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Preface

The golden age of mathematics—that was not
the age of Euclid, it is ours.

C.J. KEYSER

This time of writing is the hundredth anniversary of the publication (1892)
of Poincaré’s first note on topology, which arguably marks the beginning
of the subject of algebraic, or “combinatorial,” topology. There was earlier
scattered work by Euler, Listing {who coined the word “topology™), Mdbius
and his band, Riemann, Klein, and Betti. Indeed, even as early as 1679, Leibniz
indicated the desirability of creating a geometry of the topological type. The
establishment of topology (or “analysis situs” as it was often called at the
time) as a coherent theory, however, belongs to Poincaré.

Curiously, the beginning of general topology, also called “point set
topology,” dates fourteen years later when Fréchet published the first abstract
treatment of the subject in 1906.

Since the beginning of time, or at least the era of Archimedes, smooth
manifolds (curves, surfaces, mechanical configurations, the universe) have
been a central focus in mathematics. They have always been at the core of
interest in topology. After the seminal work of Milnor, Smale, and many
others, in the last haif of this century, the topological aspects of smooth
manifolds, as distinct from the differential geometric aspects, became a subject
in its own right. While the major portion of this book is devoted to algebraic
topology, I attempt to give the reader some glimpses into the beautiful and
important realm of smooth manifolds along the way, and to instill the tenet
that the algebraic tools are primarily intended for the understanding of the
geometric world.

This book is intended as a textbook for a beginning (first-year graduate)
course in algebraic topology with a strong flavoring of smooth manifold
theory. The choice of topics represents the ideal (to the author) course.
In practice, however, most such courses would omit many of the subjects in
the book. I would expect that most such courses would assume previous
knowledge of general topology and so would skip that chapter, or be limited
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Vi, _ Preface
to a brief run-through of the more important parts of it. The section on
homotopy should be covered, however, at some point. I do not go deeply
into general topology, but I do believe that I cover the subject as completely
as a mathematics student needs unless he or she intends to specialize in that
area.

It is hoped that at least the introductory parts of the chapter on
differentiable manifolds will be covered. The first section on the Implicit
Function Theorem might best be consigned to individual reading. In practice,
however, I expect that chapter to be skipped in many cases with that material
assumed covered in another course in differential geometry, ideally concurrent.
With that possibility in mind, the book was structured so that that material
is not essential to the remainder of the book. Those results that use the
methods of smooth manifolds and that are crucial to other parts of the
book are given separate treatment by other methods. Such duplication is
not so large as to be consumptive of time, and, in any case, is desirable from
a pedagogic standpoint. Even the material on differential forms and
de Rham’s Theorem in the chapter on cohomology could be omitted with
little impact on the other parts of the book. That would be a great shame,
however, since that material is of such interest on its own part as well as
serving as a motivation for the introduction of cohomology. The section on
the de Rham theory of CP” could, however, best be left to assigned reading.
Perhaps the main use of the material on differentiable manifolds is its impact
on examples and applications of algebraic topology.

As is common practice, the starred sections are those that could be omitted
with minimal impact on other nonstarred material, but the starring should
not be taken as a recommendation for that aim. In some cases, the starred
sections make more demands on mathematical maturity than the others and
may contain proofs that are more sketchy than those elsewhere.

This book is not intended as a source book. There is no attempt to present
material in the most general form, unless that entails no expense of time or
clarity. Exceptions are cases, such as the proof of de Rham’s Theorem, where
generality actually improves both efficiency and clarity. Treatment of esoteric
byways is inappropriate in textbooks and introductory courses. Students are
unlikely to retain such material, and less likely to ever need it, if, indeed,
they absorb it in the first place.

As mentioned, some important results are given more than one proof, as
much for pedagogic reasons as for maintaining accessibility of results essential
to algebraic topology for those who choose to skip the geometric treatments
of those results. The Fundamental Theorem of Algebra is given no less than
four topological proofs (in illustration of various results). In places where
choice is necessary between competing approaches to a given topic, preference
has been given to the one that leads to the best understanding and intuition.

In the case of homology theory, I first introduce singular homology and
derive its simpler properties. Then the axioms of Eilenberg, Steenrod, and
Milnor are introduced and used exclusively to derive the computation of
the homology groups of cell complexes. I believe that doing this from the
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axioms, without recourse to singular homology, leads to a better grasp of the
functorial nature of the subject. (It also provides a uniqueness proof gratis.)
This also leads quickly to the major applications of homology theory. After
that point, the difficult and technical parts of showing that singular homology
satisfies the axioms are dealt with.

Cohomology is introduced by first treating differential forms on manifolds,
introducing the de Rham cohomology and then linking it to singular
homology. This leads naturally to singular cohomology. After development
of the simple properties of singular cohomology, de Rham cohomology is
returned to and de Rham’s famous theorem is proved. (This is one place
where treatment of a result in generality, for all differentiable manifolds and
not just compact ones, actually provides a simpler and cleaner approach.)

Appendix B contains brief background material on “naive” set theory.
The other appendices contain ancillary material referred to in the main text,
usually in reference to an inessential matter.

There is much more material in this book than can be covered in a one-year
course. Indeed, if everything is covered, there is enough for a two-year course.
As a suggestion for a one-year course, one could start with Chapter II,
assigning Section 1 as individual reading and then covering Sections 2 through
11. Then pick up Section 14 of Chapter I and continue with Chapter I1I,
Sections 1 through 8, and possibly Section 9. Then take Chapter IV except
for Section 12 and perhaps omitting some details about CW-complexes. Then
cover Chapter V except for the last three sections. Finally, Chapter VI can
be covered through Section 10. If there is time, coverage of Hopf’s Theorem
in Section 11 of Chapter V is recommended. Alternatively to the coverage
of Chapter VI, one could cover as much of Chapter VII as is possible,
particularly if there is not sufficient time to reach the duality theorems of
Chapter VL

Although T do make occasional historical remarks, I make no attempt at
thoroughness in that direction. An excellent history of the subject can be
found in Dieudonné [1]. That work is, in fact, much more than a history and
deserves to be in every topologist’s library.

Most sections of the book end with a group of problems, which are
exercises for the reader. Some are harder, or require more “maturity,” than
others and those are marked with a 4. Problems marked with a < are those
whose results are used elsewhere in the main text of the book, explicitly or
implicitly.

Glen E. Bredon




Acknowledgments

[t was perfect, it was rounded, symmetrr'm/.
complete, colossal.

Mark TwaAIN

Unlike the object of Mark Twain’s enthusiasm, quoted above {and which
has no geometric connection despite the four geometric—topologiﬁal
adjectives), this book is far from perfect. It is simply the best I could manage.
My deepest thanks go to Peter Landweber for reading the entire manuscript
and for making many corrections and suggestions. Antoni Kosinski also
provided some valuable assistance. I also thank the students in my course
on this material in the spring of 1992, and previous years, Jin-Yen Tai in
particular, for bringing a number of errors to my attention and for providing
some valuable pedagogic ideas.

Finally, I dedicate this book to the memory of Deane Montgomery in
deep appreciation for his long-term support of my work and of that of many
other mathematicians:

Glen E. Bredon




Contents

Preface

Acknowledgments

CHAPTER |
General Topology

 Metric Spaces . ... e
. Topological SPaces .. .........ouiiiiii e
SUDSPACES . .\ttt e
. Connectivity and Components ............cccvvinriieeenineennnnn.
. Separation AXIOMS . .....ouinininiiiiiiiiiiannns e
. Nets (Moore~Smith Convergence) 3% .........ooviniiiinnnane....
L COMPACINESS . ..o
CProducts L
. Metric Spaces Again ...
10. Existence of Real Valued Functions ...............................
11. Locally Compact Spaces ........cocvviinieeiniinnnn.... e
12, Paracompact SPaces .. ......unittt it
13, Quotient SPaces ..... ...t e
14, HOMOWOPY ..ot e e
15. Topological Groups ......... ..ottt iaiianan.,
16. Convex Bodies......... ...
17. The Baire Category Theorem ........... ... i,

VoA AW -

CHAPTER 11
Differentiable Manifolds

1. The Implicit Function Theorem . ..................................
2. Differentiable Manifolds ........ ... ... ... it
3. Local Coordinates ..........vureiint i e

ix

{00 =t i

12
14
18
22
25
29
31
35
39
44
51
56
57

63

63
68
71
72

vi



5. Tangent Vectors and Differentials ............ ... e 76
6. Sard’s Theorem and Regular Values ....... ... ... ... .. ... ... ... ... = 80
7. Local Properties of Immersions and Submersions ................... 82
8. Vector Fields and Flows ............ .. ... . .. ... ... ............ 86
9. Tangent Bundles . ....... . ... ... 88
10. Embedding in Euclidean Space ............. ... .. ... ... ... .. ..... 89
11. Tubular Neighborhoods and Approximations . .............. ... ... 92
12. Classical Lie Groups 3 .. co.ooviivie e, 101
13. Fiber Bundles 3% ....... ... o 106
14. Induced Bundles and Whitney Sums :;f ............................ 111
15, Transversality Y5 ... ... i 114
16. Thom-Pontryagin Theory 3£ .. .... e e 118
CHAPTER 11
Fundamental Group 127
I Homotopy Groups ... ...t 127
2. The Fundamental Group ............ .. ... ... . . . . . . . . . ... 132
3. Covering SPaces ...t e 138
4. The Lifting Theorem ......... ... . . . . i i 143
5. The Action of my onthe Fiber . ... .. ... ... ... ... ... ... ...... 146
6. Deck Transformations ... ... ... o i 147
7. Properly Discontinucus Actions ......... ..o it 150
8. Classification of Covering Spaces ............... e e SR 154
9. The Seifert—-Van Kampen Theorem ¥ ............... oo ... 158
10. Remarks on SO(G) 3¢ .. ... i e, 164
CHAPTER IV
Homology Theory 168-
1. Homology Groups ....o.oimutiii e e i 168
2. The Zeroth Homology Group ..., 172
3. The First Homology Group ............ ... ... ... ... ... 172
4. Functorial Properties ....... ... . ... . . . o i 175
5. Homological Algebra ....... ... .. . 177
6. Axioms for Homology ....... ..ottt 182
7. Computation of Degrees .........c.ccooveiiiinonn.. B .. 190
8. CW-Complexes .. ... i T 194
9. Conventions for CW-Complexes ...........0...ccooirariinnnnn. .. 198
10. Cellular Homology . ... .o i i 200
L Cellular Maps . ... e 207
12. Products of CW-Complexes £.................. e 211
13. Buler's Formula ... ... ... ... .. ... 215
14. Homology of Real Projective Space ................ e 217
15. Singular Homology ... .. .. .. ... e 219
16. The Cross Product ....... .. .. ... . .. . . .. .. 220
17. Subdivision ... .. e 223
18. The Mayer—Vieloris SEQUENCE .. ... vtir e iiat e, 228
19. The Generalized Jordan Curve Theorem . ..., 230
20. The Borsuk—Ulam Theorem ......... ... .o iiiiriiiiiian. .. 240
21. Simplicial Complexes ............. ... .. ... 245

LTI RS}

ORIy

22. Simplicial Maps ...
73. The Lefschetz-Hopf Fixéd Point Theorem ........ ... .. ... ... .....

CHAPTER V

Cohomology

0 NGB Pm

el

10.
11.
12.

. Multilinear Algebra ... ... 0
C Differential FOrms .. e
CIntegration of Forms ...
. Stokes” Theorem ......... ... ... .. ...... e
. Relationship to Singular Homology ...............................

More Homological Algebra ..... ... .. ... ... ... . . ...l ..

. Universal Coefficient Theorems ......... ... ... ... ... .. e
. Excision and Homotopy ................... P
Cde Rham™s Theorem ..o e e et et

The de Rham Theory of CP" v ... ... o i
Hopf’s Theorem on Maps to Spheres 3¢ ...t
Differential Forms on Compact Lie Groups $t......................

CHAPTER VI
Products and Duality

00 3 O th B W N =

. The Cross Product and the Kiinneth Theorem ....... ... ... ... ....
. A Sign Convention ..............uurieeemaiiaiiian i,

The Cohomology Cross Product ..................................

.The Cup Product ..o o
The Cap Prodict ..o e
. Classical Outlook on Duality Yt ............ oo oo
. The Orientation Bundle ........ ... ....... ... ... .. .o . ...
. Duality Theorems ...t e
9.
10.
11
12.
13.
14.
15.
16.
17
18.

Duality on Compact Manifolds with Boundary ....................
Applications of Duality ....... ... ... .. ... i
Intersection Theory ¢ ..o o i
The Euler Class, Lefschetz Numbers, and Vector Fields ¥t ...........
The Gysin SEQUENCE I .« vr ittt
Lefschetz Coincidence Theory 3% .. ... ... i,
Steenrod Operations L. . ... ...t
Construction of the Steenrod Squares ¥¢........ e
Stiefel-Whitney Classes Y& ... i
Plumbing 2t oot

CHAPTER VII
Homotopy Theory

IR - NV R TR R

D COfIbrations ... ... .
. The Compact-Open Topology ... ...
. H-Spaces, H-Groups, and H-Cogroups ...................... R
. Homotopy Groups .......... ... .. iiiiniinnnn e

The Homotopy Sequence of a Pair ... ... .. ... it
Fiber Spaces .. ... i e

. Free HOMoOtODY .. ..o o
. Classical Groups and Associated Manifolds ...................... ..

Xl

250
253

260

260
261
265
267
269
271
281
285
286
292
297
304

315

315
321

321

326
334
338
340
348
355
359
366
378
390
393
404
412
420
426

430
430
437
441
443
445
450
457
463




9. The Homotopy Addition Theorem .......................... R 469

10. The HUeWicz TREOKEIN -« ... ov o oveee oo e 475 CHAPTER T ~ -

11. The Whitehead Theorem ......... ...ttt 480 i

12. Eilenberg-Mac Lane Spaces ...l 488 Lk General TOpOIOgy

13. Obstruction Theory Xt...... ..o 497

14. Obstruction Cochains and Vector Bundles 3t ....................... 51

Appendices

App. A. The Additivit‘y AXIOTI .ottt i et i ce e e 519 A round man cannot be expected to fit in a
App‘ B. Ba.cl‘(ground in Set Theory ................................... 522 square hole rlght away. He must have time. to
App.C. Critical Values . . ......... ... i 531 ' modify his shape
App.D. Direct Limits ... 534 Y pe:
App. E. Euclidean Neighborhood Retracts ............................. 536 ] : MARK TwAIN
Bibliography . ... ... 541

Index of Symbols ... ... ..o 545

Index ..o 549

1. Metric Spaces

We are all familiar with the notion of distance in euclidean n-space: If x and
y are points in R” then :

" 112
dist(x,y) = ( ;1 (x;— J’i)z) .

This notion of distance permits the definition of continuity of functions from
one euclidean space to another by the usual €~ definition:

f:R*—R* is continuous at xeR" if, given € >0,
35 >0adist(x,y)<é = dist(f(x), f(y)) <e.

Although the spaces of most interest to us in this book are subsets of euclidean
spaces, it is useful to generalize the notion of “space” to get away from such
a hypothesis, because it would be very complicated to try to verify that spaces
we construct are always of this type. In topology, the central notion is that
of continuity. Thus it would usually suffice for us to treat “spaces” for which
we can give a workable definition of continuity. :

We could define continuity as above for any “space” which has a suitable
notion of distance. Such spaces are called “metric spaces.”

1.1. Definition. A metric space is a set X together with a function
dist: X x X -»R,
called a metric, such that the following three laws are satisfied:

(1) (positivity) dist(x, y) > 0 with equality < x =y,
(2) (symmetry) dist(x, y) = dist(y, x); and
(3) (triangle inequality) dist(x, z) < dist(x, y) + dist(y, z).
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CHAPTER1 - .
General Topology

A round man cannot be expected to fit in a
square hole right away. He must have time to
modify his shape.

MARK TWAIN

1. Metric Spaces

We are all familiar with the notion of distance in euclidean n-space: If x and
y are points in R” then

dist(x,y) = ( p yi)Z)m.

This notion of distance permits the definition of continuity of functions from
one euclidean space to another by the usual e-¢ definition:

f:R"— R is continuous at xeR" if, given € >0,
35 >0adist(x,y) <8 = dist(f(x), f(¥)) <e.

Although the spaces of most interest to us in this book are subsets of euclidean
spaces, it is useful to generalize the notion of “space” to get away from such
a hypothesis, because it would be very complicated to try to verify that spaces
we construct are always of this type. In topology, the central notion is that
of continuity. Thus it would usually suffice for us to treat “spaces” for which
we can give a workable definition of continuity. ’

We could define continuity as above for any “space” which has a suitable
notion of distance. Such spaces are called “metric spaces.”

1.1. Definition. A metric space is a set X together with a function
dist: X x X -»R,
called a metric, such that the following three laws are satisfied:

(1) (positivity) dist(x, y) > 0 with equality <>x =y;
(2) (symmetry) dist(x, y) = dist(y, x); and
(3) (triangle inequality) dist(x, z) < dist(x, y) + dist(y, 2).
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In a metric space X we define the “e-ball,” € > 0, about a point xeX to be

[ B.(x) = {ye X |dist(x, y)< e}j

Also, a subset U < X is said to be “open” if, for each point xeU, there is
an e-ball about x completely contained in U. A subset is said to be “closed”
if its complement is open. If ye B.(x) and if § = € — dist {x,y) then By(y) < B(x)
by the triangle inequality. This shows that all e-balls are open sets. :

‘ It turns out that, for metric spaces, continuity can be expressed completely
in terms of open sets: -

1._2; Proposi;ion. A function f: X — Y between metric spaces is continuous <>
STHU) is open in X for each open subset U of Y.

Proor. If f is continuous and U < Y is open and f(x)eU then there is an
€> 0 such that B.(f(x)) = U. By continuity, there is a § > 0 such that f maps
the d-ball about x into B.(f(x)). This means that By(x) = f ~1(U). This implies
that f~!(U) is open.

dlConverSf:Iy, suppose f(x)=y and that €>0 is given. By hypothesis,
ST (Be())) is open and contains x. Therefore, by the definition of an open
set, there is a 6 > O such that B;(x) < [~ YB(y)). It follows that if dist(x, x') < &

then f(x")eB(y), and so dist(f(x), f(x')) < ¢, proving continuity in the e~
sense. O

The only examples of metric spaces we have discussed are euclidean spaces
and, of course, subsets of those. Even with those, however, there are other
reasonable metrics: '

dist,(x,¥) = ). |x; =y,
i=1
dist3(x,¥) = max(|x; — y;|).
It is not hard to verify, from the following proposition, that these three

metr‘ics .give the same Qpeh sets, and so behave identically with respect to
continuity (for maps into or out of them). '

1.3. Proposit.ion. If dist; and dist, are metrics on the same set X which satisfy
the hypothesis that for any point xeX and € >0 there is a & > 0 such that

dist;(x,y)<d = dist,{x,y) <¢,
and

disty(x, ) <d " = dist;(x, 1) <e,

then these metrics define the same open sets in X.

PrOOF. The proof is an easy exercise in the definition of open sets and is
left to the reader. ]

2. Topologicai dpaces

PROBLEMS

1. Consider the set X of all continuous real valued functions on [0, 1]. Show that

1
dist(f,g) = J 1f{x) — g(x)ldx

0
defines a metric on X. Is this still the case if continuity is weakened to integrability?

2.-¢—If X is a metric space and x, is a given point in X, show that the function
f:X - R given by f(x)=dist(x, x,} is continuous.

3.-0-If A is a subset of a metric space X then define a real valued function d on X
by d(x) = dist(x, 4) = inf{dist(x, y)lyeA}. Show that d is continuous. (Hint: Use the
triangle inequality to show that Jd(x;) — d(x2)] < dist{x;, x,}.) '

2.  Topological Spaces

Although most of the spaces that will interest us in this book are metric
spaces, or can be given the structure of metric spaces, we will usually only
care about continuity of mappings and not the metrics themselves. Since
continuity can be expressed in terms of open sets alone, and since some
constructions of spaces of interest to us do not easily yield to construction
of metrics on them, it is very useful to discard the idea of metrics and to
abstract the basic properties of open sets needed to talk about continuity.
This leads us to the notion of a general “topological space.”

2.1. Definition. A topological space is a set X together with a collection of
subsets of X called “open” sets such that:

(1) the intersection of two open sets is open;
(2) the union of any collection of open sets is open; and
(3) the empty set ¥ and whole space X are open.

Additionally, a subset C < X is called “closed” if its complement X —C is
open.

Topological spaces are much more general than metric spaces and the
range of difference between them and metric spaces is much wider than that
between metric spaces and subspaces of euclidean space. For example, it is
possible to talk about convergence of sequences of points in metric spaces
with little difference from sequences of real numbers. Continuity of functions
can be described in terms of convergence of sequences in metric spaces. One
can also talk about convergence of sequences in general topological spaces
but that no longer is adequate to describe continuity (as we shall see later).
Thus it is necessary to exercise care in developing the theory of general
topological spaces. We now begin that development, starting with some
further basic definitions.
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then f is said to be continuous if f~(U) is open for each open set U Y.
A map is a continuous function. :

. Since closed sets are just the complements of open sets and since inverse
images preserve complements (i.e., f ~'(Y — B) = X — f~Y(B)), it follows that
a function f:X—Y is continuous<>f~'(F) is closed for each closed set
FcY. /

2.3. Definition. If X is a topological space and xeX then a set N is called
a neighborhood of x in X if there.is an open set U< N with xeU.

Note that a neighborhood is not necessarily an open set, and, even though
one usually thinks of a neighborhood as “small,” it need not be: the entire
space X is a neighborhood of each of its points.

Note that the intersection of any two neighborhoods of x in X is a
neighborhood of x, which follows from the axiom that the intersection of
two open sets is open. , o ,

The intuitive notion of “smallness” of a neighborhood is given by the
concept of a neighborhood basis at a point:

2.4. Definition. If X is a topological space and xe X then a colléction B, of

subsets of X containing x is called.a neighborhood basis at x in X if each
neighborhood of x in X contains some element of B, and each element of B,
is a neighborhood of x.

Neighborhood bases are sometimes convenient in proving functions to be
continuous: B

2.5. Definition. A function f:X —Y between topological spaces is said to
be continuous at x, where xeX, if, given any neighborhood N of f(x) in Y,
there is a neighborhood M of x in X such that f(M)c N. '

Since f(f N))<= N, this is the same as saying that f~ 1(N) is a
neighborhood of x, for each neighborhood N of f(x). Clearly, this need only
be checked for N belonging to some neighborhood basis at f(x)

2.6. Proposition. A4 function f:X Y between topological spaces -is
continuous <= it is continuous at each point xeX. ‘

PrOOF. Suppose that f is continuous, i.e., that ' ~'(U) is open for each ;‘open
U< Y. Let'N be a neighborhood of f(x)in Y and let U be an open set::such
that f(x)eU < N as guaranteed by the definition of neighborhood. Then
xef HU)<= f7YN) and f~'(U) is open. It follows that [~ 1(N) is -a
neighborhood of x. Thus f is continuous at x. ;

Conversely, suppose that f is continuous at cagh point and let U c Y be

" an open set. For any xef ~HU), f~ {(U) is then a neighborhood-of x. Thus

there exists an open set V, in X with xeV, c f~ YU). Hence f~(U) is the
union of the sets V, for x ranging over f ~(U). Since the union of any
collection of open sets is open, it follows that ~HU)is open. But U was an
arbitrary open set in Y and, consequently, f is continuous. O

2.7. Definition. A function j: X+ Y between tonological spaces is called a
homeomorphism if fLY =X exises [~ -f s ool 2ad onto) and
both f and f~! are continuous. The notation X &~ Y means ik Y s
homeomorphic to Y.

Two topologicai spaces are, then, homeomorphic if there is a one-one
correspondence between them as sets which also makes the open sets
correspond. Homeomorphic spaces are considered as essentially the same.
One of the main problems in topology is to find methods of deciding when
two spaces are homeomorphic or:not.

To describe a topological space it is not necessary to describe completely
the open sets. This can-often be done more simply using the notion of a
“basis” for the topology:

2.8. Definition. If X is a topological space and B is a collection of subsets

of X, then B is called a basis for the topology of X if the open sets are

precisely the unions of members of B. (In particular, the members of B are

- open.) A collection'S of subsets of X is called a subbasis for the topology of

X if the set B of finite: mtersections of members of S is.a basis.

Note that.any collection S of subsets of any set X is a subbasis for some
_topology on X, namely, the topology for which the open sets are the arbitrary
unions of the finite intersections of members of S. (The empty set and whole
set X are taken care of by the convention that an intersection of an empty
collection-of sets is the whole set-and the union of an empty collection of
sets is the.empty set.). Thus, to define a topology, it-suffices tospecify some
collection of:sets as a subbasis. The resulting topology is called the topology
“generated”™ by this-subbasis.

I a metric space the; collection of <balls, for all €>0,is a basis, So is
the collection-of e-balls for€ =1, 1 34 3,

- Here are:some-examples of topological spaces:

1.-(Trivial 1opology.). Any-set X with only the empty set and the whole set

X -as open.

2. {Discrete topelogy.) Any set X awith. all-subsets being open.

3. Any set X with open:sets being those subsets of X whose complements
are finite;: togethcr with the empty-set. {That is, the closed sets are finite

setsand X itséll)
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4. X =wu{wo} with the open sets being all subsets of @ together with
complements of finite sets. (Here, w denotes the set of natural numbers.)
5. Let X be any partially ordered set. For aeX consider the one-sided
intervals {feX|a< B} and {feX|a> B}. The “order topology” on X is

the topology generated by these intervals. The “strong order topology” is

the topology generated by these intervals together with the complements
of finite sets.

6. Let X =1 x I where [ is the unit interval [0,1]. Give this the “dictionary
ordering,” i.e.; (x,¥) < (s,1)<«>either x <'s or (x =5 and y <1). Let X have
the order topology for this ordering.

7. Let X be the real line but with the topology generated by the “half open
intervals” [x, ). This is called the “half open interval topology.”

8. Let X =Qu{Q} be the set of ordinal numbers up to and including the
least uncountable ordinal Q; see Theorem B.28. Give it the order topology.

2.9. Definition. A topological space is said to be first countable if each point
has a countable neighborhood basis.

2.10. Definition. A topological space is said to be second countable if its
topology has a countable basis.

Note that all metric spaces are first countable. Some metric spaces are
not second countable, e.g., the space consisting of any uncountable set with
the metric dist(x, y)=1 if x # y, and dist(x, x) = 0 (which yields the discrete
topology). k

Euclidean spaces are second countable since the e-balls, with € rational,
about the points with all rational coordinates, is easily seen to be a basis.

2.11. Definition. A sequence f3, f>,... of functions from a topological space
X to a metric space Y is said to converge uniformly to a function f: X—Y
if, for each € > 0, there is a number 7 such that i > n = dist(f(x), f(x}) < € for
all xeX. ‘

2.12. Theorem. If a sequence fi,f5,..., of continuous functions from a
topological space X to a metric space Y converges uniformly to a function
[: XY, then { is continuous.
ProoF. Given e >0, let n, be such that

nzn, = dist(f(x), f(x))<€/3 for all xeX.

Given a point x,, the continuity of f,, implies that there is a neighborhood
N of x4 such that xe N = dist(f,(x), f,,(Xo)) < €/3. Thus, for any xe N we have

dist(f(x), f(x0)) < dist(f(x), (X)) + dist(f,,,(x), £o(x0)) + dist( £, (xo)s [ (X))
<€/3+€/3+¢/3=¢c O

2. Topological Spaces : g 7

2.13. Definition. A function f:X — Y between topological spaces is said to
be open if f(U)is open in Y for all open U < X. It is said to be closed if f(C)
is closed in Y for all closed C < X.

2.14. Definition. If X is a set and some condition is given on subsets of X
which may or may not hold for any particular subset, then if therc 1s a
topology T whose open sets satisfy the condition, and such that, for any
topology T” whose open sets satisfy the condition, then the T-open sets are
also T"-open (i.e., T < T'), then T is called the smallest (or weakest or coarsest)
topology satisfying the condition. If, instead, for any topology T* whose open
sets satisfy the condition, any T’-open sets are also T-open, then T is called
the largest (or strongest or finest) topology satisfying the condition.

The terms “weak” and “strong” are the oldest historically. However, they
are used in some places to mean the opposite of the above meaning in general
topology. Even some topology books disagree on their, meaning. For this
reason, the terms “coarse” and “fine” were introduced to rectify the confusion.
They are metaphors for thinking of open sets as grains in a rock (the fewer
grains, the coarser the rock). The terms “smallest” and “largest” were
introduced for the same reason, and they are mathematically more precise
as applied to the topologies as collections of open sets. We prefer the latter
terms in general. ' ‘

For example (see Section 13),if f: X — Y is a function and X is a topological
space, then there is a largest topology on Y making f continuous, namely
that topology having open sets {V < Y|f ~}(V) is open in X}. There is also
a smallest such topology, the trivial topology, but it is not very interesting.
Also see Sections 8 and 13 for other examples of this concept.

Ifa topology is the largest one satisfying some given condition then usually
{in fact, always) there is another condition for which the given topology is
the smallest one satisfying the new condition. For example, the topology on
Y, in the example of the previous paragraph, is the smaliest topology satisfying
the condition “for all spaces Z and all functions g: Y — Z, g° / continuous = ¢
continuous.” Thus it is meaningless to argue whether a given topology is
“weak” or “strong,” etc., unless the defining condition is specified.

ProBLEMS

1.-%- Show that in a topological space X:
{a) the union of two closed sets is closed;
(b} the intersection of any collection of closed sets is closed; and
(c) the empty set (7 and whole space X are closed.

2. Consider the topology on the real line generated by the half open intervals [x, y)
together with those of the form (x, y]. Show that this coincides with the discrete
topology.

3. Show that the space Qu{Q} in the order topology cannot be given a metric
consistent with its topology.
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4.5 If f: X — Y is a function between fopological spaces, and [ "i(U) is open for
each open U in some subbasis for the topology of Y, show that f is continuous.

5. <& Suppose that § is a set and that we are given, for each xe§, a collection N(x)
of subsets of S satisfying:
(1) NeN(x)=>xeN;
(2) N,MeN(x)=>3PeN(x)aP =« NnM; and
(3) xeS=N(x)# .
Then show that there is a unique topology on S such that N(x) is a neighborhood
basis at x, for each xeS. (Thus a topology can be defined by the specification of
such a collection of neighborhoods at each point.)

3. Subspaces

There are several techniques for producing new topological spaces out of old

ones. The simplest is the passing to a “subspace,” which is merely an arbitrary
subset inheriting a topology from the mother space in a quite natural
way. -

3.1. Definition. If X is a topological space and Ac X then the relative
topology or the subspace topology on A is the collection of intersections of
A with open sets of X. With this topology, 4 is called a subspace of X.

The following propositions are all easy consequenées of the definitions
and the proofs are left to the reader:

3.2. Proposition. If Y is a subspace of X then AcY is closed in Y<> A=
Y B for some closed subset B of X. ]

3.3. Proposition. If X is a topological space and A = X then there is a largest
open set U with U < A. This set is called the “interior” of A in X and is
denoted by int(A). ]

3.4. Proposition. If X is a topological space and A < X theri there is a smallest
closed set F with A< F < X. This set is called the “closure” of A in X and
is denoted by A. ]

If we need to specify the space in which a closure is taken (the X), we
shall use the notation A*. A consequence of the following fact is that this
notation need not be used very often:

3.5. Proposition. If Ac Yc X then AY = AXA\Y. Thus, if Y is closed in X
then AY = A, O

3.6. Definition. If X is a topological space and 4 < X then the boundary or
frontier of A is defined to be 34 = bdry(d)= AnX — A.

R Y T S

3.7. Proposition. If Y < X then the set of intersections of Y with members of
a basis of X is a basis of the relative topology of Y. 0

3.8. Proposition. If X, Y, Z are topological spaces and Y is a subspace of X
and Z is a subspace of Y, then Z is a subspace of X. O

3.9. Proposition. If X is a metric space and A< X then A coincides with the
set of limits in X of sequences of pomts in A.

Proor. If x is the limit of a sequence of pomts in A thcn any open set about
x contains a point of 4. Thus x¢int(X — A). Since X —int(X — A)= A (see
the problems at the end of this section), x&A. Conversely, if xeA and n>0
is any integer, then B, ,(x) must contain a point in 4 because otherwise x
would lie in int(X — A). Take one such point and name it x,. Then it follows
immediately that x = lim(x,) is a limit of a sequence of points in A. ]

3.10. Definition. A subset A of a topological space X is called dense in X if
A=X. A subset A is said to be nowhere dense in X if int(4)= .

PROBLEMS

1.-5- Let X be a topological space and ABcX.
(a) Show that

int(4) = {aeX|3U openaaeU < A}
and _ ’
A={xeX VU open with xeU,UnA4 # &}

{b) Show that A4 is open<>A4 =int{4) and that A4 is closed < 4 = A
(c) Show that X —int(4) =X — A and that X — A = int(X — A).
{d) Show that int{4n B) = int{4)nint(B) and that AUB = ZUE‘
(e) Show that
(int(4,) > int({) 4,) = int({}int(4,)),
(U A4, =closure({  4,) = closure({ ] 4,),
Jint(4,) c int(( ] 4,),
(A, > closure(( 4,),
and give examples showing that these inclusions need not be ecjualities’.
{f) Show A< B=[A < B and int(4) cint(B)].

2.4 For Ac X, a topological space, show that X is the disjoint union of int(A),
bdry(4), and X — - ‘

3. - Show that a metric space is second countable <= it has a countable dense set
{a countable set whose closure is the whole spaoe) (Such a metric space is called

“separable.”)
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4. - Show that the union of two nowhere dense sets is nowhere dense.

5. A topological space X is said to be “irreducible” if, whenever X = FUG with F
and G closed, then either X = F or X = G. A subspace is irreducible if it is so in
the subspace topology. Show that if X is irreducible and U = X is open, then U
is irreducible. V

6. A “Zariski space” is a topological space with the property that every descending.

chain F{ o F, o F;>--- of closed sets is eventually constant. Show that every
Zariski space can be expressed as a finite union X = Y, v Y,u---u Y, where the
Y, are closed and irreducible and ¥, ¢ Y;fori # j. Also show that this decomposition
is unique up to order.

7. Let X be the real line with the topology for which the open sets are & together

'w1th the complements of ﬁmte subsets. Show that X is an irreducible Zariski space.

8.4 Let X = AuB where A and B are closed. Let f: X —Y be a function, If the
restrictions of f to 4 and B are both continuous then show that fi$ continuous.

4. Connectivity and Components

In a naively intuitive sense, a connected space is a space in which one can
move from any point to any other point without jumps. Another way to
view it intuitively is as the idea that the space does not fall into two or
more pieces which are separated from one another. There are two ways
of making these crude ideas precise and ‘both of them will be important
to us. One of them, called “connectivity,” is the subject of this section,
while the other, called “arcwise connecthty, is taken up in the problems
at the end.

4.1. Definition. A topological space X is called connected if it is not the
disjoint union of two nonempty open subsets.

4.2. Definition. A subset 4 of a topological space X is called clopen if it is
both open and closed in X. .

4.3, Proposition. A topological space X is connected <> its only clopen subsets
are X and . J

4.4. Definition. A discrete valued map is a map (continuous) from a
topological space X to a discrete space D.”

4.5. Proposition. A topological space X is connected <> every discrete valued
map on X is constant.

Proor. If X is connected and d: X » D is a discrete valued map and if yeD
is in the range of d, then d~*(y) is clopen and nonempty and so must equal
X, and so d is constant with only value y.

4. Connectivity and Components 11

Conversely, if X is not connected then X = U u V for some disjoint clopen
sets U and V. Then the map d: X —{0,1} whichis 0 on U and is { on ¥ is
a nonconstant discrete valued map. ‘ 0

4.6. Proposition. If f:X — Y is continuous and X is connected, then {(X) is
connected

PROOF Let d: f(X)— D be a discrete valued map. Then d-f is a discrete
valued map on X and hence must be constant. But that implies that d is
constant, and hence that f(X) is connécted. dJ

4.7. Proposition. If {Y,} is a collection of connected sets in a topological space
X and if no two of the Y; are disjoint, then U Y; is connected.

PrOOF. Let d: U Y;-» D be a discrete valued map. Let p,q be any two pomts
inl ) Y; Suppose peY;and geY;and reY;n Y;. Then, since d must be constant
on each Y;, we have d(p) d(r) = d(q). But p and g were completely arbitrary.
Thus d is constant. o ‘ - : e g

4.8. Corollary. The relation “p and q belong to a connected subset of X" is
an equivalence relation. e o . ‘ lj

4.9. Definition. The equivalence classes of “the -equivalence relation in
Corollary 4.8 are called the components of X.

4.10. Proposition. Components of space X are connected and closed.. Each
connected set is contained in a component. (Thus the components are “maximal
connected subsets.”) Components are either equal or disjoint, and fill out X.

ProoOF. The last statement follows from the fact that the components are
equivalence classes of an equivalence relation. By definition, the component
of X containing p is the union of all connected sets containing p, and that
is connected by Proposition 4.7. This also implies that a connected ‘set lies
in a component. That a componerit is closed follows from the fact that the
closure of a connected set is connected (left to the reader in the problems
below) . O

4.11. PropoSition. The statement “d(p) = d(q) for every discrete valued map d
on X is an equivalence relation. ]

4.12. Definition. The equivalence classes of the relation in Proposition 4.11
are called the quasi-components of X.

4.13. Proposition. Quasi-components of a space X are closed. Each connected
set is contained in a quasi-component. (In particular, each component is con-
tained in a quasi-component.}) Quasi-components are either equal or dzsjomt
and fill out X.



ProOF. If pe X then the quasi-component containing it is just
{ge X|d(q) = d(p) for all discrete valued mapsd }.
But this is
({d™'(d(p))}d a discrete valued map}

which is an intersection of closed sets and hence is closed. The rest is obvious.

a

PROBLEMS

1. & If A is a connected subset of the topological space X and if AcBc A then
show that B is connected.

2.4 A space X is said to be “locally connected” if for each xeX and each

neighborhood N of x, there is a connected neighborhood V of x with V< N.
If X is locally connected, show that its components are open and equal its
quasi-components.

3. 5 Show that the unit interval [0, 1] in the real number is connected. (Hint: Assume
that [0,1]=UuV, where U and V are disjoint nonempty open sets, and 1eV:
Consider x = sup(U). Show that x < 1 and derive a contradiction.)

4. Consider the subspace X of the unit square in the plane consisting of the vertical
line segments {1/n} x [0,1] for n=1,2,3,..., and the two points (0,0) and (0, 1).
Show that the latter two points are components of X but not'quasi-components.
Show that the two point set {(0,0), (0,1)} is a quasi-component which is not
connected. - ' ' :

5. & A topological space X is said to be “arcwise connected” if for any two points
p and ¢ in X there exists a map A:{0,1]— X with A(0)=p and A1) =4. A space
X'is “locally arcwise connected” if every neighborhood of any point contains an
arcwise connected neighborhood.-An “arc component” is a maximal arcwise
connected subset. Show that:

{a) an arcwise connected space is connected;

(b) a space is the disjoint union of its arc components;

{c) an arc component of a space is contained in some component;

(d) the arc components of a locally arcwise connected space are clopen, and
coincide with the components;

- (e) the space with exactly two points p and ¢ and open sets &4, {p}, {p,q} (only)

is-arcwise connected; and E
(f) the subspace of the plane consisting of {0} x [ — 1, 1Ju{(x,sin(1/x))|x >0} is
connected but not arcwise connected.

5. Separation Axioms

The axioms defining a topological space are extremely general and weak. It
should be no surprise that most spaces of interest will have further restrictions

on them. We refer here not to structures like a metric, but to conditions

completely describable in terms of the topology itself, ie., in terms of the
points and open sets. We begin with the so-called separation axioms.

5.1. Definition. The separation axioms:

(To) A topological space X is called a Ty-space if for any two points x # y
there is an open set containing one of them but not the other.

(T,) A topological space X is called a T-space if for any two points x # y
there is an open set containing x but not y and another open set
containing y but not x.

(T,) A topological space X is called a T,-space or Hausdorff if for any two
points x # y there are disjoint open sets U and V with xeU and yeV.

(T,;) A T,-space X is called a T3-space or regular if for any point x and closed
set F not containing x there are disjoint open sets U and V with xeU
and Fc V. , e B

(T,) A T,-space X is called a T,-space or normal if for any two disjoint
closed sets F and G there are disjoint open sets U and V with F<U
and G V.

Axiom T, simply says that points can be distinguished by the open sets
in which they lie. , 7

Axiom T, is the same as saying that one-point sets (singletons) are closed
sets, because if we single out a point x and, for each different point y we
take U, to be an open set containing y but not x, then X — {x} ={ U, is the
union of open sets and so is open. Conversely, if {x} is closed then the open
set X — {x} can be taken, in the axiom, as the open set containing any other
point. ‘

Axiom T, is the most important of these axioms and will be assumed in
the majority of the text of this book. We shall see later that it essentially
means that “limits” are unique.

5.2. Proposition. A Hausdorff space is regular <> the closed neighborhoods of.
any point form a neighborhood basis of the point. ‘

PROOF. Suppose that X is regular, let xeV, with ¥ open, and put C= X —~ V.
By regularity there are open sets U, W, with xeU, Ca W,and UnW = (.
Then X — W isclosed, and we have X — W < X — C = V, so0 any neighborhood
V of x contains a closed neighborhood X — W of x, as was to be shown.
Conversely, suppose that every point has a closed neighborhood basis.
Let x¢ C with C closed and put V =X — C. By the assumption, there is
an open set U with UcV=X—C and xeU. Then Cc X -~ U, and
Un(X —U)= . Thus X is regular. O

5.3. Corollary. A subspace of a regular space is regular.

Proor. If A « X is a subspace, just intersect a closed neighborhood basis in
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X of a point ae4 with A and you get a closed neighborhood basis of a
inAd. : O

PROBLEMS

1. Give an example of a space that is not Ty, and an example of a Ty-space that
is not T,. (Hint: Spaces with only two points sqﬁiqe._) :

2. Show that a finite T,-space is discrete.

3. Consider the set  of natural numbers together with two other points named X, y.

Put a partial ordering on this set which orders w as usual and makes both x and

y greater than any mtcger but does not order x against y. Give this the strong
“order topology Show it is T, but not Hausdorff. :

4. Consider the space X whose point set is the plane but whose open sets are given
by the basis consrstmg of the usual open sets in the plane together with the sets
(G, X2+ 32 <a y#0}u{(0,0)} for all a>0. Show that X is Hausdorff but
not regular

5. < Show that a subspace of a Hausdorff space is Hausdorff.

6. <~ Show that a Hausdorff space is normal < for’ any sets U open and C closed
with C < U there is an open set V with C< V' < Veu.

7.. Show that there is'a smallest topology on the real numbers such that every singleton
is closed. Which of the separation axioms does it satisfy?

8. Show that if a Zariski space (see Section 3, Problem 6) is Hausdorff then it is finite.

9. ® 4 Show that a metric space is normal.

6. Nets (Moore~Smith Convergence) 3t

In metric spaces continuity of functions can be expressed in terms. of the
convergence of sequences. This is not true in general topological spaces.
However, there is a generalization of sequences that does work and permits
proofs of some things analogously to proofs using sequences in metric spaces.
This can be of great help to the intuition. The generalization of a sequence
is called a net, and we will develop this subject in this section. Although we
will use this concept in proving a couple of important results in subsequent
sections, those resuits will not be used in the main body of the book,
and for that reason, this section can be skipped without serious harm to
subsequent developments.

6.1. Definition. A directed set D is a partially ordered set such that, for any
two elements o and § of D, there is a teD with t >« and 7> f.

6.2. Definition. A net in a topological space X is a dxrected set D together
with a function ®: D — X.
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Note that a sequence is simply a net based on the natural numbers as
indexing set.

6.3. Definition. If ®:D— X is a net in the topological space X and 4 < X
then we say that @ is frequently in A if for any aeD there is a >« such
that ®(f)eA. It is said to be eventually in A if there is an «eD such that
®(P)eA for all f>a.

6.4. Definition. A net ®:D— X in a topological space is said to converge to
xeX if, for every neighborhood U < X of x, ® is eventually in U.

Note that if a net @ is eventually in two sets U and V then it is eventually
in UnV. Also, this is impossible if UnV = . This proves half of the
following fact. The remainder of the proof constructs a net which is typical
of the nets encountered wrth general topologlcal spaces.

6.5. Proposition. A topological space X is Hausdorff<>any two limits of any
convergent net are equal. (Thus one can speak of the lzmlt of a net in such a
space.) »

Proor. The implication = follows from the preceding discussion. Thus
suppose that X is not Hausdorff, and that x,yeX are two points which
cannot -be separated by open sets. Consider the directed set whose elements
are ordered pairs o ={U, V) of open sets where xelU and yeV with the
ordering <U,V > >{4,B)«(Uc A4 and V < B). For any a= (U, V), let
®(a) be some point in U V. This defines a net (I) which we claim converges
to both x and y.

To see this, let W be any neighborhood of x. We claim that CD is eventually
in W. In fact, take any open set V containing y and an open set U with
xeUcWandleta=(U, V). If f=(A,B>>athen AcU and BV so
that ®(f)eAnB c U c W, as claimed. Thus ® converges to x. Similarly, it
converges to y. : : O

Next we show that nets are “sufficient” to describe continuity.

6.6. Proposition. A function f:X —Y between two topological’ spaces is
continuous <> for every net ® in X converging to xeX, the net fo® in Y
converges to f{x).

Proor. First suppose that f is continuous and let @ be a net in X converging
to x. Let V be any open set in Y containing f(x) and put U = f~}(V), which
is a neighborhood of x. By definition. of convergence, ® is eventually in U,
and so fo® is eventually in ¥, and thus converges to f(x).

Conversely, suppose that f is not continuous. Then there is an open set
V < Y such that K = f~ (V) is not open. Let xeK — int(K). Consider the
directed set consisting of open neighborhoods of x ordered by inclusion, i.e.,



A< B means A > B..For any such neighborhood 4 of x, A cannot be
completely inside K, so we can choose a point w,e4 — K. Define the net ®
by putting ®(A4) = w . If N is any neighborhood of x and if B> N (i.e., B< N)
then ®(B) = wgzeB — K < N, showing that ® is eventually in N. Thus @

converges to x. However (f °®)(A4)¢ V, for any A4, so that fe® isnot eventuallyl

in V, and thus does not converge to f(x). O

Given a particular net ®: D — X let x, = ®(a), for aeD. Then it is common
to speak of {x,} as being the net in question. This notation makes discussion
of nets similar to the notation commonly used with sequences. For example,
one can phrase the condition in Proposition 6.6 as

S im x,) = Em(f(x,)).

6.7. Proposition. If A = X then A coincides with the set of hmzts of nets in A
which converge in X.

Proof. If xeA then any open neighborhood U of x must intersect A
nontrivially. Thus we can base a net on this set of neighborhoods, Qrdered

by inclusion and such points xyeUnA. This clearly converges to x.

Conversely, if {x,} is any net of points in A4 which converges to a point xeX
then, by definition, this net is eventually in any given neighborhood of x.
Thus any neighborhood of x contains a point in 4 and so xeA. (Here we
are using Problem 1(a) of Section 3.) O

In the case of ordinary sequences, a subsequence can be thought of
in two different ways: (1) by discarding elements of the sequence and
renumbering, or (2) by composing the sequence, thought of as a function
Z* — X, with a function i:Z* —Z*, such that i > j = h(i) > h(j). The first
of these turns out to be inadequate for nets in general spaces. For the second
method, a little thought should convince the reader that the last condition
of monotonicity of h is stronger than is necessary for the usual uses of
subsequences. Modifying it leads to the more general notion of a “subnet,”
which we now define.

6.8. Definition. If D and D’ are directed sets and h: D’ — D is a function, then
h is called final if, VoeD, 38'eD’ 3(o > & = h(&') = §).

6.9. Definition. A subnet of a net u: D — X, is the composition p=h of u with
a final function h: D' — D.

6.10. Proposition. A net {x,} is frequently in each neighborhood of a given
point xe X <> it has a subnet which converges to x.

PROOF. Consider the directed set D’ consisting of ordered pairs (o, U) where
aeD, U is a neighborhood of x, and x,eU, ordered by the D ordering and

inclusion. If (a, U) and (8, V) are in D’ then, since {x,} is frequently in UnV,
there is a y > o, f with x, eUnV. Thus (1, UnV)eD and (y, U V) = (o, U),
(B, V), showing that D' is directed. Map I’ — D by (&, U)—a. For any deD,
we have (8, X)eD'. Now («, U) > (3, X) implies that a > §, which means that
D’ - D is final, and so {x, y,} is a subnet of {x,}. We claim that it converges
to x. Let N be any neighborhood of x. By assumption, there is some xzeN.
If (@, U) > (B, N) then x, = x,eU < N. Consequently, {X@ U,} is eventually
in N. The converse is 1mmed1ate 0

Next we treat a powerful concept for nets which has no dnalogue for
sequences.

6.11. Definition. A net in a set X is called universal if, for any A c X, the
net is either eventually in A4 or eventually in X — A. :

6.12. Proposition. The composition of a universal net in X with a function
f:X > Y is a universal net in Y.

ProoF. If A< Y then the net is eventually in either f~'(4) or X — f~!
by definition. But X — f~1(4) = f ~!(Y — A)and it follows that the composed
net is eventually in either 4 or Y — A, respectively. |

Except for somewhat trivial cases, the definition of a universal net may
seem so strong that the reader may reasonably doubt the existence of universal
nets. However:

6.13. Theorem. Every net has a universal subnet.

PROOF. Let {x,]acP} be a net in X. Consider all collections C of subsets of
X such that:

(1) AeC={x,} is frequently in A; and
(2) A,BeC= AnBeC.

For example, C = {X} is such a collection. Order the family of all such
collections C by inclusion. The union of any simply ordered set of such
collections is clearly such a collection, ie., satisfies (1) and (2). By the
Maximality Principle, there is a maximal such collection C,,.

Let Py = {(4,x)eCy x P|x,eA4} and order P, by

(B,f)=(4,0) <+ Bc Aandfi>a

This gives a partial order on P, making P, into a directed set. Map P, — P
by taking (4, ) to a. This is clearly final and thus defines a subnet we shall
denote by {x(4,}. We claim that this subnet is universal,

Suppose § is any subset of X such that {x,,} is frequently in S, Then,
for any (A,0)€P,, there is a (B,f)=(A,a) in P, with x;=x€S. Then
Bc A, f>0, and xzeB. Thus x;eSnBc SnA. We conclude that {x,} is
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frequently in $ 4, for any AeC,. But then we can throw § and all the sets
SnA, for AeC,, into C, and conditions (1) and (2) will still hold. By
maximality, we must have SeCy. If {x,,} were also frequently in X — 3§
then X — S would be in Cq, and so & =S (X — §) would be in C,, by (2),
and this is contrary to (1). Thus we conclude that {x.,,} is not frequently
in X — 8, and so is eventually in S.

We have shown that if {x,,} is frequently in a set S then, in fact, itis
eventually in S. This implies that {x, ,} is universal. [

Note that this proof uses the Axiom of Choice in the guise of the Maximality
Principle. In fact, it can be shown that Theorem 6.13 is equivalent to the

Axiom of Choice.
The following fact is 1mmed1ate from the definitions:

6.14. Proposition. 4 subnet of a universal net is universal. O

PROBLEMS
1. Show that a sequence is a universal net if and only if it is eventualty constant.

2. Consider the space X =Qu{Q} of ordinals up to and -including the first
uncountable ordinal Q with the order topology. Show explicitly that there is a net
in © which converges to {Q} but that there is -no sequence which does so.

3. Prove Proposition 6.14.

4. & Let H be a dense set in the topological space X and let f: H— Y be a map with
Y regular. Let g: X — Y be a function. Suppose that for any net {4,} in H with
h,—xeX we have f(h,)—g(x). Then show that g: X — Y is continuous. Also show
that the condition of regularity on Y is needed by giving a counterexample
without it.

7. Compactness

The notion of compactness is one of the most important ideas in mathematics.
The reader has undoubtedly already met it in connection with some of the
fundamental facts about the real numbers used in calculus.

7.1. Definition. A covering of a topological space X is a collection of sets
whose union is X. It is an open covering if the sets are open. A subcover is

a subset of this collection which still covers the space.

If A = X then, for convenience, we sometimes use “cover A” for a collection
of subsets of X whose union contains A. ’

7.2. Definition. A topological space X is said to be compact if every open
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covering of X has a finite subcover. (This is sometimes referred to as the
Heine-Borel property.)

7.3. .Deﬁnition. A collection C of sets has the finite intersection property if
the intersection of any finite subcollection is nonempty.

The following fact is just a simple translation of the definition of compact-
ness in terms of open sets to a statement about the (closed) complements of
those sets:

7.4. Theorem. A topological space X is compact <> for every collection of closed
subsets of X which has the finite intersection property, the intersection of the
entire collection is nonempty. 0

7.5. Theorem. If X is a Hausdorff spa\ce, then any compact subset of X is cloéed‘

PROOF. Let A < X be compact and suppose xe X — 4. For aeA let aeU, and
xeV, be open sets with U,nV, = . Now 4 = ( J(U,N A4), which 1mphes by
compactness of 4, that there are ay, a,,...,a,e4,such that A < U, u---U U,

U. But xeV, n---nV, =V, which is open, a'ﬁd UnV = Thus xe'l; -
X — U < X — Aand V isopen. Since this is true for any xe X — A, we conclude
that X — A4 is open, and so 4 is closed. , : In

7.6. Theorem. If X is compact and [ X -Y is continuoué;"fhen 1(X) is
compact.

Proor. We may as well replace Y by f(X) and so assume that [ 1s onto.
For any open cover of Y look at the inverse images of its sets and apply the
compactness of X. 0

7.7. Theorem. If X is compact, and Ac X is closed, then A is compact.

Proor. Cover 4 by open sets in X, throw in the open set X — 4 and apply
the compactness of X. O

The following fact provides an easy way to check that certain constructions
yield homeomorphisms, as we shall see:

7.8. Theorem. If X is compact and Y is Hausdorff and [: X — Y is continuous,
one—one, and onto, then | is a homeomorphism.

ProoF. We are to show that /™' is continuous. That is the same as showing
that f is a closed mapping (takes closed sets to closed sets). But if 4 < X is
closed, then A is compact by Theorem 7.7, so f(A) is compact by Theorem
7.6, whence f{A) is closed by Theorem 7.5, ']



7.9. Theorem. The unit interval I =[0,1] is compact,

ProoF. Let U be an opeh covering of I. Put
S = {se1|[0,s] is covered by a finite subcollection of U}.

Let b the least upper bound of S. Clearly S must be an interval of the form
S =[0,b) or S=[0,b]. In the former case, however, consider a set UeU
containing the point b. This set must contain an interval of the form {a, b].
But then we can throw U in with the hypothesized finite cover of [0,a] to
obtain a finite cover of [0,b]. Thus we must have that S =[0,b] for some
be[0,1]. But if b< 1, then a similar argument shows that there is a finite
cover of [0,c] for some ¢ > b, contradicting the choice of b. Thus b=1 and
we have found the desired finite cover of [0,1]. : 0

Note, of course, that any finite closed interval [a,b] of real numbers is
homeomorphic to [0,1] and hence is also compact. Any closed subset of
[a,b] is then compact. By looking at the covering of any subset of R by the
intervals (—n,n), we see that a compact set in R must be bounded.
Consequently, a subset of R is compact <-it is closed and bounded. The

reader is cautioned not to think that this holds in all metric spaces; see

Corollary 8.7 and Theorem 9.4.

Pt

7.10. Theorem. A real valued map on a compact space assumes a maximum
value.

Proor. If f: X —»R is continuous and X is compact then f(X) is compact
by Theorem 7.6. Thus f(X) is closed and bounded. Thus sup(f(X)) exists,
is finite, and belongs to f(X) since f(X) is closed. 0

7.11. Theorem. A compact Hausdorff space is normal.

ProOF. Suppose X is compact Hausdorff. We will first show that X is regular.
For this, suppose C is a closed subset and x¢C. Since X is Hausdorff, for
any point yeC there are open sets U, and V, with xeU, yeV, and
U,nV,= (. Since C is closed, it is compact, and the sets V, cover it.
Thus there are points y,...,y, so that CcV, u---uV, Il we put
U=U, n-nU, and V=V, u---UV, thenxelU,CcV,and UnV =¢
as desired. The remainder of the proof goes exactly the same way with C
playing the role of x and the other closed set playing the role of C. .|

The following notion is mainly of use for locally compact spaces X, Y (see
Section 11), but makes sense for all topological spaces:

7.12. Definition. A map f: X — Y between topological spaces i1s said to be
proper if f~1(C) is compact for each compact subset C of Y.

7.13. Theorem. If f: X - Y is a closed map and [~ '(y) is compact for each
yeY, then [ is proper.

Proor. Let C< Y be compact and let {U,|aeA} be a collection of open sets
whose union contains f ~(C). For any yeC there is a finite subqet A, A
such that

M et {U,laea,}.

W, = J{U,lae4,}

Put

and
‘Vy; Y- f(X—-W,),

which is open. Note that f ~'(V,) < W, and yeV,. Since C is compact and is
covered by the V|, there are points y,..., y,suchthat C< ¥, u--- UV, . Thus

MO e W)uuf T ) e W, 0 W,
=J{U,laed,; i=1,2,...,n},

a finite union. , : ; 0

7.14. Theorem. For a topologicdl space X the following are equivalent: k

(1) X is compact. ~

(2) Every collection of closed subsets of X wnh the finite intersection propert y
has a nonempty intersection.

(3) Every universal net in X converges.

(4) Every net in X has a convergent subnet.

ProOOF. We have already handled the equivalence of (1) and (2). For the rest:

(1)=(3) Suppose {x,} is a universal nét that does not converge. Then
given xeX, there is an open neighborhood U, of x such that x, is not
eventually in U,. Then x, is eventually in X — U, by definition of universal.
That is, there is an index f, such that a>pf, = x,¢U,. Cover X by
Uy,u---uU,, . Leta > B, for all i. Then x,¢U,, for any i, which means that

x,¢X, an absurdlty

(3) = (4) is clear since every net has a umversal subnet.

(4)=(2) Let F={C} be a collection of closed sets with the finite
intersection propety. We can throw in all finite intersections and so assume
that F is closed under finite intersection. Then F, ordered by C > C' <= C = C,
is directed. For each CeF let xceC, defining a net. By assumption, there is a
convergent subnet, given by a final map f: D - F, say. Thus, for aeD, f(x)eF
and x, € f(®). Suppose x (- x. Let CeF. Then there is a feD3a>ff=
Je)< C,and 50 x € f(a) < C. Since C is closed it follows from Proposition 6.7
that xeC. Thus xe(){CeF}, proving (2). ]

PROBLEMS
1. Give a direct proof of (1) = (4) in Theorem 7.14 without use of universal nets.

2.4 Let X be a compact space and let {C,JjacA} be a collection of closed sets,
closed with respect to finite intersections. Let C = [)C, and suppose that C < U
with U open. Show that C, < U for some a.
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3. Give an example showing that the hypothesis, in Theorem 7.13, that f is closed,
cannot be dropped.

8. Products

Let X and Y be topological spaces. Then we can define a topology (calléd:
the “product topology™) on X x Y by taking the collection of sets U x V to
be a subbase, where U < X and V <Y are open. Since :

U, x VAU, x V,=(U,nU,) x (V;n V),

this is, in fact, a basis. Therefore the open sets are precisely the arbitrary
unions of such “rectangles.” :

Slmﬂarly we can define a product topology on finite products
X, x X, x - x X, of topological spaces.

For an mﬁmte product X {X,lxe A}, we define the product topology as
the topology with a basis consisting of the sets X {U, JaeA} where the U,
are open and where we demand that U, = X, for all but a finite number of
a’s. Note that the collection of sets of the form U, x X {X,4|f #a} is a sub-
basis for the product topology. This topology is also called the “Tychonoff
topology.”

8.1. Proposition. The projections Ty X % Yo X and Ay X xY->Y are
continuous, and the product topology is the smallest topology for which this is
true. Similarly for the case of infinite products.

