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Preface

This book has two predominant objectives. On the one hand, the funda­
mental concepts of the theory of modules and rings are presented, for
which the presentation is set out in detail so that the book is suitable for
private study. On the other hand, it is my intention to develop, in an easily
comprehensible manner, certain themes which so far have not been presen­
ted conveniently in a text book, but which however occupy an important
place in this area. In particular rings with perfect duality and quasi­
Frobenius rings (QF-rings) are considered.

In summary the book aims to put the reader in the position of advancing
from the most basic concepts up to the posing of questions and of consider­
ations which are of topical interest in the development of mathematics.
For this purpose numerous exercises of varying degrees of difficulty are
provided. Here the intention is not merely to give practice in the material
of the text, but also to touch upon concepts and lines of development not
otherwise considered in the book.

The structure of the book is determined by the conviction that the
concepts of projective and injective modules are among the most important
fundamental concepts of the theory of rings and modules and consequently
should be placed as far as possible at its very beginning. These concepts
can then also be used in the treatment of the classical parts of the theory.
For the same reason I have developed the fundamental concepts of gen­
erator and cogenerator as early as possible in order to have them always
available. If different finiteness conditions are added, then One has the
main theme of the book. This culminates, accordingly, in the theory of
rings which are injective cogenerators resp. injective cogenerators with
finiteness conditions (QF-rings).

In order to prevent the size of the book becoming excessive it was only
possible to take up categorical concepts as far as absolutely necessary.
Since there are numerous good books on categories the reader can easily
broaden his knowledge in this respect. In other areas too a choice of the
themes to be considered was obviously necessary. The basic principle in
such a selection was first to cover the fundamental concepts which are
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vi PREFACE

absolutely necessary but beyond that to focus as directly as possible on the
material of the last three chapters.

This book has resulted from lectures and seminars which I have given
in different universities. The teaching experience which has been so gained
is incorporated in the book. Thus the expert in the subject will easily
recognize that I have not always chosen the "shortest" version of a proof,
ocr;asionally calculating with elements where this might be avoidable. Also
I have not been deterred in places from repetitions or from the presentation
of a second proof. All of this is done to render the book more intelligible,
and in so doing I am aware that from a teaching point of view there can
be very different opinions.

It is my belief that in a textbook-as opposed to a scholarly monograph­
one is not obliged to state the authorship of all results in detail. I have
made extensive use of this freedom and have only provided a name in
places of particular significance. In many developments which derive from
several authors, precise assignment of responsibilities is often difficult.
From experience with other books it therefore seemed better to me to
make nO statement rather than to risk introducing false attributions.

As well as a selection of textbooks on modules and rings some original
literature is given as suggestions for further reading in connection with the
last three chapters. This is very much a matter of individual choice which
does not imply any evaluation of the authors.

To numerous colleagues, collaborators and students lowe suggestions
and critical remarks for this book. To all I express my profound thanks.
lowe very particular thanks to W. Miiller, W. Zimmermann and H.
Zoschinger for their assistance. In particular, the later chapters have arisen
from discussion with H. Zoschinger who has also contributed numerOus
exercises. Without the keen interest of those named in the ensuing
mathematical and didactic questions, the book would almost certainly not
have attained its present draft.

To the editors and· the publisher I have to express my tha'nks for their
helpful and unbure~lUcraticco-operation.

Munich, Autumn 1976 F. KASCH



Translator's Preface

The translator, in undertaking the task of translation, was initially moti­
vated by his belief that an edition in English would be very worthwhile
and was subsequently encouraged to embark upon the task by two reviews
of the German edition indicating that a translation would be of considerable
value. This English edition is a direct translation of the German text which
has been essentially unaltered with the exception of Lemma 5.2.4, Lemma
5.2.5 and Corollary 11.1.4, for which more succinct proofs are now pro­
vided, and with the addition of Section 11.7, which is entirely new.

In preparing this edition the translator is much indebted to Professor
Kasch for a list of the (few) corrections and for a careful over-seeing of
the translation. Thanks are also owing to various members of the Depart­
ment of German of the University of Stirling for their willingness to be
consulted and to offer advice. A profound debt is owing to Mrs. M.
Abrahamson, Secretary of the Department of Mathematics of the Univer- .
sity of Stirling, for her unfailing cheerfulness and for the consummate skill
with which she produced a beautifully typed manuscript with the many
displayed formulae neatly inserted. Finally thanks are owing to Professor
P. M. Cohn for many suggestions towards an improvement of the final draft.

Stirling, Spring 1981
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Chapter 1

Fundamental Ideas of Categories

The theory of categories has developed, since the year 1945, as a new
branch of Mathematics. This theory is not only of interest in itself, as having
produced essentially new ideas and methods, but it is also contributing to
an overall understanding of mathematics. Its significance rests on the
possibility that important concepts and considerations from different parts
of mathematics may be brought together and be developed uniforrnlr. In
particular it furnishes the possibility of formulating and investigating Com­
mon properties of different structures.

In this way it has given rise to new points of view and to the posing of
questions which are not only themselves of interest in the theory of
categories, but which have revealed new avenues for investigation in various
concrete categories. This analysis arises in the particular case-of module
categories which have given, in their turn, the motivation for the develop­
ment of categories.

Finally it is evident that, increasingly, fundamental concepts from the
theory of categories are being accepted into the everyday jargon of mathe­
matics and are being employed in formulating concepts and in assembling
the· relevant facts in other areas of mathematics. Such categorical modes
of expression are essential for module categories.

In the following, knowledge of such categorical language will be
provided. However we shall confine ourselves as much as possible to
developing the concepts only as far as it appears absolutely necessary
for their understanding.

1



2 1 FUNDAMENTAL IDEAS OF CATEG.ORIES

1.1 DEFINITION OF CATEGORIES

1.1

We assume here the idea of set and class. To a first approximation a
class is understood to be a "very big set", in which no operations, capable
of leading to an antinomy, may be performed. For example, and in contrast
to the set of all subsets, it is not permissible to form the class of all subclasses.
In an axiomatic theory of classes and sets, the sets are exactly the classes
which appear as elements of some classes. A class can also be conceived
intuitively as the "totality of all objects with a certain property". The
relevant text books can be recommended for a more thorough treatment
of classes. Here, the intuitive concept of a class is enough for the understand­
ing of what follows.

1.1.1 DefinItion. A category K is given by means of:
1. A class Obj(K), which is called the class of objects of K, whose

elements are to be called objects (of K) and to be denoted by
A,B,C, ....

II. For every pair (A, B) of objects there is a set MorK(A, B) such that
for different pairs of objects (A, B) ¥ (C, D)

MordA, B) n MorK(C, D) = 0.

The elements of MorK(A, B) are called morphisms from A to Band
are denoted by a, {3, y, ....

III. To every triple (A, B, C) of objects there is a mapping

which is called multiplication and for which we have:
(1) Associative law: y(f3a) = (y{3)a for all aEMorK(A,B), f3E

MorK(B, C), yEMorK(C,D).
(2) Existence of identities: To every object A EObj(K) there exists

a morphism 1A EMorK(A, A), called the identity of A so that for
all a EMorK(A, B), a 1A = 1B a = a.

We may now indicate some notations and simple properties. If no
confusion is possible we write

Mor(A, B):= MorK(A, B).

We write further

Mor(K):= U MorK(A,B)
A,BeObj(K)
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to denote the class of morphisms of K. We use also the abbreviated notation

A E K :¢::> A E Obj(K)

~,;ex- E K :¢::> a E Mor(K).

Now let a E Mor(A, B) then as in the case of a mapping we define

/Domain of a := Dom(a):= A

Codomain of a := Cod(a) := B

Since the sets Mor(A, B) are disjoint for different pairs (A, B), Dom(a)
and Cod(a) are uniquely determined by a.

Instead of writing a E Mor(A, B) we also write

or

The symbol

denotes an element from Mor(A, B) and an arrow ~ an element from
Mor(K).

The commutativity of the diagram

indicates that f3a =8'Y.
If a,f3 E Mor(K) we write f3a for the product, thereby incorporating the

assumption Cod(a) =Dom(a) which is required in Definition 1.1.1 for
multiplication.

1.1.2 PROPOSITION. The identity 1A (by virtue of the property given by
III(2)) is uniquely determined.

Proof. Let eA be another identity of A. Then there follows

eA = eA 1A =1A • o

1.1.3 Definition. Let K be a category and let a :A ~ B be a morphism
of K. Then the following nomenclature applies.

(1) a is a monomorphism :¢::>

VC E K V'Yb 'Yz E Mor(C, A) [a'Yl = a'Yz =? 'Yl = 'Yz],
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(2) a is an epimorphism :¢::>

YC E K Yf31, f3z E Mor(B, C) [f31a = f3za -=? f31 = f3zJ.
(3) a is a bimorphism :¢::>

a is'a monomorphism A a is an epimorphism

(4) a is an isomorphism :¢::>

3f3 E Mor(B, A) [f3a = l A A af3 = l B J
(5) a is an endomorphism :¢::>

Dom(a) =Cod(a)

(6) a is an automorphism :¢::>

a is an isomorphism A a is an endomorphism.

1.1

1.1.4 PROPOSITION. a is an isomorphism -=?a is a bimorphism.

Proof. Let f3a = l A and af3 = lB. It follows then from aYl = ayz that

Yl = l A Yl = f3aYl = f3ayz = l A yz = yz.

It follows analogously from f31a = f3za that

f31 = f31 1B = f31af3 = f3zaf3 = f3 z1B = f3z. o

We observe that the converse of 1.1.4 does not hold in general (examples
in exercises). Of course the converse is valid in several important categories,
e.g. in module categories, the proof of which we give later.

1.2 EXAMPLES FOR CATEGORIES

In each of these examples we understand by (I) the class of the objects,
by (II) the sets Mor(A, B) and by (III) the multiplication f3a for a E

Mor(A, B), f3 E Mor(B, C). The axioms are easily verified in each case.

1.2.1 S = CATEGORY OF SETS

(I) Obj(S) = class of all sets.
(II) Mor(A, B) =set of all mappings of A into B.

(III) f3a = composition of the mappings a and f3, a being followed by f3.

1.2.2 G = CATEGORY OF GROUPS

(I) Obj(G) = class of all groups.
(II) Mor(A, B) =Hom(A, B) =set of all group homomorphisms of A

into B.
. (III) Usual composition.
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1.2.3 A = CATEGORY OF ABELIAN GROUPS

(I) Obj(A) = class of all abelian groups.
(II) and (III) as for G.
In this case Hom(A, B) can itself be made further into an abelian group.

Definition. Let the group operations in B be written additively and let
a1, a2EHom(A, B). Then we define a1 +a2 by

Dom(a1 + (2) := A, Cod(a1 + (2) := B,

'Va EA[(a1 +(2)(a):= a1(a)+a2(a)].

From the definition we see immediately that Hom(A, B) is in fact an abelian
group. In particular the zero mapping of A into B is the zero element of
this group and for a EHom(A, B), -a is defined by

Dom(-a) := A, Cod(-a) := B, 'Va EA[(-a)(a):= -a (a)].

1.2.4 R CATEGORY OF RINGS WITH UNIT ELEMENT

(I) Obj(R) = class of all rings with unit element.
(II) Mor(R, S) =set of all unitary ring homomorphisms of R into S

(Definition, see 3.2.1).
(III) Usual composition.

1.2.5 MR = CATEGORY OF UNITARY RIGHT R-MODULES OVER A

RING R WITH A UNIT ELEMENT

(I) Obj(MR ) = class of unitary right R-modules.
(II) Mor(A, B) := HomR (A, B) = set of module homomorphisms of A

into B (Definition, see 3.1.1).
(III) Usual composition.

As in the case of the category of abelian groups HomR (A, B) by the same
definition as in 1.2.3 turns into an abelian group, in general however not
again into an R-module! Relevant details follow later.

If S is also a ring with a unit element, we denote by sM and sMR the
categories of unitary left S-modules and unitary S-R bimodules respectively
(Definition, see 2.1.1, etc.).

1.2.6 T= CATEGORY OF TOPOLOGICAL SPACES

(I) Obj(D = class of all topological spaces.
(II) Mor(A, B) =set of continuous mappings of A into B.

(III) Usual composition.
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In all of the categories so far considered the objects were sets with or
without (in 5) an additional structure, and the morphisms were structure­
preserving mappings. We exhibit now some examples in which other
conditions are present.

1.2.7 S=A GROUP AS A CATEGORY

Let G be an arbitrary group and let * be an object. Then we obtain a
category G by

(I) Obj(G) ={*}.
(II) Mor(*, *) = G.

(III) Group operations in G.
Obviously, 1* is then the neutral element of G.

1.2.8 AN ORDERED SET AS A CATEGORY

Let (M,:S;;) be an ordered set. A category M is then defined by the
following statements:

(I) Obj(M)=M

{
0 forA~B

(II) Mor(A, B):= {(A :s;;B)} for A:s;;B.

This means, in the case A:s;; B, that Mor(A, B) signifies the set whose
single element is the symbol (A :s;;B).

(III) (B:s;; C)(A :s;; B) := (A:s;; C).
The identity of A is now 1A = (A :s;;A).

1.2.9 THE DUAL CATEGORY

Let K be a given category. The category K' dual to the category K is
defined by:

(I) Obj(KO) = Obj(K).
(II) VA, B E Obj(KO)[MordA, B) =MorK(B, A)].

(III) MordB, C) x MordA, B) 3 ('Y,f3)I--7I3'YEMordA, C),
where 13'Y is to be formed in Mor(K).

1.3 FUNCTORS

Functors play the same role for, categories as do structure-preserving
mappings (= homomorphisms) for the usual algebraic structures or as do
continuous mappings for topological structures. A functor is accordingly
(in our definition) a pair of structure-preserving mappings of one category
into another (possibly the same as the first).
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1.3.1 Definition. A covariant, respectively contravariant, functor F of a
category K into a category L is a pair F = (Fa, FM) of mappings satisfying:

(I) Fa: Obj(K) ~Obj(L), -
(II) FM;Mor(K)~Mor(L),

with the following properties
(1) 'Va EMor(K)[a EMor(A, B)=>FM(a) EMor(Fo(A.), Fo(B))]

resp. [a EMor(A, B)=>FM(a) EMor(Fo(B), Fa (A))];
(2) 'VA E Obj(K)[FM(1 A ) = 1po(A)];

(3) 'Va, (3 EMor(K)[Cod(a) =Dom({3)=>FM({3a) =FM({3)FM(a)] resp.
[Cod(a) =Dom({3)=>FM({3a) =FM(a)FM({3)].

In place of Fa and FM we write also simply F, thus F(A);= Fa (A),
F(a):= FM(a). Condition (1) can then also be formulated as follows:

(1) a :A~B=>F(a):F(A)~F(B)

resp. a :A~B=>F(a):F(B)~F(A)

or
(1) Dom(F(a)) =F(Dom(a)) 1\ Cod(F(a)) =F(Cod(a))

resp. Dom(F(a)) =F(Cod(a)) 1\ Cod(F(a)) =F(Dom(a )).
In order to indicate that F is a functor from K to L we also write F : K~ L.

If G: L~ P is also a functor then the composition GF: K~ P is obviously
also a functor. If both functors F and G are covariant or both functors
are contravariant then GF is covariant, if F and G are of different "vari­
ance" then GF is contravariant. We indicate now some examples of
functors.

1.3.2 FORGETFUL FUNCTORS

The forgetful functor F from MR into the category A of abelian groups
is defined by:

Fa: Obj(MR ) 3A....-?A EObj(A)

FM :Mor(MR ) 3 a....-?a E Mor(A).

This covariant functor "forgets" the R-module structure; it preserves only
the additive structure of a module. If the additive structure is also "forgot­
ten" then we obtain the forgetful functor F from MR into the category 5
of sets

Fa: Obj(MR ) 3A....-?A EObj(S)

FM : Mor(MR ) 3a....-?a EMor(S).

The functorial rules are, in any given instance, trivially satisfied. Further
examples of forgetful functors are easily indicated.
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1.3.3 REPRESENTABLE FUNCTORS

Let now K be an arbitrary category and let A EK. Then we define

MorK(A, -): Obj(K)3XI--il>MorK(A,X)EObj(S)

MorK(A, -): Mor(K) 3gI--il>MorK(A, g) EMor(S),

in which for X := Dom(g), Y:= Cod(g), MorK(A, g) is given by

MorKCA, g): MorK(A, X) 3 a I--il>ga E MorKCA, Y).

It is easy to verify that MorK(A, -) is a covariant functor of K into S.
Analogously we define for a fixed object B EK:

MorK(-, B): Obj(K) 3XI--il>MorK(X; B) EObj(S)

MorK(-, B): Mor(K) 3gI--il>MorK(g, B) EMor(S),

in which with X := Dom(g), Y:= Cod(g) we put

MorK(g, B): MorK(Y, B) 3 yl--il> yg EMorK(X, B).

It is easy to verify that MorK(-, B) is a contravariant functor of K into S.
So far we have considered functors of one argument, Le. of one category

into another. Often, however, functors of more arguments also occur. These
can, indeed, with the use of product categories (and dual categories) be
reduced to (covariant) functors of one argument; nevertheless it is con­
venient for our purpose if we indicate functors of two arguments.

1.3.4 Definition. Let K, K', L be categories. A functor F of two arguments,
that is covariant, respectively contravariant, in the first and covariant in
the second argument of K x K' into L is a pair of mappings F = (Fo, FM)
for which we have

(I) F o : Obj(K) x Obj(K') ~ Obj(L)
(II) FM: Mor(K) xMor(K')~Mor(L)

with the following properties
(1) For a EMor(K) A a' EMor(K')

with a:A-'»B Aa': A'~B'

we have FM(a, a'): Fo(A, A')-,» Fo(B, B')
resp. FM(a, a'): Fo(B, A') ~Fo(A,B')

(2) FM (l A , 1A ,) = 1poCA,A')

(3) FM({3a, (3'a') =FM({3, (3')FM(a, a')
resp. FM({3a, (3'a') =FM(a, (3')FM({3, a')

Correspondingly we define functors which are contravariant in the first
and second argument or which are covariant in the first and contravariant
in the second argument.
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1.3.5 THE FUNCTOR Mor
Associated with every category K there is the functor Mor = MorK of

K x K into S which is contra.variant in the first argument and covariant in
the second. It is defined by:

Mor: Obj(K) x Obj(K) 3 (A, B) I-"> Mor(A, B) EObj(S)

Mor:Mor(K) x Mor(K) 3 (a, 'Y)I-">Mor(a, 'Y) EMor(S),

in which Mor(a, 'Y) for a :A ~B, 'Y: C ~D is defined as follows

Mor(a, 'Y): Mor(B, C) 3(31-">'Y(3a EMor(A, D).

It is easy to establish the validity of the functorial rules. As a special
case of the above we have the Hom-functor

HomR :MRXMR~S,

1.4 FUNCTORIAL MORPIDSMS AND ADJOINT FUNCTORS

Let F and G be two given functors of the category K into L. In numerous
important examples these functors are not "independent" of one another;
there exists between them a functorial morphism which we now wish to
define.

1.4.1 Definition. Let F: K~ Land G: K~ L be two co-, respectively
contravariant, functors. A functorial morphism <P: F ~ G is a family of
morphisms

<P = (<PAI<pA EMorL(F(A), G(A)) II A E K),

so that for all morphisms a : A ~ B from K we have:

so that the diagram
<l>A

F(A) ---~)G(A)

F(.'j i r1G(.'

<1>8
F(B) ) G(B)

is commutative, where the vertical complete arrows denote the covariant
and the vertical dotted arrows the contravariant case. It is important
moreover that <PA depends indeed on F, G and A, and not, however, on a.
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A trivial example of a functorial morphism is the identity F ~ F with
<PA, = 1PCA ) for every A E K. Further it is clear that the composition of two
functorial morphisms <P: F ~ G and 'IJ1: G ~H is again such a functorial
morphism. If 'IJ1 = ('IJ1AlA E K), then we define 'IJ1<P := ('IJ1A<PAlA E K).

Except for set-theoretical difficulties we can now define fQr two categories .
K and L a new category Func(K, L), the functor category of K into L, whose
objects are the functors of K into L and whose morphisms are the functorial
morphisms of functors of K into L. According to our notation
MorFuncCK.L) (G, F) would be for instance the "set" of functorial morphisms
of F into G. Certainly we must here exercise caution since, for an arbitrary
category, this need not be a set. If we assume, however, that the object
class of K is a set (K is then called a small category) then for arbitrary
functors F and G-as we realise easily-MorFuncCK,L)(.F, G) is again a set
and Func(K, L) is in fact a category. Functor categories of this sort play an
important role in category theory. They are not, however, of significance
for us, so that we shall not consider them here any further.

1.4.2 Definition (notation as in 1.4.1). The functorial morphism <p:F~G
is called a functorial isomorphism when <PAis an isomorphism for all A E K.
If a functorial isomorphism exists between the functors F: K ~ Land
G :K ~ L, then we write briefly F == G.

Ail that we have so far established for functorial morphisms of functors
of one argument holds also, with appropriate modifications, for functors
of more arguments. For instance let F: K x K'~ Land G: K x K'~ L be
two functors in two arguments, being contravariant in the first and covariant
in the second. A family of morphisms

<P = (<PCA.A,)/<PCA.A') E MordF(A, A'), G(A, A')) A (A, A') E K x K')

is then a functorial morphism of F into G if for all morphisms a :B ~ A
from K and a' :A'~ B from K' the diagram

F(A, A') .. <I>_(A_.A......:_>__~) G(A, A')

F(~.')1 ja].,.',

<I>(B.B')

F(B, B') ------~)G(B, B')

is commutative. <P is again called a functorial isomorphism between F and
G, F == G, if all <PCA.A') are isomorphisms.

We can now introduce the concept of adjoint functors which plays a
fundamental role in category theory. It is also convenient to have the
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concept at our disposal in module theory since only with its help can the
connection between the functor Hom and the tensor product be properly
understood, in which connection it is a question of adjoint functors.

Let F: K~ Land G: L~ K be two given functors, for which therefore
G has the opposite direction to F. Let us consider now the "compound"
functor

MordF-, -): Kx L ~ S.

Here we are dealing with the case of a functor in two arguments of K x L
into the category S of sets, contravariant in the first argument and covariant
in the second. This holds similarly for the functor

MorK(-, G -): Kx L ~ S.

Under these assumptions the following definition holds.

1.4.3 Definition. The functors F and G are said to be a pair of adjoint
functors, of which G is said to be right adjoint to F and F left adjoint to
G, if there exists a functorial isomorphism between MorL (F-, -) and
MorK(-, G-).

1.4.4 EXAMPLE OF A FUNCTORIAL MORPHISM

Let MK be the category of vector spaces over the field K.
As is well known with regard to a vector space VK , there are associated

two spaces, the dual

KV*:= HomK(V; K)

and the bidual

'If

a:V~W

is a linear mapping, and thus a morphism from MK , then

a*: W* 31/J1-~r/JaE V*

is the dual and

a**: v** 3g"""""a*gE W**

is the biduallinear mapping to a (notice above the application of the linear
mapping is on the opposite side from K).
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PROPOSITION

(1) By means of the definition

~(V):= V**,

a functor

~(a):= a**

is obtained.
(2) For v E V; let vE V** be defined by

v: V* 3 rp I--'» rp (v) EK,

likewise let <I> v E HomK (V; V**) be defined by

<I>v: V3Vl--'»VE V**.

<I>:= (<I> v IV E MK) is then a functorial morphism between the identity functors
ofMKand ~.

(3) If <I> is restricted to the category of finite-dimensional vector spaces
over K then <I> is a functorial isomorphism.

Proof. The simple proof may be left to the reader as an exercise. 0

1.5 PRODUCTS AND COPRODUCTS

In the investigation of modules two distinct possibilities arise. On the
one hand we can analyse a given module by means of its submodules and
factor modules and from the knowledge of these we can make inferences
upon the structure of the module itself. On the other hand we attempt to
construct a new module out of given module in order to obtain information
about the category of modules. In connection with this second possibility
the formation of products and coproducts is of the greatest interest. In
order to make their significance more intelligible, we formulate these
concepts here for arbitrary categories.

1.5.1 Definition. Let K be a category.
(1) Let (AiliEI) be a family of objects from K. A pair (P, (rp;jiEI)) is

called a product of the family (Aili E I) :¢>

(I) P E Obj(K).
(II) (cp;ji E I) is a family of morphisms from K such that
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(III) For every family (-y;\i E I) of morphisms 'Yi: C ~ Ai, i E I from K,
there exists exactly one morphism 'Y : C ~P from K such that

'Yi = 'Pi'Y, i E 1.

(2) Let (AiliEI) be a family of objects from K. A pair (Q, (1];\iEI)) is
called a coproduct of the family (Ai!i E I) :~

(I) Q E Obj(K).
(II) (1]i!i E I) is a family of morphisms from K such that

1]i : Ai~ Q, i E 1.

(III) For every family (ai!iEI) of morphisms ai:Ai~B, iEI from K,
there exists exactly one morphism a : Q ~ B, from K such that

ai = a1]i, i E 1.

If (P, ('Pili EI)) is a product of the family (Aili EI), then we put

IT Ai :=P
ieI

and let IT Ai denote the product. This can lead to misunderstanding, since
ieI

the brief notation IT Ai creates the impression that the product is uniquely
ieI

determined and because, moreover, the reference to the family ('Pi!i E I) is
omitted. Caution is therefore needed in the use of IT Ai!

ieI
If (Q, (1]i!i EI)) is a coproduct of the family (A;\i EI), then we put

II A;:= Q
ieI

and let this denote the coproduct. The warning, mentioned above for the
product, is also applicable here. The requirement mentioned in (III) for
the product can, in the case of 1={1, 2}, be characterized by means of the
following commutative diagram:

c,
I
I,
,1'

1'1 , 1'2,
i'
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Correspondingly we obtain for the coproduct the commutative diagram:

B
I
I
I,
,"I'

a, , a 2
I
i'

In a given category K products arid coproducts do not necessarily exist. If,
in the event, they exist for an arbitrary family (Aili E I), then K is called a
category with products, respectively coproducts. If these exist at least for all
finite index sets I, then K is called a category with finite products, respectively
finite coproducts.

Products and coproducts-if they happen to exist-are uniquely deter­
mined up to isomorphism. More precisely the following theorem holds.

1.5.2 THEOREM. Let K be an arbitrary category.
(1) If (P, (CPili E I)) and (P', (cp!li E I)) are products ofthe family (Aili E I),

then there is an isomorphism a :P ~ P' with

CPi = cp~a, i E 1.

(2) If (Q, (77ili EI)) and (Q', (77~li EI)) are coproducts of the family
(A;ji E I), then there is an isomorphism T: Q ~ Q' with

77~ =T'77i, i E1.

Proof. (1) If we replace (1'diEI) of 1.5.1 (III) by the family (cp;liEI) and
replace C by P' then we obtain from the definition a

a':P'~P with cp;=cp;a'.

Analogously there exists a a :P~P' with CPi = cp~a. From this it follows that

CPi = CPia 'a,

If in the definition of the product we put (CPi liE I) for (1'i liE I) then l' = 1p

yields the desired result: CPi = CPi 1p • Since l' -is uniquely determined, and on
the other hand CPi = CPia'a holds, it follows that 1p =a'a and analogously
1p • = a'a, as was to be shown.

(2) The proof for the coproduct results from dualizing (= reversal of the
arrow) and is left to the reader as an exercise. 0

We shall meet examples of products and coproducts in the category MR.
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EXERCISES

(1)

15

Let K be a category. Prove:

{3a is a monomorphism=? a is a monomorphism.
a, (3 are monomorphisms f\ Cod(a) = Dom(a) =? {3a is a monomorphism.
{3a is an epimorphism =? {3 is an epimorph~.

(3, a are epimorphisms f\ Cod(a) = Dom({3\ =? {3a is an epimorphism.

(2) .

(a) Show for the category S of sets and for the category T of topological
spaces: if a is a morphism, then we have

a is a monomorphism~a is injective as a mapping of sets,

a is an.epimorphism~a is surjective as a mapping of sets.

(b) Let T2 be the category of Hausdorff spaces. Investigate whether (a)
also holds for T2 •

(3)
An abelian group A is called divisible :~ '<In E N[nA =A]. Let A o be the
category of divisible abelian groups. Give an example of a monomorphism
in A o which is not injective as a mapping of sets.
(Hint: use 0 and 0/71..).

(4)
Let G be a group with more than one element and let G be the associated
category in the sense of 1.2.7. Determine exactly the sets I for which
products and coproducts exist on the index set 1.

(5)
Let M be an ordered set and let !VI be the associated category in the sense
of 1.2.8.

(a) By use of the ordering on M give a necessary and sufficient condition
so that finite, respectively arbitrary, products and coproducts exist.

(b) Which morphisms from !VI are bimorphisms and which bimorphisms
are isomorphisms?

(6)
Define a category K such that Obj(K) =~ ={1, 2, 3, ...} and in which also
the product of the family (Aili = 1, 2, ... ,n) with Ai E K is the greatest
common divisor of Al, . .. , An and the coproduct of (Aili = 1, 2, ... , n) is
the least common multiple of Al, . .. , An.



Chapter 2

Modules, Submodules and Factor Modules

2.1 ASSUMPTIONS

The reader is expected to have some familiarity with the simplest ideas
of rings and modules. At the least he should have already become familiar
with two special cases of modules: linear vector spaces and abelian groups.
Although the definitions of most of the basic ideas are here presented once
again-above all, in order to fix notation-yet in view of the expected
prerequisites these ideas are not especially motivated.

In consequence we shall be very brief. Motivations and examples are
then best exhibited whenever we pass beyond the basic ideas and whenever
the issue is not immediately concerned with a direct generalization of the
ideas of linear vector spaces.

In the following all rings, which are mostly denoted by R, S or T, are
to possess a unit element 1.

2.1.1 Definition. Let R be a ring. A right R-module Mis
(I) an additive abelian group M together with

(II) a mapping

MxR ~Mwith (m, r) I---? mr,

called module multiplication, for which we have
(1) Associative law: (mrl)r2 = m(rIr2)'
(2) Distributive laws: (ml +m2)r =mIr +m2r, m(rl + r2) =mrl +mr2.
(3) Unitary law: m 1 = m.

(In the above m, ml, m2 are arbitrary elements from M and r, r1. r2 are
arbitrary elements from R).

16
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2.4.2 LEMMA. Let {BiIi E I} be a setofsubmodules B i EMand letM =L Bi.

Then (2) of the previous definition is equivalent to:

For every x EM the representation x = L bi with bi E Bi, I' c I, I' finite, is
iel'

unique in the following sense:
If

x = L bi = L Ci with bi, Ci E Bi,
ieI' iel'

then it follows that

Vi E I'[bi =Ci].

Proof "~": Let (2) hold and let x = L bi = L Ci then it follows that
iel' iel'

VjEI'[bj-Cj= L Ci-biEBjll L BiJ.
iel' iel'
i¢j i¢j

Since

Bjll L BiYoBjll L Bi =0
iel' iel
i¢j i¢j

it follows that bj =Cj for all j E I'.
"¢": Let

b EBjll L B i,
ieI
i¢j

then b = bj E B j and there is a finite subset l' c I with j el' so that

b =bj = L bi,
iel'

biEBi.

If we add to the left-hand side the summands 0 E B i , i E l' and to the
right-hand side the summand 0 E Bj, then the same finite index set l' u {j}
appears on both sides and from uniqueness it follows that b = bj = 0, i.e.
(2) holds. 0

2.4.3 Definitions
(1) A submodule B Yo M is called a direct summand of

M: ~3C Yo M[M=BEBC].
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(2) A module M,p. 0 is called directly indecomposable: ¢::> 0 and Mare
the only direct summands of M.

Exaniples and Remarks
(1) Let V = VK be a vector space and let {xiii E I} be a basis of v: Then
clearly, we have

V=EBxiK.
iEI

Further every subspace of V is a direct summand, as we show later in
a more general context.
(2) In 7l.z the ideal n71. with n ,p. 0, n ,p. ±1 is not a direct summand. Suppose
7l.=n71.(£)m71.. Then nmEn71.nm71.. Hence m =0 and so 7l.=n71., Le. n =
±1". From this it follows that 7l.z is directly indecomposable.
(3) Every simple module M is directly indecomposable for it has only 0
and M as submodules.
(4) Every module M which has a largest proper submodule or, in the set
of non-zero submodules, a smallest submodule, is directly indecomposable.
The proof may be left to the reader.

2.5 FACTOR MODULES AND FACTOR RINGS

The definition of factor modules holds as in the case of factor spaces of
linear vector spaces since only properties of linearity are employed in the
definition.

Let C '-'; MR. Then, in particular, C is a subgroup of the additive group
of M Clearly the factor group M/ C ={m +clm EM} exists under the
addition

(ml +C)+(m2 + C):= (ml +m2)+C,

A module multiplication can now be defined on M/ C so that M/ C
becomes a right module termed a factor module or a residue class module
of M modulo C or also of M by C.

2.5.1 LJefinition

(m +C)r:= mr+C, m EM, rER.

In order to show that M/ C is indeed a right R -module, it is sufficient
to sjow that

M/CxR-+M/C with (m+C,r)l-i>mr+C
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is a mapping, since the other module properties follow directly from those
ofM

Let m1 + C = m2 + C. Then m1 = m2 + c, C E C. Hence m1r + C =
(m2+c)r+C =m2r+er+C =m2r +C.

Factor modules of left modules and of bimodules are defined correspond­
ingly. Let now R be a ring and C a two-sided ideal of R. The factor group
of the additive group of R modulo C, R/C, can again be made into a ring
which is then called the factor ring or residue class ring of R modulo C (or
by C).

2.5.2 Definition

As before, we see easily that this multiplication is independent of the
representatives of the residue classes, i.e. in fact it represents an operation.
The other ring properties of R/C again follow immediately from those of
R.

If R is a ring with a unit element 1-as is always assumed here-then
1+ C is the unit element of R/C. We have now to examine some relations
between the properties of two-sided ideals and properties of the associated
factor rings. For this we need some concepts and simple facts.

2.5.3 Definition. Let A, B be two-sided ideals of R. We put

AB := ({abla EA II b EB}),

i.e. AB is the additive group generated by all products ab with a E A,
b E B; AB is easily seen to be an ideal and is called the product of the
ideals A and B.

We then deduce immediately the following.

Remark.

AB :::: {,I: ajbjlaj E A II bj E B II n EN}.
}=1

2.5.4 Definitions. Let C be a two-sided ideal of R.
(1) Let C be called a strongly prime ideal of R : ¢:>

C 'i' R II 'Vrlo r2 E R [r1r2 E C =? (r1 E C v r2 E C)].

(2) Let C be called a prime ideal of R : ¢:>

C'i'R II 'VA,B """7 RRR[AB """7 C=?(A """7 Cv B """7 Cn,
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o

i.e. if the product AB of two two-sided ideals A, B lies in C then at least
one of these ideals lies in C.

(3) r E R is called a left zero divisor: ¢:> r ;c 0 and there exists s E R, s ;c 0
and rs = 0; analogously for a right zero divisor.

(4) R is said to have no zero divisors ¢:> there exists po right or left
zero divisor in R.

(5) Let r E R; r' E R is called a right inverse, respectively a left inverse,
respectively an inverse element of r : ¢:>

,,' = 1, resp. r'r = 1 resp.,,' = r'r = 1.

We remark that from the existence of a right zero divisor it follows that
there is a left zero divisor (and conversely). If r' is a right inverse and r"
is a left inverse element o~ r, then it follows that

r' = 1r" = (r"r)r' = r"(,,') = r"l = r".

It is also immediate from this that an inverse element (if it exists) is
uniq~ely determined. It is denoted by r -1.

2.5.5 LEMMA

(1) C is a strongly prime ideal of R =:> C is a prime ideal ofR.
(2) If R is commutative then the converse of (1) also holds.

Proof. (1) Let A, B ~ RRR and let AB ~ C. Suppose A ~ C. Then

3aoEA[aoEC].

Since aob E C /\ ao e C =:> b E C for all b E B it follows that B ~ C.
(2) Let r1, r2 E C. Since R is commutative, rlR and r2R are two-sided

ideals. Since rlr2 E C it follows that

r1Rr2R =rlr2R ~ C.

Since C is a prime ideal it follows that

rlR ~ C v r2R ~ C and so rl E C v r2 E C.

2.5.6 THEOREM. Let C be a two-sided ideal ofR. Then the following hold:
(1) C is a strongly prime ideal in R ¢:>R/C has no zero divisors.
(2) C is a prime ideal in R ¢:> the zero ideal is a prime ideal in R/C.
(3) C is a maximal two-sided ideal in R ¢:> R/C is simple.
(4) C is a maximal right ideal in R ¢:>R/C is a skew field.

Proof. (1) "=:>": For brevity put R := R/C and,:= r +C. Let '1, '2 E R
and suppose '1'2 = O. Then rlr2 +C = (rl +C)(r2 +C) = C and so rlr2 E C.
Hence rl E C or r2 E C, Le. '1 = 0 or '2 = O.
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(1) "~": Let rl> r2 E R and suppose r1r2 E C. Then '1'2 = (r1 +C)(r2 +
C) = r1r2 +C = C. Thus '1 =5 or '2 =5, i.e. r1 E C or r2 E C.

(4) ":::;''': Let 0 ¥ , E R. Then riE. C and so R = rR + C, since, from riE. C,
rR +C is a right ideal properly containing C and, from the maximality of
C, must be equal to R. Consequently there is r ' E Rand C E C with

1 = ,,' +C :::;. I = ,,' + C = (r +C)(r' + C) = ;:;:',

i.e. every element ¥O of R has a right inverse.
From I =fi' ¥ 0 it follows that " ¥ 0, thus there exists r" E R with

r 'r" = 1. Hence , = r" and so ;; is an inverse of , and R is a skew
field.

(4) "~": Let r E Rand riE. C. Then , ¥ 0 and so 3;:' E R[i'i" =
,', = 1]. Then ,,' +C = 1 + C and so, for some C E C, ,,' +C = 1. Hence
R = rR + C which implies that C is a maximal right ideal in R (from 2.3.10).
(2) and (3) are proved similarly to (1) and (4). The proof is remitted to the
reader as an exercise. Furthermore we shall later get to know of a precise
relationship between the lattice of ideals of R and of R/C, from which all
assertions of this theorem follow directly.

Examples
(1) Factor spaces of vector spaces are well-known.
(2)

7l./n71. =

field of p elements,
ring with zero divisors,

o
7l. (up to isomorphism),

if n =p prime

ifn¥p IIn¥O

II n ¥±1

if n =±1

if n =0.

(3) Let K[x] be the polynomial ring in the indeterminate x with coefficients
in a field K. Let f(x) E K[x] and let f(x) be irreducible, then K[x]/f(x )K[x]
is a finite dimensional extension field of K (more precisely, an extension
field of an isomorphic copy. of K).

EXERCISES

(1)
Show that in the definition of a module the commutativity of the addition
follows from the other assumptions.
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(2)
Exhibit a module M without a finite set of generators in which every proper
submodule is contained in a maximal submodule.

(3)
(a) Let A, B, C ~ M =MR. Show that from A c B u C it follows that

A~BvA~C.

(b) Give an example of a module M and submodules A, B, C, D ~M R

such that

A c B u CuD II A 'A- B II A 'A- C II A ~ D.

(4)
Let A be a two sided ideal of a ring R. Prove: A is a maximal right
ideal~ A is a maximal left ideal.

(5)
Let

M =MR II x EM II x;t. 0 II A:= {AlA ~ M II x.eA}.

Prove:
(a) A is non-empty and A has a maximal element (with respect to

inclusion as ordering).
(b) If R =K is a field, then every maximal element from A is a maximal

submodule of M.

(6)
Exhibit in the set A := {AlA ~ Oz II I.e A} a maximal element B and a
submodule C ~ IQz with

(7)

Let {Bdi = 1, 2, 3, ...} be a set of submodules of M =MR with

00

M=I B i•
i=l

Prove that the following are equivalent.

(1) 't/j = 1, 2, ... [Bi n I Bi = oJ.
i=i+1

00

(2) M = ffi B i•
i=l
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(8)
(a) Give an example of a module M with a maximal free subset which

is not a set of generators.
(b) Give an example of a module ~O which is not a vector space and in

which every maximal free subset is a basis. (Hint: use a suitable 1::-module.)

(9)
Let V = VK be a vector space, let X be a free subset of V and let Y be
a set of generators of V with Xc Y. Show: there exists a basis Z of V
withXcZc Y.

(10)
(a) Exhibit a module M and a submodule A '-'» M such that there exist

different submodules B 1 '-'» M, B 2 '-'» M with

M =AEBB1 =AEBB2•

(b) Obtain an example of a module M which is not simple and in
which for every submodule A '-'» M there exists exactly one B '-'» M with
M=AEBB.

(11)
Let X be a finite set, X = {Xl, ••• , xn }, and let R := ~x be the set of all
mappings f: X ~ ~ (where ~ is the field of real numbers). Prove the
following.

(a) R is a commutative ring under the following definitions:

(f +g) (Xi) =f(Xi) + g(Xi) .

(f )( .) -f() () (f, g E R, I = 1, ... , n).
o g Xi - Xi . g Xi

(b) R is a principal ideal ring.
(c) Every ideal is an intersection of maximal ideals and the intersection

of all maximal ideals is O.
(d) Every ideal is a direct summand.
(e) R is a direct sum of simple ideals.

(12)
Let {Aili E I} be a set of submodules of a module M and let B '-'» M.

(a) Prove L(Ai nB) '-'» (L Ai) nB.
ieI ieI

(b) Prove (nAi) +B '-'» n(Ai+B).
ieI ieI
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(c) Give an example for which there holds:

i~I (Ai n B) :f. (i~I A;) n B.

(d) Give an example for which there holds:

(0 A;) +B:f.0 (A; +B).

(13)
Definition. A ring R is called regular (in the sense of von Neumann):

:~ 'Vr E R3r' E R[rr'r =r].

Prove: the following conditions are equivalent.
(1) R is regular.
(2) Every cyclic right ideal of R is a direct summand of RR.
(3) Every cyclic left ideal of R is a direct summand of RR.
(4) Every finitely generated right ideal of R is a direct summand of RR.
(5) Every. finitely generated left ideal of R is a direct summand of RR.



Chapter 3

Homomorphisms of Modules and Rings

3.1 DEFINITIONS AND SIMPLE PROPERTIES

The structure-preserving mappings of modules are called homomorph­
isms. These are defined in the same way as are linear mappings of linear
vector spaces.

3.1.1 Definition. Let A and B be both right R-modules or left S-modules
or S-R-bimodules respectively. A homomorphism a ofA intoB is a mapping

a:A~B

which satisfies

(1) Val, a2 E AVrl, r2 E R[a (alrl + a2r2) = a(al)rl +a (a2)r2] or
(2) Val, a2 EAVsl, S2 E S[a(slal +S2a2) = sla(al) +S2a (a2)] or
(3) Val, a2 EAVsl, S2 E SVrl, r2 E R[a(slt11rl + s2a2r2) =sla(al)rl

+ S2a (a2)r2].
respectively.

The notation
a:AR~BR

indicates that A and B are right R-modules and that a is a homomorphism.
Analogously for the other cases. To emphasize the ring and also the side
involved in a homomorphism a:AR~BR we shall also speak of a as an
R-module homomorphism or a right module homomorphism. Instead of the
notation a (a) for the image of a E A by a we shall also write merely aa.
In the case of a: sA ~ sB let aa denote the image of a by a; then the
equation in (2) assumes the following form:

(slal + s2a2)a = sl(ala) +s2(a2a ).

39
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A homomorphism is thus written on the s,ide opposite to the operation
of the ring. If there is to be any deviation from this notational rule we shall
especially indicate it. Generally for a mapping a:A ~ B we use the symbol
al-i>a(a) for the elements in correspondence; we combine a:A~B and
a I-i> a (a) in the following notation:

which we have already used in Chapter 1. The following notions, which
are customary, are also used for homomorphisms:

Domain of a =Dom(a) := A.
Codomain of a = Cod(a) := B.

Image of a = Im(a):= {a(a)la eA}.

a is an injection :~ 'rJal, a2 E A[a (al) =a (a2)~ al =a2]

(Le. a is one-one).

a is a s!.!rjection :~ 1m a =Cod(a)

(Le. a is a mapping "onto").

a is a bijection :~ a is an injection 1\ a is a surjection

In the following, if we speak of homomorphisms of modules without
indicating the side then the concepts and considerations are to be regarded
as holding for a one-sided module. All is exemplified only for right modules,
where it is clear that everything holding for right modules holds, as appropri­
ate, for left modules. In the main everything remains valid for bimodules,
but there is no need to pursue this in detail.

Examples of homomorphisms
(1) The O-homomorphism of A into B:

0: A 3aI-i>OEB.

(2) The identity injection = inclusion of a submodule A '-')0 B

L:A3al-i>aEB.

(3) The natural (canonical) homomorphism of a module A onto the factor
module A/c: where C '-')0 A:

v:A 3 a I-i>a + C EA/C.

It is immediately clear in cases 1, and 2 that we are in fact considering
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homomorphisms; for v it follows directly from the definition of the module
AIC: .

v(a1r1 + a2r2) = (a1r1 + a2r2) + C = (a1r1 +C) + (a2r2 + C)

= (a1 + C)r1 + (a2 + C)r2 = v(a1)r1 + v(a2)r2.

The homomorphisms 0, L, V are used always in the following with the same
meaning but with changing notations for domain and codomain. For the
identity mapping of a module A, which is a special case of inclusion, we
write l A •

Let a and (3 be homomorphisms with Cod(a) =Dom({3). Suppose

a:A~B, {3:B~C,

then the composition of the mappings a, {3, denoted by {3a, is obviously
again a homomorphism in fact of A into C. For a E A we then have
({3a)a = (3(aa). .

As is easily seen, a mapping a: A ~B is a bijection precisely if there
exists a (uniquely determined) inverse mapping a -l: B ~A with a -la = lA,
aa -1 = lB' If a is a bijective homomorphism then a -1 is also a homomorph­
ism: let b1=a (a1), b2=a (a2) be arbitrary elements from B and let r1,
r2 E R, then we have

a -\b1r1 + b2r2) = a -\a (a1)r1 +a (a2)r2)

= a -l(a (a1r1 + a2r2)) = a1r1 +a2r2

= a -1(b1)r1 +a -1(b2)r2.

In the following let a: A ~ B always denote a homomorphism.
For U c A, V c B, there is defined:

a(U):= {a(u)lu E U}

a -1( V) := {a la E A t\ a (a) E V}.

We remark that a -1 is itself in general not defined, if it is, then a is
bijective.

3.1.2 LEMMA

(1) U~A=?a(U)~B.

(2) V ~ B::;'a-l(V) ~ A.

Proof. (1) Let U1, U2 E U, thus

a (U1), a (U2) E a (U) t\ r1, r2 E R =? a (u1)r1 +a (u2)r2 = a (U1r1 + U2r2) E a (U),
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(2) Let alo a2 E a-\V), thus

a (al), a (a2) E V A rIo r2 E R =? a(alrl+ a2r2) = a (al)rl +a (a2)r2 E V

=?alrl +a2r2Ea-1(V). 0 .

3.1.3 Definition

Kernel of a = Ker(a) := a-1(O).

Image of a = Im(a) := a(A).

Cokernel of a = Coker(a):= Cod(a)/Im(a) =B/a(A).

Coimage of a = Coim(a):= Dom(a)/Ker(a) =A/a-\O).

We had previously introduced Im(a). By virtue of 3.1.2 we know that
Ker(a) and Im(a) are submodules so that the definitions of Cokernel and
Coimage are meaningful.

For the category MR of right R-modules, which was introduced in 1.2.5
(recall, that all II).odules are now unitary), we make use of all of the notation
from Chapter 1. In particular, by employing the concepts from 1.1.3, we
now wish to characterize injective, surjective and bijective homomorphisms.
First of all we repeat these concepts for the category MR.

3.1.4 Definition. A homomorphism a:AR -+BR is called
a monomorphism ~

an epimorphism ~

a bimorphism ~

a is an epimorphism A a is a monomorphism;

an isomorphism ~

3a' EHomR(B, A)[a'a = l A A aa' = In].

3.1.5 THEOREM. Let a: A -+ B be a homomorphism, then we have:
(1) a is an injection ~ a is a monomorphism.
(2) a is a surjection ~ a is an epimorphism.
(3) a is a bijection ~ a is a bimorphism

~ a is an isomorphism.
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Proof. (1) "~": Let aYl =aY2 with YIo Y2EHomR(C, A). Suppose Yl ~ Y2
Then

Hence

and so

Thus Yl =Y2 must hold.
(1) "¢:": Let a (al) = a (a2). Then a (al) - a (a2) = a (al - a2) = O.
Let

Yl = t: (al - a2)R 3 (al - a2)n...~ (al - a2)r E A

Y2 = 0: (al -a2)R 3 (al - a2)n...~0 E A,

Then

and we have

a (Yl((al - a2)r)) = a ((al - a2)r) = a (al - a2)r = 0

a (Y2((al - a2)r)) = a (0) =0

i.e. aYl = aY2. By assumption it follows that

Yl =Y2~ Yl (al - a2) = al - a2 = Y2(al - a2) =O~ al = a2'

(2) "~": Let f3la = f32a with f3Io f32EHomR(B, C). Suppose

f3l ~ f32~3b EB[f3l(b) ~ f32(b)].

Since a is surjective, there exists a EA such that a (a) = b. Hence

f3la (a) = f3l (b) ~ f32(b) =f32a (a)~ f3la ~ f32 a 1..

Thus f3l = f32 must hold.
(2) "¢:": Let

f3l = 11: B....:; B/Im(a)

f32 =O:B ....:;B/Im(a).

Then f3Io f32EHomR(B, B/Im(a)) and f3la = f32a = O. By assumption it
follows then that f3l = f32 i.e. B = Im(a) and consequently a is surjective.

(3) "bijection~bimorphism" follows from (1) and (2). Further it is clear
that every bijection is an isomorphism since, as we have previously shown,
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if a is a bijection then a -1 is a homomorPhism. Conversely let a be an
isomorphism. Then it follows from a'a = l A that a is injective and from
a'a = I B that a is surjective. (Obviously, then, a-I = a '.) 0

3.1.6 LEMMA. Let a:A...,B and {3:B...,C be homomorphisms. Then we
have:

a, {3 are monomorphisms ::;. {3a is a monomorphism.
a, {3 are epimorphisms . ::;. {3a is an epimorphism.
{3a is a monomorphism ::;. a is a monomorphism.
{3a is an epimorphism ::;. {3 is an epimorphism.

Proof. (1) Let 1'1, 1'2 E HomR (M, A). Since {3 and a are monomorphisms,
then we have: {3aYl ={3aY2::;' aYl =aY2::;' 1'1 = 1'2; thus {3a is a
monomorphism. Analogously for epimorphisms.

(2) Let again 1'1, 1'2 E HomR (M, A). Since {3a is a monomorphism, then
we have: aYl = aY2::;' {3aYl ={3aY2::;' 1'1 = 1'2; thus a is a monomorphism.
Analogously for epimorphisms. 0

3.1.7 Definition. Two modules A, B are called isomorphic, notationally
A ==B :~ there exists an isomorphism a: A..., B.

REMARK. == is an equivalence relation of the class of all right R-modules.

Proof
(1) A ==A, since l A is an isomorphism.
(2) Let a :A..., B be an isomorphism. Then a-I: B ..., A is an isomorphism,

Le., from A ==B it follows that B ==A.
(3) Let a: A ..., B, {3: B ..., C be isomorphisms. Then so is {3a since

a-1{3-1{3a = l A and {3aa-1{3-1 = l e, i.e. from A ==B and B == C it follows
ili~A==C 0

3.1.8. LEMMA. Leta:A...,B be a homomorphism. Then we have:
(1) a is a monomorphism~Ker(a) = O.
(2) U ~ A::;'a-1(a(U» = U +Ker(a).
(3) V ~ B::;'a(a-1(V» = V nIm(a).
(4) Let also {3 :B ..., C be a homomorphism. Then

Ker({3a) = a -1 (Ker({3» A Im({3a) ={3(Im(a».

Proof. (1) "::;''': a is a monomorphism::;' a is an injection (from 3.1.5)::;'
Ker(a) =0 (for a (0) = 0).

(1) "¢:": Let a (al) =a (a2)'
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Then a (al - a2) =0 =? al - a2 EKer(a) =0 =? al = a2. Hence a is an injec­
tion =? a is a monomorphism (from 3.1.5).

(2) "a -l(a(U)) ~ U + Ker(a)": Let a E a -l(a (U)). Then

a(a)Ea(U) andso 3UE U[a(a)=a(u)].

Then

a(a -u) =O=?a -u EKer(a)=?a E U +Ker(a).

(2) "U + Ker(a) ~ a-1(a(U))": Let u E U and k EKer(a). Then

a(u +k) = a(u)+a(k) = a(u)+ 0= a(u) E a(U).

Hence u +k E a-1(a(U)).
(3) Exercise for the reader.
(4) a EKer({3a)¢::> (3a (a) = O¢::>a (a) EKer({3) ¢::> a Ea -1 (Ker({3)).

Im({3a) =(3a(A) =(3(a(A)) = (3(Im(a)). 0

From the lemma there follows directly:
Let U ~ A and let a be a monomorphism a: A ~ B. Thlis U =

a-1(a(U)), i.e. we obtain every submodule U of A in the form a-1(V)
with V ~ B (substitute V = a(U)); let V ~ B and let a be an epimorphism
a: A ~ B. Thus V =a (a -l( V)), i.e. we obtain every submodule V of B in
theform a (U) with U ~ A (substitute U = a -l( V)).

In the following use is made as need arises of both of these facts without
specific mention.

3.1.9 COROLLARY. If

C-----~)D
/j

is commutative, i.e. {3a = 15'Y, and if 'Y is an epimorphism and (3 is a
monomorphism, then we have

im(a) = (3-1(Im(15)), Ker(15) = 'Y(Ker(a )).

Proof. From 3.1.8, since (3 is a monomorphism,

Im(a) =(3-1({3(Im(a))=? Im(a) =(3-1(Im({3a))

=(3-1(Im(15'Y)) =(3~l(Im(15))
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since y is an epimorphism. Further from 3.1.8, since y is an epimorphism
Ker(o) = y(y -1 (Ker(o))). Thus from 3.1.8 Ker(o) = y(Ker(oy)) and so
Ker(o) = y(Ker(pa)) = y(Ker(a)), since p is a monomorphism. 0

We apply ourselves now to the question of the behaviour of sums and
intersections of submodules with respect to homomorphisms and inverse
mapI;>ings (for this see also Exercise 1).

3.1.10 LEMMA. Let a homomorphism a:A-iloB be given together with a
set {Aili El} of Ai ~ A and a set {Bili EI} ofB i ~ B. Then we have

(a) a( L Ai) = L a (Ai)' a -l(n B i) = n a -l(Bi).
ieI ieI ieI ieI

(b) a(n Ai) ~n a (A;).
ieI . ieI

(c) Let now Bi ~ Im(a) for all i E l, then we have

a -1( L Bi) = L a -\Bi).
ieI ieI

Let now Ker(a) ~ Ai for all i E l, then we have

Proof. The assertions in (a) and (b) are easy to verify and are left to the
reader as an exercise. It remains to prove (c). From consideration of (a)
and 3.1.8 it follows that:

=L a-1(B;)
ieI

and also

=aa-
1(n a (A;)) =(n a(Ai)) nlm(a) =n a(Ai).

leI leI leI
o
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3.1.11 COROLLARY. Let UR ~ M R , then we have: M/ U is finitely
cogenerated (2.3.14)~ in every set {Aili E I} of submodules Ai ~ M with

nAi=U
ieI

there is a finite subset {Adi E 10} (i.e. 10 finite) with

nAi=U.
ie10

Proof. "::}": Let v:M ...:,M/U denote the natural epimorphism. nAi = U
ieI

implies that U = Ker(v) ~ Ai so that 3.1.10(c) can be applied. Therefore
it follows that

n v(Ai) = V(nAi) = v(U) = 0 ~ N/U.
ieI ieI

By assumption there is then a finite subset 10 c:: I with

n v(Ai ) =0.
ie10

Then it follows from 3.1.10(a) that

v-1(0) = U = v-1( n v(Ai)) = n V-1V(Ai) = n (Ai + U) = n Ai.
ie10 ie10 ie10 ;e1o

"{:": Let now {Aili E I} be a set of submodules Ai ~ M/ U with

nAi=O.
ieI

Then it follows from 3.1.10(a) that

v-1(0) = U = v-l(n Ai) = n v-\Ai).
ieI ieI

By assumption there is a finite subset 10 c:: I with

n v -l(A;) = U.
ie10

From U=Ker(v) ~ v-1(Ad it follows from 3.1.10(c) that

v(n v-1(A;)) = n vv-1(A;) = n (AinIm(v)) = n Ai = V(U) = O.
ie10 ie10 ie10 ie10

o

A lattice, respectively a complete lattice, is an ordered set, in which every
two-element subset, respectively subset, has an infimum and a supremum.
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The set of all submodules of a module is, under ~ as order-relation, a
complete lattice, in which the infimum is the intersection and the supremum
is the sum of the submodules. Let now A R be given, then denote the lattice
of submodules of A by Lat(A). Let a: A ~ L be a homomorphism, and let
C denote Ker(a), N denote Im(a). Then we consider the sublattice

Lat(A, C):= {UIC ~ U ~ A}

of Lat(A) and the sublattice

Lat(L, N):= {VIV ~ N}(=Lat(N))

of Lat(L). With these notations the following relationship holds.

3.1.12 LEMMA. A bijection ais defined by

a: Lat(A, C) 3 U~a(U) ELat(L, N)

with respect to which there holds:
(1) a(U1+Uz)=a(U1)+a(UZ)

(2) a(U1n Uz)=a(U1)na(UZ),

which means that a is a lattice isomorphism between

Lat(Dom(a); Ker(a)) and Lat(Cod(a), Im(a)) =Lat(Im(a)).

Proof. For this proof we use 3.1.8.
"a Injective": Let a(U1) =a(Uz) hold for

Ul, U z ELat(A, C).

Then

From

Ker(a) = C ~ Vi (i =1, 2)

it follows that U1 = Uz.
"a Surjective": Let V ~ N = Im(a).

Then

a-1(O) = C ~ a-1(V) ~ A /\ a(a-1(V)) = V nN= V,

i.e. a(a-1(V)) = V.
(1) a(U1+ U z) =a(U1+ Uz) = a(U1)+a(UZ) =a(U1)+a(UZ)'

(2) Trivially we have

a(U1n Uz) ~ a(U1)na(UZ)'
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Let now x Ea(U1) n a(U2), i.e. x = a (U1) = a (U2) with

Then

a(u1 -U2) = O=? U1 -U2 = c EKer(a) = C=? U1 = U2+C.

From C '-;> U 2 it follows that

U1 = U2 +c E U1n U2

and so

3.1.13 COROLLARy.LetC,-;>Aandletv:A~A/C. Then

v: Lat(A, C) 3 U~v(U) ELat(A/C)

is a lattice isomorphism.

3.1.14 COROLLARY. Maximal C '-;> A¢::>A/C is simple.

As an exercise the reader may give a new and complete proof of 2.5.6.

3.2 RING HOMOMORPHISMS

We now make some remarks on ring homomorphisms.

3.2.1 Definition. Let Rand S be rings. Then a ring homomorphism

p:R~S

is a mapping, for which for all r1, r2 ER we have:

p (r1 + r2) =P(r1) +p (r2),

p (r1r2) =P(r1)p (r2)'

p is called unitary, if-as is here always assumed-R and S are rings with
unit elements and p maps the unit element of R onto that of S.

For the category of rings we also use the concepts introduced in 1.1.3.

3.2.2 LEMMA. Let p:R ~S be a ring homomorphism. Then there holds:
(1) p is an injection =? p is a monomorphism.
(2) p is a surjection =? p is an epimorphism.
(3) p is a bijection ¢::> p is an isomorphism.

=? p is a bimorphism.
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Proof. As in the proof of 3.1.5. It should be stressed that the converse of
(1) does indeed hold but not the converse of (2) and (3) (see exercises).
In this respect the category of rings differs from that of modules.

We call two rings Rand S isomorphic, notationally R == S, if there exists
an isomorphism of R with S. Obviously == is an equivalence relation in
the class of all rings. An isomorphism of R with R is called an automorphism.

As for modules there exist ring homomorphisms Land 11 as well as 0,
in the case that the zero ring is admitted. Let C be a two-sided ideal in a
ring R, then 11 is defined by

1I:R 3r~r+CER/C

where R/C is the residue class ring (2.5.2). Further it is clear that the
image of a (unitary) subring with respect to a (unitary) ring homomorphism
p is again a (unitary) subring of Cod(p). In particular Im(p) is a (unitary)
subring of Cod(p).

For the most part the ideals of a ring are more important than the
subrings. Consequently we establish

3.2.3 LEMMA. Let p:R ~S be a ring homomorphism and let V be a
two-sided ideal in S, then p-l(V) is a two-sided ideal in R.

Proof. Let Ulo U2EP-l(V) and rER, then we have

P(Ul +U2) =P(Ul) +P(U2) E V:::} Ul + U2 E P-l(V),

p(ulr)=p(ul)p(r)E V:::}ulrEp-l(V)

and analogously

is a two-sided ideal in R. o

It follows from the lemma that Ker(p) is a two-sided ideal in R for which
the residue class ring R/Ker(p) exists. As a special case Ker(1I) =C for
11: R ~R/C. It is now to be shown that to every unitary ring homomorphism

p:R~S

there exists a functor (see 1.3)

Fp:Ms~MR'

For this purpose to every module M s there is associated a module MR

in the following manner: Let the additive group M+ of M R be equal to
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that of Ms, the structure of an R-module is defined by

mr:= mp(r),

Direct verification establishes that MR is a unitary R-module. Let now

be given. Then evidently we have

cp(mr) = cp(mp(r)) = cp(m)p(r) = cp(m)r.

Thus every S-hbmomorphism is also an R-homomorphism. In order to
show that Fp with Fp (Ms )=MR , Fp (cp) = cp is a functor it remains only to
observe that

Such a functor Fp is usually known as a "change of rings".
Since every S-homomorphism is an R-homomorphism it follows, as a

consequence, that Homs(M, N) '-'; HomR(M, N). If p is surjective then we
have, in fact, Homs(M,N) =HomR(M, N). The S-submodules of Ms are
evidently also R-submodules and in the case of a surjective p the S­
submodules coincide with the R-submodules.

Examples of ring homomorphisms
(1) Let R be a unitary subring of S and let p = £ be the inclusion mapping.
(2) To every ring S with unit element 1 there is a ring homomorphism

p: 71. 3 Z .....,. z 1 E S,

and the corresponding functor F p is the forgetful functor of Ms in the
category of abelian groups.
(3) Let C be a two-sided ideal of R and let

lI:R ~R/C

be the natural epimorphism. Then every R/C-module is also an R-module
and for M R / C, NR / C we have

HomR/C (M, N) =HomR (M, N).

3.3 GENERATORS AND COGENERATORS

Generators and cogenerators are categorical concepts, which play an
important role in the modern development of the theory of modules and
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also in other categories. We present here the definitions and some simple
consequences. We shall later return to these concepts several times.

3.3.1 LJefinition
(a) The module B R is called a generator (of MR ) : ~ .

VMEMR[M= L Im(cp)J.
tp eHomR (B,M)

(b) The module CR is called a cogenerator (of MR ) :~

VMEMR[O= n Ker(cp)J.
tpeHomR(M;C)

For arbitrary modules B, M

Im(B,M):= L Im(cp)
tpeHomR(B.M)

is itself, as a sum of submodules of M, a submodule of M. The property
that B is a generator means that Im(B, M) is as large as possible for every
M and so equals M.

For arbitrary modules C, M

Ker(M, C):= n Ker(cp)
tpeHomR(M.C)

is itself, as an intersection of submodules of M, a submodule of M The
property that C is a generator means that Ker(M, C) is as small as possible
for every M and so equals O.

An example of a generator of MR is immediately available: RR is a
generator. Namely let m EM, then the homomorphism

CPm:R 3 rl--')omr EM

exists with cpm (1) = m 1 = m. From this it follows that

M = L Im(cpm) - Im(R, M) - M,
mEM

thus we have Im(R, M) =M
Cogenerators of MR also exist; however, examples can best be presented

later when we have injective modules at our disposal.

3.3.2 COROLLARY

(a) If B is a generator and if A is a module with Im(A, B) =B then A is
also a generator.
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(b) Every module which can be mapped epimorphically onto RR is a
generator.

(c) If C is a cogenerator and if D is a module with Ker(C, D) =0 then
D is also a cogenerator.

Proof. (a) Evidently we have:

L Im(cpr/J) = L cp(Im(r/J)) =LCP(L Im(r/J))
",eHomR(A.B) CP.'" cp '"
cpeHomR(B.M)

=L cp(B) =LIm(cp) =M.
cp cp

(b) It follows from (a) that RR is a generator.
(c) Evidently we have:

n Ker(r/Jcp) =n cp -1 Ker(r/J)) =n cp-l(n Ker(r/J))
cpeHomR(M;C) CP.'" cp '"
"'eHomR(C.D)

=n cp -1(0) =nKer(cp) = O.
cp cp

o

Generators and cogenerators can be characterized in the following manner
by properties of homomorphisms.

3.3.3 THEOREM

(a) B is a generator ¢:>

'VJ.L E HomR (M, N), J.L ~ 0

(b) C is a cogenerator C ¢:>

'VA E HomR(L, M), A~ 0

3cp E HomR (B, M)[J.Lcp ~ 0].

3cp E HomR (M, C)[cpA ~ 0].

Proof. (a) "~": Since J.L ~ 0 there is an m EM with J.L(m) ~ O. As B is a
generator, there is a representation

hence we have

k

m = L CPi(bi),
i=l I

CPi E HomR (B, M), bi E B,

k

O~J.L(m)= L J.LCPi(bi),
i=l

and consequently there is a CPi with J.LCPi ~ O.



54 3 HOMOMORPHISMS OF MODULES AND RINGS 3.3

1
. I

(a) "¢:": Suppose Im(B, M),e M, then let

v: M ~M Im(B, M)

be the natural epimorphism. Since v,e 0 there is a cp E HomR (B, M) with
vcp ,e 0, consequently we have Im(cp) ~ Im(B, M) in contradiction to the
definition of Im(B, M).

(b) "=?": Since A,e 0 there is an I E L with A(l) ,e O. As C is a, cogenerator,
there is a cp E HomR (M, C) with A (l).e Ker(cp). Hence we have cpA (l) ,e 0,
thus cpA ,e O.

(b) "¢:": Suppose Ker(M, C),e 0, then let

£:Ker(M, C)~M

be the inclusion mapping. Since £,e 0 there is a cp E HomR (M, C) with
cp£ ,e O. Consequently we have Ker(M, C) ~ Ker(cp) in contradiction to the
definition of Ker(M, C). 0

3.4 FACTORIZATION OF HOMOMORPIDSMS

It is often expedient to factorize a given homomorphism into a product
of two homomorphisms where at least one, or even both, factors are to
possess certain "pleasant" properties. The homomorphism theorem is the
first and particularly important example of such a factorization.

3.4.1 HOMOMORPHISM THEOREM

(a) Every module homomorphism

a:A~B

. has a factorization a = a'v where

v: A~A/Ker(a)

is the natural epimorphism (see 3.1) and a' is the monomorphism defined by

a ' :A/Ker(a) 3 a +Ker(a)~a(a) E B,

a ' is an isomorphism if and only if a is an epimorphism.
(b) Every ring homomorphism

p:R~S

has a factorization p =p'v where

v: R ~ R/Ker(p )
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is the natural epimorphism and p' is the monomorphism defined by

p': R/Ker(p) 3 r+ Ker(p)~p(r)E S,

p' is an isomorphism if and only if p is surjective.

Remark. The equation a =a'v is exactly equivalent to the commutativity·
of the diagram

A/Ker(a)

(analogously for the equation p =p'v).

Proof. It suffices to go through the proof of (a) since that of (b) proceeds
entirely analogously.

It is first of all to be established that a' is a mapping: Let a +Ker(a) =
al +Ker(a). Then al =a + u, u E Ker(a). Hence

a'(al +Ker(a)) =a(al) =a(a + u) =a(a)+a(u) =a(a) =a'(a +Ker(a)),

then a' is obviously a homomorphism. In order to see that a' is a
monomorphism, 1et (as in 3.1.8)

a'(al +Ker(a)) =a(al) = O.

Thus al E Ker(a) and so

al +Ker(a) =0+Ker(a).

Hence Ker(a') =O.
Let now a E A be arbitrary, then we have:

a'(v(a)) =a'(a +Ker(a)) =a(a).

Thus
a =a'v.

Since a' is a monomorphism and, as Im(a') =Im(a), a' is then precisely
an isomorphism if a is an epimorphism. 0

3.4.2 COROLLARY

(a) If a: A...,.. B is a module homomorphism then

a:A/Ker(a) 3 a +Ker(a)~a(a) E Im(a)
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is an isomo;phism, thus we have

A/Ker(a) ==Im(a).

(b) If p: R ~ S is a ring homomorphism then

p: R/Ker(p) 3 r+ Ker(p)l-?p(r) E Im(p)

is an isomorphism, thus we have

RjKer{p) == Im{p) (as rings).

Proof. (a) We obtain a from a' by means of the restriction of Cod(a') =
Cod(a) to Im(a).

(b) Analogously. D

Since the results on ring homomorphisms, which have so far appeared,
suffice for later considerations, we confine ourselves from now on to module
homomorphisms. Thus let A, B, C, as well as all homomorphisms, be from
a module category, in which right, left or bi-modules may be considered.

3.4.3 F~RST ISOMORPHISM 'THEOREM. Let B ~ A /I C ~ A, then we have

(B +C)/ C ==B/(B n C).

Proof. For the proof we consider the homomorphisms

lI:B +C~ (B + C)/C;
with Ker(lI) = C and

a := 1IIB:B ~ (B +C)/C

with Ker(a) =B n C. We now apply 3.4.2:

(B +C)/C==Im(lI) = lI(B+ C) = lI(B) + lI(C) = lI(B),

B/(B n C) ==Im(a) =a(B) = 11 (B)

=> (B +C)/ C ==B/(B n C). D

We can also prove this theorem without invoking 3.4.2 by verifying that

B/(B n C) 3 b +(B n C) I-? b + C E (B + C)/C

is an isomorphism. This may be left to the reader as an exercise.

3.4.4 COROLLARY. A =B(BC=>A/C==B.

Proof.

A/C = (B +C)/C==B/(B n C) =B/O==B. D
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As a further deduction we give Zassenhaus's Lemma which is used in an
essential way in the next chapter. It indicates that perhaps a modification
must first be achieved in order to be able to apply the first Isomorphism
Theorem.

3.4.5 LEMMA. Let V' ~ V ~ A 11 V' ~ it ~ A then we have

(V'+(Vn V))/(V'+(Vn V'))==(V'+(Vn V))/(V'+(V'n V)).

Proof. We show that the left-hand side is isomorphic to

(V n V)/((V' n V)+ (V' n V)).

Since this expression is symmetric in V and V, the right-hand side is then
also isomorphic to it, from which the assertion follows.

As V n V' ~ V n V we have

V' + (V n V) = (V n V) + (V' +(V n V')),

and further according to the modular law (2.3.15)

(V n V) n (V' + (V n V')) = (V n V n V') + (V n V')

= (V' n V)+(V n V').

From the First Isomorphism Theorem it follows therefore that

(V'+(Vn V))/(V'+(Vn V'))

=((V n V)+(V' +(V n V')))/(V' +(V n V'))

==(V n V)/((V n V) n (V' +(V n V')))

=(V n V)/((V' n V)+(V n V')). 0

3.4.6 SECOND ISOMORPHISM THEOREM. Let C ~ B ~ A, then we have

A/B ==(A/C)/(B/C).

Proof. Let

vl:A~A/C

V2: A/C ~ (A/ C)/(B/C),

where V2 is well-defined, since, from C ~ B ~ A, B/C is also a submodule
of A/e.

