strips (Problem 90). It
follows that the surface obtained from a sphere with k + g holes by closing k of
the holes with handles and g of them with M&bius strips (g > 1) is homeomorphic
to the surface obtained from a sphere with 2k + ¢ holes by closing all of them
with Mobius strips. In other words, Q is homeomorphic to one of the surfaces
Ny, Na, Ns, ...

Problems

89. Two holes are cut in a disk. Their boundaries Iy and /> are given the same

Py Ao and ara alhirad tAasathas QL that thic 1o amirivunlant tn
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each of the holes with a M&bius strip.

Hint. Make two auxiliary cuts along the curves amna’ and cpgc’ (Fig-
ure 85a) and ﬂm the cut-out piece (Figure 85b). Now /; and /; can be glued
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together (Flgure 85¢). One must also close the two auxiliary cuts, i.e., glue
together the diametrically opposite points on each of the two boundaries.
90. Cut three holes in a disk. Close one of them with a Mdbius strip. Give the
boundaries of the two remaining holes opposite orientations and glue them
together (this gives a handle). Show that all this is equivalent to closing all
three holes with Mobius strips.
Hint. Make the auxiliary cut m;abm, and flip the cut-out piece (Figure 86).
The resulting hole has the shape of a sickle. Glue together the diametrically
opposite points on its boundary. Also, give the the same orientations to the
boundaries of the remaining two holes and glne them together.
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entable surfaces with boundary.

2.6. Vector Fields on Surfaces

uous direction field on a given orientable surface @, i.e., can one choose at each
of its points a nonzero tangent vector that changes continuously when we move
from point to point?

In this section we investigate the following problem: Can one construct a contin-

Example 28 The directions from north to south on a sphere (Figure §7a) have
singular points at the poles; at these points the vectors have different orientations
and the continuity is destroyed. The same is true of directions from west {o east
(Figure 87b). We will see later that, quite generally, there is no continuous direction
field on the whole sphere. Another formulation of the same fact is known as the

hadoah th Tf ot 11
hedgehog theorem: If a spine (a nonzero not necessarily tangent vector) grows at

each point of a sphere and the direction of the spines changes continuously, then
there is at least one spine that is perpendicular to the sphere. If th1s were false,
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to the radius at a, we would obtain a continuous field of nonzero tangent vectors,
and this is impossible.

Figures 89a and 89b show the vector fields of Example 28 near the north pole.
Figure 89¢ shows a more complicated smgular point (known as a saddle point).
If we go around all three singular points once—say counterclockwise—then the
direction vector also rotates once counterclockwise in the first two cases and clock-
wise in the third case (see Figures 90a, 90b, and 90¢). We say that the singular
point has index +1 in the first two cases and index —1 in the third case.

The French mathematician Henri Poincaré (1854—1912) proved the following
result. Let Q be a closed orientable surface. If a vector field of nonzero tangent
vectors is given on Q, and if that vector field is continuous with the exception of a

finite number of singular points, then the sum of the indices of all singular points

s x(Q)-

s
o
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FIGURE 90.

Example 29 Since x(Pi) = 2 — 2k, x(P) # 0 for k # 1. It follows that a
continuous vector field of nonzero tangent vectors on an orientable surface other
than a torus P, must have singular points. (The vectors on parallel great circles
on a torus form a continuous vector field of nonzero tangent vectors that has no
singular points.}

Our proof of the Poincaré theorem involves two steps. First we show that the
index sums of two vector ficlds are equal, and then we construct a vector held for
which this sum is easy to compute.

Consider two different vector liclds of nonzero vectors on o surface Q cach ol
which has linitely many singutar points. Let vy (v) be the vector ol the first lield at
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FIGURE 972.

x and vy(x) the vector of the second field at x. We divide Q into small polygons
such that each of them contains at most one singular point of each of the two fields
and all singular points are in the interior of these polygons.

We note that if x is a nonsingular point of the vector field v;, then it is possible to
turn the vectors near it so that the resulting vector field is also continuous and v, (x)
goes over into a preassigned vector (Figure 91: With increasing neighborhood
radius the vectors turn less and less). We take advantage of this and turn the
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vy (x) and v2(x) coincide at every vertex (Figure 92).
Since Q is orientable, we can specify on it a positive direction for measuring
angles (say counterclockwise, as determined by an observer outside the surface).

.
near the varticee of the nalvoanal net ca that the veactare
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Now we consider an edge r; and distinguish on it a direction (say, from vertex a
to vertex »). When we go from a to # in this direction we obscrve the vector v (x),
and when we return from b to a we observe the vector v,(x). When we traverse
the edge r| therc and back, the obscrved vector changes continuously and returns
to the initial position (for vi(a) = v (a) and v,(h) = v2(b)). We denole the
number of revolutions (with respect to a specified direction for measuring angles)
ol the observed vector by d(ry). In Figure 92 we have d(r)) = 1, d(r;) = 0, and
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FIGURE 93.
d(r3) = —1. If we specify the opposite direction on r; (from b to a), then d(r,)
changes its ign (for the observed vector turns in the opposite direction).

Let M be one of our polygons. If we traverse its contour (in the positive
direction), then each of the vectors v (x)} and v2(x) revolves a certain number of
times. We denote these numbers by z; (M) and z2(M) respectively.

Letry, ra, ..., ry be the edges of the polygon M oriented in accordance with the
positive orientation of its boundary (see Figure 92). Beginning ata, we traverse the
boundary in the positive direction and observe the vector vy {x). After returning to
a we traverse the boundary in the opposite direction and observe the vector v (x).
The total number of revolutions of the observed vector is z,(M) — z2(M). But
we can observe the rotations of the vectors “in small portions”: We observe v;(x)
when traversing r, and v»(x) when traversing r; in the opposite direction. Then
we observe vy (x) when traversing r, and v,(x) when traversing r, in the opposite
direction, and so on. In this case we count d(ry) + d(ry) + - - - +d(ry) revolutions.
Since the total rotation is independent of the order in which we add the angles of
rotation of the vectors on each edge, it follows that

2(M) ~ 22(M) = d(ry) +d(r2) + - -+ d(rz). (13)

From (13) we can easily deduce the relation

D u(M) =) n(M), (14)

where we are summing over all polygons. Indeed, let us sum equation (13) over
all polygons and consider the sum on the right-hand side of the resulting equation.
Since each edge r belongs to two polygons M, and M, (see Figure 93), it appears
in that sum twice. However, when the boundary of M, is traversed in the positive
direction r obtains a certain orientation, and when the boundary of M, is traversed
in the positive direction r obtains the opposite orientation. Hence d(r) and —d(r)
appear exactly once on the right-hand side. Since this is true for every edge, it
follows that 3_ z; (M) — 3" z2(M) =

Let M be a polygon and x a singular point of the field v, (x) in that polygon. We
imagine a system of simple closed curves in M that circle xq (Figure 94). Since the
field v; (x) is continuous, it follows that if we go from one ol two close curves of
our system to another, then the number of revolutions of the vector vy (x) changes
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by a small amount. But this number is an integer, which means that the only small
change is a zero change; i.e., the number in question is unchanged when we go over
from one curve to the next. If we go around the boundary of M, then the number
of revolutions involved is z; (M). If we go around a circle centered at xp, then the
number of revolutions involved is equal to the index of xp. This means that z, (M)
is equal to the index of xp (if there are no singular points in the interior of M, then
z1(M) = 0). Itfollows that ) z; (M) is equal to the sum of the indices of all singu-
lar points of the field vy (x). Similarly, }_ z,(M) is equal to the sum of the indices
of all singular points of the field vo(x). This and (14) show that the sum of the
indices is the same for both fields. This proves the first part of Poincaré’s theorem.

We now choose in cach polyhedron a “center” and on cach edge its “midpoint.”
Then we construct a vector ficld of the kind shown in Figure 95. On the cdges the
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vectors are oriented from the vertices to the midpoints. Also, vectors issue from

L WS LR Y SRALANAANNAs 22228 ¥ i i end wns Asaflep A R2Rtd.  STRIORS,

the vertices and enter the centers. The singular points of this ﬁeld the surface Q
are the vertices, the centers, and the midpoints. The index of a vertex or a center is
+1, and the index of a midpoint of an edge is —1 (it is a saddle point) (Figure 96).
It follows that for this ﬁeld—and thus for every ﬁeld—the sum of the indices of all

note. For a remarkable 'mphcah n of this result see Section 3.10. (
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Problems

92. Show that on every closed surface there is a vector field with just one
singular point.

93. Show that on every surface with boundary there is a vector field without
singular points (the vectors at the boundary points are tangent to the surface
but not necessarily to the boundary).

94. Show that Poincaré’s theorem holds for orientable surfaces with boundary,
provided the boundary vectors are tangent to the boundary.

95. Prove Brouwer’s theorem: Ler D be a (closed) disk. Every continuous

mapping f: D — D has a fixed point, i.e., a point x &€ D such that
fix) =

X
Jr) = A
Hins. Suppose there is no fixed point. If we associate with each point x the
vector from x to f(x), then we obtain a nonzero continuous vector field

without singularities.

2.7. The Four Color Problem

Call the regions into which a finite graph G divides the plane countries. Countries
A and B in Figure 97 are neighbors (they share an edge), and so are countries B
and C (they share two edges). Countries A and C are not neighbors; they share a
vertex but not an edge.

We want to color the countries with different colors so that the the resulting map
is “political,” in the sense that neighbor countrics are colored differently. In order
to economize on the number of colors nonneighbor countries may be colored the
same color. What is the Ieast number of colors needed to color any map on the
plane?
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This problem was posed in 1852 by a student in London named Guthrie who
was struck by the fact that four colors sufficed for coloring the countics on a map
of England. Guthrie conjectured that four colors suffice for coloring any map.
After close to forty years the English mathematician Heawood showed that five
colors suffice for coloring any planar map. The four color problem attracted cver
greater attention. In 1968, Ore and Stemple showed that a map with no more than
40 countries could be colored with four colors.

At present, we believe that the four-color-problem conjecture has been proved.
The reason for saying “we believe” is that, so far, all proofs of the conjecture
have made use of computers, and have involved so many computations that their
verification is a practical impossibility.

The first machine solution was obtained in 1976 by the Americans K. Appel and
W. Haken. With the aid of acomputer (which “helped them” to improve stepwisc an
initial program) they were able to reduce all possible maps to some 2000 (preciscly
given) types and developed a computer program for their investigation. Except
for three types of maps (which it could not handie and which were verified “by
hand”), the computer used the program to solve the following problem: Consider
a particular type of map. Can you find a map of this type that cannot be colored
with Jour colors? After some ten billion arithmetical and 10g1C¢u OpCI‘auOHS the
computer answered “no,” went over to the next type of map, and so on. After
getting a “no” answer for all types of maps, Appel and Haken declared that they

had ghtained a comnuter-aided solution of the four color nroblem
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But the correctness of this machine solution cannot be guaranteed. For it is
conceivable that for some type of map—say type 17—the “no” answer was the
result of a flaw in the electronics (a rather common phenomenon) and not of
faultless analysis. Since the computer operators do not know this, they ignore
type 17 and continue with map types 18, 19, and so on. Nor could we guarantee
correctness if we were willing to repeat the machine experiment (and thus declay
matters for months); it is conccivable that a mistake can occur when the “new”
computer carries out the millions of computations involved in checking the answer

for maps of type [7.
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FIGURE 98.

To find out about the present status of the four color problem see the paper by
Robin Thomas, An update on the four color problem, Noftices of the AMS, August
1998, 848-859. (Trans.)

Problems

96. Consider a graph on the plane (or on the sphere) all of whose vertices have
even index. Show that the resulting map can be colored with two colors.
Hint. Use the intersection index.

97. Show that every map in the plane (or on the sphere) can be colored with

five colors.
98. Consider a graph on a surface such that at least one of any two neighboring
countries is a triangle. Show that such a 'nap can be colored with four

99, Consider two concentric C1rcle
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an example that showed that fewer colors do not suffice. Specifically, if we join
the opposite sides of the rectangle '1n Figure 98, then it becomes a torus with seven

countries any two of which are neighbors (Figure 99), i.e., each country must be
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colored a different color.

If n colors suffice for coloring every map on a surface Q and there is a map that
cannot be colored with fewer than r colors, then # is called the chromatic number
of Q; it is denoted by col (Q). As noted earlier, for the sphere col (Py) = 4 and
for the torus col(P;} = 7. Except for the Klein bottle N>, for which col(N3) = 6,
the chromatic number of a closed surface is given by the Heawood formula

7+\/49—24X(Q)]. s)

col (Q) = [ 5
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Here the brackets indicate the integral part of the fraction.
We owe these results to a number of generations of mathematicians. Heawood

was able to prove the inequality

NL

| e S e} N a et |
col(Q) < [I+ 92—44X(Q)J. (16)
It thus remained to show that there is a map on @ that cannot be colored with
fewer colors than given in (15). At first such maps were given for a few particular
orientable and nonorientable surfaces. The existence of the required maps for
arbitrary nonorientable surfaces was proved by Ringel (1954), and for arbitrary
orientable surfaces by Ringel and Youngs (1968).

We will prove the inequality (16). Consider a map on @ whose coloring requires
¢ = col(Q) colors. We choosc a point (the “capital”) in the interior of each
country. On the territory of any two neighboring countries we build a “railway
line” connecting their capitals (Figure 100) so that the different railway lines do
not cross. Instead of coloring a country a particular color we set up a flag of this
color in its capual, If two conutries are connceeted by a railway line, (i.c., if they
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are neighbors), then the colors of their flags must be different. It follows that we
must color the vertices of the graph G* (whose edges correspond to the railway
lines) so that any two neighboring vertices (i.e., vertices connected by an edge) are
colored umerentry' It is clear that the chromatic number of G*, i.e., the smallest
number of colors needed for coloring it in the indicated way, is c.

We remove from G* an arbitrary vertex together with all edges that abut on it.

('all the v-non]hnn n-rqr\l'\ f-" Tf tha chramatic niimher of f-: 1e nat lace than » tha

n
S Chld LI.I.U 4 %wObbibvrl 5 5 e AL VALV WllLWAMLIIALLIW 1AM BLEU/ vl VL LAW/L 1% Li1Edld Ly I..I.l.\.ol.l

we can take G’ instead of G*. It can happen that we can repeat this step, i.e., we
can again remove from G’ a vertex and the edges abutting on it, and so on. Finally,
we obtain a graph G** in G* that cannot be further simplified, i.e., the chromatic
number of G** is ¢ but the chromatic number is decreased if we remove from it
any vertex and the edges abutting on it. We denote the number of vertices of G**
by V, the number of its edges by E, and the number of faces determined by this

graph on Q by F. Then (see Problem 72)
V—E+F>x(Q) (17)

The number of edges terminating at any vertex of G** is at least c — 1. Suppose
not, i.e., suppose that the edges terminating ata vertex b € G**are[bq,], ..., [bgi]
and k < ¢ — 1. We remove b and these edges from G** and obtain in thzs way a
graph G” whose chromatic number is less than ¢. We color this graph with ¢ — 1
colors. Since k < ¢ — 1, it follows that at least one of these colors was not used
when coloring the vertices gy, . . . , g¢. If we color b with the unused color, then we
obtain a coloring of G** with ¢ — 1 colors. Of course, this contradicts the choice
of G**.

Thus the number of edges abutting on each vertex of G** is at least ¢ — 1. It

follows (see Problem 20) that
(c—1)V <2FE. (18)

We claim that each of the regions determined by G** has at least three edges.
Indeed, a “one-edge” (Figure 101a) would imply the cxistence of a railway line
from a capital to the same capital (without a detour through other capitals) and
a “two-cdge” (Figure 101b) would imply that two capitals are connected by two
railway lines; but we did not build such railway lines.

