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PREFACE

This book presents in a systematic way a number of topics in modern
mathematical logic and the theory of algorithms. It can be used as both a
textbook on mathematical logic for university students and a text for
specialist courses.

The sections corresponding to the obligatory syllabus (Sections 1 to 9
of Chapter 1, without the small type, Sections 10 and 11 of Chapter 2,
Sections 15 and 16'of Chapter 3, Sections 18 to 20, 22 and 23 of Chapter 4
and Section 35 of Chapter 7) are written more thoroughly and in more
detail than the sections relating to more special questions.

The exposition of the propositional calculus and the calculus of
predicates is not a conventional one, beginning as it does with a study of
sequential variants of the calculi of natural deduction (although the tradi-
tional calculi, referred to as Hilbertian, also appear here). The reasons for
this are:

(1) the possibility of providing a good explanation of the meaning of
all the rules of inference;

(2) the possibility of acquiring more rapidly the knack of making for-
mal proofs;

(3) a practical opportunity of making all the formal proofs necessary
in the course for these calculi.

Many years’ experience of the elder of the authors in reading the
course of mathematical logic in the Mathematics Department of Novo-
sibirsk State University, on which Chapters 1 to 4 are based, shows that
the above possibilities are fully realizable. This justifies the use of the
adopted method of presentation along with the traditional ones.

For more detail the reader is referred to the Contents.

Despite the headings Set Theory, Model Theory, Proof Theory and
Algorithms and Recursive Functions, the book, being a manual, naturally
contains but a small fraction of the contents of these large branches of
modern mathematical logic. As is customary in textbooks, most of the
results are given in the book without indicating the authors.

There is a small number of exercises after virtually each section of
the book. The number of exercises, however, is obviously not enough for

7



8 Preface

the purposes of teaching. The reader may find more exercises in Problems
in Set Theory, Mathematical Logic and the Theory of Algorithms by
I. A. Lavrov and L. L. Maksimova, Moscow: Nauka, 1975.

To facilitate the use of the book we indicate the interdependence of
the chapters: :

1 7
N\ A

Some technical remarks are in order. The theorems are numbered con-
secutively in each chapter, the propositions and lemmas in each section.
The phrase “‘Proposition 12.2”’ (‘“Theorem 12.2”°, ...) means ‘‘Proposi-
tion 2 (Theorem 2, ...) of Section 12°’. When referring to a proposition or
lemma within the same section or, often, to a theorem within the same
chapter, the section is not indicated. The symbol = stands for ‘‘implies’’,
& stands for ‘‘is equivalent to’’. The symbol [J signals the end of a
proof.

This book would have been impossible without the staff of the
Department of Algebra and Mathematics of Novosibirsk State Universi-
ty. Academician A. I. Maltsev (1909-1967), an outstanding Soviet
mathematician, the founder of the Department, has exercised a decisive
influence upon the scientific interests and pedagogical views of the
authors. At the various stages of our work at the manuscript great help
and support came from M. l. Kargapolov, N. V. Belyakin, 1. A. Lav-
rov, L. L. Maksimova and many others. We express our sincere and deep
gratitude to these colleagues and friends of ours.

While preparing this book we used the notes of the courses of lectures
given by A. I. Maltsev and Yu. L. Ershov, the books: Mathematical
Logic by Yu. L. Ershov, E. A. Palyutin and M. A. Taitslin. Novo-
sibirsk: Novosibirsk State University Press, 1973 (in Russian); Set Theory
by K. Kuratowski and A. Mostowski. Amsterdam, 1968; Algebraic
Systems by A. 1. Maltsev. Moscow: Nauka, 1970 (in Russian); The
Theory of Algorithms by A. A. Markov. Tr. Mat. Inst. Steklov., XLII,
Moscow, 1954 (Translation: Office of Technical Services, U. S. Depart-
ment of Commerce. Washington, D. C., 1962); Mathematical Logic by
J. R. Shoenfield. Addison-Wesley, 1967, as well as other monographs
and papers.

Yu. L. Ershov
Akademgorodok, Novosibirsk E. A. Palyutin



INTRODUCTION

Mathematical logic as an independent branch of modern
mathematics took shape comparatively recently, at the turn of the
century. The advent and rapid development of mathematical logic
at the beginning of this century was associated with the so-called
crisis in the foundations of mathematics. Let us consider this in
some detail.

Any attempt at a systematic presentation of mathematics (or
of any other science, for that matter) leads to the problem of
choosing basic (primitive) notions and principles to base the entire
presentation on. The problem of choosing and justifying the
choice of the initial data lies as a rule outside the discipline itself
and relates to the philosophy and methodology of science. The
systematization of mathematics in the late nineteenth century
revealed that very promising is the use of the notion of set as the
only primary notion for the whole of mathematics. The work of
B. Bolzano, R. Dedekind and G. Cantor led to the creation of a
new mathematical discipline, the theory of sets, the beauty and
force of whose constructions and the prospects of using it in the
foundations of mathematics attracted the attention of many
leading mathematicians of that time. Much work was done to give
a set-theoretic interpretation to mathematical and even logical no-
tions. Of great interest in this connection are the investigations of
G. Frege and B. Russell. However, a high degree of abstraction
and the “‘universality’’ of the concept of set could not but lead
finally to the difficulties that are well and long known in
philosophy when working with ‘‘universals’’. This manifested
itself in the appearance of the so-called set-theoretic paradoxes.

Here is one of the most typical set-theoretic paradoxes, the
Russell paradox: quite meaningful for an arbitrary set is the ques-
tion, ““Will that set be an element of itself?’’ An example of a set
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10 Introduction

containing itself as an element could be, for instance, the set of all
sets. Consider the set M, of all sets for which the answer to the
question is ‘‘no’’. Now ask if the set is its own element. To our
(naive) surprise we discover that if the answer is ‘‘yes’’, then we
have M, e M, i. e. the answer must (should) be ‘‘no’”. But if the
answer is ‘‘no’’, then by virtue of the definition of the set M, the
answer must be ‘‘yes’’. This paradox shows that unless we want to
come to contradictions it is necessary (in particular) to relinquish
the pleasant idea that any meaningful condition on the elements
defines some set. Fortunately, paradoxes of this sort may arise on-
ly for ““large’” or ‘‘unnatural’’ sets one may well do without in
mathematics *.

The appearance of such paradoxes was regarded with ap-
prehension by many mathematicians and therefore attracted to
the questions of the foundations of mathematics close attention of
practically all leading mathematicians of that time (D. Hilbert,
H. Poincaré, H. Weyl, to name only a few). Several programmes
of ‘“‘saving’’ mathematics from the ‘‘horrors’’ of paradoxes were
proposed into which we shall not go here. We shall describe in
brief below just two of the most effective programmes various
modifications of which are still being discussed at present. We on-
ly note here that the variety of the approaches to the foundations
of mathematics has remained up to the present time. However,
the years past and the undeniable achievements of mathematical
logic, which are yet to be discussed, made this problem lose its
edge to such an extent that most of the mathematicians working
in other areas of mathematics give no particular attention to the
discussions now taking place among the specialists in the founda-
tions of mathematics.

One of the most elaborate programmes of the foundations of
mathematics is D. Hilbert’s programme of finitary justification
of mathematics. The programme is essentially an attempt to con-
struct such a formalization of mathematics that it would be possi-
ble to prove a system’s own consistency by means of the system.

* The formalizations of set theory to be mentioned below, axiomatic set
theories, while retaining all that is useful, do not allow any of the known *‘pa-
radoxical’’ arguments to be conducted.
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Another fundamental requirement of such a formalization is that
the primitive and immediately verifiable statements about the
natural numbers should be true in that formalization. The work at
that programme done by both Hilbert himself and by his disciples
and followers turned out to be very fruitful for mathematical
logic, in particular in the development of the modern axiomatic
method. Although the programme of ‘‘finitism’’ turned out to be
impracticable in its original form, as was shown by K. Godel in
his famous works, possible-modifications of the programme con-
tinue to be usefully discussed up to the present time.

Another approach to the foundations of mathematics was due
to the criticism of a number of positions that were used in
mathematics without due justification. This relates, in particular,
to the unlimited use of the law of excluded middle and the axiom
of choice. The programme of constructing mathematics under
rigid restrictions on the use of these principles has been given the
name of intuitionism; its creation and development is due in the
first place to L. E. J. Brouwer. The constructive approach to the
foundations of mathematics which is being developed in the
Soviet Union by A. A. Markov and his school is also due to a
critical approach to admissible logical means in mathematics and
uses in a systematic manner the concept of algorithm for construc-
tive reproduction of mathematical results.

Although the foundations of mathematics are traditionally
referred to mathematical logic, it is out of place in the present
textbook to go into particulars of this area lying on the border of
mathematics and philosophy. Therefore we restrict the discussion
of the foundations of mathematics to the above remarks that do
not pretend to be complete or exhaustively precise but rather serve
the purposes of illustration.

The main outcome of the activities in the realm of the founda-
tions of mathematics is, it seems, the formation of mathematical
logic as an independent mathematical discipline and the fun-
damental achievement of mathematical logic is the development
of the modern axiomatic method which is characterized by the
following three features:

1. Explicit formulation of the postulates (axioms) of one
theory or another.
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2. Explicit formulation of logical means (rules of inference)
admitted for a consistent construction (development) of that
theory.

3. The use of artificially constructed formal languages for the
presentation of all the positions (theorems) of the theory under
consideration.

The first feature characterizes the classical axiomatic method.
The next two are further steps in achieving maximum precision
and clarity in presenting theories. Introduction and use of suitable
notation was throughout the history of mathematics a very impor-
tant and productive procedure. But mathematical symbols were
merely elements of formal languages. In mathematical logic, on
the other hand, for the first time in history such rich formal
languages were created that allow practically all basic positions of
modern mathematics to be formulated. The rich formal languages
of mathematical logic and the successful experience of working
with them have created one of the objective prerequisites for the
creation of universal computing machines employing at present a
very diverse spectrum of formal programming languages.

The main object of study in mathematical logic are various
calculi. The notion of calculus comprises such basic components
as: (a) the (formal) language of the calculus; (b) the axioms of the
calculus; (c) the rules of inference. The concept of calculus allows
us to give a strict mathematical definition of the nétion of proof
and to obtain precise statements about the impossibility of prov-
ing one proposition or another of a theory. Another remarkable
achievement of mathematical logic is the discovery of a
mathematical definition of the notion of algorithm, i. e. effective
procedure for solving problems of one (infinite) class or another.
Intuitively the concept of algorithm has been used for a very long
time. G. W. Leibniz, an outstanding thinker (1646-1716), even
dreamt of discovering a universal algorithm for solving all
mathematical problems. The precise definition of the notion of
algorithm shattered rather quickly this beautiful Utopia;
A. Church showed in 1936 that no algorithm is possible which
given an arbitrary statement written in a formal language of
elementary arithmetic would answer the question, ‘‘Will the state-
ment be true for the natural numbers?’’ It was later found that
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even in the system describing ‘‘pure logic’’ (the calculus of
predicates) the problem of provability was algorithmically un-
solvable. In the subsequent years a great many algorithmically un-
solvable problems were discovered in many branches of
mathematics. A great contribution to the development of the
theory of algorithms and to the solution of algorithmic problems
has been made by E. L. Post, A. M. Turing, S. C. Kleene and
the Soviet mathematicians A. I. Maltsev, P. S. Novikov and
A. A. Markov.

The study of calculi constitutes the syntactical part of
mathematical logic. The deepest study of the (syntactical) notion
of proof in calculi makes an independent branch of mathematical
logic known as proof theory. Along with the syntactical study of
calculi, there is also a semantic study of the formal languages of
mathematical logic. The basic concept of semantics is the notion
of truth for the expressions (formulas, sequents and so on) of a
formal language. Semantic notions have also received precise
mathematical definitions, which has made possible a systematic
and rigorous study of the various concepts of truth. The classical
semantics of the language of the calculus of predicates has con-
stituted a very rich branch of mathematical logic, model theory,
which is being actively developed, and its methods and results are
used to advantage in other branches of mathematics (algebra,
analysis). The founders of model theory are A. Tarski and
A. I. Maltsev.

Calculi allow many parts of mathematics and of other sciences
to be formalized. The propositional calculus and the calculus of
predicates mentioned above are formalizations of logic, the oldest
science about the laws of correct reasoning. The creation and
study of these formalizations have been an important stage in the
development of logic as a science. The early attempts to formalize
logic are due to Aristotle and G. Boole, but it was not until the ad-
vent of mathematical logic that an actual (and effective) for-
malization of logic was brought about. The Italian mathematician
G. Peano has done much for the development and popularization
of formal languages of logic.

It was the possibility of formalizing the theory of sets that
proved especially important for mathematics. The calculi for-
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malizing the basic constructions of ‘‘naive’’ set theory turned out
to be so rich that any set-theoretic argument occurring in actual
mathematical practice could be reconstructed formally in those
calculi. The natural ‘“‘payment’’ for this richness was Goédel’s
discovery of the effects of incompleteness and even of non-
completability of such calculi.

In constructing the semantics of natural or formal languages
there are also great difficulties. Thus the simple-minded belief
that every declarative sentence in English can be assigned in a
plausible (or at least consistent) way:a truth value is refuted by the
so-called Liar paradox. A man says, ‘“What [ am saying is false’’.
Let us try to find out whether the man told the truth or a lie. If we
suppose that he told the truth, then it follows from the meaning of
his words that he told a lie. If he told a lie, then from the fact that
his words are false it follows that he told the truth. This paradox
underlies a number of remarkable theorems of mathematical logic
(theorems of incompleteness and indeterminability of truth in a
system).

The history of mathematical logic is a subject in its own right
and it will be given no attention in this book, except for the above,
clearly incomplete, listing of some names and facts.

In conclusion it should be noted that modern mathematical
logic is a large and ramified branch of mathematics whose source
of problems, along with its intrinsic problems, is constituted by
both philosophical problems of the foundations of mathematics
and logic and problems arising in other branches of mathematics
(algebra, analysis, mathematical cybernetics, programming and
SO on).



Chapter 1

THE PROPOSITIONAL CALCULUS

1. SETS AND WORDS

By a letter we mean a sign regarded as a whole, i. e. a sign
whose parts we are not interested in. A letter will also be called a
symbol *. Two given (for example, written) letters can be said to
be the same or distinct. For example, all small letters ‘‘a’’ in this
book are considered to be the same. So are all small letters ‘‘a’’ in
some hand-written text, although the sameness of two letters is
more difficult to dstablish in this case than in the previous one. It
will be assumed that it is always possible to establish the sameness
of or distinction between two concrete letters under consideration.
If letters @, and a, are the same, then we shall write a;, = a,.

The abstraction of identifying the same letters leads to the no-
tion of abstract letter. In what follows the same two concrete let-
ters a; and a, will be treated as the same (abstract) letter a. Each of
these two concrete letters will be called a representative of the
abstract letter a **,

A collection X of some objects, to be called elements of X, will
be called a setr ***,

If a is an element of X, then we write ¢ € X. If any element of
X is an element of a set Y, then X is said to be a subset of Y and
this is designated as: X C Y. If for the sets X and Y we have
X € Yand Y C X, then we shall say that the sets X and Y are
equal and write X = Y. Thus a set is completely determined by its

* Sometimes the word ‘‘letter’” will be used in its usual sense, for example
Latin letter, small letter.

** One should distinguish between the abstract letter denoted by the symbol @
and the symbol « itself which is a designation or name of the abstract letter.

*** As noted in the Introduction, such a definition may in general lead to a
contradiction. This must not frighten the reader, however, since the existence of all
the sets considered in this book can be derived within the formal system described
in Section 11, in which it is impossible to carry out any of the known
“paradoxical’’ arguments about sets.
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16 The Propositional Calculus

elements. In particular, there is only one set containing no
elements. Such a set will be called empty and designated &. If
a € X fails for X, then we shall write a ¢ X.

The letters i, j, k, [, m, n, p, r, s, possibly with indices, will
denote natural numbers. The set of all natural numbers will be
denoted by w. If a,€X,...,a,€X, then we shall write

a,..,a,eX. If Xisaset,a,, ..., a, € X and any element of X
is equal to one of the a, ..., a,, then we shall say that X is a
finite set and write X = {(a,, ..., a,} *. If ¢(a) is some condi-

tion on the object ¢ and X is a set, then by {a € Xlp(a)} or
{alp(a), a € X } we denote the set containing as its elements those
and only those elements ¢ € X which satisfy the condition ¢(a).
For example, {n € wln = 2k for some k € w} is the set of all even
natural numbers.

A set of abstract letters is called an alphabet. A letter which is
an element of an alphabet 4 will be called a letter of the alphabet
A.

A finite series of concrete letters written one after the other is
called a concrete word. In particular, each concrete letter is a con-
crete word. If each letter of a concrete word is a representative of
some letter of the alphabet 4, then we shall say that « is a word in
the alphabet A. It is also possible that a word « contains no con-
crete letter. Such a word will be called empty angi denoted by A.
We shall say that two concrete words @, ... @, and b, ... b, of A

are equal and write a,...a, = b,...b, if n =k and a, =
= by, ...,a, = b,. All empty words are assumed to be equal. If
a, ... a,is a concrete word consisting of » letters a,, ..., a, of A,

then n is said to be the length of that word. The length of an emp-
ty word is the number 0.

Applying the abstraction of identification, two equal concrete
words «, a, will be said to be the same (abstract) word «. The
two concrete words will be called representatives of the word . 1t
follows from the definition of equality of two concrete words that
the abstract word o may be defined to be a finite series of abstract
letters such that each representative of « is a series of represen-

* Note that a pairwise distinction of the elements a,, ... , @, is not assumed.
In particular, (@) = (D, T, T}.
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tatives of. the corresponding abstract letters. The number of
abstract letters in that series will be called the length of the
abstract word o. An empty abstract word will be denoted by the
same letter A as concrete empty words.

For abstract words o and 3 we define an abstract word of3 to
be such an abstract word all of whose representatives are obtained
by writing after some representative of o some representative of 3.
The abstract word o3 will be called the union of «, 3; the abstract
word o will be called the beginning of «3. Similarly defined is the
union « ... a,, of the abstract words «, ..., «,,.

In what follows, by a word we mean an abstract word. It is ob-
vious that for any words o and 8 we have Ao = oA = « and
aAB = off.

A word 3 of A is said to be a subword of a word o of A if
o = yB36 for some words v, 8. In particular, any beginning of «
will be a subword of «. It may turn out that o = yB6 = v,86,
and y # v,. In this case we speak of distinct occurrences of the
subword B in «. Thus an occurrence of 3 in « is the word
together with its position in a. An occurrence of the word 3 in «
can be represented as: y * (3 * §, where * is a symbol exterior to
the alphabet A. In particular, if « = y86 = v,686, and vy # v,,
then we have two distinct occurrencesy * 8 * dandy, * 3 * §,
of B in a. If for the occurrence of v, * 8 * §, of 8 in o the word
7, (the word 8,) has the smallest length among all the words v (the
words 8) for which o = 38, then v, * B * §, is said to be the
first (last) occurrence of 8 in .

An occurrence of a letter a in « is the occurrence in « of the
word consisting of a single letter a. If there is an occurrence of a
letter @ in the word «, then we say that the letter a occurs in a.

Let ¥y * 3 * 6 be an occurrence of the word B inwa. If ¢’ =
= yf’6 for some word B8', then we shall say that the word «” is
obtained from o by replacing the occurrence v * 3 * & of the
subword by the word B'.

A series X, ..., X, of some objects X;, i € {1, ..., n}, will be
called a sequence or suite, and n is the length of the sequence. The
objects X;,i € {1, ..., n} will be called terms or elements of the se-
quence X, ..., X,,. It is assumed that from the notation of a se-
quence its terms and their order are uniquely reconstructed. To do

2—191



18 The Propositional Calculus

this it is necessary for us to separate the terms, for example with a
comma. If n = 0, then X, ..., X, will be said to be an empty se-
quence and designated by the same symbol & as an empty set.
The sequence X, ..., X,, will sometimes be denoted by (X, ...
.o X0 If Xy, ..., X, are sets, then the set of all sequences
{a, ..., a,), where a, € X,, ..., a, € X,, will be denoted by
X, X ... x X,.If X, = X, =.. = X,, then the set X, X
X X, x ... x X, will be alternatively denoted by X|'. A sequence
of two (three and so on) terms will be called a pair (triple and so
on). A sequence of n elements will be called an n-tuple.

The mapping f of a set X into a set Y is a corresponaence
associating with each element ¢ € X an element f (a) € Y called
the value of f at a. It is clear that the mapping f of X into Y is uni-
quely defined by the set {(a, f(a)) € X x Yla e X}. This set
sometimes called the graph of f will be identified with the map-
ping f. If fis a mapping of X into Y, then we write f: X — Y. If X
is a set, then any mapping f: X" — X will be said to be an n-place
operation on X and n will be said to be the number of places in the
operation f. If f: Y — X and Y C X", then f will be called a par-
tial n-place operation on X with domain of definition Y.

Let X be a set, X, € X and f,, ..., f, be operations on X the
numbers of places in which are n, ..., n, respectively. We define
the set W C X as follows: @ € W if and only if there is a sequence
ay, ..., a, of elements of X having the following property:
a,, = aand for any i < m either a; € X, or a; = fi(a;,, ..., a;,,)
for somej € {1, ..., k} and some i, ..., i,, < i. In this case we
shall say that the set W is defined by induction using the following
definition:

(M) ifaeX,, thenae W,

@Qif iefl,...k} and a,,...,a, €W, then f(a,, ...
vy ap) €W,

We shall say that a calculus I is given, if the following four sets
are givén:

(a) an alphabet A (/);

(b) a set E(I) of words of A([) called a set of expressions of I;

(c) aset Ax(J) of expressions of I called the set of axioms for I,

(d) a set {f;, ..., f,} of partial operations on E (/) called the
rules of inference of I.
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Expressions of the calculi to be considered in this book will be
called sequents and formulas and the rules of inference f: Y —
— E(I) will be written thus:

&g, .. B
f(@g, ..., &)

The domain of f is indicated unless it coincides with (£ (7))". The
expressions ®,, ..., ®, in the previous notation will be called
hypotheses and the expression f(®,, ..., ®,) is the conclusion of a
rule f. An n-place rule f of the calculus 7 will also be called an
n-hypothesis rule. The pair (A(), E(/)) consisting of the
alphabet A (/) and the set of expressions E (I') of I will be called the
language of I and denoted by L (). Suppose that two calculi 7, and
I, are given. IfA(I,) € A(l,) and E(I}) € E(l,), then we shall
say that the language L (I,) of the calculus 7, is an extension of the
language L(/;) of the calculus I and write as follows: L(J,) C
C L)

If the calculus 7/ is given, then the set T() ¢ E(I) of provable
expressions or theorems of I is defined using the following induc-
tive definition:

(1) if S is an axiom of 7, then S is a theorem of /;

) if Sy, ..., S, are theorems of /, f is an n-hypothesis rule of
I and (S,, ..., §,) is in the domain of f, then f(S;, ..., S,) is a
theorem of 7.

To define a set X it suffices to indicate for what objects a the
relation @ € X is true. Therefore the following expressions will be
uniquely defined by two sets X and Y newsets X N Y, X U Y,
and X \ Y called respectively the intersection, union and dif-
Sference of the sets X and Y:

(@aeXNYeé® (@eX and ae Y);

b)aeXUY o (@eXoraeY),

)aeX\NY® (@eXand ag?).

PROPOSITION 1. The operations of intersection and union satisfy
the following equations for any sets X, Y and Z:

Jaa X NY=YNX,

Ib. XUY=YU X} (commutativity);

* This notation does not entirely agree with the already introduced inclusion
notation for sets, yet it is convenient and causes no confusion.

2*



20 The Propositional Calculus

2a. X N X = X,

2b. XU X=X

Ja.(XNY)yYNZ=XN (N2,

3b.XUYNUZ=XUXYU2Z))

4. XNYUZ2)=XNY)UXN2Z), .

4. XU(YNZ)=(XUY)N (XU zZ) § Gistributiviy).

Checking these equations presents no difficulty. We prove 4b,
for example. Let a be on the left of the equation. Then @ € X or
aeY N Z, thereforeae X U Yandae X U Z,i. e. a is at the
right. f aeX U YandaeX U Z,thenaeXoraeY N Z.
Consequently, a is on the left of 4b. (J

If X is a set, then the set of all of its subsets is said to be the
power set of X and is denoted by P(X).

Let J be a nonempty set and X;, for i € J, be some sets. The
union \J X; and intersection () X, of the sets X, i € J, will be

ielJ ielJ
the sets defined as follows:
ae J X, ¢ (aeX,forsomeiel),
iel
ae N X, & (@aeX, foraliel).
ied

If X,, ..., X,, Y are sets, then the notation X, ..., X, — Y

will mean that )} X; ¢ Y and X, ..., X, — will mean that

} (idempotency);

} (associativity);

i<n
NXx =09 If &,.. ¢, ¥ are some statements, then the
i<n

notation

will mean that either one of the statements &, ..., ®, is false or ¥

is true.
PROPOSITION 2. Let Xy, ..., X, , Y|, Y,, Z be sets. Then
(1) Koo ooos Xn = Y Xor or Xy = Y
Xy, o X, = Y, N Y, ’
Xoy oo X Yy = Z; Xgp oor Xpp Yo = Z; Xy ooy Xy = Y, U Y,
Xo ooy Xy — Z '

@
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PROOF. Let @ € () X;. From the truth of the statements of (1)
i<n
above the line we havea € Y,.anda € ¥,,i. e.a € ¥, N Y,. Sup-
pose now that the statements of (2) above the line are true and
a € () X,. From the third statement above the line it follows that
i<n
aeY, UY, ie aeY orael,. Inbothcases, from the truth
of the first two statements above the line we get a € Z. (J

Exercises

1. How many distinct occurrences has an empty word A in a word of length n?
2. Show that the number of distinct subwords of a word « of length » is at
n(n + 1)
most — + 1.
3. For what words o of length n is the number of distinct subwords of « .
nn + 1)
2 —
4. Let the sets X, ..., X, , | be subsets of some set Y. Denote by X; the set
Y \ X;. Show that:

+ 1?

(a)UX,»= n/?i;
t<n i<n
® Nx; = UX;
i<n i<n

(C) XO,...,X", n+1 —;
Xo, veey Xn - Xn + 1

Xo, ...,Xn -‘Xn+ 1 :
Xo, ey Xn, X" +1 -
(€ Xo N X, = Xo\ (Xo \ X))

(d)

2. THE LANGUAGE
OF THE PROPOSITIONAL CALCULUS

A proposition in the English language is a statement, a
declarative sentence which can be said to be true or false. For ex-
ample, the proposition ‘‘water is a product of hydrogen combus-
tion’’-is true and the proposition ‘‘all odd natural numbers are
primes’’ is false. From propositions A4, B in English we can form



22 The Propositional Calculus

more complex propositions, such as ““4A and B”’, ““A or B”’, ‘‘itis
false that A”°, ““if 4, then B”’. If we know whether each of the
propositions 4 and B is true or false, then we can determine
whether the above compound propositions are true or false. For
example, if 4 is true and B is false, then the proposition ‘if A4,
then B’ is false. However, we can sometimes assert the truth of a
compound proposition without knowing whether the component
propositions are true or false. For example, whatever propositions
A and B may be, “‘it is false that A or if B, then A’ is always true.
In this case we say that the scheme ‘‘it is false that 4 or if B, then
A”’ is identically true. One of the main problems of the proposi-
tional calculus to study which we now proceed is the description
of identically true schemes. To do this one will have to replace
English by a formal language that allows no ambiguities.

The alphabet of the propositional calculus (abbreviated PC)
consists of three groups of symbols.

1. Propositional variables: Q,, Q,, ..., Q,, ..., where n is a
natural number.

2. Logical symbols or connectives: —, A, V, =, — called
respectively the implication sign, the conjunction sign, the dis-
junction sign, the negation sign and the turnstile or the yield sign.

3. Auxiliary symbols: left parenthesis (, right parenthesis ) and
a comma ,.

DEFINITION. A formula of PC is a word of the alphabet of PC
satisfying the following inductive definition.

1. A propositional variable is a formula (we shall call it
elementary or atomic).

2. If ® and ¥ are formulas, then (¥ A ¥), (& V V), ( —-V¥)
and - ® are formulas.

It follows from the definition that (Q, A Q,) V Q, is not a for-
mula (there are no outer brackets). To abbreviate the notation,
however, we shall often drop outer brackets. Thus (Q, A Q,) V
V Q, will be an abbreviation of the formula ((Q, A Q,) V Q).

In what follows formulas of the propositional calculus will be
denoted by the letters &, ¥, X and propositional variables by P,
R, with ®, ¥, X, P, R allowed to have indices.

A subformula ¥ of a formula ¢ of PC is a subword of & which
is a formula of PC.
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We now prove the statement about the uniqueness of the
decomposition of a formula of PC.

PROPOSITON 1. Any nonatomic formula & of PC is representable
in one and only one of the following forms: (¥ A X), (¥ V X),
(¥ — X) or ¥ for uniquely defined formulas ¥ and X.

To prove the proposition we first need to establish one
technical fact.

LEMMA 1. If ® and ¥ are formulas of PC and ® is the beginning
of V,then ® = V.

pROOF. We shall prove the lemma by induction on the length of
. If $ is atomic, then so must be ¥ since otherwise ¥ begins with
parenthesis or - and then ¢ cannot be the beginning of ¥. Hence
¢ =V,

Suppose that & is nonatomic and has the form = ®’, then ¥
must have the form - ¥’, and, as can be easily seen from the
definition of a formula, ®’ and ¥’ must be formulas. Moreover,
&’ is obviously the beginning of ¥’. By the induction hypothesis
' = V' andhence ® = "¢’ = ¥V’ =V,

Let ¢ be of the form (®,7®,), where &, and ®, are formulas of
PC, 7 is one of the signs A, V, —. Then ¥ begins with a paren-
thesis (and can therefore be represented as (¥,7' ¥,), where ¥,
and ¥, are formulas and 7’ is one of the signs A, v, —. Since
(®,79,) is the beginning of (¥,7’ ¥,), the word @, is the beginning
of the word ¥,7 ¥, and ¥, is also the beginning of that word. Of
the two beginnings of the same word one is the beginning of the
other (one must take the beginning of the smaller length). Hence
&, is the beginning of ¥, or ¥ is the beginning of ®,. In any case
one can apply the induction hypothesis and hence &, = ¥,, 7 =
= 7’ and ®, is the beginning of ¥, . Again, applying the induction
hypothesis we get &, = ¥, and & = (,7®,) = (¥,7'¥,) =
=Vv. 0O

PROOF OF PROPOSITION 1. If the formula ¢ begins with —, there is
nothing to prove. Let & be represented as (®,7®,), where 7 is one
of the signs A, V or — and &,, ®, are formulas of PC and as
(®,7' /), where 7’ is one of the signs A, V or — and &7, ¢/ are
formulas of PC. Then &, is the beginning of & or & is the begin-
ning of ¢,. By the lemma ¢, = ®;andso7 = 7’ and ¢, = ¥/.
Hence the representation ® = ($,7%,) is unique. O
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COROLLARY 1. Let ® be a formula of PC. Then there is a 1-1
correspondence between each occurrence of (or = in ® and some
occurrence of a subformula of ® whose first symbol is the occur-
rence under consideration of ( or — respectively.

PROOF. By the induction on the construction of a formula we
can associate with each occurrence of ( or = some such occur-
rence of a subformula and Lemma 1 allows us to assert the uni-
queness of such an occurrence. (]

PROPOSITION 2. If & is a formula of PC, n, 0 are occurrences in
of subformulas ¥, X respectively, then either n and 0 have no oc-
currences of the symbols of the alphabet of PC in common or one
of them is entirely in the other.

PROOF. If 7 and 6 have any occurrences of symbols in common,
then the first occurrence of the first symbol 5 or # must be in com-
mon. Let the first occurrence of the first symbol 5 occur in 6. If ¥
is an atomic formula, then the statement is obvious. Let ¥ be
nonatomic, then the first symbol of ¥ is (or —. By Corollary 1
this symbol uniquely defines the occurrence of some subformula
¥’ in X. But this subformula will be a subformula in ¢ too.
Associated with the occurrence under consideration of (or — in &
is the occurrence 7 of the subformula ¥. By virtue of uniqueness,
¥ must coincide with ¥’ and 7 is entirely in 6. (J

If all the occurrences of the subformula ¥ in ® are replaced by
the formula X, then we obtain a new formula which‘we denote by
(<I>)§. Such a definition is correct, since it follows from Proposi-
tion 2 that two distinct occurrences of the subformula ¥ in ¢ have
no occurrence of the symbols of the alphabet of PC in common.

DEFINITION. Sequents of PC are sequences of the following four
forms:

%, ..., 2, Y5 @), .., @, Y,

where @, ..., &, and ¥ are formulas of PC and 7 is a natural
number.

Sequents will often be denoted by I'=¥ or I'~, where T’
denotes a sequence, possibly empty, of formulas of PC.

While formulas of PC may be regarded as ‘‘forms’’ of com-
pound propositions of our language, sequents are ‘‘forms”’ of
statements, theorems in which we may clearly distinguish condi-
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tions (hypotheses) and conclusion. Namely, regarding + as the
sign of (logical) entailment, the sequent ¢, ..., ¢, ¥ may be
understood to be a statement of the form ‘‘(The truth of) the
hypotheses ¢, ..., ®, (logically) entails the proposition ¥**. Se-
quents of the form &, ..., , — may be understood to be a state-
ment about joint inconsistency of the hypotheses (conditions)
&y, .y ®,.

The rules of inference of PC to be described in the next section
reflect (formalize) some simplest standard logical modes of
reasoning which allow one to pass from some true statements
(theorems) to other true statements (theorems).

Exercises

1. Show that for any word « of the alphabet of PC it is possible to determine
in a finite number of steps whether « is a formula of PC or not. (Hint. Use
Proposition 1).

2. Replace point 2 in the definition of a formula of PC by the following: if ®
and ¥ are formulas, then (®) A (¥), (®) V (¥), () — (¥’) and - (®) are for-
mulas. Show that with such a definition we have statements similar to Propositions
1 and 2.

3. AXIOM SYSTEM AND RULES OF INFERENCE

Below we shall often deal not with concrete formulas and se-
quents but with the so-called schemata of formulas and sequents.
The letters &, ¥, X (T, 4, ), possibly with indices from the set of
natural numbers, will be called variables for formulas (sequences
of formulas). Let an alphabet B contain, besides the symbols of
the alphabet of PC, the variables for formulas and sequences of
formulas. ;

A schema of sequents (formulas) of PC is a word in B such
that any substitutions in that word of concrete formulas and se-
quences of concrete formulas for variables of formulas and
sequences of formulas, respectively, yield sequents (formu-
las of PC. The results of such substitutions will be called in-
stances of the schema. For example, ¥, '~ & v V¥ and & —
— (X, A X,) are schemata of sequents and formulas respectively
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and
QoA—'Ql» '"‘Qo, ﬁ(Qz""Ql)"‘Q:gv(Qo/\—‘Ql);
Q= " ODAQY — (O3 A~ (V™ Q)

are instances of the corresponding schemata *.
DEFINITION. A schema of sequents

-
is called an axiom schema of PC. An instance of an axiom schema

will be called an axiom.
The rules of inference of PC are the following:

'-®T'+V¥ 4 re-v
T-&AV¥ ' THé—-V¥’
T-o&AV¥ g TF&THe -V
r-¢ °’ ’ 'V '

s THeny g ek

T Trrv T T+9
r-¢ o IF&Tr2

‘THovVY’ ’ T+ '
'V oYX

‘THévy' ‘T,¥, 8,7 X’

e 2r ¥, X+ ¥THevX p_Lre

’ T+ V¥ ’ ‘T, ¥+ ¥

As noted at the end of the preceding section, the rules of in-
ference of PC formalize certain standard logical modes of reason-
ing. Let us comment at an informal level upon Rules 1 to 12 from
this point of view. Rules 1 to 3 are simply rules clarifying the
meaning of the word ‘‘and’’ (conjunction). Rules 4, 5 also refer to
the clarification of the meaning of the word ‘‘or”’ (disjunction).
Rule 6 formalizes the mode of reasoning by ‘‘analysis of (two)
possible cases’’. When hypotheses I' hold, either ® or X is true. ¥
is true either when conditions I"' and & are true or when conditions

* When the values of variables for the formulas and sequences of formulas in
a schema C of sequents (formulas) are fixed in the text the schema C is called sim-
ply a sequent (a formula).
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I’ and X, are true, thus ¥ is always true when hypotheses I' are
satisfied. This is established by considering two possible cases
(one of them necessarily holding): (1) conditions I"' and the condi-
tion ¢ hold; (2) conditions I'' and the condition X hold. Rule 7 for-
malizes a device of equivalent restatement of a theorem allowing
one of the hypothesis of the theorem to be placed into its conclu-
sion in the form of a hypothesis. Rule 8 is one of the logical rules
(the rule of modus ponens or detachment) noted already by
Aristotle; it shows how to get rid of a hypothesis in the conclu-
sion. Rule 9 formalizes the rule of ‘‘arguing by reductio ad absur-
dum’’. Suppose that conditions I' and — ® can hold simultaneous-
ly; coming to a contradiction we conclude that & always holds if
the conditions I" hold. Rule 10 is the rule of ‘‘discovering (deriv-
ing) a contradiction’’ for a sequence of hypotheses I'. Rule 11 is of
a purely technical formal character: interchange of premises does
not affect the truth of the conclusion. Rule 12, sometimes called a
“refinement’’ or the rule of an extra hypothesis, reflects a trivial
fact that adding to the hypotheses of a theorem a superfluous
hypothesis does not violate the truth of the conclusion of the
theorem.

If in the rules of inference we take concrete sequences of for-
mulas of PC as I' and I'; and concrete formulas as ¢, ¥, X, then
we obtain instances (or applications) of the rules of inference.
Rules 1 to 10 are called basic and Rules 11 and 12 are structural. 1f
O is an application of a rule of inference k, then we shall say that
the sequent under the line in © is obtained from the sequents
above the line with the aid of the rule k.

DEFINITION. A linear proof in PC is a finite sequence S, ..., S,
of sequents of PC satisfying the following condition: each sequent
S, i < n, is either an axiom or obtained from some S;, j < i, us-
ing one of the Rules of inference 1 to 12. A sequent S is said to be
PC-provable or a theorem of PC if there is a proof S, ..., S, in
PC such that S, = S. A formula ¢ of PC is said to be PC-
provable if so is the sequent +®.

Notice that if S, ..., S, is a proof in PC and Sg, ..., Sy is a
proof in PC, then S, ..., S,, S;, ..., S is also a proof in PC.

We define inductively the notion of tree:

(1) Any sequent is a tree.
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(2) If D,, ..., D, are trees and S is a sequent, then

Dy, ..., D,
S
is also a tree.

The same sequent may occur in a tree several times. A sequent
together with its position in a tree D will be called an occurrence
of the sequent in the tree D. An occurrence of a sequent in D
which has no horizontal line above it will be called an initial oc-
currence in D. An occurrence of a sequent in D which has no
horizontal line below it will be called final/ sequent in D. We shall
often use the word ‘‘sequent’’ instead of ‘‘an occurrence of a se-
quent”’ if it is clear from the context what occurrence is meant. It
is clear that a tree may have many initial sequents, but there is
only one final sequent. The part of a tree consisting of the se-
quents immediately above the line, below the line and of the line
itself is called a passage.

DEFINITION. A tree D is said to be a tree form proof in PC if all
its initial sequents are axioms of PC and its passages are applica-
tions of Rules of inference 1 to 12. If S is the final sequent of a
tree form proof in D, then D is said to be tree form proof of S or a
derivation tree of S in PC.

Let A be a function defined on the sequents (more precisely, on
the occurrences of the sequents) of D and taking as its values
natural numbers having the following properties:

(1) A(S) = 0if S is the final sequent of the tree D.

2) If

is a passage in D, then A(S)) = ... = hA(S,) = h(S) + 1.

It is obvious that conditions (1) and (2) uniquely define the
function h. The number h(S) is called the height (of the occur-
rence) of a sequent S in the tree D. The maximum height of the se-
quents occurring in D is called the height of the tree D.

PROPOSITION 1. A sequent S has a tree form proof in PC if and
only if S is a theorem of PC.

PROOF. Let &y, ..., S, _ ;, S be a linear proof in PC. If § is an
axiom, then S will be a tree form proof of the sequent S. Let
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Dy, ..., D, _, be tree form proofs of the sequents §, ..., S, _ ,.
Sips e Sip . . . ..
If “—SJ » Iys -+, I, < n, is the application of some rule, then
the tree
Di,? s D,-k
S

will be a tree form proof of the sequent S.

Suppose now that a proof of the sequent S in the form of a tree
D is given. We construct a linear proof of S by induction on the
height of the sequents in the tree D. The initial sequents in D will
be linear proofs. If for all the sequents S, ..., S, of height k¥ + 1
linear proofs L,, ..., L, are already constructed, then it is clear
that the sequence

L,..L,,S

will be a linear proof of a sequent S of height k. (J

A sequent schema H is said to be PC-provable if adding it to
PC as an axiom schema does not extend the set of provable se-
quents. It is clear that this is equivalent to the fact that all in-
stances of the schema A are PC-provable.

Example 1. The following tree shows the provability of the schema &,
VoAV *

Ly %&%% (Rule 12)
27 ® Rue12) 227 % Rule11)
o V- o P2

(Rule 1)

¥V -dAVY

A rule of inference is said to be PC-admissible if adding it to PC does not ex-
tend the set of provable sequents. In particular, Rules 1 to 12 of PC are admissible.

PROPOSITION 2. The following rules are PC-admissible:

¥y,.,¥, —®

(@l Tn” 7 where (¥, ..., ¥, )} C [X1s:sXm)»
X1y oo Xm — @

(b) ¥, .,¥, ~
Xis ooor Xom

* Instead of ‘‘application of Rule ‘IZ", etc. we shall write “Rule 12"’.—
Editor’s note.
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'-¥, I, ¥+ o+
@—22="X, ®) 7
'+ x '--¢
r,e v+ r-¢
@2 X g2
I, ®A¥, T, F x T,-&r
Fr-¢An-¢ . re-v
€ ———, @ —
O ' -V¥Yr-¢
'+ I N
Orev O rvee

PROOF. Before proving that rule (a) is admissible we establish
the admissibility of an instance of it:

r,® &0+ ¥

a’ .
@’ rn,e,nrn+v

Applying Rule 11 several times changes the sequent I';, ¢, ¢,

I, - ¥intoT,, ®,T,,  ~ V. Using Rule 12 we can obtain from
the axiom ¢ +~ & a sequent I';, &, ', — ®. The tree

T,8 T érF V¥
T, 8T, &~ ¥T,o o
T, & T, ¥

establishes (a’). It is clear that the admissibility of (a) follows
from that of (a’) and Rules 11 and 12.

The admissibility of (b) follows from that of rules (a), (e) and
(f). The admissibility of (c) is demonstrated by the following tree

Vv x
r-v—-x; '~ v
' x ’

In addition we show the admissibility of (f) and (g), leaving the
other rules as an exercise to the reader.

It is clear that the sequent ' can be obtained only by
Rule 10. Therefore, if I'  is provable, then so are the sequents
I' - & and I' — = &, for some formula ®,. To prove the ad-
missibility of a rule of the form

)

S
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it suffices to construct a tree whose initial sequents are either
provable schematd of I' - ®;and I' — - &, whose final sequent
is the sequent S and whose passages are Rules 1 to 12.

S ' -9
I ¥+ ¢ |Vl Aol Y
I, V¥+ ’
'-v

)]

(g) We use the provability of the schema I', = ¥, and ¥ +
and leave it to the reader as an exercise.

r,ér& I,o- &
T,6,~ &+, e, - o &

I,~~®&,&rd I,--&-&- T,--%dF & I,--2& -3
[~ ~d+-&—&; T, ~&r® T,--®rd—--& T, &%
| O K Y o mde g
r--%-
'--¢

A finite sequence of sequents S, ..., S, is said to be the quasi-
derivation of the sequent S, in PC if each sequent occurring in it is
PC-provable or can be obtained from the preceding sequents by a
PC-admissible rule of inference. A tree D is said to be a tree form
quasi-derivation of a sequent S in PC if any initial sequent of D is
PC-provable, the final sequence is S and the passages are PC-
admissible rules of inference.

It is obvious that any sequent for which there is a quasi-deri-
vation or a tree form quasi-derivation is provable.

EXAMPLE 2. We prove the sequent — Q, V = Q,.

Qo+ Qo
Qo+ GV Qo 2 (QV Q) 1 (QoV 1 Qo)
2 (QV 1 Qo) Qo+
- 7 (QV 0 Qo) D
2 (QoVm Q) QoV 1 Qo 0 (QoV Q) - 0 (QoV 1 Qo)
2 (QV m Q)+ '
FQoV Qo

Notice that the above tree is not a PC proof, since the second
passage is not an application of any of the rules. It is clear,
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however, that we can obtain a proof by adding to this tree applica-
tion of Rules 11 and 12. In what follows, unless otherwise
specified, we shall use admissible rules that can be obtained from
the basic rules by combining them with structural rules, as the
following:

B,y @, @V ¥y, L, Y X - X, X @V X

q)n+lv"'7q’n+r’~\y
where (&, ..., ®,, ¥\, ..., ¥, X, ..., X} € (®,, | ..
e ®, L)
Exercises

1. Establish PC-provability of the following schemata:
@T, T )+ & ®T, &, +;

©PAY - IAD (VY TV

2. Prove the PC-admissibility of rules:

Ié+ V¥
T, ¥+ &

I'Nér -~ V¥
I'Yr - &

(k) )

4. THE EQUIVALENCE OF FORMULAS

Denote by F the set of all formulas of PC. Lets: ¥ — Fbea
mapping of F into F satisfying the conditions: '

(1) 5@ = ¥) = (s(?) — s(¥)),
(@) s(@ A YY) = (s(®) A s(¥)),
B)s@VvY) = (s(P)Vs(¥),
) s(~®) 5(P).

Any such mapping will be called a substitution. The reader
may see for himself that any substitution is uniquely defined by its
values of atomic formulas, i. e. if Py, ..., P, are all atomic subfor-
mulas of a formula & and s, and s, are substitutions such that
so(P)) = s,(P,) for i < n, then 5,(®) = s,(®). For the result of a
substitution s(®), we introduce the notation s(®) = (@)ﬁ%i'g‘f " P
which agrees with the notation ()Y, introduced in Section 2.
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We extend the mapping s to include sequents:

(5) s(®;, ..., &, = V) = 5(P)), ..., 5(®,) - s(¥); (P, ..
e @) = 85(9), .., 8(,) 5 S(FP) = =S5(@); S(H) = .

It is possible to define by induction the extension of s to trees:

©) s (D,; Dk) _ SDy); i D)
S s(S)

THEOREM 1 (Substitution). Let a mapping s: F — F satisfy con-
ditions (1) to (6) and let S be a PC-provable sequent. Then the se-
quent s(S) is PC-provable.

PrROOF. We shall prove by induction of the height of a tree that
if D is a tree form proof of the sequent S in PC, then s(D) is a
proof of the sequent s(S) in PC. If Sis an axiom, then s(S) is also
an axiom. Let

Dg; s D,% D(',‘; ...;D,!;

D= S ' Sk
S

then

s(DY); ...; s(DY)  s(DE); ...; s(D)

5(S) B 5(Sk)

sD) = 5S) ’

By virtue of the induction hypothesis it suffices to prove that
in the tree s(D) the last passage is an application of the same rule
as in the last passage of the tree D. But this is obvious, since prop-
erties (1) to (5) ensure that the passages are preserved. For exam-
ple, if

By, & ¥; By, X - V38 - &V X
d’oF“P

is the last passage in the tree D, then

5(®g), 5(®) = s(¥); s(®p), $(X) + 5(¥); s(Pg) + s(®) Vs(X)
s(®g) + s(¥)

is an application of Rule 4 and the last passage in the tree s(D). OJ
In other words, the substitution theorem states that if in a pro-

vable sequent we substitute arbitrary formulas for the proposi-

tional variables, then the resulting sequent will be provable.

3—191
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DEFINITION. Two formulas ¢ and ¥ are said to be equivalent
(designated ® = ¥) if two sequents & — ¥ and ¥ +— & are
PC-provable.

Notice that ‘="’ is the symbol of the language in which we
prove statements about the calculus but not the symbol of the
propositional calculus. This language is sometimes called meta-
language. The concepts of schema and proof are also meta-
language concepts.

LEMMA 1. The relation ® = V¥ is an equivalence relation, i. e.
for any formulas ®, ¥, X of PC the following statements are true:

(@ ® = ¢

®)ifd =V, then ¥ = &;

©ifd=VYand ¥ = X, then ® = X,

prROOF. (a) follows from the fact that & — ¢ is an axiom.
(b) follows from the symmetry of & and ¥ in the definition of the
relation & = V. If & — ¥ and ¥ + X are provable, then by
Proposition 3.2 (c) ® + X is provable. Similarly, if X —~ ¥, ¥
+~ & are provable, then X ~ & is provable. [J

LEMMA 2. (a) If ® = ¥, then & is PC-provable if and only if ¥
is PC-provable.

b)If &, =¥, and &, = V,, then (2, N ®P,) = (¥, A Y,),
(@, Ve, = (¥, VYY), @ —9) = (¥, —-V¥,) and ~d =
= Y,

PROOF. If —® and & — V¥ are provable, then the tree

LB 4
Fé - ¥; -®
=¥

will be a quasi-derivation of + ¥. Similarly from the provability
of —V¥ and ¥ +~ & we obtain the provability of —&. Statement
(a) is thus proved.

By virtue of the symmetry of & and ¥, in (b) it suffices to
prove the sequents - Y, A - VAT,V @2 -
¥ ve,and & — ¢, - ¥, — ¥,. The following four quasi-
derivations complete the proof:
¥, - &, 7+ ¢

¥, "¢+~
T a——

(0]
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AP - -V AP -Y,
AP, - ¥, NP - Y,

)]
AP -V AY,
LR b RalhP [ JAVE: S IAVE
G) -V VY, &Y VY,

Vved, VY VY,

V&% - - - &Y,
¢ =&, ¥ & &, - V¥,
P~ ¥+, O
d -dH ¥ —-¥

“@

THEOREM 2 (Replacement). Let ® be a formula of PC and let ¥
be its subformula. Suppose ®' is obtained from ® by replacing
some occurrence of ¥ by a formula ¥'. In this case, if ¥ = ¥’,
then ® = &', '

PROOF. If ¥ = &, then the theorem is trivial. Further we pro-
ceed by induction on the length of ®. If & = Q,, then ¥ = &.

Four cases are possible for the induction step:

@® =9 ANd,; b)® =& Ve,

=% —-0,; @@e=9.

By Proposition 2.2 any occurrence of ¥ # & is contained
either in ¢, or in &,, therefore the equivalence & = &’ follows
from the induction hypothesis and Lemma 2(b). (J

Exercises

1. Suppose formulas ¢ and ¥ of PC contain only one propositional variable,
P, and for some substitutions s; and s, we have s;(®) = ¥ and s5,(¥) = ¢. Show
that ¢ = V.

2. Suppose & = ¥ and there is a propositional variable P occurring in both ¢
and ¥. Show that there is a formula X equivalent to the formulas ¢ and ¥, all
propositional variables of which are contained in both ¢ and ¥. (Hint. Use
Theorem 1.)

5. NORMAL FORMS

The notion of the equivalence of formulas of PC will be of
great importance to us, since the basic properties under study of
the formulas of PC are preserved when we pass to equivalent for-

3*
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mulas. It is very important therefore to be able to find for each
formula of PC its equivalent but constructed as simple as possi-
ble. In this section we shall define such ‘‘canonical’’ represen-
tatives for the formulas of PC.

LEMMA 1. Let & and ¥ be formulas of PC. Then we have the
following equivalences:

@@ —-V¥)=(dVV¥),

© (@AY= (ndV YY),
d) " (@2VY)=(m2AY);
e)d =
d=(@AD).

PROOF. We give quasi-derivations for statement (a):

P~ VO~V
-V, & V¥ d - P
-V, ¢+ VY, ¢ VY OV D
-V dVY ’

¢+ & P+ P
$, P

¢, P+ V¥, VYV VYL dVVY

APV VY,E- VY

VY-~V

Notice that the provability of —® V =& follows from Example
3.2 and the substitution theorem.

The proof of the remaining statements of Lemma 1 is left to
the reader. (J

LEMMA 2. Any formula ® of the propositional calculus is
equivalent to a formula ¥ containing no implication sign.

proor. We define the mapping «: F — F by induction on the
length of a formula:

1) (@) = O,

Q2) a(® A ¥) = a(P) A (),

B)a(® Vv V) = a(®) Va(¥),

@) a(®) = ~a(P),

BS)a(® — ¥) = "a(®) V a(¥).
Then «(®$) contains no implication sign and «(®) = & follows by
induction from Lemma 4.2(b) and Lemma 1(a). U



Normal Forms 37

LEMMA 3. Any formula ® of PC is equivalent to a formula ¥
without the implication sign such that there are negation signs
only in front of atomic subformulas.

PROOF. Let F~ be a set of formulas containing no implication
sign. We define the mapping 8: F~ — F~ by induction:

M BQ) =09,

?) B(_‘Q,) = _‘Qi’

(3) B(@ A YY) = B(®) ABY),

4) B(® VvV ¥) = B(P) Vv B(Y),

$) B (@A) =B(~P)VBE(—Y,

6) B(n (P VVY) =B(~P)AB(MY),

(M) B(— = @) = B(P).

Let X = a(®), where o is the mapping of Lemma 2. The
equivalence X = B(X) is easy to obtain by induction on the length
of X using Lemma 1 and Lemma 4.2(b). It is obvious that ¥ =
= B(X) satisfies the requirements of Lemma 3. (J

LEMMA 4. Let ®, ¥, and X be formulas of PC. Then

@ @AY =(¥YAD);

@)@vyvy) = (vvo),

B (PAV)AX) = (AN AX);

b)((@VY)VX)=(®V(¥VX)

C@AFVX)=({(PAY)V (P AX));

C)@VIFAX)=({(PVE)AE@VX).

prooF. To avoid overloading the presentation we prove only
(c). The remaining equivalences the reader will easily prove
himself using the experience acquired while analyzing the proofs
given earlier.

ANV VX) - ;¥ - ¥ PAYVX) - & X - X

SAFVX), ¥ dAY SAMNVX), X - OAX
BAMYVX), ¥ - (@AV)V(@AX); SAFVX), X - (@AVV@AX;EAFVX), - ¥VX)
- CBAYAX) - (BAY)V(BAX) ’

PAY - ¥ PAX X
AV VYVX; PAVEF P PAX P, PAXE-YVX
PAY = PA(YVX) PAX DAY VX) (PAY; . (PAX)-(PAY)V(PAX) o

@AYV @AX) - DAY X)

Now we define the important notions of disjunctive and con-
Jjunctive terms of a formula. For any formula & we denote the
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set of all disjunctive terms of ® by D ($) and the set of all conjunc-
tive terms of & by K($), which we define by induction on the
length of &.

(a) If ¢ is not representable as a disjunction, i. e. as & =
= (¢, Vv ®,), then D(®) = (], i.e. & is its only disjunctive
term.

(b) If & = (®,V @), then D(®) = D(®,) U D(®,).

The set K (®) is defined dually. (a) If & does not have the form
&, AP, then K(®) = [(®]; (b)if & = &, A P, then K(P) =
= K(®,) U K(®)).

PROPOSITION 1. Let & and ¥ be formulas of PC. If D(®) C
C D(Y), then the sequent ® ~ ¥ is PC-provable.

PROOF. By induction on the number of disjunctive terms in $,
i. e. on the number | D(®)| of elements in the set D ($).

Let ID@)I = 1,i.e. D(®) = {®,). We establish by induc-
tion on the length of ¢ that in this case ® = &,. Indeed, if & =
= ¢,, then this is obvious. If & = &' v &”, then D(®’) =
=D(@®") = D(®) = {$;] and by the induction hypothesis
¢’ =&, d” = ¢;,. By Lemma 4.2(b) &' V&" = ¢,V $, and
by Lemma 1(e) &, v &, = &,, hence ® = (&' v&") = §,.

We now show by induction on the length of ¥ that if
$, € D(¥), then the sequent $, - ¥ is provable. If ¥ has no form
¥,V ¥,,then D(¥) = {¥]}, hence &, = ¥ and ¢, — ¥ is an ax-
iom. Let ¥ = ¥,V ¥,, then D(¥) = D(¥,) U D(¥,) and &, is
in D(¥,) or D(¥,). Let &, € D(¥;), i < 1. By the induction
hypothesis &, — ¥, is provable, hence

$y+ V¥,
®y - YoV ¥,

is a quasi-derivation of the sequent &, — ¥. Together with the
equivalence & = &, this shows that in the case |D(®)| = 1 the
sequent ¢ + ¥ is provable.

Now suppose that |D(®)| = n > 1 and for any formulas ¢,
¥’ such that |ID(@®’)| < n and D(®’) € D(¥’) the sequent
$’ — V¥’ is provable. The statement will be proved by induction
on the length of ®. If ¢ is of minimal length among formulas ¢’
such that D(®’) = D(®), then & = (®,V &), |ID(P,)! < n,
ID(®,)! < n and by the induction hypothesis it follows from
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D(®;) € D(®) € D(¥) that the sequents &, — ¥, &, +— ¥ are
provable. Then
Do V; & - ¥ ¢ - BV P
¢V

is a quasi-derivation of the required sequent. The same reasoning
completes the proof. If & = &,V &, then for &, i < 1, either
ID(®;)| < nor|D(®)l = nand the length of &, is smaller than
that of ®; in any case the sequents &, — ¥ and ¢, ~ ¥ are prov-
able by the induction hypotheses and hence so is the sequent
¢~ v.

COROLLARY 1. If D(®) = D(¥), then® = ¥. [J

The corollary obtained shows that up to the equivalence of

formulas it is pobsible to use the notation \ &, or ®, v ...V ®,
i=1

for formulas ® such that D(®) = {&,, ..., ®,].

For conjunctive terms the situation is quite similar. The proof
of the following proposition is left to the reader.

PROPOSITION 2. Let & and ¥ be formulas of PC. If K(¥) C
C K(®), then the sequent ® + ¥ is provable. [

COROLLARY 2. If K(®) = K(¥), then® = ¥. [J

This allows us to use generalized notation of the form A &,
i=1
or &, A... A®, for all formulas ¢ such that K(®) = {®,
e ® ).

LEMMA s. For any finite sequence I' and any formula ® the se-
quentT' + & is provable if and only if sequentsT' +— ®' are prov-
able for all ' € K(®).

