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PREFACE

Since the appearance of W. Hurewicz and H. Wallman's book '"Dimension Theory' in

- L

1 tne

velopmerts in dimension theory, especially

[y

i541 there have been remarkable de
theory for general metric spaces. Though the purpose of this book is to give a rather
brief account of modern dimension theory as it has been developed since 1941, the
principal results of the classical theory for separable merric spaces are also
included. Presupposing only some elementary mathematical knowledge, especially of
topology, we shall begin with a brief description of some necessary results in
general topology, emphasizing the modern development. No knowledge of dimension
theory is assumed, so that the beginning student will be able to read the book with-
out difficulty. However, to the reader whc only wishes to get a quick view of the
theory, we recommend Chapters I-IV. The author wishes to express his warmest thanks
to Prof. J. de Groot who suggested the writing of this book on this interesting
theory and helped him in all respects, to Dr. and Mrs, H, de Vries who carefully

read the manuscript, gave suggestions and corrected it, especially im its English
expression, and to Profs. M. Atsuji, K. Nagami, Y. Kodama and Prof. H. Tamano who
helped him in various respects. Without their valuable assistance, this book would

never have been written,

QOsaka
May, 1964 Jun-iti Nagata



PREFACE TO THE REVISED EDITION

This is a revised edition of Modern Dimension Theory published in 1964, from North
Holland Publishing Co. Since the original edition appeared seventeen years ago, there
have been remarkable developments in dimension theory, especially on non-metrizable
spaces. Thus a large scale of revisions and additions was made on the original rext.
For examples, Chapter VII (Dimension of non-metrizable spaces) was wholly rewritten,
and Chapter VI (Infinite-dimensional spaces) was greatly innovated by adding two new
sections. A new section on Fontrjagin-Schnirelmann's theorem was added to Chapter IV,
and sections IV-7 (dimension and ring) and V-3 (dimension and metric functien) were
also rewritten. Besides, many smaller revisions and additions both ia the contents
and descriptions would be found in the new edition,

The author wishes to conclude this preface with his heartfelt thanks to the
publisher, Heldermann Verlag and to those who pointed out errors in the original

edition and gave him various comments and suggestions.

Jun-iti Nagata



CHAPTER 1

INTRODUCTION

In this book we assume an elementary knowl

edge of general topology 1 | However. in
this chapter we shall give a quick review, without proofs, of some results, especially
from the theory of coverings. In recent years remarkable progress has been made in the
last mentioned field, and the reader might not be so familiar with the terminologies

and the theorems we shall need.

Let P be a topological space and U a collection of subsets of & . Throughout
this book we shall merely call such a collection of subsets of & a collection in
f . 1f U consists of finitely many (countably many. two) members, then U 1is called
a finite (countable, binary) collection . If every point of £ 1is covered by only

finitely many members of U ., then U 1is called a point-jinite collection . 1f every

peint r of F has a neighbourhood U(p) which intersects only finitely many
(countably many)} members of U , then U 1is called a locally finite (locally cournt-

able} collection . If every member U of U inrersects only finitely many members

of U, then U 1is called a gstar—finite collection . 1If for every subcollection V
of U

ui{v ve v = U(T!UE v}

' As books on general topology we may recommend, for example. P. Alexandroff -
H. Hopf [ 1], ¢. Kuratowski [2], J. W. Tukey [1], J. L. Relley [ 1], H. J. Kowalsky
[2], W. Franz [1], D. Bushaw [!], J. Dugundji [ 1], R. Engelking [!]. J. Nagata [8].
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holds, then U is called a closure-preserving collection, where [l denotes the

closure of U . It is easy to sce that every locally finite collection is closure-
preserving. In this connection we often use the fact that if F 1is a locally finite
collection of closed sets, then U'{F| FEF} 1s closed. A closure-preserving collec-
tion U 1is called gdiscrete if the closures of the members of U are disjoint, i.e.
if any two of them do not intersect. In other words U 1is discrete if and only if

each point of A& has a neighbourhood which intersects at most one member of U .

T
i

n

i can ha Adapam
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for locally finite (star-finite, discretes, etc.} collections Ui , then U 1is called
a 0 - locally finite (o - star—finite, G -discrete, ete.) collection.

U 1is called an open f(closed) collection if every member of U 1is an open (closed)

11 v use ba cymbal 111t a oA
y uUseé fne symoOl w.u to qe
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Let U and V be two collections. If for each U € U there exists V € V for
which U< ¥V , then we denote this relation by U < V and call U a refinement of V.

A collection U 1is called a covering if U{U|UEU}=R. In this book we are
often concerned with open coverings, coverings consisting of open sets. The other
attributes for collections are of course applicable to coverings too,

Frequently a collection will be indexed, e.g. U= { Uol a€A} . As far as possible

istinct indices

jo 8

it will be tacitly assumed that the indexing is faithful, i.e. that
denote distinct members of the collection. In construction starting from a faithfully
indexed collection, however, new collections may arise for which the indexing is
normally not faitliful. For an indexed collection it is sometimes useful to look at

the indices instead of considering the members of the collections themselves,

A) Let U = { Ual a € A} be a point-finite open covering of a normal space ° & .

-~ s . . ) T I | o ey =
lhen there exists an open covering V = { VD. | @& € AT such that VCI | =t UO. Ior every

a € 4, Generally a covering U = {Uh | @ € 4} is said to shrirk to (or to be shrunk to)
a covering V = { KJ! a €A} if V& c U: for all a € A , We may also say (less

frequently) that V shrinks U .

Definition 1. 1. Let R be a topological space. If for each open covering U of

R there exists a locally finite open (covering) refinement, i.,e. a locally finite

R R, R o PP [ I ¥ ] o A ~e 7
SULLS J' ng V S~ J , rgn wWe CUdd

R a paracompact space,

T

"~

In this book we mean by a normal space a normal 7, -space i.e, a normal space each
of whose points is closed. S5i ila ly every regular space will be a regular T, -

space in this book.



18 called a countably paracompact space.

If each open covering of a topological space R has a star—finite open (covering)
refinement, then we shall say that R has the star-finite property.

If every subspace of R is paracompact (normal, etc.), then R 1is called heredi-
tarily paracompact (normal, ete.).

If every closed set of a normal space R 18 a GG -set, them R 1is called

B) A T,-space R is hereditarily normal if and only if every subset of R is
normal. Equivalently, for amy subsets A , B of R satisfying ANB=¢ , ANB=¢
there exist open sets U and V¥ such that Uo4 , V>oB, UnNV=0 , where we can
select U and V so that UNVEANB .

Now, we shall fix various notations for collections U , V , Ua :

U={0lveut , Bru ={Bv)| veu,
where B(U}) denotes the boundary of U ,

uav-{uny|luveu, vevt,

| Y | ~ .1 rom | Y]
AllU (a€4)t =0 {Uu

1
!
a a'

a €AY |U_€u for each a € 41}.
a a

If U,V and U are coverings, then i, UaV and A{'Ua‘_la€A} are also
coverings.

We need further notations to be used in the theory of coverings. Let p, P and

U be a point, a set and a collection respectively, then

Stp,U) = 8'(p,) = U{u'p ev eutuip},

S(PU) = S'(Pu) = U{U|U €U, UnE£B}UP,

S'p,up = 55 T Yepur, wr, stpup = G s%p,u)
n=1

sie,u; = ses™ T Lep,ur, wi, sp,u) = u s5tp, Uy,
ne=l

ul - {s(p,u)ipe R}, TN AT

u* = {Su,ul v eul, ux < (U*)=,

A
If U is a covering, then U~ and U* are also coverings. It is clear that
Uetbeusecudd

C) A T, -space R is normal if and only if for every finite open covering U

there exists a finite open covering V such that V¥ < U .,
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Definition 1 2. Lot R bhe o T.-gnace
verinitiagn Le f vea l,-8pace. 1 ] very

exists an open covering V such that V*<U | then we call R a fully normal space.

Now we can formulats
NOW wWe Ca rormulate

Theorem 1. 1 (A. H. Stone's Theorem) ?. 4 T,~space R 18 fully normal 17 and
only i7 it is paracompact.

Loreiiary. Every metric space 1is paracompact.

Practically, the following theorem is proved in A. H. Stone (11.

L
-

Theorem 1.1', Let U, U
b

U>U*>U,>u*s,. - &+
1 2 2 ¥

LI B

Uy, .... be a sequence of open coverings such that

3]

hen at.y fimite open refinement. If U 1is a
tocally finite oper covering of a normal

covering V swuch that V*<U .

¥
space, then there is a locally finite open

[. 2. Metrization

'
Since one of tha ma
21lNiCe OoNe OI the ma

pte

n

‘1 e
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dimension theory for general metric spaces, in this section we shall give a brief
account of the theory of metric spaces and of metrization. In its methods the latter
has a close connection with modern dimension theory.

As is well-known a topological space A 1is called metrizable if one can introduce
a topology-preserving metric in R . As for necessarv and sufficient conditions for
a topological space to be metrizable the following classical theorem is still funda-

P N ]
+“

Heil

Theorem 1, 2 (Alexandroff-Uryschn's Metrization Theorem). A T. -space R 1s
metrizable i and only if there exists a sequence Ul > us > U2 > U3 > ... of oper
coverings U. such that { S(p,Ui)! i =1,2...} <is a netahbourhood basis for each

point p of R .

______ 1712 acwaad esha JEpES 1 P ey i
agreéegd L(nat an Oopel CoiLiection u

in a topological space R 1is
called an open basiz if for every neighbourhood V(p} of eve
there exists an element U of U such that p € Uc¥(p) .

In metric spaces 0 - locally finite open bases play a major role as indicated by the

following theorem.

> Concerning the proof see A. H. Stone [1], or J. Nagata [8].
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Theorem 1. 3 (N
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metrizabie if and only if there exists a o - locally finite open basis of R .

Corollary (Urysohn's Metrization Theorem). A second countable space is metrizable

if and only if it is regular, where we mean by a second countable space a topological

space which has a countable open bastis.

nn'c
oo

Theorem 1. 4 (B

" ey 1

-y

.
atrizsa A
el 1 &@ il Hown <iir «- A

tinn Thanram} °
el L] ’

i1f and only if there exists a o -discrete basis of R .

From now on throughout this section let us denote by R a metric space with the met-
ric pfz,y}. (Later we may use a symbol like <R,p> to emphasize that we consider
the metric space A together with the fixed metric n , especially when more than one

metric compatible with the topology of R are involved in the discussion.) An open

n i af 3
u Oor

4 e ~allad
" 15 ¢ai11ed

[

{S_(p}|peR }<u,
where SE(p) denotes the spherical neighbourhood of p with radius € , i.e.

Sc(p)={q| olp,g)<el .

a compact metric space is a uniform covering.

D a s ) - e
it ana oy mesn u

sup {8(U)})| UEU} for a collection U .:Let F' be a filter of R , i.e. F 1is a

nonvacuous collection which satisfies

(Ve €F, (2 F,GEF implies FNGEF, (3 G>F€F implies G € F .

~ o~ L

- A arie T ~ P SR I R P n . r L T 4
r evcLy e - U Lnere X1ls85LS an elicement r o7 r wil i &)

F
L

n

T
1

(14

o F} < e , then we
call F a Cauchy filter. Let F and G be two Cauchy filters of R . If for every
€ >0 there exist F € F and G € G such that &§(F UG) < € . then we call F and
G equivalient,

We can classify all Cauchy filters of R by this equivalence relation. Then we
denote by R* the set of all classes. Let a and b be two points of F* and let

F€a, GED. Then one can easily see that
p*(a,b) = sup {p(F,G)|FEF, CEG]

is uniquely determined by a and b , where
olF.G) = inf {p(r,y) |x € F, y €3}

One can also easily see that p*fa,b) gives a metric of RA* . If we identify each

point p of R with the class containing the Cauchy filter P = {F|p € F} ,’

“ Concerning the proof see J. Nagata [1], Yu. Smirnov [1]} or J. Nagata [8].

> See R, H. Bing [1] or J. Nagata [8].
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then R can be considered as a sub-metric space of the metric space &* .
It is easy to sce that HR* satisfies
i) R 1is dense in A* ,
ii) A* 1is a complete metric space i.e. every Cauchy filter of R* converges,
iii) every uniformly continuous mapping f of R into a complete metric space §

can be extended to a uniformly continuous mapping f* of R* into S, i.e.
flx) = f*(x} for € R .

This metric space R* 1is called the completion of the metric space R .

B) Let A be a subset of a metric space R.
We denote by A* the closure of A in the completion A* . Then A* consists of

all the classes which contain a filter F such that A4 € F .

C) In connection with B), let U = { UY Y €T} be a uniform covering of R :

then U' = { R*- R-—U$ iY €T} is a uniform covering of R* .

D) The completion of a totally bounded metric space is compact.

A metric space R is called totally bounded if for every € >0 the covering
{SE(I)leI?} has a finite subcovering. It is well known that a metric space is
compact if and only if it is complete and totally bounded, which implies the ahbove
proposition. It is .also well known that a metric space R 1is separable (i.e, it has
a countahble dense set) if and only if it is second countable if and only if one can.
introduce a totaiiy bounded metric onto § . As for compiete metric spaces the

following well-known theorem is also applicable in dimension theory.

Theorem 1. 5 (Baire's Theorem). let Uy s n=1,2,... be open dense subsets of
a complete metric space R . Then n:_, 7Y, ts also denge in R .
The Hilbert cube

Iw:{(.rl,xz,...)rl] ri] <1/t , 2=1,2,...)

is an important example of a compact metric space and accordingly of a separable

metric space.

E) A metric space R is separable if and only if R 1s homeomarphic to a sub-

Y

space of I .
Let us give another important example of a metric space. We denote by 1 a given

-~ -
i

cant A
SCL ail

[+9

Tar P v o L, = 1 \ sn
1€t iv = [+

) ~ ~ 2 1 P 3 P
L1174 - 1\u|,u2,...1;ukc HE‘, n I,L,n..J 3’ p\\ul,u.z,...),\

S
i

n hY
Inpzy'--}
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= 1/min { k| r_vk;fﬁk} for (r_tl,r_lz, L) ENKD (BI,.BZ.,HJFme We can easily
see that ¢ 1is a metric of #N(2) . This metric space N(R) 1is called a:

generalized Baire zero-dimensional space. We shall deal with this space again in
Chapter II1I.

¥) A metric space R has a 0 - star-finite open basis if and only if R 1is homeo-
. . Y] .
morphic to a subspace of a topological product WN(R) x [ for a suitable & , where

an open basis is called a 0 -star—finite open basis if it is the union of countably

many star-finite open coverings (due to K. Morita).

G) Every locally compact metric space has the star-finite property, and accordingly

a o-star-finite open basis.

I. 3. Mappings
r 7

The theory of mappings is also a powerful tool for dimension theory. Let g be a
continuous mapping of a topological space A into a topological space S . Let 7
be a continuous mapping of a subset 4 of & 1into S such that f(x)=g(x) for
every T€A . Then g 1s called a continuous extension of f over R, and f 1is
called the restriction of g to A , being denoted as f = g | A . We denote by
f: A+S a mapping f of 4 into §S.

Theorem 1. 6 (Urysohn's Lema). Let F and & be disjoint closed sets of a

normal space R ; then there exists a real-valued continuous function f such that
ftF) =0, flG) =1, 0 f<1I.

Throughout this book we shall mean by f(F}=a that f(p}=a for every point pE€F

Corallarv Lo+t F  am £ he Aie
Loragi: Y. Let ¢ G Dé 4are

Lo Lar st

Theorem 1. 7 (Tietze's Extension Theorem). Let f be a continuous mapping of a
closed subset F of a normal space R into the n-dimensiongl Euclidean cube "

Then there exists a continuous extenston g of f over R .

Corollar

Y] ot £ be a continuocue manmaing of a closed subse+ T af 2 normmnl grace
ry. Let  j Le 4 conLinuous mapping of 4 cLogseqd supser | o] a normal space
. n . . .
R into the n-sphere S . Then there exrists a continuous extension of f over an

open set U containing F .

Theorem 1. 8 (M. H. Stone-Gelfand-Silov's Approximation Theorem)®. Let C be a

ring of real-valued continuous functions of a compact T,-space R . Let C© satisfy
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i) every constant funotion belongs to C
1) for any distinct points p, q of R there exists ge€C such that gip) # glq) .
Then for any real-valued continuous functiom f of R and for any € > 0 there

exriats fc € ¢ which satisfies | flp) - f'efp) i< € forevery p€ R .

Theorem 1. 9 (A. H. Stone-Morita-Hanai's Theorem)®. Let f be a closed con-
tinuous mapping of a metric space R onto a topological space S (namely f maps
every clnsed set of R to a closed set of S ). Then S 1ie metrizable if and only
if B(f lty)) is compact for every y€ 5 .

1. 4. Dimension .

In their book published in 1941 NHurewicz and Wallman had to limit themselves to
separable metric spaces because it seemed impossible at that time to establish a
theory of dimension for more general spaces. However, such a2 more general theory has
been made possible by the developments in general topology which took place since 1948.
In 1948, A. H. Stone proved Theorem I.1 which was a considerable step forward in the

theory of

s
en cOavarIin
was i LUVRLaAx

ope verings especiall y of locall n vering
Furthermore Theorem I.3, which was developed from Theorem I.1, determined the impor-
tance of locally finite open coverings in gemeral metric spaces. Thus Theorem I.l made
an epoch not only for modern general topology but for modern dimension theory. On the
foundation of the developed covering theory for metric spaces, M. Kat¥tov [2] in
1952 and K. Morita [4] in 1954 independently succeeded in extending the principal
results of the classical dimension theory to general metric spaces and in proving

C snace =4 3
¢ Sspace fad « 2L

Tnd
atisd

LR o= Aim B for avary matri
(3 - LWL ~ & L3 N S 5

1l aim o fact that some of

ting
the results which have been established in dimension theory for general metric spaces
since Kat&tov-Morita's work are quite new even for separable metric spaces. We are
now inclined to think that we have obtained the final answers to the major problems
in dimension theory for general metric spaces, though a few questions remain, and

dimension theory for non-metrizable spaces has also greatly developed in these years.

The most important dimension functions for general metric spaces are covering (or Lebesgue)
dimension dimB and strong inductive (or large tnductive or Cech) dimension IndR.

Definition I, 3. let U be a collection in a topological space R and p a
point of % . Then we mean by the order of U at p the number of members of U
which rontain p , and we denote it by ordp U . If there extist infinitely many such

nembers, then ordp Us+o,

For a prnof see J. Nagata [81].

As for historical review on concepts of dimension as "(‘:11 as the earlier dé‘:VE}.GP’ﬂEﬁtS
of dimension theory see W. Hurewicz and H. Wallman [1], Alexandroff [6], and
also S. P. 2ervos [1]. For modern developments, see J. Nagata [91. [10], [11].

The definitions of dim # and Ind F will be found in Definitions 1.4 and 1.5,
respectively.



The order of U will be the supremum of ord U and be denoted by ord U

ord U = sup {ordeIpER} .

Definition 1. 4. If for any finite open covering U of a topological space 7

ihoava prrate am Ow AN DOV i guch tha ) « I ord UV ¢ n + 1 thern R hoe
[ LR =¥ 4 -4 el A LA i i A rd S L PANS TS W - v ~ ol 3 -~ b - e - ] L 1 = s ¥ ey

< , dimR=n 1Ff 7t
18 true that dim R < n and ¢t is false that dimR < n -1 . If dimR<n ts
false for each integer n , then dim R = + @ . We define that dimd = - 1.

coverting dimension n,dim R < n . R bhas covering dimension n

Definition 1. 4'. If we replace 'open covering' in Definition I.4 with 'finite
functionally open covering', then we obtain the definition of Kat&tov-Smirnov covering

eY 174 N 24 ae rmalled Punnasrennallu open or a cozero aot 2L for
L= 4 w VJ -k [2~=] wia b v J“'WUUV'MVV: tl l N b - o o J -

some real-valued continuous function f defined on R U={zx€ R| f(xr) $0}). The
complement of a functionally open set is called funetionally closed or a zero set.

It 18 easy to see that Katétov-Smirnov dimension coincides with Lebesgue dimenrstor iF
the space is normal. In this book, dim R means Lebesgue dimension unless otherwise
specified. In a Tychonoff space X the Katdtov-Smirnov dimension of X ts dim EX

where 8X denotes the Stone-Cech compactification of X .

Definition 1. 5. 1) A topological space R has strong inductive dimenston - 1
Ind R=-1,1%f R=9.

tt) If for any disjoint closed sets F and G of a topological space R there
exists an open set U such that FS U< R-G, Ind B(U)<n-1, then R has
strong inductive dimension < n , Ind R < n .
If it 78 true that 1Ind R < n and it is false that Ind R < n -1, then Ind R = n .

1

If Ind R < n 15 false for each n , then Ind § = + = ,
—

The following notion of weak inductive (or small inductive or Uryso h.;!—!-,fem;er) di-

menston is no longer so important as the preceding two notions, because as proved by
P. Roy, it is not equivalent to the preceding dimensions for general metric spaces
(though it is for separable metric spaces), and because some basic properties

required for dimension are not possessed by this dimension function.

Definition 1. 6. ) A topological space R has weak inductive dimension - I
ind R=-1, if R=20

=

L]

i1) If for every neighbourhood U(p) of every point p of R there exists an
open neighbourhood V such that p € V c Ulp), ind B(V)< n-1, then R has weak
inductive dimension < »n , ind R < n .
If it is true that ind R < n and it ia false that ind R < n -1, then ind R=n.
If ind R < n ts false for each n , then ind R = + » .
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DIMENSION OF METRIC SPACES

Throughout chapter 11 - chapter VI all spaces are metric unless the contrary is

explicitly scated. We shall begin this chapter with the sum theorem and shall deduce

further fundamentcal theorems from it.

[I. 1. Lemmas to sum theorem

A) Let F be a closed subset of a space R . Then Ind F< Ind A .

Proof. The proof is by induction on the dimension of A . If Ind R = - | . then
=0 , witich implies F =9 ; hence Ind F = - |
Assume A) for R with Ind R < n~ 1 . If Ind R < n , then for given disjoint

closed sets (G and H of the subspace 7 there exists an open set U of A such
that

tclUcR-K, and Ind BfU)<sn-1 ,

because G and K are also closed in R . Then ¥ = UN F 1is an open set of the
subspace F and satisfies
GeVaeF-H, and B_(V)<B(U) ,

s =il IS =AY

where BF(V) denotes the boundary of V in the subspace F . lHence Ind B_(V) g n-

F
foilows from 1Ind B(U} < n - | and the induction hypothesis. Thus we ger 1Ind F < =
BY Let C and D be subsets of a space R . If (C ND} U (CND) =@ . then
there exist open sets M and N satisfying CcM , Dc N, MNDN=0 . This



assertion can he deduced from I.) B) and th
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shall directly prove it as follows:

Proof. We assign to each point p € C a positive number €(p) satisfying
Sc(p)(p) ND=9 and to each point ¢ € § a positive number €f(g) satisfying
n .
Sg(q)(q) c=0
Putting

M=U{5 (p)|p€C) , and N:=U{S!

le(p) (g}

€C) Let A and B be subsets of a space £ such that

u

R=4UB, IndA<n, Ind BLO;

< n s

then Ind R <
=%
Proof. Let F and G be given disjoint closed sets of K& : then by virtue of the

normality of & there exist open sets V¥ and WV satisfying

Since Ind B < 0, we can find an open and closed set U of the subspace B such

that

VNnBcUcCB- (Wn B)
Since FUU and G U (B ~ U} satisfy the condition of B) ' we can find open sets
M and N such that

FulUchM, GU(B-U cN, and HO W =20 .
B(M) c A 1is obvious by the above property of ¥ and by the fact that U 1is open

and closed in B .

Hence Ind B(M} < Ind 4

FCM‘—-—-R"G) I_-!ehaun

follows from A). Since A 1is an open set satisfying

D) If Ind R < n, then there exists a o -locally finire open basis V of A such

that 1Ind B(V) < n - | for every V€ V.

! We mean by B) Proposirion B) of the same section and chapter, by 1 B) Proposition B)
of Section | of the same chapter and by 1.1 B) Proposition B) of Section | of

""""" STz == Fg 257 SEeEEEESTE s =0

Chapter 1.
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Proof. By Theorem [.] or by Theorem 1.3 there exists a 0-locally finite open
fa 2]
basis Ui—l Ui of R , where we may suppose each Ui to be a locally finite open

covering of R such that 1lim. . mesh U. =0 . Let U, ={U |a € A.; : then by
e T = L (3 wu &
L.1 A) there exists an open covering W, = { %1| a € Ai} satisfying ﬁa S

Since Ind R<n , we can construct open sets Vc; for chAi such that

# cvV. U , and Ind B(V.) <n-1.
C Q a a =

(]

Putting V - Ui -

- | - »
V., , and V. = { v,'ac€ Ai} we get the desired open basis,

f a space R has a 0 - locally finite open basis V such that B(V} = § for

(]

E)

every 7€ V , then Ind R <O .

o
EFroof. Lert V= Ui= |

& be disjoint closed sets of R . Then for every <

Ui for locally finite open collections Ui . Let F and

z
U, =R-U{ViveE U V., vNF=29p)
ji=1 "
. - T . o
1s an open and closed set containing F bacause Uj—l V. 1is a locally fimite col-
= o
lection of open and closed sets V¥ . Thus we get a sequence {U.! 7 =12 } of
lec f op and close ge sequenc LU 1,2,...1 of
open and closed sets such that
a
Uy ol =2,.. 2F and n u,=-F
! 2 I . DR
1=
) ) 1 -
In a similar way we can construct a sequence { W. ©7=1,2,... } of open and closed
sets such rthat
[ -}
}Jl :!-,’2:,.. >4, and 'n wi:c.
=1

Now
x>
U= l: (Ui - Wi)
is an open and closed set and satisfies Fc Uc R - G . Therefore 1nd R < O .
F) Let A<= &, 1Ind R L0 then Ind 4 0.

Proof. F) is a direct consequence of D) and E).

II. 2. Sum theorem

A) Let { ?i[ 1= 1,2,...} be a closed covering of a space R such that



- 13 - 11.2 A)

Td .7
LU P

A
o
L]
[«)
2]
[

1

z

Then Ind R 0.

Proof. Let G and 4 be given disjoint closed sets of & . Since 1Ind FI L0,

there exists an open and closed subset Ul of Fl such that

FI hoc Ul [~ FI -G,

Since A U UI and G U (FI - Ul) are disjoint closed sets, by the normality of R

we can find open sets Vl and Wl such that

(n HUU eV, , GU(F -U)cW , and E]nﬁlﬂa.

Since Ind Fz 0, there exists an open and closed subset Uz of F2 such that

F,NHEcP, NV clU,cF, -W cF5,-G.

- U,) are disjoint closed sets, we can find open sets
14 and W cuch that

2 Sulal L (=35

Vi WUy ¥y W UI(F, - U)chH,, 2 1 ¥

By repeating this process we get sequences

fule=12,..., Ly, te=1.2,...] {w.lg=12,...1
T-I yhy oo . . T L) ’ T 1L,
of sets such that
(2) F.nHdclU,c¥F. -G,
7 z T
each ”i is an open and closed subset of . ,
v, .c V. W, F.-UJcH., i e
(3) i - U Uz Vz , Wz - u i ) ;I s T 2.3,
v.n . =
(4) z 5 /N
Vi and Wi are open sets,
Now we put
o o
vV = , = .
U Vz , W U Wz 3
=1 1=

then from (1) it follows that V and W contain H and & respectively. Furthermore
it follows from (3) and (4) that ¥ and ¥ are disjoint open sets. Since (1) and (3)
imply

V.UW.DU.U(F., -U.) =F., 2=1,2,...,
T 1 T T z

we get
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B

VUWo>
7

nc
r
h
=)

Thus ¥ is an open and closed set satisfying # < V< R - G, which yields Ind R < 0.

B) Let | £,
Ind FY; 0 for every vy €T .
Then Ind R < O .

1 r =1 - - Y o4 - - : = c -~ . o
VY © b Je & locally rinlite cloSed covering O a Sspace f Such Chat

Proof, For each positive integer 7 we take, using the corollary to Theorem 1.1,

a locally finite open covering Ui = { U6 | 6§ € Ai} such that mesh Ui < 1/t and such

that the closure JEI(5 of each element of Ui intersects only finitely many elements

Fd .

of 1FY§YQT‘] . Then

A
=]

(1) Ind 56

follows from A). On the other hand, by 1.1 A) there exists an open covering

/.- v 1l & €AY with V. cU for every & € A

V. = i Vg1 8 €82 with Vg = Uy for ever y 8§ €4.. _
Hence, by virtue of (1) we can find an open and closed set W5 of Ud such that
V.oW. clU - (R-U).
8 8 ) 8

Since this relation implies W& = UG \ HG is clearly also open and closed in R .

Thus, putting

p=
It

{w

o,

we get a 0 - locally finite open basis W consisting of open and closed sets. Hence

< 0.

o
g
Tl
gt
=
=2
o.
=3
I A

C) Let {F'i | £=1,2....} be a closed covering of a space R such that Ind F,

<n
1 -

t=1,2..,.

Then Ind R g n .

D) Let {FYi Yy €T} be a locally finite closed covering of a space R such that

Ind F‘y;n for every y €T .
Then Ind R < n .

Proof. The validity of C) and D) is clear for n=-1. To prove C) and D) at the
same time by induction we assume C) and D) for n=m-1 (m > 0). First let us show C)
for n=m.

Since 1Ind Fi < m , by | D) there exists a 0 -locally finite open basis

. = U V. of
z =1 1,k

1

he subspace F‘i such that
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I
o

Siuce the o - local finiteness of Ui implies the 0 -1local finiteness of

U-t.':{BFi(V)IVE vi};

the closed collection UE:I U_é is also G- locally finite.

Let

Hi=U{BF£(V)|V€ ui};

Ui is a 0 - locally finite closed covering of U::=I Hi . Hence from (1)

(2) Ind U H.<m-]

o0

On the other hand V, = U V. restricted to F,. - H. constitutes an open basis
7 k=1 "1,k i t

of F. - H. satisfying the condition of | E). Hence we have Ind (F, - H.) <O .

) )

o . -— _ @ - e iy a
Hence, 1i we define Gi tz Gi = F, Uj = Hj , then by 1 F) 1Ind Gi < 0 . Since
each G. 1is closed in U, _ G, ,

z =1 £

[« =)
(3) Ind U Gi <0
T =

follows from A).

Since
o fa -]
R = (_U Gi) U (_U Hi) R
1= 1 =]
it follows from | C) combined with (2) and (3) that Ind R<(m-1)+ 1 =m. This

proves C) for n =m.

We can prove D) in a similar way by using 1 C), 1 D), |1 E), I F) and B)

rim Th am | B Y |
i i P Y £ 1y

™
e

e - AT T. mmiaadh-T
e U bULCULLY COUNLUL e

=] &
covering of a space R such that Ind F<n for every Y €

Proof. Let V be an open covering each of whose elements meets at most countably

many members of {E}I Yy € T} . By virtue of the paracompactness and regularity of

=~

<= - L 1 f I Y . S
fin u < V . Suppose

rr
c

L
la

rr

el
Such

[

)
10La

a iy te
5{ 8 € A} . Then each 56 meets at mdSst countably many members of

2 . .
The sum theorem in the present form is due to XK. Morita [4] and essentially to
K. Morita [2] and M. Kat¥tov [2].



Corollary * . Let {FY | y<1} be a covering of a space R such that 1Ind FY <n
for every y<1 and such that U{ FYI Yy < 8} 8 closed for any & < 1. Then
Ind R < n.

Proof. Let

_S/T:(U{FYIY< §}) for S<T, 1=1,2,...,

where S]/i(F) for a set F denotes the |/i-neighbourhood of F , i.e. the set

{y|plz,y) < 1/Z for some =z € F} . Then {G6 .| 8§ <1} 1is discrete, and hence

A H
2,...) is a oc-discrete cl"sed ince by ! A}

,
C
On
o,
=
2
-
(3]
|

Ind G s <n, we have Ind R < n by the sum theorem.

II. 3 Decompasition Theorem

Theorem II. 2. Ind R<n for n>0 if and only if there exists a o - locally
finite open basis V such that 1Ind B(V) < n -1 for every V € V.

Proof. The "only if" part is proved in 1 D). The "if" part for n=0 is proved inl E)

To prove the "if" part for any integer n>0 we put
U {B(W)|veEV), and B=F-4.

Since {B(Vv)| Vv € V} is a 0-locally finite closed collection, from the sum theorem
and Ind B(V) < n-1 for V € V it follows that Ind A < n-1. Since V restricted to

B is an open

asis of B satisfying the condition of | E), we have Ind B < O .

Ind RP=1Ind AUB< (n-1)+1=mn.

Theorem 11. 3. (Subspace Theorem). For every subset A of a space R Ind A<Ind R .
Proof. This is an immediate consequence of Theorem II.2.

Theorem Il. 4. (Decomposition Theorem). Ind R <n for n >0 if aud only if

B = Un+]

iz1 -zI for some n + 1 subsets 'L'i with Ind Ai;O, 1= 1,...,n+ 1.

Procof. The "if" part is directly deduced from 1 C). As for the "only 1f" part we
P P

saw in the proof of Theorem 11.2 that R can be decomposed into two subsets A] and

BI with 1Ind AI <0, and Ind BI <n-1.

3

Proved first by K. Nagami [1). y, 7, 6 denote ordinal numbers.
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tla fram danAamemsa o inra fwn cishoara A and K with Ind 2 sz 0D And

L =3 “aill UCMU]IIPU-:IC ul AL LWy SDUJOT LD n2 atied IJ2 - A L1 L) n2 ; wr ' CTiid
Ind B2 <n-2.

By repeating this process R can be decomposed into n + | O-dimensional subsets
Al’""An+l .

Corollary. Ind AUB < Ind A + Ind B + ! for any subsets A, B of a space R .

Proof. We can easily prove this corollary by decomposing A4 and B into O-dimen-

sional subsets by use of Theorem [[.4.

[I. 4. Product theorem

A) 1f ¥ and W are subsets of spaces R and 5 respectively. then

B x S(V x W)

2 bR(V) x WUV X BS(W)

Proof. To prove

¥ o)
-~
N
X
g
n
[8+]

B (v) x ¥ u ¥V x B_(W)
RxS R st

let

(p,q) € B_(V) x WU ¥ x B_(W)
I >

where p € R, g € S . Then the following holds.

(n p £ BR(V) or g€ W

(2) D€V or g€ 3N

Since q £ ¥ or p € V obviously implies (p,q) £ BQ " S(V x W), suppose q € ¥,

vV , which implies by (1) and (2) that p € BR(V) , q £ BS(W) . Therefore

€
p € Intp, Vv, q € IntS W , where lntR V for a subset ¥ of R denotes the interior
of ¥V in R . This mean {p

p

pq) £ By (VX W)
R x

Thus we have

Bp w gV X W) CB(V) x WU VX 300} .

[

Since

Bo x gV * W) 2B (V) x WUV x B (W)

=]

is clear, we can conclude A).

Theorem 1. 5. (Product Theorem)' . Lez 2 and S be spaces at least one of
which is non-empty. Then Ind R x S < Ind R + Ind § .

Proved first by M.Kat&tov [2] and K.Morita [4). Recently E.Pol [2] proved the fol-

lowing theorem for infinite products: Let {Ru| a€A4} be a collection of complete

metric spaces such thar dim R. . x xR Cyv: Far anuv n . Chd v rhamedda
- . e - a e - - aaa ul LI llak=16 WL (2] \Jl'---,\-ﬁk - Gy £l il WALl
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Proof. l.or I nd =n Ind § = m Wa chall nrave thice fhaarem kv inducr-ion on
s . 14 8 {5 5 1O o LY arite A rea s o JitCii i prvve wiiio Tl Uy LJGUL LAV Uil
the number 7 +m . If n +m = - 1 | this inequality clearly holds. Generally the

theorem is obvious if either R or S 1is empty, so assume 7n>0 and m>0 ,
To complete the induction, note that by Theorem 11.2 there exists a o - locally

finite open basis V = U:'= V. of R such that

1
(1) Ind BR{W gn- 1 for every V€V
and 2 0 - locally finite open basis W - UJ . wJ. of 5 such that
(2) Ind BS(W) <m -1 for every W €W,

where Ui and wJ. are locally finite open collections of A and S respectively. Put
V.xW.-={vxW|VEV., WEW.}
z J z J

then iii x iU'J. is a locally finite open collection of R x § . Hence U. . V. x W,
is a 0-locally finite open basis of A Xx 5 .
On the other hand, it follows from (1) and (2) combined with the indu

=L allld L Ld L 1) , 14 11 n Lt ABUL

thesis, that

Ind B_(V) x W <n+m-1 and Ind ¥ x BS(M) <maem - |

for every V€ V and W € W , Since

Bp y gV % W) = Bo(V) x WUV« B(W)

for every Vx WEU, ._ o Vox ..
t,J=1 1 J
Hence by Theorem II.2 we conclude Ind R *x S < n+m.,
As the following examples shows ° , the equality Ind R x § = Ind R + Ind § is not

true in general even if R and S are separable.

Example 1. 1 (P. Erdds (1)) . Let 7’ be the set of points in Hilbert space all

of whose coordinates are rational. Then Ind B°=1 can be proved as follows. Since

A=<,
Ind 2 x < Ind @ + Ind .

* W. Hurewicz [5) proved that the equality holds if R is a compact metric space
with Ind R > 0 and § 1is a separable metric space with Ind § = | . Recently
K. Morita [7], [8] proved the equality dim R x § = dim R + dim § under a much

more general condition, which implies e.g. that Ind R ¥ §= Ind R + Ind § holds
if B and < ara nnnnmnru mnl‘rir“ spares curcrh rhae D 1e A o~ int ahla gum Af

- as e e LR - llvllhlur B = b A W V o S oF oF LISl it i LR HVU oWl C oF b A L
locally compact closed subsets and Ind S = |



Nty lar ue chaw Tnd w = | Since pw
oW iel S a ¢ . olNICS it

be proved later (Theorem IV.4), ind = Ind = dim holds for every separable metric
space, it suffices to show ind 8= 1 . To prove ind Ra’;=l , we shall show that

ind B(SE (po)).; 0 for the point Po = (0,0,...) of F® and every positive rational
number € , where Se(po) ={pEe Rwl o‘(p,po) < g} . Since each point of RY can be

mapped to P, by a homeomorphism of R onto itself, this would be sufficient. Let

p = (lePZ"") € B(Se(po)) and § a given positive number such that 52 s
- 2 -
irrational. Select n such that { s _ b, < 8 « Put
T=n+1 1 2
n 2
2
ve1{(z,.x,..0 €Y § zp,>e -2
R 2
1=
Then U 1is an open neighbourhood of p because z :==i pi = EZ and accordingly
n 2 2 &8¢ - . n _
;=1 Pp>€ == .let y = (y,.y,...) €B(U) N BIS(p,)) ; then ):i=l P, -
2 _¢8° 2_ &2
€ - F s which cannot happen because y. and p. are all rational, and E - —

D
¥ e T ¥4 2
is irrational. Thus B(U) N B(S_(p,)) and accordingly the boundary of U N B(Sg(po))-

in B(S (p )} 1is empty.
To prove U N B(Se(po)) = Sﬁ(p) , let x = (:],IZ,...) €EuUn B(SE(po)) . Then

o]

2 & T 2. T 2 2
| zp.>e -5, iz ;= Zl p;=¢ .

ne~—1

o

T

B
9

v 2 4 N . .
Thus we obtain l . _ ](Ii-pi) <6” |, proving our claim. Hence ind B(Se(po)) L0,
i.e. ind RV<1 .

]

To prove 1ind o > 1, let U be a given open neighborhood of Py such that
1 ]

v

Ue S](po). Select a fixed point 9 = ( o ng ,...) € U such that 7 ,My,... are
1 1 \

)
natural numbers. Then, since ‘l, — oy ,...) g Sl(po) > U , we can choose a

nz
natural number m such that
a, = (L. 2. 5.0 80, and by = (e ) €U
] 2 3 ! 2 3
Since ( mll o 1, ;% ,...) £ S](po) > U , looking at bl , we can choose a natural
number m2 such that
= (! RIS ) ! —( ! ! ! )
a, (m ST Mmoo ¢l , and bz_.m T a1 o sees ) €U
2 3 | 2 3
Repeating the same process we get natural numbers (RUPHIYERE such that
1 ] ] l )
= . R nd
% ( m+ 1 """ m, + 1 ' m 7 N ’ £u a
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b, = p— L — e
k (ml+ 1 me ot ] m* ] O )
Then both {a,} and {b,} converge to the point g = | —' l ) € ©
k k B P q \m]+| 7m2+l ,"'} y

. s @ | 2

from outside and inside of U , respectively. (Note that i . ( — ‘,\ <1 fol-
* TEaoN M. i =
7

lows from b, € Sl(po) . k=1,2,... .) Thus ¢q € B(U} , proving that B(U) # 0 .

Hence 1ind R“‘; 1.

I1. 5. Strong inductive dimension and covering dimension

To prove the equivalence of the strong inductive dimension and the covering dimen-
sion, we shall prove the following theorem which was first proved by C. H. Dowker [1]
for normal spaces and plays an important role in dimension theory for general metric

spaces,

A) If F is a closed set of a space % , then dim # < dim R ,

Theorem 11, 6 °. Let R be a space; then dim Rin <if and only if for any
locally finite open covering U of R there exists a locally finite open covering
V with ord V<n+ 1, V<U,

Proof. Since the "if" part is obvious, we shall prove the "only if" part, Let

- [ 1 rr

= P ;o R <= - _ . . _ L - - . - o I _ -
u=1 uY |Y €T 1. Since U is locally finite, there exists an open covering A each

o
of whose elements meets at most finitely many elements of U .
By choosing a locally finite open covering B with B<A we get a locally finite
closed covering F = B = { F [ v <t} such that
(1) each Fv meets at most finitely many elements of U .

Then in view of A) we have

(2) dim Fv <n.

We assume that FO = ¢ and FU # Fv whenever 1 # v

Now let us construct a transfinite sequence of open coverings fUU V! Yy €T},
vV, Y

Vv < 1t such that UO,Y = UY and UU;Y:DUV,Y for w<v , and such that

(3) each point of l~"\J is contained in at most »n + | members of { Uv y [y er},
and

(4) ﬂ{Uu‘Ylu<v}ﬂ(R—Fv):Uv'Yn(R—Fv).

® This theorem was originally proved for every normal space by C. H. Dowker [1]; we

owe the present version of the proof to H. de Vries.



The construction can be carried out by use of the inducticnon v . Ler U be
H.Y
determined for all p < v , Put
1% = Nni iy by e ul
v s L u [ =~ v ) )
v, Y H,Y !
Then we claim thar { U_: 'YI Yy €T} 1is an open covering of R . First to prove that
3
e 1e Anan Tae ~ £ frk Asoiia #hoe
u i3 Optin, 12l w =~ U « HADSUNIE Liial
v, Y v, ¥
(5) ¢ € 1"]_1 , Mz <V, 1= l,ee.,k , and 'IE’FU for all 4 such that My <<V,
z
Put N = (R - U{Ful by <u<vliynuy . Then ¥ is a nbd of x . Let y be

for all u;uk . On the other hand

y€{.-’u Y for all W > by with W <v can be proved by induction on p as follows.
3
Assume Yy & UIJ' for all u’ <y . Then
>
s, £ ™ 174 1A I = N R Y N re -
y < ou o1 ' L ¥ SR P B LA I 1 S A )
L]'( U u"Y H U)Y b

follows from the definition of N and the induction hypothesis (4). Hence y € U

H,Y

< i =% : .
for all u vV, l.e, Ncnu<v Uu,v U\J.Y ,» which proves that U‘\"), 15 an open

set. To prove that {U* '} covers R, let xr € R . Assume (5) again. Then

M, Y
x € Uu Y for some Yy . Then in view of the above argument on Yy we know I € U'\") vy
K’ s
Now, restrict {U* _ |y € T} to F_ and choose an open covering { W |y € T'}
vy 0 v T
of F, with order < n + | such that VY < 'J: y ' Y € T . (This is possible because

of (1) and (2). Generally note that for a given finite open covering {Uili =1,...,k}

of a space with dim < n , there is a finite open covering {W,! < = 1,,..,k} of
order < n+ ] such that ¥.<U. , 2 =1,,..,k.) Put [ s(U¥* -FIYU W .,
= z T v, Y v, Y v Y
At last V - {Y: Y € T} meets our requirements if we put VY =n {U v lv<atl.
(The last claim is easy to check by use of an argument quite similar to the one used

for {U; Y} . Note that at any stage V in the subsequent induction step, only
>

pieces of F\, were cut away from the elements of the preceding coverings.)

Corollary. Let R be a space; then dim F<r <if and only if for any open cover—

tna U of R there exists a locally finite cpen refinement V of U with-ord V:in+1.

Proof. Use the corollary to Theorem I.! and Theorem LI.6.

B) Let {U |y €T} be a locally finite open collection in a space R with

Y
dim F < n and {F‘(I Yy € 'l a closed collecrion such that # < U . Then there
P I I R MO f v 1l ~ 11 A Fre | o~ m ' 1_(. _ Y

CEX15L LpEn coulLleciLions 1 "Yl Y L I d4na 1 “'Yl Y L O suchn that

F:Vt:f/t:Wc:U,and ord | W -V ! €T} < n.

YT YT YT Yy iy T Y =
Proof. We denote the binary covering {U , R - FY} by ,UY . Then, since

{U |y €T} is locally finite, A {U |y €I'l is a locally finite open covering.
Y Y

Hence we can find, by Theorem II.6, a locally finite open covering N = {Nd! 6§ €al
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N <na{ UYE Yy €T} , andord N< n+ 1,

and such that every N6 intersects at most finitely many members of {E}i y €T}

(actually N < A { UYI vy €T} and the local finiteness of { UY} assures the proper-

. .
Ne ). By I.! A) we construct & closed covering | KGHE € o} with KGEZ Neg »

To each N6 and every FY intersecting ”5 , we assign an open set NG(FY) such

that

(1) KGC NG{FY)C N6EFY)C NG
and such that

(2) NG(EY) < NG(E}) < NG(EY,)

or the inverse inclusion relation holds for y ¥ y'. This is possible because there

are at most finitely many Fy's intersecting Ns . Now, let

- U{N :
VY { 6(zt’\()lesea}

then from N < UY it follows that

Fevcvsuy
Y Yy Y X

because for every NG(FY) constituting VY, NEIIE};iﬁ which implies
NI{F )< N C:UY , and thus V} < UY follow since VY 1s a locally finite sum of

6 "y é
N.(F )'s . On the other hand F € ¥ easily follows from K. N F S N . (F } . To show
6 Y Y 6§ “y 6y

Y
4

ord { ¥ - VYI Yy €T} < n

-

n+|
n (v -V )+¢0

z= 'z Y
for distinct Yo 7 =1,...,n + 1 . Then since each VY is a locally finite sum of
N {(F )'s , there must be some N . (F ), Z=1,...,mn+1 such that
6 Y k4 6 . Y 3 1 ]

DR X

n+|
(3) n (v, EFV b -N (F ) #B .

=1 “7 g LR X

If Gi = Gj and © # J ., then from (2) we obrain
(N. (F ) —N. (F ))n (N, (F ) -N.(F }) =29
;v g S Y5 %Y
contradicting (3).

Therefore (3) implies that Gi , T =1,....m+ 1 are distinct from each other. Let
n+l
(4) PE N (1"'6 (F ) - Ny (F J));
=1 i Vg t V¢

then from (1) it follows that
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+

[
s

(5) PE U K¢ .
3=
Since fKGI § €A} covers R, there exists X, containing p . Then (5) implies

§ #6, , 2 =1,...,m+ | . On the other hand, by (1) and (4) we have p € nz:lh’

i 176.°
) & 1’
nelive
n+l N+
p€k, 0l n ¥ 1 = v nl n w1
8 ., 8, & _, 6,
[Z3 | L [Z2 | 1
which contradicts that ord N < » + | . Thus we can conclude
1£8 a3 [ v Ve Tl oL .
{6} ord vV, -V ,y¥y€ I'r<n
\ A -
Since [UYl vy €T} 1is locally finite, A [UY'I y €T}l is a locally finite open
covering, where U' ={U , R - F”(VYI‘} . Hence there is an open covering M such

that M < A {U'YI vy € I‘}Y

Since, by virtue of the local finiteness of {U"{'} . {?/Y— VT ly€e Tl is a locally
finite collection satisfying (6), we can construct M so that for each point p of
R, S(p,M) intersects at most = members of {T’Y - Vyl y €T}. Now, it is easy

to see that putting

W =V US(B(V. ), M)
Y Y Y

we get the desired open sets W_Y . because WY - T/"YC S(B(VY) , M)

C) Let {UY! Yy € I'i} ., T =1.2,.., be locally finite open collections in a space
R with dim F < n, and {FYEYG 1‘1:} , t=1,2,... closed collections such that
= -]
. -, - - < s
FY: UY . Then there exist open sets VY for y €U $=1"'2 satisfying
[ -]
FeVveVelU , and ord (Vv -V !y€ u T.1 <n,
Y Y Y Y Y Y i=] ¥ 7

Proof. By use of B) we define open sets
1 1

V.o, W for ever r. .

Y Y Yy Y€ 1

VZ s Wz for every y €T UT, ,

' i -

"
-

T 1
I/:Z,W:]( for every vy € l"IU...J]'J.

in such a way that
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Ter oram ha
1L Lgu o<

desired o ets, because v -v cn (W -
esired open sets u %y Y

D) If there exists a O - locally finite open basis V of a space K& such that

ord B(V) < n (n >0} , then Ind R < 7,

is a 0- locally finite open basis of B(VY) such that

ord { B {V)EVEUY};n-I

B(V
( Y)

Han~ ey
fical u

¥y usée f ch

m
[¢]

Now Theorem II.2 implies the assertion.

Theorem I1. 7 (Coincidence Theorem) ’. For every space R , dim R=1Ind R .

Progof. Let 1Ind R < n ; then by the decomposition theorem we can decompose R as
n+ 1
= . A, Ind A. < 0.
R U,L =y Aps IndA.<
Lec U={U,|J=1,...,k} be a given open covering of R . We consider 4. for
J z
a fixed 7 . Then one can easily see that there exists an open covering

{ Vfl j=1,...,k} of A. such that
1 d{v,)j=1,...,kt <1, Vv.ovU,.
(1) ord { 7 J A f 7

For that purpose we select a covering [Wj] J=1....,k} of A. by open and
closed sets of Ai such that WJ.: Uj . Putting
J-1
vj:wj-kgl Wy
we get the desired covering { Kj! F=1,...,k} of Ai . For every point =z € V3 we

deterwmine &(xz) > 0 such that
uz(x)(x) n Ai(: Vj , and Se(m)(m) < Uj .

(x) |x € Vj} . Then W, = { WiE J=1,...,kl is an open collec-
L

. ry — v o~
Let W. = Ul &
J selx)

tion which covers Ai .

" This important theorem was first proved for general metric spaces by M. Kat¥tov [ 2]
and K. Morita [4) independently. C. H. Dowker and W. Hurewicz [1]) gave another
proof.
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We can easily see that F.< U, and from (1) it follows that ord W. < | .,
J J 1=
741 . X
Hence W =y 2= wi is an open refinement of U and has order < n + 1 , Therefore

dim R < n.

Conversely if dim R < n , then we choose, by use of the corollary to Theorem I.1,

a sequence Ui = { UY[ Yy € Fi b .2 =1,2,..., of locally finite open coverings such
that limi_*m me sh Ui = 0 . Then by I.] A) we construct closed ceverings

F,=(F €r,l, 4=1,2,..., satisfying F_< U .

¢ LRIy €Ty YIPE Sy T Y

Now, by virtue of C) we obtain open sets

- — i
T =
such that
[« )
Fey<Vey , andord {V -V !y€ U T.}<n.
Y Y Y Y Y Y =1 [
a
Since V- {V&{ TEU, | Fi }  is clearly a 0 -locally finite open basis, by D) we

can conclude Ind R<n . Thus the theorem is established. In view of this theorem we
are entitled to use notations Ind A and dim R indiscriminately for every (metric)

space R .

[I. 6. Some theorems characterizing dimension

We can intuitively see that the dimensions of Euclidean spaces En ,n=1,213 are

"""""" =]

characterized by the following property

Ler UiI = 1,...,k} and { Fil 2 =1,,..,k} be an open collection and a closed
collection in E respectively such that F. < U. ; then there exists an open collec-
tion { Vil £ = 1,...,k} such that

F.oV.cU,, and ord { B(V.) | i =1,...,k} <n.

The possibility of such a characterization for general metric spaces 1s intimated
by 5 B), C) too. The purpose of this section is to carry out an investigation along

this idea,

Theorem Il. 8. A space R has dimension < n if and only if for every open

collection | Uf: T =1,.,..,k} and closed collection | Fi! T = l,...,k} with

F.<U, there exists an oper collection t'i/'ii 2= 1,...,k} such that

;- I & =
Foe Voc Uy, 1+ 1,...,k, and ord {B(Vi),z, = 1,000,k <n .,

Proof. The "only if" part is implied by 5 B). To show the "if" part we consider a

given finite open cov eriﬁg { Uil £ = 1,...,k} . Then by T.1 A) there exists a closed
covering { F. =1,...,k} with F.c= U..
Fs T T



(1) F.Ce V.S V.S VU., and ord {B(V.)!i=1,....k} < n.
A 1 1 1 1

e

(Because of the normality of R we can choose Vi satisfying ViCUi besides the

condition of this theorem.)
- -1

Let 7. = V.- U,
1 T J=1

were a point such that

VJ.; then ord[Gili =1,...,k} <n+ 1, For, if p

r€c¢. g, N .. NG,
1 T T

] 2 n+2

where ¢, < 7, < .... < 1 then we had

] 2 n+2 -’

p€ (v, -v.)n (v, -v,)0 .,.0 (v, - V. }
L T T T T
1 1 2 2 n+l n+l

L]

1

contradicting (1). Hence { 6. ©€ = 1,...,k}

oy is a closed covering with order < n+|

and F.< M, .
A t

Therefore we can choose an open covering U such that for every point p of R,

5(p,U} intersects at most » + | members of fGiE £ = 1,...,k} and such that
k
(2) U< a u.
. i
1 =1
where U, = {U., R-G.} . We let
7z £ 1z
W, = P .
(3) ; S(("_L_,U)
Then, from(2) it follows that Wic: Ui L, 1= 1,ae,k . Let W = {Wi: i=1,...,k}

then from (3) it follows that W is an open covering with ord W<n+ 1 . Since

l'UT.!, i=1,...,k} is a given finite open covering of R , this proves dim R < n .

® . A space R has dimenzion n if o

A

= 1,....n+ 11 and closed collection {F-i! t=1,...,n+ 1} with
F.< U, . there exists an open collection { V.| < = 1,...,n + 1} such that

n+i
f.eV.cl., and n Blv.) =¢.
z 1 1 L T
1 =1
I'roof. Since the "only if" part is a direct consequence of the theorem, we shall
prave only the "il" part. Let {U.l7Z =1,... k} be a given finite open collection
and [F?.: 2= 1,...,4} a given finite closed collection such that Fi: Ui . Then

we number all the combinations € = {il""’ind» l} of » + | numbers from

" This theorem wis first proved for separable metric spaces by §. Eilenberg and
E. Otro [1] and extended by K. Hemmingsen [ 1] and K. Morita [1] to normal spaces.



- k} as ¢ { c where m = { K ) WYe can define open sets './l.
1 y ot -l, ] l,l ’ 2, .y m 4 roe ) ' <
and H‘i for £ € ¢ such that

F.evievleplcry., anda niw
1 1 1 A 1 A

al . S .G N . P T, crn rmm koo
L CONsSLsStL OL jusi n o+ | 1 DErS, WE iLall Liiuvusc

w
-
=]
(2]
(14

F.evievley, and Ni{BV.i1€C ) =9.
A T T [ i

2

Then we obtain W:: by use of the method in che proof of 5 B) or more precisely by

the process which was applied there to construct ¥ from

il

: Y Y
Suppose that open sets V_LIJ and W7!7 .1 € C; have been defined for every J <t
Then we define open sets Vi and Wiz for 7€ Cg so that
£-1
if £ £ U C.. then F.&= V.lC V.tCW.ZCU._.
. T z 2 T T
J=1
R el . . R SUR R AN AU S N
if £ € U (C., then F.S Vo ViV, SV, < W, < WXCU,
, T 7 < 1 z i 1 i
J=1
for every J for which 1 < J <€ -1 1 €C and so that
¢ _F
~ € =
(1) niw, VL.I—L Cpl=0.
We can construct Vf and Wit by a similar application of the proof in 5 B) as
in the construction of i/,l and _I«!il . Now, K let V_;: = u{ [/_f ' i € CE} . (Note that

£ denotes a variable in the above formula.) Select open sets Vi such that

Ve Vi-: n {Wfli € CL’} . Then_one can easily see that FiC Vi': sz R

.
1 —_

2= 1,...,K , and B(Vi) = Wil - V_f for every £ satisfying ‘rZE(,‘£ . Hence for any
combination C, of »n + | numbers from Ul,.0. kY

\ I SR B
ﬂ{B(Vi)IzECL}C Ni{w:-v.[T€cC,} =20

follows from (1). This means ord {'B('Vi)i 2= 1....,k} < n. Therefore by the

theorem we conclude dim R 2n.

Theorem 1I1. 9. A space R has dimension < n 1if and only if there exists a’
0 - lecally fintte open basts V such that ord B(V) < n .,

Proof. The "if" part follows from 5 D) combined with Theorem II.7. To prove the
@<

"only if"” part, we construct a o - locally finite open basis U = Ui=l Ui of F

using Theorem I.3. We can suppose without loss of generality that each

) [} = Tt =T = FEEEsT s

u. = {U'Y | v € l"il is a locally finite open covering of R such that

llmi-v-m mesh U£=0 . Then by I.1 A) there exists a locally finite open covering



W.={% | yET.} such that W _=U_ . By 5 C) we can comstruct open sets V_  for
T Y z Yy Y
€y, I'. satisiyin

YU s ying

==}
¥ vV <U,, and ord {B(V )|y € U T.} <n,
Y Y h Y = T =
=]
o
Thus we get a3 g - locall £laaien monm hanta U = T2 | & € 11 1 ek
o wWo 5!:!. a v I.ULCII.I.] L iAllAal Upcu vCSoL o v L VYI T N~ i-- l Lij wl Ll

Theorem 11. 10 °. Let B be a subset of a space R and let dim B=n . Then
there extsts a Ge-set A of R such thati Bcd , dim A-n.

Proo:. 1In case n =0, as in the proof of Theorem 11.9, we choose a o~ locally

@
. Iy o . r 1

finite open basis U = tu ¥ Uoa Fi } and a 0 -locally finite open collec-
r = . oy
tion W= 1{W |y € U T e r.} such that 11m1:_+ mesh U, =0 and W < U .

= i Yoy
Since MY nd R - UY are disjoint closed sets of A , in the same way as we
constructed ¥ for F and G in the proof of | C), we can conStruct an open set

V for W and R-U suchthat W €V < U , and B(VJN B =0 . Let
¥ Y Y Y Y Y

Y Y © Y Y Y
=fF- Ul B(VY)I Yy €U, T; }: then A 1is a Gg-set containing B because

each U {B(V¥)| Yy € Fi} for a fixed 7 1is a closed set by virtue of the local

finiteness of { in Y€ T,} . Since for zny v B&(P% Nna) =o ,
- I~
- m L4 » - » » »
V= fi% NA|ly € U 2= Fi} is a 0 - locally finite open basis of 4 which satis-
fies the condition of Theorem 11.9 for n = 0 . Hence dim 4 < 0 , which combined

with Theorem 11.3 implies dim 4 = 0 ,

In case n > O , by use of the decomposition theorem we can decompose B into

n+ 1 O-dimensional subsets Bi , t=1,...,m+ 1 . By virtue of the preceding result
we can find G.-sets 4., © = l,...,m+ 1 such that B.< A, , and dim 4. < 0 .

§ i T T 1=
Let A - U ::: .41: 1 then again by the decomposition theorem and Theorem II.3 A is

the desired Gs-set.

b=
r—
Q“

As implied by Theorem 1.3, the g-local finiteness of open bases of a metric space
is important. In fact we cannot delete the ¢ - local finiteness from Theorem I1.2 or
Theorem II.9.

We can, however, establish a simple characterization theorem of dimension in terms
of open bases without o - local finiteness or any similar property. To this purpose we

e
ntroduce a2 new notion

shall

® This theorem was first proved for separable metric spaces by L. Tumarkin [2] .
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u, —{U(a',.. ,ai)|a‘,...,u16 A}, i =1,2,... of S such that
> ry = : 2!
U(a!,...,ai) U(u!,...,ai s Oy +!) ) U(a!,...,ai)ITU(a!,...,ai) ¢ 1if a, Ao,

and limi_*m mesh Ui =0 .
Prooy. Let Vi be a locally finite open covering of S such that mesh Ui < 11,

Find, by use of Theorem II.6, a locally finite open refinement V, of V. satis-

!
1 1
R P 2 IR | V.. it = Y A AN [ ] 1t Ja n Tarmalle £3nira mman
Lyaily Vi vV s ; I . IuL Ui - V1 L] VT: - 1 1eil Ui L da lULdl.l.y Lillatc UPCII
covering of order < | and with mesh < 1/ . Note that each (non-empty) element of
U. . is contained in ore and only one element of U, , and each element of U, is
[ (4] [

a sum of elements of Ui . . Thus by choosing appropriate subindices and adding as

|
many empty sets as necessary, we can let {U.} satisfv the desired conditions.

B) Let 5 be a subspace of A with dim 3 < O, Assume that Ui , =12 ...

=3

are open coverings of § satisfylng the conditions of A). Then we can extend hi to

a collection W. of open sets in R which satisfies the same conditions as Ui R
except that wi covers only S (but not necessarily X ) and wi 1s not necessari-

ly locally finite on R .