[f we count the edges of all Fregions, then we see that this number is at least 35,
here we counted eaclredge twice (for itabuts on two regions). Thus 34 < 28 1.e.,
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%E — F > 0. If we add this inequality to (17), then we obtain V — %E > x(0),
or 2E < 6V — 6x(0). Using (18), we obtain (c — 1)V < 6V — 6x(0), i.e.,
1<6- X2 19
c—-1<6-— :
< ” (19)

Now it is not difficult to complete the proof. Suppose that the surface Q is
homeomorphic to a sphere: Q = F;. Then x(Q) = 2, i.e., the inequality to be
proved, namely (16), is of the form col (Q) < 4. This inequality is correct, for the
four color problem has been solved.

Now let O = Ny, 1.e., x(Q) = 1. Then (i6) has the form col (¢
inequality is correct, for (19) implies thatc — 1 < 6 — —, so that ¢ —
¢ — 1 is an integer).
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and 82). Since V > ¢ (otherwise, we could color the graph with ¢ —
have —6x(0)/V < —6x(0Q)/c, and thus, in view of (19),c —1 <

N’
= 1A
A o
-
=
—
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6— 6x (Q)/c,
ie., et — ¢ +6x(0) < ﬂ This means that ¢ lieg in the interval bounded by the
zeros of the polynomial x2 —7x 4+ 6x(Q) (the zeros are real, for 6x(Q) < 0)
Hence ¢ is not greater than the greater of the two zeros, i.e.,

c<3 (7 +V39-24x(0) ),
which shows that (16) holds in this case as well.
Problems
160. A surface @ has been obtained from a sphere with £ + ¢ holes by closing
k of the holes with handles. Show that col (Q) = col (Pk)
101. A surface Q has been obtained from a sphere with k + ¢ holes by closing
A nf tha hnlae wuith MAhine ctrine Chnur that ~nl Y — rnl FAS DY T
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particular, the chromatic number of the M&bius strip is 6.

102. Find a map on the projective plane (or on the Mébius strip) that cannot
be colored with five colors.

103. Determine the chromatic number of a graph whose vertices and edges are,
respectively, the vertices and edges of an n-gon.

104. Determine the chromatic number of the graph “m houses and n wells.”

105. Show that for every surface there is a graph that cannot be embedded in
it.

106. Suppose that a graph with chromatic number 2 has n vertices. What is
the largest number of edges this graph can have?

107. Show that if we draw on a given surface a map with sufficiently small
countries, then we can color it with seven colors.

108. Show that if we can draw on a surface @ a graph with chromatic number
¢, thencol (Q) = c.

109. Show that it is possible 10 draw on a Klein boitle a complete graph with
six vertices. Dedce from this that col (N2) > 6.
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2.9. Wild Spheres

In this section we study the intersection index in space and deal with problems
connected with the space version of the Jordan curve theorem.

Let Q be a surface (possibly with boundary) made up of plane polygons, and
let G be a graph whose edges are rectilinear segments. G and Q are said to be
in general position if the vertices of the graph are not in Q and its edges have no
points in common with the edges of the polygons in Q. If the number of points of
intersection of the graph with the surface is even, then we put J (G, Q) = 0, and
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the intersection index of the graph G with the surface Q.

As in Section 1.5, we show that if the surface Q has no boundary and the
graph G is a cycle (1.e., the number of edges at each of its vertices is even), then
J(G, 0)=0.

Problems

110. The union of finitely many polygons in space is called a two-dimensional
cycle (modulo 2) if these polygons have no interior points in common
and the number of polygons at each edge is even. Show that if G is a
one-dimensional cycle, O a two-dimensional cycle, and G and Q are in
general position, then J (G, Q) =

111. Let © be a two-dimensional cycle modulo 2. Think of it as made up of
metal polygons. Show that it is possible to fill the regions into which Q

divides space with two liquids of different color so that the colors of the

]1qn1r|c on each clrle nf nny pn]ugnn are rl}ffererlt

112, Show that there is a “spatial map” whose coloring (or filling with fluids

of different colors) calls for at least 2000 colors.

. Consider finitely many oriented polygons in space that have no common
interior points (but may have common edges or vertices). They are said
to form a two-dimensional integral cycle if at each oriented edge the
number of polygons that abut on it positively (exemplified by M, and M,
in Figure 102) is equal to the number of polygons that abut on it negatively
(exemplified by M, and M3 in Figure 102). Show that the intersection

index

-
-
‘.“"

J(G, Q) =) J(ri, My)

is 0 if G is a one-dimensional integral cycle and Q is a two-dimensional
integral cycle in space. Here the sum extends over all oriented segments
ri, ..., rx that form the cycle G and over all oriented polygons that form
the cycle . Moreover, J(r;, M;) = +1 if the orientations agree with
the right-hand rule (Figure 103a) and J(r;, M;) = —1 otherwise (Fig-
ure 103b).

114. Let Q be a two-dimensional cycle and let p and ¢ be two poiuts that are
not ineident with it. Let x be a dirceted polygonat line from p 1o ¢. Show
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FIGURE 102.

FIGURE 103.

that the intersection index J (x, Q) depends on the disposition of p and g
but not on the choice of x.

115. Let Q be a two-dimensional cycle modulo 2. Show that its polygons can
be oriented so that it becomes an integral cycle.

116. Let Q be a two-dimensional integral cycle. Show that if there exists a
directed polygonal line x (that is not closed) for which J(x, Q) = n, then
Q divides space into at least n + 1 regions. Is the converse true?

Using the notion of intersection index modulo 2 one can prove (as in Section
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self-intersections disposed in three-space divides it into two parts. One of these
two parts is bounded and is called its inferior, while the other part is unbounded
and is called its exterior. It is easy to see that a surface without self-intersections
disposed in three-space must be two-sided (the statement of the theorem makes no
reference to this), for it divides space into two parts. This confirms the fact that

closed one-sided surfaces cannot be placed in space without self-intersections.

Problems

117. Let Q be a surface made up of plane polygons and let [ be a ray issuing
from a point ¢ in space. Show that c¢ is in the interior of Q if and only if
intersects O in an odd number of points.

118. Does there exist a sct in space that is the common boundary of three
regions?
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FIGURE 104.

At the end of Section 1.6, when proving the plane version of the Jordan curve
theorem, we noted that the union of a simple closed curve and its interior is home-
omorphic to a disk. It seems obvious that the spatial analogue of this result, i.e.,
the statement that the union of a surface homeomorphic to a sphere and its interior
must be homeomorphic to a ball, is true. This is indeed the case for simple surfaces,
such as convex polyhedra, but not in general—here our intuition has deceived us.
In other words, there is a surface in three-space homeomorphic to a sphere such
that its union with its interior is not homeomorphic to a ball. The construction
of such a “wild sphere” is ¢ d f ici
Frenchman Antoine and the American Alexander.

Before describing a wild sphere we talk about contractibility of a curve. A

cimnle clocad eurve in a fionre M ic eaid to be canfractibhls if it can be contractad
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(in M) to a point. We can visualize this by considering a system of concentric
circles on a disk.
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Problems

119. Let M be an open ball. Show that a simple closed curve in M is con-
tractible.

120. Let A be a figure in R? consisting of a finite number of points. Show that
a circle [ in the exterior of A is contractible in the exterior of A.
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I ELILd, N WSLADAINE L A UFNAL \’\Illtmllllls RLANY NrdiNsAN Ly A 11l% Ukdlld widld Ul WUwiwvllliys

by depressions so that the resulting solid continues to be homeomorphic

to a ball and contains in its interior the curve / but none of the points of A.

The assertion in Problem 120 can be explained as follows. If [ is a circle that

bypasses the (finitely many) points of A, then the disk spanning ! can be “removed”

from the points of A it passes through (if any) by a small deformation. This may

give the impression that a circle in the complement of any zero-dimensional set A
is contractible. But this is false.

Example 31 We consider a closed chain A; with a number of solid links (Fig-
ure 104a). We embed a similar closed chain in the interior of each [ink of A; and
obtain in this way a set A2 C A, (Figure 104b). We apply the same procedure to
the links of A, and obtain A3 C As. By continuing this process we end up with
a nested sequence of sets Ay D Az D Az D - -« The intersection of these sets is
Antorme’s necklace A*.
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FIGURE 105.

The set A* is zero-dimensional. Indeed, the diameters of the chain links that
make up A, decrease indefinitely with increasing n, so that there is no connected
set in A* containing more than one point.

Now let [ be a circle that entwines the 1nitial chain A, and let K, be the disk
bounded by /;. In Figure 105a, K, intersects the torus 7, the surface of one of the
solid chain links, in two circles (meridians); we denote one of them by /5. The part
of the disk K, bounded by /5 is a smaller disk K5. This smaller disk is in the same
position with respect to the part of A, in the interior of 7) as K, was with respect
to A; (Figure 105b). One can imagine that K, (much like X ,) intersects one of
me l()n klﬂd[ IOI_I-I-I LIIC UUUllUdI'y Ul lﬂe SOIIU CI-la.lIl llITlKS OI ﬂz} lll {two Llr(..l(:b, one
of which we denote by /3. Continuing in this way we see that the interseciion of
K ,—which we can also think of as a membrane spanning /;—with each of the sets
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set A*. Obviously, instead of K, we can take any other membrane that is the result
of a continuous deformation of a disk and spans {,. The preceding argument shows
that any such membrane has a nonempty intersection with A* (this will be proved
in Section 3.6). It follows that the circle |, is not contractible in the exterior of
Antoine’s necklace A*. The latter has no connected part consisting of more than
one point and so is zero-dimensional, and yet no membrane that is the result of a

continuous deformation of a disk and spans I, can bypass it.

Problems

121, Show that it is possible to span I; by a membrane homeomorphic to a
handle that is completely in the exterior of A*,
122, Construct a simple closed curve that passes through all points of Antoine’s

necklace.

Example 32 We arc now in a position to describe a wild sphere. l.et S be a sphere
that contains in its interior the set Ay as well as the cirele 17 (Figure 105a). Now
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imagine that the sphere has been depressed so that the depressions lead into its
interior and come close to each of the tori bounding A, (Figure 106). This can be
done so that the depressions do not touch the circle /. The resulting surface S; (a

sphere with tubelike depressions) is homeomorphic to a sphere and its interior U1
is homeomorphic to an open ball and contains {,. Now we extend each tubelike
depression by forming at its end finer depressions that run in the interiors of the

tori bounding A, and come close to the links of A;. We again obtain a surface S,
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still finer depressions that come close to the links of A3, and so on. At each step of
this construction we obtain a surface S, homeomorphic to a sphere whose interior
U, is homeomorphic to an open ball and contains ;. The depressions added at
the successive steps become ever shorter. This being so, the surface is modified
ever more slightly and the limit surface S* is homeomorphic to a sphere. Since the
“tentacles” of the surfaces S, come ever closer to A*, $* contains A*. It follows
that the interior U* of §* does not intersect A*, for the latter lies on the boundary
S* of the region U*. Thus all of U* lies in the exterior of A*. This being so, [;,
which lies in U*, is not contractible, for it is not contractible in the exterior of A*.
It follows (see Problem 119) that U* cannot be homeomorphic to an open ball. As
a result, the union of $* and its interior is not homeomorphic to a closed ball.

2.10. Knots

A knot in a string can be undone if the ends of the string are free. That 1S why the
knots considered in topology always involve closed curves.

“trefoil knot”).

Example 34 A double knot (Figure 108a) must not be confused with the the
so-called sailor knot (Figure [08b); the former is casily undone, and so 15 con-
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of these knots are shown in Figure 109,

From the topological viewpoint, a knof is a curve in three-space homeomorphic
to a circle. Two knots are regarded as different if they are not isotopic. It is intu-
itively clear that the knotted and knot-free curves in Figure 110 are topologically
differently disposed, i.e., they are nonisotopic. We will prove this in Section 3.6.

We think of a knot as realized by a simple closed polygonal line ! and consider
its projection on a horizontal plane. This projection can be self-intersecting. We
assume that each point of intersection is double, i.e., that the number of inter-
secting edges is just two, If necessary, this can be achieved by a slight shifting
of edges. Figure l11a is a so-catled normal projection of a knot, which means
that an edge passing under another edge is represented by a broken line. While
adhering to the same convention, we can also represent a knot as a smooth pfanc

curve (Figure 111b).



72 Chapter 2 Topology of Surfaces

(U

a)l b)

FIGURE 110.

NN\ r\/\

SR

Q

FIGURE 111,
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union of orientable knots, i.e., as the union of closed oriented curves in
space any two of which can have common vertices but no other common
points.

124, Show that the triply twisted strip in Figure 112 is homeomorphic to a
Mébius strip and that its boundary is isotopic to a trefoil knot.

125. Show that the “twisted buckle” in Figure 113 is homeomorphic to a handle
and that its boundary is isotopic to a trefoil knot.

126. Show that an orientable or nonorientable surface that is not homeomorphic
to a disk and whose boundary is homeomorphic to a circle can be so
embedded in three-space that its boundary becomes a trefoil knot.

Problems 124126 give ris he following question: Given a knot L, is there

mao I rifrirn (vosthnrf colf s mtersect:
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FIGURE 114,

L as boundary. An affirmative answer to this question was given by F. Frankl.
His elegant argument is that the normal projection of a knot L divides the plane
into regions such that the resulting map can be colored with two colors, say white
and red. The possibility of such a chessboard coloration is implied by Problem
96, for there are exactly four edges at every vertex of the graph resulting from
the projection; here it is assumed that the exterior (unbounded) country is colored
white. In Figure 114a the curve of each knot is shown without breaks, so that the
countries are clearly visible. If we put back the breaks in the projection of L, i.e.,
if we use a normal projection, then the drawing becomes “spatial,” i.e., the red
regions seem to flow into one another at the crossings (see Figure 114b). This
gives the desired surface with L as boundary. We note that in general, this surface
is not orientable (see Figure 112). With more care, we can construct for every knot
an orientable surface without self-intersections whose boundary is this very knot
(see Problems 130-132).

Problems

127. Using the indicated procedure, construct for each of the knots in Fig-
ure 115 a surface with this knot as boundary.

128. Show that the Frankl surface is nonorientable if and only if there exists a
simple closed curve that passes through only the red regions and has an odd
number of transitions from country to country at the double intersection
points (Figurc | 16).

129. A link is the union of 2 numbcr of simple closed curves in space that are
pairwise disjoint (Figure 117). Show that Tor every link there is o closed
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surface without self-intersections whose boundary is this very link.

130. Let L be a link. Choose an orientation for each of the curves of L and
denote by z the one-dimensional integral cycle that results from the normal
projection of L. z divides the plane into countries, Choose a point in each
country and denote by o the point in the exterior country. With each
of these points we associate a number k(M) equal to the intersection
index J(x, z), where x is a directed polygonal line leading from o to the
distinguished point of M (Figure | 18). Let M, be a country for which
lk(M)| takes on its maximum value. Show that thc orientations of the
parts of the cycle z that make up the bonndary of M are such that they
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form a (clockwise or counterclockwise) circuit of M;.

Let z and M, be defined as in Problem 130. If we remove from z the parts
that form the boundary of M, and replenish the gaps with “dikes” (drawn
as dotted lines in Figure 119a), then we obtain a cycle z' with a smaller
number of countries. By applying a similar construction to the link L we
obtain a link L’ whose projection yields the cycle z’. The removed paris
are replenished by dikes so that it is possible to span the resulting curve

by a surface P homeomorphic to a disk that resembles in the vicinity of
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result: If an orientable membrane Q spans L', then gluing the surface P

to O (at the dikes) yields an orientable surface spanning the cycle z.
Use the two preceding problems to prove the following result: IfLisal ink
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in space and if each of its curves is given an orientation, then !here exists
an orientable surface with boundary L such thar one of its orientations
yields the orientations of the curves of the link.

Hinz. One must see to it that at each step of the construction the boundary
of the surface in question is be seen from above.