PROOF. In one direction the lemma follows from Proposition 2.
Suppose that for any &’ € K(P) the sequent I' — &’ is provable.
We show by induction on the length of & that I' — & is provable.
If & is not representable as &, A ®,, then there is nothing to prove.
If & = &, A ¢, then by the induction hypothesis I' — ¢, and
I' + @, are provable (since K(®;) € K(®)). Hence

T+ &; T+ &
T - & A&,

n

is a quasi-derivation of the sequent T" + &. [J
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DEFINITION. We shall say that ® is an elementary disjunction
if each disjunctive term of & is either an atomic formula or the
negation of an atomic formula. We shall say that & is in con-
Jjunctive normal form (cnf) if each conjunctive term of & is an
elementary disjunction. A formula ® in conjunctive normal form
can be written up to equivalence as A (®{ V... vV &, ) where

i=0
formulas cbj'i are atomic formulas or the negations of atomic for-
mulas and &) v ... V <bﬁnl_ are generalized symbols for conjunctive
terms of &.

Defined dually (i. e. by replacing A by vV and Vv by A) are the
notions of elementary conjunction and disjunctive normal form
(dnf).

THEOREM 3. For any formula ® of PC there is an equivalent
formula V¥ in cnf.

PROOF. Let ¥, be a formula equivalent to ®, containing no im-
plication sign and with all of its negation signs preceding
atomic subformulas. We shall prove the theorem by induction on
the length of ¥, . If ¥, is an atomic formula or its negation, then
¥, is already in cnf. If ¥, = & A &, and X, and X, are the for-
mulas which are equivalent to &, and ®,, in cnf respectively, then
it is obvious that the formula X, A X, is equivalent to ¥, and is in
cnf. (

Let ¥, = &, v &,. Let X, and X, be in cnf, X, = &, and
X, = ®,. By the replacement theorem ¥, = X, v X,. We shall
prove the fact that X, vV X is equivalent to some ¥ in cnf by in-
duction on n = m, + m,, where m; is the number of signs A in
X, i=1,2.1fm = m, = 0, then X, Vv X, being an elementary
disjunction is in cnf. Suppose, for example, that m, is nonzero.
Then X, = X; A X,. By Lemma 4(c’) we get

X, VX, = X, V(XA X,) = (X, VXp) A XV X,).

By the induction hypothesis X, V X, and X, V X, are equivalent to
¥, and, respectively, to ¥,, which are in cnf. It is clear that
¥ = ¥, A ¥, satisfies the requirements of the theorem. [

The proof of the next theorem is similar to that of Theorem 3
and is left to the reader.
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THEOREM 4. For any formula ® of PC there is a formula ¥ that
is equivalent to it and is in dnf. O

DEFINITION. We shall say that a formula ® of PC is in principal
cnf (dnf) if the following conditions hold:

(1) ® is in cnf (dnf);

(2) any propositional variable P occurring in ® has in any con-
junctive (disjunctive) term of ® exactly one occurrence;

(3) any two distinct occurrences of conjunctive (disjunctive)
terms of ® have distinct sets of disjunctive (conjunctive) terms.

For example, of the formulas

(Q\VQ3)V Qg (QA0)VI(QAQ,), (@A Qy)VI(Q,A-Q))

in dnf the first is in principal cnf and the third is in principal dnf;
the first and second formulas are not in principal dnf. (Why?)
THEOREM 5. [f @ formula ® of PC is not PC-provable, then there
is an equivalent formula ¥ which is in principal cnf.
We first prove three auxiliary statements.
LEMMA 6. If for some formula ® of PC there is a formula ¥
such that ¥, - ¥ € D(®), then ® is provable.
PROOF. Indeed, the formula ¥ V ¥ is provable and D (¥ v
VvV n¥) € D(®). By Proposition 1 ¥ vV =¥ + & is a provable se-
quent, but then ¢ is a provable formula. (]
LEMMA 7. If ® is a PC-provuble formula, then ® A ¥ = ¥ for
any formula ¥ of PC.
prOOF. The following trees are quasi-derivations of the re-
quired sequents:
AV EHIAY b 2 Sl 4
AV Y T ¥ AT
LEMMA 8. For any formulas ® and ¥ of PC we have the
equivalence ® = &V (¥ A 0 V).
prOOF. The following quasi-derivations establish the provabili-
ty of the required sequents

-
PEIVEASY’
VAV R~V VAV - V¥
YAV -
PP VAV EFEP EVIIAY)EFIVFANY
B PV YAV '

O
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PROOF OF THEOREM 5. Let X be a formula which is equivalent to
® and is in cnf. There is such a formula by Theorem 3. Let D, G
..., X, be all conjunctive terms of X for which there are no pro-
positional variables P such that P, - P e D(X;). There are such
terms, since otherwise by Lemma 6 and Lemma 5 the formula X,
and consequently &, would be provable.

Let D(X,) = {X?, ..., Xk}, where X! # X¢ for r # 5. By
Corollary 1 an elementary disjunction X; is equivalent to an
elementary disjunction X/ = (... (X?V X)) v ...) v X¥ in which
each propositional variable occurs at most once. By Lemmas 6, 7
and the replacement theorem the formula X is equivalent to the
formula X’ = (... XgAX{)A..)AX,. Let Py, ..., P, be all
atomic subformulas of the formula X’. Unless some X/ contains
some P, as a subformula, by virtue of

X/ = X/V @A -P)=(X[VP)A XV ~P)

the formula ,
X" = (X,)()g(j'v PYA X[V = P)

is equivalent to X, is in cnf, any propositional variable has at most
one occurrence in any of its conjunctive terms and the number of
its conjunctive terms containing no P; is smaller than in X’. On
carrying out a finite number of such transformations we can ob-
tain a formula X* equivalent to ® and satisfying (1) and (2) of the
definition of a formula in principal cnf. We choose the maximal
set {¥,, ..., ¥, } of mutually nonequivalent conjunctive terms of
X*. Corollary 1 yields D(¥; # D(¥)) fori # j. From the replace-
ment theorem and Corollary 2 it follows that X* is equivalent to
the formula ¥ = (... (¥, A ¥,) A ...) A ¥, and hence ¥ satisfies
the requirements of the theorem. [J

The proof of the next theorem is similar and we leave it to the
reader as an exercise.

THEOREM s'. If a formula —® of PC is not PC-provable, then
there is a formula ¥ which is equivalent to ® and is in principal
dnf. O

Exercises

1. Prove statements (b) to (f) of Lemma 1 and statements (a), (a’), (b), (b”),
(c’) of Lemma 4.
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2. Prove Proposition 2, Theorem 4 and Theorem 5’.

3. Show that in Theorems 4 and 5 it is possible to require that & and ¥ should
contain the same variables.

4. Show that the sequent I', & ~ ¥ is PC-provable if and only if for any
X € D(®) the sequent ', X + ¥ is PC-provable.

6. SEMANTICS
OF THE PROPOSITIONAL CALCULUS

A calculus is said to be consistent if not all formulas of that
calculus are provable in it.

Let X be some set and let f, be some mapping of elementary
formulas of PC mto the set P(X) of all subsets of X. Such F will
be called an mterpretatzon of PCin X. We extend f, to a mapping
of the formulas of PC into P(X) (we denote it also by f,) by in-
duction:

(D fx@ AY) = f (@) N fr(¥),

@ fx @V ¥) = fy(@) U fy(¥),

B fx(~®) = X \ fx (@),

@ fx@ = ¥) = £,(=8) U f(¥).

To each sequent S of PC we assign a statement f (S) about the
subsets of X in the following way:

@fy (@, ..., %, - ®) ©

& (fx@0), - fx(®,) = [y (@);

(0) [y (—®) & fy(®) = X;

(©) Sy @g, s By F) & (@), -os S @,) =)

(A fy(F) & X —.

We recall (Section 1) the definition of the relation — on sets:

X, X, = Yo (nx,. c Y);
i<n
Kyy o X, =) & ( Nnx = @).

THEOREM 6. For any interpretation fy of PC in X and any
PC-provable sequent S the statement f(S) is true.

PROOF. Let D be a derivation tree in PC of the sequent S. It is
obvious that if S’ is an axiom, then f, (S’) is true. Therefore it
suffices to prove that if f, of the sequents above the line in D is
true, then f, of the sequents beneath the same line is also true. For



44 The Propositional Calculus

example, let

Dy, o, @, Yo - X5 R, o, By, ¥ - X D, L, R, - YoV T
&, ..., P, - X

be a passage in the tree D and suppose that f, (%), ..., ®,,
¥, = X), fx (&, -, B, ¥y = X), Sy (B, -, B, - YV F)) hold.

Letxe ) fx($). Since M fy (®;) C [ (¥) U £ (¥,), we have
X efX(\I';) for some j < 1\. Since M fx(®) N fx(¥;) C fx(X),

i<n

we have x € f, (X). Consequently, f, (®, ..., ®, = X) holds.

Verification for the other passages of D is also simple and is
left to the reader. OJ

COROLLARY 1. PC is consistent.

PROOF. Let X be a nonempty set and let fy be some interpreta-
tion of PC in X. By the definition of an interpretation f (Q, A
AN Qo) = fx(Qp) N (X N\ fx(Qy)) = . It is obvious that the
statement fy(—Q, A 1 Q,) is false. By Theorem 6 the sequent
—Qy AN 7Q, is not provable. Consequently, the formula
Qo N 7Q, is not PC-provable. [J

We have considered an interpretation of PC in which proposi-
tional variables were interpreted as subsets of some set X and
logical connectives were interpreted as operations on those
subsets. This made it possible to prove the consistency of PC.
Also of interest is the parallelism itself of set-theoretic operations
and logical connectives *.

Of course, the notion of interpretation exceeds the limits of
the calculus itself. It relates to the so-called semantics of the
calculus, in contrast to the notions of formula, rules of inference,
proof, which relate to the syntax of the calculus.

We now consider another interpretation of PC which is very
closely related to this interpretation and will be called the prin-
cipal interpretation of PC. On the set {0, 1} we define the opera-
tions A, V, —, - by means of the following table:

* A useful generalization of this interpretation is given in Exercise 2 of
Sec. 11.
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x y XAy xVy x—y X

0 0 0 0 1 1

0 1 0 1 1 1 )
1 0 0 1 0 0

1 1 1 i 1 0

This table corresponds to rules (1) to (4) of the definition of an
interpretation fl®l when 0 = &, 1 = {J}. Sometimes instead
of 0, 1 the words “‘false’’ and ‘true’’ are used. Then the table will
indicate rules of assigning truth values to the connectives A, V, —,
-, which agree rather well with the use of the corresponding con-
nectives in the English language.

Fix propositional variables Py, ..., P,. Given a mapping f of
the set of elementary formulas {P,, ..., P, } in {0, 1}, by table (1)
fis uniquely extended to the set of formulas of PC whose proposi-
tional variables are among Py, ..., P,. If, besides, f(®) = 1
(f(®) = 0), then we shall say that on the set {f(P,), ..., f(P,))
the truth value of the formula ® is 1 (0) or simply that & is frue
(false) on this set.

Thus, for any formula & with propositional variables among
Py, ..., P, we have a (k + 1)-place function on the set {0, 1}
which assigns to given truth values of the variables P, ..., P, the
truth value of the formula &. This function will be called the truth
function of the formula & (and denoted by Ty (P, ..., P,)). A
formula ¢ with variables among P;, i < k, is said to be identically
true (identically false) if T, (P, ..., P,) takes on the value of truth
(falsehood) on all sets of values of the variables P, ..., P,. It is
clear that this concept does not depend on the choice of P, ...
..., P,. Asequent I' + @ is said to be true on the set (i, ..., t;)
of truth values of the variables Py, ..., P, which contain all the
variables of the sequentI' - ® if on the set (¢, ..., ¢, ) either one
of the formulas of I is false or ® is true. The sequent I'+ is said to
be true on the set (t,, ..., t,) of truth values of the variables
P,, ..., P, among which there are all the variables of the elements
of I if one of the formulas of T is false on (¢, ..., t, ). The se-
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quent + is false on any set by definition and the truth of the se-
quent @ coincides with that of &.

A sequent S is said to be identically true if it is true on any set
(ty» .-+, t; ) of truth values of the variables P, ..., P, which con-
tain all the variables occurring in S. It is obvious that these con-
cepts are also independent of the choice of P, ..., P,.

THEOREM 7. If a sequent S of PC is PC-provable, then S is
identically true.

PROOF. Let D be a tree form proof in PC of the sequent S. We
proceed by induction on the height of the proof D. If S is an
axiom, then the statement of the theorem is trivial. To complete
the proof it is necessary to verify that Rules 1 to 12 remain iden-
tically true. For example, let

'-&;, & - V¥
'V

be an application of Rule 8. If on some set of truth values of the
propositional variables all the formulas of I" are true, then by the
induction hypothesis ® and & — V¥ are true on that set. Hence by
the definition of the operation — the formula ¥ is also true.

The verification of the other rules is also simple and we leave it
to the reader.

Theorem 7 yields another proof of Corollary 1. Indeed, it is
clear that Q) A = Q, is an identically false formula. By virtue of
Theorem 7 therefore the sequent -Q, A = Q, is not PC-provable.

COROLLARY 2. If & = ¥ and the propositional variables of ®
and ¥ are contained among Py, ..., P,, then Ty (P, ..., P;) =
= Ty Py, ..., Pp). B B

PROOF. Suppose that on a set ¢ we have T, (#) = 1. Under the
hypothesis & ~ ¥ is provable. By Theorem 7 we get Ty (f) = 1.
Similarly T, (f) = 1 yields T3(f) = 1. O

We introduce the notation P° = P, P! = =P, Let f =
= (ly, ..., t,) be a set of zeros and unities.

LEMMA 1. An elementary disjunction $ of the form PPV ...
... V P!n takes on the value ‘0 on a uniquesett = (t,, ..., t,)
of truth values of the variables P, ..., P,.

PROOF. The formula ¢ is constructed from formulas P} by
means of the operation V. It follows from the truth table that if
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one of the formulas P/i assumed a value of 1, then ¢ would also
assume a value of 1. Hence P; must assume a value ;. (J

THEOREM 8 (Functional Completeness of PC). Let f be a func-
tion defined on the sets (t,, ..., t,) of zeros and unities and tak-
ing on zero or unit as its value. Then there is a formula of PC
such that its variables are contained among Q,, ..., Q, and
T4 (Qps --» Q) = 1.

PROOF. If f is identically one, then we can take the formula
QoV "Qpas .

We denote a suit (t,, ..., t, ) of elements of the set {0, 1] by ¢
and by f(7) the value of f(t,, ..., £,). Let theset X = (£1f(t) =

= 0} be nonempty. Take as ¢ a formula of the form A (P{V ...

i Tex
... V. Pin). We prove that T, () = 0 is equivalent to f € X. Let
T, (t) = 0. Since & is constructed from conjunctive terms using
the operation A, there is a conjunctive term ¥ which is false on the
set 7. ¥ has the form P{l v ... v P/, where ¢ ' € X. By virtue of
the preceding lemma ¢’ = ¢ and hence f € X. Now let f € X. By
Lemma 1 a conjunctive term ¥ of the form P{! v ... vV Plnis false
on ¢. Again using the fact that ¢ is constructed from conjunctive
terms (with ¥ among them) with the aid of the operation A we
conclude that T, (t) = 0. O

Exercises

1. Suppose that your computational capabilities consist only in the follow-
ing: given a pair of numbers ¢, t, € {0, 1} you can compute_the maximum
max (¢, ¢,;) of those numbers and given ¢ € {0, 1} you can name ¢ € (0, 1} which
is not equal to ¢. Show that in this case you are capable of computing any function

[ assigning to suites <, ..., ¢, ) of zeros and unities, zero or unity. Namely,
for any such function f there is a sequence s, ..., S, such that for any i < k s;is
either a pair (j, m) of numbers smaller than i or a single number smaller than i.
Moreover, if by the given suite (7, ..., #,) of zeros and unities you write a se-
quence g, ..., g of zeros and unities according to the following rule:

(a)if i < n, theng; = ¢;;

(b)ifn <i < kands; = (j, m), theng; = max (g}, gp);

(©ifn < i< kands; < i, then g; = gy, then g, will be the value of f on
{ty, -.., t,>. (Hint. Use Theorem 8. Corollary 2 and the equivalence & A ¢ =
= - (ﬂd) AVARS ‘I’))
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2. Show that if formulas & = ¥ are in principal cnf (principal dnf) and con-
tain the same variables, then {D(X)IX e K(®)) = (DX)IXeK¥)} ((KX)IXe
e D@®)} = (KX)IX € D(¥))).

7. CHARACTERIZATION
OF PROVABLE FORMULAS

THEOREM 9. Let & be a formula of PC. The following three
conditions are equivalent:

(1) ® is PC-provable.

(2) For any ®’ = & which is in cnf and any of its conjunctive
terms ¥ there is an atomic formula P such that P, - P € D(¥).

(3) There is ®’ = ® which is in cnf and is such that for any of
its conjunctive terms ¥ there is an atomic P such that P,
- P e D(¥).

PROOF. (2) = (3)is trivial, (3) = (1) follows from Lemmas 5.5,
5.6 and 4.2(a).

We prove (1) = (2). Let ® be provable. Then any conjunctive
term ¥ of the formula &’ is provable by virtue of Lemma 5.5. Let
D(¥) contain no atomic formula P together with its negation = P.
Consider two sets of atomic formulas, X = {P|P e D(¥)} and
Y = (Pl 2 PeD(¥)}. Under the hypothesis X 0 ¥ = J. Let ¥,
be obtained from ¥ by replacing all subformulas P € X by Q,, and
all Pe Y by = Q,. By the substitution theorem ¥, is provable. Let
¥, be obtained from ¥, be replacing -~ —~Q, by Q,. By
Lemma 5.1(b) and the replacement theorem ¥, = ¥, . Hence ¥, is
provable. It is obvious that D(¥,) = {Q,]}. By Corollary 5.1
Q, = Y,. Hence Q, is provable. From the substitution theorem
we conclude that any formula of X is provable. This is impossible
by virtue of the consistency of PC. [J

Theorem 9 gives a characterization of PC-provable formulas
based on the structure of formulas which are equivalent to them
and are in cnf. Such a characterization will be called deductive.
Now we obtain a semantic characterization of PC-provable for-
mulas based on the notion of truth.
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LEMMA 1. The sequent I, ® +— Y is provable if and only if so is
the sequent ' — & — ¥,

PROOF follows immediately from Rules 7 and 8. [J

LEMMA 2. The sequent T'+ is provable if and only if so is the
sequent ' = Qy A 0 Q.

PROOF follows from Proposition 3.2(c) and (g). OJ

THEOREM 10 (Completeness of PC). (a) For a formula ® of PC
to be PC-provable it is necessary and sufficient that ® is iden-
tically true.

(b) For a sequent S of PC to be PC-provable it is necessary
and sufficient that S is identically true.

PROOF. Necessity is asserted by Theorem 7. Statement (b)
follows from (a), since by virtue of Lemmas 1, 2 and the defini-
tion of the identical truth of sequents and formulas the provability
and identical truth of the sequents ¢, ..., ®, - ¥ and ¢, ...
..., ®, - are cquivalent to the provability and identical truth of
the formulas &, — (¢, — ... = (¢, — ¥)...) and &, — (&, — ... —
- (®, = Oy A 71Qy)...) respectively.

Let ® be an identically true formula and let $’ = & be in cnf.
Suppose that ¢ is not provable. Then @’ is not provable either. By
Lemmas 5.5 and 5.6 there is a conjunctive term ¥ of the formula
&’ such that D(¥) contains no atomic formula P together with its
negation ~P.Let X = {PIlPeD(¥)}and Y = (Pl -PeD(¥)}.
Then X N Y = . If the variables of X take on a value 0 and the
variables of Y take on a value 1, then by Lemma 6.1 ¥ takes on a
value 0. Since &’ is constructed from conjunctive terms (¥ among .
them) using one connective A, ' takes on a value 0 when the
variables of X take on a value 0 and those of Y take on a value 1.
Hence @’ is not an identically true formula. By Corollary 6.2 & is
not an identically true formula either. A contradiction. (J

If a calculus is given and the concept of truth (semantics) of
the formulas of that calculus is defined, then the calculus is said to
be consistent with respect to the semantics if only true formulas
are provable in the calculus. If all true formulas are provable,
then the calculus is said to be complete for the semantics. Of great
importance besides the problem of consistency and completeness
is the problem of solvability of calculus. A calculus is said to be

4—191
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solvable if there is an effective procedure (algorithm) allowing one
to determine for any formula ® in a finite number of steps
whether or not ® is provable. If there is no such procedure, then
the calculus is said to be unsolvable or undecidable.

If the truth of the formulas of PC is defined as identical truth,
then the previous theorem shows that PC is complete and consis-
tent for this semantics. It is obvious that it is possible to find out
in a finite number of steps whether or not a given formula ¢ of PC
is identically true. Since the identical truth and the provability of
& are equivalent, PC is solvable.

When a calculus is given using axiom schemata and rules of in-
ference the question naturally arises as to whether the axiom
schemata and rules of inference are independent. An axiom
schema is said to be independent in a calculus if at least one of its
special instances is not provable in the calculus without that
schema. A rule of inference is said to be independent in a calculus
if it is not admissible in the calculus without that rule. A calculus
is said to be independent if all of its axiom schematas and rules of
inference are independent.

When constructing a calculus one often aims at obtaining an
independent calculus. (Of no small importance here are aesthetic
considerations.) In the remainder of this section we use PC as an
example to present an important method of proving the in-
dependence of calculi *.

PROPOSITION 1. PC is independent.

PROOF. Since there is only one axiom schema in PC, this
schema is independent. To prove the independence of the rules of
inference it is sufficient to find for every rule o a characteristic
property A which is peculiar to all sequents provable using rules
distinct from o and which some of the PC-provable sequents fail
to possess. We restrict ourselves only to formulations of
characteristic properties for Rules 1 to 12, leaving the necessary
verification of the reader.

A characteristic property of Rules 1 to 8 is the identical truth
(Sec. 6) of sequents when a new definition is given to each rule of
one of the logical operations A, V, —, — on the set {0, 1}. The

* See also Exercise 8.1.
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other operations are defined using the table of Sec. 6. Here are the
new definitions of logical operations corresponding to Rules 1
to 8.

Rule 1. The conjunction is defined to be an identically false
function.

Rule 2. The value of the conjunction x A y is equal to the
value of the second term, y.

Rule 3. The value of the conjunction x A y is equal to the
value of the first term, x.

Rule 4. The value of the disjunction x V y is equal to that of
the second term, y.

Rule 5. The value of the disjunction x V y is equal to that of
the first term,

Rule 6. The disjunction is defined to be an identically true
function.

Rule 7. The implication is defined to be an identically false
function.

Rule 8. The implication is defined to be an identically true
function.

Consider a set A = {0, 1, 2,}. A conjunction on the set A is
defined to be a minimum of two numbers and a disjunction is
defined to be a maximum of two numbers. Negation is defined as
follows: = (2) = 0, = (1) = 0, = (0) = 2. Implication is defined
thus: ‘

2, m<n;
m—n =
{n, m > n.

Rule 9. A characteristic property for sequentsI" - & (I' ) is
the following: for the values from the set A of the propositional
variables the minimum of the values of the formulas of I' is less
than or equal to the value of the formula & (is equal to zero,
respectively). The minimum of an empty set of values is assumed
equal to two.

Rule 10. A characteristic property of sequents for this rule is
the presence of a formula on the right-hand side.

Rule 11. A characteristic property of sequentsT' — & (I' ) is
that: if T' = (®,..., ®,) # O, then the sequent &, — & (¥, )
is PC-provable.

4*
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Rule 12. A characteristic property of the sequents I' — &,
I' + is that ' has one element or is empty. []

Exercises

1. Let a formula ® of PC be in dnf. For ¢ to be PC-provable, it is necessary
and sufficient that for any sets X and Y of propositional variables containing no
elements in common there is a formula ¥ € D(®) and sets X, and Y, of proposi-
tional variables such that (X U X;) N (YU Y;) = Jand K (¥) C {PIPe(X U
U X)) U (~PIPe (Y U Y))}. (Hint. Use the PC completeness theorem.)

2. Make the necessary verification of the characteristic properties in the proof
of Proposition 1.

8. HILBERTIAN PROPOSITIONAL CALCULUS

In this section we shall treat an alternative, the so-called
Hilbertian, axiomatization of propositional calculus, PC,.

DEFINITION. The notion of formula in PC, is the same as in PC;
there are no sequents in PC,. The axioms of PC, are obtained
from the following ten schematas by substituting concrete for-
mulas of PC, for the variables &, ¥, X.

1.d - (¥ — &),
2@ -9 —-((2—- (¥ —-X)—~ (@~ X)),
3.(d A V) — B,
4. (P AY) - V¥, !
500-9)—-(®—-X)—~ (@~ (¥YAX)),
6.5 — (®V V),
7.6 — (¥ V&),
. —-X)=- (¥ - X)—~(@VY)— X)),
.- ¥~ (&2 - "¥) — D),
10. - =d — &,
There is only one rule of inference in PC;:
3,0 -V
——

DEFINITION. A proof in PC, of a formula ¢, is a sequence of
formulas ®,, ..., ®, of PC, such that each ¢;, i < n is either an
axiom or is obtained from some ®;, ®,j, k < i, by the rule of in-
ference. If there is a proof in PC, of a formula &, then & is said to
be PC,-provable and this is designated > ®. A derivation in PC,
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of a formula ®, from a set H of formulas of PC, is a sequence
®,, ..., ®, of formulas of PC, such that each &, i < n, is either
an axiom or is in H, or is obtained from some tbj, ®.,j, k' < i by
the rule of inference. If there is a derivation of a formula ¢ from
H, then & is said to be PC,-derivable from H and we write
H > &, with H called a set of hypotheses.

It is obvious that the PC,-provability of ¢ is equivalent to the
PC, -derivability of & from an empty set of hypotheses. Note that
H need not be a finite set of hypotheses, but if # > &, then by
virtue of the finiteness of the derivation of ® from H there is a
finite set H; ¢ H such that A, > &. It is also obvious that if
Hc H and H > &, then H' > &.

The main purpose of this section is to prove the following
theorem which shows in a certain sense the equivalence of PC and
PC,.

THEOREM 11. (a) A sequent ¥, ..., ¥, — & is PC-provable if
and only if ® is PC,-derivable from {¥, ..., ¥,}. In particular,
the sets of PC- and PC,-provable formulas coincide.

(b) A sequent ¥, ..., ¥, + is PC-provable if and only if the
Jormula Q, N =~ Qy is PC,-derivable from (¥, ..., ¥, }.

Before proving Theorem 11 we develop some theory of PC,-
derivability.

EXAMPLE 1. Let & be a formula of PC,. A sequence of the
following five formulas will be a proof of the formula ® — & in
PC,:

1) ® — (@ — ®)is an axiom,

2)® — (¢ — ¢) — &) is an axiom,

B3N@—-@-2N—-((2—-(2—P)—P) — (P~ P)isan
axiom,

4) (@ — (® — ) - &) — (@ — ) by the rule of inference
for (1) and (3).

(5) ® — & by the rule of inference for (2) and (4).

A rule of inference

is said to be PC,-admissible if its addition to PC, does not enlarge
the family of formulas derivable from H for any set of hypotheses
H.
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A quasi-derivation in PC, of a formula ®, from a set of
hypotheses H is a sequence of formulas @, ..., &, such that each
®,, i < n, is either PC,-derivable from H or is obtained from
some preceding formulas by a PC, -admissible rule of inference. It
is obvious that if there is a quasi-derivation in PC, of a formula &
from the set H, then & is PC,-derivable from H.

THEOREM 12 (Deduction). [f H U [} > ¥,then H > & — V.

PROOF. By induction on the minimal n for which there is a
derivation ¥, ..., ¥, of a formula ¥ from H# U {®]. If n = 0,
then either (1) ¥ = & or (2) ¥ is an axiom or occurs in H. In the
former case, by virtue of Example 1 the formula & — ¥ is
derivable from H. In the latter case the sequence

Y. ¥ —-(®—-Y), -V

is a derivation in PC, from H. Let n > 0. From the minimality of
n we conclude that ¥ is obtained from ¥; and that ¥, = (¥; — ¥)
for i, j < n by the rule of inference. Then by the induction
hypothesis the sequence

o~ V¥, %~ (¥, ~ V),
@—-¥)—~ (- (Y, —- V) —(®— V),
@— (¥~ ¥)— @—~¥),&—~¥

is a quasi-derivation of & — ¥ from H. OJ

For many formulas of PC, the deduction theorem facilitates
substantially the establishment of their PC, provability. Thus, in
the following example but for the deduction theorem it would be
necessary to give a much more lengthy proof.

EXAMPLE 2. Let @ and ¥ be formulas of PC,. We show that the
formula & — (¥ — (® A ¥)) is PC,-provable. By the deduction
theorem it suffices to show that {®, ¥} > & A ¥. The following
sequence is the required derivation:

1) ® — ( — ) is an axiom,

2) ¥ — (® — V¥)is an axiom,

B)@—-P)— (P—V¥)— (@ — P A V¥)))is an axiom,

(4) ¢ is a hypothesis,

(5) & — & by the rule for (1) and (4),

(6) ¥ is a hypothesis,
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(7) & — ¥ by the rule for (2) and (6),

B) (@ — ¥) — (® — (¢ A V¥)) by the rule for (3) and (5),

©) ® — (@ A ¥) by the rule for (7) and (8),

(10) & A ¥ by the rule for (4) and (9).

Before proving Theorem 11 we establish one more technical
fact.

COROLLARY 1. {®;, ..., ®,} > & is equivalent to >%, —
- (®, — ... (&, — ®)...) which is in turn equivalent to > (®, A
ANEA..(D,_ ND)...)) — .

PROOF. In one direction we apply the deduction theoremn + 1
times. Now let >&, — (¢, — ... (¥, — ®)...). Then (&, ...
@} > &) — (@, — ... (®, — ®)...) and applying the rule of in-
ference several times we get {®,, ..., ®,} > ®. Using several times
Example 2 and the rule of inference we get {&, ..., ®,} > &, A
A& A...(®,_ A $,)...) and applying several times Axioms 3, 4,
and the rule of inference we get (oA (@A ... (P, _ A S,)...)} >
> &, for any /i < n. Hence (&, ..., ®,} > & is equivalent to the
derivability of {®, A (&, A ... (, _ , A ®,)...)} > &, which has
already been shown above to be equivalent to > (®, A (¥, A ...
e (B, - AND)).) — 2.0

PROOF OF THEOREM 11. By virtue of Corollary 1 and Lemmas 7.1,
7.2 it suffices to show that the PC provability of ¢ is equivalent to
the PC, provability of . It is easy to verify that all the axioms of
PC, are identically true and that the rule of inference of PC, re-
mains identically true. By the PC completeness theorem therefore
> ¢ implies the PC provability of &.

We shall say that a rule of inference of PC remains derivable
in PC, if after replacing in it the sequents ¥, ..., ¥, — & and
¥, .., ¥, by (¥,..,¥]> ®and (¥, .., ¥, ] > QA
A 1 Q, respectively, the truth of the statements above the line will
imply the truth of the statement below the line. It is clear that to
prove that the PC provability of ® implies > @ it suffices to show
that Rules 1 to 12 remain derivable in PC,. That Rules 1 to 5 re-
main derivable is easy to show using Example 2 and Axioms 3 to
7. Let {¥y, ..., ¥\, @} > ¥; (¥, ..., ¥, X} > ¥; (¥, ...
¥l > evX

By the deduction theorem

(¥, ..., ¥}>®—-¥ and (¥,,..,¥}> X—-V.
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Applying the rule of inference of PC, to Axiom 8 three times
we get (¥,,..., ¥ ] > ¥. Hence Rule 6 remains derivable.
Rule 7 corresponds to the deduction theorem, Rule 8 corresponds
to the rule of inference of PC,. We prove that Rule 9 remains
derivable. Let {¥,, ..., ¥, =®} > Q, A = Q,. From Axioms 3
and 4 we get (¥, ..., ¥,, " ®} > Qyand (¥, ..., ¥, 7 ®} >
> —Q,. By the deduction theorem we get

(¥, ..., ¥, } > ~® — Qpand (¥,,..., ¥, ) > & — =Q,.

Then Axioms9 and 10 yield {¥,,..., ¥, } > &. Consider
Rule 10. Let {¥,, ..., ¥, } > ®and {¥,, ..., ¥,} > =&. From
Axiom 1 we gét

(¥, ..., ¥, } > 2 (QyA Q) — &
and
(¥, ..., ¥, } > (QyA Q) — —®.

Axioms 9 and 10 then yield {¥,, ..., ¥, } > Qy A = Q,. That
Rules 11 and 12 remain derivable follows immediately from the
definition of derivation in PC,. [J

Exercise

1. Prove that PC, is independent. (Hint. Use the same method as for PC. To
prove that Schemata 1 and 2 are independent the logical connectives are defined
on the set {0, 1, 2} and to prove that schemata 3 to 10 are independent the logical
connectives are defined on the set {0, 1}. For Schema 1 the connectives are de-
fined like this: (n Am) = min (n, m), nVm = max (n, m), 70 = =1 =2,
~2=0,(n—-m)=2ifn < mand (n - m) = 0if n > m. For Schema 2 we
have: OAmM)=mA0 =1, Ov0o) =1 -2=1, 0—-0=Q2—-0) =
=2 —=1)=1, (1 - 0) = 2 and the other values of the connectives are as for
Schema 1. The characteristic property of formulas in proving the independence of
Schemata 1 and 2 is that of being identically two.

9. CONSERVATIVE EXTENSION OF CALCULI

Given two languages L, C L, and two calculi, I, of L, and 7,

of L,. I, is said to be a conservative extension of I, (designated
I, < I,) if an expression ¢ of L is I,-provable if and only if ¢ is
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I,-provable. It is obvious that the relation < is reflexive, tran-
sitive and we have

PROPOSITION 1. If Iy < I, and I, is consistent, then I, is consis-
tent. [

Let PC(~) be the calculus obtained from PC by removing from
the alphabet the symbol — and dropping Rules 7 and 8.

PROPOSITION 2. PC(—) < PC.

PROOF. Let a: F — F be the mapping defined in the proof of
Lemma 5.2. We extend « to sequences of formulas and sequents:

a(®,, ..., $,)) = (ad,, ..., ad,),
al &) = o) - a(®), al+) = a)+.

Since a(®) = & for a formula & without implication, it suffices to
show that if a sequent S is PC-provable, then the sequent «(S) is
PC)-provable. If D is a tree form proof of the sequent S in PC,
then by induction on the height of D we shall construct a quasi-
derivation D * of the sequent «(S) in PC(=), If D is an axiom for
PC, then it is obvious that D* = «(D) is an axiom for PC(~), Let

Dy; ...;D,,'
S

D =

If the last passage in D is effected by rules different from Rules 7
and 8, then obviously
_ Dt ...;Dp

D‘
a(S)

will be a quasi-derivation in PC(~) in which the last passage is ef-
fected by the same rule as in D. If

_Dy; D,

D ,
r-«¢

where D,, D, are proofs in PC of sequentsI' - ¥, ' - ¥ — ¢
respectively, then as D* we take the following tree:

a(®), a(®), 2 a(¥) -
~a(¥) - oY), ma®), o@) - na(Y); D
D¢ al), "a(®) - ~a(¥)
a), = a(®) +
a(l') + a(®)
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i -
T TrVY -3
where D, is a proof in PC of the sequents I', ¥ ~ ¢, thenas D*
we take the following tree:
Dy
al), a(¥) - "a(¥) V a(®); ~a(¥) - "a(¥)V a@); —a(¥) V na(¥) o
al) - ~a(¥) V o) ’

Let PC(—V) be the calculus obtained from PC by removing
from the alphabet the symbols —, vV and dropping Rules 4 to 8.

PROPOSITION 3. PC(™ V) < PC.

prROOF. We denote the set of formulas of PC without the sym-
bol — by F(-). We define a mapping 3: F(~) — F(=) as follows:

(a) if ® contains no sign Vv, then 3(®) = &;

() if & = (¥ Vv X), then B(®) = ~(=B(¥) A =B(X));

©if® = (¥ AX),® = V¥, then 8(®) = B(¥) A B(X)),
B(@) = —B(Y).

We extend 8 to sequences of formulas and sequents:

B(P, ..., ®,)) = (B, ..., BP,),
BT + @) = M) + B(P), BTH)=p6T)+.

By virtue of (a) of the definition of 8 and Proposition 2 it suffices
to show that if the sequent S is PC(~)-provable, then B(S) is
PC(=: V)-provable.

For any tree form proof D of the sequent S in PC(~) we shall
construct by induction on height a quasi-derivation D * of a se-
quent 3(S) in PC(— V), If D is an axiom of PC(™), then it is ob-
vious that D*= (D) is an axiom of PC(— V), Let

If the last passage in D is effected by rules different from Rules 4
to 6 for PC, then it is obvious that

- D¢; .- Dip
B(S)

will be a quasi-derivation in PC(~» V),

*
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Let

- D,
r-¢vy

and let the last passage in D be effected by Rule 4 for PC. Then
D ¥ will be a quasi-derivation of the sequent 3(T') + G8(®) and we
may take the following tree as D *:

Df; M), 7B@) A ~B(¥) = 2B(P)
BI), ~BE@E) A ~B(Y¥) +
BI) = ~(=B@) A 2B(Y)

Similarly treated is the case where the last passage in D is an ap-
plication of Rule 5.

Before treating the case where Rule 6 is applied we prove the
PC(= V) admissibility of the following rules:

o+ V¥ I', o+
Q) —m— b) ———M—;
()I‘,—\ﬂ@i—‘l' ()I‘,ﬂ-‘@}—

I, &+ '+~ V¥
€) ————; d) —————
()I‘l—ﬂ@ ()I‘,—|\I'|—-1<I>

The PC(—V) admissibility of rules (a) and (b) will be
demonstrated simultaneously by induction on the height of the
proof D in PC(—> V) of the sequents ",  — ¥ (I', &+ ). If D is the
axiom X + X, then the quasi-derivation in PC(—> V) of the se-
quent = =X + X will be the following tree:

ﬂX}—ﬂX;ﬁﬁXI—ﬂ“!X
aa X, 0 X -
A XEFX

If D is not an axiom, then the provability of the sequent I,
= =% + ¥ (the sequent I'y, = -~ &+ ) is immediate from the in-
duction hypothesis. Let a sequent I', & be PC( V)-provable.
Then rule (b) yields the provability of I', = = &+ and Rule 9 yields
the PC(—: V) provability of I' -~ —®. We now show that rule (d) is
PCV).admissible. From the PC(—V)-provable sequent T,
® +— ¥ and the axiom =¥ — - V¥ we obtain the sequent I', = ¥,
& using Rules 10 to 12. From the PC(~: V) admissibility of rule
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(c) we obtain the PC(—V) provability of the sequent T,
V¥ - d,
Now let

_ Dy; Dy; Dy
'+v

D

be a proof in PC(~) the last passage in which is effected by Rule 6.
By the induction hypothesis there are quasi-derivations D}, D}
and D} in PC(— V) of the sequents

BI), B(®) + B(¥);
BI), BX) = B(¥) and BT) = ~(=B(R) A ~B(X))

respectively. By the PC(~ ) admissibility of rule (d) the following
tree will be a quasi-derivation in PC(—Y) of the sequent

B(M) + B(¥):

Dt D3
B), ~B() - ~B(®) BD), =B(¥) - =B
B), ~B(Y) = @) A ~B(X;D3
BD), “BWF
BO) F 6®

.

So far we have treated extensions of the languages of calculi resulting only
from extending their alphabets. We now discuss an extension LG of the language
of PC(—: V) whose alphabet and formulas are the same as in PC(~> V) but the se-
quents are defined like this: if I' and © are sequences of formulas of PC(~=: V), then
I' ~ O is a sequent of the language LG.

Now we define the calculus G of the language LG. The axioms of G, will be
sequents of the form P, I' ~ O, P, where P is an atomic formula and ", © are se-
quences of atomic formulas. The rules of inference for G, will be the following:

(I)I‘I—G,Q;I‘}—O,‘l’ (S)I‘}-A,d>,‘ll,0
'r-0,oAvy '’ A V¥,%,0°
P, ¥, I'—-0O ', v,A+~ ©
2 ——, ©6) ————,
dPAVY,T+-0O v, ®, A+ 0O
T+ 0O r-o,% ¢
Q) ———- N ——
I'6, ¢ '-o6,9¢
'-06,% $,d,T+0O
©) , @) 2—>1——,

-®,TI'+— 0O ®,THO
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where &, ¥ are variables for the formulas of Gyand T, ©, A are variables for the
sequences of formulas of Gy.

In the remainder of this section, formulas and sequents, unless otherwise
stated, are formulas and sequents of G.

LEMMA 1. Let the sequent T' - © be Gy-provable and let sequences T'; and ©,
contain among their terms all the terms of the sequences T' and © respectively.
Then the sequent T'y + ©, is Gy-provable.

PROOF. We show by induction on the length of ¢ that for any sequences of for-
mulas I and © the G provability of the sequent I' - © implies the G provability
of the sequents &, I' —~ © and I" + O, &. The statement of the lemma is obtained
from Rules (5) to (8).

If ® is an atomic formula and D is a proof in G, of the sequent I - O,
then it is obvious that by replacing in D each sequentI'” — @’ byI'’,® ~ O’ (by
I'" + ¢, 0’) weobtain a proof in G, of the sequent ', & + O (thesequentI’ - &,
0). Applying rules (5), (6) we obtain the provability of the sequents &, I' + O and
I+~ 96,9%.

Let ® = ¥ A X and let the sequents X, ' - 8; ' + 06, ¥; T - 8, X be
Gy-provable. From the induction hypothesis we obtain the provability of ¥, X,
I’ ~ O and using rule (1) we obtain the provability of I' -~ 6, ®. By means of rule
(2) we also obtain ¢, " — O.

If & = - ¥ and the sequents ¥,T' - ©; T ~ O, ¥ are Gy-provable, then the
G, provability of the sequents , I' - © and I + O, & is obtained using rules (3)
and (4). O -

LEMMA 2. (a) If the sequent T +— ©, ® A ¥ is Gy-provable, then so are the se-
quentsT' —~ ©andT + O, V.

(b) If the sequent & A ¥, T' + O is Gy-provable, then so is the sequent &, ¥,
I+~ 6.

(c) If the sequent T' — ©, —® is Gy-provable, then so is the sequent ®,
T+ 6.

(d) If the sequent ~ &, T + O is Gy-provable, then so is the sequentT' — ©, ®.

PROOF. We prove statement (b). The proof of the other statements is similar
and it is left as an exercise to the reader.

A passage in a proof D is said to be essential if it is effected by rules different
from interchange rules (5), (6). If D is a tree form proof in G, then by D* we
denote the tree obtained from D by removing all the sequents beneath the sequent
which is the conclusion for the last essential passage in D.

By induction on the number of essential passages in the tree D we shall prove
the following statement: if D is a proof in G, of the sequent 'y, ® A ¥, T, - O,
then there is a proof D, of the sequent Ty, ®, ¥, I'; - 6, the number of essential
passages in D, being less than that of essential passages in D. .

Let D* be of the following form:

D’
&, ¥, T+~ 0O’
AV, T -0
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Then as the required D, it is possible to take some tree D, for which

D’ *
Df=(—--——).
¢, ¥, I+ 06’

Let D* be of the following form:
D’
PAVY,PAVY, T - 0O’
PAY, T 0O’

Denote by nj the number of essential passages in D. By the induction hypothesis
there is a proof D, of the sequent ®, ¥, ® A ¥, '’ O with thc number of essen-
tial passages < n, — 1. Again by the induction hypothesis there is a proof D; of
the sequent ¢, ¥, &, ¥, I'" - O’ with the number of essential passages < ny — 2.
As D, one may then take a proof of the sequent '\, &, ¥, I’y — O such that D is
D,
$, ¢, ¥, ¥V, '+ 0’

¢, ¥V, ¥V, I+ 0’

v,e, ¥, T +06’

v, ¥,¢, T+ 0’

¥,o,TI' 06’ ’

It is clear that the number of essential passages in D, is less than ny — 2 +
+ 2 = ng.
Let D* be of the following form:
D’ D"
M, eAv¥,I'y-0",X, I'[,oAV¥, T; -6, X,
T{,8AVY,T3-0".X AX, ’

By the induction hypothesis there are proofs D and D{ of the sequents '}, &, ¥,
I'y-0’,X,and Ty, ¢, ¥,I'; - 6, X, respectively and the number of essential
passages in D, D|" is less than that in the trees:
D’ D"
T, 8AV¥,T3+-0",X, T[,e8A¥T;+0"X,

respectively. As the required D, we then take a proof of the sequent T';, &, ¥,
I'; + O such that
_ D{;Dy

I{,® ¥, T30, X, AX,

Dy

The other forms of the last essential passage in D are treated similarly. O

LEMMA 3. If the sequents T' +— O, &, and &, I'' + ©' are G,-provable, then
the sequent T, T'' + O, ©' is Gy-provable.

PROOF. An essential passage in a tree form proof D is a passage by rules dif-
ferent from interchange rules (5) and (6).
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Let & be an atomic formula. In this case we shall prove the lemma by induc-
tion on the number of essential passages in the proof D of the sequentI' + 6, ¢. If
D has no essential passages, then I' — 6, ® differs from the axioms only in the in-
terchange of formulas. Hence either ® e"or ¥ € I', ¥ € O for some atomic ¥. In
the former case the provability of I', I'” + 6, 6’ follows from that of ®,I'" - 6"’
and Lemma 1. In the latter case the provability of ', ' + 0, 6’ follows from the
axiom ¥ + ¥ with the aid of Lemma 1. Let a proof D of the sequentI' — 6, ¢
have n > 0 essential passages. Let the last essential passage in D be an application
of rule (1):

T, - 6,6, ¥:T, - 6,%.06, X
T, - 6,,& 6, ¥AX

3

where the sequences I'y and (6, ®, 6,, ¥ A X) are interchanges of the sequences
I' and (O, ). Using the interchange rules we obtain from the induction
hypothesis the provability of the sequentsI',T'* + 6,,0,,0', ¥ andT', T’ + 6,,
0,, 0’, X. Applying rule (1) and the interchange rules we obtain the provability of
the sequent I', '’ +— ©, ©’. The cases of applying the other rules in the last essen-
tial passage for an atomic formula ¢ are treated similarly.

We continue the proof of the lemma by applying induction on the length of ¢.
LetI’ — 6, ®and &, T’ - O be G,-provable.

If # = ¥ A X, then by Lemma 2 the sequents " — 6, ¥; " — 6, X and ¥,
X, T + O’ are provable. From the induction hypothesis we first obtain the prov-
ability of the sequents I', X, I'’ + 6, 6’ and then that of the sequent ', T,
I'" + 0, 6, 6’. The provability of the sequent ', '’ + 6, 6’ can now be obtain-
ed using structural rules (5) to (8).

If & = V¥, then by Lemma 2 the sequents ¥, ' - © and "' — 6’, ¥ are
provable. By the induction hypothesis we get the provability of I'’, I' +~ 6, © and
hence that of I', T + ©, 67, too. [J

If © is a sequence ®,, ..., ¢, of formulas of the calculus G, , then by -6 we
shall denote a sequence ~ &, ..., ¢,.

LEMMA 4. If the sequent T' — © is Gy-provable, then the sequent ~ 0, '+ is
PC-provable.

PROOF. By induction on the height of the proof D of the sequentT" - © in G.
It is suggested that the reader should use his experience with the proofs in PC ac-
quired in the preceding sections.

PROPOSITION 4. PC(=: V) < G,,.

PROOF. If the sequent I' — O, where © contains at most one term, is
G,-provable, then it follows from Lemma 4 and Proposition 3 that I' + O is
PC(=. V)-provable.

Consider a PC(=. V)-provable sequent S. By induction on the height of the
proof D of the sequent S in PC(—» V) we show that S is G,-provable.

Let D be the axiom & + & for PC(~=. V), If & is an atomic formula, then
¢ +~ ¢ is an axiom for Gy. If # = ¥ A X and ¥ — ¥, X ~ X are Gy-provable,
then it follows from Lemma 1 and rules (1), (2) that & ~ & is G,-provable. If
$ = —¥and ¥ V¥ is G-provable, then it follows from rules (3), (4) and (6) that
the sequent & +— ¢ is G,-provable.
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Suppose that the height of D is n > 0 and for all sequents S * with a proof in
PC(=:V) of height < n the G, provability of S is established. If the last passage in
D is effected by Rule 1 or 11 for PC, then the G, provability of S follows from the
induction hypothesis and rules (1) and (6) for G,.

If D has one of the following forms:

D’ D’ D’
'-®A V¥ '-®A V¥ ', &+
r-¢ '’ r~v ' '-% '’

then the G, provability of S follows from the induction hypothesis and Lemma 2.
If the last passage in D is effected by Rule 12 for PC, then the G, provability
of § follows from the induction hypothesis and Lemma 1.
Consider the’last of the possible cases, where D has the form
D’ D"
'-¢; I'r ¢
T+ '

By the induction hypothesis and Lemma 2 we obtain the G provability of the se-
quentsT" +— ¢ and ¢, T' . Applying Lemma 3 and rules (6) and (8) yields the G,
provability of the sequent I' . OJ

The calculus G, is part of the calculus G proposed by Gentzen. In comparison
with the calculi we have studied Gentzen calculi are more convenient in analysing
and searching for formal proofs. This is accounted for by the main feature of these
calculi which, roughly speaking, is that the complexity of formulas may only in-
crease when the rules are applied. The calculus G will be treated at length in
Chapter 6. Here we shall only use the above property of the calculus G, to obtain
the consistency of PC without resorting to the notion of interpretation of a
calculus. Indeed, consider the sequent Q. It is easy to motice by induction on
height that if D is a proof of a sequent S in the calculus G, and there is an occur-
rence of a formula in D containing the logical connective A or -, then that logical
connective must occur in S. Therefore, if the sequent —Q, is G,-provable, then it
can be obtained from an axiom by means of rules (5) to (8) alone, which is ob-
viously impossible. Hence the calculus G, is consistent. Applying Propositions 1 to
4 yields the consistency of PC.

Exercises

1. Show that PC(=. M < PC, where PC(—: N is obtained from PC(~) by
removing from the alphabet the symbol A and the corresponding rules.

2. Show that PC(-++ V. =) < PC, where PC(—: V. 7) is obtained from PC(~: V)
by removing from the alphabet the symbol - and the corresponding rules. (Hint.
Use the PC completeness theorem.)



Chapter 2

SET THEORY

10. PREDICATES AND MAPPINGS

All the objects this book studies are sets, although they are
named differently: words, symbols, collections, numbers, func-
tions, formulas and so on.

From an intuitive point of view, not all mathematical objects
are sets, of course; it is difficult, for example, to think of a paren-
thesis or a propositional variable as sets. They can be identified
with sets, however, by means of suitable conventions (coding). In
particular, the parenthesis can be identified with the set {{}]}.
This method is fruitful, and such a convention * is adopted in this
book. As the axiom for set theory we admit the axiom of exten-
sionality which states that two sets with equal elements are equal;
in other words, any set is determined by its elements.

Ifa,, ..., a, are all elements of a set A, then by virtue of the
axiom of extensionality the set A4 can be denoted by {a,, ..., a,}.
[t is not assumed that a;, ..., @, are pairwise distinct. It is clear
that the same set 4 may have many such designations, for exam-

ple,
{a,b,a} = {a,b,b) = [a, b} = (b,a]}.

The sets &, (D ),{J,{D}} and so on (each subsequent set con-
sisting of all the previous ones) are called natural numbers and
designated respectively 0, 1, 2 and so on. The set of all natural
numbers is denoted by w. Words «, «, ... «, and finite sequences
a0y, ..., a, will be identified with ordered collections {a,, ...
..., a, y of elements «y, ..., a, which we shall now define by induc-
tion on n.

* For some objects, which are not sets from an intuitive point of view, we fix
their coding in terms of sets (as for the natural numbers), for others we do not
specify their coding since they are not involved in our arguments, the only impor-
tant thing being separating these objects out among other sets occurring in this

book.

5—191 65
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DEFINITION. An ordered collection ¢ ) of an empty set of
elements is equal to &. An ordered co'lection {(a ) of one element
a is equal to a. An ordered collection {a, b) of two elements @ and
b is called an ordered pairandis { {a }, {a, b}}.If n > 2, then an

ordered collection <(a,, ..., a,) of elements a,, ..., a, is an
ordered pair {{a,, ..., a, _ ), a,).
An ordered collection (a,, ..., a,) will sometimes be called a

suite and n will be the length of the suite, (a,, ..., a,), the length
of an empty suite ¢ ) being zero. A suite of length n > 2 will be
called an ordered n-tuple or simply an n-tuple (a triple, a quadru-
ple and so on). The identification of words and sequences with
ordered collections is possible due to the following proposition.

PROPOSITION 1. If (a,, ...,a,> = (b, ..., b,), then a, =
=b,,..,a,=b,.

PROOF. [t follows from the definition of an ordered collection
that it suffices to prove the proposition for n = 2. From the con-
dition (a,, a,> = (b, b,) and the definition of an ordered pair
we have {a,} € (b,, b,). Since (b, by) = {(b,}, (b}, by}], we
have {a,} = (b,) or {a,} = (b, b,} and so b, € {a,]}, i.e.
b, = a,. Itis easy to notice that if {x, y} = {x, z}, theny = z.
Hence from the obtained equation {{a,}, (a,, a,}} = ({a,},
{a,, by} we first get {a,, a,} = {a,, b,) and then a, = b,. UJ

DEFINITION. (3) A set {(&,, ...,a,)la,€ A, ...,a,€A,} is called
a Cartesian product of sets A,, ..., A, and denoted by 4, X ...

. X A, If X € Ay X ... X A,, then the set of all a € A4, for
which there are @, ..., ¢, _ |, @, , |, ..., a, such that (aq,, ...
vy @ _ 1y, @, @ 4, -, @) € X is said to be a projection of X and
denoted by 77 X.

b)IfA, =..=A4,=A,thenAd, X ... X A, is said to be
the Cartesian n-power of a set 4 and denoted by A”. If n = 0,
then by definition we set 4A° = (D }.

(c) Subsets B ¢ A" will be called n-place relations or
predicates on A. We shall say that B is an n-place relation or
predicate if B is an n-place relation on 4 for some set A.

(d) If B is a two-place relation, then the two-place relation
{{a, b)Yl (b, a) € B} is said to be the inverse of B and denoted by
B~
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(e) If B, C are two two-place relations, then the two-pl: ce rela-
tion
{¢a,c)l<a,bye B and <(b,c) e C for some b }

is said to be a composition or product of two-place relations B, C
and denoted by (BC) or B-C.

Since {a) = a, we have A! = A and so the subsets of 4 are
one-place predicates on A.

Notice that there are only two 0-place predicates, & and {J }.
It is immediate from the definition of B~ !that B = (B~')~ L.

PROPOSITION 2. [f B, C and D are two-place predicates, then

) ((BC)D) = (B(CD)).

PROOF. Let (x, y)e (BC)D). Then for some u and v we have
(x,u)€B,{u,vyeCand(v,y) € D. Thus<u, y) € (CD) and
{x, y) € (B(CD)). The inclusion (B(CD)) ¢ ((BC)D) is proved
similarly. (J -

The associativity of a composition, proved in Proposition 2,
allows the composition ((BC)D) = (B(CD)) to be denoted by
(BCD). For the same reason, uniquely defined is a composition of
n predicates (B,, ..., B,). Note that the commutativity
(BC) = (CB) does not hold for a product of predicates (give an
example).

DEFINITION. A two-place relation U on a set A4 is said to be

(a) a diagonal A% and denoted by id,ifU= {{a,a)laeA};

(b) reflexive on A if id, c U;

(c) symmetric if U = U™},

(d) transitive if (UU) c U,

(e) an equivalence on A if U is reflexive, symmetric and tran-
sitive;

(f) antisymmetricif U N U~ C id,.

For example, the predicate {{(m, n)|m and n are mutually
prime natural numbers} is symmetric but not reflexive and not
transitive on w and the predicate ({(m, n)l(n — m) > 0,
n, m € w} is transitive on w but not symmetric and not reflexive
on w.

If Uis an n-place relation on A and B C A, then the relation U
N B"on the set B is said to be a restriction of the relation U to the

5*
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set B. It is obvious that restrictions of relations of types (a) to (f)
in the preceding definition to any B € A4 will also be the relations
of the corresponding types (a) to (f).
EXAMPLE 1. We say that R = {A4,lie ]} is a partition of a set 4
if U 4, = Aandforanyi,je/leitherd,= A;0r4,NA, = .
rel
Let R = [A;li € I'} be a partition of the set 4. We define the
following two-place relation on A4:

Ep, = {{a,b)la,be A, forsome iel].

It is obvious that Ej is an equivalence on A.

If E is an equivalence on the set A, then the sets E, =
= {al(a, x) € E} for x € A will be called classes of equivalence
with respect to E.

It is easy to show that any equivalence on the set A can be ob-
tained by the method of Example 1. Indeed, let E be an
equivalence on 4 and let R, = [E, lx e A}. It follows from the

reflexivity of E that x € E,, and hence {J E, = A. It follows
x€eA

from the symmetry and transitivity of E that if (x, y) € E, then

E, = E,andif (x, y) ¢ E, then E, N E, = &. Thus the set R of

equivalence classes with respect to E is a partition of 4 and

ERE = FE.

DEFINITION. () A two-place relation fis said to be a mapping or
Sfunction if for any a, b, c in {a, b) € f and {a, c) € f we have
b = c. If f is a mapping, then the set 72 f'is said to be the domain
of fand denoted by dom f and the set 7% f is said to be the range of
f and denoted by rang f.

(b) A mapping f is said to be distinct-valued if f ! is also a
mapping.

(c) A mapping f is said to be a mapping of 4 into B if dom f =
= A and rang f C B.

(d) A mapping f is said to be a mapping of A onto B if dom
f = A and rang f = B.

(e) A mapping f of a set A" into A is said to be an n-place
operation on A.

It is obvious that the diagonal id, of the set 42 will be a
distinct-valued one-place operation on 4. The diagonal id , of the
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set A% will also be called an identity operation on A in what
follows.

The notation f: 4 — B will designate in the sequel that fis a
mapping of 4 into B and the notation f: A —» B will designate
that f is a mapping of A onto B.

PROPOSITION 3. (a) If f: A — B and g: B — C, then (fg):
A - C.

®YIff:A »Bandg: B » C, then (fg): A - C.

(c) If f is a distinct-valued mapping of A onto B, then f ~lisa
distinct-valued mapping of Bonto A, f+f ~' = id jand uf ~'-f =
= id,.

(dB) If f and g are distinct-valued mappings, then f-g is also
distinct-valued and (fg)~' = (g~ 'f V).

