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apace, and our knowledge of the classical areas has grown
ever more profound. At the same time, one of the most
striking trends in modern mathematics is the constantly
increasing interrelationship between its various branches.
Thus the present-day students of mathematics are faced with
an immense mountain of material. In addition to the tradi-

tional areas of mathe atics as pnresented in the traditional
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tiondl areas, and also the vast new areas teeming with poten-
tialities. Much of this new material is scattered indigestibly
throughout the research journals, and frequently coherently
organized only in the minds or unpublished notes of the work-
ing mathematicians. And students desperately need to learn
more and more of this material.

This series of brief topical books has been conceived as a

ho i me

possible means to tackle and hopefully to alleviate some of
thoco *not:lnn'nnnnn nrohlama hov ara hoine werittan hv
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vi Editors’ Foreword

active research mathematicians, who can look at the latest
developments, who can use these developments to clarify and
condense the required material, who know what ideas to
underscore and what techniques to stress. We hope that

these books will also serve to present t
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the personal tastes and attitudes o
mathematics will s

Topology is one of the branches of mathematics characteris-
tic of this century. The undergraduate curriculum from
calculus onwards has been deeply influenced by the develop-
ment of general topology; and it is apparent that the tech-

niques of classical algebraic topology have recently begun to
have an effect as well. In

Law] o
e past decade or so a
t

1 | 1 "

it will undoubtedly be some time before this field comes to
have vast general influence, it does have all the freshness and
appeal of a new subject, and the student of mathematics will
undoubtedly be curious to know something about it. Profes-
sor Wallace has provided in this book an introduction to
differential topology for nonspecialists. The problems and

techniques of differential topology are illustrated by many
special cases and examples, so that readers with very little
topological background will find the subject easily accessible;
+thna hanls andae with o ciivyvresr ~Af Fiirdthor voading 44 oi1ide +ha
LT PDUUKN TLIUD uil & dSUlL'voy Ul 1Luluvlilcl (caulil LU gJuluc ulic
student whose interest has been aroused to a more detailed
study.

Robert Gunning
Hugo Rossi

Princeton, New Jersey
Waltham, Massachusetts
October 1967
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asked by a sufficiently advanced student with a good back-
ground in algebraic topology, it would be possible to give a
fairly comprehensive answer. But it would be a technical
answer. This book aims at giving an answer to a student at a
much earlier stage in his career. The idea is to stimulate some
intuitive feeling for certain aspects of the subject, while keen—

ing the mathematical prerequisites to a minimum and avoidin
the more difficult subtleties and technicalities.
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folds. On the one hand, these ideas lend themselves to simple
geometric description, while on the other, they have proved to
be powerful tools in the study of the structure of manifolds.
A simple illustration of their application is given in Chapter 7,
namely, to the classification of two-dimensional manifolds.

To go further with the study of manifolds, which is the
principal aim of differential topology, the geometric tools

X pud

described here must be SLpplemeuted by more powerful
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In short, the first steps only are described here, and in this
field, as indeed in any branch of topology, the first steps should
be geometric, whereas the second or more technical steps
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should be hqqu on an intuitive geometric feeling for the
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erential equations, is assumed, as is some k
the behavior of quadratic forms under linear transformations
of the variables. No previous knowledge of topology is
required. All that is needed is described in the first chapter,
but a student who has already been introduced to the ideas of
open sets, closed sets, and continuous maps can safely go
straight on to Chapter 2.

(

Chapters 2 and 3 introduce the reader to the notions of
differentiable manifolds and maps. Then Chapter 4 discusses
one of the central topics of differential topology, namely the
theory of critical points of functions on a differentiable mani-
fold. This study is continued into Chapter 5 with an investi-

gation of level manifolds corresponding to a given function.
This leads naturally to the definition in Chapter 6 of the idea of
spherical modifications. In Chapter 7 the concepts of the
previous chapters are applied to the classification problem of
surfaces. Chapter 8 gives some guidance for further reading
and study in this field.
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The following is a vocabulary of set-theoretic symbols that are
used in this book:

E A z is a member
C B A 1s contained
OB A contains B
AUB union of 4 and B
ANB intersection of A and B

U A; union of the A4;

M A; intersection of the A4;
cA complement of A

¢ empty set
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General or point set topology can be thought of as
abstract study of the ideas of nearness and continuity. Tni
i1s done in the first place by picking out in elementary geome-
try those properties of nearness that seem to be fundamental
and taking them as axioms. Let E be n-dimensional Euclid-
ean space and p a point in it. The idea of a neighborhood
of p is that it should be a set of points near p and entirely

uC"‘

4
contains an open disk with center p. But any

disk with center p in Fig. 1-2 or 1-3 will contain points out-
side U, and so U is not a neighborhood of p in these cases.
The definition of neighborhood is formulated in this way so as
to be as free as possible from any ideas of size and shape, con-
cepts that play no part in topology.

Using this definition of a neighborhood of a point in Euclid-
vrt ies hold.

ean space. it is easV to see that the fnﬂnw_ng
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FIGURE 1-1 FIGURE 1-2
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FIGURE 1-3

(1) p belongs to any neighborhood of p.

"(2) If U is a neighborhood of » and V O U, then V is a
1eichborhood of D.
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Exercise. 1-1. Prove properties 1 through 4.

A careful analysis of the properties of neighborhood and
continuity, as appearing, for example, in the theorems of cal-
culus, shows that they derive from the four properties listed

above. Itis therefore reasonable to take them as axioms in an
1s leads to the followine definition.
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assignment to each p & E of a collection of subsets of E, to be

called meighborhoods of p, and satisfying the four propertles
listed earlier.

Examples
e o

1-1. With neighborhoods as defined earlier, Euclidean
space 1s a topological space.



Topological Spaces 3

1-2. Let S be the surface of a sphere, say the unit sphere
in 3-space with center at the origin. Call U a neighborhood
Af o in Q3Ff F = Tr +aing all +ha natintae nf Q o+ Aja
Or pIni O il I valiis aii vne points 01 O av Gais-
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1
tance <e from p. Verify that the axioms for neighborhoods
are satisfied. Thus S is a topological space.

1-3. Other surfaces can be treated in the same way as the
sphere. For example, the torus, the surface traced out by a
LVIIUIT Ul 1aAaUulun 1 aliu uUTIl1uCl1L \4!, U, U} 11T1 l V38w \.b, y} l.ua 1T 1D

3

wh
rotated about the y axis, i1s made into a topological space in
this way. Also, spheres of higher dimensions become topo-

logical spaces in exactly the same way as the 2-sphere in
Example 1-2.

vmple
NTAdpm 41 s in T cm ol 1 SR | i IR LIV v IS LI
INOte b 1At 11 LXa p S 1—4 a1l .I. O ne surrounaing rbuclia-

ean space plays only an auxiliary role. The topological space

in each case is a subset, and only points of that subset are of
interest in defining the topology. In the same way any sub-
set of a Euclidean space can be made into a topological space,
and in fact the same thing can be done with a subset of any
topological space. In more detail, let £ be a topological space
and let F be a subset. Lpf be a point of F. Thpn a subset

S
S
Sb.. ’1
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Definition 1-2. When F is made into a topological space by
defining neighborhoods in this way, it is called a subspace of E.

logical spaces do not satisf propert,y or example, let
E be the set of all bounded eal—valued functions on the unit
interval I of real numbers. Define U to be a neighborhood
of p in E if U contains all ¢ in E for which sup |p(z) — q(z)|
(x & I)isless than somee. Itiseasy to see that the neighbor-
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4 Differential

hood axioms are satisfied, but it can be shown (not so easily)
that E is not a subspace of any Euclidean space.
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It turns out that there are two kinds of subsets of a topo-
lnoinal anara that ara Af narfienilor imnartfanaen
LUBLUWL DLJOIIU\/ Vilidvu vl Ui Pa:l vivuial LIILPUL vauliuw
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then U 1s called open in E (or simply open, if no confusion is

likely) if, for each p in U, U is a neighborhood of p.

Definition 1-4. 1If E is a topological space and F is a subset,
F is called closed in E (or simply closed) if E — F is open.

Examples

1-5. Let E be the plane and let U be an open disk in E.
Then U is an open set. Prove this as an exercise.

1-6. Let E be the plane and F a closed disk. Then F is a

closed set.

]E7 Q'IYY\;IQ’I"]1Y NnNOoN OY\(‘] n]neor*] Qﬂ];(‘] QY\“\DY‘QQ I\‘F anr (‘];mﬂ‘l”l=
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sion are open and closed sets of the corresponding Euclidean
spaces

1-8. In Euclidean n-space the set of points (z1, zs, . . . , Z,)
satisfying inequalities a; < 2; < b; (¢ =1,2, ... ,n) for
fived a. and b 1@ onen The cot nf naointe caticfvinea. < ». < b.
LALLM/ A W'L CALLA V'L AN UP\JLL. Ao LAV DUV UL lJUJ.l.LUkJ UWULULJ lll& wz _‘ Wt __‘ vz
is closed
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111© Denlavior o1 open anda Closea sets u 1aer vne ()p rations
of union and intersection is of fundamental im por’oance and is

described by the following theorem.

Theorem 1-1. (1) The union of any collection of open sets in a
topological space 1s open.

A~ N S
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(Definition 1—3) But U D U; and so U is a neighborhood
of p (neighborhood axiom (2)). Thus U is a neighborhood
f g g

of each of its points and so, by Definition 1-3, it is open.
(O Toa+t T7. and T7. ha Anon apnta and 4alra m» — TT. M\ T7T.
\«4) LCL U] ail U2 UT UpPLBll SCLS 4l varc P T v v Uae.
TrTr TTY T

1 and U, are open and contain p, and so are neighborhoods
of p (Definition 1-3). Hence U, M U, is a neighborhood of p
(neighborhood axiom (3)). Thus U; M U, is a neighborhood

of each of its points and thus is open (Definition 1-3).
Panta (DY and AN Af +ha +hoanvoar ara ~Ahtarinad franm nanrta
L Al ud \U} aliUl \'I} Ul UL11T VvI1ITUILIUTI11ll aAlT vbualllcou 1i1vill Paa uo
(1) and (2) by taking complements

Note that part (2) of the proof does not work for the inter-
section of an infinite number of open sets. For example, if
E is the real line and U, is the open interval (—1/n, 1/n),
each U, is an open set but the intersection of all the U, is the
point 0, and this is not open.

J il

Definition 1-5. Int A is called the #nierior of A.

Dually, the intersection A of all closed sets of E contain-
ing A is closed and is the ‘““smallest’’ closed set containing 4.

Definition 1-6. A is called the closure of A.

Definition 1-7. ¥r A = A N CA4 is called the frontier of A.

£ ] 1 LIIG J P UroL oy J“’“

1-9. Let E be the plane and let A be a disk including the
points of the upper half circumference but excluding those of
+ha Tasraw Lo 1f ML A Tihd A 3 1. . - +ha Alacnd
VIIT 1UWCL lldll I11C11 1 LUIIT UlUdTU
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Exercises. 1-2. Let A be a set in a topological space. Prove that a
point p is in Int A if and only if p has a neighborhood contained in 4.
Prove, too, that p is in A4 if and only if every neighborhood of p meets A.
1-3. For any sets A and B in a topological space prove that A \U B =
AUBand ANBCANB.
1-4. Let E be a topological space and F a subspace. Prove that a set
UinFisopenin Fif and onlyif U = V N F, where V is an open set in E.
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o F. 'This is represented diagrammatically by the notation
f: E— F. The idea of continuity 1s simply that points that
are near together in £ are mapped into points that are near
together in . This is made precise as follows.

Nn_O£__*.* 1 0 e map F: F — TV 2 mmnndianncmnso it oan L 1V
vejtnieion 1-o. B map f. 15 COTLLLnuUouUs av p L, g VeIl

any neighborhood V of f(p) in F, there is a neighborhood U of
p in E such that f(U) C V. fis continuous if it is continuous
at each p in E.

Exercises. 1-5. Let E and F in Definition 1-8 both be the real line.
The usual definition of continuity in this case is that f is continuous at
z if, for any € > 0, there is a 8 > 0 such that |f(z’) — f(z)] < e whenever
|z* — x| < 8. Prove that this is equivalent to Definition 1-8.

1-6. Let f: E— F be a map. Prove that fis continuous if and only
if the inverse image of any open set in F is open in E. Use this to show
that the composition of continuous maps is continuous.

1-7. Let E be the union of two closed sets A and B and let f: E — F be
a map. Suppose that the restrictions of f to A and B are continuous
maps of 4 and B into F, respectively. Show that fis continuous. Give
an example to show that this does not hold if A and B are not closed.

Continuous mans that have continuous inverses are of
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From the point of view of general topology, homeomorphic
spaces are the same. That is to say, the properties that
interest us are those that, When true for one space, are true

in /. Hence, any property defined
entirely in terms of neighborhoods and open sets is a topologi-
cal property. Some examples of such properties will appear
presently.

> ICAL PRODUCTS

oy

1-4. TOPOLO

This section describes a frequently used method of obtain-
ing new spaces from given ones.

Let E and F be topological spaces. Theset E X F is defined
to be the set of pairs (p, q) where p € E and ¢ € F. This is

made into a topological space as follows. If ( n,q) EE XF,
then a neighborhood of (p, ¢) is anv set containing a set of the
> Uy q/ A ALY STU LUIILALLANE 4 STV UL L
fgrm Lf Y TV whaoara 77 3¢ a naichhnarhnnd of » 1in A and 1 ic a
ARL Z\ 1 4 ] Yy iiviv U Ao v 11\}161].”\.}1 JUAVAVAV W J} y Ill X4 viiul 1 4 A0 v
natohhAavhAand Af A3 B T4+ 3annmt hand +n cann +that 4ha mnatahhhan
1€1gNo0ornodaG o gin /. 1118 OV nara vo see tnat vne neignoor-
T 1 AN Al b AN a7
hood axioms (1) through (4) are satisfied.

11IG+ ADQOV‘;}\OI‘] 19 N nmn’nnn’nn anl"ﬂll" n'{‘ p Y.
J wuo v uuouxluuu, 10 v il UlJUbUgbbbb [_Il vuw woLv UJ Xd WiIvY
Examples

1-10. If & = F = the real line, then £ X F is the plane
with its usual topology as Euclidean 2-space.
1-11. If E is Kuclidean 2-space and

F is the real line

p \/ p 1Q mnn];r]ann Q=0Y\0 nn ﬁ]nnv]‘r 4-]’\10 nNnan l\n Nnnnvn];nnr] .
24 N\ XL 10 Lduviiuvailr O DIJ(AIUU /iAol l.y ) Uil vall VO 501101 [¢S W/ WAV § )
the topological product of Euclidean m-space and n-space is

(m + n)-space.
1-12. If E is a real line interval and F is a circle, then

E X F is a cylinder
1_.12 T+ wnill ha coon latar 1in datail +hat +ha +Aamig 1a +ha
A=A Je AU Wil JT BUULL 1aull, 11l QUouvail, vilat Ll LUIus is uliio
topological product of a circle with itself



1-5. CONNECTEDNESS

be described in
dness, 1s the

Definition I-11. A space F is connected if it cannot be
expressed as the union of two nonempty disjoint sets open in
E. A set in a topological space is connected if, as a subspace,
it is a connected space.

Examples

t 18 easy
see that the neighborhoods axioms are satisfied. Also, the
sets {a} and {b} are open; thus E is the union of two disjoint
open sets. Hence, E is not connected.

’

1-15. Let A be the union of two disjoint open disks in the
Iy mL. A s vrmt a rorTroantad ot
plallc 1 11€I1 A 1S 110U & ¢olneciea seu

It is much more difficult to give an example of a space that
is connected, except for something trivial, such as a space with
only one point. One of the most important examples is the
line interval. Intuitively it is fairly clear that this is all in
one piece and so should be connected, but of course this needs

Theorem 1-2. Let A be an open line interval, say the set of
real numbers x such that 0 < x < 1. Then A s connected.

and C are nonempty disjoint open sets
on A, and so on the real line. Since B and C are not empty,
there are points b in B and ¢ in C. Suppose for the sake of

definiteness that b < ¢. Then let D be the set of points z in B

such that x < ¢. D is not empty, since it contains b. Let d
.~ 4 Y _________ 1 _____ 1 £ ______ 1 __ ey rmi 1. ~
DE LIIE 1€asSt Upper oounua ol nuinipers 11 ./. ine iaea 1now 1s



to show that d cannot belong to either B or C. Since, how-

or C.

B

-

Since all z in D satisfy ¢ < ¢,

I
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Suppose, then, that d & b.
d satisfies d < ¢, and since d is in B, it must actually satisfy

o~

B is open and so there is an open interval U contain-

d < c.

an

1
han d,
Hence,

J)

1
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be in D and would be greater

which is impossible since d is the upper bound of D.
T
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so no points of D, between d — e and d, and this contradicts

the fact that d is the least upper bound of D. Hence, d & C.

1

means that, for a certain ¢ > 0, there are no poin

-

n

1

C, which leads to the required
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eorem.

e
It is clear that the same proof with minor modifications
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nite or infinile, with or wi
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Suppose that there is a ¢ between a and b but not in A,
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c < 0.

and let B be the set of all numbers in A less than ¢, C the set of

all numbers in A greater than c.

< "

Then A = B\U(C, Band C

A

Hence, A is an interval.
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sucn ¢ as assumed.
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It now becomes fairly easy to construct other examples of
connected spaces. The following theorems give general meth-
ods of getting new connected spaces from old ones.

Theorem 1-4 Letf: F — F' he a confimaone man of a connected
R v 8w L] J x4 ra v w vuviIvvvIvwuy wuou "th’ UJ wWw wvwviIvIvvvuvvuvw
PRSP I _ _ mi1 1 o 1]
SPAcCe onio a 6pace I. rnen r 1S connecwea.

Proof. Suppose that the theorem is false. Then /7 = A\U B
where A and B are nonempty, disjoint, and open. Then £ =
f71(A) Y f~YB), and f~(4) and f~!(B) are disjoint and non-
emntv. and bv Exercice 1-68 thev are onen This Dnnfrq,dicfQ
‘J“‘-y UJ , CULANA UJ A ALAWNIA VAN i AV UALVJ WA v VHVLL - LAAND A d VA LV\A. A
dbin mmncmommndtad o mnce ~L T Y T L L bn amivanandadd

LIl CONNCCLeUlICss Ol L4, 4114 S0 [ 1I1UdL DE COIllIediLeu

In particular, it follows from this that if E is connected and

F is homeomorphic to E, then F is connected, so that con-

nectedness is a topological property. Another example of the

use of Theorem 1-4 may be had by noting that there is a con-

tinuous map of the unit interval of real numbers z such that

0 < z < 1 onto the circumference of a circle. That is, map x
P

oint (cos 2rx, sin 27x) in the plane. Hence, fhp cir-

A RS &y ORLL &Gy aii VAl ~ alvidie asiaNs Vaails was

I\‘F a D;Y‘D]D 1Q nnnnon*‘ar‘]

wuiiii v 11 Ul v Uil vULilivu 10 UVlililivvuuuQe
TL snens 1.5 TP 1) mmn AL fan nnssasondad ammasa thosm I1 N/ I 2o
L neéoremnt i-o. i) 4L ana i’ are Conneciea spaces, wnen v AN ris

connected.

Proof. As usual, the proof is by contradiction. Suppose that
E X Fisnot connected. ThenZ X F = A \U B where A and
B are open, disjoint, and nonempty. Take (z, y) in A. The

Y%

cot F Y {1l ie homeomornhie tn # a nd s0 1s connected T+
L N oo 4L 2 T N/ (.0 2 Amctartrmadd 1 A TNne AL Lt Sl
LOHLOWS Lllal £ A 1Yy 15 COIlLalilea 111 A ror OuvIerwise 1ius

1
intersections with A and B would form a decomposition into
open, disjoint, and nonempty sets. But then a similar reason-
ing would show that the slice {z’} X F would be in A for

each z’ in E, and so all of £ X F would be in 4, so that B
xrm1ild o A ad <r T2 mlmrmee A1 vemrvattvemed mmandaen 1 ads mor  wlon i
woula oe empv 1nis gives tne requireda convradiction, since
B was assumed to be nonempty. Hence E X F is connected.
Example
1 T4+ haa alvaadsr hann anan +that +ha alacand lianna svdaneral
L=LU. 41U lldad allTauly DTUILL dSUUTIL Lilau LIIT LIUDTU 1111T 11101 val
I is connected. It now follows that the rectangle 72 = I X I
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is connected, and so by induction is the n-dimensional cube I™.
Similarly, since the real line is connected, n-dimensional
.[?111’.];(][\(\“ QYYO NN 1Q n]nr\ nr\v\v\r\n‘-r\r]
1JUvliiucall DPCIJDU 10 AldVU UUILLLIITULULULTU.

Exercises. 1-8. Let A be a connected set in a topological space E.
Let B be a set such that A C B C A. Then prove that B is connected.

1-9. Let A and B be connected sets in a space E and suppose that
A N Bis not empty. Prove that A \U B is connected.

Examples

1-17. Example 1-16 shows that an open disk (homeomor-
phic to 72) is connected. Then Exercise 1-8 shows that a con-
nected set is obtained by adding some or all of the points on

]
¢
{4

e
1-18. The surface of a sphere can be expressed as the union
of two closed disks with nonempty intersection. So by Exer-
cise 1-9 this surface is connected. Similarly, the n-sphere is

I~

nn ""‘"‘;n" =19 ‘f‘nhr\]nm;nn] aMann 1171]] I'\O nﬂ]]ﬂf] I‘I/IIOI']I\M#
BFCJUIVOVOLOUV IV L T L &do LA UUPULUslUCﬁL OH@UU YV 11l MJU vAviiv\ 141 WWOWUIJ/
if, for any two distinct points p and ¢, there are neighborhoods
Uof pand V ot q such that UM V = . Thus distinet

points are separated by disjoint neighborhoods.

Examples
1-19. Any Euclidean space is Hausdorff
] _‘)n mnyr Q“Ikc“ﬂnﬂ f\'F a FIYQ];AQO“ aSaManNnn 1Q HO\’IGAI’\Y‘ T“
x Ld .L_LJ.LJ UUUOIJW\J\J Vi G AdJduUuvuviiluuvudadll DPCIJU\J 10 AdAdUud\Uuivililil,. PWES
£ _ 1 oo e L P T h | re : T™r h | re
fact, any subspace of any Hausdorff space is Hausdorff.
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Before defining compactness, some preliminary definitions
are needed.

Definition 1-14. Given a covering of a topological space, a
subcovering is a covering whose sets all belong to the given

UvLUUE wiills vy ULy Al e )

Definition 1-15. A compact space is a Hausdorff space with
the property that any open covering contains a finite sub-
covering, that is, a subcovering consisting of finitely many
sets. A set In a topological space is compact if it is a compact

QI’I}\Q“QI\D
ouuoywuv.
Examples
1-21. The Borel-Lebesgue theorem of analysis shows that
a n~Alacad assar AAd cat AL & TV 10 3 i o TOT
a Uloscu pouliucQ scu 01 4 ILUCLIUCAIl 76-5pPace 1s COIpPacy (Cl. |9])
1 S ‘ |

of open intervals (n — 1, n + 1), for all integers n. This is
an open covering of the real line, but clearly no finite collection

of these intervals can cover the whole line. A similar argu-

S RV v\ AL

e

Exercises. 1-10. Show that the n-sphere is compact for any n.
1-11. Prove that a closed subset of a compact space is compact, and
that a compact set in any Hausdorff space is closed.

Note that a compact set in a Euclidean space must then be
closed (Exercise 1-11) and bounded (Example 1-22). This

\NTT T T -

1 2 :

here. However, one case will be wanted, namely, that in
which the given compact spaces are subspaces of Euclidean
spaces of dimensions m and n. The product is then a sub-

ot
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space of (m -+ m)-space. Since the given spaces are compact,
they are closed and bounded, by the remark just made. Thus
their product is closed and bounded (verify this!) in (m + n)-
space and, hence, com

]
ol S L ] 1% L AVAVE

Theorem 1-6. Letf:1li — F be a continuous map of a compact
space E onto a Hausdorff space F. Then F' 1s compact.

Proof. Let an open covering of F be glven, the individual

antce haine Aanndnd her 77, xith 4ha 2 witniniino Ay Ar anra ant Af

telwl fie] UUlllg Uucl1LIuuLvou v U g 1u1l ULIIT ¢ lulllllllé UVCOL SOITiE oCTU Ul
h 4 ~ rY ﬁ

Exercise 1—6, is open. Since E i

say f~Y(U,y), f~Y(U,), . . ., f~Y(U,), will cover it. Then Ul,
U, U, forms a finite subcovering of the given covering
of F. Since the Hausdorff condition has been assumed, F is
then compact.
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2-1. INTRODUCTION
A number of the examples already given of topological spaces
have the property that coordinates can be set up on them, at
least locally around each point. In Euclidean n-space this is
immediately evident, as a matter of definition. That is, each
point actually is a set of » real numbers, namely, its coordi-

nates. Cons1der on the other hand a two-dimensional sphere,
sphere z2? 4+ y? + 22 in 3-space. Take a

[
>

=3

noint in the hemisnhere 2 s = (1 — 2 — 92)1/2
PPYALLYU AL UXIU LIVAIMMO M RIIVAT & 1\ A AT ~ \+ g 7

an +that 1n fant tha naint 1a dotarminad by +ha yvaliiag nf » and 2
OV uvlidvv 111 LAavVuy uvllo PUIIIU 10 U uvoliliiliiovu v UV1IIT VAlLlUUO VUl & il
Mhasa fan 2N fav hna 4bhncsnbd AL o dhn nramnndivadtnc ~f 4ha it
4 11Uus \J&, ) Gall DC LvIIOUgIlL Ol ad L11C CUUIUlHauLesS Ul L1 pullly

21 1

on the sphere. But they are only local coordinates in the sense
that they determine points uniquely only in a certain open set,
namely, the hemisphere z > 0. Note that the map taking the
point (z, y, z) on the sphere onto the point (zx, y, 0) on the
(z, y) plane is a homeomorphism of the hemisphere z > 0 onto
the open unit disk, and we are actually using the coordinates
of the image of a point under this map as the coordinates of

the nm nt on the hemisphere (Fig. 2-1)

Vaals A- Viils AR PR =~ Agmye &7y
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FIGURE 2-1 Identification of upper hemisphere with disk in (x, y)
plane by projection

The interesting feature of this example from our point of
view is that the sphere can be covered by six hemispheres
with similar properties, namely, the hemispheresz > 0, z < 0,
y>0,y<0,2>0 2 <0. Each hemisphere is mapped by
a homeomorphism onto an open disk and the coordinates of
points in the disk can be used as coordinates of points in the
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A similar discussion can be carried out for the torus (see
Fig. 2-2), although it is a bit more troublesome to do it all
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cation of top surface of torus (shaded dark) with

explicaitly. Take the torus to be the
rotating the circle ( y) plane about
the y axis. Then, tor example, (x, y) can be used as local

coordinates on the surface in a neighborhood of the point
(07 07 3)'
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Exercise. 2-1. Construct a complete set of coordinate neighborhoods
covering the torus.