Suppose that the largest value of |k(M)] (see Problem 130) for the cycle
z is n. If Q is a surface spanning the link L in accordance with the
construction presented in Problems 130-132, then we have the inequality
x(Q) = n — ¢, where ¢ 1s the number of double intersection points of
the cycle z.
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134. Prove that if the link L has [ components, the number of double inter-
section points of its normal projection z is g, and the largest value of
1k(M)] for the cycle z is n, then we can span this link by a membrane
homeomorphic to a sphere with k handles and / circular holes. Moreover,
k<l+(q—n-—1)/2

135. Show that one can span a sailor knot (as well as a granny knot) by a
membrane homeomorphic to a sphere with three holes two of which are
closed with handles,

2.11. Linking Numbers

For two disjoint oriented circles x and y in space (x the first and y the second) we
make the following definition of their linking number.

Consider the normal projection of the link x U y on a (“horizontal”) plane, Let
a be a double point (double intersection point) of the projection at which x passes
under y. If we move toward a following the direction on x, then we see (in the
projection) that y cuts x either from left to right (Figure 120a) or from right to
left (Figure 120b). In the first case we associate with ¢ the number +1 and in
the second case, the number —1. As for other double points, i.e., self-intersection
points of a circle or points at which x passes over y, we associate with them the
number 0. The number obtained by summing these numbers over ail double points
of the projection is called the linking number of x and y and is denoted by o (x, y).

le 385 Forthe two intertwined chain linke in Ficur onuimber
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is +1 (see Figure 121b). For the circles in Figure 122 we have w(x, y)

/" )

FIGURE 120,

e

al b)

14

Ficeee 121,



2.11. Linking Numbers 77
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Later we will see that the linking number depends solely on the disposition of
the circles and not on the type of projection, Moreover, to(x, y} does not change
if the circles x and y are subjected to a continuous deformation that preserves
their disjointness throughout the process of deformation. It turns out that the
linking number ro(x, y) is an isotopy invariant, i.e., if f is a homeomorphism of
three-space, then

(f(x), f(¥)) = £w(x, y).

Example 36 At the end of Section 1.2 we mentioned that a strip with two twists
and an untwisted strip (see Figure 8) arc homeomorphic but that these two figures
are notisotopic in space. Now we can prove this result. To this end we consider the
linking numbers of the boundaries of the two strips. For the strip with two twists
the value of this number is either +1 or —1 (depending on the way the strip is
twisted), and for the untwisted strip its value is O (Figure 123). That is why the strip
with two twists cannot go over into the untwisted strip under a homeomorphism of
space. To put it more precisely, this cannot happen because during the deformation
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Example 37 A constant current / flowing through a rectilinear conductor P gen-
erates a magnetic field whose intensity H at a distance r from the conductor has
the value H = 21 /r. The potential of the magnetic field is defined as the amount
of work required to transport a charged particle with unit charge from a certain
fixed point xo (the point of zero potential) to a given point. In the case under
consideration, the potential W of the magnetic ficld is multivalued. Figures 124a
and 124b show two ways of transporting the charged particle from xp to a. The

2

second way calts for an addittonal amownt of work. Since the required force is ©
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FIGURE 125.

and the additional path length is 2mr, the additional amount of work is 4w /. We
see that going around the conductor once (along any path) changes the magnetic
potential W(a) by 4x I. If we go around the conductor m times (m any integer),
then the potential changes by 47 Im. The same expression for the change of po-
tential applies to arbitrary (not just rectilinear) conductors (see Figure 125). The
number of turns (windings) of the path around the conductor is the negative of the
linking number of the conductor P and the path z, i.e., if the closed path z around
the conductor involves m turns, then the magnetic potential change is 4 Im, and
m = —(x, y). If the current is measured in amperes, then /m is aiso called the
ampere linking number.

Problems

136. Show that interchanging the circles does not change the linking number,
ie., to(x, y) = m(y, x).

137. Show that if oriented circles x’ and y’ are symmetric with respect to some
plane to oriented circles x and y (including orientations), then ro(x’, y') =
—1o (x ’ y) .

138. What is the linking number of the boundary of a Mobius strip (Figure 50d)
and its midline?

139. Let Q be a surface homeomorphic to a Mobius strip (for example, the
surface in Figure [26). Let x be its boundary and v its midhne (i.e.,
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FIGURE 128.

the image of the midline of the Mdbius strip in Figure 50d under this
homeomorphism}). Show that ro(x, y) is odd.

circles x and y lie “almost completely” in the normal projection plane, so that
one of the circles lies somewhat lower than the other only in the vicinity of the
double points. Next consider an orientable membrane Q spanning y as described
in Problem 132 (the boundary is fully visible if you look at Q from above). Near
the boundary the membrane should be almost vertical (Figure 127). At points at
which x is above y it is also above @, so that x and Q do not intersect there. On
the other hand, they do intersect at points at which y is above x. The intersection
index of x and Q is +1 if y runs from left to right (Figure 128a) and —1 if it runs
from right to teft (Figurc 128b); we are looking in the direction of the orientation
of x. By comparing the definitions of intersection index and linking number we

We will now give an equivalent definition of linking number. Imagine that the
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where () is the two-dimensional membrane that spans y and is oriented in accor-
dance with the orientation of y.

Equation (20) holds for an arbitrary membrane Q. Indeed, let O and Q' be
two membranes spanning y (and having the same orientations as y). Consider
the difference of Q and ', i.e., the union of Q and Q' with the orientation of
Q' reversed. This difference 1s a two-dimensional integral cycle (even if Q and
Q' intersect). Since the intersection index of the integral cycle x and this two-
dimensional cycle is 0, it follows that J (x, Q) = J(x, Q).

Equation (20) implies that the linking number, initially defined by a normal
projection, does not depend on the disposition of the projection plane. It also
implies other properties of the linking number (see above).

Problems

140. Suppose that a membrane that is in general position with respect to a
circle x spans a circle y. Assume that the membrane has just one point
in common with x. Prove that any membrane spanning x has at least one
point in common with y.

141. Let x and y be oriented circles in space. Equation (20) implies that if an
orientable membrane can span y so that it does not intersect x (Figure 129),
then m(x y) = 0. Prove the converse proposition.

142. Provethatifio (x, y} is even, then there exists a \HOL necess 1_’y’ orienta h‘:)
membrane spanning y that has no points in common with x

143. Check that the linking number of any two circles in Figure 117 is 0.

Construct a membrane homeomornhic to a handle that snans one f ‘hv
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circles and does not intersect the other two.



3
Homotopy and Homology

3.1. Periods of Multivaiued Functions

Let & be a path in a figure X leading from an initial point x; to an endpoint x;. In
other words, let #: [0, 1] — X be a continuous mapping satisfying the conditions
h(0) = xp and A (1) = x;. We will deform this path within the figure X but keep
xo and x, fixed.
MTherm = ntlhn . aAanAd L G on Aavren Vo At 8 chhiinlh koo thn ansmen amedabcta qoea
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said to be homotopic in X if there is a continuous deformation (within X) that

takes /1; to A2 (see Figure 130; the fine lines are intermediate paths). In symbols,
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Example 38 Two paths on a disk with the same endpoints are always homotopic.,
In intuitive terms, we can justify this claim by thinking of the path as a stretched
rubber thread within the disk. If the endpoints of the thread are xy and x; and
if it i1s free to move, then, whatever its initial form, it ends up as the segment
with endpoints xo and x;. Thus any path on the disk is homotopic to the segment
connecting itsendpoints. Thisimplies that any two paths on the disk with endpoints
xo and x, are homotopic.

Example 39 Let X be an annulus with boundary circles centered at 0. We choose
apoint xg in X, For each point x € X we denotc the magnitude of the angle Zxgox
by @(x) (Figure 131). The function ¢(x) is multivalued (it is determined to within
a summand of the form 2km, k an integer). We assume that an arbitrary one of
these values has been chosen at x = xp and we denote it by ¢p. If x is moved within
X, then the angle ¢(x) changes continuously. Hence to each path 4 in X leading
from xj to x; there corresponds a uniquely determined value ¢, of the multivalued
function ¢ (x). To obtain this value we choose values of ¢ (x) such that, beginning
with ¢g at xg, the change in the value of ¢(x) along % is continuous. Regardless
of whether we reach x; by moving along % or along a path homotopic to , we
end up with the same value of ¢(x). Indeed, under a continuous deformation of
h, each particular value of ¢(x) on & also changes continuously. But then it must
stay constant, for the difference betwcen two values of ¢ (x) for the same x is 2k

Example 40 Recall Example 37. The choice of a point xy of zero potential de-
termines in the exterior of the conductor P a multivalued function W(x) (the
magnetic potential function). [t we move from x;, to x; along a path h, then we
obtain at x; a uniquely determined value of the magnetic potentiat. While homo-
topic paths leading (rom xg to Ay yickt the sime value of the magnetic potential
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at x{, nonhomotopic paths with these endpoints may yield very different values at
that point.

Problems

144. Define a multivalued function on the set X in Figure 132 that takes on
infinitely many values at xo including the values 0, 1, and /5.

145. Define amultivalued functionon the set X inFigure 132 with the following
property: There are nonhomotopic paths from xg to x; that yield the same
functional value at x;.

Example 41 Consider the figure X below (sce Figure 133). Let ¢((x), ¢2(x),
and @(x) denote the magnitudes of the angles Zayox, Zayoax, and Zazesx
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FIGURE 133.

respectively. The function
on X. If we go from x; to xy along the path /4, then the value of ¢, (x) at xp changes
by 27 while the values of ¢;(x) and ¢3(x) at xpo remain unchanged. It follows
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value of f(x) at xo by 2r+/2 and going along &3 changes it by —27 V3. We can
call 27, 2w ~/2, and —27 /3 the periods of f(x) corresponding to the paths 7,
h,, and h3 respectively.

Let 4y and A, be paths beginning and ending at x,. By the product h Ay of
these paths we mean the path obtained by traversing first #, and then 4,. It is clear
that traversing %/, changes the value of f(x) at xq by 2 + 27+/2. Similarly,
traversing A3k, changes the value of f(x) at xo by —27 V34 27. More generally,
we can say that multiplication of paths (which begin and at xp) results in the
addition of the corresponding periods of f(x).

Traversal of homotopic paths leads to the same value of f(x). In this sense
homotopic paths are indistinguishable. Therefore, it is natural to form classes of
mutually homotopic paths. We denote the class of all paths homotopic to a path
h by [A] and the set of all such classes by 7 (X). These classes can be multiplied.
Specifically, to multiply the classes [4] and [k] we form the product 2k of z € [A]
and k € [k] and define the product of these classes as the class containing the
product kk: [A] - [k] = [Ak].

The idea behind the introduction of classes of paths is clear. To each class there
corresponds a period of the multivalued function f(x), and when two classes are
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3.2. The Fundamental Group

Given a figure X we can investigate its classes of homotopic paths and their
products. We limit ourselves to paths in X that begin and end at the same point
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FIGURE 134.

FIGURE 135,

xg € X. Two such paths can be multiplied. All mutually homotopic paths are put
in a single class. If a is such a class and 7 is one of its elements, then we say
that % is a representative of a and write a = [h]. The set of all classes is denoted
by (X). Multiplication of classes is defined as described in the previous section
(see Figure 133): If a and b are two classes of paths (that begin and end at xp)
and A and k are their representatives, i.e., if a = [#] and b = [k], then we define
their product as the class represented by the path Ak, i.e., we put ab = {hk]. The
product just defined is independent of the choice of class representatives. It turns
out that under this operation of multiplication the set 7 (X) forms a group.
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path contractible to a point. Then gh ~ A (Figure 134) and hg ~ h (~ stands for
“is homotopic to”). Denote by 1 the class of paths contractible to a point. (These

nathg are sometimes referred to as null homotonic nnfhv\ For anyc classa e (X)
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we have la = a andal = aq, ie, 1 is the 1dent1ty element for the multiplication
defined on 7 (X).

Now let / be a representative of a class a. Let #~! be the path that is the result
of traversing /4 in the opposite direction (Figure 135). Each of the paths 2% ~! and
h~'h is contractible to a point; Figure 136 shows how 44~ can be contracted to a
point, If we denote the class containing A~' by a~!, then we have aa~' = | and
a~'a =1, i.e., each element of w(X) has an inverse.

It is not difficult to show that the multiplication on 7 (X) is associative. Hence
m(X) 18 a group. v is called the fundamental group of the figure X (with base
p()illl .r()).
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If two points xp and x, can be connected by a path in X, then the fundamental
groups with these base points are isomorphic (see Problem 148). Thus if X is

path-connected (and this is the only case we will consider), then we can speak

of the fundamental group of the figure X without specifying the point at which
it was based. The fundamental group is a topological invariant, i.e., two homeo-
morphic figures X and ¥ have isomorphic fundamental groups 7 (X) and 7 (Y).
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Fundamental groups were introduced by Poincaré.

Problems

146. If the group (X)) is trivial (i.e., if it consists of just the identity element),
then we say that the figure X is simply connected. In other words, a figure
X is simply connected if every closed path in it is contractible to a point.
Show that every convex figure (for example, a straight line, a segment, a
disk, a ball, a convex n-gon, a polyhedron) is simply connected.

7. Show that a sphere is simply connected.
Hint. Any path on the sphere (including a sphere-filling curve similar to

a Peano curve) can be deformed to a “smooth” path that does not cover

tha whala enhara
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148. Let w be a path connecting two points xp and x;, of a figure X. With each
closed path 4 with initial point xo associate the path A* = w~'Aw with
initial point x; (Figure 137). Show that this association determines an

isomorphism between the fundamental groups of X based at the points xp
and x;.

Example 42 We will show that the fundamental group of a circle is a free cyclic
group, i.e., that it is isomorphic to the additive group of the integers. To this end,
we denote a path that goes once around a circle B uniformly (i.e., without change
of direction) in the positive direction by « and the oppositely oriented path by
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a~'. Then a” denotes the path that goes around the circle n times: in the positive
direction if n > 0 and in the negative direction if n < O (the path a coincides
with the initial point xp).

With each path we can associate a curvilinear image that determines the position
ofa point moving on the path by the value ¢ of a parameter (for example, time), ¢
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also determined by its angle coordinate ¢ on B (counted from the point xq). If ¢
is laid off on the axis of abscissas and ¢ on the axis of ordinates, then we obtain a
grnnhu‘ relation mf!\ funﬂ"l m(ﬂ\ = n\

4 CLpraAiaNe A WwAIALANS AR ¥¥ lwii

If a umformly moving point goes around the circle n times, then we obtain
the path @" whose curvilinear image is the segment joining the points (0, 0) and
(1, 2nm). But the point can also move on the circle with many changes of direction.
Figure 138ashows the curvilinearimage of a path represented schematically in Fig-
ure 138b. The curvilinear image of any closed path on the circle always joins (0, 0)
and (1, 2n), n an integer. Regardless of the course of the path we always return
to the point xp, so that the angle coordinate fof the endpoint of the path] is always
anintegral multiple of 2r. The number n is called the winding number of the path.

Any path f with winding number n is homotopic to the path a". To sce this
note that we can move each point ol the curvilingar image ol f parallel to the
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axis of ordinates so that it ends up on the curvilinear image of ¢". If we do this

simultaneously for all points (Figure 139), then the curvilinear image of f goes
over into the seoment that ig the curvilinear image of a". The deformation of the
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curvilinear image of f yields a deformation of f. This implies the homotopy of
the paths f and a". It follows that all paths with winding number » are homotopic
to the path g”, i.e., belong to a single class of paths. Paths with different winding
numbers are not homotopic. Thus there is a one-to-one correspondence between
the fundamental group of a circle B and the integers. When paths are multiplied,
their winding numbers are added, i.e., the group 7 (B) is isomorphic to the additive
group of the integers.

Problems

149. Show that the fundamental group of an annulus is the free cyclic group.

150. Let X be the plane with a point removed. Show that 77 (X) is the free
cyclic group.

151. Show that the interior of a simple closed plane curve/ is simply connected.
If the boundary of aregion G of the plane consists of more than one closed
curve (see Figure 132), then G is not simply connected.

