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strong chains. Strong homology groups of a system are just homology groups
of this chain complex. This insures exactness of strong homology, a property
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In my work on strong shape and homology I benefited very much from
contacts with a number of colleagues in various parts of the world. This
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It is generally considered that K. Borsuk founded shape theory in 1968, when
he defined the shape category of compact metric spaces Sh(CM) and the shape
functor S, which maps the homotopy category H(CM) to Sh(CM) (Borsuk
1968). After Borsuk’s work the general notion of shape gradually evolved in
a series of papers of several authors ((Mardesié, Segal 1971), (Fox 1972),
(Mardesi¢ 1973), (Morita 1975a, 197 b)). In particular, in the first of these
papers it was realized that there is a rather categorical description of shape
for compact Hausdorff spaces, which defines shape morphisms using inverse
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way used localization of the category of inverse systems pro-Top at weak

homotopy equivalences (Edwards, Hastings 1976a). This procedure yields a
homotopy category in the sense oI (Quilien 1967), denoted in the literature
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to establish its main properties is the aim of Chapters I and II of this book.
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A mapping between two inverse systems f : X — Y, consisting of spaces
X and Y, respectively, is a commutative diagram, Wthh contams the two
s r

11 .
o Jy B & commmumutatly
1

include all the data of a mapping of systems. However, i ﬂstead of requiring
commutativity of the diagram, one has, as additloncd data, h topies which

relate the mappings f, a d the bonding

o

y
Y](T fhﬂ rhaa‘ram commiut
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1

are related by homotopies of

of a coherent mapping. Composition of coherent mappings and the identity
manninoe are defined hiut thev do not form a catecorvy
LLLwt}t}lLl&u (@ TF S\ \AL/LLLA\/\,L, v Ull\/J AUV 11U U 1wl v \/(AIU\JBUL
1.1 Iviappings Ol 1nverse systeins
A mmoonmdonmima oo cnt A e a hinary ralatinm < A A whicnh (o o onrinis
00 preoruaciiol UIll a dTUL /1 1D a Vlllal IClatulull >~ Ull /1, WI1lUILL 15 7 Jl/ -,bleC, 1 [ )
A < X and transitive, i.e., A < A and A < A imply A < A7, If < is also
antisymmetric, i.e., A < X and X < X imply A = X, then < is an ordering.
TL £ av ~vndaricee N « M Lad N /L V) o sonldb s N - )/
11 101 allUluUlllg/\:/\, vuLt A £~ A, WE WILIILE A SN A
An inverse system X = (Xx,pan, ) in a category C consists of a pre-
ordered set (A, <), of objects X, for A € A, and of morphisms pyy: Xy —
A% £ .\ ~ \! NNt 1l L
AN, IO A SN A UIIC TCqUIIES Lllal
Dy = 1d7 A€ A7 (1)
p\ \/p\/\u :p 17 A < AI < )\” {2‘
PAYAY TANEA) /2 — \ Vi

X are the terms of X and pyy  are the bonding morphisms of X
f v _ (Y N\ aind V (VO AN are irvorce cuctoime nvor +ho
II A = (AN, Dav,41) and I = (I'),qyy,/1) are inverse systemnis over e
same index set (A, <), then a level-preserving morphism, shorter a level mor-
phism, f = (f\): X — Y consists of morphisms fy: Xy — Y such that
£ — £ P Y (2
IADIN = @ Jx, AS A, (9)

1.e., such that the following diagram commutes.
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v . P v
A ) AN
| I
£ | | o
I |
Y Y
Y Yy (4)
q \%)

1

h. — A, f, N\ = A (5

W) = Gaxjay < /1. \J)

The sdentitrr smornhiem 1<« X Y g given bv the identitv mornhiama

1 11T bLbC’bbl/l/y (XX 2%4) 10011 L X « 4N 7 L\ 10 EIVC 1 U.y L1IT 1IUTIllu1y lllulplllDlllb

1: X — X, A € A. Inverse systems in C indexed by A and level morphisms
between such systems form a category, denoted by C4

Niin ~ftan onenintore a Mmore mn“n“nl Qit1iatin wrhoroe invercee auctorma are

1C OU1ULCI1 CILILOUILILCLdS a 111U1LC BC 1Tl al dltuatlull, WIICIC 111VELIdT D‘)’Dbclllb alcc

indexed by different index sets. If X = (X, pax,A4) and Y = (Y, quu, M),

then a morphism between systems f = (f, f,): X — Y consists of a function

A ;. A 3

£ . o r s ] e\
Pfu)f(p') — Yup' Jp's = K, \V)

i.e., the following diagram commutes.

Y 7N 4—1}—— Y:-/ AN
7w S fu)
fu I {f.u’
\ \
< <
Yy - Yy (7)
q N~/
(Y mnmncitaonm ¥ Y 7 ~f vrarnhictnie £ — (£ £ ). Y N Y4 g'\v\t'] ~
UUI’(:PUD[;LLU’L yJ X\ T7 L 1 lllulplllblllb J —_— \J’JH}'A - I allu y —_—
(9,9,):Y — Z = (Z,,7r,,/,N) is the morphism h = (h,h,), given by the
function h = fg and by the mappings
1. — ~ £ Y Q)
Ny = Guvigy), V €LV o)

Note that level morphisms are just morphisms with the index function f = id.
Such is the identity morphism 1x: X — X defined before. Inverse systems

i 7 an R Ligrn
111 ©

-
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, <

4

A. Tts obJects are the elements o
is non-empty if and only if A < X, and in that case, A(\,

L% 7
Q3 mor higvn
a 0111516 11101

contravariant functor X:
viewed as a functor. If f
i S

)

>>i
*l o>
%C)CS
e
B
=

o

~

@

Q

2

(TQ

5

o

ST

o
i~
R~

M

.

S

W

U

a

(-

)

ct+

| C "

—

M)

£

ct

s

o

&

=

w

Already at th

we need to impose

COL LR S

@D
w 5
c?
<

g Q
zie)
=ty
<—FO'Q
o g
®
—
&,
=
i<
Q
@D
=
=8

=
—

\ =
D
o
Q
=
D
ag
@)

e
<
o)
—
O

]
g

on A is directed provided, for any A
A AA preorderlng < is coﬁmte prov1d di
es

ec A, -5 An < A. Cofiniten

~ 1

often makes possible pI‘OOIb by induction on the 1
follovvl ng simple, but useful lemma is an example.

Proof. The construction of f’ is by induction on the number £ (u), we M,
of redecessors v<pofue M. If k(u) = 0, we choose for f'(u

3

J - - - J J I/ RS P - ~
o nncaihla hanation +ha miimnmhor ~Af giirnh vroadaoraconre 1o £eidn amd A g
L I1I5 15 pPLUBSILIC, DCLAUST ULIIC LIULIIDTL Ol dSUCll pPpIeuctessurs ].D 111L1ILE alld /1 1d
directed. [
REMARK 1.3. If A is a directed set which has no terminal element, then
every finite set of its elements {uy,..., u;} admits an element )\ € A such
J @l ) Yy YR ~
that A’ > pq,...,pr. Indeed, by directedness, there exists an element p >
[1, ..., Mg. Since A has no terminal element, there exists an element A such
that M < 1. Let M € A be such that )\ > A . Clearly, p, < u < )\ for
+~ M ~ M R V) P ALY M — M 7Ny AL
every i € {1,...,k}. One cannot have A" = pu,, for some 4, because this would

imply A < X = p, < p, which is in contradiction with A £ u. Consequently,

’IUL ~N N ) ANS 9 L) ll/J
Let ‘F f— {‘F ‘F \ —_— V ]'\a a maAaArnmnhiam AF IY\‘YZP NY anys ;Y\(““ﬂﬂ(‘l;ﬂt‘r
J \J ) JN} -« A 4 F A | AN o V) 111\11.1.}1110111 Vi 111V w. LUL all 111\/1\/(‘101116
function ¢: M — A, such that ¢ > f, one can consider the morphisms
9u: Xg(u) — Yy, given by
1 = 'F M er N 70N\ {0\
Gu = Julf(u)g(u) \7J
It is readily seen that g: X — Y is also a morphism of inv-C. We say that
aic the chift of f hv a0 (MNearly if £f < o < and o 1c tho chift of £ hy
H 10 vilo OIUUJU L J L) H nJivQul i 9 i1 J _ H ~ It allu U 10 uvlle Ollllvu Ul J UJ H
then the shift of g by i coincides with the shift of f by h. Two morphisms
f,f": X - Y ofinv-C are said to be congruent, f = f’, provided they have
a common shift g
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TINMNA 1 A T£f A 2o panfmato n 2o Aiwontod +hom +heo sAnmarsieomepr — oo
AIRJIVALIVAL LA A e“Xe _lJ PAZ S > B & Jblbbl/C witw 41 o wercoucw, uivciv v cu byl wclrice — (O
an equivalence relation on the set of morphisms f: X — Y of inv-C

Proof. Assume that f =
Sui t n — ( \ nd £ a
1 H \H’ y“} (Alll.u J il

directedness of A, there exists a function hA: M — /
Lemma 1.2, one can assume that h is an increasin

tho chift of £/ o h Q3 ince £/ / n< h bh ;n alan tho
UILIT Dllllu UL J U)’ 6. J1110UT J - y >~ Ity 1O 1D QDU UL1IT

the shift of f by A. The same argument shows that h is also the shif
by h. Conseouentl , h is a common shlf of fand f”, ie
ns

VIV AN
95 89u). DY

C

Morphism s are classes [ f] tmorphlsm f:)( -
the f a

frrmat o ~F ,\..“mem £ _ (£ F o
1u11bb1U11D J Ol IMOrpinisitis jy = \J)y JN) 11

e
category thus obtained is equivalent to the
]QRQ\ I.1.2 and 1. ‘%\

system indexed by a singleton A =
lllll,M) finV-C iS a;t th

Af manninog Y A%

Dy
*
e

=3
0
o
o
=
E
S
ie;
> 2
wn
=HN
»
t+
=
)
B
=

=p. bonsequently, if X exists, it is u ique up to natural
= lim X and we refer to the m

&; L pr J6 ctions. A m orphism f: X — Y auces a HlUI‘pﬂlbIIl
lim f:lim X — limY, making lim a functor lim: inv- C — C. Congruent
Dhi c ]
p C

morphisms induce the same limit morphism making lim also a functor lim
Vel 77
pro-C — C.
Of particular interest to us is the case when C is the category of topological
SN Ces T n_ Tte ohiecte are tonolocical enacec and mornhieme ar ntinione
Utlw\./\/u |v|./ A UK UKIJ\./\/UL] UL U\jtl\lj.ubl\/wl L)tlw\/\/u LULLI\A LLLULHLALULLLU UL FUERVAWAY YW )

mappings. The corresponding categories of inverse systems are Top *, inv-
Top and pro-Top. We will usually refer to helr morphlsms as level mappings,

manminane I OoM RO n’noeoo nf LesWaliols)
! o ve virwoo LIJ 1HHvw tl

lll/wtltllll UHU all
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J

X, consisting o
coordlnates x) satisfy the condition xz

//////

o

-

U
X

>

C

=
@

S

.6. The above construction yields limits in many categories in
*.

he catoonry of cote Set of oronine Grn of ahelian ora
c (.A:U\/6ULJ Ol SEUSs SCL, O1 SI0Ups urp, Ol avudCilall groups Ao,

e o \

etc. The homotopy category H(Top), whose objects are topological spaces
and whose morDhlsms are homotopy classes [f] of mappings f, is an example

J < J 3
’ m"vkﬂl it

Ly J
1 ran qvat Q 1 ~ 1Ty {con o o
111VTLIDT OYyouTllld Wiull 19 111110 \DUC U-s .y

~~
>——-|
p—
o
—
Q.
9]
T«
o
O
@)
@)

o
o
=
[—
Ne)
0.6}
[\

N

1.2 Coherent mappings of inverse systems

4

o

Fundamental to the development of ordinary shape theory is the category
el4 nf (Mm'dpm , Segal 1982

lfuollpf(uo\f(ul)l = [Q.uoulj[fuljv Mo < ph- (1)

n

=
—~~
C
g
N

to its homof opy class FT( f'\ - H'] Applica-

10H10VOPY Lldss 11 LJ § SRR AT

=

Z

o

@
B

@)

pr

@

T el
o

VR Lo o S v _ (v T - __:Al 1., A‘ . g
LIOIL O1 11 L0 dll 1I1vVelISE bybbU 1 A = \A)\,p)\)\/,/,l) lll | p ylﬁlub Lne bybEeIIl
| X | = (X, [par], A) in H(Top).

