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PREFACE

The aim of this book is to give an outline of the theory of retracts.
This theory is a chapter of topology related to both principal branches:
set-theoretic topology and algebraic topology. The main notions of the
theory of retracts belong to general topology, but their full elaboration
requires the use of algebraic tools. Accordingly, some use will be made
of the notions and theorems of algebraic topology, but we shall be quite
explicit about just what will be used.

- We may distinguish two principal directions in the theory of retracts.
First we have the theory of r-maps and their invariants in general topolo-
gical spaces. Many theorems concerning the extension of maps, in partic-
ular various generalizations of the classical theorem of H. Tietze [2747],
belong to thig direction. The first four chapters will outline this general
theory of retracts. The second direction in the theory of retracts deals
with its geometric aspects. We shall devote four chapters to an exposi-
tion of this part of the theory, which will be the main subject matter of
- thig book. Chapter V will contain the theory of eompact absolute retracts,
called AR-sets, and also the theory of compact absolute neighborhood
retracts called ANR-sets. The clags of ANR-sets is more inclusive than
the class of polyhedra, although the two are intimately related. But,
in contrast with the constructive character of the notion of polyhedra —
belonging to elementary geometry — the notion of ANR-sets is axiomatic
and purely topological. In Chapter VI some examples of ANR-sets will
be given with rather paradoxical properties. In Chapter VII some special
classes of ANR-sets are considered. Chapter VIII is devoted to the study
of some notions related to the problem of classification of spaces, especially
of ANR-spaces, from the point of view of the theory of retracts. The
last Chapter IX is devoted to a short outlook on the actual state of the
theory of retracts. It contains also a list of open problems.

The bibliography given at the end of this book contains papers which
contribute to some progress in the theory of retracts. References to this
bibliography are made by numbers enclosed in brackets. There are in-
cluded also several books, among them an excellent monography of

" 8. T. Hu [162] devoted to the theory of retracts and an older book of
S. Lefschetz [214] containing an important part of this theory. We have
listed also several books on topology of general character, containing
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some informations about retracts; actually the books of the following
~authors: P. Alexandroff and H. Hopf [3], R. H. Crowell and R. H. Fox
[88], J.Dugundji [104%], S. Eilenberg and N. Steenrod [112], P. J. Hil-
ton [146], P. J. Hilton and S. Wylie [148], J. G. Hocking and
G. 8. Young [150], S. T. Hu [161], W. Hurewicz and H. Wallman
[166], K. Kuratowski [200] and [203], W. Rinow [251], G. T. Whyburn
[294]. »

We quote also a number of papers containing some explicit results of
importance for the theory of retracts, though not belonging to this theory
(for instance, a paper of P. Alexandroff [1] concerning the homological
dimension theory or a paper of A, H. Stone [270] concerning paracompact
spaces). The bibliography contains some papers concerning the applica-
tions of the theory of retracts to other branches of mathematies, as func-
tional analysis [139], differential equations [6], [221], [282] and [283]
and theory of semigroups [280], though these applications are not dealt
with in this book. For convenience of the reader, the bibliography gives
the numbers of pages on which the listed paper is quoted in this book.

I wish to express my thanks to Dr. A. Kirkor, Dr. A. Lelek,
Dr. H. Patkowska and Mr. 8. Godlewski who gave stimulating advice
and read the manuseript. Very valuable aid in preparation of the initial
‘version of this book, edited as lecture notes in 1964 by the University
of Wisconsin, was received from Dr. Stephen Slack.

I wish also to thank the Editors of Monografie Matematyczne for
the honor and privilege of publishing this volume in its series. . .

Karol Borsuk

‘Warsaw, October 1966



CHAPTER I

GENERAL PROPERTIES OF r-MAPS

The theory of retracts can be defined as the theory of some kind

of topological properties, called r-invariants, intimately related to a class
of functions called 7-maps ([477], p. 1084). These r-maps are much more
general than homeomorphisms but they are much more special than
arbitrary continuous maps. It follows that all properties of spaces in-
variant under continuous maps, such as connectedness, compactness,
separability, belong to the theory of retracts. This theory also deals with
many other topological properties, many of them having a clear-cut
geometrical sense.
_ We agree that by a space we shall mean a Hausdorff topological
_ space and that by a map we shall mean a continuous map of one space
into another. If we do not assume that a function is continuous, we shall
refer to it as a function or as a transformation.

1. r-maps. A map
i1 X—=Y%
of a space X into a space Y is said to be an r-map if there is a map
g: ¥ > X

- which is a right inverse of f, that is such that the composition fg: ¥ - ¥
is the identity map 4 of ¥. Thus ¢ assigns in a continuous fashion to every
point ye¢Y a point g(y) belonging to the inverse image f~1(y) of y by the
map f. It is clear that

(1.1) Every homeomorphism is an r-map.

Note that the relation fg = ¢ implies that the map h: Y — g(Y)
given by the formula & (y) = g(y) for every point yeY is a homeomorphism
of Y onto the subspace g(Y) of X and that every point y of Y is a value
of f, thus f is onto.

Let us observe that

(1.2) gf(x) = o if and only if weg(Y).



8 CHAPTER 1. General properties of »-maps

The implication [gf(x) = 2] = [xeg(Y)] is evident. On the other
hand, if zeg(Y), then there is a point ye Y such that # = ¢g(y) and we infer

that gf(2) = gfg(y) = g(y) = =.
Now let us prove that

(1.3) g(Y) is a closed subset of X.

It is sufficient to prove that for every point x,e X —g(Y) there exists
a neighborhood W, (in. X) contained in X —g(Y). Since (1.2) implies
gf (4,) # x,, there is a neighborhood U, of x, (in X) and a neighborhood
V, of gf (x,) (in X) such that Uy,~V, = 0. Then the inverse image f~1g=1(V,)
of ¥V, (by the map gf: X —X) is a neighborhood of x, in X and therefore
the set Wy = U,~f1g~2(V,) is a neighborhood of z, in X. Since Wy U,
and gf (W) cgf[f1g7* (V) 1< V,, we infer that Wy~ gf(W,) = 0 and (1.2)
implies that Wyc X —g¢g(Y).:

If there exists an r-map f: X - ¥, then the space Y is called an
r-image of the space X. In this case we say that the space X r-dominates
the space Y and write X > YorY < X. Evidently, if X and Y are

homeomorphie, then X Y and X Y

Since g maps Y homeomorphmally onto a subset of X, we 1nfer by
proposition (1.3) that : s

(1.4) HEwery r-image of X is homeomorphic to a closed subset of X.

EXAMPLE. A space Y is said to be a topological divisor of a non-empty-
space X if there exists a space Z such that Y xXZ is homeomorphic to X.
In such a case there is a homeomorphism % of X onto ¥ X Z which assigns
to a point xeX a point (y(x), 2(2))e ¥ X Z. Let us set

f(@) =y(x)  for all zeX.
Fix a point 2,¢Z and let‘b _
9(y) = hi(y,2) for all ye¥.
We see at once that the map g is a right inverse to f, so that

(1.5) Each topological divisor of a space is an r-image of the space.

ExAMPLE. Consider an arbitraryi system of spaces {X,} where the
index u runs over a set M == 0. The Cartesian product of the spaces X,
which we denote by X = P X,, consists of all functions » defined on. M

' neM i

with values in (J X, satisfying the condition
neM .

(p)eX

I3

for every uelM.

The value of z at u will be denoted by x, and will be called the pth-coordi-
nate of z. The function x will be denoted by {,}.
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The topology in the space X = P X is defined as follows: A set

neM
U c X is said to be a neighborhood of a point xeM pr0v1ded that there is
a finite system u,, w5, ..., 4y, of indices and a system of neighborhoods -

U, of », in X, (1 <4 <n)such that U consists precisely of all those
meX Whlch satlsfy conditions #,.eU,, for 1 <i < n.

Now let {Y,} be another system of spaces labeled by the same get
of indices M and let f, map X, into Y, for each ue M. Evidently, if we set

(1.6) f({wu}) = {fu(wu)} for every point {®,}eX,
we obtain a map f of the space X = D X, into the space Y = D ¥,.
peM ueM

Moreover, if each map f, is an r-map with right inverse g,, then setting

9({y.}) = {g.(y,)} for all points {y,}e¥,

we obtaln a right inverse g of f. Thus we see that if all the maps f. are
r-maps, then f is an r-map. In other words:
(1.7) If Y, < X, for every index pe M, then P Y, < P X,.

r peM T ueM

If a space Y is homeomorphic to the Cartesian product P X,
ueM

then the system of spaces {X,} will be said to be a Cartesian decomposition
of Y. , .

(1. 8) EXAMPLES. As an example of a map which is not an r-map, we may
take any map of a segment onto a circle, since the circle is not
homeomorphic to any subset of a segment. As an example of a map
of a space onto itself which is not an r-map, consider the map f
of the closed interval (—3, 3> onto itself given by the formula

f(x) = Ya®—3w).

Indeed, if g were a right inverse of f, then it would easily follow that
g(—3) = —3 and ¢(3) = 3. We infer that the homeomorphism g maps
{—3, 3)> onto itself and consequently f also is a homeomorphism, which

.is not true.

Now let us observe that
(1.9) The composition of two r-maps is an r-map.

Infact,letf,;: X - Yandf,: Y —>Zbetwor-mapsandletg;: ¥ - X
and ¢,: Z — Y be their right inverses. Then

f=fifir Y>Z and g¢g=g¢,9,:7Z—>X,
and we see at once that

J9(2) = faf19192(2) = f29:(2) =2 for every point zeZ.
. Hence the map g is a right inverse of f. '
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Moreover, let us observe that

(1.10) If f: X - Y is an r-map, Yo ¥ and X, = f~YY,), then the
restriction f, = fIXo is an r-map of Xy onto Y,.

In fact, if g: ¥ — X is a right inverse of f, then the partial map
go = g/Y, is.a right inverse of f,, because for every point y,¢ Y, we have

90(Yo)e X, and therefore f,g,(¥o) = fg(¥,) = ¥o-

2. Retractions. The maps called retractions are special kind of
r-maps. Suppose that Y is a subset of X. Then a map f: X — Y is said
to be a retraction ([17], p. 153) if the inclusion ¢: ¥ — X is a right inverse
of f, i.e. if f(x) = « for all points xe Y. Since f is onto, as an r-map, we
say that f retracts X onto Y. Evidently we may (equivalently) define the
retractions on X to be the maps f of X into itself which satisfy the
functional equation ff = f.

It is clear that every map of the form hr, where r is a retraction and h
is a homeomorphism, is an r-map. On the other hand, if f: X -> ¥ is an
r-map with a right inverse ¢, then setting X, =g¢(Y),r = gf and b = g1,
we see that » is a retraction of X onto X, and that A is a homeomorphism
of X, onto Y. Since hr = f, we conclude that f is of the form hr. Thus

(2.1) The r-maps are identical with maps of the form hr where r is a retrac-
tion and h is a homeomorphism.

3. Retracts. A subset X, of a space X is said to be a retract of X
([17], p. 153) if there is a retraction of X onto X,. From (1.3) we conclude
that '

(3.1) Ewery retract of a space is closed in that space.

The notion of retract belongs to the general topology. But we shall
focus our attention on the geometric side of the theory of retracts and,
in consequence, we shall mainly consider the subsets of Euclidean spaces
or of Hilbert space. It is therefore convenient to fix our notation con-
cerning these spaces.

Hilbert space is denoted by E” and congists of all (real) sequences

@ = {w} for which the series Yo} converges. The number w is called the
k=1~ .
k-th coordinate of x. The space E” becomes a metric space if we define

the distance ¢(x, y) between points ¢ = {x;} and y = {yi} of E” by the

formula
o(@,y) = ]/ D) (ox—ya)*.
k=1

The subset of E” consisting of all points = {x;} with 0 < o, <1/k.
for k =1, 2, ... is denoted by @“ and is called the Hilber: cube. Let us
recall that @” is a compactum (i.e. a metric compact space).
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Let # = {®x}, ¥ = {yx} be the points of E®; we have the following
operations: '

(3.2) Mo+uy = {Axy+uyy} - where 1, u are real numbers;
(3.3) vy = G-
k=1
In particular, «* = z-# — Y a}. The number Va* will be denoted

k=1

by |x]. Thus
e, y) = lle—yl.

By 0 we mean the point of E” every coordinate of which is the number
Zero. : :
Euclidean n-dimensional space will be denoted by E" forn =1,2, 3, ...
This space consists of all points {x,} of E” such that x;, = 0 for each
k > n. It follows, in particular, that E" < E™ for every »n < m.

A system o° = {@i}, i = 0,1,..., m, of points of E® is said to be
linearly independent provided that the linear combination

@+ py @+ A pn @™, Where po+py ...t pm = 0,

is equal to 0 only if all coefficients u; vanish. Then the set ¢ consisting
of all points x of E” of the form

x =ty -+t 2t ...+ 2™, where f; >0 and -+t 4.+, =1,

is called the geometric sitmplex of dimension m with vertices %, @, ..., o™
It will be denoted by |«° Y, ...,2™|. In particular, the 1-dimensional
simplex |#% #1| is the same as the segment with end-points #° and . By
a face of a geometric simplex o we understand a geometric simplex ¢’
with all vertices belonging to the set of vertices of o. We shall keep the
same terminology - also for sets isometric with geometric simplexes.

A set which is the union of a finite number of geometric simplexes is
said to be a geometric polyhedron. The homeomorphic image of a geometric
polyhedron will be called a curvilinear polyhedron, or shortly, polyhedron.
For instance, the disk (i.e. a homeomorphic image of the triangle) is
a curvilinear polyhedron.

(3.4) ExAmPLE. Let K" denote the ball in E" given by the inequality
lz]l <1, where z¢E™. If we set

x for all points zeK",

r(@) = ”z—” for all points zeE"—K",
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then the map r: E" — K" is a retraction. By a similar reasoning
we show that the ball

= {weB®; |lv]| <1}

is a retract of the space E“’.

(3.5) If G # 0 is an open bounded subset of the Euclidean space E", then
the set X = E"—@ is not a retract of E".

In order to prove this it is sufficient to show that

(3.6) If X is a closed subset of E" and G is one of the bounded components
of E"—X, then there is no map f: G — X such that f(x) = x for
every point xeG@—G@.

It is evident that we may restrict our considerations to the case where
the point 0 belongs to G and where the diameter §(@) of G is 1. Let K
be the ball in E” with center 0 and radius 1. If there would exist a map
f: @ — X such that f(x) = « for every point £¢@—@ then, setting

i for all xe K —@,
oy — | 1
—f(x) -
for all z¢@,
Far

we should obtain a map ¢ of the ball K into its boundary §. By Brouwer’s
fixed point theorem, there exists a point xye K such that ¢(wx,) = ,.
Since G~S = 0 and ¢(x,)e8, the point x, belongs to K —G and we infer
that —ax,/|@,]| = @,. Since |z, =1, we see that x, = —x,, which is
impossible, because the point x, is in K—@G, and is, therefore, distinct
from 0.
Propositions (3.1) and (3.6) imply
3.7) If X isa bounded retract of E” where n > 1, then the set B*—X is
connected.

In order to see this it is sufficient to observe that only one component
of B"—X is not bounded. ‘

Moreover, let us observe that (3.1) implies that every bounded retract
of E! ig either a closed segment or it contains only one point. It follows that

(3.8) If X is a bounded retract of E', then E'—X contains exactly two
COMpPonents.

It follows by (3.6) that .
(3.9) The boundary 8" of the BEuclidean n-ball K“ is not a retract of K"
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An especially simple proof of this proposﬂ:lon has been. recently
given. by M. W. Hirsch [149].
Let us observe that an analogous proposition for the ,Hﬂbert ball

oo

K=o = (a,,2,...); Yai <1}

=1

is not true ([139], p. 50), i.e.
(3.10) The boundary 8 of the Hilbert ball K* is o retract of K°.

Proof. Let a, denote, for n = 0,1,..., the point {x;}<E” with
2; = 0 for ¢ # n and x, = 1. In particular, a, = 0. Setting

h(t) = (1—t+n)a,+(t—n)a,,; for n<t<n+1l and n = 0,1, cony

we get a homeomorphism h mapping the set 7' of all non-negative real
numbers ¢ onto a closed subset 4 of K”: the union of all segments |a,,, a,.,|.
The inverse homeomorphism »~1 maps A onto 7. By the classical theorem
of Tietze ([274], p. 11), there exists a continuous extension f: K” — T
-of the map A~1: A — T, and we see at once that setting

g(t) = h(t) for every teT,

we get amap g: T — K® Whlch is a right inverse of f- Thus f is an r-map
of K” onto 7. Defining

g(z) = g(f(z)+1) for every point weK®,

we get a map ¢: K* - K. If there exists a point x,e K° sueh that
p(x) = oy, then xy, = p(xy)eg(T)= A and consequently f(z,) = h~1(x,)
and (@) = h(h*(a)+ 1) % h(h~1(wy)) = @,, contrary to our supposi-
tion. Thus we have shown that ‘ :

p(x) =« for every point weK".

Now let us denote by L(x) the open half-straight line (in the space
E®) issuing from ¢(z) and passing through z, i.e. L(x) consists of all
points of B of the form tx+(1—¢)p(x) where 0 < ¢. It is clear that L(x)
intersects the boundary 8” of the ball K° exactly in one point »(x) de-
pending continuousty on #. Thus we get a map y: K® — 8°. Moreover,
for every point x¢S” the intersection of L(x) and S coincides with «.

It follows that y is a retraction of K to S* and the proof of (3 10) is
finished.
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(3.11) ExaAmPLE. Let o be a triangle in F* and let' L bé a straight line
in E? which intersects ¢ in exactly one point ¢ which does not
belong to the boundary ¢ of 5. .

Let us show that o is a retract of E3—L. Let P(x) denote
the plane passing through L and through a given point x<E?—L.
It is clear that P(x) intersects ¢ in two points, of which one,
that we shall call r(«), will lie on the same side of L as the point .
The function r so defined is evidently a retraction of E*—L onto o-.

4. Neighborhood retracts. A closed subset X of a space X is said
to be a neighborhood retract ([21], p. 222) in the space x provided that Xy
is the retract of some open subset of X that contains X,. Evidently every
retract of X is also a meighborhood retract of X.

(4.1) ExXAMPLE. Let 8"~! be the sphere in E" defined by the equation
el = 1. Setting

r(x) = ﬁ for every point zeE"—(0),
we get a retraction r: E"—(0) - 8"
Thus, we see that 8" ' is @ neighborhood retract of E". However, as
we have already seen, 8"~! is not a retract of E“

(4.2) If A is a compact subset of E" which is a meighborhood retract of
E", then E"— A has only a finite number of components.

Indeed, let U be an open subset of E™ and let »: U — A be a retrac-
tino of U to A. We easily see that all but a finite number of components
of E"—A4 lie in U. :

In consequence, if the class of components of E"—A were infinite,
then U would contain a bounded component G of E"—A. Let us set
r(x) for every point xe@, '

(@) = e , :
' x . for every point z<E"—@.

Then we obtain a map 7';: E" — E"—@ which is a_retraction. But by (3.5)
this is impossible. '
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5. Retraction and extension of maps. A map f: X — Y is said to be
an extension of a map f,: Xy — Y if X, is a subset of the space X and f,
coincides with the restriction f|X,. The notion of retract is intimately
related to the problem of existence of extensions of maps. For the moment
we will content ourselves, with two almost self-evident theorems:

(5.1) THEOREM. A subset X, of a space X is a retract of X if and only
if every map f, of X, into an arbitrary space Y has a confinuous
extension f: X — Y.

Proof. If there exists a retraction r: X — X,, then for each map
for Xp— Y we set f = f,r and thus obtain the required continuous exten-
sion of f,. The other way round, if every map f,: X, — Y has a continuous
extension f: X — Y, then, in particular, the identity ¢: X, — X, has
a continuous extension f: X — X,. Mamfestly, f is a retraction of X
onto X,.

(5.2) THEOREM. A subset Y, of a space Y is a retract of Y zf and only zf
for every space X, for every one of its subsets X,, and for every map
fo: Xo = Y with f,(X,) = Yy, the existence of a continuous extension
f+ X - Y implies. the existence of a contmuous ewtenswn fr X=Y
satwfymg the condition f(X)c Y,.

Proof. If there exists a retraction »: Y — Y, and a continuous

extension f': X — Y of f,, then setting f = 4#rf’, where i: Y, — Y is the
inclusion map, we obtain an extension f of f, such that f(X)< ¥Y,.
, On the other hand, let us suppose that for every space X and for
every subset X, of X, the existence of a continuous extension f' of a map
fo: Xo— Y with f,(X,)c ¥, implies the existence of a map f: X - Y
with f(X)<c Y,, that extends f,. If we choose as X the space Y and as X,
the set Y,, then we infer that the inclusion ¢: Y, — ¥ has a continuous
extension f: ¥ — Y satisfying the condition f(¥)<= ¥,. We thus see that
fis then a retraction of ¥ to Y,.

6. r-types and r-invariants. By an r-invariant we understand every
property of spaces which is preserved under all 7- maps. In particular,
every hereditary topological property, that is every topological property
which passes from a space to all its subsets, is evidently an r-invariant,
but not conversely. For instance, the connectedness is not hereditary,
but is an r-invariant. The property. of a space X given by the inequality
dim X < n is evidently hereditary, and therefore it is an r-invariant.
This is true not only for usual inductive dimension defined for metric
separable spaces, but also for the dimension in the more géneral sense,
based onto the notion of the covering. (See, for instance, K. Morita [232],
p. 6:) However, the dimension is not an r-invariant. beeause an r-map
can lower dimension.
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In the next chapter we shall see that many combinatorial properties
of spaces, especially various properties with a clear geometric sense,
belong to r-invariants. As an elementary example of a such property,
let us mention here the unicoherence for locally connected, metrie, com-
plete spaces. A connected space Y is said to be unicoherent provided that
for each decomposition of it into the union of two closed connected sets
Y, and Y, their common part Y; ~ Y, is connected. By an elementary
argument ([195], p. 309) we see that a locally connected continuum Y
is not unicoherent if and only if it contains two points y,, ¥, and two
closed disjoint subsets B; and B, such that B, o B, disconnects Y between
y, and ¥y,, but none of the sets B, and B, does. Now let us consider an
r-map

1 X=>¥Y
of a locally connected continuum X into Y, and let g denote its right
inverse. It is evident that Y is a locally connected contmuum Let us
assume that it is not unicoherent, and let Bl, By, ¥4, Y5 be defined as
above. Setting
A,=fYB,) for v= 1, 2,

we get two closed disjoint subsets 4, A, of X. Since y, and y, belong
to the same component O, of the set Y —B,, the set g{C,) is a connected
subset of X — A, containing both points x, = ¢(y,) and %, = ¢(y.). Hence
A, does not disconnect X between x, and z,. On the other hand, 4,4,

disconnects X between x; and x,, because otherwise there would exist
" a component G of X — (4,0 4,) containing both points x; and x,, and
consequently f(@G) would be a connected subset of ¥ —(B,uB,) con-
taining ¥, and y,, contrary to our hypothesis that B,w B, disconnects Y
between y, and y,. Thus we see that X is not unicoherent, whence for
locally connected continua the unicoherence is an r-invariant. In particular,
a simple closed curve cannot be a retract of any locally connected uni-
coherent continuum. One can show that the converse is also true: HEvery
locally connected continuum which is not unicoherent has a retract which
is a simple closed curve ([18], p. 184). Without the hypothesis of the local
connectedness this last proposition fails. In fact, one easily sees that the
clogsure of the spiral defined in the plane E2? by the parametric equation

w(t) = (1+eYcost, (L+ef)sint), 0 <4,
is a unicoherent, but not locally connected continuum. Moreover, the map
f of X given by the formula
, x

f(37)=“m

is a retraction of X to the unit circle |jz| = 1. Consequently, the unicohe-
rence is not an r-invariant for spaces which are not locally connected.
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Let us observe that the negations of the r-invariants are the same
as the properties which pass from a space X to every space Y which
r-dominates X. The properties of this kind will be called 7-invariants.
For instance, the property of a space X given. by the mequa,hty dimX > n
is evidently an 7-invariant.

Now let us introduce the notion of r-type. Two spaces X and Y are
said to be r-equal if each of them is an r-image of the other, i.e. if both
X r< Y and X % Y (in symbols, X = Y). It is clear that this relation

is reflexive (X = X), symmetric (if X —= Y, then ¥ —= X) and transitive
(X=1Y and Y =7 imply X ==Z). Therefore, the class of all spaces
decomposes into disjoint classes of r-equal spaces; these classes we call
r-types ([47], p. 1086). Clearly, two homeomorphic spaces belong to the
same 7-type, which we also express by saying that they have the same
r-type. So the classification of spaces according to their r-type is topolo-
gical.

Manifestly, the converse is not true. For instance, if we take X
to be a triangle and Y to be the union of two triangles, disjoint
except for a single common Vertex, then X and Y are r-equal but
not homeomorphic.

If X <r Y but the relation X % Y is false, then we write X < Y or

Y > X and say that X is 7-smaller than ¥ or that Y is r-greater than X
r

([61], p. 322). For instance, a segment I is r-smaller than a circle.
A segment is also r-smaller than a triod X, (the union of three segments
disjoint except for a single common endpoint). Also X, is r-smaller than
the graph X, consisting of two parallel segments and of a third segment
joining the centers of the first two.

By (1.7), the relations X § Y and X' < Y’ imply X><X' YxY.
But the relation X < Y does not imply the relation X x X’ § Y xX’
even in the case where X' = I is a segment. In fact, we easily see that
for graphs X, and X, just considered we have X, < Xyand X, xI = X, x 1.
(6.1) ProBLEM. Is ¢t true that X < Y and X’ < Y imply X xX'

' < ¥xX?

Now we can introduce the notion of an r-invariant and we can say
exactly what is the subject of the theory of retracts. A topological prop-
erty a is said to be an r-invariant, or an r-property provided that for
all spaces X and Y, if X has property a and X = Y, then Y has prop .

erty a. The theory of retracts can be defined as the theory of r-invariants

9 -
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([73], p- 321). Since topology coincides with the theory of topological
invariants and since every r-invariant is clearly a topological invariant,
it follows that the theory of retracts is a chapter of tolopogy.

It is clear that many basic topological properties such as compact-
ness, connectedness, arcwise connectedness, separability, dimension,
etc. belong to the class of r-invariant properties.

On the other hand, there are topological properties which are not
r-invariants. Thus the existence of a separafting point is. not an r-invariant,
because a disk (i.e. a set homeomorphic to a triangle) has no such point
and yet has the same r-type as the space X consisting of the union of
two disks, disjoint, save for a single common boundary point.

Two spaces havmg the same r-type may be considered as 1dentlcal
from the point of view of the theory of retracts, just as two homeomorphic
spaces are considered as identical from a topological point of view. How-
ever, there are some cases where r-equality implies topological equality.
For instance, it is easy to see that if two closed manifolds are r-equal,
" they. are also homeomorphic. A space for which the r-type determines the
topological type is called an r-determinable space ([47], p. 1087).

7. Fixed point property. We say that a space X has the fized point
property provided that for each map : X — X there exists a, point e X
such that ¢(x,) = x,.

"~ Let us prove the following 51mple

(7.1) THEOREM. The fized point property is an r-invariant.
We will actually prove more, namely that
(7.2) The fixed point property is an r-invariant.

Indeed, suppose that f: X — Y 'is an r-map and v is a map of ¥
into itself. Let ¢ be the map of Y into X which is right inverse to f. The .
composition ¢ = gyf maps X into X and, hence, has a fixed point z,
by hypothesis: ¢(%,) = @,. We infer that f(p(x,)) = f(x,) or that v(f(z,))
= f(x,) since fg is the identity. Thus we see that f(x,) is a fixed point
of .

8. Some local r-invariants. We have already observed that compact-
ness, connectedness, etc. are r-invariants. The situation is similar if we
loealize these properties. Let us recall that a space X is said to be locally
compact at x,e X provided that each neighborhood of x, contains a compact
neighborhood of x,. (By a neighborhood of x, we mean always a set con-
taining x, in its interior. With this usage a neighborhood does not need to
be open.) In a similar way we may define local connectedness and local
arcwise connectedness. It is clear that if X is locally arcwise connected
at x,, then X ig locally connected at z,, although the converse is false. If
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one of these loeal'properties holds for all xye X, then we say simply, for
the sake of brevity, that X is locally compact, connected, or arcwise
connected as the case may be.

One easily sees that

(8.1) Every component of a locally arcwise connected space s arcwise con-
. mected. :

"It is easy to see that none of these three local properties is invariant
under all maps. For instance, the set Z of all integers is locally compact,
locally connected, and locally arcwise connected, but it may be contin-
uously mapped onto the set Q of rational numbers which has none of
these properties.

Now let us prove that

(8.2) The local compactness, local connectedness, and local .arcwise connec-
tedness of a space are r-invariants. '

By (2.1), it is sufficient to show that these properties are preserved
by retractions. We give the proof for local compactness, the proofs for
the other properties being quite similar.

Suppose then that r: X — X, is a retractlon and that X is locally
compact at a pomt woeX c X. Let V be a neighborhood of z, in X,. Then
the inverse image U = r—*(V) of V is a neighborhood of #, in X. By
hypothems, there is a compact neighborhood U, of x, in X which is con-
tained in U. Then r(U,) is surely a compact subset of V. Actually it is
a neighborhood of 2, in X, since 7(U,)>7(Uy~ Xy) = Uyn X,. Thus
we see that X, is locally compact at «,.

. Now let us observe that if a space X has a local property « at all
of its points, then each open subset of X will also have the property «
- at all of its points. It follows from this and from our remarks above that:

(8.3) Hwvery ne@'ghborhdod retract of a space which is locally compact (resp.:
locally connected, locally arcwise connected) is also locally compact
(resp.: locally connected, locally arcwise commected).

Another local property of a space X at its point x,, which is an
r-invariant, is the property that the order of X at x,(in the sense of Menger
and Urysohn ([203], p. 200)) is less than a given cardinal number m,.
Let us recall that the order of X at «, is defined as the smallest cardinal
number m with the property that each neighborhood U of x, in X con-
tains a nelghborhood V of x, in X such that the power of its boundary
VA~ X—7V is less than or equal to m. It is evident that if X, is a subset
of X, then the order of a point x,¢ X, in the space X, is less than or equal
to its order in the space X. It follows at once that
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(8.4) If X > Y, then for every cardinal number m the power of the subset

of Y conswtmg of all points with order = wm in Y is less than or
equal to the power of the subset of X consisting of all points with
order = m in X

9. Function spaces. Given two spaces X and Y, we denote by Y%
the set of all maps of X into Y. We make a space out of this set by
defining a subbasis of it. Let us recall that by an open basis of a space Z
one understands a system of open subsets of Z such that for each point
zy¢Z and for each neighborhood U of 2, in Z there exists an element W
of the basis such that z,e W< U. By a subbasis of Z one understands
a system % of open sets such that the eollection of all finite intersections
of.its elements is an open basis for Z.

Let us observe the following fact:

(9.1) Let & be a subbasis for a space Z and # a subbasis for another spacelZ
A function f: Z — Z is continuous if for every point zyeZ and for
every élement @ of # containing f(x,) there exists an element G of B

such that 2,e@ and f(@)<=G.

Following R. H. Fox [129], we introduce a subbasis # of Y* in the
following way:

For each compact set X,< X and for each open subset V of Y, let
G(X,, V) denote the collection of all maps fe Y* such that f(X,)<V.
The family & of all such sets G(X,, V) is taken as a subbas1s for the space
Y (the “compact-open topology” in ¥%).

If the space X is compact and Y is metrie, then 1 we may introduce
in Y¥ a metric ¢, compatible with the compact-open topology defined
above, setting

9(%w)=su§9(¢(w),w(w)) for g, pe ¥~
Xe

Suppose now that X, Y and Z are three arbitrary spaces and that
f: X - Z is a map. Let us set '
@y(p) =fp for @eX7,
& (p) =g¢f for geYZ :
We see, from the diagrams below, that @;: X¥ — Z¥ and that &':
: X Z
o/ \, A \
Y/ N, X/ "x
@(9) S & (g) -
YZ > YX | '
We now show that

(9.2) & and &' are continuous.
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Indeed, let g, X¥ and let H be an element of the subbasis # of Z¥
(as defined above) containing the map D;(p,) = fooeZ¥. Thus there is
a eompact set Y, Y and an open subset V of Z containing the set f,(¥,)
and such that all maps weZ¥ with »(Y¥,) <V belong to H. Since f is edn-
tinuous and fo,(Y,) = V, there is an open neighborhood U of the set ¢,(Y,)
in X such that f(U)<=V. Now let us consider the set G = X¥ consisting
of all maps pe X* with ¢(¥,)< U. In order to prove that &;is continuous
it suffices, by (9.1), to show that &; takes G into H. For that purpose,
let us observe that if pe@, then the map P;(p) = fp satisfies the inclusion
(fo)(Yo) = fle(Xo))=f(U)cV, so that Py (p)eH as it was required.
By a similar argument we may prove the continuity of @,

We shall refer to @; and @’ as the maps induced by f.

Now let X, be a subset of the space X. We assign to each map
p: Y —> X, the map y: Y > X given by the formula y(y) = ¢(y) for
yeY, ie. yp = ip, where i: X, > X is the inclusion map. Then the corres-
pondence ¢ — u, which is in fact identical with @;,is a map of X7 into X¥.

Similarly, we assign to each map ge Y the restriction ¢ = ¢|X,e Yo,
Then the correspondence ¢ — v, which is in fact identical with &; where
i: X,—> X is the inclusion map, is a map of ¥* into Yo,

As a corollary of (9.2), let us prove that:

(9.3) Iff: X -~ Z is an r-map and if g: Z — X is the right inverse of f,
then the induced maps @;: X¥ -~ Z¥ and &°: Y* > YZ are a,lso

r-maps.

In order to prove this, let us consider the maps @, and @' which map
Z¥ into X¥ and YZ into Y%, respectively. Then for each map peZ¥ we
have (9;9,)(¢) = fgp = ¢ and similarly for ‘each map yeY¥Z we have
(®° &) (v) = vfg = . Thus &, is a right inverse of @, and @ is a rlght
inverse of &“.

Finally, let us observe that (9.1) implies that

(9.4) The topological type of Y depends only on the topological types
of X and Y.

Indeed, suppose that g: X -~ X and h: Y — Y are homeomorphisms.
Then the transformation y of Y* into ¥%, given by the formula
x(p) = hpg=t . for  @e Y7,

and the transformation 7 of ¥¥ into Y%, given by the formula

@) =g for G,
are inverse to each other. Moreover,

¥ = (Dh@’_l and g = @19

and we infer by (9.2) that y and y are continuous.
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10. Maps of pairs. In order to apply some notions of algebraic topo-
logy to the theory of retraets, it is convenient to consider not only maps
of spaces, but also maps of pairs of spaces. By a pair of spaces, (X, X,),
we understand a pair consisting of a space X and of one of its subsets X,,.
A pair of the form (X, 0) will be identified with the space X. Also, if X,
congists of a single point x,, then we will write rather (X, x,) than (X, X,).

By a map ¢: (X, X,) > (Y, Y, we understand a map ¢: X - Y
satisfying the eondition ¢(X,)< ¥,. Such a map will be called an r-map
if there is a map y: (Y, Y,) = (X, X,) such that ¢y is the identity map
on the pair (Y, Y,). In particular, if (Y, ¥,) <= (X, X,), i.e. if Y= X and
Y, X,, then a map ¢: (X, X,) - (Y, ¥,) is called a retraction if the
inclusion ¢: (Y, ¥,) - (X, X,) is a right inverse of ¢. In this case, (¥, Y,)
is said to be a retract of (X, X;) ([112], p. 30). In an obvious manner we
may define the notion of r-image, r-domination, and r-equality for pairs.
Thus, for example, (X, X,) § (Y, Y, means that there is an r-map

of (Y, Y,) onto (X, X,).

The subset of the space Y=, which consists of all those maps pe¥*
for which ¢(X,) <= Y,, will be denoted by (¥, ¥,)%*0, If X, = 0, then
(Y, Y, )% coincides with Y%, even if ¥, 0. In a manner similar
to that given above, a map f: X — Z, lying now in (Z, Z,)%%0, will
induce maps denoted, in analogy to the earlier situation, by @, and &'
Thus .

By (X, X)TFO (7, 2,0
and :
O (Y, Yo 270 > (¥, o).

One éa.sily sees from (9.3) that

(10.1) Iff: (X,Xo)—>(Z,Z0) is an r-map with & right inverse map
9: (Z,Zy) > (X, X), then both maps

@p: (X, Xo)TF0 > (Z, 2,) DT
and

@ (Y, Yo 50— (¥, ¥o)™20
are r-maops.

11. Homotopies. Two maps f, and f, in (¥, ¥,)%*0) are said to be
homotopic provided that for every t<<0, 1> there is a map fie(¥Y, ¥ )&%0,
with f; depending continuously on ¢. We say that the family of maps
{fs} is a homotopy joining f, with f,. We observe that the subset of the space
(Y, X)* %0 consisting of all the maps f; is a continuous image of the
interval <0,1>. We easily see that the relation “f, is homotopic to f,”
between pairs of elements of (Y, ¥,)%*0 is a reflexive, symmetric,
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and transitive relation on (¥, ¥,)**9 and hence induces a decomposi-
tion of this space into disjoint classes of homotoplc maps. These classes
are called homotopy classes.

The homotopy class containing a given map fe(Y, ¥,)% %0 Wﬂl
be denoted by [f] and the map f will be called 'a representative of this
homotopy class. Evidently [f] = [f'] if and only if the maps f and f
are homotopic. The set of all homotopy classes of maps f: (X, X,) —
— (Y, Y,) will be denoted by [¥, ¥,]%%ol, :

- In the special case where X, = ¥, = 0, the pairs (X , Xo) and (Y, Y,)
coincide with the spaces X and Y, respectively, and thus we can speak
about a homotopy joining two maps f,, f,eY~ in the space Y=X.

It is sometimes useful to consider two other notions related to the
notion of homotopy: the weak homotopy and the strong homotopy. We say
that two maps fy, fie(Y, ¥, )% %0 are weakly homotopic provided they
belong to one component of the space (¥, ¥,)*%0. Evidently the homo-
topy implies the weak homotopy. We say that two maps fos F1e( X, Y )EX0
are strongly homotopic provided there exists a map

@: (X %<0, 1>’X0><<07 1)~ (Y, ¥,),
where <0, 1> denotes the interval 0 <t < 1, i.e. a map assigning to every

pair (x,t) with xeX and- 0 <t <1 a pomt g(z,t)eY and satlsfymg two
conditions:

(11.1) " p(x,t)eY, for every point zeX, and 0 <t <1,
(11.2) ¢(»,0) =fo(#) and ¢(z,1) =fi(®) for every point zeX.
Let us prove the following '

(11.3) TuHEOREM. Two strongly homotopic maps are homotopic. In the cage
where X satisfies the first axiom of countability, two homotopic
maps are strongly homotopic.

Proof. TFirst let us suppose that f,,fie(¥Y, ¥,)X*0 are strongly
homotopic. Then there is a map @e(¥, ¥ )FxOXox<OL) gatisfying
both conditions (11.1) and (11.2). Let us assign to every 0 <t <1 the
map fie(Y, ¥,)% %0 given by the formula

fi(x) = @(, t) for every point xeX.

By (11.2), this notation is unambiguous. It remains to show that f; depends
continuously on the parameter 0 <t < 1. In-order to show that, let us
consider a number #e<0,1> and let H be an element of the subbasis
# of Y* (as defined in Section 9), containing the map fi,- Then there
exists a compact set 4 = X and an open subset V of Y containing the set
fi,(4) = @(4, 1) such that all maps fe(¥, ¥,)**0 which satisfy the
condition f(A4) < V belong to H. Since ¢ is continuous and A is compact,
we infer that there exists a neighborhood @ of ¢, in the interval <0, 1)
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such that ¢(4 XGF) <V, ie. fi(A)=V . for every teG. It follows that
fieVyc V for every t<@, and we infer by (9.1) that f; depends continuously
on t. Hence f, and f, are homotopic.

Now let us assume that X satisfies the first axmm of countability -
and that the maps f, and f, are homotopic. Then there exists a map as-
signing to every 0 <t <1 a map fie(Y, Y,)®*0, Setting

p(x,t) = fi(x) for every zeX and 0 <? <‘1,

we get a function g: (X x<0,1),X,x<0,1>) - (Y, Yo) It remains to
show that ¢ is continuous.

Since X, and consequently also X x<0,1>, satisfy the first axiom
of countability, it is sufficient to show ([176], p. 225) that for every se-
quence of points (@, f,)eX X<0,1> convergent to (x,,%,) the values
@(®n, 1) converge to (@, %). Let V be a neighborhood of the point
(o 1) = 1 (%) ) in the space Y. Since Ji, 18 a map, the set V is a neigh-
borhood of the point f (v,) for almost all indices #. Let A denote the set
consisting of all such pomts x, and of the point x,. It is clear that A is
a compact subset of X and V is a neighborhood of the set f, (4) in the
space Y. Since f; depends continuously on ¢, we infer that there exists
a nelghborhood G (in the interval <0,1>) of ¢, such that f,(4)<V for
every te@. If we recall that x,eA4 and #,e6 for almost all indices n, we infer
that f, (v,)eV for almost all indices n. Thus lime(xy, n) = @(¥, %) and
the proof is finished. - e

12. Deformation retracts. A pair (4, 4,) contained in the pair (X, X,)
is said to be a deformation retract of (X, X,) provided that there is a homo-
topy {f} joining in the space (X, X,)***0 the identity map f, = i with
a map f, such that the map r: (X, X;) — (4, 4,) defined by the formula

xz) = f,(x) for every point zre¢X
is a retraction.

More generally, a pair (Y, Y,) will be said to be a deformation r-image
of a pair (X, X,) if there exists a map f: (X, X,) - (¥, ¥,) and a map
g: (Y, Yy) - (X, X,) which is a right inverse of f and such that gf is
homotopic to the identity map on (X, X,). We say that f is a deformation
r-map of (X, X,) into (Y, Y,). In particular, if X, = ¥, = 0, we get
the notion of deformation retract ([23], p. 91) and of deformation r-image
of a space. We easily see that the deformation. r-images of a space X coin-
cide with the spaces homeomorphic to deformation retracts of X.:

(12.1) ExampLe. Let 8"~' be the sphere in E" defined by the equation
||| = 1. It is. plain that 8"~ ' is a deformation retract of the set
E*—(0). However, if we remove from E" a point a such that
0 # [la] # 1, then 8" ' is a retract of E"—(0)—(a) but is not
a deformation retract of this set.
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This apparently obvious assertion is a consequence of some general
theorems, which will be proved later on (II, (4.10)).

(12.2) ExAMPLE. Let 8" be an n-dimensional Euclidean sphere and let
a,b be two distinct points of this sphere. Then the pair (Z, (a, a)),
where Z = (8" x (a))o((a) X 8") = 8" x 8%, is a deformation retract

of (Snxsn*( y b), (a, a’))

In order to prove this we shall consider 8" as the space obtained from
the n-dimensional cube I"™ by identification of all the points belonging to
the boundary 8"~' = (I™)* of I". We may assume that a is the point of §"
obtained from S"~! by this identification. In other words, there is a map
g: I" — 8™ such that g(8"') = (a) and g maps I"—8"! onto S"—(a)
homeomorphically. It follows that ¢—*(b) consists of one point ceI”— 8",

Now let us consider the 2n-dimensional cube I*" = I"xI". If we
set y(x,y) = (g(»), g(y)) for each (x,y)el™ = I"xI", we obtain a map
y: I 8" x 8". Evidently, the boundary of I" x I" is a (2n —1)-dimensional
sphere 8! which is in fact the union-(I"x 8" ') (8" ' xI"). Under
the map y the set I"x 8" goes onto S”x (@) and 8"~'xI" goes onto
(@) x 8™ Thus, y(8* ") = Z.

Since (¢, ¢) belongs to the interior of I*", we easily see that there
exists a map ¢: (I*"— (¢, ¢)) X <0,1) — I""—(¢c, ¢) such that ’
ol(z,),1) = (#,2') for every (z,2')eS™ " and every te<0, 1),

¢((@, '), 0) = (w,2") for every (z,a')el™—(c, ),
¢(@, '), 1)e8~"  for every point (w,a’)eI*"— (c, ¢).

In fact, it is sufficient to move each point (z, 2’)eI**— (¢, ¢) along the

ray from (¢, ¢) over (x, #') to the point in which this ray pierces the sphere

Szn—

Finally, let us set, for all pomts pe(8"x8"—(b,b)) and for all
10,15,

fi(p) = voly~(0), 1)
We obtain a homotopy joining the identity f, with the retraction f; of
the set 8" x 8"—((b, b)) to the set Z.
Manifestly, fi(a, a) = (a, a) for all ¢ and so the proof is complete.
By a similar argument, one can prove ([59], p. 100) that
(12.3) The pair consisting of the set
7 = (8" X (a) X (@)} ((a) X 8" x (a))w((a) X (a) x 8")
and of the point (a, a, a) is a deformation retract of the pair con-
sisting of the set 8" x 8" x 8" —W', where ,
W’ = (8" X (b) X (b)) ((B) X 8" X (b))~ ((B) X (b) x 87),
and of the point {(a, a, a).
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13. Contractibility. A set 4 = X is said to be coniractible in the space
X to a set B X provided that the inclusion i: 4 — X is homotopic (in
the space X4) to a map with values belonging to B. If A is contractible
to a set B which consists of a single point, then A is said to be coniractible
in X. In particular, a space X may be contractible in 1tself Then we write
XeC. ’

(13.1) ExAMPLE. Fach convex subset A of a linear space X is contractible
in dtself.

Indeed, if we fix ae 4, then setting
filw) =ta+1—t)x for weA and te<0,1>,

‘we obtain a homotopy {f;} joining, in the space (4, a)““?, the identity
map f, with the map f, of A onto (a).

(13.2) THEOREM. If the space X s contractible in ztself, them each r- @mage
of X s also contractible in itself.

Proof. Let f: X - Y be an r-map with a right inverse g: Y > X.
Since X is contractible in itself, there is a homotopy {f,} =« X* joining the
identity map f, with a map f; of X onto a point. If we put

— (fig)(y) for every  ye¥,

then we obtain a family {g,} = ¥ such that g, is the identity map and g,
maps Y onto a point. Moreover, the map g¢; depends continuously on the
parameter ¢, because, as we have already shown, the operations @, and @&’
are continuous.

Thus we see that the contractlblhty of a space in itself is an r—m—
Varlant

14. h-maps and homotopy domination. It is convenient to intro-
duce the notion of an k-map, being a generalization of r-map (cf. [9] and
[252]). We say that a map f: (X, X,) > (Y, ¥Y,) is an h-map provided
that there exists a map ¢: (¥, Y,) - (X, X,) such that the composition
fg mapping (Y, Y,) into itself is homotopic to the identity ([67], p. 321).
We say that g is a homotopic right inverse of f. :

If there is an h-map of (X, X,) into (Y, Y,), then we shall say ([288],
p. 1133) that (X, X,) homotopically dominates (Y, Y,) or, shortly, (X, X,)
h-dominates (Y, ¥,). In symbols we express this as follows:

(X, Xo) =2 (Y, ¥,) or (Y,Y)<(X,X,).

It is clear that every r-map is an h-map and hence, if the relation
(X, X,) % (Y, Y,) holds, then so does the relation (X, X,) % (Y, Y,).
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Note that if X, = ¥, = 0, then the former relations- specialize to rela-
tionsX%Yor Y%X. :

Let us observe that the relation (X, X,) % (Y, Y,) does not gener- :
ally imply the relation (X, Xo) (Y Y,). Indeed, if X = (0) and
Y =<0,1», then X > Y is false, but X > Y is true since the map f of

<0, 1> into itself taking every point onto 0 is homotoplc with the identity.
The relation % is clearly transitive. Because, if we have h-maps

f: (X, Xy)—>(Y,¥,) and g¢: (Y, Y,) > (Z,Z, with homotopy right
inverses f' and g¢’, respectively, then we see that f'g’ is a homotopy right

inverse of gf.
If both relations (X, X,) = = (Y, Y,) and (X, X,) ?(Y, Y,) hold,

then we say that (X, X;) and (Y, Y,) are homotopiccﬂly equal and write
(X, Xo) = (Y, Y,). It is clear that the relation (X, X,) = (Y, ¥,) implies
h - .

(X, X,) = (Y, Y,), but not conversely.

Following Hurewicz ([164], p. 125), we shall say that two pairs
(X, X,) and (Y, Y,) are homotopically equivalent if we can find the maps
fi(X,X,) > (Y, Y, and g¢g: (¥, Y, - (X, X,) such that each of the
compositions fg and gf is homotopy to the appropriate identity. We see
that the relation of homotopy equivalence is more restrictive than the
notion of homotopic equality. Now, if (X, X,) and (Y, ¥,) are homoto-
pically equivalent, then we shall write (X, X,) = (Y, Y,. It is easy to

see that - and > are both equivalence relations, so that the class of

all spaces can be decomposed, on the one hand, into disjoint classes of
homotopieally equal spaces and, on the other hand, into classes of homo-
topically equivalent spaces (called homotopy types). The latter classes
are not larger than the former ones since homotopy equivalence implies
homotopy equality.

We see that

(14.1) IfY is a deformation r-image of a space X, then X Y and there-
fore X = Y.

Indeed, there is by hypothesis a map f: X - Y having a right
inverse g: ¥ — X such that gf: X — X is homotopic to the identity.
Moreover, since the map fg: ¥ — Y s equal to the identity, we infer
that X %‘Y. In particular,

(14.2) If Y s a deformation retract of X, then X = Y.
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One can also prove ([126], p. 45), applying a remark due to H. Samel-
son [256], that two homotopically equivalent spaces can be embedded
in a third space in such a manner that they are both deformation retracts-
of it. Some other conditions characterizing deformation retracts (of poly-
hedra) are given in [154] and [160]. Compare also [286].

15. Local contractibility. A space X is said to be locally coniractible
at a point Tge X ([19], p. 952) provided that each neighborhood U of z,
contains a neighborhood U, of x, which is contractible in U to a point
([21], p. 235). It is evident that the local contractibility at a point x,
implies the local arcwise connectivity at this point. A space X is said to
be locally contractible if it is loecally confractible at each of its points. For
the sake of brevity we shall write X ¢LC if X is a locally contractible space.
We gee that every open subset of a locally contractible space is itself
locally contractible.

Since the local contractibility implies the local arcwise connectedness,
we infer by (8.1) that '

(15.1) Ewvery component of a locally contractible space is arcwise connected.

(15.2) ExAMPLE. Fach convexr subset X of a linear space M 1is locally
contractible.

Indeed, if x,eX, then setting
@(@) = two+ (1—t)w  for xeX and #e<0, 1),

we obtain a homotopy {¢;} which contracts the set X in itself to the

point z,. Then, for each neighborhood U of z,in X, there is a neighborhood

U, of x, such that the values ¢,(x) belong to U for all ze U, and £e<0, 1>.
Now we prove the following

(15.3) THEOREM. If X, is a retract of X and if X s locally contractible
at xye Xy, then X, is locally contractible at x,.

Proof. Let r: X — X, be a retraction and let U be a neighborhood
of z, in X,. Then the set V = r~'(U) is a neighborhood of z, in X.
Since the space X is locally contractible at x,, there is a neighbor-
hood V, of z, which is contained in ¥V and which is contractible in V
to a point. This means that there is a homotopy {g;}<V”® which joins
the inclusion map ¢,: V, — V with a constant map ¢, (taking V, into
a point of V). Since.- V = r-1(U), we infer that the maps ¢;: V,— U,
defined by the formula ’

g (@) = (rge) (@) for @V, te0,1),

constitute a homotopy {g;} < U%. We observe that Uy =TVenX, is a
neighborhood of the point z, in X,. Moreover, the restrictions y;, = ¢;|U,
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constitute a homotopy {y;} = U joining the map w,, which is the inclu-
gion of U, into U, with the map y,, which takes U, into one point of U.
This shows that U, can be contracted in U to a point. Thus the proof
is concluded.

(15.4) CoOROLLARY. Every r-image of a locally contractible space s locally
oontmcnble

In other words, local contractibility is an r-invariant.

- 16. Homotopically trivial spaces. A space X will be said to be homo-
topically trivial over a space A provided that each map ¢: A — X is homo-
topic to a constant map. We say that X is locally homotopically trivial
over a space A at a point x,e X provided that for each neighborhood U
of x, in X, there is a neighborhood U, of x, contained in U such that every
map ¢: A — U with values in U, is homotopic in U* to a constant map.
If this condition is satisfied at every point of X, then we shall say that X
is locally homotopically trivial over A.

(16.1) THEOREM. If a space X is homotopically trivial over a space A,
then every r-image of X is also homotopically trivial over A.

Proof. Let f: X— 'Y be an r-map of X onto a space Y and let
g: Y — X be a right inverse of f. Suppose that  is a map of 4 into Y.
Then ¢ = gy: A — X and since X is homotopically trivial over A, the
map ¢ is homotopic to a constant. Since, as we have seen, the operation
Dy: X4 .Y, which assigns to each map ¢': A — X the map fo': 4 - Y,
is continuous (I, (9.1)), it follows that fp = fgw = ¢ is homotopic to
a constant. This completes the proof.

(16.2)" THEOREM. If X, is a retract of a space X and if the space X is locally
homotopically trivial over a space A at a point xye X, then the space
X, s locally homotopically trivial over A at the point x,.

Proof. Let r: X — X, be a retraction and let U be a neighborhood
of the point z, in the space X,; then the set V = »~1(U) is a neighborhood
of #, in X. Let us denote by r, the map of V into U given by the formula

ro(2) = 7*(&;) for every point zeV.

Since the space X is locally homotopically trivial over 4 at x,, we infer
that there exists a neighborhood V, of x, contained in V such that every
map yeV4 having values in V, is homotopic (in V*) to a constant map.
The set U, = Vo~ Xy U=V is a neighborhood of z, in X,.

Suppose now that ¢: A — U is a map having values in U,. Then
if we put vy = ip, where 4: U —.V is the inclusion map, we obtain a map
yof A into V with values in V. It follows that ¢ is homotopiec to a constant
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map. Since the operation &, is continuous, we infer that the map r,p

= 7,49 = @ is homotopic to a constant. Thus the proof of the theorem is

completed. '
From (16.2) and (2.1) we obtain the following

(16.3) . COROLLARY. Bach r-image of a space which is locally homotopically
trivial over a given space A, is locally homotopically trivial over A.

Thus we see that the local homotopie triviality of a space over a given
space is an 7-invariant.

' 17. n-connectedness and local n-connectedness. A space X is said
to be n-connected provided that it is homotopically trivial over the n-dimen-
sional sphere S”. A space is said to be locally n-connected ([210], p. 119)
if it is locally homotopically trivial over §". Examining these definitions
we see that 0-connectedness is nothing else but the arcwise connectedness
while local 0-connectedness is the same as local arcwise connectedness.
Similarly it is clear that 1-connectedness is a reformulation of the notion
of simple connectedness. _

.olf a space X is k-connected for each k = 0,1, 2; ..., n, then we shall
write XeC® while if X is ldcally k-connected for k = 0 1,2,...,n, then
we shall write X <LC™. If X C" for every n, then we wnte Xe C_°° Similarly,
X ¢LC* will mean that X ¢LC" for every n. We recall that X ¢C (resp. X <LC)
indicates that X is contractible (resp. locally contraetible). We then ob-
serve that

(17.1) € implies C° which implies C* for every n = 0,1,2,...,
(17.2) LG implies LC® which implies LC" for every n = 0,1,2, ...,
(17.3) - C* implies C" for n = m, A

(17.4) LC" implies LC™ for n = m, .
(17.8) The properties C,LC,C®, LC, C*, LC* are r-invariants.

(

17.6) ExXAMPLE. The n-dimensional Huclidean sphqré 8" has the prop-
erty €' but has not the property C". Each polyhedron has the
property LC and consequently, LC* and LC".

ExAMPLE. We give an example of a space X, having property LC"*
but not LC" and of a space X, having property LC® but not LC. In order
to do this, let us denote by a;, where bk =1, 2, 3, , the point of Hilbert
space E“ given by the formula

( 2k+1
k =

W)—’0,0,0, --c)-

The points a; clearly convergé to the origin of B, which we shall denote
by a,. Let S; denote the n-dimensional sphere in E“ consisting of all



17. n-connectedness and local n-connectedness 31

points z = {aéi} such that p(z, a;) = 1/2k(k+1) and such that z; = 0
for i-> n-1. It is eagy to see that the set

(17.7) To = (@) v U 8
satisfies LC"~' but not LC".
Moreover, the set ,
(17.8) L X =(a) v U 8
' k=1

satisfies the condition/ LC® but does nbt_ satisfy LC.



CHAPTER II

ALGEBRAIC RELATIONS INDUCED BY MAPS

In this chapter we shall consider the homomorphisms induced in
homology and homotopy groups by continuous maps, in particular by
h-maps and r-maps. Incidentally, we shall recall the principal notions
and theorems concerning these groups, which will be necessary in the
sequel. _ : ;
1. r-homomorphisms. A homomorphism f of a group 2 into
a group B is called an r-homomorphism ([76], p. 331) if there is a homo-
morphism ¢: B — A which is a right inverse of f, i.e. such that fg is
the identity on B. _

We observe the following simple facts.

(1.1) Every r-homomorphism f: A — B is an epimorphism (is onto)

and the right inverse g: B — U is a monomorphism (is one-to-one).

(1.2) If f: A - B is an r-homomorphism, then B is isomorphic to the
subgroup U, = g(B) of .

(1.3) The composition of two r-homomorphisms s an r-homomorphism.

If there is an r-homomorphism of 2 into B, then we say that B

is an r-image of Y. From (1.2) we see that each T-ima,ge of 2 may be identi-
fied with a subgroup of 2.

A group B is said to be a divisor of a group 2 provided that there
exists a group € such that 2 and B x € are isomorphic. We recall that
B xC€ (where B and € are any groups) is the group consisting of all
ordered pairs (y,2) with ye% and 2¢€ and with multiplication defined
by the formula

(¥,2)- (¥, %) = (yy'y 2%').

(1.4) ' THEOREM. Hach divisor B of a group U -is an r-image of .

Proof. Let h: A - B xCE be an 1somorph1sm Then h can be de-
seribed by means of the formula

h(z) = (f(@), f (x))
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where f: A — B and f': A — € are homomorphisms. Let ¢ denote the
neutral element of € and'let

g(y) = h~'(y,e) for_every ye3B.

Then it is clear that g: B — A is a right inverse of f: A > B and that f
is therefore an r-homomorphism.

A direct divisor of a group 2 will mean a subgroup 2’ of 2 such that
there is another subgroup 2’ of 2 satisfying the following condition:

Each ze2 can be uniquely represented in the form x = »'-2"" with
@'« and o'’ <2’ and moreover ' -&'’ = &''-a’ for every x'<2’ and x'"’ < 2"’.
Clearly, the map h: A —2A' xA"’ given by h(x) = (z/, ') is an isomor-
phism; consequently a direct divisor of ¥ is, as it is suggested by the name,
a divisor of 2. But we can prove a little more, namely

(1.5) THEOREM. A group B is a divisor of a group 2 if and only if B is
isomorphic to a direct divisor of 2.

We have already seen that if B is isomorphic to a direct divisor of
2, then it is a divisor of 2. It remains to show that if there is a group €
and an isomorphism h: 2 > B x €, then B is isomorphic to a direct
divisor of 2. Let b denote the neutral element of B and ¢ the neutral
element of €, and let B’ =V X (¢) and €' = (b) x €. It is evident that B’
and €’ are direct divisors of the group B x €. Their images A’ = h-1(B’)
and A"’ = r~1(€’) by the isomorphism h-1: B x € -+ B are direct divisors
of the group 2. Since the group B is isomorphic to B’ and the group B’
is isomorphic to 2’, we infer that B is isomorphic to a direct divisor of .

In the sequel we shall mostly consider Abelian groups. Thus, unless
the contrary is stated, a group will always mean an Abelian group. In
conformity with general practice, we shall use additive notations for
(Abelian) groups. Thus “-+7” denotes the operation of composﬂ:lon, 0 the
neutral element, and —x the inverse of w.

Now let us prove the fo]lowmg

(1.6) THEOREM. Let 2 be an Abelian group and f: A — B be an epimor-
phism. Then f is an r-homomorphism if and only if the kernel 2’

of f is a direct divisor of . In that case U is isomorphic to A’ x B.
Proof. Suppose that 2’ = Ker(f) is a direct divisor of 2. Then there

is a subgroup A" of U such that each xe? is uniquely expressible as
@ = &' +o’ where o' <2’ and z”<2”’. We notice that ¢ = f|A"": A" B
is in fact an isomorphism. Indeed, if 5B then, since f is an epimorphism,
there is an we with f(2) = y. If # = &’ 42"’ (as above), then f(z) = f(z"').
since #' e’ = Ker(f). This shows that ¢ is an epimorphism. In order to see
that ¢ is a monomorphism, suppose that ¢(2'’) = ¢(z'') = y where &/,
Z'e". Then f(Z')—f(#"') = 0 and therefore &' —a" ¢’ = Ker(f). Hence

3
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2" = %' by the uniqueness of decomposition of elements of 2. Setting
g = ¢, we see that g is the required right inverse of f: 2 — B. Since B
is isomorphic to 2"/, we see that 2 is isomorphic to 2’ x B.