3.3. Cell Decompositions and Polyhedra

We have frequently considered a surface Q and a graph G on Q that divided it into
parts homeomorphic to a disk. These were examples of cell decompositions. A
surface can be represented as the union of pairwise disjoint cells: 0-dimensional, 1-
dimensional, and 2-dimensional. [We will usually omit the word “‘dimensional”].
The O-cells are points—the vertices of the graph. The l-cells are the edges of
the graph (without their endpoints); every 1-cell is homeomorphic to a segment
(without its endpoints). ‘The 2-cells are the picces of the surface resulting from
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FIGURE 140.

cutting it along the edges of the graph G. Every 2-cell is homeomorphic to an
open disk.

We can also consider cell decompositions in which three, four, or more 2-cells
meet at an edge (a 1-cell), and not just two or one, as in the case of surfaces with
boundary. It can also happen that no 2-cells meet at an edge (see Figure 140).
If a cell decomposition is made up of just 0- and 1-cells, then it is a graph. In
topology we consider cell decompositions of arbitrary dimension. For example,
a 3-dimensional cell decomposition consists of cells of dimension 0, 1,2, and
3. If we remove from this cell decomposition all cells of dimension 0, 1, and 2,
then it reduces to just 3-cells each of which is homeomorphic to an open ball. A
figure with a cell decomposition is called a polyhedron. The figures considered in
Examples 16, 18, and 31 are not polyhedra.

Example 43 The sphere P, can be represented as a cell decomposition consisting
of a O-cell and a 2-cell. This cell decomposition has no 1-cells. If we remove from
the sphere a point, then the remaining part  is homeomorphic to an open disk.

Example 44 Figure 141 shows a cell decomposition consisting of a disk and its
circular boundary, with the latter divided into two semicircles r, and r,. If we glue

PR PRSP, | RS Y, [P, [

together the diametrically opposite points of the circle, then the two edges r) and
r, become a single cdge r and the disk becomes a projective plane. In this way we
obtain a cell decomposition of the projective plane consisting of a vertex, an edge

» and a ’)!Pn" T
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Example 45 We draw on a torus a parallel @ and a meridian 4 that intersect at o (sce
Figure 57d). In this way we obtain a cell decomposition of the torus consisting
of a vertex o, two edges @ and b, and a 2-cell . Actually, by cutting a torus
along a meridian and a parallel we obtain a square (see Problem 65), i.e., a piece
homeomorphic to a disk.

Problems

152. Show that a handle can be represented as a cell decomposition consisting
ol a vertex, three edges, and a 2 cell (see Figure 58),
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153. Show that a sphere with k£ handles can be represented as a cell decompo-
sition consisting of a vertex, 2k edges, and a 2-cell (see Figure 59).

We will now explain what is meant by the “directed traversal of the boundary of
a face” (a 2-dimensional cell). If the surface is homeomorphic to a disk, then the
meaning of the term is obvious. In more complicated cases we define it as follows.
Cut the face along all edges (Figure 142a). This yields a piece homeomorphic to a
disk (Figure 142b). Traverse the boundary of this disk once in a definite direction.
If we reglue the disk to get back the initial face, then our directed traversal of the
boundary of the disk determines a “directed traversal of the boundary of the face.”
We can also proceed differently, namely, we can move in the interior of the cell,
“very close” to its boundary, without ever crossing it (see Figure 142¢).

Now consider a face of acell decomposition. Orient the edges it borderson (i.e.,
choose an arbitrary direction on each edge) and mark them with letters a, b, c, . ..
Next traverse the boundary of the face and write down a certain monomial. Specif-
ically, if the first traversed edge is marked with g, write the monomial a or @™!
according as the direction on a agrees with, or is opposite to, the direction of
traversal. If the next traversed edge is, say, d, write to the right of the monomial
already written down d or d~! according as the direction on d agrees with, or is
opposite to, the direction of traversal, and so on. The monomial obtained upon
completion of the traversal is sometimes referred to as the edge path.

The edge path depends on the direction of traversal of the boundary of the face

i tlh al adan tenrrnvond With conlb Fana 13:n aconns ta nmn nfito ndon wntha
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For example, if, as in Figure 143, we traverse the boundaries of the cells 7y, 12, 13,
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FIGURE 143.

and 74 counterclockwise, then we obtain the monomials adbc, kh~'g=' fd~'g, hl,
and [~k 1, note that the edge g appears twice in the edge path of 7.

Now we describe (without proof) a method for computing the fundamental
group of a connected polyhedron X. Choose one of the cell decompositions of X
and denote by G the graph formed by its vertices and edges. Choose a spanning
tree in G and assign the number 1 to all its edges. Orient arbitrarily the remaining
edges (dams) and mark them with letters a, b, c, .. .. For each of the faces of the
cell decomposition write down its edge path, ignoring the edges marked with 1.
Finally, we construct the group with generators a, b, ¢, ... (which correspond to
the dams) whose defining relations are the equalities obtained by putting the edge
paths equal to the identity. The resulting group is isomorphic fo the fundamental
group of the polyhedron X.

Example 46 In the cell decomposition of the projective plane considered in Ex-
ample 44 every spanning tree consists of a single vertex. Hence the edge r is the
generator of the fundamental group. Further, the edge path of the 2-cell t (see
Figure 141) is rr. It follows that the fundamental group of the projective plane
is generated by r, which satisfies the defining relation r> = 1, i.e., this group has
order 2.

Example 47 Consider the cell decomposition of the torus described in Example
45. The edge path of the 2-cell T (see Figure 141) is aba='b~! (the boundary in
Figure 57a must be traversed counterclockwise). it follows that the fundamental
group of the torus has two generators a and b connected by the single defining
relation aba™!'b~! = 1, i.e., ab = ba. Hence this group is the free abelian group

nn twn opnaratnre
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Problems

154. Use the cell decomposition in Problem 152 to show that the fundamental
group of a handle is a group on three generators a, b, and ¢ connected by
the single defining relation ba = cab, This group is not commutative;
for example, ba # ab.
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FIGURE 144,

155, Use the result in Problem 153 to show that the group 7 (P) has as gener-
ators the 2k elements a,, b;, as, b2, ..., ax, by connected by the single
defining relation alblal_'bl_'azbga{'bz_' x -akbkak_lbk_' =1 Fork =2
this group is not Abelian (for example, a1b; # b,a;).

156. Show thatthe group 7 (N, ) has as generatorsthe gelementscy, ¢z, ..., ¢

connected by the smgle deﬁmng relatlon czcg c,% = 1

158. By a bouquet B; of circles we mean the union of k circles that share a
point o but are otherwise pairwise disjoint (Figure 144). Show that 7 (B})

is the free group on & generators.
159. Let X be a region on the plane with a single exterior boundary and k
interior boundaries (see Figure 132). Show that 7 (X) is the free p

1
(4
q
{

on k generators.

3.4. Coverings

Example 48 Let B be acircle centered at 0. Fix aninitial point xo on B and denote
by ¢(x), x € B, the magnitude of the central angle Zxpox. @(x) is well-defined
to within a multlple of 2x. The curvilinear image E of this multivalued function

can be constructed on the lateral surface of an infinite cylinder. It has the form

£ a hals ith niterh Y= Hion 1A5) 1 at A ta th innt: £
of a helix with pitch 27 (Figure 145). Let p denote the projection of £ on the

boundary circle B of the base of the cylinder. For every x € B we choose a small
neighborhood U of this point. The part of E projected on U consists of disjoint
pieces Vv Vi, Vo . (Figure 146). The projection p ma ps ea ch of these

- [ -
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pieces homeomorphically onto U.

This property leads us to the notion of a covering. Let p be a continuous
mapping of a figure £ on a figure B. Let p have a property analogous to that
described in Example 48, i.e., forevery x € B there is a neighborhood U such that
the preimage p~'(U) (all points of E mapped by p on points of U) consists of
disjoint pieces mapped by p homeomorphically onto U. Under these conditions
E is called a covering of B. The parts of p~!(U/) mapped homeomorphically
onto U are called sheets of the covering. Depending on the number of sheets, we
distinguish two-sheeted, three-sheeted, etc., coverings. The covering of a circle
by a helix described above is infinitely shected.
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Example 49 Every one-sided surface has a particular two-sheeted covering by
a certain two-sided surface P. To obtain it, we embed the surface NV in space
without corners (but with self-intersections). At each point x € N we introduce
two segments, xx’ and xx”, of small length €. Both segments are perpendicular
to N at x but go from x to different sides of N. If N were two-sided, then x’ and
x” would describe two surfaces “parallel” to N. Since N is one-sided, we obtain
just one surface P. To see that this is so note that when the normal xx’ traverses a

bulLdUlC pdlh on th UllC"'blUCd auI'faL.c 1'\" lL \..haugca II.D \’il.leU.Ul.l, i.C. » ll. BUCD OvVer
into xx”. It follows that x’ and x” belong to the same piece of the surface P. The
following is an intuitive description of our construction: Imagine that A is made

of a burnable material of a certain thickness, We naint all of it with a thin laver of
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fireproof paint. If we burn the surface ¥, then we are left with a thin layer of paint
that forms the surface P and provides a two-sheeted covering of N. Moreover, P
is two-sided, for one of its sides is directed towards the ( burned) surface N and
the other is directed away from it.

For example, imagine a Mobius strip made of a burnable material of a certain
thickness. We paint all of it with a layer of fireproof paint. If we burn the Mbius
strip, then we are left with a strip that is homeomorphic to the lateral surface of a
cylinder and provides a two-sheeted covering of the Mobius strip. A model shows

that the covering strip has four twists,

Problems

160. Show that if E is a k-sheeted covering of a polyhedron B, then x (E) =
kx(B).

161. Show that a two-sheeted covering of the surface N, is a sphere with g — 1
handles.
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FIGURE 147.

Let E be a covering of B and p: E — B be the corresponding projection. Let
h be a path on B with initial point xo and let xp € E be a point “above” xg such
that p(xp) = xp. Then there is a (uniquely determined) path A that begins at Xg
and is mapped by p on A. It is called a covering path. To construct it, let U be the
sheet of the covering that contains ¥,. Since p: U — U is a homeomorphism,
we can lift the piece of  in U in a unique way to the sheet U (Figure 147). If x; is
the endpoint of the lifted piece of the path, then there is a suitable neighborhood
U, of x; and a suitable sheet of the covering such that we can extend the covering
path # a bit further, and so on,

Using the notion of covering paths we can formulate a theorem on the connection
between coverings and the fundamental group. We state it (without proof) in the
following simplified form: If a connected polyhedron E is a k-sheeted covering
of B and if the order (i.e., the number of elements) of its fundamental group  (E)
is n, then the order of the fundamental group 7w (B) is kn.

A covering E of B is called universal if it is simply connected. The theorem
just stated implies that the number of sheets of a universal covering of B is equal
to the order of 7 ( B)' any other covering has fewer sheets.

nrvmvtnae AF tha weniantiva mlana ey o onhnva fonn Den Lln—v\ 141 rimiimeon]
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because a sphere is simply connected. A sphere is also its own universal covering.

We prove that the plane is a universal covering of every closed surface other than
the vnhﬂrﬂ and the nmmr'rn)p plane. Note that every one- sided surface N has a
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two- sheeted covering by a two-sheeted surface P, so that a universal covering of P
is also a universal covering of N. Thus we need only consider two-sided surfaces
other than the sphere.

We divide the plane into congruent squares by two systems of parallel lines.
Appropriate gluing turns each square into a torus. We map the plane onto a torus
by mapping the points that occupy the same positions in the system of squares
(tori) in Figure 148 on the point in the same position in the square (torus) in Figure
149. Since the plane is simply connected, the covering of the torus by the plane is
universal.

We call the squares fundamental regions, iach fundamental region is o con-
nected picce ol the covering (the plane) and can be mapped in a one-to-one wity



94 Chapter 3 Homotopy and Homology

N

N
® N
S

N\

e

N
Y
O

N
N

T W)

>
§o

FIGURE 148.

b

7ZE

FIGURE 149.

Ebo o

LB

o

FIGURE 150,

onto the torus. Figure 150 shows that a fundamental region is not uniquely
defined.

We now describe a decomposition into fundamental regions that can be glued
together so as to yield other two-sided surfaces such as, say, P». Such a decompo-
sition can be conveniently realized using Ayperbolic geomerry. In this geometry
the sum of the angles of a polygon is smaller than in Euclidean geometry. Also,
the sum of the angles decreases as the area of the polygon increases. For example,
there is a regular octagon with angles /4. If such octagons are arranged so that
that their sides touch in pairs, then we obtain a tessellation of the hyperbolic plane
in which eight octagons meet at each vertex. Figure 151 shows such a tessellation
of the Poincaré model of the hyperbolic plane. The octagons involved are funda-
mental regions. (This model is homeomorphic to an open disk and therefore also
to the Buclidean planc.) By suitably gluing together the sides of an octagon we
obtain ) (sec Figure 59). Thus the hyperbolic plane provides a untversal covering,
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of P,. Itis possible to construct analogous decompositions of the hyperbolic plane
for every surface P, (k > 2).

Problems

162. Figure 152 depicts a plane with infinitely many handles. Show that it can
provide a covering for every surface P, (k > 2).

163. Show that the surface depicted in Figure 153 can provide a covering for
every surface P, (k > 2).

164. Construct a universal covering of the figure consisting of a sphere and a
circle that touches it.

3.5. The Degree of a Mapping and the Fundamental Theorem of
Algebra

Figurc 154 shows a continuous mapping f of acircle P on acircle Q. Two parts
of P arc mapped on ancighborhood ol y € Q with orientation preserved (the two
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FIGURE 153.

parts of P and the neighborhood of y have the same orientation). We say that the
mapping has degree 2 at y. The degree of the mapping at x is also 2: True, there
are four parts of P that are mapped on a neighborhood of x € Q, but three of them
are mapped positively and one negatively. If f maps p sheets of P positively ona
neighborhood of z € @ and n sheets negatively, then we say that its degree at z is
p —n. Thedegree of f is constant at all points of Q (and equal to 2); for example,
atxwehave p ~n=3-~1=2,

The concept of the degree of a mapping can also be used for mappings of
surfaces. Let P and Q be two closed orientable surfaces with orientations. Let
f: P — Q be a continuous mapping. Think of P as (possibly) multisheeted and
as (possibly) having folds. When sheets of P are mapped on a neighborhood of
a point z € Q, some of them may be mapped positively (i.e., with preservation
of orientation, as in Figure 155a) and some negatively (as in Figure 155b). If all
sheets of P have been mapped homeomorphically on a neighborhood of z € Q, p
of them positively and n negatively, then the difference p — n is called the degree
of f atz.

It is not difficult to see that the degree of f stays constant in the neighborhood

p—n=3—1=2.

FrGuome 154,
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FIGURE 156.

of any point of . This is so because the only time the numbers p and n change
is when one goes past a fold. Still, the difference p ~ n remains unchanged
(Figure 156). Also, the degree of f is unchanged when f is subjected to a
continuous deformation. This is so because the forming or smoothing of folds has
no effect on the degree of a mapping.

The concept of the degree of a mapping can be used to give an elegant proof of
the fundamental theorem of algebra, which asserts that every polynomial

f)=2"+amz™ '+ +an_12 +ay,

of degree m > 1 with complex coefficients ay, . .., a,, has at least one root.
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We call this point the south pole of S and the diametrically opposite point n of S

its north pole (Figure 157). A complex number x + iy is represented on the plane
ag the noint with coordinates x and y (Figure 158). We regard the point in which

QY vaisw o224 asil SWRJRIIRSLAL L — R e RS ) = LRI AN peaaat 2il

the ray nz penetrates S the representation of z on S. Conversely, a point a on § is
the representation of the complex number in which the straight line na intersects
the plane. The north pole n represents no complex number. We agree to associate
with it the “Infinite” complex number, or point at infinity, denoted by oo. This is
motivated by the fact that the farther a point z on the plane is from the origin, the
closer its representation on S is to n. S is called the complex, or Riemann, sphere.
In contrast to the projective planc (see Figure 83), we can obtain the sphere S from
the plane by adding to it the single point at infinity.