Since Vl and V2 are epimorphisms, V2Vl is an epimorphism (3.1.6) and
consequently 3.4.2 implies that

A/Ker(v2vl) == (A/ C)/ (B/ C).
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But according to 3.1.8 we have

Ker(v2vl) = vl1 (Ker(v2)) = vI1 (B/ C) = vI1 (Vl (B))

=B +Ker(vl) =B + C =B,

from which the assertion follows.

Example. 71./371. == ("71./671.)/ (371./671.).

o

Finally a result is to be presented which can be considered as the generaliz­
ation of the Homomorphism Theorem 3.4.1.

3.4.7 THEOREM. Let a:A~B be a homomorphism and let cp:A~C be
. an epimorphism with Ker(cp) ~ Ker(a). Then there exists a homomorphism
A:C~B with

(1) a =Acp.
(2) Im(A) =Im(a).
(3) Ais a monomorphism~Ker(cp ) = Ker(a)

Remark. (1) means that the diagram

is commutative.

Proof. Since cp is an epimorphism, for an arbitrary C E C there is an a E A
with cp (a) = c. To every C E C let there be chosen a fixed ae E A with cp (ae ) =C

(Axiom of Choice). Then a mapping is defined by

A:C~B with A(c):=a(ae ).

In order to show that A is indeed a homomorphism it must first of all be
established that A is independent of the choice of the ae with cp(ae ) =c.

Let c =cp(a) =cp(ae ) with a, ae E A.
Then

and so

a - ae E Ker(cp) ~ Ker(a) (by assumption).
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a (a - ac ) = O=:'>a (a) = a(ac ) = A(c).

59

It now follows immediately that A is a homomorphism: Let Cl = tp(al),
C2 = tp(a2) with a1> a2 E A and let '1> '2 E R. Then

tp(al'l + a2'2) = tp(al)'l + tp(a2)'2 = Cl'l +C2'2

=:.> A(Cl'l +C2'2) =a (al'l +a2'2) =a (al)'l +a (a2)'2

=A(clh +A(C2)'2'

(1) and (2) follow directly from the definition of A. For the proof of (3)
first let A be a monomorphism. By assumption we have Ker(tp) y. Ker(a).

To prove that Ker(a) y. Ker(tp) let a EKer(a), since 0 = a (a) = A(tp(a))
it then follows that tp (a) = 0, thus a E Ker(tp) holds. Suppose now that
Ker(tp) = Ker(a), then it follows from A(c) = 0 and C = tp(a) that a(a) = 0
holds, thus a EKer(a) = Ker(tp) and hence C =tp(a) =0. 0

We draw attention to two special cases of 3.4.7:
(1) Let a:A~B, A' y.Ker(a), C=A/A', tp=lI:A~A/A' then the

diagram

is commutative where A(a+A')=a(a). For A'=Ker(a) this is the
Homomorphism Theorem 3.4.1.
(2) Let A" y.A' y.A, a = lI':A~A/A', C=A/A", tp = 1I1:A~A/A"then

the diagram

v' ) A/A"

""""" ,\.-
""

A/A'

is commutative, where A(a +A") = a +A'.



60 3 HOMOMORPHISMS OF MODULES AND RINGS 3.4

Let now A = {3a be a given factorization of a given homomorphism A.

M.

We inquire into the relationship between the properties of A and the
"decomposition properties" of B. Before we begin with this, we recall the
definition of the (internal) direct sum (2.4), which is now needed for two
summands only. In this case we have:

B =BoffiB1 ¢::}B =Bo+B 1 II BonB1 = O.

3.4.8 Definition
(1) The submodule B o~ B is called a direct summand of B : ¢::} there

exists a submodule B 1 ~ B with B = BoffiB 1•

(2) A monomorphism a: A ~ B is said to split: ¢::} Im(a) is a direct
summand in B.

(3) An epimorphism {3: B ~ C is said to split: ¢::} Ker({3) is a direct
summand in B.

3.4.9 LEMMA. Let the diagram

M

be commutative, i.e. A =(3a. Then
(1) Im(a)+Ker({3)={3-1(Im(A)),
(2) Im(a) nKer({3) = a (Ker(A)).

Proof. (1) A = (3a~ Im(A) = Im({3a) = (3(Im(a))~ (3-1(Im(A)) =
(3-1({3(Im(a))) = Im(a) + Ker({3) by 3.1.8.

(2) Ker(A) = Ker({3a) = a -\Ker({3)) by 3.1.8

~a(Ker(A))= a(a -1 (Ker({3))) = Im(a) n Ker({3)

by 3.1.8. o
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3.4.10 COROLLARY

(a) A is an epimorphism~ Im(a) +Ker(f3) = (3-1(M) = B.
(b) A is a monomorphism ~Im(a) nKer({3) = a(O) = O•

. (c) A is an isomorphism ~Im(a)EBKer({3)=B.

Proof. Direct consequence from 3.4.9.

3.4.11 COROLLARY

(1) For a: A ~ B the following are equivalent:
(a) a is a split monomorphism.
(b) There exists a homomorphism {3 :B ~ A with {3a = l A •

(2) For (3: B ~ C the following are equivalent:
(a) f3 is a split epimorphism.
(b) There exists a homomorphism 'Y: C ~ B with {3'Y = 10

o

Proof. (1) "(a)~(b)": Let B = Im(a)EBB I and let '7T:B ~Im(a) be the
projection of B onto Im(a) defined by

a(a) e Im(a), b i eB l •

Further call ao: A 3 a ~a(a) e Im(a), i.e. let ao be the isomorphism defined
by the restriction of the domain B of a to Im(a).

For (3 := ail l
'7T we then have

(3a(a) = ail l '7Ta(a) =ail l (a(a)) = a, aeA,

thus {3a = l A •

(1) "(a) ¢: (b)": Since {3a = l A a is a monomorphism which splits by
3.4.10 (c).

(2) "(a)~(b)": Let B=Ker({3)EBBt> and let £:BI3b~beB be the
inclusion mapping of B 1 into B. Further let i3I denote the restriction of {3
onto Bt, then {31 is an isomorphism (since (3 is an epimorphism and
Ker({3) n B I = 0). For 'Y := £(311 we then have

(3'Y(c) =(3£{31I (c) = {3 ({31I (c)) =c, c e C,

thus {3'Y =10

(2) "(a)¢:(b)": Since {3'Y=lc (3 is an epimorphism, which splits by
3.4.10(c). 0

We point out, in particular, the special case, in which a is the inclusion
mapping of a submodule A ~Band {3: B ~B/A is the natural epi­
morphism.
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3.5 THE THEOREM OF JORDAN-BOLDER-SCHREIER

3.5

We now consider finite chains of submodules of a module A. Let

O=Bo~Bl ~B2 ~ ... ~Bk-I ~Bk=A,

O=Co~ C1~ C2~'" ~ Ct-l ~ C/=A.

We denote the first ofthese two chains by B and the second by C. Then
we have the following.

3.5.1 Definitions
(1) Length of the chain B := k.
(2) The factors of the chain B are the factor modules BIIBI- b

i = 1, ... , k. The ith factor of B is BIIBj-l.
(3) The chains Band C are said to be isomorphic, B ~ C : ¢:> there exists

a bijection {; between the index set I of B and the index set J of C such
that we have:

i= 1, ... , k.

(4) C is called a refinement of Band B a subchain of C : ¢:> either B = C
(trivial refinement) or B is obtained from C by omitting certain of the q
from C.

(5) The chain B of A is called a composition series: ¢:> 'Vi = 1, ... , k
[BI- I maximal in B i ] (¢:> 'Vi = 1, ... , k [BJB I- 1 simple] by 3.1.14).

(6) The module A is said to be of finite length: ¢:> A = 0 v A has a
composition series.

Remark. If B ~ C holds and if B I =B I - I for a fixed i, then there is a j so
that, if B I in Band q in C are omitted, the chains, resulting in this way, are
again isomorphic.

Proof. The proof follows directly from the fact that B i =B i - I has the
consequence that first of all BIIBI- 1 = 0 and thereby Co(/)I CO(i)-l = 0 thus
Co(/) = Co(/)-I' From the omission of BI resp. Bo(/) precisely the factor
BJBI- I =0 =Co(/)I CoCil- 1 is thus omitted whereas the other factors are
unchanged. 0

We shall make use of this remark in the following without especial
mention. It is further clear that the isomorphism defined in (3) is an
equivalence relation in the set of all chains of A of the form B.
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Examples
(1) Let V = VK be a vector space and let {Xl, ••• , xn } be a basis of V. Then

"-1 n°~ X1K ~ x 1K +X2K ~ ... ~ L x;K ~ L x;K = V
;=1 ;=1

is a composition series of V.
(2) Every chain of 7L.z can be properly refined. If

is such a chain with B 1 ,e °(which does not entail a restriction) then, since
7L. does not contain a simple ideal, B 1 cannot be simple. Thus between °
and B 1 an ideal different from both can be inserted. Consequently 7L.z does
not have a composition series.
(3) In iQ!z every chain

O~Bl ~B2 ~ ... ~Bk =iQ!z

with O,e B 1 and B k- 1 ,e Q can be properly refined both between °and B 1
and also between B k - 1 and iQ!, since iQ!z contains neither a minimal (=simple)
nor a maximal submodule. Accordingly iQ!z does not have a composition
series.

We prove now the Jordan-Holder-Schreier Theorem, from which we
then obtain as a most important corollary that, if a module has a composition
series, the series is uniquely determined up to isomorphism.

3.5.2 JORDAN-HoLDER-SCHREIER THEOREM

Any two (finite!) chains of a module have isomorphic refinements.

Proof. Let Band C be given finite chains of the module A. The modules

j=o, ... , I

are inserted between B i and B;+l (i =0, ... , k -1), and so we obviously
have

Analogously the modules

C;.j= Q+(Q+lnB;), i =0, ... , k

are inserted between Cj and Q+l (j = 0, ... , I-i) and we have
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The refined chains are then denoted by 8* and C*; they both have the
same length kl. From 3.4.5 it follows that

{
i.:O, , k-l.
J - 0, , I-I

Since in these kl isomorphisms precisely all of the kl factors of 8* and
precisely all of the kl factors of C* appear, it follows that 8* E:: C*. 0

3.5.3 COROLLARY. Let A be a module of finite length. Then we have:
(1) Every chain 8 of the form

can be refined to a composition series.
(2) Any two composition series ofA are isomorphic.

Proof. (1) By assumption there is a composition series C of A. According
to the Jordan-Holder-Schreier Theorem 8 and C have isomorphic
refinements 8* and C*. Since C, as a composition series, can only be
trivially refined, there is (from the remark following 3.5.1) a refinement
8 0 of 8 with 8 0

E:: C. Since all the factors in C are simple, so also are the
factors of 8 0

, consequently 8 0 is a composition series.
(2) Let now 8 and C be composition series and let in the terminology

of (1): 8 0
E:: C. Since 8 0 is a refinement of 8 and both are composition

series, it follows that 8 = 8 0 and therefore 8 E:: C. 0

3.5.4 Definition. Let A be a module of finite length. Then let the length
of A =Le(A) := length of one (and therefore of any) composition series
of A.

3.5.5 COROLLARY. Let A ~M. Then we have: M is a module of finite
length if and only if A and M/A are modules of finite length. If the length
is finite then we have

Le(M) = Le(A) +Le(M/A).

Proof. If °=A or A =M then the assertion is clear. Let now °~ A ~ M
and let M be of finite length. Then the chain

O~A~M

can be refined to a composition series:

O~Al ~ ... ~Ak=A~ ... ~An =M.
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The initial part of the chain up to A k=A is a composition series of A. We
claim that

O=A/A '-'.loAk+dA '-'.lo ... '-'.loAn/A=M/A

is a composition series of M/A. This holds, since according to the Second
Isomorphism Theorem

(Ak+i+dA)/(Ak+JA) =:;,Ak+i+dA k+i

is simple. From the preceding it follows that Le(M) = Le(A) +Le(M/A).
Let now A and M/A be of finite length and let

o'-'.lo A 1 '-'.lo ... '-'.lo A k =A, 0 '-'.lo jj1 '-'.lo ... '-'.lo BI =M/A

be composition series of A and M/A respectively'. Let 11: M ~M/A and
1 - - --B i := 11- (Bi)' Then We have A '-'.lo B i and 11 (Bi ) =BJA =Bi. Since Bi+dBi is

simple and as

Bi+dB i is also simple. Consequently

O'-'.loA 1 '-'.lo .. ; '-'.loAk=A '-'.loB 1 '-'.lo ... '-'.loBI =M

is a composition series of M, i.e. M is of finite length. o

In particular the proof has shown how from composition series for A
and M/A such a series for M can be manufactured.

Example. The 1:-module 1:/61: has two composition series

o'-'.lo 21:/61: '-'.lo 1:/61:,

The factors of the first are

21:/61:=:;,1:/31:,

those of the second are

O'-'.lo 31:/61: '-'.lo 1:/61:.

(1:/61:)/(21:/61:) =:;,1:/21:,

31:/61: =:;, 1:/21:, (1:/61:)/(31:/61:) =:;,1:/31:,

from which the isomorphism of the two chains follows immediately. The
significance of the Jordan-HOlder-Schreier Theorem for modules of finite
length becomes clear from the following consideration. Let A be a module
of finite length, let B be an arbitrary submodule of A, 'let C be a maximal
submodule of B, then B/C is a composition-factor (=factor of a composi­
tion series) of A. Thus let us consider the chain

O'-'.lo C'-'.loB '-'.loA
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(correspondingly the shorter chain in case that C = 0 or B =A resp.). This
can be refined to a composition series, in which no. module is inserted
between C and B since C is maximal in B. Consequently B/C is in fact
a composition factor of A, i.e. up to isomorphism one of the uniquely
determined finitely many composition factors of A.

3.6 FUNCTORIAL PROPERTIES OF Hom

As we have already observed in Chapter 1, HomR is a functor of the
category MR (or sM or sMR), contravariant in the first argument and
covariant in the second, into the category 5 of.sets:

HomR: Obj(MR)xObj(MR)3 (A, B)..-;.HomR(A, B) e Obj(S)

HomR: Mor(MR) x Mor(MR) 3 (a, ,,)..-;.HomR(a, ,,)eMor(S),

where HomR(A, B) is the set of homomorphisms of A into Band
HomR(a,,,) is defined in the following manner: For

a:A~B,

let

HomR(a, ,,): HomR(B, C) 3 {3..-;.,,{3a eHomR(A, D).

If R =K is a field, i.e. MK is the category of K-vector spaces, then
HomK(A, B) becomes again a vector space over K in a well known manner
by means of the definition

(al +(2)(a):= al(a)+a2(a)

(ak)(a) := a(ak),

(with al, a2 e HomK(A, B), a e A, k e K) a vector space over K, and HomK
can now be considered as a functor in the category MK itself (and not only
in 5). This property is now to be generalized. Let now R be once more
an arbitrary ring with a unit element. By the following definition
HomR (A, B) becomes an abelian group. For al, a2 e HomR (A, B), al +a2 e
HomR (A, B) is defined by

(al+a2)(a)=al(a)+a2(a), aeA.

The group-theoretic properties of HomR (A, B), which follow from those
of B, are then easy to verify: in particular the zero mapping of A into B
is the zero element of HomR(A, B) and the mapping -a with

(-a)(a):= -a(a)

is the homomorphism inverse to a e HOIDR (A, B).
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With this interpretation of HomR (A, B), HomR becomes a functor in
the category A of abelian groups. For this purpose we further establish
that HomR(a,,,) is now a group homomorphism of HomR(B, C) into
HomR(A,D):

HomR (a, ,,)({31 +{32) = ,,({31 +{32)a

=,,{31a + ,,{32a

=HomR(a, ,,)({31) +HomR (a, ,,)({32),

since

(,,({31 +{32)a)(a) = " (({31 +{32)(a (a)))

=,,({31(a (a)) +{32(a (a))) = ,,({31(a (a))) + ,,({32(a (a)))

= (,,{31 a )(a) + (,,{32a )(a) = (,,{31a +,,{32a )(a).

Let now S be also a ring with a unit element, let A =sAR and as before
let B =B R. Then HomR (A, B) becomes by the definition

(as)(a) := a(sa), a EHomR(A, B), a EA, s ES,

a right S-module, as is immediately verifiable.
Further let T be a ring with a unit element and let A =A R and also

B =TBR. Then by.the definition

(ta )(a) := ta (a), a EHomR(A,B), a EA, tE T,

HomR (A, B) becomes a left T-module. If we have simultaneously A =sAR,
B = TBR then it follows that

HomR (A, B) = THomR (A, B)s,

Le. HomR(A, B) becomes a T-S-bimodule.

3.6.1 Definition. The centre of the ring R is

Z(R) := {sis E R II 'v'r E R[sr =rs]}.

Remark. Z(R) is a commutative subring of R, which contains the unit
element of R. \

If we put S:= Z(R) and let A =AR , then, by the following definition,
A becomes an S-R-bimodule,

sa := as, S E S = Z (R), a E A,

as is easily verified.
Since this holds for every R-module, it follows that HomR (A, B) can be

considered as an S = Z (R )-module, right, left or two-sided. As we realize
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easily, HomR can then also be understood to be a functor in the category
Ms, sM, sMs respectively. If R is commutative, i.e. S =Z(R) = R, then
HomR is a functor in MR, as in the case of a vector space over a field.

In order to avoid confusion in complicated cases, we write, for example,
in the situation sAR , TBR also

where the index R of the HomR indicates that an R-homomorphism is
involved, and the indices Sand T imply that HomR(sAR, TBR) is to be
considered in the previously employed sense as a T-S bimodule. In the
situation RAs, RBT then HomR (RA s, RBT) is an S-T bimodule, and from
our convention at the beginning of 3.1

a (sat) = (as)(at) = (asa)t = asat,

indicates that a E A is first of all multiplied by s E S; then a E HomR (A, B)
is applied to as and the image multiplies t E T.

If we consider HomR with respect to a fixed second argument MR as a
functor of the first argument, then the following notational conventions
are used:

HomR(-, M): Obj(MR) 3AI--i>HomR(A, M) E Obj(S)

HomR (-, M): Mor(MR ) 3 a I--i> HomR (a, A{) 3 Mor(S),

in which we are to have

HomR (a, M) := HomR (a, 1M ).

Analogously for the second argument.

3.7 THE ENDOMORPIDSM RING OF A MODULE

As mentioned in the previous section, for every module A HomR (A, A)
is an additive abelian group. In addition we know that the composition {3a
of two homomorphisms

a:A-7B,

is again a homomorphism. Consequently in HomR (A, A) the product of
any two elements is defined by composition and this product is associative
(being the composition of mappings).
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3.7.1 THEOREM. HomR(A, A) is a ring with a unit element if addition
and multiplication are defined as:

(al +az)(a) =al(a)+aZ(a)

(alaZ) = al(aZ(a)).

Proof. By virtue of the preceding explanation it remains to show that the
distributive law holds:

. ((al +aZ)a3)(a) = (al +aZ)(a3(a)) = al(a3(a)) +aZ(a3(a))

= (ala3)(a) + (aZa3)(a) = (ala3 +aZa 3)(a)

=> (al +aZ)a3 = ala3 +aZa3.

(a3(al +az))(a) = a3((al +az)(a)) = a3(al(a) +az(a))

=a3(al(a)) +a3(aZ(a)) = (a3al)(a) + (a3aZ)(a)

= (a3al +a3a Z)(a)

=> a3(al +az) =a3al + a3a Z'

The unit element of HomR(A, A) is the identity mapping on A. 0

3.7.2 Definition. The ring given in 3.7.1 is called the endomorphism ring
of A (also called the R-endomorphism ring of A), and is denoted by
End(AR).

Example. If V = VK is a vector space then End( VK ) is the ring of linear
mappings of V into itself.

Remark. If VK is a vector space of dimension n with 0 < n < c:othenEnd(VK )

is isomorphic as a ring to the ring of all n x n square matrices with
coefficients in K. The proof of this fact is given later in a more general
context.

We wish now to determine End(RR) for an arbitrary ring R. To this end
we consider for a fixed ro E R the mapping

r~) : R 3 X~ rox E R.

From the distributive and associative laws we have r~) E Homr(RR, RR);
r~) is said to be the left multiplication induced by rD. Let now cp E End(RR),
then for an arbitrary x E R and the unit element 1 E R we hav~:

cp(x) = cp(lx) = cp(l)x = cp(l)(l)(x),
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Le. lp = lp (1)(1). Evidently End(RR) consists precisely of all left multiplica­
tions, as a result of which we then write

3.7.3 LEMMA. The mapping

p: R 3 n-...;. rCI) E R(I)

is a ring isomorphism.

Proof. For r1> r2, x E R we have

(rl + r2)CI) (x) = (rl + r2)x = rlX + r2X

=r~l)(x)+r~) (x) = (d) + r~»)(x)

:::} (rl + r2)(I) =AI) + r~).

(rlr2)CI)(X) = (rlr2)x = rl (r2x) = r~1) (r~) (x))

=(r~l)r~»)(x)

Thus p is a ring homomorphism.
(I)

Let now rlX = r2X. Then for x = 1: rl = rl1 = r21 = r2. Thus we have rl =
r~) and so rl = r2, Le. p is injective. It is clear that p is surjective. 0

Analogously we can consider the ring R Cr) of right multiplications of R,
and we have analogously

There follows now an important result on the endomorphism ring of a
simple module. First of all we prove something more general.

3.7.4 LEMMA. Let A and B be two simple R-modules. Then every
homomorphism ofA into B is either 0 or an isomorphism.

Proof. Let a: A -,)0 B be a homomorphism. From Ker(a) c...;. A we have either
Ker(a) = A, thus a = 0 or Ker(a) = 0, Le. a is a monomorphism. From
Im(a) c...;. B we have either Im(a) = 0, thus a = 0 or Im(a) = B, Le. a is an
epimorphism. From both assertions: a '" O:::} a is an isomorphism. 0

3.7.5 LEMMA (SCHUR). The endomorphism ring of a simple module is a
skew field.
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Proof. From 3.7.4 every non-zero endomorphism is an automorphism and
thus has an inverse element in the endomorphism ring. Consequently the
endomorphism ring is a skew field. 0

We return once more to the general situation in which an arbitrary
module A R is given, and let S := End(AR ). In our notation the endomorph­
isms operate on the left of A. If we write for a E S, a E A instead of a (a)
merely aa, we may verify easily that A is a left S-module. From

a(ar) =a(a)r = (aa)r, a ES, a EA, rER

A is in fact an S-R-bimodule. We shall come back later many times to this
bimodule structure, the relationship between the structure of A R , sA and
sAR will indeed playa role in certain considerations.

3.8 DUAL MODULES

As in the special case of vector spaces the concept of the dual module
and the consequential relationships play an important role in the theory
of modules. The main result of the following considerations consists of
showing that (as with vector spaces, see 1.4.4) the passage to the bidual is
a functor a, and that a functorial morphism exists between the identity
functor and a.

We prove at once the following more general theorem:

3.8.1 THEOREM. Let TLR be given. Then

(1)

with

HomR(-, TLR): Obj(MR) 3 A I-? HomR (A, TLR) E Obj(TM)

HomR(-, TLR): Mor(MR) 3a I-? HomR (a, 1L ) EMor(TM)

is a contravariant funCtor.
(2) Let

then

is a covariant functor.
(3) For A E M R let
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with

then
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is a functorial morphism between the identity functor lMR and AL •

Proof. (1) As already established earlier, HomR (AR, TLR) is a left T-module,
and for a: E HomR (A, B) we have

It remains to be established that HomR (a:, lL) is a left T-homomorphism;
this follows immediately from

t,p . a: = t . ,pa:, t E T.

Finally we have

HomR (lA, lL) = lHomR(A,LJ,

HomR ({3a:, lL) = HomR (a:, h)HomR ({3, lL),

and so everything is proved.
(2) The functor AL is th~ composition of the functors

HomR(-, TLR): MR~ TM

and (of the analogously defined functor)

HomT(-, TLR):TM~MR'

(3) <PA is an R-homomorphism. Let

q:; E HomR (A, L),

then we have

q:;<P(alrl +a2r2) = q:; (alrl + a2r2)

=q:;(al)rl +q:;(a2)r2

=q:; <P(al)rl + q:; <P(a2)r2

=q:;(<P(al)rl +<P(a2)r2),

which was to be shown.
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It remains to be proved that the diagram

is commutative. For a E A, I/J E HomR (B, L) we have on the one hand

I/J¢JB(aa) = I/J(aa),

and on the other hand

which was to be shown. o

Of particular interest is the special case T =Rand TLR =RRR. We assume
this in the following definition.

3.8.2 Definition
(1) For A R

is called the dual and

the bidual module to A R.
(2) For a :AR ~ BR

a*:= HomR(a, R) =HomR(a, 1R)

is called the dual and

is called the bidual homomorphism to a.
(3) For a EA a**:= ¢JA(a) is called the bidual element to a.
For many considerations it is of interest to know which properties are

possessed by the homomorphism

¢JA: A 3a~a**EA**.

If A R is a finite-dimensional vector space then it is well known that ¢JA is



74 3 HOMOMORPHISMS OF MODULES AND RINGS 3.8

an isomorphism. In general this is "Jbt the case. Different possibilities are
characterized by particular denotations:

3.8.3 Definition. Let cI>A: A 3 a ~a*~EA**.
(1) A R is called torsionless : ¢:> cI>A is a monomorphism.

. (2) A R is called reflexive: ¢:> cI>A is an isomorphism.
Since later we have to consider numerous applications of these ideas, we here
omit examples.

3.9 EXACT SEQUENCES

In homological algebra, complexes and exact sequences play an important
role. They are a part of the fundamental concepts and are used, in particular,
in the definition of the functors Ext and Tor. Although in this book we do
not go further into homological concepts, nevertheless at least complexes
and exact sequences are to be presented. Their usefulness appears sub­
sequently in an application in Chapter 12 of this book.

Let R be a ring and let
a , _ 2 Q'-l QI Qi+l

A := . . . ------;> Ai-1 ------;> Ai ------;> Ai+1 ------;> • • •

be a sequence of homomorphisms of right R-modules Ai~ Ai+lo finite or
infinite on one or other or both sides. For example A can have the form

at Q 2 Q3

A=O~A1~A2~A3~...
or

a_4 Q-3 Q-2

A =... ------;> A -3 ------;> A -2 ------;> A -1 ~ 0
or

where
O~A resp. W ~O

is, as appropriate to the case, an unambiguously determined R­
homomorphism. Finally the enumeration can also be inverted as for
example in

3.9.1 Definition (a) A sequence A is called a complex: ¢:> for every
subsequence of the form

holds.
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(b) A sequence (or complex) A IS called exact :~ for every subsequence
of the form

holds.
(c) An exact sequence A is called a split exact sequence :~ for every

subsequence of the form

is a direct summand of Ai.
(d) If A is a complex then the sequence

... , Ker(ai)/Im(ai-l), Ker(ai+l)/Im(ai), ...

is called the homology of A and Ker(ad/lm(ai-l) is called the ith homology
module of A.

(e) An exact sequence of the form

is called a short exact sequence.
We point out that a sequence A is a complex if and only if (for all

occurring index pairs i, i -1)

holds (for aiai-l =O~Im(ai-l) '-',lo Ker(ai))'
All of these concepts are mentioned for the sake of completeness; in

this book (in Chapter 12) we shall however only have short exact sequences
to consider. We confine ourselves now to what we need there.

We begin first of all by making clear what it means for the short sequence

f g
O~A---'»M---'» W~O

to be exact. Since the first mapping 0~A has image 0, the exactness of

o~A !." M indicates that f is a monomorphism. Since the last mapping

W ~ 0 is the zero mapping with Kernel = W; the e,xactness of M ~ W ~ 0
indicates that g is an epimorphism. From Im(f) =Ker(g) it then follows
that M/lm(f) == W.
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If A ~ M then we obtain in particular the short exact sequence

O~A~M-:M/A~O,

where £ is the inclusion mapping and v is the natural epimorphism.
The following lemma is needed later.

3.9.2 LEMMA. Let all modules be right R-modules and let all homomorph­
isms be R-module homomorphisms. Let

f g
O~A~M~W-O

·1 ·1 -j
h k

0-----7B-N-X~0

be a commutative diagram (i.e. f.Lf =ha and wg = kf.L are to hold) with exact
rows and let a, f.L, w be monomorphisms. Then f.L is an isomorphism if and
only if a and ware both isomorphisms.

Proof. First let f.L be an isomorphism. Let b E B. Then h (b) EN and so there
is m EM with f.L(m) = h(b), thus wg(m) = kf.L(m) = kh(b) = O. Since w is a
monomorphism it follows that g(m) =0, thus m.E Ker(g) = Im(f) ~ there
is an aEA with f(a)=m. Hence ha(a)=f.Lf(a)=f.L(m)=h(b) and so
h(a(a) -b) =0, and since h is a monomorphism, it follows that a(a) =b,
i.e. a is also surjective and, in consequence, an isomorphism.

Let now x E X be given. Then there is n EN with k (n) = x and so there
is m EM with f.L(m) = n, thus wg(m) = kf.L(m) = k(n) = x ~w is likewise
surjective, thus an isomorphism.

Conversely let now a and w be two isomorphisms and let n EN be given.
Then there is WE W with w(w) =k(n). Consequently an m EM exists with
g(m) = w~ kf.L(m) = wg(m) = w(w) = k (n)~k(n - f.L(m)) = 0
~ there is bE B with h(b) =n - f.L(m);
~ there exists an a eA with a(a) =b;
~ f.Lf(a) = ha(a) = h(b) = n - f.L(m);
~ f.L (f(a) +m) = n, thus f.L is surjective and consequently is an isomorph-

ism. 0

This proof is a typical example of so-called diagram-chasing. It is clear
that, without the notation of diagrams, this proof would be very obscure.

We direct our attention now to split short exact sequences. Let
f g

O~A---'»M---'» W~O
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be an exact sequence. Obviously the splitting of the subsequences

f go~A -)0 M and M -)0 W ~ 0

is already given, so that the splitting of the given short exact sequence
depends only on the splitting of

f g
A-)oM-)oW

i.e., on whether Im(f) = Ker(g) is a direct summand in M.

f g
3.9.3 LEMMA. Let A = 0~ A -)0 M -)0 W ~ 0 be a short exact sequence.

(a) The following are equivalent:
(1) A splits.
(2) There exists a homomorphism fo: M ~A with fof = l A •

(3) There exists a homomorphism go: W ~M with ggo = 1w.
(b) If A splits, then fo and go exist as in (2), (3) resp. so that

is exact and splits.

Proof. (a) "(1)~(2)": 3.4.11 (1).
"(1)~(3)": 3.4.11 (2).

(b) Letfo:M~A withfof= l A chosen arbitrarily. From 3.4.10 it follows
that

M = Im(f)EBKer(fo) = Ker(g)EBKer(fo).

From this gIKer(fo) is an isomorphism.
Let now h: W ~ Ker(fo) be the inverse isomorphism and let t: Ker(fo) ~M

be the inclusion mapping, then let go := th. As M = Ker(g) EB Ker(fo) and
since g is an epimorphism every element from W may be written in the
form g(x) with x E Ker(fo). It then follows that

ggo(g(x)) =gt(hg(x)) =g(x),

thus ggo = 1wand also gog(x) =x, thus Im(go) =Ker(fo). Consequently

is exact and, from ggo = 1w, fof = lA, splits by (a). o
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EXERCISES

3.9

(1)
LetA, LEMR , ll:A-i>L, B ~A, C ~A,M ~L, N ~L.

(a) Prove: The following statements are equivalent:
(1) ll(BnC)=ll(B)nll(C).
(2) (B + Ker(ll)) n (C+ Ker(ll)) =B n C + Ker(ll).
(3) (B n Ker(ll)) + (C n Ker(ll)) = (B+ C) n Ker(ll).

(b) Prove: The following statements are equivalent:
(1) 11-l(M+N) =11-l(M) +11-l(N).
(2) (M n Im(ll)) + (N n Im(ll)) =(M + N) n Im(ll).
(3) (M + Im(ll)) n(N + Im(ll)) = (M nN)+Im(ll).

(2)
Construct an example in which the conditions in 1(a), 1(b) resp. are not
satisfied.

(3)
(a) Let a module homomorphism fP:M -i>N be given and also A ~ M,

V~N.

Show: fP-l(fP(A) + V)=A+fP-\V).
(b) Let a module homomorphism fP: M -i> N be given and also B ~ N,

U~M.

Show: fP(fP -l(B) n U) =B n fP(U).

(4)
(a) Prove: In the category of unitary rings every monomorphism is

injective. (Hint: Use Z[x] =polynomial ring in x with coefficients in Z).
(b) Prove: t:Z-i>Q is an epimorphism in the category of unitary rings.

(5)
Determine all composition series of Zj30Z and exhibit all isomorphisms
between them.

(6)
(a) Determine the following groups:

Homz(Q, Z), Homz(OjZ, Z)

Homz(Q, 0), Homz(ZjnZ, 0)

(b) Show for M E MR: HOIDR(R, M) ==.M.

for n EN.
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(7)
Let A be an additive abelian group and let End(A) be the endomorphism
ring of A, where for a E End(A) and a E A aa is the image of a by a.
Further let R be a ring and let

p:R -+ End(A)

be a ring homomorphism, unitary ring homomorphism resp.
(a) Show: By the definition

ra:=p(r)a, aEA,rER,

A becomes a left R-module, unitary left R-module resp.
(b) Show: Every left R-module, unitary left R-module resp., RA with

A as additive group is obtained in the manner outlined above.
(c) Construct an example of an additive abelian group A and a ring R

so that A is a unitary left R-module in two different ways.
(d) Formulate the corresponding relations for right R-modules without

altering the multiplication in End(A).

(8)
Prove: For every vector space VK the endomorphism ring End(VK ) is
regular (for the definition see Chapter 2, Exercise 13).



Chapter 4

Direct Products, Direct Sums, Free Modules

In the structure theory of modules we attempt, on the one hand, to
reduce a given module to simpler modules by means of additive decomposi­
tion or residue class decomposition. On the other hand we endeavour to
construct new modules from given modules. Obviously this construction is
not arbitrarily undertaken; a guiding principle is the question of modules
with known universal properties. We have already become acquainted with
such universal properties in respect of products and coproducts in categories
(1.5). Products and coproducts are now to be investigated in the category
of modules.

4.1 CONSTRUCTION OF PRODUCTS AND COPRODUCTS

We begin by recalling some known set-theoretic concepts. Let (Adi E 1)
be a family of sets Ai with index set 1,p 0. Then the product IT Ai of the
family (Adi E 1) is the set of the mappings iEI

lX:1 -i>UAi
iEI

with lX (i) E Ai for all i E 1.

Notation
(1) ai:= lX (i) is called the ith component of lx.

(2) (ai):= (lx (i)) := lx.

Thus we obviously have for (ai), (aD E IT Ai:
iEI

(ai) = (aD~'v'i E1[ai =an.
80
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We observe that I need not be countable. If however I is countable, say
1= {1, 2,3, ...}, then the notation

(ala2a3 ...) := (ai) = a

is also used. If I is finite, say 1= {1, 2, ... , n}, then let

(ala2 . .. an) := (ai) = a.

If now Ai E MR holds for all i E I then, by a componentwise definition, Il Ai
iel

becomes a unitary right R-module.

4.1.1 Definition. Let (ai), (bi) E Il Ai, r E R.
iel

Addition: (ai) + (b;) := (ai +b;).
Module multiplication: (ai)r := (air).

If again we write a = (ai), {3 = (b i ) then instead of the above we have

(a + (3)(i) := a (i) +{3 (i), i E I

(ar)(i) := a (i)r, i E 1.

The proof, that with respect to this definition Il Ai is an object from MR ,
iel

is trivial. In particular the zero mapping

13i~OiEUA;,
iel

where Oi is the zero of Ai, is the,zero element of IlAi and -a := (-a;) is
the element inverse to a = (ai) with respect to addition.

4.1.2 Definition. An element (ai) E Il Ai is said to be of finite sup­
iel

port: ~ the set of the i E I with ai,p 0 is finite (where the empty set is
considered also as finite).

We see then from the criterion for submodules that the set of all elements
from Il Ai of finite support is a submodule of Il Ai-

4.1.3 Definition

(1) If (Aili E I) is a family of objects from M R then Il Ai E M R is called

I
iel

the direct product of the family (Ai i E I).
(2) The submodule of all elements of finite support of Il Ai is called

iel
the external direct sum of the family (Adi E I) and is denoted by II Ai.

iel
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4.1.4 Remark. If I is finite then we have

nAi=UAi.
iEI iEI

In 1.5 we had defined in an arbitrary category the product and coproduct
of a family of objects. We now have to show that the direct product, direct
sum resp., is, together with a certain family of homomorphisms, the product
in MR , coproduct in MR resp.

For j E I we consider the following mappings:

7Tj: n Ai 3 (ai)i---i>aj EAj
iEI

U: UA 3 (ai)i---i>(ai) En Ai
iEI iEI

TJj: A j 3 aj i---i> Qj E UAi>
iEI

{
0 for i"# j

with Qj(i) =
aj for i = j

We then easily verify the following properties.

4.1.5
(1)
(2)

(3)

LEMMA

7Tj and 7TjU are epimorphisms.
TJj and UTJj are monomorphisms.

{
1AJ fork = j

7TkUTJj o fork"# j

(4) (UTJj7Tj)2 =UTJj7Tj, (TJj7TjU)2 = TJj7TjU.
(5) If I ={1, 2, ... , n} then

(TJj7Tj)2 = TJj7Tj " 1nA, = f TJj7Tj.
j=l

4.1.6 THEOREM

(1) (n Ai> (7Tdi E I)) is a product of the family (Adi E I) in the category
lEI

MR , i.e. for every object C from MR and every family ('Yili E I) of
homomorphisms

there exists exactly one homomorphism

'Y:C~n Ai
iEI



4.1

satisfying
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(2) (~Ai, (rlili E I)) is a coproduct of the family (Aili E I) in the category
lEI

MR , i.e. for every object B from MR and every family (f3ili E I) of
homomorphisms

f3i:Ar~B, iEI

there exists exactly one homomorphism

13: II Ar~B
iEI

satisfying

Proof. (1) We exhibit the desired 'Y: C...,.. IT Ai: Let
iEI

'Y(c) := ('Yi(C)) E IT Ai
iEI

Then 'Y is a homomorphism and we have

for c E C.

thus 'Yj = 1Tj'Y, j E1.
Uniqueness of 'Y: Let also 'Y': C...,.. IT Ai with 'Yj(c) = (1Tj'Y')(C) = 1Tj( 'Y'(c )),

iEI

then it follows that

'Y'(C) = ('Yi(C)) = 'Y(c),

thus 'Y' = 'Y.
(2) We can again give the desired 13 :II Ai""" B explicitly: Let

iEI

where the sum runs over only the i E I with ai ;If 0; from the definition of
II Ai the sum is thereby meaningful (the sum over the empty index set is,
as always, put equal to 0).

The 13 is a homomorphism, and we have
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thus
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Uniqueness of {3: Let also {3': U Ai ~ B with {3j {3~i> then it follows that
ieI

(3(aj) = (3j(aj) = (3'T/j(aj) = (3'(aj)

and since every element from U Ai is a sum of finitely many aj, we deduce
that {3 =(3'. D

The following notational device is common and we also employ it.

4.1.7 Notation. Let I be a non-empty set and let A EMR • Then let

A I
:= IT Ai

ieI

A(1):= UAi
ieI

with Ai =A for every i E 1.

with Ai =A for every i E 1.

We call A I, A (1) resp., the direct product, the direct sum resp., of I copies
of A.

4.2 CONNECTION BETWEEN THE INTERNAL
AND EXTERNAL DIRECT SUMS

In 2.4 the internal direct sum was introduced and in the preceding chapter
we have defined the (external) direct sum. We are about to show that these
concepts are not essentially different from one another so that in what
follows they can mostly be identified without leading to misunderstanding.

Thus we have the monomorphism

T/j: A j 3 aj~ aj E U Ai>
. ieI

where

for i'l)

fori = j

following on from 4.1. Let Aj := T/j(Aj ), then Aj is a module isomorphic
toAj•

In the case that I is the set {1, 2, 3, ... , n} it follows that

aj = (0 ... OajO ... 0),

t jth place
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4.2.1 THEOREM. Let (A;ji E f) be a family of R-modules. Then we have:

II Ai =EBA; and Ai ==A;,
ieI ieI

in other words, the external direct sum of the Ai is equal to the internal
direct sum of the submodules A; of II Ai isomorphic to the Ai.

ieI

Proof. From the definition of the A; we have L A; ~ II Ai. Let now
ieI ieI

O,p (ai) E II Ai and let ait ,p 0, ... , ain ,p 0, whereas ai = 0 for all other i E f,
ieI

then it follows that

(ai) E A;l + ...+AL, thus L A; = II Ai.
ieI ieI

Let

and

(ai) E Ai n L A; => ai = 0
i"j
ieI

for i,p j

As asserted above, we have finally Ai==A;, where aif-'f>'T/i(ai)' o

Warning. In the following the isomorphic modules Ai and A; are usually
identified and so Ai is written in place of A;. Moreover on account of
Theorem 4.2.1, the distinction between internal and external direct sums
is often dropped and in both cases EB Ai is written and called the direct
sum. In the absence of any indication it is to be determined from the
context which particular direct sum is being considered.

4.3 HOMOMORPIDSMS OF DIRECT PRODUCTS AND SUMS

Let (Aili E f), (Bili E f) be two families of Ai, Bi E MR. Further let (uili E I)
be a family of homomorphisms

Ui : Ai ~ Bj, i E I.
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Under these assumptions we have

4.3.1 LEMMA.The mappings defined by,

IT ai: IT Ai 3 (ai)~(ai(ai)) e IT Bi,
iEI iEI iEI

EB ai: EBA 3(ai)~(ai(ai))eEBBi
iEI iEI iEI

are homomorphisms with

(1) ITai is mono¢>EBai is mono¢>'Viel [ai is mono];
(2) IT ai is epi¢>EB ai is epi¢>'Vi e I [ai is epi];
(3) IT ai is iso¢>EB ai is iso¢>'Vi el [ai is iso].

Proof. Exercise for the reader.

4.3.2 LEMMA. Assumptions as above. Let further

Li: Ker(ai) 3 ai~ ai e Ai,
L;: Im(ai) 3 bi~bi eBi,

then the following are isomorphisms:

(1) IT Ker(ad3(ai)~(ti(ai))eKer(IT ai)'
iEI iEI

(2) ffi Ker(ad 3 (ad ~(ti(ai)) e Ker(EB ai)'
iEI iEI

(3) IT Im(ad3(bi)~(L;(bi))eIm(IT ai)'
iEI iEI

(4) EB Im(ai) 3 (bd~(L;(bd) e Im(EB ai).
iEI iEI

i el,

Thus..
IT Ker(ai) ==Ker(IT ai),
iEI iEI

IT Im(ai)==Im(IT ai),
iEI iEI

EB Ker(ai) == Ker(EB ai)
iEI iEI

EB Im(ai) == Im(EB ai)'
iEI iEI

Proof. Exercise for the reader.

4.3.3 LEMMA. Let the families (Ai Ii e I), (Bjli e J) be given, then

HomR(EB Ai, IT Bj) 3 ({J~ (7Tj({JT/i) e IT HomR (Ai, B j)
iEI jEJ (i,j)ElxJ

is a group isomorphism.
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Proof. It is clear that a group homomorphism is involved. It remains to
prove:

"Mono": Let 0 f= q:; e HomR (ffi Ai, IT B j). Then there exists

Since (ai) = L aiwehaveq:;«ai))=q:;(Lai)=Lq:;(ai)f=O
a,¢O

=> there exists i with q:;(ai) =q:;'T/i(a;) =0;
=> there exists j with 7Tjq:;'T/i(ai) f= O=> 7Tjq:;'T/i f= O.
"Epi": Let (Uji) eIT HomR(Ai, B j ). To a fixed ieI and to the family

(ujilj eJ), where Uji:Ai ~Bj there is then associated by 4.1.6 a homomorph­
ism f3i: Ai ~ IT B j so that

jeJ

is commutative.
To the family (f3ili e I) there then corresponds by 4.1.6 a q:;: ffi Ai ~ IT Bj,
so that

is commutative. Then follows Uji = 7Tjf3i = 7Tjq:;'T/i from which the assertion
follows. 0

Special cases

HomR(ffi Ai> B) == IT HomR (Ai> B),
ieI ieI

HomR(A, IT B j) == IT HomR(A, B j ),
jeJ jEJ
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4.4 FREE MODULES

4.4

In 2.3.5 a basis of a module was defined as a free generating set. Modules
that possess a basis can be characterized in the following manner.

4.4.1 LEMMA. Let F =FR. Then the following conditions are equivalent:
(1) F has a basis.
(2) F =EB Ai" Vi E I[RR a=Ai].

ieI

Proof. We remark first of all that (1) and (2) are satisfied for F = 0, in fact
with 0 as basis and 1= 0. This follows by convention that the sum
over the empty set is equal to O. We can therefore assume that F.,e O.

"(1) =? (2)": Let X be a basis of F and let a E X. Then

'Pa:RR 3 rl---?ar ERR

is evidently an epimorphism. Further, from the property of a basis, it follows
from ar = 0 =aO that r = 0 and so we obtain an isomorphism. We claim that

F= EB aR.
aeX

Since X is a basis, X is also a generating set and so we have F = L aR.
aeX

For aoEX let

c EaoR n L aR,
aeX

a:;:ao

then there exist distinct alo ... , an EX; ai .,e ao and ro, rlo ... , rn E R with

n

C = aoro = L airi,
i=l

Thus from the property of a basis 2.3.5 (4):

ro=r1= ... =rn =0=?aoRn L aR=O,
aeX

a:;:ao

hence

F= EB aR.
aeX

"(2) =? (1)": Let 'P: RR a= Ai be the isomorphism which we are supposing
to exist. We claim that {'Pi(l )Ii E I} is a basis of F. From

Ai = 'Pi(R) = 'Pi (1 . R) = 'Pi(1)R
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we have
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F=ffiAi =ffi fPi(l)R,
jeI ieI
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thus {fPj (l)li E I} is a generating set of F. Let I' c I, I' be finite and

L fPi(l)ri =O.
ie]'

Then it follows from 2.4.2 for all i E l'

fPi(l)rj = fPi(rJ =0

and, since fPi is an isomorphism, rj = 0, thus {fPi(l)li E I} is in fact a basis of
R 0

4.4.2 Definition. A module F, which satisfies the conditions of 4.4.1, is
called a free module.

4.4.3 LEMMA. Let I be a set. Then R(I) is a free R-module with a basis
having the cardinality of 1.

Proof. We consider the family (Adi E I) with A j=RR for all i E 1. Then it
follows from 4.2.1 that

R(I)=IlAi=ffiA: with RR=Ai~A:.
jeI ieI

As shown previously it follows that R(I) is free and has {fPi(l)li EI} as a
bM~. 0

It is pertinent to recall (see 4.2) that in the case I ={1, 2, ... , n} we have

fPi(l) =(0 ... 0 1 O... 0)

i.e. {fPj(l)li = 1, ... , n} is then the "canonical basis of R n".

4.4.4 COROLLARY. Every module M R is the epimorphic image of a free
right R-module. IfM R is finitely generated, then MR is an epimorphic image
of a free right R-module with a finite basis.

Proof. Let Y be a generating system of M. Then we consider the free module

R(Y) = ffi fPb(l)R.
beY

From

R(Y) 3 L fPb(lh >--? L brb EM

and by virtue of the uniqueness of the representation by the basis in R(Y)
an epimorphism is then defined. 0
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4.4.5 Notation. We have denoted the basis of R(I) by {fPj(I)li E I} but in
the following we are not to be confined to this notation. Obvio~sly it can
also be denoted by any other set, which has the cardinality of I, e.g. by I
itself.

M=EBiR.
jeI

We point out another important property of free modules which later
(in the case of projective modules) plays a fundamental role.

4.4.6 THEOREM. If

fP:A R -i>FR

is an epimorphism and if FR is free then fP spUts. (Definition see 3.4.8).

Proof. Let Y be a basis of FR and to every bEY let ab E A be chosen with
fP(ab) = b. Then the mapping

fP ': F 3 L brb I-i> L abrb E A

is an R-homomorphism (since Y is a basis).
Thus we have

fPfP'(L brb) = fP(L abrb) =L fP(ab)rb =L brb,

thus fPfP' = IF and consequently

A = Im(fP')E9Ker(fP).

4.5 FREE AND DIVISIBLE ABELIAN GROUPS

o

Every abelian group can be considered in a natural sense as a·~-module,

so that all module-theoretic concepts are applicable to abelian groups.
Accordingly an abelian group is called free if it is free as a ~-module, i.e.
if it is a direct sum of copies of ~z.

If, in the following, the discourse concerns groups, then it is always to
be additive abelian groups that are involved.

4.5.1 Definition. A group A is called divisible :~

't/z E ~[z ¥ O::}Az =A].

4.5.2 LEMMA. Every epimorphic image of a divisible group is divisible and
consequently every factor group of a divisible group is divisible.
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Proof. Let A be divisible and let

be an epimorphism. Then we have for 0 ,e Z E 7L.,

Bz = It>(A)z = It>(Az) = It>(A) = B,

thus B is divisible. o

4.5.3 LEMMA. The direct product and the direct sum of divisible groups
are divisible.

Proof. Let (Aili E I) be a family of divisible groups. Then we have for
O,eZE7L.

(0 Ai)Z =0 (Aiz) = 0 Ai,
ieI ieI ieI

as we immediately deduce from the definition of the direct product and
the direct sum. 0

Examples: 0 and O/7L. are divisible groups. 7L. is not divisible.

4.5.4 THEOREM. Every abelian group can be mapped monomorphically
into a divisible group.

Proof. Let A be an abelian group. From 4.4.4 there is a free abelian group
F and an epimorphism.

It>:F~A.

If we put i := x +Ker(lt» then

It> :F/Ker(lt» 3 il-i>lt>(x) E A

is an isomorphism (3.4.1). Let Y be a basis of F =Fll., then we consider

D =O(Y)= E9 bO.
beY

Since Oll. =bOll., bOll. is divisible and then from 4.5.3 so also is D. Since F =
E9 b7L. F is a subgroup of D. Then Ker(lt» is also a subgroup of D and
from 4.5.2 fj := D/Ker(lt» is also divisible.

Let now
t: F/Ker( It» 3 i I-i> i E fj
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/

be the inclusion mapping, then Lc:I>,-l is the desired monomorphism of A
into the divisible group D. D

We now prove the theorem dual to 4.4.6 which shows that divisible
groups are injective Z-modules (definition in next chapter).

4.5.5 THEOREM. If

cp:Dz~Bz

is a monomorphism and ifD z is divisible, then cp splits (i.e. Im(cp) is a direct
summand in B).

Proof. By 4.5.2 Im(cp) is divisible, so that without loss we can consider D z
to be a submodule of B z and cp = L to be the inclusion mapping. Let then

r:= {UIU ~B IIDn U=O}.

Since we have U = 0 E r, r e;tf 0; since further the union of every totally
ordered subset of r (under inclusion) is again an element of r, there is by
reason of Zorn's Lemma a maximal element in r, which is again to be
denoted by U. As a result we then have

D+U=DEBU~B,

and it is to be shown that B =D EB u.
For an arbitrary b E B we consider the ideal zoZ consisting of the z E Z

with bz ED + U. Let bzo= d + u. Since D is divisible there is a do with
dozo=d? (b - do)zo =u. Evidently zoZ is then also the ideal of the z E Z
with (b -do)z ED+ U.
We claim that

D n (U +(b -do)Z) =o.
Assume

d1 = Ul +(b -dO)Zl ED n(U +(b -do)Z).

Then

and so

Zl =zot, tEZ.

Then
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0= d1-(Ul +Ut)~dl=0.

From the maximality of U it follows that (b - do)71. <-7 U ~ b - do E U ~b E

D + U. Thus we have in fact, B =D EEl U, which was to be shown. 0

4.6 MONOID RINGS

As a further example of the application of free modules we introduce
here the monoid ring. Let G be an arbitrary, multiplicatively written,
monoid, i.e. G is a set with an operation G x G 3 (a, b) -7 ab E G, which is
associative and in which there exists a neutral elerpent e. Further let R be
an arbitrary ring.

In the sense of 4.4.5 let

GR:= EB gR,
geG

where G is itself thus taken as a basis. We observe that then gl = g for
g E G, 1 E R holds (g stands in the place of cpg(l) in the sense of 4.4.5).

By means of a definition of a multiplication GR is now to be made into
a ring (with unit element).

4.6.1 Definition. Let T, T' be finite subsets of G. For

L g'r~' E GR
g'eT'

let then

( L grg) ( L g'r~'):= L gg'rgr~,.
geT g'eT' geT

g'eT'

This definition means: In GR for a product of elements from G the product
is taken in G and for such a product of elements from R the product in
R is taken; in other "respects we calculate distributively and the elements
from Rand G are permutable.

Remark. On the right side the same monoid element in Lgg'rgr~ can occur
many times in the form gg'; in general this is therefore not a representation
by a basis. A representation by a basis ensues if by distributivity we collect
together basic elements:

L gg' rgr~, = L bSb with
geT beTT'

g'eT'

Sb = L rgr~,.
gg'=b

geJ":g'eT'
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For a finite monoid G = {gl, ... , gn} the definition can be written in the
following form:

(f: giri) (f: gjrj) = f: gigjrirj = f: gkSk with Sk = I rirj.
i=l j=l i.i=l k=l .,:,gj=gk

I.J=l •... t n

It is easy to verify that, under the given definitions, GR is a ring. The
associativity follows from that in G and in R and the distributivity follows
from that in R. Let e be the identity (=neutral element) of G, then e = el
is the unit element of GR, as follows immediately from 4.6.1.

4.6.2 Definition. GR is called the monoid ring of G with coefficients in
R. If G is a group then GR is called the group ring of G with coefficients
inR.

If we consider the subring eR of GR then the mapping

eR 3en-~rER

is a ring isomorphism, and eR is usually identified with R; for the I-element
of the group ring e I (with IE R) we then write 1.

Finally we point out that by putting

r I grg := er I grg = I grrg, r E R

GR becomes a left R-module, for which G is again a basis. Since GR is
an eR-GR-bimodule, GR is also an R-GR-bimodule. If R is commutative
GR is then an R-algebra (see 2.2.5).

Ring-theoretic, module-theoretic, group theoretic and-for deeper con­
siderations-also arithmetic concepts are involved in the investigation of
group rings. This many-sidedness makes this area particularly interesting
and stimulating.

4.7 PUSHOUT AND PULLBACK

Let:
a:A~B, cp:A~M

be two given homomorphisms with the same domain.
With respect to many problems, which we shall later encounter, the

question arises as to whether we can incorporate these homomorphisms
in a commutative square:

A B

r) .j l'
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We wish to show that this is possible in a non-trivial way and indeed with
a "universal" pair "', fJ i.e. with a pair such that over the pair every other
commutative "completion of the square" of a, cp can be factorized.

Obviously the dual question also arises as to whether for a given "', fJ
with the same codomain there exists a "universal" commutative "comple­
tion of the square". Here, too, the answer is positive.

In the first case the solution is called a pushout, in the second case a
pullback.

4.7.1 Definition. Let the commutative diagram (*) be given.
(1) The pair ("', (3) is called the pushout of the pair (cp, a) :~ for every

pair ("", fJ ') with ",': M ~X, fJ': B ~X and "" cp = fJ I a there is precisely one
cr: N ~X with "" = cr"', fJ' = crfJ.

(2) The pair (cp, a) is called the pullback of the pair ("', fJ) :~ for every
pair (cp', a ' ) with cp': Y ~M, a ' : Y ~Band "'cp' = fJa ' there is precisely one
T: Y ~A with cp' = cpT, a ' = aT.

We clarify the situation in the corresponding diagrams:

M--"'--,;

Y

Q'

---~)B

Before we prove the existence of pushouts and pullbacks, we establish
their uniqueness. .

4.7.2 Remark. Pushouts and pullbacks are for given (cp, a), ("', fJ) resp.,
uniquely determined up to isomorphism.

Proof. Let ("', fJ) and (",', fJ') be two pushouts for (cp, a). Then in addition
to cr: N ~X there also exists p: X ~N with'" = p"", fJ = pfJ'. For pcr: N ~N
we have'" =p"'l =pcr"', fJ =pfJ' =pcrfJ. Accordingly from the prescribed
uniqueness it follows that pcr =1N, correspondingly we obtain crp = lx, thus
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CT and p are isomorphisms inverse to one another. The statement for the
pullback follows dually. 0

In the following we denote elements from M(f)B by (b, m) and elements
from (M(f)B)/U by (m, b).

4.7.3 THEOREM

(1) Let the pair (tp, a) be given with

Let

N:= (M(f)B)/U with U:= {(tp(a),-a(a))!a EA}

and let

I/I:M3m~(m,0)EN,

then (1/1, (3) is a pushout of (tp, a).
(2) Let the pair (1/1, (3) be given with

{3:B...,N.

Let

A := {(m, b)Im EMil b E B II I/I(m) = {3 (b)}

and let

tp: A 3(m, b)~m EM,

then (tp, a) is a pullback of (1/1, (3).

Proof. (1) First of all it is clear that U is a submodule, that N is a factor
module of M(f)B and that 1/1 and {3 are homomorphisms with I/Itp = {3a.
Let now 1/1', (3' be given as in 4.7.1. We define CT:N...,X by
CT((m, b)):= i{J'(m)+{3'(b). In order to prove that CT is a mapping it suffices
to show thatfor (m, b) E U we have CT((m, b)) = 0:

CT((tp(a), -a(a)) = I/I'tp(a)-{3'a(a) =0

since 1/1' tp ={3'a. It is again immediately clear that the mapping CT is a
homomorphism and that CTI/I = 1/1', CT{3 ={3'. It remains to show the unique­
ness of CT. Suppose we also have 1/1' =CT1I/I, {3' =CTl{3 for CTl: N ..., X. Then it
follows that
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thus
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0= (0" - 0"1)I/J(m) = (0" - 0"1)((m, 0)),

0= (0" - 0"1)f3 (b) = (0" - 0"1)((0, b)).
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Since (em, 0), (0, b)lm EM /I b E B} is a generating set of N, for which
0" - 0"1 is the zero mapping, it follows that 0" - 0"1 = O. This completes the
proof for the pushout.

(2) The proof for the pullback proceeds dually. We merely put T: Y ~A:

T(Y) := (lp'(y), a'(y)), y E Y

and establish the uniqueness of T. Let (T - T1)(Y) = (m, b), then it follows
that

0= lp(T-T1)(y) = lp(m, b) = m

0= a(T-T1)(y) =a(m, b) =b,

o

In the following we use the pushout and the pullback as they are already
given explicitly in the theorem. The following theorem is of use for the
definition of injective modules in the next chapter.

4.7.4 THEOREM. Let (I/J, (3) be a pushout of (lp, a). Then we have:
(1) a is mono::;' I/J is mono, a is epi::;, I/J is epi;

lp is mono::;' f3 is mono, lp is epi::;, f3 is epi.
(2) Let a be a monomorphism, then we have: Im(I/J) is a direct summand

in N ¢=; there exists a K: B ~M so that lp = Ka:

(4.7.5)

Proof. (1) Let a be a monomorphism and let I/J(m) = (m, 0) =O. Then
there is a EA with (m, O)=(lp(a), -a(a)). Hence -a(a) = 0::;' a =O::;,m =
lp(a) = O.
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Let a be an epimorphism and let (m, b) EN, then there is a EA with
b =-a(a) and so

I/I(m -(,0 (a)) = (m -(,O(a), 0)

=(m - (,0 (a), 0) + ((,0 (a), -a (a)) = (m, b),

thus 1/1 is also an epimorphism.
Correspondingly for the second line in (1).
(2) Let 1m(1/I) be a direct summand in N:

N = Im(I/I)EBNo•

Since a is a monomorphism, from (1) 1/1 is also a monomorphism and
consequently 1/1 induces an isomorphism l/Io:M~ Im(I/I). Let 'TT': N ~ Im(l/I)
be the projection arising from N = 1m I/IEBNo, then K := I/Ir/'TT'{3 fulfils what
we require:

Conversely let K be given with (,0 = Ka. Then we consider

g: N3 (m, b).-m + K(b) EM.

As g((,O(a),-a(a))=(,O(a)-Ka(a)=O this is a mapping and then also a
homomorphism. As gl/l(m) = g((m, 0)) =m we have gl/l = 1M , thus we
deduce as asserted: N =1m(I/I)EBKer(g). 0

We come now to the dual theorem which leads on to the definition of
projective modules.

4.7.6 THEOREM. Let ((,0, a) be pullback of (1/1, (3). Then we have:
(1)

{3 is mono => (,0 is mono, {3 is epi => (,0 is epi,

1/1 is mono => a is mono, 1/1 is epi => a is epi.

(2) Let 1/1 be an epimorphism, then we have: Ker(a) is a direct summand
in A ¢:> there exists a K: M ~ B so that {3 = I/IK :

(4.7.7)
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Proof. Since the proof proceeds dually to that of 4.7.4, we shall be brief.
(1) Let I/J be an epimorphism. Let b E B, then there is an m EM with

I/J(m) =(3(b). Thus it follows that (m, b) E A and a ((m, b)) =b, i.e. a is an
epimorphism. Correspondingly in the other cases.

(2) Let Ker(a) be a direct summand in A:

A = Ker(a)EBAo.

Since, like I/J, a is also an epimorphism, ao := a lAo is an epimorphism. Let
t:Ao~A be the inclusion, then K := cptaol fulfils what we require:

I/JK (b) = I/Jcp (taol (b)) = (3ata 01 (b) = (3 (b).

Conversely let K with I/JK = (3 be given. Then we have for

7):B 3 b ~(K(b), b) EA

(7) = 1B from which A = Ker(a)EBIm(7)) follows.

4.8 A CHARACTERIZATION OF GENERATORS
AND COGENERATORS

o

In 3.3 we became acquainted with generators and cogenerators. For
these a further characterization follows.

We preface these considerations by a lemma which is also itself of interest.

4.8.1 LEMMA. Notations as in 4.1

(a) For every homomorphism I/J: II Ai ~M we have:
ieI

Im(I/J) = L Im(r/17)i)'
ieI

(b) For every homomorphism I/J: M ~ II Ai we have
ieI

Ker(I/J) =n Ker(7TiI/J).
ieI

Proof. (a) As a consequence of the finiteness of the values of the
elements of the coproduct every element from II Ai may be written as a

ieI
finite sum
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Then it follows that

thus we have

Im(l/J) '-')0 L Im(I/JTJj).
jeI

Conversely if mEL Im(I/JTJj) then m may be represented as a finite sum
jeI

ajEAj•

From this it follows that m E Im(I/J), thus we also have

L Im(I/JTJj) '-')0 Im(I/J).
jeI

(b) If mE Ker(I/J), then it follows immediately that mE Ker(7Tjl/J) for
every i E I, thus we have

Ker(l/J) '-')0 nKer(7Til/J).
ieI

Conversely let mEn Ker(7Til/J). Then this implies that all components of
I/J(m) are equal to 0, thus we have I/J(m) = 0 and it follows that

n Ker(7Til/J) '-')0 Ker(I/J).
jeI

We come now to the characterization of generators and cogenerators.

o

4.8.2 THEOREM

(a) The following conditions are equivalent:
(1) B R is a generator.
(2) Every direct sum of copies of B is a generator.
(3) A direct sum of copies of B is a generator.
(4) Every module M R is an epimorphic image of a direct sum ofcopies

ofB.
(b) The following conditions are equivalent:

(1) CR is a cogenerator.
(2) Every direct product of copies of C is a cogenerator.
(3) A direct product of copies of C is a cogenerator.
(4) Every module M R can be mapped monomorphically into a direct

product of copies of C.
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Proof
(a) (1)~(2), (1)~(3) follow from 3.3.2.
"(1)=?(4)": Let

U B<p with B<p = B for all cp EHomR (B, M),
<pEHomR(B.M)

then we consider the homomorphism

l/J: U B<p~M,
<pEHomR(B.M)

which is defined by

l/J((b<p)) := I cp (b<p).
bop component in (hlP)

b",r'O

Since in (b<p) only finitely many b<p #- 0, the sum appearing on the right is
meaningful. There then follows from 4.8.1

'Im(l/J) = L Im(cp)=M,
<pEHomR(B,M)

thus l/J is an epimorphism.
"(4) =? (1)": Conversely if there is an epimorphism

l/J:UBi~M, with Bi=B forall iEI.
iEI

and if T/i is the ith inclusion of Bin UBi, then we have l/JT/i EHomR(B, M)
as well as, from 4.8.1,

M = Im(l/J) = L Im(l/JT/;) '-') L Im(cp) '-') M,
iEI <pEHomR(B,M)

thus
L Im(cp) =M,

<pEHomR(B,M)

Le. B is a generator.
(b) (1)~(2), (1)~(3) follow from 3.3.2.
"(1)=?(4)": Let now

II C<p with C<p C for all cp EHomR (M, C),
<pEHomR(M.C)

then we consider the homomorphism

l/J:M~ II C<p,
<pEHomR(M,C)

which is defined by

l/J(m):=(c<p) with c<p:=cp(m) forall cpEHomR(M,C).
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For m EKer(l/J) it follows that

mEn Ker(tp) = 0,
'PeHomR(M,C)

thus I/J is also a monomorphism.
"(4) =? (1)": Conversely if there is a monomorphism

I/J:M~ IT Ci, with Ci =C for all i EI,
ieI

and if 7Ti is the ith projection, then we have 7Til/J EHomR (M, C) as well as,
from 4.8.1,

n Ker(tp) ~ n Ker(7Til/J) = Ker(l/J) = 0,
'PeHomR(M,C) ieI

thus

i.e. C is a cogenerator.

n Ker(tp) =0,
'PeHomR(M,C)

EXERCISES

(1)

o

Show:
(a) For a homomorphism a: A ~ B the .following are equivalent:

(1) Ker(a) is a direct summand of A and Im(a) is a direct summand
of B.
(2) There is a homomorphism f3: B ~ A with a = af3a.

(b) How is the equivalence simplified if a is a monomorphism or an
epimorphism?

(2)
Give examples for a family of modules (A;ji EI) and a module M with

HomR( IT Ai, M\ ~ IT HomR (Ai, M)
ieI } ieI

resp. HomR(M, EBAi) ~EB HomR(M, Ai)
ieI ieI

(~ means "not isomorphic as additive groups").

(3)
(a) Let M R ;t.°be a module with MR :EMR ffiMR and let S := End(MR).

Show: For every n E~ a basis of Ss exists with n elements.
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(b) Construct an example of a module M.,e 0 with M ==MffiM and for
every n EN a basis of 5s with n elements.

(4)
Show: A ring R .,e 0 is a skew field if and only if every right R-module is free.

(5)
Show: 4.4.6 holds also for direct summands of free modules.

(6)
(a) Show: If f3:BR~CR is an epimorphism, if qJ:FR~CR is a

homomorphism and if FR is a free module, then there is a qJ':FR~BR with
qJ = f3qJ'.

(b) Show: (a) holds also if FR is replaced by a direct summand of a free
module.

(7)
(a) Show: If

A---"'--~)B

·1 l'
is a pushout of (qJ, a) then there is an isomorphism 'T/: B/lm(a) ~ N/lm(I{J),
so that

B----~)B/lm(a)

'1 l'
N -----+) N/lm(l{J)

is commutative (/I is, as appropriate, the natural epimorphism).
(b) Formulate and prove the dual statements.

(8)
Let R be an integral domain with quotient field K. A module M is called
divisible if, for every O.,e r E R, Mr =M holds. Show:

(a) The class of divisible R-modules is closed On taking factor modules,
products and coproducts.
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(b) The only divisible submodules of K R are 0 and K.
(c) R,e. K ~ every divisible, cyclic R-module is O.

(9)
Let R be an integral domain. Show:

(a) M R is then divisible if and only if to every cyclic ideal A ~ Rand
to every homomorphism q;: A R -lo M R there is a homomorphism q;': RR -lo M R

with q;IIA = q;.

(b) If for fixed M R and arbitrary N R every homomorphism q;:MR -loNR

splits, then MR is divisible.

(10)
(a) Let T be a divisible abelian group.

(1) Show: If finitely many, arbitrary elements are omitted from an
arbitrary generating set of T over 71.., then the set of the remaining
elements is still a generating set (see also 2.3.7).
(2) Show that T contains no maximal subgroup.

(b) Show: an abelian group which has no maximal subgroup is divisible.
(c) Give an example of a divisible abelian group, which contains a simple

subgroup.

(11)
For an abelian group A the torsion subgroup T(A) is defined by

T(A) := {a la E A 1\ 3z E 71..[z ,e. 0 1\ az = OJ}.

Show:
(a) A is divisible~ T(A) is a direct summand in A.
(b) A is divisible 1\ T(A) = 0~A is 71..-isomorphic to a direct sum of

copies of iQz.
(Hint: A may be made into a iQ-vector space.)

(12)
Let p be a prime number and let

iQp := {;n Iz E 71.. 1\ nE 71..}.

Show:

iQ/71.. = EB iQp/71...
Primep

(13)
Let G be a group, R a ring and GR the group ring of G with coefficients
inR.
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(a) Show: For 'I,grg, 'I,g'r'g'E OR a new left OR-module structure is
defined on OR by

('I,grg) 0 ('I,g'r' g') := 'I,gg'g -lrgr'g'.

(b) Use (a) in order to give an example of a module which as well as
being a left OR-module is also a right OR-module but which is not a
OR-OR-bimodule.

(14)
A module MR is called (von Neumann) regular if every cyclic submodule
is a direct summand. Show:

(a) In a regular module every finitely generated submodule is a direct
summand.

(b) RR is regular~RR regular~to every r ER there is an r' ER with
r = rr'r (see also Chapter 2, Exercise 13).

(c) If R is regular then every free right R-module is regular.
(Hint: If {xiii EI} is a basis of FR and if x EFR , consider the left ideal of

R which is generated by the coefficients of x in the representation of the
basis and which from (1) and (2) is of the form Re with e2 = e; this is used
to find a projection F ~ xR.)



Chapter 5

Injective and Projective Modules.

Injective and projective modules or, more generally, injective and projec­
tive objects in a category, play an" important role in the later development
of algebra. It is therefore advisable to become familiar with these concepts
at the earliest opportunity in order to give due emphasis to the resulting
point of view in further considerations. Here we shall present the general
properties of injective and projective modules. We shall return many times
to these concepts.

As a tool for the investigation of injective and projective modules we
need large and small submodules as well as complements. These concepts
are essentially needed also in other respects (as e.g. with respect to the
radical and the socle) and are to be investigated here somewhat further
than would be necessary for the considerations of this chapter.

5.1 BIG AND SMALL SUBMODULES

5.1.1 Definition
(a) A submodule A of a module M is called small (= superfluous) in

M, notationally A ~ M, respectively large (= essential) in M, notationally
A<4M:~

vu ~ M[A + U = M:::} U = M]

resp. VU ~ M[A n U =O:::} U =0].

(b) A right, left or two-sided ideal A of a ring R is called small resp.
large in R :~ A is a small, resp.large, submodule of RR' RR or RRR.

(c) A homomorphism a : A...,. B is called small, resp. large :~

Ker(a) ~ A resp. Im(a) <4 B.

106
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Remark. We obtain immediately from the definition:

(1) A ~M~VU'#M[A+U'#M].

(2) A ~M~VU ~M, U-;60[A n U-;60].
(3) M-;60AA~M=?A-;6M.

(4) M-;60AA~M=?A-;60.

5.1.2 Examples
(1) For every module M we have: 0 ~ M, M ~ M.
(2) A module is called semisimple if every submodule is a direct summand
(see Chapter 8).

Mis semisimple =? 0 is the only small submodule of M and M is the only
large submodule of M.

Proof. A ~ M =? there exists U ~ M with A EB U =M. If A ~ M then
U =M and so A =O. If A ~ M then U =0 and so A =M. 0

(3) Let R be a local ring (see Chapter 7), but not a skew field and let A
be the two-sided ideal consisting of the non-invertible elements of R. Then
A -;6 0 (since R is not a skew field) and A is the largest proper right, left
or two-sided ideal of R (see 7.1.1). It follows therefore that A is small
and (since A -;6 0) large in RR' RR and RRR resp.

