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Editors’ Preface

A large number of mathematical books begin as lecture notes; but, since
mathematicians are busy, and since the labor required to bring lecture notes
up tothelevel of perfection which authors and the public demand of formally
published books is very considerable, it follows that an even larger number of
lecture notes make the transition to book form only after great delay or not
at all. The present lecture note series aims to fill the resulting gap. It will
consist of reprinted lecture notes, edited at least to a satisfactory level of
completeness and intelligibility, though not necessarily to the perfection
which is expected of a book. In addition to lecture notes, the series will in-
clude volumes of collected reprints of journal articles as current develop-
ments indicate, and mixed volumes including both notes and reprints.

Jacos T.SCHWARTZ
MAURICE LEvVY



Differential Geometry and Topology
Author’s Preface

The present set of notes was developed during a course given in the
1965-66 academic year. It is hoped that, in spite of the rather fragmentary

character of the notes ﬂ'nnv will be of use to sraduate students and others
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wishing to survey the materlal with which they are concerned.

Our emphasis lies on the development and application of intersection
theoretic methods for the calculation of various interesting topological in-
variants. Chapter 1 gives a summary of the usual basic generalities of differ-
ential topology. The fundamental lemma of Sard is proved and yields an
elementary proof for the Brouwer fixed point theorem. Chapter 2 uses Sard’s
lemma, and the transversality arguments originally developed by Rene
Thom, to derive the classical connections between geometric intersection
theory and algebraic homology on a rigorous basis. In the following chapter
we use these intersection theoretic results to calculate the cohomology ring
of the Grassmann spaces; the facts derived in this way form the basis for our
subsequent discussion of Whitney and Chern classes. In the second part of
Chapter 3 we use intersection theoretic arguments, combined with argu-
ments taken from Morse theory, to prove the Poincare duality theorem for
differentiable manifolds. Chapter 4 summarizes various basic facts concer-
ning fiber bundles, especially linear bundles. Chapter 5 gives an outline of
the algebraic theory of spectral sequences. In Chapter 6 we combine the
general principles discussed in the two preceding chapters with the intersec-
tion theoretic methods developed in Chapter 3 and discuss the characteristic
classes of linear bundles. In the following chapter we develop various fun-

damental formulae of Riemannian geometry; then, combining these with
the topological material developed in the preceding chapters, we derive the

verv 1hfnrnaf1hﬂ (‘rn‘nnra]m’ohnn nf thea Dinmnﬂﬂ_p nf‘"l +1'|nn1'nm A'nn tn Chorn
L AYS J 8 B WAL VLIAW A WAMILIWVARAL CLAS WL AWl W LW Wil

The remaining chapters are intended to serve as a quick introduction to
the generalized cohomology theory, and particvlarly to K-theory, which

vii



vili DIFFERENTIAL GEOMETRY AND TOPOLOGY

has played an important role in various recent topological advances. Chap-
ter 8 begins with the simple proof of the fact that certain families of homo-
topy classes define generalized cohomology theories and then applies this
general result to define K-theory as a particular generalized cohomology
theory. Chapter 9 continues the discussion of K-theory, deriving various
product relations belonging to this theory as well as the special properties
of K-theory which follow from the Bott periodicity theorem. In the third
section of Chapter 9, we show that the Chern classes define a homomor-
phism of the K-theory into ordinary cohomology theory. This fact is
then used to derive a number of interesting properties of K-theory. The
Atiyab-Hirzebruch spectral sequence for X-theory is derived in Section 4 of
Chapter 9. Mapping this spectral sequence by the Chern character discussed
in the preceding section of Chapter 9, we are able to develop the various
interesting relations between the X-function and the ordinary cohomology
theory. In Section 5 of Chapter 9 the K-theory operations originally intro-

duced hv Adams are discussed. OQur concludine Chanter 10 mqu an in-
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complete, but hopefully helpful, sketch of the proof of Adams’ result on the
number of linearly independent vector fields on n-spheres.
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CHAPTER I

General Theory of Manifolds

We begin with the concept of a differentiable manifold, or more briefly
manifold.
oot

Definition (1): A manifold M is a separable metric space W1tha ~syste:m of
open subsets {U,} satisfying the following properties: (i) M = U U,, (ii) for

asnh o~ tha Tr _s Fm (em 2o 4Lk A
each &, there is a map !La. Uy = L7 (L™ 15 14e m-duucquGﬂal Euclidean

space) such that A, is a homeomorphism of U, with an open baill in E™,
(iii) for arbitrary & and 8, the map A,z of hy (U, n Up) » E™ is smooth,
i.e. C™. The sets U, are called “coordinate patches on M and the maps
h,hy * are called “change of coordinate maps”; mis called the dimension of M.

One can apply the notions of ordinary local analysis to manifolds. For
example, if ¢ : M - M, is a map from the manifold M into the manifoid
M, , we say ¢ is C® or smooth at the point p € M if there exist coordinate
patches U, = M, Vi) & M, such that p e Uy, ¢(p) € Vy(p and such that
the composite map gg,)dhy ' : h(U,) = E™ is C* at h,(p) € E™. Here, h, is
the map associated with U, and g4, is the map associated with V,,,. We
say that ¢’: M — M, is a diffeomorphism between M and M’ if ¢ is a homeo-
morphism which is C* at each point p € M and which is such that¢—is C*
at each point ¢ € M, . Let us note, incidentally, that if ¢ : M —» M, is C® at
p € M, then g,bh, 1 h(U) > E™ is a C™ map at h(p) for all coordinate
patches U,, V, such that p e U, = M, ¢(p) € V, = M, . In fact, g,dh; *, when
restricted to an appropriate subdomain, is equal to

gyg;(i)gam‘ﬁh; lhph: t= (g0 g;(f,)) o (gemoPohy 1) o(hpohy 1)-
Condition (iii) of Definition (1) tells us that g,g5}, and k. * are C®, while

6¢(p;¢hp_l ig Cm T-nr ocen}'npbnn Hence the r‘nmpnelte map 1sC f“’o ag aesenpd

This shows that the notion of differentiability at a point is invariant, i.e. co-
ordinate free.



2 DIFFERENTIAL GEOMETRY AND TOPOLOGY

Letf: M — E* be a smooth function at each point p € M. We say that fis
horizontal at p if, in coordinates, all first partial derivatives of f vanish at p.
It follows easily from the chain rule that the notion of being horizontal at a
point is invariant under coordinate changes.

Definition (2): Let + be a linear functional, acting on the set of real-
valued smooth functions on M. If, whenever f is horizontal at p, we have

. -rf= 0 we caVv 7 ic a tanaent nestor ta M at n
IlJ \l’ Y & IJ“J v AW 4 IW.GDJ.I [ g w1 &) 1V ] WA ATE “‘F

The following definition is easily seen to be equivalent to Definition (2).

Definition (2'): Let 7 be a linear functional, acting on the set of real-valued.

smooth functions on M. If 7(fg) = f(p) ©(g) + g(p) *(f), we say 7 is a tangent
vector to M at p.

If fis a C real function of a real variable, then integration by parts yields

S -0 = j f'(s)ds = F(0) + ---

+ w1 L f (1 — sy o (s) ds.
n! n'Je

If now g is a C ® real function of mreal variables and if x € E™, set f(5) = g (sx),
and then substitute in the above formula. We obtain

8 = 80) + LO&) O + - 3, (Brg) O 55" + -

=% @et,® O " oo 5"

M — . .
J A =9, (0i,..1,,,8) (6x) X <o x™* 1 ds,

=||—|

where
d'g
@x') <+ (0x™) a0

Let g: M — E* be smooth. We say that g is n-horizontal at pe M if, in
coordinates, all partials of g up to and including order » vanish at p. In the
above formula, it is clear that the integral term is n-horizontal at x=(0,...,0).
The term g(0) is a constant and we call the sum of the remaining terms the
principal part of g(x). Hence, near x = 0, g(x) can be written as the sum of
a constant, a principal part, and an n-horizontal part.

(@:,...1,8) (0) = = (x1, ..., x™).
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Definition (3): Let 7 be a linear functional, acting on the set of real-
valued smooth functions on A4. If, whenever f'is n-horizontal at p, we have
zf = 0, we say 7 is a jet of order n (or more briefly, n-jet) to M at p.

Clearly, the notion of tangent vector and 1-jet coincide. 3¢

‘We shall now see how to express an n-jet at p in terms of coordinates at p.
Seletg: M™— E*besmooth at p e M and suppose that in coordinates p cor-
responds to (x!, ..., x™) = (0, ..., 0) = 0. Suppose 7 is an arbitrary n-jet
at p. From above, we have g(x) = C + p(x) + H,(x) near x = 0. Here, Cis
a constant, p(x) is the principal part of g(x), and H,(x) is the n-horizontal
part of g(x).

By definition 7 (H,(x)) = 0. Moreover, if Cis a constant, C is k-borizontal
at p for all k = 1, in particular for k = n. So 7(C) = 0. By the linearity of
7, we have

wg) =1 (p®) = 7 (T @:g) ©) x* + - + ;:-, Y @, -+ 0,.8) (0) x* - %)

=Y (02 @) v(x") + - + i Y @, 8,8 (0) T (x" - x™).

Sctting
(x) = a)@), ..., T (-’Ci1 x'") = a,...1,(7),

we obtain

(@) = . (01g) 0) ai@) + - + %2 @11, 2) ©) Gyt (2).

The real numbers a/7), ..., a,..., (z) are called the coordinates of 7 at p.

If we put n = 1, we have

(&) = ¥ ) -—,

or

T =Y afr) _6_
ox}

We can define the sum of two n-_]ets T, 11 and the product of an n-Jet bya

bbd.l.d..l ll.l I.IJ.C UUVlUle manner. DU LIJ.U DCL U]. H'_]Clb d.L a PUilll,P J.U.I.]J.lb a Lll.lCd,.l.
space, the n-jet space at p. We call the 1-jet space at p the tangent space at p.
If f: N*— E'is a smooth function on the manifold N, we write fe C °°(N)

] 1---\ o Nra Wil B Y

f now ¢ : M™— N™ is smooth, then f'e C*(N) implies fo¢ € C*(M).

Lemma (1): If ¢(p) = q and fe C®(N) is k-horizontal at ¢, then fog is

k-horizontal at p.
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& PP N D Py | S W R
(j=1,2,...,n). Here (x4, ..., Xp) ai€ COO muatcaatp an

coordmates at g. So

of (¢(x)) _ f ($1(x), ..., du(x))

0x; 0x;
—_ Yn" af((ﬁl(X)L. ) ¢n(x)) a¢1 (xl L xm)
=3 ] .
J=1 a7 0x;
Therefore, since af(c,b(x)) =0for j=1,2,...,n CACIE)] =0

ay.! lx =0 o o axt lx=0
fori=1,2,..., m. Similarly we can prove that all partials of fo¢ up to
order k vanish at x = 0.

Q.E.D.

If now 7 is a k-jet on M at p, we define (f) = 1 (fo ¢) for fe C*(N).
rrom Lemma (1), 1t follows that 7 is a k-jet on N at g = ¢(p). We write
7 =¢,(7) and call 7 an “image k-jet”. The following properties follow im-

mediately from the definition.

@, (r + 1)) = (@) + ¢,(x1)
(b) 1-jets = 2-jets< 3-jets < ---

Definition (4): If =(p) is, for all p € M, a tangent vector at p, we say 7(p)
is a tangent vector. jjﬁlgl Define the real-valued function gby g(p) = #(p) (1),
f e C*(M). This gives rise to a mapping T': f — g. If g is a smooth function
for all feC™(M), we_say.T is a smooth vector field. Clearly T (fg) = fTg
+ gTf.

Similarly, we can define the notion of a k-jet field.

Lemma (2): If 7, is a ky-jet field and T; is a ky-jet field, then (T373)f )
=T, (T2f) is a ky + k,-jet field.

Proof: If T, and T, are both smooth, the composite map T T, is also -
smooth. It remains to show that at each point pe M, T\ T, gives rise to a

I- - 10t Thit ag oo hava chaom nha in nanrdinatog at n ig n mnartinl
nl T nz J\-fl, uut’ a4 YY e u.a,vt.« DIV ¥YYIL uuuvt.«, 111 UUUJ.U.I.IJ.“LUD GDP, £ 2 19 Q Pmual

differential operator of order k, and T is a partial differential operator of
order k,. Hence, T, T, is a partial differential operator of order k, + k.

M T T

Q.E.D.

Let ¢ : M — N be smooth, p € M. Denote by 7,(M) the tangent space at

p. We have shown that there is a linear map @, T(M) = t4)(N). We define.
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‘the rank of ¢ at p to be the dimension of the image of 7,(M) under ¢,. We
denote the rank of ¢ at p by rank, ¢. If x is a coordinate vector on M at p
and y is coordinate vector on N at ¢(p), then ¢» can be written locally as.
@(x) = y. It is easily seen that the linear map ¢, is represented in matrix

1 5@' lL (¥}
0X; b= x(p>

Remark: If p, — p, then lim rank, ¢ = rank,¢. Indeed, choose a co-

form by the Jacobian matrix

. Hence rank, ¢ is equal to the rank
of this Jacobian matrix.

n— oo
ordinate patch U around p. For n sufficiently large, p, € U. If now
rank fh = r, the Jacobian determinant evaluated at pr has a nonvanishing

S lviiiap Y 9 WEES W iAW NS AlEAL W VWA LEARZIIdRAZ w TR i o g ZELELS SesiRidARA a2

minor of orderr. But since the determinant is a continuous function of its
entries, it follows that the chosen minor of order » will not vanish for p,
sufficiently near p.

Note however that the Jacobian determinant evaluated at p, may contain
nonvanishing minors of order exceeding r. When this does not occur, we
say ¢ is locally of constant rank.

If¢: M™ — N”, the maximum possible value of rank, ¢ is min (m, n). ~

{;f If rank, ¢ is maximal, we say p is a regular point of ¢; otherwise, we say p
\ 18 a smgular point of ¢.

Lemma (3): If at p, ¢ is locally of constant rank, then there are coordinates
in M at p and N at ¢(p) such that ¢ appears as @ [%, ] = [%, 0].

L s

Proof: Let x = (x4, X3, ..., X)) be a coordinate vector on M at p and
suppose p corresponds to x = 0. By assumption, rank,¢ = r in a ncighbor-

Haxs N

D
hood of p. Hence, 1n a neighborhood of x = 0, the Jacobian matrix ikt
has a nonvanishing » x r minor. Without loss of generality, assume 0x;
0 Ax It
detl—t; 1<i,j<r|#0
axj

near x = 0. Let
Uy = D, (X1, .05 Xm), k=1,2,...,r

Uy, = Xg, k=r+1,..-,m.

Then # = (uy, ..., 4,) can be taken as a new coordinate vector on M at p.
In fact, the determinant of the Jacobian of the transformation (x,, ..., X,,)
— (uy, ..., uy,) at x = 0 is easily seen to be non-zero and we can apply the
implicit function theorem. In this new coordinate system, ¢ is represented by
a new function @’(x) and moreover,

Dy (uy, ..., u,) = U k=1

= N\ TEESI TTRUL "ll'.’

1 Schwartz, Differential
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The new Jacobian matrix is
/1 \
) 0
0%, 1 <i<n, 1§j§m"= !
ou., D’ . .

i 9% i iall s SN

alu1|'+1 .

* .

o,
\ ou, /
Since the rank of this matrix is exactly r in a whole neighborhood of u = 0

we must have 8®,/du; = 0 in this neighborhood for &, # > r. Hence, for

o >r, D, (uy, ..., u, is actually a function of only the first » coordinates
2w 1a € (u TR dj 'ETD Y TFf now vy 1c tha ﬂnnfﬂinafn

ui,.-., lllr’ EX L i ra\“i, “euy Wn}"__ \“1,!..,"} Ak Al J bdil WANRILALLAL

vector on N at ¢(p), we set
Zr = Yi» k=1,...,r
_ﬂ(yla---ayr)a k=r+1,..,n.

Since the Jacobian of this transformation is nonzero at p we see that the
transformation Vi oens y,,)—> (zl, ..-s Z,) is a valid coordinate change at

4-;/-. I Y o ¢ b P ' o
D (tiy,y ..., Uy) =0, k=r+1,...,n.

This is the desired result if we write £ = (uy, ..., %), ¥ = Upp1s -rs Um).
Q.E.D.

Corollary (1): If rank,¢ is maximal and m = n, then for given coordinates
x on N at ¢(p), we can choose coordinates [x, y] on M at p such that ¢ is
represented by @ [x, y] = x.

Corollary (2): If rank ¢ is maximal and m < n, then for given co ordmates

r"ﬁ 111 rar hr ﬂ* t‘l{’l‘ YA AW f‘hf\f\ﬁﬁ fatal f“:“ﬁ
X, ¥V1 Ol iy av gy Py, wt Can Coo008C CO0IGINg

given by @(x) = [x, 0].

~ Definition (5): Let M™ and V® be manifolds such that V= M, v £ m. We
say that ¥ is a submanifold of M if in appropriate coordinates V appears lo-
cally as a plane. This means that there is a system of coordinate patches
{U.} on M such that {U,nV} is a system of coordinate patches covering V
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and if x = (xy, ..., Xu) is the coordinate vector on U,, then U, n V appears
a8 (Xpg1s - Xm) = (0, ..., 0).

Corollary (3): Let m 2 n and supposed : M™— N If Wis a submanifold
of Nand if ¢~ (W) contains only regular points of ¢, then ¢—*(W)is a sub-
manifold of M and codim (¢~ (W)} = codim ().

Proof: Let pe¢~ (W) be arbitrary Then g = ¢(p) € W. Now, there is a
coordinate neighborhood ¥on N at ¢(p) with corresponding coordinate vector
X = (X4, ..., Xp) such that ¥ n W is a coordinate nelghborhood on W at
¢(p) and where x restricted to W is of the form (x4, ..., x,,,0, ..., 0). By
Corollary (1), we can choose coordinates [x, y] in M such that gb is given by
DXy, ey Xyps X 15 c-o5 Xms Vg 1s «+0s Ym) = (X1, ..., X). Hence, if Uis the
coordinate patch on M at p corresponding to the coordinate vector [x, yl,
¢‘1(W) N U appears as [Xy, ..., Xw> 0, ..., 0, ¥pi1s---» Yml- This proves
that ¢~ (W) is a submanifold of M. Finally, codim (¢~ (W) =m — (w
+ (m — n)) = n — w = codim (W).

Definition (6): A subset e of a manifold M is said to have measure zero if -
hy (e 0 U,) has Lebesgue measure zero for every coordinate patch U, on M,

T\Tnf1nn fhof a cat af meacthira 7ara hac amntyv intariar 'T'I'\n 'Fn"n“riﬂn- im-
at & set O measure Zero nas \..u:.yu..y 1Rl IV, AUV VYL 1

portant lemmas will be very useful in the future discussion.

Lemma (4) (Sard): Let¢ : M — N be smooth and let S < M be the set of
all singular points of ¢. Then §(S) has measure zero.

Lemma (5): Every connected one-dimensional manifold is diffeomorphic
to either an open interval or a circle,

Before proceding with the proofs of these lemmas, we shall show how the
Brouwer Fixed-Point Theorem can be derived from them. The following

nennf AF Deranumaer’s thanram 1o namnlatalyy snan samhinatarial nAd caruac +n
P.I. WIVAL W BV VWWL D LD WAL AL 1D \JUMIPLCLCIJ’ uUu-UUll.l.UluabU.l.lal. au.u DLL YLD LW

illustrate the power of the differentiable approach to topological questions.
Later, we shall apply these lemmas in a more serious way.

Recall that Brouwer’s theorem states that every continuous self-map of the
closed n-dimensional ball has a fixed point. Let Bf = {x = (Xy; ..., %)
lx]| £ r} be the closed n-ball of radius . We claim that it suffices to prove
Brouwer’s theorem for differentiable maps. For suppose f: Bj — By is
contingous. Let s,: B] —» B{., be the retraction of B] onto its subset
Bi_,. In formulas, we can write

x if |xff<1—e
x) = {ﬁ-’iﬁ (1-2 if [xI=1—e.
\lell . .

1u  Schwartz, Differential
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It is clear that d (f, =, f) < e where d is the supremum metric. Consider now

the maps . pn n
ﬂl[mf-Bl_’Bl—llma m =2, 3,...

By the Weierstrass Approximation Theorem, we can find C*® maps ¢,, such
that d (7 f, ¢) = 1/m. In particular, this means ¢,,(B}) & By. Assuming
Brouwer’s Theorem for smooth maps, there is an x™ € By such that ¢,(x™)
= x" m = 2,3, ... Using the compactness of B} and passing to a subse-
quence if necessary, we may assume x™ — x_, € B}. It follows from the contl-
nuity of f and the triangle inequality that f(x_) = x

To prove Brouwer’s theorem for smooth maps, it sufﬁces to prove that
there exists no smooth map ¢ : Bj — 3B} such that ¢|dB] is the identity
(éB; = {xl]l.xu = 1}). It is a standard result that this last statement is
equivalent to Brouwer’s theorem and we do not stop to prove it [see Hure-
wicz and Wallman—Dimension Theory). We should note, however, that the
proof is geometric and completely elementary. What remains then is to
prove the no-retraction theorem for smooth maps. Suppose that there were a
C® map ¢ : B® - dB" whose restriction to dB" is the identity map. To say
that ¢ is smooth on B” means that there is an extension of ¢ to an open
neighborhood N(B™) of B which is C*. (Later, we shall use this definition of
differentiability when we speak about manifolds with boundary.) Now
¢ : N(B™)— 0B" is a smooth map from an n-dimensional manifold onto an

_ _rt-lmnnniﬂnol cnhmanifald TFf Cic tha cat Af cinon lnr nainte af A thon hy
" WRLAILILAIOIVAIGL DWVUILILIGUILILVILL. A1 A7 1D Ll Ow L VL Dlusul.m PU].LILD LY ¥ lP Irl.ll-«ll UJ

Sard’s Lemma, ¢(S) has measure zero. In particular, there is a p € dB” such
that p ¢ ¢(S). By Corollary (3), ¢~ *(p) is a one dimensional submanifold
of N(B™. Let K be the connected component of ¢~ (p) containing p. There
are two possibilities (Lemma (5)):

(i) K is diffeomorphic to an open interval. Now K is a closed subset of
N(B™ and heénce K n B"is closed in B". Let K be parametrized by {n(s): —
< § < 400} and suppose 7(0) = p. Now first of all, K must pierce 0B” at p
i.e. it cannot be that K & B” or K & N(B") — B". For otherwise K would be
tangent to 8B" at p which would contradict the regularity of ¢ at p. (Later, we
shall meet this situation in a more general setting when we talk about trans-
versality.) As (0) = p, n(—e) must lie either inside or outside B” for small
&. We suppose n(—¢) is in the interior of B". Then %(s) € Int B” for all
s < 0. Otherwise, ¢ = %5(5o) € 0B" for some 5, < 0. Now g # p for other-
wise K would not be diffeomorphic to an open interval. But, since ¢|dB" is
the identity, g = ¢(q) = ¢(n(so)) = p. Hence s, cannot exist. Similarly,
1(s) € N(B") — B for all s > 0. So consider the set of points in B” of the
form 5(s), s < 0. Let {s,} be a sequence of real numbers tending mono-
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tonely:to — oo and consider the sequence of points {#(s,)}. Passing to a sub-
sequence if necessary, we may assume lim #(s,) = p, € B* exists. Now

n=w

¢ ((s»)) = p for all » and by continuity of ¢, ¢(p,,) = p. Thus p,€d™(p)

N Kn B" = K n B*since K n B"is closed in B™. But this clearly contradicts
the fact that X is diffeomorphic to an open interval. Hence case (i) is com-
pleted

(i) ¥ ic diffeomornhic to a circla—Ac in (i) it cannot he
\ll/ Ak A M-IJ.L\-VJ-I--IV mv LW W WAL Wik 4 kLF AAl \ll’ Ab WilAlIIW L A

t
completely inside B" or completely inside N(B") — B". But since K is essen-
tially a circle, K must intersect dB" in two points, i.e. K n 0B" = {p, g},
G # p. Dut,, asin (1) qg= (p(q‘) = q"}(p) =p,a buﬁﬁ'&dictlﬁn This pIG’v'éS case

(ii) and completely proves the no-retraction theorem.

K liec
A LA%W LY

tha
Ki

Proof of Lemma (4): Let p € M and set ¢ = ¢(p). Pick a coordinate patch
¥, around g and then, by continuity of ¢, find a coordinate patch U, around
p such that ¢(U,) = V,. We can then find a coordinate neighborhood U,
around p such that U, U,, U, is compact, U, is homeomorphic to an m-
ball B™ and U is homeomorphic to Int B™. Now ¢(Us)< V, and ¥, is
homeomorphic to the interior of some open ball B So ¢ can be regarded
locally as a map ¢ : Int B™ — Int B". Now M is a separable metric space and
we can therefore cover M with a countable collection of coordinate patches
of the form U,. If we can therefore prove Sard’s lemma in the case ¢ : Int
B™ — Int B”, we may then use the complete additivity of Lebesgue measure to
prove Sard’s lemma in the general case. Denote Int B* by W* We prove that
if § is the set of singular points of the map¢: W™ —» W”, then ¢(S) has
measure zero. We may regard ¢ : W™ — W™ as a restriction of the corre-
sponding map ¢ : B” — B”, and we observe that all functions and their deriv-
athPQ are '!lﬂTfOl'le Cﬂﬂflﬂ'ﬂOHQ

=y £ SRS AR e R Y

Case 1, m <n In this case, we show ¢(W™) has measure zero. We write

wm f 1 ~onh h of cid fand tharaf; ach of
a3 o WHililwsal WL D111l UUUU ) Wl Wwill WL iV © ‘I“uu I-I.l\.;.l.\-rl\.l W Wil WL

volume &™). We can choose the e-cubes in such a way that their total number
does not exceed c/e™ where c is a constant independent of & (¢ is essentially

crmTitimm s ol TATIN TN pom b Al ol 1. D(E) Yoo ArYTZEN — J. /1y nleh
l.l.ll'.'. YOLUunIc o1 »y- ). LIENOLE L€ E-CUUES Uy Iy . J.‘IUW gvy ) = (U g )

= U@(R®). Since ¢ is differcntiable, diam (¢p(R{®) < Ke where K is in-
i
dependent of ¢. Hence, Vol (4)( R{®)) £ K'e* where K’ is independent of «.

Finally, Vol (¢(W™)) < K's" — = K’ce"™ ™ This converges to Zero as
e

&g — 0 becanse n > m.

-~ Fiws



10 DIFFERENTIAL GEOMETRY AND TOPOLOGY

Case 2, m 2 n: Let S; be the set of points in W™ where the rank of ¢
exactly equals k. It is enough to prove that ¢(S)) has measure zero for each
k < n. Let P be the mapping of E® into itself which projects every n-vector
(&1,002, cey 0p)INtO (g, %2, .-os Cpy 1,0, ..., 0). Clearly Pg is still singular
on S;. If we suppose Sard’s lemma holds for the case n =k + 1, then
P¢(S,) has measure zero (in this subspace). By a result in measure theory
(essentially Fubini’s theorem), we know that if a set e = E™is such that P(e)
has measure zero, then P~ ! (P(e)) has measure zero. As e < P~ (P(e)), this
means that e itself has measure zero. In our case, we have ¢(S;) = e and
bence ¢(Si) bas measure zero. It remains therefore to prove the following
statement: If ¢ : W™ — W¥**1, then ¢(S,) has measure zero. We proceed by
induction on m. Form = 1, we must have k = Qand¢: W' - W'ie.¢ is
a smooth self~-mapping of an open interval. S, is just the set of points where
dd(x)/dx = 0. Cover S, with a set of intervals R{® of length ¢ in such a way

that the total number of intervals does not exceed ¢/e where ¢ is independent
of ¢. For each i, we claim that :M'R(")\ is a set of diameter not mrmnpdmo Ke?

N A ey e TP WALRIAL AL YN Akt v Ve wWa walpliie v s Ldiw v wiie'e w wass

where K is independent of ¢. In fact let x, € R$’ 1 S,. Then doldx|;=x, =
If x is any other point in R{”, we apply Taylor’s formula to obtain

|6(x) — d(xo)l < K |x — xo|*> = Ke?.

Hence, ¢(S,) < ¢ (U R}”) = U ¢(R{”) and hence
i i

Vol ($(So)) < < Ke? = ¢cK - e.
&

Lettinge — 0, we have
Vol (¢(So)) = 0

We now assume the theorem true for all integers less than » and try to
deduce the theorem for the integer m. First of all, assume k = 0. Then
¢ : W™ - W!is a smooth real valued function. Let Sg be the set of all points
in W™ where all the partials of ¢ up to and including order m vanish. By
exactly the same argument asin the case m = 1, we can prove that ¢(Sp) has
measure zero. Now let § be the set of all points in ™ where all the partials
of ¢ up to order j vanish, but where some j + 1-st partial does not vanish, i.e.
if p €S), thereis a » = d’¢p such that p(p) = 0 but dyp (p) # 0. Now p is a
map from W™ — W?! and is regular at p. Let U be a neighborhood of p in
which dyp (x) # 0. By Corrollary (3), the set ¢~1(0) n U is a submanifold of
Wm of dimension m — 1. Since W™ is separable, this means that SJ is

. m
contained in a rnnntable union of submanifolds of W™ of dimensionm — 1.

NS AL WYL I. ALL %W WARSRRLL g A W R ek LT Vbl AR AN AL LTA



GENERAL THEORY OF MANIFOLDS 11

By the induction assumption and the complete additivity of the measure, it
follows that$(S?) has measure zero. Now S, = Sy u S5 U - Sy~ U Sp;
hence ¢(S,) has measure zero.

Suppose now ¢: W™ —» Wi+l k + 1 <m, k > 0. We want to show
@(Sy) has measure zero. Let p € Si; in a neighborhood of p, thereisa k x k
minor of the Jacobian matrix [|0®,/0x;| which is nonvanishing: By the im-
plicit function theorem, we can find local coordinates at p and ¢(p) such

that the map ¢ is given by(li (x, ) = [x,f(x, )]. Here x = (x;, X2, ...5 X&),
Y = Vig1s --» Ym) and f(x, y) is a real-valued function. If U/is the coordinate
neighborhood corresponding to the coordinate vector [x, y], then clearly

of (x o -
Sy n U= <{[x,y] Y& = 0}. Again using the separability of W™, we
dy;
can that C 1o nantainad in a ranntahla vanian AF cate AF tha tyuna
DWW LLIGL W 1D VVLILALLILAE 1L 4 VWV WLILG ULV UllIVLIL V1 DLLD V1 RlIv L P‘-ﬂ

Hence it suffices to prove that the measure of the image (under ¢) of such
a set has measure zero.

Now, $(Sp) = {[x, A1t =F(x9), -"’-f-g-‘—y)- —0; j=k+1,...,m
Vi
. - ( of(x,y)
Fix x = % = (%, ,x,,)andconsﬂeri[x At =f(&,y), 2222 = 0;
0y;

J=k+1,.., m} Forfixed X, f can be regarded as mapping the coordinates

Yit1s c-os Vm intolthe real numbers ¢ = (%, y), i.e. f: W™k 5 W1, If we
denote by S, the set of singular points of £, it is clear that §, coincides with

: af (X, v) .
the set of all y such that-‘L—:?—’—-f-’— =0,j=k +1,...,m. But here we have
Vi
st the situation discussed above (namely, when k+1=<m,k=0)andit

ows that (P(D 0) has measure zero. But (,D{O 0) is ESSEII[I&IIY

of (x J’)

jus
n~_ 1
I

—0,j=k+1,...,m}

J

{1 =56,

and hence this latter set has measure zero. Thus ¢(Sy) is such that its inter-
section with each vertical line {[X, 1]| —¢, < ¢ < £,} has measure zero. Again
appealing to Fubini’s theorem, we deduce that ¢(Sy) itself has measure zero.

This completes the proof of Sard’s lemma.
Q.E.D.

Syl 1 A A



12 DIFFERENTIAL GEOMETRY AND TOPOLOGY
Let £ be a smooth vector field on the smooth manifold M. If y(7) is a
differentiable curve in M, then we can define 5—- y(@of = ;;i S ((@). This
t t

gives a tangent vector at each point y (f) € M. Given p, € M, we want to find

a differentiable curve y (¢, po) in M passing through p, such thatg-y(t) of
» t }

= Do f. This leads to the initial-value problem g-'y (t,po) =2 (y( t Do),
t

v (0, po) = po. Expressing the problem in local coordinates, we are able to
apply the classical theory of ordinary differential equations. See S.Long’s
book for the relevant theory of differential equations.

We now proceed to the proof of Lemma (5) on one-dimensional connected
manifolds. Suppose M is a connected one-dimensional manifold. Let U be a
maximal coordinate patch on M. The existence of U will be established later.
Now U is diffeomorphic to the open interval (—1, 1);letp(r), -1 <t < 1,
be a 1 — 1 parametrization of U. If U/ is closed in M, we are finished. In fact, U

is open and closed in M and since M is connected, U = M. Thus, in this case,
M is diffeomorphic to an open interval. We assume then that Uis not closed.

Thnn there pvmfc a seqguence f -1 (‘Fnr Anﬂnifnnpcc\ c'nr-h that » (f \ —

¢ U. We take a coordinate patch ¥ around Do NOW Vcontams some point
in U, say p(4) (where —1 < A4 < 1). We choose a coordinate patch ¥ around
P, such that ¥ has compact closure ¥ in V.As Pis d diffeomorphic to a
closed interval, we can moreover require that one of the endpoints of ¥ be
p(A). It follows readily that all points p(f) for ¢ > A lie in ¥ and then plainly
p(t) > p, ast = 1. We claim that U/ n ¥ is one of the two following sets:
(@) {p( |t > A}, |

) {p@® |t > A v {p@® |t < B forsome B between —1 and +1}.

To see this, we observe that one of the following statements is true;

{1 Ae t— —1 nf hac nn limit
1x) a5 2y, ) Uas GO Lk

(2) Ast— _1 p(t)_".p—oo andp—-oo ?l:Poos
B)Ast— —Lp(t)> p,ie.p_, =P,

If either (1) or (2) holds, we can choose ¥ and ¢ > 0 so small that ¥V n {p(?)|
t < —1 + &} = ¢. For otherwise, there would exist a sequence p(z,), f, > —1
such that p(t,) = p.. But this would imply that p_  exists and thatp__, = p.
Thus, if either (1) or (2) holds, then (a) is true. On the other hand, if (3) holds,

then clearly (b) is true.
We consider first case (a\ We shall prove that there exists on Uu V a

LS ARE R



GENERAL THEQRY OF MANIFOLDS 13

vector field & such that (i) on U, and in the coordinates of U, & is positive
and bounded, (ii) on ¥, and in the coordinates of ¥, 2 is positive and bound-
ed. To see this, we note first of all that we may assume that the change of co-
ordinates map from U to ¥ has positive derivative. For otherwise, we 1everse
the coordinate on ¥ (i.e. if 5 is the coordinate on ¥, replace s by —s). We now
construct a vector field &, on U which is nonnegative and bounded on U. To
do this, construct a C® real function f; on the interval —1 < ¢ < 1 such that
fi = 1l on (-1, A) and such that f, tapers off smoothly to 0 before reaching
t = +1. Let 2, be the vector field on U which, when expressed in coordinates,

f the form Ff(D d , . T 2o Affan Thin #+a
LI LUC 1VIIIL J]_\l} EE‘. I'\DDULIJC HUYW y Id uUllivwill .l.pl..l.l.U v
—1 < § < 1 while ¥is given by —% < § < 4. Construct a C® real function

f'.. on the interval —1 < s < 1 such that f... = 1on[—1, 1] and soch that fo

WAA & aa e n M erwan wiifew Zy 23 T Rl LIeLJ 2

tapers off smoothly to 0 before reaching s = —1 and s = 1. Let &, be the
vector field on ¥ which, when expressed in coordinates, is of the form

ic ~
Id U

A
f2(s) i If we put @ = 2, + 2,, then D clearly satisfies (i) and (ii) above.

Take po € U n V and consider the initial value problem

d}) (xa pO)

P D (y (%, Po))» ¥ (0, po) = po

Let o (x, po) be the solution to this problem. It follows from the fact that £
is positive and bounded that x — y (x, po) covers all of ¥ monotonely and
all of U monotonely. But then ¢ gives a 1 — 1 parametrization of Uw ¥V
which contradicts the maximality of U. Hence, we conclude that p_ does
not exist in this case, i.e. U = M.

Case (b) may be treated in exactly the same way.

We consider case (c): We bave p(t) » p, ast —» 1. If
K={p@®)] -1 <t<1} v {p,}, then K is both open and closed and
therefore X = M. Now K is topologically a circle and it remains only to
prove that M is also diffeomorphic to a circle. Note that, there is a continu-
ous parametrization of M by 0 (0 < 0 < 2x) and any coordinate system
can be oriented using 0. More precisely, we can cover M by coordinate
patches such that each change of coordinates map has positive derivative.
Hence, the notion of a positive vector field on M is well-defined. Since M is
compact, we can construct (by using a partition of unity) a vector field £

on M which is everywhere positive and bounded. Again, let p, € U n ¥ and

consider the initial valne problem dy (x, po)fdx = (vix. nY.v (0. n.) = n.
e hae S St ol UV J Rt NS ATVIFUS SN 51’0/ rFore



14 DIFFERENTIAL GEOMETRY AND TOPOLOGY

The range of the solution y (x, po) includes I/ v V. Now y cannot be 1 — 1
and so there is an x, ¥ 0 such that y (x4, po) = ¥ (0, po)-

Then the set {y (x, po)l0 = x = Xx,} is a circle embedded in M and thus
must be all of M.

It remains to prove the existence of a maximal coordinate patch Uin M.
We use Zorn’s lemma: Take an ascending chain {U,} of coordinate patches
(le. Uy U, if j £ k). Note that since M has a countable base, it is un-

necessary to consider uncountable chains. We can assume that all the change
o]

of coordinate maps have positive derivative. Let L = U U,,. If we can show
n=1

that L is covered by a single coordinate patch, we will have proved that every
chain has a least upper bound and we can then appeal to Zorn’s lemma. We
shall construct on L a positive and bounded vector field. On each U,, we
can construct a vector field 2, which is positive and bounded We may even

assume each 2, is bounded above by 1. Let 9 = Z —.@ Then 2 is the

desired vector field. Using the previous arguments, we ﬁnd that L is indeed
covered by a single coordinate patch. This completes the proof of the lemma.

£ T T

Q.E.D.

Definition (7): Let M™ be a manifold. If U and ¥V are two overlapping co-
ordinate nelguoﬁrum‘;ub on M, we say U and ¥V are pﬁsmvezy related if the
change of coordinates map from U to ¥V has positive Jacobian deter-
minant. M is said to be orientable if it can be covered by coordinate neigh-
borhoods, any two of which are positively reiated. Otherwise, A is said to be
nonorientable.

The following construction is useful: If N'is a connected, nonorientable ma-
nifold, there exists a connected, orientable manifold N which is a twofold co-
vering of N. To define N, we take the collection S of all pairs (p, U) where U
is a coordinate neighborhood around p. We take two copies of S, say S, and
S_.Then S, = {(p, U).|peU}, S- = {(p, U)_|p € U}. We make the follow-
ing identification: Identify (p, U). with (g, V), iff p = g and the change of
coordinates map from U to ¥ has positive Jacobian determinant at the point
p, identify (p, U), with (g, V)_ iff p = q and the change of coordinates map
from U to V has negative Jacobian determinant at the point p, and identify
(p, U)_ with (g, V)_ iff p = g and the change of coordinates map from U to
V has positive Jacobian determinant at p. Let N be the set obtained from
S, U S_ by virtue of this identification. To define a topology on N, we

define neighborhoods as follows: Denote by l'(n 7).} the equivalence class

S A 2 AL AR PR AR =aalL £y~ ] A% TR A VESLLIRS icas
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(i.e. the element in N) containing(p, U) .. For a neighborhood of [(p, U).],
take all points in & of the form [(g, U/}, ] where q ranges over U. Similarly,
we define the neighborhood of [(p, U)-]. It is easy to check that with this
definition of neighborhoods & becomes a topological space. To make K a
manifold, we define coordinates on the neighborhoods as follows: For co-
ordinates around [(p, U).], take the coordinates of U. For coordinates
around [(p, U)_], take the reversed coordinates of U. That is, if (xy, ..., X,)
are the coordinates of U, take (x,, ..., X,—y, —X,) to be the coordinates
around [(p, U)_]. With this structure, ¥ becomes a C ® manifold. It is easy
to see that N is orientable and that the map [(p, U),.] = p is a two to one
differentiable covering map. It follows from the fact that & is nonorientable
that N is connected.

Definition (8): Let A be closed subset of a separable metric space M. M
is a relative manifold modulo A if M — A is a manifold. We say (M, 4) or
(M/A) is a relative manifold.

Definition (9): Let M = N (N is a manifold), p € M. Then p is a j-corner
point if there is a coordinate patch U in N such that in these coordinates,
M n U appears as a j-corner in E" (n = dim (N)). A j-corner in E™ is
{x=1[x1,%, ..., x,,]| x|l <1, x4 20,..., x; = 0}. Here, p corresponds
to the origin x = [0, 0, ..., 0].

Definition (10): A manifold with corners is a space such that every point is
a j-corner point for some j = 0. A manifold with boundary is a space such
that every point is either a O-corner point or a 1-corner point.

The notion of j-corner point is independent of the coordinate patch;in fact
if p is a j-corner point, then the set of all vectors tangent “in both directions®
to the manifold at p is an m— j-dimensional vector space and this number is
invariant under any nonsingular linear transformation. If M™ is a manifold
with boundary d M, then 6M is a manifold of dim m — 1. M inheritsits diffe-
rentiable structure from A,

Let M™ A° be manifolds, N" a submanifold of M. Locally, if [x, y] are
coordinates on M, N appears as x = 0, i.e. the coordinates on N are [0, y].

Definition (11): Let¢* 4 — M be C®; theng is transverseto N at ge¢p~ 1(N)
if

A
Here p = ¢(q), T,(N) and T,(M) are the respective tangent spaces, and ¢, is

the map of tangent spaces indn

il p=as



16 DIFFERENTIAL GEOMETRY AND TOPOLOGY

Note: (a) if dim (A) + dim (N) < dim (M), then N N ¢(A) =¢;

(b) if dim (4) + dim (N) = dim (A7), then the solutions of ¢(g) e N
are isolated points;

(c) let P, be the projection [x, y] — x.
The definition of transversalityis equivalent to: P,¢ is regular at g.
(In this case, P, is regular at ¢ means (P,¢), is an onto map).

(@) if ¢ is transverse to N at each point of ¢~ 1(N), then ¢~ (V) is a
submanifold of 4 and codim (¢~*(¥)) in 4 = codim (N) in M.
This follows from the lemmas given previously.

nnﬂn-hnn f'l‘)\. T et T\T A hae er]'\moﬂl{"nlt"o nf the manifald l[ A o~ ﬂ —t ,,t.

N and N are sald to be transverse at their intersection if the injection i:
N- Mis transverse to N at each intersection point; i.e. T,(N) + To(V)

"l"‘ £ B AN

= T, (M)(pe Nn N).

As an cxample, let M be E3, N the plane x; = 0, and N the line x, = 0,
x, = 0. Then N, N are transverse at (0, 0, 0).

Lemma (6): If N, N are transverse at their intersection, p € N n N, then
it is possible to choose suitable coordinates near p such that both N, N ap-
pear as planes (in fact, as linear subspaces whose sum is the whole space).

Proof: Let [x, y] be coordinates on M at p, such that N appears as [0, y].
Let P,: [x, y] = x. Introduce coordinates z on N; i(z): N -» M. As P, is
regular at p, change coordinates z — [u, v] such that P,i [(», v]) = u (see
remark () above). Then i ([u,v]) = [u, v (¥, v)]. As N is regularly em-
bedded, i has maximal rank. Hence

[, p (u, V)] = [u,n (u,v), x (u,v)], det (g:) # 0.

: :
Change coordinates in N: [z, 0] — [u, 5].

Change coordinates in M: [u, %, x] = [u, 1,
= [u,n, 0] and the assertion is proved.

ST TN

Q.E.D.

'T' y r')l M]\ '\f{']l M\]
+ L

l.].en E ( gy ll_‘}' = lu, I’ o \u, l’l}_'
- X

(u,m)). Then i([u, 5])

Corollary: N n N is a submanifold.
Proof: Clear l}r N n Nis locally a

A Awwwas Pl AT A AWWA J - p

Lemma (7): Let¢p: M — A4 and let N M, B < A be submanifolds. Sup-
pose ¢ is transverse to B everywhere and ¢| is transverse to B everywhere.
Then N and ¢~*(B) are transversec in M.

Proof: Since transversality pertains to tangent spaces, we can restate the

lemma in the following lincarized form: if N M, Bc 4

lane at pe Nn N.

-
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subspaces of linear spaces), ¢ : M — A is a linear map, ¢(M) + B = 4 and
&(N) + B = 4, then N + ¢~1(B) = M. To prove the last statement, take
any me M. Then ¢(m) = @ = ¢(A) + b =>m — 7i e p~1(B).

Q.E.D.

If M is a manifold with boundary 03, we always assume M is contained
in some larger manifold M,. A map ¢: M —» A4 (4 is a manifold) is under-
stood to be the restriction of the map ¢ : M, - A. Suppose now B is a sub-
manifold of 4. Suppose ¢ is transverse to B everywhere, ¢p|0M is transverse
to B everywhere (in ). By the first condition, we know ¢ ~1(B) is a sub-
manifold of M, . By the previous lemma, ¢~ 1(B)is transverse to 0 M wherever
it intersects dM. It is easy to see that M n ¢~ 1(B) is a manifold with bound-
ary 0 (M n¢=1(B)) =¢~(B) n oM.