Proof, Let <1 be fixed. Then to each x € U(a],...,a,) Wwe assign ai(x) > 0 such
[

that e.(x) < 1/ and Sei(x)(x) ns < Ufx,,....a.) . Now put

Wio ,...,ai) = uls

| (.r)IxGU(cxl,...,ai)] .

ai(:)/z

Then wi = { W(al,...,ai)i a R € A} satisfies the desired conditions if we

(x) .

‘r'
choose { Ei(x)} satisfying € (x) > €. |
Definition II. 1. Two subsets C and D of a space R are called independent
if CED and DEC . A finite rumber of subsets Cisees.Cp are ealled independent

BRI

itf any two of them are indeperdent.

Definition II. 2. ZLet U be g collection in aq space R and p a point of R .
Ther we mean by the rank of U at p the largest integer n such that there are
independent n members of U containing p , and denote it by rankp U. If there
extst arbitrartily many tndependent members of U containing p , then rank U=+,

We mean by the rank of U the supremum of rank_U For p ranging through Fk and

denote it by rank U , Z.e. rank U = sup { rankp Ulper?}.

In view of this definition we clearly see rankp U< ordp U for any point p and

collection U, and accordingly rank U < ord U .



Thegrem II. 11 '°. A space R has dimension < n, if and only if it has an
open basts U with rank U<n+1 ,

Procf. To begin with let us prove the "if" part by induction. Let n =0, i.e. we
suppose U is an open basis with rank U< | . Let F and G be given disjoint
closed sets of R . Then we put

v=ulu'veu, r'nrze,u'ng=29) .,
Since U is an open basis of R, U is an open set satisfying P<c U< R -G .

If p €U ., then there exists U' € U such that p € U' <« R - 5. 1If we assume
U'nli#0 , then U'NU''=@ for some U'' €U such that U'"'NF#@¢ and U''cU .
Since U' and U'' are clearly independaent, we reach a contradiction to rank u<i.
Hence U’ N U = @ , which means chat the open set U 1s closed in & . Thus we
conclude dim A < 0 .

Suppose we have proved that the existence of an open basis with rank < n implies
dim # < n - i ., Now we let U be an open basis with rank < n + i . Let F and &
be given disjoint closed sets of F . Thenr we define an open set U by

1 P oerr | oer2 Iy rr o~ [ PN

rr = P ! - ! rrt -~ P
v = { | Cu, ' nrsd. 0 NG=01 .

U clearly satisfies F< U <R - G . We assert that U' = {y'lU' €U, U'nF=0}
restricted to B{U) 1is an open basis of B(U} satisfying rank U' < n.

[t is evident that U' 1is an open basis of BfU) if restricted to B(Y) . Hence
all we have to show is that ranklju' < n for a given point p € B(U) .

Assume the contrary, i.e, we suppose UI""‘U are independent sets of U’

no+ |
which contain p . Since p € B(U) , we g=t

Q€U N ..U NUFD.
Then
n'

qeEU N ..U, NY
for some U' € U such that U'NF# & .U ' =uU . Since p € U, N (R - u'y # ¢, and
by the definition of U' Ui nrF=20, U',...,Un . and U' are independent. Hence
rank U > n + 2 | which contradicts rank U< n + | .

q = =
Thus we conclude that rankEJU' < » for any point p € B(U) . and hence from the

induction hypothesis it follows that dim 3(U} < n - | . Therefore dim R g n is
proved,

To prove the "only if" part we suppose X is a space with dim R < n . Note that

[ -]
if n =0, then the assertion follows directly from A). because Ui=l
an open basis of rank < ! . In the general case, decompose R , by use of Theorem
Y. +

U. 1In A) is
1

11,4 ac 4
il as Hd

« 5,

U where dim 4, < 0. Then by B), there is a sequence mk
= K T

'y
Y

A

1% proved first by J, Nagata [5].
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a0
4.: = 1 2 af anar rallastiane whicrh rovar A amd earicfv rannl |1 Ill@ < 1
Ty eve, UL OPCH COLICCLLIUNS wWilllan LUVEL nk afiv Sacioiy Lalin W e _ ' w_z’ -
k o n+ 13
and lim. mesh W, = 0 . Now it is easy to see that U = U. W% is an open
7 + 00 £ : y 7= lUk =] "{ P
basis for R with rank U<n+1 'l

II. 8. Normal families

The theory of normal families was first established by W. Hurewicz [1] to deduce
systematically fundamental theorems of dimension theory for separable metric spaces
and was extended by K. Morita [4] rto nonseparable metric spaces. The purpose of this
section is to give a short skdtch of this theory to re-establish the principal results

of dimension theory,

Definition 1I. 3. A family N of (metric) spaces is called a normal family if it
sattsfies.
Z) ©f S<R and REN , then SE€EN

11} 1f {FY{ y €T} s a locally countable closed covering of a space R such
that FY€N for every y €T , then RE€ N.

f and

[mi
(Ll

. .
es is a normal family

i)

nly
y

¢ f it satisfies i),
i=1,2,... 1 1is a closed covering of a space R such that E‘T:EN ,
£=1,2,..., then R € N | and iv) if [FVIY €T} 1is a locally finite closed
covering of a space A such that FY €N ‘ for every Yy €T , then REN,

Proof. The "only if" part is evident. Conversely, let N be a family satisfying
i1). i1ii) and iv). If [Fyﬁ y €T} 1is a locally countable closed covering of R
such that F € N , then we can construct a locally finite closed covering
TGGi 6§ € A} such that each GG intersects at most countably many elements of

[FY! y €T}. It follows from i) and iii) that G, € N , and hence from iv) we obtain

L e N

i~

Fe On

e {Flyer} s

.
i . a N ig a normal familvy
1 T l1.@ i 1s a2 normal famlly,

Definition 1I. 4. For any normal fomily N we define a fanily N' of spaces by
N' = { R| for any disjoint closed sets F and G there exists an open set U of
R such that Fc U< R -G . B(U) € N}.

'1 Bases with finite rank were extensively studied not only in dimension theory but
also in metrization theory by A. V. Arhangelskii [1], A. V. Arhangelskii -
V. V. Filippov [1], G. Gruenhage-P, Nyikcs [I] and others. For example, it was
proved in the last paper that every compact Hausdorff space with an open basis of
finite rank is metrizable. It should also be noted that A. V. Arhangelskii [1] proved
that a normal space has dim < n if and only if for every finite open covering U
there is an open refinement V of rank < n + 1 ,
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imensional space

T roaeact
we need the following four propositions B) - E) on 0O-d
been proved once in Sections | and 2 and are easily deduced by some el

ledge of general topology.
if and only if there exists a 0 -locally finite open

B) Ind R50
consisting of open and closed sets.
Ind R <0, then Ind S<O.

S R and

= 1,2,...; then Ind R < 0.

E) Let [E}I vy €T} be a locally finite closed covering of

T n
i

- )
T 17ic .

=}

Il A

ind E} <0 for every v €T ; the
By A), C), D) and E) we conclude that
All the (metric) spaces with 1Ind < O

F)

Theorem II. 12,
only if there exrist two subspaces A an
REN, By I

IndBiO.

Proof.
w = {h%[ y €T} of R such that ﬁ% < {7 . Since R € N'

_—
=

form a normal family,

.
Familia
framlizilc

s which have

ementary know—

basis ¥V of &

R such that

c) If
D) Let {F,]Z=1,2....} bea closed covering of R such that 1Ind F 20,

REN Ifand
At manod
WUrid

.i A) and the Coroilary to

there exist open sets

To see the "only if" part let
Theorem I.] we can construct 0 - locally finite open bases U = { UY] Yy €T} and

v
U , and B(Vy)EN.Put A=U[B(VY):y€T‘}
A € N because

for y €T satisfying 5% < HY
It follows from the conditiomns 1ii) and iv) in A) that
Y

v

Y

and B=-R -4,

{B(VY)I Yy €T} is a 0-1locally finite closed collection. Since { ¥ |y € T} re-
is a 0 -locally finite open basis consisting of open and closed sub-

stricted to B
sets of B , using B) we get Ind B < O .
The proof of the "if'" part is as follows. Let F and
we can construct an open set

Ind B <0

of
B(M) = A
i) for N it follows that Bf4) € N . This proves
Theorem 1II. 13. If N <s a normal family, then N'
Proof. We assert that N' satisfies i), iii) and iv). Let
btain ANSEN. N

Theorem II.12 R =

R . Since
in the same way as in the proof of ! C). Since
REN .

G be disjoint closed sets

M with FeMc R-0G,
A €N, from the condition

t8 also a normal family.

S< R €N ., Then by

n
j
=
E
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Ind (BN 5} < 0. Thus, using Theorem 11.12 once more, we conclude that S5 € N
Therefore N' satisfies 1)
Let | F v <1} be a locally finite closed covering of a space A such that
1 N
() Fv €
Then
(2) G, =7, ~UlF !u<vl
v v U
1s an Eb-set because { FUI b < v} is a locally finite closed collection, and in
consequence 1ts sum is a closed set, Since (1) implies G, € N' , by Theorem 11.12
= i <
we can decompose G\J as G, A U Bv , A €N, with 1Ind B\J £ 0 . By (2) Gv and
GU are disjoint if v # u and hence Av 1s an Fb—“e; in A =-U {Avl veT}) . and
B\J is also an F -set in B =U{ B l ve<1!, Thus Avl v <1} 1is a locally
finite covering of A consisting of F_-sets .4_‘J with A € N
is a normal family, it follows from 1), 11) that A € N . Moreover, from
Ind B 0. Since R =4 UB , by Theorem II.12 we
Therefore N' satisfies iv). In a similar way we can al-
N' is a normal family by A)
of the empty set alone. Then, let

Since
REN
satisfies 111). Thus
the normal family consisting
'30",.'l'

k= -

N
D) and E) it follows that
Ind < n, On the other

C).
can conclude that
N'

so show that
N(_”

Denote by
llence we can again deduce Theorem
.12

N(k+') = (N(k))s'
is the family consisting of all the spaces with
is a normal family,
i 1i) and Theorem II

Then N
fn)
hand, by Theorem 11,13, N
the sum theorem and the decomposition theorem from i),
sum of closed subspaces

1.3,
respectively,
We can apply the theory of normal
= { R| R is a countabl
One can easily see that N0
(n}
dimension

FeN
s
reader.

, families
example we may let e

1 = 1,2,... such that any point p of R has a neighbourhood containing at most

R . is a normal family;

hence for every positive integer n N n) s also a normal family, A space R 1is

he r

[
1]

£ n if and only if
ils are left to

countably many points of
the deta

ensior
'p
such that

of dimer
there 15 an open neighbourhood ¥ of p
(notation:

Thus we can apply the theory of normal families to establish anoth
r h
rE€ER

said to have rational dimension
this new concep ion, but
P be a (not necessarily normal) family of metric spaces. Then
, k=-1,0,1,2,..., in the same way as we did for a normal fa-
{ R| for any point

theory on ¢
More generally, let
. P(k)
mily., We can also modify Definition II.4 as follows
can be defined in a similar way as
i R
is the family of all

we can define
k).
r’
where P

and any neighbourhood ¥ of p
P}, Then

and

Ve u 3(vi € P
J. de Groot defined compactness degree of a separable metric space
comp R) by comp R < n if and only if R € (n)P
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.
spaces, ! so defined d

{notation: def R) by def R = the least n such that there is a compact (metric)
space A' which contains R as a (topological) subspace satisfying dim (R' - R) =
and asked the question 'comp R < nm if and only if def R < n 7' This question is
still unsolved though it is partially answered im the positive by J. de Groot -

T, Nishiura [!]. (The answer is positive e.g. in case of n = 0. It is generally true

that comp R < def R < dim R .) J. M. Aarts [!] defined completeness degree and

P
P . Thus he proved that the
12

in place of 'compact spaces' and P in place of

completeness degree coincides with the complete deficiency for every metric space

12 1n a similar aspect of dimension theory Yu. Smirnov [9] studied dim (BX - X) for
a normal space X .
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in the prec ng chapter our investigations were ci
e

iie
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ly co
the theory of coverings. In this chapter we shall concern ourselves with mappings,
another powerful tool for dimension theory. In Section 7 we shall study the theory of
uniformly O-dimensional mappings which has been recently developed by M. KatZtov while
in the other sections the main object will be the extension of classical theorems to

general metric spaces.

ITI. 1. Stable value

Definition III. 1. Let f be a continuous mapping of a space R 1into a space §
A potnt q of [f(R) is called an unstable value of f tif for every € > 0 there
exists a contimuous mapping g of R into S such that op(f(p),g(p)} < e for
every p € R, gafR) =S - 1{ql , where we dencte by p the metric of §. A point q
of fIR} 1is called a stable value 7j it is not ungtable.

Eyamn1n 111.1 We consider a continuous ma
ju 111,14, We Cconslder a2 continuQus ma

o
e
[/}

Euclidean space E' into itself. Then all the values y >0 are stable, while

unstable. On the other hand the mapping F(x/ =(x, flx)) of E! in EZ has only

unstable values.

A) Let f be a continuous mapping of a (metric) space R into the n + | -

nn +

dimensional cube [ ={(x,...,x 1)I Ixi | =, =1, .o ,n+ 1], If

n +
dim R < »m , then all values of f are unstable
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FPrnof Lat £in) havae the ronrdinatss f£.(n) £ fn) in Tn ! Ta haoin
Proof. Let ffp) have the coordinates fyfp),....f ., (p} in I . To begin
. . n+ . .

with, let us show that every point of B(TI ) is unstable. For any given £ > O ,

the mapping

gip) = (g, (p),....q (ph), g,(p) = (- elf;(p), T3 l,00.,n + |

n+l

[VRr |
is a mapping whose image contains no boundary point of I" ', Since we can easily

see that pff(p), gip}) < ev/n + ) for every p € R, our assertion is true.

U T b i
lLuLter lilol pULuL q vl L 13 UilIsLa

P 1. - R,
NOW, 1L us pLOvc tnat any

cr

1= Te ehio amd
1T, 10 LIILd ©TuUJ

we may assume ¢ to be the origin (0,...,0} . Let € be a given positive number.

We put

F_i:{plfi(p):_s},Gi=[p|f_£(p);-e},1:=I,...,n+|.

Since Fi is a closed set contained in the open set R - C-'_’: , by the corollary of

Theorem 11.8 there exist open sets Ui s T =1,...,nm+ 1 such that
n+l
(1) ricvicR-Gi and £2|B(U7:):®.

By repeated application of the corollary to Theorem 1.6, we can construct a contin-
uous real valued function P such that Itpil <€, [plwi(p) =0} = B(U-i) R
{p I ‘-p_’:(p) = E} = F'i > {p I KD_’:(P) = - E} = 67: . Deflnlng g'i by gi(p) = fi{p) for
p€F£UG£ , and gi{p) = (.Di(p) for pER—FT:UGi » we obtain a continuous function

gi(_p) , which, as easily seen, satisfies

(2) Ifi(p) —g_i(p)} <2¢ for every p€XR , and
(3) {plggp) =0} =81V, .

Let g.(p) = (gl(p),...,g (p)) ; then g 1s a continuous mapping of A in rr

n+l
and satisfies p(f(p), g(p)) < 2¢/n+1 for every pPER by virtue of (2). From (1)

and {3) we obtain (O 0) €alB}) . This means that the oriein (O 0) is an un-
LR A A7 woe wwiLaliil LWy e ey / ’-vllll - A1 0 MHTOllo “iia . LEHI- ViLAR 4L IVoeae y vy A al uil
stable value.
. . . In + 1
B) 1f all values of every continuous mapping f of a space R into are

unstable, then dim R<n.

Proof. Let {Uil ©=1,...,n+ 1} be an open collection and {Fil i=1,...,n+11}
a closed collection such that F'ECU'LT > Z=1l,...,n+1 , By Theorem 1.6 we construct

continuous functions f‘i , 2=1,...,k defined over R such that

[ - 1<f; 20,
(1) f,’:(F,L.) ==-1, .
fi(R-U£)=I s t=1,....n+1 ,
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Since £ = 7P £ } g 2 roantinaocg mannine of o 1”+I rhe oriein
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+1 . . . .
g = (0,...,0} of r is unstable. This means that there exists a continuous map-
+
ping ¢ = {(g.,...,0 ) of AR into r I such that
r o o \-Jll )an+l
(2) q€g(R} , and
1

(3) o(fip), g(p}) < ; for every p€R.

Then we define open sets V. by V.= {p]| g_L.(p) <0} . From (1) and (3) it follows
- . T s . . n+l -
that F.cV.cU, +a.ncl B(Ui)c:{p]gi(p) = 0}. Since (2) implies ﬂi=|[p|gi(p)—0}
=9 , we get n’£=: B(U_,:) = P . Hence from the corollary to Theorem 11.8 we obtain
dim R<n .

By combining B) with A) we get
Theorem 1I1. 1. 4 space R has dimensiorn < n if and only if all values of every

continuous mapping of R 1into 'Y are unstable.

IIT. 2. Extensions of mappings

o+

AN T owr Fal L o mmeombetociom - o teuwe ml o Dmoman #3 - criromb rhar Fhao At A
fn) LeL J U a CUIIL LUV Llldppl. 15 UL a :pn\.c 'L LiULw SULEl Lilal LilC LCilLCcL
+I 3 L3 a
q of is an unstable value of f . Then there exists a continuous mapping g

of B into I''*' such that q€g(R} and g(p) = f(p) for every point p whose

image is contained in :10 I) .

+-
Proof., We may assume the boundary Br" I) of I**! to be the n - sphere
st = | (:I:I,..._,:.t:n+ I)|I|2+"' +'r31+l = 1 }. Since the center ¢ is an unstable value

of f(R) , there exists a continuous mapping g’ of R into ' suen that, in

vectorial notation,
1 .
(1) o(fp), g'(p)) = | f(p) -g'(p}| <3 for every PER , and q€g'(R) .

1 2
Then, let F ={p||fip) <3} and G ={p] | ftp)] 231 to construct by Theorem
1.6 a real valued continuous function @ over & such that @(F) =0, WG =1 ,

and 0<9<1 . Using this function we define a mapping g of R by

g(p) = g'(p} for pEF ,
gip) = w(p)fip}l + (1 -wfpl)lg'(p) fer pER-FUG ,
gip) = f(p) for p€G .
We can easily see that g 1is a continuous mapping of R into ' and that

g(FIug(e) = * ' (g} . and gip) = fip} if fip) €5 (=8(I"" ")} . There only

remains to prove
(2) gtR-Fue eI ' {41 .

Let p be a given point of R=-FUG ; then ;—< | fip) | <2; , and hence, from (1) and
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we obtain

| atp) [ <1 -w(p)) | g'(p) - fip)| +]| fip) | <1,
| gtp) | 2| ftp) | - (1 -wip)} | g'(p) - ftp)]| >0 ,

which proves (2). Thus ¢ is the desired mapping.
« &, A space R has
set C of R and every continuous mappi f of C into S* there exists a con-

tinuous extension of f over R,

&

Proof. To prove the necessity we regard S as the boundary of I‘ni’I . Then we
. . + 1 .
can regard f as a mapping of C into bl . Hence by Theorem 1.7 there exists a

continuous mapping f' of R into "' such thar

(nm f'(p? =f(p} for pe€EC.

Since dim R<n , by Theorem 111.1 the center g of 1'”+1 is an unstable value of
f' . Hence in view of A) we can construct a continuous mapping g of R into !
such that
(2) q€a(R} , and g(p) = f'(p) if f'(p)€S*.

Since p€C implies by (1) f'(p)=f(p) €S*, we obtain glp) =f(p} if pe€ecC .
Let (p) be the projection of the point gfp} on the boundary st of ! from
the center. Such a projection is possible by virtue of (2). Now it is clear that @
is the desired extension of f|C+S’ over R .

To show the sufficiency it is enough, as Theorem 111.1 asserts, to prove that every

continuous mapping f of A into I"H-l has unstable values only. As seen in the

3
proof of 1 A), any boundary point of I is unstable, and hence we shall prove
sas +1 . .
only the unstability of the center g of r . For a given €>0 we consider a
auharical neichbaurhoad [ of o with wadioe — ¢ and wiek Lo o ot T ar
DPIIGI. dvwal IS RIIVVUL VUL (%) Vi l.l WALLEL LauWwilud 2 [ dliud wWiiLil IJULIIIU:I[." (=) . Lo L

C=fﬂ|(5'n) ; then by the hypothesis there exists a continuous mapping @ of R into
S" such that wip) = f(p) for p€C .

We define a new continuous mapping ¢ of & into I”"‘I as follows:
glp) =f(p) if f(p) €U ,
g(p) =9(p} if flp) €U,
Then we can easily see that g 1is a continuous mapping of R into ' -y such

that po(f(p), g(p)) <€ , for every p€R . This proves the unstability of ¢q . There-

fore from Theorem 111.1 it follows that dim R<n .

4
4
:
;
3
X
]
“n
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a continuous extension g of f over U . We consider an open set V such that
CcVcVclU . Then we denote by 90 the restriction of g to V-C . Since V-C is
a closed subset of R-C with dim (R-C) <n, g, can be continuously extended over
R-C by Theorem 111,2. We denote this continuous extension by A . Letting w(p) = f(p)

for p€C , and @(p) =h(p) for p€R-C , we obtain the desired continuous extension
w of f over F.

I11. 3. Essential mappings

Definition 1I1. 2. 4 continuous mapring 7 of a space R 1into a space S 1is
called homotopic to a contiruous mapping @ of R 1into S 1if there exists a con-
tinuous mapping fi(p,.t)} of RxI , the topological product of R and the unit seg-

~

ment I ={x|0gxgil , into S such that f(p,0j=fip} fip,1}=gip} .

Roughly speaking, f is homotopic to g if j can be continuously deformed into g.

Definition IIl. 3. A continuous mapping f of a space R into the n-sphere 5"
is called essential if any continuous mapping g of R into S which is homotopic

to f satisfies g(R):Sn . If f 1is not essential, then it 18 called inessantial.

Example IIl1. 2. lLet f and g be continuous mappings of a space R into s*
with diameter d . If p(f(p), glp)) <d for every p€R , then f 1is homotopic to
g . To see this, for each p€R we consider the minor arc of the great circle joining
fip) with g(p) . For p€R , 0<t<1 ,we denote by f(p,t} the point dividing this
arc in the ratio t:1-t . Then f(p,t) is a mapping of RXI Iinto 5" and satis-
fies the condition of Defimition 111,2. Hence f 1is homotopic to g . 1t follows

from this assertion that

4) a continuous mapping f from K into s" is inessential if and only if ir is

homotopic to a constant mapping.

B) Let 4 be a subset of a space R and I the unit segment. 1f U 1is an open
set of the topological product R xI such that U>4xI , then there exists an open

set V of R such that AcV and VxJTci.

Proof. Let p be a given point of 4 and Vi(p) , 1=1.2,... an open neighbour-
hood basis of p . If we suppose Vi(p) xI¢ly, 1=1,2...., then we get a sequence
[(pi,ri)|£=l,2,...} of points of AR*I such that (pi,:i)E(Vi(p)*I)-U )

=1.2 T is com , we can choose a converging subseguence {Ii | & =

g subse quence "
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(Rx!)-U3(p. S Zs )+ (p,x) €4xTI ,
(@ 1
LY

which contradicts the fact that U is an open set containing 4 xT . Hence VU(p) xXIclU
for some open neighbourhood V(p) of p . Now for each point p of A we choose
such an open neighbourhood V(p) , and put V=U{V(p} |p€A4}l . Then V is the desired

open set.

[P L I U T A o ~ o e e Lo, Fad e Ra ST A A s e At DA A o
‘Jb' [=] UJ [ L2y % %4 ot . J J l-l-l-ll”b‘lﬂ W LT 14

over R, then g also admits a continucus extension | over R which is homotopic
to Y.

Proof. Since f and g are homotopic, there exists a mapping fi(p,t} of CxI
into S such that

ftp,0}
| fip,1)

fip)

where we denote by I the unit segment. Let us define a closed set F of AXxI by

’ PR | o~ . v ) -~ .o
{ (p,o) |peRr}tU{ (p,t} [p€EC, €I} .

F

We define a continuous mapping w©(p,t} of F into s* by

(2)

U

»tp(p,O) = @fip) for p€R
wip,t) = flp,t) for p€C , tE€I.

By the corollary to Theorem 1.7 we can continuously extend ©(p,t) over an open
set U containing F in RxI . We denoce this extension by 9, (p,t) . By B) there
exists an open set ¥ of R such that Cc¥V , VxIcU . Using Theorem 1.6 we can
construct a real valued continuous function u(x) over R satisfying
(3 wic =1,

(4) u(R-¥) =0, and O<ucl.

Now, we set

(s) ¥(p,t) = @ (p,tulp)), pER, tET .

Then ¢ 1is a continuous mapping of RXI into s? . For, if PER-V , then by (4)
ufp} = 0, and hence Y(p,t) = toi(pgo) = o(p,0) is defined for every t . If p€V ,
then [(p,tufp)) €V xI , and hence @, (p,tu(p)) is defined for every t . Thus ¢fp,2)
is defined for every (p,t) €ERxI ., We define a continuous mapping ¥ of R into 5"
by W¥(p) = Wip,1}..

This theorem is due to K, Borsuk [I].
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fip,1) = g(p} . Hence ¥ 1is a continuous extension of g over K . On the other

hand from (5) and (2) it follows that Y(p,0) = @, (p,0) = w(p} . Therefore ¢ and

¥ are homotropic,

C) Let f and g be two continuous mappings of a space R into " such that

dim {p| fip) # gip) } <n -1 . Then f and g are homotopic.

Proof. Let D = [p| fip)#g(p) }; then D is obviously an open set of R . We

define a closed set F of the topological product A xI of A with the unit seg-

ment I by
F=rx{0o}lugx{1}lu(rR-D)xI,

Then we define a continuous mapping f(p,t) of F into s* by

fip,t) = f(p} = g(p) for pER-D,
f(p,0) = fip) ,
fip,1) = gip) .

Now, it suffices to show that f(p,¢) can be continuously extended over AXI . 1t
follows from the product theorem that dim DXJ<n , because dim [ <1 1is clear.
Since (RxI)-FeDxI , we get dim ((R*xI)-F)<n,

Hence by the corollary to Theorem 111.2 we can continuously extend f(p,t} over
PxT

LI S

Thas
i

£ and ]
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The following is a direct comsequence of C).

Theorem I11. 4. If dim R<n-1, then all contiruous mappings of R into s
are homotopic, and hence inessential.

D) Let a space A be the sum of two closed subsets F and (G . Let f and g be
continuous mappings of & and § respectively into s, it

dim {p| ftp) #g(p) ,pEFNG} <n-1 |

then f can be continuously extended over & .

Proof. The restriction fo and 95 of f and g respectively to FNG are
homotopic by virtue of C). Since gy can be continuously extended to the mapping g
over G , by Theorem 111.3 there exists a continuous extension fl of fo over G .
Putting @ip} = fip} for p€F , and wip) = f(p) for p€G , we obtain a desired
extension @ of f.

Definition III. 4. Let f and g be coriinuous mappings of a space R into a
space S . Let A be a subset of R ; then [ and g are called homotopic relative
to A4 if there exists a continuous mapping f(p,t) of R*I into 5 such that
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denoted by I .

Wik s o

the unit segment i

Definition I1I. 5. Let f be a continuous mapping of a space R 1into the
n-dimenstonal simplex T or equivalently into the n-dimenmsional cube . Is any
conttnuous mapping g of R 1into 7° which is homotopic to f relative to
f_E(Sn_I) satisfies g(R) = I , then F 1is called essenttal, where Sn—l denotes

w
Euclidean space £ . If f 1is not essential, then it is called inessential.

E) A continuous mapping f of B into I' 1is essential if and only if every
continuous mapping g of R into ' which coincides with f on f-l(Snﬂl)

satisfies g(R) = r , where we regard ST as the boundary of .

Proof. Suppose f 1is a continuous mapping of R into ' . 1f a continuous
mapping g of R into I" satisfies Slp) = g(p) for every p€f “s" '), then
for each point p of R we consider the segment joining f(p)} and g(p} which

lies in I" . For pPER , 0<t<l we denote by fi(p,t) the point dividing this

segment in the ratio t:1 - t . Them fip,t) 1is a continuous mapping of AR xI
into I satisfying the condition of Definition 111.4 for S = bl , A= f_l(Sn_ IJ .

llence g is homotopic to f relative to f (s* 1) . Therefore E) is proved.
Theorem [11. 5. A space R has dim < n 1if and only if every continuous
mapping of R 1into 'l is inessential.

Proof. Let dim R>n+1 ; then by Theorem 111.1 there exists a continuous mapping
f of &k linto ' yith a stable value Fffp) = p' . Let us suppose that €& 1is a

positive number for which
(1) n(fix), g(x}) <e for every Z€R

implies p'€g(R) . If p'€B(f(R})} , then we can choose a point

n+l

q€s, (o' - 7(R))

[Ty

and consider the projection @fy} oi £ E(p’) N f(R} on the boundary B(§, e (p'})
3 \ ?
from ¢ . We define a continuous mapping g of R into I by

alx) = of(x) if f(z) €5y _(p') nf(R),

glx) = f(zx) if flz) €f(R) -5 (p') .
2

Mh o Ana comee ~Aood - - £ m
1 viie Cdil £dasdLlly s8T Lnad 1% J 1

™

i D) e A ~f ] Alwm) )
g{R;, , and pl /, gix,/ <t

which contradicts the fact that p’ 1is a stable value. Hence p' must be an in-

terior point of f(R) . Thus we can choose a positive number & such that 6<-,]- £,
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S(Sfpi)cf(r’r’;‘ . We denote by ¥fy) the projection of f(R} -5;(p’) on B(5,(p'))
from p' and define a continuous mapping h of K onto Sﬁip') by

h(z) = yf(z) if f(z) €f(R)-Ss(p') ,

hix)

f(x) if f(.r)€56(p') .

1t easily follows from (1) that h 1is an essential mapping from R into Sﬁ(p])

which 1s homeomorphic to ! .
. ]
Conversely, supposec f 1is an essential mapping of R onto M, Then, by E)
and 2 A). the center of oL P stable value of f . Hence from Theorem 11I,1 it

follows that dim R>n+1 , which proves this theorem.

Remark. 1t is easy to see that the converse of Theorem 11i.4 is also true if
n>0 ., Because if all continuous mappings from A to 5" are inessential, then for
every continuous mapping f: R+TI" the composite mapping gf: z+5" of F with
the quotient mapping g: 7+5" is inessential. Thus f is inessential.
lt is easy to construct examples of inessential mappings while the identity mapping

from I'(S'} onto itself is essential as proved later on (1V. 3 A)).

II1. 4. Some Temmas

In the present section we are going to prove some propositions which will be used

in the next section and also later in the book.

A) Let [U(1 | @<t} be an open collection in a space R such that {UB| R<al

is locally finite for every a<t . Let (7 | a<T} be a closed collection in A

such that Fo.cUa for all a . 1f 4 , n=1.2,... are subsets of R with
dim A_ <O , then there exists for ecvery @ <1 an open set V_ such that f cV cl
L] n? '] L wi 13 o LYy Vv a (‘. (_I q
and ordp{B(UG)|a<T }<n-1 for every point pEAn .
Proof. We shall define, by induction on the ordinal a , Ua satisfying
a F cv clU_ ,
)a oo a
b ord { B(V B<al<n-1 for ever €A .
)y pletvg) | Bsalg y PE€A,

First, by virtue of the normality of R there exist open sets P and & such

that PDFO . QDR—UO and PNnf =9 . Since dim AI;O , there exists an open and

t X na

N of )..I.'.

"

. : T 3 -~ -
satisfying Pn4 c ¥clR-@ we let

A
1

[0

Tncad <ca
105838 S5c

o
I

() NUFO, C = (AI-NJU(R—UO)



then (BNCIU(BNC} = & ., Hence

[~
g
-]
"
"~
-
)
(o]
"
(]
3
-
[
([l
7
o
=]
[=]

s p
(2) BCUOCUOCH .

Tnen from (1) and (2) it follows that B{Tfo) nAI - @, because .V 1is open and closed

in 4, .
Thus Uo satisfies a), and b), for a =0 . Suppose thac UB has been con-
structed for every B<a (<T) . Then we let h’l =.4] )
(3) anu[zarus,vn...nza(u8 Jaa |8, .....8 _ <«
1 %=
: if 7 £ 4 ;= 2
eiFBj lf "’;J}j P' -13-ool
[ -]

(4) K = U & .

w n=| 3

Since anAn , 1t follows from dim An;O and Theorem 11.3 that
(5) dim Hn;O .

We can easily see that for every » U

H. is open in K_ . For let

n T a

pEU H. ; then p€U. 4
7= i

=]

- Hence from the induction hypothesis b)B for

n f : 3 [ nra
=]

p<a we obtaln orad

Fa
[e]
—

i
X
\
-3
=
14
~
m
L}
c
(2]
(1]

we can choose, from every

j>n and 81: ;'-"_BJ-

VB) |

collection {B(Vg J},...,B(Vg.) } w
J

it 174, B(Us‘%-i) such that p g8V
Hence, if we let Ulp) = N {R-B(VB)l B<a , pEB(UB)} , then irom (3) it follows

that

ich satisfies BI,...,BJ.<(1 R

"\5"

urp)n¢ U Hi)=®.
1=n+1

Since [B(UB)I B<al is locally finite by virtue of the local finiteness of

[U B <al and a), for B<a , U(p} 1is an open neighbourhood of . Hence
8 p P p

7 H. 1s open in X . Thus, for every =
uz = | Hz p a ' y
-1 4 L=
In = -"1?1 - U ;:-7: = U :'1! - U “‘-v
y =1 T =1 f=q v
is an F _-set in X . Hence [ = U for certain closed sets I of
ol o =] Tam hom

14 3 - . .
Lo Since Inmcrncﬁn , by (5) and Theurem 11.3 we obtain dim Inm.g 0 . Since

we have dim Kago by the sum theorem. Therefore we can define, in the same way as

for the case a=0 , an open set Ua such that

F cV clif
a a a’

~
o
R
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~~~
"
~—

BV JNK_ = @ ,
a a

The condition (6) is equal to a), . In viev of (3) and (4) we easily see that (7)

implies b)o. . Thus the proof of this proposition is complete,

In view of the nature of the proof of this proposition we can modify it as follows.

B) Let {Uaia<T], {Fa|a<1] and {4 |n=1,2,...) satisfy the same

n
rarndiriane ae 1in AN 1ae it ha a 1Aarmall Famir - rallanrian aun rhas
WUl A LAV O [~ ) 483 nJo T L ul wve a l.Ul-“].l.’ 1 S llA s P 1 WWilbvwiliwil UL “iia L
orde(Ul)én—l for every pEAn . Then there exists an open collection U2 =
{U'|a<t1} such that F <U'<clU_, and ord B(U UU )<n-1 for every p€A_.
(54 G o (3 p i L = n

C) Let {UYJ YET} be an open collection and F = {FY | YET} a locally finite
closed collection such that FYCU‘{ for all Y€T and ord F_g_n . Then there

exists a locally finite open collection V = {V_ | YET} such that FYCVYCU for

™ P | g B Y | am L.- 2 [ QPR ~14d S e e oot - ]
1 dT7iu VLU Vv ‘. nusd Jim a s e oLy ilLLe vpcn LUVCLLHE VUL n

p——

-1 e £ £ asemmme; £4
dl ) B L Evely 11

[

1
=t

'I'L_

r|:.
[}

cof. We, of course, restrict ourselves to a {metric) space R . Sin s
locally finite closed collection of order < n , there exists an open covering P

such that each element of P 1intersects at most 7 elements of F . Since K is

s
fully normal, we can choose an open covering @ such that 0¥ < P, Let V'Y =
S(FY,Q) AU_ . Then as is easily seen, UV = {VY | YET} is the desired open collec-

tion.

) Let F be a closed set of A with dim F<n ., Let ch and Ua’ a<t , be

(=)

closed and open sets, respectively such that E'QCUG , and {Uo.l a<t} 1is locally
finite. Then there exist open sets 7y satisfying Facvaci’acua ; dim B, <n-k ,

k=1,,..,m+ 1, where Bk:{pIpEF. ord B(V);k}, and V = {Va|u<1’}

Proof. By the decomposition theorem we can decompose F 1into the sum of n+|
subsets 'A'k , k=1,,,.,n+] with dim A. X0 . Hence by I1.7 A) we can construct
open sets Vﬂ for a<t such that F‘ c:V CV CU and ordnB(U) <k-1 for

o r

p€4, , where we put V = {V la<t]} .
Hence BkCAk‘*l
composition theorem.

U...u4 ., , which impliss dim Bkén—k by virtue of the de-

E) Lert £ and Uo. satisfy the same condition as in D). Then there

open sets V_ , Wa ., <t satisfying FQCVQCVGCWQCUQ , and ord {W
a<t}<n for every pE€F .
Proof, By 11,5 B) there exist open sets Vc;. and Wc;. of the subspace F such that

sy 1 r_ o
F NFeV eV el <U NF and ord( W -V |e<tlgn.
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We can
e can

w

en sets V and W of R such that VvV NF =

Efns*:v' ¥ NF = W' FcV eV clW <l . Then (W -V }JONF = W' -
' a D a a a

Hence ord (W -7 |a<t}<n for every p€F ,
~ A . =

F) Let G, , k=0,...,n be closed sets with dim Gk;n-k of a space R . Let

k
{E'Jl %<T} be a closed collection and {U | a< T} a locally finite open collec-

tion such that FGCUa . Then there exists an open collection V = {ch | a<t} such
that 7 <V <V <l and ovd B(V)<n-% for every p€gG, .
a ao o o p = L4

Proof. We can easily prove this proposition by using E). In fact. by E) we can
0

0 .
construct open sets V_ , r’v’o such that F <V <V :"OCU and
a a a a ao a
ordp{ﬁ’g— Vg[ a€T }:_n for every pEEQ . Now, again by use of E), we can construct
] I
open sets Vaj Ni such that Voc CVG

CW?; and ord_{Wh—Vk[a<-r]<n_|
1% 8 3 a =
for every pE€G, .

By repeating this process we get open sets Vg , Wg , K=0,....n , such that
,J_lt:VKc.—fEt:n t:h'k . and ordpfwg—;zla<1};n—k for every pEGk

- k - . .
Letting V¥, =U k=0 Vg we obtain the desived open sets V  for a<T.

[1i. 5. Continuous mappings which iower dimensiaon

The projection of EZ on El lowers the dimension of Ez by one, the dimension

. . , ] . . . 2 .
of the inverse image of each point of E . (Precisely speaking, dim £ =2 is not
yet proved while dim ' =1 s easy to see.) Generally we can prove the following

Theorem 111.6 as a result of investigations in this direction.

Definition IIl. 6. A mapping f of a space R <into a space S tis called a

elosed (open) mapping if the image of every closed (cpen) set of R t8 closed (open)
. . . . . . ~1 .
in S . A closed continuous mappitng f 18 called a perfect mapping if f “(q) s

Theorem [11. 6 . Let J be a closed contiruous mapping of a space R onto a
space S such that dim f 1(q) <k for every q€5 . Then dim R<dim S+k .

Proof. Since the validity of this propesition is clear if dim S=-1 , we shall
assume this theorem for every § with dim S§<n (n20) to prove it by induction

for 5 with dim S=n . Let U = (U£Ii=l.....s} be a given open covering of R .

2 This theorem was first proved for separable metric spaces by W. Hurewicz and ex-
tended by K. Morita [6] and K. Nagami [1] to general types of spaces which include

marris cn o See Thaaram VII 7
< egere 13 /

arAc ac -
fiStia OpdiCo ©wo o opchw
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. | 8
sets V., t =1,...,8 such that f ()< Ui=|V£,ViCU1,1,=I,..,s,and
(1) ord{Vi|i=l,....s]5k+l
Let

3

(2) Vitg) = U Vi :

then (V'(q) | gq€S8}) 1is an open covering of R satisfying ¥'(q) Df_l(q). We choose

for each g an open set ¥(q) satisfying
(3) v'(q) >TIqI ov(q) of '(q) .

it follows from qE€S - f(R - V(q}) and the closedness of f . that V =
(S-f(rR-v(q)) | g€ S} is an open covering of S . Since dim S<#n , by use of
I1I1. 4 D) combined with the paracompactness of S we can construct a locally finite

open covering W of S such that W<V and

(4) dimBm;n~m_.m:lJ...__n+l
where Bm = {p[ordp B((U);m}. Let wiew , 2=1,....m ; then since
ff_i(B(Wl) N...NB(K )) = BIW)O...0B(W )

Ff 1is clearly a closed continuous mapping of f_l(B(Wi) N... nB(Wm)) onto
B(H]) N... ﬂB(Iv’m) . Since B(W]) N... nB{Hm)CBm , 1t follows from (4) that
dim (B(W.')ﬂ... ﬂB(Wm));n-m .

Hence we obtain from the induction hypothesis

dim f"(s(wl)n... NBOW )) <n-mek , m= Lo nel
Hence, in view of

B w0 0B e f B 0L 0B )

dim a(f"rwl))n... na(f"(wm));n-mk )
Thus, by virtue of the sum theorem, f'-l(f‘ll = {f-l(i'f') I wewW) 1is a locally finite
open covering of A such that
(5) Flw <(vigrqes), and
(5") dimAm;n-m+k,m:1,...)n+l ,

for Emz{plordp B(f_l((U));m} . because A is a Iocally finite sum of closed
sets like B(f"' (W ))n...nB(s ' )) .
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We well-arder the elements of *)"'-l ) ae £ I'“IH = {a laer) ra dafFine a new
We well-order the elements of f (W) as £ (W) (M, 1e<t} to define a new
locally finite open collection N = {NOl |la<t} by
= M N =M - M, | B< <a<Tt .
NO My . W, Ma u Bl B<a} , 0<a<t

_, ym=2,..,n+1 , and hence, from (5)', it follows

L}

i

Then C_={p|ord N>mlca_
t/ - i
that

(6) dim Cm;n-m+k+l,m=2....,n+l

Since by (3) and (5) ﬁacv'(q) for every a and for some ¢ , from (1), (2) and
I.1 A) it follows that there exists a closed covering {Kﬂl £=1,...,8) of N_
i
satisfying K:CUi , =1,...,8 , and ord {K |z=l,...,s}<k+l .

By use of 4 C) we construct open sets P_:.: such that KiCPiCPiCUi , and
(7) ord (P |Z=1,...,8)ck+1,

Note that we choose P_l:”L such that {P:'Io.<r , £=1,...,8) 1is locally finite,

because {Ka.lo.<1, £=1,...,8 ) is locally finite.

1
3 i . VI Y Py 1 | 3 W UCL no‘ P Py - l\a —~ o -
NOW, 1 Viéw O0I (9, Wwe ppl.‘ rj to .'\i 5 t'i Lo get open sets ui y G,
. U. -C! C!
T=1,.a0 uch that . . and
) - X; Q Q,_ L
(8) orde(Q}in—m+k+l for p€C ,

where O = {Q§[u<1 , t=1,...,8). Let

G_ T a_, Q. a
(9 Si_NanQi (QIU"'UQi-I) .
We shall show that S = {Sfl a<T, £=1,...,8) 1is a closed covering of order

<n+k+] and a refinement of U . Suppose

3I al s2 0.2 Sm cxm .
(10) PEN S,y N Sy N Simuy#@® 7-
V=1 V=1l V=
If m=1, then from the definition of S_ic' it follows that
8, __
a
n Q! £ 0,
v = 1(1,V)

which combined with the relation Qf’CP; implies

ol a,

¥ ror brevity we abridge some symbols 0N in this formula, but the reader will easily
understand the real meaning.
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il Moo o ALY U' ;'\ L) =’l 2% 1 - P S “':‘i‘- g IJ’ ﬂﬂDl—lu'lllE (28 § UJ L) L u, -~ LI
< i(Z,sZ) , L= 1,...,m, we get from (9) and (10) that
5l cxl 8m O.m
pe N 5. n.. N 5/
v=1 z(hLv) vel V)
s, -1 . s - .
! & m & m._
< N BQ. YN ... N B@. y nOmo.
(1 - . a.
ve= | (1) ve= | 2(m, V) =1 "1
m = .
i n. Ny .< , it foll : -1} + -+l 4 -1}«
Since p€ ia1 Vag Cm llows from (8) that (sl } (32 ) (sm )<
n-m+k+1] , and hence s, +8,+..., +8 <n+k+] , Thus in any case we get
i r'4 m = -

ord S<n+k+|
p -

Now we note that {Hal @<t} covers R , and hence by the definition of N , N

. T .
also covers A . On the other hand, since {.ﬁiil i=1,....81 and accordingly
Qa . Y Y 8 a
{Qi l£=1,...,8} covers N, we have No= U ;= S; - Therefore S covers R .
=
ok SR WY Y o I W I JE R T S R _ - . | (Y ] o ﬂ&_:a_v_'\u_n (o »
o 1lice Dy \7) dud Le deriniiions ol Hi dand t'T’?"' we nave O e b '-—ri‘-ui 3 e ] 15

A X
a locally finite closed refinement of U . Thus by 4 C) dim R<n+k.

II1. 6. Continuous mappings which raise dimension

As shown by Peano, a closed segment can be continuously mapped on a closed square.
This examplie shows that a closed continuous mapping can raise dimension. As for the

raising of dimension by a closed continuous mapping we have the following theorem.

Theorem I1I. 7 * . Let f be a closed continuous mapping o a space R onto a
space S such that for each point q of &5, B.’f"l(q)) containg at most m+1

points (m>0}; then dim S<dim R+m .

Proof. We shall begin the proof with the special case that every f_l(q) contains

at most m+* | points. Let dim R<n ; then we shall carry out the proof of
dim S<m+m by induction on the numbers n>-1 and m20 .

1) This assertion is clearly true for every m>0 if =-1.

ii) Let us show this theorem for every n>-1 in case m=0 . To use induction
on n , assume that the theorem is true if dim R<n-1 . Assume Gl and 6‘2 are

' W. Hurewicz [3] first proved this theorem for separable metric spaces considering
f (g} in place of B(f~!(q}} . With respect to this theorem K. Nagami [2] solved
a problem posed by W. Hurewicz as follows: Let S be an n~dimensional space and
0<m<n ; then there exists an m~-dimensional space A and a closed continuous
mapping f of R onto S such that f~I(q) contains at most n-m+| points
for each gE€S .
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civen closed cetg of S such rthat 6 NG =0 Than F = F-l{ﬂ 3y and F_ = ?-l(ﬂ 3y
Savel LiUSC = = S & SR wa L v2 Woe  Lailad & ' J AU l 7 aiis o 2 J \uzl
are disjoint closed sets of 5 . Since dim R<n , there exists an open set U satis-

fying F eU=FR-F, , and

(1) dim B(N< n-1

Since ;' is aclosed mapping, V=S5-F(R-U) isanopenset of S§. It isobvious that

(2) g, s¥Ves-aG,
Then
(3 B(v)< ftB(U)) .

Because for each point ¢q €B(V) , f‘ﬁl(q) = {p) . If p€U , then g€V, If p€U,
then qE€V . Since both are impossible, p €B(U) , and hence g = f(p) € f(B(U))

proving the assertion. Since f 1is a one-to-one closed continuous mapping even if

£ir) | S - | SO B s L 5 T N SR 3= oo
tvy, , Uy ne 1naucuy nypoLnesis 4anv (1) we OoDLaln gim J

"
i
#
pat
Lo
-
g
-
T
[=
rr
[¢)
Oy
e

on
Thus dim B(V) <n-1! follows from (3). Hence dim S<n is proved.
iii) Now we assume the proposition for the case in which dim R<n=~1 . and every
f-l(q) contains at most m+! points, and for the case in which dim R<n , and
every f_l(q) contains at most m points.
Then we shall prove it for the case in which dim R<n , and every f-i(q) con~

tains at most m+] points. Let Gl and 62 be given disjoint closed sets of

S . Then we can define F] R Fz , U and ¥ in the same way as in the proof ii).
Let H=f(B(U}) . The restriction of f to B(U) 1is a closed continuous mapping
of B(U} onto H . Therefore it follows from dim B(U}<n-1 and the induction
hypothesis that
(4) dim #<n+m-|

B(V}-H 1is a Gﬁ-set of S5 . Therefore, let

[- =]

(3) B(v)-4= U H,  for closed sets K, , k=1,2,... .
=1 K k ’

Note that for each gq€B(V)-H , f'-'(q,' NEB(U) =@ holds. Then put

Fligay =5

Further put

(q),. and f'tg)n(rR-0)=5"1q), .

B = man@-u) = a0 r-0) 2ulf (), | qen,).

. - ~1
Then Ek 15 a closed set of R . Note that for each qEHk s F (q}2 #@ holds,
pecause otherwise g€V -would follow, contradicting gq€B(V} . Thus flE) = r’i}, .

o
k
Namely f|E, = fk is a closed continuous mapping from Ek onto Hk .

-1 -
On the other hand f (q)= # & for each q€iik » because othervise g€V would

~ 1 - . .
follow. Hence f'k (q) = f '(q)z consists of at most m points for each qEHIc .
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Since dim E; <n is obvious we obtain from the induction hypothesis dim#, <n+m- |
Thus by (4) and the sum theorem we can conclude that
dim (HU( U H Ngntm-1
k=
because # and Hk , k=1,2,.,.. are closed sets.
[« =)
Note that (5) implies B(V}cHU(Uk IH?-') . Therefore dim B(V¥) Sn+m=-1 which
. Al . C s & e ’
pI.UVCa i U;’l 7
Now, let us turn to the most general case in which each B(frl(q)) contains at most
m+ | points. To each point €5 with B(f-l(q)) = ¢ we assign a point pf(q) €f l(q)
-1
and put ¢ = {plg) | q€S , B(f (q)) =®) . Let
n..-.fnf,o-' PULNRY - 'lun
B=U{B(f (g ])qgqes C.
Then B 1is a closed set of R with dim B<n , and f|B 1is a closed continuous

mapping from 5 onto §

most m+ |
that dim S<n+m * ,
=T
[1I. 7. Baire's zero~dimensional spaces

Definition II1. 7.

sequences of elements of 1. Defi
and R=(R. R.....) of N} by
~ » |u1)>-2,---r J iEEs ~y
1
p(a,B)

S minlk lak # Bk} ’

such that each inverse imape of a point of

Let § be a gtven set.

ning the distance of two points a=(a,;,a,

S contains at

points. Hence from the above argument of the special case it follows

We denote by N(Q} the set of all
}

P

we get a O-dimensional metrie space N(Q) . We call this space a generalized Baire's

Nerdsmaonaranal srnanes
WA G T D A YA UH“\‘GI

As easily seen, WN({l) is topologically
(e la srharartariza M e dimancisanal matrice
13 - ~weo Wil il Wil Lo 8 - ALIGIID AVIIO L e WL L

we can get every n

a closed continuous mapping which satisfies zhe condition of Theorem I111.7 for

> In relation to this theorem J. Suzuki [I
mapping of a space R onto a space §
k points, then dim R=dim S .
f 1s an open continuous mapping of
finitely many points, then

R

rhat
caac

IMm onto TN

Razanclkaua I'|1 nraved
Rézansfaya ] proveg

mapping which maps
aspect,

Voo A s £
IUdes & 1L

i

~dimensional metric space as the image of a subset of

dim R =dim & ,
countable~to~one open mapping but assuming that
m<n

See also J.

the countable product of discrete spaces

rha
, &na

n rAweme o~ C
1 LSilkio wi

=

1 Fde]
Lk

s »

ay
by

m=n

fe o~
i5 €O

N(§)

-
(S

.
Y

cemanAa
apauc

1 proved that if f
such that each f-1(g)
onto § such that each f-1(g)
R. Hodel [1] proved the same for a

F is locally compact,
rthan * F-% oF-1 Au-:ot-p A AemATY r\nn!":nnnnc
-~ " wii il il L o ALY LIS UPEII W &AW LT
Keesling [1] for results in this

is a closed continuous
consists of exactly
As for open mappings K. Nagami [2] proved that if

consists of
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A) Let A4, n=1,2
n 1=

= {Ua' a<t} be a locally finite open covering, Then there exists a closed

|8

. .
e a sequence of O-dimensional set

equenc men ace Let
.

Ep\. it .

covering F = {F |a<T] such that F <U_  and ord F<n for every p€4A_ .
A= - il t/ = s

Proof, By 4..A) combined with I.1 A) there exists a locally finite open covering

= {¥ |a<t) such that V clU_  and ord B(V}<n-t for p€A_. Let
- - head 134 = e

F0='vo,and Fy -v-u{v | 8 <a) for a<t .

Then it is easy to see that F = {Fc.| a<t} is the desired covering. For, let p
be a given point of A, . We suppose p€V  and prB for every B<a . Then from

the definition of ch we have pEF for every y>a . If p€F, for some B<a ,

8

then from pEV it follows that pEF/B B = B(VB) . Hence from orde{U}_gn-!

8
Ipf

Moot  ~
ptain oOr

we O h

B) Let A_,_‘ s m=1,2 .., be a countable number of O-dimensional sets of a space R.
Then there exists a sequence {Fi | £ =1v,2,...} of locally finite closed coverings
of A satisfying

1)  for every neighbourhood U(p) of every point p of R there exists some <=

with S(p_, Fz.) <= Uip) ,
={

i1) E’(’Ex',...,ai/' | akE"c, k=1,2,....1} , where F(u‘,...,aii may be empty,

iii) F(a',...,ui_ ) FUlF(a,,....0._ .B)|BERY,

iv) ordsz <n for each point p€A  and for each z€(1,2,,..}.

Proof. First we define {Slh_(p)lpE ,» ©=1,2,... . Then we shall define
Fi satisfying 1i), iii), l\!) and 'Fi(Si . For Z=1 we can define, by use of A)

and the corollary to Theorem I.!, a locally finite closed covering F' such rhat
F, <S, and ord F <n for every p€4 . We shall use induction and accordingly

r
assume that Fk has been defined for every k<7 . Now we shall define Fi .

Let us well-order the elements of Fi -y as Fi - ={ch| a<T} . To obtain Fi
we shall define closed sets FO.B for a<tT and R€N such that
a), FosulF lsea} . (7 lB€q} <s.,
= ’ - 1 1
b, {F,Bla iﬂ,BEQ}U{‘a,,u > a)

is locally finite for every & < - |

c), ordpG__;n for every a <t and for every point pPEA, .

First we define F for BESN as follows. We let

o8
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H = {plp€EF N4 ord [ lo<caect) =0
10 F ol A 0 " p‘ al 4 4o

Hy, = [plpEFonAz, ordp{Fu|0<c1<T} =11,

H,y=1{p|lpeF . NnA,, ord {F j0<a<t) =2},
= wr -, t/ A

and

H, = {p|p€e€F . nA,, ord_{F_ |0O<a<t} =0},

r
Hy = {p|p€F00A3, ordp{Fa|0<a<T] =11},
Hop = {p]pEFonAa, ordp{F jo<a<t}) =2},
KZ = HZOUH:H UH“U...
and generally
(1) K . __={plpeFr.nA___ ,ord {F |O<a<t} =5},
I' T 88 u I'T o p 151
(2) K'ﬁs u r+88
8=0
If pEHr+ss , then pEFa'n...ﬂFaB for some different a'....,o.s>0. and

PEF NNy 54

hood Ulp) = N{R-F |pgF, , 0<a<t] of p satisfies U(p}NH
every f>s . Hence for every 8’ s=0 Tp+gg

H < from dim A <0 i ; th im & < >0,
»+ 88 Ar+s’ m dim 4, o2 it follows that dim _Jr+ssﬂ0 for every 820

Since any open set is an F_-set, each H is an F_-set in #_ . Hence from
y o r+ss g r

the sum theorem we obtain dim Kr;O . Therefore by A) we can define a locally finite

closed covering Gé = {FOBI BEQ) of F

for any different 0.‘,...,0. >0 . Hence the open neighbour-
paze= @ for

e 8 . . o o PRGN s
s, " 18 open 1n KI’ . olnce (1) 1mplles

such that G(’\<S. and
0 “1

0
L}
<
(3) ordpGO=n for every pEKn .
We put G =G U{F |a>0} . To show ordpGO;n for every p€A  we suppose
ord F. = g+1 and
p z-1

(4) pEFoﬂra ﬂ...ﬂFa

! -]
for some different a1,....us>0 . Then 0<s<n-1 because by the induction hypo-

thesis ordpFi_'f'n . Thus from (!) and (2) we deduce that pEHnscKr_-s . Hence

e . . . )
by (3) ordpGo=n s , which combined with (4) proves c:)0 ordpGO;n .

Furthermore a)o and b)0 are clearly satisfied by FOB and GO .
Suppose we have defined F ., for every a'<a 1 then we can define § _ for
a B 7 r

n ne Foo
every B €Q satisfying a)a , b)cx , c)(1 . The definition of FQB is quite analogous

to that of F,, except that we adopt F_ and {F ,,|a'<a, B€Q}U{Fﬁ,frl'>a}

in place of F. and {Fa | >0} respectively, so the proof is left to the reader.

o
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a<T,REQ) . 1t easily follows

L n n 1 i \J ...a | {F l
= 1 "Tagt
from a)a and c)a that Fi satisfies 11), 111), 1v) and F-z. S_L From b)o. combined

with the local finiteness of F._ it follows that F. is locally finite. (To

assure that Fi is subindexed as in 1i), we select a sufficiently large 1 at the
beginning of the induction and at the end of each stage of the induction we put

F(u'....,ai) = for those (o,',...,o.i) for which F# has not been defined,)

N Semana o] ne 3emmen o ey
(5] :PG\.C i lido WIHCHIDEWVH

+
+ N

» rhan ¢
i, Lalh et

iIA

'
{ Fil = 1.2, ...} of locally finite closed coverings of which satisfies

m

1)  for every neighbourhood Ufp) of every point p of A there exists some <

for which S(p_,Fi)CU(p) ,
11) Fi:{F(O‘P““o‘i)IakEQ' k=1,...,T}. where F(a’,...,ai) may be empty,

_‘)=U{F(a‘,...a B) |BENY) ,

111) F(CI',....G. N 1‘-",

A
iv) ord Fién+] .
Proof, We can easily prove this proposition by applying to A the decomposition
theorem and B), putting Ai=0 for Z>n+ 1! . (Note that the condition iv) should
be understood in the strong sense that each point of A is contained in F(c‘x,,...,ai)
for at most n+! distinct subindices (a

' 3 v ’ui) -)

Theorem I11. 6 ® . A space R has dimension < n 1if and only if there exrists a
subspace P of N(}) for suttable Q and a closed continuous mapping f of P
onto R such that for each point q of R, f'-l (q) consists of at most n+1
points.

Proof. Since dim N(Q) =0 . the "if" part follows from Theorem I11.7,
To show the "only if" part we construct closed coverings Fi » =1,2,.., satis-

fying the conditions of C). Then we defire a subset P of N() by
o
Pzl{ala=(x, ,0,,... YE N, n F(ﬂ---=--ﬂi)#@} .

Furthermore, we define a mapping [ of P onto R by

o

fla) = N F’(cx',...,ai) for u=(a1,a2,...)€P.

.
1 = |
L !

First proved by W. Hurewicz [2] and C. Kuratowski [|] in the separable case. This
theorem for general metric space and Theorem 111.9 are due to K, Morita [5].

Yu. Smirnov [4]. V. Ponomarev [!'] and K. Nagami (3] obtained a wider category of
topological spaces as images of zero-dimensional metric spaces by continuous

mappings satisfying some conditions. For example, the last author showed that every
non—empty metric space § 1is the image of a metric space R with dim R=0 by an
open continuous mapping f such that f<=!(g) 1is compact for every point g of §
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for every q€7 , £ (q) consists of at most n+! points. (Recall the note in the

proof of C).)

To show that f 1is a closed mapping, for each collection (0

o

..hi) of elements

of 8 we define an open set N(a',....ui) of P by

(3
L

N(a'....,ai) = (a;,a'

i r‘! p' ::' K= " s
2,...)| (ul\uz....) €EP: 2 3, 5 K 1, )

and an open covering Ni of P by
N.={WNa,,....a.)|a, €0, k=1,...,i1}.
T ] T <

Let X be a closed subset of P and choose g€ f(K) in R . Then it follows from

the finiteness of fr'(q) that S(K,Hi} ﬁj’l(q) =¢% for some < . Hence
E=u {f(u)| NE N NNK#@) satisfies ¢g€#>F(K) . Since by iii)
f(N(ai,...,ai)) = F(aj=,!.,ai) . the local finiteness of Fi implies that & 1is a

closed set of K . Hence putting Ufg) =R-¥# we obtain a neighbourhood of ¢ satis-
iying U(q) Nf(K) =¢ . which shows that f{(¥) is a closed set of 7 . Thereiore -
is a closed mapping.

Thus the proof of this theorem is complete.

Theorem 1I11. 9. A space R has dimension < »n if and onlu i7 there exists a
sequence {F.|l1=1.2 Y of locally finite cloged coverings of R which catis-
SEy PRI ET S s L BB ESY ] ve o H e <
fies the conditions i) - iv) of €) .

Proo F The "onlvy 1f" pzart 1s nroved by C). Convercselv 1if there exists such a

: f. The "enly if" part is preoved by C). Co sely, 1 su
sequence | Fi[ £=1,2,... )} . then by use of the proof of Theorem 111.8 we can con-
struct a subspace P of #(R) and a closed continuous mapping [ of P onto #*

- - . - .
such that f "(g) consists of at most n+1 points for each g€7 . Hence dimF <=

i1s deduced from Theorem 111.8.

Closely related to the diameter &(S5) of a subset & of a space F 1is the fol-

lowing notion.

Definition I11.3. Zet U and S be an oren covering and a subset respecitvely
of .a space R . ke denote bu G8(5) <U the fact that there exisis an open collectiow

V satisfying V<lU ., U({

-
-

ol

o
U

] ~r 1l - PP, Ir - 1
[ICVJ’—?.‘D,am_; v </

(=9

r

Q

7 Here iv) should be understood in the strong sense as noted in the proof of C).
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Then we call f a uniformly O-dimensional mapping.