To show the converse, suppose that f is an r-homomorphism. Let
g: B — A be a right inverse of f. Let us set A’ = Ker(f) and A"’ = ¢g(B).
We show that each <2l has a unique representation in the form ¢ = a'+a'’
where '’ and z''<2”’. Indeed, if we put 2’ = w—gf(w) and w” = gf(w),
then we surely have z = &' +2'’. Moreover, since f(x') = f(x)—fqf(x
= f(x)—f(x) = 0, it follows that x'e2’. It is clear that w”e‘ZI" ThlS
representatlon of x is unique in fact, because 1f x = %' +Z'' were another
such representation, then we should have f(x f( ") sinee ZE'eKer(f)
and hence, putting '’ = g(b) with b3, we get af (=) = gf (@) = gf (g(b))
= g(b) = x"'. Thus 7"’ = &’ and therefore 2’ = z’. This completes the
proof.

(1.7) CQROI;LARY.» A group B is an r-image of an Abelian group U if and
only if B is a divisor of 2.

If B is an r-image of a group 2, then we write B <A or A > 23
It follows by (1.3) that the relat10n"‘<” is transmvé, 1Te B <A and
C < B imply € < AU. It is clear by (1. 2) that if 2 is an Abeha.n group,
then every group 23 ? 2 is also Abelian. By Corollary (1.7), we see that
for Abelian groups the relation B < 2 is equivalent to the condition that
B is a divisor of A. If both rela,tlons A < B and B < U hold, then the
groups A and B will be said to be r-equal (m symbols, 2[ = B). It is easy

to see that if 2 is an Abelian group with a finite system of generators,
then the relation 2 = B means just the same as the isomorphism of

and B. However, for arbitrary Abelian groups the analogous statement
fails, as it was shown by E. Sgsiada ([257], p. 331).

We shall say that a homomorphism f: & — B is left invertible rela-
tively to & homomorphism ¢: € — 2 provided that there is a homomorphism
p: B — U with yfp = ¢. If A = € and ¢ is the identity on 2, this notion
coincides with the ordinary notion of left inverse of f. Let us prove that

(1.8) If a homomorphism f: A — B is left invertible relatively to a homo-
morphism @: € — A, then Ker(g) = Ker(fp).

Proof. Since zeKer(¢) implies ¢(2) =0, and this implies f(¢(2)) =0,
it follows that Ker(¢) < Ker(fp). If the homomorphism y: B — U satisfies
the condition yfp = ¢, then the relation zeKer(fp) implies (fg)(z) = 0
which implies (yfp)(z) = 0; thus zeKer(gp). Hence Ker(fp)<=Ker(g) and
the proof is complete. :
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2. Homology and cohomology groups. We do not intend to develop
here systematically homology theory. In this section we shall present
the main releyant ideas axiomatically, and in the next one — we shall
discuss some notions which allow to introduce homology groups of metric
spaces on a constructive way.

In the homology theory one assigns to every pair-of spaces (X, X,)
(where X, X), to each integer n and to each Abelian group 2 an Abelian
group H,(X, X,; A), called the n-th homology group of the pair (X, X,)
over the coefficient growp 2, and also an Abelian group H"(X, X,; ),
called the n-th cohomology group of ( (X, X,) over . For X, =0 we have
H,(X,2) and H"(X, 2[), i.e. the homology and cohomology groups of
X over 2.

If, for a space X the group H,(X,?) is trivial for every group of
coefflcwnts 2, then we shall say that X is acyclic in dimension n. If X is
acyclic in all dimensions, then we say that X is acyclic. In particular, any
space X is acyclic in all dimensions n << —1 and if X # 0, then it is acyclic
in dimension » = —1 as well. Moreover, if X consists of a smgle point,
then it is acyclic (in every dimension).

There are several ways to construct the homology and cohomology
groups of a space. The most important of these are:

1. The construction based on the nerves of coverings, first given
by P.S. Alexandroff and extended by E. Cech.

2. The construction given by L. Vietoris, based on the notion of true
cycles, and applicable to metric spaces.

3. The construction based on the notion of singular chains, that is,
of continuous images of simplicial chains. '

The forth way to develop the theory of homology is the axiomatic
way used first by S. Eilenberg and N. Steenrod [112]. Unfortunately,
only for rather special classes of spaces the groups introduced by these
ways are isomorphic to each other. In particular, it is go in the case of
polyhedra.

If R denotes the additive group of rational numbers, then the rank
of the group H,(X, R) is called the n-th Bett¢i number of the space X
and will be denoted by p,(X). If X is a polyhedron, then p,(X) is finite
and actually vanishes for almost all #». In particular, p,(X) = 0 for all
n > dim X. It is also true that p,(X) is the rank of H,(X, M), N being

. the additive group of integers. This group H,(X, N) is called the n-th
Betti group of X and is denoted by H,(X). The subgroup of H,(X) consist-
ing precisely of the elements of finite order is called the n-th forsion
group of' X. For a polyhedron X, the Betti groups of X are, with
a finite number of exceptions, trivial. The - exceptional groups, if any,
are finitely generated. .
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Concerning homology and cohomology groups we shall take as known
the following properties:

. (2.1) Each continuous map
f1 (X, X)) > (Y, Y,
induces homomorphisms
fot Hu(X, Xo3 ) > Ho (Y, Y5 ),
ffr HY(Y, Y3 A) —~ H" (X, Xy; ).

(2.2) The identity map i: (X, X,) — (X, X,) induces the identity homo-
morphisms i, and ¥ on H,(X, Xy; AU) and H*(X, Xy; A).

(2.3) If f: ( - (Y, Y, and g: (Y, Y,) - (Z, Z,) are maps, then
the composmon gf induces homomorphisms satisfying the conditions

@)y = 0.f, and  (gf)* =f*g"

(2.4) If two maps f, g: (X, X} = (Y, Y,) are homotopic, then the induced
homomorphzsms are equal, that is, f, = g, and f* = g*.

The converse of (2.4) is false, generally speaking, but in an important
case, called the case of Hopf, the converse can be proved ([166], p. 149).
Consequently we assume as known

(2.5) THEOREM OF HOPF. If X is a compact melric space of dimension

' < m, of 8" is the n-dimensional sphere, and if two maps f, g: X — 8"
induce the same homomorphisms (f, = g,) of Hn(X,d) - H,(8", A)
for every group of coefficients 2, then f and g are homotopic.

Finally we assume as known the following elementary proposition:

(2.6) Supposé that X = X, X,, where X, and X, are closed subsets
of X, and suppose that X,~ X, contains only one point x,. Setting

yi(x) =2, (@) =@ for all weX,
and
1 (@) = @, pol) =@ fOT oll xeX,, :

we obtain the maps vy, p,e X=. Then the induced homomorphisms
Vixy You Of Hu(X, ) satisfy the condition v, +vy,, = 3., where i,
denotes the identity homomorphism of H"(X, ).

3. Homology theory in metric spaces. Properties (2.1)-(2.6) of
the homology and cohomology groups will be necessary in later consi-
derations. Moreover we shall need the notion of infinite cycle and of true
cycle. This last concept makes it possible to introduce homology groups
of metric spaces in a constructive way, as it was done by L. Vietoris [278].
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Suppose that X is a metric space with a metric ¢ and ¢ is a positive
number. By an n-dimensional oriented e-simplex of X we understand a sys-
tem o = (ay, @y, ..., a,) of n+1 points a;e X such that o(a;, a;) < e for
4, =0,1,2,...,n. We refer to the a,s as vertices of o, although we
admit the possibility that vertices with distinct subscripts may be, in
fact, the same point of X. If 4, ¢,, ..., %, is an even permutation of the
subscripts 0, 1, ..., n, then we shall regard ¢ = (ay, ..., a,) and (a;, ..., a;,)
a8 the same simplex, while, if that permutation is odd, then we shall
say that (a;, ..., a;,) is opposite to o and we shall denote it by —o. Some-
times it will be convenient to write 1-¢ and —1-¢ instead of ¢ and —ao,
respectively. If n = 0 and o = (a,), then we cannot speak of odd per-
mutations of the subseripts. Nevertheless we will define —o¢ also in this
case; —o is the pair (—1, «,). Finally, by definition, there are two (—1)-di-
mensional oriented e-simplexes, namely the number 1 and the number —1.

If some of the vertices (at least two) of a simplex ¢ are identical,
then ¢ = —o. The simplexes ¢ satisfying the equation ¢ = —o¢ will be
called degenerate simplexes.

We denote by 2"(X, ¢) the collection of all n-dimensional s-simplexes
of the space X. From each pair ¢, —¢ of n-dimensional e-simplexes we
choose one and say that it is positively oriented ; the other we say is negati-
vely oriented. This choice can be done in an arbitrary way, but once we
have done it we keep it throughout our discussion. The simplexes which
we have called positively oriented form a subcollection of X" (X, ¢) which
we denote by X% (X, ¢). Those which we have called negatively oriented
form a subcollection of X"(X, ¢) which we denote by X" (X, ¢). The set

Z5(X,e) = ZU(X, e) n 22 (X, ¢)

consists of all simplexes ¢ for which ¢ = —o¢, that is, of all degenerate
simplexes. :

Now, Jet 2 be an Abelian group. We understand by an n-dimensional
e-chain in X over the group 2 a function

%: [ZMX,e)—23(X,8)] =AU

satisfying the following two conditions:

1. %(—0) = —x(0),

2. (o) = 0 for all but a finite number of oeX™(X, &) —Z3(X, ¢).

Since the chains, thus defined, have a fixed domain and the Abelian
group A as range, we may define addition of chains by means‘of the formula

(y+42)(0) = #,(0)+a(0)  for every simplex aeZ™(X, &) —ZMX, ¢),

where the addition on the right-hand side is the addition of elements of
the group 2. It is then clear that the collection C, (X, 2, &) of all n-dimen-
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sional e-chains forms an Abelian group. For n < —1 we define (X, YU, ¢)
to be the group consisting of the zero element alone.

The e-simplexes o for which x(o) # 0 are said to be simplexes of
the e-chain x, and their vertices — the wvertices of x.

If ae? and 0eX™(X, e)—23 (X, ¢), then by ac we mean the chain
which assigns the value & to ¢, the value —a to —o, and zero to all other
simplexes. We note that ac = —a(—o). If o is degenerate, then ao is
defined to be the zero chain. By this convention every chain x may be
expressed in the form

(3.1) % = a,0,+a,0,...+a,o;, where the coejﬁoients a; belong to AU
and O'i€Zn(X,8).

On the other hand, any. expression of the above form is a chain of
- Cu(X, U, &). We note that this expression for » is not unique, generally

speaking.
The basic operation on a chain is the taking of its boundary. For

a simplex ¢ = (ag, ..., a,) we define the boundary do of ¢ by the formula

. n
do = Y‘(—1)%(0'07'--’0‘1:—17a’i+17-°'7"‘n)7
=0

1\

so that do is an (n—1)-dimensional chain over the group of integers N.
The formula is only meaningful if » > 0. It assigns, in particular, to a de-
generate n-dimensional simplex the zero element of the group
Op_1(X, N, ). In case n = 0, if ¢ = 4 (a,), then do is the (—1)-dimen-
sional chain 41. For n < —1, we define 0o to be the zero element of the
group C,_,(X, N, ).

We extend. 0 to operate on chains in the following manner: 1f % is
an element of 0, (X, U, ¢) given by (3.1) above, then dx is the (n—1)-dimen-
sional chain over the group 2 given by the formula

k
(3.2) 0x = Y a;(003)

where a;(do;) is the chain obtained from d¢; by multiplying each of its
coefficients (in an expansion of the form (3.1)) by a;. '

It is clear that : On(X, U, 6) > C_1 (X, U, &) is a homomorphism
by virtue of our definitions. The elements of the kernel of 9, which we
denote by Z,(X, 2, &), are called n-dimensional e-cycles in X over 2.

The image of C,(X, %, ) in C,_,(X, 2, ¢) under 9 is denoted by
B,_,(X; ¥, ¢). The elements of B,_,(X,?, &) are called the (n—1)-dimen-
sional e-boundaries in X over U, -
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It is easy to prove that B,_,(X, U, &)= Z,_,(X, A, ¢) or, equivalently,
that

(3.3) 00x = 0  for every chain xeC,(X,U,¢).

In order to use these notions for construction of homology groups
of the space X, it is necessary to apply some kind of a limit process.

A sequence » = {x;} of n-dimensional chains in X is said to be an
infinite n-dimensional chain in X provided that the following two con-
ditions hold:

1. There is a sequence {s;} of positive numbers converging to zero
and a sequence {2} of Abelian groups 2; such that sx;e0, (X, U;, &).

2. There is a compact subset X, of X such that every vertex of every
#; lies in X,.

The sequence {¢;} is called the majorant of = and X, is called the
carrier of . We observe that if {¢;} is a sequence of positive numbers
converging to zero and s;>> ¢; for all 4, then {¢;} is also a majorant of =.
Moreover, any compact subset X, of X which contains X, is also a carrier
of . We also observe that the infinite chain » = {»;}, with »;, = 0 for
i=1,2,...,is actually an infinite chain; we will denote it by 0.

If for two infinite n-dimensional chains » = {x;} and » = {x;} in X
the coefficients of x»; and of »; belong to the same group ;, for< =1, 2, ...,
then the sequence {x;}x;} is an infinite n-dimensional chain in X;
it is denoted by x»-+#'. Similarly, by x—=x" we denote the infinite chain
{#s— 4}

If y = {94} is an infinite chain in X such that y; is a cycle for
i=1,2,..., then 7 is said to be an infinite cycle in X. In particular, for
every infinite n-dimensional chain » = {x;}, the sequence {0x;} is an infinite
(n—1)-dimensional cycle which we denote by d=. Two infinite cycles
y = {y;} and ¢’ = {y;} in X with the same group U; of coefficients for y,
and y;, 4 =1,2,..., are said to be homologous in X (in symbols: y ~ 5’
in X) provided that there is an infinite chain » in X such that 0 = y—y’.

An infinite cycle 7y is said to be essential provided that it has a carrier
in which it is not homologous to the cycle 0.

(3.4) If X is a compactum lying in a metric space Y and if v is an infinite
cycle in X which is not homologous to zero in X, then there exists
a neighborhood U of X in Y such that y is not homologous to zero
in U.
(3.8) If v is an infinite cycle homologous to zero in a metric space X and
~ 4f B is a carrier of r, then there exisis in X a compactum A,> B
such that v ~ 0 in A, and that for every set A< A, the homology
y~0 in A implies AoB = A,.
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The following proposition ([41], p. 546) is known under the name
of the Phragmeén-Browwer theorem:

(3.6) Let X be the union of two closed subsets X; and X, and let v be an
infinite n-dimensional cycle in X,~ X, not homologous to 0 in X;~ X,
and such that for v = 1,2, there is an infinite chain =, in X with
Ox, = yv. Then »;—x, is an tnfinite (n-+1)-dimensional cycle in X
which is not homologous to 0 in X.

An infinite cycle y = {y;} in X is said to be a true cycle provided
the coefficients of all cycles y; belong to the same group and the infinite
cycle {y;}, where y; = y;,;—y;, is homologous to 0 in X.

The collection Z, (X, ) of all n-dimensional true cycles in X over 2
constitutes an Abelian group under an addition given by the formula

(3.7) vy +ri} = ity

Those elements of Z,(X, %) which are homologous to zero form a sub-
group of Z,(X,?) which we denote by B,(X, ). The factor group

w(X, A) /B, (X, ) is called the n-dimensional homology group of X
over 2[ and is denoted by H,(X,2).

This definition of the homology group is due to Vietoris [278]. Shghtly
modifying the definitions given above we can. . define the groups
H,(X, X,; ) for pairs (X ,”Xo) but we shall not need these more general
notion and will, therefore, omit the details of the definition.

Let us see how a map f: X — Y induces a homomorphism of H, (X, 2)
into H,(Y, ). Suppose that ¢ = (ay, ay,...,a,) is an n-dimensional
simplex. Then f associates with ¢ an n-dimensional simplex in Y, denoted
by f(s), given by ; ‘
flo) = (f(“o)7f(a’1)7 ,f(a’n))

It is possible that f(o) is degenerate even if ¢ is not degenerate. More-
over, f assighs to each n-dimensional chain

% = 00, +A30,F...F a0y

an n-dimensional chain, denoted by f(x), given by the formula

(3. 8) f(x) = af(o1)+a,f(o)+ F.. soFafog).

We see that xeC, (X, U, ¢) does not imply f(x)eC, (Y, U, &). However,
f(x) belongs to C, (Y, 2[,73) where % depends on f and e. Moreover,
let us observe, since f is uniformly continuous on any compact set, the
sequence {f(x;)}, which is associated by f with an infinite chain » = {x,;},
also is an infinite chain. This infinite chain, denoted by f(x), lies in Y.
Moreover, we see that one of the carriers for f(x) is the image under f of
a carrier for ». It is not difficult to prove that f eommutes with 9, that is,

of = fo.
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From this relation fo = df we readily infer that f assigns to infinite
cycles (resp.: true cycles, homologous cycles) in X infinite cycles (resp.:
true cycles, homologous cycles) in Y. Consequently, f ¢nduces a homo-
morphism

for Ho(X, ) - Hn(Y‘, 2A).

One shows readlly the following proposition:

(8.9) Let x be an infinite chain in a compactum. A and let X be a metric
space. Then for every homotopy {fi} in X*:

(a) There exists in X an infinite chain 4 such that 01 = Of () —0f (%)
and if 0% = 0, then A = 0.

(b) The infinite cycle fo(*)—fi(»)—4 is homologous to 0 in X.

In particular, it follows, if two maps f,f: X — Y are homotopic,
then for each true cycle y of X, the true cycles f(y) and f'(y) in ¥ are
homologous. In the case of Hopf (where X is ecompact, dimX < n and
Y = §8") we have the following proposition:

(3.10) If X is a compactum of dimension < n and if the maps f,f': X — 8"
are such that f(y) ~f'(y) in 8™ for every n-dimensional infinite
cycle v in X, then the maps f and f' are homotopic.

Let us quote an important theorem of P. 8. Alexandroff ([1], p. 195)
which illustrates the relation between these homological concepts and the
notion of the dimension:

(3.11) THEOREM. The dimension of the compact metric space X 48 =n
if and only if there is an infinite n-dimensional chain = = {x;}
in X such that the infinite (n—1)-dimensional cycle {0x;} is essential.

"The just given characterization of the dimension of compacta leads
us, in a natural way, to the notion of the modular dimension in the sense
of P. S. Alexandroff ([1], p. 194). Let m be an integer greater than 1.
By the dimension modulo m of a compactum X we understand the greatest
integer n = A™(X) such that there exists in X an infinite (n—1)-dimen-
sional essential cycle {y;} homologous to zero in X with coefficients belong-
ing to the group N,, of integers reduced modulo m. According to (3.11), the
dimension A™(X) is less than or equal to the usual dimension dim X of X.

4. Homomorphisms induced by h-maps and r-maps. By use of (2.1),

(2.2), (2.3) and (2.4) we can prove the following .

(4.1) TmEOREM. If f: (X, X,) > (Y, Y,) is an h-map and if g: (¥, Y,)
— (X, X,) i a homotopic right inverse of f, then the induced homo-
morphisms .

for Ho(X, Xo3¥U) — Ho (Y, Y5 )
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and
g*: H*(X, Xo; %) > H*(Y, Y,; ¥)

are r-homomorphisms.

Indeed, the map fg: Y — Y is homotopic to the identity and con-
sequently both (fg), = f.g. and (fg)* = ¢*f* are identity homomor-
phisms. This is just what we needed to prove.

From Theorem (4.1) and from Corollary (1.7) we infer:

(4.2) If Y is an h-image of a space X, then the homology and cohomology
groups of Y are isomorphic to certain direct divisors of the corres-
ponding groups of the space X.

In particular we infer tha;t
(43) X % Y implies that p,(X) = p,(Y) for n =0,1,2,...
Moreover, it follows by (4.2) that

(4.4) The corresponding homology and cohomology groups of two h-equal
spaces are r-equal,

and

(4.5) If X = Y and if the group H,(X,?) has a finite number of gen-
erators, then it is isomorphic to the group H,(Y,2).

We observe that, since r-maps are special kinds of h-maps, all the
theorems of this paragraph hold for r-maps. Specifically we have the
following propositions:

(4.6) X % Y implies p,(X) = p,(Y) for n =0,1,2, ...

(4.7) The r-equal spaces have equal Betti numbers and their homology
groups and cohomology groups are r-equal.

The question whether for r-equal compacta the corresponding homo-
logy and cohomology groups are necessarily isomorphic remains open.
Some partial results have been obtained by T. Ganea [133]. As a simple
corollary of (4.7) we get the following proposition:

(4.8) If X = Y and if H,(X, 2[) has a finite number of generators, then
H,(X,2A) and H,(Y,A) are isomorphic.
With a little stronger hypothesis we get a sharper theorem:

(4.9) If X and Y have the same homotopy type, then their homology and
cohomology groups- are isomorphic.

Indeed, by hypothesis there are maps f: X > Y and ¢: ¥ > X
such that both composites fg and gf are homotopic to the appropriate
identities. But in this case, (fg)« = fufs) (9f)s = gufss (f9)* = ¢"f* and
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(gf)* = f*g* are equal to the appropriate identity homomorphisms.
It follows that f, , g,,f* and ¢* are isomorphisms which completes the proof.

As we have already seen, each deformation r-image of a space X,
and hence each deformation retract of X, has the same homotopy type
as X. In view of the last result we obtain the proposition

(4.10) The homology and cohomology groups of each deformation r-image
(in particular of each deformation retract) of a space X are isomorphic
to the corresponding groups of X.

From this we see that the homology and cohomology groups of a space
which is contractible in itself are the same as those of a one-point space,
i.e. they are trivial. In other words,

(4.11) Each space which is contractible in itself is acyclic.
Now let us prove the following statement:

(4.12) Let r be a retraction of Z to X and let p: ¥ — Z be a map such that
@(Y) < X. Then the kernel Ker(g,) of the homomorphism ¢, : H,(Y, )
— H,(Z, ) induced by ¢ is the same as the kernel Ker((w'(p)*) of the
homomorphism (rp)y: Ho(Y,A) - H, (X, ) induced by re.
Proof. Let ¢ denote the inclusion ¢: X — Z. Then wr¢ =¢: ¥ > 7
and consequently (irg), = i,7,9, = ¢,: H, (Y, ) - H,(Z, ). It follows
that the homomorphism r,: H,(Z,) - H,(X,?2) is left invertible
relative to the homomorphism ¢, (in the sense of Section 1). It follows
by (1.8) that Ker(p,) = Ker(r.p,) = Ker((rp),).

(4.13) If X< Y<Z, X is a retract of Z and if the inclusion i: Y - Z
18 homotopic to @ map ¢: Y — Z such that ¢(Y)< X, then the group
H,(Y,2) is isomorphic to the group H,(X,2)xKer(i,), where
Ker(i,) denotes the kernel of the homomorphism iy: H,(Y, )
— H,(Z, ) induced by 1.

Proof. Let r be a retraction of Z to X. Setting 7 = ri, we get a retrac-
tion of ¥ to X which induces an r-homomorphism:

Ty = Toly: Hp(Y,A) > H (X, ).

If follows, by Theorem (1.6), that the group H,(Y, ) is isomorphic to
H, (X, xKer(f*). Since ¢ and ¢ are homotopic, we infer by (2.4) that
ix = @4, and consequently Ker(r,) = Ker((ri),) = Ker(ryi,) = Ker(r,p,)
= Ker((rp),). But ¢(¥)cX and we infer by (4.12) that Ker((rp),)
= Ker(¢p,). Thus it is shown that
) Ker(7,) = Ker(¢,) = Ker(i,),

and ‘the proof is' finished. i

Some more detailed relations between homology groups of a space
. and of its retract are given in [157].
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5. Join of maps. Let x, be a point of a space X and y, a point of
another space Y. Two maps ¢y, @s: (X, 2) = (Y, y, are said to be
separated provided that the sets G, = ¢ (¥Y —(y,)) and G, = o7 (Y — (%))
are disjoint. Setting

@i(x) for every zeGy, i =1, 2,
p(w) =
Yo for every zeX —G,—G,,
we obtain a map ¢: (X, %) —~ (Y, y,) which is called the join of the
separated maps ¢, and @, ([35], p. 1402). It will be denoted by ¢,-@,.
Clearly ¢;-@2 = @s5-9;.

Now suppose that z, is a point of a space Z and let f be a map of
(Z,2,) into (X, x,). Then ¢,f and ¢,f are separated maps of (Z, 2,) into
(Y, y,) whose join is exactly ¢f, where ¢ denotes the join ¢,.¢,.

The operation @' which assigns to each map ¢': (X, ) = (¥, y,)
the map ¢'f: (Z,2,) - (¥, 9,) is continuous (I, (9.2)), and we infer that

(5.1) P (p1-7) = D (1) P ().

Similarly if f: (Y, y,) = (Z, %), then fo, fo,, fp, map (X, z,) into (Z, )
and the former map is the join of the latter two maps. Rephrasing this
in terms of the operation @, we have

(5.2) ' Ds(@1-92) = Py(@1) Pyl).

The following theorem illuminates the homological meaning of the
operation of the join of separated maps of metric spaces:

(5.3) THEOREM. If the maps ¢y, ¢s: (X, x) = (Y, y,) are separated and
if ¢ =@y @5, then the induced homomorphisms

Pt Hn(Xam)%Hn(y?m% @i Hy (X, 2[)“‘>Hn(y,2[)7
o*: H"(Y, ) - H"(X, ), ¢¥: H"(Y,d) - H"(X,2)
(where © = 1, 2) satisfy the relations

Ps = PratPos, O = @1+

Proof. Since ¢, and ¢, are separated, the sets @; = ¢i' (¥ — (¥,))
are disjoint. We observe that the deeomposition of the space X into the
set X, = X — (G, G,) and the individual points of G4 ~ @, is an upper
semi-continuous decomposition of X (see, for instance, [203], p. 42).
Let X’ denote the decomposition space of X relative to this decomposi-
tion and let a be the natural map X — X’ which associates with each
xeX the element a(x) of the decomposition space, which considered as
a subset of X contains #. We note that a maps X —X, into X’ — (a(,)).
For simplicity, let us write 2’ instead of a(x).
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Let us set X; =X — a(G) for i =1,2. Then X = X; U X;,
where X,, X, are closed and X; ~ X, = (). Setting

2

" for all 2’ea(Gy),

(') = ,
Vi) =00 for all e X —a(G),

we obtain two maps y, and y, of X’ into X’ which are separated and
their join is the identity ¢: X' — X’'. It follows from (2.6) that the
induced homomorphisms ’

Yiu: Hp (X, A) - H, (X', A) (t=1,2),
*‘ H(Xx',2A) - H'(X,A) (1 =1,2)

are such that v,,+v. and y¥ty; are the 1dent1ty homomorphisms
on their respective groups. If we now set

(@) = (pa)(a’)  for all &' eX’— (ap),
‘P'(w(,)) = Yo,
then we obtain a map ¢’: X’ — ¥ and we may easily check that

o =9'pa (t=1,2)
and ‘
¢ =¢a.
From this we infer that

= (¢’ a)y = (P;('/’1*+1/)2*)a* = ‘P;"P1*a*+¢;"/’2*a* = QraTPox-

By similar reasoning we may conclude that ¢* = ¢} +-¢; and this completes
the proof of the theorem.

We shall now consider the use of the join of separated maps in deﬁmng
the homotopy join of homotopy classes of maps.

Let @ be an open subset of X —(x;). A map ¢: (X, ) > (X, ¥)
is said to be concentrated on @ provided that ¢(x) = y, for every zeX —G.
Suppose that @, and G, are two disjoint open subsets of X — (x,) and that
@, and @, are two maps of (X, x,) into (Y, y,) concentrated on @, and G,,
respectively. Then it is clear that ¢, and ¢, are separated and the
join ¢ = ¢y, of ¢, and ¢, is well defined.

Moreover, let us observe that

(5.4)- If G, and G, are two disjoint open subsets of X—(x,) and if
(@i} = (X, 4,) %0 is a family of maps concentrated on G; and. continuous-
ly dependent on te{0, 1), then the join @;- Pt continuously depends
on 1e{0,15.

Two maps ¢, and ¢, of (X, #,) into (Y, y,) are said to be separable by
the open disjoint subsets G and G, of X — (x,) provided that there are maps
¢, and ¢, of (X, x,) into (Y, y,) homotopic to ¢, and ¢, respectively such

\
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that ¢; is concentrated on G; (i = 1, 2). When this is the case, the join
@ = @;-@, of ¢, and g, is defined. The homotopy class [¢] of ¢ is called the
homotopy join ([69], p. 203) of the homotopy classes [¢,] and [p,] of ¢,
and ¢, relative to G, and G,. We cannot assert that for arbitrarily given
¢, and @, we may always find such ¢, and ¢,. Neither we do assert that
the homotopy class [¢] is uniquely defined. Indeed, it ‘depends, among
other things, on the sets ¢; and G,. However, if there is no danger of con-
fusion, we shall say for the sake of simplicity that [¢] is the homotopy
join of [¢,] and [g@,].

From the last theorem, which concerned the relation between the
homomorphisms of the homology and cohomology groups induced by
two separated maps and their join, we infer the following

(5.5) THEOREM. If the homotopy class [¢] is a homotopy join of the homo-
topy classes [p,] ‘and [p,], then the induced homomorphisms g,
P1xs Pax Of the homology groups and the induced homomorphisms
@*, oF, ¢35 of the cohomology groups satisfy the following relations:

Pr = QratPor ¢ = @] 5.

6. Homotopy groups. The operation of homotopy join may be used
as a basis for introducing the homotopy groups. To this end we assume
that X is the n-dimensional Euclidean sphere 8" which consists, as usual,
of all those points xe E"*! that ||| = 1. Let x, be an arbitrary point of
X and let @ be an open ball in X that does not contain the point z,. The
reader can easily verify that if y, is a point in the space Y, then each
map f: (X, x,) > (Y, y,) is homotopic to a map concentrated on G.
Consequently, if G, and G, are two disjoint open balls in X neither of which
contains z,, then for each pair of maps f;, f, of (X, x,) into (Y, y,) there
are two maps f; and f, homotopic to f,, f,, respectively, and concentrated
on G, and G,, respectively. Further, in this case (where X = 8"), we are
going to show that the homotopy class [f'] of the join f' = f;-f, depends
only on the homotopy classes [f,] and [f,] for given G, and @,. Indeed,
in order to prove this it is sufficient to observe that X —@G; is contractible
in itself to x, and that this contraction can be obtained by a homotopy
{pit} of X into itself which begins with the identity ¢;, and meets conditions:

Pi( X —G) = X —Gyy,  pu(®) = @, and @, (X—G;) = (40) -

The existence of such a homotopy {g;} (¢ =1,2)is clear. Suppose now that f;
and f;' are both homotopic to f; and are both concentrated on G;. Then there
is a homotopy {fi} < (¥, ¥,)** such that f;; = f; and f;, = f; . Setting

gi(@) = f;‘l’i,st(w) for weX and 0 <t <4,

gin(®) = fé,st_l%,l(w) for weX and }

gi(x) = f;,%,s—stW) for @eX and § <t<1,
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we get a homotopy {gi}< (Y, ) ™ joining gy =f; with g, = f;'.
If we observe that ¢;4(X—G;)cX—G; for 0 <t<3$, ¢ ,(X—G)
= (@) and @;3_u(X—G;)cX—G; for §<?t<1, then we infer that
gis(®) = 9, for every point e X —G; and every 0 < ¢ < 1. Since gy = fi
and g;; = fi, we conclude that {g;;} is a homotopy joining f; with f;" and
that g¢; is concentrated on G; for every 0 <# < 1. It follows by (5.4)
that the family (gy-g.) is a homotopy joining the map f;-f, with f’-f, .
Thus we have shown that for given disjoint open balls G, G, in X = S
the homotopy class [f'] of the join f' = f;-f, of two maps f,, f; homotopic
to fi,f. and concentrated on G, G, respectively depends only on the
homotopy classes [f,] and [f;]. We shall denote this class by [file, a,[fe]
and call it the homotopy join of [fi] and [f,] with respect to G, and G,.
Now let us show that for n >1 the homotopy class [fl]g1 Gz[f2
does not depend on the choice of the balls G,, @,, i.e. that if Gy, G, is
another pair of disjoint open balls in 8™ (with » > 1) that does not contain
the point x,, then

[fl]Gl 'Gz[fz] = [f1]0'1 'G!’2 [f.].

This is so because, first of all, the geometry of the sphere 8" shows
that for each t¢<0,1> we can find a pair of disjoint open balls Gy, Gy
in X = 8", neither containing the point z,, such that G, = Gy, Gy = G,
G1; = @, Gy = G, and such that the centers and radii of the G;; depend
continuously on the parameter i. It follows readily that there exists
a homotopy {p;}<(X wo)(X 0 such that ¢; is a homeomorphlsm of §"
onto itself for every 0 <t <1 and joins the identity map Po = ¢ with
a map @, which, restricted to @, is a homeomorphism of @; onto G; -
(¢ =1, 2). Then if we set fi, = fig:, 50 {fi} is a homotopy in (¥, y,) %%
that joins f; to the map fip, which is concentrated on @;. Moreover, for
every t, the maps f; and f,; are separated. We infer that the family of
joins {fifz} is a homotopy joining f;-f, with ( fl(pl -(f29:). Consequently,
[file, e, [f.] coincides with '

19116, e, [ f292] = [file] e, [f2]-

In the case n» =1, the situation is somewhat different. Let x,, x,,
a7, 5 be the centers of the balls G,, G,, Gy, G,, respectively. The con-
struction of the continuous families {G;} of open balls used in the proof
in the case » > 1 can be carried out in the present case, » = 1, if and
only if the triple #,, #;, ©, has the same orientation on 8! as the triple
@y, %1, ;. When this condition is met, we can conclude by the above
argument that ' '

[fl]Gl ‘Gy [f.] = [fl]G; 'G; [fa],
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while if the triples are oppositely oriented, then we have

Lf 1]G1 Gy [f]l =Lf 1](}2’ ’Gll [f 2‘] .

Thus, in the case » = 1 the operation of homotopy join depends only
on the orientation of the triple #,, #,, ©,, while in the case n > 1 it does
not depend on the balls ¢, or G, anyhow.

We now show that the operation of homotopy join is associative.
To this end, suppose that ¢, and G, are two open disjoint balls in X = 8"
neither of which contains x,. Let x; be the center of G (i =1, 2). We can
easily find balls @, G, &, G, G, with centers z;, «;, «,, m;',aa;' such
that . )

GV cl—Gyy G @Gy, G cG,—6.

Fig. 2

Moreover, in the case n = 1 we may choose these balls so that the triples
(s T2y 3)y (o, T1'5 T3 )y (Xoy gy 3'), (%, @1, ¥5 ) are all consistently orien-
ted with the triple (z,, x,, ;). Now, let us consider three maps f;, f2,
and f, of (X, a,) into (Y, y,). Then there are maps f.’, f,,f; homotopic
to fy, fs, f3, respectively, and concentrated on G, @, , G, respectively.
By the choice of our balls, the joins

(ff)fs  and £ (ffs)
are well defined and equal. But (f; -f,’)-f; is a representative of the homo-

topy class ([file; e, [fal)e, 6y [fs], and fi'-(fs -fs) is a representative of
the homotopy class [fila] ,([f:la; 5 [fs])- If » >1, then the choice of
balls on which the maps are concentrated is immaterial, and we infer
that

(Lfslay ay LfeDay 0y [fo] = [faloy ey ([fola, ey LfaD)-

If, however, n =1, then the last relation is a consequence of the hypo-
thesis that the triples (@, @1, @7 ), (%, X1 ¥2), (Tos B s L3 )5 (X, X1, Ty ). AT
all consistently oriented with the triple (x,, #;, ©,). Thus the associativity
of the homotopy join relative to ¢, and G, is proved.
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It is clear that the map f, of (X, x,) into (Y, y,), which assigns to
every point xe X the point y,¢Y, is a representative of the neutral element
for the operation of homotopy join. That is,

[folay'ay [f1 = [floye,[fol = [f1  for all maps f: (X, ) — (¥, y,).

Now let us prove that for every map f: (X, x,) — (Y, y,) there is
a map f- of (X, @) into (¥, y,) such that [fls q, [f 1= [fl.

The manner the balls G;, @, are chosen, is irrelevent except that
in the case n = 1 we must keep the orientation of the triple (x,, ,, 2,).
Therefore we may take G, and G, to be open half spheres in X = S§" the
common boundary B of which contains the point x,. If xeX, then we
denote by x~ the point of X which is symmetric to « relative to the “equa-
torial” plane in E"*' containing B. We may suppose that f is concentrated
on @;. Then we define f~ by the formula

e ———-——
- —————

- ..
- ~.

XO-—me g ——

Fig. 3

f~(@) = f(z~) for every meX.

It is clear that f~ is concentrated on G, and is separated from f. It remains
to show that the map f' = f-f~ is homotopic to the constant map f,.

In order to do this let us denote by Q"' the ball in E"*' having
X = 8" for its boundary. Thus Q"' consists of all those points weE"*?
for which |jz] < 1. We prove the homotopy of f, with f/ by showing that
we may extend f’ to a ma,p f" of Q""" into Y. In order to do this we have
only to set

f"(z) f (@)

for each point z of the segment joining x with x—. This definition is not
ambiguous gince f'(x) = f'(x~).
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We have shown that the homotopy classes of maps of (8%, x,) into
(Y, y,) form a group relative to the operation of homotopy join with
respect to a pair of open balls G4, G,.

Manifestly, for each point xyeS™ there exists a homeomorphism
h: (8", @) — (8", %) which maps the given disjoint open balls @, @,
onto two other disjoint open balls Gy, G,. If we assign to every map
f: (8™ @) - (Y, 9, the map fh~1: (8", ) - (Y, vy,), then to the join
of two maps f,, f, concentrated on @; and @,, respectively, corresponds
the join of maps fi 7! and f,h* concentrated on G; and @,, respectively.
Thus we infer that this correspondence induces an isomorphism between
the just considered group of homotopy classes of maps of (8" x,) into
(Y, y,) and the analogous group of homotopy classes of maps of (8, x;)
into (Y, y,). Consequently the algebraic structure of this group does not
depend on the choice of the point x,.

As we have already seen, the choice of the open disjoint balls @,, G,
is immaterial in the case n-> 1. In the case n = 1, the homotopy join
with respect to G, and @, depends in general on the orientation (on §,)
of the triple of points x,, #,, #,, where z; is the center of ;. However,
also in this case the algebraic structure of the congidered group does not
depend on the choice of balls ¢,,G,, because a homeomorphism
h: (8, wy) — (8%, x,) changing the orientation of S induces an isomor-
phism between the group of homotopy classes of maps f: (8%, &) — (Y, ¥9,)
with the operation given by the join with respect to G,, G, and the analo-
gous group with the operation given by the join with respect to h(@,),
h(G;) which is the same as the join with respect to G5, G,. Thus in all
cases this group does not depend on the choice of the point x, and of the
disjoint open balls G,, G,. This group is denoted by =, (Y, ,) and is called
the n-th homotopy group of Y with base point y,. If n>1, then =, (Y, y,)
is Abelian. The group #,(Y, ¥,) is called also the fundamental group of Y
with base point y,. Simple examples show that =, (Y, y,) may be not Abe-
lian, for example, if Y is the lemniscate. If the space Y is arcwise connec-
ted, then =, (Y, y,) does not depend on the choice of the base point y,.

If we recall that ¥ <C" denotes that each map ¢: 8 > Y with &k < =n
is homotopic to a constant, we see that

(6.1) Y eC"if and only if the group ﬁk( Y, y,) istrivial fork = 0,1,2,...,n
and for every point y,e Y.

Since YeC® denotes that YeC" for every n, we have
(6.2) Y eCif and only if the group =, (Y, y,) is trivial for every n = 0,1, ...
and for every point yoe Y.

In particular, if Y consists of a single point y,, then all homotopy
groups of Y are trivial.
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7. Homomorphisms induced by maps. Suppose we are given a map

f: (X, 90) =~ (Z, ).

We recall that the operation @,, which assigns to a map ¢e(Y, y,)
the -map fpe(Z, 2,) ™", is a continuous operation. Moreover, we have
seen that if ¢,, p,e( Y, 1,)%*) are separated, then

Dy (@1 p2) = Dy(p1) - Py(@p2)

and therefore we have the following

(X,%g)
H

(7.1) TuHEOREM. Each map f: (Y, y,) — (Z, 2,) induces, by means of the
operation D;, a homomorphism

Qf": (Y Yo) = n(Z, 2).

Some relations between the fundamental group of a space and of
its retract have been studied by T. Ganea [132].
We note the following properties of the homomorphism @.:

(7.2) The identity map on (Y, y,) induces the identity homomorphism
on (X, ¥)-

(7.3) Homotopic maps induce the same homomorphism.

(7.4) All homotopy groups of a contractible space are trivial (a consequence
of (7.3)). -

(7.8) The homomorphism induced by the composition of two maps is the
composition of the induced homomorphisms.

(7.6) If f: (Y,¥y,) —(Z,%,) has the homotopic right inverse
g: (Z, 2) = (Y, %), v ‘
then @, is a right inverse of @ (a consequence of (7.2), (7.3), (7.5)).
(71.7) If (Z,2,) is an h-image of (Y, y,), then 7, (Z, 2,) 18 an r-homomorphic
tmage of m, (Y, y,) (for all n).
(7.8) The h-equal spaces have r-equal homolopy groups.
(7.9) Homotopically equivalent spaces have isomorphic homotopy groups.
(7.10) The r-maps induce ¢-homomorphz‘éms (a particular case of (7.7)).
(

7.11) The r-equal spaces have r-equal homotopy groups (a particular case
of (7.8)). :

8. Homomorphism of Hurewicz. Let us recall an important theorem
of W. Hurewicz concerning a relation between the groups of homotopy
7.(Y, y,) of a space Y with the base point y, and the Betti groups H,(Y)
of Y. '
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Since the nth Betti group H,(X) of the n-dimensional sphere X = 8"
is the infinite cyclic group, there exists an element ye H, (X) (defined uni-
quely up to the sign) which is a generator of the group H,(X). Let us
fix such a generator y and let us consider a map f: (X, a,) > (Y, ¥,)
and the homomorphism f,: H,(X) - H,(Y) induced by f. As we already
know, the homomorphism f, depends only on the homotopy class [f]
of f, and this homotopy class is an element of the group =,(Y, ¥,). Let
us set

0(LfD) = fa(») for every [fle m.(Y, y,).

If we recall that, by (5.3), the homomorphism induced by a homotopic
join of two maps is the sum of the homomorphisms induced by these
maps, we can easily infer that the function 6 is a homomorphism of the
group =,(Y, vy,) into the group H,(Y). This homomorphism is called the
homomorphism of Hurewicz. )

The theorem of Hurewicz ([163], p. 522) asserts that

(81) If YeC'' and YeLC"' (where n > 1), then the homomorphism
of Hurewicz 6: n, (Y, 9,) — H,(Y) is an isomorphism.

By an easy induction, we get the following statement from this the-
orem:

(8.2) If YeLC"™' (where n > 1), the fundamenial group of Y with the
base point vy, is trivial, and the Betti groups Hp(Y) are trivial for
E=1,2,...,n—1, then the homotopy group n,(Y , y,) is isomorphic
to the Betli group H,(Y).

If we recall that for an arcwise connected space the homotopy
groups do not depend on the choice of the base point, we can get in
particular
(8.3) For an arcwise connected space XeLC® with trivial fundamental

group and trivial Betti groups, all homotopy groups are trivial.

9. Maps into manifolds. The following proposition ([166], p. 75)
belongs to elementary statements concerning the properties of maps into
Euclidean spaces:

(9.1) Let Z be a metric space of dimension << m and let y, be a point of
the BEuclidean m-dimensional space E™. Then for every map ¢: Z — E™
and for every & > 0 there exists a map y: Z — E™ such that

e(p(2), v(2)) < e and p(2) #y, for every point zeZ.

Let us apply proposition (9.1) in order to prove the following propo-
sition: )
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(9.2) Let Z be a metric space of dimension < m and let y, be a point of
the Buclidean m-dimensional space E™. Then for every map ¢: Z — E™
and for every open ball V in E™ with center y, there exists a homo-
topy {o < (B™? satisfying the following conditions: :

(i) @0 = ¢, : o
(i) @(2) = @(2) for every point zep~(E™ —V) and every 0 <t <1,
(iii) @;(2)eV for every point zep=(V) and every 0 <t <1,
(iv) The distance of the point y, from the set @,(Z) is positive.
Proof. Let V, denote the open ball in E™ with center y, and radius
a > 0. Let ¢ be a positive number less than 1/3 of the radius of the ball V.
Setting
Zy =g HE"=V,), Zy=¢H(E"-V,),
we get two closed subsets Z,, Z, of the space Z such that Z, is contained
in the interior of Z,. Moreover, :
¢ (B™"—V)cZ, and op(2),y,)>¢ for every point zeZ,.
Since Z, is a subset of the interior of the set Z,, there exists a con-
tinuous real-valued function ¢ defined in Z and satisfying the following
conditions:
0 <¥9() <1 for every point zeZ,

5(2) 0 for every point zeZ,,
) =
1 for every point zeZ—Z,.

Let v be a map of Z into E™ satisfying (9.1). Setting
(9.3) @u(2) = 2t-3(2)p(2)+(1—2¢-9(2))p(2) for 0 <t<} and zeZ,
we get a continuous family of maps {p;} < (E™)? joining ¢, = ¢ with g,.
Let us observe that the map ¢, satisfies the condition
(9.4) ¢(Z) = B™—(yy).

In fact, if zeZ,, then g(p(2), y,) > ¢ and ¢(p(2), v(2)) < &. Consequently,
the point ¢,(2), belonging by (9.3) to the segment |p(2), w(z)|, is distinct
from y,. If, however, z¢eZ —Z,, then #(2) = 1, whence ¢,(2) = y(2) # ¥,.
Thus (9.4) is proved.

Moreover, let us observe that

@:(2) = @(2) for every point zep~(E™—7V) and 0 <t < 3,
because ¢~!(E™—V)cZ, implies that #(z) =0 for zep~(E™—V).
Now let us set

r(y) = t(w+y1)+(l—t)y for every yeV,—(y,) and 0 <? <1,

|y =il
r(y) =y for every point ye F"—V, and 0 <t<1.
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We easily see that if we complete formula (9.3) by the formula
@i(2) = ryu_19;(2) for every point z¢Z and for } <?¢<1,

then we get a homotopy {¢;} = Z satistying conditions (i), (ii) and (iii)
of (9.2). Also condition (iv) is satlsfled because all values of the map r,
belong to the set E™—V..

Thus the proof of (9.2) is finished.

(9.5) THEOREM. Let X, be a subset of a metric space X of dimension << m
and let y,, 4, be two distinct points of an m-dimensional manifold Y.
Then for every map f: (X, Xy) — (Y, y,) and for every positive
number ¢ there exists a map ¢: (X, X,) = (Y, y,) homotopic to f
and satisfying both conditions:

() o(f(x), g(x)) < e for every point weX.
(b) The dzst(mce of the point y, from the set g(X) is positive.

Moreover, if X, is a subset of X such that the distance of the point y,
_from the set f(X,) is positive, then the map g can be chosen so that
it satisfies the following condition

(c) f(x) = g(x) for every point xeX,.

Proof. Since Y is a manifold, there exists a homeomorphism %
mapping E™ onto an open neighborhood U< Y —(y,) of the point y,
in the space Y. Let V be an open ball in E™ with center h~*(y,) and with
the radius so small that the diameter of the set h(V)c Y is less than e.
‘Consider the map ¢ defined on the set Z = f~1(U) <« X — X, by the formula

p(2) = h~1f(z) for every point zeZ.

By (9.2) there exists a homotopy {pgc< Em Z satisfying the conditions
(i)-(iv) of (9.2), where we substitute h—(y,) instead of y,. Now let us set

hoy(x)  for every point zeZ,
(9.6) Sl =

fx) for every point reX —Z.

We infer by (ii) that one obtains on this way a homotopy {f;} = (¥, ,)&*0

joining the map f, = f with the map f, == ¢ given by the formulas:

(@) hp,(®) for every point xeZ,
&xr) —
g F(z) for every point zeX —Z.

It follows by (ii) and (iii) that f(x) # g(x) implies that both points f(x) and
g(z) belong to A(V) and consequently condition (a) is satisfied. Moreover,
it follows by (iv) that there exists an open ball V in E™ with center h—*(y,)
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and the radius # which does not contain any point of the set ¢, (Z). We infer
by (9.6) that none of the values of the map f, = ¢ belongs to the set h(V)
being a neighborhood of the point y, in Y. Hence condition (b) is satis-
fied.

In order to finish the proof, let us observe that if X, is a subset of X
‘such that the distance of the point y, from the set f(X,) is positive, then the
neighborhood U of the point y, in Y can be chosen so that U~ f(X;) = 0.
Then X, < X —Z and (9.6) implies that f;(x) = f(x) for every point ze X,
and 0 <t < 1. In particular, g(«) = fi(2) = f(x) for every point xeX,.
Thus the proof of Theorem (9.5) comes to an end.

10. Join of maps into spheres. Suppose now that we are given a pair
(X, X,), where X is a metric space, and X, is a closed subset of X.
We study the properties of the homotopy join of homotopy classes of
maps f: (X, X,) > (Y, 4), where ¥ = 8" and y,eY.

First we observe, if f, is the map of X which takes all points of X
into y,, then for each map f: (X, X,) - (Y, y,) the homotopy class [f]
coincides with the homotopy join of the classes [f] and [f,]. Consequently
[fo] acts as a neutral element with respect to the operation of homotopy
join. Evidently, if fo: (X, X,) = (¥, ¥,) and f;(X) ## Y, then f; is homo-
topic to f, and hence f, = [f,]-

We now prove the following

(10.1) THEOREM. For each map f: (X, X)) - (Y, y,) there is a map
f+ (X, Xy) = (Y, y,) such that [f,] is a homotopy join of [f]
and [f']. .

Proof. We begin with expressing Y as the union of two closed hemi-
spheres @, and @, whose common boundary B contains the point y,. It is
easy to see that there exists a homotopy {ggc(Y,,)"¥ such that
@ = ¢ is the identity map and ¢, satisfies the condition ¢,(@,) = ¥,.
Let U, denote the interior of the hemisphere @; and @; = f~'(U;) for
i = 1, 2. Moreover, we denote by H the set X —(G,vG,) and by y the
map of Y into itself which assigns to yeY the point y(y) of ¥ symmetric
to y with respect to the n-plane of E""! determined by B.

Let us set

=9, fi=of, fi=@f for 1e0,1).

Then we have f(x) = f'(x) for every point reH = X —G,—G, and conse-
quently fi(x) = f;(x) for zeH and te {0, 1>. If we set

fu®) for weX—Gy,
x)

@O =l tor wex—a,,
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then we obtain a continuous family {f','} of maps of (X, X,) into (XY, y,)
gince f;' is well defined in (X —G4)~ (X —@G,) = X —@G,—@G,. Let us observe
that all the values of f, belong to @, and so this map is homotopic to the
congtant map f,. Moreover, we have

pi(f(z))  for weGy,
fl@) =g (f (@) for weG,,
EA for 2<X—G,—G,.
It follows that f,' is the join of the maps ¢,f and ¢;f which are concen-
trated on @, and @,, respectively. Since ¢,f is homotopic to f and ¢,f
is homotopic to f’, it follows that the homotopy class [f,] = [f;'] is
a homotopy join of [f] and [f'].

In order to insure the possibility of making the homotopy join, let
us assume that dim X < 2«. Since the. Cartesian product Y X Y of two
n-spheres Y = 8" is a 2n-dimensional manifold, it follows from Theorem
(9.5) that for each pair of maps ¢, ps: (X, Xy) > (Y, y,) and for each
point y,eY distinct from vy, there are maps ¢p, ¢s: (X, Xo) = (¥, %)
with ¢; homotopic to ¢;, ¢ = 1, 2, and such that (y,, ;) is not in the image
of the map f': (X, X;) > (¥ XY, (4, yo)) defined by the formula

f(@) = (pi(2), gy (2).
As we have already seen (I, (12.2)), the pair (Z, (4o, ¥o)), Where
Z = (Y x (%)) ((y0) X ¥),
is a deformation retract of the pair consisting of the set
M = Y>< Y—(yy, 1)

and of the point (¥, ¥,). This means that there is a homotopy
{vg = (M, (Yo, ¥,))*"%0¥") such that y, =4, the identity, and y,(M) = Z,
with the restrlotlon v,|Z being the identity map on Z. Setting f; = yf’,
we obtain a homotopy {f;} joining f' with f; = f*’ which has the form

= o) (X, Xo) = (Y XY, (%, %)

and such that all values of f'’ are in the set Z. We infer that the maps
@1, @2 (X X,) —~ (Y, 9, are homotopic to the maps ¢, ¢, respeotwely
and that ¢, is concentrated on the open set

G =f"" II(YX yo)“(yoayo)]

‘and ¢, is concentrated on the open set

G = £ [[(W0) X ¥)— (o) ¥0)]-
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Since @, and G, are disjoint, it follows that the homotopy class of the map
@' = ¢, ‘@, is a homotopy join of the homotopy classes [p;] and [g,].
Thus we have proved the following

(10.2) THEOREM. If dimX < 2n, then for each pair ¢, ¢, of maps of
(X, X,) into (S, y,) there is a map ¢ of (X, X,) into (8", y,) such
that the homotopy olass [¢] is o homotopy join of the homotopy
classes [@,] and [@,].

Remark. If dimX > 2n, then the homotopy join of the homotopy
classes of maps of X into 8" need not exist ([43], p. 736). For instance,
if X is a 4-dimensional manifold being the Cartesian product of the 2-dimen-
sional sphere §? with itself, then the homotopy join of the maps ¢, Pa:
X — 82 given by the formulas

@1(®1, ®y) = @y, @y, @) = @, for every point (@, xy)eX

does not exist. In order to see this let us consider a true cycle y which is
a representative of a generator of the Betti group H,(8%). Let us pick
out a point aeS8® and let ¢, and v, denote two maps of 82 into §2x 82
given by the formulas

zpl(w) = (m, @), . Ys(®) = (a, ) for every point weS2

Then v, and y, map 7 onto true cycles vy = ,(3) and y, = ,(r). If there
would exist a homotopy join ¢: X — §2 of the maps ¢, and ¢, then we
should infer by Theorem (5.3) that ¢ assigns to each of the true cycles r,
and 7, a true cycle homologous to y in 82. But this is impossible, by a the-
orem of Hopf ([153], p. 436).

11. Cohomotopy groups. In order to define the homotopy groups of
a space we considered maps of (8", z,) into the space and the operation
of homotopy join. In the view to obtain the cohomotopy groups of a pair
of spaces (X, X;) ([35] and [266]) we consider maps f: (X, Xy) — (XY, ¥,)
where ¥ = 8" and y,¢ Y. By Theorem (10.2), if X is a metric space of
dimension << 2n, then for every two homotopy classes belonging to
[Y, y,]%* 0 there exists a homotopy class being their homotopy join.

Before we shall prove (by a little more restrictive hypotheses) the
uniqueness and the associativity of the operation of the homotopy join,
let us prove a proposition which may be considered as a substitute of the
associativity.

First we establish an auxiliary proposition concerning the maps
of a space of dimension < 2n into the Cartesian product of three =- dlmen-
sional spheres.
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(11.1) If X is a metric space of dimension < 2n and Y = 8", then for
- every closed subset X, of X, for every two distinct points vy,, y,e¥,
and for every map f: (X, X,) > (Y XY XY, (Y, Yo, Yo)) there
ewists a map J: (X, Xy) > (Y XY XY, (Y, Yo, Yo) homotopic to f
and such that none of its values belongs to the set-

Wy = (¥ X (52X (42)o(2) X ¥ X (y2)) A1) X (y2) % ¥).
Proof. Let

f(@) = (p1(2), 92 (@), s())  for every point zeX.
Setting
f1(®) = (p2(@), @s(2))  for every point weX,

we get a map fi: (X, Xo) > (Y XY, (%, %)). It follows by (9.5) that
there exists a map fi: (X, X,) > (Y XY, (¥, %)) homotopic to f, and
such that the distance d, of the point (y,, ¥,)eY X Y from the set f,(X)
is positive. Let '

fi(®) = (ps(x), p3(w)) for every point zeX.
It is plain that the map f’ given by the formula
F(@) = (91(2), g1 (@), g5 (a))  for every point zeX

is homotopic to f and it satisfies the condition
(11.2) o (f' (@), (4, Y1, Y1) > dy for every point xeX and every point yeY.

Now let us consider the map f,: (X, X,) —;(Y > Y, (yo,yo)) given
by the formula

fo(®) = (p1(®), ps(2)) for every point weX.

Applying (9.5) for the second time, we infer that there exists a map

fa: (X, Xo) > (Y X X, (4, 4)) homotopic to f, and satisfying the fol-

lowing two conditions: '

(11.3) o(fe(®), f2(@)) < }d, for every point e X,

(11.4) There ewists a positive number dy < }d, such that o(fz(®), (1, ¥1))
> d, for every point reX.

Let f;(#) = (¢1 (@), 95 () for every point weX. Then the map f”
given by the formula

f' (@) = (¢ (%), g2 (), ¢5' (@))  for every point weX

is homotopic to f’ (hence also to f) and it satisfies the condition
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o(f” (@), (W1, Y, ¥:)) > d, for every point weX and every point yeY.
Moreover, since

e(f" (@), f' @) = e(f2(®), fa(w)) for weX,
we infer by (11.2) and (11.3) that

(11.5) o (f"(®), (¥, ¥1, %)) >ds and o (f" (@), (41, ¥, Y1) > da for every
point xeX and for every point yeY.
Now we consider the map f: (X, Xo) > (¥ X ¥, (4o, %)) given by
the formula '

fs(@) = (¢ (®), @(w))  for every point weX.

Applying (9.5) for the third time, we infer that there exists a map
fir (X, X)) - (Y XY, (Yo, yo)) homotopic to f, and satisfying two condi-
tions

(11.6) o (fs(@), fa(@) < }d,,
(11.7) f3(®) # (y1,y,) for every point weX.

Let fy(x) = ((p;"(w)‘, @, (w)) for every point zeX. Setting

tre

f@) = (¢)" (@), 92" (#), ¢4’ (#))  for every point weX,

we get a map f: (X, X,) — (Y>< YxYy, (yo,yo,yo)) homotopic to f”
(hence homotopic also to f) and, since off (x), " (%)) = o(fs(@), fs(@)),
we infer by (11.5), (11.6), and (11.7) that for &very point xe¢X and for
every point yeY the value f(») is distinet from (y, v, ¥1), (W1, ¥, ¥1),
and (¥y, Y1, 9), Le. f(X)c Yx ¥ xY—W,. Thus the proof of (11.1) is
finished.

Now let us prove the following propos1t10n

(11.8) If X is a metric space of dimension < 2n, then for every three maps
@1y @2, 93 of (X, X,) into (Y, y,) where ¥ = 8", there exist maps
®, ¢, ¢" of (X, X,) into (Y,y,) such that: »

1. [¢'] 48 a homotopy join of [¢,] and [,],
2. [¢"'] is a homotopy join of [ps] and [¢,],
3. [¢] 4s a homotopy join of [¢'] and [ps] and it is also a homo-

topy join of [p:] and of [¢"].

Proof. Setting f(x) = (p.(#), 92(®), ps(w)) for every point zeX,
we obtain a map f: (X, Xo) > (Y X ¥ XY, (4, %, %))- By (11.1), there
is a map f of (X, X,) 1nt0 (Y XY XY, (Yos Yo, yo)) homotopie to f and such
that ’

F(X)eYXYXY—W,.
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We have already noticed (I, (12.3)) that the pair (Wy, (¥, Yo, %)), Where

Wy = (Y X {Yo) X (yo))u((yo) X ¥ X (?/0))\/((?/0) X (Yo) X Y)7
is a deformation retract of the pair

(YXYXY—Wy, (%), Yo, %)-

It follows that f’ is homotopic to a map f’ = (¢, ¢, s ) Whose values
lie in W,. Since f' is homotopic to f = (¢, p., ps), We infer that ¢; is
homotopic to ¢;" for ¢ =1,2,3. Let us now observe that the set
Wo— (Yo, Yo, Yo) consists of three components. We infer that there exist
in the space X three open disjoint sets @,, G,,G; not intersecting X,
and such that ¢; is concentrated on G;, 7 = 1, 2, 3. If we set

o (@) = @i ()  for we@, i=1,2,
' Yo for weX-—-G;—0,,
(@) = @i (w)  for we@y, i = 2,3,
Yo for xeX—-G,—Gy,
o() — @i (®) for weG@y, i=1,2,3,
Yo for xeX—-G,—G,—Gy,

then we obtain maps ¢, ¢, ¢’ of (X, X,) into (¥, y,). From this definition
it readily follows that the map ¢’ is the join of ¢," and ¢@,, the map ¢’
is the join of ¢, and ¢,, and the map ¢ is the join of ¢’ and ¢, and it is
also the join of ¢, and ¢'”. Thus the proof of (11.8) is accomplished.

Now let us prove that the operation of homotopy join is unique when
dimX < 2n—1. ‘

Suppose then that ¢,, ¢, are two maps of (X, X,) into (Y, y,) con-
centrated on two disjoint open sets G, and @,, respectively. Further
suppose that ¢, g, are maps homotopic to ¢, @,, -respectively, with
@1, s concentrated on the disjoint open sets G, and G, respectively. Let
us show that the join ¢, ¢, is homotopic to the join ¢, g@,.