Example: Suppose the above hypotheses are satisfied. Moreover, assume
M is compact, B = {b} (i.c. only one point), dim (M) = 1 + dim (4). Then
¢~ () is a submanifold of M of dimension 1. Therefore¢~*(b) is a union of
open arcs and circles. C =¢~1(b) N M is then a collection of closed arcs
and circles; 9C is a set of points in M ~ ¢ ~(b). This set of points is finite
because M is compact and the parity of this set of points is even (because the
intersection of an open arc or a circle with d M consists of an even number of
points).

This Lemma will play an important role in the next chapter, when we dis-
cuss the theory of degree.

We state this result for future reference as a lemma.

Lemma (8): Let M be a compact manifold with boundary oM, and 4 a
manifold of the same dimension as oM. Let ¢: M — A4 be a smooth map.
Suppose that a € 4 is chosen in such a way that 3 is transverse to a every-
where and ¢|8M is transverse to a everywhere. Then ¢~1(2) n M decom-
poses into a number of smooth closed curves lying in M — M and a num-
ber of smooth closed arcs in M intersecting dM only at their end-points.
These arcs intersect dM transversally at their end-points. All the points of
¢~ 1(a) n 8M are end-points of such arcs.

2 Schwartz, Differential



CHAPTER Il

Degree of a Map and Intersection Theory.
Applications

Definition (1): Let M, 4 be manifolds, both of dimension m. Suppose M is
compact and let ¢ : M — A be C®. If ¢ is transverse to {p}, p € 4, then the
parity of the number of points in¢~(p) is called the degree of ¢ at p (mod 2)
and is denoted by deg,(d)l,.

Let M and A4 be as before and let p: M — 4, y: M — 4 be (smoothly)

homotopic;i.e. thereexistsa ¥ : M x [0, 1] - Asuchthat W|M x {0} =
UM .”1 S {“fp assume ¥, w. ¥ are C® and say that Wis a qmnnﬂn

52 A r Casslit Y ¥y & wA% vaRss
homotopy ) Take p € 4 and suppose all maps 1nvolved are transverse to the
submanifold {p} of 4. Let M’ = M x [0, 1]. Then M’ is a manifold with

lamsasndawey ARAL! — AL oo VI v 1Y oA Jdien FALIY — 2ae 1 Dy
UUULI.UdJ.y v = i A Uiy \J\.IV.[ A ‘ll.)'} allu Uil (v J — int T L. WY

Lemma 8 of the last chapter, @ (¥ !(p) n M’) contains an even number of
points. This means that if the number of solutions of P(x) = p, x € M x {0},
is ny and the number of solutions of ¥(x) = p, xe M x {1}, is n;, then
n, = n, (mod 2). But P(x) = p(x) for xe M x {0} and P(x) = p(x) for
x € M x {1}, and hence the parity number of points in ¢~ (p) = the parity
number of points in " *(p). We shall show later that it is not necessary to
assume that the homotopy ¥ is transverse to 4 at {p}. We will then have
proved:

Theorem (1): deg,(¢)i, is a (smooth) homotopy invariant.

Remark: It follows from an approximation theorem that we will discuss
later that if two smooth maps are homotopic then they are actually smoothly
homotopic.

DA“II.I' A SaLuevia I‘J\ ‘Ip 1 fq I‘ AT A YL N S
REMArK: Assume the maniioLwd aliu A alt Cullipaltr

connected. Then the set B 4 f all points p such that a smooth map
¢ : M — A istransverse to { p} is open and everywhere dense (Sard’s Lemma),

19



20 DIFFERENTIAL GEOMETRY AND TOPOLOGY

It will be shown below that deg, ¢, is the same for all points p e B. It will
then be calied the degree of ¢ (mod 2).

In fact, let x be a coordinate system with origin at the point a € 4, let ¥ be
a spherical neighborhood of &% in this coordinate system, and further let b,
and b, be two points of ¥ n B. It is easy to construct a diffcomorphism y of
A onto itself, under which all points of the set 4 — ¥ remain fixed and which
maps by to b, . The map yp is homotopic to the identity (see the “Homotopy
Lemma” below). It is easy to see that the degree of yw¢ at b, is equal to the
degree of ¢ at by; but since ¢ and ¢ are homotopic, their degrees at b,
coincide. Thus the degrees of ¢ at all points b € ¥V n B are equal. Since 4 is
connected and B is everywhere dense in A4 it follows that the degrees of ¢ at
all points of B are the same.

RN ____ o 24

Loruua.ry Let M DE a compam IIldI].lI 01(1 J. IIEII, since Ult‘- IUED[l[y map OI
M onto itself has degree 1, and the constant map has degree zero, these two
maps are not homotopic.

Remark: Assume the manifolds M and A4 in Definition (1) above are
oriented, while 4 is also connected. ¢~ 1(p) consists of a finite number of
points m; , m,, ..., my, at each of which the Jacobian determinant of ¢ is not
zero and has a definite sign. Denote by & (= +1) the sign of the Jacobian
determinant of ¢ at m;,i =1, 2, ..., k. We may now state the following

nranacition
t"l vtlvu‘ iIZsALS

Proposition: Let M™*! be a compact oriented manifold with boundary
OM, A™ a compact connected manifold which is oriented, ¢ a smooth map
of M — A4 such that ¢p/0 M is transverse to A at p. Then the map ¢/0M has
degree zero at p.

Proof: Using Lemma 8 of the

S LWWE e

thatife = o‘(t) 0 =<t = 1, is a smooth closed arcin M mtersectmg 6M only
in its end-points, if ¢(o(¢)) = p, and if o intersects oM transversally at its end

pry || P R Sy
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A: Let N, denote the tangent space to any manifold N at one of its points 4.
Suppos¢ that the jacobian transformation ¢, maps a positively oriented
basis for (0M)4o) to a positively oriented basis for 4,. Then ¢, maps a
positively oriented basis for (0M),,, to a negatively oriented basis for 4,,.

To see this, note that dM is oriented by the following rule: call a basis 8 of
(0M), positively oriented if, when supplemented by a vector of M, pointing

into M, it gives a positively oriented basis of the (oriented) space M,. Now
let g’(f\ denote the taneent vector to ¢ at n-(f\ Then., bv hvnothesis, &

AANS T Wil WiRAlpWALY VW e LA A REiwAdy RSy LR g LLENwdARS s ¥ * ‘.‘.
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duces an isomorphism of the factor space M,(,,/(o’(t)) onto 4,. Call a set
o = {iﬁl, vess Up ; of n vectors in M, c-positive if 11)1 se0ss Uny O"'(f)} is a posi-
tively oriented basis for M,,,. Since ¢’(0) points into M, it follows from the
above that if o iso-positive setof vectorsin M, = 0, then ¢ 4o is a positively
oriented set of vectors in 4,. By continuity, the same holds forall0 = ¢ £ 1.
Since ¢’(1) points out of M, a o-positive set of vectors in (8 M),(,, is negatively
oriented in the space (6M),(,,. Hence the above statement A follows. Q.E.D.

Definition (1A): Let M, 4 be oriented manifolds, both of dimension 7. Sup-
pose M is compact, and let ¢: M — A4 be C*. If ¢ is transverse to {p}, p € 4,
then the number of points in ¢~ (p), counted with the sign convention of the
above Remark, is the degree of ¢ at p, and is denoted by deg(qb)l o

Using the above proposition, and arguing exactly as in the proof of
Theorem 1, we may obtain the following resuit.

Theorem (1A): deg(¢)|, is a (smooth) homotopy invariant of mappings
between compact oriented manifolds.

In the next few pages, we shall show that the restrictions arising from the
proof of Theorems 1 and 1A, namely that ¢ be smooth, that ¢ be transverse
to p, as well as the condition of smoothness of homotopies, may be relaxed.

In the course of doing this, we will develop lemmas in terms of which a
more general and powerful “intersection theory’ can be built up.

Let X be a metric space, Y < X. Then Y is said to be of first category if Y
is the countable union of nowhere dense subsets of X. Y is said to be a
prevalent subset if X — Y is of first category. If P is a property of points,
P is said to be true at most points if the set of points on which P is true is
prevalent.

Any manifold has a metric which makes it complete: For M compact,
this is obvious. Otherwise take the one-point compactification M U {p_}.
If o (x, y) is a complete metricon M U {p_}, introduce g, (x,¥) = o (x, »)

+ lo(x,p )~ 1 —o(y,p Y-t for x, ve M. Then g; is a complete metric
LI R~ N - LI s 2] WL A ~
on M.
o )
As M is separable and locally compact, M = UK,,, with K,, K,, ...,
m=1

compact, K; < int K, < K, < int K; < ... We consider the set of conti-
nuous maps of M into itself. Define

» 1 Supe @), y(p)

ey _ t  DEK .
@, ) i; 2' 1 + sup ¢ (¢(p), w(p)

nc k.
¥ i
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Then the set of maps of M into M forms a complete metric space. Clearly,,
convergence in d is the same as uniform convergence on compact subsets.

If M is a manifold, let Jx(M) be the collection of all K-jets at all points of
M. Jx(M)is called the K-jet space of M. We can make Jg(M) a manifold.
For K = 1 this manifold is called the tangent space of M and its dimensionis
2m. We introduce coordinates in J,(M) as follows: if (m°, «°) is a pair from
J (M) (m° € M, o° is a tangent vector at m°®), there is a coordinate neigh-
borhood U of m® with coordinates (x4, ..., X,). Let w: J;(M) - M be de-
fined by m (71, &) = 7ir. Then n~1(U) is the set of all pairs (7, «) such that
meU. If (m,a)en'(U), then @ = (x,, ..., x,,) and

)
o =aq — + = + QG —
9x4 0X
The map
(ﬁi,“)—) (xl, x2, sevy xm, al’ 025"" am)

isa 1 — 1 map betweenzz~*(U)and an open subset of £2™ There is a unique
topology on J,(M) which makes this map a homeomorphism. We take
{m~1(U)} as coordinate neighborhoods of J,(M) with homeomorphisms

(ﬁi:“)_’(xls Xaseiiy Xms Q1,082,425 Ap)

as coordinate mappings.

It is left to the reader to verify that these coordinate neighborhoods are
compatible with one another.

A similar construction, based on the fact that in local coordinates a K-jet
has a unigue expression as a partial differential operator of order K, can be

used to define a manifold structure for Je(M). We leave details to the reader.

Let gg be a complete metric on Jx(M). A map¢: M — M induces a map
¢* - JAMY = JAM fr‘hnnﬂ:rn Introdnece A_(h Y ac ahave Dafine

v_K\.lv,( I - UK\J.V.I. J \\/l_l(—ll}lr\-ﬂl- ALILVL VR Wi W \l’l . lf'*’ AL SRS ¥ Wy A Yt AR A N

dx (P, p) = dx (¢, v,). Then convergence in dg is the same as uniform
convergence of all derivatives up to order K on compact subsets. Finally,

define % 1 dx (9, v) .
=125 1 + di (6, )

Then convergence in d,, is the same as uniform convergence of all derivatives
on compact subsets. All the metrics defined above are complete.

Auxiliary Lemma (1): Let (M, A) be a relative manifold. Supp pose ¢ :

SRR Rl&2 ¥R L2327 = AL LA AAAL AR ARAARS ot o ¥ g LW

(M™, A)—> N™, pe N™ — ¢(A). Assume M is compact and ¢ is transverse to
{p}. If p is sufficiently close toqb in the Cl-tOpo}ogy then the number of points

11’\-n ltn\—f
i AN

Joo (‘;bs Y) =
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Proof: Since M is compact, ¢—*(p) has only a finite number of points, call

them {q,, ..., gg}. Surround each g; with a coordinate neighborhood U,
such that U, n U; =¢ (i #j). We can do this because each q;e M — 4

(which is a manifold). Then rb{M - U U./aé p. For v sufficiently close
i=1

K
(even in the C°-sense) y)(M - U Uj)ié p- We want to show that for ¢ suf-
J=1

ficiently close to ¢ in the C!-sense, each U, contains exactly onc point of
p~1(p). Now, as ¢ is transverse to {p} at g,

AsT,({p}) is O-dimensional, ¢ (7, (M)) must be m-dimensional. Hence the

in the Clsense. then the

b aZ waaw A AZLFer s LIAW AZ LA

Jacobian an‘) must be nonzero. Tf' Y 1s close to
Jacobian of p at ¢g; must also be dlfferent from zero. By the implicit function
theorem, v maps U; dlﬂ'eomorphlcally onto a neighborhood of p. In parti-

N
ra avicte avarntly an vinh tha
cular, there exists t uch tha

Q.E.D.

Corollary: Suppose the manifolds in the auxiliary lemma are oriented.
We count a point in¢~*(p) with a plus sign if the Jacobian of ¢ is positive at
the point, and with a negative sign if the Jacobian is negative. Then with ob-
vious modifications in the statement of the above lemma, the result is still
truc. The proof is along similar lines.

Lemma (2): Let N be a compact, connected manifold, ¢: N —» N a self-
diffeomorphism. If p is sufficiently close to ¢ in the Cl-sense, then ¢ is also a
self-diffeomorphism.

Proof: ¢ is nonsingular everywhere ; therefore, for o sufficiently close to
¢ in the C' sense,y_has the same property. So p is locally 1 — 1 and takes
open sets onto open sets by the implicit function theorem. As N is compact,
1 takes closed sets to closed sets. By& the connectedness of N, p(N) = N. It
remains to show  is globally 1 — 1: Suppose it is not. Then there exists a se-
quence of maps {y,}, ¥, > ¢ in the Cl-topology and sequences of points
{1}, {qn}, such that p,(g,) = v.(g,). Using the compactness of N and passing
to subsequences if nccessary, assume ¢, ¢., qr — ¢.. Clearly ¢(q.)
= ¢(g.,). Hence ¢, = q,. But then for » sufficiently large, g,, g/, lie in a
single arbitrarily neighborhood. This contradicts the fact that w, is locally
1-1.

Q.E.D.
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Let 4 be the space of all maps ¢ : N — N with the C*-topology. The above
lemma shows that the subset D < 4 of self-diffeomorphisms is open. Let
d,, (¢, ) be the complete metric on the space of C*-maps of N— N. Intro-
duce

Jm(¢,w)=dw(¢,tp)+|( inf o (4,0) " = (il d, (p, K0
' KeMd—D Ke€M—D

for ¢,y € D. d_, is a complete metric on D.

Jiggling Lemma (3): Let ¥ : M™— N™ be C® and let ¥ be a submanifold
of N. Assume¢ M, N are compact. Then the set of self-diffeomorphisms n of
N such that »¥ is transverse to ¥ is a prevalent open set of D.

Corollary: Let ¢, p: M™ — N™ be smoothly homotopic and let p e N. If
¢ and p are both transverse to { p}, then the parity of the number of points in
¢~1(p) is equal to the parity of the number of points in y~!(p).

Proof of Corollary: Let @ be a homotopy between ¢ and p. By the Jiggling
Lemma, there is a self-diffeomorphism % of N which is close to the identity
such that D, 5o, ny are all transverse toN at {p}. Now, n¢ and #ny are

Smeethly homutopln (1!19 thu hnmnfnpy r(ﬁ} and we are ohlp to apﬂlv f!‘\e

remarks preceding Theorem 1. Thus, the parity of the number of points in
(mb)‘l( p)is equal to the parity of the number of points in (mp)“l( p). Since ’7
is close to the xucuuty, wc¢ Can a‘prny the au)uuai'y Lemima U ) to the maps q),

n¢ as well as to the maps p, ny.
Q.E.D.

Proof of Jiggling Lemma: We shall show that the set of difftomorphisms
n of N such that nyp is transverse to ¥ is a prevalent set. It clearly suffices to
prove that the set of diffeomorphisms # such that #yp restricted to a small co-
ordinate neighborhood U on M is transverse to ¥ is a prevalent set. We call
this set of diffeomorphisms7R(U). For 5 close to a fixed n,,yp(U) =W,
a fixed coordinate neighborhood on N. We choose coordinates [x, y] in
W (x and y are themselves vectors) such that ¥V appears locally as y = 0.
Let P be the projection [x,y] — y. Transversality of nyp restricted to U
means that at each point in (Pyp)~* (0), the Jacobian of Pyy is of maximal
rank, i.e. there is an r x r nonvanishing minor, where r is as large as possible.
It is clear that TR (U)is open. We must show that TR(U)is dense; for this it
suffices to prove that arbitrarily near each fixed #,, there is an#; such that
Pnayp has a Jacobian of maximum rank at each point of (Prn;p)~! (0). Let

2 be the set of nmnfq in [/ where P‘n,.m does not have maximum rank. By

LA iR W L ma wid EF LS S eV 12 AL AIINIIN LS
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Sard’s lemma Pnzrp (Z') has measure zero. If & > Oisan arbitrary number there
of Pn,yp has maximal rank at every point of (P1,p) (). It is p0551b1e todefine
a diffeomorphism 7ot N - N which is such that no ([x, y]) = [x, y — 6]
holds for all x, y € W (we may assume that W is such that it is itself contained
in a coordinate neighborhood W', thereby insuring that [x,y — 8l € W)
and such that 7, tapers off smoothly to the identity away from W. If d is
small, #), is very near the identity, and #; = 9%, is very near 7,. Now,
(ProN29) 1 (0) = Pyy(w)~! (6) and the proof is complete.
Q.E.D.

Remark: If, in the above lemma, N is not a genuine manifold but rather a
relative manifold modulo some closed subset 4, andif ¥ =€ N — A, then the

set of i‘dﬂeomerpmams 7 \.N-, A) — {.N- A} such that ( \1} /i’ is transverse to

¥V, (ii) 5 coincides with the identity in a neighborhood of A4, is a prevalent
open set.

The proof of this assertion closely resembles the proof of the Jiggling
Lemma. Details are left to the reader.

Lemma (4): Any compact mapifold N” can be embedded in a sufficiently
high dimensional Euclidean space EX.

Proof: We can cover N with coordinate neighborhoods U, such that for
each o there exist coordinate neighborhoods V, and W, satisfying U, = U,
< V,c V, = W, By compactness, we may assume the number of U, is

U, . We may also assume that none of the »n-dimensional

balls which are homeomorphic to the coordinate neighborhoods U, , j = 1,
., I, and which give the coordinates on these coordinate ncighborhoods

contain the origin. Let f,: N* - E™ be a C” function such that

coordinate vectorof pin U,, if pe U,

() = 2'.‘

(0,if pe N -V,

Let g, be a C® function such that

£ mmmad it srmndma o 3 T7 M YT
_ CUULUILIALEL VOVLWUL UL p 1y, 1l P eV,
ga(p) - .
0,ifpe N — W,

Define F: N*— E2® by F(p) = [/,(P)s - -, [,(P). 8x,(D), .- -, £.(P)]. The map

Fis1—1: For suppose F(p) = F(q)“ if D év[w/:a;, then J(p) # O and therefore
also f, (q) # 0. By the definition of the f,, this means p,q € ¥,. Now g, (p)
g. (@, i=1,..,1 and by the definition of g_, it follows that g_ (n\m the

Dlli\jl’ & calul =22 e et L E L S 8 2% LAY 2 LA AnavF F AR TiIY
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coordinate vector of p in V,, while g, (g) is also the coordinate vector of ¢
in ¥,,. But then we must have p = g and Fis I —1. On the other hand, Fis C*
and since Fis clearly of maximal rank also F~! is C®. So Fis a diffeomorphic
embedding of N” into EX, where K = 2nl.

Corollary: Any compact manifold can be given a Riemannian metric.
(This observation will be useful in our subsequent discussion of Riemannian

S R e

BCULI.IC Li y }'

Note: The previous lemma is a special case of a more general result called
the Whitney Embedding Theorem: this asserts that if N”is an arbitrary (not
necessarily compact) manifold, then there is an cmbedding v: N* —» E2"+1
such that 7(N) is a closed subset of E2"*1, The proof can be found (for ex-
ample) in Introduction to Differentiable Manifolds by Auslander and Mac-
Kenzie.

Lemma (5): If N*is a smooth manifold embedded in EX, then there is
a tubular neighborhood U of N*in EX and a map o: U — N”™ such that g is
a smooth retraction of 7 onto N™.

”~ a1 K — e 1
Proof: Consider the K-manifold & L«uumnuug of pa..u.b g = {u, b} such

that @ € N, and b is a vector in EX orthogonal to N at its foot a. It is clear
the map f: 2% — EX given by fla,b]l = a + b is a smooth map whose
Jacobian determinant is nonzero at every point ¢ in the set of points 2
in which b has zero length. By the implicit function theorem, there is a
neighborhood U of 2, such that the map f: U— EX is smooth,1 — 1,and
maps onto an open set ¥ in EX; f~1 on ¥ is also smooth by the implicit
fonction theorem. We put gla, b)] = aandp = gof 1.
Q.E.D.

Homotopy Lemma (6): Let M™ and N” be compact manifolds and let
%1, M2 ' M — N be smooth maps. Let d be the metric on N where N is con-
sidered as a LUPUI.UE.IUCLII bubbpa\..l: of some EX (See Lemma 4) Then there
exists an ¢ > 0 such that if d (51(p), 72(p)) < e for all p € M, then 5, and 3,
are homotopic.

Proof: Considering N as an embedded submanifold of EX, we take the
neighborhood U guaranteed by Lemma 5. If ¢ > 0 is chosen small
enough, t(p) + (1 — HnAp) e U for all pe M, t € [0, 1]. Set
o.(p) = o (ty:(p) + (1 — 1) 5,)(p) where g is the restraction of U on N.
Clearly, g, is a homotopy between 7, and 7,.
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Approximation Lemma (7): Let M™ and N” be compact manifolds and
let f: M™ — N7 be a continuous map. Then (using the notation of Lemma 6)
there exists, for any preassigned ¢ > 0, a smooth map ¢,: M — N such that
d(f(m), ¢ (m)) < eforall me H.

Proof: Follows at once from Lemma 5 and the Weierstrass approximation
theorem. Q. E. D.

Definition (2): Let M™ and N” be compact manifolds and let¢p: M—> N

be a continuous map. Let p € N be arbitrary. By Lemma 7, we can find a
seanence !rfn 1 of smooth mans such that n?(d';(m\ dAm)) < lh Rv the Tura-

“'Alv' A LFAAANS W WAL A.A.Autl Wil WAiLlew W , YJ\ ,} T L g

ling Lemma, we can assume ¢; is transverse to {p} for all j. By the Homo-
topy Lemma, ¢, and ¢, are homotOpic if k,] = A, for some integer A. By

tha Aarnallawsy 41 tha Tianline tha wanityr AF sha Loy Neee am o x w4
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éx *(p) is equal to the parity of the number of pointsin ¢; '(p) (for k,I = A).
We define deg, ¢|, to be this parity number.

Theorem (1'): deg, ¢|, is a homotopy invariant.
The proof is obvious.

Theorem (1'A): deg ¢|, is a homotopy invariant of maps between orientable
manifolds.

Intersection Theory (mod 2)

We recall first a few definitions from singular homology theory. By a
singular m-cube in a spaceX we mean a map o: I" > X (I" = {x = (x,,
X35 .-00 X) EE?|0 < x; £ 1}.) If n = 0, then ¢ is interpreted as a smgle
point in X. If n > 0, we define the i-th lower and upper faces Ao and Aj¢
of ¢ to be the singular (n — 1)-cubes given by

(ﬂfﬂ) (xls rees xn-l) = G(xls eeey Xim19 €y Xiyaeuy xn—l)

foreveryi=1,2,...,n, wheree = 0,1, and (xy,...,X,.,) €I* L. Thenfori< j
we have 4jA] = 4]_,4;; e, are 0 or 1. Define 0,(X) to be the free abelian
group generated by all singular #-cubes in X'if n =2 0 and @,(X) = 0if n <.
Then the operation n
oo =Y (1) (Ale — Ajo)

i=1

determines a homomorphisma : Q,(X) = Q,_ ,(X) for everyn. It is straight-
forward to verify that 80 = 0.
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For each singular (n — 1)-cube ¢ in X, n > 0, we define a singular n-cube

D¢ in X by setting
(Do) (Xys cees Xn—15Xp) = O (Xgy5eees Xpe1)-

A singular n-cube V in X is said to be degeneraie if V = Do for some ¢. In
other words, V is degenerate iff it does not depend on the last coordinate x,,
of the point (x,, ..., X,) in I". The degenerate singular n-cubes in X, n > 0,
generate a subgroup D,(X) of Q(X). Since A{D = DA, i <n, 4,D =1, it
follows that

and hence ¢ carries D,(X) into D,_(X).

For each integern, the guotient group C (X) = Q,(X)/D,(X) is obvionsly
a free abelian group and will be called the group of normalized cubical
singular n-chains in X. Since @ carries D,(X) into D,_,(X), it induces a

hAamamarnhiom
nomomor Puxnlu

0: Ci(x) = G,y (X),

for every n. Since dé¢ = 0, we can define singular cycles and singular bound-
aries with coefficients in an arbitrary abelian groub G as in simplicial homo-
logy theory and then we can define the singular homology group H,(X, G)
= (cycles)/(boundaries).

Let (M™, A) be a relative manifold, V" M a submanifold. Assume
Vn A =¢. We say the chain X k,c is carried by 4 and write X k0 4
if o(I™) € A, all g. A singular n-chain « called a cycle modulo A if its boundary
oo <= A.

Supposc x = Xk,o. Then arbitrarily near the identity, there exists a diffeo-

morphism 5 of M such that = identity near 4 and such that 5o is trans-

verse to V for each ¢, and such that %o restricted to any face of I* is trans-
verse to V. This follows immediately from the remark following the Jiggling
Lemma.

Definition (3): Let m — v = k. (m, v as in the last paragraph.) Suppose «
is a k-cycle of M mod 4, = Xk,0. We wish to define « - V, the intersection
number of x and V (mod 2).

Take any diffeomorphism # sufficiently close to the identity and with the
properties described above. First of all there are no solutions of o (x) € ¥ on
the boundary of I*. For supposc there is such an x on a face of I*. Since, dim

(face) < k = codim (}'), the existence of such an x contradicts remark (a)
following the definition of transversality in Chapter I. From remark (b) it



DEGREE OF A MAP AND INTERSECTION THEORY 29

follows that the set of solutions of o (x) € ¥ 'is an isolated set. As I* is com-
pact, there can be only finitely many such points. Cali this finite number
#(c)and define o ' V = parity (#(0)), & V = Xk, - parity (# o). Thisdefines
the intersection number of &« with ¥V (mod 2). It is easy to see thatoa* V'
as defined is independent of . We argue as follows. If x = X k.0, then by
definition no = X'k, - no. Let 5" be another diffeomorphism having the same
properties as . By the Homotopy Lemma, n and 5’ are homotopic. We claim
then that nx and n'« are homologous mod 4, i.e.nx —»n'e = 0f + y, where
y € A4, and f# a is a k + 1-dim singular chain. To see this, note that there
exists a homotopy #, between 7,5’ i.e. 5o = 3, ; = 3’ Define § = Tk, - ¢
where o(t, x) = 7, - 6(x). It follows from the preceding definition of the
operator @ that 5o — n’or. — df < A

tlmen a0 . T
g LIGLLX © )
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Lemma (8): If o is homologous

11
=B +yys AthenEk parlty#( -

Proof: By the preceding definition and the Jlgg]jng lemma, we may M
slightly to make all the singular cubes of «, f, ¢ transverse to V. The singular
cubes of y lie on 4 and are therefore disjoint from V. § = X /,x implies that
0f = X1, - dv. We shall show that for each cube 7, the number of points xin
oI**1! such that =(x) € Vis even. Indeed, z=X(V) is a 1-dim manifold with
boundary, and all the boundary points are in 6I**! by the Lemma 8 of the
preceding chapter. So z~1(¥V) is a set of arcs and circles and the set of end
points = {x € 8aI**1|7(x) € V'} is even.

Q.E.D.

Nia 3
Vi, |

=)
h;.

If the manifold M and its submanifold ¥V are oriented, then we mav state

uuu.l..l.l.uul vl.u [+ %8 WALwaALW Ry b.llv i) v

a more precise version of Lemma 8, i.e., one Whlch refers to signed integers
rather than merely to a parity. We proceed as follows. As above, we call the

I £ onteads o(xo) € V (in the < -
number of solutions of 70 Xp) € ¥ (il 10C transverse \,a.“"SE) #(ﬂ") Now, how-

ever, we count solutions with sign +1, in the following manner. Let {u;}
be a positively oriented basis for the tangent space to I* at x,, and let {v,}
be a positively oriented basis for the tangent space to ¥V at no(xp). If
{(no) 414, v;} is a positively oriented basis for the tangent space to M, we
count x, with the sign +1, otherwise — 1. Adopting this sign convention, we
put ¢V = #(0), &V = (Xn,0): V = X n,* (#(c)). Then we may state
the following lemma.

Lemma 8A: If « is homologous to zero mod 4, thenx - ¥V =0, ie., if

= Xno =08 + v,y € A4, then X n (#o) =

The proof is very much like the proof of Lemma 8; however, it uses the

Proposition following Theorem 1 of the present chapter in the place of Lem-

el < WARSEL A WSEE AW NS ALWALL A WA VILW prAWWALY Wasliprvws iaa LW W WA e
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ma 8 of the preceding chapter. We leave the details of the proof of Lemma 84
to the reader.

Corollary: « - V depends only on the homology class {«} of x, so we may
define {o} -V =u+V.

Corollary: (o, + o2)* V=04V + o, V.ie. {&}* Vislinear in {«a}.
Leto: I* > M, o': I' > M'. We define '

cxXo:FxI'=rF"SMx M
by
4

N {+ - 4 I
o X VAL oovs Ay Akg 1 000 ARi)

= [G (xls seey xk): o’ (xk+13 sray xk+l)]'

Ifou=2k, 0,0’ =2%1, 0, wedefinex xa' = Zk,i, . 6 x o It is left
to the reader to verify that

0(x x o'y =(0o) x &' + (—1)ox x

W L LA

where @ is the boundary operator defined previously. .

Now suppose (M, A) and (M’, A") are relative manifolds. Let o be a cycle
of M mod A4, and &' a cycle of M’ mod A’. Using the above formula, we
can easily verify the following statements:

D xa'isacycleof Mx M  mod (M x A u (4 x M").

(2) If « is a boundary of M mod 4 or if &’ is a boundary of M’ mod 4’,
then & x o’ is a boundary of M x M’ mod (M x 4") U (M’ x A). (Note that
(c+p) xa' =axa + 8 xa')

Combining (1) and (2) we see that the map [x,«’] - & x o' induces a
map of H,(M, 4) x H(M', A") > Hy. /(M x M', (M x 4") U (M’ x A4)).

Assume now that both M, M’ are contained in a oenume manifold M,

Ao eliilL AW LLicE Al lllWl A 2 —=ail% 2Ll <20

moreover assume that M, M’ and M, all have the same dimension m and
that ANnM' = A" n M =4¢.

171110111r dafine A — A1nn A — v +1]A A L+ A 16 an m_dimangcinnnl

UU.IJ.LIV ly = -l"l _— el Bdd Ar C AVE LY 1o il ru-uxmvuoxuum
3 >

mamfold. Assume that « is a cycle of M mod A4, &' a cycle of M’ mod A4’.
From the previous paragraph o« x o' is a cycle of M x M’ mod (M x A’)

£ art aAFr .. W o Y S -

U P/ X f.l) ﬂb IV i i.ll’l X /:l UM X /:lj' = (P, WE cain UULILIC the IIILGI'SCU[IUH
number {& x &'} «- N if we assume that dim« + dima’ = k + [ = m. This
follows from the theory developed above since codim (N) in M, is

Zm —m = m.

Definition (4): Define the intersection number {«} « {o'} of the two homo-
logy classes {gc} {o o'} (mod 2) by {o} - {a'} = {&x x &'} - N.

AN e Ly
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Lemma (9): The intersection number as thus defined is

(a) well defined for {a} € H (M, A), {&'} e Hi(M,, A)ifk + 1 =m.
(b) Bilinear in {«}, {&'}.

(c) Satisfiesy - ¢’ = 9’ + ¢ where y = {a}, 9’ = {o'}.

Proof: To check (a) we have to show that ¢ - ¢’ does not depend on the
choice of representatives «, «’. But this is true because the homology class
of & x o’ depends only on the homology classes of « and o'

(b) is obvious.
(c) Define a diffeomorphism ¢ of M x M by ¢: [my, my] = [m,, my],

and a homeomorphism of (J¥+! 3I**+!) onto itself by

Oyt (Xg s oves Xics Xig1s ovos Xiwt] = [Xuw1s oo Xiers X15 0005 Xi]

Note that g, ; is homotopic as a map of (J*+!, aI*+") to the identity if k/ is

- UK. ‘ 9 LAV ILIVLV P 111¢]

even, but to the map [x,, ..., Xgsid = [1 — X4, X2, .oy X4 ] if &kl is Odd. If
f = Zn,ois a singular k + /dimensional cycle, it follows that X n,(c - &, ;) be-

Innn-c ta the came hamnlaov olace as {_ 1\"’R Dlaﬂ‘ﬂv IF o I’f AM and

b e
VM&U LWORELW OCLIIIW IAVWILIWEW & Y WELLLLD IMAA.AI.J —* AFL GLLANE W

!> M, we have o(¢ x 7) = (7 + o) i, 1- Thus, for k- and [-dimensional
homology classes, we have d,(y x ) = (—1)¥y x p. Since N = diag
Iy L

Ulﬁ[ X .ll'.l.} is invariant under 0, W have "y Xy) N = (— 1)" {ji' X j/) A
which by reduction mod 2 gives (c).
Q.E.D.

Remark: If the manifolds above are oriented, we can, as in degree theory,
develop a more specific integer-coefficient intersection theory. In this case,
these two important formulas hold. We shall leave the proofs as an exercise,
cf., however, Lemma 84.

Dx-f=(—1D4F -, where k = dimx, / = dim g,

(2) if ¢ and # are such that dim ¢ + dimn = dim M, + 1 and if 9e N
= ¢, then de - 5 = (—1) ¢ - oy where | = dim &.

Lemma (10): Let x and &’ be of dimensions k and / where k + [ = m. If
at each intersection point p of a cell ¢ of « with a cell ¢’ of o', the intersecting
cells are “transverse” i.e. o, (T, (1)) + 6%, T, (I) = T, (M) (where p, ec™ (p),
p2 €0'~(p) and where ¢, o), are the maps of tangent spaces induced by
o, ¢'), then & o' = parity # of intersections of all cells of o with all cells
of o'.

The proof is left as an exercise to the reader.

Example (1): Let S” be the n-sphere We know Hy(S", Z,) = 0if k # O,n,
Hy(S", 2Z,) = Z; if k = 0, n. Let 9°, " be the homology classes of dimen-

» urhirh cenerate t a1r recnantive hamanlnav orouUns Tale ronre-

ns a AWOPWWLLYY LIVILVIVEY RLVWEPD:. 4 danw Lvl_n.v*
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sentatives «®, o of 9%, 9" (ie. {a®} = 9%, {&"} = ") as follows: let a”:
I" - S™ be the map that takes the interior of I” onto the interior of I” by
the identity map, and let «” take the entire boundary of I into a single
boundary point p,. So «"(I") is the n-cube with the boundary identified to
one point p,,, which is topologically S”. Let «®: I° = p,, po € S®, po # Pep -
Then by the above lemma »° - ¢* = 1.

Thonrom (‘)\ Tet M M’ he two manifolde and ennnoce &, a. are homo=
Jh AR VR W ALE ' el L J" Fasa v b 'V SASCLALALLNSE NS LiLAANGE uut’va ,1 L] rz AL W EENSLLAWS

logy classes on M and y9, 5 are homology classes on M’ such that dim (y;)
+ dim (y,) = dim M, dim (y1)+d1m(‘)"z) dim M’. Then (yy X 1) * (72 y;)

Y S Y 7 PN
= W1 " ¥Y2) \'yl }’2} If the above conditions on dimensions are not satisfied

but the former intersection is defined, then (y, x 1) - (y2 x 95) = 0.

Proof: The proof follows immediately from the definition of intersection
number and is left as an exercise to the reader.

We now quote a theorem of Kiinneth on homology groups of a topological
product. For notations and proof, see Homology Theory—Hilton and Wylie,

Chapter 5.

Theorem (Kiinneth): Let |K|, |L| be polyhedra. Then
() H, (K| x |L]) = +Z H,(K))® (L)@ +Z IHm(lKl) « H,(|L|)
min=p m+n=p—

where the group of coefficients is taken to be the group of integers. (“*” is
the torsion product.)
(ii) If # is a field,
H,(Ki x [L; £) = 3, H(KD® HAL)® 7.
(iii) If ¢ is prime, and Z, is the group of integers mod ¢,

H, (K| x |L]); Z)) = +Z Hy, (IK|; Z9) ® H,(|L]; Z,).
mn=p
Example (2): Consider $» x $” Kiinneth’s theorem, the only non trivial
homology classes of $” x S™are p° x 9,9 x 9°,9° x 9%, 1™ x 9" Using the

revious theorem,
P @ x ) (0° x 9 =1
(P x990 xy) =1
and all other intersections (which are defined) are 0.

Remark: If the intersection number of a homology class on S X S™ with
all other classes (of appropriate complementary dimension) is 0, then the
class is the zero class.

o' LBl R won
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Proof: It suffices to consider n-cycles (because of the above formulas).
The most general ncycle on S” x S* is C;(° x 9" + C,(¥* x 9°). By
hypothesis, C; = {C;(3° x ™) + Co(p* x 99} - (¢° x 9" = 0. Similarly,
C,=0.

Suppose ¢ : S™— S is smooth. Let I'*:S$" > S" x S™ be defined by
I*(x)=[x, ¢ (x)] and let 4, be the image of I'*. I'? induces a map I'%: H,(S")
— H,(S"x S*) for all p. Now I'2(y") = C, (3" = y°) + C,(3° = »") (because
9" x 9%, 9% x 9" form a basis for H, (S" x S™)). Take for representative of y*
the singular n-cube ¢ described in example (1). A representative of I'2(;")
is thus given by x — [o(x), ¢ (c(x))]. A representative of y"—y° is given by
y = [o(x), xo] where x, = 9°(I°). A representative of y° — 9” is given by
x — [Xo, 6(x)]. By the last lemma, we find easily that (y° x ) - T'¥(") = 1,
("> y°) - I';(y™) = parity # of solution of ¢ (s(x)) = x, = parity # of
solutions of ¢(p) = x, which is just deg,(¢)|,,. Therefore,

1=0@° x ) -T2 =@° x ) {C, (@ x 9°) + C, (° x YW} = C,
and

dega(P)lx, = (" x ¥°) - (™

=@ x ) {C: " xy9) + C (y° x y)}= Cy)
Thus,

T¢™ = (" x ¥°) + (dega(P)lxy) (#° % 7).

If y is another map S”—S”, then I'y (") = (y"—9®) + (dega(¥)lx,) (¥° x ¥™.
Therefore

L™ - Ty(™) = dega(d)lx, + dega(®)lx,.
Now I'{(y") is a chain carried by A,and I'%(y") is a chain carried by 4,,.
Therefore if deg,.(n')\l_ £ den.(m\l . then I’"(ﬂ;"\ I""(q)"\ = 1 and conse-

TTTTETTE OTE OTToL\T /1A 0y Yo Vi

quently 4, n A4, # ¢. That is, there exists an x, € S” such that ¢(x,) = p(x,).
This gives us a so-called coincidence theorem.

Corollary: If deg,¢|,, = 0, then ¢ has a fixed point.

Proof: Take y = identity and apply the above result.
We now quote a fixed point theorem without proof. For the terminology
and notation, see for example Algebraic Topology by Lefschetz.

Theorem (Lefschefz): Let X be a finitely triangulated space, ¢: X — X.
Consider the induced map

d - H(XY) H(X)
() i)

Fgo S -y

3 Schwartz, Differential



34 DIFFERENTIAL GEOMETRY AND TOPOLOGY

dimX

Let l(¢) = 3. (—1)* tr (¢, | H(X)). If I(p) # 0, then ¢ has a fixed point of
k=0
homology with coefficients in some field.

Application: If X = S™, I(¢) = 1 + (=1)"d
JFPIVELAURLe 1L L l-\lp] J.. R l} 2

Let¢1,¢2 SP— S*, Yis YP2. S"— 8™ Deﬁne@ SP S x S by@(p)
= [¢:(p), $2(p)] and define ¥ analogously. Then

D (y") = degx(,) (¥ x 9°) + dega(d2) (° x 9.
(") = dega(py) (" x p°) + dega(yz) (0° x »7).
qj,,.(’}’n) ) 'P*(Vn) = deg,(¢y) deg(y,) + deg,(y,) deg,(P2).

TF tlr“' mmher

o M1 1q =L
A 111D uul].lw 10 = [}

[@1(x1), d2(x1)] = [1p1(x2), 1,02(3‘2)]-

We now define the cohomology ring of a space.

If X is a topological space, let H(X) be the direct sum of the singular
bomology groups of X of all dimensions. If the coefficient group is a field,
H(X) can be considered as a vector space over this field. Define the (total)
cohomology group H*(X) of X to be the dual space of H(X).

Let¢: X — Y. Then ¢ induces a map ¢, : H(X) - H(Y) and a dual map
¢*: H*(Y) —» H*(X).

Let diag: X - X x X be the diagonal map defined by diag (x) = (x, x).

Therefore diag: H(X) - H(X x X) = H(X) ® H(X) and
diag*: H*(X) Q H¥(X)—> H*(X).

Let ¢, yT e H¥(X); define the cup product of y{ and y3 (denoted by
vi UpY) by

e y vyl = diag* (7 ® 93).
This operation of product turns H*(X) into a ring, called the cohomology
rincof X

6 Wk Lha
LetXbea t0pological space containing a closed subset 4. A finite sequence
X=X,2X,.,2" "2 X, = 4 of closed subsets is called a ﬁltration of X

cramus Sy L, o mde ~f Lldwndimen ~F Voo s

Oor a !thrﬂUl SErIES U.l UIUWU SUDsSCLS O1 A n Hitration o1 A lb bd.[u LU glvc a
cell complex if for each pair (X;, X;_1),j = 1, ..., n, there exists a set C{”,
Cs”, ..., CJ of j-cubes and a corresponding set of maps 67, ..., oo saus

fying the following:

(i) Foreachp = 1,2,...,m,,65": CY > X,
(n\n(_‘” F)(‘m - X.

Li—-1
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(iii) % maps the interior of C$”, call it C9“’, homeomorphically onto its
image.
N ot
%) Uo} (C3) = X, = X,
p=

The o¥ are called the singular j-cells of the cell complex and the subsets
o (C°"’) are called the open j-cells of the cell complex.

'T'hp reacon for intraducine the above notione 1< to aid Ne in comn o
A LEW AWCLOW AL LWL LAdwl VLBl Wi J.l..l.& PAiW (LW T W ALAWFRLIW ALY A7 LW iAWl WD Adl WALS tl [ R 6

homology groups of various spaces. In order to carry this out, we need two
basic lemmas (which we do not prove) For a proof cf. Cooke and Finrey,

Lemma (11): (a) Any singular j-cycle of (X, 4) (X mod 4) is homologous

to a linear combination of the n'("}

-v -.n A ama e LA

(b) The homology of (X, 4) may be calculated from the cell complex as
follows: We know 8C%” is a (j — 1)-sphere. We take a basic j — 1 dimensional

intacsar hamanlaovu slacg &+ An ﬂﬂ(',) Ag o man 'Prnm ;V“U) intna V (J) i
u..u,vB\..L JJ.U.LLI.UIUEJ WAIAOD (A VLl « 1D Lu.ap YR VIEN ] U\.Jp 1ML AJ 1s Up 14l

duces a homomorphism ¢S from H(3CY”) into H(X;_,, 4). Therefore,
U)(cx) eH; (X;_,, A). From (a) any singular j — 1 cycle of (X,_,, A) can

DG CXpI'BbbBU as a HIIUdI bOIIlDlIldI Ol certain of [IIC_] - 1 ceils UI I CC
complex. In particular,

o (@) = (L nod ™

where, in general, {8} is the homology class of 8. We now introduce formal
boundary operators § by defining do},” = Y no . It is easily proved that
36 = 0. Hence, in the usnal way, we can define formal cycles, formal
boundaries, and show that the group of formal j-boundaries is contained
in the group of formal j-cycles. We can then pass to the quotient group

nnd nhitnin tha FAarmal 2+h hamalaoy arnnse e accant that thaca fAaremal
dilua vVULallil LlUw J.UI..LLI.CI.IJ Ll llumulus’ El.uup ¥¥ v dddwll LIldl LLIWDW .lul.luﬂ-l

homology groups are isomorphic with the actual singular homology groups.
In addition, we assert that the integer n,in the formula displayed above is
the degree of the map

(O,(J' 1)) (J'). aC;J') nAU> C:(i-l}’

el

where U is the inverse image of C'2Y~"? ynder this map.
These facts with be used as a basis for calculation in what follow,
Let (X, 4), (Y, B) be two cell complexes,

X=X,2X,_,22Xp =4

Y=Y >Y.

a
= L5 = Sa—1i

2 “n e

U

YA=B=

-
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Let f: (X, A) > (Y, B), i.e. f(X) = ¥, f(4)< B. fis called a cellular map if:

M fXpe 1,
(i1) f maps cach open cell of X; — X;_; homeomorphically onto an open

cell nf‘ V —_ V (rp_nq" that X, — X._. is the finite vnion of npen.’:-cells)

wWw il WA \Awwisar Lirdliw ‘l.J J—1 &

An orientation of the open cells e of a cell complex is a choice for each e of
a homeomorphism %~ from e to the open unit ball B;. We say two homeo-
morphisms have the same orientation or opposite orientation depending on
the following: let k, : e — By, h,: e — By, sothath,h; ' : B;— B,.If hlhz

orientation nreservine, we sav h, . h, oive the same orientation, If k. A, 'e
yl'uv‘. ‘lub’ 'y w U“J "’1 ’ 'll‘ o«l" LAY LFweARA W L AW AL VWY LA W ALY 1'.{‘ AL¥

orientation reversing, we say h,, h, give the opposite orientation to e.