A) 1f there is a uniformly O-dimensional continuous mapping f of a space &

Proof. Suppose dim §<n . By use of the decomposition theorem we decompose 5
into n+i O-dimensional spaces 5., 1 y

i.ses,i+] , The .
. . . . . -1 s e, s
uniformly O-dimensional continuous mapping of Ri =f (Si) onto Si if it is

=]
[*¥]
by}
o
o
=
™
“h
-
W
[p]
Y
(1]
&
lal
——

restricted to Ri . Hence, again in view of the decomposition theorem it suffices to
prove dim Riéo . Namely, all we have to do is to prove this proposition in case
dim S=0 .

We define S_l::{Sl/i(p); pE€ER} . Since f 1is uniformly O—dimer:sional, there
exists N>0 such that if &(T)<n for a set T of S, then d(f-l(.’v'))<3i .

Since 5 has dimension < O , there exists an open covering Vi of § such that
mesh Vi;n , t.e. 6(V) <n for every V€ Ui , and ord U-i;] . Then every element
covering U.(‘/) of f-l(V) with ord qu.(V);l and “1;”')‘37: . Thus

U[U (V) | ve€ V. } is an open covering of A such that ord W,<1 and W.<S..

Vv of Ui satisfies S(f—lllj)) <S£. Hence for every V€ Ui there exists an open

[‘herefore we can easﬂy see that U:sl wi 15 a 0-locally finite open basis of

R consisting of sets which are both open and closed. Hence by Theorem 11.2 we
conclude dim # <0 .

B) We denote by C(R,I") the set

27 L= S S R0 wlaty -

=)

f all continuous mappings of a space R into

a Euclidean n-cube I . We regard C(R;In) as a metric space by assigning a metric

f; to it by
6(f.g) = sup {d(f(x), glx)) [z€R} for f,g€C(RTI") ,
7)1

nrr:n af T Harsover for £ >0
etric ol pereover ror £ 20

h) dennrasg tha
i/ SeEliVLCS L e 4 . N

-
-U

we put 0O
5

m

;5(_[' l(‘!’)) <U_ holds }, where U_ denotes the same covering as in Definition 111.9,

-

Then ;J (7,I") 1is an open subset of C('R,ln) .

Proof, Let f be a poiut of D_(R, "} and n a positive number such that
< .. P e
(1 8(7) <n implies &(f (T)) <U, for all T<I',

!
Suppose @ to be a point of C(R,In) satisfying p(f,g) <3n . Consider
T 1 -
s=1" with 8(T)<in . Then a' , b'€fg Ve implies a' = f(a) and b' = f(b)
for some a, b€R for which gla) €T and g(b)ET.
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Q.
-
]
o
o
-

]

LR,
e

“h
-

A

Hence G(fg_l(T))én . Thus it follows from (I) that ‘G(F—‘f—l(T)) <l _ . which
|

- = = 4
L S BN T I Ve mlomy o =lomy o e 7 " lemyy oy Mhic conme LN /D ]
ol LiIcyd wiLil J Jg L i/ 1LOpPpLTES iy vis7 ‘ue L1i1D NiCaild Y \-Uell-,-l- /
In consequence the neighbourhood § f fF 1is contained in DE(R,I") , which

proves that DE(R,In) is an open set

C) Using the same notation as in B), for any €>0 and any O-dimensional space

~

R, DE(R,IU) is dense in C(R,IU)‘ , where I~ is the space of just one point Py -

Proof. aAs a matter of fact, DE(R,IDJ coincides with C(R,IO) itself which con-
ststs of just one point jf: f(R) = Py -

D) Let F be a closed set of a space & . If A €DE(F,Ik/‘ and % is a con-
tinuous extension of h' over KR , then there exists an open set U containing 7~
such that the restriction of ‘h to U belongs to DE(U,Ik) , t.e. for some n' >0 ,
6(T) £<n’ and Tt:Ik 1imply B(hm’(T) nU) <U_ , where Ue 1s the same covering as

in Definition III.9.

Proof. Suppose 6(T)<n and T<F imply st ter)) <U€ . Since Ik is com-
pact, we can cover it with finitely many open balls with radius :-n , which we denote

by V.= 851 . L=, ... . i
y v, Sm(ql) , t=1, ,8 . Define
(1 5. =8

Then there exists an open covering N‘i of h'-l(Si) with ord Ni;l and Ni<UE .

Let N. - . H C -I .'.4' u
{” I YEI } 5 then we an assign to every an element A EU such
that N :A -
Y Y

For each “Eh’-‘(s.) there exists a unique ¥ €N. such that p€w .
¢ i 0 b yip) ~ 1L % tp)
Hence to each point p of h' (5,) we can assign a positive number ai(p) satis-
fying
1 Fns (p) <N EN,
) ei(p) p) Y(p} ~ 7 '

il) S, (pl=A . ,EU_ ,
e.ip)* yip) €

1ii) d(hiq), h(p)) <.n for every q€S5 (p) .

Ei(p)
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We let
[ er . l , =1
£p) = min {Re‘i(p) | A (s.)3¢g ) .
' =u{s {p)lp€EN_} for every YET,.,
| E(‘p) EobE =Ty 2
(2) s v.zu{Uu jyer.}, i=1.....8
i Y 7
e
=z u U‘i .
~ =1
Thoa e H = AT mmar saf Al e e fa
IR Rl—] 7/ L2 ai ‘.JPGI SCL LUllLalillug Iy -

we assume the contrary, i.e. :::Eh-'(V,.) ﬂU-Ui # O . Then by (2) £S5 (n) for

elp)
every pE€U({ ‘»'.’Y | +€ I".L.} . On the other hand, since x €U, then necessarily, by (2)

::€35(p;(p) for some p€F . Hence we know that T€S {(p) for some p with

elp)

1, -1

;,EF-U[HYI\r€I‘£] =F-h' (5. =F-h (5.).

This implies, by virtue of (1) and iii) d(hlpl,q.) >l-“| and then d{hi{x},q.) >E"l

3 P S, y [ _‘qi 3 T -4, by .
- -" . IS

On the other hand. it follows from x€#4 (V.) that Alx) €V, | i.e. d(h(:r),qi)< n.

This centradiction proves (3).
By (2) U. - {UYl Y€ I'i} is an open covering of Ui « 1i) and (2) imply that

I~ 2 . N i L < . Since N_. < i
. /n_( for every {ET‘_L ind accordingly U'L UE Sinc ; has order < | ., i)

and (2) imply that ord U%;1 . Bence 6(U7.) <U€ . By virtue of (3) this proves
e Yiranm <,
i . £
Since | is compact, by 1.2 A) we can find n’ >0 such that if a subset T of
7" has diameter <n’ . then chi for some 7 . Then &(7)<n' implies
sty eu
[

Thus the proof of this assertion is complete.

E} For any €>0 and any space R with dim F<n , DE(R,In) is dense in C(F;In)

froor.  Since for =0 this assertion 1s proved in C), to use induction on n we
assume Lhe assertion valid for »n-1 .

Let P be a given point of C(R.I") and €' a given positive number. Suppose
p - - I l
Or) = (5(p),0(p)). €CIR I ), w€C(R T ) .

Then, since dim Z<n , in view of the proof of 7 A).we can easily comstruct an

open collection M = ;,l"fyl v+ €'} in F such that

i) 4 is a locally finite open collection with ord M<1 |

iy ui= "veETT =
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1i) M<lU_ for the covering U_  in Definitien .9
E r
iv) dimu {B(MY)Iy€I‘}_§n -1,
v) | wola)-wlb) | <;-€‘ it a,be€M
(Choose a sufficiently small U 1in the said proof and V' satisfying dim B(Va) <

n=-1 for every a ; then put 4 =V -U {f’Bi B<a).) By applving the induction
'€D (F,In- '} such that

3

a
hypothesis to F = U { (B(HY) | YET)} we get a mapping

r;{h'(n] 8 < I '3
Ay e ly’l ~ [~ L

0y

{n))
Vs

[N N

LY

h’ to a mapping ho of R inte I'"'. Then, for each p€F we choose a neigh-

bourhood ¥(p) such that g €WN(p) implies d(hsfp), hc(q)) <A and dlg(r)., gfa)<8
Define N = U { N(p) | p€F} . Then we construct a real valued coutinuous function
a on R satisfying a(F) =0 , alR-N) =1, and 0<a<|
Putting h = ag + (! —u)ho in vectorial notation, we have a continuous extension

h of #HA' over F.

Ol AL fa ) Py SV NP £ - £ 1 2 LV Vi e el A=t A s ’
S210cc ulrtolt’/_‘ Wipss ;U LOL evely Ty 1L 1U110WS TLO] Liae derinicivvin 0! H
that d(h(q), g(g)) 238 for every g€R , and hence

where p denotes the metric in C(R,I'n- ’} . Then, by use of D) we can construcrt an

open set U such that UDF ., and
(2) for some n'>0 ., &(T)<n' and 7e! imply é(unh"(?))<u¢ ]

Now, we consider a real valued continuous function O on A such that ofR-U) =0
ofFf) =1 and 0<c<! , and put w=&p+% £'c . Then Y¥(pr)=(h(p), w(p)) 1is a mappine
which satisfies Y€C(RI") and p(¥.®) <c' .

We can easily prove this assertion by use of (1) and che definition of . Thus
to complete this proof it remains only to prove that ‘i’EDE(R,Tr') .

For this purpose we shall show that if
(3) 8(7) <min (n', ;€' )

for a closed set T of In, Lthen
%) either ITJYn‘P_I(T)CR—F' or 171an="(7'qu

for each y€r .

Let us assume the contrary: then for some Y we get two points a and 5 such
that aEFﬁf’{r ﬁ?_!(T) #0 , which implies wulal) =¢fla)+ ;- € 'ola) =wplal + ; ¢’ and
b€(R-U) n.::gf n¢ /7y #0 , which implies ©Z) =@fb) + ; e'al(b) = wth) .

Since wla) and W(b) €T , in view of (3) we know that

| wla) - olb)+ ;e i=lula) - wib) | <l .

—
Y

Hence icpra}-w(o}i > 3E€°. This, however. contradicts v} and accordingly proves )
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We let

P={y|yer, .ffYn\v"(T)cR-F} ,and T''={ylyer, F;an"(r)cu}:
then by (4) T=7"UT"" . Suppose T 1is z given closed ser of I" uwhich satisfies
(3). If €7 , then by the definition of F

ooy r)cr nv Ty n(R-7)

Y Y

<k nv lryn(R-BM )1y | i.e.
Y i Y

(5) .?fan"'(T)cMY for every YETI' .

If YyE€T'', then note that ‘l’-i(T)Ch-F(I') , where T'
T on In-' . Therefore

denotes the projection of

E’YH‘P-'(T)CUﬂﬁfYﬂ‘P—l(T)CUnh_l(T) for every YET'' .

Hence

(6) AzulE |yertny tmeunn Nz .

t”
Y

On the other hand, we can deduce from (2), (3) and G(T');lS{T)

é(ifn’rt-‘(T')K U_ . In consequence, (6) implies
o

that

(N 6(A)<UE .

From the closedness of T and i) it follows that A4

is closed, Therefore

K=1{4,4ny
Y

is a discrete closed collection by virtue of (5) and i).

Now we clhoose an open set ¥ of R such that W>A4 and ifﬂﬁYﬂ‘P-l(T) =@ for
all vyeir'-r" ,
Because of (7) there is an open collection { of order < which covers A and

refines UE . We may assume that each member of W

en collection of

pte

i € an o

Wuly Nn(R-W )| yer -1}
\.tY | S ]

UE and covers U{KlKEK}s?_'(T) . (Rzeall 1), i1),

1s contained in

¥ . Then

which refines

order < |

iii) amd (5).)

This implies S(W_'(T)) <U_. , and thus ‘PEDC(R,ln) is proved, and hence DP(R,In)

i1f and only if it satisfies

is dense in C(R,In) .
Theorem 1I1. 10 * . 4 space R has dim < n (n >0}
1) for any metrizatton of R there exists a uniformly C—dimensional continuous

mapping o7 R into M oor

® Proved first by M, Katdrov [2],
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6!

to In .

ing of K wn

D

.

tiruous map

mplete

1§ a co

f R . Since C(R I') i

1C O

Ctr,I') , for any mertr

are open and dense in

, by Theorem I.5 we know that

| Dy (R, iy
1) obviously implies 2). Finally, by A) we can deduce

metric space

FEN

from 2) because

dim R<n

1.

ing in

the desired mapp

15

w
1=

. n
dim I <n .
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DIMENSICN OF SEPARABLE METRIC SPACES

Although wz are now in a position to establish most of the main theorems of di-
mension theory for general metric spaces, there are yet some theorems which make it
preferable to devote one chapter to separable metric spaces., We can extend some of
them to more general spaces than separable metric spaces. but it is often true that
their best form is achieved only in separable metric spaces. We can extend, for
example, Theorem !V,9 about relarions between dimension und measure to non-metrizable
spaces in a modified form. As for the imbedding theorem we can extend it to general
metric spaces ! , bur imbedding into Euclidean spaces is possible only for separable
melric spaces.

The purpose of this chapter is to discuss theorems in which separability has its

own meaning and to give an account of classical theorems in Euclidean spaces.

Iv. 1. Cantor manifolds

Theorem 1V. 1. 1Ind # = ind R = dim R for every separable metric space & .

frooy. Since Ind #>ind R is clear, let nus show Ind R<ind R .
If ind £ = - 1 , then this assertion is obvious. Suppose that Ind £ < ind R has
been established for every R with ind R<n-1 . Now, assume ind R=n for a

separable metric space & with a countable open basis | Ui1 1=1,2,...} . We

define open sets Wij’ 2, =1,2,... asfollows. If there exist open sets & satis-
F!r':‘uu Il =tie=H e d sed BL) £ a2 = . Tod HILY & 3 her wiviiin At +fhe $ro
i II6 Ui — 7 huj Gl Al &Ly ;" T » A« a A i LYy ;f‘ T Uy ViLLUT UL L all

duction hypothesis, then we put HijJ:W for one of those K , If there exists no

open set satisfying this condition, then we put W,.,.=0 .,
"t

See Chapter VI.6.
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It follows from ind R=»n that ‘.U;;i L.4=1.2.... } is an open bacgics with
3 ‘L,_‘,'r v s & Fe
Ind B(Wij)_i_n- ! . Hence F satisfies the condition of Theorem II.2, and hence

Ind R<n . This means Ind R<ind R .

Since Ind 2=dim R 1is established for every metric space in Theorem II.7, we can
conclude Ind R=ind R=dim X for every separable metric space R .

By virtue of this theorem Ind R, ind R and dim R have the same meaning through-

out this chapter.

T
+

"

is known that ind F=dim R for
countable sum of closed subspaces with the star-finite property (or, more generally,
which has a 0- star-finite open basis)? On the other hand P. Roy [!] gave an example
of a metric space R such that ind A=0 and IndA=1! and thus negatively solved

the famous problem on the equivalence between ind and Ind for general metric spaces ®

Z gee K. Morita [&) and A. Zarelua [!].

’ We shall give here only a description of his example, a complete metric space R
such that ind R=0 but Ind A=1! . For that purpose we introduce the following
notations. We mean by a sequence a function defined on either the set of non-
negative integers or the set of positive integers or any initial segment of either
of them.

X =the set of all finite sequences {x;y1} of real numbers defined on an initial
segment of the non-negative integers such that x.=0 only in case =0, If
rz={z;| 2=0,....n} , then we denote by | x| the integer = . ¥=the set of all
sequences {uy;} of posi:ive numbers defined on the set of all positive integers
sach that yi;-‘y- if ©#j . If r 1is a positive number, then Y, denotes the
set of all members of Y which take the value r and we denote by F, a one-to-
one mappmg from the positive numbers onto Y, . Z=the set of all sequences
l.u-,,r of positive numbers defined on the set of all pos1t1ve integers.

Now we define the desired space R as follows: Ry URy , where R, the set
of all sequences of non-zero real numbers defined on the set of all positive in-
tegers, Rp=XxY¥YxZ with p(X) , p(Y) and p(Z} denoting the coordinates of a

point p of A, . The topology of R 1is defined by the open basis U consisting
of two types of subsets U, and UPJ?'! of R . Let x={x;}€X ; then we define
Ue. = UV VU2 as follows:
U'={pER'|p for t=1,....lx| ., if |=]|>0},

= (p€R, | |D(X)[>|.r| ; p(X), =z, for i=l...., x|, if 'x|>o0}.
where we denote by p(X). the 1i-th term of the sequence p(X) .

Let n be a positive Integer and p a point of R, : then we define U, , =
UOuy* U~ as follows: :

vo = {qERzlq(X)=p(X): q{Y)—'p(Y);q(Z)i=p(Z)i for t=1,...,n-1,
if n>1}
* @ - @
vt g U LU= g :
T R e
where {vy(p,w + 4} [d=1.2....} and [y(p,n-,521J=1,2,...} are two infinite

sequences of members of X such that

|y (p.onoe, 5 = ptx) | +n +1

p(¥); for t=0.....|prx}|,
Y(p. n.2j) . = tn(Y),.H.-._, for 1,—|p(X)|+ . ) -
- | 1(p(1’)) with r= p(‘”rnj—l for 7= | plX})|+2,
and if n>1 . then Y(p,n t,7); = Fpl2);r with 1'=Z-|plx)| -2 for

1= iptx)| +3,...,|px)| +n+1 |
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3

Definition IV. 1. For n>0 a compact n-dimensional metric space R tis calle

an n-dimensional Cantor manifold if R - A <is connected for every at most (n-2)-
dimer.stonal subset A of R.

Note that the above condition preceded by 'if' implies dim R>n if R

contains at least two points.

. .
A) Let be a ad f a continuous mapping o

-

4
subset F into §' . If f cannot be extended over R , then there exists a closed
subset ¢ of R/ such that

i) f cannot be extended over FU(G , but

ii) f can be extended over FUH for every proper closed subset f of G .

Proof. By use of Zorn's lemma ' we obtain a maximal family {Gu: a€Ad} of
closed sets such that {Ga} 1s totally ordered with respect to the order <, i.e.

either GQCGB or uaDGB for every a,BE€A , and
(1) f cannot be extended over FUGa for every a€4 .

If we let G = N {ch | a€ A} , then ¢ 1is a closed subset of R . We can see that
f cannot be extended over F UG . For suppose f were extended over FUG , then
there would be, by the corollary to Theorem 1.7, an open set U contalning FUG
over which f could be extended. By virtue of the compactness of K there would be
Gc. satisfying ch:U s, and hence FUGuCU . But this contradicts (1).

If follows from the maximality conditicn of {Gﬂ} that f can be extended over

TUH for every proper closed subset 4 of G .

Theorem (V. 2. Any compact n-dimensional space R contatns an n-dimensional

Cantor manifold as a subset (n>0) .

Proof. Since dim R = n , there exists, by Theorem I11.2, a closed subset F of
% and a mapping f of R into Sn—' which cannot be extended over R . We get,
by use of A), a closed set G satisfying i) and 1i) there.

Let us show that G 1is an n-dimensional Cantor manifold. For if we assume the
contrary, then there exist proper closed sets G! and 02 of G such that
G=6G VUG, and dim G, NG, 2n-2 . It follows from ii) that f can be extended to

i
mappings f. and f defined over FUGi and F UG respectively

, defl FUG, respective v. By virtue of

N

.
L

By Zorn's lemma we mean the following: A partially ordered system P each of whose
totally ordered subsystems has an upper bound, contains a maximal element. In the
present case we consider the system of all the families of closed sets satisfving
the conditions concerned.
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extension of f over FUG . But this contradicts {) of A). (Note that dim G

v
x

automatically follows as remarked right after Definition IV.1.).

Iv. 2. Dimension of £°

AN T ar 24'-_,{'\ 1 I N
A) Let Lo- | 120, 0eey¥ ad

Y

L

3
.
o

]

- wl
u J

a covering of 7" for which Fic:Tn-Si . If K is a given geometrical complex

triangulating 7 , then K contains an n-simplex which intersects every member of

(Fi|i=0”.”n}s.

Proof. We assign to each vertex p of X a number <Z(p) for which gJEfé(j) .
To each r—simplex T = [po....,pr] of K we assign the set { i(po),...,i(pr)g of
numbers, which is denoted by <Z(T) = { i(po),...,i(pr)} . Suppose {le J=1,...,k1}
are all the n-simplexes belonging to K . Denote by 8 the number of Tj's such
that i(Tj) = {0,!,...,%} . Then we shall prove by induction on n that g is
odd.

In case of n=1 this assertion is clearly true, because O 1is assigned to a
vertex of T' and ! to another vertex.

Now we assume this assertion for (n-1)-simplexes to prove it for the n-simplex
7 | Let 8 be the number of the (n-!)-dimensional faces T' of 7T, such that
.f sj#o,
then there exists a face T' = [p',...,pn] of Tj = [po,p',...,pn] for which

e,

pute £

t(T') = {1,...,n} . Then it is easily seen that sj =0, ! or 2 . For,

T’} = {1,...,n} . If i(poi =0, then I' 1is the only face satisfying this con-
dition, and hence sj = 1, In this case we note that i(Tj) ={0,1,....m} .
If l_gi(po)éjzi then clearly sj==2 . We denote by t the number of such Tj's.

Thus we obtain

) 8.-a+2¢t

;v

B3

J
On the other hand, we denote by u the number of (% -~ 1)-simplexes T' of K for
which
| 2(T') = {',....,n},
(2)

7' is contained in

tCX
w0
o,

o,
o

> This proposition is due to E. Sperner [1] and called Sperner's lemma. As for
elementary knowledge of combinatorial topology see P. Alexandroff - H. Hopf [1] or
J. Nagata - Y. Kodama [!]. See also the introductory portion of VIII.! especially
the footnote to Example VIII.! for the definition of a complex.



and by v the number of the n- l-simplexes T" of X such that (7)) = {1 ...,n},
and 7" is not contained in U:'f= Si . The former type of simplex faces just one
of {7, | 7=1....,k} . and the latter type faces just two of them. Therefore we ob-
tain d{ '23:, 5;5u+2v , which combined with (1) implies &+2t=u+2v .

Thus, to prove that & is odd it suffices to show that u is odd. We note that

if T' is an (n-')-simplex of X which satisfies (2), then T' must be contained

in §. . For, 1f T 1s contained 1in Si for some 1 different from O , then

']
oy
3

Hence i 1is the number of the (n - |)-simplexes 7T' of KX contained in SO with
i(T') = (1,...,n} . applying the induction hypothesis to the covering {FinSGI‘i:
l,...,n} of the (n-1)-simplex SO , we conclude that u 1is odd. This completes
the proof that 8 1s odd, and hence X contains at least one n-simplex Tj with
i(TJJ ={0,1....,m} , i.e. a simplex which intersects cach of {Fil 2=0,...,%n} .

Now we =zre in a position to prove

Theorem V. 3. dim 7 =n.

- -1

Prooy. Since dim E’nin is deduced by the product theorem from dim £ <1 , in
view of T cE" we obtain dim Tn;n . Hence it suffices to show that dim Tn;n .
1
(7"-5.|i=
t n
covering of 7" for which ViCT -Si . Then there exists a closed covering

{Fili=0""'n} of T' such that F,cV..
271

Let {5.|Z=0,....n} be the faces of 7" . Then we consider the open covering
0,

..oom} of T . Suppose U={Vi|i=0,...,n} is a given open

n
Now we shall show that N, _ _ F,#0 .

1=0 "%
I . : \ 7 N .
If the contrary is true, then since 7 {s compact, {T -F.[Z=0,....n}

s a uniform covering of 7" . Hence there exists € >0 such that for every pETn

We cons:ruct a triangulation X of T" each of whose simplexes has diameter <g .
Then every simplex of K 1is contained in some Tn-Fi , but this contradicts A).
Thus we obtain N 2=0 Fi #® , which implies N :'.lgo 5-/7: #0 . This means ord V2>n+1 .

Therefore we conclude that dim f[n__?“_n . which completes the proof.

Theorem iV,3 implies dim = n , dim 5% =n and especially

Thearem V. 4, dim £ = n .

B) Let 4 and B be countable subsets which are dense in En . Then there exists

a topological mapping of " onto itself which maps A onto B .

Proor. In case n=1 we write 2 = [ai j2=1,2,...} and B8 = {b, |Z=1.2,...}
to establish a one-to-one mapping F between 4 and B . First we define f(al) =b|.
Suppose we have defined f{ai) = b’”i , t=1,..., k=1, so that f preserves the

natural order, i.e. ai<aj implies f(az:} <f('aj1' . Then we define f‘(aki as fol-
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f l .
{mlm;‘m[,...,mk R

-
[14]
Q.
1]
-]
[¢]
-
(14
o
3
(o]
-2
1]
]
-
-
n
<]
]
g
or
1]
"
]
h
Iy

£ 4 <=
H 1 <K i
L

then a.<a, or a,>a, implies bmz:(b lor bmi>bm respectively } . Note that
”k is not empty because B is dense in E . Then we put ffay) = bm;(_ .

It 1s easy to see that f 1is a one-to-one mapping between A and B preserving
the natural order. To prove by induction that the mapping is onto. assume that
{bl""’bi-l}cfm) . Then [I,...,i-l}c{m',...,mk} for some k . Assume

iE{ml,...,mk} and let e.g.

b <b <,..<h <b.<b <,..<& .
1M ier T "k

Then, since A 1s dense, we obtain aJ._ | <aw<aj for some w>k . If w 1is the

first number satisfying this condition. then mw=i , 1.e. f'(aw) = bi€f(A) .
o . a A e s . . | . e .. -
We can extend f to a topological mapplng from &£ onto 1tselt as follows, For

a given point x of E'I—A, we put AI = {a|a<z, a€4} and

Az ={ala>x , a€4} . Then AI and A, are subser:

B = f(Al) Uf(Az) and such that b<b' whenever bEf(Al) and b'€f(A. ) . Note

that f‘(AI) has no maximum, and f'(A,)) has no minimum. Since B = E . there is one

f A such thar

"
[=]

and only one number y such that b€f(A]) or b€f{A2) implies b<y or b>y ,
respectively. Setting f(x} = y , we obtain a topological mapping (= homeomorphism)

] .
f from E  onto itself which maps 4 onto B .

1 2 .
In case n =2 we suppose A:{ai:(ai . ai)|1,=l.2,...} and
Bz {b.=(b,', b2 |i=1.2....}
i z 1

We may assume that A satisfies a_z:l ¥ a.l and a,l:2 ¥ aj2 whenever 7 #J .
because. using the previous argument on E" ., we can map A to a dense subset of
@x@ by a homeomorphism @ from E'2 onto itself, where @ denotes the set of all
rational numbers. Then consider the rotation & of E’Z around the origin by w/6 ,
Now O stp 1is a homeomorphism of E? onto 1tself which maps A to a dense subset
satisfying the above condition, We assume the same condition for B , too.

T

PR, SN o~

rving mapping f from A onto B, first let

o define a one-to-one, order-pres

f(al) = bl . {(The following definition of Nk will indicate what we mean by 'order-

preserving'.) Assume that we have defined fla;) = bmi for 7<k-1 . Define
. . 1 ] 1 1 . .
= ! “es 4 < - . < . P
¥ = {m | m Fm eeeumy 5 if 2<k-1, then a. <a, (a;>a;) implies
b,;- <b' (Bnt>Bl) . and a.l<a’? (a,”>a,’) implies b,2<b > (b 2>b %) }. Denote
P i iy i z k 1 k : fig m Tt m

. ) . ) o
by m, the first number of .-’k and define f(ak; bm’k .
ffA) = B can be proved analogously to the one-dimensional case. Then it is also
2
easy to extend f to a homeomorphism from E~ c¢nto itself. We can prove the

. n o, . .
assertion for L in a similar way. but rhe details are left to the reader.

Theorem IV. 5. Let S5 be a subset of E' . Then dim § = n if and only if §

. L3
contains an open set of £
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Proof. Since the "if" part is clear, we suppose 5 contains no open set to show
. . . 1
dim §<n-1 . Then £ -5 1is dense in EJ , and hence we can choose a countable sub-

set A of En-S such that 4 is dense in E° . By Ef we denote the set of all
[al

. ] . . . .
points of £ exactly k of whose coordinates are irrational. Note that dim 5, =0

k
for each & follows from the sum theorem, Then Eg 1s a countable set which is
dense in E . Hence, by use of B) we can construct a topological mapping f of £

onto itself which maps A4 onto Eg . Hence S 1s mapped into En-Eg by fF . Since

:*n En_lln :'n PR | 31 __ nngn A . L £ 1 S N LW 2 o .. -

& ‘50 = U i= 1 Di ’ u alim ﬂi"U s LT l,ees,71 , 1L IOLIOWS ITOmMm CLhe decomposliilon
. n . .

theorem that dim (E -Eg);n-l . Therefore dim §<n-1 , which proves the "only

if" part of this theorem.

Iv. 3. Some theorems in Euclidean space

In this section we shall give an account of some classical theorems due to Brouwer

as examples of interesting applications of dimension theory.

A) The identity mapping f from ' onto itself is essential.

Proof. 1f we assume f to be inessential, then by use of a projection to the
-1 . . . .
boundary 5" of I" from an interior point of I" we can construct a continuous
. . n-1 n-=1
mapping g from I into § such that gfq) = q for every g€S§ . Then,

since dim I' = n » by Theorem III.5 there is an essential mapping %4 from I onto

itself. Now g+h 1s a continuous mapping from I into Sn'_l'iln . If

- w1
p€h (5§ ") , then ge h(p) =h(p) , which contradicts the fact that % 1is essen-
tial. Thus f must be essential,

Tew e T mwe simar sxn mmr mlan s bhat o fha 2o S o T Caa n
i a iliiidl Way W& Can 4450 prove Linadtl (ne Ldentiily mapping r[Tor

w

1s essential.

Theorem IV. 6 (Brouwer's fixed-point theorem). Every continuous mapping f of
I" into itself has a fired point, i.e. a point pEI" such that fip) = p .

Proof. Let us assume the contrary; then there exists a continuous mapping f of

I’ into itself such that flx) # x for every point x€I' . We regard s as

. . n-1
the boundary of ' | Then for z€I" we denote by gf{x) the intersection of §
with the ray beginning at f{x} and passing through x . One can easily see that ¢
. . . - . -1 - ; ] B R
is a continuous mapping of ' into &° and leaves each point of § fixed.

This contradicts A).

B) Let S5 be a closed subspace of E? . Then a point p of § 1is contained in
the boundary B(5) of S with respect to £ if and only if for every neighbourhood

Vip) of p in § there exists a neighbourhood Ufp) of p 1in § such that



Ufp) c¥{p) and such that every continuous mapping of S-U(lp) into st can be
continuously extended over § .

Proof. To show the "only if" part, for the given neighbourhosd ¥{p) of a point
p€S we choose a spherical neighbourhood S(p) in such that Ul(p} =

Slp}) nSc¥ip) .

Let f be a given continuous mapping of &§-U(p} 1into s | since B(S(pl)) =
Sn—l , we obtain dim B(S(p)} <n-1 . Hence by use of the corollary to Theorem III.2
we can extend f to a mapping g of (S5-Ul{p))UB(S(p)} into Sﬁ_i . Now, choose
a point q€S(p) -5 and define @ as the projection from g on B(S(x}) . Then

we get an extension 4 of f over 35 by putting

hix)

h(x) = flx} for every x€5-U .

glolz)) for every x€UNS ,

To show the "if" part we suppose p 1s an inner point of S . Then there exists
a spherical neighbourhood Sf(p) of p satisfying S(pJcS . Let Ul(p) be an
arbitrary neighbourhood of p contained in S(p} . We denote by f the projection
of S-Ul{p} from p onto "1 uhich we regard as the boundary of S(p) . Then f
cannot be extended over S . To show this we suppose g 1s a continuous extension
of f over S5 . By restricting g to S(pJ = I" we get a continuous mapping g’
of I" onto .’:‘n_I which fixes every point of s" 7' . But this contradicts A).

Let f be a topological mapping of a space R onto a space S5 ; then f maps
each open set 4 of KR to an open set B of S . On the other hand if f is a
topological mapping of an open set A of R onto a subset B of S, then B may
R=a=E,s=£2",8=((

e S [ad f o = 146 A [ad o o]
peu 1 ) \E. . 1L - - 3 & = 0 y O -

e o
ever, if R=- S8

cr

not

£ , then B must be open as the following theorem asserts.

Theorem V. 7. Let f be a topological mapping of a subset A of £ onto a
subget B of . If p€A ig an inner point of A , then flp) <is also an inner

point of B . In particular, if A 1is open, then B 1ts also open.

Proof. This theorem is a direct consequence of B} because B) characterizes the
inner points of a closed subset § of £ only by the tcpological properties of §
itself. To be more precise, choose p€Int 4 : then there is €>0 for which

SCEpJCA . Note that Seip) and f(SE(p)) are both closed sets of £ . Hence by
B) we obtain that fip) € Int f'lS‘_ip))CInt B .

—

V. 4, Imbedding

The purpose of this section is to topologically imbed a given separable metric

____________ L 5llall

space R ol dimension < n 1in a 2n+ I-dimensional Euclidean space. More precisely,
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separable metric space of dimemsion < n can be imbedded, but in which no space of
dimension > n can be imbedded. Generally speaking, we cannot imbed R in a

Euclidean space of lower dimension as will be shown in the following.

Example IV. 1. We consider a tetrahedron [ao,al)az,a3] in E7 ., We take two

points b, ¢ on the edges [ao,a3] and [a a] respectively such that b and ¢

b mrsier srmwed onas ™l
u

PR N ',I,. Py e A ot s
*0inciage wit aily vertex. i1nen tne 1A

2]

A e
U uoL

ﬂl

dges of the tetrahedron plus the seg-
ment [b,c] are intuitively seen to form a one-dim
imbedded in E .

ensional space which cannot be

Definition 1IV. 2. Let J be a continuous mapping of a space F 1into a space S
and V a covering of R . If for every point y of S there extists a neitghbourhood
Uly) of y such that f-J(u(y))CV for some V€V , then f <18 called a V-map-
ping.

I and V a finite open covering of R . Then

D(L,V) = { f] FECIR, n , FfRIOL=¢ ., 7 1is a V-mapping}

is an open subset of C(R,Ier I) .

Proof. To prove A) it suffices to show that a given point f of D(L,V) 1is an

interior point of ir.

For every point x of I2n+| we fix an open neighbourhood Ufx) of x such
that f '(Ufx))<V for some VEV . Since g compact, there exists a
- - [3 N * 2 + I .
finite subcovering { U(.rj) (d=1.,....8} of {utx)]zeI"" '}, i.e.
. 8
ey oty .
i=r
. 1,2:1 + 1 . . -
By virtue of the compactness of there exists a positive number & such
2n . . .
that for every eI ! and for some 3
) Sﬁf.r)cu(::;) .
Since f7R) and L are compact because of the compactness of IZn*I . for the
metric p of IZn *1 we have p(ffRJ,L) >0 ., Hence we can choose § such that

(2) § < o(FIRJ, L} .
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aLr 1ar a ha anv mannino caricfuine
ow, i1el g o2 any mapping satlsiying
3 '(f ) <‘l‘ )
( ) p .’g 6 ¥

Ty o4l

where we denote by p' the metric of C(R,I"" " ') . Let x be a given point of
I2n+| and put ¥ = g-I(S_l_G(:r)). We denote by y a fixed point of N . Then we
3

assert that

(4) fix) CSG{f(y))cU{.rj)

for some J . For, if =z €N , then g(y) €g(¥) CS_lG(I) , and g(z)Eg{N)CS_x.'S(.r) .
This implies plgly), glz)) <36 . ’ ’

On the other hand, from (3) it follows that pl(fly), glyl}) <é6 , and
olglz), flz)) <36 .

Therefore we get p(fl(yl),f(z)) <'2;6<6 , which means ft’z)ESé(f(y)) . Since 2z is
a given point of ¥ , this means f(NJCSG(f(y)) . The latter half of the relation

{4) follows from (i). Thus from (4) it follows that
V=g (S tz))ef )y
6 L

for some V€V . The last part of this relation is deduced from the definition of

Ufxr} . Hence ¢ 1is a VU -mappine.
= = =4 -~ rr [+]

Furthermore, we can deduce from (2) and (3) that giR)ﬂL=® . Consequently
g€0(L,V) |, which proves S51.(f}<cD(L,V) . Therefore f is an interior point of
8
oL, v) .

+ 1
'

I»
B) Under the same assumption as in A), O(L,V) 1is dense in C(R, I

dim R<n.

J af

T & 1 . “« &
Proof. Let f be a given point of C(R, I ') and 6 a given positive number.

We shall construct ¢ such that p'(f,g} <8, g€O(L,V} . First we let

n+ | M Silx.) , and W = {F J)li=1,... .
) 12n S 1g z; an {f {S%G(.‘r.]) 1i=1, ml

J=1

Then, since dim Rgn , we can choose a finite open covering N of K such that

£\ IIA - 11 fel
\e) N SVvaAWw,
(3) ord N<n+1 .
~ . 2n +1
Suppose N = {Ni‘ i=1,...,8} ; then by use of the property of I we can
choose vertices ::(Ni) in I2n+l and PlosesPy 4 in L such that

(4) OIFIN.), x(N.)) <36 , and
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N ) N )

(%) the vertices (N J,...,2(¥ ), D.se.uyp s
1 s 1 n+l1

are in a general position, i.e. if 0<m<2n , then any

. .. - . 2n + |
m+ 2 vertices do not lie 1n an m-dimensional plane of F .

(Note that L 1is spanned by pl....,pn”.)

Now we define a Kuratowski mapping gEC(R,I2"+ ') by

W e~

plz, R-N.lx(h,)
. T !

(6) glz) = 2 \
1 elz,R-N.)
i=1

where each .rt’ﬂi) should be regarded as z position vector. To show p'(f,g) <é , we
suppose X 1is a given point of R . If xE.‘Ii , ther: p(.r!.l?-Ni) =0 . If ;rENi
then we obtain from (1) and (2) that o(f{:r))f{y)) <;6 for every yENi . Hence
from (4) it follows that p(f(::),.r(Ni)) <£6 . Hence by (6) p(flz),g(z)) <§6 holds
for every x € R . This proves p'(f,g);§6<6 .

It only remains to prove g€0(L,V) .

Suppose ﬁil,...,iiit are all the members of N which contain a given point p
of R . Then we denote by L(p} the (t-1)-dimensional plane spanned by
;{N{i)ﬂ”;x,{h’it) . Since there is only a finite number of distinet planes L(p) for

p running through R,
n = min { p(L(p},Lip')) | Lip) NL(p') =@ }>0 .

Then any two of those planes L(p) and L(p') either meet or else are at a

distance > n from each other.
2

We consider a given point x of 1 Let p.p' €g_I(SEn(.r)) + then
polgip),gip')) <n . Since g(p} €L(p} and gl(p') €L(p'} folldws from (6), we have
olLip),L(p')) <n . Therefore from the property of n we obtain

(7 Lip) NL(p') #6 .

Suppose L{p} is spanned by I(N.L'l),...,.'r(t'l’it) and L(p'} 1is spanned by
x(idz,),...,xllij ) . Then by (7) x(Ng ), ..., x(B;: ) , x(Nz },...,x(N; ) lie on a
(t:th—Z)—dimen:ional plane, On the ot'her hand, ;t follo;el'. from (3)v:hat tin+l
u<n+1l ; hence t+us2n+2 ., Thus, in view of (5) we conclude that at least one
of the x(H.il),...,.rt'Nit) coincides with one of the :r{le),...,.r{Nju) . Suppose,
for example -r(”i|) =J:(NJ- ), i.e. Ny = Nj, - Then this implies p, p'ENi] , and

Sy (x)) .

: -1
t s
h 2,0 € {

L

n
(x))cS(p,N)cV for some V€V ., Hence g 1is a
V-mapping.
Now, let p be a given point of F and N.L-l,...,Ni all the members of N which

t

contain p . Since .r(Nil),...,.r(Nit) s Plac+esP are in a general position by

n+l1
(5) , we obtain p(L(p),L} >0 . Since there is only a finite number of distinct L(p},
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Then p(L(p),L}>n"' for every p€R . Since g(p) €L(p) . we have p(g(p),L}>n"
for every p€R . Therefore we can conclude that g(RINL =9 , which proves

g€0(L,V}) . Thus the proof of this assertion is complete.
We should note that this proof implies the following assertion, which will be used
later, because the mapping (6) maps R 1into an n-dimensional polyhedron in I2n+|

whose vertices are ;r(NI),...,.r(NS) .

C) The set of all mappings in CH?,IZN+ ') which map & 1into an 7z -dimensional

L2rn+ 1

rh

A2 D “
L BT vy L4 2}

v

P T |
» UCilor 111 LI, L

"
[#]
=
pre
=
[
lw
w
A

Theorem IV. 8 (Imbedding theorem) °. A separable metric space P has dimension
in if and only tf R <8 homeomorphic to a subset of

12n+1ﬁ:'52n+1U52"+1U U’-‘2"+1)
n+1l n+2 "7 TTan+10

2n + 1

S =

where we denote by E’in 1 the set of points in E exactly t of whose coor—

dinates are trrational.

Proof. To begin with, from the product theorem and the sum theorem we can deduce
dim E‘::n+l =0, t=n+l,,.,,2n+1 , Hence by use of the decompositon theorem we ob-

tain dim § <n , which proves the "if'" part of this theorem.

Conversely, let dim R<n to prove the "only if" part. For every subset
2 1 + . n+ i
{tl""’tn*-l} of {1,...,2n+1} and every set r,,. ey, of I rational
numbers, we define an n -dimensicnal plane
L:{{.r!,...,.rz.+!)|.r. Sr eI, rn+!}.

Then we denote by LI,L the totality of those planes. We note that

gret

cC 8
o

S:I2n+l

o
]

Moreover, we take a countable basis {Vl,l' .} of R and construct, for any

2’7 C
pair Vi s V,j with VicVJ. » an open covering {VJ.,F.’— Vi} . Then we denote by

<

V,,... the totality of those open coverings. Now, we denote by D(L;_,,Uk) the

1772
R S -4 VoV e 1’2"+ I| — .
ubspace of C({A,l /

S R S S |
derinea oy

o

2n+ 1

OtLy, V) = {f| feEC(RI ), ffRIDL, =0, f is a Uk—mapping} .

% This theorem is due to K. Menger [1], G. N&beling [1], L. Pontrjagin - G. Tolstowa
(1], and W, Hurewicz [4]. The present proof is due to C. Kuratowski [3].



Since hy A) and B) each Of{L. .U.) 1ig open gnr_i dense in rthe complete metric space
Since by A) and B) each OD(L,,V,) s op P P
n+ 1
C(R, ) , from Theorem I.5 we obtailn no %=1 D{Lk’ Uk) 0.
oo . . . .
Let f€N, _, D(L,J_, Vz,) ;: then f 1is clearly a continuous mapping of A into S .
k=1

Let W(p) be a given neighbourhood of a2 point p of R . Then there exist open
sets Vi and Vj with p€ V_L.C_Vicvjcm’p) . Since f is a Uk:?apping for every
k , there exists a neighbourhood U(f(p}} of f(p) such that f '(U(f(p)))cvj or
f‘_I(U(f‘(p)))cR—-Vi . Since from pEVi it follows that

p€f (W(flp))INY. 4 0,

we conclude f_I(U(f(p)))CVj . Hence, if qE€W(p) (DVJ.) ,» then flq) gU(f(p)} .
This means that f 15 a homeomorphism between K and a subset f(R} of S .
We shall see in the following that the same technique of imbedding produces various

interesting results.

IVv. 5. ¢ -mappings

It is natural to try to approximate n-dimensional compact sets in Euclidean space
by elementary figures like »n - dimensional polyhedra. In the present section we shall
pive an account of Alexandroff's theory ’ in this area which is also of great im-

portance in the history of topology itself.

S 1is

'r'-

Definition 1V. 3. 4 contimuous mapping F of a space R

. C dAl/id r 4

nto a spac

B

called an € - mapping if the tmverse tmage f (q) of each point q of § has

diwneter < € .

A) Let R be a compact metric space with dim R>n . Then there exists a positive
number € such that A cannot be mapped by any € - mapping onto any metric space §

of dimension <n-1,

Proof. Since dim R>n , there exists such a positive number € that any open

refinement U of S = {5 (x)| x€R} has order > n+1 . Suppose f 1is an

. .
c - 1o rrhinh =
- & A

i Wil

mapp
the compactness of R , we can choose §&(¢) >0 such that oplz.y}>e in R iwmplies
p'(flx), f(y)) >8(e) in S .

" See P. Alexandroff [1]. In this connection there is another interesting aspect of
investigarions using the concept of inverse limic., H, Freudenthal [!] proved that
a compact metric space R has dim < »n if and only if it is homeomorphic with
the inverse limit of an inverse sequence of compact polyhedra P; of dim < n.
S. Mardefi¢ [1] extended Freudenthal's result to compact Ty-spaces. See also

K. Nagami [3], [4], B. Pasynkov [I1], [3], and V. Kljudin [1],



(1) ord Y<n and V<SS ={5

Let ¥V be a given element of V ; then VCSG(E)(y) for some y €S . Choose a
fixed point .rEf-](y) ; then by the property of 6(¢e) f_l.’V) <S5 _(x) .

Hence {f-I(V) | YEV} 1is an open refinement of SE and has order n by virtue

<
-

of (1). But this contradicts the property of SE .

B) Let R be an n-dimensional compact set in a Euclidean space Z" . Then for a

given positive number ¢ , R ca yhedron of dimension

n 1
pe Ieuron O

o
£
[1:4
@
M
2]

A
-
C

~

such a continuous mapping f that pfx,f(x)) <e for every T €R .

Procf. The first half of the proof is quite analogous to that of the imbedding
theorem. For a given € >0 we denote by V = { Vil t=1,,..,81 an open covering of
R such that
(1) V<S={51€(p)|pER} :

8
(2) ord V<n+)
With any member Vi of V we associate a vertex .r(Vi) satisfying
(3) plx(V,),V.) <le
1 T A
such that n+1 of the .r(Vi) , 2=1,...,8 , never lie on an (n-1)-dimensional
plane. Then we define a Kuratowski mapping ¢ by
8
Y ofx,R-V.z(V.)
, & z t
1=
glx) =
s .
Ao . - .
) olz,R-V.)
£=1 b
Let Vii”"’yf:t be all the members of V which contain a given point r of K.

Then g(x) 1is contained in the simplex [.r(Vil),...,.r(Vit)] . Since from (1), (3)

and IEVik it follows that p(.r,x(Vik)) <‘;E , we obtain
(4) plx,g(x)) <le for every x€R .

Thus g 1is a continuous mapping which maps R into the polyhedron P composed of
such simplexes [.r(V-,;I),...,:rt’V.,;t)]
Now, we construct a tfiangulation of P into simplexes Tl,...JTr with diameters

1
less than 3£ « We assume

dim T >dim 7, >...>dim T_ .
1= 2= = r
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1f T dafR) then bhv the commnactnecss of afR) T —alR) containe an interior
If T, ¢glR), y the compactness of g(R) , T -g(R) contain s an interior
point p of T . Hence we denote by g, the mapping which projects Tl Ng(7} onto

]
the faces of T, from p while it leaves the other points of g(R) fixed. If
Tlcg(}?) , then we regard g, as the identity mapping. We define Foseesd, for
Tz,...,T“ in the same way. Then f = g.-+9,8 1s obviously a continuous mapping of

& onto a polyhedron P’ contained in P .

Since (2) implies t<n+] and accordingly dim P<n , we have dim P'<n . On the
Arhar hand PEE Y.

6(TJ.) = diameter Tj<5!€ s d=le.,r,

we easily see that plglz),f(x)) <;'€ . This combined with (4) proves that pl=z, flx))

<E£ for every T ER .,

Theorem 1IV. 9. 4 compact set R <n a Euciidean space has dimension <n <if and
onily iy for every £>0 it car be mapped onto a polyhedron of dimension < n by

such a continuous mapping f *that oplz,f(x)}<ec for every x€R ? .

Prooci. The "only if" part is a direct consequence of B). On the other hand, a
mapping J satisfying this condition is clearly a 2e-mapping. Therefore the "if"

part is a direct consequence of A},

Theorem 1[V. 18. A4 compact metric space R has

ension <
every €>0 it can be mapped onto a polyhedron of dimension < n by an € -mapping.

then by the imhaddineg the

H n by the imhaddin rem K can be mapped hy a topo-
7 5 LS o : - [ of 2 7 [ o

Froof. Let dim R<w% ;

logical mapping g onto a compact subset S of £ Since KR 1is compact,
]

2r +

there exists &6 >0 such that a_](SS(y))CSEp(.r) for every y€E and some

r€R . Then by use of B) we can map § ontosa polyhedron P of dimension < n by
a continuous mapping §f which satisfies o(y,j(y)) <8 for every y€S . Thus §
satisfies f-!(ZJCSG(z) for every =z €P . Hence we obtain g_!f‘_!(z)c:S%E(.r) for
every z€P and for some x€R . Thus fe g is an € -mapping of K onto P.

A

. .
art 1ec a direct conceaquenre of
art 15 a girect conseqguence of

IV. 6. Pontrjagin-Schnirelmann's theorsm

In the following we describe another good example of an application of the imbedding

technique.

® It is easy to see that this theorem is valid for every compact set R in a Hilbert

space, Loo.
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Nafinitinn TV A F o+ D L » motnia orans vth matmapo and Tat c NN
[ R MR i 5. et i € a meiril spale wiv atmcoe a vt £ >{U

N(e,R,p) = inf { |a] | @ I8 a finite covering of & with mesh a<ecl, where |al

denotes the cardinality of a .

The following proposition is easy to prove, so that the proof can be left to the

reader.

[e]
T

A) Let P be an n-dimensional polyhedron with Euclidean metri
e/e” <Nle,P,p) <e'/e”
for some positive constants ¢ and e¢' if £>0 1is sufficiently small.
The above proposition implies that

- log N(e,P,p)
J e F o~

log €

n=dim P = lim
e—+0

Generally we can characterize dimension of separable metric spaces by use of the

function WN(e,R,p) .

% } . ;
S be a compact subset of E with dim §2>n , where k2>n . Then for

B) Let
some n-dimensional coordinate plane £ of Ek dim w(S) = n holds, where T
Aonntoaec tha ~aralarstirian fram Fk AnErA rn
denotes the projection from E onto E .

Proof. Let L be a covering of Ek by congruent k- dimensional closed cubes with
faces narallal ra fha (ke 1V—dimanetnanal roardinatre nlanase eurh that rtha intariare af

Pulu& b L LS -l e |1 o AUCIIOLWILIAO & Wb W RO H-ﬁull\la RS LSy L] A W LS LR ALl b AW A T -

any two elements of L do not intersect and such that ord L = k+! . Such a cove-

. . . . . 2
ring may be called a Lebesgue brick covering, and an example is the covering of FE

by the squares whose vertices are (2m,4n), (2m+2,4n), (2m+2,4n+2), (2Zm,4n+2) or
(Zm+1,4n+2), (2n+3,4n+2), (2m+3,4n+4), (2m+],4n+4), where m and n are
arbitrary integers. Obviously we can construct a Lebesgue brick covering of arbit-

rarily small mesh.

BT - P R L. bl for -1 1 am 1 ___ _* __ _1 PR 1. R b I L n 1 1
NOwW, dJeloLe Uy Dl,--a ,Lz dll 7fi = dlEiasiolnal covldlindlie pl.anes in o and Dy
m. the projection from Ek onto Ei . Assume that dim ﬂi(S);rl-l A Y A
Denote by Fi,Fz.... the collection of the intersections of n+ ] elements of L .

Since § 1s compact. only finitely many of them, say
[ -]
p(S, Uscg e F_J.) >0 .

1‘—
Now, F  is contained in a (k- n}-dimensional Euclidean space E ' which is

Fl,...,FB intersect S , and

]
perpendicular to some E, . Thus 7

i i i(Fl) is a single point of E. . Since
At e Y oo ] ol -~ L A oA A = By mctmom i e o a4 - - I('l—!."k
aim .27 ~rp— |\ y Do T haly) 1S dense Ln Pt nelile we wdll md.p o Lo e IS =L
1 -~ i z T ]

by an arbi

rt

rarily small translation tl parallel to Ei in such a way that
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tl(S)nFl =@ and p{tl{S), U F. >0.
,]-'S+| J

By a similar argument we can find a translation tz such that

tzt](S) an = ¢ and o(tztl(S)_, Fl U l;l F.)>0.

j =g+ J
Continuing this process, we obtain a translation t such that t(S)nN (UJ__ | FJ.) g.
Then the restriction L' of L to t(S} 1is a closed covering with order n. It

12 L] e

be slightly swelled to an open covering U of

~

[] .
L can

~

L.
na

~

<
L1
is easy to see b ti(5}
with order < n . Since mesh U can be arbitrarily small and t(S5) is compact, this
implies that dim t(5) <n-1 , which is a contradiction. Thus the proposition is

proved,

C) Let R be a compact metric space with dim R>n . Then there is a continuous
mapping ¥ from AR onto an n-dimensional subset R' of E?  such that plz,y) >
p'(ofx) , wiyl} for every r,y€R , where p and p’' denote the metric of A and

4 , respectively.

_ . . ¥
Proof. Let al,...,akER be fixed points. Then define @ : R+ E by

[ ola,,z) pla,,z) \
- i _k
wlx) = \ —/:— Ceeey }
It is easy to see that ¢ satisfies sfr,_:,);‘;a'(w{.r) s ®lyl) . Now we can select

@,eee,a;  as follows to make @ satisfy another condition, namely dim @(R)>n .

Let € be a positive number which satisfies the condition of 5 A) Select Qyseees
in such a way that for each x€R there is a. satisfying ot’ai,.r) <egf2 , which is
possible because R is compact. Now, let x and y be two points of R such that

p(x,y) >e . Then choose a: satisfying the above condition, which implies that

[
H
A
"
m™
S
~

and accordingly o(ai,.r) #p{ai_.y) . Thus @(x) #9(y) . This proves that @ 1is an
€ -mapping. Hence by 5 A) we get dim (R} >n . By B) there is an n-dimensional coor-
dinate plane E" such that the projection w(@(R)) = R' of (R} 1in ' has

dim > n . Now the mapping W=mn+@ satisfies the desired condition.

| N PN - B N L o e ok mme gmam e e Y
LeL AT, P Dg d4 COUlpdCL HELL1C 5pdCE WLl

(=]

) h
holds for a positive constant ¢ and sufficiently smal

Pnm - £ | P I | . - . P N 4 D s e
L )" LeL (17 e d Llilllinuuus wapping Ol <t onLo R
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simplex, Hence it follows from A) that N(¢,R,p) >N(e,R',p') >c/€  for some ¢>0 .

E) Let R be a compact metric space with dim R<n . Then there is a topological

mapping g from R into I2n+l such that

n+6£
N(e_.,g(i?)_,p);llei , t=1,2,...

for some monotone decreasing sequences {ei] and {51:} of positive numbers, both

: \ . +
converging to O , where p denotes the Euclidean metric of IZn ! .

Proof. The proof will be carried out by repeated use of & A) and 4 B) (actually
the method used to prove 4 B)).

Let Vl >V2>.... be a sequence of finite open coverings of I2n+l with
mesh V; -0 and ord V.<n+| . Denote by D(U.) the set of all V.-mappings in
C(R, I2n* 1) | First se].ect a Kuratowski mapping g ED(Ul) (see the proof of & B)).
Then g (R} 1is a compact subset of an n- dmensmnal polyhedron in IZn + Hence
by A) Nte,gllﬁl, nJ éc/c holds for a constant ¢ and sufficiently small €>0 ,

Thus we can select El and 61 such that

n-+ﬁl
0<e <1 , 0<§ , and N(sl.glfﬁ),p)ﬂ/s]
and a finite collection U of open sets of T2n+l wvhich ravere 2 (R) caticfvine
fi open s of [ which covers g, i/ satislying
mesh UI;ZE and | U |-J(€l,g (R),p) . Put

= p(g-lfh"),lln)'l - U U]) >0 .,

Choose £, >0 such that

£ <min {1/2,n,} , and S, (g J<=D(V ) (see & A)).
i n,l i i

Next select a Kuratowski mapping ngD(Vz)'ﬂSg’l(g]) . Then QZ(R) is a compact
subset of the intersection of an n-dimensional polyhedron and Snl{g]{ Rilc U “l .
Thus we can find E:2 and 52 such that

0<€2<min { IIZ,E]} , 0<62<min { 112,61} , and
n+ 52
f <
N(Ez,ng?),o) l/s:2
and a finite open collection U2 in I™*! Uhich covers g, (R} satisfying DZ <Ul,

- = = n+1_
mesh UZ;ZLZ , and |U2| N(Ez,ngﬁ),o) - Put n, pt’ngﬁ’),I U U2) and

choose €2>0 satisfying
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£, <min { 1/2‘,n2 }, and 's'g'zTg'z') <D(V,)) A0S

and {Gi} , a positive sequence {Ei} > 9,€ D(Ui) s

collections Ui" £=1,2,... in I2n*1 guch that

(1) lime,=1lim §.=0 ,
z z

@ g <112t

P T A - : L R
LLnuiug thb pLoCeEsS S wWe o0DlLdaill monoione decreasxug posicive

5

(g,)

v

i=1.2,...

sequences { Ei}

and finite open

(3) Sgiigi7CD(V£J ﬂSgi_ i('g_,:_ !
(4) gi{R)c'U Ui R
(s) U0. <uu. .
1+ 1] 7
(6) mesh UT:;ZET: s
N . U i - P ) < P 3 +‘ST:
(7) | i|-N(ei,gi(R),o) ”Ei
Then by (2) and (3) {gi} converges to g in C(R,I2n+l) . 1t follows from (3)
that g€ﬂ;= DW{" . Hence g 1is a topological mapping from R into IZn*-! .

|
From (4) and (5) it follows that g(R) is covered by every Ui » T=1,2,... . By

(6Y and (7)) we gat
AWy aus (7 W gt

n-HSi
N(2e,,g(R),p) <1fe, ., 1=1,2,...

By modifying the values of €; and 61: slightly, we obtain the validity of E).

Definition IY. 5. Le
! 1,08,,m;5':0) l o<

Sz 11~ =01
Sup 1 I|l’-0’llj-

t < R,p > be a metric space. Then k(R,pl}=

The following theorem, which we owe to L. Pontrjagin-L. Schnirelmann [1], is in-

teresting in the sense that dimension iIs characterized in terms of the global car-

dinality of coverings while it was originally defined in terms of local cardinality,

order of covering.

n P Y

1 11 TS e = A S
i 1¥v. 11. 4JF L1} Ll U Camipc v

I

dim R = inf { k(R,p} | p i8 a metrie for R1}.

Proof. The inequality inf { k(R,p) }>dimF
inf { k(R,p) } <dim R from E).

follows from D), and so does
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dim R = inf { k(R,p} | p 1is a totally bounded metric for R1}.

Proof. Generally, let <X',p'> be a totally bounded metric space and £ a dense

subset of X' . Then it is almost obvious that WNf{e,¥',p'} = N(e,X,p) holds for

every £>0 , where p is the restriction of p' to X .

ry

follows.

By Theorem V.2 (to be proved later) there is a completion R* of R (with an
appropriate totally bounded metric) such that dim R* = dim R . Then by 1.2 D) R*
is compact. Hence by Theorem 1v.1l] there is a metric p* for HA* such thar
dim R* = k(F*,p*) . Thus dim R = k(R,p} , where p 1is the restriction of p* to
R, and hence dim R>inf { k(R,p)}.

On the other hand, let p be a given totally bounded metric for A . Then the
completion <2’ ,p'> of <A,p> 1is compact. Hence by the preceding Theorem

dim F <dim R’ <k(R',p’) =k(R,p} ,

which implies that dim R <inf { k(R,p) }. Thus we obtain the desired equality.

There is a remarkable connection between the concept of dimension and the concept
of measure. Measure is not a topological concept, but a separable metric space of
dimension < n 1is characterized as a space which is homeomorphic to a space with
n-dimensional measure zero (defined in the following). The purpose of this section
is to show this comnection and apply it to an interesting metrization of »n - dimen-

I
=

Definition 1IV. 6. Let R be a separable metric space and p a non-negative

number. Define

00 o
m (5) = inf{ § (664)P|R= U 4., 6(4)<e,i=1.2,...}, and
p izt i1 vt
m_(R) = sup {m;(R)IE >0},
where we denote by &(A) the diameter of A and put (664019 =0 ¢5 a=¢, aud
[G(A)]o =1 2f A#ZF . Then ve call mp{E the p-dimensional measure of F .

> This generalization of Pontrjagin-Schanirelmann's theorem is due to J. Bruijning [1].



1v.7 A) - 82 -

We can easily verify that this measure is an outer measure and that for a subset
of @n{R)=() holds if and only if the Lebesgue outer measure m*(R} of AR va-
nishes '®. The verifications of the following assertions A) and B) are left to the
reader.

A) mO(R) =n if R 1is a set of n pointg,

to
S
o=
=
p
|
[«
E
a
u
[
¢
X
"
o
2}
'.-J
bt

C) Llet mp . ,(R}) = 0 for a separable metric space R and x a given point of

T

R . Then m (B(SP(I))) = 0 holds for almost every positive number »r , i.e.
m*(4}) =0 for A= {r|r>o0, m, (BIS, (x))) >0}.

Proof. Since mp +|(R) =0 ,

of R such that G(Ag) <|/m , and

, . m, .
there exist coverings {Ail £=1,2,...}1, m=1,2,...

=+

(1 lim ) (604P " =0
m+® =]

Define a.; = sup { pfx,y) IyEAT:} and b .= inf { plx,y) |yEA'::}. Then it 1s
clear that

(2) 647 >a . - b .
Tt = m mL

We define functions d;i and dh on [0,®) as follows:

0 if 0_5_1'<bm: or r>a.,
(3) d .(r) =
m | (6¢4)P if b .<r<a .,
1 mt = = mi
=3
dr) = Y d .r).
m Z :l mi

From (2) and (3) it follows that for any k>0

k
I d_.(r)dr<(6(4AT)P *!

o ™

which combined with (1) implies

° k
lim ) [ d_.(r)dr=o0.
m+o =10

'9 As for measure theory, see for example S. Saks [1] or H. Royden [I1].