Note that a morphism [X] — [‘ | from inv - H(Top) is determined by an

increasing function f: M — A and by mappings fu,: Xf(ue) — Yues Ho € M,
which satisfy the following condition.

[y fuo): X — Y as to a homotopy mapping.
coherent homotopy mapping, shorter Coheren
i b

-+

mapping,

Instead

sV}
=
3
=3
03

re
are given as part of the data and are denoted b

’ 1
FARN g}

11“1'@ a, Seqalience ﬂ' lhlp@ lll{‘]]t'pQ Iln < 114 < 110 AQ'QI'miY\QQ '}'\
ALLT & STHUTLILT UL Vil TO LUILES (R 1 2 TV ILITS v

p1 < pe, po < pg and pg < pq, one also has the corresponding homotopies

o+ X B

furpas fuone and fuopu, . A further requirement is that these three first-order
homotonies he related hv a cecond-order homotony f Tt 1@ convoenient
AIVIIIVUVUPIVO VU Lviivva UJ Uu DUV LI UL UL ll\IAALUUUtIJ Juouluz AU 1V vUwuUllvulliivililiv
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+ ag annito T x T s UV Lt ac a o

not as a mapping Af(llQ) X XL — Iy, DUL &S a map-

A ) - -
4

ping X,y X A — Y, where A? is the standard 2-simplex. The rea-
son is that (in contrast t.o the square I x I), the 2- len]pY A2 has t hr

Jy vait L7 S PICA L1GHS

o
+
3
)
>
4
4
>
:

)
)
S
]
|
- <'D

1 Wl
first-order homotopies Proceedlng in th way, one considers homotopies
f._ X, v X A" — Y, of all orders n > 0 as further data formine
140 kim * 28 (i) i >0 ther data forming
i PRy PR B S
L11C CUILICICILIL 11O PILIISIT J
In order to make these notions precise, for a preordered set M, we consider
the sets M,, of all increasing {,n + 1\ tunles 1 = (uq .Y n >0 w
tJL\J r.nl \’.A/U,o--,,,‘./n/, v ot} \J’ VVLL\_/L
p, € M and po < ... < pp. We Call p a multiindex of length n. We also
define face operators dJ,: M, — M,_1, 5 =0,...,n, n > 1, and degeneracy
op erators QJ 7\/[ — M. 7 =10 m m >0 hyv nuttine
,LTl, J \1, LIS ’ IU, ru z U, UJ HMUUALLB
17 /. 0N (. \ /N
A 0y -+ -y ) = (0 -+ oy Hy—15 Hjt-15 - -+ s fhn ). (9)
j . N o .
Sn(ILLOa""MTL_)_(u07"'al~bj’#j""’pn)- (4)

Furthermore, we consider the standard n - simplex A™, n > 0, defined as
t of all nmnfq t = (fn L. tM) fo Rn"f'l where the barycentric coordin

LLIILD 14 Vil VWi yLCiour | w

X7 1

tn, = 1. We then define face

+1 bl 4 ~ N @€
U, Satisty 9 = U,...,1T T
, n > 1, and degeneracy operators

»y¥n
operators d7': A" — A",
. AN+l o AT 4 n o >N
uj.u s | ) WUy o oo - Vv

i, respectively.

S
herent manping f = (f. £.): X — Y

/ ?
function and of mappings f#-- Flun) X A" — Y#G, for = (lho,...,HU,) € My,

™y

|
>
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Fu
N\
N
fuons /N e
fo
/ JHOHMT L2 \
/ N

r . £ - o 3 . P a
Jro Juop Jri1 Fig. 1.1. Boundary conditions for n = 2
Fig. 1.1. illustrates condition (7), for n =2
T - 1 T 4 - VIR B PR, | A 5
1r and are inverse systems over the same inde

Y S
(f,fu): X — Y is a Coherent mappl g with f = id, we speak o
n notati (
* \

REMARK 1.7. The codomain of the mapping f, is Y,,, while the codomain
of the mapping f., is Y,.. Therefore. in (7)., f;0, must be composed with
VY Sttt Jatp [751 ) \*/y Ja [ r
Quop, In order to become comparable with f,,. Similarly, comparison of the
domains explains composition with ps(u, )f(u.), for j = n. Inverse sys-
tems used in shape theory are often inclusion systems, i.e., have inclusions
r 1 1 . T 1 _ . D DY 4. A W I JRL S, ISR (R
for bonding mappings. In such cases formula (7) assumes the simple form
fulz,dyt) = faru(z,t), for 0 < j < n.
REMARK 1.8. We identify (z,1) € X, x A° with z € Xf(w) and thus,
FN PRILY Y SR Vg o AO0 Y with a mapping TAnn+i_
1ACILILILY H(J'Af(ﬂo) X 44 — INO WI1ull ua,ppulg JHO Af(NO) - l,uo 1UCIILL
| \1 ! rof X 1
fying (to,t1) € A" with t1 € I, fuou,: Xy X A° — Y, becomes a homo-
topy f, Xe. v x T — Y, . which connects f, Driufiu.y O Quou- |
rJ  Jpopl Jlu1) Koo J 0 O )T ) 1OM1 g 19
________ I s W DU, LI V') 2\ _ /1NN _ A1\ Aand 4 1 isanlin
because L1 = U 1mpies {ig,t1) = (L,U) = dai\i) alla i1 — 1 HIPHES

(to,t1) = (0,1) = do(1).

v +ha i lEiin A Ang s PN wxrn allaxxrnd AdAonom orato m11]+11ﬂl‘]10ﬁ(‘ (Maarly,

,u,J 111 LIIC LILUILvHIUIves tw, 1.t., C allvwcocu ucycrciuwce uu,uuuu.uujco wiCally,
p € M, is degenerate if and only if it is of the form p = s/v, where v €

M,,_1. Our requirement (8) insures that mappings f,,, for degenerate u, do
i s vty oot ninallsy ralacrarnt infarinatinn (AF T armrnmae 112 R o

101 CalTy II€EW EZCOIICuLliCally ICICValll LHOIIHatuiVll (Ll. LTl 1.19). LL.B.,
. - v 32 < . M 4l R . -

the mapping f..: X sy X A — Y, 1s the composition of the projection
1% 80: Xorn X A2 — X v x Al and the mapping f.,...: Xeon X Al =Y.
U Ji) Ju") PPN J JU) #

Nne can livn tho farn and do naracv nnoratare ac followe For
il vall 114C  L1IIT 1aue allu uv vl auv UPUTLOUULDS o LULIUWDS L UL

1

}, endowed with its natu-
[k] — [n] one associates an

k] b} o~

J

et [n] denote the set {0,1,...,n

. With every increasing functlon
AT

~Araratar o AT Anfinoad ag +tha camnngitinn
vopclialtul w iVIip 7 UIVif, UTILLIICTU ad ULIT LUILLIPUDILVIVLL
* 7 \ _ — n T /1 NN\
u U‘l‘)_“ua n € Mn, klU)
where p = (o, ..., in) is interpreted as the increasing function p: [n] — M,
n‘;1rﬂﬂ }\‘r ll{/l'\ _ 11 .
51\/\./1.1. [ ’u(l\J/ J.
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In particular, let 5?: n—1} — [n],n Z 1,and o7 [n+1] — [n],n >0, 0 <
Jj < n, be the increasing functions, defined by
U (1, 1< 7, ,
) =93 . g s (11)
LT =7,
UT_L/i\ — J L, ? S .], /12\
3 \¢) 3 i—1. i> 1. (1<)
[§ 7 - J?
: n . .
or in the multiindex notation, defined by o7 = 0,...,i—1j3+1,...,n),
~T (N A oA PO U & al AN
g =Y. JsJs--.ym). Lnen
()Y =d, (o7)* = s, (13)
N g N T \ 7/
L.e., one obtains the face and degeneracy operators d?,: M,, — M,,_1, sJ.: M,, —
IV[n—{—l-
Every increasing function u: [k] — [n] admits a unique factorization

0<ip<...<u1<n, 0< i <...<jg<k, k+p=n+gq

(the dimension indices omitted). The set {iy,...,4,} is the complement of
the image u[k] in [n], while {jl, ,Jjq} is the set of all j € [k], for which
ug) =ulg+1).
For increasing functions u: [k] — [n], v:[n] — [m] and for the identity
function id: [n] — [n], (10) implies
(vu)* = u*v*, id* =id (15)
Hence, by (14) and (13), all the operators u* are completely determined by
the face and degeneracy operators d?,, s, which explains their importance
A straightforward verification shows that the functions 67 and o7 satisfy
the following conditions
5ZUJ = 5jUz—1, j<i, (16)
0i0j = 0j_10;, 1 < J, (17)
/7 -
| 9j0,—1, J <z,
0;0; = (l id, j=1,0+1, (18)
S a1 -
\ Y751V, T L 5
An immediate consequence of (13) and (15) - (18) is the fact that the
face and degeneracy operators dJ,;: M, — M,_; and s: M, — M,.1, j =
0,.... ,n, satisfy the following conditions, dual to conditions (16) - (18)
1—1 ~
d’d"=d d?, J <z, (19)
A R | ‘e
s's" =887 1<y, (20)
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(sl j<i
i . l ? J ~ " ) ,
d’s' = id, j=i,1+1 (21)
[ '™, i+1<y.

Similar arguments apply to atfine mappings between standard simplices.

With every increasing function u: [k] — [n] one associates the affine mapping
oAk AT IV, Ak L v it

Uy A — A, WIllLIl maps EIlU vertices €j or 4 LO tIe veruices Cu(j) Ol
, nctions 07:|n — 1} — [n] and

A", j = 0,...,k. In particular, with the fu
n } — Inl defined hv (11) and (12)

7T
o [n], define (11) an
degeneracy operators d': A1 — A™ and s

7 A — A" respectivaly, i.e
(67) =d7, (07)x = s7. (22)
95 ) 55 \95) 7 (22)
Also note that
(V) x = Vilx, ids = id. (23)
m m —1 m, n, n41 i
Therefore, the mappings d7: A" — A™ and Sj":A”J"‘ — A" satisfy the

equations obtained from (1 )-(18), by replacing é; and o; by d; and s;,

7? b

P'S

"p“bm veiy.
The following lemma is an easy consequence of (9) and (8).

mapping and u: [k] — [n] is an
ne

increasing function, then for every p € M, one has
r o/ /NN r o4 N 1) 7 AN
p L, Ux(l)) = qJux(u)\P\L),1), (42)

, the following diagram commutes.