We will represent the values z on one complex sphere Sy and the values of
the polynomial f(z) on another spheve S>. o each hnite point zg on Sy there
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corresponds the finite point f(z) on Sz. If z tends to oc, so too does f(z) on $Ss.
Indeed,

a1 a am—1 am
f@)=2" (1+-z+z—2—l—---+zm_1 +z_’")

If z — oo (i.e, if |z| increases indefinitely), then the expression in parentheses
tends to 1 and z™ — oo. It follows that if we put f(o0) = oo, then f yields a
continuous mapping of Sy to 5.

To prove the fundamental theorem of algebra we must prove that there is a point
z € S5; such that f(z) = 0, i.e., that the point 0 on S, is the image of at least one
point z € S;. Suppose this is not the case, i.e., suppose that the point O on §; is

+ A hy tha 1 on f1S. . 1 1
not covered by the image f(S:) of Si. This means that the degree of the mapping

f: 81 — Sy near0 € S, 1s0. Since the degree of a mapping is constant near every
point, the degree of f is 0. Thus to prove the fundamental theorem of algebra it
suffices to prove that the degree of f is not 0. We will show that the degree of f
is m, i.e., that it coincides with the degree of the polynomial f(z) (this was the
reason for the introduction of the concept of the degree of a mapping).

We change the values of the coefficients of the polynomial by letting them
tend to O, the polynomial changes and the mapping f: S; — S; is continuously
deformed. As a result we obtain the polynomial f;(z) = z™. Since a continuous
deformation does not affect the degree of a mapping, f and f; have the same
degree. The degree of fi is easy to compule.

We divide the plane by raysissuing from O into m congrucntangles (Figure 159).
Raising a number z to the mth power multiplies its argument by m. This means
that the image of each of the angular scctors under under fy is all of S5, But then
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the image of S| under f; is an m-tuple (po g
the degree of fi—and therefore also of f—is m. This proves the fundamental
theorem of algebra.

There are now many proofs of the fundamental theorem of algebra, all of them
topological. This means that all of them make use of continuity in one form or
another. This theorem cannot be proved without the use of topology. In other
words—strange as this may sound—it is possible to show that the fundamental

theorem of algebra is not an algebraic theorem.
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Problems

165. Show that if ¢ > mk, then there is a mapping f: P, — Py of degree m.

166. Show thatif P and ) are orientable surfaces and the mapping f: P — Q
is a k-sheeted covering, then the degree of f is k.

167. Show that if f(z) is a polynomial of degree m > 1, then there is at least
one (complex or real) ¢ for which the equation f(z) = c hasat mostm ~ 1

different solutions.

Hinz. If the number of different solutions were m for every c, then the

mapping f: S; -—> S would be a covering, and thus a homeomorphism,
168. For k > 1 show that for every mapping f: Py — P, and for every point

Q € P, thereisa mapping F: Py x I — P such that F(R,0) = f(R)

and F(R, 1) = Q forevery R € Py, i.e., that the degree of f is 0.

Hint. Use the universal covering of P;.

3.6. Knot Groups

Let L, and L, be two knots in three-space. Let D, be the complement of L; (the
set of points in space that are not on L;) and D, the complement of L;. If L; and
L, are equal (1sotopic), i.e., if there is a homeomorphism f of space onto itself that
takes L, to L3, then f(D,) = D; and the complement spaces are homeomorphic.
It follows that the groups = (D;) and w(D,) are isomorphic, i.e., the fundamental
group of the complement space of a knot is an invariant of the knot. This invariant
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is called the knor group. We will denote it by G, ie.,, G(L1) = 7w (Dy). If two
knots L and L’ have different knot groups G (L) and G(L’), then the knots L and
L’ are not isotopic.

We now give a procedure (without proof) for computing the knot group. Con-
sider the normal projection of a knot L (see Section 2.10). The breaks decompose

the normal projection of L into N arcsay, @, . .., a,. We choose an orientationon
L and mark it with arrows on ay, dz,...,d, \1 1gure l.UU) To describe the group

G (L) we choose in space a point o above the curve L. Now we form a closed
path x; that begins at o, goes around the arc o located above ag, and is oriented

clockwice when laoked at 1n the directinn of the anantatinon of o, (F‘ﬂrnre 1611

WAL/ W LR TY A% FF AL il AW AWIAW WS (AL Uil iAW WAl WWLIWEL WL LlWw W AWIibAWAWLL WL ux AVSA .

The homotopy classes of the paths x; (k = 1, ..., n) are the generators of the knot
group.

Now we consider a double point of the projection, go around it (clockwise) on
a small circle [, and write down a monomial as follows: We write x; if the arc g,
leads into the interior of the little circle and x;” ! otherwise. After going around !
we will have written down, from left to right, a product of four factors. We set this
product equal to 1. For example, for the double point in Figure 162 we obtain the
relation

-1_-1
XiXp X; X = 1.

Itis not difficult to see that the path x;x, ' x j_lxk 1s homotopic to 0 in the complement
space: inFigure 163 we see a membrane, homeomorphic to a disk, that spans this
path. 1t turns out that if we write down an equation analogous to the onc above for
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each of the double points, then we obtain a complete system of defining relations
for the knot group. This procedure is applicable to any link.

Before investigating specific knots and links we consider the following algebraic
example.

Example 50 We show that the group on three generators x;, x;, x3 with defining
relations

1

. -1_-1 -1_-1
X2X1X5 lJc1 L= 1, X3xax; x5 =1, X1x3X, x; =1

1sider the group G’ of symmetries of an equilat
triangle. This group consists of six elements: three rotations about the center of
the triangle through angles 0, 2?” and 47”, and three reflections x;, x3, x; whose

e d .

L | T (LU, o P
1S 1IOL 4 DClldll. Ol plOOL We LUl
C

i—.

. r
axes are shown in Figure 164. 1

for xj, x5,and x}. Since G’ is not Abelian, the same is true of G.

(=)

s easy to show that the relations just given hold

FirGumge: 164,
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FIGURE 163.
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Example 51 Figure 165 shows the projection of a trefoil knot L. The relations
(formed at the double points p;, p,, p3) connecting the generators xi, X2, X3
coincide with those in Example 50. Hence the group G (L) of this knot is not
abelian. But then L cannot be isotopic to a circle (for which the fundamental

group of the complement space 1s a free cyclic—and thus Abelian—group). It
follows that the knot L cannot be unknotted without cutting the thread.

Example 52 Figure 166 shows a link L formed by the midlines of the tori that
make up the set Ay in Figure 104a. The group G (L) of this link has 2m generators
Xls-- s Xms Y1 -+ » Ym. We obtain it by considering the paths that loop the arcs
ay,...,0am, by, ..., by in Figure 166. The generators are connected by the 2m
relations (arising at the double points p;, g;)

xl'xi—-{-l]xi_]yi-l-l = I! xl'yi:-—llyf—lyi-i-l = I (l = 15 v !m)s

where we stipulate that x,, .1 = X1, ymy1 = . The circle [ in Figure 166
represents a path in the complement space of the link L whose homotopy class is
representcd by Jc!_1 v (Figure 167). We show that the path [ is not homotopic to 0
in the complement space, i.e., if we contract] to a point, then it necessarily cuts
the link L.

For proof, let G’ denote the group of symmetries of a regular m-gon. This group
consists of rotations through 0, 2w /m, 47 /m, ..., 2(m — 1) /m about the center
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FIGURE 167,
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It is easy to see that the elements x;, y. of the group G’ satisfy all the previous
relations giveninterms of x;, +y; ((x;)_l = x/; hence .7c,fx,f+l is a rotation through
2w /m). Also, the element (x;)~'y; (which rcpresents a rotation through 4 /m)
is different from the identity element of G’ (i.e., from the identity mapping). But
then the element (x;) 'y, is different from the identity element of G. In other
words, the circle [ generates in the complement space a path that is not homotopic
to 0.

In much the same way we can show that the path [ is not homotopic to O in the

e o L. oy cram fnam o~ ale 2mn o i At ala

complement space associated with the union of the midlines of the tori that make
up the set A, (see Figure 104b), etc. This provides another justification of the

claim that Antoine’s necklace has the properties ascribed to it in Example 31.

Problems

169. Show that it is impossible to “split” the link in Figure 117 without cutting
one of its curves.
Hint. Show that the circle /; defines a nontrivial element of the group
G (1), where L is the link determined by the two other circles. To this
cnd show that ((£.) 1s a [ree gronp on two generators.
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FiGURE 171,

170. Show that it is impossible to remove the circle in Figure 169 from the
curve L; this means that there is no membrane in the complement space
of L that is homeomorphic to a disk and spans . Show also that there
is a membrane homeomorphic to a handle that spans [ and lies in the
complement space of L.

3.7. Cycles and Homology

In Figures 170 and and 171 the cycle z (drawn as an unbroken line) bounds a region
x onthe surface. This region (a membrane spanning z) has the same orientation as
the cycle. In what follows, we refer to boundaries (i.e., cycles that can be spanned
by a membrane) as trivial or homologous to zero.

Figure 172a shows two cycles, z; and z». Their union is denoted by z; + z2.
The difference z, — z; (i.e., the sum of z; and —z,, where —2z> is obtainced from z;
by a change of orientation) is shown in Figurc 172b, As the boundary of x, z, - 22
is homologous to zcero; we say that 7; and z; are homologous.

Homology groups, introduced by Poincaré, are importaul topotogical invariants,
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FIGURE 172,

FIGURE 173,

%Y,

FIGURE 174,

The idea behind their construction is to determine how many paijrwise nonhomol-
ogous cycles a given figure X can accommodate.

Problems

171.
172.

173.

174.

Show that every one-dimensional cycle on a sphere is homologous to zero.
Show that the cycle [, in Figure 105 is homologous to zero in the comple-
ment space of the set A; in Example 31 (and thus also in the complement
space of Antoine’s necklace A* C A;). This shows that a cycle homolo-
gous to zero need not be contractible.

Consider the figures in Figure 173 and Figure 174. Show that a cycle
in either of these figures is homologous to zero in the exterior of the
remainder of the rclevant figure.

Show that if the linking number to(zy, z») is not equal to zero, then neither
onc of the eycles z) and za is hontotogous to zero in the complement space

ol the other,
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FIGURE 175.
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FIGURE 176.

In order to obtain the homology groups we must generalize the concept of a
cycle and of the membrane spanning it. Each of the cycles z, and z; in Figure 175
is homologous to zero: z) is the boundary of the disk 1) + © and z; is the boundary
of the disk 7; + 73. The sum z; 4 z2 bounds the region (7; + ») + (7 + 73) =
211 + 10 + 13, With the cell 7, counted twice and each of the cells 7; and 73 counted
once. This example shows that in order to find out whether a cycle z, + z2 is
homologous to zero we must assign suitable coefficients to its cells. Similarly,
cycles may consist of cells with suitable coefficients. Thus the sum ry +r2+73+3r4,
related to Figure 176, is a cycle because at each vertex the number of incoming
edges is equal to the number of outgoing edges.

Now we come to a theorem implied by the duality principle of Alexander and
Pontryagin, The following is a simplified version of this principle: Let P be a
polyhedron embedded in three-space and let Q be its complement space. Let z,
be a cycle in, say, P. The cycle z, is homologous to zero in P if and only if there
is no cycle zq in Q that is linked with z; (i.e., if there is no cycle z» in Q such that

(zy, 22) # 0).

Example 53 Figure 177 shows a curve P and a cycle 7' in the complement space
of P. The cycle 7’ is not linked with the 1-cycles of P, and so is homologous to
zero in . Figure 177 also shows a 2-membrane x” C @ with boundary z'.

Problems

175. Figure 178 shows four cycles my, my, ms, m4 on a pretzet surface. Give
cycles zy, 22, 23, 24 in the complement space such that ro(m;, z;}) = 1 1if
i=jandw(m;, z;) =0ifi # j (i, j=123.,4).

176. Show that for every knot / ¢ R* there is u polyhedron K € R* that is
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FIGURE 178.

homeomorphic to the lateral surface of a cylinder one of whose boundary
curves is [ and the other, I, is not linked with [ (i.e., ro(l, ") = 0).

For the ficure P in Figure 132 O‘I\rP cveles mq.ma. ma in P and cveles

A I..I.]. -l--l-bu.lv “-I-U A wt \JI\JU l'lil’ II'OL’ lliJ AAa & whiAvS \JJ
21, 22, 23 in the complement space such that w(m;,z;) = 1ifi = j and
w(m;, z;) =0ifi # j.

In the sequel we will consider not individual 1-cycles but Aomology classes,
i.e., classes of pairwise homologous 1-cycles of a figure X. These classes form a
group under addition, the one-dimensional homology group H,(X).

We now describe a procedure for the computation of one-dimensional homology
groups, but note first that two homotopic cycles z, and z; (i.e., two cycles one of
which can be obtained from the other by deformation) are Aomologous. Intuitively,

P ot o 2 Wl [a] L 2 gl Aml'\-nr\n
iy d HICIHivTanad

anarten tha trana ~F aarh ~

this is so because the trace of Z1, Wiilh deformed into L2,
joining z, and z, (Figure 179). The converse is false. The cycles in Figure 180
are homologous but not homotopic: The holes in the surface make it impossible

toy maove 7. lnfn Z5 Tf ‘Fn"nwc that for two (‘V(‘]cs t be thlegOUS it is st fﬁgl_gpt

to move z; Into zz. It Tollows that for two cycles to be

but not necessary, that they be homotopic.

It is easy to see that given a cell decomposition of a polyhedron, one can move
any l-cycle on the polyhedron by deformation into the 1-skeleton, i.e., into the
graph made up of the vertices and edges of the cell decomposition (Figure 181).
The folds that may come up in such a deformation can be straightened out. Hence
any 1-cycle is homotopic (and therefore also homologous) to a cycle consisting of
edges with suitable coefficients. Thus in order to compute the homology group
H(X) it suffices to consider the 1-cycles made up of edges with suitable integral
coefficients. The membranes spanning the cycles can be regarded as 2-cells with
suitable integral coefficients.

—+
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FIGURE 181,

More specifically: First, one must determine all 1-cycles (made up of edges).
Second, one must compute the boundaries of the 2-cycles and determine which
1-cycles are homologous to one another, The first step is not difficult; all one has to
do is make sure that the number of cdges coming into a vertex is equal to the number
of edges coming out of it, and this comes down to counting. As for the second
step, we can already—in principle—carry it out. We go around the boundary in
accordance with its orientation and write down the sum of the edges (and not their
products, as was done in connection with edge paths) with appropriate signs. In
other words, r appears in the boundary a7 of a cell T with a coefficient equal to
the sum of the powers with which it appeared in the edge path. For example, in
the case of the cell in Figure 143, oriented counterclockwise, we have

oty = a+b+c+d, dnn=—-d+ f—h+k,
31’3=h+l, 81’4=—k—l.

Example 54 In Example 43 there is a cett decomposition of the 2-sphere Py with
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FIGURE [82.

jus o cells. One of them is a O-cell and the other a 2-cell. Since there are no

1-cells the group H,(Fp) is trivial (there are no nonzero 1-cycles).

Example 55 In Example 44 there is a cell decomposition of the projective plane
with one O-cell, one 1-cell r, and one 2-cell r. Any 1-cycle has the form kr (for
there are no edges other than r), and the cycle 2r is homologous to 0 (for 2r = dt;
see Figure 141). It follows that the homology group H\(Np) of the projective plane
is the cyclic group of order 2.

In Examples 54 and 55 we computed homology groups using particular cell
decompositions of the polyhedra. Nonetheless, in each case we spoke of the ho-
mology group of the polyhedron, rather than of “the homology group with respect
to the decomposition.” The reason is that the homology group of a polyhedron is
completely determined by that polyhedron and does not depend on the choice of a
decomposition.