L ~ £
Since d .{
m.

formula and thus obtain

oy | ~ S AT Tt oo e -y x 1
r/ >0 , we can interchange iniegration an

v

k
lim [

d _.(r)dr = lim [ d (r)dr=0 .
. mL m
ma+o (g 1

| m+« Q0

ne~1g

Hence we can find a subsequence [mj | =1,2,...} such that

(4) lim dmj(r) = 0 for almost all r .
j-bm

The definition (3) of dmi implies

m.
(8(a.7 0B(S (2)))1P <d_ .(r) for every r

and hence from (4) we can deduce

- -]

m.
1im  J (8(4.9nB(5 (2)))1P =0 for almost all r .
. . t r
J-i—m =1
Since {A';;jﬂ B(SP(J‘:))I t=1,2,...} , §=1,2,... are coverings of B(Sr(.r)) with
G(A:;jﬂB(Sr(x))) < llmj we get mp{B(Sr(:r))) = 0 for almost all r .

D) If L I(R) =0 for a separable metric space K , then dim Rg<n.

Proof. 1f =- ], then this assertion is obviously true. We assume D) for every
space R' with m_(R') = 0 in an inductive proof. Let M lt’r‘?) = 0 ; then from C)
h cint x of R there exists
a spherical neighbourhood SP(J:) satisfying Sr(.r) cUfx) and mn(Bt'Sr(.r))J =0 .
By use of the induction hypothesis we obtain dim B(Sr(.r))én -1 . This means

ind R<n . Since R is a separable metric space, we conclude dim Rg<n .,

E) A separable metric space R of dimension < n 1is homeomorphic to a subset §

*
of I2n ! such that m (S}) =0 .
n+|

b I
Proof. We still denote by C(R,I°"

L1
L |

} the complete metric space of all continu-

. . + . s .
ous mapplngs of K into I2n l as 1n the proof of the imbedding theorem. Moreover,

let
b, = {flre C(R,Iz’” Y, m:l/j{l(f?}?)) <1/k}l.

Then every Dk contains the set D consisting of all continuous mappings §f such
that mo. i(_f-'(.‘?)) =0 . Since by B) any n-dimersional polyhedron has n +I-dimensional
+*
X is dense in C(ﬁ’,l’ln h .

To show that Dk is open, we suppose f 1is a given point of Dk . Then we can

measure zero, by 4 C) D

choose € satisfying
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mi”k (f(R)) <e <1/k .

n+|

Thus we can construct a covering {Ail i=1,2,...} of F(RJ such that B(Ai) <1/k

and

n+l
(1) 1 tsta " e,
=1

. e o i . . ) . T, . o An+

Now it is easy to see that we can construct open sets Ui , t=1,2,.ve 1n I
such that

. n+i n+i i z

(2) AiCUi S G{Ui) <|/k , and [Gfbi)] <[6{Ai” + ( T £ )/2

which combined with (1) implies

(3)

ne~18

cw 1" " ek .
| ;

Lt

Since f(RJ is compact

9 @
ofTRT, " - U ) =n>o.
1=
Let g be an arbitrary point of C‘(A‘?‘,Iszfl
]

1
) satisfying p'(f,g) <3n , where we
- - @
} . Then we can easily verify gERJCU_’.g u..

i -

denote by p' the metric of C(R,I2n+
Hence from (2) and (3) it follows that

1k

o (!j’k
r+|

alkR
|vll|l/ ™~ -

This proves gEDk . In consequence S_in(f) CDk . Thus each Dk is an open dense set
Ven & ) 2

of C(R,I°” " ") . Now we denote by D(Uk) the set of all Uk-mappings with Uk as
defined in the proof of 6 E). Then we obtain, by use of Theorem I,5,

[ -]

n (o, no(v)]1 40 .
k=1
Any mapping contained in this intersection is a homeomorphism of R into pntl

which satisfies LN lff(R)) =0 .

Combining E) with D), we obtain

Theorem 1IV. 12. '' 4 separable metric space R has dimension < n if and only
if R 18 homeomorphic to a subset 5 of 1'2’“'1 with mn+1(5) =0.

'l This theorem is due to E. Szpilrajn [1]. Szpilrajn's theorem and Pontrjagin-
Schnirelmann's theorem are based on scmewhat similar ideas. Let <R,p> be a
separable metric space; then hd(R,p}=sup{p ImD{R) >0} is called the
Rausdorff dimension of <R,p> . J. Hawkes [1] proved hd(R,p} <k(R,p) for
every compact metric space. But they do not coincide in general.
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Corollary. A separable metric space R has dimension < n 1if and only if one can

introduce a metric p in R such that for aimost all r>Q the boundary B(SP(I))

of the spherical neighbourhood S _(r) of each point x has dimension <n-1.

Proof. This statement is directly deduced from Theorem IV,12 in combination with

C) and Theorem IV.].

Another interesting application of the imbedding technique can be found in L. Janos’
theory to characterize dimension by use of "bisectors". A metric d for X 1is called
strongly rigid if d(x,y) # d(u,v) whenever (x,y) and (u,v) are different pairs
of different points. L. Jamnos
separable metrizable space X 1<if and only if X admits a compatible strongly
-rigid metrie,

Let Y and Z be subsets of a metric space <X,d> . Then Z 1is called a bisec-
tor of Y (denoted by YPpZ) if YDZ and there are distinct points y,, y, €Y
such that Z={z€Y|d(zyJ)=d(a,y))} . A chain X =X pX pX,>...PX  >X of

subsets of X 1is called a reduced bigsector chain if dim Xn >0 and dim Xnio ,

and n is called the lergth of the chain. Denote by r(X,d) lhe maximal length of
reduced bisector chains in <X,d > , and let »r(X) = min{r(¥,d)|d is a metric for
X}. Then L, Janos [2] proved:

r(X} = dim ¥ if X 18 a non-empty compact metrizable space.

An important role in his theory is played by J. H. Roberts' [1] theorem:

If X 1is a separable metrtc space with dim<n , then there i3 a topological im-
bedding f: X*E’zn+1 such that dim(f(X) 0Y¥) <0 for every (n+1)-dimensional

plane Y of E'2n+1.

The first theorem of Janos was extended by H. Martin [1] to more general metric
spaces, and the second was extended by L. Janos - H. Martin {1] to separable metri-
zable spaces.

J. H. Roberts [1] showed that his theorem above practically implies the following

stronger theorem:

If X s a separable metric space with dim<n , then there is a topological im-
bedding f:X+E’2n+1 such that for every k-dimensional plane Y of Rl e
have dim (f(X)NY) <k-n-1.

This theorem implies the following theorem which improves the corollary of Theorem
Iv.12:

A separ ble metrie space R has dimension < n if and emly if one oan intnoduce

J 4 7 a  Vh L

a metrie ¢ in R such that for every r >0 the boundary B(SP(I)) of the spheri-
cal neighbourhood S (x} of each point x has dimgn-1.



Iv. 8. Dimension and the ring of continuocus functions

Let C(R) denote the ring of all real-valued continuous functions defined on F .

Te fm o .nl i wmlon el amas € )3 IV [P DIV TR S S R T
LL 183 WCLLITRIUWII LildL LIl LOUPpULLEY U1 i 1> (..Uu-lpl.ﬂl'.t:l.y ChidldCLeEelL cad by vl

.
Ing

structure of C(R) if R 1is a compact Hausdorff space. In this respect it is an

14
"

interesting problem to study relations between the dimension of R and the algebraic
structure of C(R) .

M. Kat&tov [1] defined dimension of C(R) and established a remarkable connection
between the dimension of C(R} and that of R . The purpose of this section is to
give a quick review of his theory in the most interesting case in which A 1is a
compact metric space.

Note that in the folloﬁing discussion in the present section all spaces are assumed

to be compact metric, although some propositions are true for more general spaces.

A) Let U be an open covering of a space R and T a closed set of R . Then
S(T) <U if and only if the decomposition of T into its components is a refinement

of U . (Recall Definition II1,8.)

Proof, The 'only if' follows directly from Definition III.8.
To prove the 'if' part, let us denote by K(x) the component of T which contains
r€T . Then K(x) will be proved to be an intersection of sets which are closed and

open in T . Put X' =N{F|F is a closed and open set in T such that F>X(x)} .

To prove that X' 1is connected, assume the contrary. Then X' = KI UK2 where

KI ﬂK2 = ¢ for some non-empty closed sets KI and K?. in R . There are open sets

U! and U2 in A such that U‘_ DK‘_ ’UZDK‘7 » U! ﬂUz = @ . Since U‘_ UUZDK' and

since R 1is compact, there is a set F closed and open in T satisfying
K(z)ek'eFeU, VU, .
Assume e.g. .'x:'EFI'lUI = FN(R -~ Uz) . Then FﬂUI is closed and open in T and

Tl 3 A Y N¥F =rk

accordingly contains K(x) , because K(x} is connected, Hence FNOU >K' , wh
1LmpL1iES n2|-n =Y ., nd

e ¥V = NY' =0 ehinh
1Y o H

thus [\2 = LE Y con

XK' is connected, and hence X' = K(x) follows because KXfx) 1is a compoanent.

Now recall that we have assumed the condition { X(x)|z€T}<U, Because of the
above argument we can select a closed and open set F(xr) in T and U(x} €U such
that KX(x)cPF(x})cU(x) for each x €T , Since T 1is compact we can cover it by

1
finitely many of the F(x)'s, say T = U";.= | F(.rj) . Put

P,=pPlzx.) -~ Pz }VU... UP(x ) ;
J J ]

J-1
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7
then each F. 1is a closed set in R satisfying F.cU(xr,) , T = UPE_ F,, and
J J Jd J=1 3
FjﬂFZ=¢ if g#1l.
We can find open sets V., jJ=1,....k in R such that F,cV.cU(x,} . Then
J Jg 7 J
{ Kjl j=1,....k} 1is an open collection which refines U , covers T and has order

1 . Thus 3(7‘)<U .

B) A space R is totally disconnected (i.e. each component is a singleton) if and
y

only if dim <0 . (This proposition is generally true for every compact Hausdorif
20 . { prop £ iy © I every mpact
space).
Dl o~ O L] S Y P .oy | Lm ¥V meo o £ 2l o £ ablox ool o r [ |
l.".l'(}UI- e pLUUL €dslly 1UL1IUWS 10O Lie [dll Ldi edCn copmponentc L n 1Ly dll

detail is left to the reader.

C) Let U be an open covering of a space R and f a continuous mapping from
R into another space § such that S(frl(y)) <U for €Y . Then there is an open
neighbourhood ¥ of y in § such that S(f—I(W))'<U .

Proof. Let U be an open collection which satisfies V<l , f—l(y)c:LJU , and
ord V<1 ., Then W =1Y - f(X -UV) satisfies the desired condition,

Pefinition IV, 7. A subset C, of C(R) iscalled an analytical subring if it

iy ¢, sa subring of C(R} ,
ii) every constant belongs to
i) if fE€C(R) and fPeC, . them fecC._,
iv) Cj i8 closed in the metric space C(R) with the metric
p(f.g) = supl |fl(x) - g(=z)| |[x€ER}.

A subset D of C(R) 1is called an analytical base if every analytical subring

1 ;)

AANF I vAva N 2o sl A ol 8 -3 | T tlen mranTtaam] Awenvama e A NID)
A AF T O LR WrT b el = o TR wiivs L] & l-"lld-lfutf) e urmt«yuwul— ol MG Tio i ri U'l vy 3
a - dim C(R) , is defined as the least cardimlity of analytical bases of C(R)

Note that a - dim C(R) = O means that ¢ is an analytical base of C(R} , i.e.
C(R) 1is the only analytical subring of C(R) .

D) Let Cl be an analytical subring of 7(R) . If g€ C(R) takes on only finite-
1 [, AS ot A P IR o S ~ e
l-’ I-I.lﬂu: Wil LIILGW va iruc o, Liicil HCL’




the condition ii).
3) To prove the general case, assume that the assertion is true for every function
which takes on at most £ -1 distinct values. Let g€C(R) take on £ wvalues

a -\ap . Then define h€C(R} by

. -1 . . e .
hiz) = a. if x€g (ai) for some 7 satisfying 157<£-1,
=1
h(z) = a if r€g (apy)
( 2- 1 g f(ay
Lo o L e Eallemere Frmm #ha Jodiadran horacbho o3 o Madn &bloas = L fe (AdanEianl
il L S ¥4 LULLUWYS LLVULUL LT LilNUWw L LU llypuLll::L: nNULS Lildu i LS LrUKilLLGLdAL

g
Thus from the case 2} it follows that g-h€C . This

E) Let R be a non-empty space; then a -dim C(R)=0 if and only if dim A=0 ,

Proof. Assume dim R=0 . We consider an arbitrary analytlcal subring C of
C(R) , fFEC(R) , and €>0 . Since R 1is compact, {f (S (J)) | ¥ € R} has a finite

2
subcovering, say U = {f_l (5 (y)) | £=1,...,k} . Choose an open covering
2
= {WI""’wk} such that W<U and ord W=1 ., Select .rJ.GHJ., J=1,...,k to

define g€ C(R} by gl(x) = f(.r J o if IEHJ. . Then it is easy to see that p(f,g} <€
in the metric space C(R} . Besmes gECI follows from D). Thus fEEI = 1is ob-

tained by the condition iv). This proves that CI = C(R) . Therefore a-dim C(R) =0

assume that a-dim (R} =0 , and let K be a component of A .

Convnr:plv let us

.ﬂ

Fow C, ={ f€C(R) | f 1is constant on Kl is obviously an analytical subring of
C(R) . Since a-dim C(R)=0 1implies C(R})=C, , K 1is a singleton. Hence R |is
totally disconnected. Thus by B} we conclude that dim R=0 ,

F) Let dim R<n (1 <n<=) , Then a-dim C(R}<n .

Proof., By'Theorem IIL.!0 there is a uniformly O-dimensional continuous mapping f
from R into I' . Put f= (fIJ...,fn) , where f‘_L.GCfR) , T=1,.v.,n . Then we

claim that {f\""'fn} is an analytical base for C(R) . As will be seen in the

can nrave our claim
¢an prove our cilaim by use of Ih m 1.8,

h

by use of Theorem 1.8, Let ¢ be an analytical

Vo)
7

—
—

.
OLry nor r
VWL, W

[

subring which contains fl,...,fn . Suppose p and ¢ are distinct points of R .

Then we can find A €C, satisfying hi(p) #h(q) , as follows. Let
() olp,q) >€>0 .

Then we choose n >0 such that for every subset T of I with &(T) n ., the
following holds:
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Now we choose & >0 such that

(3) 8( (r.-&,r.+E)] <n for every (rl,...,rn)ef" ,

X

- 1
T i

where (ri - &, r,+ &) denotes the open segment {z]| r. - €<r<ri+£} . Put
- - - . _ - n
fip) = (rl,...,rn) , i.e. f‘i(p) =ry s, t=leeen, =0

(r_L.—E s ri+£) , and
u= f—I(J) . Then U 1is an open neighbourhood of p .

Now we define giEC(:?J‘ , t=l,...,n by
g.(x) =+ (E-| f(z)-v.|), z€R .
94 £ i 7
. 2 2 . css . e
Since | fy-r.|" = (f; - r;)" €C, , it follows from iii) of Definition IV.7 that

) n
Ifi—r_iIECl . Therefore g¢.€C, . Define g€C(R) by g =7, _ g,. Then g€C .

It follows from the definitions of g and g; that

4) glp)

(5) g(x}) = 0 for every =x€B(U) .

Note that &(J) <n is implied by (3). Hence we can choose, in view of (2), an open
-1

covering V of U = f (J) with mesh V<e and ord Vel . Put ¥V = S(p,V} 5 then
V 1is an open neighbourhood of p satisfying
(6} pEV and g€V (see (1)).

Note that B(V)cB(U) . Finally, we define h€C(C(R} by

(7 h(x} = g(x) for x€V , and hi(z) =0 for zx€V.

(Recall (5) to verify hEC(R) .) Now it is obvious that (h=(g/2})2 = (g,’Z)ZECI .
which implies h-(g/2) ECI and hence h€C ., By (4), (6) and (7) we obtain
hA(p) = g(p) = 1 , and by (6) and (7) h(q}) = 0 . Thus we can apply Theorem I.8 to
conclude that E‘I = C(R}) , which implies C'I = C(R} because of iv) of Definition

IV.7. This proves that {fl....,fn} is an analytical base for C(R) . Therefore
a -dim C(R) £n .

e e
f-= (fl,..._,f'n).' R-+En satisfies: For every binary open covering U of & and for
every y€ f(R} , E(f—lfy))<U .

Proof. Note that CI ={ g€C(R)| g is constant on each component of f—I(y) }
is an analytical subring of C(R} such that _;"i,...,f'_ﬁG(,‘i . Hence C‘i = C(R) .
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pu | < , and F, = u, .
tinuwous function As R+ [0,1] such that h(FI) = 0 and h(Fz) =1, Since h€C

follows from the above note, each component of f—l(y) cannot hit both F, and F,

at the same time, i.e. it is contained either in y, or in U, . Hence by A} we ob-
cain 8(F ' (y)) <u .

H) [f a-dim C(R) <n , then dim R<n . (1<n< =)

Proof. Assume that {fl,.. f } is an analytical base for C(R) . Then

‘tin

f= J-‘IJ...,f) is a function satisfying the condition of G). Since f(R) 1is a
crTnant: ciikhear af rn e Amgiimo £IB) — 70 | o VSR ” cam ~Af ek A
LouipdctL SUDdTL UL [¥] 3 wo llay <Sadulc 4 WS —d + UcoLuupoac 4 oy se Ol LIIE 4T
composition theorem as I = YOU e UY  with dim 7,20 . Put X, = f_l(l’i) s
. n
2=0,...,m % then R =-U_,__.X,..

(2R ¥ [

Consider IEXi and an open neighbourhood g of r in Xi . Find an open set V
in R such that VﬂX. =yu. The-: put = {R-{(z}, V}. By the above mentioned
property of f we obtam 6(; (J)) <U , where y = f(x) . By C) there is an open
neighbourhood W of ¥y in I" such that

() siF Wy <u .

Since dim i'i = 0, we may assume that iv‘ﬁ_'r'i is closed and open in 1"1: . Hence
f (W) ﬂ/ is closed and ovpen in Xi « By (1) there is an open covering P of
_r" (W) such that

(2) P<U and ord P<1 .

Let P be the element of P which contains & . Then P 1is a closed and open
X. such that PcVnX_i = U because

neighbourhood of x in
ind -Z-;.(O , and according

f (2). This proves

(o]
y dim ¥.<0 follows. Hence again by us

1]

of the decompo-

bt = bt ]

sition theorem we conclude that dim P<n .

Theorem IV. 13. If R <8 a non-empty compact metric space, then either dim R
ard a-dim C(R) are both finite and equal, or they are both infinite 'Z,

Erocy. Combine E), F) and H).

el
12 Fxtensions to more general space

of this theorem of Katdrov wer

this theorem of Katetov

e proposed in a
number of articles. We just mention J. Heicman [1] who extended it to uniform
spaces. We shall discuss later (Chapter VI) a completely different definition of
dim ¢(#) to characterize the dimension of non-metrizable spaces. N. T. Peck [1]
found a partial but interesting characterization of dim R of a compact metric
space 7 in terms of a Banach space property of C(R,E") .

-
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CHAPTER V

DIMENSION AND METRIZATION

in the

It is interesting to fin

=%

mension theory and metrization theory.

Dimension theory

Theorem 1I. 2. 4 metric space R

has dim<n <if and only iy tnere exists

r .
a a-=1lasa 1y a2 nas+o
a v LOCa e

¥ Jeitew

L

.
~Anon hooaa i a1
s Sis whowo v AT

LoR)

that Ind B(V) <n-1 for every VEV .

Theorem [II1I. 9., A metric space R
has dim <n if and only if there

exrists a sequerce {Fil t=1,...} of

i .

locally finite closed coverings of R
which satisfies the follcwing corditiorg:
i} for every neighbourhood Ulpl} of

every point p of A . there exists
some T with S(p,F.)culp) .
ii) Fi = {F(al,...,ui) | akEQ \

k= 1,...,7}. where F{al,...,ai) may

First proved by K. Morita [5].

following list a remarkable analogy between di-

Metrization theory

Theorem 1. 3 (Nagata-Smirnov's

Metrization Theorem). 4 regular space

27 ae motno
4w o i wa

zabl

.
m
3,
l..':
0

nd onlu 15 thers
na onLy i; Lvhere

extats a o - locally finttz open basis
V.

A T,~spacz R ts metrizable 1f and
only tf there exists a sequence
{ Fil t=1,z,...} of locally finite
T ] mmatmattime m D T3 aslatads oo o
CLUSEU LovesrLnius U] n WrH-ri oUeLo

fies the condition 1) on the left = .,



1-1
U{Flag,...,a._,,8) [ BEQY,

iv) ord F,g¢n+1 .

Theorem II. 1 (The Sum Theorem) . Le* Let | FYI YET} be a locally finite

F | YET} be a locally countable closed coverirg of a topological space
closed covering of a metric space R R such that each FY ts metrizable.
such that dim E‘Y;“. for YE€ET . Then Then R 18 metrizable % .

dim 2<n .

Let f be a closed cortinuous mappirg Let f be a closed continuous mapping
i a metric space R of dim<n ontc a of a metric space R onto a topological
metric space S such that for each point space S such that for each point
g €5 the set B(f-J(q)) consists of at q€S the set B(f‘-l(q)) 18 compact.
most one point. Then dim 5<n °. Then S 1s metrizable “.

Theorem 1. 2 (Alexandroff-Urysohn's
Metrization Theorem}. A4 T,-space R
is metrizable if and only if there
exists a sequence U; >U§ > UZ >U§ >,
of open coverings Ui such that
{S(p,Ui) |t=1,2,...} 1ig a netghbour—
hood basis for each point p of R .

To complete the list we can also find theorems in dimension theory (Corollary to
Theorem V.1, Theorem V.2) which correspond to Alexandroff-Urysohn's metrization
theorem., In this chapter we shall first establish Theorem V.1 and related theorems
as the foundation of further investigations. Then by applying them we shall investi-

gate relations between dimensions and metric functions of metric spaces.

Divadr mrmus A Mawatza (1] v [— 21 . A ] e P2 e -
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some additional condition that the union of countably many closed metrizable

spaces is metrizable.
This statement is the special case m=0 of Theorem III.7.

This theorem, a part of Theorem 1.9, is due to A. H. Stone [2] and to K. Morita -

S. Hanai [1]. To this list we may also add Theorem I1.9 corresponding to Theorem I,3.
Incidentally, it will be interesting to see the corollaries to Theorem II.6 and

Theavream TTIT 7?7 in ramparican with fha A-ndir
tiedrén 1i1.4 1T COMparTison wlin Tné &cnoild

respectively.
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V. 1. Characterization of dimension by a se
Theorem V. 1 °. A (metric) space R has dimension < n if and only if there
exists a sequence {U;|k=1,2,...} of open coverings such that
i) UI>U2>U3,...,
ii) ord U sn+1 | k=1,2,...,

k
ii1) mesh Uk-+0 as k== |

Proof. Since the necessity of these conditions is clear, we shall prove only the

k

sufficiency. We can assume without loss of generality that mesh Uk< 2% . Let
u, = {ukal o.€.4k} ., N={ (ko) | k=1,2,..., a €4, }.

Wich each uEAk (k>2} we associate by use of i), an index 8=ffa/ Efik_l such
that Ukacuk— 8 " Suppose @ = {QYI YET} is a given open covering of F . Then

-k
Vk={:|p{:,R—QY)>2 for some YET}, k=1,2,..., V_, = Vo-(b.

It is clear that Vk is open and satisfies th:Vk+| . For any (k,a) €N we ob-

tain

(1) Uka—ifk=0 or Ukcxnvk-l = ,

because the contrary would imply

5(U, ) =diamecer U, >2 ¥
ka ka

 This theorem was first proved by P. Vopenka [2] after C. H. Dowker - W. Hurewicz

[1] proved that the existence of_a sequence {Ux} of locally finize open cover-
ings satrisfying i)' Uy >l > Uy >Us, ..., ii), 1ii) implies the n-dimensionality of
R and J. Nagata [2] proved the corollary to this theorem.

"Is the existence of a sequence { Uy} of open coverings satisfying only ii)
and i1i) sufficient for a space R o be of dimension < »n ?" had been a major
problem posed by P. Alexandroff until K, Sitmikov [1]) gave an example of a 2-di-

mensional separable metric space which has a sequence { U} satisfying ii) for
n=1 and iii),

We define the metriec dimension udimR of a space as the smallest number n
such that there exists a sequence {Uk| k=1,2,...} of open coverings sacisfying
ii) and iii). Yu. Smirnov (5], V. Egorov [1] and M. Kat&tov [4] investigated merric
dimension. In particular the lasC paper established for every space K the follow-
ing relation between pdimAR and dim B : pdimA<dimR< 2 udimA .

Various other kinds of merric-dependent dimension functions were studied by
K. Nagami, J. H. Roberts and his school; see e.g. K, Nagami - J. H. Roberts [1],

J. H. Roberts [2], and J. C., Nicholas - J. C. Smith [1]; the last showed that the
finite sum theorem does nof hold for u-dim and other metric-dependent dimensions.
J. R, Isbell [1] and Yu. Smirnov [8) studies uniform dimension and proximity
dimension, respectively. For further developments in this aspect, see H. Herrlich
(1], H. Pusz [1].
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Hka = Uko, n {Vk - Vk_zl for (k,a) €EN . Then we can easily see that
(2) {P/ka; (k,a) EN } covers 7,
because for every r€R there exists k>1 sacisfying .rEVk_ -V, and (¥,a) €N

satisfying x €U, . We divide N_ = { (k,a)| (k,a)EN , W, #¢} into three dis-
g ka 4] ka

joint parts A, B and C as follows:

= {tk,0) | k,a) E.Ivo WOV = o},
= {(k,a) | (k,a) EN_, ¥, <V, 1},
i i 8] .I(Q K=
={tra) | (R0 €Ny . W -V, 40 W, NV, FO}.

Furthermore we let

(W, | (ka)€EAL} .
(#, | (ka)€BY .
{”kal (k,a) EC} .

Then we can prove the following

(3) 1f GEAI and ch. # @ . then (1.2)E4d .

(4) 1f (k,u) €3 , then (k-1 . f(a))€EAVUC and Wkacw"

-1 flo)
(5) 1f fr(k,a)€EC, then (k-1 , f())EA .
Since VO =9, (3) is obvious. If (k,a)€EB ., then k>1 , wkacvk—l . and
hence
Ukanwk—l_vk-Z) =Flka#(b .

This implies

u. ., . n(y, -V, )0 .
k-1 7w k-1 "Ek-2"7F

because Uk—lf{o:) Uy, - So Wk-lf!u)-vk-z# @ : thus (k-1,ffo)) €AUC , and

Mo T Uk Moy " Ve SVt P Vo T V- SV ppay

Now, lez us turn to the proof of (5). First note that (k,a)€C implies

W VWi, ¥ 0 . Since by the definicion of L ’Hkanvk-‘) = ¢ , we obtain

M NV =P ) # 0,
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and hence

v

-1 ey Ve “Tr- 4l FO.

1 k-3

which means W, ,#0. Next, we note that (k,a) €C implies W N(RE-V, _J#0

k=i fraj
Since by cthe definition of Wko. s chxcvk , we obtain

!
|

On the other hand

W NV =V )l —¥

ka

ka

k-1

follows from W, <U . Thus we obtain U
ka  ka

. -V, 0.
k=1 ffa) k-1

. = _ o
Hence it follows from (1) that U, | f{u)n Vi 5 @ . Thus we get (k-1,7(a))EA
proving (5) .

. e . .
*a /k—l#m . which implies

We define open sets EkB by
Heg = wkeu[ U{W,,, J rk+1,a)€C. fla) = B}]
for (k,8) €A . Then it follows from the definritions of Hig » 'L';RB and 4 that
" -k
(6) Hao<clU, ,, 1. 6K, ) <2 3
L 4s) Kb [ 4
7 Hee Vs V-
To see (7) we should note that (k,B) €4 implies Wanvk— | =¢ and accordingly
g WV =@ . Furthermore we claim that
(8) H, . OV.cW,
k' "k kB

For, if ffa) = 8 , then

e 1 a M= Uy 1o NV~ Vo o J Uiy, -7

" PR O

)=’Wk8.

Hence (8) follows from the definition of 4 .

8
We know, in view of (3) and (4), that B<AUC . On the other hand. the definition

- IR W — PR —— -G s _ - R . - 1. b1 o
of er , combined with (3) and (5) , implies that AULﬂlnk8| fk,8) €4} . Hence,
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by (2) {H,,} covers R . Let us denote this open covering by H .
kB r 1=}
Now, let er be a given element of H . Then we choose a point :r:EWkB . Evi-
dently x €V, , and hence
-k
p(:r,R-QY) >2 for some YET .
Since by the definition of HRB we have .rEHkB , we obtain from (6) HkB:QY .
P cvr fnvr ssn nnnecliide rhar HeODwln |01
AUHTLETLULEL wWE LuUillvluuo eliade o~ ". L wY I ]’ “~ 1 J -
Finally, let us prove that ord H<m+1 .
Let x be a given point of R ; then we choose r such that .rEVr__—Vi_zi . If
.rEHkB , then from (7) we obtain either k=r or k<r-1 . We suppose
(9) ::EEr_IB for p distinct indices B8 ,
(10) .rEE'm. for g distinct indices a',
1t follows from W N~ . that x €W . . . Hence by virtue of (9) and the
r-1g -1 r-1s y

definition of HkB we have .rEWm for at least p distinct indices a with

(r,a) €C , because the mapping ffa) = 8 1is unique, On the other hand, by (10) and

(8) we have IEWm, for at least ¢ distinct indices a' with (r,a’)€4 , be-

cause .rGVr . Therefore .rEWmt:Um for at least p+q distinct indices a ,
Since ord Ur;n*'l , this implies p+g<n+1 ,

Therefore ordxHin+l , i.e. ord H<n+] . Thus we conclude dim R<% .

Corollary. A T,~space R i8 a metrizable space of dimension < n 1if and only if

there exists a sequence
* *
ul >u2>u2 >U3>...

of open coverings U. such that (S(p,U.)!|i=1,2,...} s a neighbourhood basis of

each point p of R, ord U£;n+1 s T = 1,2 ... .
Proof. Combine Theorem I.2 with Theorem V.1.

We shall need later the following proposition which is a slight modificarion of the

"only if' part of the above corollary.

A) A space R of dimension < n has a sequence
* *
U! >u2>u2>u3>...

of open coverings such that {S(p,U_’:) | 2=1,2,...} 1is a neighbourhood basis of each
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ness of R we can construct a locally finize open covering U; with mesh UI <1 and

ord U'i n+ o,
Suppose U'I = {UY'I YETL} ; then by 1.1 A) we can find an open covering

UI = {U‘{I YEI'} with L_IYCU\'( . Since l-II is a locally finite closed covering with

ord BI ;h+| , we obtain from the corollary to Theorem 11.6 a locally finite open

covering Ué such that each element of Ué meels art most n+1 elements of UI

and such rhat

. 1
u:‘Z*<UI , mesh UZ<5 , and ord Ui;n+l

Then we construct a locally finire open covering U2 satisfying E2<Ui . U-Z is
a locally finite closed covering with
1 —
< = <y + u* <U
mesh U2 , ord U2=n 1 , and 5 -
such that each element of U2 meers at most M+ 1 elements of UI . By repeating

this process we ger the desired sequence U >U%¥>... of open coverings.

Theorem V. 2. Let R be a metrizable space. Then there is a metric p of R
such that the completion < R*,p*> of <R,p> satisfies dim R* = dim R . If more-
over R 18 separable, then we can choose as p a totally bounded metric.

Proof. Assume that dim R<»n . Then it is easy to see that we can introduce a
metric p (a totally bounded metric p if 2 1is separable) such that there is a

sequence UI >U2 >... of uniform coverings of <H,p> with
mesh Ui-*o as t-+® , and ord U.<n+1 .

Construct the complezion <FA*,p*¥> of <R,p> (see i.2.). Now, suppose

U_’: = {UY|Y€F1:}. and put

- - D- ] %
V,={Rr*-R 7, |ver.},

where the symbol - % denotes closure in 3* .

Then by 1.2 C) each Ui is a uniform covering of < A*,p*> . By use of 1.2 B)

and the definition of p* we can easily prove chat {Ui) satisfies

V,>V >... , ord V.<n+1 , and mesh V.=mesh U, .
! & e = [ &
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follows that dim F*<n .

On the other hand dim R<dim R* 1is obviously true, and thus we obtain

dim F* = dim R .

We shall apply the result of Section | to the notion of the "length of a multipli-
cative covering" (due to P. Alexandroff and A. Kolmogoroff) to establish another

theorem for n-dimensionality.

Definition V. 1. We call a covering U a multiplicative covering if @FgU and

if every non-empty intersection l‘l_‘i= 1U; of elements Ui s 251,004,k 0f U 1s

aleo an element of U .

Definition V. 2. Let U be a multiplicative covering. We mean by the length of
an element U of U the greatest mumber r such that there exists a sequence
U=u, ;U.?? ? U, of elements of U . We mean by the length of U the greatest
length of elements of U, 7.e. length U = max { length U|UEU)} . It is easy to see
that for every multiplicative covering U length U<ord U . We can easily construct
examples of multiplicative coverings U for which length U<rank U |, rank U <

e Tanorh | = w»an
Qi 1engin u ran

=

Theorem V. 3 % , 4 T,-space R 1is a metrizable space of dimension zn if and

only if there exists a sequence

[ N |
u, -~ u

N e 1
FU. U

2773

F

~
,l'l

N

of muliiplicative open coverings of length < n+1 such that {S(p, ) | z=1,8,...}
is a neighbourhood basis of each point p of R (n>0) .

Proof. 1If dim R<n , then by the corollary to Theorem V.| we can consfruct a

gequence ul >U§‘ >U2 >... of open coverings of order < n+1 such that

® It remains open whether we can replace the condifion ii) in Theorem V.1 by length Uk

£n+ 1 to improve Theorem V.3. K. Nagami [2] generalized this theorem as follows:

A Ty-space R 1is a metrizable space of dimension < n 1if and only if there exists
a sequence {F;|Z=1,2....} of locally finite multiplicative coverings such that
ength Fr<n+1 , for every neighbourhood U(p) of every point p of
= Vi

Y= 11w )
s vipr .

L7
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tersections of a finite number of elements of Ui is obviously a multiplicative

Cymnana {1 nluiie 211l rha 11—
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s

covering of length < n+ 1 , the necessity is proved.
Let us assume the existence of a sequence sarisfying rthe condition of rhe propo-

sition, First we shall construct an open covering M' such that

Un+2<M'<U' ., ord H‘;n+l .

As a matter of fact, this is the principal part of the proof. We denote by

{U_rﬁl_chA_F} all the elements of Ui of length r . Then

u, = {UmlaEAr, » = 1,...,n*1}

because length U'_<=n+l . We define open sets Vg) T =1,....,nt1 by
Mm _, (1) _ o (T-1) .
Vo = Upg s Vm = Int {.1:[S{.r',f.:li)hl/lﬂcl Y, £=2,...,n41 ,

where we denote by Int § the interior of the set S . It follows directly from the

above definition and U2<U_L._' that
() v Ve eyt Ly
ra ro ra ra
(2) U.<{V{1:)|cx€.4 re=| n+t}, L= n+ |
: o o . yeaay .
(3) st ugev®VY, paa e,
ra’ i ro
Next we define open sets Mm’ chﬁ.r, r=1,....n*1 by
FLIRY
M o=V ' =U
la la la '’
f'll.\ 7] - V{P) r Uf S“f,('.") re /‘I U.E.‘i 11
b rQ ra t ta ' “ne+ 2’| p £V
tulsvi™, u  _Je€s,}lu...u
20 * n+ 2795
[ul sev™ u ..} a€a 11, re=2 n+\
r_‘g’ +2 ' K) e &, -

Let us show that

(5) Un+2<M‘-{Mm|cx€Ar, r=l,...,n+1},
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Ler [J be a eiven element of U * then by usine (2) for 1 -on+ ! we ¢can
t U b giv n+2 b then by ing (2) for 1+,
. (n+1) . (n+1) r) .
find ¥ with UcV . llence from (1) we can deduce that UcV , wWhich
nr rn r
implies
(r) -
un+2<{vm Io.EAr s P = 1, ea,n+1 )},
Therefore for every UEUn+2 we can find the least number r such that
(6) UCV{T!)
o
To prove (5) we shall show that
(r)
n =
(7 U S(Vko. , Un+2) @
for this »r and every k with 1 <k<r-1 and for every c.EAk . If we assume the
contrary:
(r)
UﬂS{Vka , Un+2) # 0
for some k , a with 1'1<k<r-1 , o.EAk, then from U:'1+2<Ur, (') and (3), it

follows that

fr) (r-1)

(k)
ka ’ ur) cvka

UeSty o

cV

This contradicts the definition of r because

k<pr . Hence we obtain (7). This

combined with (6) and (4) implies UCMm , which proves (5).

Now, to show that
(8) ord M <m+1
we prove
(9 anMrB =f¢ for a#B8 and for every »r .

M QM _=U QU _. =0
T [l +] (1S 4 [ +]
because length U!o. = length U'B = 1. To prove the same assertion in case r>1| , we
show that
Q)] v_ny ,=U, for o, BEA and YE€A_,
P ry r r
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(r} (v} _, (v}
v .oy o=V T,
ra rB r'y
.
[ ol = 1 -1 3 _ £ £ !Irl!') - 2o bl Ll oo
r'1rst, Dy the dellnieion ol vm y 1€ 15 ODVIOUS cndc

v o) qy(2)
r'y ra rB

Conversely, suppose x€ Vﬁi)f\V£é) ; then there exist neighbourhoods Pfx) and

fx) of x such that

5

S(Pfx), U )<l _ ., Sfglx, U}l . .
z ra y rg
Hence

S(P(z) 0 Qlx),Uy) U, OU = U,

. _.A2) .
This means that xE:V;,% , proving

p(2) - p(2) ()

'Y T Tra rg °

Repeatring this process, we conclude that

V(r) _ yfrt n V(r)

= f .
e o pg oT every r

We now turn to the proof of (9). By use of (10) and (4) we obrain

av ™ avit) i er(t? g y |
iy LR LU ol?

1 L 1y EA 1 } 11 11
ra’” v "ra rB la * n+2

e
Il\.} 'J We s o\

tutsw'™ u .

Jlaea_ Yiev®av® sl oy yag
L4 £ T Py I'p F & r L4 SER =]

for r' determined by Uru‘]UrB = Ur'Y , because »r'<py and in consequence
sov®™ u yeruistv™ u . )la€a Y1 v
r'y* n+2 la’ n+2 ! Pt
(r) .
(utsev 7 U, ) la€a, )]

holds. Thus (9) is proved for r=1,...,n%1! ,

Since

M= (M la€a , r=1,. . n+1},

the assertion (8) follows directly from (9). Since iﬁ <"' is clear, from (5) com-

bined with (8) we obtain the desired open covering M, satisfying
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Repeatring this process, we get a sequence Mi . 1=1,2,... of open coverings such

that

ord M.<n+! _and U ., ~ ,<M.<cU .. .,
1= i +Zin+iJj i P+ (t-1jm+1)

Therefore from the corollary to Theorem V.! we can deduce dim R<n
metrizability of A .

and the

Corollary 7. 4 space R has dimension < n

.

f and only 1if f

every open cover—
ing U of R there erists a multiplicative open covering V of R such that
V<l | length V<n+ 1 .

V. 3. Dimension and metric function

. .
Ir is an interest

e

noe nranhlem ra crharacnror
ng prooilem Lo characler

e

ze the dimension of

a ma ~r enarc he rho
-as AN - o G - Dlll'-l\—!— L - i
property of its metric function. We know that if p(r,yi) <g , t =1.2,3 on the 1-di-
. . ! .
mensional Euclidean space E | then p{yi,yj) <e for some two points Yy s yj of
the three points ¥y » Yy s Y and the same is also true for seven points ¥ s
2 =1,...,7 and a point =x of E’2 . The number of points ¥ having such a proper-

ty will increase with the dimension number » of E . This example leads us to a

new idea to characterize the dimension of a metric space as follows.

The main theorem (Theorem V.4) of this section was first proved by J. Nagata [7]
and P. A, Ostrand [2] independently. The proof to be presented here is a modification

of Ostrand's proof.

A) If dim F<n , then for each open covering U of & , there is an open covering

V such that V<U and V = U::: Uf. , where each Ui
tion °.

is a discrete open collec-

Proof, By use of the method of the proof of I1.7 B) we can construct an open
. n+\1 . .
covering W such that W<U and W = Uix=l wf wizth open collections wi of order
£ 1 . Let Wf = {Wiai o.Eflf} . Select an open covering P such that P*<W and put

V. =U(P|PEP, S(P,P)cW. },
213 ' Qa

7 p, Alexandroff - A. Kolmogoroff [!] provad this theorem for a normal space R

and
for finite open coverings U , V ,
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Then UV 1is obviously an open refinement of U because V¥, €W. and W<U , Each
T sy ol

Ui is discrete, because each member of P mneets ar most one member of Ui .

Definition V. 3. Let U be a covering of a space R. Then for each non-negative

integer n we define

" = { Sfv,u) | veu}

S T noln T T
where S (U,U) = U .
B) Let dim R<n . Then there is a sequence l.:‘i , Uz,... of open coverings of =
such that
. +1 7 L. . .
i) u. =y it , where each u% is a discrete collection,
T i g J
ii) mesh Uﬁ <\/j,
iii) (u, ]20 <, ,
Jgr! 20
iv) if J<k and 1<7Z<n+! , then each member of {U’k]" meels al MOsL one
)
member of Uj .

Obviously the converse of this proposition is also true. P, A. Ostrand [1!]
obtained a similar characterization of dimension as follows:

A metric space R has dim<n if and only if for each open covering U
of R and each integer k>n+! there are k discrete open collections

o, X

U!""’Uk such that U Ui <U , and the union of any n+ 1| of the Ui

= |
is a covering of R .

He applied this theorem to prove the following theorem concerning the re-
presentation of a function of many variables as a composite of functions of
one variable, which gives a good example of an application of dimension

theory. (Another such example was presented in IV.3.): "
Lez X , p=1,...,m be compact metric spaces such that dim X¥ = <®

m . . .
and let n-:i p=t dp . Then there are continuous functions wpq: RP-'[O,I] N
o= 1l.....m a =1 2n + auch rhar everv real-valued confinuousg funcrion
p . i, g ye--,2n+ 1 such rhar every real-valued co
2 defi m P .
7 efined on I]P= 1 is representable in the form
2n + ! m
flzsoaosz )= T e (]} U»Pq{:rp)) s
q=1 q p=|
where wb , g=!,...,2n+ 1 are real-valued continuous functions with a real
variable.

E. Stepin [2] and R. Mané [!] also obtained interesting resulfs in dimension
rhonry ralared wirh Aarhov £ialde Th armar nraved rhar auverv finire—-diman—
- J LU Wil W A Wil Wi liwl A LASAiwWae A A | Ny P W W - ita e ‘—"—LJ A AllA W% Al N B
sional compact ANR (see J. Nagata [8] for the definition) is metrizable, and
the latter proved that if a compact merric space R has a homeomorphism
HF:P-PP and rhere exi e e SN eurh rhar nf-‘-"'(-f) 4‘1'(,:))<r =

liv wasa T Taa ) [ w SULIl wiiUw AW Lees 3y g L 4 Loy [ tgeyaaa
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A noo
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£ AY o
T a) w
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find an o U caricfv
1n n o U satisty

Then each point x of A has a neighbourhood P(x} which me

e

o o0

" = |
T

iY and i1y for
1) andg 11) I1or

L,

ts at most one member

T o v - ) -
of U, for each £ and is contained in some member of U, . Select an open covering

¢ such that [Q]20<{P(r) | x€F }. By A) there is an open covering U, such chat
n+! 1 3

- . . 7 .
U2<Q , mesh U2 <1/2 and U2 _Ui -y U2 for discrere collections f.Jl2 , TEl .,
n+1 .
Then [Ul,UZ) sarisfies i) - iv). Continue the same process Lo get a sequence
{ L" ,..'2,... } satisfying the desired conditions

™ Mt

C) Ler &* denote the set of all rationals of the form 2 +2 ... %2 R
where m. are narural numbers sacisfying 1< My <My <a..<myo. If dim A<n , then
we can define open coverings Sfm) for all mEQ* such that

i) Stm) = U:‘:: S¥(m) , where each S*(m) is a discrece collection,

ii) { S(x,S(m}) | m€Q@*} is a neighbourhood base at each x€R ,
iii) if mp€@* sacisfy m<p , then Sim)<Sfp) ,

1v) if mp€@* , m<p, 1<i<n+! and SI €S*(m) ) Szﬁsl{p) , then either

S <85, or 5,05, =6 ,
i 2 i 2
v) if mp€@*¥ sacisfy m+p<1 , and if SI €S(m) , SZES(p) satisfy

SIFIS2 # ¢ , then SIUSZt.‘.S3 for some SJES(m +p) .

Proof. The proof given here 1s somewhat sketchy to leave the detail to the reader.

To begin wilh, construcf open coverings UI , UZ"" which satisfy the four con-
ditions of B). (We assume that each Ui contains no emply set.) Then define open
collections by
() u§={52°{u,uj”)|ueu§}, l<icn+l, G=1,2,...

n+1 5
Uj = il=J| Uj .

For AcR, 1cign+1 , j21 and k20, we define sers Tk(A,i,j) and

7(A,7,3) as follows

2) °14,2,4) = Sta, u";.) ,
e oy N
™(a,2,§) = srwr" (4,3,4) , Vi, for ka1 .
P4, 5,30 = U TR(A,L,d) .
k=0

Let m = 2_m|+...+2-mtEQ* . where 1<m Covao<my, and 187<n+1 ; then for

1
each A<FR we define an open set Sf4,1,m} as follows.
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(3) SfA,1,m} = T(A,-i_,ml +1) if t=i
St4,t,m) = T{S{S{A,i,m'),vm ),i,mt) if t>1
t
-m -m -m
where m' = 2 |+...+2 tl e m-2 t.
-m, -m,
Now we define open collections SimJ for m=2 + .. 2 €Eg¥ by

. . n+l z

S*tm) = {(Stu,Z,m) | UE u; },1<i<n+1, Stm) = U S(m) .
1 i=1

In the rest of the proof we denote by m and p members of &* such that

m = 2 Vs +2 ¢ '2'p|+ +2_pu 1<m < <m and 1<p < <p .
e *2 P s im <l £ ip,<.-. <P,
Since U: <S*fm) and since U  covers R, Sfm) 1is a covering of R . From

llI llll
iii) of B) and (1) it follows that Uj<U3 , and accordingly by (2) we obtain

T(A, 2, 3} CSA{A,UJ.) « Thus from (3) it follows that

. 4 .
(4) StU,i1,m)=S {U’Um . I) if t=1 .
i
. 1
Hence by iv) of B), each member of Um 4| Meels at most one member of S (m} .
In the general case t>1 , we can prove without much difficulcy that
; i P 10, ;
(5) S(U,r,m)<S (U,Um + I) »
1
And Fhaso aanh mambhay AF 1 maars ar meacr ~Aana mamhar A€ Qz{m, horanea Af 1v)
i -illll O Cdadwll LUMOluUwCT L L \-‘m + I HWCCw O G WHIV O Wil il =y 8 AV S - LifF [SLwa YRR g ) = A e AV J
.
7 . .
of B). Therefore each S fm) 1is discrete.
Pem . LN .3 231 £ By e o£.11 e rhas Cloe QCF ) ) o= COF e ] ) S ,,—m!
rLom (&) 4010 111 Ol D) 1L 10L10W> tLildé ey LTSS ‘-—Ol-b,um _ I.l il L L .

) ollo
Thus ii) of C) follows from ii) of B).
Now, to prove iii) of C), suppose m<p .

Case a): My =Py s My =Py seeey My =Dys and t<u .,

Then S(m} <S(p) 1is obvious because

(6) S(U,i,m}) <S(U,Z,p) for each 1 and U€U; =U:;
| 1
Case b):mlrpl....,m8_|=ps_l. my > Py for some &>1 .
Then put
-p -p
p' =2 belie2 5,
M B DR 4 “Pg -
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stu,i,m <82 (Stu, E,m' ) u_ ) =S(S(U,E,m' I U_ ) .
s Yg

on the other hand by (3) we get

Sty,Z,p') :S(S{U,i,m'),UD )DS{S{U,i,m'),Up ).
vs S

Thus

(D Stu,i,m;=S(u,i,p'} <5(U,Z,p}
holds for each UEU; = U; , and we have proved S(m) <S(p) .
1 1

Case ¢): m >p,

Lec UEU® ; then by (4) and (5) S(u,i,mies'Ow,u
,v-l "'I
Stu,i,miclU' for some U'EU

J . Hence by iii) of B)

+1

CuiinnAaca rrr e rhan
Ju..llll'ac v N W ’ il
P
[ AT Nl i A =3 111 A “lEOJI_l.—(‘I..l
iU, T,0ls Cu Solv B JdapPsr o 1D S0IDs

This implies Sfm) <S(p) .

To prove iv), we first note the following fact,

(8) 1f a) or b) (defined in the above) is the case,

then S*(m) <St(p) for each 7,

Because mI =P, holds in this case, and, as shown in the above ((6) and (7)), for
each UEU; = U; . we have S(U,i,m}<S(U,7,p) . Now iv) follows from (8) and the
1 1.

discrereness of S‘L(p) if a) or b) is the case,

Assume the case ¢) and also that psém m, =ps+k (where s>1 , ki’ o) .

<p
: 1 Poar
Suppose that S(Y,Z,m}) €S (m}) and S(U',7,p) €S"(p) meet each other, where
veut | ureut .
™ P

Assume £ > 1 . Then by (3) there are sequences 0,,...,0_ of open sets such that

| n
. {UrJS”,Slz,.....} ,
0, = {VZ’SZO’Szl’ ..... },
03 = {.VS,SSO’SSI' ‘Ssk,-n-} >
g ={(V,5 .5 ,.....}
u wTud’ Tul? ’



]
[ SR, tr 1 cr Ell-"
wlloclLe ¥ v

] . YiL T pL
J PJ J pJ
its non-empty successor in the same sequence, the sum XJ. of the members of UJ.

o~ w [ad = Py
[s B o) =4 , €eacn

meets V. and UY ¥, meets SiU,T,m).
J*+1 ? J=1
Case o): S(U,z,m} ﬂXJ.#G for some Jj<e or S(U,i,m) ﬂVs #0 .
Then we may assume Sl’ii,i,m)l"li"sai(b , because i/'p is a covering. By (4) and (5)
8
stu,i,mes'Owu )esOwu L, Jevt |,
m, +i p.*tk+i p_*k
1 8 8
b veut since 501y U JOV_ 8
ecause P, +x - Since N P, NP R ,

Stu, 2,m) =%, u_
“s

+

X+ !}cS(U’,i,p) .

Case B): SfU,i,m) NS _,#0 for some 1 with 0Ll <k-1|

By an argument similar to the above S(U,Z,m})<85(U',Z,p) can be proved,

Case y): S(U,Z,m)NS , # .
Let

Ssk_s (Uo,p +k+I)’ UOEUer;c
~Y erler _Icﬂlolrr -t BRI T - I'U 120 { L T
Since olv,1,m/ &0 (U,Up, + k+ 1/ , there 15 a member ol | ps s k+d whnich
meefs both U and UO Thus by iv) of B) U = U0 Hence
Sy, i,m) CSSkCS(U',i,p) .
Case §): Sskfﬁ , and S{U,i,m)ﬂssl#(b for some 13>k
or SfU,Z,m) ﬂXJ. #0 for some Jj>s .
let
_ 220 1
Ssk =S5 (Uﬂ'"un + k4 I)’ Uneun P
Fg g
Then there 15 a chain of ten members of Up A which connects Ssk and

) , where we mean by a chain a finite sequence of sets each
20 which

. 10
SftU,i,m}<=S {U,Ups k4

member of which meets its successor. Hence there is a member of [Up ket l]
a8

meets both U and UO . Thus U = UO , and S(U,Z,m)<S(Y’,Z,p} .

Case €): Snk=® , and S(U,i.m}ﬂSsl_#(b for some 1>k ,

or S(U,Z,m)NX.+® for some Jj>s& .
J



Accitma rhar < 1e rha lacr mnan—amafy mambhar ~f rha cfs—iaman
AT T e w1l e Sk Ao [ 11+ 4doe U CUpey iU L vl LT :cqu:: e
S nsS o yseaS_1 s
=1 =1 o )
Then there is a chain of fen members of U which connects S with
) 10, Pg k1 sk
SfU,i,m)<$§ {U,Up k4 I) . Thus
8
20 7 20
5 {U,UD +k+I)EUp A and S {U_,Up +k+l)nssk#0'
e 8
Hence
. 20 -
StU,i,m) <=8 ru,U .. deSU.T,p) .
STp vk e
3
1f 3 g . are all empty, we can prove the same by use of Vg in

Z80'" " ek - 1 8
place of Ssk . In the above argument we have assumed s >1 . However a similar argu-

ment is valid in the special case 8 = 1 , Thus iv) of C) is established in all

cases.

Finally, to prove v), let m+p<1 . Suppose S(U,Z,m)NS(U',j,p) # @ , where

veu* | yrew
™ P

Case 1I: m =p,
1t follows from (4) and (5) that

~ s = ,I_ﬂlolll 1
StU,z,mi<5

]
u
u, ml+lj.!

S{U'Jj‘.p)CSIO(U',Um ),

+
I

10 10,,.,
CCSNLE 04, )t

Thus by iii) of B)

S1U,Z,m) USIU', j,p) =W <5,
-fm, = 1)
for some WE€U _ and S5 €Sfm+p), because m+p=2 + e .

Case 2: m >p, (and thus m<p) .

|
Assume that p_<m <p_ .. (821) .
s T1=Pg+i U=

Case 2.1: ™ <pS+l .
Assume e.g. 3=1 . It follows from (4) and (5) that

10 arprt s
s (U’Um_ N I)ﬂ.:{U yJd.p) 70 .



[ - — 1 2w by (1) rhare is a chain of gix members of U which con-
ol ) L0 — ”'I L} =y2 y U’ LN L3 § L A = A o il AL - =] ad ml + I
, . 10 -
nects T{U',.J'_,pI +1) with § {U,Um . I) . Thus

and
20 .
s (o, u )Ty, g,p, 1) £0 .
. :vnI + 1 |
Hence
S(U,i,m}'t:Sr'Tr'U’,j,pl +1J, Vm J=8(U'.j,al ,
1
R I T 2 Py : :
where q = 2 +2 +2 +,..+2 . On the orher hand we obrain S(U',j,p)c<

S(U,i,m)US(U',j_,p)f:SO for some SOES(p+m) ,

because qg<p+m.

In case of 8>1 , too, we can prove the same by a similar argument. Also note that

A scsmilar aveinmant ram he anmnnliad FrAa rha cmnansal Aaen » <m 1¢€ (AY sneraad Af (7)Y
L+ S AUIAL LOL ﬂl.s\-lu-lcllb -4l [ & ] — UPHI.LCU (1) il JPC\-L“L A S L Eju ll[l A A LV AT T O WA N
is used

Case 2.2: m, =p

1 5+

Denote by %k cthe number satisfying O0<k<s , Pg s -1 = Pg > ps—l =
p.._u "Jp.._‘.',l.')- I:pn_11.l. 1. 7 and p__1,;1-|>p.._7,‘ (NOCe thac k'O means
I = . g - AT L = B A | B = B AR | R - B

-1> and k=8 means that . -1=p. for all Jj=1,2,...,8.
Case 2.2.1: k=8 .
Then note that
-‘i —pS"i'I _m| -(pl_l)
2 o +2 +2 = 2 fm+p<l .
ar oy send - |_n|01-.g 1 Y 1
Since S(U',J,p/<& (U ,uP . ll , and
1

1t is true that

100y, u yns'Cw,u ) $ 0.

s P, 1 pl + ]
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S(U',j,p) US(U,i,m) t:UOr:SO

for some UOEU and SOGS{m+p) .

Case 2.2.2: k<o ,
Put

] 1e l.n-{PB_k“'I-I)

p' =2 ...+ 2 and p'' = p'+2 .

(Note that p’'<m+p) . Then it follows from (4) and (5) that S(U,Z,m)<

=3 %3

] . . -
s O{U, U”1 . I) » and there 1s a chain of six members of Up which connects
] s-k+]
S(u',j,p'? with SIO{U,Um . i') . Denore by ( the gum of the members of this chain.
1
Then there is UOEU - such that
Pgags
~ . 10
Sy, i,m)uc<sS (U, U Juccu
m, +1 0
< .
because Pg_ge2m » Since
y e 20
UoﬂS(U sd,p') # % and § (UO,U JEV _q
Ps-k+1  Pg-k+i

we obtain

StU,i,m) <y =5°0tu v )5, d,p"") .

- 1

~ PR P IR T | ren! 2 | — )
On the other hand S(U°,2,p/ =S

foliows from (7). Hence
sfu, ¢, ml US(U',J',p)CSO for some SOES{m tp),

because p'’<m+p . Thus all conditions for Sfm) are verified.

D) Let dim A<n (n>0J) . Then there is a topology-preserving metric 0 of R
such that for every n+3 points LY seanslly 4o of R there is a pair of indices

i,J such that i17#j , and plyi,yj);o{x,yj) .

Proof. Define Sfm) , m€QR* satisfying the five conditions of C). Then define
p:RARxR-+[0,1] by

plz,y) = inf { m|mE€Q*, y€S(x,Sfm))} if y€S(X,Sfm)) for some m ,

] otherwise.

plz,y)



it is obvious that pfx,y) = ply,z} and plx,z} = 0 . From ii) and iii) of C) 1t
follows that pfx,y) >0 if x#y .
Assume ofx,y) <1 and opfxr,z)<1 for x,y,2€R . Then for every €>0 there are

m,p€EQ* such that y€S(x,S(m}} , z€85(y,S(p)) , plz,y} <m<plx,y) +e , and
ply,z} <p<ply,z)+e .
By v) of C) there is WE€S(m+p) such that x,z€WN . Hence

plx,z) <m+p<plx,y) +oly,z) +2e .

Thus it is proved that pfx,z) <pfx,y) +ply,z) . Therefore p 1is a mecrric function.

Note that
S(:z:,S(m/Z))c:Sm{x)CS(::,S(m)) for each m E€4¥ .

Thus by virtue of i1) the metric p 1is compatible with the topology of H .

Finally, let X,y ,....Y%, ,, be any n+3 points of R. If pfx,y )=1 for some
k , then o(yi,yk)éo{x,yk) for any 1 . So assume Chat p{:c,yk) <1 for
k=1,...,m+2 ., Let €>0 be given. Then choose mfjl)€g*¥ , j=1,...,n+2 such that
p(:z:,yj) cmig) <of‘x,.y ./ +e , and UJ.ES(m(j)) s J=1,...,m+2 such that :z:,yJ.EUJ. .
Suppose UjES"'{J){m(j)) , d=1,...,mn+2 | Then for some pair (Jj,k) of distinct
indices we have <(j) = ©(k} because 1<i(j)<n+1 for j = 1,...,n+2 . Suppose

m(j} <mfk) ; chen from i) and iv) of C) it follows that chuk , and thus

e~

e s ¥ €y, . nence
J k- "k
ply .y, smlk) <plz,y, ) +e .
J UK = K

The pair (yj,yp) may differ as € differs. However, since there are only finitely
many such pairs, we can fix a pair (yj,yk) satisfying

Y

Dr’yj,yk)<a|’:z;-,yk/‘+i/"ri for n=1i,2,.... .

Thus pfy..u

w, ) <pfx,u,lt .
K=

lvk
E) 1f one can introduce a mefric p 1inte & which sarisfies the condition of D),

then dim R<n.

Proof. Actually we shall prove the following slightly stronger statement by use of
induction on n : If one can introduce a mefric p on A such that for a definite
number 6>0 and for every n+*3 points LYoy sy of R with p{.‘c,yj) <8,
J=i,...,m+2 , there is a pair of distinct indices 1%,j for which o[’yi,yj/'ipr’:zf,yji,
then dim R<n .

Let p be a metric satisfying the condition for n=0 . Then for any x,y€R and
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<8 Sfx)adsf,)a':ed

e

SE(:c) = SE{y) if yESE(x). and S (:x:)l’IS (y) = ¢ if JES (x) .
Thus U, = {5 (x)|xz€R} for suff1c1enr.1y large k's

13

ings of R which satisfy the conditions of Theorem V.| for n=0 . Therefore

(D
&
[a ]
Q
"
o
—

with

J
W

c >N 3
SR 5]

dim R0 .
Assume validicty of the statement for n=m-1 . Suppose that p 1is a metfric satis-
fying the condition for n=m and 6>0 . Then we claim that for each positive
number € <& and for each closed set F of R dim B{SS(F)};m-I , where
S, (F) = U {s (x) | x€F}.
Assume the contrary; then by the induczion hypothesis we can select m+2 points

Loy pseeesYy b EB(SE(F)) such that

plx,y.)<e , j=l,cc.,m*1

LY

ofy .,y.) >plx,y.) for every z,7 with 17j.
v J

Now, choose a small neighbourhood Ufx) of x such that for every x'€Ufx)

p{:z',yj)<e and D(yi’yj)>°(x"yj) if 2147 .

Then there is ym+2€F satisfying S (y +2)ﬂU(:x:)#0 because :rEB(S (r)) .
Calapr a naint »tcg [y ) n! If'r‘, Thnn
[ L= A = > F .Ll.lb ke \-UE\nm +2 NE L s O AASWES

p(x’,yj)<e<6 s Jd=1,.eem2
o{yi,yj)>p(x',yj) if 274§ and 1<i,jm+1
p{yi,ym+2);e>p(;c',ym+2) s T=1 c.om+0
o(ym+2,yj);c >p{::',yj), J=l,eeo,m+1 .

dim B(S_(F)) <m-1 .