To this aim let {p;} be a homotopy joining ¢, = ¢; to the map
@i = @; in the functional space (Y, y,)%**0 (4 = 1, 2). Setting

fe®) = (pu(®), pu(x)) for weX,
we get a continuous family of maps joining, in the space

(YX Y, (%, yo))(X’XO)y the map f, = (¢, p,) to the map f, = (‘P;’ ‘P;)
Let us .observe that the values of both f, and f, lie in the set

Z = (¥ x(g0) o ((90) X ¥)-



11. Cohomotopy groups 61

The family {f;} may be considered as one map (I, (11.3)):
yp: (XX 0,15, Xy %<0, 1>) —> (YX Y, (4, f‘/_o))

defined by the formula y(z,?) = fi(x). Since Y x Y is a manifold of
dimension 2n and the dimension of the set X x<0,1) is less than 2n,
and since (X X(0)u X X (1)) is a subset of the set Z lying at a positive
distance from the point (y,, ¥,), we infer by (9.5) that there is a map

p's (X X0, 1>, XX <07 13) — (YX Y, (?/oa ?/0))

homotopic to y and such that y and ¢’ are equal on the set X x (0)w X x (1),
and that ¢’ (X x<0,1)) misses the point (y,,y,) distinet from (y,, ¥,).

As we have shown (I, (12,2)), there is a retraction r of Y X ¥ — (¥4, ¥,)
to Z. It follows that y' = ry’ is a map of (X x 0, 1>, X, x<0,1>) into
(Z, (40, o)) such that

v (2, 0) = ry’ (2, 0) = ry(x, 0) = 1fy(2) = fo(2) = (p. (%), ps(2)),
v (2, 1) = ry’ (2, 1) = ry(z, 1) = 1fy(2) = fi(2) = (p1(2), 5())

for every point zeX. _
Define a map a of (Z s (Yo, yo)) into (Y, y,) by means of the formula

a(y,¥) = a(yy,y) =y for every point ye¥.
Setting
@ (1) = ay”’(w,t) for every weX and te<0,1),

we see that the map ¢, = af, is the join of ¢, and ¢, while ¢; = af; is
the join of ¢; and @;. Since {g;'} is a homotopy in (¥, 7,)®*0) which
joins ¢, @, t0 ¢, @,, it follows that the operation of homotopy join is
single valued. Summarizing, we have the following

(11.9) THEOREM. If the dimension of the metric space X is << 2n—1,
then for each pair of homotopy classes [g1], [@a] < (S, Yo)E X0
there is precisely one homotopy class [@] which is the homotopy
join of [¢1] and [@,]. :

We have seen that the operation of homotopy join is commutative
and (now genuinely) associative, that there is a neutral element for this
operation and an inverse class for each homotopy class. Consequently
we have the following

(11.10) THEOREM. Let X, be a closed subset of a metric space X of dimension
< 2n—1 and y,e8". Then the set of all homotopy classes of maps
@: (X, X,) = (8", y,) is an Abelian group relative to the operation
of homotopy join.
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Let us denote this group by ~"(X, X,,%,). We easily see that
this group does not depend on y,. Because, if y, is another point of §”
and h is a rotation of 8" taking y, onto y,, then the correspondence @, as-
gigning to the map ¢ the map ¢’ = he, induces a one-to-one correspondence
between homotopy classes [¢] of maps ¢: (X, Xy) >(Y, y,) and classes
[¢'] of maps ¢": (X, X,) = (Y, y,). This correspondence preserves homo-
topy joins and so is an isomorphism of 7" (X, X,, ¥,) onto 7"(X, X,, ¥,).
Thus we shall write ="(X, X,) rather that n"(X, X,, ¥,). This group
7"(X, X,) is called the nth-cohomotopy group of the pair (X, X,). If
X, = 0, then the group =" (X, X,) is said to be nth-cohomotopy group of X.

12. Homomorphisms induced by maps. Let X and X’ be two metric
spaces of dimensions < 2n—1 and let X, be a closed subset of X and X,
a closed subset of X'.

As formerly, ¥ = 8" and y,¢Y. As we know (I, Section 9), every map

f1 (X, Xo) > (X, X,)
induces a continuous operation
Y (T, o) 55 > (T, ) F 70

namely @' assigns to every map ¢: (X, X, —(Y,%,) the map
of (X', Xo) = (X, y,). Since &' is continuous (I, Section 9), it assigns to a
pair of homotopic maps a pair of homotopic maps. Thus & induces a cor-
respondence between homotopy classes and since @' commutes with the
operation of join (by (5.1)), it follows that @' induces a homomorphism

" "X, X,) > a"(X, X;).
That means *
(12.1) Every map f: (X', Xy) - (X, X,) induces a homomorphism
" A"(X, X,)— "X, X;).
Moreover, o
(12.2) The identity map i: (X, X,) - (X, X,) induces the identity homo-
morphism @ on n"(X, X,).
Further,
(12.3) Homotopic maps induce the same homomorphism. '

In order to see this, suppose that f, g: (X', X;) - (X, X,) are homo-
topic. Then the homotopy classes of ¢f and @g assigned by @ and &
to a map ¢: (X, X,) —>(Y, 9,) are the same.

Suppose that f: (X', X;) > (X, X,) and g: (X, X;) > (X', X.',) are
two maps where X'’ is metric and has dimension < 2n—1 and z; ¢ X",
Then we have
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(12.4) @Y — & @", that means, the composition of two maps induces
a homomorphism which is the composition (in reverse order!) of
the homomorphism induced by each of the two maps.

We recall that (X, X,) %(X’, X,) means that there is a map

f: (X', Xp) - (X, X,) and a map g: (X, X,) - (X', X,) such that the
composition fg: (X, X,} - (X, X,} is homotopic to the identity map.
Then it follows from (12.4) that & is a right inverse of @°. In other
words,

(12.5) If (X, Xo) < (X X;), then a"(X, X,) < a™(X', Xy).

From (12.5) if follows that
(12.6) (X, Xo) < (X', Xy)  implies  a"(X, X,) < 7t (X Xo);
r

(12.7) (X, Xo) = (X, X,) implies " (X, X,) = a"(X Xo);
(12.8) (X, X,) = (X, X,) implies #"(X,X,) = (X', X,).

-Moreover, if (X, X,) =~ (X, X;), then & and & are, by (12.4),
right inverses of each other, so that '
(12.9) (X, X,) o (X', Xo) implies that #n"(X,X,) s isomorphic to

(X', X;).

From (12.9) it follows in particular that

(12.10) Al the cohomotopy groups of a contractible space are trivial.

13. Homotopy dependence of maps. The definition of homotopy and
cohomotopy groups was based on the operation of join for the homotopy
classes of maps of spheres into a space, or of a space into a sphere. Using
a theorem of H. Hopf ([153], p. 436) one can show ([43], p. 737) that
it is impossible to introduce reasonably a group operation for homotopy
classes of maps of an arbitrary space into another arbitrary space
(compare Section 10, Remark). However, in several rather general
cases it is possible to introduce a relation with some definite algebraic
content, for homotopy classes of maps. These algebraic content is con-
tained in the notion of the homotopy dependence of maps [58].

Congider a pair of spaces (Y, ¥,) with ¥ # 0 and let U be an arbi-
trary set of elements u called indices. Setting ¥, = ¥ and Y, = Y, for

every ue U, let us denote by YU the Cartesian product P Y,and by Yy

the Cartesian product P Y. The set YU consists of all systems {y,}
ueU

with we U and 4, Y. The elements y,, are said to be coordinates of the point

{¥.}. The set Y7 consists of all points {y,} with all coordinates y, in ¥,.
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If U =0and Y, 0, then YV = Y7 consists of exactly one point (the
empty system of coordinates). If, however, U = 0 and ¥, = 0, then YY
consists of exactly one point and the set Y is empty.

Every map

(13.1) -9 (YU, YD) > (Y, Ty)

(for arbitrary set of indices U) will be said to be a multimap on the pair
(Y, Y,). |

Let us observe that if we assign to every index ue U and arbitrary
set V, of indices v, and a multimap

Dyt (YVua Y;,u) - (Y, Y,),

then, setting U = {JV, and replacing in #({y,}) each variable y, by the
ueU

map &,, we get a multimap & on (Y, Y,) of the form
& (Y%, YY) > (Y, ¥,).
This fact may be briefly formulated as follows:

(13.2) FHach composite of multimaps on (Y, Y,) is also a mult@'ma]; on
(Y, X,).

Now let us consider another pair of spaces (X, X,) and let M be a subset
of (Y, Y,)%%0, Let ¢ be a multimap on (Y, ¥,) given by (13.1). Hence
assigns to each point {y,}e¥YY a value 9({y,})eY which belongs to ¥,
if {y,}eY?. Let a be a function assigning to every ueU a map pueM.
Setting

(13.3) ¢(2) = 9 ({pu(x)}) for every point weX,

we get a map ¢: (X, X,) > (Y, Y,). This map ¢ will be denoted by #({p.}).
Let us observe that ‘

(13.4) If @y, pue(Y, Y )5%0 gre homotopic for every we U, then the maps
?({pu}) and 9 ({py}) are homotopic.

All maps y: (X, X,) - (Y, Y,) homotopic to a map ¢ of the form
(13.3) (where ¢ is an arbitrary multimap on (Y, Y,) and ¢,eM for every
ue U) are said to be homotopically dependent on the set of maps M. The set
of all such maps will be denoted by w(M). It is evident that

(13.5) Me (M),

(13.6) McM  implies o(M)co(M').

If X, #0 and ¥, = 0, then the set (¥, ¥,)™0 is empty, whence
also w(M) = 0. Thus we can assume in the sequel th@t either X, = 0
or Y, # 0.
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If M =0, then the set U (as a set of arguments of a function
a: U— M) is empty. If X, #0, then Y, # 0 and both sets Y7, YU
congist of exactly one point, and every multimap ¢ assigns to this point
a point of Y,. Hence in this case the set »(0) consists of all maps
p: (X, Xy) > (Y, Y,) homotopic to a constant map with the value in
Y,. If X, = 0, then (Y, Y,)*%0 = ¥¥ and instead of the pair (Y7, YY)
we have a set consisting only of one point. Then every multimap 4 assigns
to this point an arbitrary point of Y. In this case, w(0) consists of all
maps y: X — ¥ homotopic to a constans.

If M consists only of one map ¢,, then every map given by (13.3)
can be represented in the form ¥,¢,, whence the maps v homotopically
dependent on M (i.e. on the map ¢,) are the same as the maps homotopic
to maps of the form 9y¢,, where 9ye(Y, ¥,)**¥0. These maps v are said
to be homotopy multiples of the map ¢, ([67], p. 81, and [147], p. 358).

The basic property of the homotopy dependence relation is given
by the following proposition:

(13.7) w(w(M)) = o(M) for every set Mc (Y, Y,) %0,

Since (13.5) implies that o(M)< w(w(M)), proposition (13.7) will
be proved if we show that w(w(M))< w(M), i.e. that each map homo-
topically dependent on (M) is homotopically dependent on M. Since
every map belonging to (M) is homotopic to a map of the form (13.3),
we infer by (13.4) that o(w(M)) = w(4), where A denotes the set of all
maps ¢ given by formula (13.3), i.e. o (w(M)) is the set of maps which are
obtained if one replaces in each multimap ¢ on (¥, ¥,) every argument
Y, by a map y, of the form &,({p,}), where 9, is a multimap of (Y, Y,).
But (13.2) implies that we get this way a map of the form & ({p}), where &
is a multimap on (Y, Y,). Hence every map w homotopically dependent
on A is also homotopically dependent on M and the proof of (13.7) is
finished.

It follows by (13.4) that the homotopy dependence of a map ¢ on
M is in fact a relation between homotopy class [¢] of ¢ and the homotopy
classes of maps belonging to M. Now let us denote by M the collection
of all homotopy classes of maps belonging to M and by A(M) the collection
of all homotopy classes of maps dependent on M. Thus we get an opera-
tion 1 assigning to every subset M of the set N =[Y, Y,]5%0 of all
homotopy classes of maps of (X, X,) into (¥, ¥,) a subset A(M) of the
set N. It follows by (13.5), (13.6), and (13.7) that the operation A satisfies
the following conditions:

(13.8) MciA(M)cN for every set Mc N.
(13.9) If Mc M c N, then A(M)< A(M).
(13.10) A(A(M)) = A(M) for every set Mc N.
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An operation 1 defined on all subsets of a set N and satisfying con-
ditions (13.8), (13.9), and (13.10) is said to be the dependence operation
([67]; p- 324) and the set N in which a such operation is defined is said
to be a dependence domain. If 2(0) = N, then A assigns to every set Mc N
the whole set N. In this case, the dependence domain N will be said to
be trivial. "

As we have shown, the set [Y, ¥,I™%¢ of all homotopy -classes
of maps ¢e(Y, Y, )%*0 is a dependence domain with the operation of
dependence A defined as the operation assigning to each set Mc [ Y, ¥, %%
the set A(M) consisting of all homotopy classes of maps homotopically
dependent on the set of representatives of the homotopy classes belonging
to M. First let us consider some special cases.

As we have shown, if M =0, then « (M) consists of all maps ¢ homo-
topic to constant maps with values in Y, (if X, % 0) or with values
in Y (if X, =0). It follows that for homotopic dependence operation
the set A(0) coincides with the subset of [Y, ¥,]%%d consisting of all
homotopy classes containing constant maps with values in Y, (if X, # 0)
or with values in Y (if X, = 0).

If X, = 0, then the dependence domain [Y, ¥,%%0 coincides with
[Y]¥!. In the case where the space X, or the space Y, is contractible
in itself, every map pe¥Y* is homotopic to a constant and we infer that

(18.11) If the space X or the space Y is contractible in ttself, then the de-
pendence domain [Y 1! is trivial.

14. J-morphisms. Let N, and N, be two dependence domains, with
dependence operations A, and A, respectively. A function

f: N,— N, .

will be called a A-morphism (or A-homomorphism, as in [67], p. 325) pro-
vided that '

fAM(M)cA,f(M) for every set M < N,.

It is clear that if f: N, - N, and g: N, — N, are A-morphisms, then
their composition gf: N, — N, is also a A-morphism.

A A-morphism f: N, — N, is said to be an ri-morphism if there exists
a A-morphism ¢g: N, — N, being the right inverse to f, i.e. such that

fg: Ny — N,

is the identity map. A special case of the ri-morphisms are A-isomor-
phisms, i.e. such A-morphisms f: N, — N, for which there exists an
inverse A-morphism, i.e. a A-morphism g: N, —> N, such that both
A-morphisms gf: N, - N, and fg: N, — N, are identity maps.
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Let us prove the following
(14.1) THEOREM. Let fe(X ,Xo)(f"f‘o). If we assign 1o every homotopy
class [gple[ Y, Y, 15 the homotopy class
D" ([]) = [gfle[ Y, Y70,
then we get a function
" [T, Yo% 50 > [V, ¥
which is a A-morphism. Moreover, if ge(X, X)X X0, then
" = P B, . o )
Proof. In order to prove that @ is a A-morphism it is sufficient
to show that for every set M < (Y, Y, )&%
(14.2) & [w(M)]cw[D(M)].

Let pew(M); then there exists a set U of indices, a function o as-
_signing to every ueU a map ¢,eM, and a multimap & on the pair
(Y, Y,) with arguments {y,}e(¥Y7, ¥7) such that v is homotopic to the
map ¢ given by the formula -

g(x) = d({p,(x)}) for every point zeX.

Then &'(y) = ¢f is homotopic to the map ¢f given by the formula
¢f (@) = #({puf(2)}) for every point seX.

But this map belongs to the set »[®'(M)] and consequently the inclusion

(14.2) is satisfied. Hence @' is a A-morphism. The relation ¢ = @ @™

is an immediate consequence of the definition of the operation &*. Thus

the proof of Theorem (14.1) comes to the end. ’
The A-morphism '

O [V, ¥, > (¥, T,

is said to be induced by the map f: (X, X,) - (X, X,). It is clear that:

(14.3) T'he identity map i: (X, X,) — (X, X,) induces the identity A-mor-
phism @ [Y, Yo][X>X01 ~[Y, Yo][X’X"].

(14.4) Two homotopic maps f,g: (X, X,) — (X, X,) - induce the same
J-morphism @ = &7 [Y, Yo% [V, ¥,

It holds, by Theorem (14.1), the following
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(14.5)

(14.6)

CHAPTER II Algebraic relations induced by maps

OoroLLARY. If f: (X, X,) — (X, X,) is an h-map, then the homo-
topically right inverse map g: (X, X,) - (X, X,) induces a A-mor-
phism ’ : :

P [Y, Y550 s [y, 7,155
such that the A-morphism ' |

" [Y, Y1550 > [, T, 5%
is the right inverse of ®°.

COROLLARY. If twb pairs of spaces (X, X,) and (X, X,) are homo-
topically equivalent, then, for every pair of spaces (Y, X,), the
dependence domains [Y, Y, %% and [¥, Y, 15X are A-isomor-

Dhie.



CHAPTER III

EXTENSION OF MAPS

As was already mentioned, a large part of the theory of retracts
is devoted te the endeavour to generalize the classical theorem of Tietze
on the extension of continuous real functions. An important step in this
direction is due to J. Dugundji [102] who proved a generalization of
Tietze’s theorem to maps whose values belong to linear locally convex
gpaces. In order to prove Dugundji’s theorem we give some preliminary
definitions and theorems.

1. Coverings. By a covering of a space X we understand a class
= {U,} of subsets U, of X, where u runs through a-set of indices M,
such that v
X=U070,.
ueM

If all the sets U, are open in X, then U is said to be an open covering of X.
If every U, is closed, then U is said to be a closed covering of X. An other
covering V = {V,}, veN, is said to be a refinement of U provided that for
each ve N there is a ueM for which V, = U,. A covering U of X is said to
be locally finite if, for each xe X, there is a neighborhood @ of # in X such
that G ~ U, # 0 for a finite number of ueM at most. A space X for which
every open covering has a locally finite open refinement is said to be
paracompact. By a theorem of A. H. Stone ([270], p. 979), which we assume
without proof, every metric space is paracompact.

Let @ be an open subset of a space X and U = {U,}, peM, be an open
covering of G. We say that U is*eanonical with respect to X provided that
the following two conditions are satisfied:

(1.1) U is locally finite.

(1.2) For each point ae X —G and each neighborhood V, of a in X there
8 @ neighborhood W, of a in X such that U, ~ W4 # 0 implies U, V,.

Let us observe that (1.2) implies the following statement:

(1.3) If ac@ ~ (X—@), then every neighborhood V, of a contains infinitely
many sets U,.
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Indeed, let W, be a neighborhood of & promised by condition (1.2).
Then U, ~ W, # 0 implies U,=V,. If V, would contain only a finite
number of sets U,, then there would exist an index u, for which aelU,,
since aeG. Let b be a point of U, distinet from a, and let Vq be the
neighborhood of @ obtained by removing b from V,. By (1.2), there is a
neighborhood W, of a such that U, ~W, = 0 implies U,cV,. But this is
not true for U, , and consequently V, must contain infinitely many U”.

We apply the theorem of Stone in order to prove the

(1.4) THEOREM. If the space X is metric, then for each open subset G of X
there exists a canonical covering of G with respect to X.

Proof. If G = X, then any locally finite open covering of X is can-
onical. Suppose then that @ # X. It is evident that if <@ and K, is the
open ball in X with center # and radius $o(x, X —@), then K,=@ and
K = {K,} is an open covering of G. By the theorem of Stone, there is
a locally finite open refinement U = {U,} of K. We shall show that U
is the required canonical covering. ‘

If V, is a neighborhood of a point ae X —@, then there is an ¢ >0
such that the open ball (in X) with center a and radius ¢ lies in V,. Let W,
be the open ball with center ¢ and radius }e. Suppose that there is a point
zin U,~W,. We have to show that U,<V,. Since U refines K, we can
find a point ye@ for which U,< K,. Then

o(a,y) < ola, @) +o(x,y) < ola,x)+}o(a,y)

since xeK, implies g{(m,'y) < }o(z, X—@) < }¢o(a,y). Moreover, since
o(a,; x) < te, we infer that o(a,y) < 2e. Hence, if 2¢U,< K,, we have

e(a,2) < ola,y)+e(y,?) < get+ioly, X—G)
< §etiela,y) < jetie=e.

This means that ze¢V, and the proof is completed.

By the dimension of a normal space X we understand the covering
dimension of X ([232], p. 6). Specifically, we say dim X < » provided that
each open covering of X has a locally finite open refinement such that
no point of X lies in more than n--1 elements of the refinement. If
dimX < n is true but dimX < n—1 is false, then we say dimX = n.
If dimX < # is satisfied for no integer #» whatever, then we say that the
dimension of X is infinite and write dim X = oco. For a separable metric
space X, this definition is equivalent to the classical definition of Menger
and Urysohn (see, for instance, [166], p. 67). As has been shown by
K. Morita ([233], p. 222), if X is a paracompact space, then
dim (X x<0,1>) = dim X 41,
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Since every locally finite open refinement of a canonical covering
is also canonical, we infer that for an open set @ of dimension < n we ean
find a canonical covering such that each point of @ lies in at most n+1
of the sets of this covering.

2. Polytopes. A space X (not necessarily metric) is said to be a poly-
tope if there is a collection 7~ of geometric simplexes ¢ such that
(2.1) X = o.
ced
(2.2)  Fach face of a simplex o of 7 is also a simplex in 7.

If 6, and o, are in T, then o, ~ ¢, is a face of both ¢, and c,.

A subset G of X is open if and only if G ~ o is open in o for each
oceT.

The collection .7 is called a triangulation of X and the vertices of the
simplexes in .7 are called the wertices of I

Observe that if we are given a set X satlsfying (2. 1) (2.2), and (2.3),
then condition (2.4) imposes a topology upon X. The topology thus de-
fined is called the weak topology upon X. The polytope X is then a simplicial
CW-complex in the sense of J. H. C. Whitehead ({289], p. 223).

Let us prove the following

(2.5) THEOREM. If  is a triangulation of a polytope X and f is a func-
tion defined on X with values in a topological space Y, then f is
continuous if and only if the restriction f]a i8 continuous for each
g in .

Proof. The necessity of the condition is obvious. On the other hand,
if the condition is satisfied, then for every open subset V of ¥ the common
part of f~1(V) and o, where ¢ is a simplex in 7, is open ib ¢. Consequently
f~4(V) is open in X by condition (2.4). Hence f is continuous.

A triangulation 7' of a space X is said to be a subdivision of a trian-
gulation 7 of X provided that each simplex of 7 is the union of simplexes
of 7'. In particular, if we replace each simplex of 7 by its barycentric
subdivision, we get a triangulation 7' which is said to be a barycéniric
subdivision of 7. '

If .7, is a subcollection of 7 satisfying condition (2.2) (with J repla-

ced by 7,), then X, = |J ¢ is a polytope with triangulation 7,. We say
’ L
that X, is a subpolytope of X. If 7, contains almost all (i.e., all with a pos-

gible finite number of exceptions) of the simplexes of 7, then we say
that X, is almost full. .

Let n be an integer. The subset X" of X which is the union of all
simplexes of 7 of dimensions < n is said to be wn-skeleton of X relative
to the triangulation 7. It is clear that X" is a subpolytope of X.
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3. Finite and locally finite polytopes. If the triangulation of a polytope
X is finite, then X is evidently a compactum homeomorphic to a poly-
hedron in the elementary geometric sense. (Compare I, Section 3.) The
following theorem indicates that the converse is also true:

(3.1) THEOREM. If a polytope X has an infinite triangulation, then it is
not compact. ‘ :

Proof. Let us select a point a, in the interior of each non-empty
simplex ¢ in 7. That is, a,ec—o°, where ¢* denotes the boundary of o.
Let A be the collection of all these points a,. If we set ¢, = (X —A4) v (a,),
then we see at once that the common part of the set G, with each simplex o’
of J is open in ¢’; indeed, G, ~ ¢’ consists of all points of o' with a finite
number of points removed from its faces. Consequently the sets G, are
open. The family {¢,} is then an open covering of X which does not con-
tain a finite subcovering. Indeed, the covering is infinite by hypothesis,
and if we omit &,, then the remaining sets do not cover a,. This completes
the proof. ‘

It follows by Theorem (3.1) that if ' is a triangulation of X, then
for every subdivision 7’ of 7 the collection of simplexes lying on a sim-
plex oe7 is finite; it constitutes a triangulation of o.

For each point ze¢ X, we denote by Sts(x) the union of the interiors
of all simplexes ¢ of J for which xes. This set, also denoted by St(x)
if there is no danger of confusion, is called the star of « relative to .
It is plain that St(x) is an open neighborhood of z in X. Moreover, the
stars of all vertices of 7 consitute an open covering of X. The reader can
verify the :

(3.2) THEOREM. Suppose that x,, %, ..., x, are vertices of a triangula-
tion I . Then there is a simplex of T with precisely these vertices if
and only if

St(xy) ~ St{xy) ~ ..o ~ St(w,) # 0.

A triangulation 7 of a polytope X is said to be locally finite provided
that each simplex of 7 is the face of a finite number of simplexes of 7
at most. This condition is equivalent to the condition that for each z¢X,
St(x) is a finite union of interiors of simplexes belonging to . It is also
equivalent to the condition that each vertex 6f 7 belongs to a finite number
of simplexes of 7 at most. From these remarks it follows the following

(3.3) THEOREM. If a polytope has a locally finite triangulation, then each
point has a neighborhood which is a polyhedron. In particular, a poly-
tope having a locally finite triangulation is a locally compact space.

We shall prove the converse of this theorem.
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(3.4) THEOREM. If a polytope X is locally compact, then each triangulation
“of X s locally finite.

Proof. Let z,¢ X and let Z be the class of all simplexes of the trian-
gulation 7 of X which contain x,. Suppese that V is a compact neigh-
borhood of z,. We choose a point a,e(c—o°) ~V for each simplex ceZ.
Let A be the set of all such points a, and let ¢, = (V—A4) u(a,). It is
easy to see that the sets G, are open in V so that the family {G,} is an
open covering of V. Since V is compaect, this covering has a finite sub-
covering. Since, however, a, is only covered by G,, it follows that .this
subcovering is in fact the entire covering. That means, {@,} is a finite
family or, what is the same, Z is finite. Consequently, .7 is locally finite
by the definition.

4. Metrizability of polytopes. We begin by proving the following

(4.1) THEOREM. If a polytope X is metrizable, then each triangulation
of X s locally finite.

Proof. Let ¢ be a metric for the polytope X. Suppose, to the con-
trary, that X has a triangplation 7~ whiech is not locally finite. Then there
exists a point x,e X which is a vertex of an infinite sequence of distinect
simplexes o, 0y,... of . Without loss of generality every o, may be
assumed to be of positive dimension. In the interior of each ¢, we pick
out a point x, such that ¢(x,, ) < 1/n. Now let us observe that the set
(-]

G = X— {J (m»,) is open in X, since for each simplex ¢ of S the set ¢ —G
n=1 .

is finite, so that o ~ @ is open in ¢. It follows that ¢ is a neighborhood

of x, which is impossible since no x, belongs to G and limgz, = x,.
n—o0

On the other halid, we have the following

(4.2) THEOREM: If a polytope X has a locally finite triangulation 7, then X
is metrizable. ' '

Proof. Let M be the set of all vertices u of 7. Let F(J) be the set
of all real-valued functions defined on M and vanishing for all but a finite
number of ueM. If the addition and scalar multiplication are defined
pointwise and the norm is defined by the formula

Il =V X fw?  for  feF(),

it is clear that F(7) is a normed linear space. Moreover, a basis for ¥(J)
congsists of the functions a,, ueM, defined by the condition
1 i u=u,

4.3 a,(u) =
(4.3) R I
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Now let us construct a homeomorphism & of the space X onto a subset
of F(J) in the following manner.
Suppose that x is a point of X lying in a simplex ¢ of 7 which has the

vertices pgy iy .-.y pn. Li€6 t, ¢, ..., t, denote the barycentric coordina-
tes of # in the simplex o corresponding to u,, ,ul, ...y My, Tespectively.
We recall that every ¢; is not less that 0 and that Zt = 1.

We set
(4.4) h(®) = tya, +tia, +... +ta, .

It should be established that this definition is unambiguous. Indeed, if ¢
is the unique simplex of  containing « in its interior, ¢ is a proper face
of each simplex ¢'¢7 containing x and any coordinate ¢; occurring in (4.4)
in connection with this larger simplex ¢’ is zero, unless it is a #; arising
from o.

From the linear independence of the functions a, it follows that &
is a one-to-one transformation h: X - h(X). It remains to check that h
and k! are continuous.

Let W, denote the closure of the star St( ) of the vertex u in J.
Since the trlangulatlon is locally finite, W is a polyhedron and the
restriction h|W is a simplicial one-to-one map of the polyhedron W
onto a polyhedron h(W,)ch(X). Consequently h maps St(u) topolo-
gically onto the set h(St(,u) Since the stars St(u), as g runs over M,
constitute an open covering of X, it remains to prove that the images
B (St(u)) of the stars St(u) are open in h(X). To this end let us observe
that a point peh(X), which is a real function defined on the set M, does
not belong to the set h(St(u)) if and only if the value p(u) is equal to
zero. The set of all such functions, i.e., the set 7 (X)—h(St(u)) is therefore
closed in #(X) and we infer that h(St(u)) is open in h(X).

Thus # is a homeomorphism of X onto a subset of a metric space
(in fact, of a normed linear space) and hence X is metrizable.

(4.5) THEOREM. A polytope X with a triangulation I is separable if and
only if T is finite or countable.

Proof. If 7 is finite or countable, then the separability of X is
obvious. 1f 7 is uncountable, then the set of vertices of 7 is also uncoun-
table. Let 7' denote the barycentric subdivision of the triangulation 7.
Evidently each vertex u of 7 is also a vertex of ' and the stars (in the
triangulation 7’) of two different vertices of 7~ are always disjoint. These
stars constitute an uncountable family of open, disjoint subsets of X.
Hence X is not separable.

5. Null-triangulations. A triangulation 7 of a polytope X is said to
be a null-triangulation if it is countable and the diameters of its simplexes
(arranged into a sequence) converge to zero.
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(8.1) TuEOREM. Every metric, separable but not compcwt polytope X has
a null-triangulation.

We begin the proof with the following lemma:

(5.2) LemMMA. Let ¢ be a positive number and let T, be a triangulation
of the boundary o= of a geomelric simplex o such that no simplex
in T, has diameter = e. Then there is a triangulation I, of o which
contains T, and is such that no simplex of 7, has diameter = e.

The proof of this lemma may be left to the reader. As to the theorem,
let 7 be a triangulation of X. It follows by (3.1) and (4.5) that 7 is coun-
table and hence the vertices of 7" may be arranged into an infinite sequence
{a,}. Let o be a simplex of 7 and let a be a vertex of 7. We say that ¢ and
o are adjacent if there is a simplex ¢’ in - having ¢ as a face and a as
a vertex. Since .7 is locally finite (by (4.1)), we infer that for each simplex
of 7 there is only a finite number of vertices which are adjacent to it and
that each vertex has only a finite number of adjacent simplexes.

The n-dimensional simplexes of the triangulation J may be arranged
" into a sequence {o;}. The required subdivision is obtained stepwise by
cons1der1ng first {a,}, then {03}, etc. First we perform a subdivision such
that if o is adjacent to the vertex a;, then the diameter of each of the
resulting simplexes composing oj is less than 1/¢. This has the effect of
subdividing the boundaries of 2-simplexes o} adjacent to a;. By Lemma
(h.2) this subdivision of the boundaries may be extended to a subdivigion
of these 2-simplexes, so that the resulting simplexes have diameter << 1/s.

We proceed by induction; assume that for an n > 1 a subdivision
of all simplexes o}, % < m, has been found such that the diameter of all
resulting simplexes lying on those simplexes of which are adjacent to a;
is less than 1/i. Thus the boundaries of all (n-1)-simplexes adjacent
to a; have been subdivided, and by Lemma (5.2) we may extend this
subdivision, without increasing the diameter of simplexes, to the
(n-+1)-simplexes themselves.

We obtain in this manner a subdivision .77, of the given triangulation
7 such that the diameter of any simplex of 9, which lies in a simplex
of 7 adjacent to the vertex a, is less than 1/i. Since each vertex is adjacent
to only a finite number of simplexes of 7, we infer that the diameters of
the simplexes of 7, converge to zero.

6. Nerve of a covering. Let G = {G,}, u<M, be a covering of
a space X. We assume that u 7 u’ implies G, * G,,. We may assume
that the elements of the family G make up the basis of a vector space F';
that means, we consider F as the free real module with basis G. Then the
points peF can be uniquely expressed in the form

p = Zt”G,,,

ueM
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where the coefficients #, are real and vanish for all but a finite number
of ueM. If g, pby, ..., s, are distinet indices, then by the simplex ¢ in F
with vertices G,,O, ..+y Gy, we shall mean the set o(G, , G, ..., G, ) of all

points pe F such tha.t
n
= M1,6.,
i=0

n .
where every ¢, > 0 and }'{, = 1. The number ¢, is called the barycentric
i=0 *

coordinate of p with respect to the vertex @, . Since the vertices G, are
linearly independent, the intersection of two simplexes is again a simplex,
namely the simplex spanned by the vertices lying in the intersection.

In particular, let us identify these abstract simplexes with usual
geometric simplexes. Then the collection of all simplexes ¢ having as
vertices points corresponding to elements of the covering with non-empty
intersection is a triangulation 7 of a polytope W. Thus, ¢ is in 7 if and

n

only if its vertices @ G,, are such that ()G, # 0. The polytope W
=0

PR
with the weak topology is called the nerve of the covering G = {@,} and
is denoted by N(G). :

Suppose now that G = {G,} is a locally finite open covering of a metric
space X. Then each point peX belongs to one at least, but to finitely
many sets ¢, at most and consequently Z e(p, X—@G,) is well defined

and strictly positive. Thus settmg
(p ’ X _G,u)
2 e(p, X—Gy) ’
weM

Tll(p) =

we get a real function v, on X. It is clear tha.ﬁ 7,(p) =0 and D 7,(p) =1
peM

. for each point peX; also 7,(p) > 0 if and only if pe@,. Moreover, smce
the covering G is locally finite, there exists for every point p,e X a neigh-
borhood U, (in the space X) such that Uy~ G, # 0 holds only for a finite
system ug, t, ..., o Of indices u. Thus, for pe U,,

opy X—G)+ o tolp, X—Gy)

and consequently the function 7, in continuous. Moreover, if peU,, then
7,(p) = 0 for every p =% ug, fyy oo+ pin+ It follows that settmg

(6.1) %(p) '—2 .u(_p)Gm

peM

Tu(p) =

we get a function x»: X — N (G). All the values of » on the neighborhood
U, of p, belong to such simplexes o of the triangulation J of N (G) that
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all vertices of o are contained in the system G, , &, , ..., G, . It is plain
that all such simplexes o constitute a finite triangulation 7" p, Of & sub-
polytope N,< N (G). Thus the function » restricted to U, is the same as
the funection »,: U, - N, defined by the formula

(6.2) #0(P) = Tu(P) Gyt o+ 7, (D)G,, -

Since the polytope N,, having a finite triangulation, is a polyhedron,
its weak topology is equivalent with the topology given by the barycentric
coordinates. Thus the continuity of 7,(p) and formula (6.2) imply the
continuity of x,, and since the function » on the neighborhood U, of the
point p, has the same values as the function »,, we infer that » is continuous
at each point p, of X. The map »: X — N (G)is said to be the canonical
map of the space X into the nerve N (G) of the locally finite open covering
G of X.

7. Generalization of Tietze’s Theorem. In a linear space Y, we shall
understand by the convex hull C(A) of a subset A of Y the set of all points

yeY of the form
n
Yy = Ztidia
iZ1

where the points a; are in A, and the coefficients ¢; are > 0 and their sum
is equal to 1. It is easy to see that C(A) is equal to the intersection of all
the convex subsets of ¥ which contain 4.

If Y is a topological linear space and for each point yeY and for
each neighborhood V of y there is a convex neighborhood U of y contained
in V, then we say that Y is a locally convex space. For example, every
normed linear space is a locally convex space.

The theorem of Tietze asserts that each real continuous function
defined on a closed subset of a metric space X can be extended to a real
" continuous function defined on all points of X. The generalization of this
theorem proved by J. Dugundji ([102], p. 357) shows that for the range
space we can take any locally convex space as well. More precisely, we
have the following

(7.1) GENERALIZED THEOREM OF TIETZE. Let A be a closed subset of a
metric space X and let Y be a locally convex linear space. For every
map f: A — Y there exists a continuous ewtension f: X — Y of f.
Moreover, all the values of | can be taken from the convexr hull
O(f(A)) of the set f(A).

‘ Proof. By (1.4) there is a canonical covering {@,}, where ueM, of the
set X —A. Let us select in each set G, a point x, and let us assign to it
a point a,e4 such that

Q(w/u a’,u) < 2@(-’.6',‘, A)‘
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Then f(a,) is a point of the linear space Y. Taking account of the function
7, defined in Section 6, we see that if xe X — A4, the numbers 7,(x) vanish
for all save a finite number of indices ueM. Consequently, if we define

flx) for xed,
fl@) =

D'z, (2)fla) for weX—A4,

neM

then we obtain a function f: X — ¥ which extends f and has its values
in O(f(4)). It remains to prove that / is continuous.

Since the covering {¢,} of the set X —A is locally finite and since A
is closed, there exists, for each point pe X — A4, a neighborhood Uc X — A4
of the point p which intersects only a finite number of the sets G,, say
the sets G, , G,y ..y Gy - Then, for every xeU, 7,(x) can fail to vanish
only if u is equal to u; for some ¢, 1 < ¢ < n. Since each of 750y Ty,
depends continuously on =, it follows that f is continuous at points pe X — 4.
Moreover, it is evident that f is continuous at all interior points of A.
Consequently, we have only to check that f is continuous for every point
peA ~X—A. Thus, if V is a neighborhood of f(p) = f(p) in ¥, then we
must find a neighborhood U, of p in X such that f(U,)cV. Without
loss of generality we may assume that V is convex since the space Y -is
locally convex.

Let K (a) be the open ball in X with center p and radius «. Since f
is continuous in A4, there is a positive number ¢ such that

fAnE ()T,

Since {G,} is a canonical covering, we infer that there is a neighborhood
U, of p in X such that U,< K(¢) and G, ~ U, # 0 implies that ¢, < K ({¢).
Since x,¢G,, we see that

o(p, a’,u) < o(p, wu)’}“Q(a’w a’,u) < %84—29(.%”, A4) <e.

We conclude that f(x) = f(x)eV for xzed~U,, and for points

n
we(X—A)~ U, we can find indices u,, ..., u, such that ze(")G,, and that ©
i=1

does not belong to any G, with u # p;, 1 < i < n. Then 7,(x) > 0 for

i=1,2,...,n and 7,(x) =0 for all other indices u. Consequently, '
n

flo) =Y 7, (@)f(a,,). Since we@, ~ Uy, it follows that f(a,)eV, and
=1 ‘

since V is convex, it also follows that f(x)eV. Thus f(U,) <=V and so the

proof of the continuity of f is complete.

8. Embedding of a metrizable space in a normed linear space. In order
to apply Dugundji’s generalization of Tietze’s theorem to the theory of
extension of maps with values in an arbitrary metrizable space it is con-



8. Embedding of a metrizable space in & normed linear space 79

venient to prove first the following theorem of Kuratowski and Woj-

dystawski ([197], p. 543 and [296], p. 186):

(8.1) THEOREM. For each metrizable space X there is a normed linear
space Z and a homeomorphism h of X onto a subset h(X) of Z which
is closed in its convex hull C(h(X)). -

Proof. If ¢ is a metric for X, let us set

oz, y)
1+e(x,y)
Then ¢’ is also a metric for X and relative to o’ the space X has diameter
< 1. Consequently we may assume without loss of generality that X has
diameter < 1.

Let us consider the set Z of all bounded real continuous funetions
defined on X. Let us set

o(f1y f2) Ziu§1f1(w)_f2(w)! (for f,, foeZ)

o' (xz,y) = for x,yeX.

and ’
fl = sup|f(@)]  (for feZ).

Then we see that Z, with the obvious algebraic operations, is a normed
linear space.

In order to define a homeomorphism %: X — h(X)cZ we define
a function f,eZ, associated with the point x¢ X, by means of the formula

fz(y) = o(2,9),

and let us set
= f, for every point zeX.

Then k is an isometry. Indeed,
fa:lafwz [0 (®1, T2) — 0 (®2y @o)| = (21, 1)

and, for any ye X, we have

[foy (9) —fo, ()] = le (@1, 9) —0(@s, ¥)| < 0(@1, @5),

so that o(fs,,fs,) < o(®1, ;). These inequalities show that o(fs,,fs,)
= ¢(®1, ¥;) proving that h is an isometry as required.

It remains to prove that k(X) is closed in its convex hull O(h X))
To this end let f<C(h(X)) and suppose f = hm fw , where f,. ¢h(X). Then,

since f is in the convex hull of A (X), fis a hnear combination of elements
of h(X), i.e. there are points a,,...,a;cX and real positive numbers

.y Ax such that
k

. ‘
f=D%ifs, where i =1.
i=0 .

i=0
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Without loss of generality we may assume that the q; are distinet and
that some A;, say 4,, satisfies the condition 4, > 1/(k+1). Then

s Fa) 2 (0 ~Fo (0)] = @) > Infay(0) = 2o el ).

Since lim f, = f, it follows that lim &, = a, and hence that f = f, €h(X).

n—00 N—>00

‘This completes the proof.

(8.2) COROLLARY. Let A be a closed subset of a metric space X and let f
be a map of A into a metric space Y. Then there is a homeomorphism h
of Y onto a closed subset h(Y) of a metric space Z, such that the map
hf: A ->7Zy has a continuous extension g: X — Z,.

Simply, we take Z, to be the convex hull O(h(Y)) in the normed
linear space Z exhibited in Theorem (8.1) and apply the generalized Tietze’s
theorem (7.1).

9. Extension of maps with values belonging to an LC"-space. Let
us recall that a space Y is said to be an LC™-space (I, Section 17) if it ig
locally k-connected for k¥ =0,1,...,n, i.e. if for every point y,e¥Y and
for every neighborhood V of y, there exists a neighborhood V, of y, con-
tained in ¥V and such that each map of a sphere of dimension k < » into
V, is homotopic to a constant in VS*. Let us prove the following theorem
of Kuratowski ([196], p. 273), in a generalized form due to Dugundji
(11031, p. 232): o

(9.1) THEOREM. For every metric space Y, the following four conditions
are equivalent:

(1) YeLC", where n is an integer = 0.

(2) If A is a closed subset of a metric space X and dim(X —4)
< n+1, then for every map f: A — Y there exists a neighborhood
U of A tn X such that f has a continuous exvtension f U —-Y.

(3) If V is a neighborhood of a point yeY, then there exists a neigh-
borhood VycV of y such that; for every metric space X and for every
closed subset A of X satisfying the condition dim(X—A4) <n+1,
every map f: A -V, has a continuous extension f : X V.

(4) If V is a neighborhood of a point yeY, then there exists a neigh-
borhood Vo<V of y such that every map of a metric space X of dimen-
sion < n into V, is homotopic to a constant in VX.

Proof. First let us prove that (1) implies (2). Consider a canonical
covering G = {G,}, ueM, of the set X —A such that each point xze X —A
belongs to n+2 sets G, at most. Let N = N (G) be the nerve of this cov-
ering. As we have shown, this nerve is a polytope with a triangulation
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consisting of all simplexes of the form o(G,,G,,...,G,) with
Gy~ Gy~ ...~ G, # 0. Consequently, dimo < n+1 for all ge. This
polytope N was defined in an abstract way and thus we can assume that
it is disjoint with the set A. Let N* denote the k-skeleton of 7, i.e. the
polytope defined as the union of all simplexes of 7~ of dimensions < k.

Consider now the space Z consisting of all points of the set 4N
and where the neighborhoods of a point z¢Z are defined as subsets U,
of Z such that:

(a) If zed — X4 A, then U,~ A is a neighborhood of 2 in X.

(b) If zeN, then U,~N is a nelghborhood of z in N.

(e) If zeA ~X—A, then U, ~ A is a neighborhood of z in 4 and there
exists a neighborhood V of 2z in the space X such that every simplex
o =0(G,,qy,...,0,)¢7, where G, G, v...0G,cV, is contained
in U,.

Applying propertj LC" of the space Y, let us show that

(9.2) For every map f: A — Y there is a neighborhood W of A (in the -
space Z) such that f can be extended to a map f W—>Y.

In order to prove it, let us assign to each vertex G, of the trlangula-
tion J a point a,¢ A such that

ela,, @) < 2Sup p(x, 4).
:z:eGlu
Let us observe that setting ‘
fo(z) = f(x) - for every point wed,
‘ fo(@) = f(a,) for every vertex G, of 7,
we get a map fo: A v N®— Y (cf. Section 7).

Setting W, = Z, let us assume that for an index &k with 0 <C k
a neighborhood W;, of the set 4 in Z and a map

fk: Ao N ka)—>Y

are already defined. Since ¥ ¢LC", there exists for every point ae 4 a neigh-
borhood H, = W, of a in the space Z such that, for each (k+1)- dimensional
simplex ¢ = o(@, , G, , ... ,‘k_H)eJ lying in H, the map fi|o*, has a con-
~ tinuous extension onto the Whole simplex ¢ with values in Y.

Let ¢, denote the greatest lower bound for_diameters of the sets
of values {on o) for all such extensions. Then there exists a continuous

extension f, of the restriction filo* to o such that
(9.3) fi(6)cY  and  O[fw(0)] < 2¢,.

Now let us denote by W;, the union of the set A and of all simplexes
of the triangulation J contained in at least one of the sets H,. Manifestly,



82 CHAPTER III. Extension of maps

Wi = Wi and Wy, is a neighborhood of 4 in the space Z. Let us extend
the restriction fi(4 « (N*~Wiy)) to a function _

fk+1 Nk+1f'\Wk+1) - Y
setting
(9 4) fk+1 fka

for every pomt 2 which belongs to a (k+1)- dlmensmnal simplex ceJ
lying in Wy,,. The continuity of f;,, at every point a of the set
(A—=Wi 1 —A) O (N* AWy, —A4) is evident. Since fy,, is an extension
of the map fil(4 v (N*~Wsy,)), the continuity of fi.; at a point a
of the set 4 ~W,, ,—A will be proved if we show that for every posi-
tive ¢ there exists a neighborhood U of a in Z such that for each (k+1)-di-
mensional simplex ¢ = a’(G,,O, Gy ooy Gy )7 lying in U the distance
of every point yefi,1(0) = fi,(0c) from f(a) is less than e Since
Y<LC", there exists a neighborhood V. of the point f(a) in the space ¥
such that every map ¢: o* — V, has a continuous extension ¢ to o such
that o(¢(2), f(a)) < ;e for every point weo. Since f; is continuous, there
exists a neighborhood U, of a in Z such that fy(¢*)c=V, for every
(k+-1)-dimensional simplex ceU,. It follows by (9.3) and (9.4) that for
each such simplex

[ frr1(0)] < fe.
Let us select a point y,efr(c*); we 1nfer that for every point yefy.,(o

e(y, (@) < 8[fut1(0)1we(¥er fla)) < 32+3e =¢,

and consequently the continuity of fy,, is proved.

Thus, after n+1 steps, we arrive to a map f = f,,, of a neighborhood
W = W, ., of the set A in the space Z with values in Y. Hence propo-
gition (9.2) is proved.

Now let us prove that

(9.5) There exists a map ¢: Xz satisfying the condition ¢(x) = x
for every point xed.

In order to obtain such a map ¢, let us apply the canonical map »

(as defined in Section 6) of the set X —A into the nerve of the covering -
{@,}. Setting ,

x for every point zeA,

p(x) =

x(x) for every point xeX —A,

we get a transformation ¢: X — Z. The continuity of ¢ at points of the

set 4 —X — 4 is obvious, and at points of the set X — 4, it is a consequence
of the continuity of the map x. In order to show that ¢ is continuous

also at every point x, of the set 4 ~ X — A, it is sufficient to recall that
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the covering {G,} is canonical and consequently the values of ¢, for argu-
ments belonging to a sufficiently small neighborhood of the point x;
belong either to the same neighborhood, or to simplexes of the triangula-
tion J lying in an arbitrarily small neighborhood of x, in the space Z.

The implieation (1) = (2) is an easy consequence of propositions
(9.2) and (9.5). In fact, since W = W, ., is a neighborhood of the set 4
in the space Z and since the map ¢: X — Z satisfies the condition ¢ () = =
for every point xe 4, we infer that the set U = ¢—1(W) is a neighborhood
of A in the space X. The map ¢ carries U onto a subset of the set W in
which the map f is defined. Setting

f(ab) = fp(x) for every point zeU,

we get a map f : U — Y. This map is an extension of the map. f, because
for every point x4 we have () = « and f(x) = f(«). Thus the proof
of the implication (1) = (2) is finished. :

In order to prove the implication (2) = (3) suppose to.the contrary
that a space Y satisfies condition (2), but does not meet condition (3).
Then, for a point beY and for a neighborhood V of this point, there exist,
for every ¢ =1,2,..., a metric space X; and a closed subset A4; of it
such that dim(X;—A4;) <n»-+1 and that there exists a map f; of the
set A; into the ball K (1/i) with center b and radius 1/¢ such that f; cannot
be extended to a map of X; into V. It is clear that we can assume that
the spaces X; are disjoint with one another, and that the metric g; in
the space X; is such that the diameter of X; is < 1. Let X, denote the

space cons1st1ng of only one pomt a which does not belong to UX

i=1
Setting X = U X; and

1 . ,
oz, 2’y = —g;(x,2") for every w,x'¢X;,i=1,2,...,
)

1 o .
Q(.’L‘,a/") = "W for mEXi, WIGX:,;', 1 F1 #0'#@’
M ’ .

1
o(z, a) = 7 for zeX;, 1 =1,2,...,

we readily see that ¢ is a metric in the space X by which the set

A =X,oJ4; is closed in X, and the dimension of the set X —A is
=1 ’

< n+1. If we get

f(®) = fi(x) for every point xeA;,

f(a) = b,
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then we obtain a map f: 4 — Y. By condition (2), there exists a contin-

uous extension fA of f onto a neighborhood U of A with values belonging
to Y. By the definition of the space X, we infer that

_ X;=U  for almost all indices ¢,
and, by the continuity of f, we infer that
f(Xi)c:V for almost all indices <.

It follows that for almost all indices 7 the restriction ﬂXi is a continuous
extension of the map f; on the whole space X;, with values belonging
to V, which contradicts our hypothesis. Thus the proof of the implication
(2) = (3) is finished.

Now leét us assume that the space Y satisfies condition (3) and let X
be a metric space of dimension < #. Then the Cartesian product X x <0, 1)
is a metric space of dimension < #+1 and the set 4 = X X(0) v X x(1)
is cloged in X x <0, 1)>. By condition (3), each neighborhood V of a point
yeY contains a neighborhood V, of this point such that every map
ft A -V, hag a continuous extension fA: X x<0,1> — V. Now, if ¢ is
an arbitrary map of X into V,, then setting '

flz, 0) = p(2) and fle,1) = Yy for every point zeX,

we get a map f: A — V,. If f X x<0,1% — V is a continuous extension
of f, then setting

@1(x) =—f(w, t) for every point xeX and 0 <? <1,

we get a continuous family {p,} of maps joining in the space V¥ the map
®o = @ with the constant map ¢,. Thus the implication (3) = (4) is proved

Finally, let us observe that condition (4) restricted to the case X = ¥,
for k¥ =0,1,...,n, is the same as condition (1). Hence (4) = (1) and
80 the proof of the theorem is complete.

(9.6) CoOROLLARY. For metric spaces of dimension less than or équal to n
the condition LC" is equivalent to the local contractibility.



CHAPTER IV

ABSOLUTE RETRACTS AND ABSOLUTE NEIGHBORHOOD RETRACTS
IN METRIC SPACES

The notions of absolute retract and absolute neighborhood retract
were first introduced for compact metric spaces. In the next chapter
we shall consider these notions in this initial sense, but in this chapter
we consider them for arbitrary metrizable spaces following C. H. Dowker
[98] and J. Dugundji [103].

. 1. Spaces AR(IN) and ANR(IM). We shall write XM to indicate
that the space X is metrizable: that is, we shall consider the class I
of all metrizable spaces. A space X will be called an absolute retract for
metrizable spaces provided that XM and for each homeomorphism %
mapping X onto a closed subset (X) of a metrizable space Y, the set
h(X)-is a retract of Y. In symbols, Xe AR(9M). Similarly, a space X is
said to be an absolute neighborhood retract for metrizable spaces (in symbols,
X ANR (M) provided that X <IN and for each homeomorphism %, map-
ping X onto a closed subset h(X) of a space YO, h(X) is a neighborbhood
retract in Y. :

Clearly, Xe¢AR(9M) implies Xe ANR(M).

2. Elementary properties of spaces AR.(_CJR). The spaces AR (M) are
characterized by the following

(2.1). THEOREM. In order that a metrizable space X be an AR (IM)-space
it is necessary that X be the r-image of a convex subset of a normed
linear space and it is sufficient that X be an r-image of a convew
subset of a locally convex linear space.

Proof. Suppose that Xe¢AR(IN). By the theorem of Kuratowski
and Wojdystawski (III, (8.1)), there is a homeomorphism & mapping X
onto a closed subset Y of a convex subset @ of a normed linear space.
By the definition of an AR (M), there is a retraction r: ¢ — Y. Then
h=r: @ — X is the required r-map of ¢ onto X.

Now suppose that X is an r-image of a convex subset @ of a locally
convex linear space. Let f: @ — X be an r-map and let g: X - @ be
a right inverse of f. Let » be a homeomorphism of X onto a closed subset
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of a metric space X'. Then ¢ = gh~* is a map of h(X) into ¢ and by the
generalized theorem of Tietze (III, (7.1)) there is a continuous extension
of ¢ to ¢’': X' — Q. Setting r(z') = h(f(qa’(m’))) for each #'<X’, we obtain
a map r: X' — h(X) such that for.y = h(x)eh(X),

r(y) = (Wfe'h)(x) = (hfgh~*h)(2) = h(2) = y.

Thus r is a retraction of the space X " to h(X) and so the proof of the
theorem is complete.

(2.2) COROLLARY. Bvery r-image of an AR (IM)-space is an AR (M)-space.

(2.3) COROLLARY. Hach AR(IN)-space is contractible in itself and locally
.contractible.

Corollary (2.3) follows from the following facts: (i) That each convex
. subset of a linear space is .contractible in itself (I, (13.1)) and locally
contractible (11, (15.2)) and (ii) both of these proper‘mes are - 1nva,rlants
(I, (13.2) and (15 4)).

(2.4) COROLLARY. The groups of homology, cohomology, homotopy and
cohomotopy of an AR (IMN)-space are trivial. :

3. Elementary properties of spaces ANR (973). The ANR (ON)-spaces
are characterized in the following way:

(3.1) THEOREM. In order that a metrizable space X be an ANR(ON) it is
necessary that X be an r-image of an open subset of a convex set lying
in a normed linear space; it is sufficient that X be an r-image of an
open subset of a convex set lying in a locally convex linear space.

Proof. Suppose Xe ANR(IM). By the theorem of Kuratowski and
Wojdystawski (ITI, (8.1)), there is a homeomorphism h mapping X onto
a closed subset of a convex subset ¢ of a normed linear space. Then there
is a retraction r of an open neighborhood U of 2 (X) in @ onto 2(X). Then
h™r: U — X is an r-map of U onto X.

' Now suppose that X is an r-image of a set U which is open in a convex
subset @ of a locally convex linear space. Let f: U — X be an r-map and
let g: X - U be a right inverse for f. Consider a homeomorphism &
mapping X onto a closed subset 7 (X) of a metric space X’. Then ¢ = gh?
maps h(X) into U <@ and so, by the generalized theorem of Tietze, there
is a continuous extension ¢’ of ¢ mapping X' into Q. Let U’ be the inverse
image of U under ¢'. Then U’ is a neighborhood of h(X) in X'. Setting

‘r(x') = hfp'(®') for a’eU’,
we obtain a map r: U’ — h(X) such that for y = h(xz)eh(X) we have

r(y) = hfy'h(z) = hfgh—h(z) = h(z) = y.
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Thus r i8 a retraction of U’ to h(X) and the proof of the theorem is finished.

(3.2) COROLLARY. Every r-image of an ANR(IM)-space is an ANR (IR)-
space.
(3.3) COROLLARY. Hach ANR(IM)-space is locally contractible.

We have only to recall that open sets in convex subsets of normed
linear spaces are locally contractible and that this property is preser-
ved by r-maps; Corollary (3.3) then follows from Theorem (3.1).

Some other local properties of ANR(IN)-spaces have been studied
by J. Dugundji [103]. '

(3.4) COROLLARY. Every neighborhbod retract of an ANR(IMN)-space is
an ANR(IM)-space.

Proof. Let XeANR(OM). By Theorem (3.1), there is an r-map
f: @ = X where G is an open subset of a convex set ¢ lying in a normed
linear space Z. Let g: X — @ be a right inverse of f. If X, is a neighbor-
hood retract of X, then X, is closed in X and there is an open neighbor-
hood U of X, in X and a retraction #: U — X,. The set H = f-1(U)
is open in Q. Setting f,(z) = r(f(2)) for zeH, we obtain a map f,: H — X,.
This map is an r-map since, setting g,(x) = ¢g(x) for every point zeX,,
we get a map ¢,: X, > H which is a right inverse of f,. Indeed, for re X,
we have

fogo(@) = 1fg(w) =r(2) = =.

This completes the proof.

4. Absolute retracts and extension of maps. First we have the fol-
lowing, almost obvious,

(4.1) THEOREM. Let X be a closed subset of a metrizable space X'. If
"XeAR(M), then every map f: X — Y has a continuous extension
f'+ X' - Y. If X< ANR(OR), then there is a neighborhood U of X in
X' such that every map f: X — Y has a continuous extension
f: U->Y. ‘

Proof. The inclusion map 4: X — X’ is a homeomorphism embedding

X as a closed subset of X'. Hence X e AR (YR) implies that there i§ a retrac-

tion r: X' —» ¢(X) = X. Setting ' = fr, we get the required extension.

If, however, X< ANR (M), then there exists a retraction » of a neighbor-

hood U of X (in the space X') onto X. Thus the formula f' = fr gives

a continuous extension f': U — Y.

Now we prove the following
(4.2) THEOREM. Let Y be a metrizable space. Then
(i) Y is an AR(OM)-space if and only if, for each closed subset X
of a metrizable space X', every map f: X — Y admits a continuous
extension f': X' — Y. '



88 CHAPTER 1V. Retracts in metric spaces

(i) Y is an ANR(M)-space if and only if, for each closed subset X
of a metrizable space X', every map f: X — Y admits a continuous
extension mapping o netghborhood U of X in X' into Y.

Proof. By the theorem of Kuratowski and Wojdystawski (III, (8.1))
we may assume, without loss of generality, that Y is a closed subset of
a convex set @ lying in a normed linear space.

By the generalized theorem of Tletze, for each map f: X - Y there
is a map f': X' — @ such that f"’(x) = f(x) for every point z<X. If we
suppose YeAR(9N), then there is a retraetion r: @ -~ Y and we infer
that f' = rf’ is the required extension of f. If Ye¢ANR (M), then there
is a neighborhood V of Y in @ and a retraction r: V — Y. We let U be
the inverse image of ¥V under f'' and define f' by

f(x) =rf"(w) for ~ wel.

We obtain an extension f’ of f mapping U into Y as required. This proves
the necessity of the conditions in (i) and (ii).

To prove the sufficiency in (i) let us suppose that every continuous
map f of a closed subset X of a metrizable space X’ into Y has a continuous
extension f': X’ —» Y. Then, in particular, the identity map of Y admits
an extension f’: @ -> Y. But under these conditions, f’ is a retraction.
It follows by (2.1) that Y<AR(M).

To prove the sufficiency in (ii), suppose that every map f: X — Y
admits an extension f': U — Y where U is a neighborhood of X in X'.
Then, in particular, taking X = Y, X’ = @, we infer that the identity
i: Y- Y admits an extension 4: U — Y. Under these conditions,
4’ i8 a retraction and we infer by (3.1) that Y e ANR(YM). Thus the proof
of the theorem is complete. '

5. Spaces of maps with values in an ANR (")R)-spacé. We prove the
following

(5.1) THEOREM. If X, is a subsel of a compactum X and y, is a point of
~an ANR()-space Y, then the functional space (Y, y,)*%0 is an
ANR (M)-space.

Proof. By (3.1) we can find an »-map f of an open subset U of a convex
set @, lying in a normed linear space Z, onto the space Y. Let g: Y — U
be a right inverse of f and let z, denote the point g(y,). Since the space Z
is linear, we can define, for every two maps ¢, v: (X, X,) — (Z, 2,) and
real A, u, the linear combination Ap-4uy setting

(Agp+uy) (@) = Ap (@) +pp(@) + (1—A—p) 2.

Hence the space (Z, z,)%*0 ig linear. Moreover, it is normed, because
the hypothesis that X is compact makes it possible to assign to every
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%X ijts norm |¢| given by the formula .

9] = Sup o(p(®),2):
2eX

map ge(Z, z,)

Moreover, (Q, z,)%%0 is a convex subset of this space, while (U, z,)**0

is open in (Q, z,)®*. Since f is an r-map, the operation
. @ : (U, 2, )(X,Xo) (Y, vy, )(X,Xo)

which assigns to pe(U, 2,)5*0 the map D;(¢p) = fpe(Y, y,)* %0 is an
r-map by I, (10.1). Consequently, the space (Y Yo) & 0’ is an r-image
of the set (U, 2,)** which is an open subset of the convex set (Q, z,)**0
lying in the normed linear space (Z, z,)**. If we observe that the hypo-
thesis that X is compact implies the metrizability of (¥, y,) %%, we infer
by (3.1) that the space (Y, )&% is an ANR(IM).