The proof of this proposition is left as an exercise to the
reader. (]

If fis a mapping and {a, b ) € f, then b is said to be the value
of f at the element a and denoted by f(a) or fa.

If fis a mapping and A C dom f, then the set { falae A} is
said to be the image of a set A under the mapping f and denoted
by f[A] and the mapping f N (A X rang f) is said to be the
restriction of f to A and denoted by f t A.

It is clear that an n-place operation is an (7 + 1)-place relation
and the 0-place operation f: A% — A is ((J, a) ) for someac A.
The 0-place operation {(<, a)} on A will often be called a con-
stant on A and identified with the element a.

If fis an n-place operation on A, then the condition (a,, ...
...y a,, b) € f will be written as: f(a,, ..., a,) = b. For n = 0 this
will be f() = b, i. e. f = b, which agrees with the adopted iden-
tification of a constant with its value.

If fis an n-place operation on 4 and B C A, then the set B is
said to be closed under the operation f when a,, ..., a, € B implies
f@,,...,a,)eB.

Exercises

1. Suppose U is a transitive two-place relation on a set 4, (a, @) ¢ U for any a
and for any a € A there is b such that <{a, b) € U. Show that A4 is finite.

2. Prove Proposition 3.

3.Iff: A — B,g: B - A and (gf) = idg, then f is distinct-valued and

g=/""
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I1. PARTIALLY ORDERED SETS

Among the various types of relations some are of fundamental
importance not only for mathematical logic but also for the whole
of mathematics. In the preceding section we have already treated
one of such relations, that of equivalence. Now we define another
two very important types of relations.

DEFINITION. (a) A relation U on a set A4 is said to be a partial
ordering on A if it is reflexive, transitive and antisymmetric.

(b) A partial ordering U on A is said to be a /inear ordering on
A if at least one of the following conditions: {a, b)Y e U, {(b,a) €
e Uora = b holds for any a, b € 4.

It is obvious that restriction of a partial (linear) ordering on A
to any subset B C A is a partial (linear) ordering on B.

An important example of a partial ordering on the set A4 is the
relation {¢a, b)la, b € A, a C b} and an example of a linear
ordering is the relation {{(a, b)la, b € X, a < b}, where X is
some subset of the real numbers.

DEFINITION. (a) If U is a partial ordering on A, then the pair
A = (A, U) is said to be a partially ordered set (abbreviated
poset).

(b) If Uis a linear ordering on A, then the pair ¥ = (A4, U) is
said to be a linearly ordered set.

Let % = (A, U) be a partially ordered set. The element a,€ A
is said to be the upper (lower) bound in ¥ of a subset A, C A if
(b, ay,yeUC(ayb)eU)forallbe A,. The upper (lower) bound
in Y of A is the greatest (least) element in Y. An element a € A is
said to be maximal (minimal) in U if <a, x) € U (respectively
(x, a) € U) implies x = a. It is clear that the greatest (least) ele-
ment is maximal (minimal), and if U is a linear ordering, then the
element maximal (minimal) in ¥ is also the greatest (least) in %[. It
is obvious that if the greatest (least) element in ¥ exists, then all
the maximal (minimal) elements are equal.

If B is a set of upper boundsin¥ = (A4, U) ofaset A, C A4,
then the least element in (B, U N B?) is said to be the least upper
bound (abbreviated lub) in A of the set A, and denoted
sup (4,, ¥). Replacing in the preceding definition ‘‘upper’ and
“‘least’’ respectively by ‘‘lower’” and ‘‘greatest’’ we obtain the
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definition of the greatest lower bound (abbreviated glb) of 4, in A
which will be denoted by inf (4, ¥). It is clear that sup (4,, %)
and inf (4, ¥) are uniquely determined by A4, and ¥ if they exist.

DEFINITION. A partially ordered set A = {4, U) is said to be a
lattice if for any a, b € A in A there are sup ({a, b}, A), and
inf ({a, b}, A) which will be denoted by @ U¥ b anda N¥ b. A
lattice A = (A, U) is said to be distributive if for anya, b,ce A
the operations U¥ and N¥ satisfy the following conditions:

D) aU¥ bN¥c)=(@U¥ b)N¥@U¥c);
DY)anN¥ BUYc)=@n¥b)U¥@niec),

The lattice 3 = (A, U) is said to be a Boolean lattice if U is
distributive, has‘the greatest element 1¥ and the least element 0%,
0% % 1¥ and for any a € A there is an element a € A4 such that
aU¥%g = 1%¥and a N¥a = 0Y. An element g satisfying in the lat-
tice ¥ with the greatest element 1¥ and the least element 0¥ the
above conditions is called a complement of the element a in Y.

PROPOSITION 1. (@) If a complement a of an element a in a
distributive lattice 2 with the greatest and the least element exists,
then it is unique.

Md)IfA = (A, U) is a Boolean lattice, then for any a, b, c €
€ A the operations U¥, N¥ and ~ defined above satisfy the
following conditions (with the superscript ¥ in U¥ and N¥ omitt-
ed for simplicity):

MaVUb=5>bUa,
2anb=>bNa,

B)aU bBUc)=(@VUb)Uc,
@Han®dNc)=@N»ds) Ne,
S)@nNdb)uUb=hb,
6)@uUbyNb=>b,
MaNnN@BUc)=(@nb)UlanNec),
®aUBNc)=(@Ub)N (@Uoc),
@9 @Na)Ub=2>

(10)@Ua) Nb=b.

(c) If on a set A we are given three operations, U, N and —,
satisfying for any a, b, ¢ € A conditions (1) to (10) of statement (b)
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(where U (a, b), N (a, b) and ~ (a) are writtenasa U b, a N
and a), then the pair —% = (A, U) for U = ({a, b)laN b
= a} isa Boolean lattice, witha U b = sup ({a, b}, A),aN b
=inf ({a, b}, A),aUa=1%aNa= 0%

PROOF. (a) The superscript ¥ in U¥, N¥ 1¥ and 0¥ will be
omitted for simplicity. If a U @, = 1 anda N a, = 0, then

a=aU0=a,U@Nay) =@ Ua)N (@ Ua,)=
=1N(@a Ua)=a Ua,.

b,

Similarly, fromae N a;, = 0Oanda U a, = 1 wegeta, = a, U q,
hence a; = a,.

(b) Properties (1) and (2) are obvious. Since @ N @ = 0¥ and
a U a = 1% properties (9) and (10) hold. Since ¥ is distributive,
(7) and (8) hold. In what follows the condition (a, b) € U is
denoted by a < b. It follows from the definition of the operations
U¥and N¥ that for any d, m,, m,€ A

MHds<mNmy,e (d< mandd < my),

@mUm,<de (m <dandm, < d),

B)ymy,my,< m Um,,

@GDm Nm,<m,m,.
Using these facts it is easy to establish properties (3) to (6). We
check, for example, property (6), leaving the rest to the reader.
From (4) weget (@ U b) N b < b and from (3) and (1) we get b <
< (@ U b) N b, hence from the antisymmetry of U,we get (6).

(c) From conditions (5), (6), (1) and (2) we get

aNb=a®aUb=hb. (*)

We first show that U = {{a, b)la N b = a} is a partial ordering.
Substituting in (7) an element a for b and an element a for ¢ and
using conditions (2), (1), (6) and (9) we geta = a N a, hence U is
reflexive. Leta N b = aand b N ¢ = b. From (*), (7), (5), (1)
and (2) we get

aNc=anN@®GUc)=@nNbd)U@Nc)y=alU@Nc)=a.

Hence U is transitive. Leta N b = aand b N a = b. Then from
(2) we geta = b, i. e. U is antisymmetric. To complete the proof it
is necessary to show thata U b = sup ({a, b}, A)anda N b =
= inf ({a, b}, A). We prove the first of the equations, leaving
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the second for the reader to check. From
aN@Ub)=@Na)yU@Nd)=alU@Nb) =a

anda U b = b U ait follows thata U b is the upper bound of the
set {a, b}. Let ¢ be the upper bound of {a, b},i.e.aNc=a
and b N ¢ = b. Then

@Ub)Nc=cN@Ub)=@CNa)U(cNb)=aUlbdb,

i,e.aUb,cyeU. O

Conditions (1) to (10) of Proposition 1 are called axioms of
Boolean algebras and the set A, together with the operations N,
U, and ~ defined on it and satisfying axioms (1) to (10) is a
Boolean algebra. If A = (A, U, N, ~ ) is a Boolean algebra, then
< will denote a partial ordering on A defined by the condition

a<beand=a.

From Proposition 1 it follows that the Boolean algebra is uniquely
determined by the relation <.

EXAMPLES. (1) If A C P(B) and the set A is closed under the
operations of union and intersection, then it is easy to verify that
A = (A, C€), where C is the inclusion relation on A4, is a
distributive lattice, with U¥ and N ¥ being the union and intersec-
tion operations on A.

(2) If in example (1) the set A is closed under the complement
operation in B, i. e. the operationa = B \\ a, then = (A4, C ) is
a Boolean lattice and (A4, U, N, ~ ) is a Boolean algebra, where
U, N, ~ are the union, intersection and complement operations
in B. In particular, if A = P(B), then (P(B), U, N, ~ ) issaid to
be the Boolean algebra of all subsets of B and for simplicity it will
be denoted by the same symbol P(B) as the set of all subsets of B.

DEFINITION. A partially ordered set A = (A, U) is said to be
well-founded if for any nonempty subset A, C A the poset A, =
= (A,, U N A?) has a minimal element.

If (A, U) is a well-founded partially ordered set, then ob-
viously (B, U N B?) is also a well-founded partially ordered set
forany B C A.

It is possible to extend the method of mathematical induction
to a well-founded partially ordered set.
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PROPOSITION 2 (Principle of Transfinite Induction). Let A =
= (A, U) be a well-founded partially ordered set and B C A. If
foranyae A, from (be Al(b,a)eU,b #a) C Bwehaveae
€ B, then B = A.

PROOF. Suppose that B # A and let a, be the minimal element
of a poset (A \ B, U N (A \ B)?). Then {be Al(b, ay) e U,
b # a,) € B and under the hypothesis we have a, € B, which is
impossible. [J

DEFINITION. Let % = (A, U) be a linearly ordered set. The set
X C A is said to be

(a) the initial segment of U if for anya, be A, froma € X and
(b, a) € U we have b € X;

(b) a closed initial segment if for some a, € A X is the set
O lay, U] = (bIb,ayy e U};

(c) an open initial segment if X is equal to the set O (a,, ¥) =
= (O lay, U] \ {ay}) for some a € A.

We shall often write O [a,] and O (a,) instead of O [a,, U] and
O (a,, ), respectively, when it is clear what % is meant. Notice
that the empty set & is the initial segment of any linearly ordered
set. It is obvious that the element a in (b) and (c) of the preceding
definition is uniquely defined by X.

EXAMPLES. Let G be the ‘‘less than or equal to’’ relation on real
numbers (i. e. (@, b) e G & a < b).

1. In the linearly ordered set {(w, G N w?) any initial segment
other than w is at once open and closed.

2. In (R, G ) where R is the set of all real numbers, any initial
segment other than R is open or closed, but none of the initial
segments of (R, G ) is at once open and closed.

3. In (Q, G N Q?), where Q is the set of all rational numbers,
the initial segment {rl7 < V2 } is neither open nor closed.

DEFINITION. If Y = (A4, U) is a well-founded linearly ordered
set, then A is said to be a well-ordered set. If A =
= (A4, U) isaposet, X C A and U N X?2is a linear ordering on
X, then X is said to be a chain in %. In particular, the empty set is
a chain in any poset.

In Section 10 we formulated one axiom of the set theory which
we have already used, the axiom of extensionality. Henceforth we
shall also use the axiom of choice which says that for any nonemp-
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ty set A there is a mapping (a function of choice) A: (P(A) \
N\ (D} — A such that A(B) € B for any nonempty set B C A.
This axiom yields the following two important principles.

THEOREM 1 (Maximum Principle). If in a partially ordered set
A = (A, U) each chain X C A has an upper bound, then there is
an element maximal in Y.

prOOF. Consider theset Y = {X C 41X is a chainin ¥ } and
for X € Ytheset B(X) = {a e Alaistheupper bound of X in ¥ }.
Suppose that % has no maximal elements. Then the family
S = {B(X) \ X|X € Y} consists of nonempty subsets of A. It
follows from the axiom of choice that there is a mapping A of the
set Y into A such that #(X) e (B(X) \\ X) for all X € Y. In what
follows the initial 'segment of a linearly ordered set (X, U N
N X?)y will be called the initial segment of X. Consider the set
Z C Y of all nonempty chains X in ¥ satisfying the following con-
dition: ~(X,) = inf (X \ X,, <X, U N X?)) for any initial seg-
ment X; € X, X, # X. It is obvious that {h(J) € Z. Let X,
X, € Z. Since h(D) is the least element in (X, U N X?) and (X,
U N X?), X, and X, have nonempty initial segments in common.
Let C be the union of common initial segments of X, and X,. It is
clear that C is the initial segment of X |, and X,. Then C = X, or
C = X,, since otherwise C U {h(C)} # C would be a common
initial segment of X, and X,, which contradicts the definition of
C. Thus for any X, X, € Z either X|, € X, or X, C X,. Hence
C*= U Xisachainin¥ and C* U {h(C*)} € Z, which con-

XelZ

tradicts the definition of C* and the condition A(C*) €
e B(C*) \ C*. O

THEOREM 2 (Principle of Well Ordering). Every set A may be
well-ordered, i. e. for every set A there is U C A? for which
A<XA, U) is a well-ordered set.

prROOF. Consider a set W = ((X, UYI(X, U) is a well-
ordered set, X C A}.

We define on the set W an ordering < :

(X, U < (X,, Uy) @ Uy € U,and X is the
initial segment of (X, U,.
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Let {{X;, U;Yliel} beachainin (W, < ). Itisobviousthat¥ =

= (UX,, U U,) is a linearly ordered set. Let Y ¢ |J X, and
iel iel iel

Y # &. Then Y N X, # & for some i, € I. Since (X, U, isa

well-ordered set, (Y N X;, U;; N Y?) has a minimal element y, .

Since X, is an initial segment of ¥, y, is a minimal element of

<Y, (U U\ n Y2>. Thus U € W. It is clear that % is an upper
iel
bound for the chain {(X;, U;>lie I} in (W, < ). Therefore, by
Theorem 1 (W, < ) has a maximal element (A4, U,). If there is
a,e A\ A, then (4, U {a,}, U;) € W, where U, = U, U
U {Ka,ay)lae Ay} U {<a,, a,)}, which contradicts the maxi-
mality of <(A4,, U,) in (W, < ). Thus (A4, U,) is a well-ordered
set. (J
DEFINITION. Let A = (A4, U) and B = (B, V) be two linearly
ordered sets. A mapping f: A — B is said to be a similarity of U
onto B if

(a, b e U & {fa, fb) e V. 0))

We shall say that % and B are similar if there is a similarity of one
of them onto the other.

Notice that the similarity f: 4 —» B is distinct-valued. Indeed,
if fa = fb, then from the reflexivity of ¥V and (1) we get <a, b) €
€ U and (b, a) € U and hence from the antisymmetry of U we get
a = b. If fis a similarity of % onto B, then it is obvious that f ! is
a similarity of B onto ¥.

PROPOSITION 3. If f is a similarity of a linearly ordered set 9 onto
a linearly ordered set B and X is an (open, closed) initial segment
of U, then f(X) is an (open, closed) initial segment of B.

The proof is left as an easy exercise to the reader. [J

In the remainder of this section we shall prove important
properties of well-ordered sets.

PROPOSITION 4. Any initial segment X of a well-ordered set 3 =
= (A, U) other than A is open.

PROOF. It is obvious that X = O(q,, ™), where q, is the
minimal element of the set 4 \ X. J

If X and Y are the initial segments of the linearly ordered sets
A = (A, Uy and B = (B, V) respectively and (X, U N X2 is
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similar to (Y, ¥ N Y2), then in what follows we shall simply say
that X is similar to Y.

PROPOSITION 5. If f: A — Band g: A — B are two similarities of
a well-ordered set | = (A, U) onto some initial segments of a
linearly ordered set B8 = (B, V), then f = g.

prOOF. Consider aset Q = {aeAlfa=ga}. IfOb, A) C Q,
then fb = inf (B \\ g[O (b, A)], B), hence fb = gb. By Proposi-
tion 2 we have Q = A, and Proposition 5 is thus proved. []

PROPOSITION 6. No two distinct initial segments of a well-
ordered set Y are similar to each other.

PROOF. Let f be a similarity of an initial segment X onto an ini-
tial segment Y. Since idy is a similarity of X onto X, by Proposi-
tion 5 f = idy, hence X = Y. [J

THEOREM 3. If ¥ = (A, U) and B = (B, V') are well-ordered
sets, then either U is similar to the initial segment of B or B is
similar to the initial segment of U.

prOOF. Consider a set P = {f| fis a similarity of some initial
segment of U onto the initial segment of B }.

By Propositions 3 and 5, for any f, g € Peither f C gorg C f.

Therefore, F = |J fis a similarity of the initial segment X of the
SfeP

set 9 onto the initial segment Y of thesetB. If X = Aor Y = B,
then everything is proved. Suppose that this is not the case. Then
by Proposition 4 X = O (a,, ¥) and Y = O (y,, B). It is obvious
that F U ((a,, b)) is then a similarity of the initial segment
Ola,, A] onto the initial segment O[b,, V], hence F U
U {<a,, by>} € F, which is impossible.

Exercises

1. Show that if ¥ = (A, U) is a poset with a least element A is finite and for
any a, b € A there is sup ({a, b}, ¥), then U is a lattice.

2. Let¥A = (A, U, N, — ) be a Boolean algebra and let A4 contain more than
one element. The mapping vy of the set F of the formulas of PC in 4 having the
properties:

M y@ VY =y Uy,

@) y@ AY) = y(®) Ny,

B3)r(@ — ¥) = 7(®) U y(¥),

@y~ P) = v(P)
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is called an interpretation of PC in Y. Show that PC-provable formulas are
precisely ® such that y(®) = 1¥ for any interpretation y of PC in Y. (Hint. In one
direction, establish y(®) = 1¥ for the axioms of PC, and verify that the rule for
PC, preserves this property; in the other direction, use the fact that on the set
{1¥, 0¥ } the operations U, N and ~ are defined in the same way as the opera-
tions, V, A and — are on the set {1, 0} in Sec. 6.)

3. Show that a poset (A4, U) is not well-founded if and only if there is a se-
quence g, ..., a,, ... of pairwise distinct elements of A for which <a, , 1a,) € U,
new.

12. FILTERS OF BOOLEAN ALGEBRA

Let 8 = (B, N, U, ~ ) be a Boolean algebra throughout this
section. As shown in Proposition 11.1, 8* = (B, <), where the
relation @ < b is defined by the equationa N b = a, is a Boolean
lattice and for any a, b € B the following conditions hold:

MaVUb=sup({a b}, B*),anNb =inf ({a, b}, B*);

(2) a U a = 1 is the greatest element of B*;

(3) @ N a = 0is the least element of B*;

(4) a is the only element of B for which: a U @ = 1 and a N
Na=0.

Note some other properties of Boolean operations.

LEMMAL (3)0 = 1,1 = 0;

®o0Na=0,0Ua=a
©lNa=a,1Ua=1;
d)a=a
eaNnNb=alU b;
HaUb=an b;

(!

@anNnb=asalUb=hb.
PROOF. Property (a) follows immediately from (1) to (4). Prop-

erties (b), (c) follow from (1) to (3) and property (d) follows from
4)sincecaUa=aUa=1anda N a=aNa= 0. Property (g)
follows from (1), sincea N b = a ® a < b. To prove (e) it suf-
fices by virtue of (4) to show that

@Nb)U@Ub)=1 and @Nb)N (aUb)=0.
These equations follow from axioms (1) to (6) for Boolean
algebras, for example,

@NbN@Ub)y=@@Nb)Na)U@@Nb)Nb) =
=0ONbUONa) = 0.
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The verification of the other equation, as well as the proof of
property (f), is similar. [J

We shall often identify 8 * with 8 for notational simplicity.

DEFINITION. A set D C B is said to be a filter of a Boolean
algebra B if the following conditions hold:

(1)0¢ D,

) ifa, b e D, thena N b € D;

(3)ifae Danda < b, then b e D.

A set D C P(X)is said to be a filter on a set X if D is a filter of the
Boolean algebra (P(X), U, N, 7)

EXAMPLES. 1. The set {1] is a filter of the Boolean algebra B.
On the other hand, it follows from condition (3) that 1 € D for any
nonempty filter D in the Boolean algebra 8.

2.1faye B,a, # 0, then the set (bl1be B, ay, < b} isafilter of
the algebra B.

3. Theset {Y € XI(X \ Y)is a finite set} is a filter on X,
sometimes called a Fréchet filter on X.

Since the operations U and N of the Boolean algebra B satisfy
the axioms of commutativity (1), (2) and the axioms of associativi-
ty (3), (4), one may speak of the union and intersection in 8B of a
finite set of elements a,, ..., a, € B and designate it as: @, U ...
... Ua, (@ N .. Na,).ltis easy to establish by induction on n
the following generalized distributive laws:

bU@N..Nag)=@®BUa)N..NOGUa,),
bN@U..Uag)=@GNa)U..U®Na,

and generalized properties (e), (f) of Lemma 1:
a,ﬂ...ﬂan=E,U...UE",
a,U..Ug,=a N..Na,.

DEFINITION. (a) A set Y C B is said to be a family of sets with
finite intersection property in the Boolean algebra %B if the in-
tersection in B of any finite set of elements of Y is not 0. A family
of sets with finite intersection property in (P(X), U, N, ) (. e. .
a set Y ¢ P(X) in which any finite subset has a nonempty in-
tersection) will be called simply a family of sets with finite in-
tersection property.
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(b) A filter of the Boolean algebra ¥ contained in no filter of
the algebra B other than itself is called an w/trafilter.

It is clear that any filter of the Boolean algebra B is a family of
sets with finite intersection property in 8.

PROPOSITION 1. Every family Y of sets with finite intersection
property in the Boolean algebra B is contained in some ultrafilter
of the algebra B.

PROOF. Consider a set U = {X | X is a family of sets with finite
intersection property in 8 and Y ¢ X }. Since Y € U, we have
U # . It is obvious that in the poset (U, C ) the union of any
chain is an element of U. By Theorem 1 there is a maximal ele-
ment X, in (U, C ). It suffices to show that X, is a filter. Condi-
tion (1) holds trivially for X|,. By virtue of the maximality of X,
to verify conditions (2) and (3) it suffices to show that if a, b € X,
anda < ¢, then X, U {a N b} and X, U {c} are families of sets
with finite intersection property in 8. That X, U (@ N b} isa
family of sets with finite intersection property is obvious. Suppose
thata, N ... N a, N ¢ = 0 for some q,, ..., a, € X,. Then the
equation ¢ N @ = a yields

0=0Na=@nN..Nag,Nc)Na=(@N..Na,)N
NcNa)=a, N..Na,Na,

which contradicts the fact that X, is a family of sets with finite in-
tersection property. [J y

PROPOSITION 2. For a filter D of the Boolean algebra B to be an
ultrafilter it is necessary and sufficient that for any b € B either b €
eDorbeD.

PROOF. By virtue of Proposition 1, to prove necessity we must
show that for any b € B either D U {b} orD U {b } is a family of
sets with finite intersection property in 8. Suppose that this is not
the case. Thenp N ...NHp, Nb=0andd, , , N..ND, N
N b = 0for someb,, ..., b, , ,, € D. By property (2) of a filter D
it may be assumed that n = m = 1. From the properties of the
operations U, N, ~ in the Boolean algebra B we get

byNb,=b,Nb,NBUb)=((b,Nb,NBYU(B,Nb,ND)=
=0NH)UB NO=0U0=0,
which contradicts properties (1), (2) of a filter D.
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Sufficiency. If there is a filter D* 2 D and an element b €
€ D* \_ D, then b ¢ Dsince otherwise 0 = b N b € D*, which is
impossible. (]

DEFINITION. A filter D of the Boolean algebra B is said to be
principal if there is a; € D such that

D= (beBla,< b).

An element g € B is said to be an atom of the Boolean algebra B if
a # 0 and

b<a=bB=a or b=0).

It is clear that if @ is an atom of B, then b N a is equal to @ or O for
any b € B.

LEMMA 2. If D is a principal ultrafilter of the algebra B, then
D = {beBla,< b} for some atom a, of B.

PROOF. Let D = (b e Blb, < b} for some b, # 0. Suppose
that b, is not an atom. Then there is b, < by, b; # by, b; # 0.
Since b, & D, by Proposition 2 b e D, whence b, < by, i. e. by N
N b, = b,. Hence

by=b,Nby=b,N(byNB)=b,N (b,NB) =0,

a contradiction. [J

PROPOSITION 3. The following conditions for the Boolean
algebra B are equivalent:

(1) B is a finite set;

(2) all nonempty filters of B are principal;

(3) all ultrafilters of B are principal.

PROOF. (1) = (2). If B is a finite set and D = {b,, ..., b,} are
filters of B, then the intersection @y = b, N ... N b, is in D and

a, < b, fori = 1, ..., n. The statement (2) = (3) is trivial. We
prove (3) = (1). Let (3) hold. Let A, C B be the set of all atoms of
®B. Consider a set A, = {ala € A;}. We show that 4, is not a

family of sets with finite intersection property. Indeed, if 4, is a
family of sets with finite intersection property, by Proposition 1
A, ¢ D for some ultrafilter D. From condition (3) and Lemma 2
it follows that th_e:re is ay € A, such that g, < b forall be D. In
particular, a;, < a,, i. e. @, = a, N a, = 0, which contradicts the
condition a, # 0 for atoms @ € 4. Since A, is not a family of sets

6—191
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with finite intersection property, ¢, N ... N En = 0 for some
a,...,a, € A,. From Lemma 1 we then get

1=0=ag,N..Na,=a U..VUa,=a U..Ua,.
Let b be an arbitrary element of B. Then

b=bN1l=bN@UVU..Ug,)=
=®bNa)U..U®BNa,).

Since b N a; is equal to a; or 0, b is equal to 0 or to the union of
some elements of the set {a,, ..., a,}. Hence B is a finite set. [J
PROPOSITION 4. If D is a principal ultrafilter on a set I, then D =
= (X ¢ Iliye X} for some ij€ I.
PROOF. Follows from Lemma 2 since it is obvious that one-
element sets are the atoms in P(J). (J

Exercises

1. Let D be a nonempty filter of the Boolean algebra® = (B, U, N, = ). We
define on the set B a relation D as follows:

aDbe @Nb)U®Na)eD,

where D is equal to (d |d e D}. Show that D is an equivalence on B and D is an
ultrafilter if and only if B is divided by the relation D into two equivalence classes.
2. A filter D on the set I is said to be countably complete if for any a;€ D, i €

€ w, the set n a;is in D. It is clear that any principal filter D on I is countably

i€w
complete. Show that there is no nonprincipal countably complete ultrafilter on the

set w.
3. Let D be an equivalence relation on B-of Exercise 1. Let B(D) = { bb Ibe

€ B} (the set b,, is defined in Sec. 10 and is equal to (alaDb, a € B }). We define
on B(D) the operations U, N, — as follows:

@m; U my =D,y o

®)my 0 my = Dy gy

() my = Dy,
wherea;e m;, i = 1, 2. Show that such a definition is independent of the choice of
elements a; € m; and (B(D), U, N, —) is a Boolean algebra.

13. THE POWER OF A SET

For infinite sets the notion of power may serve as a generaliza-
tion of the concept of the number of elements.

DEFINITION. We shall say that the power of a set A is less than or
equal to the power of a set B (and write |4l < |BI)if thereis a
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distinct-valued mapping f: A — B. We say that the powers of the
sets A and B are equal or that A and B are cquipotent (and write
IAl = |BI) if there is a distinct-valued mapping of 4 onto B.

Notice that we have not as yet defined what the power of a set
A is and have only defined two two-place relations on sets. It is
these relations that are the basic notions of this section, the con-
cept of power introduced below appearing merely for convenience
of presentation.

Note the properties of the introduced relations that are im-
mediate from the definition:

(@) 14l < 14l;

) (A4l <€ )IBI and IBl < ICl) = 14l < ICl;

(c) 1Al = IBl = (4] < IBl and IBl < 1A4l).

The following theorem shows that in property (c) = may be
replaced by .

THEOREM 4. (Cantor-Bernstein). If for sets A and B we have
Al < |IBl and IBl < |Al, then 1Al = |BI,

PROOF. Let f: A — B, g: B — A be a distinct-valued mappings,
A,=A,A =¢g[B]land A4, ., = (/fg) [4,]. By induction on n it
is easily established that 4, , | ¢ A,,new. LetD = ) A, and

kew
M, = A, \ A, ,.Itisobviousthat { U M;)U D = A4, and
k<iew
M, N M, = fori#j. Since f- g maps in a distinct-valued man-
ner M, onto M, _ , for any / € w, a mapping h: A — A defined as
follows:

+ 1

a,ifae(UM2i+l>UD
ha - i€w
(fe)a) ifae U My,
is a distinct-valued mapping of 4 onto
( U MUD=4,
1 <iew
Since |Bl = 1A,1, weget IBl = 14l. O

THEOREM 5 (Cantor). The condition |P(A)l < |Al does not
hold for any set A.

6*
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PROOF. Suppose that there is a distinct-valued mapping f:
P(A) — A. Consider a set X = {a € f[P(A)]la ¢ f~'(a)}.
If f(X) € X, then from the definition of X we get f(X) ¢
¢ f (X)) = X. If f(X) ¢ X, then f(X) ¢ f~'(f(X)), hence
f(X) e X. The obtained contradiction shows that there can be no
such f. [J

THEOREM 6. For any sets A and B either |A|l < |Bl or IBl <
< Al

PROOF. By Theorem 2 there are U C A2and V C B?such that
A = (A, U) and B = (B, V) are well-ordered sets. The state-
ment of this theorem now follows from Theorem 3. (J

For a set X we define a two-place relation ¢ (X) consisting of
pairs {a, b) € X?such that a € b ora = b. The set X is said to be
transitive if b € X implies b C X.

DEFINITION. A set « is said to be an ordinal if it is transitive and
(a, e(a)) is a well-ordered set.

PROPOSITION 1. The elements of an ordinal o are ordinals.

PROOF. Since 8 C « for any 8 € « the relation e(8) = e(a) N B2
is a well-founded linear ordering on 8 € «. If the element 3 of the
ordinal o were not transitive, then for some v, and vy, we should
have v, € v, € 8 and v, ¢ 8. Since « is transitive, v, v, € a. This
contradicts the transitivity of the relation e(x). [J

It is obvious that the natural numbers

g, (D}, {2, (D1}, (D, (T}, (I, (D}]}, ...

(each succeeding number containing all the preceding ones) are or-
dinals. The set w of all natural numbers is also an ordinal. Or-
dinals are the sets w U {w}, w U {w} U {w, {w}} and so on. In
general, if « is an ordinal, then it is clear that the set « U {«} is
also an ordinal, which by analogy with the natural numbers is
sometimes denoted by o + 1.

PROPOSITION 2. If «,, «, are two distinct ordinals, then either
o € @, Or a, € .

PROOF. We first show that either o; C o, or o, C «,. If this is
not the case, then by virtue of the transitivity of «,, «, and the
well ordering of {a, e())), {a,, &(a,)) there arey, € a;, v, € o,
suchthaty, € %,v, C o, v, ¢ a,, v,€ ;. Let6€y,. Thend € oy,
and if 8 ¢ v,, then by the linear ordering of («,, e(a,)) either § =
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= 7, Or 7, € 4. In both cases the transitivity of «, yields v, € o,
which is impossible. Thus y; C v,. Similarly, it is shown that y, C
C v,, hence by the axiom of extensionality v, = 7,, which con-
tradicts the conditions v, € a; and v, € «;.

So it is shown that oy C oy 0r o, C . Let o, C @, for exam-
ple. Since o, # o, by the well ordering of («,, &(«,)) thereis 8 €
€ oy suchthat 8 € a,and 8 # «,. Letd € oy, thend e and 6 C
C «,. By the well ordering of {«;, &(;)) we have one of the
following conditions: 3 € §, 3 = & or 6 € 8. The first two are im-
possible by the transitivity of o, and 8 # «,. Thus o, C B, which
together with 8 C «, yields o, = B € ;. UJ

For a set X we define a set

UX = {alaex forsome xeX)}

called the union or sum of the set X.

An ordinal other than zero and not of the form « + 1 is called
a limit ordinal. 1t is clear that ordinal 6 # 0 is a limit ordinal if
and only if U6 = 6. The set of the natural numbers w may be
defined to be such an ordinal all of whose elements are not limit
elements.

PROPOSITION 3. [f X is a set of ordinals, then U X is an ordinal.

PROOF. The transitivity of U X follows from the transitivity of
the elements of X. The linear ordering of (U X, e(U X)) follows
from Proposition 2. If Y ¢ U X, (Y, €(Y)) has no minimal ele-
ment and Y is not empty, then for any a € Y the set a is not empty
and (a N Y, e¢(@ N Y)) has no minimal element. Since by Pro-
position 1 @ is an ordinal, this is impossible, hence (U X, e(U X))
is a well-ordered set.

PROPOSITION 4. [f X is a set of ordinals, then (X, €(X)) is a
well-ordered set.

PROOF. If g € X, then by Proposition 2 either @ € b for some b €
€ Xora = UX. Hence X ¢ ((UX) + 1) and the statement
follows from Proposition 3. [J

PROPOSITION 5. For any well-ordered set A = (A, U) there is a
unique ordinal o(W) such that {ax), e(x())) is similar to A. We
call this ordinal a type of a well-ordered set U.
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PROOF. Uniqueness follows from Proposition 11.5, since by
Proposition 2 one of any two distinct ordinals «, 8 is the initial
segment of the other.

Consider the set X ¢ A of all @ € A such that there is an or-
dinal a(a) and a similarity £, of a well-ordered set {a(a), e(x(a)))
onto (O [a], U N (O[a])?), where O [a] = O[a, A]. By Proposi-
tion 11.5 the similarity f, is uniquely defined by a € X. Letc e X
and (b, c) € U. Itis obvious that oy = { " 'alae O[b]} is an or-
dinal. Since f.} «, is a similarity of {(«a,, £(ey)) onto (O [b], U N
N (O [b])?*), we have b € X and f, = f,! «y, hence f, C f.. Thus
the mapping f, = U { f,ta € X'} is a similarity of {8, £(3,) } onto
(X, U N X?), where §,is an ordinal equal to U {a(a)lae X }. If
X = A, then everything is proved. Suppose that X # 4. Since X
is the initial segment of % and since ¥ is a well-ordered set, there is
ay€ A such that X = O (ay). It is obvious that f; U ({8, ay)} is
a similarity of the ordinal 8, U {B,} onto X U {a,] = Olal,
therefore a, € X, which contradicts the choice of a,. (J

We shall say that the ordinal 3 is less than the ordinal o (and
write 8 < o) if e a. If B < aorB = «, we shall write 8 < «. By
Proposition 4 any set of ordinals is well-ordered by the relation
<. If oy, ..., a, are ordinals, then the element of the set {«, ...
..., o, } which is the greatest in the relation < will be denoted by
max {ay, ..., a,}.

DEFINITION. An ordinal x is said to be a cardinal if it is not
equivalent to any smaller ordinal.

PROPOSITION 6. The natural numbers &, (T}, (D, (D)}, ...
and the set w of all natural numbers are cardinals.

PROOF. To show that all natural numbers are cardinals it suf-
fices to show by induction on n € w that no natural number # is
equivalent to any of its subsets w # n. For n = 0 this holds since
& has no subsets other than &. Let f:n + 1 — n + 1 bea
distinct-valued mapping and rang f # n + 1. If n ¢ rang f or
f(n) = n,thenf} nmapsnontoasubsetw C n, w # n, which is
impossible by the induction hypothesis. (Recall that n + 1 =
= {0, 1, ...,n})Iff(k) = n, k < n, then we define a mapping g:
n — n for which g(f) = f(i) fori < n,i # k, and g(k) = f(n).
Sincerang g = rangf \ {n}andn # rangf\ {(n}, g mapsn on-
to w C n, w # n, which again contradicts the induction
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hypothesis. If w were not a cardinal, then lwl < n for some
natural number n. We should then have |n + 1l < lwl < Inl,
i. e. n + 1is not a cardinal, which contradicts the foregoing. (J

The following theorem makes it possible to select among
equipotent sets a canonical representative, the cardinal.

THEOREM 7. For any set X there is a unique cardinal |X]|
equipotent to X.

PROOF. The uniqueness of | X| follows from the definition of a
cardinal and Proposition 5.

By Theorem 2 there is U C X2 such that (X, U) is a well-
ordered set, By Proposition 5 there is an ordinal o, equipotent to
X. As | X| we take an ordinal 8 < «, equipotent to ¢, all of
whose elements are not equipotent to ;. Such a cardinal exists by
the well ordering of («, &(ctp)). U

DEFINITION. ’If)r a set X the cardinal | X| of Theorem 7 is called
the power of the set X.

It is obvious that la! < « for an ordinal « and that « is a car-
dinal if and only if lal = «. Notice that the relation | X1 < 1Y
on sets X and Y, defined at the beginning of this section, cor-
responds to the relation < on the cardinals | X| and Y| in-
troduced above as follows: x; < x, ¢ (¥, € x, or x; = x,). Now
we give a precise definition of the property of being a finite set
which we previously used intuitively.

DEFINITION. A set X is said to be finite if | X| € w and countable
(denumerable or enumerable) if 1. X| = w.

If X is not a finite set, then we say that X is infinite. Notice
that there are infinite nonenumerable sets; moreover, by
Theorem 5 the power of any set X is less than the power of a set
P(X). Since w is the least infinite cardinal, countable sets have the
least power among the infinite sets. It is obvious that a finite or
countable set X can be represented as X = {a,ln € w}, the se-
quence

Ay, @y o0y @y .., NEW

being called the numbering of the set X. It is clear that if Y C X,
then | Yl < IXI|. Notice that the infinite cardinal x cannot be of
the forma + 1 = o U {«}. Indeed, since « is an infinite ordinal,
by Proposition 2 w C «, therefore the mapping f: a + 1 = « for
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which
B if BéwU {a)
S@) = g if B=w
B+ 1 if Bew
is distinct-valued, hence laa + 1l = lal < «. We prove the
following important theorem.
THEOREM 8. If a set A is infinite, then |4 = |A?],

PROOF. A mapping f: A — A? for which f(@) = (a,a) is
distinct-valued, hence 14! < 1A42%]. Suppose that 1421 < 141
does not hold. Then the set X = {«l« is an infinite cardinal, o <
< lAl and @ < |1} is not empty and let o, be the least element
of X. We define on the set a3 the relation < as follows:

B, By <
max {$), 8,} < max {vy,, y,} or

< (v 1) €4 max (B),6,) = max {v,,7,},8, <7, or
max {8, 8,} = max {v,,v,},8, = Y15 By € 7,

It is obvious that < is a linear ordering on o3 . Besides {3, < ) is
a well-ordered set, since for any nonempty subset Y C a(z) there
are nonempty subsets

Y, = (<B,v) € Y| max (8, ) < max (8y')
for any (B8, y'> e Y},

Y,=({B,y>e Y, < B’ forany (B,y') e Y}

Y, = (B, y> e Y,ly < vy’ forany (B, y") e Y,)

and it is obvious that Y; contains exactly one element and that ele-
ment is the least element of Y in the relation < . Since oy < la2l,
by Theorem 3 («,, €(a,)) is similar to the initial segment Z =
= O({By, 7o) of a well-ordered set (a}, < ).

Let 6, = max {8y, v, ). Then it is obvious that Z C (5, + 1)
Since o is infinite, Z and §, are also infinite and 15, + 11 = §,| <
< «,. Then by the choice of cardinal «, we have

ay=1Z1 < 1y + D < 15, + 1 < a,

a contradiction. (J
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COROLLARY 1. Let A, B be sets and let at least one of them be
infinite. Then

@ifA + JandB + J,then |A x Bl = max |41, |Bl};

(b) 14 U Bl = max {|4l, |Bl].

PROOF. Let |41 = max {4, |BI}.

(a) Let by € B. Then a mapping f: A — A x B for which
f(a) = (a, by) is distinct-valued, therefore 14|l < 14 x BI.
From IBl < 1Al and the preceding theorem we get

IA x Bl € 1421 = 1A4]1.

(b) It is obvious that |Al < |4 U Bl. Letf: B — A bea
distinct-valued mapping. Then a mapping g: A U B — A4 X
x {0, 1} for which

@) = {a, 0) if ac A,
8 —{(fa,l) if aeB\A

is distinct-valued, therefore from statement (a) we get
A UBI <14 x (0,1} = 141.0

COROLLARY 2. (a) If A is infinite, then |A¥| = 1A\ for any
natural k > 0. ‘

(b) If A is infinite and A* = U [A*lk € w}, then |A*| =
= 1Al.

(c) If W is a set of words of an alphabet A + &, then |W| =
= max [ lA4l, w].

PROOF (a) follows from Corollary 1(a) by induction on k.

(b) Let f,: A¥ - A, 0 < k < w, be distinct-valued mappings
existing by virtue of statement (a). Then a mapping f: A* — w X
x A for which

fa= {0, if a= DeAl
(k,foay if aeAKN (AU ..U Ak, k>0

is distinct-valued, by Corollary 1(a) therefore we get |4*| <
< lw x Al = 1A, The inverse inequality 14! < 1A4*| is ob-
vious.
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(c) Since for a € A the words a, aa, aaa, ... are pairwise
distinct, w < | WI. If A is infinite, then statement (c) follows
from statement (b). If |A| = n € w, then obviously | W < lw*|
and again from (b) we get | Wl < w. O

Exercises

1. Show that the sets of integers, rationals and algebraic numbers are
countable.

2. Show that the sets of reals and complex numbers are equipotent and that
the sets of reals and natural numbers are not equivalent. (Hint. Notice that the
power of the set of reals is | P(w)| and use Cantor’s theorem.)

14. THE AXIOM OF CHOICE

Let us define the sets V, where « is an ordinal, as follows:

@V, = O,

OV, =PWVy)ifa=p+1

©V,= U V;if ais alimit ordinal.

B<a

The axiom stating that for any set X there is an ordinal « for
which X e V_ is called the axiom of regularity. Thus by the axiom
of regularity every set is obtained at some step of a ‘‘regular pro-
cess’’ in which, starting from an empty set, at each step all sets are
obtained whose elements have already been obtained at the
previous steps. This fully agrees with our intuitive ideas of how
sets are formed.

The axiom of regularity allows every set X to be assigned an
ordinal p (X)) which is called the rank of X and defined as the least
ordinal for which X € V. It is obvious that if X € Y, then
p(X) < p(Y), by virtue of Proposition 13.4 the axiom of regulari-
ty yields the following two statements:

(1) there is no sequence X, X,, ..., X,,, ... for which X, _ | €
€X,,neuw

(2) any set X has an element ¢ € X for whicha N X = .

The axiom of regularity is in fact equivalent to each of the
statements (1) and (2). Indeed, if X, , , € X, for n € w, then the
set { X, |n € w} contradicts condition (2), hence (2) = (1). Notice
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that if for any element @ of a set X there is an ordinal 8(a) such
that a € V), then X € V,, where y = (U{B@laeX} + 1).
Therefore if a; is in V,, for no ordinal «, then a; € a, whichisin V,
for no « either. Thus if the regularity axiom fails to hold, then
there is a sequence @,,n € w such thata, , ,€a,,n€ w,i.e. (1)
also fails.

The axioms of extensionality and regularity impose certain
conditions on the relation of € (membership) and that of =
(equality), i. e. in a sense they restrict the ‘‘Universe’’ consisting
of sets. The axiom of choice, on the contrary, states that there
must be certain sets in this ‘‘Universe’’ if there are already some.
In our proofs,thowever, we freely used other conditions for the
existence of sets as well, for example, we formed a union A U B
of two sets A and B, discussed a power set P(A), assumed that
natural numbers n € w ‘‘are available’’. All the conditions of the
existence of sets we have used (except the axiom of choice) are ob-
tained from the following axioms of ‘‘existence’’:

(1) There is an empty set .

(2) If there are sets @ and b, then there is a set {a, b}.

(3) If there is a set X, then there is a set UX = (¢t € x for
some element x € X }.

(4) There is a set w = {0, 1, ..., n, ...}, where 0 # < and
n+ 1= nU(n}.

(5) If there is a set A, then thereis aset P(4A) = (BIB C A}.

(6) If ®(x, y) is some condition on sets x, y such that for any
set x there is at most one set y satisfying the condition ®(x, y),
then for any set g there is a set

{bl®(c, b) for some element c € a}.

EXAMPLE 1. We show that axioms (5) and (6) imply the existence
of aset A2 = {(a, bYla, be A} for any set A.

Since <a, b)Y = {{a}, {a, b}}, we have A2 C P(P(A)). Let
®,(x, y) & (there are a, b € A such that

x = {{a), {a,b}} and y = x).

Then the set A2 is equal to {bldy(c, b), c € P(P(A))} and by
axiom (6) it exists.
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The system of axioms (1) to (6) together with the axioms of ex-
tensionality and regularity is called the Zermelo-Fraenkel axiom
system (abbreviated ZF). The system ZF together with the axiom
of choice is denoted by ZFC *.

Within ZFC it is possible to develop all modes of reasoning
generally accepted in mathematics today. One may even say that
at the present stage of mathematical development this
‘“‘translatability’’ into ZFC is a measure of mathematical rigour.
(True, this is questioned by intuitionists and constructivists, but
we are not concerned with their views in this book.) Thus a formal
derivation from the axioms of ZFC may be taken as a reasonable
refinement of the concept of mathematical proof **. A precise for-
mulation of this notion is of great significance. It is one of the
central problems of mathematical logic. Only with appropriate
precise definitions at one’s disposal can one establish the un-
provability and independence of some statements. Thus it was
proved that a set of real numbers can be assigned practically any
power without contradiction. The fact that the validity of a for-
mal proof can be easily verified by computer formed the starting
point for long-range studies of machine proof search. Historically
ZFC came into being mainly due to the discovery of inconsisten-
cies in the ‘“naive’’ theory of sets. What can be said about the con-
sistency of ZFC? No inconsistencies have been discovered in ZFC
itself thus far. On the other hand, it was proved that if ZFC is
consistent, this cannot be established using its own means. So the
proof of the consistency of ZFC appears to be somehow related to
a revision of our usual ideas about a mathematical proof.

There are seven axioms in ZFC stating the existence of some
sets. The axiom of choice occupies a particular place among them.
It appears to be the least ‘‘obvious’’. The thing is that sets whose
existence is asserted in axioms (1) to (6) are uniquely defined (for
example, the sum of a set U X is uniquely defined by X), but the

* For a precise definition of the notion of condition ®(x, y) in axiom (6) we
refer the reader to the notion of formula of the signature I, containing only one
two-place predicate sign € (see Chapter 3). Notice that all axioms for ZFC can be
written as proposition of the signature L.

** By formal derivation we mean derivation in the calculus of predicates (see
Sec. 22).
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function of choice for nonempty subsets of X is ambiguously
defined. Moreover, if there is a condition that uniquely defines
the function of choice for nonempty subsets of X, then the exis-
tence of a function of choice for P(X) \ (<] can be derived
without the axiom of choice (i. e. in ZF). The presence of an
uncertainty of an object whose existence is asserted aroused
numerous debates around the axiom of choice among mathemati-
cians early in the twentieth century. Some even thought that it
must surely lead to a contradiction. These debates on the whole
subsided, however, after K. Godel’s result about the equicon-
sistency of ZF and ZFC. Nevertheless up to the present some try
sometimes to give, if possible, proofs without the axiom of choice
considering such a proof to be more ‘‘constructive’’.

The remainder of this section is devoted to a theorem which
shows that the axiom of choice is equivalent (in ZF) to some of its
consequences proved in the preceding sections.

THEOREM 9. From the axioms for ZF one can derive the
equivalence of the following statements:

(a) the axiom of choice: for any nonempty set A there is a
mapping h: (P(A) \ (D}) — A such that hB € B forall B C A,
B + O,

(b) the principle of well ordering: for any set A there is a rela-
tion U C A?such that (A, U) is a well-ordered set;

(c) the maximum principle: if in a partially ordered set ¥ =
= (A, U) each chain has an upper bound, then 2 has a maximal
element;

(d) if A is an infinite set, then 1A% = |Al.

PROOF. By Theorems 1, 2 and 8 we have in ZF (a) = (c), (a) =
= (b) and (a) = (d); in addition it is shown in the proof of
Theorem 2 that in ZF (c) = (b). It suffices therefore to derive
(b) = (a) and (d) = (b) from the axioms for ZF.

(b) = (a). Let (A4, U) be a well-ordered set. Take as ®(x, y)
the following condition: ®(x, y) & ({x, U N x?) is a well-ordered
set,

v is an ordered pair, 7?y = x and
72y is the least element of (x, U N x?)).
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It is obvious that for any x there is at most one y for which ®(x, y)
holds. It follows from axiom (6) that there is a set

h = [(B, a)|®(B, (B, a)), Be (P(A) \ [T})].

It is clear that h: (P(A) \ {J]}) ~— Aand h(B)e BforB C A,
B+ .

(d) = (b). Since {(n, e(n)) is a well-ordered set for any n € w, it
suffices to treat the case where A is infinite. Axiom (6) implies the
existence of a set

W = (U c A%2I{D(U), U) is a well-ordered set },

where D(U) = {aeAl{a, by e Uor (b,a) € U for some b €
€ A}. If U € W, then by «(U) we denote the type of the set
(D(U), U) (Proposition 13.5). By axiom (6) there is a set V =
= {a(U)IU € W}. It is clear that V is equal to the set {ala, an
ordinal, and lal < 141}. By Proposition 13.3 oy = U Vis an or-
dinal. If there is a distinct-valued mapping f: oy — A, then
(/BB € ay) = A, since otherwise the mapping f U {{«ag, a5)},
whereaye A \ (fB1B € oy}, will be a distinct-valued mapping of
a, + 1 into A, hence oy + 1 C «g, which is impossible. Thus
either layl = |Al or gl < 141 does not hold. If |yl = 141,
then the well ordering of («,, &(x,)) yields the well ordering of
(A, U) for some U ¢ A2 Let layl < A fail to hold. By induc-
tionon n € w it is easy to get Inl < 141 for any n € w, hence «y is
an infinite ordinal. Consider a set X = {{(aga)lae A}. It is ob-
vious that IX| = 1Al and X N oy = &. For simplicity we denote
the equipotency |E| = |F| by E ~ F.

Notice that if |Y| < 1Z | and Z is infinite, then Y U Z ~ Z.
Indeed, if g: Y — Z is a distinct-valued mapping, z,,z,€ Z, 7, #
# z,, then a mapping f: Y U Z — Z?2 for which

fa = {(z,,ga) if aeY
(25, a) if a€eZ\Y

is distinct-valued, so |Y U Z| < 1Z2|. From (d) we have | Z2| =
= |Zl,hence 1Y U Z| < 1ZI. The condition |1ZI < Y U Zl is
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obvious. Using this fact and condition (d) we get
agUX ~ (g U X)) =0adU(yx X)UX2U (X X @) ~
~agU (g X X)U XU (X X o) ~ (0g X X)U (X X og) ~ g X X.

Thus oy X X = CU D, whereC ~ apand D ~ X ~ A. We show
that (oy X {x}) N C # O for any x € X. Indeed, otherwise (crj X
x {x,}) € D for some x, € X, hence lay X {x,}] < |DI. Since
ag ~ (g X {x,}) and D ~ A, this contradicts the fact that
lagl < 1A fails to hold. Since C ~ «yand («y, £(ay)) is a well-
ordered set, there is U € C?2 for which (C, U) is a well-ordered
set. Using axiom (6) it is easy to obtain a mapping f: X — C for
which fa is equal to the element of («; X (@ }) N C that is the least
with respect to the relation U. It is obvious that f is a distinct-
valued mapping. The statement (d) = (b) now follows from A ~
~ X and the well ordering of (f[X], U N (f[X]D?). O

Exercise

1. Show that the axiom of choice is equivalent in ZF to the following state-
ment, if M is a partition of a set 4 (see Example 1), then there is a mapping g: M —
— A for whichg(m)em,me M, m #+ . (Hint. Consider a partition (m(B)| Be
e P(A) \ (D]}, where m(B) = ((B,a)laeB).)



Chapter 3

TRUTH ON ALGEBRAIC SYSTEMS

15. ALGEBRAIC SYSTEMS

Frequently the object of study in mathematics is a set together
with a structure defined on it. For example: the set of triangles
with similarity relation, the set of real numbers with the opera-
tions of addition and multiplication, the set of real functions with
the property of differentiability and the operation of differentia-
tion and so on. In this section we give a more precise definition of
this concept by introducing a definition of an algebraic system.

DEFINITION. The ordered triple L = (R, F, u) is said to be a
signature if the following conditions hold:

(a) the sets R and F have no elements in common;

(b) 1 is a mapping of the set R U F into w.

Elements of the set R are called relation or predicate symbols.
Elements of the set F are called operation or function symbols.
The mapping u is called a place or arity mapping for L. If u(q) =
= n, then ¢ is said to be an n-place predicate symbol when g € R
and an n-place function symbol when g € F. The 0-place function
symbol is called the symbol of a constant or simply a constant.

For convenience we shall often represent thé finite or coun-
table signature £ = (R, F, u) as

Yy = (rf«(’l)’ ceny rs-(fn)’ “.';fil(fl)’ vees

SEUO, L5 ey vy Gy oee D

where r;, j; are relation and function symbols which are not con-
stants, ¢, are constants of the signature L. In what follows all
signatures will be denoted by the letter  (possibly with indices),
the set of their relation symbols by R, the set of operation symbols
by F, and the arity mapping by u (with the corresponding indices).
We shall say that a signature I is contained in a signature I, (and
writeL € L,)ifR € R;,F C Fjandu C pu,. If X ¢ R U F, then
the signature L, = (R N X, F N X, u } X ) issaid to be a restric-
tion of the signature I to the set X (and we writeL; = L } X).

96
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The power of the set R U F is called the power of the signature
L = (R, F,u) and denoted by IZ|. IfX, C L, , |, n € w, then by
U L, we denote the signature /| U R,, U F,, U M,,>~

new new new new

IfRUF #+ Jand F = J(R = J), then a signature I is said
to be a predicate (function) signature. If R U F # &, then the
signature I is said to be empty.

DEFINITION. An ordered pair ¥ = (A4, »¥) is said to be an
algebraic system of a signature L if the following conditions hold:

(a) A is a nonempty set;

(b) »¥ is a mapping of a set R U F into relations and opera-
tions on a set A;

(c) re R = v¥(r)is a u(r)-place relation on A;

d) feF = ¥ (f)is au(f)-place operation on A. The set 4 is
called the carrier of ¥, and »¥ is an interpretation of the signature
Lin A.

In what follows we shall often write simply r¥ or even r instead
of »¥(r) if it is clear what ¥ is meant. In what follows algebraic
systems will be denoted by the Gothic letters ¥ and B (possibly
with indices) and their carriers by the corresponding Latin letters
A and B (with the corresponding indices). The power of an
algebraic system U is the power of its carrier A. For brevity we
shall often omit the word ‘‘algebraic’’ and call ¥ simply a system.

DEFINITION. A mapping f: A — B is said to be a homomorphism
of an algebraic system ¥ of I into a system B of the same
signature L if the following conditions hold:

(@) if g € R and u(q) = n, then for all a, ..., a, € A{a,, ..
wnayeq¥= (fay, ..., fa,) € q®B;

(b) If g € Fand u(g) = n, thenforalla,, ...,a,€ A f(g¥(a,, ...
s ay)) = ¢ (fay, ..., fa,).

If fis a homomorphism of U into B and f[4] = B, then fis
said to be a homomorphism of U onto B and B is said to be a
homomorphic image of U.

A distinct-valued homomorphism f of % onto B for which f~!
is also a homomorphism is called an isomorphism of A onto B and
denoted by f: A = B. If there is an isomorphism f: ¥ = B then
the systems U and B are said to be isomorphic and this is
designated as: A = V. An isomorphism f of a system A onto ¥ is
called an automorphism of the system Y.

7—191
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PROPOSITION 1. (@) If f: A = B then f~': B = U.

OVIff: U = U and g: U, = U,, then (fg): A = U,.

(©)id,: U = .

PROOF. Follows immediate from the definition of an isomor-
phism. [J

DEFINITION. A system ¥ is said to be a subsystem of a system B
(and we write % ¢ B) if the following conditions hold:

(a) ¥ and B have the same signature;

(b)A ¢ B;

(c) the set A is closed under the operations »2 (f), f € F;

(d) relations and operations »¥(g), g € R U F, in ¥ are restric-
tions to A4 of the corresponding relations and operations »®(q),
geR U F,in®B.

If A # B, then Y C 9B is said to be a proper subsystem of B. If
A ¢ B, then B is said to be a supersystem of U.

It follows from the definition of a subsystem that two sub-
systems ¥, ¥, of a system B with the same carriers coincide. On
the other hand, if a nonempty subset B; C B is closed under the
operations of the system ¥, then B, is the carrier of some sub-
system B, C B. Thus there is a distinct-valued mapping of a set of
nonempty subsets of B closed under the operations of 8 onto a set
of subsystems of 8. That mapping can be extended to all non-
empty subsets of B. Namely, we have

PROPOSITION 2. If B is an algebraic system, X C B, X # O,
then there is a unique subsystem B (X) C B with carrier B(X)
such that X ¢ B(X)and B (X) ¢ U for any subsystem A C B for
which X C A.

PROOF. As B(X') we take the intersection of the carriers A of
all subsystems % C 9B containing X. Since X C B(X), we have
B(X) # . As already noted above, B(X) is the carrier of a
unique subsystem B(X) ¢ B. O

DEFINITION. The subsystem B (X') C B of Proposition 2 is called
a subsystem generated by a set X in 8. If X = {a,, ..., a,}, then
B (X) is also denoted by B (a,, ..., a,). If B(X) = B, then we say
that the system B is generated by the set X.