Lemma (12): Let f: (X, A) - (Y, B) be a cellular map. Introduce the

formal map f on the open oriented cells e of (X, 4) as follows: e has an
oricntation given by a homeomorphism k: e — B;. f(€) has an orientation

oiven bv a homeomornhism ¢ fle) —» B; (recall f(o\ 1S an open ;—cell)

s.l ¥Fwad UJ A LAWF uvv;xxv;ymum 6 J \UI I.vv“l.l J

Therefore gf: e —» B;. If now 4 and gf give the same orientation to e, we
put f'(e) = +f(e). If hand gf give opposite orientations, we put f(e) = —f(e).

Tivnmnsn A laiss b

a £ al m = fr nl
.Dy uusaul._y, we .l.le._Y 1uu UUUW LllU 1014 ma,p ON 101mial 1incar UU.I.L[Ulud.I.J.ULI.D

of open oriented cells. Then it is easily proved that f commutes with 6.
Hence, as usual, finduces a map 7, of formal homology groups. We assert
that this f* represents the map f of the singular homology groups.

We proceed now to the calculation of some homology groups.

(1) X = 8" the n sphere: Note that we are cheating here because we have
already used (in Lemma 11) the fact that H,(S") is isomorphic to the group
of coefficients. However, we shall deduce that H,(S") is trivial for 0 <k <n.
For the cell decomposition X, 2 X,,., 2 - 2 X, we choose X,_, = ---
= X, = one point p. For the n-cell, we choose o": C™ _ S§™ by mapping
C°®™ jdentically and mapping 8C™ to the single point p. We define no k-cells
for 0 < k < n. We define one O-cell, namely ¢©: C© - p. It is easy to
verify that we have a cell complex. Moreover, all the operators & are ob-
viously 0. The calculation of the homology groups of S” now results at once
from the previous lemmas,

)X = Pf , the complex projective n-space: For our filtration, we take
Pf = PE -2 P¢. Let EY be the complex Euclidean space. We com-

nacﬁfv Fz hv introducine nomtq o¥ at oo cm'reqnondmg to all unit vectors w

i L el AL3L 0 LU 1l

as follows: We say z(n) - o* if z(n)/|z(n)] - w. It is easy to see that Ef

so compactified is homeomorphic to the real 2n-dimensional ball. For our

Vor_rall we rhAanca n(zﬂ) DZII _a De n ha the idantifiratinn maon The man 10
=g Wll Wiw WLIWVUIOW I | LW L' LIlW LWWALILILAOLLANV LS ll..luy A 1w u.l.up 10
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easily seen to be continuous. In theinterior of B?*(i.e. EZ), 6™ is the identity
and hence ¢*?|E¢ is a homeomorphism onto P¢ — PZ_,. Defining cells
o@n=2) .. ¢‘® similarly and defining no odd dimensional cells, we obtain
a cell decomposition of PZ. Again, all boundaries & are zero because
there are no odd dimensional cells (check the definition of &). It follows
readily that H(PH)=2Z,j=0,2,...,2n, H(P =0,j=1,3,...,2n — 1.

(3) X = P,, the real projective n-space: For a filtration, take P, 2 P,_,
2 «++ 2 Po.Foreachj, 0 £ j £ n, we have onc j-cell, namely ¢’ : CP - P,
where C is the j-cube and ¢ is the identification map. Thusthe filtration
gives a cell complex. We shall define a cellular map from (S?, S°) to (P,,P,)
as follows: We begin by choosing a cell decomposition of S* (different from
the one defined in (1)). We write S* 2 S*~* 2 -+ = §° where we regard
871 as the equator of $¥,j = 1, 2, ..., n. We define two j-cells o‘f”. o“,” for
each dimension j. For C{” we take the closed upper hemisphere U, of S’
defined by x,,, = 0. For C§” we take the closed lower hemisphere L, of S’
defined bv X413 < 0. More precisely, since the standard j-cubes cY¥

2SR YREMALW privwanely A% DAL O8NS T VR SRAYY -] 3 ~2

are homeomorphlc to Uy, L;, we let cﬁ”, o be the homeomorphlsms tak-

ing CY, €Y, onto U,, L,. Clearly 6¥’(0C5’) = $V-1 (because we regard S’—*

as th 1-119 equator o nf (’j\ -:rnr‘ cimilariy ..U)(;)FU)\ [ ("J' 1 NMarenyar 1t 1¢ nlaar
quaio

L Vi CLLAN OlLliNIRNCLL l w2 \U » AVAUVIWU Yl 1k 10 Wiwill

that S/ — §/-1 = (”(CO‘”) v o‘f’(cg‘”). So all the a cell complex condi-
tions are satisfied. Now we define the cellular map f. Let f: S’ — P, be the
identification map, i.e. We rt‘:gzuu rj as S? with x and —xidentified. From our
construction, it is clear that f is indeed a cellular map We now calculate the
homology map f. The open j-cells of S” are U and L9 (the open hemJSpheres)
Moreover, the open j-ceil of P, can be regarded as Uj . Therefore j(U, )= UJ .
But f restricted to L) is the map taking x into —x. This map preserves
(respectively, reserves) orientation if j+ 1 is even (respectively, odd), i.e.
FULD = (—1)y'*1U?. Now, by Lemma (11), o’ = k69~ for some integer
k;. It follows easily by Lemma (12) that

. {2 if jis even

10 if jis odd

since the fundamental cycle on SY is U; + L; and its image is either 2Uor 0.
Using this relation, the homology of P, is readily calculated. We obtain
the following resulit.

If n is even,
Ho (P, Z)= Z,H, (P, Z) = H; (P, Z)
= e = n—1(PmZ)g Zz;

o A
12 \ A n> 4~}

[
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If nis odd,
Hy(Py,2)2H,(P,,2)= 2
H (P, 2= H; (P, 2) = -
Hy (Pp, Z) = Hy (P, Z) =

2

H,_,(Py, L) = Z,;
Hn—l Pn: Z) = {0}

IR

i

‘ohomology Ring of P, d

w (mod 2)

We now calculate the cohomology ring (mod £Z,) of P,, the real projec-

tive space. We saw above that H,(P,,, Z;) is generated by one element,

say ;. We claim e, * o, ; = 1. In fact «; is represented by the map o which
takes C¥? onto P;. Simjlarly %,—; is represented by the map ¢®~% which

toleac £(N—1) o s amo wAJ) aemd (R T) en e
Ldl&Cb Y77 onto 1',3 -J- ﬂb LllU .u.ld.pb 07" dalld g° arc uUllblugUldl Oil Lu.U

interiors of C and C®~7, it follows that &, : &, is equal to the number of
intersections of P, with P,_; if we take P; and P,_; to be in general
position in P,. But P, N P,_; is just one point and hence the assertion
follows.

By Kiinneth’s theorem, H; (P, x P,, Z,) has as generators oy Xy, ...,
& X 0ig. By appealing to the product rule, we see that (o, X &) « (o6 X 065 5)
=1, (% X%5-1) (-1 XCn_gr1) =1, .05 (0 X o) * (00—y X 0ty) = 1. All
otherintersections are 0. Consider the diagonal map of P, —» P, x P,. We cal-
culate theimage of ;. We claim that diag, () = (%o X &) + (ox; X &%)+
+ (o5 X &p). First of all, weknow diag,, (&¢;) = Co (0o X ;) + -+ Cy(¢; X o).
If we can show that diag, (o) *(oy x&,) =1 forall Isuch that j + I+ m
= 2n, we will have proved the assertion. Now, as before, diag,(«;) - (& X o)
is just the number of pointsin P, n Py N P,, when P,, P;, P, are regarded as
beingin general positionin P, X P,. B P,NP, NP, =Py = Pjrram—2a
= P, which is one point. Now introduce a dual basis 8,, 84, ..., 8, for the
cohomology groups of P, mod Z,. Then §, is the linear functional defined
by 8(e) =68,4,i=1,2,...,n. Weclaim §; U 8; = 8, In fact,

~“J3 I\
B1 v By ) = diag* (8, @ Br) (%544)
= B; ® B (diag,(®s.+ 1)

=0;® B0 X gpp + =+ x5 X 0 + 200 + Xgpp X 0g)

Similarly ; U fi(;) = 0 if [ # j + k. This proves the ssertion It follows
that the cohomoloev rine of P, (mod Z,) is isomorphic to Z, rv'llf-r"'i‘l\
VLILLLY WEILW VVLLV“&VIV&J L‘ub b I 8 n \A-I-I-V\.l- L= ’ ALF ‘-uvluvlrm JL"VJ’ \"
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Exercise

Calculate the cohomology ring (mod Z) for PZ. Using this and the Lef-
schetz fixed point theorem, prove that the spaces Pg have the fixed point

propertv, (A space X 1s said to have the fixed noint pronertv if everv con-
=X o N et il el ~ - v meRsTw T r=~p™ e YT ~

tinuous self-mapping of X has a fixed point.)



CHAPTER Il

Further Applications of Intersection Theory

This chapter is divided into two parts. The first part will be devoted to
computing the homology groups and the cohomology ring of the Grassman
manifold \S\‘.‘?t‘: the definition ucwW) The 1mp0rtarice of the I‘lOmOu‘)g"'y' and
cohomology structure of this manifold will become apparant later on when
its central connection with the theory of fibre bundles is shown (sce
Chapters IV, VI). The method of computation itself is quite similar to the
method used at the end of Chapter II in calculating the homology and co-
homology structure of the projective spaces. The results of Chapter II are
needed in the present chapter. On the other hand, in certain special cases
(see below), the Grassman manifold turns out to be merely projective space.
Hence, the results of this chapter can be regarded as a generalization of the
results of Chapter II.

In the second part of this chapter, we shall prove the classical Poincare
Duality Theorem by a differential method. Rather than wusing the
cumbersome methods of combinational topology (see e.g. Alexandrov—
Combinatorial Topology), we shall use as our main tool Morse Theory. This
is in accord with the general philosophy developed in ChaptersI and II,
namecly, to treat topological questions (as far as possible) by “differentiable”
methods.

Part A: Homology of Grassman Manifolds

Let G, denote the set of »x-dimensional linear subspaces (x-planes through
the origin) of E® When we talk about real (resp. complex) x-planes in real

C N\
(reSP ﬂnm?lnv\ n11r‘11r1non n-space, we shaﬂ Snmnhmes ‘%’r;tu C” (rvup Cn )

for emphasis. It is easy to see that the orthogonal group O(n) acts transitively
on GF,. Moreover, if 7 is a fixed »-plane and #! is its orthogonal comple-

41
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ment, the subgroup of O(n) mapping 7 onto itself splits up into the direct
product O(x) x O(n — ), the first of which leaves & pointwise fixed and
the second of which leaves & pointwise fixed. Hence, we may identify G, »
with the (analytic) manifold O(r){O(¢) x O (n —x). In this way, we see that
G,k is a compact manifold of dimension # (# — x). Similarly, we can identify
GZ, with U(n)]U(x) x U(n —x%) where U(n) is the unitary group. Thus, G,
is a compact manifold of complex dimension x (n —x) and hence of real
dimension 2x(n — x).

Observe that the correspondence between any x-plane and its orthogonal
complement gives rise to a 1 — 1 correspondence between G, ,and G,_,, ..
Note also that G,,, = P, , ordinary projective Space.

In E" we pick an ascending sequence E° < E' < --- € E*~ ' < E", where
E’ is a subspace of E™ of dimension j. For a given Dlane neG,,, we set

mim) = inf{m|dim@ENn EMN=2j}, j=1,2,..,%

From now on, we shall write mE™ instead of # n E™. Observe that

my () < my(m) < - < m, (7).

For brevity, we write Cp,,....m, instead of Cp,
Chm,.....m, is called the Schubert Cell corresponding to the multiindex

(’nls m2: . 9mu)

Lemma (1): The Schubert cells are topological cells. Moreover, the collec-
tion of all Schubert cells gives a cell decomposition of G, .

Proof: Let weC,,.....nm . Then mE™ is one-dimensional and zE™ ™' = {0}.
As a basis for E", we can take the vectors

e, =(0,..,0,1,0,...,0), i=1,..,n,

where the “1” in e; appears in the i-th placc. We can assume moreover that
E* is generated by the vectors e, e,, . . Then ZE™ is generated by a
vector of the form x = (x4, ..., xn,, 0, . 0) where x,, # 0. In fact, if xp,
were equal to zero, then we would have d1m (:rzE"" !y = 1, whichis impossible.
Hence, we may assume x,,, = 1. Now, #E™ is 2-dimensional and zE™ ™"
has dimension less than two. Then zE™ is generated by x and a vector of the

?’i = 'Il’ LERY] ‘l"’l‘ml’ l'lm1+1’ aasy l’mz’ g aney U}.
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genera T2 NTa s . sl
gelicra CmL ~. INOW y Ul LT

P Ryr Y

llldL l,llt: YECLOis X dl.lu y - ’I] 'I] a S
form

As the linear transformation x — x, ’7 N = Ny is invertible, it follows
0

y = (yls saey ym-—la O:ym1+1’ veey ymza 0: ey 0)-

As above, y,, # 0 and hence we may suppose y,,, = 1. We now continue
the procedure, finding a basis for zZE™, ..., E™ . We arrive at a % x n matrix

X1t Xy —1 10 . 0

Y1 Ymy~1 0 Ymys1 " Ymp-1 1 0 0

2y 2yt 0 Zmy+1 """ Zmg—1 0 Zma+1 " Zmy~1 100

The first j rows represent j vectors generating mE’ (j =1, 2,...,%). The
components of this matrix are real or complex parameters (depending on
whether we are considering G, or GZ,) and can be chosen arbitrarily other-
wise. Thus, we have defined coordinates on C, ,...,m, and hence Cp,,....m,
becomes an open cell (although not necessarily an open subset of G, ;) of
dimension

(% + 1)

mi—D+m, —2)+ - +(m, —2)=(my + - +m,) — 5

There is a unique Schubert cell of dimension 0, namely C, ,. ..., and a unique
Schubert cell of dimension % (n — %), namely C,_,.+1.....n-

We shall show that the Schubert cells give a cell decomposition of the
space G, ,. Denote by D” the closed «-dimensional unit disc and by B* the
interior of D*, For brevity, write D, = D™~ ! and finally, write D = D, x D,
x +=» x D,, B = interior of D. Clearly, D is homeomorphic to a closed disc
of dimension (my + --- + m,) — x(x + 1)/2. We want to define a continuous
map¢: D - G, , such that

(D)D) = C,,, ....m, Y {Schubert cells of lower dimension}

(2) ¢ maps B homeomorphically onto C,,,.... m,

(3) ¢ maps 0D = D — B into the union of Schubert cells of lower dimen-
sion.

Consider the set of all unit vectors # e E™ such that the m,-th component

FAY s N 4hic ont 10 wesnletmn weridda T _— nm‘._l T s D(l) | N ~ et
\u}m‘ = VU, LILD DVL lb uUlLl.UU.Lu.Ul.PLUU YiLll .U1 —_— L7 « AL Ny UU a LvLa=

tion of E* depending continuously on #, such that

@) RV, =u, (b) RV | E"© E™ = identity.
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Consider the set of all unit vectors v € E™ © {e,,,} such that (v),,,z = 0; this

m—2 < h(2

set is homeomorphic with D, = D™ °. Let R,” be a rotation of E*, depend-
ing continuously on v, such that
(a) RPe,, =v, (b) RSP | E* © [E™ © {e,}] = identity.

Consider the set of all unit vectors we E™ © {e,, €n,} With (W),, = 0;
this set is homeomorphic with D; = D™ 73, Let R be a rotation of E™,
depending continuously on w, such that

(a) RYe,, = w, (b) R’ | E" © [E™ © {em,» m,}] = identity.
We continue this process » times. We define ¢ as follows:
¢ ((u,v,w,...)) = {u, RV, RVRPw, ...} ==,

i.e. 7 is the plane spanned by the vectors u#, R$Vv, R\VRPw, ... The fact that
7 is actually a x-plane follows from the fact that the generating vectors of #
defined above are mutually orthogonal. Let us show, for example, that
(u, R$Vv) = 0: (u, RM) = (Rf,” em,» RS0) = (en,, ) = 0. Notethat we use
here the fact that R’ is unitary.

(Maarlv 4 1ic cantinnane We chall nrove (1) ]

\.JIUMI.IJ, ‘P ALY WAUJAALAALWL WD ¥Y W JELGSLI HLU'U \.l.} 1 "
we have dim(@E™) =i for i=1,2,...,% By deﬁmtlon, we have then
m(dp(d) < mfordeD,i=1,2,...,x. But this means

¢dye U (..
(ll. ---.lu
where the summation extends over all multi-indices (/y, ..., [,) satisfying
LEmy,l; Em,,...,I, <m, This proves (1). To prove (2), we shall
construct a continuous map
viCu..om > B

which will clearly be a 2-sided inverse of the map ¢|B. So let e C,,, ... m,.
We know dim (mE™) = 1 and hence there is a unigue unit vector u e TE™
with (#)m, > 0 such that u generates nE™. As dim (zE™) = 2, zE™ is
generated by « and a unit vector v e {(RV)~ %} N {E™ — {en,}}. If we
require (v),, > 0, then v is uniquely determined by #. We continue the pro-
cedure in the obvious way and define

p(@) = (u,v,...).

It is clear that y has the required properties.

Statement (3) above is easily verified also and the proof of Lemma 1 is
mpleted.
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To calculate the homology of G,, ,, we shall apply the previously developed
theory. We must therefore look at the boundary relations.

In the complex case (i.e. GZ,), there are only even dimensional cells.
Hence, all boundary relations are trivial.

In the real case, we let (0D); be the part of the boundary 0D which
is mapped by ¢ into the union of Schubert cells, each of whose dimensions
is exactly one less than the dimension of C,,, ..., =, . It is easy to see that such
a cell hasthe form Cp,, ..., m—y.m,~1,m.s 1. ....m, Where mg—1>m,_ . Then,if
de(0D); and d = (u, v, w, ...), We assert that not more than one of the
unit vectors u, v, w, ... can lie on the boundary of its corresponding hemi-
sphere D,, D,, D3, ... Suppose, for example, that # lies on the boundary
of D, and vlies on the boundary of D,. Then dim (zE™ ™ ') = 1, dim (zE™™ ")
= 2 and hence m,(®) < my — 1, my(w) < m, —1 contradicting our dimen-
sional assumption. It follows readily that on (éD),, the map ¢ is exactly

2 to 1.
Tetnow C = C., . Then oC = Tn C't where the C* are the cells of

—Fiig s, LD AN N

dimension one smaller than the d1mens1on of C and the n; are integers (or
integers mod 2 if we are interested in homology mod 2) determined as fol-

ln“m fenp. the np.nnral Amﬂnumnﬂ in f‘han‘har ")\ if ﬁi 1e not contained in
o LLEW 5 bbbbb WL SALLCGLLAAWSs 1A

qb(aD), thenn, = 0, If C' = ¢(0D), cons1der the map ¢ :¢d~1(CY) - C'; then
n, is the degree of this map. Thus, n, is the algebraic number of points in oD

. P, PR Y Fali 2 am i s lonman ol cwvam & .

M = ) T ..
mdppmg ll.ll.U a sSiugic puUlllL U]. b . Dllle(P nas oéen snown to oe two to one

on (8D),, it follows that, modulo 2, §C = 0.
We thus have the following

Theorem (1): H, (GZ,, Z) is isomorphic to the direct sum of N, copies
of Z where N, is the number of Schubert cells of dimension /. H;(Gx, Z.)
is isomorphic to the direct sum of N, copies of Z, where N, is as above.

Corollary: By duality, we see that H'(GY,, Z) = H,(GE.,Z) and
H'(GEK,, Z,) = H/(GF.. Z,). Hence, Theorem 1 gives us the cohomology
groups of G, ...

We shall now carry out some intersection theoretic calculations on the
manifold G, ,. Denote by Ef the orthogonal complement of Ef in E®
(B < n). Let me G, , satisfy the following conditions:

dm@E™ 21 dim@E™ Y 2«
dim (®E™) =2 dim (:rtE"""‘) =% —1
*)

> dim
=” Wil

(o I~ 1y
AL \vvas | J

1%
—
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The first condition tells us that z contains e, , the urique vector (up to
scalar multiples) in E™ ~ E™ ', The second condition tells us that & con-
tains e,,, the unique vector (up to scalar multiples) in E™ n E™ ', In
general, the j-th condition tells us that z contains e,,, the unique vector (up
to scalar multiples) in E™ n E™ °, Hence ® = {en,, €m,; ++-, €, } and thus
there is a unique plane 7 satisfying (*). It is therefore plain that (*) implies
that fact @ € Cp,,, ..., m, . NOW, since
E°c Elc .- cE"
we have also

We define
ty(w) = inf {m | dim (@F™) 2 j}

and we put
C;:h,...,m,. ={me Gx.n I mj(n) = my}.

Observe that Cy,,....m, = Cnm,,....m,(FO F', ..., F*). Now, conditions (*)
clearly imply 7 € Co_m 11, ..., n—m +1- We also have, by direct calculation,
dim (le,...,m,,) + dim (Cr;L-m.,+1,...,n-m1+1) = dim Gx.n-

It can moreover be shown that the cells Cp,. ..., m, a0d Ciom i1, ..., n—m+1
are in general position in G, ,. We call each of these cells the dual Shubert cell
of the other. It follows then that

Crgrennamy C'-'L—m,.-l- Looesn—mg+1 = Lo
We shall now show that the set of @ € G,,_, satisfying conditions
dim@E™ 21 dim@EP )=«
dim@®E™) =22 dim@EP YY) =x% -1

: : (**)
dim@E™) =% dim@EPF~ Y =1
in addition to the condition Z L =) m, is nonempty only if [, = m;
G=1....%). = et

Suppose, for example, I, > m,. Then Em A Ep™! = {0} and the first
line of (**) would be violated. Therefore, I, < m]. Similarly, [, < m,, ...,

losm,. AsY I, =3 m,wemusthave [, = m; (j = 1, ..., %).

I=1 I=1
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Thus, if (/, /5, ..., L) is a z-tuple of strictly increasing integers such that

I, # my, for some j, € {1, 2, ..., »}, while Z I = Z my, then
. i=1 i=1

C Y o T . =0
Mgy eeeg My A=yt lsee =i+ 1 g

We have already observed that the Schubert cells depend upon the sequence
E°c E'c --- c E™ Suppose then we have two such sequences,

E°c Elc «..c E™ and E°cElc ...c Er

where E® = £°, E* = E* and where E* and E* are Euclidean #-dimensional
spaces embedded in Euclidean n-space. Let

C = - (EO© E™
Ty s ese e My Ty eenslly \ = 3> *r o3 2 J3

le-.....m,, = le,....m,, (EO: LS ] En)’

We have the following

Lemma (2): Cp,,...,m, and ("f',,,h.m, m, define the same homology class in
H(G,. »)-

Proof: The sequence E° < --- < E" gives rise to a basis e, e;, ..., €,
where E¥ = {e,, ..., e;}. The sequence E° c E* c ... < E™ gives risc to a
similar basis &, &,, ..., &. Let T: E* - E® = E™ be the linear transforma-
tion defined by

Te, = &, i=1,...,n.
The map T induces naturally a map
T :Gun—G,.n
which in turn induces a map
T,:H@G,, — H@G,,L,).

Clearly, T'(Cp,.....m) = Cum,.....m,- I we are dealing with G,, then
T eGL(n, €); since GL(n, €) is arcwise connected, T can be joined to I
(the identity matrix) by a path in GL(n, €). This induces a homotopy be-
tween T’ and I’ (the identity map of G, ,). Hence, T is the identity map of
H(GZ,) and the assertion is proved. If we are dealing with G, ,, then
T € GL(n, R) and then either detT > O or detT < 0. If det 7' > 0, then T

can be 10ined to T by a vath in GL(n. P\ since T lieg in the connected com-
SR AL AW Jvll-l-\-'“ LA S UJ - r“bl‘ A48 a4 . e

UH\III’ J‘} WARASW N M LAWY A2 WILlW WANLLALYS W b WA A
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ponent of GL(r, R) which contains 1. In this case, T, is the identity map,

as above. If det T < 0, then T can be joined to the matrix

i /—111 0\

o -
, 1.

by a path in GL(n, R) since T lies in the connected component of GL(», R)

which contains £. But the map

I G..—>G,.,

This proves the lemma,

Observing that Cx,,....m = Ch,. ... m (F% F, ..., F"), we have
Theorem (2): Letm, + my + - + m, =1, + I, 4+ +»+ 4+ [,. Then

Iila...1
le ----- My " C""’u‘i'll--u"_ll"i'l = 6":172"2---’;"“
where
(l = 1’ ’ %)’

That is, the intersection of each Schubert cell with its dual cell is 1, while all

other intersections are 0,
« X

We now consider the cohomology ring of G,,,. Let PV %

induced by fis the identity map on G, , because we have assumed that G, ,
consists of unoriented x-planes. Hence, as above, T, is the identity map.

(x)
n-—1

be the product of » copies of projective space P,_,. From a result of Chap-

ter 2,
H* (Pry, Z2) = Z:(2)(2%)-

H* (P;-1, Z2) = 2|z,

From Kiinneth’s Theorem,
H* (Pf—l X e X Pf—l) & Z(zla teey zn)/(zl;: sy Z:)

H* (P:_l X = X P:—l) = Zz (21, very Zu)l(zli, very Z:).
Again from Kiinneth’s theorem, the homology classes of P{Y, x

can be represented by products

D(l) wr D(Z) WS L. NS
£y, XL, X X IOy,

. XP,(,?]_
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as follows. An element of P,?, is the equivalence class of an n-vector (o,
Xy, ... Xp—1). This equivalence class gives a one-dimensional subspace of a
Euclidean space E/ (i = 1, 2, ..., %).

Let E* = E1® - @ E,. If v, eP,ff_)l, define

N((”J:”Z, veey vx)) = {vls Vay ey va} =N

i.e. 7 is the plane in E™ generated by the vectors v, v,, ..., v,.

Let {P3’ x -+ x P{"} denote the homology class of PS> x .- x P
in H (P x - xP)); similarly, let {C,,.. .5} denote the homology
class of Cg,, ..., s, in H(G,,»)-

Suppose that we introduce a lexicographic ordering of the homology
classes of a Grassmann manifold by writing {Ga,,...,m} > {Cayps+esmy if
m, > nl‘, or if m;, = n, while m, > n;, or if m, = n, and m, = n, while
ms > nz, etc. Then, if [, <, <--- <, <n-—1, we will show that
D NP5 x -+ x P = {Ci 41.1342,..1,4x} + lower classes of like
dimension, where N denotes the mapping of homology induced by the conti-
nuous mapping N. We prove this as follows. Let p, m, k be positive integers
suchthatp =m + k;let Cy,, ... m, be a Schubert cell of the Grassmann mani-
fold G ,; and suppose that m; < m + k. Consider the mapping M:
Gi.p X P™ = Gy, pim+, which maps & x (x) € Gy, , x P™into the hyperplane
7, in E?*m+1 generated by the vectors [y, x], where y € . We shall show,

otna intancantinn thamney that
uDl.LI.E WL DA LIVLL LLIVUL Y, Ll

() Mo({Ca,.....m} X {P™}) = a{Cnm,,...,m,,m+x} + lower classes of like
dimension, and that the coefficient a is equal to 1. Indeed, regard
E' < E?2 ¢ E® ... asinthe preceding paragraphs, let n, < n; < *** B4y,
and suppose that , lies in the dual cell of C,,, ..., n,4> 5O that dim (@.Es-1)
>k + 2 —j.Since » = &, is a hyperplane of codimension 1, it follows that
dim (wE;-,) = k + 1 — j, so that dim (nE, _(En,) = 1 and n; < m,
J =1, ..., k. Thus, if the image M(Cyy,....m, X P™)has a non-zero intersec-
tion with the dual cell of C,, ,...,n, ;> We have {Cy, ... n. 1} < {Cmy,ocoomyomik}
in the lexicographic ordering. Using Theorem 2, we may at once conclude
that (1) is true; however, it remains for us to evaluate the coefficient a. To
this end, we proceed as follows. Let Tx: E™+! — E? be the linear transfor-
mation defined by

Tx = (X15 000y Xng—15 0y Xnys eees Xngmys 05 oty Xm—1s X, 0, .00, 0).

Let M*: Gy, , X P™—> Gy, pym+, Map & x () into the plane ¥ generated by

the vectors [y + tTx, x], where y ez, Then M°® = M, while M clearly de-
pends continuously upn t. To prove that ¢ = 1 in (}1) we have therefore

4 Schwartz, Differential
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only to show that the intersection number of M ’({Cp, ..} X {P™}) with
the dual class of Cp,,...,m, m+x is 1. But if a5’ belongs to the corresponding
dual cell, we have dim (75" E;y,—1) =k + 2 — j as above, and it follows as
above that dim (%% ’E, E. 1) = 1. Thus the basis vector em, belongs to
7l for 1 < j < k. We may therefore write [em, 0] = [y + zTx, zx] for some
y € mw and scalar z, from which it follows that z = 0, es,€em, 1 <j <k, so
that 7 is uniquely determined. Moreover, since dim (7% ’EJ'H) =1,Tx = 0;
thus the m + 1-dimensional vector x is a multiple of the basis vector e, ,,
i.e., x is determined up to a scalar factor. The intersection with which we are
concerned thus consists of precisely one point; since it is readily seen to be
transverse, the 1ntersect10n number a of (1) is equal to 1, and (f1) is fully
proved,

It is clear that (ﬂ follows from (1), by induction on x; thus (%) is also
established.

We assert further that

N, ({P{P x +»r x P{?Y) = {Cipa1, 42, 1,40}
+ lower classes of like dimension,

where /;, [5, ..., I, is an arbitrary sequence of integers such that ; £ n—1
(i =1, ..., %) and where the sequence l{_, l5,...,1,isthesequence /,, ,, ..., I
rearranged in ascending order. To see this, let

'I) P(}"}l XK e XP(“)I—’P({-)]_ X ver X.P,?‘)]_

ed by p((v1,...,0.)) = (@i, ..., v,). Then,

Uy, ..., U, among themselves, and
9 (P x oo x PP = P(” e X PO,

By choosing y appropriately, we caninsure /;, £}, < - 21, .

Observe that Noy = T'o N where T': G,,, > G,,, is induced by an
appropriate (nonsingular) linear transformation of E*'. From the proof of
Lemma 2, it follows that :

AT o

iy =N
® - Fa

w® o N¥ — A%
Ngs ¥

where N*, p* are the induced mappings in chomology. The desired result
follows directly.

Let DOW ym,, ....m, be the cohomology class dual to {C,,, ..., m, }. By the
above assertion, it follows that N*p, . . ({P{ x « x PPP =1if

(!i, !2, ey !”) 15 a P 'l“m'l'lfa. 11 v (ml - 1, m2 _9 seng m“ _%} and equl?nls
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zeroif (1, ...,1) <(m; — 1,m, — 2,..., m, — X)in the lemcographlcorder-
ing of x-tuples introduced above.

Let 8¢ be the cohomology class in H*(PL?,) dual to {P{"} (i = 1,..., x).

Any cohomology class of H¥(P{Y; x +-+ x P{;) can be written uniquely as
a combination of the basis vectors 6‘” @@ 6‘," Suppose that wé order
these basis vectors by the same 1ex1cographic ordering of (/y, ..., [y).
We know from Chapter 2 that &7 = (6{°) = 6’ L& L. LY
(/ times). It follows from the above that :

N*mooom, = Symm (33, @ 82, ® - @ 82_)
4+ a combination of higher basis vectors

where “Symm?” is the symmetrization operator, Writing 6“... ;= (Y,
we get

N*uy,....m, = Symm ()" @ - ® (7)™ ™)
+ a combination of higher basis vectors.

From this, the following theorem is evident.

Theorem (3): N* maps H*(G... onto the subring of Z(z,,..., 2./
(z5, ..., z%) consisting of symmetric polynomials. Also, N* maps H*(G,\ )

onto the subring of Z,(z;, ..., z)/(z}, ..., Z}) consisting of symmetric,
polynomials,

Consider now an increasing sequencc of Euclidean spaces E < E¥*1
— .. - E’Nr— .. Tha
= = S .-+, 1ndh,

E" = {(xy, ..., X,) (x, € R)}, nx.
The inclusion E” < E"** gives rise to an inclusion map
: in: Gn,n - Gu.n+1

which is clearly a cellular map. Since there are no nontrivial boundary relations
among the Schubert cells, it follows that

is an injective homomorphism.

Now let E® denote the set of all sequences of real numbers, all but a finite
number of which are 0. Then E® can be viewed as the direct limit space of
the sequence E* < E**! < ..-, Then define G, to be the direct limit space

of the sequence G, ., = G, .. S -+, Clearly, G, ., can be regarded as the

Sy A Moy = Tyt l = 7T ALy,
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set of x-planes in E®. Using the fact that the maps (i,) , are injective, it can
be shown that
H(G,. ,) = dir lim H(G,,,).
n=rod
Using this, the following theorem can be demonstrated.

Theorem (4): H¥(G,,,,) is isomorphic to the ring of all symmetric poly-
-nomials in x variables z,, ..., z,.

From a classical theorem in algebra, any symmetric polynomial in »
variables can be written as a polynomial in the elementary symmetricpoly-
nomials oy, ..., 6,. Denote by ¢y, ..., ¢, the elements of H*(G,, ) which
correspond to oy, ..., 6, under the 1somorphxsm given by Theorem 4, The
elements ¢, ..., ¢, are called the Whitney Classes (in the real case) and the

Chovyn MYaccoe (1n the samnlay caesl Thue Thanram A accarte that anvy
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cohomology class in H¥(G,,,) can be written as a sum of cup products of
Whitney (Chern) Classes.

J 1rm wxrlaila 2aa
Note that in the real case, ¢; € H (G, , £2), while in t

¢; € HY (Gy, 2)-

Part B: The Poincaré Duality Theorem

We recall some of the facts from the theory of character groups. (For a full
exposition of resuiis, see L.oomis—dAn Introduction to Abstract Harmonic
Analysis or Pontryagin—Topological Groups.) Let G be a locally compact
abelian group with a countable basis. Then we can define the character
group G of G to be the group of continuous homomorphisms of G into
R mod 1, the additive group of reals modulo 1. It is known that (i) if G = R",
then G = R*, (ii) if G is finite and has the discrete topology, then G = G, (ii) if
G = Z,then G = Rmod 1. There is a pairing of the groups G, Gto the group
Rmod 1, i.e, for ge G, §e G, there is a natural “multiplication” g& = r,
r € Rmod 1. In particular, if g, § € R, then g is just the ordinary multiplica-
tion reduced modulo 1. It is known that G is compact <> G is discrete and
that ¢ = G for any locally compact G. We say that two groups G and G’
are dually paired to R mod 1 if there is a multiplication gg’ € R mod 1 such
that if ¢, is the element of G’ defined by ¢,(g’) = gg’ and if y,. is the element
of G defined by y,(g) = gg’, then the maps g - ¢, and g’ — y,. are iso-
morphisms of G onto G’ and G onto G'.

We are now in a position to state the Poincaré Duality Theorem: Let M™

be a compact orientable manifold without boundary and let G be a locally
nnmﬂnnfnlinlrnm avrnamn vwiith o rnes fntu’n haaie Thon X (AL 42N and H f]l (q\
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are dually paired to R mod 1 if the multiplication between H,(M; G) and
H,,_(M; G) is defined as the intersection number of homology classes.

Corollary (1): Let M™ be a compact orientable manifold without bound-

ary. If « is a singular (k)-cycle on M with real (respectively integer) coeffi-

cients, and if & - = 0 for all singular (m —k)-cycles § on M with real
(respectively R mod 1) coefficients, then &« is a boundary.

R R, [T, Pr—— [P

If G is a field, the singular homology groups of H are vector spaces. W

e
define the p-h Betti number b, of M to be the dimension of H,(M; G). As a
consequence of the Poincaré Duality Theorem, we have the following

Corollary (2): by = b, ;.
If M is not orientable, the intersection theory mod Z cannot be applied.

However, we still have Poincaré Duality Theorem Mod 2 If M™ is a compact

Dwana tafy S R W AT ST ) o v

manifold without boundary, then H,(M; Z,)and H,,_ . (M; Z 2)aredually paired
to R mod 1 if the multiplication between H,(M; Z,) and H,_,(M; Z,) is

»
# h A Afh 1) 1}
deﬁned as the intersection numbermod 2 gj nomocogy ciasses.

Our proof of the Poincaré Duality Theorem will make use of Morse
Theory. We shall state the results we need without proof, The proofs can
be found in Milnor—Morse Theory.

Suppose then that fis a smooth real-valued function on a manifold M™,
A point p € M is called a critical point of f if, in local coordinates at p,

L (p) =+ = a—ff—- (p) = 0. A critical point p is called nondegenerate if

is a nondegencrate critical point of f, then there exist local coordinates at p
such that f— f‘(n\ —_ x? —vee — r + x2, . KR x2 in the entire co-

il s34 bt % o it

ordinate patch. The integer k is called the index of the critical point p. It is
an immediate consequence of Morse’s lemma that nondegenerate critical

nint Y Alatad EF iF AL rt manifald th mhar af nn
yuxuus arc IS\uau.«u aenCe, 11 v isa vuuxyauu ulamxuxu, L8 NUINCEr 1 non-

degenerate critical points is finite. The following lemma, which is closely
related to the jiggling lemma, and the details of whose proof we leave to
the reader, plays a crucial role in what follows.

Lemma (1): Let f be a smooth real-valued function on the compact mani-
fold M. Arbitrarily near f (in the sense of the d,-metric, for any k), there
exists a smooth real-valued function g on M such that g has onlynondegen-

erate critical points. If, moreover, p,, p,, ..., Px are the critical points of g,

then g can be chosen so that g(p,), g(p2), ..., g(pi) are distinct real numbers.
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The following theorem is one of the central resuits of Morse Theory.
First, we give some definitions. Let f be a smooth real-valued function on a
compact manifold M. The real number c is called a critical level of f'if there
exists a critical point p of f such that f(p) = ¢. Denote by (r;, £ f < r,) the
set of all points g € M such that r, < f(g) < r,, where r, and r, are any real
numbers. Similarly, we denote by (f < r) (respectively (f = r)) the sct of all
points g € M such that f(g) < r (respcctively f(g) = r). We then have

Morse’s Theorem: Let a and b be real numbers, a < b. If there are no
critical levels of f between a and b, then (f < a) is a deformation retract of
(f £ b). Inparticular, the relative singular homology group H ((f £ b){(f £4a))
= 0. On the other hand, suppose there is exactly one critical level of f between
a and b corresponding to exactly one nondegenerate critical point of f of
index k. Then Hy((f < B)(f < a)) = Ofor k + I and H (f < B)(f S a); §)
~ G.

For a m'nnf of this result, cf, Milnor, op. cit.

Wc now proceed to the proof of thc Poincaré Duality Theorem. By Lem-
ma (1), we can find a smooth real-valued function f on M, all of whose

. . L]
critical points are nondegenerate. Moreover, if p,, ps, ..., po—1 are these

critical points, we may suppose that f(p,), f(p2), ..., fi (p,,_l) are all distinct.
Without loss of generality, we may assume f(pl) < f(pz) < < flpa-yv)-
It is clear LuaLJUJU is the minimum value, dou\p,,_l) the maximum value,
of the function f. We now choose any rcal numbers ¢;, ¢,, ..., ¢, such that
¢; < f(p1) < &3 <f(pz) < < ey < fpn-y) < c,. It suffices to prove
(by induction on i) that H,((f £ ¢;); G)and H,— . ((f £ e)(f = ¢;); G) are
dually paired to R mod 1 by the intersection number. Indeed, setting i = n,
we have (f < ¢,) = M, (f = ¢,) = ¢ and the assertion follows directly. For
= 1, the proposition is obvious becausc (f < ¢;) = ¢. Let ¢ = f(p,) de-
note the minimum value of f. There is a coordinate patch at p; such that fis
given by f = ¢ + x] + -+ + x2. Since p, is the only point in M at which f
takes on its minimum, it follows easily from the compactness of M that
there exists a number ¢ > 0 such that (f £ ¢ + &) is homeomorphic to
B': = {(xl RRRE xm)le R o xf, = 8}' Now Hk(B:" G) and Hm-—k(B::"laB;ns G)
are dually paired to R mod 1 by the intersection number. In fact, if & # 0,
H,(B',G)=0= H,_,(BFoB, G). Moreover, H,(B", G)=~ G and
H,(Br/oBY, G) = G. It follows from the first part of Morse’s theorem that
Hk((f = 62)’ G) Hk(Be » G) and Hm-—k((fé CZ)/(f= Cz)s 0) = Hm-—k
(BT|0B;, G). The proposition is thus verified for i = 2. We now proceed

inductively, assuming the result for i < jand pro

inductively, assumin the or i < f and proving Let

f‘gr;'=j+1.T.pf
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the index of the critical point p;be A. Set T = (f < ¢j+1), U =(f = ¢41)s
T- =S¢ —8 To=(+e=f=cpyy) L=(f=Z ¢p). Here, ¢ is
chosen.so small that ¢;,, — & > f(p;) > ¢; + & We consider two exact
homology sequences; the sequence of the pair (T_, L) and the sequence of
the triple (T, Ty, U). We have

o > Hy 1 (T-|L, G = H (L, G)» H, (T_, G) - )
—)HK(T IIL’C\_-"“IC J(L’C)__)...

v e Hy ey (To]U, G) &« Hyy_y (T|Ty, G) « H,_, (T/U, G) « (2)
A m—k (TO/U’ G) « m+k-—1 (TITO’ é) -

We want to show that H,(T, G) and H,_,(T|U, G) arc dually paired to
Rmod 1 by the intersection number. By virtue of Morse’s theorem, it is
JUbL as well to consider ﬂku —, ) as ﬂk\l ’ U') In genelm, &-* p is defined
whenever dx N 8 = ¢, x N 8 = ¢. Hence, intersection numbers are defined
between elements of H,(L,G) and H,_,(T|T,,®, H(T.,G) and
H,_(T|U, ), and H(T_|L,G) and H,_,(To/U, G). Indeed, L n T,
=T_n U=¢. We shall show that H, (L, G) and H,_,(T|T,, G) are
dually paired to R mod 1 by the intersection number. By eXcision,

Hy o(TITo, &) = H,_o(f £ ¢; + &)(f = ¢; + &), G) and by the first part
of Morse’s theorem, H,(L, G) = Hy((f = ¢; + &), G). The assertion now
follows by induction and another application of Morse’s theorem, The
same result is true, of course, for the groups Hy_ (L, @ and H, _ ., {T] To,5).
We claim moreover that H(T_/L). G) and H,,_ (T,/U, G) are dually paired
toRmod 1 bytheintersection number, Indeed, it follows directlythe second part

of Morse’s theorem that H (T _[L, G) = {OG 1: : > j By excision,
1 =

17 (> n L DMLES A Py
dip—p\\J = L T )\ J = J+1)9 )

2 Hu (=S —¢; === —€;21) 0).

As py is a critical point of f of index 4, it is clearly a critical point of —f of
of index m — 4. It follows again from the second part of Morse’s theorem

that H,_, (To/U, G) = 0 if ko };:Thisproves the claim. The same result

(v ifk=24
is true, of course, for the groups Hy,(T-/L, G) and Hy,_,_((To/U, G).
We claim, now, that the sequences (1) and (2) are dual cxact sequences in the
following sense. Consider abstractly two exact sequences of groups

frIrr N A
dim—g\Lo/Us V) =

+1 L4
.-o~—-—-—)AJ+1-——+““"‘>AJ—-—+ Aj—l—-—) *ee (1')
i< — R <Up M-l L. (9N

L2j41 L3 § s f—1 \~J
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Suppose we have defined a product a - b for a € 4;, b € B;. We say that the
sequences (1')} and (2) are dual exact sequences if ¢, @ * b = a’ - y;b holds
for a’ € A;, ,, b € B;. Let us assume for the moment that (1) and (2) above
are dual exact sequences, Our theorem will then be deduced from the

Algebraic Lemma: Suppose (1) and (2') are dual exact sequences. Suppose
further that As;; and Bj; are dually paired to R mod 1 and also that 45, ,

and R_ are rlnn"v ﬂn1rnr1 ta R mad 1 'T'hpn A_ . nd B...., are dually

LA u31+1 CAL b Wi URLLAL Wbk VLS AN LEAWSWE Ar L AiWA .:.1.3 } 2 au“ ”3.""2

paired to R mod 1.

To prove this, let C; = B;, the character group of B,. The exact sequence
(2") gives rise to a corresponding exact sequence — C;, 4 20 Bk, Ci—1.
We consider the diagram

— A $itl 4 Py —
" Ay " Aj YAy T
fj+1J fj‘[ f}‘—ll
v . Yi-1
? CJ+1 C; j-1 T

The maps f;: A;— C, are given by a; — g,,, where g,(b;) = a;* b;. The
relationg,, @’ - b = @ - y,b insures that the diagram is commutative, More-
over it follows from the hypothesis that f3;, gs;,, are isomorphisms, By
the “Five Lemma’ (see Eilenberg-Steenrod), f5;. 2 is also an isomorphism,
The assertion of the lemma now follows easily.