1 X ux pXx1
. - < 1. < 1.
X () * A" A () X A7 A f (o) X A7
£ | ,
Ju | | Jurw
\ \
AV - _ AVe
I;LO I Hu(0)
9 (25)
\<v)
Proof. In the special cases, when u = §; or v = ¢, (25) holds, because it
reduces to (9) and (8), respectively. However, composing commutative dia-
grams of type (25) for two increasing functions u: [k] — [m] and v: [m] — [n],

1%
1v

&
o
E§

m (25) for the co

fu(z, (vu) (1)) = fu(z, vaus(t)) = qfur () (D(x), us(t)) PPN
ot ol ) — o F ) £ \<b)
Glu v (W\P\T),0) = GJ(vu)*(m)\P\Z),t)-

Since all increasing functions can be obtained by composing functions of type
67 and o7, it follows that (25) holds in general. [
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Recall that a simplicial set S consists of a sequence of sets S,,,n = 0,1, .. .,
and two sequences of functions d’: S, — S,_1, n > 1, and s1: S, — S,41,
n >0, 3 =0,...,n, which satisfy conditions (19)—(21). The elements of S,,
are called n- simplices, while d?, and s, are called the f*ce operators and the
degeneracy operators, respectively. A simplicial mapping ¢: S — T between
simplicial sets is a sequence of mappings ¢,,: S, — T}, i.e., a graded mapping
of degree 0, which commutes with the face and degeneracy operators,

d}’q(pn - ¢n—1dna S{,QS ¢n+13J (27)
defined as a contravariant functor

€ S & ]
sets [n], n € {0,1,...,}, and whose morphisms are all increasing functions

~

P |

Clearly, M, = (M,,n =0,1,...), together with the face and degeneracy

operators, is a simplicial set, called the simplicial set of multiindices in M.
%‘mﬂar]v A* = (/\n n =0.1.. \ tQ ether with the face and deseneracvy

2ilially Ny Ly se sy YU RTULITL WaULx Vil LQALT duillu UTHUTLITL vy

7
operators, is a implicial set, LeIerIed to as the cosimplicial set of standard
simplices.

P4
wn
o
=)
[sV)

shown in (Fr ppear) that an analogous st teme“ 1 for co-
rr J (&)
herent mappings f = (f, fu): X — Y, Le., the collection of mappings ( fu)
can be interpreted as a natural transformation between suitable functors P
and ().
()
The source category on which the functors P and (4 are aennea is tne cat-

u sHin) € My, m > 0. Morphisms v — p are pairs (u,u), where

u: [k] — [n] is an increasing function and v = pu. Furthermore, id: n— 1 is

the pair (g, id) and the composition (p, u)o(v,v) = (i, uv), where v: [I] — [k].

The target category is an extension of the category Top, here denoted

by Top. Its objects are topological spaces. To define morphisms X — Y one

considers pairs (¢, go’) of mappings 0:8 — X and ¢': S — Y, where S is a
ris

considered to be equivalent to a pair (p, @),

provided there exists a homeomorphism

o — p! rhicina ;
“d X = @. N[uxpumum X — Y of 10p

are equivalence classes [p, '] of pairs (¢, ¢’). To compose two morphisms
0,¢': X — Y and [¢,¢']:Y — Z, one ’rak ‘rhe pull-back (n,7n’) of the

/ aly U /M/
umypings @' and . Th '’

1e class [Lpf/,wl” X — 7.
The identity morphism [
be considered a subcategory of Top by identifying every mapping ¢: X — Y

h the class [id, ¢].

where @:ﬁ — X and ¢": S —

— X is the class 'id, id]. The category Top can
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J: "M
fncmry Top C Top. It assi

Qv oL

1 i i1 1.
ace Y,, and to the morphism (p,u) the mapping Quottu(oy Y

Uy
Y,,.- The condition which makes (f,) a natural transformation P —

f' P{ 4 o:\ — (11 ) F which mnet hon ]H far every mor
”_l \’.‘I % \’.ﬂ, w}JV’ Vv diiivia 111 (R V) AdAJ AL \/J.J ALALANJ L

):v — . However, this condition is just the requirement that diagram
25) be commutative.

-t
-
@
w

o

A Ve

/
f: X — Y from a space X to an inverse system Y . In such
one views X as a rudimentary inverse system (see 1.1). Then f = (|
s fu X xA" =Y, ,nelM d 9), as

v = LViny, a;;

The next lemma shows that, in the case of ordered indexing sets M,

the definition of a coherent mapping non-degenerate multiindices suffice.

Proof. First note that with every multiindex pu € M,, one can associate a
----------- _/] on -v\r\'v'g\4-/\ i ldiindaoy 30 — (1, 1N = NI, N < L < and a
Luuqu.t: 11011 ucg CLCILALT IHNUIVIIUCA ¥ — \V(Qy . .- yVE ) T Vi, U X v X 1L, allu o
unique increasing surjection u: [n] — [k] such that

u=vu=u"(v) (30)
TinAanAd AnnAnrmnnana intn b L Arginint canihant +ha nntoar_imacor nf A f
L IUCCU’ [ILJ ucuull lJ To 111LVVU v T WUiojulliv SuuUonT L, LilT ULILTL Tl AS Ul Uil

ferent points of the set u[n] € M under the mapping u: [n] — M.
class of this decom0051t10n and 1 < ¢/

belong to the same class of t

helanoce 0 that clace Tndeed < < " and 11l = 113" implv

UUlUllgb LU ULllal Cladd. 111Uccu, ’.l:\l;} ,.l:\l/ } IJJ\I/ } allu ’Jt\b} — '.,b\l; } Lilipiy
identify th

p(i) = (i), because < is anti-symmetric. Therefore, one c
in set of [n] with [k] and the quotient m

ping with an

"35
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1mcreasing surjection v [b} — {n,} wvioreover, W lldU.CeS an increasin g Jec—
tion v: [k] — M such that u = vu. Clearly, v is a non-degenerate multiindex
V:(I/Q7...7,Uk))l/0< < Vg.

| M. Ancrornora P ton . AL o r . v n x

— n
ff*(xv t) - JV($7L*(t))7 YIS ‘Xf(,u,n)3t € A ) (31)
where v = (1p, ..., 1) is non-degenerate, u: [n] — [k] is an increasing surjec-
tion and (30) holds. Note that w(0) = 0, u(n) = k and therefore, uy = vy,
pn = vk. We will now show that the mappings f,, satisfy the coherence con-
ditions.
LTirat Aannaidar +tha nacn wsrhhan 22 ta v o mceman e e s o} TP I IR
Loy COILIAaeh e €ase WIICIl i 1S 11011 cgcucla 1nen a’ p1s aLS() 11011~

te.
by assumptlon To verify (8), note that s?u =
izat 0

; i j
S () ) ion (30) of s7p. Therefore, by (31),
(o Y — £ (o o~ (N — £ [ o +) 920\
fsou(@, ) = fulz, 054 (t)) = fulw, s5t), (32)

which is the desired relation (8).
Now assume that p = vu is degenerate. The factorization (14) of u must

be of the form
U=0j " 0j,, (99)
| AR Siiviarntitra e L0 at . 1 ™ /1 0\ C . .
betause u Is surjective ald vne runcelons o; are not. by (1s), tor any ¢t, 7,
the composition 0;0; either equals d;,0;/, for an appropriate choice of indices
i', 7', or equals the identity. Therefore, for UL(SJ = 0y, - -+ 05,.0;, there are three
possibilities
ud; = 05104 -0y, (34)
o J,’,I N 7
ub; =04 -0 (35)
J J1 ! \ 7
or ud; = id. We will verify (7) in all three cases
411 UilT 1110Uu \;G:DG,
c o PPN
UxQj = (’UJOJ')* = dJ/S ’ S5 - (db)

Since v is non-degenerate, (31) and the assumed coherence conditions for
Y\I\Y\_f]ﬁf\"l'\ﬂf\rr\fn YY\“]“"‘Y\I‘]‘I‘II‘\(‘ 1W\Y\]17
11U1L \ACBULIUL@UC 111ULVILILIIUYUIUTOD lllll,ll‘y
£/ dt\_r/ , 1 AN e o/ ' ) .
pll, dgt) = Jul, Uxl5t) = JuZ, Gj 857 - -~ 857 1) (37)
=qf, (p(x), 8 -5 t). \2 1)
1 Qs VL& \7 /) Jl JT" /
On the other hand,
v] . N r~. . o~ ) ) 763 O
@ p = 0;(Vu) = vuoj =v0j05 -0, (38)
/ ! . . .
Note that v = vd;; = d? v is non-degenerate, while u’' = oji -0, IS an
increasing surjection. Therefore, (31) and (38) yield
Qfaru(P(), 1) = af g, (D(2), Sj51 'Sj;,t) (39)
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(N rignn ~F (27 i+
\JUJ.lllJCbLlDUll UJ. \()l} Wiliull \

In the second case, the argument is similar and somewhat simpler. For-
mula (35) implies

A\~ "/ T ) | o . ' , \
Uty = 231 77725, (2Y)

Therefore, (31) yields
fu(z,djt) = fu(z,usdyt) = fu(z, 55 ---sj;,_t). (41)

\/11 ULI1lIT UUul1l1T1 110;11\_1,

dp=vud; =voj -0 (42)

Consequently, by (31)
qu-“(:g Y= f.(r. s. s./ t). (43)
N AR JUAT 2] 3Lc \F2)

/oA T AY

Comparison of (41) with (43) again yields (7). Notice that in this case p and
ual identity, because (42) shows that d’u and v have the same initial

q e
anmn “-nv‘miﬂﬁ] n]nmr\ﬂ+ f\Y\f’] + Fajialah aaVWal f\]f’]f‘ Ny 12 nﬂ(‘] 'y
alla teririiiial €i1cilicliv, alll vilc sallle 1101U4s 10T V¥V allu fo
Finally, if ué; = id, then u.d; = (ud;). = id and thus, by (31),
Fulwdst) = fu(a, 1) (44)
On t e nfher aﬂr] A ss — 1. — 12 an hne
i1 i1 wuilil i i1 l.l.u, w ’.‘I L4 wUJ L d uviia ULL\LL”
£ / T Y 4 2\ 7/ A\
wip(z,t) = ful(z,t). (45)

/A0
UsSj = UsOjx = Ojyx - 0, 4x0jx = Sj; - 54,55 (46)
and thus
fFlr ctN= fAr nu.s.t) = f (r s. A (47)
JHU\NYYTTY) JU\VY) WxTGJv) J VY)Y~ J1 “Jr~Jv) \**
On the other hand,
D . = / AQ\
b]”—ojkuu)—’/uoj—’/(jjl 0.77‘ 7 \QO}
and thus, by (31),
fo.u(z,t) = fu(x, 8, -85 8;t) (49)
SjHAT T/ JYNTT TJ1 Jr=J "7/ \ 4
(Arria rican ~F (A7) i+l (AQ) actallichog +hna Aagivad canditian Q) ™
k}UlllpallDUll Ul \".t‘} 1ull \‘-.h‘?} COLADIIDIITD ULIIT UCdIITCU Lulliuliuviuldl \O}- L

We will now prove a technical lemma which in some situations facilitates
] er
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n

TENMN A 114 Tn+Vnm,Jannm. rep oaig
i st 3Yys

AVALIVALAY Leldl“Xxe L/CUL 2 WILW I (v o2 Ib’be
over a cofinite set M, respectively. Let f be a function which to every non-
degenerate multzmdem p € M, assigns an element f(u) € A such that

+ o0 N
U

Cins overn 7

0<j<n (1)

<

=~

—
N
~
V)
I
o
>
o~
=
o]
S~

'Il/f

Proof. By assumption, every index p € has only finitely many prede-
cessors. Therefore, there are only finitely m any non- degenerate multundlces
T}'\D m ]

-
3

Pl
ol l
S

11 whose toarminal blomahf 11 —_

’./D, VV 1L1\UUO vl lilii1111u1 villiviiv ,.l/ aps f eS

i J{. 111QUpsS vil

,IJ(I/ e wui
into a finite subset of A. Since A is directed, possibie to define f'(p) € A
(), for all these multundlce learlv, f( ) < f