A set of algebraic systems {1/ € I} is said to be a directed set
of algebraic systems if I + & and for any i, j € I there is k € I for
which¥ C %, and ¥; ¢ ¥, . It follows from the definition that all
systems of a directed set of systems have the same signature.
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PrROPOSITION 3. If (U li € I} is a directed set of algebraic
systems of L, then there is a unique system U such that ¥, C ¥ for
allieIand % C B for any system B for which U, C B, i€l

PROOF. The carrier of U will be aset 4 = |J A4,;. Let {q, ...

iel

.»a,} € A. Then it follows from the definition of a directed set
that there is i € I such that {a,, ..., a,] C A,. Let <(a,, ..., a,)
belong to »¥(s), s € R U F precisely if <a,, ..., a,) belongs to
v¥i(s). Such a definition is independent of the choice of i € I, since
if {ay, ...,a,} C A;, then there is ¥, such that ¥, C U, and ¥;
) Hence V”'(r) N {<a,...,a,)},reR, and v (f) (a,,

- a,), feF, 'for 7€ {i,J) comcnde with the corresponding
u"k(r) N {<ay, ...,a,)},re R, and v (f) (a,, ..., a,), f€ F. The
second statement of the proposition and the uniqueness of ¥ are
obvious. [J

The system ¥ of Proposition 3 is called the union of systems
¥;, i € I and designated A = |J ¥;.

iel

DEFINITION. An algebraic system ¥ of L is said to be an expan-
sion of a system ¥, of L, if the following conditions hold:

@A =A4;

®)L, =Lt R, UF),

©v¥ =4} (R, UF).

If a system ¥ of L is an expansion of a system ¥, of £, then ¥,
is said to be restriction of the system ¥ to the signature L, and
denoted by % } L.

IFT = (rpt, L pslm G U0 RO, e, e, Gy i),
then the algebraic system ¥ of the signature L will often be desig-
nated as follows: & = <4, ry, ..., ceos Jio eens Jio o3 €5 ey
Cops --+ >, Wherer T fk, C,, denote respectively the relatlon v (r ), the
operatlon u”(fk) and the value of the constant »¥(c,, ) on theset 4.

EXAMPLE 1. The algebraic system R = (N, =, ~; 0, 1), where
N = wis aset of natural numbers, + and - are the operations of
addition and multiplication, 0 = 0, 1 = 1, is called an arithmetic
of natural numbers or simply arithmetic. Notice that i# has no
subsystems different from itself. The function signature I, =
= (42, -2;0, 1) is called a signature of rings with unity. Not all
algebraic systems of L, are rings. For a system to be a ring it is
necessary that the operations should satisfy certain conditions (the

7*
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axioms for rings). The arithmetic 9 is not a ring and the system
B =(Z, £, ~;0,1), where Z is the set of all integers (Z = {0, 1,
2,...; —1, =2, ...}), £, = are the operations of addition and
multiplication, 0 = 0, 1 = 1, is. Notice that ® ¢ 3. The system 3
is called the ring of integers. The system ® = (R, =, —; 0, 1)
where R are the real numbers, +, = are operations of addition
and multiplication, 0 = 0, 1 = 1, is also a ring. The system 3 is a
subsystem of R.

EXAMPLE 2. The function signature £, = (- 2(—NHl; ey is called
a group signature. A group of substitutions of a set X is a system
(S(X), =, (~1); e) of the signature £, where S (X) denotes the set
of all distinct-valued mappings of a nonempty set X onto itself, -
denotes a composition of mappings, (_‘_’) denotes the inverse of a

mapping, e denotes the identity mapping. In general the system
A = (4, =, (71); e) of the signature L, is said to be a group if

for any a, a,, a, € A in ¥ the following equations hold:
N a-(@,-a,) = (@aa))a,,
(RQae=ea=a,
B)aa'=ala=e,
where + (a, a,), Q(a) are briefly writtenasa-a, anda~ L If for

any a, a, € A in ¥ we have in addition equations
(@a-a; =a,-a,
then the group ¥ is said to be an Abglian group. To emphasize
that the group U is an Abelian group we often replace the symbols
, (") and e by +, (=) and O respectively. An example of an
Abellan group is the group of integers (Z, +, (=); 0) where + is
addition, (—) is an operation transforming m into —m and 0= 0.
EXAMPLE 3. If a predicate signature L = (Q?) of a system U
consists of a single symbol of a two-place relation Q, then A =
= (A, Q) is said to be a graph. If Q is a partial (linear) ordering
on A (see Sec. 11), then ¥ is said to be a partially (linearly)
ordered set or simply a partial (linear) ordering *. In this case

{

* This definition does not entirely coincide with that of a poset in Sec. 11
(therein the poset is a pair and the graph is a triple); however, by virtue of our con-
vention to denote a graph by (A, P), where P C A2, this will not cause confu-
sion.
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{a, by € Q is denoted by @ <¥ b or simply by @ = b. A partial
ordering ¥ is said to be dense if it follows froma < banda # b
that thereisce 4 suchthatc # a,c # b,a < candc < b. We
shall say that two linear orderings 2 and 8 have the same ends if
the existence in 2 of the first and the last element is equivalent to
the existence of the corresponding element in 8. Notice that a sub-
system of a partial (linear) ordering is a partial (linear) ordering
but a subsystem of a dense linear ordering need not be a dense
linear ordering (give a counterexample).

PROPOSITION 4. [f U and B are two countable dense linear
orderings with the same ends, then % = 9B.

PROOF. Let A = (a,lnew}, B = (b, |n € w}. Consider a set
G consisting of mappings: g: A, —» B, satisfying the following
conditions:

(1) A, and B, are finite subsets of A and B respectively;

(2)g: U4, = BB, if 4, # T;

(3)if 1Al = 2n > 0, then {ay, ...,a, _,;} € A, and (b, ...
b, _ ) € By;

4)if 14,1 = 2n + 1, then {a,, ..., a,} C A, and for n >
> 0f{by, ... b, _,} € By;

(5) if @ € A, is the first (last) element of ¥, then ga is the first
(last) element of B.

Since & € G, we have G # J. Let g: A; - B, be in G and
A, = 2n. It follows from condition (3) that we can choose a €
€ A \\ A, for which (a,, ...,a,}] € A, U {a]. We take an ele-
ment be B \ B,suchthath < gc # a < cforallceA,;andbis
the first (last) element in B if and only if a is the first (last) element
in ¥. Such an element exists by virtue of the density of 8 and con-
ditions (2), (5) for g. It is clear that g U {<a, b))} € G. If |4l =
= 2n + 1, then on interchanging % and B we can find in precisely
the same way a pair <a, b) ¢ g for which g U {(a, b)} € G.
Hence there are no maximal elements in the partial ordering
(G, C), where C is the relation of inclusion. Then there is an in-
finite chain X ¢ G in G. It follows from conditions (2) to (4) that
the union of the elements of X is an isomorphism of ¥ onto B. [J
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Exercises

1. Show that any algebraic system ¥ of a countable signature L has a count-
able or finite subsystem B ¢ . (Hint. Define at most countable sets B,, n € w, as

follows: By = (a}, wherea€ A, B, , | = B, U [blb is the value of the function
of U on the elements of a set B, }. Then it is possible to take as the carrier of B a set
B= U 8,)

new

2. For a given algebraic system ¥ let S(Y) be the set of its subsystems. Then
the system (S(¥); C ), where (8,,B,) € C # B, C B,, is a lattice (see Sec. 11)if
the signature L of ¥ contains symbols of constants.

3. Let ¥ have a proper self-isomorphic subsystem. Then ¥ has a proper self-
isomorphic supersystem.

4. Show that the system (N, =+ ) has a countable number of subsystems and
the system (N; =) has an uncountable number.

5. Show that if |IZ| < w, then for any n € w there is a finite set X of systems of
a signature L such that any system of L of power n is isomorphic to one of the
systems of X.

6. What is the minimal power of the set X in Exercise 5 if £ contains only k €
€ w one-place predicates?

7. Show that the distinct-valued homomorphism h: 4 - B of a system ¥ onto
a system B of a function signature L is an isomorphism of ¥ onto B. Construct an
example showing that the condition R = & on I in this exercise cannot be
dropped.

16. FORMULAS OF THE SIGNATURE &

We fix some countable set V' = {v;li € w} whose elements will
be called symbols of variables or simply variables and denoted by
the letters x, y and z, possibly with indices. If there occurs a se-
quence X, ..., X, of variables in the text, then it is always assumed
that x; # x; for i # j.

DEFINITION. The set T'(X) of terms of a signature L = (R, F, u)
is defined by induction:

(1) variables x € V are terms of L;

@) if ¢, ..., t, are terms of L, f € F and u(f) = n, then
f@,, ..., t,)is aterm of L.

Recall that when #n = 0 the notation ©(7, ..., 7,) denotes ©; in
particular, it follows from (2) that the symbol ¢ € F of a constant
of L is a term of Z.

Thus terms are words (not all the words, of course) of an
alphabet V' U FU {(,)} U {,}. The set of variables occurring in
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a term ¢ is denoted by FV (¢). If FV(t) = O, then ¢ is said to be a
constant, or closed, term. If 7 is a term of I, then the notation
t(x, ..., x,) will designate that FV(¢) C {x,, ..., x,,}. This nota-
tion will also be called a term. *

DEFINITION. Let 9 be an algebraic system of a signature £. A
mapping y of aset X C Vinto A is said to be an interpretation of
variables of the set X into 4. If FV(¢t) C X for a term of £, then
by induction on the length of ¢ we define the value t¥[y] € A of
the term t in U for the interpretation of -

(I)ift = x, x e V, then t¥ [y] = x;

) ift = f(@t, ..., t,), f € F, then t¥[y] = »* (][], ...
coo YD)

It is clear that if v;: X| — A, v,: X, — A are two interpreta-
tions, e T (X), FV(f) € X, N X,andy, } FV(t)=~,t FV(),
then t¥[y,] = t¥[y,]. For brevity we shall often write t¥(a, ...
.., @,), where a; = y(x,), ..., a, = y(x,), instead of t¥(x,, ...
..., X,)[y]. If there occurs a notation #(x,, ..., X,) in the text, then

the notation t¥(a,, ..., a,), 4, ..., a, € A following it will denote
t¥(x,, ..., x,)[v], where v is defined as follows: y x; = a;, i =
=1,..,n.

PROPOSITION 1. (2) If U is an algebraic system of a signature L,
X C A, X + O, then the carrier A(X) of a subsystem A(X) is
equal to a set (t¥[y]lte TE), y: FV({¢) — X }.

(b) If h is a homomorphism of an algebraic system 3 of L into
a system B, t(x;, ..., x,) € T(X) and a,, ..., a, € A, then
h(t¥(ay, ..., a,)) = tB(ha, ..., ha,).

PROOF. (a) Let Y = {t¥[y]lte T(X),vy: FV(t) — X }. By induc-
tion on the length of the term ¢, if t(x|, ..., x,) € T(E) and
a, ..., a, € X, then t”(al, ..., a,) € B for any subsystem 8 C %«
for which X C B. It suffices to show therefore that Y is closed
under the operations of ¥. Let fe F, u(f) = m, ¢, ..., t,,€ T(X)
and y: FV(t)) U ... U FV(,)) — X. Then »*(/)¢{[vl], ...
wo XD = [yl € Y, where t, = f(t,, ..., 1,).

(b) 1t is easy to prove by induction on the length of 7. [J

* It is not, nor is the letter ¢, a term of course, but a designation (a ‘‘name’’)
of the term.
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DEFINITION. A set F(X) of formulas of a signature L =
= (R, F, p) is defined by induction.

M IfreR, p(r) = nandy, ..., t, € T(X), then the word
r(t,, ..., t,) is a formula of L.

(2) If t,, t, € T(X), then the word ¢, = t, is a formula of L.

(3) If &, ¥ are formulas of £, then (&’ A ¥), (P V ¥), (& — ¥)
and - ® are formulas of E.

(4) If ® is a formula of £, x € V, then ¥ x® and 3 x® are for-
mulas of .

Thus the set F(X) of formulas of L consists of some words of
the alphabet ¥ U R U F U (A, V, - , =] U (v, 3} U
U {(,)} UZ{,). Forexample,ifreR, f,g,ceF, u(r) = plg) =
= 2, u(f) = 1, u(c) = 0, then the word

(Vv 3 Uzr(vzyf(v3)) V oy, = gy, 0))
is a formula of £, while the words
vy = v, Y, c=uyVuy, =c,
(Y v, 7r(f(v3), v5)), @ uyr(vy, vy, v) Ve = vy)

are not (why?). The last word is a formula, but of another
signature.

A sequence & of some symbols is said to be simply a formula if
it is a formula of some signature. If & is a formpla, then ()

denotes a signature all of whose symbols occur in ® and & is a for-
mula of the signature L (®). It is clear that £(®) is uniquely defined

by ®.
A subword of a formula & which is itself a formula is called a
subformula of ®. Formulas of the form r(¢,, ..., t,) and ¢, = 1,,

where r is a predicate symbol, ¢,, ¢, are terms, are called
atomic *. Atomic formulas containing at most one signature sym-
bol are called atomical. Thus an atomic formula of a signature £
has one of the following forms:

y=v, c=u, y=0, U= fUg, e ),

f(vio) ceey Ui,,) = Uja r(Uioa seey U,'"), r,

* In some books such formulas are called elementary, but we shall not use this
term. '
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where ¢ is a constant, f is a function symbol and r is a predicate
symbol of X. The sign = is the equality symbol or simply equali-
ty. The signs v and 3 are called the universal and existential
quantifiers respectively. The notation Vv x (3 x) stands for ““for all
x”’ (““there is an x”’). A formula containing no quantities is called
a quantifier-free formula.

The proof of the following three propositions is essentially a
repetition of the proofs of Propositions 2.1, 2.2 and Corollary 2.1
respectively. (Considering cases where a formula begins with
quantifiers does not differ essentially from considering in the pro-
position pointed out the case where a formula begins with a nega-
tion.)

PROPOSITION 2. Any nonatomic formula & of a signature ¥ is
representable in one and only one of the following forms:

(YAX), ¥VX), (¥ ~-X), vx¥,3x¥ or -V

for uniquely defined formulas ¥ and X of the signature . [1

PROPOSITION 3. If ® is a formula of a signature ¥ and n and 0 are
occurrences in & of subformulas of ¥ and X respectively, then
either n and 9 have no symbol occurrences or one of them is con-
tained entirely in the other. (]

PROPOSITION 4. Uniquely associated with each occurrence in a
formula ® of a signature £ of the symbols (, =, ¥ or 3 is some oc-
currence of a subformula of ® whose first symbol is the occur-
rence in question of the corresponding symbol. [J

DEFINITION. A subformula of a formula & of a signature L
associated, by Proposition 4, with an occurrence of a quantifier
Vv (3) is called the scope of that occurrence of the quantifier ¥ (3).

In what follows we shall use our convention to drop outer
brackets (Sec. 2). Notice that a formula of the propositional
calculus may be regarded as a formula of some signature if it is
assumed that the symbols of propositional variables are 0-place
predicate symbols.

DEFINITION. For each formula ® of a signature £ we define a set
FV(®) of free variables of the formula & as follows.

(1) If & is an atomic formula of the form r, r(, ..., t,) or
{; = t,, then the set FV(®) is equal to &, FV(¢)) U ... U FV(,)
or FV(t,) U FV(t,) respectively.
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2)If ® = =V, then FV(®) = FV(¥).

3 If ¢ = & 79, where 7 € (A, V, —}, then FV($) =
= FV(®,) U FV($,).

4 If & = QOx¥, where Q € (v, 3}, then FV () =
= FV(¥) \ (x]}.

It is clear that for any formula & it is possible to find all the
elements of FV(®) in a finite number of steps.

An occurrence 7 of a variable x in a formula ¢ of I is said to
be bound if 7 is in the scope of some occurrence of the quantifier
v or 3 immediately followed by the symbol x. If the occurrence 7
of a variable x in ® is not bound, then it is said to be free. If ¢ con-
tains free (bound) occurrences of a variable x, we shall say that x
occurs free (bound) in .

PROPOSITION 5. If ® is a formula of ¥ then a variable x is in
FV(®) if and only if there is a free occurrence of x in .

The proof is easy to carry out by induction on the length of ¢
and it will be left to the reader. [J

If & is a formula, then in what follows ®(x,, ..., x,) will denote
the formula ¢ and the fact that FV(®) C {x,, ..., x,}.

Now we define the main notion of this chapter.

DEFINITION. For an algebraic system ¥ of a signature £ an inter-
pretation of variables y: X — A4 and a formula ® € F(X) such that
FV(®) ¢ X we define a relation A = $[y] (for “®[y] is true in
A’’) by induction on the length of $.

MIfd =r,reRr, u(r) = 0, then Y = ®[y] is equivalent to
@ e vi(r).

Qe =r@,....t,), reR, ur)y=mn,t,..,t,e€T(),then
A = P[y] is equivalent to (t{ [y], ..., t¥[y]) € ¥ (r) *.

B If®isequal tot, = 1,, 1), t, € T(X), then A = P[y] is
equivalent to t{[y] = 3 [y].

4)Ifd = ¥, then¥ = ®[y] if and only if it is false say that
A = Y[yl

G)Ife = (P, APy, then¥ = P[y] W = ¢/[y]and U =

= 2197)8

* Of course, (2) includes (1), since we have agreed to assume r(f, ... , I,)
equal to r when n = 0. We have included (1) here to emphasize the peculiarity of
0-place predicates.
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©Ifd = (2, vI),then¥ = &[y] & A= P [y]lor¥ =
= &, D).

NHIfd = (@ — P,), then¥ = [y] © (fUA = &[], then
A= 2[y).

(8) If & = 3axV¥, then A = ®[y] if and only if there is an in-
terpretation y;: X; — A such that x € X, v, } FV(®) =
=yt FV(®)and ¥ = ¥[y,].

9) If & = vxV¥, then A = ®[y] if and only if for any inter-
pretation v;: X, — A such that x € X, and v, } FV(®) =
=} FV(®) we have ¥ = ¥[y,].

It is obvious from this definition that free and bound occur-
rences of variables in a formula ¢ of £ play quite different roles in
establishing the truth of the formula. Namely, free occurrences of
a variable x are ‘“adsigned’’ a constant value y(x) while bound oc-
currences are not ‘‘assigned’’ any constant values and instead all
possible values of them are considered.

PROPOSITION 6. Let U be an algebraic system of a signature L
and ® € F(L). If v;: X, — A, v,: X, — A are two interpretations
for which FV(®) € X, N X,and v, } FV(®) = v, } FV(®), then
U= Syl o A = Sy,

Proof is easy to carry out by induction on the length of ®. (]

Instead of A = ®(x,, ..., x,) [y] we shall often use a more con-
venient notation ¥ = $(a,, ..., a,), where a; = v(x,), ..., a, =
= v(x,). Namely, if a notation ®(x,, ..., x,) occurs in the text,
then the notation ¥ = &®(a,, ..., a,), a,, ..., a, € A following it will
denote A = ®(x,, ..., x,) [y], where v is defined as follows: vx; =
= aq;, i = 1, ..., n. Such an abbreviation is possible by Proposi-
tion 6.

DEFINITION. If ¢ is a formula of a signature £ and FV (®) = J,
then & is said to be a closed formula or a sentence.

If ® is a sentence of a signature £, % is a system of L, then the
relation A = ®[y] is independent of the interpretation y and we
shall denote it simply as ¥ = &. It is also clear that if for a for-
mula &, a system 2 and an interpretation vy a relation ¥ = ®[y] is
defined, then ¥ = ®[y] @ A } L(@) = ®[y]. If ®[y] is not true in
A, then we say that ®[y] is false in U.

DEFINITION. A formula & is said to be identically true or valid if
A = ®[y] for any system U of a signature £(®) and any interpreta-
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tion y: FV(®) — A. It is clear that in this definition the signature

L(®) may be substituted for by any L 2> E(®). A set of formulas

Y C F(X) is said to be satisfiable in a system U of a signature L if

there is an interpretation y: {J FV(®) — A4 such that Y = &[y]
deY

for all ® € Y. A formula & is said to be satisfiable in a system ¥ if

a set {®]} is satisfiable in ¥.

The notion of the truth of a formula on a system belongs to
the basic concepts of mathematical logic along with the notion of
derivability. The importance of this notion is due to the fact that
many theorems in mathematics can be expressed as statements
about the truth of some formula on algebraic systems from some
class. In contrast to the properties of ‘“being a formula” and of
‘“‘being an identically true formula of PC”’, in the general case
there is no effective method that would allow us to establish for a
sentence ® in a finite number of steps if A = & is true. This is due
to the fact that if A is infinite, then (8) and (9) require checking an
infinite number of conditions *. In the general case (2) and (3) are
not ‘‘effective’’ either, since the predicates and functions of an in-
finite system A may not be given ‘‘effectively’’.

Now we establish a simple but important fact.

PROPOSITION 7. If f is an isomorphism of a system ) onto a
system B, ®(x,, ..., x,) is a formula of the signature of U, then for
any a,, ..., a, € A the property A = ®(a,, ..., a,) is equivalent to
B = ®(fa,, ..., fa,). In particular, if ® is a sentence, then A = & is
equivalent to B = $.

- Proof is easy to carry out by induction on the length of ®. If ¢
is an atomic formula, then the statement follows from the
definition of an isomorphism and Proposition 1(b). The induction
step will be left as an exercise to the reader. [J

In contrast to infinite systems, the truth of a formula ¢ on a
finite system % of L(®) can be verified in a finite number of steps.
This is easily shown by induction on the length of &.

DEFINITION. Let n € w, n > 0. A sentence ¢ is said to be n-valid
if A = & for any algebraic system U of power n and a signature
E(P).

* It will be shown in Chapter 7 that this difficulty cannot be avoided.
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PROPOSITION 8. There is an effective procedure (an algorithm)
allowing one to establish for any n € w, n > 0, and any sentence ¢
in a finite number of steps whether or not ® is n-valid.

PROOF. It is obvious that for a finite set X the sets P(X) and
X" n € w, are finite. For any finite signature L, therefore, there
is only a finite number of systems of L with a finite carrier X.
The procedure for verifying n-validity reduces to writing out all
the systems of L(®) with carrier {1, 2, ..., n} and verifying the
truth of & on each of the systems written out. As noted above,
such a verification is carried out in a finite number of steps. [J

In a similar way to n-validity, 0 < n < w, one can define the
x-validity of a formula ¢ for an infinite cardinal x. As is to be
shown in Sec. 24, these concepts coincide for all infinite cardinals
x. What other relations are there between the two concepts? As is
shown in the next section, if a sentence & is infinitely valid, then
there is a number n, € w such that & is k-valid for any k > n,. The
n-validity of a sentence ¢ for any n € w, n # 0, does not in general
imply (Exercise 4) the validity of ®. Note that no complete
description of the set

S = (X C wlX isequal to {nl® is n-valid}
for some sentence ¢}

has yet been obtained. It is not even known if the set S is closed
under the complement in the set w. We note here a simple fact.
PROPOSITION 9. For any n € w, n 2 1, there is a sentence ®, of an
empty signature L (i. e. By = ( O, ®©))such that &, is n-valid and
= ®, is k-valid for any k # n, k > 1.
PROOF. We may choose as &, a sentence

3y, .30, (hyy =AYy =oAL AN
U, =) )) AV = vV Viyy = p,).)). U

The formula ¥ v, ¥ v,(P (v;) — P(v,)) contains no equality and
function symbols, is 1-valid and is not n-valid for n > 1. Also
easily constructed (Exercise 3) is a formula ¥, without equality
and functions, which is k-valid for 0 < k& < n and which is not
m-valid for m > n. It is impossible to construct the formula ¢, of
Proposition 9 without equality and functions in view of the
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following fact (Exercise 5): if a sentence $ contains no equality
and function symbols, then the n-validity of & implies the
k-validity of ® for any k < n, k # 0.

Exercises

1. Show that for any finite signature L there is a procedure for determining
from any finite sequence of symbols whether or not it is a formula of L.

2. Let & be a homomorphism of a system ¥ of a signature L into a system B.
Then for any atomic ®(x;, ..., x;) € F(X) and any q, ..., a, € A we have ¥ =
= $(ay, ..., a,) = B = ®(hay, ..., ha,).

3. Show that the following formula ¥, is k-valid if and only if 1 < k& < n:
Jvy .3y, 4 V(Y (ruy, vy) ~ r(vp, 1)) V

V(.. VYU (r(v, 4 1, b)) = (g, vy))...)).

4. Show that the following formula is #-valid for any n € w, n # 0, and is not
simply valid:

Iy Vu = fvy) = vy — Fyg 3 v () = fU) A 0 yp = v)).

S. Suppose 0 < k'< n < w, a sentence ¢ is n-valid and contains no equality
and function symbols. Then & is k-valid. (Hint. Let ¥ = —®, where ¥ is a system

of a signature L (®) with carrier {1, 2, ..., K }. Construct a system 8 2 ¥ of power
n by defining on a set B = {1, 2, ..., n} predicates r of Z($) as follows:

Ay o ) €430) @ Gy oo i €970,

where j; = i if i; < k and j; = k otherwise. Then B = —®.)

17. COMPACTNESS THEOREM

The compactness theorem was proved by A. I. Maltsev in
1936. It was also he who was the first to show its importance as a
new method for proving not only theorems of mathematical logic
but also those of algebra. We shall give a proof of the theorem via
ultraproducts introduced by Los’ in 1955.

Given a family of sets S = (X i € I'} the Cartesian product of
S is the set

Iprod X; = {f: T — U Xl fie X;}.
iel
For j € I, a mapping of /-prod X into X assigning to an ele-

ment f an element f(j) is called a projection of the Cartesian
product on the jth coordinate and denoted by the same letter j.
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Given a filter D on I we define on I-prod X; a relation 2 as

follows:
fRge lilfi=gi)eD.
LEMMA 1. A relation £ is an equivalence on I-prod X;.
PROOF. The reflexivity and symmetry of £ are obvious.

Letf 2 gandg 2 h. Thentheset Y = (il fi = hi} contains the
intersection of the sets {ilfi = gi} and {ilgi = hi} which are
elements of D. It follows from (2) and (3) that Y € D. [J

A mapping assigning to an element f € I-prod X; a
£ _equivalence class containing f will be denoted by the same let-
ter D as the filter. The set

D;prod X; = (Df | f e I-prod X;}

is called a D-filtered product of sets X, i € I.

DEFINITION. A D-filtered product of a family of algebraic
systems {U;li € I'} of a signature T is an algebraic system U ==
= D-prod ¥, of L with carrier A = D-prod A, and the following
interpretation »¥ of £ in ¥.

(1) If ce Fand u(c) = 0, then for f e I-prod 4;

Df = v¥(c) & (il fi = »¥(c)) e D.

2.IfseR U F, thenfor fi, ..., f,, € I-prod A; {Df,, ..., Df, ) €
evli(s) e (il{fii, ..., [i) € v¥i(s)) € D, wheren = p(s)if s e
eRandn = u(s) + 1ifseF.

We verify that this definition is correct, i. e. that the sets »¥(s)
and »¥(c) are independent of the choice of representatives f;, ...
..., f, and f in the classes Df), ..., Df, and Df. Indeed, let Y, =
= {ilfyi = gi}eD, 1< k < n. Thesets W, = [(il{fii, ...
wo foiy € V¥i(s)} and W, = {il<g,i, ..., g,i) € v¥i(s)} have the
same intersections with the element Y| N ... N Y, of the filter D.
Hence W, € D ¢ W, € D. The correctness of (1) is similarly
shown. To state that ¥ is a system of a signature I it is in addition
necessary to show that »¥(s) is an operationon A if se F. Letse F
and u(s) = n. For elements f), ..., f,, € I-prod A; we define f €
€ I-prod A, as follows: fi = v¥i(s) (fii, ..., f,i), i € 1. Then
(Df,, ..., Df,, Df ) € v¥(s). Suppose that for some g € I-prod A,

we have (Df,, ..., Df,, Dg) € ¥(s).



112 Truth on Algebraic Systems

Since »¥i(s), i € I, are functions, the set {i | fi = gi } contains the
intersections of the sets (i{fyi, ..., f,i, fi) € »¥(s)} and
(i) fyiy ..oy fi, g1 ) € ¥¥i(s)} which are in D. Hence Df = Dg.

A filtered product {7}-prod ¥, is called a Cartesian or direct
product of systems ¥, i € I. We give an independent definition to
this important special case. Let % = I-prod ¥; be a system of a
signature L with carrier A = I-prod A; and the following inter-
pretation of £ in A4.

(1) If c € F and u(c) = 0, then

W E)G) = v (c).
2)Ifse R U F, then
s oon ) €05() & fyiy ey £ € $Yi(s) forall iel,

where n = p(s)ifse Randn = u(s) + lifse F.

It is clear that a mapping assigning to an element f an element
{f} is an isomorphism of I-prod ¥; onto ([}-prod ¥; and so
without fear of confusion the system /-prod ¥; will also be called a
Cartesian of direct product. A Cartesian product /-prod ¥; is

often denoted by H?I,.or by A X o X W, if I = (iy,...,i,}isa
iel

finite set. We point out a simple but useful fact relating Cartesian

products to filtered products.

PROPOSITION 1. For any filter D on I and any systems {;lie I}
of a signature ¥ a mapping D: I-prod A; ' D-prod A; is a
homomorphism of a system Y = I-prod U; onto a system A’ =
= D-prod ¥;.

PROOF. Suppose s € R U Fis not a constant and {f}, ..., f,) €
€ »¥(s). By the definition of a Cartesian product {il{fi, ...
wees [oiy € ¥Yi(s)} = I. Since I € D, we have (il <fji, ..., fi) €
e i(s)} e D, i. e. {Df,, ..., Df, ) € v!'(s). The case where s is a
constant is similar. [J

In what follows, by a class we mean some property O of sets *.
Sets satisfying a property © are elements of the class ©. In par-

* Since we have assumed ZFC to be a basis, by a property © we mean a pro-
perty denoted by the formula ®(x, y,, ... , y,) of the signature (e2), where the
variables y;, ..., y, are parameters. As a ‘‘code’’ of a class K defined via
parameters @, ... , @, one may take a set {(y;, a1), ... , (¥, a,), ®(x, ¥, ...
.. s Yn)), where ®(x, y;, ... , ¥,) is a formula of the signature (e?) for which
&b, a, ..., a,) ® (bis an element of K).
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ticular, all sets form a class ¥ which is not a set. The property of
‘“‘being an element of a set X’ defines the set X and so any set
may be thought of as a class. Of course, one cannot treat classes
as sets, one cannot, for example, consider the class of all sub-
classes of a given class K. However, if K, K, are classes, then one
can define in an obvious way the classes K; N X,, K; U K, and
K, \K,. If ais an element of K, then just as in the case of sets we
shall say that g is a member of K or is in K and write @ € K.

Given some class K of algebraic systems of a signature L and a
filter D on I, we say that K is closed under the D-filtered products
if for any set (;li e I'} of systems in K we have D-prod ¥, € K. If
for ®(x,, ..., x,) € F(X) we define K (®) to be a class of systems U
of a signature L such that for all @, ..., a,€ A in ¥ ®(q,, ..., a,) is
true, then it is easily verified that for an atomic formula ¢ the
class K(®) is closed under any Cartesian products. By Propo-
sition 1 and Exercise 16.2 K(®) is also closed under all filtered
products for an atomic formula ®. As is to be shown in what
follows, this is true not only for atomic formulas. If, however, D
is an ultrafilter, then for any formula & € F(X) the class K (®) is
closed under D-filtered products (Theorem 1 below).

DEFINITION. A formula ®(x,, ..., x,,) is said to be D-filtering (on
aset I) if for any set {¥; |i € I} of algebraic systems of a signature
L(®) and any Df,, ..., Df, € D-prod A4,

D-prod ¥; = ®(Df,, ..., Df,)
o (il¥; = ®(fii, ..., f,i)} e D.

If in this definition the implication < holds instead of ¢, then
the formula & is said to be conditionally D-filtering. A formula &
is said to be (conditionally) filtering if it (conditionally) filters for
any filter D.

If v is an interpretation of some set of variables in I-prod 4,
then by D (y) we denote the composition of 4 and D. By i(y) we
denote the composition of 4 and the projection on the ith coor-
dinate.

LEMMA 2. If & and ¥ (conditionally) D-filter, then formulas
vx®, 3x$ and & A ¥ (conditionally) D-filter.

PROOF. Fix some interpretation v of free variables of a formula
vx® in the set I-prod A4,.

8—191
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Let (i 1%, = vx®[i(y)]} € D. Then for any f € I-prod 4,, if we
consider v’ 2 v such that y’(x) = f, we have

(1Y = ®li(y")]) e D.

If ® conditionally filters, then D-prod ¥, = ®[D(y")] for any vy':
FV(®) —= I-prod A;, vy € v, i. e. D-prod ¥; = Vx®[D(y)].

Suppose D-prod ¥; = Vx&[D(y)] and @ filters. Consider a set
X = (il¥;, = vx®[i(y)]}. Choose a function f € I-prod A4, such
that for i e I \ X we have ¥, = -~ ®[i(y')], where v’ 2 7,
v’(x) = f. Then from the fact that & filters and from D-prod ¥; =
= ®[D(y’)] it follows that X = (il¥; = ®[i(y')]} € D.

The cases of 3x® and & A ¥ are similar and they will be left as
exercises to the reader. [J

LEMMA 3. Atomic formulas filter for any filter D.

PROOF. Let ®(x, ..., x,) be an atomic formula of the form
sy, ..., t,), where s € R, u(s) = m, ¢, ..., t,, are terms, let
v: {xy, .... X, } = I-prod A, be an interpretation of variables and
fi=v(;),ie{1,...,n}. Then for ¥ = D-prod¥;

A = &(Df,, ..., Df,)) & (¥[yD], ..., t2[yD]) € v (s).

By Proposition 1 and 16.1(b) we have ¥ [yD] = DtP[y], 1 <Jj <
< m, where 8 = I-prod ¥; and so

(A [D), ..., EYD]) € 14(5) & (DIPhyl, ...
oy DISIY]) €55 (5) & (1R YIQ), <., (2 IY)(E)) € 1% (s)) € D.

But 12 [y]() = (R (fys - SIG) = £]i(f1, .., £,) and sO
AR, - 2V10)) €4Mi(s) & U = R(fi, .., £).

Thus
D-prod 4, = ®(Df,, ..., Df,) & [il1¥4, = ®(i, ..., f,i)} € D.

The case where & has the form ¢, = ¢, is similar. UJ
THEOREM 1.(Los’). Any formula ® filters for any ultrafilter D.
PROOF, By induction on the length of ®. Since the truth of the
formulas & — ¥ and ® Vv V¥ is equivalent to that of = ($ A 7 ¥)
and = (- ® A - ¥) respectively, by Lemmas 2 and 3 it suffices to
show that =& D-filters for a D-filtering formula ®. The property
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& ¢ D and Proposition 12.2 yield X ¢ D & I \\ X € D. Therefore,
from the fact that ® filters we get

D-prod ¥, = ~®[y] & (il% = dyi]} ¢
¢D o (ilY, = ~®fil}eD. O

DEFINITION. An algebraic system ¥ of a signature L is said to be
amodel of a set of formulas T of L if there is an interpretation v in
A of variables occurring free in the elements of I' such that % =
= &[y] for all ® € I'. The set T is said to be satisfiable if T" has a
model. The set is said to be locally satisfiable if each finite subset
of I" has a model.

As a consequence of Theorem 1 we obtain the following very
important theorem known as the compactness theorem.

THEOREM 2. Every locally satisfiable set T' of a signature L is
satisfiable.

PROOF. Consider a set I of finite subsets of I'. For i € I choose
systems ¥, of £ and interpretations +; in 4; of free variables occur-
ring in the formulas of i such that ¥; = ®[y;] forall® € i. Forie [,
consider sets X; = {jeli C j}. Thesystem of sets {X;lie[}isa
family of sets with finite intersection property. Indeed, if iy, ...
o helandj =i U .. Uij,thenje X, N .. N X;,.ByProp-
osition 12.1 there is an ultrafilter D such that X; e D for all i € I.
For a variable x occurring free in some element of I' we define
v(x) € I-prod A; as follows:

L0O)G) = {'y,(x) if x € dom v,

an arbitrary a € A; otherwise.

Let & e I'. It is clear that
Xp) C (i1 = ®[yil}.

Since X4, € D, we have (i I%; = ®[yil} € D. By Theorem 1
D-prod ¥; = ¢[yD]. O

Theorem 2 will be often used in the next chapters, especially in
Chapter 5. Here we give a simple but sufficiently typical applica-
tion of the theorem (see also Exercise 7).

COROLLARY 1. If for any n € w a set of formulas T of a signature
L has a model of power > n, then T has an infinite model.

8*
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prOOF. We take an infinite set of symbols C for which C N
NRUF)=JandletL, = (R,FU C,pu,), wherey, } (RU
U F) = pand u,(c) = 0 for c e C. Consider aset X = I' U
U {—c =dlc,de C, c # d} of sentences of a signature L,. If
Y=IU/{-¢ =d, ..., ¢, =d,)}, whereI'| ¢ T is a finite
subset of X, then Y is satisfiable in a suitably expanded model A
of " of power > n. By the compactness theorem X has a model .
Since »¥ (¢) # ¥ (d) ford, c e C, ¢ #+ d, we conclude that ¥ is an
infinite model of I'. (J

Since the set C in the proof of the corollary is arbitrary, we
have in fact shown that under the hypothesis of Corollary 1 the set
I" has a model of a power exceeding any preassigned power.

Exercises

1. Show that a filtered product of partially ordered sets is a partially ordered
set.

2. Show that the Cartesian product K; X K, of two fields cannot be a field.
(Hint. There are zero divisors in K| X K;.)

3. If all %;, i € I, are equal to a single system B, then the Cartesian (filtered)
product I-prod U (D-prod ¥;) is said to be a Cartesian (filtered) power of 8 and
denoted by B/ (BP2). Show that

(a) on all Cartesian powers B/, with |71 > 1, the following formula is false:

g3 r) AT A (Y =y AV i(ry) —
{
@ =uwVy=v)))

(b) a Cartesian power B/, with carrier B and set I having more than one ele-
ment, cannot be a linearly ordered set.

4. Find nonisomorphic algebraic systems % and B for which the system % x ¥
is isomorphic to B x B. (Hint. Let L = (r'y), A = B = w, ¥i(r) = o \ (0},
B(r) = w\ (0, 1})

5. If D; ¢ D, are two filters on a set I, then there is a homomorphism of a
system D;-prod B, onto D,-prod %B;. (Hint. Consider a mapping assigning to an
element D, f an element D, f.)

6. Let D be a principal ultrafilter on 7 and N D = {f,}. Then a system
D-prod ¥; is isomorphic to the system ;.

7. Let T be a set of sentences of a signature L such that for any algebraic
system ¥ of L there is a sentence ® € I' true on Y. Show that there is a finite set
{®, ..., ®,) € T such that the sentence (§; V (¥, V ... V &,)...) is an identically
true formula.



Chapter 4

THE CALCULUS OF PREDICATES

18. AXIOMS AND RULES OF INFERENCE

We fix some arbitrary signature L. In this section we define the
calculus of predicates of T (abbreviated CPT),

Formulas of CPT are the formulas of L. Sequents of CPT are
sequences of the following four types:

d)o, @ F Y B, ., @ Y,

where &, ..., ®,, ¥ are formulas of CPE.
We adopt the following conventions. Let x;, ..., X, be
variables, let ¢, ..., ¢, be terms of £ and let ¢ be a formula of E.

By (®);" " n we denote the result of substituting terms £, ..., f,

veny

for all free occurrences in ¢ of the variables x, , ..., x, respectively.
If there occurs (@);‘]',' ,’:" in the text, then it is assumed that for all

i = 1, ..., n none of the free occurrences in ¢ of a variable x; oc-
curs in a subformula of & of the form vy®, or 3y®, for y €
e FV(t). By [d>]; we denote a formula (®)*. Whenever [®]; occurs
it is in addition assumed that y ¢ FV(®). Ify anotation ®(x,, ..., x,)
has already occurred in the text, instead of the cumbersome nota-

tion (@)fl‘,’ “m we shall often write simply ®(¢, ..., £,). Notice

that by the convention at the beginning of Sec. 16 the variables x; ,
..., X, are pairwise distinct while there may be equal terms among
t,...,t.
l DEFH:'JIT[ON. Axioms of CPF are the following sequents:

(1)  — &, with & a formula of CPZ;

(2) - x = x, with x a variable;

(3) x = y, (®); + (9);, with x, y, z variables, ¢ a formula of
CPT satisfying the condition on the notation (®) and ().

perINITION. The rules of inference of CP¥ are the following:

'-&T+ V¥ F-é&ny
L 2 —
F'-®AY¥ r~¢
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F'-®AV F'-&T+-&—- V¥

J—_ 8 ;
'-v¥ ' v

L oo
r-ovy '-¢

5 '-v : 10_F'_¢;FF_‘¢;
'-ovv '+~

6 P,@hX;P,‘I’k—X;I‘kQ’V‘P. 1 rye, ¥, I~ X

’ T+ X ’ ‘T,¥, 9,1 - X’
Fv

7,__M_; 12._2.1;

& — V¥ ve¢e

13. JL—?—— , where x does not occur free in the elements of I';
'vx®

g D@y v

‘T,vxér V¥’

ps, L@y
'-3axe

16. —M—— , where x does not occur free in ¥ and in the elements of I'.
Naxé - v

Just as in PC, in the rules of inference &, ¥, X are variables
for the formulas of CP and TI', T, are variables for sequences of
such formulas. In Rules 13 to 16 formulas ¢, ¥ and sequences I
must satisfy the indicated conditions as well as the conditions on
the notation (®)F. Just as in PC, if in the rules of inference the
variables ¢, ¥, &’ and the variables I', T', are replaced by
concrete formulas and concrete sequences of formulas, then in-
stances (or applications) of the rules of inference result. If © is an
instance of a rule of inference «, then we shall say that the sequent
in © below the line is obtained from the sequents in © above the
line with the aid of the rule «. The following definition is an
almost word-for-word repetition of the corresponding definition
of PC.

DEFINITION. A linear proof in CPZ is a finite sequence C,, ..., C,
of sequents of CPT which satisfies the following condition: every
sequent C;, i < n, is either an axiom or is obtained from some
preceding axioms using one of the rules of inference 1 to 16. A
linear proof G, ..., C, is called a linear proof of its last sequent
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C,. If there is a linear proof in CPT of a sequent C, then C is said
to be CPT-provable or a theorem of CPE. A formula ¢ of CPF is
said to be CPE-provable or a theorem of CPT if the sequent & is
CPE-provable. A tree D is said to be a tree form proof or a proof
tree of a sequent C in CPT if all of its initial sequents are axioms
of CPL, its passages are applications of Rules 1 to 16 and the final
sequent is equal to C.

The definitions of an admissible rule and of a quasiderivation
coincide with the corresponding definitions of Sec. 3, with PC
replaced by CPE,

PROPOSITION 1. A sequent C is a theorem of CPE if and only if
there is a tree form proof of it in CP.

PROOF. An almpost word-for-word repetition of the proof of
Proposition 3.1. O

A formula ¥ of CPT is said to be a tautology if it is obtained
from a formula ¢ of the propositional calculus, provable in PC,
by replacing all of its propositional variables by formulas of
CPL ¥, ..., ¥, respectively. The formula & is called the base of
the tautology.

PROPOSITION 2. Any tautology ¥ of L is CPE-provable.

PrOOF. Let ¥ be obtained from a base ¢ by replacing its
variables P, ..., P, by formulas ¥, ..., ¥, respectively.

Let a tree D, be obtained from a proof tree D in PC of the se-
quent ¢ by replacing the variables P, ..., P, by ¥,, ..., ¥,
respectively and by replacing the other propositional variables by
an arbitrary formula ¥, , , of L. It is obvious that D, is a proof
tree of the sequent V¥ in CPE, [J

PROPOSITION 3. If ® is a formula of CPE, X, , ..., X, are variables,

t , t, are terms of L and the conditions of the notation

1r oo

@vx ..vx, o+ (@);\'lx, s X,y

s e In

.....

PROOF. Let y;, ..., y, be pairwise distinct variables not occurr-
ingin ® or ¢, ..., ¢, and different from x;, ..., X, .
(a) For all 1 < k < n we have an equation

X1y eeey Xk — 1\¥k
(V X g1 VX (B e Yk = 1Yk T

X1, +oey Xk
VX, - Vxn(é)yl, B
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and all the conditions on such a notation hold. Therefore the
following tree is a proof in CPL:
@515 F @)
D Nl L) N
VX, o Vx, @51 s e (@)

n — 2

X1y eeey X
VX .. Vx,® = $Il

Applying now Rule 13 n times we obtain the provability in CP¥ of
the sequent

VX, ..VxX,® - Vy .. Vy(<1>""“'y"

We denote the formula ($)}! Xl e "" " by ¥. For ¥ then the condition
on (\If)"'"‘ "’" holds. For all 1 < k < n we have

(Y s e ¥R OO =V, @

and conditions on such a notation. Applying again Rule 14 n
times we obtain the provability in CPE of the sequent

Vy.vy ¥ (‘If)'”" "".

Since (¥))" 7, con = (<I>)X‘""”,’;", the followingtree is a quasi-

derivation in CPE :

VY VY, ¥ e (@)

-V .. Vy,,‘ll—‘(é)‘” LY X L VX, -V Yy, ¥

n

VX .. VX,, @ - (@) ngn

(b) The proof is similar to (a). Applying first Rule 15 several
times we obtain the theorem

X1, coey X
@5 ax..3x 9.

Applying then Rule 16 several times we obtain a theorem of CPT

3y,.-3y,@)5 - 3x .3, d 6))

n
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Applying again Rule 15 several times we obtain the provability in
CPT of the sequent

(EPodne 3y 3y, Y, @

seny

where ¥ = (@);:: ;: From (1) and (2), just as in (a), we obtain

the provability in CPT of sequent (b). O
PROPOSITION 4. Admissible in CPT are rules (a) to (I) of Pro-
position 3.2 and exercise 3.2, as well as the rule

¢|, covy d)k = 4

Ve X X1y ey X, X1y oeey X
(q)l)’lrll’ g e (d’k)n'. N (‘I')Ill. i

(m)

PROOF. For rules (a) to (m) the proof essentially coincides with
the proof of admissibility of the corresponding rules of Sec. 3.

(m)Let a sequent @, ..., ®, — ¥ be CPL-provable. Applying
Rule 7 several times we obtain the CPT provability of the sequent

-~ (&) =~ . (B, — ¥)...).
Applying Rule 13 several times we obtain the provability of the se-
quent
VXLV (R = (P~ . (B~ ¥).).
From Proposition 3 (a) and admissible rule (e) we obtain the CPE-
provability of the sequent .
(@ = (@ = o (B = ¥ 3)

s s In

..........

Rules 8 and 12 the sequent

@7 i (B = (@ = U)o
Similarly applying Rule 8 some more times we obtain the pro-
vability in CPT of the sequent

@) s e @ o = (O i O

If C is a sequent of CPZL, then the union of all sets FV($),
where ® is a formula in C, is said to be a set of free variables of C
and denoted by FV(C).
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DEFINITION. Let C be a sequent of CPE, ¥ an algebraic system
of L and v an interpretation of variables of F¥(C)in a set A. The
sequent C is said to be true in U for the interpretation v (and we
write ¥ = C[v]) if and only if the following conditions hold:

(1)if C =T +~ V¥, then either A = Y[yl or A = ~P[y] for
some formula ® in T';

2)if C=T +,then ¥y = —P[y] for some formula & in I'; in
particular, I" is a nonempty sequence.

If the sequent C is not true in ¥ for v, then we say that C is
false in U for ~. It follows from the definition that the sequent ~
is false on any algebraic system ..

DEFINITION. A sequent C of CPT is said to be identically true if
A = Cly] for any algebraic system of L and any interpretation v:
FV(C) — A.

It is clear that for a sequent C the property of being true is in-
dependent of what CPT it is treated in (i. €. of ).

Our main aim in this chapter is to prove the following
remarkable result due to K. Gédel: the class of CPE-provable se-
quents coincides with the class of identically true sequents of CPE,
This statement is called the completeness theorem for the calculus
of predicates. One part of it is easily proved.

THEOREM 1. All CPE -provable sequents C are identically true.
In particular, CPY is consistent, i. e. not all formulas of CPE are
CPE-provable.

PROOF. By induction on the height of the tree form proof of a
sequent C. It is obvious that the axioms of CPT are identically
true. Verification that the Rules of inference 1 to 16 remain iden-
tically true will be left as an exercise to the reader. [J

Notice only that to verify Rules 14, 15 we should first establish
the following fact. Suppose that ¢ is a formula, ¢ is a term and the
notation ()Y has meaning. Let X = FV(®), Y = FV((®))),
y:X—=A,yv*:Y—-Aandy| (X\ {x})=v* (Y\ {x1]). Then

AE Ply] & A = (@) [v*],
if x[y] = ¢[y*]. This fact is established by induction on the length
of &. [J

The second part of the completeness theorem is to be proved in
Sec. 21. To do this we must first obtain a sufficient number of



Axioms and Rules of Inference 123

CPI-provable sequents. The following proposition shows that the
ordinary properties of equality are CPZ-provable.
Ift, ..., t,, t the terms of L, x|, ..., x,, are variables, then

(1)]}> > 'n denotes the result of substituting #,, ..., #, for x, ..., x,

respectively.
PROPOSITION 5. If ¢, q, S; Gy , -+, G, 3 Sy 5 --+, S, are terms of L, ® is
Xn

a formula of CPZ satisfying the conditions on (fb);‘l: e and on
@ f}" © X then the following sequents are CPE-provable:

y eeey S ?
@rFt=t
®t=qrqg=4g
t=gqg,qg=s+H 1t =s;

~ - X1y ooy Xn s eeer Xn o
(d) q, = S, A q, = S, = ([ q]|, ...,q',’, = (t ::, vy Sn?
© g = s, s gy = 5, (RN 0 = (@)

ql, ey Sn

PROOF. (a) The sequent ¢ = ¢ is obtained from the axiom
+—x = x by the derived rule (m) of Proposition 4.

Let x, x,, y, z be pairwise distinct variables. Consider the tree

Fx=xx=y @E=x%+@z=x)j
X=yry=x ’

t=qrgqg=1

Since its initial sequents are axioms and its passages are applica-
tions of the rules of Proposition 4, the tree under consideration is
a quasi-derivation of sequent (b). The provability of (c) is obtain-
ed in a similar way from the quasi-derivation

y=1z x=x) - x=x)y
X=y,y=Zr+Xx=2

t=qgg=sr+t=s

Lety, ..., »,5 %, ---» Z, be pairwise distinct variables different

from x,, ..., x,, not occurring in terms q,, ..., g,, S, ---, S,,  and
in the formula . From (a), Proposition 4(c) and from the fact

that the terms (/)%! and ((t);:);’l are equal it follows that the tree

z]
@3 = O3y = 2, 0 = (O
»1 y 1

»n =z~ @O = ()

X1 X1
= @)y = (O




124 The Calculus of Predicates

is a quasi-derivation in CPE, If n > 1, then by Proposition 4(m)

the sequent y; = z; + (1)} )2 = ()77 is CP*-provable. Apply-

ing to that sequent and to the axiom

~ X1, X2 o X1, X2 )22 X1, X2 X1, X2
Yy =2y, )5 ((t 2, 2 )yz E@)y 5 = Uy -

Rule (4¢) of Proposition 4 we obtain the sequent

N=z =05 = 05
On carrying out a number of such steps we obtain the provability
in CPT of the sequent
S R e Rl DA (M

From this we obtain by rule (m) of Proposition 4 sequent (d).

(e) Since an equation ((@)j}:’y‘g” o ): : = (®);I32 5 is true,

the sequent
~ X1y X2y +oey X, X1y X2y oony X,
N =2, (q))yl.yz, y: = (q))zn,yz, y:
is an axiom. If n > 1, then from this axiom and the axiom

p X1, X2, «oey Xn X1y X2y «oey Xn\V2
Y2 = 2y (q))zx,yz. o ((q’)zn,)'z, v ¥n/zy

we obtain by Rule 4(e) f

~ ~ 1 X2y X3y o0y X; 1,X2, X3, vy X,
N1 =20, = 5, (P 1 v2, 3 nvm (QYZYI,ZZ,)'J, Y
On carrying out a number of such steps we obtain the provability
in CPY of the sequent

W= B e Iy = 2y @0 @
From this by Proposition 4(m) we obtain the CPT provability of
sequent (e). [J
The following theorem is, of course, a consequence of the

Godel theorem mentioned above, but it is also easy to prove

directly.
THEOREM 2. If £, C L, then CPF® is a conservative extension of

CPL1,
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PrOOF. Let D be a proof tree in CPY of a sequent C which is
also a sequent of CPZ1, Let y be a variable occurring in none of the
formulas of D. We define a mapping é: T(£) — T(E,) by induc-
tion on the length of a term ¢ € T(X):

(a) if ¢ is a variable, then 6t = ¢;

(b)if ¢ = f(, ..., t,), where fis a symbol in I, then 6t =
= f@t,, ..., 8t,);

(o) ift = f(t,, ..., t,), where fis not a symbol in L, then 6t =
= ).

If ® is an atomic formula of I, then let 6& be: (a) a formula
r@t,...,6t)if® =r(t,, ..., t )and ris asymbol of L, ; (b) a for-
mula ¢, = 64, if ® =, = £,; (c)aformulavy(y = y)if ® =
= r(t, ..., t,), where r is not a symbol of L,. For any formula ¢
of £ we define a formula 6% of L, to be a result of replacing in the
formula & all atomic subformulas ¥ by §¥. Let 6D be obtained
from D by replacing all sequents ¥, ..., ¥, — & and ¥, ...
v, ¥, = by 8¥,, ..., 0¥, — 6¥ and 6¥,, ..., 6¥, - respectively.
It is obvious that the initial sequents of 6D are axioms of CPE. It is
easy to verify that all passages in 6D are applications of the same
rules as the corresponding passages in D. Indeed, verification for
Rules 1 to 13 and 16 is trivial, and for Rules 14 and 15 it is first
necessary to notice by induction on the length of ® (taking into ac-
count x # ) that §(®)7 = (6&);, for which in turn it is necessary to
establish by induction on the length of a term ¢, for any term ¢, the
equation §(t, = 04), Since 6¢ = & for all formulas ¢ of a se-
quent C, 8D is a proof of C in CPF!, [J

In what follows we shall freely use Theorem 2 to avoid men-
tioning CPT when the provability of some sequent C is discussed.
In particular, we shall say that a sequent C is provable in the
calculus of predicates or simply provable if C is provable in some
CPL,

Exercises

1. Let a signature L contain propositional variables of PC as 0-place predicate
symbols. Show that CPF is a conservative extension of PC. (Hint. Use the com-
pleteness theorem for PC and Theorem 1.)

2. Show that if in one of the Rules 13 to 16 we drop the restriction on the ap-
plication of that rule (in particular, if for Rules 14 and 15 we drop the condition on
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the notation (¢);), then a not identically true formula is provable in the calculus
obtained.

3. Show that if in all of the Rules 13 to 16 we drop all the restrictions on the
application of those rules, then all the theorems of the calculus J obtained will be
1-valid, and in particular J will be consistent.

19. THE EQUIVALENCE OF FORMULAS

All the properties of algebraic systems under study are in-
variant under an isomorphism; on the other hand, many proper-
ties of formulas of interest to us are invariant under the
equivalence relation defined below.

We fix for further purposes an arbitrary signature . In this
section all formulas and algebraic systems have a signature L and
proofs are considered in CPT,

DEFINITION. Formulas ¢ and ¥ are said to be equivalent (and we
write & = V) if two sequents, ® — ¥ and ¥ +~ ¢ are provable.

It is obvious that the relation = is an equivalence on the set
F(Y) and that all provable formulas of F(X) form one equivalence
class. By Theorem 1, for any formulas & = ¥, any system ¥ and
any interpretation v: FV(®) U FV(¥) - AU = $[y] implies A =
= Yy]. .

Notice that by Theorem 2 the relation & = V¥ is independent of
r.

DEFINITION. Formulas & and ¥ are said to be propositionally
equivalent (and we write ® = ¥) if ® — ¥ and ¥ — & are
tautologies.

From Proposition 18.2 and Rule 8 we obtain

PROPOSITION 1. Propositionally equivalent formulas ® and ¥
are equivalent. [J

PROPOSITION 2. If ®, ¥ are formulas and x does not occur free in
V¥, then the following equivalences hold:

@-3Ixd=Vvx

b)) " ¥vxd=3x"9,;

C©IxPAVY =3x(PAY),

ADVYVXPAY =V X(PAY);

e@3iIxevVy=3x(@VY);

1]
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HHyxdvV¥ =vx(®VVY);
(®Vvx®=vy?2s;
(h)3ax® =13y[e].
PROOF. We give quasi-derivations for equivalences (a), (c), (e)
and (g), leaving the verification of the rest to the reader.
bl R I
(a) Vx-&é+- ¢
P VX
IXPH- VX d
Vx- ¢+ -3x®

¢+ e
¢r-3x¢
“3xdr- @
“IxPrHVX P

SVXxPH3IXA P '
V, o~ AV
© —
V,3rF3x@AY)
V,3x® - 3X@AY)
IXP -V -3x@AY)
FI3IXP - Y —-3x(@PAVY);IXxPATYHIXD
IXPAVYV VYV —-3Xx(PAY), IXPAVY - V¥
IxPAY FIX(PAY), !

PAV S

PAY -3IXxP,PAY - ¥
PAY-IXPAY

IX@PAV)FIXOAY

© P-OVY

¢r-ax@vy vV-oéVV¥
IxPVVYFIXEPVY;3xPHAX(@VY) V¥V FIX (PVY),
IxOVVY-3Ix(@VY) ’
¢+ ¢
dr-3x &
dVVIHOPVY;d-IXOVY; ¥V HIXPVY
VY FHIXxOVY
IxX@Vv¥)-3axdvy
X X
)14’]1'-[4’]!

VX [8]

rrye Vym;'

Before proving the last sequent notice that [<I>]"Ji' = &, This equa-
tion follows from the conditions on the notation [<I>};.
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[[d)];]ir— ®
ICHEE
Vy[d)];t—~ vx®. O

PROPOSITION 3. A/l the equivalences of Secs. 4, and 5 hold if ®,
and V' are assumed to be formulas of L.

PROOF. Obvious since replacing the propositional variables by
the formulas of CPT changes the proofs in PC into the proofs in
CPL. O

THEOREM 3 (Replacement). If a formula ® is obtained from a
formula ¥ of € by replacing some occurrence of a subformula ¥’
by a formula ®’ of Land ®’' = V', then ® = V.

PROOF. By induction on the length of ¥. If ¥’ = ¥, then the
statement is trivial. If ¥ = ¥, or ¥ = ¥,7¥,, where 7€ (A, V,
—}, then the proof of the induction step is similar to the cor-
responding cases of the replacement theorem for PC (Sec. 4).
Thus to complete the proof it remains by the induction hypothesis
to treat the cases where ¥ is of the form vx ¥’ or 3xV¥’. Under
the hypothesis the sequents ' — ¥’ and ¥’ +— &’ are provable.
By virtue of the symmetry of &’ and ¥’ it suffices to prove two
sequents: VxV¥’' +— ¥x®’ and 3x¥’ ~ IxP’. We give their
quasi-derivations:

\ AN 1 \ 2 M
vx¥ ~ ¢ V'~ 3xd’
vx¥ — vxd’’ IxV’ - 3axd

In defining the truth of formulas on systems, bound occur-
rences of variables play an entirely different role from that of free
occurrences. In particular, verification of the truth of the for-
mulas Vx® and vy [‘I>]jvr is the same. In the remainder of this sec-
tion we show that replacing bound variables transforms a formula
into an equivalent formula if under the transformation a new oc-
currence of the variable is bound by the same occurrence of the
quantifier and no free occurrence of a variable becomes bound
under such a replacement. We proceed to precise formulation of
such a transformation.