PrOOF. The subbasis last described consists of exéct]}? those sets which must
be open for the projections to be continuous, and the proposition is just
expressing that. o , [

8.2. Proposition. If X is compact then the projectionny: X x Y = Y is closed.

Proor. Lét C < X x Y be closed. We are to show that Y — ny(C) is open.
Let y¢ny(C), ie., {x,y>¢C for all xeX. Then, for any xe X, there are open
sets U, < X and V, < Y such that xeU,, yeV,, and (U, x V,)nC= .
Since X is compact there are points x,...,x,eX such that
Uy u-—ulU, =X Let V=V, n---nV, . Then ,

X xWV)nC=U,u---vU, ) x(V,n--nV )JnC=(.

Thus, yeV < Y —7,(C) and V is open. Since y was an arbitrary point of
Y — n,(C) it follows that this set is open, and so its complement ny(C)

is closed. ’ a
8.3. Corollary. If X is compact then ny: X x Y -+ Y is proper.

ProoF. This follows immediately from Theorem 7.13 and Proposition 8.2.

d
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. 84. Corollary. If X and Y are both compact, then X x Y is compact. O

8.5. Corollary (Tychonoff Theorem for Finite Products). If the X ; are compact
then X, x --- x X, is compact. , : 0

8.6. Corollary. The cube I" R" is compact o O
87 Corollary A subspace of R“ is- wmpact«»zt is closed and bounded

ProOE. Let X be the subspace in question.

(=>) Since X is‘compact, it is closed. Cover X by the open balls of radius
k about the origin, k = 1, 2,.... Since this has, by hypothesis, a finite subcover,
X must be in one of these balls, and hence is bounded.

(<) If X is closed and bounded, then it is in some ball of radius k about
the origin, which in turn is contained in [ —k, k] x - x [ ~ k, k] (n times),
which is compact. Thus X is a closed subset of a compact set and so is
compact by Theorem 7.7. ‘ O

8.8. Proposition. A net in a product space X = X X, converges to: the point
(---+Xg, - ..) <> its composition with each projection m,: X — X, converges to x,.

Proor. This is an easy exercise in the definition of product spaces and of
convergence of nets, which will be left to the reader. , O

8.9.  Theorem (Tychonoff). The product of an arbitrary collecuon of compact
spaces is compact. v

PROOF. Lct X = X X, where the X, are compact. Let /D - X be a universal
net in X. Then the composition =, f is also a universal net by Proposition
6.12. Therefore this composition converges, say to x, by Theorem 7.14. But
this means that the original net converges to the point whose ath coordinate
is x, by Proposition 8.8 and so X is compact by Theorem 7.14. O

Tychonoff’s Theorem has the reputation of being difficult. So, how can
we prove it with such ease here? The answer is that the entire difficulty has
been subsumed in the results about universal nets. The basic facts about
universal nets depend on the axiom of choice, and so it follows that so does
the Tychonoff Theorem. In fact, it is known that the Tychonoff Theorem is
equivalent to the axiom of choice. That is why we gave a separate trcatment
of the finite case, which does not depend on the axiom of choice. (Also, the
finite case is all that is needed in the main body of this book.)

If X is a space and A is a set, the product of A copies of X is often denoted
by X* and can be thought of as the space of functions f: A-—»X In this
context, Proposition 8.8 takes the following form:

8.10. Proposition. A4 net {,} in X* convergesto feX*<=VxeX, f(x)— f(x).
In particular, lim(f,(x)) = (lim f,}(x). d
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When A also has a topology, the notation X is often used for the set of
all continuous functions f:A— X. In that context a topology is often used
on this set that differs from the product topology. There are several useful
topologies in particular circumstances, and so the context must indicate what

topology, if any, is meant by this notation.

8.11. Definition. If X and Y are spaces, then their topological sum or disjoint
union X + Y is the set X x {0}uY x {1} with the topology making X x {0}
and Y x {1} clopen and the inclusions x—(x,0) of X » X + Y and y—(y,1)
of Y — X + Y homeomorphisms to their images. More generally, if {X [ac 4}
is an indexed family of spaces then their topological sum +,X, is
U{X, x {a}|acA} given the topology making each X, x {a} clopen and each
inclusion x+(x, B) of X;— -+ ,X, a homeomorphism to its image X, x {f}.

In Ao‘rdinary parlance, if X and Y are disjoiht spaces, one regards X + Y
as XU Y with the topology making X and Y open subspaces.

ProBLEMS
1. Let X and Y be metric spaces. Define a metric on X x Y by
diSt( X5, 93 2 CXas Y2 2) = (distxg, x5) + dist(yy, y2)) 2.
Show that the topology induced by this metric is the product topology.
2. Do the same as Problem 1 for the metric:
dist(<xy, ¥, s (’;Z;yi )= max{dist(xl, x,), dist(y;, y2)}

3. For a collection of spaces Y, show that a function f:X— X {Y,} is
continuous <> each composition X — X {Y,} > Y,, with the projection, is
continuous. ‘ :

4. & Show that an arbitrary product of Hausdorff spaces is Hausdorff. Also show
that an arbitrary product of regular spaces is regular. (Hint: Use Proposition 5.2
for the latter.)

5.: If X is a topological space, the “diagonal” of X x X is the subspace
A = {{x,x>|xeX}. Show that X is Hausdorff<> A is closed in X x X.

6. & Let f,9: X —Y be two maps. If Y is Hausdorff then show that the subspace
A= {xeX|f(x)=g(x)} is closed in X.

7. Give an alternative proof of Proposition 8.2 using nets.

8. @ Let 4 be an uncountable set. For each aeA let X, = {0,1} with the discrete
topology. Put X = X __,X_. (That is, X = {0, 1}*)) Let pe X be the point with all
components p, = 1. Let K = {ge X |q, =0 except for a countable number of «}.
{a) Show that p does not have a countable neighborhood basis.

(b) Show that there is no neighborhood basis for p simply ordered by inclusion.
(c) Show that K = X but that if H is a countable subset of K then H c K.
(d) Give an explicit description of a net in K which converges to p.

T VICHLIL DAt o fsiass —

9. @ & Show that a product of a family. of connected spaces is connected. Do the
same for arcwise connectivity. ’

9. Metric Spaces Again

In this section we discuss the central concept of “completeness” of a metric
space, which says, intuitively, that sequences that should converge do, in
fact, converge. We also show that certain topological conditions on a topo-
logical space suffice for the existence of a metric on that space consistent
with the given topology. ‘ ‘ : :

9.1. Definition. A Cauchy sequence in a metric space is a sequence x,, X,, Xs, . ..
such that Ve >0, 3N >02n,m> N = dist(x,, x,,) < €.

9.2. Definition. A metric space X is called complete if every Cauchy sequence
in X converges in X. ’

9.3. Definition. A metric spacé X is totally bounded if, for each € > 0, X can
be covered by a finite number of e-balls.

9.4. Theorem. In a metric space X the following conditions are equivalent:

(1) X is compact.
(2) Each sequence in X has a convergent subsequence.
(3) X is complete and totally bounded.

Proor. (1)=(2) Let {x,} be a sequence. Suppose that x is not a limit of a
subsequence. Then there is an open neighborhood U, of x containing x, for
only a finite number of n. Since X can be covered by a finite number of the
U,, this contradicts the infinitude of indexes n. :

(2) =(3) Let {x,} be a Cauchy sequence. It follows from (2) that some
subsequence x,, — x for some xe X. The triangle inequality then implies that
x,~x and hence X is complete. Now suppose that X is not covered by a
finite number of e-balls. Then one can choose points x,,x,,... such that
dist(x;, x;) > € for all j<i. It follows that the distance between any two of
these points is greater than e. Such a sequence can have no convergent
subsequences, contrary to (2). So, in fact, X must be totally bounded.

(3) = (2) Let {x, } be an arbitrary sequence in X. Since X is totally bounded
by assumption, it can be covered by a finite number of 1-balls. Thus some
one of these 1-balls, say B,, must contain x, for an infinite number of n. Next,
X, and hence By, can be covered by a finite number of 1-balls and so one
of these balis, say B,, must be such that B, n B, contains x, for an infinite
number of n. Continuing in this way we can find, forn=1,2,3.._,a (1/n)-ball
B, such that B, nB,n - B, contains x; for an infinite number of i. Thus
we can choose a subsequence {x, } such that x, eB;n---nB;forall i. Ifi < j
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then it follows that-x,, and x,, are both in B; and hence dist(x,,, X, }-< 1/i.
This implies that this subsequence is Cauchy and so it must converge by
completeness.

(2) = (1) Suppose {U, jac A4} is an open covering of X. Since X is totally
bounded (by (2) = (3)), we can find a dense sequence of points x,, X,,... in
X. For each x; there is a positive integer n such that B, ,(x;) = U, for some
a. Denote one such U, by V, ;. Now, given xeX, there is an n such that
B, (x) = U, for some . By den51ty, there is also an i such that dist(x;, x) < 1 /n
Then Bl,,,(x)ch,,,(x)c U, so that V,; is defined. Thus, xeB, mXy < Vs
Therefore the V, ; cover X and this is a countable subcover of the original
cover. Let us rename this countable subcover {Vy, V,...}. If this has a finite
subcover then we are done. If not then the closed sets

CI'—_XL_ V17
Co=X—(V uV)),
Ci=X—(ViuVuVby),

are all nonempty. Also note that C; o C, > C4 > ---. Choose x;eC; for each
i. By our assumption, there is a convergent subsequence x,,— x, say. Since
x,,€C, for all n;>n, and C, is closed; x must be in C,, forall n. Thus .

xeﬂ{cn}‘z.X'— U{Vn} = (.

This contradiction completes the proof. (]

It clearly would be desirable to know when a given topological space can
be given the structure of a metric space, in which case the space is called
“metrizable.” There are several known theorems of this nature. We shall be
content with giving one of the simpler criteria. This development will span
the rest of this section.

9.5. Definition. A Hausdorff space-X is said to be completely regular, or
3., if, for each point xeX and closed set C< X with x¢C, there is a
mapf X —[0,1] such that f(x)=0 and f=1lonC.

By following such a function with a map [0, 1] [0, 1] which is 0 on [0,5]
and stretches [ 4, 1] onto [0, 1], we see that the function f in Definition 9.5
can be taken so that it is 0 on a neighborhood of x.

9.6. Proposition. Suppose X is a metric space. Define:

{ if dist(x, y) > 1,
dist(x,y) if dist(x,y)<1.

Then dist and dist’ give rise to the same topology on X.

dist'(x, y) =

ProoF. It is clear that the topology only depends on the open e-balls for
small ¢, and these are the same in the two metrics. ]
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9.7. Propoesition. Let X,i=1,2,3,...,be a metric space with metric bounded

_by 1 (see Proposition 9.6), Def ine a metric on X {X,} by dist(x, y} = ¥, dist(x,, y))/

2', where x; is the ith coordinate of x, etc. Then this metric gives rise to the
product topology.

PRrOOF. Let X denote the product space with the product topology, and X !
the same set with the metric topology. By Problem 3 of Section 8, to show
that X’ X is continuous, it suffices to show that its composition with the
projection to each X; is continuous. But this projection decreases distance
and then multiplies it by the constant 2’ and that clearly implies continuity.
For the converse, it suffices to show that for any point xe X, the e-ball about
x contains a neighborhood of x in the product topology. Recall that

Bx)= {y

Letnbe solarge that 27" < €/4 and then let y;€ X be such that distr(x',-, ) <e/2
fori=1,2,...,n—1 and arbitrary for i > n. Then we compute

Z_ (dist(x;, .Vij/zi) <€ } . ”

dist(x, y) = Z dist(x;, y;)/2} + Z dist(x;, y;)/2¢

- n—1 A . - 1 1 .
< Y €/2i*! +%e(1+—+~5+~-)
=1, = 22
<€f24¢f2=¢€
Thus -
XEBe/z(xx) X o X Beja(xp-1) X Xy X Xy g X --n € B(x)

and the middle term is a basic open set in the product topology. O

9.8. Lemma. Suppose that X is Hausdorff and that f;: X - [0,1] are maps
(i=1,2,3,...) such that, for any point xeX and any closed set C = X with
x¢C, there is an index i such that f(x)=0 and f;=1 on C. Define
F:X - XA[0,11i=1,2,3,...} by f(x)= X {fi()|i=1,2,3,...}. Then f is

* an embedding, i.e., a homeomorphism onto its image.

PROOF. f is continuous by Problem 3 of Section 8. It is also clear that f is
one—one (but not onto). Thus it suffices to show that: C < X closed = f(C)
is closed in f(X). Suppose we have a sequence ¢;eC such that f(c;)— f(x).
It then suffices to show that xeC. If not, then there is an index i such that
Si{xy=0and f;=1 on C. Then 1 = fi(c,)— f{x) =0 and this contradiction
concludes the proof. ]

9.9. Lemma. Suppose that X is a second countable and completely regular
space and let S be a countable basis for the open sets. For each pair U,V eS
with U < V, select amap {: X — [0, 1] whichisOon U and 1on X — V, provided
such a function exists. Call this set of maps F, possibly empty, and note that



F is countable. Then for each xe X and each closed set C < X.with x¢C, there
is an feF with f =0 on a neighborhood of x and f =1 on C.

ProoF. The whole point of the lemma is, of course, that the map f can be
chosen from the previously defined countable collectionn F. Given x¢C as
stated, we can find a VeS8 with xeV < X — C (by definition of a basis). Since
X is completely regular we can find a mapg: X — [0, 1] which is 0 at x and
1 on X — V. As remarked below Definition 9.5, this can be assumed to be
0 on a neighborhood of x. This contains a neighborhood U eS and so we have
provided a triple U, V, g satisfying the initial requirements in the lemma. By
assumption, this g can be replaced by another map feF with the same
properties and this f clearly satisfies the final requirements. O

9.10. Theorem (Uryéohn Metrization Theorem), If a space X is second
countable and completely regular then it is metrizable.

Proor. Find a countable family F of functions satisfying Lemma 9.9. Apply
Lemma 9.8 to obtain an embedding of X into a countable (!) product of unit
intervals. Finally, apply Proposition 9.7 to see that this countable product
of intervals, and hence X, is ;petrizable. , O

The following lemma will be useful to us later on'in the book. The dlameter
diam(A4), of a subset 4 of 4 metric space is sup{dist(p,q)|p,qeA}.

9.11. Lemma (Lebesque Lemma). Let X be a compact metric space and let
{U,} be an open covering of X. Then there is a 6 >0 (a “Lebesque number”
Jor the covering) such that (4 < X, diam{A) < d)=> A < U, for some a.

PrOOF. For each xeX there 1s an €(x) > 0 such that B,,(x) = U, for some
o. Then X is covered by a finite number of the balls B (x), say for
X=Xy,...,X, Define d=min{e(x;)|i=1,...,n}. Suppose diam(4)<dJ and
pick a point ayed. Then there is an index. 1<i<n such that
dist(ag, x;) < €(x;). If aeAd, then dist(q,ay) <0 <e(x;). By the triangle
inequality, dist(a, x;) < 2€(x;). Thus 4 < B, ,,(x;) < U, for some o. 0O

PROBLEMS
1. Show that a countable product of copies of the real line is metrizable.
2. < Show that a subspace of a completely regular space is completely regular.

3. Let X be a metric space. If {x,} and {y,} arec Cauchy sequences in X such that
dist(x,, y,) — O then call {x,} and {y,} “equivalent.” Let Y be the set of equivalence
classes [ {x,}] of Cauchy sequences {x,} in X. Give Y the metric

dist([{x,}], [{y.} 1) = lim dist(x,, y,).

(a) Show that this is a metric on Y.

(b) Show that the function f: X — Y given by xi—[ {x}] is an isometric embedding
of X as a dense subspace of Y. (“Isometric” means “preserving distance.”)

{(c) Show that Y is complete. (It is called the “completion” of X')

(d) If g: X — Z is an isometry (into) and Z is complete then show that there is a

unique factorization X L.y 2,7 of g with h an isometry.
(¢) If g(X), in part {d), is dense in Z then show that h is onto.

4. Show that a completely regular space is regular.

5. 4 Show that an uncountable product of unit intervals is not first countable and
hence is not metrizable.

10. Existence of Real Valued Functions

In the metrization theorem of the last section, we gave conditions for
metrizability that included complete regularity of the space. This relies on
knowing about the existence of sufficiently many, in some sense, continuous’
real valued functions on'the space. That leaves open the question of finding
purely topological assumptions that will guarantee such functions, and that
is what we are going to address in this section.

10.1. Lemma. Suppose that, on a topolbgi’cal Sﬁace X, we are given, for each

dyadic rational number r=m/2" (0<m<2"), an open set U, such that
r<s=>U, c U,. Then the function f: X >R defined by

inf{r|xeU,} if xeU,,

f)= { o

lf X¢U1,

is continuous.

Proor. Note that, for r dyadic:

fy<r = xel, henée fX)=r < x¢U,
fx})<r <= xeU, hence f(x)>r = x¢U, = xeX-U,.
Thus, for « real, L
£ (= 0,00 = {x| f) <o} = {U,Ir <o}
which is open, and
STHB 0= {x1 () > B} = U{X—U,|r>ﬂ}=U{X~UslS>/3}
which is also open. Since these half infinite intervals give a subbasis for the

topology of R, f is continuous. (See Problem 4 of Section 2)) I

10.2. Lemma (Urysohn’s Lemma). If X is normal and F < U where F is closed
and U is open, then thereisamap f: X - [0, 1] whichisOonFand lon X — U.
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Proor. Put U, = U and use normality to find Ec Ug, Uyc U,,

UycU,, and U,,cU,,
UOCU1/4 and U1/4CU1/2 and U1/2CU3/4 and U3/4CU1,

and so on. Apply Lemma 10.1. O
10.3. Corollary. Normality = Complete Regularity. )

10.4. Theorem (Tictze Extension Theorem). Let X be normal and F = X be
closed and let f: F — R be continuous. Then there is a map g. X — R such that
9(x) = f(x) for all xeF. Moreover, it can be arranged that

sup f(x)=supg(x) and  inff(x)= infg(x).

xeF xeX xeF xeX

ProoE. First let us. take the case in which f is bounded. Without loss of
generality, we can assume 0 < f(x) < 1 with infimum 0 and supremum 1. By
the Urysohn Lemma (Lemma 10.2), there exists a function g,: X — [0,3] such
that »

0 if xeFandf(x)_3,
gy (x) = 1
3 if xeFand f(x)>3.

Put f, = f —g, and note that 0 <f1(x) <% for all xeF.
Repeating this, find g,: X —[0,4-2] such that |

{0 if xeFand fi(x) <
gZ(x)= 1 2
sx% if xeFand f(x)>%

Put f, = f, — g, and note that 0 < f,(x) <(3)? for all xeF.
For the inductive step, suppose we have defined a function f, with,
0 < f,(x) <(3) for xeF. Then find g, : X — [0,()(3)"] such that

i) = {0 ‘ if xeFand f,(x)<(3)&),
TETTAGEY i xeFand £,00 2 (G
PUt f1+1 f gn+1
Now put g(x) =3 g,{(x). This series converges uniformly since 0 < g,(x) <
(HiGrL Thus g is continuous, by Theorem 2.12.
For xeF we have
f — gy = fl ’
fi—9:= 13,

By adding and canceling we get

f=lgi+g,+-+g)=f, and 0<f(x)<(3)
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and taking the limit gives that g(x) = f(x) on F. Clearly the bounds are also
correct. _
Now we consider the unbounded cases:

Case I  f is unbounded in both directions.
Case 11:" f i3 bounded below by a.
Case III: f is bounded above by b.
Let h be a homeomorphism: :
(— o0, oo)—»‘(O, 1) in Case 1,
[a, 0)—[0,1)
(—o0,b]—(0,1]
Then hof is bounded by 0,1 and we can extend it to g, say. If we can

arrange that g,(x) is never 0 (resp 1)if ho f is never O (resp. 1) then g =h"1og,
would be defined and would extend f.

in Case II,
in Case IIL.

Thus put ‘ _ 4
C={x|g,(x)=0o0r 1} in.Case I,
C = {x]g,(x) =1} in Case II,
C = {x]g,(x) =0} “in Case IIL

Then C is closed and Cn F = (, so there exists a function k: X —» [0, 1] such
that k=0on C and k=1 on F. Put g, =k-g; + (1 —k)-3. Then g, is always
between ¢, and 1 with g, g, on C. Also, g, =g, =hof on F. Thus
g=h"1og, extends f in the desired manner. - O

PROBLEMS

1. If X is a compact Hausdorff space then show that its quasi-components are
connected {and hence that its quasi-components coincide with its components).
[Hint: If C is a quasi-component, let C={")C, where the C, are the clopen sets
containing C. If C 1s disconnected, then C=AUB, AnB= ), A4, B closed. Let
f:X—[0,11be0on Aand 1on B Put U= f~'([0,3)) and apply Problem 2 of
Section 7.]

2. ¢ If F is a closed subspace of the normal space X then show that any map F —»R"
can be extended to X.

11. Locally Compact Spaces

There are many spaces, the most important being euclidean spaces, which
are not compact but which contain enough compact subspaces to be important
for many properties of the space itself. One class of such spaces is the subject
of this section.

11.1. Definition. A topological space is said to be locally compact if every
point has a compact neighborhood.



11.2. Theorem. If X is a locally compact. Hausdorff space then each neighbor-
hood of a point xeX contains a compact neighborhood of x. (That is, the
compact neighborhoods of x form a neighborhood basis at x.) In particular, X
is completely regular.

Proor. Let C be a compact neighborhood of x and U an arbitrary
neighborhood of x. Let ¥ < Cn U be open with xe V. Then ¥ < C is compact
Hausdorff and therefore regular. Thus there exists a neighborhood N oV
of x in C which is closed in ¥ and hence closed in X. Since N is closed in
the compact space C, it is compact by Theorem 7.7. Since N is a neighborhood
of x in ¥ and since N = N NV, N is a neighborhood of x in the open set V
and hence in X. , O

11.3. Theorem. Let X be a locally compact Hausdorff space. Put
Xt =Xu{oo} where oo just represents some point not in X. Define an open
set in X to be either an open set in X < X+ or X* —C where C< X is
compact. Then this defines a topology on X which makes X into a compact
Hausdorff space called the “one-point compactification” of X. Moreover, this
topology on X is the only topology making X+ a compact Hausdorff space
with X as a subspace.

Proor. The whole space X* and & are clearly open. If V = X is open and
U=X"*—C with C < X compact then UnV =¥ — C which is open in X
(C being closed in X by Theorem 7. 5) The other cases of an intersection of
two open sets are trivial.

For arbitrary unions of open sets, let U = {J{U,}. If all the U, are open
subsets of X then the union is clearly open. If some Uy=X* —C then

—U={{X*"=Ul=Cn({\{X —U,a+#p}) which is closed in C
and therefore compact. Thus, this is a topology.

Suppose that {U,} is an open cover of X*. One of these sets, say U,
contains {co}. Then X — Uy is compact and hence is covered by a finite
subcollection of the other U,. Therefore X+ is compact.

To see that X* is Hausdorfl, it clearly suffices to separate co from any
point xeX. Let V be an open neighborhood of x in X such that ¥V < X is
compact. Then xeV and woeX — V provide the required separation.

For uniqueness, let U < X* be an open set in some such topology. Then
C= X" — U is closed and therefore compact. If C = X then U is open in the
described topology. If C ¢ X then U < X and must be open in X since X is
a subspace. Thus, again U is open in the described topology. It remains to
show that we are forced to take the described open sets as open. Since X is
a subspace, if U < X is open in X then U = U'n X for some U’ openin X *.
But X is an open subset of X* since points are closed in a Hausdorff space,
so U=U'nX is openin X . Next, if C is compact in X then it is compact
in X *, since compactness does not depend on the containing space, and thus
C is closed in X *. It follows that X* — C is open in X *. O

Note that if X is already compact, then oo is an 1solated point (clopen)
in X* and X is also clopen in X .

11.4. Theorem. Suppose that X and Y are locally compact, Hausdorff spaces
and that f: X - Y is continuous. Then f is proper <> f extends 1o a continuous
friXT o Y" by setting f*(0oy) = ooy

PrOOE. = :f* exists as a function, so it suffices to check continuity of it.
Suppose U < Y* is open. In case U < Y then (f*)™'(U)= f~'(U) is open.
In the other case, U=Y* —C with Cc Y compact. Then (f %)™ (V)=
X* — f7YC)is open in X * since f~NC) is compact and therefore closed,
by properness

< If f* exists then (f*)” '(coy)={o0y} and thus (f* )'I(Y)=X. If
CcY is compact then it is closed and so f~(C) is closed in X and hence
is compact and is contained in X. Thus f is proper. ‘ t

11.5. Proposition. If f:X —Y is a proper map between locally compact
Hausdorff spaces, then f is closed.

Proor. There is an extension f*:X*—Y™*. If Fc X is closed in X then
Fu{oo} is closed in X* and hence compact. Consequently, f/ *(Fu{c0}) is
compact by Theorem 7.6 and hence closed in Y* by Theorem 7.5. But then
f(F)= f*(Fu{w})nYisclosedin Y. ’ O

11.6. Definition. A subspace A of a topological space is said to be locally
closed if each point ae A4 has an open neighborhood U, such that U,n4 is
closed in U, -

11.7. Proposition. A subspace A < X is locally closed <> it has the form
A=CnU where U is open in X and C is closed in X.

Prook. Put U = { J{U,lae A}, as in Definition 11.6, which is open, and C = A
which is closed. Then

CmU:Zn(U’U,,)=U(ZnU,,)=U(AmUa)=AmU=A,. 0

11.8. Theorem. For a Hausdorff space X the following conditions are
equivalent:

(1) X is locally compact.
(2) X is a locally closed subspace of a compact Hausdorff space.
(3) X is a locally closed subspace of a locally compact Hausdorff space.

PrOOE. If X is locally compact then it is an open subspace of its one-point
compactification. Thus (1)=>(2). Clearly, (2)=(3). If Y = X is locally compact
and X = Cn U where Cc Y is closed and U < Y is open, then C is locally
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compact, and X =UnC is,open in C and hence is also locally compact. .

Thus (3)=>(1). []

The remainder of this section is not used in the remainder of this book
and so can be skipped. It assumes knowledge of nets from Section 6.

The preceding results suggest the question of when a topological space
X can be embedded in a compact, Hausdor{f space Y (as a subspace). Since
Y 1s normal, it is also completely regular. Since a subspace of a completely
regular space is completely regular, it follows that X must be completely
regular. This turns out to be the precise condition needed.

If X is a completely regular space, consider the set F of all maps
fS: X —[0,1]. Define

D: X -[0,11F = X {[0,1]| feF}

l;?y O(x)(f) = f(x). (Here we regard an element of [0,1]F as a function
- [0,1])

11.9. Definition. If X is a completely regular space, and ®: X — [0, 11F is
defined as above then the closure of ®(X) is called the Stone—Cech
compactification of X and is denoted by g(X).

11. 10 Theorem. If X is a completely regular space, then B(X) is compact
Hausdorff and @: X — B(X) is an embedding.

Proor. The function ® is one-one since, if D(x) = D(y), then f(x)= f(y) for
all maps f: X —[0,1] and this implies that x =y by complete regularity.
To prove continuity, let x, be a net in X converging to x. Then

lim (@(x )(/)) = lim (f (xg)) = f(x) = D(x)(f)

gor all maps f: X —[0,1]. This implies that lim ®(x,)= ®(x) by Proposition
8 .

For continuity of the inverse, suppose that {x,} is a net in X such that
®(x,) converges to O(x). Then for all maps [ X -0, 1]

im (f(x,)) = im (®(x,)( ) = Dx)(f) =/ (x).

If x, does not converge to x then there is a neighborhood U of x such that
X, 1s frequently in X — U. But there is a map f: X —»[0,1] which is 0 at x
and 1 on X — U. Thus f(x,) is frequently 1, while f(x) =0 contradicting the
convergence of f(x,) to f(x). O

11.11. Theorem. If X is completely regular and f: X >R is a bounded real
valued map, then f can be extended uniquely to a map P(X)— R.

PROOF. It suffices to treat the case in which the image of f is in [0, 1].
Consider the function f:[0, 17¥ — R defined by f(,u) (). 1f {u,} is a net in
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[0, 17¥ converging to j then
fim (F{e)) = im () = () = flw),

which shows that f is continuous.
If xeX then f(®(x)) = (®(x))(f) =/ (x), showing that f does extend f. [

The problems give other prdpertie§.,of the Stonef(vfech compactification.

PROBLEMS

1. Show that the Stone~Cech compactification (') is a functor on completely regular
spaces by showing that a map f: X — Y induces a unique commutative diagram

x 1, v

b

px) 22 p(v)

such that S(f °g) = B(f)°Blg) and B(1x)= Ly

2. Show that the Stone-Cech compactification is the “largest™ compactification of a
completely regular space X by showing thatif g: X <, Yis any compactification,
then there is a unique map f(X)—~Y factoring g.

3. Let w be the set of natural integers and let X be its Stone-Cech compact:f cation.
Show that the sequence given by the usual ordering of w can havé no convergent
subsequence in X. Conclude that X is not metrizable and not second countable.
(Note that this sequence does have a convergent subnet since that is always true
in a compact space.)

12. Paracompact Spaces

The notion of “paracompactness” of a space is a type of localization of
compactness. It is very different, however, from local compactness. Para-
compact spaces are very close to being metrizable, but the concept of para-
compactness is sometimes simpler to deal with than that of a metric. In this
book, most spaces in which we shall be interested are paracompact. The most
important property of paracompact spaces is the existence of “partitions of
unity,” see Definition 12.7.

12.1. Definition. If U and V are open coverings of a set then U is said to
be a refinement of V if each element of U is a subset of some element of V.

12.2. Definition. A collection U of subsets of a topological space X is said
10 be locally finite if each point xeX has a neighborhood N which meets,
nontrivially, only a finite number of the members of U.
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12.3. Definition. A Hausdorfl space X is said to be paracompact if every
open covering of X has an open, locally finite refinement.

12.4. Proposition. A closed subspace of a paracompact space is paracompact.

ProoF. If 4 is a closed subspace of the paracompact space X, cover A with
sets open in X. Throw in the set X — A. Take a locally finite refinement of
this open covering of X and intersect it with 4. This gives a locally finite
refinement of the original covering of A. O

12.5. Theorem. A paracompact space is normal.

ProOOF. We will first show the paracompact space X to be regular. Thus
suppose xeX and C < X is closed with x¢C. For each point yeC there are
disjoint open sets U, V, with xeU, and yeV,. Cover X by X — C together
with the sets V,. Then there is an open locally finite refinement, say by sets
U, Let U= U {U,]U, = some V,} and note that this contains C. Since this
is a locally finite collection, its closure U is the union of the closures of the
same U,’s. But'x is not in any of the U, and so x¢U Thus Uand X~ U
provide the required separation.

The same argument, with C playing the role of x and the other closed set
playing the role of C, shows X to be normal. . O

. Thus paracompact spaces are close to being metric spaces because all that
is needed is second countability. Also, it is known that metric spaces are
paracompact. {This is very hard to prove and we will not attempt it.) However,
there are paracompact spaces that are not metrizable. There are also examples
of paracompact spaces having subspaces which are not paracompact, and,
of course, that cannot happen with metrizable spaces.

Normality implies that a paracompact space has many real valued maps,
a property that we will now exploit.

12.6. Definition. If f is a real valued map then the support of f is

support(f) = closure{x| f(x) # 0}.

12.7. Deﬁnitipn. Let {U,|laeAd} be an open covering of the space X. Then

a partition of unity subordinate to this covering is a collection of maps
{fp: X = [0,1]{feB}

such that:

(1) There is a locally finite open refinement {V,|feB} such that

support(f,) < V, for all feB; and
(2) Xpfylx)=1 for cach xeX.

12: Paracompact d>paces

12.8. Theorem. If X is paracompact and U is an open covering of X then there

exists a partition of unity subordinate to U.

ProOF. Without ‘loss of generality, we may assume that the covering
U= {U,JaeA} is locally finite.

Consider a family F = {g,: X = [0, 1]{fe A}, where Ay < 4, such that if
W, = {x|gs(x) > 0}, then W, U, and {W;|Bed,} u{U,laed — Ag} covers
X. Let F be a collection of such families F which is simply ordered by inclu-
sion and is a maximal such collection; see Theorem B.18(C). Let G = JF.
We claim that GeF. Now G = {gslPeds= UA for FeF}. If G¢F then there
is a point xeX not in any W, for feA; or in any U, for aeA — Ag. Let
{&y,...,0,} be the finite nonempty set of indices for which xeU,,, all i. Then
each a;€Ag. Since F is simply ordered there is an FeF for which a;e Ag for
all i=1,...,n. But then x must be in some W,, a contradiction. Therefore
GeF as claimed. ’

Next we claim that A = A. If not then let ae 4 — - A and put

D= U{WﬂlﬂeAG}uU{UylyeA — Ag, ¥ # o}

Then X =DuU,. Let C =X — D which is closed and inside U,. Since X s
normal, there exists an open set V with C <V and V < U,. By Urysohn’s
Lemma there is a map g,: X —[0,1] which is 1 on C and 0 out51de V. Then
W, 5 C and so X = DuW,, showing that Gu{g,} is a collection of maps,
as above, properly contammg G. Thxs contradlcls the maximality of F, and
s0 Ag = A as claimed.

Thus we now have a collection {qataeA} of maps such that the

= {x|g,(x) >0} cover X and W,c U,. Let g =Y ,9,, which makes sense
by the local finiteness, and note that g(x) > 0 for all x. Then put f,=g,/9.
This fulfills our requirements. 0

Note that we proved a little more than was stated in Theorem 12.8.
Namely, if the original covering is already locally finite then it need not be
refined as in Definition 12.7. Also note that the sets W, form a covering and
that W, < U,. Thus, we have:

12.9. Proposition. If X is paracompact and { U} is a locally finite open covering
of X then there is an open covering {V,} such that, for each o, V,c U,. [

Generally it is difficult to check that a space is paracompact by just using
the definition. Also, we would like to avoid using that metric spaces are
paracompact, since we have not proved it. However, the following criterion
will apply in most cases of interest to us here. ‘

12.10. Definition. A spacc is called o-compact if it is the union of countably
many compact subspaces.
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12.11. Theorem. A locally compact, Hausdor{f space is paracompact <> it is
the disjoint union of open o-compact subsets.

PRroOOF. = : Using local compactness, cover the space with open sets U,
such that U is compact. Using paracompactness it is easy to see that this
covering can be replaced by one which is also locally finite, so assume that.

We shall inductively construct open sets ¥; whose closures are compact. We,

start with V; = U, for some given . If V, has been defined then consider all
the U, which intersect ¥,. By compactness of ¥V, and the local finiteness of
the cover, this set of U,’s is finite. Let V,, | be the union of these U,. Then
V,+ 4 is the union of the closures of this finite set of U,’s and soit is compaci.
Also V,cV,,,. Put V= {JV, Then V is the union of countably many of
the U_’s. By local finiteness V is the union of the closures of these U,’s but
each of these closures is contained in some V, <V, , cV. Thus V=V is
clopen and, by construction, is g-compact. The remainder of the proof of
the implication (=) is accomplished by a Maximality Principle argument
which will be left to the reader since this implication will not be used in this
book.

<= : It is clear that a disjoint union of open paracompact spaces is
paracompact, and so we may as well assume the space X to be g-compact;
X =C,uC,u - where the C; are compact. In sequence, alter the C; by
adding to each C;,, (and to the following ones at the same time) a finite
union. of compact sets (by local compactness) whose interiors cover C;. In
this way, we get C; cint(C,, ,) for all i. Define compact sets 4, = C,, and
A;=C;—int C;_, for i > 1. (Think of the C; as concentric disks and the A;
as the rings between them.) Note that each A; intersects nontrivially w1th
only (at most) 4;_, and A4;,,. A little more work using the compactness,
hence normality, of the 4, shows that we can enlarge the A, slightly to provide
compact sets B; whose interiors contain the A4; and which intersect only with
the two B; with adjoining indices. Now, given an open covering, consider
the induced covering of each of the compact sets A;. We can select a finite
refinement still covering A4; and with none of the covering sets overflowing
from B;. It is then clear that these finite coverings taken together provide a
locally finite refinement of the original cover. O

12.12. Theorem. If X is locally compact, Hausdorff, and second countable then
its one-point compactification X is metrizable and X is o-compact and
paracompact.

Proor. Let B be a countable basis for X and let C = X be compact. If xeC
then x has a compact neighborhood N and there is a member U,eB with
xeU, < N. Hence C is covered by a finite union U, u---u U, of such sets.
Put V=X —|JU, . Then Vu{w}isa nexghborhood of o in X * contained
in the arbitrary nelghborhood X* — C. These sets V are indexed by finite
subsets of B and hence are countable in number; see the remark below
Theorem B.27. This shows that X * is second countable, and also shows that
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X is o-compacts By Theorem 12.11, X is paracompact. By Thearem 7.11,
Corollary 10.3 and Theorem 9.10, X ¥ is metrizable. 0

PROBLEMS

1. Without using Theorem 12.11 or the fact that metric spaces are paracompact,
show that any open subspace of euclidean space is o- compact, and hence para-
compact by Theorem 12.11.

2. Suppose X is paracompact. For any open subset U of X x [0, o0) which contains
X x {0} show that thereisamap f: X — (0, co)such that (x, y)e U forall y < f(x).

13. Quotient Spaces

The notion of a quotient space or identification space is of central importance
in topology. It gives, for example, a firm foundation for the intuitive idea of
the operation of “pasting” spaces together.:It also provides many other
techniques of producing new spaces out of old ones. It can also be difficult
to understand when met for the first time, and the reader is advised to study
it fully before going further in this book.

~ 13.1. Definition. Let X be a topological spéce, Yaset,and f: X — Y an onto

function. Then we define a topology on Y called the topology induced by f
or the guotient topology, by specifying a set ¥V < Y to be open <> f~*(V) is
openin X. Note that this is the largest topology on Y which makes f continuous.

13.2. Definition. Let X be a topological space and ~ an equivalence relation
on X. Let Y =X/~ be the set of equivalence classes and n: X — Y the
canonical map taking xeX to its equivalence class [x]e X/ ~. Then Y, with
the topology induced by =, is called a quotient space of X.

Quotient spaces often have very non-Hausdorff topologies. For example,
if X is the real line and x ~ y <> x — y is rational, then X/ ~ is an uncountable
set but has the trivial topology, as the reader is asked to verify in Problem 6.
We will mostly be concerned with quotient spaces that are better be-

haved.
The reader can verify the following fact directly from the definition:

13.3. Proposition. 4 quotient space of a quotient space of X is a quotient space
of X. That is, if X =Y —Z are two onto functions and Y is given the quotient
topology from X, and Z is given the quotient topology from Y, then Z has the
quotient topology from X induced by the composition of the two functions.  []

13.4. Definition. A map X — Y is called an identification map if it is onto
and Y has the quotient topology.
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13.5. Proposition. A surjection f:X — Y is an identification map <> ( for all
functions g: Y — Z, (gof is continuous <> g is continuous)).

Proor. The = part is clear from the definitions. For <= specialize to the
case Z = Y as sets, with the identification topology (on Z) and g the identity
function. Then the composition X — Y ~L Z is continuous, so the condition
demands that g be continuous. But g~ ! is continuous because the composition
X —»Z — Y is f which is continuous (by the case Z = Y as spaces and g = 1,)
and since Z has the quotient topology. Thus g is a homeomorphism, meaning
that Y = Z as spaces. |

13.6. Example. The projective plane is often defined as the sphere S* with
antipodal points identified. That is, it is given the quotient topology from
the relation that identifies antipodal points in a sphere. A second description
of the projective plane one often sees is that it is the unit-disk D? with
antipodal points on the boundary identified. Regard D? as the upper
hemisphere and -consider the diagram;.

"p2 8

\r £

D/~ —— 8/~

where the maps f and g are the identifications, i is the inclusion, and k is
induced (the only function making the diagram commute). If U < 8*/ ~ is
open then g~ '(U) is open so (gi)~ "(U) =i~ (g~ (U)) is open. But this is the
same as (k)" (U) = f =k~ }(U)). Thus k™ (U) is open by the definition of
the quotient topology. That means that k is continuous. But k is also clearly

one—one and onto. Moreover, D?/ ~ is compact since D? is. Also, $?/~ is

easily seen to be Hausdorff, and so we finally conclude that k is a homeo-
morphism from Theorem 7.8. Thus, indeed, these two ways of defining the
projective plane as a topological space are equivalent. This is a typical argu-
ment involving spaces obtained via identifications.

An often used special case of quotient spaces is the idea of “collapsing”
a subspace:

13.7. Definition. If X is a space and 4 < X, then X/A denotes the quotient
space obtained via the equivalence relation whose equivalence classes are A

and the single point sets {x}, xe X — 4.

The following is an easy exercise:

13.8. Proposition. If X is regular and A is closed then XA is Hausdorff. If

X is normal and A is closed, then X/A is normal. O
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Figure 1-1. The sphere as quotient space ofa disk. -

13.9. Example. Consider the cylinder S” x I. Define f:S"xI—-»D"*! by
f(x,t) = tx. This carries the set S x {0} to the origin and so f factors through
S" x I/S* x {0}. The resulting map ¢:S" xI/S"x {0}->D""" is clearly
one—one and onto. Thus it is a homeomorphism by Theorem 7.8.

13.10. Example. Consider the n-disk D". This is clearly homeomorphic to
the lower n-hemisphere of radius 2 centered at 1 on the “vertical” axis. (See
Figure I-1.) We can map this onto the n-sphere 8" of radius 1 centered at
the origin by projection towards the vertical axis. It maps the boundary of
the disk to the north pole of the sphere. This function is distance decreasing
and hence continuous. Also consider the quotient space D”/S"* !. One can
factor the projection of the disk to the ‘sphere through this space. By an
argument similar to that in Example 13.9 one can show that the resulting
map D"/S""! - §" is a homeomorphism.

““If the method in Example 13.9 is not available, the following gives a
criterion for deciding the same sort of question.

13.11. Definition. If 4 = X and if ~ is an equivalence relation on X then
the saturation of A is {xeX|x ~ a for some acA}.

13.12. Proposition. If A = X and ~ is an equivalence relation on X such that
every equivalence class intersects A nontrivially, then the induced map
k: A/ ~ - X] ~ is a homeomorphism if the saturation of every open (resp. closed)
set of A is open (resp. closed) in X.

Proor. If f:4— A/~ and g: X — X/ ~ are the canonical maps, and U is an
open set in A/ ~ then g~ '(k(U)) is the saturation of /™ *(U). Moreover, by
definition, it is open <= k(U) is open in X/ ~. Also k is clearly one—~one, onto,
and continuous. ‘ C

Another common application of the idea of a quotient space is a ¢
obtained by “attaching™ ’

13.13. Definition. Let X and Y be spaces and A X closed. Let ;.
a map. Then we denote by Y u X, the quotient space of the disjoin:
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X + Y by the equivalence relation ~ which is generated by the relations
a~ f(a) for acA.

{To be more precise about the equivalence relation, for points u, v in
X + Y, u ~ vif one of the following is true: (1)}u = v;(2) u, ve 4, and f(u) = f(v);
(3) ueA and v= f(u)eY) i

Note that if Y is a one-point space then YU, X = X/A.

The following is an easy verification left to the reader:

13.14. Proposition. The canonical map Y - Y U, X is an embedding onto a

closed subspace. The canonical map X — A— Y U, X is an embedding onto an

O

open subspace.

13.15. Definition. If A is a subspéce of a space X then a map f:X — A such
that f{a) = a for all points aeA, is called a retraction, and A is said to be a
retract of X.

Special cases of attachments of importancc to us are the “mapping
cylinder” and the “mapping cone.” As is usual, the unit interval [0, 1] will
be denoted by I here.

13.16. Definition. If f: X — Y is a. map then the mapping cyliﬁdef of f is the
space M, =YuU X xI where fo:X x{0}2Y is fo(x,0)= f(x). See
Figure 1-2,

Note that X ~ X x {1} is embedded as a closed subsct of M ;. By an abuse
of notation, we will regard this as an inclusion X = M. Also note then that

there is the factorization of f, X = M, — Y where r is the retraction of M,
onto Y induced by the projection X x I —-X x {0}.

13.17. Definition. If f: X — Y is a map then the mapping cone of f is the
space C,= M /(X x {1}).

Figure 1-2. Mapping cylinder.
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- Itis often of interest to know when a function M ;- Z, taking a mapping
cylinder into another space Z, is continuous. This is usually quite easy to
check by use of the following simple fact. The proof is an easy application
of the definition of the quotient topology on a mapping cylinder, and is left
to the reader.

13.18. Proposition. A function M ;- Z is continuous <> the induced functions
X xI—Z and Y — Z are both continuous. » m|

Here is a result we shall need later.

13.19. Proposition. If f: X — Y is an identification map and K is a locally
compact Hausdorffspacethen f x 1: X x K—Y x K is an identification map.

PrOOE. Suppose that g: Y x K— Wand let h=go(f x 1): X x K- W. Then,
by Proposition 13.5, it suffices to prove that h continuous =g continuous.
Let Uc W be open and suppose that g(yo,ko)eU. Let f(x,) = y,. Then
h(xo, ko) = g(yos ko) U. Therefore there is 2 compact neighborhood N of k,
such that h(x, x N)c U. Put 4= {yeY|g(y x N)c U}. Then y,eA and it
suffices to show that A is open. Thus it suffices to show that /™ (A) is open.
Now

SN A= {xeX|h(x x N)=g(f(x) x N)c U}

and so X — Y A)=nyh (W — U)n(X x N))is closed by Proposition 8.2.
, ‘ O

PROBLEMS

LOIff: XA andvg: Y — B are open identification maps, showthat f x g: X x Y -
A x B is also an open identification map. ’

2. If X, Y are normal, A < X is closed, and f:4—Y is a map, show that YupXis
normal.

3. If /1 X - Yis a map between Hausdorff spaces, show that M ; and C are Hausdorff.

4. There are four common definitions of the torus T

(1) as R?/Z2, i.e., the plane modulo the equivalence relation (x, y) ~ (u, w)<>x — u
and y — w are both integers;

(2) as a square with opposite edges identified (see Figure I-3);

(3) as the product S! x S*; and

(4) as the “anchor ring,” the surface of revolution obtained by rotating a circle
about an axis in fts plane and disjoint from it.

Show that these are all homeomorphic to one another.

5. The “Klein bottle” K? is a square with opposite vertical edges identified in the
same direction and opposite horizontal edges identified in the opposite direction
(see Figure 1-3). Consider the space (denoted by P?#P?) resulting from an annulus
by identifying antipodal points on the outer circle, and also identifying antipodal
points on the inner circle. Show that K* x P2#P2.
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Figure I-3. The torus (left) and Klein bottle (right).

il

6. Consider the real line R, wnh the equivalence relation x ~ y<>x — y is rational.
Show that R/~ has an uncoumable number of points, but its topology is the
trivial one. ~ o

7. Consider the real line R and the integers Z. Let ‘A = R/Z (the identification of the
subspace Z to a point). Also consider the subspace B of the plane which is the
union of the circles of radius 1/n (n=1,2,...) in the upper half plane all tangent
to the real line at the origin. Also consider the subspace C of the plane which is
the union of the circles of radius n (n = 1,2,...) in the upper half plane all tangent
to the real line at the origin. Finally, consider the space D = S'/N where S is the
unit circle in the complex numbers and N = {e™"{n=1,2,...} L{1}. Which of these
four spaces 4, B, C, D are homeomorphic to which others of them?

8. Let (X, x,) and (Y, yo) be “pointed spaces,” ie., spaces with distinguished “base”
points. Define the “one-point union” X v Y to be the quotient space of the
topological sum X 4 ¥ by the equivalence relation identifying x, with y,. Show
that X v Y & X x {po} u{xo} x Y, where the latter is regarded as a subspace of
X xY.

14. Homotopy

A homotopy is a family of mappings parametrized by the unit interval. This
notion is of central importance in topology. Here we lay down the basic
definitions and properties of this concept.

14.1. Definition. If X and Y are spaces then a homotopy of maps from X to
Yisamap F: X xI-Y, where I =[0,1].

Two maps fy, f;: X - Y are said to be homotopic if there exists a homotopy
F: X x 1-Y such that F(x,0)= fy(x) and F(x,1)= f,(x) for all xeX.

.o 42

The relation “ f is homotopic to g™ is an equivalence relation on the set
of all maps from X to Y (see Definition 14.11) and is denoted by f ~g. The
following is elementary:

14.2. Proposition. If f,g: X - Y, h: X' > X and k: Y - Y' then
f~g = fohx~goh and kof ~keg. O

14.3. Definition. A map f:X — Y is said to be a homotopy equivalerice with
homotopy inverse g if there isamap g: Y — X such thatgo f ~ 1y and fog~1,.
This relationship is denoted by X ~ Y. One also says, in thls case, that X
and Y have the same homotopy type.

This is an equivalence relation between spaces, since, if h: Y — Z'is another
homotopy equivalence with homotopy inverse k then

- (gh)(hf)=glkh)f ~gl\f = gf = lx

and s1m11arly for the opposite composmon

14.4. Definition. A space is said to be contractible if it is homotopy equivalent
to the one-point space.

14.5. Proposition. A space X is contractible <> the identity map 1,: X X is
homotopic toamap rr X - X whose image is a single point.

PROOF. Let Y = {x,} = im(r). Then we have the inclusion map i Y—»X and
the retraction r:X — Y, Now rei= 1, and ier =~ 1y by assumption. The
converse is also easy. O

14.6. Example. Consider euclidean space X =R" and the homotopy
F:X x I - X given by F(x,1) = tx. This is a homotopy between f, = 1, and
Jfo. which is the map taking everything to {0}. Consequently, R"is contractible.
Note that each f, is onto for t > 0 but that, suddenly, f, is far from onto.
This may challenge the intuition of some readers.

14.7. Example. Consider. the unit sphere S"~! in R" and the punctured
euclidean space R"—{0}. Let i:S""'->R"—{0} be the inclusion and
r:R*— {0} -S" ! be the central projection r(x)=x/||x||. Then rei=1 and
ier =~ 1 where the latter homotopy is given by F: (R"—{0}) x I - R"— {0},
where F(x,t)=tx + (1 —1)x/||x]. Thus "~ ~R"— {0}.

These two examples illustrate and suggest the following:

14.8. Definition. A subspace A4 of X is called a strong deformation retract of
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X if there is a homotopy F: X x I X (called a deformation) such that:

F(x,0) = x,
F(x,)e A,
Fa,ty=a for aeA and all tel.

It is just a deformation retract if the last equation is required only for ¢ = 1.

As in the examples, a deformation retract 4 of a space X is homotopically
equivalent to X.

Is the sphere S" contractible? Our intuition tells us the answer. is “no”
but, in fact, this is quite difficult to prove. This is one type of question which
algebraic topology is equipped to answer, and we will answer it, and many
more such questions, in later pages.

14.9. Example. If f: X — Y is a map then the canonical map nM,— Y is a
strong deformation retraction, as the reader can verify (see the end of the
proof of Theorem 14.18). Hence M, ~ Y. Thus, the mapping cylinder allows
replacing “up to homotopy” the arbitrary map f by the inclusion X =, M.

14.10. Definition. If A = X then a homotopy F: X xI—Y is said to be
relative to A (or rel A) if F(a,t) is independent of ¢ for acA. A homotopy
that is rel X is said to be a constant homotopy.

Two homotopies of X into Y can be “concatenated” if the first ends where
the second begins, by going through the first at twice the normal speed and
then the second at that speed. We will now study this construction. The
reader should note the important special case in which X is a single point
and so the homotopies are simply paths in Y. It might help the reader’s
understanding if he draws pictures, in this case, for all the basic
homotopies produced in Propositions 14.13, 14.15, and 14.16.

~ 14.11. Definition. If F: X xI— Y and G: X x I- — Y are two homotopies such
that F(x, 1) = G(x,0) for all x, then define a homotopy F+G: X x I - Y, which
is called the concatenation of F and G, by

F(x,21) if t<
>

(FrG)(x.0) = {G(x, A1) if ¢

(See Figure 1-4.)

One does not have to combine these homotopies at t = 3. We can do it
at any point and with arbitrary speed:

14.12. Lemma (Reparametrization Lemma). Let ¢, and ¢, be maps
(I, 01y~ (I,01) which are equal on d1. (Note the case where one of these is the
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Figure I-4. Concatenation of homotopies.

identity.) Let F:X x I>Y be a homotopy and let G{x,t)= F(x, ¢{t)) for

- i=1,2. Then G, ~G, rel X x I

PROOF. Define H:X xIxI—Y by H(xt,s) = F(x,5¢f) + (1 — 96,(0)).
Then

H(x,t,0)= F(x, ¢, (t))—G (x, ),

H(x,1,1) = F(x, (1)) = Gz(x 1),

H(x,0,5) = F(x, ,(0))= G,(x,0),

H(x, 1,5) = F(x, $,(1)) = G4(x, 1),

with the last two equations coming from ¢,(0) = ¢2(0) and ¢,(1) = ¢(1):

We shall use C to denote a constant homotopy, whichever one makes
sense in the current context. For example FxC is ¢oncatenation with the
constant homotopy C for which C(x,t) = F(x, 1), but use of CxF will imply
the one for which C(x, t) = F(x,0).

14.13. Proposition. We have F+*C ~ Frel X x 1, and, similarly, C«F ~ F rel
X x ol

ProoF. This follows from Lemma 14.12 by letting ¢(t) =21 for t <1 and
=1 for t > 1, and ¢,(t) = rin the first case, and ¢,(f) =0fort <land =2t — 1
for t > 1 and ¢,(t) =t in the second case. 0

We define the “inverse” F~! of a homotopy F to be this homotopy with
t running backward. Note that this has nothing to do with the inverse of
the map (which probably does not exist anyway).

14.14. Definition. If F: X x [~ Yxsahomotopy, then wedefine F7:: X x I—
Y by F7l{(x,t)= F(x,1 —1).

14.15. Proposition. For a homotopy F we have FxF ™' =~ Crel X x 8l where
Clx,t) = F(x,0) for all x and t; i.e., C is a constant homotopy.
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Proor. This follows from Lemma 14.12 by letting ¢,(t)=2t for t<3,
¢ (t)=2—2tfor t >}, and ¢,(t) =0 for all ¢. N

14.16. Proposition. For any homotopies F, G, H for which the concatenations
F+G and GxH are defined, we have (FxG)xH ~ F*(G+H)rel X x dL.

PROOF. Again, this is an easy application of the Reparametrization Lemma
(Lemma 14.12). t

14.17. Proposition. For homotopies F,, F,, Gy, and Gy, if F; ~F, rel X x 01
and G, ~G,rel X x 0l then Fy*xG; ~F,xGyrel X x oL

ProOF. If H: X x I x I» Y and K: X x I x I — Y are the homotopies giving
F,~F, and G, ~ G,, respectively, then it is easy to check that HxK is the
required homotopy of homotopies. (The reader should fill in the details
here.) ( ; O

Note that all of the discussion of concatenation of homotopies goes
through with no difficulties for the cases in which all homotopies are
relative to some subspace A = X or are homotopies of pairs (X, 4)—(Y, B).

It follows from the stated results that homotopy between maps of pairs
(X, A)— (Y, B) is an equivalence relation. The set of homotopy classes of these
maps is commonly denoted by [ X, 4; Y, B], or just [X;Y]if A= (.

We will now prove that the homotopy type of a mapping cylinder or cone
depends only on the homotopy class of the map.

14.18. Theorem. If fo~ f1: X > Y then M; ~M; rel X + Y and C, ~C,
rel Y + vertex.

Proor. The part for the cone follows from that for the mapping cylinder.
Let F:X xI—Y be the given homotopy between f, and f;. Define
h:M, —M; by h(y)=y for yeY and

hox,0) = {F(x,2t) for t<1,
’ (x,2t—1) for 1<t

Note that h(x,}) = F(x, 1) = f,(x) = (x,0). To prove continuity, we only have
to show that the compositions Y — M, and X x I - M are continuous by
Proposition-13.18, but this is trivial.

Define kM, —M,, in the analogous fashion. Then the composition
kh: M, — M,  is the identity on Y and, on the cylinder portion, it is
Fx(F~'xE)where E: X x I -» M is induced by the identity on X x [ — X x [;
see Figure I-5. This is homotopic to the identity rel X x {1} + Y. Similarly
for hk. It remains to check the continuity of this homotopy. We have described
a homotopy M, x I—M;/ . For continuity, it is sufficient to know that
M, xI~M, ., because then we only have to check continuity of the

Figure I-5. Deformation of a mapping cylinder.

composition (X x I + Y) x I->M,, xI-M, , and that is trivial. (On Y x [
it is the constant: homotopy -and on X xIxI it results from
F#(F~!'xE)~ Erel X x 01.) That is, it suffices to show that M, x I has the
identification topology from the map f, x I. But that is a consequence of
Proposition 13.19. . . .. : ‘ 0

We conclude this section by studying. the effect on mapping cones of
changing the target space by a homotopy equivalence.

Let f:X—-Y. If ¢:Y—>Y’ is a map then there is the induced map
F:M;— M 4, induced from ¢ on Y and the identity on X x I.

14.19. Theorem. If ¢:Y—-Y' is a homotopy equivalence then so is
F:(M;,X)—(M,.s, X) and hence so is F:C;— Cy,;.

PRrROOF. Let y: Y'— Y be a homotopy inverse of ¢ and let G:M 4,0~ Mo 40;
be the map induced by ¢ on Y’ and the identity on X x I. The composition
GF:M ;- M. 4., 1s induced from o@: Y — Yand the identity on X x I. Let
H:Y x I — Y beahomotopy from 1 to Yo ¢; i.e., H(y,0) = y and H(y, 1) = ¢ d(y).
By the proof of Theorem 14.18 there is the homotopy equivalence
M= M40, el X given by h(y)=y and ‘

h(x, t):{H(f(X), 2t) for t<i,
(x,2t—1) for t> 3.

We claim that h ~ GF rel X. Indeed, the homotopy H can be extended to
My x1— M4, by putting

H((x,s),t):{H(f(x)’25+_‘) for 2s+t<1,
(x,2s+t—1)/(t+1)) for 2s+t=1.

Then H((x, 5),0) = h(x, 5), H(y,0) = y,and H((x,s), 1) = (x,5), H(y, 1) = Y $(), s0
that H(-,0) = h and H(-,1) = GF.



V] 1. Lenerat 1 opology

.We conclude that GF is a homotopy equivalence, since h is one. Likewise,
F'G is a homotopy equivalence, where F: M .40, M goy0405 15 defined
similarly to F.

If k is a homotopy inverse of GF then GFk ~ 1. If k' is a homotopy inverse
of F'G then kK'F'G ~ 1. Thus G has a homotopy right idverse R = Fk and
also a homotopy left inverse L=Kk'F'. That is, LG=~1~GR. Then
R=1°R~(LG)R = L(GR) ~ L1 = L, and so R ~ L is a homotopy inverse of
G. Therefore, G is a homotopy equivalence. Since G and GF are homotopy
equivalences, so 1s F. (Explicitly, if [ is a homotopy inverse of G then
FkG ~(IG)FkG = {GFk)G ~1G ~ 1 so that kG is a homotopy inverse of F,
since kGF ~ 1 by the definition of k.) -0

PROBLEMS

1. Let S? v §* be the “One-point union” of a 2-sphere and a circle; see Problem 8 of
Section 13. Let 82w 4 denote the union of the unit 2-sphere and the line segment
joining the north and south poles..Show that these spaces are homotopically
equivalent. :

2. Show that the union of a 2-sphere and a flat unit 2-cell through the origin is homo-
topically equivalent to the one-point union of two 2-spheres.

3. Show that the union of a standard 2-torus with two disks, one spanning a latitudinal
circle and the other spanning a longitudinal circle of the torus, is homotoplcally
equivalent to a 2-sphere. -

4. Show that the projective plane is homeomorphic to the mapping cone of the map
zr—22 of the unit circle in the complex numbers to itself.

S. Consider the mapping cone of the map f of the unit circle in the complex numbers
to itself, given by f(z) = z* for z in the upper semicircle and by f(z) = 72 for z'in
the lower semicircle. Show that this space is contractible.