Now, let F and G be disjoint closed sets of R and my 3 natural number satis-

Eying I/m0<5 . Then put

= U rS (F) - fGJ .

m=m
O m m

1t is easy to see rthat S is an open set such that
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o oy

FcS<R - G and BfS)<( U B(SI{F)))U{ U B(SI(G))) .

m m=m

Mo m 0 m

1t follows from the sum theorem and the claim proved above that dim BfS}) <m-1 .

Therefore dim R<m which completes the induction.

Combining D) and E) we obtain the following main theorem.

Theorem V. 4. A metric space R has dim < n (n>0) <if and only if one can
introduce a topology-preserving metric p on R such that for every n+3 points
TyY sty g p of R, there is a pair o distinet indices 1,j for which or‘yi,yj‘i
o{:c,yj) .

Definition V. 4, 4 metric p s called nom—archimedean if it satisfies plx,z) <
max({p(x,y) , ply,2)) for every points =x,y and z of the space.

9

Corollary. A metric space R is O-dimensional if and only if one can introduce

a topology-preserving non—-archimedean metric on R .

Proof. This is a direct consequence of Theorem V.4 because the condition there

for n=0 is precisely the one for a non-archimedean metric.

We can slightly weaken the condition of Theorem V.4 if R 1is separable.

Theorem V. 5. '° A separable metric space R has dim < n if and only if one
. 3 Y vCu wled metric [v] intc B such
sYgieesY, 4 of » there is a triplet of indices 1,j,k

a
for every n+3 points
satisfying oy .oy .) ;p(.r;yk) s and T3 .

Proof. The 'only if' part follows directly from Theorem V,4.

We can prove the 'if' part as follows if R is compact. Let €>0 and M a
maximal subset of R such thar pfx,y) >= for every z,y€M with x7Zy . Then
UE = [SE(:z:)I TE€M)} is obviously an open covering of & . Suppose IESE{xk) ,
k=1,,,.,mn+2 3 then o{:z:,:z:k)<e , k=1,...,m+2 ,

Hence for some distinct 7 and J we obtain p(::i_.:cj) <g which implies x, = x
Thus ord UEén“' I .

Since R 1is compacl, we can consfrucf a sequence UI’UZ"" of open coverings

which satisfies the condition of Theorem V.Il. Hence dim R<n.

% This theorem is due o J. de Groor [I]
0 s = . . o = . ~ _ ~
'% This theorem is due to J. de Groot [2

3
I.
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Nowr lar
O, Llec ot

J
fying the condition. Then the complerion <R* p*> of <R,p> is a compact metric
space. We shall prove thar p* satisfies the same condition as p . Assume that

:c*,y*,...,y;+2 are n+3 points of R* such that

D*(y:.,y";.) >D*(3-'*in) whenever 1T 7j .

Dk — L i o e
a1’

[y o s 2 e - n | LR o _
J1nce n 15 de y W& Cda . wialch are so

2]
)
o
7]
18
5
=
<
3
&
=
Cu
Sy
[e]
[t

close to x* and y*%* , respectively that
p(yi,yj) >p(.‘r,yk) whenever Z7J ,

which is a comtradiction. Thus p* satisfies the required condition, and hence, as
proved in the above, dim R* <n . Therefore it follows from the subspace theorem that
dim R<n .

=

Corollary. '!

A compact metric space R has dim < n <if and only if one can
introduce a metric p into R such that for every n+3 points TYprersYyyn
of R, there is a triplet 1,j,k of inaices satisfying oly..y.) Solz,y, )} , and

7] .

V. 4. Another metric that characterizes dimension

Every spherical neighbourhood of any point of & has a boundary of dimension
n-1 . J. H, Roberts' improvement of rhe corollary to Theorem 1IV,12 (p. 85)
shows that we can characterize dimension of separable metric spaces in this direc-
tion. But we must face difficult circumstances to characterize analcgously dimension
of general metric spaces. Because the existence of a metric which satisfies the con-
dition of the corollary ro Theorem IV.12 may not be sufficient for a general metric

space R tol

r

rr ow Y o f o
I =u) S1iTice

e AT A S s e £ omnenon 28 e ATl Ao € oawe mmsaeaco
dVve UilHgilo LOln ~n Leveil Ll 1e WWius LUl EVvVeLly

o
-

'' It is unknown yet if this theorem is true for every mefric space. In the following

is another characterization of dimension by a metric sarisfying a stronger con-

Al riAams
A mefric space A has dim & n if and only if one can introduce a topology-
preserving metric p on R such that if pfS (J:),yi) <g , 1=1,...,i+2 for

MM

of R , then o(y_,'._,yj) <g for some distinct

indices 1,J .
Thic rhansam tsas myEAwa 3 ke T Maaara [7] and 2o cimnlar aranf wrne otuvan ke
11140 IHICULCIU wWao PLUVCU u, o s l‘ususu L ) aillud a ;ll-ulyl-cl. PI.UUL wad ELVCI w
-
S. Buzasi [1].
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mefric cases as seen in the following.

Theorem V. 6 '?. A space R has dimension < n <if and only if we car introduce
into R a topology-preserving metric p such that the spherical neighbourhoods
SE(p) ,£>0 of every point p of R have boundaries of dimension < n-1 and such
that {5_(p) |p€R} is closure-preserving for every €>0 .

Proof. To show the "if' part let us note that

for every subset A of A because [SE{p)!pER} is closure-preserving. Therefore

{25 (A))nB(5 (p))lpea)

is a closure-preserving closed covering of B(SE(A)) . Since dim B(SE(p));n—l for
every p&€4 , from the corollary to Theorem 1I.| we can conclude that dim B(’SE{'AJ')'i

n-1.

ven disioinrt closed sers of R + rhen hv the ahave remaric
ioint ¢ ed sets of R ; rhen by the above remark

I

Now, let F and G be g

we can construcl Iwo sequences

U, :L_Izsuzs... oF ,
WIDWZDWZ:J... =T

of open sets Ui and W‘i such that

"x

T
"B

<

T
dim (U, -U.t<n-1 , dim (K. -W ) <n-1 .

1t is clear that U = Ua.zs | (Ui-W.) is an open sert and satisfies

A 1
s )
FclUcR-G, U-Uc U [(U.-U.JU(W.-W.)] .
1:=| A T A T

"2 This theorem is due to J. Nagata [5]. S. Buzadsi's [1] idea is used here to simplify
the proof. Also note rhat as indicated by the proof, one can introduce into every
metrizable space R a topology-preserving metric p such that {SE(pHpER] is

rlacuira nyracarueinas Emr anen s . wn
LLUoULT pLToTLVILYE 10L BEVELY LU .
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The latter rel

we can conclude that dim R<n .

To show the 'only if' part let dim R<n ; then we can choose a sequence

{Uil ©=1,2,...) of open coverings such that
a) UI>U***>U >U***>... .
b) mesh U +0 as m>o |
~Y C‘ZI-.. Ht | I N mm e e L 1 e baem o
Ly ) (=R R Fi LI.ILCI.DCL.!-".I d6e 36 { SRR | mempelLs oOfr
m+ 1
for every T€R .
Note that for every A<R and integers I_g_m2 <..0 <m_ ,
() S°(...8°(A, U ). .U )eST(AU ).
m m m,
2 p 2

The easy proof is left to the reader.
Now we define open coverings Sfm ,...,m ) for integers
! P

1 <€m. <m_<...<m as follows.
- 2

S(U;ml) = U for each U€U .
' i

StU;m ,...,m)'S(...S (UU Jeos,U ),
1 p m

1t follows from (1) and a) that

S(Usm. ... .m JeS (U U )=SUU_ ) .
1 P m m

4

Hence we obtain

(2) Stm ) = U <Sfm,,eu.,m }clU*
1 m ] p m

Now we can prove that

S{ZI,...,Z )<S{m|,...,mp)

q

l l m

172 Ve e 92!

m
... v12 P

the following holds:

Myses .,mp satisfying
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To do so assume that

~~
[P ]
St
3
(|
™l
.
3
']
("]
g
FaN
o~
n
o
a
[74)
o)
g
1]
o
€
-
rr
in
o,
i A
o]
Qy

and put C = S(U;1.,...,1,_ ) for any UEU (C = U if Z=1) . Then it follows
from (1) and a) that ! ’

StU:l ,...,l )escu, 1=sicu ).
1 q l, m.
T 1

s¥c,u_ )EStm,,vuv,m,)
i L] [

follows from (3) and S{ml,...,mi) <S(m|,...,mp) is obvious, we have S(ZI,...,Z )<
Stm.,.oo,m ) .

! P

Now, we define a mapping P :AxR=+[0,1] by

)
inf {1/2

(4) plx,y)

m
+o..+ 02 p]yES{x,S(ml,..,mp))},
plx,y)

1 if ygS(x,Sm,,...,m_J}) for every Sim,,ee.,m )} .
1 P 1 p

First of all opfx,y) = pfy,x) 1is obvious. It is almost obvious that pfx,y) = 0O

if and only if x = y . To prove the triangle axiom for p , assume that

| >plx,y) =a>b=plz,y) ,

because the case of pfx,y) = 1 1is trivial, Let €>0 be given; then by (4) we can

choose i§m|<...<m and 1<l <...<l such that 2<p, 2<q, L <m_ , and
= p =1 q = - I p
(5 ._T:ES{y,S{mI,===,m 1), zES{y,S{lI,-...,Z 2,
m, Pn q
a<1/2 "+...+1/2Pcas+¢ ,
l 5
b<1/2 +...+1/2 T<h+e |
l l m

m
e PR S V-

Then m.<l, <m holds for some % with 1<7<p.

T+

Case I: m£<l|<mi+| .

Ler UEU , Yeu , and
m l

(6) m,yES(U;mI,...,mp) =4, y,zES(V;lI,...,Zq) = B



be given. Further, put D = S(Um ,...,m.) . Then we obrain
5 ¥ > I) 3 1
7 ASS (DU )eS(DUE ).
'”il ] Dl '
Since
3
Be S (YU, J=SIV,Ux ),
Z, L+

there is WEUE . such that y €W and WNV #0 . From (7) it follows that
]

yEWNSDUE | ) # 6.
|

Thus

I

. Sy alsn
r,zEAUVCSIS (DU

il+|j’ullj: '[’,Uzll,

which implies chat

T,z ES(Il;ml,...,mf,ll,...,ln) .
! ol q

Therefore we conclude that

m . ZI l
plz,z) <172 "+, +1f2 4172 Tx o+ 1f2 T<a+b+2e .
Cagse 2: mi':zl , and ml,...,mi are 1ntegers 1n successlon, 1l.e, mi-=m£ - +1 =
. +2=...=m +(£-1) .
i -2 2 ™ ( )
Case 2.1 m| =1 .
Then
W m 7

1 7

plz,z) <1 = 1/2 '+ . +1/2 '

2
+1/2 "<a+b+2ec .

Case 2.2: ml >1 .,

Combining (2) and (5) we obtain

T €S(y,U* ) and z€SMy,U% ) .
m, ZI

Hence

x €5(z,U**) =S(z,U
m m

) = $(,Stm -1)) ,
| 1
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m, -1 m m. l

=172 Ve, v172 e !

<a+b+ 2e.

Case 3t m. =1, *m ,m
3 my ) g s+

where 2<s8<1 .

,m, are infegers in succession, and

m +1 <m
g-1 8

We may suppose (6) holds., Further put FE = S(U;ml,...,ms _ I) . Then it follows from

’

£1Y el -\ el
(1) and a) &Tnal

AcS EU JeS(E,U ) and
Mg Mg = '

BeS(yU, Jeur = ux <U
l m. m

l

_|'
1 | 7 8

Since yE€ANB#¢ , these relations imply that

x,zEAUBcSZ(E,Un. - -1} .

8

) = S(Um ,...,m ,m
| g-1"8

Hence

m -1 m m. l
+v172 8 =172 e, e 12 02

m
1

ms_ |
plx,2) £1/2 "+ ... +1/2

I <a+hb+2e.

Thus in every case we obtain pfx,z)<a+b+2c , which proves the triangle axiom

for p . Since

S{'J:,Um Jes§ f:z:)t:S(x,Um)

+1 1
is obvious, the mefric p agrees with the topology of R,
Now for any sequence My sy ses- of countably many integers wich 1im, <my <.

and for UEU  we define an open set S(U;m ,m,,...)} by
"II L] S

StUuym ,m,,...}2 = U S(Um ,...,m,)
L 4 kﬂl ' o
and also an open covering S(rnl,mz,...) by
S(ml,mz,...) = {S(U;rnl,rnz,...)l UEUm }.

Let us assume in the remainder of the proof that

m m
o Lth

0<e=1/42 I+Il’2 2+..., and 'é""l <r.2< R
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(8) S (x) = S(J:,S{ml,m;,,...)) for every x€ER

For, if yES{:z:,S{ml,mz,...)) , then yES{x,S{mI,...,mk)) for k=1,2,... . Thus

m m
plx,y) >21/2 by 1/2 “+..., , which means yiSE(:c) . Namely we obtain

s .fz:)‘;-...fx_,s.fml,mz,.. .
€

)}

Conversely, if yES(:x:,S(m‘,m,),...)) , then there is U€U,  such that

T,y ES{U;mI_,mz,...) . In view of the definition of S(U;ml,m

2,...) we gel
x,y€S(U;ml_,...,mk) for some k2>1 . Hence

™ M
plx,y) 1/2 "+ ,..+1/2 "<¢

which means yESE(:z:) . Hence
S(.r_,S(mI,mz,...))c:SE{:r) .

Thus we conclude that (8) is true.

To show dim B(SE(:c)):n-l , we note that (1) implies

_ 3 3
S(U,ml,...,mk)c:S (U, Umzfr:S r'U',Uml +|) .

Thus we obtain

e |
2
. LY : L]
(9) S(U,ml,mz,. J<S§ {U,U"1I +|)
Furzher note that by c¢) each Sfx, b’; . IJ' intersecfs at most hn+ | members of
1
. . - 3 .
U"1 . Hence each x€R 1is contained in &S (U,Um +|) for at most n+1 distinct
1

members U of U
m

. This note combined with (9) implies
1

P
=)
—

e d Q2 . |< + 1
ora lel,mz_,.-.l'_l'l I .

Now, ler us turn to the proof of dim Bn’SE(J:));n—I .

Let yEE(SE(:L‘)) be given. Then we can prove

(n ord U <n, k=1,2,... .
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For, suppose

wEU. EU AL T IR (I B
Y i m, °

Then, since ﬂ::: u; is a meighbourhood of ¥ , by (8)
n+l
(n U.)nS{;r:_,S{ml,mz,...)) F0 .
i=1 "

Hence there exists U’ EUm satisfying
1

:::ES(U';ml,mz,...)c:S{:r:,S(ml,m ) = SE{:z:) and

gae e
n+l
S(U';ml,mz,...lﬁ [ilgl IUiJ F0O .

ANl e

V.

S(U';m!,mz,...) = U{S{U;mk,mk+ preee) IUEUm , UsStUm o ,my) },

k

there is UEUm such that

k
(12) Ut:S(U';ml,mz,...)t:SE(x) s
n+|
(13) S(U""k""k+|"")"{ir='l Uyt .

Recall that

yEUiﬂB{SE(:z))ﬂb AT IR 1

me o * e 1TV meae Lo £19Y &L o
1nus 1 VLLIOWS IL L) endae

~
=h

O (s ]1
Hence (13) implies that

ord Sim Jan+2

k,mk+ l"...

which contradicrs (10). Therefore (11) is proved.

of U (k=1,2,...)
m

This implies that the restrictions U’
"k k

open coverings of the boundary satisfying

u  >u' >,.. , mesh ' +0 as k+o , and ord U'_
m m m

1 ) Mk

Hence by Theorem V.l we conclude that dim B(SE(:z:)) <n-1 .

k

to B(SE(:r)) are

<n .



Finally we chall nrova rhar { & ()| pE 1 ig clocura—-nracervine for svary

Finally we shall prove that { S (x) |x€R} is closure-preserving for every
m, m,

£>0 . (Note that we still assume €=1/2  +1/2 “+.,.. .) From (8) and (10) it

follows thar each § fx) 1s a finire sum of members of S!ml,mz,..-.) . Hence ir

suffices to prove that Sim mz_,...) is closure-preserving. To do so we mote that

because of the condition c) of {Um} each elemenz U, of U = intersects
0 m, o+ 1

(U, u ) for at most n+1 distinct members U of Um . Hence by (9) U0 in-

» .
~rinct alamenre of Clim oAvoarino
AL W oA -l i-d AV A ATy 8 -'lls

r macr n &1 dinm
t st N | distinct

res

)2 2,...) must therefore be locally finite and accordingly closure-preserving.

This nroves (5 (x)) x€R } to be closure-preserving and the proof of the theorem

1s complete,

The following corollary is a direct consequence of the theorem.

Corollary, A space R has dim<n <f and only if we can introduce on R a
topology-preserving metric such that dim B(SE{F)) <n-1 for every €>0 and for
every closed set F of R .
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INFINITE-DIMENSIONAL SPACES

We shall first introduce notions which distinguish some types of infinite-dimen-
sional spaces from general infinite-dimensional spaces. It will be a natural idea to

extend definitions of Ind and ind by transf

nduction.

[

nire

="

Definition VI. 1. ©) A space R has strong (weak) inductive dimengion - 1 ,
ImdR=-1(indR=-1) if R=7.
11) Let o be a transfinite ordinal number. If for every dis-
Joint closed sets F and G (for any neighbourhvod U(p)
of any point p} of R there exists an open set V such

Ll
il U

FeVeR-G (peVclU(p) and Ind B(V) <a (ind B(V) <a)

3

then R has strong (weak) transfinite inductive dimension <,

Ind R ga (ind R<a) ,

Tew ebho L. Jd_rc2_ 2.0 _ .o LI T ’ Tt , 1 P 1 I ~
11l LiE dDuve JEILLNLLLION Lne worda Ldrge (small) may De used 1n pl.ace oL SCLTONng

Definition V1. 2. If for every countable mumber of pairs {Fi’G£J , = 1,2,...
of disjoint closed sets F. and &
t=1,2,... such that

Z of a space R , there exist open sets Ui s
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ly tnfinite-dimensional.

The decomposition theorem states that a space AR has dimension < n if and only

if R can be decomposed into n+ 1) O-dimensional spaces. Therefore it is natural to
define countable-dimensional spaces as follows:

£
i

- - 1y ¥

- T o] Y r~ S =Y T . 2T 3 T *n - =
nivion Vi. 3. A Spuce n 18 Ldiled counraoLe-aumensionat i1y H = U

el 1

De A
tsl1'2
for some subspaces R oy dimension < 0 '. By the decomposition theorem this is
equivalent to the statement that R 1is the countable sum of finite-dimensional

spaces.

Definition VI. 4. If a space R is tne cowntable sum of finite-dimensional
cloged sets, then we call R a countable-dimensional space in the strong sense or
strongly countable-dimernsional.

converse is not true as shown by the counter example R’ . the set of points in s
2

at most finitely many of whose coordinates are rational
We shall discuss some relation between weak infinite-dimensionality and countable=

dimensionality later in VI.l. A famous problem of P, Alexandroff in this aspect has

recently been answered by R. Pol [1] in the negative *. Namely he gave an example of

a compact metric space which is weakly infinite-dimensional but not countable-di-

rn cenanace fha Tareaw -
“ IPULTO LI rdiliLiTe o

[
]
w
rt
"{
0

o
[{]
Lo}
[y]
o
rr
o

L. Tumarkin [5] proved that if R 1is a countable-dimensional separable space, then
R can be decomposed into countably many O-dimensional subspaces Ri , = 1,2, ...
2= IRi 1s O-dimensional. K., Nagami [6] generalized this
result to general metric spaces. (See also A. Arhangelskii [1]).

See Yu. Smirnov {6] or J. Nagata [3].

In the construction of R. Pol the following two propositions play important roles:
A. Lelek's [1] proposition that for every separable completely merrizable space X
there is a metric compactification X such that X-X 1is strongly countable-~di-
mensional, and L. Rubin - R. Schori - J. Walsh's [|) proposition that there is a sepa-

rable completely metrizable space which is totally disconnected but not countable-
dimensional.

,,,,,, [ A -

As for relationships among compactification, weak-dimensionality, and countable-
dimensionality, see (besides the above-mentioned paper of Lelek) E. Sklyarenko [1],
A. W. Schurle [1] , 2. Shmuely [1], and K. Nagami - J, H. Robers [1] in which it is
proved that the set X& of points in I¥ | whose coordinates are all zero except
for at most finitely many, has no countable-dimensional (metric) completion.

It is also known that a normal space X is weakly infinite-dimensional if and
only if B8X is weakly infinite-dimensional and that Ind X<a if and only if
r

. Lo AY Ao o PR T SR S
ld BX a , wWielrle BX dellULES [he S[One‘b

so that for every n , U

=
An

ch compactification of X .



- 125 - VI. 1

-y akl o +a e
Wi o Uicii wao

m o
"I

metric space contain closed sets of arbitrary high finite dimension? (Norte that
every n( <« )-dimensional space has an m-dimensional closed set for every m<n
and also that every countable-dimensional compact metric space has an m-dimensional
closed set for every natural number m because of 3 C).) L. Tumarkin [4] himself
proved that every infinite-dimensional compact metric space contains either compact
sets of arbitrary high finite dimension or an Infinite-dimengional Cantor manifold,
i.e, an infinite-dimensional compact set F such that for every finite dimensional
subset A4 of 7 the complement F-A 1is connected. This problem has remained un-

nf

(=9

nite-dimensional

.
=

solved for a long time until D. Hendersom [1] constructe

Ollxy, Llle Unili uU. Beldelsol

an
compact metric space which has no n -dimensional closed subset for every n with

1 <n<e in 1965, His complicated original construction was improved meanwhile by
several authors, e.g. R, H, Bing [2] and A. V. Zarelua [3]. Further J. J. Walsh [1]
constructed an infinite-dimensional compact metric space containing no n - dimensional
(1 <n<e®) subsets.

Up to the present we do not know as much about infinit

(11
i
(=9
p-t.
fD
=
]
-
=}
=]
[~
—
(]
e
1]
ﬂ
v.n
[~]
7]

-
i
p-l

An~rac ara
LS Wi G o

peculiar to infinite-dimensional cases. In this chapter we shall give a brief account
of infinite-dimensional spaces and especially of countable-dimensional spaces, and

s . . - - [
strong transfinite inductive dimension °.

VI. 1. Countable-dimensional spaces

The purpose of this section is to extend some results of the theory of finite-
dimensional spaces to countable-dimensional spaces. As a matter of fact, the foun-
dation of the theory of countable-dimensional spaces is established by ILIL.%4 A),
IT1.7 A) and IIL.7 B).

To begin with, let us show that not every space is countable-dimensional °.

“ p.Fletcher - R. McCoy - R. Solver [1] defined another kind of infinite-dimensionality

as follows and studied its properties: a space X 1is called boundedly paracampact

if for each open cover U of X there is a natural number »n (dependent on )

L0 BEaLlsl LOps o1 A fhere 15 a natural k43 \\.\.y\_ll\.\_l £ on

such that U has a locally finite open refinement of order < n . Another class of
infinite-dimensional spaces was considered by D. Addis - J. Gresham [1].
In contrast to this fact every metric space is homeomorphic to a subset of the topo-
logical product of countably many one-dimensional metric spaces. H. J. Kowalsky [1]
proved that every metric space is homeomorphic to a subset of the topological prod-
uct of countably many star spaces. A star space is a l-dimensional metric space de-
fined by Definition VI.&. As for finite-dimensional spaces J. Nagata [2] proved
that every n-dimensional metric space can be imbedded in the product of n+1 1-di-
mensional metric spaces. 2

On the other hand K, Borsuk [4] proved that S5° cannot be imbedded as a subset
of the product of two i-dimensional spaces. Thus it is generally impossible to re-
present an n-dimensional space as a subset of the product of n I-dimensional spaces
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where we denote by x, the 7 - th coordinate of the point €8 . put
E’.:{.rl.rEIn,.r.=I},F'.:{.rl.rEIn,.r.--l} ,
T 1 T 1 ] 1

for Z=1,...,n . If Vi , T=1,...,n are open sets of r satisfying

1
F.ev.el’ - F. , then N7 _ B(V.) 40 .
1 1 1 1 1= 1

Proof. Assume the contrary, i.e. 0N
..... r

functions fi , =1,...,n such that

fAF =0 fu(F)==1, B(V)>= {xlfi(.r)-o}. | flztr.

We define by ffx) = (fl(x)""’fhﬂr)) a continuous mapping of I? into itself,

It is clear that
FFcE, , FIFLCFL, p ef(IT)

where p, denotes the origin of E' . Letting I’; ={z] I.rili 2 ,1i=1,...,m} we
consider a given point x of I;-(I? UB(I’;)) . By a,b we denote the projections of
r from Py to B(I?) and B(Ig) respectively. Then we denote by gfx} the point
which divides the segment joining ffa) and b , in the ratio pfa,x)/p(x,b) , Fi-
nally, we define a continuous mapping % of IJ; into itself by

[ f(z} for ,J:E,IrlI ,

h(x} = { gfz) for xez’;~(z’fu3(1’2’)) ,

. n
| x for IEB(IZJ .
IR n
Then h leaves every naint of BITI_} fixed while €h(I_) . Bur this contra-
vy p 2’ Pof 27
dicts IV,3 A). Thus our assertion is proved,

B) The Hilbert cube ™ is neither countable-dimensional nor weakly infinite-

dimensional.

Proof. To proof the first assertion let us assume the contrary. Let

18

Jn I'I
i = =1,

-

e 1
I.'-TL"_)

.
[
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F

.= {
(2

r
- I .
- .‘,lu..\-.L 3 o

where we denote by x. the i -th coordinate of x . Since by assumption ¥ can be
[
decomposed into countably many O-dimensional subsets, III.4 A) implies the existence

of a sequence Vi , £=1,2,..., of open sets such that

. . !, and

1 (A 1
PR f sy vl 0 1 - ~n ar i e W
orup lD(If_LI | LT 1,8, J &= a1 every pv4 -

Define

In-‘{.rElel.rilélli for isl,...,n;ri=0 for j>n+1}.

Then I is topologically equivalent to the n-cube. It is clear that Vét\In is

- n N N
an 0pen set ot r such that
F.nlev.nler-r:nrt.
1 1 T

Hence by A) we obtain

n n
N 3(vJ)>n B _(v.nI'}#0 .
i=1 Y =1 V7

Since IV is compact, this implies

2 B(Vi) £0 ,

which is a contradiction. Thus 1‘m is not countable-dimensional. Note that the

Theorem VI. 1 ®. A space R 1is countable-dimensioral if and only if there exists

a o -locally finite open basis V such that ordp B(V) <+ > at every point p of
R.

Theorems in Sections | and 2 are mainly due to J. Nagata [3]. Characterizations of

strongly countable-dimensional spaces are discussed in J. Nagata [2] and

A. Arhangelskii [1]. The latter proved that a metric space X is strongly count-

able-dimensional if and only if it has a base U such that rank.:(1< += at every
at

-~ 3 - -~ 4
QLUL ol oL fi .

T
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Dnanf Tor
nLel

Proof.
many O-dimensional spaces Ai , 1=1,2,... . By the corollary to Theorem I.l there
exists a sequence of locally finite open coverings U, of KR such that

{S(p_,Ui) | £=1,2,...} is a neighbourhood basis of each point p . Assume

u. = U T. <a<T. T, =0.
1 { a I - 1= 1 ), 0
Then by virtue of the local finiteness of Ui there is a closed covering
i P | T, <a<T. such that F_<U_ . Definin
Lo I t=1= 1 } t a a 8

T = sup {Ti |2 =1,2,...1}

we get an open collection { Uo.l a<t} and a closed collection {Fu | a<t} which
satisfy the condition of III.4 A). Hence we can construct an open collection

v { ch.i a<1)} according to that proposition. Now, letting

. L . .<(;|,<1‘._}
A a' t1-1= 2

we know that V 1is the desired o~ locally finite open basis of R .
Conversely, if there exists an open basis V which satisfies the condition in the

statement, then we let
A, = {pl ordp B(V) = n=-11}, n=1,2,...
Since U={¥n Anl VEV} is a o-locally finite open basis of A, such that

ord B'4 (U) <n-1
n
from Theorem II.9 we can deduce that dim An:n-l . Thus from the decomposition
theorem it follows that R = U:=I An is countable-dimensional.

C) A space A 1is countable-dimensional if and only if for every open collection
{U_ |a<t} and closed collection {F_|a<t} such that F_<U_ and such that
{UBI B<a)} 1is locally finite for every a<T , there exists an open collection
{ V. | a<t} such that

Fcy cl
o o a*

Ordp{B(Va) |a<Tt}<+e at every point p€R .
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D, £ Th . W T+ 3 £ A% . A
Procf. The "only if direct comnsequence of IIL.4 A},

R

part is a
To prove the "if" part we consider a o-locally finite open basis U of & which

is decomposed into locally finite open coverings

u.={uv_ |1,

<a<T. 1] 2.,.. .
1 a -1 = z.}‘ e

Then there exists a closed covering (F_| 1. <a<T.} of R such that F_cU .
' T- 1= i a a

-1
T £ R .
il we put

T =sup {ri[ i=1,2,...1}1,

then

u-={ qnl a<Tt}= U Ui

i=

and {Fal a<t} satisfy the condition of the assertion, Hence we can construct the
open collection V = {Vc.i a<T} 1in the assertion. Now, it is easy to see that V

is an open basis satisfying the condition of Theorem VI.I, and hence R 1is countable-

dimensional.

Theorem VI. 2. A space F 1is countable-dimensional if and only if for all se-
quences {Uil i=1,2,...} of open sets and {Fil i=1,2,...) of cloged sete satis~
fying F,cU., ©=1,2,... there exists a sequence V - (v.li=12,... } of open
seis such that

F.c¥.cl. , 7 =1
i 1

"1
orde(V) <+® at every point p of R.

o van 7
Sy e anda

k]

Proof. Since the "only if" part is an immediate consequence of C), we show only

the "if"” part. By use of Theorem I.4 we can find a o -discrete open basis

of the space R . Suppose U_;: = {UY’ | YET;: } is a discrete open collection; then we

decompose each U' as

@<

vl u P!,
j’l Yd



v.=u{u'|y€ETr.} , and F =u(F!
Y T i Y

-
[

<] YET. ).
'I -

Note that E'i is closed by virtue of the discreteness of U_;: . Then, since
Fecu. 2, 7=1,2,..., by use of the condition of the theorem we construct an open
O .

collection V = { V'il 2,§=1,2,.-.} such that

Merey. , and
[ t T
ord_pB(U}<+°° at every p€R.

Defining
W= wWau' for YET. ,
Y L t
we get a locally finite open collection
W‘_Z: = [W‘il Y€ Fi} .

Here we note that

Y Y
if v, y'€T., v#v' , becauge in this case it follows from the discreteness of U.
7 7
that
wWawl,cinl, = 0.
Y Y
Hence

is a o -1locally finite open basis of R such that ord_ B(W) <+® at every p€R .

P
Hence by Theorem VI.l, we conclude that A 1is countable-dimensional.



Theorem VI. 3. A space R is countable-dimensional if and only if there exists a
sequence | Fi | 2=1,2,...) of locally fimite closed coverings of R satisfying
i) for every neighbourhood U(p) of every point p of R there exists some t©
with S(p, Fi) < U(p)

ii) Fi E {:(al,...,ai;‘iakiﬁ , k=1,...,71), where Fla,,...,a.) may be empty,
iii) F(al,...,ai_l = U {Fla. ...,ai_l,B)IBEQ} .

iv) sup {ordp Fil i*I,Z,... }<+o at every point p of E.

Proof. Let R be a countable-dimensional space such that & = Ur:-l A, for

O-dimensional spaces A, - Then II1.7 B) assures us that there exists a required se~
quence { Fi' £=1,2,...} of closed coverings.
Conversely, if there exists a sequence { Fi' £=1,2,...) satisfying i)-iv), then

we define

A =1{p]| sup{ordp Fiiiul,z,...}:n*’l} , n=0,1, ... .

Since ord F.<n+1 at every point p€4 by Theorem IITI_9 we obhtain rhar
p g - J [ o4 n ’ 4 -
dim A_<n . Since the condition iv) of F,. implies that R =U A , R 1is
n= 1 n=0 n

countable~-dimensional.

Theorem VI. 4. A space R 1is countable—dimensional if and only if there exists a
subset P of a generalized Baire's O-dimensional space N(Q) for suitable 1 and a
closed continuous mapping f of P onte R such that for each point q of R the

- ,aa
L=

? This assertion is not true unless R is compact, because we can easily see that
it , the set of points in ™ at most finitely many of whose coordinates are dif=-
ferent from zero, is not weakly infinite-dimensional though it is countable-di-
mensional in the strong sense.

There is amother definition of weak infinite-dimensionality which is obtained by

replacing 'WTE B(U,} = 8 for some k' in Definition VI.2 with "ff:s | BOU J=0".

= |
This definition is due to P. S. Alexandroff while the previous one is due to
- . . =

Yu. Smirnov. They are equivalent in compact spaces. The discrete sum U na IIn of
n-dimensional cubes is strongly countable-dimensional and weakly infinite-dimen-
sional in the sense of Alexandroff, but not in the sense of Smirnov. Every count-
ably-dimensional space is weakly infinite-dimensional in the sense of Alexandroff.
(In fact the same is true for every hereditarily normal space.)
E. Sklyarenko (2] proved that a compact space R is countable-dimensional if and

- : - = o
only if there exists a continuous mapping f of the Cantor's perfect set D on

¥ [0 [ TR . T N PR [
Js» WdlKETl = D. Wenner L1

spaces.

R such that for each point g of R j-l(q) con51$ts of c0untab1y many po1nts.
1 ]
i d :
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let R be a countable-dimensional space and {F 2 =1,2,,..} a sequence of
closed coverings satisfying i)-iv) of Theorem VI.3, Then we define a subset P of

N(Q)} by

o~

,.oc)l.n F(QI,1~I,G£)*0}

=1

Pp={ (al,az

and a mapping f of P omto R by

fta) = N F(al,...,ai) for u:(al,cx
=1

2.---) -

We can show, quite analogously to the proof of Theorem III,8, that f 1is a closed
continuous mapping such that for every g€R, f'-l(q) consists of finitely many
points,

Conversely, if there exist such N(Q}) , P and £ , then we let
4, = {ql f-l(q) consists of n+1 points}.
Since f restricted to f-l(An} is obviously a closed continuous mapping of

-I(A )} onto A_, by Theorem III.8 A is an at most n-dimensional subset of R .
n n n

Thus from the fact that R =lJ:==0 A, we deduce that R 1is countable-dimensional.

Theorems VI.1, VI.2, VI.3 and Theorem VI.4 are extensions of Theorems II.9, II.8,
I11.9 and Theorem III.8 respectively to the countable-dimensional case.

VI. 2. Imbedding of countable-dimensional spaces

In this section we shall give a universal space for countable-dimensional spaces.

A) Let R be a countable-dimensional space for which A = ul_ . 4 , dim A, =0 .

ne=1"n
Let { U, | m=1,2,...} be an open collection and { P |m=1,2,...}) a closed col-
lection such that E}fzﬁh . Then there exists an open collection V = { ﬁnpirﬂ:
1,2,...,|P| <¥2/2m , r rational } satisfying
iy Pev eV _ eV _,ecV _,clU  if pr<pr',
m_ mr_ mr mr mr m
ity ¥ = ' = v ' <
iy v =nlv . | »*>r}, v ULV o |rf<r) |
iii) orde(U)i_n~l at each point p of An.



Procf. First we consider m fixed and index all the rational numbers satisfying
|»| <v/2/2m so that
r
L/
r <pr <p
m2 “ml m3
r <p <y <p <p <pr <r
mh "m2 "mS “ml mé "m3 “ml’
Note that these rational numbers are naturally ordered as
0
T ’
-k, -k +1 K.
2 2
2 T 2 rettr 2
-k -k +1 K
3, 3 3
3 3 rrrtr 3 2
for k. = [/2/2mli; then to suit our requirement this order must only be modified
slightly,
Now, we put
N =1r
ml { ml} T
N =+{r _,r
m2 { m2’ m3} ’
N = {r .P.r._ .r
m3 { m&’ " mS’ " mé’ m7} '
We shall define open sets V¥V  satisfying i) iii) and
mre - -
. . . g~ 1 . .
iv) if r succeeds r . in U 7] 1.e. r ,<p and there exlists n
mk mi h=1 "mh>? mt mk her °
s o - e e . s . -
number ¥ 1n U .'v satisiyin r .<p<p and 1t r .&HN
h=1 "mh ying ro. mk * mj "ms’
r .<p .<p then
mg “mk_’
" t'-'Si 'S(Vr } for odd g ,
mj_ / mi
R -~ Vr CSl/B(R - Vr ) for evem s ,
mJ mk
where we denote, for brevity, V by ¥ .
mr_, r_.
mi mi

Then it will be easily seen that

(v, =
mi

pi€ U b e U el < /272m)



=

satisfies also ii). In fact, assume that {V% .I %ﬂiE!Jh:=l th }  satisfies iv).
mi
We consider a number rmZENm g—1 and a point p for which p€Y, . Then we
select an odd t satisfving mz
T LTV L il Vi L auLLaLJllls
|
t>max [ 8, ——= ]
pip, ¥V,
mi

and the number r .€N which succeeds r . in U t_ . . It follows from iv)
mj = mt mi k=1 mk
that

Hence

7 - !
v,y r'>r).

Subsequently we consider a number and a point p for which

r ., €N

mk~ ms-|

pEVP . Then we choose an even ¢t satisfying
mk

) 1 .
t>max | s, ETETE:WT——T |
r
mk

. . t .
and the number rm".ENmt which ro succeeds in Uk- . Nmk . It follows from iv)
that

JR*%')cV .

pPER-S
'/ mk rmj

Hence

proving ii).
d

Now, we define er for all m and r by induction in the following order

(The point is that the order of { ro+Toosese ) for a fixed m is kept in the

sequence { IS ST YIRS } . As long as this condition is satisfied we may choose

any other ordering.)
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FTivet hy uces aof dim A = N Lo ~COTSEFrUAsr an anan caf 17 1T rhar
First, by use of dim 4, 0 we construct an open set VY such that
11
FI:',r cv, <U, and B(L’_ DA =8 .
11 11 11
Since the construction procedure is quite analogous to that for VO in III.4 A)
it will be omitted here.
Suppose that we have defined all V_ before V_ and that r_ .€N _, Then to
h - . 1 1
'nh me T 18
define Vr we choose numbers
-1
r .r u »
mz’ “mk mh
hal
. s-1
such that »r .<pr _<rp and such that »r ucceeds r . in U . B se
C Tmg mg mk mk  SUC mi k=1 Nhk yu
of dim An = (0, we can construct Vr such that
mJ
Vv ev. <V e¥. ns, ., (V i is odd
r. r. r. r I/s( r .) f s '
mi mJj mJ mk mi
[R—SI/S(R—Vr )'IU?r ch cpr c:VP if s 1is even
mk mi mJj mJ mk
and such that
<m— .
ordnB(Umi) &n-1, at each point _DEAn s
r '
where
v .={v._ ,v v . } .
m r r » 1 r r .
J o Tz Ta mg
The construction procedure for Vr is quite parallel to that for V& in II1.4 A)

mJ
aud hence its details are left to the reader. Thus the proof of the assertion 1is

complete.
Recall that we defined I“=T", [--lr s l.] .
=1 1 T
Theorem VI. 5. Let R be a space with a o - star-jinite open base. Denote by rY

the set of points in I¥ at most finitely many of whose coordinates are rational.
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. . w .
is homeomorphic to a subset of N(§)) xI~ |, we obtain a sequence

N‘I >N2>...

of star-finite open coverings such that { S(p,N.)|Z=1,2,...} 1s a neighbourhood
) N o

basis of each point p of R . We put

o = I ~
DSe = 10
1

recalling that

N.
z

@ _ ® n
S (N’Ni) = ngl S (N,Ni) .

Then, for brevity, we define

S.:{SGIQEQi} , where SaﬂS =¢p for a?8 .

2

B

Since Ni 1s star-finite, each set Scjl is a sum of countably many elements of

. Hence we can decompose Sa as

5,6=UV {NGJ|.7= 1,2,...} for queui.

For each 7 we construct an open covering Pi of R such that

~dy
it
N
I
—
g
[
l'nJ
¥
"gi

P.={p . | o €

Defining

”1:3' =y {NGJ.IQEQi} and Fij = U {Pajlaeni]

Concerning the imbedding of countable-dimensional spaces in the strong sense
Yu. Smirnov [6] and J. Nagata [3] proved that a space R with a o~-star-finite

"2 ne e

open basis is countable-dimensional in the strong sense if and only if it is homeo-
morphic to a subset of N <XK“  for suitable § , where X“ denotes the set of

. . w . . . . R
polats 1n [ at most finitely many of whose coordinates are different from zero.
It is easy to see that in Theorem VI.5 § may be taken as the set whose cardi-

nality is equal to the weight of R (namely the minimal cardinality of its base).
The same applfn: in the gtrgngly countable~dimensional case as well,
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put, for brevity,

{Uljli,j=|,2,... Y={0_|n=1,2....)
{Fijli,j=|,2.... Y={F |m=1.2,...}

Now, suppose R 1is countable-dimensional. Then for these Um and F‘m we define

er' by use of A) and construct a real-valued continuous function fm over R by

mf{rIpEV } if p€v for some r
ln/ZlZm 1f pEer for all r .

- - e wina

F(F)==-Y2/2m, £ (R-U_}=V22m, |f | </2/2m .

o’ o’

Suppose
pEU{B(erJI | r| </2/2m, r rational };

then we shall show that fm(pJ is irrational. To this end we consider a given ra-
tional number r satisfying |r| <v2/2m . If p€V . . then by ii) and i) of A)
there exists »r' for which r’<r, pe&V .+ . Hence f (p)<r'<r . If pEV

then by ii) of A) there exists ' for which »'>r, p£V_, . Hence f (p);r r.

mr
Thus fm(p,’#!‘ in either case. m 1ii) of A) it follews that at most finitely
many of {f] (p),f?_(p) .} are rational, and hence
fip) = (fl(p),fz(p)“..)
is a continuous mapping of R into R .
Now, we put = U1,= | Qi and consider the generalized Baire's O-dimensional space

as SOy

N(§t) . Then we define a continuous mapping ¢ of & 1into MN({WJ by
¢lp) = o = (a ,0,,...) if pES_ , a.EQi , L=1,2 .,

Finally, we define a continuous mapping ¢ of & into .J(R) <p" by

o(p) = (elp),fip)), pER .



we suppose U{p)/ 1is a given neighbourhood of a point p of R . Let us take 17
for which S(p,N.)<U(p) . Since {(F..|j=1,2,...1 is a covering of P , there
T Lo
i ' i i ve . I
exists F‘LJ satisfying pEFZJ We suppose IT-J m
Since Sk = {Sal uEQk} is a covering of R, for each %, | <k<i , there
z

exists cxPES'Zk satisfying pEnP: | Sqz - Then we define a neighbourhood Vip(pl)
of w(p) by

Vio(p)) = N(al,. cs0 ) XN(f(P))

where
N(a!,...,ai) :{(u;,az',...) | aé:ak k=1,...,1}Ye N,

N(f(p)) = { (al,az,...J Iam<0}CRw.
One can easily see that
© (vie(p)))=U(p) ,

which proves that @ 1is a homeomorphism. Thus the "only 1f" part of this theorem is
established,
Conversely, it is clear that

2 xpY= U W) xRN

n=]

for

Since dim Rn = n, the product theorem implies
dim [(#(51) XRn] n.

Hence /() *R™ is countable-dimensional. This proves the "if" part of the

theorem,

. . .
The following is an immedi:

Corollary. Let R be a separable metric space. Then R 1is countable—-dimensional

1f and only ©f R 1is homeomorphte to a subset of R
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Various good results were obtained on mappings and infinite-dimensional spaces. We
have already seen such an example in Theorem VI.4 and shall show another example in
the following. In particular we will discuss mappings which preserve countable-di-

mensionality.

A} Let 4 be a non~empty countable compact set in a space R . Then A contains
an isolated point.

Proof. The easy proof is left to the reader.

Proof. Let F be a locally finite closed covering such that F<U . Apply the

method used in the proof of the corollary of Theorem II.I to get a o -discrete
closed covering G such that G<F . By swelling the members of G slightly we ob-

tain a desired open covering UV ,

C) Let U= ijsalun be a 0 -locally finite covering of A such that each member

of U 1is countable-dimensional, Then R 1is countable-dimensional.
Proof. First observe that the proposition is true if U 1is o -discrete. Because

in that case Un is discrete, and thus each member of Un is closed in the sub~

uf{ujue

n

| =

space Un }, and hence Un is countable-dimensional by the sum tieo-

rem.

Now, by use of B), we can find a 0~discrete open covering V =U v such
i - £y Ly L n m = l mn
that each member of Un intersects at most finitely many members of Un . Then

[ -]
umnun 15 obviously o-~discrete. Hence ijm= | Umnn Un is a o-discrete covering

which refines U . Thus by the previous observation we conclude that R is count-

able-dimensional.

1
—
)
=
[t
S
<
m
2o
[ —
[*H
/4]
—
o]
)
(]
—
—
v ]
N
—
o
-
re
m
—
o
(R

bourhood W(x) which intersects at most finitely many members of U . Since f (y)}
is compact, it is covered by finitely many of W(x)'s, say W(z.) , 7 =1,...,k
Then ¥ = 8§ - f(R - lei-IW(Ii)) 1s an open neighbourhood of y 'because f is
closed. It is obvious that V¥ intersects at most finitely many members of f({U)} .

Thus the proposition is proved.
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eap mapping u at £ (y) has an
isolated point for each y €S . If R 1is countable-dimensional, then so is S .
@
Froof. Tae {1 = LI {1 he o Od—dicarvratre hace whara snnlt I =1 | nc2 )
FT00] . LET u L8] ve 4 O dl1sIeue ovase, wneic €dci [ = wu_ | GLA_J
n=1n n a n

is a discrete open collection. Pick an isolated point x(y} from each frl(y) . For

each a€d_  we put
143

{J:(u)IU ny (y) = {xfptl, and & = F(F_) .

Fraa no na
It is almost obvious that F maps ?nﬂ topologically onto Gna . Since R is
countable-dimensional, so is ~ and G. . Note that F_ <y , and {U |[a€4_}
na e} ndx a a n
is discrete. Therefore ({ Fnal 2E.Ar} is discrete. Hence by D) { G ] Q€A , n=
1,2,... } is 0-locally finite. Hence § is countable-dimensional by c).

The following theorem is an infinite-dimensional counter-part of Theorem III.7.

Theorem VI. 6. Let f be a ciosed zontinuous mapping from a countable-dimensio-
nal space R onto S such that B(frl(y)) 1s countable for each y€S . Then S

ig countable-dimensional '°.

Proof. Put
= (y€S|BF (y)) =0} and S,=(y€S|Bf '(y) #0).

To each _z,ESI we assign a point x(y) of f_l(y) . Put = {I(J)IJES } s
then it is obvious that f maps HI topologically onto Sl because f (J) is

open for each g,ESI . Thus SI is countable-dimensional.

Theorem 1.9 implies that B(f (J)) is compact for each y €S . Thus it follows

from A) that B{(7 I.y

R, =u{B(f ' ty))|yes 1.

19 several people contributed to this theorem, especially E. G. Sklyarenko (2],
A. V. Arhangelskii [2], K. Nagami [7] and A. Okuyama [2]; the last proved this

.
rthanram favr asnarsne mAra oanaral rhan matrirsr cnarac E [ Cklvarenko 31 and
AL W L LA ISR S DF“\-L; UL O scllctu& WAtCE L Bla vk A aru\.ua' Lo} e u“bl“hhll“v L] G iNa

I. M. Leibo [1] proved similar types of theorems on weakly infinite-dimensional
spaces.

The following theorem (a counter-part of Theorem IIl1.,6) is also due to
Arhangelskii: Let f be a closed continuous mapping from R onto a countable-

dimensional space S . If dim f'_l(q)(m for each g€5 , then R 1is countable-
dimensional.



Then ] is countable-dimensional nmAd <1 caticfies tha condition of EN Thuce

n 7, is countable-dimensional, and s [A, satisfies the condition of E}. Thus

52 = f(ﬁé) 15 countable-dimensional. Since 35 = SIUS2 , 8§ is also countable-~dimen-
sional.

Corotlary. ZLet f be a closed contiruous mapping from a countable-dimensional

space K onto S such that

& H

s = {yes || B(F Ty ]>8 )

18 countable-dimensional. Then S 1is also countable-dimenaional.

Proof. Let Ro = fri(S-S’) . Then f| Ro satisfies the condition of the theorem.

Hence S§-8' 1is countable-dimensional. and so is S .

Another aspect to the study of mappings (in relation to dimension) is the charac-
terization of dimension in terms of mappings as shown in II11.3. E. G. Sklyarenko
characterized in [3] strongly infinite-dimensional spaces as follows:

A compact (Tz-) space X 1is strongly infinite-dimensional if and only if there
w

.
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dition that for every finite dimensional face F of I
FUUF) is essential ',

D. Henderson [3] defined a compact metric space J% for every countable ordinal
number @ such that J = 1% if o<ac<e , and Ind J%=a , and also essential
mappings onto J%. Thus he proved that if there is an essential mapping from a

normal space X onto Ja, then Ind X>a or Ind X does not exist.

VI. 4. Transfinite inductive dimension

In this section we shall study results obtained by Yu, Smirnov [7] and

E. Sklyarenko [1] on the transfinite inductive dimension and related concepts 'Z.

A) If a space R has a strong transfinite inductive dimension, then it is weakly

infinite-dimensional.

Proof. 1f Ind R=-1 , then this assertion is obviously true.

- See also B. Levienko {1].
' Y"Weakly infinite-dimensional” is understood in the sense of Smirnov unless other-
wise stated.
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Ind R <¢ . Then we suppose {Fi’ Gi} ., ©t=1,2,,.. are pairs of disjoint closed sets

of a space R with Ind 2=-a . There exists an open set U, such that

FICUICR - Gl and Ind B(Ul) <a .

Thus by the induction hypothesis B(UIJ is weakly infinite-dimensional, and hence

there exist open sets Vz ) "3 sess OF B(U]/ which satisfy
” ~ ™SRy — e . SRy L ral ~ S L - -~ -
F.NB(U JeV.<cB(U } - G.OEBU} , 17 =12,3,...
T =V ! AR M ’ ’
K
n B {(V.) =@ for some k ,
i=2 B(Ul) i

We can easily extend Vi to an open set Ui of R such that '

rely,cR-6G. and B{U.)NB{I )=B (v.) .
PR A 2 I B(Ul) i

Hence N . _ B(U.) = ¢ , which proves that A 1is weakly infinite-dimensional.
- [

B) If a space A has a strong transfinite inductive dimension, then it is count-

able-dimensional.

Proo;. 1If Ind #=-1, then the assertion 1s clearly true. Assume B) for every
space f of Ind<a ., Given a space A of Ind = a , we can construct a O - locally

finite open basis V such that Ind B(V)<a for every VEUV . By the induction hy-
pothesis each B(V¥} 1s countable-dimensional. Therefore by use of the sum theorem
we can easily verify that U{B(V) | VEV] 1is countable-dimensional. Since it is

obvious that

dim (R-U{B(V) |[VEV]< O

# 1itself is countable-dimensional.

The

converse of B) is generally not true

C) 1f R 1is compact, then it has a strong transfinite inductive dimension if and

only 1f it is countable-dimensional.

Proof. Suppose that A is countable-dimensional. Then & = U:= lAz', for 0-di-

mensional subsets .41: . Assume that R has no Ind R . Then there are disjoint
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rlngad cotc P
¢cigs8ad safs &

[+

cear I
S

nd . such that every open s v, y;

, an —
has a boundary with no Ind. We can select an open set UI such that B(Ul) ﬂA]

Put B = B(U,) and note that B, # ¢ . Since B, has no Ind, we can repeat the

above argument, this time for the subspace Bl to obtain an open set U2 of BI

=R -
S Y

o .

such that

BBI(Uz)ﬂAZ =0,
and BB (Uz) has no Ind. Put B_ = BB (Uz) and note that B2 $¢ . Repeating this

2
] ]
process we get a decreasing sequence ... of non-empty closed sets such that
act,

>
- . . @
# 0 in contradiction to U-is A. = R.

BiIWAi = ¢, Since R 1is compact, 0N Az

Thus R has Ind R .'3

Theorem VI. 7. 4 space R 1is veakly infinite-dimensional if and only if it can
be decamposed as

n =1
for a weakly tnfinite—dimanstonal compact set X and finite—dimensional open sets
@ - -
P, such that if {.ril 1=1,2,...}, . €U __ P is a sequence of points having

no accumulation point, then it is residual in some P_ , Z.e. for some k and for
I

all 1>k =x.€EP_.
= 1 'n

Proof. First we suppose R is weakly infinite-dimensional. Define

E% =y{U|U 1is an open set of R with dim U;Ji], and

Then by the sum theorem Ph is an open set of dimension < n . (Note that every
subset of A 1is paracompact.)

To prove that X 1is compact we assume the contrary. Then there exists a sequence
{yii £=1,2,...} of points of K which has no accumulation point. Note that every

open neighbourhood of each Y has no finite dimension,

'? as easily seen from this argument, a complete metric space R has a weak trans-
finite inductive dimension if and only if it is countable-dimensional. (Apply
Baire's theorem.)
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To prove simultaneously the property of Pn ; n=1,2 ... we agsume that there
o
exists a sequence {xi] 1= l,2,...} of points of U,q_ an which has no accumula-

}

tion point and is residual in no P . Then we can easily select a subsequence {=zx

e~

'€ U P,, n=1,2,...
"

Note that by the definition of Pn every open neighbourhood of x' has dimension

!

n

>n. Thus it follows from either of the preceding assumptions that there exists a
g

sequence {zili =1,2,...} of points, each 2 having an open neighbourhood V(zi)

such that
(1 dim szi) >1 ,
(2) { V(zi)l 2=1,2,...} is discrete,

Combining (1) with the corollary to Theorem II1.8 for each ¥ z,) we get closed

sets F{ and &Y , J=1,...,£+1 such that
i
[ uel <773
1 t DA
(3
Aot =0,
LS (2

and such that if W , J=1,.0e,L+1 are open sets of R satisfying _F"ZCVJ t:R—c,‘Z.,
T i

then
1+ | .

(%) n sw)sé .
Jj=1

Further we define that

i
1

G% =@ for g>t+1 .,

Letting

&= U E% and G‘7 = U Gﬁ ,



we get, by virtue of (2) and (3), disjoint closed sets A and @V . Suppose WY
J=1,2,.. are given open sets such that ewecg - ¢ : then for any fixed num-
ber 1
8
cwcr - G‘i s J= et el ,
T+ w’ . .

Therefore from (4) 1 llows that nj'l B(W) #@ which contradicts the fact

that R 1is weakly infinite-di Thus we have proved the compactness of X

{P_}. Since X 1is a closed subset of the weak-
C

o

ly infinite-dimensional space R, 1 s easily seen to be also weakly infinite-di-

mensional.

Conversely, suppose R has a decomposition

[ -]

R=KU( U_ Pn) )
n=1

as described. Let {F;,G’.}, t=1,2,... be given pairs of disjoint closed sets of
R . Since KX 1is weakly infinite-dimensional, there exist open sets Ui , T=1,2,...

of X such that

F.cU.clU.ck -2

S , (p)NG,=¢ and S_, . (p) OB (V.) =@
Lps [ L([}J A J
for every j with 1<j<k, pEBK(UJ.) . Then we put
v

. = xn(u{s; ()(p)IpEBK(Ui)}) and W, = V,UU, .

We can easily see that Wi is an open set of X which satisfies [_IicwiCK -G,

and
k —
(3) n (Wi—U.)=¢b.

Now, since dim P <+=, using I1I.4 A) and the decomposition theorem we can con-

struct open sets Ni , +=1,2,,., such that
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1= x

Tyme oy

~
[+
S’
=
]

- (K- W)
1

1 = k+l, k+2,...,

> 3

3

(7 ordp{B(Ni)I'i:l,Z,...};mr<+m

at each point p of Pn . Assume that ngz ]B(Ni) #p for every integer £ . Then

we take .r£€ﬂf'.’= B(Ni) . From (7) it follows that 'rEEPn for every £ with

1
£>m_, and hence {Iﬂ} is residual in no P, and has no accumulation peoint in

U P_ . (Because every accumulation point of {.’rz} belongs to N

e £ [ 1
nerelore lJ—aJ

)
}
3

o =
mmusL iid

[~
=]
Q.
o
o
=
]
1+
=)
~
~~
-~
N
e
[a
0
[+
-
b=/
(o]
(ol
=]
[1:]
e
-]
<
o

ion point r in X . Since Tros Ty qrere are contained in the closed set

.B(N’i) , we obtain
(8) z€Kn{ N BN
on the other hand, (6) implies

KOB(N =W, - 0.,

and hence (8Y implies
........ ce (8) implies
k —
n (v, -U,2#%¢
. 7 1
1=
w-l-:nl-. AmmEmadlaeas QY Thiie wa nan ~ranes lauda rhar n‘c B ) = oh FTAYr CrAma P
AL U LCUlILLAULVL D NS J e dliu o - AN RNy N e b W LG & LA 1'- I-I-'ll'il w - UG e L]
This proves that R is weakly infinite-dimensional.
D) We define a mapping B(a) of the ordinal numbers > - 1 in itself as follows:

B(-1} = wo , where Wo denotes the [irst countable ordinal number,

B(a) = sup {B(a')|a' <al+ |

Then B(a) satisfies
N L PR PR ol S, Qf~'N « Qf N
i} il (59 B & SN [MyEi~4) [ RN O e Y A YT »
1i) irf o.<w| ., then B(a) <L|J| , where w, denotes the first uncountable ordinal
number

e
e
pte
N

o <B(ay for every a .
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a spac
transfinite inductive dimension Ind X , then 1Ind R <B(Ind K) , where B(a) is the

mapping defined in D).

Proof. We shall prove this assertion by induction on the dimension number of KX .

If Ind Ka-1, then R=U"

ri i
that we can select a finite subcovering of {Pn | n=1,2,...} . Since Ind Pn<+°°.

P_’I . From the property of {Pn] it easily follows

by the sum theorem we conclude that Ind R<+® | {,e, Ind R<w0 = B(-1) .
Assume that the assertion is true if Ind KX<a . Let F and "G be disjoint closed
sets of a space R for which Ind X = a . Then there exists an open set U of R

such that

FcUcR -G and Ind (KNB(U)) = a'<a .

Then
[ -]
B(U) = (KNB(U))VU( U (PnﬂB(U)))
n=]
is a decomposition of B(U) satisfying the condition in Theorem VI.7., Hence by use
of the induction hypothesis we obtain Ind 5/} <R{a') . Thus from i) in D) it fol-

y othe
lows that Ind B(U) <B{a) , which proves that Ind R <B8(a) =8(Ind X) .

F) If a compact space X has a strong transfinite inductive dimension, then

Ind K<ml .

Proof. Assume the contrary and let a be the smallest ordinal, a2uw for which

l '
there exists a compact space X of dimensiorn o . Let {Un | n=1.2,...} be an open
basis of X . Suppose both V and ¥ are finite sums of sets of {Un} such that

V<W . Then to each of such pair (¥,W} we assign an open set P which satisfies

VePcW and Ind B(P)<a .

(1) Ind B(F‘)<wi .

We denote by P the countable collection of these open sets P . Since X |is
compact, we can easily verify that for any disjoint closed sets F and G of R

there exists PE€P satisfying

(2) FCPCR -G .



V1.5 - 148 -

sup { Ind B(P} | PEP} +1 =8<w fa .

Therefore from (2} we conclude that Ind K<B . Thus we achieve a contradiction,

proving Ind K<ml .

Theorem VI. B. If a space R has a strong transfinite inductive dimengion, then

&
~w .

T A D
AllU 41

Proof. By A), R is weakly infinite-dimensional, and hence by Theorem VI.7 there

Since B has Ind F, X also has Ind X . Since K 1is compact, by F)
Ind K<wl . Therefore from E) and ii) in D) we obtain 1Ind R <B(Ind X) <w .

Example IV. 1. (Yu. Smirnov [6]) Define a compact metric space Qc‘x for each

c).<wl as follows: If a 1is finite, then Qa=the a -~ dimensional (closed) cube,

e " . a _B . - . - fe s ; . -
If a=8+1 , then @ =@ x[0,1] . If a 1is a limit ordinal number, then @ =

the Alexandroff one point compactification of the discrete sum U a QB . Then

8 <

a
t can be proved that Ind & =a .

pte

VI. 5. Sum theorem for transfinite inductive dimension

Generally speaking, properties of transfinite inductive dimension are considerably
different from those of finite inductive dimension, and there are not so many beauti-
ful theorems on the former as on the latter. The main purpose of this section is to
discuss (finite) sum theorems for transfinite inductive dimension by use of
G. H. Toulmin's [1] shuffling sum of ordinal numbers following the work by
M. Landau [1] and A. R. Pears [I].

P . I R Y 4 - R ]
uerinmition Vvi. J.°

~

Let a and B be ordinal mombers. Then we define the
shuffling sums atB8 and o+B8 as the infimun and supremum of the ordinal rumbers
of well-ordered sets obtained by shuffling the well-ordered sets T _={z|0gtx<al
and T x| 0gx< B] (without changing the order within T  and T, by the

8~ 8
ghuffling) o_f‘ ordinal mumbers. We make the comvention:

e G. H. Toulmln d

.
efin
A ot~ o
LNUULLLVC ULmCﬁDLUI Wi
.
$10Nn

inductive dimen

um to prove sum theorems for weak transfinite
P D N B D
cuJ

by Landau and Pears to strong transfinice
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A) Let a and B be ordinal numbers such that a=a'+p , 8=8'+g , where

a', B' are limit ordinal numbers, and p,qg are non-negative integers. Then

a if o' >8" ,
Qq‘-Bn‘u-}q:Bi-P if a' =8' s
B if o' <B' .