Example of a local ring:

p prime.

(4) In a free Z-module only the trivial submodule 0 is a small submodule.

Proof. Let

F=ffixiZ
ieI

be a free Z-module with basis {xiii El}, A~F, a EA and let

with Zl -;6 O. Let n E Z with GCD (Zl, n) =1 and n > 1 (e.g. let n be a prime
p not dividing Zl). Put

U= ffi xiZ+Xi,nZ,
ieI
i~il

then it follows that aZ + U =F, hence certairuy A + U =F with U -;6F.
In particular'the only small ideal of Z is O. However every ideal -;6 0 is

large in Z, for if aZ and bZ are two ideals -;6 0 then we have 0 -;6 ab E

aZnbZ.
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(5) Every finitely generated submodule of IQz is small in IQz. For the proof
let qI, ... , qn E IQ and let U - IQz with

then {qI, . .. , qn}U U is a generating set of IQ, consequently from 2.3.7 U
is already a generating set of IQ, thus we have U = IQ.

We come now to simple deductions from the definition.

5.1.3 LEMMA
(a) A -B -M-N liB ~M=>A~N.

n

(b) Ai~M,i=l, ... ,n=> L Ai~M.
i=1

(c) A ~ M II cp EHomR(M, N)=>cp(A) ~ N.
(d) If a :A...,.. B, {3 :B...,.. C are small epimorphisms then {3a :A...,.. C is also

a small epimorphism.

Proof. (a) I...etA+U=N. Then B+U=N and so B+(UnM)=M (by
the modular law). Hence Un M =M (since B ~M) and so M - U and
since by assumption A - M we deduce that U = A + U = N which was to
be shown.

(b) Proof by induction on n. For n = 1 the assertion holds by assumption.
Let

A:= Al +.. .+An- 1~M,

and suppose we have for U - M

=> An + U =M, since A ~ M and so U =M, since An ~M.
(c) Let cp (A) + U =N with U _ N. Then we have for arbitrary m EM:

cp(m)=cp(a)+u with

a EA, u E U=>cp(m -a) = u=>m -a E cp-l(U)=> m EA+cp-\U)

=>A+ cp -1(U) =M=>M= cp-l(U),

since A ~ M=> cp(M) = cpcp -1(U) = Un Im(cp). Thus cp(A) - cp(M) - U
and hence U = cp (A) + U =N, which was to be shown.

(d) Let Ker({3a) + U =A with U - A, then, as Ker({3a) = a -\Ker({3))
it follows that

a(Ker({3a))+a(U) = Ker({3)+a(U) = a(A) =B.
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Since by assumption we have Ker(,B) ~ B, we obtain ex (U) =B and con­
sequently

Ker(ex)+ U =A.

As Ker(ex) ~ A it follows therefore that U =A, which was to be shown. 0

Before we direct our attention to dual properties with regard to large
submodules, we have a further important statement for cyclic submodules
which are not small.

5.1.4 LEMMA. For a E MR we have: aR· is not small in M ~ there is a
maximal submodule C ~ M with a ~ C.

Proof. "{:": If C is a maximal submodule of M with a~ C then it follows
that aR + C M, thus aR is not small in M

"::}": Proof by the use of Zorn's Lemma. Let

r:= {BIB ~M "aR+B =M}.

Since aR is not small, there is aBE r, i.e. r ¥ 0.
Let A ¥ 0 be a totally ordered (wrt ~ ) subset of r. Then

B o := U B
BeA

is an upper bound of A. Suppose a E B o, then a must already be contained
in a B; from which it would follow that aR ~ B, thus

B aR+B=M ~.

From a ~ B o it follows that B o~ M. Since B ~ B o for B E A::}

aR+Bo=M,

thus we have B oE r, i.e. A has an upper bound in r. Zorn's Lemma implies
then that r contains a maximal element C.

We claim that C is in fact a maximal submodule of M. Let C ~ U ~M,
then it follows that U~ r, since C is maximal in r. From M =
aR + C ~ aR + U ~ M it follows that aR + U =M and as Uer we must
have U =M which was to be shown. 0

We now direct our attention to large submodules. For these we have
first of all the statements dual to 5.1.3.

5.1.5 LEMMA

(a) A ~ B ~ M ~N" A <4 N::}B <4 M.
n

(b) Ai <4 M, i = 1, ... , n::} n Ai <4 M.
i=l
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(c) B ~N Alp EHomR(M;N)~lp-1(B)~M.

(d) Let a :A ~ B, {3 :B ~ C be large monomorphisms. Then {3a :A ~ C is
also a large monomorphism.

Proof. (a) From U ~ M A B n U = 0 we obtain An U = 0 and so U = 0,
since A ~ N A U ~M~ N.

(b) Proof by induction on n. For n = 1 the assertion holds by assumption.
Let now

n-1
A:=nAi~M

i=l

and we have for U~M:AnAnnU=O~AnnU=O,since A~M.
Then U = 0 follows' since An ~M.

(c) Let

U ~M Alp-1(B) n U=O~B nlp(U)=O~lp(U) =0,

since B ~ N. Then it follows that

U ~ Ker(c/» = lp -1(0) ~ lp-l(B)~ U = lp -l(B) n U = O.

(d) Let U ~ C and Im({3a) n U = O. Since {3 is a monomorphism it
follows that

0= {3-1(0) = {3-\Im({3a)) n{3-1(U) = Im(a) n {3-1(U).

As Im(a) ~ B we deduce therefore that /3-1(U) = 0, thus this yields that
Im({3) n U = 0 and from Im({3) ~ C it follows that U = 0, which was to be
shown. 0

The following criterion for large submodules is important for applications.

5.1.6 LEMMA. Let A ~ MR, then we have

A ~MR~Vm EM, m ¥O 3rER[mr¥OA mrEA].

Proof. "~": From m ¥ 0 we have mR ¥ 0 and so An mR ¥ 0, since A ~ M
we have the assertion.

"¢:": Let B ~ M AB ¥ O. Then there is m EB, m ¥O. Let mr¥ 0 A mrE
A, then 0 ¥ mr E AnB and so A ~ M 0

5.1.7
let

COROLLARY. Let M = L M;, M; ~ M, Ai ~ M i for every i E I and
ieI

A:= L Ai=ffiAi,
ieI ieI
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A ~M and M=ffiMI.
leI
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Proof. A ~ M: Since every element from M lies in a sum of finitely many
of the M;, it is sufficient from 5.1.6 to establish the assertion for a finite
index set I, say I ={I, ... , n}.

Proof by induction on n. The initial induction step n = 1 holds by assump­
tion. Let the assertion be valid for n -1 summands, Le., suppose

A 1+.. .+An- 1~M1+.. .+Mn- 1.

Let now

Ooj:.m =ml +.. .+mn-1 +mn with ml EMI .

If indeed m1 +...+ mn-1 =0 then m =mn oj:. 0 =? there is r E R, 0 oj:. mr =
mnr E An. Let therefore m1 +... +m n-1 oj:. 0, then, by induction assumption,
there is an r E R with

ooj:. (m1 +... +m n-1)r EA1 +... +An- 1.

If for this r we have further mnr =0 then we are finished. Thus let mnr oj:. O.
Then there is an s E R with 0 oj:. mnrs E An, and it follows that mrs E

A 1 +...+An; from the directness of the sum of the AI we have moreover
mrs oj:. O. Therefore we have shown that A ~ M.

M=ffiMI: It is still also sufficient to assume that I={l, ... , n} and to
leI

suppose that

n-1
Ooj:.mn =m1 +.. .+mn-1EMn n L MI'

1=1

Then there exists an r E R with

n-1
0oj:.(m1+ ...+ mn-1)rE L Ai>

1=1

thus

n-1
ooj:. mnr = (m1 +...+ mn-1)r E M n n L AI'

1=1

Let then s E R with 0 oj:. mnrs E Am then it follows that

n-1
ooj:. mnrs = (m1 +...+mn-1)rs E An n L AI

1=1

in contradiction to the assumption. o
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5.1.8 COROLLARY. Let M =EB M;, M; ~ M, Ai c4 M;forevery i EI. Then
we have iEI

A:= L Ai =EBAi and A c4 M.
iEI iEI

Proof. From M = EBMi and Ai ~ Mi it follows that A = EfJAi' Then A c4 M
follows from 5.1.7.

5.1.9 COROLLARY. Let M=EBM; and let B ~M then the following
conditions are equivalent: iEI

(1) 'Vi EI[B nMi c4 MiJ.
(2) EB (B nM;) c4 M.

iEI
(3) B c4M.

Proof. "(1)~(2)": From 5.1.8.
"(2)~ (3)": From EB (B nM;) c4 Band 5.1.5(a).

iEI
"(3)~(1)": Let Ooi'miEM;, then there is, from 5.1.6, an rER with

ooi' mir EB. But also mir EM; and it follows that 0 oi' mir EB n M;, thus (1)
holds. 0

5.2 COMPLEMENTS

We are here concerned with weakening the concept of the direct sum
of two modules. A direct sum

Ae;>B =M

is, as we know, determined by the two conditions

A+B=M, AnB=O,

which are weakened in the following way by the definition of complements.

5.2.1 Definition: LetA ~M.

(a) A'~ M is called an addition complement, briefly adco, of A in M :¢::>

(1) A+A·=M.
(2) A is minimal in A +A' =M i.e.

'VB ~M[(A+B =M /\B ~A)~B=AJ.

(b) A' ~ M is called an intersection complement, briefly inco, of A in
M:¢::>

(1) AnA'=O.
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(2) A' is maximal in AnA' =0, Le.

'v'C <-+ M[(A n C =0 i\ A' <-+ C):::;'A' = C].

First of all the preliminary remark has to be justified.

5.2.2 COROLLARY. LetA <-+ M andB <-+ M. Then we have: AEBB=M~
B is an adco and inco of A in M.

Proof. "¢:": This follows directly from the definition.
":::;''': Let A +C =M and C <-+ B. By the modular law it follows that

(A n B) +C =B, and as An B =0 we deduce that C =B. Accordingly B
is adco. Let now AnC=O and B<-+C:::;'AEBC=M:::;'B=C by the·
previous conclusion on interchanging the roles of Band C. Thus B is also
an inco of A. D

The question now arises as to the uniqueness and existence of such
complements. Already in the case AEBB =M (with respect to fixed M and
A) B is in general only uniquely determined up to isomorphism. With
respect to complements even this is no longer the case (see the example
in Exercise 6(d)); nevertheless a certain uniqueness statement does arise
later.

Now we address ourselves to the question of the existence of comple­
ments. As 71.1'. shows, adcos need not exist: Let n, mE 71. with (n, m) =1,
then we have

n71.+ m71. = 71..
For n.,p 0, n.,p ±1 and (n, q) = 1, q > 1 yields (n, qm) = 1 as well as
qm71. ~ m71., thus there is no adco to n71..

On the other hand, examples of modules, possessing adcos, are easy to
construct, such as artinian modules and semisimple modules. In contrast
to adcos, incos always exist and these can moreover be chosen in a particular
way.

5.2.3 LEMMA. Let A, B <-+ M with A n B =O. Then there is an inco A' of
A with B <-+ A' and consequently an inco A" ofA' with A <-+ A".

Proof. By the use of Zorn's Lemma. Let

f={CIC <-+ M i\B <-+ C i\A n C =O},

then f.,p 0 since B E f. Since the union of every totally ordered subset in
f lies evidently again in f, every totally ordered subset from f has an
upper bound in f. By Zorn there is then a maximal element A' in f. With
A' in the place of A and A in the place of B it follows that A <-+ A". D
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The fact, that there is indeed always an inco but not always an adco is
of great significance for the entire theory of modules. For example, it
follows from this that there is always an injective hull (definition later) but
in general not always a projective cover. The reason for this stems from
the fact that in the category of modules Zorn's lemma cannot be applied
in the dual case.

Between the concepts small and adco, resp. large and inco, there exists
an important connection which will now be explained.

5.2.4 LEMMA

(a) Let M = A +B, then we have:

B is adco ofA inM¢:>A nB ~B.

(b) If A' is adco of A in M and A" is adco of A' in M then A' is also
adco of A" in M.

(c) If A' is adco of A in M and A" is adco of A' in M with A"~ A'
then we have A/A" ~M/A".

Proof
(a) "=?": Let U ~ B with (A nB) + U =B, then it follows that M =

A+B=A+(AnB)+U=A+U. Since B is adco of A, it follows that
U =B, hence we have A n B ~ B.

(a) "¢:": Let M =A + U with U ~ B, then it follows that B =
(A nB)+ U. As A nB ~ B we deduce therefore that B = U, thus B is
adco of A in M.

(b) By assumption we have M =A'+A'. Let U ~ A' with M =A"+ U,
then it follows that A' = (A" n A')+ u: As M =A +A' we obtain M =
A+(A"nA')+U: From A"nA'~A" it follows that A"nA'~M. We
deduce that M =A + (A" n A') + U =A + U. Since A' is adco of A and
U ~ A' it follows that U =A', Thus A' is adco of A" in M.

(c) Let (A/A") + (U/A") =M/A" with A" ~ U ~M, then itfollows that
A+U=M. As M=A"+A' and A"~ U we have further that U=
A"+(A'nU). Hence we deduce that M=A+U=A+A"+(A'nU)=
A +(A'n U), SinceA' is adco of A, it follows thatA'n U=A', thusA' ~ U
and we deduce that M =A"+A' ~ U ~ M, thus we have U =M and it
follows that U/A"=M/A", which was to be shown. 0

We come now to the dual statement,

5.2.5 LEMMA

(a) Let A and B be submodules of M with 0 = A nB, then we have: B
is inca ofA in M ¢:>(A +B)/B 4 M/B.
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(b) If A' is inca of A in M and A" is inca of A' in M, then A' is also
inca ofA" in M

(c) If A' is inca of A in M and A" is inca of A' in M with A '-'.> A" then
we have A 4 A".

Proof
(a) "=?": Let (A +B)/B n U/ B = 0 with B'-'.> U '-'.> M, then it follows

that (A +B) n U =B. Hence we have An U '-'.> B, thus An U'-'.> A n B.
Since B is inca of A, we have A nB = 0, thus also An U = 0 and as B '-'.> U
and B is inca of A it follows that B = U. Thus we have U/B B/B = 0,
which is to say (A +B) / B is large in M/B.

(a) "¢:": Let now An U =0 with B '-'.> U '-'.> M. Let x E (A +B) n U,
then it follows that x =a +b = u with a E A, b E B, u E U, thus we have
a = u - b E A n U = 0 and consequently a = 0 and x = b E B. Hence we
have (A +B) n U =B and it follows that (A +B)/B n U/B =O. As
(A +B)/B 4 M/B we must have U/B =0, that is to say B = U holds.
Consequently B is inca of A in M.

(b) By assumption we have A" nA' = O. Let A' '-'.> U '-'.> M with
A" n U =O. From (A" +A')/A" 4 M/A" it follows that A"+A' 4 M (by
5.1.5 (c)). Letx E (A" +A')n (A n U), then it follows that x = a"+a' = a = u
with a" E A", a' EA', a EA, u E U. Hence we have a"= u-a' EA" n U=O,
thus a" = 0 and it now follows that x = a' = a EA' nA O. Thus we have
(A" +A') n (A n U) = O. As A"+A' 4 M we must then have An U = O.
Since A' is inca of A and A' '-'.> U was assumed, it follows that A' = U,
which was to be shown.

(c) Let U '-'.> A" with An U =O. For x EA n (A' + U) we have x =a =
a'+u with aEA, a'EA', UE U. We deduce that a-u=a'EA"nA'=O,
thus x = a = u E An U = O. Consequently we have A n (A' + U) 0, thus
A' + U =A', thus U '-'.> A'. By observing that U '-'.> A" it follows that
U'-'.>A"nA' oand so u=o. We deduce that A o4A. 0

5.3 DEFINITION OF INJECTIVE AND PROJECTIVE
MODULES AND SIMPLE COROLLARIES

5.3.1 THEOREM

(a) The following are equivalent for a module OR:
(1) Every monomorphism

splits (i.e. Im(~") is a direct summand in B).
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(2) For every monomorphism a: A -7 B and for every homomor­
phism cp :A -7 Q there is a homomorphism K : B -7 Q with cp = Ka.

(3) For every monomorphism a :A -7 B

is an epimorphism.
(b) The following are equivalent for a module PR :

(1) Every epimorphism .

g:B-7P

splits (i.e. Ker(g) is a direct summand in B).
(2) For every epimorphism {3 :B -7 C and for every homomorphism
I/J :P -7 C there is a homomorphism A :P -7 B with I/J ={3A.
(3) For every epimorphism {3:B -7 C

Hom(1p , {3) : HomR (P, B) -7 HomR (P, C)

is an epimorphism.

DIAGRAM FOR (a), (2):

cp =Ka (Le. the diagram is commutative).

DIAGRAM FOR (b), (2):

I/J = {3A (Le. the diagram is commutative).

Proof of 5.3.1. (a) "(1)~(2)": This follows from 4.7.4 since by assumption
I/J splits in 4.7.4.
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"(2)::::} (1)": By assumption there is a K : B -i> Q so that the diagram

eQ )B

101 /",,,,/
'" I<

'"'"It

Q

is commutative, i.e. we have 10 = Kg, thus g splits by 3.4.11.
(a) "(2)¢>(3)": By considering the definition of Hom(ex, 10 ) (see 3.6) it

is clear that (3) is an equivalent reformulation of (2).
(b) "(1)::::} (2)": This follows from 4.7.6, since, by assumption, ex splits

in 4.7.6.
(b) "(2)::::} (1)": By assumption there is a A :P-i>B so that the diagram

P

),/1··
,.. e

B )P

is commutative, i.e. we have 1p =gA, thus g splits by 3.4.11.
(b) "(2)¢>(3)": Equivalent reformulation.

5.3.2 Definition
(a) A module QR, which satisfies the conditions of 5.3.1(a), is called an

injective R-module.
(b) A module PR , which satisfies the conditions of 5.3.1(b), is called a

projective R-module.

This definition of an injective, resp. of a projective, module refers to the
category of unitary right R-modules, since all monomorphisms ex :A -i> B
resp. all epimorphisms {3 :B -i> C are allowed. Thus, appropriately, the issue
concerns a categorical definition by means of universal mapping properties.

The question then arises whether we can also characterize injective and
projective modules by means of "inner" properties. For projective modules
this is-as we shall soon see-easily possible: An R-module is projective
if and only if it is isomorphic to a direct summand of a free R-module.
For injective modules there is in general no correspondingly simple charac­
terization by inner properties. For R =7l. we have however such a charac­
terization: a 7l.-module is injective if and only if it is divisible. The general
case can be reduced to this one.

We come now first of all to some simple consequences of the definition.
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5.3.3 COROLLARY

(a) 0 is injective 1\ 0 == A ~A is injective.
(b) P is projective 1\ P == C~C is projective.

5.3.4 THEOREM

(a) Let 0 = IT Oi, then we have:
iEI

o is injective~ 'Vi E I [Oi is injective].

(b) Let P = UPi, or P = E9 Pi, then we have:
lEI lEI

P is projective~ 'r/i E I [Pi is projective].

Proof. Notation for injections and projections corresponding to the direct
product and the direct sum as in Chapter 4.

(a) "~": Let 0 be injective, and let a :A -+ B be a monomorphism and
let cP : A -+ OJ for j E I be a homomorphism. For UT/jCP there then corresponds
by assumption an w :B -+ 0 with UT/jCP = wa:

A )B
cpl /"/

/ '"
Q. .... ......... //

1 ""U7J,! ,., ",..... ,/,/
10 i

{ 0 k:" "","K=Trf"

Trll "," .
OJ ~

The desired homomorphism K with cP = Ka is then K := 7TjW since we have:

cP = lo/,c= (7TjUT/j)CP = 7Tj(UT/jcp) = 7Tj(wa) = (7Tjw)a = Ka.

(a) "{=": Let now the monomorphism a :A -+ B and the homomorphism
cP :A -+ 0 be given. To every 7TiCP there then exists by assumption a· Ki with
7TiCP =Kia. By 4.1.6 there is then a K : B -+ 0 with Ki = 7TiK:
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We claim that fP = KeY.. From 1T'ifP = KIeY. and Ki = 1T'iK it follows that 1T'ifP =
1T'iKeY., thus by 4.1.6 (uniqueness) fP = KeY..

(b) By 5.3.3 it suffices to consider the case P = II Pi. The proof follows
dually to (a); hence we can be brief. iEI

(b) "?": The following situation is now given:

Pi

//" 1TIl }

// P IpJ

A=WTli// //'1
/ / /' /' '1TfT

/ ,;'

" / /' W p.,,/:,;' /' l~
/ /'

I< /'B _,, 13 ) C

But·w exists with t/J1T'p' = f3w, since P is projective, and A := WT/j yields the
desired result since we have

t/J = t/Jlpj = t/J1T'jfTT/j = (t/J1T'P')T/j = (f3W)T/i = f3(WT/j) = f3A.

(b) "{::": In the diagram
Pi

//// 1T1 '

A, /

/"~~,;'/',;' PloP
/ ./

I< /'

BI.c 13 ) C

there exist Ai with t/JT/i = f3Ai, by assumption, and A with Ai = AT/i, since
P =II Pi. It remains to show that t/J = f3A. From t/JT/i =f3A i and Ai =AT/i it
follows that t/JT/i =f3A T/i, thus by 4.1.6 (uniqueness) t/J = f3A. 0

In particular, according to this result, every direct summand of a projec­
tive module is again projective and-since for finite index sets direct sums
are also direct products-every direct summand of an injective module is
again injective.

5.4 PROJECTIVE MODULES

We are now in a position to produce the previously announced "inner"
characterization of projective modules;
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5.4.1 THEOREM. A module is projective if and only if it is isomorphic to
a direct summand of a free module. .

Proof. By 4.4.6 every free module is projective and by 5.3.4 and 5.3.3 so
also is every module which is isomorphic to a direct summand of a free
module. In order to show the converse, let P be a projective module and
let

be an epimorphism of a free module F onto P, existing by 4.4.4. Since P
is projective, ~ splits:

F =Ker(~) EElFo

and Fo is then isomorphic to P. 0
By this theorem, to which there corresponds no dual theorem with respect

to injective modules, the theory of projective modules is reduced to the
question of the properties of free modules and of their direct summands.

Since, as is well known, every submodule of a free Z-module is again
free (see Exercise 10), we obtain the corollary..

COROLLARY. Every projective Z-module is free.

An important lemma for the investigation of projective modules is the
so-called Dual-basis Lemma, which serves in a certain manner with regard
to arbitrary projective modules in the place of the basis property of free
modules.

5.4.2 THEOREM (DUAL-BASIS LEMMA). The following properties are
equivalent:

(1) PR is projective.
(2) To every family (Yi Ii E I) of generators ofP ov.er R there exists a family

(fPili EI) of fPi EP* := HomR(P, R) with
(a) 'Vp E P [fPi(p);If 0 only for finitely many i E I];

(b) 'Vp E P [p = .L YifPi(P)J.
lEI

'P1(P),",O

(3) There exist families (Yili E I) with Yi E P and (fPdi E I) with fPi E P*, so
that (a) and (b) hold.

Proof. "(1)=?(2)": As established in 4.4 there is a free R-module F with
a basis {xdi E I} and an epimorphism ~: F ..... P with ~(Xi) =Yi. Let

7T'j: F 3 L Xiri ..... rj E R, j E I
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(where we put rJ =0 in the case that the index j does not appear in L Xiri),
then we have for a =L Xiri E F: 7TJ(a) ,e 0 for only finitely many j E I and
a =L xi7Ti(a).

Since P is projective, thex:e exists A:P ~ F so that 1p = ~A:

Define 'Pi := 7TiA, i E I, then we have 'Pi E P*, and for pEP we have 'Pi(P) =
7TiA (p) ,e 0 for only finitely many i E 1. Further we have for pEP

thus (a) and (b) hold.
"(2)~(3)": Clear.
"(3)~(1)": From (b) (ydiEI) is a family of generators of P. Now let

~:F~P be again an epimorphism as in the proof of (1)~(2). Further let
T:P~F be defined by T(p):= LXi'Pi(P), then firstly T is a mapping, since
the 'Pi(P) are uniquely determined and by (a) almost all 'Pi(P) are equal to
O. Obviously T is in fact an R-homomorphism. Then we have

~T(p) =~ (L Xi'Pi (p)) =L Yi'Pi (p) =P,

thus 1p = ~T, Le. ~ splits and by 5.4.1 P is then projective.

5.5 INJECTIVE MODULES

In general a characterization of injective modules by "inner" properties
is not possible in as simple a manner as in the case of projective modules.
For R = 7L. there is nevertheless such a characterization and this has also
considerable significance for the case of an arbitrary ring R, it is in fact
used to show the existence of injective extensions.

5.5.1 THEOREM. A 7L.-module (= abelian group) is injective if and only if
it is divisible.
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Proof. Let D z be divisible, then 4.5.5 states that D is injective. Now let
Oz be injective. Let qa EO, O,p Za E;l; if we consider the homomorphisms

where Lis the inclusion mapping and cp is defined by CP(Za) := (fa, then there
is, since 0 is injective, a K with cP = KL. Thus we have K(1)za =K(1za)=
K(Za) = (KL)(Za) =cp(za) =qa. Since qa EO was arbitrary, it follows therefore
that OZa = 0, i.e. 0 is divisible. 0

Let now R be again an arbitrary ring. Since every module is an epimorphic
image of a free R-module and as free R-modules are projective, every
module is an epimorphic image of a projective R-module. We address
ourselves now to the dual question and wish to show that we can map
every module monomorphically into an injective module.

5.5.2 LEMMA. IfD is a divisible (= injective) ;l-module then Homz(R, D)
is injective as a right R-module.

Proof. Let a :A ~B be an R -monomorphism and let cP :A ~ Homz (R, D)
be an R- homomorphism. Let CT be the 7l.- homomorphism defined by

CT: Homz(R, D) 3f~ f(1) ED.

Then we consider the diagram

If we regard a and cp only as 7l.-homomorphisms, then there is, since Dis
7l.-injective, a 7l.- homomorphism T: B ~D with CTcp = Ta. Now let K : B ~

Homz(R, D) be defined by

K(b )(r) := T(br), bE B, r E R.



5.5 INJECTIVE MODULES 123

Then for fixed bE B, obviously K (b) E Hom;z(R, D) and we have

Le. K(brl) = K(b)rt, thus K is an R-homomorphism. Therefore we have

Ka(a)(r) = T(a(a)r) =T(a(ar)) = m(ar) = ucp(ar)

= cp(ar)(l) = (cp(a)r)(l) =cp(a)(r)

and consequently Ka = cpo ·0

5.5.3 THEOREM. For every module there is a monomorphism into an
injective module.

Proof. Let M R be given. By 4.5.4 there is a Z-monomorphism

I-t:M~D

into a divisible abelian group. By 5.5.2 Homz(R, D)R is injective as an
R-module. If we define

p:M ~Hom;z(R,D)

by p(m)(r) := I-t (mr), m EM, r E R, then p is evidently an R-homomorphis­
m and, since I-t is a monomorphism, even a monomorphism. 0

5.5.4 COROLLARY. QR is injective ¢::>QR is isomorphic to a direct summand
of a module of the form Homz(R, D)R with D a divisible abelian group.

Proof. "=?": In proof of 5.5.3.
"¢:": By 5.5.2 and 5.3.4. o

Corollary 5.5.4 can be considered as an "inner" characterization of
injective modules.

5.5.5 COROLLARY. Every module is a submodule of an injective module.

We formulate the proof as an independent lemma.

5.5.6 LEMMA. Let p :MR ~NR be a monomorphism. Then there is a
module N' with M ~ N' and an isomorphism T: N' ~ N so that p = TL,

where L is the inclusion mapping of M in N'.

Proof. Let D be a set of the same cardinality as the complement N\p (M)
of p(M) in N with D n M =0 and let f3 :D ~ N\p (M) be an injective
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mapping. Then define a set N' := MuD and let

r:N'~N

be the bijective mapping defined by

r(m) := p(m),

r(d):= f3(d),

mEM

dED.

In order to make N' into an R-module containing M R and to make r into
an R-module homomorphism, we put:

x+y:= r-\r(x)+r(y)),

xr:= r-\r(x)r),

x,yEN'

rER.

As is immediately seen, all assertions are then satisfied. o

Then 5.5.5 follows from this lemma since Homz(R, D)R and the isomorphic
module N' are both injective.

5.6 INJECTIVE HULLS AND PROJECTIVE COVERS

Now that we have seen that every module can be mapped, on the one
hand, monomorphically into an injective module and is, on the other hand,
an epimorphic image of a projective module, we turn to the question
whether in a certain sense there are "smallest" such modules.

5.6.1 Definition. Let M R be given.
(a) A monomorphism 1/:M~ Q is called an injective hull of M :¢::> Q

is injective and 1/ is a large monomorphism (see 5.1.1).
(b) An epimorphism g:P~M is called a projective cover of M :¢::>P is

projective and g is a small epimorphism (s. 5.1.1).
If 1/ :M~ Q is an injective hull then, if no misunderstanding can arise,

we designate Q simply as the injective hull of M without expressing the
1/. This holds correspondingly in the case of the projective cover.

With this interpretation we denote an injective hull of M also by I(M)
and a projective cover of M by P(M). We note however that I(M) and
P(M) are not thereby uniquely determined but only up to isomorphism
(see 5.6.3).

Example. 7Lz~ IQz is an injective hull of 7Lz, for L is a monomorphism, IQz
is injective = (divisible) and by 5.1.6 7Lz is large in IQz.
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5.6.2 COROLLARY

(a) If '1/i :M; ~ Oi for i = 1, 2, ... , n is an injective hull ofM; then

n n n

E9 '1/i : E9 M; ~ E9 Oi
i=l i=l i=l

n

is an injective hull of E9 Mi.
i=l

(b) If gi :Pi ~M i for i = 1, 2, ... , n is a projective cover ofM;, then

n n n

E9 gi: E9 Pi~ E9 M i
i=l i=l i=l

n

is a projective cover of E9 M;.
i=l

Proof. (a) This follows from 5.1.7 and 5.3.4.
(b) This follows from 5.1.3 and 5.3.4. o

Two questions now arise immediately, namely the uniqueness and
existence of hulls and covers. We begin with the question of the uniqueness
and at once prove a somewhat more general result.

5.6.3 THEOREM

(a) Let lp :M1~M2 be an isomorphism, let '1/1 :M1 ~ 0 1 be an injective
hull and let '1/2 :M2 ~ O 2 be a monomorphism with 02 injective. Then there
exists a split monomorphism

so that the diagram

01 ------')0) O2

is commutative and

TJ2 :M23 m ~ '1/2(m)'E Im(r/J)

is an injective hull of M 2 • '1/2 is an injective hull of M 2 if and only if r/J is an
isomorphism.
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(b) Let lp :M1~M2 be an isomorphism, let 6 :P1~M1an epimorphism
with P1 projective and let 6: P2~M 2 be a projective cover. Then there exists
a split epimorphism

I/J:P1 ~P2,

so that the diagram

P1
</1 ) P2

"I l~
M 1

'P )M2

is commutative and, if P1= Ker(I/J)E9Po (note Po==PJ!Ker(I/J)) [1 := ~1lpo
is a projective cover of M 1. 6 is a projective cover of M 1 if and only if
I/J is an isomorphism.

Proof. (a) In the commutative diagram

M
1

'1_1__-')0) 0
1

'Pi
.I'

/
.I'

/

"/</1
/

'121 /"/
l<

O2

I/J exists, since 02 is injective. Since 112lp = 1/J711 is a monomorphism it follows
that Ker(l/J) n Im(711) =O. Since Im(711) is large in 0 1it follows that Ker(l/J) =
0, Le. I/J is a monomorphism. Since 01 is injective, I/J splits and Im(l/J) is
injective.

Since Im(712) ~ Im(l/J) the definition of ih is meaningful. ii2 is, along with
712, a monomorphism and Cod(ii2) = Im(l/J) is injective. It remains to be
shown that Im(ii2) = Im(712) is large in Im(I/J). Let

,fr: 013q~ I/J(q) E Im(I/J),

then ,fr is an isomorphism and we have

,fr711(M1)= ii2lp(M1) = ii2(M2).

Since 711(M1) is large in 0], itfollows therefore from 5.1.5(c) (with lp = I/J -1),
that ii2(M2) is also large in Cod(,fr) = Im(I/J).

If 712 i~ an injective hull of M 2 then Im(712) 402 holds and as
Im(712) ~ Im(l/J) it follows that Im(l/J) 4 O2 , Since however Im(l/J) is a direct
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summand in Oz, this is only possible with Im(I/I) = Oz, i.e. 1/1 is an isomor­
phism. Conversely if 1/1 is an isomorphism, then it follows that T/z = iiz, thus
T/z is now an injective hull of M z•

(b) In the commutative diagram

1/1 exists, since Pl is projective. Since CPgl = 61/1 is an epimorphism it follows
that Im(I/I)+Ker(6)=Pz. Since Ker(6) is small in Pz, it follows that
1m(1/1 ) = Pz, i.e. 1/1 is an epimorphism. Since Pz is projective, 1/1 splits:

Pl =Ker(I/I)EBPo,

and Po==.Pt!Ker(I/I) is projective.
As Ker(I/I) ~ Ker(gl), gl := gllpo is, along with gt. an epimorphism. Since

Po is projective, it remains to be shown that Ker(gl) ~ Po. Let

,fr: Po 3p ~ I/I(p) EPz,

then ,fr is an isomorphism and as cpgl = 6,fr and since cp and ,fr are
isomorphisms

Ker(gl) ,fr-l(Ker(6)).

Since Ker(6) is small in P z it follows from 5.1.3(c), that Ker(gl) is small
in ,fr-l (Pz) = Po.

If gl is a projective cover of Mt. then Ker(6) ~ Pl holds and as
Ker(I/I) ~ Ker(gl) it follows that Ker (1/1) ~ Pl. Since however Ker(I/I) is a
direct summand in P l this is only possible with Ker(I/I) = 0, i.e. 1/1 is an
isomorphism. If conversely 1/1 is an isomorphism then it follows that gl = gt.
thus 6 is now a projective cover of M l • 0

Once more we point out explicitly that from 5.6.3 the injective hull and
the projective cover (if they exist) are uniquely determined up to isomor­
phism. For example if we put in the injective case M = M l = M z and cp = 1M

then T/z is an injective hull of M if and only if 1/1 is an isomorphism.
We come now to the question of the existence of projective covers and

injective hulls. Whereas-as is shown subsequently-to every module there
exists an injective hull, the dual statement does not hold. Thus there are
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modules which do not have projective covers. For example no Z-module,
which is not itself already projective (= free), has a projective cover, for
as we have earlier shown in 5.1.2, the trivial submodule 0 is the only small
submodule of a free Z-module.

The interesting question then arises of characterizing the rings R for
which every R-module has a projective cover. These are the perfect rings
which are treated later.

5.6.4 THEOREM. Every module has an injective hull. More precisely: If
J.L :M ...,.. 0 is a monomorphism into an injective module 0 and if Im(J.L)" is
an intersection complement of an intersection complement of Im(J.L) in 0
with Im(J.L) yo Im(J.L)", then

J1 :M ...,.. Im(J.L)"

with J1 (m) = J.L (m) for all m eM (restriction of the codomain ofJ.L to Im(J.L )"),
is an injective hull of M

Proof. Let A := Im(J.L). As shown in 5.2.5(c), A is large in A". It remains
to be shown that A" is injective. To that end we prove that A" is a direct
summand of 0; since 0 is injective, this follows then from 5.3.4 also for
A". We consider the diagram

A"EBA' )0

'1/
O/A'EB O/A"

where t is the inclusion mapping. In order to define a and {3, we write the
elements of O/A'EBO/A" as pairs. Then for a" + a' eA"EBA' let

(3(a" + a') := (a" + a' + A', a" + a' + A") = (a" + A', a' + A")

and also

a(q):= (q +A', q +A").

Then the diagram is commutative, i.e. we have (3 =at from which
Im({3) yo Im(a) follows. As A" nA' = 0 a and (3 are monomorphisms. Since
o is injective and a is a monomorphism, a splits.

We assert that Im({3) is large in O/A'EBO/A". Since from 5.2.5
A"+A/A' ~ O/A' andA"+A'/A" ~ O/A", the assertion follows by 5.1.7.

As Im({1) yo Im(a) then Im(a) is also large in O/A'EBO/A". Since a
splits, it follows that Im(a) =O/A'EBO/A", i.e. a is an isomorphism. To
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an arbitraryq E Q there is therefore aql E Q with (q +A', O+A") = (ql +A',
ql +A") from which firstly ql E A" and then q E A"+A' follow. Thus
A"EBA'=Q holds. 0

We now summarize, once again, how we have produced the injective
hull for a module M R :

(1) Embedding (monomorphism) of M as an abelian group in a divisible
abelian group D.

(2) EmbeddingJ.L :MR~Homz(R,D)R' where the module Homz(R, D)R
is injective.

(3) Let Im(J.L)" be an intersection complement of an intersection comple­
ment of Im(J.L) in Homz(R, D)R with Im(J.L) ~ Im(J.L)", then

Ii :M 3 m ~ J.L (m) E Im(J.L)"

is an injectiw hull of M.

It is clear that, by this complicated construction, it is hardly to be expected
in general that we can infer directly from the properties of M those of the
injective hull of M. The question of which properties of M remain preserved
or become lost on passing to the injective hull of M is in any event an
interesting question which has been explored from different points of view
and assumptions.

An injective hull, which is itself a "minimal injective extension" can also
be characterized as a "maximal large (= essential) extension".

5.6.5 Definition. Let a :A ~ B be a monomorphism.
(1) a is called a large extension of A :~ Im(a) 4 B.
(2) a is called a maximal large extension of A :~ a is a large extension

of A and every large extension of B is an isomorphism.

5.6.6 THEOREM. Let l' : M ~ W be a monomorphism. Then we have: l' is
a maximal large extension of M if and only if l' is an injective hull ofM.

Proof. Let 17: M ~ Q be an injective hull of M, then we consider the
commutative diagram



130 5 INJECTIVE AND PROJECTIVE MOQULES 5.6

in which lp exists, since Q is injective. As Im(1') 4 Wand Im(1')nKer(lp) =
0, we have Ker(lp) = 0, i.e. lp is a monomorphism. As Im(-17) ~ Im(lp) and
Im(77) 4 Q it follows that Im(lp) 4 Q. Let now l' be a maximal large
extension, then it follows that lp is an isomorphism, thus l' is an injective
hull.

The converse that every injective hull is a maximal large extension,
follows from the fact, that every monomorphism

a:Q--'JoB

with injective Q splits and proper direct summands are not large in a
module containing them. 0

We now direct our attention once again and briefly to the projective
cover. As we know this need not exist. If we assume however that the
corresponding addition complements exist then we can dualize Theorem
5.6.4. The intersection complements used in the proof of Theorem 5.6.4
exist by virtue of Zorn's lemma, whereas the dual addition complements
exist only under appropriate assumptions. The exact formulation is not to
be given here. Later, in the treatment of semiperfect and perfect modules,
the question of the existence of projective covers will be thoroughly investi­
gated.

5.7 BAER'S CRITERION

In order to establish whether a module Q is injective we have to test
whether to every monomorphism a :A --'Jo B and to every homomorphism
lp :A --'Jo Q there is a homomorphism K :B --'Jo Q with lp = Ka. This prompts
the question whether we can restrict the class of "test monomorphisms"
a : A --'Jo B. This is in fact possible and indeed it suffices to consider all
inclusions of right ideals U ~ RR.

5.7.1 THEOREM (BAER'S CRITERION). A module QR is injective if and
only if to every right ideal U ~ RR and to every homomorphism p: U--'JoQ
there exists a homomorphism 'T : RR --'Jo Q with p = 'TL, where L is the inclusion
mapping of U into R.

Proof. That the condition is necessary for injectivity is cl-ear. The converse
proof, that it is sufficient, follows in two steps.

Step 1. Let a :A --'Jo B be a monomorphism and let lp E HomR (A, Q). Let
C ~ B with Im(a) ~ C and let 1': C --'Jo 0 with lp(a) =1'a(a) for all a EA.
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Assertion. There is a C1 yo B with C ~ C1 and a 'Yl: C1~ Q with 'Yllc = 'Y
(hence also cp(a) = 'Yla(a)).

To prove this assertion let bE B, b 11. C; put C1 = C +bR. If we had
C n bR = 0 then immediately we could extend 'Y trivially to C1• The
difficulty stems from the fact that we can have C n bR "i' O. Let

u={ulu ER f\ bu E C},

then U is obviously a right ideal in Rand

g: U3u~buEC

is an R- homomorphism. Let p = 'Yg, then we have p : U ~ Q, and by assump­
tion there is aT: R ~ Q with p = Tt :

We now define 'Yl: C1~ Q by

'Yl: C+bR 3c+br~'Y(c)+T(r)EQ.

To establish that 'Yl is· a mapping, let

C, Cl E C, r, rl E R.

Then

C - Cl = b(rl - r) E C n bR =9 r rl E U =9 'Yg(r - rl) T(r - rl)

=9'Y(c -Cl) = 'Y(b(rl-r)) = 'Yg(rl -r) = T(rl-r)=9

'Y(c) +T(r) = 'Y(Cl) +T(rl)'

Since'Y and Tare R-homomorphisms, 'Yl is also an R-homomorphism and
by the definition of 'Yl we have 'Yllc = 'Y.

Step 2. Let Co := Im(a) and let aD be the isomorphism of A onto Co
induced by a. In addition let 'Yo:= cpao!, then we have cp(a) = 'Yoa(a) for
all a EA. The homomorphism 'Yo is now extended to the whqle of B with
the help of Step 1 and Zorn's Lemma. For this let r be the set of all
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pairs (C,'Y) with Im(a)=Co~ C~B and 'Y:C~O with 'YICo='Yo. As
(Co, 'Yo) E r this set is not empty. An ordering is defined in r by

{
l. C~ C1

(C,'Y)~(Cl,'Yl):~ 2 Ic=
. 'Yl 'Y.

Now let A be a non-empty totally ordered subset of r and let

D:= U C,
(C.y)eA

then we have Co ~ D ~ B. Further let

8: D 3d ~'Y(d)E0,

for dEC with (c, 'Y) EA. Then by 2 this is a homomorphism with 81co= 'Yo.
Consequently (D, 8) is an upper bound of A in r. Hence by Zorn's Lemma
there exists a maximal element in r, which, from Step 1, must be equal to
a (B, K) with cp = Ka. This completes the proof. 0

Further, following this, we point out that this theorem remains valid if
in it we replace RR by an arbitrary generator (see exercise 21). The
correspondingly dual assertion does not hold however.

An important application of Baer's criterion follows in the next chapter,
where it is shown that a ring R is noetherian if and only if every direct
sum of injective R-modules is again injective.

5.8 FURTHER CHARACTERIZATIONS AND PROPERTIES
OF GENERATORS AND COGENERATORS

In 3.3 as well as in 4.8 we have introduced and characterized generators
and cogenerators. These considerations are here to be carried forward. In
particular a characterization of cogenerators is given which makes it possible
for them to be constructed and so to demonstrate their existence. Moreover,
in addition, a "minimal" cogenerator can be given.

5.8.1 THEOREM

(a) The module B R is a generator if and only if for every projective module
PR a direct sum of copies of B exists which contains a direct summand
isomorphic to P.

(b) The module CR is a cogenerator if and only if for every injective
module OR a direct product of copies of CR exists which contains a direct
summand isomorphic to O.
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Proof. (a) Let B R be a generator. By 4.8.2(4) there exists an epimorphism
of a direct sum of copies of B onto P. Since by 5.3.1 every epimorphism
onto a projective module splits, the condition follows. The converse follows
likewise from 4.8.2(4) if we observe that every direct summand of a module
is an epimorphic image of the module and every module M, by 4.4.4, is
an epimorphic image of a projective (indeed free) module.

(b) Dual to (a), in which 5.5.3 now appears in the place of 4.4.4. 0

5.8.2 COROLLARY
(a) Let P be a projective generator, then we have: The module B is then

a generator if and only if there is a direct sum of copies of B which contains
a direct summand isomorphic to P.

(b) Let Q be an injective cogenerator, then we have: The module Cis
then a cogenerator if and only if there is a direct product of copies of C which
contains a direct summand isomorphic to Q.

Proof. (a) IfB is a generator, then the condition follows by 5.8.1. Conversely,
if the condition is satisfied, Le.

UBi =P'ffiL,
ieI

P'==P,

then this module can evidently be mapped epimorphically onto P, thus is
a cogenerator and by 4.8.2 this follows also for B itself.

(b) Dual to (a). 0

A projective module P is defined by the fact that for every epimorphism
f3:B...,.. C Hom(lp, (3) is also an epimorphism. A generator D can now
conversely be characterized by the fact that for every epimorphism
Hom(1D , (3), f3 is also an epimorphism. This holds correspondingly in the
dual case.

5.8.3 THEOREM
(a) The module DR is a generator if and only if every homomorphism

f3:B...,.. C for which Hom(1D , (3) is an epimorphism is itself an epimorphism.
(b) The module CR is a cogenerator if and only if every homomorphism

a :A...,.. B for which Hom(a, 1c) is an epimorphism is a monomorphism.

Proof. (a) Let D be a generator, then we have

C= L Im(cp).
'PeHOIDR(D,C)
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Since Hom(lD, {3) is an epimorphism, there is to every cp EHomR (D, C) a
cp' EHomR (D, B) with cp = {3cp'. Then it follows that

C = L Im(cp) = L Im({3q/) ~ Im({3) ~ C,
<pEHomR(D,C) <p'EHomR(D,B)

thus Im({3) = C, i.e. {3 is an epimorphism.
To prove the converse let MR be arbitrary. We define

B:= I1 D<p
<pEHomR(D,M)

with D <p = D for every cp EHomR (D, M) and also {3 :B ~M by

{3 ((d<p)) = L cp (d<p)'
d .. ¢O

Then for cpoEHomR(D,M), qJo={3T/<po obviously holds, where T/<po:D~

I1 D<p is the canonical monomorphism. Hence it follows that HomR (lD, {3)
is an epimorphism. By assumption {3 is then an epimorphism. Consequently
we have

M=Im({3)= L Im(cp),
<pEHomR(D,M)

thus D is a generator.
(b) Since the proof runs dually, we can be brief. If C is a cogenerator,

then the assertion follows from the relations

0= U Ker(cp)= n Ker(cp'a)
<pEHomR(A,C) <p'EHomR(B,C)

=n a-1(Ker(cp')) ~ a-1(0) =Ker(a) ~ 0,
<p'

thus Ker(a) = 0, i.e. a is a monomorphism.
To show the converse, let M R be arbitrary. We define

B := IT C<p with C<p = C for every qJ EHomR (M, C),
<pEHomR(M,C)

as well as a:M~B by

a(m):= (cp(m)),

Then, for CPo EHomR (M, C),

mEM.

where 7T<po: rrc<p ~ C<po = C is the canonical epimorphism. Hence Hom(a, le)
is an epimorphism and by assumption a is then a monomorphism. Con­
sequently we have

0= Ker(a) = n Ker(qJ),
<pEHomR(M.C)

thus C is a cogenerator. o
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5.8.4 COROLLARY

(a) Let PR be a projective generator and let f3 :BR ~ CR be a homomor­
phism. Then:

f3 is an epimorphism ¢:>Hom(lp, f3) is an epimorphism.

(b) Let QR be an injective cogenerator and let a :AR ~BR be a
homomorphism. Then:

a is a monomorphism ¢:>Hom(a, 1Q ) is an epimorphism.

Proof. "=*>" This holds since P is projective, resp. Q is injective,
"¢:" By 5.8.3. 0

We now direct our attention in particular to cogenerators. Let E R be a
simple module and 1(ER ) an injective hull of E, for which we assume
E ~ 1(R). Let CR be a cogenerator, then as

n Ker(cp) = 0
cp "'HomR(I (El, Cl

there must be given a homomorphism cp E HomR (1(E), C) with
$ '>'l> Ker(cp). Since E is simple it follows that En Ker(cp) = O. Since E is
large in 1(E) it follows therefore that Ker(cp) = 0, Le. cp isa monomorphism.
Obviously (by 5.6.3)

cp': E 3X ~ cp(x) E Im(cp)

is also an injective hull of E where the module Im(cp), isomorphic to 1(E),
is an injective submodule of C. As an injective submodule it is in fact a
direct summand of C. We have therefore established that the cogenerator
C to every simple module E contains an injective hull. Henceforth it is
crucial that this property is characteristic for cogenerators.

5.8.5 THEOREM

(a) The module CR is a cogenerator if and only if for every simple module
it contains an injective hull. .

(b) Let {Ej Ij E J} be a system of representatives for the classes of isomorphic
simple R-modules, and let 1 (Ej ) be an injective hull of E j• Then

Co := II 1(Ej )
j",J

is a cogenerator.
(c) A module CR is a cogenerator if and only if it possesses a submodule

isomorphic to Co.
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Proof. (a) We have previously determined that a cogenerator for every
simple module E contains an injective hull. Conversely let this now be
satisfied for C. Let 0 ¥- m EM, then mR is finitely generated and has
therefore by 2.3.12 a maximal submodule A. Then E := mR/A is simple.
Let

y :E~I(E)

be an injective hull of E with I(E) ~ C, which exists by assumption. Since
y is a monomorphism, y(m +A) ¥- 0. Let v: mR ~ mR/A be the natural
epimorphism then yv(m) =y(m +A) ¥- 0. Since I(E) is injective, there is
a y' :M ~ I (E) so that the diagram

is commutative. Consequently we have y'(m) ¥- O. Then let cp be defined by

cp: M 3 X ~ y' (x) E C,

thus it follows that cp (m) ¥- 0, i.e. m ~ Ker(cp). Thus altogether we have

n Ker(cp) =0,
q>eHomR(M.C)

i.e., C is in fact a cogenerator.
(b) From consideration of 5.6.3 it follows by (a) that Co = U I(EJ is a

cogenerator. jeJ

(c) If we have C1 ~ C with C 1 :=; Co then it follows by (a) that C is a
cogenerator. Now conversely let C be a cogenerator, then there is by (a)
to every E j an injective hull OJ ~ C, which by 5.6.3 is isomorphic to I(Ej );

let 'Yi: I(Ej ):=; OJ. We assert that

L OJ=E90j,
jeJ jeJ

where the sum is to be taken in C. LetEi:= Yj(Ej), then Ei is isomorphic
to E j and Ei 4 OJ. To prove the assertion it suffices by 5.1.7 to show that

LEi =E9Ei·
jeJ jeJ

If we suppose that this sum is not direct then there is a finite sub-sum ¥- 0
which is not direct. Of all finite sub-sums ¥- 0, which are not direct, let (with
respect to new indices) E~ +... +E~ be one with the smallest n.
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Then we have

E~ +.. .+E~ =E~ $ .. .$E~,

and also E~ n (E~ $ .. .$E~) t: O. Since E~ is simple it follows that

E~ ~ E~ $ .. .$E~.

Let 1Ti be the projection of E~ $ ... EBE~ onto E;, i = 2, ... , n, then there
is an ioE {2, ... , n} with 1TiQ(E~) t: O. Since E~ and E;o are simple, it follows
that E~ ==1Tio(ED =E;o' thus also E 1 ==E~ ==E;o ==E io' in contradiction to
the assumption concerning {EjJj E J}. Thus we have in fact

L Qj ffi Qi>
jeJ jeJ

and hence the isomorphisms 'Yj: [(Ej) == Qj can be assembled to give an
isomorphism

'Y : U [(Ej )...,.. ffi Qj
jeJ jeJ

(see 4.3.1) for which we have 'Y((aj)) =L' 'Yj(aj), where (aj) E U[(Ej),
L' 'Yj(aj)Effi Qj. 0

Condition (b) of this theorem provides us with a "minimal" cogenerator
Co which is injective for finite J (for this see also Exercise (28)). For an .
arbitrary J, Co is injective in the case that RR is noetherian (see 6.5.1).

In the general case to obtain an injective cogenerator, we take an arbitrary

injective module containing UEj as for example .,( UEj).
jeJ ~\jeJ

Later we shall be closely' concerned with injective cogenerators, where
the preceding theorem is essentially used.

5.8.6 Example. For R =7L, C/7L is an injective cogenerator. Since C/7L
is divisible C/7L is firstly injective. For an arbitrary ring R every cyclic
R-module M = mR is isomorphic to a module R/A with A R ~ RR (A =
Ker(a), if a: R 3 r~mr EM). Consequently every cyclic' and thereby in
particular every simple 7L-module is isomorphic to a module of the form
7L/n7L (with n E 7L). Since for n t: 0

z
7L/n7L 3 i~-+7LE C/7L

n

is obviously a monomorphism, C/7L contains for every simple 7L-module
an isomorphic copy. Consequently C/7L is also a cogenerator.
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EXERCISES

(1)

5.8

LetA ~B ~M. Show:
(a) B J4M~B/A J4M/AIIA J4M
(b) A4M~A4BIIB4M.
(c) Let A" be adco of A in M. Show for T ~ M: T J4 M=> T nA" J4 A.
(d) Let A' be inco of A in M. Show for T~M: T4M=>

(T+A')/A' 4 M/A'.

(2)
Let A and B be submodules of M.

(a) Show: A+B=M IIAnB J4B=>B is adcoofA inM
(b) Show: A nB = 0 II (A +B)/B 4 M/B =>B is inco of A in M.

(3)
Show: For A ~ M the following properties are equivalent:

(a) A J4M.
(b) For every generating set (xiii eI) of M and every family (aili eI)

with ai e A, (Xi - aili e 1) is also a generating set of M.
(c) There is a generating set (xdi e I) of M so that for every family

(ailie1) with aieA, (xi-ailieI) is also a generating set of M. (Note the
special case M R =RR with 1 as generating family.)

(d) IT from a generating set of M all elements of A are omitted then
a generating set of M is again obtained.

(4)
For m eMR let

TR(m) ={rlr eR II mr =O}.

Show

Si(M):= {mlm eM II TR(m) 4 RR}

is a submodule of MR (Si(M) is called the singular submodule of M).

(5)
Show:

(a) Let R be a commutative ring, A ~ R a and A" an adco of A in R.
Then there is a B ~ A with A'EBB = R.

(b) IT R is an integral domain and A '7 RR has an adco in R then A is
small in R.
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(6)
A submodule X ~ MR is called closed in M if from X 4 U ~ M it always
follows that X = U. Show:

(a) For X the following are equivalent:
(i) X is closed in M.
(ii) X is an intersection complement of a submodule of M, Le. there
is anA ~M withX=A'.
(iii) From X ~ V 4 M it always follows that V/X 4 M/X, Le. the
natural mapping II:M~M/X "contains" large submodules.

(b) Additionally let M 4 QR with QR injective (thus injective hull of
M). Then we have: X is closed in M if and only if there is a direct summand
y ~ Q with Y nM =X.

(c) Every submodule in MR is a direct summand (=Mi. semisimple) if
and only if every submodule is closed.

(d) Construct an example in which a closed submodule is not a direct
summand (say in M z := (71../871..)ffi(71../271..)).

(e) If R is an integral domain then in every R-module M the torsion
submodule

T(M):= {mlmEM I\mr=O for an rER, r;60}

is closed.

(7)
For R = 71.., i.e. in the category of abelian groups, the closed submodules
are to be characterized. Show for X ~ M z :

(a) If X is an intersection complement of A in M and if we have m EM,
m ~ X, mp E X for a prime number p, then there is an x E X with mp = xp.
(Show that (m71.. +X)/X is simple and (X +A)/X is large in M/X so that
it follows that m EX +A)

(b) If X ~ U ~ M, then there is a U E U and a prime number p with
u~X, up EX. (Show that U/X has a simple subgroup.)

(c) A subgroup X is closed in M if and only if for every prime p we
have: Xp =X nMp.

(d) A subgroup X is closed in M if and only if:

Soc(M/X) = (Soc(M) +X)/x.
Here Soc(M) is the sum of all simple subgroups of M.

(8)
Let 0;6 e ;6 1 be an idempotent (e =e2

) from the centre of R. Show: The
right R-module eR is projective but not free.
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(9)
Let {31: P 1~M, (32: P2~M be epimorphisms and Pl, P2 projective. Show:

P 1EBKer({32) ==P2 EBKer({31).

(10)
Let V...., F where F is a free right R-module with a basis (eili E I). Let
the set I be well-ordered (by,,;;;) and to every j E I let there be defined:

Fj = E9 eiR , Fj =E9 eiR , ~ = V n Fj, V j = V n Fj,
i<j i~j

and also A j =7T"j(Oj) where 7T"j is the jth projection of F onto R. Show:
(a) If the right ideal A j is projective, then there is a Vj ==Aj with OJ =

VjEB ~.

(b) If there is for every i E I a Vi with Vi = Vi EB Vi then it follows that

V=E9 Vi.
ieI

(To show that X =L Vi coincides with V one shows that the set {iii E I /I

Vi ~ X} is empty.)
(c) If in R every right ideal is projective then every submodule of a free

right R-module is a direct sum of right ideals (up to isomorphism).
(d) Over a principal ideal domain every submodule of a free module is

again free.

(11)
Let (Tili E I) be a family of rings and let

R:= IT Ti •
ieI

R itself becomes a ring, if addition and multiplication are defined com­
ponentwise, R is then called the ring product of the family (Tili E I). Let

A:= II Ti,
ieI

then obviously we have A cR. For k E I denote by ek that element from
A whose kth component is 1 and whose remaining components are O. Show:

(a) A is a two-sided ideal in R with A R =E9 eiR and A R <4 RR.
(b) A R is projective. ieI

(c) HomR ((R/A)R, RR) =0 and (R/A)R is not projective for infinite 1.
(d) For j E I we have: (ejR)R is injective~(Tj)r/ is injective.
(e) If all (Tj)r/ are injective and I is infinite then A R is a direct sum of

injective modules but A R is not itself injective.
(f) RR is injective~ 'Vj E I [(Tj)r/ is injective].
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(12)
Let R be an integral domain with quotient field K ¥- R. Show:

(a) HomR (K, R) =O.
(b) K R is not projective.
(c) If a projective module PR has a finitely generated large submodule,

then P is itself finitely generated.
(d) Every (as R-module) projective ideal is finitely generated.
(Hint: For (c) use the Dual Basis Lemma.)

(13)
Show in the category of abelian groups (i.e. R = ~):

(a) If P is projective (= free) and if A, B are two direct summands in
P then A (') B is also a direct summand in P.

(b) If Q is injective (= divisible) and if A, B are two direct summands
in Q then A +B is also a direct summand in Q.

(14)
Show: A module P is projective if and only if to every epimorphism
(3 : Q ~ C with injective Q and to every homomorphism q:J :P ~ C there is
a homomorphism q:J' :P ~ Q with q:J = (3q:J'.

(15)
In the following let I(M) always be an injective hull of M with M '-+ I(M).

(a) Show: Every endomorphism q:J of I(M) with q:J(m) = m for all m EM
is an automorphism.

(b) Show that the following conditions are equivalent:
(1) Every endomorphism q:J of I(M) with q:J(m) =m for all m EM
is the identity of I(M);
(2) HomR(I(M)/M,I(M))=O.

(16)
Let always M '-+ I(M), and X '-+ I(X) resp. Let M be called X-determined
if HomR(I(M)/M, I(X)) =0. Show:

(a) M is X-determined¢:;>to every homomorphism q:J:M~X there is
only one homomorphism q:J' :I(M)~I(X) with q:J(m) = q:J'(m) for all m EM

(b) Mis injective¢:;>V'X EM R [M is X-determined].
(c) V'x EX[{rlrER i\ xr =O} 4 RR =?x =O]¢:;>V'ME MR [M is X-deter­

mined].
(d) M is IT Xi-determined¢:;>V'i EI [M is Xi-determined].

ieI

(e) M 1 tBMz is X-determined¢:;>M1 and M z are X-determined.



142 5 INJECTIVE AND PROJECTIVE MODULES 5.8

(f) M 1(J?JM2 is M 1(J?JM2-determined~Mi is Mj-determined for i, j =
1,2.

(g) Let C be a cogenerator and X an arbitrary module. Precisely the
injective modules are C(J?JX-determined. In particular we have: C(J?JX is
C(J?JX-determined~C and X are injective.

(17)
Show: If 01> O2 are injective and ILl: 01 ~ 02, IL2: O2~ 01 are
monomorphisms, then we have: 0 1== 02. (Hint: Without loss we can
assume that O2~ 01> ILl: 01 ~ 01 and IL2 is an inclusion mapping. Let
0 1= 02 (J?JA, then let

B := A + IL1(A) +ILi (A) +ILi (A)+ . ..

and let-' C be an injective hull of B n 02= IL1(B) in Q2. By using the
homomorphism B 3 b~ ILl (b) E C it may be shown that A (J?J C == C.)

(18)
Let S := End(MR) where M is considered as an S-R- bimodule sMR. Show:

(a) Let x EM, let xR be simple and let xR be contained in an injective
submodule of MR. Then Sx is a simple left S-module.

(b) Let x, y EM, xR == yR and let xR be contained in an injective
submodule of MR. Then Sx is isomorphic to a submodule of Sy.

(c) Let x, y EM, xR == yR and as well let xR and yR be contained in
injective submodules of M. Then it follows that r(Sx) == I(Sy).

(19)
For an integral domain R show:
Every divisible torsion-free R-module is injective.
(MR is divisible :~'VrER, r~O [Mr=M];
M R is torsion-free :~ 'Vm EM, m ~ O'Vr ER, r ~ 0 [mr ~ 0].)

(20)
Let R be an integral domain with quotient field K. In the lattice Lat(KR )

of R-submodules of K R a multiplication is defined:

U· V:= {.£ UiVi!Ui E U" Vi E V" n EN}.
,=1

This multiplication is commutative and associative and has R as unit
element. Show:

(a) For 0 ~ U ~ K R the following are equivalent:
(1) There is a V ~ K R with U . V =R.
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(2) UR is projective and finitely generated.
(3) UR is projective.

(Hint: Use the Dual Basis Lemma.)
(b) If 0 ¢ UR ~ RR holds then the three conditions are further equiv­

alent to
(4) For all divisible M R the mapping

Hom(t, 1M):HomR(R,M)~HomR(U,M)

is surjective.
(c) The following are equivalent for R:

(1) Every ideal is projective.
(2) Every divisible R-module is injective.

An integral domain with property (c) (1) is called a Dedekind ring. In
particular every principal ideal domain is a Dedekind ring.

(21)
Let M R be called XR-injective: ¢=;for every monomorphism a :A ~X

Hom(a, 1M) :HomR (X, M) ~ HomR (A, M)

is surjective. Show:
(a) Let gl: Xl ~X be a monomorphism and let gz: X ~ X z be an epi­

morphism with Im(gl) = Ker(gz). If M is X-injective then M is also X l ­
and Xz-injective.

(b) Let M be X-injective and let M 1 be large in M. Then we have :Ml
is X-injective¢=;for every cp EHomR(X, M) we have Im(cp) ~ M l.

(c) If M is Xi-injective for every Xi of the family (Xdi E I) then M is

also (;u Xi) -injective. (Hint: Use (b) with an injective hull of M.)
leI

(d) Let M be X-injective and let X be a generator, then M is injective.
(Generalization of Theorem 5.7.1.)

(22)
Let MR be called YR-projective :¢=; for every epimorphism (3 : Y ~ B

Hom(lM , (3): HomR(M, Y) ~HomR(M,B)

is surjective. Show:
(a) Let R = 7L. iQlz is 7Lz-projective, but not 7LN-projective (7LN = Il 7Ln

.) neN
with 7Ln =7L for all n E~ .

(b) If every simple right R-:module is X-projective, then X is semisimple
(= sum of its simple submodules).
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(23)

5.8

Show:
(a) If R is a Dedekind ring (see Example 20) with quotient field K ,e. R

then K/R is an injective cogenerator of MR.
(b) If R is a principal ideal domain and with exactly one maximal ideal

pR ,e. 0, then the K/R-projective modules (see Example 22) are precisely
the torsion-free R-modules.

(Hint: Use the following two facts concerning R:
(1) If an R-module M is not torsion-free, it has a direct summand
which is isomorphic to K/R or R/(pn) for an n;;;'1.
(2) The R-modules A n := R/(pn) have the following property:
An - B 1\ B/An torsion-free=?An is a direct summand in B.)

(24)
Let S:= End(CR) and consider C as an S-R-bimodule sCR • For Uc C let

Is(U) := {sis E S 1\ a(U) = O}

and also for T c S

rc(T):= {clc E C 1\ t(c) = 0 for all t E T},

then Is(U) is a left ideal of Sand rc(T) is a submodule of CR. Let the
other annihilators be analogously formed.

Show for a cogenerator CR :

(a) B - CR =? rc1s(B) =B.
(b) A - RR =?rRlc(A) =A.
(c) sS is a cogenerator =? CR is injective.
(Hint: Let 71 : C -+ 1 (C) be an injective hull; by using the left ideal L. - sS,

L:= {A71IA EHomR(1(C), Cn

we show that 71 splits.)
(d) If R is a cogenerator on both sides then R is injective on both sides.

(25)
Let OR be injective, S:= End(OR) and let U - 0, V- O. Show:

(a) Is(U n V) = Is (U) + ls( V).
(b) IsrQ(I) =1 for all finitely generated left ideals 1 - sS.

(26)
Let S = End(MR ). For U - M we define in S the right ideal

As(U) := {sis E S 1\ Im(s) - U},
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for T c S we define in M the R-submodule

PM(T):= I Im(s).
seT

Show:
(a) MR is a generator:?PMAs(U) = U for all U ~ MR.
(b) MR is projective:? As (U + V) = As (U) +As (V) for all U, V ~ MR.
(c) M R is projective:? AsPM(I) =1 for all finitely generated I ~ Ss.

(27)
Let R =K[x, y] be the polynomial ring in the indeterminates x and y over
a field K. For fixed n EN let A denote the ideal generated by the elements

{x iyn+l-ilo~ i ~ n + 1}

and let S := R/A. Show:
(a) Ss is not injective.
(b) The R-module

M:= C~o Xiyn-iR) / (x n+1R + yn+lR )

is also an S-module (Le. MA = 0) and possesses exactly one simple sub­
moduleEs.

(c) The inclusion Es ~ Ms is a maximally large extension.
(d) M s is an injective cogenerator.

(28)
Let the cogenerator Co, introduced in 5.8.6, be injective and let D be also
a cogenerator of MR to which in every cogenerator of MR there is an
isomorphic submodule.

Show: Co==.D.



Chapter 6

Artinian and Noetherian Modules

One of the starting points in the historical development of "non-commu­
tative" rings and of modules over such rings was the theory of algebras
over a field K. The algebras themselves, their ideals as well as modules
over such algebras are also K -vector spaces. Consequently it was possible
to draw upon the theory of vector spaces for much of what was done in
the initial stage of the development. If a finiteness assumption is needed
then it is clear that finite dimension is required of the underlying K-vector
spaces.

The further development aimed, as far as possible, at removing the
assumption of an algebra. If we only have a ring (which is not an algebra),
then certainly in such a case we do not have the linear theory available
and in particular the question arises as to a substitute for the finiteness
condition of an algebra which is now no longer applicable.

Here, above all, Emmy Noether provided the appropriate notions and
interpretations and thereby sowed the seeds for the further development.
As finiteness assumptions she introduced maximal and minimal condition
which can also be formulated as chain conditions. In other parts of al!~et:lra-.--------- . .__._
these have turned out to be just as significant and natural. These conditions
are now about to be provided so that in the following considerations we
can always refer back to them. From the considerations of this chapter the
investigation of artinian and noetherian modules is not in any way concluded
but, as further concepts and lemmas present themselves, we shall return
to the theme many times.

In order to avoid misunderstanding it is to be emphasized that in the
following it is a question of finite or countable chains of submodules with
inclusion as order relation.
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6.1.1 Definitions
(1) A module M =MR is called noetherian resp. artinian :¢:> every non­

empty set of submodules possesses (with respect to inclusion as ordering)
a maximal resp. minimal element.

(2) A ring R is called right noetherian resp. artinian :¢:> RR is noetherian
resp. artinian.

(3) A chain of submodules of M

(finite or infinite) is called stationary :¢:> the chain contains only finitely
many different Ai.

Remarks. (a) These properties are obviously preserved under isomorphism.
(b) A noetherian resp. artinian module is also called a module with

maximal resp. minimal condition.

6.1.2 THEOREM. LetM=MR and letA ~M
(I) The following properties are equivalent:

(1) Mis artinian.
(2) A and M/A are artinian.
(3) Every descending chain Ai - A 2 - A 3 ~ ••• of submodules ofM
is stationary.
(4) Every factor module ofMis finitely cogenerated.
(5) In every set {Ai liE I} i= 0 of submodules Ai ~M there is a finite
subset {Ai liE Io} (i.e. finite 10 c: I) with

nAi=nAi.
ieI ielo

(II) The following properties are equivalent:
(1) M is noetherian.
(2) A and M/A are noetherian.
(3) Every ascending chain Ai ~ A 2 ~ A 3 ~ ••• of submodules of M
is stationary.
(4) Every submodule of M is finitely generated.
(5) In every set {Ai liE I} i= 0 of submodules Ai ~ M there is a finite
subset {Ai liE Io} (i.e. finite 10 c: I) with

IA i = I Ai.
ieI ielo
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(III) The following properties are equivalent:
(1) Mis artinian and noetherian.
(2) Mis of finite length (see 3.5.1).

Proof. (I) "(1) =? (2)": Since every non-empty set of submodules of A is
also such a set of M there is therefore a minimal element, thus A is artinian.
Let v:M~MIA and let {OiliEI} be a non-empty set of submodules of
MIA.

We claim that if v -1 (Oio) is minimal in {v -\Oi) liE I} then Oio is minimal
in {Oi liE I}. Suppose Oi ~ Oin' Then v -\Oi) ~ v -l(Oin)
and so, from the minimality of Oio:

V -\Oi) = V-\Oin),

and we have Oi = vv-l(Oi) = vv-1 (Oio) = Oio' This follows also directly from
3.1.13.

(I) "(2)=?(3)": Let A1~A2~A3~'" be a descending chain of
Ai ~M and let again v:M~MIA. Let

r := {Ai Ii =1, 2, 3, ...}, v(f) := {v(Ai)Ii =1, 2, 3, ...},

r A := {Ai nA Ii = 1, 2, 3, ...}.

Since r is not empty, v(f) and r A are not empty. By assumption there is
therefore a minimal element in v(f), say v(A/) and a minimal element in
r A, say Am nA. Let n := Max(l, m), then we have

v(An)= v(An+i), An nA =A n+i n A, i =0, 1,2, ...

We claim that An =A n+b i = 0, 1,2, ... so that the given chain is in fact
stationary.

From v(An)=v(An+i) we have

An +A = v-l v(An) = v-1v(An+;) =An+i+A,

i.e. An +A =A n+i+A. Further we have An n A =A n+i n A as by assump­
tion An ~ A n+i. By the modular law it now follows that

An = (An +A)nAn = (An+i+A) nAn =An+i+(A nAn)

(I) "(3)=?(1)": Indirect proof. Suppose the non-empty set A of sub­
modules contains no minimal element. For every U E A there is then a
U' E A with U' ~ U. For every U let such a fixed U' be chosen (Axiom
of Choice). For arbitrary Uo E A

Uo~ Uh ~ Ug~ ...

is then an infinite, properly descending chain in contradiction to (3).
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(I) "(4)~(5)": This follows immediately from 3.1.11 (if in (5) we write
U := nieIAi).

(I) "(1)~ (5)": By (1) in the set of all intersections of any finitely many
of the A, i E I there is a minimal element; let this be D := n Ai.

ie10

By the minimality of D it follows for every j E I: D n A j =D and hence
D '-i> n Ai> thus D = n A j •

jeI jeI
(I) "(5)~(3)": Let Al ~ A 2 ~ A 3 ~ ••• be given, then from (5) there

is an n with

n A i = n Ai
i= 1.2,3,... i = I,...,n

and consequently we have An =Ai for i ~ n.
(II) The proof follows dually to the artinian case up to (4)~(5): this

equivalence was shown in 2.3.13 (with M in the place of I Ai in (5)).
ieI

(III) "(1)~ (2)": Since M is noetherian by (II) every submodule is
noetherian. Consequently there is in every submodule A '-i> M (including
M itself), A¥- 0, a maximal submodule A'. To every such A let a fixed
submodule A' be chosen. Then consider the chain

M~M'~MfI~MIfI~...