It will also be noticed that the foregoing examples have the
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Y1, Ys)
of a pomt. in two overlapping coordinate neighborhoods, then
17: and 7. are differentiable funetions of . and . and econ-
g I SNV AL A y Z WA v NALLILNVA VAL VAWK AV A VALV VAV RAND Vi w i CULALNA Wz CVALA AVASE Y
versely. For example, in the case of the spuere consider the
mnmvwdiiiadtn crsrodatacs ac alhAsen IR I Tfcemes s S N An A
COUIULLIA LT dDYyDLCIID dd abuve 111 LIlc llﬁllllbpll ey ¢ 2~ U allu

-~ n 1 2 / \ r~
x > 0. Let a point have coordinates (x, z2) in the first of

these neighborhoods and (y1, ¥2) in the second. Thus, if its

coordinates in the surrounding Euclidean space are (z, y, 2),

this means that z1 =z, x2 = y, y1 = ¥, y» = 2. Since 2% +
2 4+ 22 = 1 on the sphere,

<2
b

I
~ &

2\1/2

w
(3]

|l )
Ll 54

Clearly, the functions on the right of these equations have
partial derivatives everywhere in the overlap of the two hemi-
spheres. Similarly

m
%

~

B} 1 — 2 . ,2\1/2
i 4 1 y2) )

)

I
@

1

and again the functions on the right can be differentiated in
the set z > 0, > 0. It can also be checked easily that in
this set the determinant

AOIA AOI_
vyl vyl
Jdx; 0%
Y2 9y
dxl 61}2
18 not zero.
The foregoine examnbles mnarticularly the features Iinet
dnscribed Of +he lnnal annrdinatns avratnrma nan +tha arnhara
e uil€ 10Ca1 CO0rainate SYSLCils Ol € SpPiiere,
mr\-‘-:vvp“-n dhn Aalanidimam AL L n derann ~L o P A [ R 4
111U L1 va Lt Ll Ucliilivivil Ol vile vy pe Ol spdace 01 bpb‘bla lllbUIUle
) PN e 1 41 1 ~ 1 T )
here, namely, the differentiable manifold. First, some pre-
1 1 ~r . (R E1
IIminary dein lthDS 11 b glven



2-2. DIFFERENTIABLE FUNCTIONS AND MAPS
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not differentiable on any open set containing a point of the
circle z? 4 y? = 1, but it is differentiable on any open set not
containing any point of this circle.
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It should be checked as an exercise that this function has
derivatives of all orders at all points of the line. Thus fis a

differentiable function of the whole line. (Remember that
(1 /=1t 5 0O
\1/v7)¢C 7V

ag f — 0 fram
(7] v 7 NJ ALV
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spaces of higher dimension. In Euclidean n-space let
2z? be the square of the distance from the origin, and deﬁne

a function f as follows:

e.-'-

\ Pa—
= eXx when r < 1

Jkp) p \\’)"2 _ 1,} )

fln) = 0 when » > 1

J \t’/ AY4 YY AANJALA I ety A e

Note that the function just constructed has the properties
of being differentiable in all n-space, vanishing outside an
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open set (the unit solid sphere), and being nonzero inside this
set. Functions with similar properties will be useful later.

Exercise. 2-2. Use a method similar to that of the last example to
construct a function differentiable on all n-space, equal to 1 on the closed
1, and vanishing outside the solid sphere 2 z? < 4.

Definition 2-2. Let f be a real-valued function on a set 4 in

Euclidean n-space E. f will be called differentiable on A if it

can be extended to an open set U containing A so that it is
7

hus, for example, to say that a function is differentiable
at a point means that it is differentiablie on a neighborhood
of the point. The following is a natural extension of the idea
of differentiability to maps between Euclidean spaces.

Dofinition 2.2 Tet A he a <ot in Fuelidean m-enace and
ouvlvuvvvlv - e AV -~ A LV 4 w3 ww v ALX Ad ANV AALNACVLE v Uywv\.} QAL ANA
1ot £ £ L o Vemoan AL gt VN £l A NACo
1CU Jl, J2, o ) Jn PE 70 ULILCICIILIaDIC 1UIICLIOILS ULl A. 1JCI11IC

a map fof A into Euclidean n-space by making f(x) the point
with coordinates (fi(x), fa(x), . . . , fa(x)), forzin A. Then
f 1s called a differentiable map of A into n-space.

man f Tf = m 1te detoerminant ic called + )

AALWB J AL TV 'lV’ AVUN VAVUVL ALILAILIRAQULAY AN VGVAALW/NA U1lild L7 v
arnans reand A Ll o

ernuTe U1 LINC 11‘d;p

Exercises. 2-3. Let f be a differentiable map of a set A in Euclidean
m-space into n-space and let g be a differentiable map of f(4) into p-space.
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Prove that the composition gf is a differentiable map of 4 into p-space.
Also, if F is the Jacobian matrix of f evaluated at a point z and if G is the
Jacobian matrix of g evaluated at f(z), prove that the Jacobian matrix
of gf evaluated at z is GF.

2-4. Let f be a differentiable map of an open set in Euclidean n-space
into n-space and suppose that f has a differentiable inverse. Show that
the Jacobian determinant of f is nonzero at all points of U.

The result of Exercise 2-4 has a partial converse, namely,
the inverse function theorem, which can be stated as follows.

map o

et p be a pomt f U. Suppose that the

Jacobian determinant of f is nonzero at p. Then there 1s a
netghborhood V of p and a neighborhood W of f(p) such that

f maps V homeomorohic ally on W and the inverse vf fon W is a

Lhnd LoUIrLy & < (45
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For the proof of this result see [3] or [6].

Note that this theorem gives only a local inversion of f.
It 1s not possible in general to say anything more. For exam-
ple, let U be the (x, y) plane with the origin removed and,
using complex variable notation z = z + ¢y, define a map f of
U onto itself by setting f(z) = exp(z). If the real coordinates
of f(z) are ertten as (u, v) hen this map can be expressed in

1 4 el v 4 o)

en
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v v;vx;u
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exp(z) cos y,
= exp(x) sin y.

< &
Il

It is easy to see that this is a differentiable map of U onto
itself, and that the Jacobian determinant is nonzero on all of
U. Certainly, then, f can be inverted locally, by Theorem
2-1. In fact, the inverse is given by z = log(u + %) on any
set that does not surround the origin. But fis not one-to-one
on all of U, for if y is changed by adding to it any integral
multiple of 27, the value of f(z) is unchan

09
D
[oR

2-3. DIFFERENTIABLE MANIFOLDS
With the preparation of the last section it is now possible to
formulate the definition of the kind of space of special interest
here, namely, the differentiable manifold.



is a Hausdorff topological space that has a covering by count-
g‘\l‘\]vv WA AMYY ANAVIAT oant o 77‘ TT nn+;n‘ptr;hr\‘ +]r\n *pr\]]nvn;‘nn'
CbUly llia ly UIJU 1 DdTLD Ul, U2, ) Dalelylllé ULIU 1VULIVU WG
conditions:

(1) For each U; there is a homeomorphism ¢;: U; — V;
where V; is an open cell in Euclidean n—space

a ]
_________ > o3 viili %97

-

present discussion. Its inclusion in general is designed to
avoid some pathological cases.

Examples

two-dimensional sphere S? satisfies the conditions of Definition
2-5. That is, S? is covered by six open sets, the various hemi-
spheres described there, that play the part of the U,. If Uy,
for example, is the hemisphere z > 0, then the map ¢; is to
map the point (x, y, z) of U on the point (z, y, 0); V is being
taken as the hmt disk with the origin as center on the
(z, y) plane. Similarly, if U, is the hemisphere z > 0, then

i 1
~
’

$2(x,y,2) = (0,y,2). The map ¢1.is then given by ¢12(0, y, 2)
= ((1 — y?2 — 22)V2 y,0) and this map is differentiable. A
similar discussion can be carried out for the other ¢;.

Exercises. 2-5. Imitating the discussion of the last example, show that
the n-dimensional sphere S” is an n-dimensional differentiable manifold.
2-6. The projective plane P? is obtained from the 2-sphere S2? by
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identifying diametrically opposite points. Thus a point of P? is a pair
of antipodal points on S2. If p is a point of P defined by the pair py,
p2 on S, take an open disk U, on 82 around p, and the disk U, around p.
whose points are opposite those of U;. Then the points pairs contained
in the pair of neighborhoods U, and U will be called a neighborhood of p
in P2.  The topology of P? will be defined by taking as a neighborhood
of p any set containing a neighborhood of the type just deseribed. Prove
that P2 is a two-dimensional differentiable manifold.

2-7. Generalize the last exercise by defining projective n-space P»
as the space obtained by identifying diametrically opposite points on the

n-sphere. The neighborhoods are to be defined as in Exercise 2-6.
Prove that P~ is a differentiable manifold.

2-8. Let X be the set of all (n + 1)-tuples of real numbers, exclud-
ing the one consisting of n 4+ 1 zeros. Define (xo, 21, . . ., ZTn) ~
(cxo, ¢y, . . ., cx,) where ¢ is any real number except zero. Prove that
~ is an equivalence relation on X, and show that the equivalence classes
are in one-to-one correspondence with the points of the projective space P
as constructed in Exercise 2-7. Let U, be the set of points of P* with
representatives in X for which z; ## 0. Such points then have represen-

tatives of the form (xo, 21, . . ., 1, . . ., z,) with 1 in the 7th position.
Let ¢: be the map of U; into n-space carrying the point with representa-
tive (xo, 1, . . ., 1, . . . ,Za) Into (Te, 21, - « « , Ticty Tig1y - - « 5 Tn)-

Show that the U; and ¢; so obtained can be taken as in Definition 2-5
to give P* as a differentiable manifold.
2-9. Exercise 2-8 suggests the following construction. Let Z be the

set of (n 4+ 1)-tuples (2o, 21, . . . , 2») Oof complex numbers excluding
the zero (n + 1)-tuple (0,0, . . .,0), and write (20,21, . . . , 2n) ~
(czoy €21, . . . , c2,) Where ¢ is any nonzero complex number. Check that

~ is an equivalence relation on Z, and let PC* be the set of equivalence
classes. Let U; be the set of elements of PC™ with representatives of the
form (20,21, . . . ,1, . . ., 2z.) with 1in the sth position and let ¢; map
an element of this form on (2o, 21, . . . , 2i1, 2ix1, . . . , 2») In complex
n-space, which is topologically a Euclidean 2n-space. Show that the
topology in PC" can be defined so that the ¢; are all homeomorphisms,
and that when this is done the U; and ¢; define PC as a 2n-dimensional
differentiable manifold. PC= is called complex projective n-space.

2-10. Prove that the torus (see Section 2-1) is a two-dimensional

differentiable manifold.

2-4. LOCAL COORDINATES AND
IF NT UNCTIONS

Definition 2-5 contains implicitly the idea behind the next
definition. In effect, the homeomorphism ¢; identifies U; with
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V: so that the Euclidean coordinates in V; can be used to label
the corresponding points in U,. Thus ¢; can be thought of as

nate sy.ste the word local s fd m_g that the coordinates are
set up only in an open set U, and not over the whole manifold.
MThia antoocoata that wa achnnild he ahla +a dafine a notinn nf
A LEXO DuésUDUD viiavv YYU DIlIiVvUuiu JUU aviv uvuUu uwuvliiiv a 1ivwuvivir vl
Al Avantiahla frirmvndinan A +ha vmanifald ot AiflAavandiadtinan
Ullicicliviavic 1ulivuiulil U1l viic illlaliliviu, UDlllg UL CLClIuiaulull

4 1 y] 4 ) TN
with respect to the local coordinates set up by the ¢,. The

main point is to check that, in defining such a concept, the defi-
nitions in terms of different ¢; cannot contradict one another.

To check this point, let f be a real-valued function defined
on an open set U of the differentiable manifold M. Take a
point p in U and suppose it is in the set U; of the open cover-
ing used in defining M. Consider the composed function f¢;

t
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Lemma 2-1. f¢7' is differentiable in a

~1 ¢s differentiable in a nez’nhborhood of rh.-( -

5 W v J ¥
Proof. This follows at once, since f¢;' can be written as
fo7 b7t = fo7 . If fé;' is differentiable, then so is
fcb_l = fé;'¢;, being a composition of differentiable func-

Thus this lemma says that if f, expressed in terms of the
local coordinates set up by ¢, is differentiable, then it is
differentiable in terms of the local coordinates set up by ¢;,
and conversely.

Definition 2-6. With the foregoing notation the function f
will be said to be differentiable in a neighborhood of p if and
only if f¢;7! is differentiable in a neighborhood of ¢;(p).

The lemma says that the condition stated here is independ-

11d v Uil UI1L, LULIAT il A ud

ont nf + 4. that 1a 1100
ent o1 tne @ vilav 1D ST,
m. 1 r 11 1. 1 _ 1 F Y s * 77 Trr
1ne rumnction j wiil be calleda arjjereniiaolte on an open set

f it 1s differentiable in a neighborhood of each point of U.

o @



Exercises. 2-11. Let M be the sphere z? 4 y2 4 22 = 1 in 3-space.
Prove that each of the Euclidean coordinates z, y, z is a differentiable
function on M.

2-12. Repeat Exercise 2-11, taking M as the torus in 3-space, as in
Section 2-1.

2-13. Let M be a differentiable manifold, p a point on it. Show that
there is a neighborhood U of p and a differentiable function f on M that
is positive in U and is zero at all points outside U. (Hint: Take U as
a local coordinate neighborhood, mapped on an open set V of Euclidean
space. By reducing the size of U, if necessary, take V as an open solid
sphere of center the origin and choose the scale so that its radius is 1.
Then use Example 2-4.)

2-14. Let A be a compact set in a differentiable manifold M and
let U be an open set containing A. By using a suitable finite covering
of A by neighborhoods, as obtained in the last exercise, construct a dif-
ferentiable function f on M that is positive on A and zero outside U.

By using the same set of neighborhoods and some more, obtain a second
function g that is equal to f on A and is nonzero on a neighborhood of the
closure of the set where f 0. By taking the quotient f/g construct
a differentiable function on M that is equal to 1 on A to 0 outside U, and
that otherwise takes values between 0 and 1.

Note in particular that if V; is one of the open cells of Defi-
nition 2-5, then each of the Euclidean coordinates in V; is a
differentiable function on the corresponding U, in M. That
ia i anbh AL 4V A TT 4lincan 16 & oo AL o ALl Acnnmdtiah]la iz ndianag
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nates of the point. This suggests extending the notion of local
coordinates by taking as coordinates in some neighborhood
(not necessarily one of the U) the values of n differentiable
functions on that neighborhood. Of course, some condition
will have to be imposed to ensure that these coordinates corre-
spond to a homeomorphism of the neighborhood on a Euclid-

fi, f2y . . ., fo be n differentiable functions in some
neighborhood of a point p of M and suppose that p is in U,
in the notation of Definition 2-5. Thus fi¢;?, fod7 ™, ;
f2¢7 " are differentiable functions in the sense of Definition 2-2

e e h
around ¢;(p) in V,. Suppose that the Jacobian determinant
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of these functions with respect to the Euclidean coordinates in
V; is not zero at ¢:(p). Then map a neighborhood of ¢:(p)
into Euclidean n-space by mapping a point 2 on the point

with coordinates (fid~1(2). fodT (z). . . . l(a‘n call the
\J 279 N\ 71 J 4T \"" 77 7./ T‘L 77
resulting map f. According to Theorem 2-1 there is a neigh-
havhoand T7 Af £4.0m) +hat nan ha +alban ag an anan eall and a
vulLlIvvuU v Ul J\p) uvllauv vall YU vantllt as all Upull vull alilu @
A L b TT Lt Lo ciinde Ll nd L o an e TT! han Am e A 1.3
1€1211001'1100a U 01 @;{p) sulll uvilau J Hlaps U 1UlICO1VUL pill=
Ty 1 1 e
C&Hy on Vv, the inverse agaln oelng a differentiable map.

Finally, write U = ¢;7(U’) and ¢ = f¢:;, so that ¢ maps a
point ¢ in U onto the point with coordinates (fi(q), f2(q),

, fo(@)) in V. Clearly, ¢ is a homeomorphism of U
onto V.

h~

Definition 2-7. The homeomorphism ¢ will be called a loca
coordinate system on the neighborhood U of p. U is called the
corresponding local coordinate neighborhood.

)__n
p.._n

The motivation for this definition is that points of U are
named by the coordinates of their images under ¢. Note that
the ¢; and U; of Definition 2-5 are automatically local coordi-
nate systems in the sense of this definition.

Exercises. 2-15. Show that the definition of local coordinates around a
point is independent of the choice of ¢; used in the construction.

2-16. Let ¢ and y be any two local coordinate systems around p,
mapping neighborhoods of p on open cells V and W, respectively, in
Euclidean n-spaces. Show that ¢yt is a differentiable map of an open
set in W on an open set in V, with nonzero Jacobian determinant.

Note that the result of Exercise 2-16 means that we can add to the
coordinate neighborhoods U; defining a differentiable manifold (as in
Definition 2-5) other coordinate neighborhoods, obtained as in Definition
2-7, and the combined collection of local coordinate systems will continue
to satisfy condition (2) of Definition 2-5.

2-17. Let p be a point of a differentiable manifold M and let ¢ be
a local coordinate system in a neighborhood U of p as in Definition 2-7.
Let f be a differentiable function on a neighborhood of p (Definition 2-6).
Prove that f¢~! is a differentiable function on a neighborhood of ¢(p)
1in V (in the notation of Definition 2-7).

The meaning of this result is that, while the notion of differentiable
function is defined using only the coordinate neighborhoods U; of the
definition of a manifoid, the same description of differentiability holds
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in terms of the additional local coordinate systems introduced by Defini-
tion 2-7.

2-18. Take the (z, y) plane as a differentiable manifold M. Show
that polar coordinates (r, ) defined by = = rcos 6, ¥y = rsin 6 can be
used as local coordinates in any open disk not containing the origin.

2-19. Similarly, show that the spherical polar coordinates (r, 8, ¢)
defined by z = rsin ¢ cos 6, y = rsin ¢ sin 6, z = r cos ¢, can be used
as local coordinates in 3-space in any open sphere not meeting the z axis.

2-20. The spherical polar coordinates of the last exercise can be
restricted to the surface of the unit sphere by fixing »r = 1. Show that
on the surface of this sphere (6, ¢) can be used as local coordinates in any
disk not containing the point with Euclidean coordinates (0, 0, +1).

.8 NITEFEER " TTART K MADPGQ
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It was seen in Section 2-2 that differentiable functions o
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one manifold into another. These differentiable maps play
the same sort of role in the theory of differentiable manifolds
that continuous maps play in the theory of topological spaces
in general. The idea of the following definition is to use local
coordinate systems to transfer the already familiar Definition
2-3 to differentiable manifolds.

NDofrmnztznn 9_9 Tot AM N hoa diffarantiahla manifalde Af
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on M, and fa map of U into N. Let p be
let ¢ be a local coordinate system on N in a neighborhood W
nto an open cell V
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the individual coordinates in V as functions on a neighbor-
hood of p. If these functions are differentiable, the map f
will be said to be differentiable on a neighborhood of p. f will

be called differentiable on U if it is differentiable on a neighbor-
ond of canh noint of 77
ilvvuu vl vavuvill IJU.lll.U UL U.

Note that Definition 2-8 could also be formulated as follows.
Let ¢ be a local coordinate system on a neighborhood U, of p,
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assumed to be contained in U, ¢ being a homeomorphism on
an open cell Vy in Euclidean n-space. Then the composition
¢fY~is a map of Vo into V. Definition 2-8 says that if this

map is differentiable, then f is differentiable on a neighbor-
hood of » nother noint that should be noted (and checked
AANIIA UK tJ . A RALAINT VALV A I.I\JJLA v Va3dAACUU NALAV ARAVA AU ALV VWA \leu NJAAN/ VAR A
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~n o~k A .,\ — 41 o ratnrn 11eod arvAzrn A
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That is, if the stated condition holds for one such local
coordinate system, it holds for any other.

Definition 2-8 is extended to maps defined on arbitrary sets
as follows.

Definition 2-9. Let M and N be differentiable manifolds,
let A be a subset of M, and let f be a map of 4 into N. fwill
be called differentiable if it can be extended to a differentiable
map on an open set U containing A.
LExamples

2-7. If M and N are taken as Euclidean spaces, note that
Definitions 2-8 and 2-9 reduce to Definition 2-3.

2-8. Any differentiable function (Definition 2-6) on a set

U of a differentiable manifold M is a differentiable map into
Euclidean 1-space. More generally, if fi, f2, . . . , f. are dif-

ferentiable functions on U the map taking p into (fi1(p), f(p),
., fr(p)\ is a differentiable map of U into E“ lidean r-space.

Exercises. 2-21. Let M be the torus in 3-space (see Section 2-1) and
let (I, m, n) be the direction cosines of the outward normal to M at p.
Then, since 2 4+ m? + n? = 1, (I, m, n) can be taken as a point of the
unit 2-sphere S? in 3-space. Call this point f(p). Then prove that
f 1s a differentiable map of M into SZ.

2-22. The position of a point ¢ on the torus can be specified as follows,
representing the torus as in Section 2-1. On thecircle (z — 2)2 4 y2 =1
in the (z, y) plane, take the point whose direction from the center makes
an angle 6 with the positive direction of the z axis. Draw the circle
through this point parallel to the (z, z) plane and lying on the torus,
and take the point at angular distance ¢ round this circle (Fig. 2-3).
Then the position of ¢ can be specified by the pair (8, ¢). Note that
these are not coordinates over all of the torus, since for a given ¢ the
.angles 6 and ¢ are defined only up to integral multiples of 27w. Show,
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FIGURE 2-3 Naming a point of the torus by two angles 0, ¢.

however, that (6, ¢) can be taken as local coordinates on suitabie ope

sets of the torus. Now take p in the (z, y) plane with coordinates (z, y

and let f(p) be the point on the torus with the angular coordinates (in
1

;l

~~

1

the sense just explained) § = 2, ¢ = y. Prove that f is a differentiable
map of Euclidean 2-space onto the torus.

Notice that, if the map f is restricted to the square 0 < z < 27,
0 <y < 2r, then f is one-to-one on the interior and points on the sides
opposite each other are mapped on the same point. This can be ex-
pressed pictorially by saying that the torus is obtained from the square
by identifying the pairs of opposite sides.

Another interpretation of the exercise is obtained by thinking of ¢ and
¢ each as an angular coordinate on a circle. Thus the torus is repre-
sented as the topological product of two circles.

2-23. Let M, N, and P be differentiable manifolds and let f: M —» N
and g: N — P be differentiable maps. Show that the composition gf is
a differentiable map.

2-24. Let p be a point of the 2-sphere 82 and let f(p) be the point of
the projective plane P? (cf. Exercise 2-6) obtained by identifying p with
the diametrically opposite point. Show that f is a differentiable map of
S2 onto P2,
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In general topology we identify spaces that are homeomor-
phic. Here, however, before we can regard two differentiable
mamfolds as being the same, a stronger condition must be

i1sfied, namely, the condition of diffeom orphism.

........ y vaabs L 2 4 AU Bl o

Definition 2-10. Let M and N be differentiable manifolds,
and let f be a one-to-one differentiable map of M onto N such
hat the inverse map is also differentiable. Then fis called a
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Exercise. 2-25. Let fbe a one-to-one differentiable map of M onto N.
For any p on M, let ¢ be a local coordinate system in a neighborhood of p
and let ¥ be a local coordinate system in a neighborhood of f(») on N, so
that ¢f¢~11is a differentiable map of one n-cell on another. Suppose that,

114 1D a 1 al) Ul Ull A w) 8 g

expressed in terms of the FEuclidean coordinates, the Jacobian determi-

Note that this exercise gives an alternative way of formu-
lating Definition 2-10. Note also that diffeomorphic differ-
entiable manifolds are automatically of the same dimension.

2-6. RANK OF A DIFFERENTIABLE MAP

>

I
on the point (z, 0). Here fis defined on something of dimen-
sion two but its image is of dimension one. This observation
will not be exploited in full until the next chapter, but in the
meantime it should be noted that in the example just given
the Jacobian determinant of the map is everywhere zero. On
the other hand, if this determinant were everywhere nonzero,
f Would have a local inverse and thus it would be expected

. aoe would have dimension two 'hue the dron 1
1 mage would have dimension two 1'hus the drop 1n

dimenacinn chnanld he aannoanfad in cnrmma wroy wnt +hpo vranls nf
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Ltne Jaconian matrix oI tne map J.



30 Differential Topology

Deﬁniﬁon 2-11. Let M and N be differentiable manifolds
and let f: M — N be a differentiab

. N QO m al, * I —_ ’ Fay
et q‘). TT —> T7 a;ud G/I. LT — V bc
m

around p and f(p), respectively. Thusyf¢—1s a differentiable
map of the Euclidean open set V into V’. Then the rank of f
at p 1s defined as the rank of the Jacobian matrix of ¥f¢—! at
¢(p). If the rank at all points is r, then f will be said to be

P

Exercises. 2-26. Verify that Definition 2-11 is independent of the
choices of local coordinates around p and f(p).

2-27. Check that themap f of theplane into itself defined by f(z, y)
(z, 0) has rank 1 everywhere.

2-28. Let f: M — N be a differentiable map of rank m = dim M <

= dim N. Show that, in terms of suitable local coordinates (xi, x.,

. , Tm) around a point p and (y1, Y2, . . . , Yn) around f(p), the map f

1s given locally by

I

D

g, o=

o {a 1
1 X3 (¢ = 1,
£

o= FAm m
i = Ji\Z1, X2y « «+ « 3 Tm
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able manifold as defined in Section 2-3. This extension is

motivated by the example of a closed disk. An interior point
p of D has a neighborhood that is an open disk, but a point ¢
on the boundary has a neighborhood (in the disk) that is a
half disk. Thus, if D is to be thought of as a differentiable
manifold, two different kinds of coordinate neighborhoods will
have to be considered, according as the point in question is
interior or not.

222V UL 22V V.
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boundary 1s a topological space M with a subspace N and a
countable open covering U,, Uy, . . . , with homeomorphisms
&1, b2, . . . , satisfying the followmg condltlons
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supset o1 V; 1or wnien r, = U.

(2) If U; and U; are two sets of the given covering and if
¢: and ¢; are the homeomorphisms just described and if
U:N\U; %= ¢, then ¢; = ¢:;¢p; is a differentiable map of

¥ g TYTrJ
AU MU onto &.(1 /\TT\
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Since homeomorphisms of the type ¢;; must carry interior
points into interior points and frontier points into frontier
points, it is clear that if those U; that meet N are restricted to
N, they form a covering that defines a structure of an (n — 1)-
dimensional differentiable manifold on N.

Al 2
Example

2-9. The solid sphere and the solid torus are differentiable
3-manifolds with boundaries, the boundaries, of course, being
+hna anhorva and +ha +Amra “nnﬂnq-‘-:vvr\]vv
(V¥ v DPIICLC all\l vLI1IT LUIL uo, .lUDPUbUJ.VU.ly

It 1s easy to see that the definitions given in the earlier
sections of this chapter extend to differentiable manifolds with
boundaries, with minor alterations to take care of the bound-
ary points.

Qo

form a sphere. One disk becomes the top hemisphere, the
other becomes the lower hemisphere, and the boundaries are
1dentified to become the equator.