6. The “dunce cap” space is the quotient of a triangle (and interior) obtained by identi-
fying all three edges in an inconsistent manner. That is, if the vertices of the triangle
are p,q,r then we identify the line segment (p,q) with (¢,r) and with (p,r) in the
orientation indicated by the order given of the vertices. (See Figure 1-6.) Show that
the dunce cap is contractible. (Hint: Describe this space as the mapping cone of
a certain map from S! to itself, and study this map.)

Figure I-6. The dunce cap.v
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7.1f ¢:X'=X and f:X-Y are maps, define an induced map F: Cf0¢-+C,

If ¢ is a homotopy equivalence then show that F is a homotopy equivalence.

8. Show that a retract of a contractible space is contractible.

9. For any two maps f,¢: X — 8" such that f(x) # —g(x) for all x, show that [ ~g.

15. Topological Groups

Topological groups, spaces which are also groups in the algebraic sense,
form a rich territory for important examples in topology and geometry. Here
we shall develop the roots of the theory behind them.

“15.1. Definition. A ropological group is a Hausdorff topological space G

together with a group structure on G such that:

(1) group multiplication (g, k) gh of G x G— G is continuous; and
(2) group inversion grg~! of G— G is continuous. -

15.2. Definition. A subgroup H of a topological group G is-a subspace which
is also a subgroup in the algebraic sense.

15.3. Definition. If G and G’ are topological groups then a homomorphism
f:G- G’ is a group homorhorphism which is also ‘continuous.

15.4. Definition. If G is a topological group and geG then left translation
by g is the map L,;:G—G given by L,(h)=gh. Similarly right translation
by g is the map R,:G— G given by R (h) =hg~*.

- 155, Proposmon In a topological group G we have L,oL,= L, and

R,oR,=R,,. Moreover, both L, and R, are homeomorphzsms as is conjuga-
tion by g (h—ghg ™) and inversion (hHh h,

PROOF. The first statement is a trivial computation, and implies that L=
L ! and similarly for right translation, and it follows that these are homeo-
morphlsms Conjugation h~>ghg~' is the same as R,°L, and so is a
homeomorphism. Inversion is continuous by assumption and is its own
inverse, and thus is a homeomorphism. ]

In a topological group G, if A, B are subsets then we let AB = {ablac 4,
beB} and A™' = {a"}|acA4}.

15.6. Definition. A subset A4 of a topologlcal group is called symmerric if
A=A4""1

15.7. Propeosition. In a topological group G with unity element e, the symmeltric
neighborhoods of e form a neighborhood basis at e.
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PrOOF. If U is any neighborhood of e.then so is U™', and hence so is
UnU™?, which is symmetric. ]

It is an easy exercise using the continuity of multiplication to see the
following two results:

15.8. Proposition. If G is a topological group and geG, and U is any neigh-
borhood of g, then there is a symmetric neighborhood V of e such that VgV~ e
U. O

15.9. Proposition. If G is a topological group and U is any neighborhood
of e and n is any positive integer, then there exists a symmetric neighborhood
Vof e such that V" c U. : O

15.10. Proposition. If H is any subgroup of a topological group G then H
is also a subgroup of G. If H is a normal subgroup then so is H.

PROOF It follows from continuity of inversion and multiplication that
*H '« H and HH < H so that H is a subgroup. If H is a normal subgroup
and geG then continuity also implies that gHg™* < H and the opposite
inclusion follows by applying this formula to g~ % O

15.11. Proposition. If G is a topological group and H is a closed subgroup
then the space G/H of left cosets of H in G, with the topology induced by
the canonical map n: G— G/H, is a Hausdorff space. Moreover, n is open
and continuous.

ProoF. If U = G is open then n~'n(U)=UH = J{UhlheH} is a union of
open sets and so is open. By definition of the quotient topology it follows
that n(U) is open, proving the last statement. To see that G/H is Hausdorfi,
suppose that g, H # g,H (hence representing different points in G/H). This
is the same as saying that g, 'g,¢H. Since G—H is an open set containing
g5 'g,, Proposition 15.8 implies that there is a symmetric open neighborhood
U of e such that (Ug; 'g,U)nH = &. Thus g; 'g,UnUH = F which is the
same as g,Ung,UH = J which implies in turn that g, UHng,UH = .
~ This shows that =(g;)eg;UH which are disjoint open sets in G/H. O

15.12. Proposition. If H is a closed normal subgroup of the topological group
G then G/H, with the quotient topology, is a topological group.

Proor. G/H is Hausdorff by Proposition 15.11 and it remains to show that

the group operations are continuous. Consider the following diagram, where
the horizontal arrows are group multiplications:

GxG—— G

G/H x G/H —— G/H.

An easy consequence of the fact (Proposition 15.11) that 7 is open is that
7 x 7 is an identification map (see Section 13, Problem 1). Taking an open
set in G/H (the lower right), we must show its inverse image on the lower
left is open. But that is the same as showing that its inverse image in G x G
is open. But this inverse image ‘is the same as that via the top and right
maps, and that is open since those maps are continuous. A similar argument
gives the continuity of inversion in G/H. O

The most important class of topological groups is that of the so-called
Lie groups which also carry a differentiable structure. We will discuss differen-
tiable structures in Chapter I1. Here, we will only discuss some of the important
“classical Lie groups.”

The set M, of n x n-matrices is just a euclidean space of dimension n®.
The determinant function M, — R is continuous since it is just a polynomial
in the matrix coefficients. Thus the inverse image of {0} is a closed set. Its
complement is the set of nonsingular matrices, and this forms a group under
multiplication. It is called the “general linear group” and is denoted by
Gl(n,R). It is an open subset of euclidean n’-space and that is the topology
it is given. Matrix multiplication is given by polynomials in the coefficients
and so is continuous. Matrix inversion is a rational function of the coefficients
by Cramer’s rule and so that is continuous. Thus Gl(n,R) is a topological
group. :

In the same way, the general linear group Gl(n, C) over the complex numbers
can be seen to be a topological group.

The special linear group Sl(n, R) is the subgroup of Gl(n, R) consisting of
matrices of determinant 1, and similarly for Sl(n, C) over the complexes.

Similarly, the general linear group Gl(n, H) over the quaternions is a topo-
logical group, although, in this case, the argument is a little harder since quater-
nionic matrices lack a determinant function. (See Problem 12.)

The set O(n) of orthogonal (real) matrices forms a subgroup of Gl(n,R)
and it is a closed subset, since it is defined via continuous relations (44" = I).
Since the coefficients of an orthogonal matrix are bounded by 1 in absolute
value, O(n) is a bounded closed subset of euclidean n’-space, and hence is
compact by Corollary 8.7.

Similarly, the set U(n) of unitary matrices (4 4* = I) is a compact subgroup
of Gl(n,C).

The quaternionic analogue of the orthogonal and unitary groups is called
the symplectic group Sp(n). Its elements are quaternionic matrices 4 such
that AA4* = I, where A* is the quaternionic conjugate transpose of A, conjuga-
tion meaning reversal of all three imaginary components. This group is a
compact subgroup of Gl(n, H).

These three classes of examples are called the “classical Lie groups.”

Note that the map Gl(n,R) x R"— R" is given by polynomials in the coef-
ficients of the matrix and the vector, and so is continuous.

An orthogonal matrix 4eO(n), as a transformation of euclidean n-space,
preserves lengths of vectors, and so it is a map of the sphere §" ! o itself.
We can regard O(n — 1) as the subgroup of O(n) fixing the last coordinate.
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Consider the point (0,0,...,0, 1). This point is left fixed by O(n—1). We can
map O(n) into 8" ! by taking a matrix into where it moves the point
0,0,...,0,1). That is, we define the map

[:0(m—-s"t by. f(4)= A4(0,0,...,0,1)"

If BeO(n — 1) then clearly f(A4B) = f(A). This means that the map f factors
through the left coset space O(n)/O(n— 1). A short computation will show
that the induced map O(n)/O(n — 1)—S"" ! is one—one onto and continuous.
Since this is a one—one mapping of a compact space onto a Hausdorff
space it is a homeomorphism by Theorem 7.8. Let us abstract these
observations.

15.13. Definition. If G is a topological group and X is space, then an action
of G on X is a map G x X — X, with the image of (g, x) being denoted by
g(x), such that: '

(1) (gh)(x) = g(H(x)); and
2) e(x)=x.

For a point xeX, the set G(x) = {g(x)|geG} is called the orbit of x, and the
subgroup G, = {geGlg(x) = x} is called the isotropy or stability group at x.
The action is said to be transitive if there is only one orbit, the whole space
X. The action is said to be effective if (g(x) = x for all x) = g = e, the identity
element of G.

Note tﬁat, in describing G x X —» X as a “map,” we are assuming it to be
continuous: The following, then, is the general setting in which our comments
on O(n) acting on S"~! lie.

15.14. Proposition. If G is a compact topological group acting on the Hausdorff
space X and G, is the isotropy group at x, then the map ¢: G/G,— G(x) given
by ¢G> g(x) is a homeomorphism.

ProOOF. If g,(x) = g,(x) then g;'g,€G, and so ¢,G,=g,G,, showing that
¢ is one—one onto G(x). It is continuous by the definition of the quotient
topology on G/G,, and the result then follows from Theorem 7.8. O

Just as with the case of O(n), U(n) acts on $?"~ !, and it is transitive because
one can find a unitary matrix moving any vector of length 1 into any other.
The isotropy group at (0,0,...,0, 1)is U(n — 1),and so U(n)/U(n — 1) = §*" !

Similarly SP(n)/SP(n — 1) =~ S~ 1.

More generally, if we let (as is usual) ¥, , denote the “Stiefel manifold” of
k-frames in n-space (a k-frame being an orthonormal set of k vectors in
n-space), then O(n) acts transitively on V, , with an isotropy group O(n — k),
and so O(n)/O(n — k) ~ V,,. The reader can make analogous observations
for the unitary and symplectic cases.
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Some other matrix groups are obtained by restriction to matrices of deter-
minant 1:
SO(n) = {A€O0(n)|det(4) = 1} = the special orthogonal group,
SU(n) = {AeU(n)|det(A4) = 1} = the special unitary group.

‘There is no analogue in the symplectic case.

With appropriate restrictions, these groups also act transitively on spheres
and we get '

SO(n)/SO(n—1~S" ! for n=2,
SU@n)/SUm — 1)=S?""*  for n>2.

Similar results can be obtained for the Stiefel manifolds, as the reader can
verify. '

PROBLEMS

L. If G is a topological group and G, is the component containing the identity
element, then show that G, is a closed normal subgroup of G.

2. If ¢: G - H is.an onto homomorphism of topological groups, show that the kernel
K of ¢ is a closed normal subgroup of G. If, moreover, G is compact, show that
G/K =~ H as topological groups.

3. I geG, a compact topological group, and A = {g"|n=0,1,2,...}, then show that
A is a subgroup of G. Is this true without compactness of G?

4 IfGisa cbympact topological group, then show that every neighborhood of ¢
contains a neighborhood V which is invariant under conjugation (e, gVg~ ' =V
for all geG).

5. <4 If G is a topological group and Hv is a closed subgroup, show that if H and
G/H are both connected then so is G.

6. If G is a topological group acting on the space X and if we put
 H={heGlVxeX, h(x) = x), “

then show that H is a closed normal subgroup of G.
7. <& Show that SO(2)~ S, SU(2) = S?, and Sp(1) ~ S (as spaces).

8. < Show that SO(n) is connected. {Hint: Use Problem 5.) Further, show that SO(n)
1s the component of O(n) containing the identity.

9. <> Show that U{n) and SU(n) are both connected and that U(n)/SU(n) =
10. Show that the center {heG|YgeG, hg = gh} of a topological group G is closed.

1. Show that real projective n-space RP” 2 O(n + 1)/(O(n) x O(1}) and that complex
projective n-space CP" =~ U(n + 1)/(U(n) x U(1)).

12. ¢ Show that Gl(n,H) is open in M, (H).

13. Consider the multiplicative group of all upper diagonal 2 x 2 matrices of deter-
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minant 1. Show that the conclusion of Problem 4 is false for this (noncompact)
topological group.

14. Show that -a topological group is regular. (Hint: Let U,V be symmetric open
neighborhoods of e such that V? < U and deduce that Ve U)

15. Prove Propositions 15.8 and 15.9.

16. Convex Bodies

In topology, we often need to know that certain familiar objects are homeo-
morphic. For example, we shall have reason to want to know that a disk in
euclidean space is homeomorphic to a cube, and to a cylinder, and a simplex
(the analogue of a tetrahedron), and so on. In this section we give a general
result that provides a unified proof of these special cases and many others.

16.1. Definition. A convex body in R" is a closed set C — R" with the property
that whenever p,qeC the line segment between p and qis contamed in C.
The boundary of C is 8C = C —int(C).

16.2. Proposition. If C c R" is a convex body and Oeint(C) then any ray from
the origin intersects 8C in at most one point.

PROOF. Suppose R is a ray from the origin and p,geRC, with neither p
nor g being the origin. Suppose ¢ is further from the origin than p. Since the
origin is assumed to lie in int(C) there is a ball B about the origin completely
contained in C. Then consider the union of all line segments from points in
B to g (the cone on B subtended from g). The point p is clearly in the interior
of this cone, and the cone is contained completely in C, since C is convex,
and so p must be in int(C). |

16.3. Proposition. Let C = R" be a compact convex body with Oeint(C). Then
the function f:9C —S"~* given by f(x)= x/| x| is a homeomorphism.

PRroOF. Since f is the composition of the inclusion 0C —— R" — {0} with the
radial retraction r:R”"—{0}—S""!, it is continuous. Proposition 16.2
implies that f is one—one, and f is obviously onto. By Theorem 7.8, f is a
homeomorphism. O

16.4. Theorem. A compact convex body C in R" with nonempty interior is
homeomorphic to the closed n-ball, and 0C =~ 8"~ 1.

Proor. By translation, we can assume the origin is in the interior of C. Let
D" denote the unit disk in R” and let f be as in Proposition 16.3. Then the
function k:D"— C given by k(x)= x|/~ *x/|lx|) for x#0 and k(0)=

clearly maps D" onto C and is continuous everywhere except possibly at the

D B =2 T e —

origin. However, since C is compact, there is a bound M for {{|x|{xeC}.
Then | k(x)| < M-|lx]|| which implies continuity at the origin. 1t is also clear
that k is one—one, and hence it 1s a homeomorphism by Theorem 7.8. [

17. The Baire Category Theorem

Often, one is interested in a condition on points of a space that is satisfied
by an open dense set of points. For example, if p(x,,...,x,) is a polynomial
function on R” then the condition p(x) # 0 has this property, and a special
case of that is the determinant function on square matrices. If one has two
such conditions then the set of points satisfying both conditions is still open
and dense. The same, then, is true for any finite number of such conditions.
But what of a countably infinite number of such conditions? Certainly, one
cannot expect that the set of points satisfying all the conditions is open, but
the density of this set does survive for a wide class of spaces, as we show in
this section. This fact has many important consequences in analysis as well as
in topology.

17.1. Theorem (Baire Category Theorem). Let X be either a complete metric
space or a locally compact Hausdor{f space. Then the union of countably many
nowhere dense subsets of X has empty interior.

Proor. Let U be an open subset of X and suppose that 4; < X is nowhere
dense (i=0,1,...). Construct a sequence of nonempty open sets V;, V,,...,
such that V,,, c V,— A;, where Vy=U. (In the complete metric case, this
can be achieved by taking V., =B/x) for some xeV,— A4, such that
By(x)c Vi~ A4,)

If X is Iocally compact then also construct the V; so that Vl, and hence
each V, is compact. Then the V] satisfy the finite intersection property and
SO (I # ﬂ ViU - UA

If X is complete metric, then also construct the V; so that diam(V) <27
Then a sequence of points x;eV; is Cauchy since, for i< < J, dist(x; x;) <
diam(V;) < 27" Then x,eV, for all n>i and so x = lim(x,)e V, for all i. Thus
xe(\WW,c U — UA

In both cases this shows that U ¢ UA Since U is an arbitrary open set,
we conclude that int({ J4,) = . O

The word “category” in the theorem refers to the following definition:

17.2. Definition. A subset S of a space X is said to be of first category if it
is the countable union of nowhere dense subscts. Otherwise it is said to be
of second category. A sct of second category is said to be residual if its
complement is of first category.
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Thus Theorem 17.1 can be rephrased: “An open subset of a complete
metric space, or a locally compact HausdorfT space, is of second category in

itself.”
1t is also worth while to state the contrapositive of Theorem 17.1:

17.3. Corollary. Let X be either a complete metric space or a locally compact
Hausdorff space. Then the intersection of any countable family of dense open
sets in X (i.e., a residual set) is dense. ]

We close this section with some applications of this result. The first
application deals with pointwise limits of functions. ‘

17.4. Corollary. If {f,} is a sequence of continuous functions f,: X = Y from a
complete metric space X to a metric space Y and if f(x)=1lim JA(x) exists for
each x then the set of points of continuity of f is residual and hence dense.

Proor. For positive integeré m, k let
Upi= | {xIdist(f,(x), fu(x)) > 1/k}
which is open. Since

ﬂ Um,k

m>1
consists of points where f,(x) does not converge, it is empty. It follows that
N Ui J ni=Unp)

m>1 mz1

which is a countable union of nowhere dense sets. Therefore
m Um.k
kztm>1

is also a countable union of nowhere dense sets. Thus its complement

C={) U int( {x|dist(f(x), fu(x)) < 1/k})

k>1m=>1 nzm .
is residual. But yeC means that
Yhk>1,3m> 1336 >0adist(x,y) < = Vnzmdist(f,(x).[.(x)) < 1/k.

Hence, for such k,m, 5 and dist(x, y) < & we have that dist(f(x), f.(x)) < 1/k
and also that dist{f(y), [..(»)) < 1/k. By taking & smaller, if necessary, we
can also assure that dist(f,(x), f.{y)} < 1/k by the continuity of f,,. Therefore
dist(f(x), f(v)) < 3/k for these choices, showing that f is continuous at y. (We
hasten to point out that the set of points of discontinuity of f, while of first
category, can well be dense. It is not hard to produce such examples.) [J
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17.5. Corollary. There exists a connected 2-manifold (i.e., a Hausdorff space
in which each point has a neighborhood homeomorphic to the plane) with the

Jollowing properties:

(1) it has a countable dense set;
(2) it has an uncountable discrete subset, and hence is not second countable; and
(3) it is not normal, and hence not metrizable.

Proor. We will describe a similar manifold M “with boundary.” The desired
manifold can then be obtained by “doubling” M; ie., taking two copies of
M and identifying their boundaries. ,

First we describe the point set of M. There are two types of points. The
first type consists of the points in the upper half space of the plane, i.e.,
{(x,y)ly > 0}. The second type of point is a ray (but we are describing a
single point of M) from a point of the x-axis pointing into the upper half space.

To describe the topology on this set of points, we shall give a neighborhood
basis at each point. For points in the upper half space, we use the usual
topology of the plane. For a point corresponding to a ray r from a point x
on the x-axis, we take, for a basic neighborhood, the set of points in the
upper half plane in the “wedge” between two rays surrounding r and of
distance (in the sense of the plane) less than € from (x,0) together with the
points of the second kind consistigg,of the rays from (x,0) and lying in the
mentioned “wedge.” (See Figure I-7)

To see that this really is a 2-manifold, consider the map ¢ from the upper
half plane to itself given by ¢(x, y} = (x/y, ). It is easy to verify that this is a
homeomorphism on the upper half plane. Moreover, it maps rays from the
origin to vertical lines. Thus the point of M corresponding to a ray from
the origin can be thought of as the point on the x-axis attached to the vertical
corresponding to the ray under ¢. Under this correspondence it is evident
that the topology becomes the ordinary topology of the closed half plane.
This shows that a neighborhood of any point of M given by a ray from the
origin, is indeed homeomorphic to an ordinary neighborhood of a boundary
point in closed half space, a manifold with boundary. Rays from other points
on the original x-axis can be treated similarly.

y

X

Figure 1-7. Construction of a strange manifold.
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We now verify the claims for this space. The points in the upper half plane
with rational coordinates clearly give a countable dense set, proving (1).

Consider, for each x, the point of the second kind corresponding to a
vertical ray from (x,0). Let S be the collection of these points. For any one
of them a “wedge” neighborhood of that point intersects S in that point
alone. Thus that point is itself an open subset of S. Thus S is discrete, and
it is in one-—one correspondence with the real axis, and so is uncountable. If
M were second countable then any subspace, such as S, would also be second
countable (just intersect the basis with the subspace) and that is not true
of S.

Finally, we ‘must show that M is not normal. In fact, let A4 be the subset
of S, above, corresponding to rational x, and B that corresponding to
irrational x. These are both closed subsets of M and are disjoint. We claim
that it is impossible to separate them by disjoint open supersets. Suppose
U « M is an open set containing B and disjoint from 4. For a point xeS,
and integer n >0, let W,(x) be the wedge of angle n/n and radius 1/n about
the vertical ray from x. Then define

T, = {xeB|W,(x) < U).

Then the sets T, together with the singletons {xeA} comprise a countable
collection of sets whose union is AU B, the real axis. Since the real line in
its ordinary topology is complete metric, the closure in R of one of these
sets must contain an interval. This is not true of the singletons, so it must
be that T, >(a,b) for some n and interval. But then for any “rational”
g€(a, b)n S itis clear that every neighborhood in M of g must intersect U. (]

The manifold just described is, in fact, a differentiable manifold (see
Chapter II) except for failure to be second countable. Indeed, it is the strange
properties of examples like this that lead to the restriction to second countable
spaces in the definition of a differentiable manifold.

Note that this manifold is a subspace of a normal space, its one-point
compactification. Thus, a subspace of a normal space need not be normal.

17.6. Corollary. In the space R of continuous functions I - R in the uniform
metric, the set of functions which are nowhere differentiable is dense. Indeed, it
is residual in R’

PRrOOF. For a positive integer n, consider the set

{fGR' Jn- n}.

t—s
We claim that this is open. To see this, note that for a given fe U, and tel,
there is an € >0 and an s # t such that

fO-Je

Viel,ds# 1t in Il

L 7e aarv memeane

Then, for some such s = s(¢) and € = €(t), there is an open neighborhood ¥,
of t such that s(1)¢ ¥, and such that

@ —f6)

t—s

n+e

for all 'eV,. The V, cover I so that some finite union V, u.--UV, oI Let

€ = min «(t;), & = min dist(s(t)), V,,), and suppose that || f — g | <€d/2. Then,
for any tel, we have teV, for some i and, for s = s(t;), we have

_|fo-so]_|J0-g0|, g6~ 16|

[—s t—s t—s

g(t) — g(s) n
t—Ss

n+e

Since |t —s|> 6, the first and third terms on the right are each at most
{€8/2)(1/6) = €/2. 1t follows that

g(t) ~ 9(s)
t—s

>n+€—€=n,

and hence that geU,. Therefore, U; is open as claimed.

Next we claim that each U, is dense. To see this, let feR’ and € >0 be
given. Let m be so large that 2/m < e. By uniform continuity of f there is
a k so large that

lx—yl<lk = |f(x)—fi=<1/m.

Also, take k so large that k > nm. Let a; = i/k, b; = a; + 1/(3k), ¢; = a; + 2/(3k),
and y; = f(a;). Consider the interval [@;a;,]. Define a function g on this
interval whose graph consists of the three line segments (a;, ;) to (b;, y; — (1/m))
to (c;, y; + (1/m)) to (a; 1, i+ ,); see Figure I-8. These fit together to define g
on all of 1. By construction, || f ~gll <2/m<e. Let tela;a;.,1 If g(t) > y;

’
‘
B~

=.ifk b Ci iy

Figure I-8.. Creating a nowhere differentiable function.
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then take s = b;. Otherwise, take s = c¢;. Then -
g9(t) — 9(s)

l/m k  nm
el e
l/k m . m

Hence geU, and | f — g|| <e, concluding the proof that U, is dense.

Since R’ is a complete metric space (prove it) we conclude that 4 = (U,
is residual. We claim that any function feA is nowhere differentiable.
Suppose, on the contrary, that f is differentiable at some tel. Then
I(f{s) = f(t))/(s — t)| has a limit as s —t and so it is bounded for all sel, s #1.
If nis larger than such a bound then it follows that f ¢ U, a contradiction. [

PROBLEMS

1. Below is an outline of a more elegant proof of the fact that U, is open in the proof
of Corollary 17.6. Justify all statements made here.
(a) The function R! x I - R taking (f, ) f(¢) is continuous.
{b) For A={(x,x)|xel}, the function F:R' x(I x1—A)—R taking (f,s,0)—

1(/(t) — f{s))/(t — s)| is continuous.

(c) Themap @:R'x (I x I —A)->R" x (R — {0} }taking (£, s, t)—(f; — s) is closed.
(d) The projection p:R! x (R — {0})— R is open.
ey U, =pR" x (R—{0}) —®F ~'[0,n]) which is open.

2. Let X be a complete metric space and let R* be the set of continuous functions
X -R. Let ScR* be a collection of maps f: X - R such that {f(x)|feS} is
bounded for each xeX. Show that there is an open set & # U < X and a number
B such that |f(x)| < B for all xeU and feS.

3. An upper semicontinuéus function of a real variable is a real valued function f
on Rsuch that f “}(— co,r)is open for all real . }f f: R — R is upper semicontinuous,
show that there is some open interval {a, b) on which fis bounded below.

4. Show that the set of points of continuity of an upper semicontinuous function is
residual.

CHAPTER 1I
Differentiable Manifolds

We have here, in fact, a passage to the limit of
unexampled audacity.

F. KLEIN {in reference to Brook Taylor’s
derivation of his famous theorem)

1. The Implicit Function Theorem

In this section we will prove the Implicit Function Theorem and the Inverse
Function Theorem in sufficient generality for our use. Readers who think
they already know these theorems, or who are willing to accept them, can
skip this section, but they are advised to at least read the statements. This
section is self-contained.

A real valued function on an open subset of euclidean space R" is said to
be C* if it has continuous partial derivatives through order k (of all orders if
k = o0). A function from an open subset of R" to an open subset of R is said to
be C¥ if the m coordinate functions are C*. A function from an open subset
of R” to another open subset of R” is said to be a “diffeomorphism” if it is
C® and has a C* inverse.

1.1. Theorem (The Mean Value Theorem). Let f:R"—R be C'. Let x=
(x1,...,%,) and X =(x,,...,X,). Then

JX) =fx) =

Jor some point X on the line segment between x and X.

Proor. Apply the Mean Value Theorem found in any freshman calculus
book to the function R - R defined by u——»/(tx + (1 — 1)x) and use the Chain
Rule:

Ut 09) g gt 008§ g,

dl t=1y d[ t=to i=10X%;

where X =tox + (1 —to)x. 0O
63
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1.2. Corollary. Let f:R* x R"—R be C*, xeR*,y, yeR™. Then

£053)— f067) = 5 af o D7)

Jor some § on the line segment between y and j. N

1.3. Theorem (The Banach Contraction Principle). Let X be a complete metric
space and T:X — X a contraction (i.e., for some constant K <1 we have
dist(Tx, Ty) < K-dist(x, y) for all x,yeX). Then T has a unique fixed point
EeX. Moreover, for any xeX, ¢ = lim Tx).

Proor. Consider a given point x,eX and put x‘1 = Txg, X, = Tx,, etc. Then,
with & = dist(x,, Tx,) = dist(x,, x;), we have

dist(x,, x;) < dist(xg, x1) + dist(x,, x;) + <o+ dist(x, 4, X))
< dist(xq, x,) + K-dist(xg, x;) + K?-dist(xg, X;) + ++
=01+K+K*+-)
= /(1 — K).
Also, for m>n,

dist(x,, x,) < K-dist(x, - 1, Xp - 1) < K2-dist(x, -5, X, 5)
< - < K" dist(xg, X)) <OK"/(1 = K)

which tends to 0 as n—» co, since K < 1.

Thus x¢,x1,X,... 15 @ Cauchy scquence Put ¢ =Ilim(x;). Then we have
that T¢ =1im T'x; =limx; . ; = &

If x is another fixed point then

dist(x, &) = dist(T'x, T¢) < K -dist(x, &).
Since K < 1, this implies that dist(x, £) = 0 and hence that x = ¢&. N

The following is the basic ingredient going into the Imphc1t Function
Theorem and the Inverse Function Theorem:

14. Lemma. Let £cR" and neR"™ be given. Let {:R" x R™— R™ be C! and put
J=(f1,--., fm) ([ need only be defined in a neighborhood of (¢,1).) Assume that
S, n) =n and that all the following partial derivatives of f vanish at (&, n):

l(é n=

where x,,...,x, are the coordinates in R" and y,,...,y, those in R™. Then
there exist numbers a>0 and b> 0 such that there exists a unique function

¢: A— B, where A= {xeR"|||x— ¢ <a} and B={yeR"||ly —n| <b}, such
that $(&) =1 and P(x) = f(x, p(x)) for all xe A. Moreover, ¢ is continuous.

1. 11C HUPUHUH I ULV 1L HOULIVIIL e

PRrOOF. By a transition of coordinates, we may as well assume that £ =0,n =0,
and /(0,0)=0. [Precisely, if ¢(x)=&(&+x)—n, flx,y)=1(x+ &y+m—n
then @(x) = f(x, ¢{x)) becomes d(x) = fx, d)(x)) and now the situation is
centered at the origin.] We now assume this.

Applying Corollary 1.2 to each coordinate f; of f and using the assumption
that 9f;/dy; =0 at the origin, and hence is small in a neighborhood of 0, we
can find a >0 and b >0 so that for any preassigned constant 0 < K <1,

) 1 Gy) = FE P <Ky -5

for x| <a |yl <b, and || <b.
Moreover, we can take a to be even smaller so that we also have, for all

Ixll <a,
(+%) Kb+ [If(x.0)l <b.

Considet the set F of all functions ¢: 4 — B with ¢(0) = 0. Give this the “uniform
metric”: dist(¢, ) = sup{ || (x) — Y(x)|| Ixe A}. This is a complete metric space
since ({¢;} Cauchy):({q&(x)} Cauchy for all x)=(lim ¢{(x) exists for all x).
[Note that if we restrict this to continuous ¢, it is still complete, since uniform
limits preserve continuity.]

Define T: F—F by putting (T¢)(x)=f(x,¢(x)). One must check: (i)
(T$)(0) = 0; and (ii) (T ¢)(x)e B for xe A. Now (T ¢)(0) = f(0, ¢(0)) = f(0,0) =0,
proving (i). Next we calculate

HT O = Il f G, NI < 11 (x, ¢(x)) — (. D + L (x, 0]
<K ¢+ 1/(x, 01 by (+)
SKb+If(x, 00 <b by (%),

proving (ii).
We claim that T is a contraction. In fact, we compute

dist(T¢, Ty) = sup ([ {T$)(x) — (TH)))

x€A
= sup (| f(x, ¢(x)) — f(x, ¥(x) )
= sup Kl¢x)—yx)ll by ()
= K-dist(¢, ).

Thus the Banach Principle (Theorem 1.3) states that there is a unique ¢:
A— B with ${0)=0 and T¢ = ¢; ie., f(x, ¢(x)) = ¢(x) for all xeA.
It also states that ¢ =lim ¢, where ¢, is arbitrary and ¢, , = T¢;. Put

¢do(x) =0 for all x. Then ¢,(x) = f(x, Po(x)) is continuous, ¢,(x) = f(x, ¢,(x))
is continuous, etc. Hence ¢ = lim ¢, is a uniform limit of continuous functions,
and so it is continuous. O

1.5. Theorem (The Implicit Function Theorem). Let g:R" x R"—»R™ be C*
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anfi let CeR" neR™ be given with g(& y)=0. (g need only be defined in a
neighborhood of (&,n).) Assume that the differential of the composition

R™—>R"” x R"—R"™,
Y= (& M- g(é, y),

is onto at n. [ This is equivalent to the statement that the Jacobian determinant
J(gi; ;) # 0 at (£, 1).] Then there are numbers a> 0 and b> 0 such that there

exists a unique function ¢: A — B (with A, B as in Lemma 1.4), with ¢(&) =,
such that

g(x, ¢(x)) =0 for all xeA.
[That is,’ ¢ “solves” the implicit relation g(x, y)=0.]
Moreover, if g is CP then so is ¢ (including the case p = ).

Proor. The differential referred to is the linear map L: R™—R™ given by
BANRSS Z, 8g; V
Ll(y) = Z 5—(55 7’/))’,',
j=10Y; ;

where y=(y,,...;y,) and L(y)=(Ly(y),..., L(»). That is, it is the linear
map represented by the Jacobian matrix (6g./8y}) at (&,n).

.- 'll"l;fmh—):;;{o"fhems says that Lis nonsmgular and hence has a hnear inverse
Let
SR x R" > R"
be defined by
J.y) =y =LY g(x, ).

Thenf(é, 1) =y — L7 (0) = 5. Also, computing differentials at 5 of y f(£, y)
gives

—L"'L=1—-1=0.

Explicitly, this computation is as follows: Let L=(a;; so that g, ;=
(@9:/Cy)(&,n) and let L™' = (b, ;) so that ¥ b, ,a, ;= 3, ;. Then

f;

. 6 m m a
~---~(§,f7)=5,-,-—-—[ e y)J s %y
dy; J 2y, kgl &9k o ¥ kg,l ik ayj(f, 1)

= 5:‘.;‘ - Z bi,kak,j =4Q.
k=1
Applying Lemma 1.4 to get a,b, and ¢ with $(&)= 5 and f(x, $(x)) = ¢(x)
we see that

Px) = f(x, $(x)) = P(x) — L™ '(g(x, $(x)))

which is equivalent to g(x, ¢(x)) =

1. The Implicit Function 1heorem o/

We must now show that ¢ is differentiable. Since the Jacobian J(g;; y;) # 0
at (£,7), it is nonzero in a neighborhood, say 4 x B. To show that ¢ is
differentiable at a point xe4 we can use the translation trick in the proof
of Lemma 1.4 16 reduce the question to the case x =0, and we can also take
¢ =n=0. With this assumption, which is a minor notational convenience
only, apply the Mean Value Theorem (Theorem 1.1) to g(x, y), g(0,0) =0

0 = gx, $(x)) = gi(x, ¢(x>)—g‘<0 0)
0
= 3 B arxt S 2 pa) ),

j= Iax k=10¥ ‘

where {p;, ;) is some point on the line segment between (0,0) and (x, ¢(x)).
Let hY denote the point (0,0,..., h,0,...,0), with the & in the jth place, in R".
Then, putting hY in place of x in the above equation and dividing by h, we get

9, 9g; ¢>k(h‘”)

( Pi qi + ___( n 1 '''''''
kzj a I\ . h

Forjfixed,i=1,...,m and k=1,...,m these are m linear equations for the
m unknowns

oulh?) _ () — $,(0)
h h

and they can be solved since the determinant of the coefficient matrix is
J(g:;v) #0in A x B. The solution (Cramer’s Rule) has a limit as h — 0. Thus
(0,/0x)(0) exists and equals this limit.

We now know that ¢ is differentiable (once) in a neighborhood A4 x B of
(£,7n) and thus we can apply standard calculys.to compute the derivative of
the equations g(x, ¢(x)) =0 (i.e.,, each g(x, ¢(x)) = () with respect to x;. The

Chain Rule gives

0
( L B) + Z % gt »5-‘1’%

Again, these are linear equations (i = 1,..., m, and j fixed) with nonzero deter-
minant near (&, %) and hence has, by Cramer’s Rule, a solution of the form

where F, ;is C?~' when g is C”. (F, ;s just an analytic function of the 0g,/0x;
and dg,;/dy, which are C?71)

If ¢ is C” for r < p, then the right-hand side of this equation is also C".
Thus the left-hand side d¢,/0x; is C" and hence the ¢, are C'™'. By induction,
the ¢, are CP. Consequently, ¢ is C” when ¢ is C?, as claimed. |

1.6. Theorem (The Inverse Function Theorem). Let 6:R™—R"™ be C' with
6(n) = & and with differential at y which is nonsingular (ie., J(0;y)#0 at



y =1). Then there are numbers a >0 and b >0 such that there is a function
¢:A— B, where

A= {xeR™|x -] <a}
and
B={yeR"||ly =nl <b},

with (&) =n and with 0(¢(x)) = x for all xeA.
Moreover, ¢ is CP when 0 is C?. Furthermore, 8 is a diffeomorphism of some
neighborhood of 1 onto a neighborhood of & with inverse ¢, when 8 is C*.

PROOF. Apply the Implicit Function Theorem (Theorem 1.5) to g:R™ x R™ —
R™ where g(x, y) = 0(y) — x.. We get ¢ with g(x, (x)) =0; i.e., 0= 0(d(x)) — x,
as desired. Now the Jacobian of ¢ is just the inverse of that of 6 at y =5 by
the Chain Rule. Thus we can apply the part of Theorem 1.6 now proved, to
¢ in place of 6.

Note that the equation 8(¢p(x)) = x for xe A shows that ¢ is one-one on
A and |, is onto A. The application of the same result to ¢ in place of 6
shows that ¢: A4 - B is onto some neighborhood B’ of 1 in B (hence in R™).

Thus ¢: A — B’ is one—one onto, and 6(¢(x)) = x shows that 6 = ¢! here.
If 0 is C* then so is ¢ and hence 6: B’ 4 is a diffeomorphism with inverse
¢. (Technically we should pass to smaller open sets here.) O

2. Differentiable Manifolds

A “topological n-manifold” is a Hausdorff space for which each point has a
neighborhood homeomorphic to euclidean n-space (or, equivalently, an open
subset of euclidean n-space). In each of these euclidean neighborhoods one
can introduce a coordinate system. As one travels around the manifold, one
must pass from one set of such coordinates to another. This requires a change
of coordinates. The changes of coordinates are continuous functions (real
functions of several real variables). If one wants to do “calculus” on such a
space, however, the changes of coordinates will have to be differentiable
functions. This leads to the notion of a “smooth™ or “differentiable” manifold
(or “C*-manifold”). We shall now formally define this notion. Actually, we
are going to give two quite different definitions of smooth manifolds. The
first one is rather traditional. The second one is more elegant and adapts
more easily to some more general situations. We will make use of both.

2.1. Definition. An n-dimensional differentiable manifold (or smooth manifold
or C*-manifold) is a second countable Hausdorff space M" together with a
collection of maps called “charts” such that:

(1) a chart is a homeomorphism ¢: U — U’ = R* where U is open in M" and
U’ 1s open in R"

(2) each point xeM is in the domain of some chart;

(3) for charts ¢: U —» U’ = R” and y: V — V' = R" we have that the “change of
coordinates” ¢y (U V)= U V)is C*; z‘md ,

(4) the collection of charts is maximal with properties (1), (2) and (3).

A set of charts satisfying conditions (1), (2), and (3) is often called an
«atlas.” It should be noted that an atlas can be enlarged uniquely to provide
a maximal atlas as in the definition. Note that, by Theorem 12.12 of Chapter ],
a smooth manifold is paracompact and its one-point compactification is
metrizable.

2.2. Definition. Let X be a topological space. A functional structure on X is
a function F, defined on the collection of open sets U in X, such that:

(1) Fy(U)is asubalgebra of the algebra of all continuous real valued functions
on U; , ' ‘

(2) Fx(U) contains all constant functions;

(3) Ve U, feFx(U)=fl,eFx(V); and

4) U=|)U, and fly,eFy(U,) for all « = feFy(U).

The pair (X, Fy)iscalled a functionally structured space. (See Hochschild [1].)

Note: To check item (4) in Definition 2.2 for a particular example, one needs
only check it for “small” U, (diameter <& in some metric, for example). To
see this, compare U both to the original {U,} and to a “small” covering

refining the original. .
Some examples of functional structures are X = R" with:

(1) F,(U)= C°U)=all continuous real valued functions on U;
(2) Fy(U)= C¥U)=all C* functions on U;

(3) Fy(U)=C>U)=all C* functions on U; and

(4) Fx(U)= C°(U)="all real analytic functions on U.

2.3. Definition. A morphism of functionally strbuctured spaces
(X,Fy) (Y, Fy)

is a map ¢:X—Y such that composition fi— fo¢ carries F,,(_U) into
Fy (¢ }(U)). An isomorphism is a morphism ¢ such that ¢~' exists as a
morphism.

Notation. If (X, Fy) is a given functionally structured space and U'c X is
open, then let Fy(V) = Fy(V) for open ¥ < U. Then (U, Fy) is a functionally
structured space. With scant abuse of notation, we shall simply use F to

denote Fy, Fy, etc. . ‘
We now come to our second definition of a differentiable manifold.

2.4. Definition. An n-dimensional differentiable manifold is a second countab?e
functionally structured Hausdorfl space (M”, F) which is locally isomorphic
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to (R, C*). That is, each point in M has a neighborhood U such that
(U, Fy) = (V,Cy) for some open V=R".

In this case a morphism is called a differentiable or smooth map, an isomor-
phism is called a diffeomorphism, and members of F(U) are called differentiable
(real valued) functions. :

We shall now endeavor to show that these two dcﬁmtlons of a smooth
manifold are, indeed, equivalent. :

(Definition 2.4 = Definition 2.1.) Let (M", F) be a given functionally struc-
tured space satisfying Definition 2.4. Let a “chart” be a map of an open subset
U <M to an open set V < R” which is an isomorphism of functional struc-
tures. The domains of the charts cover M by Definition 2.4. Essentially all
that needs proving, then, is that the “transition functions” 6 = ¢y ~ ! between
two charts are C*. But 6 is an isomorphism of functional structures. Clearly
all we need to show, then, is that a morphism 8: W — W' of the C*
structures on open sets Wand W’ i in R” is the same thing as a C* map on
such sets. :

By definition, 6 is a morphism <> (feC® on an open set in W= fof is
C®). Thus it suffices to show

OW—-sWis C® <« fofis C* for all C*f.

The implication =>is clear. For <=, let f be a coordinate function (projection
to a coordinate axis in R”) and decompose § into its coordinate functions

Oxy, oy X)) = (01015 s Xy o es B4, .5 X))

Then f6 = 6, for f =ith coordinate function. Thus each 6, is C®. But that
is exactly what it means for 8 to be C*.

(Definition 2.1 =>Definition 2.4.) Suppose we are given a manifold M" in
the sense of charts. We must define F(U) for U open. By (4) of Definition 2.2
it suffices to do this {or U small, and we shall do so for U the domain of a
chart. If ¢: U U’ < R" is a chart, put

FU)={/¢|feC=(U)},

that is, define Fy; such that ¢ is an isomorphism of functional structures. It
is then easy to verify that this gives a smooth n-manifold in the sense of
Definition 2.4.

2.5. Definition. A map f: M — N between two smooth manifolds is said to be
smooth (or differentiable or C*) if, for any charts ¢ on M and ¥ on N, the
function e fo¢ ™" is smooth where it is defined. (Also see Problem 3.)

2.6. Definition. An n-manifold together with an atlas such that, for any two
charts ¢, ¢ in the atlas, the Jacobian of the change of coordinates function
¢y ™! has positive determinant at all points in its domain, is called an
oriented manifold. The particular atlas, maximal with this property, is called

3. Local Coordinates 71

an orientation of the manifold. An n-manifold having such an atlas is called
orientable.

Clearly a connected orientable manifold has exactly two orientations. The
charts of one have Jacobian determinants that are negative when compared
with charts from the opposite orientation. An orientation can be chosen on
4 connected orientable manifold by the choice of a compatible chart or
local coordinates at any one point, which is often the way an orientation is

specified.

2.7. Definition. An n-manifold with boundary is as in Definition 2.1 except
that the target for charts is the half space {(xi,...,x,)eR"|x, <0}. Its
boundary is the (n— 1)-manifold consisting of all points mapped to {(x,, ..., x,)
eR"|x, =0} by a chart.

PROBLEMS

1. Show that a second countable Hausdorff space X with a functional structure F
is an n-manifold <>every point in X has a neighborhood U such that there are
functions f',.- ., f,eF(U) such that: a real valued function g on U is in F(U) <> there
exists a smooth function h(x,..., x,) of n real variables 3 g(p) = h(f1(p),-.-, /AP))
for all peU.

2. Complete the discussion of the two definitions of smooth manifold by showing
that if one goes from one of the descriptions to the other, as indicated, and then
back, one ends up with the same structure as at the start.

3. Show that a map f: M — N between smooth manifolds, with functional structures
¥, and Fy, is smooth in the sense of Definition 2.5 <>it is smooth in the sense of
Definition 2.4 (1 e, geFyU)=¢g feFM(f .

4 letX be the graph of the real valued function #(x) = | x} of a real variable x. Define
a functional structure on X by taking fe€F(U)<> [is the restriction to U of a C*
function on some open set V in the plane with U = ¥~ X. Show that X with this
structure is not diffeomorphic to the real line with usual C* structure.

5. Consideér the half open real line [0, o). Define a functional structure F, by taking
SeF(U) < f(x) = g(x*) for some C*® function g on {x|xeU or —er} Define
another functional structure F, by taking feF,(U)<> f is the restriction to U of
some C® function on an open subset of R. (Note that U is open in [0, o) but
not necessarily in R.) Convince yourself that it is not unreasonable to believe that
these structured spaces are equal, and also try to convince yourself that this is not
a triviality; i.e., try to prove it.

3. Local Coordinates
Let M" be a smooth manifold, let /" be a real valued function on M, and let

x:U—U' < R" be a chart. Let f = fox ™! which is an ordinary real valued
function f(x,..., x,) of n real variables. Any point p in the domain U of the
)
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chart has coordinates -

’C(p) = ('xl(p)" A xn(p))
Thus

S)= fxip),. .., x.Ap))

By abuse of notation, one often blurs this distinction between f and f and,
on the domain of the chart, thinks of f as a function of the “local coordinates™
Xy,...5 X, One must realize, however, that this representation of f depends
on the choice of the chart. In another coordinate system (i.e., chart) this
representation would change by the change of coordinates from one chart
to another. ’

4. Induced Structures and Examples ,

Here we discuss some simple examples ofimanifolds, mostly with the intention
of aiding the reader’s understanding of the basic definitions. We also discuss
three methods of creating new manifolds from old ones.

4.1. Definition. Suppose F is a functional structure on the space X and let
$:X — Y be a map. Then the induced functional structure on Y is given by

Fy(U)={f:U~R|fopeFx¢ '(U))}.

For example, if m>n and ¢:R™—R" is the projection then the induced
structure from C* on R™ is just C* on R" as the reader should verify.

We shall now give a number of examples of well-known manifolds defined
by both the chart method and the functional structure method.

4.2. Example. Consider the torus T? defined as the quotient space of R2
under the equivalence relation relating points whose coordinates differ by
integer amounts. Let n:R? — T2 be the canonical projection. We wish to give
a smooth structure on T? by means of charts. This is quite easy, since for a
small open disk U < R? in R%, & maps U homeomorphically to its image U'.
Thus the inverse of this can be taken to be a chart. If ¢ and Y are two such
charts then ¢y ™! is just a translation and so it is C* (in fact, real analytic),
and so this does define a smooth structure on T2 (See Figure I1-1)

Let us now show how to define the structure by means of functional
structures. This is quite trivial in this example, since we can just take the
structure induced from the standard one on R? by the projection 7. In this
case, however, we must show that this induced structure is that of a manifold.
But this need ke done only locally. Let U’ be a small open set in T? whose
inverse image, as above, is the disjoint union of open sets U homeomorphic
to U’ under 7. Let f be a real valued function on U'. If U and ¥ are two of
the open sets in R? mapping homeomorphically to U’ then fonis C* on U
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Figure II-1. Differentiable structure on T?.

if and only if it is on ¥ since the difference is merely a translation U -V,
which is smooth. Thus we see that the map U — U’ is an isomorphism of
functionally structured spaces where U < R? has the C® structure. Therefore,
T? is indeed locally isomorphic to R%

4.3. Example. Consider the sphere S%. As before, we will first give a structure
via charts. For this let us take the sphere of radius 3 in the upper half space
tangent to the x-y plane at the origin. Thus the north pole is the point
(0,0, 1) and the south pole is the origin. We map S? — {(0,0, 1)} to the plane
by “stereographic projection,” i.e., we take the line from (0,0,1) to another
point on the sphere and produce it until it intersects the X-y plane.,‘ and t'he
chart ¢ is the map taking that point on the sphere to that intersection point
in the plane. (See Figure I1-2.) For a second chart y, we similarly take the
stereographic projection from the origin to the plane z=1 followed by thg
translation to the x-y plane. The comparison of these charts is
Yé~:R?— {0} >R?— {0} and is given by x—x/||x||? as the reader can

Figure 11-2. Stereographic projection.
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Figure I1-3. Defining a functional structure on a sphere.

calculate. Since this map is C* on R?— {0}, this does define a smooth
manifold. ' ‘

To define the structure on S* by means of functional structures we will
regard the sphere as the unit sphere in R3. Consider the radial projection
m:R? — {0} - S2. We take the structure induced from C*® on R*® — {0} by this
map 7.

This is a much simpler description of the structure than that given by
charts, but the difficulty is in showing that this does define a C*® manifold.
To do this, we consider a portion of the sphere cut out by a small circle and
the single sheeted open cone through that. (See Figure II-3.) The induced
structure on that open “disk” on the sphere simply consists of those functions
f such that the function, obtained on the open cone by making f constant
along radii, is C*. We must show this to be isomorphic to C* on some open
set in R2 To see this, we may as well just consider the case where the disk
on the sphere is taken around the north pole, since rotations in R? are C*.
Consider the map of this open cone to an open cylinder, given by (x, y, z)—
(x/p, y/p, p) where p = . /(x* + y* + z%). This mapis clearly a diffeomorphism
of one open set in R® to another, and it maps the spherical disk to a planar

disk (in the plane z = 1), and takes functions which are constant along radii

to those independent of the z-coordinate. But a function independent of z
and C® as a function of x, y,z is simply a C*-function of x, y. This shows
the small spherical disk to be isomorphic to the planar disk with the
C®-structure, as was desired.

4.4. Example. Consider the projective plane P? as the quotient space of a
sphere by the identification of antipodal points. We can take the functional
structure on P? induced by this quotient map from the smooth structure on
S2. Very much in the same way as with the torus in Example 4.2, one simply
has to know that the antipodal map is smooth on the sphere, to conclude
that this does define a smooth structure on P2. But that is trivial.

 4.:-Induced Structures and Examples 2

All of these examples could have been done in n dimensions with no
- further complications. We now discuss induced structures of a type opposite
to that above. Although it can be done more generally for maps X — Y, we

© will confine it to the case of inclusions.

4.5, Definition. Suppose that X is a topological space and that 4 = X is a
subspace. Let F be a functional structure on X. We define a functional
structure F, on A by letting feF (UnA)<>each point of UnA has a
" neighborhood W in X 31 is the restriction to W n A of some function ge F(W).

Considering T* and S? to be subspaces of R? in the usual ways, this gives
- another way to define a smooth structure on these spaces. Of course, one
. would have to show that the structure obtained this way is smooth, but that
- will follow from general results we will give later on. On the other hand, if
we consider the surface of a cone in R then this definition gives a functional
structure on the cone. However, this'is not a smooth structure. The cone is
homeomorphic, but not diffeomorphic to R Thus, functional structures give
an easy way to describe “singularities” like the verteéx of a cone or of a cusp,
which would be much harder to handle with the chart type of definition.
. Finally, let us define the product differential structure on a product of
. two smooth manifolds.

4.6. Definition. Let M™ and N" be smooth manifolds. If ¢: U — R™ is a chart
for M and y: V- R" is a chart for N, then take ¢ x y: U x V—-R™*" to be
a chart for M x N. This defines a smooth structure on M x N called the
product structure.

For example, take the circle S' with a smooth structure, then this gives
a structure on the tori T? =8 x §%, T>=8* x §* x 8!, etc. It is not too
difficult to show that the smooth manifolds produced this way are diffeo-
morphic to those described in Example 4.2.

Note that the charts described in Definition 4.6 do not satisfy axiom (4)
(maximality) of Definition 2.1, but this is not necessary, as remarked there,
since there is a unique maximal atlas containing them.

Note also that, for a product of manifolds, the projections M x N—- M
and M x N — N are smooth.

PROBLEMS
1. Consider the 3-sphere S* as the set of unit quaternions
{x+iy+jz+kwlx?+y* +22+wr=1}.
Let ¢: U—R? be $(x + iy + jz + kw) = (y,z, w)eR> where
U ={x+iy+jz+kweS?|x>0}

Consider ¢ as a chart. For each geS?, define a chart §, by u//q(p)=¢(q“‘p).
Show that this set of charts is an atlas for a smooth structure on S>.



2. Let X be a copy of the real.line R and let ¢: X —» R be ¢(x) = x3. Taking p asa .
chart, this defines a smooth structure on X. Prove or disprove the following

statements:

(1) X is diffeomorphic to R;

(2) the identity map X — R is a diffeomorphism;

(3) ¢ together with the identity map comprise an atlas;

(4)on the one-point compactification X* of X, ¢ and § give an atlas,
where ¥(x) = 1/x, for x #0, co, and ¥(c0) = 0. { is defined on X * —{0})

5. Tangent Vectors and Differentials

All readers are well acquainted with the notion of tangent vectors to curves
and surfaces embedded in 3-space. Perhaps, however, many readers are not
aware that this notion is intrinsic to the curve or surface and has little to
do with the particular embedding in 3-space. It is important to give the
notion of a tangent vector an intrinsic setting, not dependent on, or even
using, an embedding in euclidean space. One way to do this is to associate
the notion of tangent vectors with that of directional derivatives, or
derivatives along parametrized curves in the manifold in question. That is
the approach we take.

5.1. Definition. Let M be a smooth manifold and y:R— M a smooth curve
with 9(0) = p. (y need only be defined in a neighborhood of 0.) Let f:U >R
be smooth where U is an open neighborhood of p. Then the directional
derivative of f along y at p is '

DN = L0 mo

The operator D, is called the tangent vector to y at p. For two such curves
y and ¥ we regard D, = D, if they have the same value at p on each such
function f.

5.2. Definition. If M is a smooth manifold and peM, T,(M) denotes the
vector space of all tangent vectors to M at p. (See below for the fact that
this is a vector space.) :

5.3. Definition. A germ of a smooth real valued function f at peM on a
smooth manifold M is the equivalence class of f under the equivalence relation
fi~ fa<fi(x)= fyx) for all x in some neighborhood of p.

Note that D.(f) is defined on the germ of f. Letting D = D,, we note two
properties of tangent vectors:
(1) D(af + bg) = aD(f) + bD(g) where a and b are constant; and
(2) D(fg9)= f(p)DAg) + D(f)g(p)-

d/dy D

8/ox

Figure I1-4. Tangent vectors.

That is, D is a “derivation” of the algebra of germs of smooth real valued
functions on M at p. We remark that one can show (in the C* case only)
that any derivation is a tangent vector.

Let us interpret the foregoing in terms of local coordinates. Let x,..., X,
be local coordinates at p. Then (by abuse of notation) y(t) = (y,(1),...,7.{0)
where y{t) = x{(y(¢)). Then -

DAN= 21005 Omo

Thus

where q; =dy;/dt at t = 0.
Now
o v
—1 =D, where o(t)=(0,:..,0,1,0,..., 0),
0x;|p

where the ¢ is in the ith place. Therefore the set T,(M) of tangent vectors to
M at pis a vector space with basis {9/0x;|i = 1,..., n}. This also shows that,
for tangent vectors X and Y at p and scalars a, beR, we have

(aX +bY)(f) = a(X(f)) + b(Y(/)).

5.4. Example. We go through these definitions for the manifold R" itself.
Fix a point peR" and an ordinary n-vector v={(v,...,0,). Let
Yty =p+tv=(p; +tv,,...,p, + tv;). We then have the tangent vector D, ,
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and wish to find its coordinates w1th respect to the basis {0/0x;}. As shown

above in general,
dx;

1 of d(p; + tvy)
D = L h St i L .4
w)= R ez where a=" ==

1=0

Thus
0

g"l 5—1—(u1,...,vn>:v

in the 9/0x; basis. That is, the correspondence
R"- T,(R"),
vesD, ,

is an isomorphism of vector spaces. By abuse of notation, it is often regarded
as an equality.

5.5. Definition. If ¢: M — N is a smooth map between two smooth manifolds
then we define the differential of ¢ at peM.to be the function

b4 Ty(M) = T (N)
given by ¢,(D,) = D.,. (The differential ¢, is also often denoted by d¢.)

5.6. Proposition. The differential ¢, of a smoothmap ¢: M — N is well defined
and linear. It satisfies the equation

(¢+D)(9) = D(g~¢).
Moreover, ¢, 1, =(P°Y),.

Proor. Let g: U - R be a smooth functlon where U is a neighborhood of

¢(p). Then
¢D)(9) = D go,(9) —g(¢(7(t)))l, 0 =Dyg°9).

Therefore (¢, D)g) = D(ge¢$) which ‘shows that ¢,D is well defined and
satisfies the stated formula.

.. For tangent vectors X and Y at peM, we have ¢*(aX +bY)(f)=
(@X +bY)(fod) = aX(fod) + bY(fod) = (ad,(X) + bp(Y))(f)} and so &, is

linear.

Also (¢,9,D)(g) =V, D)g°d)=Dlged=y) =((¢°¥)(D))g) giving the

last formula. 3

Note the following special case in which the smooth map ¢ is a curve:
Let y:R— M be a smooth curve. Then

(d
T\ 4t

>(f) = L o Dlice=D S
t=0 dt

J. bangent vecCctors ana piierennats 4

d
Vx d—t =D,.

Let us now interpret the differential in terms of local coordinates. Let
¢: M — N be a smooth map and consider local coordinates x,,..., x,, near
the point peM and y,,..., y, near the point ¢(p)eN. Then we can write

¢(X1, = (()b (xl, < xm) .y ¢n(x1a B3] xm))

and we wish to find qS* p(M)—+T¢‘p,(N) in terms of the bases d/0x; and
0/dy;. The linear map ¢, is represented, with respect to these bases, by a

matrix (a; ;) where ;
n 0
a; ;—
¢*<6x ) izl e ay;

VATl
‘;b*(‘a‘;;)(yk) = ;z ai,ja—yi(yk): Gy, j-

i=1

so that

and so

But the left-hand side of this equation is
3 i
ox, (o) = o, b1
Therefore ¢, is represented by the Jacobian matrix
(5)
0x; i

5.7. Definition. If ¢: M — N is smooth then:

(1) if ¢, is a monomorphism at all points then ¢ is an immersion;

(2) if ¢, is onto at all points then ¢ is a submersion;

(3) if ¢ is an immersion and one-one then (M, ¢) is a submanifold; and

(4) if (M, ¢) is a submanifold and ¢: M — ¢(M) is a homeomorphism for
the relative topology on ¢(M), then ¢ is called an embedding, and $(M) is
called an embedded submanifold of N.

In case ¢: M — N is an embedding (or just an immersion) then we may
(and often will), without confusion, identify a tangent vector ve T, (M) with
b 0)E Ty (N),

Similarly, if M and N are smooth manifolds then so is M x N by taking
as charts the products of those for the factors. Clearly then T, (M x N}~
T,(M) x T(N)and we will often identify them when no confusion can result.
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PRrROBLEMS

1. & If ¢:R™ - R" is a linear map and we identify T, “(R¥) with R* by identifying 8/0x;
with the ith standard basis vector, show that ¢, becomes ¢.

2. If the curve ¢:R—R" is an embedding then show that ¢ (d/dt) coincides with
the classical notion of the tangent vector to the curve ¢ under the identification
of the tangent space to a cuclidean space with the euclidean space.

3. & For a smooth function f defined on a neighborhood of a point peR”, the
gradient Vf = gradf of f is the vector

&)
ax, " ox

For a vector veR” show that the directional derivative D,, denoted by D,
in Example 5.4, satisfies the equation

D,f=<V[ v

the standard inner product of Vf with v in R”.

4. & If M™cR" is a smoothly embedded manifold and f is a smooth real valued
function defined on a neighborhood of peM™ in R* and which is constant on M,
show that Vf is perpendjcular to T, (M) at p.

6. Sard’s Theorem and Regular Values

In this section we introduce the notion of “regular value” of a smooth map.
This is a type of “general position™ concept, and is one of the most useful
tools when dealing with smooth manifolds from the topological viewpoint.

6.1. Definition. If ¢: M™ — N" is a smooth map then a point peM"‘ 1s called
a critical point of qb if ¢,:T(M)— Ty, (N) has rank <n. The 1mage in N*
of a critical point is called a crmca? value. A point of N" which is not a
critical value is called a regular value (even though it may not be in the image

of ¢).