DEFINITION. A formula & is said to be obtained from a for-
mula ¥ by replacing a bound variable if ® is obtained from ¥ by
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replacing some occurrence of a subformula Qx¥, by a formula
oy [y, 5 (here Q € (v, 3] and the conditions on the notation
[y, ]’y‘ hold). We say that formulas & and ¥ are congruent (and
write & ~ V) if there is a sequence of formulas &, ..., &, such
that &, = ¢, ¢, = ¥ and &, , |, kK < n, is obtained from &, by
replacing a bound variable.

examPLE. Consider formulas & = ¥ v, 3 v,7(v,, v;) and ¥ =
= V u; 3 u,r(v;, vy). The sequence

VYu, 3y, v), vy, 3y, vy),
Vo 3 yr(vy, vy) Voo 3 u,r(y, v)

shows that & ~ V¥,

PROPOSITION 4. (a) The relation ~ is an equivalence on the set of
formulas of L.

®)If® ~ YV, thend = V¥,

PROOF. (a) It follows from the property [[\pl];k = ¥, for any

formula ¥, for which the conditions on the notation [¥,]} hold
that if ¥ is obtained from ® by replacing a bound variable, then ®
is also obtained from ¥ by replacing a bound variable. From this
we obtain the symmetry of the relation ~. The reflexivity and
transitivity of the relation ~ are obvious.

(b) By the replacement theorem it suffices to show that
Ox¥, = Qy[¥]], Q€ (v, 3}]. But this follows from Proposi-
tion 2 (n), (h). O

As already noted, we shall be interested in formulas mostly
“‘up to’’ an equivalence, and so notation will be allowed of the
form & A...A®,, V &, etc. and others from which the for-

k<n
mulas are ambiguously reconstructed but equivalent formulas are
obtained with any bracket arrangements.

Exercises

1. Show that the relation = is an equivalence on F(L).

2. Prove statements (b), (d), (f) and (h) of Proposition 2.

3. Show that for any formula ¢ and any variables x;, ..., x, there is a formula
¥ such that ¥ = & and (x,, ..., x,} € FV(¥).

9—191
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20. NORMAL FORMS

Since we shall be concerned mostly with formulas ‘‘up to’’ an
equivalence, it is useful to choose such subsets P ¢ F(X) of for-
mulas that are constructed as far as possible more simply than ar-
bitrary formulas and in such a way that for any & € F(X) there is
V¥ e P for which & = ¥. Some of such subsets will be defined in
this section.

We shall say that a formula ® of L is in disjunctive normal
form (abbreviated dnf) if it is obtained from a formula ¥ of the
propositional calculus which is in dnf by replacing all proposi-
tional variables P,, ..., P, occurring in ¥ by some atomic for-
mulas ¢, ..., &, of L respectively.

DEFINITION. We shall say that a formula & of ¥ is in prenex
normal form if it has the forin

Oy x; .. Qpx, %,

where Q;, 1 <i<n, are quantifiers and &, is in dnf. In this case
®, is called the matrix of the formula ® and Q;x, ..., Q, x, is its
quantifier prefix.

THEOREM 4. For any formula ® of L there is a formula ¥ of L
which is in prenex normal form and equivalent to .

PROOF. By Proposition 19.3 formulas ¢, — &, and =, v ¢,
are equivalent for any ®,, ®, e F(L). Hence for any & € F (L) it is
possible to obtain a formula ¥, = ¢ containing no — sign by ap-
plying several times Theorem 3. We show by induction on the
length of a formula ¥, containing no — sign that thereis ¥, = ¥,
of the form

Q1y| Qkyk ‘1’3»

where ¥, is a quantifier-free formula, and the length of ¥, is equal
to the length of ¥, . If ¥, is quantifier-free, then we take ¥, as ¥, .
If ¥, = OxV¥’, then the required ¥, exists by the induction
hypothesis and Theorem 3. Thus it remains to consider the cases:
MDY, =¥ and(2Q ¥, = (¥Y'7¥"), 7e (A, V], where ¥’ has
quantifiers and is in the form Qyx, ... Q,x, X, where X is a
quantifier-free formula. (Here we have used the equivalence
(¥'7¥”) = (¥”1¥’) so as to state that ¥’ has quantifiers.) Let
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¥’ = 3xV¥,. The case with the other quantifier is treatzd quite
similarly. From Proposition 19.2(a) we obtain for case (1) an
equivalence ¥, = v x - ¥,. The required ¥, for case (1) then
exists by the induction hypothesis and Theorem 3. Consider case
(2). Let y be a variable not occurring in ¥,. From Proposi-
tion 19.2(h) and Theorem 3 we have ¥, = (3 y[\I'4]’y‘ ¥ "”). From
equivalences (c) and (e) of Proposition 19.2 we obtain ¥, =
=3 y([‘I/4];r‘If ”). The required ¥, can now be found by the in-
duction hypothesis and Theorem 3.

To complete the proof of the theorem, it is necessary by
Theorem 3 to find " = ¥, in dnf for a quantifier-free ¥,. To do
this we replace all atomic subformulas &,, ..., ®, of ¥, by pro-
positional variables P, , .-+, P, respectively and obtain a formula X
of the propositional calculus. Let X, be a formula of the proposi-
tional calculus in dnf with the same variables as in X for which
X, = X and X + X, are theorems of PC. Let &’ be obtained
from X, by replacing P, ..., P, by &,, ..., ®, respectively. Then
®’ = ¥, and so by Proposition 19.1 ¢’ = ¥,. O

DEFINITION. We say that formula & of I is in reduced normal
form if all of its atomic subformulas are atomical. (See Sec. 16 for
the definition of an atomical formula.)

PROPOSITION 1. For any formula ® of T there is a formula ¥ of
L in reduced normal form.

PROOF. By Theorem 3 it suffices to prove the proposition for an
atomic formula . We proceed by induction on the number 7n(®)
of occurrences of signature symbols in ®. If n($) < 1, then ® is an
atomical formula and there is nothing to prove. If n(®) > 1,
then there is an occurrence of a term ¢ of the form f(v;,, ..., v; ) in
®. Hence & = (®’)), where &’ is obtained from & by replacing
this occurrence by a variable y not occurring in ®.

The following quasi-derivations:

S-P-rt=1 y=1% o
q>;_(<1>'/\y=t);" P'ANy=t+ o
d-3y@ Ay=1" Iy@' Ay=1t)r &

show that ® = 3 y(®’ Ay = ¢). Now we apply the induction
hypothesis to &’ and Theorem 3.

9*
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Notice that in Theorem 4 it is possible to require without
changing the proof that the formula ¥ should be in reduced nor-
mal form if & is in reduced normal form. Therefore we have

COROLLARY 1. For any formula ® of T there is a formula ¥ of T
which is in prenex reduced normal form and is equivalent to . [J

In what follows, instead of ‘‘prenex (reduced) normal form”’
we shall write ‘‘prenex (reduced) nf’’ for brevity.

Exercises

1. Show that in Theorem 4 it is possible to require that formulas & and ¥
should have the same number of occurrences of quantifiers.

2. Show that in Theorem 4 it is possible to require that ¥ should have the
form:

IxgVXxy...3x, _ VX, ¥'.

3. Verify that in Theorem 4 and Proposition 1 it is possible to require that
FV(®) = FV(¥).

21. THEOREM ON THE EXISTENCE OF A MODEL

DEFINITION. A set of formulas X of I is said to be inconsistent
or incompatible if in the calculus of predicates a sequent I'+,
where all elements of I' are in X, is provable. Otherwise X is con-
sistent or compatible. y

Note some simple properties of the notion.

PROPOSITION 1. (a) An empty set is consistent.

(b) If X is a consistent set of formulas of L and in the calculus
of predicates a sequent ®, ..., & +— &, where ® € F(E), §, €
€X, .., & €X,isprovable, then X U (&} is consistent.

©If XU {3 x®]} is consistent, then X U { [d)]; } is consistent
provided y does not occur free in the elements of X.

(d) If X,,, n € w are consistent sets and X, ¢ X, , | ,n € w,
then X = \J X, is consistent.

i€w

(e) If X is a consistent set of formulas of E, then for any ® €
€ F(E) either X U {®} or X U {~®} is consistent.

PROOF. Statement (a) follows from Theorem 1. Statement (d) is
obvious. If &, ..., & + & is a theorem of the calculus of
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predicates, then the provability of the sequent ¥,, ..., ¥, &~
implies that of ¥,, ..., ¥,, ®,, ..., &, +, so that (b) holds. If the
sequent &, ..., ® , [®]¥ + is provable in the calculus of predicates
and y does not occur free in any of the formulas ¢, ..., ®,, then
by the rule of Proposition 18.4(d) and Rule 13 we obtain the pro-
vability of ¢, ..., &, - ¥V y = [9]}. Then it follows from Pro-
position 19.2(g) that a sequent ®,, ..., &, — ¥ x - & is provable.
From Proposition 19.2(a) it then follows that &, ..., & +
+ = 3x® is provable. Using now Rule 10 and the axiom 3 x & +
+ 3 x & we see that ¢, ..., &, 3 x &  is a theorem of the
calculus of predicates, whence we obtain (c). If ,, ..., ®, ®  and
¥, ..., ¥, 7+ are theorems of the calculus of predicates, then
by Rule 9, Proposition 18.4(d) and Rule 10 we obtain the pro-
vability of the sequent &, ,,.., ®,, ¥,, ..., ¥, -, i. e. (¢) holds. [J

We now proceed to prove one of the most important theorems
of mathematical logic.

THEOREM 5 (Existence of a Model). Any consistent set X of
formulas of L has a model.

PROOF. By the compactness theorem (Sec. 17) it may be assumed
that X'is a finite set. Let x,, ..., x, be all variables occurring free in
the elements of X = (¥, ..., ¥, }. Since if X is satisfiable, X’ =
= {3x ...3x, (YA ... A¥,)] is satisfiable, it may be assumed
that X consists of a single sentence. Finally, L = (R, F, u) may be
assumed to be finite. (If L is infinite, then it is necessary to take a
restriction of L on the set of symbols occurring in the element X.)

Let C = (c,|n € w} beaset of symbols, ¢, # ¢, forn # k and
CN(RUF)= . Let L, be obtained by adding to L the
elements of C as symbols of new constants. Since formulas of I,
are words of some countable alphabet, the set of all formulas of
L, has a countable power. Let {®, In € w} be the set of all
sentences of L.

We construct a sequence

XpC X, Cc...cX, C..., neow,
of finite sets of sentences of L, as follows:
1. X, = X.
2.If X, U {®,} isinconsistent, then X, , , = X, U (= ®,_].
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3.If X, U [&,]} is consistent and ¢, does not begin with
existential quantifier, then X, , |, = X, U (&, }.

4. 1f X, U (&, } is consistent and ¢, = 3x$’, then X, , | =
=X, U (&, (®'),}, where ¢, € Cis a constant with the least &,
not occurring in ¢, and the elements of X,.

Set X, = U X,. We establish some properties of X_. Let ¢

new
and ¥ be arbitrary sentences of L.

(a) X is consistent;

(b) either ® € X _or = ¢ € X_;
©if®,..,o,e€X and $,, ..., ®, — ®is provable, then d €
€X,;
deAYeX & (PeX and ¥ e X)),

eevV¥eX o (PeX or¥elX),

) PeX, & deX;

@P—-VeX & (PeX or¥elX)

h)axdeX, & () eX, for somece C);

Dvx®eX o ()X, foranyceC);

() if ¢ is a closed term of L, then ¢ = t € X for some c € C.

To prove (a) it suffices to establish by Proposition 1(d) that
X, , n € ware consistent. We proceed by induction on n. Under the
hypothesis X, = X is consistent. Let X, be consistent. If for &,
Case 2 holds, then X, , | is consistent by Proposition 1(e). In
Case 3 X ,, is consistent under the hypothesis. Let X, U
U {3x®’'] be consistent and suppose that D is a proof tree in
CP%i of a sequent ¥, ..., ¥,, 3 x &', [’} ~ where c € C does
not occur in the formulas ¥,, ..., ¥,, 3 x ®'. Let y be a variable
not occurring in D and D’ be obtained from D by replacing all oc-
currences of ¢ by y. It is obvious that D’ will be a proof in CPE! of
the sequent ¥,, ..., ¥,, 3 x ¢, [d)’]; +~, which contradicts Pro-
position 1(c). Property (a) is thus proved. Property (b) follows
immediately from the construction of X, since & = &, for some
n € w. Property (c) follows easily from properties (a) and (b). Prop-
erties (d) to (g) follow easily from properties (a), (b) and (c). We
prove property (h). Let &, = 3x®. If 3x$ € X, then by Property
(@) X, U {®, ] is consistent and so by construction (®)} € X, , ,
for some c € C. On the other hand, since ($)} ~ 3x® is a theorem
of the calculus of predicates, it follows from (®)! € X and proper-
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ty (c) that 3x$ € X . We prove property (i). If vx® e X andce
€ C, then from the axiom (®)! +~ (%)} we obtain by Rule 14 a
theorem vx® ~ (®). From this, by property.(c) we obtain (®)* €
€ X,. If vx® ¢ X, then by property (f) - vx® € X . From the
equivalence = vx$ = 3x- ¢ and (c) we obtain 3Ix-® € X . By
property (h) (= ®)¥ € X for some ¢ € C. Then by property (f)
(@) ¢ X_. We now prove the last property, (j). By Proposition
18.5(a) ~(x = y)} is a theorem of the calculus of predicates. By
Rule 15 +3x(x = t) is also a theorem. Now (j) follows from (c)
and (h).
We define the relation ~ on the set C as follows:

c~dec=delX,.

It follows from property (c) and Proposition 18.5 (a) to (c)
that ~ is an equivalence on C. If ¢ € C, then we denote by c a
~ -equivalence class containing c. We proceed to define an
algebraic system % = (A4, ). Let A = {clc € C}. The
signature of ¥ is L, = (R, F U C, u,). We define an interpreta-
tion ¥ of L, in A. Let ¢, d,, ..., d, € C. Then

M He) = ¢

() (d,,....,d,) € v*(r) & r(d,, ..., d,) € X,, where r €
€R, u(r) = n; _ _

(3)if f € F, u(f) = n, then M (f)d, ..., d) = c & ¢ =
= f@,, ...,d)eX,.

The correctness of defining the predicates of % by point (2)
follows from property (c) and Proposition 18.5(d). We verify that
if f € F, then point (3) is indeed a definition of an operation on 4.
Letc = f(d,,....,d)eX,, ¢’ = flg, ..., ¢,) € X, and d| =
=é,....,d, =¢, Thend ~ e €X,, ..,d ~e¢ X, from
which by property (c) and Proposition 18.5(d) f(d,, ..., d,) =
= f(e, ..., e,) € X and hence, by property (c) and Proposition
18.5 (b)to (d), c = ¢’ € X, i. e. ¢ = ¢’. On the other hand, for
any d,, ..., d, € A property (j) yields ¢ = f(d,, ..., d,) € X, for
some ¢ € C, i. e. ¥4 (f) is defined at any q,, ..., a, € A.

We show by induction on the length of a closed term ¢ of L,
that

ty=cec=teX,. (1)
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If ¢ is a constant in C, then (1) follows from the definition of the
relation ~ and point (1) of the definition of »¥. For terms ¢ of the
form f(d,, ..., d,), where d,, ..., d, € C and f € F (in particular,
when ¢ is a constant of L), equivalence (1) follows from point (3)
of the definition of »¥. Let t = f(t,, ..., t)), feF, u(f) = n > 1
and t = d,, ..., % = d,. By the induction hypothesis d, = ¢, €
€ X,, ...,d, =t € X, and so from Proposition 18.5 (d) and

n

property (c) we get

f@, ..., 1) = fd,,....d)eX,. 2)
By the definition of v¥ (f) we have
t*=cec=fd,..,d)eX,. 3)
From (3), (2), Proposition 18.5 (b), (c) and property (c) we
obtain (1).
By induction on the length of a sentence ¢ of I, we show that
A=d o deX,. ©

If & = t, = ¢,, then according to (1) we have
A=d e (c=teX,c=teX, forsomeceC).

From this by Proposition 18.5 (b) to (d) and properties (c), () we
obtain (4) for this case. Let & = r(f, ..., £,), r € R, and ¢} =
=d,, ..., t¥ = d,. Using the definition of »¥ (r), (1), Proposition
18.5 and property (c) we obtain (4) for such ®. For the remaining
sentences ® equivalence (4) follows immediately, from the induc-
tion hypothesis and the corresponding properties (c) to (i).

Since X C X it follows from (4) that ¥ is a model for a set
X. 0O

A consequence of the above theorem is

THEOREM 6 (GOdel’s Completeness Theorem). If ® is an iden-
tically true formula of the calculus of predicates, then & is
provable in the calculus of predicates.

PROOF. Since & is an identically true formula, it follows that the
set { 7 ®} has no model. From Theorem 5 we see that { ~®} is in-
consistent, i. e. 7 ®+ is a theorem of the calculus of predicates.
Using Rule 9 we conclude that & is provable. [

The proof of Theorem 5 gives us the following fact: a finite
consistent set X of formulas of E has a finite or countable model
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. Unfortunately, the compactness theorem we have used for an
arbitrary set X tells us nothing about the power of a model for X.
However, the power of the method of proving Theorem 5 allows
us to do without the compactness theorem and at the same time
acquire information about the power of the model obtained. We
first introduce one notion.

DEFINITION. A set of sentences X of L is said to be complete in £
if X is consistent and for any sentence ® of L either e Xor ~d e
€ X.

PROPOSITION 2. Any consistent set X of sentences of L is con-
tained in some complete-in-L set of sentences Y.

prooF. Consider the family P of all consistent sets of sentences
of L containing X. The inclusion relation C partially-orders the
set P. It is obvious that the union of any chain of (P, C ) isin P.
By the maximum principle (P, C ) has a maximal element Y. It
follows from Proposition 1(e) that Y is a complete-in-E set. [J

THEOREM 7. If an infinite set X of formulas of £ is consistent,
then X has a model Y of a power not greater than that of X.

PROOF. Let F'V(X) be all variables occurring free at least in one
of the formulas of X. Consider a set C’' = (c,|Ix € FV(X)} of
symbols such that ¢, # G, forx # yandC' N (RU F) = J. Let
Z(X) be a signature all symbols of which occur at least in one of
the formulas of X. Suppose that L, is obtained from E(X) by ad-
ding elements of C’ as symbols of new constants. By Corollary
13.1 IE,| < IX|. Replace in all the formulas of X all free occur-
rences of the variables x € FV(X) by constants ¢, € C’ respective-
ly. It is clear that the obtained set X' of sentences of E; has a
model if and only if X has a model. The set X" is consistent *. In-

deed, suppose that D is a proof tree of a sequent (¥, ’C‘il'":"‘xgx”,
ey (@k)’c‘;;“::j"‘c"x" +, where &, ..., ®, € X and ¢, ..., ¢y, are all

constants of C’ occurring in D. On replacing the constants
Cxy» --» Cx, DY variables y,, ..., y, not occurring in D, we obtain a

proof D’ of the sequent (d)l);}: ":‘.";"’,, ey (B ;; '.j."’)‘,"" + . Applying

Proposition 18.4 (g) (after first transposing one of the formulas to

* For reasons that are to become clear at the end of this section we are giving
here a proof which is not based on Theorem 5.
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the right with a negation sign) we obtain the provability of ¢, , ...
..., &, +, which contradicts the compatibility of X.

We proceed to construct sets of sentences X,, n € w, and
signatures L, n € w. The following conditions will hold:

X, cX,, ,new X" C X,

(2) X, is a complete-in-L, set of sentences;

(3) a signature L, , | is obtained from L by adding new sym-
bols of constants;

@IL I <IX, 1= 1Xl,new
As X, we take a complete-in-L; set of sentences, containing X’ If
X, is already constructed, then I, , | is obtained from L by ad-
ding a set {c} |® € X, } of new symbols of constants. Consider a
set of sentences

X, = X, U (@) |¥ =3x8, Ve X,)

of L, , . The set X, is consistent. Indeed, suppose that for
(v, ., ¥, ¥%,.,¥ ) cX, V¥ =13z%,..,¥%, =13z,%,
the sequent

v, .., ¥, (d)l)iél, (q’”’)f‘i,,, -

is provable and m is such a minimal number. On replacing in the
proof D of this sequent the constant ¢}, by a variable y not occur-
ring in D we obtain a proof D’ of a sequent

’ ’ 22 Z
L7 7R ( N (@2)632, (cp,,,)c;:m .

It follows from Proposition 1 (c) that the sequent

v, .., ¥,32,9, (9, ?i,'z, . (d)m)igm -
is provable, which contradicts the minimality of m. As X, , | we
now take a complete-in-I, | | set of sentences, containing X . Let
X, = U X, and let Cbe the set of all constants of all L, n € w.

neEw

Since every X, is consistent, so is X . It is also obvious that X is a
complete-in-E  set, where L, = {J L, is obtained from E by add-

new

ing elements of C as symbols of constants. Hence X has proper-
ties (a) and (b) of the proof of Theorem 5, where L | is considered
instead of L, . If properties (a) and (b) hold, then properties (c) to
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() hold. Property (h) follows from the construction of sets X, ,
n € w. Finally, properties (i), (j) follow from property (h) just as in
Theorem 5. It is then necessary to repeat the end of the proof of
Theorem 5 beginning with the definition of the relation ~ on C.

It remains only to notice that the power of a model ¥ is not
greater than that of the set C which in turn is the union of a count-
able number of sets with a power not greater than that of X and
hence has a power not greater than that of w X X. By Corollary
13.1(a) we have lo x X| = I1XI|. 0O

Theorem 7 together with Theorem 1 gives also a new proof of
the compactness theorem. (See the footnote on page 137).

}
Exercises

1. Give an example of a formula & of the calculus of predicates for which the
sets {®) and { ¥} are consistent.

2. Derive the compactness theorem from Theorems 1 and 7.

3. From Theorems 1 and 6, obtain a characterization of provable sequents of
CPZ: a sequent C of CP is CPL-provable if and only if C is identically true.

22. HILBERTIAN CALCULUS OF PREDICATES

We fix an arbitrary signature L. All signature-dependent no-
tions of this section will relate to L.

In this section we treat CPT called the Hilbertian calculus of
predicates and show its equivalence in a certain sense (Theorem 9)
to CPE, just as the equivalence of PC and PC, was shown in
Sec. 8.

The definition of a formula of CP¥ is the same as that for
CPZ. There are no sequents in CPE.

The axioms of CP} are obtained from the following fourteen
schemata by replacing the variables ®, ¥, X by concrete formulas
of CP¥; x, y, z are variables and ¢ are terms of CPF:

1. - (Vv - @),

20-9—-(2—-F —-X)—(®—- X)),

3.(PAY) - &,

4, P AY) - V¥,

50-¥)—(®—X) —(®—-(¥YAX),
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6.8 — (dV V),
7.9 - (Y VvV 9),
B.P—-X) - (Y= X) = (VY - X)),
.0 -V - (@2~ V)~ ),
10. = 7 & — &,
1. Vxd — (),
12. (@) — 3x &,
13. x = x,
4. x = y — (2R — (PR).
The rules of inference of CPFf are:
d, P — ¥
' ¥

1 )
v -9
Y -vxd'

¢ - V¥
ETT R

where x does not occur free in ¥ in Rules 2 and 3.

A proof in CP¥ of a formula & is a sequence &, ..., ¢, of for-
mulas of CP}: such that ®, = dand foreveryi < n &, satisfies one
of the following conditions:

(1) ¢, is an axiom of CP¥,

(2) ®, is obtained from some d>j, J < i, by one of the Rules 1
to 3. f

If there is a proof in CP} of a formula &, then & is said to be
CPEf -provable or a theorem in PCT (and we write > &).

A derivation in CP¥ of a formula ® from a set of formulas G is
a sequence &, ..., ®, of formulas of CP} such that &, = & and
for every i < n a formula &, satisfies one of the following condi-
tions:

(1) &, is provable in CP¥,

(2) ®;isin G,

(3) ¢, is obtained from some ®;, j < I, by one of the Rules 1
to 3. The variable x must not occur free in any of the formulas of
G when Rules 2 and 3 are applied.

If there is a derivation in CP} of a formula ¢ of G, then & is
said to be CPf—derivable from G. G is then called a set of
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hypotheses. It is obvious that the derivability of a formula is
equivalent to its derivability from an empty set of hypotheses.
Therefore the derivability of & from G may be denoted by G > $.
In this section, unless otherwise stated, by proof and derivation
we mean proof and derivation in CPE.

The rule of inference

is said to be CPE -admissible if adding it to CP} does not affect the
set of provable formulas.
PROPOSITION 1. The following rules are CP¥ -admissible:

. () @)y (e — ¥ ¥~ (@)
vxd’ Ixd vVxd -V ¥V —~-3x9

(a) 3 © po@
PROOF. (a) Let ¥ be some provable sentence. Then by Axiom 1,
the provability of & and Rule 1 we get > ¥ — &. By Rule 2 we get
> ¥ — vx®. From this the provability of vx® follows by Rule 1.
(c) The formula vx® — ¥ is obtained from the axiom Vvx$ —
— (%) and the theorem (®); — ¥ with the aid of Axioms 1, 2 and
Rule 1.

The proof of statements (b) and (d) will be left to the reader
(Exercise 1). [J

Formulas ® and ¥ are said to be equivalent in CP¥ if provable
in lCP}: are the formulas & — ¥ and ¥ — & (this is denoted by
d = V).

PROPOSITION 2. Any tautology ® is CPf—provable.

PROOF. Let ¥ be a base of ¢. By Theorem 8.11 ¥ is CP,-
provable. It is clear that on replacing the propositional variables
in the proof in PC, of the formula ¥ by the corresponding for-
mulas of CP} we obtain a proof of & in CPE. O

COROLLARY 1. If ® and ¥ are propositionally equivalent for-
mulas of CP¥, then the CPE provability of $ is equivalent to the
CP¥ provability of ¥. O

THEOREM 8. (Deduction). If G U (&, ¥} is a set of formulas of
CPE then G U (®) > ¥ implies G > & — V.

prOOF. By induction on the length #» of a minimal derivation
¥, ..., ¥,of ¥ from G U {®}. The case wheren = 1(i.e. ¥isa
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theorem of CP¥ orisin G U (®])) as well as the case where ¥, is
obtained by Rule 1 are quite similar to the corresponding cases for
PC, and have already been treated in the proof of Theorem 8.12.
Since the derivation is minimal, it remains to treat the cases where
¥ is obtained from ¥, _, by Rule 2 or 3. By the induction
hypothesis we already have G > & — ¥, _ .

Let¥, _, = (6, - 6,)and ¥ = (6, — ¥x 6,). By the defini-
tion of derivation, x does not occur free in ®, the elements of G
and ©,. Since & — (X; — X;) and (¢ A X|) — X, are proposi-
tionally equivalent for any formulas X, X,, by Corollary 1 the
sequence

®—-¥, _,,@A6)—~6, (®A6)— VX0,
® — (6, ~ vx6,)

can be supplemented to a derivation of & — ¥ from G.
Now let ¥ be obtained by Rule 3. Then ¥, _ | = (6, — 6,)
and ¥ = (3x6, — 6,). Here x does not occur free in ¢, 6, and the

elements of G. By virtue of the propositional equivalences
¢—-¥ _,£0,—~(®—6,) and IO, ~(®—~6,)=d—~(3x0,—~6,)
the following sequence
-V, _,,06, = (®—06,),3x0, - (¥ - 6,),

® — (3x0, — 6,)

can be supplemented to a derivation of & — ¥ from G. (J

COROLLARY 2. Let &, ..., &, , ® be formulas of CPF. Then
{(®,...., %, ) > ®isequivalentto > & — (¥, — ... (, — P)...),
which in turn is equivalent to > (®, A (...(P, _ | A $,))...)) — .

proor. For the first of the equivalences we apply n times
Theorem 8 and Rule 1. For the second the same reasoning is ap-
plied as that in Corollary 8.1. [J

THEOREM 9. For a formula ® to be CP¥ -derivable from the set
of all terms of a finite sequence of formulas T' it is necessary and
sufficient that the sequent T' — & be CPE-provable. In particular,
the sets of CPE- and CPE-provable formulas coincide.

PROOF. By Rules 7 and 8 of CP¥ a sequent ¥, ..., ¥, — & is
CPE-provable if and only if so is = ¥, — (¥, — ... (¥, — ®)...).
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Then it follows from Corollary 2 that to prove necessity it is possi-
ble to restrict one’s attention to the case I' = . It is easily
verified that the axioms of CPF are identically true and that the
rules of inference of CP} remain identically true. Therefore
necessity follows from Godel’s completeness theorem.

Sufficiency. It is obvious that if I' — & is an axiom of CPZ,
then I' > &. (Here and on we allow some abuse in notation: we
should write (¥, ..., ¥, } > ®if ' = (¥, ..., ¥, ).) Let $, be
some sentence of I. Since the rules

'+~ F'=® A
TH&A-&’ T+

are CPT-admissiple, it remains to show that if in the rules of in-
ference of CPT we replace the  sign by > and 't~ by I' > ¢, A
- &,, then the truth of the statement above the line will imply the
truth of the statement below the line. For Rules 1 to 12 verifica-
tion is the same as in Theorem 8.11. For Rules 13 and 15, when
I' = O this is true by virtue of Proposition 1(a), (b). For the re-
maining cases this follows from Corollary 2, Rules 2, 3 of CP¥
and Proposition 1(c), (d). O

From the theorem above and Theorem 2 we obtain

COROLLARY 3. If L, C L, then CPF is a conservative extension
of CPE. O

From Theorem 9 it also- follows that = ¥ is equivalent to
¢ =V,

COROLLARY 4. Let X U {®]} be a set of formulas of L and let Y
be the set of all variables occurring free at least in one of the for-
mulas of X U (®}. For X > ® to hold it is necessary and suffi-
cient that the following condition hold: for any algebraic system
of L and any interpretation v: Y — A, if U = Y[y] holds for any
¥ e X, then % = $[y].

PROOF. Since a derivation contains only a finite set of formulas,
X > @ is the same as X, > & for some finite X; C X. Necessity
then follows from Theorems 1 and 9. If A = ¥[y], ¥ € X implies
A = P[y] for any systems ¥ of L and : Y — A, then the set
X U { &} has no model. Hence by Theorem 5 a sequent ¥,, ...
..., ¥, = & is provable for some ¥, ..., ¥, € X and sufficiency is
obtained from Theorem 9. (J
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Exercises

1. Prove statements (b) and (d) of Proposition 1.

2. Prove that I > ¢ if and only if there is a sequence &, ..., ®, of formulas of
CPf such that ¢, = & and for every i/ < n the formula &; satisfies one of the
following conditions:

(1) & is CP} -provable,

(2) % isinT,

(3) ®; is obtained from some ®;,/ < i, by Rule 1.

23. PURE CALCULUS OF PREDICATES

In this section we define what is known as the pure calculus of
predicates (abbreviated CPP) and prove some ‘‘universality’’ of
the calculus (Theorem 11).

Consider a signature Z* = (R*, F*, u*) having the following
properties:

() F*= &, R* = (rklk, me w});

(2) p*(rk) = k forany m e w and k € w.

Formulas of CPP are formulas of * containing no symbol of
equality. Sequents of CPP are sequents of CPE* in which all for-
mulas are formulas of CPP.

"Axioms of CPP are only sequents of the form & ~ &; the rules
of inference are the same as in CP**. A proof in CPP is defined in
the same way as in CPPL*, now understanding by formulas, se-
quents and axioms, of course, those of CPP. It is easy to verify
that all the results of Sec. 18 to 20 relating to CPX*, except for
Proposition 18.5 and Theorem 2, also hold for CPP, since axioms
(2) and (3) are not used in their proofs. Now we show that the
results of Sec. 21 also carry over to CPP. In fact we have

THEOREM 10. CPE* is a conservative extension of CPP.

PROOF. A set X of septences of CPP is said to be compatible in
CPP if for any ¢,, ..., ®, € X the sequent &, ..., ®, + is not
CPP-provable. We show that any CPP-compatible set of for-
mulas of CPP has a model. The proof of this statement differs but
little from that of Theorem 5. The construction of the set X is the
same. (By formulas and proofs, of course, we understand here
formulas and proofs in CPP. The proofs of properties (a) to (i)
for X are the same. Property (j) is not required in this case. The
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relation ~ on Cis not defined and the carrier of a system ¥ is the
set C itself. To prove the equivalence

™=@, ... d) e &d, ... d)eX,

from properties (a) to (i) is still simpler than in Theorem 5, since
there is no need to change to the representatives of ~-equivalence
classes and there are no atomic formulas of the form ¢, = ¢,.

IfnowS = ¥, ..., ¥, — & is a theorem of CPX* which is a se-
quent of CPP, then by Theorem 1, S is an identically true sequent.
Therefore by what has just been proved (¥, ..., ¥,, 7 ®}isnota
CPP-compatible set and so the sequent ¥, ..., ¥, , =&+ is CPP-
provable. By Rule 9 we obtain the CPP provability of S. If § =
=¥, .., ¥, +,then (¥, ..., ¥ ] is not a CPP-compatible set
and so again ¥,, ..., ¥, + is a theorem of CPP. O

It is clear that from the results of Sec. 21 and Theorem 10 we
obtain the validity of all the theorems obtained from the theorems
of Sec. 21 by replacing CPE by CPP. The end of this section will
be devoted to a fact that shows that questions of provability in
various CPE’s ‘‘reduce’’ to questions of provability in CPP. We
proceed to precise formulations.

We fix a predicate symbol r, € R* for which p,(r,) = 2.

DEFINITION. Let L = (R, F, u) be a finite or countable
signature. A distinct-valued mapping a: R U F — R* is said to be
an interpretation of L in I* if the following conditions hold:
(@) ry ¢ (R U F); (b)if s € R, then p*(as) = u(s); (¢) if f€ F, then
u*(af) = n(f) + 1. For an interpretation « of L in £* we define a
mapping a* of the set of formulas of £ in reduced normal form
into a set of formulas of CPP by induction. If & is an atomical
formula of the form x = y, then a*(®) = ry(x, y); if ® is an
atomical formula of the form s(x,, ..., x,,), thena*® = as(x,, ...
.oy X,); if @ is an atomical formula of the form y = [y, o xy)
or f(x,, ..., x,) = y, thena*® = af (x;, ..., X,,, y); if & = =¥,
$ =Qx¥Yord = V¥ ¥, where Qe (v,3},7e {A,V, —], then
a*® is equal to ~a* ¥, Oxa*¥ or a* ¥, ra* ¥, respectively. If « is
an interpretation of £ in £*, & € F(X) is in reduced nf and Z($) =
= ({Sgy «ves S )y U Sy oos )y 17, then by «y® we denote the
conjunction of the following sentences of L, (where n, = u’(s;),
L= u (), X, ¥, 2, X, ..oy X,y Vy» -+, ¥, are pairwise distinct

10—191
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variables *:

M) VX VX VY VY (g Y A e A T Xy Yy A
A asj(xl PIRRRT} xnj)) - asj(Y) y trey ynj))’j < k;

2) VX VXYY, vy (g Gy Vo) A oo A roGe s Y,) A
A aj;(%a "'9x1,')) - af;(yo, ceey yl,'))’ i < m;

3) VX ... VX, yaf(x;, o0y X, ¥), | < m;

4 VX, . VXYY YZ((@fi (X, s X, ) A afi(Xy, ooy X, 2)) —
=0, 2), i < m

(5) vxry(x, x);

6) Yx Vy(ry(x, y) = ry(v, x));

M) Yx Yy vz((ry(x, ¥) A 1y, 2)) — 1y(x, 2)).

It is clear that it follows from condition (2) on I* that for any
finite or countable signature I there is an interpretation of I
in Z*,

THEOREM 11. Let & be a formula of the calculus of predicates,
¢’ = &, ¢’ be in reduced nf and « be an interpretation of £(®')
in Z*. Then ® is provable in the calculus of predicates if and only
if ay®’ — a*®’ is CPP-provable.

PROOF. By Theorems 1, 6 and 10 it suffices to verify that if " is
identically true, then oy ®’ — o*®’ is also identically true. For
any system ¥ of Z(®') = ({s,, ..., 8, }, {fy, .-, £, ] w) we define
asystem o of aL = ({ry, asy, ..oy @Sy, ofy,y oo f, ), D, ap) €
C L* as follows:

(@) xA = A;

(b) <a, b) e ¥ (ry) ® a = b;

© »*(as;) = v (5),J < k;

(@ ¥ (afy) = (), i < m;pu(f,) > 0;

(&) v (afy) = (WU, i < m,ulf,) = 0.

It is easy to verify by induction on the length of a formula ¥ of
L(®’) in reduced nf that for any interpretation v in 4 of free
variables of ¥

A= V[y] & ¥ = a*V[y].

* The sentence oy ® depends only on £(®) and its being true on an algebraic

system ¥ is equivalent to the fact that »¥ (r,) is an equivalence, that the predicates
. ( p .

aS;and of, do not “‘make different”” »¥ (rg)-equivalent elements and that relations

v¥ (otf;) define /,-place operations on the classes of »¥(r,)-equivalent elements.
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In particular, for any y: FV(®’) -+ 4 we have
A= P [y] = ¥ = —a*d’[y]. 1)

It is obvious that ;@ is true in «? and therefore it follows from
(1) that if oy ®" — o*®’ is identically true, then ¢’ is identically
true.

Suppose that o, @’ — «*®’ is not identically true. Then for
some system ¥, of oL and an interpretation v, in A4, of free
variables of &’ we have ¥, = «,®’ and ¥, = —~a*®’[y,]. From
the truth in ¥ of sentences (5) to (7) of the definition of a;®" it
follows that the relation »¥0(r;) defines an equivalence on Ay A
pYo (ry)-equivalence class containing @ € A, will be denoted by a.
We define a system B, of L($’) as follows:

(@) B, = {alaeA,)};

(b) <ay,...,a,>€v®(s5) & (ay, ...,a,> €0 (as)) j < k;

©<ay,...,a,, >er®(f) & <ay, ..., a, , ;> € v¥(xf),
i< m,p(f)=n>0

(d)a = v (f) & aev®(af), i < m,u(f,) = 0.

Since conjunctive terms (1) and (2) of the sentence o, &’ are true
on ¥, it follows that these definitions are correct. Since sentences
(3) and (4) are true it follows that »30(f)), i < m, is an operation
on B,. It is easy to verify by induction on the length of the for-
mula ¥(x,, ..., x,) of L(®') in reduced normal form that for any
a, ...,a, €A,

B, = Y(a, ..., a,) & Y = a*¥(q, ..., a,).

From this it follows that B, = =&’ [v,], where y,(x) = ¥, (x), x €
€ FV(®'), i. e. ' is not an identically true formula. (J

As is to be shown in Sec. 38, there are effectively given sets of
formulas for which there is no effective procedure (algorithm)
that would establish for any formula of a given set in a finite
number of steps whether or not it is an identically true formula.
Godel’s completeness theorem enables us to construct from any
effectively given signature L an effective process (machine) M*
which enumerates all identically true formulas of L, i. e. in the
process of work M produces such words &), ..., ¢, ... that
{®, ---» ®,, .-} is the set of all identically true formulas of L.

10*
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This process consists in writing out finite sequences of sequents of
CPT and it produces a word & when the sequence it has written out
is a linear proof of the sequent & in CPE, Since for any effec-
tively given set of formulas X the passage from a formula & € X to
a formula ¢’ = ¢ in reduced nf and then to a formula o, &’ —
— a*®’ can be made effective, Theorem 11 shows that to be able
to enumerate all identically true formulas of any effectively given
set of formulas it suffices to construct a machine M enumerating
theorems of CPP.

Exercise

1. Let J be a calculus obtained by adding to CPP a symbol of equality and the
following axioms:

@) +x = x;

b)) x =y, (P + (P);, where P is an atomic formula of Z*. Show that all
theorems of CPL* are J-provable.
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MODEL THEORY

24, ELEMENTARY EQUIVALENCE

It was shown in Sec. 16 that the same sentences are true on
isomorphic systems. The converse is false for infinite systems. In
this section we show (Theorem 1) that the truth on % and B of the
same sentences is equivalent to the existence of a ‘‘large enough”’
supply of finite partial isomorphisms ¥ into B. In particular, if on
finite systems ¥ and B the same sentences are true, then ¥ is
isomorphic to B.

DEFINITION. Two algebraic systems ¥ and B of a signature L are
said to be elementarily equivalent (we write Y = B) if for any
sentence ¢ of L

A= e Br=d.

A set of sentences {®|U = &) of L is called an elementary theory
of the system YU or simply a theory of ¥ and is denoted by Th(¥).

It is clear that the relation % = B is equivalent to the equation
Th@®) = Th(®B).

DEFINITION. Let % and B be algebraic systems of L = (R, F, u).
A distinct-valued mapping f: X — B, where X C A, issaid to be a
partial isomorphism of Y into B if for any a,, ..., a, € X the
following conditions hold:

(1) if s e R U Fis not a constant, then

@y, ...,a,> e M) & (fa, ..., fa,) € O (s);
(2) if s € F is a constant, then
W(s) = a, & vB(s) = fa,.
(Recall thatif n = 0, then (q,, ...,a,) = () = A = J.)If Xisa
finite set, then fis said to be a finite partial isomorphism. A set of
finite partial isomorphisms of ¥ into B is denoted by P(¥, B).

THEOREM 1. Let A and B be systems of L. For systems ¥ and B
to be elementarily equivalent it is necessary and sufficient that for
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any n € w and any finite signature L, C L there be nonempty sets
F\(X,, n), ..., F,(X,, n) of finite partial isomorphisms % } L, into
B t I, possessing the following property:

¥iffe F(Z,,n), 1 <i < n,then foranyaec A,and b e B
thereare g, g, € F; , (X, n) for which a € dom g,, b € rang g,,
fCgandfC g,

proor. Sufficiency. We prove by induction on m that if the
length of a formula ®(x,, ..., x,) in reduced nf is not greater than
m, thesets F (Z(®),n) C PQU} Z(®), Bt L(P)), ..., F,(E(®),n) C
C P} IZ(®),B| I(P)) satisfy the condition*) and i + m < n,
then for any f € F;(£(®), n) and any q,, ..., g, € dom f

A= 2@, ...,q) s BE= d(a, .., fa).

If ® is an atomical formula, then this statement follows from the
definition of a partial isomorphism. If = =¥ or ¢ = ¥,7V,,
7 € {A, V, —], then the statement follows by the induction
hypothesis. Since Vx¥ = —3x - ¥ for any formula ¥, it suffices
to treat only the case ®(x,, ..., x,) = Iy¥(»y, x;, ..., x;). Let Y &=
= ®(@,,...,a,). Then¥ = ¥(a,,a,, ...,a,) for somea,e A. Take
€ F; , |(£(®), n) such that f C g and a, € dom g. Since the
length of ¥ is less than that of ¢, by the induction hypothesis B =
= VY(ga,, fa,, ..., fa,) and so 8 = ®(fq,, ..., fa,). Let B =
= ®(fa,, ..., fa,). Then B = Y (b, fa,, ..., fa,) for b, € B. Take
g€ F, . (E(®), n) for which f C g and b, € rang g. Then by the
induction hypothesis % = ¥(g~'b,, a,, ..., a,) and hence A =
= ®(@, ..., q).
Necessity. Let £, € I be a finite signature and let X (n, m) for
n, m € w be a maximal set of pairwise nonequivalent formulas &
of L, in reduced nf containing <n quantifiers and FV(®) C
¢ {(vy, ..., v, }. Since there are only a finite number of atomical
formulas with variables from the set {v,, ..., y, }, it is easy to show
by induction on 7 that for any n and m the set X (n, m) is finite. It
is obvious that the function | X (n, m)| is nondecreasing in each of
the variables n and m. Let a,, ..., a, € A be pairwise distinct. A
mapping f: {a,, ..., a,} — Bis said to be an (n, m)-isomorphism
if Kk < m and for any formula ®(x, ..., x,) € X(n, m)

A = Py, ..., q,) ¢ B = 2(fa, .., fa,).
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It is clear that any partial isomorphism fe P(U } L, 8 } I,) for
which Ildom f| < m is a (0, m)-isomorphism. For i = n, n —
— 1, ..., 2, 1 we shall define nondecreasing functions g;: w — w s0
that the sets F(X,, n) = (flfis a (g;(m), m)-isomorphism for
some m € w]} satisfy condition*).

We take as g, the identity zero. If 1 < i < n, m € w, we assume

g _,m)=(@gm+ 1) 1X@gm+ 1),m + DI) + 1.

If g is nondecreasing, then obviously g; _ | is also nondecreasing.
It follows from 9 = B that f = O is an (n, 0)-isomorphism for
any n € w. Hence the classes F| (L,, n), ..., F, (£,, n) are nonemp-
ty. Let fe F; _ | (E,, n)bea(g; _ ,(m), m)-isomorphism, 1 < i <
< n,dom f =, {aq,, ..., .}, K < m and a € A. We denote by
®(,, ..., vy, ) the conjunction of all ¥(v;, ..., v ,,) €
€ X(g((k + 1), Kk + 1) for which ¥ = ¥(q, ..., a,, a). The
number of quantifiers in ¢ does not exceed g;(k + 1)- X (g;(k +
+ 1), K + 1)I and therefore there is a formula X (v, ..., y.) €
€ X(g; _ (k), k) equivalent to a formula 3y, , ;P(v;, ..., Y | ¢)-
Since g, _ (k) < g _,m), A = X(a, ..., @) and f is a
(g; _ ;(m), m)-isomorphism, we have 8 = X(fa,, ..., fa,). Then
8 = ®(fa,, ..., fa,, b) for some b € B. It follows from the con-
struction of ® that for any ¥ € X(g;(k + 1), kK + 1) either ® — ¥
or & — — V¥ is an identically true formula and therefore g = f U
U (a,b)isa(g(k + 1), k + 1)-isomorphism, i. e. is in F;(E,, n).
On replacing in the preceding argument ¥ by 8 and f by f~! we
conclude that for any b’ € B there is a’ € A and that f U
U (<(a’, by} isin F(Z,, n). O

COROLLARY 1. If A and B are algebraic systems of a finite
signature I, then for A and B to be elementarily equivalent it is
necessary and sufficient that for any n € w there be nonempty sets
F@n) ¢ PU, ¥B), ..., F,(n) ¢ PQ, B) with the following
property:

YWiffeF(n)1<i<n,aeAandbeB,thenthereareg,,g,c

F ,(n)for whtchf c gl,f C g,,aedomg, andberangg2

PROOF. As sets F,(n), ..., F,(n) we take the sets F (X, n), .

, F,(E, n) of Theorem l D -

COROLLARY 2. If U, B are algebrazc systems ofE and U is finite,
then Y = B if and only if A =
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PROOF. It is proved in Proposition 16.7 that for any U and
B A =P implies A = B. LetA = Band |A| = m e w. Since the
formula &,,, of Proposition 16.9 is true in B, we have |1Bl = m,,.
For every n € w there are only a finite number of pairwise distinct
n-place predicates and functions on a finite set, and so there is a
countable signature L’ C I such thatif se R U F, then »¥(s) =
= y¥(s’) for some s’ € R’ U F’. Therefore it suffices to show
that¥ ' =B+ L’. LetL’ = J L,, whereL,is finiteand L, C

C L , ;. We consider the sets of partial isomorphisms F;(%;, n),
where n,iewand 1 < j < n, of Theorem 1. It follows from con-
dition *) of Theorem 1 that for any n, / € w, any kK < n and any
a,, ..., @ € A there is a mapping f € F, , |(L;, n) for whicha,, ...
..., @ € dom f. Therefore for any n > m, thefte is f, €
€ F,, + 1(E,, n) which is an isomorphism % } T, onto B, } L,
where 8, € B. Since |B;| = |4l = |BI, we have 8, = B. There
are only a finite number of mappings f: A — B and so there is a
number n, € w such that f, : A b L, =B} L, forevery n € w.
Hence f,,: A = B. [

The notion of elementary equivalence may, from a certain
point of view, be even more important than that of isomorphism.
The fact is that an isomorphism is defined in terms of the ex-
istence of some infinite function while an elementary equivalence
is defined in terms of finite functions. Consider algebraic systems
A, and B, of an empty signature, in which 4, congists of all count-
able ordinals and B, consists of all subsets of the natural
numbers. It follows from P. Cohen’s results on independence in
ZFC that %, = B, can be neither proved nor refuted in ZFC. But
by virtue of the ‘‘finiteness’’ of the notion of elementary
equivalence for ‘‘well formed”’ systems 2 and B the relation 9 =
= P can be proved or refuted in ZFC. In particular, it is easy to
show that %, = B,. One should not forget, of course, that the
concept of isomorphism plays a role of exceptional importance in
algebra, for example, since it is the “‘limit’’ for various classifica-
tions of algebraic systems.

While elementary equivalence is a weakening of the notion of
isomorphism, the following concept is a strengthening of the no-
tion of subsystem.

iew
cL
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DEFINITION. A subsystem 8 C U of a system of L is said to be an
elementary subsystem (we write B < ) if for any formula
¢(x,,...,x,)of Land any b, ..., b, € B

BE=dOb,....bh) e A= b, .., b). (1)

PROPOSITION 1. Let U be an algebraic system of L and B C Y.
For 8 < ¥ to hold it is necessary and sufficient that for any for-
mula ®(x,, ..., x,) of L and any b,, ..., b, € B U =
= 3x,®(x,, by, .-y b,) = U = 2(by, by, ..., b,) for some by € B).

PROOF. We show by induction on the length of a formula
®(x,, ..., x,) of L that for any b,, ..., b, € B (1) is true. If & is
atomic, then (1) follows from the definition of a subsystem. If
&= -VYord = V¥ 7Y for7e (A, V, -}, then (1) follows from
the induction hypothesis. Since ¥x¥ = —3x- V¥, it suffices to
treat only the case ®(x,, ..., x,) = 3x,¥(x,), ..., X,), but in this
case (1) follows from the hypothesis of the proposition and the in-
duction hypothesis. (]

PROPOSITION 2. Let U be an algebraic system of L and B C U. If
for any finite signature ¥, C L, any b,, ..., b,e Band anyae A
there is an automorphism f of a system A } L, such that fb, =
=b,,...,fb, = b,and fae B, then B < U.

prROOF. We use Proposition 1. Let ¥ = 3x,®(x,, b, ..., b,).
Then A = ®(a, b,, ..., b,) for some a € A. Let f be an automor-
phism of a system % } E(®) leaving b,, ..., b, fixed and fa € B.
From Proposition 16.7 we get A = ®(fa, b, ..., b,). U

It is clear that B < ¥ implies B = . In general the converse is
false. Consider, for example, systems (Q®; <) and (Q®; <),
where QM, Q@ are sets of rational numbers not less than 1 and
not less than 2 respectively and < is the usual ‘‘less than or equal
to’’ relation on numbers. By Proposition 15.4 the systems (Q(";
<) and (Q@; <) are isomorphic and hence elementarily
equivalent. However, in the subsystem <Q®@; <) of the system
(QW; <) the formula ®(v)) = Yy, (v, < y — y, = v,) is true on
the element 2 and in the system ¢(Q®; <) this formula is false on
the same element 2. Thus (Q®@; <) < (QM; <) fails.

EXAMPLE 1. Let ¥ be a countable dense linear ordering and B be
a dense-in-¥U ordering (i. e. let B C A and for any a < b in A there



154 Model Theory

be ¢ € B such that a < ¢ < b). Then (B contains the end elements
of A) & B < Y.

To prove < we notice that since & = B, A and B have the
same ends. Now suppose, for example, that 4, is the first element
of 8. Then B = Vyy(y < by — v, = by). By virtue of 8 < U we
have ¥ = Vu, (v, < b, — v, = b,) and hence b, is the first element
of %. To prove = it is necessary to use Proposition 2. The desired
isomorphism f'is constructed the same way as in Proposition 15.4.

EXAMPLE 2. Let ¥ be a free group with free generators {q;li €
e I} and let I’ C I be an infinite set. Then a group B C «A
generated in 9 by a set {a,1i e I’} is an elementary subgroup of ¥.
To prove this we use Proposition 2. Let b, ..., b, e Band a € A.
Then there are finite sets X C (g;lie I’} and Y C {a;li €
€I} \\ X such that b,, ..., b,e A(X)andae A(X U Y). Con-
sider a distinct-valued mapping f of the set {a,;li € I} onto itself
leaving the elements of X fixed and mapping Y into {a;li e I'}.
Then £ is uniquely extended up to an automorphism of the group
A which satisfies the hypothesis of Proposition 2.

Although in many cases the test of Proposition 2 is easy to ap-
ply, it is not necessary (see Exercise 2). Note that the possibility of
replacing in Example 2 the condition that I’ is infinite by 17’1 >
> 1 is a standing problem.

There is no analogue of Proposition 15.2 for the relation <
(see Exercise 2) while for Proposition 15.3 the corresponding
statement holds. A set (%, |i e I'} of algebraic systems is said to be
elementarily directed if for any i, j € I there is k € I such that ¥; <
<Y and Y; < Uy

PROPOSITION 3. If (U, li € I'} is an elementarily directed set of
algebraic systems of T, thenU; < A = U ¥, je L.

iel

PROOF. For 8 = U, equivalence (1) will be proved by induction
on the length of ®. It suffices, as in the proof of Proposition 1, to
treat the case ® = 3xV. Let ¥ = 3x¥(x, q,, ..., a,), whereaq,, ...
v @y eAj. Then¥ = ¥(a, q,, ..., a,) forsome a e A;. Take ke ]
for which ¥; < %, and A; < U, . By the induction hypothesis A, =
= ¥(,aq, ..., a,) and hence ¥, = Ix¥(x, q, ..., a,). Since 2[j <
< ¥, we have ¥, = Ix¥(x, q, ..., a,). Conversely, let A; =

J
= ax¥(x, a,...,a,). Then¥; = ¥(a,aqa,, ..., a,) for somea € A,
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and by the induction hypothesis A = V¥(a, q,, ..., a,) and
therefore & = Ix¥(x, q, ..., a,). O

Although there is no analogue of Proposition 15.2 for <, a
weaker variant of the corresponding statement is very important.

THEOREM 2. Let U be an algebraic system of Land X C A. Then
there is an elementary subsystem B < U such that X C B and
IBl = max (I1XI, IE], w).

PROOF. Set X, = X. Suppose X, is already defined. For any
formula ¥ = 3y®(, x,, ..., x,) of L and any interpretation
v {x;, ..., %} — A wechoose an element a(¥, v) € A such that if
A = Ixd(x, vx;, ..., vX), then ¥ = ®@(¥, v), vx;, ..., vX;). Set
X, 1 =X, U {a¥,)I¥ =3xPeFEX),vy:FV(¥) —- X, }. Itis
clear that the subsystem B C ¥ with carrier {J X, satisfies the

new
hypothesis of Proposition 1 and, hence, 8 < . If A\ = max (I1.X]1,
IZ1, w) then |F(E)l < Nand 1X,| < N If I.X, | < A, then the
power of a set Y, of interpretations v of variables in X, with a
finite domain is at most [ U X;{’T. Since 1X7| < max (I1X,1,
mew
w),wehave 1Y, | < Mw=\andso |X, . | <IFE)I-1Y,]<
< N2 = \. Therefore I1Bl < M'w =N O

DEFINITION. Let U be an algebraic system of L and X ¢ A. We
take a set C,, = {c,la € X) not intersecting with R U Fand ¢, #
# ¢, for a # b. We define a signature L to be obtained from
by adding elements of C, as new constants. We denote by ¥, an
expansion of the system ¥ to I, in which a constant ¢, a € X, is
interpreted by an element a. A set D (¥, X) of atomical sentences
of Z, true in the system ¥, is said to be a diagram of a set X in Y.
If in the definition of D (¥, X) we replace ‘‘atomical sentences’’
by ‘‘sentences’’, we obtain a definition of a complete diagram
D*(U, X) of the set X in Y. A diagram (a complete diagram) of 4
in U is said to be a diagram (a complete diagram) of % and denoted
by D () (by D*() respectively).

PROPOSITION 4. (a) If U is an algebraic system of £ and B is a
model of a diagram D () of (a complete diagram D*(¥)) of £ ,,
then Y = B, } L for some B, C B (some B, < V).

(b) If A C B are algebraic systems of L, then

AL B U, =93,.
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PROOF. (a) It is obvious that a mapping assigning to an element
a € A an element »3 (c,) will be the desired isomorphism. (b) Is im-
mediated from the definitions. [J

Theorem 2 allows us to ‘‘descend’’ the powers, preserving the
elementary properties. The following theorem allows us to ‘‘as-
cend’’.

THEOREM 3. If Y is an infinite system of £ and \ is a cardinal not
less than max {1 A1, |E|}, then there is a system B such that % <
< Band |IBl = \.

prooF. Take a set C of symbols of constants of power A not in-
tersecting with the set R U F. Consider a set

Y=D*®» VU {=c, = ¢,lc;, c,€Cocp #¢,).

Since ¥ is infinite, for any finite subset X C Y the system ¥ can be
expanded to a model of X. By the compactness theorem there is a
model B, of the set Yof L, , .. It is obvious that B, | > X. By
Theorem 2 thereis®B, < B,,|B,| = \. By Proposition 4 (a) there is
B, < B,, and an isomorphism f;: A = B, } L. Now we need only
to replace in the system B, 1 E the elements b € B, by f;'b to ob-
tain the desired 8. To avoid collision in such a rewriting we pro-
ceed as follows. We take a set Z for which Z N A = < and
IZ! = IB, \B,l. Let f be a distinct-valued mapping of a set B =
= A U Zonto the set B, and f; C f. We define a system B = (B,
»B) of L as follows:
(a) if s e R U Fis not a constant, then

(by,y ey b)) €¥B(s) & STy, s S, Y€ ¥P2(s);
(b) if s € F'is a constant, then
vB(s) = f71(»®2(s)).
It is clear that fis an isomorphism of B onto B, } Land ¥ C B.
Let ®(x,, x;, ..., X,) € F(E); b, ..., b, € A and
B = Ax,®(x,, by, ..., b,).