It follows by (3.3) that, by our hypotheses, the space (Y, y,) > %o
is locally contractible. By means of I, (8.1), we infer that every component
of the space (Y, y,)%%9 is arcwise connected (compare [170], p. 187).
It follows that in this case the homotopy classes of maps of (X, X,) into
(Y, y,) coincide with the components of the space (¥, y,)**0, i.e. the
weak homotopy in the sense given in I, Section 11, is the same as homo-
topy. Moreover, since the space X is metric, it satisfies the first axiom
of countability and by I, (11.3), we infer that in our case the homotopy
is the same as strong homotopy. Thus we get the following

(5.2) CoroOLLARY. If X, is a subset of a compactum X and y is a point

" of an ANR(I)-space Y, then for maps of (X, X,) into (¥, y,) the

notions of homolopy, weak homotopy, and of strong homotopy are
equivalent to each other. :

Another consequence of Theorem (5.1) is a theorem due to M. Pavel -
[245] concerning families of equicontinuous maps of a compactum X
into a compact ANR(IN)-space Y. Let us recall that a family F<Y*
is said to be equicontinuous if for every ¢ > 0 there exists an » > 0 such
that for every two points x,, v, X with ¢(x,, 2,) < # and for every feF,
e (f( ), #,)) < e. It is known that the closure of such family F is a com-
pactum. NOW, if we observe that a compactum lying in a locally connected
space is contained in a finite number of components of this space, we get
from  Theorem (5.1) the following

v(5.3) COROLLARY. Each family of equicontinuous maps of a compactum X
into a compact ANR(IN)-space Y is contained in a finite number
of components of Y.

Some other properties of the class-yof éomponents of the space Y%,
where X is a locally compact, separable metric space and Y is a separable
ANR (M), have been glven by K. Kuratowski [262] and by J. R. Jack-
gson [1707].
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6. Addition of AR (9N)-spaces and of ANR (IM)-spaces. The following
theorem ([7], p. 194, and. [21], p. 226) gives a relation between the
AR (M) and ANR(IM)-properties of two sets, of their union, and of
their common part:

(6.1) THEOREM. Suppose that the metrizable space X is the wunion of
two closed subsets X, and X, and let. Xy = X1~ X,. Then

(i) If X,, Xy, XocAR(), then XcAR(M).

11) If X,, X1, X,cANR(D), then X<ANR(M).
iil) If X, X,cAR(IM), then X, X,cAR(IM).

(iv) If X, X,e ANR(R), then X, X,c ANR(IM).

Proof. In order to prove (i) it is sufficient to show that if X is a closed
subset of a metric space Z and if X,, X,, X, cAR(IMN), then X is a retract
of Z. Let us set

) = {#2eZ; o(2, X,) = 0(2, X1)},
Z, =»{ZEZ_§ Qv(zy'Xl) < o(=, Xb)},
Zy, = {z2eZ; 0(2, X;) > 0(2, X,)}.

It is evident that Z = Z, 2%, uZ,, the set X,=Z, is closed in Z, and
X;~Zy = X, for i =1,2. Hence there exists a retraction r,: Z, > X,.
Moreover, the set X; uZ, is closed in Z; v Z, for ¢ = 1, 2 and we infer by
(4.2) that the map r;: X;uZ, — X;, given by the formulas "

2 for every zeX,,
ri(2) =

ro(2) for every - zeZ,,

has a continuous extension f;: Z;wZ, - X;. It is sufficient to set

2) = fi(z) for zeZ;wZ,,% = 1,2, to obtain a retraction r: Z — X.

Passing to (ii), we need to show that if X is a closed subset of a metric
space Z and if X, X,, X,e ANR (M), then there exists in Z a neighborhood
U of the set X such that X is a retract of U. Consider the sets Z,, Z,, Z,
as defined in the proof of (i). Then X, is a closed subset of the set Z, and
hence there is a neighborhood W, of the set X, in the space Zo, closed
in Z,, and a retraction r,: W, — X,. Setting

: @) ro(2) for every point zeW,,
ri(2) =
’ z for every point z¢X,,

we obtain a retraction r; of the set X; W, (which is closed in Z;wZ;)
into the set X;, 7 =1, 2. Since X;c ANR(IN), we infer by (4.2) that there
exists a continuous extension r; of r; to a neighborhood V; of X; uW,
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in Z,u Z; with r; having values in X;. It is clear that V; contains a closed
neighborhood U; of X; in the space Z,w Z; such that U; ~Z,cW,. Since

Uy Usc Uy~ (ZgwZy) ~(ZyoZy) = Uy~ Zyc Wy,

the formula :
r(z) =ri(2) for zeU;, i=1,2,

defines a retraction r of the set U = U, U,, which is a neighborhood
of X in the space Z, onto the set X. Thus the proof of (ii) is complete. -

In order to prove (iii) let us observe that the condition X,¢ AR (9N)
implies that there exists a retraction r;: X; - X, for ¢ =1, 2. If we set

(@) z  for zeX,,
r{z) =
ro(w) for xeX,,

then we obtain a retraction r: X — X,. Since X¢AR(M), we infer by
(2.2) that X,eAR(9N). Similar reasoning shows that X,e AR(IM).

In order to prove (iv) let us observe that X,e ANR(OR) implies that
there exists a neighborhood U, of the set X, in the space X such that,
for ¢ =1, 2, there exists a retraetion r;: X;~ U, - X,. Setting

.( ) @ for xeX,,
r{x) =
ro(x) for xeX,~ U,

we obtain a retraction r: U,u X, - X,. Since U,u X, is a neighborhood
of X, in X, and X<ANR(M), it follows by (3.4) that X,cANR(IMN).
A similar argument shows that X,e ANR(9R).

(6.2) COROLLARY. Hvery polyhedron is an ANR(IN)-space.

Proof. Let X be an n-dimensional polyhedron and 4 be a triangula-
tion of X. By III, (3.1), the triangulation J is finite. If the triangula-
tion 7 contains only £ = 1 simplex, then the theorem is obvious.

Suppose that ¥ = m > 1 and that for polyhedra having triangulations
with k < m simplexes the theorem is true. Let o be an n-simplex of 7
and let 77, be  with o deleted. By inductive hypothesis the polyhedron
X, of 7, is an ANR(IN). Moreover, X, = o* is also an ANR(IN) since,
as a subset of X, relative to.7, it is a polyhedron that has a triangulation
with fewer than m simplexes. Moreover, X, = o is an AR(9) because
it is homeomorphic to a convex subset of a Euclidean space. Hence,
gince X =X,vX,, X,=2X,~X,, Theorem (6.1) implies that
XeANR (OMN).

Remark. As has been shown by S. D. Liao [218], every locally
compact polytope is an ANR(IM) as well. See also [236], p. 95.
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7. Cartesian products of AR (IMN)-sets and of ANR (IMN)-sets. Suppese
that {X,} is a sequence of metrizable spaces. Then their Cartesian product

X=PpPXx,
n=1
is also metrizable. In fact, if o, is a metric for X, and z = {®,}, ' = {z,}
are points of the product space X, then the formula

o0 . ,

, _ 0n (@ y Tn)
oz, d') = E N
— 1400 (@ny @a)

defines a metric g for X. It is plain that the points z; = {wy,} of X con-
verge to the point z = {x,} of X if and only if lim g,(xk,, #,) = 0 for
n=1,2,... k—sc0

We now prove the following

(7.1) TuHEOREM. The Cartesian product X = PXn is an AR (IM)- space
n=1
if and only @f every factor X, is.an AR (IM)-space.

Proof. We have already seen that the projection ¢;: X — X; given
by the formula ¢({z,}) = @; is an r-map. Consequently X ¢ AR (9N) implies
that X;e AR(M), j =1,2,

To show the converse, suppose that every XneAR(QR). Without loss
of generality we may assume that X, is a closed subset of a convex set
Q. lying in a normed linear space Z, and that there is a retraction
¥nt Q@n—>Xn, n=1,2,... The product Z = P Z, is linear and locally

n=1

convex, while the set @ = P @, is a convex subset of Z that contains X
n=1

as a closed. subset. We obtain & retraction r: @ — X by means of the
formula

) r(z) = {’rn(xn)}7 ’
where 2 = {x,}<Q. We have shown thereby that X e AR (M).

The product of a countable number of ANR (9N)-spaces need not
be an ANR (M)-space. For example, if we let X, be the two- pomt discrete
space {0, 1} for n = 1,2, ..., then X P X, is a Cantor discontinuum

n=1
which, failing to be locally connected, fails also to be an ANR(IN). How-
ever we may prove the following

(7.2) THEOREM. The Cartesian product X = P X, is an ANR(IN)-space
if and only if every X,e ANR(IN) and almost every X,c AR (IMN).
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Proof. First let us assume that Xe ANR(IR). Let ¢, be the mth
projection X — X, given by the formula ¢, ({x,}) = 2,. Since ¢,, is an
r-map, it follows from (3.2) that X,,e ANR () for m =1, 2, ... By the
theorem of Kuratowski and Wojdyslawski (III, (8.1)) we can assume that
‘X, 18 a closed subset of convex set @, lying in a normed linear space Z,.

Let Q = P @,.. Then @ is metrizable and contains X as a closed subset

Since X eAN R (M), there is a neighborhood U of X in @ and a retraction
r: U — X. Let us select a point ¢ = {a,} in X. Since U is a neighborhood
of @ in @, there exists an index =, such that all points x = {%,}Q with
x; = a; for 1 < ¢ < n, belong to U. Now let us consider an index m > ny
and let us set

Y (@) = {@1, Gay oy @1y @y Qyyy o} for every Q.
Then vy, is a map of @,, into U. Setting

= ‘pﬁ'm/’m?

we obtain a map 7,: Q@un = Xn such that for xe X, we have

Tm(®) = QuIPn(T) = Puyn(r) = 2.
It follows that 7, is a retraction of @,, to X,,. Since @,, is a convex subset
of a normed linear space, we infer by (2.1) that X,eAR (M) for every
m > 1. ' ’
' Now let us assume that X, e ANR (M) for every n =1, 2, ... and that
there is an index no such that X, ¢ AR(OM) for every m > n,. We have
to prove that X = P X, is an ANR(CJ)?) space.

o on=1

First let us show that the Cartesian product X, x X, of two ANR (9MN)-
spaces is an ANR (IM)-space. By the theorem of Kuratowski and Woj-
dystawski we can assume that X; is a closed subset of a convex subset @, -
of a normed linear space Z; (¢ =1, 2). Then X, XX, is a closed subset
of the set @, X ¢, which is a convex set in the normed linear space Z; X Z,.
) Let U; be a neighborhood of X; in @; and let r,: U; — X; be a retrac-
tion. Then U, X U, is a neighborhood of the set X, x X, in @, xQ,. More-
over, setting

7(21, 25) = (7'1 (1), 7"2(22)) for  (21,2,)e U X U,
we obtain a retraction of U, X U, to X, X X,. Therefore X, X X,e ANR(IN).

It follows at once that the Cartesian product of any finite number
of ANR(OMN)-spaces is an ANR(?R) -space.

Let us observe that X = PX is homeomorphic to the Cartesian

N=1

i)
product of ‘P X, and of P X,. By the preceding rema,rks we see that
n=1

n= n0+1
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K} oo
P X, is an ANR(%?), while the factor P X, is an AR(9M), which is
n=1 - n=ny+1

the product of AR(9RN)-spaces. Consequently X is the product of an
" ANR(9M)-set and an AR(M)-set and hence it is an ANR(IMN)-set.

8. Extension of a homotopy. One of the most important properties
of ANR(MN)-spaces is given by the following ([39], p. 103) -

(8.1) THEOREM. Let X be a closed subset of a metrizable space X' and let
Y be an ANR(ON)-space. Let {f}, te{0,1>, be a continuous. family
of maps fi: X — Y such that f, has a continuous extension f,: X" — Y.
Then there is a continuous family {fi} of maps fi: X' - Y such
that f; ewtends f, for each te{0,1>.

First we prove the following lemma:

(8.2) LEMMA. If X is a closed subset of a metmc space X', then for every
neighborhood V of the set

Z = (X' x(0)) v (X x<0, 1)

in the space Z' = X' x 0,1 there exisis a map ¢: Z’' — V which
18 the identity on Z.

Proof. -Let us assign to every z¢X the segment L, = ()X <0,1>
in Z. Since L, is compact and V is a neighborhood of Z, there is an open
neighborhood U, of # in X’ such that U,x<0,1>cV. Then the set
U=\ U, is an open nelghborhood of X in X’ and hence U x<0,1)

reX -
is open in Z’ and it is contained in V.

Now let us consider a map a: X' — (0,1> which has the value 0
on X'—U, and 1 on X. Such a map exists by the classical Urysohn’s
lemma (see, for instance, [200], p. 126). If we set

p(x,1) = (v, a(x)t) for (@,1)eZ’,

we obtain the map promised in the lemma.

Proof of Theorem (8.1). Using the notation of Lemma (8.2),
consider the function f: Z — Y defined by the conditions

flx, 0) = fo(x)  for weX’,
fle,t) =fi(x) for xeX and te{0,1).

It follows by I, (11.3), that f is a map. Since Y e ANR () and since Z is
closed in the metrizable space Z’, there is by (4.2) a continuous extension
f'.of f to a neighborhood V of Z in Z’ which has the values in Y. Let
¢: Z' — V be the map of the lemma. Setting

filx) =f (p(x,t)) for every weX’ and e<0,1),
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we obtain the required family {f;}. Thus the proof of the theorem is com-
plete.

Some genera,hzatlons of Theorem (8.1) have been given by C. H. Dow-
ker ([97], p. 205, and [100], pp. 101, 106, and 115), by S. T. Hu([1567,
p. 232), and also by S. A. Chow ([87], p. 234). .

Suppose that X, is a closed subset of a compact metric space X and
let ¥, Y, where Y is an ANR(I). We have proved in (5.1) that the func-
tional space (Y, 5,)%*® is an ANR(M)-space. Consequently, two maps
which are in the same component of (Y, 4,)®*9 can be joined by a con-
tinuous family of maps in this space. By Theorem (8.1) it results the
following

(8.3) CoroLLARY. If X, is a closed subset of a compact metric space X
and Y<ANR(M), then either every map belonging to a component
of Y*0 can be extended to a map belonging to Y= or none of them can
be so extended.

The following corollary (H. Samelson [256], p. 448) is 1mportant in
the theory of deformation retracts:

(8.4) COROLLARY. Let X, be a deformation retract of an ANR(IM)-space X.
Then. there exists a homotopy {p}c X= such that @, is the identity
map, oi(x) = x for every point xeX, and 0 <t <1, and the map

: X —» X,, given by the formula r(x) = ¢, ( w) for every point xeX,
18 a retraction of X to X,.

Proof. Since X, is a deformation retract of X, there exists a homotopy
{w;} = X* such that y, is the identity and the map r: X — X,, defined by
the formula »(2) = y,(2) for every point ze X, is a retraction of X to X,.
Consider the closed subset

Y, = (X X(0)) v (X, %<0, 1) w (X x(1))
of the Cartesian product ¥ = X x<0,1). Setting
p(2,1) = y(x) for every abeX, 10,15,

we get (by I, (11.3)) a map y: ¥ —> X. Let us observe that the partial map
v|Y,: Y, — X is homotopic to the map ¢: ¥, - X given by the formulas

p(z,0) =2, ¢(z,1)=mvp(x,1) for every zeX,
¢p(x,t) =z for every weX, and 0 <t <1.
In fact, setting
@s(z,t) = v[p(z,t),s] for every (x,t)e¥, and 0 <s < lb,
<

vs(2,t) = y[x, (1 —t)s+t] for every (x,t)e¥, and 0 <s <1,
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we get two homotopies {9s}, {$s}= X0 such that ¢, = ¢, 9, = y)IY
Moreover, if (z,t)e¥Y, and ¢ =1, then

@i, 8) =[x, 1),1] = p(2,1) = p (2, 1),
and if (z,t)cY and t =1, then

pi(@, 1) = yplp(@,1),1] = y[yp(z,1),1] = rr(z) = r(2)
, = w(w 1) = ¢u(@, 1).
Hence ¢, = v, and we infer that @ = ¢ and g, = wlY are homotopic

in X%o, and (8.1) implies. that ¢ has a continuous extension ¢: ¥ — X.
So it remains to set :

(@) = p(x,t) for every point weX and 0 <t <1,

in order to obtam a homotopy {¢;} =« X* satisfying the required condi-
tions.

9. Contractible ANR (9M)-spaces. Let us prove the following

(9.1) THEOREM. A space is an AR(M)-space if and only if it is an
ANR (M)-space which is contractible in itself. '

Proof. We have seen that every AR(9N)-space is contractible and
is an ANR(9N)-space. v

On the other hand, suppose that X< ANR(OR) and that X is con-
tractible in itself. We may assume that X is a closed subset of a convex
set @ lying in a normed linear space Z. Since X is contractible, there is
a continuous family {f;} of maps f,e X* such that f carries X onto a single
point ae X and f, is the identity. Setting f;(x) = a for <@, we get a con-
tinuous extension fy: @ —~ X of the map f,. Applying Theorem (8.1),
we obtain a continuous family {f;} of extensions f; of f; mapping @ into X.

In particular, f;: @ — X extends the identity f, and hence f; is
a retraction. Hence X< AR (YN) and so the proof is complete.

10. Open subsets of ANR (cm) spaces. Let us prove two theorems
of O. Hanner.

(10.1) FIRST THEOREM OF HANNER ([143], p. 391). EBvery open subset
of an ANR(M)-space is an ANR(M)-space.

Proof. Let G be an open subset of a space X ANR(YR) and let A
be a homeomorphism mapping G onto a closed subset k(@) of a metric
space Y. Then k~! maps h(G) onto G < X. Since Xe ANR (M), there is
by (4.2) a continuous extension f of A~! to a neighborhood V of the set
h{(@) in the space Y with values belonging to X. Since @ is open in the
space X, the set U = f~1(() is a neighborhood of 2(@) in V and hence
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also a neighborhood of h(G) in Y. Setting
r(y) = h(f(y) for yeU,

we 6btain a map r: U — k(@) which is a retraction. Indeed, if yeh(G),
then r(y) = h(h 1(y)) = y. Thus »(@) is a nelghborhood retract in Y and
hence Ge ANR(IM).

(10.2) SEcoND THEOREM OF HANNER ([143], p. 392). If a metrizable
space X is the countable union of open sets G;, i =1, 2, ..., which
are ANR(M)-spaces, then X is an ANR(CJ'R)-space.

Proof. In order to pro'veAthat XeANR (M) it is sufficient to snow
that for every metrizable space Y containing X as a closed subset, X is
a neighborhood retract in ¥. We shall first consider some special cases:

(i) There exists a natural number » such that X = G, v G, u...UG,.
Evidently it is sufficient to show our proposition assuming that » = 2
and that npne of the sets G, G, is the whole space X.

By First Theorem of Hanner G, = G;~G; is an ANR (M)- space
Consider the sets

H, = {ye¥; oy, X—G) = o(y, X—GL)},
H, = {ye¥; o(y, X—Gy) > o(y, X—Gy)},
= {ye¥; oy, X—G) < o(y; X—G,)}.
These ‘sets are closed in Y and |
| Y = H,oH, H,=H,~H,.
Since '
(10.3) " Hy~nXcG,,

it follows that G, is closed in Gy H,.
Because X is closed in Y, the closure G, of G, in Y lies in X. Hence
(10.3) implies
‘ Gy (GyoHy) = X A (Gyu Hy) = G,.
Since Ge ANR (M), there is a neighborhood V of the set @, in the
set G, v H, and a retraction r,: V — G,. Sinee V is a neighborhood of the

set G, in Gy w H, and the set H, is closed in Y, we infer, using (10.3), that
there is a neighborhood U of X in Y such that

_ ‘ Un(G,vH)cY. ,
Consequently (U~ H,))~(U~H,) = UAHOCV; Setting
ro(y) for ye(GooH)AH;iA U,
wily) = y for ye@G;—G,,
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we obtain a map ¢; of the set (G;—G) w[(GywHy) ~H;~U] = (X ~H;)
v (Hy~U) which is closed in U ~ H;, into the set G;e ANR(OR). Hence,
by (4.2), there is a neighborhood W; of the set (X ~H;)w(Hy~ U) in
U ~ H; and a continuous extension

pi: Wi — G4
of the map ¢;. ' . '
Since [(UAHO) U(Xr\ Hl)]u [(UF\HO)\J(Xf\Hz]) = (Ur\Ho)u X
and (U~H,)o(U~H,) = U, we infer that the set W = W,oW,
is a neighborhood of X in Y and the sets W, = W ~H,and W, = W~ H,
are closed in W. Since

P1(y) = 2(y) =71o(y) for every point ye U~ H,,
and since W, ~W,c(U~H)~(U~H,;) = U~ H;, we infer that setting
7 (y) — @;(y) for every point yeW,, i =1, 2,
we get a map r: W — X. Moreover, for every point yeX AW, either
yeG;—G, or yeGy ~ H; ~ U and, in both cases, 7(y) = ¢;(y) = y. It follows

that » is.a retraction of W to X. Thus X is a retract of the set W which
is a neighborhood of X in ¥. This completes the proof.

(ii) The sets G,, (5, ... are pairwise disjoint. If only a finite number
of them is not empty, then we have a special case of (i). Thus we may
assume (removing the empty terms) that G; 0 for every index

t=1,2,... Since G; = X—) G;, we infer that G; is closed in X, and
Ft
so it is also closed in Y. Setting

Us ={y<Y; oy, G) < oly, X—“Gi)}ay

we get a sequence {U;} of open and disjoint subsets of ¥ such that G;c Ut
for every ¢ = 1, 2, ... Then G, is a closed subset of U;, and consequently
there is a retraction ‘

, 7',,;! Vi g G/,;,

where 'V, is an open subset of U, containing G;. Setting
V= U Vi,

we get a nelghborhood V of X in the space Y and the function r defmei
by the formula

r(y) = r;(y) for every point yeV;
is a retraction of V to X.
Now let us pass to the general case. Setting

Pi=6G uGy0... 06y for ¢ =1,2,...,
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we get an increasing sequence {P,} of open subsets of the space X such
that

i=1

Moreover, it follows according to case (i) that P;e ANR (). Thus
we may assume that X £ P; for ¢+ =1,2,... Setting

Qi = (weX; o(w, X—P;) > 1/},

we get an open subset of P;. Moreover, smce P;c Py, and since X = () P,
we see at once that i1

Qic@i, and X =1J0Q
E i=1

Now let us set , '
' Q; for i=1,2,

Qi—@;_, for "i=3,4,..
It isvevident that

X=UR and R;~nR; ,=0 for ¢=1,2,...andj<i
i=1
Moreover, E; is an open subset of the set PieANR(C)R) and we infer
by (10 1) that R; eANR(CJR) According to the case (i), the sets

R = U Ry, and R’ = U R, are ANR(9M)-spaces and they are open

i=1

in the space X, which is their union. It follows by (i) that the space X
is an ANR(C)R) Thus the proof of Theorem (10.2) is finished.

(10.4) CoroLLARY. If every point of a separable metric. space X has
a neighborhood which is an ANR (M), then Xe ANR(IMN).

Thus for separable metric spaces the property of being an ANR(IN)
is a local property ([143], p. 392). For compact metric spaces an analo-
gous proposition was proved earlier by T. Yajima [298].

If we recall that the Cartesian product of two ANR (IN)-spaces is
an ANR(IM)-space and that every point of a bundle space X ([161], p. 65)
over a base space B and a director space D has a neighborhood homeo-
morphic to the Cartesian product of an open subset of B by D, we infer that

(10.5) If X is a hetric separable bundle space with o base Be ANR(IN)
 and a director space De ANR (M), then X< ANR(IM). '

(10.6) ProBLEM. Is it true that a metrizable space in which evéry point
has a neighborhood being an ANR (IN) is necessarily an ANR(IM)?



CHAPTER V

ABSOLUTE RETRACTS AND ABSOLUTE NEIGHBORHOOD RETRACTS
IN COMPACTA

In the previous chapters we have considered the notioh of retracts
in a rather general setting, such a point of view being necessary for many
applications. However, the principal aim of this book is a theory of spaces
of the possibly most pleasant nature defined in a purely topological way
and sufficiently general in order to include all polyhedra. Hence in this
chapter we shall confine our attention to compacta, that is, compact
metric spaces.

1. AR-spaces and ANR-spaces. A space X will be called an absolute
retract, or an AR-space ([17], p. 159), symbolically, Xe¢ AR if X is compact
and X AR (IMN). Similarly, we say that X is an absolute neighborhood retract
or an ANR-space ([21], p. 222), written Xe¢ANR, provided that X is
compact and XeANR(IN).

(1.1) THEOREM. AR-spaces are precisely the r-images of the Hilbert cube.
ANR-spaces coincide with compact r-images of open subsets of the
Hilbert cube.

Proof. The Hilbert cube @” is a compact convex subset of Hil-
bert space E” and hence every r-image of @ is compact and it is an AR (9MN)-
space. Also, ANR(9M)-spaces are the same as r-images of open subsets
of convex sets lying in a normed linear space. Consequently, every compact
~ r-image of an open subset of @° is a compact ANR (IN)-space.

Now let us assume that X<¢AR. By classical Urysohn’s theorem (see,
for instance, [200], p. 136) there is a homeomorphism % mapping X onto
a subset of Q. Since X is compact, the set h(X) is closed in @®, and since
X AR (M), it follows that there is a retraction r: @ — h(X). Then the
map h~'r: @° — X is an r-map so that X is an r-image of Q°.

Finally let us assume that X¢ ANR. As above, there is a homeomor-
phism % of X onto a closed subset & (X) of @“. Since X ANR (M), there
is an open neighborhood U of h(X) in @“ and a retraction »: U — h(X).
The map h~'r: U — X is an r-map, so that X is an r-image of an open
subset U of Q“. This completes the proof.
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(1.2) A compactum X is an AR-space if and only if for each homeomor-
phism h of X onto a subset of a compactum Y the set h(X) is a retract
of Y.

, Indeed, if Xe¢AR, then the set 2( X)is an AR (9N)-set closed in ¥ and
consequently h(X) is a retract of Y. Conversely, let X be a compactum
such that for each homeomorphism h: X - h(X) ¢ Y, where Y is a com-

. pactum, h(X) is a retract of Y. By Urysohn’s theorem there is a homeomor-
phism. k: X — h(X) <= Q”. Consider a retraction r: Q° — h(X). Then

h~1r is an r-map of @° onto X and (1.1) implies that XcAR. :

By a similar argument we can show that

(1.3) A compactum X is an ANR @f and only if for each homeomorphism
h of X onto a subset of a compactum Y the set h(X) is a nezghborhood
retract of Y.

2. Elementary properties of AR-spaces and ANR-spaces. It will be
useful to collect the various properties of AR-spaces and AN R-spaces
which follow from theorems about AR (IM)-spaces and ANR(C))Z) -8paces
and the theorems above. .
(2.1) Ewvery r-image of an AR i3 an AR and every r-image of an ANR is

an ANR.

This follows by (1.1) and I,(1.9).

- (2.2) Ewery polyhedron is an ANR.
This follows by IV,(6.2).

(2.3) XeAR if and only if X< ANR and X is contractible in itself.
This follows by IV,(9.1).

(2.4) AU the homology, cohomology, homotopy and cohomotopy groups of
an AR are trivial.

This is a special case of IV,(2.4).
(2.5) Every neighborhood retract of an ANR is an ANR.

This follows by IV, (3.4), taking into account that every neighborhood
retract of a space is closed in this space.

(2.6) Every ANR is locally contractible. In particular, XecANR implies
XeLC™.

This follows by IV,(3.3); and I,(17.2).
It follows at once that

- (2.7) Every ANR-space has only a finite number of components.
(2.8) Ewvery map of an AR into iiself has a fixed point.
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This follows by (1.1) and I,(7.2), and from the fact that @ has
the ‘fixed-point property. ' ‘ .

(2.9) The union of two AR (resp. ANR)-spaces the common part of which
is an AR (resp. ANR) space is itself an AR (resp. ANR) space.

This follows by IV,(6.1), (i) and (ii).
(2.10) Each open subset of an ANR is an ANR(M).

" This is a special case of Flrst Theorem of Hanner (IV,(10.1)).
(2.11) Bach component of an ANR is an ANR.

, This follows from (2.10) since each component of a locally connected
compactum X is open and closed in X.

(2.12) If the union of two compacta and their common part are both AR
(resp. ANR) spaces, then each of these compacta ’LS an AR (resp.
ANR) space.

This follows from IV, (6.1), (iii) and (iv).

(2.13) The Cartesian product of a sequence -of spaces is an AR-space if
' and only if every its factor is an AR-space.

This is a special case of IV,(7.1).

(2.14) The Cartesian product of a sequence of spaces is an ANR-space if
and only if all the factors are ANR-spaces and almost all factors
. are AR-spaces.

This is a special case of ‘IV;(7.2').‘

(2.15) A compactum X is an ANR if and only if every point of X has
. neighborhoods (even arbitrarily small neighborhoods) which are
ANR(IM)-spaces.

Proof. It follows by First Theorem of Hanner (IV,(10.1)) that every
point of an ANR (M) has arbitrarily small neighborhoods being ANR (M)
-sets. To show the converse, suppose that X is a compactum such that
each ze¢X has a.neighborhood U, which.is an ANR(9R)-set. The interiors -
of these neighborhoods U, are also ANR(O)-sets which are open. These
interiors cover X and since X is compact, a finite number of ANR (IM)-sets
cover X. From Second Theorem of Hanner (IV,(10.2)) it follows that
XecANR (). Since X is compact, we infer that X<ANR.

From (2.15) we see that the property of being an ANR-space is a conse-
quence of the local structure of a space. However let us mention that
there exist ANR-spaces containing points for which do not exist neigh-
borhoods being ANR-gsets with arbitrarily small diameter. Such an example
will be given later on (VII, Section 4).
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(2.16) If XeAR and X is a subset of X' e, then every map f: X - Y
has a continuous extension f': X' — Y. "

(2.17) If X<ANR and X is a subset of X'eIN, then there is a neighborhaod
U of X in X’ such that every map f: X — Y has a continuous extension
f: U7 ' '

(2.18) A compactum Y is an AR-space if and only if for each closed subset
X of a metrizable space X' and each map f: X -> Y there is a con-
tinuous extension f' of f mapping X' into Y.

(2.19) A compactum Y is an ANR-space if and only if for each closed
subset X of a metrizable space X' and each map f: X — Y there is
a neighborhood U of X in X' such that f has a continuous exvtension
f: U—>Y.
(2.20) If an ANR-set X lies in the Huclidean n-space E", then E*—X has
only a finite number of components.
This is an immediate consequence of I,(4.2).

(2.21) If an AR-set X lies in the Euclidean n-space E", then the set B"—X
is connected for n'> 1 and it has two components, for n = 1.

This is an immediate consequénce of I,(3.7), and I,(3.8).

3. A theorem on extension of maps. We prove the following

(3.1) TuHEOREM. If YeANR and & > 0, then there is an n > 0 such that
for every closed subset X, of a metric space X and for all maps
Frs foe Y50 with o(fy, fo) <n if fi has an extension fie YX, then f,
has an extension fye Y= such that o(fi, fo) <e.

Proof. Without loss of generality we may assume Y < Q@ < E°.
Since ¥Y<ANR, there is a neighborhood U of ¥ in E” and a retraction
r: U — Y. Since Y is compact, there is an # > 0 such that 5 < %, that
the generalized ball '

K = {y<E®; o(y, Y) < n}
lies in the set U and that o(y, r(y)) < %= for all yel (since r(y) =y for
yeY). If we set - o '
| ¢(@) = fi(®)—fo(x) for every weX,,
we infer that the range of ¢ is a subset of the ball K, = {y<E“; o(y, 0) s N}y
because o(fy, f,) <#. Since K, is convex, it follows from the generalized the-

orem of Tietze (IIL,(7.1)) that there is a continuous extension ¢’: X — K,
of the map ¢. Consequently, if f; is a given extension of f,, then

(3.2) o(fi(@), fi@)—¢' (@) = e(0, ¢’ @) <7 for weX,
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and therefore f;(x) —¢’ (x)e K. Hence the formula

fa(@) = r(fi(@)—¢' (@)
defines a map f;: X — ¥ which extends to f, because, for weX,, we have
falm) = r(fz(m)) = f,(x). Moreover, from equation (3.2) and the inequality
ey, 7)) < e we infer that o(fi(2), fo(#)) <e for all meX. Thus the
proof is complete. '

(3.3) COROLLARY. Let Y, be a closed subset of a space Y. If Y, Y,e ANR,
then there exists a neighborhood U of Y, in Y and a homotopy {ws} < YY
such that

(i) wo(y) = vy for every point yeU, :
(il) wi(y) =y for every point ye¥, and 0 <t <1,
(iii)” w, s a retraction of U to Y,.
. Proof. Since Y,cANR, there exists a map r retracting a neigh-
borhood U, of Y,in Y to ¥,. Now let U be a neighborhood of Y, contained
in U,. Setting
X =TUx<0,1>,
Xy = ¥y %x<0,1>0U X (0)uUx(1), -

let us consider two maps fi, fye Y%o g'iven by the formulas

iy, 1) = ¥y for every (¥, t)eX,,

L0, 0 Y for every (y,1)eX,x<0,1>wU x(0),
2= r(y) for every (y,t)eUx(1).

Now let 7 be a positive number. It is evident that the neighborhood U of

Y, in Y may be chosen so that o(f;, f2)'<< #. Since X, is closed in X and

since f; has a continuous extension f; to X with values in Y (given by the

same formula f,(y,t) =y), we infer by Theorem (3.1) that there exists

a continuous extension f,: X — Y of f,. Setting '

wy(y) = fé(:’/; ?) for -(?/, t)e U x <0,15,
we get a homotopy {w} c YU satisfying conditions (i), (i), and (iii).

4. ANR-spaces and polyhedra. Now we shall discuss some simple
relations between ANR-spaces and polyhedra. Consider, for every natural
number m, the map ¢, of the Hilbert cube @” given by

‘Prﬁ((mly Ly )) = (%1, Ly ovey Tmy 0, 0, cee)

Clearly ¢,, is a retraction of Q“ to the m-dimensional cube Q™ consisting of
all points xeQ® of the form x = (@, gy ..., Ty, 0, 0, ...). It is clear that
there is a sequence {e,} of positive numbers converging to zero such that

olpm(x), ®) <e&n for every zeQ®
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(for example, ¢,, = ]/ Z (1/i%)). A set A < Q” will be called a prism in Q

t=m+1
provided that there are a natural number m and a polyhedron P < @™
such that 4 = ¢;,'(P). The polyhedron P is called a base of the prism 4;
observe that P is a deformation retract of. A and that 4 is homeomorphic
to the Cartesian product P x@Q”. Since P and Q” are ANR-spaces, we
infer that

(4.1) LEMMA. Every prism in Q“ is an ANR-space.

Suppose that P < Q@™ is a base of the prism 4 and let % be a natural
number. The set P, < Q™* of all pomts Q™ * for which g, (2)eP is
a polyhedron (homeomorphic to P ><Q ) and is also a base of A. We infer
the following

(4.2) LEmMMA. A prism A’ in Q° is contamed in the prism A in Q° if and
only if there are number m and. a base P’ < Q™ of A’ contained in
a base P = Q™ of A. '

Now let us prove the following

(4.3) LEMMA. Let X be a compactum in Q° and let ¢ > 0 be a given number.
Then there is a prism A < Q° which is a neighborhood of X in Q°
and such that ¢(x, X) < ¢ for every point meA.

Proof. If X = 0, we may assume 4 = 0. If X # 0, then consider
an index m such that e, < }e. The set X,, = ¢,(X) is a non-empty
compactum lying in Q™. Consider a polyhedron P < Q which is a
neighborhood of X,, in @™ such that

oz, X)) < &n - for every weP,.

Since ¢,, is continuous, the prism 4 = ¢,'(P,) is a neighborhood of X
in @°: Moreover? Om(®)e Py, for xeA and

0@y X)) <X 0(®, (@) + 0 (pm (@) Xn) < 26

(because g(w, (pm(.'L‘)) < &, by the definition of &,). Since the distance from
a point xeX,, to X is < ¢,, we infer that o(x, X) < 3¢, << ¢ for weAd,
. and this completes the proof.

New let us prove the following

(4.4) THEOREM. ANR-spaces coincide with the r-images of prisms in Q.

Proof. Since a prism in @ is an ANR-space, every r-image of a prism
is also an ANR. To show the converse, suppose X< ANR; we have to show
that X is the r-image of a prism. Without loss of generality we may assume

X < @°. Since Xe¢ANR, there is a neighborhood U of X in @“ and a re-
traction r: U — X. By Lemma (4.3) there is a prism 4 in Q% whiech is
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a neighborhood of X and lies in U, i.e.,, X = A = U. The restriction

r|4 is a retraction of 4 to X and so X is the r-image of a prism in Q“.

(4.5) COROLLARY. For every space X e ANR there is a polyhedron P which
homotopwally dominates X, t.e. P > X. -

Proof The theorem asserts that there is a prism A in Q’” such that
A > X, and consequently A ’> X. On the other hand, if P is a base of
> h :

A, we know that P is a deformation retract of 4. 1t follows by I,(14.2),
that A\_f;_ P and consequently 4 = P, whence P >h X. :

(4.6) COROLLARY. For each ANR-space X, there is a polyhedron P such
that the groups of homology, cohomology, homotopy and cohomotopy
of X are r-images of the corresponding groups of P.

Thus the homological and homotopic properties of ANR-spaces
show much similarity with the analogous properties of polyhedra. One
can prove also that several homological properties of position of compacta
in ANR-spaces show a close similarity to analogous properties of com-
pacta which lie in polyhedra. A result in this direction has been recently
found by A. Deleanu [95]. :

5. Approximation of ANR-sets by two prisms. A more precise relation
between the algebraic properties of polyhedra and of ANR-spaces is
a consequence of the following
(5.1) THEOREM. For every ANR-space X lying in the Hilbert cube Q°

there are two prisms A and A’ such that

(1) X A" A,

(2) there is a retraction r: A — X,

(3) the map f: A" — A given by f(x) = r(w) for xe A’ is homotopic
to the inclusion i: A’ — A.

Proof. Asin the proof of the previous theorem, we may find a prism
A in @” which is a neighborhood of X in ® and satisfies condition (2)
of this theorem. Since r is the identity on X, we may find a neighborhood
U of X which is contained in 4 and satisfies the condition

(1—t)x+it-r(x)ed for all xeU and {e{0,1>.
Then by Lemma (4.3) there is a prism A’ for which X ¢ 4’ <« U. If
“we set o

flx) = r(x) for xeA’

and.
‘ filw) =t-r@)+@1—t)-x for wxed’ and telOy1),
then we obtain a map f: A’ — A and a continuous family {f;} of maps
joining (in the space A“’) the map f, = ¢ to the map f, — f. This com-
pletes the proof, : '



5. Approximation of ANR-sets by two prisms 107

(5.2) THEOREM. For every space X e ANR there are two polyhedra P and
P’ < P such that for each index n = 0 and every group of coefficients
U the homology group H,(X,2A) is @somorphw to the zmage Tm(j4) of
the homomorphism

,, ot Ha(P2) > (P, ) |
“induced by the inclusion j: P' — P,

Proof. We may assume that X is a subset of the Hilbert cube Q°.
By Theorem (5.1) we can find prisms 4 and A’ such that X c A’ c4 < Q®
and a retraction r: 4 — X such that the map f: -4’ - 4, given by the
formula f(x) = r(w) (for xeA’), is homotopic to the inclusion i: 4’ — A.
Applying Lemma (4.2), we may assume that the base P’ of A’ is contained
in the base P of 4. Since the values of f are in X, it follows by II (4.13),
that the group H,(X,¥) is isomorphic to H,(A’, A)Ker(i,), where
4, H, (47, %)~ H, (A 2() is the homomorphism 1nduced by the inclusion
map 4: A'—»A
It remains to show that H,( [Ker .) 18 isomorphic to
- H, (P, %)jKer Jj«). To this end we observe first that the projection ¢ of 4
onto its base P is homotopic (in the space 4“) to the identity map of A.
Moreover, we may choose this homotopy so, that it simultaneously deforms
the prism A’ onto its base P’. It readily follows that the isomorphism

¢.: H,(4', %) — H, (P, %)

induced by the projection ¢’ of A’ — P’ maps the group Ker(4,) onto
Ker( ]*) and from this we infer that H,(4',U |Ker( ) i8 1somorph1c to
H,(P [Ker J.). The proof of Theorem (5.2) is thus complete.

ThlS theorem states that the homology groups of an ANR are
determined by the homology groups of a polyhedron and the kernels of
the homomorphisms induced by the inclusion map of this polyhedron
into a larger one. Since, for polyhedra, the homology groups as defined
by Cech or Vietoris and also the singular groups are all isomorphic to the
groups determined by any simplicial triangulation of the polyhedron,
we have ([211], p. 18, [180], p. 96, and [222], p. 30) the following

(5.3) COROLLARY. For ANR-spaces, the homology groups of Cech or of
V@etoms are isomorphic to the cow'espondmg singular groups.

6. Embeddmg of compacta in AR-spaces. According to Urysohn’s
theorem every compactum may be topologically embedded in the Hilbert
cube, which is an AR-space. Another embedding of compacta in AR-spaces
is given by the following ([38]," p. 240)

(6.1) THEOREM. For each compactum X there s an AR-space X' (md
a homeomorphism h of X onto a subset h(X of X’ for which X' —h(X)
i8 a polytope.
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We may assume that X = 0. Let us observe first that, since X' —h(X)
is separable, any triangulation of X' —h(X) can have at most a countable
number of simplexes (II1,(4.5)). This triangulation is finite only if the
set' X' —h(X) is compact. In this case, we can obtain an AR-set X'’ for
which X'’ —h(X) is non-compact by attaching to X’ a segment having
only one point in common with X’. Therefore we can assume that the
triangulation is countable, and also — by III,(5.1) — that it is a null-
triangulation. Consequently, since the case X = 0 is trivial, we may
(equivalenty) reformulate Theorem (6.1) as follows:

(6.2) THEOREM. Each compactum X =0 is homeomorphic to a subset
X' of an AR-space X' such that X'' — X' is a polytope having a null-
triangulation. , : ‘

Before giving the proof we estabhsh the following

(6.3) LEMMA. Let 7 be a triangulation of a polyhedron X and let X,, X
be two disjoint subpolyhedra of this triangulation and let I be an
interval {a, B>. Then there is a triangulation 7' of X X I and a retraction
f of X X I linear on each simplex of T’ cmd given by the formula

f@,t) = (w, 0(w, 1)) (for eX and tel),

where 8(x, t) is a function with values in I such that
(1) 6(2, 1) = a if eX, or t = a, '
(2) O(w,t) =1t if weX,. '

Proof. We easily see that X x I is a polyhedron. Indeed, one trian-
gulation ' of X X I consists of some simplexes ¢ with the vertices (x,, %),
«ovy (@ t;) where the points xy, ..., #,, which need not be distinct, are
vertices of a simplex of the trla,ngula.tion Z and each ?; is either a or §.
We define a map f on the set of vertices of ' by the formulas

(@, @) for a;eX,,

f(( Y 1)) (w9 2) for @eX—X,.

This map f is then extended to a map Hnear on the simplexes of '; we
also denote the extension by f. Then f is the required retraction since
ff = f. This completes the proof of the lemma and now we are ready
for the

" Proof of Theorem (6.1). We assume, without loss of generality,
that X < @“. As before let ¢, be the projection of Q onto Q™ given by
the formula

Pm({@n}) = (T1y Ty -2+ 5 Ty Oy 0'7 ce)e
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For each natural number m, let P,, be a polyhedron in @™ which is
a neighborhood in @™ of the set ¢, (X) and let

I = (P;LI(Pm)

We see that Z,, is a prism which is a neighborhood of X in @“. It is clear
that we may inductively choose the polyhedra P,, so that

(6.4) , Z, =9°,
(6.5) Zpmy = IntZ,,
(6.6) N =

' From (6.5) and the definitions of ¢, and Z,, it follows that the polyhedra
O (Zmsr) a0A @p(Q° —Zy) = Q™ —P,, are disjoint. From Lemma (6.3)
we conclude that there is a map 0, of meIm into I,, where I,
= {0, 1/(m+1)>, such that 0, (x;, ..., Tps1, 0,...) =0 for (z;, ..., X, 0, ...)
Q" —Ppy 0p(@1yeeiy Ty, 0y ...) = Ty fOI’ (wn coes Bmy Oy o) €@ (Znin)-
Moreover, the map fm defmed on the polyhedron Q™' = @™ xI,, by the
formula

fm((wly Ty <oy Bmy Tmy1y 0, 0y - )) = (L1y +++y Oy O(ml, ceey @mya1)y 0,0, .. )

is a retraction linear on every simplex of a triangulation 7 of @™*! and
such that '

(6.7) (@) = pn(@) it ou(2)eQ™—Py,

(6.8) fal@) =2 i pu(2)epn(Zm).

From (6.4), (6.5), and (6.6) it follows that @°—X is the union of the com-
vacta B,, = Z,,—Z,,,, which satisfy the conditions

(6.9) Bp~ABpy=0form=12,... and k' =2,3,...

(6.10) B, anmﬂ = L1 ™ (Q —Zipyy) Jor m =1, 2,

(6.11) If Uisa ne@ghborhood of X in Q°, then for all but a finite number
of indices m the set By, lies in U.

(6.12) @umy1(Bm) 48 a polyhedron contained in B,, for m =1, 2,>...

(6.13) fm[¢m+1(Bm)] < ¢m+1(Bm)-
Frqm (6.10) it follows for any zeB,, ~ B, that

Ol Fmsr (@) = P (@) ePmZimsr)
and

¢m+1(‘l’m+z(w)) = Pmi1(0) Qi1 (Q° —Zpty) = Q" —Ppys.
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Thus we infer from (6.7) and (6.8) that

fm(<pm+1(w)) = Pmy1(®) = ‘Pm+1(¢m+2(x)) :fm+1(‘pm+2(m))
' for every point weB,, ~ Bp;.

Ooﬁsequently, by means 'of (6.9) the formulas -

fm(¢m+1(x)) for 'CveBm,
& for 2xeX

flo) =

define uniquely a fuhection f on the whole cube Q°.
Relation (6.11) implies that f is continuous in @®—X. Moreover, for
every point # = {v,} in B,, we have - : .

f(=) :fm(¢m+l(m)) :fm((wly fevy Zg1y 0y 07"'))

= (@1, gy ovy Ty O(B1y Bayoony Bynn)y 0, 0, ..
and hence
(, f(2))2 < S -
o, < 2 s

This inequality together with the definition of f implies that f is continuous
at every point of X.

By the definition of f the set X'’ = f(Q”) is the union of X and of
the sets f(By) = fm(¢mi1(Bn)). Moreover, (6.12) and (6.13) imply that
fom ((pm +1(Bm)) € Qpi1(By) € B, and, since f,, is linear on every simplex .
of a triangulation of Q™*', we infer that all sets f(B,,) < B,, are polyhedra.
Recalling (6.9) and (6.11), we conclude that the set X''—X = (J f(By)

m=1 .
is a polytope. '

In order to complete the proof of (6.1) it is sufficient by (1.1) to show
that f is a retraction of @, i.e. that ,f(f(w)) = f(x) for all xeQ”. If weX,
then f(x) = x so that f(f(x)) = f(x). If #cQ”—X, then there is an index
m With veB,. Then f(#) = fu(Pmi1(®))e@ni1(Bn) = By. Moreover, the
map f,, which is a retraction, satisfies the condition. f,,f,, = f. and hence
for every point zeB,, we have '

= fulpmir (@) = f(2).
Thus we have shown that f is a retraction of @ to X"’ == f(Q”). It follows

by (1.1) that X"'eAR. This completes the proof of (6.1), and consequently
also of (6.2).
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7. A characterization of ANR-spadeé. Let us prove the following
theorem:

(7.1) THEOREM. A compactum Y is an ANR-space if and only if it satisfies
the following condition:

(I) For each metrizable polytope W having a null-triangulation I
and for each uniformly continuous map f, of the 0-skeleton W, of
W (relative to T) into Y there is a uniformly continuous extension
f of fo to an almost full subpolytope W of W (relative to T).

Proof. We can assume that Y < @“. In order to show that condition
(I) is necessary let us prove the following stronger proposition:

(7.2) If YeANR, then for every metrizable polytope W and for each trian-
gulation 7~ of W, with diameters of simplexes converging to zero, and
for each subpolytope W' of W (relative to J°) which contains W°,
every uniformly continuous map f': W' — Y has a uniformly contin-
uous exwtension which maps an almost full subpolytope W, of W
(relative to T into Y. )

Since Y<ANR, there is a retraction » of a closed neighborhood U of
Y in Q@ to Y. Let ¢ be an arbitrary simplex of 4. For the purposes of
this part of the proof, let f, = f'. We denote by A4, the smallest convex
subset of @“ which contains the set fy(c ~ W’'). It is clear that

(7.3) ¢’ co implies A, < A, for every o,c'e7.

Let 77, be the collection of all simplexes oe7 such that 4, < U.
Since the map f, is uniformly continuous, the diameters of the sets A,
converge to zero and hence almost all simplexes of 7" belong to.7,. Let W,
denote the subpolytope of W having 7, as its triangulation and let 7 (k)
denote the collection of all simplexes of dimension < %k which belong
to 7 ;. Setting

Wi =Wo U {03 0e T (R)},

we have W, = W’ and hence the map f, is defined on the whole set W,
with its values in ¥ < U. Now let us agsume that for an index k& there
is a uniformly continuous extension f;: W; — U of the map f, satisfying
the condition fi(c ~ Wy) = A, for every oe7 . This is obvious if k¥ = 0.

Now consider a simplex ¢ of 9 (k+-1) which is not contained in 7 (k).
Then f is defined on the boundary o+ of o and we have f;(¢*) = 4,. Since
A, is a convex subset of @°, we infer that the map fijo* can be extended
. to a continuous map of the whole simplex ¢ into the set 4,. Thus we may
extend f; onto each simplex ¢ of  (k+1) which is not already contained
in 7 (k) and so we obtain a map fi, defined on the whole set W e
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Recalling that the diameters of the sets 4, converge to zero, we infer
that the map fi,.; is uniformly continuous. Moreover, sincé f;,, extends
fr which is an extension of f,, it follows that f,,, extends f, and (7 3) -
implies that f;,, satisfies the condition

Jes1(o~ Wiyy) <« A,  for each oed .

Setting f(z) = r(fx(»)) for each we Wy, k = 0,1, ..., we see at once that
the funetion f is a uniformly continuous map of W, into Y which extends f,.
Thus the proof of (7.2) is complete.

In order to finish the proof of Theorem (7.1) it remains to show that
a compactum Y £ 0 satisfying (I) is an ANR. By Theorem (6.2) there
is a set Y”eAR such that ¥ « ¥ < Q° and such that W = Y"'—Y
is a polytope with a countable triangulation Z~ whose simplexes have
diameters converging to zero. Let us assign to each vertex « of J a point
fo(@)e Y such that o(fy(x), ) = o(x, ¥). It is plain that f, is a uniformly
continuous map of the 0-skeleton W° of 7 into Y. By our hypothesis
there exists an almost full subpolytope W’ of W and a uniformly conti-
nuous map f': W' — Y such that f'(x) = fo(x) for every xe W° ~ W'
It is clear that the set W’ o Y is a neighborhood in Y'' of Y. Setting

@ for xeY,
flz) for Te w’,

r(x) =
we readily see that the map r of the set W' o Y into Y defined by these
formulas is a retraction. Thus Y is a neighborhood retract in the AR-space
Y’ and we infer by (2.5) that YeANR. The proof of Theorem (7.1) is
thus complete.

8. Condition of Lefschetz. A positive number 7 is said to satisfy the
condition of Lefschetz for a pair of spaces (Y, ¥,) and for ¢ > 0 provided
that for every polyhedron W, every triangulation 9 of W, and every
subpolyhedron W’ of this triangulation containing all vertices of 77, every
map f: W — Y, such that 4[f (¢ ~W’')] <9 for each simplex ge7,
has a continuous extension f: W — Y such that 6[f(0)] < ¢ for each
simplex 0e7.

Let us prove the followmg theorem (due to S. Lefschetz [210], [211],
[213], and [214], p. 83):

(8.1) THEOREM. A compactum Y is an AN R-space if and only if there
exists for every ¢ >0 a number n >0 satisfying the condition of
Lefschetz for (Y, Y) and e.

Proof. We can assume that the compactum Ye<ANR is a subset
of the Hilbert cube @” = E”. Since Y<ANR, we see at once that for every
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¢ >0 there exists a positive 7 < te such that Y is a retract of the
generalized ball

(8.2) : = {y<B°; oy, ¥) <mn}
under a retraction r: K — Y satisfying the condltlon
- (8.3) ely,7(y)) < %te for every point yeK.

Now let us. consider a map f': W' — Y of a subpolyhedron W’ of W (in
the triangulation .97), satisfying the condition

6[f’(o ~ W) <n for each simplex oe7.

Let A, denote the convex hull (in the space E®) of the set flo~ W)
Then

(8.4) d(4,) <n for each simplex ce7 .

Consider now the polyhedron W, defined as the union of the poly-
hedron W’ and of all k-dimensional simplexes of, o}, ..., o), of the trian-
gulation . Since W’ contains all vertices of the triangulation .7, the
polyhedron W, coincides with W’ and consequently f': W, > ¥ < E“.
Setting f, = f’, let us assume that for an index & >0 a map f: W, — E* is
already defined, satisfying the condition .

(8.5) fu(o ~ W) = A, for each simplex ce7 .

It is-clear that this condition is satisfied for ¥ = 0. Now we define a map
fer1: W1 — E® in the following manner: If ¢ = of+! is a simplex of
the triangulation 7 lying in Wy, ,, but not in W’, then f; is already defined
on the boundary ¢ of the simplex o and the condition f,(c*) < A4, is
satisfied. Since A, is a convex subset of the space E, we infer that the
restriction fk]cr has a continuous extension which is a map of ¢ into the
set A,. If we define f;,; on ¢ as such an extension of the map filo*, we get
a continuous map fi.1: Wiy, — E° and it is cleat that fr (0 ~ Wyy,) < 4,
for every simplex ce7. ”

Let m denote the dimension of the polyhedron W. Then Wp=W
and the map f,: W — E“ satisfies condition (8.5) with k = m. By this
construction, the values of the map f,, at the vertices of the triangulation
J belong to- Y. We conclude, by (8.2), (8.4), and (8.5), that f,,(W) c K.
Moreover, for xe¢ W’ the map f,, is the same as the map f, and consequently
fu(®)eY. Setting f = rf,, we get a continuous extension f: W - ¥ of
the map f,. Moreover, we infer by (8.3), (8.4), and (8.5) that for every
simplex ¢e7 the diameter of the set f(o) is less than or equal to . Thus
the necessity of the condition of Lefsthetz is proved. '

Let us pass to the proof that the condition of Lefschetz is also
sufficient. By (6.2) we can assume that the comipactum Y is econtained in
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a space YeAR such that the set ¥ — ¥ is a polytope having a null-trian-
gulation 4. Tt follows that each neighborhood of Y in the space ¥ contains
almost all simplexes of the triangulation 4. Applying the condition of
Lefschetz, we readily infer that there exist two decreasing sequences
of posifive numbers {,} and {&,} converging to zero and such that

(8.6) : &, < iy, for every n=1,2,...,

and that for every polyhedron W with a triangulation 4, and for every
subpolyhedron W’ of this triangulation, containing all vertices of .7 we
have:

(8. 7) If a map fo: W' —> Y satisfies the condition 6[fy(c ~ W')] < 9, for
each simplex ce7 ", then there exists a continuous extension f: W — Y
of f, such that 6[f (0)] <1/(n+1) for every simplex o of the triangu-
lation I .

(8.8) If a map fo: W' — Y satisfies the condition 8[fy(c ~ W')] < &,
" for each simplex oe7, then there exists a continuous extension

f: W — Y of f, such that 6[f(o- < 39, for every simplex o of the'
triangulation F . '

Now let us assign to every vertex « of the tmangu]atmn g a pomt
p(x)eY such that

(8.9) o(@ p(@) = o(x, Y).
Let us denote by K, the generalized ball defined by the formula
(8.10) : K, = {yéYy oy, Y) < 14&.}.

In particular, the ball K, is a nelghborhood of the set Y in the space Y
and consequently almost all simplexes of the triangulation 4 are subsets
of K, with diameters < }&,. Let 7, denote the collection of all simplexes
oeJ  satisfying these conditions and let Y, denote the union of the set
Y and of all simplexes of the triangulation 7,. Then

(8.11) The set ¥, = K, is a neighborhood of Y in the space Y.
(8.12) Y,—XY s a polytope with the triangulation 7.

(8.13) For each simplex oce7, the diameter of the set of values of ¢ on
vertices of o is < &,. '

Mamfestly, the polytope Y,— Y can be represented as the union of
a sequence W, Wy, ... of polyhedra satisfying the following conditions:

(8 14) W = 0 W < Wn+1""y Wn+1

(8:18) The set Z, = W, Wn 1 ‘is contained in K, for n =1,2,.
(8.16) The simplexes of T, lying in Z, constituie a trmngulatwn T of Z,
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(8.17) If 6e7, and o ~ Wn 0, then 6 ~ Yo Wy =0,
(8.18) If 0eT, then 5(0) < } &, : ,
It follows by (8.9), (8.10), (8.15), (8.16), and (8.18) that

(8.19) If 0eT,, then @ maps the set of @e’rtwes of ¢ onto a subset of Y
with diameter <§&,.

Let W, denote the boundary of W, in the space Y,. It is evident that
_the set W, is a polyhedron being the union of some simplexes of the
triangulation J,. By (8.14) the polyhedra W,, Wi, W*,... are disjoint
one to another. Let M, denote the set of all vertices of the triangulation
T . It follows by (8.19) that é[p(oc ~ M,)] < &n for each simplex 0Ty
We infer by (8.8) that there exists a continuous extension ¢,: W, — Y
of the restriction qol n W) sa,tlsfymg the condition - :

(8.20) 6[%(6)] i, for every s1mp1ex 0eT , such that o < W
It follows by (8.14) that the bound_ary of the set Z, = W —W,_: (in

* the space Y,) coincides with the union of the polyhedra W, and W,_,.
Setting

%(m) for every point xe W,, |

(8.21) - ' fu(@) = @u_s(2) ~ for every point ze W, _,,
| (@) for every point xe M,

we obtain a map f, of the set N, = W, v W,_, v .M, into Y. If 0e7,,
then we infer by (8.17) that either ¢ A W, =0 or 0 ~ W,_, =0. In
both these cases, (8.19), (8.20), and (8.6) imply that the diameter of the
set fn(o A N is < e It follows by (8.7) that f, has a continuous
extension ' ' o

fut Zp—> Y '

satisfying the condition
(8.22) S ful a)] < for every simplex ¢&7,.

It follows by (8.21) that
fa(®) = fay1(®) = on(@) -~ for every point we W, = Z, ~ Zp,,.
Hence setting ' o
r(z) = fu(x) for every point z<Z,, n =1,2,...,
ra) =o for evefy point ze Y,

we obtain a function r: Y, — Y. It is clear that this funetion is contin- '
uous at every point of the set Y,—Y, and also at every point of the set
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Y-Y,— Y,— Y. If, however, ¢ Y ~ YO Y, then for every sufficiently small
neighborhood U of « in the space Y, every point #'e U belongs either
to Y or to one of the sets 7, with arbitrarily great index ». In the
first case, the distance o(r(w), r(2')) = o(w, ') is arbitrarily small. In the
second case, the point 2’ belongs to a simplex ce7,. Let p be one of the
vertices of ¢. Then we infer by (8.9), (8.10), (8.15), (8.18), and (8.22) that

o(r(@), (@) = o(#, fu(@) < o(w, @) +o(a', p)+0(p, ¢()+6[fal0)]
< el w’>+§£n+§5n+ 4
n

hence, for «’ lying in a sufficiently small neighborhood U of «, the distance
o(r(x), r(#)) is arbitrarily small.

Thus we have proved that the functlon r: Y,— Y is continuous.
Moreover, since Y, is a neighborhood of Y in the space Y and since 7 (x) = »
for every point ¢ Y, we infer that » is a retraction and Y is a retract of
its neighborhood Y, in the space Y. If we recall that Y ¢AR, we infer
by (2.5) that Ye ANR. Thus the proof of Theorem (8.1) is finished.

9. Matching of sets. Let X, and X, be two disjoint compacta and
let ¢ be a map of a closed subset X, of X, into X,. Then by the matching
of X, and X, by ¢ ([30], p. 250) we understand the decomposition space
([203], p. 46) of the upper semicontinuous decomposition 2 of X1 v X,
into the following sets:

a) the individual points of the set (X;—X,) v (X,—¢(X,)),

b) the sets (x) v ¢~ %z) with wep(X,).
This decomposition space will be denoted by X, & X,; by elementary
theorems on decompositions, it is a compactum and the function
v: X, uX,>X, X,

assigning to every point zeX, o X, the element y(x) of the decom-
position 2, containing », is continuous. This map v is said to be the

natural map of X, X, onto X, & X, It is clear that the restriction
zp[(Xl—Xo) is a homeomorphism of X,—X, onto the subset y(X;—X,)

of X, ¥ X, Moreover, let us notice that the restrietion w[X .18 a homeo-

morphism of X, onto the set X, ¢ X, < X, ¢ Xx,.
Let us prove the following theorem ([287 1 p. 11255 compare also
[30], p. 250): ’

(9.1) THEOREM. Let X, Xy, X, be ANR-sets such that X, ~ X, = 0 and

X, < Xy, and let ¢ be a map of X, into X, Then X' =X, X,
is an ANR-set. :
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The proof, due to J. H. C. Whitehead [287], is based on three lem-
mas: ’ .