Problems

‘IH’ 1o o e

1/0 FlgU.I'C 1 04 bllUWb d LCll UCLOII]pObI[lOIl ()I me lV].ODlU.b bu‘lp (l.[le two beml-
circles of the inner boundary must be glued together along the edge a).
Show that 0t = ¢ — 2a. Deduce from this that the one-dimensional

hamalaoy oraiin of tha MAhinc ctrin ic tha fran ny
.llUl.].l.UlUEJ 51uul.! Ul LlIw .I.V].UUI.LID DLlllJ I.D LLIV LU \a]\all\a 51 Uul—’

179. Show that for the cell decomposition of the torus 7 in Example 45 we
have d7 = 0. Deduce from this that H,(T) is the free abelian group on
two generators g and b.

180. Show that the cycle z in Figure 183 is homologous to *+3a + 2b (the
choice of sign depends on the orientation of the latitude circle g and the
meridian circle b).

181. Show that the one-dimensional homology group of the pretzel surface P,
is the free abelian group on four generators m, m,, m3, my (cf. Figure
178).

182. Show that the one-dimensional homology group of the surface Py is the
free abelian group on 2k gencrators.

183. Compute the group H(N,). (Answer. Hy(N,) is an abetian group on g
generators comecled by the relvion 2¢y -+ 2¢2 + -+ + 2¢, = 0. This
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group can be described as fotlows: H,(N,) is the direct sum of a cyclic
group of order 2 and the free abelian group on g — 1 generators).

184. Show that a closed surface Q is nonorientable if and only if the group
H,(Q) contains an element of order 2. Show also that two closed surfaces
are homeomorphic if and only if their one-dimensional homology groups
are isomorphic.

185. Show that there is no cell decomposition of the torus with fewer than four
cells.

We now discuss zero-dimensionat homology. To obtain O-cycles we must assign
integral coefficients to the vertices of a cell decomposition. The boundary of an
edge is equal to the difference of its endpoints. In Figure 184, dr, = b — a and
dr, = 0. Two O-cycles are homologous if their difference is the boundary of a
sum of 1-cells (with appropriate coefficients), We divide the O-cycles into classes
and put two cycles in the same class if they are homologous in the polyhedron X
under consideration. The set of all classes forms a group under cycle addition.
This group is the zero-dimensional homology group Hy(X).

Problems

186. Show thatif ry, 72, ..., rr is asimple chain of oriented edges leading from
vertex a to vertex b, thend(ry +rn +.-.-+n)=b—a.

187. Show that if X is a connected polyhedron, then every O-cycle in X is
homologous to a point with an appropriate coefficient, i.c., Ho(X) is a
free cyclic group.

188. Show that the group Hy(X) of i polyhedron with k components is a free
abelian group on & generalors,



Problems 111

The two-dimensional homology group H»(X) is defined in a similar way. One
must consider the 2-cycles in X and the membranes spanning them.

g ~12 £~ ook P P P —

Xai“ple 56 Let X be a solid d ! OFUS, ie. . the set of po its on a torus and in its
interior. A cell decomposition of this potyhedron consists of cells 0, a, b, T on the
torus, a 2-cell ¢’ that is a crosscut of the torus bounded by ndlan circle b, and

a Q_r\p" 1 ﬂ"qu ic tha in fPr‘Ir r of the tormic on
RAA6AL 1O LALW RiALW R LALW LUVl WYY Wkl

satisfy the relations
da=0, db=0, 9t =0, 9t'=bh, dv=r.

The reason the 2-cell ¢’ does not appear in the expression for dv is that the 3-cell
v borders on 7’ from two sides with opposite orientations.

The 1-cycles of this cell decomposition have the form ka + 1b (k, [, integers)
with » homologous to O (it bounds the membrane z’). It follows that an arbitrary
1-cycle is homologous to ka, and so the group H,{(X) is a free cyclic group. Since
d(mt 4+ nt'y = nb, mt + nt’ is a 2-cycle (i.e., has just O as its boundary) if and
only if n = 0. It follows that the 2-cycles have the form mt. But any such cycle is
homologous to 0 (for dv = 1, i.e., v is a “three-dimensional” membrane spanning
the 2-cycle 7). Hence the group Ha(X) is trivial.

Frequently, it is easier to determine the rank of H, (X) [the analogously defined
group of r-cycles] than H, (X)) itself. The rank of H, (X} iscalled the r-dimensional

Rarti mumhar ~F tha nr\]\rhnf“l‘r\n Y and ic donntad huy » ' ¥V) Tha Fr\.”r\I ing 1¢ ah
IICLLL FLATIALZCT UL LIV PULJIIUU&UII L QLI 1O WUV LIULGWU UJ P L4y Je ALV AVLLIUYY l.l& 1o 4All

alternative definition of the Betti number p, (X): We say that the r-cells zy, ..., z,
are homologically independent in X if there are no integers &y, . . ., k,, notall O such
that the cycle kyz; + - - - + £, 2, is homologous to 0 in X, The r-dimensional Betti
number p, (X) can be defined as the largest number of homologically independent
r-cyclesin X.

As an application of Betti numbers we state (without proof) a theorem for the
computation of the Euler characteristic. Lct X be a polyhedron represented as
a cell decomposition. Let «,, r = 1,2,..., be the number of r-cells of this
decomposition. Then the Euler characteristic of X, i.e., the number x(X) =
Y (—1Y «a,, is given in terms of Betti numbers by the formula

X(X) =) (1) p(X),

where the sum extends to the largest & for which there are k-cells in the decompo-
sition.

Example 57 The three-dimensional sphere S is defined as the boundary of a ball
in 4-space R%. Its equation in rectangutar coordinates is

x,2+x22-i xi b xg =1

Consider a four-dimensional anatogue of Figure 157, 1t is easy to show that the
3-sphere with a point removed 1s homcomorphic to FEuclidean 3-space, i.c., to
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an open 3-ball. Hence it is possible to rcpresent the 3-sphere as a cell complex
consisting of twocells: a0-cell 0 and a 3-cell v. Itfollows (see Example 54) that the
homology groups Ho(S®) and H3(S>) are free cyclic groups and that the homology
groups of S° for other dimensions are trivial. Hence po(S®) = p3(S®) = 1 and

p1(S%) = p2(8%) =0

i 1o 8Q M1 thar th it Q14 £ X
Xampie 36 \thlng togeuner the OppGSu.e S1GeS O1 a Sqdare yields a

ilarly (Figure 185), gluing together the opposite sides of a cube yields a three-

dimensional torus T (which must not be confused with the solid torus considered
in Example 56); in particular, nmntc on the faces ARCD and abcd, which are

Adsnllazaprats oINSy Pos s niil, Lriiiyasy L2A2 i e SILALLL LR R LW}

endpoints of segments parallel to Ag, are glued together. The vertices of the cube
are all glued together and yield a O-cell. All parallel edges are glued together and
yield three 1-cells. Gluing together of opposite faces yields three 2-cells. There is
also one 3-cell. All these yield a cell decomposition of the three-dimensional torus
T3. The boundary of each of these cells is 0. Hence the homology group H3(T>)
of a 3-torus is a free cyclic group and each of the groups H,(T?) and Hy(T?) is a
free abelian group on three generators. 1t follows that po(T?) = p3(T?) = 1 and
pi(T?) = pa(T?) =3.

Example 59 We will show that we can obtain a three-dimensional sphere by
gluing together two solid tori. A torus (see Figure 5) divides space into two

recions. an inner and an outer one. The 1nner recion coincides with the interior of

AV ANSiRyy QAL digiaed QAAG LA WALla WUl Baw LiRiAVA AWESINSIL WASLiiWwANENAT AUEA RiiWw ARACWLANSA

a solid torus. If we add a point to 3-space (this yields a 3-sphere), then the outer
region also goes over into a solid torus, and this yields the division of a 3-sphere
into two glued-together solid tori.

We clarify the claim in the first half of the previous sentence. Consider Figure
186. If we rotate this figure about the straight line I, then, from a topological
viewpoint, each of the “lines of force™ that begin at the “charge” A and end at the
“charge” B (including the line mocn:’, which is actually a single line (there is just
one point at infinity!)) yields a disk that is uniquely determined by a point on the
“charge” A. Thus the outer region determined by the torus (supplemented by a
point at infinity) 1s indeed homeomorphic 1o a solid 1ors.
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FIGURE 186.

Problems

191.

192,

193.

194.

all V tha graaeme IF VY IT VY awmd IT VY ara tedvial
1 dil A UI€ Zroups i1;(A ), 112 A ), and 73 A ) arc urkvial.
n 3-space bounded by two concentric spheres is called a spher-
ical shell. Let X be the polyhedron obtained by gluing together the

diametricallv onnosite noints on each of the boundarv snheres. Show that

diametrically oppostte points on each of the boundary spheres. Show that
the groups Ho(X), H (X), H,(X), and H3(X) are free cyclic groups.
Compute the homology groups of the polyhedron that is the union of the
surface P, and its interior.

Compute the homology groups of the three-dimensional figure (three-
dimensional projective space) obtained from a 3-ball by gluing together
the diametrically opposite points on its boundary.

Show that every closed surface can be embedded in three-dimensional
projective space without sclf-intersections.

Let X be a polyhedron given in the form of a cell decomposition, and
let «, be the number of r-cells, r = 0, 1, ..., n, where n is the largest
of the occurring dimensions. Show that if 7 1s any one of the integers
0,1,...,n—1, then

Y o= e = Y (1) pe(X).
k=1 k=1

Hint. Consider the r-dimensional skeleton X” of X (consisting of all cells
of the decomposition of dimension < r) and prove the relations

po(X") = polX),
Pi(X"y = pi(X), ..., pr_1(XT) = pr_1(X),

pr(X") = pr (0.

We conclude this section by mentioning that when forming homology groups

we need not linut the coeflicients to mtepers, We cim also compute modulo 2,

7
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FIGCRE 187,

modulo m, and, more generally, with clements of any abelian group G. The
resulting homology groups are denoted by H, (X, Z5), H, (X, Zn), and H,. (X, G)
respectively. If we take as coefficicnts elements of Z,, then we can regard all cells
as unoriented. If we take as coefficients clements of a cyclic group of prime order
p, then we obtain as homology groups H,(X, Z,) direct sums of groups all of
which are isomorphic to Z,. The number of summands in such a direct sum is
called the r-dimensional Betti number of the polyhedron X modulo p.

Problems

195. Show that for the projective plane N the groups Ho(N1, Z3), H\(N1, Z),
and H,(N,, Z3) have order 2.

196. Show that the surfaces P, and N, have the same homology groups modulo
2 in all dimensions.

197. For three-dimensional projcctive space (sce Problem 192) compute the
homology groups modulo 2.

3.8. Topological Products

Example 60 Every point on the cylinder E (Figure 187) can be given as a pair
of points (x, y), x on the lower base B and y on a generator F. The point x
determines a segment parallel to F and y a disk parallel to B. The intersection of
the two is the required point on the cylinder. In this way, the cylinder E can be
viewed as the set of all points (x, y) such that x varies over the set of points of the
figure B (a disk) and y varies over the set of points of the figure F (a segment).

Example 61 We consider two circles on the torus E (Figure 188), the meridian
B and the parallel F. To determine a point on the torus it suffices to give a point
x € Bandapointy € F. Then the required point is the intersection of the parallel
through x and the meridian through y. In this way the torus E can be vicwed as

the set of all pairs (x, y) suchthatx < Bandy € F.
In the two previous examples we oblained tbe topological product of two ligures

B and [7-— the cylinder as the topological product of o disk and a segiment and the
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FIGURE 188.

FIGURE 189,

torus as the topological product of two circles. Quite generally, we call a figure E
the topological product of figures B and F if E can be represented as the set of all
pairs (x, y) such that x € B and y € F. Note that so far, we have described the

T an 1ri-|n ing lnrn t ite tnemnlaogy Thha lnffnv nan lhha
Da.l al l.y L1 5 UUuL ILD LUPU‘Usy 1 LG 14dativl vall o
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described intuitively as follows: We say that the points (x;, y;) and (x3, y2) in

are “close” if x; and x; in B are “close” and y,| and y, in F are “close.” Here il is
essential that to each point of E there corresponds one pair (x v\ and the nmnrc
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of E corresponding to dlfferent pairs are different.

-

Example 62 Consider the equator B and the zero meridian F on a sphere (Figure
189). To determine a point on the sphere it suffices to give its geographic coordi-
nates, i.e., points x € B and y € F. The required point is the intersection of the
circles determined by x and y respectively. But this does not mean that the sphere
is the topological product of the equator and the zero meridian. Indeed, if x and
x" are different points on the equator and # 1s the north pole on the zero meridian,
then the saie point # on the sphere corresponds to the different pairs (x, #) and
(x', n).
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Problems

198. Show that an annulus is the topological product of a segment and a circle.

100 Qhniur that a enalid tarmic 1¢ tha tanalaoieal nradnst ~F o Aick and a pivela
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200. Show that the polyhedron X in Problem 190 is the topological product of

a sphere and a circle.
201. Show that the 3-torus T3 is the topological product

s

circle. This means that 73 is the topological product of

a 2-torus and a

ee circles.

=]

We will investigate homological properties of topological products, but, for
the sake of simplicity, will limit ourselves to considering Betti numbers rather
than homology groups. If in Example 61 we view the meridian and parallel as
1-cycles, then their topological product (the torus) is a 2-cycle. Quite generally,
let z be an r-cycle in a polyhedron B and let ' be an r’-cycle in a polyhedron
F. The product of these cycles is an (r + r’)-cycle in the polyhedron E that is
the topological product of B and F. In this way, i.e., by multiplication of cycles
in B and F, we can obtain a system of homologically independent cycles in the
polyhedron E. To this end we choose first a maximal system of homologically
independent O-cycles in B and a maximal system of homologically independent
r-cycles in F. By multiplying these cycles we obtain py(B)p,.(F) r-cycles in
E. Next we choose a maximal system of homologically 1ndependent 1-cycles in
B and a maximal system of homologically independent (r — 1)-cycles in F. By
multiplying these cycles we obtain p; (B) p,_1(F) r-cyclesin E. Then we do the
same with 2-cycles in B and (r —2)-cycles in F, etc. The set of cycles obtained in
this way is a maximal set of homologically independent 7-cycles in the polyhedron
E. It follows that for the topological product E of two polyhedra B and F we

have

pr(E) = pO(B)pr(F) + pl(B)pr—I(F) + P2(B)Pr—2(F) + -+ pr(B) po(F).
We can clarify this formula graphically as follows. Set up a table and enter the

number p;(B)p;(F) in the box in the jth column and {th row:

Then the sum on the rth diagonal of this table yields the r-dimensional Betti

pi(F) po(B)p;(F) p1(B)p;(F) Pi(B)“j(F)
p2(F) Po(B) p2(F) P1(B)p(F) pi(B) p2(F)
pi{F) po( By pi(F) p1(B) pi(F) pi(B) pr (F)
po(F) po{(B) po(F) p1(B)po(F) pi(B) po(F)
po(B) | p® | ] p(B I
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number of the polyhedron E:

po(B) pr(F)

PI(B)pr-—l (F)

pr(B)po(F)

Problems

202. Set up a table like the one above for the topological product of a sphere
and a circle and use the above procedure to compute the Betti numbers of
the polyhedron in Problem 190 (see also Problem 200).

203. Show that if a polyhedron E is the topological product of two polyhedra
B and F, then x(E) = x(B) - x(F).

204. Compute the Betti numbers of an n-torus (i.e., the topological product of
n circles).

205. Show that neither the 3-sphere nor three-dimensional projective space is
homeomorphic to the topological product of a circle and a surface.

3.9. Fiber Bundles

In Example 60 we denoted by p the projection of the cylinder E on its base B.
For every x € B the preimage p~'(x) is a segment parallel to F. We call such
segments fibers. Above each x in the base figure B there is (“grows™) a fiber, and
the whole cylinder is their union (much like a bundle of fibers).