Then B, = 3x,®(x,, fby, ..., fb,). Since fb,, ..., fb, € B; and
B, < B,, there is b, € B, such that B, = ®(b,, /b, ..., /b,). The
mapping f ~! is an isomorphism of 8, } L onto B and therefore
B = &(f by, by, ..., b,). Since f~'b, € A, by Proposition 1 we
have ¥ < B. From |B,| = Nand B, = B we get |IBl = \. O
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Exercises

1. Show that for systems A ¢ B of L we have ¥ < B if one of the following
conditions holds:

(a) L contains only an infinite set of constants. The values of constants in B
form an infinite set.

(b) I contains only the symbols of one-place predicates r;, k € w. Consider the
set 2¢ = (vlv:w — {0, 1}]. Let B be an arbitrary system of L. For any » € 2« we
define a set B(v) = (bl forallne wB &= r,(b) if v(n) = 1and B = —r,(d) if
v(n) = 0}. It is clear that for distinct v, v, € 2¢ the sets B(v;) and B(v,) do not in-
tersect. Suppose that for all » € 29B(v) C A if B(») is a finite set and A N B(y) is
an infinite set if B(») is infinite.

(c) £ contains only one symbol ~ of a two-place relation which is interpreted
in B as an equivalence with an infinite number of infinite equivalence classes. The
class A contains an infinite number of equivalence classes of the system 8. (Hint.
Use Proposition 4(b) and Theorem 1.)

2. Using the example of Exercise 1(c) show that

(a) the property of being elementary is not necessary for the subsystems of
Proposition 2 (Hint. Suppose /Al = w and all equivalence classes contained in
B \ A are noncountable.);

(b) for some system B and an infinite set X C B there is no elementary sub-
system ¥ < 9B containing X that is minimal with respect to the inclusion ¢.

25. AXIOMATIZABLE CLASSES

DEFINITION. A class K of algebraic systems is said to be axi-
omatizable if there is a signature L and a set of sentences Z of £
such that for any system

A € K & (the signature of YisZand A = &
for all & € Z). )

If (1) holds for a class K, then L is said to be the signature of K
and the set Z is said to be the set of axioms for K (we write K =
= K;(2)). If all systems of the class K have a signature L, then the
set of sentences of the signature L true on all the systems of K is
said to be an elementary theory of K or simply a theory of K and
denoted by Th(K).

Note the obvious property of theories: if K| € K, are classes
of algebraic systems of £, then Th(X,) ¢ Th(X,).

PROPOSITION 1. Let K be a class of algebraic systems of a
signature L.
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(a) The class K is axiomatizable if and only if K = K,
(Th(X)).

(b) There is an C-minimal axiomatizable class K, of L con-
taining K.

PROOF. (a) Let K = K (Z). Since Z ¢ Th(K), we have
K;(Th(K)) ¢ K. The converse inclusion K C K;(Th(K)) is ob-
vious.

(b) It is necessary to take K (Th(K)) as K. Indeed, if X, is an
axiomatizable class of £ and K ¢ K,, then Th(X,) ¢ Th(X).
Hence K (Th(K)) € K;(Th(K};)) = K,. O

We shall say that a class of algebraic systems is closed under
clementary equivalence (under isomorphisms, subsystems,
ultraproducts and so on) if together with algebraic systems U, i € [
it contains all systems elementarily equivalent to them (all isomor-
phic systems, all their subsystems, the ultraproduct D-prod ¥; and
SO on).

We give one useful characterization of axiomatizable classes.

THEOREM 4. A class K of algebraic systems of a signature T is
axiomatizable if and only if it is closed under an elementary
equivalence and ultraproducts.

PROOF. Let K be an axiomatizable class. It is obvious that X is
closed under an elementary equivalence. The closure of K under
ultraproducts follows from Theorem 17.1. Let K be closed under
an elementary equivalence and ultraproducts. It suffices to show
that K (Th(K)) ¢ K. Let ¥ € K (Th(X)). For each ® € Th(¥)
consider the sets u, = (¥ € Th(A)|> ¥ — &}. It is clear that
X = {uy|® e Th(A)} is a family of sets with the finite intersec-
tion property. By Proposition 12.1 there is an ultrafilter D on the
set Th () such that X ¢ D. For any € Th(Y) there is a system
B, € K on which ¢ is true since otherwise =& € Th(K), which
contradicts ¥ € K (Th(K)). We show that % = D-prod B, and
this will prove the theorem. If A = &, then B, = &, forall ¥ €
€ ug,. Since ug, € D, by Theorem 17.1 we get D-prod B, &= &,. If
A = ¢, does not hold, then & = — ¢, and by what has just been
proved D-prod B, = -~ &,. Hence D-prod B, = &, fails. [

PROPOSITION 2. The intersection of any set of axiomatizable
classes of L and the union of a finite number of axiomatizable
classes of L are axiomatizable classes.
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proor. If K; = K(Z;), i € I, then obviously [} K, =
i eI
=%:(U Zi). Let K, = K;(Z,) and K, = K;(Z,). Consider a set
iel

Z={(dVvV¥I®eZ,¥eZ). Weshowthat K, U K, = K;(Z).
The inclusion K|, U K, € K;(Z)is obvious. Let ¥ # K, U K, and
let the signature of A be L. Then there are ¢, € Z, and ¥, € Z, such
that A = &, A = ¥,. Since vV ¥ € Z, we have U ¢ K (Z). J

DEFINITION. If K is a class of algebraic systems and K = K (Z)
for some finite set of axioms Z, then K is said to be a finitely axi-
omatizable class.

Notice that if X is finitely axiomatizable, then by taking the
conjunction of a fjnite set Z of axioms for K we obtain a set of
axioms {®] for K consisting of one sentence ®.

If K is a class of algebraic systems of a signature I, then by K
we denote the complement of X in the class Ky (&) of all systems
of L.

PROPOSITION 3. Let K be a class of algebraic systems of a
signature L. The class K is finitely axiomatizable if and only if K
and K are axiomatizable.

prooF. If K is finitely axiomatizable, then K = K ({®}) for
some sentence ¢ of L. Hence K = K ({ = ®}). Let K and K be axi-
omatizable. Since X N K = &, K = K (Th(K) and K =
= K;(Th (K)), by the compactness theorem there are finite sets
X € Th(K)and Y ¢ Th(K) such that X U Y has no model. Since
Th(K) and Th(X) are closed under conjunctions, it may be
assumed that X = {®} and Y = {V¥]. Since & A ¥ is an identical-
ly false formula and ¢ € Thy(K), a sentence & A = ¥ is true on all
systems of K. Conversely, if the sentence & A =¥ is true on the
system ¥ of T, then ¥ ¢ K and hence ¥ € K. So K = K. ({® A
A=Y} O

DEFINITION. A formula & is said to be an V-formula (an
3-formula, and v3-formula) if & = vx, ... vx, ¥ (& = 3x, ...
w3V, @ = VX, ... VX 3y, ... 3y, ¥), where ¥ is a quantifier-
free formula. A class K of algebraic systems is said to be
v-axiomatizable (3-axiomatizable, V3i-axiomatizable) if K =
= K;(Z), where Z are sets of V-sentences (3-sentences,
v3-sentences) of a signature L.
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PROPOSITION 4. (a) Let ®(x;, ..., x,) be an v-formula
(3-formula) of a signature £ and let 1 C B be algebraic systems of
L,a,,...,a,€A.Thenif®a,,...,a,)istrueinB (inY), @a,, ...
ooy @) is true in U (in B).

(b) Let {¥;li eI} beadirected family of algebraic systems of
a signature L and let an Y3-sentence ® of L be true inall ¥, ieI.
Then & is truein ¥ = J ¥,.

iel

PROOF. (a) Since the value t¥[y] of a term ¢ for an interpreta-.
tion v in A coincides with the value ¢®[y], (a) holds for
atomic formulas ®. For quantifier-free formulas (a) is obtained by
induction on the length of ®. Now it only remains to use the
definition of the truth of formulas with quantifiers v and 3.

(b) Let & = vx; ... Vx, 3y, ... 3y, V(X;, ooy Xy Vyy ooy V)
where ¥ is a quantifier-free formula, be true on all ¥,, i € I. Take
arbitrary a,, ..., a, € A. Then a,, ..., a; € A, for some i/ € [ and
hence ¥; = 3y, ... 3y, Y(a,, ..., @, y,, .-, ¥,,)- Since Y; C ¥, by
virtue of (a) we have A = 3y, ... 3y, ¥(a,, ..., @, Y|, -+, V). U

LEMMA 1. Let T' be a set of sentences of a signature L and let
Y, (x,, .., X, ) be formulas of E. If for any models A C B of T’
having the signature L and any a,, ..., a, € A the truth of
Y, (a,, ..., a) in B (in A) implies the truth of ¥y (a,, ..., a,) in A
(in B), then there is an ¥-formula (3-formula) X,(x,, ..., x,) of L
Jor whichT &> (¥, — X)) A (X, — ¥,). !

PROOF. Consider a set Z = {®(x,, ..., x, )| ® is an V-formula of
LandT > ¥,— &}, If Z U I' is incompatible, thenT' U (¥} is
incompatible and Vv (—v, = v,) may be taken as X,. Let ¥ be a
model of Z U T of the signature L and let b, , ..., b, be elements of
A such that ¥ = ®(b,, ..., b,) for any formula ®(x, ..., x,) € Z.
Suppose that the set D(U) UT U {¥,(cp,, ..., Cp, )} is incompati-
ble. Then there is a proof D, of a sequent &, — ¥ (cp,, .-, Cp,) —
— —®, in CP¥4, where & is a conjunction of some elements of I'
and &, is a conjunction of some elements of D (). On replacing in
D, all the constants ¢, , ..., Cpy» Cpy 4 15 --+» Cp, Of C,4 by variables
Yi» ---» ¥, DOt occurring in the elements of the tree D, and dif-.
ferent from x,, ..., x, we obtain a proof D, of the sequent &,
= Y0y, ey V) — %, in CPE, where &, is obtained from &, by
replacing the constants ¢, ..., ¢y, by the variables y,, ...
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..+, ¥, Tespectively .* The sequent &) = ¥ (¥, -y V) = VYV 4 g oo
...Yy, 7, is then CP*-provable. From Proposition 18.4 (g) and
Theorem 22.9 we obtain Vy, , , ... Vy,(= &))" "% € Z. Then

A=y ... VY, d,[y], wherey(y;) = b;, 1 < i< n.Sinced,isa

conjunction of elements of D(Y) and &, = (@2){,’); .....,”y:b , we have

¥ = &,[y], a contradiction. Thus the set X = D) U T U
U {¥,(cp,s ---» Cb,)} is compatible. By the theorem on the ex-
istence of a model there is a model B of X. It is clear that a mapp-
ing f assigning to an element @ € A an element »®(c,) is an isomor-
phism of A onto a subsystem B, ¢ B } L with carrier B, =
= (v®(c,)la € A). The hypothesis of the lemma yields B, =
E ¥,(»2(p,), ..., v2(cy,)) and, hence, A = ¥y (b, ..., b,). Since
U is an arbitrary model of Z U T" and b, ..., b, are arbitrary
elements of A for which ¥ = ®(,, ..., b;), ® € Z, by Corolla-
ry224ZUT > ¥(x,, ..., x;). Hence, there s a finite set Z, C Z
such that Z;, U I' &> ¥,(x,, ..., x;). If X,o(x, ..., x;) is an
v-formula equivalent to a conjunction of elements of Z, then it is
obvious that ' &> (X, — ¥,) A (¥, — X,).

The proof of the corresponding statement for 3-formulas is
obtained from the foregoing by considering — ¥, instead of
¥,. O

THEOREM 5. Let K be an axiomatizable class of algebraic
systems of a signature L.

(a) K is 3-axiomatizable ¢ K is closed under supersystems.

(b) K is V-axiomatizable & K is closed under subsystems.

prOOF. The statements = follow from Proposition 4.

(a) We first show that for any sentence ® € Th(K) there is a
sentence ¥, € Th(X) such that > ¥, — ® and for any pair & ¢ B
of algebraic systems of L A = ¥, implies B = &. Suppose that
this is not the case, i. e. that there is &, € Th(K) such that for any
¥ € Th(K) there are systems ¥y, C B, of L for which > ¥ — &,
yields %, = ¥ and By, = —®,. Let D be an ultrafilter on the set
Th (K) containing a family of sets with finite intersection property
X = {uyl® e Th(K)}, whereuy, = (¥ € Th(K) > ¥ — &}. Con-

* Recall that the elements of I' are sentences and hence are not affected by the
replacement.

11—191
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sider systems ¥, = D-prod ¥, and B, = D-prod B,, . Since ¥, C
c B, for all ¥ € Th(X), there is ¥, ¢ B, Y, = ¥,. From
Theorem 17.1, the inclusion X € D and from the fact that % =
= U, we get A; € K (Th(K)) = K and B, = —~&,. This con-
tradicts the fact that K is closed under supersystems.

For any sentence & € Th(K) there is by Lemma 1 (set ' =
= {¥,V -®} and ¥, = ®) an 3-sentence X, such that > ¥, v
Ve = (P = X)) A (Xy — P)). It follows that X, — & is an
identically true sentence and by virtue of {®, ¥} ¢ Th(X) also
Xs € Th(K). Hence the set of 3-sentences {X, |® € Th(K)]} is an
axiom system for K.

(b) To prove (b) it is necessary to replace in the proof of (a)
A CcBand Y, C B, byB C Aand B, C U, respectively and ap-
ply the other part of Lemma 1.

DEFINITION. A sentence of the form vx, ... vx, O, where Q is an
atomic formula, is called an identity. A sentence of the form

VX VX (O AN ANQ, — Q) )

where Q,, Q,, ..., Q, are atomic formulas, is a quasi-identity.
An axiomatizable class K is said to be a variety (quasi-variety)
if there is an axiom system Z for K consisting of identities (quasi-
identities).

Since an identity Vx, ... Vx, Q is equivalent to an identity
VX VX (4 = X, — Q), a variety is a quasi-variety.

A system E, = ({J], vELY is said to be a unit system of a
signature ¥ if

vEE(s) = (D )#®)  forall seR. )

Condition (2) defines E; uniquely since for any n € w on a one-
element set there is only one n-place function.

PROPOSITION $. (a) Any quasi-variety K of a signature L is closed
under filtered products and contains a unit system Eg.

(b) Any variety is closed under homomorphic images.

PROOF. (a) Since Qy(J, ..., &) is true in E, for any atomic
formula Q,(x,, ..., x,) of L, any quasi-identity (1) is true in Ey.
To show that K is closed under filtered products it suffices to
establish that any quasi-identity (1) conditionally filters for any
filter D on a set /. By Lemma 17.2 it suffices to establish that a
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formula (Q; A ... A Q, = Q,)(x,, ..., X;) conditionally filters for
D.Letf,, ..., frelprod A;and X = (il¥; = (Q,, ..., Q, — Q)
(fi4, ..., fii)} € D. Suppose that (Q; A ... A Q, A = Q,)DSf,, ...
.-, Df}) is true in D-prod ¥;. From Lemmas 17.3 and 17.2 we get

= (Y% = (Q A ... NQ)UNi, ..., i)eDand Z = (il¥, =
= Q,(fil, ..., S i)} ¢ D. It is obvious that X N Y is contained in
Z. Since X N Y € D, we have Z € D, a contradiction.

(b) Let f be a homomorphism of ¥ onto B. By Proposition
16.1 (b) for any term ¢ and any interpretation y: FV(¢t) — A

S = Byf].
From this equati)on and the definition of a homomorphism we get
A= Qlvl = B = Qlv]

for any atomic formula Q of . By virtue of the fact that f
maps A onto B therefore if any identity & is true in ¥ it is true in
B. O

THEOREM 6. For an Y-axiomatizable class K of a signature T the
following conditions are equivalent:

(a) K is a quasi-variety,

(b) K is closed under finite Cartesian products and contains a
unit system Ey..

PROOF. (a) = (b) is proved in Proposition 5 (a). Consider a set

W = [®|® is a quasi-identity of £ and & € Th(K)}.

Let % be a model of W. We show that every finite subset X C
C D(¥) has a model By suchthat B, } CeK. Let X = Y U Z,
where Z consists of atomical sentences and Y consists of negations
of atomical sentences. If Y = &, then one may take Ey, as 8. Let
Y = (-Q,, ..., Q,} and suppose ¢ is a conjunction of
elementsof Zif Z = Jand ®isc, = ¢, forsomeaeAif Z = &.
Let ¢,,, ..., ¢4 be all constants of C, occurring in Q, ..., Q,,
and let Q/, ..., Q,, ' be obtained from Q,, ..., Q,, ® by replac-
ing ¢, .-y Cq DY X, ..., X, respectively. Since quasi-identities
Vx| ... VX, Q(P — Q), | < i< n, are false in ¥, they are not in
W. Hence there are systems 9B, ..., 8, € K such that g, &=
= (@A Q)] 1 <i<n,forsomey: {x, ..., x.} — B;. Con-
sider a Cartesian product 8, X ... X B, € K and an interpretation

11*
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v of variables x|, ..., x, in B for which the projection i(y) on the
ith coordinate is v;. From Lemma 17.3 we get 8, X ... X 8, =
=E(@A-Q A... AN Q) [v]. Hence the system B, X ... x B,
can be expanded to a system B, of L, which is a model of X. It
follows from the proof of Theorem 17.2 that there is an
ultraproduct 8 = D-prod B, which is a model of D(¥). By Pro-
position 24.4 (a) there is a subsystem 8, ¢ B } I such that ¥ =
= 9,.Since B } L = D-prod (B, } )and B, } L eXK, it follows
from Theorems 4 and 5 and from the fact that % = 9, that A € K.
Thus we have K = K (W). O

THEOREM 7. For a quasi-variety K of a signature £ the following
conditions are equivalent:

(@) K is a variety,

(b) K is closed under homomorphic images.

PROOF. (a) = (b) is shown in Proposition 5 (b). Suppose (b)
holds and ¥ is a model of a set

= {®1® is an identity of L and ¢ € Th(K)}.

Consider a set
D~ () = {® e D(Y)I® contains a negation}.

For any formula - ¥ in D~ (¥) an identity ¥y, ... vy, ¥, of L,
where ¥ = (¥,)20 7" s false in ¥ and so it is not in Z. Hence

Cayy -y Cap
there is B, € K and an interpretation vy : {y,, ..., y,} — By for
which By, = =¥, [y, ]. Therefore B, can be expanded to a system
B, of L, which is a model of { ~¥}. Consider a Cartesian pro-
duct 8 = D~ (¥)-prod B, . By Proposition 5 (a) we have B } L e
€ K.ByLemma 17.38 = - ¥ forany ~¥ €D~ (¥). Let B, be a
subsystem of B generated in B by a set {v3(c,)la € A). By
Theorem 5 (b) we have B, } L € K. We define a mapping /: B, —
— A as follows: if 7(x,, ..., x,,) is a term of L and 3 (»® (c,)), ...
eery ¥3(c,,)) = b, then h(b) = t¥(a,, ..., a,,). The correctness of
the definition of A follows from implications:

%1 = (tl = tz)(V%(Cal): ceey VB(Ca,,,)) =
= ('1t| ~t, Ko Xm g D= (Y) = Y = (tI =~ tz)(al, ey @),

Cayy s Cam
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where 1, (x, ..., x,,) and £,(x,, ..., x,,) are any terms of L. The
chain of implications which is obtained from the previous one by
replacing 7, =~ ¢, by any atomical formula Q(x,, ..., x,,) of L also
holds and so # is a homomorphism of B, onto %. From (b) we get
U € K. It is thus shown that K = K (Z). O

Exercises

1. Let K be an axiomatizable class containing systems of arbitrarily large
finite powers. Show that a class K, consisting of infinite systems of the class K is
axiomatizable but is not finitely axiomatizable.

2. Show that in Theorem 4 the condition of closure under an elementary
equivalence may be replaced by closure under isomorphisms and elementary sub-
systems. (Hint. Consider D*(¥) instead of Th(¥) in the proof of Theorem 4.)

3. Show that any quasi-identity & is equivalent to a quasi-identity ¥ in re-

duced nf.
4. No statement similar to that of Exercise 3 holds for identities. Find a varie-

ty that has no axiom system consisting of sentences of the form vx, ... vx,Q,
where Q is an atomical formula. (Hint. Consider a variety with an axiom system

{(YXP(f(x)]}.)
26. SKOLEM FUNCTIONS

DEFINITION. A set T of sentences of a signature I closed under
derivability (i. e. if T > ® and & is a sentence of £, then ® € T) is
called an elementary theory, or simply a theory of the signature E.
A consistent theory T of L is said to be completeif e Tor ~® €
€ T for any sentence ® of L. A consistent theory T of I is said to-
be model-complete if A ¢ B = A < B for any models A, B of T
having the signature L. Formulas & and ¥ of L are said to be

equivalent with respect to a theory T of L (we write & L9ifT>
> (P - ¥) A (¥ — ). A theory T of £ is said to be
v-axiomatizable or universally axiomatizable (3-axiomatizable,
vi-axiomatizable) if there is a set Z ¢ T of Vv-sentences
(3-sentences, v3-sentences) such that Z > & for any ® € T. Such a
set Z is called an axiom system for the theory T.

It follows from Corollary 22.4 that a theory T of a signature &
is V-axiomatizable (3-axiomatizable, v3-axiomatizable) exactly
when the class K = K (T) is v-axiomatizable (3-axiomatizable,
v3-axiomatizable), with Z being an axiom system for 7 if Z is an
axiom system for K (T') and vice versa.
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o

A theory T of ¥ is said to be a theory with elimination of
quantifiers if any formula ® of L is equivalent with respect to T to
some quantifier-free formula ¥. It is obvious that a consistent
theory with elimination of quantifiers is model-complete. On the
other hand, a model-complete theory T is ‘‘almost’’ a theory with
elimination of quantifiers. Namely, we have the following

THEOREM 8. For a consistent theory T of a signature L to be
model-complete it is necessary and sufficient that any formula ®
of T should be equivalent with respect to T to some V-formula X,
and to some 3-formula X, .

PROOF. Sufficiency follows from Proposmon 25.4 (a). Necessi-
ty is obtained from Lemma 25.1 by taking as I' a theory 7. (J

The requirement in Theorem 8 that & should be equivalent to
some 3-formula X, may be omitted, of course, since this follows
from the equivalence of =¥ to some v-formula.

To work with formulas containing quantifiers is much more
difficult than with quantifier-free formulas. Therefore theorems
of model theory of the form: a given theory T is a theory with
elimination of quantifiers (is model-complete), are very impor-
tant. We shall now present a certain construction, first proposed
by Skolem, that allows any theory to be extended to an V-axioma-
tizable model-complete theory.

pEFINITION. If £ is a signature, then a signature LS is obtained
from I by adding new n-place function symbols £, for every for-
mula & = 3xV¥ of L that begins with an existential quantifier and
has n free variables. By S we denote a set of sentences

VX[ VX (R0, ey X)) = (00, s X)s Xy, ey X))
for all formulas ®(x,, ..., x,) = 3Ix¥(x, x,, ..., x,) of L with free
variables x,, ..., x,, written out in the order of their first free oc-

currences in the formula ®. If T is a theory of T, then by TS we
denote a theory

{®1® is a sentence of a signature LS and TU S > ®}.
The signature LS (the theory T9) is a skolemization of the
signature T (of the theory T'). A model %S of the theory (Th (%))

having a signature LS is called a skolemization of a system ¥ of L
ifAS + T = .
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Unlike S and TS a skolemization %5 is not uniquely defined
by U, two skolemizations of ¥ may not even be elementarily
equivalent (see Exercise 1). Moreover, it follows from Exercise 1
that 7S is almost always incomplete.

PROPOSITION 1. (a) Let T be a theory of a signature L, B be a
model of the theory TSand 4 ¢ B. Then A } L < B} E.

(b) Any algebraic system Y has some skolemization US.

PrOOF. (a) Follows immediately from Proposition 24.1. We
prove (b). If & = 3x¥(x, x|, ..., x,), then for a,, ..., a, € A we
take as a value of »¥(f;)(a,, ..., a,) an element a, € A for which
A = ¥Y(a,a,, ..., a,), if there is such an element g, € 4, and an
arbitrary element a € A, if there is no such element a,. [J

From Praposition 1 we at once obtain Theorem 2 of Sec. 24.
In that theorem as 9 it is sufficient to take B, } L, where B, is a
subsystem of %’ generated by the set X.

Skolemization allows one to ‘‘remove’’ quantifiers from the
formulas of an old signature E. They ‘‘remain’’, however, in the
formulas of the new signature, LS. To avoid. this inconvenience we
‘“‘close’’ the skolemization process.

DEFINITION. Let E be a signature and let 7 be a theory of £. We
define signatures £ and theories 7™, n € w, by induction: £% =
=L, TS =T, L0+ s = (Tnsys, T+ s = (Tr5)S A signature
Les = |J £ (a theory T = |J T™) is called the complete

new new
skolemization of the signature ¥ (the theory T). An algebraic
system A< of the signature L is said to be a complete skolemiza-
tion of a system Y of L if Y } £ = A and A is a model of
(Th @) <.

PROPOSITION 2. (a) Any algebraic system U has some complete
skolemization A<, )

(b) Let T be a consistent theory of a signature L. Then a theory
T is a universally axiomatizable model-complete extension of T
and for any model ¥ of T there is a model U, of T such that
AL £ =9

PROOF. (a) By Proposition 1 (b) there are systems U™, n € w,
such that Y% = ¥ and A" + ¥ js a skolemization of A", Let
A" = (A, v¥%) be a system of the signature £ where »¥“ coin-
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cides with »¥™ on the symbols of L7, It is clear that % is a com-
plete skolemization of 2. .

(b) Let ™A be a model of T¢ of a signature £ and B C Y.
From Proposition 1 (a) we get 8 b £ < A } 75 for any n € w.
Since Z< = |J L™, we get B < U. Hence T is model-complete
and by Theorem 5 the class Ky (T%) is V-axiomatizable, i. e.
K. ((T%) = Ky(Z), where Z is a set of V-sentences of L. Then
Z is an axiom system for 7. The second statement in (b) follows
from (a). OJ

Exercise

1. Show that for all skolemizations of a system U to be elementarily
equivalent it is necessary and sufficient that A be one-element. (Hint. Consider dif-
ferent values of »¥5(f;) for & = 3uy(vg = vo A v; = v;).)

27. MECHANISM OF COMPATIBILITY

The mechanism of compatibility is mainly of methodical im-
portance. It allows us to recognize a common part in many
theorems proving which involves construction of models. In this
section we prove several such theorems. It is assumed throughout
that the signature £ has a finite or countable power.

pEFINITION. For a formula ¢ of T we define a formula ¢ - as
follows:

(a) if ® is an atomic formula, then -~ = -,

® ¥ =Y,

© (¥, = ¥,)n =¥, AV,

@ ¥, A¥))~ = ¥, VY,

© VY =Y AT,

® @Ax¥)~ = vx VY,

(g) (Vx¥)~ = Ix~ V.

It is seen from the definition of & that -~ = - &. We
denote by ¢ a signature obtained from a signature L = (R, F, u)
by adding to it a countable set C of new constants. A constant of
L¢and a term of the form f(c, ..., ¢,), where ¢, ..., ¢, € C and
f € F, will be called a basis term of the signature L€.
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DEFINITION. A set S of finite or countable sets of sentences of ¢
is said to be the mechanism of compatibility of a signature L if for
each s € S the following conditions hold:

(C1) the inclusion {®, - ®} C s holds for no sentence ®;

(C2) =®es= (sU (¢~} C s, for somes, € S);

CHP—-VYes=(sU (¥} Cs,orsU {~P] C s forsome
s, €8);

CHPAYes=(sU (P) Cs,ands U (¥} C s, for some
S, 8, €8);

(C5)evV¥es=(sU (P} Cs,orsVU (¥} C s for some
s, €8);

(C6) vx® € s = (for any ¢ € C there is s, € S such that s U
U [(®)) < s))s

N

(C7)3xbes = (sU [(®)*}) C s, for some ce Cand somes, €
€ S);

(C8) (c;,c;eCandcy = c,es) = (sU [c, = ¢} C s for
some s, € S);

(C9) if c € C and ¢ is a basis term of £¢, then two conditions
hold: '

(a)s U (d =t} C s, forsomede Candsomes, €S,

(b) fc =1, (@)} Cs=(sU ((®)*) C s, for somes, € S).

A set S is said to be a mechanism of compatibility if it is the
mechanism of compatibility of some signature L.

PROPOSITION 1. Let T be a theory of a signature L. Then a set S
of finite sets s of sentences of a signature L¢ such that T U s is
compatible is a mechanism of compatibility.

proor. We verify condition (C7). Checking the remaining con-
ditions will be left as an easy exercise to the reader. Let a set 7 U
U s U [(®)X} be incompatible for a constant ¢ € C not occurring
in the elements of s U {®} and let D be a proof of a sequent
¥, .., ¥, (®)F+, where (¥, ..., ¥, ] € TUs. Weemploy the
usual device: by replacing the constant ¢ in all the sequents of D
by a variable y not occurring in the elements of D we obtain a
proof D, of the sequent ¥, ..., ¥,, (®)J . Applying Rule 16 we
obtain the provability of ¥, ..., ¥,, 3y(®)} . Since 3x$ and
3y(®); are congruent, theset T U s is incompatible if 3x® € 5. [J

PROPOSITION 2. Let S be a mechanism of compatibility and s € S.

(@ (¢, ¢~ V] Cs=(sU {¥] C s forsomes, €85).
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(b) Forany c € C there is s, € Ssuch that s U ¢ = ¢} C s,.

(¢) (c,d,eeCand{c=d,d=¢e} Cs)=(sU [c=e) Cs
Sfor some s, € S).

d) S’ = (s'ls’ Cse S} isamechanism of compatibility.

PROOF. (d) Is obvious, (a) follows from (C3) and (C1), (c)
follows from (C9) (b) if we take x = e as ® and a constant d as .
We prove (b). By (C9) (a) we have s U {d = ¢} ¢ s, for some
constant d € C and s, € S. From (C8) we get s U {d = ¢, ¢ =
=~ d} ¢ s, for some s, € S. Now we apply (c) and gets U {d = c,
c=d,c=c} Cs forsomes €S. 0

An algebraic system % of L€ is said to be canonical if v¥ (C) =
= A, i. e. any element a € A4 is the value of some constant c € C.

THEOREM 9. If S is a mechanism of compatibility of a signature
L and s* € S, then s* has a canonical model ¥ of a signature Z¢.

PROOF. Consider a class S’ = {s’ C sls € S}, which is by
Proposition 2 (d) a mechanism of compatibility. Let
%, &,....%,... (eEw)

be an enumeration of all sentences of ¢ and let
fos by ves 8

e (e w)

be an enumeration of all basis terms of £¢. By induction on 7 € w
we construct a sequence

S$5C8 C...Cs, C.

= = ~n

of the elements of S’. We set s, = s*. If n = 3k, then by (C9) (a)
we find a constant ¢ € C such thats, U {c = f, ] € S and set
Sp41 =8, Ulc= 1t ). Forn=3k + lwesets, =5, U
U (e, ifs, U (& ]eS ands, , , = s, otherwise. Let n =
=3k + 2. If$ = 3x¥ and & €5, then wesets, , , = s, U
U [(¥)X) €S’ for some c € C. Otherwise wesets, . | = s,. Con-
sider aset s, = |J s,. The construction of s_ implies the follow-
new
ing fact:
(*) a one-element set (s} is a mechanism of compatibility.
On the set C we define the relation ~:

c~dec=des,.
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By (C8) and Proposition 2 (b), (c) the relation ~ is an equivalence
on the set C. On the set A = {clcis a ~-equivalence class con-
taining ¢ € C} we define an interpretation »¥ of a signature £¢ =
= (R, F¢, u¢) as follows:
U, -onCy) =C & C = fleg, .., ) ES,,
€y o0nCy Y €VE(R) ® 1(Cy,y ooy ) €S,

where fe F¢, re R, u¢(f) = u¢(r) = n. It follows from (*) and
(C9) (b) that these definitions are correct. Suppose, for example,
thatc, = f(c,, ¢;), ¢4 = flcs, ¢5), ¢, = csand ¢; = ¢5 arein s, .
Applying (*) and (C9) (b) yields ¢, = f(c,, c¢) € s,,. Applying two
more times (*),and (C9) (b) yields ¢, = f(c,, ¢;) € s, and ¢, =
= C ES,.

Since »¥(c) = ¢ for ¢ € C, we set that A = (A, v¥) isa
canonical system. We now show that for any sentence ® of L¢

bes, = A= O, M

It follows that ¥ is a model of s*. If ® = ¢ = ¢ for a basis term ¢,
ceC,®=r(,..c)forreR,c,...,c,eC,or®is the nega-
tion of such formulas, then (1) follows from the definition of »¥,
(*) and (Cl). If t = c € s, where # is a basis term, ¢ € C, then
from (*) and (C9) (b) we get d = t € s, for some d € C. Therefore
by (*) and (C9) (b) we have d = ces_ . Hence ¥ = ¢ = c. Let
-t =ces, ,wheretisabasisterm,ce C. If = = cisfalsein ¥,
jhen by the definition of ¥ ¢ = ¢t € 5,. From (*) and (C9) (b) we
get =c = c¢ € s,. By virtue of (%) and Proposition 2 (b) this
contradicts (C1). We have thus shown that (1) is true if ® is an
atomic sentence or the negation of an atomic sentence and the
number n(®) of the symbols of £ occurring in & is not greater
than 1. Let & € s, be an atomic sentence or the negation of an
atomic sentence and n(®) > 1. Then there is a basis term ¢ ¢
¢ C occurring in . By properties (*) and (C9) (a) we haved = t €
€ s, for some d € C. It follows from (*) and (C9) (b) that the for-
mula @, obtained from & by replacing ¢ by d is in s_. Since
n(®,) < n(®), by the induction hypothesis ¢ is true in ¥. For the
remaining sentences ¢ of L€ statement (1) is obtained immediately
from (*) and (C2) to (C7) by induction on the length of . (J
DEFINITION. A set S of finite or countable sets of sentences of a
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signature L€ is said to be a mechanism of compatibility of a
signature L without equality if S satisfies conditions (C1) to (C7)
and the sentences occurring in the elements of S do not contain an
equality.

THEOREM 9'. If a signature L contains no function and constant
symbols and S is a mechanism of compatibility of L without
equality, then any s* € S has a canonical model of a signature L°.

PROOF. Consider aset X = {¢ = clce C} and aclass S’ =
= {s U Xls e S}. It is obvious that S’ is a mechanism of com-
patibility of £. By Theorem 9 s* U X has a canonical model of
re. O

The following theorem is a generalization of Theorem 9 which
we shall need in what follows.

THEOREM 10. Let S be a mechanism of compatibility of a
signature L, X;, i € w, be finite or countable sets of sentences of a
signature L€ and let T be a consistent theory of L. Suppose that
foranyseS,®e Tandie wthereare ¥ € X,and s, € S such that
sU (@, ¥} C s,. Then for any s* € S there is a set X of sentences
of L such that s* U X U T has a canonical model % and X N
N X, # O foranyie w.

PrROOF. Consider a class S’ = [(s U Tls € S). It is easily
verified that S’ is a mechanism of compatibility. For example, let
Ixpes U TandseS. If axdes, thenby (CT)s U {(®)F) U T ¢
C s, U T for some s; € S. If 3x® € T, then under the hypothesis
of the theorem there is s; € S such thats U {3x®} C s,. Again by
(C7) we have s, U {(®)F} C s, for some ce Cands, € S. Hence
sUTU {(#)f}) €5, UT. Let &, &, ..., ,, ... (n € w) and
fys iy ooy Ly -.. (n € w) be enumerations of all sentences of the
signature ¢ and of all basis terms of L¢.

From S’ we construct asets, = {J s, as follows. The set s, is

new

equal tos* U T, and we determine s, , | for n equal to 4k, 4k + 1
or 4k + 2 from S’ in the same way as s, , , for n equal to 3k,
3k + 1 or 3k + 2 respectively are constructed from S in Theo-
rem 9. For n = 4k + 3 we proceed as follows: ifs, = s, U T, s, €
€ S, then under the hypothesis of the theorem there are ¥ € X,
and s’ € Ssuch thats, U {¥] C s";wesets, ., =5 U T. The
construction of the model U is the same as in Theorem 9. As X we
take the set s_. []
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From Theorem 9 it is possible to obtain as a corollary Section
22’s theorem on the existence of a model.

THEOREM 22.5. [f a set T' of formulas of a signature L is consis-
tent, then T' has a model.

PROOF. By virtue of the compactness theorem it suffices to
prove the theorem for a finite set I' = {&,, ..., ¢ }. If T' is
satisfiable and compatible, then so is respectively the sentence
¥ = 3x ... 3x,(® A ... AN®d), where x,, ..., x, are all free
variables occurring in ®,, ..., & . If (¥} is compatible, then it
follows from Proposition 1 that there is a mechanism of com-
patibility S for which {¥} € S. Now we apply Theorem 9 for
s* = (V). 0O

DEFINITION. A set Z of formulas of a signature L whose free
variables are contained in a set {v,, ..., v, } isann-type of L. If T
is a consistent theory of L, then an n-type Z of L is said to be a
principal-in-T n-type if there is a formula ®(v,, ..., v,) of L such
that 77U {3y, ... 3u, ®} is compatibleand T > & — ¥ forany ¥ €
e Z. We shall say that an n-type Z of L is realizable in an algebraic
system Y of L if there are elements aq,, ..., a, € A such that
A= Y(a,, ..., a,) for any formula ¥ (v, ..., v,) € Z. If an n-type
Z of L is not realizable in a system ¥ of £, then we say that Z is
omitted at Y.

The following theorem is called the theorem on the omission
of types.

THEOREM 11. If T is a consistent theory of L and Z;, i € w, are
nonprincipal-in-T n,-types of L, then there is a model T of L
omitting all types Z,, i € w.

prOOF. Consider a collection S of finite sets s of sentences of L¢
such that s U T is compatible. By Proposition 1 S is a mechanism
of compatibility. Let f, i € w, be distinct-valued mappings of w
onto C™ and let g be a distinct-valued mapping of w onto w?. We
define a set X, , kK € w, as follows: if g(k) = (i, j) and f(j) =
= ¢y, -y G, ), then we set X, = [ (P) ::::‘g;’; ¢ e Z}. Sup-

pose that the hypothesis of Theorem 10 does not hold. Then there
are 5, € S and k, € w such that s, U 7'U { ¥} is incompatible for
any ¥ € X),. Let g(ky) = {4, ), fio () = (¢ ooy Crig ? and let &,
be the conjunction of all elements s,. Then {&, } U T is compati-
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Cnig + 15 ++» Gy be all elements of C distinct from ¢, ..., Cnjp @nd
contained in &,. Let &, be a sentence congruent to the sentence &,
and containing no variables v, , ..., v, and let &, be a formula of L

for which (d)z)z:"“'”:" = & . We show that T > Upg + 1 -

y o2 Cm
... 3y, ®, — & for all & € Z;,. Indeed, let A = &, [y] for some
model ¥ of a theory 7, having a signature I, and some interpreta-
tion+y: {v, ..., v, ] — A. Consider an expansion ’ of a system ¥
to a signature L€ such that »¥" (¢;) = v(v,), ..., ' (c,,) = v(y,).
Then ¥’ = &, and from the equivalence & = ¢ weget A’ = §;.

,,,,,

= ®[y]. Thus ¥ = (3, 4 1 --- 30, P, — @) [y] for any model Y of
T, any formula ¢ € Z;; and any interpretation v: {v,, ..., R
— A. Then it follows from Corollary 22.4 that 7 > 3y, 4 ...

... 3y, ®, — & for any ® € Z;,. Since s, U T is compatible, T U
U {3y, ... 3y, ] is also compatible. This contradicts the fact
that Z; is nonprincipal 7, -type. Thus the hypotheses of Theorem
‘10 hold and hence there is a set X of sentences of L¢ such that X N
N X, # &, i € w, and there is a system Y of L¢ which is a model of
T U X in which any element @ € A4 is the value of some constant
c € C. Since for any i € w and any suite (¢, ..., ¢,, > € C" there is
k € wsuch that X, { = (®);} i:: I®eZ ), At L omits all types
Z,iew O

The omission of types theorem is a very important method of
constructing models. It supplements the compactness theorem
which is mostly used when it is necessary to realize compatible
types. Applications of Theorem 11 are given in Sec. 29.

An occurrence of a symbol g in a formula ¢ not containing the
connective — is said to be positive (negative) if the number of dif-
ferent subformulas of ¢ of the form — V¥ containing that occur-
rence is even (odd). We denote by Z* (®) and £~ ($) sets of rela-
tion symbols of L having respectively positive and negative occur-
rences in ®. For example, if

® = Vo (~Quyr(t;, vy) V ms)) A (v, ) Avy = ),
where ¢, t, are terms, then Lt (®) = (r, s}, L7 (®) = {r].

The following theorem is called the Craig-Lyndon interpola-
tion theorem.
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THEOREM 12. Let &, ¥ be sentences of a signature L not con-
taining the connective — and let ® > V. Then

(a).there is a sentence X of L not containing — such that ® >
> X, X> V¥, L+ (X) CZH(@) NI+t (¥)andZ~(X) C - (@) N
N L= (¥);

(b) if L contains no function and constant symbols, ® and ¥
are without equality and — ® and ¥ are both unprovable, then it is
possible to require in (2) that X should be without equality.

PROOF. A sentence X satisfying the conditions of statement (a)
will be called an interpolating sentence for a pair (®, ¥).

(a) Let S be a set of finite sets s of sentences of £¢ containing
no implication symbol which satisfy the following condition:
there are s, # @ and s, # & such thats = s; U s, and there is no
interpolating sentence for the pair (As;, = (As,)). (By As we
denote a conjunction of the elements of s5.) A set s, is called the
beginning and s, the end of s*. We check conditions (C1) to (C9)
of the mechanism of compatibility. Since implication does not oc-
cur in the elements of s € S, (C3) trivially holds. If a sentence O, of
L¢is equivalent to a sentence ©, e se Sand L'(0,) = L'(6,), 7€
€ {+, — }; then it is obvious that s U {©, } € S. From this we ob-
tain conditions (C2) and (C8). Let s € S. Let s, be the beginning of
s and s, the end of s.

(CI) Let {6, =O]) C s. If {6, 0O} is contained in the
beginning (the end) of s, then the sentence Vv, =v; = u; (the
sentence Vv v, =~ vu;) will be an interpolating sentence for (As;,
=1(As,)), which contradicts the condition. If © € s, and -0 €
€s,(— O €s, and © €5,), then an interpolating sentence for (As;,
—(As,)) will be a sentence © (a sentence — 0).

(C4) Let ©, A 6, €5, and suppose that there is an interpolating
sentence X for ((As;) A ©,, =(As,))) or for ((As;) N 6,,
—1(Asy)). Then it follows from As; > ©, and As; > 6, that X is
an interpolating sentence for (As,, =1(As,)), which is impossible.
If ©, A 6, € 5, and X is an interpolating sentence for (As,
2 ((Asy) A ©,)) or for (As;, = ((Asy) A 6,)), then by virtue of
(A, AB)) > m(Asy) and T (As, A B,) > T1(Asy) X is an inter-

* Note that the beginning and the end of s are not determined from s unique-
ly.



176 Model Theory

polating sentence for (As;, = (As,)). The results obtained con-
tradict the condition, which shows that s U {6,) € Sand s U
Uf{e,}es.

(C5) Let ©, Vv 6, €5, and X,, X, are interpolating sentences
for ((As)) A B, 1(As,)), ((As)) A B,, —(As,)) respectively.
Then X, v X, will be an interpolating sentence for (As,, =1 (As,)).
If ©, v 6, € 5, and X, X, are interpolating sentences for (As,,
= ((As) A ©))), (Asy, T ((As,) A ©,)) respectively, then X A X,
is an interpolating sentence for (As;, —1(As,)).

(C6) Let vxO € 5,, c € C and suppose that X is an interpolating
sentence for <(As;, —((Asy) A (©)F)). Since = ((Asy) A
A (©)F) > —(As,), X is interpolating sentence for {(As;, =1 (As,)),
which is impossible. For vxO € s, it similarly follows that s, U
U {(©)}} may be taken as the beginning and s, as the end of
s U ((0)).

(C7) Suppose ¢, € C is not contained in the elements of s. If
3x0 € s; and X is an interpolating sentence for {(As;) A ()%,
—1(As,)), then it follows from Axiom 12 and Rule 3 of CP* that
ayX, is an interpolating sentence for (As,, —1(As,)), where X,
contains no constant ¢, (X, Yoo = X and y is a variable not occurr-
ing in the elements of s U {X}. In the case where 3x0 € 5, and X
is an interpolating sentence for (As;, —((As,) A (8)%)) the
sentence VyX, is an interpolating sentence for {(As,, =(As,)). In-
deed, As, > VyX, follows from As; > X, since ¢ does not occur in
As;. From X > =((Asy) A (©)F) we get VyX, > - (Asy) V
vV Vy-(6);. If vyX, > —1(As,) does not hold, then there is a
model ¥ of the set {VyX,, As,}. It follows from the foregoing
that vy — (9); is true in Y. This contradicts ¥ = As,and 3IxO €s,.

(C9) Suppose that ¢’ € C does not occur in the elements of s. If
X is an interpolating sentence for ((As;) A ¢’ = f(c,, ..., C,),
=1(ASs,)), then X is an interpolating sentence for (As;, = (As,)).
Let {cy = f(c)) - ¢,) Oy, . emy) € 8- 16OF, €5 and
X is an interpolating sentence for ((As;) A (9)’6‘0, =1 (As,)), then
an interpolating sentence for ((As,), —1(As,)) is X in case ¢, =
= f(c,, ..., ¢,) € 5, and the sentence ~¢, = f(c,, ..., ¢,) V X in
case ¢, = f(cy, ..., ¢,) €S,. If (9)}(61, v cn) ES2 and X is an inter-
polating sentence for (As,, = ((As)) A (G);‘O)), then an inter-
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polating sentence for (As,, =1(As,)) is X in case ¢, = f(c,, -
..y €,) € 5, and the sentence ¢, = f(c,, ..., ¢,) A X in case ¢, =
= f(c|, ..., c,) €5,

So we have shown that S is a mechanism of compatibility. If
(a) did not hold, the set {®#, =¥} would be in S. By Theorem 9
the set {®, =¥} would have a model, which would contradict the
condition & > ¥ by virtue of Corollary 22.4.

To prove (b) it is necessary to replace in the definition of S the
words ‘‘sentence’’ by ‘‘sentence without equality’’ and require
that neither > = (As;) nor > = (As,) should hold. Then the cases
(6, 76} C s and {6, 7O} C s, are found to be impossible in
checking (C1). For the rest checking conditions (C1) to (C7) is the
same as in (a). Hence S is a mechanism of compatibility without
equality. We then apply Theorem 9’ instead of Theorem 9. [J

If equality occurs in ¢ or in ¥, then it is impossible to require
in Theorem 12(b) that equality should occur in X only when it
does in ® and ¥ (see Exercise 1). In the remainder of this section
we apply Theorem 12 to characterize sentences remaining true
when passing to homomorphic images.

DEFINITION. If ¥ is an algebraic system of £, then the relation E
on a set A is said to be a congruence on ¥ if it is an equivalence on
A and for any a,, ..., a,, by, ..., b,e A, reR, feF, ur) =
=u(f) =n,{a,bYeE, .., <a,, bYeEE, a,...,a,)ev¥(r)
implies <b,, ..., b,> e v¥(r)and (a,, b, ) €E, ..., (a,, b,) € Eim-
plies (»¥(N(a,, ..., a,), v¥(f)b,, ..., b,)) € E. If E is a con-
gruence on the system ¥ of L, then we define a new system A/E of
L which we call a factor system of the system N with respect to E.
The carrier Y/E consists of equivalence classes aE = {bl(b, a) €
€ E}. The interpretation »¥/£ is defined as follows:

(@q,E, ..., a,E) e vWE(r) & (a,, ...,a,) € v¥(r) (reR)
vWE(N)a,E, ..., a,E) = v¥(f)a,, ...,a,)E (feF).
Verification of the correctness of this definition, as well as the
proof of the following simple proposition, will be left as an exer-
cise to the reader.

PROPOSITION 3. (a) Let & be a sentence of L and let ®' be ob-
tained from ® by replacing subformulast, = t, by E(t,, t,), where

12—191
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E is a relation symbol not occurring in R. If  is a system of L’ 2
2 L,Ee R’ and v¥(E) is a congruence on Yy } L, then

A= d o AVI(E) = .

(b) If E is a congruence on a system U, then the mapping
assigning to an element a € A an element aE is a homomorphism
of Y onto A/E. O

A formula & is said to be positive if it contains no implication
and all the occurrences in ® of relation and equality symbols are
positive, We shall say that a sentence ¢ of L is preserved under
homomorphisms with respect to a sentence ¥ of L if the truth of
® A ¥ on a system ¥ of L implies the truth of ® A ¥ on any of
its homomorphic images.

THEOREM 13. Let & and ¥ be sentences of L and let the sentence
VY — —® be unprovable. For ® to be preserved under homomor-
phisms with respect to ¥ it is necessary and sufficient that ® be
equivalent to a positive sentence X with respect to ¥ (i.e. ¥ >
> @ —-X)AX — 9)).

PROOF. Necessity. Since ¢ and ¥ contain a finite number of
symbols, the signature L = (R, F, u) may be assumed finite. Sup-
pose first F = . Denote by © a conjunction of sentences

Yu e Yo, (0r(y, vV (g, e ), FER, u(r) = n,
and a sentence
Yu,Vu,(mE(v, v,) V E' (v, vy)),

where r’(r € R), E and E’ are pairwise distinct symbols not in R.
Denote by A a signature sentence containing only symbols of R U
U {E} and no implication symbol whose truth on a system ¥ is
equivalent to the fact that »¥ (E) is a congruence on % } I. Let &,
and ¥, be obtained from ¢ and ¥ respectively by replacing all for-
mulas of the form x = y by E(x, y). Let &;, ¥ and A’ be obtain-
ed from ®,, ¥, and A respectively by replacing all predicate sym-
bols by primed symbols. If a sentence © A A A A’ is true on ¥,
then »¥(r) c »¥(r’) for r € R and »¥(E) ¢ v¥(E’) and so the
mapping assigning to an element ¢E an element aE’ is a
homomorphism of (A } I)/»¥(E) onto ¥, /»¥ (E’) where ¥, =
= (A, v¥1) is a system of L for which »¥1(r) = »¥(r')(r € R).
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From this, via Corollary 22.4, Proposition 3(a) and the
hypothesis of the theorem we get

Yo AP AAD 2V [V OV mA"V ).
Suppose that > = ¥; Vv =6 vV A’ vV ;. On replacing in the
proof the symbols r’ by r for r € R and E’ by E we get

>-Y, Va0,V AV,

where ©, is obtained from © by replacing r’ by r for r € R and E’
by E. It is clear that > 6, and hence =¥, V =AV &, is an iden-
tically true sentence. From this, using the fact that A is true on
systems ¥ in which the relation »¥ (E) is an equality, we conclude
that ¥ — & is also identically true. We may take as X therefore a
sentence Yu, v, = v,. Now let =¥,V =6 v =A’ vV &/ be un-
provable. The sentence = (¥, A &, A A) is also unprovable, since
otherwise by virtue of the fact that A is true on systems ¥ in which
v¥ (E) is an equality, the sentence ¥ — —& would also be iden-
tically true, which contradicts the condition that it is unprovable.
Then by Theorem 12 (b) there is an interpolating sentence X, con-
taining no equality for which the following conditions hold: ¥, A
ANEAA>Xy, Xy > Y VOV ATV, IV (X)) CRU
UEJand - (X)) CZ- (Y, A A A NE (DY VvV mOV
vV 7A"V ®)) = J. Hence X is a positive sentence of a signature
L, which contains only the symbol E in addition to those of L.
Replacing in the derivation the symbols r’ by r for r € R and E’ by
Eyields X, > Y, Vo0 VAV S, Since >0, , we have X, >
> =¥, V 7 AV & . We have thus obtained ¥,, A > (% — X;) A
A (X, — ). Since A is true on systems ¥ in which the relation
v¥ (E) is an equality, ¥ > (® — X) A (X — ) for the positive
sentence X obtained from X, by replacing subformulas of the
form E(x, y) by x = y.

Now let L = (R, {f}, ..., /,, }, n). Consider a signature L’ =
=<(R VU (F, .., F, ), &, u'), where F, ..., F, are pairwise
distinct symbols not in R, u’(r) = u(r) (r € R) and u'(F) =
=u(f) + 1,ie(l,...,m}. Let ¥, be a sentence expressing in the
systems of L’ that the relations £, ..., F, are functions *. Let ¢, ,

* That is, ¥, is a conjunction of the sentences Vx; ... Vx, VyVz((Fi(x, ...

X VY NFilxy, 1 Xpp2) = Y = ) AVXp VX, 3 YF(xyy oo s Xy, ), 1€
e {l,...,m},n; = pu(f).
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¥, be sentences of L, in reduced nf equivalent to the sentences ¢
and V¥ respectively. Let ®,, ¥, be obtained from ®,, ¥, respective-
ly by replacing atomical subformulas of the form y = fi(x,, ...
v X)), filx, ..., x,) = y by F(x,, ..., x,, y). Clearly if & is
preserved under homomorphisms with respect to ¥, then &, is
preserved under homomorphisms with respect to ¥, A ¥,. Since
L’ contains no function symbols, it follows from the foregoing
that there is a sentence X, of L’ for which

YA Y, > (P, — XA X, = &)
Using Corollary 22.4 we then get
Vo (@ —-X)AX— ),

where X is a positive sentence of L obtained from X, by replacing
Fxpy X, )by x, . = 0, ..y X,).

The sufficiency of the hypothesis of the theorem is obtained
from the following two facts which are verified directly by induc-

tion on the length of X. (a) If 4 is a homomorphism of ¥ onto B
and X(x,, ..., x,,) is a formula containing no negation, then

A = X(a, ...,a,) =B = X(ha,, ..., ha,).

(b) A positive formula X is equivalent to formula X, contain-
ing no negation. [

COROLLARY 1. If K is an axiomatizable class, then K is closed
under Homomorphic images if and only if K has a system of axi-

oms consisting of positive sentences. [ !

Exercises

1. Using Theorem 11 prove that for any countable linear ordering @ without
the last element there is a proper elementary extension of 8 (i. e. A < Band 4 #
# B) such that ¥ is the initial segment of B (i. e. it follows from (b, a) € »® (L)
and a € A that b € A). (Hint. Add to the signature the constants {¢} U {c,la e
€ A}, consider a theory T with a set of axioms D*U) U { ~c = ¢,lae A} and the
types Z, = (v} < ¢ ) U [~y = ¢;lae A) and use the theorem on the omission
of types.)

2. Show that if an equality occurs in & or in ¥, then one cannot require in
Theorem 12(b) that an equality should occur in X only when it occurs in ¢ and ¥.
(Hint. Consider the examples ¢, = ¢, & r(c)) V 7r(ey), r(c)) A 2r(e) B> —ep =
= G )
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3. A formula ¥ is said to be negative if in the formula ¥, obtained from ¥ by
replacing all its subformulas of the form ¥, — ¥, by =¥, v ¥, each occurrence of
a relation symbol and of the equality is negative. Show that provable formulas
cannot be negative. (Hint. A negative formula is false in Ey.)

4. Deduce from Exercise 3 that in Theorem 13 the condition that ¥ — ~® is
unprovable cannot be omitted.

28. COUNTABLE HOMOGENEITY
AND UNIVERSALITY

Let 7 be a theory of a signature L. We denote by F, () a set of
formulas of L with free variables of a set {v,, ..., v, }. If ® €
€ F, (L), then by ¢l or simply by I®l we denote a set {¥ €
eFE I T (& - ¥)A (¥ — &)). We denote by B,(T) a
Boolean algebra with a carrier B,(T) = (¥l | ¥ € F,(£)}) and
the following operations:

(@ el U vl = ld v ¥i;

() 1l NIl = 1® A ¥

(©) 2l = -1,

Checking the correctness of the definition of the operations, as
well as verification of axioms (1) to (10) of Boolean algebras will
be left as an exercise to the reader.

Let us suppose that in this section all algebraic systems and
theories to be considered have a signature L, unless otherwise
stated, and that the power of L is finite or countable. By a model
of a theory T we shall mean a model T of a signature L. Let U be
an algebraic system of L and qa,, ..., a, € A. The type of the col-
lection {a,, ..., a, ) in Y is the following n-type:

TW, q,...,a,) =
= (@@, ..., v,) | A = ®(ay, ..., q,), PeF, (D)}
If A, B are systems of L, q,, ..., a, € A, b, ..., b, € B, then the

equation 7, g, ..., a,) = T(B, b, ..., b,) will also be denoted
by

U, a,.na)) = (B, b, .. b

DEFINITION. A countable algebraic system ¥ is said to be
homogeneous if for any a, , ..., a,, b, ..., b,€ A and any element
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ac A
<?I)bl)~--,b > (1)

n

(u’aly'"’an>
implies
A, ay,...,a,,a) =Y, b,,...., D

s ¥y n?

b) ()

for some b € A.

It is clear that if ¥ is a homogeneous system and X C A is a
finite set, then the system %, is also homogeneous.

PROPOSITION 1. For any countable system 9 there is a countable
elementary homogeneous extension 8 > .

prOOF. We first show that for any countable system there is a
countable elementary extension ¥ > ¥ such that for any q,, ...
v @, by, ., b, a € A (1) implies

(2[(1)’aly""a")a> = (?I(I),bl,...,bn,b> (3)
for some b € AD. Forevery X = (a,,...,a, ) C A we definea set
RX)={v:X—-Al WM&, a,..,a,) =Y, va,..,va,)}.

We denote by F the union of all R(X), where X is a finite subset
of A. It is clear that R has a countable power. We extend the
signature L, to L, by adding new symbols of one-place operations
Jf,, for each v € R. Consider the following set of sentences of L, :

Z = D*A) U (VX@(X, ¢y, ooy €) —
- q;(_f;(x), Cyays ++s Cyay))
lyeR,a,..,a,edomy, ®x,y,, ..., y,) € FT)}.

It follows from the definition of the set ' that every finite set Z, C
€ Z holds in some expansion of . Let %, be a countable model of
Zand let AN = 9} L. Since A is a model of D*(¥), it may be
assumed by Proposition 24.4(a) that % < A D, If (1) holds, then
the truth on U, of the sentences of Z implies that (3) holds for b =
= fX(a), where y(a,) = by, ..., v@,) = b,,.

We define a sequence of systems {¥;1/ € w} as follows: %, =
=% U ., =AY, i€ w. By Proposition 24.3 we get A, < B =
= U ¥,, k€ wand, in particular, ¥ < B. SinceB = UY,, we see

lEwW

that 8 is a countable system. If @, ..., a,, b,, ..., b,, @ € B and
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(B,a,..,a,) =<B, by, ..., b,

thena,, ...,a,,b,, ..., b,,a € A, for somei e w. Since YA, < B we
have

Upyay, ey a,) = YU, by, ey b))
From the definition of AM = A, | we get
U, yvay, e a,a)y =Y, ,b,...,b,b)

I+
for someb € A, | . Since ¥; , ; < B, we have

(B,a,,..,a,,a) =B, b, ..., b, b).