)
—-
=
,E
q
C
=
»-
=

0<
r-
-
e

ct+

I/\ "U_ 9;) aD
kh 5
e}

O F

Ul T
To extend (f, ju) to a coherent mapping, it suffices to apply Lemma 1.
We conclude this subsection by defining the shift of a coherent ma

v

£ _(F£ F Y YV Ly an inorascing Fiinetion £1. a1 s A qnueh that
J — \J,J”} A — I uy all lllblcablllg LullbblULL J ‘1 — /1, SUCI Uiiat

It is the coherent mapping f' = (f’, ju) X — Y, where

S~k
1o -

.
<
g
[
o
"3
)
w2
o
L=

>~
o
3
3
~
s
3
3
~.
S
!
w»
H-a ~
L.
e
g
>
9]
o
S
3
Q
=
I
Q
3
o
Il
-~
V)
o)
3
o]
Q
I~
~
S
N
Q]
3
o
Q
g,
o]
<
-}
I~
]
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\A,\,p,\,\f,/i),Y = (quuu’a”{) and Z = (Z,,r,,N) be inverse systems
and let f = (f, fu): X — Y and g = (9,9,): Y — Z be coherent mappings.
Their Composition h = gf: X — Z will be given by an increasing function
h: N — A and by mappings hy: Xp(,, )X A" — Z,,, forv = (vo,...,v,) € Ny.
ltlsnt ral to define A V — A by h = fg. If v = (1) is of length 0,
we put huy = Gu, fg(ve)- If ¥ = (vo,11) is of length 1, we have the homotopies
fg(Vo)g(Vl)!XfQ(V ) X I = Yo and guou,: Yg(u,) X I — Zuy,. They yield ho-
motopies gu fo(vo)g(vr) 3N Guguy (fg(ur) X 1) from Xgyq,y X I to Zy,, which
connect gy, fo(uo)Pra(vo).fa(wn) 10 9olg(vo).g(vn) fo(vr) AN 9ol g(w) So(w)
t0 Twouy G fg(ur ), T€SPectively. It is natural to juxtapose these two homotopies
to produce the desired homotopy h,,v,: Xfgw,) X I — Z,,, which connects
to Tuyu, g,.,.“g(m;; ‘This is achieved by decom 1g the

9vo Fg(wo)Pra(vo), fa(n) ! 1
A 1 ~
= [0,1] in two subsegments Fy = [0, 5], P}

T 1 4
segment, I [5,1] and putting

1

h (z [) . i[ gyo(fg(yg)g(ul)(xa2t))s t € PO’ (1)
Vo ’ - _ 1
\ Gvov (fgn)(2),2t = 1), tE€P;.

. 1V Ancnes Soad cnriatriietion indicag 3, — { 1 N

LIIE UDLLIUUU LUllbbl leblUlJ. lJU ifnqaices v — \1/0’ yVUn) © 4Vnp

arbitrary length n, we shall define a decomposition
edra P*, 0 < i <mn, which are direct products of si

n01Vh d 1 < hich are direct products of simplices of dimension
| J ) o r
n — ¢ and 7 respectively. More precisely, there exist affine homeomorphisms
c: P* — A"7* x A", given by mappings a': P* — A" and b}': P* — A".
For n = 2 and n = 3, the decomnnsltlon of A" is shown on Fig. 1.2 and
1 0 L 1 S N PSR AR
LIOI1S O1 ODVIOUDd

Fig. 1.3, respectively. The mappings a] and b} are composi
projections and similarities with ratio 2.

\ el - o T N I Af 2

T e A
rig. 1.4. pecomposivion oi 4

Using barycentric coordinates, P is defined precisely as the set of all

? (A
points t = (tg,...,tn) € A" such that

;

4
to + .. +t171§§§f0+  +t; (2)
For i = 0, (2) Id be interpreted as the condition 1/4 < tg. Note that
the inequality tg + ... + t;_1 < 1/2 defines the half-space to which belong
the barycenters corresponding to those distributions of mass 1 to the points
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:3:5 // \\
v AN

0

N\
%
%
%

.\
R <
3\\, -
! e1 Fig. 1.3. Decomposition of A®

€g, - - -, €y, for which the total mass at the points eg, ..., e;—1 does not exceed
i PO ER R IR H I S .4,“,‘"_' _ mY, o s 1 g '
the total mass at the remaining points e;,...,¢e,. The in qualty tg + ... +
t; >1/2 admlts an alogous interpretation. In barycentric coordinates, the
mappings a pn — /\n t and hn pn — At are mven ]’\v
ST\ () Ot [5 YA 79\
U \b) = U 4bitly-- .5 4ln )y {2)
b; (t) = (2to,...,2t;—1, #), (4)
where # stands for the difference between 1 and the sum of the remaining
barycentric coordinates, i.e., in (3), # =1 — 2(t;41 + ... + t,) and in (4),
4L —_— 1 9(+. 1 [ .\ Qnmn‘f';mno wo amit the Aimenginnal indov »
17 i “\vQ) T T Ug—1 )+ PDULLIDULLIITO WU ULLLIL LT Ullliclisivlial 111Uco It.
We now define h,(z,t), for v = (vp,...,Vs), T € Xp(y,,) and t € P, by
putting
L (e +Y — & (£ . (A7) BT (4N 4=\
v\ ) = Jro... v, \J g(vi)...g(vn )\ By A8 ) Ui L)) \Y)
In n her wnrda h,, on P 3a +tha comnancitiann
All UULITL WULUDO, y Vil th’(V'"-) /N 4 7 10 vliTo bULthJUDlUlULL
ixc _ ; fx1 ;
XL/ \XP:n—'—')XL/ \XA” ZXAZ£—>_~/..,\XAZ-——€—-)___.. {6\
F\Vn ) 1 \Vn ) g\vi) [4¢) \v)
(‘TT(\ ]f\ + I\11+ + oY Iﬂf];ﬂﬁ(\ I\F +"\f\ mﬁ‘l’\“ haleoxal nn/l \
\VVU 1C1LLU UUuL LLIT 11141V TO Ul ULullT JJJG; 150 (_/,L ’Jg(V’L) g(yn) allll yUO )
Taking into account the constructlon of h, and the coherence propertles of

f. and g,, the next lemma is almost obvious. Nevertheless, we give a formal

o o 1C1ICTOS

), there is a unique

n
x P is given by (5).

ﬂh‘l"\‘ o l'l' V N 7
HIAPPITE 7. . — 4.

oherent mappings f and g.

~
"o

<
™
- O
<
=3
3
o
P
N
w
P
AN
.
<
<
IS
o -

Proof Assume that h,, is well defined on Xj(,, ) x (Pf? U.. .UP”) In order
to prove that this mapping extends to X; {pn L pr \ noto that

r/ va thtJAL b AAAAAAA U Alnkyn) /\ \_L .. +1/, 1IJULC vilduvu
/ DO 0 TN\ ~ I . Dn ~ Dn R s
(PG U...UP)N Py = PN P, . Consequently, it suffices to show that
on Xp(,.y X (P'N Pl ), (5) yields the same values, for i = j and ¢ = j + 1.
QIﬂf‘D

P'APhy={te A"to+...+t; = =}, (7)

N | =
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(3) and (4) imply that, for t € P? n P
\9) (%) 1mp ; Si¥ ot Gl
a;(t) =(0,2t541,...,2t,) = doa;4(f) (8)
Using (8) and the coherence condition ( 1.2. 7) for f,, we conclude that, for
i =J, (5) yields the value
1 / 1\_ / r £\ )\ 172 72\ \ /1 NN\
ho (251) = Gug...v, (Afg(v,41)..9(0n) (5 @541 (1)), b5 (8))- (1U)

However, using ( 9) and the coherence condition for g,, we conclude that, for

53— 441 (5) vielda e csame valu

7+ 1, (3) yields the same valu

In view of Lemm 1 13,1t s fﬁ ces to show that the mappings h, satisfy the
coherence conditions (1.2.7). By the definitions of d7,a} and b}, one easily

‘YeY‘l eQ ]’\D
A\ PSS [} ULLLAIU, A\/L J _ ,
1 syn—1\ — n /4 1\
a{r; ") S i, (11)
'n*l )
a;4q1(a5t) =a; (1), (12)
7 \ nn—1 3
i1 (djt) = d;b ™ (1) (13)
Similarly, for ¢ < j, one has
d.(P* 1) C pr (14)
J\ 1 /] — 1 7 \ Vs
PR YO AN | ~n—174\ (1E)
U; \Ujt) — Uj W, \t/s \1J)
LR d 4\ _ pn—174\ 12\
U \Ujt) — Uy \v) (1Y)
Tharafare far 4 < 4 and + = D=1 (11Y_(192) +iald
_LILULCLULC, 1U1l J >~ ¢ allu t T J"I: [ \J_L) \l-J} lelu
holz,dit) = oo (Fotvs ). atoy (@, a1 (d51)), B (d;t))
7 J +1\v Y “a141) Y\vnj\""7 TTriN\N"J /77 7T\ /7
i i

t)),b (t)) (17)

hu(z,d;t) = hg o (p(x),t). O (18)
Al [228 AV o GtV b g \ 7
T{\+ﬂ + ‘)f + n n/\mr\r\oifll\n (\F +‘Iff\ ]C\‘Yﬂ] NN nv‘an+ TNAOMMINOQC 1@ A1 O ]Q‘Y{\]
LAYUUL viilQvvu ullo \/Ullll_}UDlUlUll UL LVWU 1U VUl Lulliclivullu LLL(JJI_IP1115D 10 (,bé(hlll A 1L VOl
coherent mapping.
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1 A Tho cohoarancoa anaratar 7
o 41T CONCITIHNCC OpPClaiilr o
With every mapping f = (f, f.): X — Y from inv-Top one can associate a
cnharant manning £ £\. Y s Vo T+ anngicte ~F +h A I-' 1111111 AT A A
LULICICLILV LHlappllly Wiy j. «<x — I . 1t COLSISUS O Uile uubbluu J LV — /1 ana
of mappings f,: X¢(, ) X A" = Y,,, = (Ko, -, pin) € M,, defined by
fll(ms t) - J llnpf(un\f(u, \(-/1:) (1)
0 =G\ N/ N/
Dince f..Anu.. ey =da.. ... F.... one has
pot f (o) fp) Yo pi1 J pi1
£f A A+ — £f o m.. s A = £ o (n +) {9\
J ALy WU poprJ 1M f(pr) f(pn)\4) Hpopr Jd®pu\by b, \<)

HErANES . n

which is (1.2.7), for ¢ = 0. Similar arguments establish (1.2.7), for

0<
Using the coherence operator C, one defines the coherent identity mapping
as C'(1 - ): X — X. Note that C(1+) 1€ a level coherent mapoing. N
\ A / U wu S \J-A / A\ S V) LLLL‘/VV 1.6 AVAL
11

the following lemma holds.