9.2) LeEMMA. If X,, X, and X, = X, are ANR’s and pe X3, then there
' ’

exists a nmghborkood U of the set X, & X, in the space X' = X, & X,
and a homotopy {g} = X'V such that
(i) go(2') = &' for every point ' U,
(il) gi(a') = o’ for every point #'eX, S X, and 0 <1t < 1,
(iii) g, is a retraction of U to X, & X,.
Proof. By (3.3) there exists a neighborhood V of X, in X; and
a homotopy {w:} = X such that w, is the inclusion map of V in X,
w, is a retraction of V to X, and that wi(x) = = for every weX, and
0 <t < 1. Congider now the natural map y: X; v X, - X’ and let us set

U=9(V)v (X, S Xy),
gi(@') = poyp~ (@) for 2'eU—(X,d X,) and 0 <t <1,
q@’) =ao for o'eX,d X, and 0 <t<1.
Then we get a homotopy {g;} = X'U satisfying conditions (i), (ii),

and (iii).

(9.3) LeMMA. Let X and A = X be ANR-sets and let Y be a metric space.
Let ¢ be a positive number and {fi} = Y* be a homotopy such that
for each point acA the diameter of the set F, of all points fi(a) with
0 <t <1 s less than &. If the map fo has an extension f,e Y, then
there exists a homotopy {f} < Y such that J; is an extension of fi

and that for each point weX the diameter of the set F, oj all points
Je(@) with 0 <t < 1 is less than e.

Proof. Since 4 is a compactum, there exists a positive number
¢’ < ¢ such that

(9.4) 4 8(F,) <& for every point acA.

- Since the set
Z = (X x(0)) u (4 x<0, 1))

in an ANR, there exists a neighborhood U of Z in the space X x<0,1)

and a retraction r: U — Z. Setting -
if 2z = (2 0) with <X
05) gy = H 2= 0w e,
file) i 2= (2,1 with zed and 0 <t <1,

we get a map ¢g: Z — Y. The compactness of X implies that for positive
and sufficiently small values of n the following condition is satisfied:

(9.6) IfxeX and o(x, A) << n, then (x) x<0,1> < U.



118 CHAPTER V. Retracts in compacta

Moreover, since 7 is a retraction of U to Z and ¢ is continuous, we
infer by (9.4) that for the number » sufficiently small the following
statement holds: , : ‘

(9.7) For every point weX such that o(x, A) < u the diameter of the set
gr () X0, 1)) is less than e. : o
- Now let us consider a continuous, real-valued function a defined in
the space X and satisfying the condition:

0 < a(x) <1 for every point weX,
®8) [0 i e(@4)>n,
: a(r) = .
|1 i med.
. It follows by (9.6) and (9.8) that _
(w, ta(w))eU  for every point zeX and 0 <t <1.
Hence, setting »
Je(@) = gr(®, ta(x)) for every point weX and for 0 <t <1,

we get a homotopy {fi} = Y¥* satisfying the condition f, = f,. Moreover,
f+ is an extension of f; and if <X and o(x, 4) > %, then a(z) = 0 and
consequently the set ¥, consists of only one point gr(x, 0). If, however,
zeX and o(x, 4) < 7, then (9.7) implies that the diameter of the set
F, = gr((@)x<0,15) is less than e. Hence d(F,) < & for every point
zeX and the proof of Lemma (9.3) is finished. ‘ ' ’
(9.9) LEMMA. Let X be a compactum and Y < X be an ANR-set such that:
(a) There is a neighborhood U of Y in X and a homotopy. {g:} = xUv
‘such that go(x) = & for every point xeU, gi(y) =y for every
point yeY and 0 <t <1, and that g, is a retraction of U to Y.
(b) For every s > 0.and for every open neighborhood V of Y there
exists an n > 0 satisfying the condition of Lefschetz for the pair

(X, X—V) and for &. o B

Then XeANR.

Proof. By Theorem (8.1) it is sufficient to show that for every £ > 0
there is a number 5 > 0 satisfying the condition of Lefschetz for the pair
(X, X) and for e. '

Given a positive number £, let us denote by U, the set of all points
zeX with ¢(@, Y) < t. First let us prove that

(9.10) For every e >0 there ewisis a positive number v satisfying the con-
dition of Lefschetz for the pair (X, U,,) and for e..

Since Ye¢ANR, we infer by (8.1) that there exists a positive number
e, < ¢ satisfying the condition of Lefschetz for (Y, ¥) and for }e.
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Since g:(y) = y for every ye Y and for 0 <¢ <1, there exists a positive
number 5 < &, such that U,, = U and that for every point xe U,, the
diameter of the set of all points g¢(x), with 0 <t < 1, is less than ;el
- It follows that -

(9.11) Co[g.(4)] < 6(A)—|— g, - for every set 4 = U,,.

Consider now a polyhedron W with a triangulation .7 and a subpoly-
hedron W’ of the triangulation J~ containing all vertices of 7. Let
f'+ W — U,, be a map such that :

- (9.12) 8[f' (¢ ~ W)] <7 for each simplex ce7 .
Setting
fip) =g (p) for peW and 0 <t<1,

we get a homotopy {fi} = X" such that for every point pe W’ the. set
F, of all points fi(p) with 0 <? <1 has the diameter less than }e,.
Moreover, we infer by (9.12) and (9.13) that

3lfolo ~ W) = 8[gaf (6 ~ W) < 8[f (0 ~ W]+ 26,
| <n+ie<eg

for each simplex oeT'. Since the values of f, belong to ¥ and since e, satis-
fies the condition of Lefschetz for the pair (¥, ¥) and for }e, we infer
that f, has a continuous extension fye X" such that

8[fo(0)] < 4e  for each simplex oeT.

If we recall that f; = ¢,_;f’ and that the diameter of the set of all points
gi(@), with 0 <t < 1, is less than }e¢,, we infer, by Lemma (9.3), that there
exists a homotopy {f} « X" such that f; is an extension of f, and that
for every point peW, the diameter of the set of all points ]t(p) with
0<t<1,is less than te,. It follows that :

5[]‘1(0)] < 5[.1‘0(_ JI+2e < %6—#%8 =e.

If we observe that

fi(p) = gof (p) =f'(p) for every point pe W’,

we infer that the number # satisfies the condition of Lefschetz for the
pair (X, U,,) and for ¢, and thus the proof of (9.10) is complete.

In order to finish the proof of Lemma (9.9), let us assign to a given
number ¢ > 0. a positive number 5 < ¢ satisfying (9.11). Condition (b)
implies that there exists a positive number 5’ < # satisfying the condition
of Lefschetz for the pair (X, X—U,) and for #. '
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Now let us consider a polyhedron W with a triangulation 4 and
a subpolyhedron W’ of the triangulation S~ containing all vertices of 7,
and let f: W' — X be a map such that

(9.13) O[f'(e ~ W')] <’ for each simplex oe7 .

Let 77, denote the triangulation consisting of all faces of the simplexes
ce7 such that f'(¢ ~ W) ~ (X —U,,) # 0. Setting 7, equal to the set
of all faces of simplexes belonging to 5 —9, and I, =9, ~ T, we
obtain three subtriangulations 7 ,, 7,7, of the triangulation 7~ such that
T =T,9vT, Let W, (»=0,1,2) denote the polyhedron with the
triangulation 7, and let W, = W, ~ W'. Since 7’ < 7, it follows by (9.13)
that o
F(W) e X—U, and f(Wi) < U,
Since #' satisfies the condition of Lefschetz for the pair (X, X—U,) and

for n, we infer that the restriction f; = f’|W; has a continuous extension
fit W, — X satisfying the condition

(9.14) _ 8[fi(0)] <n for each simplex oe7,.

In particular, if ¢<7,, then f'(¢ ~ W’) =« U,, and since on the set ¢ ~ W’
the map f, is identical with f’, we infer that

(9.15) o  fi(W) U,

Now let us consider the map f,” defined as equal to f, on W, and as equal
to f' on W,.
Since f'(W;) = U, we infer by (9.15) that f,’ maps the set W,
= W, v W; into U,, Moreover, it follows by (9.13) and (9.14) that
8[fs (6 ~ W) <n for every simplex ceZ,.

Since 7 satisfies (9.10), we infer that f,” has a continuous extension
fa: Wy — X such that

6[f2(6)] < ¢ for each simplex 0T 5.
Setting : ‘
fi(x) for @xe W,

folx)  for- we W,,

we get a continuous extension f: W — X of the map f’ such that

f(a) =

0[f(o)]< e for each simplex ¢eJ .

It follows by (8.1) that X ¢ ANR, and so the proof of Lemma (9.9) is finished.
Proof of Theorem (9.1). By Lemma (9.9), we have to show that

the space X = X, % X, and its subset ¥ = XO- 3 X, (homeomorphic
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to X,, consequently being an ANR-set) satisfy conditions (a) and (b),
as given in (9.9). By Lemma (9.2), ¢ondition (a) is satisfied. It remaing
to. prove that condition (b) is satisfied.

Consider the natural map

v: X, 0 X, X, X,.

Since X, v X, is a compactum, there exists a function 1 assigning to every
positive number ¢ a positive number A(¢) such that

(9.16) o(®,y) < i(e) 1implies - o(p(@), v(y)) < e.

Since X,eANR, we infer by (8.1) that for a given &> 0 there exists a
positive number &’ satisfying the condition of Lefschetz for (X,, X,) and.

for A(e). Let V be an open neighborhood of the set X, & X, in the space X.
Then X,—y (V) is a compactum contained in X,—X,, and since the
restriction wl(Xl—Xo) is a homeomorphism, we infer that there exists
~a positive number 7 such that if », #'¢ X, —y~ (V) and o(y (@), y(#)) < 7,
then g{x, ') < ¢’. Now let W be a polyhedron with a triangulationJ and
W' a subpolyhedron in 4 containing all vertices of 7. Let f': W' —> X -V
be a map satisfying the condition o{f' (¢ ~ W')] < 5 for every simplex
oe7. Then f = »~'f maps W’ into X,—¢ (V) and 8[f(c ~ W)]< &
for each simplex ¢e7. It follows that there exists a continuous exten-
sion f: W —X, of the map  such that §[f(c)] < A(e) for each simplex
o7 Setting f(p) = yf(p) for every point pc W, we get a map f: W —~ X
such that d[{f(o)] << & for each simplex ce7. Moreover, if pe W', then
f(p) =vf(p) = vy 'f (p) =f'(p), that means that fis a continuous ex-
tension of the map f’. Thus condition (b) is satisfied and the proof of
Theorem (9.1) is finished.

(9.17) Remark. Ifthe sets Xy, X, and X, which appear in the formulation
of Theorem (9.1) are AR-sets; then similar argument shows that

the set X, & X, is an AR-set.

The operation of matching makes it possible to obtain various exam-
ples of ANR’s with rather paradoxical properties. Some of them will
be considered in the next chapter. Here let us mention only the example
which we get by matching the 3-dimensional Euclidean sphere 8° with
a space consisting of only one point along a simple’(wild) arc L < 82 such
that the fundamental group of 8®*—L is not trivial. As has been shown
by T. Ganea [137], the ANR-space X obtained in this way is not a mani-
fold, but for every & > 0 there exists a map of X onto 8% such that the
diameter of the set f~'(p) is less than & for every point peSs.
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10, Flmte dimensional ANR- spaces Now let us consider the case of
finite dimensional ANR’s.

(10.1) THEOREM. Finite dimensional ANR-spaces are the same as the
r-images of polyhedra. '

Proof. We have already seen that the r-image of a polyhedron
is an ANR-space. Conversely, if X< ANR, then, by the Menger-Nobeling
embedding theorem (see, for instance, [166], p. 56), there is a homeo-
morphism % mapping X onto a compactum h(X) lying in a Euclidean
space E", where n = 2dim X +1. Since X ¢ANR, there is a neighborhood
U of h(X) in E" and a retraction »:U — h(X). Clearly, there is a poly-
hedron W such that h(X) « W < U. Then the restriction f = h~'r|W
is an r-map of W onto X.

(10.2) THEOREM. Finite dimensional AR-spaces are the same as the
' r-images of geometric simplexes.

Proof. Since every geometric simplex ¢ is an AR, it follows by
(2.1) that every r-image of ¢ is an AR. On the other hand, if XeAR,
then by the Menger-Nobeling embedding theorem there is a homeomorphism
h mapping X onto a subset & (X) of a geometric simplex o. Since h(X)<AR,
there exists a retraction r: ¢ — h(X). Then the map h~r: ¢ — X is an
r-map of ¢ onto X. :

(10.3) THEOREM. An n-dimensional compactum X is an ANR-space if
and only if X <LC"

~ Proof. We know already, by (2.6), that X< ANR implies X ¢LC, and
consequently also Xe<LC" (by I, (17.2)). On the other hand, if dim X < »,
then XeLC" implies X<LC (by III, (9.6)). By the Menger-Nobeling
embedding theorem, there is a homeomorphism % mapping X onto a subset
h(X) of a geometric simplex ¢. Since X ¢LC implies X<LC®, we infer by
III, (9.1), that A(X) is a neighborhood retract in ¢ and we infer by (2.5)
that h(X), and consequently also X, is an ANR-space. o
Since every ANR-space is locally contractible (2.6), and since local
contractlblllty implies the condition LC*® (by 1,(17.2)), we get the following

(10.4) COROLLARY. A finite-dimensional compactum X is an ANR-space
if and only if it is locally contractible.

First a proof of this proposition is given in [21], p. 240. A note-
worthy generalization of it (for arbitrary metric spaces) is glven recently
by J. Dugundji ([104], p. 189). By (2.3) it follows the

(10.5) COROLLARY. 4 fzmte-dzmenswnal compactum X £ 0 is an AR-set
if and only if it is contractible in itself and locally contractible.

(10:6) THEOREM. An n-dimensional (n = 0) oompactum X is an AR-set
if and only if XeLC" and XeC". ’
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- Proof. Since the contractibility C implies the condition C* and the
local contractibility LC implies LC" (by I, (17.1), and (17.2)), we infer by
(2.3) and (2.6) that both the conditions are necessary. Now let us assume
that X is an n-dimensional compactum and that X¢LC" and X <C".

It follows by (10.3) that X< ANR. In order to prove that X<AR
it is sufficient — by (2.3) — to show that X is contractible in itself.

By the Menger—-Nobeling embedding theorem ([166], p. 56) we can
assume that X is a subset of a geometric m-dimensional simplex ¢, where
m = 2n-+1. Let J be a triangulation of the set ¢ —X with diameters of
simplexes converging to zero and let N* be the %-dimensional skeleton
of this triangulation. In particular, N™ o X = ¢ and consequently, for
k = m, there is a homotopy

oe: Xx¢0,1> >N U X

contracting X to a point. Now let us assume that for a ¥ > n-+1 there
exists such a homotopy ¢;. Let ¢* be a k-dimensional simplex of  and
let b denote its barycenter. Since dim (X X <0,1>) < n-+1 < k, we easily
see (II, (9.2)) that the homotopy ¢ can be modified in the set ¢z '(c*),
without changing its values in the set ¢y (6*), so that the point b will
not belong to the set of its values. If we compose this homotopy (in the
set g * (o*) only) with the projection of the set o —b from b onto the bound-
ary ¢*, and if we apply this procedure to each k-dimensional simplex
of the - triangulation 4, we obtain from the homotopy ¢; a homotopy
or_1: X X0, 1> > N1 X contracting X to a pomt Repeating this
procedure m—mn—1 times, we obtain a homotopy

Pyt X X0,1> >N O X

contraetlng X to a point.

New let us show that X is a retract of N”+l v X. Since X¢ANR,
there exists a retraction r, to X of a set A which is the union of X and
of almost all simplexes of the triangulation 7 ; we can assume that all
vertices of 9 belong to A. Let P denote the polyhedron consisting of all
simplexes of 7~ which do not lay in 4, and let P* denote the k-dimensional
skeleton of P (by the triangulation J7). Since P° < A, the retraction 7,
is defined on the set 4 w P°. Let us assume that for some integer &, with
0<k<m, the retraction

e AP X

+1

is already defined. If o**! is a (k-+1)-dimensional simplex of 7 lying in
P**! (but not in A), then 7, is defined on (¢**')* and since X eC", there
exists a continuous extension of the restriction r4|(¢*+')* onto ¢**' with
values in X. Applying this procedure to all simplexes ¢**1¢7 lying in P**!,
but not in 4 (their number is finite), we get a retraction r,, of the set
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A o P**! to X. Thus in n41 steps we obtain a retraction r,., of the set
A uPn+1 > X v Nn+1 to X.
It remains to set @ =17,,,¢,,, in order to obtain a homotopy
p: X x<0,1> - X contracting the set X to a point.
- Thus the proof of Theerem (10.6) is finished.

(10.7) Remark. As it has been shown by S. D. Liao ([219], p. 142),
proposition (10.3) and (10.6) hold also without the hypothesis
- of compactness. More precisely, among n-dimensional metric
separable spaces, the condition LC" characterizes the ANR (9N )-spa-
ces, and the conditions LC" and C* — the AR(N)-spaces. Com-

pare also [103], p. 244, [183], and [196]. '

As we have seen (II,(6.1)), the condition Xe C* is equivalent to the
triviality of all homotopy groups of X. Applying (2.4) and I1,(7.4), we
get the following '

(10.8) THEOREM. A finite-dimensional ANR-space X is an AR-space if
and only if the fundamental group (X)) and all Betti groups
Hy(X) for E = —1,0,1,... are trivial.

It is clear, if dim X = n, the tr1v1ahty of groups Hy(X) for k >n
is antomatically satisfied.

‘Applying Theorem (10.8), let us give an example (due to E. Begle
[10], p. 386) of a polyhedron X eAR which admitts a decomposition into
the union of two polyhedra X,, X,cAR with the common part X,
=X, ~ X, being a polyhedron which is not an AR-space. Let.7 be a trian-
gulation of a Poincaré sphere, i.e. of a 3-dimensional manifold P with
the homology groups of the 3-dimensional Euclidean sphere, but with
non-trivial fundamental group. Let G denote the interior of a 3-dimen-
sional simplex of 7. Setting X, = P—@, let us consider two cones X,, X,
with the common base X, such that X, ~ X, = X,. The polyhedra X,, X,,
as contractible in itself, are AR-sets. Moreover, we easily see that the
fundamental group of X, is not trivial, and consequently X, is not an
AR-space. However, by (10.8), X¢AR, because the fundamental group
of X and also all Bettl groups of X are trivial.

11. Locally contractible compactum which is not an ANR-space. As we
have seen, the condition of the local contractibility characterizes ANR-spa-
ces among finite-dimensional compacta. The problem arises ([111], p. 248)
whether a similar proposition holds also for compacta of the infinite dimen-
sion. Since, by (4.6), almost all Betti numbers of an ANR-space vanish,
the negative answer to this problem is included in the following

(11.1) THEOREM ([48], p. 176). There exists a locally contractible com-
pactum X such that the n-th Betti number p,(X) is positive for
every n =20,1,...

’
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Proof. Let us consider the  following subsets of the Hilbert
cube Q“:

= {"l’ = {w;}; @, = 0}7

1 1 . -
Xk={w={wi};%—+—1<m1<—7; and z; = 0 for z>k} for £ =1,2,...

It is plain that X, is homeomorphic to Q® and X, — to the Euclidean
k-cube QF. Let X; denote the boundary of Xj (i. e. the image under such
a homeomorphism of the boundary @*° of the k-cube Q") for &k =1, 2,
Setting

X=X, X,
. k=1 :

we eagily see that X is a compactum. Moreover, the map r,, defined for
every m =1, 2,... by the formulas

1 S o .
(—————, Loy eovy Ty 0, 0, ) for {x} eXoo U Xi,
. k=m+1

n({T:}) = § (@1, Ty ...) for {wi}eX;na '

is a retraction of the set X to X, Since the Betti number p,,_,(X,) is
equal to 1, we infer by II,(4.3), that .

Pm1(X) =1 for every m=1,2,...

In order to finish the proof, it remains to show that X is locally con-
‘tractible. The local contractibility of X at every point a,eU X is evident,

because such a point has a polyhedral neighborhood in X Now let us
congider a point aeX, and a positive number . Let m > 1 be an integer
such that 3/m << ¢ and let U and V denote the neighborhoods of a in the
space- X given by the formulas: '

U={xeX; o(a,2) <e} and V = {xeX; o(a,x) <<1/2m}.

In order to finish our proof it is sufficient to shoﬁvv that V is contractible
to a point in U. '
The set V is evidently disjoint with at least one of the sets

Apm = {2 ={2}; tn = 0); Bp = |z ={0}; tn = 1/m}.
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Now let us consider the following two cases:
Case 1. V ~ B, = 0. In this case, let us set

(@1 oeey @m_1y(1=30) 2y Bpnyrs o)
for 0<t<}and {m}V,

((2—-3t)w1, m27 vvey wm_l, 0, wm+1, .-.}

p({zi}, 1) = Co for } <?.<3% and {mz}fvr :
(0; a,—3(1—1) (@p —x5), @3 —3 (1 “t)(aa—ws) )
_3( —'t)( —%mp1 ) (3t )am7 am+1

—3(1—15)(am+1—aaerl ...) for $<¢<1 and {w,}eV

Thus we get a homotopy in X deforming the set V to the point a. By this
homotopy every point ¥ = {x;}¢ V runs, for 0 <t < 4, along the segment
L, joining the point ¢(x, 0) = x with the point ¢(x, }) = (@y,...,Cn_1,
0, Zpyyy ---), for 3 <t < % — through the segment L, joining the point
@(x, ) with the point ¢(x, %) = (0,23 ..., Tpu_1y 0, T yq,...) and for
% <t <1 — through the segment L, joining the point <p(w, %) with the
point (2, 1) = a. The lengths of L; and L, are < 1/m, and the length of
Lyis <1/m-4-a, < 2/m. Since 1/m < L&, we infer that L1 v Lyu L is
a subset of U. :

Case 2. VA A4, =0 In this case we set

1 1
(mv vy Bty —— m +(3t‘1)( wM)7 Pty -- )

for 0<t <} and {mi}eV,
1 C
((2 —38) @1, oy« .y T2y w’ Tty « ) |
o({x:}, t) = for 3 <t< % and {n}eV,

(0, @3—3(1—1) (ag—3), a5—3 (1 —) (G5—a)y -+,

' 3
—1—3 (1 —t)(“m—l_w‘:m—l) b % (1 —t) +(3t_2)a‘m7

am+1—3(1—t)(am+1~—wm+1),...) for 3<t<1 and {x;}V.

- One sees, as in Case 1, that ¢ is a homotopy contracting the set V
in the set U to the point a.

' Thus X is locally contractible at.every of its points and the proof

of theorem is finished.

(11.2) CoROLLARY. There exists a locally contmctible compactum Y which
18 contractible in itself but is not an ANR-space.
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In fact, the cone Y with a base X satisfying (11.1) is a locally con-
tractible compactum which can be contracted in itself to its vertex.
Manifestly, the base X of Y is a neighborhood retract for Y. Since X is
not an ANR-space, we infer by (2.5) that Y is not an ANR-gpace.

12. Upper semicontinuous decompositions of ANR’s. Now let us prove
the following theorem due to S. Smale ([265], D. 604):

(12.1) THEOREM. Let f be a. map of an ANR-space X onlo a compactum
Y such that f~'(y)e AR for each point ye Y. Then yeLC°° Moreover,
if XeAR, then Y eC™.

First let us introduce some notation. For every point ye Y and for
every positive number ¢, -we let

(12.2) V(y,e) ={y'e¥; Q(?/? y') < te}.
It is evident that V (v, ¢) is an open subset of ¥ with diameter < &. Setting
(12.3) ‘ U(y, &) = (V(y, o)),

we get an open subset of X containing f~'(y). Let us observe that for
each point y¢ Y there is an open subset G(y, £) of X such that

(12.4) ‘ f_l(y) cG(y,¢) = Uly,e),
(12.5) : G(y, ¢) is contractible in Ul(y, &).

In order to prove this, let us assume that X is a subset of the Hilbert
cube @”. Since X¢ANR, there exists a retraction » of a neighborhood
@ of X in Q“ to X. Moreover, since f~!(y)eAR, there exists a retraction
75 of Q° to f~(y). Now let us show that if « is a positive, sufficiently small
number, then it is sufficient to set

G(y, &) = {weX; ofr, fH(y)) < af

in order to obtain an open subset of X satisfying (12.4) and (12.5). It
is evident that G(y, ¢) is open and that for values of o sufficiently small
condition (12.4) is satisfied. Moreover, setting

H(x) = (L—t)yax+tre(x) for every zeG(y,e) and 0 <t < 1,

we get a homotopy {&} which carries the set G(y, &) in Q“ to the set
f'(y). It is plain that for sufficiently small values of a the values of &(x)
belong to G and the values of the maps

xe(@) = rd(x) for every wxeG(y, e)

belong to U(y, ¢) for every 0 <t < 1. Thus {x:} i8 a homotopy which
carries the set G(y, ¢) to f~'(y) in the set U(y, ¢). Since the set f~'(y) is
contractible in itself, we infer that condition (12.5) is satisfied.
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Since f~1(y) & G(y, ¢), there exists an open neighborhood W(y, e) of
y in the space Y such that

(12.6) W, 9) = Gy, 9.

Since the space Y is compact, we 1nfer that there emsts a posmve number
7 = n(e) < }e such that

(12.7) Evem/ subset of Y with d@'mﬂeter < n 48 contained in one at least
of the sets W (y, ¢).

It follows by (12.6), (12.3), and (12.4) that
(12.8) - Wy, &) = V(y,e).

We shall assume in the sequel of this section that X, Y, f, &, n = %(e),

Gy, ¢e)y, Uly,e), V(y,e), W(y, e) keep the meaning just fixed. Moreover,

by .P we shall denote always a polyhedron. Now, usmg this notation,
let us prove two lemmas:

(12.9) LEMMA. The set of all maps of the form fg, where geXT, is dense
in the space YF.

Proof. If dimP = 0, then P consists of a finite number of points
D1y Pay -+, P Lot pe ¥YE. Since f(X) = Y, there exists for every index
t=1,2,...,k a point x;eX such that f(x;) = v (p;). Setting

g(p) =w; for every +=1,2,...,Fk,

we get a map g: P > X such that fg(p;) = v(p;) fori =1, 2, ..., k. Thus,
in this case, each map y: P — Y is of the form fg.

Now let us assume that the maps of the form fg constitute a dense
part of the space Y7 if dimP < n and let us pass to the case where dimP
=n-t+1.

Let we YX. For every s > 0, there exists a triangulation 7 of P such
that » maps each simplex ¢,eJ onto a subset of ¥ with diameter less than
7 = n(e). It follows by (12.7) that there is a point y,¢Y such that ¢ (o) .
< W (y,, £). Let P’ denote the n-dimensional skeleton of the triangulation
. Since P’ is an n-dimensional polyhedron, the restriction ¢’ = y|P’
can be approximated by the maps of the form fg’, where g'eX”.
If fg' is sufficiently close to the map ', then o(fg’, ') <e and
(o) v fg (g~ P) =W (yo, ¢), for every (n-1)- d1mens1onal simplex
00T .

It follows by (12.6) that f[fg' (o, ~ P')] = G(y, ¢) and we infer
by (12.5) that the set g¢'(oy ~ P') = f1[fg’ (0, ~ P’)] is contractible in
U (9o, €). Consequently ¢’ has a continuous extension onto the whole
simplex o, with values belonging to U(y,, ). Applying this procedure to
each (n-41)-dimensional simplex o¢,¢7, we get a map g: P— X,
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which is an extension of the map g'. Moreover, for each point peP, if
peP’, then fg(p) = fg'(p) and ¢(fg(p), y(p)) < ¢, because o(fg', v') <e.
If, however, peP—P’, then p belongs to the interior of an (n--1)-dimen-
sional simplex o¢,e7, a.nd then g(p)e Uy, e) It follows by (12.3) that
fa(p)eV (y,, €). Hence

o(fg(p)y v(®) < elfg(), ¥o)+elye v(p) < 3e+ie =z,

because o{fg(p), ¥o) < %e, and (12.8) and (12.2) imply ¢(ye, ¥(p)) < }e.
Thus it is shown that ¢ (fg, ) << ¢ and the proof of Lemma (12.9) is finished.

(12.10) LEeMMA. For every map yeYT and for every positive & there is
a positive A such that for every two maps g, g e X* satisfying the
conditions

olfg, v) <2, eo(fgyy) <4,

there ewists a homotopy {g;} = X* such that g, =g, g, = g’ and
that for each point peP the diameter of the set

L, = {y = fo(p); 0 <t <1}
ts less than e.

Proof. If dimP = 0, then P is a finite set. One sees at once, by
(12.7), that for sufficiently small values of 1 the points fg(p) and f¢'(p)
belong both to one of the sets W(y, ). Then (12.6) implies that g(p),

p)ef~1(W(y, ¢)) = G(y, &) and we infer by (12.5) that there exists
a homotopy {g:;} carrying the point g(p) to the point g¢'(p) in the
set Ul(y, ¢). It follows by (12.3) that L, = V(y, &) and we infer by
(12.2) that the diameter of the set L, is less than e. '

Now let us assume that the lemmma holds if the dimension of P is
< n and let us pass to the case where dimP = n-+1. Consider a triangula-
tion I of P with diameters of simplexes so small that for every simplex
ce7 the diameter of the set y(o) is less than {#. If 1 is a positive number
sufficiently small, then the diameter of the set fg(o) v fg'(0) is also less
than %% for each simplex ce7. '

. Let P’ denote the n-dimensional skeleton of the triangulation .
‘By our hypothesis, if 1 is a sufficiently small number, then there exists
a homotopy {47} = X* such that g, = g|P’, g; = ¢’|P’ and that for each
peP’ the diameter of the set {fgs;(p); 0 <t < 1} is less than %7. Setting

9"(»,0) =9g(p), 9¢"(p,1)=g'(p) for every point peP,
g (p,t) = gi(p) for every point peP’ and 0 <¢ <1,

we get a map of the subset R = (PX(0)) v (P'X<0,1>) v (PX(1)) of
the Cartesian product P x<0,1> into X. Let o, be an (n--1)-dimen-
gional simplex of the triangulation . Then the diameter of the set
fg'" (06, x<0,1> ~ R) is less than 7. It follows by (12.7) that there exists

9
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a point ye Y such that fg'' (6, x<0,1> ~ R) = W(y, ¢). By virtue of (12.6)
we have

9" (09 X<0,1> ~ R) = f~ifg"" (0, %<0,1> ~ R) = f—l(W(y, e)) = G(y, €),

‘and we infer by (12.5) that the set g’/ (o,x<0,1> ~ R) is contractible
in the set U(y, ¢). Consequently, the map g¢''|(d, X (0,1> ~ R) has a con-
tinuous extension onto the whole set ¢,x<0,1> with values belonging
to Uy, &). Applying this procedure to each (n-}1)-dimensional simplex
oo, we get a map §: Px<(0,1) — X. Setting g:(p) = §(p, t) for every
(p, t)eP x <0, 1>, we get a homotopy {g;} = X* joining the map g, = g with
the map g, = ¢’. Moreover, since for every point peP all values fg:(p),
where 0 <¢ <1, belong to one of the sets f(U(y,¢) = V(y,¢), the
diameter of the set L, is < ¢ and the proof of Lemma (12.10) is complete.

Proof of Theorem (12.1). Let ¢ be a positive number and let
v be a map of the n-dimensional sphere 8” onto a subset of Y with diam-
eter less than 5 = 5(e). In order to prove that YeLC®, it is sufficient
to show that there exists a homotopy {y:} < Y*" such that v, = v,
yp, = const and that the diameter of the set of all values of all maps
y I8 e

Let us denote 8" by P. Since the diameter of the set y(P) is < 7, we
infer by (12.7) that there exists a point ye Y such that y(P) <« W(y, &).

By Lemma (12.9), there exists in X a sequence g, g, ... of maps such
that
(12.11) lim o (fgi, ) = 0.

P00

Manifestly we can assume that all sets fg;(P) are contained in the set
W (y, ¢) since otherwise we could replace the given sequence of maps {g;}
by one of its subsequences. It follows by (12.6) that

(12.12) gi(P) = 1 (W(y,¢) =« Gy,e) for i=1,2,..

We infer by (12.5) that the set g;(P) is contractible in U (y, ¢). Consequently
the map g, is homotopic to a constant in the set U (y, ¢). Moreover, applying
Lemma (12.10), we may assume that for every index ¢ =1, 2, ... there
exists a homotopy {g;;} = ¥* such that

Gio =fg: and  g;1 = fg;,1,

and that for every point peP the diameter of the set {9:4(p); 0 <t <1}
is less than some number & >0 with lime; = 0.
It follows at once that setting e
) 1

1
Yi(P) = Giirna—ity(P) for every point peP and—ﬁ <t< <0

Yo (p) = »(p) for every point peP,
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we get a homotopy {y;} < YZ. Since (by (12.8)) ¢(P) « W(y, &) = V(y, &)

and gince lime; = 0, we infer by (12.11) that there is an index %, such that
—>00

0i,i(P) =« V(y,e) for every i > 4,.

It follows that the maps vy, for 0 <t < 1/i, constitute a homotopy with
-values in the set V(y, ¢) which joins the map y, = v with the map
Y1y = iy = f0,- Since g; is homotopic to a constant in the set U(y, &),
we infer by (12.2) that the map fg; is homotopic to a constant in the
set V(y, ¢). Consequently the map v is also homotopic to a constant in
the set V(y, ¢). Since the diameter of the set V(y, ) is < e, the proof
that YeLC® is terminated.

Moreover let us observe that in the case where X<¢AR any condition
concerning the diameter of the set y(8") is superfluous in the proof of the
homotopy of » to a constant. It follows that in this case Y¢C°. Thus
the proof of Theorem (12.1) comes to an end.

Using the notion of the upper semicontinuous decomposition and
its hyperspace (see, for instance, [194], p. 171, or [203], p. 46), one
can express Theorem (12.1) as follows:

(12.13) For each upper semicontinuous decomposition of an ANR-space
X into AR-s the hyperspace Y of this decomposition satisfies
the condition LC®. Moreover, if X = AR, then Y ¢C™.

Some relations between the homology and homotopy properties of
a space XeANR(IM) and of the decomposition space of an upper-semi-
continuous decomposition of X into elements being AR (9N)-spaces have
been studied also by Y. Kodama {184].

From Theorem (12.1) and Theorems (10.3) and (10.6) we deduce the
following two corollaries:

(12.14) COROLLARY. If XeANR and Y is a metric, finite-dimensional
space and if a map f: X — Y satisfies the condition f~(y)eAR
for every point ye¥Y, then Ye<ANR.

(12.15) COROLLARY. If X< AR and Y is a metric finite-dimensional space
and if & map f: X — Y satisfies the condition f~'(y)e AR for every
point yeY, then YeAR.

(12.16) PrOBLEM. Do Corollaries (12.14) and (12.15) remain true if we
omit the hypothesis that the dimension of the space Y is finite?

13. Plane AR-sets. By Corollary (10.4) the study of finite-dimen-
sional ANR-s is reduced to the study of loeally contractible, compact
subsets of Huclidean spaces, that is of bounded neighborhood retracts
of Euclidean spaces. As we have already proved (I,(4.2)), if X < E" and
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X is a bounded neighborhood retract in E", then E”—X has only a finite
number of components. If Xe¢AR, then the set E"—X is connected for
n > 1, and it consists of exactly two components if n =1,

From these remarks we see that every AR-set in E! is either a point
or & closed segment, while every ANR-set in E! is a finite union of closed
segments and of isolated points. Already in the plane E? the situation
is much more complicated. The following theorem ([20], p.211) char-
acterizes plane AR-sets:

(13.1) THEOREM. A subset of the Huclidean plane E? is an AR-set if
and only if it is a locally conmnected, non-empty continwum which
does mot decompose 2.

The proof of this theorem is based on three lemmas.

(13.2) LeMMA. If X is a continuum in E* and E*—X is conmected,
then for every ¢ > 0 there exists an n > 0 such that if the distance
of each point of the boundary Z' of a compactum Z < E* from X
is less than 7, then the distance of each point of Z from X is less than .

Proof. Otherwise there would exist an £ >0 and a bounded se-
quence of points {a,} <= E* such that for n —=1,2,...:

1) e(an, X) > e. :
(2) There exists a compactum Z, < E* such that a,eZ, and that
o(w, X) < 1/n for every point xeZ,.

Let a be a limit point of the sequence {a,}. Then p(a, X) > ¢ and
there exists a positive number « and a connected unbounded subset
A of E*—X such that acA and that o(x, X) > a for every point zeA.
Moreover, there exists an index n such that 1/n < Min(a, $¢) and that
o(a, a,) < te. Weinfer by (1) that the distance of each point of the segment
|a, a,| from X is greater that }e and consequently |a,a,| ~ Z, =0. Hence .
aeZ,—Z,. Since the connected set A contains the point a and being
unbounded it contains also a point of E*—Z,, we infer that there exists
a point ce A ~ Z,. But this is impossible, because ce A implies p(¢, X) > d
and ceZ, implies o(c, X) <1/n < a.

(13.3) LeMMA. Let X be a non-degenerate continuum in E? such that the
set E*—X is connected and let F be a finite subset of X. Then for
every positive ¢ there exists a polyhedron P < E* which is & disk
satisfying the following three conditions:

(i) X = P.
(i) If xeP,then o(x, X) < e.
(iii) The boundary P* of the disk P is the union of a finite number

of ares Ly, Ly, ..., Ly with ends belonging to X —F, with interiors
lying in the region G = E*—X, and with diameters less than e.
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Proof. Consider a positive number % and a triangulation J of the
plane E? with diameters of simplexes less than 7. One readily sees that
the triangulation 4 can be chosen so that each triangle of it either con-
tains in its interior a point xe X or it is disjoint to X. Let A denote the
union of all triangles ¢eZ such that ¢ ~ X = 0. Manifestly 4 is a connec-
ted polyhedron containing X in its interior. This polyhedron may decom-
pose the plane E?2, but if we add to it all bounded components of the set
E?—A, then we get a polyhedron B being a disk. It is easy to see (by
Lemma (13.2)) that for 5 sufficiently small, every point xeB satisfies the
condition p(z, X) < e. Moreover, we can assume that 5 << }e.

Now let gy, 0, ..., 03 be these triangles of the triangulation  which
lie in B but have at least one side included in the simple closed broken
line B® being the boundary of the disk B. Let M; = |a;, b;] be a side
of 6; 4 =1,2,..., k, such that M; = B°. Manifestly, o; ~ X % 0 and
M, ~ X = 0. Then there exists a-point x;¢ X lying in the interior of the
triangle ¢;. Let us show that the point x; can be selected so that it does
not belong to the set F and that there exists in the triangle ¢; a polygonal
arc D; with endpoints a; and b; such that D;—(a;)— (b)) < 0;—o; and
that the disk (in E?) bounded by D; v M; has with X only the point «;
in common. In order to show this, consider a point z;e X —F lying in the
interior of o;. On the segment M; there exist evidently two points a;, b;

such that a; lies between a; and b; and that the triangle o; = |a;, b;, 2
is disjoint with F. Let x; be a point of the set X ~ T' with the minimal
distance from the segment M;. If we select two points a; e|a;, 2;| —(a;)
and b; |b;, ;] —(b;) lying sufficiently close to the segment M, then we
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see at once that the point x; and the polygonal arc
D; = |agy 0| lag'y wil w |23, 85| b, byl

satisfy all required conditions.

If we replace in the broken line B° each of the segments M, by the
broken line D,, then, as it is easy to see, we obtain a simple closed broken
line ¢ which bounds a polygonal disk P satisfying condition (i). Since
o(xz, X) < ¢ for each point xeB, condition (ii) is also satisfied. Moreover,
it follows by our construction, that the points 2y, @,, ..., e X —F de-
compose the broken line C into arcs L, L, ..., Ly, ea,ch of them is con-
tained in one or in the wnion of two triangles of the triangulation ~ with
a common vertex. It follows by n < }¢ that the diameter of each arc
L;is less than . Thus condition (iii) is also satisfied and the proof of Lemma,
(13.3) is finished.

The polygonal disk satisfying conditions (i), (ii), and (iii) (with F = 0)
will be said to be an s-approximation of the continuum X.

(13.4) LEMMA. Let X be a plane non-degenerate continuum which does
not decompose H2. Then there exists a sequence {Pn} of polygonal
disks such that:

1 ,
(i) P 8 @ — - approximation of the conltinuum X.
m

(i) Pmyy < Py for every m =1,2, ...

Proof. It follows by Lemma (13.3) that there exists a polygonal
disk P, being a 1l-approximation of X. Consequently, it remains to show

1
that if we have a polygonal disk P,, being a — - approximation of X, then
m

we can construct a polygonal disk P,,., = P, being a p 1-approx-

imation of X. In order to show it let us fix an orientation on the plane E2.
It induces an orientation on the boundary P;, of the disk P,. By our
hypothesis,

.
Py =Ly Ly o O L

where L, ; is a polygonal arc (oriented as P,) with the initial point a;
and the terminal point b;, both belonging to X, and with the interior
lying in the set EF?—X. The diameter of the arc L, is less than 1/m.
Moreover, we can assume that the arcs Ly, Linsy -+-y Ling, are distinet
and that they are ordered according to the fixed orientation of the curve
P,,. It follows that a; , =b; for ¢ =1,2,..., n,, where a, ,, denotes
the point a,. Now let us select an integer ¢ > 1 and let us pick up on the
arc L, ; two points a; and b; such that the segments |a;, a;| and |b;, bl
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are included in L, ; and each of them has the diameter less than the
minimum of two numbers: }o(a;, b;) and 1/2(m-¢). Thus the broken line
Ly, consists of two segments |a;, ail, |b;, b;| and of an arc L; lying in
the set B2—X with the initial point a; and the terminal point b;.

Now let us select a positive number ¢ smaller than 1/2(m+¢) and
also less than the distance of every point of L,'m- from the set X. Let F
denote the set consisting of points a,, by, a,, b, ceey Qpy by, . By Lemma
(13.3), there exists a polygonal disk P satisfying conditions (i), (ii), and (iii)
of this lemma. Let us orient the boundary P* of the disk P according to
the fixed orientation of the plane E? (consequently, also according to the
orientation of the curve P;,); it consists of the arcs L,, L,, ..., L; satisfying
condition (iii), and we can assume that their order is consistent with the
orientation of P. Moreover, let us observe that each of the arcs I;
(j=1,2,..., k) is disjoint with each of the ares L,,; (¢ =1, 2, ..., n,,). Mani-
festly the set X o L, disconnects E? into two regions, from which one
is bounded; we denote it by G;. If ¢ is sufficienlty small, then there exist

Fig. 5

among the arcs L; several ones which lie in ;. Then there exists on the
boundary P* a polygonal arc M; (oriented consistently to P*) lying in the
closure of the region @; and such that its initial point ¢; belongs to the
segment |a;, a;| and its terminal point d; belongs to the segment |b;, b|.
Since the endpoints of arcs L; do not belong to F, one readily sees that
the set ’

m

iUI (M; v |ag, 6] © |ds, bs])
is a simple closed curve bounding a polygonal disk P, ., < P, such that

X < Pp,yy. Moreover, our construction implies that the boundary of
the disk P,,,, is the union of these arcs L;, which are contained in the arcs
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- M;, and of arcs each from which is the union of a segment contained
in |a;, a;] or in |b;, b and of some arc contained in one of the ares L;.
Since the diameter of each of these sets |a;, a;|, |b;, b;| and L, is less than
1/2(m-q), we infer that the set P, , is the union of arcs with endpoints
belonging to the set X and with interiors lying in the set F2—X, and the
diameters of these arcs are <<1f/(m-¢). If the number ¢ is sufficient-
ly great, then we infer by Lemma (13.2) that the polygonal disk

1
PpiicPpis a e approximation of the continuum X and the proof of

Lemma (13.3) is finished.

Now let us pass to the

Proof of Theorem (13.1). As we have already seen (2.21), every
plane AR-set is a locally connected continuum which does not disconnect
the plane. Now let us assume that X < E? is a locally connected con-
tinnum such that the set B2— X is connected. We can assume that X is
not degenerate. By Lemma (13.4), there exists a decreasing sequence {P,}
of disks satisfying the conditions of this lemma. Let us define a sequence
{rm} of retractions '

Pms Py —> Py,

in the following manner: the retraction #,; is the identity map. Assume
that for an index m the retraction r,, carrying the set P,—P,, into P, is
already defined. The boundary P,, of the disk P,, is the union of »,, arcs
Ly, with endpoints belonging to X and with interiors lying in the set

Fig. 6

 E?*—X. Let us keep the notation used in the proof of Lemma (13.4),
and let G; denote the bounded region of the set £2—(X o L,,;). The bound-
ary Pj,., of the disk P, 4+1 18 the -union of =, arcs of the form
Ny=M; v |a;, ¢ v |d;, b = G;. Let us denote by ¢; a retraction defined on
the set @; as a map which is the identity on the closure of each bounded
component of the set E*—(X w N;) and which carries all other points
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of the set @; into N;. The existence of such a map ¢; is obvious, because
N; is an AR-get. Setting
: (' y @;(x)  for every point zeG;,

€Xr) = .
7 for every point xeX,
we get a retraction ¢: P, —P, ;. Let us observe that ¢ maps the points
of the set P,,—P,,,, into the set P, ,. Setting 7, , = ¢r, we obtain
a retraction '

Tmy1: P1—> Py

' It is clear that r,,,, maps the set P, — P,,, into the set P, ;.

Formerly the hypothesis that the continuum X is locally connected
was not utilized. Let us observe that local connectedness of the set X
implies that the diameters of the regions @; converge to zero. In fact,
since the diameter of the arc L,,; is less than or equal to 1/m, the local
connectedness of X implies that there exists a sequence {¢,} of positive
numbers converging to zero such that the ends a; and b; of the arc L,
_can be joined in the continuum X by an arc L, with diameter less than
em. 1t follows that the diameter. of the region @; is less than 1 /m-}—a,n,
hence it converges to zero when m increases without bound.

Now let. us observe that the inductive definition of the maps 7,
implies that -

rmek(@)e@;  for every point ze@; and every k =1,2,...
It follows that
1
o(rmin(@), rm(x)) < —n;+8m for every k = 1,2, ...,

and consequently the sequence {r,} is uniformly convergent to a map
r = lim r,, of the disk P, into X, and this map is the identity on X. Thus

m—o00
7 i3 a retraction of the disk P, to the set X and consequently X<AR.
Remark. Let us observe that the retraction r: P, — X maps the
set P,—X into the boundary of X. Moreover, there exists a retraction y
of the whole plane E? to the disk P, such that

p(B*—P,) < Pi.
Setting
ro(x) = ry(x) - for every point xeE?,
we get a retraction 7,: E? — X mapping the set £2— X into the boundary
of the set X. We get the following
(13.5) COROLLARY. If X is a non-empty and locally connected continuum
in 12, which does not disconnect K2, then there exists a relraction
ro: B? — X satisfying the condition ry(E*—X) <« X ~ E2—X.
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Let us recall that among locally connected curves the dendrites are
characterized by the unicoherence ([203], p. 225) and also by the acyclicity
([22], p. 230) and that ([281], pp. 125 and 137) every dendrite is homeo-

morphic to a subset of the plane K2 These facts and Theorem (13.1)
imply the following proposition ([20], p. Zl1):

(13.5) COROLLARY. One-dimensional AR-spaces coincide with dendrites.
Another consequence of Theorem (13.1) is the following

(13.6) COROLLARY. One-dimensional ANR-spaces coincide with the locally
connected compacta of dimension 1 with the finite first Betti number.

Indeed, since every ANR-space is a locally connected compactum
with finite Betti numbers, the proof reduces to showing that these con-
ditions are sufficient. In order to do it, let us observe that a 1-dimen-
sional compactum X having the finite first Betti number contains only
a finite number of simple closed curves. By virtue of the local connected-
ness of X, we infer that every point e X has an arbitrarily small neighbor-
hood being a locally connected continuum which does not contain any
simple closed curve. This means that such a neighborhood is a dendrite,
whence it is an AR-set. As we have already shown (2.15) this implies
that X is an ANR-space.

14. Plane ANR-sets. Now let us prove the following ([21], p. 242)

(14.1) TaEOREM. A subset X of the plane E? is an ANR-set if and only
if X is a locally ‘connected compactum such that the set E2—X has
a finite number of components.

Proof. The necessity of these conditions has been already proved
(I, (4.2) and (8.2)). In order to show that they are also sufficient consider
a locally connected compactum X < FE? such that the set E?—X consists
of a finite number of components. The local connectedness of the com-
pactum X implies that X has only a finite number of components. It
is evident that each of them decomposes E? into a finite number of regions.
Thus in the sequel we can restrict our considerations to the case where
X is a continuum. If we add to X all bounded components of the set £2— X,
we get a locally connected continnum X, which does not decompose
the plane E2. It is clear that the set Gy, = E*—X, coincides with the
unbounded component of the set H2—X. By Corollary (13.4), there exists
a retraction r, of the closure G, of the set G, to its boundary G,.

Consider now all bounded components G,,G,,...,G, of the set
E?*—X. Let us pick up a point a; in each of the sets G4, 1 =1,2, ..., m,
and let o; denote the inversion of the plane £2 with the pole a;. Manifestly,
a; maps the set H2—(a,;) topologically onto itself and the image Y¥; = o;(X)
of the set X is a locally connected continuum and the set H; = o; (G —(as))
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is the unbounded component of the set E*—Y,;. As we have seen (13.4),
there exists a retraction s; of the closure of the reglon H; onto its boundary.
It is clear that setting

ri(®) = a;8;0;(x) for every point x<@;—(a;),

we get a retraction 7; of the set G;—(a;) to the boundary of the region ;.
Now it is sufficient to set

ro(2) for every point ze@,,
r(x) = r;{x) for every point xeG@;—(a;), i =1,2,...,m,
@ for eirery point zeX,

in order to obtain a retraction

m
r: B2 — U (a;) >~ X.
i=1

m
Since the set B?— () (a;) is a neighborhood of the set X in the plane E?2,
i=1
we conclude that X is a neighborhood retract in the space E2, and con-
sequently X e ANR. Thus the proof of the theorem is terminated.

Remark. Let us observe that the just defined retraction r maps

the set G, onto a subset of the boundary X' = X ~ E2—X of the con-
tinuum X, and also it maps each of the regions G;—(&;), 2 = 1,2, ..., m,
onto a subset of X°. If the compactum X is not connected (but locally
connected) and such that the set H?—X has a finite number of compo-
nents, then there exists a neighborhood U of X such that the distinet
components of X lie in distinet components of U and that none of the
components of the set EF?—X is contained in U. Applying the just used
construction to each component of X, we infer that there exists a retraction
of the set U to X which maps the set U —X onto a subset of the boundary
X* of X. Thus we get the following

(14.2) COROLLARY. If X < E? is a locally connected compactum and
if the set E*—X consists of a finite number of components, then
there exists a retraction of a neighborhood U of X in E? to X such
that the image of the set U—X is contained in the boundary X* of X.

Let us mention that one proves by an elementary argument ([29],
p. 138) that every connected, plane, non-empty ANR-set can be repre-
sented as the union of two AR-sets. An analogous proposition holds also for
all polyhedra lying in E?® and acyclic in dimensions 0 and 1 ([31], p. 56).

15. n-dimensional subsets of an #n-dimensional ANR-space. It is
evident that the separability of an n-dimensional polyhedron implies
that it does not contain an uncountable family of disjoint n-dimensional
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cubes. On the other hand, there are n-dimensional compacta which do con-
tain such families. For example, the Cartesian product of an n-dimensional
cube Q" and a Cantor discontinuum C is an »-dimensional compactum
Q" xC which contains the uncountable family of disjoint n-dimensional
cubes of the form Q" x (x) with #eC. Now we shall prove that for ANR-
spaces the situation ig the same as for polyhedra. More precisely, we have
the following First Theorem on Families of ANR-sets ([70], p. 685,
and [71], p. 115):

(15.1) TuEOREM. Let {X,}, with u running over an uncountable set M,
be a family of n-dimensional ANR-sets lying in an n-dimensional
ANR-space X. Then there are distinct indices p and u' in M such
that dim(X, ~ X,) = n.

Proof. Without loss of generality we may assume that X is a subset
of Hilbert space E”. Then, since Xe¢ANR, there is a neighborhood U of
X in E® and a retraction r: U — X. We assume also that for distinct
indices u # u' we have X, # X, since the theorem is trivial otherwise.
Since dim X, = n, we infer by II, (3.11), and (3.4) that

(15.2) There ewists in X, an infinite n-dimensional chain x, = {x,},
a positive number e, and a compact carrier A, < X of the infi-
nite cycle {0x,;} such that this infinite cycle is not homologous to zero

- in the generalized ball @, = {w<E”; o(zx, A,) < &,}.

It readily follows that

(15.3) If C is.a compactum and if the infinite cycle {0% i} 98 homologous
to zero in Q, v C, then dAimC = n.

In order to show it, let us observe that the boundary B, of the set
0—@Q, in the space ¢ u @, is non-empty. Let {i;} be an infinite chain in
Q. v C such that 94; = 0x, for every ¢ =1,2,...- Consider a vertex
zeC—@Q, belonging to a simplex ¢ of 4, with at least one vertex lying in
Q.- Let us assign to each such vertex @ a point g;(x)e B, such that ¢(z, ¢;())
is equal to the distance of « from B,. Setting ¢;(x) = « for all other vertices
of the chain 1;, we get from the chain A; a chain ¢;(4;) lying in the set
C v @, with the same boundary 0d¢;(4;) = 0%, (because the function ¢;
assigns to each vertex x of the chain A; lying in @, the same point x). We
immediately see that {¢;(4;)} is an infinite chain and that each simplex
of the chain ¢;(4;) lies in one at least of the sets ¢, and C: Thus we can
assume that the chains A; themselves have this property already.

Now we can decompose the chain 1; into the sum of two chains 1;
=1;+A;, where ; lies in C and ;" in @,. Then 0x,; = 92;+04;', and conse-
quently 8A; = 0x,, —8;, where the chain 8; lies in the set C, and the
chain %x,—0; lies in the set Q” If follows that {04;} is an infinite cycle
lymg in the set ¢ ~ @, and it is homologous to the infinite cycle {0x,}
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in the set @,. Consequently {02;} is an (n —1)-dimensional infinite cycle in
the set € homologous to zero in C but not homologous to zero in the set
C ~ Q, = Q,, which is its carrier. By II,(3. 11), this implies the inequal-
ity dimC > n. Thus proposition (15.3) is proved.

Now let us observe that we can replace in (15.2) the number ¢, by
an arbitrarily given positive number ¢ less than ¢,. Since the set of indices
M is uneountable, we infer that there exists a positive number ¢ such
that the inequality ¢ < ¢, holds for all indices belonging to an uncountable
subset M, of the set M. Replacing ¢, by & for ue M,, we get

(15.4) . g, = ¢ for every index ue M,

"

The compacta X, can be considered as points of the space 2% of all (non-
empty) subcompacta, of X (with the Hausdorff metric; see for instance
[203], p. 20). Since 2% is a compactum and since the set Mo is uncountable,
there is a sequence {u,} of distinct indices in M, and an index ve M,
such that

(15.5) lim X, = X,.

m—0

Moreover, we can assume that u, # v for m =1, 2, ... and consequently
(15.6) X, #4X, for m=1,23,...

Since X, is an ANR-set, there is a neighborhood V of X, in E“ and a retrac-
tion s: V — X,. From (15.5) it follows that there is a natural number
m, such that for the index p, = ., the following statements hold:

(15.7) Theksegment from x to s(x) is contained in U ~ V for all ‘“Xuo-

(15.8) The diameter of the image under the map r of the sezqment from w
to s(x) is << ¢ for all xeX,. .

Let Z be the compactum obtained by taking the union of all segments
from « to s(x) as  runs over 4, 4 (recall (15.7)). Define the functions
fts 1€<0, 1), on X, by means of the formula

(15.9)  fi(x) = r((1—t)x+ts(x)) where 1c(0,1) and weX, .

Then the family {f;} is a homotopic deformation of X, to X, in the space X.
Note that f, is the inclusion X, — X and that f, = s|X,. From this,
together with (15.8), (15.9) and (15.4), we see that fy(x)er(Z) < Q,, for
allzed, . It follows by II,(3.9), that there exists in the space X an infinite
(n+1)-dimensional chain 4 = (4;} such that

(15.10) 04 = x, —3(x

“up Ho)_'u’
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where a = {¢;} is an infinite n-dimensional chain lying in the set r(Z) c Qe
Thus we see that

(15.11) 7 =, —8(%,))—
is an infinite n-dimensional cycle lying in the compactum
Y=X,vX, vr(Z)
and homologous to zero in X. Since dim X = », we infer by II,(3.11),

that the infinite cycle y is not essential, and consequently there exists
in Y an infinite (n-+1)-dimensional chain g2 = {§;} such that

(15.12) 0B; = #ui—8(yq) —a;  for 4 =1,2,...
Let us set ,
Y,=Xx,, Y,=2X 0ur(2).
Since 0y = 004 = 0, we infer by (15.11) that
’ Ox,,, = 0s(#,)+0a,
and since Ox, lies in ¥, and as(x ,) 10 lies in Y, we infer that
(15.13) The mfmzte cycle Ox, lies in Y1 ~ Y,

Let {¢} be a majorante- of the infinite chain R. Since Yl and Y,
are compacta, there exists a sequence {s;} of positive numbers conver-
gent to zero and such that if x,eY,, x,¢ Y, and o(x,, z,) < &, then
olz,, Y1 ~nY,) < n; for » =1, 2. Consider for every ¢ =1, 2, ... a function
y; defined in the set ¥ and satisfying the following two condifions:

(15.14) wi(z) =2 if oz, Y1~ X,) =,

(15.15) w;(x) is a point of Y ~ Y, such that ol®, pi(x)) = o(w, ¥y~ Xy)
if o(x, Y1~ Yy) < .

It is clear that the sequence @ = {y;(8;) } is an infinite chain in ¥
satisfying the following condition:

(15.16) For each simplex o of the chain p;(f;) all vertices of o belong to
‘one of the sels Y, and Y, at least.

Equality (15.12) gives

(15.17) 08 = {9:(88:)} = {9ilstuys) —wil8 (20u0) +- )}, where i(x,;) lies in
Y, and pi(8(x,5)+a) lies in Y.

Moreover, it follows by (15.13) and (15.15) that
(15.18) Ox, ~0{y(%,4)} In Y~ X,

Condition (15.16) implies that there is a decomposition
(15.19) viBi) = Bi—p; for i=1,2,...



15. n-dimensional subsets of an n-dimensional ANR-space 143

such that the chain g; lies in ¥, and the chain g; lies in Y,. From (15.17)
and (15.19) we infer that

(15.20) () — 0% = (8 () + ) — 0B

Since the chain of the left-hand side lies in Y, and the chain of the right-
hand side lies in Y,, it follows that the chain y;(x, ;) —08; lies in the set

(15.21) Yy~ Y, =X, ~ (X, 7(2) = (X,, ~ X)) v (X,, ~1(Z)).

Since 8(y;(,,) —0p:) = di(,), we infer that the infinite cyele @ {p; (%)}
is homologous to zero in the set ¥, ~ Y,. It follows by (15.18) and
(15.21) that the infinite cycle 0=, is homologous to zero in the set
(X ~ X,) A (XHO ~ r(Z)) < Qv (X, ~ X)) IE follows, by (15.3), that
dim (X, ~ X,) >n and since dim X, = »n, we infer that dim (X, ~ X,) = .
This completes the proof.

An important generalization of First Theorem on Families of ANR-sets
has been given by K. Sieklucki ([262], p. 433):

(15.22) THEOREM. Let {X,}, with p running over an uncountable set M,
be a family of n-dimensional compacta lying in an n-dimensional
ANR-space X. Then there are two distinct indices u, pu'e M such
that dim(X, ~ X,/) = n.

The proof of this theorem is similar to the proof of (15.1) but a little
more complicated.

We remark that if the dimension of a compactum X at a point x,
is greater than n, then there is an ¢ > 0 such that for any positive number
u < ¢ the set X, = {xeX; o(x, x) = p} is a compactum of dimension
> n. Consequently, a compactum of dimension greater than n contains an
uncountable family of disjoint compacta each of dimension = n.

16. Umbrellas theorem. By an n-dimensional umbrella we understand
the union of an n-dimensional ball @ = @" and of an arc L such that
the set L ~ @ consists of only one point a, which is an endpoint of the
arc L and an inner point of ¢). The point a is called the cenfer of this
umbrella. Let us notice that there exist n-dimensional locally connected
continua X such that each point xeX is the center of an n-dimensional
umbrella lying in X. For instance, if ¢ is the well-known universal curve
of W. Sierpinski ([263], p. 630), then each point weC is the center of
a 1-dimensional umbrella lying in C. The Cartesian product X = 0 x 8",
where S"~! is an (n—1)-dimensional sphere, is a locally connected
n-dimensional continnum with the property that every point of it is the
center of an n-dimensional umbrella lying in X. A different situation
is in the case of ANR-spaces. We have the following
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(16.1) UMBRELLAS THEOREM ([16], D. 106). If XcANR and dimX = n,
then the set T of centers of all n-dimensional umbrellas lying in X
18 of the first category of Baire in X.

Proof. Let us suppose that T is of the second category of Baire
in the space X. Consider an n-dimensional Euclidean ball @ and a point «
of its interior. Then, for each point x¢7, there is a homeomorphism h,
of  onto a subset h,(Q) of X such that hy(a) =« and that x is an
endpoint of an arc L, issuing from « and such that L,—(2) c X — b (Q).
Since the space X of all maps of @ into X is separable, there exists
in T a sequence of points ,, #,,... such that the homeomorphisms
hxl, hwz, ... constitute a dense subset in the set of all homeomorphisms 5,
with #<T. Then the point a; belongs to the set

(16.2) Ty =X g (Q) - hey(Q)-

Evidently the set F; is closed and it does not contain any open non-empty
" subset of X. Since T is of the second category of Baire, there exists a point

(16.8) woeT - Fy.
i=1.
Now let us observe that
(16.4) aa(,eT—U1 hmi(Q).
. 1=

For if it were not so, then there would exist an index ¢ > 0 such that
Toehy, (@). Then — by (16.2) and (16.3) — the set k;, (@) would be a neigh-
borhood of x, in the gpace X, which is impossible because o, is the center
of an arbitrarily small n-dimensional umbrella lying in X and the set
ks, (@) — as homeomorphic to ¢ — does not contain any n-dimensional
umbrella.