Thus, if we can show that (1) and (2) are dual exact sequences, it will
follow that H, (T-; G) and H,,_,(T]U; G) are dually paired to R mod 1 by
the intersection number, The fact that (1) and (2) are dual exact sequences
follows easily from properties of the intersection number which we have
developed. We leave the details as an easy exercise.



CHAPTER IV

Introduction to the Theory of Fiber Bundles

In this chapter, we begin our study of fiber bundles and their applications to
differential topology. Throughout these notes, emphasis is placed on the
theory of linear bundles and their associated principal bundles (sce defini-
tions below and in Chapter VI). A most important particular case which we
shall consider is the tangent bundle of a manifold (see below).

Geometrically, a fiber bundie may be considered as a generalization of a
product space. In fact, as we shall see below, a fiber bundle “appears locally
as a product space”. However, is allowed a “twisting in the large”.

The formal definition of a fiber bundle is actually rather involved. More-
over, many of the theorems in the subject are of a technical nature,
Since there is a quite detailed book on the subject available, namely,
Steenrod—Topology of Fiber Bundles, we shall be rather lax insupplying full
arguments. Frequently, we state without proof theorems which can be found
in Stenrod’s book. As another reference for the subject (especially for the
theory of linear bundles), we suggest the newer book Hirzebruch—Neue
Topologische Methoden in der Algebraischen Geometrie.

To begin with, recall that if G is a topological group and Y is a space,
then G is a group of homeomorphisms of Y if there is a continuous map
7n:G x Y- Y (we write 5 (g, y) = g * ) such that

(i) ey =y for all y € Y (where e is the unit of G),

(i) g1(g2y) = (g182)y for all g,,2,€ G and y€ Y.
G is called effective if gy = y for all y € Y implies g = e.

Definition (1): A fiber bundle is a collection (X, B, F, G, =) as follows:

(1Y A ernara YV rallad tha himdls onars {
\1) £x 5PAVE A CAnilG WLl w8 SpLLe

(2) A space B called the base space.
(3) A space F called the fiber.

]7
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(4) An effective group G of homeomorphisms of F called the group of the

bundle.
(5) A map n: X 2> B called the projection such that 7~ (p) is homeo-
morphic to the space F for all b € B. &

(6) A family {#%,} of open sets covering B; the %,’s are called coordinate
neighborhoods. For each %,, there exists a homeomorphism im, such
that im, 2 v~ (U,) ="~ ¥, x Fls given by

Im, (x) = [b,f] = [#(x), i(x)], (be%,feF).

(1) Xf be, 0 U then imgoim, ' [b, f] = [b, Uy(B, ®)f]. We require that -
the maps U,(B,x): F— F depend continuously on b and belong to the
group of homeomorphisms G. The U, (8, bc) are called the coordinate
transformations of the bundle.

Examples: (For more details concerning these examples, scc Steenrod,
loc. cit.)

(iy If X is a Lie group and F a closed subgroup, then X is a bundle over
the base B = X/F with fiber Fand group Facting on itself by left trans-
lations.

(ii) The Mdbius strip is a bundie over the circie as base and the line segment
as fiber. The group G is the cyclic group of order 2.

(iii) As a very simple example, we have the product space B x F, which is
a bundle over B with fiber F. In this case, the group G is the trivial
group.

(iv) Let M™ be a manifold, (M) the collection of all tangent spaces at all
points of M, i.e. the collection of all pairs [p, v] where pe M and vis a
tangent vector to M at p. Let : (M) — M be defined by z[p,v] = p
Then (M) becomes a fiber bundle over M called the tangent bundle. In
fact, for coordinate neighborhoods %, we take the coordinate neighbor-
hoods of M. Write #(m) for the Lie group uf all non-singular m x m
matrices. The maps U, (B, x) of the last definition are just the Jacobian
matrices of transformations of coordinate maps and therefore belong
to # ' (m); therefore 7(M) is a # (m)-bundle over M.

Remark: The coordinate change functions U,(8, «) of a bundie satisfy
the following properties

(i) U,(x,x) = identity homeomorphism e € G 4

(i) U, (y, Yo Up(B, ) = Up(y, %)

Clearly, (i) and (ii) imply that U,(x, ) o Uy(B,x) = e. set of functions

Ir (R A\ definad An tho cat G ~ whirh cati1cfy
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and which are continuous functions of b (i.e. the map from %, n %, - G
given by b - U,(f, zx) is continuous) is said to define a G-bundle structure
on B. '

Now let B be a space and let {#,} be an open covering of B. Suppose
that a topological G acts on a space F as a group of homeomorphisms,
Finally, suppose functions U,(f,«) are given on %, N %, which define a
G-bundle structure on B. Then we have the

Existence Theorem (See Steenrod, loc. cit., p. 14)

Ly i PSRN Y . | DI 7 JNUIPI , LY S .} I o S, SR v
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tions Uy(B, ). X can be constructed as follows. Let X be the collection of
all triples {[b, f,x1|b € %,, f € F}. Xis given the relative topology of the
product space (where the inciex set is assumed to have the discrete topology).
X is obtained from X via the equivalence relation [5, £, «] ~ [b, U,(B, %) f, A1,
i.e. X'is defined as the resulting set of equivalence classes. The theorem also
asserts that X is unique up to equivalence (see directly below).

G

Equivalence of G-bundles

Let X, X’ be two G-bundles with the same base B and fiber F, and with
projections 7T, o’ respectively. Then the two bundle structurcs are equivalent

T .S w ont0  wrr __ut st ub
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(i) #'¢ = m. Thus, ¢ : 7~ 1(b) —» '~ () is a homcomorphism,

(ii) if %,, ¥ s are coordinate neighborhoods of the G-bundles X, X respec-
tlvely and if img o 0 im, '[b, f1 = [b, Dy(B’, x) f1, then we require that
@, depend continuously on b and belong to G.

Notation: We use the symbol “=” for equivalence.
Remark: The following relation follows immediately from the definitions:
U, (y', B Dy (B, ) Uy (o, 6) = Dy (v, ).
Another way of putting this is as follows:
Up (', ) = Do (', 0) Up (8,) Dy " (£, ).

The last relation could be taken as the definition of equivalence of G-bundle
structures over B,

Definition (2): Let § be a bundle structure over B with fiber Fand group G,

and let Y B’ - B be a continu map. The induced bundle structure 1,91'5

S Ay WAL wAAL -.ou i e e F LV L a
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having base space B', fiber F, and group G is defined as follows, The co-
ordinate neighborhoods are the inverse images of those of &: %, = »~Y(%,).
The coordinate transformations are given by Uye(f, &) where p(b') e %,
N Ug.

Notice that if &;, &, are equivalent bundle structures over B, then v'#,
and 9'¢, are equivalent over B’. Moreover, (pw2)' = (o) (p)), (ident)!
= ident.

Definition (3): Let £ be a G-bundle structure on B, G’ a subgroup of G.
We say & is reducible to G’ if there exists an equivalent bundle structure &
such that all coordinate changes U,(f, «) are in G'. If G' = {e}, wecall £ a
trivial bundle. Then § is equivalent to the product space bundle.

If G = #'(n), the general linear group, and if & is reducible to # +(n), i.e.
the subgroup of #7(n) of all n x n matrices with positive determinant, then
we say that & is an orientable bundle.

Lemma (1): A manifold M™ is orientable iff the tangent bundle (M) is

. ASNNiit 4L LRI AR RARs IS A BA%ILA2

an orientable bundle (see last definition).

Proof: Recall that a manifold M is orientable if it can be covered by co-
ordinate neighborhoods such that the Jacobian matrices of coordinate maps
have positive determinants. From this and from the definition of tangent
bundle the sufficiency follows.

Necessity: Let 7,, ..., 7, be a frame of vectors at some point p € M, i.e.
a set of linearly independent vectors at p. Let x be a coordinate system in
some neighborhood of p. Let thec components of 7, in this coordinate system
be given by 7¢(x) (j =1, 2,..., m). We say that the frame of vectors 7, is
positively oriented if |7]|| has positive determinant. This notion is well
defined since 7(M) is oriented. Now, given a coordinate system x, on M,
let z,, ..., T, be the directional derivatives in the coordinate directions. Call
this system positive if 7, ..., 7, forms a positive frame, negative otherwise.
Cover M with coordinates as follows: take x, if x, is positive, take x; = the
reverse of x, otherwise, (Recall that the reverse of [xy,..., X,] 18 [X(, ...,
Xp— 15 —Xy].) This orients M.

Q.E.D.

Cross-Section of a Bundle

Definition (4): Let X be a bundle over the base B, with projection 7: X
— B Then a cross-section of X is a continuous map k: B — X such that
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Example: A continuous vector field on a manifold is a cross-section of the
tangent bundie of the manifoid.

Note: Not all bundles have cross-sections; for example let #(M) be the
set of all non-zero vectors in 7(M), Then £(M)is a bundle over M and #(M)
may not have a cross-section. Indeed, the following result holds.

Theorem: There is a continuous nonvanishing vector field on M iff the
Euler characteristic of M = 0.
See Steenrod, op. cit., for a proof.

Linear Bundles

Definition (4): A fiber bundle is said to be a linear bundle or a vector space

harmn s iF +ho Rhar
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is W (k).

Definition (5): Let (X, B, V¥, #°(k), =) be a linear bundle. Let X' < X be
such that 7(X") = B. Then (X', B, V/,# (j),n|X") is said to be a linear
sub-bundle of (X, B, V*, #W(k), n) if

c‘l-nf Qe nno T/k Nt a~rMa d manacian I and tha orann
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{(Hm ' (b) n X' = V'(b) is a linear subspace of V¥, always o
mension j, i.e. j = dim ( V’(b)) does not depend on b.

(2) V'(b) depends continuously on b, i.e. ¥'(b) has a basis which depends
continuously on b.

Let b, € B. We pick a basis {v;(b,), - .., v4(bo)} for ¥'(b,) and then we find
vectors Uy, 4, ..., 0p in V(bg) = @~ 1(by) such that the system {p,(b,), ...,

v/bo)s Dj415 -+, U¥} forms a basis for all of V(b,). By property (2) of Defi-

nition 5, we find a basis {v((b), ..., v;(b)} for V'(b) such that v,(d) is close to
v.(b.) whenever b is close to b, (] <i=Z 1\ Then, if b is sufficientlv near b,

vl\vu‘, ITra Al ¥ e e S 1] - EEwALY Flalilviliiid il 09

the system {v,(d), ..., v(b), Dya1s +ees v,,} forms a basis for V'(b) (as one
clearly sees). Thus, there is a unique nonsingular linear transformation L(b),

'T'k‘:ﬂl‘ ‘: e d “'I FashFal I‘ l'] k k
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Now, X “appears locally” as % x V(b,) for some coordinate neighbor-
hood % and some b, € B (scc Definition 1). The above argument shows that
X' “appears locally” as % x V'(b,). The reader should now be able to
satisfy himself that a linear sub-bundie is actually a bundle.

Definition (6): Let X be a linear bundle and X’ a linear sub-bundle. (By

abuse of language, we call X and X' bundies, altho ough fh are actnallv

el ¥ At — g | el B g Tl vumJ
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only the bundle spaces.) We define an equivalence relation in X as follows:
X1~ X2 if

' (i) 7(x)) = 7(x,), and

(ii) x; —x; €X',
VS e 1

Denote by X/X’ the resulting set of equivalence classes. X/X' then forms
the bundle space of a linear bhndle called the factor bundle.

To verify that X/X’ can be turned into the bundle space of a linear bundle,
we observe that locally, we can write X = % x V(by), X' = % x V'(b,);
whence X/X' = U x V(by)/V'(by). To define a natural linear bundle struc-
turc on X/X’, use this “coordinatization”.

Lemma (2): Suppose

(HJX-*>Bisa linear bundle,
(2) X' is a linear sub-bundle,
(3) X 1s orientable.

Then X' is orientable iff X/X’ is orientable. Moreover, any orientation of
either of these bundles induces naturally an orientation of the other.

Proof: If X is a linear bundle with fiber V*, then a k-frame in X is a set
x1 X35 ens X of k linearly independent elements of X such that z(x,) = b.
(This makes sense since 7~ (b) = V*.) Notice that a bundle is orientable
if the set of frames can be divided “continuously” into right handed frames
and left handed frames, i.e. if x, ..., X is a right handed frame, then any
frame sufficiently close to it is a right handed frame. Now, suppose X" is.
orientable. Call a frame x;,,, ..., X; of X/X' right handed if, when supple-
mented with a right handed frame of X’, we get a right handed frame for X.
This orients X/X'. Conversely, suppose X/X ' is orientable. Call a frame
Xy, ..., Xy in X' right handed if, when supplemented with a right handed
frame for X/X’, we get a right handed frame for X. This orients X’, and
proves our lemma. Q.E.D.

Let M be a manifold, M’ H a submanifold. Let 7(M) be the tangent
bundle of M, 7,(M) the restriction of (M) to M’, i.e. the set of all vectors.
tangent to M at points of M’. Then |

To(M) = 1(M').

Suppose M has a Riemannian metric, and let »(M") be the set of vectors in:

7o(M) which are normal to M’. We call »(M") the normal bundle of M’ It
is easv to see that ‘rJM'\ o T(M\m'v(M'\ (A precise definition of 4>

a3 il y RS e e Fanby w =T prewvald EiealloleaNsas
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is given in a later section.) If M is orientable, then (M) is orientable and
hence z7,(M) is orientable (because it is a restriction of the orientable bundle-
7(M)). Therefore by the lastlemma, 7(M") is orientable iff »(M”) is orientable,
which implies that M’ is orientable if (") is orientable by Lemma 1.

Special Case: Assume M is an oricntable manifold with boundary,
M’ = oM. Then »(M') is trivial. To see this, let n(b) be the unit normal

vector at a noint b in the hnnnﬂﬂrv M’ of Mﬂmnhnc inward; nﬂ)\ denends

ector at a po in the boundar epen
continuously on b. Given any normal vector v at b, assign coordmates
[B, v - n(b)] to v. (The dot means-inner product.) Then

v(MY)Y=2 M x R
where R is the real line. But this means that »(M") is the trivial bundle, hence

orientable. Therefore, if M is an orientable mnmf‘nld then M is also

WFLAWRLWIY SR A LI WANSA Wy A Awrdlwiesi ARALpAZIA VEIEw

orientable.

Remark: As we have observed above, we have the relation »(M") @ 7(M")
=~ 7,(M). This means that we have a natural equivalence of the bundles
y(M") and 1o(M)/x(M"). Now, 1o(M)/x(M') is clearly indepcndent of the
choice of a Riemannian metric for the manifold. Hence, (M), which seems
to depend on the choice of the metric, is actually determined (up to equi-
valence) by the internal structure of M.

Now suppose M and M’ are manifolds, both contained in another mani-
fold M,. Assume that M and M’ intersect transversely, i.e. at each point
PeMn M = MM', we have '

at B AN s RN T e Y SN |

M Jlp T IV J|p = Mg p-
We claim that if M,, M and M’ are all orientable and orientedin some way,
then MM’ is also orientable (and inherits a natural orientation). To see this,

note that
{v(M) s + T(MVagae He(MM') = v(Mo)|yene-

(By ©(M)] 2 » We mean the set of all tangent vectors to A at poinis of A4M .
Similarly for T(M")| sy and 1(My)l e .) Now, by assumption, t(M)l MM’s
(M) pener and T(Mo)|ane are all oriented. Therefore, T(MM') is oriented;
whence MM’ is oriented, as asserted.

To complete the circle of ideas centering about orientation of submani-
folds, etc., we state the following lemma and corollary. The proof of the
lemma is left as an exercise (see Stecnrod, loc. cit., pp. 47-49).

Lemma (3): Suppose that ¢: M - M'is a smooth map between two

’ o o
manifolds M and M’. Let N’ be a submanifold of M’ and suppose ¢ is every-
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where transverse to N'. Then, as we know, N = ¢~ (') is a submanifold
of M. We assert that
W(N) = ¢'e(N))

where ¢' is the induced map on bundles.

Corollary: If M, M’ and N’ are orientable, then N is also orientable.

Proof: Qince M/

- BWFWA @ A Alv LVE

after Lemma 2 above). This means that v(N’) is redumbl Wt (n") where n
is the dimension of N’. Now, ¢! does not enlarge” the group 'JV +(n) ie

.L?f..f]\r MY 10 ner mrinminila i Adla Der T amrena. 2 10 nlam~ Am
@Y )) 1d dil Viivillduiv Uulidlv. DY LAdllilig o, !’\1\'} Iy dioy Uil

then, since M is orientable, it follows that N is orientable.
Q.E.D.

nd N’ are orientable 'u(N’\ is orie le (see disct imq
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CHAPTERYV

Spectral Sequences

If X is a topological space and 4 a closed subset of X, we call (X, 4) a
pair. A normal series for (X, A) is a sequence

v ces = LX A
A=X,2X,,=2""2X,=4
where all the X are closed subsets of X.
[+
T 4- YLV AN v f\ Y A vrlonwn YT £V AN :n_ blemn bl wn :.-‘-:--n | A,
\ ) _ L \ .ﬂ) Wi W .l.ld\A’ ﬂ} Id LIV Gl 1IvIdLIVY llULuUlugy

group of (X, A). The inclusion map (X;, 4) —» (X,, 4) induces a homomor-
phism of H (X;, A) - H(X,, A) and we denote by Im H (X, A) the image of
the group H(X;, A) in the group H(X,,, A). (In geperal, if (R, U) and (S, V)
are pairs such that R< S, U< ¥, we denote by “Im H(R, U) in H(S, V)”
the image of the group H(R, U) in the group H(S, V) under the homomor-

phism which is induced by the inclusion map (R, U) - (S, ¥).) We consider

the sequence
H(Y A= H(X. AA> Im H(X A)
2ImHX,;, A2 --2ImH(A4,4) =0

Since all the groups involved are abclian, the above sequence of groups is
actually a normal series for H (X, A) (in the group-theoretic sense). Denote
by F; the j-th factor of this normal series, i.e.

Ten IT( AY
1M i \AJ', Aj

Im H (X;_, A)
By convention,set X_, = A(k=0,1,2,..)and X; = X( =n,n+1,...).
We wish to find relations between the groups H (X;, X;_,) and the groups
of the normal series for (X, A). For this purpose, we define the Leray inter-
mediate groups E!: we set
E = Im H (X, X;—,) in H(Xy4r—1, Xj—4) _
Im H(XJ—DXJ'—P) in H(Xf+r—1a XJ—r)

F; =

5 Schwartz, Differential
65
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It is easy to verify that E! = H(X;, X;_,) and EJ, = F,. The main result
to be proved in this section is the following.

Theorem (1): We can define boundary operators @) : E, - El™" such that & 6"
=0 If 7(F'j\ ={ze F’Jlﬁ"r =0} and R(F'j\ =i{d'wlwe F"H'rl then, as usual,

N

B(Ej) c Z(E’) Set H(Ei) = Z(EJ)/B(E ). Then H(E:') ~ El. ..
Proof: We define 0" as follows: Consider the sequence
)
1 (X.I: Xj-—-r) - H(Xj—r) — H (Xj——r: XJ‘—ZI') — H(XJ'—I: XJ’-ZI‘)'

Here 4 is a boundary operator and the other maps are induced by the respec-

tive inclusions. The composite map from H(X;, X;_,) to H(X;_,, X;_,,)

will be denoted by d,. Note that d; can be regarded as a map from

H(Y Y. _ \ to “Im HX, Y. . \ in H(X X._ .. Y and a fortiori as a

map from H(X,, X,-,) to EJ f where

EJ'—I‘ — Im H(XJ"I'D Xj—Zr) in H(XJ-—-IS XJ—2r)
Im H(Xy— 1, Xj-2,)in H(X;—y, Xy-2/)

If now {y} € E! and if y e “Im H(X;, X;_,) in H(Xj;,_1,X;_,)” is a re-
presentative of {y}, we set 8'{y} = {fpx} where o € H(Xj;, X,_,) is an ele-
ment whose image in H(X;,,—1, X;-,) is v and where {dpx} is the equi-
valence class (i.e. the element of EJ™") containing djx. To see that & is a
well-defined homomorphism from EJ to E!™', the following assertions
must be verified:

Yrruor r Fal 4t
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(a) Let x e H(X,, X;_,). If the image of & 1n H{X;4,_, X;-,) 15 O, then
oo = 0.

) If & € “Tm H(X,_,, X;_,) in H(X;, X;_,)", then & = 0.

We prove (a): Consider the sequence
9
H(XJ'+I'—19 XJ) - H(XJ‘: X.i—r) - H(XJ+,._1, XJ_,.).

This is the exact sequence of the triple (X;,,_y, X;, X;-,). Since « is mapped
to 0, we must have x = df (by exactness) where ﬁ € HX;4r—1, X;). We
now consider the sequence

8
H(XJ'+r—19 XJ) _'> H(XJ') — H (XJ': XJ‘—r) - H(XJ'—r)
- H(XJ—-H j{.)‘—21') - H(XJ—I: XJ‘—Zr)-

Now @ in the second display above is just the composite map of ¢ and the
rnmnliiciaon® HIYY o HIEY. Y. Y Ta chaw that the imaoa of dx in

-I-.I,,I.UIDI-L, WL .l L L \l.l.."} L4 F ¥ 3 \ll.j’ ILJ r} A WF LIRS YY Wil wilw lll-l“s\l Wk e d ARN
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H(X;_1,X;_,,)is 0, it suffices to show that the image of 9f in H(X;_;,X;-,,)
is 0. Indeed, the image of 8 in H(X;_,) is already 0 because the section
H(X;) » H(X;, X;—,) - H(X,_,) of the above sequence is just part of the
exact sequence of the pair (X}, X;_,). This proves (a).

We next prove (b). Consider the following diagram.

2
H(X.h Xj—r) - H(Xj—r) - H(XJ'-r: XJ——Zr) - H(XJ‘—-I ’ XJ’-—Zr)

N\ S
it y lz\ ;/
, L /
|/ N /
HX;—y, X;-,) H(X;-1)

Let & € H(X;, X;_,) be such that i;(f) = « where f € H(X;..,, X;_,). Now
dooe = 01 (B) = i3i,8'(B). But i,0'(f) = 0 because the section

H&X;-1, X;-) — HX,-,) = HX;-y),

is a portion of the exactsequence of the pair (X;_,, X;_,). Hence dpox = 0,
as asserted. |

We now prove that &¢" = 0. We show more, namely that 6,9, = 0. In
fact, consider the following diagram.

H(X:)‘:X.Iﬂr) _)'H(XJ' r)__*H(XJ' rsXJ' Zr) H(Xj—lsXJﬂZr)

a\ /z/

H(Xj—2. Xyos) ~> H(Xy—2,, Xy-2) = H(Xs_2,)

Now 0o = i31,0'1,0,(). Put § = 9,(). Then as in our previous argu-
ments, 8';(8) = 0. Hence, 8,050 = 0.

We now prove H(E!) =~ E].,. For each x,e H(X,, X,.,) such that
{xo} € Z(EJ) @i.e. {ai,xo} = 0), we will define an element {w,} € E,+1

ouuu that the map 1;\.0; —+ 1‘”0! determines a uuuxuuu.upumux Ol £LA\Ly,) into

EJ. . We then prove that this map is onto and that the kernel of the map
is precisely B(E7). The proof will be split into three lemmas.

Lemma (1): Let 6"{x,} = 0. Then there exist z, € H(X;_,, X;_,) and
wo e H(X;, X;_,_,) such that x, = im z, + im w,. (Recall that by im z,

-r—-
we mean the imaee of z. in H(X,. X. . Similarlv for im @..)
Y% LIiweLil WAAW !M‘-“&U WL ao i1 ¥ \ILJ’ ‘lJ r} LJJ.uJ.ll.ul-l.J ASNFL Liii WO ,
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Proof: Consider first the diagram
H(X), Xi—) > HXj=p» Xs-20) — HXy_ 1, Xy2,)
I
H X1, Xr2)
Since 8" {x,} = 0, we see by looking at the definition of EJ™" that there

exists yo € H(X;_,—1, X;—-5,) such that dx, — iy, has zero image in
H(X;_, X;_1,). Consider next the diagram

H(X;, Xy-p) — H(Xj-py Xy p1) — H(Xj-1, Xs—1-1)

T

H(Y . X )
<2\ ’

—1 **Jj=r—1

Since H(X;_,_4, X,_,_l) = 0, it follows easily from the above that dx, in
HX;_,,X;_,—,) has zero image in H(X;_,, X;_,_,). Using the exact
sequence of the triple (X,_, X;_,, X;—,—1), we sce that there exists z,
e H(X;-, X;_,)such that dxo = 0zo in H(X;_,, X;—,_,). Consider theimage
of z, under the map H(X;_,, X;_,) » H(X,, X;_,); call this element im z,.
Then 0 (x, — im 2z,) = 0in H(X;..,, X;-,_,). Using the exact sequence of
the triple (X;, X;—,, X;_,_,), we see that there exists w, € H(X;, X;_,_{)

ench that v~ — im ». —immm. 1 ¥ =1'm-7 ..!..111‘\(\
vt LA LALWY L WU AdLh ﬂo ALLL wo Adew's ﬂo ALLL 0 ARAAA WO

Q.E.D.

We define the map from Z(EJ) to E/,, asfollows: Let {x,} € Z(EJ) and
let x, be an element in H(X;, X;_,) representing {x,}. By Lemma 1, x,
= im z, + im wy. Now w, € H(X;, X;_,_,) and

rYF rwy w»r 0000 N wx rwy

Im H(X;, X;_,_,)in H(Xj4,, Xy, 1)

Er+1 =
ImH(XJ' 1> XJ' r-—l)lnH(XJ'ﬂ'a —-r— 1)
Tat fm 1 ha tha nlnmnnf FJ Aatarminad e 1 r‘n,-nﬂa, tha mane loer
At W J’ oC L0l CiInent in Lo p4 ] WGLLLILLLLIVG UY W, V LI, LRI ulap UJ

sending {x,} - {w,}. We show this map is well-defined.
 Lemma (2): If {x,} = 0, then {we} = 0.

Proof: We have to prove two statements:
(a) If the image of x, in H(X;,,_,, X;_,) is 0, then {w,} =0
(b) If xo € “Im H(X,_,, X;_,) in H(X;, X;_,)” then {we} = 0.

We prove (a): From Lemma 1, write x, = im z, + im w,. It follows
directlv from the hypothesis that the image of x, in H(X; Y. Yic 0

waJ 4&8Siii I wAsViFAL wilifw wiiw. Allilispmw Wi fV) s \“'J"I"l" €5 J - 1} ALF W
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Moreover, the image of z, in H(X,, ., X;_) is 0. This follows immediately
from the commutativity of the diagram :
. H(X'—Is XJ‘—r) ’—>H(X:J'+l‘5 XJ—I_)
' AN S

p s

HX;-1,X5-9)

Hence, the image of w, in H(X,,, X;-1) is 0. Let @, be the image of w,
under the map H(X;, X;_,_1) > H(X;4 s, X;—,-1). Then the image of @,
in H(X;4,, X;-1) i1s 0. Using the exact sequence of the triple (X;,, X;_4,
X;.._1), we find that @, e “Im H(X;_y, X;-,—_y) in H(X;4,, Xj_,-)”. It
follows immediately from the definition of EJ,, that {w,} = 0. This proves

(a).

To prove (b), we no tct_ at, by hypothvsis- there exists z; in H{X;_4,
X;_,) such that Xo = o- Thus im @y, = im (zo — 2p); and therefore the

image of wq in the group H (X;, X;-4) is zero. By the exactness of the homo-

10n-u cannance far tha trinla (V. V. Y. Y it fallawe that thare avicte
F SJ J\-uuvuvu AWFR LEilW bl‘ylv \ll.” llJ 1’ ‘.‘.J r 1} AL AW/AIWV YYD LILGEL LILMWE W Wi ALLLLY
uo € H(X;-1, Xy—,-1) such that w, = im u,, proving that {wy} = 0.

Q.E.D.

Lemmas 1 and 2 show that the map {x,} = {wo} is 2 homomorphism of
Z(EY) into EJ,,.This map is onto because given {wo} € E/,, we may just
choose x, € H(X;, X;_,) such that x, = im w,. To complete the proof of the
theorem, we. show that the kernel of the map {x,} — {w,} is B(E?).

Lemma (3): If {w,} = 0, then {x,} € B(E}).

Proof: We have x, = im z, + im w,. Now, {w,} = 0 iff there exists u,
e H(X;_,, X;_,_)suchthattheimage of woin H(X;,, X;_, _{) coincides with
the image of u, in H(X,,,, X;-,-,). Let us denote by #,, Z, the images of %,,
Zo in H(X;, X;_,). Also, denote by X,, iy, Z, the images of x,, 2y, 2o In
H(X;.,, X;_,). It follows that X, = Z, + #,. If weputry, = xo — @, — Z,,
then r, has image zero in H(X;,,, X;_,). Using the exact sequence of the
triple (X;4+,, X, X;_,), we see that ro = 05y, So € H(X;4,, X;). Therefore
Xo = 05y + 3o + fiy. If {Z,} and {il,} are the elements in EJ determined
by 2, and i,, it is easy to see that {Z,} = {#,} = 0. Noting that

Bt = Im H (X4, X)in H (Xj42,-1, X))
Im H(X1+r—1’ XJ’) in H(XJ'+2'r—1: XJ’)

and hence that s, determines an element {s,} € E2*", it follows from the
definition of 8" that {x,} = ' {s,}. Thus.{we} =0 1& {x le arE’ r

NED
L 2% a78 B 1
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This completes the proof of the theorem. Notice that in the course of the
proof, we have not made use of all of the axioms for a homology theory (see
Eilenberg-Steenrod). In particular, we have not used the dimension axiom.
The fact that the Leray relation H(E)) = EJ, , holds independent of this
axiom lends importance to the so-called generalized homology theories
where the dimension axiom is not postulated. Notice also that the proof of
the Leray relation is completely algebraic; there are no really vital references
to topological spaces or continuous maps. Indeed the theory of spectral
sequences has a wide range of applicability and is not restricted solely to
topological questions. Before discussing an application of the theory of
spectral sequences to fiber bundles, we make a few further remarks. If we set

Ejd = Im Hd (X:r: Xj—r) in Hd (XJ'+r—1 » XJ’—r)
" Im Hd (‘X‘f—ls Xj—r) in -Hd (X1+r—laXi—r)r

then @ is a homomorphism taking E; ; into E/;~,. As before
Z(E/ )/ B(E;.)) = E}s 1,0

A sequence E? of groups, with boundary operators &7 as in Theorem 1, and
such that H(ED) = E},,, is called a speciral sequence. If there exists r, such
that » = r, implies ol =0,sothat E} 2 El,  forr 2 ro, We say that the
spectral sequence is convergent. The groups El for r = r, are then written as
E’_, and called the limit groups of the spectral sequence. If Gis a group with a
normal sequence whose factor groups are isomorphic to the groups £7,, we
say that the spectral sequence converges to normal factors for G, and we write

{=G E}=G, E}= G, etc.

We mention finally the spectral sequence in cohomology. Here we take a
different normal series from the one we took in homology. The series is
given as

H* (X, A) = ker (H* (X, A) > H* (4, 4)) 2 ker (H* (X, 4) > H* (X, A)
2 ker (H* (X, A) - H* (X,, A) =2
> ker (H* (X, A) —» H* (X, 4)) = 0.

*®J — ker (H* (XH-I'—I’ Xj—r) —> H* (Xf—la XJ’—r))
ker (H* (X4 ,-1, X;..,) » H* (X;, X;_,)

As before, we can prove that E}Y = H*(X,, X,_,) and that E}’ is the j-th
factor of the above normal series. The theory then proceeds in much the

ame was as for homoloov
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One of the main applications of spectral sequences is to help find relation-
ships between the homology and cohomology groups of the bundle space,
base space and fiber of a fiber bundle. We shall give a brief glimpse of the
method.

Let then X be a bundle over a (finitely) triangulable base B, with fiber F
and projection 2. We shall need the following proposition about bundles,
the proof of which can be found in Steenrod—7he Topology of Fiber Bundles,
p- 33.

_Proposition: Any bundle over a cell is a trivial bundle.

.S P S, | mak AN Lo dben 6aTas 1o
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boundary and let 8 = ¢ — (0o),. Thus, in the figure to the right, the whole
(closed) triangle represents o, the shaded part (including the boundaries)
represents (o), and the inner (closed) triangle represents é.

2>

AN

By the above proposition, z=1(¢) = ¢ x F,n~! (0c) = 0o x F,n~1 ((0c),)
= (0o), X F. Since do is clearly a deformation retract of (dc),, do x F
= m~1(do) is also a deformation retract of (d¢), x F = =~*((ds),). Let X,
denote the part of X lying over the jskeleton of B and let (X)), denote the
part of X lying over the union of the k — 1 skeleton of B and the thickened
boundaries of dimension k. Then, X;_, is a deformation retract of (X;— ).
and therefore H(X;, X,—,) = H(X], (X;-,).). By excision, H(X, X;_,)
~ H (n‘l( U 61."), :rr,‘l( U 66‘&)) where we sum over all j-simplices in B. But

observe that the simplices &! are mutually disjoint. Hence, we may write

I {m—1 I

AX /UD I
v

9(
‘-...../

An ‘elementary calculation, using Kunneth’s theorem, shows that
Y. @ H(6] x F, 6] x F) = Y @ H(F). Recalling the summation range of «,

it follows that
H(X:H Xf—l) &= CJ (B: H(F))

where C; (B, H(!

(F)) is the group of j
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- Now, X =X, 2 X, 2 - is a filtration of X, corresponding to the
fiitration B = B, 2 B,_, = **- of the compiex B. By definition, Ei=H (X5,
X 1)- Hence, the above result can be restated as

E{ = C;(B, H(F)).

Finally, we assert without proof that

H. (B H(FY
\*Js-

J
) g .l..l.j \&Fy £X

This formula can be considered to be the fundamental relationship which we
have been seeking. The proof of the formula follows without difficulty from
the Leray relation H(EY) =~ EI,,. We leave the details to the reader.

The preceding theory now implies that there exists, a convergent spectral
sequence through which H(B, H(F)) = H(X). This fundamental result in the
homology theory of fiber bundles, due to Levay, has played a very significant
role in the advance of topology during the last three decades.



CHAPTER VI

Introduction to the Theory
of Characteristic Classes

In this chapter, we study of the some the homotopy and cohomology
theory of bundles. Proofs of many standard theorems are omitted;
they can 2ll be found in Steenrod—7Topology of Fiber Bundles.

Our main aim in this chapter is to show that, at least in certain respects,
the study of an arbitrary principal G-bundle (see definition below) can be
reduced to the study of a particular principal G-bundle, the so-called uni-
versal G-bundle. In particular, if G is one of the classical Lie groups U, or O,,
the base space of the corresponding universal bundle turns out to be the

space G, . We can then use our knowledge of the cohomology structure
of G, ., to define and study the Chern and Whitney classes of an arbitrary
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prinmpal U, or O, bundle. Our study of these ““characteristic classes” will
be continued in subsequent chapters. Finally, we mention briefly (and do
not use again) the Pontryagin classes.

We begin by recalling some facts about homotopy groups. For details,
see Hu—Homotopy Theory, Chapter IV.

LetXbea topomglcal space, Aa suospace and Xp € A a fixed pOlll[ De-
note by I~ the face of the cube I” defined by ¢, = 0, and by J"~ ! the set
oI* — J*—1, Consider the set F*(X, A, x,) of all maps f of the cube I” into X
which carry I"~* into 4 and J"~! into the point x,. An ““addition” is defined
in F*(X, A4, x,) forn > 1 by setting '

oo B 0Ly

2!].’ i R’
(f+,_-°;)(t)—ig(2t1 it 3=t

for f, g€ F*(X, A, x,). We say two maps f,, f; € F*(X, A, X,) are equivalent
if there is a deformation f; connecting f;, and f; such that

AN A, fI N =%, - 0<r<1.

’J..

%
1

II/\ II/\
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74 DIFFERENTIAL GEOMETRY AND TOPOLOGY

We denote the set of equivalence classes thus obtained by n,,(X A, xo). The
addition in F°(X, A, x,) induces an addition in Ta(X, A, Xo) which turns
7, (X, A, x,) into a group. We call &, (X, A, x,) the n-th relative homotopy
group of the pair (X, A) with respect to the basepoint x,; it is known to be
abelian for n = 3.1If, in particular, 4 = x,, we put 7, (X, x,, X,) = 7, (X, X,)
and call this group the #-th absolute homotopy group of X with respect
to Xo: 7, (X, X,) is abelian for n = 2. For n = 1, we get the fundamental
group of X at x,. If the spaces X and 4 aré arcwise connected, then the n-th
homotopy groups are isomorphic for any two basepoints x,, X;. In this
case, we will write 7, (X, A) mstead of 7,(X, A4, x,).

If f: (X, A, x,) = (¥, B, yo) is such that f(4)< B and f(x,) = yo, then
it can be shown that f induces a homomorphism

£ oo T 4 N —_ fTr D ..\
J*'%‘Asﬂsxo)_’nuklaﬂ,yOJ'

Also, if fe F*(X, A, x,), then the restriction of f to the face I*~! will
define an element in 7,_, (4, x,) and in this way we get a homomorphism

a:‘nﬂ (Xs A: xO) = Tlp— 4 (Aa xO)

called the boundarv homomornhism. We now have the

s L3 8 L a iitedlll Y 22 < 22 | ~ia

Lemma (1): The following sequence of homotopy groups of the pair
(X, A4) is exact:

a .
v 7, (X, A) — 7, 1(A) 7 T 1(X)_’“n 1 (X, 4)— -
Here, i, and j, are the maps induced by the inclusion map i, j.

Remark: There is a useful extension of the notion of homotopy sequence
to that of a tr1ple (X A B) where X 2 A 2 B and where the basepoint

ae o= D T I, 4
AgSC D 1L L

o>, (A4, B) > 7, (X, B) "> 7, (X, 4) = 7o, (4, B)—

where i, j are inclusion maps and & is the composition
Ly AN a. — £ AN k# — £ 4 D
Tp\A, A) ™ 7 Tg_\A) 77 Ry \4, D)
where k is the inclusion map. It follows without much difficulty from Lem-
ma (1) that this sequence is exact.
We now turn to the homotopy properties of fiber bundles. Here, our con-
stant reference is Steenrod, loc. cit. The key property which fiber bundles

nossess and from which many theorems ahont them follow ig
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INTRODUCTION TO THE THEORY OF CHARACTERISTIC CLASSES 75

Theorem (1) (Covering Homotopy Theorem): (cf. Steenrod, p. 50, and
Hu, p. 65). |

If X is a bundle over B with projection p and if f: K »X is a map of a
““nice” space (e.g. a finite complex) into X such that there exists a homotopy
g::K — B with g, = pof, then there exists a homotopy f;: K — X with
Jo=fpofe =g.

From this theorem and Lemma (1), we can construct the

Exact Homotopy Sequence of a Bundle: (Steenrod, p. 90).
In the notation of the theorem above, let .x0 € X, by = p(x,), F,

g dlen Blune b Pl mu £ "I" ~ 1 élana
SO l-lldl. .l"o lb llUlllCUl.uUl.Pl.l.l.b I.U LLIC LIUGL .ll. I0OHOWS ITOom 1 UlUlll 1 Llldl
Py (X, Fy, Xo) — 7,(B, by, bo) is an 1somorphlsm for n 2 2 Using this

fact, we define a homomorphism
A7, (B, bp) = 7,4 (Fﬂa Xo)
by 4 = dop,' where 8: m,(X, Fy) - m,_(Fp) is the boundary homo-

morphism. Then the exact sequence of the pair (X, F,) (see Lemma 1) is
transformed into an exact sequence
: ’
oo s g (Fo) 2 (X)) 20 m(B) 2o m,_ (Fp) 2 -+
- T 75(B) e Wl(Fo) - Wl(X) > m,(B).

Definition (1\- A bundle £ is called a principal G-bundie if (a ) the fiber F

AAEAR G A SFER A WS WFLLRAEW WiLLEW s % QST PR W AL L W

= the group G and (b) G operates on itself by left translation.

Given a bundle &, with base B, group G and fiber F, then we can construct
the associated principal bundle & in the following way. Let & have the same
base B, the same coordinate neighborhoods U,, the same U, (x, §) and the
same group G as £, but replace the fiber F of £ by the group G and allow G to
operate on itself by left translation.

Remark: Let us observe that, up toequivalence, thereisa 1 — 1 correspond-

ence hatoman f'_knnr".n structures gver a space R and ﬂmnmr\r_ﬂ ﬂ_knnr"nn
CIlv OCTwWelIL CULGIC SIUCLULITS OVET 4 SPale O and Prinlipal

over B. This follows from the fact that given a G-bundle structure over B,
there is a unique way of constructing a principal G-bundle over B (see the

e o o e am F ) TS W

D)&lblﬂuw .I.I.ICUH‘JIII ll.l \.;I_ld.pl.cl J.V)

Theorem (2) (Bundle Structure Theorem): (Steenrod, p. 30).
Let G be a topological group, H and K closed subgroups such thatK $ H,
and let H admit a local cross-section. If p is the map induced by inclusion

of cosets, then G/K is a bundle over G/H with projection p, fiber H/K and
group H/K, acting on H/K by left translation (where K. is the lareest sub-

=== SVRIipn el AN e wa wdautabewaSsaa AL SR =2 w1AW D . =



76 DIFFERENTIAL GEOMETRY AND TOPOLOGY

group of K invariant in H). Furthermore, any two local cross-sections lead to
equivalent bundles. Finally, the left translations of G/K by elements of G
are bundle maps of this bundle onto itself.

As a special case note that if we take K = {e} then G is a principal bundle
over G/H with fiber and group H.

Let us use the above ideas to prove the following lemma, which will be
useful in what follows.

Lemma (2): If O,, is the group of orthogonal transformations of E™, then
Ox/ 0, is “aspherical” for all k < n, i.e. ®,(0x/0,) = Ofor k < n.

(Notice that Oy/0, is arc-wise connected because Oy has two components
and 0, contains matrices with both positive and negative determinant.)

Pranfs 1) 1'3

A AWVvaAes g 1 n

Opiq. We have O, < O, € Opyp © o+ = ON By the Bundle Structure
Theorem, ON/O is a bundle over Oy/0,, with fiber O, /0, = S™ Now,
S =0ifk <n -

By writing down the homotopy exact sequence of this bundle, we see that
every third term in the sequence is zero. Therefore,

7ty (On/On) = 75, (On[Opyy) if k <.

as a local cross-section in
ZAGALT &4 AW WLAL WAL WL ﬂvvb].vu ARL

]
(=R
=
£
o
a
A
'P

By repeating this argument, we get

7t (On/On) = 7, (Oyf 0u+1) x - = 7, (Oy/Oy) = 0.
Q.E.D.

Lemma (2'): If U, is the group of all unitary transformations of £*, then
a, (UyjU) =0 if k<2n+ 1.
The proof is analogous to that of Lemma 2.

Definition (2): A k-frame in E¥ is an ordered set of k independent vec-
tors in E¥, Call the set of all orthonormal (N — n)-frames in E¥ the Stiefel
Manifold Vy_, . Cledrly, Oy acts transitively on Vy_, . The subgroup
leaving fixed a certain frame £ " is just the orthogonal group Oy _ y—ny = O
operating in the space orthogonal to all the vectors of f3 . Thus, Vy_n.n
= 0xf0..

If we work in €%, we can deﬁne Vx—_n n simularly and show that Vy—, »

+,,,/O is a

We have O, € 0, x O,. By 'I-‘heorem 2 Vintm
er O .. and

nimlOs X On = G with fiber O, x 0,/O,

n M iy 4 Il 13 m-ru: rEEm=ss
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INTRODUCTION TO THE THEORY OF CHARACTERISTIC CLASSES 77

group O, x 0,/0, = O,. lLe. the Stiefel manifold ¥, .+, is a principal
bundie over the Grassmann manifoid G, .., With group O, and fiber O,,.

Definition (3) ILetfbea principal bundle over a space B with group G.
J.].lCLl g lb er..l.lUU. ﬂ'l.u..llVUl.bd.l .lUl I.llU yO'ﬁp LT lf i0r d,.l..ly H"Wlllpl.cﬂ. 1.\, DUU'
complex L of K, principal bundle & over K with group G, and bundle map f
of &’|L — &, there exists an extension of f to a bundle map of & — &. (Notice
that if # is a bundie with bundie space X, base space 4, and projection map
p:X— A4, and if 4 = 4, then we can construct, in the obvious way, a
bundle # with bundle space p~*(4), base space 4 and projection p|p~*(4).)

Characterization of an n-Universal Bundle

Mhanwame 2% fiQéannn~ad - 1NN
A LSULvill \-J}o tDLUUmUu, p l.UL-}

A principal bundle & with bundle space X, is n-universal iff n,(X )=20
for 0 = i < n. (Note: (X)) = 0 means X is arcwise connected.)

Corollary: The real (resp. complex) Grassmannian G, ,, with the bundle
structure defined over it as described above, is an (n — m)-universal O,,-

1. undle {reso _ al U.-bundle)
Uil (TC5P. La\u rn) + lj'uul\'blbm um-u aivj.