——m oam oa a

LEMMA 1.17. For mappings f: X - Y, Y — Z,

C(gf) =C(g) C(f). (3)
If f,f: X — Y are congruent mappings, M is cofinite and A is directed,
then

YL O\ . Y, e N VAVRN

Clr)=0) (4)

Proof If £ = (£ £ Y a = (g I N T VI S T S

rooj. 1t J = (JyJuo)r9 = (9, g,,o), then the composition h = gf =

(f9,9v0 fg(vo))- Therefore, C'(h) is the coherent mapping, given by h = fg
and by h,,, where

P (%, 1) = Guo Fo(v0) Ph(vo)h(vm) (Z)- (5)

V@ Y 1 1 1 A VW N AN 7 . 1 7 r 11 7 1
On the other hand, C'(g)C(f) = k is given by k = fg and by k,, where
for t € P,

k‘(l’t) = (1.0(1,./ N e, ) (- oND L (., NL o \(,{L‘\
v 7 JYOIY\VO)JY\Va JJ G\V J L7 J GV JJG\Vn J\*/
- gl/nfg(l/ﬂpfg(vﬂfg(un)(x) (6)
Formulae (5) and (6) show that C(h) = k, i.e., (3) holds
In nrovino the cornnd acanrtinn thaoara ia na laca of goanerality i aggiirmin
Al PLUVILLE LU SULULIU STl LIVLL, LLICLC 15 11V 1UBbD UL EClLICLallvy 11l a;bDU.llllllé
that f’ is the shift of f by an increasing function f’ and thus,
Fuo(T) = FuoDs (o) (o) (2)- (7)
It then suffices to show that C(f’) is a shift of C(f) by f’. Note that C(f')
ia given hy £1 and hea +ha vvmanninage £ whinh cndiaf<
15 BE1vCll DY J allll U.y ULIC lllappl lgb J[J,’ 111011 bd;l;lbly
rl s \ r! ~\
Ju(xﬁ) J Prr(uo) s (,U“n.)(m) - fﬂopf(uo)f’(un)(a:) ()
On the other hand, by (1.2.54) and (1), the shift of C(f) is also given by
f" and by the mappings f/ from (8). O
n )
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‘Kfn Y‘[Y';]] MNAYIT Angﬂn an t\Y\nv‘ﬂ+l\v’ E‘ nn]]nl‘] +1’\n fnmnn"'rn:’ nmnmh‘l‘/\m T“' ﬁﬁ_
YYC Vvilll 11UyvVV UXCll1lT aall ULJCLGIUUL .LJ, vallcu UullcT JUI Cl/J wi U[IC woui LU A
signs to every coherent mapping f = (f, fu): X — Y the homotopy map-
ping E(f) = (f, fu,): X — Y, obtained by forgetting part of the structure
Af £ Naote that £ ia a hoamotoany which ingiires validits ~f coanditian
Ul J LNYUULC Uuliau J oM1 10 a 11ulllvuvy y VVI1IUILL 11IDJULTS vallulu Ul CTUuUIlluUluvlullL
(1.2.2). Putting [ X| = (X, [par], A) and Y| = (Y, |quu ], M), we see that
(f,[fu]): [X] — [Y] is a morphism of inv-H(Top), which we also denote by
7 HOd/ L Jd L El L \ LAy v

(£

£AJ)

LEMMA 1.18. For coherent mappings f: X —-Y, qgY — Z,

E(gf) = E(g) E(f). (9)

E(h) = (fa.lag., f... ). (10)
\7e) \J 91 1TvoJ g(ro)l) V)
N 4+ L]
Un the other nand,
E(f) = ([, fuol)s £(9) = (9,90, (11)
and thus
(XL £\ — (£, [~ 17T£ W — (£~ T, 1A /10)\
N\Y )\ ) — IS Yl g(vo)l) — \J Yy Yvod g(vo)l) (1<)
(Mavnrnaricann ~F 710 and (19) saballichag 7Q) M
\_/Ulllpad.lbuu Ul \J_U} allu \J.Al} COULAVIIDILIICTD \U}- LJ

REMARK 1.19. 1f f = (f, fu,): X — Y is a mapping, then EC(f) is the

morphism (f,[f,,]): [X] — [Y] of inv-H(Top). Note that to the coherent

;dnnf;fxr manning £ (1 ) L' acaiona +thao idantityy marnhicrm ~F ;v\xr_U/Tnn\

1uUcC11ivuvly 1110’1"}:’1115 \./\.I.A ), s GJDDIBLLD U1IT 1UTl11ulu LllullJlllDlll Ul 111V ll\ IU|J}

™1 _1° 2 e \

Dlbillograpnic notes

M A v smd A AL A Temcrmrcie ctwrcd e wrre e S v P RSN Y S I e Yo & |

1 11€ PICSCIIL UCLIILIUIVIL U1 all 1IIVELSE dYySdLELIL Wdd 115U udcuU 111 \LJGL CIICLZ4 1991,

1942). Level morphisms were considered in (Freudenthal 1937). The more
1eral morphisms of systems and the category inv - C were defined in (Eilen-

atically in shape theory since (Mardesié

Segal 1970, 19'_71) More information
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Let X = (X),pan,4) and Y
A coherent homotopy from X to Y is a coherent mapping F = (F, F),)
X X X 1 /‘\ Wo cav tl

1 Yvwo U(A!J

[»]
) pr0v1ded F>f1

level homotopic coherent
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LEMMA 2.1. Homotopy of coherent mappings is an equivalence relation.

Proof Reflexivitv and svmmetrv are ohvious. To nrove transitivity, ag-
i T U\IJ- \J\/LL\/JLA'A\IJ Luriva J LLLLLLLL J UL NIRRTV AT WAMT » E y;uv\_/ ULLNJ.J.ULUAVLUJ’ o
sume that F'’ connects f to f’ and F" connects f'to f”. Let F': M — A be
an increasing function such that F' > F’, F". Define F), : Xp(u,y x I x A" —

Y 1 c M hvy
LNO,'W T Hp, DY
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Ny N ~V4 b Q . S - 1/ Z
( pl(t’f (pn), Fp )( )7 &5 ), 0<s< 1//97
— mnjs n —_— —
qu(xa Sa t) - < 1—1’;’[/ /N n E A 1 /0 - — 1 (2)
Ly \PF" (un),F(un)\ L), 28 — L), 1/ja>8 %1
Then F = (F, F,) is a coherent homotopy, which connects f to f”
We will denote the haomotonv clace of £ hyv [£]
~ VYV 11l AU li1VvU Uy WAL 4dA\J1117\J UUtIJ AL UL ., VJ LJ J .
JREA/[A 2 2 Rv nbxnnnc cimnificatione in the ahove nroof one conelindec
AVL L2 AULILX . ars AV VAU Uy L’Llllt}lll\/w\)lullu A1L VAL WA Y U tll U\Jl, AP YL UERVIVISAWI RVAV LW
that level homotopy is also an equivalence relation

r

Homotopy generalizes congruence because of the following lemma.

LEMMA 2.3. Congruent coherent mappings f,f' : X — Y are homo-

tomie
I./U[IU\/I
Do il T i T o O 1 t o ciif P rne o mminci A A A n mnan b £03
L/700j. 11 1IE€EW Ol LCIIIIIA 4.1, 1L SULHCES LO COIISIUCL UIIC Cade WIICLL IS ad
shift of f by f'. Put F' = f" and F,(x,s,t) = f|(x,t). Then F = (F, F},) is
a coherent homotopy, which connects f to f’. O
s pl M T DS N i AR I i N SR I (SR (U F .Y .U A I
111e 11eXy lelllIld SINOWS Lilat L€ 10II1I0L0PY Class Ol L€ COLIIPOSILIOI O1 LWO
coherent mappings depends only on the homotopy classes of these mappings
LEMMA 2.4. Let f.f': X - Y and g,9’ :' Y — Z be coherent map-
MMMMM ~ B i d e o~ ! tbL o ndon s £ AL ,..I.c/
pings. If f ~ f' and g~ g’', then also gf ~g']

In the proof of Lemma 2.4 we will use the following lemma, whose proof
we postpone.
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ff:f’lmpuesgj af’,

~ g’ implies gf ~g'f.

Z) Tafp—{ - v[ Ybe

20T U .L,_L#l-JL/\

connects f to f’. Then the composmon H = gF, is a coherent homotop

Similarly

Proof of (i7). Let G = (G,G,) :' Y x I — Z be a coherent homotopy,
L h g T f\p Ve ‘)Y\A n, l'\" r:'

vvuiCu C
respectively. Th
connects h* = g

y e S L y allul H UJ U’
K = G(f x 1) is a coherent homotopy which
’*f and thus, g*f ~ g¢"* f. Indeed,
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L (0 + — o . f ( A (Y B (A — B*(0 +) (=)
By Ty Uy 0) = Gug...v,\g(1,)G(12) T G(12) .G )\ T3 Call) ), Ou\L) ) = M\ T 1), (9
for t € P*. Similarly,
Kﬂ'f (”1 3 ) l//( 3 ) (6)
Since g = g* and ¢’ = ¢'*, Lemma 2.5, implies that gf ~ g*f and ¢’ f ~
P I S G P ey v af ~ a2l £
J \JULLDCLiLlClllJl)’, yJ y J )

2. t

9" =(,9,):Y — Z is a shift of g = (9,9.) 1 Y — Z,ie, g > ¢
arnd A Y A4 (Y +)Y T ~Avdar +~ Aafirna o rnhavrant b b ser
dallu yl/\"b7 l/} —_ U\ g(Vn)gl(Vn)K'L}’ b}. 111 OLUCL LU UCILLIIC d LUILICLCLLIU 11 lllubUPy
H = (H,H,): X xI — Z, connecting h = gf to h' = g'f, we will first

define mappings F,, : X;g/(,) X I X A" — Yy (), V € Ny, such that
(o At — gl () o ) (7
_l_u\..l/,:),(,b]l/}—qidju\p\ub),z),b}, \‘}
Fy(2,0,8) = fo(vo)...90m) Prg(vn) fg' (va) (2) 1), (8)
FV(CE, 17 t) = Q_q(uo)g’(Vo)fg’(uo)‘.‘g’(un)(xa t) (9)

Once the mappings F,, are defined, one defines H by putting H = f¢’ and
Hy(\x, S, t) :g/n 1/2(\Fyz I/n(x, Sna’)(t))qb’l(t))l (\]—0)

nr + < P7
PRV N l/&_lz .

To see that the mappings H, are well defined on X4,y X I x A" and
satisfy the coherence conditions, one argues as in 1.3, where the analogous

ﬁG(‘(\V‘""‘f\Y\C‘ nr "\D f‘f\mhf\("‘“’lf\ﬂ 'P XXTOT O ‘7(_\"1{;0(4 nr MANIITran NNOND YY\'IIQ 1M1QN0 { \
AOVOT L LlulLlD 1U1L ULLL/ L/ULLLPUDLULULL J YWU1U vYulL1ii1i10o\UuUu A\ S5 \JUuLD\J, vlily 111uv \ ] \ /
instead of the coherence conditions for f. Moreover, since
Mfalv, ) fa (v, s ) = 711\
ho (Dfg(va) fgr(va) (T), 1
(F oo e oy A2 a (D). b (1) i
Jvo. .V \J gV )---G(Wn )\ JGVn ) JG (Vn )\ V)1V ) )y VIV ] )y
& NA / A ! / £\ 0\ /2NN /1)
() (2, 8) = Guy..0, (Fgr (). og () (T3 @ (1)), 02 (1)), (1<)
one concludes that (10), (8) and (9) imply
H,,(.’l?,o,t) = hu(pfg(u”)fg’(um)(x)at)s (13)
A 1. =h (r. 1) (14)
FAEVA\WYY Sy V) M 7N I \ /]
which proves that indeed, H connects h to h'.
XX7 *11 1 'l T i 1 11 4
vve Wlll NOow aenne r',, 1St Consme e Stc nuaru EI'ld,IlgU.Id,Dl()Il OI 1 X [_\
1

(0.ex).... (0.e) (1.e).... (1.e.). (15)
A\ YU IRGS R Y ER TR YA 1\ Cny ¥
.\ PRIk (SRR AU SR, LI R SR - T = | T AT AN+ e 1
ALSO COIIS1IACL LIIE S1IPI1ICIal INapPPIIg & I X 4 — 4 , BIVEIL DY
P P N P N , N
e (0,e5) =€y, €77 (1,65) = ep41. (16)
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(o +) — r YOS T o W OREFAN (17
Ly 9y b)) = Jg(vo)...g(v2)g’ (va)...g" (vn) s € \@y b)) )

for z € Xsy 0., (s, t) € T"7*. To see that F,, is well defined, note that
(rn+l LT+ A+l _ gpntl o il (1R)
\_LO N e 0 o U -L,L }I _Lz+ -_ _L,L [ R & +1 3 \.LU}
—n ——an 1 T roo- N e N . N / N . N
TP NI = [(0,e0), -, (0,e0), (Lewsr), -, (Len)l,  (19)
e"THTTT N q"jl) = le0,...,€,€42,...,6n] = d,11(A"). (20)
It now suffices to see that the expressions fy(u,)...g(vi)g’ (1)...q" () (T, dig1t’)
and f . p Ny, \ Ar. d. .+t for T € t' € A" assume

J9(0)--g(vit1)g' (Vi41)-.g’ (va) (2, digat sy 2O
cne same value ]g(,jo) .g(vi)g’ (,,1+1) g (,,n)(a:, )
consequence of the coherence conditions for f.