Now let us consider the Cartesian product Q"' = 0x <0, 1)>. It is
homeomorphlc to the (n-1)-dimensional ball and its boundary @"** is
given by the formula :

@) = (@x(0) (@ X0, 1)) © (@ (1).

Let us set, for every index ¢ =0, 1, ...,

(16.5)  @i(p, 0) = by (p), @i(p,1) = hy(p) for every peQ.
Thus we get a map ¢; of the compact subset (@ x(0)) w (@ x(1)) of the
space Q"' into X. Setting

¢o(Py 1) = hyy(p) for every pomt (p, 1)e@™,

we get a continuous extension of the map g, onto @"*', with values in X.

Now let us recall that for every » > 0 there exists an index 4, > 0 such

that o(hyy, ke ) < 7. Since X ¢ANR, we infer by Theorem (3.1) that for
A ,
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every & > 0 the number 5 may be chosen so that the map i, has an exten-
sion @; e X9"*! gatisfying the condition

9(%,,, ‘—Po) < e&.
Since the point x, does not belong to the set @,(@" X <0,1>) = hy (Q°), We
infer that for sufficiently small value of ¢
(16.6) The point x, does not belong to &iﬂ(Q' x <0, 1>).
It follows by (16.4), (16.5), and (16.6) that

(16.7) ' @oehz, (@) —i, (@ X <0, 1> © @ x (1)).

Now let us consider an infinite (»—1)- d1mens1ona1 cyele 7" ' in @
(with integer coefficients) which is not homologous to 0 in @°. Then there
exists in Q an infinite n-dimensional chain =™ such that dx" = "', Thus
y"~! ~ 0 in Q. On the other hand, it is clear that

(16.8) ™' is mot homologous to zero in any proper subset of Q.

Let a, (v = 0,1) denote the map of @ into @ X (») assigning to each
point peQ the point (p, »)eQ X (»). Then in Q* X <0, 1) there is an infinite
n-dimensional chain 4" gsuch that

08" = a(r" ) —a, (" 7).
Setting

7= a(#") — A —ay (#7),
we get an infinite n-dimensional cyele y" in (@"*')* which is not homologous
to 0 in (Q"*')", but which is homologous to zero in @"*'. It follows that

E’in('fn) = hmo("n) —&iﬂ(in)‘hmn("”)
is an infinite n-dimensional cycle in the set @ (@™*')" homologous to 0
in X. Moreover,
ahmo( ) = hy (a“ ) = haco(?’n 1) = 6‘771, (An)‘!"ah (" )
is an Infinite (n— 1) -dimensional ecycle in the set h ,(@") which
is homologous to 0 in the both sets ¢; (@ x(0)) = hmo(Q) and
"((Q X <0, 1)) v (@ ><(1))) Moreover, since h,, is a homeomorphism, we

infer by (16.7) and (16.8) that the infinite cycle hmo(y"‘l) is not homologous
to 0 in the common part of the sets hxo(Q) and @n((Q' X <0, 1>) v (Q X (1))).
It follows by Phragmén -Brouwer Theorem (II,(3.6)) that the infinite
n-dimensional cycle ¢; (s*) is not homologous to 0 in it§ carrier %ﬂ((Q”H) ).
As we have already seen, it is homologous to zero in the space X, and
consequently, by the theorem of Alexandroff (II,(3.11)), the dimension of

X exceeds m, contrary to our hypothesis. Thus the proof of Umbrellas
Theorem is finished.

10



CHAPTER VI

PATHOLOGIES AMONG ANR-SPACES

We have seen in the last chapter that ANR-spaces and polyhedra
share many topological properties. In particular, we have shown that
all r-properties of polyhedra are properties of ANR-spaces having finite
dimension, because every such space is an r-image of a polyhedron.

In this chapter we shall consider some examples of ANR-spaces
whose topological properties are profoundly different from the topological
properties of polyhedra. '

1. The singularity of Peano ([30], p. 255, and [51], p. 28). A space

X is said to show the singularity of Peano provided that there is a closed
subset X, of X such that it is contractible to a point in X and if {f;} is-
any homotopy contracting X, to a point, then the dimension of the set
U fi(X,) swept out by this homotopy is necessarily greater than

o<1

1+dim X,. We shall prove in Chapter VII that polyhedra are free of
the singularity of Peano. However, there exist ANR-spaces having this
singularity. We shall now construct an example of such a space.

Let @2 be a 2-dimensional disk and L a segment lying in the interior
of @2 Since a solid 3-dimensional ball @2 is a Peano space (i.e. a locally
connected continuum), it follows by the Hahn-Mazurkiewicz theorem

. tHat there is a map ¢ mapping L onto Q3. Let us show that the space

=29 @,

has the singularity of Peano. Indeed, this space is an AR-space by V,(9.17).
Moreover, its dimension is clearly three. The boundary S of @2 is a simple
closed curve which we can consider as lying in X. Let {f;}, te<0,1)>, be
a homotopy contracting S to a point. We will show that the set F' of
-values of {f;} is the whole space X, showing thereby that the space X
has the singularity of Peano.

Suppose, by way of contradiction, that F is not all of X, so that
there exists a point aye X —F. By the definition of X, the set @2— (L o 8)
iy dense in X. Since ¥ is a compactum, the set X —F is open in X and we
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conclude that there is a point a,¢Q2>—(L v § w F). One can easily con-
struct a retraction r of ¢2—(a,) to § under which L is mapped onto a single
point a, of 8. Then, setting

r(p)  for peQi—L—(ay),

r f—
1(2) @y for peL & @3,

we obtain a retraction of the set X —(a,) to S. It follows that if we set
gi(@) = rifi(x) for every xeS and 0 <t <1,

then we obtain a homotopy {g;} which conftracts the simple closed curve
8 in itself to a point, which is impossible. This contradiction shows that
X does indeed have the singularity of Peano.

Manifestly one can generalize this example by replacing the disk
Q2 by a (k-+1)-dimensional ball Q**! (where & > 1) and @3 by an m-dimen-
sional ball Q (where m > k+1). In this way one can construct an AR-space
X in which every homotopy in X that contracts the boundary of Q**! to
a point must sweep out the entire m-dimensional space X. ’

2. The singularity of Alexandroff. In 1925, P. Urysohn has introduced
the important notion of the Cantor manifold (see, for instance, [166],
p. 93) and he assigned to each compactum some numbers called coeffi-
" cients of Urysohn. Let us recall the definitions of these notions.

An n-dimensional compactum X is said to be a Cantor manifold
provided that the dimension of each closed subset X, of X decomposing
X is not less than n—1. For every k¥ = 0,1 ,... and every compactum X,
the k-th coefficient of Urysohn d;,(X) ([277], p.353) is defined as the greatest
lower bound of the set of all positive numbers ¢ such that there exists
a finite covering of X by closed sets with diameters less than ¢ and with
the nerve of the dimension less than k. It is known ([166], p. 67) that

(2.1) The compacia of dimension = n are characterized by the inequality
d,(X) > 0.

The notion of the Cantor manifold is a far reaching generalization
of the classical notion of manifold. We easily see that each n-dimensional
Cantor manifold X, which is a polyhedron, satisfies the following con-
dition (formulated in 1957 by P. Alexandroff [2], p. 70):

(2.2) CONDITION (A). For every couple of disjoint subsets A, B of X, with
non-empty interiors, there exists a positive number ¢ such that every
compactum X, « X—(A o B) which decomposes X between each
point ac A and each point be B has the (n—1)- th coeffwwnt of - vasoim

n_l(Xo) greater than e.

However, Condition (A) is not satistied by all Cantor manifolds;
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P. Alexandroff has given a simple example of a 2-dimensional Cantor
manifold which does not meet Condition (A). Such an example can be
defined as the union X of all rectangles EB,, n» = 0,1, 2, ..., given in E?*
by the formulas: :

X2

Ry Ry R, -

Ry

Wl
(XN

-1
Fig. 7

Ry = {(21, 05)e B?; —1 <@ <0, —1 <o, <1},

1 .
Ry 1 = {(wl,wz)eEz; —2_7_6— <o < o1’ 1<, < 1}1
R—{(é z,) e B2 ! <t =1, 1}
T T o Y ST S el S TP 1
for k =1,2,...

It is evident that X is a 2-dimensional Cantor manifold without
Condition (A). However it is not an ANR-set and, as has been recently
proved by A. Lelek ([216], p. 241), every 2-dimensional ANR-space being
a Cantor manifold satisfies Condition (A). Moreover, A. Lelek has con-
structed an example of a 3-dimensional AR-space being a Cantor manifold,
which does not satisfy Condition (A).

" The construction given by A. Lelek is the following: Let-Q3 and Q3
be two 3-dimensional cubes having only an edge L in common. It is plain
that the set P = @} u Q3 is an AR-set. Let ¢ be a map of L onto a square
Q?, disjoint to P. Then the space X = P & @2is an AR-space (by V,(9.17))
and it is clear that dim X = 3. In order to show that X is a Cantor manifold
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let us observe that any closed subset X, of X with the dimension less

than 2 cannot contain the whole set L & @2 homeomorphic to Q2. Since
L is the common edge of @} and of @3, we infer that the locally connected
space X contains a simple arc joining in the set X —X, a point a,¢Q3 —L
with a point a,eQ3— L. Since @2 and Q3 are Cantor manifolds, we conclude
that every point < X — X, can be joined in the set X — X, by an arc with
at least one of the points a, and a,. Consequently X, does not disconnects
the space X, and thus the proof that X is a 3-dimensional Cantor manifold
is terminated.

(14

Fig. 8

Now let us show that the space X does not satisfy Condition (A).
Consider a 3-dimensional ball K;, lying in the interior of the cube @}
for ¢ = 1, 2. In @} there exists evidently a rectangle R arbitrarily narrow,
and consequently having the Urysohn coefficient d,(R) arbitrarily small,
which decomposes @} between the points of the ball K; and the points

of the edge L. One easily sees that by the operation of the matching <,
the rectangle B will be topologically mapped onto a compact subset
X, of X with the second coefficient of Urysohn arbitrarily small. Since
the set X, decomposes the space X between each point of the ball K,
and each point of the ball K,, we infer tha,t the space X does not satisfy
the condition (A).

Thus we have shown that X is a 3-dimensional Cantor manifold
which is an AR-space, but which does not satisfy condition (A). We say
that the space X has the singularity of Alexandroff.
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- 3. The singularity of Brouwer. In 1910, L. E. J. Brouwer ([83], p. 426)
constructed a plane continuum which was the common boundary of
three plane regions. Later, K. Kuratowski ([194], p.138) showed that
any plane continuum with this property must be rather nasty. Namely,
it is either an indecomposable continuum or the union of two indecompo-
sable continua. In E*® the situation is quite different. Indeed, in 19563
M. Lubanski ([220], p. 29) constructed an ANR-get in E3 which is the
common boundary of three regions. We shall now carry out this construc-
tion.

The construction is similar to that involved in construecting the
Lakes of Wada ([299], p. 60). Indeed, we shall begin with a solid 3-sim-
plex in which two holes have been made and then bore out tubular feelers
from the exterior and from each of the two holes, so that the feelers get
“dense” in the simplex. In more detail, let A, be the polyhedron obtained
from a 3-dimensional simplex o, = E* by removal from its interior of
the interiors ,G, and G, of two disjoint 3-simplexes. We assume that the
diameter of o, is <<} and we let .Gy = E*—o¢,. Evidently, for n = 1, the
following two conditions are satisfied:

1,. The set 4, is a polyhedron and is strongly connected in dimension
3, that means, for each triangulation 4 of 4, and for each pair of 3-sim-
plexes o and ¢’ of 7 there exists in 7 a finite sequence of 3-simplexes the
first of which is o, the last being o', and such that simplexes with succes-
sive indices intersect in a common 2-dimensional face.

2,. The set E3—A, has three components ,Go, »G1, »&, such that
the distance from any zeA4, to each of these components is < 27",

. Now suppose that we have inductively constructed a decreasing
system of polyhedra A,, 4, ..., 4, (n = 1) so that A satisfies 1; and
2, above. We indicate the construction of 4,,,. We begin by selecting
in the interior of A, three disjoint systems of distinet points ay,..., @y;
byyeory by €1y ...y 6y such that for every zed, there are indices 4, j, k&
for which '

o(@, a;) < 2_n_17 o(xz, b;) < Z_n—l7 elz, o) < 2~"1,

By use of 2, we construct three polygonal arcs L;, M; and N; each of
diameter < 27" such that a; (resp. b;, ¢;) is one end of L; (resp. M;, N;)
while the other end is a boundary point of .G, (resp. .G, »G;) and such
that the interiors of these arcs lie in the interior of A,. Further, these
arcs can be and are so constructed that they are all disjoint.

It is clear that we can find a small polyhedral tubular neighborhood
for each of these arcs the diameter of which is < 27" and which is homeo-
morphic to a 3-simplex. These neighborhoods can be and are so constructed
that the boundary of each of them intersects the boundary of 4, in
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a 2-dimensional disk, and such that these neighborhoods are pairwise
disjoint. We denote by U(L;), U(M;), U(N;) the tubular neighborhoods
of L;, M;, N;, respectively.

We now let A4,,, be the closure of the set

C

4,— U(U(L) v UML) © T(W).

i=1

1t is clear that 4, is ‘a subset of A, which satisfies conditions .

and 2,,,. Then the set 4 = (1) 4, is the example of Lubaniski.

cn=1

In order to see that A has the required properties, let us observe
that we may find a retraction r,: A, — A,;, such that oz, r,(x)) < 27"
for every weA,. Indeed, we let 7, be the identity map on 4,,, and on each
U(L;) (resp. U(M;), U(Ny)), let r, retract the set U(L;) to the disk
U(Li)'—(U(Li) ~ 4,), the set U (M) to'U(Mi)‘—(U(Mi) A A,;), and the
set U(N;) to the disk U(Ni)’—(U(Ni) ~ A,;), respectively. We let 7, be
the composition r,,,7,, _;, ..., 7,1 A; — A,.,, which is a retraction. Since 7,
moves no point by as much as 27", it follows that the sequence {r,} con-
verges to a map r, which is a retraction

r: A; = A.

Thus A is a retract of the polyhedron A4, and consequently it is an ANR-
space. Moreover, B®—A has three components, namely,

= L_JnGm G1 = UnGn Gz = UnGm

- and 4 is their common boundary by virtue of condltlons 20

A compactum which is the common boundary of at least three reglons
in a Buclidean space is said to have the singularity of Brouwer. One may,
however, define this singularity by internal properties of the space. For,
by the Alexander-Pontrjagin duality theorem, a compact subset X of
Euclidean space E™ (n > 1) decomposes E™ into % regions if and only if
the (n—1)-st Betti number of X is k—1. If X is the common boundary
of these regions, then no proper closed subset of X will decompose E" and
hence its (n—1)-st Betti number vanishes. These facts enable us to make
the following definition:

A space X shows the singularity of Brouwer of type (n, k) provided
that for each proper closed subset X’ of X the difference of the n-th Betti
number of X and the n-th Betti number of X’ is at least k1. .

The construction of Lubariski clearly generalizes to show that there
exists for every n >1 and every k¥ >1 an ANR-set in E"“ having the
singularity of Brouwer of the type (n, k).
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4. The singularity of Mazurkiewicz. Polyhedra have finite triangu-
lations and consequently each polyhedron can be represented as a finite
union of simplexes. Given any particular triangulation of a polyhedron,
if one applies a finite number of times the process of barycentric subdivi-
sion one obtains a decomposition into simplexes of arbitrarily small diam-
eter. In view of this simple fact one is naturally led to the following
question: Can every ANR-space be expressed as a finite union of AR-sets
having arbitrarily small diameters ? It is easy to show that for ANR-spaces
of dimension 1 the answer is positive. However, for ANR-spaces of
dimension >1 the answer is negative. Indeed, in 1934, a 2-dimensional
ANR-space was described ([77], p. 111) which was not a finite (or countable)
union of AR-sets. At the same time an AR-space of dimension 2 was
described which cannot be decomposed into a finite (or countable) number
of AR-sets of arbitrarily small diameters. A space which cannot be expressed
as a finite or countable union of AR-sets of arbitrarily small diameter
will be said to have the singularity of Mazurkiewicz. Below we give an
example of a spaee having this singularity.

Let @ be a 2-dimensional disk lying in E? which we consider as a plane
decomposing E3 into two open half-spaces one called the positive half-space
and the other the negative half-space. Let ' and @'’ be disjoint polygonal
disks lying in the interior of @ and let L be a polygonal arc in the interior
of Q—(Q' v Q") except for its two end-points one of which, called o,
lies in @’ and the other a’’«Q’’*. Finally let beQ’* with b £ a’’.

Congider the set M = @' v L u @' and a positive number &. For
every point xe M, let K denote the ball in E® tangent to the plane FE?
at the point & with center in the positive half-space and radius equal to
eo(x, b). Similarly, let K; be the ball in E? tangent to E? at « with center
in the negative half-space and radius equal to eo(w, b). It is easy to see
that for ¢ sufficiently small the two isometric sets

A* =A+(Q’7Q”7L’ b7 8) = UK;cl-a A~ ZA_(QI7Q1’7L7 b, 8) = UK;

xeM xeM

are each homeomorphic to the set which we obtain from a solid 3-ball
by identifying two points on its boundary. Moreover, we see that

AV A" B2 =A-~E*= M.
Now let us denote by
B* =B+(Q,7Q”’ L, b, &) and B~ =B7(¢',Q", L, b,¢)

the sets which we obtain from the boundaries of A* and A7,
respectively, by removing the interior of the disk @'. We easily see that
for ¢ > 0 sufficiently small the following conditions are satisfied:
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(4.1) The circle @ is contractible o the circle Q"'* in the set B* (and also
in B™) but is not contractible to Q''* in any proper subset of B (resp.
of B7).

(4.2) Each of the sets (@ —Q') v Bt and (@ —Q' ) v B™ is an AR-set.
(4.3) The set BT is a retract of A" and the set B~ is a retract of A~.

Let us extend the definition of the sets AT = A7(Q",Q", L, b, ¢)
and A~ =A"(Q',Q",L,b ; &) to the case where the disk Q" degenerates
to the set conmstlng of only one point a’’. In this case we set b = o’

M = Q' v L and the sets At =K}, A~ = | K; are homeomorphic to
xeM xeM

a 3-ba11, and the sets Bt = B*(Q',Q"",L,b,¢), B- =B (Q',Q"", L, b, ¢)
are disks. Properties (4.1)—(4.3) remain valid, but instead of the
circle Q'* we have the set consisting of one point b.

By an easy induction on ¢ = 1, 2,... one can construct a system

Qkoa Qk 17‘ reey kamki Lku Lk,27 ey Lk,zmk
of subsets of the interior of the disk @ such that

(4.4) The sets Qs k =1, 0 <1 < 2my, are disjoint with one a,nother The
sets Qs k=1, 0 <4 << 2mk, are disks, and each of the sets Qi ym,
consists of one point only.

(4.5) The sels Liiy, B >1, 0 <j < 2my, are disjoint polygonal ares.

o 2my

(4.6) The set Ly; ~ [U U @x,1 consists of the two endpoints of the are

k=1 1=0
Ly;: one endpoint a,,eQz,, and the other by;_1€Qi;_;.
» k—1 2my 2my,

(4.7) The distance of each point xe@Q— ) | }Q” from the set l JQ,” 8
I=11i=
less than 1/[k.

(4.8) For each point xeQ which does not lie on any Qy; and for each natural
' number n, there exists an indexr 1> n such that o(x, Qo) < 1/n.

(4.9) The diameters of the sets Q,M and L,” are less thom 1/k for all k and
all .

From (4.9) we infer the existence of a positive number ¢, <1/k such
that for every positive number 5 < 2¢; the sets
wi(n) = AT (Qrj1, Qugy Luss brgy 1),
Ak,i(’?) = A" (Qrj—1) Qugr Lrj) biss 1),
Bzi(ﬁ) = B+(Qk,7' 1) Qry Ly brgyr 1),
Bii(n) = B™ (Qr;j—1s Qujs Luegs bk,j, 7)
satisfy the following conditions:
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(4.10) The diameters of Ait;(n) and of Az;(n) are less than 27[k and each
of these sets is homeomorphic to the set obtained by identifying two
- boundary points of a solid 3-ball,

because for every point. weQy; -, v Qr; v Ly; the distance o(x, by;) is
< 3/k and the diameter of the ball K} is equal to 29 o(x, byy) < 12/k?
- <12/

(411)  Agi(n) A Aiim(n) = Aig(n) ~ Agm(n) =0 if  |m—j| >1.

(4.12) If k =+ 4 and 7] 28/67 ’i’]' 281, then Akz(n) a) Al?’( I) =
= Ari(n) ~ Az;(n') =0 for 1 <z<2mk and 1 <j <2m

Now let us show that
(4.13) The set X given by the formula

oo 2my, oo my
[ﬂ ﬂ(Q — Q)] v [L=J L__J (Bitgj=1(ex) © Brg;(&)]
8 @ 2-dzmensz0nal AR-space.

First let us observe that (4.10) and the inequality ¢ < 1/k imply
that the diameter of the set Aj,;_,(2ex) v Ajsi(2¢) is less than 54/k.
Consider a 3-dimensional ball @3 in E* containing @ v X and a retraction
r of Q3 to Q. Since r is uniformly continuous on 3, we infer that there
exists a sequence {ox} of p031t1ve numbers converging to zero and such
that

8lr(Aiksi—1(2e) v Aiy;(2en))] < o for & =1,2,..55=1,2 ..., m.

It follows that for every k¥ =1,2,... and j =1,2,..., m; there exists
a disk Dy; < @ such that '

(4.14) r(A,;‘:zj_l(2ek) (] A;‘M(Zb‘k)) c _Dk,f,
(4.15) 6(1)1;,7') < 2ay.
Moreover, we see at once that |

Qrzi-1 v Ligi—1 v Quoi—1 v Ligj v Quoy < Diy
and that

(4.16) Dij o Aifyi1(e) v Aigi(er) is an AR-set.

Since the common part of the set Ajfa_;(ex) v Arg(ex) With the seb
Bity;_1(2¢x) v Bigj(2¢x) is contained in Dy ;, we infer that the restriction

?|[ Bitgj—1(2¢x) v Biraj(261)]
has a continuous extension

Tk’j: Al-c‘:21'-—1(28k) v A,Zz,(Zek) — -Dk,i W .A]tzj-l(ﬁ,k) v A];;2j(8k)
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satisfying the condition
r;(@) =« for every point e iy i(ex) v Aigiler).

If we recall that lim a; = 0, we see that setting
k—oco
oo my .
. () for every point 2@ —{J U [Adz-1(2e) v Ai2i(2e0)],
,’,/ ($) — k=1 7=1 .
rei(®)  for every point weAi,; ;(2ex) U Aggi(2ex),

we get a retraction »' of the ball @2 to the set
] ' o My )
Y=0Qv [kU1 LJl(Al-cl:z;i—-l(gk) v Aigi(er))]-
=17=

Thus Y is an AR-set. In order to finish the proof of (4.13), it is sufficient
to show that there exists a retraction of ¥ to X. By (4.3), there exists
a retraction s;,;_, of the set Ai,_;(ex) to Bify_i(e) and a retraction
8x,2; OFf the set Ay, (ex) 60 By ,i{ex). Since the diameters of the sets A, (ex)
and Ay, (ex) are less than 27/k, we infer at once that the map s: ¥ - X
given by the formulas

@ for every point zeX,
$(®) = | Sgqj—1(w) for every point weAi,; (&),
81,21 () for every point we Ay, (ex)

is a retraction of Y to X. Thus (4.13) is proved.

Now let us observe that (4.8) and (4.9) imply that for every neigh-
borhood U (in the set @ ~ X) of a point xe) ~ X and for every natural
number » there exists an index !> # such that Q1o = U. Hence, from
(4.1), we infer that eévery AR-set Z < X which contains U must also
contain the set '

U(Bz 2i—1 Bigj).

i=1

It follows by (4.7) and (4.9) that the distance from a point z¢Q ~ X to
Z is <1/n for every n and hence zeZ. Thus @ ~ X < Z and we infer
by (4.1) that Z = X.

Thus we have shown that if an AR-set Y is a proper subset of X,
then @ ~ Y does not contain any non-empty open subset of @ ~ X.
Since @ ~ X is a compactum, the clasgical theorem of Baire implies that

(4.17) The space X is an AR-set which cannot be decomposed into a finite
or countable number of AR-sets distinct from X.

Hence X has the singularity of Mazurkiewicz.
In particular we conclude that X contains points for which no suf-
ficiently small neighborhood is an AR-set.
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By a slight modification of the space X we may obtain a space X'
with the following property:

(4.18) X' ¢s a 2-dimensional ANR-set which is not decomposable into
o finite or countable family of AR-sets.

Proof. Let z, and «, be two distinct points of X and let X’ be the
space obtained from X by identifying x, and x,. Let x, be the point of X’
resulting from identification of #, and z, and let v denote the natural map .
of X onto X’, i.e. the map assigning to every point reX —(x,)—(x,) the
same point (in X’) and to both points #, and x, the point x,. Now let us
consider an AR-set A’ lying in.X’ and containing the point 2, and let
A = yp1(A’). Then A is a compactum and A’ results from A by the iden-
tification of points 2, and «,. If both those points belong to one component
of A, then the first Betti number of A’ would be positive, which is impos-
sible because A’eAR. It follows that A decomposes into two compacta
having only the point x, in common. By V, (2.12), those compacta are
AR-sets, each of them distinet from X’ (because of A’ = X’). Thus, if
it were possible to decompose X’ into a finite or countable number of
AR-sets, then for one of them, called A’, the set —1(A4’) would decompose
into two AR-sets each distinet from X. The other AR-sets that compose
X’ may be considered as lying in X. But, under these circumstances, we
have obtained a finite or countable decomposition of X into. AR-sets
which is impossible by (4.17). Thus the proof of (4.18) is finished.

We remark that by a suitable “thickening” of the construction-
given above one may construct a 2-dimensional AR-space X which lies
in E? such that the 1-dimensional Betti number of every proper two
dimensional subset is infinite [52]. This says that, in some sense, the space
X is a 2-dimensional indecomposable ANR-space.

Recently R. Molski ([230], p. 132) has generalized the construction
given in [52] onto higher dimensions, in order to obtain an n-dimensional
indecomposable ANR-space for every n = 2, 3, ...

Let us observe that all plane ANR-sets are free from the singularity
of Mazurkiewicz, because every plane ANR-set is the union of a finite
number of connected ANR’s, and — as we have already noticed (V.
Section 14) — every connected, non-empty, plane ANR-set is the union
of two AR-sets.

As we have already observed, the singularity of Mazurkiewicz is
impossible with polyhedra. It is easy to prove ([40], p. 431) the following,
more exact theorem: Ewvery connected n-dimensional polyhedron can be
represented as the union of n-+1 polyhedra which are AR-sets.

On the other hand, there exist ([32], p. 142) among polyhedra such
2-dimensional AR-sets which cannot be represented as the union of two
proper subpolyhedra being AR-sets.
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5. Some open problems. The following questions remain still open:
Let X, YeANR and Z = X XY,

(6.1) If X has the singularity of Peano, Brouwer or *Mazurkiewicz, then
has Z the same singulority ?

(5.2) If Z has one of the singularities of Peano or Brouwer, have X or Y
the same singularity ? '

(5.3) If a polyhedron is represented as a Cartesian product, is every factor
free from the singularities of Peano, Brouwer, and Mazurkiewicz ?

The examples given above in discussing the singularities of Peano,
Brouwer, and* Mazurkiewicz have been known for some time. Another type
of peculiarity of ANR-spaces was recently discovered by R. H. Bing
and myself [15]. We shall describe this phenomenon without going into
much detail. '

From the theorem of Hahn and Mazurkiewicz we know that every
locally connected compactum contains an are. In particular, ANR-spaces
contain arcs. One is led to ask: Does every ANR-space of sufficiently high
dimension contain a disk? It is easy (compare Section 6) to construct
2-dimensional AR-spaces which contain no disks, but the construction
of a 3-dimensional ANR-space which fail to contain a disk is mueh more
difficult.

The main idea of the construction [15] is the following:

The required space X is defined as a continuous image of a solid
3-ball @2 or, what is the same, as a decomposition space of ¢* under a suit-
able upper semi-continuous decomposition. The non-degenerate elements
(i.e. elements containing more than one point) of the decomposition form
a countable collection of arcs whose diameters converge to zero. These
arcs have the property that each disk (i.e. each topological image of the
2-dimensional simplex) lying in @2 intersects at least one of the arcs and
their common part is a disconnected set. In order to obtain such a sequence
of arcs one considers certain sets in E® which will be called pseudo-chains.

Let A and B be two disjoint compacta lying in 3. Let us say that A
links B if A is not contractible (to a point) in the set E*—B. By a usual
chain in E® we will understand a finite system 7T, ..., T} of solid tori such
that T; links 7, if and only if +—j is congruent to 1 modulo ¥ —1. In the
interior of T; we construct a copy 4; of Antoine’s necklace (see, for
instance, [150], p. 177), that is, a set homeomorphic to the Cantor dis-
continuum and having the property that a simple closed curve in E*—1T);
~ that links T’; links also the set A;. By a theorem of G. T. Whyburn ([290],
p. 57) we may find an arc L; for which A; « L; ¢ T;. The set L, v L,
v ...l will be called a pseudo-chain replacing the wusual chain
Tyo Tyv ... v T The arcs L; will be called the links of this pseudo-chain.
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One can show that each disk in E? the boundary of which links the
chain Ty v T, v ... v T; must intersect one of the arcs L; in a discon-
nected set.

Now one proves that there exists in the interior of @* a sequence
@ of disjoint pseudo-chains the links of which have diameters converging
to zero and such that the boundary of exery disk lying in the interior
of @% links at least one of the pseudo-chains belonging to @.

Finally, in order to obtain the arcs for our decomposition of ¢° one
completes the sequence of all links of all pseudo-chains belonging to @
by a suitably constructed countable family of arcs whose endpoints lie
on the boundary of @* and whose diameters converge to zero. Then it
follows from Theorem V, (12.1), that the resulting decomposition space
of @3 is an AR-space. One easily shows that this space is 3-dimensional.
The proof that it does not contain any disk is a little more complicated.

6. Families of locally r-incomparable AR-sets. The examples of
ANR-spaces having the various singularities of Peano, Brouwer, and Mazur-
kiewicz show that the variety of topological phenomena to be found in
ANR-spaces is much greater than in polyhedra, which have none of
these singularities (compare [51] and [56]). We shall now prove a theorem
which may help to explain this fact.

First we observe that the class of topological types of polyhedra is
a countable class. This follows from the fact that every polyhedron may
be considered as a set in a Euclidean space having a finite triangulation
such that the vertices of the triangulation have only rational coordinates.
It is evident that the class of all such triangulations is countable. It follows
that the class of topological types of polyhedra is only countable. On the
other hand, as we will now show, the class of r- types of ANR-spaces is
of the power 2%,

We say that two spaces are locally r-incomparable ([73], p.333)
provided that no open subset of one is an r-image of a subset of the other.
Since every r-image of a space is homeomorphic to a closed subset of this
space, we infer that two spaces are locally r-incomparable if and only
if no open subset of one can be topologically embedded into the other.

Now let us prove ([72], p. 294, and [231], p. 142) the following

(6.1) THEOREM. For every natural number n there is in E*' a family
of 2% n-dimensional locally r-incomparable AR-sets.

Proof. We assume first that » >1 and consider the case » =1
at the end of the proof.

By a k-star with radius ¢ and center a we mean the union of % line
segments (k > 1), disjoint, save for a common endpoint a, each segment
having length ¢ > 0.

Let Q" be the solid n-ball in E™ consisting of all z< E” for which |]w[|
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and let {k;} be an arbitrary increasing sequence of natural numbers > 1.
We eagily see that there is a sequence {4,} of sets 4, lying in the interior
of Q" such that

1. There exists an increasing sequence of indices 1 = v, < v, < ...
and a sequence of positive numbers &, converging to zero such that for
vy < v <9y the set A, is a k;-star with radius ¢, lying in the interior
of Q"

2. A, ~ A, =0 for v £,

3. For 1 =1,2,... the distance from each point x¢Q" to the set

U 4,is less than 1/i.

<P+l

Let a, denote the center of the star A4,. For each te<0, ¢,>, let 4° be
the set consisting of all xe A, for which ¢(a,, #) = . Evidently A consists
only of the point a,, while for 0 < ¢ < &, the set A’ consists of k; points.
By condition 2, the sets A are pairwise disjoint and by condition 1 the
decomposition & of Q™ into the sets A’ and the individual points of the

o0
set Q"—(J4, is an upper semi-continuous decomposition.

y=1

Let us show that the resulting decomposition space, which we denote
by X = X({4,}), is an AR-space. In order to see it let us consider the space
E" as hyperplane of the space E"*' consisting of all points of the form
(615 &2y +vvy £n,y 0), Where &, &, ..., &, denote the Cartesian coordinates
in E"*'. In particular, every point a, is of the form (a,, a,,..., a,, 0). Let B,
denote the cone with the basé 4 and the vertex a, = (a;, dgy ..., @y, &,),
i.e. the union of all segments in E"*' of the form |a;,2| with zed,. One
readily sees that the set :

is an AR-space. Setting
Gy = (01y Gy ey Oy, ) for 0<t<e, v=1,2...

let us denote by B! the union of all segments |a,;, ©| With a:eAt Mani-
festly the sets B! are pairwise disjoint AR-sets and the decomposmon

# of R into the sets B! and the individual points of the set R—U B, is
v=1

upper semi-continuous. Moreover, the map assigning to every element of #
the element of o/ contained in it is a homeomorphism of the decomposition
space Y of # onto the decomposition space X of «. Applying Theorem
V,(12.1), we infer that Y is an AR-space. Henece X is also an AR-space.
Moreover, one easily sees that X is homeomorphic to a subset of E"*'.
One may prove this assertion by observing that, for each index », the
identification of the points of the set Af (where »; <» < »;,,) leads to
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a set homeomorphic with the figure obtained from Q" if one replaces the
interiors of n-dimensional simplexes oy, ..., o, = @"—@™, by all segments
in E"*' > E", which join the points of ouy p=1,2,..., k; to a point
b, # a, lying on the straight line in E"*' perpendicular to E“ and passing
through a,.

We easily see that the dimension of X = X ({4,}), obtained in this
way, is equal to » and that X contains the (n —1)-dimensional sphere Q™.
This sphere is contractible in X since X is an AR-space, but one can show
that it is not contractible in any proper subset of X. One says that X is
a membrane suspended upon the sphere Q™.

In passing from Q" to the decomposition space X each of the stars
A, corresponds to a segment L,. From condition 3 it follows that for each
increasing sequence of indices {i;} the segments L, obtained from the
ki-stars {4,} are dense in the space X, more specifically, each (non-empty)
open subset of X contains such segments. Moreover, let us observe that
for each point « in the interior of a segment L, (with »; <» < »;,) there
exists an arbitrarily small open neighborhood U, (in the space X) of
the point « such that the set U, ~ L, = L, is an open segment and that
the set U,—L, contains exactly 2k; components in the case n = 2, and %;
components in the case n > 2, for which I, is their common boundary
(in U,). It is easy to show that the points of X which do not belong to
the interior of any L, (with »; << » < #;;) have not this property.

Now let {k,} be another increasing sequence of indices containing
an infinity of numbers which do not belong to the sequence {k,} and let
{4,} denote the sequence of stars corresponding to the sequence {k,}.
Since X is a membrane suspended upon @™ and since each of the segments
L, (with »; <» << »;,,) locally decomposes X at the points belonging to
L,—L, into 2k; components (into k; components if » >2), one easily
proves that no open (non-empty) subset of either of the spaces X = ({4.})
or X’ = ({4,}) is homeomorphic to any subset of the other. We infer that
the spaces X and X' are locally r-incomparable.

Remark. It easily follows from our construction that every n-dimen-
sional closed subset of X = X ({4,}) contains a non-empty open subset of X.

Let {w,} be a sequence of all rational numbers such that n % »'
implies w, # w,. Further, let {k;(¢)} denote the increasing sequence of
all indices % for which w; is less than the real number ¢{. Evidently for
t'" <t the sequence {k;} = {k;()} contains an infinity of numbers non
appearing in the sequence {k;} = {k;(t')}. As we have already seen the
spaces X; = X ({4,}) and X; = X ({4,}) are locally r-incomparable. Thus
the theorem is completely proved in the case n > 1. The proof given
above is not valid in the case » = 1. For this latter case, an example
of a family of 2% locally r-incomparable dendrites has been given by
Sieklucki ([258], p. 334). :
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As we have already noticed, our construction of the family (X;} implies
(for » > 1) that each n-dimensional closed subset of X; contains a non-
empty open subset of X;. Since each subset of an r-image of a space
is an r-image of a subset of this space (I,(1.10)), we infer that for
t #t no wn-dimensional closed subset of X; is an r-image of a sub-
'set of X;. Thus we get the following Second Theorem on Families
of -ANR-sets:

(6.2) THEOREM. For every natural number n > 1 there is iw the Huclidean
(n+1)-space E™** a family consisting of 2% n-dimensional, locally
r-incomparable AR-sets such that no n-dimensional closed subset
of one of them is an r-image of a subset of another.

This proposition fails for » = 1, because every 1-dimensional AR-set
contains an are.

7. Universal retracts. A space X is said to be (topologically) uni-
versal for a family of spaces {X,}, where u runs over a class of indices M,
provided that

1. X is homeomorphic to some element of the family {X,}.
‘2. Every X, is homeomorphic to some subset of X.

(7. 1) ExamprE. The Hilbert cube is universal for the class of all compact
metric spaces and also for the class of separable metric spaces.
Hence it is universal for the class of all AR-gets or for the class of
all ANR-spaces.

(7.2) ExampPLE. For each natural number %, there is a universal space
for the family of all n-dimensional compacta.

The construction of this wuniversal space has been given first
by K. Menger ([227], p. 1126), without an exact proof. The proof is due
to 8. Lefschetz ([209], p. 528).

There is a universal space for the family of all dendrites or, equiva-
lenty (V,(13.5)), for all 1-dimensional AR-spaces. The construction of
this universal space is due to Wazewski ([281], p. 137).

It is natural to inquire after the existence of a universal space for
the family of all n-dimensional AR-spaces or of all n-dimensional ANR-spa-
ces. It is clear, however, that for the latter family there can be no universal
space sinee, if X is an n-dimengional compactum, then for every closed
subset X, of X the n-th Betti number of X, is less than or equal to the n-th
Betti number of X. Since there are obviously #-dimensional ANR-sets with
arbitrarily large n-th Betti numbers, any universal space for all n-dimen-
sional ANR’s would have an infinite n-th Betti number and so c¢ould not
be an ANR-gpace.

"~ Using both theorem on families of ANR’s, V,(15.1), and (6.2), we
may prove ([72], p. 296) the following

11
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(7.3) THEOREM. For n>1 a wuniversal n-dimensional AR-space does
not exist.

Proof. By (6.2), there is an uncountable family {X,} of locally r-in- -
comparable n-dimensional AR-spaces such that no n-dimensional closed
subset of one of them is an r-image of a subset of another. We will show
that any »-dimensional ANR-space X does not topologically contain
every X,, and proving this will prove the theorem.

Indeed, if X is an n-dimensional ANR-space that topologically contains
every X,, then there exists a family {X,} of subsets of X with X, homeo-
morphic to X,. Then, by V,(15.1), there would exist two distinet indices
u and » such that dim (X, ~ X,) = n. Then the spaces X, and X, would
contain subsets ¥, and Y,, respectively, each homeomorphic to X, ~ X,,
contrary to our hypothesis. This completes the proof. '

Remark 1. Actually we have shown more, that for each n-dimen-
gional ANR-space X there exists an n-dimensional AR-space which is
not homeomorphic to any subset of X.

Remark 2. We notice that there is an n-dimensional AR -space
X which topologically contains every n-dimensional polyhedron PeAR.
Indeed, consider in E**' the sequence of (2n+1)-dimensional balls {Q*}
with centers ((2k+1)/2k(k+1),0,0,...,0) and radii 1/2%k(k+1). It is
clear that there is a sequence {P,} of nm-dimensional polyhedra which
are AR’s such that every n-dimensional polyhedron which is an AR is
homeomorphic to some Pj;. Moreover, we may assume without loss of
generality that P, < @4 and that P, contains both points (1/%, 0, ..., 0)
and (1/ k+1),0,. ) Then the set consisting of the origin and of pomts

belonging to ’ohe set U Py, is a contractible and locally contraetlble n-di-

mensional compactum and hence it is an AR-space. This is the de-
manded space X.

As an application of the theorem of Sieklucki (V,(15.22)) and of
(6.2), let us prove the following

(7.4) THEOREM. For every n >1 and for every n-dimensional space
Y<ANR there exists an n-dimensional space Xe<AR which does not
topologically contain any closed n-dimensional subset of Y.

Proof. Lét {X,} be an uncountable family of n-dimensional AR-sets
such that for u # » no n-dimensional closed subset of X, is an r-image
of a subset of X,. If ¥ is an n-dimensional ANR-gset for which the theorem
were false, then each X, would topologically contain an n-dimensional
closed subset Y, of Y. Since the sets X, are locally r-incomparable, Y, ~ ¥,
has dimension < n—1 whenever u s ¥ contra.(hctmg the theorem of
Sieklucki (V,(15.22)).



CHAPTER VII

ANR-SPACES SATISFYING SOME SPECIAL CONDITIONS

We have seen that ANR-spaces may have so pathological properties
that polyhedra cannot have them. It is therefore natural to seek topo-
logical conditions, satisfied by all polyhedra, whlch will eliminate as much
pathology as possible from among ANR’s.

1. Condition (A). This condition ([33], p. 1086, [34], p. 187, and [37],
p. 78), designed to eliminate the singularity of Peano, is defined as follows:

(1.1) CoNDITION (A). A space Y satisfies condition (A) at a point ye¥Y
provided that every mneighborhood U of y contains a neighborhood
V of y such that each compactum A < V is coniractible to- a point
n a subset of U having dimension < dimAd 1. If a space Y satis-
fies condition (A) at all of its points, then we say, for brevity, that
Y satisfies condition (A) and we write Y e(A).

If Y is locally compact, then Ye(A) implies evidently that Y is locally
contractible. Hence if Y is a finite dimensional compactum, then Ye(A)
implies YeANR. We shall prove in the sequel that a compactum with
the singularity of Peano does not satisfy condition (A). It follows by
VI, Section 1, that there exist 3-dimensional AR-spaces without prop-
erty (A). On the other hand, it is easy to show that for compacta of dimen-
sion < 2 condition (A) is equivalent to the local contractibility and
consequently it characterizes the ANR-spaces among compa.cta, of dimen-
sion less than 3.

(1.2) THEOREM. 4 compactum Y satisfies condition (A) if and only if
for every positive number e there exists a positive number n such
that every closed set A < Y, with diameter less than 7, is contractible
n a subset of the space Y of dzmenswn < dim A 41 and of diameter
less than e.

Pro of. The sufficieney of the condition is obvious. In order to show
that it is also necessary, let us assume that Y is a compactum satisfying
condition (A). We can assume that ¥ contains at least two points. Then
we can assign to every point ye Y a neighborhood U, < Y such that every
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compactum 4 < U, can be contracted to a point in a set of dimension
< dim A 41 lying in the ball with center y and diameter }e. Setting

A(®) = Supo(s, Y—U,) for every point ze¢¥,
yeY

we see at once that 4 is a continuous function on ¥ with poSitive values.
It is evident that the number # equal to the lower bound of the function
A (in the set Y) satisfies the required condition.

2. Maps into a space Y ¢(A). Let us prove the following

(2.1) TuEOREM. Let X and Y be compacta and let Y e(A). The subset of
the functional space Y= consisting of all maps fe Y= which satisfy
the condition dim f(X) < dim X is dense in the space Y=

Proof. We can assume that the dimension » of X is finite and thus
we can assume that X is a subset of the Euclidean space E™, where m
is a natural number sufficiently large. As we have previously shown
(II1,(9.1)), there is for every map fe Y*, a compact neighborhood U of
X in the space B™ such that f has an extension fe ¥YU. As we know ([166],
p. 73), there exists for every positive number o a map ¢ of X onto a poly-
hedron ¢(X) = U of dimension » satisfying the condition ¢(x, ¢(2)) < a
for every point xe X. Manifestly, if a is a sufficiently small number, then
the ‘distance (in the space Y=) from the map fe Y* to the map fpe Y~
is arbitrarily small. Consequently the general case is reduced to the special
one, where X is a polyhedron.

If dimX = 0, then X is a finite set and the proposition is obvious.
Thus we can assume that dimX = »n > 0 and that our proposition is
true for all polyhedra of dimension less than n. We have to show that
for every positive & there exists a map f'«¥Y* such that dim f'(X) <=n
and that o(f, f') << 2e. In order to do it, consider a triangulation  of the
polyhedron X with the mesh so small that f maps each simplex of 7~ onto
a subset of ¥ of diameter less than 1%, where the positive number 5 <e
ig agsigned to the number ¢, o that each compact set 4 « ¥ with diameter
less than # is contractible in a subset of Y of dimension < dimA4+1 and
of diameter less than e.

By the hypothesis of induction, the (n—1)-dimensional skeleton X"~*
of X (by the triangulation 77) can be mapped into Y by a map f satis-
fying the inequality

g(f(m),f(w)) < }n for every point zeX™!
and the condition
dim F(X*1) < n—

The boundary o* of each n-dimensional simplex o7 will be ﬁaapped by
f onto a set f(o) of dimension less than n, and one easily sees that the
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diameter of the set f (o°) is less than 7. It follows that the set f (o*) is con-
tractible to a closed point in a set A, = ¥ of dimengion < »n and of
diameter less than e. This implies that the restriction f|o* can be extended
to a map f,: |o|] > A, Setting
@) f(z) for every point weX™ !,
Q) =
f-(z) for every point xeg,

we get a map f': X — Y which satisties the condition o(f(z), f'(#)) < 2¢

for every point xe X. Moreover, f'(X) < f(X"‘l) v U 4, and consequently

dim f'(X) < ». Thus the proof of theorem (2.1) is terminated.

3. Extension of maps with values in a space Ye(A). Now let us apply
the last theorem in order to prove the following

(3.1) THEOREM. Let X,, X, be two closed and disjoint subsets of a com-
pactum X and let f, be a map of X, into a space Y ANR satisfying
condition (A). Let Y*(f,) denote the subset of the space Y= consisi-
ing of all extensions of the map f,. The set Q of all maps fe YX(f,)
satisfying the condition dimf(X,) > dimX; is a F,-set of the first
category (of Baire) in the space Y=(f,).

Proof. We can assume that n = dim X, is an integer. Let £
(k =1,2,...) denote the set consisting of all maps ¢eY=(f,) for which
the (n-+1)-th Urysohn’s coefficient (as defined in VI, Section 2) of the set
@(X,;) is less than 1/k. One easily shows, using VI,(2.1), that the sets
£, are open in the set Y*(f,) and that

2 = YX(f)— ) %

It remains to prove that the set () £, is dense in the space Y=(f,).
k=1

We can assume that Y is a subset of the Hilbert space E” and »
is a retraction of a neighborhood U of Y in the space E” to ¥. By Theorem
(2.1), for every positive number s and for every map pe ¥YX(f,) there
exists a map yeY*1 guch that

dimy(X;) <n; olp(@), ¢(m)) < ¢ for every point zeX;.
The last inequality implies that the map ye(H)*1 deﬁhed by the formula
(3.2) 2(®) = p(r)—@(x) for every point ze¢X,
satisfies the condition

(3.3) lx(@)] <e for every point zeX,.
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Now let us extend the map g continuously, first onto the set X,
setting :

(3.4) x(x) =0 for every point zelX,,

and then onto the whole space X, so that condition (3.3) holds for every
point xe X. This is always possible by III,(7.1), because the ball in the
space E” with center 0 and radius ¢ is convex. Now, if we set

v () = p(x)+yx(x) for every point xeX,

then we get a map v'. By (3.4), the map ' coincides on the set X, o With
the map ¢ and it satisfies the inequality

elp(®), v'(@)) <& for every point xeX.

If ¢ is a sufficiently small number, then all values of ¢’ belong to U. Setting
p =7ry’, we get a map which coincides with the map ? in the set X,, and
with the map v in the set X,. Moreover, the map 3 belongs to Y*(f,)

and it satisfies the condition

dlm{/}(Xl) <n

and therefore pe (M) ;. Moreover, for sufficiently small values of &, the
N==1

distance (in the space Y*) between the maps ¢ and ¢ is arbitrarily small.
o0
Thus we see that the set () £; is dense in the space ¥Y*(f,), and our proof
k=1 -
is finished.
It follows by this theorem and by the classical theorem of Baire on
the sets of first category in a complete space the

(3.8) COROLLARY. Let f be a map of a compactum X into an ANR-space
Y satisfying condition (A). Let X4, X;,... be a sequence of closed
subsets of X and let ¢ be a positive number. Then there exists a map
e YX satisfying the following conditions:

() olf, f) <,
(i) f'(z) = f(x) for every point xeX,,
(i) dim f'(X,—X,) < dim(X,—X,) for every n =1, 2, .

(3.6) COROLLARY. Let Y be an ANR-space satisfying condition (D).
For every positive number & there exists a positive number n such that
for every map f, of a closed subset X, of a compactum X onlo a set
fo(Xo) « X, which has the diameter less than u, there is a map
fe XYX(f,) such that the diameter of the set f(X) is less than ¢ and the
dimension of the set f(X —X,) is less than or equal to the dimension
of the set X —X,.
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Proof. We can assume that Y is a subset of the Hilbert space E°.
Then there exists a retraction » of a neighborhood U of Y in the space
E® to Y. Consider a positive number # so small that for every point ye¢ Y
the ball K (in the space E®) with center ¥ and radius % is contained in
U and that the diameter of the image of this ball under » is less than e.
It is evident that, if we select the center y of the ball K in the set f,(X,),
then f,(X,) < K. Since K is a convex subset of the Hilbert space E“,
there exists an extension f e KX of the map f,. Then the map rf' maps the
set X onto a subset of ¥ with diameter less than e. Applying (3.5) to the
map 7f’ (after substituting X, = X for n =1,2,...), we obtain Corol-
lary (3.6).

(3.7) CoROLLARY. ANR-spaces satisfying condition (A) are free of the
singularity of Peano.

4. Addition of sets satisfying condition (A). Let us prove ([37], p. 83)
the following

(4.1) THEOREM. Let Y<ANR be the union of two closed sets Y., Y, whose
intersection Y, is an ANR-set with property (A). Then Ye(A) if
and only if Y,,Y,e(A). :

Proof. It follows by V,(2.12), that both sets Y, and Y, are ANR’s.

Now let us assume that Y,,Y,e(A). Then Y satisfies condition (A) at

every point ye ¥ —¥,. It remains to show that Y satisfies condition (A)

also at every point yeY,. Since Y,c(A), there exists by (1.2), for every

natural number %, a positive number ¢, < 1/n such that every closed
subset B of Y, with diameter less than e, is contractible to a point in

a subset of ¥, with diameter less than 1/» and with dimension < dimB--1.

Consider now a closed subset 4 of Y lying in a ball with center ye XY,

and radius }e,, and let us set B = 4 ~ Y,. Then there exists a map v

of the Cartesian product B x<0,1)> into a closed subset of the set ¥,

with dimension < dimA4 41 and with diameter less than 1/n, which satis-
fies the condition

p(x,0) =2 and ¢(2,1) =9y for every point zeB.

Using these formulas, we can assume that the map y is defined not only
in the set B x <0, 1), but also in the whole set

(4 x(0) v (4x(1) v (BX0, 1),

which is a closed subset of the Cartesian. product A x<0,1). The set of
values of this map is of dimension < dim 4 +1 and its diameter is less
than 1/n+te, < 2/n. We infer by (3.6) that for values of » sufficiently
large,  has a continuous extension to each of the sets (4 ~ Y,)x<0, 1>,
v = 1,2, with values belonging to a set Z < ¥ having the dimen-
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sion < dim 4 +1 and the diameter arbitrarily small. The map v, extended
in this manner, is a homotopy of the set 4 in the set Z and thus condition
(A) at the point y is satisfied.

Now let us assume that the space Y satisfies condition (A). Then the
gset Y, satisfies this condition at each point y¢Y,—Y,. If, however,
yeY, ~ ¥, = Y, and if U, is a neighborhood of y in Y, then there exists
a positive number ¢ such that

(4.2) o(@,y) <e and ¥, imply weU,.
By Corollary (3'.6) there exists a positive number 5 < }¢ such that for

every compact set B c Y with the diameter less than # and such that
yeB, there is a map ¢g: B — Y, satisfying the conditions:

(4.3) ' pp(®) =2  for every point wxeB ~ Y,
(4.4) 0[pp(B)] < %3¢ and dimeg(B) < dimB.
Setting .
(.5) ro(@) pg(x)  for every pm:nt reB A~ Y,
x for every point xeX,,
we get a retraction rz: B v Y, — ¥,. It follows by (4.3) and (4.4) that
(4.6) © 8[rs(B)1<s, dimrg(B)<dimB. '

Since Ye(A), there exists a neighborhood V of y in Y such that
each compactum 4 < V is contraectible to a point in a subset of ¥ of
dimension < dim4+1 and of diameter <7 Let V=V A Y, In
order to prove that Y, satisfies condition (A) at the point v, it is sufficient
to show that every compact subset A; of V, containing ¥ is contractible
in a subget U, having dimension < dim4,-+1.

Since A, < V, there exists a map

p: A;X0,1> Y
such that
(4.7) o(x,0) =z and p(x,1) =y for every point xeA,.
(4.8) The diameter of the compact set B = p(A,X<0,1)) 48 less than n,
and dimB < dim 4,+1. '
Now let us set
p(x,t) =rpyp(x,t) for every zed; and 0 <t <1.
It follows by (4.5) and (4.7) that ¢ is a homotopy in the set rB(B'), con-
tracting the set A4, to the point y. Since ye4, = B and rz(B) < Yy, we
infer by (4.2) and (4.6) that ¢(4,x<0,1)) < U,. Moreover, (4.6) and
(4.8) imply that
dim r5(B) < dim 4,41.
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Thus we have shown that condition (A) is satisfied by the set Y,
at each of its points. Consequently, Y,e(A). By an analogous argument
we show that Y,e(A).

5. Cartesian product of sets satisfying condition (A). Now we shall
prove that for compacta of a finite dimension, condition (A) is multi-
plicative, i.e. we shall prove ([37], p. 85) the following

(5.1) THEOREM. If Y, and Y, are finite-dimensional compacta salisfying
condition (A), then their Cartesian product Y, XY, salisfies also
condition (A).

Proof. We can assume that Y, (» = 1, 2) is a subset of an (n —1)-di-
mensional hyperplane H, lying in an n,-dimensional Euclidean space E,.
Then the set Y, x Y, is a subset of the (n,+mn,)-dimensional Euclidean
space E,=E, X F,. The points of the space E, are of the form (z,, @5, ..., %),
whére m, = n,+n,. Let us denote by M,; (where ¥ =0,1,2, and
i=1,2,...) the collection of all sets @, ;; eorln, defined as subsets of the
space E consisting of all points (@1, ..., #n )€ B, which satisfy the condition

27%, <@, <27'(,+1), w=1,2..,mn,

where each of the indexes j, runs through all integers. Manifestly, the
set @,;, P is isometric to the CdTtesian product of n, segments with
length 2-". Thus we see that Q,,i4,, ....4, 18 & cube with the edge 2~ ‘,

Let us observe that the common f)a,rt of two cubes belonging to the
collection M, ; is either empty or a point, or else it is a cube with the
edge 277 called a face of these cubes. It is evident that each cube has only

g finite number of faces and the interiors of distinet faces are disjoint.

Every face of a face is also a face and the common part of two faces is
a face (we consider here the empty set as a (—1)-dimensional face).
Moreover, let us observe that every face of a cube, belonging to the
collection M, ;, is the Cartesian product of a face of a cube belonging to the
collection M, ; and of a face of a cube belonging to the collection M, ;.

It is clear that each cube belonging to M, ;,, is contained in one of
the cubes belonging to M, ; and each cube belonging to M, ; is the union
of some cubes belonging to the collection M, ;.

Now let us denote by N; the collection of all cubes @< M,, lying in
the set B,—(Y,Xx Y,) and, assuming that for a natural index ¢ a collec-
tion N; of cubes Qe M, ; is already defined, let us define N, , as the collection
of all cubes QeM, ;. lying in the set E,—(Y,; X Y,) and such that their
interiors are disjoint to the union of all cubes belonging to the set
Ny,uvDN;u...uN,.

Since the set Y, satisfies condition (A), we infer from (3.5) that there
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exigts a neighborhood U, of ¥, in the space E, and a retractionr,:U, - ¥,
such that

dim7,(Q) < dim@Q for every face @ of a cube Q'c M, ; lying in U,.

Consider now a point 2° = (y?, y3)e Y, X ¥,. For every positive number

o0

¢ there exists a positive number # such that all cubes Qe ( J M, ;, lying

i=1 .
in the set B, — Y, at the distance less than 5 from the point %, are contained
in the ball (in the space E,) with center y> and radius }e. Let 4 be a closed
subset of the space Y, X Y, lying in the ball (in the space E,) with center

2% and radius }#, and let W; denote the union of all at most k-dimensional
faces of cubes belonging to | J N;, which are contained in the ball with
’l:=1

center 2° and radius s. We shall asssume that the number ¢ is so small
that each such ball lies in the set U; X U,. Let us show that for & = n,
there exists a map

5.2y p: AX0,1> > A o Wy

. such that
(5.3) P(AX0,13) A (¥ X Y,) =4
and that

(5.4) w(x,0) =2 and y(r,1l) =-const for every point xeA.

In order to obtain a map v satisfying these conditions (hence being
a homotopy in the set 4 o W, contracting the set A to a point) let us
select a point 2le¢H,—(H, X H,) lying at a distance less than }# from the
point 2° and let us set, for every point xed and 0 <t << 1:

yp(x, 1) = point dividing the segment |z, 2!| in the ratio #: 1—1.

Since all values of y belong to the ball in the space E, with center 2° and
radius %7, condition (5.2) is satisfied for k = n, = n;+mn,. Condition
(5.8) follows by the hypothesis that the point 2! does not belong to the
hyperplane H, x H,, and condition (5.4) is obviously met.

Now let us show that in the case & > dim 4 41 the existence of a2 homo-
topy ¢ satisfying conditions (5.2), (5.3), and (5.4) implies that there is
a homotopy v’ satisfying the conditions:

(5.2") 't AX<0,1> > A o Wiy,
(5.3") P (AX0,15) ~ (XX ¥y) = 4,
(5.4") ' (x,0) =2 and y'(x,1) =const for every pointxeA.
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In order to show it, let us order all k-dimensional faces of cubes belong-
ing to the collection J N, and lying in the set Wy into a'sequence {@;}.
=1

The diameters of the sets @; converge evidently to zero and each @ is
of the form Ql Q1,1 XQ,,1, where @,; is a face of a cube belonglng to

the collection U M, ;. The map y transforms the set
T=1
¥, = w_l(Ql,ZXQz,l) c Ax<0,1)

onto a subset of the cube ¢;. Let B; denote the boundary of the cube @;
and C; denote the set p—*(B;). Since dim 4 +1 < %, one sees readlly (applying-
I1,(9.2)) that there exists a map

yi: ¥y — By,

which coincides with the map y in the set C;. If we observe that the boun-
dary of the set #; (in the space A x <0, 1)) is contained in the set C; and
that the diameters of the sets @; converge to zero, we infer that setting

wi(2) for every point zefFy, 1 =1,2,...,
y'(2) = | . >
w(2)  for every point zed x<0,1>— (J F},
=1

we get a map ' satisfying conditions (5.2"), (5.3’); and (5.4').
Tterating this procedure a finite number of times, we shall get a map

P: A.X<0,1>—>AuW;Q

which is a homotopy contracting the set A to a point in the set 4 v Wy,
with kF—=dimA4 +1.
Now let us set

(5.5) (Y1, ¥o) = (r1(92), 72(ys))  for every point (yy, ys)e Uy X Us.

It is clear that r is a retraction of the neighborhood U, x U, of the set
Y, XY, in the space H, to the get ¥; X Y, It follows that the map ry
is a homotopy contracting 4 to a point in the set 4 v r(W;) =« Y, X Y,.
If we recall that the set Wj is a subset of the ball in the space B, with
center 2° and radius ¢ we see that the diameter of the set A o r(W3)
ig arbitrarily small, provided that the number ¢ is sufficiently small.
Consequently, the proof of the theorem will be finished when we show that
the dimension of the set 4 o r(Wy) is less than or equal to dim A4 1.
In order to prove this, let us observe that (5.b) implies that

(@) = 7 (QuiXQey) = 7;(@1,1) X72(Q2,1)
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and consequently
dim7(Q;) = dim[r;(Q1,1) X72(@5,1)] < dimr, (@) +dimry(Q,,1)
< dim@,;+dim@,; < b= dimA4 41,
for every cube @, which is a face of a cube belonging to the collection
Q N; and lying in the set Wj. It follows that dim (A v r(Wj)) <dimA4+1

and the proof of the theorem is terminated.

If we notice that the empty set, the set consisting of only one point,
and also the segment satisfy condition (A), we infer by the last theorem
that every Euclidean cube, and consequently every geometric simplex,
satisfies this condition. Applying Theorem (4.1) on the addition of sets
with property (A), we get the following

(5.6) CoRrOLLARY. Every polyhedron satisfies condition (A).