Proof: We showed above that ¥, , 1s a principal O,, bundle over G, ,,
d;r;(V \—ﬂrfﬂ(l"(n_m Suull e

. comnlex case
NS

rlv for t
wr - AL t’ AR WALIW

J a LR

Definition (4): We have a sequence of natural inclusions E® < E®+1c ...
which induces a sequence of inclusions ¥, .S V1S . Let ¥V, , be
the direct limit space; V,, . is then the set of orthogonal m-frames in E®.

Definition (5): Consider V,, ., is a principal O,-bundle over G,, ., (U~
bundle in the complex case). The bundle constructed in this way is r-uni-
versal for O,-bundles (resp. U,-bundles) for all integers r > 0. We are
going to call the space G, . a urniversal classifying space for O,-bundles
(resp. U,-bundles). We will denote this principal bundle and its bundle
structure by oy,.

Theorem (4) (Classification Theorem): (Steenrod, p. 101).
Let £ be a principal G-bundle with the base space B and bundle space X.
Assume 7, (X) =0 (0 < k < n). Let K be a2 complex of dimension n. Then the

operation of assigning to each map f: K — B its induced bundle over K
givesa 1 —1 correspondence between G-bundle structures on K and homotopy

clacses of mans of K —» R,

VERLDIUWD WL LW Vi L



78 DIFFERENTIAL GEOMETRY AND TOPOLOGY

Corollary: Let K be a complex of finite dimension. Then O,,-bundle struc-
tures (resp. U,-bundle structures)on K arein 1 — 1 correspondence with the
homotopy classes of maps of K — G5, (tesp. Ge. o).

Definition (6): Recall that if ¢ : X — ¥, then ¢ induces a map ¢* of the
cohomology ring H*(Y)— H*(X), and induces a map ¢ of G-bundle struc-
tures on Y into G-bundle structures on X. Let now I” be a map assigning to
each G-bundle structure £ on an arbitrary space ¥ an element of H*(Y; C)
such that I'(¢'8) = ¢*I'(¢) for all spaces X, Y and all maps ¢: X - Y.
Then I' is called a C-cohomology invariant of G-bundle structures. Here C is

a commutative ring taken as a coefficient ring for the cohomologv rines of

WASLLLLIL W LALI VY LI3R ROELVLL 40 G VUL LLVIVALS LA23E ViISV WRLIVILVAV S Lilimis WL

spaces.

Example of a Cohomology Invariant

Let § be an O,-bundle over a triangulable space B with fiber F, bundle
space X. Assume w(F) = 0for i £ n—1 and let n > 1. Let B* be the k-
skeleton of B, ¢**+* a(k + 1)-dimensional simplex of B, and do** ! its boundary
(which is homeomorphic to 8%, the k-dimensional sphere). Let¢ be a cross-
section defined on B*; we want to investigate the possibility of extending ¢
to B*+1, The restriction of § to the call 6**1 is a trivial bundle since every
bundle over a cell is trivial. Therefore ¢|do** ! is a map of do*+! — do*t! x F
defined by ¢(c) = (c, f), and hence definesa map (call it¢ again) of dg**+! — F.
Since do**! is homeomorphic to S* and Fis simply connected, ¢ defines an
element o, in 77,(F). It is easy to see that ¢ can beextendedto o*+1iff o, = 0.
Therefore, if k < n — 1, ¢ can always be extended to all of B¥+1, Assume
now k = n; then the operation of assigning to each o**! the element , in
7t(F) as above defines a (k + 1)-cochain &« on B. It can be shown that «x is a
cocycle and does not depend on the successive extensions of ¢ on lower
dimensions. Therefore we could start by ¢ defined arbitrarily on B°. It is
evident therefore that to each §, we can associate a uniquely defined element
in H**1(B, n(F)); denote this element by obst,, ; (, F). The map “obst” of
O,-bundle structures on B into H"*!(B, =,(F)) may be shown to be a
7t(F)-cohomology invariant of O, -bundle structures.

Theorem (5): The set S of Z-cohomology invariants of U,-bundle struc-
tures is in 1 — 1 correspondence with the set of cohomology classes of GZ,
with integer coefficients,

Proof: Recall that V,'f;,w is a principal U,-bundle over Gy, . Let «,, be
the corresponding bundle structure. Let I" be an element of S. Then f(x,,)

ic an element » of cohomoloov ring H* (G 7Y Tet A be 2 Lfm!bundle

A Ghldl Wiwlliiwaady , VVI..IVL.I.IVIVBJ LJ‘.‘.& A \vm w ‘-‘,. el Nt W Vl W



INTRODUCTION TO THE THEORY OF CHARACTERISTIC CLASSES 79

structure over a base B. Then, by the classification theorem, there exists a
map ¢ (unique up to homotopy) of B— Gy, such that §, = ¢'(s,). But

then ') = T'(dton) = ¢*T(0m) = $*().

If I'" is another cohomology invariant such that I"(«,,) = y, then I(8,)
= ¢*(y), and therefore I(8,) = I"'(8,) for all spaces B and U,-bundle struc-
tures B, , i.e. I = I"". Conversely, let ¥ be anyelement in H*(G5, ., Z); we
want to define an element I', in S which corresponds to y. Let B be any space,
& a U,-bundle structure on B. There is a map ¢ (unique up to homotopy)
from B into G%,, such that & = ¢'(x,). Define I'(§) = ¢*(y) € H*(B, 2Z).
It is easy to check that I, is a well defined Z-cohomology invariant of
U,-bundle structures. We have only to show that if I, = I',., then y = 9",
It is clearly enough to check that I'(«,) = y. But this is clear since if i is the
identity map of G5 ., - Gr ., then i' = identity, i* = identity.

This completes the proof of the theorem.

Recalling thatthe Chern classes ¢;e H2(G,, ,, Z) form a set of ring genera-

MRl RIS T BES Rel Al A RIS N, 00 5 -.—,

tors of H*(G,, ., Z), we have the following

Corollary: Every Z-cohomology invariant of U,-bundle structures can
be identified in & unique way with a linear combination of cup products of
Chern classes.

Similarly, we can prove the following theorem and corollary.

Theorem (6):The set S’ of Z,-cohomology invariants of O,-bundle struc-
tures is in 1 — 1 correspondence with the set of cohomology classes of G,
with Z, coefficients.

Corollary: Every Z,-cohomology invariant of O,-bundle structures can
be identified in a nmane way with 2 linear combination of cup prgdu_)ts 0

= 2 LRI L 232 < LR A2 A L) e

Whitney classes.

Definition (7): Let§ = (X, B, U,, p) be a principal U,-bundle with base B,
bundle space X and projection p. Since G, is a universal classifying space,
there exists a mapy: B— GE_,, which is unique up to homotopy, such that
£ = 9 (om) where sty = (Vo> Gm.o» Un» Pm). The map yp induces a map y*,
on the cohomology level, from H*(G% ) into H*(X). Notice that if v is
homotopic to ¥, then y* = p*. Thus, ¢* is determined by & itself and does
not depend on the mapping . We can then define the Chern class c(§) of
the principal bundle & by c¢,(£) = y*(c;), where c; is the j-th Chern class of
ooy Notice that c(£) belongs to H2/(X). Define the Chern classes of an
arbitrary U -bundile to be the Chern classes of the associated principal bundle.

v mwa e L N ) L "““ | cialaieded o
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80 DIFFERENTIAL GEOMETRY AND TOPOLOGY

Definition (8): (&) = 1 + ¢,(§) + *** + c,(&) is called the rotal Chern
class of &. '

One can define the Whitney classes of O,-bundles and total Whitney class
of O,,-bundles analogously by using the real Grassmann manifold G5, ., and
the cohomology ring of G~ ., with coefficients in Z,.

Conjugate Bundle

Let £ be a U,,-bundle structure on B with coordinate neighborhoods N,
and coordinate transformations U, (i, j). Now U,(i, j), which is an element

in /... can be considered 2s an m x m unitarv matrix. Let ﬁ (1 1\ he the

A8a Ry Wil WAFALLTA RS L W Wb v LT iy AkibALaa e iAW

complex conjugate of U,(i,f), again an element in U,. Denote by £ the
bundle structure over B with coordinate neighborhoods N; and coordinate
transformations U,(i, ). £ is called the conjugate of £. _
We want to find the relation between the Chern classes of £ and those of &.
The bundle structure § is induced by a map¢ : B> G, ,,. There is a map

C:Gnow— Gnow

defined by mapping an element z € G, , (7 is an m-plane through the origin
in £ *)into its complex conjugate T € G,, , . It is easy to see then that the map

Co¢:B- Gy,
induces the bundle structure E Let
C': PV x PP x .. x P™ 5 PV x PP x ... x P™

be defined by C'((z*V, 22, ..., z™)) = (2, 22, ..., 20M). Recall that in
Chapter IIIA, we introduced a map N: PV x ««« x Pi® = Gpmms1y- Let-
ting ¥ be the composition of N and the inciusion map Gumms 13— Gm, o>

we see that b4
PV x voo x P = Gy o

} }
e e
N
P x o x ™ Ea g

is a commutative diagram.
Recall that a cell decomposition of P, is given by

P2P_, 2 2P 2P,.

Clearly, the map C’ takes each cell of P, homeomorphically onto itself,

but with 2 nossible chanee of orientation. By looking at the coordinates on

FWEL v pUPRLLIAY WLLLbAL WAL WA e — T WELW WA WA RMSAALRAW W WAL
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P, it is not hard to see that in fact C' maps P, onto itself homeomorphically
with degree (—1)”. Therefore, the induced map of cohomology classes takes
the cohomology class # into (— 1)’¢/, where ¢ is a ring generator of H*(P,, Z).
By using the commutativity of the above diagram, one can see that C* has
the same effect on H*¥(G,, ) as (C)* hason H*(P{ x -+ x PI™). If g is
the map of Definition 7, we have ¢/(&) = y*(c,). Moreover,

& rs i i

,{;\ r & a2 RY v Y R Val 1Y . £ hY
CA\s) = \Loy)" 1) =L ¢y =9 IL—1)7 ¢y)
We thus arrive at the formula
c\&) = (—1)! cf8). (*)

Pontryagin Classes

Let y be an O,-bundle structure on B, with coordinate neighborhoods N;
and coordinate transformations U, (i, j). As before, U, (i, j) can be considered
as an m X m real orthogonal matrix. If we “enlarge” the group of y by con-~
sidering O,, as a subgroup of U,,, one can consider U, (i, /) as an element of

U, and get a U,-bundle structure y° on B. Now, it is clear that y° = §°.
Therefore, by (¥) above,

() = cfF) = (=1) cfy°).

A — 0 if
);

{1
uJo

0
re y by

Qe xres ‘1
J.LII.ID, YWw IR

the O,-bundl

AAd Nafin
.

o,
LA LLLIN

ve 2c(y
e structure

piy) = c2(y°).
It is clear that p(y) is an element of H*/(B).

6 Schwartz, Differential



CHAPTER VII

Riemannian Geometry.
An Application of Characteristic Classes

First, wc shall discuss some of the aspects of Ricmannian Geometry;
later we shall consider some applications of the previous theory to certain
geometric problems. As a reference, we suggest Milnor—Morse Theory,

To begin with, we recall that a vector field ¥ on a manifold M is a linear
map from C®(M) into itself (here C*(M) denotes the algebra of C® real-
valued functions defined on M) which satisfies V() = (V) p + ¢ (V)
for ¢, pe C*(M). If U and ¥V are vector fields, it is easy to verify that the
Poisson Bracket [U, V] = UV — VU is also a vector field. Let D'(M) (or
more briefly, D) denote the set of all vector fields on M.

Definition (1): A Riemannian metric on M is a bilinear map g: D* x D*
— C*(M) such that
(i) gislocal,ie.g(U,pV) =dyg (U, V)for U, Ve D'and ¢, ye C°(M);
(ii) g is symmetric, i.e. g(U, V) =gV, U) for U,V e D*;
(iii) g is positive definite,ke. g (U, U) = 0and g(U, U) =0< U = 0.
Definition (2): An affine connection on M is a bilinear map I: D! x D!
— D' (we write F (U, ¥) = V | U) such that

M) oVFEU=9¢ (VI ),
() ViU = (Vo) U + ¢ (V' + U).

Definition (3): An affine connection is said to bc symmerric if (V | U)

rri, rr xr FT1 L r . mnl

£ 2 Y r rr
—\wwry)y=|v,uvjioruv, ve .

Definition (4): An affine connection is said to be appropriate to a given
metric if

WWUoWV)=(WFU)oV+ Uo(WFV) for UV, WeD!
(Here, we write Uo V for g(U, V).)
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Letusexaminethe abovedefinitionsinlocal coordinates.Wesetg;; = g(9,, d;)

[~

= g, 0 0. (Here we have written 0; = -a—‘-g—-) Thus, if U = 4'd,,V =10,
X

(we employ the summation convention), we have g (U, V) = g, u'v’. If
8,8, =TI%0,, V' U=0',Fud, ="+ u'd) = v'(u'd, + 6,+ (0;u") &)
= o’ (WT}0, + (0u') 8;) = (0'u'Ty; + v'ou*) 8. It is an easy matter to
check that the connection is symmetriciff I} = I'fy. Concerning Definition
4, we have the following

Theorem (1): Let M be a Riemannian manifold, i.e. a manifold with a
given Riemannian metric g. Then there exists exactly one symmetric connec-
tion on M which is appropriate to g.

- -wr

Proof: We shalli first prove the uniqueness. Let I be a connection on A
with the required properties. Locally, I is completely determined by the
I'%. We shall obtain an explicit formula for the I’y in terms of the metric.
It is clear that this establishes uniqueness. We begin by writing out the equa-
tion in Definition 4 in local coordinates. We have

W(UoV)=w"(0x(gyu't')) where W =
Now,
(WEUD)oV + Uo(WF V) = wWaull'y + (8:,4) wh) 8, 0 078,
+ 4, 0 (W'l + (0,0") wH) 8,
= &1y {u'v’wT itk"!" v/ w0’}
+ gy {'v'wr Ty + u'w 90},

We put I, = g,,,]“,'t. Then T'f = g°T,, where the matrix ||g"]| is the
inverse of the (positive definite, and hence invertibie) mairix jig,i. As
w* (0, (gi,u'v)) = w* {(Oug) w'v + gy’ (00)) + ! (0},

we get
{(0x81y) w''W*} + {g'w* (0’) + gy o'W (8,0)}
(4"

il
= '[glﬂ mu v'w* + gul kU ol w* } + ’Lgu” wk \Ukv') + gu”'w (0xu')}-

Hence, 0xgi; = Iy + Tigy. We write 9,85, = {afy}, I,s, = [xfy]l. The
previous equation gives us {kij} = [jki] + [ikj]. Taking cyclic permuta-
tions of the indices yields {fjk} = [kif] + [jik], {jki} = [ijk] + [kji]. Since
the connection is symmetric, [xfy] = [xpf]. Thus, the three equations give
us [ifk] = 3 ({ki} + [k — {7k, ie. Ty = 3 (0ugis + 0,80 — Bign)

L"JJ' ! Yy Arve L\VEksij U Yjo ki VIOJKI
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Therefore I';, = 3 (018 + 0481 — Ou811) g and we are finished. To
prove existence, we just define the I'j, by the above formula. It is easy
to verify that the resulting connection satisfies all of the required properties.

Definition (5): A covariant n-tensor field on a manifold M is an n-linear

SN RIRNRREAE N\~ _ .- LS

e

map T:D!' x -+ x D! - C®°(M) which is local, i.e. T (¢, Ui, ...,0,U,)
=y $T (U, ..., Uy,

A Riemannian metric is a covariant 2-tensor field. We shall now construct
two other important tensor fields.

1) The covariant derivative of a covariant n-tensor field
T: Define DT (U, ..., Uy, W) = W(T(Uy, ..., Uy))

— TR Ir T Ty _Terr. WLIT OIJ Ty
LW Uy, Usyeeny Up) LU, ¥V ves

— e =Ty, ..., Uy, WFU.

Tt ic obvious that DT 1c (n L Nlinear and 2 chart calenlatinn chow
1 7] [V W Y AL W Wi B K AWy \"4 [] l}' EAL LWLl W (%2 Eibd LFAL Lx v"

is local. In local coordinates, if ¢, ... ; are the coordinates of 7, it turns out
that the coordinates of DT are ¢, ;.5 = 8;(ty, 1) — tai, i Tiys

— 4 L Ne L. no
biyoig., int iay by o dpgod 1,0

2) The Riemann Curvature Tensor:
Define

[R(U, V) W]oZ={UF(VFW)—VFEWUFW)-[UV]FW}oZ

Again, it is obvious that R is 4-linear and it is not difficult to verify that
R is local. If we put R(8;, 8,) - 8; = Ri0., then it can easily be checked

that m
Rip = 0,13 — 8,y + iy — IVi .

Now, Ry = 8mBRin = [R(9y, 8,) - 8;] 0 8, and we get by direct calculation
Ry = 3 (8,15 + Zignk —8hyik — Lik,ny) + terms in the first derivatives
of the mPfﬂr‘ tensor, (Nn o o .. means 320- fv\lﬁvv ox )

N W baﬂ,?o LJ.AV“AJ

Let now y be a (smooth) curve in the mamfold M " and let ¥(r) be a vector
field along p, 1.e. if p(¢) = (p(¥), ..., p(¥)) (0 < ¢t < 1), then F(¢)is a tangent

vector at p(f). We say that V() is parallel along ¢(¢) if j’— FVie) =0 If

now ¥ is parametrized by arc length s, we say that y is a geodesic if b & &y
= 0. If y(s) is geodesic, then we have in local coordinates as  as

d 2p (s) dp’(s) dp*(s) _ _o.

ds

+ T (p(s))

WD
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Definition (6): A local coordinate system (x!,..., x") on a Riemannian
manifold M= is said to be a geodesic coordinate system if we have
() x'x* =0, i= 1,2, ceuy

T'hr ctatamant +hat o rnanrdinate cvetam ndecie 11\ f'I‘I'II vnlnn* +tn +
E LI\ aba‘vul\lub LLLLIL & WU WillLWw OY oLWwill ﬂ EUUUUDJV u QGiwilil LW L

assertion that geodesics through the origin appear in these coordinates as
straight radii parametrized linearly. Itistherefore clear that, if exp,,(v) dcnotes
the point o(?) along the geodesic o(t) originating at p and with initial tangent
vector v, then the mapping v — exp,(v) establishes geodesic coordinates at
p- Thus geodesic coordinates exist in the neighborhood of any given point.
Obscrve that in geodesic coordinates, I,(x) x/x* = 0. Hence, since Iy
= 3 (0xgiy + 0;8u — 018y1), we must have

2 (Orgyy) X'x* — (0:g ) ¥’x* = 0.
Let us assume the g,4(x) are real analytic. By direct calculation,
(x* 1) (gyx’) = x'x* (Ougy) + gux’,
0y (ga’x*¥) = (Ougs1) ¥'x* + 2g3%7.
Combining results, we find that in geodesic coordinates
2 (x*39) (gux) — &1 (gur'x*) = 0. (*)
We now set 9,(x) = g,,(x) x7 and v“”(x) = dy,.. 4 (0,(0)) x’* -+ x** where 8

o am e s A A I,

isa y non-negalive 1uu:gcr Formula \ ) now reads

2 (x*0)) v; = 0; (vsx7). **)
Taking the homogeneous terms of order 4 from each side of this equation
ive &
gives 2 (x%3,) ¥\ = 8; @§"x).

Now, t37(tx) = £v{”(x) and differentiation with respect to ¢ yields

(x*8,) §°(x) = 6i”(x)  (placing t = 1).
Formula (**) is now transformed to
260 = 8,(v{’x%). (+*%)
We now put f° = 9{’x, so that (***) yields

1

() (3)

v, = —20 , d > 0.
i 6 tf

We thus obtain, using all the previous formulas,

3 _ i a)_6+1 3)
f —z’,;(xjé’j.f()———"""',}é f.

dhndt
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Hence, f = Ounless 8 = 1. Since, withoutloss of gencrality, we may assume
that g,(0) = &y, it follows from /> = 0(8 > 1) thatin geodesic coordinates,
gif(x) ¥’ = xt.
Expanding the left hand side in a Taylor series, and comparing coefficients
with the right hand side, we find easily
gi..‘,.'ci...km((-)) XIx1 o xfm =0

and, in particular, since g;;(0) + g .(0) = g4./0), we have

(0 =
Eif, i/ 0.

Using the previous formula for Ry, we see that in geodesic coordinates
n my 1 £ O v Fa\Y . £\ . F7a\ %)
Dpii\V) = 2 \Bag, 1\V) T &ig,0lA\V) — Enjik\V) — Eik,nj\V)}-
Additional calculation also gives us the following result.

Theorem (2): At the center of geodesic coordinates, the m-h order partial
derivatives of the mctric tensor are expressible algcbraically in terms of the
covariant derivatives of order £ m — 2 of the Riemann tensor.

Proof: From the cxpression

Riju = 3 (Zisie — Syt + Sy — &) + TD,

where here and below we write T for any algebraic expression in the metric
tensor g and its m-th derivatives, m < n, we find on interchanging i, k and
adding that

(1) 2(Rum + Riw) + TV = guiy + Siws — 2851k

Differentiating the equation g,(x) x" = x' twice we find that —g, X"
= gu.x + g 5. Rcpeatcd differentiation now gives (E,) — gy,4y,..0%
= Gy 1, + 0 F &y, Using equation (E) to replace the first two
terms on the right of (1), we find that

(2)  gaaX — 2Rujw + Rygr) + T = 3gy,4.

Setting x = 0 in (2), we obtain an expression for the second derivative of
the metric tensor at the origin in terms of the Riemann tcnsor. We now prove
Theorem 2 by induction on the integer m. We have just given the proof for

m = 2;let m > 2, and suppose Theorem 2 valid for m; < m. Then, taking
the m-2'nd derivative of cquation (2), and noting that the m-2'nd derivative

of the Riemann tensor can be expressed in terms of its »-2'nd covariant

ALY LLLGPALES LWALLLFLIL A R W W e A1 LWL LLLW [ P 1+5 %



88 DIFFERENTIAL GEOMETRY AND TOPOLOGY

derivatives and derivatives of the metric tensor of order at most m — 1, we
see that to prove Theorem 2 it is sufficient to prove that, at the center of geo-
desic coordinates, the derivative & = g5y, ..., can be written in terms of
the set of expressions

38150, d10dn + 8lisdaniinie T 0 F Blin_2rine1Inioeduaa

Let ¢ denote the cyclic permutation jg **« j, = j1 - j.jo Of indices, so that
o"*1 = I. Then we must prove that z can be expressed in terms of 3% + ok
+ +++ + ¢"?h, given the fact that (1 + ¢ + -+~ + ¢") & = 0 which follows
from (E,) on setting x = 0. To prove this note that the polynomials P(y) = 3
+y+- 4y 2and Q) =1+ y + +++ + y" have no roots in common

and hence are relatively prime. Indeed, a root y, of P(y) = 0 satisfies
P(yo) — yoP(yo) =0, i.e. 3 — 2¥e — Vo -1 = 0. and hence lies on the nnit

£\ 0y JOo=~ SOy 2. _; 0 v, 2D4 Nence 11es

circle if and only if 2y, = 2 and y'(', = 1, so that y, = 1 and Q(y,) # 0.
We maytherefore find rational polynomials A(y) and B(y) such that A( y) P(y)

l [+ TEN W A TN Y 1 am tlhn I. Al DI\ L nand $#lhn smnmn
”U) ZUJ - i1, oV Lllﬂ.l n — ﬂ\u'l. \U} it allu LIl PLUU

complete. Q.E.D.

pnrn“n“r- 'T'lnn ravariant Aavivatic,
J LOVdllalil

1'].'001. Dy J.IICOI'CII] L me COVd.l'id.ilL Ul‘.‘.l'lVd.Lth‘:b U.l LIle I\lt‘.HldI]H tensor
completely determine the values of g;; and all its derivatives at the center
of geodesic coordinates. But g;; is analytic and hence g;; is completely deter-
mined in the whole coordinate neighborhood by the values of all its deriva-
tives at the center.

We shall now consider another important instance of covariant z-tensor
fields, the alternating n-tensor fields (or n-forms). By definition, @ is an
alternating n-tensor field if

\( | 74 | P e Y hY
WAFa(1)s »ves Fa(m)) — PB5HY WAF 1y - Fp)

where V; e D', ¢ is a permutation of 1, 2, ..., n and sgn ¢ is the sign of o.
If @, is an alternating k;~tensor field (i = 1 en the outer product of o,

and w, is defined by
Wy Wy (VI: “vay Vh, csey ng-l-kz) = (Vl, “vas Vh) il (Vk1+1? “eay Vk1+kz)
and the exterior product of w, and w, is defined by

my Aoy, =A(w; o
F -]

-~
=TT ONTT 4 F4
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where A is the alternating function, defined as follows:
Ao (Viy e V) = D)™ Z, sgn 6 * @ (Vyenys «or Vatmy)-
One shows easily that exterior multiplication is associative and that
W AWy = (—i)k‘kzwz A w.

If Dew is the covariant derivative of w, we put
do = A(Dw)

and call d exterior differentiation. We then have the relations
d>=0, d(w Ao)=do; Aw, +(—1)"0; A dw,.

Let us fix our attention on E~, a Euclidean space of arbitrary dimension.
Consider the collection of all pairs (S, T) where Sisa oompact subset of EN

. I, o - P, PR Lomtd - € Yo AL o ~nml P | PR

alu i1 lb a bl.UbCU SUUSEL 01 0. v GUCHUNc a DULI.CUL.IUH Ul YpaLcy as .lU].l.UWD

(see J.Schwartz, Amer. J. of Math., vol. 77, No. 1, Jan. 1965, pp. 29-44 for
the following definitions and proofs of the next few theorems):

(i) F*is the space of all (smooth) k-forms defined on EX,

(ii) V*(S)is the subspace of F* consisting of the forms which vanish near S.
(iii) Z¥(S, T) = {w € V¥(T)|dw € V¥+1(S)}.

(iv) B*¥(S, T) = {do + Blw e V¥—1(T), 6 € V(S)}.

(v} DX(S, T) = Z*(S, T)/B*(S, T).

We then have the following theorem, which we state without proof,

Theorem (3): De Rham’s Theorem for every triangulable pair (S, T), D*(S, T")
is naturally isomorphic to the k-h real relative (singular) cohomology group
of (S, T).

If we let S = M™, a manifold and T = ¢, we then obtain the classical
theorem of De Rham. We call Z¥(M') the space of closed k-forms and B¥M )
the space of exact k-forms.

If¢: M™ —» N"is a smooth map and if w is a k-form on N, then we can
define a k-form ¢’w on M by setting

_ do(Vy,.o., Vk)=w(¢1V1,...,¢1Vk)
where V;e D'(M) (i = 1,..., k) and ¢, is the map on vector fields induced
by ¢. It is easy to see that d¢’w = ¢’dw. Hence ¢’ induces a map, call it ¢’
again, from D¥N)— D*(M). It turns out that the following diagram is

commutative. H* (N, R) 2 qe M. B

=< N A Sl A
lvN VM

Nke AT ¢ > DRCASNY

F 4 \JT} F =4 \.ll’.l }'
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Here, vy and v, are the natural isomorphisms given by De Rham’s theorcm
and ¢* is the map on cohomology induced by the (continuous) map ¢.

Let M be a Riemannian manifold and let ¥,, ..., ¥, be smooth vector
fields defined on some coordinate neighborhood A" such that on A", ¥, 0 ¥;
= g (V;, ¥V;) = 8. Let w, be the 1-form given by

wi(Vf) = 6:1-

0 (V) = o, (V' V)

where ¥V is a vector field on 4", If we differentiate ¥; o0 ¥; = J,; covariantly
with respect to ¥, we obtain

fyr . wr\ rr . wYr _f [l NN
\ryr JO Vi + Viye\V Ir V) = U

and, since wy(¥) = Vo V;, we get
Wiy = —(Dﬂ.

If U is any vector field on A", then U = w/(U) V; (sum over repeated
indices). By the definition of an affine connection,

o, (VE ol U) V) = ofU) 0,(V) + ofVy) - V (o(0))

= @, (V) wi{V) + V (0(1)).
Thus,

(VI = —uflNo
\rryvy= \Ljw

(17
—wp U 1

Nen, (T \

from above. Applying the alternation operator 4 to both sides of this equa—

tion gives
o

dw, = —wj A (D’j. (C‘l)

FMLTYr T

)=, (R(U, ¥)

w; (R(U, V) Z) = o(Z) {wy A o (U, V) — doy (U, V)}.

rrh

). We now prove

7T wr

s
=
o
=
L
R
LS

~

By the product rule for covariant differentiation we have Uw (V) = (Dw)
(V, U) + w (U F V) for any 1-form w, and thus, antisymmetrizing, we have

n’n(m Ve (I — en (T TN = —(AdN(T] T Ry Aafinitian Af tha Ria_

IJW\ J - FW\U’ S W\, F J} - \“WJ \U r } J-’ WA MIALLVAL V1l LRy NI T

mann form R, we have

o, (RWU, VYZ) =, (UF(V+2Z) - VH(UFZ),— [U, V]+ 2).
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Hencc, using the fundamental equation o; (V} U) = oy (V) o(U)
+ Vy(U), we have
0 R(U, V) 2) = o (U)o, (V' Z) + Voo, (V' + Z)
— same terms with U, ¥ interchanged
— ay; (U, V) )2) — [U, V]wfZ)
= o {(U) wp(V) 0(Z) + @,;(U) Vo (Z)
+ Ulwyy (V) 0(Z)) + UVw, (Z)

— same terms with U, ¥ interchanged

A V'I\m(7\ v wdZ)

it bt ANl bt B Bt i Sl

= {ou ™ wy; (U, V) — doy; (U, V)} 0fZ),

proving the desired fromula.
(Summing over repeated indices here and below.) In particular, if we put
Z=V;, we get
doy = oy A o — £2y. (C-2)

Now, taking the exterior dcrivative of each side of (C-2) and using the
fact that w,; = —awy,, we get
dQyy = dwy A oy — doy N oy. (C-3)

The formulas (C-1), (C-2), (C-3) are called the Cartan structure equations.
We shall now construct an important class of forms on a Riemannian
manifold M™, the so-called curvature forms. We definc

‘Q(k) ‘thz A ‘Qizis A ‘Qik—ﬂk A ‘Qikh'
If n is even and M is orientable, we also define
110040,
Q = 81 -thz A ‘Qigi4 N e A Q’n_”n

12 ...m

where &' = sgn ( )1f i1, ..., 1, are distinct and &"*"'» =0
I10s e Iy

ifi;,..., I, arc no aldlstlnr'f
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Theorem (4) The curvature forms £2,;, are invariantly defined on M, i.e.
if ¥ 15 eees V,. is another orthonormal system of vector nelas on /", and if

wy, .Q, yand .Qm are obtained using the new system, then Qm = . More-
over, the forms £, are closed i.e., d24, = 0. For k odd, 2, = 0.

Proof: There exist orthogonal matrices [ a;,| such that ¥; = a,,V; (sum
over k as usual), If then @, is defined by @y(V)) = 8,,, we easily get d; = aw;.
Using the definitions of 2,, and 2,,, we get easily

f},_, 0, v) = akiau-gkl U, v).

If we use this formula on each factor of .Qh i A .QJz gs At A 82y, 5, and use

the fact that ||g;,] is orthogonal the first assertion follows dlrectly.

T~ mras ve that A0 0 wxT

To prove that d@,, =
dQy; = =0y A oy + oy A2 *)

which is readlly deduced from the Cartan structure equations. Now,
dQ2gy = d2,,, A (24,
+ Qpa, A d (L, A AL,

A 91314 VAN EL VAN Q’kil)

But,
00, N A (L, A o A 214)
=00, AN{dQuu, ANy A ANy, 20 A A (4, A e A2}
=00, Nd2i, ANy A e A2y
+ 4, ARy, Ad R, A s A2
=dQ1, ANsa, Ao ANy, NS4y,
+ 20, AL, Ad (R A A4

igis
since £,,;,, being a 2-form, commutes with any form. Hence, we have
dQqy = 2dQ,,;, A Q:,h A ALy
L d Y A -912:3 A d('gi;u A e A i)
By induction, we finally get

A0 _ 1. A0 N N
Aid(yy = K~ Qddy g, N\ ddyyy, A AR

To see that 4, ,, .Q,,,, A Ay, =0, just apply formula (*) to

d0Q; ;.. The result follows by direct calculation

-lllz - A s ——— -""-“’ WAL W W WLALW BeALYUAWS ALy
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To see that £y, is already 0 for k odd, observe first that £2,, = —Q,,.
This foliows from (C-2). Now,
"Q(k) = thz A Qizis A e A Q‘k‘l

. (_1Zk D) A ) A oo A D A )
= 1) adiq, N &by, N N agya, N ssy
= ( 1) ‘Qiﬂk A ‘Qikik 1 A ‘Qiaiz A ‘Qizh

= —Qw
since k is odd. This completes the proof.

Theorem (5): The curvature form £ is invariantly defined on an even

dimensional oriented M", i.e. if ¥,, ..., P, is another orthonormal system

of vector fields on A", giving the same orientation as Vi,..., V,, then

n ) W o P, - I
ok = ad . J.VJ.UI.CUVC?I AJ lb 4 CLOSCd 101111,

~

Proof: As in Theorem 3, ©,; = aya,;£2;;. But now we also have [a;]

= det (” \ = 1, By direct calculation, we get

—_ 1° LE X2
Q=0 ADyga A AN Dy
— g‘,l."jﬂai 2 g; s WES Q; :QJ K] A QJ =z , \ _ Q
1J17742J2 Sndn” #1%2 134 ~1¥n
iy eee,
= & 1 th A ‘Qi.‘iid A e A Qj"_lin,

becanse of the definition of determinant. Since 42 is of order n + 1 and

since M is n-dimensional, it follows that dQ = 0.

Definition (7): By Theorems 4 and 5, the curvature forms 2, 2 define
elements in the De Rham cohomology ring; we call these elements the
curvature cohomology classes. By virtue of De Rham’s theorem, these ele-
ments may be identified with elements of the ordlnary cohomology ring
(with real coefficients).

Suppose now that M, is a submanifold of the Riemannian manifold M™.
In a natural way, M, inherits a Riemannian metric g, from the metric g
on M. By Theorem 1, g, determines a symmetric connection, call it F,,
which is appropriate to go.

Lemma (1): VI U, = Po(VI U), where U, VeD'(M,), P, is the
orthogonal projection of a tangent space to M onto the correspondlng
tangent space to M,.

Proof: Put V U = P,(V' I U). It is easy to check that F, is an affine
connection which is symmetric and appropriate to g,. Appealing to the uni-

anenece accartion of Theorem 1. the lemma 1e nroved

1“““\";"“ AP e WA AL WA L LIW wilik l PELW AWARAERILA tll-v'v“
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Let now V4, ..., ¥, be asystem of orthonormal vector fields on a coordinate
neighborhood A~ of M*® such that ¥, ..., ¥V, form a systcm of tangent vec-
tor fields to My while V., ..., V, form a system of normal vector fields to
M. Let o{®, &\, 29 denotc the forms on M, defined using the vector
fields V,,..., V,. Thus, the forms are defined only for the values 1 < i,
j=so.

If 1 < i< vand VeD'(M,), then ,(V) = o (V),i.e. 0{® is the restric-
tion of o (1 2i=Z9).

If1 £4i,j<v and Ve D'(M,), then

7y

PO 4
wu\r 4 'f

. T 7\ D Y7L 1
)= (¥ r ¥V,

V) = oy (Po(¥

= 0" (V ko¥)) = ei(V),

ie. 0} is the restriction of w;; (1 < i,j < »).

On M", we have (C-2): 2;,=) o, A o; — do,;(1 2 i, j=<n).
=

Similarly, on My, we have {9 = Y of) A o} — dofP (1 £ 1,j < »). By
I=1

the above remarks, it follows that actually

i.?) = £, -, El Wy N Wy, l1=<i,j=. **)
=v+
In the sequel we make use of the following deep theorem of Nash, which
we state without proof. (For a proof, cf. J. Schwartz, NYU Lecture Notes on
Nonlinear Functional Analysis, 1963/64.)

Theorem (6) (Nash): Any Riemannian manifold can be isomctrically em-
beddcd in E¥ for some sufficiently large intcger N.

Using this theorem, we take an arbitrary Riemannian manifold M and
embed it isometrically in E¥. In the above discussion, we replace M™ by E¥,
Since in E¥, Q,; = 0, we get from (**) above

Theorem (7) (Generalized Theorema Egregium):

N
QS?)=— Z wﬁ/\w!;, léi,jé'p.

l=v+1

We hange our notation and let M™ be an arbitrary Riemannian manifold,
ometr "v embedded in EY¥. We now make a fundamental definition

A AANS F¥  ALATwAR W et il n, & W W R
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which will enable us to relate the curvature cohomology classes defined above
with the characteristic classes of Chapier VI. (Cf. Pontryagin—*‘Some Topo-
logical Invariants of Closed Riemannian Manifolds”, AMS Translations,
Series 1, Volume 7.)

Definition (8): Let O be the origin in E¥, We define a map
T:M"> n,N

wherc, as in Chapter III, G, y is the set of n-dimensional plancs in N-space,
as follows. For each x e M", let T, be the tangent Space to M" at x. Then,
since M"< EV, T, may be viewed as an #-plane in EV. Let T(x) be the n-
dimensional subspace passing through 0 which is parallel to 7. The map
x = T(x) so defined is called a zangential representation of M".

Let W, y be the subspace of G,y x G,y consisting of ail pairs (7, €)
such that e is a vector lying in 7, W, y is given the relative topology of the
product space. A projection p,: W, v — G, y is given by p,(z, e) = 7.
Then W, yis the bundle spacc of a vector bundle £ over G, y (see ChapterIV,
Definition 4). We can suppose the structural group of this bundle to be O,,
acting as usual on an n-dimensional vector space. If now 7(M)is the tangent
bundle of M (recall that +(Mf) consists of pairs (x, e,) with xe M and e, a
vector lying in T) and if p, : v(M) —» M is the projection (x, e;) — x, then
there is a bundle map

T:«(M) - Wa.n
that is,
(M) > W,

M — G,x
is a commutative diagram. In fact, 7' is given by

T((x, es) = (T, e(x))
where e(x) is the vector passing through 0 which is parallel to e,. It 1s clear

that the associated principal bundle § of & (see Chapter VI, discussion after
Definition 1) is the bundle with bundle space the Stiefel manifold V, y (see

Chapter VI, discussion after Definition 2). Also T7¢ is just the associated
principal bundle of z(M). By the Classification Theorem (see Chapter VI,
Theorcm 4), the homotopy class of T'is uniquely determined independently of

the nﬂrﬁmﬂnr 1mhf=dd1no of M nsed. for Nqn__f'ﬁmp-nﬂvlnrop In naﬁ]g_ﬂar T*,

- AALA RS WRWRAAL TE Wi wes AR A B W
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the induced map on cohomology, is an invariant of the associated principal
O,-bundie of =(A4). Thus, T'* does not depend on the embedding of A7* in
E", nor does it depend on N (as long as N is sufficiently large).

We now construct a collection of forms on the manifold G, y, in a manner
analogous to the construction of the curvature forms on M". It will turn out
that the curvature forms on M" can be obtained from this new collection of
forms by an application of 7"’ (where T is the map on formsinduced by T).

Let  be the generic element of G, y. We choose an orthonormal basis
in 7, say ey, e,, ..., e, (where ¢; = e,(w)) and supplement this basis by an
orthonormal basis e,4,(), ..., ex() for &'. We assume the vectors e;(7)
vary smoothly on G, y in a neighborhood wherein we calculate,

Recall that if f is a real valued smooth function defined on G, y (or for
that matter, on any manifold), and if ¥ is a vector ficld on G, y, then df (V)
= Vf. If now g is a smooth map from G, y into E¥, then g can be regarded
as a collection of N functions g,,..., gy withg;: G,y > R(i=1,2,...,N).
We then define dyg by

WEILW AL e AR

dg(V) = (Vg1, V825 --.s V&n)
Thus, dg is a mapping

7 _ . mnlrmy A ol Y el AY 7007 Y A
ag . -\Up,n) = © \Up,n) X X & \Un,N)
N factors
_~1 O AT VAN o L' T 7 & N PR, A o oaf Lot b ol T
\ISECd.H. [Ilt‘; HOWUOLS LMy, C M) 1NLIOUUceU at Lie DUEINLIIIE O1 LIS

chapter.)
The vectors e,(sr) introduced above can be regarded as maps

e’: GH,N - EN-
We now define 1-forms @, on G,y (%, = 1,2,..., N) by
W,g = de, o ey

where o is the Riemannian metric on E¥, i.e. the usual dot product. We then

r‘a-nﬂn, 3 _farm f) nan 2 T 32— 1 2 Ty
LLLIN, L .lUll.LlD ﬂ.ﬁiJ‘ Vil UH,N \&,J = 1y s } .y
~ N
r=np+1

As before, we introduce forms me, 0 as follows:

(a') Q(k} = ‘Qiﬂz A ‘91213 AN Qik_llk A ‘Qikh'
and

~ fgoee bpp ~ "
(b) Q =& Qiﬂz A ‘Qigi.g A e A Qin__ﬂ"?
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Remark: In fact, the form Q is defined only up to sign on the (nonorient-

able) manifold G, . To remove the ambiguity, we may consider £ as defined
on the two-sheeted covering space G, y (see Chapter I, discussion after De-
finition 7) of G, 5. On G, 5, SO, acts transitively and in fact, G, y = SOx/
S0, x SOy_,. We shall not dwell on this technical point and leave to the
reader the task of making rigorous any imprecise statement in the discussion

heolaw nkcnﬂn&u thot the farmc O ara alrasdvy invariantlvy definaed on
OCLIOW . ULBULVY ilau LV IOTTHIS ea(g) div ailCauy lilVail 1y WL e ULl

since no question of orientation enters in this case.
Observe again that O, acts transitively on G, y. Thus, if g € O,, there is

IUUU&CU a bulUUl.ll Illd._p

g: GH,N - GH,N‘

If w is an r-form on G, y, we say that o is invariant under O, when g'ow = @

for all g e O,, where g’ is the induced map on forms.
We assert that the forms .Qm, O constructed above are 1ndcpcndent of the

1\"‘.‘&0 'I'It‘t\f: [ ot AA‘R“A *lﬂﬁm A(‘ *1‘\1\ “mf\f\r P 1‘\1(‘ 0 oo ot wrSamLy I‘\
O4aSCs €; Usch 10 GoHlne tncil. AS i Proodi o1 tnis asscr uuu very mucn re-

sembles the proof of Theorems 4 and 5, we leave its details to the reader.
It follows very readily from the definition of the forms and from the fact

that the vectors e, form an orthonormal basis that dw,, = Z Wy, A Wy

Therefore dwu =@y A w,,, £, J,,where k is summed from 1 to n. Usmg

this formula to replace (C' — 2), we may deduce that the forms .Qm and 2
are closed, in much the same way as the corresponding facts were proved
for £, and £2; all additional details are left to the reader.

Finally, we can easily convince ourselves that

~

T’(é(m) = Q(k): T’(Q) d Q.
Hence, we also have

T*({Qw)) = {2}, T*({2)) = (23,

where T* is the induced map on cohomology classes and where { } denotes
cohomology class. We now prove

Theorem (8): The curvature cohomology classes of M” can be expressed

as real linear combinations of cup products of the Whitney classes of the
associated hrlpr‘lnnl O -bundle of (M),

e W RFAARERW WA URLVE J

Proof: Let Ty : M" - G, , be a tangential representation of M™. Let Q3

QM pe the forms constructed above (where we called them O, _(:j) Thus

7 Schwartz, Differential
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~

T+ ({2W0)) = (@4}, T*([Q™)) = (2}. ¥ iy: G,y > G, is the natural
injection, we obtain a map
inoT: M"> G,

Since iy o T = ipo Tfor any N, P which are sufficiently large, the choice of N
is immaterial. Moreover, we have

o amte N

(o l) (&) = T(M),

R
where o, is the bundle introduced in Chapter VI, Definition 5 and 7(M) is
the associated principal bundie of 7(Af). As the cohomology map iy is onto,
there exist elements y (), ¥ € H*(G, x) such that

2%k . ) .
INYw) =
whence

(no TY* (ywy) = {9y}, (in o T)* () = {£2}.

But the elements y;,, ¥ can be written as linear combinations of cup products
of Whitney classes and the theorem follows if we just use the definition of
10

the Whitney classes of the bundle v(M).

. Let M™ be an orientable even-dimensional manifold. We have expressed
the curvature forms of M?®, originally given in terms of the Riemann tensor
on M", in topologically invariant form. Let us look, in particular, at the
form £2, Clearly, the integral f 0 myst also be atopologicalinvariant of M™",

Mn
To find this numerical invariant, one may simply try to compute the integral

as it stands. However, by using the relation between £ and Q¥ developed
above, we may reduce the problem to a computation of the integral

o) Indeed, by the usupal change of variable formula, we have

f G f Ti( ™) = f Q.
Tn(Mn) n n

Thus, all of the computational burden has been thrown on one particular

form V) on one particular space G, y. This, of course, reflects the “uni-
versal”” character of the space G, y. The actual computation of the integral

o TN(M?7)

QM can be carried out without too much difficulty (see Pontryagin,

LV Y

¥ 1IN vy
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loc. cit.). Here, we omit the calculations and content ourselves with stating
the final resuit, as foilows.