Note that this means that a point geN" is a regular value provided:

m>n = ¢, is onto at all points pe¢~'(q), and
m<n = q¢lmage (¢)

Any point not in the image is automatically a regular value. It might seem
strange to call a point g¢ $(M) a “regular value” when it is not even a “value,”
but this convention makes the statements and proofs of results concerning
regular values much simpler than if one were to exclude points not in the
image from the definition.

The following is the main result concerning regular values. Its proof
requires a small amount of measure theory. The proof contains no ideas of
particular interest to us here and so is relegated to Appendix C.

6.2. Theorem (Sard’s Theorem). If ¢: M™ —R" is a smooth map then the set
of critical values has measure zero.

6.3. Corollary (A.B. Brown). If ¢: M™— N" is smooth then the set of regular
values is residual in N”.

Proor. If C is the critical set of ¢ and K < M is compact then $(CnK) is
compact and its interior is empty by Theorem 6.2. Therefore ¢(CnK) is
nowhere dense in N. Since M is covered by a countable number of such sets
K, ¢(C) is of first category, and thus its complement is residual. 0

Note that, in the case m =1, Sard’s Theorem shows that there do not
exist smooth “space filling curves,” in distinction to the nonsmooth case.

The reader who wishes to examine the proof of Sard’s Theorem in
Appendix C should first read Section 7 because the proof uses some elementary
items from that section.

We shall have many applications of Sard’s Theoreni later on in this book.
It is one of the central tools of differential topology. For now, we will rest
content with the following appllcatlon to a classical result:

6.4. Corollary (Fundamental Theorem of Algebra). If p(z) is a complex
polynomial of positive degree then p(z) has a zero.

Proor. (This argument is due to Milnor [3]). Let p(x -+ iy) = u(x, y) + iv(x, y).
Then p'(z) = (u, + iv,) = — i{u, + iv,) as is seen by differentiating with respect
to x and y and comparing the answers (and, of course, is very well known
for all complex analytic functions). Thus the Jacobian J(u,v; x,y) = u? + uf,
is zero if and only if p'(z) = 0. There are only a finite number of points (zeros
of p') that can satisfy this. Thus, p: R? — R? has only a finite number of critical
points. Let F = R? be the finite set of critical values.
Letting p(z) = agz" +a,z" "' + -+ + a,, with a, # 0, the equation

Ip@)|=Iz"lap +ayz” ' + -+ a,z7"|

shows that |p(z)] > o0 as |z|— co. This means that p can be extended
continuously to the one-point compactification S of R? and hence that p is
a proper map. Thus p is a closed mapping by Proposition 11.5 of Chapter L.
For any ceC, p~'(c) consists of the zeros of the polynomial p(z) — ¢ and
$0 it contains at most n points. Let k = k(c) be the number of points in p~*(c).
Ifcisaregular valueand p~ (¢} = {z,,..., z}, then each z; has a neighborhood
U; mapping diffeomorphically onto a neighborhood V; = R? — F of ¢. Since
R? is Hausdorff, we can assume the U; to be disjoint. There is an open
connected neighborhood V of ¢ inside the open set V,n---nV, — f(R*—
(U,u--0uUY) Then W, = U,;np~ (V) is taken diffeomorphically by p onto
V. Moreover, p~ (V)= W,u---u W, (disjoint) since p(z)eV=zep '(V)n
U,uulU)=W,u---uW, It follows that k(c) is locally constant on
the set R? — F of regular values. Since R* — F is connected, k(c) is constant on



[E)8 1L, LJIMCICULIADIC (VidITO1AS

R? — F. This constant cannot be zero since that would imply that the image
of p is F, and hence that p is constant since its image is connected, but p is
not constant. This shows that the image of p contains (R* — F)UF =R2? so
that p takes on all values including 0. ' O

The ideas in the last paragraph of the proof of Corollary 6.4 will be of
importance to us in later parts of this chapter; see Theorem 11.6 and
Section 16.

PROBLEMS
1. For the map ¢(x) = x sini(x) of the real line to itself, what are the regular values?
2. For the map ¢(x, y) = x? — y* of the plane to the line, what are the regular values?

3. For the map ¢(x, y) = sin(x> + y?) of the plane to the line, what are the regular
values?

4. Criticize the following “counterexample” of Sard’s Theorem: Let M° be the real
line with the discrete topology. This is a 0-manifold. The canonical map M° R
then has no regular values.

5. Let y:R—R? be a smooth curve in the plane. Let K be the set of all reR such
that the circle of radius r about the origin is tangent to the curve y at some point.
Show that K has empty interior in R.

6. If Cis a circle embedded smoothly in R* show that there exists a three-dimensional
hyperplane H such that the orthogonal projection of C to H is an embedding.

7. Formulate and prove a “Fundamental Theorem of algebra™ for quaternionic
polynomials: '

7. Local Properties of Immersions and Submersions

This section is mainly a simple generalization of the Inverse Function
Theorem from the case of euclidean space to that of general smooth manifolds.
There is nothing deep about this generalization and it is mainly a matter of
notation.

First let us note that if ¢: M — N is a smooth map and if ¢: T,(M) — Ty,(N)
is a monomorphism, then it is a monomorphism at any point of some
neighborhood of p. Also, if ¢, is onto at p then it is onto at any point in
some neighborhood of p. The reason for this is that these are the cases for
which ¢, has maximum possible rank, and the rank of a matrix (the Jacobian
in these cases) is the largest size of a square submatrix having nonzero
determinant. But the determinant is a continuous function of its entries, and
hence of the point p, so it will still be nonzero in some neighborhood of p.

7.1. Theorem. Let 6: M™ — N" be smooth and assume that 0, T,(M™)~ Ty ,(N")
is & monomorphism (at the particular point p). Then there are charts ¢ at p
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and i at 0(p) such that the following diagram commutes:

Al"l ___f___) N"

o e

Rln 0' Rn

where (" is the standard inclusion of R™ in R™: (x,,..., x,)/=(x,,...,x,,0,...,0).
{Accordingly, in these local coordinates, O(M) is “flat” in N.)

Proor. Take arbitrary charts ¢ and  such that the origin in euclidean space
corresponds to p and 0(p), respectively. Then . R" = T(R™) — T,(R") = R"
is a monomorphism. By a change of coordinates (a rotation) we can assume
that the image of 8, is R" < R"=R"™ x R"™"™.

We wish to change coordinates in R”* by a map {:R"—R" so ‘that the
diagram

RmLR"zR"‘x R*™m™

RN

R"=R"xR"""

commutes, where 1(x) = (x,0). We must take {(x,0) = §'(x) and so the obvious
candidate for { is {(x, y) = §'(x) + y. With this choice, note that [, takes the
tangent space of R™ x {0} onto itself by &,. Also, it takes the tangent space
of {0} x R""™ onto itself by the identity. Consequently {, is an isomorphism.

By the Inverse Function Theorem (Theorem 1.6), { is a diffeomorphism
in the neighborhood of the origin. We claim that if we replace the chart
with { 1oy (possibly cutting down on the domain) the new charts satisfy
the conclusion of the theorem. But the new @ is just 1 = { ~* o0 and 1(x) = (x,0)
as desired. O

7.2. Corollary. If M < N is an embedded submanifold then M has the induced
Sunctional structure as a subspace on N. O

Another way to phrase the corollary is that if f is a smooth real valued
function on M, then it extends locally to a smooth function on a neighborhood
in N.

7.3. Theorem. Let 0: M™ — N" be smooth and assume that 0,: T,(M™) — Ty, (N")
is onto (at the particular point p). Then there are charts ¢ at p and | at {p)
such that the following diagram commutes:

MMLNH

e

I

R" — 5 R"

where ¢ is the standard projection of R™ onto R":(x, ..., x){x, ..., X,).
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PRrOOF. Actually, in this proof, we willregard R™ as R* x R" and the projection
in question as the map taking (x, y)eR™ to yeR". This is of no import. Let

¢ and  be charts at p and (p) with ¢(p) = 0 = y(0(p)).
By a rotation of coordinates at pe M we can assume that ker(#,) = R* x {0}
at 0. We wish to change coordinates in R™ by a map {:R™—R™ so that the

diagram

Rk X R"=Rm——l-"—-*R"
{ T

R¥x R"=R"™

commutes, where 7(x, y) = y. Then the second coordinate of {(x, y) must be
¢(x, y), so that the obvious candidate for { is {(x,y) = (x, &(x, ¥)). With this
choice, note that ker(,) =ker(d,)=R*x {0} since & =mo{. But the
composition R¥ ~ R¥ x {0} =, R¥ x R" <> R* x R"—R* is the identity, so
that ker({,)n(R* x {0}) ={0}. Consequently {, is monomorphic, hence
isomorphic, at 0. Therefore, { is a diffeomorphism locally at 0. Accordingly
we can change the chart ¢ to {o¢. Then the new & is just 1 =6°{"" and
a(x, y) = y as desired. ]

7.4. Corollary. Suppose that 8:M™— N™is a smooth map and that yeN is a
reqular value of 0. Then 8~ () is an embedded submanifold of M™ of dimension
m-—n. o ‘ u

7.5. Example. Consider the map 6:R"— R given by 6(x,,...,x,) =Y. x7. We
Then some x; is nonzero, say x; #0.at p. Then 06/0x; =2x, #0 at p and
so 6, is onto at p. Hence §7'(1)=8""" is a submanifold of R".

7.6. Definition. Suppose that N, and N, are embedded submanifolds of M.
We say that N, intersects N, transversely (symbolically N, 4 N,)if, whenever
peN,NN,, we have T,(N,)+ T,(N,) = T,(M). (The sum is not direct, just
the set of sums of vectors, one from each of the two subspaces of T,(M).)

7.7. Theorem. If N, AN, in M™ then N, AN, is a submanifold of M™ of
dimension dim(N, " N,)=dim(N,) + dim(N,) — dim(M). Moreover, locally
in an appropriate coordinate system, we have that N;=R" x {0} and
N, ={0} x R™.,

Proor. By taking a chart at p in which N, is “flat” (see Theorem 7.1) we can
find a coordinate neighborhood U of p and a map ¢,: U —»R™™" having 0
as a regular value and such that Un N, = ¢ (0). Similarly, perhaps cutting
down U, we can find a map ¢,: U—R™ " with 0 as a regular value and
such that UnN, = ¢, '(0). Consider ¢, x ¢,;U—-R"™™ x R"™™ taking x
o {¢,(x), ¢,(x)). We claim that 0 =(0,0) is a regular value. By cJ)nsidering
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everywhere nowhere at | point

Figure II-5. Intersection of submanifolds.

¢, x ¢, followed by the projections we see easily that
(@1 X @)y T(M)>R"™™ x R™ ™™
is given by

(@1 X §2)4(0) = (¢, (v), §2,(v))-

It follows that ker(¢, x ¢,), = ker(¢,)nker(¢,,) = T,(N )" T,(N,). But the
dimension of this is dim TN} +dim T(N,) —dim T(M) =n, + n, —m.
Thus dim(im(¢; x ¢,),)=m—(n, +n, ~m)=2m—n, —n, =dim(R™ " x
R™7 ") and hence (¢, x ¢,), is onto at p. Thus 0 is a regular value for ¢, x ¢,
on U and has (¢, x ¢,)”*(0)= N, "N, (locally), proving the first statement
of the theorem. ’

For the statement about the coordinate system consider the map

82U—*Rm_"2 X Rnx+nz~m x Rm—m

defined by 0(x) = (¢, (x), ¥{(x), ,(x)) where ¥ is the projection to N, "N, in
a coordinate system on U in which N;n N, is flat.

Now ¢, kills T(N,nN,) which implies that im(8,) contains the middle
factor (of the tangent space of this product of euclidean spaces). By projection
to the first and third factors (together) we see that im(f,) maps onto
im(¢,, x ¢;,) =R"7" x {0} x R"~". It follows that 0, is onto and hence that
0 is a chart (possibly by further restricting its domain) and it clearly satisfies
our requirements. g

7.8. Example. Consider V={(z;,2,,25)eC*>— {0}|z + z2 + z2=0}. Note
that 0 is a regular value of (z,, z,, z3)>z7 + z2 + 22 of C* — {0} > C, so that
V is a 4-manifold. Let S=8°={(z,,2,,2,)eC?|z, 1> +|z,|* +]z,] = 1}.
Then we claim that ¥ hS and hence that VA S is a 3-manifold.

To see this, note that we need only show that V has a tangent vector, at
any given point (z,,z,,z,)e Vn S, which is not tangent to S. For this, consider
the map ¢:R — Ve C? given by ¢(t) =(t%z,, 1*z,, t*z3) and the mapy: C*> > R
which is the norm squared. That is, Y(z,,2,,24) = |z, |* +|2,1* + |z3/% Note
that d/%takes vectors tangent to S into 0. Accordingly, it suffices to show that
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the differential of the composition o ¢ is nonzero at t = 1. But the value of |

this differential on d/dt is 4z, |* + 6]z,]? + 6]z5]% # 0, as desired.

Thus VN S is a 3-manifold. It is known to be the “lens space” called L(3, 1),
and, unless you already know about lens spaces, it is doubtful you have ever
seen this 3-manifold before.

PROBLEMS

1. Consider the real valued function f(x,y,z)={2—(x?+y?)'*? +2? on R3—
{(0,0,z)}. Show that 1 is a regular value of f. Identify the manifold M =f~1(1).

2. Show that the manifold M of Problem 1 is transverse to the surface
N ={(x,y,2)eR3|x? + y* =4}.
Identify the manifold M~ N.
3. Show that the manifold M of Problem 1 is not transverse to the surface
N={(x,y,2)eR3|x* + y* = 1}.
Is M~ N a manifold? ‘
4. Show that the manifold M of Problem 1 is not transverse to the plane
N={(x,y,2)eR?|x =1}.
Is M AN a manifold? /

5. Generalize Example 7.8 as far as you can. ’

8. Vector Fields and Flows

8.1. Definition. A vector field on a smooth manifold M" is a function £ on
M", such that &(p)e T,(M) and which is smooth in the following sense: Given
local coordinates x,..., x, near peM, we can write

)= 3 afp)djox,
i=1

and smoothness of £ means that the a; are smooth functions.

8.2. Definition. A (smooth) flow on a smooth manifold M" is a smooth map
9:R x M — M such that: )

(1) 8(0,x) = x for all xeM; and
(2) 6(s + t,x) = 8s,0(t, x)) for all xeM and s,teR.
It is easy to check that a flow is the same as what we called an “action”

of the additive topological group R of real numbers on the manifold M" in
Definition 15.13 of Chapter I with the addition of smoothness.
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A flow generates a vector field by assigning to a point p the vector &(p)
which is tangent to the curve y{(t) = 0(t, p) at t =0. That 1s,

d

=0.(°

&(p) * ( dt

This vector field & is called the “tangent field” of the {low 6.

Conversely, given a smooth vector field and a coordinate chart in M”, the
field broken up into its # coordinates is just a set of n functions

)e TAM).

(0.p)

él(yl"--ayn),

én(yl""’y'n)’

where the y; are the local coordinates. A set of “solution curves” for this field
are solutions of the first-order system of differential equations

d}ﬁ/dt? él(yl""’yn)a

dyn/dt - én(yls""yn)'

For the solution going through the point p=(x,,..., x,) at time t =0, the
existence and uniqueness theorem for first-order differential equations says
that there is a solution {smooth) in a neighborhood of {t, p) in R x R". This
means, in the coordinate free notation, that there is a function 8: U - M, for
some neighborhood U of {0} x M in R x M, whose set of trajectories at t =0
induces the original vector field ¢. By looking at the two functions 8(s + ¢, p)
and (s, 6(t, p)) as functions of s near s =0, it is not hard to show that they
give rise to the same set of differential equations. By the uniqueness theorem,
they must coincide for small s,z. Thus a vector field induces a “local” flow
(all properties of a flow except that it is defined on some neighborhood of
{0} x M and possibly not on all of R x M). However, if M is compact then
one can see that one gets a “global” flow as in Definition 8.2. Since we have

Figure L/‘]—()l Vector field and flow.




no great use for these facts, we leave it to the reader to fill in the details of
this discussion.

8.3. Example. Consider the sphere st < C"and let z = (z1-s z,)eS? 1L
Let &(z) = f,(d/dt) where f(1) = (e"zy,..., €"z,). Since (d/dt)(e"2)|,~o = iz, We
see that &(z) = iz. Consequently, this defines a unit vector field on St

It is natural to ask, for a given manifold M, whether or not a vector
field exists on M which is everywhere nonzero, like the one fjust pro-
duced on S*"~!. This is a question which algebraic topology is equipped
to answer, and it will be taken up again when the needed tools have been
developed. :

PROBLEMS
1. On the 2-sphere, consider the flow ‘
0, {x, y,2)) = {x, y-cos(t) — z-sin(t), y-sin(t) + z-cos(t) ).
Find the vector field on S$? induced by this flow.

2. Consider the vector field £(x) = x on R. Show that £ is the tangent field to a flow,
and find the flow. (Hint: In classical notation, this vector field corresponds to the
initial value problem dy/dt = y, y(0) = x.)

3. Show that the vector field &(x) = x2onR is not the tangent field of any (global) flow.

4. & If X and Y are vector fields on M then X'Y makes sense as an operator on
smooth real valued functions on M. Show that [X,Y]=XY— YX is a vector
field. (This is called the “Lie bracket” of X and Y. Sometimes it is defined with
the opposite sign.) Also show that XY itself is not.a vector field.

5. Show that the Klein bottle has an everywhere nonzero vector field. Describe the
resulting flow.

9. Tangent Bundles

For a smooth n-manifold M" put T(M") = J{T,(M")|peM}. This is the set
of all ordered pairs ( p, £) where e T,(M). There is the projection n: T(M) — M.
Let ¢: U — U’ < R" be a chart giving the local coordinates x,,..., x, near p.
Then any tangent vector at a point of U is of the form 3 ;a;0/0x;. Therefore
"} U)= U x R"~ U’ x R” and a specific map is

(pom) x o Y {U)- U xR"

taking ve T,(M) to (¢(n(v)), ¢,(v)) = (¢(p), ¢,(v)). We can take this as a chart
on T(M). (Thought of in terms of local coordinates, this gives the coordinates
XiseeisXps Vise-o» ¥, o0~ 1(U) where the y; are the coordinates of the vector
>, v:i0/0x.) I . V - R" is another chart on M so that 0 =y~ 1 (U V)—
(U N V) is the transition function, then the corresponding transition function

on T(M) is clearly @ x 6,. This makes T(M) into a smooth 2n-manifold,.
called the “tangent bundle” of M. C

A vector field £ on M is then just a smooth cross section of this bundle.
That is, it is a smooth map & M — T(M) such that nof = 1,.

A manifold M" is called “parallelizable” if there is a diffeomorphism 6:
T(M)— M x R" such that each T,(M) is carried linearly isomorphically onto
{p} x R".(This s called a “bundle isomorphism” of T(M) to the trivial n-plane
bundle.) Clearly, M" is parallelizable <> there exist n vector fields on M"
which are independent at each point of M".

An example of a parallelizable manifold is the circle S!, and one way to
produce the required nonzero vector field is as the tangent field to the flow
o(t, z) = e"z.

A less trivial example is the sphere S°. The required three independent
vector fields can be obtained by thinking of S* as the unit quaternions and
the three fields as the tangent fields of the flows 6(t, q) = (cos(r) + isin(t))q,
obtaining the other two by replacing i with j and k, respectively.

The sphere 7 can also be shown to be paralielizable by the same technique
using the Cayley numbers. It is known, and nontrivial, that no other spheres
are parallelizable. A proof of part of that is given in Corollary 15.16 of
Chapter V1.

PrOBLEMS

1. Show that the n-torus T" = S! x ... x §! is parallelizable.

2. Is the Klein bottle parallelizable? (® Prove your answer)

3. Show that the sphere $*"~ ! has three vector fields that are everywhere independent.
4, Show that S" x R is parallelizable for all n.

5. # If nis odd, show that S" x S* is parallelizable for all k > 1.

10. Embedding in Euclidean Space

In this section we prove that every smooth manifold can be smoothly em-
bedded in an appropriate euclidean space.

First we establish a smooth version of the previous result, Theorem 12.8
of Chapter 1, on partitions of unity.

10.1. Theorem. If M is a smooth manifold and {U,} is an open covering then
there is a partition of unity {[,} subordinate to this covering such that the
Junctions f, are all smooth.

Proor. We may as well assume that the original covering is locally finite
and also that each member is contained in the domain of\\a coordinate chart

i
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and- has compact closure, By Proposition 12.9 of Chapter I, there is a
“shrinking” {V,}, such that V, < U, for all o

- We shall complete the proof in a sequence of lemmas.

10.2. Lemma. There exists a smooth function B:R — R such that B(x)>0on
(—1,1), and B(x)=0 for |x| = 1.

PROOF. Take B(x)=e M~ 1= U+ for x| <1 and B(x)=0 otherwise.

O

10.3. Lemma. Let peU = M with U open. Then there is a smooth map
g:M —[0, o) such that g(p) > 0 and support(g) < U. (That is, g vanishes on a
neighborhood of M — U)

Proor. Take local coordinates x,..., x, at p‘and assume that the box
>{('x1=' ey xn)]all !xi‘ Se}

is contained inside U. Then let g(x) = B(x,/e)-...- B(x,/e). 0

104. Lemma. Let K < U = M with K compact and U open. Then there is a
smooth function g: M — [0, o0) such that g(x)>0 for all xeK, and support(g)
< U.

PRroOOF. For each peK, take a function g, satisfying Lemma 10.3. The sets
{xeM|g,(x) > 0} are open and cover K. Thus a finite number of them cover K.
Add up the corresponding finite number of gp»and that clearly worksforg. [

Now we shall complete the proof of Theorem 10.1. For each index « use
Lemma 10.4 to get a smooth function g,: M —R such that g,(p) > 0 if peV,

and support(g,) = U,. Then put f, =g,/3g,. 7

10.5. Proposition. Let U, and f, be as in Theorem 10.1. Let ¢, U,—~R be
arbitrary smooth functions. Then the function g:M —R given by gl{x) =
S fdX)g(x) is smooth.

PROOF. Since f, vanishes on a neighborhood of M — U, f.g, is smooth on
U, and vanishes on a neighborhood of its boundary in M. Thus f,g, extends
smoothly, by 0, to all of M. Any point xeM has a neighborhood on which
~all but a finite number of the f,g, vanish and so ¥, f,g, makes sense and is
sn&dzh O

10.6. Theorem. Let M be a smooth manifold and let K = M be closed. Let
g: K = R be smooth (in the induced structure; this means that g extends locall y
at each point peK to a smooth function on some neighborhood of p in M).
Then g extends to a smooth function g: M —R.

10. Embedding in Euclidean Space 91

Proor. Cover K by sets U, which are open in M and such that there is a
smooth function g, on U, coinciding with g on U,nK. Throw M — K and
the zero function into this to get a covering of M. By passing to a refinement
we can assume that this is locally finite. By Theorem 10.1 there is a smooth
partition of unity {f,} subordinate to this covering. By Proposition 10.5 the
function §: M — R given by g(x) = 3 fx)g.(x) is smooth. For xeK we have

gx) = 2 (fa(x)9(x)) = (X f(x))g(x} = 1-g(x) = g(x). . a

10.7. Theorem (Whitney Embedding Theorem). If M" is a compact n-manifold
then there exists a smooth embedding g: M" —R2"* 1,

PrROOF. We can cover M by a finite number of domains U; of charts ¢;,

i=1,2,....,k We can assume there are sets V; also covering M such that

¥V, < U, for each i. There are also smooth functions A; M — R which are 1 on

¥V, and have support in U, This follows from Theorem 10.6. Let y(p) =

2{p)pip) for peU,; and 0 otherwise. Then each ; is smooth. Now define
8: M— (R x R* by

) = (WP Valp) Aa(p---, 1lp)

and note that
O, =1y, x - x z//k*‘ X Ay, X X Ay

We claim first that 8 is an immersion. Look at a point peM which must
be in some V;, say peV;. Since 1;= 1 near p, §; coincides with ¢; near p.
Thus ¥;, = ¢,, near p, and the latter is monomorphic near p since ¢; is a
chart. Accordmgly, 0, is monomorphic at p.

Next we claim that 6 is one—one. If 8(p) = B{q) then A(p)= /,(q) for each
i. Now, peV,; for some i and, for that i, A{p) =1. Thus ¢(p)= A (pW{p) =
Adg{q) = ¢4{q). This means that p = g since ¢; is one—one, being a chart.

Since M" is compact, 6 is a homeomorphism onto its image, by Theorem 7.8
of Chapter L. Thus 0 is an embedding of M” into R, for some large integer
N, which we will regard as an inclusion. It remains to show that we can cut
N down to 2n + 1. For this, suppose we can find a vector weR" such that
w is not tangent to M" at any point, and such that there do not exist points
x,yeM with x—y parallel to w. Then it is clear that the projection of M into
the hyperplane w is still one—one and kills no tangent vector to M. Thus
it suffices to show such a vector w exists if N > 2n + 1. The argument is one
of “general position.”

Consider the map o: T(M") — M"— PN~ (real projective (N — 1)-space),
taking a tangent vector to a vector in RY via the embedding and then to its
equivalence class in projective (N — 1)-space. Also consider the map ©: M" x
M" — A - P¥ ' raking a pair (x, y), with x # y, to the equivalence class of x-y.
Both of these are smooth maps. The dimensions of both of the source
manifolds are 2n which is less than the dimension N — 1 of the target manifold.
By Sard’s Theorem (Corollary 6.3), it follows that the images of both



maps are of first category, and hence their union is also of first category
which implies that there must be a vector w satisfying our demands. O

Actually, Whitney [1] proved that M" can be embedded in R*", but that
is beyond our present capabilities to show.

It takes only a little more argument to remove the compactness restriction
from Theorem 10.7 and we now indicate how to do that. We wxll not use
this extension, so the reader can skip it if so desired.

10.8. Theorem A smooth manifold M" can be embedded as a submamfold and
closed subset, of R*"*1.

Proor. Cover M" by open sets with compact closures and take a smooth
partition of unity subordinate to a locally finite refinement of this covering,
The refinement must be countable and so we can index the partition by the
positive integers {1;i > 0}. Let h(x) = ¥, kA,(x). This is a smooth proper map
M">[1,0)cR Let U;=h"!i—4 i+3) and C;=h7'[i—3, i+%]. Then
U, is open, C; is compact, and U, cint C;. Also, all C,,, are disjoint as are
the C,,.,. For each i, the proof of Theorem 10.7 shows that there exists a
smooth map g; M" - R2"*! which is an embedding on U, and is 0 outside
C;. By composing this with a diffeomorphism from R?"** to an open ball,
we can also assume that g; has bounded image. Let f, =3 g.4q and £, =3 geven
and f = {f,, fo, h): M">R* "1 x R?"*1 % R and note that im(f)c K xR
for some compact set K < R**! x R*"*! since f, and f, have bounded
images. Then [ is proper since h is proper. If f(x) = f(y) then h(x) = h(y) so
that x and y are in some common U,. If i is odd then f, is an embedding on U,
which implies that x = y; and similarly for i even. Hence f is an embedding
to a closed subset {by properness) By repeated use of the Sard Theorem
argument in the proof of Theorem 10.7 there is a projection p of R¥"*1 x
R?"*1 x R to a (2n + 1)-dimensional hyperplane H which is still a one—one
immersion on f(M). Moreover, this can be so chosen that the original h
coordinate axis is not in ker(p). That is, if m: R*" "1 x R**! x R»R?"*! x R¥"*1
is the projection, then ker(m)nker(p) = {0}, which implies that n x p is an
inclusion, hence proper, where (r x p)(x)=n(x) x p(x). Thus, for C< H
compact, K x Rnp™}(C) = (n x p) " (K x C) is compact, whence p is proper
on f(M)c K x R. Therefore pe f is an embedding of M" as a closed subspace
Of RZn + ]4 D

11. Tubular Neighborhoods and Approximations

In this section we will show that any smoothly embedded manifold has a nice
neighborhood analogous to a tube around a curve in 3-space; see Figure I1-7.
This is then used to prove that continuous maps can be approximated by
smooth maps.

Figuie [1-7. Tubular neighborhood.

11.1. Definition. Let M™ be a compaét smooth manifold embedded in R
Then the normal bundle of M" in R¥ is E(M) = {{x,v)eM x R"lu_L T{M)}.
We let m: Z(M)— M be the projection n{x,v) = Xx.

11.2. Proposition. Each point xeM has a neighborhood U such that n~}(U) ~
U x R*™" with the projection m:n~'(U)— U corresponding to the canonical
projection U x R* "> U.

Proor. Let ¢: V>R "x R"=R"be a chart making M ﬂat ie, U=VnM
corresponds to {0} x R™. Let 4,,...,4_, be the first k—n coordinate
projections R*—R. Then the A;°¢ are constant on U. Thus the vectors
V(4;°¢), at a point of U, give a normal frame to U and provide the splitting
1" Y(U)~ U x R*™" see Problems 3 and 4 of Section 5. (These vectors are
independent since they form the first k — n rows of the Jacobian matrix of ¢.)

11.3. Definition. In the -present situation, let 6:E(M)—R* be given by
6{x,v)=x + v. Also let (M, €) = {{x,0)eEM)|{|v] <€}

11.4. Theorem (Tubular Neighborhood Theorem). Let M" be a compact
smooth submanifold of R. Then there is an € >0 such that 6: (M, €)—R* is
a diffeomorphism onto the neighborhood {yeR*|dist(M,y) <€} of M" in R%.

Proor. First note that there is a canonical splitting T, o,(E(M)) = T (M) x
N (M) where N (M) is the normal space to T(M) in R~

Now let us compute 6, at {x,0>eE(M). Since 0{x,v) =x + v is just a
translation for x fixed and v variable, 8, is the standard inclusion (identity)
on N (M)—R¥ Also 0, T{M)— T(R¥) is just the differential of the inclusion
of M = R* and so this part of 8, is just the standard inclusion of T,(M) in
T (R*)=R* Thus

6, R* = T(RY = T,(M) x N (M)— R

*°
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is the identity. Therefore 0, is an isomorphism at {x,0) for each xeM, and
so ¢ is a diffeomorphism on some neighborhood of {x,0). Consequently,
0, is an isomorphism at {x,v) for any x and for ||¢]| small.

By compactness, there is a § >0, such that 0, is an isomorphism at all
points of Z(M,d). Thus 6:Z(M, 6) > R* is a local diffeomorphism. We wish
to show that € is one—one on E(M, ¢) for some 0 <€ < J.

Suppose that 0 is not one—one on Z(M, €) for any € > 0. Then there exist
sequences {x;,v;) # {y,w;> in E(M) such that Jp;} >0, }w,|—0, and
0{x;,0;> =0{y,w;>. Since M is compact, metrizable, there exists a
subsequence such that (by reindexing) x,— x and y;~—y. Then 0{x,,v;>—
0{x,0> =x and 8y, w;>—06{y,0) =y, so that x = y. But then, for i large,
both {x;, ;> and {y;, w;) are close to {x,0). Since § is one—one locally near
{x,0), this is a contradiction, and thus, as claimed, 6 must be one—one on
some Z(M, )

To finish, we must prove the final contention that 9(E(M,e€))=
{y|dist(y, M) < €}. The containment < is clear, so suppose that y is such that
dist{y, M) <e and let xeM be such that dist(y,x) is a minimum (and
hence < €). Then the.vector y—x is a normal vector, at the pomt x, of lenigth
<€ and so y does lie in H(E(M,€)). - O

Note that the map r =n°0"':6(E(M,€))—» M" is a smooth retraction of
the tubular neighborhood onto M". It is also clear that r is homotopic to
the identity via a smooth homotopy. That is, r is a smooth “deformation
retraction.” Also every point of M" is a regular value of ». We call r the
“normal retraction” of the tubular neighborhood onto M™.

There are more general versions of the Tubular Neighborhood Theorem.
Such a theorem can be proved for smooth submanifolds of arbitrary smooth
manifolds, and not just euclidean space. This is done in much the same way
using geodesics in some Riemannian structure in the same way as straight
lines in euclidean space are used in the foregoing proof. A more elementary
derivation of that is given at the end of this section. Also, compactness can
be removed as a restriction, with a slight modification of the conclusion (the
€ must be allowed to vary with the point).

11.5. Corollary. Let M" be a compact manifold and ¢ a nonzero vector field
on M". Then there is a map f: M" > M" without fixed points, and with f ~ 1.
(¢ is assumed to be continuous, but need not be smooth.)

Proor. Embed M" in some R Then ¢ is a field of tangent vectors to M”
and, since M" is compact, there is a constant ¢ such that the vector field ¢¢
has all vectors of length less than e for any given €>0. Thus ecach
x +¢&,€(E(M,€)). Define f(x)=r(x+c&,). Il f(x)=x then c¢& eN (M)
TM) = {0}, so that £, = 0. Therefore, { has no fixed points. The homotopy
is given by F(x,t) = r(x + tc£,). 0

11.6. Theorem. Let [:R"— M™ be a smooth map. Assume that pe M™ is a
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reqular value, let K ={""{p}, and assume that K is compact. Then there is
an open neighborhood N of K inside a tubular neighborhood of K, with normal
retraction r: N — K, and an open neighborhood E =R™ of p in M™ such that
the map r x f: N— K x E is a diffeomorphism.

PrOOF. Since the critical set of f is closed and disjoint from K, there exists
a tubular neighborhood U of K on which f has no critical points. At a point
peK, the tangent space of R” at p is the direct sum of the tangent space T,
of K at p and the normal space N , to T, in R". The differential r, kills N, and
is an isomorphism (the identity) on T,. The differential f, kills T, and is an
isomorphism on N, since it has maximal rank. It follows that (r x f), is an
isomorphism at p. Therefore we can take U small enough so that (r x f),
is an isomorphism at each point.of U. Then r x f is an immersion on U. An
easy compactness argument, similar to that in the proof of Theorem 11.4,
shows that r x f is one—one on some compact neighborhood C < U of K.
Then r x f is a homeomorphism on C to its image by Theorem 7.8 of
Chapter 1. Another compactness argument shows that, for a sufficiently small
open euclidean neighborhood E of p in M, we have that N =/ "YE)nCc
int C. (Just consider the sets f ~*(E)ndC for varying E.)

For xeK, let f:r~'(x)n N — E denote the restriction of f to the “fiber”
r~Y(x) N. We claim that each f, is a diffeomorphism onto E. Since r x f has
no critical points in N and r, kills tangent vectors to r~{(x)n N, it follows
that f, has no critical points and hence is a diffeomorphism into E. Now
)Ny = fir {x)nCaf " YE) = f(r Y{(x)nC)nE, but r }(x)nC is
compact and so this set is closed, as well as open, in E. Consequently,
fr Y(x)nN)= E since E is connected.

This shows thatr x f:N —=» K x Eis onto and that finishes the proof. []

Figure 11-8 illustrates the situation of Theorem 11.6. Let us rephrase
Theorem 11.6 slightly. It says that if p is a regular value whose inverse image
K is compact then, in a neighborhood of K, f has the form of a smooth
projection K x E— E. Also note that it does not say that the product
neighborhood is the entire inverse image /™ *(E) but only that they coincide

¥

..

E \.)
N

/,' Fte,y,z)=(x2 4 p2 2y

Figure 11-8. Regular value and inverse image of its neighborhood.
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near K. The projection (x, y)—x of S! — {(0, 1)} = R is a counterexample to.
~ that. The compactness assumption on K is necessary as is shown by simple
examples such as the projection (x, y)—x of {(x,»)|y <|1/x|} —=R.

This result can be generalized to a smooth map from any manifold and
not just euclidean space.

The neighborhood N ~ K x E of Theorem 11.6 is also called a “tubular
neighborhood™ although it does not quite have the form of a E(K, €). More
generally, any neighborhood of K with the structure of a vector bundle over
K (see Section 13) is called a “tubular neighborhood” of K.

We shall now turn to the question of approximating arbitrary continuous
maps between smooth manifolds by smooth maps. Note the case B= & of
the following result, which is all that is used in this chapter. The case B #
is needed for an important application in Chapter IV, the Cellular Approxi-
mation Theorem (Theorem 11.4 of Chapter IV).

11.7. Theorem. Let M" be smooth and A, B = M" closed subsets. Let f: M" — R¥
be continuous on M" and smooth on A (in the induced structure). Then, given
€>0, there exists a map g: M"—R* which is smooth on M — B and is such
that g(a) = f(a) for all ac AU B and such that || g(x) — f(x)}| <€ for all xeM".
Moreover, f ~g rel Au B via an e-small homotopy. '

PROOE. Let dist be any metric on' M; see Theorem 12.12 of Chapter I. For
xeM, let e(x) = min(e, dist(x, B)). We remind the reader that “smooth on A4”
just means that near any point ae 4, there is a function defined near a on
M which is smooth there and whose restriction to 4 coincides with f there.
Thus, for any xeM" — B, let-V, « M™ — B be a neighborhood of x in M" — B
and let h,: V, - R* be such that

(1) xe4 — B=h, is a smooth local extension of f| ,,.,_; and
(2) x¢ AUB=V,nA = and yeV, = h(y) = f(x) (constant in y).

We can also assume that the V, are so small that

3) yeV, = [ f»)— f <e(x)/2, | h ) — f() <e(x)2 and dist(x,y) <
€(x)/2."

Let {U,} be a locally finite refinement of {V,} with index assignment
ar>x(a), and let {4,) be a smooth partition of unity on M — B with
support(4,) = U,. Note that 1,=0 on 4 — B unless x(a)e 4 — B.

Put g(y) = 34, (0)h. () for yeM — B and g(y) = f(y) for yeB. We claim
this has the desired properties. l

First g, is smooth on M — B by Proposition 10.5.
~ Second, suppose ye4 — B. Then g(y) = L 4(hew(y) = Z40) () = (),
since the sum need only range over the a for which x(a)e 4 — B, as remarked
above.
Third, for yeM — B, we calculate (the sums running over the o for which
yeU,):

13. L UMM v wapessveeas e o

o) — S = 12 20he) = SO
= I T[40 ) — S@))] + LI (o) = SFONI
< I 20 () — SN + 11 20 (xla)) = SN
< Y AWML Axw() = LD + (1L (x(2) = SOII]
< Y Ay elx(@)/2 + e(x{@))/2] < e.

Also,
yeU, = e(x(a)) < dist{x(«), B) < dist(x{), y) + dist(y, B) <
e(x(0))/2 + dist(y, B) = e(x(@))<2 dist(y, B).

It follows from the displayed inequalities that | g(y) — ()|l <2 dist(y, B).

This implies that g is continuous on all of M. ‘ -
Finally, the standard homotopy F(x,t)=tf(x) + (1 — t)g(x) gives the desired

e-small homotopy rel AUB. ‘ _ 0

11.8. Theorem (Smooth Approximation Theorem). Suppose M™ and N" are
smooth manifolds with N compact metric. Let A = M™ be closed. Let [ M™—>
N”" be a map with f|, smooth. Then for any given € >0, there exists a map
h: M™ — N" such that:

(1) h is smooth;

(2) dist(h(x), f(x)) <€ for all xeM™;

() hl= {1, and |

(4) h~ f by an e-small homotopy (rel A).

Proor. Embed N in some R¥. By continuity of the inverse of the embedding
map of N” in R* and the compactness of N", hence unifqrm continuity, we
can find a 8 > 0 such that ||p — gl <& = dist(p,q) <e. Thus it will suffice to
use the metric in R¥ rather than the one given on N".

Take a 8/2-tubular neighborhood U of N" in R* (using a smaller J if
needed), and let r: U — N" be the related normal retraction map.

Approximate f by a smooth map g: M™ - R* within 82 using Theorem
11.7. Then g(M™ < U. Let h=reg. Then:

(a) h is smooth;

(0) [1h(x) — f()1 < I(g(x)) — ()| + llgle) — F) ) < 6/2+ /2=

() hly=rogla=rofls=fls and

(d) h~ frel A by the homotopy F(x,t) = r(tg(x) + (1 — 1) f(x)).

To see that this homotopy is valid, recall that U = {yeR*|y is within /2 of
N"}. Since || g(x) — f(x) || < 6/2 we have that for0<t<1tg(x)+{1— t)f(x.)e
U and is within 8/2 of f(x), showing that the given formula for F(x,?) is valid.
It also shows that the homotopy remains within é of f(x). O

11.9. Corollary. Suppose that M™ and N" are smooth manifolds with N"
compact. Then any continuous {: M™— N" is homotopic to a smooth map. If f
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and g are smooth and f ~ g, then f ~g by a smooth homotopy F:1 x M™ =
Rx M™—N".

Proor. The first part comes directly from the theorem. Thus suppose that
F:1 x M — N is a given homotopy between two smooth maps. Extend F to
R x M — N by making it constant on the ends. Then F is smooth on the
subspace {0,1} x M and so Theorem 11.8 implies that there is a smooth map
G:R x M — N which coincides with F on {0,1} x M. O

We now apply the foregoing results of this section to derive some well-
known topological facts.

11.10. Theorem. If M™ is a smooth m-manifold and m <n then any map
f:M™—8" is homotopic to a constant map. :

PRrOOF. Approximate f by a smooth map g homotopic to it. By Sard’s
Theorem (Corollary 6.3), there must be a point p which is not in the image
of g. But 8" — {p} is homeomorphic to R" and so it is contractible. Composing
g with such a contraction gives a homotopy of g to a constant map. I

11.11. Theorem. A sphere S" is not a retract of the disk D"**.

Proor. (This proof is due to M. Hirsch.) Suppose f:D"**! — 8" is a retraction.
We can alter f so that it is the composition of a map f:R"*! —»$" which
retracts the disk of radius § onto its boundary with one which maps everything
outside the disk of radius  to the sphere 8" of radius 1 by radial projection.
This makes f smooth on a neighborhood of §”. Then we can smooth f
without changing it near S”, so we may as well assume that [ is smooth and
that it is the radial projection near the boundary S".

Let zeS" be a regular value of f. Then f ™ *(z) is a 1-manifold with boundary,
and its boundary is the single point f~*(z)nS"={z}. But any compact
I-manifold with boundary is homeomorphic to a disjoint union of circles
and closed unit intervals, and hence has an even number of boundary points,
a contradiction showing f cannot exist. 3

11.12. Corollary (Brouwer’s Fixed Point Theorem). Any map f: D" — D" has
a fixed point (i.e., a point x such that f(x) = x).

PROOF. If fis such a map and does not have a fixed point then we can define
a new map r:D”— 8" "' by letting r(x) be the point where the ray from the
point f(x) to the point x passes through 8" ! in the direction indicated. (See
Figure 11-9.) This is a rctraction of D" onto $"~! and hence contradicts
Theorem 11.11.

[t is not hard to convince oneself that r is continuous, but it is unpleasant
to write down a formula that exhibits this. Instead, we will produce another
retraction for which the continuity is evident. Consider the disk D of radius
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Figure I1-9. Retraction of disk.

2 and define a map g:D — D as follows:

_ (2—1FXL\]).f(X/§lX1\) if xii=1,
(x)—{f(x) i xl <1

It is clear that g has no fixed points since the image of each point is'in the

disk of radius 1 where g and f coincide. o -
Then define r: D — D by r(x) = 2(x — g(x))/ | x — g(X)|. This is obviously

continuous, and, if || x| =2, then g(x)= O‘Whence r(x) = x. | []

11.13. Corollary. The sphere S" is not contractible.

PROOF. If S is contractible then there is a homotopy F S" x 18" §uch that
F(x, 1) = x and F(x,0) = x, for all xeS"and for some point x,€S8". This factors
through the quotient space S"x I/S"x {0}~ D+! (by Examnlzlle 13.9 of
Chapter I). The resulting map D"*! — D" is a retraction of D"7 " onto its
boundary S, contrary to Theorem 11.11. O

Although the Tubular Neighborhood Theorem (Theorem 11.4)is sgﬁicxent
for most of our purposes, it will be convenient‘ to have a version for
embeddings in arbitrary manifolds, instead of euchde_an space. This will be
used only in Section 15, which is not used elsewhere in thlsn book.

Let Wbe a compact manifold smoothly embeqded in R" and let N be fl
tubular neighborhood of W with normal retraction rrN-W. ’I’Jet M pe a
compact smooth submanifold of W. Define the “normal bundle” of M in W
to be

E(M, W)= {{(x,v)eM =R"jveT(W)and v 1 T (M)}
and put
E(M, W,0) = {{x,v>eE(M, W)l | o]l < 3}.
There is a map 0: £(M, W) - R" given by 0(x, v) = x +v. Then, for é sufficiently
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Figure [I-10. Normal vector to M in W and normal retraction.

small, § maps E(M, W, ) into N. Consider the composition ¢ = ro8: Z(M, W,
6)— W. At a point {x,0), the differential of § is monomorphic, as seen before,
and maps to the tangent space of W. Since r, kills only normal vectors,
¢, = (red), is monomorphic at {x,0> and therefore isomorphic by a check
of dimensions. As in the proof of Theorem 11.4, there must be an € > 0 such
that ¢: E(M, W,e)— W is a diffeomorphism to a neighborhood of M in W,
(See Figure 11-10))

Although we have assumed that W is compact, that restriction is unnecessary
since all manipulations take place in a compact subset, namely, some compact

neighborhood of M. We ‘have shown the following generalization of
Theorem 11.4. -

11.14. Theorem (Tubular Neighborhood Theorem). Let M <« W < R” be a
smooth pair of submanifolds with M compact. With the notation above, there
is an € >0 such that the map $:Z(M, W,e)—W is a diffeomorphism of the
“e-normal disk bundle to M in W” to a neighborhood V of M in W. 1

In a similar manner, Theorem 11.6 can be generalized so as to replace R”
by an arbitrary smooth manifold.
’ The compactness assumptions in Theorems 11.4 and 11.14 can be removed
if one allows € to vary with the point. This allows the compactness restrictions

in Theorem 11.8 and Corollary 11.9 to be dropped as well. We do not need
these results in that generality.

PROBLEMS

L. A “probability vector” is a vector in R" whose coordinates are all nonnegative
and add to 1. A “stochastic matrix” is an n x n matrix whose columns are
probability vectors. Use Corollary 11.12 to show that every stochastic matrix A
has a fixed probability vector under the mapping v Av.

2. Use Corollary 11.12 to show that every nxn matrix with posiiivc real
entries has a positive real eigenvalue.

12. Classical Lie Groups {}

In this section we develop some elementary properties of the classical groups.
This will be used mostly for the study of examples, and so is of minimal
importance in understanding. the remainder of the book. The reader may
want to review parts of Section 15 of Chapter I.

12.1. Lemma. Let A =[a; ;] be an n x n matrix over the complex numbers. If
cis abound for the coefficients | a; ;| then (nc)* is a bound for the coefficients of Akf

ProOF. The proof is by an easy induction on k which the reader can supply. [J

It follows from Lemma 12.1 that the series of coefficients of

2 3
I+A+*2~!+3!—+
are absolutely dominated by the convergent Taylor’s series of ™. Thus this
series of matrices converges to-a matrix called e*. Moreover, the convergence
is uniform in any compact subset of the space M, of all n x n matrices, and
so the coefficients of e are analytic functions of those of A. That is, the map
exp: M,— M, defined by exp(4) = e, is analytic. Note that exp(Q) =] '
Let us compute the Jacobian of exp at 0, using the usual coordinates (1.¢.,
the matrix coefficients x; ) in M,. Note that the i, j coordinate of e* is

84 xi;+ higher degree terms.

It follows that the Jacobian at 0 M, is the n? x n” identity matrix.

By the Inverse Function Theorem, exp is a diffeomorphism on some
neighborhood of 0eM, to some neighborhood of 1eGl(n,C). (Recall that
Gl(n, C) is an open subset of M) ’

Also note that for any nonsingular n x n matrix B,

_,, BA*B™! A? S _poap-t
exp(BAB™')=1+ BAB ‘+—w~w2‘!—»»—w~:B(1+A+§!—+--->B = Be?B ™.

For any AeM,, there is a BeGl(n, C) such that BAB™! has super diagonal
form with the eigenvalues 4;,..., 4, of 4 on the diagonal. It follows that
BeAB~! = exp(BAB™!)is also super diagonal with ¢*',..., ¢*~ on the diagonal.
It follows that

det(e") — etracc(A)'!t

In particular, det(e?) # 0 for ail A4, and so the image of the map exp is in
Gi(n, C).
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12.2. Proposition. If A and B are n x n matrices that commute then e *? = ¢#eB.

PrOOF. For A and B fixed, we shall show that the two functions ¢*4*® and

&4e'® of the real variables s and I, are identical. We compute
O [o n o) n j n=Jj
(I) esA +1B — _(:Sf_it_gg_ . Z Z gf‘éﬂiB) .
n=o  n! n=0j=0 jl{n—j!

On the other hand, an easy computation of partial derivatives in s and ¢
shows that the power seriés expansion of 4 e'® is

sa s [ & (A ® (tBY
(LS5

and this is clearly formally equally to the right-hand side of (1). Since e™4*8
and e**¢'® are analytic functions of s, t it follows that they are identical. [

12.3. Corollary. For agiven n x nmatrix A, the map t—e* is a homomorphism
Jrom the additive group of reals into Gl(n, C). O

The homomorphism of Corollary 12.3 is called a “one-parameter
subgroup” of Gl(n, C). Since Gl(n, C) is an open subset of the euclidean space
M, tangent vectors to Gl{n, C) can be regarded as points in M, In particular,
the tangent vector to the curve te'4, at t =0, 1s ~

-0 t t—0

tA I AZ
fim =1im(A+t—2~'+~~>=A.
Consequently, these tangent vectors to Gl(n, C) at I fill out the tangent space.

12.4. Proposition. Let f: R - Gl(n, C) be a one-parameter subgroup.(That is, fis
a continuous homomorphism.) Then there is a matrix Ae M, such that f(f) = ¢'4
for all teR.

Proor. Consider an open e-neighborhood Uc M, of 0 on which the
exponential map is one—one onto a neighborhood ¥ of I in Gln, C). Since
e" = (e”Y", for integers n, multiplication by n on U, where defined, becomes
raising to the nth power on V. It follows that elements in V have unique nth
roots in V. Let f, g: R — Gl(n, C) be one-parameter subgroups with f(¢) = g(s)
for some parameter values t and s. Also assume that f{th)eV for t' in the
interval between 0 and ¢, and similarly for g and s. Then it follows that
J{t/q) = g(s/q) for all integers ¢ > 0. In turn, this implies that f(tp/q) = g(sp/q)
for all rational numbers p/g. By continuity, we deduce that J{ry)=glrs) for
all real r. Thus f(u) = g((s/t)u) for all real u. Since the one-parameter groups
of the form ¢ fill out a neighborhood of I in Gl(n, C), there is a matrix B
and parameters s and t with f(t) = ¢*® and fulfilling the conditions above
for g(s) = ¢*”. Consequently, f(u)=g(su/t)=e""8 =4 for all u, where

A=(s/0)B. r
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All of the matrix groups discussed in Section 15 of Chapter | are evidently
subgroups of Gl(n, C) except for the ones defined via quatermons..To see
this for the latter, note that any quaterpionic matrix P can“be written z.as
P=A+ Bj where A, B are complex matrices. Since jB= Bj, the matrix
product is given by

(A + Bj)(C + Dj) = (AC — BD) +(AD + BC)j.

For P= A + Bj, let
A B
2) ¢(P)=<_§ il

It is easy to calculate that ¢ is an isomorphism of the algebra of quaternifnic
n x i matrices into that of 2n x 2n complex matrices. Also ¢(P*) = ¢(P) 80
that P is symplectic (ie, PP* =)< 1= ¢(I)= ¢(PP*) = $(P)p(P)*, which
holds <> ¢(P) is unitary. '

It is elementary to see that a 2n x 2n complex matrix Q has the form (2)

«JQJ ' =Q where
0 I
T=\-1 o)

If Q is also uhitary, then the equation JQJ =0 can be fewritten as
Q' JQ =J. Thus the symplectic group Sp(n) is isomorphlc3 via ¢, to the
subgroup of U(2n) consisting of those unitary matrices Q »\{hlch preserve the
bilinear form J (i.e., Q'JQ = J). Therefore, we may, and will, consider Sp(n)
as that subgroup of U(2n).

12.5. Theorem. For a complex n x n matrix A the following statements hold:

(1) if A is real then e* is real,

() if A is skew symmetric (A’ = — A) and real then e”€O(n);

(3) if A is skew Hermitian (A* = — A) then eteU(n); )

(4) if A is skew Hermitian, JA + A'J =0, and n=2m then ¢* = Sp(m); and
(5) if A has trace O then e*eSkn,C).

Conversely, there is a neighborhood of 0 in M, on which the reverse implications
hold.

PrOOF. The proofs are all similar and quite easy, so we w_illl on!y give the
argument for (4). If A* = — A then (e*)* = = e"" = (e Wth_h‘ 1mphesl
that e* is unitary. The equation JA4 + A'J =,0 is equivalent to_JlAJ =—A
and so it implies that Je/J "1 =&’ = e ™ = (e~ = (")) For 4 ske\;v
Hermitian, and hence e” unitary, this equals the complex conjugate of e”,
implying that e*eSp(m).

rf):zrnﬁle conversel,) rcitrict attention to matrices A4 in a neighborhood of 0
taken by the exponential homeomorphically onto a neighbqrhoo.d of I. We
can assume this neighborhood to be a “ball,” and hence invariant under
complex conjugation, negation, conjugation by J, and transposition. Then



if e is unitary, we have that e " = (e) 7! = (¢*)* = ¢*". Since the exponential
is one—one on a neighborhood of 0 containing both A* and — A, we conclude
that A* = — A. If ¢* is symplectic then we also have that exp(JAJ ') =
Jexp(A)J ! is the complex conjugate of e?. But that is exp(4). It follows
that JAJ "' = A = — A’, which is equivalent to J4 + A'J = 0. .

12.6. Definition. A’ Lie group is a topological group G which also has the
structure of a smooth manifold for which the group operations (product and
inverse) are smooth maps.

We remark that it can be shown, fairly easily, that a Lie group carries a
unique structure as a real analytic manifold for which the group operations
are real analytic. It is also known (Hilbert’s “fifth problem” proved by
A. Gleason, D. Montgomery, and L. Zippin; see Montgomery—Zippin [1]),
that a topological group which is locally euclidean (ie., a topological
manifold) carries a unique structure as a Lie group. We shall need neither
of these facts.

12.7. Corollary. Let G < Gl(n, C) be one of the groups Gl(n, C), Gl(n, R), Skn, C),
Si(n,R), U(n), SU(n), O(n), SO(n), or Sp(m), where n=2m in the latter case.
Then there is a vector subspace T of M, such that exp: M, — Gl(n, C) maps
a neighborhood of 0 in Tg homeomorphically onto a neighborhood of I in G.
Also, G is a closed embedded submanifold of Gl(n, C) and is a Lie group with this
structure. ;

ProOF. We already have the first statement. The exponential map can be
regarded as the inverse of a chart at I in Gl(n, C), and so the first statement
means that G coincides with a plane in this chart near I. By left translation,
one sees that this holds at any point of G. The group operations are smooth
because they are in the big group. (The restriction of a smooth map to a
submanifold is smooth.) O

Corollary 12.7 is a special case of a general statement about closed
subgroups of Lie groups. We will state and prove this for the special case
of closed subgroups of Gl(n, C). This is not so special a case, but we won’t
go into that. Since all the groups of interest to us here (those listed in
Corollary 12.7) are themselves closed subgroups of Gl(n,C), the following
development applies to them as to Gl(n, C). Indeed, the whole development
can be done starting with a Lie Group instead of Gl(n, C). Since our applica-
tions will only concern closed subgroups of Gl(n, C), and are merely examples,

we chose this approach to get at the desired items as cheaply as possible.

12.8. Theorem. Let G be a closed subgroup of Gl(n, C). Then G is an embedded
submanifold of Gl(n, C) and is a Lie group with this structure.

Proor. Consider M, as a real 4n®-dimensional vector space. Let A4,,...,

A,eM, be linearly independent and such that e for all t, and assume
that k is maximal with these properties. Let ¥V be the span of 4,,..., 4, and
let Wbe a complementary subspace of Vin M,. Consider the map ¢: M, —
Gl(n, C) defined by :

(*) Ot Ay, LA B)= gihrgafr.. . gt gB

where Be W. By looking at the differential of ¢ restricted to these k axes and
on W, one sees that ¢, is the identity. Therefore ¢ is a diffeomorphism on
any sufficiently small neighborhood of 0 in M, to a neighborhood of I in
Gl(n, C). If the right-hand side of (+) is in G then eBeG since the other factors
are. If we can show that the image under exp of a sufficiently small
neighborhobd of 0 in W contains no elements of G, other than I, then it
follows that a local inverse of ¢ gives a chart on Gl(n,C) at I with G cor-
responding to a vector subspace. The group operations on G are smooth
pear I since they are in Gl(n, C). Smoothness elsewhere follows from an easy
argument using left and right translations. ‘

(This latter is a general fact about Lie groups: one need only have differen-
tiability near the identity, and it follows elsewhere. The proof is more difficult
in general than in this special case, much more in case of disconnected groups.)
Consequently, the proof will be finished when we establish the following

lemma.

12.9. Lemma. Let S < R™ be a closed nonempty subset. Suppose that seS =
nseS for all integers n. If 0 is not isolated in S then S contains a line through

the origin.

Proor. For each integer n > 0 let x, # 0 be a point in B;,(0)nS. Then there
is an integer k, > n such that k,x,eK, where K = {veR™|1 < |[v|| <2}. Let
Y= k,x,, so that y,eK. Since K is compact, there is a subsequence { Y} Of
{y.} converging to some point yeK. Since the subsequence has all the
properties of the original sequence, we may as well assume that {y.} itself
converges to y. Let t #0 be a real number. Then there is an integer r such
that

Also (r/k,)y, = (r/k,)k,x, =rx,€S. We conclude that

i

|

;
—ya ety =

‘|rxn_~[yH= K

r
=Yy Yyt LYy
ky y

n n

1
s;llynllﬂtlllyn—yu-

But this approaches 0 as n— oo and so rx,— ty. Since rx,eS and S is closed,
we have tyeS for all real t. |
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Although we now know that any closed subgroup G of Gl(n,C) is a Lie
group, we do not have the full force of Corollary 12.7 for it, in that we do
not know that G coincides near I with the image under the exponential of a
linear subspace of M,,. (The proof of Theorem 12.8 gives G in terms of what is
known as “canonical coordinates of the second kind” while Corollary 12.7
corresponds to “canonical coordinates of the first kind.” The first kind are
natural, while the second kind are not.) If we knew that G has a neighborhood
of I that is swept out by one-parameter groups then it would follow from
the uniqueness (Proposition12.4) of one- parameter subgroups that the
exponential map takes a neighborhood of 0 in the tangent space of G, thinking
of M, as the tangent space of Gl(n, C), diffeomorphically onto a neighborhood
of I in G, i.e., that Corollary 12.7 holds for any closed subgroup G of Gl(n, C).
For completeness we will indicate the proof of this, but we really don’t need
it, since we will be concerned only with subgroups that are products of the
classical groups, and this fact is immediate (using Corollary 12.7) for those.

12.10. Theorem. If G is a Lie group and X is a tangent vector to G at the
identity e€G, then there is a one-parameter subgroup f R — G whose tangent
vector at O is taken to X by the differential fe

PrROOF. For any geG there is the left translation L;:G—G defined by
L(h) = gh. This is a diffeomorphism and so the differential of it at e takes
X to a tangent vector at g. This gives a tangent vector field on G. By the
existence and uniqueness theorem for first-order ordinary differential equations
this has, locally at eeG, a unique solution curve f:R—G with f(0)=e.
Suppose that f(¢) = g for some ¢t near 0. Then L, takes e to g and takes the
vector field into itself, and hence takes solution curves to solution curves. This
implies that, for s near 0, f(t +5) = L(f(s)) =g f(s) =f(t)f(s). Thus fis a
homomorphism locally at 0. (Of course, it is only defined near 0 at the
moment.) An easy argument, that we leave to the reader, shows that f can
be extended, uniquely, to a global homomorphism R — G. By construction, its
tangent vector at 0 is the original vector X. \ |

13. Fiber Bundles 3

The theory of fiber bundles, which we have already alluded to and which
will be studied in this section, is very well developed. We make no attempt
here to go into it deeply, being satisfied to introduce the relevant notions
and to discuss some of the examples that will be of use to us later i/,n the book.