6. Weak homology. Convergent cycles and their divisors. Now we
shall consider cycles with integers as coefficients, as a special case of
cycles with rational coefficients, and we shall denote the relation of homo-
logy in the rational sense for such cycles by the symbol “~”. By a con-
vergent cycle in a space X we understand an infinite cycle {y;} with integral
coefficients for which there exists a majorante {si} and a carrier X, « X
" such that ¥i~ yiy1 in X, for every ¢ =1,2,... (that is if there exists

in X, an ¢;- cham x; with rational coefficients such that 0x; = y;—v;.4).
It is evident that every true cycle with integral coefficients is convergent,
but not conversely. For instance, let X denote the projective plane and
L a projective straight line in X. From the topological point of view, L
is a simple closed curve and consequently there exists in L a 1-dimensional
true cycle {y;} such that its homology class is a generator of the Betti group
H;(L). It is easily seen that the sequence

Y15 0y Y29 0y 95, 0, ...

is a convergent cycle in X; however it is not a true cycle (with integral
coefficients).

Two convergent cycles y and 7' are said to be weakly homologous in
X (in symbols: y ~ 7' in X) provided that there exists in the space X
an infinite chain » = {x@} with rational coefficients such that its boundary
0= coincides with y —y’. Manifestly y ~ ¢’ in X implies y ~ ¢’ in X, but
not conversely.

An integer 1 >1is said to be a dfmsor (in the space X) of a con-
vergent cycle y provided there exists in X a convergent cyecle y' such
that y ~ Iy’ in X, :
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(6.1) LEeMMA. Every convergent cycle in a compactum X which i3 not
weakly homologous to zero-in X has only a finite number of divisors.

Proof. First let us consider the special case where X is a polyhe-
dron. Let J be a triangulation of X. It is known that every convergent
cycle y in X is weakly homologous in X to a sequence of successive bary-
centric subdivisions of a cycle y of the triangulation 7", and the weak homo-
logy r =~ 0 in X is equivalent to the weak homology y ~ 0 in 7, i.e. to
the existence of a chain in .7~ with rational coefficients having y as its
boundary. It follows that if I is a divisor of the convergent cycle y, then
there exists in the triangulation J~ an integral cycle ¢’ such that

(6.2) ya~ly' in .

Now let us denote by }_§n (77) the subgroup of the group of integral cycles
Z,(J) consisting of all cycles weakly homologous to zero in . Evidently the
factor-group Z,(7) /ﬁn () has a finite system of linearly independent gener-
ators (1), (¥2)y -++y (¥m). Cohsequently there exist integers p,, psy ...y Pm
and ¢y, g5y ...y gm such that

() = p1(y)+ oo FPulvm); () = () + -0 +@nlvm).
It follows by (6.2) that

Pi(y)+ oo FPmlym) = (v)+ oo+l (Ym)-

Evidently, if p,(y,)4 ... +Pm(ym) is fixed and different from zero, then
there exists only a finite set of integers I satisfying this equality.

Now let us pass to the general case where X is an arbitrary compactum.
Without loss of generality we may assume that X js a subset of the Hilbert
cube Q°. Setting

Pr(@ry By, vey Ty By oo) = ( @1y Bay orvy Ty 0, ..2)

for every point x = (2, @5, ...)eQ”, we get a retraction of the cube @°
to the k-dimensional Euclidean cube QF = 0(Q%). Now let us assign to
every k =1,2,... a polyhedron P; which is' a neighborhood of the set
¢%x(X) in Q* so small that the distance of each point zeP; from the set
oi(X) i8 less than 1/k. It is plain that the sets

Ay = @i ' (Pr)

(prisms, in the terminology of V, Section 4), constitute a sequence {4}
of neighborhoods of X in the space @” such that

(6.3) . , X = () 4.

k=1
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Moreover, it is clear that each convergent cycle lying in the set A is homolo-
gous in Ay to a convergent cycle lying in Pj. In particular, for a convergent
cycle y lying in the set X, the convergent cycle r;, = ¢i(y) lies in the
polyhedron P, and. it is homologous to 7 in the prism A; Manifestly,
every divisor of y (in the set X) is also a divisor of r; (in the polyhedron
Py;). Consequently, if y has an infinite number of divisors (in the set X),
then 5 has an infinite number of divisors in the polyhedron P;. As we have
shown, this implies that y; ~ 0 in P, and consequently also y~ 0 in
Ay, for every k = 1, 2, ... It follows by (6.3) that y ~ 0 in X and thus the
proof is complete.

7. True modular cycles. Now let us prove the following two lemmas.

(7.1) LemwmA. If there exists in a compactum X a convergent integral n-di-
mensional cycle y, which is not weakly homologous to zero in X, then,
for every integer m > 1, there exists in X an infinite n-dimensional
cyele modulo m which is not homologous to zero in X.

Proof. By Lemms (6.1), we can assume that the convergent cycle
v = {y;} has no divisor. The convergence of y implies that there exists,
for every ¢ = 1,2, ..., an g-chain x; in X with rational coefficients such
that 0x; = y;—y;,, and that the sequence {¢;} converges to 0. Replacing
the coefficients of y; by their rests modulo m, we get an infinite cycle
{my:} modulo m. If this infinite cycle would be homologous to zero in
X, then there would exist in X, for every ¢ = 1, 2, ..., an integral #;-chain
4; such that 94; = y;—my; and that the sequence {5} converges to 0.
Then {y;} is an infinite integral cycle such that {y;} ~ m{y,} in X. More-
over,

O = yi—yipr = 0h+my;—0hi; —myiyy,

whence m (y; —yi.1) = 0 (2%;—A;+4;,.), and consequently y;— y@+1 ~ 0 in X,

Thus the infinite cycle {y;} is convergent and the relation {y,} ~ m{yi}
contradicts the hypothesm that y has no divisor.

(7.2) LeMMA. If a true n-dimensional integral cycle lying in an n-dimen-
sional compactum X is weakly homologous to zero in X, then it is
also homologous to Zero in X. :

Proof. We can assume that X lies in an Fuclidean space E. Let
r = {yi} be a true n-dimensional cycle in X which is not homologous to
zero in X. Consider a decreasing sequence of compact nelghborhoods
{4;} of X in E such that

X = (O 4.
k=1

Then there exists an index k, such that y is not homologous to zero in
Ay, Let ¢ be a continuous map of X onto an #-dimensional polyhedron
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P < E such that for every point ze¢ X the segment |z, ¢ ()| lies in the set
Ay, 1t follows that ¢ maps the true cycle y onto a true cycle ¢(y) homolo-
gous to 7 in Ay and, consequently, not homologous to zero in P. Now
let us recall that for n-dimensional polyhedra the n-dimensional torsion
group is trivial. Consequently the true cycle ¢(r) is not weakly homologous
to zero in P. It follows at once that y is not weakly homologous to zero
in X. :

8. True cycles in spaces satisfying condition (A). As we have already
stated (IL,(3.11)), every compactum of dimension > » contains an »n-dimen-
sional infinite chain {x;} such that its boundary {0»;} has a carrier in
which it is not homologous to zero. Now we shall consider the case of
~ compacta satisfying condition (A) and prove for them a more precise
statement.

Let 7; denote the triangulation of an n-dimensional simplex ¢ obtained
by the iterating ¢ times the operation of the barycentric subdivision,
and let y; denote the chain being the sum of all (n —1)-dimensional simplexes
of 7;, which lie on the boundary ¢ of o and are oriented consistently
with a fixed orientation of ¢*. The sequence {y;} is evidently a true (n—1)-
dimensional integral cycle in ¢°, which is said to be the basic cycle of o°.
Now let us consider a map f of o* into a metric space X. The image {y;}
={f(y1)} of the true cycle {y;} by the map f is a true (n—1)-dimensional
cycle in X. Every true cycle {y;} obtained in this way will be called a spher-
ical cycle in the space X. If the map f: o* — X has a continuous extension
f: ¢ - X, then the spherical cycle {y;} = {f(y:)} is said to be homotopic
to zero in X. It is evident that a spherical cycle with a carrier contractible
in X is homotopic to zero in X, and a spherical cycle homotopic to zero
in X is also homologous to zero in X, but the converse is not generally
true. For instance, if X is the space, we get from the torus I = §tx§?
removing the interior of a disk D < T, then the boundary D* of D contains
a spherical cycle which in X is homologous, but not homotopic to zero.

Now let us prove the following

(8.1) THEOREM. If X is an n-dimensional compactum satisfying condi-
tion (A), then there exists in X an (n—1)-dimensional spherical
cycle with an (n—1)-dimensional carrier A, which is contractible
in X and is not weakly homologous to zero in A.

Proof. We can assume that X lies in an Euclidean space E. Since
X, as a locally contractible and finitely dimensional compactum is an
ANR-set, there exists a retraction r of a compact neighborhood U of X
in B to X. It follows by II,(3.11), that there is in X an n-dimensional infi-
nite chain {x;} such that the infinite (n—1)-dimensional cycle {@x;} has -
a carrier X, ¢ X in which it is not homologous to zero. It follows by
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11, (3.4), that there exists a compact neighborhood U, = U of X, in the
space F such that {0x;} is not homologous to zero in U,.

By removing from the sequence {x;} a finite number of terms, we
can assume that for every simplex o=(ay, a4, ..., a,), which appears in
one at least of the chains »; with a non-vam'shing coefficient, the minimal
convex set C(a,, @y, ..., a,) containing all points a,, a,, ..., a, is included
in U, and that for every (n—1)-dimensional simplex (ag, ay, ..., @n_1)
which appears 1n one at least of the chains 0x; with a non-vanishing coef-
ficients, C(ay, a1, . ,a,n_l) < U, By virtue of Corollary (3.5), we can
assume that the retractlon r: U->X maps each set of the form
C(a,,) @, ..., a,) onto a subset of X of dimension less than or equal to %.

Now let us denote by x;; the chain (in U), which we get if we replace
in the chain #x; each of its simplexes by the result of j times applied
barycentric subdivision. It is easily seen that the sequence »; = {x;}
(where ¢ is fixed and j runs through values 1, 2, ...) is an infinite chain
lying in U and that 0=; is a true cycle lying in U,. Let us observe that the
hypothesis that the infinite cycle {dx;} is not homologous to zero in U,
implies that there exists an infinite set of indices ¢ such that:

(i) Ox; is not homologous to zero in U,

(ii) 7(s;) = {r(»;;)} is an infinite chain in X such that Br(x,)
= {0r(x%;;)} = {r(0x;;)} is a true cycle homologous to d=; in U,, and con-
sequently not homologous to zero in U,.

Now let us consider an arbitrarily given positive number &. There
is an index % satisfying both conditions (i) and (ii) and such that the diam-

eters of all simplexes o; of the chain x; __2 ooy are less than e. Let oy

denote the integral chain obtained from oy by applying j times the bary-
centric subdivision. Then
D
= Y op{ons}
k=1

and consequently
»

or (#;) = Z o {r (9or5)} -

k=1

Now let us observe that each of the sequences {r(da;;)} is an (n —1)-dimen-
sional spherical cycle lying in the image 4; (by the map r) of the union
of all convex sets spanned by the (»—1)-dimensional faces of the simplex
o Since r maps such convex sets without raising their dimension, we
infer that the dimension of the set A4; is less than n and consequently

cdim(4, v Ay u ..U dy) < n.
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Since the set A4, is a earrier of the (n—1)-dimensional spherical cycle
{r(dox;)} and for a number ¢ sufficiently small it is contractible in X
(because its diameter is arbitrarily small then), our proof will be complete
if we show that there exists an index %k such that the spherical cycle
{r(dox;)} is not weakly homologous to zero in the set A = Aj.

Suppose, to the contrary, that

{r(0ny;)} ~ 0 in Ay for every k =1,2,...,p.

Then, by Lemma (7.2), it is also {r(doy;)} ~0in 4, for £t =1, 2,...,p,
and consequently

Or(#;) ~0 in the set 4; v 4, v ... v 4,.

However, this is impossible, because dim(4; v 4, v ... v 4,) <n and
because the (n—1)-dimensional cycle 0r(#;) is not homologous to zero
in the set U, Thus the prodf is terminated.

9. Modular dimensions of compacta satisfying condition (A). We have
already mentioned (II, Section 3) the notion of the dimension modulo
m >1, which is defined (for a compactum X) as the greatest integer
n = A™(X) such that there exists in X a closed subset X, containing an
infinite (n—1)-dimensional cycle {y;} modulo m that is homologous to
zero in X, but that is not homologous to zero in X, It is evident that
A™(X) < dim X for every m =2,3,...

Now let us prove ([37], p. 90) the following

(9.1) THEOREM. If X is an n-dimensional compactum satisfying condi-
tion (A), then all modular dimensions A™(X), m = 2,3,..., are
equal to n.

Proof. By Theorem (8.1) there exists in X an (n—1)-dimensional
spherical cycle {y;} with an (n—1)-dimensional carrier X, contractible
in the space X such that the cyecle {y;} is not weakly homologous to zero
in X,. By Lemma (7.1), there exists in the set X, an infinite (n —1)-dimen-
sional cycle {,,y;} modulo m (for each m = 2, 3, ...) which is not homolo-
gous to zero in the set X,. Since X, is contractible in X, we infer that the
infinite cycle {,;} is homologous to zero in the space X and consequently
A™(X) > n. It remains to recall that 4A™(X) < dimX == in order to
obtain our proposition.

It is known, by an example due to L. Pontrjagin ([248], p.1105),
that there exist compacta for which the modular dimensions differ from
the usual dimension. The question whether such examples exlst also among
ANR-gets remains still open.

The theory of modular dimensions shows some interesting features.
For instance, the dimension modulo a prime number m of the Cartesian

12
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product is equal to the sum of corresponding dimensions of factors ([248],
p- 1105). By Theorem (9.1) we get the following

(9.2) COROLLARY. If X and Y are compacta sat@sfymg condition (A), them
dim(X X Y) = dimX+4dim Y.

10. Condition (T'). One of the most important tools of the topology
of polyhedra is the fact that every polyhedron has a triangulation, that
is a finite covering by geometric simplexes such that the common part
of each system of these simplexes is a simplex.

Generalizing this property, we get the notion of a brick decomposition
of a space X. If X is a space, then a brick decomposition of X is a finite
system X,, X,,..., X; of non-empty sets satisfying two following condi-
tions: . : 4

i) X=X, vXyu...u X,

(ii) For each system of indices 4,4, ..:, tm, Where 1 <%, <k, the
set X; ~ Xy ~ ...~ X, i8 either empty or it is an AR-set.

In particular, it follows by (ii) that all sets X; are AR-sets.

(10.1) ConbpIitioN (I'). A space X is said to satisfy condition (I'), written
Xe(I"), provided that it admits a brick decomposition.

It is clear that for every triangulation of a polyhedron the non-empty
simplexes .of this triangulation constitute a brick decomposition. Conse-
guently all polyhedra satisfy condition (I'). Moreover, it follows by
V,(2.9), that every metric space admitting a brick decomposition is an
ANR-space. Thus
(10.2) Xe(T') implies X ANR.,

The fact that there exist spaces having the singularity of Mazurkiewicz
(VL (4.17)) shows that there are ANR-gpaces which do not satisfy condi-
tion (I'). Thus the class of all spaces satisfying condition (I') properly
contains the class of polyhedra and is properly contained in the class
of ANR-spaces. ' '

A brick decomposition of a space allows us to study the topological
properties of the space in a combinatorial way, in the same manner that
a triangulation makes it possible to study topological properties of
a polyhedron.

Let us observe that if {X;, X,,..., X;} is a brick decomposition of
a space X and {Y,, Y,,..., ¥y} is a brick decomposition of a space Y,
then the sets X;x Y;, ¢ =1,2,...,k; j =1,2,...,1, constitute a brick
decomposition of the space X X Y, because for each system of indices
Gy Jos B1y Jus vy %y J, the set

(XiOX on) ~ (Xil X le) A e N (quvX Yjv)
= (Xio ~ Xil REEs) X%)X(Yio ~ le A ve N Yj”)
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is either empty or it is an AR-set. It follows that
(10.3) The property (I') is multiplicative.

It means that X, Ye(I') implies X X Ye(I'). The question whether
the property (T') is additive, i.e. whether X, Y, X ~ Ye(I') implies
X o Ye(I'), remains still open.

Our next aim is to show that the homotopy type (m the sense of
Hurewicz; I, Section 14) of a finite-dimensional compactum satisfying
condition (I') is uniquely determined by the combinatorial properties of
its brick decomposition. We start with some lemmas concerning relations
between an arbitrary finite covering of a compactum by closed sets and
a triangulation of a polyhedron.

11. A lemma on embedding in simplexes. Let us prove the following
(11.1) LEMMA. Let B be a closed subset of a compactum A such that

dim(4—B) <p < oo,

and let f, be a map of B into the boundary of a (2p +1)-dimensional
simplex o. Then f, has a continuous extension f: A — o such that
the restriction f|(A—B) is a homeomorphism of the set¢ A—B into
the interior o—o* of the simplex o.
Proof. We can consider, instead of a map into the samplex ¢, 2 Map
~ into the (2p +1)-dimensional Euclidean ball

= {we B o(w, 0) <1}.

By the embedding theorem of Menger and Nobeling ([166], p. 56), every
compactum of dimension less than or equal to p is homeomorphic to
a-subset of the interior G = @ —@* of the ball . We infer that the lemma
is true if B = 0. Consequently, we can suppose that B 3 0. Moreover,
we can assume that the diameter of A is less than %. Setting

(11.2) Ay = {wed; o(x,B) >1/k} for every k =1,2,...,

we get a sequence {A4,} of compacta such that
(11.3) A, =4,=0, A—B = U Ag.

Let us denote by £ the subset of the space @ cons1st1ng of all maps b
satisfying both conditions:

(11.4) f(w) =fo(x) for every point weB,
(11.5) o(f(®),0) <1—1/k for weds, k=1,2,...
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Manifestly, 2 is a closed subset of the complete space Q4. Hence R is
a complete space. Moreover, £ 0, because if we consider any contin-
uous extension feQ4 of the map f,, then it is sufficient to set

f(®) = [1—o(zx, B)]'f(x) for every point ze4d,

in order to obtain a map f’' satisfying both conditions (11.4) and (11.5).
This is so, since for every point weA; the distance g(x, B) is not less than
1/k, and consequently o(f'(#),0) <1—g¢(z, B) <1—1/k.

Let us denote by £, ,, for all natural indices m, n, the subset of
the set 2 consisting of all maps f' which satisfy the condition

(11.6) If @, yeAd, and o(z, y) = 1/m, then f’'(x) # f (¥).

The set 2,,, is evidently an open subset of Q. Let us prove that the set
O, is dense in Q. It is sufficient to show that for every map fe 2 and
for every positive number ¢ < 1/(n+1) there exists a map f'e 2,, , which
satisfies the inequality

(11.7) elf{®), f(x)] <& for every point xed.

By the embedding theorem of Menger and Nobeling, there exists a homeo-
morphism f”’ mapping the set 4, onto a subset of the interior G of the
ball @, so that

(11.8) elf (), f(®)] < %¢ for every point zeAd,.

Setting
g(x) = f"'(x)—f(x) for every point weA,,

we get a map-g of the set 4, into the ball
Q(}e) = {weB"™; (2, 0) < 3¢}
Since the sets 4, and A_—A—M—1 are closed and disjoint, we can extend
the definition of g setting
g(x) =0 for every point a;eA——An;l.

Thus we get a map g of the compactum 4, w 4 —A4,,, into the ball @ (}¢)
and there exists a continuous extension g’ of the map ¢ to the set 4 with
values belonging to the ball @ (}¢). Setting

(11.9) S (®) = f(x)+g¢' (v) for every point zed,

we obtain a, btain a map J""" of the set 4 into the ball . In fact, f”' coincides in the
set A—Ap., A,,+1 with the map f, in the set A4, — with the mayp f’, and for
points meAnH—An, we infer by (11.5) that

e(f" (@), 0) < e(f(®), 0)+e(g’ (%), 0) < 1—?+3 < 1—s+ < 1.

-
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Moreover,
(11.10) g(f”'(w f(2)) < te for every point zed,
(1111) - f"(«) =f(x) for every point wed—A, .

Now let us define the required map f’ by the formulas:
(11.12) f(x) =(1—3%e)f"""(x) for every point xed,,
(11.13) fi@) = {1—%(n+1)8[("+2)9(w, B)]—1}f"" (x)

for weAd, s—Apy,,

(11.14) @) =f"(x) for weAd—A,,.

In order to show that formulas (11.12) - (11.14) define a map, let
us observe that g¢(x, B)=1/(n-+1) for every point wed, ; ~ Apis—Apniq.
Consequently, the values of the function f' given by formulas (11 12) and
(11.13) coincide. Similarly

1
ez, B) = o for every point wed, ,— Ay ~ A—Ay,,,

and consequently the value of the function f’ defined by formula (11.13)
is identical with the value given by formula (11.14).

By (11.12), in the set 4, < 4,., the map f’ is the composition of the
homeomorphism f’’ and of the homeomorphism kb, defined by the formula

h(y) = (1—%9)y,

mapping the ball @ into itself. Consequently, the map f’ restricted to the
set 4, is a homeomorphism. By formulas (11.12)-(11.14), the values of
the map f’ belong to the ball Q and f' is of the form

f'(@) = (1—a(@)f" (x),

where 0 < a(r) < 2¢. Therefore

e[f (@), "' ()] = a(x) o[f" (2), 0] < %e.
It follows by (11.10) that f’ satisfies inequality (11.7).

It remains to prove that f'e£,,, i.e. that f' satisfies conditions
(11.4), (11.5), and (11.6). Condition (11.6) is met, because f’ is a homeo-
morphism on the set 4,. In order to verify condition (11.4) it is sufficient
to observe that f’' coincides in the set B < A — A,,Jr2 with the map f'".

In order to verlfy condition (11.5), let us consider the following cases:

If wed, ~ A—A,,,, then (11.11), (11.13), and (11.14) give

1
e[f (@), 0T < e[f" (%), 0] = o[f(#), 0] < 1—1-
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AIf xeAx ~ A, ., then by (11.12) we infer that
o[f (@), 0] = (1—%¢) o[f"(®), 0].
If o[f"(x), 0] < %, then (11.3) implies
1 1
olf' (@), 01 <5 <1—-7.

If, however, o[f"' (x), 0] > %, then by (11.12) and (11.10) we have
elf (), 01 = o[f"(2), 0]1—§eolf""(»), 0] < o[f"(2), 0]—3}¢
1
< olf" (@), 01—elf" (@), f(@)] < o[f(@), 0] <1~

Thus inequality (11.5) is proved in all cases and therefore f’ belongs to
the set 2,,,. Thus we see that the open set (2, , is dense in the complete
space Q. It follows, by the classical theorem of Baire on the category,

that there exists a map fe () 2,,,. We infer by (11.6), (11.5), and (11.3)

m,n=1
that f maps the set A —B topologically into the interior of the ball @.
Thus Lemma (11.1) is established.

12. Simplicial realizations of finite coverings. Let {X,, ..., Xi} be

a finite covering of a space X and let {Y;,..., ¥;} be a fmlte covering
of a space Y. These coverings will be said to be similar provided that
k=1 and that for each sequence i, d,,...,4, of indices, 1 < i, <k,

the relation X; ~ Xyynooon Xy, =0 18 equivalent to the relation
Yil ~ Y@'z ~A...n Y, =0, In particular, X; = 0-if and only if ¥, = 0.
It is clear that the similarity of coverings is a reflexive, symmetric and
transitive relation. .

Applying the concept of the nerve (as introduced in III, Section 6),
we see at once that two coverings {X,,..., X} and {¥,,..., X;} are
similar if and only if the correspondence X; — ¥, induces an isomorphism
of their nerves.

By a geometric complexr we understand a finite system ¢ of geometric
simplexes such that the common part of every two of them is their common
face. The vertices of simplexes belonging to o will be said to be vertices
of A°. The union of all simplexes ¢ belonging to a geometric complex X%
is a polyhedron, which will be denoted by |¢|. Each triangulation of a poly-
hedron is evidently a geometric complex, but not conversely, because
we do not require that each face of a s1mp1ex belonging to a geometric
complex belongs to this complex.

A geometric complex ¢ will be called a simplicial realization of the
covering {X,, X,, ..., X;} of a space X provided that the simplexes of ¢
can be ordered into a finite sequence ¢,, 0,, ..., ox such that the covering
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{61y 02y ..., 01,3 of the polyhedron |¥'| is similar to the covering
{X1, X;3,..., Xz} of X and there exists a homeomorphism » mapping X
onto. a subset of || such that

hX;)) =h(X)~o; foreach ¢=1,2,...,k.

Now let us prove ([49], p. 224) the following

(12.1) THEOREM. For every finite closed covering of a finite-dimensional
compactum there exists a simplicial realization.

Proof. Let {X,, X,,..., Xz} be a closed covering of a compactum
X of a finite dimension q. For every number m =0,1,..., k—1, let

™ = {X7 X3y -+ ) Xatm}

denote the system of all different sets of the form X, ~ X,-2 A n Xy s
where 1 <4, <ty <... < f_pm < k. The system Z™ constitutes a cov-

ering of the set '
' X" =X 0 X3 U X

In particular, a(k—1) =k, X*"! = X and the sequence X*~!, ..., X¥!

is a permutation of the sequence X,, X,,..., Xz. We can assume

that ’
Xt=x, for ¢=1,2,...,F.

Now let us consider in the Hilbert space B the sequence of points
e; = (8;, 63, ..., 8¢, ...), where &; denotes 0 for ¢ #j and 1 for ¢ = j.
Let us prove, for m = 0,1, ..., k—1, the following proposition:

(i2.2m) There exists in E° a geometric complex HA™ which is a simplicial
realization of the covering ™ of -the set X™ such that all vertices
of A™ belong to the sequence {e;}.

It is clear that proposition (12.2;_,) implies our theorem.

The proof of proposition (12.2,,) is by induction. _

If m=0, then a(m) =1 and X°=X)=X,~n Xy A ... n Xp.
If thig set is empty, then we define the geometric complex # ™ to consist
of the (—1)-dimensional simplex only. If however X° +# 0, i.e. if dim X°
"= g, =0, then we obtain (12.2,) if #° consists of one (2¢,+1)-dimensional
simplex o, with the vertices ey, €1, ..., €541, because by the embedding
theorem of Menger and Nobeling there exists a homeomorphism k° mapping
the set X° onto a subset of the simplex o,.

Now let us assume that proposition (12.2,,) holds for an m < k—1.
Consequently, there exists a geometric complex #™ = {07, ..., oum}
with all vertices of simplexes o7° belonging to the sequence {¢;}, and there
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is 2 homeomorphism »™ of the set X™ onto a subset of the polyhedron
|[#™| such that

(12.3,) KX =E"(X™) ~ P for i=1,2,...,a(m).

Moreover, for each system of indices 1 <i; <4, < ... <4, < a(m) the
set X;' ~ X5, ~ ... ~ X7 is empty if and only if the set of; ~ of, ~ ... ~ of
is empty

In order to prove proposition (12 2m41), let us consider the system

of sets _
™ = (X7, XP, L, Xy}

It is plain that the set X;'™' can be written, for every index
A=1,2,...,a(m+1), in the form

xptt —Xm AnXy,~neon Xy, With Gy 7 3, 10T p F 9.
Let us range all indices < %k which do not belong to the system
2,15 2,29 ++ o9 G4 k-m—1 10 @ SEQUENCe J31,J12y +--) Jame1. Then
m+1
XA X" = X7 A SEME
y=1

But each of the sets X3t A Xj,, belongs to the sequence Z ™  hence
there exists for » =1, 2, ..., m-+1 at least one index j < a(m) such that

D, GALEIPN Xy, = X7
Let J (A, v) denote the collection of all such indices j and let J (1) =
mol J(4,»). It follows by (12.3,,) that
" ™ (X7) = B™(X™) ~ oft for every jeJ (A, ).

Hence
m+1

(12.4) I Ax"=U U X"
v=1 FeJ(4,v)

Let us assign to each set X7"'e 2™*! the simplex o} "' defined as

follows: If X7'*! = 0, and hence also X;* = 0 for every mdex jed (A, v),
» =1,2,...,m+1, then we set oj**' = 0. If, however, X7 #£ 0, then
ottt denotes the simplex with vertices p}”&’ Loort, . pﬁ"l;;l. which
we obtain if we add to all vertices of the sunplexes o'y jed (4, »),
vy=1,2,...,m+1, some supplementary vertices of the sequence {e;}, -
different from all vertices of o#™ and distinct for different values of the
index A. Moreover, we can assume that .the number of supplementary
vertices in each simplex oj'*! is positive and so large that 8, > 2¢41

for 1 =1,2,...,a(m+1). Let us notice that

a(m)

(12.5) | (a7t A U o) = U a"

jeJ(3)
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Moreover, let us observe that for every A =1,2,...,a(m-+1), if 7 is an
index < a(m) which does not belong to the set J(A), that means, for
each index ¢ such that X' ~ X;'*! = 0, the s1mplexes oy’ and of'*! are
disjoint. In fact, if ¢} intersects of'*?, then o} intersects one of the sim-
plexes oj° with jeJ (4, ») (because a]l points e; are linearly independent)
and therefore X{* ~ X;* # 0, which implies X7* ~ X7**! # 0, contrary
to our hypotheses.

Since all vertices of the simplexes o7'*' belong to the sequence {e},
the system {oi'*%, o7'*!, ..., ohmiy} 18 a geometric complex x™*!.
It remains to prove that this geometric complex is a simplicial realization
of the covering {X7"*', ..., Xgt\,} of the set X"‘“

First let us show tha,t the covering {o7't,..., aa(m+1)} of the
polyhedron |#™%!| is similar to the covering {X’{‘“, eors Xagmiy} of the
set X™*1, Let i,, A5, ..., 4, be a sequence of indices < a(m+1) If there
exists an index u such that 1<u<y and X3t =0, then also a3, = 0.
Thus both sets X7 '~ ...~ V3" and allf AR o' are " empty.
Hence we can assume that each of the sets X'”‘ , X5.*1 is not empty.

If A =7%d=..=24, then X7*' A~ ...nX’“ = X7"'  and
ot A a’}:“ = o7 *%. In this case, relations X’"+ N X’”* =0
and o "j“ ~ c’g“ = 0 are equivalent, by the definition of the sim-
plexes o “

Now let us assume that in the sequence Zl, ...y 4, there exist at least
two different numbers. Let X’”+1 s Xu g~ Xip iy Where

ia,.,n ceny ilj,k_m_l is a system of k—m—1 different indices < k. By our
hypothesis, there exists, for each such system, an index »x; of the form
i;}.,,, with j’ # j, which does not belong to the system ia?-,n ooy Ui keme1 -
Then the set X”,{j‘“ ~ X, belongs to the system 2™. Let us set

+1 _ m
(12.6) Xt A Xy =X

Then
Xt A~ X =X A~ X,

1

because x; = 1;,; belongs to the system of indices zl dyeeny bap e mo1
It follows by (12.6) that the simplex o), is a face of the s1mp1ex "ZH
If X5 Ao~ X3 #£ 0, then X”; co.n X #0 and the in-
duetion hypothes1s 1mphes that 0'#1 Ao a,’f: # 0 and, consequently,
also o7t~ ...~ ot £ 0.
Conversely, if o'~ ...~ oLt %0, then there exists a vertex p
common to all s1mp1exes ot =1,2,...,v. This vertex cannot be
a “supplementary vertex”, because not all numb.ers My ..., A, are identical
and the simplexes with distinct indices have distinct “supplementary
vertices”. Therefore p is a vertex of the geometric complex a™. It follows
that each simplex a}’;“ j=1,2,..., contains a face 0y for which p



186 CHAPTER VII. ANR-gpaces satisfying special conditions

is one of the vertices. By the construction of the simplex 0,17 ! we infer
that X < X"“rl But peoly ~ ... ~ d, implies that X ~...~ Xy #0,
and consequently also Xm“ SN Xm“ - 0. Thus we have shown that
the covering {X7'*,..., Xghin} of the set X™' and the covering
{7, .. ,oa(m+1)} of the polyhedron P"™*! = |#™"!| are similar.

It remains to show that there exists a homeomorphism »™*! satisfying
proposition (12.3,,,,). We define such a homeomorphism by extending
the homeomorphism k™ over each of the sets X7+, 4 =1, 2, ..., a(m+1).
We can assume that X3! =£ 0. Let us denote by Y7*' the common

part of the set X7'** and of the set (J X;'*'. Hence Y7+' = X™ ~ X%
u#EA

The homeomorphism A™ maps the set Y3+ onto a subset of the boundary

of the simplex o}**'. Since the dimension of the simplex ¢}'*' is greater

than 2¢ and the dimension of X7**! does not exceed ¢, we infer, by Lemma
(11.1), that there is an extension of the restriction A™¥;'*! to a homeo-
morphism A7 of the set X;'+' onto a subset of the simplex o}, assign-
ing to points of the set X’”‘” Y7**! the points lying in the interior of the
simplex o5, Since the interiors of different simplexes o}'*' are disjoint
with one another, we get a homeomorphism of the set X’"+1 into the poly-
hedron P™*!' if we set '

K™Y x) = b (@) for every point weX; L
It follows by (12.4) and (12.5) that
FYIPHY) = BME™ A XPY) = 3(U X7 = U A™ED)

7eJ(3) 7eJ'(

=h"(X" A~ U _h’"(x’”)mu o)t ~ (a7t

e (3)

= K"(X") ~ (77,

because ™ (X™) < U o)
We infer by the construction of h,,,, that
B ERY) = WP - YR O R (T
= KA A [ — (o) T O (X A (o
= KNI A [0 — (o) ] o BN ET) A (o]
= AT X™Y) A T

Thus we see that condition (12. 3m+1) is satisfied and the proof of
Theorem (12.1) is finished.

(12.7) CoROLLARY. For two similar closed, finite coverings of two compacta
of finite dimension there exvists a common simplicial realization.
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Proof. Let {X,, X,,..., X} and {Y;, Y,,..., ¥} be two similar
closed coverings of two finite-dimensional compacta X and Y, respectively.
We can assume that X and Y are disjoint subsets of the Hilbert space E“.
The sets {X, v Y,, ..., Xpw Y.} constitute a covering of the space X v Y
similar to the covering {X3, ..., X;} of the space X. In fact, the relation
Xi~..n Xy =0 is equivalent to the relation ¥; ~...~ ¥; =0
and consequently (because X ~ Y = 0) it is equivalent also to the relation
(Xyy o Yi) mneoo A (X, 0 X)) =0

By (12.1), there exists a geometric complex X = {0y, 04, ..., 03}
of a polyhedron P which is a simplicial realization of the covering
{X,v ¥y, ..., Xy Yip. It means that the covering {0y, ..., ox} of the
polyhedron P is similar to the covering {X, v Y,,..., X; v Y;} of the
space X v Y and that there exists a homeomorphism #» mapping the
space X v Y onto a subset of the polyhedron P in such a manner that

(12.8) WXivY)=h(XowX)ne for i=1,2,.., k.

. Let us prove that the geometric triangulation J  of the polyhedron
P is a common simplicial realization of both coverings {X,, ..., X;} and
{Y,,..., ¥3}. In fact, by the similarity of the coverings {X,,..., X;}
and {X, v Y,,..., X v Y} we infer that the covering {X,,..., X;}
of the space X and the covering {o,, ..., o5} of the polyhedron P are similar.
The partial homeomorphism k| X maps the space X into the polyhedron
P and we infer by (12.8) that

WMX) =h(X)~o; for i=1,2,...,k

Thus we see that 7 is a simplicial realization of the covéring {X1y .0y Xy}
of the space X. By the same argument we see that 7 is also a simplicial
realization of the covering {Y,,..., ¥Y;} of the space Y.

13. Spaces satisfying condition (I') as deformation retracts of poly-
hedra. As we have seen, the spaces satisfying condition (') constitute
a special kind of ANR-spaces including all polyhedra. Now we shall study
their homotopy properties. First let us prove the following

(13.1) LeMMA. If A and B c A are AR-spaces, C is a closed subset of A
and ¢ is a map of the set C X 0,1 into A such that

¢(®,0) =z, ¢@(x,1)eB for every point xC,
p(z,1) =x  for every point xeB ~ C,
then ¢ has a continuous extension y: A X<0,1> - A satisfying
the condition:
p(x,0) =a  for every point xeA,

and such that the map r: A — B, defined by the formula r(z) =
= y(x, 1) for every point weA, is a retraction of A to B.
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Proof. Setting

for every point xeB,

f( » = qo( Z,1) for every point zeC,

we get a map f: B C — B. Since BeAR, there exists a continuous
extension r: A — B of f. Setting

o' (2,0) = for every point zed,

o' (x,1) =r(x) for every point zed,

o' (z,t) = p(2,t) for every point (x, ?)eC %<0, 1>,
we get a map ¢’ of the eclosed subset (4 x(0)) v (Cx<0, 15) u (4 x(1)
of the space 4 x (0,1 into A. Since A is an AR-space, there exists a con-

tinuous extension y: 4 X {0,1> — A4 of ¢’ and we see at once that this
extension satisfies our lemma.

(13.2) THEOREM ([49], p. 230). Let X be a finite-dimensional compactum hav-
ing & brick decomposition {X,, Xy, ..., Xp}. If T = {0, 09y ++., Ok}
i8 a simplicial realization of the covering {X,, X,,..., Xi}, then
X 48 homeomorphic to a deformation retract of the polyhedron

k
=

Proof. By our hypothesm, there is a homeomorphism % of the space X
onto a subset of the polyhedron P such that

(13.3) h(X;) =h(X)m0’1, for 1 =1,2,..., k.

It is sufficient to prove that the set ¥ = h(X) is a deformation retract
of the polyhedron P.

For each number m =0,1,...,k—1 there exists a(m)=(k)

m
different increasing sequences ¢, %5, ..., ix_n With natural terms < k. Let
D1y Doy -vy Dopmy be these sequences. If &, = (41, ..., %_n), then we set
(13.4) ‘ Xy =Xy neeen Xy 5 4= 0(X),

(13.5) o';',n = 0’1;1 ~ o'iz M eee N O‘ik_m.

The simplexes o7’, ..., o4m constitute a geometric complex #™. We see
immediately that the sets Y7", ..., Ygum constitute a brick decomposition

a(m)

of the set Y™ = (J Y,* similar to the covermg ™ of the polyhedron

r=1

= |#™|. Moreover, we infer by (13.3), (13.4), and (13.5) that
(13.6) Y" =Y"A~ o™ for every v=i,2,...,a(m).
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Therefore #™ is a simplicial realization of the brick decomposition
{Y7, Yo} of the set Y™

Now we ghall proceed_ by induction, proving, for m = 0,1, ..., k—1,
that there exists a map r™: P™x<0,1) — P™, such that

™ (x,0) = x for every point weP™,
(13.7,4) ™ (x,1) is a retraction of P™ to Y™,
¥ (@, t)ea, for every point zes) and 0 <t < 1.

If m=0, then Y'=h(X;~nXyn~n...AnX;) and P'=g¢) =
=07 N Gy «ou ~ 0. If Y0 = 0, then ¢} = 0 and our statement is obvious.
If, however, Y° # 0, then Y° is an AR-set lying in the simplex o). By
Lemma (13.1) (where ¢ =0, B = Y°® and 4 = o) we infer that there
exists a map 7° satisfying conditions (13.7,).

Now let us assume that for an m < k—1 there exists a map

™ P"x 0,1y - P™

which satisfies (13.7,). For every index y =1,2,..., a(m+1), let us
consider the set Y, +' = Y™~ o', which is an AR-set. Then the
map ™ is defined on the set (o ™' ~ P™)x<0, 1> and its values belong
to the union of all faces of o), Whlch intersect the set Y. Applying Lemma
(13.1), we infer that the restrlctlon r™|[(op Tt ~ P™)x <0, 1>] can be exten-
ded to a map 7, of the set o"*'x <0, 1) into the simplex o}*', which is
a retraction by deformatlon of oy t! to the set Y, +'. Moreover, if o+’
is another one of the simplexes a’”“ vy Oagmrys then ottt A altt £ 0
* if and only if the set o t' ~ offt!is a face of one of the simplexes o ...

.y Gagmy- Then both maps 7, and ¥, have the same values on the set
( o ~ o) x<0,1> as the map 7™ It follows that if we extend »™
in this manner to each simplex o *', u =1,2,...,a(m+1), we get
a map "t satisfying condition (13.7,,,).

Thus we see that a map ™ satisfying condition (13.7,,) can be con-
structed for each m = 0,1, ..., k—1. In particular the map »*~! is a retrac-
tion by deformation of the polyhedron P¥~! — P onto the set Y*~! = Y
homeomorphic to the space X. Thus theorem (13.2) is established.

14. Homotopy types of spaces satisfying condition (I'). The Theorem
(13.2) just proved implies some corollaries ([49], pp. 232-234). '

(14.1) COROLLARY. If two finite-dimensional compacta X and X’ have
similar brick decompositions  and &, then there exists a polyhedron
P containing two deformation retracts homeomorphic with X and X',
respectively.

Proof. As we have seen in (12.7), there exists a geometric complex "
which is a simplicial realization of both brick decompositions Z and Z’.
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By Theorem (13.2), the spaces X and X’ are homeomorphic to some defor-
mation retracts of the polyhedron P. According to I, (14.2), every defor-
mation retract of a space is homotopically equivalent (in the sense of
Hurewicz (I, Section 14)) to this space. It follows

(14.2) COROLLARY. Hwery space of a finite dimension, satisfying condi-
tion (I') s homotopically equivalent to a polyhedron.

If we recall that the relation of the homotopic equivalence is transi-
tive, we get the following '

(14.3) COROLLARY. Two finite-dimensional compacta having similar brick
decompositions have the same homotopy type.

It follows that all finite-dimensional spaces with similar brick de-
compositions have isomorphic homology and homotopy groups. Thus
the topological structure of finitely dimensional spaces satisfying con-
dition (TI") is in a high degree determined by the combinatorial scheme
of their brick decompositions.

Let us observe that if a finite-dimensional compactum X has a brick
decomposition X,, X,, ..., X;, then the nerve P of this decomposition
is a polyhedron homotopically equivalent to X. In fact, the nerve P is
given in a triangulation J~ consisting of all simplexes (X; , Xy, ..., X))
with Xio ~ Xil ~...nX; #0 and of the (—1)-dimensional simplex.
Let 9’ denote the barycentric subdivision of 7. Let us assign to each
vertex X; of the triangulation 4~ the union A4 (X;) of all simplexes of 7'
containing this vertex. One easily sees that for every system of indices
Jos Jis -+ jm the set A(X;) ~ ... ~n A(X;,) is either empty or it is a con-
tractible polyhedron; hence it is an AR-set. It follows that the system
o = {A(X);..., A(Xy)} is a brick decomposition of the polyhedron P.
This decomposition is similar to the decomposition {X,,..., Xz},
because for each system (4,...,%,) of indices <k, the relation
A(Xy) ~ ..o~ A(X;) # 0 holds if and only if all vertices X;,..., X
belong to one of the simplexes of the triangulation 7, that means, if
and only iino M oeee N X,;v # 0.

We infer by Corollary (14.3) that the space X and the polyhedron
P have the same homotopy type. Thus we have the following
(14.4) COROLLARY. If {X,, X,, ..., Xy} is a brick decomposition of & finite-

dimensional compactum X, then X has the same homotopy type
as the nerve of this decomposition.

Let us mention that W. Holsztynski has lately shown ([151], p. 611)
that Corollaries (14.2), (14.3), and (14.4) remain true also without the
hypothesis of the finite dimension. On the other hand, the question whether
every ANR-space has the homotopy type of a polyhedron remains open.
_Only for ANR-spaces with trivial fundamental group the positive answer
to this question has been given by C. B. De Lyra ([96], p. 58).
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15. Homogeneous ANR-spaces. A space X is said to be homogeneous
(topologically) provided that for every two points x,, v, X there exists
a2 homeomorphism h mapping X onto itself and satisfying the condition
h(xy) = x,. The classical examples of homogeneous spaces are linear
spaces and also manifolds (in the classical sense). There exist also various
other examples of homogeneous spaces, as the Cantor’s discontinuum,
the solenoids of van Dantzig [91], the Hilbert cube [175], the universal
curve of Sierpinski [4], and the pseudo-are [12]. The question if each
homogeneous ANR-space of a finite dimension is a manifold remains
still open. A partial result concerning this question is given ([16], p. 106)
by the following

(15.1) THEOREM. An n-dimensional, connected ANR-space is a manifold
" if and only if it is homogeneous and contains. topologically a Eucli-
dean n-ball. _

Proof. The necessity of the condition is obvious. Now let us assume
that X is a connected, homogeneous ANR-space and that there exists
a homeomorphism ¢ mapping the n-dimensional Euclidean ball @ = Q"
onto a subset ¢(Q) of X. Let @° denote the boundary of ¢. If there exists
a point aep(Q —@Q°) belonging to the closure of the set X —¢(@); then one
sees at once (by the local contractibility of X) that there exists in X —¢(Q°)
a simple are I joining a point be X — ¢ (@) with the point a. Then there
exigts a point ceL ~ ¢(Q) such that the interior of the subarc L’ of L
with endpoints b and ¢ lies in X —¢(@)). 1t is evident that the set L' v ¢(Q)
is an w-dimensional umbrella in X (as defined in V, Section 16) with
center ¢. It follows, by the homogeneity of X, that every point x<X is
the center of an n-umbrella lying in X. Applying Theorem on Umbrellas
(V, (16.1)) we infer that dim X > n, contrary to our hypothesis. Thus
the proof of Theorem (15.1) is complete. ‘

(15.2) Remark, One can show ([16], p. 106) that Theorem (15.1) remains
true if we replace the hypothesis that X is an ANR-space by the
weaker one, that X is a compléte, connected, locally contraetible
space. Also the hypothesis on the homogeneity of X may be
replaced by the less restrictive one of the local homogeneity,
that means, by condition that for every two points x,, £, X
there exists a homeomorphism A mapping a neighborhood U,
of , into X and satisfying the requirement i (x,) = @,.

16. Disconnection of homogeneous ANR-spaces by compacta. Now let
us prove the following .

(16.1) THEOREM. Leét X be an n-dimensional homogeneous ANR-space
and let B be a compact subset of X cyclic in dimension n—1 and
coniractible in a proper subset X' of X which is contractible in X.
Then the set X —B 1is nmot connected. '
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Proof. Let y = y"~! be an (n—1)-dimensional infinite cycle in B,
which is not homologous to zero in B. Since B is contractible in’ X', the
infinite cycle y is homologous to zero in X’. By II, (3.5), there-exists
a compactum A < X’ such that B = 4 and that y is homologous to zero
in A4, but it is not homologous to zero in any other subset of A containing B.
In order to prove (16.1) it is sufficient to show that B disconnects X
between every point of A —B and every point of X—4 o X X' #£0.
Otherwise there exigts a point

(16.2) ae(A—B) ~ X—A4.

Let us denote by B,,,m =1,2, ..., the set consisting of all points weX
with ¢(z, B) < 1/m. It is evident that the sets A —B,, are compact and

that A—B = (J (4 —B,,). Since the set (A—B,) A~ X—4A c A~ X—4
m=1
does not contain any open, non-empty subset of X, we infer that the set

(A—B)~An X—4 = U (A—By) ~ X A

is of the first category (of Baire) in X. Since the space @ consisting of all
homeomorphlsms h of X onto itself is separable (as a subset of the separable
space X¥), there exists a sequence {hzx} of homeomorphisms

th X_—)X

onto

dense in @. The set (4 —B) ~ X —A is mapped by the homeomorphism

hy onto the set h;[(A—B) ~ X —A] of the first category in the space X.
It follows that there is a point

(16.3) apeX— J hg[(A—B) ~ T—4].
k=1

The homogeneity of X implies that there exists a homeomorphism

hy: X —> X

onto

such that

(16.4)  hela) = age X —hq(B).

The hpmology y ~ 0 in A implies

(16.5) C hu(r) ~0 in he(4)  for E=0,1,...

Since the sequence %y, %,, ... i8 dense in the space @, we infer that
for every positive number 7 there exists an index k' = k() such that

0 (hoy byy) < 1.
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Moreover, since the infinite cyecle y is not homologous to zero in any
other subset of A containing B, we infer that

(16.6) If hi(B) €« C < hy(A) and hy(y) ~ 0 in C, then
h(A—B) = C for k=0,1,2,...
Now let us consider the Cartesian product
Z = AX0,1>
and its closed subset

Zy = AX(0) v Ax(1).
Setting
i@, 1) = ho(w)  for (w,1)eZ,,

fa(w, 0) = ho(w) for wed,
Ja(@y 1) = ke (w) for wed,

we get two maps fy,f,: Z, > X satisfying the condition o(f;,f.) <.
The first of them admits a continuous extension to Z with values in the set
ho(A); we get an extension f, of this kind setting f; (¢, t) = hy(x) for (z, t)eZ.
Since A, as a subset of X', is contractible in X and h, is a homeomorphism
of X onto itself, we infer that the set h,(A4) is contractible in X, It follows
by V, (3.1), that for every positive ¢ the number 5 > 0. can be chosen so0
that f, has a continuous extension

. fo: Z—-X
such that . ,
e(fa(ew, 1), ho(w)) <&  for every (v,%)eZ.
Moreover, since h,(4) is contractible in X, and since the point a, does not
belong to h,(B), we infer that the number ¢ can be chosen so that
(16.7) the set f,(Z) is contractible in X,
(16.8) aye X —f2(B x 0, 1).

Let o, (v = 0, 1) denote the map of 4 into A x(») assigning to each
point xze A the point (2, »)e A X (v). Manifestly, there is in the set B x <0, 1)
an infinite n-dimensional chain 4 such that

04 = ay(r) —ay(y).
It follows that v
(16.9)  Ro(r) = fafao(x)) ~ FP(ar(v)) = ha (r) in the set fo(Bx<0,1).
Now let us distinguish two cases:

Case 1. gye X —hy(4). The infinite cycle h, (y) is homologous to zero
in the set D = hy (4) u fo(B X <0,1)). Now let us observe that D does

13
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not contain the set k,(4 —B), because a, belongs to k(4 —B) and, by
(16.8), a, does not belong to the set &y (4) o fo(Bx<0,1>). It follows
by (16.6) that the infinite (» —1)-dimensional cycle Ay (r) is not homologous
to zero in the common part of the sets D and ky(4), however — by (16.5) —
it is homologous to zero in each of them. We infer, by the theorem of
Phragmen-Brouwer (II, (3.6)), that there is in the set D o hy(4) < f2(Z)
an n-dimensional infinite cycle y' unhomologous to zero in D u hy(A4).
Moreover, (16.7) implies that v’ ~ 0 in X and we conclude, by the theorem
of Alexandroff (II, (3.11)), that dim X > n, contrary to our hypothesis.

Case 2. agely (A). In this case the set h; (A4) is a neighborhood of.
the point a,, because a, belongs neither to the set hy ((A —B) A m)
nor to the set h; (B). Since the infinite cycle 74 (y) is homologous to zero
in the set D' = f,(B x<0,1%) U hy(A) > hy(B) and h, is a homeomor-
phism of X onto itself, we infer by (16.2),(16.4), and (16.8) that the set D’
is not a neighborhood of a, in X, and consequently it does not contain
the set hy (A —B). Applying the theorem of Phragmen—Brouwer to the
cycle Ry (r) and to its carriers D’ and Ay (4), we infer that there exists in
the set D’ U hy(A) < f5(Z) an infinite n-dimensional cycle ¥’ unhomolo-
gous to zero in D’ U hy (A). It follows by (16.7) that ¥ ~ 0 in X, which,
by the theorem of Alexandroff (II, (3.11)), contradicts the hypothesis
dim X = x. Thus the proof of Theorem (16.1) is terminated.
(16.10) THEOREM. For dimensions n = 0,1, 2, the connected, n-dimen-
sional, homogeneous ANR-space coincide with n-dimensional
manifolds.

Proof. It is clear that the conditions are necessary (not only for di-
mensions 0,1, 2). In the case » = 0, it is also evident that they are
sufficient. In the case n.— 1 they are sufficient by Theorem (15.1),
because every 1-dimensional ANR-gpace contains ares. In order to finish
the proof in the case n = 2, let us apply a characterization of 2-dimen-
sional manifolds due to G. S. Young ([300], p. 986), as locally connected
continua X of dimension 2 satisfying the following both condltlons

(i) No point of X separates X.

(il) There exists an & > 0 such that every simple closed curve in X,
with diameter less than ¢, separates X.

In order to prove that a 2-dimensional homogeneous, connected
ANR-space X satisfies (i), let us consider a point aeX and a sequence
{a;} of points of X —(a) dense in X —(a). Since X is a locally connected
continuum, there exists, for ¢ = 1, 2, ...,.an arc L; c X joining o with a;.
Since X is 2-dimensional at each of its points, none of the arcs L; contains
an open, non-empty subset of X. Consequently the connected set X’
= |J L; is of the first category in the space X and we infer that there

i=1
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exists a point be X-—X'. Then the connected set X' is dense in X —(b),
and thus b does not separate X. Since X is topelogically homogeneous,
" no point separates X and condition (i) is established. Condition (ii) follows
immediately by Theorern (16.1). Thus the proof of Theorem. (16.10) is
finished.

If we recall that no »- (hmensmnal manifold, as a set eyclic in dimen-
sion 7, is an AR-space, we get from Theorem (16.10) the following

(16.11) - CorOLLARY. No AR-space of dimension 1 and 2 is homogeneous.

(16 12) PROBLEM. Does there exist a homogeneous AR- space X with
2 < dimX < co?

(16.13) Remark. Both Theorems (16.1) and (16.10) remain true if
we replace the hypothesis that X is an n-dimensional ¢onnected,
homogeneous ANR-space by the weaker one, that X is an n-dimen-
sional locally contractible, connected, locally homogeneous,
locally compact, separable, metric space ([16], pp. 108 and 110).

Let us mention that, by a result of E. Fadell ([117], p. 531), if we
replace the condition of the homogeneity by another, a more restrictive
one of the strong homogeneity, the answer to the problem analogous to
‘(16. 12) will be negatlve, even for n = oo.



CHAPTER VIII

ON r-CLASSIFICATION OF SPACES

As we have already seen (I, Section 6), all topological spaces can be
classified into classes called r-types, where two spaces belong to the same
r-type if and only if each of them is an r-image of the other. Now we shall
study this classification a little more exactly. In particular, we shall look
for some criterion which would make it possible, in some cases, to measure
the difference between the topological properties of two given spaces.

1. Partial ordering of r-types. Let us recall (I, Section 6) that two
spaces X and Y are said to be r-equal (written X = Y) if each of them ig
r

an r-image of the other. If X is an r-image of Y, but the converse is false,
then we write X << Y or Y > X. Evidently, the relation “<” is anti-
r r r

symmetric and transitive. Two spaces X and Y are said to be r-comparable
if at least one of them is an r-image of the other,ie. if X < Yor X > Y
r r

(I, Section 6). If none of these relations holds, then X and Y are said
to be r-incomparable ([61], p. 322).
Let us observe that the relations < < and the relation of the r-in-

comparability may be considered also as the relations between r-types. In
particular the relation << partially orders each collection of r-types and
r

the relation of the r-incomparability allows to speak about r-incomparable
r-types of spaces.
Let us formulate some elemenfary propositions concerning the rela-
tions < and §, which are immediate consequences of the properties of
; :
r-maps formulated in Chapter I and Chapter II:

11 X< < Y holds if and only if X is homeomorphic to a retract of Y.
1.2) X < Y implies dim X < dim Y.
(1.3) < Y implies that the power of the set of components (or of the set

of arcwise connected components) of X is < to the power of the set
of components ( (or of the set of arcwise connected components respectt-
vely) of Y.



1. Partial ordering of r-types 197

(1.4) X < Y implies that for every cardinal number m the power of the
. r

set of points of order = m of X s less than or equal to the power of
the set of points of order =m of Y.

(1.8) If X <Y and if Y has the fized-point property, then X has also
N v

the fixed-point property. '
(1.6) X < Y implies that each homology and cohomology group of X
r

is a divisor of the corresponding group of Y.
It follows in particular that
1.7y IfXx § Y, then the Betti numbers of X are less than or equal to the

corresponding Betti numbers of Y.

If we limit ourselves to the arcwise connected spaces, then the
homotopy groups are uniquely defined and we have

(1.8) If X < Y, then the homotopy groups of X are r-images of the corres-
= ;

ponding homotopy groups of Y.
Since the homotopy groups of dimension n» >1 are Abelian, we
‘infer by II, (1.7), that
1.9 IfX r< Y and n > 1, then the group m,(X) is a divisor of the group

7o (X). ] »
For cohomotopy groups we have the following proposition:
1.10) If X <Y and dimY < 2n—1, then the n-th cohomotopy group
r

of X is a divisor of the n-th cohomotopy group of Y.

2. r-minorants and r-majorants ([61], p. 323). A space X, is said to
be an r-minorant for a family 2 of spaces provided that X, § X for

every space Xe¢Z. A space X, satisfying the condition X, >r X for every

space XeZ is said to be an r-majorant for the class #. Manifestly, if &
is an arbitrary family of non-empty spaces, then the space consisting
of only one point is an r-minorant for #, and the Cartesian product of
all spaces belonging to % is an r-majorant for %.

If a family of spaces Z contains at least one of its r-minorants, then
it will be said to be r-closed on the left ([61], p. 324), and if it contains
at least one of its r-majorants, then it will be said to be r-closed on the right.
It is clear that all r-minorants of a family 2 belonging to £ are r-equal,
and the same holds also for all -majorants belonging to Z.

(2.1) Exameir. The class of all 0-dimensional compacta is r-closed on the
left by a one-point space and it is also r-closed on the right by the
Cantor discontinuum.
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(2.2) ExAMPLE. The class of all n-dimensional compacta (where n > 0)
18 not r-closed on the left. -

In fact, if a compactum X, would be an r-minorant belonging to this
class, then X, would be homeomorphic to a subset of the n-dimensional
Euclidean cube @". Since dim X, = n, the cube Q" would be homeomor-
phic to a subset of X,. It follows that every n-dimensional compactum
would contain topologically the cube @™, which is not true. As it has been
shown by A. Lelek ([217], p. 285), the class of all 1-dimensional compacta
is not r-closed on the right.

(2.3) ExXAMPLE. The class of all n-dimensional AR-spaces (n > 1) is not
r-closed on the left.

This follows by the same argument as in Example (2.2). The same
holds also for the class of all n-dimensional ANR-spaces.

(2.4) EXAMPLE. The class of all n-dimensional AR-spaces is r-closed on
the right, if n = 1, but it is not r-closed on the right, if n > 1.

In fact, the universal dendrite ([281], p. 57) is a 1-dimensional
AR-space which is an r-majorant for the class of all 1-dimensional AR-spa-
ces. If, however, n is greater than 1, then VI, (7.3), implies that no n-dimen-
sional AR-space is an r-majorant for the family of all n-dimensional.
AR-spaces. -

(2.5) EXAMPLE. Any r-majorant of the class of all n-dimensional ANR-spa-
ces 18 not an ANR-space.

In fact, as we have observed, the power of the set of components
of such an r-majorant would be greater than or equal to the power of
the set of components of every n-dimensional ANR-gpace, and conse-
quently it would be infinite. However, as we know (V, (2.7)), the power
of the set of all components of an ANR-space is finite.

It follows, in particular, that for every integer n > 0 (finite or infi-
nite) the class of all ANR-spaces of dimension < » is not r-closed on the
right. An analogous statement holds also for the class of all polyhedra
of dimension < =x.

3. r-increasing and r-decreasing sequences. A sequence {X.,} of spaces
is said to be r-increasing provided that X, < X,,,,, and it is said to be
r

r-decreasing provided that X, > X, , for every n =1, 2,... The exam-
- A

ples of r-increasing sequences of spaces are at hand. For instance, the
sequence {X,}, where X, consists of exactly » points, or the sequence
{E"} of all Euclidean spaces, or the sequence {Q"} of all Euclidean cubes.

A little more difficult is to give an example of an r-decreasing sequence
of spaces. Let {X,} denote the sequence of 2-dimensional polyhedra
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defined as follows: Consider a regular polygon W, with n+2 sides L,
~ Lyy ...y Ly, lying in the plane E2 (Fig. 9). Let o¢; denote the regular
tna,ngle such that L; is one of its sides, and its 1nter10r contained in the
plane E2 on the outer side of W,. Setting

n+2

X, = U Ciy
i=1

we easily see that X,,, is an r-image of X,, but the converse is false.
It follows that the sequence {X,} is r-decreasing.

Fig. 9 - Fig. 10

One can show that there does not exist any r-decreasing sequence
of plane AR-gets being polyhedra. On the other hand, there exists in the
3-dimensional Euclidean space F? an r-decreasing sequence of 2-dimensional
polyhedra being AR-sets. Let us give here its construction, leaving to
the reader the proof that it is r-decreasing.

Let (x, y, 2) denote a point of E® with orthogonal coordinates x, ¥, 2.
Let us set: :

Py = {(w,y,2);x = 0, y*+2% <1}, P, ={(w,y,2);2 =1,y*+2* <1},
' 2k —1\2 1
Qn,k={(wy?/’z)§z=07(w_ mn ) +y? < 4%2}

for k=1,2,...,n;,n=1,2,...

One readﬂy sees that the set
A, —PouPlu Uan
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is a 2-dimensional curvilinear polyhedron, being an AR-space (Fig. 10).
It is easy to show that 4,,; is an r-image of 4, and that the converse
is false, which means that the sequence {4,} is r-decreasing.