Proof. Assume a'>8"' $ then B<a' and IB is isomorphic with the subset
g~ {rer x<B] of T, - Shuffle T, with T = in such a way that the members
of Té and those of T‘.3 are placed alternatively. Then the shuffled set thus ob-
tained has the ordinal number a , which obviously yields the minimum in the above
definition, Hence a+B8=a .

Nexr, assume a' =B8' ; rthen reasoning analogously as above we get a shuffled set
whose ordinal number is a+q¢ . IC is also easy to see that every shuffled set has an

ordinal number not less than a+g . Thus a+B=a+g=8+p .

B) Put, for brevity, 6(a,B8)=a+(B+1) for ordinal numbers a,B with a>8.
Then

i)  6(a,B8) <8(a,a) if a>B8 ,
ii) 8(y,B) <8(a.B) if a>y>R .

Proof. To prove 1), assume o =0'+p , where a' {is a limit ordinal number and

p 1s a non-negative integer. If @£ <a', then by A)

0(a,B) =a<a+p+ 1 =08(a,a) .

If B2>a' , then assume B=a'+q , where q 1is a non-negative integer such that
~ Than nonso ke A%
I.f ‘y - LEICHL (.lsl’.ll.ll U’ nJy
8(a,B) = a+g+1<a+p+1=0(a,a)
To prove 1i), we still assume a=a'+p . If y<a' , then by A)

8(y,B8) <a'<a=6(a,B) .
If B8<a'<y , then by A) 0(y,B)=y<a=6(a,B8) .
If B=a' , then put B=a'+q ., y=a'+r for non-negative integers gq,r , where

qir<p . Now it follows from A) that



C) If R has Ind R, and F 1s a closed subset of R, then Ind F<Ind & .

Proof. The easy proof (by use of induction on a=Ind R) is left to the reader.

D) Let R=FUG, where F and G are disjoint closed sets in R . If Ind F
and Ind G exist, then Ind R = max (Ind F, Ind G) .

Proof. Defining a=max (Ind F, Ind G) we prove the proposition by induction on
a . '

D) is obviously true if a=-1, So assume that it is true for all B<a . Then
suppose that Ind G<Ind #=a . Let H and K be disjoint closed sets in R .

Then there are open sets U and ¥ such that

AnFclUcF - K, 1Ind Bﬁ(U)<cx,
FnGevelG - K | IndBB(V)<cx.

Now UNV¥=kK 1is an open set satisfying H<W<R - X and B(W} = BA{U)UBB(W .
By use of the induction hypothesis we get Ind B(W} <a ., Thus Ind R<a , and hence
Ind R = a follows from C) .

E

let A4 be a subser of R such thar Ind A<a . Suppose that F and £ are

. N

disjoint closed sets in R . Then there is an open set U such that FclUch -

and Ind B(U}N4<a .

[}

Proof. Select open sets P and & in R such that FcP , G<@, Png=¢ .

Since Ind A<a , there is an open set ¥ of the subspace A such that
PNAcV=A - Q and Ind B, (V) <a .

Define C = VUF and D = (A - V)UG . Then CND=0¢, C
there is an open set U [

o
satisfies Fcl and UNG=¢ . Now, since B(U)nACBA
Ind B{U}J)NA<a .

rr

L. £ - P |
U U diig v

Zna

or
L]

f R suc



Ind F and 1Ind G exist, then
Ind R<max (Ind F, Ind G) +(Ind FNG+1)

Proof- Define a=max (Ind F, Ind G) . B=Ind FNG . Then by use

of B) it suffices to prove

() Ind R <68(a,B) .

a,B

[ R | [T

L — -~ 31 2 _ _ - S o P AP . B Y - £ 1Y -
ine Proo[ wlll € Ccarried ouc Y i1naucelion on \x,D2 dbd LOL10WbS.

(O, _

| is true for every o by virtue of D},

of the symbol

Assume that (I)c‘x , 15 true whenever B<BO , or B=80 and B;a<a0 . Then we

,B
shall prove thar (1) is true.
a..B
0 0
Remember that

a, = max{(Ind F, Ind G) , BO = Ind FNG

where F and G are closed subsets of R such that R = FUG . Let
given disjoint closed sets in R .
Case 1: 0.0"80 .

By use of E} we can select an open set U such that

N
<
N
1
’C
Qo
o
-
=
=
'
-
<y
A
™
n
#]

-
-
4]

Put y=Ind B(U}INFNG ; then Y <a, . Note that

max (Ind B(UJNF , Ind B(U)NG) <a
Btu) = (B(U)NOF}U(B(U)NG) .

0 r

Ind Rga(ao,a0)=a(a0,80) .

H and X be

LS Actually chis theorem and the following corollary hold for hereditarily normal
spaces and totally normal spaces (to be defined later) respectively.
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By E) there is an open set U such that HcoclUc<R - X and

(2) Ind B(U)ﬂF<c10 .

Again by use of E} we can find an open set V such that
(3) Hevevel ,

(&) Ind B(V) NG <0.0 .
Put W= (U-G)UV . Then W 1is an open set satisfying H=W<R - K. We claim
that

(5) B(W)< (B(UINF}IU(B(VING)VU(FNG) .

To prove if assume
r€(BU)NFIU(B(VINGIVU(FOG) .

Then either x€F -G or x€G - F,

Assume first z€F - G . Since z€B(U) follows from x€B(UJNF , either x €U
or £€R - U holds. If the former is the case, then z€U - GSW . If the latter is
the case, then R - U is a neighbourhood of x which is disjoint from # . Thus in
either cases we obtain x €B(W) .

Next, assume that x€G - F . Since xfB(V) follows from x€B(V)NG , either
x€V or xz€R - ¥ holds. If the former is the case, then X €#¥ . Otherwise
(R - ¥) - F is a neighbourhood of x which is disjoint from W . Thus we obrain
xz £ B(W) 1in either cases. Therefore our claim (5) is proved.

Puz, for brevity, B, = B(UJOF and B, = B(V)JNG . Then observe that BI 052=¢

| 2
follows from (3). Hence by use of (2), (4) and D) we obtain Ind BI UB‘,)<cxn « Thus

max(Ind BI UB2 , Ind FNAGY = §<a
Ind(Bl UBz)ﬂ(FﬂG) = E;Bo .

0 1]

Ind(B, UB,) U(FNG) <8(8,¢) .

It follows from C) and (5) that Ind B(W)<3(8,e) . On the other hand B) ii)

implies

o
o
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Thavafare Ind BIV) «B8(g QO which oroves
ificLClUuLC AT LAy ‘u\uo,uoj y WHLGII pPLUVCO
(1) Ind R<8(a ,8 )
3
a.,B8 ="""0""0" "
0’70

Corollary. Assume R = FUG for closed sets F and G . If 1Ind FOG 18 fintze,
and Ind # and Ind G exist, then Ind R=max (Ind F , Ind G) .

Proof. 1f both Ind F and Ind G are finite, then the corollary is simply a
special case of the sum theorem for finite dimension. If wmax (Ind F, Ind G} is

infinice, then the corollary follows directly from the preceding theorem.'®

16

B. T. LevSenko [2] showed that the equality Ind R=max (Ind F , Ind G) does not
generally hold even if R 1is compact: Assume R=AUB , Ind A=a=xa'+p ,

Ind BB =8"+g , vhere 4 and B are nor necessarily closed in K, and

a' , B' , p, q are as in A). Then B. T. Lev¥enko [3] proved that

Ind R<max (a,B) if a' ¢B8' ,
Ind R<a' +p+qg+1 if a'=8" .
M. Landau [1] proved
I+Ind R< (1 +a) + (1 +B)
A. Pears [1] proved
Ind D(mnv (o R\+{!n'l.n fn R\-&I\

A L Ny S

which is a reformulation of Lev¥enko's result. (The above three rtheorems were
actually proved for hereditarily normal spaces.) L. A. Luxemburg [1] gave an
example of a compact metric space X such that Ind X¥-w, +2 , ind ¥zw_ +1 ,

which sharply contrascs the coincidence of Ind and ind in the finice-dimen-

sional case. The d1screce sum of the n -dimensional cubes In , h=1,2.... has
ind but not Ind., {However, it is known that if a hereditarily notmal compact
space has ind, then it has 1Ind.)

On the other hand D, Henderson (2] defined a new transfinite dimension to prove
a subspace theorem, a finite sum theorem, a product theorem etc., which have the
same appearance as their counter=-parts on finite dimension,

Also note that the locally countable sum of countable-dimensional closed sets
is obviously countable-dimensional, and it is easy to prove that the countable
sum of weakly infinite-dimensional (in the sense of Alexandroff) closed sets is
weakly infinite-dimensional in the same sense. The locally countable sum theorem
obviously holds for strong countable-dimensionality, too. See B. T. LevSenko [2]
for furcher results on sum theorems of weakly infinite-dimensional spaces.



V1.6 - 154 -

The purpose of this section is to extend the imbedding theorems to general metric

7 . e s . .
spaces '7, Up to the present, one has not succeeded in finding an imbedding theorem
for finite-dimensional general metric spaces which is very analogous to the one for

the separable case. We can, however, imbed them into a kind of generalized Hilbert

!

cube, i.e. a countable product of star spaces g, Alcthough the contents of this sec-
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here is analogous ro that of Section 2 of this chapter, and this is the reason why

this section is located here.

Definition VI. 6. Let {Eal a€ A} be a collection of unit segments (0,11 . By
identifying all zeros in U {EGI(1EA } we get a star-shaped set S(A) . We introduce

a metric in S(A) as follows,

| z-y| if x,y belong to the same segment E,

plx,y) = .
| x+y | zf =x,y belong to distinct segments.

Then we obtain a one-dimensional metric space S(A} called the star space with the
index set A .

Now we can assert the following.,

Theorem VI, 10, '® 4 metric space R with weight | A| has dim<n If and only
if it can be imbedded itn the subset Kn(A) of the countable product P(A) =
n,n: ISm(A) of star spaces Sm(A) ,m=1,2, ...,

where we denote by Kn(A) the set of

points in P(A) at most n of whose nor-vanishing coordinates are rational.
Proof. To show dim Kn(A)=;n , we decompose Kh(A) in the following way

K (4) = K'
n m

0

h Cx

m

where &; is the set of points in P(A} exactly m of whose non-vanishing coordi-

nates are rational, We consider a given class {ajl J=1,...,m} of m rational

17
18

The content of this section is due ro J. Nagara [6].

We owe this terminology to H. J. Kowalsky [1].

'7 |4| denores the cardinal number of the set A . We mean by the weight of a topo-
logical space the cardinal number of an open basis which has the least cardinal

number among the open bases of & .



dinates are equal to aj

assertion Ls easily proved by the product theorem, because

points and zero in a star space is a O-dimensional space, and so is the set of
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J

from the distinct branches of the star space Sj(A) . Hence it follows from the sum

theorem that K; as the countable sum of those O-dimensional closed sets is also

O-dimensional., By the decomposition theorem, this implies that dim Kn(A).;n .
Conversely, we suppose R is a general metric space with weight |4| and
dim R<n . By Bing's metrization theorem. there exists a o-discrete open basis
qﬂ ={w_| aE.Am} ,m= 1,2 .04 .
We can assume without loss of generality that there exist open sets Vi ,chAm P
m=1,2 such that V.= F_<W and such that for every neighbourhood U(
1Erere ma ma y & p
of every point p of R, there exist m and "-‘EAm for which p&F =W <lip).
Moreover, since AHJZA can be assumed, we may further assume Am = A for every A
by adding as many empty sets as desired to the original W_ . Putting
W = W a€A } and F_=U{F a€4
m Ut mul m m ma | m b
we obtain open sets h% and closed sets Fﬁ satisfying E;f:h% ,m=1,2,... . Now
Lo i ~f wLl e o % et L s o Mmoo o n Sk wha L1V caleioy camess
[]y use 01 cne ge Ompoz-u.lon LIHBOULEI WE geLomposc Fud L1l LT LOLLOWLIIE wdy.
n+l
R= U F
k=1 k
for O-dimensional sets Rk , k=1,...,a+1 . We define open sets Umr s m=1,2, 0448
r=rational numbers with 0<r <y 2/2m such that
(n Fecl <U < _,clU ,cW_ if r>r’' ,
m_ mr  mr mr mr m
2 v_=n{u r'<r u_ = U r'>p
(2) mp { mr'l b, mr: u{ QHP'I b
£y _ 1 I nrser v o« 0 S O TN T 3oL N oo
L) Orup lDlumT/ |M=l,24,...; P=a rational number witn 0U<pP<
/2/2m} k-1 for each point p of K .
The process to consfruct Uﬁr is parallel to that used in the argument of 2 A), so
it will not be given here, Define

nk

ra mr ma
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then, since each {¥ | o€4 1 1is discrete " is an open ser for all a€4d |
mo m ' ra m

m=1,2,..., Pr=rational numbers with 0<» <Y 2/2m such that

Pt T :L/", Cbm, ck if r>pr' |

mx pra ro r'a r'a m

B(UT ) = BU_)0OW

ru mr) ma °
Hence {3) implies char
[ a€4 m=1,2 and r is a |

, m m 3 » 3 %8 . [} <k I
9 ord B(U . . -
(4 P m) rational number with O<r <y 2/2m|™=

for each point p of Rk . Now we comstruct star spaces Sm(Am) with the index set

A = A and denote by E_, a€A_ the unit segments of which S (A} consists. Let

v L

be the mapping of & into Sm(Am) defined as follows:

3

i
-~
T

.

m

[ o if pgw
m m
- = €vu €E if €W n ceU” f me »r
_m(p) sup { rlp m} o pEW and p€U_ for so )
{0 it pe¥ and pEUM for every r .
ma Toor

Then it is easy to see that f_is a continuous mapping with the properties
F(R-W ) =0, and, if x€F , then f (x})=vV2/2m€E_ for some o€A . By use of
m m m m a m

(2) we can also easily see that fm(p) =r€g if and only if pEB(UzTa) . Hence

f,(p) is non-vanishing and racional if and only if pEB(U:]) for some a€4  and

[ e Y L
dild lLtd dUulske n

into P(A) by

oy PR I T D T N, T ooe o Aol o o P n
n iJ wmeielvigeu Ll Lug Lticuicil, LCe Ud UTL LG o WdpPPLUE J QL Faf

fip) = {5, (p)|m= 1,2,04. )

Then it follows from the properties of fm and (4) that [ 1is a homeomorphic

mapping of K onto a subsel of Kn(A) « Thus the proof of the theorem is complete.

As for the imbedding of countable-dimensional general mefric spaces we can assert

the following theorem.
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Theorem VI

. 11. A metric space R with weight |A| <is countable-dimensional if
and only if it can be imbedded in the subset K_{4) of a countable product
=]
P(A} =T __ 5 (A} of star spaces S _(A) , m = 1,2,..., where we denote by K_(A)

the set of points tn P(A) at most finitely many of whose non-vanishing coordirates
are rattonal.

Proof. The proof is analogous to the proof for the finite-dimensional case and is
therefore left to the reader.

In contrast to the separable case, if is lmpossible to find a universal space for
n -dimensional general metric spaces among finite products of star-spaces, bhecause
such a product and accordingly every of its subsets can be decomposed into countably
many closed subsets each of which has a o -scar-finite base while, as pointed our by
7 £

. )
Ty
LiliLic

-dimen
S. Lipscomb [1], however, has recently constructed such a universal space in a finite
product of one-dimensional spaces as follows:

Let N(A) denote the generalized Baire O-dimensional metric space defined on the

set A . Let o = (al,az,...) , B = (61,82,...) €N(A) . Then define a binary relation

R in NfA) by aRB 1if and only if

i) a=f or

2) (1+ R and there is a natural number J such that
for every k<j a = Bk , and
MR ANCAT.

ii) B.-a. for all s
Jd J *8

for all g>1

21,
2.

Then the quotient space J(A} = N(A)/R is a one-dimensional metric space, whose
point is either a singlecton or a doubleton class; a former type of point is called
an irrational point and a latter type a rational point. Then he proved:

A metric space of weight [4A] has dim<n if and only if it is topologically im-
bedded in the set of points of Jea)" * which have at most n rational coordi-
nates.

An imbedding theorem for more general (non-metrizable) spaces is due to B. Pasynkov
(4] and A, Zarelua [2], who constructed an » - dimensional compact space P with

weight T such that every completely regular space of dim<n and weight <T |is

homeomorphic to a subset of P .Z2°

2% For other types of imbedding theorems see, e.g., B. R. Wenner [1], W. Kulpa [1],

A, G, Nemec {1] and L. A. Luxemburg [2].
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CHAPTER VII

DIMENSIDN DF NDN-METRIZABLE SPACES

Throughout the preceding chapters we have considered only metric spaces except in
Chapter I. Dimension theory for non-metrizable spaces has been greatly developed in
these years, but still it is not as satisfactory as the theory for metric spaces. In
the present chapter we shall discuss scme of the principal results ever obtained in

this field. Recall that, as noted before, all normal spaces and Tychonoff spaces are

ez iwmon ] e Lo m £ - PRSFEER 1. I, I m o\ L L TR T T A . Y B T
dassumead Lo pe JI \dnd are a4CCOrdlngly ..!2} in «nls DOOK. AL Ssome polnes OI <nil1s

chapter proofs may be somewhat sketchy to avoid bothering the reader with arguments

similar to those used previously.

VII. 1. Sum theorem and subspace theorem for dim

a v

A) A topological space X has dim<n if and only if for every finite open

covering U = { Uil'is l,...,k} there is an open covering V = { Vil £=1,...,k}

o

V) , and such that

¥ =11}

such that Vit:UE s T=1,.4.,k (namely U shrinks ¢
ord V<n+1 ,

Proof., The easy proof is left to the reader.

We owe the following theorem to P. A. Ostrand [1].

Theorem VII. 1. Let { Ryl'y€ I'} be a locally finite closed covering of a
topological space X such that dim Fy_<-n jor all Y€T . Then dim X<n .
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DwAanaf Wall—nrdar rha oivan lorcally finits clocsad coverine and denore ir hvu
L L] WO LLTULUCL el BAVoill sViaiey siiaitc Lavax e W R e, SR ~ wry
{F7| 0<Y<1} . We may assume that F,=0 .

Now, let U ={U.|Z=1,...,k} be a given open covering of X . We shall define

open coverings UY:{ viv,Z)|Z =1,...,k}, 0<y<T , such that

(1) if B<§ , UB shrinks to V.,
(2) if 8<6 v(B,i)—v(ﬁ,i)cu{FYIBd;G].
(3) if x€F ord _V_<n+1 .
Y’ Y=
We shall define V_, 0<y<T , by use of induction on Y .

T
First we put UOI-U .

Now assume that UY have been defined for all vy <& . Then we put
W_L. =n{ v(y,2)|y<8} and [U={Wi| t=1,.,.,k} .
Let 8<é& : then by the induction hypothesis (2) we have

(4) V(B.1) - W, =u{v(8,i) - vy, i) By <)
SULULF [ B<y sy |B<y<8) - U{F |B<y<s).

We can prove rhat each Hi is an open set. For this purpose assume IEW_L. ,

— o s =1 - S ~F & - & = P | T I Y. & - e ~ oL s S R |
.rcrY s 5 ee,p o, and Y <Y, el <Y <0, while I:EY 1f rr\fl,...,‘(p and
7 &
Yy<§ .
mL_ L e Lo Y T Y S -1 £ _ e et ry
inen note Lrnac LC VY ,1/ IOL1O0wWS Irom

F=U{F |zgF };
Y Y

then P - V(YD,i)ﬂ (X - F) is an open neipghbourhood of x . Since it follows from
(4) rhat )

we obrain

Pc'v'(YD,i)ﬂ[X - (V(YD,i) - Wi)]cwi .

Thus W‘i is an open set.
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Next we shall prove that [0 is a covering of ¥ . Let x €Y be given, For cach
Y<& we can find Z(y} such that x€Vfy,Z(y)} . Assume that the set {y| 1.(‘()21,'0}

is cofinal in the set {y|y<8} . (Namely for each element y <8 , there is Y’
such that 2(y'} = io and y<y' <6.) Then =x€ V(Y,io) for all y <8 , because of

the induction hypothesis (1). Thus x€#. follows, proving our assertion.

N
Using A) there is an open collection W' = {W;: | 2= 1,...,k} in ¥ such that
k
W-z':CWi“ = 1,000,k , l-J W‘;ZDFG’ and
-1
ord W' <n+1 at each xr€F, ,
r = é

because dim F‘Gin . Put

vi§,<) = (wi - Fg) UK. and vﬁz{v(a,i)li E A 2

Then U(S obviously satisfies (1), (2), (3). (Note that (2) follows from (4) and
the definicion of W¥(6,7).)

| Iy
rinda

—
—

¥ we pucl
V. = N{viy,Z}lo<y<t} and V = {V_‘:[ = 1,00.,k} .
Then a similar argument with the above leads us to the conclusion that V is an

open covering of X to which UO-U shrinks. It follows from (3) that

ord V<n+1 , Hence dim X<n=n .,
[ —3 [ —3

B Let F = {Fili = 1,...,k} be a closed collection of a normal space X and
{Uiii = l,e..,k} an open collection such that Ficyi , T =1,i4.,k . Then chere
is an open collectrion W = [W.,:Ii = 1,.4.,k} such that F_L.CWT:CUi s T 5 luea,k

and ord F = ord W .

Proof. 1f k = ord F , then the proposition is obviously true,

Assume k>ord F = n., Then V' = { ¥(x)|x€X) 1is an open covering of ¥ , where
viz) = X -U{Fil.rEFi} for each x€X .

Since X 1is normal, there is an open covering P = {PJ.IJ' = 1,...,8) of ¥ such
that PA<U . Put
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W,z S(F.,P)nU. for £=1,...,k and W= {W |Z2=1,...,k])
z B e ) * g el i ’
Then it is obvious that F.cW.cU. , © = l,...,k .
AN S

To prove ord W =ord F , let x€X . Then S(x,P)=V(y) for some y€X . Note
that because of its definition ¥(y) intersects at most n members of F , Hence
S(x,P} , too, intersects at most n members of F , which implies that ordxw;n .

Therefore we obtain ord U = ord F .

C) A normal space X has dim<n if and only if every finite open covering of

X can shrink to a closed covering of ord<n+1|

Proof. The proposition follows directly from B).

Theorem VII. 2. Let {Gil 121,2,... )} be a closed covering of a normal space

X suck that dim Gi;n, t=1,2,... . Then dim ;\.’;rz.l

Proof. We may assume

(1) G e, Suenn,

L mm &bo o oL L1 8. £ sy £t P2 T T I 1y

vccdausc Luc sSulm Lneorlem noLas 10r every Iriniite sum \(trlieorem vil.Il,) LeC u =

[Ui | 2=1,...,k} be a given open covering of X . Since X 1is normal, we can con-
. 1 . -

struct an open covering U, = {Ui! =1,...,k} of X such that U.,I:CU.,: . By B)

{V::Iizl,...,k} of G, such that

and C) there is an open covering UI

V;:cu;: and ord l7|;n+l

2

Now constructi an open covering U

i
—_—
Y]

i,.0.,K} of X such that

o
I

2

Pevlvw! -6 .
T T A ]

' This theorem was proved by E. Cech [2] and others. K. Morita [2] proved the
following more general theorem: Let {G‘( | y<T)} be a closed covering of a normal
space X and {PY | Y<T} an open covering such that dim GY;R R GYCPY for
every Y <T , and such that {PY | y<&) 1is locally finite for each 6 <71 . Then

dim X<n . (Here T denotes a not necessarily countable ordinal number.)



VII.I C) - 162 -

Anain huy unea nof RY and )Y wa nhrain an Anan r~ravarinoe tr = { !‘II | @ = 1 ~F
dapdiass Wy A WA a5 LI Wy WE ViLdall Gl Vptil LUV EL g -2 [§ l’il - |’...,r\1 VL
62 such that
VZ.CUZ. and ord V,<n+1 .
1 1 2=
Continue the same process to define open coverings Uj ={ U;" | 2 =1,...,k} and

Vj ={V‘Z: | £ =1,...,k} of X ana of Gj , respectively, satisfying

2 d J.<n+

(2) ord U2
nd v _,Jd J_

3) U = Vv (U} GJ.) .
Jepyd

(4) Vi‘-'-Ui,

and accordingly

(5) U_!7+ It::U_:7 .
z i
_ 1 V2 A . 7l
Put F; = (ViU ;U...) . Then it is obvious that FiCUiCUi , because of (4) and
(5). On the other hand, since U:-I V_L?-'- Gj s U:=| F, = X follows. Namely u
shrinks to the closed covering F = {Fi | Z=1,...,k} .
To prove ordrF;‘i'H-i at each point x€X . let J:E"J. - Gj—l be given.

0]
(Assume Gosq,_) Then if .rEi'fg for some 7 with 1<t<k , then Ifl.-/7i7+|

follows from (3). Thus

g+ J+2 _pd
J‘.‘E(U_z: UUi U"')_Ui
follows from (5). (4) implies
cgvdt updti oyl
T T
On the other hand
(7) T€GC, =g, o7ty upd!
J -1 J- 1 T 1
follows from (i). Combine (6), (7) and the original assumption &E?i to get
:ﬁFi . Now ordIF;rH»I follows from the above argument and (2). Thus by C) we

conclude dim X<n .
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compact T2 space X . If dim Fa<n for all a€A , then dim Xg<n .
Danm~ £ Canb{nn Thasesamas UTT 1 gTT 2 and rha fallavine nranacirian N
cC0] . Lombineg 1neorems Vii.i, Vii.Z2 and tne [o.iowing proposition ).

D) Let F be a closed subset of a topological space X . Then dim F<dim X,
and Ind F<Ind X .

Proof. Obvious.

Definition VII. 1. A normal space X is called totally normal if for every open
set U of X , there ig an open covering U of U such that
(1) each menber of U 1is an F _-set ( = a countable sum of closed sets} in X ,

Iy
u

X rr
i u »

tie

272; £ da
Lol JLRtve

(2]

= o~
t=1 VO

[
.
R

4
\
E) Every perfectly normal space and every hereditarily paracompact T, -sSpace are

totally normal,

Proof. Omitted.

Remark. 1) Every F -set in a normal space is normal.
2) A Tz—space X is normal if and only if every finite open covering
of X shrinks to an open covering by cozero sets. (See I.1 A). The

U £ £ e RPN T — 1. £a - P S U I Y
easy prools Ol Lhie IceldiKsS ale 1lell L0 Lue Ledger.)

F) Every totally normal space X 1is hereditarily normal. In fact every subset

of a totally normal space is totally normal.

Proof. Let U be an open set of X . Then there is a covering U = {Ua! a€4l
of U such that U is locally finite in U, and each U(1 is a cozero set in X. Then
by Remark 1) ch is normal. Now suppose that {Vil 2=1,...,k} is a given open
covering of U . Then by Remark 2) { Vi] can shrink to a covering

. a . . . .
Bli=1 h V. .
{ _LI » Lk} of Uo. ; u:re each i 1s a cozero set in ch .Smce ch is

a cozero set in U , so is i/'i .. Define

W.=U{V>|a€a).
T T

Then Hi is a cozero set in U satisfying Hicvi . Hence {Vi} shrinks to

the covering {W‘il £=1,...,k} of U by cozero sets. Hence by Remark 2) U is



1, Thus X 1is hereditari

proposition is almost obvious.

Theorem VI1. 3.® Let X be a totally normal space and Y a subset of X . Then
dim ¥ <dim X .

Proof. Let U = {Uilizl,...,k} be an open covering of Y . Then Ui-=Viﬂ.Y

for some open sets V., 1= 1,...,k, of X . Define ¥ = U{Vili-'l,...,k]. Then,
} of ¥ such

that {Wu} is locally finite in ¥ and such that each Woois Fooin X, i.e.

W Ja.: F . for closed sets F_,

a “£=1 ‘at at

Assume that dim ¥ = n ; then by D) dim F_.<n holds. Put F.= U{Fai |a€Aal} ;

since ¥ 1is totally normal, there is an open covering {Wa[ a€ 4

1]

0

then {F,.,;I a€ A} 1is a locally finite closed covering of F, , and hence by
Theorem \TII.I, we obtain dim F{i” . i

Since {Fi[ £=1,2,...) is a closed covering of ¥ , and V 1is normal, from
Theorem VII.2 it follows that dim ¥ <n . Thus {Vi | £=1,...,k} can shrink to an

open covering {V;:Iirl,...,k} of V with ord<n+1 , Then U shrinks to
n

[T Yy ] v | o~ = .1 I i f o e e S € [ 2 TR T
v L Viil-l | # = 1ysae,RAJ , WHCLlC v 1> Qi1 upell covel il VL I SUucCihy LnggiL
[ . 1
ord V' <n+1 , This proves, because of A), that dim .Yin .
Ter 1o 'ccnaacihla fa cuvrand rthlca rhoamrvasa e hoeandd b T el o o
L L L LIpPVaoLUvlT -y CALTIIW Lili o LnguLcin Ly ncLculLLay l.l.y IULlUc L deLCS.

V. V. Filippov [3] and E. Pol-R. Pol [1] proved that there is a hereditarily normal,

zero-dimensional space X which contains subspaces X_ , n=1,2,... with dim ¥ =
ri ri

Ind ¥ =n. "
n

2 The space of all ordinal numbers L w,  with the order topology is heredirarily

]
normal but not totally mormal, For an example of a totally normal space which
neither perfectly normal nor paracompact see R, H. Bing [1] (Example G).

This theorem is due to C. H. Dowker [3],

In fact V. V. Filippov proved this theorem assuming a set-theoretical hypothesis
while E. Pol - R. Pol showed that the assumption could be dropped. Observe

that this theorem implies that the subspace theorem does not hold for a compact

Tz-space and its normal subspaces, Because, as easily seen, dim BX = dim X and

Ind BX = Ind X hold for every normal space X . (See Section 6 of the present
chapter.)

C. H. Dowker [3] defined the local dimension locdim X of a space X as the
least number 7 such that every point of X has a closed neighbourhood U with
dim U<n and studied relations between local dimension and the subset theorem,

K. Morita [2] proved that if X 1is a normal space and Y a subset of X with
the star-finite property, then dim Y<dim X .

e

S
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Although we proved sum theorems in the previous section for considerably general
spaces, it is not so easy to establish a satisfactory dimension theory for non-
metrizable spaces., Perhaps a reason of the difficulty lies in the fact that differ-
ent dimension functions do not easily coincide when the space 1s non-metrizable. In
the present section we will study relations between different definitions of dimen-

o
N
m
”
1]
)

o
&
0
1
[
.

on on n-metrizab

patn

s o
Generally it is obvious that ind X<Ind X holds for every Tl-space X . Condi-
tions under which ind and Ind coincide were studied by quite a few authors, among
whom Y. Katsuta [1] proved that ind X = Ind X holds whenever X 1is hereditarily
paracompact T2 and has the star-finite property.5

On the other hand v. V. Filippov [1] constructed a compact T,-space X such that
ind ¥=2, Ind X=3 ,

Concerning the relationships between dim ¥ and Ind X the folilowing assertion

can be proved.

A) For every normal space X : dim X<Ind X .

Proof. Let us show by induction on the number n that 1Ind X<n implies

® T. Mizokami [1] proved the same for every totally normal space X satisfying the
following condition: For each open base U of X there is an ordered open cover-
ing (V,<) of X such that (i) for each VeV , {V'€V]| V¥'<V} 1is locally

finite in ¥, (ii) for each V€V there is UE€U such that VaU , B(V)<B(U) .
This theorem unifies various other theorems including the above—mentioned result
nf v ¥artenntrta and Arthare A, W Mavs: tn [+ [ | R nd ¥ Mamn—l
A - . l‘u‘-:’uhu Gllu ULllcl-‘l uuc “w Ny Vil 4 LQ, DNe FULU, L] I. LL‘APCILI. l.\.l\. dllu l\o l‘d&dml.

See also L. F. McAuley [1], J. A. French [1] and V. V. Fedorfuk [2].

Perhaps another reason of the difficulty of general dimension theory is that
there is no convenient theorem like Theorem I1.2 to characterize dimension by a
special base if the space is non-metrizable. J. Nagata [12] and T. Mizokami (2]
proved Ind X<n 1if and only if X has a o-closure preserving base U such
that Ind B(Ufzrl-l for all U€U , under certain conditions on X . The latter’'s
condition is partiuuxarLy satisfied if % is the image of a metric space under
a closad continuous mapping. However, it is unknown yet if the same theorem holds
whenever X 1is a regular space with a2 O -closure-preserving base,

® This assertion is due to N. B. Vedenissoff [I1].
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Sine the validity of the ascartion 1c clear for mn=-1 wa chall aceuma 1+ £ar
Since the vallidlty of the assertion 1s clear for 1 !, w& snhaili assume 1t for
Ind X<n-1 , Now, assume Ind X<n , and suppose U = {Uil-z::I,...,k} is a

finite open covering of X . Then by virtue of the normality of X and I.1 &),
there exists an open covering V = { Vil 1= 1,...,k} such that ViczUi and

Ind B(Vi) <n-1 ., Using the in:iuction hypothesis we obtain dim B(Vz',) <n-1.

Hence by Theorem VII.2 B = Ll2='IB(V£) is a closed set with dim B<n-1 . There-

fore there exists an open covering W = {Wil 2=1,...,k} of B such that ﬁiczUi

1}

-~ A Py |
caild ULy LU}

:

rd
<

Now we can easily construct a finite open covering N of X such that
Neallo,x-# Y221, 0,k

and each member of N intersects at most n members of @ . Since X is normal,
by I.1 C) we can find a finite open covering P satisfying PA<:N . Put

q =S(i'v‘i,P) and Q = {Q.|i=1,...,k} .

i z

Then it is easy to see that ¢ 1is an open collection satisfying

-

, ord 2<n , and U{@Q]|Q€

=}

<

c

b BN
}=28 .
On the other hand, we define

U'

"

A{{ui,x-ui}lu l,eeu,k}s

then U' is an open collection which covers X - B and satisfies ord U' <0 . This
implies ord QUU' <n+1 | Since QUU' 1is an open refinement of U , we conclude
REpEATS < - < === | e = el y = it <
that dim X<n ,

In a similar way we can easgily show the following assertion vhich was first proved

B) For every compact Tz-s;pace ¥ . dimX<ind X,

On the other hand I. M, Leibo [1] proved that dim X = Ind X holds whenever X

lso that

ptw

s the image of a metric space by a closed continuous mapping and
y

(»%
pei

m X =1Ind ¥ = ind ¥ helde vhenever ¥ 1

[

by a closed continuous mapping. B. Pasynkov [2], [5] also obtained important results

in this aspect., In [2] he proved coincidence of the three dimension functions for
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result obtained in [5].

C) Let f be a continuous mapping from a normal space X onto a metric space Y
and g a continuous mapping from Y onto a metric space Z such that @=g.f
is a closed mapping satisfying dim uf'(z);o for all 2€Z . If dim Y<n , then
Ind X<n ,
Proof. The proof will be carried out by induction on n .
If n=-1, then the proposition is obviously true.
for each z€Z and

n-1 . First we remark that for
X-f(¥-U) 1is a neighbour-

dim .‘z’;‘
=1 .

w (z) in X , the set

the interior of the former set contains the latter),

Assume that it is true if
each open neighbourhood U of
Y (i.e.

hood of g_ll'z) in
is closed and

because the mapping

g 'z —o(x - Uk - flx - U .

m
(o]

Now, let ¥ and (G be given disjoint closed sets in X . Then for each =z
there ave open sets Uz and Vz in X such that

-1 _ _ -
(1) 0] (z)cuzuvz , Uznvz—a , Uznc-@, vznp o .

because dim (\o'](z);o . Put Wz = Uz UVZ . The remark above implies that
Q. =Y - flx - Wz) is a neighbourhood of g-l(z) in Y.
Y such that

3
Hence there is a locally finite open covering @ of

Q<{QZIZEZ} and

(2) dim B(Q) gn-1 for all Q€Q,

because dim Y<n for the metric space Y , Let Q€Q ; then QCQZ for some €2

This implies that f-lfa)f:h/z .

dim X = Iind X = ind ¥ = ind G - ind # if X |is

7 In fact he proved more, namely
the factor space G/H of a locally compact group G by a closed subgroup # .
K. Nagami [5] obtained a similar result. See also P. Alexandroff - V, Ponomarev [1]

and V. V. Fedor&uk [3] for conditions implying the coincidence of different di-

mension functions.
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Naw define
NOW gl lne

(3) U = U nFQ and V(Q =V nf Q.
Observe rhat
() £B(F V(@)1 <BIQ) .

Note that {U'(Q)| Q€Q} 1is a locally finite open collection covering F and
that U'(g)NG=0 for all Q€Q .

put P=-U{U'(Q}|QeQ}.

Then P 1is an open set of X such that F<SP<X - G and

5(P)cU{BUQ) | @eq)aUl BF (@) | Qe ) .

The last relation follows from the local finiteness of {U’'(Q)| Q€Q} and from

the fact that B(U'(Q))CB(‘F-l,(Q)) which easily follows from (1) and (3). Hence

(5) FB(P) = FIULBIF Qi) geq}ic
cu{ fB(f '(Q)) | Q€Q}cuU{BIQ) | @€QY=0" .

The last part of the relation follows from (4). Since @ 1is locally finite,

dim @' <n-1 follows from (2) by use of the sum theorem., Thus dim f(B(F}) <n-|
is implied by (5). Hence by the induction hypothesis we obtain Ind B(P) <n-1

is implied by (5). Hence y the induc YP P)<n
Therefore Ind .Y_f'n .

D) Let U be a locally finite open covering of a normal space X with dim X¥<n .
Then U can be shrunk to an open covering U such that there is a locally finite

open covering U’ each of whose members intersects at most n+1 members of V.

Proof. Use I.1 A) and the technique of the proof of Theorem I1I.6 to shrink U

to V where UV is an open covering such that ord l=/;n+l . Suppose

o= ol
I-I"llJllJ.

a

£ Al a3
CTAlJ ana v =

where Vﬁ‘:Uﬁ . Then for each x€X we define
V(x) = (n{uala:e va})nrn{x- Val.rEVa]) .

Then V' = {V(x)| x€Xx} satisfies the desired condition.
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E) Let U be a locally finite open covering of a normal space X . Then there is
a locally finite open covering A such that A%<l

Proof. Assume U = {Uai a€A} . Then find an open covering { '.’al a €A} satis-
fying ﬂaczﬁx' For each finite subset B of A we put

wiB) = (n{ualueel)n(n{x—'velaeA—B}), and
W= {W(B)|B 1is a finite subset of A1}.

Then W 1is a locally finite open covering such that HJA<U . By repeating the same
A

A

A

s L1} A
W, 1lhe Eal

-
~

argument we construct a locally finite open covering A such tha

=

is the desired covering.

Theorem VII. 4, Let ¢ be a closed contiruous mappting from a normal space X
onto a metric space 2 such that dim tp-l(z) <0 forall z€Z. Then dim X =
Ind ¥ .

Proof. Since dim X<Ind ¥ 1is proved in A), we shall prove Ind X<dim X .
Assume dim X <n . Let wl s wz,... be a sequence of locally finite open coverings
of Z such that

w|>w;>w2>w§>... and mesh wi*o as i1-+e@ ,
Put
_ o _ g ) ]
u, = f (W) = {r (wlwewi] :

then each Ui is a locally finite open covering of X . Since dim X¥<n , by use of

D) we can shrink UI to an open covering UI and construct a locally finite open

. S tr) L = [ A P R R 4 1 B PN oL
covering VI eacnl Ol WwWNOSEe membDers meeld &L mosi iT 1 memeers» ol VI . Yy L) Lnere
is a locally finite open covering A of X such that

* )
A <UIAV|AU2 .

Shrink A to an open covering ll2 and construct a locally finite open covering

. Then UX<U Al
2 2 ] 2
and each member of Vz intersects at most n+ i members of Vl . Repeating the
same process we get a sequence Ul , ll2 ,+++ of locally finite open coverings of X%

Ué each of whose members meets at most 7n+1 members of V

such that
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and each member of V, . meets at most n+1 members of V, .
Next, let us define the equivalence relztion -~ among the points of X by
r~y 1if and only if y€ nN Sf:,Ui) .
=1

Then each equivalence class is a subset of w-l(z) for some =2€Z . Thus we can
talk about the natural mapping f from X onto Y , the set of all equivalence
classes of X and the natural mapping g from Y onto Z . (Namely f maps
z€X to the class containing x .) Introduce a topology into Y by defining that

[ et .o(n 1 n 1

1Sy, f v.J)i7.=i,L,..._r is a f Y Th

ase at each point y of Y . Then it
is easy to see that f and g are continuous mappings such that @ = g. f and
that Y 1is a metric space with dim Y <n (by virtue of Theorem V.3). Thus
Ind X<n follows by use of C). Hence dim X = Ind X Lo

Negative results in this fields are due to A. L. Lunc [1] and 0. V. Lokucievskii
[1], who constructed a compact Tz—space R such that dim F=1 and ind R =
Ind R = 2.°

More generally, P. Vopenka [1] showed that for every m, n with 1<m<ng®,
there exist compact Tz—spaces R and S5 such that dim R =m, ind R=n,
dim S =m, and Ind § = n .

on the other hand, C. H, Dowker [3] constructed a normal space R such that
ind R =0 and dim R = Ind R = 1 ,

0. V. lokucievsk mpact Tz—space R which we quoted in the preceding section
contains two closed subsets FI and FZ such that

R = FIlJFZ, ind FI = Ind Fl =1, and ind FZ = Ind FZ =],

* .In this proof factorization of the mapping @ plays an important role. See
S. Mardesié [1] and B. Pasynkov {8] for factorization theorems in dimension theory.
Y. Fedorecuk [1] gave a first countable compact T,-space X with dim ¥<ind X,
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ree

14 avan
& L= 3

£ rha
(2 L (SE TR

Thus the finite sum theorem for inducti
space 1s compact T2 . In the present section we shall prove a sum theorem and a
subspace theorem for Ind of totally normal spaces, which are mainly due to

C. H. Dowker [2]. In the rest of this section we shall be concerned only with large

(strong) inductive dimension.

A) To prove the subspace theorem for every totally normal space, it suffices to

prove the same for ail open subsets.

Proof. Assume that Ind U<Ind X holds for every open set U of every totally
normal space X . To prove the theorem in general, we use induction on n = Ind X .
If n=-1, then it is obviously true. Assume that the theorem has been proved for

onal space. Now, let Ind ¥ = n, and Y be an arbitrary sub-

™
o

every (n-1)-dimens
set of X . Suppose F and ( are disjoint closed sets of Y . Then U = X - FNG
is an open set of X , and hence Ind U<n ., Since FNU and GNAU are disjoint

closed sets of U, there is an open set V¥ of U such that

FoclWeY - G and BV(W):B"(V) .

Hence by the induction hypothesis we get 1Ind BY(N)_gn -1 , which proves
Ind Y<n ,
-—
B) Let X be a hereditarily normal space. If F is a closed subset of ¥ such

Proof. TFor n=-1 the assertion is clearly true. Assume its validity for every
F satisfying Ind F<n-1 and Ind (¥X-F)<n-1 . Llet G and H be disjoint

d
closed sets of ¥ . Since Ind F<n , there exists an open set U of F such that

FgeyclFer - 8 ' and

(1) Ind (F -wen-1.

10
Byl-

[y
i

denotes the boundary in the subspace U .

J
—F
By U we denote the closure of U in the subspace F .



CUUN(HU(F -T)) = ¢ and (GUUIRHU(F - ) = ¢ .

Hence, by virtue of the hereditary normality of ¥ , and I.1 B), there exist open

sets ¥V and ¥ such that

A=Y LTS - e YALD = o s A
UUU‘-V, I[P Y 2 o Ul"‘-‘", ¥ Ky - Y '] allu
JO0RCGUUNHU(F -U) =0nr - T el -u.

Thus VN(X - F) and WN(X - F} are disjoint closed sets of X - F ., Since
Ind (X - F}) <n , there exists an open set P of ¥ - F such that
70(X¥ - F)JeP=(X - F) - ¥ and

(2) Ind (75 - pren-y

Now, put & = VUP ; then § 1s an open set of X which satisfies Gog@eX - H

and

(3) stgre(P F oppu(F -w =

L)

EIF - U 1is a closed subset of S such -hat

=% - F _ . =F -
F -P=S-(U -U).

nd (2) that Ind S<n-1

ind J

)
Therefore, by (3) and | D) we conclude that Ind BfQ) <n-1 . Hence 1Ind X<n.

C) Let X be a hereditarily normal space and

¥=-Y oY oY o...
0 | 2
Qa0
be a sequence of open sets such that M, Y. =0 . If Ind (Y, -Y.)<n for
H F £=1"¢ £-1 1 =
=1,2,..., then Ind X<n,
Droof This proposition can be proved bv arcuing similarlv as in the proof of B).,
Proof This proposition can be proved by arguing similarly as in the proof of ).
The proposition is obviously true if n=- 1. Assume that the proposition is true

for (n-1)-dimensional sets, Let G and H be disjoint closed sets of X . Since

Ind (YO-Yl);n , there is an open set U of Y -Y, such that
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Gﬂ(.‘:’o-.‘:’l)CUIC(YOEYI)EH and IndBY -y (Jl)i_-.”-' .
0 |
Find open sets Vl and "I in X such that
Y -Y
Guu v, Huliy -¥) -0 % llew
1 1’ 0 1 | 1’
V W =@, and V NW <B (v.) .
1 1 ! | Yy -¥Y'"i

Since Ind (YI -YZ)_f_n , there is an open set U2 of Yl -.Y2 such that

Voacy -y)eU,e(y, ~Y,) - ¥ ed Ind B, _, (U0 cn-1.

! YI 2
Find open sets V2 and W2 in X such that
-4 -5
vluuzcvz,wlu[(rl—er - U, lew, |
vznwz = ¢, and Vz"”z‘:Byo-ylml)UByl _YZ(U?_) .

Continuing the same process we get sequences {Ui} s {Vi]’ {Wi} , where U. is

open 1n Yi-l-yi , and Vi and Hi are open in X satisfying
V. ney, -Y. R . -Y.) - W,
Vz,—l (Yz-l Yz)cutc(yz-l Y-..) -1
<n -
Ind BY,;- | —Y.(Ui) sn-1
-yz-lryz
Ve_vupeve, Wy uliy.  -Y) - U, lew,
- z
V.OW.=¢ , and V.OW,.c U B, o (U,)
T 3 A - s = d
J=1 "g-1 3

o
Then put U = U . 'Ui . Now it is easy to verify that U 1is an open set such

7’5
that
GeolUcX - H and B(U) = U B (v.) .
. Y. -Y. 1z
t=1 “i-1 "1
Thus by use of the induction hypothesis we obtain 1Ind B(U) <n-1 . Hence

Ind X<n .
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D) Let U be an

P and @

nen cet of a tortallyvy narmal =
pen set of a teotally normal €

pace X . Then U has cover
which are both o -discrete in U and consist of closed sets of X

such
that P° shrinks to Q , where P = {P |PEP} . (P

denotes the interior of P.)

Proof. By the definition of totally normal space U has an open covering

U={U |au€A} which is locally finite in ¢ , and each U_ is an F_-set of X.
Thus each Uo. can be expressed as

W,
oz

>

<
]
w B

i = "
I az at +1 °

where Wai are open sets of X . We may assume that the members of U are well-

ordered, i.e. U= {U |o0ga<t]}

Now define

P .=F .- U Wy Q. =W . - U W
az az 8<0~ gt +1 at ] B<U~

P.={P_ |ogac<t}, & =1{Q, |oga<t}.

Bz +2

Then each Pi is discrete in U and consists of closed sets of X and the same
=

E )
o
ic true for 0. too, vhile @ =P . . Thus P =U P. and = U
i at a

< in

. n ,_ .. are
t=1l 1 = =1

coverings as desired.

E) Assume that {Falcx€.4} is a discrete covering of ¥ . (Thus each F  is

closed and open in X. ) If 1Ind Fa;n for all a€A, then IndU{FQIQEA};n .

Proof. Obvious. (Use induction on n .)

F)r Let X be a totally normal space and {Fi[ T =1,2,...}

a closed covering
4

of ¥ such that Ind Fi;n, t=1,2,... . Then Ind X<n.

G)n Let U be an open subset of a totally normal space X with Ind X¥<n . Then
Ind U<n .

Proof of F)n and G)n . We will prove the two propositions simultaneously by in-
duction on n .

1) F)_I and G)_I
ii) F)n-l implies G)n'

are obviously true.

First observe that F) _ implies the following assertion

(ad

e

[

e |l & =1 9 1 =
VO % S5, eae ) b

1]
[+
(2]
[
o]
7]
(14

space X and {Dil £ =1,2,...)1 a closed covering of X such that

F.eD., ©=1,2,... . If Ind D.<n, £=1,2,... , then Ind X<n .
[ s =
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Proof of the assertion (!) is as follows, Let G and H be disjoint closed sets
of X . For each 1 we can find open sets V.k R Wik , k=1,2,... such that
NF.cv. c?. .-
G :zcvzkcvzk+ ICD‘L H,
HOF.cW. <W., <D.-G,
[ [2329 [ | [
Ind B(V,.) <n-1 and 1Ind B(W. )<n-1 |
Tk’ = Tk’ =
because Ind Di £n . Put
=¥ -V U...Uu¥ W, =X - W U...UW_ .
Vk X V'kU kak and 2 =X HlkU kak
Then i/'k and Wk are open sets such that
an
VkDVk+IDH,U||( l_l VkJ=B,
k=1
[ -]
W.olW, oG, HO( N W) =g
k™ "k s S 2
k=1
k k
B(Vk)CEU B(Vi.k) , B(Wk)C=U B(Wik) .
=1 =1
Hence by F) _ . we obtain Ind B(V,)<n-1 and 1Ind B(W, }<n-1 .
Now define
P= (WI-Vl)U(Wz-Vz)U... .
Then P 1is an open set such that
[ -]
GePcX - H and B(P)= U (B(V,}UB(W,}) .
k=1 = "
(A somewhat similar technique was used to prove II.1 E).) Hence by F)n—l and

1 D) we get 1Ind BfP)<n-1 . Thus Ind X<n , i.e. (1) is proved.

Now, to prove ii) we assume that U 1is an open set of X with 1Ind X<n . Let

@ n I "~ @ 0 P - s P e P P - f
= (_J_t:= ) r?: £na [. = U'I:- 1 Ll: oe [he coverlngs or U obtainea 1n u), where .
{Po.l a€ Ai} and QL = {chl a€ Ai} are discrete in U and satisfy Q <P_.
By 1 D) 1Ind Paén , because Pa is closed in X . Thus by E) 1Ind Pi;n , where
-U{Pal o.EAi] . If we write Q; =U[Qa|o.EAi} , then Pi and Qi are closed

sets I1n U such that QiCP; . Thus from (1} it follows that Ind U<n , which

H.T’ ~3
I

w 0
I

proves 11).

iii) G)n implies F)n .
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-

Y =X, Y. X -(F U...UF,) , 1=1.2,... .

N
Lo

[3d

Then Yi are open sets with
ao
YODYIDYZD... and 2 Y.=0.

Now Y. -Y.=F. - (F U.,.. UF.
-1 1 i 1 -1

Ind Fi;n , it follows from G)n that Ind (Yi-

) is an open subset of Fi . Since

I_Yi) <n . Thus by C) we get
Ind X<n , which proves F) .

n
e, I T D ¥ MY e N I - PR [,
IV) NOW comblne L), 11}, 1Ll) LO esLd‘ﬁllSh F) & ld G) fOI: a}.}. LNnicger s>

B
(K%
1
.

From A), F) and G) we obtain the following theorems.

Theorem VII. 5., Let ({ Fil ©121,2,...} be a closed covering of a totally nomal
apace X such that Ind Fi_g'n » ©51,2,... . Then 1Ind X<n.

Theorem VII. 6., Let Y be a subset of q totally normal space X . Then
Ind Y<Ind X .

The following statement is another sum theorem whose proof is similar to that of

C).

Theorem VII. 7. Let | Fal a€4} be a locally finite closed covering of a
totally normal space X such that Ind F <n for all a€4 . Then Ind XZn.

Proof, Well-order the given covering as {Fal 0;0;1] . We shall prove the
theorem by induction on =2 .

It is obviously true if n=-1,

Assume its validity in the (n-1)—dimensional case. Let ¢ and H be given dis-

joint closed sets of X . Put

Fiee)
& 1 Ay

J{Fslo T .

Re<al,

[

N<n
esa

Ia

Then F(a} 1s a closed set. We shall comnstruct sets U for 0<£a<T by use

of induction on a such that



- 177 - VII.3 G)

(I)a U, 1s an open set in fMa) ,

(2) GNFla)ey , HNF(a)cFla) - ngw ,

(33, Ind By, (U ) <n-1

(43, for every B<a , Ug = U nr(g , BE'(B)(UB) = BF(Q)(UG) nNFr(g} .

Since Ind ¥ <n , we can choose U0 satisfying these conditions for as=o0 .

PRI T | U _ LI | £ -1 L PR - s [l 1 jul
e Lhdl UB nas been gerinead I1ror 4dil E<a . Verine & - uJ1vr

(5) C=G6U( U UB J,

B<a
PR n . rrss fasfl mrnn !_-E'{B)In‘ A
LO) o= aviviLeeip/ - B p<aj .

Then (CNB)U(CNB) =@ , because {Fa} is a locally finite collection of closed
sets, and (I)B, (2)\B and (lc)B hold for all B<a . Since X 1is hereditarily normal,

there are open sets P and @& of X such that

(7) CecP, Be

D

(1]
o]}

ﬁac:

i

(8) PNQ=0, n

Since F is closed, we have CNBcF , which implies PNQcF .
on the other hand it follows from Theorem VII.6 that 1Ind (Fb-—F)§J1, because

Ind Fa;n « Thus we can find out an open set V¥ of FG—F' such that

(9 Z_’ﬂ(Fa-F)c:V,
F -F
(10) v e <(F -F)-Q,
an Ind B (vl gn-1
F -F" =
a
Then put
(12) U =(u v, juv.
® Bc<a ¥

Now, (I)a follows from (I)B (A)B for B<a , (5), (7), (9) and (12). (2)‘:‘L follows
from (2)B for B<a , (5), (6), (7), (9), Ci0) and (12). (&)a follows from (12),
(h)B for B<a , (&), (7) and (10).

To prove (3)0.' we express the boundary of Uo. in F(a} as
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B, =Bg,

(U )0 (Fla}) -F) and B,=B,, ,(U)NF .

~)
[

Note that by (I«)B for B <a ,

B,=u{B (UBJ|B<u}=u{BF(B)(UB)nFBIB<a}.

F(B)

Thus by use of the induction hypothesis and (3)8 for B<a , we obtain
(13) Ind Bzin—l .

Further note that B‘I =BF _F(V) . Thus from (11) it follows that Ind Blén-»l ,
o

which combined with (13) implies that

Ind BF(Q)(UO.) n-1,

i.e. (3) 1is proved. Thus the induction process is complete, and so we can eventually

i

U . Since U_ satisfies (!)’r_ (3)1 and since Fi(1} = X, U‘t is an open

GCUTCX - K and 1Ind B(Ut)én—l .

Thus we conclude that Ind X<n .

rnrﬂl1aru F ot {F |la€a ) be a locally countable closed cemering of a heneds—

WL W 'Jl AT W l-a l A e 4 At St Ld A 1 g WA Rt b A oS W POV WY D'u VJ e L= S —4C T g
tarily paracampact T,-8pace X . If 1Ind F in for all a€A, then Ind X<n .

Than s £ Comhine Theorems VII. 5 and VIT.7 12

00 f Lomoine Theorems vaa.o and vil./,

'2 We have proved sum theorems for dim and Ind under considerably general condi-
tions. On the other hand another dimension, 1ind, behaves very badly in this
respect. E. van Douwen [1] and T. Przymusifski [1] proved that the finite sum
theorem does not hold for ind 1in the class of complete metric spaces. In fact

the former showed that adding a single point could raise ind from 0 to | in
the class of metric spaces.

An £ravr UntXetanwQmirnaule dimanctan Maflianiedan T LN r DAl (11 avasea A rhar

A3 1O RELCLOVTOMITNOV &5 UILIMENSIUN (WweIinicion 1.5% y, L. 01 1] PIrovE. cwndac
there is a Tychonoff space X such that Katétov-Smirnov dim X¥>0 , and
X=X| UX2 for functionally closed sets ).’l and X2 with Katétov-Smirmov
A V =N =1 25 thia fanr warhawr charale Aanntfreactrte Thasawam UTT 1 HAatroaeen v
ULl A -_.J y e = 1 yLy LIl DS lLdw L LdatLiicL al:axp;y it asvd LICWLCLU ¥V Llae e NWVWwovVoL ,

z
this dimension is useful to some extent when one tries to extend dimension theory
beyond normal spaces. See K. Morita [8] for dimension theory in general spaces.



- 179 - VII.4 B)

In the present section we will discuss a generalization of Theorem II.8 to normal

spaces (due to E. Hemmingsen and K. Morita).

A) Let U= {Ua |a=1,...,k} be a finite open collection in a topological space
X and F = {Fa | a=1,...,k} a closed collection such that FaCUa . We define
binary coverings V a=i,...,k by V. ={U , ¥X-F }. Then V =a{V |la=1,...,k]

a 3 » . ay a a, a a L ¥

is a finite open covering of KR satisfying S(F’a,U)CUa .

Proof. It is clear that U 1is a finite open covering. Let
v = [ﬂ{UalaE\_f]lﬂ[n{X-Fa!aEY]l

be a given member of V , where Y denotes a subset of {1,...,k} . If VﬂFaHb s

then q €y , which implies Vt:Ua . Hence we obtain S(Fa, U)t:Ua .

B) Let U = {Uaia= 1,...,k} be a finite open collection in a normal space X

and F = {Fa | a=1,...,k} a closed collection such that FaCUa .If F is a
cloged subset of X of dimension < n, then there exist open sets ¥ and W
= a a

such that
FevcV cw el and ord{FN(W -V }|a=1,...,k}<n '3
a a a a 4 a ‘a =

Proof. Denoting by T the family of all finite subsets of {1,...,k} , we let
L= {LYI'yET‘} , where

(1) LY-'[n{UaIGEY}]“[ﬂ{X'FalaEY]] .
Since dim F<n , we obtain open coverings

M = {HYI‘(EI"] and N = {Nyly€[‘]

(2) N cM cL  and ord {FOM |YET }< n+1
T T T ¥ =
'3 We can prove this theorem for every locally finite open covering U 1in an
analogous way, by applying Theorem II.6 to the normal space X . (Theorem II.6 is

valid for every normal space FR.)
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Dafine 8{v) = {a!lF nM £23) - then Al(vicw T aArdar ta chatr fhino  annna cn

el il AT/ L2 | -.a “Y' L 1 Y 1Rt SN/ f - 0 UIGCI ¢U 500W Liils, SUppist
is an element of &(y) . Then FaﬂHY#G , which implies by (2) FaﬂLYi‘Q . Hence
from (1) it follows that a €y , which proves &(y)cy .

By virtue of the normality of X we can define open sets ya * QYa for each
Y€l and a€4&8(y) such that

N cpPp _cP cp < i ! '

(3> y PYa PYaCQYa an PYa'cMY if a,a’€6(y) and ac<a' .

Now, for a fixed a with 1<ag<k we put
4 =
(4) v, U{PYal\rET‘,aEG(Y)},

(5) Wazu{o,{alvel‘,aeuy)}.

It follows from {3) and (4) that FaCSfFa ,Nit‘:‘i’a, because Fal"lﬁY#fb implies
Fa ﬂHY#(b , and hence NYCP_Ya and aq€&8{y) . From (3) and (5) we obtain
W <S5(F ,M) . because a€6(y) implies F NM #@¢ ., and hence g <M cS(F .M .
a a a Y a Y a

On the other hand, from (2) and A), it follows that

S(F_,MeS(F_, Licy_.
a a a

Therefore Wac:U'a . Moreoever, from (3), (4) and (5), we obtain

vV zU{P_|Y€ET , a€bly) }cW. .
a ya''’ ! a

Thus it remains only to prove

ord {FN (¥ -vJ)]la=1,...,k}l<n.
a a =

We suppose a., t= l,...,n+1 are given distinct numbers between 1 and k.
From (5) we obtain
FLiVid (J/J wC Uucailiul
Wo=ul@_ |Y€ET, a.€6(7))
a ya. ! T ’
T 2
ey anna
Qaii ELL =N LY —
"a.’Va.:U{QYa.IY” , a.€8(y) ]-U{PYG_I‘(ET‘J a €580y} }
z z T z

c:U{QYa,_-PYa: | Y€T, a, €8() )

[ [
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Al ce S nn e
gl

Hence

FN(Q -P J0(Q -P ) =0
Yiai Yzaz JJd JJd

which implies (6). If YyreeeaY, ., are all different, we assume the contrary of

n+l
(7) peFnl n (@  -P )1,
=1 Y% V¢
which implies
PEP N, Tz, .. ,n4 ]
.. . )
Y'L T YT’
Since N = {_H' | v € T} covers rhere avigts N which conrains » and In
_Yl Y L co LA, € e¥X1ls5ts Y a1cnh ¢contains p o, and 1n

consequence Y#Yi t=1,,...n+1 , Thus by (2) we obtain

-

8 EFNY_.
(8) p Y

On the other hand, from (7) combined with (3), we obtain

N+l
(9 pEFNl N M 1.
=1 1



case we conclude the validity of (6). Therefore
ord (FN(W -V ) |a=1,....,k}<n ,
a a -
which completes the proof of this assertion.

v L

§

~1 a
WA v

negrem  vVii., S. 8pace A Aas qumension < n if and 0‘13y if for every
finite open collection { U, | ©=1,...,k} and closed collection {F.|z=1,...,k}
satisfying F.cU. , 1,=1,...,k there erigts an opsn colleection {V.|z=1,...,k}

such that F.cV.cU., ©=1,...,k and ord {B(Vi) | £=1,...,k}<n .