Thus ¥ > ¥ is a countable homogeneous system. [

PROPOSITION 2. Let U, B be countable homogeneous systems of
a signature £. Then the following conditions are equivalent:

(¥ =13,

(b) the same n-types of L, n € w, are realized in Y and B.

PROOF. (a) = (b) is obvious. Let (b) hold. We number 4 and
B:A = {a;liew}, B = [bliew].Byinduction onn € w we con-
struct finite mappings f,: A, — B, A, C A, with the following
properties:

(1,)if n # O, then f, _ | C f;

(2,))ifn =2k + 1, thenag, € A,;

(3,) if n = 2(k + 1), then b, € f,(A,);

@, if A, = (e, ..., e,]}, then

(91’ e]s sy em) = (SB;j;,e]) "')f;,em)'

For f, = & conditions (1) to (3;) trivially hold. Condition (4,)
follows from (b), since Th(¥) is a O-type. Let n = 2k + 1 and
A, _, = le, ..., e, }. By the induction hypothesis

<21)e]:""em>5 <%9f;,_]e]1”'9j;,_]em>- (1)
It follows from condition (b) that the type T(¥, e, ..., e,,, ;)

is realizable in B and therefore
U, e,...,e,,aq)=<B,d,....d, ) @)

for somed,, ..., d, , , € B. From (1) and (2) we get

(8,d,,...,d,> =B, [, _ e, . [, _ 1€,
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therefore by virtue of the homogeneity of B there is b € B such
that

(%’ dp “"dm + 1> = <%’f;1 — 181 e Jp - lem’ b>
By virtue of (2) we then have
U, e, .c,e,,a) =B, f,_ e, t,_ 1€, b

and consequently the mapping f, = f, _ , U {{a,, b)} will satisfy
conditions (1,) to (4,). The case n = 2(k + 1) is treated similarly.
It follows from conditions (1,) to (4,), 7 € w, that f = UJ f, will

new

be an isomorphism of U onto B. [J

DEFINITION. A countable algebraic system ¥ of I is said to be
universal if for any n € w all n-types of L compatible with Th(2)
are realized in it. A countable algebraic system ¥ of L is said to be
saturated if for any finite X C A all 1-types of L, compatible with
Th(¥,) are realized in %, .

It is clear that the compatibility of the n-type of Z with Th(¥)
is equivalent to the local satisfiability of Z in Y. It is obvious that a
countable elementary extension of a universal system is a univer-
sal system. It is also clear that if a system 9 is saturated, then the
system ¥, is also saturated for any finite X C 4.

PROPOSITION 3. For a countable algebraic system U the follow-
ing conditions are equivalent:

(1) A is saturated, '

(2) U is universal and homogeneous.

PROOF. (1) = (2). Let U be saturated. We show by induction on
n € w that any n-type Z, of £ compatible with Th(¥) is satisfiable
in Y. If n = 1, the satisfiability of Z, in ¥ follows from the defini-
tion of saturation. Let n > 1. Consider the (n — 1)-type Z, =
= [, (A ... AD)IP, ..., & € Z). Since Z, is locally
satisfiable in ¥, by the induction hypothesis the type Z, is realized
in % by the elements q,, ..., a, _ . It will be assumed that v, does
not occur bound in the elements of Z;. By virtue of Proposition
19.4(b) it suffices to consider only such n-types Z,. Consider the
1-type

Zy = (@) e Z).

Cayy «oy Cap — |, v}
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It is clear that the 1-type Z, is locally satisfiable in Wi an_ e
By the saturation of ¥ there is an element a € A4 realizing in
Ao the type Z, . Hence the n-type Z; is realized in ¥ by
the elements ay .y @y _ 4, 4.

We show that 2[ is homogeneous. Leta,, ...,qa,,b,,...,b,,a€
€ A and

<9»I’a]’"')an>§ (?I,b],--.,b”>. (")
Consider a 1-type
Zy= (W)U, . F 2@, 2eF X, )]

It follows from () that a 1-type

Z, = (@5 | @)L € Zy, @ (X, s X, v)) € FE)]

Veqy, ooy Cap

is locally satisfiable in 2[ (B1s oo ba) * Since ¥ is saturated, Z, is
realized in ?I[ b1, woos b by an element b € A. It is clear that we then
have

(?I,al,-.-,an,a>!<2[)blyt .y n9 >

(2) = (1). Let ¥ be universal and homogeneous, a,, ..., a, € A
and Z, be a 1-type of U, locally satisfiable in E
may be assumed w1thout 1oss o} generality that all boun& vanaLles
in the elements of Z are different fromv,, ..., v, + 1~ Consider an

n-type Z, = T, a,, ..., a,) and an (n + 1)-type

Z,=2, U [21@)) " 0" € Z), 8y, s, 4 ) € FE)]-

Cayy --es Cap, V)

If Z, is locally satisfiable in Aigy. . any» then Z, is locally

satisfiable in . Since ¥ is universal, Z, is satisfiable in ¥ by some
b,..,b,, €A. Since Z, ¢ Z,, we have

A, a,..,a)=Yb,.., b,>.
From the homogeneity of U we get
<91va]’ '“9a ’a> = (2[9 b]’ ceey bn+ ])

for some a € A. It is obvious that a realizes Z, in ¥,
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PROPOSITION 4. If A and B are countable saturated elementarily
equivalent systems, then Y = B.

prooF. Immediate from Propositions 3 and 2, since all n-types
compatible with Th(¥) = Th(®B) are realized in ¥ and B. [J

Thus there is a one-to-one correspondence to within isomor-
phism between complete theories 7 with countable saturated
models and countable saturated models of 7. By Proposition 1
any theory T has a countable homogeneous model. Not all
theories T, however, have a countable saturated model (see Exer-
cise 2). The following proposition characterizes complete theories
T possessing saturated models.

PROPOSITION 5. For a complete theory T possessing infinite
models the following conditions are equivalent:

(1) T has a countable universal model,

(2) T has a countable saturated model,

(3) for any n € w a Boolean algebra B,(T) has a countable
number of ultrafilters.

PROOF. (1) = (2). Let ¥ be a countable universal model of T.
By Proposition 1 there is a countable homogeneous model 8 > .
It follows from Proposition 3 that 9B is a saturated model of 7.

(2) = (3). Suppose ¥ is a countable saturated model of T, n €
€ w and U is an ultrafilter of an algebra B, (). Consider an n-type

TWU)= (¢! lIelelU, ®eF, (D).

It is clear that T(U) is an n-type compatible with 7. Since ¥ is
universal, there is a collection a (U) = (a,, ..., a, ) realizing the
type T(U) in Y. If U,, U, are two distinct ultrafilters of B, (T),
then for some ® € F,, (£) we have Il € U, and I =&l € U, . Hence
a(U,) # a(U,). Thus there is a distinct-valued mapping of the set
of all ultrafilters of an algebra B, (7') into a countable set A”. This
yields condition (3).

(3) = (1). Let {U li € w] be the set of all ultrafilters of B, (T')
and suppose that a signature I, is obtained from L by adding to it
new pairwise distinct constants [cjf'- iln,iew,1 € j<n}).Thena
countable set of sentences of L

X=TU[@% ;" |nicwdeTU)
i e
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is compatible. Let ¥ be a countable model of X. Then % } Lisa
universal model of 7. Indeed, let Z be an n-type of L compatible
with 7. Then aset Y = (&l | & € Z} is a family of sets with the
finite intersection property of 8, (7). By Proposition 12.1 there is
an ultrafilter U 2 Y of B, (7). Since Z;, ¢ T(U}"), Z,, is realized
in%A I L by the elements v¥ (c+?), ..., »¥ (¢ 7). O

The concepts of a homogeneous, a universal and a saturated
countable system easily carry over to other powers. In particular,
an algebraic system ¥ of L is said to be x-saturated, where x is a
cardinal, if for any set X C A4 of power <x any 1-type of L, com-
patible with Th(¥, ) is realized in %, . To conclude this section,
consider a theorem independently proved by Yu. L. Ershov and
H. J. Keisler. !/

A filter D on a set / is said to be countably complete if for any
set {(X,lie w}] ¢ D wehave () X,eD. We denote by w, the first

i€w
uncountable cardinal.

PROPOSITION 6. If U, , i € I, are algebraic systems of L and D is an
ultrafilter on I not countably complete, then the system D-prod ¥,
is w, -saturated. .

PROOF. Let (X li € w} ¢ Dand () X, ¢ D. Consider a family

lEw
(W,liew}, where Wy = I\ U X, W, = ) X;and W, =
i€ew i€w
=X, N..NX,_ ) J)N\NX,N..NX, _,)fori> 2 Itisclear
that W,¢ Dforie w, U W, = Iand W, N W, = & fori #j. Let
i€ew
;, i € I be algebraic systems of L, let X ¢ D-prod 4;, | X| < w
and suppose that Z = {&,(v,)li € w} is a 1-type of L, compatible
with Th((D-prod ¥,),) and &, is an identically true formula.

Let 8 = (D-prod ¥;), and X = (Df¥lk € w}. Consider ex-
pansions B, of systems ; of T for which cgffk = fk(i). Clearly
B = D-prod B, and for all k € w

(iell®B; = 3v, (PN ... N®,)} €D. ¢))
We choose f € I-prod B, so that for any k, n € w, k € W, there is

B, = P E)N ... A d)m(k)(ﬂc), where m (k) is the greatest number
in the set {0, 1, ..., n} for whichB, = 3v, (§jA ... A Qm(k)). Since
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W, N W, = & fori # j and &, is identically true, we can choose
such f.
We show that for any k, € w, k, > 1

(iellB, = &,(fi)eD ¥)
and thus prove the proposition. Consider the set
G=[(iellB ;v A...AP))\ (WU ..U Wio - 1)-

From (1) and from the fact that W,eéD,...,W, _ éDwegetGe
€ D. Since m(i) > k, for any i € G, it follows from the construc-
tion of fthat G ¢ (i e I1®B, = & (fi)} and from this we obtain
2. O

Exercises

1. Show that the axioms of Boolean algebras are true in B, (7).
2. Suppose a signature L, consists of a countable set {r;|i € w} of one-place
predicates and a theory Tj is defined by a set of axioms

(3, (5 ) A o As, ()N e w, steln, onl), 8,6, 0 Rl

Show that T is a complete theory without a universal countable model. (Hint. The
completeness of Tj follows from the fact that ¥ } I; = B b L, for any finite £, ¢
C I, and any countable models ¥, B of a theory T’ that 7 has no universal model
follows from the fact that all 1-types {s;(v;)!i € w, 5; € {r;, -r;} } are compatible

with T.) {

29. CATEGORICITY

Theorem 24.3 shows that for an infinite system 9, Th () does
not define ¥ (to within an isomorphism). There is, however, an in-
teresting class of systems ¥ whose theory defines ¥ to within an
isomorphism among systems of the same power. In this section we
shall discuss some properties of theories of such systems. The
signatures in this section have a countable or finite power.

DEFINITION. A class K of algebraic systems of a signature I is
said to be categorical in a power x or x-categorical if all systems in
K of power x are isomorphic. A theory T of I is said to be
categorical in x if the class Ky (T) is x-categorical.

If a class K has no systems of power »x, then by definition it is
categorical in x. If K is a class of algebraic systems (7T is a theory)
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of I, then by K (by 7, ) we denote the class of infinite algebraic
systems of K (the theory T U (v, ... v, ( A "y = vj)ln e

€ w}). It is clear that K (T,,) = (Kg(T))o, -

PROPOSITION 1. If a theory T of a signature L is categorical in
some infinite power x, then T, is complete.

proOF. Let % and B be two infinite models of 7. It suffices to
show that ¥ = B. By Theorem 24.2 there are countable elemen-
tary subsystems %, < ¥ and B, < B. By Theorem 24.3 there are
elementary extensions 2, > ¥, and B, > B, of power x. Since A,
is isomorphic to B,, we have ¥, = B,. Hence A = B. O

If T is complete and has finite models, then by Corollary 24.2
all models of 7T are isomorphic to some finite system. Up to the
end of this section we let 7T denote a complete theory of L having
infinite models. Notice that if 7 is a complete theory, then any
principal compatible n-type is satisfiable in any model of T.

THEOREM 14 (Ryll-Nardzewski). For a theory T to be categorical
in a countable power it is necessary and sufficient that for any n €
€ w algebras B, (T) be finite.

PROOF. Necessity. Let 8B, (T) be an infinite Boolean algebra.
Since T is complete, we have |98,(7)! = 2 and hence n, > 0. By
Proposition 12.3 there is a nonprincipal ultrafilter U on 8, (7). It
is clear that the n,-type Z = ($ € F, (L) | I$¢ll € U} is a nonprin-
cipal n,-type in 7. By Theorem 11 there is a countable model % of
T in which Z is omitted. Since 7 U Z is compatible, by the
theorem on the existence of a model there is a model B in which Z
is realized. Since B may be assumed countable, T is not countably
categorical.

Sufficiency. Let 8, (T') be finite for all n € w. Then any n-type
Z is principal in 7. By Proposition 28.4 it suffices to show that
any countable model U of T is saturated, to do this it is in turn suf-
ficient to show that any I-type of the signature &, ., where
a,, ..., a,€A,isprincipal in 7} = Th(%[la], ...,a,,;)' This follows
from the fact that the mapping 4 transforming ®(v,, ..., v, , ;)
into ®(v,, ¢,,, .-+, C,,) preserves the relation ¢l < ¥ (i. e. T >
> & —- V¥ =T > hd — h¥)and any (n + 1)-type of L is prin-
cipalin 7. OJ

The following proposition has been proved by P. Lindstrém.

1<y<n
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PROPOSITION 2. If an V3-axiomatizable consistent theory T of £
is categorical in a countable power, then T is model-complete.

PROOF. We shall say that a formula ®(x, ..., x,) of LT is
preserved in going to submodels (supermodels) of T if for any
models ¥ € B of T and any q,, ..., a, € A the truth of &(q,, ...
..., @,)in B (in A) implies the truth of &(a,, ..., a,) in A (in B).
Consider a set G of formulas of £ in prenex nf not preserved in
going to submodels of 7. It is clear that T is model-complete if
and only if G = . Suppose that T is not model-complete. We
choose &,(x,, ..., x,) € G whose quantifier prefix has a least
length ry. It is obvious that r, > 0. Let &, = Qy¥,(», X, ..., X,).
It follows from the minimality of r, that ¥, is preserved in going
to subsystems and hence Q = 3. Since =¥, is equivalent to a for-
mula with a quantifier prefix of length r, — 1, it follows from the
minimality of r, that ¥, is preserved in going to supersystems.

We choose ¢: w — " such that for any a € w” the set {nlpn =
= g} is infinite. We construct a sequence %, , m € w of countable
models of T with the following properties:

(1) A,, € wand the set w \ A, is infinite;

)%, c A form < s

(3) if om € (A,,)" and there is a countable model 8 2 A,, of T’
for which B = & (7] (pm), ..., 17 (pm)), then as ¥, , | we take a
model of T satisfying condition (1) for k = m + lsuchthat¥, C
C¥U,,, and¥, ,, =& (](em), ..., 7l (em)).

Consider a system % = {J ¥, which is by the v3-axioma-
tizability of T a model of T (Proposition 25.4(b)). Since ¢, € G,
there are models % ¢ B and q,, ..., a,€ 4, B = ¥y(q,, ..., a,)
and A = - %y(a,, ..., a,). By taking corresponding countable
elementary subsystems it may be assumed that % and 8 are coun-
table, and it may be assumed by the categoricity of 7 in a coun-
table power that A = ¥ . Since 4, C w, it follows from the condi-
tion on ¢ that om, = (a,, ..., a,) € (A,,)" for some m, € w. Since
U, € U, € B, from property (3) we get U,y 4 | = Py(ay, .., a,)
and so we have %, . | = ¥,(b, a,, ..., a,) for some b € w. This
contradicts the fact that A = -3y¥,(, q,, ..., a,) and that ¥, is
preserved in going to supersystems. [J
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Notice that the condition that a theory 7 should be v3-axi-
omatizable is also necessary in the preceding proposition for T to
be model-complete. Namely, we can prove the converse of Pro-
position 25.4(b): if an axiomatizable class K is closed under
unions of systems, then K is Vv3-axiomatizable. Any model-
complete theory therefore is V3-axiomatizable.

The theory of densely ordered sets without the first and the
last element is categorical in a countable power (Proposition 15.4)
and noncategorical in no infinite uncountable power (Exercise 1).
The theory of algebraically closed fields of characteristic 0 is
categorical in all infinite uncountable powers and noncategorical
in a countable power. It is easy to construct examples of complete
theories categorical in all infinite powers and theories non- -
categorical in all infinite powers. As was shown by M. Morley,
there are no other cases of categoricity ‘‘distinction’’ for complete
theories of a countable signature with infinite models.

The remainder of this section will be devoted to the following
theorem proved by F. A. Palyutin. Its proof uses many of the
results of the present chapter and illustrates an important method
of model theory, the method of minimal sets.

THEOREM 15. If a quasi-variety K is categorical in a countable
power, then it is categorical in all non-unit powers.

A class of non-one-element systems of K is denoted by K| . In
what follows we let K be a countably categorical quasi-variety of &
for which K, is not empty. Elements of classes K, K, and K, will
be called K-systems, K -systems and K -systems respectively.
Unless otherwise stated, by a formula we shall mean a formula of
r. In what follows, unless otherwise stated, the letters A, B will
denote K-systems. By w we denote an ordered set (Wpy ooy W),
writing we A if w, , ..., w, € A and ®(w) instead of ®(w; , ..., w,).
If ®(y, x) is a formula, @ € A, then ®(%, a) denotes a set {b €
e AU = &(b, a)). If t(y,, ..., ¥,,, X)isaterm,ae A and X, C
CA,..,X, C A, thent¥(X, ..., X, a) denotes a set

{by€ A | there are b, € X,, ..., b,, € X,, such that
by = t¥(b,, ..., b, a)}.
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If X, = .. = X, = X, then we write t¥(X, a) instead of
¥4 (X, 1» --» X, @). To abbreviate the notation we shall often leave
out universal quantifiers in writing quasi-identities, i. e. denote a
quasi-identity vx, ... Vx,®(x,, ..., x,) by ®(x,, ..., x,). For nota-
tional simplicity we shall also identify ‘‘diagonal’’ elements f, € A’
identically @ € 4 on I with an element a € A. A system U will
therefore be assumed to be a subsystem of its Cartesian power /.
This is possible because the mapping assigning to an element a € 4
an element f, € A/ is an isomorphism of ¥ onto a subsystem of
diagonal elements of A/.

By Propositions 1 and 2 a theory Th(K_) is complete and
model-complete. It follows from Propositions 25.4 (a) and
25.5 (a) that a class K is closed under subsystems and Cartesian
products. In particular, K, # & implies K, # .

LEMMA 1. (a) If a sentence conditionally filters together with its
negation —® and is true on some K _-system U, then it is true on
any K _-system. Filtering sentences and quasi-identities condi-
tionally filter together with their negations.

(b) For any K-system U and any finite set X C A the system
A(X) is finite.

PROOF. (a) If a sentence & is false in a K -system B, then it
follows from the conditional filtration of & and — & that ® is true
in Y« and false in V. This contradicts the fact that Th(K_) is
complete. If ® is a filtering formula, then it is obvious that -
conditionally filters. The conditional filtration of'a quasi-identity
is shown in the proof of Proposition 25.5(a). The negation of a
quasi-identity & is equivalent to a sentence 3x, ... 3x,(®, A 7 ),
where &, &, are filtering formulas. By Lemma 17.2 — ¢ condi-
tionally filters.

(b) Let A(a,, ..., a,) be infinite. For every a € 4 (a,, ..., a,)
there is a term £ (v, ..., v,) such that t¥(a,, ..., a,) = a. Then
formulas v, . | = (v, ..., v,), a € A(a,, ..., a,) are pairwise
nonequivalent in Th(¥(a,, ..., a,)) = Th(K,). Since Th(K,) is
w-categorical, this contradicts Theorem 14. [J

LEMMA 2. If ®(», Xx) is a filtering formula, Y K_, a= (a, ...
..., a,) € Aand ¢, 5)_cgntains at least two elements, then

(@) there is a term t(y, x) such that t¥ (®Y, a),a) = A;
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(b) forany B e K, and b = (b,, ..., b,y € Baset ¥(B, b)
contains at least two elements or is empty.

PROOF. (a) We first prove that if (¥, @) is infinite, then the set
X =&, a)V (a,,..,a,} generates U. Let (£,(v,, ..., v;) i € w]}
be the enumeration of all terms. For each i € w, i > n, consider a
formula

V(vgy Uy veey v,) = 3u, L 30, 4 e

. Bui( V oy =tA A P (U, Uyy oeny un))

whose truth on a system B for an interpretation y: {vy, ..., v, } —
— B is equivalent to the fact that y(v,) is the value of a term
IjB('y(u]), ey YWa)y by 4 s ooy b)), wherej < iandb, | o, ..., b€
€ ®(B, v(v), ---» ¥(v,)). It is clear that for any b € A(X) there is
i€w,i> n,for which A (X) = ¥,(b, a). By Theorem 14 there is a
finite set {i,, ..., i } such that for any i € w Th(K,) > ¥; —
— (¥, V... V¥,). Hence Vu, (¥, (y,, @) V ... V ¥, (uy, @)) is true
in A (X). Since A (X) < ¥, that formula is true in ¥ from which it
follows that ¥ is generated by the set X. Suppose that (a) is false.
Then there are b;€ A, n < i € w such that ¢! @a,, ,...,aq)#b
for any a, . |, ..., a,€ (¥, a). Then the set Y = $¥U«, a) =
= (®@, a))* isinfinite and g ¢ A“(Y U {a,, ..., a,}), where gi =
= b;, i € w. This contradicts the foregoing. B

(b) Suppose that there are 8 € K, and b € B such that
®@®, b) = [d,}. Since ¢ is a filtering formula, the set
®U x B, a x b)is equal to &, a) X {d,}), wherea x b =
= ((a;, b, ....,<a,, b,)). Letaye A;d,,d, e B,d; # d,. Then
by (a) we have

1(e,, dy)y oy (Cppy dyy, @ X b) = (a,, d;) and
1(<c), dydy ooy KClhy dyd, a X b) = (ay, dy)

for some term LDy ey Vs x) and some Cly voey Cpys €y voey Cp €
€ (Y, a). From the definition of the operations on A x B we get
tdy, ..., dy, b) = d, from the first equation and t(d,, ..., dy, b) =
= d, from the second, which contradicts the conditiond, # d,.

13—191
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Consider the maximal Th (K)-compatible set
X*={—y =) U(d@,n)liecw],

where @, (v, , v,), i € w, are atomic formulas. Let a signature Z* be
obtained from I by adding two new constants, ¢, and ¢,. Con-
sider the quasi-variety K* of L* whose set of axioms consists of
the axioms of K as well as of quasi-identities v, = v, — ®(c,, ¢;)
for atomic formulas ® (v, , v,) € X* and of quasi-identities ®(c, ,
¢) — v, = v, for atomic ®(v,, v,) & X*.

LEMMA 3. (a) For any K _-system ¥ there is a K*-system U* such
that 4* I T = Y.

(b) The quasi-variety K* is categorical in a countable power.

PROOF. Since X* is maximal, it suffices to show that X* is
satisfiable in any K -system Y. It follows from Theorem 14 that
there is n, € w such that Th(K ) > (&, A ... A ®,)) — & forallie
€ w. Since K, # J,by Lemmal(a)¥ = (&) A ... A d, ) — & for
all i € w. Therefore it suffices to show that the sentence
v, 3u, ¥ (v, v,), where ¥ (v, v,) is equal to ~v; = v, A, A ...
... A&, is true in Y. Let X* be satisfiable in a K-system B. Then
IBl > 1 and 3v,3v, ¥ (v, v,), is true in a K_-system B“. Since
Th(K_, ) is complete, we have ¥ = ¥(f, £,) for some f, f, € A~.
Since ¢ = ~fy = f,, we have f {j # £ for some { € w. From
the filtration of &) A ... A &,  weget A = Y(fi §, L)

(b) As was shown in the proof of Theorem 14, every countable
K_ -system is saturated. Since any K*-system 2* is an expansion
of some K_-system ¥ by two constants, A* is saturated. By Prop-
osition 28.4 therefore it suffices to show that any K*-systems U, B
are elementarily equivalent. Let »¥ (¢;) = a;, ¥¥ (¢;) = a,, »® (¢,)
= b, and »®(c) = b,. Since quasi-identities ®(c,, ¢,) —
— v, = v, are equivalent to the sentence - ®(c,, ¢,) in Th(K¥), it
follows from the axioms of K* that a mapping assigning to
elements ;, a, elements b, b, respectively is extended to an
isomorphism f: ¥, = B,, where %, = U(q,,a) " Land B, =
= B(b,, b,) ! L. Then f is extended to an isomorphism of
K, -systems %¢ C ¥« ! L and By ¢ B ! L. Hence (U, q,
a,) = (B, b, b,) and from the model completeness of Th(K_,)
weget (A“ M L, aq,a) = (B L, b, b). The model com-
pleteness of Th(K_) also implies that <¥ I L, q,, a,) =
=B L, b,b)andhencey =B. O
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In what follows it is assumed that the signature  con ains the
constants ¢, ¢, and that the sentence —¢, = ¢, is true in any
K -system. Such an assumption for the proof of Theorem 15 may
be made by Lemma 3. In this way we define for any K -system a
K -system A (&) whose carrier consists of the values in ¥ of the
constant terms. It follows from Lemma 1 (a) that () = B(D)
for any K, -systems % and B. A set X C A is said to be atomically
minimal in a K-system ¥ if |X| > 1 and for any atomic formula
$(y, x), any a € A the set X N &Y, a) is empty, one-element or
equal to X.

LEMMA 4. There is a filtering formula ®*(v, ) such that for any
K -system U the set ®*(¥) is atomically minimal in Y.

PROOF. Let B € K, . By Lemma 1 (b) a K -system §, = B(J)
is finite. Consider a conjunction $*(v,) of atomic formulas such
that 1¢*(B,)! > 1 and for any atomic formula ®(v, ) the set
$*(B,) N (%) is empty, one-element or equal to $*(%B,). Let
®(y, x) be an atomic formula. Since any element b € B, is the
value in 9B, of a constant term, the set $*(,) N ¢(B,, b) is emp-
ty, one-element or equal to *(®,) for any b € B, . By Lemma 2(b)
there are no a, b € B, such that #*(8,) € ®(3,, b) and #*(B,) N
N &(B,, a) is one-element. Thus one of the following quasi-
identities is true in 9;:

@ (@*(v)) A (v, x) A D*(1y) A B(v,, x—))_—- vy =y

(b) (®*(v;) A ®(v;, X) A P*(v,)) = @(v,, X).

By Lemma 1 (a) one of these is true in any K -system Y. Since
P*(A) 2 P*(A(D)) and U(D) = B,, we have |*(A)| > 1. Hence
$*(YA) is atomically minimal in . OJ

LetAe K, . Aset X € $*(¥) is said to be a basis for ¥ if the
following conditions hold:

1 AX) = ¥;
(2) if a, ..., a, are pairwise distinct elements of X and ¥ &=
= ®(q, ..., a,) for some atomic formula ®(v,, ..., v,), then the

quasi-identity (®*(v;) A ... A ®*(v,)) — ®(v;, ..., v,) is true in any
K, -system.

LEMMA 5. (@) If ®(y, x) is a filtering formula and &, a) =
= (b} for a K _-system Y and a € A, then t¥ (a) = b for some
term t(x).

(b) Every K _-system U has a basis.
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PROOF. Let Y, = 9 (a). If (a) does not hold, then the sentence
3y®(y, a) is false in the K_-system ¢ and true in %« 2 A¢. This
contradicts the model completeness of Th(X_ ).

(b) Let X ¢ $*(A) be a maximal set satisfying condition (2).
By Lemma 2(a) it suffices to show that 9 (X) contains $*(). Sup-
pose that there is g, € *(A) \ A(X). Let ¥ = ®(q,, q,, ..., a,)
for an atomic ®(y, v, , ..., v,) and pairwise distinct g, , ..., a, € X.
By (a) and the atomical minimality of $*(U) we have &*() C
c ¢, a,, ..., a,). Since 2*(A(J)) # T, we have A = &*(4) A
A ®(4, ay, ..., a,) for some constant term ;. Since X satisfies con-
dition (2) and ®*(f)) € Th(K, ) (Lemma 1 (a)), the set $*(B) A
A ®(B, b, ..., b,) is not empty for any K_-system B and any
by, ..., b, € 2*(B). It follows from Lemma 2(b) therefore that if
1, a, ..., a,) N &*A)| > 1 and $*(Y) is atomically minimal,
then &(4,, b, ..., b,) is true in any K -system B for any b,, b,, ...
..., b, € ®*(B). Hence X U [aq,} satisfies condition (2), which
contradicts the minimality of X. (J

PROOF OF THEOREM 15. Let U, B be two K -systems of the same
power x and let X, Y be their bases. It follows from the definition
of a basis that any distinct-valued mapping f: X — Y is extended
in a natural way to an isomorphism of ¥ onto B(f (X)). By prop-
erty (1) of a basis therefore it suffices to notice that 1.X1 = | Y|, If
% > w, then from Lemma 1(b) we get |1 X| = |Y]l = x. If¥x < w
and |X| < 1YI, then % is isomorphic to a subsystem B, C B.
Since IB, | = |4l = |Bl, wehave®, = 8. O/

Exercises

1. Show that a theory 7; of dense linear orderings without the first and the
last element is categorical in no infinite uncountable power. (Hint. Suppose ¥ is a
model of T, of power ¥ > w and ¥ is a countable model of T, for which 45 N
N A = @; consider a model ¥, with carrier A2 and relation ¢a, b) <¥ (c,d) &
@ (@ <¥cor(a = cand b <¥ d)) and a model ¥, with carrier 4 U A, and rela-
tion
a<¥2p e ((@aeAand be Ay)or(a, beAand

a <¥ b)or(a, be Ayand a <0 b));

then ¥, and %, are nonisomorphic.)

2. Show that a variety of Boolean algebras is categorical in all finite powers
and noncategorical in all infinite powers.
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3. Prove that a variety M with the axioms (universal quantifiers omitted)

(D (g (x), g (x)) = x,

@) f(x, ) = f(& (%), 820,

3 & (fle(x), &) = g X)),

@) &g (x), 80 = &),

(5) &8 (x) = g (x), i, k € [1,2)
is categorical in all powers. (Hint. Show that »¥ (f) for any % € M is a distinct-
valued mapping of (g}!'[4]) onto 42 and that any distinct-valued mapping :
g;‘" [A] — g]% [B] for any ¥, B € M is extended to an isomorphism of a system 9 on-
to B (h(gf1 [A])) transforming a into /B (hg;ll (a), hg%I (a)).)

4. Construct an example showing that one cannot state in Theorem 15 that K
is also categorical in power 1.

5. Generalize Proposition 2 to theories categorical in an infinite power x and
thus obtain the Lindstrom theorem in full extent. (Hint. Use the method of Pro-
position 2, with w replaced by x, and show that if the formula ¢ is not preserved in
going to the submodels of a theory T, then & is not preserved in going to sub-
models of a power x.)



Chapter 6

PROOF THEORY

30. THE GENTZEN SYSTEM G

The calculi studied earlier are natural formalizations of the
rules of logic. For a deeper study of the very concept of proof
other forms of calculi are more convenient. In this section we shall
study one of such calculi, G, similar to the calculus proposed by
Gentzen.

The alphabet of the calculus G differs from that of the
calculus of predicates of Chapter 4 in that it has no implication
sign and no equality sign. It is assumed in this and further sections
(up to Sec. 33) that the signature of G is arbitrary but fixed. In
Sec. 33 the signature of G will be extended by adding some new
function symbols. Bearing this in mind, no references will be
made to the signature of G. The definition of the notion of a for-
mula of G differs from the definition of a formula in Sec. 16 in
that (1) point 2 of that definition is missing (it concerns the equali-
ty sign =), (2) in point 3 of the definition of a formula the case
(® — V) is left out and (3) it is required of a formula that it should
have the property that its variables are unmixed. This last proper-
ty is defined as follows: a formula of the calculus of predicates
satisfies the condition that it should have unmixed variables if any
variable of a formula & has either only free or only bound occur-
rences in ®. Sequents of G are expressions of the form I' ~ O,
where I" and © are arbitrary finite sequences of formulas of G and
for the sequence I', © the condition that the variables should be
unmixed, formulated similarly to the condition that the variables
of formulas should be unmixed, holds. The conventions about ab-
breviating the notation of formulas and some of the symbols used
below have the same meaning as in Chapter 4.

DEFINITION. Axioms of G are sequents of the form ¢, " +~ O, &,
where & is an atomic formula, I' and © are sequences (possibly
empty) of atomic formulas.

DEFINITION. Rules of inference of G are the following:

198
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I'-6,¢r+o,v 2 $, ¥, T 06
r'-06,oAv ’ T éAY,THO’
'~o,o, v 4d>,I‘r—9\I',I‘r-—9
‘TH06,ovY’ vy, T+-6
T +o re-o,d
‘T+o, ¢’ "=¢,I'+0’
I+ 6, (&) )X, T+ 0
. ——-———(—)—', 8. [—]L———— , where y does not occur free in
I' - 9, 3x®é ix¢, I' - ©
the formulas of ', ©;
T+ 6,[2]y .
. ——————, where y does not occur free in the formulas of T, ©;
I‘r—G,Vx;b
10 (®)F,T'+0© i '-4,%,%,0
‘vx¢, T -0’ ‘THAVY, 9,6’
12 r,e,v¥v,A+~06 i '-o,%,¢
‘T, ¥,%,A+06" "Tr6,%
14.(»,(»,1‘»-9_
$,I'+~0©

Rules 1 to 10 are called basic and Rules 11 to 14 are structural.
The notion of (linear and tree form) proof (derivation, quasi-
derivation) is defined as for the calculus of predicates.

Note some features of this calculus. One is a large symmetry of
right and left hand sides of the sequent I' — © (called the conclu-
sion or succeedent (©) and a hypothesis or antecedent (I') respective-
ly). Second, (unlike the structural rules) each basic rule contains
below the line a more complicated formula obtained from the for-
mulas of the hypothesis (this formula will be called the principal
formula of the rule). The third property, that of being a subfor-
mula, involves new concepts.

We define an operation / on occurrences / of sequents in a tree
of sequents D as follows: if I is a final occurrence in D, then
I(I) = I if Iis contained in a passage P above the line, then /(J) is
an occurrence of a sequent in the passage P below the line (/(Z) is
the lower sequent of the passage P). If D is a tree form proof,
then we define an operation s on occurrences J of formulas in D as
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follows: if Jis contained in an occurrence I of sequents in D, then
s(J) occurs in a sequent /([); if J occurs in a sequence I' or 6 (or
A) of a sequent /, then s(J) is equal to the same occurrence of a
formula in I" or © (or A), but this time in the sequent /(I); for the
basic rules, if J does not occur in I" or 6, then s(J) is the principal
formula of the corresponding passage; for the structural rules, if J
does not occur in I' (B or A), then in the symbols of Rules 11 to 14
we have s(®) = &, s(¥) = V. If for some positive n we have
m() = 1(...1(L) ...) = L, then we say that the occurrence /, ina

—
n times

tree D is above the occurrence J, (and L is below I). If for occur-
rences J; and J, of formulas in a proof and a positive n we have
s"(Jy) = J,, then we say that J is the ancestor of J, and that J, is a
descendant of J, .

If ® is a formula of the calculus G, x is a variable, ¢ is a term,
then we shall say that the term ¢ is free for the variable x in the for-
mula @ if & has no free occurrences of the variable x or if no
variable of the term ¢ has bound occurrences in ®. If ¢ is free for x
in @, then the condition on the notation (®)} holds and the for-
mula (&)} is a formula of G.

We introduce the notion of generalized subformula by defin-
ing inductively for every formula ® of G a set GS(®) of generaliz-
ed subformulas of the formula ® as follows:

(1) if ® is an atomic formula, then GS(®) = {®};

2Q)if & = V¥, then GS(®) = {®} U GS(¥);

B if & = &9 (1 € [V, A}), then GS(P) = (¢} U
U GS(®) U GS(¢);

@if & = Ox¥(Q € (v, 3}), then GS(P) = (¥} U U
U (GS((¥)})Itis free for x in ¥}.

Remark. If ¥ is a generalized subformula of a formula & (i. e.
¥ € GS(®)) and a variable v has a bound occurrence in ¥, then it
has a bound occurrence in ¢ too.

The following property of being a subformula is true:

LEMMA I. The ancestor-descendant relation satisfies the
following conditions: if an occurrence I, of a sequent is above an
occurrence I, in a proof D, then for any occurrence of a formula
in I there is its only descendant in I, ; for any occurrence of a for-
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mula in I there is at least one of its ancestors in I . Any ancestor is
a generalized subformula of the descendant.

prOOF. The validity of the lemma is easy to prove by induc-
tion. (J

Although in the definition of the concepts of formula and se-
quent of G it was required that the variables should be unmixed,
this was not required in the definition of a (tree form) proof.
Nevertheless it may be assumed without loss of generality that this
condition holds in proofs. We may go even further. We shall say
that a (tree form) proof D possesses the property of the purity of
variables if the condition that the variables should be unmixed
holds for the tree D and if for any passage in D corresponding to
Rule 8 or 9 the corresponding variable y occurs only in the
sequents above the lower sequent of that passage.

LEMMA 2. For any provable sequent of G there is a proof of that
sequent with the property of the purity of variables.

The proof makes use of a ‘‘rearrangement’’ of a given proof
of a sequent into a proof with the property of the purity of
variables which consists in replacing the ‘‘subtrees’’ of the proof
by other trees. The concept of subtree of a tree of sequents is
defined inductively. If D consists of a single sequent, then D is
itself its only subtree. If D has the form:

Dy, ..., D,
c

’

then the subtrees of D are: the tree D itself and all the subtrees of
the trees D, ..., D,. The subtrees of the tree D are in a natural
one-to-one correspondence with the occurrences of the sequents in
the tree D.

Notice that two different subtrees of a tree D may not differ as
trees, which can be seen from the example of the tree

S0
d-drd

Let us turn directly to the proof of Lemma 2. Let D be a proof of
a sequent C in G. We shall say that a variable y vanishes in a
passage P of D if y has at least one free occurrence in the sequent
above the line and has no free occurrences in the sequent below
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the line of that passage. Notice that a variable may vanish in a
passage provided that passage corresponds to one of the rules, 7
to 10. We shall say that a variable y vanishes properly if y vanishes
in some passage and has occurrences in D only in the sequents
above the lower sequent of that passage. Note that if a variable y
vanishes properly, then it has only free occurrences in the tree D.
If all vanishing variables in D vanish properly, then D possesses
the property of the purity of variables. If D has improper
vanishings of variables, then we consider a passage P in which
some variable y vanishes improperly; let D’ be a subtree of D cor-
responding to the lower sequent of that passage. We choose a
variable z different from all the variables of D and replace in D
the subtree D’ by a subtree [D’]? which is obtained from D’ by
replacing each occurrence of a formula ¥ in the occurrence of the
formula [¥]). It is easily checked that the resulting tree D* re-
mains a proof and a proof such that the variable z vanishes in D*
properly. Induction on the number of improper vanishings shows
that in a finite number of such transformations we obtain a proof
(of the very same final sequent) in which all the vanishings of
variables are proper. (J

The following lemma allows a useful admissible rule (the rule
of revision) to be introduced in the calculus G.

LEMMA 3. If T' — O is a provable sequent and ® is a formula
such that ®,T' — O is a sequent of G, then the sequents ®,T" — O
and T + ©, ® are provable in G.

PROOF. Let Xy, ..., x, be all free variables of the formula &. Let
D be a proof of the sequent I' — © with the property of the purity
of variables. As is seen from the proof of Lemma 2, it may be
assumed that all the vanishing variables of D are different from
Xy eees X,

We prove the lemma by induction on the construction of the
formula &. If ® is an atomic formula and (D, ) is a tree obtained
by replacing each occurrence of a sequent A — A by an occurrence
of a sequent A, & +— A, then (under the above assumptions about a
proof D) the tree (D, ®) is a proof of the sequent I', & — 6. Ap-
plying the structural rule of interchange 12 several times we obtain
a proof of the sequent I' — 6, ®. Similarly defined is the tree (%,
D) (A ~ A is replaced by A ~ &, A) which is a proof of
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the sequent I' — &, ©; we use Rule 11 to complete it to the proof
of the sequent I' + O, &.

Let ® = ¢, v &, . By induction the provability of I' - O yields
the provability of &, I' - © and &;, I ~ 6. Hence the following
quasi-derivations:

®,I'-06 ¢,I'+— 6 '+~ 6, %, ¢
& Vve, 'O '~ 6, & V¢

justify the provability of §, v ¢, - ©andT' + 6, &, vV &, . The
verification of the statement for & = ¢ A & and ¢ = — @, is
similar. For formulas of the form & = 3x¥(vx¥) we choose a
variable y without occurrences in the formulas 3x¥, I' +~ © and
apply the induction hypothesis to the formula [®]¥. As illustra-
tion, the provability of I' — © then implies the provability of [CI:])’f ,
I' — O and the quasi-derivation

[}, T+ ©

ix¢, I' - ©

shows that 3x®, I' — O is also provable. [J
In conclusion note a number of simple properties to be used
implicitly in what follows. The formulations of the properties
assume that all explicitly written out sequents are sequents of G.
I' - 6(A + 4)
1. If Treo
inference, then for any formula ® (such thatT +— ©,®and A +— @,
A are sequents of the calculus G)
'-%,0A+®, A IO A &+ A
and
'~ &, 0 I',er o’

is a passage according to one of the rules of

are passages corresponding to the same rule of inference.
2. If % is a passage according to one of the rules of in-
*_

ference, ® is a formula such thatT', ® — © is a sequent of G and
the passage under consideration is a passage according to Rule 8
or 9, then the corresponding variables x and y are not free in ®.
Hence
I'-¢®,06 '+ 06
—— agnd ————
'+ ¢,0"’ I'', ¢+ 06’

are passages corresponding to the same rule of inference.



204 Proof Theory

3. Ifr - O(A - A)
' 06’
inference and ® occurs in I''(©'), then the passage

I'* — 6 (A* - A) (T -0t @ r a%
r'* 6’ \ I'~oe-*

is a passage according to one of the rules of

where I'*, A*(©*, A*) is obtained by eliminating from I', A(©, A)
the ancestors of the occurrence of ® inT'"(©’) andT''*(©'*) is ob-
tained from I''(©') by eliminating the occurrence of ®, is either a
passage according to the same rule of inference or a trivial passage
(i. e. the sequents above the line coincide with the lower sequent
of this passage).

Exercises

1. Show that for any formula ® of CPZ there is an equivalent formula ¥ satis-
fying the condition that the variables should be unmixed.

2. Verify that a formula of CPT in prenex normal form satisfies the condition
that it should have unmixed variables.

3. Let us extend the language of the calculus G by permitting formulas and se-
quents also without the condition that they should have unmixed variables.
Establish that an identically true sequent P(x) — 3yvxP(y) is not provable in the
resulting calculus G*.

{
31. THE INVERTIBILITY OF RULES

Most rules of inference of the calculus G possess yet another
remarkable property that can be used in searching for a derivation
in the calculus. It is the property of invertibility consisting (in
somewhat rough terms) in that the sequent below the line in a rule
is provable if and only if so are the sequents (so is the sequent)
above the line.

We first formulate and prove this property for the proposi-
tional rules.

PROPOSITION 1. (1) If a sequent T' — ©, ® A ¥ js provable, then
so are sequentsT' —~ O, ® andT + O, ¥; (2) if a sequent ® N ¥,
I' —~ © is provable, then so is a sequent &, ¥, T' — O; (3) if a se-
quentT +— O, ® V ¥ is provable, then so is a sequent T +— O, ®, ¥;
(4) if a sequent vV ¥, T + O is provable, then so are sequents ®,
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I'-0and ¥,T + O; (5) if a sequent T — ©, ~® is provable,
then so is a sequent ®, I' — O; (6) if a sequent - ®, ' — O is
provable, then so is a sequent T' +— O, &,

prooF. Verification of all the statements of the proposition is
tedious and monotonous. Therefore we prove some typical cases,
statements (1) and (6), for example. We shall carry out verifica-
tion by induction on the height of a proof (3ee also the proof of
Lemma 9.2).

Statement (1) will be proved in a slightly more general form
and only for a formula ®: if a sequent ' — 6, & A ¥, A is prov-
able, then so is a sequent I' — O, &, A, there being a proof of the
latter sequent with fewer passages than in the proof of the original
sequent.

Let the proof D of the sequentI" — ©, ® A ¥, A be of the form

Dy, D,
o

If & A ¥ is a principal formula of the last passage, then D, is a
proof of the sequent I' — O, &, A (in this case A is an empty se-
quence of formulas) and D, has fewer passages than D.

If & A ¥ is not the principal formula of the last passage, then
the final sequents C, and C, of the proofs D, and D, are of the
formT) - 6,, A ¥, Ajand T} + 6, @ A Y, A respectively,
where the singled out occurrences of & A ¥ in C, and C; are the
ancestors of the given occurrence of the formula & A ¥ in the se-
quent C. By the induction hypothesis there are proofs D] and Dy
of the sequents Iy — 6, ®, A, and I} ~ ©,, ®, A, respectively.
Then the tree of sequents

D D]
-6, A

is a proof. (Since & A ¥ was not the principal formula of the

assage
passag T 6, 8AY, A T, —6,,8A¥ A

'-6,$AV¥,A

the passage
To=6y,2, A T)+ 6,94
'-6,d%, A

’

is effected according to the same rule as the first passage.)
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Let the proof of the sequent C be of the form

DO
=
If the last passage is not effected by Rule 13 applied to & A ¥

and G, =T, = ©,, ® A ¥, A is the final sequent of D, then by
the induction hypothesis there is a proof D of the sequent I},
= 6,, ®, A, and the tree

Dg

'-06,%, A

is the proof.
Let the last passage in the tree D be

'-0,2AV¥, oA V¥
'-6,¢AV¥

By the induction hypothesis there is a proof D, of the sequent
I' - 6,% A V¥, &, the number of passages in D; being less than
that of passages in D, . Again by the induction hypothesis there is
a proof Dy of the sequent ' - 6, ¢, . Then

Dy
r-eoe,9¢

is the required proof.

We now prove statement (6). Let D be a proof of a sequent
Cy= —®,T + O;it may be assumed by Lemma 2 of the preceding
section that the proof D possesses the property of the purity of the
variables. Let us pass from the tree D to a tree D’ by making the
following transformations: we replace each occurrence of a se-
quent C = A ~ A by an occurrence of a sequent C' = A’ +— &,
A’, where A’ and A’ are obtained from A and A by eliminating all
the ancestors of the formula — & of the final occurrence of C;
which have the form ® or = ®. (Remark. It is easy to verify by in-
duction that an ancestor of the formula —® of the form — & may
be only on the left-hand side of the sequent and that an ancestor

of the form ¢ may be only on the right-hand side.) We verify that
D’ is a quasi-derivation of the sequentI' — &, ©. This is obviously

sufficient for the sequent " — 6, & to be provable. If C = A+ A



The Invertibility of Rules 207

is an axiom, then A’ = A; if the last formula in A is an ancestor of
- ® of the form &, then A’ —~ &, A’ is obtained from the axiom
A ~ A by applying only the interchange rules. If the last formula
in A is not an ancestor of —® of the form ¢, then A’ — A’ is an
axiom and A’ ~ &, A’ is obtained from it by the rule of revision
(Lemma 3 of Sec. 30) and by interchanges.

We now look at the passages of the tree D’. It is easily verified
that if in a passage of the tree D no ancestor of the formula — & of
the form & or — ¢ is the principal formula, then the correspond-
ing passage in D’ is effected by the same rule of inference. Now
consider cases where an ancestor of = ¢ of the form ® or =& is
the principal formula of a passage. Then that passage may be ef-
fected only by Rules 1, 3, 5, 6, 7, 9 or by the structural rules 11
to 14.

An analysis of every case is not necessary. Let us consider the
cases of applying Rules 1, 5, 6, 9, 13.

Let a passage in D be of the form

ArFA Y ArFAX
ArAVYAX

and & = ¥ A X be an ancestor of —®, then the passage in D’ is

A'+-®, A, Y AP A,X
A"+ $, AN

and the lower sequent can be obtained from the upper ones by the
rules of introducing a conjunction (1), of interchange (11) and of
abbreviation (13).

Let a passage in D be of the form

V,A A
A A, VY

and let ® = — ¥ be an ancestor of - &, then the passage in D’ is
Y, A" - A
A - d, A

but since & = — V¥, the lower sequent is obtained from the upper

one by applying the rule of introducing a negation (5), by the in-
terchange rule (11) and the abbreviation rule (13).
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Let a passage in D be of the form

Ar AP
P, A A

and let & and —® be ancestors of the formula =& (in the final se-
quent), then the corresponding passage in D’ is
A ®, A
A~ &, A
i. e. is trivial.
Let a passage in D be of the form

AR A, [\I']X!

A+ A, VxV¥
and let ® = vxV¥ be an ancestor of =&, then the corresponding
passage in D’ is

A+ &, A, (Y]

A~ d, A
and the lower sequent is obtained from the upper one by applying
Rules 9 (this application is legitimate since A’ and A’ are parts of
A and A and y is different from all free variables of the formula
in that it has the property of the purity of variables in D), 11
and 13.

Finally, let a passage in D be t

AT A 0, @
Ar A

and let & be an ancestor of —®, then in D’ the corresponding
passage
A+~ d, A
A ®, A
is trivial. (J
Let us now turn to the quantifier rules.

PROPOSITION 2. (1) If a sequent 3x®, I' + O is provable in G,
then for any term t such that (<I>))’f , ' ~ O is a sequent of G that
sequent is provable in G; (2) if a sequent T + ©, vx® is provable,
then for any term t such thatT' - ©, (®)] is a sequent that sequent
is provable in G.
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The proofs of these statements are similar and therefore we
shall give only a proof of statement (2).

Let y,, ..., ¥, be all free variables of a term ¢ and let D be a
proof of a sequent I' — O, Vx& that possesses the property of the
purity of variables and is such that any variable vanishing in that
proof is different from the variables y, ..., y, . Let [®]}), ..., [®]}
be all ancestors of the form [<I>]; of the occurrence of the formula
vx® in the final sequent. We construct a tree of sequents D’ as
follows. Each occurrence of a sequent Cin D is replaced by an oc-
currence of a sequent C’ obtained from C by replacing all
ancestors of the formula vx& of the form vx¢ by ($)F and by
substituting a term ¢ for all occurrences of the variables z,, ..., z.
It is easily verified that all initial sequents of the tree D’ are axi-
oms and that all the passages of D’ are either performed by the
same rules as those in the corresponding passage of D or are trivial
passages. The latter happens when the corresponding passage in
Dis

Ak A, [®)F
A+ A, vxd

and vx® is an ancestor of the formula vx& in the final sequent.
Thus D’ is a quasi-derivation of the sequent I' - 6, (®)r. O

COROLLARY. Let y have no occurrences in any of the formulas
of a sequent I' — O, Vx®; that sequent (the sequent 3x®,I" - O)
is provable if and only if so is a sequent I" — O, [<I>]jvr (a sequent
(9}, T +~ 6). O

For Rules 7 and 10 there is no good formulation of invertibili-
ty (see Exercise 1) although this property is true in some form
“‘/distributed throughout a proof’’ (cf. the proof of theorem on
the elimination of section in the next section).

Exercises

1. Prove that there are no terms fy, ..., f such that a sequent 3xP + (P)y,, ...
...y (P)y, is provable although the sequent 3.xP + 3xP is provable.

2. Prove in G the sequent 3zP(z) — 3yVxP(y).

3. Show that Proposition 2 is not true in the calculus G* (see Exercise 3 of
Sec. 30). (Hint. Use Exercise 2 and Exercise 3 of Sec. 30.)

14—191
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32. COMPARISON
OF THE CALCULI CP® AND G

In this section we prove that a sequent of CPY which is a se-
quent of G as well (i. e. does not contain the implication sign —
and the equality sign = and satisfies the condition of the purity of
the variables) is CPT -provable if and only if it is provable in G.

The proof of this statement is based on the following impor-
tant theorem of the calculus G.

THEOREM 1 (Cut Elimination). LetT' +~ O, ® and &, A — A be
provable sequents of G. IfT', A — A, O is a sequent of G, then it is
provable.

PROOF. We first prove this theorem for an atomic formula by
induction on the number of essential passages in a proof of the se-
quent I' —~ O, understanding by essential passages those that are
performed by rules other than the interchange rules 11 and 12. If
I' — 6, ® has a proof without essential passages, then ' — ©, ¢
differs from an axiom only in the interchange of formulas. Con-
sider two possible cases.

1.  €T'; then the sequent I', A — A, O can be obtained from a
(provable) sequent &, A ~ A by applying a derived rule of
strengthening (Lemma 3 of Sec. 30) and the interchange rules.

2. There is a formula ¥ such that ¥ € I and ¥ € ©. Then the
sequent I' € © is provable (interchange of an axiom) and the se-
quentI', A — A, O is obtained from it by strengthening and inter-
changes.

Suppose that for sequents I' — O, ¢ having a proof with less
than n > 0 essential passages the theorem is true. Let D be a proof
of a sequent I' — O, & having n essential passages; it will be as-
sumed that the proof D has the property of the purity of variables.

Let us consider the lowermost essential passage in D. There are
two possibilities:

1. The passage has the form

Ih+—-6¢,9,65 I +6/,9 06/

*
'+~ 0,¢,0”" (%)

Here '’ is an interchange of I'; 6, ©” is an interchange of O; the
indicated occurrences of the formula & are ancestors of occur-
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rence of ¢ in the final sequent ' - ©, &. The sequents I; - 6 ,
6y, ®andI| ~ O/, 6/, ® have a proof with a number of essen-
tial passage <n (since they are obtained by interchange from the
sequents I, — 67, &, 6y and I} +~ 6/, &, 6,"). Therefore se-
quents I[[), A + A, 67, 6y and I, A +~ A, ©/, ©,” are provable.
The tree of sequents
Ty, A 4,605,600 Ty, A 46,0/
I'' A+ A 6',0"
I'A+ A ©

is a quasi-derivation, since the atomic formula & is not the prin-
cipal formula of'the passage (*).
2. The passage has the form
I'+—06,% &
r-e,e '

I'’ is an interchange of I', ©’ is an interchange of © and the in-
dicated occurrences of ® are ancestors of the occurrence of @ in
the final sequent. If D’ is a subtree of the tree D defined by the oc-
currence in D of a sequentI'" — ©', &, &, then we let D” be ob-
tained from D’ by eliminating in each sequent all ancestors of the
right-hand occurrence of a formula ¢ in the final sequent I'' +
~ ©6’, &, &. At the tops of D” are sequents that differ from ax-
ioms only in interchange. The passages are either trivial or corre-
spond to the same rules as in D’. A simple rearrangement of D”
yields a proof of the sequent I’ — 6, ¢ (and hence a proof of the
sequent I' — O, ®) with a number of essential passages equal to
the number of essential passages in D’. Since there are fewer
essential passages in D’ than in D, by the induction hypothesis the
sequent I', A — A, O is provable.
3. The passage has the form

Ty~ 65, 8,60
I''+~90',%,06"’

I'’ is an interchange of I'; ©’, ©” is an interchange of ©; the in-
dicated occurrences of ¢ are ancestors of ® in the final sequent of
the tree D and @ is not the principal formula of the passage.

14*
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The sequent I}, — 6, , 6", ¢ is obtained from I, +~6,,%, 0/
by interchange and therefore it has a proof with the number of
essential passages n — 1. Then by the induction hypothesis the se-
quent I[), A ~ A, 67, 6, is provable. The tree of sequents

Ih, A~ A, 64, 6f
I'Ar+ A,0',0"
I' A+~ 4,06

is a quasi-derivation.

So for sequents I' — O, & with an atomic formula & the
theorem is established.

We proceed by induction on the construction of a formula ®.
Assuming that for the proper (i. e. not equal to ®) generalized
subformulas of a formula ¢ and any I', A, O, A the theorem is true
we establish the validity of the theorem for ® as well.

Letd = YAX;T'+— O, dand &, A — A be provable sequents
and let T, A — A, O be a sequent of G. Also provable, by inver-
tibility (Proposition 1 of Sec. 31), are the sequentsI' - OV¥; I"
0, X; ¥, X, A~ A. It follows by the induction hypothesis that
also provable are the sequentsT', X, A — A, 0; X, ', A+ A, 6; T,
I', A ~ A, O, O and, finally, the sequent ', A + A, O.

The cases ® = ¥ v X, & = - V¥ are treated similarly.

Now let ® = vx¥; T' + O, &; &, A — A be provable sequents
andletT', A - A, © be a sequent of G. Let D be a proof of the se-
quent &, A — A. It is assumed that D has the property of the puri-
ty of variables and that any variable y vanishing in D is different
from all the variables of the formulas in the list I', 6. We establish
by induction on the depth of an occurrence in the tree D that for
any occurrence of a sequent A’ — A’ in D the sequent A’*, "
— ©, A’ is provable, where A’* is obtained from A’ by
eliminating all ancestors of a formula ¢ in the final sequent of the
form &.

It is clear that for the uppermost occurrences (A’ — A’ is an
axiom) the corresponding sequent (A’, I' — O, A’) is provable (is
obtained by applications of the rule of strengthening). Let us con-
sider a passage in D

Ao Ay A E A
A - A
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and suppose that the sequents A, T' + O, 4 AF,T = 6, A cor-
responding to the upper occurrences are provable. Then

A, THB,4 AT B, A4

o A*TrBO,a

is easily seen to be a passage according to the same rule of in-
ference and hence a quasi-derivation. The situation is similar for
one-hypothesis passages, except for passages of the form
(W), Ay = 4 )
vx¥, Ay Ly

where the occurrence of & = vxV¥ in the lower sequent is an
ancestor of the formula ¢ of the final sequent of the tree D. Cor-
responding to the occurrences in that passage there are sequents
()5, Af, T+ 6,4 and A, T + O, 4, . Suppose that the sequent
(¥)¥, A, T + O, A, is provable. Under the hypothesis of the
theorem the sequent ' — O, vxV¥ is a provable sequent and
therefore so is the sequent I' - O, (¥)X by Proposition 31.2. Since
(¥)¥ is a proper generalized subformula of the formula ¢ = vxV¥,
applying the induction hypothesis on the validity of the theorem
for proper generalized subformulas of a formula ¢ to the prov-
able sequents (¥)Y, A}, T + O, Ay and T’ ~ O, (¥)¥ we conclude
that the sequent ', Af, I + O, 4,, O is provable. Using the rules
of interchange and abbreviation we obtain from the provability of
the last sequent the provability of the sequent A¥, T + O, 4,.