"4. Power of the class of all r-types of compacta. Since every compactum
is topologically contained in the Hilbert cube @“, and since @“ containg
only 2% distinet closed subsets, we infer that there exist at most 2%
different r-types of compacta. On the other hand, let us observe that
already among r-types of 2-dimensional AR-spaces there exists a family
consisting of 2% different r-types. In fact, by the Second Theorem on
Families of ANR-sets (VI, (6.2)) there exist in B2 a family consisting of 2%
locally r-incomparable 2-dimensional AR-sets. None of these sets is topo-
logically contained in another, and consequently their r-types are different.
Thus we infer that the power of the class of all »-types of compacta is
equal to 2%, It follows also that the power of the class of all r-types of
AR-sets (and also of all ANR-sets) is equal to 2. Let us mention that
it has been shown by K. Sieklucki [258] that there exists even a family
consisting of 2% r-incomparable 1-dimensional AR-sets (dendrites).
This explains, to some extent, why among ANR-spaces one meets species
with rather paradoxical properties quite different from the properties
of polyhedra. In fact, as we have seen (VI, Section 6), the collection of
all r-types of polyhedra is only countable. It follows that from the
point of view of the theory of retracts, the wealth of the topological pheno-
mena among ANR-sets is much greater than among polyhedra. The
ANR-spaces with the r-type of polyhedra are only exceptions. Perhaps
they merit a special attention.

5. r-neighbors. A space Z is said to be r-between two spaces X and ¥
if ‘either X <Z < Y or Y < Z < X. Two r-comparable and r-different
r r r r

spaces X and Y are said to be r-neighbors ([61], p. 328) if there is no space
r-between X and Y. If X and Y are r-neighbors and X < Y, then X is said
r

to be the left r-neighbor of Y and Y is said to be the right r-neighbor of X.

Manifestly, the relation of lying r-between and also the relation of
being a left r-neighbor or right r-neighbor are in fact relations between
r-types. Thus in the sequel of this chapter, we shall not distinguish between
spaces of the same r-type and thus, speaking about different r-neighbors
of a given space we shall always mean the spaces with different r-types.
Let us consider some examples.

(5.1) EXAMPLE. It is easy to see that the segment has only one left r-neigh-
bor, namely the one-point space. However, the segment has many
right r-neighbors. For instance, the space consisting of a segment
and of an isolated point, the circle and also the space consisting
of three segments starting from one endpoint (a triod).
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Algo the segment without one endpoint is a right r-neighbor of the
segment. Another example of a right r-neighbor of the segment is the
closure of the diagram of the function y = sin(1/x) for 0 << 2 << 1. Let us
observe that there exist also right r-neighbors of the segment with arbitrarily
high dimension. In order to get such an examplé, consider an n-dimensional
continuum A which does not contain any simple arc. We can assume that
A lies in a linear subspace H of the Hilbert space £ and that H = E*.
One eagily sees that there exists in E°—H a set B, homeomorphic to
the segment without one of its endpoints, such that the set X = 4 u B
is a compactum which coincides with the closure of B. It is easy to observe
that X is an n-dimensional right r-neighbor for the segment.

(5.2) ExAMPLE. The disk has as its right neighbors the 2-dimensional
sphere and the projective plane. Also the 2-dimensional umbrella
(as defined in V, Section 16) is a right neighbor of the disk.

(5.3) ExAMPLE. Let X be a curve which is the union of a circle and of
one of its radii. It is easy to see that X has two left r-neighbors,
the circle and the triod (the union of three segments issuing from
one point).

(5.4) ExAMPLE. Let us observe that the disk Q has only one left r-neighbor,
namely the universal dendrite D ([281], p. 137).

In fact, every space X satisfying the condition X < @ is a plane
r

AR-set. If dim X = 2, then the disk @ is an r-image of X and consequently
X = Q. It follows that X is a plane 1-dimensional AR-set, i.e. it is a den-
.

drite. It follows that X < D < @, and if X is a left r-neighbor for Q,
then X = D. T
r

It follows by these examples that a space can have many r-neighbors
as well on the left, as on the right. The problem whether there exists
a non-empty space without a right r-neighbor remains open. Such a space
cannot be an ANR-space, because if X is a non-empty ANR-set, then
we see at once that the space ¥, which we get by adding an isolated
point to X, is an ANR-set and a right r-neighboor of X. However, there
exist AR-spaces without left r-neighbors. It is evident that the space
consisting of only one point has this property. Not so trivial is the following

(5.5) ExAMPLE. The Euclidean n-dimensional cube Q", where n > 2,
has no left r-neighbor ([72], p. 296).

In order to prove this, consider the family {X,} consisting of 2%
(m—1)-dimensional AR-sets lying in the Euclidean n-space E™ and such
that for x4 # u’ none (n—1)-dimensional closed subset of X, is top-
ologically contained in X,; the existence of such a family is secured by
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Theorem VI, (6.2.). Now suppose that there exists a left r-neighbor X for
the cube Q™. Then X is homeomorphic to a subset X’ of Q". If dim X’ =n,
then X’ contains topologically @™ and consequently X = Q”, contrary

to the hypothesis that X < Q". Hence dim X' < n—1. Now let us observe

that every space X, is an r-image of X. In fact, if ¢’ is an n-dimensional
cube lying in the set " —X’, then @’ contains a subset X, homeomorphic
to X,. Consider an arc L < Q" with one endpoint in X', the other endpoint
in X, and with the interior lying in the set @"—X'—X,. It follows by
V, (2.9), that the set ¥, =X'w Lo X, is an AR-space such that
X < Y, < Q" Since X is a left r-neighbor of ", we infer that X = Y,

>
and therefore X contains topologically the set X, for every index u.
Thus we see that for every index u there is a subset X, of X homeomorphic
to X,. But for u # u' none closed (n—1)-dimensional subset of X;, i8
homeomorphic to a subset of X, and hence dim (X, ~ X,) <n—2. But
this contradicts the Firgt Theorem on Families of ANR-sets (V, (15.1)).

6. AR-space with an infinite number of r-neighbors. As we have
already seen, a space can have many left r-neighbors and right r-neigh-
bors. Even a space so simple as the segment has (by Example (5.1)) an
infinite number of right r-neighbors though almost all of them are spaces
with a rather complicated structure. If, however, we confine our attention
to r-neighbors being ANR-spaces, then it is easy to show that the segment
has only three right r-neighbors: the circle, the union of the segment and
of one isolated point, and the triod. The question appears whether there
exists an ANR-space with an infinite number of r-neighbors which are
also ANR-sets. The answer is positive by the following ([68], p. 346)

(6.1) THEOREM. There exists in E® a 2-dimensional AR-space X having
an infinite number of left r-neighbors and 2% of right r-neighbors,
which are r-distinct AR-sets.

Proof. In order to obtain a space X with this property let us use
the r-decreasing sequence {4,} of 2-dimensional polyhedra being AR-sets,
as it was constructed in Section 3. Let us recall that A4, consists of n+2
geometric disks D,, D,,..., D, ., with centers lying on a straight line
L < E? such that two successive disks have only one point in common,
while the non-consecutive dlsks are disjoint. Let ¢ and b denote the end-

points of the segment L ~ U D;. The disks D, and D, ., lie in two planes

in E? perpendicular to L, and a is the center of D,, and b is the center
of D, ,,. The disks D, and D, ., are said to be the lower base and the upper
base of the polyhedron A,, respectively. It is easy to see that m < n
implies A4, < Ay , '
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Now let B, denote the polyhedron in E® obtained from = disjoint
copies of the polyhedron 4, by the identification of their lower bases.
Thus we get a sequence {B,} of polyhedra such that none of them is
homeomorphic to a subset of the other (Fig. 11). Manifestly, each of the
polyhedra B, is 2-dimensional at every of its points.

Fig. 11

Now let us consider in the space E* the segment J with endpoints
(0,0,0) and (1, 0, 0) and let {w,} be a sequence consisting of all distinet
rational numbers belonging to the open interval (0, 1). Let J, denote,
for every » =1,2,..., the segment with endpoints (w,,1/n,0) and
(wy, —1/n, 0) and let @, denote a ball (in E*) with center (w,,1/n, 0)
and radius g,, where 0 < g, < 1/n is chosen so that the sets J, v @,
are mutually disjoint. It is clear that there exists a homeomorphism b,
mapping the set B, onto a subset of the ball ¢, containing the point
(wpy 1/m—p,, 0). One easily sees that the set

X = Cj [T —@n) © ha(Bu)] © I

is an AR-set.
~ Consider the subset Y of the space X made up of all points yeX at
which X has dimension 2. Evidently

' (6.2) The components of Y coincide with the sets h,(B,).
(6.3) For every point p of the segment J there exists an increasing sequence
of indices {ng} such that limh, (B, ) = (p).
koo )
Now let us prove the following

(6.4) LEMMA. If M=Y U N, and M, =Y o N, are two compacta
such that dAimN; <1 and dim N, <1 a,nd if h is a homeomorphism
mapping M, into M,, then

(i) kb, (By,) < hy,(B,) for every index.n =1, 2‘,. vy
(ii) h(p) = p for every point peJ.
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Proof. It follows by our hypotheses that ¥ coincides with the set
of points at which M, has dimension 2, and also with the set of points
at which M, has dimension 2. We infer that » maps every component
of Y into a component of Y. It follows by (6.2) that for everyn =1, 2, ...
there exists a natural m such that h(h (Bn)) < hy(B,,). If we recall that
none of the sets B, is homeomorphic to a subset of another of these sets, .
we conclude that n = m. Hence '

h(hn(By)) < ha(B,) for every n =1,2,...

It remains to apply (6.3) in order to complete the proof of Lemma (6.4).

Jwa ] v lwl ' IW5 Wa !

Fig. 12

Proof of Theorem (6.1). In order to prove that X has an infinite
collection of left r-neighbors, let us denote by X,,, for everyn =1, 2, ...,
the set which we get by removing from X the half-open segment consisting
of all points (w,, ¢, 0) with —1/n <t < 0. It is clear that X, is a retract
of the space X; hence .

(6.5) X,< X for every n =1,2,...

On the other hand, the set X is not homeomorphic to any subset
of the set X,,. In fact, if » were a homeomorphism of X into X,, then
we would infer by Lemma (6.4) (setting M, = X and M, = X,) that
h maps the point p,, = (w,,, 0, 0) .onto itself. But this is impossible, because
the order of this point in the space X is equal to 4, and in the space X,,
only to 3.

It follows by (6.5) that

(6.6) X, <X for every n =1,2,..
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By a quite analogous argument, we infer that
(6.7) For n + m the seis X, and X,, are r-distinet.
Now let us consider a space Z such that

(6.8) . X, <Z<X.

r

We can assume that Z < X. The inequality Z § X implies that Z is an
AR-set. If Z < X,,, then we infer that Z = X,. If, however, Z—X, +# 0,

then Z = (X, ~n Z) v J', where X, ~ Zis an AR-set and J' is a segment
made up of points (w,, t, 0) with s, < ¢ < 0, where s, is a number satisfying
the inequality —1/» < s, < 0. Since X, T< Z, there exists a homeomor-

phism ¢ mapping X, into Z. Applying Lemma (6.4), we infer by (i)

and (ii) that g maps every component of the set X,—J into itself and

that g(p) = p for every point p of the segment J. :
It follows that ¢ maps the set X, into the set Z ~ X,,. If we set

g'(p) =g(p) for every point peX,,

1
g (wu, t, 0) = (w,,—ns,t,0) for ——<t¢

n O’

N

we get a homeomorphism ¢’ mapping X into Z. It follows that X = Z.
! 4 -

Thus we have shown that (6.8) implies that X, =7 or X = Z.
r r

According to (6.6) and (6.7), we infer that the sets X,, X,,... are
r-distinet left r-neighbors of the set X.

It remains to prove that there exists a famjly consisting of 2
r-distinet AR-sets being right r-neighbors of the set X. Let ¢ be an irrational
number of the interval (0,1> and let J; denote the segment made up
"of all points (£, u,0) with —1 < u < 0. It is evident that the set X,
= X o J; is an AR-set such that X § X,;. Using the same argument

as in the first part of the proof, we show, step by step, that X < X, and

that for ; # 1, the spaces X; and X, are r-distinct. Also the proof that X;
is a right r-neighbor of X is quite analogous to the proof that X is a right
r-neighbor of the space X,. Since the parameter ¢ runs through all irra-
tional numbers of the interval <0,1), we conclude that the family {X,}
consists of 2% r-distinet AR-sets which are right r-neighbors of X. Thus
the proof of Theorem (6.1) is finished. '

Let us remark that the question whether there exists an AR-set
with 2% r-distinct left r-neighbors remains open.
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7. Dimension of r-neighbors. As we have seen (5.1), there exist right
r-neighbors of the segment with arbitrarily high dimension. Even among
AR-spaces there exist r-neighbors with distinct dimensions. For instance,
the segment and the space congisting of only one point, and also the disk
and the universal dendrite. However the question remains open whether
there exist two ANR-spaces X and Y which are r-neighbors such that

1< dimX <dimY,

and also the question whether there exist two ANR-spaces which are
r-neighbors such that their dimensions differ more than by one.
We have only (compare [64], p. 461) the following

(7.1) THEOREM. If X 48 an ANR-space containing the m-dimensional
cube Q" with n > 2, then the dimension of every r- fnezghbor Y of X
8 = n.

Proof. If Y X, then dimY > dimX}dimQ”—_—-n. ‘Hence we

can assume that Y is a retract of X and let r be a retraction of X to Y.
Let X, be a _component of X containing a subset @ homeomorphie to Q.
If X, ~ Y =0, then we select a point z,eX, and we see at once that
the set Z, = (#,) v Y satisfies the condition

Y<Z < X.
r r

contrary to the hypothesis that Y is an s-neighbor of X. Hence
X, ~ Y #£0. Now let us suppose that dimY < n. Then there exists
a set @, < @ —Y homeomorphic to Q™. By the Second Theorem on-Fami-
lies of ANR-sets (VI, (6.2)) there exists in @, an uncountable family {Y,}
of (n—1)-dimensional AR-sets such that for u # u' none (n—1)-dimensional
closed subset of Y, is topologically contained in Y. Since the dimension
of Y is less than »n, we infer, by the First Theorem on Families of ANR-sets
(V, (15.1)), that there is an index u, such that the set ¥, is not homeomor-
phlc to any subset of the space Y.

Now let us consider an arc L < X,_ such that L~ Y cons1sts of
only one point ¢ and L ~ Y, — of only one point b. By V,(2.9), the
set Z=Lou Y, is an AR and the set ¥ v Z — an ANR. Moreover, Y
is a retract of Y vZ,ie Y < YoUZ. Smce Z e AR, there exists a homo-

topy {¢} < ZZ such that (po is the identity, ¢, maps Z onto the point a
and ¢¢(a) = a for 0 <t < 1. Setting

() () for every point xeZ,
W) = R
& for every point z<Y,
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we get a homotopy {v} = (¥ u Z)¥*? joining the identity v, with the
map ¥,. Setting

v (2) = ryp,_y(@) for every point ze¥Y v Z and 0 <t <1,

we obtain a homotopy {w} < (¥ u Z)*-? joining the map w; = v,
with the map v, satisfying the condition

yi(x) = r(x) for every point xzcY u Z.

It follows that v, and y; are homotopic and that y; has a continuous
extension y,¢(Y w Z)* given by the formula w,(x) =r(x) for every
point zeX. Since Y u Z<¢ANR, we infer by IV, (8.3), that also v, has
a continuous extension w,e(Y u Z)*. Since y, is the identity, we infer
that y, is a retraction of X to ¥ u Z, whence Y v Z < X. Thus we have
shown that ’

Y<YouZ<X.
r r

But the set ¥, =« ¥ © Z is not homeomorphic to any subset of the set ¥,
and consequently the sets ¥ and Y o Z are r-distinct. Moreover,
dim(Y v Z) =n—1 < dimX, and consequently the sets X and Y v Z
are r-distinct. Thus we see that the space ¥ o Z lies r-between the sets
X and Y and therefore X and Y are not r-neighbors, contrary to our
hypothesis. Thus the proof of Theorem (7.1) is terminated.

Let us observe that Theorem (7.1) implies the following

(7.2) COROLLARY. No space Y has a right r-neighbor which is a polyhedron
of dimension greater than 2 and than dimY.

8. Index of r-proximity. The notion of r-neighbors allows to introduce
a notion, which may be usefull if one wants to measure how much the
topological properties of one space X differ from the topological proper-
ties of another space Y. A natural number » is said to be the index of
r-proximity ([61], p. 329) of two spaces X and Y with different r-types
provided that there exists a system of n+1, but not less, spaces X,, X,,...
...y X, such that X, = X, X,, = Y and that X; and X, , are r-neighbors
for © =0,1,...,n—1. If such a number » does not exist, then we say
that the index of r-proximity of X and Y is infinite. In the case X = Y

we define the index of r-proximity of X and Y as zero. It is plain that
the index of r-proximity is equal to 1 if and only if the spaces are r-neigh-
bors. The index of »-proximity of two dimensional sphere and the projective
plane is equal to 2, because one easily sees that the disk is a common
r-neighbor of these spaces. Unfortunately the cases where the index
of r-proximity is finite seem to be rather exceptional.
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Among many open problems concerning the index of r-proximity,
let us formulate the following ones:

(8.1) PROBLEM. Is the index of r-proximity of the 2- dzmefnswnal sphere 82
and of the torus T = 8* x 8* finite?

(8.2) PrOBLEM. Is the index of r-proximity of two AN R-sets, with d@ffermt
dimensions greater than 1, necessarily infinite?

(8.3) ProOBLEM. Is it true that the indew of r-proximity of two spaces
[oe] .
X, YeANR is = D |1pu(X)—pu(X)|? (pi(Z) denotes the k-dimen-
k=0

sional Betti number of Z).



CHAPTER IX

A REVIEW OF VARIOUS RESULTS AND PROBLEMS
OF THE THEORY OF RETRACTS

In Chapters I-VIII we intended to give an exposition of the theory
of retracts with a special stress on its geometrical aspeects (the theory
of AR-spaces and of ANR-spaces). However, many important topics
of the theory of retracts remained out of the scope. In the present chapter
we give a short review of those topics, without proofs. Moreover, in order
to give the more complete image of the present state of the theory of
retracts, we shall formulate some open problems belonging to this theory.
In conformity with the general trend of this book, we shall restrict our
attention to the problems with simple formulations and with a clear
geometric sense.

1. Modifications of the basic notions of the theory of retracts. Since
the geometric point of view dominated in this book, many important
notions concerning the extending of the theory of retracts to more general
spaces were omitted. The importance of sueh generalizations appears,
in the first line, in the theory of extension of maps and its applieations,
for instance, to the functional analysis. In particular, the notion of absolute
retracts and absolute neighborhood retracts limited at beginning to com-
pacta has been step by step generalized to metric separable spaces (by
K. Kuratowski 1935, [196], p. 270), to the completely regular spaces
(called also Tychonoff spaces) (by S. T. Hu 1947, [155], p. 1051), and
studied by several authors, in particular by R. H. Fox [125]. The case
of arbitrary Hausdorff spaces has been considered by W. C. Saalfrank
1949, [252] and the case of normal spaces by O. Hanner 1951, [142] and
by C. H. Dowker [99]. In 1952, 8. Saito has considered [255] the case
of locally compact Hausdorff spaces and C. H. Dowker [99] the case
of collectionwise normal spaces. In this book (Chapter IV) we have
limited our considerations only to the generalization of the theory of
absolute retracts and absolute neighborhood retracts to arbitrary metric
spaces, given by E. Michael 1953, [228] and developed by J. Dugundji
1958, [103]. Let us mention that a systematical exposition of various
generalizations of this theory is given in the paper of O. Hanner [144].

14
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Recently J. R. Isbell ([167] and [168]) has given a remarkable generaliza-
tion of the theory of retracts onto the case of uniform spaces. The retracts
and neighborhood retracts of the Tychonoff cube have been studied by
W. L. Strother and L. E. Ward, Jr., [272], and the retracts of totally
disconnected compact spaces by R. Sikorski [264] and by R. Engelking
[113]. Finally, let us mention a generalization of the notion of absolute
neighborhood retract onto the case of perfectly normal spaces (i.e. spaces
in which each closed set is a G;) given by B. H. McCandless [225] and [226].

In other direction go the studies of A. H. Kruse [192] concerning a
theory including the theory of CW-complexes (in the sense of J. H. C. White-
head [289]) and also the theory of absolute neighborhood retracts.
The basic notion of this theory is the notion of a retraction of a map,
which contains as a special case the usual notion of retraction of a space.
Several generalizations of the notion of absolute retract and of absolute
neighborhood retract for pairs of spaces were recently studied by M. Mo-
szynhska [234].

There exist various netions intimately related to the notion of retract.
First let us mention the notion of homology absolute retracts AHR and
of homology absolute neighborhood retract ANHR introduced by 8. Lef-
schetz[212]. These notions are useful in the theory of fixed points. Another
notion of homotopy absolute neighborhood retract ANHR, introduced by
A. F. Bartholomay [9] and generalized to compact Hausdorff spaces by
C. W. Saalfrank [253] and [254],-is strictly related to the notion of -maps,
a8 defined in I, Section 14. Finally, let us mention the notions of G-AR
"~ and G-ANR introduced by R.S. Polais in his paper [239] concerning the
theory of G-spaces, i.e. of completely regular spaces X with a fixed action
of a compact Lie groups G of homeomorphisms on X.

If one requires the existence of continuous extensions for maps
defined on closed subsets of some kind of spaces with values belonging
to another given space, one obtains various notions, as the notion of
a solid (N. Steenrod [268], p. b4, and O. Hanner [142], p. 375), of an
extension space ES(K) or of a neighborhood extension space NES(K) for
a given class of spaces & (O. Hanner [144]) or the notion of an absolute
extensor AE and of an absolute neighborhood extensor ANE for metrie
spaces (E. Michael [228] and Y. Kodama [181]). A systematic exposition
of the theory of extensors is given in the book by 8. T. Hu [162]. To such
notions belongs also the notion of the relation rintroduced by A.D. Wallace
[279]: Let X and Y be two spaces; then XY denotes that for every closed
subset 4 of X, every map f: A — Y has a continuous extension f: X — Y.
This notion makes it possible, for instance, to characterize AR-spaces
among all compacta Y of dimension < n as spaces satisfying the relation
Q"*'¢Y, where Q"' denotes the Huclidean (n--1)-ball. Some results
concerning the relation = are given in [199], [203] and in [171].
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A generalization of the notion of retraction based on the multi-
valued maps and the corresponding notion of M-refract was studied
by W. L. Strother [271]. Let us also mention the studies of R. J. Wille
[295] concerning a notion of weak retraction, less restrictive than the
usual one.

An other more geometric character has the ‘generalization of the
retraction given by H. Noguchi [237]. The aim of this generalization
is not to extend the notions of the theory of retracts to a more general
classes of spaces, or to consider instead of spaces some more general
categories (as done by A. H. Kruse [192] or by M. Moszyriska [234]),
but the replacing of the usual notion of retraction by a more general
notion of the approximative retraction. A subset X, of a metric space X
is said to be an e-refract of X provided that for every positive number &
there exists a map 7,: X — X, satisfying the condition ¢(z, r,(2)) <e
for every point x¢ X,. This notion leads in a natural manner to the notions
of the approximative AR-spaces and ANR-spaces. As it has been proved
by H. Noguchi [237], an important part of theorems of the theory of
retracts may be extended onto so modified notions. Another generaliza-
tion of the notion of retract and of retraction has been studied recently
by S. K. Hildebrand and D. E. Sanderson [145]. Instead of continuous
retraction one congiders more general class of connectedness retractions.
Some invariants of these generalized retractions are given.

Finally, let us mention some researches concerning retractions
restricted by some conditions, for instance the open non-alternating
retractions, i.e. such open maps f: X — ¥ which are retractions and
satisfy the condition that for eévery two points y,, y,¢Y the set f~(y,)
does not separate X between any two points belonging to f~*(y,). Such
retractions have been studied by G. T. Whyburn [293]. In the case of
vector spaces, the linear retractions are of a special interest. They have
been studied by M. Pavel [246]. A more general class of retractions,
satisfying some conditions analogous to the boundedness of the norm of
linear transformations has been studied by N. Aronszajn and P. Pa-
nitchpakdi [8], and also by B. Griinbaum [141]. .

2. Embedding problems. As we have seen (V, (6.1)), every compactum
can be completed to an AR-space by addition of an infinite (countable)
polytope. This result belongs to the theory of embedding. Some other
results belonging to this theory are: the construction of a 2-dimensional
AR-space which does not contain topologically any disk ([17], p. 164),
the existence of the universal dendrite [281], and the theorem that for
# > 1 an universal n-dimensional AR-set does not exist (VI, Theorem
(7.83)). Moreover, let us mention the following theorem on embedding
proved recently by H. Bothe ([80], p. 210):
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(2.1) THEOREM. For every n = 0,1,2, ... there exists (n-1)-dimensional
AR-space which contains topologically every metric separable space
of dimension < n.

The proof of this important theorem depends upon the eclassical
construction due to K. Menger [227] and G. Nobeling [238] of an n-dimen-
sional ecompactum X which contains topologically every metric separable
space of dimension < n. It has been shown by H. Bothe [80] that there
exigts an infinite (countable) (n-41)-dimensional polytope P sueh that
the set X v P is an AR- spa,ce, and consequently it satisfies the required
conditions.

An other recently obtamed result, concerning the embedding, is the
construection [15] of a 3-dimensional AR-space which does not contain
any disk.

Many problems of the theory of retracts, concerning the embedding,
remain open. Let us formulate some of them:

(2.2) PrOBLEM ([15], p. 174). Does there exist an ANR-space of a given
dimension w > 3, which does not contain any disk?

By VI, (6.2), there exists for every m-dimensional compa.cturh X
(m>1) an m-dimensional AR-set which does not contain topologically X.
However, the following problems remain open:

(2.3) PROBLEM. Qiven a compactum X of dimension m > 1. Does there
exist an ANR-space of a given dimension n >m which does not
- contain topologically the set X ?

(2.4) ProBLEM ([63], p. 52). Is every n-dimensional AR-space topologi-
cally contained in the Euclidean 2n-space?

Let us notice that the answer to (2.4) is positive for n = 1, because
1-dimensional AR-spaces are the same as the dendrites, and every dendrite
is topologically contained in the plane E-2.

(2.5) ProBLEM. Does there exist, for every n = 1,2, ..., an n-dimensional -
AR-space which is not contained topologically in the KEuclidean
(2n—1)-space?

Let us notice that the example of the triod (a union of three segments
with one common endpoint and with disjoint interiors) gives the positive
answer to (2.5) in the case n = 1.

(2.6) ProBLEM ([60], p. 107, and [276], p. 55). Is it true that every
n-dimensional ANR-space contains at least one (n—1)-dimensional
ANR-space?

It is clear that for » = 1,2 the angwer is positive. However, it is
plausible that the example constructed in [15] of a 3-dimensional AR-set
which does not contain any disk gives a'negative answer in the case n = 3.
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(2.7) PrOBLEM ([74], p. 98). Does there exist an infinite-dimensional
AR-space which does not contain cmy ANR-set of a finite dimension
greater than 1%

The problem of compactification belongs also to embedding problems.

It has been studied for absolute retracts and absolute neighborhood retracts

by R. Duda [101].

3. Problems on addition and matching. As it was shown (IV, (6.1))
the union of two ANR(IN)-sets (respectively of two AR(ON)-sets) with
common part being an ANR(IM)-set (respectively, an AR(IMN)-set)
is also an ANR(9N)-set (respectively an AR (IN)-set). A generalization
of this statement to the case of completely normal spaces is given by
K. Iseki [169]. As it has been shown by O. Hanner ([144], p. 350), the
analogous statement ceases to be true if we replace the class IM of all
metric spaces by the class of all compact Hausdorff spaces. On the other
hand, there exist theorems on addition of a much more general charac-
ter. In particular, Y. Kodama (1956, [182], p. 122) has shown that if &
is the class of all collectionwise normal spaces (in the sense of R. H. Bing
[13], p. 176), and if {X,} is a locally finite and star-finite covering of a space

, % _

X such that for every finite system of indices uy, us, ..., ur the set (M) X,
i=1

is an ANR(R)-set, then the space X is also an ANR(K)-set. In the same

paper, Y. Kodama proves a similar proposition concerning the case where

R is the class of spaces which satisfy both following conditions: complete

~ normality and full normality. Some related questions are considered also
in [181] and [182].

An operation more general than the addition is the operation of
matching considered in V, Section 9. A far reaching generalization of
Theorem (9.1) has been given recently by A. Lelek ([215], p. 225) for
spaces of finite dimension. The most important case of the theorem of
Lelek may be formulated as follows:

(3.1) THEOREM. Let X be an ANR-space and {X;} a sequence of disjoint
: AR-sets lying in X. Let f be a map of X onlo a finite-dimensional
compactum Y such that the sels f(X—DXi),f(Xl), f(Xy), ... are
disjoint and their diameters converge z; zero. If the restriction
ﬂ(X-—iGl X;) is a homeomorphism and if f(X;)eAR fori =1,2,...,

then Ye<ANR.

The proof of this theorem is based on V, (12.1). Theorem (3.1), as
well as Theorem V, (12.1), belongs to the category of theorems on the
decompositions of ANR-spaces into ANR-sets. Some other theorems
of this kind have been given by E. E. Floyd [118], [119] and [120].
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The following problems remain open:

(3.2) PrROBLEM. Does Theorem (3.1) remain true without the hypothesis
of the finite dimension?

(3.3) PrROBLEM. Is it true that the decomposition space of an upper semi-
continuous decomposition of a space XeANR (or of XeAR) inio
acyclic elements is an ANR-space (or an AR-space)?

Problem (3.3) remains open even in the special case, where the
decomposition contains only one non-degenerate element (i.e., an element
consisting of many points). _ '

There exist several theorems concerning upper semicontinuous
decompositions of some special spaces. The oldest of them is a theorem
of R. L. Moore (see, for instance, [203], p. 380) that the decomposition
space of every upper semicontinuous decomposition of the Euclidean plane
E? into acyclic compacta is homeomorphic with E2. Let us mention here
theorem of J. J. Andrews and M. L. Curtis [5], generalized by D. S. Gillman
and J. M. Martin [138]; that the Cartesian product of E* by the decompo-
.sition space of every decomposition of E" into a simple arc and individual
points is homeomorphic to E**', and an analogous theorem of K. W. Kwun
and F. Raymond [206] that the Cartesian product of the disk @2 by the
decomposition space of the decomposition of the Euclidean n-ball Q"
into & simple arc lying in the interior of Q™ and into individual points
is homeomorphic to Q"2 Let us mention also a theorem of K. W. Kwun
concerning decompositions of the n-dimensional sphere 8" into AR-sets
satisfying some special conditions [205].

The upper semicontinuous decompositions in which each element
contains at most two points have been studied by several authors [78],
[172], [259]. If the diameters of all non-degenerated elements of such
a decomposition are greater than a positive constant, then the decom-
position space obtained that way from an ANR-space is necessarily
an ANR-space. Some more precise results are given in [172]. '

4. Various operations on AR’s and ANR’s. We have already con-
sidered several operations on the absolute retracts and on the absolute
neighborhood retracts: the addition (IV, Section 6), the Cartesian product
(IV, Section 7), the bundle space (IV, Section 10), the matching (V, Sec-
tion 9), the upper semicontinuous decomposition (V, Section 12) and the
funectional space (IV, Section 5). Now let us mention the operation which
assigns to every metric space X the space 2X consisting of all non-empty
compacta lying in X with the distance given by the formula of Hausdorff

¢(4, B) = Max [Sup ¢(w, B); Sup o(x, 4)].
Ted xeB
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Let us mention the interesting result of M. Wojdyslawski ([296], p. 190) |
that in the case where X is a locally connected continuum 2% is an AR-set.
Some results in this direction are obtained also by L. F. Foulis [121].

(4.1) ProBLEM. Is it true that for every metric complete, connected and
locally connected space X the set 2% is an AR (IN)?

Given a natural number n, let us denote by X™ the subset of the
space 2% consisting of all non-empty subsets of X c¢ontaining at most =
points. The sets X", called also symmetric n potences of the space X,
have been studied by several authors ([79], [81], [134], [229]). In parti-
cular, it was shown ([134], p. 315) that if X<cANR, then X™¢ANR and
if XeAR, then X™cAR.

(4.2) PrOBLEM. Is it true that X< ANR(IR) implies that X™ e ANR (M)
and X< AR (M) implies that X" AR(M)?

5. Dimension of ANR-spaces. As it was shown (VII, Section 9), the
modular dimensions of compacta satisfying Condition (A) are equal to
the usual one. On the other hand, we know that there exist AR-spaces
with singularity of Peano, and we know (VII, (3.7)) that such spaces
lack property (A). Thus it' arises the following

(5.1) PROBLEM. Is it true that for ANR-spaces the modular dimensions
are equal to the usual one? '

As yet it is only known ([27], p. 376) that for every n-dimensional
ANR-space X there exists a natural m > 2 such that the dimension
of X modulo m is equal to . :

As we have already noticed, the dimension modulo a prime number
p of the Cartesian product of two compacta is equal to the sum of dimen-
sions modulo p of these compacta ([248], p. 1106). Consequently the
affirmative answer to Problem (5.1) would give also the affirmative
answer to the following

(5.2) PRrROBLEM. Is it true that the equality dim X XY = dim X+ dimY
holds for spaces X, Ye ANR?

Only some partial results concerning this problem have been obtained
by Y. Kodama [185] and [186], but the general pfoblem remains still
open. ‘ -

In other direction go the studies concerning the dimension of images
of ANR-sets by continuous maps with inverse images of points consisting
of at most two points. In particular, it has been proved by K. Sieklucki
(not published yet) that: '
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(5.3) Iffis a map of a space X e ANR of dimension less than 2 onto a com-
pactum Y and if f~1(y) contains af most two points for every point
yeY, then dim f(X) = dim X.

(5.4) There exists a map f of a space X eAR of dimension 2 such that
f(y) contains at most two points for every pomt yef(X) and that
dimf(X) = 3.

6. AR-sets and ANR-sets in Euclidean spaces. As it was shown
(V, (2.20), and (2.21)), an ANR-set X lying in the Euclidean n-space E"
can decompose this space only into a finite number of components, and
if XeAR and » > 1, then E"—X is connected. Moreover, it was shown
(V, (14.1) and (13.1)) that for n = 2 the first condition characterizes
ANR-sets among all locally conneeted compacta lying in FE?, and the
second condition characterizes AR-sets among all non-empty locally
connected continua lying in E2. It is evident that the situation in Eucli-
dean spaces of higher dimensions is more complicated. In particular,
the following problem remains open:

(6.1) PROBLEM ({63], p. 52). Is it true that AR-sets lying in E® are identical
with the acyclic and locally contractible compacta lying in E3?%

The necessity of these conditions is obvious. It remains to show that
they are also sufficient. Let us notice that this is true in the case of poly-
hedra ([26], p. 73). It seems also interesting to study whether the homo-
topy condition of the local contractibility of the set X <= E?° can be repla-
ced here by the homology condition that every infinite cycle having
a carrier X, < X with a diameter sufficiently small is homologous to zero
in a subset of X with arbitrarily small diameter.

The homology properties of the complement E"—X of an ANR-set
lying in the space E™ have been studied by G. Chogoshvili [86]. Also the
notion of the transverse sets belong to the domain of this set of problems.
Let A and B be two compact, disjoint subsets of E". The set B is said
to be transverse to A provided that A is a retract of K" —B. Some results
concerning this notion are given in [75] and [42]. Also the more delicate
question, when A is a deformation retract of E"—B, has been studied
in [75] in the special case where A and B are simple closed polygons lying
in E3. See also [5*], [88], p. 62, [108] and [110]. The deformation retracts
of some plane sets have been studied also by M. Wojdystawski [297].
Finally, let us mention an interesting result of S. Xiojasiewicz [221] that
every subset of E" 2iven by an equation f(x) = 0, where f is an analytic
function defined in an open subset of E", is a deformation retract of some
of its mneighborhoods. A generalization of the notion of deformation
retract is given by M. C. McCard [226*].

(6.2) PrOBLEM. Is it true that for every ANR-set X < E" there exists an
ANR-set Y = E" such that each of the X, Y is iransverse to the other?
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(6.3) PROBLEM. Is it true that every curvilinear polyhedron A < E* having
arbitrary small neighborhoods for which it is a deformation retract
is tame (i.e. that there exists a homeomorphism mapping E" onto
itself, and A onto a rectilinear polyhedron)?

To the domain of this set of problems belong also some theorems
concerning some analogies between the properties of polyhedra and of
ANR-sets lying in Euclidean spaces [21]. Actually, if Xe ANR lies in the
space E", then its boundary ¥ = X ~ F*—X is locally connected, and
for every point y of Y lying on the boundary of a component @ of the set
E"—X there exists a simple arc L such that y is one of its endpoints
and L—(y) = G.

7. Some homotopy invariants. By the category of a space X one under-
stands [123] the least number of open sets which are contractible in X
and constitute a covering of X. The theory of this invariant (and also
of some invariants of a similar character, as strong category, n-dimensional
category, homology category), introduced by L. Lusternik and L. Schnirel-
mann for manifolds in conneection with their studies on calculus of varia-
tion in the large, has been carried over to the case of ANR-spaces [36]
and developped largely by R. H. Fox [122], [123], and [124]. Some special
results belonging to this theory are given also in [25], [29], [31], [32],
[40], [106], [107], [108].

8. Decompositions of ANR-spaces into Cartesian products. A topo-
logical property («) is said to be multiplicative (compare VII, Section 5)
provided that for every two spaces X, X, with the property («) their
Cartesian product X, X X, has also this property. A topological property
(o) is said to be factorisable, when both spaces X; and X, have the property
(«) if X, x X, has it.

As it was shown in IV, Section 7, the properties AR(N) and
ANR (M) are multiplicative and factorisable, and in V, Section 2, an
analogous proposition was proved for properties AR and ANR. Moreover,
in VII, Section 5, it was proved that condition (A) is multiplicative,
and in VII, Section 10, an analogous statement was proved concerning
Condition (I'). The following problems remain open:

(8.1) PrROBLEM. Is condition (A) factorisable?

(8.2) PrROBLEM. Is condition (I') factorisable?

(8.3) PROBLEM. Are the singularities of Peano, of Brouwer and of Mazur-
kiewicz multiplicative?

As we have already defined in I, Section 1, a system {X,}, uelM,
of spaces is said to be a Cartesian decomposition of a space X provided
that X is homeomorphic to the Cartesian product P X,. A space X is

. peM
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said to be prime if it contains at least two points and if there does not
exist a Cartesian decomposition of it with at least two factors, each
containing at least two points. Two Cartesian decompositions {X,},
ueM, and {Y,}, veN, of a space X are said to be equivalent provided that
there exists a one-to-one function ¢ transforming M onto N and such that
for every ue<M the space X, is homeomorphic to the space Y-

There exist various examples of ANR-spaces with many non-equi-
valent Cartesian decompositions into prime factors [286], p. 827, [130],
[53], [14]. As it was proved by V. Poenaru [247], there exist also many
non-equivalent Cartesian decompositions into prime factors of the Eueli-
dean b5-dimensional cube 3. Moreover, there exist also factors of cube
Q" (for n > 4) which are not polyhedra [206], but each one- or two-dimen-
sional factor of a polyhedron is a polyhedron ([188], p. 325). Moreover,
it is known that all Cartesian decompositions of a polyhedron into prime
factors of dimension <1 are equivalent ([44], p. 139). Also all Cartesian
decompositions of a compact manifold into one-dimensional and two-
dimensional prime factors are equivalent ([46], p. 296) and so are all
decompositions of Euclidean cubes of dimension 3 [273] and 4 [14].
Recently H. Patkowska has shown [240], [241], and [242] that all Carte-
sian decompositions of ANR-spaces into prime factors of dimensions less
than 2 are equivalent. Some other results concerning these questions
are given in [54], [130] and [131].

A natural generalization of the decomposition into Cartesian product
is the notion of fibering. As it was shown by M, Pavel [244], the base
of a fibering of an ANR-gpace is necessarily an ANR-space. The theory
of fiberings, in which all fibers are ANR-spaces, has been developped
by W. Hurewicz and N. E. Steenrod [165], by E. H. Spanier and J. H. C.
Whitehead [267], and by E. Eckmann [105]. See also R. H. Fox [127]
and [128], 8. T. Hu [159], and E. R. Fadell [116].

9. ANR-spaces and polyhedra. In V, Section 4, we established a theo-
Tem concerning a relation between the notion of the ANR-space (belonging
to the general topology) and the notion of polyhedron (belonging to the
elementary geometry). As a corollary to this theorem, it was shown that
for every ANR-space X there exists a polyhedron P which dominates
homotopically over X. Let us formulate the following

(9.1) ProBLEM. Does there ewist for every ANR-space X a polyhedron
P which has the same homotopy type as X%

We have already mentioned (VII, Section 14) that this problem has
been solved affirmatively for simply connected spaces by C. B. De Lyra
[96].

Let us notice that for a given ANR-space X there needs not exist
a polyhedron having the same r-type as X. For instance, theére exists
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for a dendrite D a polyhedron of the same r-type only if D itself is a poly-
hedron (a tree). The class of all ANR-spaces with 7- types of polyhedra,
has never been systematically studied.

10. Problems of metrization. As it was shown by K. Kuratowski

[198], a closed subset A of a metric space X is a retract of X if and only
if there exists such a metrization of X that for every point weX there
is exactly one point f(z)e4, so that o{x, f(x)) = ¢(x, A). See also W. Nitka
[235].
' The theory of absolute retracts and absolute neighborhood retracts
is related to various other problems of metrization. As we have shown in
IV, Section 2 and Section 3, the AR (9N)-spaces are identical with r-images
of convex subsets of linear, normed spaces, and the ANR (9)-spaces
are identical with r-images of open subsets of convex subsets of linear,
normed spaces.

The notion of convex subset of the Hilbert space can be generalized as
follows: a metric ¢ defined in a space X is said to be strongly convex pro-
vided that for every two points x,, #, of X there exists only one center,
i.e. only one point wyeX such that p(x,, ;) = (%, ) = % (2, 2,).
It is well known that if X is a strongly convex compactum, then for.
- every two points x,, z,eX and for every 0 <? <1 there is in X only
one point ¢{x, x,,*) such that '

9(“717 @ (@1, g,y t)) = (1—1%)- o(@1, 2,),
Q(w27¢(w1yw2a t)) =t 0@y, 3),

and that the point ¢(x,, #s, t) depends continuously on ,, 2, and t. If we
select a fixed point x,¢X then setting fi(x) = ¢(x,, x, t) for every point
zeX, and for 0 <t <1, we get a homotopy {f;} which contracts the
space X to the point x,, so that every sufficiently small neighborhood of ,
is contracted to x, in an arbitrarily given neighborhood of x,. Consequen-
tly, a compactum which can be metrized in a strongly convex manner is
contractible in itself and locally contractible. It follows by V, (10.5),
that finite-dimensional compacta, metrizable in a strongly COnvex manner
are AR-sets.

A metric g defined in a space X is said to be locally strongly convex
provided that every point w,eX has a neighborhood U such that, for
every pair of points «,, x,¢U, there exists in X only one center of the
pair x;, z,. We see at once that a compactum metrizable in a locally
strongly convex manner is locally contractible, and if its dimension is
finite, it is an ANR-space.

(10.1) PROBLEM. Is ¢t true that every strongly convex compactum is an
AR-space and every locally strongly convexr compactum is an
ANR-space?
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Let us observe that there exist ANR-spaces which cannot be metrized
in a locally strongly convex manner. In fact, one sees readily that a locally
strongly convex compactum can be represented as the union of a finite
number of arbitrarily small contractible compacta (actually, of closed
balls with sufficiently small radii) and there exist, as we have seen in
VI, Section 4, 2-dimensional AR-spaces for which a such decomposition
is impossible. Moreover, there exist already 2-dimensional polyhedra,
that are AR-sets, for which a strongly convex metrization is impossible
[260]. However, for every 2-dimensional polyhedron there exists a locally
strongly convex metrization [62].

(10.2) ProBLEM. Is 4t true that every polyhedron has a locally strongly
convex metrization?

11. Hyperspaces of ANR-spaces. The collection of all non-empty
compacta lying in a space X can be considered as a space 2X metrized by
the known formula of Hausdorff. It is clear that topological properties
of compacta belonging to 2% and being arbitrarily close may be
quite different. 1t arises the problem to introduce a metric in the collec-
tion of compacta lying in a given space X such that the compacta, which
are within a sufficiently small distance of each other, have close topolo-
gical properties, or — more exactly — that the topological properties
of compacta. belonging to a convergent sequence would allow to determine
the topological properties of the limit. This, and similar problems have
been considered by several authors (S. Mazurkiewicz 1935 [223], G. T. Why-
burn 1935 [291] and [292], E. G. Begle 1944 [11], P. A. White 1944 [284],
M. L. Curtis 1953 [89]). In particular, the problem to define the distance
of ANR-sets in such a manner that the homotopy properties of suffi-
ciently close sets are similar, has been considered in [55]. Actually a metric
(called homotopy metric o) was defined in the collection of all non-empty
ANR-sets lying in a given compactum X so that the space 27 obtained
is complete and the homotopy type of ANR-sets is invariant under the
limit operation. If X is a finitely dimensional compactum, then the topology
of the space 2; can be characterized by the condition that a sequence A,
of ANR-sets lying in X converges to an ANR-set A < X if and only if
the Hausdorff distances o(4,, 4) converge to zero and, moreover, the sets
A, are equally locally contractible, which means that for every positive
number ¢ there exists a positive number 5 such that every subset Z of 4,,
-with diameter less than 7, is contractible in a subset of 4, with diameter
less than ¢ for every n =1, 2, ... _

Since the space 25 is complete, one may expect that it can be usefull
in proving the existence of some types of ANR-sets by means of the classi-
cal theorems of Baire on the sets of the first category in complete spaces.
However, heretofore no' such application of the space 27 has been given,
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Another metric for the class of all non-empty compacta lying in
a metrie space X is the metric of continuity o, [65]. The distance ¢,(4, B)
of two compacta 4, B = X is defined as the greatest lower bound of the
numbers d such that there exist a map ¢: 4 — B and a map v: B— A
such that

olx, p(@))

< d for every point zed,
elz, p(@) <d

for every point zeB.

This way we get a metric space which we denote by 2. Some results
coneerning this space are obtained by J. De Groot [140] and T. Ganea [135].
To this scope belongs also a theorem of M. Pavel that an ANR-space
which can be mapped onto an AR-set by a map with arbitrarily small
diameters of inverse images of points is necessarily an AR-space [243].
A gystematical study of relations between properties of two quasi-homeo-
morphic spaces (it means, such spaces that for every ¢ > 0 each of them
can be mapped onto another with diameters of inverse images of points
< ¢) was started in 1933 by Kuratowski and Ulam [204]. In particular,
the case of spaces quasi-homeomorphic with ANR’s has been studied
in [45], [136] and [137]. Let us mention here a remarkable theorem of
S. Eilenberg [109] that, for every X<ANR and every ¢ > 0, there exists
an 5 > 0 such that, for every map f of X onto another space Y with
diameters of inverse images f~1(y) less than #, there exists a map ¢: ¥ — X
satisfying the condition o(pf(2), #) < & for every point zeX..

Some other metrizations of the class of subsets of a given space,
concerning ingtead of ANR-spaces the LC"-spaces, have been introduced
by K. Kuratowski [201]. _

Among many questions concerning the space 27, let us formulate
two following problems:

(11.1) ProBLEM. Let X be a polyhedron. Is it true that the class of all
polyhedra lying in X is dense in 259 What is the category (in the
sense of Baire) of this class?

(11.2) PROBLEM. Let X = Q™ be an n-dimensional BEuclidean cube. What
is the category (in the sense of Baire) in the space 25, of the collection
of all ANR-sets lying in Q" and having the singularity of Peano,
the singularity of Browwer or of Mazurkiewicz, respectively?

12. Problems of classification of ANR-spaces. A basic problem in
the theory of r-types is the following

- (12.1) PROBLEM. Is it true that two r-equal ANR-spaces are mecessarily
of the same homotopy type?

It should be mentioned that the analogous question for ANR (ON)-spa-
ces has been negatively solved by T. E. Stewart [269].
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The partial order of r-types given by the relation 5 has been not
much studied. Some results concerning this partial ordering were ‘given
in Chapter VIII. Let us mention a result due to K. Sieklucki [261], that
there exists a family consisting of 2% dendrites ordered by the relation
< similarly to the segment <0, 1).

The notion of r-neighbors leads to many open problems. Let us for-
mulate several of them: :

(12.2) PrOBLEM. Is it true that the number of different r-types of left
r-netghbors of a given polyhedron is always finite?

(12.3) PrOBLEM. Is 4t true. that the number of different r-types among
ANR-sets being right r-neighbors of a given polyhedron is always
finite?

(12.4) PrOBLEM. Does there exist for every polyhedron P a polyhedron
of the same homotopy type which is & right r-neighbor of P?%

(12.5) PROBLEM. Does there exist for every ANR-set X an ANR-set
of the same homotopy type, which is a right r-neighbor of X %

The following notion, intimately related to the notion of r-neighbor,
has been studied by A. Trybulec [275]. Let {X;} be an r-increasing
sequence of spaces and X a space satisfying two conditions: -

(i) Xp< X for k=1,2,
(ii) There is no space Y such that X; <Y < X for kF=1,2,

Then the space X is said to be r-accessible from the left by the sequence
{Xx}. In a similar manner one introduces the notion of a space r-accessible
from the right by an r-decreasing sequence of spaces. There exist r-different
spaces r-accessible from the left (or from the right) by the same r-increasing
(or r-decreasing) sequence (see [275]). Among many open: “problems
concerning these notions, let us formulate the following one:

(12.6) PROBLEM. Does there exists a polyhedron r-accessible from the
left (or from the right) by a sequence of polyhedra?

As the notion of the r-domination leads to the r-classification of
ANR-spaces, so the notion of the h-domination (I, Section 14) induces
a classification of ANR-spaces into h-types, where two ANR-spaces belong
to the same h-type if and only if each of them h-dominates the other
(compare [9] and [253]). Evidently, two r-equal spaces.are necessarily
of the same h-type, and also two spaces of the same homotopy type (in
the sense of Hurewicz) are necessarily of the same h-type. Let us recall
that two spaces X and Y are said to be of the same homotopy type
(I, Section 14) if there exist two maps

fi X—-Y and ¢:Y->X,
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called homotopy equivalences, such that both maps gf: X - X and
fg: Y — Y are homotopic to the identities.

As . we know (II, Section 7), a homotopy eqmvalenee f induces an
isemorphism f, of the homotopy group =,(X) onto =,(Y) for every
n=1,2,... By a result of J. H. C. Whitehead ([289], p. 1133), if X
and Y are connected ANR-spaces, then the converse is also true. More-
over, if for connected ANR-spaces X and Y the fundamental groups =, (X)
and n,(Y) are trivial, then a map f: X — Y is a homotopy equivalence
if and only if it induces an isomorphism of the Betti group H,(X) onto
H,(Y) for every n = 2,3,... ([288], p. 1135). The homotopy type
of OW-complexes was studied also by J. H. C. Whitehead ([285],
p. 277).

The following problem remains open:

(12.7) ProOBLEM. Is it true that two ANR-spaces of the same h-type are
necessarily of the same homotopy type?

This problem is intimately related to the theory of homotopy types
‘a8 developped by M. M. Postnikov [249].
If Y h-dominates X but the converse is false, then we write X <X ¥

and thus we get a relation 5 which partially orders the collection of
all spaces, and also the collection of all h-types. This relation leads in
a natural way to many notions such as: h-minorant, h-majorant, left
h-neighbor and right h-neighbor, index of h-proximity and so on. Among
many open problems concerning these notions, let us mention the following
one:

(1258) PrROBLEM. Do there exist two ANR-spaces for which the index of
h-proximity s infinite?

13. Problem of elimination of singularities. The notion of ANR-spaces
is based only on notions of general topology (metrizability, compactness,
extension of maps). The class of polyhedra, defined in a constructive way
by means of the elementary geometry, is contained in the class of
ANR-spaces. We know that the ANR-spaces show much similarity to
polyhedra; however, as it was shown in Chapter VI, among ANR-spaces
there exist topological phenomena which are impossible for polyhedra.
Thus, between the notion of ANR-spaces and the notion of polyhedra
there is a gap difficult to bridge. Some light onto the nature of these
difficulties is thrown by remarks given in VI, Section 6, from which it
follows that the polyhedra constitute a rather exceptional kind
of ANR-spaces. The problem of a characterization of polyhedra among
all ANR-spaces by topological means has been solved only in the 2-dimen-
sional case by A. Kosinski ([187] and [190]). In the case of higher dimen-
sioy, this problem seems to be very difficult although not very important,
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because the class of curvilinear polyhedra seems to be too narrow, even
from the point of view of geometric topology.

Perhaps it would be more important to distinguish among all
ANR-spaces, by topological means, a special class of spaces sufficiently
general to include all polyhedra, but special enough to eliminate any
space with much too paradoxical properties (compare [50], [51], and
[566]). In Chapter VII two conditions have been given (condition (A)
and condition (I")) such that if we add them to the conditions charac-
terizing the ANR-spaces, then we obtain a class of spaces containing all
polyhedra but free from™ several smgularltles We have established in
Chapter VII some theorems concerning the topological properties of
ANR-spaces satisfying condition (A) or condition (I'). Now let us mention
one more consequence of condition (A), namely the existence in every
ANR-space X satisfying (A), for every ¥k =0,1,..., of a homotopy
k-skeleton [65],-i.e. of a compactum X* of dimension < % such that every
compactum A < X of dimension < %k can be deformed, by a homotopy
in X, onto a subset of X*. The existence of homotopy k-skeletons
makes it possible to introduce for such spaces a kind of groups, called
generalized cohomotopy groups (see [66], [173] and [174]).

However, conditions (A) and (I') cannot be considered as final
solution of the problem of the elimination of singularities, because they
are rather “ad hoc” conditions, eliminating only singularities of a certain
kind: (A) eliminates the singularity of Peano, and (I') the singularity
of Mazurkiewicz and the relations between these conditions and other
singularities remain obscure In particular, the following problem remains
open:

(13.1) PROBLEM. Does there exist an ANR-space with the singularity of
Brouwer, satisfying both conditions (A) and (T')%

It should be mentioned that the notion of ANR-space is invariant
under r-maps, but no class of maps, more general than the class of homeo-
morphisms, is known, under which conditions (I') and (A) are invariant.
The problem of elimination of singularities may be formulated as follows:
(13.2) PROBLEM. Define a class @ of maps such that:

(a) D contains all homeomorphisms and is included in the class
of all r-maps.

(b) If the maps f: X - Y and g: Y —Z belong to D, then the
map gf: X — Z belongs to P. '

And define a class of spaces K such that: ,

(¢) K contains all polyhédra and is included in the class of all
ANR-spaces.

(d) & is multiplicative.
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(e) Every space belonging to K is free of the singularities of Peano,
Brouwer and M azurkiewicz together.

(£) K coincides wzth the class of all images of the infinite prisms
under the maps belonging to D.

There exist also other ways which make it perhaps possible to elimi-
nate reasonably the singularities. For instance, one can expect that the
closure of the subset of the space 2°° consisting of all polyhedra is a class
of compacta with topological properties close to the properties of poly-
hedra. But it is also possible that this class coincides with the class of all
ANR-spaces. An other class of spaces, which seems to be interesting from
the point of view of the elimination of singularities, is the class of such
compacta, which are metrizable in a locally strongly convex manner.

14. Fixed points in ANR-spaces. One of the most remarkable theorems
of the topology is the fixed point theorem of S. Lefschetz and H. Hopf.
In order to formulate it let us recall the notion of the trace of an endo-
morphism. .

An Abelian group AU is called a group with division provided that
for every element z¢2 and for every natural number m there is exactly

1
one element ye? such that my = x. One denotes this element y by %w,

k
and its multiple by an integer %k, by - . Thus, the linear combination

(14.1) W By +We ot ... F W, 2,

is uniquely defined for every system of elements z,, z,,. ,w,,é%[ and
for every system of rationals w,, w,, ..., w,.
Now let us assume that 2 has a flmte rational ba,ms, i.e. a finite

gystem of elements x,, «,,..., #, such that every element x¢¥% can be
uniquely represented as a linear combination of the form (14.1). If
f: AU

is an endomorphism (i.e. a homomorphism of 2 into itself), then
f(wi) = Wi, 1 Xy + Wi, 0@+ ... Wy a0, for ¢=1,2,...,n
One eagily proves that the number
n
Trace (f) = Zwi,;
=1

does not depend on the choice of the rational basis x,, #,,..., 2,. This
number is called the trace of the endomorphism f.
Now let us consider an ANR-space X and a map

f1 X-> X,

15
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and let f; denote the endomorphism of the homology group H;(X,R)
(where R is the group of rational numbers) induced by f. Applying
V, (4.6), we see at once that each of the groups H;(X,R) has a finite
rational base and that for almost all 7+ the group H;(X,R) is trivial.
It follows that all numbers Trace(f;) are defined and almost all of them
vanish. This makes it possible to assign to the map f a number A(f)
(called the Lefschetz number of the map f), given by the formula

Z ( 1) Trace (f;).

t=—1

The famous theorem of Lefschetz-Hopf (proved first by 8. Lefschetz
[208] for manifolds, and by H. Hopf [152] for polyhedra, and generalized
by S. Lefschetz [210] to all ANR-spaces) asserts that for every ANR-space
X and for every map f: X — X the condition A(f) # —1 implies that f
has a fixed point, i.e. a point x,¢ X such that f(x,) = =,.

In particular, if all Betti numbers of an ANR-space X vanish, then
all groups H, (X, R) are trivial and consequently X has the fixed point
property (as defined in I, Section 7), because for every map f: X - X
the Lefschetz number A(f) vanishes. Let us mention that the anal-
ogous proposition for arbitrary compacta (even for locally connected
continua) fails, because there exist, already in the space E3, locally con-
nected and acyclie continna, without the fixed point property [28] (see
also [178]).

Thus the application of the Lefschetz number to the theory of fixed
points cannot be extended from ANR-spaces to arbitrary -compacta.
Let us mention that there exist also other theorems on fixed points, in
which the hypothesis that the considered spaces are ANR’s seems to be
essential ([82],[114], [115], and [177]). In some cases the theory of fixed
points for ANR-spaces implies theorems on fixed points for some special
classes of spaces which are not ANR’s, but which are intimately related
to them (see [84], [85], [92], [93], [94], [145], and [224]).

15. Homotopy classification of maps into ANR-spaces. The classical
theorem of H. Hopf (II, (2.5)) permits to classify the homotopy classes
of maps of an n-dimensional compactum X into the n-dimensional Eucli-
dean sphere 8" by the homology properties of these maps. The more -
general problem of classification of the homotopy classes of maps of
a given compactum X into a given ANR-space Y is far more difficult.
It is strictly related to the general theory of homotopy invariants deve-
lopped by M. M. Postnikov [250], but it contains various special questions
which remain open. An important step in this direction was made by
S. T. Hu [158], who proved a generalization of Hopf theorem on the
case where X is a compactum of dimension < and Y is an ANR-space
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with trivial homotopy groups =;(Y) for ¥ =0,1,...,n—1. See also
.the paper [179] of Y. Kodama.

16. Colocalization of topological properties. Spheroidal spaces and
r-spaces. Given a topological property («), let us denote by () the
property defined as follows:

(16.1) A space X has the property S (a) at a point xeX provided that
every neighborhood U of x contains & nmeighborhood V of x such that
X —V has property (o). If X has the property S («) at every of iis
points, then X is said simply to have the property S (a).

We say that property £ (a) is the colocalization of property (o).

In some sense the colocalization is an operation opposite to the locali-
zation of topological properties. It is clear that if property («) has a local
character (that is, it depends.only on the properties of space in arbitrary,
small neighborhood of its points), then property #(«) (for spaces consist-
ing of many points) implies property («), but the converse is false. Thus,
if we set («) = ANR, then every space with property S (ANR) is an
ANR-space, but not every ANR-space has property # (ANR). For instance,
the property S (ANR) fails for 2-dimensional indecomposable ANR-space,
as it was mentioned at the end of Section 4, Chapter VI.

(16.2) PROBLEM. Is it true that the property 5 (ANR) implies condition (T')?

Spaces with property #(AR) are said to be spheroidal spaces ([24]
and [41]). Besides the Fuclidean spheres, the Hilbert cube @ belongs
to them, as it- follows by the topological homogeneity of Q“ proved by
0. H. Keller {175]. It is proved [41] that various topological properties
of spheres hold for all spheroidal spaces, and that spheroidal spaces of
dimensions 0,1, 2 are the same as Euclidean spheres of corresponding
dimensions. The following problem remains open:

(16.3) PROBLEM. Does there ewist a 3-dimensional spheroidal space which
i8 not a sphere?

By a remark due to T. Ganea, an analogous preblem for 4-dimensional
spheres has a positive answer. Actually, the space X defined as the sus-
pension ([148], p. 336) of a Poincaré sphere P (that is of a 3-dimensional
manifold P with non-trivial fundamental group, and with all homology
groups isomorphic to the corresponding groups of §%) is spheroidal, but
it is not a manifold. '

The theory of spheroidal spaces is closely related to the theory of
r-spaces introduced by A. Kosifiski ([189] and [191]). A finitely dimen-
sional compactum X is said to be r-space provided that every point xe X
has arbitrarily small neighborhoods U with the boundary U ~ X—TU,
which is a deformation retract of the set U —(y) for each point yeU.
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Manifestly, every manifold (in the classical sense) is an r-space. As it has
been shown by A. Kosinski ([189], p. 116), every connected r-space of
dimension < 2 is a manifold, and the r-spaces of dimensions greater than
2 show a far reaching similarity with manifolds. Many problems concerning
r-spaces are given in the papers of A. Kosinski [189] and [191]. See also
[207]. Several similar questions have been treated also by M. L. Curtis [90].
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