Theorem (9) (Generalized Gauss-Bonnet Theorem:) If y(Af”") is the Euler
characteristic of M” and ¢, is the volume of the n-dimensional unit ball,
then

[ 2= 10, 207,

J Mn



CHAPTER Vi

Generalized ('nhnmnlodv Theories

In the final three chapters of these notes, we continue to develop the
cohomology theory of bundles. We shall introduce, for any finite complex X
(or, morc generally, for any finite cellular pair (X, Y)), a sequence of groups
defined in terms of the bundles on X. These groups, together with certain
homomorphisms between them, form a system which is very much like a
cohomology theory, satisfying all of the Eilenberg-Steenrod axioms except for
the dimension axiom. This “bundlc cohomology theory’” has found many
important applicationsin topology; one of these is discussed in Chapter 10.

This chapter is divided into two parts. In part A, a general notion of
“generalized” or “nonstandard” cohomology theory is introduced (having

nnﬂ‘nno to do with bundles), In nart R we introduce our “bundle cohomo-

VWS MRS YA WAL W WALSAWRS } T AN Gk WS R W WS LE %S AL LS

logy theory”, the so-called K-Theory. It is shown that K-Theory is a non-
standard cohomology theory in the sense of part A. A deeper and more

f‘t\“ﬂ!lar‘ ctyrsler A"‘ E Tl amever vers 11 lan Aoreiasd Avéd jea M = 0
L Lailvil Dlu y Vi .l\'J.uUUJ.y YYlll UU aliivil VUL 11 \.Jllﬂopl.-cl. Za

Part A: A Nonstandard Cohomology Theory

All the topological spaces we will speak of here will be assumed to be
based, i.e. with each space X, some point x, € X will be singled out. More-
over, we shall only consider maps f: X — ¥ which are basepoint preserving.

Let T be an arcwise connected space; call T a test space. For any space X,
we have T%, the set of all continuous (basepoint preserving) maps of X
into T. We let (T*) denote the set of all homotopy classes of maps of X
into T". If TX is given the compact-open topology, then the elements of (T%)
are just the arc-connected components of T'%, It is easy to check that (7'%)
is a functor of two variables; covariant in T, contravariant in X.

101
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If A is a closed subset of X such that the basepoint x, € 4, we denote by
XA the set obtained by luenmymg all points of 4. X/A becomes a topo-
logical space if we dcfine a subset W of X]4 to be open iff p~*(W) is open
in X (where p: X = X/ A is the natural projection).

We define the one point union X v Y to be the space obtained from the
disjoint union X U ¥ by identifying the basepoints x,, yo. We define the

smash product X A Y by
XAY=XxYXVX.

Let the basepoint of S™ be », the north pole. We put

SHX)=8"AX.
Then S™(X) is a covariant functor of X. Indeed, any map f: ¥ — X gives
risetoamap _ f’:S"XY'—)S"XX

defined as /' (p, y) = (p, f()), pe S", ye Y. Since f'(S" X yo) & S” X X,

f'(v x Yy v x X, itis clear that /' induces a map
f:8S(Y) - S"(X).
One sees easily that the correspondence X — S*(X), f— fis functorial.

We shall now define a non-standard cohomology theory on the class of
all pairs (X, Y) with X a cellcomplex, Y a closed subcomplex. We shall more-
over require that the basepoint x, be a vertex in ¥ (provided Y # ¢). The
theory is non-standard in the following senses:

(i) in lowest dimension, the cohomology ‘“‘groups’ are not usually actual

groups,
(ii) the dimension axiom is not usually satisficd.

-

For a pair (X, Y), we sct
T (X, ¥) = @)

and call T7(X, Y) the n-th T-cohomology ““group” of (X, ¥). Although
T"(X, Y)is not actually a group in general, it nevertheless has a “distingu-
ished” element (which is a substitute for a unit). Indeed, if U/ and V are
spaces, with U arcwise connected, we may consider the clement of (U7)
which is the class of all mappings homotopic to a constant as the distin-
guished element.

Having defined T (X, Y), we must define for any f: (X, ¥Y) - (X, Y
a corresponding “homomorphism”

f* T-n(Xx' V’\._\.'T"'"(Y )
& \<* s £ Sy A& g
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This is easily done: finduces a map. f: X/¥— X’/¥’ which in turn induces
a map f: SP(XjY)— S*(X’[Y"). Since (T'%) is contravariant in X, f induces
the desired map.

We must now define a coboundary operator
6: T-+1)(Y) - T (X, Y).

Before doing this, we shall list three important properties of the operations v
and A. Their proofs are left as exercises.

(i) (Xv'Y)vZ=Xv(YvZ)
(i) XAYNAZ=XAYAZ)
(iii) St A §1 = S2;in general, ST A -+ A S = S™.

Equality above must be interpreted up to homeomorphism.
We shall now state a topological result which is essential in what follows.

Homotopy Extension Theorem: Let (X, Y) be a pair, consisting of a cell
complex X and a subcomplex Y. let f: X — T be a map and suppose
h,: Y — T is a partial homotopy of f (i.e. /1Y = hy). Then there exists a
homotopy H,: X » Tsuchthat H, = f, H,|Y =h, (0=t < 1).

The proof when (X, Y) is a triangulable pair can be found in Hu— Homo-
topy Theory, p. 14.

il v

Corollary (1): Let A be a subcomplex of the cell complex B. Let ¢, s de-
note generic points of I = [0, 1] and let b denote the generic point of B.
Let C denote the following subset of I x I x B:

C={0,s,b)|sel,beByu{(t,s,b)|tel,sel, be A).
Let /: C— T be a given map. Then f can be extended to all of I x I x B.
Proof: Just apply the above theorem (abbrev. HET) to the pair (I x B,

I x A).

Corollary 1 can be reformulated as follows. Let.z be a complex variable
ranging over the unit square in the complex plane. Suppose f(z, b) is defined
for (a) all z on the bottom of the unit square and all b € B, (b) all z in the
unit square and all b € A. Then f can be extended to all z in the unit square
and all b€ B.

Corollary (2): Suppose f(z, b) is defined for

(a) all z on the left face, bottom face and right face of the unit square and
aﬂ hec R

U\--IJ’
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(b) as above. Then f can be extended to all z in the unit square and all
beB.

Proof: Topologically, the bottom face of the unit square is the same as the

union of the left, bottom and right faces. Hence, Corollary 2 follows from the

reformulation of Corollary 1.
We proceed now to define 8. Let o€ T-+0(¥) = (™' ™) and let

/l: ("l'l+1(V\ — T ha o ronrecantative af ~+ Froam (i) qﬂrl {111) nhovp ("'H'l(V\

£ Uw W l\-‘ylvﬂvumbl'\l WL A L ALSIIL \JIJ AL \lll} L

= St (S"(Y)). From the definition of smash product, we can easily convince
ourselves that ¢ can be regarded as a map

¢ I x S(Y)-»T
satisfying ¢ : 0 x S(Y) = 1o, ¢:1 x S(Y)> to, 1 X py > t,, Where £,

P Vi +.a% -w

is the basepoint of T"and p, is the basepoint of S*(Y). We define a family of
maps
P 6. S(X) > T

by setting ¢,(p) = ¢ (¢, p), p € S(Y). Thus, ¢, is constant on S”(Y) and may
therefore be extended as a constant to all of $™(X). (Since X =2 ¥, also
S"(X) 2 S*(Y). Note also that S"(X) is a cell complex and S*(Y) is a sub-
complex.) Thus, if f,: SM(X) - T is defined by f,(p) = ¢, for all p e S*(X),
it follows thatd, is a partial homotopy:of fo- By HET, there is a homotopy

[of. T8

¥ S nd LN s ad
Je: M A)—> 1

extending ¢,. Now f;:S"(X)— T and since f; extends ¢,, we see that
fi: SY) — t,. Hence f, can be regarded as a map

Ji 1 S"X)/S(Y) > T.

IY7.. el ALY 1

we nave to show [l’lal. 1]1_} lS WBII-UGLIIIEU Dy x. S0 ILI(P o) ang ¢~ pe lW()

representatives of .. Then ¢(® and ¢* give rise to families of maps ¢, ¢ f

satisfying condltlons mentijoned above. Moreover there is a homotopy ¢
A1)

between qb}‘" and q);“and we have extensions j,“", feo7 of (p‘,"’, qb‘," to all of
S™(X) which are identically constant for ¢ = 0. Define f3* by

fS%p) = 1, 1]

n .
J U W U2 s r =~ 7>
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and also put

n{s}l s (8)r 11 Fod Tds 7Y

[ (p) =¢: (p), all — peo’\r).

We thus have a map fsatisfying the conditions of Corollary 2 of the HET
and therefore fcan be extended to be a map from allof I x I x S"(X)into T.
This map in turn gives a map /" (p) defined for all £, sel, pe S"(X). Clearly,

) is a homotopy connecting /1 and f{*’ and since f{* is constant on S*(¥),
1t follows that as elements of T-"(X, Y), { /i) = {f{V}, i.e. 8 is well-
defined.

We shall now verify the first six Eilenberg—Steenrod axioms for a cohomo-

loev theorv. The first three T-?ﬂp-nl-\p-ro'._Qpr-nrnrl axioms assert the existence

ARTEa ) ULEEWRIA F e ARAE W WALA W SdlLWAL LS WA WAL LM RMAAW LALALF WA WA W VILAW Wikl wwAs

and basic properties of the cohomology maps induced by continuous maps
and of the coboundary map. They have essentially been proved already; all
timmmnl Antmnilo ave 1af% 2o a4 Aawanaio

A As ~
agdqitionial aetais arc ICIt a5 all €XCIcCise.

To prove the exactness axiom, let us consider the sequence
. — T-%(Y) LN T-"+1 (X, Y) AN T-"+1(X) LA T-2+1(Y) —> -
where i* and j* are induced by the inclusion maps

i:Y-X, j: X-X,Y)
and 4 is defined above.

There are six assertions to check. We shall only do two of them; the
others are of the same order of difficulty and are left to the reader.

(1) keri* < image j*: let {¢p}ekeri*. Then ¢:S"'(X)-> T and
d|S*1(¥): S"Y(Y) - T is homotopic to the constant map. Call this homo-
topy ¢.. By HET, there is a homotopy @,: S""(X) — T which extends ¢,.
Hence¢ =~ @, and D,|S" 1(Y) = ¢, = the constant map, i.e. {¢} = j*{D,}.

(2) ker j* < image d: Let {y} ekerj*. Then o : S" *(X)— T is the con-
stant map on S"~'(Y) and v is homotopic to the constant map. Let yp, be
the homotopy and for convenience, let ¢, = ¥, y, = constant. But then

v,|S" (YY) is the constant map for ¢t = 0and ¢ = 1 and hence induces a map
of (‘1(?"'" 1(7\\_\. T; call this map ¥. Then, by definitio on {y} = !m l = 3!117}
ie. {'y)} € image 4.

We now prove the Homotopy Axiom.

T A __"(V’ YN s A tavmin wrth lhAamsdamer £ ThAan
J...JUL JO,JI \A, .l 7 \4 5 I ) Uv LI.UII.I.\JL\)}_JIU ywiilll l..lU].l-l\)l'.-U}_J‘y Jte LUCM

t
fi: (X, Y)> (X', Y') induces f;: X]Y - X'|/Y’ which in turn induces
fi:5" A (X]Y) = S A (X']Y"). Now the map

f* . (TS"(X’/Y‘)) - (TS"(X/Y))
is given by {h} — {hf}), where he T5"*™ and i = 0

tanic 1a hF vi
E\lylv Lwr .llJl ¥i

\IyJ 'ut u.u.u J..I. l.l. Ill' 0
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We now prove the Excision Axiom. (In fact, in this theory, we have a
strong form of excision.) Indeed, let U be any open set in ¥ and consider
the inclusion map

fiX-UY-U)-(X,7Y).
The fact that

T X, V)T (X -U Y -U)

is an isomorphism follows directly from the fact that X/¥ is homeomorphic
toX — UjY — U.

We note that the dimension axiom is false in general. Indeed, let
{P, Po} be the space consisting of two points, with basepoint p,. Then, since

S™ A {p,po} = (8" x p) U (S" x po)/(¥ x p) U (v X po) U (5" X Ppo),
it follows that 7" ({P, Po}, po) = ,,(T)-

We shall now give conditions on T in order that the 7-cohomology
theory be a genuine generalised cohomology theory.

Definition (1): A space T is said to be a group-like space if there exists a
continuous map n: T x I'-» T (we shall write t, X t; = q(ty,t;)) having
the following properties.
(i) There exists an element e € 7" such that e x e = e and such that
a) the map ¢z - ¢ x e is homotopic to the identity map ¢ — ¢.
b) the map ¢ » e x tis homotopic to the identity map ¢ — ¢.
(ii) For each ¢ € T, there exists I() € T depending continuously on 7" such
that
c) the map ¢ — I(r) is homotopic to the constant map 7 — e.
d) the map ¢ » I(r) x tis homotopic to the constant map ¢ — e.
(iii) The two maps (fy, ?3, t3) = (t; x 1) x t3 and (#,%,,23) > 1,
x (t; x t3) are homotopic to each other.

We say that e is a homotopy unit of T, I(¢) is a homotopy in verse of ¢,
and 5 is homotopy-associative. If, in addition to (i), (ii) and (iii) above,
we also have

(iv) The map n": T x T — T defined byn(¢,, £,) = ¢, x t; is homotopic to
the map %, we say that T is an abelian group-like space.

Note: We take e to be the basepoint of T, Then all the homotopies in the
definition must be restricted to be basepoint preserving.

If T is a group-like space, then (7¥) can be given a group structure as
follows.

If {f}, {g} € (T®), define {f} - {g} = {f" g} where " g is given by
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Note that the idempotence of e insures that f- g is basepoint preserving.
We define the unit element to be the homotopy class of the map

E:X->T

given by E(x)=e for all xe X. If {f} e(T®), define f: X - T by f(x) = I(f(x))
Then one can sce easily that {f} - {f} = {f} - {f} = {E}. The associativity
of the multiplication of homotopy classes follows from Definition 1, (iii).
Finally, if T'is an abelian group-like space, (7'¥) is easily seen to be an abelian
group.

According to a construction due to Eilenberg and MacLane (see
Hu—Homotopy Theory, pp. 168-9, 198-204), there exists, for an arbitrary
abelian group G, an abelian group-like space Tz such that

7 (Te) # G, 7 Tg) 0 for n#l.

Con51derthentheTG-cohomologytheory If wesetH"(X Y)=Tg"*" (X,Y).
uu::u, as is cabuy s5¢€I, the dimension axiom is Saubucu, in this S‘pE';Ci«u casc,
our general construction lcads to normal cohomology theory with coef-

ficients G.

Appendix to Part A

The purpose of this appendix is to point out that, without restricting T
in any way, a group structure can be given to (7°*/") foralln = 1. It
even turns out that for n = 2, the group is abelian.

We shall give a rough indication of how this group structure is defined.
The reader may consult Bourgin—Modern Algebraic Topology, pp. 414421,
for the details. The existence of a group structure in (T°") = m,(T") can be
deduced from the existence of a map S* £ S7 v §3 (which pinches the equa-
tor to a point) with certain properties. The fact that 7, (T) is abelian for
n 2 2 follows from the fact that the two halves Sy, S3 may be interchanged
in a suitable manner. But the map p naturally induces a map S" A W
E, (St A W) v (55 A W)and it turns out that the properties of u needed
to give a group structure (abelian if # = 2) to (T">") are also possessed by u'.

The reader can now try to decide for himself whether the induced maps in
T-cohomology and the coboundary map, both defined in Part A, are group
homomorphisms.

Finally, one may ask whether the “natural” group structure outlined

l\nm aorane urith tha

or nnﬂ ctrctnra A ﬁﬂpr‘ 11'\ D A in th
L% L W “&LUUD ¥YYLLAL LRI 5 L [~ 2 9 Vlam\.l T W L A A4l L
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an abelian grouplike space. The answer is that they do agree (cf. Bourgin,
loc. cit.).

In Part B, we shall introduce a generalized cohomology theory whose test
space T can be shown to be an abelian grouplike space. By virtue of the
preceding remark, the group structure of the generalized cohomology groups
to be introduced can be thought of as being derived from the grouplike
structure of the test space. Thus, the remarks made in this appendix are not
essential to the reading of the remainder of these notes.

Part B: K-Theory

We begin by describing certain algebraic operations on bundles. We
derive from these operations a (commutative) ring K(X). We then show how
K(X) relates to the theory developed in Part A.

Whitney Sum of Bundles

1. Fora = 1, 2, let y, be a U(m,)-bundle structure on a space B,. Let the
coordinate neighborhoods be denoted by {U$'’}, {U{?} respectively. Also,
let {USVG, 1)}, {US2(k, 1)} denote the respective coordinate transformations.

Now, the collection {US" x U} covers B, x B,. For (b, b)) € (U*’ x
v LT’.(CZ)) s (LT;.I) e L.ng))’ we define

L LY Y% WWwldll

U(b1.bz} (ls k;j, l) = Ub,(i’j) @ sz (ka l)

Here, @ denotes the direct sum of matrices. The group U(m,) @ U(m,) is
regarded asembeddedin U(m, + m,) via the map which takes (u, v) € U(m,)
@® U(m,) into the (my + m3) x (m; + my) matrix

[u 0

0 v

Using the functions Uy, .,y k; 7, ) as coordinate transformations, we
clearly get a U(m, + m,)-bundle structure on B, x B,; we call this bundle
structure the exterior sum of p, and y, and denote it by y, @ Pa.

If B, = B, = B, then we have the diagonal map é: B—» B x B given
by x — (x, x). Using the notation introduced in Chapter IV, we have the
induced bundie structure &' (y4 @ v,) on the space B. We call this bundie
structure the Whitney sum of y, and y, and we write

A e = 8 (v, () n

FL U rz2 — ¥ \JL1 G rer
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2. Another way of looking at the Whitney sum of bundles (over the same
base) is the following:

1leté, = (E,, B, F,, Um,), p,) (« = 1, 2) be a complex vector bundle (i.e.
a bundle whose fiber F, is an m,-dimensional complex vector space) with
base B, total space E,, projection p,. Let E be the subset {(e,, e;) € E; X
x E,; | py(e;)) = pa(ez)} of the space E, x E,. Define a projection map

nF o R
Mo A £ A

by p(ey, es) = py(ey) = pa(e;). The fiber is homeomorphic to F; x F,.
Since U (m, 4+ m,) acts on F, x F,, we can construct a bundle ¢ = (E, B,
F, x F,, U(my + m,), p) and we call & the Whitney sum of §, and &,.

3. Still another way of viewing the Whitney sum is the following: Let
¥4 » ¥2 be bundle structures on B, , B, with groups U(m,), U(m,) respectively.

By the Universal Classification Theorem, there exist maps
¢:: B> Gupoo (=1,2)
which induce the bundles y;. On the other hand there exists a map N

N: Gm;,oo X sz,oo - mgtma, o0

defined by N (7, @) = 7y @ 7, where ;€ Gy, (i = 1, 2). Therefore we
have the following diagram:

P1x P
BIXle

2 N
e Gm1r00 X sz.oo Gm1+m2p00'

The cgmpgmf man No (n': X d: \ induces 2 bundle structure on B, x B;.

i VA N

One can convince oneself that th1s is the exterior sum y, @ p, of y, and p,.
Again, if B, = B, = B, then we have the composite map

N0(¢1 X ¢2) © 6 . B—) Gm1+mznoo

and this map induces the Whitney sum of ¢, and y, on B.

Tensor Product (or Kronecker Product) of Bundles

Wﬁ l'l"i Aarn NAn

13
i ' "!1 MM Q 1'11"‘"11‘\1‘\
Y W s.l'u.u. UI..I.J.J s LW AL

Ao vAar ‘I
A 1 8 UL l..l.l.ﬂ UU.I..I.DD

o
QLS

Let y;, By, ¢, be as in 3. The natural bilinear map
h: Ulmy) x Ulmz) > Ulmyms)

l:3

given by (u#, v) — u ® v induces a map

hG x (7

o
e e 4 YVmy, o Umma, 0
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and hence we get the diagram

P11 X2 ’
B1 X B2 Gml'm X sz'm Gmle'm.

The composite map #' o (¢, x ¢,) induces a bundle structure on By x B,.
We call this bundie structure the exterior tensor product of y, and y, and
denote it by @ y2. As before, if By = B, = B, we can apply the diagonal
map d and get ﬁr (” @ ,

Pamawlr¢e Tha fn
SACAMSLIN s 1 11 1V

(@ p1 @y2 29y @ ys,
(b) ». & (v @q:)g M.@-\))@M .

VPl N2

©) p1 @y, =2y2® 9y,

(Y v, R (v, @ va) 2 (v, DY) R Va

\™F J L % \J<L % JIJ AJ L % Jar W Jyos5

© ®H:Dy3) = 1 ® ) D (1 ® y3),

() if f: B— B, then fT (y, ® ) = f(y) ® f1(»2)

(g) iff: B— B, thenfT(y, @y2) 21 (y) @ f1(32).

Lemma (1): Given a nrm_c!pal J(n)-bundle £ over a base X, there exists a
principal U(n’) -bundle £' over X (where »’ is some suitable integer) such that

£ @ &L is trivial,

Proof: The lemma is proved first for the case & = gy = (Vo> Gans
U(n), U(n), p,,5)- Recall that the Stiefel manifold ¥, y consists of all ortho-
normal »-frames at the origin in N-space. Equivalently, we may view ¥ as
the set of all pairs (7, v,,) € G, y and where v, is an orthonormal basis for .
The projection p, y is therefore given by

L r

Pn.N \V": '-’n}] vie

We define a set E, y as follows: E, y = {(@, v5-,) | 7€ Gy, V35 is an
orthonormal (N — n)-frame forming an orthonormal basis of z'}. We define
a projection map

by setting

pr:.N P Epny— Gan
PI:.N ((75: v#-n)) = 7.

We then get a principal bundle oc,, N =(Eun, Guns UN —n), UN — n),

pan). It is clear that o, y @ ofy is equivalent to the product bundle

G . x DN ie. o ~ @l is trivial
N -\ U\-’.'}, Aewre W"'N O Wn'" AL WAL ¥ AWbAg



GENERALIZED COHOMOLOGY THEORIES 111
To prove the lemma for a general &, we choose a “classifying” map for &,
¢ . X_) Gn.N,

where N is a sufficiently large integer (depending on the dimension of X).
Thus,

¢ (otn,n) = &
We define &' by setting o
= ¢T(0‘rt1v)-
Then, £ ® & = ¢"(om,x) ® $7(054.4) = ¢ (2a,w ® o5) by the preceding re-
mark. The lemma now follows easily
Definition (1): Let &, and &, be two principal unitary bundles on a base X.
Then &; and &, are s-equivalent if there exist trivial bundles 7; and 7, such

t o mivalanns 1g allsr N Amrvier alanm s walafi e

s-cquivaicnce is aCLua.uy an GQtuvcuuuw rciaiion.
We denote it by and we denote the s-equivalence class containing the
bundle « by {«}. For the set of all s-equivalence classes, we write Ky(X).
Notice that (ordinary) equivalence of bundies implies s-equivalence but
s-equivalence does not imply equivalence. E.g., the tangent bundle of S2" is
s-equivalent to a trivial bundle but not equivalent to a trivial bundle.

Lemma (2): The set K(X) of all s-equivalence classes of principal vnitary
bundles on X forms an abelian group under the operation induced by the

X7l i+ PRE. | P
Y¥Y J.lll-ul:y BUJJJ. Ul Uu.l.lu.lcb

Proof: Let {£,} and {£,} be any two elements in Ko(X); &, and &, are then
principal unitary bundles representing the classes {£,} and {£,}. We define
P L o L=1) bl VP By
{£:} @ {&2} = {§, @ &2}
Tt 1c ancyr tn nhanl- that thic Anaratian 1ic uwall dafmad A Aranosar 1F 1 QoM
A 1D WL U Wil LLIGLE RLLIDY Uyuxauuu I3 YWILLL LU ILLIAL. LVLIUVLLUYLL AL 1D QOopu™

ciative and commutative by the remark preceding Lemma 1. The identity of
the group is the class {'c} of all trmal bundles 1, th1s1s awell defined object

1@ =} = {& = 1} @ {§}.
Let {£}eKo(X), £ a representation of {£}. Let £* be the bundle constructed
in the previous lemma, i.e. £ @ &' = 7 where 7 is a trivial bundle. Then

By e sy — fE AR — £
o) N/ > J b\JbJ = 1LvJs-
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Thus {;‘-’l} is the inverse element of {£}, and this completes the proof that
Ko(X) is an abelian group.

Note: We will see later that Ko(X) can be made into a ring,

Atiyah-Hirzebruch-Grothendieck Functor

Let X be a finite dimensional cell complex, « a principal unitary bundle on
X. Denote by («) the bundle structure equivalence class containing «. We
denote by Kg(X) the free abelian group gencrated by all equivalence classes
() of principal unitary bundles on X. Let further Kz (X) be the subgroup of
K:(X) generated by all elements of the form (&; @ a;) — (&) — (). We set

K(X) = Ke(X)/Kr (X).

K(X) is called the Grothendieck Group of X, or the A-H-G Functor. Indeed,
K(X) is a contravariant functor from the category of cellcomplexesand conti-
nuous maps to the category of abelian groups and homomorphisms. To see
this, note that a map f: X - ¥ induces a map f' from bundles over ¥ to
bundles over X. As f1 carries equivalent bundles into equivalent bundles, we
have an induced map, call it T again, from Kz(¥) into Kz(X). Now, by the
remark preceding Lemma 1, we have

r‘l‘//

S ([ @ x2)) = {(1)) ® S ({(x2))-

Hence, /T also maps K;F(Y) into K} (X) and thus induces a map, again called
I‘T fram EFIYVY intn FVY Tt 1c avidant +h 9
J s LLWILLL .l\.\,l ] 141U J‘\A jo AL 1D W VILILALL ©
f— f1is functiorial.

Again using the above mentioned remark, we see that the tensor product
of bundles induces naturally a (commutative) ring structure on K(X). This
ring also possesses a multiplicative unit, namely the class of the trivial bundle

of dimension one, i.e. the trivial U(1)-bundle.

Notation: For a principal unitary bundle « over X, we write [«] for the class
of & in K(X) Recall that ({x) denotes the equivalence class of o« and {cx} the

P PR nle oo PR, [ |

Q'quVdLClibC Cladd Ul s VVC udVC 4ucauy OOSErL VCU Llid.l. \ﬁ-} - \P} = i()&j‘

= {f} but not conversely. We also clearly have (&) = (8) = [x] = [B].
We define a ring homomorphism

dim:K(X)-»> Z

by setting
dim Enlo) = X n; - dima,.
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Here, X n,[x,] is an arbitrary element of K(X) so that the n, are integers and
all but a finite number of them are 0. Note carefully that if «; is a TU{m,)-
bundle, then by dim «; is meant the integer m; and not the dimension of the
manifold U(m,;). The integer m, is also referred to sometimes as the rank of
U(m,) and of the bundle «;. The map dim is called the dimension homo-
morphism. We define

K(X) = ker (dim).

Thus, K(X) is an ideal in K(X). It is clear that K(X), like K(X), is a contra-
- variant functor from the category of finite cell complexes and continuous
maps into the category of abelian groups and homomorphisms.

We now try to establish a relationship between K(X) and Ko(X). We define
a homomorphism of groups

B : Ke(X) - Ko(X)
by setting

and then extending by linearity. Observe that if m is a positive integer, then
H(m(o) = {0} ® {0} @ - @ {)
while if m is a negative integer,
Km(o) = {6} @ {o'} @ - @ {&'} (m factors).
Notice also that
B (o @ 002) — (o) = (02)) = {0 D %2} + {01} & {2}
= {0 ® 01 ® &, ® 53}
= {r, ® 72}
= {z}

and {7} is the identity element of K(X). Hence, the subgroup Kz (X) of
KAX) lies in the Kernel of 2’ and thus /' gives rise to a homomorphism

h:K(X) - Ko(X)
which is such that

Ko = {a}, A(—[a] = {a'}.
Now, the restriction of /# to K(X) is a homomorphism
k: B(X) - Ko(X).

8 Schwariz, Differential
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We then have the

Lemma (3): The map £ is a (group) isomorphiém.

Proof: We begin by defining a map

i:Z-KX)
as follows. Let 7, be the trivial bundle of dimension n. If m = 0, set
im) = [tal; if m £ 0, set i(m) = —[7_,]. The lemma will be proved if we
can show that the sequence
0— Z— K(X) — Ko(X) — 0

is exact. In fact, we shall show that the sequence splits. To do this, we define a

homomorphism
Jj:1Ky(X) - K(X)

as follows. Let {#} € Ko(X) and let § be a representative of {8}. Let n = dim g.
We set j({8}) = [(F) — (z,)]. If § and B, are s-equivalent, there exist trivial
bundles 7 and 7, such that § + Tand §, + 7, are equivalent. Then, ifn,m kI
are the dimensions of §,8,, 7,7, respectively, we have § & T ® 7,, ~ f;
@® 7T, P 7, while 7, @ 7, is clearly the same as the trivial bundle of di-
mension n +m +k —m=n+k, ie, T®7,. Thuis y =T D7,
~p ®TD7, and then clearly [() — (E)] =[®) — T D 7 © 7)]
~ [(B1) — (tm)]- This shows that j is well-defined. Furthermore, the relations

‘dim o i = identity, hoj = identity
dimoj = 0, hoi=20

are obvious, Finally, if [«] is an arbitrary generator of K(X) and dim«x = n,
we can write

[2] = [(0) — (%] + [za] = J({}) + i),

Ao emit vy | PV S

i .C. .'.\\A } —_ 1111\&} U u.u UJ Tlllb pLUVCb l.lll: LI A.
Since K(X) has a ring structure, K(X) can be given a ring structure by

using the (group) isomorphism #.
We come now to our main resulit.

Theorem (1): There exists a space BUsuchthatthereisal — 1 correspond-
ence Kq(X) «» (BUX).

Corollary (1): There is a 1 — 1 correspondence K(X) «> (BUX).

Proof: This follows immediately from Lemma 3,

A W
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Corollary (2): Theisal — 1 correspondence K(X) «» ((BU x Z)Y*)where Z
is given the discrete topology.

Proof: K(X) = K(X) x Zand ((BU x Z)¥) <> (BUX)x(Z*) «> (BUX)x Z.

Then, Corollary 2 follows from Corollary 1.

= 22k.22 LFE RIRE, g =

Proof of Theorem 1: We define a sequence of spaces EZ,(n = 1, 2,...) as
follows. Let EZ, consist of all sequences of complex numbers (..., X_,,
Xg» X1, ...), infinite in both directions, such that

(a) All but a finite number of the x; are 0.
{(bY A1l the X withi < —pnare

\“p AALE WRRW FTYAWER ' i Wilw Vs

We shall regard the infinite Grassmannian G, , as the set of #-planes in the
space EZ, (cf. Chapter III). We then have a scquence of natural inclusions

2w+1, = EZ, @ a one-dimensional space.
Let e_(,+1y be a gencrator of this one-dimensional space and let

ln.n+1 . Gl'l.oo 2> Ui

in.n-l-l(nn) = {ﬂna e—(n+1)}9

i.e. the plane generated by =, and e_,.,,. We denote the composite in-
clusion of G,,, into G, OY in,nex- We define BU as the urion of all the
spaces G,, (7 = 1, 2,...) taken in the direct limit topology; we write

BU =1mG,
| e o]
Recall that each G, ,, it itself a direct limit space. Thus,
Gy = lim G, ,
m-o
TVrwrmes oy mwrdai ot fn o €66 I o D 99 - .
£ENce, Dy eXiracting a “diagonal sequence’’, we may write

BU = lim Gn,Zn 3
n—r o0
i.e. as a direct limit of compact spaces.

It follows immediately from this that any compact subset of BU is contained
in some G, ,, (and hence in G,..)- Note also that BU s itself not compact,

— "
R.2n AR et maa W VAW, WALLWWY A w ALF P W
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We now define a map Ky(X) — (BUX) as follows: Let {«} e Ko(X), x a re-
presentative of {«}, and let dim & = k. (There is then a classifying map

¢k: X- Gk.oo
Wmcn lnauces . .lI lk U‘k o DU lS Ule IHCIUSIOH map, IIlEIl we UEI!IIE
d:X—- BU
by xo@r. If § X o and dim 8 = ], choose a classifying map
i X - Gy

=TT

inducing . We then have a map
Y.:X - BU
AN | . YTr * YTy _ _1_* .. bt _ 4 AR ___ 1 ___ 0t o oa. _*_ W__ . [ S
ZIVELL DY ¥ = I 01,0!. YyC Cldllll Ldal W dlld 1 4ic [lUIIlULUplC 1H4ced, S1uce
&« ~ B, there exist trivial bundles 7,, 7, such that
DT XD,
Let dim (x ®@ 7)) = dim (B ® 7,) = r. Then r = k, I and we have maps
¢rs Yy X—= Gy

given by, = i, oPx, ¢, = i;, 09p,. It is easy to see that
o) 2o @7y, ) 2o D7y
where, in general, «, is the standard principal U(r)-bundle over G, (see
Chapter VI, Definition 5). But then
) zad7, vl =D,
and hence . 8@ = pl(e).

By Chapter VI, Theorem 4, we obtain
¢r =y,

and since @ = i, 0¢,, ¥ = i, oy,, it follows that
D~

as claimed. Thus, the correspondence
{a} - [D],

where [D] is the homotopy class of D, is well-defined. The fact that this cor=
respondence is 1 — 1 followsimmediately from the converse of the theorem
Just referred to. We prove finally that the correspondence is onto. Pick
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any @: X —» BU. As X is a finite cell complex, X is compact and so also is

@(X). From a remark made above, this means that ®(X) < G, , for sufficient-
ly large n. Thus, @ can be factored in the form

D =i, o,
where ¢, is a map from X into G,, . We set
=dl).
= ¥m\Sws

The reader can check that « is uniquely determined by @ up to s-equivalence.
Even more, « is uniquely determined by [®@] up to s-equivalence. This can be
proved by using the compactness of X x I. Thus, the correspondence
{a} — [@] is indeed invertible and we are finished.

Remark (1): It can be shown that BU is an abelian grouplike space. If
(BUX) is endowed with its natural group structure (see Part A and the
appendix toPart A), it turns out that K(X) and (BUX)are group isomorphic.

Remark (2): Let U = lim U(n) be the direct limit of the unitary groups. U

B=> 00

is called the infinite unitary group. Then BU can be regarded as the universal
classifying space for U; hence the notation BU.

Definition (2): Let (X, Y) be a cellular pair, i.e. Y is a subcomplex of the
finite cell complex X. If ¥ = ¢ and if X has no a priori basepoint, we replace

X by the disjoint union X U {p} of X with a point p which becomes the
basepoint. For each » = 0, we set

K—"(X, Y) = R(S"(X]Y)).

By the results of Part 4, the groups K~"*(X, Y)form a generalized cohomol-
ogy theory, the so-called K-theory. In the next chapter, we examine the
particular features of this cohomology theory in more detail.



CHAPTER IX

Continuation of K-Theory

In this chapter, we shall examine in more detail the structure of the groups
K-"(X, Y) defined at the end of the last chapter. As a reference for the

motarial nm thic rhanta s ctnoonat Ativnmh omd Hirrahemiah_ ontae Rundloe
l1iaivlidl 111 I,.IJJD UMPLUL, WU BuEEUDL ﬂl.lyall CLLiNE B R1L AU L LIALE ¥F CLLUT LIt

and Homogeneous Spaces, Proceedings of Symposia in Pure Mathematics,
Vol. 3, Differential Geometry, pp. 7-38, American Mathematical Society,

rbitrary
based on some grou pl e space 7. In Chapter 8 we used the notation
T-"(X, Y) for (Ts" X'y We look at the exact sequence of the paJr (X x Y,

c BN ¥ Totem Formtey dleaa —n £V TJ"\ lrall Wik "di vl 3 N SN Ny, -~ e
Xv Y). Using the facts that 7-*(X, YY) =T "(X/Y, *) \wucu: means the

basepoint) and X x Y/X VY = XA Y, we arrive at (E) -+ 2> T-"(YA Y)
YT (X xY) T "(XvY)2s --Here,i: XvY>XxYandnm: Xx Y
— X A Y are the natural maps and i¥, #* are the induced maps.

Lemma (1): The exact sequence (E) breaks up into short split exact se-
quences %"

0—T"(X A Y)" =T "X x Y)— T "(X v ¥Y)—0.

Proof: First, we make some preliminary remarks. If (S, s;) is any based
space, let £25 be the space of loops on S which begin and end at §,. In-
ductively, we set 2*S = Q (£2"-15).We observe two properties of the ope-
ration £2": (a) £2"S is grouplike for n > 0 regardless of whether or not S is
grouplike, (b) there is a natural 1 — 1 correspondence between (S>"") and
((£2"S)*) (W any space) which can be described as follows. Suppose 7 = 1,
the general case following inductively. A map /: §* A W — S canbe viewed
simply asa map f: I x W — Ssuchthat /(0 x W) = 85, /(1 x W) = s,
fT x wo) = 8. A map f': W— Q28 is defined by letting /'(w) be the loop,

119
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which evaluated at time ¢, is just f(¢, w); f'(w) (£) = f(z, w). The restrictions
on f guarantee that ' is a basepoint preserving map from W to £S. The
correspondence [f] — [f’] (where [ ] means homotopy class) is the desired
correspondence.

Returning to the proof of the lemma, we begin by showing that the map
(2" TY ") 2 (@27 TY ¥ ¥)is onto. Solet [ f1le (2*TY V), f: X v ¥ - QT
a representative of [f]. Let f; = flX X yo,f> = f|xo X Y. Define a map
F:X x Y- OQ'T by setting F(x,») = fi(x, yo) ' f2(3, xo), the product
arising from the grouplike structure of £2"7. Clearly, F extends fup to homo-
topy, i.e. i*([F]) = [f]. It is even easier to see that the map ((2*T)*™")
2, ((2*TY *")is 1 — 1. Hence, the short sequence described in the lemma is
indced exact. To see that thesequencesplits, we observe first that 7-*(X v Y)
~ T-(X)® T-*(Y). (This assertion is clear if we appeal to the very de-
finition of T~") Now, the natural projections %, : X X Y- X, m,: X X X
— Yinduce maps wf : T (X)) > T "X x Y), a5 : T (Y)> T "(X x Y)
andhencenf @a¥ :T-"(X) ® T (YY)~ T-"(X x Y)isdefined. Identifying

LI § LY § L VLW o R SEITIL.RE . ARIL 111

T-*(X v Y) with T-%(X) ® T*(Y), we sec then that ny @ n¥ provides
the desired splitting,.

T et us now return o K _Thontyv The fextern
A-i0eory. anf LexXiern

induces naturally a multiplication
KX)® K@) — KX x Y).

Recall that K(X) = Ker (dim), where dim: K(X) - Z is the homo-
morphism defined in Chapter 8. dim may be thought ofasthe homomorphism
induced by the inclusion map x; — X (where x; is the basepoint of X). Now,
if a € K(X), b € K(Y), then, as can easily be seen,

u@byeKer[K(X x Y)-» K(X v Y)].
By Lemma 1, it follows that u (a, b)) e K (X A Y). Thus, ¢ induces a multi-
plication, call it # RX) @ K(Y) £ R A Y).
For m, n = 0, it is now possible to define a multiplication
K"(X, X)) ®K-"(Y, ¥)) > K-™+" (X x ¥, (X, x Y) U (X x ¥p)).

This is done as follows:

|

K=" (X, Xo) = N(S'" (X/Xo)) ,

T —n iV v\>ﬁ'ff YO N

P \f, Lo} — [\ \L/dig)),s
("

K- (X x ¥,(Xp x Y)U (X x Yp)) ST (X X Y[Xo x YUX

1)
7

- GIr"
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But X x Y/(Xo x Y) U (X x ¥o) = XX A ¥[¥s

and S, (X/X0) A 87 ([¥o) = S™*» (X]Xo A Y/Yo).
------ A fnern Anlo $a 0o manltialiscatian

.luun, WwWo 1lldve Uul.y [ AW s R 111Luupuua.uuu

R(S™(X]X,)) @ R(S"(¥[Yo)) —» R(S™(X/X0) A S*(¥[Y,)).

And such a muitiplication, namely f, has just been defined. For simplicity,
we shall denote this multiplication by juxtaposition. Using the natural
homeomorphism between X x ¥ and ¥ x X, we get a product

K™Y, Yo) K™ (X, Xp) » K" ™M (X x ¥, (X x Y) U (X x Yo)).
Lemma (2): If aeK~" (X, X,), beK~"(¥, Y,), then ab = (—1)™ba.

Proof: We have the homeomorphisms S™ A S” «> S™+8 §1 A S™ o SN0
and the composition

Sm+n_)SnASm_’SmASn_’Sm+n

is a map of degree (—1)"". The lemma follows easily from this (see Atiyah-
Hirzebruch, loc. cit.).

Let now (X, X,,) be a cellular pair with basepoint x, € X,. We have
diagonal maps

X_d'_)XIXX, XOL(XoxX)U(XXXo).
Passing to the quotient, we obtain a map

X/Xo (X/x0) A (X/X,).

following theorem.

fr—ml“’

Theorem (_1} L A TA4A) is a graaea anticommutative rmg There is a

mzo0
product mapping of degree 0
(Z K@) @ (L K"K X)) ~ 3 K72 (X, Xo)
mz0 nz0 PO

turning ¥’ K=" (X, X,) into a graded Y, K~"(X)-module.

nzo0 mz0
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Addendum: The muitiplications defined above have evident functorial

properties. As an example, let f: (X, X,) = (X', Xp), g:(¥, ¥o) = (¥, ¥y)
be mappings of pairs. Then the diagram

..|_
l.f"ea' : (fxg)*
¥

K "X, Xo) @K™ (Y, Yo) = K (X x ¥,(Xo x Y) U (X x Yy))

is easily seen to be commutative. Notice also that a map f: X - Yinducesa
homomorphism

f*: Y KT™(¥)-> Y K™™(X)

mg0 mz=0

which is a ring homomorphism.

Remark: Observe that in the above discussion we have used the particular
properties of K-Theory only once, namely in deducing the existence of a map
u:K(X)® K(Y)— K (X x Y). Therest of the development merely made use
of the fact that K-Theory is a generalized cohomology theory. Thus, a
product theory as above can be established for any T-cohomology theory
which admits a map

2. The Bott Theorem and its Consequences

The special properties of a generalized cohomology theory depend entirely
on the structure of the test space T of the cohomology theory. The homotopy
structure of the space BU, which is the test space in K-Theory, has been com-
pletely determined by Bott. We present here Bott’s results (in a formulation
due to Bott and Atiyah) without proof. These results are then used to deduce
some of the main results in K-Theory. For a proof of Bott’s Theorem, see
Milnor-Morse Theory and J. Schwartz—Nonlmear Functional Analyszs, Gor-
don and Breach 1968, as well as Bott’s original papers.

Theorem (2) (Bott-Atiyah-Hirzebruch): £(S1) = 0, K(S?) = Z. The gene-
rator of K(S?) can be described as follows: Let S2 be represented as PT and
letn be the canonical line bundle (the Hopf bundle) over P%,i.c. overeach
point [z, z.] € P% ([z,, z,] means projective class of the pair (z,, z,)), the
fiber is the complex line consisting of all pairs (iz,, 4z,), Ae C. Let 1

denote the trivial 1-dimensional bundle over §2 and set u = n — 1. Then

>aa rm s i aalta N Al S ewm s SRl O e
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g = [pl € R(S?) (because dimg = 0) and g is a free generator of K(S2).

R PN

Finally, let ae K "(X, X 0) Then the map
B:K™(X, Xo) » K- ™+ (X, X),

eiven by R( = go. 1 an icomornhism. the so-called Bott icomornhiem
given by p( ag, 1s an 1isomorphism, the so-called Bott 180 m,

Proof: The assertion concerning K(S?) made in Theorem 2 is elementary
and may be proved as follows. Since S2 may be covered by two coordinate
discs P* and P~ intersecting in a circle C, and since any U(n)-bundle struc-
ture over P+ or P is trivial, a U(n)-bundle structure over S is determined by
a coordinate change mapping 4 on C, which is a mapping #: C —» U(n). Two
such mappings # and 4’ determine equivalent bundle structures if and only if
there exists mapsg,: P* — U(n)and g_: P* — U(n)suchthatg, hg~* = A’
(Cf. the Remark preceding Definition 2 of Chapter 4.) It is trivial to verify
that this is the case if and only if 4 and A’ are homotopic. In this way, we
established a correspondence between U(n)-bundle structures on S2, and
homotopy classes in 7, (U(#)). Since, as is developed in more detail below,
any map k: C —» U(n) can be deformed into a map 2: C —» U(1) & U(n), it
follows that any U(n)-bundle structure over S2 is equivalent to the direct
sum of a U(l)-bundle structure and a trivial bundle. Thus the structure of
K(S?) is determined by the U(1) bundles which it contains. If a U(1)-bundle u
corresponds in the above sense to a given map k: C — U(1), then u ® p cor-

ractandc tna b2« 7 . 771N Qinrca i1t 1o aaar ta con thot tha ITAawf hiandla o ncnre
I.CDPUMUD LV I o & — 7 U\l) WJiddWAy AL 1D Uaﬂy LV a\v\d IrllaL L1, .l.l.upl Uuuulb fl WL =

responds to a generator h of the group =, (U(1)), it follows that every
U(n)-bundle structure on S2 is s-equivalent either to a Kronecker power of #
or to theinverse of one of these bundles. From this, verification of the asserted
structure of K(S?) is easy.