Since M is artinian this must break off and then it represents a composition
series, Le. M is of finite length.

(III) "(2)~(1)": Let A := A 1 '-i> A 2 '-i> A 3 '-i> ••• be an ascending chain
of submodules of M

Let 1be the length of M (= the length of a composition series of M).
We claim that in A at most 1+1 different Ai occur. Suppose there were

more than 1+1, then a subchain of A of the form

would exist. This could be refined to a composition series of M (see 3.5.3)
and consequently M would have to have a length ~l+1. But if A has only
finitely many different Ai then A is stationary, thus M is noetherian.
Analogously it follows that M is artinian. 0

The condition (I), (3) resp. (II), (3) in 6.1.2 is called the descending resp.
ascending chain condition. Thus by 6.1.2 we conclude that a module satisfies
the minimal resp. the maximal condition if and only if it satisfies the
descending resp. ascending chain condition. This statement remains valid
if we consider not all submodules but only the finitely generated submodules
resp. the cyclic submodules resp. the direct summands of a module. Thus
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by way of example we have: a module then satisfies the minimal conditions
for finitely generated submodul~s (that is to say, in every non-empty set
of finitely generated submodules there is a minimal one), if and only if the
descending chain condition for finitely generated submodules is satisfied
(that is to say, every descending chain of finitely generated submodules is
stationary). The easy proof of this and of the other corresponding statements
is left to the reader as an exercise. The reader will also notice that in place
of the set of all finitely generated submodules resp. all cyclic submodules
resp. all direct summands an arbitrary set of submodules can appear. Of
course only the three given cases are of interest here.

6.1.3 COROLLARY

(1) If M is a finite sum of noetherian resp. artinian submodules then M
is noetheri(ln, resp. artinian.

(2) If R is a right noetherian resp. artinian ring and M =M R is finitely
generated then M is noetherian, resp. artinian.

(3) Every factor ring of a right noetherian resp. artinian ring is again right
noetherian resp. artinian.

n

Proof. (1) let M = L AI with AI ~ M. We obtain the proof by means of
1=1

induction on the number n of the summands. For n =1 the assertion
coincides with the assumption. Let the assumption be valid for n -1 and let

Then

n

M=LAI
i=1

with AI noetherian resp. artinian for all i.

n-l

L:= L Ai
i=1

is noetherian resp. artinian.

By the First Isomorphism Theorem (3.4.3) we have

M/An=(L+An)/An==L/LnAn.

From 6.1.2 whenever L is noetherian resp. artinian so also is L/L nAn
and hence also M/An. Since An is also noetherian resp. artinian the assertion
now follows from 6.1.2.

(2) For x EM consider the mapping

({Jx: R 3r~xrEM.

This is immediately a homomorphism of RR into MR' From the
Homomorphism Theorem we deduce that

R/Ker«({Jx) == Im«({Jx) =xR
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as right R-modules. If RR is artinian resp. noetherian then it follows from
this by 6.1.2 that this also holds for xR. If Xl> ••• ,Xn is a generating set of
MR then the assertion follows from Corollary (1) as

n

M= L xiR.
i=l

(3) Let A ~ RRR' then whenever RR is noetherian resp. artinian so also
is (R/A)R. Since (R/A)A =0 the submodules of (R/A)R coincide with the
right ideals of R/A from which the assertion follows. 0

6.2 EXAMPLES

(1) Every finite-dimensional vector space is of finite length. In order to
see this let VK be a vector space over the skew field K and let {Xl, ••• ,xn }

be a basis of VK. Then

is a composition series of V since from

(X1K +.. ,+Xi+1K)/(x1K +.. ,+XiK)==Xi+1K ==K

every factor is simple.
(2) Every finite-dimensional algebra R over a field K is on both sides of
finite length since every right or left ideal is a subspace of R considered
as a K-vector space.
(3) A vector space VK of infinite dimension is neither artinian nor no­
etherian. Let {Xi liE ~} be a set of linearly independent elements, then we
may consider the chains

ex:> ex:> ex:>

L XiK ~ L XiK ~ L XiK ~ ...
i=l i=2 i=3

and

X1K '# X1K +X2K ~ X1K +X2K +X3K '# ...

neither of which is stationary.
(4) 7l.z is noetherian but not artinian. Since every ideal is a principal ideal
and so finitely generated 7l.z is noetherian.

Since

is not stationary, 7l.z is not artinian.
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Remark. In 7l. we have a ring which (on each side) is in fact noetherian
but not artinian. The converse situation is with respect to a ring (with a
unit element!) not possible! Actually we shall show later that every artinian
ring is also noetherian. In order to obtain an example of an artinian module,
which is not noetherian (see next example), we can in consequence not
refer to a ring.
(5) Let p be a prime number and let

Op := {;iIa E7l. II i EN}

i.e. the set of the rational numbers, whose denominator is a power of p
(including pO =1). Then IQ!p is a subgroup of IQ! (as additive group) and
7l. ~ IQ!p.

ASSERTION. IQ!p/71. is artinian but not noetherian as a 7l.-module.

Proof. Let 1;i+7l.) be the 7l.-submodule of Op/71. generated by;i+ 7l. E Op/71..

Then

is a properly ascending chain for

J+1 E l;i+71.),

thus Op/71. is not noetherian. In order to show that Op/71. is artinian we
show that in the chain given above all proper submodules of Op/71. occur.
In every non-empty set of submodules there is evidently then a smallest
submodule (not only a minimal one!).

We consider firstly:

(a, p) = 1:;> I;i+71.) = I;i+71.).

As (a, p) =1 (coprime) there are b, C E 7l. with

. ab 1
ab +p'c = l:;>j----,-= -c E 7l.

p p'
thus

ab 1 1
1

) I a )-.-+71. =---,-+71.:;> ---,-+71. ~ ---,-+71.
p' p' p' p"

Since on the other hand la/pi +7l.) ~ 11/pi +7l.), the assertion follows.
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Let now B ~ o.p/71., then there are two distinct cases.

Case 1. For every n EN there is an i E N with i;;;. n and an a/pi +71.. E B
with (a, p) = 1 (i.e. there are elements of arbitrarily high order in B).

From (*) it then obviously follows that B =o.p/71. for every z/pn +71.. E B.

Case 2. There is a maximal i E N for which there exists an a/pi +71.. E B
with (a, p) = 1 (i.e. there is no element of arbitrarily high order in B). From
(*) it then follows that

o

with k EK,'1, '2ER.

(6) Example of a ring which is artinian and noetherian on one side, thus
of finite length, but which is neither artinian nor noetherian on the other
side. Let Rand K be fields and let R be an infinite dimensional extension
field of K. Example: IR and 0..

Let S be the ring of all matrices of the form

( k '1)
o '2

As we see immediately, S is a ring with unit element

(~ ~).

S is neither left .artinian nor left noetherian. Let {Xi liE N} be a set of
elements from R which are linearly independent over K. Let

then we have

(
0 xo)

Si:= 0 0" iEN,

thus it follows that the left ideal generated by Si is

SSo =(0 KXi)
, 00'

Then
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is a properly ascending chain of left ideals and

<Xl <Xl <Xl

L Ss; ~ L Ss; ~ L Ss; ~ ...
;=1 ;=2 ;=3

is a properly descending chain of left ideals.
To see that Ss is of finite length a composition series of Ss will be explicitly

given. For this it is useful to have the product of two elements of S in view:

Let now

A 1 := (~ ~)s = (~ ~),

then these right ideals are obviously simple (since R is a field) and we have
A 1 nA2=O.

Then it follows that A 1 +A 2/A 1 ==A2 is also simple.
We claim that 0 ~ A 1 ~ A 1 +A 2~ S is a composition series of Ss. It

remains only to be shown that A 1 +A2 is maximal in S. Let

(~ ::) eA 1 +A2,

then it follows that h ;=. O. For

B:= A 1+A2+(~ ::)s
we then have

thus B =S.

6.3 THE IDLBERT BASIS THEOREM

The Hilbert Basis Theorem can be considered as the principle of"construc­
tion for certain noetherian rings. It has important applications in algebraic
geometry.

6.3.1 THEOREM. Let R be a right noetherian ring. Then the polynomial
ring R [x] (in which x commutes with the elements from R) is right noetherian.
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COROLLARY. R[xr, ... , xn] is right noetherian.

Proof of the theorem. We show that every right ideal A from R [x] is finitely
generated. For the proof we assume A,e o. We obtain the proof in three
steps.

Step 1. Let P(x) = xnrn+xn-1rn_1 +...+ ro E R[x] with rn ,e 0, then rn is
called the highest coefficient of P(x); the highest coefficient of the zero
polynomial from R [x] is put equal to O. Let A o:= the set of the highest
coefficients of polynomials in A.

ASSERTION. A o~ RR.

Proof. Let a, b E A o, a ,e 0, b ,e 0 then there are

P1(x) = xma +xm-1am_1 + EA,

P2(x) = xnb +xn-1bn_1+ EA.

Let further rr,r2ER with ar1+br2,e0, it follows that P1(x)Xnr1+
P2(x)Xmr2 EA, thus ar1 +br2 EAo and consequently A o~ RR.

Since RR is noetherian, A o is finitely generated. Let ar, ,ak be a
generating set of A o, where all ai,e 0, then there are P1(x), , Pk(x) EA
with ar, ... , ak as the highest coefficients (in the given sequence). By
multiplication by powers of x it can be arranged that all Pi(x) have the
same degree, say n; which we now assume. Let now

k

B:= L Pi(x)R[x],
i=l

then B is finitely generated and we have B ~ A.

Step 2. Nowlet F(x) EA.

ASSERTION. F(x) can be written in the form

F(x) =G(x)+H(x)

where G(x) EB and H(x) =0 or the degree of H(x) is ~ n.

Proof. If F(x) =0 or if the degree of F(x) is ~ n the assertion holds with
F(x)=H(x). Thus let the degree of F(x) be t>n. If b is the highest
coefficient of F(x) then b can be represented in the form

ri ER.
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The polynomial

F 1(x) :=F(x) (LPj(x)rj)x t
-

n

then has a degree ~t-1 or F 1(x) =O. Thus putting

we then have

F(x)= G 1(x)+F1(x),

where G1(x) e B. In the case that the degree of F 1(x) ... n we may decompose
F 1(x) correspondingly:

with G2(x)eB and F2(x) =0 or the degree of F2(X)~t-2. From this it
follows that

F(x) =G 1(x) + G 2(x) +F2(x)

with G 1 (x)+ G2(x) eB and F2(x) =0 or the degree of F 2(x) ~ t-2.
After at most t - n steps (i.e. using induction) the desired decomposition

is obtained

F(x) =G(x)+H(x).

Since F(x) e A and G(x) e B "-+ A it follows that

H(x) =F(x)-G(x) eA n(R +xR +.. .+xnR).

Step 3. Now consider the right R-module

An(R+xR+...+xnR).

This is an R-submodule of the finitely generated right R-module R +xR +
.. .+xnR, over the right noetherian ring R. By 6.1.3 and 6.1.2 this is
then also finitely generated. Let, say,

I

An (R +xR +.. .+xnR) = L Qj(x)R.
j=l

ASSERTION

k I

A = L pj(x)R[x] + L Qj(x)R[x].
j=l j=l

Since Pj(x), Qj(x) eA the right side is contained in A and from (*) A is
. also contained in the right side. This completes the proof. 0

.'---.
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6.4 ENDOMORPIDSMS OF ARTINIAN AND
NOETHERIAN MODULES

First let M =MR be an arbitrary module and let ip be an endomorphism
of M, Le. a homomorphism of M into itself. Then ipn, n EN, is also an
endomorphism of M and we have

Im(ip) (-' Im(ip2) (-' Im(ip3) (-' ..

Ker(ip) '-'.lo Ker(ip2) '-'.lo Ker(ip3) '-'.lo ...

In case M is artinian resp. noetherian. the first, resp. second of these chains
must be stationary. This yields interesting corollaries.

6.4.1 THEOREM. Let ip be an endomorphism ofM
(1) Mis artinian~ 3no E N 'Vn ;;. no [M =Im(ipn) +Ker(ipn)].
(2) Mis artinian 1\ ip is a monomorphism~ ip is an automorphism.
(3) M is noetherian~ 3no EN 'Vn ;;. no [0 = Im(ipn) II Ker(ipn)].
(4) M is noetherian 1\ ip is an epimorphism~ ip is an automorphism.

Proof. (1) By the preceding remark there is an no EN with Im(ipno) = Im(ipn)
for n ;;. no. For n;;' no it then follows that Im(ipn) =Im(ip2n). Let x EM, then
ipn(x) EIm(ipn) =Im(ip2n)~there exists y EM with ipn(x) =ip2n(y)~

ipn(x _ ipn(y» = 0~ k:= x - ipn(y) E Ker(ipn)~ x = ipn(y) + k E Im(ipn) +
Ker(ipn), which was to be shown.

(2) If ip is a monomorphism then obviously so also is ipn for every n EN,
i.e. Ker(ipn) =O. Then it follows from (1) that M =Im(ipno), thus also
M =Im(ip), for Im(ipno) '-'.lo Im(ip). Consequently ip is an epimorphism, thus
an automorphism.

(3) Here there is an no EN with Ker(ipno) =Ker(ipn) for n;;' no. For n;;' no
itthenfollows that Ker(ipn) = Ker(ip2n).Letx EIm(ipn) II Ker(ipn), then there
is ayE M with x = ip,n (y), and we have

o= ip n(x) = ip 2n (y).

Consequently we have y EKer(ip2n) =Ker(ipn), from which we have x =
ipn (y) =0, thus we obtain 0 =Im(ipnJ II Ker(ipn).

(4) If ip is an epimorphism then so also is ipn for every n EN, Le.
Im(ipn) =M. From (3) it then follows that 0 =Ker(ipno), thus since
Ker(ip)'-'.loKer(ipno) we have also Ker(ip) =0. Consequently ip is a
monomorphism, thus also an automorphism. 0

6.4.2 COROLLARY. Let M be a module of finite length and let ip be an
endomorphism ofM. Then we have

(5) 3no EN 'Vn ;;. no [M =Im(ipn) E9 Ker(ipn)].
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(6) cp is an-automorphism ¢::';cp is an epimorphism ¢::';cp is a monomorphism.

Proof. (5) For no we now take the maximum of the numbers no in (1) and
(3). (6) follows from (2) and (4). 0

By means of 6.4.2 well known properties of finite-dimensional vector
spaces are generalized.

6.5 A CHARACTERIZATION OF NOETHERIAN RINGS

We give here a characterization of noetherian rings which is of funda­
mental significance for a comprehensive theory of modules over noetherian
rings. The proof is based essentially on Baer's Criterion.

6.5.1 THEOREM. The following conditions are equivalent for a ring R:
(1) RR is noetherian.
(2) Every direct sum of injective right R-modules is injective.
(3) Every countable direct sum of injective hulls of simple right R-modules

is injective.

Proof. "(1)::;'(2)": Let Q := EB Qi be an internal or external direct sum of
ieI

injective right R-modules Qi. By Baer's Criterion 5.7.1 it suffices for the
proof of injectivity to show that for every right ideal U '-+ RR and every
homomorphism p: U ~ Q there exists a homomorphism T: R ~ Q with
p =n, where ~: U ~ R is the inclusion mapping. Since RR is noetherian,
U is finitely generated:

n

U= L uiR.
i=l

The images p(Ui), i = 1, ... , n, of the Ui under p have components
different from zero for only finitely many of the Qi, say for the Q i with
i E 10 , where 10 is a finite subset of 1.

Let

~o: EB Qi ~EB Qi
iela iel

be the inclusion mapping and let Po be the homomorphism.induced by the
restriction of the domain of p to EB Qi. Then we have p = ~oPo.

ie10
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Since Jo is finite, E9 Oi is injective and there exists a homomorphism To
ie10

so that the following diagram is commutative:

Consequently we have p = toPo = toTot = 'Tt if we put T := toTo.
"(2) =? (3)": (3) is a special case of (2).
"(3)=? (1)": The proof is obtained indirectly.
Let RR be non-noetherian, then there is a properly ascending chain of

right ideals of R :

Then
IX)

A:=UAi
i=l

is also a right ideal of R and to every a E A there is an na EN so that a E Ai
for all i?:: na• For every i = 1, 2, 3, ... let Ci E A, Cie Ai. In the cyclic module
(ciR +Ai)/Ai by 2.3.12 there exists a maximal submodule NJAi; then

Ei := ((CiR +Ai)/Ai)/(NJAi)

is a simple right R-module. Let Vi: (CiR +A i)/Ai ~ E i denote the natural
epimorphism. Let J(Ei ) be the injective hull of E i with E i ~ J(Ei) and let
ti :Ei ~J(Ei) be the inclusion mapping. Then there exists a commutative
diagram
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where t: is the corresponding inclusion mapping and we have 'T/i(Ci) =
tilli(Ci) r= 0 for i =1, 2, 3, ....

We now define

n a <Xl

a: A 3 a~ L 'T/i(a +A;) E EEl I(Ei),
i=1 i=1

in which 'T/i(a +Ai) is thus the ith component of a(a). Since a EAi for i~ na ,

a(a) lies in fact in the direct sum. (If we consider EElI(Ei ) as an external
<Xl

direct sum then we put a(a) = ('T/i(a +Ai)). Since by assumption EEl I(Ei)
i=1

is injective, there is a (3 so that the diagram

IS commutative. Let bi be the ith component of (3(1) in E8 I(Ei ), then
there is an nEN with bi=O for i~n. Since a(a)={3(a)={3(1)a, aEA it
follows that 'T/i(a +Ai) =bia, thus 'T/i(a +Ai) =0 for i ~ n and all a E A. But
'T/n(cn+An)r=O by the definition of 'T/i, contradiction! Hence 6.5.1 is com­
pletely proved. 0

Remark. If we are only interested in 6.5.1 (1)~(2), then the proof can
be simplified. We need (3):::} (1) for a later theorem. The simplification in
the proof of (2):::} (1) as opposed to that of (3):::} (1) will be indicated briefly.
The proof now follows directly by first starting from an arbitrary chain of
right ideals

Again let
<Xl

A:=UAi.
i=1

Now let 'T/i be the inclusion mappings

'T/i: A/Ai 3a +Ai~a+Ai EI(A/Ai)

and let
<Xl

a:A -lo EEl I(A/Ai)
i=1
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na

a(a):= L (a +A I ),
1=1

aeA.

Then it follows that 1/1 =0 for i;;.: n and consequently A =AI for i;;.: n.
If R is an arbitrary ring and 1/1:Mt ~ I (Mt), i = 1, ... , n, are finitely many

injective hulls of R-modules, then

n n n

EEl 1/1: EEl M I~ EEl I(MI)
1=1 1=1 1=1

is also an injective hull. If RR is now noetherian then it follows from 6.5.1
and 5.1.7 that the corresponding result also holds for an arbitrary index set.

6.5.2. COROLLARY. Let RR be noetherian and let (MIlie I) be a family
of right R-modules. If

1/1 :MI~I(MI)

is any injective hull ofMt then

EEl 1/1 :EElMI~EElI(Mt)
ieI ieI ieI

is an injective hull of EEl Mt.
leI

6.6 DECOMPOSITION OF INJECTIVE MODULES OVER
NOEmERIAN AND ARTINIAN RINGS

In order to explain the issues to follow we need some definitions.

6.6.1 LJefinitions
(a) M R is called directly decomposable resp. directly indecomposable:

~MR =0 or there is a direct summand of M different from 0 and M resp.
M R ¥- 0 and there is no direct summand of M different from 0 and M. (See
2.4.3.)

(b) Let U ~ MR. M is called irreducible (meet-irreducible) over
U :~ for arbitrary submodules A, B Yo M with U ~ A, U ~ B we have
U¥-AnB.

(c) M is called irreducible (meet-irreducible) :~ M is irreducible over O.

One of the fundamental questions of the theory of modules concerns
the decomposition of a module into a direct sum of submodules. The utmost
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possible such decomposition is then obviously achieved if all submodules
of the decomposition are themselves indecomposable. In this connection
there arise three questions:

(1) Under what assumptions does a module admit a decomposition into
a direct sum of directly indecomposable submodules?

(2) Is such a decomposition (if it exists) uniquely determined?
(3) What properties do directly indecomposable modules have?

Questions (1) and (3) are answered here for injective modules over no­
etherian and artinian rings. An answer to question (2) is given in the next
chapter by the Krull-Remak-Schmidt Theorem.

We "begin by investigating directly indecomposable, injective modules
for which, first of all, the ring R is arbitrary.

6.6.2 THEOREM. Let QR be injective, QR"i' O. Then the following con­
ditions are equivalent:

(1) Q is directly indecomposable.
(2) Q is the injective hull of every submodule "i'0.
(3) Every submodule "i'0 of Q is irreducible.
(4) Q is the injective hull of an irreducible submodule.

Proof. "(1)~(2)": Let U- Q, U"i'O and let I(U) - Q be the injective
hull of U s.ince U"i' 0 we also have I(U)"i' O. Since I(U) as an injective
module is a direct summand of Q it follows that I(U) = Q.

"(2)~ (3)": Let M - Q and let A, B - M, Ai' 0, B "i' O. Since Q is an
injective hull of A, A is large in Q and it follows that A n B "i' O.

"(3)~(4)": As an irreducible submodule we may take Q itself.
"(4)~(1~": Let Q be an injective hull of the irreducible submodule

M"i' 0 of Q. Suppose Q =A ffiB, Ai' 0, B "i' O. Since M is large in Q it
follows that M n A "i' 0, M n B "i' O. Since M is irreducible, it follows that
(MnA)n(MnB)"i'O in contradiction to AnB=O. Thus Q is directly
indecomposable. 0

6.6.3 COROLLARIES

(a) The injective hull of a simple R-module is directly indecomposable.
(b) A directly indecomposable, injective module Q contains at most one

simple submodule.
(c) If RR is artinian then every directly indecomposable, injective module

QR "i' 0 is the injective hull of a simple R-module.

Proof. (a) Every simple module is irreducible.
(b) Let E, E 1 be simple submodules of Q. From E 4 Q it follows that

En E 1 "i' 0, thus E =E n E 1 =E 1•
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(c) Let 0 ~ q E 0, then by 6.1.3 qR is artinian. Thus a simple submodule
E exists in qR ~ O. By the theorem 0 is an injective hull of E. 0

We come now to the following interesting theorem which yields a new
characterization of noetherian resp. a;rtinian rings.

6.6.4 THEOREM
(a) The following conditions are equivalent:

(1) RR is noetherian.
(2) Every injective module OR is a direct sum of directly indecompos­
able submodules.

(b) The following conditions are equivalent:
(1) RR is artinian.
(2) Every injective module OR is a direct sum of injective hulls of
simple R-modules.

By 6.6.3(a) the injective hulls of simple R-modules appearing in the
characterization of artinian rings are likewise directly indecomposable.
From the theorem we have in particular: If RR is noetherian but not artinian
then there is a directly indecomposable injective R-module which contains
no simple submodule.

The proof of the theorem is now only indicated for noetherian rings in
the direction (1) =? (2). In order to obtain (1) =? (2) for artinian rings, we
need the fact that every right artinian ring is also right noetherian, which
will be proved in Chapter 9. For the proof of (2)=?(1), further lemmas are
required, and in particular the fact of the uniqueness (up to isomorphism)
of the decomposition of a semisimple module into a direct sum of simple
modules. As soon as the necessary lemmas become available we shall obtain
the complete proof (in 9.5). Thus now we prove only

6.6.5 PROPOSITION. If RR is noetherian then every injective module OR
is a direct sum of directly indecomposable submodules. If, moreover, RR is
artinian (it is shown later: artinian RR =? noetherian RR) then everyone of
the directly indecomposable summands is an injective hull of a simple
R-module.

For the proof of 6.6.5 we need two lemmas which are also of interest.

6.6.6 LEMMA. Let r be a set of submodules of a module MR. Then among
all subsets A of r with

(*) L U= EB U
UeA UeA

there is a maximal set Ao.
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Proof. By the help of Zorn's Lemma. Let

G := {A IA c f A (*) is satisfied},

then G is ordered by inclusion and G ¥- 0 for 0 E G (since 0 = L U =
UE0

EB u). Let H be a totally ordered subset from G and let
UE0

0:= U A,
AEH

then Ocf. Assertion: OE G, Le., (*) is satisfied for O. Suppose that were
not the case, then the sum of the submodules from 0 would thus not be
direct. Consequently there must be in fact a finite subsum of the sum which
is not direct. But finitely many submodules from 0 lie already in a A E H
(since H is a totally ordered subset) so that their sum is direct. Consequently
we have in fact 0 E G and so 0 is an upper bound of H in G. Consequently
by Zorn there exists a maximal element Ao in G. 0

6.6.7 COROLLARY

(a) For every module M R there is a maximal set ofdirectly indecomposable,
injective submodules whose sum is direct.

(b) For every module MR there is a maximal set of simple submodules
whose sum is direct.

Proof. This follows from 6.6.6 if f =set of directly indecomposable, injec­
tive submodules in case (a) and if f =set of simple submodules in case (b). 0

6.6.8 LEMMA. If RR is noetherian then every module M R ¥- 0 contains an
irreducible submodule ¥-O.

Proof. We show that every finitely generated submodule B ~ M, B ¥- 0,
which is noetherian by 6.1.3, contains an irreducible submodule ¥- O. Let
{X IX ~ B A X is inco in B} be the set of proper submodules of B which
are intersection complements of a submodule of B in B. This set is not
empty since 0 is an inco of B. Since B is noetherian there is a maximal
element X o in this set. Let X o be an inco of Uo~ B. Clearly then Uo¥- O.

We claim that every submodule 0 ¥- C ~ Uo is large in Uo and con­
sequently Uo is irreducible. Suppose, for L ~ Uo we have C n L = 0, then
it follows that C n (Xo+L) =O.From the maximality of X o and as C¥-O
(thus C' ¥- B) it follows that X o+L = X o, thus L ~ X o and consequently
L ~ Uon X o= O. From C n L =0 it follows therefore that L = 0, Le.
C4 Uo. 0
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Proofof6.6.5. Consider a maximal set of directly indecomposable, injective
submodules of 0, whose sum is direct (6.6.7). Let this direct sum be
0 0 ;= EB Oi. Since all the Oi are injective by 6.5.1 0 0 is injective. Con-

ie!

sequently 0 0 is a direct summand of 0:

Suppose 01'1- 0, then 0 1 contains an irreducible submodule M'I- 0
(6.6.8). Let I(M) be an injective hull of M in 01, then I(M) is a direct
summand in 01> 01=I(M)C£J02, and by 6.6.2 I(M) is directly in­
decomposable. But then 0 0 =EB Oi would not have been maximal, since

ieI
OoC£JI(M) is also a direct sum of directly indecomposable, injective sub-
modules of O. This contradiction means that already 0 = 0 0 =EB Oi holds.

leI

If RR is not only noetherian but also artinian then by 6.6.3 all Oi 'I- 0
are injective hulls of simple submodules. 0

EXERCISES

(1)
Let R n be the ring of all n x n square matrices with coefficients from R.

Show: R n is right artinian resp. noetherian~R is right artinian resp.
noetherian.

(2)
Show: Every right artinian ring without zero divisors is a skew field.

(3)
Let L ;= kCt1> t2, t3, ...) be the field of rational functions in the indetermin­
ates t1> t2, t3, ... with coefficients in the field k. The elements of L are then

. fl' l' PI Cti) ( . h P () 0)quotIents 0 po ynomm s P
2

Cti) Wit 2 ti 'I- •

Let K ;= kCti, d, t~, ...), then K is a subfield of L.

(a) Show

is a ring isomorphism.
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(b) Show: The product set R =L x L becomes by the definitions

(It, l2) + (mt, m2) := (l1 + mt, l2 + m2),

(It, l2)(mt, m2) := (llml, l1m2 + l2T(ml)),

a ring with a unit element.
(c) Show: RR has length 2 (i.e. it has a composition series of the form

0'-7 A '-7 R).
(d) Show: RR is neither artinian nor noetherian.

(4)
A ring is called a principal right ideal ring :~ every right ideal is principal
(= cyclic). Let R be a principal right and left ideal ring without zero divisors
and let A '-7 RR' A ¥ O. Show: (R/A)R is artinian.

(5)
(a) If a module M R satisfies the maximal conditions for finitely generated

submodules then it is already noetherian.
(b) Give an example of a module M R which satisfies the maximal condi­

tion for cyclic submodules but which is not noetherian.
(c) Show that for an abelian group M =M z the following are

equivalent:
(1) M satisfies the minimal condition for cyclic subgroups.
(2) T(M)=M, i.e. Vm EM 3z E7L, z ¥O [mz =0].
(3) M satisfies the minimal condition for finitely generated subgroups.

(6)
Let A, B be rings and AMB an A-B-bimodule. Then define

R := { (~ ;) Ia EA, m EM, b E B} with componentwise addition

and

The unit element of this ring is then (~ ~).
Show:
(a) RR is noetherian (resp. artinian) RR ~AA, BB' M B are noetherian

(resp. artinian).
(b) RR is noetherian (resp. artinian)~AA,~, AM are noetherian (resp.

artinian). (Hint: Consider the ring homomorphism p: R -7 A x B with
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p(~ ;) =(a, b) and show for the kernel K:= Ker(p) that KR and M B

(resp. RK and AM) have isomorphic submodule lattices).

(7)
Show:

(a) LetM = UEB U1 = VEB VI with U ~ V. Then U has a direct comple­
ment in M, which contains VI (i.e. M = UEB W with VI ~ W), and V has
a direct complement in M, which is contained in U 1•

(b) M R satisfies the maximal condition for direct summands if and only
if it satisfies the minimal condition for direct summands.

(c) Let M R satisfy the maximal conditionfor direct summands. Show
that for tp E EndR (M) the following are equivalent:

(1) tp is left invertible (i.e. split monomorphism).
(2) tp is right invertible (i.e. split epimorphism).
(3) tp is invertible (i.e. isomorphism).

(8)
Give an example of a ring R and a module MR which does not have finite
length and with the property that for every tp E End(MR ) there holds:

(a) 3no E N 'fin;;. no [M = Im(tpn)EBKer(tpn)]; and
(b) tp is an automorphism~tp is an epimorphism~tp is a

monomorphism.
(Hint: For MR use a direct sum of infinitely many non-isomorphic simple

R-modules).

(9)
Show: If B R is artinian and B R ;f. 0 then there is an indecomposable factor
module ;f. 0 of B.

(MR is called indecomposable if M R ;f. 0 and the sum of any two proper
submodules is again a proper submodule of MR.)

(10)
Show that for a commutative ring R the following statements are equivalent:

(1) For every x ER the series xR ~ x 2R ~ x 3R ~ ... is stationary.
(2) For every cyclic module MR the injective endomorphisms are already

automorphisms.
(3) Every prime ideal in R is already a maximal ideal.
(Hint: For (3) => (1) consider the multiplicative subset

S" := {x n (l- xr)ln ;;. 0, r E R}.)
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(11)
For a module MR show the following are equivalent:

(1) Every set of submodules, whose sum is direct, is finite.
(1) Every submodule satisfies the maximal condition for direct sum­

mands.
(3) Every sequence U1 ~ U2 ~ U3 ~ ••• with ~ ~ M and Ui a direct

summand in ~+1 is stationary.
(4) Every sequence M ~ U1 ~ U2 ~ U3 ~ ••• with ~+1 a direct

summand in Ui is stationary.
(5) Every submodule has a finitely generated large submodule.
(6) M satisfies the maximal condition for incos (= intersection comple­

ments).
(7) M satisfies the minimal condition for incos.
(8) The injective hull of M satisfies the maximal condition for direct

summands.

(12)
As in Chapter 5, Exercise 4 let the singular submodule of a module M R

be defined by

Si(M):= {m EMlrR(m) 4 RR}'

Show that for a ring R with Si(RR) =0 the following are equivalent:
(1) I(RR) satisfies the maximal condition for direct summands.
(2) For every family (Oi liE I) with Oi injective and Si(Oi) = 0 II Oi is

ieI

injective.
(Hint: Use the equivalent statements in Exercise 11 and show firstly with

respect to (2)::;' (1) that in an ascending sequence

A1~A2~ ... ~RR

of intersection complements from Si(RR) =0 it follows that Si(RjAi) = 0).

(13)
(a) Show that the following are equivalent for a module MR :

(1) M(I) is injective for every index set 1.
(2) M(N) is injective.
(3) M is injective and R satisfies the maximal condition for right

ideals which are annihilators of subsets of M
(b) Show that the following are equivalent for a ring R:

(1) RR noetherian.
(2) For every injective module OR, O(N) is also injective.



Chapter?

Local Rings: Krull-Remak-Schmidt Theorem

In Chapter 6 it was shown that every injective module over a noetherian
ring is a direct sum of directly indecomposable submodules. The question
arises as to whether and in what sense such a decomposition is uniquely
determined. This question is answered by the Krull-Remak-Schmidt
Theorem. The proof of the Krull-Remak-Schmidt Theorem assumes that
the endomorphism rings of the direct summands are local rings. Hence we
have, first of all, to introduce local rings and then to state sufficient
conditions in order that the endomorphism ring of a directly indecompos­
able module is local.

7.1 LOCAL RINGS

An element r of a ring R is called right resp. left invertible, if there is
an r' E R with rr' =1 resp. r'r =1, and r' is then called the right inverse
resp. left inverse of R. If we have rr' = r'r = 1 then r is said to be invertible
and r' is said to be the inverse of r. If there are a right and a left inverse
of r then these are equal and consequently there· is then an inverse of r
(see 2.5.4). As examples show there are right resp. left invertible elements
which are not invertible.

We now have to consider rings in which the set of all non-invertible
elements have a particular structure. For convenience we assume always
that R ;t: O.

7.1.1 THEOREM. Let A be the set of all non-invertible elements of R, then
the following properties are equivalent:

(1) A is additively closed (Val, azEA[al +azEA])

169
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(2) A is a two-sided ideal.
(3r) A is the largest proper right ideal.
(31) A is the largest proper left ideal.
(4r) In R there exists a largest proper right ideal.
(41) In R there exists a largest proper left ideal.
(5r) For every r E Reither r or 1-r is right invertible.
(51) For every r E Reither r or 1-r is left invertible.
(6) For every r E Reither r or 1- r is invertible.

Proof. "(1) =? (2)": We show first that every right resp.leftinvertible element
is invertible. Let bb' = 1.

Case 1. b'beA. Then there is s ER with 1 =sb'b. Hence

b' = sb'bb' = sb'
and so

1 =b'q,

which was to be shown.

Case 2. b'b EA. Then 1-b'beA must hold, since otherwise

1-b'b+b'b = 1 EA ,.

Let now

l=s(l-b'b).

Then

b' = s(l-b'b)b' = s(b' -b'bb') = s(b' - b') = 0

in contradiction to bb' = 1.
Since A, by assumption, is additively closed, we require only to show: .

Va EAVrER[arEA /\ ra EA].

Suppose ar .e A, then there is s E R with ars = 1. By the preliminary remark
(with a = band rs = b') it follows that rsa = 1 in contradiction to a EA.
Analogously for ra.

"(2) =? (3r)": Since A ~ RRR we have A ~ RR. Since i.e A, A'" R. Let

B ~RR /\bEE.

Then
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so b has no right inverse. Therefore b has no inverse; hence b EA and so
b~A.

"(3r)~ (4r)": Clear.
"(4r)~ (5r)": Let C be a largest proper right ideal (which is then uniquely

determined). Let r E R; suppose rand 1-r are not right invertible. Then

rR '# RR fI (1 - r)R '# RR'
hence

rR ~ C fI (l-r)R ~ C

and so

1ErR+(1-r)R ~ C~C=R ~.

"(5r)~(6)": It suffices to show that every right invertible element is
invertible. Let bb' =1.

Case 1. b'b right invertible, hence there is s E R with 1 = b'bs so b =
bb'bs =bs therefore 1 =b'b.

Case 2. 1- b'b right invertible, hence there is s E R with 1 = (1- b'b)s so

b = b(l-b'b)s = bs -bb'bs =a
in contradiction to bb' = 1.
"(6)~ (1)": Suppose, for at. a2 E A that al +a2 is invertible, then there

is s E R with (al +a2)s =1; hence alS =1-a2S. Since (6)~ (5r) holds we
can (as shown in the proof (5r)~ (6)) use the fact that every right invertible
element is invertible. Hence it follows from a E A fI r E R that ar E A (for
if ar eA then ar right invertible and so a right invertible, i.e. a eA ~). Then
it follows that als E A fI a2S E A; in contradiction to which we obtain from
a2sEA by (6)

als =1-a2S eA ~.

Analogously we obtain the left-sided assertions. o

7.1.2 Definition. A ring, which satisfies the equivalent properties of 7.1.1,
is called a local ring.

7.1.3 COROLLARY. Let R be a local ring and A the ideal of the non­
invertible elements ofR. Then we have

(1) R/A is a skew field.
(2) Every left resp. right invertible element is invertible.
(3) Every non-zero ring, which is the image ofa local ring under a surjective

ring homomorphism, is itself local.
In particular: every isomorphic image of a local ring is local.
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Proof. (1) Every element not contained in A has an inverse.
(2) This is contained in the proof of 7.1.1.
(3) Let cr: R ~ S be a surjective ring homomorphism. We show that 7.1.1

(6) is satisfied for S. Let s E S, then there is r E R with cr(r) =sand
consequently cr(l-r)=cr(l)-cr(r)=l-s. By assumption either r or l-r
is invertible. Let r be invertible, then cr(r-1

) is an inverse element of s,
for from ,,-1 =r-1r =1 it follows that cr(r)cr(r-1

) =scr(r-1
) =cr(r-1

) • s =
cr(l) =1 E S. If 1- r is invertible then cr((l- r)-I) is an inverse element
of l-s. 0

7.1.4 Examples of local rings
(1) The power series ring K[[x]] over a field K is local, for the non­

invertible elements are precisely those with constant term =0 and the set
of these elements is additive,ly closed.

(2) Localizations of commutative rings at prime ideals are local. We give
briefly the definition of localization: Let R be a commutative ring and let
P .,e R be a prime ideal in R, where P is thus defined by the property

'Va, b ER[ab E P=;:' (a EP v b EP)]

which is equivalent to

'Va, b ER[(aeP /I beP)=;:'abeP].

Let now
f={(r, a)lrER /I a ER\P}..

In f an equivalence relation - is introduced

(r1> al) - (r2, a2) : ¢:> 3a E R\P[rla2a = r2ala].

The equivalence class with the representative (r, a) is denoted by r/a. Let
R(p) be the set of the equivalence classes, Le.

R(p)={;lrER /I a ER\P}.

Then by the definitions

rl r2 rlr2
--:=--.
al a2 ala2

R(p) becomes a ring, as is easily verified. The zero resp. unit element of
R(p) is the element (0/1) resp. (1/1) with 0 =zero element and 1 =unit
element of R. The mapping

r
cp: R 3r~iER(p)
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is a ring homomorphism and Iin(cp) is often identified with R (e.g. 71. is
considered as a subring of 0). In R(p) precisely the elements of the form
r/a with rEP are non-invertible, as is immediately verifiable. The set of
these elements is however additively closed and consequently R cP)is local.
As an exercise the reader may carry through the proofs in detail, in
particular the demonstration of the independence of the definition of
representatives.

In an integral domain R, 0 is a prime ideal and R co ) is the quotient field
of R. 71. constitutes an example of this with 71.(0) =0.

lf R is a principal ideal ring and P = (p) then R(p) is written instead of
R(p). Note Op ¥ 71.cp )!

7.2 LOCAL ENDOMORPIDSM RINGS

Conditions are now to be given so that the endomorphism ring of a
module is local. A necessary condition for this is that the module is directly
indecomposable. This condition is however not sufficient in general, as the
example 71.z shows. Hence we have to set down additional properties which
ensure that the endomorphism ring is local.

We begin therefore by considering ring-theoretic properties which are
of interest in this connection.

7.2.1 Definition. Let R b.e a ring and let r E R.
(1) r is called nilpotent :~ 3n E Mrn =0].
(2) r is called idempotent :~ l = r.

7.2.2 COROLLARY

(1) If r is nilpotent, then r is notinvertible and 1- r is invertible.
(2) If r is idempotent, then 1- r is also idempotent.
(3) If r is idempotent and invertible then r =1.

Proof. (1) Suppose rs =1. Let no be the smallest n EN with rn= O. Then .
rno-

1 ¥ 0 and so 0 =rnos = rno- 1rs =rno- 1
• 1 = rno- 1 ¥ O~. Further we have

(l-r)(l +r+ .. .+rno- 1
) = (1 +r+ . . .+rnO- 1)(1_r) = 1.

(2) (l-r)(l-r) = 1-r-r+r2 =1-r-r+r = 1-r.
(3) r2 =r A ,,' =1=? r =r . ,,' =r2r' =,,' =1. 0

Examples
(1) Let R be the ring of all n x n matrices with coefficients in a field (or

ring). Let dij be the matrix which in its ith row and jth column has the
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entry 1 and whose other entries are 0. Then we have

{
o for j,.= k,

dijdkl = 8jkd il = d f . - k
iI or] - ,

in particular:

d~ =° for i ,.= j Le. dij is nilpotent

d~="dii Le. dii is idempotent.

(2) Let G be a finite group of order n, let K be a field and let GK be the
group ring. Let

y:= L g,
geG

2then we have yg = y for every g E G and consequently y = yn.
If the characteristic X(K) of K is a divisor of n then it follows that

y2 = yn =0, Le. y is nilpotent. If X(K) is not a divisor of n then we have

( y1.)2 =y2";'=y n2=y1.,
n n n n

and consequently y1. is idempotent.
n

In the following lemma some decomposition properties of rings are listed,
these are also needed later on other occasions.

7.2.3 LEMMA. Let R be a ring and let

be a direct decomposition of R into right ideals Ai> i E 1. Then we have:
(a) The subset

is finite; consequently

R= EB Ai'
ie10

(b) There exist elements ei E Ai for i E 10 so that for i, j E 10 we have:

(1) Ai = eiR, i E 10 ,

(2) 1 = Lei,
ie10
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{
el for i =j ..

(3) elej = 0 for i ¥ j' (l, ] E 10),

i.e., {elli E 10} is a set of orthogonal idempotents.
(c) If the AI, i E 10 are two-sided ideals, then the elements el, i E 10 in (b)

are from the centre of R (i.e. elr = rei for all r E R).
(d) Conversely if orthogonal idempotents ell . .. , en E R with

n

1= L el
1=1

are given then it follows that

n

R = EB elR,
1=1

and the elR are in fact two-sided ideals, in the case that the el are contained
in the centre of R.

Proof. Let 1 = Lei, el E AI, and let
leI

10 := {iii E I II el ¥- O}.

Then 10 is finite and we have

1= L el
lelo

and also el ¥- 0 for i E 10• Since el E AI it follows also that AI ¥- 0 for i E 10•

Let now aj E A j for arbitrary j E I, then from

1= L el
lelo

by multiplication by aj on the right we obtain

aj = L elaj.
lelo

As RR =EB AI and elaj E AI there follow therefore:
leI

(1) For jelo: aj=O~Aj=O~lo={iliEl IIAI¥-O}~R = EB AI, from
which (a) is proved; lelo

(2) For j Elo: aj = ejaj~Aj = ejAj ~ ejR ~ Aj~Aj = ejR, and also 0 =
elaj for i ¥ j. If we now restrict ourselves to i, j E 10 then we deduce for ej = aj

fori¥ j,
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from which (b) is entirely proved. From r E Rand 1 = L ei it follows that
iE10

r= L eir and r= L rei.
iE10 iela

If the Ai are two-sided ideals, then we have rei E Ai and as

L eir = L rei
iE10 iE10

the assertion eir = rei of (c) follows. For the proof of (d) first of all we obtain

n n

R = L eiR from 1 = L ei
i=l i=l

on multiplying by R on the right. Let now

n

r E eioR n L eiR,
i=l
1rf10

then it follows that r =eior and

n

r = L eiri,
i=l
i¢:io

thus

n

r = eior = L eioeiri = O.
i=l
i¢:io

Consequently we have

n

R = EB eiR .
i=l

If the ei lie in the centre of R, then, as reiR =eirR ....,.. eiR, eiR is a.two-sided
ideal. Thus the lemma is proved. 0

7.2.4 COROLLARY. The following are equivalent for a ring R:
(1) RR is directly indecomposable.
(2) RR is directly indecomposable.
(3) 1 and 0 are the only idempotents in R.

Proof. "(1)=?(3)": Let e be an idempotent, then e, 1-e are orthogonal
idempotents with 1 = e +(1- e). Thus it follows from 7.2.3 that

R = eREB(l-e)R.
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As (1) holds either eR = 0, thus e =°or eR =R. In the latter case we have

(l-e)R =(l-e)eR =0,

thus

(l-e)l=l-e=O.

"(3);:?(1)": Assume RR =AEBB, then by 7.2.3 there is an idempotent
e with A = eR. From (3) it follows that e = 1 or e = 0, thus A =R or A = 0,
Le. RR is directly indecomposable.

Analogously we show (2)~(3). 0

7.2.5 THEOREM. Let S := End(MR), then the following are equivalent:
(1) M R is directly indecomposable.
(2) Ss is directly indecomposable.
(3) sS is directly indecomposable.
(4) °and 1 are the only idempotents in S.

Proof. By 7.2.4 (2), (3) and (4) are equivalent.
"(i);:? (4)": Let e E S be an idempotent, then we have

M =e(M)EB(l-e)(M),

since for mEM it follows that m=e(m)+(l-e)(m) and if we suppose
e(ml) = (1- e )(m2) then applying e to this equation yields

e2(ml) = e (ml) = e (1- e)(m2) =0.

From (1) it must be that e (M) = 0, thus e =°or (1- e )(M) = 0, thus 1 = e.
"(4);:?(1)": AssumeMR =AEBB, then

1/: M3a+b~aEM

is an endomorphism with 1/2 = 1/, thus is an idempotent in S. By assumption
it follows that 1/ =°or 1/ = 1. If 1/ = 0, then it follows that A = 0; if 1/ = 1,
then it follows that A =M, Le., M is directly indecomposable. 0

7.2.6 COROLLARY. Let S:= End(MR) be local, then M R is directly
indecomposable.

Proof. By 7.2.5 it is sufficient to establish that ° and 1 are the only
idempotents in S. Let e E S be an idempotent, then 1-e is also an idem­
potent. Suppose e -,.6 0, e -,.6 1 then we also have 1- e -,.6 0, 1-e -,.6 1. Since e
and 1 - e are both not invertible, in the case of a local ring 1 =e +1- e
must be also not invertible 1.. 0
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The converse of this statement holds under additional assumptions, as
we shall show in two cases.

7.2.7 THEOREM. Let M R ¥ 0 be a directly indecomposable module of finite
length, then End(MR) is local and the non-invertible elements from End(MR)
are precisely the nilpotent elements.

Proof. Let fP E End(MR). Then by 6.4.2 we have

3n E N[M = Im(fPn)EBKer(fPn)].

Since M is directly indecomposable it follows that either Ker(fPn) = 0 or
Im(fPn) =O.

Case 1. Ker(fPn) =O=>Ker(fPl= O=>fP is a monomorphism. Hence fP is
an automorphism by 6.4.2, i.e. fP is invertible.

Case 2. Im(fPn) = O=> fPn = O=> 1-fP invertible by 7.2.2 (1).

We have thus established: Either fP or 1-fP is invertible; by 7.1.1
End(MR) is then local. If fP is not invertible (Case 2) then fP is nilpotent.
Conversely if fP is nilpotent, then by 7.2.2 fP is not invertible. 0

As a special case we can deduce from this theorem the result, already
known to us, that the endomorphism ring of a simple module is a skew
field; for the only nilpotent endomorphism of a simple module is the zero
mapping.

A further interesting case is given in the following theorem.

7.2.8 THEOREM. Let OR ¥ 0 be a directly indecomposable injective module,
then End(OR) is local.

Proof. Let fP: 0 ~ 0 be a monomorphism, then Im(fP) is injective, thus a
direct summand in O. Since 0 is directly indecomposable, it follows that
Im(fP) = 0, i.e., fP is an automorphism and hence invertible in End(OR)'
Hence every non-invertible endomorphism of 0 has a kernel different
from zero.

Let now fPl, fP2 be two non-invertible endomorphisms of 0, then we
thus have Ker(fPd ¥ 0, Ker(fP2) ¥ O. Since 0 is irreducible by 6.6.2, it follows
therefore that

o¥ Ker(fPl) n Ker(fP2) ~ Ker(fPl + fP2),

i.e. fP 1+ fP2 is also not invertible. By 7.1.1 End(MR) is then local. 0
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In view of the Krull-Remak-Schmidt Theorem that follows, it is of
interest to ask which modules may be decomposed into a direct sum of
submodules with local endomorphism rings. There is a positive answer to
this question above all in the important cases which here follow:

(1) M is an injective module over a noetherian (or artinian) ring.
(2) M is a module of finite length.
(3) M is a semisimple module.
(4) M is a projective, semiperfect module.

Case 1 was already answered for us by 6.6.5 and 7.2.8. Case 2 is to be
handled immediately below. We treat Case 3 resp. 4 in Chapter 8 resp. 11.

7.2.9 THEOREM. Let M R -,t; O.
(a) Let M be artinian or noetherian, then there are directly indecomposable

submodules M b ••• , M n of M with
n

M=ffiM;.
;=1

(b) Let M be of finite length (i.e. artinian and noetherian), then there q,re
directly indecomposable submodules M b .•. , M n of M with

n

M = ffi Nt; where End(M;) is local for i =1, ... , n.
;=1

Proof. (a) Let M be artinian. Let f be the set of the direct summands B -,t; 0
of M. As M-,t;O and M=MtBO we have MEf, thus f-,t; 0. Let B o be
minimal in f, then B o is directly indecomposable (since otherwise B owould
not be minimal in r). Now let A be the set of submodules C ~M, so that
finitely many directly indecomposable submodules B 1 -,t; 0, ... ,B/-,t; 0 exist
with

M=B 1 tB ... tBB/tBe.

Owing to the existence of B o, A -,t; 0. Let Co be minimal in A and let

M=M1 tB ... tBMntBCo

be the corresponding decomposition. We assert that Co = o. Otherwise,
since Co is again artinian as a submodule of an artinian module, by th,e
first remark, Co would split off a directly indecomposable direct summand
-,t;0 in contradiction to the minimality of Co.

Let now M be noetherian and let f be the set of the direct summands
A -,t;M of M. Since OE f, we have f-,t; 0. Let A o be maximal in f and
suppose we have

M=AotBBo.



180 7 LOCAL RINGS: KRULL-REMAK-SCHMIDT THEOREM 7.2

From the maximality of A o, it follows that B o is directly indecomposable
and as A o ¥- M we have B o ¥- O. Let now A be the set of all submodules of
M which are direct summands of M and are finite direct sums of directly
indecomposable submodules.

As {O} E A, we have A¥-0. Let

B 1+.. .+Bk =B1EB .. .EBBk

be a maximal element in A with directly indecomposable B;. Let further

M=B1EB ...EBBkEBCO'

Suppose Co ¥- 0, then by the earlier consideration the noetherian module
Co must contain a directly indecomposable direct summand ¥-O. This
contradicts the maximality of B 1EB .. .EBBk. Thus Co = 0 and the proof is
complete.

Remark. The "symmetry" of both proofs depends on the fact that in the
first only the minimal condition and in the second only the maximal
condition for direct summands is required. By Exercise 7, Chapter 6, these
two conditions are however equivalent.
(b) follows from (a) 6.1.2 and 7.2.7. 0

7.3 KRULL-REMAK-SCHMIDT THEOREM

We come now to the important uniqueness theorem of Krull-Remak­
Schmidt.

7.3.1 THEOREM. Let

M R =EB M; where End(M;) is local for all i E I
;EI

and M R =EB~ where~ is directly indecomposable and N j ¥- 0 for all j E J.
jEJ

Then a bijection (3: I ~ J exists with M i == Nf3(i) for all i E 1.

We obtain the proof in several steps, which we formulate in part as
lemmas.

7.3.2 LEMMA. Let

M =EB M i where End(M;) is local for all i E I
;EI

and
fT, T E End(M) with 1M fT + T.
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o

Then to every j e I there exists a OJ ~ M and an isomorphism fPj: ~...,.. OJ
which is induced by u or T (i.e. fPj(x) =u(x) for all x e~ or fPj(x) =T(X) for
all x e ~), so that we have

M= Ojffi($Mi).
lEI

jr'j

Proof. Let 1Tj:M"""~ be the projections, tj:~:""'M be the injections for
all j e I (in the sense of Chapter 4).

From 1M =u +T it follows that

l Mj = 1Tj l m tj = 1Tj(U +T )tj = 1Tjutj +1T/Ttj.

Since in the local ring End(Mj ) the non-invertible elements form an ideal
and 1M ! is invertible, at least one of the elements 1Tjutj> 1T/Ttj must be
invertible, i.e. must be an automorphism of ~.

Let, say, 1TjUtj be an automorphism. Then we define:

OJ := utj(~)= u(~),

fPj :~ 3 X f--,)o u(x) e OJ,
tf: Oj3yf--,)oyeM.

Accordingly fPj is an epimorphism. For x e~ we then have

tffPj(X) = fPj(x) =u(x) =utj(x)::? tffPj = utj::? 1TjtffPj =1Tjutj.

Thus we have the following commutative diagram

Since 1TjUtj is an automorphism, it follows from the commutativity of the
lower triangle by 3.4.10 that

M = Im(tffPj)ffiKer(1Tj) = Ojffi($ Mi).
lEI

jr'j

7.3.3 LEMMA. Assumptions as in 7.3.2. Let further E = {it, ... , i,l C I.
Then there are C;j ~M, j =1, ... , t and isomorphisms
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which are induced either by u or 'T, so that we have:

M = Cit ffi ... ffi Cit ffi ($ MI)'
lEI

leE

Proof. The CII are determined successively with the help of 7.3.2. For i 1 = j
in 7.3.2 let Cit = UI" for which we then have

M = CI, ffi ( $ Mi).
lEI

ir!: i l

As Mi, == C" End(C,) is also local. In this decomposition we now exchange
by 7.3.2 M I2 for a C 2 • Note: CI2 need not be equal to U12, since now another
decomposition of M appears! After t 'steps (Le. by induction) we obtain
the desired result. 0

7.3.4 LEMMA. Let

M =EEl M I where End(Mi) is local for all i E I
lEI

and let M =AffiB where A,e. 0 and directly indecomposable, 1T':M~A the
corresponding projection. Then a k E I exists so that 1T' induces an isomorphism
ofM k onto A and M =M k ffi B holds.

Proof. Let L: A ~M be the inclusion and let 1T := L1T'. As 1M = 1T + (1 M -1T)
we can use 7.3.2 with u = 1T and 'T = 1-1T. As A,e. 0 there is o,e. a E A,
from which we have 1T(a) = a. Then it follows that (1 M 1T)(a) = O. Let

t

a= L mil
i=l

be the unique representation in M =EEl Mi.
lEI

In the sense of 7.3.3 now let the modules Cli and the isomorphisms I'll
be determined. Suppose the I'll' were all induced by 1M -1T, then it would
follow that .

t

0=(1M -1T)(a)= L (1 M -1T)(ml)
i=l

with (1 M -1T)(ml) = I'il(mi) E Cir Because the sum of the q is direct, this
implies I'll (mi) =0, thus mil =0 and finally a =01.. Thus there is at least
one ij, so that I'll is induced by 1T; let this be denoted by k. Then

I'k: M k 3x ~1T(X)E Ck
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is thus an isomorphism. By 7.3.3 Ck is a direct summand of M; let thus
M = Ck tBL. Further we have that

Ck =1r(Mk ) ~ 1r(M) =A.

Then it follows that

A =MnA = (CktBL)nA = CktB(LnA),

and since A is directly indecomposable and Ck ,p 0 (as M k ,p 0) we deduce
finally that A = Ck •

From the commutative diagram

in which £: M k ..,)0 M is the inclusion mapping, it follows then from 3.4.10 ~hat

from which the lemma is proved. o

Proof of 7.3.1. By 7.3.4 (with A =~) every~ is isomorphic to anMi; thus
End(~) is local and the assumptions are symmetric. We now introduce
into any I and J an equivalence relation and in fact let

i1 - i2 : ~Mit == Mi2

h-h:~~1=!iE~2

(il, i2 eI),

Ul,h eJ).

For i e I let 1 be the equivalence class determined by i and let 1 be the
set of all equivalence classes. Analogous notation for J.

Definition. Let 4>: 1..,)0 J be defined by 4>(i) = j, if Mi ==~.

4> is a bijective mapping. 4> is defined on l, since by 7.3.4 (for A =Mi
and M=ffi~ in place of M=ffiMi in 7.3.4) a jeJ exists with ~==Mi.

Since the isomorphism is an equivalence relation, 4> is independent of the
representative (in 1 and J), i.e. it is in fact a mapping.

4> is injective, for from 4>(11) =h = Jz = if>(/~) it follows Mil ==~l ==~2 ==
~2' thus II = 12. By 7.3.4 (with A =~) 4> is also surjective.

It still remains to show that for every i e I a bijection B r : 1..,)0 4>(1) exists.
Then (3: I 3 i~ (3r(i) e J is the desired bijection with Mi == N{3(l)' By the
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Schroder-Bernstein Theorem (to be found in any text book on set theory)
it suffices to show:

There are injective mappings f ~ <p(r) and <p(r) ~ f.

From the symmetry of the assumptions only the existence of an injection,
say <p( r) ~ f, needs to be demonstrated.

Case 1. f is finite. Let the number of elements of f be t say. Let further
E ={h, ... ,Me <P(i): By 7.3.4 (with A =~J there is then an M1 with
M 1 ===Nh , i.e. i1 E f and

M=M;,EEl($ ~).
]EJ

j""h

By 7.3.4 (With A = ~2 and B = M 1 EEl ( ~ Nj)) there is once again an

M i2 with M i2 ===Nj,> i.e. i2 E f and j""h.j""j,

M=M1 EElMi2 EEl( E9 N j ).
jEJ

j""h.j""j,

We obtain successively

M = M 1 EEl ... EElM. EEl ( $ ~) /I M l ===Njz for 1= 1, ... ,s.
]EJ
jeE

in order that 'IT} induces an isomorphism, we must have 'IT} (m) ,.r:. 0,
jE{h, ... , j,}.

Since the sum is direct, the Mit, ... ,M. are pairwise different, thus
must have s ,;;; t. Consequently the number of the elements of <p(r) ,;;; t
the assertion is clear.

Case 2. f is infinite. Let 'IT}: M ~~ be the projection and let for

E (k) := {jl j E J /I 'IT'j induces an isomorphism of M k onto NJ.

Assertion. E (k) is finite for all k E 1.

Let

t

o,.r:. m E M k /I m = L njz,
1=1
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Assertion. <I>(f) = U E(k).
kEf

"<I>(f)::::> U E(k)": Let kEf and j E E(k).
kEf .

"<I>(i) c U E(k)": j E <I>(i) =?M;, ==Nj • By 7.3.4 there is a k E I, so that
kEf

'IT} induces an isomorphism of M k onto M=?M k == M=? M k ==
M; =? kEf" j E E(k). Let U E(k) be the disjoint union of the sets E(k),

kEf

then there is an injection <I>(f) = U E(k)~ LJ E(k). Since every E(k) is
kEf kEf

finite, for every E(k) there is an injection into N. Then an injection exists

U E(k)~ fxN.
kEf

Since f is infinite, by a known result of set theory there is a bijection
f x N~ f. All injections together yield an injection <p(f)~ f. Hence the
Krull-Remak-Schmidt Theorem is proved. 0

7.3.5 COROLLARY. Let M =ffiM; where End(M;) is local for all i EI. Let
iE[

N = ffi M where M is directly indecomposable and M ,p 0 for all j E J and
jEJ

M == N. Then a bijection f3 :I ~ J exists with M; == N{3 (i) for all i E 1.

Proof. Let u:N~M be an isomorphism then we have

with directly indecomposable u(M) and by 7.3.1 (with M = EEl u(Nj ) in the
. place of M = EEl M) it follows that M; == u (N{3 (i») ==N{3(i).

7.3.6 COROLLARY. The decomposition of an injective module over a
noetherian ring resp. of a module of finite length into a direct sum of directly
indecomposable submodules is uniquely determined in the sense of the Krull­
Remak-Schmidt Theorem.

Proof. This follows from 6.6.5 and 7.2.8 resp. 7.2.9. o
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EXERCISES

7.3

(1)
Let a: R ..... S be a surjective ring homomorphism and let S:;rf O. Show: If
R is local and if A is the ideal of the non-invertible elements of R, then
a(A) is the ideal of the non-invertible elements of S.

(2)
(a) Let R be a local ring. Show that the following are equivalent for MR :

(1) The lattice of submodules of M is totally ordered.
(2) The set of cyclic submodules of M is totally ordered.
(3) Every finitely generated submodule of M is cyclic.
(4) Every submodule of M generated by two elements is cyclic.
(b) Give an example of a ring R and a module MR such that (3) is

satisfied but not (1).

(3)
(Continuation of Exercise 11, Chapter 6.) Show that the following are
equivalent for an injective module QR:

(1) Q satisfies the maximal condition for direct summands.
(2) Q is a direct sum of finitely many directly indecomposable sub­

modules.
(Hint: With respect to (2) => (1) show first that every non-zero submodule

of Q contains an irreducible submodule).

(4)
A module M, which satisfies the equivalent conditions of Exercise 11,
Chapter 6, is called finite-dimensional, and the number of the directly
indecomposable summands in a decomposition of I(M) (Uniquely deter­
mined by the Krull-Remak-Schmidt Theorem) is then called the dimension·
of M (=dim(M)). Show:

(a) dim(M) = O~M = 0, dim(M) = l~M is irreducible AM:;rf O.
(b) M is finite-dimensional A U - M => U is finite-dimensional A

dim( U)::;;; dim(M).
(c) If M is finite-dimensional and U-M then U-* M~dim(U)=

dim(M).
(d) MI, M 2 are finite-dimensional=>M1 EBM2 is finite-dimensional and

dim(M1 EBM2 ) =dim(M1) +dim(M2).

(e) If X - M and X and M/X are finite-dimensional then M is also
finite-dimensional and dim(M) ::;;; dim(X) + dim(M/X).
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l.;;;i';;;m+n,

(5)
(a) Exhibit a nilpotent element ~O in 71../36071...
(b) Exhibit seven different idempotent elements ~O in 71../36071...
(c) Decompose the ring 71../36071.. into a direct sum of directly indecompos­

able ideals.

(6)
Show:

(a) Qz is directly indecomposable.
(b) Qz is the sum of two proper submodules.
(c) The endomorphism ring of Q z is ring-isomorphic to 10 as a field.
(d) Qz possesses a factor-module which is not directly indecomposable.

(7)
Let R be an integral domain and let K be the quotient field of R. Let V
and W be K-vector spaces and let M resp. N be an R-submodule of V

m

resp. W Let Xl, .•• , Xm EM, k 1, ••• , km E K, L xjkj EM, cp E HomR (M, N).
Show i=l

CPC~l Xiki) := i~l cp(xdki.

(Note that we may have neither k l ER nor Xiki EM!)

(8)
Let R be an integral domain, K the quotient field of R, V = VK an
n-dimensional vector space over K, U = UR an R-submodule of V = YR.

Show: There are directly indecomposable R-submodules U1, ••• , Um of
U with m .;;; n and with

U = U1 ffi ... ffi Um.

(Hint: Let a decomposition U = U1ffi ... ffi Um be given and let Ui E Ui ,

Ul ~ 0, then Ul, ••• , U m are linearly independent over K.)

(9)
Let V = VQ with a basis Xl, ••• , Xm +n in which m, n ;;;. 2. Let Pi, qj be prime
numbers for l.;;;i.;;; m +n, l.;;;j.;;; m +n -1, and let

Ai := lOp; = {:i IZ E 71.. " n E 71..},

Yj := Xj +Xj+l,
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(a) Show: Let Ph ... , Pm ql, .•. , qn-l be pairwise different, then

n n-l
V:= L X;Ai+ L y)3j

i=1 j=1

is a directly indecomposable Z-module.

(Hint: Suppose V = V'EB V" with projections 1T' and 1T". Show success­

ively 1T'(x;)A; ~ V, 1T'(X;) Ex;A;, 1T'(X;) = 0 or 1T"(X;) = 0, V is directly

indecomposable with the help of the elements Yj.!.,)
qj

(b) Let Pi for 2~ i ~ n +m, i ,e n +1 and qj for 1~ j ~ n +m - 1 be pair­
wise different and let PI = Pn+1 hold. Show

n n-l
V 1 := L x;A; + L y)3j

;=1 j=1
and

m+n m+n-l

V 2 := L X;Ai + L yjBj
i=n+l j=n+l

are directly indecomposable.
Define cp: VI EB V 2 ~ VI EB V 2 for

n+m n+m-l

U = L x;ai + L yjbj> ai E A;, bj E B j
;=1 j=1

j¢n

by

cp (u) := (ql (al + b1)+qn+l(an+l + bn+1))(Xl - Xn+1)'

Show: cp is an R-homomorphism. Determine ql, qn+l so that cp2 = cp holds.
Deduce: VI EB V 2 may be written in two ways, different not only up to

isomorphism and order, as direct sums of directly indecomposable sub­
modules.

(10)
Let M = MR. For n E ~ let M n := ~1.2•...•n}. Let

Let End(A;) be local for i E I, and B j be directly indecomposable for j E J.
Show:

(a) Let n E~. From An ==.B n it follows that A ==.B.
(b) Let I be finite and let S, T be non-empty sets. From A (5) ==.A (T) it

follows that Sand T have the same cardinal number.



Chapter 8

Semisimple Modules and Rings

8.1 DEFINITION AND CHARACTERIZATION

There are two immediate and important generalizations of the concept
of a vector space. These are:

(1) Free modules and direct summands of free modules, the projective
modules with which we have already become acquainted.

(2) Modules, in which every submodule is a direct summand; these are
called semisimple modules. They provide the theme for the following
considerations. First some lemmas are presented.

8.1.1 LEMMA. Let M=MR be a module, in which every submodule is a
direct summand. Then every non-zero submodule contains a simple sub­
module.

Proof. Let U~M, U~O and U finitely generated. By 2.3.12 there is a
maximal submodule C ~ U. By assumption we have M = C EBM1 ; hence
it follows with the help of the modular law that U =M (") U =C EB (M1 U U),
thus we have U/ C =. M 1 (") U. Since C is maximal in U, U/ C is simple.
Thus M 1 (") U is a simple submodule of U. 0

8.1.2 LEMMA. Let M =L~ with simple submodules ~. Further let
. ieI

U ~M. Then we have:

(a) There is Jc[ so that M= UE9($~)'
.eJ

(b) There is K c [so that U =. E9 Mi.
ieK

189
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Proof. (a) Proof with the help of Zorn's Lemma. Let

r:={LILcI II U+.L M i = U~($Mi)}'
leL leL

As EB M i 0 we have 0 E r, thus r;tf 0 and r is ordered by c. Let A
ie0

be a totally ordered subset in r. We claim that

L*= UL
LeA

is an upper bound of A in r. It is clear that L * is an upper bound. It
remains to be shown that L *E r. .

Let E c L *, E finite, then there is an LEA with E c L. Let now

U+ L mi=O,
ieE

then it follows from E c L that: u =mi =0 for all i E E. Thus we have

U+ L ~=U~(EB M i),
ieL* ieL*

and consequently L *E r. By Zorn's Lemma there is then a maximal element
JEr. Let

.~N:= U + L M i = U~(EB ~).
ieJ ieJ

Now consider N +M io for arbitrary ioE 1. N +M io =N ~~o is not possible
for then we must have

Thus it follows that N nMio;tf O. But since ~o is simple, we must have
N n ~o=M io' thus M io Yo N holds. Then it follows that

M= L MiYoNYoM,
ieI

i.e. N=M.

(b) Let now M= U~($~o). Then (a) is applied to the submodule
leJ

EB M i (in the place of U in (a)). Accordingly K c I exists with M =
ieJ



8.1 DEFINffiON AND CHARAcrERIZATION 191

(EEl Mi) EtJ (EEl M i). By the First Isomorphism Theorem it follows that
ieJ ieK .

U ~M/EEl M i ~ EEl M;. 0
ieJ ieK

We come now to the main theorem on semisimple mollules.

8.1.3 THEOREM. For a module M = M R the following conditions are
equivalent:

(1) Every submodule of M is a sum of simple submodules.
(2) M is a sum of simple submodules.
(3) M is a direct sum of simple submodules.
(4) Every submodule ofM is a direct summand ofM.

Proof. "(1)=9(2)":, (2) is a special case of (1).
"(2)=9(3)": 8.1.2 (a) for U=O.
"(3)=9 (4)": 8.1.2 (a).
"(4)=9(1)": Let U~M. Put

Uo:= L: M;.
simpleM,

M,.... U

Then Uo~U and by (4) Uo is a direct summand of M:

M = UoEtJN=9 U =M n U = UoEtJ(N n U).

Case 1. NnU=O=9U=Uo=9(l).

Case 2. N n U ¥ 0 =9 By 8.1.1 there is a simple submodule B~N n U =9
B ~ Uo, by definition of Uo we have B ~ Uon (N n U) = 0 1..
Thus only the first case can occur. 0

8.1.4 Definition
(a) A module M =M R is called semisimple :~M satisfies the equivalent

conditions of 8.1.3.
(b) A ring R is called right resp. left semisimple :~RR resp. RR is

semisimple.
We observe that the module 0 is semisimple for

semisimple M;

but 0 is not a simple module, since it was assumed that, for a simple module
M,M¥O. ,

We shall show later: RR is semisimple~ RR is semisimple so that with
regard to a semisimple ring the statement of sidedness can be omitted.
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Examples
(1) Every vector space V = VK over a skew field K is semisimple:

VK = L xK,
XEV

xK is simple for x¥-O

(2) 7l./n71. with n¥-O is semisimple as a 7l.-module¢n is square-free (i.e.
n is the product of pairwise different prime numbers) or n = ±1.

Proof. Exercise for the reader. The proof follows later in a more general
context.
(3) 7l.z and IQ!z are not semisimple since they have no simple submodules.
(4) Let V = VK be a vector space. Then we have: End(VK ) is a (two-sided)
semisimple ring¢ dimK (V) <00.

Proof. Later (in 8.3.1).

8.1.5 COROLLARY

(1) Every submodule of a semisimple module is semisimple.
(2) Every epimorphic image of a semisimple module is semisimple.
(3) Every sum of semisimple modules is semisimple.
(4) Two decompositions ofa semisimple module into a direct sum ofsimple

modules are isomorphic in the sense of the Krull-Remak-Schmidt Theorem
(7.3.1).

Proof. (1) This follows immediately from 8.1.3.
(2) Let A be simple and let a :A ~B be an epimorphism, then it follows

that A/Ker(a) =B. If Ker(a) =0, then B is simple; if Ker(a) =A, then
B = O. Since A is simple there are no further possibilities for Ker(a). The
image of a sum of simple modules with respect to a homomorphism is
hence a sum of simple and zero modules, of which the latter can be omitted,
and therefore by 8.1.3 is again semisimple.

(3) Since by 8.1.3 every semisimple module is a sum of simple modules,
a sum of semisimple modules is also again a sum of simple modules and
hence by 8.1.3 again semisimple.

(4) Since the endomorphism ring of a simple module is a skew field and
thus is local, the Krull-Remak-Schmidt Theorem holds in this case. 0

The following theorem shows that for a semisimple module all finiteness
conditions are equivalent.

8.1.6 THEOREM. For a sef1J.isimple module M =M R the following con­
ditions are equivalent:

(1) M is a sum of finitely many simple modules.
(2) M is a direct sum of finitely many simple modules.
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(3) M has finite length.
(4) M is artinian.
(5) M is noetherian.
(6) M is finitely generated.
(7) M is finitely cogenerated.