Let us now show that F), satisfies condition (7). First note that
(Ixd) (@) iy =0 (21)
=T i<3.
1 ((de™| TP,  j<i
A xd) | TP =9 7" s, (22)
l‘ dy‘+1€ |11:, 1<)

oA & s and
I J >~ 1, alld
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F(r e d.4) f (v (e A.+))
Lty o, gl Jg(v0)...g(vit1)g (Vig1)-..g" (vn) s S\ B5L))
= Jowo) g(vit1)g (vig1) -g’(—’n)(xadjg(srt)) (23)
= qJdi(g(10)-..g(vit1)g (vig1)-..g'(vn)) (P(Z); E(S, 1))
On the other hand
aF.. (n(x) ¢ Y =af , .. Y Anl»Y (e +)) (921
Y4 dIv\FP\ V) 2y Y) 14 g(Vg)---g\v; )@ (V)9 (V) 1 )\ Ty =\ ©) ) \<3)
where V' = (1, ...,v),_;) = d’v. Since j < i, it follows that
dj(n(_,/r\\ e n{_,/,; \ 1\ n,(y/,- ' 1\ .. n,{y/#\\
G\V6)y - G\Vi+1), 9 Vi1 )y 8 Vi)
—_— Iy ] (2!,)
= (9(v0), - 9(¥5), -, 9(Viy1), 9 (Vig1), -, §' (V).
However, v = (vn s Vi v..) and thus
\" U L ? 1T 1) b 7% ) )
VWA VR A VN [N RN
(9(v0), - 9(¥1), 9" (), - ' (V1 1)) o
— — LU
— (g (), oo 0(Vin1), @' (Vin)s oo @' (1)) A
(CACAU IR R AR DERIRI I ACSE S UL A C A S S U LRI At YV

-’
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" [ o /],-J-\ ( ~(c A.+))
'y(\Z, 8, ;1) Fa(o0)...g9(vi)g' (3)...q" () (%5 (8, dj1))
= ooy aloNal (v allv \(LC.dq';l(E(S.tn (27)
J G\ j---G\ Ve jG \Vij---G\Vn )\ 7 J \ \N" 7 /7 AN /

1j+1/ / \ v, 174 \ 174 AN\
ag\to),---,g\V;), g U/’L)J_: ygd \Vn)) (9
—_ = p1e)
— (alve). o alw). ' () o d (Vs d (1)), Ve
\I\"u )/ YIN\NYL)Yy I \Yt)» "I \"I ) YT \"1t))
LVlorervrer ,,l/ — wjll — /1/,\ 1/ 4 Ill\- 1/ \ Q‘hf‘] thug
(ol alv o () alv. )
\I\*0U/)» YI\e )y I M) YI \"n—1/)
/ ST / (29)
= (g9(v0)s -, 9(V), " (Vi)y o'y ' (V5), ey -, § (V)
Since the right sides of (28) and (29) are equal, the left sides of (27) and (24)
also coincide
XX7 11 IO\ 1 /0 T .. Lt -~ AN Vo ,—
will now verify (,011(111;101 S \0) nd (9). For t € A™, we have \u t) €
i

Jlfgi(’/n)’
FV{U/C O t\ = F;/ \ _ N AL, \(Qf,d,,. 1 11‘\
\*¥y ¥y v) JGWo)---G\Vn )G \Vn )\ TtT17)
= f_,(ue)...g(um)(pfg( Vfag' (vn )(ZB) t) (30)
Similarly, (1,t) € [(1,e0),...,(1,epn)] C Tyt and e"*1(1,t)) = do(t) and
+hiig
LIIuUsS,
p{f)"-l ‘f'\ o ‘F/ Nt \ 7 \{x dnt\
Lip\wy 4y 0 Jg(vo)g (Vo)...g (Vp )\ VY
- QQ(llg)g’(yO)_Vfg’(llg),”g’(lj,_ (Cl? t) 0 (31)

REMARK 2.6. The analogue of Lemma 2.
er opies also holds The

O UASU iU aaS.e & oaa

b Vi ~

the assertion g = ¢’ is replaced by the assertlon g = q Hence, there is no
need for the analogue of Lemma 2.5.
We will now define the coherent homotoou cateaoruy CH(pro-Ton). which
\A Y] VY 111 11U VY \CLUSS S ¥ L] Vil vwvivuwid vivue LAV N R AV4 thly le/v:jv y ~ \t/ rl/’
is the main object of study in this chapter. The objects of this category are in-
verse systems of spaces and mappings, indexed by cofinite directed sets. Mor-
phisms are homotopy classes of coherent mappings. The identity morphism
[1x] is the homotopy class of the coherent identity mapping C'(ix): X — X.
Composition of homotopy classes of coherent mappings [g|[f] is defined by
hl\mhl\(‘\""lf\" 1+ I\'I'V' PQ“V‘QQQY\+‘)+I‘YQL 10 ]’\‘7 f"\ﬂ F{\Y‘YY‘HI]Q
bUllllJUDllls U1lT1L LL,IJL\_/D\_;LLU(A/ULV\/O, 1.T. J ULlU Luliliuic
(@l ] = [g f] (32)
]I ] lJ ] \T<)
By Lemma 2.4, composition is well defined. In order to prove that CH(pro Top)
By Lemma 2.4, composit p (p p)
is indeed a category, it remains to establish associativity of the composi-
tion, [R]([g][f]) = ([h]lg])[f], as well as the equalities [g] = [g]{1x]| and
[f1 = [1+ ][ F]. The rather lenegthv proofs are carried out in the next two
LJ J I.J.l JLJ J LA Advviivia L\JLLOULLJ tlL NSNS AT ua v wiva aava Ay

subsections.
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xr far iAo 1N

y 10T lbb use 111 S
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The coherent homotopy category VH(TopA) has as objects inverse systems
of spaces, indexed by a fixed preordered set A. Morphisms are level homotopy
classes of level coherent mappings.

2.2 Associativity of the composition

In this subsection we prove the following theorem, which shows that the
composition of homotopy classes of coherent mappings is associative.
THEOREM 28. Let f: X Y g:Y - Z andh: Z — W be coherent
mappings. Then h(gf) ~ (hg)f

The explicit formula for the composition of coherent mappings required
decomposing A™ into subpolyhedra P, 0 < i < n (see 1.3). To obtain
explicit expressions for the compositions k = h(gf) and k' = (hg)f, we
must further decompose P*, 0 < 4 < n, into subpolyhedra P}, i < k < n,
and P, 0 <k <n, into subnnlyhedra Q% , 0 <1 <k. By definition

k) — J 9
PT‘I: — ( IL)—l(PIL—L) (CIL)—l(PIL—L X A ) C f)ln’ (1)
A = (0F) ) = () H(A™F x P}y C P (2)

Figure 2.1 shows these decompositions for n = 2.

In order to define a homotopy H : X x I — W, which connects k to k',
gn . A™ 5 A", wh

we will use the natural plecevvqse linear mapping 6" : — hich maps
';g homeomorphically to P, and is suggested by Figure 2.1. Mor e precisely,

we will use the following lemma.

............ unique map J!
Qn(Q;nk) :‘Dz'?é’ uS’iSk‘ST‘, (3)
aal0" (1) = a} (1), t € QU (4)
bR iaf o™ (t) = afbp(t), t € Qf, (5)
bO™(t) = bibR(2), t € Qf (6)

The mappings 8™ commute with the boundary operators, i.e.,
d; 0"t = 0"d; (7)
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€0 €1 €0 €1

We postpone the somewhat lengthy formal proof of the lemma and pro-
ceed to prove the theorem
Proof of Theorem 2.8. Let W = (Wr, wan, 1), h = (h,hz), k = (k, k)
and k' = (k' kl). By definition, for w € IT,, and z € X, 1, ),t € P* 0 <
’ J ’ 1 Jogh{myn) Y =
1 S n, we h-“ve
ke (2,8) = hrg.w, (9 ) n(ms) .o (25 @7 (1)), 07 (2))- (8)

Therefore, for t € P, kr(z,t) assumes the value

A

h {n. 7 \ 1/ \{‘F 1 7 n

TOTQ... T, \.‘Jn(m)...nwrk)\./gnurk) gI’LUTn)\ ’ k
Q1.1 .. .~ VYV PR R S 1.0 1.1 ¢ £\ . i1 1
O1II1larly, 10r I & Afgh('frn) ana it < (cdz'k, Raz\Z,1) asSsSuImes tne value

yogh(m) (T, (1)), aFbT (1)), bEBE(1)). (10)

T

TTSlno‘ the mapnine 8" from Lemma 2.9. we define a linear homotonv
AN . T o AN AN
(o4 1 X 4 — A,
O"(s,t) = (1 — s)t + s6™(1), (11)
We then define H = (H, Hy), by putting H = fgh and
H (~» o +) — f ﬂn/ 'I'\\ {19)

/0 1 4.1 ¢ LI L o\ /)N

Comparing (9) and (10) and taking into account (3)—(6), we see that
kr(z,0™(t)) = ki (z,t), t € A™, (13)
Note that (12), (11) and (13) imply

H

(0
J.J.7r\.,b,U

\_/

b
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Hy(z,1,t) =kl (z,t) (15)
It is easy to verify that the mappings H, satisfy the coherence condition
(1.2.7). Indeed, since d; is an affine mapping, (11) and (7) imply
d;j(@" (s, 1)) = (1—s)djt+ sd;(0"'(t))
= (1—s)d;t+s0"d;t =O"(s,d;t) (16)
Therefore,
H,_.-(.’T,’7 Sldj(f)) =
(r O A N\ — L (0 470017, O\ _ 717\
m,r\.b,un\a,ujb‘}) = kx(z,d; (O " (5,1))) = (17)
) s

REMARK 2.10. If f,g an ¢ : :
L4 i X o /7 7 J 7
are identity mappings, then H = fgh = id and thus, H is a level homotopy.