13.1. Definition. Let X, B, and F be Hausdorff spaces and p: X - B a map.
Then p is called a bundle projection with fiber F, if each point of B has a
neighborhood U such that there is a homeomorphism ¢: U x F —p~!(U)
such that p(¢<b,y>)=b for all beU and yeF. That is, on p~Y(U), p
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corresponds to projection U x F— U. Such a map ¢ is called a trivialization
of the bundle over U.

13.2. Definition. Let K be a topological group acting effectively on the
Hausdorff space F as a group of homeomorphisms. Let X and B be Hausdorff
spaces. By a fiber bundle over the base space B with total space X, fiber F, and
structure group K, we mean a bundle projection p: X —» B together with a
collection @ of trivializations ¢: U x F— p~}(U), of p over U, called charts
over U, such that:

(1) each point of B has a neighborhood over which there is a chart in @;
() ifp:UxF-p 1 (U)isin®and VU then the restrictionof ¢ to V x F

is in @;
(3) if ¢, Ye® are charts over U then there is a map 6:U—K such that

Y<u,y) = ¢<{u, 8(u)y)); and

(4) the set @ is maximal among collections satisfying (1), (2), and (3)
The bundle is called smooth if all these spaces are manifolds and all maps
involved are smooth.

Let us investigate the meaning of condition (3) of Definition 13.2. Given
charts ¢ and y over U, ¢ ~'y: U x F—» U x F is a homeomorphism commut-
ing with the projections to U. Thus we can write

¢ Y u,p) = u,udu, yd>,
where
wUxF-F

is the composition ppo¢ 'y with the projection py: U x F— F, and hence is
continuous. Then 6: U — K is given by

0u)(y) = pu<u, y>-

Total space X =
Mobius band

Base space B = §'—

Figure HI-11. A fiber bundle.
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Therefore 0 is completely determined by the charts ¢ and . and it is only-

a matter of its continuity, and that it takes values in the structure group K,
that is of concern in condition (3).

In most cases of interest, the continuity of 8 comes free (see Section 2 of
Chapter VIII). We shall show that this is the case for “vector bundles” which
we now define.

13.3. Definition. A vector bundle is a fiber bundle in which the fiber is a
euclidean space and the structure group is the general linear group of this
euclidean space or some subgroup of that group.

A vector bundle is usually denoted by a Greek letter such as £ and its
total space by E(£) and base space by B(£). Its fiber projection is' denoted by
n, or just by 7. The following definition, given only for vector bundles, has
a fairly obvious generalization to general fiber bundles, but we need it only
for vector bundles.

13.4. Definition. If ¢ and #n are vector bundles then a bundle map £ —n is a
map g: E(&) - E(n) carrying each fiber of £ onto some fiber of 7 isomorphically.
(In particular, the fibers have the same dimension and theré is an induced
map B(£)— B(n)) A bundle map g is a bundle zsomorphzsm or a bundle
equivalence if it is a homeomorphism

13.5. Proposition. For a vector bundle, condition (3) in Definition 13.2 can be
replaced by the weaker requirement that each 0(u):R" - R” be linear. That is,
a vector bundle can be defined as a bundle projection p: X — B with fiber R"
such that the changes of coordinates are linear in the fiber.

ProoF. Let A=¢ " : U x R*"> U x R" be the change of coordinates between
any two charts ¢ and ¥ over U. The function u:U x R"—>R" given by
Au,y> = (u, ulu, y) > is continuous, as remarked before, and 8 is given by
O(u)(y) = u<u,y>. Let e; be the jth standard basis vector in R" and let
p::R"— R be the ith coordinate projection. Then the composition
U-U x {e;} = U x R" “—>R"-"5R
is continuous and is given by
w5 i ity ;> = Ou)(e;)p0(u)e,).
But 8(u)(e;) is just the jth column of 8(u)eGln) and p{B(u)(e)) is the i, j

clement of O(u). That is,
()(u) = (ai,j(u)>v

where a; j(u) = p(0(u)(e;)) = p(u<u,e;>) is continuous. Hence 6 is con-
tinuous. £

Note that if we only have the map A:U x R"—= U x R" in the proof of
Proposition 13.5 (commuting with the projection to U and an isomorphism
on each fiber), then u is continuous and hence 6 is continuous. If we let
§'(u) = (0(w))~ * then €' is also continuous. This implies that the corresponding
i and A’ are also continuous. But A’ =271 and so A must, in fact, be a
homeomorphism, and a diffeomorphism in the smooth case. This gives the
following consequence.

13.6. Corollary. If & and 1 are vector bundles over .B and f CE(&)—E() is a
bundle map inducing the identity on B then f is a bundle isomorphism. O

13.7. Definition. A disk bundle, or sphere bundle, is a fiber bundle in which
the fiber is a metric disk or sphere in euclidean space and the structure group
is the orthogonal group of that space, or a subgroup of that zroup.

A disk or sphere bundle gives rise to a vector bundle with the orthogonal
group as structure group just by replacing the fibers D" or $"7! by R” and
using the same change of coordinate functions 6. Such a vector bundle is
sometimes called a “euclidean bundie.” Conversely, every vector bundle over
a paracompact base space can be given the structure of a euclidean bundle,
meaning that an atlas of charts can be selected for which the changes of
coordinates are orthogonal in each fiber. (In Steenrod’s terminology, one
says that the structure group can be “reduced” to O(n).) One can see this as
follows: the changes of coordinates being orthogonal in each fiber just means
that they preserve the quadratic form Y x? on fibers. That means that there
exists a map q: E(£)— R which is a positive-definite quadratic form on each
fiber since, given such a map ¢, the Gram~Schmidt construction produces
an orthonormal framing on the fibers of a coordinate chart and this is equi-
valent to giving a chart for which the quadratic form is the standard one,
¥.x? on each fiber. Thus it suffices to produce such a g: E(¢)— R. For any
point xe B, one can use any chart to produce such a function ¢ locally about
x in B. One can then multiply it by a function f : B— [0, co) which is nonzero
at x and vanishes outside the domain of the chart. This gives a g,.: E(£) — [0, o0)
which is a positive semidefinite form on each fiber and .is positive definite
over a neighborhood of x. Since a positive linear combination of positive
definite forms is positive definite, a partition of unity argument then finishes
the construction. If the base space is a smooth manifold and ¢ is a smooth
vector bundle (smooth 6) then one usually wants the quadratic form g to
be smooth, and that can be guaranteed by using a smooth partition of
unity.

in the case of the tangent bundle of a smooth manifold, such a smooth
quadratic form is called a “Ricmannian metric” on M.

For another example, suppose M™ is a smooth manifold and that N" is
a submanifold. The tangent bundle of M is a vector bundle over M. Its
restriction to N is a vector bundle, or “m-plane bundle” over N. For this
bundle over N the structure group can be taken to be (is said to be “reducible”
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to) the subgroup K of Gl{m, R) consisting of matrices of the form

(5 &)

where 4 is n x n. This is because the tangent space of M at a point of N has
a well-defined subspace, the tangent space of N, and we can restrict our atten-
tion to charts preserving this subspace. The matrices 4 form the transforma-
tions of the subspace (i.e., give the transitions for the tangent space of N).
This embeds the tangent bundle of N in that of M, restricted to N. One
can also form a bundle of the quotients of the tangent spaces to M at points
of N by this subbundle, the tangent bundie of N. One gets a vector bundle
in which the transition functions are given by the matrices denoted by C
above. This vector bundle is called the “normal bundle” of N in M.

For another example, one that will be of use to us in providing examples
of later results in algebraic topology, consider a Lie group G and closed
subgroup H. Let us assume that G is a closed subgroup of Gl(n, C). (This
assumption is not needed for the truth of what we say below, but is imposed
s0 as to be able to use facts we have previously proved under such an assump-
tion. All our examples will satisfy this.) Then we claim that the canonical
map G— G/H is a bundle projection: with fiber H. Recall that from Corol-
lary 12.7 and the discussion above Theorem 12.10, that the exponential map
M, - Gl(n,C) takes a linear subspace T; of M, smoothly into G and is a
diffeomorphism on a neighborhood of 0 in Ty to a neighborhood of the
identity eeG. We do not care about the remainder of the exponential map
and can forget about Gl(n, C) now. Similarly, a linear subspace Ty < Ty is

taken into H by exp, again a diffeomorphism near 0. Let V be a linear

subspace of T; complementary to Ty and consider the map ¢:V x H—G
defined by ¢(v, i) = exp(v)h. Recalling that the differential of exp at 0 is the
identity, we see that the differential ¢, of ¢ at (0, e)is the identity on V' x {0} =
Vx Ty = Tg. It is also the identity on {0} x Ty since ¢(0, h) = h. Thus ¢, = 1
at (0,e) and it follows that ¢ is a diffeomorphism near (0,e)eV x H to a
neighborhood U of e in G. We claim that ¢ is an embedding on B x H where
B < Vis a ball about the origin such that exp(B)? < U. Note that translation
by elements of H shows that the differential ¢, is an isomorphism at any
point of B x H. Consequently, it suffices to show thaf ¢ is one—one on B x H.
Suppose that ¢(b, h) = ¢(b', h’) where b, b’e B. This equation is e’h = " ¥, i.e.,
e "¢’ =nh"". But this is in exp(B)* " H = {e}. Thus, ¢’ = ¢* whence b = b,
and h=1¥#.
Clearly, ¢ induces a commutative diagram

BxH-—'» ¢
EN
B—* S G/H

defining . Obviously ¥ maps onto a neighborhood of eH in G/H. If y(v) =
(V') then (v, e) = ¢(v', e)h for some he H. But ¢(v', e)h = ¢(v', h), and so this
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can happen only for v = v’ and h = e. Thus y is one—one. If we take Btobe a_
closed ball then ¢ is a one-one map from a compact space to a Hausdorfl
space and so is a homeomorphism to its image. This provides a trivialization
of the map G — G/H over a neighborhood of eH. Trivializations near other
points are obtained simply by left translation in G and G/H. We leave the
rest of the easy verification that this is a bundle to the reader. Note that it

. also follows that G/H is a smooth manifold with the structure induced by

the projection G — G/H, and that left translation G x G/H — G/H is a smooth
action; see Definition 15.13 of Chapter 1.

PROBLEMS

1. Finish the proof at the end of this section that G-+ G/H is a bundie. Also show
that this is a fiber bundle with structure group N(H)/H where N(H) is the normalizer
of Hin G. .

2. - Suppose that G is a Lie group, and assume it is a closed subgroup of Gl{n, C).
Assume that K < H < G are closed subgroups. Show that the canonical map
G/K - G/H is a fiber bundle with fiber H/K.

3. Show that the Klein bbttle is a fiber bundle over S! with fiber $' and structure
group Z, acting by a reflection on $* = R,

4. & A fiber bundle p: X — B is a “principal bundle” if its fiber is its structure group
K acting on itself by right translation. Show that K acts naturally on X (on the
left) with orbit space X/K ~ B. If p has a continuous cross section then show that
it is a trivial bundle.

14. Induced Bundles and Whitney Sums £y

This section will be used only in Section 15 and in Section 17 of
Chapter VI.

If p: X — B is a fiber bundle with fiber F and if B’ < B, then the restriction
of p to p~}B)—B is also a fiber bundle. One can generalize this to
arbitrary maps f: 4 — B instead of inclusions as follows.

The “induced bundle” p': f*X — A4, induced from p by f, is given by
the “pullback”

S*X)={<a,x>eA x X|p(x) = f(a)}

and p’ is given by p’(a,x) = a. With " f*(X)— X given by f'{(a,x ) = x, the
diagram

X)L x

)

A



commutes. To see that p’ is a bundle projection, let ¢: U x F—p~'(U) be a
chart over the open set U ¢ X and define

¢S THUY X F= ()" U =(fp) (V)
by
‘ <0,y =0, S0 y)).

This works since p¢<{f(v),y) = f(v)eU and fp'{v,¢{f(v),¥>)=f(v). The
inverse of ¢ is

Ala,x) =<a,prdp ™ (x))

for p{x) = f{a)eU, and where py: U x F — F is the projection onto F. To see
this, let py: U x F— U be the projection onto U and compute

AP’ v,y = A, f(W), ¥
= (0, ppdp” HP<S ) yD)>
=0, pp{f ()Y
={1,y7

and with f(a) = p(x),

¢'Aa,x) =¢'{aprd ()
=<a,¢<{f(a),prdp " (x)))
= {a, p<p(x), prd ~H(x)) >
={a,¢<{pyd " (x), prd (X))
=<{a, ¢~ (x)>
={a,x>.
This shows that p’ is a bundle projectioh with fiber F. If ¢ and ¥ are two

charts over U for p:X—B and ¥{u,y)>=¢<{u,0u)y)) as in (3) of
Definition 13.2, then we see that '

Yy = oy flv).y>>
=<0, ¢S,/ )
= ¢ (00N>
=¢'<0, (),

where 0= 0o f: f "1(U)—> K. Therefore ¢’ is continuous and.satisfies (3) of
Definition 13.2 for p’. Consequently, p’ is a fiber bundle with fiber F and
structure group K.

It is clear that if A’ < 4 and B’ < B are subspaces such that f(4) < B, then
the part of f*(X) over A" and the part X' of X over B’ provide a pullback
diagram; i.e., the part of f*(X) over A’ is equivalent to (f] ()*(X'). Applying
this to the case of a single point aeA and its image b = f(a)eB gives the

subdiagram

SHE)— F

Ll

{a} = (b},

Thus f*(F)= {<{a,x)e{a} x F|p(x)= f(a)} = {a} x F and this maps to F in
the obvious manner.

Now we shall specialize, for the remainder of this section, to vector
bundles. As remarked before, one commonly denotes the total space of a
vector bundle & by E(£). :

14.1. Theorem. Suppose ¢ is a vector bundle over A and n is a vector bundle
over B and let {:A— B. If ¢-E(E)> E(n) is a bundle map over f then  is
isomorphic to f*n. :

PROOF. Let g: E(&)— E(f*n) ={<{a,x)ed x E(n){ f(a) = n(x)} be given by
g(v) = {m4v), $(v) >. Then g maps the fiber of £ over ae 4 to that of f*(1) over a
by the linear isomorphism v+ {a, ¢(v)>. By Corollary 13.6 this implies that
g is a bundle equivalence. O

If £, and &, are vector bundles with projections =;:E(¢;)— B; and
7, E(¢,)— B, and with fibers R™ and R", then m; x n,: E(¢;) x E(,)—
B, x B,, with the obvious charts, is a vector bundle with fiber R *"2. In the
special case for which B, = B = B,, the diagonal map B — B x B then induces
a bundle from 7, x 7, This vector bundle over B with fiber R™ *" is denoted
by &, @&, and is called the “Whitney sum” of £ and £,.

For example, if M™ is a smoothly embedded submanifold of R" then one
has its tangent bundle ¢ and its normal bundle v. The fiber of the Whitney
sum 7@ v is just R”. Since tangent vectors to M™ can be regarded as vectors
in R” and similarly for normal vectors, there are maps E(7) - R" and E(v) > R".
This induces a map E(t@®v)-—R" by addition of vectors, which is an
isomorphism on each fiber. This is a bundle map if R" is thought of as the
total space of a vector bundle over a point. Therefore E(t@v) is induced
from the trivial bundle over a point and hence is itself a trivial bundle. Thus,
in a sense, v is an additive inverse to 7. That the tangent bundle has an
additive inverse in this sense is not a special property of the tangent bundle,
as we now show.

14.2. Theorem. If £ is a smooth vector bundle over the smooth manifold M™
then there exists a vector bundle n over M™ such that E@y is isomorphic to
a trivial vector buncle over M™.

Proor. We can, and will, regard M™ as the zero section of E(£). One can
embed some neighborhood U < E(&) of M™ in some R". If 1, and v, are the
tangent and normal bundles of U then 1, @ vy is a trivial bundle over U as
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seen above. Consider a vector in ¢ at xe M. This defines a ray in the fiber of
E() over x. The differential of the embedding U — R*" takes the tangent vector
to this ray into a tangent vector to U at x that does not lie in the tangent
space of M at x. Therefore, it projects nontrivially to the normal space to
T (M) in T(U), regarding both as subspaces of R". This induces an
isomorphism of ¢ with the normal bundle A to M in U. But 1@ vy| MRV
and s0 A@ vyl ® 1y = vy D1y, which is a trivial bundle. This shows that
£~ 2 has an additive inverse, namely, vy|,; @ Ty O

Remark. The condition in Theorem 14.2, that the base space is a smooth
manifold, can be weakened considerably. Indeed, if the base space is any
space that can be embedded in euclidean space, then it can be shown that
the bundle extends over somie neighborhood and can be assumed smooth
there. Then the idea of the proof of Theorem 14.2 applies. On the other hand,
the canonical line bundle over P* (essentially the projection R® — {0} — P®)
does not have an inverse. (This follows from the results presented in Section 17
of Chapter V1)

15. Transversality ¢

Transversality is a central idea in dlfferentlal topology which allows “general
position” arguments. Here we prove some basic facts about it and attempt
to indicate its importance via some simple examples. This section will not
be used elsewhere in this book except for the isolated result Theorem 11.16
of Chapter VL.

The following is a generalization of the defi nition of transversality given
in Definition 7.6:

15.1. Definition. Let M, X, Y be smooth manifolds and let f: X - M and
g: Y — M be smooth maps with g an embedding. Then f is said to be transverse
to g (denoted by f dhg) if, whenever f(x) = g(y), the images of the differentials
f*: Tx(X) - Tf(x)(M) and Gyt Ty(Y)‘—’ g(y)(M) - Tf(x)(M) span Tf(x)(M)

15.2. Theorem. In the situation of Definition 15.1, [~ Y(f(X)ng(Y)) is an
embedded submanifold of X of dimension dim(X) + dim(Y) — dim(M).

ProoF. Let pe f(X)ng(Y) and take local coordinates on the open set U ¢ M
about p for which g(Y) is flat; i.e., U ~ R" x R* with ¢(Y) corresponding to
R" x {0}. Let g: U ~ R" x R* - R* be the projection. Then go f:f ~}(U)— R*
has 0 as a regular value and so (g° )" "(0) = / “/(f(X)ng(Y))nS  "(U)is an
embedded submanifold of X of codimension k = dim(M) - dim(Y). ]

The elegant proof of the following resuit is due to Kosinski {1].
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15.3. Theorem. Let £ be a smooth vector bundle over the smooth manifold Y.

Let X be a smooth manifold and f: X — E(&) a smooth map. Then there is a
smooth cross section s: Y — E(&), as close to the zero section as desired, such

that f ihs.

Proor. By Theorem 14.2 there is a (smooth) vector bundle n over Y such
that £ @n is trivial. Consider the commutative diagram

E(f*E®n) L EC@n)
X E(&)

defining f’. A trivialization of £ @y provides a diffeomorphism ¢: Y x R* ——

E(£@n). Let p: E(£ ® n)— R" be the resulting projection. Let zeR" be a regular
value of the composition pe f': E(f*(£ @ 1)) — E(£ ®n) —»R". By definition of
a regular value, the differential p, o f', maps the tangent space at any point
ve E(f*(¢@®n)) with pf’(v)=z onto that of R" at z. This implies that the
image of f’, must span the complement of the tangent space to Y x {z} at
{f'whzy and that simply means that f’ is transverse to the section
5:Y = E((@n), given, in terms of the trivialization, by s'(y) = {y,z). Define
the section s: Y - E(&) by s(y)=ns'(y); i.e., s0 that the following diagram
commutes:

E(f*¢®n) L»E(éean)«i y

N

X E({).

We claim that f s, To see this, let xeX, yeY be such that f(x) = s(y).
Then n(s'(y)) = s(y) = f(x). By the definition of the induced bundle, the point
{x,8'(y) >eE(f*(E®n) has f'{x,5'(y)> = 5(y). Since f’rhs’, the images of the
differentials f7, at {x,s'(y))> and s, at y span the tangent space to E({®n)
at f’{x,s'(y)> =s'(y). Since = is a submersion, this must also hold for the
images of the differentials f, at x and s, at y to the tangent space of E({) at
Sf{xy=s(y), but that just means that f hs. O

For the remainder of this section we will consider submanifolds of some
fixed manifold W. We will state the results in general, but will use the
Tubular Neighborhood Theorems (Theorems 11.4 and 11.14) which we have

. proved only in case W = R" or Wa compact submanifold of R". To simplify

notation in proofs, the case W=R" will be assumed, but there is no real
difficulty in extending the proofs to the general case.

15.4. Corollary. Let M and N be compact smooth manifolds. Let {- M — W be
smooth and let go: N - W be a smooth embedding where W is some smooth
manifold. Then there is an arbitrarily small homotopy of g, to a smooth




embedding g;: N = W such that f dvg,. Indeed, the homotopy can be taken to
be smooth and such that each g;: N — Wis an embedding; i.e., it is an “isotopy.”
M and N can be manifolds with boundary provided the boundaries do not meet.

PrOOF. Let v be the normal bundle of go(N) in Wand let g: E(v) < W be a
tubular neighborhood. Then M’ = f ™ '(E(v)) is an open submanifold of M
and Theorem 15.3 applies to f|,: M’ — E(v). O

We need to have a version of Corollary 15.4 in which the map f is the
one to be deformed. This requires the following fact.

15.5. Lemma. Let N be a compact smoothly embedded submanifold of W. Let
T be a tubular neighborhood of N as constructed in Theorems 11.4 or 11.14.
Ifs: N - int T is a section (i.e., p>s = 1 where p: T — N is the normal retraction)
then there is a homeomorphism h: T — T which preserves fibers, is the identity
on 0T, and carries s to the zero section N. If s is smooth then h is smooth on
int T. Moreover, h is homotopic to the identity through such homeomorphisms.

ProOOF. As stated before, we will do the proof in the case W =R" which is

notationally; but not conceptually, easier. Let us first remark that a more

advanced proof can show that there is such a map h which is smooth on 9T

as well; i.e., such that the exténsion to R* =’ R” by the identity is smooth. See

Kosinski [17. (It can be seen that the h we produce here is C* but not C2.

It is possible to amplify the present proof to produce such a smooth h.)
For our proof, recall that T was constructed as the image of

{(x,0)eN x R"|p L T,(N) and ||v] <}

under the map (x,v}—x +veR" The section s can be viewed as a map
x> s(x)eR" where s(x) L T,(N)and | s(x)}] <e for all x. Let ¢:[0, 0c0) [0, ¢€)
be a diffeomorphism which is the identity near 0, and note that d¢/dt—0
as t— oo. If B is the open e-ball about O in R” then the map §: B—R" given
by 80} = ¢ (v w/liv] for v#0 and 6(0)=0, is a diffeomorphism. Then
the map h:int T—int T given by

hix,v) = (x, 07 (0(v) ~ 0(s(x))))

is the required map. The reason that it extends continuously to dT is as
follows. Note that || 8(s(x)){ is bounded. As ||v] — € we have that || (v}| - co.
Since O(v) and 6(v) — 6(s(x)) are of bounded distance apart it follows that the
distance between v =60"'0(r) and 0~ (6(r) — 0(s(x))) approaches 0, basically
because d¢/dt — 0.

Note that the idea of k is that one uses a nice diffeomorphism 6 of B to
R", then translation in R” to move the section s to the zero sccuon and then
the inverse of 0 to bring this back to B {from R". .

The reason that h carries Tinto itself preserving fibers is lhdl 0 carries
all vector subspaces of R" into themselves, and, in particular, carries the
orthogonal complement of T (N) into itself.

The statement that h ~ 1 is obvious from the construction. .|

15.6. Corollary. Let M be a compact smooth manifold. Let f: M — W be smooth
and let N = W be a smooth compact submanifold. Then f, ~ f, where fyhN.
Moreover, the homotopy can be taken to be constant outside f;*(T) for a
given tubular neighborhood T of N in W.

Proor. Theorem 15.3 provides a section s of some tubular neighborhood of
N such that f, hs(N). Composing f, with h of Lemma 15.5 (extended by the
identity) gives the desired f,. This f,, as constructed, is not smooth at the
boundary of the tubular neighborhood, but can then be smoothly approxi-
mated without changing it near the intersection with N where f, is already
smooth. O

Although we have only dealt with manifolds without boundary, it is clear
that everything goes through for manifolds with boundary as long as the
maps do not take any boundary point of one manifold to the image of the
other manifold. It is not too hard to weaken that to the case in which
transversality already exists near the boundaries. Even that restriction can
be dropped, in which case one should also demand that the approximating
maps be transverse when restricted to either boundary.

15.7. Corollary. Let M™ be any compact manifold smoothly embedded in R"
(or 8. Then any map f:S* - R"— M™ can-be extended to f:D**! - R" — M™
provided k <n—m — 1.

Proor. By a small homotopy (see Theorem 11.7) we can smooth f and then
we can extend it to a smooth map f,: D*** - R". By Corollary 15.6, f, ~ f;
rel S with f, WM™ But, in these dimensions (k + 1 +m < n), this implies
that f(D**)AM™ = (J so that f;: D**! - R" — M™ as required. O

As an example, this shows that if f:S* —» R* is a smooth embedding, then
R* — f(S")is “simply connected,” i.e., that any map S' - R* — f(S') is homo-
topic to a constant map. This is not true for nonsmooth embeddings in
general; see Rushing [1].

As another example, consider embeddings /= S"— R"*** ! and 4: 8¢ — R +*+!
whose images are disjoint. One can extend fto f/,:D"*'— R****! and, by
a homotopy rel §", one can assume that f, dhg. Then f,(D"")ng(S*) is a
0-manifold; a finite set of points where these maps are transverse. Let K =
LD )N g(SY), again a O-manifold by Theorem 15.2. At any point
xeK, the differential of f, induces an (n+ I)-frame at f(x) and that of g
induces a k-frame at the same point. Putting these together in this order
gives an (n + k + 1)-frame which may or may not be consistent with the
standard (n + k + 1}-frame of R”*** 1 Assign a plus sign o x if so and a
minus sign if not. Then the sum of these signs over all such points x gives
an integer called the “linking number” L(f,g) of / and g. To see that this is
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Figure II-12. About linking numbers.

independent of the choice of the approximation f,, let fo:D"*! > RrHk+1
be another such approximation. Then there is a homotopy F:D"*! x I —
R"***1 yel §" x I from f, to f. It can be assumed that F is constant near
the two ends, and so it is transverse to g there. Then F can be approximated
by some F:D"*! x I»R****1 that coincides with F on a neighborhood
of 8" x IuD"* ! x 81 and such that F, hg. Then F{(F;(D"** x I)ng(S5)
is a 1-manifold in D"** x I not meeting $" x I and which is transverse to
the boundary. See Figure II-12. This 1-manifold describes cancellations and
creations of pairs of points of opposite sign in its intersections with D"* ! x {0}
and D"*! x {1}, which implies the invariance of the linking number. The
reader might find it edifying to try to convince himself that L(f,g) differs
from L{g,f) only by a sign depending on n and k. There are several other
methods of defining L(f, g).

For our last example, let M™ be a compact smooth manifold without
boundary and let ¢: M™ —R” be smooth, for some n <m. Let xe(M™) be
a regular value (assuming not all of M™ is critical). Then we claim that
K™™"= ¢~ !(x) is an (m — n)-manifold which bounds an {(m — n + 1)-manifold
V=M™ To see this, let r < R” be a ray from x of length b where b > diam
#(M™) and let y be its other end. Then the open segment (x, y) has a tubular
neighborhood (x, y) x R"™! for which the rays are the constant cross-sections.
By Theorem 15.3, ¢ is transverse to one of these rays, say s. The required
mortl gs just ¢ 1(s).

16. Thom—Pontryagin Theory 1%

In this section we will investigate pointed homotopy classés of maps
J:8""* 8" The term “pointed” means that we fix a base point in each space
and consider only maps and homotopies taking the base point to the base
point. This set of homotopy classes is called the (n + k)th “homotopy group”
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of 8" and is denoted by 7, ((S"). The group structure on this set will be defined
below, and in more detail in the next chapter.

By composing a pointed map f:S""* - 8" with the end of a deformation
of §" collapsing a disk about the base point to the base point, we see that,
up to homotopy, we can assume that f takes a neighborhood of the base
point of 8"** to the base point of S”, and similarly with homotopies of such
maps.

Then by removing the base point from 8" ** we can study, instead, maps
and homotopies R*** — §" which are constant to the base point outside some
compact subset of R"** By the Smooth Approximation Theorem we can
also restrict attention to smooth maps R"**— 8" and smooth homotopies.

For convenience in notation we shall consider 8" to be the one-point
compactification R, =R"U{wo} of euclidean space. Use will be made of
some constructions on 8" which are not smooth at oo, but this will have no
affect on our arguments. For example, a translation of R” extends to R?% and
is smooth except at co. ;

Suppose given a smooth map f:R***—R" as above. Then there is a
regular value peR". By following f by a translation in R” {which is, of course,
homotopic to the identity as a map of R", to itself) we can assume that p is
the origin 0eR™ By Theorem 11.6 there is a disk E” about 0 in R” and an
embedding M* x E"— R"** onto an open neighborhood N of M* and whose
inverse N — M* x E"is r x f where r: N— M* is the normal retraction. By
another homotopy of f it can and will be assumed that E" is the open unit
disk in R”about the origin. In this section, we will refer to such an embedding
g:M* x E">R"** M* compact, as a “fattened k-manifold.”

Now we. can follow f by a smooth deformation of R" starting at the
identity and ending with a map 6: R”, > R”,_ which takes E" diffeomorphically
onto R” and everything else to co. For example, the homotopy

(= 1PN for Yxli <3,
0= {oo for x| > 11,

does this. With this map, 0(x)=x/(1—||x]|?)"* for |x| < 1. Then the
composition f¢ f ~ f can be described as the map taking N ~ M* x E"— E"
by the projection followed by the diffeomorphism E" — R" (the restriction

of 0) and taking everything else to ov. (See Figure [1-13.)

Therefore every fattened k-manifold g: M* x E"— R"** gives rise to a map
¢, R""* > R" of this form, and every map R"** - R”, , as above, is homotopic
to a map arising this way.

Now suppose we are given two fattened k-manifolds g,: M x E" - R"**
and g;:M* x E"-R""* and that the associated maps arc homotopic:
by, ~ ¢, via the homotopy F:R""* x [ >R,

By composing F with a map R"** x [ - R""* x [ of the form 1 x ¢ where
Y(t) =0 for t near 0 and Y(t})=1 for ¢ near 1, we can assume that F is a



Figure I1-13. Thom—Pontryagin construction.

constant homotopy near the two ends. Also, of course, F can be assumed to
be smooth away from F ~*(c0).

Let geR” be a regular value of F and put V**! = F~({q}). Then there
is an open disk D" about g and an embedding V**! x D"—>R"** x I onto a
neighborhood Wof Vand whose inverse is r x F: W— V**! x D", r being the
normal retraction. Also, in R"*! x [0, €], for some € > 0, this fattened V**!
has the form of the composition

M x D" x [0,€] =, M x R x [0,€] <M x E" x [0,€] 225 R x [0, €]

and similarly at the other end. The first inclusion can be replaced by an
isotopy (a level preserving embedding M¥ x D" x [0,€]— M§ x R" x [0,€])
which first translates D" to the origin, then expands it to the unit disk E”
and then expands it to map onto R” (essentially the map @ above with a
modification of the parametrization to make it constant near the ends). At the
end of this we get the diffeomorphism M% x D* — M¥ x R"—~ M x E".
We can use the inverse of this to reparametrize the entire fattened V**! to
give a fattened manifold G: V**! x E"—R"*¥ x I which coincides with g,
near R"** x {0} and with g, near R"** x {1}. This is called a “cobordism”
of fattened manifolds in R"**¥ see Figure I1-14. Since cobordism is taken to
be constant near the ends, it is an equivalence relation between fattened
k-manifolds in R"*¥.

Figure 11-14. A cobordism.

Conversely, such a cobordism of fattened manifolds determines a homo-
topy between the maps R"** — R, associated with the ends of the cobordism.
Thus we have set up a one—one correspondence between pointed homotopy
classes of maps S"**—8" and cobordism classes of fattened k-manifolds
M* x E"-R"*k_ This is close to what we want, but not quite.

A fattened manifold M* x E" - R"***(or V¥*1 x E"» R"** x I) determines
a field of normal (meaning here, independent of the tangent space) n-frames
on M* by taking the differentials at points xe M* = R"** of the coordinate
axes in {x} x E". (An n-frame is a set of n independent vectors. We do not
assume that they are orthogonal, and they are not in this construction.)
Thus we have a “framed manifold” M* c R"** Similarly, the fattened V**?
gives a field of normal n-frames to V*** < R""* x I, and this is a “framed
cobordism.”

Conversely, given a (compact) framed manifold M*<R"**, we can
construct a fattening of M* as follows. Let &,,..., &, be the vector fields in
R"** defined on M* and forming an independent set of n normal vectors at
each point of M*. Then define the map : M* x R"—+R"** by

WX Ly b)) =X+ 8,E(X) + 0 + £,E(x).

At any point of M*, the differential of 7 is clearly onto and so, by an argument
similar to the proof of Theorem 11.4, there is an € > 0 such that t maps
M* x B(0)diffeomorphically onto a neighborhood of M*in R***. By compos-
ing with a diffeomorphism E"-— B.(0) which is the identity near 0, we
get a fattening M* x E"—R"** of M* in our sense, and its differential gives
back the original n-frame on M*.

We have almost proved that there is a one—one correspondence between
7,+4(S") and framed cobordism classes of framed k-manifolds M* in R***,
What remains to prove is that if we start with a fattening, pass to the induced
framing, and then, by the above construction, to a fattening, we get a fattening
which is cobordant to the original one. We shall prove this formally later,
in Lemma 16.3.

The group structure on 7, ,(S") is defined as follows. Use a base point
which is in the equator of $"** If we collapse the equator to a point, we get
a map y:S"**—»S8"** v §"** If we have pointed maps f, g:S"**—S" then we
can put f on the first factor of $"** v $"** and ¢ on the second to get a map
S**k v §"*k 58" Composing this with y then gives a new map S"**—§"
called f*+g. If we use [ f] to denote the homotopy class of f then we define
[/1+[g] to be [ f*g]. That this is a group structure will be proved in the
next chapter. Looking at the inverse image of a regular value (assuming f
and g are smooth) it is clear that the corresponding operation on framed
cobordism classes of framed k-manifolds in R"** is as follows. Given two
framed k-manifolds M* and N*, translate M* in R*** until it lies in the lower
half space (with respect to the last coordinate, although that does not really
matter), and translate N* to the upper half space. Then M* and N* together
form a framed k-manifold in R"**, which we will denote here by M*x N*. If

[M*] denotes the framed cobordism class of M* then let [M*] +[N*]=



Aesriva AR UL IYAGAHITUVIUD

[M*xN*]. 1t is not hard to see that this latter operation does provide the
structure of an abelian group. The identity element is the cobordism class
of the empty manifold and the inverse is the class of the mirror image of a
framed k-manifold.

Thus, subject to proving the mentioned lemma, we have shown:

16.1. Theorem (Thom~Pontryagin). The above construction gives an isomor-
phism of m, . (S") with the group of framed cobordism classes of framed k-mani-
folds in R*¥X, I

As mentioned, we still must prove Lemma 16.3. By a diffeomorphism of
R” with E" which is the identity near the origin, or at least has the identity as
differential there, we may replace E" by R" in the definition of “fattening.”
We need the following definition;

16.2. Definition. Let ¢, y: M* x R"—>R"** be two fattenings of the same
manifold M*, ie., ¢(x,0) = Y(x, 0) for all x. Then an isotopy between them is an
embedding @:M*xR"xI->R""*x I such that O(x,y,)eR"** x {1},
O(x,0,1) is constant in f, and O(x,y,0)=(¢(x,),0), and O(x,y,1)=
W (x, y),1).

Often an isotopy is denoted by 6,(x, y): M* x R" - R"*¥ where
BO(x, y, 1) = (B,(x, y), 1).

An isotopy can be assumed to be constant near the ends, i.e., 6, is constant
for ¢ near 0 and near 1. Then it is clear that isotopy is an equivalence relation
and that it implies cobordism of fattenings. Thus the following lemma suffices
to complete the proof of Theorem 16.1.

16.3. Lemma. If ¢, y: M* x R" > R"** are two fattenings of the same compact
manifold M* and if they induce the same framing of M* then they are isotopic.

PROOF. We can shrink the normal disk, keeping a neighborhood of 0 fixed,
to make the images of the normal disks as small as we please, and this
constitutes an isotopy that does not change the assumptions in the lemma.
Thus it is clear that we may assume that the image of ¢ is contained in the
image of §. Then ¢~ '¢ is defined. Therefore we can define 0(x,y) =
Yt~ " '(x,tv)) and we must investigate this as ¢ approaches 0. For
simplicity, we can regard M* as an embedded submanifold of R"**.

Let pe M* and let x,,..., x, be local coordinates on an open neighborhood
U of p in M* Let y,,...,y, be coordinates in R". Then x;,..., X, V1,-.., V,
can be taken as local coordinates in R”** using y: U x R"—R"*¥ as a chart.
Thus ¢ is the identity in these coordinates. We can represent ¢ in these
coordinates by

Px, y) = (Ax, y), u(x, y)),
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where .
A%, 7) = (A44(% ), -, Ailx, ¥)) R,
Hx, yy = (ua(x, ), ., mdx, y))eR™.

Since ¢(x,0) = (x,0} we have that Ax,0)} = x and i(x,0) =0. Therefore

B4x, ) =Yt~ d0x, 1)) = (Ax, ty) 1~ p(x, )

which is defined for sufficiently small 1 £ 0.

Now A(x, ty) is defined and smooth in x, y, t even at ¢ = 0. Since u(x,0) =0,
we can express

uix, y) = 2 a; {x)y; + Z by ;X V)Y yi
i ik

via Taylor’s Theorerri, where the b; ; , are smooth and where
ai.j(x) = (aﬂz/ayj)(xa 0)

By the assumption that ¢ induces the same frame as does ¥, we have that
a; {x) = 6, ;. Therefore

Ul )y =y ey by (X 1)y
ik

which is defined and smooth in x, y, ¢ even at t = 0. Also, putting £ =0 gives
8o(x, ¥) = (x, y). This means that the end t =0 of the isotopy 0/(x, y) is ¥(x, y).
The end t =1 is 8,{x,y) = ¢(x, y). 0O

We will now look at the special case k = 0 of maps 8" —+S". By Theorem 16.1
n,(S" is isomorphic to the group of framed cobordism classes of framed
O-manifolds in R". A (compact) 0-manifold is just a finite set of points. The
framing at each point can be assumed orthonormal by the Gram—Schmidt
process, which provides a “homotopy” of the frame, which is a framed
cobordism. Also a frame can be rotated so that its first vector agrees with
that of R®, and then a rotation in the orthogonal complement of the first
vector can move the second to agree with the second standard basis vector
of R, if n > 2. (This is just a matter of knowing that the special orthogonal
group SO(n) is connected and transitive on the sphere 8" if n> 1. See
Problem 8 of Section 15 of Chapter 1.) One can continue this until one gets
to the last vector. That finishes it since SO(1) is not transitive on the O-sphere.
But that leaves all vectors but the last in the standard position and the last
is either standard or in the opposite direction from the nth standard vector.
One can distinguish these cases simply by the sign of the determinant of the
matrix made up of column vectors equal to the original frame, expressed in the
standard basis. Thus, we can replace the frame by the sign +1, and
still have the correspondence. Moreover, one can cancel two opposite signs
by a cobordism that is an arc between two such points at the end ¢t =0, and
empty at the end ¢ = 1. Other points stay constant during the cobordism.
Thus, adding up the signs gives an integer, and this integer is a complete



invariant for n,(S"). This integer is known as the “degree” of the map f: §* — §"
whose homotopy class is in question. Thus we have:

16.4. Corollary (Hopf). There is an isomorphism 7 (S"Y~Z which takes a
homotopy class [ ] to the degree of f. 0O

16.5. Corollary (Hopf). 4 map f:S"—-S" of degree 0 is homotopic to a
constant. |

The degree of such a smooth map is, by the discussion, determined by
-taking a regular value peS” and adding up the signs of the Jacobians of [
at the {finite number of) points in /'~ (p).

The method of Pontryagin and Thom was originally intended as an
approach to the computation of homotopy groups of spheres. The groups
7, 1(S") work out fairly easily since they correspond to framed 1-manifolds
and 1-manifolds are well known. The groups =, ,(S") also work by this
method since 2-manifolds are well understood. Even in that case, however,
the derivation of =, . ,(S" is quite difficult. Indeed, Pontryagin originally
announced that =, , ,(S") is trivial; apparently because of a missed framing
on the torus. He corrected this shortly thereafter. With great difficulty, the
method has been pushed through to compute =, , 5(S"). For higher codimen-
sions, the difficulties become overwhelming. In the meantime, other, algebraic,
methods were found for the computation of n, , {S") and many computations
have been done, but the complete problem is yet to be cracked. But these
results on homotopy groups can be used, through the Thom-Pontryagin
construction, to yield information about manifolds, a method that has proved
to be highly productive.

Although we have restricted our attention in the discussion to maps from
R"*¥ to S", the only place we used that the maps are from R"** was in the
definition of the group structure in 7, (S"). We mainly made that assump-
tion in order to simplify the argument and aid the reader’s intuition, (Also
it is by far the most important case.) There is no difficulty in generalizing the
results to apply to maps from any compact manifold M"** to S". The upshot
of that generalization is the following:

16.6. Theorem. If M"*™* is a compact smooth manifold, then the Thom~
Pontryagin construction gives a one—one correspondence between the set
[M"** 8] of homotopy classes of maps M"** = 8" and the set of smooth framed
cobordism classes of smooth, compact, normally framed k-submanifolds of M"**.

a

Returning to smooth maps f:$"** = S" note that there is an obviocus
“suspension” of ftoamap Sf:S""** ' 58" Vinduced from [ x 1:8" % x [
§" x I by passing to the quotient spaces 8" ™** 1 of §*"* x Fand §"* ' of 8" x I
identifying the ends of the cylinders to points. This is not smooth at the
poles, but has a regular value on the equator and so it can be smoothed
without changing that regular value

In the viewpoint of the Thom-Pontryagin construction, it is clear that
the corresponding operation (at least up to sign) is given by considering a
given framed k-manifold M* in R"** as lying in R"** x {0} =R""**! and
adding the new coordinate vector to the frame at each point. Then this
defines a homomorphism

S3nn«hk(Sn)_'”nHur1(S"+ 1)-

We claim that S is an isomorphism for n > k + 1 and is surjective forn =k + 1.
We will prove this in several steps.

First, note that a given framing can be altered by an isotopy of frames
(producing a framed cobordism that is a constant cobordism on the manifold
itself) so that the new framing is orthonormal and orthogonal to the manifold.
To do that, first project to the normal space. This can be filled in with an
isotopy via the standard tv + (1 — f)w method. Then use the Gram-Schmidt
process to orthogonalize. This also fills in with an isotopy.

Second, for M¥ c R"*¥*1 n >k, there is a unit vector v not tangent to M
anywhere and not a secant of M; see the proof of the Embedding Theorem
(Theorem 10.7). We can rotate R"*** ! (giving a cobordism) moving v to the
last basis vector, and so we can assume that v is this basis vector e = ¢, 4.
If p=(xy(p),--., Xasx+1(p)) represents the original embedding of M* in
R"***1 then the map ¢: M* x [ ->R"* "1 x I given by ¢(p,t) = (x{p),...,
X, + P), 1Xp 41 + 1(P), ) defines a cobordism of M* to N* = R"** x {0} c R"***1,
not yet framed.

To see that ¢ does carry the framing along, note that at each parameter
value t, the manifold p— ¢(p, ) has a tangent space at each p which has an
angle < /2 with the original tangent space of M at p and hence has trivial
intersection with the original normal space. Thus the original framing is still
a framing of the displaced manifold, even though not orthogonal to it.

Therefore, we may assume that M* < R"** x {0} < R"***! (if n> k) and
has an orthonormal framing. Now consider the frame at each point. Referring
the vector e=e,, ., to this frame at a given point xeM gives a point
0(x)eS". Since n> k, the smooth map 9: M*—S" must miss a point. By
rotating the framing by an orthogonal transformation constant on M
(another cobordism) we can assume that —vé¢image(6), where v =uv,, , is the
last vector in the given frame {(vy,..., U,4 )

Now we claim that we can change the framing via a homotopy so that
the last vector v =, ,, of the frame becomes e. This is done by rotating the
frame through the 2-plane spanned by e and v moving v to e. This rotation
can be described as follows: Let w be the unit vector half way between e and
v ie. w=1{(e+v)/lle +v|. This makes sense since —v is never e. Then the
rotation in question is R,:R" "1 - R"* ! given by R (u) = T(T,(«)) where T,,
is the reflection in the line Rw; whence T, {u) = 2<{u, w)w — u. The homotopy
is given by the family R, of rotations where

. et {l-nw

! fite +(1 —t)wii'
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Consequently, we can assume that the framing has e as its last vector, but

~ that just means that the new framed k-manifold is in the image of the

suspension S: 7, , (8") = 7, .+ (8" '), n > k. For a framed cobordism V4*? <

R"*¥*1 x ], a similar argument shows that it can be changed into a cobordism

VEF L R {0} x I < R"*1 x | with the last frame vector e, provided

that n> k + 1. This shows that S is an isomorphism for n > k + 1. Thus we
have proved:

16.7. Theorem (Freudenthal). For n > 1, the suspension homomorphism
Sy 18" = g4 1(S)

is an isomorphism for n >k + 1 and an epimorphism for n=k + 1. |

Note that this implies that S:7;(S')—>n,(S?) is onto and that
5(S?) = m4(S%) — --- are all isomorphisms. Thus an alternative to the proof
of Corollary 164 is to compute 7,(S')~Z (done by other means in
Chapter I1I), and to show that m,(S%) is infinite (an easy application of
Homology Theory in Chapter IV), and to then use Theorem 16.7 to conclude
that all these groups are Z.

In Chapter VII we will show that 75(S*) ~ Z and 'n,(S*) ~ Z,. Thus it will
follow from Theorem 16.7 that x,,(S")=Z, for all n>3. It is easy to
“explain” {without proof) these facts from the point of view of Thom-—
Pontryagin. An element of =, ,(S") is represented by a framed 1-manifold
M' in R"* ! It is not hard to see that one can join the components of M
via a framed cobordism and similarly one can unknot M. That is, every
element of 7, ,(S") is represented by a framed standardly embedded circle
M =S" in R""!. The trivial element is represented by a “trivial” framing:
embed D? in R? x [ meeting R? x {1} transversely in S' = 0D?; then this
can be framed and shows that the normal framing of the standard §! < R?
is frame cobordant to (¥ (i.e., 7,(S') =0; similar arguments show 7,(S') = 0
for all k > 1). Suspending this adds another normal vector to S' in R, giving
a “trivial” framed S* in R®. Now, given any smooth map ¢:S' - S0(2) ~ S,
one can produce a new framing of S' by rotating the given frame at xeS*
by ¢(x)eSO(2). It is clear that all framings come this way. A homotopy of
maps S' x I -SO(2) gives a cobordism (actually an isotopy) of framings.
The homotopy classes of maps S' »SO(2) =~ S' are given by n,(S!)x Z,
by Corollary 16.4, and cach of these classes produces, by the frame change
construction, an element of 75(S?%), and it turns out that these elements are
all distinct, which explains why n4(S?) ~ Z. For framings of S' in R?, one
would operate on a trivial normal framing by the maps S'—S0(3). In
Chapter HI we will show that there is exactly one nontrivial (up to homotopy)
map S' —SO(3) and this “explains” why 7,(S% ~ Z,. The same fact holds
for $' - SO(n) for all n > 3, “explaining,” without using Theorem 16.7, why
T, 1(S"Y 2 Z, for all n > 3.

CHAPTER 111
Fundamental Group

Finally, let me propose still another kind of
geometry, which, in a sense, is obtained by the
most careful sifting process of all, and which,
therefore, includes the fewest theorems. This
is analysis situs . ...

F. KLEIN

1. Homotopy Groups

With this chapter we begin the study of algebraic topology. The central idea
behind algebraic topology is to-associate an algebraic situation to a

' topological situation, and to study the simpler resulting algebraic setup, For

example, to each topological space X there could be associated a group
G(X), such that homeomorphic (indeed, usually homotopically equivalent)
spaces give rise to isomorphic groups. Usually, also, to a map of spaces one
associates a homomorphism of the groups attached to those spaces, such that
compositions of maps yield compositions of homomorphisms of groups. Then
anything one can say about the algebraic situation, gives information about
the topological one. For example, if we have two spaces whose associated
groups are not isomorphic, then we can conclude that the spaces cannot be
homeomorphic.

Many readers will recognize that what we are talking about here is what
is known as a “functor” from the category of topological spaces and maps
to the category of groups and homomorphisms. Indeed, the whole idea of
functors arose out of the field of algebraic topology.

In this chapter we shall study the first and simplest realization of this
idea, the fundamental group (or Poincaré group) of a space. This is a special
case of so-called homotopy groups, and we shall first define the latter and
then specialize, in the rest of the chapter, to the fundamental group, or “first
homotopy group.” -

To define a group, one must define an operation of “muitiplication.” The
reader may recall that we already had such a situation in the first chapter,
namely, the concatenation F+G of two homotopies. However, this operation
is only defined when the second homotopy starts where the previous one
ends. But we can restrict attention to homotopies that all start-and end with



the same map, and the simplest such map to-take is a constant map to a
point. Also, one needs certain identities in the definition of a group, such as
the associativity of multiplication. But concatenations of homotopies only
satisfy the weaker law that Fx(G*H)~(F+G)xH. This suggests that the
objects making up the group should not be homotopies, but equivalence
classes of homotopies under some type of equivalence that would make
homotopic homotopies equivalent to one another. That is exactly what we
are going to do.

First let us recall the notations from Section 14 of Chapter L. If X and Y
are spaces, thén [ X; Y] denotes the set of homotopy classes of maps X — Y.
i A« X and B < Ythen [ X, A; Y, B} denotes the set of homotopy classes of
maps X — Y carrying A into B (denoted by (X, 4)—(Y,B)) such that,
moreover, A4 goes into B during the entire homotopy.

To make a group then, we can select a point y,€Y and consider the set

[X xI, X x3L Y, {yo}]

Here, indeed, one does get a group from the operation of concatenation of
homotopies. However, it is technically better to also choose a “base point”
xo€X and consider the set

[X xI, {xo} x X x 3L, Y, {yo}]

(Of course, I ={0,1}.) For the moment let us set 4 = {xq} x TUX x dl.
Then note that maps X x I—Y which carry 4 into {y,} are in one-one
correspondence with maps of the quotient space (X x I)/4 — Y which take
the point {4} into {y,}. Thus we define the space

SX = (X x )A=(X x I)/({xo} x TUX x 8I) with base point {A}.

This is called the “reduced suspension” of X.

A space with a base point is often referred to as a “pointed space.” We
will mostly work in the category of these pointed spaces and pointed maps
(maps taking base point to base point). Let us denote the set of homotopy
classes of pointed maps of a pointed space X to a pointed space Y, with
homotopies preserving the base points, by [X; Y],. (We use this notation for
stress here. In most of the book we will drop the asterisk suffix, depending
on the context to make clear what is intended.)

Thus [SX; Y], is in a canonical one—one correspondence with [ X x I, A4;
Yi{yos ]

If f, g:SX — Y are pointed maps, then they induce homotopies [, ¢
X x I —Y by means of composition with the quotient map X x I — SX. Then
S'*g" X xI-Yis defined and factors through SX. The resulting pointed
map SX — Y will be denoted by f *g with little danger of confusion. Note
that, geometrically, f g is obtained by putting f on the bottom and ¢ on
the top of the one-point union SX v X and composing the resulting map
§X v §X — Ywith the map SX — SX v SX obtained by collapsing the middle
(parameter value 1) copy of X in SX to the base point. (See Figure III-1.)

Figure I1I-1. The product of two map classes SX — Y.

For any map f:(SX, {A})—(Y, {yo}) we denote its homotopy class in
[SX; Y], by {f]. For two such maps [ and g we define

[/1[g1=Lr*g}

Of course, we must check that [f;]1=[f,] and [g,]=1[g,] imply that

[f,%9,]=[f2*g,], but this follows from Proposition 14.17 of Chapter L
Let c,: X — Y be the constant map to the point y,. Then, from the laws

of homotopies developed in Propositions 14.13, 14.15 and 14.16 of Chapter 1,

we see easily that:

(associativity) [ f1-([g]1-[h])=(Lf1-Lg])-[H] from I-14.16,
(unityelement) [c, ]-[f1=0f1=[f1 eyl from1-14.13,
(inverse) AR AR EI A fromI-14.15.

(Recall that f~! stands here for the “inverse” homotopy with time running
the opposite way to that in f, and not to an inverse function.)

Thus, under this operation, the set [SX; Y], of pointed homotopy classes
of pointed maps SX — Y, becomes a group.

Figure I11-1 illustrates the group operation. Note that the line segment
from the “north pole” in the left-hand side of the illustration to the point x,
and on to the “south pole” is, in SX, really identified to a point. For the
picture it is easier not to try to depict this. One can consider the picture as
defining a map on the “unreduced suspension” (the union along X of two
cones), which is constant on this line segment. Such a map factors through
the reduced suspension, and vice versa, so such illustrations should not lead
to problems. 4

The most important special case of the foregoing is that of suspensions
of spheres. To fix the ideas, let S° denote the O-sphere {0, 1} with base point
{0}. Pick any base point in the other spheres, say the north pole. We shall
use an asterisk “#” to denote base points in general.

1.1. Proposition. The reduced suspension gives SS"~ ' = S".

Proor. Note that §S"* — {x} & (S"™* — {*}) x (0, ) * "™ x R~ R". Since
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n—1 . . . :
SS is Lompact‘Hausdorff, if follows that it is homeomorphic to the
one-pomt compactification of R”. But the latter is just S”. 0

Because of this fact, we can, and wi
: , an, will for the purposes of this chapter, de
the (%omted) n-sphere 8" to be the n-fold reduced suspension of theptwo’— ({;nf
set S°. Then we have the equality S" = §S"~ ! P
r Thufs, as a specufll case of the foregoing discussion, the set [S% Y], isa
group tor n > 0. This is the “nth homotopy group,” and it is denoted ){)y

Tl Y, yo) = [S% Y],

'If we \ylsh to indicate a homotopy group without specifying the “n” we will
Jusg v;/rlte 7Y, o), Oor sometimes just n,(Y), the base point being understood.
o (go"urs;, t'trl}el elements of 7,{ ?’) are homotopy classes (rel base point) of
. ];? — 1. 1he group operation is easily seen directly. Given maps f,
z{.fh—ah)’,, put thfm together to give a map of 8" v 8" Y, and then compose;
N gse ;o?ﬁrtr)li?ss" t—»S" v.S" which just collapses the equator (containing the
o poln oa point. (The reader. may well argue here that this descrip-
s vague. For example, on which of the two parts of 8" v §" do_ you
pl;lt f?Asa matter. of fact, however, we will see later that this only matters
f‘iv en n=1. Also, it is of little consequence just how one defines S” in the
irst place. Of course, at the present time, we cannot justify these statements
anc;fwhen proving things we will have to stick to-our definition.) ,
‘ you think ilbout our definition of x,(Y) for a moment, especially the
escription of §” as a repeated suspension of §°, you will note that each
suspension §upplies a parameter in [0,1] and, in fact, the space S" as
f}c::s;(r)uctsd 1s actually a quotient space of the cube I" obtained by collapsing'
o Yunr ary Qf the cube toa pomt' (which becomes the base point). Maps
ey v;;hgs;rvn;g ba},se points, are in one-one correspondence with maps
bl ich take o1 to the base point of Y. This is a more traditional way
of defimng 7,(Y). This group then becomes the set of homotopy classes of

maps (I",0I") (Y, {y,}). In that context, th ion i
! ) . , the grou
coming from the definition: EroUp cperaton I the one

3

Frglrn... t"):{f(fl,...,t,,-l,Zt,,) for ¢,
gty sty g, 2t,— 1) for ¢,

We wxll. sec later that using the last coordinate to do the concatenation of
f and g is completely immaterial, and one gets the exact same group operatio
in 7,(Y) by using any other coordinate for the concatenation. P ’
Corilpoli?:t%i)é groups are very important but they are also very difficult to
: i most important cases are the groups n,(S*). Many of these
ave been computed, but not all of them. Their study has long been, and
continues to be, a very important topic in algebraic topology. ’
knf;fo?? rcltxrnmg to ‘the general discussion, let us indicate some of the
n facts about these groups. Some of these things will be proved later
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in this book. The groups =,(S") are known to be infinite cyclic and are
generated by the homotopy class of the identity map S"—S", a fact that is
probably no surprise. Indeed, this was proved in Corollary 16.4 of Chapter I1.

The group n,(S) is trivial for n < k. In fact, this follows from Theorem 11.10
of Chapter I .

The group 7,(SY) is trivial for n > 1. We will prove this later in this chapter.

The group m4(S?) is infinite cyclic. This may well come as a surprise.
Consider S* as the unit sphere in C2. Then (u,v)»uv~' defines a map
§3 - C* ~ S? and this represents a generator of 75(S?). This map, incidentally,
is called the “Hopf map” and there are several other ways to define it.

The group 7, ;(S") is the group Z, of two elements for n> 2. Going back
to maps S*—S?% note that one may “suspend” such maps to get maps
S*—83 ..., S"*1 8" (They are obtained from the maps f x L.X xI—
Y x I, for any f: X — Y by passing to the quotient spaces defining the reduced
suspensions.) Starting with the Hopf map described in the last paragraph,
these suspensions turn out to yield the generators of all the groups 7, , (S")
for n>2.

The group 7, ,(S") is the group Z, of two elements for n> 2. The group
n4(S?) is generated by the composition of the Hopf map S* - S? with its
suspension S*— 82, and the higher groups are generated by the suspensions
of this.

The group ., 3(S") & Z,, for n>5; also n5(8*)~Z,, ns(S*) =~ Z,,, and
SN~ ZDL,,. ‘

As might be guessed from some of the stated facts about homotopy groups
of spheres, it turns out that =, (S") is independent of n for # sufficiently
large. This is known as “stability.” Those who have read Section 16 of
Chapter II have already seen a proof of this in Theorem 16.7 of Chapter I1.

Enough peeks into the future. Let us resume our general discussion of
the groups [(SX; Y1,. Let (X,xo) be a fixed pointed space, and consider

maps
- @:(Y, yo) = (W, wy).
If £:(SX, %)= (Y, yo) is any map then ¢of:(SX,#)— (W, w). Also, if f =
grel{}, then ¢o f = ¢og rel{*} so that ¢ induces a function
by [SX, % Yo yol = [SX, % Wowo]

by el f1=1[¢of] Itis clear (see Figure H1-2) that ¢o(f*g)=(¢°f)*(¢°9)
whence ¢ 4(af) = pu(0)d4(B), ie, ¢4 is a homomorphism of groups.
If ¢:(Y, yo) — (W, wg) and (W, wo) —(Z, z0) then it is clear that

Yuopy=od)y and Identity 4 = Identity,

so that [SX, *,-,'] is a functor.
Also, if ¢ ~ (Y, yo) —(Z,z¢) then ¢po f =~ y o fwhich implies that ¢y = Y4
Let us rewrite these observations in terms of the special case of homotopy
groups. If ¢:(Y,y,)— (W, w,) and Y (W, wo)—(Z,z,) then there are the



Figure II1-2. Functoriality of the product.

homomorphisms
Sy Y y) > T (W, wg)  and i, (Wi we) = my(Z, zo),
and we have (o @)y = yody Also, if ¢ = :(X,x0) = (Y, y,) then ¢y = 4.

2. The Fundamental Group

‘\‘Ne'shall, now specialize to the case of n,(X,x,), the “fundamental” or

Poincaré” group. Via the quotient map (I, dI) - (S', ¥) we had the one—one
correspondence between maps (I, 0I) - (X, x,) and maps (S*, ¥) = (X, x,). Thus
the fundamental group 7,(X, x,) can be considered as [1,3I; X, x,], i.e., as
th§ set of homotopy classes of closed paths, or “loops,” in X ’at tt,le. t:ase
point x,. For loops f, g in X at x,, f*g is the loop obtained by going along
f and t‘he_n along g. (This is, of course, a sﬁe‘cial case of the treatment of
homotopies. A loop is just a homotopy of maps from a point {*} to the
space X beginning and ending at the map {*} - {x,}.)