Proof. Since all statements are trivial for M =0 we can assume that M ;6. O.
"(1)~ (2)": By 8.1.2.

n

"(2)~(3)": Let M =EB M i , M simple. Then O~Ml~M1EB
i=l

n

M2~ •••~ EEl M i = M is a composition series because M1EB ... EBMJM1E9
i=l

... tBM-l == M i is simple.
"(3)~ (5)"}
"(5)~ (6)" : By 6.1.2

"(6)~ (1)": By 2.3.12
"(3)~(4)"}
"(4)~(7)" : By 6.1.2

"(7)~ (2)": Suppose that M were the direct sum of infinitely many
simple submodules M i , then a submodule of M exists of the form M1EBM2 EB
... with countably infinitely many submodules Ml, M 2 , ••• Let

ex>

Ai := EBMj, i E N,
j=i

ex>

then obviously we have n Ai =0 for
i=l

ex>

(M1EB ...EBMn)nAn+l=O, thus (M1EB ... $Mn)n nAj=O
i=l

for arbitrary n EN. But the intersection of any finitely many of the A j is
evidently equal to the Ai with largest i, thus unequal to O.

Let now M R be semisimple and let r denote the set of all simple
submodules of M: r = {E IE ~MAE is simple}.

Then == is an equivalence relation on r. Let the set of equivalence
classes, which are now called isomorphism classes, be {OJ Ii E J}, so that OJ
is thus an isomorphism class. Therefore we then have

8.1.7 Definition B j := I E is called a homogeneous component of M.
Bent
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8.1.8 LEMMA. Let M R be semisimple and let B j be a homogeneous com­
ponent of M. Then we have

(a) U - B j 1\ U is simple =? U E nj •

(b) M=ffiBj•
jeJ

Proof. (a) This follows from 8.1.2(b); there is accordingly an E E nj with
U == E, for more summands cannot appear in E since U is simple.

(b) Since M is a sum of simple submodules and every simple submodule
is contained in a nj, it follows that M = L B j• Suppose for jo E J that we had

jeJ

D:=Bjon L Bj#O.
jeJ

jT'jo

Then by 8.1.1 there is a simple submodule E of D. Since E - B jo it follows
by (a) thatE Enjo' SinceE- L B j it follows by 8.1.2(b) that ah EJ,h;f. jo

iT'in

exists with E E nj,. Then it would follow that njo n nj, # 0 1.. 0

If we have to determine in a concrete case whether a module is semisimple
then this can be difficult and depend on very special properties. From this
point of view an interesting and important example for semisimple modules
(and rings) is to be considered. Let R := GK the group ring of a finite
group with coefficients in a field (see 4.6.2).

8.1.9 THEOREM (of Maschke). RR and RR are semisimple if and only if
the characteristic ofK is not a divisor of the order of G.

Proof. Let the characteristic of K be not a divisor of n := Ord(G). Then
for 0 # k E K, nk:= k +... +k (n summands) is invertible. For the inverse
of nl with 1 E,K we write lin. Let the elements of G be gb ... , gn' If we
consider R only as a right K -module then R is a vector space over K. For
every cp E End(RK ) a mapping $ :R ~R is defined by

$(r):=! ~ cp(rg;)gi\ r E R.
n ;=1

We require to show that $ E End(RR)' For arbitrary k E K we have

$(rk) =! ~ cp(rkg;)gi1 =(! f cp(rg;)gi1)k =$ (r)k.
n ;=1 n ;=1
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Let now g E G, as {ggt, ... , ggn} ={gt, ... , gn} we have

Hence it follows that $ (rx) =$ (r)x for arbitrary elements r, x E R, i.e.
cpEEnd(RR).

Let now A ~RR' then A is also a vector subspace of R K • Consequently
a B ~R K exists with R K =A (f) B. Let 7T" : R K ~ R K be the projection of R
onto A, i.e. let 7T"(a +b) = a for a E A, b E B hold. As A ~RR it follows
for a EA that

.. () 1 ~ ( ) -1 1 ~ -1 1
7T" a = - L- 7T" agi gi = - L- agig i = - na = a,

n i=l n i=l n

and for r E R we obtain

since 7T"(rgi) EA. Therefore .fi- is a projection of RR onto A and it follows that

RR = .fi-(R)(f)(l- .fi-)(R) =A (f)(l-.fi-)(R).

Thus RR is semisimple (analogously for RR; see also 8.2.1).
Let now the characteristic of K be equal to p and let p be a divisor of

n. Then we show that for ro:= gl +...+ gn the ideal roR is not a direct
summand of RR. For g E G we have first rog = ro, thus it follows that
r~ = nro= 0 as well as roR = roK. Suppose RR = roR (f) U, then an idempotent
e must exist with eR = roR = roK. But it would follow from e = roko with
koEK that e =e2=r~k~=0, thus ro=O ,. 0

8.2 SEMISIMPLE RINGS

If a ring possesses a certain property on one side then it need not possess
it on the other side. For example we have established that there are rings
which are only one-sidedly artinian. With regard to all ring-theoretic
properties which depend on the side, the question naturally arises as to
whether they are in fact one-sided or whether their validity on one side
implies their validity on the other side. With regard to semisimple rings
the latter is the case.

,
8.2.1 THEOREM. For a ring R we have:

RR is semisimple~RR is semisimple.
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Proof. It suffices to show: RR is semisimple~RR is semisimple for the
converse implication follows analogously.

By 7.2.3 (with change of side) the semisimple ring RR has a decomposition

n n

RR = EB L i = EB·Rei'
i=l i=l

with
n

1= Lei.
i=l

By 7.2.3(d) the decomposition

follows and we only have to prove that all eiR are simple. To prove this
let e be one of the ei and let 0 ¥ a =ea e eR. Then it follows that aR - eR.
We wish to show aR = eR, from which it follows at once that eR is simple.

As ea ¥ 0 and since Re is simple

tp: Re 3 re~ rea = ra eRa

is an isomorphism. Let RR = Ra EB U, then

1/1: R =Ra EB U3ra + u~tp~l(ra) = re eR

is an endomorphism of RR, which is given by right multiplication by an
element b eR (for R Cr

) =End(RR), see 3.7). Thus itfollows that

e = I/I(a) =ab,

hence e eaR, Le. eR - aR, and so

eR =aR. o

8.2.2 COROLLARY _

(a) R is semisimple ¢:>every right and left R-module is semisimple.
(b) R is semisimple~RR and RR have the same finite length.
(c) R is semisimpl~ and surjective ring homomorphism p: R ~ S~

S is semisimple. .
(d) R is semisimple ~RR and RR are cogenerators.
(e) R is semisimple¢:>every right and every left R-module is injective¢:> .

every right and every left R-module is projective.'
(f) R is semisimple ¢:> every simple right R-module and every simple left

R-module is projective.



M= L mR
meM

as a sum of semisimple modules is again semisimple. Analogously for the
left side.

(a) "¢": Special case.
(b) This is contained in the proof of 8.2.1 since, for simple Rei, l!iR is

also simple.
(c) Ss can also be considered (see also 3.2) as an R-module if we put

sr:=sp(r), S ES, rER

and thereby the ideals of Ss coincide with the submodules of SR. Since SR
is semisimple, then Ss is also semisimple.

(d) In order to show that RR is a cogenerator let mE M R, m ;zf O. Since
RR is semisimple the epimorphism

R 3r~mrEmR

splits, consequently mR is isomorphic to a right ideal of R; thus there is
a monomorphism

'P:mRR~RR'

Since mR is a direct summand in M R , there is a homomorphism

lj; :M R~ RR with lj; ImR = 'P.

Then it follows that me Ker(lj;) which was to be shown.
(e) RR is semisimple =? every right R -module is semisimple =? every sub­

module is a direct summand=?every right R-module is injective, resp.
projective =? every right ideal of R is a direct summand in RR =? semisimple
RR. Similarly for the left side.

(f) "=?": Clear by (e).
(f) "¢": Let SOC(RR) be the sum of all simple right ideals of R (detailed

investigation of Soc(MR ) in next chapter), then' it is to be shown that
R =SOC(RR)' Suppose R;zf SOC(RR), then by 2.3.11 SOC(RR) is contained
in a maximal right ideal A of R. Since R/A is a simple right R -module
and thus projective by assumption, a homomorphism 'P exists so that

RIA

.,;// 1'.,·
R )R/A

v
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is commutative. It then follows that cp =;!: 0 and

R = Im(cp)EBA.

But since Im(cp) is simple, in contradiction to this we must have

Im(cp)~ SOC(RR) ~A.

Thus in fact it follows that R = SOC(RR). o

The next step in our investigation consists in decomposing a semisimple
ring into a direct sum of directly indecomposable two-sided ideals. Thus let
R be semisimple and let

R =B1EB.. .EBBm

be the decomposition of RR into homogeneous components (in the sense
of 8.1.8). By 7.2.3 the number of the homogeneous components, which
by definition are right ideals, is finite. We wish to show that the B j are
two-sided simple ideals which mutually annihilate one another.

As a preliminary we prove first a result for an arbitrary ring R.

8.2.3 LEMMA. Let A ~ RR and let A be a direct summand of RR' then
the two-sided ideal RA generated by A contains all right ideals of R which
are epimorphic images of A.

Proof. Let RR =AEBB, let B ~RR and let 7T:R ~A be the projection.
Further let a :A ~A' be an epimorphism, let A'~ RR and let £': A'~ RR
be the inclusion. Then it follows that £'a7T EHomR(RR, RR). As established
in 3.7, every endomorphism of RR is by left multiplication. Thus there is
acE R with c (I) = £'a7T. Then it follows from 7T(R) = 7T(A) that

A' = £'a7T(R) = ~'a7T(A) = cA eRA,

which was to be shown. 0

We prove now the first part of the classical Theorem of Wedderburn,
which Wedderburn had originally proved for algebras.

8.2.4 THEOREM. ret R =;!: 0 be a semisimple ring and let

RR =B1EB .. .EBBm
../

resp. RR = C1 EB •.. EB Cn

be the decomposition ofRR resp. ofRR into homogeneous components (8.1.8).
Then we have:

(a) The Bj, j = 1, ... , m, are simple two-sided ideals of R.
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(b) n =m and (with respect to an appropriate ordering)

B j =Cb j =1, ... , m.

(c) BiBj =8jjB j , i, j =1, ... , m.
(d) B i , considered itself as a ring, is a simple ring with a unit element.
(e) The decomposition of R into a direct sum of simple two-sided ideals

is (up to ordering) uniquely determined.

Proof. (a) We show that: If E~Bi and E is simple then it follows that
RE=Bj • For reR

E3x~rxerE

is an epimorphism. Since E is simple this is either the zero mapping, i.e.
rE =0, or an isomorphism, i.e. E =rEo In both cases it follows that rE~B i •

Conversely let E =E', then we infer from 8.2.3 thatE' has the formE' = rE,
from which it follows that B j ~ RE. Altogether this yields RE =B i •

From B i = L E it then follows that
Bell!

RBi = L RE= L Bi=Bi,
Belli Bell!

thus B is a two-sided ideal. Let now A :;= 0 be a two-sided ideal contained
in B i, then A R is semisimple and consequently there is a simple right ideal
Ewith

Then it follows that
Bi=RE~RA =A~Bj,

thus A =B j , i.e. B i is simple as a two-sided ideal.
(b) Correspondingly the q, j =1, ... , n, are also simple two-sided ideals.

Since Biq is a two-sided ideal, which is contained in Bi as well as in q,
and these are simple, we have either

B;Cj=O or Bi=Bjq=q.

For fixed io=1, ... , m at least one jo with B io =Bioqo =qo must exist,
since otherwise it would follow that BioR = L Bioq = 0". But there can also

J
exist only one such jo, for from B io =Bioqt =qt it would follow that
qo =qt'" Since also correspondingly to every qo' jo =1, ... , n, an iowith
B io = qo must exist, the assertion (b) follows.

m m

(c) From R = EB B j it follows that RBj =Bj = EB BiBb from which (c) is
i=l j=l

obtained.



200 8 SEMISIMPLE MODULES AND RINGS 8.2

(d) According to (c) the two-sided R-ideals from B i coincide with the
two-sided Bi-ideals from B i. Thus B i is simple as a ring. Let 1 = '[.Ii> i; E B i,
then we have (7.2.3) B i = fiR and the fi are idempotents fr:om the centre
of R. For b = fir E B i it then follows that bi; = fib = ffr = fir = b, thus i; is the
unit element of B i•

(e) As in the proof of (b). 0

8.2.5 Definition. The simple two-sided ideals B i, i = 1, ... , m, in 8.2.4
are called the blocks of R.

8.2.6 COROLLARY. Let R be semisimple, then we have: The number of
the blocks is equal to the number of the isomorphism classes of simple right
R-modules and equal to the number of isomorphism classes of simple left
R-modules. .

Proof. Every simple right resp. left R-module is isomorphic to a right resp.
left ideal of R (since every epimorphism of RR onto a cyclic right R -module
splits). Consequently it suffices to consider the simple right, resp. left ideals.
For these the assertion follows from 8.2.4. 0

8.3 THE STRUCTURE OF SIMPLE RINGS WITH A
SIMPLE ONE-SIDED IDEAL

In order to elucidate entirely the structure of a semisimple ring, we now
address ourselves to the investigation of the two-sided simple ideals B j in
8.2.4. By definition the Bj are right ideals of the semisimple ring R, thus
semisimple right R-modules. Therefore it follows from 8.2.4(c) that the
Bj are also semisimple rings. We are here dealing with rings that are both
simple and semisimple. Examples show (see Exercise 8) that not every
simple ring is semisimple. Since the B j are semisimple and it was assumed
that B j ;1= 0, they are therefore simple rings which possess a simple right ideal.

Conversely every simple ring R, which possesses a simple right ideal B,
is also semisimple, as we wish to establish immediately. Let B be the
homogeneous component corresponding to B in RR' Le. the sum of all
right ideals of R isomorphic to B, then, as a sum of simple right ideals BR

is semisimple. Further for r E R and for a simple right ideal E'...,.. RR' rB'
is either a right ideal isomorphic to E' or is equal to zero; thus B is a
two-sided ideal ;1=0 in R. Since R is simple, it follows that B = R. Thus
finally it is established that RR is semisimple (see also 8.2.4(a)).

For rings of t91s sort the structure is now to be determined. It will emerge
that every such ring is isomorphic to the endomorphism ring (=ring of
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linear transformations) of a finite-dimensional vector space V over a skew
field K, which is again itself isomorphic to the ring of n x n matrices
(n =dimK(V)) with coefficients in K and hence can be regarded as known.

8.3.1 THEOREM. Let V =K V be a vector space over the skew field K. Then
we have

(a) If 1:s;; dimK(V) = n < 00 then EndCKV) is a simple and a semisimple
ring.

(b) If dimK(V) = 00, then EndCKV) is neither simple nor semisimple.

Proof. First of all we point out that we have here-with a view to the
following theorem-fixed upon a left vector space V =K V and we wish to
write the endomorphisms of V on the right of the argument: For cp E

EndCKV) and x E V let xcp be the image of x by cp. The result holds naturally
also for the right vector spaces.

(a) Let Vlo ••• , Vn be a basis of K V and denote

Then

V(i):= ~ KVi>
j=l
jrf:.i

S:=EndCKV).

i=1, ... ,n;

E;:= {cp Icp E SA V(i)~Ker(cp)}

is a simple right ideal in S and we have

SS=El~ ...~En;

E;==Ej forall i,j=1, ... ,n.

Consequently S is semisimple, and since all E; are naturally isomorphic,
Ss consists only of one homogeneous component, thus S is a simple ring.
The above assertions on the E; will not be proved here. It is a matter of
simple assertions of linear algebra which are left to the reader as an exercise.
The proof can also be obtained with the help of the ring of n x n matrices
with coefficients in K and isomorphic to S. In this ring every row is a simple
right ideal (and every column a simple left ideal), and the ring is the direct
sum of its rows (resp. columns) which are all isomorphic.

(b) Let again S:=End(KV),

Definition. cp ES is said'to be of finite rank :¢:>dimK(Im(cp)) <00. Then it
is easy to verify that the set of endomorphisms of finite rank is a proper
two-sided ideal A:;t. 0 in S. Thus S is not a simple ring. If S were a
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semisimple ring, then there would have to exist a B ~ Ss with

Ss=A0YB.

Since A is two-sided, it would follow that

BA~BnA=O, thus BA=O.

Let {3 EB, {3 ,p 0 and let v E V with v{3 ,p 0 and let

V=Kv{30YU,

Finally for k EK, u E U let the mapping a be defined by

a: V 3 kv{3 + u~ kv{3 E V.

Then it follows that a EA (for Im(a) =Kv{3) and that v{3a = v{3,p 0, thus
{3a ,p 0 in contradiction to BA = O. 0

Theorem 8.2.4 contains the first part of the familiar and important
Wedderburn Theorem on semisimple rings. We come now to the second
part of this Theorem.

8.3.2 THEOREM. A simple ring R, which possesses a simple right ideal, is
isomorphic to the endomorphism ring of a finite-dimensional vector space
over a skew field.

In particular: Let E be a simple right ideal of R and let K:= End(ER ),

then K is "a skew field, E = KE is a left vector space of finite dimension over
K and we have

Proof. By Schur's Lemma (3.7.5), K is a skew field and E can be considered
as a left K -module. Then E is a K-R- bimodule. For y EE we consider
now the mapping

y~): E3X~YX EE,

i.e. the left multiplication of E by y. Then obviously we have y~) EK. For
rER let

r~): E3x~xrEE,

then it follows that r~) EEnd(KE), since for kEK we have k(xr) =(kx)r.
It is now to be shown that

ll>: R 3r~r~) EEnd(KE)

is a ring isomorphism.

/
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First of all <I> is obviously a ring homomorphism. Since Ker(<I» is a
two-sided ideal in R, which, as 1eKer(<I», is not equal to R and since R
is simple, it follows that Ker(<I» =0, thus <I> is a monomorphism. There
remains to be shown: <I> is an epimorphism. As E :;!: 0 and since RE is a
two-sided ideal it follows that RE =R, which yields

(1) <I>(R) =<I>(RE) =<I>(R)<I>(E).

It is further to be shown that <I>(E) is a right ideal in R":= End(KE). Let
gE R" and l~t x, y E E, then

y(x~)g)= (yx)g = (y~)x)g = y~) (xg) = y(xg) = y(xg)~)

hence

x~)g= (xg)~) E <I>(E)

and so

(2) <I>(E)R" =<I>(E).

Finally as <I>(R) '-'; R" and 1~) =h E <I>(R) we have:

(3) R" =<I>(R)R".

From (1), (2), (3) it then follows that

R" =<I>(R)R" =<I>(R)<I>(E)R" = <I>(R)<I>(E) =<I>(R),

thus in fact <I>(R) =R".
Since R is simple and R ==.R", R" must be simple. By 8.3.1 it then follows

that dimK(E) < 00, by which all is proved. 0

Besides this direct proof we obtain a second proof as a corollary of the
Density Theorem in the next section.

We formulate the main contents of Theorems 8.2.4 and 8.3.2 once more
in a somewhat different form:

8.3.3 COROLLARY. A semisimple ring (with unit element) is a direct sum
of simple rings, which mutually annihilate one another and every one of
which is isomorphic to a complete finite-dimensional matrix ring over a skew
field.

8.3.4 COROLLARY. Let R be a simple ring with a simple right ideal E and
let R be a finite-dimensional algebra over a field H. Then there exists a
subfield K o '-'; K := End(ER ) with dimKo(K) < 00 and which is isomorphic to
H.

If H is algebraically closed then we have H ==.K =End(ER ).
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Proof. For h E H let

then, as (xh)r = (xr)h for r E R, itfollows that h~) E K and therefore

r/J: H 3b-~h~) EK

is a ring homomorphism. Let K o:= Im(r/J). By assumption R H is finite-
dimensional and so also is E H • .

As h~)x =xh for hE H, x E H, a basis of E H over H is also a basis of
KoE over K o. Hence KoE is finite-dimensional and consequently KoK must
also be finite-dimensional (for dimKo(K) . dimK (E) =dimKo(E».

Since K is a finite algebraic extension field of Ko it follows, in the case
that H and thus also K o are algebraically closed, that K o=K, thus H =:; K o=
K 0

8.4 THE DENSITY THEOREM

In our considerations so far we have mostly taken as a basic start a right
R -module MR and have written the R -homomorphisms on the left side of
the arguments from M. Let S:= End(MR ) be the endomorphism ring of
M R , then in particular M can be considered as an S-R-bimodule. This
convention is in fact appropriate for many considerations, but not for all.
In particular not for such considerations, as is the case in the following, in
which initially we are provided with an abelian group M and the ring
T:= End(Mz) of endomorphisms of M

In order to show how the previously employed convention may be used
in the following and to show what is the importance of the following results,
we make some remarks, in which at first nothing further is assumed.

8.4.1 Definition. Let R resp. RO be a ring with the multiplication
resp. ° . RO is called the inverse ring to R :¢::>

(i), The additive group of R is equal to the additive group of RO and
(2) \fr,sER[r·s=sor].

8.4.2 REMARKS

(a) There is exactly one ring RO inverse to R.
(b) ROo=R.
(c) R is commutative ¢::>R =R 0.
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Proof. (a) Existence of R O
: Define (RO, +):= (R, +) together with

SO r:=r' s,

then RO is an inverse ring to R.

r,seR,

Uniqueness: Let R * with the multiplication * be also an inverse ring to
R, then it follows by definition that

(R*, +) = (R, +) = (R O
, +).

Further we have s * r = r . s = s 0 r, r, s e R, thus R *=R 0.

(b) and (c) may be left to the reader as an exercise. o

From the definition it follows further that all properties of R are carried
over to R O on interchanging the sides.

8.4.3 REMARK. Let M =MR. By means of the definition

rom :=mr for m eM and reRo

M becomes a left RO-module RoM. Precisely those additive subgroups of M,
which are also submodules of M R, are also the submodules of RoM.

Proof. For the proof of M = RoM we confine ourselves to the associativity
law.

rl 0 (r2 0 m) = rl 0 (mr2) =(mr2)rl

=m(r2rl) = (r2rl) 0 m

=(rio r2) 0 m for all rb r2 E R, m EM.

Let U ~MR. Then

r 0 U = Ur c U for all r e R ::::;> U ~ R"M.

In the same way it follows that: U ~ RoM::::;> U ~MR.
All properties of M R carryover accordingly to RoM (on interchanging

the sides). 0

Since we have clarified the significance of the change of sides, we shall
now assume that M = RM. Further let T:= End(Mz) (=ring of all group
endomorphisms of M) in which the endomorphisms are to be applied on
the left, so that we have M = TM. For every r E R the left multiplication

r(/): M 3x""""rx eM
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is then an element from T and the mapping

r/J: R 3r~r(I)E T

is, as is directly verified, a ring homomorphism.
R (1):= Im(r/J) is called the ring of left multiplications of the module RM.

Ker(r/J) is a two-sided ideal in R and consists of all r E R with rM = O.

8.4.4 Definition. The qJ.odule M is called faithful :~

VrER[rM = O=?r =O]~Ker(r/J) = O.

In the case of a faithful module we can identify R with R(I) so that R ~ T
holds.

8.4.5 Definition. Let T be an arbitrary ring and let AcT (A subset of
T). Then

CenT(A):={t/tE T" Va EA[at=ta]}

is called the centralizer of A in T.
As we see immediately, CenT(A) is a unitary subring of T and CenT(T)

is the centre of T.

8.4.6 LEMMA. Let M =RM, T:= End(Mz), S:= End(RM) (all applied on
the left), then:

(a) S =R':= CenT (R (I».
(b) R (I) c R":= CenT'(CenT(R (I»).
(c) R' =R III := CenT (CenT (CenT (R (I»))).

Proof. (a) S~CenT(R(I): Let erES, then we have for all rER, XE

M: er(rx) = r(erx), thus err(1) = r(l)er =?er E CenT(R(I». CenT(R(I)~S. Let 7 E

CenT (R (I) =? 7r(1) = r(l)7 for all r E R =?7(rx) = r(7X) =? 7 E S.
(b) and (c) follow by the definition of centralizer. 0

On account of this situation the interesting question arises as to the
assumptions under which R(I) = R" holds and as to the relationships which
exist in case R(l) 'I' R" between R(I) and R". We observe moreover that
R (I) and R" evidently depend on M = RM which is not apparent from the
notation.

8.4.7 Examples
(1) If M =RM 'I' 0 is a free R-module then RM is a faithful R-module
and we have R (I) =R ". Prove as an exercise.



8.4 1HE DENSITY THEOREM 207

(2) Let RM = zO, then we have 71.. == 71..(1) and S = 71..' = 71.." == 0. Prove as an
exercise.
(3) Let V = VK be an infinite-dimensional vector space. Let R be the
subring of T:= End( VK ) which is generated by the identity mapping of V
and by all linear mappings of VK of finite rank. We claim:

(a) V = R V is a simple R-module.
(b) R'=End(RV)=K(r)(==K).
(c) R(I)=R ~R"=End(VR')'
(d) For any finitely many elements Vb ••• , V t E V and U' E R" there is an

r E R with U'Vi = roi, i =1, ... , t.
Proof of (a), (b), (c) is an exercise for the reader; (d) is a special case of

the Density Theorem to follow.

8.4.8 Definition. Let Rand S be rings and let as well RM and sM be
modules with the same additive group. RM is called dense in sM :~for

any finitely many elements Xb ••• , X t EM and s E S there is an r E R with
SXi = rXi, i =1, ... , t.

8.4.9 THEOREM. Every semisimple module RM is dense in RuM.

Proof. The proof follows in three steps.
(1) First let N = RN be an arbitrary module with V a direct summand

of N, thus N= VffiN1• Let now R"=Rtr be the double centralizer of R
with respect to N. We claim that R"V = V, i.e. V is an R"-submodule of
RuN. For the proof let Tr be the projection of N onto V, and Tf the inclusion
of V in N, then it follows that TfTr E R' = HomR (N, N) and Im(TfTr) = U.
For r" E R" and u E V we obtain therefore

r"u =r"TfTr(u) =TfTrr"(u) = TfTr(r"u) E V,

which was to be shown.
Let now N be semisimple and let x EN, then Rx is a direct summand

in N and it follows (for V=Rx) that Rx =R"Rx. Since, by 8.4.6(b), we
also have R"Rx = R"x we deduce that Rx =R "x. Thus to every x EN and
r" E R" there is an ro E R with rox =r"x.

n

(2) Let now M =RM be semisimple and let N:= II M; with M; =M for
i=l

i =1, ... , n. Then we have (see Chapter 4)

n n

N= II Mi=EBM; with M; ==Mi=M.
i=l i=l

Consequently N is a direct sum of the semisimple modules M; and therefore
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(by 8.1.5) is itself again semisimple. Let now the double centralizer of R
with regard to M resp. N be denoted by Rf:t resp. Rf!l..

Assertion. For r" ERf:t and (Xl."" Xn ) EN by means of the definition

N becomes an Rh-module and the mapping

f": N3(X1 ... xn)~(r"xl'" r"xn) EN

is an element of R &. (Indeed R k3 r"~ f" E R & is a ring monomorphism.)
The module property is clear. It remains to be shown that f" E R&. Let

7Ti: N ~M; resp. 'T/i: M;~N

be the projection resp. the inclusion (see Chapter 4), then we have

i.e.

n

As L 'T/i7Ti = 1N we have for arbitrary 'P E HomR (N, N)
i=l

n n

'P =1N({) 1N = L L 'T/i7Ti'P'T/j7Tj,
i=l j=l

in which (as M; =M) 7Ti'P'T/j E HomR (M, M).
Hence it follows that

=~ ~ 'T/i(7Ti'P'T/j)r"7Tj =(~~ 'T/i7Ti'PWTTj)f" = 'Pf",
t J t J

which was to be shown.
(3) Let now Xl..'" xn EN and r"ERkbe given. By (1) applied to

n

N:= II M; with M; =M for i =1, ... , n
i=l

and with x = (Xl. ••• , xn ) EN and f" E R&(f", in the sense of (2) correspond­
ing to r") there is an ro E R with

/
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i= 1, ... , n. o

8.4.10 COROLLARY. Let RM be simple and let M be finite-dimensional
over K =End(RM), then we have R(I) =R".

Proof. Let Xl. ••• , Xn be a basis of KM, then to every crER" there is an
r E R with UXj = rXj, i = 1, ... , n. Since cr and r(1) are linear maprings, it
follows that cr=r(l), thus R"~R(I). Since, on the other hand, R(I ~R" it
follows R(I) =R". 0

8.4.11 COROLLARY. Let RM be simple and RR be artinian. Then M is
finite-dimensional over K and we have R (I) =R".

Proof. By 8.4.10 we have only to show that KM is finite-dimensional.
Suppose that that were not the case, then there would exist a countably
infinite set of linearly independent elements in KM:

Let

An ={a Ia E R /I aXl =... =aXn =O},

then An is a left ideal in R. Since an an E A with anXn+l =;!: 0 exists (from
B.4.9), An ~ A n+l holds, and we would obtain the infinite chain of left ideals

Al~A2~A3~'"

which contradicts the fact that RR is artinian. o

As a corollary from 8.4.9 we prove once more the structure theorem
for simple rings (8.3.2).

g.4.12 COROLLARY. Let R be a simple ring with a simple left ideal. Then
R is isomorphic to the endomorphism ring of a finite-dimensional vector
~pace over a skew field.

Proof. As established at the beginning of ,8.3, R is semisimple and hence
Jy 8.1.6 (two-sided) artinian. Let RM be a simple left ideal in R. Then

l/J:R~RC)J

s an isomorphism, since Ker(l/J) as a two-sided ideal in a simple ring must
Je equal to 0, for 1.e Ker(l/J). By 8.4.11 the assertion follows. 0
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EXERCISES

8.4

(1)
(a) Let p be a prime number and let n E ~. Which is the largest semisimple

:il-submodule of :il/p":il?
(b) Which is the smallest :il-submodule U of :il/p":il, so that (:il/p":il)/U

is semisimple?
(c) Give an example of a module M and a U~M so that M is not

semisimple but M/ U and U are semisimple.

(2)
Let R be a ring and let Jk(R) denote the number of isomorphism classes
of simple right R -modules. (In the class of all simple right R -modules ==
is an equivalence relation; the isomorphism classes are the equivalence
classes with respect to ==).

(a) For every n E ~ give an example of a ring R with Jk(R) =n.
(b) Give an example of a ring R with Jk(R) =00.

(c) Does the case Jk (R) = 0 occur?

(3)
Let e be an idempotent element of a ring R. Show:

(a) End(eRR) == eRe.
(b) Let R be simple and let eRe be a skew field, then eR is a simple

right ideal of R.

(4)
"Let R;, i = 1, ... , n be rings and let R := Il R; with componentwise addition

;=1

and multiplication.
(a) Show: R is a semisimple ring¢::>'v'i = 1, "', n. [R i is semisiple.]
(b) Does (a) hold also for infinite products?

(5)
(a) Let VK be a vector space of countably infinite dimension. Show: The
ideal of all endomorphisms of VK of finite rank is the only proper two-sided
ideal ~O in End(VK ).

(b) Does (a) also hold if the dimension of V is greater than countably
infinite?

(6)
Let M =MR be semisimpIe and let S:= End(MR ). Show: sM is semisimple.
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(7)
Let M R be a semisimple R-module with only finitely many homogeneous
components:

Show:
n

(a) S:= End(MR) = E9 Sjo where the Sj are two-sided ideals in Sand
j=l

Sj ==End(BjR ).
(b) If MR is finitely generated, then S is semisimple.
(c) If M R is finitely generated and all simple submodules are isomorphic,

then S is simple and semisimple.
(d) If MR is not finitely generated, then S is neither simple nor semi­

simple.

(8)
Let K := ~(x) be the field of rational functions in x with real coefficients,
and let for k E K

d
k':=-(k)

dx

be the usual derivative. Further let R := K[y] be the additive group of all
polynomials in y with coefficients in K. Define in K[y] a (non-commutative)
multiplication by induction over n =0, 1, 2, ... for fixed m = 0, 1, 2, ...

(ayo)(bym):= abym,

(ayn)(bym):= ayn-l(bym+l +b,ym)

a,bEK,

for n >0,

and further require that the associative and distributive laws hold. Show:
(a) R is a simple ring. (Hint: If a polynomial of degree n with n ;:=.1 lies

in a two-sided ideal then so also does a polynomial of degree n -1.)
(b) R contains no simple right or left ideal, thus R is not semisimple.

(9)
Prove the assertions in 8.4.7.

(10)
Show for a module M R :

(a) Mis semisimple<:>M has no large proper submodule.
(b) Let M be finitely generated. Then we have: M is semisimple<:>M

has no large maximal submodule.
(c) Construct a non-semisimple module which possesses no large

maximal submodule.



Chapter 9

Radical and Socle

In the historical development of the theory of rings it had already been
early established that in every finite-dimensional algebra A a two-sided
nilpotent ideal B exists such that AlB is a semisimple algebra. (B is
called nilpotent if B n = 0 for some natural number n.)

This result yields three avenues for the investigation of A:
(1) the investigation of the semi-simple algebra AlB (for which the

theory of semisimple algebras is at our disposal);
. (2) the investigation of the nilpotent ideal B;

(3) the investigation of the relation between AlB and A, which is given
by the epimorphism A -7 AIB; in particular the question arises as
to whether properties of AlB can be "lifted" to A.

Since the formulation of these questions was 'very fruitful for the investi­
gation of algebras, the desire arises of having at our disposal an object
corresponding to B in an arbitrary ring or module. We cannot enter here
into the interesting historical development of this question. It would lead
in any case to current concepts of the radical which are to be developed
in this paragraph. The radical of a module MR. denoted by Rad(MR ), is
accordingly the intersection of all maximal submodules of MR or is
equal to the sum of all small submodules of MR. In consequence we
then have Rad(MIRad(M)) = 0 and Rad(M) is contained in every sub­
module U ~ M with Rad(MI U) = O. The three possibilities, listed
above, have also to be reconsidered if MIRad(M) is in general no longer
semisimple.

The concept dual to that of the radical is the socle. The socle of the
module MR. denoted by Soc(MR), is the sum of all minimal (=simple)
submodules of MR and therefore is the largest semisimple submodule of
MR. It is equal to the intersection of all large submodules of MR.

212
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9.1.1 THEOREM. Let M =MR be given. Then we have
(a)

L A = n B = n Ker(cp).
A"'M B_M semisimpleNR.

maximal B tp eHomR. (M.N)

(b)

n A=
A4M

L B = L Im(cp).
B_M semisimple NR

minimalB tpeHomR.(N,M)
(=simpleB)

Proof. (a) In the order written the submodules of M, for which the equality
is to be shown, are denoted by Uh Uz, U3 •

"Uz~ U1": Let a E Uz. Suppose aR were not a small submodule of M,
then there would be by 5.1.4 a maximal submodule C of M with a e C,
thus ae U. Consequently aR is small and hence a E aR ~ U1•

" U3~ Uz": Let B be maximal in M and let PB: M -7 M/B be the natural
epimorphism onto the simple module M/B. Then Ker(PB) = B and it follows
that

U3 c n
B .....M

maximalB

Ker(PB) = n B = UZ.
B-M

maximalB

"Ul~U3": By 5.1.3(c) we have A~M=?cp(A)~N for every
homomorphism cp: M -7 N. If N is semisimple, then 0 is the unique small
submodule of N, then we must have cp(A) =0, Le. A ~ Ker(cp) holds.
Cons~quently we have U1 ~ U3•

(b) Let the submodules again be denoted in order by U h Uz, U3 •

"Uz~ U1": If B is a simple submodule of M and A 4 M. Then An B ¥-
oso A n B =B, B ~ A and hence Uz~ U1•

"U3 ~ Uz": Since the image of a semisimple module under a
homomorphism is again semisimple and likewise so also the sum of semi­
simple modules (8.1.5), U3 is a semisimple submodule of M, thus is the
sum of simple submodules of M Consequently we have U3 ~ Uz, since
Uz is the sum of all simple submodules of M

"U1 ~ U3": We claim that U1 is semisimple. Let C ~ U1 and let C' be
inca of C in M, then we have C +C' = CEe C' 4 M (5.2.5), thus U1 ~ C +
C'. By the modular law (note C ~ U1) it follows that U1 =CEe(C' nUl)'
thus U1 is semisimple. Let,: U1 -7 M be the inclusion, then it follows that
U 1 =Im(,) ~ U3 • 0
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9.1.2 Definition
(1) The submodule of M defined in 9.1.1(a) is called the radical of M

and is denoted by Rad(M).
(2) The submodule of M defined in 9.1.1(b) is called the socle of M and

is denoted by Soc(M).

9.1.3 COROLLARY
(a) For m E MR we have: mR ~ M ¢> m E Rad(M).
(b) Soc(M) is the largest semisimple submodule ofM

Proof. (a) mR ~ M =?;> m E mR ~ Rad(M) by 9.1.1. The converse, m E

Rad(M) =?;> mR ~M, was shown in the proof of 9.1.1 (a) with regard to
"V2 ~ V 1".

(b) By definition Soc(M) is semisimple as the sum of simple submodules.
Let C be a semisimple submodule of M, then C is contained in Soc(M)
being the image of the inclusion £: C ~M, thus Soc(M) is the largest
semisimple submodule of M 0

We come now to the main theorem on the radical and socle.

9.1.4 THEOREM
(a) <p E HomR (M, N) =?;> cp (Rad(M)) ~ Rad(N) /I cp (Soc(M)) ~ Soc(N)
(b) Rad(M/Rad(M)) =0/1 'tiC ~M[Rad(M/C) =O=?;>Rad(M) ~ C]

i.e. Rad(M) is the smallest submodule ofM with Rad(M/ C) = o.
(c) Soc(Soc(M)) = Soc(M) /I 'tIC ~ M [Soc(C) = C =?;> C ~ Soc(M)] i.e.

Soc(M) is the largest submodule which coincides with its socle.

Proof. (a) From Rad(M) = L A it follows that cp(Rad(M)) = L cp(A).
A ....M A ....M

As shown in 5.1.3 we... have cp(A) ~ N, thus it follows that
cp(Rad(M)) ~ Rad(N). Since the image of a semisimple module is again
semisimple, we have also cp(Soc(M)) ~ Soc(N).

(b) Assertion. The maximal submodules 6. of M/C are obtained as images
of the maximal submodules B ~ M with C ~ B by v :M ~M/ C.

Proof. See 3.1.13 or directly as follows. w-1(6.)=6.nIm(v)=6.. Let
B := v-1(6.). Then v(B) = 6. /I C ~ B ~ M Since 6. is maximal (M/ C)/6. =
(M/C)/(B/C)==.M/B simple, thus B is maximal in M
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Assertion. If (Bili E I) is a family of submodules of M II Vi E I[C ~ BiJ, then
we have

n(BilC) =((I Bi)/C.
leI leI

Proof. It is clear that (n Bi)/ C ~ n(Bi/ C). Let now v + C E n(Bi/ C).
Then for every i there isabi EBi with v + C = bi+ C, so V = bi+ Ci EBi+ C =
Bi for all i E I hence v +C E ((IEi)/ c.

We now apply the two statements established above.

Rad(M/Rad(M) = n 6. = n (B/Rad(M»
max t:. in M/Rad(M) max B_M

Rad(M)_B

=( n B) /Rad(M) =( n B) /Rad(M)
maxB~M max B ..... M
Rad(M)_B

=Rad(M)/Rad(M) =O.

Let now C ~M II Rad(M/ C) =0, then it follows for the mapping
lJ : M ~M/ C by (a) that

lJ (Rad(M» ~ Rad(M/ C) = 0

and consequently
Rad(M) ~ Ker(lJ) = C.

(c) A semisimple module coincides with its socle. Since Soc(M) is the
largest semisimple submodule of M, it is hence clear that Soc(Soc(M» =
Soc(M). Let Soc(C) = C, then C is semisimple and it follows that
C~Soc(M). 0

The properties (a), (b), (c) of this theorem can be formulated functorially
and motivate the definition of preradical ((a», radical ((a) and (b» and
socle ((a) and (c» in categories.

9.1.5 COROLLARIES

(a) Epimorphism qJ:M~ N II Ker(qJ) ~ M=?qJ(Rad(M» =Rad(N)
II Rad(M) = qJ-l(Rad(N».

Monomorphism qJ:M~ N II Im(qJ) 4 N=? qJ(Soc(M» = Soc(N)
II Soc(M) = qJ -1 (Soc(N».

(b) C ~ M =? Rad(C) ~ Rad(M) II Soc(C) ~ Soc(M).
(c) M =EBMi=?Rad(M) =EB Rad(Mi) II Soc(M) =EBSoc(M).

ieI ieI ieI
(d) M =EBMi=?M/Rad(M)~EB (Mi/Rad(Mi».

ieI ieI
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Proof. (a) /jO(Rad(M)) "'-+ Rad(N) holds by 9.1.4. Now let U 4 N and for
A "'-+M let A +/jO-l(U) =M.

Since /jO is im epimorphism it then follows that /jO (A) + U = N, thus
/jO(A) =N and consequently

A +Ker(/jO) =M.

As Ker(/jO)4M we obtain A=M, Le. /jO-\U)4M~/jO-l(U)",-+
Rad(M)~/jO(/jO-\U)) = U "'-+ /jO(Rad(M)), thus Rad(N) "'-+ ¢(Rad(M)),
which was to be shown.

From /jO (Rad(M)) = Rad(N) it follows finally as Ker(/jO) "'-+ Rad(M) that

Rad(M) = Rad(M) +Ker(/jO) = /jO -l/jO(Rad(M)) = /jO -1 (Rad(N)).

For the socle we have on the other hand by 9.1.4 /jO(Soc(M)) "'-+ Soc(N).
Let now E "'-+ N be simple, then as Im(/jO) c4 N we have: E "'-+ 1m (/jO)~
/jO-l(E) "'-+ Soc(M)~/jO/jO-l(E) = E "'-+ /jO(Soc(M))~Soc(N) "'-+ /jO(Soc(M)).
From /jO(Soc(M)) = Soc(N) it follows finally that

Soc(M) = /jO-l/jO(Soc(M)) = /jO -\Soc(N)).

(b) Let t: C ~M be the inclusion, then it follows by 9.1.4 that

ROad(C) = t(Rad(C)) "'-+ Rad(M) A Soc(C) = t(Soc(C)) "'-+ Soc(M).

(c) Rad(Mi ) "'-+ Rad(M) from (b) hence

I Rad(Mi ) =EB Rad(Mi ) "'-+ Rad(M).
ieI ieI

Let now m = Imi ERad(M) and let 7Ti: M ~M i be the ith projection. Then
7T;(m) =mi ERap(Mi ) from 9.1.4 and so m EEBRad(Mi ). Hence Rad(M) "'-+

EB Rad(Mi ) whence Assertion. Analogously for the socle.
(d) We exhibit explicitly an isomorphism

/jO:M/Rad(M)~EB(M;/Rad(Mi )).
ieI

Let Imi EEBMi with mi EM i be an arbitrary element from M, then let

/jO((Imi) +Rad(M)) := L(mi +Rad(Mi )) EEB (M;/Rad(Mi )).
ieI

"/jO is a mapping": Let (Imi) +Rad(M) = (Im; )+Rad(M) with mi, m; E
M;, then it follows that L(mi - m;} ERad(M) hence, by (c), mi - m; E
Rad(M;) and therefore it follows that mi +Rad(Mi ) = m; +Rad(Mi ), thus

L(mi +Rad(Mi )) = L(ni; +Rad{Mi )).
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"cp is a monomorphism": Let

cp ((Lmj) +Rad(M)) = L(mj +Rad(Mj )) = 0,

then itfollows that mj E Rad(Mj ) for all occurring mj. As Rad(Mj ) ~ Rad(M)
we deduce therefore that

(Lmj) +Rad(M) = Rad(M),

thus Ker(cp) =O.
"cp is an epimorphism": Clear. o

Examples
(1) RadCiEz) =0, since by 5.1.2 0 is the only small ideal in 71... Soc(71..z) =0
for 71.. has no simple ideals.
(2) Rad(iQz) = iQ, since for every q E iQ, q 71.. is small in iQ (see 5.1.2). This
is equivalent to saying that iQ has no maximal submodules.
(3) Let n E 71.., n > 1 with the unique decomposition into powers of prime
numbers

n =p'{'l ... P'kk, pj ¥- Pi for i ¥- j, mj > O.

The maximal ideals of 71.. are the prime ideals generated by prime numbers.
The maximal ideals which contain n71.. are then the ideals pj 71.., i = 1, ... , k,
and we have

kn Pj iE=P1 ... Pk iE•
j=l

Hence we have

Therefore it follows that

Rad(71../n 71..) =0~n =P1 .•• Pk.

Likewise for n =0 and n = 1 we have Rad(71../ n71..);= O.
We now wish to determine Soc(71../n71..). This is equal to 0 for n = 0 and

n = 1. Now again let n > 1 with the decomposition into powers of primes
as given above. First of all we establish: 71../n71.. is a simple 71..-module, if
and only if n is a prime number. If namely n =P is a prime number, then
iE/piE (as a ring) is a field and hence is simple as a 71..-module. If n has at
least one proper divisor q, then q iE/n iE is a proper submodule ¥- 0 of 71../n 71...
As

(i=1, ... ,k)
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the modules!!:.. 71./n 71. are simple submodules of 71./n 71.. Then
Pi

k n ( k n )/ n.2: -.71./n71.= .2: -.71. n71.= 71./n71. ~ Soc(71./n71.) .
•=1 p. .=1 P, PI . .. Pk

On the other hand let q71./n71. with n = qnl be a simple submodule
of 71./n 71.. Since .

q71./ n71. == 71./ n171.

ni must then be one of the prime numbers PI, ... , pk, say Pi; thus q =!!:..,
and it follows that Pi

n
Soc(71./n71.) = 71./n71..

PI.' ,Pk
We point out the following special cases:

Rad(71./PI •.. Pk71.) = 0, Soc(71./PI ... Pk71.) = 71./PI ... Pk 71.,

Rad(71./p n71.) = p71./p n71. == 71./Pn-171., Soc(71./p n71.) = p n
-

171./pn 71. == 71./p71..

9.2 FURTHER PROPERTIES OF THE RADICAL

We collect together several other properties of the radical in the following
theorem.

9.2.1 THEOREM. Let M =MR, then we have
(a) Mis semisimple => Rad(M) = O.
(b) M Rad(RR) ~ Rad(M).
(c) M is finitely generated => Rad(M) ~ M, in particular Rad(RR) ~ RR.
(d) M is finitely generatedAA~Rad(RR) (~A~RR)=>.MA~M

(Nakayama's Lemma).
(e) M is finitely generated A M :p 0 => Rad(M) :p M.
(f) Rad(RR) is a two-sided ideal ofR.
(g) For every projective module PR we have: Rad(P) =P Rad(RR).
(h) C ~M=>C+Rad(M)/C ~ Rad(M/C).

Proof. (a) M is semisimple=>every submodule is a direct summand=>O is
the only small submodule => Rad(M) =O.

(b) Let m EM, then 'Pm: RR 3 r~ mr E MR is a homomorphism. By 9.1.4
we have

m Rad(RR) = 'Pm (Rad(RR)) ~ Rad(M)

=> 2: m Rad(RR) =M Rad(RR) ~ Rad(M).
mEM



9.2 FURTHER PROPERTIES OF THE RADICAL 219

(c) Let Rad(M) + C =M. Suppose C:;t: M. Then, since M is finitely
generated, C is contained (2.3.11) in a maximal submodule B ~ M; hence
M =Rad(M) + C ~ B~. Thus we have C =M and so Rad(M) ~M.

(d) .MA ~ M Rad(RR) ~ Rad(M) ~M =?.MA ~ M.
(e) Since M:;t: 0 1\ Rad(M) ~ M we have Rad(M):;t: M, since from

Rad(M) =M we should have Rad(M) +0 =M, thus 0 =M would follow.
(f) This follows from (b) with MR =RR.
(g) Let (Yi' fl'i) be a "projective basis" in the sense ,of the Dual Basis

Lemma (5.4.2). For u E Rad(P) it then follows that fl'i(U) E Rad(RR) (by
9.1.4) and hence we have

U=LYifl'i(U) E P Rad(RR),

thus Rad(P) ~ P Rad(RR). Since by (b) the reverse inclusion also holds,
the assertion follows.

(h) Let v: M ~M/ C be the natural epimorphism, then we have
C +Rad(M)/ C =v(Rad(M)) ~ Rad(M/ C). 0

We point out meantime that we need
(f) in order to prove in 9.3 that Rad(RR) =Rad~R).

We now wish to show: If Mis artinian then M/Rad(M) is semisimple.
We deduce this from the following more general theorem.

9.2.2 THEOREM
(a) Every submodule of M has an adco in M and Rad(M) =O~M is

semisimple.
(b) Mis artinian and Rad(M) =O~M is semisimple and M is finitely

generated.

Proof. (a) "=?": Let C ~ M 1\ C adco of C in M. Then M =C + C' 1\

C n C' ~ Rad(M) =O. Then (by 5.2.4(a)) M =Cff)C'=?M is semisimple.
(a) "¢:": Clear.
(b) "=?": Mis artinian=?every submodule has an adco. By (a) it then

follows that M is semisimple. Since M is semisimple and artinian, M is
finitely generated (8.1.6).

(b) "¢:": Since M is semisimple and finitely generated, M is artinian
(8.1.6). Rad(M) = 0 is clear. 0

9.2.3 COROLLARY. M is artinian =?M/Rad(M) is semisimple. Special
case: RR is artinian =?R/Rad(RR) is semisimple.

Proof. M is artinian=?M/Rad(M) is artinian. Since Rad(M/Rad(M)) = 0
by 9.1.4(b), it follows by 9.2.2 that M/Rad(M) is semisimple. 0
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We remark further in the special case of M R =RR being artinian that
first of all R/Rad(RR) is semisimple as a right R-module. Since Rad(RR)
is, by 9.2.1(f), a two-sided ideal, R := R/Rad(RR) is also as a ring right­
sided semisimple. As we have earlier shown (8.2.1), RR is then also
semisimple and consequently also RR. Hence by 9.1.4(b) we must have

Rad(RR) '-~ Rad(RR).

From the basic symmetry the reverse inclusion also holds and equality then
follows. This equality is'proved in the next section for arbitrary rings.

9.3 THE- RADICAL OF A RING

The main result of this section is the equation

Rad(RR) = Rad(RR).

We lead up to the proof by means of a lemma.

9.3.1 LEMMA. The following statements are equivalent for A ~ RR.
(1) A ~ RR.
(2) A ~ Rad(RR)'
(3) Va E A [1- a has a right inverse in R].
(4) Va E A [1- a has an inverse in R].

Proof. "(1)::;>(2)": By definition of the radicaL
"(2)::;>(1)": By 9.2.1(c) we have Rad(RR) ~ RR' thus A ~ RR.
"(1)::;>(3)": For arbitrary rER we have ar+(1-a)r=r::;>

A+(1-a)R =R ::;>(1-a)R =R (since A ~ RR)::;> (3).
"(3)::;>(4)": Let (1-a)r=1; then r=1+ar=1-(-ar). Since -arEA,

there exists s E R with rs =(1- (-ar))s =1. Thus r has 1- a as left inverse
and s as right inverse which then must coincide and it follows that 1 = rs =
r(1- a), i.e. f is an inverse of (1- a).

"(4)::;>(1)": Let A +B =RR. Then 1 = a +b with a EA, b EB; i.e. b =
1-a and so there exists r with br = (1- a)r = 1 hence B = R, i.e. A ~ RR. 0

Remarks
(a) In the literature a right ideal with property (3) is also called quasi­

regular.
(b) Evidently this lemma holds also "on the left side" i.e. if we inter­

change the right and left sides.



9.3 THE RADICAL OF A RING 221

Proof. We apply the lemma to A =Rad(RR)' For it (4) then also holds.
Since A is a two-sided ideal (9.2.1(f)) A is also a left ideal, and so (4) of
the "left-sided" version of the lemma holds; thus it follows that

Rad(RR) ~ RadCRR).

On the basis of symmetry the reverse inclusion also holds and the equality
follows. 0

9.3.3 Definition. Rad(R) := Rad(RR) = RadCRR).
In general R/Rad(R) is not semisimple; e.g. we have for R =7L since

Rad(7L) =0: 7L/Rad(7L) =7L/0 FiE 7L and 7L is not semisimple. If however the
case arises that R/Rad(R) is semisimple, then interesting statements can
be made.

9.3.4 THEOREM. If R is a ring such that R/Rad(R) is semisimple then we
have:

(a) Every sif!lple right resp. left R-module is isomorphic to a submodule
of (R/Rad(R))R resp. R(R/Rad(R)).

(b) The number of the blocks of R/Rad(R) is finite and equal to the
number of the isomorphism classes of simple right R-modules and equal to
the number of isomorphism classes of simple left R-modules.

Proof. (a) Since every cyclic right R-module M R =mR is an epimorphic
image of RR, it follows that M FiE R/A with A ~ RR. If now MR is simple,
then A must be maximal. Consequently Rad(R) ~ A then holds and we
obtain

M FiER/A FiE (R/Rad(R))/(A/Rad(R)).

Since R := R/Rad(R) is semisimple, A:= A/Rad(R) is a direct summand,
thus

RR=A63B,

from which M R FiE iiR follows. Analogously for the left side.
(b) As we know, the R-submodules of RR coin~ide with the right ideals

of R, and two R-submodules are isomorphic if and only if they are
isomorphic as right ideals of R. The assertion then follows from 7.2.3 and
8.2.6. 0

We had established in 9.2.1, that for an arbitrary module we have

M Rad(R) ~ Rad(M).

Here we give a condition sufficient to ensure M Rad(R) =Rad(M).
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9.3.5 THEOREM. If R/Rad(R) is a semisimple ring then we have for every
moduleMR :

(1) Rad(M) =M Rad(R).
(2) Soc(M) = IM(Rad(R)):= {mlm EM 1\ m Rad(R) =O}.

Proof. (1) Since (M/M Rad(R)) Rad(R) = 0, M/M Rad(R) can be con­
sidered as an R/Rad(R)-module, in which the R-submodules and the
R/Rad(R) submodules are the same. As a module over the semisimple
ring R/Rad R, by 8.2.2M/M Rad(R) is semisimple, thus we have by 9.2.1
(a) Rad(M/M Rad(R)) =O. By 9.1.4(b) it follows therefore that
Rad(M) ~ M Rad(R) and then 9.2.1 (b) implies (1).

(2) First of all from 9.2.1 (a) and (b) it follows that Soc(M) ~ IM(Rad(R)).
On the other hand IM(Rad(R)) is semisimple as an R/Rad(R) module and
hence also as an R-module. Thus we have also IM(Rad(R)) ~ Soc(M). 0

9.3.6 Definition. A right, left or two-sided ideal A of a ring R is called
a nil ideal: ¢:> 'Va EA 3n EN[a n = 0], resp. nilpotent. ideal: ¢:> 3n E
N[A n = 0].

9.3.7 COROLLARY

(a) Every one-sided or two-sided nilpotent ideal is a nil ideal.
(b) The sum oftwo nilpotent right, left or two-sided ideals is again nilpotent.
(c) If RR is noetherian then every two-sided nil ideal is nilpotent.

Proof. (a) Clear.
(b) Let A ~ RR' B ~ RR and Am = 0, B n = O. We assert that

(A +B)m+n =O. Let a; EA, b; EB, i =1, ... , m +n, then by the Binomial
Theorem

m+n

IT (a; +bj )

;=1

is a sum of products of m +n factors of which either at least m factors are
from A or at least n factors are from B. Since A and B are right ideals
the assertion follows.

(c) Let N be a two-sided nil ideal of R. Since RR is noetherian, among
the nilpotent right ideals contained in N there is a maximal one; let A
be one such and suppose we have An = O. By (b) A is indeed the
largest nilpotent right ideal contained in N. Since for x ER xA is also a
nilpotent right ideal contained in N, A is in fact a two-sided ideal. If for
an element b EN we have: (bR)k ~ A, then it follows that (bR)kn = 0,
thus bR ~A.
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We claim that A =N. Suppose A ¢ N, then let b e N\A (set-complement
to A' in N) be chosen so that

rR(b, A) := {r1r eR "breA}

is maximal. For an arbitr8:ry x e R we then have xb eN as well as

rR (b, A) ~ rR (xb, A),

since N and A are two-sided ideals. Consequently for xbeA we must have

rR (b, A) =rR (xb, A).

For xbeA let (Xb)k eA and (Xb)k-l eA (k exists, since xb is nilpotent!),
then it follows that

thus bxb eA and consequently (bR)2 ~ A, in which the two-sidedness of
A for xb e A is used. As established at the beginning, it follows that bR ~ A,
thus b eA 1,. 0

We now investigate the relation between the recently introduced concepts
and the concepts of the radical.

9.3.8 THEOREM. Every (one-sided or two-sided) nil ideal is contained in
Rad(R).

Proof. Let A be a nil right ideal and let a e A, an = 0, then we have

(1 +a +.. .+a n- 1)(1-a) = (1-a)(1 +a +... +a n- 1
)

=1-an =1,

Le. 1 - a has an inverse element. By Lemma 9.3.1 it follows that
A ~ Rad(R). 0

We consider now the radical of an artinian ring.

9.3.9 THEOREM. RR is artinian =>Rad(R) is nilpotent.

Proof. For brevity let U := Rad(R). Since RR is artinian, the chain

R~U~U2~ ...

is stationary, Le. there is an n eN with Un = Un+i (i eN). It is to be shown
that Un = O. Suppose Un ¢ O. Then the set of right ideals

r:= {AlA ~RR "AUn
¢ O}
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is not empty, since U E r. By assumption there is a minimal A oE r. Then
there exists ao E A o with ao Un ¥- 0, thus also aoR Un ¥- 0, and from the
minimality of A o it follows that aoR =Ao. As Un = U n

+
1 and RU = U we

deduce further that

aoRUn=aoRUUn=aoU. Un,

so that indeed aoU = aoR =Ao holds. Since RR is finitely generated and
U =Rad(R) it follows on the other hand by Nakayama's Lemma (9.2.1)
that: aoU =aoRU ~ aoR, thus aoU ¥- aoR ,. 0

9.3.10 COROLLARIES
(a) 'RR is artinian =? Rad(R) is the largest nilpotent right, left or two-sided

ideal of R.
(b) R is commutative and artinian =? Rad(R) is the set of all nilpotent

elements of R.
(c) RR is artinian =? for every right R-module M R resp. for every left

R-module RM we have

Rad(M) = MRad(R) ~ M resp. Rad(M) = Rad(R)M ~ M.

Proof. (a): Rad(R) is nilpotent and every nilpotent ideal is contained in it.
(b): Since Rad(R) is nilpotent, everyone of its elements is nilpotent.

Let now a E R, an =O. Then it follows that since R is commutative

(aRt =anR n=anR =OR =0,

thus aR is nilpotent and consequently a EaR - Rad(R).
(c) By 9.2.3 and 9.3.5 we have Rad(M) =M Rad(R) resp. Rad(M) =

Rad(R)M. Since by 9.3.9 Rad(R) is nilpotent, there is an n E N with
(Rad(R)t = O. Let now for U - MR

M= U+MRad(R),

then by substituting the equality for M (n -1)times into M Rad(R) it
follows that on the right side of the equality we have

M= U+M(Rad(R)t = U,

thus M Rad(R) ~ M holds. This equally holds for left R-modules. 0

9.3.11 THEOREM. Let R/Rad(R) be semisimple and let Rad(R) be nil­
potent. Then the following are equivalent for a module MR:

(1) MR is artinian.
(2) MR is noetherian.
(3) MR has finite length.

(Analogously for left R-modules.)
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Proof. Since (1) A (2)~(3) it suffices to show that (1)~(2). Put
U:= Rad(R); then we define

e(M) := Min{ili E N A MUi = OJ,

then this e(M) exists, since there is an n with Un =0, thus also MUn=O.
We now prove (1)~(2) by means of induction over e(M) for all modules
MR:;zfO.

Beginning: e(M) =1, i.e. MU =O. Then by putti~g

m(r+ U):= mr, rER, m EM

M becomes an R := R/ U-module, in which the R- and R-submodules
coincide. Since R is semisimple, M is semisimple (8.2.2(a)) and (1)~(2)

holds by 8.1.6.'
Now let the assertion be satisfied for all M with e(M)';;;; k and suppose

e(M)=k+1. Then it follows that e(MUk) = 1. As (M/MUk)Uk =0 we
have further e(M/MU k),;;;; k.

Let now M be artinian resp. noetherian, then by 6.1.2 MUk and M/MUk

are both artinian resp. noetherian. Then by the induction assumption both
are noetherian resp. artinian, and by 6.1.2 M is noetherian resp. artinian. D'

9.3.12 COROLLARY
(a) Let RR be artinian and let MR be artinian resp. noetherian, then MR

is also noetherian resp. artinian.
(b) If RR is artinian, then RR is noetherian.
(c) If RR is artinian and RR is noetherian then RR is artinian.

Proof. (a) By 9.2.3 R/Rad(R) is semisimple and by 9.3.9 Rad(R) is nil­
potent. The assertion then follows from 9.3.11.

(b) Special case of (a) for RR =MR.
(c) By 9.3.11 for RR =RM 0

9.4 CHARACTERIZATIONS OF FINITELY GENERATED
AND FINITELY COGENERATED MODULES

We have already become acquainted earlier with finitely generated and
finitely cogenerated modules and in particular wehave used them for the
characterization of noetherian and artinian modules (in Chapter 6). We
are now in a position to present further characterizations.

9.4.1 THEOREM. MR is finitely generated if and only if we have:
(a) Rad(M) is small in M; and
(b) M/Rad(M) is finitely generated.
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Proof. First let M R be finitely generated. Then (a) holds by 9.2.1(c). As
with M every epimorphic image of M is finitely generated, thus (b) also
holds. Let us now assume (a) and (b). Thus let Xi = Xi +Rad(M), i =
1, ... ,n, be a generating set of MjRad(M). Then it follows that

xlR +...+xnR +Rad(M) =M,

since Rad(M) ~ M we deduce that

thus M is finitely generated. o

9.4.2 COROLLARY. A module M R is noetherian if and only if for every
U~Mwehave:

(a) Rad(U) ~ U; and
(b) UjRad(U) is finitely generated.

Proof. This follows by 6.1.2 and 9.4.1.

We now consider finitely cogenerated modules.

o

9.4.3 THEOREM. For a module MR ~ 0 the following conditions are
equivalent:

(1) M is finitely cogenerated.
(2) (a) Soc(M) is large in M and (b) Soc(M) is finitely cogenerated.
(3) For an injective hull l(M) of M we have

l(M) = OI,EB .. .EBOno

where every Oi is an injective hull of a simple R-module.

Proof. "(1)~ (2)": (a) With the help of Zorn's Lemma we show that every
submodule U ~ M, U ~ 0 contains a simple submodule E, so that Un
Soc(M) ~ 0 then also holds. Let

r:= {Uili El}

be the set of all submodules Ui ~ 0 of U. As U E r, r ~ 0. In r we define
an ordering by

(reverse inclusion). Let
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be a totally ordered subs~t of r. We then show that

D:=nAj
jeJ

is an upper bound of A in r. If we suppose D =0, then by (1) the intersection
of finitely many of the A j must already be equal to zero. Since A is totally
ordered, under these finitely many A j there is a largest element (with
respect to the reverse inclusion), and this must then be already equal to
zero: contradiction to Uj ;6 O! Thus D;6 0 and consequently DE r. By
Zorn's Lemma there is now a maximal element Uo in r and this Uo is
obviously a simple submodule of·U.

(b) By definition of "finitely cogenerated" as well as M every submodule
of M is finitely cogenerated, thus also Rad(M).

"(2):;>(1)": From

it follows that n Soc(A j) =O.
As jel

Soc(A j)~ Soc(M)

and since Soc(M) is finitely cogenerated, there is a finite subset [0 c [ with

n Soc(A i ) =O.
iela

For an arbitrary submodule A ~ M we have by the definition of the socle

Soc(A) =An Soc(M).

Therefore it follows that

0= n Soc(Aj) = n (AjnSOc(M))=(n Ai)nSOc(M).
ie10 ie10 ie10

Since by assumption Soc(M) is large in M, we obtain finally

nAi=O.
lela

(2):;> (1) is therefore proved.
"(2):;>(3)": Let [(M) be an injective hull of M with M ~ [(M) and let

M;6 O. As Soc(M) 4 M it follows that Soc(M);6 O. Let

Soc(M) =E 1 EEl ••• EElEn

with simple modules E i and let Qj ~ [(M) be the injective hull of E i• Then
by 5.1.7 we have

n n

L Qj=EB Q i
i=l i=l
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(as sums in I(M)), as well as

n

Soc(M) ~ E9 Oi.
i=l

n

As a finite direct sum of injective modules E9 Oi is injective and con-
i=l

sequently is a direct summand in I(M). As Soc(M) <4 M and M <4 I(M)
it follows that Soc(M) <4 I(M), thus also

n

EB Oi<4I(M).
i=l

From the last two statements we deduce that

n

Ejj Oi =I(M)
i=l

which was to be shown.
"(3)~(2)": Without loss it can again be supposed that

n

M~I(M)= E9 Oi
i=l

and that as well as E i <4 Oi, E i is simple. As E i <4 Oi E i is the only simple
submodule of Oi. Hence by 9.1.5 we have

n n

Soc(I(M)) = E9 SOC(Oi) = E9 E i.
i=l i=l

As M <4 I(M) we have Ei '"""'~ M for i = 1, ... , n, thus

n

Soc(M) = E9 Ei.
i=l

By 8.1.6 Soc(M) is finitely cogenerated, Le. (2)(b) is satisfied. As

Soc(M) = Soc(I(M)) <4I(M)

we also have Soc(M) <4 M, Le. (2)(a) is also satisfied. D

9.4.4 COROLLARY. A module M R is artinian if and only if for every
factor-module M/ U we have:

(a) Soc(M/ U) <4 M/ U; and
(b) Soc(M/ U) is finitely cogenerated.

Proof. This follows from 6.1.2 and 9.4.3. D
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9.5 ON THE CHARACTERIZATION OF ARTINIAN
AND NOETHERIAN RINGS

In Chapter 6 the following Theorem (6.6.4) was stated but was there
proved only in part.

9.5.1 THEQREM

(a) The following conditions are equivalent:
(1) RR is noetherian.
(2) Every injective module QR is a direct sum of directly indecompos­
able (injective) submodules.

(b) The following conditions are equivalent:
(1) .RR is artinian.
(2) Every injective module QR is a direct sum of injective hulls of
simple R-modules.

The implication (1)=> (2) was proved in 6.6.5, from which it now suffices,
by 9.3.12, only to assume in (b) that RR is artinian (and not additionally,
as in Chapter 6, that RR is noetherian). The lemma for proving the converse
is now available.

Proof of (b). "(2)=>(1)": In view of 9.9.4 it suffices to show that every
factor module M = R/A of RR satisfies condition (3) in 9.4.3. Let l(R/A)
be an injective hull of R/A with R/A ~ l(R/A). By assumption we have

l(R/A) =EB Qi,
iEI

where the Qi are the injective hulls of simple R-modules. Since R/A is
cyclic, R/A is already contained in a finite subsum:

R/A~ EB Qi,
iElo

finite 10 •

FromR/A 41(R/A) it then follows thatl=lo, Le. l(R/A) = EB Qi,which
was to be shown. iElo

Proofof (a). "(2) => (1)": The proof is established by showing that condition
(3) in 6.5.1 is satisfied. Let

ex:>

M=EB Qi
i=l

be a direct sum of injective hulls Qi of simple R-modules E i ~ Qi. Let
I(M) be the injective hull of M with M ~ l(M). We prove that M = l(M).
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As M 4 I(M) we have Soc(M) = Soc(I(M)). Further we have

<Xl <Xl

Soc(M) = E9 SOC(Oi) = E9 E i •
i=1 i=1

We now use the assumption I(M) E9 D j where the D j are directly
indecomposable injective modules. Let jeJ

II ={jlj E 11\ Soc(Dj ) ¥- O},
then we have

Soc(I(M)) = E9 Soc(Dj ).
jeJ1

If Soc(Dj ) ¥- 0 then by 6.6.3 Fj := Soc(Dj ) is simple and D j is the injective
hull of Fj. Consequently we have

<Xl

Soc(I(M)) = E9 E i = E9 Fj,
i=1 jeJ,

and by the Krull-Remak-S~hmidtTheorem these two decompositions are
isomorphic (in the sense of 7.3.1). If E i ==Fj then by 5.6.3 it follows that
Oi ==Dj and by consideration of the bijection in 7.3.1 we obtain

<Xl

M = E9 Oi == E9 D j•
i=1 jef)

As

I(M) =(E9 D j ) <fl( E9 D j ),
jef) jeJ\f)

M is therefore isomorphic to a direct summand of the injective module
I(M) and is itself thereby injective which was to be shown. 0

9.6 THE RADICAL OF THE ENDOMORPIDSM RING OF
AN INJECTIVE OR PROJECTIVE MODULE

For certain considerations it is of interest to know the radical of the
endomorphism ring of an injective or projective module. We wish to
concern ourselves here with this issue. As an application it is then to be
shown that for a projective module P¥-O we always have Rad(P) ¥- P, which
also indicates that P always contains a maximal submodule.

9.6.1 THEOREM

(a) Let OR be injective and let S := End(OR), then we have for a E S:

Sa ~ sS~a E Rad(S)~Ker(a) 4 OR.



9.6 RADICAL OF THE ENDOMORPHISM RING 231

(b) Let PR be projective and let S := End(PR ), then we have for a E S:

as ~ Ss~a ERad(S)~ Im(a) 4 PRo

Proof. (a) "Sa ~ sS~a ERad(S)": This holds by 9.1.3.
(a) "aERad(S)=>Ker(a)4QR": Let U'-""QR with Ker(a)nU=O.

Then ao:= a IU is a monomorphism and there exists a commutative
diagram

As U = L(U) = f3ao(u) = f3a(u), U E U, we have U '-"" Ker(l-f3a). Since a E
Rad(S), it follows that f3a ERad(S). From 9.3.1 1- f3a is then invertible,
thus Ker(l- f3a) = 0, from which U =0 follows. Hence we have shown
that Ker(a) is large in Q.

(a) "Ker(a) 4 QR =>Sa ~ sS": Let Sa +r=ss with r'-"" sS, then there
are 0- ES, I' Er with o-a +I' = 1. From this it follows that Ker(a) n Ker(1') =
0, and as Ker(a) 4 QR we deduce that Ker('Y) =O. Then there exists a
commutative diagram

i.e., we have 1Q =51' and hence it follows that r = S, thus Sa ~ sS.
(b) "as 4 Ss~a ERad(S)": This holds by 9.1.3.
(b) "a ERad(S)=>Im(a) ~ PR": Let U '-"" PR with Im(a) + U=P, and

let v:P.."PjU be the natural epimorphism. Then va is an epimorphism
and we obtain the commutative diagram

P

f3,,""/' I
" v

""IJ!

P va .. P/U

From v = vaf3 it follows that v(l- af3) =0, thus Im(l- af3) '-"" U. As a E
Rad(S) we also have af3 ERad(S), and by 9.3.1 1- af3 is then invertible,
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thus
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P =Im(l-o:(3) ~ U ~ P,

Le. U =P. Hence we have shown that Im(o:) ~ PRo
(b) "Im(O:)~PR:::}O:S~SS": Let o:s+r=ss with r~ss, then there

are U ES, Y Er with o:u + y =1. From this it follows that Im(o:) + Im(y) =P,
thus Im(y) =P as Im(o:) ~ PRo Hence y is an epimorphism and con­
sequently there exists a 8 so that the diagram

p

all//j1
/ p

/
~

P P

is commutative, thus we have 1p = y8. It then follows that r = S, which was
to be shown. 0

9.6.2 COROLLARY. Let OR be injective and let S:= End(OR). Then to
every 0: E S there is ayE S with o:yo: - 0: E Rad(S).

Proof. Let 0: ES and let U be an inco of Ker(o:) in O. By 5.2.5 we then
have Ker(o:) + U <4 O. As Ker(o:) n U = 0, 0:0 := 0:1 U is a monomorphism.
Hence there exists ayE S so that the diagram

is commutative (£ = the inclusion mapping). For U E U it then follows that

yo:(u) =Yo:o(u) = U.