In more detail, this process can be described as follows.
Let M, and M, be differentiable manifolds with boundaries
N, and N,, respectively, and let f: Ny — N be a given diffeo-

= - o
morphism. Form a set M whose elements are the points of

. — N. thonointenf M. — N. and tha nainta naire (m  f{n))
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FIGURE 2-4

1

U .
pisin M, — N, or M, — N, then its neighborhoods in M, or
M, respectively, are to be taken as its neighborhoods in /.
On the other hand, if p = (p, f(p)) is an identified pair with
p in N; and f(p) in N,, then each neighborhood of p in M is
to be the union of a neighborhood of p in M, and a neighbor-

points in Ny and N,

Thus, for example, in Fig. 2-4 the two semicircular neighbor-
HLUUUD U] allu U 2 Ul II Alll J\‘Il CLCUI111UV1IIU VU 1Vl QA J.J.Ulélluul
Wnrnd TT A€ fan Ll 1o AL
nooa v O1 \p, J\p)) ilL .

rmi 12 4 T4 1 e 1 1 11 ] nxy 1° 00 r* 1.1

The difficult step now is to show that M is a differentiable

manifold. For the proof in detail, see [6], Section 6. What
we must do i1s show that, if coordinate neighborhoods U; and
U, fit together as just described to form a neighborhood U in
M, and V, and V. fit together to form V, then the coordinate
changing functions (functions such as the ¢,; of Definition 2-12)
for Uy M V, can be fitted together with those for Us M V, to

 functions for M that are differentiable

~ P 99 LRV} a 22/ AN/ Samaaxi a e

give coordinate chang
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3-1. THE DEFINITION
In studying differentiable manifolds, the notion of subspace
is too general. If one manifold is contained in another, it is
desirable that the local coordinate systems in the two be
related in some simple way. The following is the appropriate
definition.

Definition 3-1. Let M be a differentiable manifold of dimen-
cimm o and Tat AT Tha o cithont ~f M codicfring +hn nmndidd ana
DI1ULL 71t A1l 1CL LY DT A4 SUDTUL UL VI dDAau blyl 15 LIIT UUILIULULIULLD

/- \ b T d n

(L) IV 18 f dimension n.

a differentiable manifold o
s a point of N, there is a local coordinate neighbor-
n

1th a local coordinate system ¢: U — V,
uclidean m-space, such that
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Tm = 0, and ¢



[¥5)
[N
o
Y
=N
3
(AN
=
e
o,
=]
o~
3
D
]
S
o~
=
Q
w

Then N is called a submanifold of M
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al e “quauions Tnt1 = Tngr
Z, = 0, while z1, 22, . . . ,x, are local coordin:
around p. Thus, local coordinate systems on N are induced
by those on M. This condition also ensures that N is sur-
rounded, in M, by a kind of tubular neighborhood. This point

will be discussed later, but first some examples will be given.

I

3-1. The simplest example, of course, is obtained by tak-

ing M to be Euclidean m-space and N the Euclidean subspace
given by the equations a4y = Tnpz = * * © = 2, = 0,
B s rm_1 nr i 1.. TH 211 T ) A rmy . 1
3-2. Take M to be Euclidean 3-space. The coordinates

x, ¥, z in 3-space can then be used as local coordinates around
any point. Take N to be the 2-sphere with equation z? +
y? 4+ 22 = 1. This has already been seen to be a differenti-

manifold (Example 2=6) It will now be shown that con-
LI SO I ] ~ 1. - J R I
dition (2) of Definition 3-1 is satisfied. Take, for example, a

cA.
point p on the hemisphere z > 0 of N. It is evident that the
coordinates (z, ¥, z) cannot be used as local coordinates around
p in M if condition (2) is to be satisfied. However, new coordi-

X =z,
Y = u.
g)

Z =z—(1—z*— y)l2,
The functions on the right are differentiable, as are the func-
tions expressing the inverse transformation, and the Jacobian
1 2 ¢ A V4 rz 11 i —
determinant of

around any point on the hemisphere z > 0. Thus (X, Y, Z)
are admissible as local coordinates around p (Definition 2-7).

In terms of these coordinates, N has the equation Z = 0 in a
neighborhood of p. Also, it was seen in Example 2-6 that X
PR | A V4 o 1. L1 _ 1 1 M _ AT 1. b I
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around any point of N
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that given local coordinate systems may not make it obvious
that a subset of a differentiable manifold is a submanifold.
Some adjustment of the local coordinate systems may be

needed before condition (2) can be seen to hold
Q_9 Malra M +a ho+ho 9 anhara 2 L 2,2 1 52 — 1 1n Q_anane
DT 4 AnNU vk VU JUU V1D aToplivi v w Y i < 1 1l JTOpavY
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and let N be the circle in which it intersects the plane z = 0.

can always be taken as one of the local coordinates on
ny point of N, the other being either z or y, it is easy to
see that N is a submanifo ld of M Clearly, this example can

QDN

to nighe
3-4. It is of interest to 100k at an example in which con-
dition (2) of Definition 3-1 is not satisfied. In Exercise 2-22
an example was given of a differentiable map ¢ of the plane E,
onto the torus. Let L be a straight line in £ passing through

1»—-’

a
the torus as M and ¢(L) as N; L, a one-dimensional Kuclidean
space, is a differentiable mamfold. Its image N, however,

winds infinitely often round M, in fact, in such a way that if
simNand U1 hborhood of » iIn M. then NN\ U

pisin N and reighborh pin M, then ]

choice of local coordinates around p in # can make condition
(2) of Definition 3-1 work. Thus N is not a submanifold of M.

3-2. MANIFOLDS IN EUCLIDEAN SPACE

A case of special interest is that in which the containing
manifold is a Euclidean space. So let M/ be a differentiable
manifold of dimension n, given as a submanifold of Euclidean
N-space E. Condition (2) of Definition 3-1 is expressed, in a

neighborhood of some point »p of M, in terms of some local
coordinate system in ¥ in a neighborhood of p. On the other
hanr] +thoa Fniochidean econrdinatoes thoameaalvvee pcan he 1iead ac
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how condition (2) of Definition  3-1 appears when expressed in
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examined by making the necessary coordinate transformation
in two stages. The result will appear as Theorem 3-1.

Star with a local coordinate system in a neighborhood U
of M for which condition (2) of Definition 3-1 is

} 1t p of M hich conditio efini 1
I Ir T

satisfied. This is a homeomorphism ¢: U — V where V is
. yJ.J.J.UALL y . A4 1 4 YY Adwad v 1 4 AN
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ai. as PR | I AU I LIS R Tor cmpaedlmiilase
Y1, Yo, . . . , YN W1l D€ USEA as coorainates. Iin particuiar, ¢
TT 7\ nr h | nmr 1

ad
restricted to U M M 1is a local coordinate system on M around
p and it maps this set on the part of V for which y,1 =
Yny2 = * - - =yny = 0. On the other hand, the identity
map of U on itself is a local coordinate system in U and so,
according to condition (2) of Definition 3-1, ¢~! can be
expressed by equations

{ »
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is nonzero throughout V.
In particular this determinant is not zero at ¢(p) and so,
with suitable renumbering of the z, the determinant

ia(d/l, ‘)02) o v e )'l/n)i
1 0(ys, Y2, - - - 5 Yn) |

1s not zero at ¢(p). So if the map 6 of a neighborhood of
¢(p) into a third Euclidean space E’/, where the coordinates
are zi, 2, . . . , 2w, 1s defined by

<1 = 1//1(?/1, Yo, « -« yN)

n T "l'?l(yi; Ye, ) yN) (2)
Zn+i = Yn+i

EN = YN,

the Jacobian of the functions on the right is not zero at ¢(p)
and so is nonzero in a neighborhood of ¢(p). It follows, by
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Theorem 2-1, that 6 maps a neighborhood V'’ of ¢(p) homeo-
morphically on an open cell W in E’, and 67, defined on W, is
differentiable.

Now let U’ = ¢~ (V') and write x = 0¢. x 1is thus a
v ~ h ot \ /7 /N g /N
. , .
homeomorphism of U’ on W and, by combining the Eqgs. (1)
and (2) of ¢~ and 6, x must have equations of the form
21 = T
2n = Tn
_ . 3
fn+1 = Xn+1\L1, T2, . . . , IN)
ZN = XN(xl, Lo, . . . ,:BN).

Since x is the composition of 8 and ¢, the functions on the
right have nonzero Jacobian determinant in U’ (cf. Exercise
2-3) and so x 1s also a local coordinate system. Theinverse x!
will be expressed by equations of the form

Zr =2
X, =2
x”-’"’u‘l = )\'f"{‘l\zli 227 = ; ZN,
— /
IN = ANy, 22, y #N)

Now in the first place x(U’' M\ M) is precisely the set in W
satisfying the equations z,i; = 2zp4s = =zy = 0, and
so, using Eqgs. (4), it follows that U’ M M is the set of points
in U’ satisfying

Tnii = "n-i-i(xi; L2, y Lny 01 0) ’ 0)
-
\9)
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And in the second place ¢, restricted to U’ M M, gives a local
coordinate system on M and so the restriction of x is also a
local coordinate system in the neighborhood U’ M M. But it

is easy to see that x maps (21, 2s, . . . , zy) on U’ M\ M onto
+tha noint (. ». > 00 0N with 2. = ». for 7 =
viiv }JULLLU \0]_, &Ly o y fny Yy Yy e 9y V) VWivull wy & AUV

1, 4, y T0. 11lat 1y, LT Pryjouvuivil idldap Ul U 0V 4da 11vy
1 - ~ MU IR IV I [ R
the space Tni1 = Tngs = = zy = 0 is itself a local coor-
v , r rrs N

dinate system on M () U".

Theorem 3-1

L’n:n’nn’nnm 7\T QM rNoD 'rm n’o
LWL CWwiIv L v -OPWUO J (4>

s MnNa
w [IU(/I(/

b

2

3
Y

'y i 7

numbering of the Euclidean coordinates x1, s, . . . , Zy tn E,
the projection on the space Tny1 = Tpypa = * -+ =28y = 0150
local coordinate system on M in a nerghborhood of p, while in a

eighborhood of p in E, M s the set of points satisfying equations

{Ahtrrmord fram (RY har chanae of notatron)
\UU(IW(/’(/OW JIUI’O \U/ v bl(/llll(/y(/ UJ ’UUUWUUUIU}
Tnt1 = fas1(Ty, To, . ) Tn)
(6)
— Vd 7/ \
ey = fn(xr, 2o - . ., Za)
where the f; are differentiable functions.
Example
3-5. In the case of the sphere 22 + 3? 4 22 = 1 in 3-space
s+ Laa LWana aoan I P N 4. dxzrn Af 4hn an s n b aa
iuv 1l UUﬁll Seen vna at, al ouna ally pU 1L, LWO Ul LI1C LOULIULLIALODd

s
x, ¥, 2 can be used as local coordinates, so that the correspond-
ing projections are the maps defining the local coordinate sys-

tems, while the third is given as a differentiable function of
them (cf. Example 2-6).

VAAGAAA ALV RAL NS

Exercises. 3-1. Prove the following converse to Theorem 3-1. Let E
be Euclidean N-space and let M be a subset such that each point of E has
a neighborhood U for which either U M M is empty or is the set of points
in U satisfying a set of equations that, with suitable numbering of coor-
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dinates in E, can be written as

ZTagr = fop1(Z1, T2y - . ., Tn)

ey = fn(x1, T2y « . ., Tn)

where the f; are differentiable. Then prove that M is a submanifold of E.

3-2. Generalize Exercise 3-1 as follows. With the other data as
given in the preceding exercise, suppose that each point of ¥ has a neigh-
borhood U such that U M M is either empty or is the set of points in U
satisfying equations

gi(x1, 22, . . . ,zNn) =0, 1=12, ...,n,

where the g; are differentiable and the Jacobian matrix of the g; with
respect to the z; is of rank n at each point of U. Prove that M is a
submanifold of E.

The two exercises just presented describe situations in which
a cirhant MM ~AFf Tnalidac AT crann F 7 B N 4+ 4+~ Ln & ol
A DULDTL i VLI 1uuvliiucall Ly "‘bl.)d:bt? 17 uvulils vuuv LV P a4 sSup-
2 1 Y 1) 1

manifold of £. Another such situation will now be discussed.
In this case it is rather more difficult to check that condition
(2) of Definition 3-1 holds. The idea here is to take the sub-
set of £ to be the one-to-one image of a differentiable mani-
fold mapped into E by a differentiable map. It was seen, of
course (Example 3-4), that such an image is not necessarily a
submanifold in qeneral but it will now be shown that com-

Theorem 3-2. Let M be a compact differentiable manifold of
dimension n and let E be Euclidean N-space. Let f: M — E

be a L differentiable map that 1s one-to-one into E and s of rank n

‘p/ 7'[\ Il.ﬂ Vs 4 Qne
J\ive ) 18 G SuU

Then
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e coordinates are yi, ¥2, . . . , Yn,
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and the map f¢~! is given by equations

X = Y1

I

Lnt1 = fn+1(y1a Yo, Y3y - . . ;yn)

. Lol A\
N = JN\Yy Y2, y Yn)
where the f; are differentiable and x1, ., , Zy denote the
coordinates in £. Note that the first n of these equations
1dent1fy V with a en cell W in the subspace ,+1 = 42 =
=zy =0 f so that the image f(U) appears as the
set of points sa.t.l.sfvma the equations
} ol J o e §
Totr = fup1(T1, ey - . ., Tn)
. . 7O\
\5)
xxy = fa(xy, 22, . . ., Xn)

with (z1, 2, . . . , z,) In W and the f; differentiable.

To complete the proof it must be shown that f(p) has a
neighborhood in which the only points of f(M) are those satls-
fxring Baa Q)

Iying m{gs. (o).

So let U’ be a smaller open neighborhood of p such that
U’ C U and write V' = ¢(U’) and let W’ be the corresponding
subset of W. For any positive e the set W’(e) defined by

fn-H(xl; x2, o e ey xn) — € < xn+1, < fn-*—z(xl, x2, L xn) + €
(xl, To, « .« . .xn) & w’

1s an open neighborhood of f (p_). The 1dea now 1s to show that
if € is small enough, the only points of f(M) in W'(e) are those
given by the Egs. (8) with (ccl, Zo, . . ., &) in W At first
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it is actually a convenience
rking with U’, the Eqs. (8)

neighborhoods U and U’ of p, but
h wor

;- (

e nt+ TT
or & u155t71 Séu U.

Suppose that the required result is false. Then if a decreas-

ing sequence of values of e were taken, we would get a sequence

of points on M, not in U’, that would be mapped into the

orresponding sets W'(e). Since M is compact, a convergent
se

(=]

n
- D

Q

c
-~

1 : 1 3

bering the subsequence and the corresponding values of ¢, we
would have a sequence e, €2, . . . converging to 0 and points
q1, 2, . . . on M converging to g, such that all the g; are out-

side U’ but f(g;) i1s in W'(¢;) for each 2. In fact, all the ¢; must
ho nnt Tf 3 1

© Ou ucque U, S1nge ]
any e, be(,ause such points satisfy (8) with

not in W’. Thus the limit ¢ is outside U. But since f 1s con-
tinuous, f(lim ¢;) = lim f(g;) and, since ¢; tends to 0, lim f(g;)
is in f(U’) That is f(q) is in f(U’). But since fls one-to-

C+<

It follows that, for some ¢, the neighborhood W'(e) of f(p)
satlsﬁes the condition (2) of Definition 3-1. Such a neighbor-
hood can be found for each point of f(M) and so the theorem

18 comnletelv nrox
1s completely pro

,,,,,, 4 i | * o

tion is placed on the manifolds in that description, since any
differentiable manifold can be represented in this way. The
proof of this will be given here for compact manifolds only;
1t is rather more difficult in the noncompact case.

When a differentiable manifold M is embedded as a sub-
manifold of some Euclidean space E, each coordinate z; in E

appears as a differentiable function on M Thus the natural

i
-t
)

way to try to show that a manifold can be embedded in a
Euclir]nan anace 1e¢ to trv to conatrinet a cot of differentiable

Uvcvisr UJ_JW\JU LD LA, ULJ UV UVUUViIIDUVLA WUV v DUV U Ul JUlldlvi vViilvivnv AV
‘p‘IIY\I) 1TANQ £ £ £__ and +than +~ Qn“ﬁ;llr\‘lﬂ 4-]f\l\ "o I\‘P
muncevions Jji, Jeo, y JN, ana uviaen o consiaer viace imap ol
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M into E defined by mapping p in M on the point with coordi-

nates (fi(p), f2(p), , fn(p)). In the first place, if this
map is to be one—to -one, these functions Wlll have to have the
property that whenever p # ¢, at least one of the f; has differ

ant valiiee at n and n Thic nronartv 1g nqnq"v avynrocsend hv
ALV ¥ CUL VAN WV t/ CVAAA !io A RALLW tIL \ItJU UJ ArD uuuw;;J \J‘ltl‘l NI/ A UJ
nnvr;v\m +l‘\0“' +1r\n ""1‘“(}"‘1/\“(‘1 “. W\I‘C"“ nnv\nvn“-n +‘|r\n “f\;“"‘ﬁ f\'p 7‘[
Da;ylus LVILIAU ULILT 1Ul11LV L1IULLD J 1LLUD U Dcyau.auc LI1IC PUIILUD Ul ivi .
ML T 2 PRI I B R RSy M S S V. A
UUVIUU.bly, 111 d;Lly 0I11€ 10Cal COOrulilanue IUlgIIUUIIIUUU OI1 ivi

the local coordinates themselves separate points. The idea
now 1s to extend the local coordinates in each local coordinate
neighborhood to differentiable functions on the whole mani-
fold in such a way that the extended functions separate points
on the whole manifold.

This can be done on a compact manifold M with the help of

functions constructed as in Exercise 2-13. So, for any point
n of M econstriet a npi(rhhnrhnnﬂ 7 of n eontained 1n a loeal
vuvuviuliia vy 11\/1611”\}1 ILUUU’ AllU A UllLLULUi1VIAVIU 1Lullvuvivll J Ull 4ivi
Ldhnad 16 vmacidieren seov T A N b s AA TT Qicnnn M 34 AmesAse A
Cav i1s positive i U anda U outsiae v OINCE 1 18 compact,
i | 11 TY r

it can be covered by a finite collection U, Uy, . . . , U, of
such neighborhoods, each U; with its corresponding function
fi. Bach U, is, of course, itself a coordinate neighborhood
with coordinate map ¢; onto an open cell V., If x{, z?,

z? denote the coordinates of a point in V; so that
each x(” is a differentiable function on U;, then the functions
u(” = x‘”f, are all differentiable functions on M. Consider

the list of functions
YORYICONPYCY D (2 D) u® f,
VLY ITL Y JTL Y T )YIn Y VL) IJL HYJTZ ) *° 0 YyIn Y JOY *° * *
(m) . (m) . (m) 700\
Jm: yl yYs 7y - o oy yn . ()

We will now check that this set of functions separates points
on M.

Take two points p and g on M. If p, say, is in U; but ¢ is
not, then f; is zero at ¢ but not zero at p. Thus f; separates
p and ¢. On the other hand, suppose that both p and ¢ are
in U;. If fi(p) # fiq), then f; separates p and q. But if

\ZL/ - J Ir
fiAn) = Ff.(a) then one nf fhp laocal conrdinatee »@ pavtainly
J L\[.Il J l \ /’ LLLLL NS AAN s A VAL ANT VNV A NN AALLAUV UV W] VUL UWL*L’.J
Ser\a}ra‘teo "~ nvlrl ~ oa 1/1 an +tha anrraarnanding 20 — -pm(’l) alan
y D [J [¢778 40§ (1 11U OU L11IU \.;UllUDlJUllUlng yj J1 g Al1DV
A
uoued

Following the idea described at the beginning of this section,
the next step should be to use the functions (9) to define a
map of M into E. As it stands, it would turn out that the
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rank of the resulting map is not n at all points. In order
that this condition may be satisfied (to enable Theorem 3-2 to
be applied), more functions will be added to the list (9). So

write 2% for the function equal to m(”f2 on U; and equal to 0
outside IJ In faect »® — a:(]:)f,. Tq e the exynanded hgst of
LU11IV L1VULLID bUllDlDUlllS Ul \U} au.UllS Yyilull ULI11O ‘/j ) Lil QULL &ffvIv ] v
R VT LVomons Lok, T T ' eidl AT
1 1CUL10OI1S vdll vIlese 1ulicuiolls o’ 1, I 2 ,I'N Wiull Iy —
2 F v 4 1 11 1 /7Ty [/

mn + n and let F: M — E be the map taking p onto (F1(p),
Fi(p), . . ., Fx(p)). Since the F; include the functions (9),
which already separate the points of M, it follows that F is
one-to-one. It will now be checked that F has rank n every-
where. This will be done by showing that, in U,, at least one

of the two n X n determinants

1oy, ¥, . . ., y®) |, | 82, 28, . . . ,2%) |
|6(x$” P ... xff))! Ia(xm R x;‘z))!

1s nonzero at each point.
In fact, remembering that f; 1s explicitly given in U; as the

function exp(rf — 1)7' where r} = 2 ,(z{”)?, we can show,
by a straightforward computation ‘rhat the first determinant
lﬂ 7TOovYnNn Nnnmnity xy faYaY M4. — AM2 JE 1 — n an +l’\ﬂ cnnn‘nt‘] n‘n]xr X7 on
D 4Aavi VU uvUlll YY 11911 li' i ) ] L UV Avll\Uu viiv Ouvvuvvuvlililu viill YV il 11
W 0.2 ) N and Alaawnlar +hacn amitadinng narnned hoath ha
I,‘: U”L T L - U, al1u blUd:lJ.y LIICHT cyuauluils Ualliluy vuull Vo

. 1 . s o .
satisfied at any point. Hence, F is of rank n throughout U, for

n

each 7, and so over all of M.
Thus, applying Theorem 3-2, this section can be summed up
in the following theorem.
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3-4. EMBEDDING A MANIFOLD WITH BOUNDARY

Some minor changes are needed in the foregoing definitions
and discussions to cover the case of manifolds with boundaries.
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¢(N M U) is the subset of V given by z, > 0, 441 = Tuge =
= 2, = 0. The image of the boundary of N in U will
be given by the additional condition z, = 0.

(=} [

=

The proof of the embedding theorem of the last section,
with a few minor alterations, shows that if M 1s a manifold
with boundary, there is a one-to-one map f: M — E, where
E is a Euclidean space, such that f(4/) is a submanifold of £.
This should be carried out in detail as an exercise.

There 18 one further admstment to the embedding of a
suclidean space that will be of
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a one-to-one map of M into N-space such that () 1s a sub-
manifold. Let M, be the boundary of 4. Suppose that the
map f takes p in M onto (Fi(p), F:(p), - . . , Fn(p)) iIn E
and suppose a differentiable function Fx4, can be constructed
on M so that it vanishes on M, but is positive on M — M.
Then the map f’ that maps p in M on the point (Fi(p), F2(p),
, Fx(p), Fx11(p)) is a one-to-one differentiable map of M

TENLI 7/

intn F‘nnhdp;m (N + 1)-space E’ w1’rh the property fhﬂf f’(ﬂ/ﬂ

ALV asdavailansiivaa <~ PRV

l'

40 L

in the set x

the set xy.1 > 0.
To construct Fy,i, construct a finite covering of M by
neighborhoods U, each with its corresponding function f; (as
in the proof of Theorem 3-3), f; being positive on U; and
zero outside U;. Let Uy, U, . . . , U, be those coordinate
neighborhoods whose corresponding
a

¢1, ¢2, . . . , $ MAD m onto ha L Ve o oo, Vg
that is, these are the neighborhoods meeting the boundary of
M. If the coordinates on V; are denoted by z{, z°, . s
@) Ll (D) NN o Ll S O TT ol 4l o A f
x,”’ then, say, z,” > U on the image of U; ana tne 1umg,t: ol
nx PN Trr \ l n rr“ g \v’ 1 -
MM U,is given by ¢ = 0. The functions z{”f;, for each ¢,

are differentiable functions on i ; thus L" lx‘” fils a dmerentl—
able function on M. Since all the xf; are nonnegative, it fol-
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lows that 2*_,2"f; is zero only when all the z{°f; are zero. For
a point in U, this means that =’ = 0 and so the point is in
f(M,). Now define

1.
bl ___ v (e 1 v r
Py = L r,Ji T L Ji

1=1 >k

where the second sum 1s taken over the f; corresponding to
neighborhoods U; not meeting /. Here again, all the terms

are nonnegative and it is easy to see that Fy,; is nonnegative
nverv“ﬂnarp nn 7|/f Qn(“ ;Q 7ZOornN nn]v 0on n/[.
A4 LJ YV LAV/A WV AL 4ATX CNVALAA AW 4ddvi v \_ILAAJ NS AL AVE o
QI\ 1TIQIN p-_ QO Yy AT P "‘LI\ W‘\ﬁY\“;Y\I’\‘ p11nn 1TNAMNCQ [» e r]nonv‘;‘\nr‘
L)U, uDlllS ' N+1 allivil L1i%T 111@}}}}1116 1UllLvViviIID A0 Uuvvouvlirivuvu
M . P e B R L I I N A= DN A
11 viie 10regolilg, uvile 10110willig 1145 Decll proved.

Theorem 3-4. Let M be a compact differentiable manifold with
boundary M,. Then there is a one-to-one differentiable map f

mnmafn’t] oo 2m tho citheot e - > 0N anhilo tho amtorcortinn nf
GroefOule vy ity Vit vl SUUSTL UN41 Z U, Wivee€ e 7Ll sClvtlTe U
rf AN\ 17 11 n L/ \
]UVI} win tne set xN+.1 = U 1S ]\lVl 1)

Exercises. 3-3. In the foregoing notation, check that f(M,) is a
submanifold of the Euclidean N-space defined by zy,.1 = 0.

3-4. Adapt the method of proof of Theorem 3-4 to show that if
M is a compact differentiable manifold whose boundary is the disjoint
union M,; \U M,, then there is a one-to-one differentiable map f of M
into a Euclidean N-space for some N such that f(M) is a submanifold,
lies entirely between the hyperplanes zy = 0 and zx = 1, and has inter-
sections f(M,) and f(M.), respectively, with these hyperplanes.
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Ty = f1(l), x2 = fa(t), , Zn = fn(t)
where the f; are differentiable, then the tangent line to C at
+hn vttt AL vavarimadnr 4 ote mravran hher 2l o Aaiac o R
LIIC PULLLL U1 pPalallieuel b 1S5 givell D LIIC CYUauLlOlLld
X1 — f1 \to) Xe — fg \tg) TN — fN(to)
£1040) o £104) o - TR
J1\lo) Jalto) Jntto)

These equations express the geometric idea that the tangent
should be the limit of the secant joining the points of param-
eters ¢; and #; as ¢; tends to ¢

..... Yi AL vy @’ U vA‘-v‘M LA

Tr

Definition 4-1. 1If M is a differentiable manifold embedded as
a submanifold in a Euclidean space E and if C is a curve con-
tained in M and given by differentiable parametric equations,
then the tangent line to C at a point » will be called a tangent
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xample

4-1. Let M be the sphere 22 4 y2 + 22 = 1 in 3-space
M e lonme amamd oot dhoo o ot micd AL T At Mo doas
1 11€ plalles COIlLvalillilg LIe © ax1d CUuv s In (JJJ. blUb 4 11€ uall-

gents to these circles at (0,0, 1) are all, by Definition 4-1,
tangent lines to M. Note that they all lie in the plane z = 1.
This remark will be generalized presently.