We sketch the proof of the remaining assertion of Theorem 2. Let X be
any finite-dimensional complex. Then, according to Theorem 1 of the pre-
ceding section, and its proof, the elements of K(X) are in 1-1 correspondence
with the homotopy classes of maps ¢: X — G, ,, for any sufficiently large n.
Examination of the details of the proof of the Bott periodicity theorem (Cf.
J.Schwartz, Nonlinear Functional Analysis, Lemma 7.22, Corollaries 7.23,
7.24, Lemma 7.27, and Corollary 7.28) shows that there exists an imbedding
of G,., into the loop space £ (U (2n)) which induces an isomorphism of
(GX2.) = (2 (U (2n))) for low-dimensional spaces X. This imbedding may
be described as follows. If p is an n-plane in £?, let E, be the orthogonal pro-
jection omto p. Then cf) =exp Qui (I — E)t), 0=t=% c,()
= exp (2zwit) I, 3 < t < 1, defines aclosed loop in U(2n), whose end-points
are both the identity map; p — () is the desired imbedding.
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For n large, Vs, 4n = U(4n)/U(2n) is simply connected in all low dimen-
sions, and is a bundie with fiber U(2n) over Gz, 40 = U(4n)[U(2n) x U(2n).
Thus, any map ¢: ¥ — U(2n) is homotopic in ¥,,,4, to a constant, and
the resultant homotopy ¢5, projected by the natural map V,,, 20 = G2n, 20
defines an element of (({X(Gzn, 4s))¥). The map (UQ2n)Y) — (({AG.,, 40))%)
defined in this way is an isomorphism of homotopy classes for low dimen-
sional Y. (See below for a more familiar algebraic representation of this
isomorphism.) Composing our two isomorphisms, and using the trivial
identity (X(Z,)*) = (zf"‘z , we obtain an explicit isomorphism (GZ ,,)
- (U2n)™ 2 %) > (G5.AY) for any X of dimension low compared with .
This composite isomorphism is the Bott isomorphism £ of Theorem 2.

Finally, Theorem 2 identifies the isomorphism 8 as the product operation
a — ag. We omit the proof of this identification, noting however that it is
used only occasionally in what follows, and that it may be derived from the

explicit form of # as given above. The reader interested in additional dctails
is referred to the cited papers of Bott and Aﬂvnh-ﬁww-hﬂwh 0O.E.D.

abl? AW alwid A wee B viaiw' wiw wAD WA A W CeAdhe JALE YERELTA LA LWL WL N v

Corollary (1):K~° ((py, p2), p2) = Zif siseven, = 0 if s is odd.

Remark: C \_,01‘011&1'3!‘ 1 shows that the homoto Opy groups m{BU) ar IC peri iodic
of order 2. The usual Bott PBI‘IOdlClty Theorem asserts that the homotopy
groups 7,(U) of the infinite unitary group are periodic of order 2, with
m(U) = Zif sis odd, = 0 if 5 is even. Actually, this assertion is equivalent
to Corollary 1 as we now show.

We shall prove 3 statements, which together will readily establish our
claim.

(1) For given s and for k sufficiently large,
7y (UK)) 2 75y (Uk+1)) =2 - 2 a,_,(U).
(2) For given s and for k sufficiently large,
o (Gy,2r) & 7w,y (U(K)).
(3) For given s and for k sufficiently large,

75 (G, 21) = Ws(Gk+1.2k+1) = e =TT (BU)

roof o 11\ TIFLN 2 . AT 278 AN 2E+1 el O .
of of (1): U(k) is a bundle over Uk + 1)/U(k) = S ith fiber
) By the exact homotopy sequence of a bundle (see Chapter 6), we obtain
v g (S22 o TONY— . (U (k4 1) —p.  (S2EH1) —
Ve AF " Uvs_l \U\IV}J Ul'ls 1 \U v i l"} u'vs_l\u
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But for 2k + 1 > 5, w(S2**1) = 0 and we find
0~ 71,y (U(R)) ~ 4, (Ul + 1)) > O

to be exact, That is, w,_, (U(k)) = nt,—, (U(k + 1)); moreover, the iso-
morphism is induced by the inclusion map U(k) - U (k + 1). Using the
same kind of compactness argument that has been given before, we conclude
easily that the inclusion U(k) — U also induces an isomorphism m,_, (U(k))
=~ m,_,(I). Thus, (1) is proved.

Proof of (2): We know that ¥V, ,; is a bundle over Gy,,; with fiber U(k).
Again by the exact bundle sequence,

a
o = A (Vi2r) = B(Giy20) = 751 (UR)) — 75 (Vi 20) — +=

By Lemma 2’ of Chapter 6, w(V%,.x) = Ofor 2k + 1 > 5. The conclusion (2)
follows.

Proof of (3): The inclusion maps U(k) - U (k + 1), UQ2k) » U2k + 1)
give rise to maps

G: Vi = UQRRIUK) > U Rk +1D)UK + 1) = Vipr,26+1
Y G = UQRKUK) xUK)> UQRk+1D/U(k+1)x Uk) = Gryy1.2k41-

Clearly, ¢ is a bundle map which covers . Therefore we have the following
commutative diagram:

v Ws(Vk.Zk) - ns(Gk,Zk) 2 Tls—q (U(k)) - ns—l(Vk,Zk) > e
l | |
? | v l
4 4 4

- Ws(Vk+1.zk+1)—’ﬂs(Gk+1.zk+1)_3"’ TTs—1q (UK + 1))—’93s—1(Vk+1.2k+ )

|
|
|
4

It follows from (1) and (2) that for 2k + 1 > 5, 0 and i_ are isomorphisms.
But then y_ is also an isomorphism. The fact that the inclusion Gy, — BU
also induces an isomorphism (G, »x) — 75 (BU)follows again by a conpact-
ness argument.
our original claim.

We now ptoceed to obtain some more information about the groups
K~"(X, X,) from the Bott Theorem,
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Lemma (3): Let f: (X, X3) = (X', Xo) be a mapping of pairs. Then the
caeEm K" (X', X3) = K" (X, X))

I* I*
4

—n L -n—2
is commutative. K=" (X, Xo) K (X, Xo)

Proof: This follows immediately from the diagram in the addendum to
Theorem 1 and from the definition of f.
Lemma (4): If (X, X)) is a pair, then the diagram
K=" 1(X,) — K" (X, X,)
l j
| |8
y y

E] .
is commutative. K~""3(X,) — K™"% (X, Xo)

Proof: This follows from Lemma 3 by the following rather standard argu-
ment. Let X+ X, be the space (X U X, x [0, 1D/X, x {1}, wherein we
identify Xy x {0} with X,,. Write CX), for the subspace (X, x [0, 1])/X, x {1}
of X-X,. Then CX, is easily scen to be deformable to a point. The
natural identification map X - X, = X/X, = (X - X,)/CX, is therefore easily
seen to induce an isomorphism j: K~ "(X/X,) » K~"(X - X;). On the other
hand, (X - X,)/X x {0} = S* A X, so that the identification map X - X,
— S* A X, induces a homomorphism k: K ""1(X,) = K~"(S* A X})
— K~"(X - X,;). Comparison with the definition of the coboundary map &
(cf. Chapter 8, part A, paragraph following Corollary 2) will show that

0 = j~ k. Thus 86 = fj~k = j~'kf by Lemma 4. Q.E.D.

Theorem (3): Let (X, X,) be a pairandlet X, —— X and (X, ¢) - (X, Xo)
denote the natural inclusions. Consider the diagram

o K H(X) T K=2(Xp) = K= (X, Xp) 2 K~}(X)

N A\
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where the top row is the exact sequence of the pair (X, Xg). Then the hexa-
gonal part of the diagram is exact.

Proof: Exactness at K~ }(X), K~ 1(X,), K°%X, X,) and K°(X) being ob-
vious, we have only to check exactness at K°(X;) and K~ 1(X, X). Exactness

at K~ 1(X, X;) is also obvious, because § is an isomorphism. We check exact-
ness at K°(X;):

(a) By Lemma 4, 680i* = fdoi*. But since doi* = 0, it follows that
pooi* =0,ie. Imi* < Ker dp.

(b) Suppose 6f(a) =0, aeK%X,). Then f(a)eKerd, and therefore
Bla) = i*(a'), a’ eK~%(X). Since § is onto, @’ = f(a’’), a” € K°(X). Thus,
B(a) = i*B(@"") = Pi*(a”) (by Lemma 3). Since fis 1 — 1, a = i*(a"”), i.e.
Ker 68 = Im i*.

Definition (1): If n = 0is any integer and (X, X,) a pair, we put
K"(X,X,) =K° (X, X,) ifniseven,
K" (X, Xy) =K ! (X, Xy) if nis odd,
K*¥(X. Y,.\ = I(OIY Xs) @ KYWX. X.).

\iry <3 N7 A (\diy LA0GS.

The following theorem is an immediate consequence of the above definitions
and results.

Theorem (4): K¥(X )isa Z,-graded anticommutativering, i.e. K®(X) - K°(X)
= KO°(X), K°(X) - KMX) = K'(X), K'(X) - K'(X) = K°(X). Moreover

s o mm .“.....4 L.“... e wy

TRV VN Too P o Ao d PRIV o mdole ol oo b
R4, Ap) IS a £Ly-8raGcl A7(A )-nioduie. rinaily, wé navce an €Xaci ncxagon

K! (X, X,) » K1(X)

e AN
3 \\
K°(Xo) K*(Xo)
N .//

K%X) < K°(X, Xo)
3. The Chern Character

This section will be devoted to constructing a certain ring homomorphism
between K(X) and the ordinary (e.g. singular) cohomology ring of X with

rational coefficients. This hnmnmnrnhmm the so-called Chern character,

o B A A R EANFALANSALARSE R A A ma



128 DIFFERENTIAL GEOMETRY AND TOPOLOGY

plays a very important role in the study and-calculation of the ring K(X).
We shall, for example, perform such a calculation in the next chapter, in the
case that X is projective space.

The Chern character is defined using the Chern classes. Thus, to begin
with, we establish a fundamental theorem on Chern classes.

Theorem (5) (The Whitney Product Theorem): Let &,, &, be complex

UUHUICS on COIIIplDKCS X 19 X 2. T IIC lULIOWlﬁg I'Cl.aIlOI] UGLW@CII Chern Cl.aSSCb

holds:
o c(61 @ &) = clfr) x off;); (see Chapter 8).
If X; = X, = X, we may apply the diagonal map to this relation and obtain
c( @ &) = c(fr) v cfs).

Proof: Let us denote by ¢;, e ef® the Chern classes of € ¢S
G,,. respectively. We have a mapping

N

Loy 4
Al F o L 1Y
&Y . Up 0 X Unso ™ Uny b

defined as follows: G, , is regarded as the set of n,-planes in E;”, an infinite
dimensional Euclidean space and G, ; ., . is regarded as the set of (n; + n,)-
planesin E® = E? @ EY. Nisgivenby N(n,, ;) = {m,, 7.}, i.e. the plane
generated by 7; and 7, . We know that there exist classifying maps of &, &,,

nmr\
et

SR ¢1 X, - Gm.oo: ¢2 Xy — an.oo

such that ¢](x,) = £ (&) is the universal bundle over G,,, .. Evidently, the
bundie &, (&) &, is induced by

ﬁ°(¢1 X$3): Xy X Xy = Goingecs -
Since the cohomology rings H¥(G,,,,,; £) are torsion-free (see Chapter 3),
it follows from Kiinneth’s Theorem that

AT % N (A1) (2)\
LY DJ = Z‘i\bk 3 bl

where Q, is a homogeneous polynomial of degree j. Now,

&t AT®s -\

Lot N =N TRY £ o b NTR . £ b 2k ;.
Ci (§1 3 €2) = LIVo(@1 X @2)]7 ¢ = (@1 X @2)7 0 N7((
= (¢1 x ¢,)* Qj(c(l}: Ct))

Therefore, (1) re (3D re s
¢; (&, U £2) = 0; (€D, o (£2).

-
oy
i

It remains to determine the polynomjal Q,. To do this, let X; = PP x -
x P and let X;, = X; x X,. Here, nis chosen so large that n (n; +n,)
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> j. In Chapter 3 (cf. the proof of Theorem 3 of that chapter), we have
defined maps
N;: PP x o x PP =G, .
N:X,, = P x o0 x P("l'“'z)——y G.

4
=T L4 - n o o —HITBZSw

Recall that N, is defined as follows: An element v, € P\ determines a one-
dimensional subspace of a Euclidean space E;. Putting E"" = Ef @ **-
@ E,,, we define Ny((vy, v,, ..., v,)) as the plane z in E* < E* spanned
by the one-dimensional spaces vy, ..., v,,. Clearly,

V; X N,).

Therefore, using Theorem 3 of Chapter 3, we find that if o, (resp. af”,

resp. ¢\>’) is the j-th (resp. k-th, resp. /-th) elementary symmetric polynomial
on n; + R, (resp. ny, resp. ny) generators, then

GJ (tls A RY tn1+nz) = QJ (Gl(cn (tla seey tnl) 012) (tnl—i»la ey tnl-l»nz))'

But we also have

ny +ng n+ny ny n+ny
T Zj_j (t‘l- - I_ ko= \ = n (z — L) = n (Z -_— _:} (z -_ I,
Wi s fhy+ R/ LYy © 7/ LA N 7 1L X 37
J=1 Jj=1 Jj=1 J=n;+ni
© k(1) < )
—_ k(1 2
- 270y (tls ’ tn,)) ( 4 (tn1+1 ’ ’ tru +nz)
\K=1 / \i=1 /

Thus,
(1) (1) (1) (2) (1) (2) )
Qj(ck ,U;))_G'J=O'J +G'J 1 0'1 -+ - +0’1 U'Jv 1+G'

Since ¢(§) = 1 + ¢,(§) + ¢,(&) + -+, Theorem 5 follows. Q.E.D.
Our next aim is to show the existence of a very important homomorphism

A\A J —> i1 \2, ¥ ) wihictre 2 lD tie J.J.Clu Ol ldlluudl uuulUCLb, Cailica tn vriern

character of a virtual bundle. Before defining this homomorphism, however,
we prepare some technical lemmas concerning unitary bundles, which we
will need in order to establish that the map to be defined is in fact a homo-
morphism. The object of these lemmas is to show that any algebraic re-
lation between Chern classes that holds for all Whitney sums of U,;-bundles
holds for all U,-bundles generally (cf. Lemma 5 below). To establish this
basic fact, we show that, given any U,-bundle & over a base X, there exists a
space Y and a mapping o : ¥ — X such that

a) p!(&) is reducible to the torus subgroup T, of U,, i.e., is a direct sum of
U,-bundles. (This is the point of Theorems 6 and 7 below, and of thcir corol-

laries \
ASEL LWwrry

9 Schwartz, Differential
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b) o*: H¥(X)—> H*(Y) is a 1-1 mapping (this is the point of Theorems 8
and 9 below).

The space Y is constructed from the space £ of the principal bundle & by
an clementary general procedure, which it is the aim of the next few para-
graphs to describe. Let &« = (E, X, G, G, p) be a principal G-bundle, G a
topological group. By dcfinition, G acts on itself by left translations. We
observe that there is a natural action of G on the total space E. In fact, E
may be regarded (see Chapter 4) as the set of triples (x, g, U) with xe X,
g € G, and U an open neighborhood of x, divided out by the equivalence

relation (x, g, ) ~ (x, 8, Neg =g, (x)'g (where g, » 1s the coordinate

transformation). Then G acts on E on the right by
[(x. 2 U)] & = [(x, g g, U)]

where [ ] means equivalence class. One checks easily that this is a well-
defined action.

Suppose now ¥ is a space on which G acts on the left. We can define an
action of G on the Cartesian product £ x ¥ on the right,

VAP - BN * AN . T - SR o
Q. X T )X U220 X1

by setting
¢ ((e,»),8) = (eg, g7 ).

Therefore we may also form identification space, denoted by (E x Y)/G
and endowed with the identification topology We denote the equivalence

Py P

class of \c, _y; in \":‘ x Y) }]U uy’ uc, y)j If we define the map

pi(Ex VG- X
by setting

p' ({(e, »)}) = ple)

then we get a bundle ((E x Y)/G, X, Y, G, p").

Let § = (E, X, J, J, p) be a principal J-bundle where Jis a closed sub-
group of a Lie group G. Leti: J — G denote the injection map. One defines a
left action of JonGiin the obvious way. Using the constructionof the preceding
paragraph we get a bundle (£ x G)/J, X, G, J, p'). It is easy to see that
this bundle initially defined as a J-bundlc, can also be viewed as a principal
G-bundle ((E x G)/J, X, G, G, p"). (Just observe that G actson (E x G)/Jon
the right by acting on the second factor.) We will denote this latter bundle by
i+(ﬁ) Thus i, (f) is a G-bundle which, from its definition, is clearly reducible

o a bundle with respect to the qnhm‘nnn T < G

B hid d
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Now let § = (E, X, G, G, p) be a principal G-bundle, G a Lie group.
Let J again denote a closed subgroup of G, i: J— G the injection. Since J
acts on E on the right, we can form E/J. One checks that 8 = (E, E/J, J,
J, ¢) is a principal J-bundle over EfJ where the projection ¢ is defined by

a(e) = {e}.

In the preceding paragraph, we have defined the G-bundle i.(f). Let {e}
€ E/J and let e, € be 2 representatives of {e}. Then e and e’ are equivalent
modulo J and therefore, a fortiori, equivalent modulo G. Hence the map

0. EfJ- X
given by
e({e}) = p(o)
is well-defined and the diagram
EZ> EJ
AN
NE
N
X

is commutative. It is clear that the collection (E/J, X, G/J, G, @) is a bundle.
On the other hand, the map p induces a principal G-bundle o'(#) over the

Tnan FIT Tha +aftal amons ~F T BY no v lhnern anne 193 i hamban A Aseoioks ~F
Uaow .l-c’d 4 MUV VLAl opave Ul E \g} 4S8 We nave sCCi IJ-I puapu:l. T, UUMDIDLD UL

all pairs ({e}, ¢’) (with {e} € E/J; e, € € E) such that o({e}) = p(e). Let E
denote this total space and let p be the corresponding projection

P (({e}. D) = {e}.

The following theorem now identifies the induced bundle o'(#) with the re-
ducible bundie i.(f).

Theorem (6): o'(£) is equivalent to 7.(f).
Proof: We shall construct a map j' such that the diagram

(E x G)J " —»Ec: EJxE E
\\ _ l"

AN :

ElJ > X

9

becomes commutative, this is done as follows. We first define a map

i Ex G (EI «w E
Jo L& XA, XL
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by setting j((e, 8)) = (o(e), e - g).

Using the factsthatoc = p, p(e - h) = p(e)forany h € G, and 5 (e - k) = o(e)
for any k € J, we see easily that j induces a map

j i (Ex GI-E.
It is readily seen that j’is 1—1 and onto.

a
T4 14 ﬂ' e omlana dle nd ﬂﬁ--t\-‘nﬂ tlem 3 A Aendadxr M ﬂ ~F Tisndrm 1 .
AL 1D AiIpU LivAdl LllaLJ VUYULD LIV IW uLlly P Vi IJ 111tV 1

This proves the theorem.
Taking G to be the unit ary group U, and J a “maximal torus” T, of U,

(e.g. the (closed) subgroup of all diagonal matrices in U,)), we get the follow-
ing thcorem.

Theorem (7): Let & = (E, X, U,, U,, p,) be a principal U,-bundle. Let
T, be the subgroup of diagonal matrices of U,, i,: 7, — U, the inclusion map.
Let ﬂ = (E, E/Tns T;u Tns Gn)s (in)+(ﬁ) = ((E X U,,)/T,,, E/T,,, Um Um p:l)
and o{(¥) = (£, E/T,, U,, U,, p,) be as above (where a,, p, 5, have the same
meaning as g, p’, j above). Then (,).(B) = o}(&). Morcover, E|T, is the
total space of a U,bundle over X with fiber U,/T, and projection g,; the
diagram ;

=poj.

is commutative.
Ppnn"n‘lo the definition of bundle reducibility (see

" EEW

we have

Corollary (1): The U,-bundle QI(E) is reducible to T,,.
Since T, = U; x U; x -+ x U, (n factors), we have

Corollary (2): ol(£) is a (Whitney) sum of n U,-bundles.

This completes the first step of the argument outlined in a), b) above. Next
we specialize still further, taking F in Theorem 7 to be a classifying bundie
Va.» and studying the relation between H¥*(G,,,.) and H*(V,,./T,).

Let ~n = (17 Fa Ir Ir Y ha tha 11111“:;1':‘01 TT haaanAdls fonn
m VFmoom> Ymas Yms Y ym} OO LOC wulilvel Upgmouliul (Boe

Chapter 6, Definition 5). We set &; = . Recall that G,, , = P, infinite
dimensional (complex) projective space, while V;, , = §%, the infinite di-

mensional (complex) sphere. We define
m
o = (8§ X - X S@’wa = X P,
LJTi M oeee X TIT‘ TIT- M oese N JT



CONTINUATION OF K-THEORY 133

where each Cartesian product has n factors. Since the space §© x -+ x §%
is homotopically trivial in ail dimensions and since U; x - x U; = T,
it follows from Chapter 6, Theorem 3 that x” can be considered as a uni-
versal 7,-bundle. Thus, the space P, x -:* x P, is a universal classifying

space for 7,-bundles. Instead of the cumbersome notation above, we write
ol = (E'rn, XT,,s T,, Tn,PT,,)-
Recall the resuit proved in Chapter 2:
H* (Xr 3 Z) =H* (P, x »» X P ; Z)Y = Z(t1,..., 1),

1. .o - ... Py ey

the p 'yi‘ uug in 7z indeterminates.

I
We now a ply Theorem 7 to th U,-bundle «,, setting
ﬁ = (V"’CD’ n.oo/Tns I'Il’ Tll’ Gﬂ)

in Theorem 7. Tt follows that there exists a communitative diagram

Vmco = Vn.oolTn
AN I
\ On
|

r
Un-m

and that (i,)+(8) = oX(x,). Since V,,,, is homotopically trivial in all dimen-
sions, we can consider § as a universal 7,-bundle with base ¥, ,/7T,. In what
follows, we write 8, for this universal bundle 8. By the universality property,
the spaces ¥, /T, and Xr_are homotopically equivalent and we get

"*f I'T'-’)'\NU ~’7r4 41
\r n.col-'-n:"-')= 4L \AT"}— Lkl sevy bp}e

Again by Theorem 7, V, /T, is the total space of a U,-bundle over G,_,
with fiber U,/T,. We then have the following theorem, which we state with-
out proof. See Husseini—Topics in the Algebraic Topology of the Classical
Groups, University of Wisconsin lecture notes, Chapter 2, page 14.

Theorem (8): The sequence of graded rings
* L
1 — H*(Gn,oo) B H* (Vn,oo/Tn) ﬁ'——)‘ H* (UI'I/TH)_-é 1

is exact. Here, j, : U,/T, = V,, /T, is the inclusion of the fiber into the total
space.

Now let § = (E, X, U,, U,, p) be any principal U,-bundle. We have then
bundles 8 = (E, E/T,, T,, T,, ¢,) and (E/T,, X, U,/T,, U,, 0). By the
Classification Theorem, there exists a map

f: X - Gn.oo
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such that ff(«,) = £ If we let f be the map
S E[T, = VT,

induced by the bundle map 7: £ ~ V,,, covering the map f, then itis easily
seen from the above definitions that f'(8,) = 8. The following diagram is then
seen to be commutative, where j and j, are inclusions of fibers in total spaces:

;"\

E E/T Vool Tn = Va0

p (*
}\ [ 0n //pn
\l 4 s v l{/
X Gy,
Ue 1001\ at the ton trianala Af Aiaogram ¥\ and talra 1te indnecad caohamalaocy
TY i y (9§ Jull&lu WL Ul.as,l CLRLILL \ } CALILE MO LD LLI%E LAWY vullulllulu&:
diagram:

H* (U,/T5)

o sN 5
o N
H* (E|T,) ~— H*(V,./T.)

Theorem 8 tells us that j; is surjective. It follows immediately that j* is also
surjective. A nontrivial argument (see Husseini, loc. cit.) then establishes
the foliowing resuit.

Theorem (9): The map o*: H*(X) - H*(E|T,) is i n_]ective

After these preliminaries we are nrepared to oi ve the definition and derive

the properties of the Chern character:
Letey, €3, ..., ¢,bethe Chern classes of G, ,i.e. the elements of H¥(G,, Go)

4ttt Alamrand TP et

uuucapuuuxug 0 hnc Cu:uu:ut.r.uy byuuucuic POLyil 1omials ¢ Gi1,+..,0,001 72 in-

determinates #;, ¢,, ..., %,. The Chern classes of § (sce dlagram (*)) are

ci(§) = f*(c),i =1, ..., n. Thetotal Chernclass of £isc(§) = 1 + ¢;(§) + -
+ cll(g,-)' n

The function G (¢4, ..., t,) = ‘Z e’ is a power series in the indeterminates
=1

t;, with rational coefficients and symmetrical in these indeterminates. Thus

L .1 113113 5 o a Y

we may write G (¢,, ..., t,) = R (015 ...5 a,J, where R is a power series in the

elementary symmetric functions o4, ..., ¢,. We definc the Chern character

n'Ff-' I‘\V I'It (ﬁ\ — pfl‘ (f:\ F &l (f:'\\ Qi L7,
VY wiv \s) AL LI\ Sy ey Ly\B gy, Al

-l

nyr SI'I mf‘
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Chern class (for a bundle over a finite complex X as base) vanishes, the ex-
pression R (¢;(8), ..., c.(&)) reduces to a finite sum, and ck (§) is a well-
defined element of H*(X) « @ = H*(X; ©).

The fundamental fact that ¢k (§) induces a homomorphism of the ring
K(X) into H*(X, @) may be deduced as follows. We showed above that

H*(V,o/T) = Z1[ty,.... t,].
Let us regard theindeterminates ¢;as beingthering generatorsiof H*(V,.../T,);
tye H*(V, »/T,). We set

A, = f*(f Y
.’ \' ''''''

Then y; € H2(E|/T,) and are called the roots of the principal U,-bundle &.
Now, setting ¢,(&) = 1, we have

e*c (§) = o* (Z C:(E)) = o*f* (éo Ct)

i=0

By the commutativity of the square in (*), we deduce

ore® =for (3 c,).

\{=0
By Theorem 9, o : H*(G,, ) = H*(V,, .,/T.) isa 1l — 1 map of the subring of
Z[t, ..., t;] consisting of all symmetric polynomials into the full ring

ZI[ts, ..., ] Thus,

But by the definition of clementary symmetric polynomials,

1+ic,=ﬁ(l +ti)'

Therefore,
ere@=F*{[1A+8)) =110 +y).
i=1 i=1
n
N S 2730 cn alammant af tha nlug ITRITIT o N ntn aogole ¢t ¢ slia
INVUYY, L [~ 1™ CIGLIICIIL VUl LG 11115 F¥) \.l}l.ln 2) \l‘l v 4541 1 Lildl 4l Lo
i=1

point, we must assume that for some integer m,, the cohomology groups
H™ (E|T,) are 0 for m = my; of course, this follows automatically if #/7}, is a
finite dimensional complex. If this condition is not satisfied then the power

n
series Y e’* may not degenerate into a finite sum and will then represent an
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element in H**(E|T,; @) = [[ H'(E/T,; @), the unrestricted direct product.)
n i>0

Moreover, Y. e’ is a symmetric polynomial in the roots y;, and is therefore
i=1

a polynomial in the elementary symmetric functions on the roots y;. In other
words,

3¢ = RUPED, - f*@),

c€.2)=1+4+¢;(EHz + - + ¢(§) 2
Recalling the equation p*c (§) = f[(l + 9., we will allow ourselves to
write formaily =1
c(, 2) = :lj;(l + yi2).
If & = %, then evidently ¢k () = ch (). Thus, the map
&) - ch(®)

is a well defined map. (Recall that (&) is the equivalence class of £.) Let K5
and K§ be as in the paragraph following the proof of Lemma 2, Chapter 8.
We may now extend by linearity to get a homomorphism

ch:Ke(X) > H¥*(X; ©).

We shall now investigate the behavior under Whitney addition of ¢k on
K7# (X), and also its behavior for tensor products. We have

Theorem (10): If £ is a principal U,-bundle on X and 7 is a principal U,-
bundle on X, then

{n\ nlo{l’;mm\_nlnfl’:\ [] nlnfm\
L) Ciig W T) = Li\g) T Lil\i]).
(b) ch(E ®@n) = ch(§)ch(n)
Proof:

(a) It follows from the Whitney Product Theorem that

AfE ™o
LA N7

oy,

But this means that if {y;, ..., y,} are
the roots of #, then {y;,...,y.} v

I

L I
=
(4]
-
Q
=3
w
Q
L]
ry
" &
=]
(o
et
~3
Hﬁ
‘e
5‘-
=
3
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Hence,

By v

.

et

ata

= o%ch (§) + o%ch (n),

- A,

o*ch (D) =) e +
i=1

"™Ma

1
from which (a) follows immecdiately.

(b) Since : N mom
(E) (B) - B
i=1 21 =1 j=1

it is sufficient, in order to establish (b), to show that the set of roots of
£ ®@ neonsistsof {y; + 9331 < i < n,1 < j < m}. We shall now prove this:

Case 1: £ and n are U;-bundles.

Proof: We have ¢; (§ @ ) = ¢,(§) + ¢1(n). The proof of this fact is left
as an exercise. Since c(§®@ 1, 2) =14+ ;@ -z cE,2) =1+ 15 z,
c(p,z2) =1 + ¢;(n) - z, the result follows immediately from the definition
of the quantities ;.

Case 2:6 =6, ® - D& =11 D -+ @ N, where the §;’s and 7,’s are
U,-bundles.

Proof: We have -

Hence, by the Whitney Product Theorem,

¢ 2) = ﬂ(l + @) 2)

c(n, 2) =j]=—11(1 + ¢1(n;) 2)
c¢®n2) =TI +eE®n)d =]+ {aE) + ()} 2)-

Hence, the assertion follows in Case 2.

Case 3: £ and 7 are arbitrary.
Proof: This will follow from

Lemma (5): Any algebraic relation between Chern classes that holds for

all sums of U;-bundles holds generally.
Lemma 5 will in turn be a consequence of

Lemma (6): Let &,,...,%, be principal unitary bundles over X (not
necessarily of the same dimension). Then there exists a space ¥ and a map

AI'V_',LY
Yl‘. -
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such that the induced map
¢*: H¥X) - H*(Y)

is injective and such that each of the induced bundles ¢'(E) (1 <i <7
over Y is a sum of U;-bundies.

Proof: The proof is divided into 2 parts}

(D r=1: Let § = (&, X, Up,, Up,, p1)- We define ¥ to be the space
E,/T,, and ¢ to be the map ¢ (see Theorem 7). The fact that ¢* is injective
follows from Theorem 9 and the fact that ¢'(£;) is a sum of U,-bundles
follows from Corollary 2 of Theorem 7.

(2) r > 1: Using part (1), we find a space Y; and a map
¢1 . Y1 - X

such that @ is injective and such that ¢! (#,) is a sum of U;-bundles. Again
by part (i), we find a space ¥, and a map

¢2: Yz—) Y]_

such that @3 is injective and such that ¢i¢} (£,) is a sum of U,-bundles.
Observe also that ¢p5¢! (£,) is still a sum of U,-bundles. By defining

'P: }72_’ Xr
as p = ¢, od,, we see that

p* = §F 0 pt : H¥(X) > HY(T,)

is injective and that '(&,) and p'(&,) are sums of U,-bundles. This proves
the lemma in case r = 2. The general c¢ase is done inductively using the
above procedure.
Thus, Lemma 9 and with it Lemma 8 and Theorem 10 are proved. Q.E.D.
We now note an important corollary of Theorem 10.

Corollary: Let Ky and K5 be as in the paragraph following the proof of
Lemma 2, Chapter VIII. ch|K7(X) = 0. Thus, ck: Kx(X) - H*X; @)
induces a hommorphism

ch: K(X) » H*(X; 0),

which is a ring homomorphism.
In the situation of Theorem 10, we dealt with bundles &, 5 over the same

nace Y Mare generallv we mav ennnoce £ ic
ol N A Y » WL W ! AL

Q hundla aver Y and » 1c a
s Lie AVENWS SwAlwilil Y, 1licy Dlepps (9 AL

o
< LALL! WY WAL AL CRAANG 'l 40 <4
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bundle over another space Y. Then, statements analogous to those of Theo-
rem 10 and its corollary hold. For example, we havc a commutative diagram

K(X) ® K(Y) KX x Y)
i chi® ch J|, ch

H¥X; Q)@ H¥(Y,; 9) — H*(X x Y;0)

The map on the bottom line is just the Kiinneth isomorphism.
If we look at chlK(X), we obtain the following commutative diagram:

R(x) ® K(Y) E(Xlx\ Y)
chRich ch

oy . o ——

X @H*(Y; 09 —H* (X A )
me

Here B*(X; @) means reduced cohomology, i.e. H*(X; @) = H*(X, x,; ).
The map in the bottom line is again an isomorphism by the Kiinneth tensor

We 1ntroduce additional notation as follows: First, let Hg(X) denote

Tlacy rinag of Y unth nr\nm inntg in ﬂ ‘XT 'l-
y <L VYYI1LL1 UUI.LI.UJ.UMLD 141 uJ, Wi

H{(X)=Y H¥X;G), HYX)=Y H¥'(X;Q).

iz 0 iz0
Then evidently,
HE(X) = He(X) ® Ha(X).
We have the following

Lemma (7): ch maps K(X) into He(X) = Hg(X). Moreover, if X is con-
nected, ch maps K(X) into Hj = 5 H*(X; @).

iz1

Proof: The proof follows easily from the fact that the roots of a bundle

are 2-dimensional cohomology classes.

‘ TA ﬂLﬂl‘ L o W) f’t\'nﬂﬁ ”~
¥YY v dlidll LW JuLlliv g luap

ch: KX, Xo) » H*(X, Xo; @).
To do this, we begin by defining the suspension isomorphism
o": H3 (W) - Hg (SM(W)).
o(x) = x @ 5",

where s” is the canonical generator of H*(S"; Z) and where W s any complex,
The fact that o" is an isomorvhism follows from the

AL A AN CALGA L W ALr S AL AL U mulu ANSRLANS FY

We put
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mula. Now let @ e K-*(X, X,) = K (S™ (X/X,)). Then, ck (a) € A3 (S"(X] X))
by Lemma 7 and (6™~ * ch (@) € H} (X]X,) = Hj (X, X,). The map
a— (™" ch(a)
is then the desired map (by abuse of notation)
ch:K~"(X, Xo) » H3 (X, Xo).

To stress the analogy with Theorem 2, we shall set

=8 o*=§.
Thus, we have an isomorphism

B AE (XIXo) > Hf (S* (X]Xo))

e o laes
Bivlil Oy ﬁ(a) —d® g_
Lemma (8): The diagram

is commutative.

Proof: Let g, B be as in Theorem 2, and let g, B be as above. The result
would follow immediately from the second commutative diagram in the dis-
cussion after the corollary to Theorem 10 if we knew that ck (g) = £. But
g = [ — 1] where 7 is the canonical line bundle over P, i.e. 5 is induced
by the inclusion map P% !, PZ, Thus,

c () = it (cy)s
i.e. ¢,(n) is a generator of H2(P%). Now,
ch (@) = € =1 + ¢,(n) + $cily) + -
But ci(n) = ci(y) = -+ = 0 and therefore

ch(g) = ch(m) — ch (1) = 1 + ¢y () — 1 = ¢,(@).
Q.E.D.

If now a e K"(X, X,), we define
ch (@) = ch(f~"a)
where m is so chosen that » ~ 2m < 0. (Note again the abuse of notation.)
Lemma 8 shows that this definition is legitimate. We have thus defined
ch KXY X.) = H¥(X. X.)

- iy Lays Ligp \dhy LG/
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for all integers n. Moreover (see Lemma 7), it follows that

(a) ch maps K° (X, X,) into Hy (X, X,),
(b) ch maps K* (X, X,) into Hg (X, Xo).

To complete the picturc, recail that in Theorem 4, we constructed an
exact “K-hexagon’. Similarly, we have an exact ‘‘H-hexagon” as follows:

L HE (X, Xo) — HI(X).
/
Hg(X,) Hg(Xo)
N /
NHo(X)~— Hg (X, Xo)

Exercise: Prove that ck is a natural transformation of the K-hexagon to the

YT b o

ﬂ"'llb.&dg()u

(Hint: By virtue of Theorem 4, it suffices to show that chis a @-cohomology
invariant of bundles, i.e. cho fT = f* o ch, where fis a continuous map of
spaces. The latter is most conveniently proved by first proving it for sums of
U,-bundles, in which case it is practically trivial, and then extending to the
general case by using the line of argument established above.)

Remark: When we defined ¢k on K=" (X, X,) and K" (X, X,) above, we

requircd the image to lie in HJ (X, X,). Alternatively, we could havepro-
A ac Fallawe TMafina

Wi G LULIV¥Y D, LSWwilllw

ch: K—*(X, X,) » H}(S"(X/X,))

H"(X, Xo) = Ho(S"(X/Xo)).

We claim that the go ps " (X, X,) form a generalized cohomology

theory. In fact, for any integer », there exists a space &, (a so-called Ellen-
th

berg-MacLane spa e usual notation found in the literature for such a

pﬁﬂ ~ " ﬂl‘\M* V
iul auy uuu,u vuuxj:.u.un i g

Hy(X) = (4.).

=&, x &4 x &g X

’
rh thn
11a

-+

space is K\u, n)} sucii

We define

Then clearly
@% 2 Y HY (X; @) = i),
iz1
This shows that £'is a test space and our contentionthat the groupss#—"(X,X5)

lized cohomology the ory is proved. Finally, we can construct an

v“.““ - vv]_‘v;‘.avlvc j.v *J F oy Fie sy - Ay s v LR AR
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“2F-hexagon” just as for K-Theory (using f instead of ) and then show
that ch is a natural transformation from the K-hexagon to the s##-hexagon.

4. The Atiyah-Hirzebruch Spectral Sequence

In this section, we describe a spectral sequence relating the ordinary coho-
mology of a cellular pair with its K-cohomology. The spectral sequence will
allow us to obtain some useful information about the K-groups. The spectral
sequence in question is essentially that derived in Chapter 5. We shall, how-
ever, reformulate and generalize the spectral sequence described in that chap-
ter, casting the results derived into the general algebraic form set forth in
Cartan and Eilenberg— Homological Algebra, Chapter 15. This generalized
formulation is as follows.

We first define the notion of a group table. By a pair we shall mean a pair
of integers (p, ) with —o0 < p < g < +00; by a triple we shall mean a
triple of integers (p, ¢, ¥) with —c0 S p < ¢ < r £ +00. A group table is

pr=s e Lol =22 =r = 4% = o Y- *5Ys

then a collection as follows

(a) For each pair (p, ¢), there is an abelian group H(p, ).

(b) Given 2 pairs such that (p, ¢) < (¢’, ¢') (il.e. p = p', g < ¢q), there is
a homomorphism H(p’, ¢") - H(p, q).

(c) For each triple (p, g, r), there is a homomorphism H(p, ¢) 2+ H(g, r).

These groups and homomorphisms will be required to satisfy the following
set of axioms:

©0) H(p,q) =0
(1) H(p, q) = H(p, q) is the identity map.
QI (p,q9) =(P,q) = (p”, q"), then the triangle

_F_I(I).h'3 qf ) H (J:’)3 q)
AN A
N /
r [4
is commutative. EH (r'.q")

Q) If(p,q, 1) < (7', ¢, '), then the square

Yr £ .t ‘-'\_a_L T [ 4N
ﬂu“rl,w i r')
H(p.q) > H(g D
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(4) For each triple (p, ¢, r), the triangle

H(p,q) — H(g 1
LN

AN
is exact. H(p.n
(5) The groups H(p, q) stabilize for small values of p or for large values
of q.
Examples:

I\T‘.L ‘I)’
’

(i) Let (X, 4) be a pai

be a finite fiitration of (X, 4). We define X, for arbitrary m by setting
X,=4 if m£0, X,=X if m2=2N.

We define a group table by putting
H(p,q) =), T"(X,, X,),

nzo
for an arbitrary T-cohomology theory (T grouplike). The homomorphism
H(p, q) > H(p', q’) is just the homomorphism
Y I "Xy, Xp) = 3, T7"(X,, X,).
nz0 nzo0
induced by the inclusion map
(X Xp) = (X Xp)-

The homomorphism H(p, q) — H(q, r) required in (c) above is the composi-
tion 5
2 T7"(Xy, Xp) — Y, T7(X) — 3, T7(X,, X).

nz0 nz0 nz0

The axioms are all seen to be trPﬂ"fﬁF\A
CRLRALS AL CALW CLAL

(ii) As a particular case of (i), we may replace Y. T—*(X,, X,) by K* (X,, X,)

nz0

(see Definition 1), or Hg (X, X,) (with its usual Z-grading or with the Z,-
grading defined above).

(iii) As a special case of (i) in another sense, let (X, 4) be a pair of finite
complexes. Then we obtain a canonical filtration of (X, A) by using the
skeleta of X. In other words, let X, be defined as the union of A4 with the
p-skeleton of X.

The most important fact about group tables is the following theorem.
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Theorem (11): Given a group table, there exists a spectral sequence {E,},
r = 1, such that (a) E] = H(p, p + 1), (b) the first differential ¢* coincides
with H(p, p + 1) 2> H(p + 1, p +2), (c) the groups E2 arc the factors of a
filtration of H(—co, o).

This theorem has essentially been proved in Chapter 5 of these notes. In
fact, what we proved there was the existence of a spectral sequence with the
desired properties in case the group table is the onc described in Example (i)
above. However, we observed that the construction of the spectral sequence
does not depend in an essential way on the topological structure of (X, A).
In fact, the same proof goes through for any group table.

We shall now restrict our attention to the situation described in Ex-
ample (iii) above. In particular, we want to analyze the terms E, and E, in
morc detail in this case. Let us make the abbreviation

T* (X, 4) = Y. T7"(X, A).
n=0
Recall that we have )

El =H(pp+1) =T*(X,.1, X,).

Notice that X, /X, is a grape bunch (or a bouquet of spheres), that is,

p+1 p+1 p+1
X /Xp —_ Sl v S2 Vo S“p+1
where x. . 1s the number of (p - D-cells in ( A4 Let
BEAW bvp L] A0 RRIn ALWEILIUSL L (T AT wALs 2 \Ciy Fdje A
P+ 1 p+1
be the attaching maps for the (p + 1)-cells of (X, 4) (see Chapter 2). Define
o‘p'l"l 1 1
. % %* P+ P+
Ipi1:T* (Xpi1, Xp) > >, T* (D75, 0D777)
i=1

by setting I y(@ = (fi@), ... £t (2).

I,.L , is evidently an isomorphism. We shall describe the inverse isomorphism
I}, explicitly. We set

07 = f(DY), (A i a,).
Evidently,
0 e X, 1 — X,

or equivalently ¥ cx gr+1
p S Xprg — U

Consider the composition map gy,

X, = X, [ X, — 0P o DPFYaDPHT

“D-i‘ll“]’ i "‘P-"J.!"‘D-t‘l R
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defined as follows. The first map is induced by the inclusion
(Xpi1> X)) S K1 Xpiun — 071,

The second map can be described by taking 62** to D?** by means of f; *
and by taking X,,; — 67" to a point. We then have a map

Gp+1

Jpr1: Y, T* (DYDY = T* (X, 44/ X,)
i=1 .

given by
JD+1(a19 LK ] aa,...;) = gr(al) + L + gt;:,+1(aap+1)

Clearly, J,, , is the inverse of I,,,. Using the fact that E{ = H(p,p + 1),
we obtain easily EP = C» (X, A Z T“""‘"l(xo)),

n=0
where CP is the cochain group. We now examine the differential g%, i.e. the
coboundary map
d: Z:OT_"(Xp+1s p)—’ Z T " Xps2, Xp40)-
We shall define a map

*p+1 Cp+2

K Z T* (D?+/0D?* ") - Z T* (8D%*?),

where «,, 5 is, of course, the number of (p + 2)-cells of (X, 4). To do this,
we consider the (p + 2)-cells of (X, A) and the attaching maps

Pd

f L omPE2 APy s N e e \
Jii Wy 50D 7)== (Xpia, Apsy)s U =7 =0p+2).

(Note that we are overworking the symbol f;.) For any i such that

1 < < rer banvren 4l and
<i Gpt 1, WE DaAve the composea map

lb

aDp” S p+1 " Xpi1/Xpar — efﬁ—"’DfH/anHs

where the latter two maps have been defined previously; we call this com-
posed map A;;. We then have the induced map

me s+ 1 ianD+ 1N AnDpE2

- . 3 - b Y
hiy: T* (D7 [eDy™ 1) —» T* (0D] ™).

We now define a map

s ::’ZIT* (DI*1/oDI*Y) » T* (@DF*?)
by setting

.\ A eee k* a. ‘
7= T Capp1.0\Frpyy

10 Schwartz, Differential
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Finally, we define the desired map A* by
®
h*(al, R a“p_"l) = (hl (a]., ssey a“p_"l), e “p_'_z (al, sesy a“p_'_l))-

We see easily that the following diagram is commutative:
Cp+1 -1

 fok
"*/:Z T* (D} joDi*Y) 2= T (X4 1/X,)

s2 . |
T -

?Z (aDD+2 3

k“p+2

Z T* (DD+2! I :‘?+2) P"'z T* ( !
J=1

1)
A F

- b
Y i

We have at this point almost shown that the differential 8* is precisely the

“formal coboundarv’® onerator 3 of the cell comnlex (Y A (cf Chanter ?