Hence we have

Ker(o:) + U ~ Ker(o:yo: - 0:)

and as

Ker(0:)+U<40

it also follows that

Ker(o:yo: - 0:) <4 O.
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From 9.6.1 it then follows that

al'a - a E Rad(S). o

This result says that SjRad(S) is a regular ring. Regular rings are introduced
in the next paragraph and investigated in detail.

The Dual Basis Lemma and 9.6.1(b) also yield an interesting result on
the radical of a projective module.

9.6.3 THEOREM. For every projective module P;If 0

Rad(P) ;If P.

Proof. We con,;ider generally: If P E PR and cp E P* = HomR (PR, RR), then
pcp can be considered as an element from S =End(PR ); namely let for x E P

(pcp)(x):= pcp (x),

then from

(pcp )(xlrl +xzrz) =pcp (xlrl +xzrz)

= P(cp(xl)rl +cp(xz)rz) = (pcp (xl))rl + (pcp (xz))rz

= (pcp )(xl)rl + (pcp )(xz)rz

this is in fact an element of S. Let now p E Rad(P), then pR ~ RR' and
consequently we also have Im(pcp) =pcp (P) ~ PR (as pcp (P) ~ pR). By
9.6.1(b) it follows that pcpS ~ S5. Let

x = L p;cp;(x)
'I'l(X)o'O

be a representation of x in the sense of the Dual Basis Lemma 5.4.2. If
we now suppose x ;If 0 and let (after a change of indices) i = 1, ... ,n be
the indices with cp;(x);If 0, then it follows that

1p (x) =x =it PiCP;(X) =(Jl p;cp;) (x)

~ ( 1p - t PiCP;) (x) =0
1=1

in the sense of the earlier interpretation of the P;CPi as elements of S. If we
now suppose Rad(P) =P, then we have Im(PiCPi) ~ PR , thus PiCPiS ~ S5,
thus PiCPi E Rad(S) and finally

n

L PiCP; E Rad(S).
;=1
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By 9.3.1
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n

lp- L Pi({Ji
i=1

9.6

is then an invertible element in S; let (J ES be the inverse element, then
it follows that

The supposition 0 ~ x EP was thus false, and under the assumption
Rad(P) =P we have necessarily P = O. 0

As we have already remarked at the beginning, it follows from Rad(P) ~ P
that P has at least one maximal submodule.

9.6.4 COROLLARY. If P is projective and we have P =PI ffiP2 with
P2 '-')0 Rad(P) then it follows that P2 = O.

Proof. Let 7T: P ~ P2 be the projection of Ponto P2 , then from P2 '-')0 Rad(P)
it follows by 9.1.4 that P2 '-')o 7T(Rad(P)) '-')0 Rad(P2 ), thus P2 = Rad(P2 ).

Since P2 is projective, it follows from 9.6.3 that P2 = O. 0

9.7 GOOD RINGS

As we have seen in 9.2.1(b) we always have M Rad(R) '-')0 Rad(M). The
question arises as to when equality holds. By no means is this the case for
an arbitrary ring and module; e.g. Rad(Z) = 0 but there are, as we know,
Z-modules with non-zero radical, as say Zj4Z or Qz(Rad(Qz) =Qz!).

Additionally the following theorem gives certain information.

9.7.1 THEOREM. Let MR be the category of unitary right R-modules, and
let R := RjRad(R), then the following are equivalent:

(1) "1M E MR [M Rad(R) = Rad(M)].
(2) "IMEMR [M Rad(R) =O=?Rad(M) =0].
(3) "InE MR [Rad(n) =0].
(4) "1M, N EMR"I({J EHomR(M, N)[({J(Rad(M)) = Rad(({J(M))].
(5) "IME MR"IU '-')0 M[Rad(M) + UjU=Rad(MjU)].
(6) "1M E MR"IU '-')0 M[Rad(M) = O=?Rad(MjU) =0].

Proof. We prove (1)=?(2)=?(3)=?(1) and (1)=?(4)=?(5)=?(6)=?(1):
"(1) =? (2)": Special case.
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"(2)~(3)"; Let Oe MR., then 0 can be made into a right R-module by
means of the following definition:

wr:= wr, weO, r= r+Rad(R) eR.

For 0 considered as a right R-module we then obviously have
n Rad(R) =O. By (2) it follows that Rad(OR) =O. But since by the definition
of OR the R- and R-submodules of 0 coincide, it follows also that
Rad(OR.) = O.

"(3)~(1)"; As (M/M Rad(R)) Rad(R) = 0, M/M Rad(R) can be made
into an R-module by the following definition

mr= (m +M Rad(R))(r +Rad(R)) ;= mr= mr+M Rad(R),

in which the R - and R -submodules of M/M Rad(R) again coincide. It
then follows from Rad«M/M Rad(R))R.) == 0 that also
Rad(M/MRad(R))R)=O, and hence from 9.1.4(b) we have
Rad(M)..., M Rad(R), thus from 9.2.1(b) it follows that Rad(M) =
MRad(R).

"(1)~(4)"; From MRad(R)=Rad(M)i\ cp(M) Rad(R) =Rad(cpM)) it
follows that cp(Rad(M)) =cp(M Rad(R)) =cp(M) Rad(R) =Rad(cp(M)).

"(4)~(5)"; Special case cp = lI:M -+M/U.
"(5)~(6)";Special case for Rad(M)=O.
"(6)~(1)";By 9.1.5(a) (1) is preserved under isomorphisms of modules.

Since every module is an epimorphic image of a free module, it suffices to
prove (1) for modules of the form F/ U, where F is a free module and
U...,F. By 9.2.1(g) we have Rad(F)=FRad(R). Hence we have·
Rad(F/F Rad(R)) = 0, thus by (6) we also have

Rad(F/F Rad(R))/(F Rad(R) + U/F Rad(R)) = O.

Since

(F/FRad(R))/(F Rad(R) + U/F Rad(R)):;;F/(F Rad(R) + U)

:;; (F/ U)/(F Rad(R) + U/ U)

it then follows that

Rad«F/ U)/(F Rad(R) + U/ U) =0,

thus by 9.1.4(b)

Rad(F/ U) ..., F Rad(R) + U/ U = (F/ U) Rad(R).

By reference to 9.2.1 (b) it follows therefore that Rad(F/ U) = (F/ U)Rad(R)
which was to be shown. 0
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9.7.2 Definition. Let a ring, which satisfies the conditions of Theorem
9.7.1, be called a right good ring. Correspondingly let a left good ring be
defined. Let a two-sided good ring be called a good ring.

9.7.3 COROLLARIES

(a) A ring R, for which R := R/Rad(R) is semisimple, is by (3) a good
ring.

(b) By 9.2.3 every (one-sided) artinian ring is consequently a good ring.
(c) If R is right good ring then by 9.1.5(b) and 9.7.1(1) we have for an

arbitrary module M R :

M= L Mf:;>Rad(M)= L Rad(Mi ).
iEI iEI

Finally we remark that there are good rings for which R/Rad(R) is not
semisimple; e.g. this is the case if R/Rad(R) is commutative and regular
(see Chapter 10, Exercise 18), but is not semisimple.

EXERCISES

(1)
(a) Show that for a ring R the following statements are equivalent:

(1) For every right R-module Rad(M) ~M.
(2) There is no right R-module M ¥- 0 with Rad(M) = M.

(b) Show that for a ring R the following statements are equivalent:
(1) For every right R-module Soc(M) ~ M.
(2) For every cyclic right R-module M Soc(M) 4 M.
(3) There is no right R-module M ¥- 0 with Soc(M) = O.

(2)
(a) Let Soc(M) ~ B R ~ M R Aa EM AaeB. Show: Then there exists

Co4MwithB~CAaeC.

(b) Show: Soc(M) ~ B R ~ M R :;> B = n c.
B ....C ...M

(c) Show: Soc(M) ~ A ~ M A Soc(M/A) ~M/A:;>A ~ M.

(3)
Show: RR is a cogenerator if and only if the injective hull of every finitely
cogenerated right R-module is projective.
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(4)
(a) Determine Rad(R), Soc(RR), SOC(RR) and find out whether

SOC(RR) =Soc~R) holds for the following rings:

R := {(6 ;) Iq E Q Ar, S E ~}

R:={(~ :)lzEzAa,bEO}.
In the above let ~ be the field of real numbers.

(b) Assumptions as in Exercise 6 of Chapter 6. Show

Rad(R) ={(~ ;)Ia E Rad(A), mE M, b E Rad(B)}.

(Hint: Determine the right-invertible elements in R.)

(5)
Show: The following statements are equivalent for M R (Compare 9.2.2(b)):

(1) M is finitely cogenerated and Rad(M) =O.
(2) M is finitely generated and semisimple.

(6)
Let 11 be a complete lattice (see 3.1). Let the smallest element be denoted
by 0 and the largest by M. For A, B E 11 with A ~B let

[A, B] := {L E I1IA ~L ~B};

under the lattice structure induced from 11 this is again a complete lattice.

Definitions
(a) A family r = (A;\i E I) of elements from 11 is said to be directed

upwards if to any two elements Ai, A j from r there exists an element A k
from r with Ai ~Ak and A j~Ak'

(b) An element A E 11 is called compact, if in every directed family
(Adi E I) with A ~U Ai there exists an A j with A ~Aj.

ieI

(c) 11 is called compactly generated, if every element from 11 is a union
of compact elements.

(d) 11 is called modular~VA, B, C E I1[B ~A=?A n (B u C) =B u
(A n C)].

(e) A E 11 is called small in 11:~VB E 11\{M}[A uB #M].
(f) Rad(I1):= n B.

max. B in A\{M}
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Show:
(1) U A .:s; Rad(a).

A small in LI.

(2) A is compact and A .:s; Rad(a) =.> A is small in a.
(3) a is compactly generated='> U A = Rad(a).

A small in lI.

(4) For A E a we have A uRad(a).:s;Rad([A, M]).
(5) If A.:s; Rad(a), then we have Rad(a) =Rad([A, M]).
(6) If a is compact Rad(a) is small in a.
(7) Let a be modular and A E a then we have Rad([O A]).:s; Rad(a).
(8) In the lattice a of submodules of a module M what does it mean if

A E a is compact? (Observe: U is then +).

(7)
For a module MR we define:

(a) Mis semiartiniaI) : ¢:> VU ~ M[Soc(M/ U),t. 0].
(b) Sa(M):= L U.

U .....M
semiartinian U

Show:
(1) Mis semiartinian=.> VU ~M[M/ U is semiartinian].
(2) For arbitrary M Sa(M) is semiartinian.
(3) VM, N E MRV cp E HomR (M, N)[ cp (Sa(M)) ~ Sa(N)].
(4) Sa(Sa(M)) =Sa(M).
(5) Sa(M/Sa(M)) = O.
(6) M is semiartinian =.> Soc(M) 4 M.
(7) M is semiartinian =.> V U ~M[Soc(M/ U) 4 M/ U].
(8) Let U ~ M =.> M is semiartinian ¢:>M/ U is semiartinian 1\ U is semi­

artinian.
(9) A is semiartinian and M is noetherian¢:>M is artinian and M is

noetherian.
(10) Mis semiartinian and RR is noetherian =.>M is the sum of its artinian

submodules.

(8)
Definition. (a) M is seminoetherian : ¢:> V U ~ M, U,t. O[Rad(U) ,t. U].

(b) Snr(M):= L U.
U .....M

Rad(U)=U

Consider whether the properties dual to those given in problem 7 hold
and consider respectively under which additional assumptions' they hold.
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(9)
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Definition. Coatomic:

M: ~'VU~M3A~M[U~A/IAmaximalinM].

Show:
(a) H A is semisimple or finitely generated then M is coatomic.
(b) There is a coatomic ;l-module M which is neither semisimple nor

finitely generated.
(c) M is semisimple~M is coatomic and every maximal submodule of

M is a direct summand in M.
(d) U ~ Rad(M) and U is coatomic::? U ~M.
(e) Mis coatomic::?Rad(M) ~M.
(f) There is a module M with Rad(M) = 0 but M is not coatomic.

(10)
Let M = Mz be an abelian group and let

T(M) := {m E MI3z ,c O[mz = OJ}

be the torsion subgroup. Show:
(a) Soc(M) ~ M ~ T(M) = M; Soc(M) = O~T(M) = O.
(b) U~M~Soc(M) ~ U ~M /I T(M/U)=M/U.
(c) M is semisimple~T(M)=M and Rad(M)=O.

(11)
Show that for a ring R the following statements are equivalent:

(1) For every family (Mili E I) of right R-modules we have:

soc(n M i) = nSoc(Mi).
ieI ieI

(2) Every product of semisimple right R-modules is again semisimple.
(3) Every radical-free right R-module (i.e. with Rad(M) = 0) is semi­

simple.
(4) R/Rad(R) is semisimple.

(12)
For a right R-module M show:

(a) U ~M /I U is a direct summand in M::? Rad(M/ U) = (Rad(M) +
U)/ U, Soc(M/ U) = (Soc(M) + U)/ U.

(b) 'VU ~ M[Rad(U) = U nRad(M)]~Rad(M) = O.
(c) 'VU ~ M[Soc(M/ U) = (Soc(M) + U)/U]~M semisimple.
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(13)
(a) Show that for a left ideal U ~ RR the following statements are
equivalent·

(1) (FJI Mi) U =J1 (MiU) for every family (Mili EI) of right R-

modules.
(2) R U is finitely generated.

(b) If R is right good, then the radical in M R is permutable with direct
products if and only if RRad(R) is finitely generated.

(c) If R is commutative and noetherian then the radical is permutable
with direct products.

(14)
For a commutative ring R we have Rad(MR ) =(l{MAIA maximal ideal in
R}. A corresponding result will be shown more generally for rings in which
every maximal right ideal is two-sided.

Definition: For a right R-module M R let

D(M) := n{.MA.IA maximal right ideal in R}.

Show:
(a) D(M) is a submodule of M R and for every homomorphism f:M ~ N

we have f(D(M)) c D(N) (Le. D is a preradical in M R).
(b) D(RR) =R ~no maximal right ideal is two-sided.
(c) D(M) = Rad(M) for all ME M R ~every maximal right ideal is two­

sided.

(15)
Let M ,,;, M z be an abelian group.

Show: There is an abelian group N with Rad(N) =M. (Hint: Choose an
injective extension M ~ Q and consider Soc(Q/M).)

(16)
Notations as in Chapter 5, Exercise 27. Show:

(a) 5 is local.
(b) The socle of 55 has length n +1.

(17)
For every R-module M we define an ascending sequence of submodules
Mi(i =0, 1,2, ...) by

Mo:=O and Mi+dMi := Soc(M/Mi)
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(more precisely: let lI:M~M/Mi be the natural epimorphism, then let
U+1 := 11-

1(Soc(M/Mi)). Show:
(a) If Mis artinian, then we have for every i;:;> 0:

(1) U+1 has finite length.
(2) If B ~ U+1 and if the length of B is ~i then it follows that
B~Mi'

(b) If Mis artinian and a self-generator then M is also noetherian. (M
is called a self-generator, if for every submodule U of M we have:

U= I Im(f).
feHomR(M, U)

Hint: With regard to (b) show that the set {AlA ~M AM/A noetherian}
has a smallest element A o and apply (a) with i =length of M/A o.)

(18)
For every R-module M we define a descending sequence of submodules
Mi(i =0,1,2, ...) by

and

Show:
(a) If R/Rad(R) is semisimple and if M R is nbetherian then we have for

i ;:;>0:
(1) M/Mi+1 has finite length,
(2) if Mi+1 ~ B ~ M and if the length of M/B is ~i then it follows that
Mi.~B.

(b) If R/Rad(R) is semisimple and if M is a noetherian selfcogenerator,
then M is also artinian.

(c) Question: In (b) can we omit the assumption "R/Rad(R) semi-

simple"? (M is called a selfcogenerator if for every submodule U of M

we have: 0 = n Ker(f).) .
!eHomR(M/ U,M)



Chapter 10

The Tensor Product, Flat Modules and Regular Rings

The significance of the tensor product depends above all on the two
following facts:

(1) The tensor product has an important factorization property, namely
every tensorial mapping can be factorized over the tensor product and the
tensor product is uniquely determined up to isomorphism by this property.

(2) The tensor product is a functor (10.3.1) and in fact is an adjoint
functor to the functor Hom (10.3.4).

10.1 DEFINmON AND FACTORIZATION PROPERTY

The tensor product links a module As and a module sU into a new module

A®U,
s

which, in general, is a Z-module, under suitable assumptions however it
can also be a module over other rings.

In order to define A ® U let
s

A x U={(a, u)la eA 1\ u e U}

be the product set of A and U and let F =F(A x U, Z) denote the free
right Z-module (or left module-the side for Z plays no role) with the basis
A X U (see 4.4). We again denote the basis elements of F by (a, u). Finally
let K be the submodule of F (as a Z:-module) generated by the set
D 1 uD2 u Twith

D 1 ={(a +a', u)- (a, u) -(a', u)1 a, a' eA 1\ u e U},

242
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D 2 ={(a, u +u')-(a, u)-(a, u') la EA II u, U' E U},

T ={(as, u) - (a, su) Ia E A II UE U II S E S}.

243

10.1.1 Definition. The factor module F/K is called the tensor product of
As and sU over S, notationally

A®U:=F/K.
s

The image of the element (a, u) E F under the natural epimorphism F ~F/K
is called the tensor product of a and u and is denoted by a ® u:

a ® u:= (a, u)+K.

If it is clear from the relationship that we have a tensor product over S,
then we write only A ® U.

For the tensor product the following operational rules hold.

10.1.2 Operational Rules

(1) (a +a') ® u = a ® u +a' ® u,

(2) a®(u+u')=a®u+a®u',

(3) as®u=a®su,

(4) O®u=a®O=O,

(5) -(a®u)=(-a)@u=a@(-u),

(6) (a®u)z=(az)®u=a®(uz), ZEZ.

Proof. (1), (2), (3) by definition of K.

(4) O®u+O®u=(O+O)®u=O®u=?O®u=O;

analogously it follows that a @ 0 = O.

(5) a ® u+(-a) ® u = (a -a) ® u =O® u =O=?(-a) ® u

=-(a ® u);

analogously for a ® (-u).

(6) z >0: (a ® u)z =a ® u+ ...+a ® u= (a+ ...+a) ® u = (az)® u;
\ I..

z summands

z =O:(a ® U)O=O=O® u =(aO) ® U;

z <0: (a ® u)(-z) = (a(-z)) ® u = (-az) ® u =-«az) ® u)
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by (5). Since we also have

(a ® u)(-z)+(a ® u)z = (a ® u)(-z +z) = (a ® u)O= 0

the uniquely determined element negative to -((az) ® u) is on the one
hand az ® u and on the other hand (a ® u)z, thus we have (az) ® u =
(a ® u)z; analogously for u. . 0

10.1.3 Remarks
(1) The free rightZ-module F can also be considered as a free left

Z-module; the side is of no significance, and in the following the side for
F and A ® U is chosen which is the more convenient for the purpose

s
under consideration.

(2) By Rule (6) every element tEA ® U can be written as a finite sum
s

of the form
t=2:aj ® Uj.

(3) The representation t =2: aj ® Uj is not uniquely determined in gen­
eral, and indeed not even if it is a representation of "shortest length".

(4) The tensor product of two modules different from zero can be zero.
Example for (3) and (4). Let A =(Z/2Zh, U =z(Z/3Z), then we have for
arbitrary a EA, u E U in A ® U:

z

o® 0 = 0 = a ® O-O® u = a ® (3u)-(2a) ® u

=3(a ® u)-2(a ® u)=a ® u,
thus

A® U=O.

10.1.4 Definition. Let As, sU, M z be given.
(1) A mapping of cp :A x U ~M is called biadditive :¢:>

Va, a'EAVu, U'E U[cp(a+a', u)=cp(a, u)+cp(a', U)fI

cp(a, u + u') = cp(a, u) +cp(a, u')].

(2) A biadditive mapping cp is called an S-tensoria/ mapping :¢:>

Va EAVu E UVs E S[cp(as, u) = cp(a, su)].

10.1.5 COROLLARY. Letv :F~F/K=A ® Ube the natura/epimorphism
s

and let T be its restriction onto the basis A x U of F,

T:= vlAxU, i.e. T(a, u) = a ® u,
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then we have: For every Z-homomorphism A:A ® U -?o M the mapping
. s

cp:=AT:AxU-?oM

is an S-tensorial mapping. In particular T is an S-tensorial mapping.

Proof. We have

AT(a+a', u)=A((a+a')® u)=A(a ® u+a'® u)=A(a ® u)

+A(a'® u)=AT(a, u)+AT(a', u).

The other properties follow analogously. o

In the following it is important that we can express the image of an
element under A by cp := AT:

(10.1.6) A(I aj ® Uj)= LA (aj ® Uj) =L AT(aj, Uj) =L cp(aj, Uj).

Now let Tens(A xU, M) denote the set of S-tensorial mappings of Ax U
into M; then by the definition

(-cp)(a, u):= -cp(a, u)

this set obviously becomes a Z-module and the mapping

cI> :Homz(A ® U, M) 3 A~ cp := AT E Tens(A x U, M)
s

is a Z-homomorphism.

10.1.7 THEOREM. cI> is an isomorphism.

Proof. Injectivity of cI>: This follows from 10.1.6. Surjectivity of cI>: Given

cp E Tens(A x U, M) we seek aAE Homz(A ® U, M) with cp = AT.
S

First of all cp is extended to $ E Homz(.F; M) by the definition

$(I (aj, Uj)Zj) := L q>(aj, Uj)Zi

Since cp is S-tensorial it follows that K C-?o Ker($). Consequently $ can be
factorized over FIK =A ® U (3.4.7 special case); the factorizing mapping,

s
whichisagainaZ-homomorphism, wecallA and therefore we have cp =AT.

o

For later applications we summarize 10.1.6 and 10.1.7 in the following
statements:
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10.1.8 COROLLARY. For every S-tensorial mapping cp:A x U ~M there

is exactly one 7L.-homomorphism A:A ® U ~Mwith cp =AT, such that
s

ACL ai ® Ui) = L cp(ai' Ui)

also holds.

Finally it is to be shown that the tensor product A ® U is uniquely
s

determined by 10.1.8 up to isomorphism.
More precisely: Given Cz, let y: A x U ~ C be an S-tensorial mapping

so that for every 7L.-module M and every S-tensorial mapping cp :A x U ~M
there exists exactly one 7L.-homomorphism

TI:C~M

with cp = Til', then we have A ® u"" C as 7L.-modules.
s

In the proof we can certainly make do with weaker assumptions as the
following theorem shows.

10.1.9 THEOREM. Let y:A x U ~ C be an S-tensorial mapping with the
following properties:

(1) There exists a 7L.-homomorphism

eT:C~A®U
s

with T = CT'}' (i.e. factorization of T over y is possible).
(2) The equation y = Til' with TI E Homz(C, C) is only satisfied for TI = 1e

(i.e. factorization of y over y is unique).
Then we have

C""A® U
s

as 7L.-modules.

Proof. By 10.1.8 there is a p:A ® U ~ C with y = pT and by assumption
s

we have T = CT'}'. From the two equations together it follows that:

T= eTpT,

By 10.1.8 and assumption (2) it then follows that

thus C ""A ® u.
s

peT = Ie,

o
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Nevertheless with regard to the tensor product only the equation l' =pT

and the uniqueness of the factorization T =apT will be used.

10.2 FURTHER PROPERTIES OF THE TENSOR PRODUCT

10.2.1 THE TENSOR PRODUCT OF HOMOMORPHISMS

Let S-modules As, Bs as well as so, sV and S-homomorphisms

a:A~B,

be given. Then we consider the mapping

cp: A xU 3 (a, U) 1--,)0 a (a) ® ~(u) EB ® \/:'
s

As is immediately verified, this is an S-tensorial mapping of Ax U into
B ® V; in which thus cp(a, u) =a(a) ® ~(u) holds. The Z-homomorphism

s

of A ® U into B ® V, which exists in the sense of 10.1.8, is to be denoted
s s

by a ® ~; thus we have:

a ®~: A ® U3L a/ ® uiI--,)oLa(a/) ® ~(u/)EB ® V;
s s

i.e. we apply a and ~ to the respective components.

Definition. a ® ~ is called the tensor product of the homomorphisms a and
~.

The following properties of this tensor product of homomorphisms are
immediately clear:

(1) l A ® 1u = l A ® U.
s

(2) Besides a and ~ let the homomorphisms {3 : B s ~ Cs, v: sV ~ sW be
given, then we have ({3a) ® (v~) =({3 ® v)(a ® ~).

(3) Let a and ~ be isomorphisms, then a ® ~ is an isomorphism and
(a ® ~)-1 =a -1 ® ~ -1 holds.

10.2.2 MODULE PROPERTIES OF THE TENSOR PRODUCT

Now let R be also a ring and let RAs be a biIp.odule. It is to be established
that according to the definition

rC'i, a/ ® u/) := L (ra/) ® U/, r E R,
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A ® U is then a left R-module. For this purpose we consider for fixed
s .

r E R the mapping

A :3 a 1-7 ra EA.

Since RAs is a bimodule, this is evidently an S-homomorphism which is to
be denoted by r·. By 10.2.1 r' ® 1u is then a homomorphism with

r' ® 1u: A ® U :3 L ai ® Ui 1-7L (rai) ® Ui E A ® U,
s s

so that the definition above in fact makes A ® U into a left R-module.
s

(L (raJ ® Ui is uniquely determined by rand L ai ® Ui, independently of
the representation of L ai ® Ui!)

If SUT is a bimodule, then by the definition

(L ai ® Ui)t := L ai ® (Uit), t E T

A ® U becomes a right T-module and in the case RAs, SUT, we have
s

A ® U as an R-T-bimodule.
s

Let homomorphisms

J.L :sU~sV

be given, then a ® J.L is an R-homomorphism

a ® J.L :R(A ® U)~ R(B ® V),
s s

for

(a ® J.L)(r L ai ® Ui) =L a (rai) ® J.L(Ui)

= L ra(ai) ® J.L(Ui) =r L a(ai) ® J.L(Ui)

= r(a ® J.L)(L ai ® u;).

Correspondingly for

J.L:SUT~SVT

a ® J.L is an R-T-bimodule homomorphism of R (A ® U)r into R (B ® Vb
s s

If R is a subring of the centre of S (for commutative S e.g. R =S) then
by definition

ra:= ar, ur:= ru, r E R, a E A, U E U
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As and sU become R-S resp. S-R bimodules and A @ U is a two-sided
s

R-bimodule. We then have

r(L aj @ u;) =L (raj) @ Uj =L (ajr) @ Uj

=L aj @ (ruj) =L aj @ (ujr) =(I aj @ uj)r.

The special case of S commutative and R = S is of ,particular interest.
Now let RAs, sU and RM be given, as well as an S-tensorial mapping

qJ:A x U~M with qJ(ra, u) = rqJ(a, u), r E R.

We consider A @ U as a left R-module and show that the l-homomorphism
s

A which exists in the sense of 10.1.8 is also an R-homomorphism:

A(r L aj @ Uj) =A(I (raj) @ Uj) =L qJ(raj, Uj)

=L rqJ(aj, Uj) = rA(L aj @ Uj).

A corresponding statement holds also in the case RAs, sUT , RMT•

Finally we wish to establish that the mapping

A: A @ S :3 L aj @ Sj f--i> L ajSj E A
s

is an S-isomorphism of the right S-modules A @ S and As. Since
s

qJ: A x S :3 (a, s) f--i> as E A

is S-tensorial and qJ(a, SSl) = qJ(a, S)Sl holds, A is an S-homomorphism and
indeed is obviously an epimorphism. Let L aj @ Sj E Ker(A), thus L ajSj =0,
then it follows that

L aj @ Sj =L (ajsj @ 1) =(I ajsj) @ 1 =o@ 1 =0,

Le. A is also a monomorphism, thus an isomorphism. Analogously we also
have s(S@ U) ==sU.

s

10.2.3 ASSOCIATIVITY OF THE TENSOR PRODUCT

We have to show here that the tensor product is associative up to
isomorphism. Let modules A R, RMs, sU be given, then we assert:

(A@M)@ U==A@(M@ U),
R s R s

and this isomorphism is obtained from
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For the proof we consider the mapping

CPu: AxM3(a, m)~a® (m ® u)eA® (M® U)
R s

with respect to a fixed u e U.
As we see immediately, this is an R-tensorial mapping, so that by 10.1.8

the homomorphism

Au: A ® M 3 L ai ® mi~L ai ® (mi ® u) e A ® (M ® U)
R R S

exists. Consequently the element L ai ® (mi ® u) is uniquely determined
by L ai ® mi and u (independently of the representation of L ai ® mi).
Consequently the mapping

(A®M)x U3(Lai® mi, u)~Lai ®(mi ® u)eA® (M® U)
R R S

is an S-tensorial mapping. By 10.1.8(*) is then a homomorphism p. Similarly
a corresponding homomorphism u exists in the reverse direction, and hence
we have obviously

thus p and u are isomorphisms.
On the basis of the associativity of the tensor product we can omit

brackets in many tensor products if we are not concerned about
isomorphisms.

10.2.4 COMMUTABILITY OF THE TENSOR PRODUCT WITH THE DIRECT

SUM

Let now modules As, sU with

U=EB Vi
jeJ

be given. Let M ij denote the subgroup of A ® U which is generated by
til

the elements ai ® Uj, ai e Ai, Uj e Vi. Then we have

(1)

and consequently

A® U= EB Mj,
s ieI,jeJ

Mij==Ai ® Vi
s

(2) (EBA) ® (EB U j) == EB (Ai ® Vi)·
ieI S jeJ ieI,jeJ S
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Proofof (1). By definition of Mj we have first of all A (2) U = L Mj. Let
s /EI,jEJ

be the inclusion mappings and let also

be the projections with respect to the direct sums. Then we have

and consequently

1AI@uJ = 7Tj£/ (2) 7T}£} = (7T/ (2) 7Tj)(£/(2) £j).

Hence £j (2) £} is a monomorphism with Im(£/ (2) £}) c.+ Mij. By definition of
Mj and £j (2) £} we even have Im(£/ (2) £}) = Mi> i.e. £/ (2) £} induces (by restric­
tion of the codomains) an isomorphism Wij between A/ (2) OJ and M/j• This

s
means that we do not have to differentiate between the elements a/ (2) Uj E

Ai (2) U with ai E A/, Uj E OJ and the elements a/ (2) Uj E Ai (2) OJ.
s s

Note: The first a/ (2) Uj is regarded as an element from A (2) U, the second
s

ai (2) Uj is regarded as an element from A j (2) OJ.
s

Since Wij is an isomorphism, it follows that 7Tj (2) 7T} IMj is also an
isomorphism. Hence we have

W/j(7T/ (2) 7TJ) IMj =1Ml,

and consequently Wij(7Tj (2) 7Tj) is the projection of A (2) U on Mj. Therefore
s

we obtain finally A (2) U = EEl Mj.
s

10.2.5 THE TENSOR PRODUCT OF FREE MODULES

o

Now let As be a free S-module with basis {x/ll E L}, so that in consequence, .
A =EB XIS holds.

tEL .

PROPosmON. Every element of A (2) U is representable as a finite sum
s

Ut EU

in which the u/ :I- 0 are uniquely determined.
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Proof. By the use of 10.2.4 xlS=S and XlS® U=S® U=U. The proof
s s

can also be inferred directly from 10.1.8. By the distributive law for the
tensor product (10.1.2) it is clear that every element from A ® U can be

s
written as a finite sum L Xl ® Ul. The uniqueness remains to be shown. Let

be the representation of a eA in terms of a basis and let k eL be fixed.

if Xk appears in the basis representation of a,
otherwise,

is obviously an S-tensorial mapping A x U ~ U. Consequently there exists
a homomorphism A ® U ~ U for which the following holds:

s

if Xk appears in the sum L Xl ® Ul,
otherwise,

Since the image with regard to a homomorphism (independently of the
representation LXI ® Ul) is uniquely determined, the uniqueness of the
Uk 'i' 0 follows. 0

If A and U are vector spaces over the same field of dimension m and
n then the tensor product is a vector space of dimension mn over this field.
More generally we have the following.

PROPOSITION. Let S be a commutative ring, let As be a free S-module with
a basis Xl> .. . , Xm and let sU be a free S-module with a basis Zl> ... , Zm
then A ® U is a free S-module with the basis

s

{Xi ® Zj Ii = 1, ... , m; j = 1, ... , n}.

Proof. This follows from 10.2.4 or from the preceding proposition. Accord­
ingly the Ul 'i' 0 in LXI ® Ul are uniquely determined thus also the coefficients
'i' 0 in the representation

of Ul in terms of a basis. Then in the representation L Xl ® Ul =L (XI ® Zk)Slk
the Slk 'i' 0 are uniquely determined. 0
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Let Ms resp. sM denote the categories of the (unitary) right resp. left
S-modules and A the category of Z-modules, i.e. of abelian groups
(definition see Chapter 1).

10.3.1 THEOREM. The tensor product is a functor of Ms x sM into A which
is covariant in both arguments.

Proof. It is to be shown that the conditions of 1.3.4 are satisfied. First of
all it is clear that

Obj(Ms ) x Obj(sM) 3 (A, U)~A®UeA
s

and

Homs(A, B) x Homs(U, V) 3(a, JL)~a ® JL eHomz(A ® U,B ® V)
s s

are mappings with the proper codomains. Further we have, as shown in
10.2.1,

Hence the theorem is proved.

{3a ® VJL = ({3 ® v)(a ® JL).

o

In addition we may observe that the tensor product can be considered
as a covariant functor of the form

®:RMs XSMT~ RMT.
S

We direct our attention now to the proof of the fact that the tensor
product and Hom for a suitable fixed argument are adjoint functors in the
other argument. We deduce this as a special case from the following general
theorem. In order to understand the formulation of this theorem we have
first to recall some earlier statements.

Let the modules X s, SUT, Y T be given. If we apply the homomorphisms
from HomT( U, Y) on the left of the elements of U, i.e. let JL (u) be the
image of u e U under JL e HomT(U, Y), then by the following prescription
HomT(U, Y) becomes a right S-module

(JLs)(u):=JL(su), ueU, seS, JLEHomT(U, Y).

In this sense then HomT(U, Y) is to be considered as a right S-module in
Homs(X; HomT(U, Y)). Further, with regard to SUT, X ® U is a right

s
T-module which appears as such in HomT(X ® U, Y).

s
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Now let a homomorphism <p(X,U,y) of HomT(X ® u, Y) into
s

Horns (X; HomT(U, Y)) (as additive groups) be given. For this purpose for
every p e HomT(X ® u, Y) there must be made explicit an image p* e

s
Homs(X, HomT(U, Y)).For x eXwemustihenhavep*(x) e HomT(U, Y).
The application of p*(x) on u e U is to be written in the form p*(x)(u).
We now define:

p*(x)(u):= p(x ® u), xeX, 'ueu, x®ueX®U,
s

p e HomT(X ® u, Y),
s

By this means p* is evidently uniquely defined for every x e X and u e U.
If we now consider for Xl> X2 eX, Ul> U2 e U, Sl> S2 e S, tl> t2 e T

P*(XISI +X2S2)(Ultl + U2t2)

= P((XISI +X2S2) ® (Ultl + U2t2))

= P(XI ® SIUI)tl +P(XI ® SIU2)t2 +P(X2 ® S2UI)tl +P(X2 ® S2U2)t2

= P*(XI)(SIUI)tl +P*(XI)(SIU2)t2 +P*(X2)(S2UI)tl +P*(X2)(S2U2)t2,

from which it follows that p* e Horns(Xs, HomT(U, Y)). Let now Pl> P2 e

HomT(X ® u, Y), then evidently we have
s

(PI +P2)*(X)(U) = (PI +P2)(X ® u)

= PI(X ® u) +P2(X ® u) =pt (x)(u) +p~ (x)(u),

thus

Altogether

(10.3.2)

with

<p(X,U,y): HomT(X® U, Y)3p~p*eHoms(X;HomT(U, Y))
s

p*(X)(U) := p(x ® u), xeX; ueU

is a homomorphism of the additive groups.

10.3.3 THEOREM. (1) For every triple X s, sUn YT, <p(X, u, Y) is an
isomorphism.
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(2) Let g:X~ ~X s, f.L: sU'r ~ SUT, 11: YT~ Y'r, then the following
diagram is commutative:

4>cx.u.¥)
HOmT(X@U,Y)---------')o)Homs(X,HomT(U,Y))

Hom,,,,:.,1 IHo."'.H~'~.)J
4>cx·.u·.¥·)

HomT(X' @ U', Y') ) Homs(X', HomT(U', y')).
s

Proof. (1) Put 4> := 4>(}(.u. Y)o 4> is a monomorphism for p* = 0 signifies that
p*(x)(u) =p(x @ u) = 0 for all x EX, U E U, thus p = O. Let 0' E
Homs(X, HomT(v; Y)), then consider the S-tensorial mapping

X xU 3 (x, u)~O'(x)(u) E Y;

in addition there is aT-homomorphism

p: X@ U3LXj @ Uj~L O'(Xj)(Uj)E Y.
s

For this p we then have

p*(X)(U) =p(x @ u) =O'(x)(u),

i.e. 4>(p) = 0', thus 4> is also an epimorphism and consequently an
isomorphism.

(2) By running down the left edge we obtain for p EHomT(X @ V; Y):
s

p ~Hom(g@ f.L, 11)(P) = 11P(g @ f.L)~(11P(g @ f.L))*

and similarly from the right edge

If we apply the mappings first on the right to x' EX' and subsequently to
u' E U' then we obtain

(11P(g@ f.L))*(x')(u') = (11P(g@ f.L))(x/ @ u/) = 11P(gx' @ f.Lu/)

(Hom(f.L, 11 )p*g) (x')(u/) =(Hom(f.L, 11 )p*)(gx')(u/) =11 (P*(gx')(f.Lu/))

=11P(gX' f.Lu/).

Consequently the diagram is commutative and the theorem is proved. 0
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10.3.4 COROLLARY. For every U E sMT

-®U:Ms~MT
s

and

form a pair of adjoint functors.
(For the definition of adjoint functors, see Chapter 1.)

Proof. This follows from 10.3.3 for J.L =1u· o

10.3.5 Remark. 10.3.3 and 10.3.4 hold analogously also for sJ(, RUS' RY
(permutation of the sides). In particular in the place of (1) in 10.3.3 the
isomorphism

HomR(U®X; Y)==Homs(X; HomR(u; Y)),
s

appears and the adjoint functors in 10.3.4 are now

U®-:SM~RM,
s

HomR(U, -):RM~sM.

Since important applications of the adjointness of ® and Hom are treated
later, we can here forego examples. In the next section the first application
already follows.

10.4 FLAT MODULES AND REGULAR RINGS

Let A Yo R be a two-sided ideal of the ring R and let £ : A ~ R be the
inclusion mapping. We consider then

£ ® 1: A ® R/A ~ R ® R/A
R R

PROPOSITION

(where 1 = 1RIA ).

(1) £ ® 1 =0.

(2) A®R/A==A/A2
; thus A®R/A¥O for A¥A2

•
R R

Proof. (1) For a E A, f E R/A we have

(£ ® 1)(a ® f) = a ® f = 1 . a ® f = 1 ® ar= 1 ® 6=0,

thus £ ® 1 =0.
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(2) Now let ii := a +A 2
E A/A2 for a E A. Since the mapping

A xR/A 3 (a, ;)~a;EA/A2

is R-tensorial and surjective, there is an epimorphism

A:A (8) R/A-+A/A2
R

with A(a (8) r) =iir. Let

J1 aj (8) ;j = jt ajrj (8) I=C~1 ajrj) (8) IE Ker(A),

then it follows that
n

L ajrjEA 2
,

j=1

thus

n k

" -"'" ·th ' " At- ajrj - t- aja i W1 a1> a j E .
j=1 j=1

Consequently we have

(.t ajrj) (8) I =(.f alai) (8) I =.f (ajai (8) I)
1=1 1=1 1=1

Le. A is also a monomorphism, thus in fact an isomorphism. In the case
thatA2 ¥A (e.g. A =n7L. ~ 7L. with n > 1) L:A -+R is thus a Inonomorphism
but L (8) 1 is not a monomorphism. 0

On the other hand there are modules RM so that for every monomorph­
ism a :AR -+BR

a (8) 1M : A (8)M -+B (8)M
R R

is also a monomorphism. As we show in the following this property is
satisfied, for example, by all projective modules. Such modules are of
interest in many respects. They are now to be investigated.

10.4.1 Definition. RM is called a fiat module if for every monomorphism

a :AR -+BR

a (8) 1M is also a monomorphism.
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10.4.2 COROLLARY. Every isomorphic image of a flat module is flat.

Proof. Let RM be flat and let tp: RM...,.. RN be an isomorphism. Then we
have the commutative diagram:

Since l A ® tp and I B ® tp are isomorphisms, a ® I N is a monomorphism
if and only if a ® 1M is a monomorphism. 0

10.4.3 THEOREM. Let

RM=llMi
;EI

( or RM=$M;),
lEI

then we have: M is then flat if and only if all M i, i E I are flat.

Proof. By 10.4.2 it suffices to consider the case M = II M; in which the
ieI

elements are denoted as in Chapter 4 by (m;) (with only finitely many
m; #- 0). Then the diagram

A®(ll Mi) __cc_@lM )B®(llM;)
R lEI R lEI

1 U("®'~l 1II (A ® M I ) ------'----)0) II (B ® M;)
iEI R iEI R

is commutative; letting the vertical mappings be the isomorphisms defined
in 10.2.4 (e.g. we have for the left isomorphism a ® (mi) 1-)0 (a ® mi))' It
follows that a ® 1M is a monomorphism if and only if (a ® 1M ,) is a
monomorphism and this is the case if and only if a ® I MI is a monomorphism
for every i E 1. Hence the assertion follows. 0
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10.4.4 THEOREM. Every projective module is flat.

Proof. Since, as we know, every projective module is isomorphic to a direct
summand of a free module, it suffices by 10.4.2 and 10.4.3 to prove the
assertion for RR. In the commutative diagram

A®R
a@l,.

)B®R
R R

.j j-
A a )B

IX ® l R is then a monomorphism if and only if IX is a monomorphism. 0

If we consider this result, the question immediately and naturally arises
whether the converse holds and as to what assumptions are necessary. In
1960 H. Bass characterized those rings R for which every flat R-module
is projective. They are characterized by the following equivalent conditions:

(1) R/Rad(R) is semisimple and Rad(R) is right transfinitely nilpotent,
i.e. to every sequence at, a2, a3, . .. of elements from Rad(R) there is an
n with ala2 ... an = O.

(2) R satisfies the minimal condition for principal right ideals (= cyclic
right ideals).

(3) Every left R-module RM has a projective cover, i.e. there exists an
epimorphism RP -) RM with projective P and small kernel. A ring with
these (and further equivalent) properties is called left perfect. By (1) resp.
(2) every left resp. right artinian ring is left perfect. We shall later discuss
thoroughly the theory of perfect rings.

A second related question concerns the rings R for which every R-module
is flat. The main aim of the following consideration::; is to characterize these
rings.

10.4.5 LEMMA. Let B R and RM be given.

(a) If 0 =L bi ® mi E B ®M, holds, then there are finitely generated sub­
R

modules B o Co-) B, M o Co-) M with bi E B o, mi E M o and

0= L bi ® mi E B o® Mo.
R
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(b) Let B l ~ B, M l ~ M and let 0 =L bi ® mi EB l ® M l hold, then it
R

follows that

0= L bi ® mi E B ® M.
R

Proof. (a) As generating elements of B o resp. of M o we take firstly the bi
resp. mi occurring in L bi ® mi, so that we have L bi ® mi EB o® Mo. In

R

order to conclude that L bi ® mi = 0 EB o® M ofurther elements are needed.
R

In the sense of 10.1.1 L bi ® mi = 0 EB ® M, indicates that L (bi, mi) EK
R

where K =K (B, M) depends on Band M. With regard to the representa­
tion of L (bi, mi) as an element in K there occur only finitely many first
components from B resp. second components from M. These are subsumed
as generating elements for B o resp. M o so that we then have L (bi> mi) E
K(Bo, M o), thus O=L bi ®miEBo®Mo.

R

(b) Let LB,:Bl-,»B and LM,:Ml-,»M be the inclusion mappings. Then
we have

0= (LB, ® LM,)(O) = (LB, ® LM,)(L bi ® mi) =L bi ® mi EB ®M 0
R

10.4.6 COROLLARY. If RM is a module such that every finitely generated
submodule of M is contained in a flat submodule then M is flat.

Proof. Let a: A R -'» B R be a monomorphism and let L ai ® mi E
Ker(a ® 1M ). Then by 10.4.S(a) there is a finitely generated submodule
M o~M so that Lai ®miEA ®Mo and L ai® miEKer(a ® l Mo)'

R

Let M o~ M l ~ M and let M l be flat, then by 10.4.S(b) it follows that
L aj (8) mi EKer(a ® 1M,). Since M l is flat we must have L ai ® m l, =0 E
A ® M l and by 1O.4.S (b) it follows that L ai ® mi = 0 EA (8) M, which was

R R

to be shown. 0

10.4.7 COROLLARY. If for a homomorphism a :AR-'»BR and a module
RM

a (8) 1M: A ®M -'»B ®M
R R

is not a monomorphism, then there is a finitely generated submodule A o~ A
such that (a lAo) ® 1M is not a monomorphism.
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Proof. By assumption there is an element 0 ¢ L aj ® mj e Ker(a ® 1M ). Let
A obe the submodule of A generated by the aj appearing in L aj ® mj, then
by 10A.5(b) we have

o¢ L aj ® mj e A o® M
R

and as before

((a IAo)® 1M )(L aj ® mj)=L a(aj)® mj =OeB ®M. 0
R

In order to verify whether a module RM is flat, by virtue of this corollary,
we can confine ourselves to monomorphisms a :A ~B in which A is finitely
generated. The question arises as to whether we can still further restrict
the class of necessary "test monomorphisms" a:A ~ B. We are led back
in this situation to injective modules and to the application of Baer's
Criterion.

The reduction to injective modules is facilitated by the help of an injective
cogenerator of M z . Let D be an injective cogenerator, say D =OIll.. (see
5.8.6) then for X e M z define

XO := Homz(X, D),

so that XO is again a ll..-module. For X = RM by setting (see 3.6)

(rpr)(m) = rp(rm), rp eMo, reR, m eM

MO becomes a right R-module and can then be considered as a ll..-R­
bimodule. For arbitrary f.L: RM~RN let

f.L 0 := Hom(f.L, 10):W~Mo,

then ° is a contravariant functor of RM into MR.

10.4.8 THEOREM. The following are equivalent for RM:
(1) RM is fiat.
(2) For every finitely generated right ideal A Yo RR with

tA:AR~RR

as the inclusion mapping tA ® 1M is a monomorphism.
(3) Mll. =Homz(.M; D) is injective.

Proof. The following are equivalent for a homomorphism a :A ~ B:
(a) a ® 1M is a monomorphism.
(b) Hom(a ® 1M , 10 ): (B ® M)O~ (A ® M)O is an epimorphism.

R R
(c) Hom(a, Hom(lM , 10 )) =Hom(a, 1M o): HomR (B, MO) ~

:IomR (A, MO) is an epimorphism.
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But (a)~(b) holds by 5.8.4, and (b)~(c) by 10.3.3. If we demand the
validity of (a), (b), (c) for every monomorphism a, then (a) implies that
RM is flat and (c) implies that M'k is injective; i.e. we have therefore proved
(1)~(3). According to Baer's Criterion 5.7.1 M'j. is then injective if and
only if (c) holds for all inclusions LA: A R ~ BR • If therefore we again return
to (a), then it follows that M'k is injective if and only if for every A R ~ RR
LA ® 1M is a monomorphism. Finally, by virtue of 10.4.7 we can restrict
ourselves to finitely generated right ideals A R ~ RR and so we have (3)~

m. 0

We now answer the question of those rings for which every module is
flat. In this context we recall that the rings for which every module is
projective resp. injective, are semisimple rings. Since, as was established
before, every projective module is flat the semisimple rings are in any event
subsumed by those rings which are characterized in the following theorem.

10.4.9 THEOREM. The following conditions are equivalent for a ring R:
(1) Every module RM is flat.
(2) For every element r E R there exists an element r' E R with rr'r =r.
(3) Every cyclic right ideal of R is a direct summand of RR.
(4) Every finitely generated right ideal of R is a direct summand of RR.

It is clear that condition (2) is symmetric with regard to sides so that the
corresponding left-sided conditions are equivalent to those above.

10.4.10 Definition. A ring R, which satisfies the conditions of 10.4.9, is
called a regular ring.

Proof of 10.4.9. "(1)~(2)": For rER we consider the inclusion L :rR ~R.

Then by assumption

L ® l R/Rr: rR ® (R/Rr)~R ® (R/Rr)
R R

is a monomorphism. Since

(L ® l R/Rr)(r ® I) =r ® I =1 ® r1 =1 ® f =1 ® 0=0

we must have 0 = r ® I E rR ® (R/Rr). As before we denote ji := y +Rr E
R

R/Rr and let rz := rz -+ rRr E rR/rRr. Then evidently

rR x R/Rr 3 (rx, ji)~ fXY E rR/rRr
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is an R-tensorial mapping and consequently

T: rR @ (RjRr) 3 L rxi @ Yi~L fXiYi e rRjrRr
R

is a homomorphism (of additive groups, and indeed even an isomorphism).
As O=r@ Ie rR @ (RjRr)

. R

T(r@ 1) =r= De rRjrRr,

thus r e rRr, Le. there is an r' e R with rr'r = r.
"(2)~(3)": From rr'r=r it follows that (rr')(rr')=(rr'r)r'=rr', thus

e := rr' is an idempotent so that

RR = eREB(l-e)R

follows. Further we have eR =rr'R ~ rR and on the other hand as er =
rr'r = r we have rR ~ eR, thus altogether rR = eR.

"(3)~(4)": By induction on the number of generators we show that
every finitely generated right ideal is generated by an idempotent. The
beginning of the induction is provided by (3) for if RR =rR EBA with
1 = el + e2, el erR, e2 e A, then eb e2 are orthogonal idempotents with
rR =e1R, A =e2R (see 7.2.3). Let now

B:= r1R+ ...+rnR ~RR

be given. By the induction hypothesis there is an idempotent e e R with
eR = r1R +.. .+rn-1R. Then as rn = ern +(l-e)rn we have

rnR ~ernR+(l-e)rnR

and consequently

B =eR +rnR =eR +(l-e)rnR.

As shown at the beginning of the induction, there is an idempotent feR
with

fR =(l-e)rnR,

so that eR+rnR=eR+fR holds. As fe(l-e)rnR we have ef=O. We
claim that g := e + f(l- e) is an idempotent with

gR =eR +fR =r1R +.. .+rnR.

First of all we have gR ~ eR +fR. Further we have geR =eR ~ gR as
well as

gfR = (ef+l+fef)R =lR =fR ~gR,
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(as e[ = 0 and l = n, thus gR = eR +[R. Finally

g2 = (e +[(1- e ))(e +[(1- e)) =e +[(1- e)[(1- e)

= e +l-le = e +[(1 - e) = g,

i.e. g is an idempotent. It follows that

RR =gRE90.- g)R,

by which (4) is proved.
"(4)=?(1)": By 10.4.8 it suffices to verify whether for every inclusion

mapping

of a finitely generated right ideal A ~ RR and for an arbitrary module RM
the mapping LA ® 1M is a monomorphism. Since A is a direct summand in
RR there is an idempotent g with A = gR. Let

L ai ® mi = L gai ® mi = L g2ai ® mi

= L g ® gaimi = g ® (L gaimi) EKer(LA ® 1M ),

thus

g ® L aimi = 1 ® L gaimi = 0 ER ® M
R

Then it follows (by 10.2.5) that L gaimi = 0, thus also

Lai ® mi =g® (Lgaimi)=g® 0=0.

Consequently LA ® 1m is a monomorphism, hence (1) is proved.· 0

As mentioned before every semisimple ring is regular. However, there
are also regular rings which are not semisimple. In order to construct such
an example let K be a regular ring (e.g. a field) and let

<Xl

R := IT K i with K i = K for i = 1, 2, 3, ....
i=l

By means of componentwise defined addition and similarly defined multipli­
cation

(ki) . (kD = (kikD

R becomes a ring. This ring is regular. Namely let kik;ki = ki then it follows
that

(ki)(kD(ki) = (ki).
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If K is a field then we can choose

for k i '" 0
for ki =0.

ro ro

As we easily verify A := II K i is a proper two-sided ideal in R = n K i
i=l i=l

which is large both in RR and in RR. Consequently A cannot be a direct
summand in RR (or in RR). Hence R is not semisimple and neither (R/A)R
nor R(R/A) are projective (for then R ~R/A would split). Since every
R-module is flat we have in (R/A)R a flat but not projective module.

In conclusion we direct attention to the concept of a pure homomorphism
which "dualizes" the concept of a flat module.

Definition 10.4.11. A monomorphism is called pure if ex ® 1M is a
monomorphism for every R-module RM. If A R ~ BR and the inclusion
mapping t :A ~ B is pure then A is called a pure submodule of B.

10.5 FLAT FACTOR MODULES OF FLAT MODULES

We investigate here the question of those conditions under which a factor
module of a flat module is again flat. This question is particularly of interest
in connection with perfect rings, which are treated in the next section.

10.5.1 LEMMA. Let RM be fiat, let U ~ RM, A ~ RR and let t:A ~R
denote the inclusion mapping. Then the following are equivalent:

(1) t ® 1M / u :A ® (M/ U) ~R ® (M/ U) is a monomorphism.
R R

(2) UnAM=AU.

Proof. "(1):::} (2)": Let u=LaimiEUnAM, then for t=Lai®miE
A ® (M/ U) it follows that:

R

(t ® 1M / u )(t) =L ai ® mi = 1 ® L aimi = 1 ® ii =OER ® (M/U),
. R

thus by assumption t =o. The relation

AX(M/U)3(a, m)~am:=am+AUEAM/AU

is evidently an R-tensorial mapping, by which a homomorphism

A: A ® (M/ U) ~AM/AU
R
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is induced. From t =0 it follows that

thus U EAV.
"(2) =? (1)": Let t =L ai ® iiii EA ® (M/ V) with

R

(t ® IM / u )(t) =L ai ® iiii =1 ® L aimi= 0,

thus L aimi E V. By assumption there is an equation

Obviously it then follows that

L ai ® mi-L aj ® ujEKer(t ® 1M ).

Since by assumption M is flat, we thus have Ker(t ,® 1M ) =0, this implies
that L ai ® mi = La; ® Uj and consequently for l' : M -,)0 M/ V:

t =(l A ® 1')(L ai ® mi) =L ai ® iiii

= (l A ® 1')(L aj ® Uj) =L aj ® iij =OEA ® (M/V).
R

Thus in fact t ® I M / u is a monomorphism. o

We remark that for (1)=?(2) we have not used the assumption that RM
is flat but only for (2) =? (1).

10.5.2 THEOREM. Let RM be fiat and let V '-,)0 RM. Then the following
are equivalent:

(1) M/ V is fiat.
(2) V n AM =A V for every finitely generated right ideal A '-,)0 RR.

Proof. This follows from 10.5.1 and 10.4.8. o

As is easily seen the proof of 10.5.1 (1) =? (2) is a generalization of 10.4.9
(1) =? (2). Conversely we can deduce 10.4:9 (1) =? (2) from 10.5.1 resp.
10.5.2. Namely in 10.5.2 let M =RR, V =Rr, A = rR, then we have

Rrn"'R· R =RrnrR =rR· Rr=rRr;

as r ERr n rR it follows that there is an r' with rr'r = r.
Theorem 10.5.2 has an interesting application for flat factor modules of

projective modules.
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10.5.3 THEOREM. Let RP be projective, U ~ Rad{P) and let PI U be fiat,
then U=O.

Proof. (1) We establish the proof firstly for a free module RF in place of
RP, Let {Xi liE I} be a basis of F and let U E U with a representation in
terms of the basis as

By A =L aiR denote the right ideal generated by the coefficients ai of u,
which by definition is finitely generated. By 10.5.2 we have

UnAF=AU,

thus U=L bjuj with bj E A, Uj E U. By assumption we have U ~ Rad{F) =
Rad{R)F (Iatterequation holds by 9.2.1). Thus (since Rad{R) is a two-sided
ideal) in the representation of

in terms of the basis all Cjk E Rad{R). It follows that

U=L aiXi =L L bJ{;jkXk
i j k

and on comparing coefficients we deduce that ai =L bjCji EA Rad{R).
j

Since this holds for all generators ai of A it follows that A ~ A Rad{R),
thus

A=A Rad{R).

Then by 9.2.1 we must have A =0, thus we also have U =O. Since U E U
was arbitrary, it follows that U = O. Hence the proof is established for a
free module.

(2) Now let P be a direct summand of a free module F, thus

F=P EBPh

and let U ~ Rad{P) and also let PIU be flat. Let v :F~FIU; then it
follows that

FI U = v (F) = v{P) + v{P1).

As U ~ P we have further

and also

v{P) =P+ UIU=PIU,
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Consequently we have

F/ U ==P/ U ffiP1•

Since P/ U, by assumption, and P1 (by 10.4.4), as a projective module,
are flat, by 10.4.2 and 10.4.3 F/ U is also flat. Since U ~ Rad(P) ~ Rad(F)
it follows, as shown above, that U =O. For an arbitrary projective module
the assertion holds by 10.4.3. 0

Since the O-module is flat, as a direct corollary we obtain a result already
proved in 9.6.3.

10.5.4 COROLLARY. Let RP be projective and let Rad(P) =P, then it
follows that P = O.

EXERCISES

(1)
Let a commutative ring S as well as S-modules A and U be given. Show:

A® U==U®A.
s s

(2)
Let an arbitrary ring S and let S-modules Bs ~ As, sV ~ sU be given.

Let L(B, V) denote the subgroup of A ® U which is generated by the
s

elements of the form a ® v, b ® v with a E A, b E B, v E V; U E U. Show:

(A/B)®(U/V)==(A® U)/L(B, V).
s s

(3)
(a) Let B be a right and V be a left ideal of a ring S and let B + V

denote the additive subgroup of S generated by Band V. Show:

(S/B) ® (S/V)==S/(B + V).
s

(b) Give an example of a ring S and ideal B s -;1= S, sV -;1= S with
(S/B)®(S/V)=O.

s

(4)
(a) For the ideals B s, sV ~ S show:

B ® (S/V)==B/BV
s
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where BV denotes the additive subgroup of S which is generated by the
elements of the form bv with b EB, v E V.

(b) Give an example of the case B s ,e. 0, s V,e. Sand B ® (S/ V) =O.
s

(5)
(a) Let tB and tv be the inclusion mappings of the ideals Bs and sV in

S. Show:

(b) Give an example of the case B ® v,e. 0, but Im(tB ® tv) = O.
s

(6)
Let iQ be the additive group of the rational numbers. Show:

(7)

For an abelian group A show: A ® A = 0~A is divisible and every element
7L

of A has finite order (see Chapter 4, Exercise 10 and 11.)

(8)
Let S := K[x, y] be the polynomial ring in the indeterminates x and y

with coefficients in a field K. Let B := xS + yS denote the ideal of S
generated by x and y. Show: The element x ® y y ® x E B ® B is not

sequal to O.

(9)
For a set H and a module M s let

M H := IT M h with M h =M for all h E H.
heH

As in Chapter 4 we denote the elements of M H by (mh). Sho~ for Ms:
(a) For every set H there is exactly one homomorphism.

CPH: M ® SH ...."MH with CPH(m ® (Sk)) = (msk).
s

(b) If the set H is finite, then CPH is an isomorphism.
(c) Im(CPH) =U~ where B runs over all finitely generated submodules

of Ms.
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(d) Ms is then finitely generated if and only if for every set H lpH is an
epimorphism.

(10)
Construct sets I and J and also right resp. left S-modules Ai resp. ~ so

that there holds: .

( IT Ai) ® (IT ~) ~ IT (Ai ® Uj).
ieI . S jeJ ieI,jeJ S

(11)
Let a unitary ring homomorphism p: R ...,.. S be given. Then every right
S-module Ms becomes by the definjtion mr := mp(r), mE M, r ERa right
R-module (see 3.2). The analogue holds on the left side. Let this be assumed
in the following for right resp. left S-modules.

Show for sU:
(a) The mapping ,\ : U 3 U >-'» 1 ® U ES ® U is a monomorphism of the

R
left R-modules RU and R(S ® U).

R

(b) The mapping

/L: S ® U 3 I Si ® Ui >-'»I SiUi E U
R

is an S-epimorphism and the kernel of /L is generated by the elements
s® u-1® SUo

(c) R(S ® U) =!m('\)(l)Ker(/L).
R

(d) Further let RC be given and let

K:C3c>-,»1®cES®C.
R

Then

Homs(s(S ® C), sU) 3lp >-'»lpK EHomR(RC, RU)
R

is an isomorphism.
(e) Let p:R""" Sand RC be given. Further let an sX be given so that

an R-homomorphism K': RC""" RX exists such that for every sU the
mapping

is an isomorphism. Show that S ® U and X are then S-isomorphie.
R
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(f) Give an example of a p :R ~ 8 and a module RC so that K: C 3 C~

1 ® C E 8 ® C is not a monomorphism.
R

(12)
Let R, 8 be rings and let RMs be an 8-8 bimodule. Define the functors

F: M R 3A~A®MEMs,
R

and show:
(a) F is left adjoint to G.
(b) The following are equivalent:

(1) F preserves monomorphisms.
(2) G preserves injective objects (i.e. injective Xs =? injective
Homs(M, X)R).
(3) RM is flat.

(c) The following are equivalent:
(1) G preserves epimorphisms.
(2) F preserves projective objects (i.e. projective A R =?projective
(A®M)s).

R

(3) M s is projective.
For a unitary ring homomorphism p : 8 ~ R we have:
(d) Qs is injective=?Homs(P, Q) is injective as a right R-module.
(e) Ps is projective =?P ® R is projective as a right R-module.

s

(13)
(a) Let RM be free with basis {ej liE I}. Show that for U ~ M the

following are equivalent:
(1) M/ U is flat.
(2) U E U=?u EAuU where Au is the right ideal generated by the
coefficients of U with respect to the given basis.
(3) U E U=?there is fP:M~ U with fP(u) = u.
(4) Ut, ... , Un E U=?there is fP:M ~ U with fP(ud =Uj for i =
1, ... , n.

(b) Show thatthe equivalence of (1), (3), (4), holds also for projective RM

(14)
LetR be commutative and let RM be semisimple. Show:

(a) If RM is injective then it is flat.
(b) If RM is flat and if it has only finitely many homogeneous components

then it is injective.
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(c) Now give an example in which RM is semisimple and flat but is not
injective.

(15)
(a) Show: An abelian group is flat if and only if it is torsion-free.
(b) Construct an abelian group which is flat but not projective.

(16)
Let a module RM be called regular if every cyclic submodule ofRM is a
direct summand. Show:

(a) In a regular module every finitely generated submodule is a direct
summand.

(b) If Mi liE I) is a family of regular projective R-modules, then M =
UMi is also regular (and projective).
ieI

(Hint: Show the assertion first for 111= 2.)
(c) Question: Does the statement in (b) hold without the additional

assumption "projective"?
(d) If R is left noetherian or if RjRad(R) is semisimple then every

regular left R-module is already semisimple.

(17)
Let R be a ring, M an R-module and S = End(M). Show:

(a) S is regular '*=>for every a E S Im(a) and Ker(a) are direct summands
inM.

(b) R is regular=? every projective R-module is regular.
(c) R is regular__and M projective and finitely generated=? S = End(M)

is regular. .-
(d) R is regular=?Mn(R) (=ring of n Xn square matrices over R) is

regular.

(18)
Show that for a commutative ring R the following are equivalent:

(1) R is regular.
(2) Every (cyclic) ideal I ~ R is idempotent (i.e. 12 = I).
(3) Every irreducible ideal is a prime ideal.
(4) Every irreducible ideal is maximal.
(5) Every (cyclic) R-module M has zero radical (i.e. Rad(M) = 0).
(6) Every simple R-module is injective.

(19)
Let G be a finite group and let T be a ring. Show: The group ring GT

is regular if and only if T is regular and Ord(G) is a unit in T.



Chapter 11

Semiperfect Modules and Perfect Rings

In the historical development of the structure theory of "non-commuta­
tive" rings and modules the finite-dimensional algebras were first investi­
gated. For this the essential resource of the theory of vector spaces was
available. Then later it was shown-above all beginning with E. Noether­
that frequently in the investigation of the structure only chain conditions
are required and that the investigation can be pursued not only for rings
and their ideals but also for modules. Thus, in particular, there is obtained
a structure theory for artinian rings and for modules over such rings.,

The most recent development goes further in this regard. New concepts,
in particular categorical and homological concepts such as projectivity,
injectivity, flatness, homological dimension, etc., give rise to the possibility
of extending the structure theory in different directions. For example we
have already become acquainted with the decomposition theorems of
injective modules over noetherian and artinian rings. Now we shall require
the existence of projective covers for certain modules and under this
assumption develop in a simple manner a structure theory for a class of
modules and rings which embraces properly the artinian case.

In this introduction we cannot present all of the results to follow in this
chapter, but nevertheless we should like to present here a particularly
significant result since it gives a good impression of the considerations to
follow.

THEOREM (H. BASS, 1960). The following conditions are equivalent for a
ring R:

(1) Every module MR has a projective cover (i.e. there exists an epimor­
phism g:P~M with projective domain P and small kernel in P).

(2) Every flat right R-module is projective.

273
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(3) R satisfies the descending chain condition for cyclic left ideals.
(4) Every left R-module ¢O has a socle ¢O and RR satisfies the minimal

condition for direct summands.
(5) R/Rad(R) is semisimple and Rad(R) is left t-nilpotent; i.e. to every

sequence aI, a2, a3, ... of elements ai E Rad(R) there is a kEN with
akak-I ... al = O.

A ring with these equivalent properties is called right perfect. As (5)
shows every right or left artinian ring is right perfect. The conditions (1)
and (2) are of particular interest for us, for they enable us to answer two
of the questions that we earlier pursued. For these reasons the theorem is
also noteworthy because the "outer" properties as in (1) and (2) turn out
to be equivalent to the "inner" properties as in (3) and (5).

11.1 SEMIPERFECT MODULES, BASIC CONCEPTS

We had earlier established that every module does indeed possess an
injective hull but not however a projective cover. In the case R =7L for
example, only the projective =free 7L-modules have projective covers
(which are then isomorphic to the free modules). Here the existence of
"sufficiently many" projective covers will be assumed.

We begin with a theorem which under the assumption of the existence
of the projective cover represents the counterpart dual to 5.6.4. Evidently
this theorem could already have been proved in Chapter 5; nevertheless
we should like to have collected here as far as possible all considerations
involving the existence of projective covers.

11.1.1 THEOREM. Let the module NR have a projective cover. If

lsa~ epimorphism with projective domain P, then there is a direct decomposi­
tion P =PI EBP2 where P2~ Ker(17) and

is a projective cover.

Proof. Let T: Po~ N be a projective cover of N, then there exists a commuta­
tive diagram
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Since u is an epimorphism, by 3.4.10 we have Po=Im(K)+Ker(-r). Since
Ker(T) ~ Po we have in fact Po = Im(K), Le. K is an epimorphism. Moreover
since Po is projective it follows by 5.3.1 that K splits:

P=P1EBKer(K).

Then

is an isomorphism. Since

Ker(TK1) = Kl l (Ker(T)) ~ Pl

(by 5.1.3)

is also a projective cover of N. As Ker(K) ~ Ker(u) and P = Pl EBKer(K)
we have finally with Pz := Ker(K) the assertion for Pz. 0

11.1.2 COROLLARY. Let U ~ P, let P be projective and let P/U have a
projective cover. Then there is a decomposition P =Pl EBPz with

Pz ~ U II P l n U ~ Pl.

Proof. This follows from 11.1.1 for u = lI:P~P/U. o

We notice also that from Pz = oit follows thatP1 =P andPn U = U ~ P,
Le. if U contains no direct summand ~O of P, then U is small in P.

If the existence of a projective cover is demanded for every epimorphic
image of a fixed module M R , then this already has such interesting con­
sequences for the structure of M that we wish first to examine this situation.

11.1.3 Definition. Let R be an arbitrary ring and let M R be a right
R-module.

(a) M is called semiperfect: ~ every epimorphic image of M has a
projective cover.

(b) lvI is called complemented :~ every submodule of M has an addition
complement (=adco, see 5.2.1) in M.
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11.1.4 COROLLARY
(1) Every epimorphic image of a semiperfect module is semiperfect.
(2) Every projective cover of a simple module is semiperfect.
(3) Every epimorphic image of a complemented module is complemented.

Proof. (1) Clear by definition.
(2) Let g:P~E be the projective cover of a simple module E. Then

Ker(g) is a small and maximal submodule of P. For arbitrary U '# P we
then have U +Ker(g) ~ P and consequently U ~ Ker(g). Thus we also
have U ~ P and consequently P ~ PI U is a projective cover of PI U. Thus
P is the projective cover of every epimorphic image ~O of P, i.e. P is
semiperfect.

(3) Let C be complemented, let 'Y: C ~M be an epimorphism and let
B ~ M. We assert that 'Y('Y-I(B)") is a complement of B in M. Put
A:= 'Y-I(B). From C =A+A' it1011ows that

M = 'Y(A) + 'Y(A) =B + 'Y(A).

Since A' is an adco of A, we have AnA·~A·. By 5.1.3(c) this implies
'Y(A nA) ~ 'Y(A). Since also

'Y(A nA") = 'Y('Y-I(B) nA') =B n 'Y(A'),

the assertion is proved. o

Later we shall show that a finitely generated projective module P is
already semiperfect if every simple image of P has a projective cover.

The next theorem shows that the investigation of semiperfect modules
can be reduced essentially to the projective semiperfect modules.

11.1.5 THEOREM. Let g:P~M be a projective cover of M, the following
are equivalent:

(1) Mis semiperfect.
(2) Pis semiperfect.
(3) P is complemented.

Proof. We show (2)~(1)~(3)~(2).

"(2)~(1)": Clear from the definition of semiperfect.
"(1)~(3)": Let A ~ P, then consider the epimorphism

e v
CT = lIg:p ---'; M ---'; MI g(A).

By 11.1.1 there is a direct summand PI ~ P such that

CTI:= CTIPI:PI~MIg(A)

is a projective cover.



11.1 SEMIPERFECT MODULES, BASIC CONCEPTS 277

o

We assert that P1 is an adco of A in P. From a(P1)=M/g(A) it follows
that P =P1+Ker(a). As Ker(a) =Ker(vg) =g-l Ker(v) =g-l(g(A)) =
A +Ker(g) it follows that P =P1+A +Ker(g), since Ker(g) ~ P we have
P =P1+A. For U ~ P1 let now P = U +A, then it follows that a(P) =
a(P1) =a1(P1) =a1(U) (since a(A) =0), thus

P1=all (a1(P1)) =all (a1(U)) = U +Ker(a1)'

Since Ker(a1) ~ P1 it follows that P1= U, and hence P1 is in fact an adco
of A in P.

"(3)=?(2)": Let a:P~N be an epimorphism and let U:= Ker(a), then
let U· be an adco of U in P. By 5.2.4 we have U' n U = U' n Ker(a) ~ U'.
We show that U· is a direct summand of P, and thus is projective. Then
it follows that

alU: U~N

is a projective cover of N.
Let U· be an adco of U'; then we assert: P = UtB U', For the proof let

v: P= U'+ U"~P/U'nU ..

be the natural epimorphism from which, with the notation P:= v(P),
0':= v(U), 0":= v(U"), we have evidently P= O'tBO", Further let
7T:P~ 0 be the projection onto 0' corresponding to P= O'tBO", Then
a commutative diagram exists

As 7TV=V1CP we have 7TV(U)=O'=V1CP(U'), tb,us U=cP(U')+Ker(v1)'
Since Ker(v1) = Un U .. ~ U' (see 5.2.4) it follows that U'= cp(U'), thus
P = U +Ker(cp ), As Ker(cp) ~ Ker(TTV ) = U .. and from the minimality of
U .. it follows that Ker(cp) = U", On the other hand we have

U .. =Ker(7Tv) =Ker(v1CP) = cp -1(Ker(v1)) = cp-1(U' n U"),

and since cp is an epimorphism, it follows that

0= cp(U") = cpcp -l(U n U ..) = Un U",

which was to be shown,
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11.1.6 COROLLARY. Every projective artinian module is semiperfect.