If E is the topological product of B and F, then the projection p that associates
with every point (x, y) € E the point x € B is a mapping of E on the base B
such that the preimage p~'(x) of every x € B (the fiber that grows over x) is

homeomorphic to F. This can be easily checked against Example 61 as well as
acgninct Prahlame 108 t~ 2N1

against Problems 198 to 201.

Consider the projection p of a helix £ on a circle B (Figure 145). Each preim-
age p~!(x) (the fiber growing over x) is homeomorphic to the set F of points
vo.,—4mw, —2m,0, 27, 47, 67, .. . on the number line. This example is different
from the one in Figure 190 below, which shows the topological product of this
fiber and the circle B, consisting of infinitely many disjoint circles. However (we
are back to the case of the spiral), p~!(U) of a neighborhood U (see Figure 146)
splits into disjoint sheets, i.e., p~'(U) is the topological product of a neighbor-
hood U with a fiber. This means that E is a topological product locally (in the
neighborhood of each point x € B) but not globally. In such cases we speak in
topology of locally trivial fiber bundles. Every covering is a locally trivial fiber
bundle, where the fiber F of the bundle consists of isolated points. In Example 49
the fiber consists of t(wo points, the covering F is an orientable surface, while the

base B is nonori¢ntable.
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FIGURE 190.

a)l b)

Example 63 Denote by B the midline of a Mabius strip E. At each point x € B
there is a segment stretching across the strip from edge to edge. We call it the
fiber that grows over x (these cross segments come from the cross segments of the
rectangular strip that is made into a Mobius strip by gluing). If we map each cross
segment on the corresponding x, then we obtain a projection p: £ — B, where
p~!(x) is the fiber over x. This fiber bundle is locally trivial. Indeed, if we choose
on the circle B an arc U, then its preimage p‘1 (U)isthe topological product of U

£hoao. rea 1041 Tt tha A 10 obnie tnem ] ed a2l
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of the circle B and the fiber F (cf. Problem 198).

Example 64 Another example of a locally trivial fiber bundle is the normed tan-
gent bundle of a surface. Let B be an orientable surface. Let E be the set of all
unit vectors tangent to B. Let p: £ — B be the mapping that associates with
every tangent vector z € E its point of origin x € B. The fiber p~'(x) overx € B
(which consists of all unit vectors tangent to the surface at x) is homeomorphic to
a circle. The mapping p: £ — B 1s a locally trivial fiber bundle. Indeed, every
small neighbborhood U of a point x ¢ I can be viewed as a small picce of the
plane, and therefore every vector ;- Engent to 8 ata point x < U can be given as a
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FIGURE 192.

pair (x, y), where y 1s a point of the unit circle (Figure 192). Hence p~'(U) can
be represented as the topological product of U and the circle.

In particular, let E be the normed tangent bundle of the sphere S? (i.e., the set of
au Unl[ vectors [angc‘m o l.ﬂlS Spﬂch) We can rcpr‘esem B asa Ceu UecomPOSlLIUH
with four cells. Specifically, let xo € S? and Ict Fy be the fiber over.xy. We choose

a point ¥ € F; and denote the rest of Fy, a 1-cell, by z!. Let v be a vector field

<2 ot larity {with inde Tha
on S with Juol. onc oulsdxantj (Wil 1NGEX T2} at Xg. 10€ field v can be viewed

as a 2-cell in E. This cell is projected on S? minus the point xy. It has just one

point in common with every fiber other than Fp. If we remove the cells z°, !,

and 72 = v, then we obtain a set 73 homeomornhlc to an open 3-ball. Thus E
can be represented as the cell decomposition {9 ¢!, 72, r3}. The boundary of
the cell v = 72 is the fiber Fy gone over twice, i.e., 372 = 27!. The boundaries
of the other cells are empty: 87> = 0, at! = 0, 3z° = 0. It follows easily that
the Betti numbers of E are pg(E) = p3(E)}) =1 and p;(E) = p2(E) = 0. If we
consider homology modulo 2, then 872 = 0. Hence the Betti numbers modulo 2

are po(E) = p1(E) = p2(E} = p3(E) = 1.

Problems

206. Show that the Klein bottle can be represented as a locally trivial fiber
bundle with circles as both base and fiber.

207. Show that the normed tangent bundle of a 2-torus T is homeomorphic to
a 3-torus.

208. Show that if a locally trivial fiber bundle has a 2-sphere as base and a
circle as fiber then the space E of this fiber bundle can be obtained by
gluing together the boundaries of two solid tori.

209. Show thatif alocally trivial fiber bundle has a circle as base and a segment
as fiber, then the space E of this fiber bundle is homeomorphic to an

P Lfecn cdaet o
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The following important theorem on homologies of fiber bundles is due to the
French mathematician Jean Leray. We statc it in a simplified form.

Let p: E — B be a fiber bundle whose base is a connected polyhedron with
trivial fundamental group and whose fiber F is an arbitrary polyhedron. Asin the
previous section, we set up a table [or the topological product of 3 and F. In this
table we indicate “knight's moves™ by sirows (Figure 193). Each arrow s labeled
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with a nonnegative integer and observe the following conditions: 1. The number
in a cell is not less than the sum of the respective numbers at the two arrows that
enter and leave the cell. 2. If either the bcginning or end of an arrow goes beyond
the bounds of the table, then we label it with 0. We call the result table E-.

Now we set up a new table. With each cell we associate as the new number
the difference between the old number and the sum of the respective numbers at
the two arrows leading in and out. Then we mark the “elongated knight’s moves”
(Figure 194) and write next to them nonnegative integers satisfying conditions 1
and 2 above. In this way we obtain fable E;.

In the same way we obtain table E, from table E3, etc. In table E, the arrows
move n cells to the left and n — 1 cells upward.

Kegarcuebs OI [l'lC (.IlUl(.C 01 Lf:ll UeC()mp()SItIUﬂ [ne l'lU.mDCI'b 1‘11 the lleCb even-
tually stop changing; they stabilize: The arrows keep getting longer and finally
go beyond the bounds of the table. We mark the table in which the numbers stop

Al 1o t+ haec nn ;e that
changing F (it has no arrows that run completely in the interior). The theorem

of Leray is the assertion: It is possible to choose the numbers to be attached to
the arrows so that the sum of the numbers on the rth diagonal of E yields the
Betti number of dimension r for the space E. A similar result holds for the Betti

numbers with respect to a prime modulus p.

Example 65 lect p: £ — B be a liber inidle with base $2 and liber §'. Then
po(B)Y = po() = 1, po(F) — pi(l) . and the remaining Bett nubcers
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for base and fiber are 0. Hence the table F, looks like the table in Figure 195
(the numbers in the cells other than the four containing 1 are O and the arrows

nthar than tha indicated one area ]1lrnur1cp lahalad M The muimhbear at the indicatad
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arrow is either O or 1. The table Ej is already the table E; (all arrows go beyond
the edge of the table). By Leray’s theorem, our space E has the Betti numbers
po(E) = p1(E) = p2(F) = 1 (if the number at the indicated arrow is 0) or the
Betti numbers po(E) = p3(E) = 1, p1(E) = p2(E) = 0 (if the number at the
indicated arrow is 1). The first possibility is realized for the topological product
of $? and S! (cf. Problem 200). The second is realized for the tangent bundle of
52 (see Example 64).

3.10. Morse Theory

A necessary condition for a differentiable function to have a (local) minimum or
maximum at an interior point xy of its domain of definition is that its tangent be
horizontal at xy. But this condition is not sufficient. At a point of inflection with
a horizontal tangent the function has ncither a minimum nor a maximum.
Minimum and maximum points are stable with respect to small perturbations
of their graphs (Figure 196a). This is not the case for inflection points (with
horizontal tangent): Such a point can disappear as a result of a small perturbation
(i.e., there is no nearby point where the tangent is horizontal; Figure 196b).
There is an analogous necessary condition for functions of two variables x and y
(delined in aregion ol the plane): For a function f(x, y) to have a local maximum
at « giver intertor point (v, vo) of iy domain of definition it is necessary that this
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FIGURE 197.

point be stationary, i.e., that the graph of the function have a horizontal tangent

Example 66 Figure 197 shows the graphs of the functions

folx, y) = c+x2+)%,

fl(x y) = c+x*— )%,
S(x, y) = ¢ — x2 — 2 (21)

In all three cases the point (0, 0) is stationary. It is a minimum point for f;, a
maximum point for f>, and neither a minimum nor a maximum for f;, for which
it is a so-called saddle point. All these points are stable under small perturbations
of the graph of the function. There are even more complicated stationary points.
Thus the function f(x,y) = x> — 3xy? has at the origin a saddle point of order
three (three depressions and three elevations (rather than two as in Figure 197b)). It
is easy to see that this stationary point is likewise stable under small perturbations
of the graph.

We can also consider functions given not on a plane but on surfaces that are
topologically equivalent to the plane in a neighborhood of each of their points.

ST 3 af
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c a Oilll. Oil a Luf"ua £ ang it f(p)
shown in Figure 198, then

this function has a maximum point a, a minimum point d, and two saddle points
b and ¢. Let Cy be the number of minimum nmnrc C, the number of maximum

points, and C; the number of saddle points. In this example we have Cy = 1,
Ci=2,C;=1Hence Cp — C1 +C, =0.

Example 68 Consider the function f(p) defined in the previous example on a
sphere rather than on a torus. In this case we have two stationary points: a
minimum point (the south pole) and o maximum point (the north pole). 1n this
case we have Cy == 1, Cy - 0, C) I Henee ¢y Oy V5 20
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These examples lead to the forrnulation of a theorem due to the American
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point the index 1, and to a maximum point the index 2. We can now formulate

the first half of Morse’s theorem (for the case of a surface): Consider a function
on a \‘urfn(‘p Q0 all nf whose stationary points are nondegenerate [i.e., at each

stationary point the matrix (8% f/9x;0x;) is invertible]. If Cy is the number of
stationary points of index 0 (i.e., the number of minimum points), C| the number
of stationary points of index 1 (i.e., the number of saddle points), and C, the

number of stationary points of index 2 (i.e., the number of maximum points), then
Co— C1 + G = x(0). (22)

We argue as follows. The function f determines on the surface Q level lines
(i.e., lines on which its value remains fixed). One can investigate on Q the lines of
steepest descent, i.e., lines on which the function decreases most rapidly. These
lines are orthogonal to the level lines. The vectors that point in the direction of
the lines of steepest descent form a vector field on Q. This vector field has no
singularities at the nonstationary points of the function. [Thus a singular point of
the vector field is a stationary point of the function.] Figure 199 shows the vector
field near a minimum point (a), ncar a saddie point (b), and near a maximum point
(¢). Itis casytosece thatif f is the index ol a singular point of the vector field and &
is its index as a stationary point, then j (- D (see Figure 89). Thus the vector
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field under consideration has Cy singular points with index +1 (minimum points),
C singular points with index —1 (saddle points), and C, singular points with
index +1 {(maximum points). Now Poincaré’s theorem on vector fields (Section
2.6) implies the validity of (22) for closed orientable surfaces.

Problems

210. Show that equation (22) holds also for nonorientable surfaces.

211. On the surface Py there is a function all of whose stationary points are
nondegenerate. Show that the number of its stationary points is at least
2k + 2.

Now we formulate the second half of Morse’s theorem: If on a surface Q there

sl e ed ek e s = PP
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Co = po(Q), Cy — Co = p1(Q) — po(0)- (23)

We assume that the values that the function takes on at its stationary points
ai, . .., aq are distinct and that the stationary points are numbered so that f(a;) >

<> fag).

Near a; (the point with the largest local maximum, Figure 200a) the level lines
are closed and circle a;. We cut the surface along such a level line and obtain a
two-dimensional cap 71 and a remainder ( (Figure 200b).

We simplify 0. To this end we draw a level line slightly above a;. Now we
remove from ; the part F; above this level line (Figure 200c). We denote the
remaining part of the surface by Q7. Since there are no stationary points between
a and a3, F; consists of “parallel” lines of steepest descent, and one can “pull
down” F; to Q] along these lines. This procedure (like any homotopy) takes a
cycle to a homologous cycle. This being so, the homology of O, is the same as
that of ;.

Now let ! be a level line that is slightly below a,. We denote by 0, the part of the
surface below this line. Suppose @y is a saddle point. Except for a neighborhood
of a; we can puu down 5_41 to C» au’)ﬂg lines of stecpest descent (see Flgure 20\1('!)
Now we can contract the remaining strip to a 1-cell 7 glued to Q5 (Figure 200e).

This deformation does not change the homology. It follows that the initial surface
O has the same hnmnlnov as the figure obtained from 0, hv olmno to it the 1-cell

Y AAAD Al Ol AVERAARO SAANw A AN Sokrseiaiiivaa LA Dawiiig P 2 L s s

72 (corresponding to the saddle pomt) and then the 2—ce11 73 (corresponding to the
maximum).

Next we pull Q> down to a part @ lying below a level line that is somewhat
higher than a3. If @3 is a minimum point, then the part F’ of the surface that
remains near gz (a disk) has the same homology as a point, ie., as a O-cell 73
(Figure 200f). Let Q3 be the figure obtained from Q3 by removing F’. Then we
see that the initial surface Q has the same homology as the figure obtained from
(3 by adding to it the O-cell 73, the 1-cell 72, and the 2-cell 7,.

Finally we come down tothe last minimun point a, (Figure 200g). 1f we proceed
in reverse order then we see that we obtain a ligure with the same homology as
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FIGURE 200.

O by successive addition of cells, namely, of a O-cell for each minimum point, of
a 1-cell for each saddle point, and of a 2-cell for each maximum point. In other
words, Q has the same homology as a polyhedron with C,, O-cells, C 1-cells, and
C5 2-cells. “this wplies the validity of the inequality (23) (sce Problem [94).
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Problems

212. Show thatformulas (22) and (23) remain valid if we take the Betti numbers

modulo a prime p.

213. Show that C, > p,(Q),r =0, 1, 2.

We conclude with the observation that functions can be considered on “multi-
dimensional surfaces” (manifoids). An n-dimensional “surface” is a figure each
of whose points has a neighborhood homeomorphic to an n-dimensional open
ball. (In Problems 190 and 192 and in Examples 57 and 58 we considered three-
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of nondegenerate stationary points (on the right-hand side of formulas like those
in (21) there can appear 0, 1, n minus signs). Morse’s theorem (and the argu-

b
ments we used to nrove it) remaing in force here. For examnle, the ineguality (23)

A1 %Wlir ¥YY o J Yl l_r;vvw AL/ AV ARRCALRALY ARR LWL W BiW IL Ut\ullll_l‘\/ Lhiws Axlvquu.AALJ =~}

goes over into the inequality
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Topological Objects in Nematic
Liquid Crystals, V.P. Mineev

Many mathematical concepts, and even whole theories, exist for many years with-
out being applied outside mathematics. For example, it took centuries to clarify
the concept of a complex number and to use these numbers extensively in physics
and technology. A more recent example is topology. In the last decade [this was
written close to twenty years ago (tr.)] a number of problems arose in unrelated
areas of physics whose adequate formulation and subsequent solution involved the
language of topology. At the same time, this brought about significant advances
in the affected areas of physics.

One striking illustration of this point comes from the biophysics of polymers,
which studies huge protein molecules and nucleic acids. If we investigate the spa-
tial disposition of such a molecule, then we encounter restrictions of a topological
nature. From a purely mathematical standpoint, a long, closed molecule is a closed
curve. We know that such curves form knots. Different knots cannot be deformed
into one another without cutting the curve and subsequently gluing it together. In
the case of polymers, adherence to the condition that curves must not be cut is
secured by the fact that cutting a polymer chain requires breaking the chemical
bond at an appropriate point of the chain, which requires considerable amounts of

energy. This means that, at low enough temperatures, the probability of a break is
small, and the molecules of the polymer can exist indefinitely in a particular knot
configuration. The important question of what fraction of the molecules of a given
length has a particular knot configuration is treated on the basis of insights from
algebraic topology concerning topologically different types of knots.