Therefore, for each pointed space (X, x,) there is a group 7,(X, x,), and
for. eaqh map ¢:(X,xe)—>(Y,y,) there is an induced homomo?p’hism
gz#. nl(X,'xo) - 7:1'(Y, Yo) such that (Y )y = 4o dy, and Identity, = Identity.

inally, if ¢ ~y:(X,x0) > (Y, y,) then ¢4 =14 Moreover, it is clear that
71({xo},Xo) = 1, the trivial group. ,

An arcwise connected space X with (X, x0)=1 is called “simply
connected.” Presently, we will show that this does not depend on the choice
of xpeX.

As a consequence of this formalism, let us derive an application. Suppose
that X is contractible in the strong sense that there exists a homoto;;y
$:1 x (X, xg) = (X, x,) of pointed spaces with ¢(x,0) = x and @(x, 1) = x, for
all xeX. The assumption that this is a homotopy of pointed sp’aces m?:ans
lh.at Plxg, 1) = x, for all te[0,1]. Letting ¢ denote the constant map X - X
with ¢(x)= x, for all xeX, we have Identity ~¢. Thus Identity, = cy on
?Tl(X,.XO). But Identityy = Identity, and ¢ =ick where i:{x,} —»g( ié# thé
inclusion and k: X = {x,} is the unique map of X into the one point space

{xo}. Thus - -
Identity = Identity# == i#"k#.

But the right-hand side is a composition through the group m({xo}> Xo0)
which is trivial. The only way this can happen is if 7,(X ,Xp) = 1, the trivial
group. (One can give an easier direct proof of this, but we wished to illustrate
it as a consequence of the functoriality of the fundamental group.)

Of course, this is not of any use unless we know of spaces X for which
the fundamental group 7,(X, X,) is nontrivial. We will find many such spaces,
but for the present let us give a proof that this is the case for the circle. We
will compute 7,(S?) later, but for now, we will just show it nontrivial using
only methods from the simpler parts of Chapter I

2.1. Proposition. The circle S? is not simply connected.

PrOOF. Consider the identity map f:S! —S* as a loopin S*. Thus [ f]en,(S", p)
for some peS'. If [ /] = 1, the unity element of n,(S, p), then f ~ ¢ (pointed)
where ¢: St - S! is the constant map to the base point p. But such a homotopy
is a deformation of ! to a point and implies that 8 is contractible, contrary to

Corollary 11.13 of Chapter I _ - 0O
On the other hand, we have: »
2.2. Theorem. The sphere S" is simply connected for n> 2.

ProoF. This almost follows from Theorem 11.10 of Chapter II, but to be a
correct proof, we have to make sure that the homotopy resulting from the
proof of Theorem 11.10 of Chapter II'can be taken to preserve the base point.
(Later we will show that this is not really necessary.) But the map of the
base point to S" is smooth, and so the smooth approximations used in
Theorem 11.10 of Chapter 11 can be taken to not move the base point. []

These are important facts, so we will give alternative proofs. We
also do this for the reason of illustrating some other approaches to things
of this sort. For Proposition 2.1, consider S! as the unit circle in the plane
and suppose that we have a homotopy F:S' x I'->S* with F(x,0)=(1,0) and
F(x,1)=x for all xeS'. We can assume this to be a smooth map, since it
is already smooth on the ends. Composing this with the quotient map [ —S'
gives a homotopy G:I x I »S' with

G(s,0)=(1,0),
Gl(s, 1) = {cos (2nrs), sin(2ns)),
G(0, 1) = (1,0),
G(1,0)=(1,0).

Break G mto its componénts G(s,t) = (x(s,t), y(s,t)) and consider the
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differential d6 = d(arctan(y/x)) = (xdy — ydqc)/(x2 + y?). Then consider the

line integral
1
f(t)=§f§de - | D
o ds

It is easy to calculate that f(0)=0 and f(1)=2x. If you look at the
approximating Riemann sums for this integral, you will see that they are
Just sums of (signed) angles between successive points (x: yo). Any partial sum
is the angle from the x-axis to the present point (x;, y,). Of course, the angle
is determined only up to a multiple of 27. Since the start and end of each of the
parametrized (by s) curves are the same, the approximating Riemann sums
must all be multiplies of 27. It follows that the line integral f (1) = $d@ is itself
a multiple of 27 for any t. But f(t) is continuous in ¢ and a continuous
function taking values in a discrete set must be constant. This contradiction
shows that the homotopy cannot exist. Some readers may be unsure of the
rigor of this proof, and they are urged to fill in the details. This argument
was one of the precursors to algebraic topology and one of the things we
will be doing momentarily is to detail this type of argument, although with
different terminology.

Here is another proof of Theorem 2.2: Cover S" with open hemispheres. Let
J:1- 8" be any loop and consider the covering of I by the inverse images under
f of the hemispheres. By the Lebesque Lemma (Lemma 9.11 of Chapter I),
there is an integer n such that any initerval [, b] of length < 1/n is taken by
/ into an open hemisphere. Now we will define a homotopy of f rel d1. It
will be defined as a homotopy of the restriction of f to each interval
Li/n,(i+1)/n] rel{i/n, i+ 1)/n}. For s in this interval, let g(s) be any
parametrization of the line segment in R"** from f(i/n) to f(i + 1)/n), and
note that this does not go through the origin since the end points are in a
common open hemisphere. Then let ‘

Fis - 90076 /
lg(s)+ (1 =0/ G)]

Combining these homotopies then gives a homotopy from f to a loop made
up of a finite number of great circle arcs. Such a loop cannot fill up $” (prove
it) and so there is a point peS” left over. Thus [f] is in the image of the
homomorphism 7,(S" — { p})— #,(S"). But S"— {p} is contractible without
moving the base point, so its fundamental group is trivial, and [ /] must be
the trivial class 1. (Where did we use that n> 1 in this argument?)

In the things we have done in this section, so far, we had to pay attention
to the base point, making sure it did not move during homotopies. This was
particularly irksome in the proof that a contractible space has a trivial
fundamental group, since we had to assume a stronger type of contractibility,
one that does not move the base point. An example of a contractible space
that does not satisfy this condition is the “comb space” Comb of Figure 111-3.”
Any contraction of Comb must move the point x,. On the other hand,

2. The Fundamental Group

= Xg

Xy

Figure I11-3. The comb space {0} x [UI x ({0} U{1/n|n= 1,2,3,...})

there is a contraction that does not move the' point x;. Thus we know
that n;(Comb, x;)=1 but nothing we have said tells us an_ythxpg abouc;
n,(Comb, x,). It can be shown directly that the latter group is trivial, an
the reader is encouraged to try to do so. ‘ .

We now try to rectify this fault by studying change of base point. We Wlll
restrict attention at this time to the fundament.al group, but a similar
treatment can be given for homotopy groups 7,{X), in general, and the reader
is urged to attempt to give generalizations of the things we do here for the
fundamental group. Given a space X, let p:I—X be a path from p(0) = x,
to p(1) = x;. Then we define a function '

h‘,Z ‘ﬂx(X, xl) "v’nl(X" xo)

by .

hLf1=[p*f*p™ ']

That this is well defined (i.c., depends only on the homotopy class of f)

is clear. ) ) B
This is a homomorphism since (p* f*p Du(prgxp Y px f*(p

gxp~lapxfrgxp .
Also it is clear that:

(1) hyohy =y
2) pp:c; rel 0l =h, = h,; and
(3) h._ =1 where c, is the constant path at x.

*D)*

Also, using (1) to (3) we get
@) hyoh, =1
Moreover, if p is a loop then h,ff1=1[p] [f3{p] ' Thus we have:

2.3. Theorem. For a path pfrom xq to x, inaspace X, we have the isomorphism

hp3 ny(X, 1) —:—"751(1\,, Xo)

with inverse h,-.. If p is a loop representing o = [p], then h, is the inner
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automorphism

hfB) = afa™ . | O

Thus, (X, x,) only depends, up to isomorphism, on the path component
of xo. It must be noted, however, that the isomorphism is not natural, in that
it depends on the homotopy class of a path between the two base points. The
degree of nonnaturality is only up to inner automorphism, however. Thus, for
example, if the fundamental group isabelian then the isomorphism connecting

different base points is natural. i

Because of these facts, we sometimes use m(X) to represent the funda- -

mental group, where the base pomt taken is immaterial if X is arcwise
connected.

Now we take up the study of homotopies of loops which can move the base
point, which we shall call “free homotopies.” To be more precise, suppose
p:1— X is a path as above. Suppose we have a homotopy F:I x I > X such

thatk 7
F(0,5) = F(1,5) = p(s),
F(2,0) = fo(0),
F(t,1)= fi(0).

Then we say that f, is “freely homotopic” to f, along p, and we denote this
relationship by f, =~ ,f;.

2.4. Proposition. In the above situation, fo ~ ,f, <> h,[ fi]1=[ fol:

PROOF. The proof is accomplished by study of the diagrams in Figure I11-4.
These are pictures of homotopies I x I - X. In that figure, the cross hatching
represents lines along which the maps are constant. The unhatched portion is
to be filled in here. The left-hand diagram represents the proof of the => part of
the proposition. The unhatched portion can be filled in since f; ~ »f1. The
entire map is then a homotopy showing that oLf11=1[fo]- The right-hand

//\\\?

:

’E

xO 14 P Xg ‘

p

Jo fo

Figure I11-4. Basic free homotopy constructions.
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diagram represents the proof of <=. There, the unhatched portion can be
filled in since h,[ (1= [fol- The entire map shows that fo~ ,f,. - 7

Now we remove the restriction from the proof that contractible spaces
have trivial fundamental group. Indeed, we prove a much stronger fact, that
homotoplcally equivalent, arcwise connected spaces have 1somorph1c funda—

~ mental groups.

25. Theorem. If X and Y are arcwise connected spaces and ¢:X - Yis a
homotopy equivalence then ¢y m;(X,xo) = m4(Y, Hxo)) is an isomorphism.

PRrOOF. Let y, = ¢(x,). The only problem with proving this is that we can-

not assume that there is a homotopy inverse which takes y, to xo, and we

cannot assume that homotopies preserve the base points. Let y: Y X
be a homotopy inverse to ¢ and put x; = ¥(yo). Then we have the h}omo-
morphisms ’ g

73(X, Xo) A, nl(Y Yo) “—“’7!1(X xx)

whose composition is (s> ¢)g. By assumption y ¢ ~ 1. During the homotopy
the images of the point xo sweep out some path, say p, from x, to xo
Composing on the right with a loop f gives yo¢eof ~ f Putting
a=[fleny(X,xo), we have (o d)ule) = h,(«) for all aen (X, xo). Thus (Yo djy k
is an isomorphism, and it follows that ¢y is a monomorphism and 4 is

onto. Applying the same discussion but starting with ¢ shows that lll# is also
a monomorphism. Thus 4 is an isomorphism. Therefore ¢4 = Yglo(Wodly
is an isomorphism as claimed. O

2.6. Theorem. Let X and Y be spaces with base points x, and y, and let

X, X xY and i': Y, X x Y be the inclusions i*(x)=(x,y,) and
y(y) (X0, y). Let j* and j* be the projections of X x Y onto X and Y,
respectively. Then the map

iﬁ‘i;3"1(xaxo) x 15(Y, yo) = (X x Y,(xo Yo)),
given by i%-il{o x f) = i3(0)iYP), is an isomorphism wi;h inverse
Jﬁ XJ.;};”H(X x Y, (Xo, ¥o)) = 71(X, Xo) X m4(Y, yo).
PrOOF. Given a loop f:8' = X x Y, let fy =j* Gfandfy j¥o f. Consider the
map fy x fy:S' xS' > X x Y given by fx xf,,(s )= fx(s) ) 1 ). Also let
o) =(t,0), Bt)=(0,1), and &¢)=(t,1) as maps S'—-S'xS! Clearly

=~ &~ f*a, which can be seen by thinking of é as the diagonal of the
unit square and o, § as adjacent sides. Thus

S =y x fy)eo =[x x fy)e(axp)
={(fy x foeal*{(fx x fy)eB}.
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Computing each of these terms at ¢ shows that (fy x fy)oa—i °fy and
(fx % fy)eB=1iofy. Thus f =~ (i*o fy)*(i¥ °fy)WthhSh0WSthatl# l#ISOHtO

If /:8'>X and ¢:S'—Y are loops, then it is easy to see that
F Ao N)x(iTeg)} = frcyy=f and jYo{(%of)x(i"og)} =c,,*g~g from
which it follows that j¥ x j;(i;‘[f]i;[g])z[f]x[g] This means that
(j} * j};) (ij; iy) = 1. Therefore i}-i} is one—one onto and jX X x i isits inverse,
Since 1# X ]# is a homomorphism, it is an isomorphism and hence so is
Xy |
# #

We end this section with a simple criterion for the triviality of an element
of the fundamental group, which is quite convenient at times.

2.7. Proposition. Let [:S' > X. Then [f ],=,1én1(X)<:> f extends to D*.

ProoF. If [ f]=1en,;(X) then there is a homotopy S! x I X starting with
f and ending with the constant map to the base point. We can think of this
homotopy as a map from the annulus between the circles of radius 1 and 4
to X, which is f on the outer circle and constant to the base point on the
inner circle. But that extends, by a constant map, over the disk of radius 1 %
giving the desired extension of f to D2,

Conversely, suppose there is an extension of f to F:D?— X. Compose
this with the map G:I x I - D? given by G(s, t) = (tcos(2ms), tsin (2ms)). This
is a free homotopy along the path p(t) = F(G(0,1 — 1)) from f to a constant
loop c. Therefore, in the notation above, [ /] =h,[c]=h,(1)= L. 0

PROBLEMS

L. Let G be a topological group with unity element e. For loops f, g:(S',*) = (G, e)
define a loop f .g(t)— f(t)g(t) by the pomtw:se product in G. Show that
f*g =~ feg relx.

2. Let G be a topological group with unity element e." Show that n,(G,%) is

abelian. (Hint: Use Problem 1 and the idea of Problem ! to show that
Sog=gxf)

3. If K? is Klein bottle, show that z,(K?) is generated by two elements, say a and
obtained from the “longitudinal” and *latitudinal’ loops. Also show that there is
the relation (with proper assignment of & and f) afa™! = 7. (You are not asked
to show that this is the “only” relation, but, in fact, it is.) (Hint: Use the fact that
a smooth loop must miss a point.)

3. Covering Spaces

The spaces we shall consider in this section will all be HausdorfY, arcwise
connected, and locally arcwise connected.

3. Covering Spaces 139

Note that, in such spaces, every point has a neighborhood basis consisting
of arcwise connected sets. In turn, this implies that the arc components of
any open subset of such a space are themselves open.

3.1. Definition. A map p: X — Yis'c\alled} a covering map (and X is called a
covering space of Y)if X and'Y are Hausdorff, arcwise connected, and locally

. arcwise connected, and if each point ye Yhas an arcwise connected neighbor-

hood U such that p~!(U)is a nonempty disjoint union of sets U, (which are
the arc components of p~*(U)) on which p|,_isa homeomorphlsm U,—=U.
Such sets U will be called elementary, or evenly covered.

Note that a covering map must be onto, because that is part of “homeo-
morphism.” Also, it is not enough for a map to be a local homeomorphism
(meaning each point of X has a neighborhood mapping homeomorphically
onto a neighborhood of the image point). Consider the map p:(0,2)—S!
defined by p(t) = (cos (2xt), sin(2n¢)). That is a local homeomorphism, but for
any small neighborhood U of 1€S*, some component of p~*(U) does not
map onto U.

It is clear that the number of points in the inverse image of a point, under
a covering map, is locally constant, and hence constant since the base space
is connected. This number is called the “number of sheets” of the covering.
Covering maps with two sheets are often called “double coverings” or “two
fold” coverings. _

Here are some examples of covering maps. Throughout the examples, we
will consider S! to be the unit circle in-the complex numbers C.

(1) The map R—8* taking t+»>e>™ is a covering map with infinitely many
sheets. , '

{2) The map S! —»S! taking z+— 2" for a fixed positive integer n, is a covering
with n sheets.

(3) The canonical map S — P2, the real projective plane, is a double covering.

< x>

Figure 11I-5. A threefold covering space.




(4) Consider the equivalence relation on the plane R? which is generated by
the equivalences (x, y) ~ (x,y + 1) and (x,y) ~(x + I, —y). The canonical
map R? - R?%/ ~ is a covering with mﬁmtely many sheets. (The quotlent
space is the Klein bottle.)

(5) Figure III-5 shows an interesting covering of the “figure eight” space,
with three sheets. We shall have reason to refer back to this example
later. It would be wise to try out results and proofs on this example.

(6) Let p(z) be a complex polynomial considered as a map C—C, and let F
be the set of critical values of p(z). Then the induced map C —p~ {(F)—
C —F is a covering map, as follows from the proof of Corollary 6.4 of
Chapter I1, and has deg(p(z)) sheets. o

3.2. Lemma. Let W be an arbitrary space and let {U,} be an open covering
of W x L. Then for any point we W there is a neighborhood N of w in W and
a positive integer n such that N x [i/n, (i + 1)/n] < U, for some a, for each
O<i<n.

PRrOOF. We can cover {w} x I by a refinement of {U,} of the form N, x V|,
N, x V,,..., N, x V, by compactness of I and the definition of the product
topology. The Lebesque Lemma (Lemma 9.11 of Chapter I) implies that there
is an n >0 such that each [i/n, (i + 1)/n] is contained in one of the V. Just
take this n and N = [\ N, |

3.3. Theorem (The Path Lifting Property). Let p:X — Y be a covering map
and let f:1—Y be a path. Let x,eX be such that p(xo)'=f(0). Then there
exists a unique path g:1-— X such that pog= f and g(0}=xo. This can be
summarized by saying that the following commutative diagram can be completed
uniquely:

PrOOF. By the Lebesque Lemma (Lemma 9.11 of Chapter I), there is an n
such that each f[i/n,(i + 1)/n] lies in an elementary set. By the local
homeomorphisms over elementary sets we can lift by induction on i. (At each
stage of the induction, the lift is already defined at the left-hand end point,
leading to the uniqueness since it singles out the component above the
elementary set which must be used.) O

3.4. Theorem (The Covering Homotopy Theorem). Let W be a locally
connected space and let p: X — Y be a covering map. Let F-W x I - Y bé a
homotopy and let f: W x {0} — X be a lifting of the restriction of F to W x {0}.
Then there is a unique homotopy G. W x I - X making the following diagram

commute:

W x {0}—L x

wxIl—F LY.

Moreover, if F is a“homotopy rel W’ for some W' < W, then so is G.

Proo¥. Define G on each {w} x I by Theorem 3.3. This is unique. For
continuity, let we W. By. Lernma 3.2 we can find a connected neighborhood
N of w in W and integer n so that each F(N x [i/n,(i+ 1)/n]) is in some
elementary set U,. Assuming that G is continuous on N x {i/n} we see that
G(N x {i/n}), being connected, must be contained in a single component, say
vof p~*(Uy). But then on N x [i/n, (i 4+ 1)/n], the lift G must be F composed
with the inverse of the homeomorphism pl,:V—U; (again using
connectivity). But that means G is continuous on all of N x [i/n, (i + 1)/n].
A finite induction then shows that G is continuous on each N x I, and hence
everywhere. The last statement follows from the construction of G. O

The condition that W be locally connected, in Theorem 3.4, can be
dropped. The proof is only slightly more dlfﬁcult The reader mlght try
proving that.

3.5. Corollary. Let p X - Y be a covering map. Let f, and f, be paths in Y
wzthf0 ~ f, rel 3I. LetfO andf1 be liftings of [, and f, such that fo(0) = f,(0).
Then fo(1) = fi(1) and fo=f, relal. = O

3.6. Corollary. Let p: X — Ybe a covering map. Let f(1,01)— (Y, y,) be a loop.
If f is homotopic to a constant loop rel 81 then any lift of f to a path is a loop
and is homotopic to a constant loop-rel 01. [}

3.7. Corollary. Let p: X — Y be a covering map and p(x,) = yo. Then
py (X, x0) = 7y (Y, yo)

is @ monomorphism whose image consists of the classes of loops at y, in Y
which lift to loops at x4 in X. O

38. Corollary. Let p: X — Y be a covering map and p(xg) = yo. If f is a loop
in'Y at yq, which lifts to a loop in X at x, then any loop homotopic to f rel 01
also lifts to a loop in X at x,. That is, lifting to a loop is a property of the
class [ 7. ‘ 4

3.9. Corollary. If a Hausdorff, arcwise connected, and locally arcwise connected
space Y has a nontrivial covering space then m,(Y, yo) # 1.



at o in Y. Since [fod+ fon] = fylZ*nleim(fy) < im(py), fols fon lifts to o
loop in X at x,. The reverse of the portion of this lift correspondmg to 4

then is a lift &' of X, and u'(1) = p(1), as required.

Next, we have to show that g is continuous. This is where the condmon
that W be locally arcwise connected comes in. Let we W and put y= f (w).
Let U < Y be an elementary neighborhood of y, and let V be an arcwise
connected neighborhood of w such that f(¥V) = U. For any point w'eV, we

can construct a path from w, to w' by concatenating a given path 4 from:

wo to w with a path ¢ in ¥ from w to w'. Since f(V) is contained in an

elementary set, the lift of fog is simply foo composed with the i mverse of p
taking U to that component of p~!(U) containing g(w). This same component

is used for all w'eV and it follows that g is continuous at w.

The converse is immediate from fy = pgogy. O 1

To see that, in this theorem, the hypothesis that W be locally ‘arcimse‘

connected cannot be dropped, consider the example illustrated in Figure
IT1-6. The map f there is a quotient map that collapses the “sin(1/x)” part
of Wto a point. Take the point, to which this set is collapsed as 1 on the
circle and let it be the base point. Take 0 as the base point in R. If the lift
g of f is constructed as in the proof of Theorem 4.1 (which is forced by
continuity of path lifting), then the straight part of the “sin(1/x)” set maps

to 0 under g and the wiggly part maps to 1 under g, so that g is seen to be
discontinuous. :

4.2, Corollary. Let W be simply connected, arcwise connected, and locally
arcwise connected, and let p: (X, xo) —(Y, y) be a covering map. Let f: (W, wp) —
(Y, yo) be any map. Then a lift g of f always exists taking w, to any given point
in p~(yo). The lift g is unique if the image of Wy is specified. O

4.3. Corollary. The homotopy group m,(S') is trivial for n> 1. That is, any
map S"— S is homotopically trivial for n> 1.

Figure I1I-6. -Discontinuous lifting.

_PrOOF. Any given map f:S"—S' lifts to g:S"—> R by Corollary 4.2. But g
is homotopically trivial since R is contractible, and so J=peg is also
homotopically trivial. 0

4.4. Lemma. Let W be connected. Let p: X — Y be a covering map and f: W—Y
a map. Let g, and g, be maps W— X both of which are liftings of f. If
g,(w) = g,(w) for some point weW then g, = g,.

ProOOF. Let weW be such that g,(w)= g,(w)=x, say. Let U be an open
elementary neighborhood of f(w) in Y for the covermg map p. Let V be the
component of p~*(U) containing x. Then 4 =g;'(V)ng; }(V) is an open
set in W and for ae A we have g,(a) = g,(a) since the homeomorphism p: V — U
maps them both to f(a). This shows that the set {we Wg,(w)=g,(w)} is
open. But this set is also closed since it is the inverse image of the diagonal
under the map g, x g,: W — X x X, and the diagonal is closed by Problem 5
in Section 8 of Chapter I, since X is Hausdorff Since WlS connected this
set is either empty or all of W. ' - 0

4.5. Corollary. Let p;: W;— Y, i = 1,2, be covering maps such that W, is simply
connected, and let w,eW; and yeY be such that pd{w) =y. Then there is a
unique map g.-W,; — W2 such that g(wl) = wz and pyog = p1 Moreover, g is a
covermg map. :

Prook. This follows directly from Lemma 4.4 except for the addendum that
gis a covering map. The latter is a simple exercise in the deﬁnmon of covering
maps and is left to the reader. O

4.6. Corollary. Let p;: W,— Y, i=1,2, be covering maps such that W, and W,
are both simply connnected. If w,eW; are such that p,(wy) = py(w,) then there
is a unique map g: W, - W, such that p,°g = p, and g(w,) = w,. Moreover, g
is a homeomorphism. 1]

Proor. Use Corollary 4.5 to produce g and to also produce a map k: W, - W,
going the other direction. Then kog: Wy — W, covers the identity map and
equals the identity map at w,. By Lemma 44, it equals the identity
everywhere. Similarly, with gok, so k=g~ |

In the situation of Corollary 4.6, g is called an “equivalence” of covering
spaces. Thus all simply connected covering spaces of a given space are
equivalent. Such covering spaces are also called “universal” covering spaces.
They do not always exist, but they do exist under a mild restriction, as we
shall see presently.

PROBLEMS

1. Show that =,(P™} is trivial for 1 <n <m.



Proor. Take two points xo,x,€p~'(yo) and let f be a path between them,
Then pof is a loop in Y at y, which does not lift to a loop in X at x,. By
Corollary 3.7, it follows that [ pe fJen,(Y, yo) is not in the image from 7 (X, x,)
and hence it is a nontrivial element. |

As a consequence of Corollary 3.9 we now know several spaces having
nontrivial fundamental groups: the circle, the Klein bottle, and the projective
plane. Later, we will completely calculate these fundamental groups. We shall
start with the most important one, the circle.

Consider the exponential map p:R—S' defined by p(t) = e
covering map. Let f: I —S' be any loop at 1eS!. Let f I—R be a lifting of f
such that f(0)=0. Then f(1)ep~*({1}) = Z. Let n= f(1). By Corollary 3.5,
n depends only on the homotopy class [ f]en,(S!). This integer n is called
the “degree” of f, and we write n = deg(f).

2=t which is a

3.10. Theorem. deg: 7,(S')— Z is an isomorphism.

Proor. First, we show that deg is a homomorphism. Given loops f, g, and
liftings f, g, both starting at 0cR we have f(l) =deg(f) =n, say, and (1) =
deg(g) = m. Define §'(t) = §(t) + n. Then §'(0) =n=f (1), and so f *§" is defined,
coversf *gand f*F(1) = §(1) = §(1) + n = m + n = deg(f) + deg(g), as claimed.

Second, deg is onto since a path from 0 to n in R maps to a loop in S?
which has degree n by definition.

Third, we show that deg is a monomorphism by showing its kernel is
zero. Suppose f:1 —S! has degree 0. Then, for a lifting f of f we have
f N=0= f (0) so that fisa loop and represents an element [ f len(R,0) =1,
since R is contractible. Thus [ f] = ps[ 1= pyl)=1. O

3.11. Proposition. The map z—z" of S' - 8! has degree n. |

3.12. Corollary (Fundamental Theorem of Algebra). If p(z) is a complex
polynomial of degree n > 0 then p(z) has a zero.

PrOOF. We may assume that p(z) =z"+a,;z" "' + --- + a,,n > 0. Assuming p
has no zeros, consider the homotopy F: S! x I —S! defined by

p((1 = 1)z/1) _ t"p((1 — 1)zft)

P((1 = 0)z/0]  1e"p((1 = 1)2/0)]

F(z,t)=

Since
t"p((1—=vz/y=(1—1)"z" +a, (1 —¢)" 2" 't + - + a1

F is defined and continuous even at t=0. We have F(z,0)=:z" and
F(z, 1) = p(0)/|p(0)|. Therefore the map z++z" of S'—S' is freely homo-
topic to a constant map contrary to Proposition 2.4, Theorem 3.10,. and
Proposition 3.11. O

PROBLEMS

1. Referring to example (5), find at least two more coverings of the figure eight space
with three sheets. Find at least three different double coverings of the figure eight
space. Are there any others?

2. Show that the fundamental ‘group of the projective plane is the unique group Z,
of two elements.

3. Compute the fundamental group of an n-dimensional torus (a product of n circles).

4. Use the covering of the figure eight in example (5) to show that the fundamental
group of the figure eight is not abelian. (Hint: Consider liftings of loops representing
of and Bu, for appropriate classes « and f.)

5. Show that, for maps S' — S/, the notion of “degree” in this section comcrdes with
that defined above Corollary 164 of Chapter 11

4. The Lifting Theorem

The “lifting problem™ in topology is to decxde when one can “lift” a map
f:W—Yto amap g:W— X, where p: X - Y is given: That is, under what
conditions can one complete the following diagram (making it commutative):

W—-—7Y.

One might also add conditions such as having a lifting already given on some
subspace.

This is an important problem in topology, since many topological
questions can be phrased in terms of finding such liftings.

If one adds the condition that base points xg, Yo, and w, are given and
must correspond under the mappings, and if p is a covering map, then we
can answer this question now.

4.1, Theorem {The Lifting Theorem). Assume that p:X —Y is a covering
mapping with p(x,) = yo. Assume that W is arcwise connected and locally
arcwise connected and that W — Y is a given map with f(wy) = yo. Then a
map g: (W, wo) = (X, x,) such that peg = f exists<>fyn (W, wo) < par (X, Xo).
Moreover, g is unique.

Proor. First let us define the function g. Given we W, let A:1 - W be a path
from wy to w. Then f°4 is a path in Y. Lift this to a path u:(,0)— (X, x,)
and put g(w) = u(1). Then peg(w) = p(u(1)) = f(A(1)) = f(w). ‘

To see that g is well defined, suppose 4’ is another path in W from w, to
wand put n =(A)" 1. Then Axn is a loop at wy in W, so foA* f<n is a loop
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2. Show that any map of the projective plane to the circle is homotopicto a constant
map.

3. Complete the proof of Corollary 4.5.

5. The Action of n, on the Fiber

The next few sections are devoted to the classification of all covering spaces
of a given space. It should be clear from our previous results that this is
closely associated with the study of the fundamental groups of the spaces
involved. In this section we define and study an action of the fundamental
group of the base space of a covering map, on the “fiber,” the set of points
mapping to the base point in the base space. This wxlI play an 1mportant
role in the study of the classification problem.

Throughout this section let p: X — Y be a given covering space. Also let
yoe Y be a fixed base point. To simplify notation, we define

J =ny(¥, yo) and F=p™ 'y} -

The discrete set F is called the “fiber” of p. We are going to describe an
action of the group J on F as a group of permutations. For convenience the
group will act on the right of the set. This action is called the “monodromy”
action.

Let xeF and ozeJ Represent o by a loop f:I— Y Lift f to get a path g
in Wwith g(0) = x. Then define

x'a“—‘g(l)

By Corollary 3.5, this does not depend on the choice of f and so it is a
well-defined function

FxJ—F.

Now we shall derive some properties of this function.

(1) x1=x.

2) (x-a) B =x(ap).
These say that J acts as a group of permutations of F. (1) is clear. To
prove (2), lift a loop representing o to a path f starting at x. This goes
from x to x-o. Then lift a loop representing f to a path g starting at x-o.
This goes from x-a to (x-a}-f. But then f*g is a lift of a loop representing
of and starts at x and hence ends at x-(af}), proving (2).

(3) This is a transitive action. That is, given x, x,€F, Jaet 3x = x4
To see this, merely choose a path in X from x, to x. This projects to a
loop fin Y. Then a = [ f] works.

(4) Put J,, = {aeJ|xqa=xq} (called the “isotropy subgroup” of J.at x,).
Then J,, =im{py:n,(X,xo) > 7, (Y, yo) = J}. .
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To see this, note that aeJ, <>(a =[] and f lifts to a loop at x,)<>ae
im py (as shown earlier in Corollary 3.7).

(5) The map ¢:J, )\ J —F taking the right coset J, o t0 x4"(J,,@) = Xo-a i8
a bijection.
This is a simple computation left to the reader.

Summarizing this, we now have:

5.1. Theorem. Let p:X—>Ybea covering with p(xg) = yo. Then there is a

one—one correspondence between the set pym (X, xo)\nl(Y Vo) of right cosets,

and the fiber p~'(yo). g O

Note that pgm (X, xo) = n,(X,x,) since py is a monomorphism by
Corollary 3.7.

5.2. Corollary. The number of sheets of a covering map equals the index of
Py (X, xo) in my (Y, YO) : - 7 v ]

5.3. Corollary. If p X —Yis a covering with X szmply connected then the
number of sheets equals the order of nl(Y Yo)- v |

For example, since S” is simply connected for n> 1 and s is a double
covering of the real projective n-space P", it follows that n,(P")~Z,.

PROBLEMS

1. Show that any map of the projective-plane to itself which is nontrivial on the
fundamental group can be lifted to a map T:8>—S? such that T(—x)= ~T(x)
for all xeS2.

2. Show that a map f:S'—S" of degree 1 is homotopic to the identity. (Hint: If
7 R* - S! is the exponential map, consider the lift of for to a map R'—R")

6. Deck Transformations

In this section, a covering map p: X — Y will be fixed once and for all. Also
the notation from Section 5 will continue to be used here.

6.1. Definition. Let p: X — Y be a covering map. A homeomorphism D: X = X
which covers the identity map on Y (ie, poD = p) is called a deck trans-
Jormation or automorphism of the covering.

If D is a deck transformation, then D™ is also. Also, the composition of
two deck transformations of the same covering is a deck transformation.
Thus the deck transformations form a group A = A{ p) under composition.



Note that, by Lemma 4.4, if DeA and D(x) = x for some xe X then D = 1.
6.2. Proposition. If DeA, aen,(Y,y,), and xep”~ Yyo) then (Dx)-o = D(x-«).
PROOF. Let f be a loop at y, representing « and lift f to a path g starting
at x. Then g(1) = x-« by definition. Look at the path Deg. It is a lift of f and
starts at Dx. Thus it ends at (Dx)-a by definition of the latter. But it ends at
D of the end of g, i.e, at D(x-«). |

Recall that the “normalizer” of a subgroup H of a group G is

N(H)= {neG|nHn™ ' =H}.

6.3. Theorem. Let xo,eX be such that p(x,) =y, and let xep™(y,). Then the
Jfollowing statements are equivalent:

(1) 3DeA3 D(x,) = x. :
(2) FeeN(pym,(X,X0))3x =Xg'a
(3) p#nl(X: xo) = p#nl(Xa X).

PRrROOF. By Theorem 4.1 a map D covering the identity and taking the point
Xo to X exists<>pym, (X, X) < pym,(X;x). Similarly, a map D’ exists cover-
ing the identity and taking x to x,<>the opposite inclusion holds. If both
exist then DoD’ covers the identity and has a point-in common with the
identity map, so DoD'=1 by Lemma 4.4.-This proves the equxvalence

(1)=(3).
Now compute
T = {Bllxo 00 B = (x0°0)}
= {Blxo-afo”" = xo}
= {Blafa" et}

Thus

J a1 0

X()(l

Next we prove (2)=(3) If x=x,0 and aeN(J,,) then J, =J =
a” M a=J,, as claimed.

For (3) = (2), Suppose J,, =J, and x = x,-a. (Note that such an « exists
since J is transitive on F.) Then J, = J,=J, ,=a"'J, a which shows that
aeNW,). ‘ O

From (2)<>(1) of Theorem‘6.3, and the last part of its proof, we get:

6.4. Corollary. The subgroup pym (X, x,) is normal in n,(Y, yo)<=>A is (simply)
transitive on p~(y,). O

6.5. Corollary. If x ranges over p~'(yo) and x, is one such point then pyn (X, x)
ranges over all conjugates of pymi(X, x,).

ProoF. This is really a consequence of the proof of Theorem 6.3, namely, it
is contained in the formula J, ., = o™ 'J, o derived there. ]}
6.6. Definition. A covering map p is said to be regular if A is transitive on
the fiber p~*(yo), i-e., if pym (X, x,) is normal in 7,(Y, y,).

The examples (1) through (4) of Section 3 are all fegular. Example (5) is
not regular since it is obvious that A is not transitive. (Indeed, A is clearly
the trivial group in that example.)

6.7. Definition. Define a function @:N(J, )~ A by ©(a) =D, where D, is
that unique deck transformation such that D,(xo) = x4-a.

6.8. Theorem (Classiﬁcationﬁo.f Deck Transformations). The map O:N(J,,)—
A is an epimorphism with kernel J, . Consequently, ‘ :

A = N(pygn,(X, Xo))/ pym (X, xo)-

PrOOF. First compute D,,Da,(x0 ﬂ(xo a) = (Dylxo))-a = (xo" f) o= Xq(fo) =
Dgfxo). Thus DgD, = Dy, 'ie., ® is a homomorphism.

Next note that if DeA then there is an ae N(J ) such that Dx,=x,-a=
D(x,). Therefore D = D,, which shows that ® is onto.

Finally we compute the kernel of ©:D, = 1< x4 a = X4 (since D, (xq) =
xo a)<>oed,, as claimed. ' O

x0?

6.9. Corollary. If the coveriné map p: X — Y is reqular, then
Az (Y, yo)/pymi(X, xo). O

6.10. Corollary. If p: X — Y is a covering map with X simply connected then

A= (Y, yo)- , O

We will now discuss some examples. The covering' R —S* has, as deck
transformations, the translations of R by integer amounts. Thus n,(S!) ~
A= Z, as we already know.

Similarly, the covering of the torus by the plane has the translations by
integer amounts, in both coordinates, as deck transformations, so that the
fundamental group of the torus S xS is Z®Z, as also follows from
Theorem 2.6.

Any double covering by a simply connected space has exactly two deck
transformations, the identity and one “switching the sheets.” Thus the funda-
mental group of the base space must be Z,. For example, n,(P*)x Z, for
nx>2.
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Figure 111-7. A sixfold covering of the ﬁgurq 8.

Note the covering illustrated in Figure I1I-7. The arcs labeled o, on the
left, map to the one in the figure eight at the right with the indicated
orientation. Similarly for the ones marked B. It is easy to see, by looking at
the figure on the left, that the deck transformation group A is o, the
permutation group on three letters. If we alter the covering map by reversing
the arrows « on the inner circle only, then the deck transformation group
becomes Z, x Zy = Z, In both cases the covering is regular since A is
transitive on the fiber (the six vertices on the left).

PROBLEMS

1. If p: X — Yis a covering map with X simply connected then 7,(Y) acts on the fiber
F in two ways:
(1) by deck transformations via the isomorphism @ of Definition 6.7; and
(2) by the monodromy action.
Show that these actions coincide<>n,(Y) is abelian.

7. Properly Discontinuous Actions

Recall, from Section 15.13 of Chapter I, that an “action” of a group G on a
space X is a map G x X — X, where the image of (g, x) will be denoted by
gx; such that (gh)x = g(hx) and ex = x. In this section G will have the discrete
topology, which we mean to imply by calling it a “group” rather than a
“topological group.”

For xe X, the “orbit” of x is the set G{x {gx]qeG‘ It is easy to see that
two orbits are either disjoint or identical. Thus they partition the space X.
The set of all orbits is denoted by X/G, with the quotient topology from the
map X — X/G taking x to G(x), and is called the “orbit space.” Note that
the canonical map p: X — X/G is open since, for U < X open and U* its
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image in X/G, then_

p~ U ={J{gUlgeG}

which 1s a union of open sets and hence is open.

7.1. Definition. An action of a group G on a space X is said to be properly
discontinuous if each point xeX has a neighborhood U such that
gUnU # J=g = e, the identity element of G.

For example, if p:X —Yis a covering map, ‘then the group A of deck
transformations acts properly discontinuously. Moreover, if p is regular then
X/AxY. '

7.2. Proposition. If G acts properly discontindous’ly on the arcwise connected
and locally arcwise connected Hausdorff space X then p: X — X/G is a regular
covering map with deck transformation group A = G.

ProoF. Let U < X be an arcwise connected open set as in Definition 7.1
and put U*=p(U) which is open as remarked above. Since U—U* is
continuous, U* is arcwise connected. Also, the sets gU are the components of
p~ }(U*). The maps gU — U* are continuous, open, one—one and onto, and
hence are homeomorphisms. Thus p is a covering map. Elements of G are
deck transformations and act transitively on a fiber. There are no other
deck transformations by Lemma 4.4. O

7.3. Corollary. If X is simply connected and locally arcwise connected and G
acts properly discontinuously on X, then n,(X/G)= G. 0

74. Example (Lens Spaces). Consider $*" "' = C*as {z =(z,,...,2,)||z]| = 1}.
Let € = e?™/? be a primitive pth root of unity and let q,,...,q, be integers
relatively prime to p. Consider Z, = {1,€,€?,...,€? "} and let it act on S*" ™!
by €(z,,...,z,)=(e"z,,...,€%z,). This 1s properly discontinuous, as is any
action by a finite group such that gx = x =>g = e (and which the reader should
check). The orbit space is denoted by L(p;q,,...,q,) and is called a “lens
space.” By Corollary 7.3, the fundamental group of any of these spaces
is Z, For the classical case n=2, L(p;1,q) is commonly denoted by

L(p,q).

7.5. Example (Klein Bottle). Consider the group of transformations of the
plane generated by o and ff, where «(x, y) ={(x + 1, y}and f(x, y) = (1 — x, y + 1).
A close inspection of this action should convince the reader that the orbit
space R?/G is the Klcin bottle. The group is the group abstractly defined as
generated by elements » an § and having the single relation /o =a"".
(This is easily checked geometricaily.) This group is nonabelian, has a normal
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infinite cyclic subgroup (generated by «) with a quotient group also infinite
cyclic generated by the image of f. By Corollary 7.3, this group is the
fundamental group of the Klein bottle.

7.6. Example (Figure Eight). Let G be the free group on two letters « and .
Define a graph X = Graph(G,a, ) as follows: The vertices of X are the
elements of G, so they are reduced words in « and B. The edges are of two
types (g, g} and (g, gB). (Note then that there are exactly four edges abutting
the vertex g, namely, (g, g), (g, 9B), (92"}, g), and (gB~*, g).) The group element
heG acts on X by taking an edge (g,g2) to (hg, hga) and (g, gp) to (hg, hgp).
That is, it is the obvious action on X induced by left translation on G, the
vertex set. It is clear that this action is properly discontinuous and that X/G
is the figure eight space, whose two loops are the images of edges (g, g«) for one
loop and (g, gp) for the other loop.

(The precise description of the space X is as (G x V)/ ~ where VIS the
graph with the three vertices e,a, and b and two edges (e,a) and (e, b)
and where ~ is the equivalence relation gcnerated by gxa~gaxe and
gxb~gBxe)

We claim that this space X is simply connected. It suffices to show that
any finite connected subgraph is contractible (since the image of a loop is
in a finite connected subgraph) The proof will be done via the followmg two
lemmas. ‘

7.7. Lemma. A finite connected graph with no cycles (a f nite tree) is
contractible.

Proor. Such a graph must have a vertex which is on only one edge (or the
graph is a single vertex). If the graph obtained by deleting that vertex and
edge (but not the other vertex of this edge) is contractible then clearly the
original graph is contractible. Thus the result follows by induction on the
number of vertices. (We remark that this lemma is true without the word
“finite.” The reader might attempt to prove this.) O

7.8. Lemma. The graph X of Example 7.6 has no cycles.

PROOF. Start constructing a cycle beginning at the vertex g. The vertices one
visits have to be of the form g, ga, ga, gafi%,... That is, it is ¢ followed by a
growing reduced word in «, . Thus, upon return to the vertex g the vertex
we stop at is gw where w is a reduced word. Thus g =gw, so w=1. But w
is a reduced word, and in a free group no nontrivial reduced word equals 1.

U

Thus, finally, we see that the fundamental group of the figure eighf is the
free group on two generators. The reader can prove similar results for more
than two circles attached at a common point. We simply state the final result:

1.9. Theorem. If X is the one-point union of n circles then (X} is a free group
on n generators. 0

Theorem 7.9 holds for infinite n provided the correct topology is used on

the union, (It should be a CW-complex, see Chapter IV.)
We shall go on to find the fundamental group of any finite connected

graph in the following sequence of lemmas.

47.10. Lemma. A finite connected graph G contains a maximal tree. Any such
tree T < G contains all the vertices of G.

Proor. The existence of T"is obvious. If it does not contain all vertices of G
then there must be an edge of G one of whose vertices is in 7and the other
not. But then addition of this edge to T still makes a tree, contradicting

maximality. : ' D

7.11. Definition. If G is a finite connected graph with ¥ vertices and E edges
then its Euler characteristic y(G) is defined to be the integer V — E.

7.12. Lemma. If Tis a finite tree then y(T) = 1. If Tis a maximal tree in the
finite connected graph G then y(G)=1—n, where n is the number of edges of
GnotinT.

ProoF. The first statement is an easy induction on the number of edges using
the fact that a tree that is more than a single vertex has an edge with a vertex
on no other edge. Removing such an edge leaves a tree with one less edge
and one less vertex. The second statement is even more trivial. O

7.13. Lemma. If G is a finite connected graph then G is homotopy equivalent
to the one-point union of n circles where n=1— (G).

Proor. The graph G is obtained from one of its maximal trees T by attaching
edges. Each of these attachments is just the mapping cone of a map of {0,1}
to the pair of vertices of that edge. Since the vertices are in T and T is
contractible by Lemma 7.7, this mapping cone is homotopy equivalent to
the mapping cone of the map of {0,1} to a single vertex (any vertex), by
Theorem 14.18 of Chapter I. By Theorem 14.19 of Chapter I, this argument
can be repeated for subsequent attachments and so G is homotopy equivalent
to Twith n circles attached to any vertex. Since T'is contractible this space
is homotopy equivalent to the subspace consisting of the n circles joined at
a vertex by Theorem 14.19 of Chapter I again. O

The following theorem is a direct consequence of the foregoing results:

7.14. Theorem. If G is a finite connected graph then n,(G) is a free group on
1 — AG) generators. 0
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PROBLEMS

1. ¢ Suppose that G is a finite group acting on the Hausdorff space' X in such a
way that g(x) = x, for some xe X, =>g = ¢, the identity element of G. (Such an action
is called “free.”) Then show that G acts properly discontinuously.

2. If G # {e} acts properly discontinuously on R, show that G ~ Z.

3. Find an example of a free, but not properly discontinuous, action of some infinite
group on some space.

4. @ Either prove or find a counterexample to the following statement:
If p: X > Yis a covering map and if ¢: X — X is a map such that pe¢ = p, then ¢
is a deck transformation.

8. Classification of Covering Spaces

Recall that two covering spaces X and X' of a given space Y are called
equivalent if there is a homeomorphism X — X’ covering the identity on Y.
There is also a stronger form of equivalence, that one for which one specifies
base points, which, of course, must correspond under the mappings.

8.1. Theorem. Let Y be arcwise connected and locally arcwise connected, and
suppose that Y has a simply connected covering space Y. Then the equivalence
classes of covering spaces of Y with base points mapping to y,€ Y, are in one—one
correspondence with-subgroups of n,(Y, y,). Equivalence classes without base
points are in one—one correspondence with conjugacy classes of such subgroups.
The correspondence is given by X p#nl(X ) where p:X — Y is the covering
map.

Proor. The second statement follows from the first and Corollary 6.5, so we
shall restrict our attention to the first. We are to show the function taking
a covering map, with base point, p:(X,x,)—(Y,y,), into the subgroup
pymi(X, xg) of m (Y, yo)is a one—one correspondence. This function is one—one
by the Lifting Theorem (Theorem 4.1). To see that it is onto, suppose that
Hcn(Y,ys)=J is an arbitrary subgroup. Since Y is simply connected,
Theorem 6.8 gives the isomorphism ®:J — A, where (o) = D,. Under this
map, the subgroup H goes to a subgroup A, < A. Put X = Y’/A,, which maps

to Y canonically. Let x, be the image of the base point 7, of Y. . We wish to
identify pym (X, x,). Let f be a loop in X at x,,. Lifting this to Y at Vo gives
the same path as a lifting of the projection of f to a loop at y, in Y. Thus
the lift ends at the point D (), where xen,(Y, y,) is the homotopy class of
the projection of fto Y. But for f to be a loop in X = Y/A,,, we must have
that o and D,(J,) are in the same orbit of A, This is true if and only if
D,eAy, and this holds if and only if ae H. But « is an arbitrary element of
Pami(X, xo). Thus H = pym (X, x,). [
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8.2. Corollary. If G is a free group on n generators.and H is a subgroup of
index p in G then H is a free group on pn—p + 1 generators.

ProoF. From Theorem 7.9 we know that G is the fundamental group of the
bouquet Y of n circles. By Theorem 8.1 and Corollary 5.2, H is isomorphic
to the fundamental group of a p-foid covering X of Y. Then y(X)=py(Y)=
p(1 = n). By Theorem 7.14, H is a free group on 1 —y(X)=1—p(l —n)=
pn— p + 1 generators. O

Now we turn our attention to the question: “When does an arcwise
connected and locally arewise connected Hausdorff space X have a simply
connected covering space?” A necessary condition is readily at hand: If a
loop is in an evenly covered subspace of X then the loop lifts to the covering
space, and if that is simply connected, the Ioop must be homotopically trivial
in the covering space. The homotopy can be composed with the map to X
and so the original loop must be homotopically trivial in X. That is, “small”
loops in X must be-homotopically trivial in X. This leads to:

8.3. Definition. A space X is said to be semilocally 1-connected or locally
relatively simply connected if each point xeX has a neighborhood U such
that all loops in U are homotopically trivial in X (i.e, for any ueU, the
homomorphism n,(U, u)-» n,(X, u) is trivial).

It turns out that this condition is also sufficient, as we now show.

8.4. Theorem. If Y is arcwise connected and locally arcwise connected, then
Y has a simply connected covering space<>Y is locally relatively simply
connected.

ProoF. Only the < part is left to be provcd We must construct the simply
connected covering space Y. Choose a base point y,eY once and for all
and let

Y={[f1reldl|fis a path in Y with f(0) = yo}

and let p: ¥ — Y be p([f]) = f(1). We are going to topologize Y and show
that p is then the desired covering map.

Let B={U < Y|U is open, arcwise connnected, and relatively simply
connected} and note that this is a basis for the topology of Y. If f(1)eUeB
Jet

U= 1{lglep "(U)lg ~ f*a rel 41, for some path o in- U}

which is a subset of Y. (See Figure 111-8.) N
We shall now prove a succession of properties of these deﬁmtnops,
culminating in the proof of the theorem. In the discussion, all homotopies
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of paths starting at y, will be assumed to simplify notation, 1o be rel 6[
unless otherwise indicated.

(1) [9]eUy=Uy=Uy

To .prove this, let [h]eU,. Then h~g*f, for some path f in U. Since
g =~ f*a we conclude that h~(f*a)*f ~ f+(a*f) showing that [h]leU,,.
Thus Uy < Uy But g~ fra=gxa™! > froxa” '~ f, so [f]eU. Con-
sequently, Uy < Uy, proving the claim.

(2) p maps U, one—one onto U.

That this is onto is clear since U and Y are arcwise connected. To show
that it is one-one, let [g], [¢g"]e U/, which we now know is the same as Uy,
and Uy, Suppose that g(1) = g/(1). Since {g']€ U}, we have that g’ ~ g*a for
some loop o in U. But then a is homotoplcally trivial in Ysince U is relatively
simply connected in Y. Thus ¢’ ~ g*a ~ g*constant ~ g. Therefore [g1=1[q],
showing the map in question to be one-one.

(3) U VeB, Uc Vf(])eU:Umc Visr
This is obvious.
(4) The U, for UeB and f(1)eU, form a basis for a topology on Y.

Suppose [ f1eUy,n Viyy = Uy ¥y Let W < U Vbe in B with f(1)e W,
Then [ fJeW, < U0V, yielding the claim.

(5) p is open and continuous.

We have p(Uy,,) = U by (2), and these sets form bases, so it follows that p
is open. Also, p~ (U) = {J {U,|fep™ 1 (U)} Wthh is open for UeB, so p is
continuous.

6) p:Uyy — U.
This is because p is one-one, continuous, and open.
Now we have shown that p satisfies all the requirements to be a covering

map except for showing that the space Y is arcwise connected. To do this,
we need the next claim.

(7) Let F:1 x I—Ybe a homotopy with F(0,1) = y,. Put f{s) = F(s,t) which

O. LAGIDINIVAUNLL Wi SNl 8l taa g Srprsass
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Figure HI-9. Proof of item (7).

is a path starting at y,. Let f(t)=1[f]e Y. Then fisa path inY covermg
the path f(1)=F(1,t)in Y.

The only thing that needs proving here is that f is continuous. Let to€el.
We shall prove continuity at £,. Lct UeB be a neighborhood of f,(1). For
t near t,, f(1)eU. Thus

J@&)=[f1eUy,, fortneart,

because the portion of F(-,t) for ¢ in a small interval near ¢, is a homotopy
rel{0} between f,, and f, with the right end of the homotopy describing a
path « in U, ie., f,~ fi,xo see Figure III-9. Since U, 1 maps homeo-
morphically to U it follows that f(z) is continuous at t, because it maps to
the continuous function F(1,?) in U, for t near t,.

(8) Yis arcwise connected. (Hence p is a covering map.)

For[f]e Y, put F(s,t) = S(st). By (7) this yieldsa path in Y from Fo=1[1,,]
to the arbitrary point [ f]eY.
(9) Yis simply connected.

Let xen,(Y,y,) and let f be a loop in Y representmg o Let F(s,t) = f(st)
and let f(s) = F(s,1). Then we have the path 1, where f( y=Lf1 Thls path

covers f since p(f(©)=p[f]=f(1)= 1) _ ‘
Now f(0) =[fo] = Jo- Also, by definition. yy-a = f(1)= Lfi1=Lf])
If }70'0( = yo then .
l= [lyo] =Jy=joa=[f]=«
so that =1 in 7,(Y, yo). By (4) of Section 5, we conclude that
{1} = {alFo-a = Jo} = J5, = pyma( Y. Jo).

Since py is a monomorphism by Corollary 3.7, Y must be simply connected.
' O
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PROBLEMS . .

1. Describe all covering spaces of the projective plane, up to equivalence.
2. Describe all covering spaces of the 2-torus, up to equivalence.
3. Describe all covering spaces of the Klein bottle, up to equivalence.

4. Find all covering spaces with three sheets of the figure eight. What are the
implications for the fundamental group of the figure eight?

5. If X is a topological group which, as a space, has a universal covering space X
then show how to define a group structure on X making it into a topological
group such that the projection ¥ — X is a homomorphxsm Also show that this
is essentially unique.

6. If Y satisfies the hypotheses of Theorem 8.1, show that the equivalence classes,
ignoring base points, of k-fold covering spaces of Yare in one-one correspondence
with the equivalence classes of representations of #,(Y) as a transitive permutation
group of {1,2,...,k} modulo the equivalence relation induced by renumbering;
ie., modulo inner automorphisms of the symmetric group on k letters. Also inter-
pret the correspondence geomemcal]y

7. The connected sum M of T? and P? has fundamental group {a,b,claba™ b~ 'c? =1}.
Find the number of regular 3-fold covering spaces of M up to equlvalence

9. The Seifert—Van Kampen Theorem ¥t

In this optional section we shall prove a powerful result about the funda-
mental group of a union of two spaces. First, we provide some needed
group-theoretic background material on free products of groups.

Let {G‘,(oceS} be a disjoint collection of groups. Then the “free product”
of these groups is denoted by G = % {G,|aeS} (or by G,*G, -, etc.). It is
defined to be the set of “reduced words”

W= X Xp T Xy

where each x; is in some G,, no x; =1 and adjacent x; are in different G.’s.
These are multiplied by juxtaposition and then reduction (after juxtaposition,
the last x; in the first word may be in the same group as the first x; in the
second word, and they must be combined; this combination may cancel those
X’s out, etc.). The unity element is the empty word which we just denote by 1.
The proof that this does, in fact, define a group is messy but straightforward
and intuitive, so we shall omit it.

There are the canonical monomorphisms i,:G,—G whose images
generate G.

9.1. Proposition. The free product G =% {G,|a€eS} is characterized by the
“universal property” that if H is any group and y,: G,— H are homomorphisms
then there is a unique homomorphism {: G — H such that f°i, =, for all x€S.
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PRrOOF. For a reduced word w = x, -+ x, we must have f(w) = f(x) - f(x,) =
Yo (x1) - ¥, (x,) and this serves as the definition of f. An easy induction on

the length of the word proves f to be a homomorphism. O

The “free group” on one generator x is F, = {...,x%,x "', 1,x,x%,.. } The
“free group” on a set S is Fy =% {F,|xeS} and S generates it, since Fy is the
group of words in S. The reader may supply the proof to:

9.2. Proposition. The free group F on a set S satisfies the “universal property”
that if H is any group and g:S— H is any function then there is a unique
homomorphism f: Fg— H such that f|s=g. O

Suppose we are given groups G, G,, and 4 and homomorphisms ¢,: 4 —
G, and ¢,: A= G,. Then we define the “free product with amalgamation”
G,%4G, as {G;*G,)/N where N is the normal subgroup generated by the
words ¢,(a) §,(a)~* for ae A. Otherwise stated, this consists of the words in
G, and G, with the relations ¢,(a) = ¢,(a). There is the commutative diagram:

G,

y

A"'_"————')'Gl *A Gz.

RN

G,

The notation G, *,G, leaves something to the 1magmatxon since it does not
indicate the homomorphisms ¢, and ¢, explicitly, and they are, of course,
important to the construction.

9.3. Proposition. The free product with amalgamation satisfies the universal
property that a commutative diagram

/\
\/

induces a unique homomorphism Gl* 4G, —H through which the homo-
morphisms from Gy, G,, and A to H factor.

ProOF. There is a unique extension to 2 homomorphism G, *G, — H. Words
of the form ¢,(a) ¢,(a)”* are in the kernel, and so it factors through G, * ,G,.
O

9.4. Theorem (Seifert-Van Kampen). Let X = UV with U, V, and UnV
all open, nonempty, and arcwise connected. Let the base point of all these be
some point x,€U V. Then the canonical maps of the fundamental groups of
U, V, and U Vinto that of X induce an zsomorphzsm O: 7, (U)*, wony ™ (V)
o (X).
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Proor. The homomorphism © is defined and it is a matter .of showing it
to be one--one and onto. To show it is onto, let f be a loop in X (at the
base point in U V). By the Lebesque Lemma (Lemma 9.11 of Chapter I)
there is an integer n such that f takes each subinterval [i/n,(i + 1)/n] into
either U or V. If one of these is in U and the next one is in ¥, or vice versa,
then the common point must map to U n V. Insert into the path at that point

a path through U~V running to the base point and then back again. This.

does not change the homotopy class of f. When that is done at all the division
points i/n where it is appropriate, we then have a path that can be broken
up into parts that are loops in U or in V. Thus the images in z,(X) from
n,(U) and =(V) generate the whole fundamental group, proving that ® is
onto. ‘ :

Now we will prove that © is one-one. Suppose we have a word w=
a B0, where oy em,(U) and B;em (V). Let a; be represented by the loop
Jiin U and B; by the loop g; in V. Suppose that this word is in the kernel
of ®. That means that there is a homotopy F:I xI-—X with F(s,0)=
Jixgixfox--, F(s,1)=x,, F(0,f)=x, and F(1,)=x, By the Lebesque
Lemma (Lemma 9.11 of Chapter I), there is an integer n so that any square
of side 1/n is mapped by F into either U or V. We can assume that 1 is a
multiple of the number of letters in the word w so that each of the loops f;
and g; consists of an integral number of paths on intervals of length 1/n.
What we must do is to show that the word w, thought of as an element of
m,(U)*my(V), can be altered by the amalgamation relations (passing an
element of 7,(U n V) from one element in the word to the next), so as to end
up with the trivial word. The procedure will be, after some preliminaries, to
show that one can thus pass from the word represented by F(s, i/n) to that
represented by F(s, (i + 1)/n). First, however, by a homotopy not changing
the word w illegally, we can assume that F is constant along the horizontal
(s direction) on a neighborhood of the verticals {i/n} x I. Then it can be
made constant vertically in the neighborhood of the horizontals I x {i/n}. It
is then constant in the neighborhood of each grid point (i/n,j/n). Then one
can use paths in U, ¥, or U n V, with preference to the latter, to replace the
constant disks by functions of the radius making the radii into paths to the

h X { Xo I
k m
Xo U 1 4 \ V Xo
J " Xo g " Xq g’

Figure 111-10. Used in the proof of Theorem 9.4.

base point so that the grid points all map to the base point x,. Now we:mll
indicate the passage from one horizontal to the next by means of a typlC:dl
example indicated in Figure 111-10. In that figure f and h represent loops in
U and should be thought of as giving elements in n,(U) of the word alo.ng
the horizontal. Similarly, ¢, ¢, I, and ! represent loops in V. Now we give
the manipulation of the bottom word to the top one, taking place in
11 (U)* 1, wry T1(V)- Subscripts show what group the indicated homotopy

class is meant to be in:
[ 1olgdvlg Ty = [hk]plk ™ Im]y[m ™ 1]y
—DHKL Lk Yy
=([h)ylkIu) [k~ Ty

=[h]([k3, [k~ 1Ty) (by amalgamation
of [klen (UnVY))

=[hi, [y (multiplication in 7,(V)).