Proof. Every artinian module is complemented.

11.1.7 THEOREM. IfM R is semiperfect, we have
(a) M is complemented.
(b) M/Rad(M) is semisimple.
(c) Rad(M) is small in M

o

Proof. (a) This follows from 11.1.4 and 11.1.5.
(b) Since M/Rad(M), as an epimorphic image of M, is again semiperfect,

M/Rad(M) is complemented. Let A~M/Rad(M), then for an adco A· of
A in M/Rad(M) we have:

M/Rad(M) = A+A" and AnA· ~M/Rad(M),

thus AnA· ~ Rad(M/Rad(M)) =0. Consequently we have M/Rad(M) =
AEEl A·, i.e., every submodule is a direct summand and consequently
M/Rad(M) is semisimple.

(c) Let ~: P -+ M be a projective cover of M Since Ker(~) ~ P, thus
Ker(~) ~ Rad(P), it follows by 9.1.5 that ~(Rad(P))= Rad(M), so that by
5.1.3 we have only to show that Rad(p) ~ P. Let v:P-+ P/Rad(P), then
by 11.1.2 there is a decomposition P = PI EEl Pz, with PI n Rad(P) ~ PI and
Pz~ Rad(P). By 9.6.4 it follows that Pz = 0, thus P = PI and

Rad(P) =P n Rad(P) ~ P. 0

11.2 LIFfING OF DIRECT DECOMPOSmONS

11.2.1 Definition
(a) Let a: A -+ M be a homomorphism. We say that the decomposition

M=E9Mi
ie[

can be lifted with respect to a, if a decomposition

A=E9Ai
ie[

exists so that for all i E I we have: a (Ai) = Mi.
(b) Let B ~ A. We say that the decomposition

A/B=E9Mi
ie[

can be lifted to A, if it can be lifted with respect to v: A -+ A/B.
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11.2.2 THEOREM. Let g: p..." M be a projective cover and let

M=EBM.
ieI

For every i E I let there be given an epimorphism ai: Ai"'"M with projective
Ai and Ker(ai) ~ Rad(Ai). Then the decomposition M = EB M i can be lifted
with respect to g. ieI

Proof. Consider the commutative diagram

where cp exists since g is an epimorphism and A is projective. Since EBai
is an epimorphism we have by 3.4.10

P = Im(cp) +Ker(g).

As Ker(g) 4 P it follows that P = Im(cp), i.e. cp is an epimorphism. Since
P is projective, cp splits:

A = Po EEl Ker(cp).

Since the diagram is commutative, it follows that Ker(cp )~ Ker(EBai) =
EBKer(ai) ~ EBRad(Ai) = Rad(A) , in which the last equation holds by9.1.5.
By 9.6.4 it then follows that Ker(cp ) = 0, thus cp is an isomorphism. Therefore
we have

with gcp (Ai) = ai (Ai) = M, i E I. Hence we have lifted the decomposition
M = EBM with respect to g. 0

From this there follows directly

11.2.3 COROLLARY. Let g:P..."M be a projective cover of the semiperfect
module M. Then every direct decomposition of M can be lifted with respect
to g.

Proof. This follows from 11.2.2 since every direct summand of M possesses
a projective cover. 0
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11.2.4 COROLLARY. Let P be semiperfect and projective. Then every direct
decomposition of the semisimple module P/Rad(P) can be lifted to P.

Proof. This follows from 11.2.2 since by 11.1.7 Rad(P) ~ P and every
direct summand of P/Rad(P) possesses a projective cover. 0

As a special case it follows that with respect to a right artinian ring R
every direct decomposition of R/Rad(R) (as right R-module) can be lifted
to RR' If this lemma is not available then the lifting is done in the literature
usually by calculations with idempotents.

11.3 MAIN THEOREM ON PROJECTIVE
SEMIPERFECT MODULES

The following characterizations of a projective, semiperlect module are
of great interest both with regard to the structure of such a module and
also for determining whether a given module is semiperlect.

11.3.1 THEOREM. The following are equivalent for a projective module RR:
(a) Pis semiperfect.
(b) P is complemented.
(c) There holds

(1) P/Rad(P) is semisimple;
(2) every direct summand of (P/Rad(P))R is the image of a direct
summand ofPR with regard to P~P/Rad(P);
(3) Rad(P) ~ P.

We have in (c) made condition (2) to be as weak as possible, since by
11.2.4 for the assertion (a):;? (c) we have in any case a stronger statement.
Since for applications the direction (c):;? (a) is of interest it is desirable to
formulate (c) as weakly as possible.

Proof. "(a)~(b)": This was shown in 11.1.5.
"(a):;?(c)": This holds by 11.1.7 and 11.2.4.
It remains to prove (c):;? (b): Let

v:P~P/Rad(P)=: P
denote the natural homomorphism. Let now A ~ P, then there is, since P
is semisimple, a direct decomposition

PR = v(A) EB r.
By (2) there is a direct summand Pz~ P with v(Pz) =r. We claim that Pz
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is a complement of A in P. From P=v(A) EB v(P2) it follows that

P =A +P2 +Rad(P),

thus since Rad(P) ~ P

An P2 ~ Rad(P),

Since P2 is a direct suIlllriand in P, it follows from A nP2~ P by 5.1.3(c)
(with the help of the projection of P on P2) that indeed A nP2~ P2. If
we suppose that for B ~ P we have

A+B=P, B ~P2,

then by the modular law it follows th~t

AnP2+B=P2,

o

11.3.2 COROLLARY. Let R be an arbitrary ring. Then we have
(I) RR is semiper[ect~

(1) R := R/Rad(R) is semisimple and
(2) to every idempotent e E R there is an idempot~nt e E R with e = e.

(II) RR is semiperfeci~ RR is semzper!ect.

Proof. (I) By 9.2.1 we have Rad(R) ~ RR' thus (3) in 11.3.1(c) is satisfied
for an arbitrary ring and hence the condition is here superfluous. Further
since the condition (1) here coincides with that in (c), we must only check
whether the conditions (2) in 11.3.1 and in 11.3.2 follow mutually from
one another.

"=;>": Let e ER be an idempotent. Corresponding to the decomposition
RR =eR EB (I - e)R there is by 11.2.4 a decomposition

RR =eREB(l-e)R,

with an idempotent e E Rand

eR =eR, (1 -e)R = (1 - e)R.

Then it follows that ee = e, (1 - e)(1 - e) =1- e, thus e = e.
"'*=": Every direct summand of RR is of the form eR for an idempotent

e E R. Let now e be an idempotent of R with e=e, then eR is a direct
summand of RR with eR = eR = eR.

(II) Conditions (1) and (2) in (I) are independent of the side. 0

A ring R is called semiper[ect, if it satisfies the (equivalent) conditions
of 11.3.2. In particular this concept is by (II) independent of the side.
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As already established, a projective artinian module is semiperfect. In
particular a right artinian ring RR is thus semiperfect and indeed so also
on the left, independently of whether R is also left artinian. However there
are also semiperfect rings which are not artinian. Let R be a local ring
(7.1.2), then R/Rad(R) is a skew field, thus in particular semisimple and
R/Rad(R) has only 1 as an idempotent ,.,0. By 11.3.2 R is consequently
semiperfect. IX)

For example the ring R := K[[x]] of all power series L kix i in an
i=O

indeterminate x and with coefficients from a field K is a local ring. In this
case

and this radical has no "nil-properties" of any kind. We emphasize this
here, because this is a semiperfect ring which is not perfect (see 11.6).

11.3.3 THEOREM. Let (Pdi E I) be a family of semiperfect, projective R­
modules. Then we have:

P:=EBPi
ieI

is semiperfect if and only if Rad(P) ~ P.

Proof. By 11.3.1 the condition Rad(P) ~ P is necessary. In order to prove
this it is sufficient we show that in l1.3.1(c) th~ conditions (1), (2), (3) are
fulfilled. By assumption we have (3).

(1) By 9.1.5(d) we have

P/Rad(P) == EB PJRad(Pi).
ieI

Since by 11.3.1 PJRad(Pi) is semisimple for every i E I, P/Rad(P) is also
semisimple.

(2) First of all we establish that every simple submodule E of P/Rad(P)
possesses a projective cover. As P/Rad(P) ==EBPi/Rad(Pi) E is isomorphic
to a simple submodule E' of EB~/Rad(Pi). If we decompose every
PJRad(Pi) into a direct sum of simple submodules and we apply 8.1.2(b)
then it follows that E' is isomorphic to a simple submodule of one of the
PJRad(Pi). Since this, as a direct summand of the semiperfect module
Pi/Rad(Pi), has a projective cover, the module E isomorphic to it has a
projective cover.
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Let now P/Rad(P) =A1 EElA2• Since P/Rad(P) is semisimple, every Ak is
a direct sum of simple submodules.

k=1,2.

Let g7:A;~E; be a projective cover, then

'- I"'I'I i:k • A '- I"'I'I A k A - I"'I'I E k
ak .- \J7 ':.j. k'- \J7 j ~ k - \J7 j

jeIk jeJk jeIk

is an epimorphism with projective domain A k and we have as Ker(g;) ~ A;,
hence Ker(g;) '-'.> Rad(A;) and thus

Ker(ak) = EB Ker(g;) '-'.> Rad(Ak), k =1, 2.
jeJk

If in 11.2.2 we put g=v:P~P/Rad(P), then the assumptions of 11.2.2
are satisfied and it follows that the decomposition P/Rad(P) =A1 EElA2 can
be lifted to P.

11.3.4 COROLLARY

(a) Every direct sum offinitely many semiperfectR -modules is semiperfect.
(b) If RR is semiperfect then every finitely generated R -module is semi­

perfect.

Proof. (a) Let Ml, ... ,Mn be semiperfect and let

i= 1, ... , n

be a projective cover. By 11.1.5 Pi is semiperfect "and by 11.3.3 so also is
n n

P:= EB Pi for Rad(P) = EB Rad(Pi ) is itself, as a finite sum of small sub-
i=l i=l

modules Rad(Pi ), small in P. Since P is semiperfect, M 1 EEl .• •EElMn is also
semiperfect as an epimorphic image of P.

(b) By (a) every finitely generated free module is semiperfect and then
also every epimorphic image of it. 0

We give now another interesting characterization of the semiperfect
modules which will be useful later.

11.3.5 THEOREM. The following are equivalent for a projective module:
(1) Pis semiperfect.
(2) P satisfies the conditions:

(a) Every proper submodule ofP is contained in a maximal submodule
of P; and
(b) every simple factor-module of P has a projective cover.
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1

Proof. "(1):::;' (2)": By definition of "semiperfect" (b) is satisfied. For the
proof of (a) let U ~ P; since PI U is semiperfect, PI U has by 11.1.7 a
small radical, which consequently is a proper submodule of PI U. Since the
radical is the intersection of all maximal submodules, there exists at least
one maximal submodule of PI U of the form XI U with U ~ X ~ P. Since
XIU is maximal in PIU and we have PIX === (PIU)/(XIU), then X is
maximal in P.

"(2):::;' (1)": We establjsh this proof in three steps.

Step 1. We are to show tb,at Rad(P) ~ P. Suppose that U +Rad(P) =P
with U ~ P, then by (a) there exists a maximal submodule X ~ P with
U ~ X. From this it follows that U +Rad(P) ~ X.,e P, contradiction!

Step 2. We are now to show thad' := PIRad(P) is semisimple. Let v: P ~P
be the natural epimorphism. Suppose that Soc(P) .,e P, then it follows that
v-\Soc(P)).,e P and by (a) a maximal submodule X ~ P exists with
v-l(Soc(P)) ~ X. Since PIX by (b) has a projective cover, we deduce from
11.1.2 that

P=Pl(JJPZ=Pl+X'

with Pz~ X and P l nX ~ Pll thus P l nX ~ Rad(P). Therefore it follows
that

(*) P =v (Pl ) (JJ veX).

Since X is maximal in P (thus Rad(P) ~ X), PIX === (PIRad(P))1
(X/Rad(P)) =Plv(X) === v (Pl ) is simple, thus v (Pl )~ Soc(P) ~ veX); con­
tradiction to (*)!

Step 3. Now let

with simple E i •

There follows for every j E I

E j ===PIEB Ei ===PI v-l(EB Ei).
ie[ ie[
i¢j i¢j

By (b) projective covers

exist.
Since every simple module, which has a projective cover, is obviously

semiperfect, all Ej and by 11.1.5 also all A j are semiperfect.
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For v:P~P/Rad(P) (in place of g) and for P/Rad(P) = ffiEi (in place
of M) the assumptions of 11.2.2 are satisfied. As in the proof of 11.2.2 it
follows that