Proof. The "only if" part is a direct consequence of B). As for the proof of the
"if" part, we refer to the proof of Theorem II.8. Although in that theorem the

metrizability was assumed, only the normality was used in the proof.

The following corollary can be deduced from Theorem VII.B in the same way as in

the case of metric spaces.

Corollary. A normal space X has dimension < n <if and only if for every open
- foer | 7 = a1 b ] - 1 - + 1

collection {U.|i=1,...,n+1) and closed collection {F.|i1=1,...,n+1}

7 7
satisfying F.cU. , there exists an open collection {V [£=2,e..,n+1} such
that F.cvV.cl., i=1,...,n+1, 0% By ) =g .t
i1 % 151 i

Vil. 5. Dimension and mappings

Many theorems on dimension and mappings can be extended to considerably general
non-metrizable spaces. In this section we shall prove for non-metrizable spaces only

a few of the relevant theorems

(md
)
"
[

IT and leave ¢

=]

[2]

n
T

remaining ones to the reader.
We take Definition III.1 as the definition of the unstable value of a mapping

defined on non-metrizable spaces. Then we obtain the following theorem which ruas

exactly as Theorem III.1,

* Generally, let F and G be di
¥-C=zUuUvV for dis se

1
==

oint sets and C a closed set such that
oD ] and V caricFutng vorF 172=T ¢I

Then C 1is called a partition between F and G . If W is an open set such
that FclWckWcX-C , then B(W) 1is a partition between F and G . Thus
Theorem VIL.8 and its corollary can be stated in terms of partitions in

place of B(Vi) .

oint open
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Ineuren vii. . A normaL space ~ Tiad aum < N L] Qia ond Ly AiLs VALUEeEs U]
. . g n+l
every continuous mapping of X into I are unstable.
Thnn~ L Ao Far rha MM Anwe trs ~Anan nrAauas 1ee walidl e ieina tha ~rarallarvruy A
crOU . Aas 100 Cnée i parc, wWe Can prove 105 Vva:rlClly usSing nf TOIGiL:alyY (O

Theorem VIi.8 by the same argument as in the proof of 1II.1 B). In that proof we in
fact did not use the metrizability of R bur only its normality.

As for the "only if" part, we define closed sets Fi and Gi as in the proof of
III.1 A). Then we define by use of 4 B) two open sets ¥, and Wi s t=l,...,n+1

P

satisfying
= + =
F.cl.cV,cW.cX-G,. and n ((w.-v.)=0.
t i 1 1T 1 . T 1

We can construct a continuous function @. over X such that Iwil <€,

{.rltpi(:r)-olcili—vi s lx|ofx)=ze)=F. , and {x|w.(x)=-c}=C,.

The remainder of the proof runs parailel to the metric case.

From Theorem VII.9 we can easily deduce the following theorem which corresponds

to Theorem II1.2 in the metric case.

Theorem VIi. 1D. A normal space X has dim < n <if and only if for every

closed set C of X and every continuous mcpping f o7 C into S there erists

a continucus extension of f over X .

Proof. All we have to do is to check in the non-metrizable case the proof of

Theorem III.2; this will be left to the reader.

Theorem VII. 11. A normal space X has dim < n 1if and only if every mapping
N + 1
of X 1into " s tnegsential. where we take the same Definition III.5 for

non-metrizable spaces.

Proof. 1In fact the proof of Theorem III.5 only uses the normality of R, so we

can apply it to the non-metrizable case.

A) Ler | Uil £51,...,k} be an open covering of a normal space X ., If there
exists an open covering V<{U.} with ord V<m+1 , then there exists a closed
i =

covering [F’ili=l,...,k] such that F.cU. and ord{Fi|i=l,...,k}:n+l .

Proof. Without loss of generality, we may suppose

Vedv.|Zt=1,...,k]) , ViU, , 21,0 k.

w
s

nce X is normal, we can find an open covering { Wil 2= 1,...,k} for which
cV

A

-
"~

-1 = =1
Y S B =

i - g i

red closed covering.

X

o

]
.

[P W 1
LS [ne des

=
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RY
o=/

ar {F |n<1’1 ha 2 1aralle finltra A~lacad ~as
et LR e T} oe a i1ofa.i:i finlte Ci105e8 Co

and U = {Uil 2= 1,e..,k} a finite open covering of X . I

L1

i) there exists an open covering U_ of F_ such that ord U <n+1 and
a =

i

*]

UQ<U .
ii) dim FaﬂFsén—l for a#B ,
then there exists an open covering W of X satisfying ord W<n+1 , W<U .

Proof. We shall define by induction closed sets Gcn: for a<t, 1=1,...,k

such that
k
G .eF QU., U u G,.- U F, , and
at a1 i=1 B<a Bt B<a B
ord { U GBiI£=I,...,k};n+l.

B<a
For =0 , we can define G.. , £=1,...,k by use of A) combined with condition

01
i).

Let us assume that GBi » 2=1,...,k have been constructed for every B<a . Let

B<a

then G. is closed because by virtue of the assumption {FBi B<a} and according-

ly {GBi | B<a} are locally finite. Hence by the induction hypothesis

.

iGi! Z=1,...,k} 1is a closed collection of order < n+1 . By | B) there are

for which

open sets Mi s, T=1,....k
f.cM.clU, and ord {M.|Zz1,...,k}<n+1.
i 1 1 i =

It follows from condition i) combined with A) and 1| B} that there exist open sets

.’.’i and closed sets Hi s = 1,...,k, for which
H.ci.cU,, ord{N.|Z=),...,k}<n+1, and
A A 1 =
k

(n U H.=F .
iz ¢

It follows from condition {i) combined with Theorem VII. ) that

dim (Faﬂ( u =
B<a

));n—l -

B
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Hence we can construct, by use of A) and | B), a finite open colléction
W= {hal j=1',...,1} such that
A
(2) FNn(u FB)c: u kK.,
B<a j=17
_ k
) - Y -
(3) W<UA[£r_\I ({"!i‘ X Gi}l\{”i, X Ei})] .
(4) ord W<n .

We define closed sets -_'i , 4 and F by

1
(5} Ji:ﬁiﬂ(X'_L_.l WJ.) N
J=1
k
(6) J = l._.l Ji’
=1
k
(7) F=z U F, = U G..
Bca P iz ©

Now, we shall construct closed sets Kj R LJ. , d=1,...,0 , such that

J-1

8 W,=X,UL., K.cX- U (K, 0L )JVUJ ,6 L.cX-F.
(8 g J T h=y, 1 A J

Since by (2), (5), (6) and (7) FNJ =¢ , we can find closed sets KI and L|

for which
r?l =K UL, ch:X-J , LyeX-F.

. . j-,,
Suppose we have defined KI""‘KJ'—I : Ll""’Lj—l . Then Uh I(r(hnLh)UJ

and F are disjoint closed sets. Therefore, we can construct closed sets K. and
L

Lj satisfying (8).
We note that the second formula of (8) implies that
(2) (KhﬂLh)ﬂ(KJ.ﬂLj) =0 if hé#j .

We shall prove

(10) ord{Kj,Lj|j=|,...,l};n+|.



VIL.5> B) - 186 -

Let
r 2
XK=( N gk, )n{ N L.}io .
- T - J
p=1 'p q=1 %q
If {ip{pSI,...,‘ ,ﬂ{quq-', .,8) contains two distinct
T, then
Kc(k, nL. )Nn{x. 0L. )
£ z T_, T,
p 1% P p
which contradicts (9). Hence {ip|p= I,....r}ﬂ{ja[q=l....,s]
one number. Thus it follows from (4) and ’
ro_ s _
Ke(n wW.)oln w.J},
Z A
p=1 p g=1 Yq
which is implied by (8), that r+s-1<n. So we have shown (10).
Now, for #=1,...,k, let
=y for h=

-
K: -u{lexjnck

Then it follows from (3), (5) and from GicM'i B} H:.cNi

' 1]
(1) &U%C%,wafwi.
Furthermore, let us suppose that
KJ. NE=¢ for p=1,...,r,

p
KJ.ﬂE'#@ for J#J

i~ K.NG.¥0},
Jd i

-

that

contains at most
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L]

=
n
-

[
Ex,

=

l,eue,8 }.
with ord Fe<n+1

p=2l,...,r ; q

N(FUJ) =¢ .
e Kk

4
.

q
implies

(]
,il

J

L
1
1

p
implies

£o .,

'

q
1

7
for some

for some

k
LN U J)40

J

MR

k
N U G
7=
1
J
1=
rl

K. N(FUJ) =9
c

J
.cK!

¥
J
K.
o
L
Lo

We shall prove that F 1is a closed covering of VW B<a FB

We note that by (7) J#J

We put

(12)
(13)
and that by (6)
(14)

b

~

-0

2 h

b B
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oiuvan noinr r nf I csariagfios ar leact one of tha followine condiriane
..... a give peint x of & satisiies at least one ol the Ipllowing conditiocns,
a) r€J.c(L.NF }UJ. for some 1t ,
(4 T €4 T
b) .x:EKé for some < ,

which implies Z€(X!NF )UG. and
i a z

<) r€XK, for some p ,
J
p
which implies x €K, 07 and
J a
p
d) J‘.‘€L_;: for some 1 ,

which implies =x€ (LinFu) UJi and

e) r€kl,, for some ¢ ,
J
q
which implies x€L., NOF_ .
Jq a
If r 1is a given point of U, F. ., then by (7) r€G.c(X.0F })UG. for
2 v 8<o B y z T« z

some % . Hence F 1is a closed covering of UB<GFB'
To verify ord F<n+1 it suffices to prove it on F_ . because the same obvious-

ly holds outside of ch by virtue of the induction hypothesis. Let

0 "o
L= 0N ((k; AFY UG, 1AL N ((Lf, AFJIUJ, NN
muo | m m n=| n n
o “o
n[tgl (ij{t)nf'a)]n[ugl (Lj'qru,nF“)]nF"M'

Unless t,=u_.=0 , mn =0, from (6), (7) and (12) we obtain

o
o
L)

[
)]
-
[ |



A AATLS Y rha tmFaoscaméEsan ~F A - arnaina Ffthe~aiah v ammtrar cat Af indlieae
wiicL < scllcl. [y g1 -4 AILCLOTAL LLVIL UL l".lm > " I.ulls].lls LIII.WEII atl GluPL =189 L I-IIUA\-\.J'
means X . Hence, in view of the definitions of X!, X. , L., L., , we obtain

t J, T J
I q
m n t u
0 0 0 0
Le[ N n (., nL.,,,)Inl N n (x. ne,, JInF
= 1 s o= 1 _ e =1 5= 1 Jy S J-f..l
o =1 [ 1 m ri =1 W’ =1 yllll qlul
£omn o 2 -~ A “Ftr y-JPR T T
1O »Oome T dnu IOL wniecn
m n
X <X L <L. i 2T £
U S A S o pft) * ™n qlu)
m m n n c

If t0=u0=0 . mon0=0 , then assume, for example, moil ) n0=0 . From (11) we

m_ m_
0 0
L= N [(X' nFJU G.1NFc N M. ,
1 a 1 a 1
m= | m m m=1 m

which implies maintl because ord{Mi|i=l,...,k};n+l.
Similarly we can prove n_<n+1 incase t_ = u_ =0 ,m_=0 , n_>1 ., Thus we
’ v o= 0 0 ’ 0
can conclude ord F<n+1 .
Now, we define G ., 2=1,...,k, by
at
~ - r r
ugi—(KiﬂFg)U(LiﬂFr_‘) UJiU
. . el. ; K. gU., L < “
u[u{x.7 |1<.7 U, ; KJ #U., for z]ﬂra]U
p p
viulcL,, |L., ev.; L., «VU., for 1'<t}0F_ 1.
J J T J 7 a
q q q
Then it follows from the above property of F , (1), (11}, (7), the induction
hypothesis and G.=U G,. , that G .. 7=1....,k , are the closed sets which
i B<a Bt at
were wanted at the beginning of the proof. We shall leave the derails of the proof
to the reader.
To complete our proof, let G.=U_ __G .. Since {7 |[a<t} is locally finite,

a3t
and chicFo. , it follows cthat {ch' | a<t}l 1is locally finite, and hence Gi is
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closed. Thus G = {¢.lZ=1,..,,k} 1is a2 closed covering of U <1 _F'a:): such thar
a

<U and ord G<n+1 . Hence by use of 1 B) werobtain the desired open covering

1]

Theorem VIl. 12. Let ;j be a closed contif;mous mapping of a normal apace X
onto a paracompact space Y such that dim F g <k for each point q of Y.
Then dim X<Ind Y +k .'*

Proof. Since the theorem is clearly true if Ind Y=- 1, we shall assume it For

Y with Ind Y <n . and proceed to prove it for Y with Ind Y=n .

Tar = L 0 2=y a)l ke a otusn Aren cousrine of ¥ Qinen dim £ V/nt e

LeL u 1 Ui I [ T R S = Y | vC a ELVCII UPC 1 WUVCL L 5 WL ' - [ Fayiog — LY J Il.‘l ;f\
for each point q€Y , by A) and L. B) there exist open sets Vi , T=1,...,8 such
that

5]
;‘-I(q)c u v., v.eu., and

?: I i 1—
(1) ord{Vilisl,....s];k+l.
Let
8
(2) v'iq)= U V.

e

then { ¥'(q) | q€X) is an open covering of X which satisfies V'(q) Dfﬁl(q) . We

take for each g an open set V(q) for which

PR N ——— < ._-l‘ .
(3) Viiq) oVig) oviq) >f (q) .
It follows from g€Y-#(¥-V(g}) and the closedness of f , thar

V=1{Y-Ff(x-v(q))]| q€Y } is an opun covering of Y . Since Y 1is a paracompact
space with Ind Y <n , there exists a locally finite open covering W = {Wn |a<t}

sucn that W<V and 1Ind B(Wa) in-1.

wn

Due to K. Morita

—
()]
[ S—
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= Bf# ) F is a closed 1g of 7 (B(W })
o o LI o a
a

J
onto B{Wa) . Hence it follows from the induction hypothesis that

e mannin
S 1

n
mappaas

(4) dim 77BN )) cnk -1 .

-1 —
Since by the continuity of f , B(r '(Wa))czf I(B(I-J'u)) , we obtain from (&)

(5) dim B(F (W })<n+k-1 .
a =
Now, let
T

(6) K, = f (WQJ ;
then
(7) { Kal a<T} 1is a locally finite open covering of X .

We put

-1
(8) F K - U f (W) .
o @ acq B

For a given o there is ¢ for which ﬁac:Y-f(X-V(q)) . Then one can easily
see that

7V 1]
Facxacv(q): V'itg) ,
and hence by (1) and (2) there exists an open covering Ua of Fh such that

q1<£1
(%)

‘mdua;k+lén+k+l
On the other hand, from (6) and (8) we can easily see that

FaﬂFBcB(f-l(WB)) if B<a .

Therefore, by virtue of (5),

(10) dim (F_NFa) <n+k-1 .

B
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Thusg {F | < T} ceaticsfiec 73
hu gl © T} satisriesg (/)

open covering P with P<U and ord P<n+x+1 . Therefore dim ¥<n+k .

(9Y and (10 a ~
y A7) &ng {10y, an 1enc

Theorem VII, 13. Let f be a closed continuous mapping of a totally normal
space X onto a normal space Y such that for each point q of Y , B(f_l (q)}
contains at most m+1 points (m>0} . Then Ind Y<Ind X+m .,

Proof. The proof of this theorem is similar to that of Theorem III.7. All we have
to do is to modify it as follows. Throughout the proof of Theorem 111.7 we change

into '"Ind', In iii) of that proof we consider the open subset J =B(V)-K of

Defire
s anx - =uls (g, [qev) .

As is easily seen, f restricted to J' 1is a closed continuous mapping of J'

onto J such that each point of J has an inverse image of at most m points.

Hence by the induction hypothesis and Theorem VII.6 1Ind J<n+m-1 , Thus by 3 B)
P T T N Tond & s o — 1 wrn mannliida erhae Tood BRIV = 7oA ZHUL 7Y 2 8a o 1
LUMWULIITY waLy) Lild 11 =‘r| R [l WO LUuliiwiluWwg Lilal Lild LY/ T LW L Wy ) ;H T I '

(Note that Y 1is actually a hereditarily normal space.) This proves Ind Y<n+m .

Aim . + A At $ariimiia mRon e I Ty
Gl v I i

f from a paracompact T2—5pace X onto a paracompact T2—5pace Y such that
dim f_I(q) <n for every q€Y.

K. Morita [6] proved dim Y<Ind X+m 1if there is a closed continuous mapping f
from a normal space X onto a mnormal space Y such that each f‘_l(q) contains at
most m+ | points,

A. Zarelua [4] proved dim Y <dim X+m under the same assumption,

A, V, Arhangelskii [3] obtained a different type of theorem as follows: Let f
be a closed continuous mapping from a normal space X onto a normal space Y , Put
T={y€y [_f—l(y) is not a singleton} , rdT = sup {dimG | G<T , and G is
closed in Y} . Then dim Y<dim X +rdT+1 ,

VIl. 6. Product theorem

A) Let X be a compact Tz-space and Y a metric space. Suppose X¥@ or Y#@ .
Then dim X xY<dim X +dim Y .

Proof. Assume X#® and Y#¢ . Let dimX=n, dim Y=m . Then it is easy to
see that the projection m: X xY-+Y 1is a closed continuous mapping because X is

compact. (m(x,y) =y.) It is also easy to see that XxY is normal. (See e.g.
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Theorem VII. 14. Let X be a compact T,-space and X XY a normal space. Suppose
XZ@ or YZP . Then dim X xY <dim X +dim [ .

Proof. Suppose X#® , Y#¢ , dim X=n and dim Y=m . Let A be a given finite
open covering of XxY . Then by 1.1 C) there is a sequence wl,w

open coverings of XxY such that

grvee of finite

* *
A>w|>w|>w2>...
Define for ¥y yzE.‘{

Y, 3, if and only if (.r,yl)ES((.r,yz),wi) for every T €X .
i

(The binary relation -~ 1is no equivalence relation,) Define
T

V.y) ={y'€Y |[y~y'} for y€Y, and V.={V.(y)|y€Y}.
i z z 1

is an o
To prove tha Vi(y) is open, let y'E€ Vi(y) be given. Then for each x€X
there is W_€W. such that (x,y) , (x,y') EW¥_ . Choose open neighbourhoods Ufxz),

VI(y), Vx(y') of =,y , y' , respectively such that

Ulx) xV_ (y) =W, and Ulz} xV_ (y'}<W_ .

Cince Y 1z ecompacth v-—nk Ifr ) fov some finitely man . 's Thean
villwg & L3 LulHipaliL, " -‘Uj= I U|-I-JI AWl JUINC L idlalT iy MOy -.j 2w Leiel
Viy') = v (y'iev.(y)
- . .
. . 1
J-1 g
- g FF e trr 1Y e L g . _- ey P - £ L PO ol ¥ I SO |
bpecduse 11 u Crviy /7 , tnen 1r1or d4ny oL T A tnere 1o i L1OT 1nichn J—(UI.L'J/ .
Thus

(z,y) EU(.rJ.) x Vx_(y)cwx' A

2

J
(zx,y" "} EU(x.) xV_ (y')=W_
’ v J J

which implies y ~y” . Hence V(y')<V.(y} which proves that V.(y) 1is open.
1 - [ [
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Tr ie alen eacsv to
il 15 3.18C €25y (¢

(1]

ee that U% <V, £ 3
1+ 1 ) 1+
S(Vi . I(y), Vi-'r IJCVi(y) . Thus by Theorem I.1' each Ui has a locally finite open

refinement V:. . Since dim Y<m , we can construct, as we did in the proof of

[

Theorem VII,4, a sequence P ,.P of locally finite open .coverings of Y such

I . 2..-!
that
>pP* > > >.0.., Poclilcl,
PI 2 PZ P’; P'z, 1 ‘1, !
and each member of Pi . meets at most (m+ 1) members of Pi . We continue to

use the method of the above mentioned proof to define a metric space Z with
dim Z<m and a continuous mapping f from Y onto Z such that
{S(z,f(Pi)) | £=1,2,...} ts a neighbourhood base at eagch z€Z . Note that f—l(z)

for each 2€Z 1is an equivalence class in Y with respect to ~ defined by
[ -]

y~y' 1if and only if y'€ N S(y,Pi) .

Further observe that y-~y' implies

(-~} a
y€ N S(y',P.)= N S(y',V.)
. T . z
7= =1

and accordingly

-~ r —
(1) y~y' , 1t=1,2,... .
1
Now we define a r\cnr;nnnnc manning (1] from Y=y onto ¥ x7 hv wli{r 1)) =
NOW W c¢erineg a ¢ finuous mapping @ from X onte X & oY PisX,Y//

(i(x), f(y})) , where 7 1is the identity mapping of X .

Let
A = {Azl I=1,...,k},
[-)
8 - {(XxZ-@XxY-4,))" [&=1,...Kk}.
'hen R i An Anan cAavarian ~f Y7 Ta nrave rthie 1 -~ Ve v x? ha
i il ~ P o~} =il vl.lcll [SA S B Ay 8 Llls L - e L] iAW l.ll.\.lvl_ il L 7 w fa - we

ar ~ = -
et g=ix, 3
l =1

given. Then @ (q)NW¥Q for some WEW, . Select p=(z,y}) €9 (q)NW . Then x

has an open neighbourhood ¥ in X such that

(2) Ux{ylew.
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oo [k oD o ik o A rhava 1o P €ar wrhis
ollivc Wz‘wl \WI ~A , LiIgLCT 15 S LUL Wil
4
(3 S (W,wz) CA£ .

Now, put V=5(z,f(P,)) . Then UxV¥ is a neighbourhood of ¢ in X xZ . We claim
that UxVecixxZ- w(XXY-Az) .

To prove it, let gq' =(x',2'} €UV be given. Then z'€U , and there is
s
{

» oot ' P S T T S . o

'V('yol'r.vz such that =z, 2'€f nyoh‘ , because P, <V, . Hence we can choose
and Y, such that
%) ylef*minvmdi,yzef”(zUnvqb).
Note that
(5) yE€EF (z)
follows from pEt,-lfq) . Define p'=(x' u')Em_l(a’) : then
(6) y'ef Nzt .

Thus it follows from (4), (5), (&) that

YYY YT Y, Y
27 1270,72,

Thus there are Wisz , £=1,...,4 such that every successive two points of the
sequence (x',y), (x',y, ), (x',y.}, (x',y,}, (x',4') are contained in some ¥, .
On the other hand, sinccle J:’EU:J (.r',y)LEW follows from (2). Thus i
(x',y') ESA(H,WZ) , which combined with (3) implies (x',y') EAE . Hence we have proved
© '(q')<=A, . Thus q'€X*Z but q'E§GXxT-4,) .

Recall that g’ 1s a given point of the neighbourhood UxV of ¢ , and hence
UantD(XxY—Az)= o,
proving
QE(XXY-@X*xY-Ay))"

L T - o] ~ 7
nererore Q COVELS AR L .



dim XXZ__<_di.m X+dim 2<n+m ,

Hence there is an open covering 0 of XxZ such that D <8 and
ord D<n+m+1 . Then D’ ={w;=(D) | DEDP} 1is an open covering of X xY such that

D' <A and ord P.<n+m+1 . This proves that dim XxY<n+m .,

Corollary. Suppose that X 18 a paracompact T ,-8pace, and X = U:.:__ JFi for
locally compact closed sets Fi , 151,2,... . FPurther suppose that XxY 1is
normal, and X#P or Y#P . Then dim XxY <dim X +dim ¥ .'°

Proof. Assume dim ¥X=n , dim Y=m . Each F. is a locally finite sum of compact
sets, Thus by Theorem VII,l4 and the sum theorem (for locally finite sums) we obtain

dim Fix.Yin +m . By use of the countable sum theorem we conclude that

dim X xY<n+m .
Let us review here some simple facts about the Stone-Cech compactification,
B) Let X be a Tychonoff space; then there is a unique compact Tz—space RX

(called Stone-Cech compactification of X ) satisfying

(i) X¥ 1is a dense subset of BX ,

(i1 {Z]2€2} 1is a closed base for RY , where I denotes the
collection of all zero set$ of X ,

cey . R kK s k

(iii) 1if ZiEZ,z-I....,k, then ni;‘Z_,.— ;;;Z;'

4 - =

(In (ii) and (iii) the closure is taken in 8X .) Every real-valued bounded
continuous function on X can be continuously extended to BX , and thus for every

cozero set D of X there is a cozero set D' of BY such that D'nx=D .7

P - . A2 Y - ar_ Ov T_d YV T4 AV
10TwidL Spale; LnEn Qiin A TJUd1W pPA 5, LNOU A = LUA DA o

Proof, Let dim X=n , dim BY=m . Suppose U 1is a given finite open covering

_____ e P " v
CL Ll ]

g ¥V of X by cozero sets such that V<U .

e h
(Use 1.1 A) and Urysohn'’s lemma.) Now, by B), BV = { RX- EX-V)I VEV} 1is an open

'6 K. Morita [7) proved this theorem for the Katétov-Smirnov dimension without
assuming the normality of XY . K, Meorita [3] proved dim XxY <dim X +dim Y
in case that ¥ and Y are T2 and XxY has the star—-finite property.

17 o _ * memar~ QY £ . &°
OEC CL.E. J. DNddld LOJ LOL da pLOOL,



- 197 - VII.6 E)

raverine nf 2] Hanrcrs thara ie an onsan covering e of RY cucly that V' <Rl
covern g ©of BA . Hence tnere 1s an open covering or BA  such that o y
ord V' <m+1 , The restriction of V' to X 1is an open refinement of U with

ord<m+1 . Thus n<m .

Let ' be a finite open covering of BX . Then by B) there is a finite covering
W' of BX such that W' <W , and each member of W' is of the form BX-(X-2J)
for a zero set Z of X . Then select a finite covering A of X by cozero sets

of X such that A<W' , ord A<n+1 . Now it is easy to check BA<W and

AAAAAA

BA=(BX-(X-4)|A€EAY},

Thus m<n , i.e. n=m ., The proof of the second equality is omitted.

D) Let U be a og-locally finite open covering of a countably paracompact space

X . Then there is a locally finite open covering V such that V<U ,

Proof. Llet U = U:= Ui , where each U_’: is locally finite, Put

1
Ui: u(u | UEUi } . Then, since X is countably paracompact, there is a locally
finite open covering {Vil 1=1,2,... 1 such that V,eU, . Put U'z'.:{ ViﬂU[ ve Ui}-_

V. is a locally finite open refinement of U ,

E) Ler Y be a metric space and X xY a countably paracompact normal space,
Suppose that 8= { Bh! h=1,...,k} 1is an open covering of XxY . Then there is a
cozero set D of BXxY and an open covering U= { hl
that XxY<D and Dhﬂ(XxY)t:Bh, h=1,...,k.

[ -]

Proof. Let V=U
UL.={VQ| aEA_‘;} s

assume V.=V,
T 1+

Ivi be a 0 - locally finite base for Y , where

1=
t=1,2,,., are locally finite open coverings of Y . We may

, and thus A4.<4. Define
T T+

1
1 1

y TS

={(ul,...,ai)lcxIEAI.....cxz.EAi, Vo,

r
1

2

and

n v
a

Vo, ,...,a.) =
' voper %

]
, (al""’ai)GAi .

Then V(al,... ,ui) is a non-empty open set of Y ., Further we define open sets of
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Then we ohbhtain

(m U(a TRL R h)xV(ul,...,cxi)cBh.

1’

Then we put

~

Ula ....cxi)= U U(al,...,a.:h) .

I Rz t

Now it is obvious that
= Fo. ;=
W {U(al,....ai)xV(al,...,ui)[ @, ven,0) €AL 7 £71,2,... }
1s an open covering of X xY . For each fixed % , { V(a],...,ai) | (ai""’o’i)EA?E}
is a locally finite open covering of Y . Hence W 1is a 0-1locally finite open

covering of XxY . Since XxY is countably paracompact and normal, by use of D)

we can find a locally finite open covering N = {( NY | YET} of XxY such that

N<W , Shrink N to an open covering L~-{L |v€T)} satisfying L =N . Then
3 r -3 L Yl T . 7 =1 -Y Y
put
U 1is an open set of X such that

2 ceee, 0,3 Y)Y =UY
(2) L(a, a3 Y)=U Ux¥@, ,vee,a.3 Sk

) 1 1 Y

a e -’ 3 i- 3 .

( Iv 'GL)EAt 2 YEF

Each L(al, PRLTR Y} 1is an open set of X satisfying
(3 L{a,,. .0 1Y) >xV(a,,...,0.) C;"CL":”Y .
! ! T A

’ .
For (al""‘ai . BI""'Bj)EAi+j . we define

(4) ”‘“1""‘“-; + B

l""vBJ')=U{:‘(u l"‘lai H BII"'!B';Y) I

oL ! n 1y
L

Then H(a,,...,0; % B,,...,8;:) 1is a closed set of X because of (3) and the
i [ i J

local finiteness of L . Furthermore, observe that
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~
L
o

cU(aI....,ai)x V(al""‘a-i)
follows from (3). Hence

Ii(cxl,...‘o.i 1 B

I""‘Bj)cu(al""‘ai)

holds in ¥ , because Vi{a, ,...,a. , 8, ,...,8.)#0
] t 1 J
Since X 1is a normal space, for each (al""'ai . BI,...,BjJ EAé o d we can

select a cozero set M(ai,...,ai H 81""-3,7') of X such that

. ,cxi) .

I,--

H(al.....ai 3 BI,....BJ.)CM(D.I,-..,G_L. : BI,...,BJ.)cU(a

Since

k
U(crzl....,cx_l:)=hl.iI U(cxl,...,cxi v Ry,

there are cozero sets M(al,...,ai . BI""'Bj + kY, h=1,...,k , of X such

that

k

(6) hgl H(al""'ai : BI,...,BJ. : h) = M(°|""'°‘i P Bly---uB1)

M@, ,...,a. ; B,,...,B; s W<l(a,,...,a, ; h) .

»
]
L7

Now, let p=(x,y} be a given point of XxY . Then p€L_ for some Y€ET , and
T
NYCU(GI""’GT:)xv(ul"“’ai) for some < and (al,....ai)EA. , because N<W |

'
1
B.€A.
J

Since UV 1is a base for Y and 4.c<4. L ey .
1 7 + + 1 . T+

, there are B €4,
1 1 t

such that

wn = fma .} £ r s
p=ix,y/ €

s -~ - Fal N T
uX¥ia, ,...,a. , DI,...,D.J'-.L:

] T J Y

for some open neighbourhood U of x . Hence by (2)

.rEL(cxI....,o.i , BI""’B.j DY) .

By (4)

.rE!i(al,...,ai + B ....,Bj)c:M(ul,...,a. s BI,....BJ-)

1 1
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p€M(QI,..-.U_,-: BI,---,B‘;)xv(al,--v,a" » Bl;"-IB_") .
! [ ' v ' L4 ' v

This proves that {M(O’p""ai : Bl....,ﬂj)* V(ul,...,cxi , Bl....,Bj)l
. R
(@ ceeiay s Bleen B EAL 57 ,5=1,2,...} covers Xxy¥ .
- - T
Therefore {M(G’I""'ui‘ BI""‘BJ' : h)xf(cxl,....o.i , BI""‘BJ')I
{ra . R Q N A e 2 =1 9 e =1 - 1 AV AT - YV
\\ll‘v--‘Ui » ”l"..'ujl\ni*'j, by oS TyEcyewns y 74 I e wgfv J LuUvolL o I < L

By B} there is a cozero set D(al""’ai H BI""'BJ' s+ h) of BX whose inter-
section with ¥ is M(u!,...,ai: B!....,B,‘.'. h) . Then
{D(a‘,...,ai : Bl""‘Bj : h)xV(u]I...,cxid, BI,....BJ.)I(QI,....QT: , BI""’BJ')E
EAT':*J- 14, d=1,2,...3h=1,...,k} is a collection of cozero sets in BX*Y which
covers XA XY .

Define for h=1,...,k

=U{D(a|,...,a£ 1 B ,eee, 8. h)XV(cxl,...,o.i , Bl""'Bj) |

! J
(a.v'-'va_' L B-n""BJ)EA;.
I T } J

T+

O
,)' T:Jj:llzl"']'

Then Dhﬂ(XXY)CBh

xV(al.....ai, BI.....BJ-)ﬂ (X"Y)BM(C!l,...,ai: B8

xv(al,... e s B

can be proved as follows. D(cxl....,o,i 3 BiveedsBy 3 HY X
- x
Iv"')BJ' ' h)

I""’Bj) . On the other hand (6) and (1) imply

M(rxl,...,ai H Bl""'Bj : h)"V(al""'ai , Bl""’Bj)
cl(a, ,...,a. s WYyxV(a ,...,0.)=8, .
LY I\ ’ < £ Y Il 1 _LI h

Thus it is proved that D, N(XxY)<B, .
Finally we shall prove that Dh is a cozero set of RX XY , For fixed <%, J

! L4 r I3 »
{V(al_,__,qi , BI,...,Bj) | (@,...,a, , BI""‘Bj)EAi-Pj } is locally finite in

Y .+ Thus {D(ul,....ai 81""'Bj H h)*V(al,-...ai , Bl""’Bj)l
(xl.....ai . BI""‘ j)€‘4-;:+j" t,J=1,2,...} 1is a collection of cozero sets of
BX xY , which is o-locally finite in BX¥XY . Thus D, is a cozero set of RYXY .,
k . ,
Put D=U,_ D, and D= Dl""’Dk} . We obtained the desired result.
Ue nrrn rha £l ln-.rgnn thaoraem ro Y ¥adana [11
" CWE T LCLIUWLLE CulLdEl ~ HE) Wlalld Lo Je
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mX=n, d

]
]

im
VII.14 dim BXxY<n+m . (Note that the product of a compact Tz-space and a para-
compact Tz-space is normal. See J. Nagata [B) for a proof.) Let B be a given
finite open covering of X xY ., Then we consider a cozero set D of BXxY and
its open covering P mentioned in E). Since 0 1is an Fg-set in the normal space
BY xY ,

it is normal as a subspace, and thus by the countable sum theorem dim D<
dim BYxY <n+m ., Hence there is a finite open covering P' of D such that

n1t

n+m+1 , Then the restriction of ' to XxY 1is an open refine-

r
ment of B with ord<n+m+1 . Hence dim XxY<n+m .

V. Filippov [3) generalized Theorem VII.15 as follows: If XXxY 1is countably

paracompact and normal, and if there is a perfect mapping from Y onto a metric

LY

space, then dim XxXY <dim X¥+dim ¥ (X790 or Y#@) .
This theorem implies practically Theorem VII. |4,

B. Pasynkov [6] further extended this theorem as follows: im ¥ xY <dim X +dim Y

n.

whenever X xY is a rectangular product and X , ¥ Tychonoff (X#¢ or Y#0) ,
where dim is the Kat¥tov-Smirnov dimension, and where it is defined that a product
XxY is called rectangula 1if every finite covering of X xY by cozero sets has
a 0- locally finite open refinement by sets of the form UxV for cozero sets U

and ¥V of X and Y , respectively,'®

T. Hoshina - K. Morita (1) studied general conditions under which XxY 1is rect-
angular and extended Pasynkov's theorem further to non-Tychonoff spaces.

As for large induction dimension, Ind X*Y<Ind X+Ind ¥ (where X#¢ or
f

Y #6) was proved under various conditions, for examples in case that XxY is

hereditarily paracompact Tz and has the star-finite property (Y. Katsuta [1]),

each of X and Y {is the inverse image of z metric space by a perfect mapping and

'® M, E. Rudin — M, Starbird [i] proved that if the product X x¥ of a countably
paracompact space X and a metric space Y 1is normal, then XxY 1is count-
ably paracompact. Thus Theorem VII.15 can be improved as follows:

Let Y be a metric space, X countably paracompact and X xY normal.
Suppose X#0 or Y#¢ . Then dim XxY <dim X +dim ¥ .
The product XxY of Tychonoff spaces is rectangular, e.g., in the following
cases: (1) Y 1is locally compact and parzcompact, (2) the projection =71 ¥ xY~+x
is a closed mapping, (3) there is a perfect mapping from Y onto a metric space,
and XxY 1is countably paracompact and normal, (4) (implied by (3)) there is a
perfect mapping from each of X and Y onto a metric space.

19



Vil.6 E) - 202 -

X xY totally normal Nagata [12]) , ¥ XY is normal

AV Liua

~

paracompact. and the finite sum theorem holds for Ind in X and Y (V. Filippov
[3]) , and more generally in case that X xY is a rectangular product and normal,
and the finite sum theorem holds for Ind in X and Y (B. Pasynkov [6]).2°

On the other hand the equality dim X xY=dim X +dim Y holds under rather
restrictive conditions. K. Morita [7) proved it in case that dim X=1 , and Y is

a paracompact T, -space which is a countable sum of locally compact closed subsets,

FEN

W . »
trthara A ararAayv-Cmirnay dimancian
i [+ dledOVvV-omlInoy GllensSlion.

wilcL ©

[ H

m
jti

pe

It is obvious that dim XxY <dim X +dim ¥ does not hold in general. Because
dim Z=0 1implies thar Z 1is a normal space, and hence if ¥ , ¥ are O-dimensional
spaces such that X¥XY is not normal, then the product theorem does not hold. For
example, let X =Y =the Sorgenfrey line ( =the real numbers with the open base
{[z,z+e)|-e<x<+o €>501}.)

What can be said if XxY 1is normal? This had been a long standing question until

- - — - - - r T oo d o el __-_.__...'-_ _ -
M. Wage (1] under the assumption of th
2

t:'yan's

continuum hypo-

m

t was negat

cr
[T
-

PRy |
eLeu

Pt
.—n

thesis and by T. Przymusinski [2] without the hypothesis, ?'! The former gave a space
X such that dim X¥=0 , dim A XX #0 , and XX 1is locally compact and perfectly
normal, The latter gave, for every natural number n , a separable first-countable
space X such that X* is Lindelsf and dim X =0 , Xn+l is normal and
dim X' 7 i >0 (X'ﬁ denotes the n - ple product of X ).

Since dim X=0 1if and only if 1Ind X=0 , the above examples show that the

product theorem for Ind does not hold either even if X xY 1is normal, 27
V. Filippov [2] constructed compact Tz-spaces X and Y such thar
Ind =1, ind Y=1Ind Y=2 | ind X *xY >4 . Thus the product theorem for t

dimension does not hold even for compact Tz-spaces.

20 Also note that 1Ind ¥xY<Ind X+1Ind ¥ holds for regular spaces X and
Y (X#® or Y#@) if the characterization theorem by means of a G -closure-
preserving base (footnote 5) holds for X and Y . Because it is known that if a
regular space has a 0-closure-preserving base, then it is hereditarily paracom-
pact and thus the product theorem can be proved in a similar way as done for
metric spaces by use of the finite sum theoremand induction, Thus the product
theorem is true especially if X and Y are the images of metric spaces by
closed continuous mappings.

The problem still remains open if XxY is paracompact Tz.

21

S, Mrowka [1) and P, Nyikos [1] studied relations between O-dimensional spaces
and ¥ - compact spaces ( =closed sets in products of countable discrete spaces),
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Pontrjagin-Schnirelmann's theorem (Theorem IV.6) was generalized to non-metrizable
spaces by J. Bruijning [1) by use of totally bounded pseudo-metrics. However, in the
present section we are going to define a mew function A k(X) , which has a remote
resemblance to Pontrjagin-Schnirelmann's function N(e,R,p} in its basic idea. and

we shall see that A (X) is a more appropriate function to characterize dim of

mmon e A el oAbl n oo ™h
Non—metr l.l.dul.t: apdlEss L1

CL.
=]
m
:l
[4)
(49
[#]
c
m
l‘l

e main results an
J. Bruijning - J. Nagata [1], In the following we denote by Ck the set of all
m - element subsets of {1,2,...,k} and by (:;) its cardmahty. i.e.

(:) =k!/mi(k-m}!,

A) A normal space X has dim<n if and only if every open covering

! 1
{UI""’Un+2] can be shrunk to an open covering {/I""’Vn+2} such that
n+ 2 _
Nyay V70

Proof. The 'only if’ part follows directly from 1 A).
To prove the 'if' part, assume the conditien and let B={ B,,....Bk] be an open

covering of X . Assume k>n+2 and put C':+,,={A|,...,Ap} . Suppose

] = I » J h|
HI ”\,Tol.--u,'b

v

1
n+?2
Then, let {FI""'FJ(} be a closed covering of X such that Fic:Bi s

2=1,,...K . Put

K =F, U,,.UF and U.=(X-K JUB, for j=1I L n+2 .,
i z 1 I .
1 n+? J
Then {U ..., U .} 1is an open covering of X , and hence it can be shrunk to
n+? _
an open covering {Vl""‘vn+ 2} such that ﬂj=| Vj-(b . Now put
i
U.= -n . j = e +
: VJ Bz. s, J=1, ,n+2
I , . e C L s .
Ui-Bi for 1 satisfying 1<1<k , TFL et g

Then u' ={UII....,U;(} is an open covering of X because anKI :Bi ﬂKI .

o,

Observe that U' shrinks 8 and satisfies ﬂ{U |£€AI }=o

By use of the same argument we can shrink U to an open covering

u? =t ?....,uk: such that ||1U*|1.<-.A21=w , and accordingiy n{ uii €4 1=0.
Repeating the same argument we obtain an open covering Llp-{ ....,Ui which
shrinks 8 and satisfies n{Uf:l'L€Az}= for £=1....,p . Thus ord Up§n+l

proving dim ¥ <n ,



VII.7 B) - 204 -

Definition VII
we define O k(x‘) as the least natural mmber m such that for every open covering
U of % with |U| <k, there is an open covering V of X such that |[V|<m ,

UA<U .

2 T ot ¥ ho A +An ) 2oy
[ ) AP A - A7 L W[} A t/w

B) Let X be a normal space with dim X<n (n2>0) , and k a natural number.

Then
B (X g2-1 if kgne
A/V)((k\a'. d.{ k \ ‘f k"_,;.-i.'L!
uklﬂ.l=\l’ 1] \H"‘l’ polt -

Proof. We shall prove the inequality in case of *zmn+] . Let U be an open
covering of X with |U| <% . Then we may put U ={ Ul,...,Uk] by counting a same
element repeatedly if necessary. Now, shrink U to an open covering V = { Vl ""'Vk}

with ord V<n+1 . Then select an open covering W= { ”1""-”&} such that ﬁicVi.

For each AEU::: Cr]; s we put

P(AJ:(n{ViIiEx—l})n(ﬂ{X—E’iliﬁA s 1212k 1)

Then it is obvious that
n+
P={P4)]| A€ U c’km}

m= |

1s an open covering of X such that

P6<U<U, and |P|;(';()+ +(n:l) .
Thus
Akmé(?)*"'*(nfi)'
In case of k<n+] , we can use the above argument to get

Ak(X);(T)w“(];)i-...+(;§)=2k- »

C) Let X be an infinite normal space with dim ¥>n>0 . Let k be a natural

number. Then there are Xk <closed subsets of X with dim>n which are disjoint

with each other.
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D”QOF 1€ M =N than einra Y
il n=x SINCC ie

nfinite {contains '|nF'|n||'n'|u manv re)
Lot T . , Lhen, in niinite )

nOAIN
Vit d ands diid aiana ry O pYAlins s,

just choose %k distinct points.
1f n>0 , then it suffices to prove that X contains two disjoint closed sets

with dim>n . Since dim X>n , there is an open covering U={Ul.....UJ.] of X

which cannot be shrunk to an open covering of ord<n ., Let F={ Fl ....,F.} be a

closed covering of X such that FiCUi . Then dim F.2n for some 1 because of

the sum theorem. Let V be an open set such that F.CV:V:Ui »

m (X¥-V)<n . Since {U,~V,U.l247)
£ !

covers X~V , there is a collection W={ ¥ .....Hd} of open sets of X such thar

W.SU, , WycU,-V for £#i, ordW<rn , and UY_ W, 2X-V. Now, put

=K. = ;. ={P ,... . i
Pi W1UV and Py Iv’z for £#% . Them P={ | ,PJ} is an open covering of

Than dim Y -V
afden gQlm ¢

i

N
v
.

X such that ord P<n, and P cwk for x=1,...,J , which is a contradiction.

k

Thus we obtain two disjoint closed sets Fi and X-V each of which has dim2>n .

n\ 1ar Y bhe o tomflale. mmenl amana ol ek ATm ¥ % Tar 1. ha n marizvn ]
v) LCL e e dil Li1r1i11L e Viilia L p:.u_c wiiLll WA A _'_lt - AT L ~ vUvC a ilaivial
number. Then
A, (X)>2" -1 if k<n+)] , and
k [ —1 =—

A,,(X)>(k) +{

— vy \

Proof. Assume k>n+1 . By C) there is a collection {C(a} | a€ C’,:”_ | } of dis-
joint closed sets of X with dim C(a)>n . By A) there is an open covering

Ufa) ={ U:ll 7€a} of C(a} which cannot be shrunk to an open covering of ((a)

with an empty intersection. Define open sets of X by
(n U, =(x-u{cla) IaEC’:ﬁ'i }/u(u{U:.‘lieu}), T=1,...,k.

Then U = (U | 2=1,.00,k 1} is obviously an open covering of X . Let V be an open

covering of X satisfying V <U . Then we claim that

~
N
—

To prove it, we shall show that for every BEC’:{UC};U... Uc:w‘-i , there is a
member ¥(B}) of V such that

(3 WB)CUi if and only if Z€8 .

. VIOV o aven
e Fips/ § are

R
-

T Yocmes sl oo £ omne -A.. Al o i e
4 KilOwW L diL, LOoT Ul. L UL:ILI.I]LL L

w
-

inct
which implies that V contains at least (T) ( I) distinct members.
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Nour aalert a2 ceuhgor v of {1 ) curh rhar RNv=2a and ao=RUvE k
NOW, select a subset Y oF L1,y K] such that By ¥aanc a=pryYE Lo
Put
(4) K=Cla)-ulti|iex}.

Then observe that {U‘;‘f | €8} 1is a collection of open sets of C((a) which

covers X . Further we note that

(3) ( U;I Jj€B) 1is a covering of X whiclh cannot be shrunk to a closed

covering of X with an empty intersection.

We assume the contrary. Then there is a closed covering {Kj | FJEB) of K such

that
v .—na' oA N ¥ -
AJ-‘--'JJ- anu L] AJ—W .
Jj€B
oo 1 BN o cme oo oo r’ L2rn £ sy PR T
Uage | D) LU gel UpE] 2L ﬂj y v &P, UL i/ sSuchn tuai

Then {Hj | 7€} ul UZ[ 1€y]) 1is an open covering of C(a) with an empty inter-
section, and this covering shrinks U(a) , which contradicts the definition of
U(a)

Now, we define closed sets Gj , JEB , by
| St=,Vi<u; )

n = oy [« 3 2 | W
U, ~\ITTA| olZ,v/U,;