Lemma 4-1. Let M be a differentiable manifold of dimension n
annndreanmod o m asihommanatald 2 Baialldomnas A _cnsmes W rmand To4 aa
CUT LIt Wo W sUUIIiurtgj ot oft Lo ULLtowirt LY =o Ul s Wit et p
be a pomt of ]'!/1 Then all the tangent lines to M at p lie in an

Proof. Using Theorem 3-1, assume that the coordinates in £
are numbered so that, in a neighborhood of p, M is the set of
nrinta aatiaferinae A~ atinnag nf +ha fArr
})UlllUD DAVIDIL 1115 U\.lualU].Ullb Ul ULI11T 1UVIL111

x,=d>,(x1,x2,,xn), z=n—}—1,.N. (1)

with the ¢; differentiable. If C has the differentiable para-
metric equations xz; = f;(¢) (¢ 2, ...,N) and C is con-
tained in M, then

I
[a—

L, ., L, . y
Jit) = ¢i(J:(i), , Ja(t)), t=n T l ; (2)
Assume that C passes through p and that p corresponds to the
mamarintan sraliin 4 Mhan TAag Y nan o Aiflfavandiadnd 4+~
parameter vaiue iy inen iL{gs. (&) can oe ainerentiatea to
give
n
N ( /a‘m\ YT sy q AT /90
Ji\bo) = f \ } J \to), t = n T 1, y 1Y 9)
ox; / ,
eed \OX;/ p
i=1
Rut thece antiatione cav that averv tancent hna tao M at » loa
K7 AV VALV \J\.i“w\ll\lllu UWJ Viduv v UVULJ lel&\lllu ALAAN ULV 4LPk a4V t[ LA
S Al VA nar s TV AL LV ot
in tne linear space 1 witn vne equations
n
_‘ Ia¢.\
—_ ft. 1 = \ / 7'\ (. — F.(+:)) 7 = 41 A
w1 KA, \6 / \Xj Ji\vd) /)y v {2 ¥ y LY
Ll, i/ p
j=1
Mha fAanen ~f +hacn anvttadtimnng chnwre +4had M s v danmandacd ~F 7Y
Lne iorm o1 these equations snows tnat 1 1s inaepenaent of €
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pilece of terminology.

Definition 4-3. If M is a differentiable submanifold of
Euclidean N-space E an
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at », then anv hvperplane (linear subspace of dimension

wv o] v Dadaind J J I r \ ) o

AT — 1IN 350v I aantarininae 1T w1l ha nn]]nr] n trumnaomt haimorml o
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to M at p.

Note that in case M is of dimension N — 1, then 7 is of
dimension N — 1 and so there is a unique tangent hyperplane
at p, namely, T itself.

Exercises. 4-1. Find the tangent linear space to the sphere 22 + y2 +

ifferentiable manifold in Euclidean space and let T

ear space to M at p. Let L be a line in T through ».

£ I
erentiable parametric equations such

4-2, CRITICAL POINTS

The 1dea to be introduced here is an extension of the concept
of maxima and minima of a function. If a differentiable func-
tion f of one variable x has a maximum or minimum for £ = z,,

ables 2. v has a maximum or minimum at (2. u7.). then
MAVR Wy g HGe . & ALBAL2SN ~ - \WU) gisy ¥
af/;lm — Af/ /A3 — N at+ +hic naint What wao ara roally caving
J/ v UJ/ Uy vV AU uillo VillUu. YvYy 11Qvu yYYyYuv Al v l\JOIIJ.LJ )DGIJ Llls
Lhnwva 1o +hat 4hna 4anagnrd wlana 44 +ha arivnfaonn o~ — £ 2\ (+ha
nere is tnatv une tangent piane to tne suriaceé 2 = j\x, ) (e
graph of f in 3-space) is horizontal at the point (o, yo)
Clearly, the same condition is also satisfied at a saddle point
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(ef Hiec 4-1)Y a noint that hehavee like a mavimim when
\\Jl. e ‘.b. E S -L/’ “w I.I\JL‘-‘.U ViAilNv VUV ARINJAAAN ¥V UN ALAMNN/ “w ALACALMLALANA ALA ¥V AAN/ALK
QMMNYNOaOn Qf] ':“ NAMN IXITO XY nhA ]':]fn £ TMIIMIYMITYN 11’71’\!\“ QMM N nA
altltll VUAUviIiilTUU 111 UILLT YW ALlUL 110U A 1111111 ili1Ui111 VYV 1111 C»UPPJ. Uaviicu
“““““ il e ' R R I IS T PN AR S B
111 &4l110UL11ICL r 1 1CULI0ILS Ul allailecy Lviieic 1> a4 wiliucel

\%

variety of possibilities described by a similar condition.

Now the surface with equation z = f(z, y) can be thought of
as part of a differentiable manifold M on which the local
coordinates around (zo, o, f(2o, ¥o)) are (x,y); f is then a
differentiable function on M with the property that its partial
derivatives with respect to local coordinates vanish at (xo, yo,
f(xo, ¥o)). Moreover, this situation can be ‘rhoug‘ht of geo-

el J
metrically as corresponding to a

- aAx

(o, Yo, f(xo, Yo))-
ore general situation,
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dh
e
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= = §+

The preceding remarks suggest
which will now be described.

Let M be an n-dimensional differentiable manifold and let
f be a differentiable function on M. Take a local coordinate
neighborhood U of a point p of M and let ¢: U — V be a local

coordinate system, V being an open cell in Euclidean n-space.
rtial derivatives of f¢—! with

o
)
<
o
=
D
(9]
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-+
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B
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S
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resn of course den ha
L\/Mt} AR AL N AL 1 4 Yy , i \J\J\ALU\/’ \.‘.Vt} AL AANS
lanal annvrdinat+n axratnnr nhAaann and will 1 yndarean a linoanr
Avuvaii \VAVAV I QVSES ¥s AV Dy QULT111 \JllUDUll’ alli VWill uiilucilt SU 4 1111Cal

d

S W
if these partial derivatives all vanish at ¢(p), the same will be
e for any coordinate system.



Definition 4-4. In the notation just introduced, if all the
: o

i ar fé~! with respect to the coordinates
an I sraniah a4+ AL/M\ m werill A Q_{\]IAIJ a nmntanrel st AL £
n v vanisi av ¢\p), p wWiil D€ caued a cruicar point oy j.

The remarks just made show that Definition 4-4 is inde-
pendent of the coordinate system used around p.

Exercises. 4-4. If M is taken as the plane and f is a differentiable
function on M, then any maximum, minimum, or saddle point for fis a
critical point

4-5. Alternatively, if f is as at the beginning of this section but M is
taken ag the granh of f namelv. the surface 2 = f(z. ). then anv maxi-
taken as the graph of f, namel v, the surface z = f(z, y), then any maxi

u inimu or saddle noint on M isg g eritical noint of f. recarded as a
AAR AA‘., ALLAAAALLA, ALA, JTA WivvANaALsw y\l‘llv NTAA AVA AN NV VA AVAUWWVA PV‘AAV T A J’ A\Ibwl VA U W

A geometric way of looking at critical points, in terms of
tangent hyperplanes, will now be described. This corresponds
to the introductory remarks to this section on a surface in
3-space. 4

Let M be a differentiable manifold of dimension n and let f

~~ :> (@]

Ty, 2y - - « 3 IN-1, ;UN) wnere r = (»i, Loy, . . . ,xN_1) 1S &
point of M and zy = f(x). It is easy to see (using Exercise
3-1) that M’ is a differentiable submanifold of E’, and in fact
is diffeomorphic to M under the map taking (z1, s, . . . , Zw)
onto (1, €2, . . . , Zy—1). The point is that M’ is now a
submanifold of E’ with the property that the given differ-
entiable function f coincides with the Euclidean coordinate xy.
Now take a point p’ on M’ with coordinates (x?, z3,

z%) and let p be the corresponding point (2?2, z) . 2% )
N/ r | 4 5 r Wiy 2 s YN—1/
of M: » has a neichborhood U in E such that the points of
A AVL , t’ AR QU (&7 LLUL&L*UUL AAIT I A A Fow Y A4 [SAV VIS Y ViiQuv v Vil I.IUJ-L‘-UU \J 4
A M\ TI7 aw»nn +ha nAatnta no‘-‘:n‘pvr;v\m r\m11n+~:r\v\n Af +thna fAavr (vt
Y U are tne poinvs satisiying equavions 01 tne iorm \wivi
PSR I (IR PSR . B A A R ¥
Sullable nuinperiig o1 uviie coordinales)
P I g - — Ay 11 AT 1 7=\
Ly = Ji\dL1,y L2, y Tn)y (2 n -1 1, . y 1Y 1, \J)
R TR T . 1L s VT [l TV O 1Y Ao d o o
wiliere uie J-p,’ are alliereivlable (Cl. 1 1cOIclll o-1) 2114 50, 111
1 1 1 r 2 Tt 1 r sy Y i1 kR
a neignpornood o1 p, /M 1S the set o1 pOln'DS satisiying tne r.gs
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xy = f(x1, T2, . . ., Tn).

Here x4, 25, . . . , 2, can be used as local coordinates on M or
M’ around p or p’, respectively. The equations of the tangent
linear space tv M’ at p’ are then

n
x-—x'?'=v/§—'\ (x; — x%) t=n-+1 N -1
i i L,/\J:,,’,, i i yoee s ’
j=1 .
n (6)
0 — v /a \ , 9\
AT ) o), T )
& \V“j/ p

0
Ny = Ty = f(p) (7)
'T‘]’\Qt ie (7Y 1e the eanuation of a tancent hvnernlane to e
A AACV lu, \' / AN viiwvw UH“WU‘ULL A\ S 9 [® 1) UWILS\JLLU LLJ bI\JL I.ILWLL\J \PAW 4 AvE wv
D . vonverseily, i () 18 a tangenv ayperpiane vo »m° av p,
R I b VR I Vo o 3R ISR T . J TR L T P [N TR R (Y 4 .0
LIICI all LI1€ COCLIICICIILS O bile rIgil O LC 1ast euatloll 01 \V)

are zero, and so p’ is a critical point of f.
This can all be summed up as follows (using the notation
in the foregoing, but dropping the primes).

Lemma 4-2. If M is a differentiable manifold and f a differ-
f

entiable funclion on i, M can be embedded as a submanzifold
L T 1 Tsrinn AT ammmns aninh b i 3L o siredasn AL £ ,‘.J a amnamt o tho
O] G LUCLLWEQTL LYV =SPACE SUCIL titl Ue vl aLué UJ J @t @ poueret 1o e
value of xx at that point, and f has a critical point at p if and

only +f xx = f(p) is a tangent hyperplane to M at p.

Of course, it may ham)en that the function f is not given

nf Tamma a1l halde namalv that eritical nointe of 7
\U % PWLVIFIN SV YsI] [SAVP U LlUluD’ AACUAALR ) viivvu wvililvivo HULLLUU AV 2N w Y
nta at yhink +hnna 1 a tanomant honarnlana Af +ha farm

uw au LIITITC 1D a4 La 150 11U 11y PU]. pla,uc Ul ULILIT 11Ul 1lL
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FIGURE 4-2 Four critical points of z on the torus.
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xample

4-2. Let M be a torus embedded as in Section 2-1 as a
n:n!"‘\mnn;pn]r] n‘p DI"n];IJf\n“ Q MO NN T+ A ¥l Fa¥Y>Xah ¢4 4-n QNN "‘mr\w‘
QDUNVILILIALLILILIULIU Ul 1U4UUVIIUTall U‘DP@UU. AU 1D Tad VU 2OCT 11VUlll

Fig. 4-2 that there are just four horizontal planes (that is,
planes of the form 2z = constant) H,, H,, H3, H, that are
tangent planes of M at P, P, Pj; P4, respectively, corre-

sponding to the fact that the function z on M has critical
: t P, P

. . P. D,
i1y 472y L7, L4
Exercise. 4-6. Verify the last remark (that z has critical points at the
P;) by expressing z in terms of the local coordinates around these points.

Note that, in the preceding example, the critical points of z
are points around which « and y are local coordinates, and z
could not be used as one of the local coordinates around any
of these points. This is exactly what we should expect. For
in any neighborhood where z is one of the local coordinates,
z/dz = 1, and so the condition of Definition 4-4 for a critical

7
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by a horizontal plane z = ¢ other than H;, H,, Hs, H,, then in
a local coordinate neighborhood of a point on C, C is the set
S&tleVan z—c¢ =0, with 2, or z — ¢, as one of the local
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not a critical point of f. Then there is a local coordznate system
¢: U — V, where V is an open n-cell in which the coordmates are

vivy

>

d%ﬁ
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:.-a
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O
Pty

=
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ct

be a local coordinate system in the neighborho
coordmates in V' be denoted by y1, y2, . . . , Ua and write
f¢> q(ul, Yoy « « oy Yn)- Then since p 1s not a critical

x; = Y, i=2,3,...,n

have a nonzero Jacobian determinant with respect to yi, y»,

, Yn at ¢’ (p). It follows (cf. Definition 2-7) that there
is a local coordinate system ¢: U — V such that x;, 22, . . . |
z, are the coordinates in V and f¢—! = z1, as required.

‘ NNy 7 Q]‘r 1{" + oron '|Q 2] nnn‘l‘r];h‘)‘fn avaetoam ‘l71+ ,]’\IQ nran-
\Jix \/LJ, iz Viiwvi v 1o v UUUVLUlLLLWWVUWY uJ [SAYAVE S » % YY 1AUiX Uil HL \Jl_l

der Al A L —1) 1T o4 N an A lo vimt a mvidiaal
Cl by, LIICIl O/ 001 ) — 1 al @(p) ald SO0 P 1s 110L & Crivlcal

Corollary. For a constant c let M, be the set of points, in the
notation of Lemma 4-3, at which f has the value c. Then if M,
contains no critical point of f, it is a submanifold of M. Its

dimension 1s dim M — 1.

Proof. Take n on M Since 1 1s not a eritical noint of f. a
i s VVJ A (VLM tl \J AL ATA co AIAARNI t.l ANJ AAIT UV AU VA AVvVAUVWYA HUALLU S x J ’
Tmnal mmmae Ao cdo cmmcdmoea 22 TT o X7 mcion Lom dalimo ool oo
100al courdlllate sysiel ¢. U — vV CGall DE LakCell arould p, as
in Lemma 4-3, such that j¢=' = ;. Thustheset ¢(M.\ U)
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Expressed in terms of an embedding of M in Euclidean
space, as in Lemma 4-2, the last result means that sections of
M by hyperplanes zy = constant not containing critical
points of zy are all submanifolds of M of dimension dim M — 1.
The hyperplanes that fail to satisfy this condition are tangent

hvnernlanes to M.
hyperplanes to M

4-3. NONDEGENERATE CRITICAL POINTS

In the Example 4-2 of the torus in 3-space, the function z,
expressed in terms of z and y on the surface around the critical
points P;, has a rather special form. If the torus M is thought
of as the surface traced by the circle of center (2, 0) and radius
1 in the (x, y) plane as this plane is rotated about the y axis,
then its equation is

(@ + y* + 22 + 3)* = 16(2* + 2%).

Write this equation as a quadratic in 22 and solve for z2. The
result 1s

w2 — B o2 a2 L AT . 2i2)\1/2 /Q\

g° = 0O X T 41 yc)e. 0/
According as the plus or minus sign is taken, this gives two
wraliine Far 22 and +hite faiin wraliiac £ T crmnall walizace ~f
valucy 1Ul &7 allu uvilud 1ourl valuces 11Ul < I Ul dlilall alUuces 1
z and y these correspond to the local equations of M in neigh-
borhoods of the points P;. For example, to get the local

equation around Pj3, take the minus sign in (8) and expand
the right-hand side in a power series. This expansion is

= 1+4y? — a2+ 3y +

And so, taking the positive square root and expanding in a
power series, we get
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FIGURE 4-3 A critical level for the function z on the torus. The first
approxymation at Psis z = 1 + 1(y? — z?).

i1s y = +x, the pair of tangents at the crossover of the figure
eight in which this plane cuts the torus (see Fig. 4-3). The
important thing to notice is that the first approximation to the
equation of M at P is given by writing z — 1 as a quadratic
in z and y which is nondegenerate; that is, whose determinant
is not zero. This determinant is the value of

0%z 9%

dx? 9z dy

9%z 9%
dr dy  9Jy?

4 D
U I 3.

These considerations motivate the following definition.

Definition 4-5. Let f be a differentiable function on a

point of f. Let U be a local ccordinate ne1ghborhood of D and
1 . TT T7 - - Y 1 M iy X721 L 1 _
¢: U— V be a local coordinate system. Write ¢ = f¢™ %, a
function of the n coordinates xi, 2, . . . , Z, in the cell V
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If the determinant

| o9 | ..

I;_),r.;h_.” ,]—l,Z,...,?’L,

| OXs Oy |
1s not zero at ¢(p), the critical point p will be called nondegen-
erate. Note that the rank of the matrix (8%g/9z; dz;) at ¢(p)
is thus the dimension of M.

Exercises. 4-7. Verify that Definition 4-5 is independent of the local
coordinate system used around p.

4-8. Prove that, in Example 4-2, P,, P,, P;, P; are nondegenerate
critical points of the function z on the torus.

4-9. Take the torus M, as in Example 4-2, and consider y as a func-
tion on M. Check that the planes y = +1 are tangent planes to M,
each touching M along a circle, and so show that all points of these circles
are critical points for y. But show that these critical points are degen-
erate (that is, not nondegenerate).

4-10. It will be noted in Exercise 4-9 that the degenerate critical
points are not isolated. However, this state of affairs does not neces-
sarily go with degeneracy. For example, consider the function z? + y3
on the plane. Show that (0, 0) is an isolated critical point, but de-
generate.

4-11. Let f be a differentiable function of n variables 1, s, . . . , Za
vanishing when 2, =z, = . - - =2, = 0. Note that
g
flxy, xey, . . . ,20) = — [z, tzs, . . ., lxy) dl
Jo dt

such that f;(0,0, . . ., 0) is the valu ffdz;at 2y =22 = « -+ =
zs = 0.
If in addition all the 3f/3z; vanish when all the z; are zero, show that
f = Zxix;fi;, where the f;; are differentiable functions such that
fii(0, 0, . . ., 0) is the value of 8%(/dz; dzjatz1 = 2 = - - + = 2, = 0.
This exercise means tha d I nifold

if f is a differentiable function on a ma
t i / is a local coordinate system
of p, ¢(p) being the point (0,0, . . . ,0), then g =
fé~11is a quadratic in the z;, the coordinates in V, with coefficients that
coincide with the d%g/dz; dz; at ¢(p). It would clearly be a simplifica-
tion if local coordinates could be constructed in terms of which f would
have an expression as a quadratic with constant coefficients. The next
exercise will show that this can be done:.
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4-12. As in Exercise 4-11 let f be a differentiable function of n varia-
bles z1, 23, . . . , n such that f and all the 8f/dx; are zero when z;, =
Ty = + -+ =7z, =0, and write f = Jz:z;fi;(x). Show that there is a

transformation of variables of the form
i = Zhij(x)z;

where the h;; are differentiable and the determinant |A;;(0)] > 0, such
that

f = e

4

and the ¢; are all 1, —1, or 0.

[Start by diagonalizing 3 f;;z:x; just as a quadratic function with con-
stant coefficients. That is, arrange the z; so that f11(0) 0 and remove
the product terms z,z; by writing

y —‘\/Fi/x 1, 4 +f"x\
1 — 11 1 e M “  An
\"" "1, )
Then proceed by induction. Check that the coefficients of the resulting

transformation y; = Jh;;(x)x; satisfy the required conditions.]

The following theorem is an immediate consequence of the
results of the preceding exercises

Theorem 4-1. Let f be a differentiable function on a differ-
entiable manifold M and let p be a nondegenerate critical point of
fon M. Then there is a local coordinate system ¢: U — V on
a neighborhood of p such that fo~!, expressed in terms of the

l
nnn'rri').-’nnfoo ’)ﬂ / 28 ?I‘ ’)l? IMNNOYOe oNNr . ’)Q o')fho'r' Ny — 1 no')"p
vV VvIr wrvirvwirvuvwou viv 1 4 ) vo Hvlyz Wivwvis v vwuiv v v vwvuvivugs A VI A e AL
V2" NP 3 RS | — s — —_ N
¢(p) 18 the point y; = ys = =Yy, =0V

Proof. Take any local coordinate system x: U’ — V' about p
and suppose that the coordinates in the cell V' are denoted by

Ti, Lo r  v(n) beine the noint (0. 0 0). and that
“Ly w2y . . ) wmy A\P/ MTANE VAT PULLL AV, V) » ¥

L.o—1 s +hhA Friseonndsme o f An ~n A ) NN alrn 44 A q]ﬂpv\mn ~F
JX 15 Ll 1ullcuvivil g\woig, L2, y Ln) l¥lano LIIC LVIIIAUET Ul
variables from the z; to the y; as in Exercise 4-12. The Jaco-

bian determinant of the y; with respect to the z; is the determi-
nant |h;(z)|, which is not zero at x(p), and so by Definition 2-7

there is a local coordinate system ¢: U — V with the y; as
nmrendinadoe v I aninh dhadt £1—1 _— N.,,2 Tanh . will ha 1
voululiiaves 1k v suuvilk ulav jo = &/liY;. ua,bu Uy VWIIL UU 1.
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—1, or 0, but the value 0 is excluded by the assumption of
nondegeneracy of p.

The index of inertia of the form ¢y’ appearing in Theorem
4-1 (that is, the number of positive ¢; minus the number of
mamaditra ~) 10 A Ty tra e o IR DU - IR SR N 0 1 F
1egaulve ¢) 1Is all lllVd:Ild:lll; uigcer 1iicear uvrailsiorinauviolrlr or LIe
1 Ta r 11 1 1 "~
variables. It follows that it depends only on the function f

and the point p. Since, for a nondegenerate critical point,
the rank of the quadratic Zc;y? is the dimension of M, this
means that the number r of negative ¢; depends only on p and
the function f, and not on the particular local coordinates used.

In Exercises 4-8 and 4-9 two functions, y and z, were con-
ardAarad A 1 A PR PRI I R [ SO I IR R I
siaerea on the torus, one with daegenerate critical points, the

+1 1

other with nondegenerate critical points. A more convenient
arrangement, here will be to interchange the y and z axes in
Exercise 4-9. Thus we have two embeddings of the torus in
3-space, namely, as the surface
(2 + y2 4+ 22 + 3)2 = 16(x2% + 2?)

and as the surface (x? + y2 + 22 + 3)2 = 16(z% 4+ ¥?). In
each case the Euclidean coordinate z is a dmerenmable func-
tion on the embedded torus, in the first case with four non-
degenerate critical points (see Fig. 4-2) and in the second with
infinitely many degenerate critical points (see Fig. 4-4).
Thinking of the nondegenerate critical points as the simpler
kind, the first embedding is thus to be regarded as better than

(=)

the second. In fact. a bit of computati shows that th_p

IO DUV ER S ‘wvv’ “SA2

D

critical points.
The situation just described is a special case of the following
general theorem.



an N-space, for some N, with the following properties.
( ) f(M) is a submanifold of N-space.
)

(2) f(M) lies entirely in the set 0 < xzx < 1, and the inter-
sections of fIM) apith the hunernlanes r~ = 0 and v~ = 1 are
Uvwvvuvivo VJ J \ o / wwvviv vivw ’vyt.’v' tlvwrvvu Wy A4 b ad ww 4Y
EINTN mnd FIAT N moemontiinols
J(Mq) and f(M.), respectively

PPN P a ]

(3) The function xxy on f(M) has only a finite number of
critical points on f(M), none lying on zxy = 0 or zy = 1, and
thez/ are all nondegenerate. It can also be arranged that no two

hyperplanes zxy = ¢, only a finite number are ta
planes to f(M), each such tangent hyperplane corresponding
to just one point of contact.

There is another way of formulating the theorem, of course.
The function zy on f(M) composed with the map fis a differ-
entiable function ¢ on M. Thus the theorem says that there
is a differentiable function ¢ on M taking the values 0 and 1

L
on M. and ». Tesnectivelv. satisfving 0 < rh('rﬂ 1 at all
Ol 41 allQ [ g, IGSpPCLLIVELY, Saulsd Jillg P\
nanhnimmdaryvy nninta nf A and aving nn]'«r a Y\‘.I+D nnmhnr nf
LIV U UL AL POULLLILS Ul v, allU IlaVillg Ullly o iys nuiiigol Ul
Aavitinal Attt A M all AansvvacAn Jinw 4 Aiflonant ralirna nf 4
ClliulCal pPpuULLLLS ULl v, all CUITESpULIUL 15 LU UILIICITILIL valuod vl @,
11 1 1 1 .. T
all 1 onaegenerane ana none 1y1ng on lVl 1 O iV 9.

M
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given here. ut the mulation given suggests a possible
<] > oY) I~
annroae +tao the nroof For 1t hae alreadyvy heen ceen +that
Wyl.l-l wdvuvwia v\ viivw HL IS Lo A \JA AV ALCUD VLA \JW“J | VAL W S § [SAVA WS ¥ § Ullwu,
given tne maniiocia i itnn oounaary o131\ g, tNCre 18 a4
P I LI T 7 SR LIk PR TN JL SR L K
one-to-one map j into a Kucliaean space satisiying conditions
VA BN 1 /{\\ rm1 L | s 1 et N 1 'S N s 1 * ” 1
(1) anda (£). lhe laea-, Bnen, 1S 10 show that this map ] can pe

adjusted so that condition (3) is also satisfied.

This can be done by first showing that f can be approxi-
mated by a map f' such that f'(M) is part of an algebraic
variety, that is, the set of zeros of a finite set of polynomial
equations in the Euclidean coordinates xy, s, . . . , zy. Note
e examples given of embedding of i

in N-space can b
relative to f/(M). The idea here is to consider the function
2u;x; where the u; are real numbers. It turns out that the
condition that this function should have infinitely many criti-
cal points or degenerate critical points on M is that the u;
should satisfy certain polynomial equations. So choose a set
of values of the u; not satisfying these equations, and then
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5-1. DEFINITIONS AND EXAMPLES

Suppose that M is a compact differentiable manifold with
boundary M,\U M,, embedded in Euclidean N-space so that
1t lies entirely between the hyperplanes zxy = 0 and zy = 1,
its intersections with these hyperplanes being M, and ,,
respectively. A careful study is now to be made of the rela-
tions between the various sections of M by hyperplanes xx =
constant. It would come to the sa

o
o+
o
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[l
oo,
(oF

<
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ts of a different

Definition 5-1. 1f the section M, of M by the hyperplane
Ty = ¢ contains a critical point of xy, M, will be called a crite-
cal level of zxy. Otherwise it will be called a noncritical level

of T
J ZN-

T oy S 4 . 2 T 1. A O 11 £ I I . - 41 4 - L
I'or 1stance, 1n mLxample 4-< tne runction 2 on tne torus nas
61
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four critical levels, namely, the sections by H,, H,, H;, H,.
Now it will be noticed in that example that, if M, is a non-
critical level of 2 it 1s surrounded by nelahbormg noncritical

(Qpp Mo .’i-1\ H. and . e noneritical
LADANAAA \UUV = . Abl A\ 4 L/, vy A A A A 1 QAVALLA a5 ‘ AANY AANTALAVA AVAUNVA
]Q\’TQ]G [ 370Y n;"n]ﬂﬁ nn “‘ n r\+l’\l\‘|ﬂ nhr] O XXT O NYNao [»} n\";“‘;nn]
AU VUIOD Al1lUT Ul11lUuUlTD. /1l Ul1lU 9VYUUuL1i1T1L llalllu’ A YWWU LIUDDOD A Liiuviuvadl
Tawvral o ahanon +albac wlona MLy o ;o mvetdima] Tacrnla o ovn 8
lt:Vtﬂ, a Ulla lgC LA ED plcbbc. 1 11 I10I1ICI1iLical 1evely 1l1ineul-
4 1 1

ately below H; are different from those immediately above.
The main ObJeCt of this cnapter 1s to show that the remarks
just made are valid in general, and further, to examine exactly
what happens as we make the transition from one side of a
critical level to the other.