cp: A := ffi Ai ~ P

is an isomorphism. Thus P = fficp(Ai) is a direct sum of the semiperfect
modules cp(Ai). As Rad(P) ~ P it follows from 11.3.3 that P is semi­
~~~ 0

11.4 DIRECTLY INDECOMPOSABLE
SEMIPERFECT MODULES

It was established in 11.2.~ for a projective semiperfect module PR that
every decomposition of the semisimple module P := P/Rad(P) into a direct
sum

P=ffiEi
ieI

of simple modules E i, i E.I can be lifted to P. Let

v:P~P=P/Rad(P),

then a decomposition

P = ffi Pi with V (Pi) =E;, i EI.
ieJ

exists. As Rad(P) =ffi Rad(Pi) (see 9.1.5) we have Rad(Pi) =Rad(P) n Pi.
Therefore it follows that

E i = v(P;) =Pi +Rad(P)/Rad(P) ==P;/Pi nRad(P) =Pi/Rad(Pi ).

Since E i is simple Rad(Pi) is a maximal submodule of Pi.
We wish now to investigate projective modules in which the radical is a

maximal submodule. In this regard a module M R ~ 0 is called indecompos­
able, if it is not the sum of two proper submodules. If M R =0 or if M R is
the sum of two proper submodules, then M R is called decomposable (for
"directly indecomposable" see 6.6.1).

11.4.1 THEOREM. Let PR ~ 0 be projective. Then the following are
equivalent: .

(a) P is indecomposable, .
(b) Pis semiperfect and directly indecomposable,
(c) Rad(P) is a maximal and a small submodule ofP,
(d) Rad(P) is the largest proper submodule ofP,
(e) End(PR ) is local.
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Proof. "(a):::;> (b)": By 11.1.5 it has only to be shown thatP is complemented.
But by (a) every submodule of P different from P has P itself as adco.

"(b):::;> (c)": By 11.1.7 we have Rad(P) ~P. Since by 11.2.4 P/Rad(P)
is directly indecomposable, P/Rad(P) is not only semisimple but also simple,
thus Rad(P) is maximal in P.

"(c):::;> (d)": Let U '-+ P, U ~ Rad(P). Since Rad(P) is a maximal sub­
module, it follows that U +Rad(P) ;,. P. As Rad(P) ~ P it follows that
U =P. Thus (d) also holds.

"(d):::;>(e)": If 'P:P-+F is an epimorphism then it must split. By (d) it
follows that 'P is an automorphism. If 'Ph 'P2 E End(PR ) are not invertible
then they cannot in consequence be epimorphisms. Then we have

Im('Pt + 'P2) '-+ Im('Pt) +Im('P2) '-+ Rad(P),

thus 'Pt + 'P2 is also not invertible, i.e., End(PR ) is local.
"(e):::;> (a)": From P=A+B we obtain a commutative diagram

and for y := LA'P, where LA: A -+ P 'is the inclusion mapping we then have

Im(y) '-+ A, Im(lp-y) '-+ B (since x+B = 'P(x)+B for all x EP).

As I p =y+ (l p - y)! and since End(PR ) is local, y or 1-ymust be an
automorphism, thus we have A =P or B =P. 0

11.4.2 COROLLARY. If PR is a projective, semiperfect module then a
decomposition

exists, in which the Pi satisfy the properties of 11.4.1. The decomposition is
unique in the sense of the Krull-Remak-Schmidt Theorem (7.3.1).

For later use we wish to write down explicitly the result in the case of
a ring, bearing in mind 7.2.3.

11.4.3 COROLLARY. Let R be a semiperfect ring. Then there exists a
decomposition, unique in the sense of 7.3.1,

RR = etR EB •• •EBenR
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with the following properties:
(1) elo ... , en are orthogonal idempotents ;eO with

n

1= L e;.
;=1

(2) Rad(e;R) is the largest proper right ideal in ejR and Rad(ejR) =
ejRad(R).

(3) ejR is indecomposable.
(4) End(ejR) is local and End(ejR) == ejRej.

Proof. By 11.4.2 and 7.2.3 all is immediately clear except for the two
following aspects, which hold for arbitrary idempotents e E R: "Rad(eR) =
eRad(R)". By 9.1.5 we have Rad(eR) ~ Rad(R). Since x = ex for every
element x E eR it follows that Rad(eR) ~ eRad(R). On the other hand by
9.2.1 we have eRad(R) ~ Rad(eR).

"End(eR) == eRe": Multiplication of eR by an element eae E eRe
evidently involves the endomorphism

(eae)': eR 3 er~eaer E eR

of eR. We obtain therefore a ring homomorphism

r/J: eRe 3 eae~(eae)' E End(eR).

r/J is a "monomorphism": From eaer = eber for all er E eR there follows
for r =1: eae = ebe.

r/J is an "epimorphism": Let ex E End(eR); since eR is a direct summand
in RR' ex can be extended to an epimorphism of RR' Le. to a left multiplica­
tion by an element a E R :

ex (er) =a(er) = eaer,

the latter equality since aer E eR. Thus we have ex = (eae)'. o

Example. For R := 71../ n 71.., n > 1, we wish to set out explicitly the decomposi­
tion existing by 11.4.3. At the end of section 9.1 the radical and socle of
R were determined. We utilize here the previously employed notation. Let

._ n
ni .- ---;:no,pj I

i= 1, ... , k,

then obviously we have GCD(nll"" nk) =1. Consequently there are
all ... , ak E 71.. with alnl +... +aknk =1. Therefore itfollows that (aj, Pj) =1.
Let now

ej := ajn; +n 71.. E 71../ n 71...
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Then, it is asserted, RR =e1R EB .. .EBekR is the decomposition appearing
in 11.4.3. First of all it is clear that we have

el +.. .+ek =1 ER.

Further since n In;nj for i ;6- j we have

e;ej = 0 for i ;6- j.

Then it follows from el +... +ej =1 on multiplication bye; that
2e; =e;.

By 7.2.3 we then have

RR =e1R EB ... EB ekR.

It still remains to be shown that the e;R have local endomorphism rings.
The ring epimorphism .

has, by definition of the ei (note that (ai, Pi) = 1), the kernel p'("71., thus we
have

eiRe; == 7l./P '('I 7l..

As indicated in 9.1, we have further

Rad(71./p '('I 7l.) = p;71./p'('I71.,

and since

this is a maximal ideal in 7l./p'('I71.. Then Rad(e;Re;) is also a maximal ideal
and ~herefore' the largest proper ideal of eiRe;. By 11.4.1 it follows that
eiRe; is a local ring.

11.5 PROPERTIES OF NIL IDEALS AND
OF t-NILPOTENT IDEALS

For the investigation of perfect rings properties of nil ideals and of
t-nilpotent ideals are needed, which here are collected together.

There is first the question of "lifting" orthogonal idempotents modulo
a nil ideal. To this effect we recall that an element e E R is called an
idempotent if e 2 = e holds. An ideal A of R is called a nil ideal if every
a EA is nilpotent, i.e. there exists an n E~ (depending on a) with an =0.
In.9.3.8 it was shown that every nil ideal is contained in Rad(R).
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As groundwork for the lifting of idempotents we prove the following
.simple lemma.

11.5.1 LEMMA. Let b be an arbitrary element of a ring R and let R o be
the subring of R generated by 1 E Rand b.

(a) For arbitrary m, n EN we have

(b) Ifb - b2 is nilpotent then there is an idempotent e E R osuch that we have

e =bro, e - b = (b - b2)so with ro, So E R o.

Proof. (a) If Z[x] is the polynomial ring in the indeterminate x with
coefficients in Z. We have

1-x n- (1- x)m E (x - x 2)Z[x],

for x(1-x) =x _x2divides 1-xn-(1-x)m, since x =0 andx =1 are zeroes
of 1-x n- (1- x)m. Consequently there is a Zo E Z[x] such that we have

1 =xn+ (1-x)m +(x -x2)zo.

From the ring epimorphism Z[x]~R o with x~ b it follows that

1 = bn+(1- b)m + (b - b2)ro, ro E R o,

thus we have

R o= bnRo+ (1-b)mRo+ (b -b2)Ro

and then also R =bnR +(1-b)mR +(b -b2)R.
For the proof of the second equation in (a) it is immediately clear

that b n(1-b)mR ~bnRn(1-b)mR.Conversely let d=b nr=(1-b)msE
bnR n(1-b)mR (r, sER). Then from

d = (1-b)ms = (1-(7)b +(~)b2_+ )s

=s -b( (7) -(~)b +- )s

there follows an equation of the form

s=d+bros=bnr+bros with roERo.

If we substitute, in this equation on the right for s, the same equation
again, then it follows that

s=bnr+bro(bnr+bros)=bnrl+b2r~s with r2ER,
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where we use the fact that R o is commutative. If we continue inductively
in this manner, then after finitely many steps we obtain an equation of the
form s =bn t with t E R. Hence it follows that

d = (1-b)ms = (1-b)mb nt,

thus dE bn(1- b)mR, which was to be shown.
(b) Let (b -b2r =0, then (b -b2)Ro is a nilpotent ideal in R o (since R o

is commutative), thus we have (b - b2)Ro~ Rad(Ro) and consequently
(b -b 2 )Ro is small in R o•

From

it then follows that

thus as

we have in fact R o= bnRoffi (1- brR o.
Then by 7.2.3 an idempotent e E R o exists with

eRo= bnRo, (1-e)Ro=(1-brRo,

thus we have e =bro, ro E R o. Further it follows from (a) that

e-b =(1-b)-(1-e)E bRon(1-b)Ro= (b -b2)Ro,

thus e -b = (b -b2)so, soERo. 0

11.5.2 Definition. (a) Let A ~ RRR and let v: R ~R/A be the natural
ring epimorphism. We say that an idempotent e E R/A can be lifted to R
if an idempotent e E R exists with v(e) = e.

(b) We say that a set {eili E I} of orthogonal idempotents ei E R/A can
be lifted to R if a set {eili E I} of orthogonal idempotents ei E R exists with
v(ei) = ei for all i E 1.

11.5.3 THEOREM. Let A ~ RRR be a nil ideal. Then every finite or count­
ably infinite set of orthogonal idempotents ei E R/A can be lifted to R.

Proof by induction. Beginning of the induction: An idempotent e E R/A
can be lifted to R. Again let v:R ~R/A and let b ER with v(b)= e, then
it follows that

v(b _b2) =v(b)- V(b)2 =e - e = 0,
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thus b-b2 EKer(v)=A. By 11.5.1(b) there is an idempotent eER with
e - b = (b - b2 )so E A. It then follows that

0= v(e - b) = v(e) -v(b) =v(e) - E,

thus v(e) =E.

For the induction step now let

be finitely, or countably infinitely, many orthogonal idempotents from R/A.
Let et. ... , en be already determined as required. Then let c E R with
v (c) = En +1 and let

b:= (1-.t e;)c(1-.t e;).
,=1 ,=1

From the orthogonality of the et. ... , en we have therefore

and also

e;b = be; =0, i = 1, ... , n,

v(b) =(1-.t E;) En +1(1-.t E;) =En +1.
,=1 ,=1

By the initial induction step and 11.5.1(b) thereis an idempotent en +1 with

v(en +1) = v(b) = En +1,

As e;b = be; = 0 it follows that

by which the proof is completed.

en +1 = bro = rob.

i=1, ... , n,

o

We come now to the investigation of t-nilpotent ideals and repeat first
the definition previously given at the beginning of this chapter.

11.5.4 Definition. A set A of elements of a ring R is called left, resp.
right, t-nilpotent, if for every family

a k E ~ exists with

It is clear then that every left or right t-nilpotent ideal is a nil ideal. On
the other hand not every t-nilpotent ideal is indeed nilpotent. The t­
nilpotent ideals come between the nilpotent ideals and the nil ideals.
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11.5.5 THEOREM. The following are equivalent for a right ideal A '-i> RR:
(a) A is left t-nilpotent.
(b) For every module M R with.MA =M we have M =O.
(c) For every module M R we have.MA ~ M .

. (d) R(N)A ~ R(N) as right modules.

Proof. "(a)~ (b)": Suppose we have.MA =M and M -F O. Then an mlal -F 0
exists with mlEM, alEA. Let ml=I,mlal. Then mlal=I,mlalal and
hence there exists m2a2al -F 0, m2 E M, a2 E A.

Let m2 = I,m'ia'i. Then m2a2al = I,m'ia'ia2ab so there exists
m3a3a2al -F O. Inductively therefore we obtain a sequence (ab a2, a3, ...),
ai E A with anan-l ... al -F 0 for every n EN. Contradiction to the t­
nilpotence!

"(b)~(c)": Assume .MA+U=M. Then (M/U)A=M/U, so M/U=O
by assumption, whence U =M which was to be shown.

"(c)~(d)": (d) is a special case of (c).
"(d)~(a)": Let F:= R(N) as a right module with basis Xl, X2, X3, ....

Along with the sequence (al' a2, a3, ...) with at EA we consider the sub­
module

co

U= I, uiR
i=l

of F with Ul := Xi - Xi +1 a;, i E N. Obviously we then have FA + U = F, thus
by assumption U =F.

In particular we then have Xl E U, thus there is a representation

k

Xl = I, Uiri =Xlrl +X2(r2 alrl) +XJCr3 - a2r2) +...+
1=1

Hence by equating coefficients we have

o

11.5.6 COROLLARY. The following are equivalent for a ring R;
(1) Rad(R) is left t-nilpotent.
(2) Every projective right R-module has a small radical.
(3) As a right R-module R (N) has a small radical.

Proof. "(1)~(2)": This is a special case of (a)~(c) in 11.5.5, if we observe
that by 9.2.1 Rad(P) =P Rad(R) for a projective module P.
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"(2)~(3)": Clear.
"(3)~(1)": (d)~(a) in 11.5.5 on observing9.2.1(g). o

A further interesting characterization of t-nilpotent ideals arises with the
help of the annihilator conditions.

11.5.7 THEOREM. The following are equivalent for a right ideal A ~ RR :
(a) A is left t-nilpotent.
(b) For every module RM with TM(A) = 0 we have M = O.
(c) For every module RM we have rM(A) 4 RM.

Proof. "(a)~ (b)": Assume we have TM(A) = 0 a,nd M ¥- O. Then to every
o¥- m EM there is an a E A with am ¥- O. For a fixed 0 ¥- rna E M we obtain
inductively therefore a sequence (ab az, a3, ...), ai E A with

thus also anan-l ... al ¥- 0 for every n E~. This contradicts the assumption.
"(b)~ (c)": Assume that for X ~ M we have

then it follows that Tx(A) =0, thus X =O.
"(c)~ (a)": We show that 11.5.5(b) is satisfied. For M R ¥- 0 we shall show

that MA ¥- M. Let U:= TR (M), then U is a proper two-sided ideal in R.
Further let

H:= {xix ER i\Ax c U},

then it follows that U cHand

By (c) we have HI U 4 RI U, thus U cHand consequently MH ¥- 0,
but MAH c MU = O. We deduce therefore that MA ¥- M. 0

11.6 PERFECT RINGS

As announced in the preamble to this chapter we now come to the
investigation of perfect rings and first of all repeat the definition.

11.6.1 Definition. A ring is called right perfect (=RR perfect) : ¢::>. Every
right R-module has a projective cover.
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11.6.2 COROLLARY. The following are equivalent for a ring R:
(a) R is right perfect.
(b) R(N) is semiperfect as a right R-module.
(c) R is semiperfect and every free right R-module has a small radical.

Proof. "(a)~ (b)": Clear by definition.
"(b)~(c)": As a direct summand of Rt;>, R is semiperfect. By 11.1.7

Rt;) has a small radical so that by 11.5.6 every projective right R-module
has a small radical.

"(c)~ (a)": If R is semiperfect and if every free right R-module has a
small radical then by 11.3.3 every free right R-module is semiperfect. Since
every right R-module is the image of a free right R-module, every right
R-module is semiperfect, Le. R is right perfect. 0

In order to have an example of a perfect ring we take note that a right
artinian ring is perfect on both sides.

Thus let RR be artinian. Referring to 11.3.2 it was there established that
a right artinian ring is semiperfect. Since by 9.3.10 we have for every right
R-module and left R-module M

Rad(M)~M

the assertion follows from 11.6.2.
In this section we shall prove the theorem mentioned in the preamble

which we repeat for the sake of completeness.

11.6.3 THEOREM. The following conditions are equivalent for a ring R :
(1) R is right perfect.
(2) Every flat right R-module is projective.
(3) R satisfies the descending chain condition for cyclic left ideals.
(4) Every left R-module ,eo possesses a socle ,eo and R contains no

infinite set of orthogonal idempotents.
(5) RIRad(R) is semisimple and Rad(R) is left t-nilpotent.

Proof. We shall show successively (1)~(2)~(3)~(4)~(5)~(1).

"(1)~ (2)": By assumption every rightR-module, thus in particular every
flat right R-module has a projective cover. By 10.5.3 (with M = PI U)
every flat right R-module is then projective.

"(2)~(3)": Let

Ral +-' Ra2 +-' Ra3 +-' •••

be a chain of left ideals of R. As ai+l E Rai there is a bi+l E R with
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ai+1 =bi+1ai. It follows inductively, if we put b1=al, that

nEN.

The previous chain can consequently be presented in the form

and it is uniquely determined by the sequence bl, b2 , b3 , •••

We show in three steps: There is a left ideal A _ RR and an mEN with

Rbnbn- 1... b1=Ran = A

for all n;;;' m. Then evidently this is equivalent to having the original
sequence stationary.

Step 1. Let F := R (N) E M R with the basis

Xi := (0 ... a1 a...), i E N.
'--v--'

i places

Further let

co

B:= L (Xi- Xi+1bi)R-FR ,
i=l

then we have to show that F/B is flat. By 10.5.2 we show that for every
finitely generated left ideal L - RR we have

BnFL=BL.

We always have BL - B nFL and in order to prove the reverse inclusion
let dEB nFL, thus

n h

d = L (Xi - xi+1bi)ri = L liti'
i=l i=l

Since L is a left ideal, we obtain

Ii EF, li EL.

h k

d = L lili = L xjlj with lj E L.
i=l j=l

Equating coefficients yields

from which it follows successively that all ri E L, thus we have dE BL which
was to be shown.
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Step 2. By virtue of assumption (2) it now follows that FIB is projective.
Then the epimorphism

1J:F~FIB

splits and we deduce that F =B EB U. Now let

7T:F3b+u""':'UEF, bEB, UEU,

be the corresponding projection of F onto U ~ F (with codomain F!).
Then we have

kEN,

kEN,

from which by successive substitution we obtain

Zk = Zm+1bmbm-1 ... bk,

As 7T
2

= 7T we have finally 7T(Zk) =Zk, kEN.

m;;;ok.

Assertion. Let rR (zd be the right annihilator of Zk in R, then we have

rR (Zk) ={rlr E R /I bmbm- 1 ... bkr = 0 for an m ;;;0 k}.

That the set appearing on the right is contained in rR (Zk) follows immediately
from Zk = zm+1bmbm-1 ... bk. Now let r E rR (Zk), Le. Zkr = O. Then from

there follows an equation of the form

m

Xkr =Ykr = L (Xj - xj+1bj)r"
j=1

rjER, m ;;;ok.

Equating coefficients yields

r1 = r2 =... = rk-1 = 0,

rk =r,
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By substitution it follows that

by which the assertion is proved.

Step 3. In the sense of the definition of F =R (N) now let

Zk = (s~) = (s~s~ ...), kEN.

Let A be the left ideal of R generated by the coefficients s} of Zt:

A :=LRs};
i

since almost all s} = 0, A is finitely generated.

Assertion. There exists mo with Rbnbn- t ... bt =A for all n ~ mo. If this is
shown then obviously we have done with the proof of (2) =? (3).

In Step 2

mEN

was established, consequently we have for all i E N

s} = s'('+tbmbm_t ... bt ,

from which it follows that

mEN.

We have to show that for sufficiently large m the reverse inclusion holds.
From 'TT' = 'TT'2 it follows that Zj = 'TT'(Xj) = 'TT'2(Xj) 'TT'(Zj), and thus we obtain

(h)t . t
Zt=(Si)= .L S~Sj ,

I=t

where h is so chosen that we have sj = 0 for j ~ h; in addition we note
that from

h

Zt=LXjsj
j=t

it follows that

Zt = 'TT'(tr) =L 'TT'(Xj)sj =L zjSj =L L XiS{sj.
j j i j

Equating coefficients yields
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If we insert this into the preceding equation we deduce that

h h
1 '" h+1 b b b 1 h+1 '" b b b 1Si = '- Si h h-1'" jSj =Si '- h h-1 ... jSj'

j=l j=l

On the other hand since we have s} = s?+lbhbh_1. .. b1 it follows that

s?+l(.f bhbh- 1... bjs} - bhbh- 1... b1) = 0, i EN
J=l

thus

By Step 2 it follows that there is an mo'" h +1 with

bmobmo- 1' .. bh+1(.f bh... bjs} - bhbh- 1... b1) =0.
J=l

This implies that bmobmo-1 b1EA and consequently we also have

Rbn b1 ....,.. A for n'" mo.

"(3):? (4)": Let 0'" mE RM, then we have to show that Rm contains a
simple submodule. Suppose this were not the case, then every submodule
"'0 of Rm must contain a proper submodule "'0. Then there is therefore
an infinite chain

Rm ~ Rr1m ~ RrZr1m ~ ....

Consequently we have

R ~ Rr1 ~ RrZr1 ~ ...

in contradiction to the descending chain condition for cyclic left ideals.
Now we show that R cannot contain an infinite set of orthogonal idem­

potents. Namely if el, ez, e3, ... are orthogonal idempotents "'0 in R then,
as we shall immediately establish,

R ~ R(1-e1) ~ R(1-e1-ez) ~ ...

is a proper descending chain of cyclic left ideals in contradiction to the
assumption. Since

(1-e1 -ez - ... -en)(1-e1 - .. . -en-d = 1- el - .. .-en
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then it would follow on pre-multiplication by en that en =0 1..
"(4):::;>(5)": First of all in order to show that Rad(R) is left t-nilpotent,

by 11.5.7, it must be shown that for every left R-module M

But we always have

Soc(RM) ~ rM(Rad(R»

(for Rad(R)Soc(M) ~ Rad(Soc(M» =0), and because Soc(M) <4 M holds
by assumption, the assertion follows.

Since Rad(R) is left t-nilpotent and so is certainly nil it follows from
11.5.3 that R/Rad(R) cannot contain an infinite set of orthogonal idem­
potents.

For the further considerations we remark first of all that the left ideals
of R/Rad(R) coincide with the R-submodules of R(R/Rad(R», so that
every left ideal ,0:0 of R/Rad(R) contains a simple left ideal. For brevity
we put T := R/Rad(R).

Assertion. Every simple left ideal E ~ TT is a direct summand in TT.

Proof. Since Rad(R/Rad(R» = Rad(T) = 0, E is not small in TT, thus an
A ~ T exists with E +A = TT. Since E is simple, it follows that En A = 0
(since otherwise E ~ A :::;> A =T), thus E EBA =T T.

We now construct a sequence of orthogonal idempotents which in accord­
ance with the assertion at the beginning must break off after finitely many
steps. Let E 1 ~ TT, then there is an idempotent el with E 1 = Tel and

TT=E1 EBA 1 (=Te 1EBT(1- el».

If A 1 =0 then TT is simple and we are done. If A 1 ,o: 0 then by assumption
there is a simple left ideal E 2~ A 1• Let TT ~E2EBU2, then it follows by
the modular law that A 1 =E2EB(A 1 n U2). If now-we put A 2 := A 1 n U2 it
follows therefore that
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If we continue inductively in this way, then we obtain a sequence of
decompositions

n = 1, 2, 3, ...

with A n- l =En EBAm n =2, 3, ... , which then only breaks off if An = 0
occurs. But then TT is semisimple and the proof is complete.

By 7.2.3, to the sequence of direct decompositions there corresponds a
sequence of orthogonal idempotents

n = 1, 2, 3, ...

with an-l = en +am n =2,3, ... (Le. with respect to the splitting of an-l
into the idempotents en and an the orthogonal idempotents ell ... , en-l do
not change!) Since as asserted the sequence el, e2, e3,' .. must break off,
the case an = 0 must hold, thus An = Tan = 0 happens.

"(5)~(1)": By 11.3.2 and 11.5.3 R is semiperfect. By 11.5.6 for every
free right R-module F, we have

Rad(FR) ~FR'

Then it follows by 11.3.3 that every free and therefore every right R-module
is semiperfect. But this implies that RR is perfect. 0

Hence the proof of Theorem 11.6.3 is complete. The rings characterized
by this theorem are of interest in various respects. We shall return later
many times to them. Here let it be emphasized once more that for every
right R-module over a right perfect ring R all statements concerning
semiperfect modules are at our disposal. In particular for every projective
module over such a ring we have the decomposition property 11.4.2
(Krull-Remak-Schmidt) .

11.6.4 COROLLARY. For a right perfect ring R we have:
(a) Every noetherian left R-module is artinian.
(b) Every artinian right R-module is noetherian.
(c) If RR is noetherian then RR is artinian.

Proof. (a) Let RM be noetherian, then every submodule and every factor
module is again noetherian. Consequently the socle of any factor module
of M is finitely generated. Since by 11.6.3(4) the socle of an arbitrary left
R-module is large in the module, by 9.4.4 RM is artinian.

(b) Let M R be artinian and let U - MR. Then U' is artinian, thus
U/Rad(U) is semisimple and artinian and consequently finitely generated.
Since R is right perfect we have (by 11.1.7) that Rad(U) ~ U, and by

. 9.4.1 it follows that U is finitely generated. But this means that M is
noetherian.
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(c) By 9.3.7 Rad(R) is nilpotent. Since moreover R/Rad(R) is semi-
simple, 9.3.11 yields the assertion. 0

11.7 A THEOREM OF BJORK

By 11.6.3 a ring is right perfect if and only if it satisfies the descending
chain condition for cyclic left ideals. The question then arises as to whether
it also satisfies the descending chain condition for finitely generated left
ideals. That this is in fact the case, is the content of the following theorem
(J.-E. Bjork, [32]).

11.7.1 THEOREM. Let R be an arbitrary ring. Every R-module which
satisfies the descending chain condition for cyclic submodules also satisfies
this condition for finitely generated submodules.

Proof. We recall first of all that the descending chain condition for cyclic,
resp. finitely generated, submodules is equivalent to the minimal condition
for cyclic, resp. finitely generated, submodules. As an abbreviation we
denote the descending chain condition for cyclic, resp. finitely generated,
submodules by (C) resp. (F). The proof is set out for right R-modules and
is subdivided into several steps.

Step 1. Assertion: In the set of the submodules of an arbitrary module,
satisfying (F), there is a maximal element. The proof is obtained with the
help of Zorn's Lemma. Let M be an arbitrary module and let :!/P be the
set of submodules of M that satisfy (F). Then we have 0 E:!/P and f!lP is
ordered by c. Let ;;C ,e. 0 be a chain from :!/P. Then

V:= U U
UeX

is an upper bound of :I{ in :!/P. For if Vb ••• , Vn E V; then a U E:I{ exists
(since ;;C is a chain) with Vb ••• , Vn E U. Consequently every finitely gener­
ated submodule of V is already contained in a U E ;;C. Hence every descend­
ing chain of finitely generated submodules of V is already contained in a
U E;;C and consequently is stationary. Thus in fact we have V E:!/P. By
Zorn's Lemma a submodule A ~M, maximal in :!/P then exists. If A =M
then we are done. Therefore in the following let A be properly contained
inM.

Step 2. Now let M R be a module which satisfies (C). Since A ~ M the
set of cyclic submodules mR, m EM with mR Ii: A is not empty. By assump­
tion there is in this set a minimal element yoR.
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Assertion: Uo := A +YoR satisfies (F) in contradiction to the maximality
of A. In order to see this let

Ul~ U2~ U3~'"

be a descending chain of finitely generated submodules of Uo• If we have
Ui ...,.. A for an i then by assumption on A this chain is stationary. Hence
let Ui It: A for all i =1, 2, .... In every ~ there is then a cyclic submodule
uR with uR It: A. Then by assumption with respect to urlt: A there exists a
minimal cyclic submodule YiR cUi. In this sense for every i = 1, 2, ... let
a fixed Yi be chosen.

Step 3. Assertion: If Ui =Ai +YiR holds with Ai ...,.. A, then it follows that
Ui = Ai +Yi+1R for i = 0, 1,2, .... As Yi+l E Ui+l ...,.. Ui it follows that Yi+l =
a +Yir with a E A, r E R. As Yi+l eA we also have Yire A and consequently
YirR It: A. Since YiR is minimal in ~ with respect to uR It: A, it follows that
YirR =YiR, thus there is an r' E R with Yirr' =Yi. Then it follows that
Yi+lr' = ar' +Yirr' = ar' +Yi, thus we have Yi = ar' - Yi+lr' with ar' E Ai' Hence
altogether as Yi+l E Ui we deduce that Ui =Ai + yiR =Ai +Yi+1R.

Step 4. By induction we show:

Ui=Ai+YiR ,

with

i =1, 2, 3, ...

A ~Ai ~Ai+l

and with Ai being finitely generated.

Proof. By assumption every U i+1 , i =0, 1,2, ... is finitely generated. Let
Vll . .. , Vnbeasetofgeneratorsof Ui+l. Let now Ui =Ai +YiR with Ai ...,.. A,
then it follows by the third step that Ui+l ...,.. Ui =Ai +Yi+1R, thus we have
Vj = aj +Yi+lrj with aj E Ai, rj E R. It follows that aj = Vj - Yi+lrj and so
all ... , an> Yi+l is a set of generators of Ui+1. With Ai+l := a1R +...+anR
the assertion then holds. As a beginning for the induction Uo=A +YoR is
available.

Step 5. Since the condition (F) is satisfied for A, the sequence

Al~A2~A3~'"

is stationary. Thus there is an n with

An = A n+i, i = 1,2,3, ....

Then it follows that

Un = An +Yn+1 R =A n+1+Yn+1R = Un+1
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and by induction we deduce that Un = Un+i, i = 1, 2,3, .... Thus the
sequence U1 oE-' Uz oE-' U3 oE-' •• , is also stationary. Hence the assertion
given in the second step is proved and the proof of Bjork's theorem is
cODlplete. 0

11.7.2 COROLLARY. The following are equivalent for a ring R:
(1) R is right perfect,
(2) every left R-module satisfies the descending chain condition for finitely

generated submodules.

Proof. "(1)~ (2)": Every descending chain of cyclic subDlodules of a module
RM can be written in the form

Rm oE-' Rrlm oE-' RrZrlm oE-' Rr3rZrlm oE-' ••••

Since by 11.6.3 RR satisfies (C), the chain

R oE-' Rrl oE-' RrZrl oE-' Rr3rZrl oE-' •••

is stationary and consequently the preceding chain is also stationary. Thus
(C) holds for RM and by 11.7.2 then (F) also holds.

"(2)~ (1)": By assumption RR satisfies the condition (F), thus also (C)
and then (1) follows by 11.6.3. 0

11.7.3 COROLLARY. If R is right perfect and B is a two-sided ideal of A
then R/B is also right perfect.

Proof. By 11.7.2 (C) is satisfied for R(R/B). Since B is a two-sided ideal,
R/B is also an (R/B)-left module and the submodules of R(R/B) and
R/B(R/B) coincide. Thus (C) is also satisfied for R/B(R/B). By 11.6.3 it
follows that R/B is right perfect. 0

Obviously in this proof 11.7.1 is not used, but only 11.7.2 for the
condition (C). Interesting corollaries of 11.7.1 in which not only (C) but
also (F) must be used' are still outstanding.

EXERCISES

(1)
For an integral domain R with quotient field K show:
(a) If R is not a field then K as an R-module does not have a. projective

cover.
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(b) If R is not local and if M R is indecomposable then M R does not have
a projective cover.

(c) If R is not local and M R is semiperfect then M = O.

(2)
(a) If A and A <:BB have projective covers then so also has B.
(b) Let R be an integral domain with exactly n maximal ideals (n ;;;. 2).

Show:
(1) The R-module M:= RIRad(R) is semisimple and has 2n sub­

modules.
(2) Only two submodules of M have projective covers.

(3)

Let R be a local principal ideal domain, but not a field. Show for M R :

(a) Then M has a projective cover if and only if it is the direct sum of
a projective and a finitely generated R-module.

(b) Then M is semiperfect if and only if it is finitely generated. (Hint:
The quotient field is countably generated as an R-module.)

(4)
(a) Give an example of a complemented module M with a non-comple­

mented submodule U.
(b) If M =A +B and if A and B are complemented then so also is M
(c) If M is finitely generated and if· every ·maximal submodule in M has

an adco, then M is itself complemented.

(5)
(1) Show the following are equivalent for a module M R with Rad(M) i=

M:
(a) M is indecomposable.
(b) For every X ~ M MIX is directly indecomposable.
(c) Rad(M) is a maximal and a small submodule of M
(d) Rad(M) is the largest proper submodule of M
(e) For all m eM either mR ~ M holds or mR =M

(2) Let M i= 0 be semiperfect and let g: P ~M be a projective cover.
Show that M then satisfies the equivalent properties of (1) if and only if
P satisfies the equivalent properties in 11.4.1.

(6)

. (1) Show that a projective module PR is semiperfect if and only if it
satisfies the two following conditions:
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(i) Every submodule which is not small contains a direct summand
different from zero.

(ii) Every submodule contains a maximal direct summand.
(2) Show that a finitely generated module M with property (ii) already

satisfies the maximal condition for direct summands.

(7)
Show that the following are equivalent for a projective module PR :

(a) S =End(PR ) is semiperfect.
(b) Pis semiperfect and satisfies the maximal conditipn for direct sum­

mands.
(c) Pis semiperfect and finitely generated.

(8)
(1) Show that the following are equivalent for a ring R:

(a) Every finitely generated right ideal has an adco in RR.
(b) Every cyclic right ideal has an adco in RR.
(c) R =R/Rad(R) is a regular ring and to every idempotent e ER
there is an idempotent e E R with e= e.

(2) If RR is injective then R satisfies the equivalent conditions in (1).
(3) R is semiperfect if and only if the equivalent conditions in (1) are

satisfied and R contains no infinite set of orthogonal idempotents.

(9)
Show: If A is a two-sided ideal of a ring R which is left or right t-nilpotent
and which is finitely generated as a left or right ideal then A is nilpotent.

(10)
For a ring R define the left R-mopule K = (RR)O =Homz(R, Q/71.). Show:

(a) RK is an injective cogenerator.
(b) A right ideal A <-;> RR is left t-nilpotent if and only if we have:

lKN(A) ~KN.
(c) If K N has a large socle then the radical of R is left t-nilpotent. Give

an example in which the converse does not hold.

(11)
Show for a ring R: (a) A projective module PR has a small radical if and
only if P.Rad(P) as a right module has a projective cover.

(b) The radical of R is left t-nilpotent if and only if the right R-module
(R/Rad(R)rl has a projective cover.

(c) R is right perfect if and only if every semisimple right R-module has
a projective cover.
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(12)
It is to be shown: If R(N) is a direct summand in R N (as a right R-module)
then R is right perfect. For this purpose let Ral ~ Ra2 ~ ... be a descend­
ing sequence of cyclic left ideals, let b1 := al, bi+1a, = ai+l, and define

Zk := (0, ... , 0, bk, bk+lbk, bk+2bk+1bk, ...) ERN with bk in the kth place.

Show:
(1) Zl = (al, a2, ... , ak, 0, ...)+Zk+lak for all k E~.

. (N) N
(2) If we decompose Zk = Uk +Vk E R EB V = R , then we have Vl =

Vk+lak for all k E~.

(3) If the co-ordinates of Ul from the place m are equal to zero then
we have Ram = Ram+l = ...

(13)
Let K be a field, let V by a vector space over K with countably infinite
basis Xl, X2, ••• and let S = EndK (V). Further let

Vo := 0,
n

Vn := L xiK,
i=l

n~l,

then define

N := {f E Sldim(Imn< 00 A f( Vn+d e Vn for all n ~ O}.

Show:
(1) N is a subgroup of S with N 2 eN.
(2) N is left t-nilpotent but not right t-nilpotent.
(3) A e S is a subring admitting multiplication by a scalar then R := A +

N is a subring of S with Rad(R) =Nand R/Rad(R) ===K (as rings).
(4) R is a local ring which is right perfect but not left perfect.
(5) SOC(RR) = O.

(Hint: First show [seN) =0.)

(14) .
Show: A ring R is semisimple if and only if the endomorphism ring of
PR =R(N) is regular.

(Hint: First show: End(PR ) is regular=? R is right perfect because in the
proof of Theorem 11.6.3 B is the image of an appropriate endomorphism
of P.)



Chapter 12

Rings with Perfect Duality

12.1 INTRODUCTION TO AND FORMULATION OF THE
MAIN THEOREM

Let a ring R be called a ring with perfect duality if the right and left
R -modules have the same duality properties as vector spaces over a field,
thus the best possible duality properties. In this respect we have to put the
finitely generated or finitely cogenerated R -modules in the place of the
finite-dimensional vector spaces.

The question arises as to the characterization of rings with'perfect duality.
This question originated from J. Dieudonne, who asked it for artinian rings
(1958). Here it is considered for arbitrary rings. In order to be able to
formulate the answer (12.1.1) we must first of all develop some concepts.

Let R be an arbitrary ring. By the dual module to an arbitrary module
MR we understand

M*:= HomR (MR, RR),

in which in consequence of the definition

(rep(m):= rep (m), rER, ep EM*; m EM,

M* is a left R-module (see 3.8.2).
If M =RM is a left R-module, then M* is a right R-module in con­

sequence of the definition

(epr)(m) = ep(m)r resp. (m)(epr) = ((m)ep )r,

according as the homomorphisms are written on the left or right of the
argument.

307
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For every A <-;> MR the orthogonal complement A 0 of A in M* is defined
by

Then as we see easily, we have A 0 <-;> RM*.
For X <-;> RM* on the other hand let

X.L:={mlmEMA'v'~EX[~(m) OJ}.

Then it follows that X.L - MR.
For every module MR there exists the homomorphism

IPM :MR ~!tI'i*,

defined by

IPM(m)(r,o):= r,o(m), mEM,r,oEM*.

In the most favourable case IPM is an isomorphism and M is then called
reflexive (3.8.3). It is well known that every finite-dimensional vector space
is reflexive.

The most important results of this chapter will now be presented. They
serve as guiding principles for the following considerations in which we
prove these results step by step. In the formulation of these results we
understand by an R -module, either a right or a left R -module.

12.1.1 MAIN THEOREM. The following are equivalent for a ring R :
(1) Every finitely generated R-module is reflexive.
(2) Every cyclic R-module is reflexive.
(3) Every finitely cogenerated R-module is reflexive.
(4) For every R -module M and every submodule A ofM we have A = A 0.L.
(5) RR and RR are cogenerators.
(6) RR is a cogenerator and RR is injective.
(7) RR is a cogenerator and RR is injective.
(8) RR and RR are injective and to every simple R-module there is an

isomorphic ideal in R. t

12.1.2 Definition. A ring, which satisfies the conditions of 12.1.1, is called
a ring with perfect duality.

12.1.3 COROLLARY. IfR is a ring with perfect duality then R is semiperfect
and both RR and RR are finitely cogenerated.

t The latter property is also named in the literature after the author.
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In the Main Theorem conditions (1) to (4) have to do with concepts of
duality whereas conditions (5) to (8) connect cogenerator and injectivity
properties.

The corollary asserts that for rings with perfect duality all results over
semiperfect rings (from Chapter 11) and over finitely cogenerated modules
are at our disposal.

In the following considerations we shall not only provide the lemmas
for the proof of the preceding results but we shall also prove results which
are of independent interest and such as are needed in the next chapter.

12.2 DUALITY PROPERTIES

Let R be an arbitrary ring and let f: A R ~MR be an arbitrary R­
homomorphism. Then let

be defined by

As

!*(cp):= cpf, cp EM*.

!*(rlCPl + rzcpz) = (rlCPl + rzcpz)f = rl(cpl!) + rz(cpz!) = rl!*(CP1) + rz!*(cpz)

!*, as constructed, is an R-homomorphism. We call f* the dual homo­
morphism to f. We now bring together some simple properties of dual
homomorphisms.

12.2.1 PROPOSITION. Letf:AR~MR,fo:MR~AR and g:MR~WR be
homomorphisms. Then we have

(a) (gf)*=!*g*,fof=lA=?!*f~ =n=lA +.

(b) f is an epimorphism =?!* is a monomorphism.
(c) If RR is injective, then we have: f is a monomorphism =? f* is an

epimorphism.
(d) If RR is a cogenerator, then we have: !* is a monomorphism =? f is

an epimorphism, f* is an epimorphism =? f is a monomorphism.

(e) If a~ A!..".M ~W ~ a is a split exact sequence (3.9.1) then
g+ r

O~ W*~M*~A*~O

is also a split exact sequence.
(f) If Ri< is injective then along with the exact sequence
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the sequence

is also exact.

12 RINGS WITH PERFECT DUALITY

g* r
O-i> W*~M*~A*-i>O

12.2

Proof. (a)

(gf)*(w) = w(gf) = (wg)f = f*(wg) = f*(g*(w)) = (f*g*)(w)::";> (gf)* = f*g*.

li(a) = a l A = a == l A*(a)::";> 1i= l A*::";> (fof)* = f*f~ = li = l A*.

(b) From f*( qJ ) = qJf = 0 it follows that qJ (f(m)) = 0 for all m EM. If !is
an epimorphism then it follows that qJ (M) = 0, thus qJ = O.

(c) Let a EA * be given. Since RR is injective a qJ EM* exists with
a = qJf = f*(qJ)·

A f )M

·1 /,;/
RI<

(d) Let f* be a monomorphism, i.e. from f*(qJ) = qJf = 0 it follows that
qJ = O. Suppose f were not an epimorphism, then, since RR is a cogenerator,
aTE (M/lm(f))*, T cf: 0, would exist. Let now 11 : M -i> M/lm(f) then letting
qJ:=TlIEM*, qJcf:O and qJ(Im(f))=O, then qJf=O, thus f*(qJ)=O, thus
qJ =0 ~.

Let f* be an epimorphism. Suppose f were not a monomorphism.
Since RR is a cogenerator, there is an a EA * with a (Ker(f)) cf: O.
Let qJ EM* with a = f*(qJ) = qJf, then it follows that 0 cf: a (Ker(f)) =
qJ(f(Ker(f))) =0 ~.

(e) Since the sequence splits, there is (by 3.9.3) a homomorphismfo: M -i>
A, go: W -i> M with fof = lA, ggo = 1w. Therefore it follows from (a) that

lA*=f*f~, lw*=g~g*.

Thus f* is an epimorphism, g* is a monomorphism and in the sequence

g* r
O-i> W*~M*~A*-i>O

both Im(g*) and the Ker(f*) are direct summands in M*. It remains to
show the exactness at the position M* where only the exactness of the
original sequence but not however its splitting is used.

From gf = 0 it follows that

(f*g*)(w)=wgf=O forall wE W*,
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thus we have Im(g*) C Ker(f*). Now let [*(f,O) = f,Of= 0, Le. f,O(f(m» =0 for
every m EM. Consequently we have

Ker(g) =Im(f)~Ker(f,O).

In the diagram

f g
A--~)M )w

cpi """"
"w

"""II-

R

an wE W* exists by 3.4.7 with f,O =wg =g*(w), thus we also have

Ker(f*)~ Im(g*).

(f) By (b) g* is a monomorphism and by (c) [* is an epimorphism. As
in the preceding proof it follows that Im(g*) = Ker(f*). 0

Obviously the corresponding statements hold on changing the sides.
These considerations are now to be applied to

There then holds

<Pt-:RM***~RM* with <PUr) =r<PM' r EM***.

Further we have to consider

12.2.2 LEMMA. Let R be an arbitrary ring and let MR be an arbitrary right
R-module. Then we have:

(a)

and consequently

<PM- is a monomorphism,

<Pt- is an epimorphism,

RM*** = Im(<PM-)EBKer(<Pt-).

(b) If <PM is an epimorphism then <PM- is an isomorphism, i.e. M* is
reflexive.
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(c) For an arbitrary homomorphism f: A R --'» M R

fA-------'»)M

~Al l~M
f**

A*:"----~)M**

is commutative.
(d) RR is a cogenerator if and only if for every module M R <PM

is a monomorphism.
(e) Let RR and RR be injective. Then for every exact sequence

the sequence

is also exact and the diagram

is commutative.

Proof. (a) Let cp EM*, then first of all we have

For m EMit follows that

(<PM*(CP )<PM )(m) = <PM*(CP )(<PM(m)) =<PM(m)(cp) = cP (m),

thus (<Pt<I>M*)(CP) = cP, and thut> <Pt<I>M* = 1M *.
(b) If <PM is an epimorphism then it follows by 12.2.1(b) that <Pt is a

monomorphism. By (a) <Pt is then an isomorphism and <PM* is the inverse
isomorphism.



12.2 DUALITY PROPERTIES 313

(c) For a EA and tp EM* we have

((r*lPA)(a»(tp) =(lPA(a )r)(tp)

= lPA(a)(r(tp» = lPA(a)(tpf)

= tp(f(a» = lPM(f(a»(tp)

= ((lPMf)(a»(tp),

thus r*lPA = lPMf.
(d) From lPM(m)=O it follows that tp(m)=O for all tpEM*, thus

mEn Ker(tp). If RR is a cogenerator then we have
cpeM*

n Ker(tp)=O
rpeM rfl

thus m = O. The converse is clear.
(e) From 12.2.1(f) the exactness of

r* g.*
O...,..A**~M**~W**"""O

follows and from 12.2.2(c) the commutativity of the indicated
diagrams. 0

From our considerations so far the following theorem, which is of interest,
immediately arises and later has other important applications.

12.2.3 THEOREM
(a) Let R be an arbitrary ring. If

is a split exact sequence of right (or left) R-modules then we have: Mis
reflexive if and only ifA and Ware reflexive.

(b) Let RR and RR be injective cogenerators. If

is an exact sequence of right (or left) R-modules then we have: Mis reflexive
if and only ifA and Ware reflexive.

Proof. (a) By assumption and 3.9.3 (b) there are homomorphisms fo, go with
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for which
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O~A~M~W~O
fo go-

12.2

is also exact and splits. The diagram

f g

o~ A

j

;::::;:::!r.o M

j
~ W

j
~ 0

<l>A <l>M 4>w

f.... g ....

O~A**E==!M**~W**( ~O
fc~· g~.

then has by 12.2.l(e) split exact rows and by 12.2.2(c) is commutative.
Let M be reflexive. Since now <PM is an isomorphism and f is a

monomorphism, as <PM! =I**<PA' <PA must also be a monomorphism.
Analogously we see that <P w is also a monomorphism. The assertion that
<PA and <P w are in fact isomorphisms now follows from 3.9.2.

Let now A and W be reflexive. In order to be able to apply 3.9.2 again,
it must be shown that <PM is a monomorphism. Let m EKer(<PM), then since

g**<PM =<pwg

and since <Pw is an isomorphism it follows that

mE Ker(g) =Im(t).

Thus there is an a EA with
f(a) =m.

Therefore it follows that

0= <PM(m) = <PM (f(a)) = (<PMf)(a) = (f**<PA)(a).

Since 1** and <PA are both monomorphisms it follows that a =0, thus also
m = O. Since consequently <PM is a monomorphism, the assertion follows
from 3.9.2.

(b) By assumption 12.2.2(e) holds. In the diagram in 12.2.2(e) <PA' <PM
and <P w are monomorphisms by 12.2.2(d). The assertion follows then from
3.9.2. 0

12.2.4 COROLLARY. Let R be an arbitrary ring.
(a) If A ==:.M then 'it follows: M is reflexive if and only if A is reflexive.

n

(b) Let M R = EB M i , then we have: M is reflexive if and only if all M;,
i=1

i =1, ... , n are reflexive.
(c) Every finitely generated projective R-module is reflexive.
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Proof. (a) Let f: A R~M R be the given isomorphism. Then

is a split exact sequence and the assertion follows from 12.2.3(a).
(b) It suffices to prove the assertion for n =2 since it then follows for

arbitrary n entirely by induction. For n =2 it follows from 12.2.3(a) on
reflecting upon the split exact sequence

in which T is the inclusion of M 1 in M =M 1 (f)M2 and 7T is the projection
ofMontoM2 •

(c) Since RR is reflexive, by (b) every finitely generated free R-module
is reflexive. (We see this also directly as for vector spaces on using a dual
basis.) Consequently every finitely generated projective module is reflexive
as a direct summand of a finitely generated free module. 0

12.2.5 COROLLARY. For an arbitrary R-module we have:
(a) If M is reflexive, then all modules M*, M**, ... are also reflexive.
(b) If M* is not reflexive then none of the modules M**, M***, ... is

reflexive.

Proof. (a) This follows from 12.2.2(b).
(b) By (a) it suffices to show: If M*** is reflexive then so also is M*.

By 12.2.2(a) M* is isomorphic to the direct summand Im(<PM.) of M***.
If M*** is reflexive then it follows by 12.2.4 that M* is reflexive. 0

To conclude these duality considerations we prove a lemma which gives
information on the reflexivity of cyclic modules.

12.2.6 LEMMA. For A ~RR we have:
(a) Ji:R(R/A)*3rp~rp(I)ER(lR(A» with I:=l+AER/A is an

isomorphism.
(b) <PR/A is a monomorphism ¢::>rR1R (A) =A.
(c) Let p :RR ~ lR(A)* be defined by

p(r)(x):=xr,

then p is a homomorphism for which the diagram
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R ) R/A

'1 1··"
IR(A)*

h*
) (R/A)**

is commutative (in this, h is the isomorphism from (a)).
(d) <PR/A is an epimorphism if and only if p is an epimorphism.

Proof. (a) It is clear that h is an R-homomorphism. Let h(cp)=cp(1)=O,
then it follows that

cp (i') = cp (Ir) =cp (l)r =0, r E R,

thus cp =0, Le. h is a monomorphism. Let x E lR (A) then cp E (R/ A)* with
h (cp ) = cp (I) = x is defined by

cp: R/A 3 f~xrER.

Thus h is also an epimorphism.
(b) For f E R/A we have

f E Ker(<PR/A)¢:><PR/A(f)(cp) = cp (f) = cp (l)r =° for all cp E (R/A)*

¢:> r E TR1R (A) (by (a)). Therefore the assertion follows.
(c) For r E Rand cp E (R/A)* we have

(h*p(r))(cp) =(p(r)h)(cp) =p(r)(cp (I)) =cp(l)r

and also

(<PR/AvCr))(cp) =<PR/A(f)(cp) = cp (f) = cp (l)r,

thus we conclude that h*p =<PR/AlJ.
(d) Since h* is an isomorphism and lJ is an epimorphism the assertion

follows from h*p =<PR/AlJ. 0

Having become conversant with duality concepts we apply ourselves first
of all to other considerations which likewise are needed for the proof of
the Main Theorem and which to some extent find application also in the
next chapter.

12.3 CHANGE OF SIDE

We treat here of the question as to the manner in which given properties
of MR carryover to sM where S:= End(MR).
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12.3.1 LEMMA. LetR be an arbitrary ring, let x, y EMR , letS :=End(MR ),

let yR s; xR and let xR be contained in an injective submodule ofMR. Then
Sx is isomorphic to a submodule of Sy (as a submodule of sM). If Sy is
simple then it follows that Sy s; Sx.

Proof. Let qJ : yR ~ xR be the given isomorphism. Further let
xR ~ OR ~MR with injective OR. Then a commutative diagram exists:

where tl, t2, t3 are the corresponding inclusion mappings. For So:= t31' E S
we then have

qJ(yr) =soyr, r E R.

Let ro, r1 E R be determined by

qJ(y) =soy =xro,

then it follows that

tp: Sx 3 sx I--'J>sxro =sSoY E Sy

is an S -homomorphism.
Suppose sxro = 0 then it follows that

sxrOr1 =ssoyr1 = sx =0,

thus tp is a monomorphism. Since from xR s; yR we have either x =y =0
or x ,e 0 " y ,e 0 it follows finally from the simplicity of Sy that Sy s; Sx. 0
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12.3.2 LEMMA. Let S:=End(MR ), let x EM, let xR be simple and let xR
be contained in an injective submodule Q of MR. Then Sx is a simple
submodule of sM

Proof. We show that for arbitrary sox 'i' 0, So E S it follows that

Ssox =Sx.

Since xR is simple and sox 'i' 0, soxR is also simple and

xR 3 xr~ soxr E soxR

is an isomorphism. Let

7 :soxR ~xR

be the inverse isomorphism, then a 'P exists so that the diagram

is commutative, where 71, 72, 73, are the corresponding inclusion mappings.
If we put to:= L3'P then we have to E Sand tosox =7SoX =x, thus SSox =Sx,
which was to be shown. 0

12.4 ANNIlllLATOR PROPERTIES

In this section we examine the annihilator properties of R. As abbrevi­
ation in place of lR(A) resp. rR(A) we write only l(A) resp. r(A). We have
already become acquainted with such an annihilator property in 12.2.6
where it was a question of characterizing the reflexitivity of cyclic modules.
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12.4.1 LEMMA. If CR is a cogenerator then we have for every A ~RR:

rlc(A)=A.

Proof. From the definition of annihilator it follows that

A~rlc(A).

Let rER, reA, then by assumption there is a

T: (R/A)R ~ CR with T(r+A) #- O.

Let now

p:R ~R/A,

then it follows that

0= TP(A) =TP(l)A,

thus TP(l) E Ic(A), and also TP(l)r =TP(r) =T(r+ A) #- 0, thus re rlc(A).
Hence we have rlc(A)~A; thus in conclusion the assertion. ' 0

Mostly this lemma is applied in the case CR =RR where rl(A) =A is
then briefly written.

12.4.2 THEOREM

(a) If RR is injective then we have:
(1) for arbitrary A ~RR, B ~RR: I(A nB) = I(A) + I(B);
(2) for arbitrary finitely generated C ~ RR: Ir(C) = C.

(b) If conditions (1) and (2) in (a) are satisfied then every homomorphism
of a finitely generated right ideal ofR into R is obtained by left multiplication
by an element from R.

Proof. (a) Obviously we always have I(A) + I(B)~/(A nB). Let now x E
I(AnB),

cp: A+B 3a +b~xbER

is an ,R-homomorphism (for a+b=al+b1=?a-al=b1-bEAnB=?
xb1=x(a -al)+xb =xb).

Since RR is injective, there is ayE R with cp (a +b) =y(a +b) =xb. In
particular 0 =cp(a) = ya holds for all a EA, thus y E I(A). Further it follows
that for all b EB

cp (b) = yb =xb,

thus z :=x - y E I(B). Therefore it follows that x = y +Z E I(A)+/(B), from
which (1) is proved.
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For the proof of (2) let C =RCl +...+RCn ~ RR. Trivially we have

rC~l RCi) = fJ r(Rci)

and by successive applications of (1) it follows that

lrC~l RCi) ={rJ. r(RCi)) = i~l lr(Rci)'

In order to obtain (2) it must only be shown that

lr(Rc) =Rc, CER.

Trivially we have Rc ~ lr(Rc). Let now b E lr(Rc), then it follows that
r(c) ~ r(b) and hence

is a homomorphism which, since RR is injective, is obtained by left multipli­
cation by an a ER. In particular we then have ac = b, Le. b ERc, thus
lr(Rc)~Rc, which was still to be shown. .

(b) The assertion is established by induction on the number n of the
generating elements of a finitely generated right ideal.

n =1: Let fP: aR ~ RR be a homomorphism. Since from ar =0 there
follows also fP(ar) =0 = fP(a)r, we have r(a)~ r(fP(a)). Hence we obtain

r(Ra) ~ r(RfP(a))

and by (2) it follows that

RfP (a) = lr(RfP (a)) ~ lr(Ra) =Ra.

Thus there is acE R with fP (a) = ca and consequently we have

fP(ar) = fP(a)r = car,

which was to be shown.

Inference from n to n +1: Let

n+l

fP: L aiR~RR
i=l

be a homomorphism, then by induction assumption there are Ct. C2 ER so
that we have
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By (1) it then follows that

Cl - Cz E I(Jl aR n an+1R) =letl aiR) + I(an+1R),

Le. there are

with Cl - Cz = S - t. Let C := Cl - S = Cz - t then it follows that

n n+l

=(Cl - s) L airi + (cz - t)an+lrn+l =C L airi,
i=l i=l

thus cp is obtained by left multiplication by c. Hence (b) is also proved. 0

12.4.3 COROLLARY. If RR is noetherian and if the conditions (1) and (2)
in 12.4.2 are satisfied then RR is injective.

Proof. Since RR is noetherian every right ideal of R is finitely generated.
Then the assertion follows from 12.4.2(b) and Baer's Criterion. 0

12.5 INJECTIVITY AND THE COGENERATOR
PROPERTY OF A RING

The cogenerator property of RR is in general independent of the injec­
tivity of RR (see Exercises 13, 14). In order to obtain the equivalence of
these properties additional conditions are required.

As a preparation for the corresponding theorem we need a lemma.

12.5.1 LEMMA. Let R be an arbitrary ring.
(a) Let Pt, Pz be projective right R-modules with small radicals. Then we

have:

P1=Pz~PdRad(Pl)=Pz/Rad(Pz).

(b) Let Ot, Oz be injective right R-modules with large socles. Then we
have:
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Proof. (a) Let cp :PI ~ Pz be the given isomorphism. Since

cp(Rad(PI )) =Rad(Pz)

cp induces an isomorphism

q;: Pt!Rad(PI) :3 PI +Rad(PI)~ cp (PI) +Rad(Pz) E Pz/Rad(Pz).

The converse follows from 5.6.3 for PI ~ Pt!Rad(PI ) and Pz~ Pz/Rad(Pz)
are projective covers.

(b) Dual to (a). 0

We come now to a theorem which is of independent interest. It can be
considered as' a one-sided weakening of the Main Theorem as mentioned
at the beginning.

12.5.2 THEOREM. The following are equivalent for a ring R:
(1) RR is a cogenerator and there are only finitely many isomorphism

classes of simple right R-modules.
(2) RR is a cogenerator and every simple left R-module is isomorphic to

a left ideal of R.
(3) Every module MR with TR (M) =0 (i.e. MR faithful) is a generator.
(4) Every cogenerator of MR is a generator.
(5) RR is injective and finitely cogenerated.
(6) RR is injective, semiperfect and has a large soc/e.

Remark. A ring with the properties of the theorem is denoted in the
literature as a right PF-ring. G. Azumaya posed the so far unanswered
question as to whether a right PF-ring is also a left PF-ring.

Proof of 12.5.2. We show (2)::}(3)::}(4)::}(5)::}(6) together with (6)::}
(2) /\ (1), (i)::} (6).

"(2)::} (3)": Since RR is a generator it suffices by 3.3.2 to show that

T:= L Im(cp)=R.
<pEHomR(M;R)

Since M*=HomR(M,R) is a left R-module, T is also a left ideal. Now
let z E TR (T), then it follows for every mE M and cp E M* that

cp(mz) = cp(m)z =0,

thus Mz c n Ker(cp).
cpeM*,...
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Since RR is a cogenerator we have

n Ker(cp) =0,
<peM* .

thus Mz =O. Since by assumption rR (M) =0, it follows that z =0, thus
rRT = O. Suppose T # R, then there is a maximal left ideal A ~ RR with
T ~A ~ R. By assumption there is an Rx~ RR and an isomorphism

a:R/A::Rx.

Then it follows for all a E A that

0= a(O) = a(ii) = aa(I),

thus O#a(I)ErR(A)~rR(T)=O '1.
Consequently T =R must hold, which was to be shown.
"(3)=?(4)": From 12.4.1 it follows for A=O that every cogenerator is

faithful. Then by (3) it is a generator.
"(4)=?(5)": The cogenerator

Co= 11 Qj
jeJ

which is minimal in the senseof 5.8.6(b), is by assumption a generator.
By 5.8.2 RR is then isomorphic to a direct summand of a direct sum of

copies of Co and, by the definition of Co, also of copies of Qf> j E J. Since
R = 1R is cyclic, R is isomorphic to a direct summand of a finite direct sum

n

Q:= 11 Qi with QiE{QjjjEJ}.
i=l

Since Q is injective, RR is injective. By the definition of Qj =I(Ej ) (see
5.8.6) and by 9.4.3 Q is finitely cogenerated and then so also is RR as an
isomorphic image of a direct summand of Q.

"(5)=?(6)": It has only to be shown that RR is semiperlect. From 9.4.3
we have

n

RR = EB I(Ei) with simple Ei.
i=l

As Ei~1(Ei), I(Ei) is directly indecomposable. By 7.2.8 End(I(Ei)) is then
local and by 11.4.1 I(Ei ) is semiperlect and then by 11.3.4 so also is RR.

"(6) =? (2) II (1)": By assumption we have

SOC(RR)~ RR.

Since by 12.3.2
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and since by 9.2.1(a) and (b)

Soc(RR)~ rR (Rad(R)),

it follows that

rR (Rad(R)) 4 RR.

Now let E be a simple left R -module and let U ~ RR with E == R/ U.
Since R is semiperfect (by 11.3.2 on both sides!) there is by 11.1.2 a
decomposition

RR =R1EBR2

with R2~ U,R1n U~Rl' Let now

with idempotents el, e2 =1-el. A1> R 2~ U it follows from the modular
law that we have

U = (R1n U)EBR2,

in which R 1 n U ~ Rad(R 1) ~ Rad(R) holds.
A1> e~ =e2,e 1 (since R 2~ U,e R) and r =e2r +(1- e2)r for r E R it fol­

lows that

rR(Re2) = (1-e2)R ,e O.

As R 1n U~Rad(R) we have

rR(Rad(R))~rR(Rln U)~RR'

Since, as established at the beginning, rR(Rad(R))o4RR it follows that
rR(R1n U)o4RR from which it follows that

O,e rR(R 1 n U) nrR(Re2) = rR((R1n U) +Re2) = rR(U).

Now let

o,e a E rR(U),

then it follows that lR (a) = U, since U is maximal in RR. Therefore it
follows that

Ra ==R/U==E,

i.e. for every simple left R -module R contains an isomorphic left ideal.
Let now

with Ral~ RR be a set of representatives for the isomorphism classes of
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simple left R-modules. Since R is semiperfect, by 9.3.4, this is finite. Since
RR has a large socle every right ideal aiR contains at least one simple right
ideal which can be written in the form aibiR, i = 1, ... , n. If we now put
Ci := aibi then it follows, since Rai is simple, that Rai :;RCi and consequently

is a set of representatives for the isomorphism classes of simple left R­
modules. If we nOw suppose that CiR :; cjR then it follows by 12.3.1 that
RCi =i'i5Rcj thus i = j. Consequently (by 9.3.4)

is a set of representatives for the isomorphism classes of simple right
R-modules. Since RR is injective we deduce from 5.8.6 that RR is a
cogenerator. Therefore (1) and (2) are proved.

"(1):::;> (6)": Since RR is a cogenerator there is (by 5.8.6) a set of rep­
resentatives of the isomorphism classes of simple right R -modules of the
form

with aiR ~ Oi ~RR where Oi is an injective hull of aiR. Since aiR is simple
and aiR ~ Oi, Oi is directly indecomposable. Since Oi is a direct summand
of RR' Oi is projective. By 7.2.8 and 11.4.1 Fi := OJRad(Oi) is simple and
Rad(oa 4 Oi. From 12.5.1 it then follows that Fl, ... , Fn form again a set
of representatives for the isomorphism classes of simple right R -modules.
Since

Vi: Oi...,.,.OJRad(Oj)=FI

is a projective cover of FI, we deduce from 11.3.5 that RR and then also
RR (by 11.3.2) are semiperfect. Let

n

RR=ffiAi
i=l

be a decomposition of RR in the sense of 11.4.2, then for a suitable j
Ai/Rad Ai:;Fj thus by 12.5.1 Ai:; OJ. Consequently RR as a finite direct
sum of injective modules is itself injective. Since OJ is the injective hull of
the simple ideal ajR, we have ajR ~ OJ and consequently ajR =
Soc(Oj)~ OJ. As Ai:; OJ we then also have SOC(Ai)~Ai and Soc(Ai) is
simple. By 5.1.8 and 9.1.5 it follows that

n

SOC(RR) = ffi Soc(Ai)~ RR.
i=l

Therefore (1):::;>(6) is proved. o
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12.5.3 COROLLARY. If RR is a noetherian cogenerator then RR is injective
and semiperfect and has a large soc/e.

Proof. Since RR is n<;>etherian SOC(RR) is finitely generated and has thus
only finitely many homogeneous components. Since RR is a cogenerator
it follows that only finitely many isomorphism classes of simple right
R -modules exist. The assertion then follows from 12.5.2. 0

12.6 PROOF OF THE MAIN THEOREM

We now prove the Main Theorem 12.1.1 as given in the introduction
by the following scheme.

(5) <:? (8),
(5) II (8)~ (6) II (7),
(6)~(5), (7)~(5),

(5) II (8)~ (1) II (3),
(1)~(2)~(8),

(3)~ (5),
(5)<:?(4).
"(5)~(8)": By (5) 12.5.2(2) is satisfied on both sides. By 12.5.2 (8)

then follows.
"(8)~(5)": Clear by 5.8.5(a).
"(5) II (8)~ (6) II (7)": Clear.
"(6)~ (5)": It must be shown that RR is a cogenerator. To this end we

first show that RR is complemented. Let A ~ RR and let B ~ RR be an
intersection complement of I(A). i.e. I(A) n B =0 with B maximal in this
equality. Since RR is injective it follows by 12.4.2 (on interchanging the
sides) that

R = r(O) = r(l(A) nB) = rl(A) +r(B).

Since RR is a cogenerator it follows by 12.4.1 that

R =A+r(B).

In this r(B) is minimal: Let U~r(B), then A+U=R~I(A)nl(U)=
I(A+ U) = I(R) =0; as U~r(B) we have B ~ lr(B)~I(U) and so I(U) =
B from the maximality of B in I(A)nB=O; from B=I(U)~r(B)=

rl (U) = U by 12.4.1. Since R by 11.1.5 is thus semiperfect, there are by
9.3.4 only finitely many isomorphism classes of simple right R-modules.
Therefore 12.5.2(1) is satisfied. By 12.5.2(2) and since RR is injective, RR
is a cogenerator.

"(7)~(5)": Analogously.
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We have therefore proved (5)¢;>(6)¢;>(7)¢;>(8); this is the part of the
Main Theorem not referring to the Duality properties.

"(5) /I (8)¢;>(1) /I (3)": Since every finitely generated module is an epi­
morphic image of a finitely generated free module, (1) follows from 12.2.4(c)
and 12.2.3(b). Now letAR be finitely cogenerated, then there is by 9.4.3
(since every Oi from I (A) = 0 EEl ... EEl On can be mapped monomorphically
into RR) a monomorphism of A into a finitely generated free R -module.
12.2.4(c) an<;l12.2.3(b) yields as before the assertion.

"(1):::;' (2)": Clear.
"(2):::;' (8)": By Baer's Criteriop. we have to show that RR is injective.

Let B ~ RR; then we have by 12.2.6 (applied to R(R/B»lr(B) =B. If we
now apply 12.2.6 to A = r(b)~RR then it follows that to every homomorph­
ism T of RB = lr(B) into RR there is an 70 E R with T(X) =X70. By Baer's
Criterion RR is injective. Analogously we see that RR is injective. Now let
E R be simple and let A ~RR with

R/A==ER.

By 12.2.6 as A = rl(A) we have I (A) ,p O. Let 0 ,p x E I (A) then it follows that

xR==R/A==E,

which had still to be shown. Analogously for RR simple.
"(3):::;' (5)": If E R is simple and OR is an injective hull of E R then OR

is finitely cogenerated. Since OR is reflexive there is a tp E 0* with tp (E) ,p O.
As E*~O it would follow in the case Ker(tp),pO that on the other hand
E ~ Ker(tp). Thus we have Ker(tp) =0, i.e. tp is a monomorphism. Therefore
it follows that RR is a cogenerator. Analogously for RR. (In this proof in
place of (3) we have only used the fact that the injective hulls of the simple
modules are torsionless.)

"(5):::;'(4)": By definition we have A~A°J.. Since RR is a cogenerator,
for every mEM, meA there is a tpEM* with tp(m),pO and tp(A) =0.
There~ore it follows that tp E A ° and meAoJ., thus A oJ.~A. Analogously
for the left side.

"(4):::;'(5)": LetMR be arbitrary. Then OO=M* follows and

O=O°J.= n Ker(tp),
<pEM·

thus RR is a cogenerator. Analogously for RR.
Hence the Main Theorem is completely proved. o

It remains finally to prove Corollary 12.1.3. This follows directly from
12.5.2 on using the fact that a ring with perfect duality satisfies the
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conditions of 12.5.2 on both sides (e.g. we see immediately that 12.1.1(5)=::;>
12.5.2(2)).

12.6.1 APPENDIX. Let R be a ring with perfect duality. Then we have for
every R-module M: For every A ~M the homomorphism

is an isomorphism.

Proof. By definition r/J is a monomorphism. As we see easily r/J is an
isomorphism for all M R and all A ~M R if and only if RR is injective.
Namely if r/J is an epimorphism for all A ~ RR then this means that Baer's
Criterion is satisfied, i.e. that RR is injective. Conversely if RR is injective
then every element of A * can'be continued to one such of M*. 0

In conclusion the following properties are to be pointed out. By 12.2.5
we have for every R-module M: If M is reflexive then so also is M* and
if M** is' reflexive then so also M*. If R is a ring with perfect duality then
in fact from the reflexivity of M* the reflexivity of M follows. Namely let
M* be reflexive, then it follows by 12.2.2(a) that ct>t is an isomorphism.
By 12.2.1(d) ct>M is then an isomorphism, thus M R is reflexive.

In the next chapter we return to the duality properties. The quasi­
Frobenius rings considered there are rings with perfect duality, which are
artinian on both sides (it suffices to assume noetherian on one side).
However there are rings with perfect duality that satisfy no chain condi­
tions (see Exercise 11). In the case of artinian rings further' additions
can be made to the charactefizations of perfect duality, as, for example,
that the duals of all simple modules are again simple (see, for this,
Exercise 12).

EXERCISES

(1)
Show:

(a) If MR is reflexive, if A ~M R , A o-L =A and t *:M*...,.. A * is surjective
then A is also reflexive.

(b) If MR is reflexive, if A ~MR , A o-L =A and t *: M**...,.. A 0* is surjective
(corresponding to t : A D

...,.. M*) then AIM is also reflexive.
(c) Construct a reflexive module M R and a submodule A ~MR so that

neither A nor MIA is reflexive.
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(2)
Let (Mi liE 1) be a non-empty family of right R -modules. Show:

(a) There is a commutative diagram

ill(Mt»*--/(_·_~)m(Mf»*

·1 1·
mMi)** ) IT (Mt*)

.u~,r rn.~,
11 Mi -----~) IT Mi

in which Land /( :11(Mt )~ fi(Mt) are inclusion mappings.
(b) If 1 is finite then we have 11Mi is reflexive if and only if all Mi are

reflexive.
(c) If RR is a cogenerator or is injective and if 11Mi is reflexive then

almost all (Le. all up to finitely many) Mi are equal to zero.
(Hint: In the first case /(* is a monomorphism, in the second an epi­

morphism).

(3)
For an arbitrary M let Y be a finitely generated submodule of M* and
let a E Y*. Show: If RR is a cogenerator then there is an m EM with
a =IPM(m)1 1':

(4)
Let MR be given. If ((mi, Ui)li E 1) is a non-empty family with mi EM and
Ui"-"'M, then m EM is called a solution (of the family) if m -mi E U; for
all i E 1 holds. The module MR is called linearly compact if every finitely
soluble family ((mi, Ui)li E 1) (Le. soluble for every finite subset 10 c. 1) has
a solution. Show:

(a) If RR is a cogenerator then MR is linearly compact if and only if MR
is reflexive and RR is injective with respect to M* (the latter means: For
every monomorphism a :RY ~ RM* and homomorphism {3 :RY ~ RR there
is a 1': RM*~ RR with (3 = l'a; see Chapter 5, Exercise 21).

(b) R is a ring with perfect duality if and only if RR is a cogenerator
and RR is linearly compact.

(c) If R is a ring with perfect duality then an R-module is reflexive if
and only if it is linearly compact.
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(5)

12.6

Show:
(a) Every artinian module is linearly compact.
(b) Every linearly compact module is complemented (i.e. for every

submodule an addition complement exists).
(Hint: The proof for the existence of an intersection complement may

here be dualized).
(c) The converse holds neither in (a) nor in (b).
(d) If M = iEB1Mi is linearly compact then almost all Mi are equal to zero.
(e) If M is linearly compact and if A~M then A and M/A are also

linearly compact.
(f) If M is linearly compact and if Rad(M) is small in M (resp. Soc(M)

is large in M) then M is finitely generated (resp. finitely cogenerated).
(g) If R is a non-local principal ideal domain then every linearly compact

R -module is artinian.

(6)
A non-empty family ((mi' Ui)!i EI) with mi EM and Ui~M is calledprojec­
tive if I is directed (i.e. is provided with an ordering ~ so that for arbitrary
i, j EI there is a k EI with i ~ k, j ~ k) and for i ~ j both Uj ~ Ui and
mj - m; E Ui hold. Show:

(a) M is linearly compact¢::}every projective family from M has a sol­
ution in M.

(b) If A ~M and if A and M/A are linearly compact then so also is M.

(7)
Show: If R is injective on both sides then for every finitely generated
R-module M, M* is reflexive.

(Hint: Use Exercise l(a).)

(8)
If R is an integral domain with quotient field K then we define

Rank(MR):=dim~M~K). Show:

(a) Rank(M) =Rank(M/ T(M)), where T(M) is the torsion submodule
ofM.

(Hint: KR is flat.)
(b) Rank(M) =O¢::}M = T(M).
(c) Rank(M)<oo and A ~M::;'Rank(A)<oo 1\ Rank(M/A) <00 1\

Rank(M) =Rank(A) +Rank(M/A).
(d) T(M) =O¢::}there is a free submodule A of M with A <4M. If

A == R (I>, then Rank(M) =.Card(I).
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... ,

(e) If M is generated by n elements then we have Rank(M):% n.
(f) Rank(M) < co =? Rank(M*) :% Rank(M) /I reflexive M*.

(9)
Let RR be a cogenerator. Show:

(a) Soc(RR) 4 RR.
(Hint: For 0'" x ER choose a maximal right ideal which contains rR (x).)
(b) Soc(RR) ~SOC(RR)'
If in addition, SOC(RR) has only finitely many homogeneous components

then we have further
(c) rR(Rad(R)) = Soc(RR) = SOC(RR) = lR(Rad(R)).
(d) rR1R (Rad(R)) =Rad(R) = lRrR (Rad(R )).

(10)
Let T be a commutative ring and let M T be aT-module. Then a commuta­
tive ring R := Id(MT) is defined in the following manner:

(1) R:= M x T as a set.
(2) Addition in R is componentwise: (m, t)+(m', t'):=(m+m', t+t').
(3) Multiplication in R: (m, t)(m', t'):= (mt' +m't, tt').

The unit element of this ring is then (0, 1). Show:
(a) x = (m, t) is invertible resp. nilpotent in R ~ t is invertible resp.

nilpotent in T.
(b) Rad(R)=MxRad(T).
(c) Soc(R) = Soc(M) x (Soc(T) n rT(M)).
(d) R is perfect resp. semiperfect if and only if Tis.
(e) R is noetherian resp. artinian if and only if T and M T are.

(11)
Let T be a commutative ring and let M T be a faithful T -module (Le.
rT(M) =0). For the ring R = Id(MT ) defined in Exercise 10 show:

(a) RR is injective~MT is injective and to every cp EEnd(MT)there is
atE T with cp (m) = mt for all m EM

(b) RR is a cogenerator~RR is injective and M T is a cogenerator.
(c) Let T be a complete discrete valuation ring with quotient field K

and let M T := K/ T. Show: R is a ring with perfect duality but R is not
noetherian.

(12)
(a) Let R be a commutative local ring with finitely generated socle and

let E be a simple R -module. Show: '

E* ==En
, E** ==E

n
\

where n := Le(Soc(R)) (Definition 3.5.4).
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(b) Show: IfK is afield and if M K :=Kn(n ;;;.1) then theringR = Id(MK ),

defined in Exercise 10, is commutative, local and artinian and Le(Soc(R)) =
n.

(c) Show: If R is a commutative local ring then the following are
equivalent for the simple R-module E:

(1) E is reflexive.
(2) E* is simple.
(3) Soc(R) is simple.

(d) Let T be a non...;complete discrete valuation ring with quotient field
K and let M T := K/ T. Show: R = Id(MT ) (see Exercise 10)' satisfies the
conditions in (c), but R is not a ring with perfect duality.

(13)
Show:

(a) R is semisimple¢::>Rad(R) = 0 and for every simple right R-module
there is an isomorphic righ! ideal in R.

(b) If R is an infinite product of fields then RR is injective but not a
cogenerator (see also Chapter 5, Exercise 11).

(14)
Let K be a field and let R be the K -algebra with the basis
{I, uo, Ub U2, ... , eo, eb e2, ...} and the multiplication

UiUj = 0,

Show:
(1) For x =1k +L Uiki +L eihi E R, where k, ki, hi E K we have

(a) x is left invertible¢::>x is right invertible¢::>k .,e 0 A k + hi.,e 0 for
all i = 0, 1, 2, ... .-
(bJ x E Rad(R) ¢::> ic = 0 = hi for all i ¢::> x 2= 0¢::> x is nilpotent.
(c) x E centre of R ¢::> ki = 0 =hi for all i.

(2) (a) (Rad(R))2 = O.
(b) TR(Rad(R)) =Rad(R) = lR(Rad(R)).
(c) Soc(RR) = Rad(R) = SOC(RR)'
(d) R/Rad(R) as a ring is commutative and regular.

(3) For the maximal resp. simple ideals of R we have
(a) The maximal right ideals are precisely

TR (uo), TR (Ul), TR (U2),

They are all two-sided ideals and are also precisely all the maximal
left ideals.
(b) The simple right ideals are precisely

uoR,
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They are all two-sided ideals and are also precisely all the simple
left ideals.
(c) uoR, u1R, uzR, ... is a set of representatives of the simple right
R-modules.

co

(d) A:= L ejR is a maximal left ideal in Rand R/A, Ruo, RUb
j=O

Ruz, ... is a set of representatives of the simple left R -modules.
There is no left ideal of R isomorphic to R/A.

(4) For all i;;;.Owe have:
(a) ejRej is ring isomorphic to K, in particular ej is a local idempotent.
(b) ujR is the unique non-trivial submodule of ejR and ejR/ujR ==
Uj+1R.
(c) ejR is injective and consequently RR is a cogenerator.
(d) RR is not injective.

(Hint for (c)): If A~.RR,fEHomR(A,ejR) and b ER f may be
continued to A +bR if and only if there is agE HomR (bR, ejR) so
that f and g coincide on An bR. Show that this procedure is also
feasible for b =ej, j ;;;. 0 and b =1-ej-l - ej (putting e-l = 0).)

(15)
Show for a ring R :RR is a cogenerator if and only if the injective hull of
every finitely cogenerated R -module is projective.



Chapter 13

Quasi-Frobenius Rings

13.1 INTRODUCTION

In the following presentation of QF-rings we pursue a direction opposite
to that of their historical development. In the historical development there
were considered first in the representation theory of finite groups-more
or less explicitly-group rings of finite groups with coefficients in a field.

Let R := OK be such a group ring where

are the elements of the group O. Then the mapping

n

({J: R 3 L giki~k1EK
i=1

is a K-homomorphism of R into K, Le. ({J ER*:= HomK(R, K). This
homomorphism ({J has the essential property that Ker(({J) contains no right
or left ideal different from O. By means of this property ({J is essentially
uniquely determined (Le. up to multiplication by regular elements from R
on the right) and is called the Frobenius homomorphism. Since R * is a right
R-module, ({JR ~ R'k and for a Frobenius homomorphism it follows in fact
that ({JR =R*. Then

<1>: RR 3r~({JrE({JR =R'k

is an R-isomorphism and conversely every R-isomorphism

<I>:RR ~R'k

yields, in the form ({J := <1>(1), 1 E R, a Frobenius homomorphism ({J :RK ~
KK. After it had become clearer in the course of the development that

334
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many attractive properties of group rings depend only on the existence of
a Frobenius homomorphism cp or-what is equivalent-of an isomorphism
ct>, the existence of such a cp resp. ct> in regard to a finite-dimensional
K-algebra RK was incorporated in the definition of a Frobenius algebra

, (even if formulated originally in the context of representation theory, T.
Nakayama, 1939).

The next essential step in the development was taken in removing the
algebra property. As is easy to see, it follows for a Frobenius algebra by
use of cp resp. ct> that the following annihilator equations hold: .

rR1R (A) =A for all A ~ RR

'RrR (B) =B for all B ~ RR.

(Orthogonality relations between a finite-dimensional vector space and its
dual space!) By an additional condition on dimensions the Frobenius
property of the algebra follows again conversely from the annihilator
equations. In these annihilator equations the algebra properties no longer
appear.

A two-sided artinian ring, which satisfied the annihilator equations, was
then called a quasi-Frobenius ring and-with an additional condition-a
Frobenius ring (T. Nakayama, 1941).

On this basis a plethora of results on quasi-Frobenius and Frobenius
rings was established.

An important new impulse stimulated the development with the coming
into use of categorical and homological concepts. This led on to to-day's
situation in which we have the following results:

A ring is a quasi-Frobenius ring, i.e. is artinian (and hence also
noetherian) on both sides and with the annihilator conditions satisfied if
and only if it is noetherian on one side and is injective or a cogenerator
on one side.

This will be the'main theorem of the following analysis. Since accordingly
a quasi-Frobenius ring is on both sides an artinian (and noetherian) injective
cogenerator, there is at our convenience all of the structure that we have
proved up till now for artinian and noetherian modules as well as for rings
with perfect duality. '

13.2 DEFINITION AND MAIN THEOREM

We prove rather more than is mentioned in the introduction. In place
of lR resp. rR we write in the following only I resp. r.
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13.2.1 THEOREM. LetRR be noetherian, then we have:
(a) The following conditions are equivalent:

(1) RR is injective.
(2) RR is a cogenerator.
(3) RR is injective.
(4) RR is a cogenerator.
(5) 'VA...,.. RR[rl(A) =;A] 1\ 'VB...,.. RR[lr(B) =B].

(b) If the conditions in (a) are satisfied then R is artinian on both sides.

13.2.2 Definition
(1) A ring which satisfies the conditions of 13.2.1 is called a quasi­

Frobenius ring.
(2) A ring R is called a Frobenius ring if it is quasi-Frobenius and we have

Obviously a ring with perfect duality is accordingly a quasi-Frobenius ring
if and only if it is noetherian on one side.

We divide the lengthy proof of 13.2.1 into several propositions, some
of which are also of interest in themselves.

13.2.3 PROPOSITION. If RR is injective and noetherian then R is artinian
on both sides.

Proof. Since RR is injective by 12.4.2 we have lr(C) = C for all finitely
generated left ideals C ...,.. RR. Since RR is noetherian, then R satisfies the
descending chain condition for all finitely generated and in particular for
all cyclic left ideals. Consequently by 11.6.3 RR is perfect. Then 11.6.4
implies that RR is artinian. Therefore it follows from lr(C) =C that RR
satisfies the ascending chain condition for finitely generated left ideals. We
reflect that RR is then indeed noetherian. If this Were not the case then
an ideal B ...,.. RR would have to exist which would not be finitely generated.
To every finitely generated subideal of B there is then a proper larger
finitely generated subideal. In B there may be defined inductively an infinite
properly ascending chain of finitely generated subideals in contradiction
to the previous statement. Since R is thus also right artinian and left
noetherian it follows from 9.3.12 that RR is also artinian. 0

13.2.4 PROPOSITION. If RR is noetherian and (5) of 13.2.1 holds, then
RR is injective and R is artinian on both sides.
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Proof. We wish to apply 12.4.3. For that purpose we have to show for
right ideals A and B of R that

I(A nB) = I(A)+ I(B).

By (5) we have

rl(A nB) =A nB =rl(A) nrl(B) =r(l(A) +l(B)),

in which the last equality is easily verified. By application of I it follows
therefore that

I(A nB) = lr(l(A) +1(B)) = I(A) +1(B).

From 12.4.3 we deduce then that RR is injective. The rest follows from
13.2.3. 0

13.2.5 PROPOSITION. If RR or RR is noetherian and we have

rl(A) =A or lr(A) =A

for every two-sided ideal A of R then Rad(R) is nilpotent.

Proof. It suffices to exhibit the proof for the case rl(A) =A since in the
other case everything proceeds analogously. Put N:= Rad(R), then
N ~ N 2

~ N 3
~ ••• and consequently

I(N) ~ I(N2
) ~ I(N3

) ~ •••

is also a chain of two-sided ideals. Since RR or RR is noetherian this chain
is stationary, i.e. there is an n with

I(N") = I(N"+l).

Therefore we have

N" = rl(N") = rl(N"+l) =N"+l.

Since RR resp. RR is noetherian, N'k resp. RN" is finitely generated so
that by 9.2.1(d) N"+l ~ N" follows. The last two relations together imply
that N" =0, which was to be shown. 0

13.2.6 PROPOSITION. If RR is injective and RR is noetherian then RR is
a cogenerator and R is artinian on both sides.

Proof. Since RR is noetherian every left ideal of R is finitely generated.
From 12.4.2 and 13.2.5 it follows then that Rad(R) is nilpotent. From
9.6.2 we deduce for QR =RR that R := R/Rad(R) is regular. Since RR 'is
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noetherian RR is noetherian and because of this RR is also noetherian.
Then 10.4.9 indicates that every left ideal of R is a direct suminand of
R, Le. R is semisimple. Consequently by 11.6.3 R is perfect on both sides
and by 11.6.4 RR is artinian. Since RR is perfect by 11.6.3 (4), SOC(RR)
is large in RR. From 12.5.2 it then follows that RR is a cogenerator. By
12.4.1 we then have rl(A) =A for all A y. RR. Since RR is noetherian it
follows therefore that RR is artinian. 0

Proof of 13.2.1. Since (b) follows from 13.2.4 only (a) has to be shown.
"(1)~(2)": By 13.2.3 RR is artinian, thus also noetherian. Then the

proposition follows from 13.2.6.
"(2)~ (5)": By 12.5.3 RR is injective and by 13.2.3 RR is noetherian.

Since RR is a cogenerator by 12.4.1 we have rl(A) =A for all A y. RR.
Since RR is injective and RR is noetherian by 12.4.2 we have also lr(B) =B
for all B y. RR, thus (5) holds.

"(5)~ (1)": By 13.2.4.
"(5)~(3)": From (5) and as RR is noetherian it follows that RR is

artinian thus also RR is noetherian. Hence we obtain (3) from 13.2.4.
"(3)~ (4)": By 13.2.6. .
"(4)~(5)": From (4) and as RR is noetherian it follows from 12.4.1

that RR is artinian and hence is· also noetherian. Then the proposition
follows as "(2)~(5)". 0

13.3 DUALITY PROPERTIES OF QUASI·FROBENIUS RINGS

The quasi-Frobenius rings can be characterized under noetherian rings
by means of the conditions in 12.1.1. To the conditions in 12.1.1 further
characterizations can now be added by duality properties. In so doing we
take over the notations of Chapter 12.

As a lemma for further considerations we first establish how finiteness
conditions carryover to the dual module.

13.3.1 LEMMA. Let M R be finitely generated, then we have for
M* := HomR(MR, RR):

(a) If RR is noetherian then RM* is noetherian.
(b) If RR is artinian then RM* is of finite length (i.e. artinian and

noetherian ).

n

Proof. (a) If first of all F := E9 x;R is a finitely generated free right R-
;=1
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module with basis Xl, ••. ,Xn then (as in the case of a vector space)

F* = ffi R8. with 8.(x.) = {O for i ¥-j
i=l' I 1 1 for i =j

is a free left R-module with basis 81, ... ,8n • Since RR is noetherian by
6.1.3 RF* is also noetherian. Now let

and let

n n n

'11: F = EB XiR 3 L Xiri~ L mjri EM,
i=l i=l i=l

then, since 11 is an epimorphism,

is a monomorphism. Since RF* is noetherian, in consequence, RM* is also
noetherian.

(b) Follows from (a) and 6.1.3. 0

If R is artinian on both sides then it follows, from 13.3.1 together with
the results of Chapter 6, that for every fi~itely generated right or left
R-module M all submodules and factor modules of M and of M* are of
finite length. Use is made of this in the following without explicit mention.
Further recall that Le(M) is the length of the module M (= length of a
composition series of M) (Definition 3.5.4).

13.3.2 THEOREM. The following are equivalent for a two-sided artinian
ring R:

(1) R is quasi-Frobenius.
(2) Dual modules of simple right and simple left R-modules are simple.
(3) For every finitely generated right R-module and every finitely generated

left R-module we have: Le(M) =Le(M*).

Proof. "(1)~ (2)": Let E R be simple, then, since RR is a cogenerator, there
is a monomorphism /.L : E R ..,.. RR; thus E* := HomR (ER, RR),e. O. Now let
O,e. a E E*, then we have to show that E* =Ra holds, i.e. that E* is simple.
Since E R is simple and a ,e. 0, a must be a monomorphism. Since RR is
injective for every gE E* there exists a commutative diagram
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where rb is left multiplication by an ro E R. Thus g= roo: holds and con­
sequently E* =Ro:. Analogously for the left side.

"(2)~(1)": We show that the annihilator conditions 13.2.1 (5) are
satisfied. The proof follows from two steps.

Step 1. Assertion: Let A y. B Y. RR and let B/A be simple, then
I(A)/I(B) is simple or O.

Proof. As is easily verified,

f: I(A)/I(B)~(B/A)*

with

f(x + I(B))(b +A) := xb, xE/(A),bEB

defines a monomorphism. Since (B/A)* is simple by assumption the asser­
tion follows. Evidently the corresponding statement holds also for left
ideals.

Step 2. Let now A y. RR. Then there is a composition series of RR which
contains A:

(i) -_.-... O-=Ao y. ••• y. Am =R.

In addition consider the series

(ii) R = 1(0) oE-' I(Al) oE-' ••• oE-' I(R) =O.

By the first step it follows that

Le(RR) ~ Le(RR).

Since everything is symmetric with regard to sides we also have Le(RR)~
Le(RR), thu~ Le(RR) =Le(RR) follows. Consequently (ii) must be a compo­
sition series of RR. Likewise

0= rl(Ao) y. ••• y. rl(Am) =R

is then also a composition series of RR. Since by assumption (i) is a
composition series and Ai y. rl(Ai), i =1, ... ,m, holds it follows that



13.3 DUALITY PROPERTIES OF QUASI-FROBENIUS RINGS 341

Ai = rl(Ai), i = 1, ... , m, from which we conclude that rl(A) =A
Analogously lr(B) =B holds for B ~ oRR.

"(1) i\ (2):;> (3)": Induction on Le(MR ). By (2) the assertion holds for
Le(MR)= 1. Let it hold now for all modules with Le(MR)~ n. Then let L R
have Le(LR ) = n +1 and let E be a simple submodule of L. Then by
assumption we have Le((L/E)*) = n. Let, as previously introduced,

EO = {fP IfP E L * i\ fP(E) = O},

then obviously we have (L/E)* == EO and consequently also Le(EO) = n.
Since by 12.6.1

r/J :L*/Eo~E*

with r/J(fP +EO) = fP IE is an isomorphism and we have Le(E*) 1, it follows
that Le(L*) = n +1.

"(3):;> (2)": (2) is a special case of (3). 0

13.4 THE CLASSICAL DEFINITION

The characterizations above of quasi-Frobenius rings do not render the
classical definition, or further characterizations closely connected with the
latter, redundant, these give indeed a good insight into the ideal-theoretic
structure of a quasi-Frobenius ring.

The definition of quasi-Frobenius rings goes back to T. Nakayama (1939).
In order to be able to present these some notation is needed.

Let R be a two-sided artinian ring with N:= Rad(R). Let

R =All EB EBA 1g,EBA21 EB ...EBA 2g2 EB .. .EBAk1 EB .. .EBA kgk

= ellR EB EBelg,R EB .. .EBeklR EB .. .EBekgkR

denote a decomposition into directly indecomposable right ideals A ij =eijR
with orthogonal idempotents ell, ... , ekgk; in which the indices are chosen
so that An, ... ,Aig, (i =1, 2, •.. ,k) are exactly all of the right ideals
isomorphic to An in the decomposition. For brevity put Ai := An and
ei := en. Let R := R/Nand f:= r +N E R. In the following let e and e'
denote two of the orthogonal idempotents eij. Then we have by 12.5.1:

eR ==e'R ~eR ==e'R.

Everyone of the eirR is simple and as well as being a right ideal of R
is in fact also a right R-module (11.4.3). Further every simple right R­
module is isomorphic to one of the (eijR)R' Summarizing it follows that

e1R, ... , ekR
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is a representative system for the isomorphism classes of simple right
R-modules.

13.4.1 Remark. Let e and e' be two of the orthogonal idempotents eij,
then we have

eR=e'R~Re=Re'.

Proof. By 12.5.1 we have

eR =e'R~eR=e'R.

Since R as a semisimple ring is two-sided injective it follows by 12.3.1
and 12.3.2 that

eR =e'R~Re=Re'.

Repeated application of 12.5.1 yields the assertion. o

If eR, for an idempotent e ;rf:. 0, is directly indecomposable then this means
that e cannot be written as the sum e = e' + e" of two orthogonal idempotents
;rf:. O. Therefore it follows that Re is also directly indecomposable. In this
regard we recall that e is then called a priJ11:itive idempotent.

From the right-sided decomppsition of R stated at the beginning we
obtain the left-sided decomposition

R =Rel1 EB •• .EBRelg, EB .. .EBRekl EB .. .EBRekgk,

which possesses properties corresponding to those on the right side.
The following theorem embraces the original definition of T. Nakayama

for quasi-Frobenius rings.

13.4.2 THEOREM. The following are equivalent for a two-sided artinian
ring.

(a) R is quasi-Frobenius.
(b) For every primitive idempotente Soc(eR) and Soc(Re) are simple and

in SOC(RR) resp. Soc(RR) all simple right resp. left R-modules occur up to
isomorphism.

(c) For every primitive idempotent e Soc(eR) and Soc(Re) are simple and
we have SOC(RR) =Soc(RR).

(d) (Definition of T. Nakayama). There exists a permutation 7T' of
{1, ... , k} so that for every i =1, ... , k we have

Soc(eiR)R =(e.".(i)R)R, RSoc(Re.".(i))=R(Rei)'

Proof. "(a)=;>(b)": Let E be a simple submodule of eR. Since eR as a
direct summand of R is injective, eR contains an injective hull of E which
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is a direct summand of eR. Since eR is directly indecomposable, eR is an
injective hull of E. Consequently as E <4 eR we have E =Soc(R). Hence
the first assertion is proved. Since RR and RR are cogenerators, all simple
right R-modules resp. left R-modules occur up to isomorphism in SOC(RR)
resp. Soc'(RR).

"(b)=> (c)": Since in SOC(RR) there is contained an ideal isomorphic to
(eR)R, we have (as ee = e) Soc(RR)e.,c O. Since SOC(RR) is a two-sided
ideal, SOC(RR) consequently contains a subideal .,c 0 of Re and hence also
Soc(Re) (since this is simple and large in Re). Thus we have
Soc(RR) ~ SOC(RR) (as. Soc(RR) =Soc(EBReu) = EB Soc(Re;;)). Since
analogously the reverse inclusion holds the assertion follows.

"(c)=> (b)": If e is a primitive idempotent, then as O.,cSoc(Re)=
Soc(Re)e we have

Consequently there is an x e SOC(RR) so that xeR is simple. Hence we then
have xeR :5 eR from which (b) holds.

"(b) J\ (c) => (d)": Since Soc(e;R) is simple, to every ie{l, ... , k} there
is a 7T(i) e{l, .. " k} with

Soc(e;R):5 e.".(i)R.

Since in SOC(RR) =EB Soc(e;jR) there are contained only simple ideals which
are isomorphic to a Soc(e;R), i = 1, ... , k, and from (b) all isomorphism
classes of simple right R-modules must be represented, {Soc(e;R) Ii =
1, ... , k} forms a set of representatives for these isomorphism classes.
Since {e;R Ii =1, ... , k} is also such a set of representatives, i~ 7T(i) (in
the sense of (*)) is a permutation of {1, ... , k}. Let Soc(e;R) = eiaiR then
it follows from Soc(eiR):5 e.".(i)R that we have eiaie.".(i).,c 0, thus Soc(e;R) =
eiaie.".(i)R. As

we have

Reiaie.".(i) ~ Soc(RR) n Re.".(i) =Soc(Re.".(i))

and since Soc(Re.".(i») is simple it follows that Soc(Re.".(i») =Reiaie.".(i)' Then
the epimorphism

yields the isomorphism

by which (d) is proved.
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"(d)=?(b)": By the Krull-Remak-Schmidt Theorem it can be assumed
that the idempotent e in (b) is one of the ei in (d). Then the assertion is
immediately clear.

Hence we have demonstrated the equivalence of conditions (b), (c) and
(d).

"(b) A (c) =? (a)": By 13.3.2 it suffices to show that the dual module of
every simple right R-module and left R-module is again simple. Since
isomorphic modules have isomorphic dual modules it suffices to show that
every Soc(eiR) and SOC(Rei), i = 1, ... ,k has a simple dual module, in
which we can by the symmetry confine ourselves to Soc(eiR). We show
first that every non-zero homomorphism

is induced by multiplication on the left by an element of Rei. We use, as
previously shown, Soc(eiR) eiaje71'(i)R, then it follows that

Let q := cp(eiaie71'(i») 'i' 0, then qe71'(i)R is simple and by the same inference
as in the proof of (b) A (c)=? (d) (O'i'Rqe71'(i),-;>Soc(RR)nRe71'(i)=
Soc(Re71'(i») A simple Soc(Re71'(i)) =?Rqe71'(i) =Soc(Re71'(i))) it follows that

Thus an rOei E Rei exists with

and hence we have

If we write for the left multiplication of Soc(eiR) = ejaie71'(i)R by xei, x E R,
(xei)/' then it follows that cp = (rOei)/. Thus the mapping

I/J: Rei 3 xei ........ (xet/ E (Soc(eiR))*

is an epimorphism. Let N := Rad(R); as

o N Soc(RR) =N SOC(RR)

we have Nei '-;> Ker(I/J). Since I/J 'i' 0 and since by 11.4.3 Nei is the unique
maximal ideal in Rei it follows that Ker(l/J) =Nej thus

RedNei :={Soc(eiR))*

and consequently (Soc(eiR))* is simple which was to be shown. 0
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13.4.3 COROLLARY. The following are equivalent for a two-sided artinian
ring R:

(1) R is a Frobenius ring.
(2) Soc(RR)==(R/Rad(R))R and RSoc(RR)==R(R/Rad(R)) hold.
(3) R is a quasi-Frobenius ring and either

SOC(RR)R ==(R/Rad(R))R or RSoc(RR)==R(R/Rad(R)).

hold.

Proof. "(1) =? (2)": In definition 13.2.2(2) the condition "R is a Frobenius
ring" was omitted.

"(2)=?(1)": Since in (R/N)R resp. R(R/N) all simple right resp. left
R-modules occur up to isomorphism, this holds also for SOC(RR)R resp.
RSOC(RR). As

EBSoc(eijR) =SOC(RR) == (R/N)R = EBeijR

and since all eijR are simple, on the basis of number all Soc(eijR) must
be simple. Correspondingly this holds for the left-hand side. Hence
13.4.2(b) is satisfied. Consequently "(2) =? (3)" also holds.

"(3)=? (1)": Now let SOC(RR)R == (R/N)Rbe satisfied. By 13.4.2(d) this
is evidently equivalent to having gi = g7f(i) for every i = 1, ... , k. Since by
13.4.1 gi is independent of the side, it follows that RSOC(RR) == R(R/N)
which was to be proved. 0

13.5 QUASI-FROBENIUS ALGEBRAS

The principal aim of the following considerations consists in showing
that a quasi-Frobenius ring, resp. a Frobenius ring in the case that it is an
algebra over a field, can also be characterized by the classical definition
for quasi-Frobenius algebras resp. for Frobenius algebras.

Now let K be a field and let R K be a unitary K-algebra (see 2.2.5). This
implies that R K is a unitary K-module, i.e. a K-vector space. We call R a
finite-dimensional K-algebra if the dimension of Rover K (as a vector
space) is finite. Let A '-.,) RR' then we have for a E A, k E K,

ak = (a1)k =a(1k)EA,

i.e. every right ideal is also a K-subspace of R K • Now let B '-.,) RR, then we
have for b E B, k E K,

bk = (1b)k = (1k)b E B,

so that left ideals are also K-subspaces. For the K-dimension of a K-
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(lER).

subspace U of R K we write dimK (U). If dimK (R) < 00 then for ideals

A ~B ~RR resp. A ~B ~ RR

it follows that

dimK(A) < dimK (B) < 00.

Consequently R is then a two-sided artinian ring for a properly descending
chain of ideals must break off after at most dimK(R) steps.

We consider now the mapping

K:K3k~1kER

As 1(k1 + k 2 ) = 1k1 + 1k2 and

1(k1k 2 ) = (lk 1)k2 = ((lk 1)1)k2 = (lk 1)(lk2 )

K is a ring homomorphism. Let e be the unit element of K, then we have
1e = 1, thus K is not the zero homomorphism and consequently (since K
is a field) is a monomorphism. We establish further that K(K) lies in the
centre of R:

r(lk) = (r1)k = (lr)k = (lk)r, rER, k EK.

By virtue of this statement we can and do wish to assume in the following
that K is a subfield of the centre of R (i.e. letting K(K) be replaced by K
and calling K(K) again K).

Let now dimK(R) =n. We consider the dual vector space to R K

R* := HomK(R, K),

for which then we likewise have dimK(R*) = n (we notice that now the *
refers to K and not as earlier to R 0. By putting

-(cpr)(x) := cp (rx), cp ER*, r, x ER

R * becomes a right R -module. As n = dimK (R) = dimK (R *) Rand R * are
isomorphic as K-vector spaces. An important question for the following is
now whether Rand R* are indeed isomorphic as right R-modules. It will
turn out that this is the case if and only if R is a Frobenius ring.

13.5.1 LEMMA. Let dimK (R) = n. For cp E R * the following are then
equivalent:

(1) Ker(cp) contains no non-zero right ideal ofR.
(2) Ker(cp) contains no non-zero left ideal ofR.
(3) f: RR 3r~cprER~ is an R-isomorphism.

Proof. "(1)::::}(3)": Let cpr = 0, thus cp(rx) =0 for all x ER, thus cp(rR) =0.
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By assumption it follows that r =0, i.e.1is a monomorphism. As dimK (R) =
dimK(R*) 1 is then in fact an isomorphism.

"(3)=:;>(1)": From cp(rR)=O it follows that cpr=O and since 1 is an
isomorphism r = 0, thus (1) holds.

"(2)=:;>(3)": cpR is a K-subspace of R*. Suppose, cpR ¥R* then there
is 0 ¥ x e R with cp (rx) = 0 for all r e R (if we take x from the orthogonal
complement of cpR in R), thus cp(Rx) =0, contradiction to (2)! Con­
sequently we have cpR =R *, i.e. 1 is epimorphism and thus, on account of
dimension, is an isomorphism.

"(3)=:;>(2)": For every O¥xeR there is an geR* with g(x)¥O. Let
g= cpr, then it follows that cp(rx) ¥O, thus cp(Rx) ¥ 0, i.e. RxltKer(cp). 0

13.5.2 Definition. A linear function cp on R K, which satisfies the condi­
tions of 13.5.1, is called non-degenerate.

13.5.3 COROLLARY. Let dimK(R) < 00, then thelollowingare equivalent:
(1) There exists a non-degenerate lunction on R K.
(2) RR =:!R~.

Prool. "(1)=:;>(2)": By 13.5.1.
"(2) =:;> (1)": Let I: RR =:!R~ and let cp := 1(1), then it follows that

I(r) = 1(1r) = 1(1)r = cpr,

thus I: R 3 r~cpr eR* and by 13.5.1 cp is non-degenerate. 0

13.5.4 Definition. Let dimK(R) <00.

(a) R is called a Frobenius algebra :¢::> RR =:!R~.

(b) R is called a quasi-Frobenius algebra :¢::> the directly indecomposable
direct summands of RR and R~ coincide up to isomorphism and number
(i.e. for every directly indecomposable direct summand of RR there is a
corresponding isomorphic copy of R~ and conversely).

In this definition we have retained the classical formulation also in order
to make the older literature in this area more easily accessible. What this
means in modern terms is to be explained immediately. The foundation
for everything is the fact that for an arbitrary finite-dimensional algebra
R K the dual space R~ as a right R-module is an injective hull of
(R/Rad(R))R, from which it follows immediately that R~ is an injective
cogenerator. Hence (b) is then equivalent to saying that RR is also an
injective cogenerator thus a quasi-Frobenius ring and (a) implies addi­
tionally that

SOC(RR) =:! Soc(R~) =:! (R/Rad(R))R'
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from which R is then in fact a Frobenius ring. All of this is now to be
explained precisely.

To prove that R'k is an injective hull of (R/Rad(R))R it must first of all
be shown that every finite-dimensional semisimple algebra is a Frobenius
algebra. Here an algebra is called semisimple if it is semisimple as a ring
(see 8.2).

13.5.5 COROLLARIES

(1) If R K is a Frobenius algebra, if SK is a K-algebra and if R =S is a
K-algebra isomorphism then SK is also a Frobenius algebra.

(2) If R K is a K-algebra and if

R =A1 EB .. .EBAm

is a direct decomposition into two-sided ideals 'I- 0, then we have: R is a
Frobenius algebra ifand only if every Ai, i = 1, ... , m is a Frobenius algebra.

(3) Let L be a skew field which contains K in its centre, for which
dimK (L) < 00 holds, then the ring ofall n x n square matrices (for n e N) with
coefficients in L is a Frobenius algebra over K.

(4) Every finite-dimensional semisimple algebra is a Frobenius algebra.
(5) If G is a finite (multiplicative) group and K is a field then the group

ring GK is a Frobenius algebra over K.

Proof. (1) An algebra isomorphism p: R -7 S is a ring isomorphism for
which we have: p(x)k = p(xk) for all x eR, k eK. Let cp be anon-degenerate
linear function on R K. Then cpp -1 is a non-degenerate linear function on
SK, for from

0= cpp -l(SOS) = cp(p -l(so)p -l(S)) = cp(p -l(so)R)

it follows that p -\so) = 0, thus So = O.
(2) Let cp be a non-degenerate linear function on R K, then cp IAi, i =

1, ... , m is a non-degenerate linear function on Ai. This implies immedi­
ately, if we take note, that we have A;Aj = 0 for i 'I- j and consequently
aAi = aR for a e Ai. Conversely let 'Pi be a non-degenerate linear function
on Ai, i = 1, ... , m, then cp = ('Ph' .. , 'Pm) is a non-degenerate linear func­
tion on R for from

0= cp«a1 ... am)R)

it follows that 0 = 'Pi(a;Ai) for all i, thus by assumption ai = 0, i = 1, ... , m.
(3) Let Wh ••• , Wm with W1 = 1 be a basis of L K over K and let dij be

the matrix with 1 in the (i, j)th place and 0 elsewhere. Then dijw/
(i, j= 1, ... , n; l = 1, ... , m) is obviously a basis of the matrix ring L n over
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K. Define (j) : L n~K by

then (j) is a non-degenerate linear function. Namely let

r = L dijw/k:i::;e 0,
I,i,/

then ki~io ::;e 0 exists. Consequently we have also

m

x:= L w/k:oio::;e 0
/=1

and it follows that

(j)(rdioIOx-1) = 1.

Thus the kernel of (j) contains no right ideal ::;e O.
(4) On account of 8.2.4 and (2) we can confine ourselves in the proof

to a simple finite-dimensional algebra RK • For this we have 8.3.2 at our
disposal. Let E be a simple right ideal of R and let L:= End(ER ), then
I.E is a finite-dimensional vector space over L. Let Vt, ••• ,Vn be a basis
of I.E, then by 8.3.2 we obtain a ring isomorphism

p: R 3 r f--'i> (IIi) eLm Iii e L

in which

holds. Since K is contained in the centre of R, K is a subfield of L and as
K c R even a subfield of the centre of L. Thus Ln i!,! also a K-algebra in
which (lli)k = (llik) for k e K and Ilik is the multiplication in L. For rk it
then follows that

Vi (rk) = (vlr)k = C~l l/ivi)k =i1 (l/jk)vi>

thus we have p(rk) =p(r)k, i.e. p is a K-algebra isomorphism. Then the
assertion follows from (1) and (3).

(5) Let Ord(G) = n and let G ={gl = e, g2, ... , gn}. Then

n

(j): GK 3 L g/k/f--'i>k1eK
/=1



350 13 QUASI-FROBENWS RINGS 13.5

n

is a non-degenerate linear function for if in L gjki it happens that kj i: 0,
i=l

then it follows that

thus Ker(cp) contains no right ideal i: O. o

13.5.6 THEOREM. Let K be a field and let RK be a K-algebra with
dirnx (R) < 00. Then we have:

(a) RjRad(R) =Soc(R~) as right R-modules.
(b) R~ is an injective hull of (RjRad(R))R'
(c) R~ is an injective cogenerator.

Proof. The proof follows in several steps.
(1) R~ is injective. The proof of this follows completely analogously to

that of 5.5.2. In place of lL in 5.5.2 K now appears and KK now appears
in place of Dz • To the lL-injectivity of Dz corresponds now the K-injectivity
of KK. With these replacements the proof of 5.5.2 can be taken over word
for word.

(2) By 9.3.5 we have Soc(R~)= lR ..(Rad(R)). We claim that gE
lR ..(Rad(R))¢:>Rad(R) ~ Ker(g). To this end let

(gu)(x) =g(ux) =0

for all u E Rad(R) and all x E R. For x =1 it follows that Rad(R) ~Ker(g).
Conversely if this is the case then it follows, since Rad(R) is a right ideal,
that

0= g(ux) = (gu)(x)

for all u ERad(R), x ER; thus we have g E lR ..(Rad(R)).
(3) For gE Soc(R~) let [be the linear function induced by

[: RjRad(R) 3X +Rad(R)f--i>g(X)EK.

We claim that

l{I: Soc(R~) 3 gf--i>[EHomK(RjRad(R), K)

is an R-isomorphism. It is clear that this is an R-monomorphism. Let noW
g E HomK(RjRad(R), K) and let

v:R -7 RjRad(R),

then it follows that gv ESoc(R ~) and gv = g, thus l{I is an isomorphism.
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(4) Since RjRad(R) is a finite-dimensional semisimple K-algebra, by
13.5.5 there is an RjRad(R)-isomorphism

A: HomK(RjRad(R), K) ~RjRad(R),

which can and is to be considered also as an R-isomorphism. In short we
have the isomorphism

AI{! :Soc(R1DR ~ (RjRad(R))R.

Let f be the inverse isomorphism. Thus (a) is satisfied.
(5) Let t :Soc(R~)~R~ denote the inclusion. Since Soc(R~) ~ R~

(because it is artinian) and R~ is injective,

tf: (RjRad(R))R ~R~

is an injective hull. Hence we have shown (b).
(6) Since all simple right R-modules occur in (RjRad(R))R up to

isomorphism, R~ is a cogenerator, thus (c) also holds. D

We come now to the aforementioned characterization.

13.5.7 THEOREM. Let R K be a finite-dimensional algebra over the field
K. Then we have:

(1) R is a quasi-Frobenius algebra ifand only ifR is a quasi-Frobenius ring.
(2) R is a Frobenius algebra if and only if R is a Frobenius ring.

Proof. (1) In regard to this we recall that a module is a cogenerator if and
only if for an injective hull of any simple module it possesses an isomorphic
submodule. This is then a directly indecomposable direct summand of the
cogenerators. Since R~ by 13.5.6 is an (injective) cogenerator, we have
consequently: RR is then also a cogenerator (and then also injective) if and
only if R K is a quasi-Frobenius algebra.

. (2) IfRK is a Frobenius algebra then RK is also a quasi-Frobenius algebra
and consequently by (1) a quasi-Frobenius ring. Further by 13.5.6 and as
R~ ==RR we have

(RjRad(R))R == Soc(R~) == SOC(RR),

thus by 13.4.3 R is a Frobenius ring. Conversely let R be a Frobenius
ring, then R is a quasi-Frobenius ring and by definition we have

(RjRad(R))R ==SOC(RR).

Consequently the injective hull R~ of (RjRad(R))R is isomorphic to the
injective hull RR of SOC(RR), thus R K is a Frobenius algebra. That in fact
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RR is the injective hull of SOC(RR) follows from the injectivity of RR and
since in an artinian ring SOC(RR) 4 RR. 0

13.6 CHARACTERIZATION OF QUASI-FROBENIUS RINGS

In conclusion we return once again to the general case of quasi-Frobenius
rings and state an interesting characterization of them. It is particularly of
interest for the reason that set-theoretic considerations come essentially
here into the proof of algebraic results. For this we need to use some
set-theoretic facts, which are not proved here but which however are to
be found in any text-book on set theory.

13.6.1 THEOREM (FAITH-WALKER). The following are equivalent for a
ring R:

(1) .R is quasi-Frobenius.
(2) Every projective right R-module is injective.
(3) Every injective right R-module is projective.

Proof. We go through the proof in the following steps: (1)::} (2), (1)::} (3),
(2)::}(1), (3)::}(1), in which the first two implications are easy to prove
whereas we must delve deeper for the last two.

"(1)::} (2)": Since RR is injective and noetherian, by 6.5.1 every free
right R-module is injective and hence also every direct summand of a free
right R-module. Consequently every projective right R-module is injective.

"(1)::} (3)": Let QR be an injective R-module, then by 6.6.4 Q is the
direct sum of submodules which are injective hulls of simple right R­
modules. It suffices therefore for such a module to show that it is projective.
Since RR is a cogenerator then the injective hull of every simple right
R-module occurs up to isomorphism as a direct summand in RR and is
therefore projective. D

We preface the rest of the proof by a lemma.

13.6.2 LEMMA. For an arbitrary ring R and a module M R we have: If
M(N) is injective then R satisfies the ascending chain condition for right ideals
of the form rR (U) with U c M.

Proof. Indirect proof. Suppose we have for Ui eM, i E N
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then it follows (as rR1MrR (U) =rR (U)) that

lMl"R(U1) ~ lMl"R(U2 ) ~ ••••

For every i E N let

then there is an element ai+1 E rR (Ui+1) with Xiai+l of. O. Let

A := U rR(Vi),
ieN

then we have A ~ RR and for every a E A there is an na E N with

a E rR (Vi) for all i ';;;. na •

Then it follows that

Xia = 0 for all i ;?; na ,

thus for an element x := (X1X2X3 •..) EMF>! we have

xa = (xlax2a •• • Xna-laOOO •. •) EMCN).

Consequently

cp",: A 3a~xa EMCN)

is a homomorphism. Since M CN
) by assumption is injective a commutative

diagram exists:

Let p(l) = (ZlZ2'" znOOO •••) then it follows for all a EA that

cpAa) = xa = p(a) = p(l)a = (zla ..• zna·. . .znaOOO .••),

thus Xia = 0 for all i> n and all a E A, thus in particular Xiai+1 = 0 for i > n.
Contradiction! 0

We continue now with the proof of Theorem 3.6.1.

"(2)::;' (1)": Since by assumption R CM is an injective right R-module,
13.6.2 can be applied in the case M R =RR. Thus R satisfies the ascending
chain condition for ideals of the form rR (U) with U c R. Since RR is
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injective it follows therefore by 12.4.2 that R satisfies the descending chain
condition for finitely generated left ideals and in particular for cyclic left
ideals. By 11.6.3 RR is then perfect.

Let N := Rad(R), then the chain

TR (N) ~ TR (N2
) ~ TR (N3

) •••

is stationary, Le. there is atE N with

TR (Nt) = TR (Nt+ i
), i ;;:. O.

SinceNi is a two-sided ideal, TR (N i
) is a two-sided ideal. Suppose TR (Nt) "" R,

then it follows from 11.6.3 that

SOC(R (R/rR (Nt))) "" O.

Let i be a non-zero element of this socle, then it follows that x e TR (Nt)
and, since the socle is semisimple, Ni =0, thus Nx C TR (Nt). Consequently
we have

NtNx =Nt+! x = 0,

thus x ETR (Nt+!) = TR (Nt), contradiction! This contradiction shows that
TR (N i

) =R thus we must have Nt =0, i.e. N =Rad(R) is nilpotent. Con­
sequently RR is also perfect. By 11.6.3 every right R-module "" 0 then has
a non-zero socle. Thus SOC(RR) 4 RR. Therefore 12.5.2 (6) is satisfied and
it follows that RR is a cogenerator. By 12.4.1 we then have TR1R(A) =A
for every right ideal A of R and consequently RR is noetherian. Since
moreover RR is injective, by 13.2.1 R is quasi-Frobenius. Hence (2) =? (1)
is shown.

"(3) =? (1)": Since every injective right R-module is projective every
injective module can be mapped monomorphically into a free module.
Since every right R-module can be mapped monomorphically into an
injective module, by 4.8.2 RR is a cogenerator. We now show that RR is
noetherian. To this end let OR be an injective hull of RR. Since RR is a
cogenerator OR is also a cogenerator. First of all we assume that O(N) is
injective and complete the proof for (3)=?(1); we put the proof of the
injectivity of O(N) at the end. By 13.6.2 (with MR =OR) R satisfies the
ascending chain condition for right ideals of the form TR (U) with U c O.
Since by 12.4.1 every right ideal of R is of this form, RR is noetherian,
from which the proof is complete up to the injectivity of O(N).

While the proof was obtained so far in the context of the usual arguments,
use must be made in the following of essentially set-theoretic considerations.
We formulate separately particular steps of the proof which are of indepen­
dent interest.
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The next aim of our consideration consists in proving the Theorem of
Kaplansky which says that every projective module is a direct sum of
countably generated submodules. Here "countable" is to include "finite".

13.6.3 LEMMA. Let R be an arbitrary ring and Man R-module. Suppose
we have

M=EBMi=AEElB,
jEJ

where every Mi is countably generated. Then to every set H ¥ J with the
property that for

U:= EBMi,
;EH

U = (A n U) EEl (B n U) holds we have a set I with H ~ I c J so that for

W:=EBMi
jEI

W =(A n W) EEl (B n W) holds and An W =(A n U) EEl C, where C is a
countably generated submodule.

Proof. Let a and f3 (= 1M - a) be the projections belonging to the decompo­
sition M=AEElB. Let ioEJ\H. Since ~ is countably generated, a(~o)

and f3 (Mio) are countably generated. Hence there is a countable set 11 c J
with

~o ~ a (~o) + f3 (~o) ~ EB Mi·
jEIt

Since every Mi is countably generated and I is a countable set EB Mj is
jEI,

countably generated. Consequently there is a countable set 12 c J with

We continue inductively. We obtain therefore a sequence of countable sets

10 := {io}, I!, 12 , •••

with

j~t Mj ~ aC~nMi) +f3C~ M
j)~ jEtJ:+l Mi·

As Im(a) = A and Im(f3) = B this means that

(*) j~n Mi ~ (A n jEtJ:+l Mi) +(B n jEtJ:+l Mj).
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Then both
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L:= U In
n =0.1,2,•..

13.6

and L\H are countable sets. Let now 1:= HuL and

V:= EB ~,
jEL\H

W:= EB~=UEBV:
jEI

Then V is also countably generated.

Assertion. W = (A n W)EB(B n W).

For the proof it is first of all clear that (A n W)EB(B n W)~ W. For the
reverse inclusion we establish that every ~ with j E I is contained in
(A n W) EB (B n W), For j E H this holds by assumption, Let j E L \H and
let j E In, then this holds by (*),

From W= UEBV=(An U)EB(B n U)EBV

it follows by the modular law that

A n W = (A n U) EB C,

with

C:= ((B n U)EB V) nA,

Therefore we deduce that

B n W=(B n U)EBD,

D := ((A n U)EB V) nB.

W=(An W)EB(B n W) =(A n U)EB(B n U)EBCEBD = UEBCEBD.

Since also W = U EB V it follows that

V~ W/U~CEBD.

Thus C is an epimorphic image of the countably generated module V and
hence is itself countably generated. 0

13.6.4 THEOREM, Let R be an arbitrary ring and Man R-module. If we .
have

M=EB~=AEBB
jEJ

with countably generated submodules ~, then A and B are also direct sums
of countably generated submodules.

Proof. It suffices evidently to prove the assertion for A. Let {A", IAE A} be
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the set of all countably generated submodules of A. Let

X := {(H, r) IH c J i\ f c A i\ $ Mj = (A n $ Mj) EB (B n $ Mj) i\
}eH }eH }eH

A n EB Mj = EB AA}'
jeH Aer

Since (0, 0) E X, X¥-0. Further X is ordered by

(HI. f 1) ";;'(Hz, fz)¢::>H1 cHz i\ f 1 cfz.

If Y c X is a totally ordered subset then

(H', f') with H ' := U Hand f':= U f
(H,rleY (H,rleY

is an upper bound of Y in X, as is easily confirmed. Zorn's Lemma ensures
then a maximal element (if, f) E X. If we nOw suppose H ¥- J, 13.6.3 yields
a properly larger element from X 1. Thus H =J must hold, 0

13.6.5 COROLLARY. For an arbitrary ring R we have: Every projective
R-module is a direct sum of countably generated submodules.

Proof. Since every projective R-module is isomorphic to a direct summand
of a freeR-module the assertion follows from 13.6.4 in the caseM =R(J). 0

13.6.6 LEMMA. Let R be an arbitrary ring and A R a finitely generated
R-module. Then we have: If an injective hull of A is also projective then it
is finitely generated.

Proof. Since all injective hulls of A are isomorphic it can be assumed
without loss that A is a submodule of the injective hull Q of A. Since Q
is projective there is a monomorphism

JL: Q~R(J)

into a free R-module. Since A is finitely generated there is a finite subset
JocJ with

JL(A) ~ R(Jo) ~ R(J).

Denote the projection of R(J) onto R(Jo) by 17', then it follows that 17'JL IA
is a monomorphism. Since A 04 Q then 17'JL is also a monomorphism.
Consequently 17'JL(Q) as a direct summand of R(Jo) is finitely generated and
hence also is Q. 0
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13.6.7 COROLLARY. For an arbitrary ring R we have: Every R-module
wh'ich is simultaneously projective and injective is a direct sum of finitely
generated submodules.

Proof. By 13.6.5 it suffices to prove the assertion for a countably generated
projective and injective R-module M. Let

M= L XiR
ieN

be one such. Let 01 Yo M denote an injective hull of x 1R. Since 01 is a
direct summand of M, 01 is also projective and consequently by 13.6.6
finitely generated. Let

then B 1 is also projective and injective. Suppose Ol> ••• , On and B n with

M =01 ffi ... ffiOn ffiBn

and

n

Xl> ••• , Xn E EB Oi
i=l

have been inductively determined, then let

n

Xn +1 =an+1 + bn +1 with an +1 E EB Oi, bn +1 E B n
i=l

and let On+1 Yo B n be an injective hull of bn +1R. For the sequence, so
obtained, of finitely generated direct summands

n

with Xl> ••• , X n E EB Oi we then obviously have
i=l

M= EB Oi.
ieN

o

We wish now to show in the sense of the proof (3)~(1) of 13.6.1 that
O(N) is injective, where 0 is an injective hull of RR. By assumption 0 is
also projective and hence by 13.6.6 finitely ~enerated. Now let T be an
infinite cardinal which is properly bigger than 2 RI where IR Iis the cardinality
of R. If A R is a finitely generated R-module then T is bigger than the
cardinality of the set of all submodules of A R for this is a subset of the
power set of A R (for reasons see a book on set theory).
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Now let I be a set of cardinality T (or bigger), then let

M := QI = IT Q; with Q; = Q for all i E1.
;eI

Since Q is injective, M is injective and thus also projective. Let Q; be the
image of Q; = Q under the canonical monomorphism UTI; (in the sense of
4.1.5). On the other hand by 13.6.7 M is a direct sum of finitely generated
submodules:

M=EB~.
jeJ

Now let i l E I be arbitrary. Since Q;, is finitely generated there is a finite
subset J l c J with

Q;, '-i> EB M j •
j eJ,

If we now put

Q(l) := Q;, and D l := EB ~,
jeJ,

then D l is finitely generated and there is a B l '-i> D l with

D l Q(l)ijJB l •

We now consider the set

{D l n Q; liE I A i;6 ill.

This is a set of submodules of the finitely generated module D. By choice
of the cardinality T of I not all of the D l n Q; can be different from one
another (transfinite box principle). Let i2 , k EI\{i l }, i2 ;6 k with D l n Q;2 =
DlnQ~.

As Q;2 n Q~ =0 it follows that

D l nQ;2 =DlnQ~=O.

Consequently

Q;2~EB~~ EB ~
jeJ jeJIlt

is a monomorphism (where £2 resp. 7T'2 is the inclusion resp. the correspond­
ingprojection and we have Ker(7T'2£2) =D l n Q;2 =0 as Ker(7T'2) =D l ). Since
Q;2 is finitely generated there is a finite set

J2CJ\Jl

with Im(7T'2£2) '-i> D 2 := EB ~.
jeh
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By choice of J2 we have J I n J2 =0. Now let

0(2) := Im(7T2 t 2),

then it follows that

and there exists a B 2 with

D 2= 0(2)Ef)B2.

Inductively we define O;n' in E I\{il, ... , in-I} by

(DIEf) .. .Ef)Dn- l ) n OL =0

and

as well as I nc J\(JI U •.. u I n- I) with I n finite and

Im(7Tntn)~ D n := EB ~.
jeJn

Further we have

If we put

O(n) := Im(7Tntn),

then we have again O(n) == 0 and there exists a B n with

D n = O(n) Ef)Bn.

For the inductively resulting sequences

Jl, J2 ,

O(l), 0(2),

we then have, if we put

J3 ••• ,

0(3), ••• ,

Dl, Dl, D 3 ,

Bl, B 2 , B 3 ,

O(rIJ)- ffi 0
=1;]7 (i)

ieN
(as O(i) == 0),
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M=($ Q(i))EB($ BI)EB(, EB ~).
leN leN JeJ\H
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Consequently

EB Q(il
leN

is a direct summand of the injective module M and hence in any case
injective. By (*) Q(N) is then also injective which was to be shown. Hence
the proof (3)::::>(1) is complete. 0

EXERCISES

(1)
Show:

(a) A commutative artinian ring is a quasi-Frobenius ring if and only if
it is a direct sum of ideals with simple socle.

(b) Every commutative quasi-Frobenius ring is a Frobenius ring.
(c) If R is a commutative principal ideal domain and 0 ,t:. A "'-,)0 RR then

R/A is a Frobenius ring.

(2)
Let K be a field and let R be the ring of all matrices of the form

(
a b) .o c wIth a, b, C EK.

Show:

(a) For x = (~ ~) ER we have:

(1) x is left invertible~ x is right invertible~ ac ,t:. O.
(2) x is nilpotent~x2 = O~a = c = O.

(3) x is an idempotent~xE {(~ ~), (~ ~), (~ ~), (~ ~)}.
(4) xR is simple~x,t:. 0 /I a = 0; Rx is simple~x,t:. 0 /I c = O.

(b) (1) Rad(R)=(~ ~), SOC(RR)=(~ :),

Soc(RR) = (~ K) .
. 0 0

(2)rR(Rad(R» =Soc(RR), [R(Rad(R» =SOC(RR), rR(Soc(RR» =
Soc(RR), [R(Soc(RR» = 0, rR(Soc(RR» = 0, [R(Soc(RR» = SOC(RR).
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(3) SOC(RR) as' a left ideal is a direct summand, however as a right
ideal it is not cyclic (thus not a direct summand).
(4) Soc(RR) as a right ideal is a direct suinmand, however as a left
ideal it is not cyclic.

(c) For the determination of the lattice of the right ideals of R show:
(1) Le(RR) =3.
(2) The maximal right ideals of Rare SOC(RR) and Soc(RR).

(3) The simple right ideals of Rare Rad(R) and ~lsoE k := (~ ~)R,
kEK.
(4) The lattice of the right ideals has the following picture

(d) For the determination of the injective hull of RR show:
(1) For all k EK, E k ==Rad(R)==R/Soc(RR) as right R-modules.
(2) The only injective right ideals of Rare 0 and Soc(RR).

(3) R is a subring of S:=(~ ~) (=Kn ); RR":""SR is an injec­
tive hull of RR.

(3)
Show:

(1) Let R be a quasi-Frobenius ring. If e E R is an idempotent, for which
eR is a two-sided ideal, then e lies in the centre of R.

(2) Let A and B be rings, let AMB be a bimodule and let R := (~ ~),

then we have: R is quasi-Frobenius¢:>A and Bare quasi-Frobenius and
M=O.

(Hint for (1): Show that the factor ring R/eR is again a quasi-Frobenius
ring and thereby deduce the assertion.)

(4)
Let K be a field and let R be the commutative K-algebra with the basis
1, a, b, e and the multiplication 1, =,1 =, for' ER, ab = ba = 0, a 2 = b2 = e,
ae = ea = be = eb = e2 = O.
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Show:
(a) For x = 1k1+ak2+bk3 +ck4 E R (k i E K) we have

(1) x is invertible~kl '¢ o.
(2) x is nilpotent~x3 = O~kl = O~x E Rad(R).
(3) xESoc(R)~kl=k2=k3=0.

(b) Let N:=Rad(R). Then N 2=Soc(R)=cR and O~cR~aR~

N ~ R is a composition series of RR. In particular Soc(R) is simple, thus
R is a quasi-Frobenius ring.

(c) If we define A k := (ak +b)R for every k E K then we have:
(1) cR '# A k '# N; and A k '¢Ak , for k '¢ k'.
(2) If U is an ideal of R of length 2, then U = aR or U =Ak for a
k E K. (Hint: Show first that U is cyclic.)
(3) Determine the lattice of ideals of R.

(d) The factor ring RIN 2 is not a quasi-Frobenius ring.

(5)
Let the ring R be commutative and artinian. Show:

(a) If A is a maximal ideal of R then the injective hull of RIA is finitely
generated.

(b) For every finitely generated R-module the injective hull is again
finitely generated.

(c) If C is a minimal cogenerator of M R then the ring S := Id(CR ),

defined in Chapter 12, Exercise 10, is a quasi-Frobenius ring which has a
factor ring isomorphic to R.

(Hint for (a): If Q is an injective hull of RIA and if B i := lQ(A i
) then

show first that Bi+tIB i is finitely generated.)

(6)
Let RR be noetherian and let every cyclic left R-module be reflexive. Show:

(a) R is artinian on both sides.
(b) Every maximal right ideal B is an annihilator ideal (Le. B = rR1R(B)).

(Hint: If E is a simple left R-module and if A R is simple with A~ ~ E~

then it follows that RA == RE).
(c) If RR ~ MR and if MIR is simple then RR is a direct summand of MR.
(d) R is a quasi-Frobenius ring.

(7)
Show: Every ring with perfect duality, if perfect on one side, is a quasi­
Frobenius ring.

(8)
Show: All reflexive modules over a quasi-Frobenius ring are finitely gen­
erated.
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