{(multiplication in n,(V))

Thus we have passed from the bottom word to the top word in Figure I11-10.
In such a way, we change the original word to the word along the top of F.
But the latter is the trivial word, so we have shown that the original word
w represents 1 in the amalgamated product. These remarks should make it
clear how to complete a formal proof and the details of that will be left to

the reader. \ 0

9.5. Corollary. If X = UuVwith U, V, and U n Vopen and arcwise connected
and with UnV # (& and simply connected, thgn T (X))~ (U my (V). |

For example, the figure eight is the union of two circles with whiskers
(making them open sets) and with contractible intersection. Thus its funda-
mental group is the free product of Z with itself, i.e., it is the free group on
two letters (as we know by different means). Similarly, we.can add another
circle making a three-petaled rose, and it follows that its fundamental group
is the free group on three letters, etc. '

9.6. Coroll:iry. Suppose X = U uVwith U, V,and UnV#  open and ar.cwise
connected, and with V simply connected. Then n,(X) = n,(U)/N where N is the
normal subgroup of n,(U) generated by the image of n,(U V). O

For example, consider Figure I11-11, which illustrates the Klein bottle K=
If we remove a small disk from the center of the square, the result contracts
onto the “boundary,” which, under the equivalences, is the figure eight. One
gets the Klein bottle back from this by pasting on a slightly larger (open)
disk, which is contractible. The fundamental group of the intersection (an
annulus) is Z generated by the obvious circle. This circle deforms to the
figure eight and represents the word aba™'b there. Then it follows frqm
Corollary 9.6 that n,(K?) is {a,blaba™'b=1}. This agrees with our carlier
calculation using a universal covering space.
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Figure I1I-11. The Klein bottle and a disk in it.

PROBLEMS

1. The surface H, obtained from the sphere S2 by attaching n handles is
homeomorphic to the space obtained from a 4n-gon by identifications on the
boundary according to the word a,b,a; 'b; ‘a,b,a; b5 - a b a”'b~". Similarly
the surface H, obtained from the projective plane by att"c'xc"hi”ng n handles is’
homeomorphic to the space obtained from a (4n + 2)-gon by identifications on the
boundary according'to the above word with ¢2 added. See Figure II1-12. Calculate
the fundamental groups of these surfaces. Also calculate the abelianized
fundamental groups m, /[, n,]. From the latter, show that none of these surfaces
are homeomorphic to any of the others. (H, is called the surface of “genus” n.)

2. (;onsider the space which is obtained from a disjoint union of countably many
grc]gs by identifying one point from each of them to a common base point (an
infinite petaled rose). Show that the fundamental gfoup of this'is the free group
on a countable set of letters. (The topology is the quotient topology with respect
to the indicated identifications and is important to the validity of the result)
gHint: Use the known result for a finite rose to a deduce this result directly,
instead of trying to cite a theorem.) ’

. Copsider an gnnulus. Identify antipodal points on the outer circle. Also identify
antipodal points on the inner circle. Calculate the fundamental group of this

Figure I11-12. Projective plane with two handles.
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10.

11

surface. Can this surface be homeomorphic to one of those in Problem 1? If not,
prove it. If so, which one? :

. Let H" be the surface resulting from the Klein bottle by attaching n handles,

n>0. It is known that the H together with the H, and H] of Problem 1 form
a complete list without repetitions of compact surfaces up to homeomorphism.
Let C,,n > 1, be the surface obtained from $? by removing n disjoint open disks

-and identifying antipodal points on each remaining boundary circle, giving what

are called “crosscaps.” It is known that the H, and the C, form a complete list,
without repetition, of all compact surfaces up to homeomorphism. Granting this,
C, must be homeomorphic to some H, or H,. Determine this correspondence.

. Let X 'be the union of the unit sphere in 3-space with the straight line segment

from the north pole to the south pole. Find m(X).

_ Let X be the union of the unit sphere in 3-space with the unit disk in the x-y

plane. Find n,(X). '

. LetX bé the quotient space of D? obtained by identifying points on the bl)undary

that are 120° apart. Find nl(X ).

. Let X be the guotient space of an annulus obtained by identifying antipodal

points on the outer circle, and identifying points on the inner circle which are
120° apart. Find n,(X).

. Let P2=U,u---UU, where each U; is homeomorphic to the plane. Put

V;=U,u--uU,for 1 <i<n.Show that there is an i <n such that U;nV;_, is
disconnected or empty. o

Let X =D? x S‘uka’ x D? where f:S! x S!St x S! is the map induced by
the linear map R? - R? given by the matrix

fa b\ .
c-d/} -
Compute 7,(X) in terms of the integers a,b,¢,d.

& Consider S3=8! x D2uD? x S!. The intersection of these sets is the torus
S! x S'. The “torus knot” K, p and q relatively prime, is the curve px =gy in
R? projected to this torus and considered as a closed curve in S°. Show that

Figure I1I-13. Cloverleaf knot as the torus knot K, 3.
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71!(83'— K, ) ={a, Bla?B?=1}. The knot K, , is also known as the “cloverleaf
knot. j*'Show t.hat the fgroup m,(S* — K, ;) of the knot” is nonabelian by exhibiting
an epimorphism of it to the dihedral group of order 6 (the symmetry group of
a regular triangle), from: which it follows that K, ; is really knotted. (It can be
shown that the K, ; all have distinct groups, except; of course, that K, ,= K, )
See Figure I11-13. : i e

12. Cons;ruct a compact 4-manifold whose fundamental group is the free group on
k generators, k=1,2,3,.... )

i3. & IfG is'ﬁnitely presented (i.e., a group defined by a finite number of generators
an(dM;elatwns) then show how to construct a compact 4-manifold M with
T, ~G. 4

10. Remarks on SO(3) 1t

The spet':ial.orthogonal group SO(3) in three variables is homeomorphic to
reaal projective 3-space P>. One way to see this is to consider the action of
Six Sp(.l) on itself by conjugation. This action is linear ‘and preserves norm
and so is an action by orthogonal transformations. It leaves the real axis
fixed anq so operates on its perpendicular complement, the span of i, j, and
k. Thus it defines a homomorphism Sp(1)—SO(3). It is easy to chec,:k, that
the ker.nel pf this map is { £ 1}. It can be seen that this map is onto (an easy
protot;i is g}\:en inglection 8 of Chapter VII, relying on some results pre-
sented in Chapter IV), and it follows th ~ H{+1} 2 P3 ]

oty ) at SO(3) ~ Sp(1)/{ 4+ 1} ~ P>. Therefore

Consider the semicircle

{cos (1) + isin (1)eSp(1)|0 <t < n}.

This maps to a loop in SO(3) gnd so this projection represents the nontrivial
element gf 7(SO(3)). When it acts by conjugation on the quaternions we
see that it fixes the complex plane and so acts only on the j—k-plane. For

z = jx + ky we have
(cos(z) + isin(t))( jx + ky)(cos(t) + isin(t)) !
= (cos(t) + isin(t))(jx + ky)(cos(t) — isin(r))
= jL(cos?(t) — sin*(£))x — 2sin(t)cos(t) y]
+ k[2sin(t)cos(t)x + (cos?(t) —sin*(t)) y]

= jlcos(2t)x — sin(2t)y] + k[sin(2t)x + cos(21) y],
which.mcans that cos(t) + isin(t) acts on the j-k-plane as a rotation through
2. Thls-means that thg nontrivial element of m,(SO(3)) is given by the path
of rotations about a given axis going [rom the rotation of angle 0 to that
(\)f angle 2. Let us t.ake. the axis to be the z-axis and let r(t) be the
.counterclc_mkwwc rotation in the x-y-plane through the angle 2at, so that r
15 a loop in SO(3) representing the nontrivial class of 7,(SO(3)). This group

is. the cyclic group of order 2, so we have that the loop rxr is homotopic to
the constant loop at eeSO(3). This loop A =r*r is the loop whose value A(t)
is the rotation of angle 4nt. :

Thie fact that A is homotopically trivial means that there is a homotopy

K } F:1 x I ->SO(3)
with
F(s,0)=e,
F(s,1) = A(s) = rotation by 4z,
FO,t)=e
Fl)=e .

% s

Corisider the map ®: R® x I -+ R3 given by

Flp—1,1—t)x for 1<p<2,
X otherwise,

: ._&CD(x, )= {

where p is the distance from x to the center. Thus

Ox,0)=Ap—1) for 1<p<2,
O(x,0)=x for p<lorp=2,
O(x,1)=x , for all x.

Think of the parameter ¢ as time and, for given ¢, think of O, 1):R3>- R as
representing a contortion of space. At time t = 0, the contortion is given by
the rotation of the sphere of radius p through the angle 4n(p —1). At time
t =1, there is no longer any contortion. For p <1 and p > 2, there is no
contortion at any time. This.can be illustrated by the following thought
experiment. Suppose we have a steel ball of radius 1. Suppose it is placed
in the center of a cavity of radius 2 in a block of steel. In the region between,
put some very flexible, but not liquid, Jello attached firmly to both ball and
block. Now rotate the ball about some axis until it has made two full rotations.
During this rotation, the Jello must move, but we suppose it does not break.
At the end, the ball is in its original position, but the Jello is all wound
around. Now clamp the ball‘so it cannot move and give the block a kick.
The Jello will move through the region between the stable ball and stable
block, and it will totally untangle itself. (This action is what is described by
the map ®(x, t) where ¢ is representing time. The wound up position is ®(x, 0)
and the unwound position is ®(x, 1) = x.)

One can actually carry out such an experiment with some minor changes.
Take some strings and attach one end of them to some small object. Attach
the other ends 1o some fixed objects in the room, say some chairs and tables
and chandeliers. Do this carefully so that the strings are not tangled. Then
rotate the small object one complete turn. Then try to untangle the string
keeping the object stationary. You will not be able to do that. But rotate the
object one more time in the same direction. You would think this would just
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Figure 1II-14. Two full rotations are homotopic to the identity.
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tangle the strings more thoroughly, but, in fact, you can now untangle them,
while holding stationary the small object to which they are attached.

The photographs in Figure I11-14 show another illustration of this pheno-
menon. In them a hand holding a cup is rotated about the vertical axis
two complete turns, with palm up at all times, and at the end the arm has
untwisted itself.

This phenomenon has been used in mechanical devices. It has also been
cited by Dirac to explain why a rotating body can have an angular momentum
of half a quantum, but of no other fraction.




€y ) = €y

[eo, €,] [91»32]

€o €y

[e()a el]

€

Figure I'V-2. Standard 2-simplex and its faces.

Note that the ith face referred to here is the face opposite vertex number
i. Figure IV-2 indicates the standard 2-simplex and its faces. Note that the
faces in the figure are not oriented consistently. That is somethmg that will
have to be dealt with.

We have that F?(e;) = e; for j<i, and F”(ej) =e;,, for j>i. It is easy to
see that

j>i = F;+1°Ff=[eo,...,éi, 55 I,:]~
. . +1 o A
J=i = Fi oFl=[eg,....¢j...;¢11,...,€,]

1.4. Definition. If X is a topological space then a singular p-simplex of X is
amapo,:A,— X. The singular p-chain group A,(X) is the free abelian group
based on the singular p-51mpllces

Thus a p-chain (for short) in X is a formal finite sum c¢=3_n,0 of
p-simplices ¢ with integer coefficients n,. Or you can consider this a sum
over all singular p-simplices with all but a finite number of the coefficients
Zero.

LS. Definition. If g:A,— X is a singular p-simplex, then the ith face of ¢ is
0 =goF?. The boundary of ¢ is 8,0 =7 (—1)c®, a (p— 1)-chain. If
¢ =3,n,0 1s a p-chain, then we put d,c = 0,(3.,n,0) =3 ,n,0,0. That is, 9, is
extended to A (X) so as to be a homomorphism

0, A (X) = A, (X).
1.6. Lemma. The composition 8,0, , = 0.

ProoF. This is a simple calculation as follows:

p+1 . pt1 . .
0,0,416=0, 3. (=D (@°F*) =% (= 1)) Y (- 1){goF?*1)oF?

i=0 j=0 i=0

pt1
=2

j=0i

M

(_ ])i+j0'°Fj?+l°Ff7

"

0

. i+j o ppti, . (DN tiaeo o
= Y (=1t FPtioFr4 Y= (—1)*igoFTtloF?

O<i<j<p+1 O<j<gizgp

i+j +1 p it+j +1
= (=1 oo FiT o F7 + Z (— 1) goFP oF¥.
Ogi<jgp+il O0<jsisp

But, if we replace i+ 1 by i, the second sum becomes the negative of the
first, so this comes out zero as claimed. m)

For convenience we put A,(X)=0 for p<0, and 0,=0 for p<0. Thus
the composition

By i ()5 AL (X) A,y (X)
is always zero. Chains in the kernel of d, are called “p-cycles,” and those in
the image of 9, are called “p-boundaries.” That is,

p-cycles = ker 8, = Z (X),
p-boundaries =imd, , ; = B,(X).

1.7. Definition. The pth singular homology group of a space X is
H,(X)=Z,X)/B,(X)=(ker0,)/(imd,, ).

As said before, a p-chain c is called a “cycle” if dc = 0. Two chains ¢, and
¢, are said to be “homologous” if ¢; — ¢, = dd for some (p + 1)-chain d, and
this is indicated by ¢, ~ ¢,. The equivalence class of a cycle ¢ under the relation
of homology is denoted by [c]eH (X).

Homology groups are obviously invariant under homeomorphism. In fact,
even the chain groups are invariant, but they are too large to be useful
invariants. v

Clearly the chain group A,(X) is the direct sum of the chain groups of
the arc components of X. The boundary operator ¢ preserves this and so
H,(X)=@H,(X,), where the X, are the arc components of X. Accordingly,
if suffices to study arcwise connected spaces.

Let us compute the homology groups of a one-point space *. This is not
a complete triviality since there is a singular simplex in each dimension p > 0.
A p-simplex ¢ has p + | faces, all of which are the unique (p — 1)-simplex.
But they have alternatirig signs in 0,0 starting with +. Thus d,0 = 0 when
pis odd, and d,, is an isomorphism A, — A, _; when p is even, p # 0. It follows
that H,(x)=0 for p#0 and H,(+)~Z and is generated by the homology
class of the unique O-simplex o of *. One of the problems with the definition
of singular homology is that the one-point space is about the only space for
which the homology groups can be computed directly out of the definition.
Rest assured, however, that we shall develop tools which will make computa-
tion usually fairly easy, at least for simple spaces.

For a space X, the sequence of groups A(X) and homomorphisms
d:A(X)— A;_ (X) is called the “singular chain complex” of X.




CHAPTER IV
Homology Theory

Others [topological invariants] were discovered
by Poincaré. They are all tied up with his
homology theory: which is perhaps the most
profound and far reaching creation in all topology.

S. LEFSCHETZ

I. Homology Groups

One necessary annoyance when dealing with the fundamental group is
keeping the base point under control. Let us discuss another approach that
does not require base points, but which leads necessarily to something other
than the fundamental group. )

Instead of loops, consider paths I — X and “sums” of paths in a formal
sense. The sums of paths are called chains, more precisely 1-chains. We are
mostly interested in “closed” chains, defined as follows: If ¢ is a path then
put o = 6(1) — ¢(0), a formal sum of signed points. Then for a chain ¢ = Yo
let dc =3 00,. A “closed” chain is a chain ¢ with dc = 0. A closed chain is
more commonly called a “cycle.” The left part of Figure IV-1 shows a 1-cycle.
Instead of using homotopies to identify different cycles, we use the relation
arising from regarding the boundary of a triangle to be trivial. (The boundary
consists of three paths oriented consistently.) The right side of Figure 1V-1
indicates the sum of the boundaries of several triangles and, allowing for
cancellations of paths identical except for having the opposite orientation,
the boundary is the indicated inner cycle ¢, minus the outer cycle ¢o, 1 both of
those are oriented in the clockwise direction. Accordingly, ¢, — ¢g 18 regarded
as zero, ie., ¢; and ¢, give the same equivalence class. The equivalence
relation here, resuiting from making boundaries zero, is called “homology.”

Note that if the paths in these chains are joined to make loops then the
loops are homotopic in this example. It is important to understand that this
need not be the case in general. For example, if the torus is divided into
triangles (it is “triangulated”) and if the interior of one of the triangles is
removed, then its boundary (a chain of three paths) is still homologically
trivial since it bounds the sum of all the remaining triangles, oriented
consistently, on the torus. However, regarded as a loop, it is not homotopically
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Figure I'V-1. Examples of chains.

trivial. Thus the relation of homology is weaker than that of homotopy. This
has the disadvantage that it yields an invariant of spaces which is les§ sh.arp
than that of homotopy, but the advantage, as we shall see, that it gives
invariants which are easier to compute and work with. -
The foregoing was somewhat vague. We shall’soon give a more precise
description of homology. Historically, the first methc?d of 1r_1tro§ucmg
homology was to restrict attention to spaces having a “trlangulgtxon. Then
the invariants (homology groups) one gets must be sho»\'/n to be mdependgnt
of the triangulation, a difficult matter. Also, one is restricted to fit?altng .w1th
spaces with such a structure. There are two ways of gegerahzmg .thls to
general topological spaces: One way of generalizing is to discard Fhe 1deg of
physical triangles, edges, etc., and substitute maps of a standard trxanglg into
the space. This leads to what is known as “singula'r hgmology” an_d it is the
approach we will take. The other way to general}ze is to approximate the
space, in some. sense, with trian}gulated spaces. This leads to what is known

as “Cech homology.” . ) - )
We now embark on the detailed description of “singular homology.

1.1. Definition. Let R have the standard basis ey, ¢y, . ... Then the standard
p-simplex is A, = {x =Y"_, 4e)Y 4 =1,0< 4, <1}. The J, are called bary-
centric coordinates.

1.2. Definition. Given points vy, ..., v, in R, let [, . ..,}),,] denotellhe map
A,—RY taking ¥ 4,e; » 3 4,0, This is called an affine singular n-simplex.

Note that the image of [, ..., v,] is the convex span of the v;. The v; are
not assumed to be independent, so this convex object may be degenerate.
For example, the image of [y, e,, ¢, ¢, ] is a triangle instead of a t;trahedron.

The notation of putting a hat over one of a group of similar symbgls,
indicates that that one is omitted. Thus {¢g,...,é;,...,¢,] denotes the affine
singular (p — 1)-simplex obtained by dropping the ith vertex {counting from
0). Note that the image of this is in A,

1.3. Definition. The affine singular simplex {eg,....¢,...,¢, 1 A, =4, is
called the ith fuce map and is denoted by F/.
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Figure IV-2. Standard 2-simplex and its faces.

Note that the ith face referred to here is the face opposite vertex number
i. Figure IV-2 indicates the standard 2-simplex and its faces. Note that the
faces in the figure are not oriented consistently. That is somethmg that will
have to be dealt with.
We have that Ff(e;) =e; for j <i, and F(e;)=e;,, for j>1i It is easy to
see that S :
j>i = F?+1°Ff=[eo,...,é‘i,...,éj,...,e‘p];

. . p¥1 P _ a A
J<i = FI' oFl=leq,...,85...,8111,...,€,].

1.4. Definition. If X is a topological space then a singular p-simplex of X is
amapo,: A, — X. The singular p-chain group A,(X) is the free abelian group
based on the singular p-simplices.

Thus a p-chain (for short) in X is a formal finite sum c=3,n.0 of
p-simplices ¢ with integer coefficients n,. Or you can consider this a sum
over all singular p-simplices with all but a finite number of the coefficients
Zero.

LS. Definition. If 6:A, > X is a smgular p-simplex, then the ith face of o is
0¥ =goFP. The boundary of 0 is 0,6 =37_.(— 1), a (p— I)-chain. If
¢=3,n,0 is a p-chain, then we put d,c = p(Z,,n 0)=3,n,0,0. Thatis, 3, is
extended to A,(X) so as to be a homomorphism

0, A (X) > A, (X).
1.6. Lemma. The composition 0,0, , =0.
Proor. This is a simple calculation as follows:

0,0,110 =0, }j(—l)f(aoFP“) Z’(-1)ff(—1)“(ooF;’“)oFf

ji=0 i=0

p+1

i+ j 5 °
(—1)*igoFPrioFy

T S

j=0i

Favanivang SO

= Y (=DMeeFttieFr4 Y- (—1)f*goFPtioFy

O<i<j<p+1 O0<jgigp
- 1Yiti p+1 P . itJ p+1 p
= Y (— 1) oo F77 o FF + 2 (=1 ooFY [ oF%.
0<i<jgp+1 O0<j<i<p

But, if we replace i +1 by i, the second sum becomes the negative of the
first, so this comes out zero as claimed. 0

For convenience we put A,(X)=0 for p<0, and J,=0 for p<0. Thus
the composition

,,+1(X) p(X)-——>Ap 1(X)

is always zero. Chains in the kernel of d, are called “p-cycles,” and those in
the image of 9, , are called “p-boundaries.” That is,

p-cycles = ker 8, = Z,(X),
p-boundaries =imd, , , = B,(X).

1.7. Definition. The pth singular homology group of a space X is
Hp(X) = Zp(X)/Bp(X) = (kel' ap)/(lm ap+ 1)'

As said before, a p-chain ¢ is called a “cycle” if dc = 0. Two chains ¢, and
¢, are said to be “homologous” if ¢; — ¢, = dd for some (p + 1)-chain 4, and
this is indicated by ¢, ~ ¢,. The equivalence class of a cycle ¢ under the relation
of homology is denoted by [c]eH (X).

Homology groups are obviously invariant under homeomorphism. In fact,
even the chain groups are invariant, but they are too large to be useful
invariants. ,

Clearly the chain group A (X) is the direct sum of the chain groups of
the arc components of X. The boundary operator & preserves this and so
H,(X)= @H,(X,), where the X, are the arc components of X. Accordingly,
if suffices to study arcwise connected spaces.

Let us compute the homology groups of a one-point space . This is not
a complete triviality since there is a singular simplex in each dimension p > 0.
A p-simplex o has p + 1 faces, all of which are the unique (p — 1)-simplex.
But they have alternating signs in 0,0 starting with +. Thus J,06 =0 when
pis odd, and d, is an isomorphism A,— A, _, when p is even, p # 0. It follows
that H,(x)=0 for p#0 and Hy(*)~Z and is generated by the homology
class of the unique 0-simplex o of *. One of the problems with the definition
of singular homology is that the one-point space is about the only space for
which the homology groups can be computed directly out of the definition.
Rest assured, however, that we shall develop tools which will make computa-
tion usually fairly easy, at least for simple spaces.

For a space X, the sequence of groups A(X) and homomorphisms
O:A(X)—~A,;_(X) is called the “singular chain complex” of X.
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Figure I1I-14. Two full rotations are homotopic to the identity.
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tangle the strings more thoroughly, but, in fact, you can now untangle them,
while holding stationary the small object to which they are attached.

The photographs in Figure I1I-14 show another illustration of this pheno-
menon. In them a hand holding a cup is rotated about the vertical axis
two complete turns, with palm up at all times, and at the end the arm has
untwisted itself.

This phenomenon has been used in mechanical devices. It has also been
cited by Dirac to explain why a rotating body can have an angular momentum
of half a quantum, but of no other fraction.
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If H,(X) is finitely generated then its rank is called the ith “Betti number”
of X.

2. The Zeroth Homology Group

In this section we shall calculate Hy(X) for any space X. A 0-simplex ¢ in
X 1s a map from A, to X. But A, is a single point, so a O-simplex in X is
essentially the same thing as a point in X. By agreement, d, = 0.

Thus a O-chain can be regarded as a formal sum ¢ =Y, n_x over points
xeX, where n, = 0 except for a finite number of x. A 0-chain is automatically
a O-cycle.

Let us define, for c=3 nx, €)=Y n.eZ. Then €AyX)—>Z is a
homomorphism.

If o is a singular 1-simplex then do is the difference of two points. Thus
€(do) = 0. Since € is a homomorphism and any 1-chain is a sum of 1-simplices,
it follows that €(dd) = 0 for any 1-chain d.

It follows that ¢ induces a homomorphism

e Ho(X)~Z. |

Both € and e, are called the “augmentation.”

2.1. Theorem. If X # (J is arcwise connected, then €,:Hy(X)—~Z is an
isomorphism.

Proor. That e, is onto is clear. Choose a point x,eX. For any xeX, let A,
be a path from x, to x. This is, of course, a l-simplex with 84, = x — x,.
Suppose ¢ =3, n,x is a O-chain with €,[c]=¢€(c)=3,n,=0, ie., cekere.
Then ¢ — aZx nxj‘x =C— anxa'{x = Zx nX— Zx nx(x - x()) = (Zx nx)x() =0.
Therefore ¢ = 0% n,4A,, so that [c] =0. O

2.2. Corollary. If X is arcwise connected then Hy(X) ~ Z and is generated by
[x] for any xeX. O

23. Corollary. H(X) is canonically isomorphic to the free abelian group based
on the arc components of X. ]

3. The First Homology Group

We now give ourselves the task of “finding” the first homology group H,(X)
of any space, something a good deal more difficult than for H,. As should
be suspected, the answer is in terms of the fundamental group of the space,
and provides a definite link between the present subject of homo]ogy and
our previous discussion of homotopy.
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It suffices, of course, to treat the case in which X is arcwise connected.
As in the last section, we pick a point xo€ X once and for all. For any pomt
x€X, we again let A, denote some path from x, to x. We shall take 4,
be the constant path

Let 7, be the abelianized fundamental group of X at x,. That is,
7, = n (X, xo)/[my,7,], where the denominator stands for the normal
subgroup generated by the commutators of elements in 7;(X, x,). Recall that
this has the universal property that any homomorphism from 7, (X, x,) to any
abelian group can be factored through #,.

Since we shall be dealing with both homotopy classes and homology
classes in this section, we remind the reader that [ f] stands for a homotopy
class, while [ f] stands for a homology class. Also recall that f ~g stands
for “f is homotopic to g,” while f ~ g stands for “f is homologous to g.”

31 Lemma. If f and g are paths in X such that f(1) = g(0) then the 1-chain

f*g— f —gis a boundary.

ProOF. On the standard 2-complex A, put f on the edge (¢, ¢,) and g on
the edge {e,,e,). Then define a singular 2-simplex ¢:A, — X to be constant
on the lines perpendicular to the edge (¢,,e,). This results in the path f*g
being on the edge (e,, e,). Therefore do =g — (f *g) + f as claimed. O

Note that this lemma implies that one can replace the 1-simplex f xg by
the 1-chain f + g modulo boundaries.

3.2. Lemma. If f is a pathin X thenf + f ~' is a boundary. Also the constant
path is a boundary.

Proor. The boundary of a constant 2-simplex is a constant l-simplex since
two of the faces cancel. If we put f on the edge (eg,e;) and then define a
2-simplex g: A, — X by making 1t constant on lines parallel to the edge (e, ¢;),
then the edge (e,, e,) carries f ! and we have that do = f + /™! — constant.
Since the constant edge is a boundary, so is f + f 1. O

3.3. Lemma. If [ and g are patﬁs then f ~grel dl = f ~g.

Proor. If F:1 x I — X is a homotopy from f to g then, since the edge {0} x I
maps to a single point, F factors through the map I x I - A, which cqllapses
that edge to the vertex e,. This provides a singular simplex ¢ which is f on
the edge (ey,e,) and g on (eye,) and is constant on (e}, e;). Then
8¢ = f — g + constant. Since the constant edge is a boundary,sois f —¢g. [

Now if f:1 — X is a loop then f, as a 1-chain, is a cycle. Thus, by Lemma
3.3, we have a well-defined function

¢’1TCJ(X’XO)“’H1(X),



-taking [f] to [ f]. We claim that this is a homomorphism. To see this, let f
and g be loops and note that ¢([/1[g]) = o[/ *g1=[f+g] =1/1 + 4], by
Lemma 3.1, as claimed.

Consequently, ¢ induces a homomorphism

b T (X, X0) = H y(X).

3.4. Theorem (Hurewicz). The homomorphism ¢, is an isomorphism if X is
arcwise connected. ;

Proor. First, we will define tlle function that will be the inverse of ¢,. Let
feA(X) be a path. Then put [ =A%/ *A 71, which is a loop at x,. Define
Y(f)=[f ]e#,(X). This extends to a homomorphism

¥ A (X) - 7, (X).

(Note that this.is defined since we are going into #;(X) instead of n,(X))
We will need two further lemmas before completing the proof of Theorem 3.4.

3.5. Lemma. Themapy tdkés the group B(X)of 1-boundaries into 1€ (X).

PROOF. Let 0: A, — X be a 2-simplex. Put o(e;) = y; and [ =¥, g =0'¥ and
h= (g1, Then o

V(00) = ¥ — o + @) |
—Ug—h 4 =Y g
=y(Wt=)~t
=[0I~
=[f*g=((h™) "] |
= [iyo*f*){w;xl*),y]*g*l’;l*(/'lyo*h_l*l;;)'l]
= [/Iyo*f*,l;l*lYl*g*lj;l*/lyz*h*ﬂ.y;‘]
=[Ay,x frgxh+2; '] =[constant] = 1,

since f*g+h ~ constant. (See Figure 1V-3) )

Thus y induces the homomorphism y,: H,(X)— #,(X). If /is a loop then
Yoo [f1=0, 0 ST =[Ae* /%A 1=[/] since A, was chosen to be a
constant path.

Thus we have shown that Y, ¢, =1, and it remains to show that the
opposite composition is also 1.

The assignment x+— A, takes O-simplices into 1-simplices and thus extends
to a homomorphism 4: Ag(X)— A (X) by Ay, = A nX) =3 1,4,

3.6. Lemma. If o is a 1-simplex in X then the class ¢ (o) is represented by

Figure IV-3. Inverse of the Hurewicz homomorphism. -

the cycle 0 + Ay — Aoty = 0 — Aa,- Also, if ¢ is a 1-chain then ¢ Y(c) = [e—Aal
If ¢ is a 1-cycle then ¢ (c) = [c].

Proor. We compute
$(0) = $u[As0r %A 1))

= [[/10(0)*0.*/1;“1)]]
=[Ay0)+ 0+ 23]
= [Aoiy + 0= o]
by Lemmas 3.1 and 3.2. The last two statements follow immediately. 0O

If ¢ is a 1-cycle, then, by Lemma 3;6, &V, ] = [c], finishing the proof
of Theorem 3.4. , O

Using Theorem 3.4, we can now calculate H ,(X) for a large number of
spaces. Here are a few such results:

3.7. Corollary. The following isomorphisms hold, where P" is real projective
n-space, and T" is the n-dimensional torus (the product of n circles):
H,(S)~Z,
H,(S)=0 for n>1,
H,PY~Z, for nz=2,
-H (T Z"
H,(Klein bottle) 1 DZ,,
H,(Figure eighty~ L@ L. O

4. Functorial Properties
Suppose that f: X — Y is a map. For any singular p-simplex o:A,— X in X,

the composition fea:A,—Y is a singular p-simplex in Y. This extends
uniquely to a homomorphism:

Jar8,(X) = A,(Y)
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fA(znao>=zna(foa>.

4.1. Proposition. For amap f: X — Y, the induced homomorphism f A (X))
A, (Y) is a “chain map.” That is, fy°0 = 0 f,. '

Proor. We compute

falé0) =fA(;( - l)iam) B
=Y (= 1fod®
=Z(=VifeocF,
=T 10

=3/ ) = 0(fulo))

This shows that f,°d = d° f, on generators, and thus these homomorphisms
must also be identical on the entire group A_(X). ; i

4.2. Corollary. A map f:X —Y induces homomorphisms f,: H (X)— H (Y)
defined by f, [c] =[fa(c)]. Moreover

(fog)y=fi°9,

1,=1

and

That is, H, is a “functor.”

Proor. If ceA,(X)is a cycle then so is f,(c), since 8f,(c) = fo(dc) = f5(0)=0
If ¢ ~ ¢’ then ¢’ = ¢ + dd for some chain deA,, (X)and so fu(c) = fulc + dd) =

7€) + fo(8d) = fo(c) + 8f,(d). This shows that fy(c') ~ fu(c) so that [ fy(c')] =
[falc}]. Thus f, is defined. The two equations follow immediately from the
defipition. J

4.3. Corollary. If X — Y is a homeomorphism then f,: H AX) = H(Y)is an
isomorphism. d

PROBLEMS

1. o M X is arcwise connected and f: X — X is any map, show that f,: Hy(X) - H,(X)
is the identity.
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2.6 If f: XY is a map and f{x,) = y, then show that the diagram
;
1,(X, %) — (Y, yo)

| |

H(X) 2> Hy(Y)

commutes, where ¢y and ¢y are the Hurewicz homomorphisms.

3. If £ X > Y is a covering map then fg n,(X, x¢)— n,(Y, o) is 2 monomorphism
by covering space theory. Is it true that f,: H,(X)— H,(Y) is a monomorphism?
Give either a proof or a counterexample.

5. Homological Algebra

For a space X we defined the “singular chain complex” (A, (X), ) of X. From
that point, the definition of the homology groups H,(X) and some simple
properties were derived completely algebraically. Such “chain complexes”
can, and will, occur in other contexts. Accordingly, it is very useful to abstract
the algebraic part of ‘the process, in order to apply it to future situations.
We will begin that in this section. At the end of the section are some
applications to singular homology. -

5.1. Definition. A graded group is a collection of abelian groups C; indexed
by the integers.

5.2. Definition. A chain complex is a gradcd‘ group {C;} together with a
sequence of homomorphisms d: C;— C;_, such that 8% C;~ C;_, is zero. The
operator ¢ is called a boundary operator ot differential.

Our only example, so far, is the singular chain complex C;=A,(X) for
i>0,and C;=0fori<0.

5.3. Definition. If C,=({C},0) is a chain complex, then we define its
homology to be the graded group

Thus H,(X) = H{A (X)).

5.4. Definition. If A, and B, are chain complexes thena chainmapf: A, — B,
is a collection of homomorphisms f: A;— B, such that fed=20¢f.

In other words, a chain map is a “ladder” of homomorphisms which
commutes:

3 8 g )
e Ay —— Ay A
Loy
2 d o 2
=B, —— B, ——B,_, —— ...
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A chain map.f: A4, B, induces a homomorphism of graded groups

S H(A)— H B)by fla] = [/ (@], such tha? (fog)y = fi°9,and 1, =1

5.5. Definition. A sequence of groups A—>B—25C is called exact if
im(i) = ker ().

Exact sequences are common and fundamental in algebraic topology.

Note that an exact sequence of the form 0~ A—— B~ C—0 means that
i is an isomorphism of A onto a subgroup of B and j induces an isomorphism
of B/i(A) onto C. Also note that to say that k:A— B is an isomorphism

(onto), is the same as to say that 0— A4 £ ,B-0is exact.

5.6. Theorem. A “short” exact sequence 0— A, — B, —— C, 0 of chain
complexes and chain maps induces a “long” exact sequence

- P ix . [ [ ;
. —_’Hp(;A*) _“’HP(B—,*) — H,(C,)—H,_(4,) e,
where 0, [c] =[i"'°8°j~}(c)] and is called the “connecting homomorphism”.

Proor. The arguments in this proof are of a type called “diagram chasing”
consisting, in this case, of carrying elements around in the diagram

i J
0ﬂAp+1 g——)Bp+l —%Cp'f-l -0

B '_ 13 |2

0— 4, — B, <= ¢, =0

o o ‘f“ K

0-A4, ,— B, ——C,_,—0.

We will see this one through in detail, but later such arguments will be
abbreviated, since they are almost always straightforward to one with
previous experience. We begin by checking that the definition given for d,
really does define a unique homomorphism H,(C,)— H,_ (4,). Suppose
given ceC, such that dc = 0. Since j is onto there is a beB, with ¢ = j(b).
Then j(0b) = 0(j(b)} = O(c) = 0. By exactness there is a unique elementae A, _,
such that i(a) = db. Then i(0a) = d(i(a)) = 06b = 0. Thus da=0 since i 1s a
monomorphism. Therefore [aleH,_,(4,) is defined. As indicated d,[c] is
defined to be [d].

We must show that this does not depend on the choices of b and of ¢
within its homology class. First suppose ¢ = j(b'), so that j(b —b')=0. Then
b—b'=i(ay) for some a,eA, Thus 0b— 0b' =d(ia,)) =i(Ca,). But the
left-hand side of this equation is db — b’ = i(a) — i(d') = i{a — a'). It follows
that a — a' = da, and so a ~ @ as desired.

We now consider the effect of changing ¢ within its homology class. Let
¢"=c+3dc”. Then we can set ¢ = j{b) and ¢" = j(b"). Let b =bh+ 3b". We

calculate j(b') = j(b) + j(@b")=1c + dc" = ¢'. But 0b" = 0b + 30b" = db and so
ob and db', being equal, pull back to the same thing under i ™', .

One also must show that d, is a homomorphism. But for two classes ¢
and ¢, we can trace the definition back for both and, at any stage, the
addition of the elements going into the definition work for the sum ¢+ ¢,
which proves this contention.

Finally, we must show that the indicated “long” sequence is exact. First,
we show it is of “order two” (i.e, the composition of adjoining homo-
morphisms is zero). There are three cases. First, ji, =(joi),=0,=0.

Second, consider 8, j, [b], where db = 0. By definition of d,, this is obtained
by taking b, then applymg d to it, giving db=0, and pulling this back
(to 0) to A,.

Thixd, con31der i, 0y Thisis the result of taking an element of C*, pulling
it back to B,, takmg 6 of it, pulling that back to A, (this being the 9, part)
and then pushing this out to B, again. But thls element of B, is, by
construction, 0 of something, whxch has homology class 0, as claxmed

Now we must show that an element in the kernel of one of the maps
iys Jg» OF O, is in the image of the preceding one. Again the proof of this has
three cases.

First, we show the exactness at H*(B*) Suppose that j, [b]=0. This
means that j(b) = dc forsome ceC,.Let b'e B, be such thatj(b') = c¢. Then

Jjb— b’y = j(b)— j(db') = dc — (j(b")} = Oc — dc = 0.

This shows that we could have taken the representative b of its homology
class to be such that j(b) = 0. For this choice, then, b = i{a) for some aeA,
{and da =0 since it maps, by the monomorphism i, into db=0). Thus
[p] =i,[a] as claimed.

Second, for the exactness at H (4 ,), suppose that i [a] = 0. Then i(a) =
for some beB,. Then put ¢ = j(b). We have dc = dj(b) = j(db) = j(i(a)) =
Thus ¢ represents a homology class, and by construction of @, 0, [c] = [a].

Third, for the exactness at H (C,), suppose that d,]c] =0. Then for an
element he B, for which j(b) = c, there is an ae A, such that i(a) = 6b, by the
construction of @,, and a must be a boundary since it represents 0, [c] = 0.
Thus let a = dd’. Then di(a") = i(da’) = ia) = db. Accordingly, é(b — i(a)) =
and j(b —i(@)) = ¢ — 0 =c. Therefore j [b—i(a')] =[c] as required. 0

A short exact sequence 0— A —— B —'— C -0 is said to “split” if there
exists an idempotent (¢? = ¢) endomorphism ¢: B — B whose kernel or image
equals im(i) = ker(j). Then 1 — ¢ is also idempotent and ker(l — ¢) = {b|h =
@by} = {b]b = P(b)} = im(¢p), since, il b = ¢(b'), then ¢(b) = P*(b') = H(b') = b.
Also B=ker(p)®im(d) given by b={1 — d}b)+ P(h). If ker(¢p)=1m{i)
{otherwise use 1| — ¢ instead) then we have {0} =im(¢p)nker(¢)=im(PH)n
ker(j) so that j:im{¢)— C is injective. But j:im(¢)— C is also surjective since
J:B— C is surjective and kills the summand ker{(¢) = ker(j) complementary

to im(¢). Therefore B = ker() @ im(¢) = im(i) D im(¢) x im(iy@ C via 1 @ J.
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Conversely, if im(j) is a direct summand of B then the projection ¢: B—im(j)
is a splitting.

If 04— B-——C—0 is exact and if s: B> A satisfies sei=1, then
¢ =ios is idempotent and im(¢p)=im(i) so that the sequence splits.
Conversely, a splitting provides such a left inverse s of i.

If 04— B—-C-0 is exact and if £:C— B satisfies jot=1 then
¢ = te jis idempotent and ker(¢) = ker(j) = im(i) so that the sequence splits.
Conversely, a splitting provides such a right inverse ¢ of j.

Therefore, to specify a splitting, either of the maps s or ¢, as above, will
do. Both are called “sphttmg maps.”

If0— A — B 1> C—0isexact and if C is free abehan then the sequence
splits since a splitting t: C — B can be defined by just specifying its value on
a basis element to be any preimage under j.

Similar remarks also hold in the noncommutative case as the reader should
show.

5.7. Example. Let 4 « X be a pair of spaces. Clearly A;(A4) isa subgroup of
A{X) and the inclusion is a chain map. Let A(X, 4) = A(X)/A(A). Then

0 A (A A(X)=>A(X,A)—0

is an exact sequence of chain complexes and chain maps. We define the
“relative homology” of (X, 4) to be

H (X, A) = H (A (X, 4)).

Then we have an induced “exact homology sequence of the pair (X, 4)™

L H(A) 5 H(X) o H (X, A) S (4) 5

Note that the group A, (X, 4) = A (X)/A (A} is free abelian since it can be
seen to be isomorphic to the free group generated by the singular p-simplices
of X whose images are not completely in A. This gives a splitting
A (X, A)— A (X). It is important to realize, however, that this splitting is
not a chain map (why not?) and so it does not induce a map in homology.

5.8. Example (Homology with Coefficients). Let G be an abelian group. Then
the tensor product A, (X) ® G is a chain complex with the differential 9 ® 1.

[Those not familiar with tensor products can regard A, ® G as the group
of finite formal sums Y _ g0 with g, € G. All the properties of the tensor product
we will use here are easily verified for this definition. Tensor products are
discussed in detail in Section 6 of Chapter V, and are not really needed until
then.]
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We define homology groups with coefficients in G by

H,(X;G) = HA,(X)® ). |

For 4 < X, the sequence
) 0-A (ARG A(X)IRG-A (X, A)RG-0
is exact because of the splitting map A_(X, A) —» A (X). Define

H,(X, 4;G) = H,(A(X, ) ® G).

Then (1) induces the long exact sequence

= H,(4; G)——)HP(X;G)—*HP(X,A;G)—rHP_1(A;G)->

If 0> G- G—G"—0 is an exact sequence of abelian groups then
0-AX)RGC->A(X)RG»A(X)®G" -0

is exact, since A,(X) is free abelian. Consequently, there is the long exact
sequence

o H(X;G) - H(X;G) = H(X;G)—»H,_ (X;G)— -

and similarly for the relative groups H_(X,A4;"). The connecting
homomorphism H (X; G") > H,,_,(X; G') is sometimes called the “Bockstein”
homomorphism in this case, although that appellation is usually reserved
for the special cases of the coefficient sequences 0»Z—>Z—~Z,—~0 and
0-Z,~2,-7Z,-0.

Espemally note the case of coefficients in a field F. In this case all the
groups such as H,(X, A; F) are vector spaces over F. More generally, if R is
a commutative ring, then H,(X, 4; R) is an R-module.

5.9. Example (Reduced Homology). Consider the chain complex C, where
C;=A{X)fori>0,C_, =Z,and C;=0fori < — 1,and where the differential
C,~ C_, is the augmentation € Ao(X)— Z. The homology of this complex
is called the “reduced homology” of X and is denoted by H L X). This differs
from H,(X) only in degree zero where ﬁO(X) can easily be seen to be the
kernel of the map Hy(X)— Ho(point) induced by the map of X_to the one-
point space. (For X = ¢ it also differs in degree — 1 since H_ NS

However, one usually does not talk of reduced hqmology in this case.)

The following algebraic lemma is useful throughout algebraic topology:

5.10. Lemma (The 5-Lemma). If the following diagram is commutative and
has exact rows, and if f,, [5, fa, and [ are isomorphisms then f; is also an
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isomorphism:

A — A, — Ay — Ay — As

=ln sln in 2 yA =} s

B, — B, — B; — B, — B;.

Proor. This is a fairly straightforward diagram chase. First suppose
a,eker(fs;). Then a; maps into ker(f,) =0, so that a; comes from some
a,eA, by exactness. If we push a, to b,eB, then that goes to 0 in By and
thus comes from some b, €B,, and in turn that can be lifted to a;€4,. But
a, maps to a,, since the images of these in B, are equal. But then a; maps
to a5 and so the latter is O by exactness. This shows that f3 is a monomorphism.

Now, forgetting the above notation, let b3eB;. Map this to byeB, and
pull it up to a,eA,. This must map to 0 in 45 since it goes to 0 in Bs. By
exactness, there is an a; €A, mapping to a,. If we map this to B3 and subtract
it from the original b; we conclude that this goes to 0 in B,. Accordingly,
we may as well assume that the original b, maps to 0 in B,, and hence comes
from some b,eB,. Pulling this up to A, and pushing it into A5 gives us an
clement that maps to b,, showing that f; is onto. _ N

5.11. Definition. A space X is said to be acyclic if H LX) =

Note that ¢ is not acyclic since H_ {2 #0.

PROBLEMS

1. Multiplication by the prime p: Z — Z fits in a short exact sequence

0-2-12-2,-0.

Use this to derive the natural split exact sequence
H,(X)
—m
PH,(X)

(The splitting is not natural.}

H(X:Z,)—>ker{p: H,_,(X) > H,_(X)} 0.

2. & The proof of the 5-lemma did not really use the full strength of the assumptions.
Find the minimal assumptions on the homomorphisms f}, f5, /4, and fs needed to
prove that f3 is a monomorphism (resp., onto). Give examples showing that further
weakening of the assumptions on these maps is not possible.

3. H @& # Ac X and A is acyclic then show that H_ (X, 4)~ ﬁ*(X).

6. Axioms for Homology

We shall now temporarily abandon singular homology in order to present
the Eilenberg-Steenrod -Milnor axioms for homology. Then we shall derive

E

consequences and applications directly out of the axioms. Only later will we
return to singular homology and show that it satisfies the axioms. This
illogical approach is used in order to get as quickly as possible to some of
the main applications of homology theory. It is useful, also, to force ourselves
to derive some of the main consequences of homology in the “right way
instead of making ad hoc arguments with singular chains.

The axioms are not presented in their most general form, as we prefer to
state them for the full category of topological spaces and maps.

6.1. Definition. A homology theory (on the category of all pairs of topological
spaces and continuous maps_)‘is a functor H assigning to each pair (X, A) of
spaces, a graded (abelian) group {H (X, 4)}, and to each map (X, A)~(Y, B),

homomorphisms f,.: ' H (X, A)— H(Y, B), together with a natural transforma-

tion of functors d,: H,(X, A)— H ,_ (A), called the connecting homomorphism
(where we use H *(A) to denote H, (A, &), etc.), such that the following five
axioms are satisfied:

(1) (Homotopy axiom.) ; _
f2g(XA~(Y,B) = f,=g, HX,A)>H,(Y,B).
(2) (Exactness axiom.) For the inclusions i 4 <, X and j: X <, (X, A) the
sequence ‘ ’
Oy iy 4 s g Tx
=5 HyA) = H(X) = H (X, A) =5 H,_y(4) =

1s-exact.

(3) (Excision axiom.) Given the pair (X, 4) and an open set U <« X such that
U cint(A4) then the inclusion k:(X — U,A — U) (X, 4) induces an
1Isomorphism

ki H (X —U,A—U)-"5H (X, A).

(4) (Dimension axiom.) For a one-point space P, H,(P)=0 for all i #0.
(5) (Additivity axiom.) For a topological sum X = -+, X, the homomorphism

P PHLX,) - H (X)
is an isomorphism, where i.: X_<_, X is the inclusion.

The statement that d, is a “natural transformation” means that for any
map f:(X, A)— (Y, B), the diagram

H (X, A) -5 H,_ (A)
I P
H (Y B) _’Hp I(B)

is commutative. The statement that H is a functor means that for maps
J(X, A)=(Y,B) and ¢:(Y,B)—(Z,C) we have (g f), =¢,"f4 and also
1, =1, where 1 stands for any identity mapping.
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6.2. Definition. For a homology theory, H,(P) = G is called the coefficient
group of the theory, where P is a one-point space.

Note that singular theory H +(A,()) has coeflicients Z and H, (A, (")®G)

has coefficient group G.

Singular homology clearly satisfies the additivity axiom.

It should be noted that there are important “homology theories” that do
not satisfy all of these axioms. (“Cech homology” does not satisfy the exactness
axiom, and “bordism” and “K-theories” do not satisfy the dimension axiom.)

So far, we have proved that singular homology is a functor with the
natural transformation d, that. satisfies the exactness dimension, and
additivity axioms. Later, we shall prove the mote difficult homotopy and
excision axioms. For now, we will assume we have a theory that does satisfy
all these axioms and shall derive many consequences from this assumption. -

6.3. Proposition.
(X,4)~=(Y,B) = Hy(X,A)~H,Y,B).

Proor. If f:(X, A} (Y, B)is a homotopy equivalence with homotopy inverse
g then gef ~1y 4, so that g,of, =1, =1 Similarly, ficg,=1. Thus
[ H (X, A)— H (Y, B) is an isomorphism with inverse ¢,,. |

The following shows that the additivity axiom is needed only for infinite
disjoint unions. (However, the axiom has implications for spaces which are
not deJomt unions.)

6.4. Proposition. If iy:X ., X+ Y and iy: Y <, X + Y are the inclusions,
where X + Y is the topological sum of X and Y, theniy @iy H (X)® H (Y)—>
HX + Y) is an isomorphism for any. homology theory satisfying axioms

(1)-(4).
Proor. Consider the exact homology sequence for the pair (X + Y, X):
Oy ix. ‘ " [ iy
S HX) S HX A+ Y) = H(X + Y, X) —H,_ (X) —

The inclusion map k: (Y, &) < (X + Y, X) is an excision map (with U = X)
and so there is the isomorphism k,: H (Y) ——H (X + Y, X). But k = joiy.
Accordingly, iy, ok ' is a splitting of the long exact sequence, as claimed. [

Reduced homology was previously defined for singular homology, but it
is easy to define it from the axioms as follows: Assume that X # % and let
€ X—P be the unique map to a one-point space P. This induces

€, H (X)— H (P). For any mapi: P — X we have €2i =1 so that ¢, is onto.

We define H,(X) = ker(e, ). That is, the reduced homology group is defined
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by exactness of the sequence

0= Ho(X) = Ho(X) — Ho(P) 0.

The group on the right is, of course, the coefficient group G. This sequence
splits via i,, but this splitting is not natural, as it depends on the inclusion
i chosen. Accordingly, :

Hy(X)~ ﬁO(X)(Ja G- (not natural).

We set I;’,,(X)=‘H,,(X) for p #0. We also set HP(X,A) =H/(X,A) il A#J.
Then the map (X, 4)— (P, P) induces the commutative diagram: -

/ \
H,(X, A)—*HO(A)—>H0(X)—>H0(X A)—~H_(4)
l ! ! H
0=H(P,P)~ Hy(P)—> Ho(P)— Ho(P,P)=0

Ho(A)"Ho(X)

A diagram chase shows the reduced homology sequence is exact. The
following result is immediate from Proposition 6.3 and the definition of
reduced homology. '

6.5. Theorem. If X is contractible then H *(X 1=0. : O
Note that this is just a convenient way of saying that H,(X)=0 for p#0
and Hy(X) =
Let us denote by D" the closed upper hemisphere of the sphere S”.

6.6. Theorem. For n >0, we have

(s,) Hi(s")z{c yi=n,
0 ifi#n,
} G ifi=

(D,) H,-(D",s"-l)z{ yi=n,
0 ifi#n,
: G ifi=n,

(R,) Hi(s",D';)z{ v
0 ifi#n

Proor. The labels (S,),(D,), and (R,) stand for these statements which will all
be proved by a recursive procedure. First we shall prove (R). This follows
from the excision and dimension axioms giving H,(S°, D%)~ H(P)~ G for
i=40, and 0 otherwise.

Next we shall show that (R, )<= (S,). This follows from the exact homology
sequence of the inclusion map D", —S™

0=H(D")— (S~ H(S" D) - H,_,(D%)=0.



186

Similarly, (D,)<>(R,) follows from .
H{S",D")~ H{S"— U,D", —U)~ H(D",S"" "),

where U is a small disk neighborhood of the north pole of S*, and the first
isomorphism is by the excision axiom and the second by the homotopy
axiom.

Next, the exact sequence of the paxr (D",Ss"" 1) in its reduced form is

H{D" - H{D", S" Yo H,_ (S Y- H,_ (DY

The two groups on the ends are zero since D” is contractible, and so the
middle map is an isomorphism, proving (D,)<>(S,-)- :

Finally, having proved (R,) and the following implications, all claims are
proved:

(Do) <= (Ro)=>(So) = (D) = (Ry) = (S,) = (D) = ---. ]
6.7. Corollary. The sphere S~ is not a retract of the disk D".

Proor. (This was proved by smooth manifold methods in Theorem 11.11
of Chapter I, but we now give a totally independent, and very simple, proof
via homology.) If D" 8"~ ! is a retraction map, and i:S""'—D" is the
inclusion, then roi = 1. Thus the composition

G=H, &) H,_,(0) A, (8 )=6

factors the identity map 1 =r,°i,:G— G through the middle group which
is 0. This implies that the coefficient group G is zero. Consequently, any
homology theory with nonzero coefficients, such as the integers, gives a
contradiction. (]

The Brouwer Fixed Point Theorem (Theorem.11.12 of Chapter II),
follows from this by the same simple geometric argument given in
Chapter I1.

The reader should note the form of the proof of Corollary 6.7. The
geometric assumption that there is a retraction .can be stated in terms of
maps and their compositions (the identity map of the sphere to itself factors
through the disk). This statement translates, by applying the homology
functor, to an analogous statement about groups and homomorphisms and
their compositions. Since the resulting statement about groups is obviously
false, the original one about spaces must also be false. This type of argument
1s typical of applications of homology theory.

6.8. Definition. If /:S"—S" is a map, we let deg(/f) be that integer such that
Jla)=(deg(/Na for all acH (S, Z)~ L

The following is a triviality:

6.9. Proposition. If f,g:S"—S" then deg(f °g) = deg(/f)deg(g). 0

6.10. Proposition. For S" < R"*} with coordinates x,, ..., x,. let f:8"— 8" be
given by f(xo, Xy, ..., X,) = (= X, X1, ., X,), the reversal of the first coordinate
only. Then deg(f)= —1. '

ProoF. First we prove the case n=0. The zero sphere S° is Just two points,
say S®={x,y}, where x=1 and y= —1 on the real axis. Note that f
interchanges x and y. By Proposition 6.4, the inclusions induce the isomor-
phism

Ho({x})® Ho({y}) “z—“’Ho(So)

and f, becomes, on the direct sum, the interchange (a, b)—(b, a), where we
identify the homology of all one point spaces via the unique maps between
them. The mapS°®— P, to a one-point space, is, in homology, (a, by—a+b.
Hence, under this isomorphism with the direct sum, HO(SO) becomes
{(a, —a)eHy(P)® Ho(P) ~ Hy(S%}. Thus, in this representation, f, takes

(a, — a) to ( — a,a) = — (a, — a). Accordingly, f has degrce — 1-in this case as
claimed.
Suppose we know the result on S" for k<n. Let D" {(xof,.. )eS"]

>0} and D" = {(x, ..., X,)eS"|x, < 0}. Note that these are preserved by
f . Consider the commqtative diagram

Hesy) 2 By & BoLsY) S A, 7Y

[ [ | =1
Ay =5 H@S,DY) < H MDY = B, (87

in which the horizontal isomorphisms are from the proof of Theorem 6.6.

This shows that all of the vertical maps f, are multiplication by — 1. The
one on the left establishes the induction. 0

The map f in Proposition 6.10 is topologically no different from the map
reversing any other single coordinate. So all these maps have degree — 1.
On S" = R"*! there are n + 1 coordinates. If we compose all these n + 1 maps,
we get the antipodal map, and so that composmon must have degree (— 1)"*1.
Therefore we have proved:

6.11. Corollary. The antipodal map — 1:8" - 8" has degfee (— 1t O

6.12. Corollary. For n even, the antipodal map on S" is not homotopic to the
identity map. . 0

6.13. Corollary. If n is even and f:S"—S" is any map then there is a point
x€S8" such that f(x)= + x.

PrOOF. Suppose not. That is, suppose there is a map f: §"—S§" such that
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J(x) is never =+ x. Define two homotopies F and Gvas follows: =

tf(x) + (1 = x —tx+ (L= 0)f(x)

F 5 p— s A —
== T Tt a0

Now, F(x,0)=x, F(x,1)= f(x), G(x,0)= f(x), and G(x, )= —x. Conse-
quently, F*G is a homotopy between the identity and the antipodal map:
on S contrary to Corollary 6.12. [j

6.14. Corollary. The sphereS", for n even, does not have an everywhere nonzero
(continuous) tangent vector field. ;

Proor. If &, isa tangent vector at xeS” which is nonzero and continuous,
we can divide by its length (as a vector in R"*?) to get one of length one
everywhere. Consequently, putting f(x) = &,/]| &, | gives a map §"—S" for
which f(x) is never + x (since it is L x). This contradicts Corollary 6.13. [

It follows, for example, that at any given time there is a point on the
surface of the earth where the wind velocity is zero.

Note that an odd-dimensional sphere $2"~! does have a nonzero vector
field, the field assigning to (x,,..., x,,)eR?", the vector (x,, — X, x4, —
Xaw — Xapy— 1)

We end this section by proving a stronger form of the exactness axiom,
namely, exactness for a triple (X, 4, B):.

X3yeens

6.15. Theorem. If Bc A< X and we let Oy H{X,A)>H,;_,(A,B) be the
composition of 0, H{X,A)— H;_ (A} with the map H;_i(A)— H,_,(4, B)
induced by zncluszon then the following sequence is exact, where the maps other
than 0, come from inclusions:

* 5 M ‘ Oy iy
—> H (A, B)— H(X, B) > H(X, )~ H,_ (4, B) = ...

Proor. There is the following commutative diagram:

Hiy (X, 4) H{A, B) H; 4(B) Hi 1 (X)
/H,(A “ /H,(X, B) H,_4(A)
™~ H(B Hx) \H(X A) H,_ ,(A,B)/

This is called a “braid” diagram. (This kind of diagram is due to Wall [1]
and Kervaire.) There are four braids and three of them are exact (the exact
sequences for the pairs (X, 4), (X, B), and (4, B)). The fourth is the sequence
of the triple (X, 4, B) which we wish to prove exact. This sequence is easily
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seen from the commutativity to be of order two except for the composition -
H:‘(Aa B)-"H{(X, B)HHI(X7 A)'

But this composition factors through H{A4, A)=0 (see Problem 5), so the
entire sequence is of order two. The theorem now follows from the following
completely algebraic fact. ’

6.16. Lemma (Wall). Consider the following commutative braid diagram:

If all the (3) braids except the one with smgle subscnpts are exact and the
fourth is of order two, then the fourth one is also exact.

ProoF. The proof is by a diagram chase. For simplicity in doing the chase
we shall introduce some special fiotation for it. Elements of, for example, G ,
will be denoted by ai , b ,, etc. To indicate that an element a,eG, comes
from an element b, ;, not yet defined, we just write 3b, 3 —a,. To indicate
that an element a,eG, goes to b, ,€G, , we just write a, = b, ,, and if b, ,
has not yet been defined, this does so. The notation a, —0; means that the
element a,€G, goes to 0 in G;5: Now we begin the chase. In following the
arguments the reader will find it helpful to diagram the elements and relations
as they arise.