This study will be carried out with the help of the family of
orthogonal tralectorles of the sections M., that is, a family of

e
.

b
d
-

has two critical points, namely, the north and south poles.
The noncritical levels of z are the circles of latitude. The
orthogonal trajectories of these are the circles of longitude.
One can think of one noncritical level as being mapped on
another by sliding the points of one along the circles of longi-
tude till they reach the other. In addition, if M, is a non-

critical level a neighborhood of it can be ,Ypressed as a union

~=5 e T b il

o)

FIGURE 5-1 Critical and noncritical levels for the function z on the
torus.
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of arcs of the circles of longitude so that it has the form M, X I,
where I 1s a line interval. It will turn out that a similar situ-

ation holds in general. Then, of course, the behavior of the
orthogonal trajectories near a critical point will have to be

...... ale 1eal’ 4 Critical polng 111 Nave
cstndied a can alreadyv he coen from the avamnle 111e¢t o1van
[SAVAV SV S QWA § 4 A UCuil Uil \JW\AJ MU o OouvUBLUilil 11U111 Vi1l VAWILL}ILU JUDU 61V\/11’
;+ 1"7':]] m N ]I'\“NI\“ ‘l"\f\ 4‘“11[’\ “'LV{\‘ o I)"ll'l‘"lnn] v\r\:v\“- ]':I'\IN FaS 2 :"‘ﬂ“- FaS a¥Was
1v 111 MU 1U115Ul VT U1 U uvllal a vlluvlival PUlllb 11Td Ul Jubb UL1T

In the first place, the family of orthogonal trajectories to
the M, must be constructed in the general case. This will be
done by setting up differential equations for them and then
appealing to the appropriate existence theorem from the theory
of differential equations.

So start off with a neighborhood U in Euclidean N-s

which M is the set of points satisfying equations of the er

N

Lpir1 = fm_l_.l

T - v vy 7

X1, L2, « . . , Tn)

that, Wlth suitable renumbering of the coordmates UNM
will be the set of points satisfying equations of the form

x; = fi(Xy, T2, . . ., Tn_1, TN),

i=nn+1,...,N—1 (1)

The set U M M., if nonempty, will then be given by Eqs. (1)
with the additional equation zy = c.

Let p be a point of U M M. TUse the notation z;(p) for the
value of the coordinate x; at p. Thus, for the level M, through
p, ¢ = xx(p). Let T, be the tangent linear space of M at p

V 4 L /
4 N .

T, that of M. at p. Then T, and 7 » are of dimensions n and
n — 1 vremeoctivaly and T — T (af Hvarrcico 4_-2) Qince n
v -l-, PN JH\J\J Ulv\ll.y’ (67 S8V § Fa p \_ iz p \\JL AdNAviviIoY X U/. NJALLIV VY tl
;n nnnt o I)M-"‘-:nn] mred FAawm A (£ -‘-Ln“r\ ~ A qn:l-1nn] vt 3 TT\
10 11UV a vlluvlival PUJ. 1L 11Ul LN \LUL LVIICIT 1D 11V Ullullal PUI v 11 v ),
7 2 . DT TR SR T 4N P SR
14, AOES NOtU ll 1n tne nyperplane Iy = € = InN(DP). un une

other hand, T » clearly does, and so a direction in T', orthogo-
nal to ’l’p 1S not in the hyperplane zy = zx(p). 1hus a curve
in M through p and with tangent line orthogonal to T, should
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have parametric equations of the form
Y SVRAN . 1 0 AT 1
= ¢i\Zn), 1 =12, .. .,iv —1
and its tangent line will have direction ratios
;s \ NV \ N / \ - 700N\
¢1(IN), Q2ATN);, - - -, On—1{TN), 1, (<)
the derivatives all being evaluated at p.
The equations of T, are
\NWZIA / 3f: \
o —2(p) = ) (=) (= — z;(p)) + ( - ) (xv — zn(p))
Ly \9z;/ \9zw/»
(3)
\“/

where the subscript p on the right-hand side denotes evalu-
ation at p. The equations of T, are

x — x —_— x v NN\ . I4\
i «{P) // \A'r,} J D)) 4)
;_— \V™I/ P
i=1
g;hﬁﬂ + faY d;‘r‘ectlon (‘)\ 10 +n ko nv+lxnnnnn] + ’l" ;4— w1iat }\ﬂ
ALLAUY VLD ix \&/) 10 vVU vuv Ul ULLUSULLCM. vu .Lp, 1V 111UPuvU vy
n-u“-]r\nmr\hg\] 4 o cantd ~F Ar ) P 1_.. i Adncne A a4 ,J:-.,,A,;L-A“n
vululivgvllal LU a dSCL UL T .l 1111eal y lllUUpU 1UCILL ULI'CUULLIUILLd
A, ’ 1 1 3 r . .
in T,. Such a set of directions will be a set of linearly inde-
pendent solutions of the Eqs. (4), regarded as linear equations

in the z; — z;(p). The following n — 1 sets of direction
ratios form such a set of solutions:

/afn\ /afn+i\ /afN—-l\
1,0,0,...,0 (2} (=2 y s (Y0
\o0Z1/p, \ 0%1 /p \ 971 /»
O 1 O ~ /afn\ ,/afn+l\ , ’/afN—l\ , 0
P ’\\axo,},_ Are /. \ ATo )_
& Yy L J P N\ & J P
. (5)
V4 af \ /o~ AN Ian AN
000 .. 1 (), (Fea, L () o
\axn—l/p \axn—l/p \axn—ljp
1UD VLI1ILIT Ul1TUUIULL \4{} 111UdUL VT Ul l}llU%U lal LU ULll DU, AallU 111Uupvu
i PN adtaler 4L T . /0O L 1 e a1 £ a1l oo LA\
als50 Satlsl e ngs. (9) wien substituted 10r vne T; — Lqi\p)

Exercise. 5-1. Prove that theresulting set of linear equations satisfied
by (2) has a unique solution, expressing the d¢;/dzv(z = 1,2, . . .,
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N — 1) as differentiable functions on M with the critical points of zn
removed.

Now there is a theorem in differential equation theory (cf.
uarantees that a set of differential equations such as
, been obtained, expressing the de¢, /dxa as differenti-
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of derivation of the differential equations
shows that the family F is the required family of orthogonal
trajectories to the M., The same theorem on differential
equations gives further information, namely, that the equa-
tions of a member of F in a neighborhood on M not containing
a critical point of zx can be written as

'T! Q.

= ¢i(x2(l,7 xg; e )xg—lf xN); (6)

where zy is used as the parameter on the curve, and z9, 9,

, 22, are the local coordinates of the point in which the
curve in question meets some fixed M., and the ¢; are differ-
entiable in all the variables.

Exercises. 5-2. Prove that (6) can be used to introduce a new coordi-

nate system in a neighborhood of a noncritical point of zw, specifying
a point by its parameter zx on the appropriate curve of F, along with the
coordinates of the point in which that curve meets a fixed M,

Hence, show that if M. is a noncritical level of zy, it has a neighbor-
hood on M that is diffeomorphic to M. X I, where I is an open interval
of values of zy. Note tha u 10ld a cri
level if a neighborhood of the critical point is removed.

5-3. Deduce from the last exercise that if M. and M., are two con-
secutive critical sections (that is, such that all the levels M. with ¢; <
¢ < ¢; are noncritical), then the part of M between M. and M., is
diffeomorphic to M, X I where¢; < ¢ < ¢s.

5-4. Also deduce from Exercise 5-2 that if two noncritical levels
have no critical level between them, they are diffeomorphic.

5-2. A NEIGHBORHOOD OF A CRITICAL
LEVEL; AN EXAMPLE

The results of the last section show that as ¢ increases from

0 to 1, the section M, of M by xxy = ¢ remains the same
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(diffeomorphic manifolds being regarded as the same) so long
as we stay between two critical levels. However, M, changes
when we cross a critical level, and the next step is to investi-

d;lULlllU. ally [JUlIll;
same way as around a noncritical level.
then, is to examine their behavior around P

To introduce the discussion, consider the function z on the
torus M, embedded in Euclidean 3-space as in Example 4-2,
and in particular fix attention on a neighborhood of the criti-
cal point P;. It has already been remarked (Section 4-3) that

a first approximation to the torus near this point is the surface
z =1+ é—(gﬂ — z2%). This is made more precise by Theorem
4_1 n altarmnativra waw nf atatine +that roaonrld 1a- hoavra 14 a
LT A LAkl AVLUVLILIIAAUVLI YU ¥YYQOU vl DUC{JULLLS V11U 1 UODULU 10. A 11IVIVU 10 Qv
AN -ﬂ-' AAAAAA hicgrn A Af a mnotahhhawnlhrnd AL D A 4T A dAmite At~ o
U111 CUIILIVL }Jlllbl 1 (P Ul a I.Ulgllu I'1ovyUu Ul 1 3 UIl LIt LUl Ud VIV a

i | 11 ! 1 /N n N\ B oI | - 2 2
ne1gnoornooa of the point (0, 0, 0) of the surface z = y2 — «x

(the factor % is removed by a suitable change of scale). Of
course, ¢ will not necessarily carry orthogonal trajectories to
the horizontal sections of the torus into orthogonal trajectories
to the horizontal sections of z = y2 — z2. On the other hand,
it is convenient to study the latter, so that, in effect, we will

have a standard description of a neighborhood of any saddle
t. To

Q.
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horlzontal sections of z = y'2 — x".
The device to be used is quite simple. At each point p

near P; on the torus (but not equal to P3) there are two sets of

direction ratios assigned, those of the tangent to the curve of

the family F' through p and those of the tangent to the curve

of the family ¢—!(F,) through p. Denote these sets of ratios
bv .. 1., 1 and M\:. \o. 1. resnectively. Now assion to » the
~J viy v2y & QiilR ]y N2y Ay ATODPTULULV LY e - N VY (22 30 A Y
divontinn oivon hy

UUlivuvvuvlilulil 51 \AYISaN V)

oM+ (1 — @)l gha + (1 — g)lo, 1, (7)

where g is a differentiable function on the torus equal to zero
outside a neighborhood of P; and to 1 inside a smaller neighbor-
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hood. Then construct a new family of curves F’ tangent to
this direction at p. Note that as we approach P, the direc-

tion (7) gradually changes from Iy, lo, 1 to Ay, N\o, 1. Thus the
family F’ will be equal to F outside a neighborhood of P; but
will coincide with ¢=1(F,) in a smaller neighborhood.

Aa rnnintad A4 I\g\"]:f\“ +hic mvaano +had marwhlhhAanhAan~nd AF

430 puULLILTU UUUL TaAllltl, LIS llcalls uvilatl a 1l1%iglipuliiivvu vl
H, on the torus can be studied by using the adjusted orthogo-
nal trajectories F’, and this in turn means that a neighborhood
of P3 can be studled by looking at the origin on the surface

z = y? — x?, using the curves Fy on that surface.

=2_2 NETCITROARITOONON O A CRITICAT TRUYVLRT .
J=J e ANMLIAIATJIL1DUIIVILIUUL) UL 4R AR L &L B ULAAEsy B MUY Ll
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ren manifold will be compared with a neighborhood of some
kind of standard ecritical point (corresponding to the origin on
the surface z = y? — x?).

So let M be a differential manifold of dimension n, let f be a
differentiable function on M, and let p be a nondegenerate
critical point of f. By adding a suitable constant it can be
assumed that f(m 0. Use Theorem 4-1 to set up a local
- U—- TV in a npmhhnrhnnd U of D su uch
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where the y; are the Euclidean coordinates in ¥V and each c¢; is
+1. The y; are all zero at ¥(p).

At the same time, in a Euclidean space of dimension n + 1,
in which the coordinates are denoted by (y1, y2, . . . , Y, 2),
consider the hypersurface @ with the equation

z = ey 9)
V' can be identified with a neighborhood of the origin in the
hyxrrnarnlana ~ — N AT wmida TV £ +ha atoaohhAanhAand A D +hat
uyptupl@ 1C & — V. YY1ILULUC V¥ 1Ul VUIIT lUlglIUU 11UVUUu VUll ¢ uiiav
DU U T rmi. _ 1 _~__ _ 1+ . ______ s . TT T7? VLo o o S
projects on v. 11nen acine vne map . U — ¥ 1applng
qgon (Y, Y2, . . . , Yn, &) Where II/KQ) 1s the poin nt Y, Y2y, -+ .+,
y») and z 1s given by (9). Note now that the value of f¢~* at
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g AT Fa

(Y1, Y2, - . + , Yn, 2) On Q is the same as that of fy~! at (yy, ¥s,
, Yn), namely, Zcy%, and by (9) this is z.

Thus ¢: U — V' is a map into an open set on @ such that
the value of f¢~! is the value of 2. In particular, this means
that the subsets f = constant in U are mapped into the sec-
+;I\Y\G (\“" n 1‘\17 +]r\r\ ]r\‘r“n‘nh]n“r\n ~ —_— Qn“ﬂ“'f\““‘

VIULLS Ul U.y u1llT 11)’ pUl l_u.a: 1T & — vullduallu

NTawvdt aacitann Ffal T oo 02 O 41 Ar s ~- - _ 131 __. . __-_1

ANEBXL addullle (Cl. L.CINING O-£) LIlay M 1S eInpeaded as a Sup-
manifold in some Euclidean N-space, such that the function f

t
on M is xy, and construct, as in Section 5-1, the orthogonal
trajectories F' to the sections of M by the hyperplanes N =
constant. The F' are now to be adjusted in a neighborhood
of p as illustrated in Section 5-2.
So let F, be the family of orthogonal tra
a 0O

aje

quadratic hypersurface @ to the family of sections by the
hvpernlanes z = ¢ F. can be defined at all noints execent the
& J rl\-"vr’ ‘‘‘‘‘‘ ~ e o U vowia AW NAWVLALRALUNA WUVU Quviaa l.l\JLlL Un VJ‘UVI.’U Vas
NAr1I0IN A—=1(F N will than danntn +ha imaon in I77 Af +ha family
Viigiil. 4 \l. U/ V¥ 1lil UL1lU1Lll UUT1LI1VU LU vilv 11‘16‘}56 111 O Ul Vvllv 1d1i11ll
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are two c curves, one of the Iamliy ﬂ ana one of nhe family

ll(ﬂ\_ ln{ﬂ\l . . lxr_-(ﬂ\, 1 (10\
\21/7 Y4\1/) ) V4V—ANTL/) ) \ /

)‘I(Q)’ >‘2(Q)7 . ’ )‘N—I(Q)7 1’ (11)
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orizontal.

Next let U, be a second neighborhood of p such that U, C U.
For the sake of simplicity U; may as well be a cell. Define (cf.
Exercise 2-14) a differentiable function g on M such thatg =1
on U; and g = 0 outside U. Then to each point ¢ of U assign
the set of direction ratios

Dd

g(g)rlg) + (1 — g(g))i(g), , 9(@An-1(9)
+ (1 — g(g)ln-1(g), 1. (12)
N A+an +hat 4hhia accrtermnrminnmt avdnanda matsrwallsy Atvtatda 77 gtranler
ANU LT uliau Luilld abblguuw 1L CALOILUD 1dlbuldllly Uuvu uc o buuply
7 7 ] TrT rmui.

bl
by : assigning Iy, I, . . . ZN_l, 1 to a point outside U. Tt en,
to find a family of curves F’ whose tangent directions at
point are given by (12), solve the differential equations

(‘D

(dx ) = g(@N(g) + (1 — g(g)l(q),
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Since the right-hand sides are differentiable functions at all
points of M except critical points of zy, the existence theorem
Drev1ouslv quoted (cf. [5]) shows that there is a family F’ of

5-4. NEIGHBORHOOD OF A CRITICAL POINT

As already indicated, the first thing is to examine the special
case of a neighborhood of the origin on a quadratic hyper-
. )

(%
surface (9). The information will then be transferred to M
by the map ¢! of the last section. Most of the argument for
+ha vanin wmaciild AL 430 candinn ]l o nawnniad Asid 13 oaniIIoan o
U11T lllalll 1TdUlyL UL LIS dSCULIVLL 111 VT dalllcu vuv 111 STY UTLIUTS
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Exercises. 5-5. Let H be a hypersurface with equation z = f(yi, y.,

. .y Ys») in Euclidean (n + 1)-space. Prove that the orthogonal tra-
jectories on H of the sections by the hyperplanes z = constant project
onto the orthogonal trajectories in the n-space z = 0 of the family of
sets f = constant.

(The point is to see that the tangent linear space to a horizontal section
of H projects into the tangent linear space to a set f = constant and
that a line orthogonal to the first projects into a line orthogonal to the
second.)

5-6. Working now in the n-space with the coordinates yi, y2, . . . ,
Yn, consider the family of hypersurfaces f(yi, ¥2, . . . , ¥») = constant.
Show that the orthogonal trajectories to these satisfy the differential
equations

fl f2 fn
U, NI R W o &, YN
where f; = adf/dy:.
PR IR I R = - L2V mrammcnima e o
Hence, show that for the family of hypersurfaces
vy 4+ -+ -9y, — - - - — 9y = constant, (15)
1 ' 7 4 ' B JT JTH1 % 7 N s

the equations of the orthogonal trajectories are

U = YW - YL S Vil (16)
Yrpalret = Yppa¥rszy « « o Yplrer = Ypp1Yny -
Y1Yry1 = y'ly’r+1’
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where y;, 45, . . . , Y, are constants. In fact, the set of equations above
is the orthogonal trajectory through the point (y;, 5, - - . , ¥o)-

Note that there is exactly one curve of the family (16) through each
point (yi, v3 . - - ,¥y,) except (0,0, ...,0). Note also that the
member of the family (15) through the origin is an (n — 1)-dimensional
cone with vertex at the origin; thus, we would not expect the orthogonal-
ity condition to work at that point.

5-7. Note that all the Eqgs. (16) except the last are linear, and in fact
are linearly independent except when y; or . 41 1s zero. Thus when
y, #0, v, +1 #Z0 the Egs. (16) represent a hyperbola. Note that
the condition on y, and ¥ +1 is an accident of the numbering of the y:.
Show by suitable arrangement of the equations of the orthogonal tra-
jectories that, so long as one of ¥, ¥,, . . . , ¥, is nonzero and one of
Y. 1 y! 42 - e ey y. is nonzero, the trajectory through (y;, Yny « « o Yn)
is a hyperbola.

5-8. As a complement to the last exercise show that if one of the
orthogonal trajectories has y; = 0 at any point, then y; = 0 all along it.
(Deduce this directly from the differential equations.) Use this to

show that a trajectory containing a point withy; =y, = + -+ =y. =0
is a straight line segment ending at the origin. Obtain a similar result
for a trajectory containing a point with y;H = yf.+2 =...=y9 =0.

In addition, show that if we consider the orthogonal trajectories to
the family (15) with —1 < ¢ < 1, then the set of trajectories in the linear
= (0 forms an (n — r)-cell E*»" whose
= —1, while the trajectories
rm an r-cell E* whose bound-

space Y1 =Yy = -+ - =
boundary sphere 8»~~1 is in (15) with ¢
satisfying ¢,p1 = ¢pp2 = + + - =y, = 0f
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with —1 < ¢ < 1. Note that the two surfaces obtained by
putting ¢ equal to —1 and 1 are hyperboloids of one sheet
and two sheets, respectively, the two-sheeted surface being
inside the one-sheeted one (cf. Fig. 5-2).

The orthoconal traiect A . ,
he orthogonal trajecto 1S famil y u ,

aQ Q alttae) QO“];D"‘ QAYrNQ n'F tr“avkn]nc Qvnﬂh"' ""f\"‘ [ QD+ (\‘F ]1“D
U LIV YYLIL UvQul ].L\./l, alrun UL 11 l.l\/l UULCUO, \JA\JLI}JU JRVIS A DUV ULl iililv
comrmante fanmmin tha aalle Tl and T2 oo dacarmilhad 1n Tvarniaa
D 5 IICILLD 1V 1111115 Uil CCl1> LY Al 1z y ol UCSULLIUDCU 111 1LUATIUIDC
I ) rmi 1 11 11 1_ 1 T I P
o=0. 1lne Dounaarle O these cells are marked 1n rig. o-< as
Y n 1 e A}
8% and S, respectively.
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FIGURE 5-2 Anorthogonal trajectory T beginning in a neighborhood
of S° ends in a neighborhood of S!.

(8 X 8 X I

\Sosz/

FIGURE 5-3 8% decomposed into 3 sets obtarned from Figure 5-2.
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Consider now those trajectories beginning in a neighborhood
of 8° and ending in a neighborhood of S!. The neighborhood
of 8% in question is the union of two disks and that of S! is
a c1rcular strip around the one-sheeted hyperboloid. These

1
nal trajectories beginning in one are exactly those ending i
the other. And the union of all these arcs, along with the
cells £' and E? forms a 3-cell. The boundary of this cell is
a 2-sphere decomposed as indicated in Fig. 5-3. That is, it
consists of the union of S° X E? and E' X S! (the above-
mentioned neighborhoods of §° and S! on the two hVDeI‘bO-
loids) and the set shaded in the figu
n

of orthogonal trajectories joining the points of the boundaries
of S0% F2 and E! X 8! (both boundaries beine S0 % S1)
UL A /\ X4 1< 8 80 S V) N\ D \WULLL Uouullualley volilg O N\ T ).
Mhia agant nan +hitae ha warnacan tnd ac Q0 N/ Q1IN \/ T «whnawnan T 1o
4 1115 JSTU vall ullus DO 1CPICE_CIILCU ad O AN )] AN I, 11C01C 4 1D

The following sequence of exercises aims at generalizing the
description just given.

Exercises. 5-9. Let 8*1 be the sphere

w2 L2 L L L W2 <1
X1 T L9 T TR, = 4

in n-space. Let 8"~! be the (r — 1)-sphere on S*~! given by

Ar? L s e 2 =
Lz 7 “r

1
= A,=..-=x=0

22, 42k, + -+
r4+1 1 r4+Z 1 '

Check that any point p on S™~! and any point ¢ on S» ! are joined
by a unique great circle arc that is a quarter circumference. That is,
the directions of p and ¢ from the center of S make an angle of =/2.
Also show that two such arcs pg and p’q’ have no point in common, except
possibly an end point, if p = p’ or ¢ = ¢’.

5-10. Fix p on 8771, and for any great circle arc pg with ¢ on S»> !
(as in the last exercise) let ¢; be the midpoint. Show that, as ¢ varies
throughout S*~=1, p being fixed, the union of the arcs pq: is an (n — r)-
cell. Hence, show that the set of points on S»~! at angular distance
< /4 from S™1! is of the form S™! X E»* where E» " is an (n — r)-
cell.
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5-11. Deduce from the last exercise that S»! is the union of S™1 X
E» and Er X S» 1. Note that these sets have a common boundary in
S»~1 namely, 8~ X S*1. Another way of saying all this is, S*~1is
the union of the spaces S"~! X E*»~ and Er X S* 1, the point (p, ¢q) in
St X 8§»=1 = 81 X (boundary of E*) being identified with (p, q)
in 81 X S»~1 = (boundary of Er) X Sr—r—1,

5-12. There is a variation of the last exercise. Namely, show that
S»~1is the union of three sets A, B, C where A, the set of points at angu-
lar distance < #/6 from S, is of the form S*! X E»r; B, the set of
points at angular distance < #/6 from S»— 1, is of the form Er X Sr—1;
while C, the set at angular distance > #/6 from 8! and < »/6 from
Sr—=1 is of the form (8! X S»—=1) X I, where I is a line segment, say
the unit interval (0, 1). Here the point (p, ¢) on A with ¢ in S» 1 =
boundary of E» is identified with (p, g, 1) in C and (p, q) in B with p in
S™=1 = boundary of E, is identified with (p, g, 0) in C.

Note that this decomposition of S*~! corresponds to the decomposition
of S? described earlier (Fig. 5-3), except that there S? appeared not as
the surface of the unit sphere, but as a set associated with a family of
quadratic surfaces. This situation will now be reproduced in the gen-
eral case.

5-13. Consider the family of quadratic hypersurfaces in n-space

V4 2 2 2 2z _ ( )
+ + “ o + —_— — . — =
Ty 2 z, xr-i-l t z, ¢ 17
with —1 <¢ <1
Note that the spheres 871 and Sz—1 of Exercizse 5-9 lie on the mem-
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bhars of thic familv with 2 = 1 and 2 = —1 rognactivaly Alen checle
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that tha direction from the oricin to anv noint of Sr—1 ar Sn—7r—1 males a
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z; + x5 + + 2z, — ., z. =0

This implies that the sets A and B of Exercise 5-12 project homeo-
morphically from the origin into the hypersurfaces (17) with ¢ = 1 and
¢ = —1, respectively. Denote this projection by =. Let p and ¢ be
points of the boundaries of A and B, respectively, that are joined by one
of the great circle arcs, say «, of which C is composed. Verify that =(p)
and =(q) are on a hyperbolic arc 8, one of the orthogonal trajectories of
the family (17), and that « projects onto 8 from the origin.

Thus there is a homeomorphic image of 8*~! under = consisting of the
union of v(4) and »(B) on (17) with ¢ = 1 and ¢ = —1, respectively,
and =(C), a union of arcs of orthogonal trajectories of the family (17).

5-14. Verify that the last two exercises imply the existence of a dif-
ferentiable function f on the n-cell E» (whose boundary is S»~!) such that
f=0o0on A, f=1o0n B, and f = { on the subset S X S»—=1 X {t} of
C=8"1tX8 1 XI.
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5-5. NEIGHBORHOOD OF A CRITICAL LEVEL;
SUMMING UP

All the results necessary for describing the neighborhood of
r1t1cal level of a differentiable function have now been ob-
ined, and will simply be put together in this section.
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neorem Jo-1. Let M vea uw rentiaole munyocu of dimension

Deﬁmtzon 5-1, let M. be a critical level of f wzth one nondegen-
erate critical point P on it. Let M, and M; be noncritical levels
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of faitha < ¢ < b M _ hoinn the onlu pritanal lenel }mffmpo'n them
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S™=1 {s the union of three sets A, B,C. A 1s on M, and s
diffeomorphic to S X E» (for some r), B is on My and is
diffeomorphic to E* X S»—1 while C, lying between M, and My,

can be expressed as St—1 X Sn—r—1 X I Horo o noint (n o) of A
PRAY Y A Qr—1 on T . 7 Qn—r—1 Tomcinn Fmivin: ~L Tne—p Lo ST onnds L2 5]
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with (p, q, 0) on C, and a point (p, q) of B with p in S™—
boundary of E™ and q in S*1 is identified with (p, q, 1) in C.
In addition, if the cell E™ 1s removed from the part of M between

M, and My, the remainder can be represented as (M, — A) X I
ankhoons { AT AN N/ (N o Tt Lo d anttl AL A mn AT . AN
wnere \ivig — ) A iU] LS LUCTWLILEW WILLIL VL g = L1 Wit \LVL g L1 )
N {2 ) v .y n - 2y
X {1} with My, — B
Proof. It follows from Exercise 5-4 that it is only necessary
to prove the present theorem for values of @ and b near c;
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Start by taking a neighborhood U of P, as in Section 5-3
and construct the modified family F’ of orthogonal traJectorles
of the level sets of f. Remember that in a smaller neighbor-
hood U’ of P, these coincide th ¢~ 1(F,) where ¢ is as in
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that the cel ﬁ descrlbed in Exercise 5-14 is in the image o
U’ under ¢. The inverse image of this cell in M then gives
the cell E» described in the statement of this theorem, provided

I3+

that M, and M, are taken as the noneritical levels that, in U’,
PRI [ P, MR 4 AN A PR, | —~ 1T 4 1 saAacnn
are mapped by ¢ into (18) with ¢ equal tu —1 and 1, respec-

tively. The properties described in Exercise 5-13 then carry
over to M showing that the boundary of E» has all the proper-
ties stated in the present theorem.