Proof of Lemma 2.9. First notice that the horizontal arrows in the dia-
gram which follows are homeomorphisms. Therefore, there exists a unique

homeomorphism 07} : Q7. — P, which makes the diagram commutative.
k
C}: 1 x C;
n N -k Dk R An—k . Ak—i . Al
Qik ArF x Pz' — A X A7 X
nn I I I ]
ik | | Ve
Y Y Y
n—1: — —
P} Tl x A AR AR 0 A
C; Cp_; X 1 (18)

We will show that the mappings 0

Q7. of a well-defined mapping 6™ : A — A™. To prove )
suffices to show that
n n n _ n n n
Hi"!Q'i"’ N Qi+1,k - Hb-i-l,k!QLk N Qt-i-l,k? (19)
An 1O N O™ Ve Ve 1) (9N
Yik1Wik ' Ve k+1 T Yik+11Wik | g k41" (4Y)
Note that ¢ (+) = (a™(+) B2 (+)) + € P" imnlies
S N U vaadlwvwy \_/Z \l// \W,L \U/, UZ \U//, v N s 7/ , AJ.J.LtILL\./U
(1w kY mraN s omraN kingsa rkinsa\ o+~ AN 731\
(L XC)Cpl) = (Agl),G; Op (1), 0;0p(1)), L © L, (41)

4 m

ai ('), bp_iai ('), b7 (¢)), t' € Pj.  (22)

’I

(ak_;
Using formulae (1.3.3) and (1.3.4), it is readily seen that

afbP(t) = (4(to + ...+ t;) — 1, 4tiq1,..., dtp_1,#), t € QP (23)
k
bz bZ(t) = (4t‘07 74t'i—17 #)’ S Wozg (24)
ay tal(t) = (#, 4tp4q, ..., 4t,.), t € P i < k. (25)
K 1 i \7/ N1 7 A} 7 7 w3 1K b] \ 7]
bQ:Z”?(t) = (H s Atigt, ,4tk—174(tk +.oo4+ 1) — 1), t € P{i;, 1 <K, (26)
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TO establish /10\ accitman that + ~— nn YW and rmied 4 — O (1)
(1), ASSUINC tlat T © W, 11 Wz-i—lk: ala put v = Uvl),
t" =07, (t). Commutativity of (18), applied to (4, k) and (¢ + 1,k), yields
(1% (1) = (e x 1) () (97)
WX G O\ T A\ Cpy X L)L), i)
(1 x cfy) Gg(t) = (G2im) x 1) e (7). (28)
In view of (1.3.3), (1.3.4), (21)—(26), formula (27) yields
(#, 2tprq, ..., 2t,) = (#.415; AP 4t Y,
N3 T J 7 J N7 7 +17 7 v/
(A(+ . 2 L+ Y 1 A+ ALY
\VE Lo T ... T L) 1,'—1L+1,...,'—.tbk 1,-/-/—)— (99)
(#4540, 4t 40 + ..+ 1) — 1), s
(4tq, . .., A, 1, #) = (2t(,. L2t #).
Ui 5 t— 1y 07 3 1—17 77
Qinilarlsy fAvriia Ta O9Q) <rinlda
uuuuaLL_y, 1Vl 1l1Uula \AO} leluD
(#72tk+17" aZtn) = (#a4tz+1" ’4.[;;;‘,
(4(f0++7LH_1)—1747LH_27J47L,IC71,#): RN
(4L A+ A+!! A+ LY 1) (‘30)
\#’&bi+2,...’ﬁtbk_1,&\bk7‘ "l_b,n} ,L),
(4t0, ..., 4L, #) = (2lg, ..., 2t;, %)
Comparing (29) with (30), we see immediately that
{ o9+ N<l<i 1
I al], U>Sut >1 i,
t,=t'=4 t, 1+2<Ii<k-1, (31)
| 1, k+1<I<n
\ 4 v
Moreover
)
.7 ; 11 o 30\
tiv1 = tig1, &, = 2t;. (32)

To complete the proof that ¢’ = ¢”, it suffices to show that also ¢, = ¢/,

, = ti,. Since Q7 is the set of all points ¢t = (to,...,t,) € P, which
Sa‘tis 244 the lﬂennolﬂ—‘r
101 11 \iu(hLLUJ

1
L
tot...+ti1 <7 <tot. ..+t (33)
we see that t € Qi N &34k implies
Ato+...+t;) =1 (34)
There ore. a Comnor;onn nf+ho firet torme in the conrnnd o~ntratinn ~AF 790 vinlAda
1iCi1iTliUL 3 l.l(bllDUlJ. Ul UllU 111 DOU ULl 1110 111 viliv Oouvulliy U\_il_,la:l;lull vl \LIJ} ‘ylclub
1 1., ~ o s N PR AN v T A 3
the equality U = 2 — 4(7;,, + + t;,), or equivalently, 2(¢, + +t;) =1
Morever, by (31) and (32), 2(ty + ... +t) = 4(to + ... + t;) = 1. Since,
-I-, — -l-,, 4-/ — -l-// Ao nnnnirdog that indand -l-,_ J— -I-,.’ Thirthovrrmara +ha
bO bO, .. ,l/ 1 l/ 1, U11T Lulilvuucocy uvililavu uluccu, b'L - b'l, - L 1 UL1IT1 111ULU, LL1IT
£ , " I

first terms in the second equation of (3 ' ..
Since 4(t5+...+t!)) = 8(t9+, 1)

/
4(tg+. . +t"+fb’. )—2, respectively. S t:) = 2,
Ao naneliidoaa that A+ — Al Tharafare (29) jranlica Y/
uUl1cT bUllbluuUD villau ".tbz-}-l —_ ‘_tlj'l:+1. LLIULUIULC \L"l} llllpllcb lj'l,+1 _ b'l,+].
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T catahlich (9N) acaiime that + & n NN and thha + —~ DN~ Dn
10U TOuavlipll \LU}, ApoulllT uvllavu Ut T \c{zkl I‘L{’L,k'f‘l aliul UlluD, v T 1 k [ ’C+1'
Put ¢t = Hz’-;c(t), [ Uébk-i—l (t) bommutatwlty or (1), applied to (:,k + 1),
yields
(1 s« PRIy m () (m—T 1) AT %) (25
(L ALy k+1\Y) \Cht1—5 ~ L)\ ) \vJ)
which in turn yields
(L 9+, VN — (4L A+* A+*)
\7y “tk+2> y “tn ) \77 *p 42y y Xl )y
(4(to +... + tz) —1,4t;41, y Ak, 7F) = (2R
JQU
(#74f§+1, LA A ) — 1), N
(A+. A+ . _LL\ — {04* 4L
\ X0y - o9y T3 —1y 7] — <00 y“bi_157F)

(2, 0<i<i-—1,
th=tr=<{ t, i+1<I<k-1, (37)

I l; . 1+ 9 ~ 1 & .,

L 3l +2X 0 ST

Moreover,

r T R (28)
k+1 = Hlk+1s ty =tk \9%)
To complete the proof that ¢’ = ¢*, it suffices to show that also ¢ = ¢7,

typ1 = 5y, Note that t € PN P, and (1.3.2) imply
2tga1 +...+t,) =1. (39)
KT 1 2 \ /
Tharafara the lact toarme in tho corand ecaniatinn of (90 aq11al A+, and A+
_LleL\JLUL\J, V11U 1Owou ULl 1110 111 vilive ouvuvvuillu \_J‘vlu(bUlull L \Hl}} \Jkiu(hl _Il/k_‘, il '_.tl/k
and thus, ¢y = t;. Indeed, by (39), 2(to + ...+ tx) = 1. However, this implies
2—4(to+...+tg—1) = 4tr. Moreover, (37) and (38) yield 4(¢, +...+t,,)—1 =
4-{/— L9+, | 4+ 1 — /1+, HI‘\YIY(\‘Y{\" Ty (2R 4% — +. 1\Tr\117 Aonaidor
k T ‘l\l/k+l T T bn} A1 L1IUWU VUL, U)’ \UU}, bk: Vo LYUW LULIDIUTL
the last terms in the second equatlon of (36) By (39), the first of these terms
equals 2 — 4(tg + ... + 1) = 0. By (37), the second term equals 4(t;_ ; +

4% 1 _ A+* 04 (D Arncnriion +

+tr) — 1 = 4t;‘;+1 -+ A\bk-l—z -+ . —',—tn) —L=4alp, — abk+1 \_/uuocqucuulfy,
2t} 4 = tk+1. However, by (38), Zt 41 = tk+1. Hence, tk+1 = try1-

k
Since formulae (4)— (6\ follow fm 1(21), (22) and from the commutativity
of (18), to complete the proof of Lemma 2.9, it only remains to prove (7).
First note that formulae (1), (2) and (1.3.11)—(1.3.16) imply
d;(Q7 ") € Qs (40)
where
( i+1,k+1), j<i,
IS AN , VA T R/ { A1)
(" k)= (k+1), i <j<k, (41)
L (4, k), k<j
Indeed, let t € Q7' and thus, b} '(t) € PF. If k < 7, then b}(d;t) =
b7 1(t) and thus, d;t € Q.. If j < k, then b, (d;t) = d;bP~1(t) € d,(PF).
» :I“:azk:n J k—}—l\ J%7 I.11 € J\
However, d;(P) C P, if 7 < ¢, while d; ;(PF) C P PEFL if 4 < j. Conse-
quently, d.t € Q% ., ., if § <4, whiled;t € Q7. .., ifi < j
~1 J7 J ‘Vz+l,[€+l7 J — 7 J ‘VZ’K:ﬁ—J_7 J
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Qinilarly
Ulllllla:l.l)’,
/s sn—1\ — =57 7 s~
A\ ) S g (42)
« —m —1 x m—1 7.\ —n—1_—1 - - <

Indeed, let ¢t € P! and thus, a? '(t) € P} If j < i, then

a (d.+) — a? ) € P17t and thnas d:t ¢ P*_ _  _ Now assume

Gy p1\Gjt) Y M) and VIus, G5t < LG4 g4 HYOW aSSUIe

that ¢ < j and thus, al*(d;t) = d;_;a;" () C d;_ (P’”_l ). However

d. . (pr—1-ty c pn—i £ i < b —doand 4. (pnr—l-ty — pn—i ¢

J—a\4 fp_s ) = 41> 101 J (2B ¢ Al Qg g\ _, ) = 4, 101

k —i <j —i. Consequently, d;t € Pl 1, for j <k and d;t € Pj, for k <7
By (40), we need to show that

an g =1 _ g gn—1 (A2

Uzlklbbjlwzk Ll/]l/zk \“IU)

However, since (ci, ', x 1) cl} : P}, — A% x A® 7% x A* is a homeomor-
phism, it suffices to show that
/7 n—1 1\ nan 1 1an—1 _ / n—1 1\ ..n 3 gn—1
Cpr—ir X 1) CUrpr @315y~ = (Cpr—yp X 1) Cir 05 (44)
In order to establish (44), consider the natural mapping d; : A1k

x A", induced by the appropriate boundary

operator ore precisely, let d’; be given by
{ 1 1 1 _
| 1x1xdj, 7 <1z,
d;y =< 1xdj_ix1, i<j<k, (45)
Ir],,-_,y1y1 I<-(q
(W RS

Q 19\

TT.. . r 1 £ 01 9 100 /1 /1 9 1)\ /1
Using formulae ( 1.3.12), (1.3.13), (1.3.15), (1
computation yields the following formulae.

(1xcEYerdi(t) =d(1xc)e n=l(4), te Qr! (46)
\ v )Y J\Y) I\ 1/ \“/» Xk 9 \ =V
= . _1_ i n—1 . N
(ot x 1) pd;(t') = di (=} " x 1) 7 H({t), t e PR (47)
By definition of 6%,, and _?k_l, we also have
/ /
(. N—1 1\ nAan /1 JC \ N 7/ AQ\
\(’k’—i' X l}(/z/U,L-/k/ = \l X (/i/ }Ck/, k‘.lO)
(It x Dot = (1 x ) ! (49)
\TK 1 7 (A 1K \ T/ K
Clearly, (46)- (49) imply the desired relation (44)
LOI‘ the Sa)ne Of Comh]ﬁ+v\r\nc\ XXTO ‘YY‘]] TYMNIXT Ff\v‘mn ]‘7 ‘Yﬁ"': xr /AR\ ﬁY‘IA (A7\
PIUULLUDD, VWT VWilll 11UVY lULllla:Ll)’ VULIL‘_)’ \"IU} allu \"I‘ }.
First assume that k¥ < j and thus, i = i, k" = k. Then, by (1.3.15) and
(1.3.16),
AT — (AT A 4 B(A NN — (d. . a" 14y =14} (50
Cpr\Gjt) = \Qp\Gj1), Op (G5l )) = \Gj—kGp (1), 0 (L)) (oU)
Consequently,
(1xcy )cw(d t) = (dj_rap  (t),a;by " (1), b7br " (1)), (51)
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40

Now assume that j < k and thus, ¥ = k + 1. In this case (1.3.12) and

(1.3.13) yield

(), af
(t)a a.'.r,

_1
[12 i

1

1

k

(t)) = (a
(1)) = (a

_1
T— 1

P 1
Tnw—1

dj_iw

—1
“(t), d;b;

Ti—1t

v

7/

To verify formula (47), first assume that k£ < j and thus, i = i, k' = k.