In the biophysics of polymers the long molecules themselves form the topo-
logical objects—the knots. In other areas of physics we encounter objects with
less direct topological pecularities. For example, in field theory we encounter
particles described by vector fields with topological characteristics. In solid state
physics the stability of certain defects in well-ordered materials, such as ordinary
and liquid crystals, superconductors, plasma, and ferromagnets, turned out to be of
a topological nature. In the present essay we will talk about the simplest materials
that exhibit defects whose stability is of a topological nature. These are the ne-
matic liquid crystals, often simply called nematics. The necessary mathematical
concepts, such as index of a vector field, fundamental group, degree of a mapping,
etc., are merely sketched in this esssay. The precise definitions and explanations
are found in the body of the book.
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A.1. Nematics

Nematic liquid crystals are long molecules whose interactions tend to arrange the
molecules in parallel. Athigh temperatures this tendency is blocked by motion due
to heat, and the material behaves like an ordinary liquid (Figure 1a). Below a certain
critical temperature (of a few tens of degrees) there arises in the liquid a definite
preferred direction of orientation of the axes of the molecules. But the distribution
of the centers of gravity of the molecules of a nematic liquid is as chaotic as in an
ordinary liquid. The slight departures of the axes from parallelism are due to heat
oscillations, Mathematically, the direction of the dominant orientation is described
by a unit vector d called the director. The special name of this vector reflects the
fact that while the ends of the long molecules are different, their positions are
unordered (Figure 1b). The nematic states with oppositely directed vectors (d
and -d) are not physicaily distinguishable. In other words, the vectors must be
regarded as short marks that determine directions rather than as oriented arrows.
Conditioned as it is by the container walls and by the external (e.g., magnetic)
field, the nematic state is always inhomogeneous. This means that the direction
of the director d changes gradually from point to point. The distribution of d in
space is called the vecror field of the vector d. (We call the reader’s attention to

thea fapst that cinee the director 1€ not arientad we muet nnt etrietly gnaalrine nee
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formally the terminology of vector ficlds and must modify statements involving
vector fields accordingly.)

A.2. Disclination in the Nematic

Because of its strong diffusion of light, a nematic liquid crystal has the appearance
of an opaque, nontransparent liquid. If we look at it under a microscope, then we
can see long, thin threads drifting in the liquid. Nematic liquid crystals owe their
name to these threads (vnua is Greek for thread). Alrcady at the beginning of
our century scientists conjectured what is now an cstablished (act: the threads are
not foreign disseminations bt reflections of peculiaritics of the disposition of the
molecules.
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The direction field of the director d may include curves on which the direction
of d is undetermined (discontinuous). Such a distribution of d is easiest to rep-
resent in the case of a plane vector field, i.e., a vector field in space all of whose
vectors are parallel to a plane (see Figure 2, in which the field of the director is
indicated by dashed lines). We know that the singularities of a plane vector field
are characterized by their indices, where the index of a singular point is defined
as the number v of complete revolutions of d in the positive direction when one
goes around it on a closed curve y. For example, the indices of the singular points
in Figures 2a, 2b, and 2c are 1, —1, and 2 respectively. However, we recall that
states that differ only in the sign of d are indistinguishable. Therefore, there can
be singular points such that if one goes around them on a closed contour y, then
the vector d executes a half-integral number of rotations. Thus the index of the
singular point in Figure 2d is 1/2 and the index of the singular point in Figure 2e
is —1/2. The singular points in Figurc 2 are traces on the plane of the image of
singular curves in the direction field of d. [This remark must be kept in mind when

]
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at the singular curve in Figure 2a not from above but from the side, then the dis-
tribution of d looks like the representation in Figure 3a. Following the suggestion
of the English physicist Frank, the breakline in the direction field of the director
is called a disclination.

Since the mutual interaction of the molecules tends to align them in parallel,
singular curves in the distribution of d are undesirable from the point of view of
energy. It follows that in a nematic liquid there are bound to arise deformations
of the distribution of d that tend to climinate the singularitics and to shift the
distribution to a homogencous state with the lowest energy level. This is illustrated
by the deformations shown in Fignres 3a, b, ¢, which eliminate the disclination

-
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shown i r‘15ulc 3a and shift the distribu
singularities. This deformation of the field d, reminiscent of the closing of an
umbrella, has been called “escape to t h third dimension.” The name reflects the

chanee in the direction of d from horizontal in Fisure 2a to vertical in F‘1gnrp 3.
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Thus the disclination shown in Figures 2a and 3a is unstable with respect to escape
to the third dimension. It is natural to ask whether other disclinations are stable.
How should a test be formulated so that one can tell a stable disclination from an
unstable one?

Of course any disclination can be eliminated by creating a break in the director
field, as shown in the sequence of Figures 4a, b, c. We see, however, that in the
vicinity of the break the molecules are not parallel as in the nematic but form angles
as in an ordinary liquid. Thus forming such a break is equivalent to dissolving the
nematic order in the half-plane that rests on the singular curve. This calls for a
great expenditure of energy. In other words, this process has a huge energy barrier.
It follows that when investigating stability of disclinations we must limit ourselves
from the outset to continuous deformations of the field d. If this is done, then
topology can be of use.

ut
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A.3. Disclination and Topology

In a region filled with a nematic liquid the vectors have a certain distribution, i.e.,
with each point r in the region there is associated a vector d, and this determines a
vector field d(r). We translate the vectors d in the region so that they all begin at
the same point (Figures 5a and 5b). Then their tips lie on a unit sphere. Thus the
vector field d(r) effects a mapping of the vectors in our region on a unit sphere.

The sphere with the tips of the d vectors is different from an ordinary sphere.
After all, d is the director vector, and the states d and -d are physically indis-
tinguishable, i.e., the diametrically opposite points on the sphere are equivalent,
or—as we say in topology—the diametrically opposite points on the sphere are
glued together. Such a sphere is called a projective plane and is denoted by R P2,
The result of gluing together the diametrically opposite points on a sphere cannot
be represented in space but such a representation is not needed. It suffices to note
that d and -d represent the same point. Thus the vector field d(r) yields a mapping
of the points r of coordinate space on the points of the projective plane R P2. We
will now investigate the relation between R P2 and the stability of disclinations in
the nematic.

Let L be a dis

the vector field d(r) has a discontinuity (Figure 6a). We draw around it a closed
contour y. Each point r on this contour has an image d(r) on the surface R P? and
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the image of the closed contour y itself is a closed contour I' on R P? (Figure 6b).
Clearly, to cach continuous deformation of the field d(r) near y there corresponds
a continuous deformation of the contour I' on R P2. For example, the deformation
of the distribution d(r) that we called an escape to the third dimension results in
the contraction of I" on R P? to a point (Figures 7a, b, c).

Quite generally, if an (unstable) disclination can be eliminated, then the corre-
sponding contour I" on R P2 can be contracted to a point. We will denote the class
of these contours and the corresponding disclinations by I'p. It iS easy to see that
in the case of plane fields this class includes all disclinations with integral index
v of the vector field d(r) (Figures 2a, b, ¢). All contours in I'g, and thus the fields
of disclinations in this class, can be continuously deformed into one another.

On the other hand, there arc in the nematic disclinations (for example, those
in Figures 2d to 2e) such that the images of the contours y that circle them are
contours of type I'1 2 that link diametrically opposite points on the sphere (Figure
8). We know that such points are equivalent, i.e., the contours I"j 2 are closed!
Unlike a contour of type I'o, a contour of type I"1, cannot be contracted to a point
on R P2. In this sense, contours of type I'1 > resemble contours on an annulus that
circle the hole at its center. We can easily imagine this situation if we deform a
sphere and 51uc LOg(:‘tueTjuaL two d1amet1'1C&uy ppOSit“ P oints A, the ueginmng
and end of a contour I'1 2.

While contours of type I'1,2 cannot be contracted to a point, they can be de-
formed into one another. The disclinations in Fieures 2d and 2e are stable. While
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it is impossible to make the corresponding distributions of the field d(r) into ho-
mogeneous distributions of d(r) by continuous deformations, we can easily map
them on one another. The reader should try to deform the field in Figure 2d into
the field in Figure 2e. A preliminary step for this is to deform into one another the
corresponding contours [';,2 shown in Figure 8.

We emphasize that the existence of closed contours I'y /2 that are not contractible
to a point, and thus of topologically stable disclinations, is solely the consequence
of the equivalence of diametrically opposite points d and -d. On an ordinary
sphere it is possible to contract any closed contour to a point. Hence, if @ and -d
were different, there would be no stable singular cnrves in minerials such as, for
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FIGURE 8.

ple, isotropic ferromaenets. A sphere and RPZ ar ]Qr-ally e

AORRARIPN ALY S, Spriies L% a et v

they have different global topological properties.

Thus from a topological standpoint there are two types of disclination curves
in nematic liquid crystals. On the projective plane they are characterized, respec-
tively, by contours of type I'p that are contractible to a point and by closed contours
of type I'y/» that are not contractible to a point. Stable curves of type I'y/» cannot
terminate in the interior of the region occupied by the nematic liquid. They are
eitherclosed or they extend to the boundary of the liquid. We give an indirect proof
of this assertion. Suppose that a curve of type I'1 /> terminated in the interior of the
liquid. Then the contour y could be removed from around it and contracted to a
point. But then the image of y could also be contracted to a point on the projective
plane. But this is impossible for contours of type I'1/2. On the other hand, there
are no topological obstructions to unstable curves terminating in the interior of the
liquid. However, it is energetically advantageous for segments of singular curves
to shorten their length and they either vanish or, if they are attached to the surface

at one end, they contract and turn into a singular point on the surface.

Disclination curves interact. If they attract one another, then they can merge
into one. What is the result of such a merger? Do we get out of two stable curves
another stable curve, or is the resulting curve unstable so that it vanishes, i.e., the

mitial Arrmuac ru-n annth l|¢-|I-.v-\.r'|r)

initial curves are annihilated?
Topology answers this question. The image of the contour y = y; + y», which

goes around two curves of type I/, at one time, is a contour of type I'1 2 traversed
twice: we can speak of the nroduct I'y - | 7. Fi gure Ob cshows that such acontourig
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equivalent to a contour I'g and can thcrefore be contracted to a point. This means
that when two stable disclinations combine into one, the result iS an unstable
disclination of type I'p, i.e., the two are annihilated. To see that this is so we need
only deform the distribution d(r) in Figure 9a into the distribution in Figure 2a.
On the other hand, the result of the merger of a stable and an unstable disclination
is always a stable disclination; we can write briefly 'y 2 - To = g - I'1 2 = T1 2.

The multiplication rule just formulated states that the set of classes of contours
on RP? consisting of two elements Ty and Ty, forms a group 7, (R P?), the
fundamental group of the projective plane. The multiplication of the elements in
this group can be replaced by the addition of the indices ol the contours subject to
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A.4. Singular Points

In the region occupied by a nematic liquid there can be, in addition to singular
curves of the vector field d(r), singular points—discontinuities, of the field d(r).
The simplest example of this type is that of a point at which the direction d of the
vector field coincides with the direction of the radius vector d(r) = r/|r|. The
vectors issuing from such a singular point resemble the spines of a hedgehog rolled
up in a ball, hence the name hedgehog for such a singular point. Is a hedgehog
stable? In other words, can one use a continuous deformation of the field d(r) to
remove this aiﬁg'ulai‘ pOiﬂt and to turn the field du) intc a huxut’)geﬁeﬂua field? To

answer this question we surround the singular point by a sphere . The image

of ¢ on RP? is all of RP2 traversed once. In this way, the field d(r) effects
about the hedeehog a2 mannine of deoree 1 of the snhere o on R P2 We deform
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continuously the field d(r). Then the image of o, which can be thought of as a
closed membrane (i.e., a membrane without boundary) spanning R P2, will also
be deformed and will form folds. However, while spanning R P2, this membrane
is not contractible to a point. But this means that the singular point of the field
d(r) cannot be eliminated. The degree of the mapping is a topological invariant.
Quite generally, to investigate the stability of a singular point of the field d(r)
one must surround it by a sphere ¢ and investigate its image on RP2. To each
stable singular point there corresponds a membrane (the image of & on R P?).
To unstable singular points there correspond closed membranes contractible to a
point on R P2, The only wity to rentove a stable singular point or a stable singular
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curve is to create breaks in the field d(r). This corresponds to overcoming a huge
energy barrier. We considered such a process for a singular curve (Figure 4). In
distinction to the case of a singular curve, removal of a singular point requires the
creation of a break in the field d(r) on a curve that issues from the field.

The degree of a mapping is an integral index. There arises the question of the
difference between two hedgehogs whose degrees, say N = 1 and N = —1, have
the same absolute value. The difference must lie in the directions of the spines,
i.e., in the different orientations of the membranes that are the images of the sphere
o. In the first case the spines point outward and in the second case inward. But
we know that opposite directions on d(r) are indistinguishable. Hence hedgehogs
with N = 1 and ¥ = —1 are the same singular point with [¥| = 1. On the other
hand, if we merge two hedgehogs, then it would seem that this must result in the
addition of their indices. Hence if we merge two hedgehogs with indices {N;| = 1

s — 1 tha ohnild neac Nt hadanhkhng Af imda ” N a

allu I[RVZI — 1, I,ll\-«ll W\.o DllUulU [Jlbbullla.ulj’ OUotdiin a. ubugcuus Ul. lllucl\ Wil a
hedgehog of index 0, i.e., a removable (unstable) singular point. Such behavior

seems unlikely. But what does happen in this case?
The actual process of merger of the hedeehoes vields a result that depends on
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| it
the choice of path leading to the merger. This is due to the nontrivial nature of
the fundamental group 7, (R P?) of a nematic liquid crystal. In topology we speak
of the influence of m,. For example, we can carry out the merger of two singular
points with |V, | = 1 and |N>| = 1 along two paths y and y on different sides of a
curve of stable disclination. In Figure 10a the field lines of d(r) are indicated by
thin lines. The disclination curve is perpendicular to the page and is marked with
the letter O. It is easy to see that the merger along y leads to a point singularity
with |N| = 2 shown in Figure 10b. We note that the field distribution in Figure
10b has a plane of symmetry perpendicular to the page but no axis of symmetry.
The merger along 7 leads to a point singularity with N = 0 shown in Figure 10c.
In this case, the field distribution d(r) has a horizontal axis of symmetry on the
plane of the drawing. Thus the cxistence of a disclination in the field d(r) leads
to different results when hedgehogs are merged. By this we mean that differences
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arise only in the presence of topologically stable disclinations that correspond to
the nontrivial elements of the fundamental group.

A.5. What Else Is There?

We have seen that the topological properties of closed contours and membranes
on the projective plane enable us to analyze a number of questions connected with
stability and merging of disclinations and singular points in nematic liquid crystals.
In addition to helping us classify singular points of a field d(r), topology also
enables us to classify stable nonsingular field configurations, such as boundaries of
regions and solitons, that arise in d(r) under the influence of electric and magnetic

Faim 2 PY
IICIUD,

The nematic is not unique. There is a rather large class of ordered materials,
such as ordinary and liquid crystals of all kinds, ferro and antiferromagnetics, su-
perconductors, and superliquid liquids, whose investigation is aided by topological
methods.

We used the director d to describe topologically the singularities in nematic
liquids, and the projective plane R P? to classify them. In other ordered materials
werealize other types of fields, such as vector fields, matrix fields, and other regions
D of variation of the order-describing parameters. In general, the fundamental
group is not commutative. Of the materials found in nature the only ones with
a noncommutative fundamental group m; (D) are the biaxial liquid crystals (the
nematic liquid crystals investigated above were uniaxial). The noncommutativity
of 7, (D) has beautiful, not yet experimentally verified, consequences.

The most impressive application of topology began in 1972, in connection with
the discovery of the superfluid phase of the light helium isotope *He. It turned
out that the properties of the supecrfluidity of this phase are largely dictated by
topology.
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