Py

the ”“‘egomg, ending on M — B) can then be used, as in Exer-
cise 5-2, to check that the part of M between M, and M, after

the removal of the cell E»is (M, — A) X I. This completes
the proof of the theorem.
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a sphere S~ on M, and a sphere N
bers of F’ startmg on M, — 8 !end on M — 8* ! (and the

other way round), while the members of F’ hrou,qh points of

S—1or S»1lallend at P. Thus M ¢
r

I'n—r L o aving WasimnAdarioe ~nn M o wncrantisralsy an a7,
Err havin g pounaaries on g a 1d 17'v1b, 1't;5pt:ut1vcly, a 1d h'a.v-
ing just the point P in common.

Note, in addltlon, that S7—! has a neighborhood in M, of the

form S X E» and S*! in M, has a neighborhood of the
{-‘nrm Sn—r—l >< ET.

A\J4 iia



=

6-1. INTRODUCTION

The object of this chapter is to look at the material of the
preceding one from a different point of view. In the last chap-
ter the starting point was a compact differentiable manifold M
with boundary M,\U M,. A differentiable function f was
given on M, or alternatively an embedding of M in a Euclid-
ean space was given, and neighborhoods of critical and non-
critical levels were studied. Here attention is to be paid rather

the way in which tbe level manifolds of f vary, starting from

viva Y

i1 .

the level manifold M, remains the same, topologically speak-
ing, except when ¢ crosses a critical level. Thus to get from
M, to M, through the family of levels of f, we perform a finite
number of operations, one corresponding to each critical level.
Each operation transforms M, just below a critical level (think-
ing here of the levels as horizontal sections of M suitably em-
bedded in Euclidean space) into M3 just above that level. The
operation in each case consists in removing a neighborhood

e i1 111 111 L} 1 i

~~
¢
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(4 in the notation of Theorem 5-1) of a sphere embedded in
M, and replacing it by a neighborhood (namelv, B) of a sphere
of different dimension. The main obje of this chapter, then,
1s to study this kind of o operatio

vaazald Ak

6-2. DIRECT EMBEDDING

7
Phnnu‘pd Thp mannen]r] M rhqm qqpr] here corresnonds to a
changed I'he manirold M discussed here corresponds to a
nonerifiecal laval Af +tha fiinetinn f Aan +hns manifald Af +hat
1iVilviivivdvl 1viyvyvul Ul VilLU 1 uUulluvuluill J Uil Vi1l PJUSTCNISGSRAVIAVERRY N viila v
4T AnmAaa
vlieorem

So let M be a differentiable manifold of dimension n and let
N be a submanifold of dimension r. Take a point p on N and
a local coordinate system around p satisfying the conditions
of Definition 3-1. Suppose that the corresponding coordinate
neighborhood U (or rather its image in Euclidean space) is
specified by inequalities |z < 6(: = 1,2, . . . ,n); U can be
thought of as a topological product V X F Where VisUNN,

namely, a neighborhood of p in N, and F is a neighborhood of
t}‘\e O‘mn‘;n im a Fuelidean (n — »)_anace that 1@ a enaece 1n
44 lL&LLL ALL v AdAViI AV CULL \’(/ I / Ut}w\/\/, viiavv .UJ, (¢ 1) Uwa\J ALL
WNICH Try1, Trt2, , Tn are tne coorainates, 1 o€iNng speci-
[ alyiurh B PSSR Lo S apiuu BN P U | 1 1 O P mi .
fied by inequalities |z, < 6, =r+ 1, r+ 2, . . . ,n. T1The
1 . Tr ry 1 n { Y o ry \
Sets 1n x H OI the form iq; x r, Wlt;n q ln V are Ul — Tr)-

cells cutting across N and each meeting N at just one point.
Thus U can be thought of as a union of slices, each slice being
an (n — r)-cell cutting N at one point. A union of coordinate
neighborhoods of the type just described will be called a tubu-
lar neighborhood of N in M. It can be shown (but this will

not be needed here) that the entire tubular neighborhood can
be expressed as a union of (n — r)—cells each cutting across N
avu ULLU PUI.lLU, vilia v 10’ VILIT DI11VG.) Ul UyvVUOl laal.)pxus vuyvvliuliliia vy 1.1\/1511
| P, i DR A (S R [P [ PG Ry
POLIIVOUS Call D 1llauc LU COLLCIUC 111 LI1E OvVollal

Here one case is of special interest, namely, that in which a
tubular neighborhood of N is diffeomorphic to N X F where

Fis an (n — r)-cell.

1

Definition 6-1. When this happens, N will be said to be
directly embedded in M.
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Examples

6-1. Let N be the circle 22 4+ y%2 = 1, z = 0 in Euclidean
3-space, and let M be the 3-space itself. N is certainly a sub-
manifold of M. Now let B be a solid torus with N as its center
line (see Fig. 6-1). Let F be the section of B by the planey = 0
and lying in the half space x > 0. F is a circular disk, that is,
a 2-cell. Now take any point p in B, and take a plane through
p and the z axis. This plane makes an angle 8 with the (z, 2)
plane. @ can, of course, be taken as coordinate on N. Also

draw a circle C through p parallel to the (x, y) plane, meeting
Fin q. Thus to p in B there corresponds a pair (6, ¢). It is

not hard to see that this expresses B as the product N X F.
Hence, N is directly embedded in M

....... ectly embedded in M.

6-2. An e"an“ple will now be gi"en of a submanifold that
is not directly embedded. Let M be the projective plane (Ex-
ample 2-6). It was seen that this space can be represented as
a hermsphere with the pairs of dlametrlcallv opp051te pomts

FIGURE 6-1 Tubular neighborhood of S! and E3 as a product.
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where it appears as a strip having N as center line. Certainly
B can be expressed as a union of slices, 1-cells cutting across N,
that is, arcs of circles on the hemisphere at right angles to N.
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given a half twist before the ends are joined up. Thus B is a
Mobius strip. It can be shown that this is not homeomorphic

to a product N X F, where F is a 1-cell. So N is not directly
embedded in M.

The last example illustrates a point that is worth pursuing
further, as it leads to an important distinction between two
kinds of manifolds. The existence (as in Example 6-2) of a
nondirectly embedded circle means that, as we travel along
such a circle, returning to the starting point, the manifold de-
velops a kind of tWist Thus a neighborhood of the circle in

Example 6-2 is a twisted strip. Such a twisting cannot hap-
pen if everv circle in ‘H’\n anifnld ic directlvy amhadded
r/ NS A J NJAANJANS 4AAL VALANY AALA(ULAALANTANA 1NV Ariri VWO ULJ NJALARI VU ACA VA

Definition 6-2. Let M be a differentiable manifold. If
every circle embedded in M as a submanifold is directly
embedded, M will be called orientable, otherwise nonorientable.
This definition, equivalent to others more usually given in the
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It can be shown (cf. Chapter 7) that the compact two-
dimensional manifolds can be completely classified. That is,

each such manifold is homeomorphic to a sphere with p handles
(for scome ») or to here with I les (for come ) the dia-
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with p = 1, and the projective plane is an example of the
second kind, with k¥ = 1. The manifolds of the first kind are
all orientable and those of the second kind are nonorientable
The second statement is easy to see, since an arc on the k-holed
sphere joining diametrically opposite points on one of the holes

becomes, after the identification, a nondirectly embedded cir-

cle. ee that a sphere with p handles is orientable, let S be
t B be a tub

ArN N Ve wa

ﬁe
302

, ana at p on S
take the tangent line pointing in that direction. Then take a
tangent to the surface at p, with a direction marked on it,

perpendicular to S at p and making a right-handed system

with the directed tangent to S and the outward normal of the
n'l*l“cg\qn ml\:m Jnﬂnnn a4 I\;\QL an r\f 0 a »mAactdicrn IJ:MI\Q":I\“ TV D
DUuLlavc 4 111D UCILIGS au Tallil U Ul b a 1 DLULVTG ULLTUULLVULL 111 D
at right angles to S, and so defines B as a product S X I

It can be shown (but this will not be done here) that the
definition of orientability can be formulated in terms of local
coordinate systems. That is, a manifold M is orientable if
and only if it has a covering by local coordlnate neuzhborhoods
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Example 2-6 satisfy the condition just stated, provided that the pair of
PR 5. S S _ 1 .. 2 a T, T N

coordinates in each neighborhood is taken in the right order

6-3. DEFINITION OF MODIFICATIONS

The notion of spherical modification can now be described.
Let M be an n-dimensional differentiable manifold and sup-
pose that S” is an r-dimensional sphere that is a directly em-
bedded submanifold of M. Briefly, S' will be called a directly
embedded r-sphere. Thus S” has a g‘hbnrhond in M that is
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th to S X E»r wher
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other hand, S~ X S»—=1 is also the boundary of the differenti-
able manifold Er+! X S»1. And so, as explained in Sec-
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tion 2-7, the union of M — Int B and E7+! X S*»=1 can be
formed with identification of the boundaries. In fact, this
can be done so that the result is a differentiable manifold M’.

SES e £ D AT xxrs
JLILiLiorn v~9. i Wl

spherical modification of type r (the dimension of the sphere
whose neighborhood was removed).
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Examples

6-4. Let M be a 2-sphere and take a zero-dimensional
sphere S° in M (see Fig. 6-2). S° has a neighborhood consist-

FIGURE 6-2 Torus by modification out of sphere.
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ing of two disjoint disks. This is certainly of the form S° X E?2,
. . . i b
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E' X 8! is a cylinder, and when its ends are attached to the
circumferences of the two holes, the resulting surface is a sphere
with one handle, in other words, a torus. Thus the torus is
obtained from the 2-sphere by a spherical modification of
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6-5. As another example of a spherical modification, con-
sider the reverse operation: that is, take M to be the torus,
S a circle as shown in Fig. 6-3. S! has a neighborhood

S! X E!' in M, namely, a strip wrapped around the torus.
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pair of disjoint disks, and if these are inserted, the result is a

2-sphere M’'. Thus the 2-sphere is obtained from the torus
by a spherical modification of type 1.

50

spherical modification, then A4 can be obtained from M’ by
a spherical modification. For suppose, as in Definition 6-3,
that M’ is obtained from M by removing the tubular neighbor-
hood S X E» of 87, replacing it by E+! X S»1, Now
Er+1 % 8»—=1 contains the sphere {po} X S*—!, where p, is
some interior point of Ev+tl. It follows that M’ contains the

sphere {p¢} X S8»=! and that this sphere has the tubular
neighborhood E7+! X S»— 1 in M’, so that it is directly em-
Uouuvu. LAllU DU kL 10 Uuallicu 11vuliy ivd (94 lcl.lJ.UVlLls villo
el iTone cmAat Ll T () N Un—r—1 amda At 24 Lo Qr N\
tuoular neignoornood 01 {Poj ST, repiacing 1t DY ©
E~. This is a spherical modification of typen — r — 1
Example
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5-1: If W is a differentiable manifold and f a differentiable

function on it and if M and M’ are level manifolds of f sepa-
rated by one critical level, then M’ is obtained from M by a
spherical modification.
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6-4. THE TRACE OF A MODIFICATION

Example 6-6 shows how a function with a critical point gives
rise to a spherical modification. It will now be shown that
every spherical modification can be obtamed in exactly this
"‘KVYOTT rpl\ﬂ :Aﬂn 1 “'I\ +n]7n [»Y TMO1ITWY I\p W\nrnpn]r]c‘ T‘D"ﬂ"'ﬂl‘] l‘\‘r ©
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ary and construct on it a function that will have the given

manifolds as noncritical levels separated by a critical level.
The pattern for this construction is given by the knowledge of
what the neighborhood of a critical level should look like.

As a guide to understanding the general construction, con-
sider the following example.

Example

L T Pas
U™ . L1l 1 v

obtained from a sphere M, by a modi ﬁcatlon of type 0. The
set Int By that 1s removed from M o consists of two disjoint

a sphere with two holes.

1 nresent purpose it is m nvenient to think o

r r Ir
M. — Trnt P aca+hn crinfann ~nf a avlindar hant »aitmnd ac ahAawn
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in Fig. 6-4; (M, — Int By) X I is then a thickened cylinder.

As Fig. 6-4 indicates, the ends of this cylinder are unions of

radial line segments, each segrﬁent being a set of the form
he boundary of My, — Int By. The

I(IJ‘

(M, — Int Bg) X {0} is to be thought as Mo lnt B, and
the outer surface, (M, — Int B,) X {1 }, as M, — Int B;. B
is a pair of disks, whereas B; (¢f. Example 6-4) is a cylinder

F1 v K1 QA the inner enirface of (M. — Int R.) I can he
A4 N\ AJ . UU VAl ALLLILAU A MNUL LWwWuw Ul \L'-‘- U A LAU -I-JU/ N\ A JlAiA A LA 4
. PR Vi Lo Tt T o LiTn Alon maidave cocefo an
114U 11110 a4 spliere o lcpl' 111 Do, WIIIEC LIIC OULel suliavo

c
can be made into a torus by adding B;.
On the other hand, consider a 3-cell E? with its bound-

ary S? decomoosed into the three sets S° X E2, S! X E!, and
(QO X Ql\ X I, in faet, the 4, B, C of Exercise 5-12 (se.e, Fig.

[l
= I-
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B
A If B, is replaced, one gets a sphere.

(M, — Int Bg) X I

ivz

FIGURE 6-4 B, added to the inner surface

ERS] LLLL e fOC  LILIECT LS o

B.. B.. and the ends of the thick evlinder (M., — Int B,) I.
0, D1, and the ends of the thick cylinder (M, Int by) X

N Aanantvrar +ha nadial 13nva canagriante nan +ha andae Af +ha avlindan

PRARVIAwiS) t;l, L11T 1 aulal 1111¢ chlllc 1Ud VULl LILIC Cliud Ul LllC ‘yllllucl

can be identified in a one-to-one manner with the great circle
arcs forming (S° X S!) X I on the surface S2. So if the set

(S° X 8Y) X I on the surface of the cell E? is identified with
the corresponding set on the ends of the thick cylinder, a solid
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FIGURE 6-5 The sets By, By, and (8° X SY) X I puttogether to form
a 2-sphere, the boundary of a 3-cell.

Another piece of information comes out of

construction: it was seen in Exercise 5-14 that

properties. On the boundary S f :

By=8°X E? f=1 on the set By = E! X S!, and on the

subset (S° X S1) X {t} of (S° X 8Y) X I, f = t Otherwise
nd h

\chcllcla‘uc vilivivai IJULLLU au LIV LUT11UUL il ail ) J vall MU vAa
tended to the whole of M, as constructed in the last paragraph,
by setting f = ¢ on the points of (M, — Int Bo) X {t} in

{
(My — Int By) X I. If it has been arranged already that
By X I e

(M, — Int B, and E? have been put together to form a
A3 ntiahla manifald +than £ will ha a Aiffarantiahla fitnetinn
via01C laliliGiG, il j Wl OC 4 GlLHCICIINIA0IC 1UliCuivil

]
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equal to 0 on /i st one non-

degenerate critical point at the center of E3.

0o and to 1 on M 1, and witl

With this example in mind, the corresponding construction
can now be described in the general case. Suppose that M is
a dlfferentlable manifold of dimension n and that M, is ob-

embedded sphere S7, and
Ertt X 8»—1, To construct M, following the pattern of the
preceding example, start with (M o — Int By) X I. Part of
the boundary of this is of the form (S8 X S*—1) X I. On

]



Spherical Modifications 87

the other hand, the boundary S* of an n-cell E»+! can be ex-
pressed as the union A \U B\U C (cf. Exercise 5-12), where
A =8 XE7" B=EFE+ XS 1lLand C = (8 X S*1) X

I. Form the union now of (M, — Int B

L A 11 1 1 1 1 \474 A N 4 &il p &
;r]nht;fvlnn tha citheate Qr W Qn—r—1 VW T annocaringe in hnt
AAL/LLA UL J Llls Viivwv NURIOUV UL A Z\ AJ Z\ 4L (/UPIJUCUL 1l16 ALl WAV AV S Y
MmMhia r\““‘l\mn‘-:@n]]vv nnw\]g\qt\m A —_— D 3 L.Y/8 —_— T+ D 4~ A~
4 11D aulvliiavivall IUPIGIUUD L1 — Do 1 ivi g 1I1iv DOg U 101111
Aarf .1 D n . ar T 1D 4 L AT I . S
Mo alld D = D3y 1l My — 11U Dby (O Iorm /143, ana SO I10rms a
A o T Y T T 1 . ' | e . . 2 . rd mn h ] m o

maniiold M having the QIS] omt union orf My and M3 as
boundary.

Moreover, a function f is to be constructed on M as in the
three-dimensional example. Take a function f on E*t! as in
Exercise 5-14, such that on the boundary sphere S*, f = 0 on
A, f=1o0n B, and on C, f has the value ¢ on the set S* X

S~—=1 X {t}. Also, f has exactly one nondegenerate critical
point at the center of E»*1. Then fcan be extended to all of f
hyr anttine 1+ ani1al 4~ + An +hna ant (AT Tt R\ v (#1 3in
U.y DUUUlLls i1vu Uqucu VU U Ull ull<T 2CTUu \L".LO 4111v UO} /\ IUI 111
1.V 2 Twd D\ T
(Mo — 10V Do) X 1

TL 7/ T 1

If (Mo — Int By) X I and E"*! have been put together
properly, M will be a differentiable manifold and f will be a -
differentiable function. On (M, — Int By) X I the value of
f, namely ¢, the parameter on I, can always be taken as one
of the local coordinates, and so, by Lemma 4-3, f has no criti-
cal point there. In other words, its only critical point is the
nondegenerate one with type number r + 1 at the center of
Fin+1

s a
ul.l(h

Theorem 6-1. Lel M, be obtained from M, by a spherical
modification of type r. Then there is a differentiable manzfold M
whose boundary 1s the disjoint union of Mo and M., and a differ-

eaual to 1 on M.
, equat to 1 o 1,
A
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entiable function f on M, equal to 0 on M
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A finite number of applications of this theorem gives the
following result.

7 * 7

of spherical modificaitons. Then there is a differentiable mana-
fold M whose boundary is the disjoint union M,\J M, and a
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differentiable function f on M with value 0 on M, 1 on M,,
otherwise with values betw

Definition 6-4. The manifold M constructed in this theorem
will be called the trace of the sequence of modifications trans-
forming M, into M,;.

Another piece of terminology is useful. If a modification ¢

leadinn‘ fram . +n M. oancicte 1 ramnyine a naichhnrhnnd

6 AAVLLL LA ) VU Jdra ] LULIIOIODUL 111 L\IIILUVLLLS (el 11\/1511&.}\1111\1\1\.{

Af a arnhava Qr 3o AL +hnan TAaAalbioiow ad dha 4vana ~AFf L and o4+ 4 A

Ul a dplivic O 111 1vi ¢, LT 1, 1VOUANL 15 ay ULllIT vl avd vl @ aliu au Li1o
a1 Y a4t i 11 Y . | 1 [T I ~ 1

oruvnogonal trajeciories 1o uvne ljevel sets oI the correspondaing

function f (in the notation of Theorem 6-1), it will be seen
(cf. Exercise 5-8) that the trajectories starting at points of S”
all end at the critical point of f. Thus as we go through the
levels of f from M, to M, 8" shrinks to a point along the
orthogonal trajectories. And then, as we continue beyond

6-5. COBOUNDING MANIFOLDS

There is another way of expressing Theorem 6-2, in terms of
a relation between manifolds known as cobounding.

Dofinition A-5 Two comnact differantiahle manifolde AM .
y_- 4 VJ‘. v wvewrs v wr e & YY \J \IVLALI.IW\J v NALLLVANVALLVAWKN AV ALACULLLANT ANAN AV E U
amd M cm cetd dm T T on dm Lo anTema i T P 1T s e o
allu vi1 are salu v covourna O LvO DE covounuatr g 11 LIIECIrEC 1S a

compact differentiable manifold M such that the boundary of
M is the disjoint union M,\J M;. In particular, if M, is
empty, M, is called a bounding manifold.

6-8. A sphere S™ is a bounding manifold, since it is the
boundary of E»+1,

ﬁ,() Tf M. ie a enhare wit n handlee 1+ 1¢ a hniindine
. AL 4VE U AN (& 1) Uyllv‘- A3 ¥YY AULR tl 11“11.\“\/0’ AU A v LV AV uLLuLLLa
NUUREY S I B ST TR SUR TR I DU IR IS LI RIS NPT FE
nalllloid, 10r 1t 15 vne poundary ol ne soi1la Spllere wiulr P
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These examples may seem rather trivial, but it is hard to
give significant examples. In general, the tests that must be
applied to a pair of manifolds to see if they are cobounding

are very complicated, and will not be described here
n the nther hand thae fallowine raciilt can ho ctatad
N/ 1L Viiv U Uuliiuvl u.uuxu., VidlLv 4ULLUYY J.L.I.6 PR VIGAVO S VER VIO S Suy VAWENS VIRV LVAVY 8

Theorem 6-3. If M, and M, are compacl differentiable mani-
folds, then they are cobounding if and only if each can be obtained
from the other by a finile number of spherical modifications.

-,\J. i 3t L.
lau 15, 11 1b 1

given that their disjoint union is the boundary of a manifold
M, then by Theorem 6-2 there is a function f on M equal to
0 and 1 on M, and M,, respectively, with just a finite number

.y

of critical points, all nondegenerate and all on different criti-
al la<rala (i dAaw 4+ Vacral cnta M ~AF £ & " nnanoas Frara
al 1eveld COUILIDIUCLT LIl ICVECL DOLd ke UL J ady C 1IIG1Ieastecd 11Ul

c

0 to 1. By Exercise 5-4, M. remains topologically the same

until a critical level is passed, and then (Theorem 5-1) it is

changed by a spherical modification. This happens just a
mber

nite numbe n n the way m Mg TO M.

hr\v;-vn“n_n]vv 1“. 7‘/’ :n! AL-‘-;\:“nf] 'p'vlt\m 7'[ 1'\‘-, o nn1+n V\11W\]"\nw

ULLVELIDOLY, 11 Jvi] Id vuvalllou 11vlll v g Jy A 11111ue liuiiivvol
of spherical modifications, Theorem 6-2 says that M, and M,

are cobounding.

6-6. DISPLACEMENT AND ISOTOPY

If the definition of a spherical modification is examined, it
appears that the operation depends on the sphere S” to be
shrunk and also on the expression, as a product, of a tubular
neighborhood of S” in the given manifold M, On the other
hand, the first step in the construction of the modification is
the removal of the tubular neighborhood of S”. So another
enhere S7 with the same tubular nelqhborhood as S* would

automamcauy be expressed as 87 X E*~ and SO
modification 1s obtained whether we start Wlt

:—l
Oz
o
Lo
0
p—
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is, the result M, of applying the modification shrinking S7 is
the same as that of the modification shrinking S. Also, it is
not hard to see that the traces of these modifications are the

the corresponding modification. This is illustrated by the
following simple example.

Example

6-10. Take the sphere S? and the 0-sphere S° on it as in
Example 6-4. Now there are actually two ways of express-

from the other by reversing the sense of rotation on one of the
disks. This means that, when S! X E! is attached with the

appropriate identifications on the boundaries, the identifica-
tion can be done in two ways. One (the orientable way) is
as described in Example 6-4, the result being a torus. The

1e nonorientable way) will give the one-sided Klein

6-3. As a variation of the last exercise, suppose that S* is direc
embedded in M and that B; and B: are two tubular neighborhoods of
both expressed as S* X E»
fof Bion B:. Prove that if f can be extended to a diffeomorphism of 3
on itself, the modifications constructed using B; and B, have the same
result and the same trace.

6-4. There is a special case of the last exercise that is important.
Let S have tubular neighborhoods B, C B; C Bs, where B; = 8* X Ej,
1 =1,2, 3, and the E; are solid spheres with center the origin in some

Thus, as in the foregoing, there is a map
nALg
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(n — r)-space, and E; C E; C E;. Construct a diffeomorphism of
(n — r)-space on itself that is the identity outside E; and that maps
E; onto E,.

(Hint: Construct the map by shifting points radially inward to the
origin, the distance of shift being determined by a function like that of
Example 2-4.)

Hence, show that there is a diffeomorphism of M onto itself mapping
B, onto B,.

Combined with Exercise 6-3, the point of Exercise 6-4 is
that, in performing a modification shrinking a sphere S7, the
tubular neighborhood of S” that is used can be taken arbi-
trarily small.

There are some more general forms of the results just de-

seribed, but the details will not be given here. The most im-
< ..

) > h 4 1
1L S1UU 1 1 06l LWO Qlre Yy einpedaed sSpreres O
and Q. that ara tha 1macac nf iecnataniec mane nf 87 1intn
aiie 5z vilav aiT uill 1agls Ul wU W pIL liaps ULl & vy i
T awras 11 affandt xra nan +hinl AF O oo hatng Aahtainad fram
11CICT 111l TlICUL WU Uaill LU Ul D2 ad UTlllyg vduvallltu Livil o]
1 £ . F PR | |
Uy a large CllSpla.CemenT; tnafﬁ lS ma.(l up OI a beq 1 SIIldlil

- )-"
(e
(€]
<

displacements, as described at the beginning of the section.
It can be shown that a given product structure on a tubular
neighborhood of S; will induce a product structure on a tubu-
lar neighborhood of S. such that the corresponding modifi-
cations shrinking S; and S, give the same results and have
the same trace. This can be seen, for examnle by repeated

[
o
@]
e
jo-
-
f-
R

D =
fes]
(@]
f
2]

]

shrunk in one sequence are obtained from those shrunk i

other by small displacements. The thing to notice is that it

is not sufficient to look at the traces of the individual modifi-

cations; attention must also be paid to the way in which they
are put together to form the traces of the sequences.

For the present purpose it is sufficient to look at the follow-

ing special case. Let ¢ be a modification transforming a
manifold M, into M,, the construction starting with the re-
W\r\vrn] r\'p o +11k11]nw -nn;n']nkt\'wl‘\r\r\tq D r\'p I»Y A;vgn+]‘r ﬂm}\ﬂﬂl‘]ﬂl‘]
M1 vVval Uil a vuuvulal llclslluullluuu 47 Ul QA WUuiivuvul viilinvouuvvwu
e aen Q& 1 AT T ad 1 o canmnd mandifraticnns nn M wxhinh
sSpliere o 1l g LEeL @ DE a SCCoI1IA HI0ULLICa LIVl UL L¥L ¢, W1V

h ] A ) I & /4
starts by removing a tubular neighborhood f a sphere §’,

and suppose that there is a continuous map
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such that F restricted to Mo X {0} acts as the identity of M,
on itself; restricted to M, X {1} it carries B’ X {1} onto B,
with the appropriate product structure; and restricted to each
X {t} it is a homeomorphism. Write g for the restric-

N Yy &Y S & AR AR RSV S AR RS2, =

to adjust G so that its restriction to M, is the identity.