If i < j, one has i’ = i and thus, the left side of (46) equals

Consequently, the left side of (47) equals

\

(58)

1

("), b7 i i alr (), b ().

1

k—1i

(a

coincides with

58)

(

7

™

Furthermore, since k£ < j,

)-

< jand thus, i/ =4 k'=k+1.T

?
7

x 1) c?_l(t

-\

-+

7

1

i.e., with (d;_r x 1
Now assume tha

7

7

o

N, 0T,

(60

(2

n

2
(2

J

o

JEN

7 (d;t’) = (dj—ial
and the left side of (47) equals

1

C

~

(61)

7

Hence, the
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92 2 Thao 1 doantity marnhiem

dd o A LAC AUAvuvi1iiviv AAALUJL PI.J.I.LJ.I.J.J.

In this subsection we prove that the homotopy class [C'(1x)] of the coherent
Aot by vv\n““‘v\r\r- 01N a “,Jnn,J +ha 33~ entitv ranrnhicr Af tha b anand
1uc11b1by Lllappiliiig \/\_I_X} 15 1114c©cu ulic 1UcCll .y lllUlPlllDlll Ul UL1IT CLUILICICILIU
homotopy category CH(pro-Top), i.e., the fo 11 theorem holds

ng
THEOREM 2.11. Let f: X — Y be a coherent mapping. Then fC(1x) ~

7

£ oand (1) Ff ~ £
‘, wivw \/\.I.Y /J —_— J .
I‘OI' ld,EBI' Ube we W 1 pIOVG a 1Imore general statement

LEMMA 2.12. Let f = (f, fu): X — Y be a mapping of systems and let
9=19,9.):Y — Z be a coherent mapping. Then the composition h = gC(f)

\JFI1JIJv/ Py Jd \J /
die hasrntonir tn the rohoremt cmamnminns B!- Y s 7 iaionn has BT £ ,.,M,J J
(S NOTNLoLoUpLC LU Lite conerciey imtuppe by .. —7 4, yleCIb Uy I — Jy artu Uy

R (z,t) = g, (fomy(2), ) (1)

) TENT G\Vn J\T /T T/ N/
y’ l/J J \J,Ju}. < A £z vta W ruviveiIoiue I’bwyyblby l,l/lbwy \y,yu}-.l

Z is a mapping of systems, then the composition k = C(g)f is homotopic

to the coherent mapping k': X — Z, given by k' = fg and by the mappings

X, s A 7 oh oro
n/u-/Lk:’(Vn) /\ Ll L/UO’ LUll/CI

k:/(xat) = gVofg(V)(xat)' (2)

preserving, then so are h, h', k, k' as well as the corre-

enomdina homoton
Utl\/lkuluy IU\J"UUU\.I[I
JEPNPY SN T oo s ) 1 M o +h A Fargt accartinn vt inn o A RS NN
L7005 U LCiiina 4.14. 10 plove ulio J.ll.bb abbULl:lUll, llUl/lbU ullatu LIS CU-
herence conditions for g imply the coherence conditions for h’, so that
h' is indeed a coherent mapping. In order to define a coherent homotopy
ryr __ /11T ITY v . T 7z 1v: 1l i L oa L i bV oY
1 — \ﬂ, v)-x X 1 — 4, WILCI1I COILLIIECLS 1L LO 1, 110LE Llldl LIIE COIIPOSl-

h(l‘ t\ = Q.. 1, (f,‘/.. \Drr,, \L{ \{_T\bn(ﬂ\ (3\
[ AN 3~ TVQee-Va \d G\Vq JLTUVq JTt\ VUV j\ J7 1T \"/773 \~/
fort€ PP 0 <i{<n. By (1 A\ +thore i a well_defined manning (A AL
1UlL ¢ T Z ) U > 6 > v. 1) \L.U-U}, UVIITLICT 1D a VWCll-Uclllicu 111(];1)1}1 15 k// o bod -7
A", such that
O"(t) =d¥ ... dTIT(E), t € P (4)
T \ +1 \ "/
Note that the mapping ¢™ satisfies
(o O (1)) = (r ) +c AT (5)
IUV\W,Y \U/} IUV\W,U/, U N\ el \U/
T 1__ 1 £+ —~ 1IN FAN 1 4 o 12402 . (L o _ 11
1ndgaeed, 11 t « I’i , (4) alld uile conereice Condailtlons 10r g yieida
(12 T
hy(x, 9" (1)) 9o (fo(wn)(T),n - .. diy1b; (1))
_ . £ [\ 1 1. LT\ /)
— Yuo..ovn_1\Yg(vn_1)g(vn)J g(vn)\ ), On—1 - - - Gi+10; (L)) V)
= = q (N1 \ f_/ \(Qj\ bn(t\\
TVQ-- -V NGV, JG\Vn ) G\Un J\ )2 Z1 \T) /)
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srhinh +Aacoenthor it h /Q\ nNrATrAQ fK\ Wo natir AoBne a manninae b7 T~ AT N
lllbll, UU%CL:LLUL 1ull \U}’ tJJ.UVUD \U} YYyCT 11UV UKCIL1111T 111(1:})1}1115 b 4L N LA -7
A™ by putting
&"(5,1) = (1— 8)t + 5" (1) (7)
Then, put H = fg = h and define the mappings H,: Xp(,,) X I x A" — Y,
_f, A\ VA Ther m11++3imor
vV = (19, yVUn) & 1Vp, OY PULLIE
- - Va N\ +* 1 s - AN 7~ N\
H,(z,5,t) = hj,(z,8"(s,1)) 8)
Clearly,
HAz. 0 =h(zx.t). tc A" {Q\
V\J./,U, l/} IOV\J./, b}, A 3 \\J/
liu\d/’l,b}—lby\w, \b/}—lby\d,l/}, [ 720 A | . \_LU}
Tn Aardor +n chnur that caticfioe tho crahoronrcoe Arnanditinang 1+ ann ~rnc 0
111 ULUTL UuUU JOlluyvy V1l 4 & OQU1ODLIUND LILIT Luvldluvlullivvy \JULI\AIUIULLD, 11U Ouilivuvoy vy
show that, for any 0 < j < n,
d7 " = "d} (11)
Indeed, this relation implies
3 1 s yllbo
1711:"’!—1 AN M\ /1 00\
d,® = @"(1 xd7) (12)
Consequently, for t € A", one has
H,(z,s,d;t) = h,(x,®"(s,d,;t)) =
A\ 7 J 77 | ZE\ N \"»>J~"77 (13)
1! (. J A& Nn—17_. N\ __ 1L/ (it ANn—17_ A\ __ . TT (ol ) o 1) X )
ny,(x,a,% (8,1)) =Thyg  ,(P(Z),® (8,1)) = T114,,\P(T), 5,1)
To establish (11), note that for t € P*~! and j <, (1.3.11) and (1.3.13)
e N A (2~ PN oA B (A4 — A En—174 rmm.mr,\.m
llllply (,LJKL} L I'L+1 dllll U'L—}—l\(’l’]l’} — u'JU’L \L} 1 11C1ClULC,
ny/ n n 'L+2 n 142 n—1
@ (dj,t) =d,...d 5b +1(d t) =d qu_(,d;,bz (t). (14)
On the other hand, by repeated application of (1.2.16), one obtains
7y n—1/, 1 m—1 n+lin—1/4\ _ n 11+2 1 1n—1 4\ 71\
a,¥ (L) = Uy, 1 z+luz \t) = a, ("’z+2aJUz (¢) (19)
Comparison of (14) with (15) yields (11). Now assume that i < j. Then
(1.3.14) and (1.3.16) imply d”(t) € P and b}'(d"'t) = b}~ 1(7‘\ Therefore,
J s 1 1\ Y/ )
nsmi\ . qn m—1 '::/_l_]_'aq/—l/.\ /e AN
plajt) =apty 3 ...a;,10; (7). (10)
On the other hand
d.o" U =d.dv Y e (17)
J W) =G50, g -Gy 10 (L) )

owever, since 1 < j
ides o
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Aofine thoa manninoe K - Y., . o Ty ATV 15 — (4, v Y — N £rat
VAW SN AWER VIV A W) 111@1,}1,}11150 .lku- /Lk:(un) N 4 /N Ldd 7 _LNO, v \UU’ ,’/n) <& an, 111 0UuU
note that, by the composition rule,
n n
ko (2,t) = Guolg(ve)gw) fa)...gn) (&, 07 (1)), t € P (18)

Then note that, by (1.3.8), there is a well-defined mapping 7™ : A" — A"
b) J o\ 7 M M rry o _—
such that
YU(t) =dg...dg" " e (t), t € P (19)
Note that the mapping " satisfies
k. (z,9"(t)) = ky(x,t),t € A™. (20)
Indeod if+ < P" (1Q) and the eohoronco conditinne for £ vield
111\_‘.\/\/\4, 1L U \_ & 1/ L) \J.lj} il Vilyv UwUlluvili viliuy vuvlliglvivliiygy 1uvul J A AL
| AR WA m—i+1 _n/ai\\
R\, ¥ (1)) Gug Ug(u) \*L)’ CLO - Qg a; (t))
— o \{fr a™(+\) (91)
-‘J"O'ingO)gKVz)JgUlz) 9\’/ J\Yy e AV \<+)
N IR IR IS I A IO RY rmzrmee LONY TNAL o A s en omanan o ML, T AT . AT
wnicn, togetner witn (15), proves (2U). Delne a mapping ¥":1 X A" —
by
U (s 1) = (1 — 8t 4+ s (t). (22)
\771%7 \ / ' e \“" /7 \ /
and put
IC (oo 4+ — L (e M o +)) (99
Dp\Ly 8, 1) = R\ Ly ¥ \S,1}). (<9)
h]anrlxr
iv ol 1 9
rr / ~ \ 1 7 \ — AT /o~ \
K, (x,0,t) =k, (x,1), t € A", (24)
T /[ 1 1\_1// /TN 1 / £\ - AT /N
Ky(z,1,t) =k (z,¢v" (1)) = ku(z,t), t € A". (25)
Tin e dace b bz, 4ot T i b b At VRS & oIS R
in oraer to snow tnat L4 satisiies tne conerence conaitions, it suiiices to
show that, for any 0 < j < n, one has
diypm ! = Prdy (26)
and thiie alaen
AulliUu viluo allowv
m . r.m—1 r.T) /o m \ £~ -
a;v" - =wvr (1l x dy). (27)
> [ i “’i’i—l J Ty «
To establish (26), first assume that ¢t € P, and 3 <. Tlhen (1.3.11)
and (1.3.12) imply o™ ,(d;t) = a” 1(#). Therefore,
1_ b T+ 1\~ J Vi 1 \"/ 7
M1 N N m—t . n (3 4\ _ Jn m—1i _n—17,\ 700\
woiat) = ag ag a;yq1(d5l) = ag ag a; (t) (20)
On the other hand,
d" ) =ddP . dY e (1), (29)
J 7 N/ J v v (2 N/ \ Vi
owever <ince 7 < 7. (19 Y imnliea A An—l r]n—i: Anfln_l A7~ and
XA VY U VUL L) MLLAI/VU J —_— ll’ \J_ oH.U/ LLJ.LLIJ.L\/U UJJ UIO L(/O \AJU\JJO . \J.IO uvliil
1 1 . 1 . r o\ 1 fen )\ 1 rma
thus, the right sides of (28) and (29) coincide. Now assume that 7 < j. Then
(1.3.14) and (1.3.15) imply d;t € P and al*(d;t) = d;j_;a}” " (t). Therefore
D dA) =dY . AV A = A7 A L L a ) (30)
¥yl “0 “p Ly \ByY) Y0 “0 Cg—aly  \Y) \OV)
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2.13. L
Y a coherent