J 1

~~~
o
S

j€s .

Then GJ.CU; follows from (1) and (4). It follows from (4) and UA<U that
U{GJ.IjEB}rK. Hence by (5) we obtain ﬂ{GJ.[jEB}!‘U).

Select a point .rEn{Gj [j€B). Let [(B) be an arbitrary element of V such
that x € ¥(B) . Then V(B)CUJ- for each j€B , because IEGJ. . (Recally (6).) On
the other hand .rEUi for each 2 €8 follows from (1) and (4). Hence T €V(B)-U

proving V(E)‘.‘CLU{’ for each €8 .
cl

Thus (3) and accordingly our aim (2) is proved. This implies that

Qk(m;(;lc)+“'+(n1: l)



Ak(}.‘);(z()+...+(:)=2k—l .

Theorem VII. 16. Let X be an infinite normal space with dim X=» (0<n<e=) .
Let k be a natural ravmber. Then

Proof. Combine B) and D).

Corollary. Let X be an infinite normal space. Then

log & k(X)
dim X—'—'_lim W— l .

Le - o
K+

Proof, This follows directly from Theorem VII.16.

In 1V.8 we characterized dim of a compact metric space R by the ring C(R)
of all real-valued continuous functions on X . In the present section we shall
discuss two characterizations of dim ¥ of 2 normal space X in terms of C((X} .

These characterizations are based on quite different ideas as compared to those of

1v.8 and are due to M. Canfell [!] and J, Hejcman [2], respectively.

Definition VII. 3. Let us denote by C the ring C(X) of continuous real-
valued functions of a topological space X. A subset fC={fo|w€EC} of C is
called a principal ideal, where f 1is a fixed element of C . A finite set
{f}C | £2=1,...,n} of principal ideals is called uniquely generated if the
following holds:

23 Theorem VII.16 and its corollary can be extended to a general topological space
if we adopt the Kat¥tov-Smirnov dimension, (See J. Bruijning - J. Nagata [1].)



Khengver f.Czg.C , £=1,...,n, there are B.€C, 1=1,...,n such that
I vt 3 3 k) ) £ 3 s 3
F.=g.0. = =C .
F;79;8;, and 8,0+ +6.C {61w1+ +6nwnlw1’ ,tanC} ¢

Further we define p-dim C as the least integer n such that every set of
(n+1) principal ideals is uniquely gererated, and p~dim C=« <f there is no

such integer.

Theorem VII. 17. Let X be a non-empty rormal space. Then dim X=p-dim C(X) .

Proof. Let dim ¥<n<e . Then suppose {f‘icl 2=1,.e.,m+ 1} is a given set of

principal ideals. Assume f.C(X)=g.C(X) for i=1,...,n+1 . Then

(1) F:59;9, 5 T=1,.0,nt1,
g':f.‘wq', £=l| "1n+l H

for some 9. tpiEC(X) . Hence g :gi‘“i"’i , il.e.

(2) g;(1-@:4.)=0 .

Let

(3) Zi:zm’i) s T=1,...,n+ 1,
[ - .==
zi'Z(wi+l “’7:'”7:’ s T=1l,v 0%

where we denote by Z(9) the zero set {(z€Xjwfz) =0} for WEC(X) . Then Zi
h

) 7t e AT oA i mmk s mrAd hoamas thawa o 1 c v ~rrm rhaoe
dlilud ‘li diL g ULaJULIIL A£E2LU 3CLYy,; dilud licllLE LK Lo uz: Sl AS UL Lual

(4) u.d2.) =1, u, (2t} =0, 0<u. 21

& & [ & - -
. . . n+1
Define a continuous mapping u from X to T by u(;r)=(ul(.'r),...,un+l(.r)),
r€X . Then u(Zi) =5, u(Z;:) =§"' , where we denote by S the boundary of
n+ . . . . ..
I " in EM*1 | Since dim X<n » by Theorem VII.!|, the mapping u is in-
-
PR S | T - el o e i e ko ae . v [ on PRI EE I S
Co5CIl1IL Ld L» LIy LHCgLE 15 d LonLiiuvusy Il.ldl..lpl. IB (73 Liw e o w SUChl Lindl
=1

v(x) sulz) for x€u (5 .

Let us express v as v=(v, ,...,v_ ., ), where v.€0C(X), 2=1,...,n+1 . Then

N ] e T K

ut 0.-w.+tv,. (1 -9\, Y= 1,...,aAt] , Let us prov
p PRL ALY ( wzlbt) > t=1, , prove

5 26 })n...NnZ(e =
(5) ( ]) ( n+1) o

Tc do so, let x be an arbitrary peint of X . Since pix) et , either ui{.r) =0
or vi(;r) =] holds for some 17 . Suppose v'i[:) =0 ; then ui(.r)#l , because

otherwise we reach the contradiction w.lx)=u_.(x)=1.
[ -
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Hamnna ke £4% ~ag 7 Rer £3A% fhite tmnliae m . f+») 40 Hanra 8 fvn)zm () £0
el e Oy (H) L & ., DY (I (0L LMPLLlES Wi/ T e ence oS Wik, T O,
€ 1 1 1
1.e J:EZ(E)i) .
Suppose wv.(r) =1 : then u.(x})#0 , and thus x€Z! follows from (4). Hence by
& [ -
(3)
O.(x}=@.(x}) +] -@.lxp.(x} $0 .
z,{ J lDz() LD_"( )wzf ¥
Therefore x€Z(0,} . Thus (5) is proved. This implies that
7
g,
T cC /vy - =1 ¥ e
2 2 N LAS 5, 0 T yeew o 1.
B +.,. +0
| n+l
Hence

BEC(X)+...+8 IC(X)—"-‘C(X) )

and it follows from (1) and (2) that
9485 700p *g V() —op¥y) S0, 5T
Namely {flC{X),...,fn+ lC‘(J{’)] is uniquely generated, and hence p-dim C(X)<n .

Conversely, assume that p-dim C(X)<n<w . Let Z., 2., Z=1,...,n+1 , be
' ) = i A

given pairs of disjoint closed sets of X . Find, by use of Urysohn's lemma,

7 - '} =
p; €C(X) such that p.(2.)=1 and p.(Z:) 1. Put
- ( . > te{x€ . <-
F.= (z€X |p.(x)21/2), Fi={x€X|p.(x)<-1/2} ,
- [V 7 B e 1 1 o SNV R 7 Y S TN WL
G,= {x€x |pAx)cij2}, Gi={z€X|p(x)2-1/2} .
Now find qiEC(X) such that q_‘.(F_’_:) =1, qi(F_é) =-1,-1%2q;21 . Furthermore,
select 5; s tiEC(}.’) such that
- 4 = - 3 = <n..<
(" 8,02,0 =1, 8.(G.) =0, 0%s.2<1,
+ ) = ) — - -
Put .Fi=si+ti » Then we claim that
(2) fira:l ;1
1f = EFi , then qi(:r) =1 , and fi(.r) :si(:r) + tﬁ(.r) =5_£(;r:) 20 .
f GF! h - = - . g R - Ax
If x€F! , then qt(.r) 1, and ft(.r) st(x)ﬁ-ti(.r) tz(*)io .
1f x€X-{F,UF!) , then £€G,.NG! , and hence Ff.(x)=s.(x})+t.ix)=0.
T 1 P _ z f A



3 If.il :q'z:f-z,' .
Therefore
- I = ) y =
F:C0%) If,:lcff-') , =1 ..,ntl

Since p-dim C(X) <n , there are 6 ...,6n+l€C(X) such that fir-'eilfil >

l,
t=1,...,n+1 , and O C(X)+...+8 _ CiX)=C(X) . The last equality implies that

) =0 .

+ 1

Z(Bl)n... nZ(Brl

Put Ui=={.1:€X| 67:(.1:)>0] . Then, since for each .rEZi fi(.r):si
fallawre Eram {13 t1n ahtralin 7 =1 Nrn rha Arhar haod v man h we 7t
AU LLIUWD LUl (i), wWT v &k Hi-ui . Vi LBT viucL naild, LUL Cdwid J-!;bi 3
fulx)=-1 follows from (1), and hence ZT’:ﬂUiﬂb

It is obvious that

n+| n+l

n B(U_.)C n Z(6.) =0 .
- [ » (2]
=1 1=

Thus by Theorem V11.8, dim X<n . Hence the theorem is proved. 2*

We now turn to another method of characterization. It is interesting that dim
can be characterized in terms of the concept "partition of unity"” which is important
in topology and analysis, though the characterization is not purely of algebraic

nature,
Definition VII. 4. A subset D of C(X} 1is called a partition of wnity if
- .

all x €X) . If D contains only finitely many elements, the partition Zs called
fintte. A partition of unity D is said to be subordinated to a covering U of X
if (P(f}| fED}<U , where P(f)={(x€X| f(z)Z01}.

To every partition of unity D and covering U the following real numbers can

be associated:

AD=1inf {sup (f(x) | f€ED}|x€X} and
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! . c - ]
is a finite partition of
unity subordinated to U

e(l} = sup l)\D

Theorem VII. 18. Let X be a non-empty normal space and §I the collection
of all finite open coverings of X. Then inf{c(UW) |UEQR}=1/(dim X+1) .

Prooj. Assume dim X<n<= ., Then for each UER there is V={V [Z=1,...,k]
such that V<l , ord V<n+1 . Let w={h’i|i=l,...,k}ES?. satisfy Wicvi .

Then select f'T:EC(X) > £=1,.s.,% , such that f'i(Wi) =], fi(X-Vi)==0 ,
0<f.c1 .
<Fys
Put
k
g.=f. /Y fi, i=1,....k
1 'L/-_L_ J 2 L] ’
J=1
Then D:In ~ ic n navetrian Af unirte cuhardinarad ea 1 Tar =~ ha
1 tvl,...,ng A9 d PAliiiiuil Ul Uity SoULUViIMILOLOUY LY L Liw o e Uc
an arbitrary point of X ; then gi(x) # 0 for at most n+ | distinct elements of
D, because ord V<n+!l , and g,=f,=0 holds outside of V., . Since
- [

{?Elgi(.r)ﬂ there exists < with gi(s:);ll(nﬂ) . Thus M21/(n+1) | which

implies c(U)>1/(n+1) , and accordingly
inf (c(W) [UERY2 1/ (n+ 1),
Thus
inf {c(U) [UER)> 1/ (dimX+1)

Conversely, assume dim X>n . Then there is U€Q such that every open refine-

tr 11 ame ol o [ T Y gy - AN S
v u SdiLldllie v >

e o Y A - 1 J fee o 1N halds fac cama
LS | « HADOUNT Ludil AL 1\ T i) HULUD

ptn
[72]
o
[=9

o ~L —
wmend vl L

iiv

finite partition of unity D={f.|Z=1,...,k} subordinated to U . Then

AD>1/(n+1)+e for some €>0 , and hence sup{fi.(.r)[i=l,....k}>l/(n+l) for
every r€X , i.e, fi(.r) >1/(n+1) holds for every T €X and some < .
Now, put ViS{J:Ifi(.r)>l/(n+l)] : then U={V|,...,V }€Q . since V<U

follows from the fact that D is subordinated to U , we have ord V2n+1 .

Assume that ordIU3n+l holds at x €X . Thus there are n+1 distinct elements,
_ Fa Faod . n - [ A T F o N Y PV T Y £ Y PO e I
say Il,u--,_)"n+l or E Sucit that Ii(-zl ST ) IOT = 1l..0a, T | , HENCE
k n+|
r Vod Fd 1 r Vol rd |
L fgtera 1 fyter >
=1 =
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1/{n+1) holds for all finite partitions of

1/(n+1), which implies

nii_‘y subordinated to

inf (e()|UENRY < 1/ (dim X +1) ,

proving the theorem. *°

25 Let Q' be the set of all locally finite open coverings of X . Define
e'(Uy=sup {D]|D

is a (not necessarily finite) partition of unity
subordinated to U }. Then

inf (e’ () |UEQ" )} =inf (' () |UER] =
infle() |UEQ}=1/(dimX *+1) can be easily proved for a normal space X
in a similar way. J. Hejcman [2] proved the theorem in a more general form.
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DIMENSIDN AND COHDMDLDGY

L o A S WL S W R ORI 4
1l pulpuvsg VUl Lill> Lildplel 15 L

investigate dimension theory from the poin

<

)
oI

-

s

view of algebraic topology. This point of view is originally due to P. Alexandroff
[2] and has been greatly developed by his school '. flere we shall not try to cover
the extensive developments in this field which could easily be the subject of another
book., We shall only aim at a characterization of dimension in terms of cohomology
adopting the method due to C., H, Dowker [1] which goes back to E. &ech [31].

Recent investigations on the subject show that for non-compact spaces cohomology

is more practical than homology, and that is the reason why we deal mainly with
cohomology in this chapter. The final section will contain a brief account of homo-
logy in dimension theory. Throughout the chapter every space considered will be a

paracompact Tz—space unless the contrary is explicitly stated, though some discus-

sions are valid for more general spaces.

o
)
i
e
=
ymandd
-t
a1
(=]
=]
o=
ol
—
o
=
[~
[0\
o
tx
t
(i)
R

set of elements which are called {(abetract)

J EeERENRLD WL LI Cleeiiel 1Y - Lads

vertices and K a collection of finite subsets of E such that every subset of a

! See P. Alexandroff [6], [8].

K. Morita [8] gave a cohomological characterization of dimension of general
topological spaces.



We call a set of n+1 vertices Qpseeesdy belonging to K an (abstract) n—simp-
lex or n~dimensional simplex of KX and denote it by Ian_,..., I . An m-simplex

| Ay seen,ay | whose vertices are chosen from {ao, ...,an} 18 called an m-face

a m

of |a,se..,a_| - If X contatns an n-simplex, but no n'-simplex for n'>n , then
o It

K 18 called an n-complex or n-dimensional complex. A complex K 1is called a finite
complexr if it contains only finttely many simplices and is called a star-finite
complex if every simplex of K 118 a face of at most finitely many simplices of K .

Fwamnl UITT 1
CAGH 1 i1

n Tar 1’4 a A aan
s ¥ s 1. wed n.o € & geomcd

m
m—

E the set of the vertices of X, .
We say that n+ 1 vertices of E form an n-simplex if and only if they are the
vertices of an n -dimensional (geometrical) simplex belonging to KO . Then we get

an abstract complex X . Generally every finite abstract n —complex X 1is <Zsomor—

-l L [
» ' : nT| . .
phie to a geometrical complex KO in E° , 1.e. the vertices of X are mapped
onto the vertices of KO by a one-to-one mapping which gives rise to a one-to-one
correspondence between the simplices of X and those of Ko . KO is called an

n - polyhedron if it is regarded as a point set in the Euclidean space. In the case
where X 1is infinite we can realize X as a metric space in the following way. Let

¥ be the set of all vertices of X . Put K0={:z:| xr 1is a real-valued function on

¥ such that 0gxr <1, an pTipt =1, (pev|z(p)>0} 1is a simplex of X1}.
distance between two points z and y of K, is defined by ) E,VI x(p) —ylp) |
We shall call X the realization of K . For each €K, {=x(p) | pEVY 1is called

0

the barycentric coordinate of x . Let s=]|a | €X . Then the subset

0,...,an

LNEY ={zx€ L | z(p) =0 if p#a ar_] of K, is homeomorphic to the geometri-

cal simplex [a.,...,a ], and K l.{!( sl s€X 1 . Where there is no fear of con-
P 0 "% 0 ¢ o

fusion the same notation is used for an abstract complex and for its realization.

> On the other hand, we shall denote by [a an] the geometrical simplex with

0t

the vertices a_,...,a_ . where a_.,...,a_ are points of E" ina general posi-
0 n 0 n

tion and [a ={x€£.ml.r=7r.l ra., 3" A.=1, 0<h,. <1 for

Li=o*z™! » 0822
1=0,.,.,n).

A finite set K, of geometrical simplices in Euclidean space is called a

gemmetrical complex 1if (i) every face of a simplex belonging to 'KO also belongs

to KO . (ii) the intersection of two simplices belonging to KO is a face of

each of those simplices.
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members of U as the vertfices and define that Uo,...,Un€U will make up an
n-simplex if and only if U N.., ﬂUH#G; . Then we obtain an abstract complex which
is called the nerve of U a;d denoted by N(U) through this chapter. As a matter
of fact essentially we used this concept in the proof of the imbedding theorem. The
nerve of a finite or star-finite covering is a finite or star—finite complex

respectively.

Definition VIII. 2. Let | ao,...,anl be an n-simplex belorging to a compiex
K . We consider an oritented n-simpler with the vertices Apswees@ ¥ this order
and denote tt by (agse-v,a,) . For an ortented n-simplex ' we denote by | .rn[
the non-ortented simplex consisting of the vertices of " and call it the absolute

simpler or . We define (ai RPN )} = (ao,...,an) or (ai seees@. ) =

0 n L0 *n
- (ao,...,an) according to whether the permuiation (g : ) t8 even or odd., For
n = 0 we consider two oriented 0-simplices a, and - a, -

Definition VIII. 3. Let us denote by G and K a commtative group and an
abstract canplex, respectively. We shall write the operation of G additively. Let
us denote by ( iJ:Zi | a€ A4} the totality of the abstract simplices of XK. Then an
(n,G)-chain of K 1is a ltnear form

w = g
a
a€Ad
- - n & Pl -
of the n-simplices X, s a€d of K with tke coeffictents guEG . Let
,n:Y a T and “Yl =¥ ha,_rn bho 0 In Gl=phatne of ¥ + thow e Aofins +ha s
‘_ug ¥ La a e Lo LAY I b s Wy 1 S PG, WE WUEJ witE LTiE Ot

an
a
of ¢ and ' by
@+t =] (g°+h°).r: .
a

We denote by 0 the (n,G)-chatn {ugm.rc1 with ga=0 for every o . Then the
(n,G)-chatns of K form a commutative group demoted by C (K,G) .

Definition VIII. 4. Let ::2 and _?g—l be oriented simplices of a complex ¥ .
Then we define the inctdence rumber n% betveen them as follows:

n-I
-'E(a moa @, 00 ,a N
0’ 14- ??) -
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where €=-+1 or -1  and {(a

1, a l=(a

a ] a a a )
0,---Ju7:J-a-, n/ 0,...,u£—1,ui+1,...,unlu
the tnetdence rumber for n=0 , we consider one -l-gimplex zx~! contaitning no
vertex and belonging to K . We define the itncidence rumber between a and =1
as 1 and the incidence number betweern -a and x ' as -1. Let (p":):aEAga.rZ

be an (n,G}-chain of K. We express by

(=} veed, tlfllaea), (1577 18es),

the totalities of the absolute (n+1) , n, (n-1)-sumplices of K , respectively.
Then the boundary " of @' s the (n-1,G)—chain defined by

Y = Z ( Z gng).r i

T X
e

where we asswme that K <s star-finite.® The coboundary &9 of @' is the
(n+1,G)-chain defined by

1
"= Y (§ g n it
YEC a€sa Y

where K tis not necessarily star-finite. (& =0 tf K contains no (n+1)-simp-

Lex.)

A) s =0 , 889 =0 .

Proof. Assume tpn:):agax: . Then

n aon-I n aa n-2
W'= ] gingzg | L oand 230"z ) gngnitalTC
o, B a, B, Y
' .« a n-1 n-2
where r|Y denotes the incidence number between .rB and IY . Suppose
xa: (ao:'-°:an) E
n-1 - n-1
g c(ao,..-,ai,...,an) , &

- ’ 7
E (ao,-ca,ak,-cl 'an) F

n—2 2 a
.r_Y me! (ao,...,ai,...,ak,--.,an) .

- 3 s s [a } [ . .
“ In case all but a finite number of the g 's wvanish, X need not be star-finite.
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Then

a
aan_n'B

bvs v :

=e(—|)1'ec"(—l)k—Iga=€“(-l)1'+k— Igo.

and

g“ng.nf’ et -Dfere (=N =e (-t Ry

z (I(I,B

cancel each other. Therefore Bg anY =0 for every a,Y , which implies

n . . .
3&51=0 . 660 =0 can be proved in a similar way.

Definition VIII. 5, A4An (n,G)-chain is called an (n,G)-cycle if iis boundary is
equal to zero. An (n,G)-chain is called an (n,G)-cocycle if tts coboundary is equal
to zero. We denote by Zn(K,G) and 2°(K,G) the set of the (n,G)-cycles ad of the
(n,G)-cocycles of K , respectively. It ts eastly seen that they are both subgroups
of C (X,G) .

Al +the (n Gl-phatne whinh me the bhoundavsee AFf (n+ 1 Gl-phatn
Al, tne (n,G)-chqins waten are ne poundaries of N+ 1,0/ -CAaLnge

ore, by
form a subgroup of Zn(K,G) which is deno*ed by Bn(K,G) . The chains in Bn(K,G) are
called bounding cycles. The (n,G)-chains which are the coboundaries of (n-1,G)-
chains form a subgroup of z"(k,G} which is denoted by BH(K, G) . The chains in
B"(k,G) are called cobounding cocycles.

Now we call the difference group
(X,G

1
o in,

n

7 Y My _n
L ta,\g) o

|
7T n n

the n-dimensional homology group of K with the coefficient group G and the dif-
ference group '

HK,G) =2"(X,G) -B"(X,G)

the n-dimenstonal cohomology group of K with the coefficient group G . The ele-
ments of H_(K,G) and H'(K,G) are called n-dimensional homology classes and
n-dimenstonal cohomology classes, respectively. Two cycles (cocycles) belongtirg to
the same homology (cohomologyl) classes are called homologous (cohomologous). We
deniote by tpn"\bn in K the fact that two cocycles 0 and of K are coho-
mologous.
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Definition V11l L &, Let K bea

Ly
[(\)
H
8
.
t=
2

nnhﬂn77en+7’on of X TF
supcoLiect A K . L]

every face of a simplex of L belongs to L , then we call L a subcomplex of K.
Suppose @ =) Yy ga;z:: ts an (n,G)—chain of K . Then we denote by { |z, ||B€B)
the totality of‘uth; abs;lute n-simplices of L . Now, to @' there corresPa;nds an
(n,G)~chain: W' =h@' of L such that

We call W' the restriction of lOn to L and @ an extension of wn over K.
[o]
P

[§

Conversely to an in,G)-chatn wr‘:)i ges? *p of L there corresponds an (n,G)-

ahain ¢'=h N of ¥ euch that

where gu:O for agB.

B) hL induces a homomorphism also denoted by hL of Hn(K,G) into Bﬂ(L,G) .

hi" induces a homomorphism also denoted by h}.{. of Hn(b_.G) into !in(KJ_G) .

. 3

Proof. It is clear that hL is a homomorphism of C'n(K,G) into C'n(L,G) and
satisfies hL(Stpn:dhLmn . Hence h.".'. maps every cocycle of X to a cocycle of L
and every cobounding cocycle of X to a cobounding cocycle of L . Therefore hL
induces a homomorphism of En(K,G) into Hn(L,G) . The proof for A, is similar.

K
Definition VIII, 7. The homomorphisms hy and hy, tn B) are called the natural
homomorphtsms. Suppose hL maps EEH”(K,G}' to eEiin(‘L,GJ' ; then é 1is called

ar. extengton of e , and e t8 said to be extendible over K,

C) Let EEH’!(K,G) be an extension of eEE'n(L,G) . If wn is a cocycle of L
which represents e , then there exists a cocycle tpn of K which represents ¢
. . P S n n
and is an extension of ¢ , l.e. th -y,
Proof. 1f é=0 , then e=0 . Hence 3" is a cobounding cocycle of L , i.e.
-;;n::G\yn—l for some (»n-1,G)-chain wn—l of L , Then Gthp"" is a cobounding

cocycle of K satisfying

e n=1_,n=1_.n
h, 8k —6thK|p Sy v,
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Thue 6;1 llln—l =lﬁn 2e tha dacirad avtencinn af I]Jn 1€ > 1ie an arhibrary
..... P ) is the desired extension of ¢ . If e 1is an arbitrary
N, -~ n n n
element, we take a cocycle @, €¢e . Then thl €e , and hence ¢ hrtpl is a
2
. . . n
cobounding cocycle of L . Hence, as above, there exists a cobounding cocycle ¢,
. . . n n n n n .
of K which is an extension of ¢ -thpl over X . Put @ o +(p2 1+ then since

1
npn€é , and hL(pn:hLLp’:+hL(p;:1p" . (p" is the desired extension.

Definition VIII. 8, Let X and L be two conplexes and f a mapping which
mang eanh vertor of X +A a1 veorntor of A > 4'e alled a gimnlacial manntrg +F 1+
maps eqacn verliexr oj A g vervexr © T8 cQiles & SUMpLeloidl mepply Ty i

S
2

satisfies the following condition: If vertices a

vee,a implexr of X ,

then f(ao),...,f(a.“) form a stmplex of L , uhege somenof flayt, ..., fla ) may
coinetde. If for an .n—simplm: .rn:(ao,.. sa,) (f(ao),.. .,f(ax)) ‘:zfs also an”n-simple.:,
then we denote it by f(a:n) .

Let f be a simplictal mapping of K inte L . For an (n,G)-chain

w":{BhByg of L , we define an (n,G)-chain an of K by
@ =yt (g hsfg;xg ,
a

where

i, _n
1“5’-:__ -1 1 f f(rnl:_nn
i I o1t JiEy ¥g s
0 otherwise.

Suppose for every yg of L , there exist only finitely many simplices .r: of
K such that f(.rf) =% y:. Then for an (n,G)=chain tpn-‘zhga.rf of K we define
an (n,G)-chain ¥* of L by

n n o n
vi=fo =] (1 g flug -
g a
D) S =rraw” , A =fag” .

Proof. We shall prove the Eirst formula only: the second one can be proved in a

similar way. Let zp":XBhBy Then

n

B -

sny’t = 6 ) thu)xn__ Y 0§ hﬁfcxmyxn+l -
a B B a a,y B B oy

=13 Wizl = Zshsfl.ng TSRS L
Y a, Y Y,
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because ) hBHJDY-Y hsz nYr is easy to check,
Lo, B TR L'Y',B J.Yr ) J
Since f* 1is easily seen to be a homomorphism of Cn(L,G) into Cn(K,G) , we

can prove, by use of D) and an argument like the one in B), that

E) f* induces a homomorphism of Hn(LJG) into Hn(K,G) « f induces a homo-
morphism of Hr(K,G) into Hn(L,G) .8

From now on we shall be chiefly concerned with cohomology with coefficient group
I , the additive group of integers, though some of the following results may be

true even for general coefficient groups. Accordingly, we mean by an 7 - chain,

" y Tyermee 1. gey 1)

[ a = { -
Qlitly Wiy 2 JTROULYLLE, & \&v,

- rarvela - m Tyv- orn~
i \..Ul._y\..l.c, 4 ) Chwa

)] e o n s
Fi CLUs 8L 74,

Definition VIII, 9. Let K be a canplex with the not necessarily countable set
of vertices a Apsaan o In addition we consider the vertices bl’bz"" correspon-

1’
grene - We define (bi,,’bi,""’bi,’ai\""’ai") (0<ix<n) to be a
stmpiex tf (a. ,a, ,...,a, ,...,a, ) t8 an n-simplex of K. lWe denote by PK the
Tyt zy Z,

eomplex which consists of those simpleces and their jaces. For an n-simplex

xnr(ai seee,as )} of X we define an (n+ I)-chain P of PK by
0

ding to aa

n
A L)
Bz Y (-1D)7(b. b see. by s@. eee,a; ),
=0 oot LSS ty

. n _ a_n
for a chain @ =} gz of kK.
. n
F) Let :fz:(ao,...,an) be an n-simplex of a complex X and ¥ =(b0,...,bn) the
- simplex of PK which consists of the vertices bo""’bn corresponding to

«aa3a_, Tespectively. Then annL'.rﬁ—yn—PB.rn .

aO’ n

® As a matter of fact B) is a special case of E) in which f is the identity

mapping of L 1into X .
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Than o LY 11 = Cov bscasa e
rrov g we puLl, L[OL OIEViLy
r_5+| =(bn_,...,bq.,a_;,...,a“) y
r_’ (8] o v s
n
zj[b_“:] (bO"“’Bi’...’bj’aJ“"“"an) 3
zrf[a}={b cae b-a---- 5 4a9 al‘
J k 0: 3 J’ JJ > k) 3 n 3
n-1 _
x: -(ao,...,&i,...,an) .
Then
n .
pe" = § (-1yel !
j=o J
J . n .
n+l T n iTn
3z = ) (-DN7z.b.d- Y (-1yaEilal),
J £=0 Jg =3 J t
n i i n-|
3 = ] D'z .
=0
n-1 to! i n t i n
P-ri = z ('l)JZo[aT:]- E (—I)JZ .[bi] .
j=o J J=t+1 J

Therefore we obtain

n . g . n .
Pz + Pax = (—|)J(i (%) - 1 (-n*ella )+
jizo 70 < £z4 J
n 1: T "'I » n n . n
G PR AR N CIPLEL 3 S R G DR IS T
30 j=0 N ji=t+ J
L 27 n g 2Z_n
= 7 DTz b )- ) (-nTzlla.]=
130 ot oi=o vt
n 2 n nol n n
=zolbgl (1 alb)- 1 zila)) -z la,)=
t=1 <=0
n n
=z -y,
because
n _n
23 vy, 17 2glag ).

This implies the desired relation.



VI11.1 G) - 222 -

n
G\ lot (1] he an » - cocvele of 1214 LJ
7 el 4 ce an n LoOCYCLe C1 (19 w

£
in the linear form @' and by g? h " 1

that of x_ an
Yg where a d Y denote
simplices which correspond to each other as mentioned in F). Then the n - chains
a_n

L n n an .
t00=zag0.ra(=hktp) and ‘°|=za9|”a of X are cohomologous in K .

Proof, Generally, for an n- finite chain w’?sy__a“z_n and an n - chain
oL

n_v Lun . oW
»2 EIJD Z, of PK we define

I, vy =] a"”
9]

where we mean by a finite chain a chain only finitely many of whose coefficients

- - - + [
do not vanish. Then, for an (n+1)-finite chain wT'+I =I‘Aalz; ' and an n- chain
J u_n .

Vs E ;b zu we obtain
= . om o 3 3 N s @ o
I(a¢n-+|,wn).: z aAnAbu-=I(wn"',6wn)
1 2 2 ") | 2
s M
Hence, we obtain
ST 20 I SO T B - SO
I(3y W ) =Iw 60 ) =0
n . . . . n+l n
for the cocycle @ and an arbitrary (n+1)-finite chain W because &0 =0 .

Thus, it follows from F) that

non o _ n n, n n. o n-1 n
0=I(3Px ,0) =I(x ,@ ) -1y o) g ngl(Pxg ',@) .
Since

n n _a n n _a
I(.ra,tp)-go and I(ya_,q))—gI .

putting

we obtain



u s P I\ tnl RO N B r- £ ¥ T e £allawe Fram th
We consider an (M- iy-cnain P = LBg IB ol & iuen 1t Io.:0wWs Irom Ine
above formula that in X
n- | B a a,.n._ an an _
8@ -ZQan =Y (2-g)z =) gxa-L gz "9y 9
o 1] 1""a 0B 1"a
a,B a a

& n
proving that o

0 and tpT are cohomologous in X .

Example VIIL. 3. The oriented n-simplex (-DX (@j,....dy.....a,, ) is

called a (positively) oriented face of the oriented (n+ 1)-simplex (ao,...,an+ I) .
i.e, the oriented faces are oriented so that the incidence numbers are equal to 1 .
» » ol £ [IRY Y _‘n+l_1— - —_ Ay
Let Tn?l be the complex consisting of an (n+ i)—simplex z, =A@ ,0raha, )
. + "
and 1its faces., Let wn:z;-(l)gk.r: be an n - cocycle where .rkz
. n+
(—I)k (@ 4iia 8,000, . ) ,k=0,,,.,n+1 , are the oriented faces of x_ '. Then
o K n+i o
n+ | n+i
n k n+ . k
&P'—'z .g.rg I=051.,e. z g =0 .
k=0 k=0
n-| . , n-1_v¢,kf n-1 kKk+ | _
Let Tip (ao,...,ak,...,az,...,an+l),w —Xh Tt where H =

kE =0 , otherwise. Then we easily see that Gwn—' =(_pn .

go+g| . +gk and h
. + |
Therefore we obtain E'n(Tn )=0 . As a matter of fact, we can show that
.
ff"(Tn I)=0 for every m.
On the other hand, we easily see that if K 1is a union of disjoint complexes ch .

R PR . R . R . _ P < R . o R .
then E{n(l() (n>0} 1s the direct sum of H'(Ka) . Hence, 1f X consists of dis-

joint simplices and their faces, then H'(k) =0 for n>o0 .

Example VIII. 4, Let X be an abstract complex. Then we define the barycentric
subdivision K' of K as follows. We associate a vertex afr') with each absolute
simplex |z'| of X . Geometrically, a(z’) is the barycenter of the simplex. Then

XK' consists of all the simplices

no nl n_L.
z ).
Ia(xan),a( ul), ,a(.raq_) |

n

h o,
where n_>n_ >,..>n. and =x is a face of =x
0 ] 1’ a

n n
h - .

o ! . If the vertices afzx h)
h- ®n

are all barycenters of Irn[ or of its faces, then this simplex is called a sub—
simplex of |z"| . 1f z"= (ay>+..,a,) is an oriented simplex, then we can decide

the orientations of the 7n - subsimplices of =x by deciding just one of them as

(a((ay,...,a ))alla ,.,.,a,));....a((a,)))
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Ia((ao,a! .az)),a((a!,az)),a((a!))l
is oriented as
-(a((ao,az,al)),a((az,al)).a((al))

because (ao,az,al) =—(a0,a|,a2). ) Suppose the n - simplices of X and X' are

oriented as above. To each 7n - chain wn':x DgByg of XK' we assign an n -chain
- P P -

o' =m" of X by

n n B.an
@ =My s ] gegx
a, B
where
. no, . . n
I rf Yy, 1is an oriented n - subsimplex of =z |,
£ = i’ °

0 otherwise,

Then we can show that T satisfies ﬂéqp-rﬁﬁwp and, moreover, that T induces
an isomorphism of HU k') onto H(K) .?

Repeating this process of barycentric subdivision we obtain complexes X' , K'' ,
... whose cohomology groups are all isomorphic to thar of X . We call th
successive barycentric subdivisions.

Let L be a subcomplex of K . If, in constructing a barycentric subdivision of
X , we choose as the additional vertices only the barycenters of the simplices which
do not belong to L , then we obtain the barycentric subdivision K' of Kmed L .
For such a barycentric subdivision we can also show that the above mapping induces

an isomorphism of H'(K'} onto H'K) .

Example VIII. 5. Let S be the complex consisting of all the faces of dimg<n
of an (n+1)~simplex. We call " the elementary n-sphere. 1f we suppose the
original simplex is oriented and its faces are its oriented faces, then we can speak
of the oriented elamentary n-sphere st .

7

1

A detailed proof can be found in W. Hurewicz and H. Waliman [1].



n

Laet us denote hy S the oriented elementary n - sphere, Then eyery n - chain
us dencte by § e oriented elementary sphere. en every chair
n kn . n o, . . . .
0] -={ g z; 1s clearly a cocycle. @ 1is cobounding in S* if and only if
n . . . + | . n .
h . ,© 1is cobounding in 7 , and, as seen in Example VIIL.3, A @ is

7
cobounding if and orly if Z gk==0 . Thus each cohomology class in s s

characterized by the value of z gk , and hence g% is isomorphic to the
coefficient group I . In view of Example VIII.4 this assertion, including the fact
thar wn is cobounding if and onrly if { gk =0 , is also true for any of the

-
successive barycentric subdivisions of § .

VIII. 2. Cohomology group of a topological space

Definition VIII. 10 . Lez u, and UB be open coverings of a topological space
R such that UB<Ucl . For every member U o] UB we choose a member U' of u,
such that U'>U . Then we obtain a simplieial mapping of N(UB) tnto V(U ) which

ts called a projection of N(UBJ tnto N(U ) and denoted by ﬂg . Then, by 1 E),

a
!\B Lnduce NU )} ints Hn( Ny
a a

4 2 hrem a0 anm/u )
A AL UJ i3 L

A) Let us consider two projections fi and f& of WN(U_,) Iinto N(UGJ » where

UB':UQ . Then they induce the same homomorphism of Hn(N(Uu)) into HH(N(UB)) .

Proof. We denote by CIRCTRERE the not necessarily countably many vertices of
N(Us} and by bl’bZ"" vertices which correspond to @) ,ayyen- in 3 one-to-one
manner. We construct the complex RN(UB) by use of Definition VIII.9, Let us define
a mapping f by f(ai) =f}(ai) and f(bi)<:fz(ai) .

Then f 1is obviously a simplicial mapping of PN(UB) into N(Ua) . We denote by

P PP RN, R r =1 1 N Y . _ .= _ Y S S P _ 1 r - 3
UBI ine subcouplex OI [V(UBI consistlng Ol the verctices 01,02,... « 1C 1§

clear that the restrictions of f to N(UB) and N'(UB) turn out to be fl and

fz , respectively.

Now, let uﬁ be an n - cocycle of N(Ua) . It is easy to see that

71

f;w"“;;w‘ in &(U

8) .

| n I _“k.;n s
For ¢

1s an A - cocycle of PIVIUB

), atd F*¢' restricted to NfUBi and
N'(UBJ turns out to be fTwp and f;wp , respectively, ® Hence, by 1 G). the

desired result follows. Thus A) is proved,

we have regarded f. as a mapping of N'(UB) into N(Ua) , since

110y U R - N« el
IUBI dilC 150oLpulLcC,,. buiL L
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11 ot A bhe a doweoted ceot E =)
Las WLt A e a axrecleéd st L. Ea

elements the order is defined such that o<B and B<y +implies a<y and such
that for every two elements a, B there is a third element Yy with y>a, Y>B .
Then we constider a collection {G_ | a€ 4} of commutative groups G, . Suppose for
each o,BE€EA with a<B a hanom'phz,sn ﬁB of G, 1into GB ig def‘ined’ such
that

:Y‘:B-:Y £rwm e R <

" " Ll lla & A I l -

»
Then we call {Gﬁ,ngl a,BE€EA, a<Bl a directed spectrum. We call g €G_ and

gBEGB equivalent in this directed spectrum i1f there exists YE€A such that

WM, W
- | -l -
Y>0,Y>3,1Tuga-'"898 n G"r'

I“I ......... 211 sabha 1. o o
ldb-‘-’ll.yl-lls All LI CiClXliLly U

——t

by this equivalence relation we
obtain a collection G of equivalence classes. We define the sum of two elements
g and g’ of G as follows. Let g, and gé be representatives of the classes
g and g' respectively. Taking Y€A with y>a,y>B, we define the sum ¢ +g'

as the class represented by the element

* *
Y Y
9" 'ntB .

It is clear that such a class is uniquely determined by g and g' . In this way
G becomes a commutative group called the limit group of the directed spectrum
*B
{(G6,m 1 .

Definition VIII. 12. let {U | a€A4} be the collection of the locally finite
open coverings of a space R . We define that a<B 1if and only if u > UB' Then
A 1is a directed set. We denote by uB the homomorphism of N

anmruB

a<B<y . Hence

(u )) tnto
a

)) dealt with in A). Then anB "Ti'Y holds obviously for every a,B,y with

LA ), §2| a,BE4 , a<B}

s e un (R} L I PR N S
group n in) , catied uvne nTQun

® The definition can also

o
1]
L -1
7]
1]
oL
rr
o
a.
(1
n
Jodn
=]
14
[l
-
1]
(2]
o]
o
=]
]
[#]
(]
o]
[17]
~
(]
2]
=0
=

[ ]
iy
=)
e

n
A
g
[®]
-
(14
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(13
r-|
v}
[
‘]
L
tn
o
(144
rT
J
[+ %
]

~ranbinnous me
COL i

E;
[+
[%}]
)
]
0
(1
%]
£
=
“,
[+

{Ual and} be the collection of the locally finite open coverings of S . Then
=f (U )- {f (V)I VE U } , a€4 are locally finite open coverings of FR.
Mapplng f (V)E(J to D’EU& we obtain a simplicial mapping of N(Ua) into

N(Ua) which we shall also denote by f . Now we can prove the following:

n n .
B) Let e ={ea} be an element of & '(S) . Then the element of H'(R) contain-
. n . . n n
ing f*e, 1is uniquely determined by e , where e €X' (N(U_}) is a representative

Proof. Let V_<V_ : rthen we put
Y a
O QU I
m=f T
e

for the mapping f of the vertices of N(U ) onto the vert1ces of N(V ), the
projection ﬂ; of N(Uy) into N(Ua) and the mapping f ' of the vertlces of

N(Ua) onto the vertices of N(Uu) . Then ﬁl i1s easily seen to be a projection

of N(UY) into N(Uu) . We now assert that
*y % *
h n n .

(m TF e =ferle’ in N(U_)
o u a a )

for every n - cocycle mg of N(Uu) . This obviously follows from the definition

of @', i,e. fA'=n'f, and this implies the desired relation.
a a o P
n  on

n
L . . .
et e, , eB € ¢ ; then for some y with UY <U01\UB we obtain
*
2R Y n
oa BeB .
Therefore

Mo, aa k.. ..
Y Y. n
mTe =f*m.e, .
f.* a f* 8 B
By use of the assertion (1) we conclude

» *

~ n ~ n
7lree” =7 pee?
18 8 P o]

. n n
i.e. f*eu and f*eB represent the same element of H (R} .

The easy proof of the following assertion is left to the reader.

C) The mapping f* in B) is a homomorphism of H'(S) into H'(R) .
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Definition

oS |
—
Ay
)
.
3
&)
o
O
]
[
<9
£
(s
e
[\
o+
h

~ narnans D mi, Ly e e e, Dra® omnn
= L AT J e OWUG it - 4 Ny

h* of HY'R) into H'(C) induced by the identity mapping (imbedding) h of C

into R 1is called the natural hamamorphism. If an elament e of HYC) is the

image of an element il of H (R by the ratural homomorphign, then " is

called the extension of €' and &' is said to be extendible over F .

Let "€ (R) , and let e €H (N(V )) be a representative of e , where V_
is a locally finite open covering of R . Then —{ UflCI[IEU } is a locally
finite open covering of € such that U (U ) . Put, for brevity, K:=N(Uu) s

=N(U_ ) ; then L 1s a subcomplex of K + Now h'en is the element of X (C)

a
[ — L An £ el e 1 Lo LY L. Y 4 ,ﬂ?II 1 . rrrll
Dy . e 1LUOL Lne naturdl nomomorpnxsm "L oL a (AJ 1nLO ia |

(s

1
Ly

Example VIII. 6. Let R be a polyhedron and X the complex associated with R .
Let X |+Kyreee be the successive barycentric subdivisions of X . For a vertex p
of Ki we denote by S(p,Ki) the open star around p , i,e. the set of the points
of (the realized) Ki whose barycentric coordinate for p 1is positive. Then
Uii'{sfp,ﬁi)i p: vertices of Ki } is a finite open covering. We note that N{Uii
is isomorphic to K; . Since { Uil'i= 1,2,... } is a cofinal subset '° of the set
of all locally finite open coverings of R& , Ye can easily see that H'(R) is iso-
morphic to the limit group of { Hn(N(U o, |Ir<J ; 4,d=1,2,... 1. It is also
easy to see that the homomorphism ﬂ: is an Lsomorphlsm of Hn(N(U J) = Bn{K ) onto
Hn(N(Ui))==Hn(K£) . Hence H'(R) is isomorphic to Hn(K ) for each 1 and
accordingly to H'(K) . Thus we can say that the cohomology group of a polyhedron is

isomorphic to the cohomology group of the associated complex.

vIil. 3. Dimension and cohomology

Definition VIII, 14, Let U be an open covering of a space R and N the
realization of the nerve N(U) . Let @ be a continuous mapping of R into N . We
denote by x(Uﬁ) the uertex of N corresponding to v, €l ond by 5, the open
star around x(U ). If " (S )cll for every anlJ, then we call @ a canonical

mapping relatiue to U .

'9 Let B be a subset of a directed set A . If for every element a of A4 there
is an element b of B satisfying b>a , then we call B a cofinal subset of A.
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A) Let @ be a continuous mapping of a space R into the realized nerve N of
a point-finite open covering U of & . Them @ 1is canonical relative to u if
and only if for every point p of R @(p) €S(p) , where S(p) denotes the geometri-
cal simplex spanned by the vertices [I(Ua) | p€ U € ut .

Proof. Let @ be a canonical mappirg and p a point of R . Let W(p)ES for a

simplex § of N and denote by r(Ua_) , T=1,...,Kk 1its vertices. Then
i

w(pJesui s T 0,00k,

which implies
—I .« _
PEV (Sa_)t:Uu_ , L5100,k
i T

by the definition of canonical mapping. Therefore

_—T =7

ScSip) , i.e. w@wip)ESip/ .

Conversely, if ¢ satisfies ©(p) €5(p] for every point p of R, then we

assume that p is a given point of to-i(Sa) , where UQEU . Then

|

-

= 7 . - I .
Ww(p) €5 _NS(p)

1%}
Cr

Hence :r(Uu,) is a vertex of Sfp) , and hence pEch . broving that © 1is

canonical.

B) Let U be a locally finite open covering of a space H ; then there exists a

canonical mapping @ of K into the realized nerve N of U .

Proof. Let U-={ U, | a€4 ) and denote by I(Ua) the vertex of N corresponding

to U(1 . For each choice of ul,...,akEA satisfying B’cl N...NU_ +#0 we define
a closed set F(al,..-,ak') of R by !

Let pEF(al,...,uk) : then we define as follows a.point.

wip) ={.r|(0-| veea .ak.p).... ,:r:k(cxl,... ,ak,p) }
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cimnlax [+il) » {1} )1 hvy 1ndurtisan amn fha mamhar L hara
SadpaTh L 1 U Fye s sy (U Fi o 1GUCCILOnNn Ot <ne niulmoey N, Whnere

a a

1 k
| .,cxk,p),.. .,.:r:k(uI ,...,ak,p) the barycentric coordinates of
necartarad 103 b ftha warel Aaes will Y -~ [T
GIIOVLLOLTU WL LII LT VOLLLLTD A v Joye e on b\ 7 ) LcapoLiivElLy.
% %%

fine

o(p)=1{z (a,.p))
:I(al,p)=l for pEF(o.I) .

Namely

to(p)Z.r(o.I) for pEF(o.l).

Assume that we have defined @(p) for k=£ . Let pEF(aI,...,al,ul+l) . Then we

put

y,(ul

Since yl(al,.
F(a )
F(a

e84y

I,...,GZ+|)
normal.

We define the

""’O‘Z‘O‘Z+|3p) .r(cx &2,..., l+|,p) for ‘pEF(al,ﬁz,...,az*‘l)
=r.(a..... a,,8 ..p) for p€F(a. ,....a,,d,,.)
it AN AN i 7L+

=0 for pEF(&I,az,....a ) .

L+l

fe0Gg,0g l,p) is a continuous function defined on a closed subset of

, by Tietze's extension theorem we can continuously extend it over

. Note that we assume A to be paracompact IT'Z and accordingly

continuous functions

Yp(@prenes@yy 1 oP) ey (B)0eees0y , oP)

over F(cxl,. ve,O

i+ I) in a similar way. Moreoever, we define a continuous function

Yy 4@ 5.0 007 ,P)  such that

0. ... 01 p) =1, (& a......a. p) for pEF(G ,a.. ....04 )
| L+ 7Y L+ 1 17 27 L+ ]t o 1 2z’ [ |

S’

=Il+l(als-- &Z'al"'l'p) fol.’ pEF(al’...’&l’a
=0 for pEF(a,,

1+
c"l'ﬁlJfl

St

=] 1af yl(al,...,G.z+|‘p)=__.=yl(0.|,...,0.z+l|p‘)=0

?
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yo(e),--050p 4P)

...,a1+|.p)+... +yz+l(a|”..,az+|.P)

we define a mapping

wip) = { .rl(al,...,cxz_”,p),...,.rZ +I(o.l,...,o.z +I,p) }

~ —_ . - . [ LN T Al [ TR RS W L I UL AP VP T

or G .,...,0 ) 1RO LT(U_ ) 5. ..,LU JJ whlch coincldgdes witn tne
1 L+ a %7 .

previously defined mapping on

F(aln..,al)u... UF(QZP..,GZ+I) .

Thus we have a mapping ®(p) of R into N which is contiruous on each
F(al,...,ak). Since U 1s locally finite, for every point p of R there is a
neighbourhood U(p} which meets only finitely many members Uu ""'Ua of U.

1 k
Then since w©(p) 1is continuous on F(al,....ak) .@(p} 1is continuous at p 1i.e. ir
is a continuous mapping.

Let S(p)-=[x(Uu ),...,.r(Ucx )] be the simplex determined by p as in A). Then it
| k

is clear that E)EETGW""'ak) , and hence @ip} €S(p) . Therefore, by A), ¢ is

canonical.

C) Let U be a locally finite open covering of a space R and N its realized
nerve. Lef ¢ be a canonical mapping of R into N and f a mapping of / into
a space S which is continuous on each finite subcomplex of N . Then fp is a

continuous mapping of A into §.

Proof. Let p be a given point of R . Take a neighbourhood Ufp) of p which
meets only finitely many members UI""’Uk of U . Then @(U{p)) 1s contained in
the finite subcomplex of N spanned by I(UI)""‘I(UR) and continuously mapped

into § by f., Thus i is continuous at p .

)

Let K, L be two complexes and KO ) LO be the realizations of X , L , respec-

tively. We consider a simplicial mapping f of X into L . Let [ao,....an] be a
cimnlax af 1 4 and n 2 paint in it with barveentric coordinatece {( r

simplex of X, and p a point in it with barycentric coordinates LZXge a0y

Then we define a point f(p) in the simplex [f(ao),...,f(an)] as the point having

the barycentric coordinates {rn,...,rn} . Then f 1is a mapping of K_  irto L,

which is continuous on the closure of each simplex of KO . We shall make no

distinction between the mapping of X into L and the induced mapping of KO

into LO R
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Y
(s
)

}
O
"

Definition VIIL. 15, Let either of X and
n-sphere or one of its successive barycentric subdivisions. We fix a positively

. . n - - - .
oriented simplex y, Of S . Let f be a simplicial mapping of K into S".

Then we define df(K) by

d(k) =} o

a

where zu denctes the sum over all posttively oriented simplices .rz of K, ad

(1 if flzl) =y
2, - n.__n

l 0 otherwise .

Dn) Let either of X and S be an oriented n - sphere or one of its successive

barycentric subdivisions. Suppose f 1is a simplicial mapping of X into st oae

A VY =~ oy R o~ 2=
L=V, Lnen J 15

ULl
J

o

iomotopic to O .

En) Let L be a subcomplex of an (n+ 1)-complex X and Sn an oriented

elementary n - sphere. Suppose f 1is a simplicial mapping of L into S* . For a
n

fixed positively oriented simplex yg of 8" and n - simplices x, of L we

define fﬁ as in Definition VIII. 15, If the n-cocycle

n 7 g 7 11
Ferryg= 1 £
0 n€A 0

R

of L 1is the restriction of a cocycle of X , then f can be extended to a
mapping F of K into 5" which is contiruous on the closure of every simplex of
K.

Proof. We shall prove Dn) and En) simultaneously by induction on the number
n.

Proof of DI) . Let us consider the l-cocycle

o] A
Q

VY e oA T b  AtaTo
wE UcliiulLe Uy yo LS v T Clid it
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o
&
w0
2.
e
O
S

=
w
[
0

=}

gxr.. Then the O-simplex =z

,...,k,(xp
o+
0

is the coefficient of (xi,xi +I) in Gwo . Hence

is also a vertex of K . We suppose

, +
=x?) are the l-simplices of S' . Then gl ' —gl

.
-
[3

o

: 00
[I it flle,,z;, N =(g5.9)) ,

T+l T _ . 0 0 _
g '9 =4-1 if f((ﬂfi,:ﬂi+|))-'(q0.ql) N

. 0 otherwise.

We regard s! as the space RI of reals mod 1| 1identifying the segment

yé-z(qoqu) in 5' with the segment (0,% in R' . For a real number I we

denote by (x}) the congruence class mod I of x . We define a real valued

[

function gfx} over K by

(glx)} = f(z) ,

! 1 L+ ! LI L+ 1
5(97'+91' I)-‘zig(r)<i(g7 +g"" I)+5 for :E[:?:,:g+|]
It is easily seen that g{x) 1is continuous, Now f(x,t) =1(tg(x)) gives a homo-

topy betweer f and a constant mapping. Therefore f 1is homotopic to O .

Proof that Dn) implies En)' Assume that

n v
@' = Fox
(1EA 0a

1s the restriction to L of the cocycle
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nB__-_'J-‘B i f R A
=4 JO haid Lol S

X nIgB-=0 for every (n+ 1)-simplex rﬁ'+| of X.
Bes ~ !

Let us denote by X and L_ the complexes consisting of the simplices with
1 r - N

dim<n of X and L respectively. By use of the successive barycentric subdivi-

n n
12

sions of Kn mod Ln, we obtain a complex Ké such that each simplex xg of X -L

e

contains an oriented 7 - subsimplex g belonging to Ké such that the star

n . . . n n
of xé in KA has no vertex in common with xB . For xB we denote by XB the
n
L

subcomplex of K& consisting of the 7 - subsimplices of *p and their faces. We apply
. . ce s s n .
the successive barycentric subdivisions to XB mod XB-{xé } to obtain a complex
. B . .
X such that there are g  subsimplices
5]

n B

N
xﬁk » K=1,...,9 of xe

. n . .
belonging to X! such that the stars of IBk in Xé have no common vertex with

B

e we are assuming g >0 without loss of generality. Put

ner, wn

B
r

each o

¥ =ui{x;| BeEa-24) .
4 P

Then note that Xé is a complex obtained by triangulating :2 ,» and thus K;IJLH

is a complex obrained from Kn by bestowing a firer triangulation. Further note

gp , ¥=1,...,8 are oriented n-subsimplices of rg belonging to K; such

. s - n . . . P . n P .
that the stars ol J‘.'Bk nhave no vertices 1n common elther wlith .'L'B Oor with each

that =x

other.

Suppose

Bk Bk

| ”.an+|), k=1,...,g ,

J:Bk—‘(a

the vertices of §' assuming that yg::(b ...b ).

and denote by bo'bl""‘b | o+ |

n+l
- i e e e . v s N
Then we extend f to a simplicial mapping g of K;tJb into 5 by

2 et £ be a simplex belonging to a complex X . Then we mean by the star of "

. ; . . . . n
in K the collection of the simplices of X which have a common vertex with x .
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We note that xgk s, k=1,...,9 are the only simplices of K; which are mapped
n . B . . .
by g to Yg - Thus each Xé contains exactly g  n-simplices which are mapped

n
by g to y. -
n+| -

Let xY be an arbitrary (n+1)-simplex of K and KY the complex consisting
n+1
of the simplices which belong to K: ULh and are on the boundary of IY . Then
it is easily seen that
d (k)= | nlgf
KJ)= n =0 .
Y T gen B
-!-l,-l
Thus 1t follows from Dn) that ¢ 1is homotopic to O on the boundary of 1¥ .
Hence, by Borsuk's theorem, we can extend g over E: * . In consequence, f can

- - JIS TR, 4 1 2 P . PR
13 K SUC'ﬁ c'ﬁar. LlL'lt: excension 15 Conelnuous oOn cic Li1o0duilc 0L ©

E J

n
and denote by L che complex consisting of the (n+1)-simplices of X which are
n+ . . . .

mapped onto Yo ! by 7 , and their faces. We may assume that cthe (n+ 1)-simplices

of L have no vertex in common. Because, if they have, then we can subdivide K

+ + T+ .
and §” I such that there appears a subsinmplex yn : of y; ! which has no
"' . If we replace y:'+' by yn-r'

. . ri . .
vertex in common with ¥, then it sarisfies

]
the desired condition keeping the value of d.(X) at O.

f
Assume
wp'+' =j*y? 1 .
4]
Then, since
n+1 _ n+l - -
¢ "] foEn and df(x)-[ =0,

by Example VIII.5 wn'+| is cobounding, i.e.,

) ot =gy

for some n -chain wn of X . We denote by Ln the complex consisting of the
simplices of L[ of dim<n . Then we regard the restriction fb of f to L_ as
a mapping of Ln info the elementary n - sphere 57 , Che boundary of y8'+| . More-
over, we denote by fl the restriction of f to L and regard fl as a mapping

. +1 . s n+l .
of L into the complex, vl consisting of Yo and its faces.
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"
SRR
. . T + . . .
for the = - chain y; of T ' we obrain an n - chain lpT of L. Since
st =y * 1
Yo" ¥
in ,:.,n+| , we obtain, using 1 D),
n n % n+l _ n+|
)" = e = = =
(2) Su =877y = 1894 = £y, ,
where ("oﬁT' denotes theé restriction of tpﬁf' to L . On the other hand, by QJﬁ
. . n r .
we denote the restriction of to [ . Then it follows from (1) cthat

&.)n+ ! =&)" in L,
and hence by (2)

s - =0 .

o . - T gTTT A s n_an_ . r ;
Therefore, by Example VIII.3, we obrain ¥, -y ~0 in L , and accordingly

(3) AR Wil
T ¥ L n
n n

(]

. . s < - - FET - o . . = == - .,C'- —
We consider the complex K'=(K-LJ Ubn . Then, slnce the coefficient fo of
n + N n+1 .

vanishes for :l:ut ¢L , we obtain

o =hy @ =0 in X',

regarding lj)n as a chain of X’ . Thus ¢ , or more precisely hK' wn is a co-
cycle of X' . Hence the element of H’n(Lr) represented by hL wn is extendible
over XK' . Therefore, by 1 ¢) and (3), "

is the restriction of a cocycle of X7 . Thus it follows from E ) crhat fo can be

extended to a mapping F of K' 1into the boundary of yg+ which is continuous

on the closure of every simplex of X' and accordingly on X' .
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De fini ng

e lid3ddl

[ Ffz) for =x€L,

glz) -'i
Flx) for x€L .
. . . . n+1 n+l
we obtain a continuous mapping g of X into Yo . We may assume that ¥g
is a hemisphere of S *1 . Therefore f(x) and_g(x) are never antipodal, and

. . + 1 ,
hence 7 and g are homotopic. Since g(}i.'Cy';' ", g 1s homotopic to zero. Thus

f is also homoropic to zero.

Theorem VIII. 1 (Hopf's Extension Theorem). Let R be a (paracompact T,)-
space of dim R<n+1 and C a closed set of R . Suppose f <is a gontiruous
mapping of C into s" . Tren F oan be extended to a gontinuous mapping F of
R into S tf and only if f*e €4'(C) is extendible over R jor every element
e€H (5°) .

Proof. Necessity, Let us denote by 4 &the identity mapping of € into R ard
by h* cthe associated natural homomorphism of g*(8) into K(C) . Since f=Fh ,
we obtain f*e - A*F*e for every element e of Hn(Sn) H

)
e of H (R} by h* | i,e. 1

nce f*e 1is the image
Sufficiency. We regard 5" as an oriented elementary % - sphere as well as a
topological space. We denote by Sfa) for a vertex a of 5" the union of the
simplices of 5° having a as a vertex. Put U0=(S(a) | @ is a vertex of 5 }.
Then N(UO) is a complex isomorphic to §" irself. We denote by yg an
oriented n~simplex of 5§ or of N(V)) . Le: e, ={y } be the element of

0 0
Hn(N'(U )) represented by yg . Put Uo _f' (U) + then f*e dn is an element of

ible over R . Hence there exist locally finite open coverings Ué , Ul or € and
dled (w(l')) sacisfying
'(i) d: 'is extendible over N(UY) for an extended locally finite open covering
U of U over A,

(i) Ug <l alf,

(iii) Ba“"-n ,

where we denoce by ‘IT_Y . ng the projections of N(Ué) into N(U;) , of N’(UB) into
N(UO) , respectively.

Denote by UB an extended locally finice open covering of Ué over R such that
UB<U Then since R 1s a paracompact space of dim R<n+1 , there is a locally



Finira Anen CAVATYriIng i ennr rhar
finite open covering g Such that
13
ord U <n+2 , U <Ugy .
o= o R
Now
L 7o ] Xy
Q a
5 rrBdn=ﬁ nBafﬂ:
BYyy Boo
hence

¥
Since d_ is extendible,

-

A% = A
\“ - L ¥ 3
Y Y

N

for some E'_:fGH"(N(UY)) and the natural mapping A* of Hn(N(U_r_)) inco }{"(N(U_;_)).

Hence

*®e ~an e aa

G 3 Q7

- h* =T

v % "o
[ VS T NI [N I e mmam T sl —maal o€ 7 DY
WELLLTI] lllPLLCD, da> sggell 11N Lue pl.UUl oL £ D),

where W denotes the projection of N(UG) into N(UY) . Therefore, by 1 C),
(_f‘n'.'g)*yg is the restriction of an n -cocycle of N(ch) . Since J‘I(Ua) is an (n+1)-

complex. by use of F‘n) we can extend f‘ﬂg to a mapping T of N(Ua) into §"

-~

LT L | R | — - _ P -l N Y R | _ s T, o TR
wnicon 1s couniLinuous n e Closure ol gdCii si1mplex OI IS y

a
By virtue of B) we can construct a canonical mapping @ of & into N(UG) . It

c

follows from C) that mp 1is a continuous mapping of R into S" . Now we denote
by fo the restriction of mMP to C . Since ©® 1is canonical, for every T €C ,
wlxr) belongs to the closed simplex of ”(“&) determined by r as seen in A).

Therefore, for x€&€C

| Y hoanm ovemses A accamerda

.
1 nas veen Proved &esschnclid

* Here we use Theorem II.6 for a paracompact space. Though
[ AT =
3 L LL <

My A
i

=
-
m
2]
la}
[1:3
=}
C -~
-
.
L o
(o
'd
v
[nl
o
rt
[1:3
(=9

v for
¥ 10T

[N
-
[

T
4
£
f
[
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of Sn whirh ncn:n.

ne fxr}
whnlich con s Jix/

o~
1 Henca ¥
ain Hence

is
homotopic to f, in C . Since fo is extendible over R , by Borsuk’s theorem i

we can extend

Theorem VIII. 2. Let R be a space of finite dimension. Ther R has dim<n
iy and only if jor every integer m>n and every closed set C of R, the natural
homomorphism of () into H'(C) is an onto mapping.

Proof. Necessity. Let e€H(C) and U& be a locally finite open covering of

C such that e has a representative e, in EﬂkN(Ué)) . We extend the covering

tir - = 1
u ¢O d 1
a

o
covering UB of K such that UB <U , and ord U6é31+l

_=11.. £ __ 2. _ —— PR . P n OV o = Y omm =17
Cdlly Illllie Oopen covering I-Ia Ol M« LWHNUOSE d4 1LULdlly

)
]
rh

By Ué we denote the restriction of UB to C . Then N(UB) is a complex of
dim<n and N(Ué) is a subcomplex of N(UB] . ¢ has a representative eg in
H”kN(Ué)) . Since every m-chain of N(Ué) Es an m - chain of H(UB) and alsg an
m - cocycle, eB has an extension EB in Hm(H(UB)) . Thus the element e€H (R)
represented by EB is an extension of e , i.e. @ is mapped by the natural homo-
morphism to e .

Sufficiency, Let dim #=m+1>n . Then m2»n , and by Theorem VIL. 10 there is a
closed set € of R and a continuous mapping [ of C into §" which cannot be
extended over K . Thus by Hopf's extension cheorem f*eEE{n(C) for some e€H (")
is not extendible over R , i.e. the natural homomorphism of HF'(R) into H'(C)

is not onto.

VIII. 4. Dimension and homology

For dimension theory in compact spaces the concept of homology is also useful. It
seems to be more convenient to intuitive understanding than the concept of cohomolo-
gy. In this final section we shall give a brief description, without proof, of the

relation between homology and dimension. Throughout the section all spaces are

assumed ro be compact T2-5paces unless the contrary is explicitly stated.

' We have proved Borsuk's theorem only in case X is metric. Buf it is easily seen

that the same is crue for every paracompact T,-space R . The only problem is to

show that [0,1]1 xR 1is normal if R {s paracompact T, . But this proposition

5 N rr Neaedenee [241]
y . [le JUWNKCEL L".J__

. | Eomne mugomegr momvies o o o~ m—— P Py
Wdd plLOvcda LOL CvELy counca lUl.ulﬂl :puce R .

cr
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16 Let A he o Adiwmente
10 A De a alrectle

agt i ete] 1 0 ~
ind L . - A W we WAL 1 va | J [ZL= 2 ¥ 4
colllection of commutative groups. If for every o,B€A with a>B a hamomorphic

mapping 'ng of G, 1into GR 1§ given such that =

€
a_

collection | G, s 1%[ a,BEA ,a>B} an inverse spectrum.

a . .
Let {G,_ : "n} be an inverse specfrum. We consider an element {gh | €4} of
(59 [~] a

the cartesian product TTQGG such that Trcé'go‘-'g8 whenever a>B . We define the

sun g+g’ of two such elements g={9a} and g':{gc;.} by

g+g'=lg +g;la€al,

Then the collection of all such elements turns out to be a commutative group G

which is called the limtt group of the inverse spectrum {Ga:ﬂg}.

We consider the collection {ch| a €EA} of all finite open coverings of a space

R. If U <UB s then, by definition, a>Bf ; in this way A becomes a direcred
sel. Denoce by 1TB a projection of N(Uu) into N(UB) . Then, by 1 E), Ti'g in-
duces a homomorphism of Hn{;',’{ua),G) into Hn{."v’(L’B),u, . Moreover, we can prov

that all projections of N(U) into WN(ly) induce che same homomorphism ﬁg of

H W) .6) into H (N(Ug),6) .

Definition VIII. 4. The limit group of the inverse spectrum

(H, WU ),6) 5 Tyl o864, a>B)

18 denoted by Hn(R,G) and is called the n-dimensional (Cech) homology group of R .

T =L 3 £ 2 L o fe adae ek 232 et s D PR P Y. I T,
471 & 5 delLinilclon we oliLeel dUUPL Il dUUlL Ll VE sl.uup l\l UL LI LCdl wualpers
mod 1 as the coefficient group G and denote the homology group by Hn(R) .

As easily seen, we obrain the same limir group if we replace A by a cofinal sub-

set A' of A in Definition VIII.12 or Definition VIII. 16, Hence for compact

spaces we may rake the collection {Ual a€A} of all finite open coverings, in-

stead of locally finite open coverings, to define the cohomology group of R by

means of Definition VIII. 12

finite coverings there exists a duality wh

'S, For homelogy and cohomology groups founded on the

P 1 i

iich enables us to translate theorems on

'S por non-compact spaces homology and cohomology groups based on the finize cover-

ings are not practical. As shown by C. H. Dowker [1] even the 1-dimensional coho-

mology group of E’l has a c-omplicated sfructure.
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n

Let C be a closed set of R . Suppose e={e_} is an element of ¥ (C)
represented by eaiiﬂn(N(U&)) . Let Ua be an e;tension of the finite ;pen covering
U& over K . Then, since H(U&) is a subsizplex of H(Uu) , we can consider the
image heaiiﬂn(N(Uu)) of €, under the natural homomorphism. We denote by e the
element of Hn(R) represented by hea . Then, mapping € to & , we obrain the
natural homomorphien ¥ {0} into (%)

.
2 ” ~F I Ac Far rha ralarinn herwusen homalaovw
YRIQLE ALAROMOrpAtLEn oL 2 N P Lico un i « &S I0T <Ni€ Taaclon oeliween NeRC.LOEY

and dimension of compact spaces it is kmown that

Thearem VIII. 3. A finite dimensional space R has dim<n 1if and only if for
every integer m>2n and for every closed set ( of R, the natural homomorphisnm
of H_(C) into Hm(R) 18 an isomorphism.

To characterize homologically the dimension of compact metric spaces the original

method due to P. S. Alexandroff [2] is also useful,

Nafinitinm ARG 19 F om ~ ~ ho masdmta AL A madala sveas £ +hn
U LI wiuni ¥YAhiy A\Je e v uo,. - -Ju.n v, -3 [#2 4 3% ) \IJ W S vl Ct"-‘l——(— i) [ ] -I-J [SLR 1 =
diameter of the set | ao,...,an} is less than €>0 , then we call {ao,...,an}

an n-dimensional e-simplex in R . We denote by X the abstract complex of the
e-stmplices in R .
Let G be a commutative group. We mean by an e-~chain (or more precisely (n,G)-t-
chain) a finite (n,G)-chain of X and by ar e-cycle a finite (n,G)-cycle of X ,
Let @' be an (n,G)-e~cycle. If " +1 =g for some (n+1,G)-8-chain e *1
then ve write cp”go .

2

Let | Eil £=1,2,... )} be a sequence of positive wumbers such that lim Ei=0 s

n ;

and tD: be an ei—cycle. Then we call the sequence & = (gp';!_, qu,__,) of those

Ei—cycles a true cycle or more precisely (n,G)-true cycle.

7

TF ¢ 0 4 =19
i) Y, L=l 8,8

=0 . then ve call &7 homolo

> Lriel: Ll s = TERTH

and 1im &
iim Q

£
Q
o
Y
o,
.4

. :
i
R and denote it by -0 .

A true cycle o of E may also be a trusz cycle for some closed set C of R .
We call such a closed set C a carrier of o' . o 1is called essential if it has a
carrier in which @' -0 does not hold.
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Theorem VIII. 4. A finite dimensional compaci metric space R has dimgn 1if
and only if every (n, Rl)—true eycle " homologous to 0 in R 1is not essential 7,

Referring fo compact subsers of a Euclidean space, one can characterize their di-
mension in connection with their complementary spaces as demonstrated in the follow-

ing obstruction theorem due ro P. Alexandroff.

Theorem VIII. 5. Let B be an r—dimensional campact subset af E' . Then there
18 8>(0 such that for every €>0 one can find an (n-(r+1}, I}-cycle o' T !
lying in ' -r having diameter < e bui being no boundary of a chain in E'-R of
diameter <&8. On the other hand, for k>pr+1 every (n-k, l}-cycle of di.?geter

<e lying in E" R is the boundary of @ chain in E'- R of diameter <e .

A 2 e
WWLitE CONULELU

e

1 ca hod provides also a useful tool for f d
that dim (AxS} =dim R+dim S . Here we quote a famous problem posed by

P. Alexandroff: To determine a finite dimensional compact metric space KA such that
dim (R*xS) =dim R+dim S

for every compact metric space S.

This problem was solved by V. Boltyanski [2] [3] by means of homological mecthods.

Y. Kodama [1] [4] solved this problem for more general spaces. '~
'7 In this theorem we may replace true cycle with convergent true cycle. 1f a true
n n n . cs n_n -
cycle @ -‘(tpl,tpz,...) satisfies @-.-w. 0 for a sequence ni] of
T
ositive numbers such that lim n,=0 , cthen it is called a convergent frue cycle.

. ana C T afonkars [ 11
CycLes, Séé o. LerSCneci Li1J.

In this theorem the concepts of chain and cycle are based on geometrical simpli-

ces, so a diameter of a chain means the diameter of the point set which is the

union of all simplices occurring in the chain with non-null coefficients. This

theorem was further developed by K. Sitnikov [2].

This problem is related with another problem, fo look for conditions in

order rthat the homology or cohomology dimension coincide with the covering di-

See E. Dyer [1], Y.
M. F. Bokftein [1] established an interesting theory to show that dim of the

topological product of compact metric spaces f and S 1is determined by the

homological dimensions of R and S .

le

19

.
maneal

mension. Kodama [21,
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i U7 i wl

defined in conmection with the homological and cohomological concepts.

Definition VIII. 19. Let G be a commtative group and R a space. We denote
by D (R,G} the greatest integer n such that the natural homomorphisn of
o (R G} 1into H (C,G) 18 not onto for some closed set C of R 20 gimilarly,
Dh(R‘,G) will be the greatest integer n such that the natural homamorphigm of

Q
~
R
3

) Tt H ‘g ) 10 wmAt 2 an
i 1"4, Ay, i h s (2] J‘Il,vl e v FOOWIIRAL H'.W JV

Dt(R_,G) we denote the greatest integer n such that there exists an essential
(n-1,G)-true cycle tn R which is homologous to 0 . In each of these three defi-
nitions. we define DC(R_,G) =g, Dh(ﬁ’JG) =0 or Dt(R,G) =0 respectively if there
is no n satisfying the condition. I for every n the condition is satisftied,

then the respective dimension i8 « , and it is -1 if R=p.

The theorems VIII,2,3.4. imply that for a finite dimensional compact metric space
R

D (R, 1
c

=N /oD
- ~n

h ity

) - A
l_f—_ltlll"\ Wil

p 21
i

) }= ? .
1

Generally, we can show that
dim R;Dt(R,G) ;Dh(R,G)

for every G and every compact metric space.

T T 22
Whilc we have so many

S e . A _Cf . f ~F At . S s L3 - L] P
LIfIerent derinicions oOr adimension, 1C 1S an 1niterescing

(=9
-n

problem to characterize a certain dimension as a function (defined on a class of
spaces) satisfying certain axioms. Let us denote by d a function on a class €
of spaces taking values in the set {-1,0,1.2,...} . P. Alexandroff considered the
following axioms to characterize dim on the class of all compact metric spaces.
Al) diT")=n for the n-dimensional simplex 7 (T_i =@) .

Az) If A and S are homeomorphic, then d(R} =d(5) .
P Y ™ - o £ I T | e [ ] [ c [ ) ot Y] - £ 3150 N - 3 = TN
ﬂ3j n—nl n2 IOT Cl105ed Sets nl , I of A , then di{f} =max{a(f ), alf, ).

-
=y

29 The dimension DC(R‘_,G) and a similar dinmension was investigated by H, Cohen [1],

A. Okuyama [1] and others.
In case dim A=~ 1ir is unknown whether this relation remains still valid.
There are more attempts to find out good new dimension functions, which were not

discussed in this book. See, e.g. O. V. Lokucievskii [2] , J. M, Aarts [3],
b a Amvete = T Wl ahtiwa [11 21 11 T | » J 21 Ty » .15, 11
Je i3e AATLS Le WNLSOLUTA (11, 2] v. 1, fONOM3TEV (4], Ve A. VdALIEV [
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Aa} 1f perf’ , then there exists €>0 such that for every continuous mapping
f of R onto Sc< satisfying pfp,f(p}) <€ the inequality d(R)<d(S)

is implied.
Obviously dim satisfies these axioms. On the other hand L. S. Pontrjagin [1]
proved that every D_(R,I_J (m>2) also satisfies the same conditions though it is

different from dim , where Im is the additive group of integers mod m . He also

proved that thﬁ,%n) for different prime numbers m are all different from each

other. *°
Further reasonable axioms for d are
AS} If d(R)=-n , then there is a finite open covering V of A such that for

every V-mapping f from R into S, d(f(R))>n holds.
A,) If R contains more than one point, and dim A=n , then there is a closed
L%

set F of R such that d(f)<d(R) , and R-F 1is disconnected.

P. S. Alexandroff [2] proved that for the class C of all finite dimensional
compact metric spaces, dim is the only function satisfying Al . AZ , A3 . AS

and A6 . But the same conditions are not sufficient to characterize dim for

metric spaces.

E. 5&pin [1] replaced condition A, with

Aé) If RzliiRi for at most countably many closed sets Ht » then d(R} =
sup d(R.} ,
i
and, by use of ﬁl, AZ’ Aé, ﬁs, A6’ he succeeded to characterize dim on the class
of all finite-dimensional metric spaces (and also on the class of all finite-di-

mensional separable metric spaces). O. V. Lokucievskil [3] characterized dim
on the class of finite-dimensional compact Tz-spaces by modifying A6.

K. Menger [2] posed the problem to characterize dim for separable metric

spaces by AI, Az, Ai, H7 and MS, where
M) If ScR, then d(S)<d(R) .
M_) For every R , there is a compact metric space S>R such that d{R}=d(S) .

8
According to V. I. Kuzminov [1], I. Svedov solved Menger's problem in the negative

when d is a function on the class € of all subsets of Euclidean spaces. If C
is the class of all subsets of Il and if n<2, then dim is the only function
on C satisfying Menger's five conditions. But the problem is not yet answered if
n>3.

J. M. Aarcts [2], S. Sakai [1], T. Nishiura [t] considered further axioms to

characterize dim for meiric spaces and separable metric spaces.

23 Relations between Dt(R,G) for various G were studied by M. Bokstein [1].
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Lebesgue dimension 9
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Lemma
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Measure
Lebesgue outer 82
outer 82
p - dimensional 81

mesh 5
Metric
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strongly-rigid 85
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Metrizable space 4
Metrization theorem 4
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Natural homomorphism 218, 228, 241

N-compact space 202
n -dimensional Cantor manifold 64
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n-dimensional complex 214
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Ordiunal number 16 Rigid metric
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subordinated 210
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absolute 215
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metric 4
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