To do this define a map H of W’ on itself as follows. Noting
that, since M, is a noncritical level of a function on W’ (cf.
Theorem 6-2) it has a neighborhood of the form M, X I in W/,
with M, X {0} identified with M, (Exercise 5-2). Define H
to be the identity outside this neighborhood, and on this

neighborhood M, X I define
H(p,t) = F(p,1 —1).

Nntn that Il 1N — B0 N — v and an +tha Aoafbnitinnag f

iANVU LT uvllau 11 \IJ, .L} - 1 \[}, U} - p Aliu DU ULIIT UTlliiiauviviln vl
7 n \/ T 1 ___1+_°*1_ "X \s T L+ a1 ___ 1 _ L _______
11 Ot Vig AN 4 alld wslae g AN 4 11U U euvner vo 10ri 4 ColIl-
tinuous map. In fact, the conditions on F ensure that H is a

homeomorphism. Next, H(p, 0) = F(p, 1) = g(p). Thus H
restricted to M, in W’ coincides with g. It follows that the
map HG is a homeomorphism of W on W’ whose restriction to
My is gg~! = identity. Summing up the result:

Lemma 6-1. Let ¢ and ¢’ be modifications on M, satisfying the
conditions described in the foregoing. Then ¢ and ¢’ have the

N o MI)O/)I”O ﬂ/V)I] *l‘l Palis¥el I;O e l‘ll‘\m D NV anLn [« 2 2] "\nfnnnnm ’ I)ﬂ’l" ‘fn"nnno
OWIIvY 1 COoULLY Wit uivci © o W rvuirvouInvui IJll/l/t)llb voLrwoory vivo vt vl WL vo
whose restriction to M, s the identity

This can now be applied to sequences of modifications.
Suppose, for example, that a sequence of two modifications
¢1 and ¢, is applied to M,, ¢ transforming M, into M, and
¢ transforming M, into M,. Suppose also that ¢. is replaced
by a modification ¢, related to ¢. in the same manner as ¢’
and ¢ in Lemma 6-1. Write W,, W, W, for the traces of
b1, ¢2, ba, respectively. Then the trace of the sequence ¢1, ¢»

is W =W;\U W, and that of the sequence ¢;, ¢ is W' =
W.\) 7' in each cace the 11mion heine formed with the identi-
rr 1] N~ rr 2’ 411 LUQUU 1L VAUV VilUv Ulia1iv1il UULLL& AWUL AALVUVA VY AL ULL VilU A\AwiLr Vs

Qqc\l-‘r\n ~F 4—1\1\ V\A.v\"‘(\! ~f AT T Aaviarvaae £ 1 .m“1;nm at Anvvnn 4—1\5\4‘
11Vauvlull Ul ULI1T IJU]. 1ud Ul 4vi ] 14Cllllila U— L llllpllUD Al VUI1ILVT uvlliav
S T I TR, R YR » 7RI 5 v S S LY TSI A
vnere a4 nomeomorpnism o1 vy onto vy , 11 1a6il, 1u IS ULl
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A similar idea can be applied to sequences of any number of
modifications.

et on Y -4 Toat Q@ ha o Adivaptlsy armmhaddad anbara 1n AL writh
RANTI CULOT U= LTV O VT a4 UllTluly Tlllutuutu Dplivlc il v 0y Wivii
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+hat nanlh alina AL D/ o anntainsad 1 a alias ~Ff D Duomwra +4had & Q7 D D7
vllal Calll diiUeC VUl D 1Id vvllldalllcu 111 a dilve UL D, L I0UVE uiav O, Oy, Dy, D
cadtiafs;y 4Ly Anm A4 LT . 21
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The result of this exercise is going to be important in Sec-
tion 6-8 on the rearrangement of modifications.

""" CITNERAT POHOQTITIONON
U™ § o NF AL LN A2 AR A A UK X AULY
The 1dea on whieh tha reciilte of the nevt cection are to he
A LAV A\AULVCQY Uil YY LAAVUV 1L VALV L UNWULULY UL VAAV AAVUVAU VUV UVLIUVLL VL v U\ T
0asea 1S quite €48y 10 grasp iNniulilvery, Oout vie acialis 01 vie
. . mmaatad 4 Lo olvran hara M A arnearnd §
1pl1catCd L0 De g1vell 1ere i 11e concepu -

be motivated by means of examples.

Consider first two curves in the plane, intersecting at a
point p. If one or other of the curves is displaced slightly in
the plane, the displaced curves will continue to have a point
of intersection near p (Fig. 6-6). On the other hand, if one of
the curves is displaced out of the plane into 3-space, the inter-

O L/ — -~
’
P

X — ~
/ PN X

= N T N\

FIGURE 6-6 Displaced blue curve in the plane still cuts the black
curve. Displace it upwards into 3-space and the tntersection is removed.
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section is removed. Of course, a pair of curves in the plane
may not have isolated intersection points. But if, for ex-
ample, two curves have an arc in common, a small displace-

ment, of one will give a pair of curves with isolated intersections
(Fig. 6-7). The idea 111ustrated here is that a pair of curves
in mg“ﬂvﬂ] Y\f\G1+;f\“ ;“ + Fay T‘\]n?\l\ QxXTrN 'IGI’\]O*'DA “f\;ﬁ“'ﬁ f\‘p 17\"‘[\“__,
PE NS SUJJ.\JJ.CIJ]. y\}DLULULL 111 V11T HLCIJJ..I.U 11A VT 1OoUVLIArvT\u IJULLLUD Ul 111uT1
continn whoraaa f that awa 1 onrmanal sacitlam tm D cra nn
LU LLIVLL, wlleicads 1l ulley alt 1l golloial pPOUsiuiVIl 111 o=dspPale,
1. 1 1 . ) A1 . 1 1 ~
they have no points in common. Also, intersections of curves

In 3-space can be removed by small displacements.

To see what part the dimensions play in this we should
think of points in the plane as having two degrees of freedom.
That is, two coordinates have to be given to fix a point. A
point on a curve, however, has just one degree of freedom,
and so the condition of lying on a curve removes one degree
of freedom. Thus the conditio

moves twn deo oonaral + arofnro +hao cot
ARANS ¥ UM UYY U \AU& AAL ir EULLUL (AAL, viivivivuvil \/, vViiv Ouwvvu
Af :n+n“nnn4-1n“m AfF +Vhn dxxrA nrvwverac ohAtel > " A £
Ul 11iUC1LJ0LULIVILD Ul LT U VUL VCD dlluul u 1

other hand, a point 1

whereas if 1t 1s to he on a curve, 1t Will have only one. Thus

the condition of lying on a curve in 3-space removes two de-

grees of freedom. The condition of lying on two curves will

remove four degrees of freedom, but since there are, in fact,

only three degrees of freedom two curves in 3 -space should
n
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generm context, let M be a differentiable manifold of dimen-

sion n and N a submanifold of dimension r. A point of M

has n degrees of freedom, but if it lies on N, it has only r.

The condition of lying on N thus removes n — r degrees of

freedom. If N’ is a second submanifold of dimension 7/, then

the condition of lying on both N and N’ should in general
o

remove n — r + n — r’ degrees of freedom. If this number
turns out to be greater than n, we would expect no inter-
DUV UVIULLY 4L A1Vl 1D Vililavkllillv D ULl UILILIITILIOLIVULIO il vil

>
~
~
d

1

0
Moreover, given any submanifolds N and N’, it should be
possible to attain this general position by a slight displace-
ment of one of them. Here a displacement of N, say, means
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T TIRE 4.7 Tmtproprtrnme nf pasvnoe am tho mlamos nweo smnds senlatod has
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N — M such that a(N) is a submanifold and a(n) 1s alwavs
M such that ¢g(/V) 1s a submanitold and g(p) 1s always
near f(n) = v
val J\VJ I

6-8. REARRANGEMENT OF MODIFICATIONS

The results of the last two sections will now be combined
to prove an important theorem on sequences of modifications.
The first step is to show that, under suitable conditions, the
order of performance of two modifications can be switched
around.

So let ¢: be a modification of type r transforming a given
compact differentiable manifold M, inte M; with trace W;
aliu 1%Uu (P‘Z VT a ll1ivullilvauvlivll Ul UleU 9O ulalldlulllll ]‘5 Lvd ] 111UV
AL 34l 4o TAT g o B Lo Qr I AL
AW 9 1LI1 vIace vy 9. @1 4lld @2 A€ LU SHIMIK SPLHEeres O Ll Mo

1 Ye * nr : e ] Y 1 T e TYXY 1 TITY 1 ® 1
and S* in M, to points P, and P, in W, and W, respectively,
and introduce spheres S*—! and S»—s1

Now suppose that s < r. Then the discussion of Section
6-7 shows that a slight displacement of S can be made so that
it does not meet S»—"—1. By Exercise 6-5 this displacement of
S¢ can be done so that the conditions of Lemma 6-4 are satis-

“
[§

s g

the spheres to be shrunk (remark following Exer-

cise 6-4), it follows that ¢, and ¢; in reverse can be defined by
using disjoint tubular neighborhoods of S*»—! and S*% and
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again this makes no difference to the result of the sequence
@1, ¢2 or to its trace. The following has thus been proved.

YTomma .9 Tog he ANA s ho ne doenrahod nt the honammann nf
mAEI VIRV U -~ o ALV yl wiIivw \F‘ UV wo wuouwvil vwuvw wu uvivwv Vqu’U’UU’V}! UJ
1L 2 anats s mr .. JUNGAT ) R S RS ¥ A cans]t mne 2l o L s AL
titS Seciior 1 1Lert, witnout cnanging iwne resuitt or e trace of

this sequence of modifications, it can be assumed that the S® in
My shrunk by ¢s s dzsyomt from the S*! snitroduced by ¢>1

Sl;

This lemma has an immediate consequence. For let B,
and B, be the disjoint tubular neighborhoods of S»—! and
S¢ mentioned there. These would be the sets removed from
M, to start the construction of ¢; in reverse and ¢., respec-

tively. Now, referring back to the construction of the trace

of a modification, it will be seen that W, is the union of
(M; — Int B;) X I with an (n —!— 1)-cvll E;, while W, is the
mion of (M. — Int RY % T with an (n L 1\=na” F. in aae

CALLAUILIL Ui \LV.L 1 41X U U‘/ Z/\ L YYyivull Quii \l(/ | .L/ \VAWI § § JJ‘, 11Kk LvAvwvwilr
noon <4l 4+ A n““nA““:;\Ln A R R A R AT~ I S\ AT :n
vant wiull Uullc d;pplUlJl Al 1UCILILLILIUAULLIVILLD,. LAI1DV 110 Y VL1 1D
PRy T I » 3 PR |  nJ /\ T * n ) M M . i e 41 1
€Xacllly Dj NAa tuef Y MMy 1S Do. l\l ow lT; IS easy 10 See tnatu
W1 contains the set B, X I, as a subset of (M, — Int B;) X I,

while W, contains By X I, as a subset of (M; — Int By) X I.
Also, the union of E, and By X I is still an (n + 1)-cell,
E; meeting M, in a set B} homeomorphic to S»—1 X Er+1,
and the union of E; and B, X I is an (n 4+ 1)-cell, E; meeting
M, in a set B; homeomorphic to S X Er—,

s ey o L V) RS NS IRy R RN B RS §
nxercise. 0-90. UINICCK Uil€e Sualelileny imadae 11 u

This all means, however, that the two modifications ¢; and
¢2 can be thought of as performed simultaneously on M,.
That is, if the sets By and Bj, are removed from M, and re-
placed by B, and a set Sn—s—1 X Hstl all With the am)ronri-

ate identifications, M, is obtained. Moreover, the trace W =
WU W, of the nqir of modifications é+. - 1S constm nfper] bv
WA VALY VAL UL ALV MALLAVIUAVILO Wiy W2 AN VURiAD VA MU VYA Ay

addinn the eolle B/ and F, talM. —Int R — Int R'Y ¢ T wit
6 \VS LR VAW § ¥ .‘Jl CU1liA LJ2 uuv \.L'.L U 410 47 ALilU u2/ Z/\ 4L Yy ivliL
+ho cvmenretiadn 1 danmd 8 andd o TTavnn Tndblh cnitls nacmand 4o
vie appropriate iaenviications. rience, DoOLn witn respect vo
... 1 ___ 1 4 e 1 4 - e
the final result and to the construction of the trace, the two

modifications ¢; and ¢. appear on an equal footing.
Note that all this has been done with the hypothesis s < 7.
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The point of this was to ensure that S»——! and S*in M, could
be made disjoint. The same conclusion would hold if these
spheres were given to be disjoint, regardless of the relation
between s and r.

(€2 P8V

Clontinuiine with thae main arciiment hecatiee 4. and s NOw

VULLULLLuLLL& VYV 1UlL Vllv 1i1i1cuiil Qui SMALLULL U’ | A VAVRE AV Yol W) \’ll U LLA \P‘ LA\J YY
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L 4 ) TR T 1 N LY

first and then perform ¢; on the result, and the final result
and the trace will be the same as for the given sequence ¢y, ¢s.
This gives the main theorem of this section.

b+ of tune r» followed hit e of trune e apith ¢ < » en the same
Yl VJ Vgtlv JUVVVWUW Uy v" VJ UUFV v wwevuvirv A5 ~ l’ vivwiv vIivw IwWrivyw
I YR I SRR N AP B AR 1. T S R I TU LTl mriind Lns
resuwitt vl 9 cart o€ ooratrnea Uy a moatjicat a oy

Theorem 6-5. If a sequence of modifications ts given, it can be
rearranged, without changing final result or trace, so that modifi-
cations of type s are performed before those of type r whenever
s <.

6-9. AN APPLICATION TO 3-MANIFOLDS

Let M be a compact orientable three-dimensional differenti-
able manifold. If two disjoint cells are removed from M, a
manifold M’ is obtained with a boundary consisting of two
disjoint 2-spheres My and M,. Thus M’ can be thought of
as the trace of a sequence of modifications transforming M,
into M,. In this case the only possible types of modification

ol
-
(4}
jom}
ol
o
(oW
[

; - j -~ ~J a L . L d ’ AR VALY [ ]]
thoce of tvne O are done firet o1vine a manifold » Then
ViAW A\ S 1Y) l.l\l \J Wi v NALLV LLLUU’ 61 A\ J.LL& (&1) ALACUVALLAANT ANA LAVE Jo A AANJAA
vil€ IMOGIICauioNs Iransiorming i iiv0 e areé air 01 LYype 1
PR RS R N 1 AR B AU I S i A RPN KPP Ly
Oor, wWillalt COLIEeS LO LIIC Sallle LIng, vile INoUulillCaulolls uI'allsiolril=
ing M5 into M, are all of type 0. Remember that all this re-
arrangement does not affect M’. Replacing the 3-cells that

were removed, we now see that M is the union of two mani-
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folds W; and W, with the common boundary M,. Since the
modifications leading from a 2-sphere to M; are all of type 0
and of the orientable kind, W, and W, are both solid spheres

with handles. Hence, the following has been proved.

YL . £ L A mrrnnmrend mosstonndm T s 2o o Tt s T s
1 neorern v=u. L1 COTILPACL orierntauie tirec—aLinernsitonat (2024 2d
fold s the union of two solid spheres with handles, the surfaces

being identified.
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It was remarked
can be done, and in Theorem 6-1 it was stated with-
out proot that each modification of type r will then correspond
to a differentiable function on the trace with a critical point of
type number r 4+ 1. Similarly, the construction described in
Section 6-8 for rearranging modifications can be done in such
a way that the pieces are always put together to form dlﬁer-

ueInl

hat there is a differentiable function f on M,
with values between 0 and 1, equal to 0 on M, and equal to
1 on M,, with a finite number of nondegenerate critical points
such that if P, and P, are two of them with the type number
of P, less than that of P., then f(P;) < f(Ps). Such a func-

tion is described in [7] as a nice function on M.
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7-1. INTRODUCTION
As an illustration of the use of the ideas introduced up to
this point, the classification of two-dimensional manifolds will
now be described. In the classical approach to this problem
the manifolds are given as simplicial complexes that are then
reduced to a set of canonical forms by a sequence of cutting
and pasting operations. It is shown in this way that a com-

is homeomorphic to a
ttached, and a co
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ally opposite pairs of points on the circum 0
the holes have been identified. In each case the number o
handles or number of holes is a topological invariant of the
surface. These results will now be obtained by taking the
manifolds to be differentiable and then by studying the criti-
cal points of functions on them. The orientable and non-
orientable cases will be examined separately.

o0
rd



100 Differen
7-2. ORIENTABLE 2-MANIFOLDS

Let M be a compact, connected, orientable 2-manifold and,
as in Theorem 4-2, construct on it a function f with a finite

-

b Y

can be so chosen that the minima all correspond to smaller
values of f than the saddle points and these in turn corre-
spond to smaller values than the maxima. In Fig. 7-1, M is
pictured as being in 3-space with f equal to the value of the
last coordinate, and the critical points are arranged as just
described. Incidentally, it is not yet obvious, although it

FIGURE 7-1
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FIGURE 7-2

if we consider the family of levels of f, starting from the bot-
tom, a finite number of circies will have been introduced after
all the minima are passed. Next, on this 1-manifold, a union
of circles, a number of modifications of type O are performed,
corresponding to the saddle points on M. Finally, modifi-
cations are performed corresponding to the various maxima of
f, a circle bemq extinguished at each such point.

7

Q

fication performed on a 1

components by one, two of the circles being joined to form one.
Figure 7-2 shows part of M that forms the trace of such a
modification. For example, in Fig. 7-1 the modification corre-
sponding to the critical point P; is of the connecting kind.
The disconnecting kind works in exactly the opposite way (cf.
Fig. 7-3) In F19: 71 for examole the modlﬁcatlon corre-

FIGURE 7-3
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N

of modification of type 0, a 0-sphere on a
circle is to be shrunk (cf. Fig. 7-4), but this time the circle is
twisted over in a neighborhood of one of the component points
of the 0-sphere (Fig. 7-5). The result of the modification (Fig.
Ly 20 <. 0 WP SR [ mY. . ot ds o LY Tt Lt 1 x . r
{-0) 15 agdlll 4 CIIClc 1 1e Lwisulng 01 LNe CIIroele i1 Lils Kinda ot

modification means that the level curves of the corresponding
function are not plane curves, and so the trace of the modifi-
cation cannot be contained nonsingularly in Euclidean 3-space.

TN VRN

-
/
N~
\_

FIGURE 7-6
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FIGURE 7-7

Consider now the trace W of the modification illustrated in
Figs. 7-4 7- ’3 and 7-6. There is a functlon f on W having

modification is to be performed. The shaded strip in Fig. 7-
is supposed to be the part of W between C and C';. Also, Fig.
7-8 represents a rectangle with the ends identified as shown by
the arrows to form a Mobius strip. The shaded strip on W in
Fig. 7-7 can be mapped on the shaded part of the Mo6bius strip

identifying C'; with the center line of the strip and identi-
W orthogonal to the levels of f with the vertical

J vaiuvil RUAAKD v

hs

neighborhood on W that is a Mo6bius strip. That is,
directly embedded in W, which is therefore nonorientable.
For the moment, orientable manifolds only are being dis-
cussed, and so the 0-type modifications will be all connecting

or disconnecting.
Suppose now that C,\JU (C, U - U0,

FIGURE 7-8
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type 0 modifications are to be applied. And suppose that the
type 0 modifications can be divided into two sets, one oper-
ating only on C; U C, U - - - U (C,_; and the other only on

C.. The traces of these two sets, with cells added at the top
and bottom corresnonding to the maxima and minimsa of f
wniild +han ha diginint DI_manifalda whnaan 11minan wnanld ha A
ywuulu UulLITl1l VT ulDJUlllU &= ALLIAVLILIIVUIUD VWILIUDUT Uullivil vUulilu <o rd
~mdoes Ao ki A L T AL AL TX o mn 4l i oon
nurauaiouing vile colnecLeuness Ol v 11clice, uiiclc

O-sphere that consists of a point on C, and a point on one of
the other C;. Rearrange the O-type modifications so that this
one is done first. The remaining modifications of type 0 then
operate on a:union of n — 1 circles. Repeating this argument,

wo of the C;, say C; and C,, are the boundaries of
2-cells £, and E. on M. If they are joined by a connecting
modification, the resulting circle also bounds a 2-cell (Fig. 7-9)

obtained by adding E; and E; to the trace of the modification.

2
o
=
] o
=
< o
d-

FIGURE 7-9
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Repeating this n — 1 times, we find that the part of M below
Co is a 2-cell E,. We can now replace f by a new function
whose level curves above C, are as before, but whose level

- =
wm

Lemma 7-1. On a compact connected orientable 2-manifold
there 1s a function whose critical points are all saddle points

t for one minimum and one maximum.

Alternatively this lemma says that the manifold can be re-
garded as the trace of a sequence of modifications of type 0,
starting with a circle Cy and ending with a circle C;, with cells
E, and E, added at the top and bottom (Fig. 7-10). With
this terminology, the next sten is to rearrange the modifica-

tions leading from C, to Cy so that all the disconnecting modi-
fications are done first.
Now the cell Eq (cf. Fig. 7-10) is homeomorphic to a 2-sphere
writh o LhAala 3:v 4hhia crswefana 4hha LAla Lot o Lo J e £ T
1tn a noie in vne suriace, tne nole naving oounaary Co. 11
the trace of a disconnecting modification (cf. Fig. 7-3) is added,
with identification along C,, the result is a sphere with two

holes in the surface. Proceeding inductively, we see that,
if the trace of ¥ — 1 disconnecting modifications is added to E,
the result is a sphere M; with k holes in it having boundaries
'y, Ty, . . ., I% say. The remainder M, of M is obtained as
the trace of connecting modifications on the union of the T,

c
ting modifi
the cell E; being added on top. However, connecting modl-
fications leading from C, to C; are disconnecting modifications
Taading fravn Y. 4+~ N wn 4had AT 1o alan o avvh s sxridhh 1o L T4
1aullly 110111 U1 LU Loy, SU LllalL V2 15 a4ldU a sSPLelc LI1 /v 11U1ES.
M is then constructed by forming the union of M, and M,
with identification of the boundaries of the holes in pairs.
The following result has thus been proved.
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FIGURE 7-11
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This lemma yields a sequence of manifolds, namely the M (k),
such that every compact, connected orientable 2-manifold is
homeomorphic to one of them. But to give this real meaning

as a classification theorem, it will have to be shown that, for
=4 MY and M) are not homeoamornhie nuavar tha
w7 ll.l’ AVA \' u/ CULAA 47X \Iv, [P R VENSLVAVEDSLVIPILWAVI DAV S lJLl.LU AAVJYY OV \JJ., Vilivw
7‘[{’/‘\ avn nnt 1 +ha fAarnm v\r\“mp]‘ vvvvvv A fAw q]pnm,:c'v-v\m +thAa
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ﬂ _____ L 111_ oA cgm Lwadt T Ao 7 O 1T 1 4 ) VI B
4~INaniiol as, a1l S0 Irst L.emima (-4 wWlll D€ transiated 1mnvo a

1

more usual form.
To make the translation, M (k) will be looked at from a
different point of view: suppose a set of k — 1 circles Cy, Cs,
, Ck—1 1s drawn on M (k) as indicated in Fig. 7-11. If
M (k) is split into two spheres each with & holes with bounda-

ries 'y, T'y, . . . , T4, then on each copy a set of arcs is drawn
ini for each 7. ;md the

J N ] ] ]
- - 1 MV Radi et -1- ----- [ 4V N
.

2-sphere. Reading this statement backward, we see that M (k)
is the result of performing ¥ — 1 modifications of type on the
2-sphere, all the modifications being of the orientable kind (ecf.
Example 6-10). Each such modification has the effect of at-
taching a handle to the 2-sphere (Fig. 6-2). Thus if Z;_; de-
notes the surface of a 2-sphere with k¥ — 1 handles, it follows
that M (k) is homeomorphic to Z;_;.

With a cuitable nhq oe of notation. Lemma 7-2 takes the
1th suitable change oI notation, Lemma /-2 takes the
Fl’\]]r\!‘lr'l niqao ‘anm
LT LAU YY 1116 1\Uk 114

Lemma 7-3. A compact connected orientable 2-manifold is
h()'mon'mnr'nh') to E for some D, W where 2 8 a Q'nhp'r with P

T LG Iroirs v & QU ITLT

Exercise. 7-1. Give an alternative proof that M (k) is homeomorphic
to 21 by applying to 2,_, the sequence of steps in the proofs of Lemmas
7-1, 7-2. )

The final step in this discussion is to show that 2. and 2.
- A ANS AdAnivua \I\JY A AA VALAWN NALN NV VANIN AN LA AN \"A V4 ANRXANT VY ViAVUV ams p CAVALANA o= q
arn nnt hamaoanmaoarnhin 1f m =< ~
QLT UV HMULLCUINIVI PLUY 1L U 7 (.
Thived nnta +hat 4hava ava 9 AiciAatindt atenlac An O PR R
41150 110Le Lllabu LUele arc p Ulsjolilu Clreles Ull &y, Oll Ul
« 3 — .
a

1
each handle, as indicated in Fig. 7-12, such that if 2, is cut
along them, the resulting surface is still connected. The
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along which a surface can be cut without disconnecting it is
Proof

called the genus of the surface.
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Lemma 7-
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If this lemma is applied repeatedly, the following result is
obtained.



Lemma 7-5. Let the genus of be p and let M' be obtained
from M by p modifications of type 1, remaining connected all the
veiivo 4 1eory 4ve ‘o W O[JlbU/Uo

Proof. After each modification in the transformation from
M to M’, Lemma 7-4 implies that the genus is decreased by
at least 1. It follows that after p modifications, the genus
o M’ will be a sphere wit

4¥L o i vy 11

must be zero. But the resultin

ra'l ]nnnrl]nn ‘pl\’lﬂ QAT N v nnr] ﬂ1 rayaY “‘1\1\ orn b B Ea 0 DY N Y W\\‘IC“" ]"\ﬂ

11 11AW1I1IU1T0 1Vl DUILLLIT q, allu Ol11uT LI11T sU 1WU0 [} ULU’ '1 111UuUdv Y
m nrr ¢ 1

zero i1hus M 18 a sphere.

Note. The modifications leading from M to M’ here must,
in fact, shrink a set of p disjoint circles on M. Also, looking
at the process backward, this means that the ‘u_rf ace M of

n

The essential content of LLemma 7-5 for the present purpose
is that a finite number (equal to the genus) of modifications
of type 1 will reduce an orientable surface to a sphere, and
any further modifications will disconnect, it, since the genus of

I

Theorem 7-1. A compact connected orientable 2-manifold s
homeomorphic to some Z,, and any two Z, and 2, with p # q

are not homeomorphic.
7-3. Su

Pfrnn‘r hao na, vt wa
s 1L U vy

Q Q Y\T‘I\TTQI‘] imm T O m
7 UVJ . A J.U 1iA0OU y (€] t}lU \WAV § AdT

2]
now that 2, is homeomorphic to Z, with ¢ > p. A sequence
of ¢ — p modifications of type 1 can be performed on Z,,
shrinking circles round ¢ — p of its handles, giving 2, as the

result. But the assumption that 2, and 2, are homeomorphic

i F 4

means that these modifications can be thought of as performed
Adan/Lura p e pe A 44 Py ELLU W4 U I_’VLLVL ALANI\A
PSRN et . ¥ PRI IR , (P NSRRI A .A,\,\,J:C:_
on Z, giving 2, as the result. Applying the same modifi

cations repeatedly would result in an arbitrarily long sequence
of modifications of type 1 operating on 2, and leaving it con-
nected. This contradicts the earlier remark that after a cer-

tain finite number of modifications of type 1 on a compact
PRI N A IR o JRRER iy N | 4 ek Lo A ] TT A
orienvaple L-1maniitola 1uv 1UsSL pecoIine alsconnecuveu. I1ecnce,
2, and 2, cannot be homeomorphic
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Exercises. 7-2. Prove that if a modification of type 1is performed on
2, the result, if connected, is 2, with ¢ < p.