AN/A ARALEL WAS bl J bl Sl L WELW WWIlL Wi/ LJ..LBJ."‘ \4hy £A) \Wis Sv/IEH VWL iy

Lemma 11). To complete the proof that ! = 8, we make use of the follow-
ing statement: The map A,;defined above can beviewed as a map ofa (p + 1)-

A st 1Handf Ao qaanls Al awn oo + lansmramdmemer nlann nlharandariead oy

DPII\JL\J 1Into 1isCil. AS Ui, ’tij UU].U]JSD I,U a llUlllULUPy Lidod viidlavivilivig vy

its degree, say D;;. If we can show that
hi(a@) = Dy;- a

for any a e T*(SP*1), then we will have completed the proof that 8 = ot
We state the needed assertion as

Lemma (9): Consider an arbitrary generalized cohomology theory, based

on a test space 7. Let
$:S"— 8§”

be a map of degree D. Then the induced map

e S maa™ n ana’
F

¢ 1-—:;(b1n) S e (S 7

takes an element a € T-"(S™) into the element D - a.
Proof: a is represented by some map
f:S"A S T,
or, by means of the usual identification (see the proof of Lemma 1 above),
by a map
fr:S™-> 0T

But then ¢*(a) is represented by the map

Jf nrﬁ sm O"T

i 2@
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If I is the m-cube and we identify S™ with I™/3I™, then ¢ is homotopic to the
map S™ — §™ obtained by setting n copies of I™ next to each other to make
a “‘pile” J, and taking the composite map I™ — J — I, where the map I —»J
multiplies a coordinate of x € I™ by n, and J — I™ maps this stretched co-
ordinate back to [0, 1] by periodicity. Since precisely the same construction
is used to define addition of homotopy classes, it isclearthat[f" . ¢] =D-[f].
Q.E.D.
Since ¢* is the formal coboundary operator, it follows that
E? = H? (X, A;Y T"'"’—l(xo)),
nz0

where H? is the formal cohomology group. By virtue of Lemma 11 of
Chapter 2 (more precisely, by virtue of the dual assertion of this lemma),

TID 10 2o e ~ameale P, N

- 18 I.DUluUl.Pll.lb LU I.HU Ul.u.lud.l.y bUllUlllOlUgy ELUUP Ul \A, A}

Remark: The proof of Lemma 11 was not given in Chapter 2. However,
the proof of the lemma can easily be obtained by using the results of Chap-
ter 5. Indeed, let us consider the spectral scquence of Chapter 5, with H(X, 4),
etc. taken as ordinary homology. By looking at the definition of the differ-
ential 9" (see the first line of the proof of Theorem 1 of Chapter 5), we see
immediately that 8" = 0 for r = 2. Thus it follows that

Ej ~ ~ L EJ
But, we have

g _ Am[H &, 4) > H(X, 4)]
T Im[H (X4, A) - H(X, 4)]

and this quotient group is readily seen to be H, (X, A), the ordinary j-homo-
logy group of (X, 4).

Note: The fact that the differentials ¢" (r = 2) are zero in case T* is
ordinary cohomology theory will be of great importance to us in what
follows.

Let us sum up the results we have obtained so far.

Theorem (12): Let (X, 4) be a cellular pair. There exists a spectral sequence
such that EP = CP (X, 4y T—n—p—l(xo))
ng0
E=HPY{X, 6 A;Y T-»r-1(;

.
LLg £2 ») U

\
Wz 0 ]
and such that the E% are the graded groups of a suitable filtration of the

opnf-rnhspd cohomology group T*(X, A)

An s Swas MAEE RRANS ANS B NA2y LAy
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Corollary: Let (X, A) be a cellular pair. There exists a spectral sequence
such that
Ef =C*(X, 4; Z)
E] = H*(X, A; Z)

and such that the E® are the graded groups of a suitable filtration of the
group K* (X, A).

Proof: We have only to use the fact that
K*(xo) = K°%(x5) @ K'(x) = Z2® 0. Q.E.D.

We have now the following situation. We have a cellular pair (X, 4) and
two group tables associated with it, Namely, we have

H(p, q) = K*(X,, X,) 1)

H(P’ Q) = Hg (Xq’ Xp)- (2)
We use the notation

Hé (qu Xp) = Hé (Xq’ Xp) + HE (qu Xp)
to distingunish from the usual Z-grading
Hé' (Xq’ Xp) = Z Hé (Xq’ Xp)-

We have shown in Section 3 the existence of a natural transformation,
namely ch, from the K*-Theory to the Ha-Theory. In other words, we have
a natural transformation from one group table to the other. We propose to
study the relationships between the resulting spectral sequences E?, EP
which can be obtained by virtue of this natural transformation. We look
first at the abstract algebraic situation.

Lemma (10): Let {H(p, q)}, {A(p,q)} be two group tables and let

CIT(» ~\1 $(n Al Ta a al tramofanmmats wela$nle ) I
l’U 111 \P, l_l}! —r 111 w, l_ll_" UU [~ % u.al,u..l.cu u.a.ubj.ul.uj.auuu wmvu I.B d, A1) -

morphism, i.e. ¢ consists of a collection of homomorphisms

o™ H(p,q)— H(p,q)

which commute in an obvious way with induced homomorphisms and
coboundary homomorphisms of the group tables. Then there exists a
collection @ = {@]} of homomorphisms of the spectral sequence {E;, 8"}
into the spectral sequence {Ef , 3"}. In other words, we have homomorphisms
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such that @ "o & = 0" o @?. Moreover, the mapping

@’; . Ef - Ef
coincides with the mapping

¢""’+1:H(p,p+1)—>ﬁ(p,p+l).

Proof: The intermediate groups E7 are defined by

g mHA@-Lp+tr—)->Hp—rp+r—1)]
' Im[H(p,p+r—1)->H(p—r,p+r—1)]

and similarly for £?. (In fact, we have observed that the case of a general
group table is essentially no different than the case of Example (i} above,
treated in Chapter 5 where essentially the above formula is given.) Since the
¢’s commute with induced homomorphisms, it is clear that they induce a
homomorphism from Im[H(p—r,p+r—1)— H(p—r,p+r—1)] into
Tm fﬁ(n_ 1, p+r— ]\—_» ﬁ(n—r p+r— 1. and similarlv for the “de-

AiiL JRA 2 JJ> SeaAle DRIInadklig 4V vk

nominators’ of E? and E?. We then have the required induced map from E?
to E? which we denote by @%. The fact that the @’s commute with the differ-

mwiinle AFf tha ~tral ¢ wannag fAallaare fan tha fart that tha A1 farantiala
Uu.ucu.a Ul Lll\l DPUULI.CI.]. D\J\lu LINAD IUI-]-U“D ]LUILI. Lll\.{ l1dawvi Lllalv LIIU ux.ublu.uu o

are defined by using induced homomorphisms and coboundary homomorph-
isms and the ¢’s commute with these. The assertion about @4 is plain. Q.E.D.

Lemma (11): Suppose that @ is a collection of homomorphisms of {E7, 0"}
into {E?, 8"} as above. Suppose that for some 7,

&; : E} - EP
is injective for all p. If the 8" are zero for all r > r,, then also the é" are zero
for all r 2 r, and

@,‘.’ : E,? - Ef
is injective for all r = ry. If, in addition, @7, is surjective, then all the @}
(r = ry) are surjective.

Proof: We show that ® = 0. In fact, let a € E;,. Then
PEr0(5"0g) = 0™D? (@) = 0

since 9™ = 0. As @ " is injective, 6’°a = 0; whence &"® = 0. But then, by
the Leray relation, Ep,, = Ep, o+1 = £} and the map @2, ,: E?,,
— E7 ., coincides with the map @5, : E;, — E;. In particular, @}, , is injec-
tive and we may use induction to _gmplgte ﬂJP pr _,f‘,

Al s 2111 oy 12IW] AR raz L2



150 DIFFERENTIAL GEOMETRY AND TOPOLOGY

We now return to the concrete group tables H(p, g) = K*(X,, X)),
H(p,q) = Hg (X,» X,). We have
Theorem (13): Let (X, A) be a cellular pair such that H*(X, 4; Z) is tor-

sion-free. Then,

ch:K*(X, A) - H (X, A)
is injective. Consequenty K* (X, A) is free abelian of finite rank.

Proof: Letting¢ = ¢k and using Lemma 10, we find homomorphisms @
of {E?, 3"} into {E?, 0"}. Forr =1,
@7 . EP — E?
coincides with
ch:K* (X,10, Xp) ~ Hﬁf’ (Xpr1, Xp),

again by Lemma 10, But we have calculated K* (X, , ;, X,) and H§ (X, 1, X,),
and we have
ch:C?(X,A;2Z)— C?(X, A;0)

(see Theorem 12 and i
coe 'Ry

aiant hamaoamarn
L LW AI1G 1% il LALFRERLIRLY uuly

Dy HY (X, A, Z) - H°(X, 4; @)

~ Amﬂ |

ail ‘(1?)2 is dgd. ].C dp uluuwu Uy LllC 110 HoOliuL plllblu L -> g \DULdUbL (J

coincides with the formal coboundary operator and the @’s commute with

the differentials). Since H*(X, 4; Z) is torsion-free @} is injective. More-

over, we have observed that the differentials ¢* (+ = 2) vanish. By Lemma i1,
@ EP - EF

is injective for r = 2. But for r large enough, say r = R, E} = EZ (because

the skeleta of (X, A) stabilize) and hence

hP . pp 0P
Ymnum_’-‘—lm

is injective. Using the remark following Lemma 9 (applied to cohomology
rather than homology), we see finally that

ch:K*(X, A) -~ H3 (X, 4)
is injective. This proves Theorem 13,

Theorem (i4): Lect (X, A) be any cellular pair, Then

ch®@ 1:K¥(X, AR @ —» H (X, A ® Q@ = H5 (X, A

L \ry L1 £
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is an isomorphism and maps K°(X, 4) ® @ into Hga (X, 4) and K' (X, A)
® @ onto Hy(X, A).

Proof: In place of the group table H(p, q) = K*(X,, X,), we consider the
group table H(p, q) = K*(X,, X,) ® @, and argue as in Theorem 13.

A3 \drgy Lap) ¥

The Chern character induces a homomorphlsm ¥ of {E?, "} into {EF, 67}
and _

Py E] - EY
coincides with the identity homomorphism

ch: C*(X, 4;3) - CP(X, A;

3 ==3 = 5

0.
By Lemma 11, P?isanisomorphism for all7 and the theoremis proved. Q.E.D.

Corollary: Let (X, 4) be any celiular pair. Then K°(X, 4) (resp. K* (X, A))
is a finitely generated abelian group whose rank is equal to the sum of the
even-dimensional (resp. odd-dimensional) Betti numbers of (X, 4).

5. Cohomology Operations in K-Theory

In this section, we sh

Al LARE L1 v 1141 S UL . s v 15

These maps will b
homomorphisms, i.e. cohomology operations. The operations ¥* play a fun-
damental role in the proof of Adams’ Theorem on vector fields. See Adams—
Vector Fields on Spheres, Ann. of Meth., Vol. 75, 1962.

We now begin the construction of the ¥*. First, we need some prelimin-
aries on representations of compact topological groups. As a reference for
unproved results, see Pontryagin—7opological Groups. Recall that a unitary
representation ¢ of a compact group G is a continuous homomorphism

o Fat ’\m n n L3 44 -ﬂ f;
TIVILIVIEIV PDIDINS Willvil VUL LY WlL.ll. xuuuwu

n {7 I/n
Ve F [ ¥

for some »; n is called the degree of p. (Of course, the concept of representa-
tion can be defined for any topological group, but our only interest later
will be in compact groups G.) Representations o, and o, of G, having the
same degree n, are called equivalent (we write g, ~ g,) if theré exists a
u€ Uln) such that o,(g) = u~'0,(g) u for all g e G. We denote the equi-
valence class of o by (o). The notions of direct sum and tensor product of

represcntations are defined in the evident manner. Note that if deg (o) =
{1 = 1, 7\ then dPO‘(n @ o, ) =n; +n, and deg(o; ® o) =n;, -n,. We

pEEmas g1 N Y2 i YL FDA\Y1 U2/ ol



152 DIFFERENTIAL GEOMETRY AND TOPOLOGY

say that a representation ¢ of degree » is reducible if the representation
space E* (on which U(n) acts in the usual way) has a proper subspace left
invariant by all the transformations o(g), g € G. By classical properties of the
unitary group, any unitary representation is completely reducible, i.e. can
be written as a direct sum of irreducible representations. The character of a
representation g is the complex-valued function

(o) =
/

ar #» (nf oY)
AQ\O MOA\E\S& /)

Clearly, o, ~ 0, implies g,, = ¥,,- Moreover, we have

xm@éz = Zo; + Koz> Koo, = Xos " Xoz+

Finally, we shall need a few deeper results of representation theory We can

Anfian s 2 anwroyued - | ITnne ivtnmanlt A 77 Titla wmczanm
Vvlul chPUDL LU

UL gj.uuyﬂuvauaul, 1w glial \LIIU ilaal lillvEial) Uil .

this integral, the notion of orthogonality of functions may be defined. If
fi.f:G6-¢C

are complex-valued functions, f; is said to be orthogonal to f; if

We then have the following propositions:
1) Let oy, 0, be two nonequivalent unitary irreducible representations

of G. Then the characters y,, and g,, are orthogonal functions. If ¢ is a
nitary irreducible representation of G, then y, has length, i.e.

=AlALGL ¥ AL LR

j XQ(g)x—an-'S dg = 1.
G

As an immediate corollary of 1), we have

2) Two unitary representations of a compact group G are equivalent if
and only if their characters are equal.

We now wish to define an analogue of the Atiyah-Hirzebruch-Grothen-

diacl 'anr‘hnr (VY far comnact oranne (2 We knmn 1-“1‘ dnﬁﬂiﬂﬂ ()

bl Wl L WLLW LAV L .‘.‘.\J.I. } A LSL VUL.I.LP“VD EI.UHP K- Y w UU vu.l.-u.ue ‘L‘(\U}

as the free abelian group generated by equivalence classes of representations
of G. (By representation we will always mean unitary representation of some

Annmnn Y TITn dnen b ﬂ ) I R

degree.) We denote by Kr(G) the subgroup of Ap\U) generated by elements

of the form (o, ® 0,) — (0,) — (02) and we put
R(G) = R{GD/KF (B.

AR W =AW ffARF
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We denote by [o] the class of g in K(G). The elements of K(G) may be called
virtual representations. (Similarly, the elements of K(X) may be called viriuai
bundles.) Observe that an arbitrary element 6 of K(G) may be written as

6 = % nioi]

with the representatives g; of [g,] being irreducible. This follows from the
fact that all representations are completely reducible and we are dividing out
by K (). By analogy with the dimension homomorphism of K(X) onto Z,
we may definc the degree homomorphism

in the obvious way. Thus K(G) is a commutative ring with unit (the product
in R(G) being induced by tensor product of representations, the unit being

induced by the trivial representation of degree 1) together with an augmenta-
tion deg. A continuous homomorphism g : G = H, with H another compact

oranm gives riee in 2 natiural wav tn 2 man
s‘-u \-I-P, &l'vﬂ AdPw Add 4 AA%VL WL ALL "'“J L LW .l.‘..l“ll

e*: R(H) - R(G)

wwrlel ala I._-n, PRI Py r-.-.an‘.A-:p‘ — sy 2 o
WILIVL lad CVIULLL 1ULUHVIOLIAL PLOUPRLLIGD,

Let £ be a G-bundle structure on X. Thus & is determined by an open
covering {U} of X together with functions

gov:UNnV->G

which satisfy certain properties (see Chapter 4). If p is a continuous homo-
morphism from G into H, we define an H-bundle structure g(£) on X as fol-
lows. The open covering {U} of X remains the same. We define the functions

I, o« T7 -~ 17 _ T
ity « YV iy ¥ T7 Al

by settin
Y ¢ hoy(x) = 0 (guv(X)), xeUnV.

The function Ay, satisfy the requirements for a bundle structure, as is easily
seen.
Let now 0 be a virtual representation of U(n), so that

6 = X nyfo,l.
If & is a U(n)-bundle on X, we define a virtual bundle 6(%) by setting
6(5) = Z ny[ey5)],

where
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Suppose that for each » we have an element 6, € K (U(n)). We shall call

=1V = {615 625 ---3} Slmpiy a sequence. iet
7ty Un) x Ulm) - U(n),

7, 2 Un) x U(m) - U(m)
be projection maps.

0u+m (u @ U) = 6i'l(u) + Bm(v)‘

PR

Lemma (12): Let & be a U(n)-bundie on X, % a U(m)-bundie on X and @ an
additive sequence. Then

Onsm (§ @) = 0,8 + On(n).
Proof: The proof is easy and its details are left to the reader.

Definition (3): Let @ be an additive sequence and g € K(X). We write g as

and we define A n e
Oa) = 4y (5y),

where &, is a U(d,)-bundlec. It follows from Lemma 12 that this definition is
consistent.

Definition (4): Let @ be an additive sequence. @ is called multiplicative if

o O\ . O (a0
Om (4 & U) = Un\“) Um\UJj.

Lemma (13): Let £ be a U(n)-bundle on X, n a U(m)-bundle on X and &
a multiplicative sequence. Then

Opm (¢ ® 77) = 0,(8) * 0n(n).
Proof: The proof is similar to that of Lemma 12 and is also omitted.

Theorem (15): If @ is a multiplicative sequence, then

0 :K(X) - K(X)

A
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(see Definiton 3) is a ring homomorphism which is natural with respect
to maps of X, i.e. & is a cohomology operation.

Proof: The first part follows from Lemmas 12 and 13. The second part

1c aacy tn nrnuva and ite Aatoile ara 1laft t~ tha randar
i5 uun] L0 PIrove anu ItS Qeudiis are 1Cit 1o il reaalr.

We are now ready to define the cohomology operations ¥« Let ¥ be a
(complex) vector space, V'* the dual space of V. Let ¥, be the set of multi-
at map V# x oo x V*> €  (rfactors of V'¥)

linear maps

which are skew-symmetric; ¥, is then the Grassmann space associated with
V*, A unitary map

u:vVvoVv
induces a unitary map
P10 I PR /4
« ¥V p—? r
defined by
U™ (Vg A - AD) = Upg A e A ub,,
The map
K(r)
u v —_ u(r)

is a unitary representation of the group of unitary transformations on V. If
V = E*®, a Euclidean space, we write

Let x v o Pnrfhr.ﬂ variahlac T‘ vk_ 1¢ 2 cummatrie functian ~F tha
1, -y J‘vn LW Fi L\VJL0LAA YOLL1OA U VD L‘ J\-l 1J @ IYVIIIIINsLL AW LI LlAdNWLIVIAL U7l LW

=1
variables and can therefore be written as QX(c%, ..., 6'), where QF is a

polynomial with integral coefficients and where '™ is s the j-th elementary
symmetric function of the variables. We set

= 0L (K, K22, LKD),

where addition and multiplication are to be taken in the sense of direct sum

and tensor product of representations. Thus, wﬁ is a virtual representation
!'\'P Tffn\ 'F!\‘I" PQ{"I\ I" nﬂfl e Han fnrm 1

eoanNnIIanre
A U\IFI AWVSL widwill lv’ hdibE ¥YW WwWididl LWL LIL1 I.l_]. DU\IHU.LI.W
k _ k k
T - {'Pn V’zs }
T neeeen e F1AY. mrk o = il 1 an il cmmam s s s . I
Loining (17). I© 1b a uluulpuua.uvc bCLlU.GLlW .lUl vavll K.

Before proving this, we establish the following

Formula: If u € U(n), then .i.’--,ng( u) = tr (u").
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Proof: With respect to a suitable basis, # is in diagonal form. Let the eigen-
values of u be 4., ..., 1"1,, and the corresponding eigenvectors be ey, ..., e,.
The vectors e;, A *** Aey (1 £iy <ip < <i, £n) form a basis for
the space E,. These vectors are eigenvectors of 4™ with corresponding elgen-
values 4; 4;, - 4, . By the classical trace formula,

xK;,n(u) = 2. gy by = 0{")(1) ;
15i1< - <l.=n
where ‘"’(ﬂ) is the r-th elementary symmetric function of the numbers
Ays ..., .. By the way characters behave with respect to direct sums and
tensor products, we obtain

140 = 060 (4), ..., o(2))

QED =X+ 25+ + A =tr (¥,

Proof of Lemma 14: We have to prove two things:

(a) 'P:+m (4 @ uz) = 'P:(uﬂ + '/’:n(uz),

& 7.\ — anlas

b {"l _ ‘ \
Yom \¥1 O n\i1) '}’m\“Z}

iy
\v7

Proof of (a): We shall show that the trace of both sides of (a) are equal,
Applying proposition 2) above will yield the result. We have, using the
formula just established, ¢r (w$+m(u1 ® uz)) = tr (U, ® u)) = tr (uy)
+ tr (u3) = tr (weu,) + tr (gv',f,uz).

(b) is proved similarly
\u r - I-'.“—l-u“‘-‘-;.

Theorem (16): P*:K(X) - K(X) is a cohomology operation for each
positive integer.

Proof: This follows directly from Theorem 15.

If @ and @' are additive sequences, we shall define a composed sequence
@ o @' as follows. The n-th term (@ o @), of the sequence @ o ®" shall be the
virtual representation @(6,). This latter element is defined in a manner com-
pletely analogous to the situation in Definition 3. We have then the follow-
ing theorem,

Theorem (17): ¥ o P! = P4,
Proof: As in Lemma 14, it will suffice to show that

tr (P* oy, (u)) = tr (yy (u))
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for all u € U(n). Using the formula established above,
tr (Pro y),',(u)) = tr W) = tr (i (w)). Q.E.D.

Let a e K(X) and let ch,(a) denote the 2g-dimensional component of ¢k (a).
We have then the following |

Lemma (15): ch, (WP*a) = k*- ch, (a).

Proof: First of all, let z be a complex number of modulus 1, regarded as a

unitary matrix of degree 1. Then tr (p%(z)) = z*. It follows that if £ is a

U(1)-bundle, then k k
. YEQ) =¢

IletE =& @ - @ &, be a sum of U(l)-bundles. Then
ch (&) = eV .o 4 ™,
Since PX(&) = PXE,) + -+ + PHE,), it follows that
ch (PHE)) = ch PHE)) + - + ch (PHE)) = G 4 oo 4 o),
Looking at the proof of part (b) of Theorem 10, we see that

(&) = k- ¢y(&D, 1<i=n.
Therefore,

E. .. S )
[

ch (PHE) = &40 4. 4 ot

This, together with the formula for ch (§), implies the result for &, The result

T TN Tianalle, oo

fUl. ECLICLCH Uu.l..lU.le oW .lUl.l.UWb ll.Ul.l.l Jﬁl.uum J Ir'ilially, l.-.l.l.U debdgc J.I.UIII.
bundles to elements of K(X) offers no difficulties.
Let us observe now that the virtual representation ) has degree n. This
follows directly from "
Y =00",...,d™)
i=1
upon making the substitution xy =1, x; =1,...,x, = 1.
If X is a space with basepoint x,, then

K(X) = K(x0) ® R(X).

It follows from the preceding remark that the cohomology operations ¥*
respect this direct sum decomposition. In fact, £(X) is characterized by the
condition that its elements have dimension zero and ¥* acts like the identity
on K(x,). (Just look at what ¥* does to the line bundle over x,.) We have

now the fnlln\mng

W ANSEANS
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Theorem (18): The operation ¥*: K(S29) —» K(S29) is given by
VY¥a) = k- a.

Proof: Recall that (529 = K°(S29). Since H*(S2¢; Z) is torsion-free, it
follows from Theorem 13 that

ch: K%(S29) —» H (529
is injective. It - even follows that ch maps K% S?7) isomorphically onto
He(S?; Z2)c Hy(S*9). But
so that actually

ch,: KO(S29) » HZ'(S9)

is an injective map, taking K°(S29) isomorphically onto H?2%(S2%¢; Z)
< H;%(S?9). Applying ch, to ¥*(a), we get, by Lemma 15,

ch,(¥*a) = k- ch,(a).
The theorem follows because of the injectivity of ch,.

Corollary: Let 8: K(X) —» K (S%X) be the Bott isomorphism. Then
Wk — k- (B oWPH)
TTop = RPN

Proof: Let g be the generator of £(S2). By Theorem 18,

an

PHg) = k- .

Therefore,
Wko fla) = P (a- g) = ¥Ha) - PXg) = PHa) kg = k- fo ¥*(a)

O

or any a € K(X). This proves the corollary.



CHAPTER X

Vector Fields on Spheres

In this chapter, we shall outline the determination of the maximum num-
ber of linearly independent vector fields on the sphere S*—1, We shall de-
note this integer by M (n — 1). For every integer » = 1, we define an integer
o(n) as follows: Write »n as a product of a power of 2 and an odd number

\&u\llf T J.} FA

and then divide b(n) by 4 to obtain
b(n) = c(n) + 4d(n).

Thus, a(n), b(n), c(n), d(n) = 0 and 0 £ ¢(n) < 3. Finally, sect
o(n) = 2°® + 8d(n).

We shall then outline the proof of the following theorem.

Theorem: M (n —1) = o(n) — 1.
A manifold M* is called parallelizable if it admits n linearly independent
vector fields. As animmediate application of the above theorem, we have the

Corollary: The only parallclizable spheres are S, S3, §7.

The inequality M (n —1) = p(n) — 1 is established in Part A of this chap-
ter. This part of the proof involves no algebraic topology whatsoever; it is
due to Hurwitz, Radon and Eckmann. See Eckmann—Gruppentheoretischer
Beweis des Satzes von Hurwitz-Radon iiber die Komposition quadratischer
Formen, Comment. Math. Helvet., Vol. 15, 1942. The inequality M (n —1)
< p(n) — 1is sketched in part B. The proof makes use of K-Theory, as well
as some recent work of Atiyah and James; it is due to J.F.Adams. See
Adams—Vector Fields on Spheres, Ann, of Meth., Vol. 75, 1962,

159
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Part A: M(n— 1) = o(n) — 1

The desired result follows from the following theorem. See Eckmann,
loc. cit.

Theorem (1): Let G, be the abstract group generated by p elements ¢, a,,
az, ..., @,1 and subject to the defining relations &? = 1, a;=e(j=1,.

p —1) aa; =eaqyay (k #1; 1 £k, 1 < p—1). Then if and onlylfp <p(n)
does there exist an orthogonal representation

$:G, —> O,

—) -~
Theorem 1. Put 4, =¢(@) (1 £i £
A A; = —A A, (k # ). Now, to define o(n) — llmearlylndependentvector

finlde AN q"—l 1t s 1Fhrac tn r‘n'nﬂn mang 17 0"—1 s DPn f1 < 7 < nfn)
A1iWIND VAL AL SUELLIIAWDY LU AW LLLIW IXICL - =7 Au ="' | - u\,l} ].}

such that
@ (%), x) =0 (1=iZo@m —1;allxesS" 1),

(®) (Vi(x), Vi(x)) = 6y (1 Si,jSeom — 1;all xesS™ ).
We define Vy(x) = A;x. A direct calculation, using the above properties of
the A;, shows that (a) and (b) are indeed satisfied.

Q.E.D.

In order to carry out the proof of Theorem 1, we shall guote a series of
results on the theory of representations of finite groups. We remark that
statements 1), 2), 3), 5) below generalize to arbitrary compact groups. For
nmnfq see Hall—The Theory of Groups and Pnntrvagm——Tonolomral (‘rmmv

By representation, we mean representation in Gl (n, €) (or GI (n, R)).

1) Every representation g of G is equivalent (notation: ~) to a direct sum
of irreducible unitary representations. Moreover, the irreducible parts of o
are unique up to ~.

2) Letp,,0,berepresentationsof G. Define g, : G- € byxol(g) tr(ol(g))
Then g4 ~ g, iff g, = o2 If, moreover, o, and g, are 1rredu01b1e then

01 ~ 02 iff e 2o,(8) Zaz(g) # 0. '
3) Let g € G be an arbitrary element, different from 1. Then there exists
an irreducible representations R, of G such that R(g) # I.
4) The number of inequivalent irreducible representations of G is equal
o the number of conjugacy c-laqqeq in G.
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5) If G is abelian, all the irreducible representations of G are one-dimen-

Py |

SlOI]d.I

6) X {deg R}? = # (G), where # (G) is the order of G and where we
sum over the set of all inequivalent irreducible representations of G.

7) For any irreducible representation R of G, deg R| # (G).

8) (Schur’s Criterion): Let R be an irreducible representation of G and let
R be the representation of G defined by R(g) = R(g) (i.e. the complex con-
jugate of the matrix R(g)). Then, (i) Ris ~ to a real representation of G iff
Zyec xr(g®) > 0; (i) R ~ R but R is not ~ to a real representation of G
iff 3,e6 2r(2%) < 0; (iii) Ris not ~ R (in which case R cannot be ~ to a real
representation of G) iff 2,¢6 xr(g?) = 0.

9) (Special case of Schur’s Lemma): Let £ be an irreducible set f

matricesand let B be an r X r matrix which commutes with each element Q

Then B = BI, where f e €.
We now proceed to the proof of Theorem 1: We have

G —(8,01,. 4 —-1,8! _1 a.? =& aqpy = salak(k#[_))

Using the defining relations, we see immediately that every element in G
can be written as either a;, ---a; or ea;, »ra; (1 i, < - <i; S p-—1).
In particular, #(G) = 2°. Let H be the subgroup of G, generated bye Ase

lies in {(G,), the center of G,,, H is normal. Clearly, G,/H is a direct sum of
p -1 rnﬂmq of Z, and is thus ﬂhelmn Hence, H 2 [ C 1 and it follows

e fiier A0 Pl VW ALGGIe AaWiiwwsy L~p->

that for allg, hin G, ghg~'h~* = lore,ic.ghg~! = h or sh. Therefore, the

conjugacy class of % consists of 2 and &k unless £ lies in {(G)).
"lh. naur And 2N TF 7

enow find {(G). If {iy,i5, ..., i} #{1,2,...,p—1}, (e.ifs < p—1;
recall that i,, i,, ..., i, are arranged in ascending order), pick anindex j not
in {iy, d2,..., 0.} Then,_ a; '(ay, - @) ay = &ay, - %, Now pick j in
{ixs ..., is}. Then, a;*(a;, - a)a; =¢&"ta; - a,. J_nus, since either &°
ore*~! # 1, theelementa,, --- @, isnotin{(G,)if iy, ..., i, # {1, ..., p —1}.
Moreover, a; (a,a, - a,—,)a; * = #~2a,a, - a,_, . Hence, a,a, +++ a,_, lies
in {(G,) iff p is even. Similarly, eq; .- a, lies in {(G,) iff {iy, ..., is}
= {l,...,p—1} and p is even. We have then {(G,) = {1, &} if p odd,
G, = {l,¢ aja; - a,_, €ay -+~ a,_,} if p even.

Now, the number of conjugacy classes in G, is equal to the number of
elements not in {(G,) divided by 2, plus the number of elements in {(G,).
Using 4) above, we find:

(1-0) For odd p, the number of inequivalent irreducible representations
j

ofG,,is2 2+2=2""‘+1.
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(1-e) For even p, this number is

Using 5) above, we see that G,/H has 2?~! one-dimensional irreducible
representations. Hence G, has at least 2?~! one-dimensional irreducible
representations. In fact, if R: G,/H— U, then Rox: G, —» U, (where
7. G, - G,/H is the natural map) and R not ~ Rimplies Rozw not ~R’ o .
Thus, there are at least 2P~ ! irreducible representations Ry, ..., Ryp-1 of G
with ¢ = +71. We now find, using (1-0) and (1-¢):

(2-0) For odd p, there is exactly one irreducible R* not included in the
collection Ry, ..., Rs,-1. Using 6) above, we have 22~1 - 12 4 (deg R¥)?
= 27; then deg R¥ = 2(»~1)/2, -

(2-¢) For even p, there are exactly 2 irreducible Rf, R3 not included in

the collection Ry, ..., Rap-1. Againby 6),22~1-12 + (deg R$)? + (deg RY)?
= 2 i.e. (deg R})? + (deg R¥)? = 2"‘1. By 7), degR} =2%, oy Zp
(i =1,2). In order for (2*)? + (2%)2 = 27~1, we must have &, = a,. It
foll ws that deg R} = deg R} = 2(P-2/2,

y the irreducibility of R*, R, RS and by 1), 3), 9) above, we find

(3—0) R* maps ¢ » I, where § e, [f] = 1 and 8 # 1.

(3-e) Either R or RF (or both) maps é— 8I, where g has the same property
as in (3-0). For definiteness, assume R{(s) = BIL

Recall that Theorem 1 asks for the existence of real orthogonal representa-
tions of G,. Up to now, we may only assert, by virtue of 1) above, that R¥,
R} are complex unitary representations of G,. But now, in general, if Ris a
complex irreducible representations of a finite group G and if R is not ~ to
a real representation, then R @ R is ~ to a real irreducible representation.
Thus, if necessary, we may replace R*, R{ by R*@ R*, R} ® R respectively.
Using 8) above, we shall now find the exact values of p for which R* and
R} are ~ to real representations. Let g € G, be arbitrary; theng = a;, --- a;,
or ea;, ++- a;_ as we have already observed. Incithercase, g2 = &"- "1 -+~ ¢
= gr+1/2 Thys, g2=1 if r=0,3 (mod 4) and g2=¢ if r=1,2
(mod 4). Now,let R =R, ifpisodd, R = R} if piseven andletd = degR*
= 20-V/2 if p is odd, d = deg R} = 2P~ 22 if p is even, Then yx(g?) =
if » = 0, 3 (mod 4) and yr(g*) = —dif r = 1, 2 (mod 4). Summing over G...
we get

Spea,za@ =2 (P 1) (P TH) - (P71
N vV J \ 1/ \ 2 /
+(p:1)_...}. *)

N - /
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Let (1 —i)*»~! = x + iy. Expanding by the binomial theorem, we see that
x + y is equal to the expression in the brackets on the right hand side of (}).
It now remains to determine the sign of x + y for the various values of p.
An easy check, (using the Argand Diagram), shows that x + y > 0 if
p=0,1,7(mod8),x +y =0ifp=2,6(mod8),x +y <0ifp = 3,4,5
(mod 8).

Put R = R if p is such that x + y > 0 and put R = R@® R otherwise,
We define k(p) by deg R = 2¥®, Then it follows from (2-0), (2-¢) and the
results of the last paragraph that

”:2 if p = 0 (mod 8)
1
”2‘ if p =1,7 (mod 8)
k(p) = .
s’é’- if p =2,4,6(mod 8)
m if n=12 8§ frmnd )
2 11 II —J,J\llluu U}o

It follows from (3-0), (3-¢), 8) that R is (up to ~) a real orthogonal repre-
sentation of G takinge - —I(i.e. f = —1).

Now let n = 1 be given. Using 1), (2-0), (2—¢), we see that there exists a
real orthogonal (not necessarily irreducible) representation ¢ : G, » O, iff
2E®)| p, Writing » = Qa(n) + 1)+ 2™, we see that 2¥®|2°™, Theorem 1
will be proved if we can show that the largest value of p satisfying k(p) < b(n)

1s st of»n). Having calculated k(») in the last narasranh. we have thus
gRreye LieViLp ML &/ i AL paelaptaprtt, W

J v

reduced Theorem 1 to a purely number-theoretic verification. Substituting
for k(p), we see that we must find the largest p for which

(26(m) +2 if p=0(mod8)

2b(n) + 1 if p=1,7(mod8)

2b(n) if p=24,6(mod?8)

| 2b(n) — 1 if p=35(mod8).

3
A

From this calculation, it is clear that the maximum p is of the form 2b (n)
+ 6, where ¢ depends only on the congruence class of b(n) mod 4. We cal-

ulate d explicitly as follows: Consider the table

L PRV LES A 205 A e

Q
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Value
of b(n) Value of 2b(n) + 6
0 2 € 0 ~1
1 4 3 ©); 1
2 6 5 (1) 3
3 (®) 7 6 5
p=0 p=1,7 p=2,46 p=3,5
(mod 8) (mod 8) (mod8) (mod8)

In each of the four rows of the table, we have encircled the largest number con-
sistent with the restriction on p on the bottom. Thus, in the first row, 2 is
greater than 1, but 2 == 0 (mod 8) while 1 = 1 (mod 8). We have thus found
that the maximum p is of the form

[ 26(n) + 1 if b(r) =0 (mod 4)
2b(n) + 2 if b(n) =1 (mod 4)
| 26(n) + 4 if B(n) = 2 (mod 4)
| 2b(n) + 8 if b(n) = 3 (mod 4).

a~
Il

Finally, to see that these values give o(n), write b(n) = c(n) + 4d(n) and rote
that by definition, c¢(n) = { iff b(n) = i(mod 4),0 £ i < 3.

Part B: M(n—-1) =< o(n) — 1

Lack of time prevents us from entering into the details of the proof. We
shall therefore content ourselves with giving an outline of the main ideas of
the proof, referring the reader to Adams’ very lucid paper (hereafter denoted
by (VF)) for most of the details.

The starting point for Adams’ investigation is the following theorem.

Theorem (2): Let n = 1. If there exist p(n) linearly independent vector
fields on S"*, then there exists an integer m = 1 with o(m) = ¢(n) such
that the truncated real projective space Pﬁ_,_o(m}/'Pﬁ_l has the foliowing
property: there eXists a map

F1 PR, o/ PE_y — S™

>
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such that the composite map

P

i
S™ = Pp/Pn—1 — Pps oomy/Pm—1 — S™

is of degree 1.

Note: For any integers p > ¢, there is a natural embedding of P; into
Py. PY/P} is therefore a well-defined object. The mapping i in the above
theorem is of course induced by the mapping of pairs

(P;, P;— 1) - (Pzila(m'): Pr,nz—l)'

Adams proves Theorem 2 by making extensive use of James’ work on the

homotopy of Stiefel manifolds and Atiyah’s work on the so-called Thom

complexes. The ideas used in proving this theorem require the introduction
of a whole collection nfﬂnnppnfc including the Snanier-Whitehead S-Theory

A W YV S B W AW AL ASLL WA Vi WAL b L ” TV LALbWItWwWidul it o I.AUU.I.J
We will not discuss these concepts here, referring to the papers of James and
Atiyah cited in (VF).

raendn Aaf T'hasws e

wr Ly ]
Dy VIETue O1 1 ncorcm Loy

to the following theorem.

PR LY

A 2eveseniolides P I\ = Al 1 Ji Ry |
Ue lhoyuadlily v\t — 1) = ) — 1 1d 1vuueld

Theorem (3): There does not exist a ma
f: P£+o(m}/PR—1 - s

satisfying the condition mentioned in Theorem 2.

Thus, the problem of proving the nonexistence of a certain number of vec-
tor fields is reduced to the problem of proving the nonexistence of a certain
map. There is a familiar method in algebraic topology of attacking such a
problem. Namely, if g: X - Y is a hypothetical map whose existence we are
trying to disprove, then g induces a map g* : H*(Y) - H*(X) in cohomology.
If g is assumed to posses some topological property which we wish to show
is impossible, we attempt to deduce that g* has some simple algebraic prop-
erty incompatible with the properties of the rings H*(X), H*(Y), thus
contradicting the existence of g*, hence of g. (For simple examples illustrat-
ing this method, see Hu—Homotopy Theory, Chapter 1.) Even if the ring
structure of the cohomology rings is insufficient to contradict the existence
of g*, it may be possible to contradict the existence of g* by introducing
cohomology operations into the cohomology rings of spaces. For an account
of this theory, together with several applications (including a partial solution
to the vector ficld problem), we refer the reader to Epstein and Steenrod—
Cohomology. Operations

In (VF), Adams uses K-theoryinstead of o

J3 L areiss
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order to contradict the existence of f (see Theorem 3). That is, he considers
the induced ma
P Ra(S™ > K (Phs sims/ Pi- 1)-

Here, K is the functor, analogous to K of Chapter 9, but with real vector
bundles in place of complex vector bundles. (We should then write K =K;.)
Using the notation of Theorem 2, we see that fo i ~ ident. (the topological
property of ). It follows that i* o f* = ident. (the algebraic property of f*).
Thus, Ky (Ph+ oom/Pm- 1) splits as a direct sum ker i* @ im f*. Although the
ring structure of Kg (P ;om/Pm—1) does not rule out the possibility of such
a splitting, it turns out that the operations ¥* discussed in Chapter 9 do in
fact disallow such a splitting.

The work to be done therefore consists of explicit calculations of the rings
Kg (P5/P3)(p > g) and of the operations P*: Kg (Pp/P7) = Kx (Py | P7). Ac-
tually, Adams calculates the rings K 4(X) in the following order:

a) A=¢, X=PP;
b) A=¢, X=PP;
c) A=R, X=P;P;.

Since the spaces P2/PZ are quite simple cell complexes, the necessary
calculations, using the methods of Chapter 9, are very manageable, (In par-
ticular, the ordinary cohomology groups of these spaces can be calculated
trivially, using the method of Chapter 2.)

Simply for the purpose of illustrating the results of Chapter 9, we shall
close this chapter by carrying out step a) above. Before stating the result,
we introduce a bit of notation. First of all, we allow ourselves to write K,
P, instead of K, Pf in the next few paragraphs. Let % be the canonical
line bundle over P,, i.e. over each projective class [z, za, ..., Zp44]
€ P,, the fiber of # is the complex line consisting of all (p + 1)-tuples
Az, Azz, ..., A2p4y), A€ € (cf. Chapter 9, Theorem 2). If 1 is the trivial
line bundle over P,, we put u =9 — 1. Then [u] e R(P,).

We now observe that the Chern class ¢,(») is a generator y of the cohomo-
logy group H2(P,; Z). In fact, the standard inclusion

i:P,— P,

serves as a classifying map for the bundle % and therefore, if ¢; € H2(P,)
is the universal Chern class, .
ca(m) = i*(cy),
from which our assertion follows immediately.
We now prove the f'nﬂgv_ving result.

AR Y W waAAle a e - urial
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Theorem (4): The ring K(P,) is a truncated integral polynomial ring with
a single generator [¢] and a singlc defining relation [u]?*! = 0. The natural
projection P, —» P,/P, sends K (P,/P,) isomorphically onto the ideal of
K(P,) generated by [u]**!. Finally, the cohomology operations ¥* satisfy
the relation Y*([u]*) = (0 + [uDh* - 1)~

Proof: The additive structure of K(P,) is easily deduced from Chapter 9,

Th * FAY
Theorem 13 and corollary to Theorem 14, In fact, since H*(P,; Z) is torsion-

free, it follows that (with the notation of Chapter9) K"(P,) = 27 if r is even,
~ 0if ris odd (where, in general, Z7 means direct sum of f copies of Z). In

oy lae BPCD — Porom\ A T P IRy \ N
pd."tl um.L, AU’.’P) = I \fp) = 4 alll LllGlC.lUl.G

K(P) = R(P)® Z = Z°+1.

o~ an d o 10 nndwianlle, Fa o Sn‘- ~F
GIIIU]J.LD l, I_‘!laj’ I_‘ll/j g sy lMJ aULuﬂ'uy -lUllu < vl Ul

group generators for K(P,) (from which it follows that [u] is a ring gene-
rator for K(2,)). We shall show that the elementsl, [u], [¢]? ..., [#]° form
a @-basis for the @-linear space K(P,) ® @. To see this, we observe first

that ch () = €™,
and since ¢4(xn) has been identified with a generator y of
H*(Py; 2) = Z[yl/(y** ),
ch(y)=ch(n)—1=e’—1=y+—’;-+~-~. *)

'To prove the @-basis property of the powers of [u], is clearly enough to show
that the elements 1, [u], [u]? ..., [u]® are @-linearly independent. Suppose
then that we have a linear relation

.1 .{..

T cse L a7 .r..'lp_f\
pl+ o +ay [uf = 0.

ap + a;

Applying the Chern character to this equation, we get

a, + a,

132
(y+——-—+ ) 4+ - =0,

But it follows from the known properties of y that then
o =@y = =a, =0,

which is what we wanted. We omit the additional calculations needed to
show that {1, [u], [#]> ..., [#]’} actually forms a “Z-basis” of K(P,)) (cf.
Atiyah and Hirzebruch, Vector Bundles and Homogeneous Spaces, p. 19,
Corrollary 3, (iii)).
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Since y?*+! = 0, it follows easily that

ch(ur*') = 0,

But ck is injective (sec Chapter 9, Theorem 13) whence y?** = 0. Thus, we
have established the first assertion of Theorem 4. To obtain the second asser-
tion, we consider the exact sequence of the pair (P,, P,):

ji

..._,.K—I(Pa) "L’KO(PD, P) *KO(P,,) ":_*KG(PG)

(Here, i* and j* are induced by the standard inclusions.) We have ob-

served above that K"(P,) = 0 if r is odd. Hence, j* embeds K(P,/P,)

= K° (P,, P,) into K°(P,). By exactness, im j* = ker i*, and ker i* is clearly

generated by [u]?*, ..., [u]?. This establishes the second assertion.
Finally, we calculate the operations ¥* in K(P,). Since % is a line bundle,

we have

(see the first paragraph of the proof of Lemma 15, Chapter 9). By the de-
finition of [u],

FEA + [uD = A + [uD”
Since ¥* is a group homomorphism,

V(D = (1 + [eD* - 1.
Finally, since ¥* is a ring homomorphism,

PH[pl) = (@ + [pD* — 1)

Q.E.D.

The calculations corresponding to b) and ¢) above may be carried by
similar but technically slightly move complicated methods. Finally, as indi-
cated above, the structural properties of these rings can be shown to pre-
clude the existence of the map f of Theorem 3.
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