First we prove exactness at G, for the composition G, =G, - G;. Thus
suppose a, —05. Thenif a, - a, ,, 4, , — 07 ; by commutativity. By exactness,
Ja, - a, ,. Let a;,—b,. Then a,—a,, and by —a,, imply a; —b; =0 5.
Thus 3a, ; —a, — b,. Since a, - b, we have b, »0;. Thus a, — b, —0;, and
50 a, 3 —03. Therefore Ja, ;> a, 5. Let a; 35— by. Since @, 3> a; 3~>a; — b,
and a, 3 —b, it follows from commutativity that b, »a,—b, Buta,—b,,
S0 a; + by —>b2 +(a, — b,) = a,, as desired.

Next we prove exactness at G,. Thus let a; —07. Define a; —aj ;. Then
ai =01, so that Ja, ,—>aj . Since a;—aj ,—0, ; we have a; 20 5.
Consequently, Ja,—ay ,. Let a;,—b;. Then a3 — b3 —0f 5. Thus Ja, ;-

—b,. Let a, 3—c,. Then'a, + ¢, > by +(as —bs)=as as claimed.

Finally we prove exactness at G,. Thus suppose a; —0,. Then a; -0, ,
so 3a; ;—a;. Let a; 34,5 Then a;3—0, so that Ja, ;—a,, Let
@, ,—b; 3 Then note b, ;—0,. Then we have a;3—b;3—-0,; so
P "—=a;3—b, 5. Nowa, ;—b; 3>a,—0,=ay,s0 thatay—~a,, as claimed.

O
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1. & Define the “unreduced 'suspension” Z X of a space X to be the quotient space'

of I x X obtained by identifying {0} x X and {1} x X to points. (This is the union
of two cones on X.) For any homology theory (satisfying the axioms) show that
there is a natural isomorphism H £X) —faﬁw {(ZX).. Here “natural” means
that for a map f: X — Y, and its suspension X f: X X - XY, the following diagram
commutes: , ,

Ax) = A, ;(EX)
: 1’f* 102/)*
ﬁz(Y) _‘i" ﬁi-f.‘x(z Y) ) P

2. If f:8"— 8" is a map without fixed points, show that deg(f)=(—1)"*"L.

3.6 Let X be a Hausdorff space and let x,€X be a point having a closed
neighborhood N in X, of which {x,} is a strong deformation retract. Let Y be a
Hausdorff space and let yoe Y. Define X v ¥ = X x {yo} U{x,} x ¥, the “ne-point
union” of X and Y. Show that the inclusion maps induce isomorphisms
HX)® H(Y) = H {X v Y), for any homology theory, whose:inverse is induced
by the projections of X v Yto X and Y.

4. If n is even, show that any map f:P"—P" (real projective n-space) has a fixed
point. (Hint: Use Corollary 6.13.)

5. <> Prove from the axioms that H(() = 0 for all i, and that H(X, X)=0 for all i
and all spaces X. c

7. Computation of Degrees

In the next few sections it will be important for us to be able to compute
the degree of a map §"—S". We will give a method for doing that in this
section for any homology theory satisfying the axioms. (Degree was defined
in Definition 6.8.) »

In this section, and in the remainder of the book, the coefficient group
for homology is assumed to be Z if not otherwise indicated.

7.1. Proposition. Let A be a nonsingular n x n matrix. As a map R"—>R" it
can be extended, by adding the point at infinity, to a map 8" — S", and as such
it has degree equal to the sign of the determinant | A|.

Proor. Since A4 is a homeomorphism it does extend to the one-point
compactification. Clearly, if the statement on degree holds for matrices A
and B then it holds for AB. Consequently, it suffices to prove it for the
elementary matrices. The elementary matrix which is diagohal with one term
on the diagonal different from 1 (and from 0) is homotopic, as a map, through
such matrices to the identity matrix or to the matrix differing from the

identity by the sign of one of the diagonal entries. These cases are taken care
of by Proposition 6.10. The elementary matrix differing from the identity by
having one off-diagonal entry is homotopic to the identity, taking care of
that case. The remaining case of an elementary matrix obtained by interchange
of two rows of the identity is topologically a reflection through a codimension-
one hyperplane, so this is also taken care of by Proposition 6.10. 0

7.2. Proposition. Suppose that f: S" 8" is differenﬁablé and that the north
pole p is a regular value such that f~ 1(p) is exactly one point q. Then deg(f)
is the sign of the Jacobian determinant at q, computed from coordinate systems

“at p and q that differ by a rotation of S", ie., operation by an element of

SO + 1).

ProorF. By a rotation (and using that SO(n + 1) is arcwise connected) we
may as well assume that g =p. Using. Proposition 7.1 we can compose f
with a (one-point compactified) linear map so that the differential at p of
the new map is the identity. Thus we can assume that to be the case for f,
and our task becomes to show that the new f has degree one. By Taylor’s
Theorem, we can write f(x) = x + g(x) in some local coordinates x = (x;,...,X,)
about p, where, for some € >0, |g(x}{| <3 f ) for 0 <|ix|| <2e. Define
F:8"xI—-S" by

&) for 2e< x|,
Flx,0=14 f(x)— 2 — | x]I/e)glx) for e<| x| <2,
f(x)—tg(x) for x| <e,

and put f,(x)= F(x,1). Then f; is the identity near p ‘and maps no other
point to p because of the stipulation that [|g(x)|| < 2]1 S| for | x] < 2e
Then there is an open disk about p so small that if D is the complementary
disk in S” then f,(D) < D and f, is the identity on 8D. Such a map on a disk
is homotopic to the identity rel the boundary. (Considering D as D", the
homotopy G(x,1)=tx + (1 — t)f,(x) does this.) This homotopy extends to
give a homotopy of f; to the identity, and so deg(f) = deg(f,) = deg(ls.) = 1.

|

7.3. Proposition. Let X =S" v --- v S} be the one-point union of k copies of
the n-sphere, for n> 0. Then the homomorphtsm HS)® - ®H,S)— H,(X)
induced by the inclusion maps, is an isomorphism whose inverse is induced by
the projections X — S" (obtained by collapsing all the other spheres to the base

point).
ProoF. This follows from Problem 3 of Section 6 by an induction on k. (J

To state our next, and main, result, we first need some notation and a
description of the situation we will be concerned with. Let Y be a space with
a base point y,. Let E,, ..., E, be disjoint open sets in S" each homeomorphic
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Figure IV-4. Setup for Theorem 7.4.

to R”, n>0. Let f:S”ﬂYbeam; i g ’
) p which takes §"—( JE; to y,. Then

ga%;rs through the space S"AS"—(JE)~S?v .- ySZ wl);gre S =f
nIQn __ Ei): ) ; . '

f:8-sstvvsi Ly

f;f: zjtfj LTS'; Ve v Sibe thejth. ipqlusion gnd lgt piSiv - v S-S be

{' projection. Then Proposition 7.3 implies that 3" i, pi,=1 on
H,(S{v--vS)). Let g;=p;°g:8"—>Sj, and let hjzhOij:S'fijif',hand put
Jfi=h;>g;:8"— Y. See Figure IV-4. Note that f; 1s just the rJnap which is f
on E; and maps the complement of E ; to the base point y,,.

7.4. Theorem. In the above situation we have f, = ;f= L St HASY - H (Y).

PROOF. For aeH,(S") we have g (a)=Y HPi9s@=Y,i,g,(%) and so
Fi@) = hyg (@) =3 0, @) =3 b g, ) =S o). O
7.5. C_olrollary. Let f:8"—8" be differentiable and let peS" be a regular value
Let f (p) ={qy,...,q}. Letd; = + 1 be the “local degree” of f at q,, computed.
as thfe sign of the Jacobian at q; using a coordinate system at q"which isa
rotation of the coordinate system at p. Let d = deg(f). Thend = Z'.‘l d;. (More
generally, f need only be smooth on f - YU) for some neighborholo_dl Ul ‘ of p.) |

Pl_{(l)OF. ‘By definition of regular value there is a disk D about p such that
ST HD)is a union of disjoint disks about the ¢, which map diffeomorphically
to D: We can follow f by the end of a deformation which stretches D so
that its interior maps diffeomorphically onto the complement of the antipoéc
of p and the rest of $” goes to this antipode. This composition has the same
degree as f and it falls under the situation of Theorem 7.4. The result then
follows from Theorem 7.4 and Proposition 7.2. 7 ]
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7,6. Corollary. The degree of a map.f:S"—S" is independent of the homology
theory (integer coefficients) used to define it. N

7.7. Example. Consider the circle S! as the unit circle in the complex plane
and let ¢,:S'—>S' be ¢(z)=z* This is. differentiable and all points are
regular values. The inverse image of a point is k equally spaced points around

¢! and the local degree at each of them is clearly 1. Consequently, deg(d,) = k.

One can give another argument for this directly from Theorem 7.4: Divide
S! into k equal arcs, which are the E; of Theorem 74. Let f = ¢,. The map
f: just takes one of these arcs and wraps it around S!, in the same direction,
and maps the complement to a point. It is clear that f; is homotopic to the
identity. Accordingly, deg(f))=1 and it follows from Theorem 7.4 that

deg(¢y) =3 deg(f) = k.

7.8. Example. We shall calculate H,(P?), where P? is the projective plane,
even though this computation will follow easily from things we shall develop
later. Consider P = P2 as the attachment of D? to S' by a map f:§' —»§!
which is ¢, of Example 7.7. Let'D.denote the disk of radius 4 in D? and
let C be its boundaffy. Let S=S!, the circle the disk is being attached to.
Let U = P — {p} where p is the center of D2 Note that S is a deformation
retract of U, so that’ these have the same homology. Consider the exact
sequence of the pair (P, U):

o Hy g (P, Uy Hy(U) — Hy(P) > H(P, U)— -~

By excision and a homotopy H(P, U}~ H{(P — S, U — §)~ H{(D, C) which,
by Theorem 6.6, is Z for i =2 and is 0 otherwise. Thus H(U)~ H(P) is an
isomorphism if k 5 1,2. Since U is homotopy equivalent to S* it follows that
H(P) = Zfor k = 0and is0for k > 2. It remains to compute H(P) and H(P).

The pair (D, C) maps to the pair (P, U) by inclusion. Since this is an excision
and H,(U)=0, H(P,U)=0, H(D)=0 for i=1,2, there is the following
commutative diagram with exact rows:

0~ H,D,C)— H,{(C)—-0
iz
0— H,(P)> H,(P,U)—H (U)—- H,(P)—0.

Thus the map H,(P, U)— H(U) s essentially the same as H,(C)— H,(U) =
H ,(S), and this is induced by the inclusion C —, U followed by the retraction
of U onto S. But this map is just ¢, and so has degree 2. Thus the sequence
looks like O H,(P)—Z ——Z—H (P)—0. Accordingly, Hy(P)=0 and

H,(P)x Z,.

Note that we could have deduced that H,(P)=x Z, for singular theory
from the connection between it and 7,(P), and then the rest follows from the
exact sequence of (P, U) alone. However, the argument we gave is the type
of idea we are going to generalize.
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7.9. Corollary {Fundamental Theorem of Algebra). If p(z) is a complex poly-
nomial of positive degree then p(z) has a zero.
PrOOF. There was another proof in Corollary 6.4 of Chapter Il and we shall
use parts of that proof here. The function p can be extended to §2 - 82
there are only a finite number of points which are not regular values. S
the image of p is connected and p is not constant, there must be a poi
the image which is a regular value. But the Jacobian (which was com
to be u? + uyz) is always positive. Thus the local degree at a point ma
into a regular value must be 1. Therefore the degree of p:S? - §?

positive by Corollary 7.5. Hence P is not homotopic to a constant
so its image cannot miss a point..

and
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1. Give another proof of Exam

ple 7.7 for singular homology ﬁsing the fact that ¢,
is a k-fold covering map,

and using the relationship between 7,(S?) and H,(SY).
2. Consider the surface S of a tetrahedron. Number its vertices in any order and
number the three vertices of a triangle 1, 2, 3. Let § be the triangle with the sides
collapsed to a point. Note that both S and S’ are homeomorphic to S% Define a
map S— S by taking a triangle T in S and mapping its vertices to the points 1,
2, 3 of the triangle in the order of the numbering of the vertices of 7. Extend that
to an affine map of T to the triangle and then collapse to get a map to §'. Find
the degree of this map up to sign. Do the samefor all reguiar triangulated polyhedra.
Does the answer depend ‘on the numbering? '

3. If X, =8' Uy, D? where ¢, is the map of Example 7.7, compute H.(X,).

8. CW-Complexes

A CW-complex is a space made up of “cells” attached in a nice way. The
“C” in “CW?” stands for “closure finite” and the “W” stands for “weak
topology.” It is possible to define these spaces intrinsically,
do it by describing the process by which they are construct
part, we will be concerned only with “finite” complexes, meaning complexes
having a finite number of cells, but we shall give the definition in general
and we will make use of infinite complexes in parts of Chapter VII.

Let K be a discrete set of points. These points are the 0-celis.

If K“=1 has been defined, let {/4s} be a collection of maps Jos: 8"
K®™1 where o ranges over some indexing set. Let Y be the disjoint union
of copies D7 of D", one for each g, let B be the corresponding union of the

boundaries S *! of these disks, and put together the maps f;, to produce a
map f:B— K" U Then define

but we prefer to
ed. For the most

K(n) — K(n* ”Uf Y.

The map f-, is called the “attaching map” for the cell o.

pping

. L VYL uiapivavy

Figure IV-5. A two-dimensional CW-complex.

| =|JK® with the
4 ) i >0, let K={JK" wi
(n) defined for all integers n=1, let & : i
i Kn : hals beet;at specifies that a set 15 open <> its 1g.ters.e<;t1<:relczon cach
““(’C)ak oy i(;g);ﬁ'" (It follows that a set is closed <>its inter
K™ is open .
" i - . of
o 1; Ck;z:df) -D" — K be the canonical map ng:,n byhthee?ltt:dil:tgl(
th Fcoerlleichis ma; is called the “charact«te)ristlc fmlgpw }?li ; sv i(;] o .Caued ;
) . is 1 set 0 :
i . This is a compact su 7 e
E‘)e thedlﬁéﬁga’e(;fo{g however, that this is generally not tholx;ne%m(t)}rl;; e in
91033 oy re iden,tiﬁcations on the boundary.) Den.o e yh ‘.,nterior oge
e e o disk D" — 8"~ L. This is homeomorphic to t e i or of the
K of tht("1 O?Z?sk {ie. ‘{o Rﬁ)_ We shall refer to U, asI an 0opinin K(,"). o
S::S:rlxrbernthat this i; usually not an open subset of K. 1t is ope
T

Figure IV-5.
gIt is clear that the topology of ea

i the statement that a sg ‘ ; C < open
charactergedeZZh f, is open (closed) < its intersection with each K, is op
image under o
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° Al ynote that a function g: K — X, for any space 4,
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oven. Clcl) iI: touches.) It is clear that an intersection o o eyre oy a
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subcom

isfyi i dition.
ini lex satisfying any given (“:fm i}
m“'}llrll::a'lss;:ocrcr):;l{):x K™ of K is called the “n-skeleton of K.

ch K@ and hence of K it.self, is
bset is open (closed) <> its mnverse

. po o If 5 C‘[‘ “LO”IP[QX thell the fO”OWng Slate”lents a” llOld.
8.1 ] TO Slthl’l 1( 1sa

is ¢ d discrete;
(1) if A < K has no two points in the same open cell, then A is closed an
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(2) ifC = K is compact then C is contgined in a finite union of open cells; and
(3) each cell of K is contained in a finite subcomplex of K.

'PrOOF. First, we will show that (1)=(2). If Cc K is a compact set then let

A = C be a set of points, one from each open cell touching C. By (1) 4 is
closed, hence compact, and discrete. Hence A is finite. But that means C is
contained in a finite union of open cells as claimed. ~ :

Second, we will prove (2) = (3). In fact, for a cell o, we will only use (2)
for the set C which is the image of the attaching map f,, and the images of
attaching maps of smaller-dimensional cells. Statement (2) implies that K
is contained in a finite union of open cells, and by construction all of these
are of smaller dimension except for U, itself. By the same token each of these
lower-dimensional closed cells is contained in a finite union of open cells of
even smaller dimension (except for the cell itself), and so on. This reasoning
obviously must come to an end with O-cells in a finite number of steps, and,
at that stage, the union of the cells produced is a finite subcomplex.

Third, we will prove (3)=>(1). Consider the intersection of 4 with a closed
cell. By (3) this is contained in a finite subcomplex. Since A has at most one
point in common with any open cell this intersection must be finite, and
hence closed. For any point xe 4, the set 4 — {x} satisfies the hypothesis for
A, and so it must also be closed. Hence {x} is open in 4, so 4 is discrete.

Finally, we put all this together. Statement (1) clearly holds for K.
Suppose we know (1) for the n-skeleton K. Then we also have (2) for K™,
In turn, we get(3) for K™. But the proof of (2)=(3) for a particular k-cell
only used (2) for subsets of K*~*. Thus we actually have (3) for K®* 1), Thus
we also have (1) for KV, Consequently, we have all three statements for
K® for all n. But any cell is in some K™, and so we know (3) for K itself,
and this implies (1) then (2) for K. 0

8.2. Theorem. If K is a CW-complex then any compact subset of K is contained
in a finite subcomplex.

ProOF. Let C < K be compact. By (2) of Proposition 8.1, C is contained in
a union of a finite number of open cells. By (3) of Proposition 8.1, each of
these is contained in a finite subcomplex. The union of this finite number of
finite subcomplexes is a finite subcomplex which contains C. O

Note that it follows that the attaching map f;, for any cell ¢ is an
attachment onto a finite subcomplex. Part (3) of Proposition 8.1 is the origin
of the term “closure finite.” The notion of a CW-complex is due to J.H.C.
Whitehead [2].

Here are some examples of finite CW-complexes.

8.3. Example. The n-sphere is a CW-complex with one 0-cell and one n-cell,
where, of course, the only attaching map is the unique map S" ™' - point.
There are no cells at all in other dimensions.
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8.4. Example. Another CW-structure on the n:sphere is obtained by starting
with two 0-cells, making K@ ~ S°. To this, attach two 1-cells attached by
homeomorphisms S - K©. This makes K" ~ S'. Then' attacP two( 1%-061!8
(the north and south hemispheres) again by homeomorphisms S' — K'Y, This
gives K® =~ §2. The pattern is now clear. This complex has exactly two cells
in each dimension from 0 to n.

8.5. Example. In Example 8.4, we can take the two cells in dimension i, for
each i, to be |

D'y = {(%,.- > Xi41,0,...,0)€8"[x;, 1 = 0} '
nd D ={(Xg. > X141,0;...,0)€8"|x;,, <0}
Then the antipodal map interchanges D', and D' . If we identify these two
i-cells by the antipodal map for each i = 0,...,n then we get a CW-complex

structure on P, the real projective n-space. (See Example {3.9 for the complex
analogue giving another approach to the definition of this structure.)

8.6. Example. The 2-sphere has a CW-structure given by its dissection as a
dodecahedron. This has twenty 0-ce!ls, thirty 1-cells, and twelve 2-cells.

8.7. Example. The torus T2 can be consideigd as ti?e space resulting fr'om
a square by identifying opposite sides. Under this 1_dent1ﬁc_at1on all four vertices
of the square are identified. Thus one can consider this as a CW-corpplex
with one O-cell, two 1-cells, each corresponding to one of the two pairs of
identified sides, and one 2-cell. The attaching maps for the. 1-cells are unique
since the O-skeleton is a single point. The 1-skeleton K is a figure .e1ght. If
the two loops of the figure eight are named o and f then the attaching map

of the 2-cell is given by the word afa™'f~".

8.8. Example. The Klein bottle is similar to the tor.us. The only differcir}ce
from Example 8.7 is that the attaching of the 2-cell is by the word afa”™"p.

8.9. Example. Consider complex projective n-space Cl:“. Let (-20:2 ilc i:')*
denote the homogeneous coordinates of( 1a p%mt }nzﬁsz.) I:rege {; f Izak;; o
iven by f(zo,...,2p-1)=1(207 1 Zp- Ul — 2i<nlZ; . ke

ibrftc%l:,}ie pziﬁsowith Z, ; 0, i.e, into CP" 1 If f, deznotes the restriction of
f to S then f factors through CP""'u, D*". The resulting map
CP"~ 'y, D?" - CP" is easily seen to be one-one and onto. Since it is fr(;ng
a compact space to a Hausdorfl space it is a homeomorphism by The(ojga"m .t.h
of Chapter 1. Therefore, this gives a structure as a‘CW-complex on w1dd
exactly one i-cell in each even dimension 0 <i<2n. There are no o

dimensional cells.

We conclude this section by showing that a cove.rin'g space of a (;W—cl;pmpée)i
has a canonical structure as a CW-complex. This is rather a triviality, bu
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perhaps it is useful to illustrate a direct argument concerning the weak ~

topology. Let p: X - Y'be a covering map and assume that Y is a CW-complex
with characteristic maps f,:D"— Y. Since D" is simply connected, each A
lifts to maps f;: D" — X which are unique upon specification of the image of
any point. Take the collection of all such liftings of all f, to define a cell
structure on X.

8.10. Theorem. With the above notation, the covering space X of the CW- ’

complex Y is a CW-complex with the f; as its characteristic maps.

ProofF. The only thing that really needs proving is that X has the weak
topology. That is, we must show that a set 4 = X is open <> each f TH4)
is open in the disk which is the domain of f;. The implication = is trivial
since f; is continuous. Thus we must show that if 4 < X has each f; (4)
open, then A is open. If U ranges over all components of p~ (V) where V
ranges over all connected evenly covered open sets in Y, then A =JAnU)
and f; AnU)= f;*(A)n f7(U). This shows that it suffices to consider
the case in which 4 < U for some such U.
We claim that

[ )= U {7 )1 f; alift of £,).

Indeed, if xef [ '(p(4)) then f(x)= p(a) for some acA and there exists a
lifting f; of f, such that fyx)=a. Thus xef; (a)< f 7 (A). Conversely, if
x€ f; '(A4) then fix)=aeA and so f(x)=(pe [3)(x)=pla)ep(A4), giving that
x€ f 7 Y(p(A)), as claimed.

Therefore, if £ (A) is open for all &, then the union above is open and
so f'(p(A)) is open for all . Since Y has the weak topology by definition,
p(4) is open. But Ac U and p:U—-p(U)=Vis a homeomorphism by the

assumption that U is a component of p~!(V) for the evenly covered open
set V. Therefore, A is open in U and hence in X. O

PROBLEMS
1. Fill in the details of Example 8.9.

25 Give the analogue of Example 8.9 for quaternionic projective spaces.

3. Let X be the union in R" of infinitely many copies of the circle which all go

through the origin, but are otherwise disjoint. Show that X does not have the
structure of a CW-complex.

9. Conventions for CW-Complexes

For the purposes of computing the homology of CW-complexes in the
following sections we need some notational conventions. For technical

reasons we will consider characteristic maps as being defined on the cubes
I" rather than on D"

For spaces X, Y with base points (pointed space_s)., e}nd us.ing * o denc?te
all base points, the one-point union X v Yis the disjoint union X + Y with
base points identified. The “smash product”k SXAY=X x Y/X x {*}u
(¥} xY)=XxY/X VY. If X and Y are compact then X A Yis the one-pgmt
compactification of (X — {*}) x (Y — {*}). Thus, for exampl-e, SPASTx Sll’ @

Let I = [0, 1] with base point {0}. Let I" =1 x --- x I (n times). Thus I = I
Let S!'=1!/01' =1/{0,1}, a pointed space. Let y,:I' »S! be thle quotlenlt
map. Let 2 =S8' A --- AS' (p times) and y, 1P =IX --- xI>8" A= AS
=SPbey, =7, A -~ A7, and pote that this fagtors through I A A 1. Note
that y, collapses JI” to the base point and is a hqmeomorphlsm on the
interior. (317 < I is the set-of points with some coordinate 0 or 1.) Also note

that

Vpra=Tp A1 P =T x I8P AS1=8P"1,

The reason for using I" rather than D" is that we have 17+ =‘I" x I4, not
just homeomorphic. This will be very convenient when considerm.g produ_c}
complexes. Note that, with these conventions I” is homeomorphic to §°
but not equal to it. : . '

Now let H, be a homology theory satisfying the axioms. We will assume
it to have integer coefficients, but this is not really necessary. It could have
any coefficient group G but statements about “generatorsj’ would have to
be replaced with statements about “given isomorphisms with G.”

Let I° be a singleton, so that Hy(I%) =~ Z, the coefficients of the theory,
and take, once and for all, a generator [1°]e H(I°). This element [1°] is often
called a “fundamental class,” or an “orientation.”

Take yo:1°—>8° = {0,1} to be the map to {1}, {0} being the base point *
of S°. (For any space X, X/ should be regarded as the disjoint union of

"X and a base point. Thus y4:1° - S° is the collapse 1° —»1°/01° ~ S°, where

the homeomorphism is the unique pointed map. Note that d1° = ()

Now we shall orient I?, S7, and JI” (which, here, is not S7~ 1y inductively
as follows. If I” has been oriented by choice of a generator [17]JeH (17, 01)
then orient S” by taking [S”]JeH (S”, %) to correspond to [I7] under the
isomorphism

Vou: H 17, 017) —— H (S, %).

That is, take [S”] =y, [17]. That y,,_is an isomorphism follows from the fact
that, up to a homeomorphism, 7, is the collapsing map y in the diagram

(D%, 877 = (8, D7)

h

7
(S, %)

where h is a homotopy equivalence (stretching D’ to cover S¥) and the
inclusion induces an isomorphism in homology by the excision and homotopy
axioms {see Theorem 6.6).

Now we orient dI7*': Consider the map 1 Ay, : 1P =1' x P> 1' A S”.
This restricts to P* 1 = (@1') x PUT' x (017 - ol x SPUl x {*} 82 S =
& (The latter equality is the canonical homeomorphism X »8° A X
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taking x to {1} A x, for any space X.) This is & map which collapses all byt
the face {1} x I’ < I' x I” to the base point and is essentially y, on this face.
Clearly it is a homotopy equivalence. (Indeed, it is homotopic.to 3
homeomorphism.) Thismap 1 A y,: 017! — 8” then induces an isomorphism

(1 A ) H(OP 1, %) — H (87, %)
and we take [0I"*1]eH (01" **, %) to go into [S”].
Finally, we orient I”*! via the isomorphism
GIRY: S| CART) Ll By 2 ;) L)

choosing, of course, [I7* ] to go into [817* *]. This completes the inductive
definitions.

Now, suppose given a CW-complex K. For each n-cell ¢ of K we choose,
once and for all, a characteristic map

[T K™,
Its restriction to JI" is the “attaching map”
‘ FERT: (Y S

Consider K"/K®~1 (for n=0-this is K+ {*}) as a pomted space. It is the
one-point union -

K®/Ke=D oy S" “(one copy for each n-cell o).

There is a “projection” to the gth summand S" and the composition
I fe K(")_)K(n)/K(n_“ oth projection s"

collapses JI" to the base point and is otherwise a homeomorphism. We are
free to change this by a self-homeomorphism of S" and thus, without loss of
generality, this composition can be assumed to be the given collapse 7,

With this assumption, the oth projection K™ K®W/K®~Y 8" will be
denoted by p,. Thus p,: K™ —S" is that unique map such that

Pofo=Pu 1" > 8"

and

p.f, = constant map to base point, for n-cells ¢’ # 0.

10. Cellular Homology

We will now show how to compute the homology of a CW-complex using
only information about the degrees of certain maps arising from the attaching
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maps. Throughout this section let K be a CW-complex and A a subcomplex.
Let K™ denote the union of the n-skeleton of K with the entire space A.

Let + ,I" be the disjoint union of n-disks over the n-cells ¢ of K not in
A. The characteristic maps f, fit together to give a map f: + J*— K™ which
takes + ,0I"— K"~ 1. Additivity gives

H,(+ (I, 01") ~ D, H,0", aT")

which is a free abelian group on the n-cells of K not in A.

10.1. Lemma. Themap @), f,4: D, H, X" 01" - H (K™, K"~ V)is an isomor-
phism. Also H{K™, K*"Y)=0 for i #n.

Proor. This is equivalent to the map f,: H,(+ (" oI")—H LK™, K"y
being an isomorphism. In turn, this follows from the diagram:,

H( + (I, o) __f_'_, H*(K(u), K= 1))

B4 = (homo(opy axiom and 5 lcmn:\z'x)’s ”fz

H,(+ (1" — {0})) — H (K™, K® — §FA0)

{z . I@ (excision)

H(+ (nt I int " — {0})) — H(K® — K#~, K®— K@=V _ | ] £,(0))

The isomorphism on the bottom holds because the map of spaces is a
homeomorphism. , _ O

By the naturality of the homology sequence of a pair we get the following
result.

10.2. Corollary. The following diagram commutes:
a* o -
H(K®, K" V) — H,_,(K"™")
l@fa. @fam

@H (1", o1 ————-—-» @H,, 1(6]") |

We have seen that H (K™ K® V) is a free abelian group on the n-cells
of K not in A, and that H{K"™,K®"~1}=0 for i #n. The exact homology
sequence of (K™, K~ 1) then implies that H{K™~V)— H(K™) is onto for
i# n, is one-one for i #n— 1, and thus is an isomorphism for i #n, n — 1.
By induction on n with i fixed we conclude that

H{K")y=0 for n<i (and for i<0),
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and we have the exact sequence -

0 H,(K®™) = H(K®, K"~ ) =5 H, (K" > H,_,(K") 0.

Consider the following diagram with exact row and column, deﬁmng By
by commutativity:
0
! .
(K(n+l) K(n)) H(K(")) H(K("+‘))—>0

\ -

H (K, K0)

H,,+1(K("+”) Jn+1

L (3,,
H,_ (K1),

Accordingly, B, +1 =ju®0p+1- Since BB+ 1 =Ju-104Jus0n+1 =Ju-1°0° an+1 =0,
this gives a boundary operator B. Note that :

kerﬂn+1 = keran+1 =1 jy 4y
Hence
ker f,=ker 0, =1im j,
im§B,., ij(im On+1)
and j, is a monomorphism on H,(K™). COrisléqquently, J. induces isomorphisms
H(K™) = ker §,
imé, .y ——imp,

and hence induces

H(K®*Dyx cokerd, ., —=kerB,/imB,, .
But

H,(K®* D) 2 H (K™ D) =5 (K0 9) =,

since H(K® Kt 1Yy=0 for i>n, and by the exact sequences. Thus, if
dim(K) < oo, we get

1 H(K, Ay H (K™ D) x ker B,fim B, 1.

W&AM Sumammtnd
For arbitrary K, and for singular homology this also follows from the fact
that any singular chain has compact image and hence is inside some finite
subcomplex. It is proved in general from the axioms in Appendix A but the
case of finite-dimensional cell complexes is all we reaily need here.

.

The above facts then show that H (K, A) can be computed from the chain
complex whose nth term is H, (K™, K”~V) and whose boundary operator
is B. We now look more closely at this chain complex.

Let C,(K, A) be the free abelian group based on the n-cells of K not in

A. Define the homomorphisms

C(K, A) == H, (K™, K"~ 1)
—H,(K

given by

‘P(Z ﬂaff) =2 Mo foxl XD,

D) = 3. PulPox(®))o,

where ¢,: H,(S",*)—Z is the unique homomorphism such that ¢,[S"]=1.
Note that ¥ has already been shown to be an isomorphism. We claim that
@ is its inverse. To show this, it suffices to show that ®o¥ = 1. Thus start
with some n-cell o, ie., a basis element of C,(K,A). The composition in

question is then (D(‘I’(o)) =0(f,, [0 =X, bupes fo[1"])r. Using - that
p.f, =7, for =0 and is constant otherw1se we see that thls is

GoPorSoxI' Do = Gy, [1])0 = ¢([S"])o = 1-6 =0,

as claimed.
These explicit maps allow us to “compute” the homology as follows: We

define, of course, the boundary operatord on C*(K A) by commutatmty of
an‘f»
Cps1(K, A) : > (K, A)

- -

H,, (K"*D K™y 2 futs H(K(”))———»H(K‘"’ K1)

Ba+1

where the verticals are the isomorphisms given above.
For a generator geC,, (K, A4) (an n+ 1 cell) we trace this diagram as
follows (where the [1:0]€Z are the coefficients that make the diagram

commutative):

' >y [tio]r

e

Tl 15 (fa) L0 T (fao), L1 1.
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Looking at our. previous description of the right-hand vertical_map we
conciude that the “incidence number” [t:6] is

[z:0] = ¢u(p.(f3,,[1" 1))
= bu((pSac)u 1" '])
= ¢,(deg(p.f2,)'[S"])
= deg(p.fa,)

by the definition of degree and the choice of the generators [dI"* ']e H (a1"* )
and [S"]eH (S"). Consequently, we have shown:

10.3. Theorem. H (K, A) is isomorphic to the homology of the chain complex
C(K, A), where the boundary operator 0:C, ., (K, A)— C,(K, A) is given by

o0 = Y. [uolk

where

[1:0] = deg(p. f20). o

The boundary operator é: CI(K, A)— Cy(K, A) is the least important one
to understand since the singular homology in this area is easy to understand.

(We already computed it in Sections 2 and 3.) However, it is perhaps the

most difficult for the student to understand from the point of view of the
present section. Thus we will work that out here. Suppose that x and y are
O-cells in K and that a is a 1-cell attached by the map f5,: {0, 1} = oI' - {x, y}
< K taking 0 to x and 1 to y. We wish to compute da = [y:aly + [x: a]x,
where [x:a] =deg(p,.f;,) and [y: a]=deg(py fa). The projections p. and
p, are both compositions of the form (disregarding O-cells other than x
and y) '

K@ 5 KO/KCD = KO/4 = (KO — A) + {x} = {,x,y} » °

and the only difference is that p, takes x to 1 and y to 0, while p, does the
opposite. Thus p, f5, takes 1 to 0 and 0 to 1, while p,f,, is the identity on
S° = {0, 1}. Therefore [x: a] = deg(p, f2,) = — 1 (the reader may wish to verify
the details of this) and [y:a] = deg(p, f;,) = 1. Hence, we can now compute
da={y:aly +[x:a]x=y— x. (If either x or y is in A, just discard it

We shall now illustrate these results by doing some simple examples.

10.4. Example. Consider the real projective plane K = P? as a CW-complex
with exactly one O-cell x, one 1-cell a, and one 2-cell . There is only one
way to attach the 1-cell to the O-cell, and it makes K into a circle. The
2-cell is attached to this by the map that is the quotient map of identifying
antipodal points on S*. The chain complex C,(K) is

0= CofK) = C,(K) = Co(K) =0 -
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which is

For the 1-cell a we have that da = x — x =0, by the remarks above. For the
2-cell o, the attaching map is just the map that can be thought of as z+—z?
of the unit complex numbers. This is the map p,f;, up to a difference of
orientation (which only affects the sign of the incidence number [a:0]). By

~ Example 7.7 this map has degree 2. Our neglect of “orientation” here means

that we cannot depend on the sign, but anyway, [a:¢]= + 2. Accordingly,
the chain complex looks like

07 287 T 0
so that H,(P?) =0, H,(P?)~ Z,, and Hy(P*)~ Z.

10.5. Example. Consider the torus K = T? as the space arising from the unit
square by identifying opposite sides. The obvious structure as a CW-complex
is to let the corners be the unique O-cell x, the edges of the square giving
two 1-cells a,b and the interior giving the single 2-cell 6. Thus C(T?)x Z,
generated by x, C,(T)~Z®Z, generated by a and b, and C(T*)~ Z,
generated by ¢. By the above remarks da = 0 and 0b = 0. The attaching map
for ¢ is the loop in the figure eight (formed by a and b) running around a
then b then @™ ! then b~ *. The composition p,f,, is this map followed by
mapping the a part of the figure eight around the circle by degree + 1, and
the b part to the base point. This is just the loop axconstantxa™ ' xconstant
~constant. Hence it has degree 0, and similarly for p,f,,. Consequently,
[a:6]=0 and [b:6] =0 so that d =0 in degree 2, and thus in all degrees.
Therefore H (T?)~ C (T~ Z, Z®Z, Z in degrees 0, 1, 2, respectively.

10.6. Example. The Klein bottle K? can be constructed similarly to the torus
but with the “b” edges identified with a flip. Thus the attaching map, up to
orientation of cells, would be the loop axbxa™'xb. In this case the
composition p,f;, becomes the loop, in S, constant*b*constant+b which
has degree + 2. Thus the boundary map computation will give [b:d] = £ 2,
where the sign depends on how one defines the attaching maps in detail.
Thus 0o = [a:0)a + [b: 6]b = 0a + 2b = + 2b. It then follows that H,(K?) =0,
H(K)~Z®Z,, and H(KH)~Z.

" 10.7. Example. We will define a space L as a quotient space of D? as follows.

The only identifications will be on the boundary S*. Let relatively prime
integers p > 1 and g be given. [dentify a point on the closed upper hemisphere
of §? with the point on the lower hemisphere obtained by rotating clockwise
about the vertical axis through an angle of 2nq/p and then reflecting through
the equator. Then a point in the open upper hemisphere is identified to
exactly one other point which is in the open lower hemisphere. However, a
point on the equator is identified with all points on the equator making an



angle with it of any multiple of 2ng/p. Since q is prime to p, this implies that

points on the equator 2znn/p apart are identified foralln=1,2,...,p— 1. We_

take the class of some point on the equator to define the unique 0-cell x of
L. The equivalents .of this point divide the equator into p intervals of angle
2n/p all equivalent to one another. Take such a (clockwise) interval to define
the unique 1-cell a of L. The upper hemisphere is then taken to define the
unique 2-cell b of L and D? itself is taken to define the unique 3-cell ¢ of L.
Then da=x—x=0 and 0b=pa (or —pa with the opposite choice of
orientation). It is clear that dc is either + (b —b)=0or +(b+ b)= + 2b. But
+ 2b is not a cycle and so we must have dc =0. Consequently, Ho(L)x Z
H(L)~Z, H,(L)=0 and H4(L)~ Z. This space can be seen to be the lens
space L(p,q); see Example 7.4 of Chapter IIL. Indeed, this is the classic
description of the lens space (except for our use of a simple CW-decomposition
instead of a much more complicated simplicial decomposition).

PROBLEMS
1. Give a CW-structure on the 3-torus T> and use it to compute the homology.

2. Consider the space X which is the union of the unit sphere S? in R? and the line
segment between the north and south poles Give it a CW-structure and compute
its-homology: e

3. Show that the space X in Problem 2 is homotopy equlvalent to the one-point
union S% v §! of a 2- sphere and a c:rcle ‘Use thls to glve an easier computatlon
of H(X).

4. Compute the homology of the real projective 3-space. (H int: Try to use informa-
tion you already have from the computation for projective 2-space.)

5. The “dunce cap” space is the space resultmg from a triangle (a, b, ¢) and its interior
by identifying the three edges by (a, b) ~ (b, c) ~ (a, ¢). Compute its homology using
the induced CW-structure. ~

6. Compute the homology of the spéce obtained from a circle by attaching a 2-cell
by a map of degree 2, and another 2-cell by a map of degree 3. Generalize.
7. & Show that
H,-(CP")z{Z forieven,0<i<2n,
0 otherwise.
8. & Show that
Z. foridivisibleby4,0<i<4n,
0 otherwise.

H{QP") ~ {

9. Let K be the quotient space of the cube {(x,y2)lIxi<1, |y]<1, |z| <]} by
the identifications (x, y, ) ~(—y,x, — 1), (x,1,2)~(z, — 1, — x), and (1,y,2)~
(— 1, —z,y); ie., by identifying each face with the opposite face by a counter
clockwise rotation through 90°. Compute H (K;Z) and H (K;Z,).

10 Let X result from D? by identifying points on S* taken into one another by the

180° rotation about the vertical axns Give X the structure of a CW- complex and
compute its homology.

11, Let C be the circle on the torus T? which is the image, under the covering map
R? T2, of the line px=gqy. Let X =T?C, the quotient space obtained by
identifying € to a point. Compute H (X).

12. For a CW-complex, show that 3 [w:t}[t:6] =0 for all (n+ 1)-cells o and
{(n = D-cells w, and with 1 ranging over all n-cells. .

11. Cellular Maps.

In the previous section we showed how to compute H (K) for a CW-complex
K. In this section we show how to compute f,:H(K)— H(L) for a map
f:K— L between CW-complexes. We shall use that K x I has the structure
of a CW-complex, where I is regarded as the 3-cell complex {I, {0}, {1}}. The
cell structure of K x I is obvious (if not, see Section 12). That the product
topology coincides with the CW- topology is easy to see; a proof is given in
Theorem 12.3, not requiring the readmg of the rest of Section 12.

11.1. Definition. A map f:K—-L between CW- complexes is said to be
cellular if f(K™) < ™ for ali n.

11.2. Lemma. Let K be a CW-complex. Then any map ¢: D" — K such that
(8" ") < K1) is homotopic relS"~*, to a map into K. The same is true
for D" replaced by a quotient space resulting from D" by some identifications
on the boundary. (Accordingly, (K, K™} is “n-connected.”)

PRrOOF. Since any compact subset of K is contained in a finite subcomplex,
it suffices to show that if (X, Y) is a pair of spaces with X = Y u,I", where
¢: 81" — Y, for some m > n, and if f:(D",8"")—>(X, Y) then f is-homotopic,
rel "1, to a map into Y. Let U = X — Y ~ R™ and put M" = f~'(U) which
is an open set in R™ Let E # (J be an open set with E < U compact. Put
B=M — ™ YE)which is a closed subset of M. By the smooth approximation
Theorem (Theorem 11.7 of Chapter 1), there is a map g: M — U which equals
f on B, is smooth on M — B, and is homotopic to f rel B. Since g = f on
B, and since Bu f~(Y) is a neighborhood of f~'(Y), g extends to a map

g: D" X by taking g(x) = f(x)for xeD" — M = (). Let pE be a regular’ £{ guz“f&%wg

:/alue of gly-p Since m>n, this just means that pé¢g(M — B). But
p*éhéj ’’’’’ f(B and so p¢g(D"). However, X — {p} deforms to Y and so there
s a homotopy rel §" 7! of ¢, and hence of f, to a map into Y.

For the case of a map from a space Q which is D" with some identifications
on the boundary, just apply what we now have to the composition

D" - Q — K. Since the resulting homotopy is rel " %, it factors through Q x [

and the induced function Q x I — K is continuous because Q x I has the.

quotient topology by Proposition 13.19 of Chapter L. 0

rbat
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11.3. Corollary. If K is a CW-complex then any map D" x {0}uS" ' xI->K
suchthat f(8"™! x {1}) = K~V extends to amap D" x I - K taking D" x {1}
into K. This also holds for maps from Q x 1 where Q is a quotient space of
D" resulting from identifications on §"™ 1.

Proor. This follows from Lemma 11.2 and the evident fact that the pair

(D" x 1,D" x {0} US"™ ! x I) is homeomorphic to the pair (D" x I, D" x {0});

see Figure VII-6 on p. 451. |

11.4. Theorem (Cellular Approximation Theorem). Let K and Y be CW-
complexes and L K a subcomplex. Suppose ¢: K — Y is a map such that ¢|,
is cellular. Then ¢ is homotopic, rel L, to a cellular map y: K - V.

Proor. Extend ¢u(¢eon,) K x {O}QL x I—-Y by induction over the
skeletons of K — L using Corollary 11.3. Continuity of the result is a
consequence of having the weak topology on K x I. ‘ O

11.5. Corollary. If ¢, Y: K- Y are cellular maps which are homotopic, then
they are homotopic via a cellular homotopy K x 1 Y. Also, if the original
homotopy is already cellular on L x I, for some subcomplex L of K, then the
new homotopy can be taken to be identical to the old one on L x I.

Proor. Just apply Theorem 11.4 to (K x 1, K xdIulL x I). '

In the remainder of this section, we shall show, for a cellular map ¢:
(K, A)— (L, B) of pairs of CW-complexes, how to compute the induced map
g4 H{K,A)- H(L, B) in homology. As in the previous section, we shall
simplify the notation by letting K™ denote the union of the n-skeleton of K
with all of A and similarly for (L, B).

Since g is cellular, it induces the commutative diagram:

Hn(K(n)a K(n‘ 1)) ‘T»Hn- 1(K(n-“) —.“’Hn— I(K("- 1)’ K("_Z))
g j

N

HLP,L00) S (L070) L 0, 1)

ﬁ’(

By
Thus g4: C (K, A)— C (L, B), induced by this diagram, is a chain map.
(Although the notation g, for an induced chain map is derived from the
notation for the singular chain complex, we use it to denote any chain map
induced from a map. This should not cause confusion since cellular chain
maps and singular chain maps are never used at the same time in this book.)
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We have shown that there is the followmg commutative diagram with
exact rows
K
0-imd,,, »H,(K") —> H,(K, 4)-0
e j
’ ‘ker g,

O—‘imﬂni'l_} kerﬂn T
ln‘lﬁn-fl

-0

where the dotted arrow is the resulting isomorphism with which we are
concerned. (Recall that H K™+ A4)~ H (K, A).) There is the same diagram
for (L, B) and its obvious naturality shows that g, induces a 'map from the
diagram for K to that for L. Accordingly, the following diagram commutes:

H(K, A)—* H(L,B) -

ker ¥ 4 kerpt
A .
im Y, , impr,,
The bottom of this diagram is simply the map g, : H,(C (K, A)) - H (C (L, B))
induced by the. chain map g,:C, (K, A)— C,(L,B). This shows that
H,(K, A)— H (L, B)-can be “computed” from the chain map g,: C (K, A)
—C,(L, B). It remains to get a formula for this chain map.

Consider the following commutative diagram, where the barred maps are
uniquely defined by commutativity, and d.., is defined to be the composition
along the bottom. (Here ¢ denotes an n-cell of K — 4, 1 an n-cell of L — B,
and g: K — L is cellular.)

Is Py

D" > K™ — 9 rL(")\, > S

N

St P K(n)/K(n~1)__ﬁ__}L(n)/L(n—1) 43 S”

| ]

Y10

By the discussion above, the diagram
CAK, A) ———> C,(L, B)
H,(K®, K1) = H (17, 1 1)

commutes {which is the definition of the chain map g, on the top). For an
n-cell ¢ of K — A, we can then compute g,(0) by going down, right, and up
in this diagram as follows:

=Y P9 S I D)



=Y 0dpgf) M)
=Y (.G v 1)
= Z ¢n((gr,a)* [S"] )T

=) deg(g. )
the sums ranging over n-cells t of L — B. We have shown:

11.6. Theorem. If g: K= Lis cellular, and A < K is a subcomplex of K, and
B, one of L, such that g(A)cB then the induced chain map gA C, (K, A)—
C (L, B) is given by

gal0) =Y deg(g, ). O

We have now shown how to compute the homology groups of CW-
complexes and the induced homomorphisms in homology from cellular
maps. Also, the computations depend only on the degrees of maps of spheres
associated to the attachirig maps. These degrees can be found from smooth
approximations and signs of determinants of certain Jacobian matrices. None
of this data for the computations depends at all on the particular homology
theory used. Thus we have a sort of uniqueness theorem for homology theories
satisfying the axioms as far as their values on CW-complexes is concerned.
This is not quite a proper uniqueness theorem sifice we should also show
how to compute the “boundary” operator d,: H (K,A)— H,_,(A) from the
same sort of data. This can be done by similar,‘arguments as for the rest,
but we don’t need it and so leave it as an exercise for the interested reader.

It is worthwhile noting here that although we have this uniqueness result,
we still do not have a corresponding existence theorem. That is, we do not
know yet that there is any homology theory that does satisfy the axioms. In
later sections we shall remedy this and show that singular theory does satisfy
the two axioms (excision and homotopy) that we have not already verified.
Only at that point will the applications we have already given be fully justified.

PROBLEMS

1. Consider the torus T? as the quotient space of R? by identifying points, both of
whose coordinates differ by integers. In R? also consider the line segment from
(0,0) to (2,3). In the torus this gets embedded as a circle C. Compute, with the
methods of this section, the map H,(C)— H ,(T?)induced by the inclusion C <, T2,

2. Consider the unit sphere $? in 3-space. Attach two handles (connected sum with

two tori) away from the z-axis in such a way that the 180° rotation about the
z-axis takes one into the other. Call this space X. Define a quotient space Y of ~
this by identifying points that are symmetric with respect to the z-axis. (Note that
Y is homeomorphic to the torus.) Compute the homology of these spaces and the
map n,: H{X)- H{Y) induced by the quotient map mX — Y.

3. ¢ Let L be a subcomplex of the CW-complex K.
{a) If L is contractible, show that L is a retract of K.
(b) Xf L and K are both contractible, show that L is a deformation retract of K.
(Hint: Construct the retractions by induction ovet skeletons.)

4. Show that the fundamental group of a finite CW-complex is finitely generated.

5. Show that a connected finite CW-complex has the homotopy type of a CW-complex
with a single 0-cell. ;

12. Products of CW-Complexes 3t

Let K and L be CW-complexes and K x L the product CW-complex. This
need not have the product topology unless one of K and L is locally finite,
but it is the case L =1 (a complex with cells {0}, {1}, and [0,1]) in which
we are mainly interested. The attaching maps for K x L will be described in
a moment, and that is how this space is defined. (The fact that the topology
may not be the product topology is of very little significance, since it can be
shown that the singular homology and homotopy groups are the same, in a

strong sense; see Problem 5.) - ,
Since I’ x "=1*1and S* A S'= S”*“ by our conventions, we can define,

for a p-cell ¢ of K and a g-cell T of L, the p + g-cell ¢ x t of K x L having
characteristic map

Joxe=Lox [ilP =P xF¥>K x L.
Also
Po AP KPP x KD 8P A S4=8F"4
extends to (K x L)?*? = | J{K® x []i+j=p+ q}. If xelI” and yel? then
(Ps A PIS o x5 ) =Py A PISo(3), [L1)) = Pof oX) A PSLY)
= 7,00 A YY) = 74406 V)

Thus, p, «x = p, A p, extended trivially to (K x"L)P* 9,

We wish to compute the boundary operator of the chain complex
C (K x L) which is the free abelian group on the cells ¢ x t, in terms of those
on C(K) and C(L).

First, let o be a p-cell of K, v a (p— 1)-cell of K and u a g-cell of L. To
find d(¢ x p) we need to know, in particular, the value of the incidence number

[T X G X )u] = dcg(pr x f(?(a x ;1))-



iv. IOMOoIogy iheory
For (x, y)edl?* 2= 0I” x IUI? x 19, we have

Prx ufa(a X p)(xv Y) = (pr A P,‘)(fo X fu)(xr y) )
= (p: A p IS Ax), .¥))
= ptfo(x) A ?q()’)

If one looks at this, one sees that it is the composition (1, denoting the

identity on I? or S?)

P x 10U ATP x 1 = (1P x 1) — 10, 17 p 1 20200, gom1 \ Go— gova-1

where the first map is a restriction of 1, A y,:I? x [?—»T17 A 8%,
12.1. Lemma. [t X o x y] =[7w:0].
ProOF. By the above remarks, we need to show that

de((p.Soo A 195(1, A 2)) = deg(p o).

In general, for a map g: 617 - 8P~ ! we will show that the composition
oI* x I")I—PA—yiﬁl" ASI L2l gpm1 o grtas ”

has the same degree as does g. That is, deg(g A 1,01, A y,) = degg.

Recall from Problem 1 of Section 6 that there is a natural “suspension”
isomorphism ﬁk(X ) ——“—»ﬁH {2 X). Also, for pointed X, there is a canonical
map £X — X A S! collapsing the arc between the poles through the base
point. For most X this is a homotopy equivalence, and that is true when
X ~S* (We only need that H,, (£X)—=>H,, (X AS!) when X ~S* and
that is an easy consequence of Theorem 7.4 by comparing both spaces to
the sphere obtained by collapsing the complement of a nice disk away from the
“base point arc.”) Therefore, the composition Hk(X ) H e 1(X A 8Y), of these
two maps, is a natural homomorphism which is an isomorphism when X =~ S,
Iterating this ¢ times and using that S*=S! A .- A S!, g times, gives the
natural homomorphism ¢: H(X)— H, . AX A 8% which is an isomorphism
for X ~ Sk (Incidentally, a general condition on X for ¢ to be an isomorphism
is that X be “well-pointed”; see Theorem 1.9 of Chapter VII.) Thus there is
the commutative diagram

H,_(01P) —5H,py 1017 A SY)

ly* l(yA 19

H""'I(Sp_ Y _f‘)HI“"qwl(Sp~1 A S = Hp+q~1(sp+qwl)

for any g.
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Define e=+1 by ¢[SP"']=¢[S""*"']. By definition, ¢,[01"]=

Zdeg 2)[S*1]. Hence

(g A 1),9[01] = ¢g,[017] = edeg(g)[S7 74711,

In the special case where gis 1, Ay,_;:01P >SS~ !, our orientation conven-
tions specify that deg(1; A y,_,) = 1. Substituting 1, A y,_, for g in the above

©* equation gives

(1 A Ypo1 A 1), PLOT7] = [SP*17 1],
For general g then, these two equations show that
dcg(g A lq)= deg(g).deg(ll A ’Yp-l A lq)'
(The degrees make sense only after orienting JF” A 8%, but the equation is
not affected by that choice.) Composing this with 1, A y,,.and noting that
(L AYpor AL)e(1, Ay)=1; AYpi,-y in the diagram
A x 19 210, g A s
l,/\‘,’p+q._ll ‘ ll1l\l’p~x’\‘q
Seraml = LR
we conclude that
deg(g A lqolp A yq) = deg(g)deg((ll A yp~l A lq)o(lﬁ A yq)) ‘
= deg(g)-deg(1; A y,+4-1) = deg(g),
where the last equation is by our orientation conventions. 0O

12.2. Theorem. For a product of two CW-complexes with our orientation
conventions, the boundary operators satisfy the equation

o x p)=00 x p+(— 1)*2% x du.

Proor. It is clear, by remarks similar to those above, that [o x ¢:0 x u] =
+ [¢: 1] where the sign + 1 depends only on the dimensions of ¢ and u. For
a O-cell g, it is clear that the sign is + 1. Direct arguments can determine
this sign, as in the proof of Lemma 12.1. But this is difficult and the following
approach is much easier.
Let €,,= + 1 be the sign defined by the equation
[0 x ¢ x gl = e, [$: 1]

where ¢ is a p-cell of K, p is a g-cell of L, and ¢ is a (g — 1)-cell of L. We
have that ¢, , = 1 for all . We compute

doxm=) [txpoxpultxpu+) [oxdiaxuloxg
13 ¢
=3 [tolrx y+%el,,q[d):u](r X ¢

=(00) x u+€,,0 x (3p).



But we know that 6% =0, and so

0=08(c x 1) = (306) X i+ €, ,(80) x (3p)
+ €,,(00) X (Op) + €, 4~ 1€,,40 X (001)
=€, 1 400) x (0p) + €,,400) x (Op).

For this to always hold (for all K and L) we clearly must have e, ;= —¢€,_
Since € , = 1, we conclude that €, , =(— 1)". 0

For the sake of completeness, we now prove the fact, about the topology
of a product complex, alluded to at the beginning of this section.

12.3. Theorem. If K and L are CW-complexes and if L is locally finite then
the weak topology coznczdes wzth the product topology on K x L.

ProoF. For each n-cell ¢ of K, let D, be a copy of I' and consider the
characteristic map f, as defined on D,, and similarly for celis 7 of L. Then,
for the product topology on K x L, there is the map ‘

+D,xD,—~KxL,

where = denotes disjoint union over all cells ¢ of K and 7 of L. It suffices
to show that this map is an identification since that is exactly what the weak
topology on K x L is. We can factor this as the composmon

+D, xD—++D xL—»KxL

The first map is an identification by Proposition 13.19 of Chapter I since
+D, is locally compact. The second map is an identification since L is
locally compact (which follows easily from local finiteness). Therefore the
composition is an identification by Proposition 13.3 of Chapter L |

PROBLEMS

1. Compute H(S” x S9).

2. Compute H(P? x P2,

3. Compute the homology of the product of a Klein bottlewand areal projective plane.
4

. Let X =S'U,D?and Y =S' u,D? where f: S! - S! has degree p and g: S! - S!
has degree g. Compute H{(X x Y).

5. Let K and L be CW-complexes. Let K x L denote the product space with the
product topology and let K O L denote K x L with the CW topology. Show that
the canonical function ¢: KO L~ K x L is continuous. Also show that if X is
compact then a function [:X ->KQL is continuous<>¢o 1 X - K x L is
continuous. Conclude that ¢,: H (K O L)— H (K x L) (singular homology) and
Py (K OL)—n, (K x L) are isomorphisms.

13. Euler’s Formula -

Let us recali, without proof, the Fundamental Theorem of Abelian Groups.
A finitely generated free abelian group A is isomorphic to Z" for some r.
Suppose that B < A is a subgroup. Then there exists a basis a,,...,a, of 4
and nonzero integers n, [n,|---|n, (¢ach dividing the next) with s <r such that
n,dy,...,Nnay 1s a basis for B. In particular, B is free abelian of rank s and

) ABxZ, ® DL, DL

The integer r — s > 0 is called the rank of 4/B. Note that it is the dimension
of the rational vector space (4/B)® Q where Q is the rationals.

Thus any finitely generated abelian group has the form of (1) and if
0—B—A—C—0is an exact sequence of finitely generated abelian groups
then rank(A) = rank(B) + rank(C).

13.1. Definition. A space X is said to be of finite type if H{X) is finitely
generated for each i. It is of bounded f nite type if H (X ) is also zero for all
but a finite number of i.

13.2. Definition. If X is a space of bounded ﬁmte type then its Euler
characteristic is

1(X) = 2(4 1) rank H{X).

‘Note then that y(X) is a topological invariant of X.

13.3. Theorem (Euler-Poincaré). Let X be a finite CW-complex and let a;
be the number of i-cells in X. Then y(X) is defined and -

XX =Y (— fa,

Proor. Note that a,=rank C,(X). Let Z,c C,= C{X) be the group of
i-cycles, B; = 0C;, ;, the group of i-boundaries, and H; = H{(C, (X)) = H(X).
Thus H, = Z,/B..

The exact sequence

0~+Zi—>C,-—a—>B,~_1—»O

shows that

rank (C,) = rank(Z;) + rank(B;_ ).
Similarly the exact sequence 0— B, — Z;— H;— 0 shows that

rank{Z;) = rank(B;) + rank(H,).
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Adding the last two equations with signs (— 1)’ gives

5. (— 1) rank(#) + rank(B)) = Y. (~ 1) rank(Z)

= Z (— 1) (rank(C;) - r;ank(Bi_ D)

The terms in B, cancel, leaving y(X) = 3; (— 1)’rank(H;) = ¥; (— 1)’ rank (Ci)
=2i(=Da; i

13.4. Corollary (Euler). For any C W—complex structure on the 2-sphere with
F 2-cells, E 1 cells and V O-cells, we have F—E+V =2, 8]

13.5. Proposntmn. If X->Yisa covering map with k sheets-(k finite) and Y is
a finite CW-complex then X is also a CW-complex and y(X) = kx(Y).

PRrOOF. Since the characteristic maps D'~ Y are maps from a simply
connected space, they lift to X in exactly k ways. This gives the structure of
a CW-complex on X with the number of i-cells exactly k times that number
for Y. (Also see Theorem 8.10.) Thus the alternating sum of these for X is k
times the same thing for Y. ‘ 1

13.6. Corollary. If $"— Y is a covering map-and Y is CW then the number
of sheets is either 1 or 2. O

13.7. Corollary. The Euler characteristic of real projective 2n-space P*" is 1.

O

13.8. Corollary. Iff:P*" Y is a covering map and Y is a CW-complex then
f is a homeomorphism. |

The hypothesis that Y is a CW-complex in Corollaries 13.6 and 13.8 can
be dropped, but we do not now have the machinery to prove that.

PROBLEMS

1. Use the knowledge of the covering spaces of the torus, but do not use the knowledge
of its homology groups, to show that its Euler characteristic is zero.

2. If X is a finite CW-complex of dimension two, and if X is simply connected
then show that x{X) determines H,{(X) completely. Wha