(Hint: Show that if ¢ > p, there would be an arbitrarily long sequence
of modifications of type 1 on 2, leaving it connected.)

7-3. Prove that the genus of 2, is p. (It is trivial that the genus of
2, is at least p. Suppose it is greater. Construct a sequence of modi-
fications, using the last exercise, that will reduce 2, to a sphere, but
will leave it with genus greater than 0.)

~”_ T E NO 0N TR T RTH O QF
8 e a AN B4 AN U7 LN\ ARV A R4 LN B i2 BV AJA4 N4 LA W A4
Before lookine at the nonorientahle cace Iin ceneral it will
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cdarmding ~f 4ha o< S colial o deotedioer v d Ll et e <crmaelec
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(cf. Figs. 7-4, 7-5, 7-6). Consider, then, the projective plane;
it can be represented as the surface of a 2-sphere with all pairs
of diametrically opposite points identified. Thus if the sphere
is taken to be z? + y? + 22 = 1 in 3-space, the point (z, y, 2)
is to be identified with (—z, —y, —z). Since the function

f@,y,2) = 2* + 2y* + 32

takes the same value at (—z, —y, —2) as at (z, y, 2), this for-
mula defines a function f on the projective plane. We can
now work out the behavior of the level curves of f on the
projective plane by examining the levels of 2 4+ 2y2? + 322 on
the sphere, remembering that pairs of opposite points are to
be identified.

Clearly, if ¢ < 1, there are no real intersections. Whenc¢ = 1,
there are two points of intersection, namely (+1, 0, 0) (see
Fig. 7-14). This, of course, means one point on the projective
plane, and will correspond to the minimum P, of f on the projec-

tive plane. As cincreases from 1 to 2, the intersection will be a
The i1dentification o
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FIGURE 7-14
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sphere, representing one point P, on the projective plane.
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FIGURE 7-15

FIGURE 7-16
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1
well as noneritical levels on either side of it. The arcs a and b
form the lower noncritical level, the arcs ¢ and d the upper one,
and the lettering round the edge indicates the identification of
opposite points. The arrows on a and b show a direction of
rotation round the lower level of f, and it will be noticed that
in a neighborhood of P, they lie in the same direction. Com-
h Fig. 7-5 permits us to s

ct N
ol
2
3.
’]
c+
Ko F
=
3

FIGURE 7-18



114

FIGURE 7-19 Step-by-step construction of a crosscap.

e I 1

10le in each plane with the boundary of one hole in the next.
There is another convenient terminology that can be used in
the last construction. Let M; and M, be any two connected
manifolds of the same dimension. Take points P; and P, on
M, and M, respectively, and remove cellular neighborhoods
U, and U, of P; and P,, respectively. Form the union of

U;. The result is called the connected sum of M; and M.
Note that it is the result of a modification of type 0 performed
on M,\U M,, shrinking the sphere P, \U P,.

Thus, using the terminology just introduced, the trace of a

sequence of k twisting modifications is the connected sum of
k projective planes with two holes cut in the final result.
The construction of the connected sum of a manifold M with
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a projective plane can be described alternatively as follows.
The plane can be represented as a disk with diametrically

this to M, holes are cut in both M and the disk. The disk
thiie hecomes an anniilne or what 1e the came thinoe a evliindar
Wit tne Giameiricaily Opposite points On one ena iaentiiea
) F0 R DU BRULY L SRS | SNSRI T ST, S A S

L1 ULILLS 1UCILLIIICA LIOIL 1S 40LhUudlly carriea ouv 111 O-bpd,ce (Cl .Dlg.
- 4N\ r 11 1 b 1 i - A h.- g 3 b 1

(-1Y), a surrace calied a cross-cap 1s obtained. INote that the

self-intersection is simply the accidental result of trying to
construct the cross-cap in 3-space. So the connected sum of
M and the projective plane is obtained by identifying the
boundary of the cross-cap with the boundary of a circular

o diametrically onnocite n
1te hatrindanryy
PRV UUU.LI\J.CULJ-
Mg wancd of 4hha Alanitac me AL m i amdalda O cman a1 <011
1 1€ TesSt OI tne alsCussion 01 nonorientapie 2-Mmaniiolds 111
1 ~ M 1 1 hd 11 fc 11 e r e
pe carriea ouv In tne 1olowing sequence ol exercises.

Exercises. 7-4. Let M be a compact connected nonorientable 2-mani-
fold. Show, as in Section 7-2, that there is a function f on M with one
maximum, one minimum, and a finite number of saddle points. Re-
arrange the saddle points so that the corresponding modifications of
type O are arranged with the disconnecting kind done first, then the
connecting kind, and finally the twisting kind. Hence, show that M is
the connected sum of an M (k), as in Lemma 7-2, and a number of pro-
jective planes. Or, in other words, M can be represented as a sphere
with holes in it, some pairs of holes being joined by handles, other holes
being filled by cross-caps.

7-5. In Fig. 7-20 the letters and arrows show identifications, so that
the union of the two annuli with the given identifications is the con-
nected sum of two projective planes, or two cross-caps joined base to
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FIGURE 7-20



FIGURE 7-21

base. By cutting along e, f, g, » as shown and reassembling, show that
this surface is homeomorphic to a cylinder with the ends identified as
shown in Fig. 7-21. (This surface is the Klein bottle.) Figure 7-22
shows the identification carried out. Again note that there is a self-
intersection when the surface is constructed in 3-space.

7-6. Give an alternative proof of the last exercise by constructing
a function on the Klein bottle with one maximum, one minimum, and
two saddle points corresponding to twisting modifications.

7-7. Note that the Klein bottle is the result of performing a modifica-
tion of type O on the sphere in the nonorientable way (cf. Example 6-10).

Now if M is a projective plane and a type 0 modification is performed
on it, there is no way of telling whether it is of the orientable kind or not.
Hence, show that the connected sum of a Klein bottle and a projective
plane is homeomorphic to the connected sum of a torus and a projective
plane. Deduce that the connected sum of a torus and a projective plane
is homeomorphic to the connected sum of three projective planes.

FIGURE 7-22
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7-8. By repeated application of the last exercise, show that the con-
nected sum of a 2, with any number of projective planes is itself a con-
nected sum of projective planes.

7-9. The preceding exercises show that a compact connected non-
orientable 2-manifold is homeomorphic to a manifold N(k), the con-
nected sum of k projective planes, for some k, or the result of attaching
k crosscaps to a sphere. It is now to be shown that N (k) is not homeo-
morphic to N (k) for o # k. Check first that if N’ is obtained from N by
attaching a crosscap, the genus of N’ is greater than that of N. Hence
(cf. Lemma 7-5), show that there is a finite number of operations, each
of which is either a type 1 modification or the removal of a cross-cap,
that reduces a given surface to a sphere, while any further such operations
will disconnect it.

7-10. Use an argument like that of Theorem 7-1 to show that N(h)
and N (k) are not homeomorphic if A = k.

7-11. Prove that the genus of N (k) is k.
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The aim of this chapter is to give some indication of the
way in which this subject can be developed beyond the very

algebraic topology, and as this is beyond the scope of this

bOOl" the 1deac treated here will onlv bhe sketehed in an intin-
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8-1. KILLING OF HOMOTOPY CLASSES

The idea involved here has already been illustrated in Ex-
ample 6-5, where a torus was transformed into a sphere by a
modification of type 1. This transformation is a process of
simplification. That is, the sphere can be thought of as sim-
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Consider now how this idea can begeneralized. The first
step 1s to describe a classification of closed curves in a mani-
fold M. A closed path based on a point x of M is a continuous
map f: I — M where I is the unit interval of real numbers,
with the condition that f(0) = f(1) = z. Alternatively, f can

the circle being mapped on z. Two such paths f and g will be
called homotopic, the notation being f ~ g, if there is a con-
tlnusus map . T\ T _ A aninh +hat
il t} F 3 i Z/\ 4L 7 4¥vd O uUuvil viiau

F(s,0) = f(5) |

il )L forall s & I,

£(s, 1) = g(s) |

FO,t) = F(1,t) = x, for all ¢t & I.

Geometrically this means that F maps a square into M so that
the bottom is mapped by f, the top by g, and the vertical
sides onto . And intuitively this means that if ¢ is thought

of as standing for time, then throughout a unit time interval
the nat fi1a continiionelv daformed intn o T+ t1irne ont that
AN FWU.I.L J o UULLULLLMU\AUAJ \AVLIUL 111U\A 111UV yo AV UUilliil UuvU viiwwv
4-]r\;n mn]n-‘-:nn T natxrann v\p‘-]f\m T e I\Nii:vvplf\r\ql\ mn]n‘-;nv\ nr\A QN
Lllld 1Tlauivull UTLWCOTIL paulls 15 all TYULValtlive 1Tlauvivil, allu sSv
the set of closed paths based on z can be divided into equiva-
lence classes, known in this context as homotopy classes.

The set of homotopy classes of closed paths on M based on z
will be denoted by =1(M, ). This set can now be given an
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algebraic structure as follows. If fand g are two closed paths
based on z, define fg to be the path obtained by tracing out f
first, followed by ¢g. The defining formulas for » = fg are

(s) = f2s), 0=<s<%
=g(2s — 1) <s<1

>

(s
\

N

B

Then if f ~ f' and g ~ ¢/, it can be shown that fg ~ f'¢’ and
so, denoting the homotopy class of f by f, and similarly for

other paths, the product of two homotopy classes can be de-
fined by

Fx — T~

JY T JY
the point to notice being that the right-hand side depends only
on the classes f and § and not on the particular paths f and ¢
representing them. It can be shown (cf. [9]) that this multi-
nlicatinn 1¢ a oraltn nnaratinn +tho 1 danti+v haino +ha nlaca nf
PLLU@U].ULL 1o 81Uuy UPULCI)ULUI.L, viiv l1l\uiviliviv UUlllé V1lU Ui Uil
4+ha nnnnatant nath sxcrhtalh smmanag all Af T A v and 4ha 3 xraren
LI1T UUullduvally [) uii, 111011 llldapb all VI 1 VIl ub, alli Liic 111 veldne
being obtained by reversing paths. Thus =;(M, ) becomes a

group, the fundamental group of .

All the foregoing can be done for any topological space.
However, since M is a compact differentiable manifold, it can
be shown that (M, z) 1s finitely generated. Moreover, if the
dimension of M is greater than 2, a general position argument
(Section 6-7) shows that a given homotopy class always con-
tains a path f that is a differentiable ho

-~ r’ A - a -~ A - - a AAA P e ;
oirela 1htn A Tf A is Orientable +than t+hie nirela will ha
Vil ViV 111UV 4LVA L Fe s A1l ) viiv1ili viiio viiviv YV 111 v
Aivnntlsr arvbhaddad Mafnitinn 80N
ull Ubl}ly cllliycuucu \.I.JUU. 1101V11 U=4).

Suppose now that M is an orientable differentiable mani-
fold of dimension greater than 2, and let &, &, . . . , & be

generators of m1(M, ). As described in the foregoing, &, can
be represented by a circle a, directly embedded in M. Per-
form a modification of type 1, shrinking «, and transforming
M into M’. Roughly speaking, this modification has the effect

o

.

Thus the fundamental group of M’ is obtained from that of M
by replacing the one generator @, by the identity. This oper-
ation is usually called killing the class @,. Clearly, if this kind
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of operation is repeated for the other generators, the whole
fundamental group can be killed.
Th1s result can be stated by saying that a given orientable

3

1 1
condition that the dimension be greater than 2 is not needed,
since an orientable 2-manifold is a sphere with handles, and
it is easy to see that this can be transformed into a sphere by
modifications of type 1, each shrinking a circle around a handle.
The ideas just presented can be generalized in yet another

way. An element of w1 (M, x) can be thought of as a homotopy

o _o COAMDT  EMENT ADVY MAOANINDNICATINNGQ
O™ 4o AVA U L) N N VN VELJ RS VD BN Bvs W | B A WALV AL L AU L LULUOD
AND CANCELLATION
4N AF NA LB LN 4 B4 RAa R4 i A &5 LN

l; lctb curecw.y oeen seen T;Daﬂ] II ll{l IS oor,alneu II'OII] lVl Dy a
modification of type r, shrinking S* and introducing S*—1,
then we can return from M’ to M by a modification of type
n — r — 1, shrinking S»~—! and introducing S7. Under cer-
tain conditions, however, there is a more interesting and less
obvious way of reversing the effect of a modification. Con-
sider first the following example.

Example

Y R

11t into a torus

Qa2 a1 g o

8-1. Start with a 2-sphere M and transfor:
by a modification ¢ of type O (orientable!) shrlnkmg a O-sphere
S° as described in Example 6-4. Let B be a tubular neighbor-
hood of S namely, a pair of disjoint disks. The boundary of

B is of the form S° X 8! (a pair of circles) and this contains a
set §° X {p! for a fixed . which can be thousht of as a dis
DCUL O A Py 101 a 11XCU p, 111011 Call DE uil SV U1 ad a4 Uls-
placed copy of S°.
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o X {p} appears as its boundary.

et the torus M’ the handle E! X S! is attached to
here is a segment E' X {p} on this handle whose
end points join up with those of Ej to form a circle S* on the

iy ud
Ivv 1f a mndifRecatinn 4! Af fxrna 1 1 ran
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the torus, shrinking this circle, the 2-sphere is recovered.
Examining this process more closely, we can obtain some

more information. It has already been seen that the trace of

¢ 1s a solid torus with a spherical hole cut out of it, th und
O ey r\-‘-. 4’1’\1‘\ LI’\]I\ "\I\:Y\N 7‘[ ﬂv\lq +LI\ f\‘1+l\“ ]’\f\'l'l Af\“‘? l'\“. +1’\I\ "'f\“l‘ﬂ
a;Ly Ul ULILIT 11U1C UUlllg AVL all\i VvVIlT UUUuClL uuuuuaiy Ul ULil1T uvUlL uo
1 n I’ /7T b | rma

being M’ (Example 6-7). The level surfaces of the associ-
ated function (cf. Theorem 6-7) start off with M and are all
2-spheres until the critical level is reached. This level has
point. Beyond

n Nw 1nn] ]nvvn] n] ~ ]nvrn] nn-‘n'pn nAaga awvnn T-‘- vtv;l] l\n QNN
11C vullvuluval 1CVvTTl al 1C ITVUOlL dDUulrliavod ail© uvuUlLl U 11l JT DUTTl11
that, as we go through the set of level surfaces, the segment &

appears on each one, until its ends are joined together on the
critical level to form S!, and then beyond that a copy of S1

4+vann ~F L pn]]nvvvnr] ey L Nw o NN Payal ~ 4-1\.’\ o0 N 4-1'\;“"
LulIauvt VUl @ l1ulluwoTu Uy @ Vvli, 11 UUI111TD U uvilT dSaillT 0111115,
r ’ o 1

attach the trace of ¢’ to that of ¢ that has already been con-
structed. The level surfaces in the trace of ¢’ can be thought
of as an expandmg family of tori with the circle S 1 shrlnklng

A o4

4
A
>
—t
c+
r
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e
the combined trace turns out to be a solid sphere with a spheri-
cal hole cut out of it. The interesting point to note is that

this combined trace is actually of the form M X I. In other
¢ and ¢’ not only cancel, in the
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words, the two modification
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It will be seen that the essential point that makes the pre-
ceding example work is that the sphere S” shrunk in the first
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modification is the boundary of a cell E5t! in M, which is
closed up to form a directly embedded sphere S™*! in M’.
Then the second modification ¢’ shrlnks that sphere. It will

)
|
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|
|

-lc)

1

phically and differentiably embedded in #/. A modification
¢ 1s going to be constructed, shrinking the sphere S* with a
product structure on a tubular neighborhood satisfying this
additional condition: the tubular neighborhood B has the form
S™ X E* and its boundary has the form ST X Sr—r1, Assume

d;mry of B is of the form S X C{p},
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O
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The construction of #4’, the transform of M by ¢, is carried
out by adding E7+1 X b""—l to M — B with suitable identifi-
cation of boundary points. In particular, the cells E™+! X {p}
and E§*t! are joined along their boundaries to form a sphere
S™1in M'. Assume the additional condition that this sphere
S™*1 is directly embedded. There are ways of ensuring this

oy conditions on the product structure on B used in con-
gtruetine 4 hnt thie will not he dicennecad hare Of conrse
VA AV ULLL& Y) AT AV VALLIN Y¥ ALL AAUU U | W A g VALV WUWINV VA ALV Ve A4y 8 \PA VAV &8 U\J’
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£ £ ~ | PR I IR (L .y 1. SO L NN o W 1 JPEY S
iieq, 1 1e, In the case ol a modification of type U that 1s

nonorientable.

Assuming, then, that S*+! is directly embedded, let B’ be a
tubular neighborhood of it, expressed as a product, and let ¢’
be the corresponding modification of type r + 1 shrinking S7+1.
Note that if S»~ ! is expressed as the union of two cells £}—1
and E”—"]L the former containing p, then B’ can be expressed

as the union of the neighborhood F”“ X E3—=1 of the cell
Fr+l X !"nl in Fr+l v Qn—r—1 and a neaichhorhood of the cell
F‘r—{-l mm M - D Mhalagtdan natahharhand jg itanlf an m_nall K2
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sequence of modifications ¢ followed by ¢’. It will be remem-
bered that the trace of ¢ is obtained from (M — B) X I by
adding an (n + 1)-cell E, with suitable identification of bound-
ary ‘points. The intersection of E with M is B, while its inter-
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section with M’ is the set E™t! X S»—! added to M — B in

the construction of ¢. On the other hand, the trace of ¢’ is

obtained from (M’ — B’) X I by adding an (n + 1)-cell E’

whose intersection with M’ is B’. Thus the intersection of
e

E and E’ is the intersection of B’ with the set Er+l X Sn—r—1
Mhia 1imtorcontinn nan ha wmtdan aa Fr+l v IM—r—1 (Af +ha wa
AL LLLD 111UVILIOUULUVIVIL vanll U YWIL1llUUulll an 44 N\ 143y \Ul Uil 1T~
mravly rmada aarliar An tha Aannatviiatian ~f DN ML~ b
111al ILaucc calllcl 0Ol1l Lil COUIIdLIUC LIl 1 D } 1 11€ Ol111L IS
R R . 11 mi R | / RN 1 T 1 Ty e

hat tils 1S an 7n-celil 1 nus Bne (n + 1)-cells £ anda L Inter-

t

that £\U E’ is an (n + 1)-cell.

Some more pieces are to be added now to £ \U E’, so that
the result is still an (n + 1)-cell. First, add the set £} X I
in (M — B) X I, where E} is the neighborhood of Ej*! in

M — B, as introduced earlier

This set meets £ \U E’ in the union of two sets, namely,
En \/ ’11 (vxrhin ja ita intarcnantinan wvnth Y and a ant ~Af +ha

0 /\ l.l.’ \Wlll\/ll 10 1uD 111uTl1ovlvuvivull YWwilvuvll 14y / alit\i a4 JdTULU Ul ULllT
Frsrn Qr N/ ITM—p—1 v T /L b . 4. Sindtnncantimnns x4 7. 410
11111 O PaN Dl Pa N 4 \Wlllbl.l IS 10U 1IILEISCU LI WIULIl I’J, UVILLS
arises since the intersection of E£§ with B is of the form S™ X
Ei—1). It is then easy to see that the union of this set

Ef X I with E\U E’ is still an (n 4+ 1)-cell.

As an indication of the method of proof of this last state-
ment, note that whenever E»*1is an (n 4+ 1)-cell with bound-
ary sphere S, then for any n-manifold K W1th boundarv
K C 8", the ur

ANA/AAVUiAx

h
wise disjoint from K, and this set L X
with L X I in KXI And it has to
resulting union is still an (n 4+ 1)-cell.

Now it will be noticed that the points added to £ \U E’ as

just described are all in the trace of ¢. It will also be noticed
that there is a sort of symmetry between ¢’ and ¢ in reverse.
That 18 & and 4’ chrink S7+1 and ,Qn-—r—l (in M"Y recnectivelv
- AANY LU’ y CAULLAA ‘P NARL LALAN A Widi\Aa A \LLL AV A /’ i \/Uy\/\) va 'y VLJ ,
+1'\D ]n“'"n“ L\A‘Y\N (‘Y\L\n‘lﬂn(‘ 1"7;4‘1‘\ 1‘,{“" ’aS a YAy Y\f\‘“" ;Y\ Ve 7% 2202227832 m]r\n
V1L 1auuTl Uclllé DlJllCl CO WwWilull JUDU U1l lJUl 1VU 111 LUUILI11I11IUL1 4 11T
£l 2 o L. 131 L. T\ ) TV P 1 I R T Y 4
iurtner pUlIlbb to be aadeda to £ \U ' are in the trace of <p

already added bear to ¢. That is, a set of the form E} X I is
to be added, where E7} is a neighborhood in M’ of E3—~! (the
second half of S»—"—1) and boundary points are identified so
that the resulting union is still an (n 4 1)-cell.
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Let £’ denote the (n + 1)-cell obtained by adding sets as
just described to £ \U E’. Consider now what is left of the
traces of ¢ and ¢’ when E’’ is removed. What is left of the

trace of ¢ is (M — B) X I with the set Ej X I removed
This is a set of the form N X I, where N = M — B — K.
4ANUUU uliavu LY /\ ‘(_l, 10 U11T1l1 ULi11T bUllllJ].ClllGllU 111 1V Ui uclsuuw.u
L~ J. ~f QOn—r—1 L.-d Qrii Qi V-1 a2V 11 L T
noous oL O- ala Ot Llliarly, uvile COIINPICINCIIL Ul L

in the trace of ¢’ is a product N’ X I. However, since this

has the same intersection with M’ as N X I, it follows that
N = N’. Thus the complement of £’ in the combined trace
of ¢ and ¢’ is of the form N X I. Here, if I is expressed as
the union of the two half intervals I, and I, N X I, will be
in the trace of ¢ and N X I, in that of ¢’. In addition, the
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uct structure can then be extended to an expression
of £ as a product of I and an n-cell, and when this is put
together with N X I it will turn out that the trace of the se-
quence ¢ followed by ¢’ is expressed as a product M X I. In
particular this means that the result of ¢ followed by ¢’ is the
identity transformation of M.

The two mnd ifications ¢
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8-3. A THEOREM ON 3-MANIFOLDS

The result of the last section has an interesting consequence
concerning the structure of an oriented three-dimensional

manifold.
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last section, then ¢ transforms M into M’ and the comple-
mentary modification ¢’ transforms M’ back into M. But
this means that ¢’ in reverse transforms M into M’, and ¢’ in
reverse is of type n — r — 2. That is, if M is transformed
into M’ by a modification of type r satisfying the condition
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of the last section, then M can also be transformed into M’
by a modification of type n — r — 2.

Now let M be a compact orlentable three-dimensional d1ffer-
anifold. There is a theorem that savs that such
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3-sphere. Hence (Tneorem 6-
d-sphere by a finite sequence of modlhcatlons, and those of
types 0 and 2 will be of the orientable kind. Now a modifi-
cation of type 0 of the orientable kind certainly satisfies the
condition of the last section that the sphere S° shrunk in such
a modification is the boundary of a cell E! that closes up to

form a directly embedded 1-sphere. Hence, by the remark

ly em 1ere
mada carliar pae modificatinon of tvne O on the wav from
PO PN IV § W) \ 138 11\/]., A\ VUSSR FOVAVAV S USAVIFIAVIAVE SN AL UJ H\J J ii viiwv Yy WJ ALAAL\UJ1ll1
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a L
can also be replaced by modifications of type 1 (here the re-
verse of a modification of type 1 is also of type 1). Hence,
the given M is obtained from the 3-sphere by a finite sequence
of modifications, all of type 1.

Stating explicitly what a modification of type 1 actually does
leads to the following theorem.

TL 2 0o _7 Aon nvapminhlo
i1 1LE€oreNnt o-i. Ve WU NIA(227Y

NN e N

4 ¥
v Ul

o~
&
C
TS
3

"t
£
C

ee-dimensional mani-
fold can be obiained from a 3-sphere by cuumg out a finite num-
ber of disjoint solid tori (sets of the form St X E?) and filling the
holes again with solid tori, with some suitable identification of

boundarz:
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10orm o*° Q*, and tnere are III [act 1ninliely many ways ol

identifying this with the boundary of a solid torus, and so
there are infinitely many different constructions of this kind.
It is, however, not easy to decide when two of these apparently
different constructions give the same result. In the first place,
to do this we would need'a solution of the Poincaré problem,
which asks whether an orientable 3-manifold in which every

1-sphere can be shrunk to a noint is in fac ?_qnbm‘p
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differentiable structure on a manifold. In the case of a space like
the n-sphere we have, so to speak, ready-made local coordinate

systems that are fitted together by differentiable transition functions.
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But could coordinate systems be defined on the n-sphere in a second
way, so that the resulting differentiable manifold would not be
diffeomorphic to the first? And is it possible that a space could be
topologically a manifold (that is, be covered by neighborhoods that
are cells), but not be capable of being made into a differentiable
manifold? It has recently been shown that the answers to both of
these questions are affirmative. For an introduction to the study
of such questions see

S. SMALE, Generalized Poincaré conjecture in dimensitons > 4, Ann. of
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will be found in
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Topology 2 (1963), 253-281, 3 (1965), 291-304, 5 (1966), 73-94.

Finally, the notion of critical points has important applications in

differential geometry. For an introduction to this topic see

J. M1LNoR, Morse theory, (Ann. of Math. Study 51, 1963)
H. SeirerT aAND W. TureLrarLL, Variationsrechnung tm Grossen,
Chelsea, Bronx, New York (1934)



Closed set, 4

Closure, 5

Cobounding manifolds, 88

Compact (sets, spaces), 12

Connected (sets, spaces), 8

Covering, 12

Critical level, 61
neighborhood of, 65, 67, 74

Critical point, 50
neighborhood of, 69
nondegenerate, 56

Diffeomorphism, 29
Direct embedding, 77

Embedding theorems, 41, 43,
58

Frontier, 5
Function
differentiable, 18
on manifold, 23
on set, 19

Genus, 108

Hausdorff (space), 11
Homeomorphism, 6

Local coordinate neighborhood,
15, 25
Local coordinates, 14, 25

Manifold
differentiable, 21
with boundary, 30
in Euclidean space, 35
Map
continuous, 6
differentiable, 19
on a manifold, 26, 27
Modification, 81
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Neighborhood, 2

Open set, 4

Orientability, 79
Orthogonal trajectories, 62
Projective space, 22

Rank of a map, 30

Spherical modification, 81
complementary, 121

Differential Topolog
o I~ J

Subcovering, 12
Submanifold, 33
Subspace, 3

Tangent line, 46
Tangent linear space, 48
Topological product, 7
Topological space, 2
Topology, point set, 1
Trace of modification, 88
Type number, 58
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