So for each occurrence of the sequent A’ — A’ in D the cor-
responding sequent A’*, T — O, A’ is provable. Corresponding to
the final sequent of the tree D there is a provable sequent A, I"
+ O, A. From this, using the interchange rule we obtain the prov-
ability of the sequent I', A + A, O.

The case where ¢ is of the form 3xV is treated similarly. (J

Remark. It may be assumed that Theorem 1 establishes that
the following rule (the cut rule) is admissible

-0, &,Ar A
' A~ A, 6

We now proceed to prove the main statement. If © = ¢, ...
.y @ isa list of formulas, then by —© we shall denote the list
-, ..., .
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PROPOSITION 1. [f a sequent C = T' + O is provable in G, then
the sequent C' = T', = O+ is provable in CPL,

PROOF. By induction on the height of the proof in G. If &, " +
+ O, ®is an axiom, then the sequent &, I', -0 & is provable in
CPZ using the axiom ® + ¢ and the rule of adding an extra
hypothesis; finally

¢, I "0 -d+ 0@
¢, T, =0, 7d

is a quasi-derivation in CPT of the required sequent.

Now it is necessary to verify for each rule of inference that if
the sequents C, (and C| ) above the line in the rule are such that C;
(and C{) are provable in CPE, then so is the sequent C’ cor-
responding to the sequent C below the line. Checking all the rules
is rather tiresome and therefore we shall check only Rules 2, 3, 5,
7, 8, 10.

(2) Let asequent &, ¥, I', = O be provable in CPE. Then the
following tree of sequents is a quasi-derivation in CPL:

PAVH-EAP &,V T, 2O+

PAVY - & ¥, T, "6+ ¢
PAVY - DAY dAVY, ¥V, T, "0+
PAVY V¥ dAVY, T, O+ V¥

"B AV, T, 2O,
(3) Let a sequent ', =©, =&, =¥ be provable in CPL,
Then the following tree of sequents is a quasi-derivation in CPL:

T, =0, =, ~¥—

- @ I, 50, -or- v

FdV b VY T, -0, dr- VYV
I, -0 F&VV ~@VY) - - (VY

r, -6, ~(® v ¥)-

(5) Let a sequent &, I', - O+ be provable in CPE. Then

¢, I, "0+
', -0+ o 2d - ~d
ry =6, ~-¢~

is a quasi-derivation in CPZL.



Comparison of the Calculi CPE and G 215

(7) Let a sequent I', =0, = (®)7 — be provable in CPE. Then
I, =0, - (®)F+

I, -0 + 3x® —3x$ - -3xd
r, -0, 73xdr

is a quasi-derivation in CPZ, .
(8) Let a sequent [®]}, I', 7O+ be provable in CPE and let y
have no free occurrences in I', = 6. Then

?]x, T, O+

[

s 27F

boAxd - 3y[@)y T, -0 - ~3y[d]y
Ixe, T, 2O+

is a quasi-derivation in CPL.
(10) Let a sequent ()7, I, 7O+ be provable in CPE. Then
@)r, T, =0+
vx®, T, -,?,_—
is a quasi-derivation in CPZL.

Verification of the remaining rules is quite similar. Induction
on the height of a proof in G completes the proof of the proposi-
tion. (J

PROPOSITION 2. If a sequent C of G is provable in CPE, then it is
provable in G too.

PROOF. We first establish the provability in G of axioms ¢ +— ¢
of CPT by induction on the construction of a formula . If & is an
atomic formula, then & +— & is an axiom of G. Let sequents ® — &
and ¥ + V¥ be provable in G for formulas & and ¥. Consider the
following quasi-derivations in G:

d - ¢ Vv~V [ I Vv - V¥
¥V -¢ ¢ V-V ¢+ P, ¥V VIV
PAY P AV -V VY V-V VY

PAYH-OVY VY H-OVY
[N [2]5 + [2)5 [2)5 + [2)5
o, 0® (2] - 3x® vx$ - [P}
—d, ® Ix$ ~ Ixd Vx® - vxd.

P -
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In the last two quasi-derivations the variable y is chosen to have
no occurrences in ®. These quasi-derivations show that it is possi-
ble to complete the inductive proof of the fact that all sequents of
the form & — &, with & a formula of G, are provable in G.

Now it is necessary to verify for each rule of inference of CPT
(except for the rules concerning implication) that if the sequents
above the line are provable in G, then the sequent below the line is
also provable in G. Rules 1, 11, 13 to 16 of CPT are instances of
the rules of inference of G. For Rules 2 and 3

'-®A V¥ '-®AV¥
'@ ' v

the required statement follows from the correspondiﬁg property
of invertibility (Proposition 31.2). For Rule 4 (5)

r-¢ ( '~ v )
'-e¢vyv '-ovyvy
a quasi-derivation in G
r-¢ 'V
' o, V¥ '-v, ¢
'-o®&vyvy ' &, ¥
F'-dvVY

{
establishes the required property. We now consider Rule 6

'-¢vv INNér-X I VX
I+ X ’

If the sequents above the line are provable in G, then the follow-
ing tree which makes use of the admissible cut rule (see the remark
following the proof of Theerem 1) is a quasi-derivation in G

[‘,du-x ' ¥ X
d_>ll r—_X \lf,I‘ ~ X

Corresponding to Rule 9 there is the statement about the inver-
tibility of the rule of introducing a negation.
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For Rule 10, if I' - ® and I' —~ — ® are provable in G, then so
is (by invertibility) the sequent ¢, I' and (by Theorem 1) the se-
quent I, I'+~ and hence the sequent I'+—. The admissibility of Rule
12 in G has been established earlier.

Induction on the height of a proof of the sequent C in CPL
completes the proof. [J

A consequence of Propositions 1 and 2 is the main statement
of this section.

THEOREM 2. A sequent of CPT which is a sequent of G is pro-
vable in CPY if and only if it is provable in G. O

Exercise

1. Show that Theorem 1 is not true in the calculus G* (see Exercise 3 of
Sec. 30). (Hint. Use the results of Exercise 2 of Sec. 31 and Exercise 3 of Sec. 30.)

33. HERBRAND THEOREM

In this section we shall establish a very important theorem of
Herbrand which is, in particular, a theoretical basis of modern
machine methods of searching for a proof in the calculus of
predicates. One of such methods is based on the calculus of
resolvents which is to be discussed in the next section. Herbrand’s
theorem justifies finding by this method the provability of any
provable formula of CP; the latter property is called the com-
pleteness of the method. In addition this theorem gives certain
constructive meaning to arbitrary sentences of the calculus of
predicates.

We begin this section by studying some syntactical relations.

We associate with every term ¢ and every variable x some set
F,(t) of function symbols:

(a) if x does not occur in f or t = x, then F (1) = J;

(b) if x occurs in fand ¢ # x, thent = A(t,, ..., t,) for some
function symbol 4 and some terms ¢, ..., t,; we then set F, () =

= (n) U U F@).
=1
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LEMMA 1. If x # y and x does not occur in t; then for any term t
E((t).) = F(1).

PROOF. By induction on the construction of a term ¢. []

PROPOSITION 1. If QxV¥ (Q € {V, 3}) is a generalized subformula
of a formula &, then for any term t, of a formula ¥ we can find a
term t, of ® such that

F.(t) = F (1))

and t, is within the scope of the quantifier QOx.

PROOF. Since Qx V¥ is a generalized subformula of a formula &,
there is a sequence of formulas ¢, = ¢, ¢,, ..., &, = Qx¥ such
that for any / < n one of the following conditions holds:

(1) & =% ;

Q=9 . ,7%,,@& =Y, 7, ) for a suitable for-
mula ¥, , ,and 7€ {V, A};

3¢ =09/X;, %, = (X)) for asuitable formula X; and a
suitable term f free for a variable y in X; and Q' € (v, 3}.

We now suppose that this proposition is true for n — 1. If we
take as ® the formula &, of the sequence & = ¢,, ¢, ..., ¢, =
= Q.Y, then by the induction hypothesis we can find for any
term {; of the formula ¥ a term ¢#, in &, such that F,({)) = F (1))
and ¢, is within the scope of the quantifier Qx. If the passage from
&, to P, satisfies condition (1) or (2), then ¢, is a subformula (and
not only a generalized subformula) of a formula ¢ = ¢,, and
therefore we must take as the desired 7, the corresponding term ¢, .
If condition (3) holds, then we consider three possible subcases.

Subcase (3a): ¥y = x. Then & = Q'xX, ¢, = (X)F for a
suitable formula X. Since ¢, (and hence X) has (by the induction
hypothesis) free occurrences of the variable x, by the property of
the purity of variables x does not occur freein X and ¢, = X, & =
= Q,/ ®,; ¢, is a subformula of $.

Subcase (3b): ¥ # x and x occurs in f. Then ¢ = Qy’ X, % =
= (X);} for some formula X. The formula ¢, has bound occur-
rences of the variable x; if X had free occurrences of y, then this
would violate the condition that the term ¢ should be free for the
variable y in X. So y has no free occurrences in X and ¢, =
=Xy =X;¢= Q}j ®,; ®, is a subformula of &.
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Subcase (3c): ¥y # x and x does not occur in ¢. Let X be a for-
mula such that &, = (X)}, ¢ = O, X. For any term ¢, of &, there
is a corresponding term 7, of X such that z, = (¢,)?, and if ¢, is
within the scope of some quantifier in &, then ¢, is within the
scope of the same quantifier for the same variable. By Lemma 1
we have F (1) = F,((¢,)] = F,(¢,); if a term £, is chosen in ¢, for
t, in accordance with the conclusion of the proposition, then the
corresponding term ¢, will satisfy the conclusion of the proposi-
tion for the formula .

The proposition is thus proved. [J

We shall say that a function symbol g has a bound occurrence
in a formula ¢ if ¢ contains a subformula of the form Qx¥ and ¥
has an occurrence’of a term ¢ such that g € F,(¢).

We give two corollaries of Proposition 1.

COROLLARY 1. If V¥ is a generalized subformula of a formula ®
and a function symbol g occurs bound in ¥, then g occurs bound
in ® as well. [J

COROLLARY 2. If D is a proof of a sequent C in G and a function
symbol g does not occur bound in any of the formulas C, then g
does not occur bound jn any of the formulas of the tree D.

PROOF. By the property of being a subformula and Co-
rollary 1. O

We fix a term ¢, which begins with a function symbol g, and a
variable x,. Now we define a transformation s (heavily relying on
the choice of a pair (7, x,») of terms as follows:

(a) if ¢ is a variable or a constant (distinct from g), then
s(t) =t

(b)ift = @, ..., t,) and ¢t # ¢, thens{t) = f(s(t)), ..., s(2,));

() if t = ¢, then s(t) = x,.

REMARK. If a term ¢ has no occurrences of 7, then s(¢) = .

The following lemma shows mutual relations of a transforma-
tion s and a substitution.

LEMMA 2. If x # x,and g & F,(t), then for any term t’

S((’)f ) = (S(t))f(l,) .

proor. We shall prove this equation by induction on the con-
struction of the term . If x does not occur in ¢, then neither does x
occur in s(#) and therefore s((?)}) = s(z) = (s(?)),,- Let x occur
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int. Thent # ¢, sinceif t = £, = g(¢,, ..., t,), then g € F, (¢). If
t = x, then s((x)}.) = s(t') = (x);f(,,). If t= h(,, ..., t,), then
@ = h(@)y, .oy (@)0) and s((0))) = s(A((4)) s ..oy (B)5)) =
= h(s(@)y, ..., s((z,)¥) since h € F (t), g ¢ F,(¢) and hence
h((t,)%, ---» (t,)7) # t,. By the induction hypothesis A (s((t,)., ---
e S@E) = RSy 01 SEDE ) = SOy O

REMARK. Under the hypotheses of the lemma s(ts = t according
to the remark following the definition of a transformation s.

A transformation of terms s can be extended in a natural way
to formulas, sequents and trees of sequents by setting, for exam-
ple for formulas,

(@ s(®) = P(s(4), ..., s(t,)) for an atomic formula ¢ =
= P(t,, ..., t,);

) s(@®) = s(¥) ford = V¥,

) s(®) = 5(®y)75(®,) for & = ¢,7d,, 7€ [V, A};

(d) s(®) = Oxs(¥) for ® = Ox¥, Qe (v, 3}.

A consequence of the preceding lemma is

PROPOSITION 2. If a variable x, does not occur bound in ® and
X # X, is a variable such that g ¢ F,(t) for any term t of ®, then for
any term t’ free for x in ®

s(@)) = (@5

(this relation also includes the statement that s(t') is free for x in
s(@). O f

Obviously we have also the following

PROPOSITION 2'. If a variable x,, does not occur bound in ® and
X;, .-+, X, are variables distinct from x, and such that g & F,,(),
i =1,..,nforanytermtof ®, then forany termst|, ..., t, free
for x,, ..., x, in ® respectively

S = GO - O

th

We establish the following important property of a transforma-
tion s operating on proofs.

PROPOSITION 3. If D is a proof in G, a variable x, does not ap-
pear in D and g does not occur bound in the final sequent of D,
then the tree s(D) is a proof in G.

PrROOF. If C = &, T + O, ® is an axiom, then s(C) = s(9),
s(I) + s5(0), s(P) is also an axiom.
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For every passage corresponding to a propositional or struc-
tural rule, it is easily verified that the corresponding s-passage
(i. e. the passage in s(D)) is performed according to the same rule
of inference. For example, let a passage in D be as follows

r-o6,¢ r-—06,v
r-o0,eAv '

then the corresponding passage in s(D) is

s(T) = 5(0), s()  sI) F 5(8), s(¥)
s(T) - 5(0), s(® A ¥) ’

But s(® A ¥) = s5(®) A s(¥). Hence this passage is effected
according to the same rule (introduction of a conjunction into the
conclusion).
Now consider passages corresponding to the quantifier rules.
Let a passage in D be as follows:
T+~ 8, (d)f

Tr O, axd
Then the corresponding passage in s(D) is

SO = 50), (D))
sT) + s(8), s@xd)

According to Corollary 2 of Proposition 1 g does not occur
bound in the formula 3x®; hence for any term ¢’ of  we have g ¢
¢ F (1"). By Proposition 2 therefore s((®))) = (@3- So the
passage in the tree s(D) is

s() - 5(0), @y
sT) + s(0), 3Ixs(®) .

but this is a passage effected according to the rule of introducing
an existential quantifier into the conclusion.
Now consider a passage in D according to Rule 8:
15T =6
ax¢, T+ 0 '

where y does not occur free in ', 8. The corresponding passage in
s(D) is

_s((®15), s(T) = 5(8)

s@Ax®), s(I') + s(O) ’
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It is established as before that s([d)] ) = (s(d)))x (s(4>))x =
[s(@)]x and that no variable y occurs free in s(I‘) 5(0). The Iast
statement follows from the fact that for any formula ¢ a formula
s(®) may contain only one new free variable, namely Xp» which
does not appear in D, in particular X, # y. The passage in s(D) is
then of the form
[s@®))5, s(T) = 5(8)
3xs(®), s() ~ s(©)

where y does not occur free in s(I"), s(0). Hence this is a passage
effected according to Rule 8.

Similarly treated are Rules 9 and 10. (J

We now proceed to consider the main statement of this sec-
tion. For brevity a sequence ¢ of terms t, ..., t, will be denoted by f,
3x will denote Ix, ... 3x,; z is a sequence z;, ..., Z;.

THEOREM 3. Let a sequent C =T+ 6, ® be such that ® =
= 3xVyV¥(x, y, z) and no n-place function symbol g occurs in C.
The sequent C is provable in G if and only if so is a sequent
C* =T + 0, Ix¥(x, gx), 2).

Necessity. A marked formula is any formula &, of G of the
form

A% 4y 3, VYVG Y, ) E, 0 s <y

+ ey Is

which is a generalized subformula of a formula ®. If & is a mark-
ed formula, then &} denotes a formula

Ax ., - 3x, ¥ (x, g(x), z)

Let D be a proof of the sequent C with the property of the
purity of variables. Let a tree of sequents D* be obtained by
replacing each occurrence of each marked formula ¢, which is an
ancestor of the occurrence of ¢ in the final sequent C by a for-
mula &F . Notice that the final sequent of the tree D* is C*. We
show that D* is a quasi-derivation.

At the tops of D* are the same axioms as in D, since marked
formulas are not atomic (contain a quantifier vy). All passsages
in D have corresponding passages in D* performed according to
the same rules of inference, except for passages of the form
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Ak A, [(‘I’(-;, Y Z_))f,l: ;;n ]i (%)
Ar A (WYE p Y

where the principal formula of the passage is a marked formula
and ancestor of the formula &.
The corresponding passage in D* is
A - A, [(\l/(f,y, z_))f]:
A A (F G g0, D)

(* *)

We use induction on the depth of a derivation and suppose
that the sequent above the line in the passage (* *) is provable.
Since u does not occur in A, A and A’, A’ have the same variables
as A, A, u doesmot occur in A’, A’ ; hence the sequent A’ — A’,
vy(¥(x, y, z))" is provable. Then so is (by Proposition 2 of
Sec. 31) the sequent

A= A,’ ((‘P(x’ Vs Z))’I\‘)g(f) ’

but (¥ (x, y, 2D iy = (¥(x, g(X), 2))
and therefore the sequent below the line in the passage (* *) is
provable.

Necessity is thus established.

SUFFICIENCY. A marked formula is any formula of the form

@X 4y e 3, V(X 8(), 20,0 < s < n.
Let D be a proof of the sequent C*. We construct a tree of se-
quents D* by replacing each occurrence of a sequent C' = I'"
— 6’ byasequent C* =T + O%, where the list of formulas 6+
is defined as follows. Let ©, be a list of all formulas of © not
simultaneously marked formulas and ancestors of a formula
3x¥(x, g(x), z) in the final sequent C*. Let 1, ..., #/,/ > 0, be all
n-collections of terms such that the terms g(¢’) do not occur in C’;
then weset 6, = ¢(= xvy¥(x, y, 2)), ¥, gth), 2), ..., ¥(,
g(1"), z) and o+ = 6,, 6,.

We establish by mductlon on the depth of a derivation that all
sequents of the tree D* are provable (notice that the final sequent
of D* is the sequent C).
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At the tops of D* are the sequents that can be obtained from
the axioms by strengthenings and interchanges.

If a passage is performed in D by one of the Rules 1 to 6, then
the corresponding passage in D* can be obtained by several
strengthenings, interchanges and by applying the same rule. This
is an easy consequence of the fact that a marked formula which is
an ancestor of the formula 3x ¥ (x, g(x), z) of the final sequent
may be the principal formula of the passage according to one of
the Rules 1 to 6 only if s = n and then that formula must
necessarily be in the list ©,.

If a passage in D is performed according to a structural rule
(11 to 14), then the corresponding passage in D* is obtained by ap-
plying structural rules as well.

Consider the case where a passage is performed in D according

to Rule 8:
[‘bo“f.l"o o 90, \I/l s savy ‘I’k

) ()
au(bo, Po [l 90, ‘I’l g voey ‘I’k

where ¥, ..., ¥, is a list of all marked formulas of these sequents
that are ancestors of the formula 3x ¥ (x, g(x), z) of the final se-
quent C*.

The passage in D* is then

[®o)4, To - 6y, B, (11, (1), 2), ..., ¥(I™, g(t™),2)
Judy, Ty - 6y, &, ¥(t ', gt 1), 2), ..., Y(( !, 2(1), 2)

I<m (xx)

We show that a variable v does not occur ih any of the terms
g(ﬁ), i =1, ..., m. Suppose the contrary. Let v occur in g(F’);
then g(¢7) must occur in one of the formulas of the sequent [®]¥,
[y -6y, ¥, ..., ¥,.If g(¢') occurs in one of the formulas of a se-
quentI'y +~ ©,, ¥, ..., ¥, then v occurs free in that sequent since
otherwise g would occur bound in D, which contradicts Corollary
2 of Proposition 1. But then the passage (*) according to Rule 8 is
impossible. If, on the other hand, g(r’) occurs in [®,]*, then'the
formula 3u®, has a bound occurrence of a symbol g, which is im-
possible. Hence v does not occur free in the sequent I;, +— ©,, &,
v, g(th), z), ..., ¥(t™, g(t™), z); in addition the sequents
(%14, T, -6y, ¥, ..., ¥, and 3ud,, I, - 6,, ¥,, ..., ¥, have
the same occurrences of terms of the form g(7). But then / = m
and the passage (* *) is performed according to Rule 8.
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Similarly treated is the case of a passage according to Rule 9.
Now consider the case of a passage according to Rule 7. Sup-
pose D has a passage

T+ 69, ¥y, .oy Yy, (B9)F
To - g, ¥y, ..., ¥y, 3xd,’

(%)

where ¥, ..., ¥, are marked formulas that are ancestors of the
formula 3x ¥ (x, g(x), z) of the final sequent and the list 6, con-
tains no such formulas.

Two cases are possible: (1) 3x®, is neither a marked formula
nor an ancestor of the formula 3x ¥(x), g(x), z); (2) it is. Con-
sider case (1). Any term of the form g(f) in the lower sequent of
the passage (*) is simultaneously a term of the upper sequent.
Therefore the corresponding passage in D* is

x 1 1y 5) im fmy 2)
To = 6, (B)F, &, ¥ (1!, g( ),z&m.‘l'(t , et )'i) I<m (% %)
Ty + 6y, 3x&y, &, ¥(71, g(t1), 2), ..., ¥ (I, g(17), 2)

Let us consider the following tree of sequents instead of (* *):
Ty = 6y, (B)F, &, ¥((1, gt ), 2), ..., Y™, g(tM), 2)
Ty ~ 6, Ixdy, &, ¥(1, g(t1), 2), ..., ¥(I ™, g(t™), 2) ,
Ty - 6, 3xdy, &, Y((!, g(t"), 2), ..., ¥(t/, g(t7), 2)

In this tree the upper passage corresponds (up to an interchange)
to an application of Rule 7. Before considering the lower passage
we prove the following lemma.

LEMMA 3. [f a sequent

I+~ 0, 3xvy¥(x,y, 2), ¥, g(t), z)

is provable in G, the symbol g does not occur bound in that se-
quent and g(t) does not occur inT' — O, 3xvyV¥(x, y, 2), then
provable in G is a sequent

'~ 0, axvy¥(x,y, 2).

PROOF. Let D be a proof of the sequent I' - ©, 3ax vy ¥ (x, y, 7),
¥(t, g(1), z); let x, be a variable not appearing in D. If s is a syn-
tactical transformation defined by a pair (x,, g(f)), then by
Proposition 3 the tree s(D) is a proof (of the sequent I' ~ O,
axvy¥(x, y,z), ¥(, x,, z) by Proposition 2). Hence the sequent

15—191
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I' - 0, Ixvy¥(x, y, 2), (¥Y(x, X, z—)[-; is provable. It is easy to
verify that the following tree of sequents

T+ 0, axvy¥(x,y, 2), [(¥(x, Yy, z_))"']
'~ 6,3xvy¥(x, y, ), (Vy¥(x, y,z)

n

\n—l

T+ 0, 3xvy¥(x, y,2), (ax vy¥(x, y, z)) -

I+ 6, axvy¥(x, y, 2). axvy¥(x, y, 7)
T+ 6, axvy¥(x, y, 2)

is a quasi-derivation. [J

COROLLARY. If a sequent T' — ©, Ixvy¥(x, y, z), ¥(!,
g(th), z), ¥(', g(t"), ) is provable in G, the symbol g does not
occur bound in that sequent and g(t') does not occur in T' +— O,
axvy¥(x,y,z),i =1, ..., 1, then provable in G is a sequent

I~ 0, 3xvy¥(x, y, 7).

To prove this it is necessary to arrange the terms g(r), ...
.., &(¢1) in nondecreasing order of their length and apply the in-
duction hypothesis on / and Lemma 3. (J

To return to the case under consideration, since the terms
g(th), ..., g(t") occur in the sequent Iy + 6y, 3x$, and the terms

g+ 1), ..., gt™) do not, nor do the latter occur in the sequent

Ty - 6,, 3x<1>0,4> V(! g(t_’),z), ., Y (', g(t"), 7). To establish
that the last sequent is provable it is enough therefore to use the
corollary of Lemma 3.

Case (2), where 3x®, is a marked ancestor of a formula
IxV¥(x, g(x), z), is treated similarly (even in a simpler way).

The case where a passage in D is performed according to Rule
10 is treated similarly to the case corresponding to Rule 7. (J

Let us associate with every formula & in prenex normal form
some 3-formula ¢,;, called a Herbrand form of &, by the follow-
ing rule. If  is an 3-formula, then & ; if & is of the form
3x; ... 3x, VyV¥ x, ¥, 2) and g is an n- place functlon symbol not
occurrmg in &, then &; = (3x, ... 3x, ¥(x, gx), z))H It is
established by induction on the number of universal quantifiers
that this definition is correct.
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Theorem (Herbrand). Let & be a formula in prenex normal
Sform and let ®,; = 3x, ... 3x, ¥ (x, z) be a Herbrand form of ®,
where Y is a quantifier-free formula. The formula ® is provable if
and only if there are sequences of terms t! = T3 S tk =
= tk, ..., t8 such that a formula

Y@, Z) V...V ¥(@k, 2)
is provable.

PROOF. By induction (on the number of universal quantifiers)
and the preceding theorem @ is provable if and only if & is. To
complete the proof we establish the following.

PROPOSITION 4. A formula ® = 3x, ... 3x, ¥ (x, 2), where ¥ is a
quantifier-free formula, is provable if and only if there is a se-
quence of n-collections of terms t1, ..., t* such that a formula
Y(1', Z) V... vV ¥(tkz) is provable.

PROOF. By invertibility (Proposition 31.1) the formula
Y(t!, ) V ... V ¥(t¥, z) is provable if and only if a sequent
¥, 2), ..., ¥(t*, z) is provable.

Let that sequent be provable. Then a repeated application of
the rule of introducing an existential quantifier yields a provable
sequent —3x¥(x, z), ..., 3x¥(x, z). From this sequent via the
rules of abbreviation we obtain a sequent —3x¥(x, z). This
establishes sufficiency.

NECESSITY. Let D be a proof of a formula ¢ in G with the prop-
erty of the purity of variables. Let 71, ..., t*¥ be all n-collections
of terms ¢ such that there occurs a formula ¥ (¢, z) in D. Notice
that all formulas of D are ancestors of the formula ®. Let a tree
D* be obtained from D by replacing each occurrence of the se-
quent Ty - A, by asequent I, - ¥(t1,2), ..., ¥(t%,2), A,, where
A, is obtained from A, by eliminating all formulas of the form
@Ax; - 3x,¥%(x, 2)) 05, 0 < s < on. It can be verified

e ts
without difficulty that the resulting tree D* is a quasi-derivation
(of the sequent —¥ (¢!, z), ..., ¥(t*, z)). Indeed, there are se-
quents at the tops obtained from the axioms by revisions. A
passage corresponding to the propositional rules has correspond-
ing passages according to the same rule (possibly with an ab-
breviation and interchanges). No quantifier rules are used in the
tree D, except for Rule 7; the passages according to Rule 7 have

15*
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corresponding trivial passages in D*. The passages according to
the structural rules have corresponding passages obtained by ap-
plying structural rules. So D* is a quasi-derivation of the sequent
—¥(t!, 7), ..., ¥(t*, z) and necessity is established. (J

The strength of the Herbrand theorem is in that the question
of provability of an arbitrary formula is reduced to the question
of provability of some effectively generated sequence of
quantifier-free formulas. And it requires only propositional (and
structural) rules to show the provability of a quantifier-free for-
mula.

More precisely, let & be a quantifier-free formula and let
¥, ..., ¥, be all distinct atomic subformulas of &, then the pro-
positional form of & is the formula ¢, of the propositional
calculus, which is obtained from ¢ by substituting everywhere a
propositional variable P;, i = 0, ..., n, for a subformula ¥,.

PROPOSITION 5. A quantifier-free formula ® is provable in G if
and only if its propositional form & is provable in the proposi-
tional calculus. '

prOOF. Immediate from the property of being a subformula. [J

34. THE CALCULI OF RESOLVENTS

The calculi of resolvents are used to search for a derivation in
the propositional calculus and in the calculus of predicates. We
begin with the propositional variant.

Formulas of propositional calculi of resolvents are proposi-
tional variables or their negations.

If & is a formula, then $* is ~® when ® is a propositional
variable and P when & = - P.

The basic syntactical notion is that of a list of formulas. An
empty list is denoted by &. The calculi of resolvents have the
same rules of inference and differ only in axioms. If I'; ...; T, are
lists of formulas, then R, (T;; ...; T,,) denotes the (propositional)
calculus of resolvents whose axioms are the lists I'y; ...; T',.

The rules of inference of the calculi of resolvents are:

r,e O, %* r,e, ¥,06 T, ®, &

)

T, o ‘T, ¥,%,0° ~ T,%
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The notion of (tree form) proof is defined in the usual way. If
I' is a nonempty list of formulas, then AT' denotes a conjunction
of formulas of I'. AT is a formula of the propositional calculus,
but generally speaking it is not a formula of the calculus of
resolvents.

LEMMA 1. If D is a proof of a list T in R, (Ly; ...; T,)) and T, oc-
curs at the top of D, then for any list T in R,(Ty; ...; T, _ s T,
I'))alistT', T is provable. i

pPrOOF. By induction on the number of lists of the tree D. If
D=T,,thenI' =T, andI'", T'isa proof inR,([y; ...; T, _ /3T,

r).

Let D = Q%PA and suppose that the last passage is EO':;P;'IE,
then by the induction hypothesis there are proofs Dj, D/ in
Rp(@Ty; .5 T, _y5 .57, T,) of lists ', T'%, & (or I'%, ¢if T, does
not occur at the top of Dy) and I, I'!, &* (or I'!, $* if I', does not
occur in D) respectively. Since T, occurs at the top of D, or at the

top of D,, then at least one of the trees

Dy Di Dy D D; Dy
r,ror/, v’ rvrort’ ro, r’,
isaproofin R, (Ty; ...; T, _,, T, T,). From the final list we easi-

ly obtain I'’, " with the aid of the structural rules.

If the last passage in the tree D is effected by Rules 2 and 3, the
induction step is obvious. [J

We now prove a statement relating the calculus of resolvents
to provability in the propositional calculus.

PROPOSITION 1. If Ty; ...; T, are nonempty lists of formulas

n
(of the calculus of resolvents), then the formula \/ (AI}) is prov-
i=0
able in the propositional calculus if and only if the empty list of
Sformulas & is provable in the calculus R,(Ty; ...; T)).

PROOF. Let D be a tree of lists of formulas such that its tops
contain nonempty lists of formulas 6,; ...; ©,, each passage is a
passage according to one of the rules of inference in the calculus
of resolvents and © is the final (possibly empty) list of formulas.
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k
We prove that then a sequent © ~ V (AB;) is provable in the
i=0
propositional calculus. We shall proceed by induction on the
number of lists of formulas in the tree D.
Let D consist of a single (nonempty) list O, then the sequent
O +— AO is obviously provable in the propositional calculus.

Let the tree D be of the form _DieD‘ ; 69 ...; B, be the lists at

the tops of D,; 6/; ...; ©] be the lists at the tops of D,. Let the
final passage be

0, % 9y, 2%
o

(then ® = 6,, 6,). By the induction hypothesis the sequents O,

k
® ~ ¢° and 6, &* ¢!, where $* = VY (AB?) and ¢! =
1=0
Ky
= V (/\9,.'), are provable in the propositional calculus. Then
1=0
the tree
6y, d — @0 0,, o* ~ ¢!
FOVE* By, b PVl B, e* - B0V @!
89, 6, - 0 v ! B

is a quasi-derivation of the required sequent for the tree D.

The case where the last passage in the tree D corresponds to
the structural Rule 2 or 3 is obvious. It follows from the proved
statement that if the empty list of formulas is provable in

R,(Ty; .5 T,), then the formula W (AI}) is provable in the
=0
propositional calculus.
To prove the converse we shall use the propositional variant
G, of the calculus G. We show by induction on the number of
conjunctions in a sequent

= AB,, ..., AD, *)
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that if that sequent is provable in G,, then the empty list is
provable in R, (6,; -..; 6;).

Let the sequent (*) contain no conjunction sign. Then it has
the form &, ..., ¥, where & are propositional variables or
their negations. Such a sequent is provable in G, if and only if
there are i, j < k such that & = <I>j‘. and so

P, di
%]

is a proof in R, (%,; ...; ®,).

Let the statement be true for sequents of the form (*) with the
number of A signs less than 7. Let a sequent (*) have n A signs
and let ©, = 09, ©,, where ©0 and ©, are nonempty lists of for-
mulas. By invertibility, if a sequent (*) is provable, then so are
the sequents —AB,, ..., AB, _ |, AB and A8, ..., AO, _ |,
A©,. By the induction hypothesis the empty list & is provable in
Rp(©g;...; 6, _ ;6 and Rp(8y; ...; 6, _ 13 6}). Let Dyand D,
be the corresponding proofs. If 6/ does not occur at the tops of
the tree D, then D, is a proof (of the list &) inR,(Oy; ...; 6, _ )
and all the more in R,(©,; ...; 6, _ ,; 0,). If 8/ does occur at the
tops of D, then by Lemma 1 there is a proof D{ of the list 67 in
Rp(©y; -3 6, _ |3 6, = 60, 6]). Substituting a tree Dy for all
tops of the form ©Q in D, yields a proof of the empty list in
Rp(By; --15 6;).

To return to the proof of the required statement. By inver-
tibility the formula \/ (AI}) is provable in G, if and only if so is

1=0

the sequent — AT, ..., AT, . According to the statement just prov-
ed, it fo.lows from the provability of the sequent ~ATly, ..., AT,
that the empty list of formulas & is provable in R, (Iy; ...; T,). O

We now proceed to study the calculi of resolvents for the
calculus of predicates.

Formulas of a calculus of resolvents are atomic formulas of
the calculus G or their negations. For a formula ® we define ®* as
above. The rules of inference are Rules 1, 2, 3 and Rule

oL
@y
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where x = X;, .-, X, is a list of distinct variables and t = Ly oons
is a list of terms.

Calculi of resolvents differ in axioms. A calculus of resolvents
with axioms (with lists) Iy; ...; T, is denoted by R(I'y; ...; T,). The
relation of a calculus of resolvents to provability in the calculus of
predicates is established by the following statement.

PROPOSITION 2. Let & = 13x, ... 3Xm< \V} (/\I‘[)> be a closed
i=0

SJormula of the calculus of predicates and let T, i = 0, ..., n, be
nonempty lists of atomic formulas or of their negations. A for-

mula ® is provable in the calculus of predicates if and only if so is
the empty list of formulas in the calculus of resolvents R(T,; ...

. T).
n .
PROOF. Let & be a formula provable in G. Then by Proposition
31.3" there are collections of terms ¢! = ¢I, ..., tl; .., t¥ =
=tk ..., tX such that the following sequent is provable

l—(V (/\I"J)X y e < \V/ (/\I‘,))X .
(=0 r! i=0 rk

The provability of this sequent is equivalent to the provability of
the formula

=V (ALY

By Proposition 33.4 &’ is provable if and only if so is the proposi-
tional formula ®,. Using Proposition 1 we conclude from the
provability of ¢/ in the propositional calculus that in the calculus
of resolvents R(...; ([',)Y/; ...) the empty list is provable making
use of Rules 1 to 3 only. (To do this it is necessary to replace the
propositional variables by the corresponding elementary formulas
in the proof of the empty list in the propositional calculus of
resolvents associated with the formula &;.) But since lists (I';)}/
are obtained from lists I'; by Rule 4, it follows that the empty list is
provable in R(T; ...; I,).

As in Proposition 1, to prove the converse we shall establish
the following statement: if D is a proof of alist © in R([; ...; T',)
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and x = X, 5 .-+y X, is a list of all variables in the formulas of lists
I,; ...; T, then there are collections of terms ¢/ = ¢/, ..., #! i =

k n
=1, ..., k,such thatasequent © — ( \V/ (/\(I‘j)l’?i) )is prov-
i=1 N=0
able in the calculus G.
We proceed by induction on the number of lists in the proof
D. When D is simply a list T, the following tree is a quasi-

1

derivation of the required sequent:

____..r_l..l:_./}rjl. .
: .

I~ V (aI)
=1

Let the proof D be of the form D" and let the last passage be

6’ ,
E,wheree = (6 ),“.

By the induction hypothesis a sequent

k n
c=0'r v ( v (A(F,);*i)>
i=1 \, .9

is provable for some collections of terms 1, ..., * in the calculus
of predicates.

It is obvious that the provability of the sequent C implies that
of a sequent C’ = (C)¥ (it is necessary to take a proof of the se-
quent C in G and substitute (D)¥), but then a sequent C’ =

A n
=0+~ V ( \V; (/\(I‘j)jz,j)>, where 1 '/ = (t7)¥, is provable.
=1 1 =0

The cases where the last passage in the proof D is perform-
ed according to Rule 1, 2 or 3 are treated as in Proposition 1.
So if the empty list & is provable in R(I';; ...; I')), then there
are collections of terms ¢!; ...; tk such that a sequent

A n
-V <V (/\(I‘j)lxi)> is provable. Then a sequent
=1

=0
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- ( V (/\I‘j)>:, (

j=0

n x
\V/ (/\I‘j )> is provable. It is easy to
j=0 rk

derive from the provability of such a sequent that a sequent

= 3x, ... axm( \"/ (AT} ))

=0

is provable too. (]

We now show how to reduce the question of the provability in
G of an arbitrary formula & of G to the question of the provabili-
ty of the empty list in a suitable calculus of resolvents.

If ¢ contains free variables z,, ..., z,, then it is easy to verify
using the corollary of Proposition 31.2 that & is provable if and
only if so is the universal closure % = vz ... vz, ® of the formula
o,

Let ®° be a closed formula. Then we can find for it effectively
an equivalent formula ®! in prenex normal form. By the Her-
brand theorem the provability of the formula &' (and hence of the
formulas ®° and &) is equivalent to the provability of the Her-
brand form ¢}, of ®!. The matrix of &/, is in disjunctive normal
form, i. e. has the form W (AT)), where I'; are some lists of

1=0
atomic formulas or of their negations. But then &}, is a closed
3-formula and hence by Proposition 2 its provability is equivalent
to the derivability of the empty list & in the calculus of resolvents
R(T,, ..., T,). :

From what we have just proved, from Theorem 23.11 and
Theorem 32.2 we see that the question of provability of an ar-
bitrary formula @ in the calculus of predicates reduces to the ques-
tion of provability of the empty list in a suitable calculus of
resolvents.

Machine realizations of a search for the provability of the
empty list in a calculus of resolvents make use of various deter-
ministic (and sometimes also nondeterministic) methods of suc-
cessive transformation of lists so that all provable lists are obtain-
ed in such transformations. Such methods are called strategies of
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a search. Any discussion of strategies is beyond the scope of this
textbook.

To get at least a feeling of what problems may arise here the
reader should prove the following statement.

* PROPOSITION 3. There is an algorithm which finds out from two
Jormulas,  and ¥, of a calculus of resolvents if there are collec-
tions of terms t = 1, ..., 1, such that formulas (®)F and (¥)7*
coincide and if there are, then it finds such a universal collection t.

Universality means that for any collection ¢’ such that (<I>)§, =
= (¥);. there is a collection of terms t ” = ¢, ..., ; correspond-
ing to a list u = u,, ..., u, of free variables of the terms of  such

that 7" = ()&, .0

}



Chapter 7

ALGORITHMS AND RECURSIVE FUNCTIONS

35. NORMAL ALGORITHMS AND TURING MACHINES

In the preceding chapters we have repeatedly referred to an
algorithm ¥ operating on some set of objects X, understanding by
this an exact prescription determining from any object @ € X some
well-defined sequence of elementary operations performing which
we either never terminate the process (of computation) or the pro-
cess terminates and we obtain an object A (@) called the value of U
at a or the process terminates without yielding a value. If a process
determined by an algorithm U from an element ¢ does not ter-
minate or terminates without yielding a value, then it is said that %
is not applicable to a. Examples of algorithms are the rules of ad-
dition, multiplication and division operating on the set of pairs of
natural numbers. Notice that the division algorithm is not ap-
plicable to a pair of natural numbers {n, m), if n is not even
divisible by m. Another example is the algorithm, described in
Sec. 20, for finding from a formula of the calculus of predicates
an equivalent formula in prenex normal form. The number of
elementary operations required for a value of an algorithm to be
obtained may be very large. At this level of study, however, we
shall abstract from practical possibilities of realizing algorithms
and proceed from the assumption that we have an unlimited store
of time and materials when realizing a process of computation.
This assumption is called the principle of potential realizability.

As a rule, an intuitive understanding is enough to establish
whether or not a given prescription is an algorithm. One cannot
do without a precise definition of an algorithm, however, if one
attempts to prove that there is no single effective procedure (an
algorithm) for solving a certain class of problems. But is it possi-
ble to find such a mathematical definition for the notion of
algorithm which would both embrace the various already existing
algorithms and effective procedures accumulated by mathematical
and computational practice and ensure that any future intuitively

236
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acceptable algorithm does not demolish that definition? Posed so
broadly, this question could hardly be given a positive answer.
However, the actual development of mathematics has led to a
satisfactory solution (it would be more precise to say settlement)
of this problem. Namely, several formalizations of the notion of
algorithm were proposed differing in their scope, collection of ad-
missible elementary operations and possibilities of composing
prescriptions (programs) for computation. The study of these for-
malizations has shown that they possess the properties of being
closed under all possible combinations (superpositions, iterations
and so on), have a great power of reproducing to a reasonable
degree of similarity (adequacy) all known algorithmic procedures
and methods. The most essential to the justification of the defini-
tions has turned out to be the coincidence of classes of com-
putable functions for all these notions. Therefore at least the con-
cept of (algorithmically) computable function (with natural
arguments and values) has turned out to be invariantly defined
and this is quite enough for theoretical purposes. The existence of
a number of different definitions (strengthenings) of the notion of
algorithm has its advantages as well, since it is convenient to use
different ad hoc definitions in solving different problems. There is
a similar phenomenon in programming: the existing multiplicity
of programming languages is to a large extent due to the
multiplicity of problems facing human computers and program-
mers. In this section we shall give definitions for two different
classes of algorithms, normal algorithms and Turing machines.
No detailed study of these concepts is envisaged here. We restrict
ourselves to precise definitions, examples and formulations of the
main statement about the relation of these concepts. In the subse-
quent sections we shall study in more detail a class of computable
functions and give it yet another (already a third) definition.
Before proceeding to precise definitions consider an example.
EXAMPLE 1. Construct an algorithm 2 operating on the set of
the words of the alphabet of PC and computing the characteristic
function of the set of formulas of PC, i. e. an algorithm ¥ such
that A (o) = 1 if o is a formula of PC and A («) = 0 otherwise.
Let ¢ be a letter distinct from all the letters of the alphabet of
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PC. The following transformations will be performed with each
word « in the alphabet of PC:

1. We replace every occurrence of a propositional variable in
the word « by a letter ¢; let the word obtained be «, .

2. We construct a sequence of words o, oy, ..., «, such that
every word «; , |, 0 < i < n, is obtained from a word «; by
replacing one subword of the form —¢, (0 A ©), (¢ V ¢) oOr
(¢ =~ ) by ¢; and the word «, contains no subword of this form.

3. If o, coincides with ¢, then we set ¥ (o) = 1. If o, is distinct
from ¢, then we set A(x) = 0.

Letting the reader see for himself that this algorithm is ap-
plicable to any word and that it is correct, we note that the
elementary operations in this algorithm are successive
replacements of the occurrences of subwords of special form by
other words. An important feature of the algorithm is a possible
ambiguity (indeterminacy) in the process of computation, the se-
quence of words «,, «,, ..., a, not being determined uniquely
from a (although the number » is easily seen to be uniquely de-
fined). The concepts of normal algorithm and Turing machine de-
fined below also have replacements of subwords by words as ele-
mentary operations, but the sequence of the operations is unique-
ly defined.

Each of the algorithms defined below operates on the set of all
words of some alphabet B. A part of the letters of that alphabet
plays an auxiliary technical role. To distinguish the essential part
A of B(A C B), therefore, any algorithm % operating on the set
of words of B is said to be an algorithm over A.

Algorithms 8 and € over A are said to be equivalent with
respect to A if for any word « of A two conditions hold:

(a) if B is applicable to a word « of the alphabet A4, then G is
applicable to o and B(x) = C(a).

(b) the condition obtained from (a) by interchanging 8 and €.

We proceed to formulate the concept of normal algorithm
proposed by A. A. Markov. In what follows we let 4 be a finite
alphabet.

DEFINITION. A schema S in an alphabet A is an ordered collec-
tion of triples

<<alyﬁ])5l>’ Tty (a") B"’ 6n>>)
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in which the first two elements o, @3; are words of A and the third
element, §,, is in the set {0, 1}. A normal algorithm in A is a pair
(A, S) consisting of the alphabet 4 and a schema S in the
alphabet A4.

Let o be a word in A4, let ¥ = (A, S) be a normal algorithm
andlet S = (ay, By,6,), ..., (a,, B,, 8, If none of the words
Q, ..., @, is a subword of «, then we shall say that the word «
does not lend itself to the algorithm U. If i is the least number for
which o is a subword of « and if 8 is the result of the replacement
of the first occurrence of o, in « by a word ;,, then we shall say
that A simply converts « into 3 if §;, = 0 (we write ¥: @ ~ () and
that ¥ finally converts o into @ if 6;) = 1 (we write ¥: o - g3). Of
course, it is assumed that the signs — and - are exterior to the
alphabet 4. If A simply or finally converts « into 8, then we say
that A converts o into 3. We shall say that ¥ transforms a word «
into a word (3 (we write ¥ (o) = @) if there is a sequence v, ..., v,
of words of 4 such that the following conditions hold:

(@) vy = aand v, = B;

(b) if £ = 0, then « does not lend itself to U;

(c) A simply converts v, into v, , , fori < k — 1;

(d)if £ >0 A: v, _, + v, does not hold, then A: v, _ . v,
and v, does not lend itself to .

If a sequence v,, ..., v, satisfies conditions (a) to (c), and the
condition A: v, _ | + v, U v, _, ~-7v), then we shall write
AU =B U @ =-06).

It follows from the definition that if a normal algorithm con-
verts a word « into a word @, then  is uniquely determined from
A and «. If A finally converts « into 3, then A cannot simply con-
vert « into G. It is also clear that if « does not lend itself to ¥, then
A does not convert « into any word. From these properties we see
that if a normal algorithm ¥ transforms a word « into a word g3,
then B is uniquely determined from A and « (this justifies our
writing % (o) = B). If a normal algorithm does not transform « in-
to any word, then we say that the algorithm U is not applicable to
the word «. Notice that if a normal algorithm Y = (A4, S) is not
applicable to a word « of A4, then there is an infinite sequence of
words vy = a, Yy, Y35 -++s Vs --- fOr which &i oy, = v, |, i € w.

In what follows the triple {«, 8, 6) of a schema S in 4 will be
represented more graphically « — 3if6 = 0and o —-Bif 6 = 1,
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assuming, of course, that — and - are exterior to A. The schema S
is given by enumerating such words.

EXAMPLE 2. Let A = (Q,, Q,, A, V, =, (,), a}. Consider a nor-
mal algorithm ¥ = (A, S) with the following schema:

(1) aQ, — Qya,

(2) aQ, — Qq,

(3) an — Aa,

4) av — va,

(5)an — —a,

(6) a( — (a,

(7) a) — )a,

8)a—-vQ,),

9 A — (a.

It will be left for the reader to verify that if ® is a formula of
PC in the alphabet A \ {a}, then% (®) = (® vV Q). To illustrate
how the algorithm works we write out a number of successive
substitutions realized by the algorithm 9 beginning with the for-
mula (Q, A Q,). The part of the word to be replaced at a given
stage is given in a bold type:

(G AQ)— @A Q)—(aQy N ~Q)) —
~((QaA Q) —(QHAranQ)— (G A —aQ)) —
= (GAQa)—~((GAQa—((QANQ)V Q).

At first sight the definition of a normal dlgorithm does not
allow us to hope for any universality of that concept. A little ex-
perience is enough, however, to see the really ample possibilities
of normal algorithms. To illustrate, the class of normal
algorithms is closed under a composition.

Let%, = (A, § ), U, = (A, S, ) be two normal algorithms in
an alphabet A. A normal algorithm B over A is said to be the
composition of algorithms A, and ¥, if for any word o in A 9B is
applicable to « if and only if ¥, is applicable to « and ¥, is ap-
plicable to ¥ (), and then B (a) = A, (U, ().

PROPOSITION 1. For any two normal algorithms ¥, and ¥, in an
alphabet A there is a normal algorithm B over A which is the
composition of A, and Y, . ‘

prOOF. It is assumed that the alphabet 4 does not contain the
letters 0, 0’, 1 and 1’. The algorithm 8 we are constructing is in
the alphabet A U {0, 0’, 1, 1’}. For further purposes, it may be
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assumed without loss of generality that the schemata §, and S, of
A, and ¥, respectively contain triples of the form (A, 8, 1). In-
deed, it is easy to verify that if we add another triple, (A, A, 1), as
the last one in the schema S, of the algorithm ;, / = 0, 1, then the
resulting algorithm ¥, will be equivalent to ¥; over A; therefore
the composition of the algorithms 9 and ¥, will be the composi-
tion of the algorithms ¥, and ¥, as well.

Let Sg be an ordered sequence of triples obtained from the
schema S, by replacing each triple («, 8, 6 by a triple {(«, 8, 69,
where

0
1.

(0", 0B,0) if &
(0", 1B,0) if &

(a, B, 6 = {

Let S} be an ordered sequence of triples obtained from S, by

replacing each triple («, 3, 6) by a triple («a, B, 6)', where
(1"e, 18,0y if 6 =0

b k] 6 ] =
(o, 5, 6) {(1'(1, 8,1y if &=1.

LetA = {a,,a,, ..., a, ). Then a schema S of B is the follow-
ing ordered sequence (with the external brackets ( ) omitted):

(a,0, Oa,, 0), ..., a0, Oq,, 0),
89, <0'a,, a,0’, 0y, ..., <0"a,, ¢, 0’, 0), <0, 0", 0,
(ay1, 1ay, 0), ..., <a 1, 1a,, 0), S}, (1"qy, ay 1", 0), ...
v (1ay,a,17,0), <1, 17, 0), (A, 07, 0).
To write this more graphically ‘“‘in a column”’,
E0 — 08 feA,

S,

0°¢ — £0', ¢eA,
— 0’

£l — 1§, teA,
Sl

1"g = £17, §€A,
1 - 17,

16—191
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The normal algorithm®8 = (4 U {0,0',1, 1"}, S) is precise-
ly the composition of the algorithms ¥, and ¥, . Leaving a com-
plete check of the details to the reader, we list the main points in
the work of the algorithm B.

Let o be a word in A. Then

(1) B: a + Oc;

@ ifd:at o', thenB: 0’ = 0"’

(3)B: 0 + 0"«

@) ifU%: =o', thenB: 0’ = la';

(5)B: la - 1'a;

© iU ar- o', then®B: 1'a=1"a’;

DifY:ar--a', thenB: ' =-a’. O

We now formulate the fundamental principle of the ‘‘univer-
sality’’ of normal algorithms.

NORMALIZATION PRINCIPLE. Any algorithm over a finite alphabet
A is equivalent with respect to A to some normal algorithm over
A.

The reasons for the validity of this principle, which is not a
mathematical statement, were discussed from the very beginning
of the section as the material was presented.

It may seem that the requirement that the algorithm should be
finite prevents us from treating normal algorithms as an adequate
representation of the concept of algorithm in mathematics. This is
not an important limitation, however. The thing is that if some
algorithm B operates on a set M, then the elements of M and those
of B (m) must be effectively defined, and hence the elements of M
and B(m) have a finite number of integral invariants, it being
possible to evaluate those invariants and reconstruct an object
from them using some ‘‘coding’’ and ‘‘decoding’’ algorithms. It is
thus enough to restrict oneself to algorithms operating on se-
quences of natural numbers and producing as values also se-
quences of natural numbers. And sequences of natural numbers
can be coded in natural numbers themselves (for example, by

assigning to the sequence ny, ..., n, a number 2no+ 1%
x 3m+ 1. -ppk+1iwhere p,, p,, ..., p, are prime numbers

written out in ascending order). Therefore the question of finding
a more precise definition of the concept of algorithm reduces to
the question of describing a class of functions f: X — w, where
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X ¢ ", for which there is a computing algorithm in the intuitive
sense mentioned at the beginning of this section.

Throughout the following, by a partial function we mean a
mapping f: X — w, where X C o for some n € w. A partial func-
tion f: X — w, X C ", is said to be computable if there is an
algorithm B operating on «”", not applicable to n-tuples a ¢ X, for
which 8(a@) = f(a), a € X. To represent a natural number m we
shall use not the ordinary decimal notation, but a simpler nota-
tion, 11 ... 1, where the number of units is m + 1. Such a number
will further be called the notation of a number m and denoted by
m. A collection of numbers (m,, ..., m, ) is represented by a word
a = mO0m,0, ..., Om, and called the notation of an n-tuple
a={m,....,m.).

DEFINITION. A partial function f: X — w, X C ", is said to be
normally computable if there is a normal algorithm A = (A4, S)
such that 0, 1 € A for any n-tuple (m, ..., m,) € w (m,, ...
..., m, ) € X & Uis applicable to the notation {(m,, ..., m, ) and
A(a) = f(a) for a € X. Such an algorithm ¥ is called a normal
algorithm computing a function f.

The normalization principle for partial functions will now
read: the class of computable partial functions coincides with the
class of normally computable partial functions.

EXAMPLE 3. Construct a normal algorithm 2 computing the
function x2. Let A = (A4, S ), where 4 = {0, 1,4, b, c, d, e} and
the elements of S are arranged in the following order:

(1) ¢l - Oac, (7) ad — d,
2) a0 - Oa, . 8) 0d — d,
() ea — ae, ) bc —--1,
(4) 0a — aeO, (10) bd — -1,
(5)0c — d, (11) 1 — bc.
(6) ed — d1l,

To illustrate the work of this algorithm we write the number 2:

111 — bcll — b0acl — bH0a0ac — b00aac — b0aelac —
— baeOe0ac — baeOeaeOc — baeOaeeOc — baeaeleelOc —
— baaeeOee0c — baaeeOeed — baaeeOedl — baaeeOd11 —

— baaeed1l — baaedl1l — baadllll — badllll —
— bd1111 —-11111.

16*
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We proceed to describe the class of algorithms introduced by
A. M. Turing and E. L. Post in 1936.

Let two finite sets 4 and Q be given containing no letters L
and R. A set of quadruples P = {(x;, y;, u;, v;>1i < m} is said to
be a program with an exterior alphabet A and an interior alphabet
Qifx;eQ,ye€A,u;e Qandv,e AU (L,R} foranyi < m.In
what follows the elements of a program (x, y, u, v ) will be called
instructions and denoted by xy — wv.

DEFINITION. A Turing machine is a 6-tuple (A4, Q, a,, q,, q,, P>
satisfying the following conditions:

(1) the sets A, Q are finite, do not intersect and do not contain
the letters L, R;

(2)aye A;q4,9,€ Q;

(3) P is a program with an exterior alphabet 4 and an iterior
alphabet Q such that

(a) there are no two distinct quadruples in P in which the first
and respectively second terms coincide.

(b) g, is.not the first term in any of the quadruples of P.

A machine word with an exterior alphabet A and an interior
alphabet Q (or simpply @ machine word in (A, Q)) is a word in
the alphabet 4 U Q such that « is a word in an alphabet A U {q}
for some g € Q and « contains exactly one occurrence of the sym-
bol q. t

Suppose « is a word in an alphabet B and @ € B. A word aaa
will be denoted by o?. If a = ba,c, where b, ¢ € B, then «, will
denote

(@ awordaif b = ¢ = q;

(b) aword o, cif b = aand ¢ # a;

(c)aword ba, ifc = aand b # a;

(d)aword aif b # aand ¢ # a.

Let o and 8 be machine words in (A4, Q) and let an element
q € Q occur in «. We shall say that a Turing machine M = (A4, Q,

a,, 4, q,, P> converts a word o into a word (3 (we write o X B)if
the following three conditions hold:

(1) if «® = «,qaa, and ga — rb € P, b € A, then 8 =
= ((1] rbaz)ao;

(2) if @ = «,agqba, and gb — rL € P, then 8 = (a;raba,)q,;

(3) if @% = «,qac, and ga — rR € P, then B = (a,ara, )y, -
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Note that a machine M can convert a word « only into one
word. This follows from condition 3 (a) of the definition of a Tur-
ing machine. If a machine word « in (A, Q) is not converted by a
Turing machine M = (A4, Q, a,, q,, q,, P) into any word B, it is
said that « is a no-go word for M. Notice that condition 3 (b) of
the definition of a Turing machine implies that if a machine word
a contains a symbol g, then it is a no-go word for M.

Let « be a machine word in an alphabet B. A word obtained
from « by replacing all occurrences of a symbol b by the empty
word is denoted by o« b.

DEFINITION. Let M = (A, Q, a,, q,, q;, P> be a Turing
machine and let «, 8 be words in an alphabet A\ (g, }. We shall
say that the machine M transforms the word « into the word 3 (we
write M («) = B) if there is a sequence v, ..., v, of machine words
in (A4, Q) satisfying the following conditions:

(N Yo = 4,5

Q) B =,/ 9) " a;

Gy, =y, i< n

Notice that if conditions (1) to (3) hold for the sequence v,, ...
.-+, Yy, then v, contains an occurrence of g, since 8 is a word in
A Nlay}.

It is clear that the machine M can transform « only into one
word. If M does not transform « into any word, then we shall say
that M is not applicable to « or that the value of M () is not defin-
ed. In this case either there is an infinite sequence v, ..., v,, ---

..., N € w, for some vy, = g, and y; X Yi 4+ 1» { €w, Or thereis a
finite sequence v,, ..., v, satisfying conditions (1) and (3) and v, is
a no-go word not containing g, .

DEFINITION. A partial function f: X — w, X C ", is said to be
Turing computable if there is a Turing machine M = (A4, Q, a,,
4y, q,, P for which the following conditions hold:

(@0,1eA4,a, # 0,q, # 1;

(b) M is applicable to the notation of an n-tuple a ¢ a € X;

(c) M(a) = f(a) fora e X.

Such a machine will be called a Turing machine computing the
Sunction f.
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It is obvious that all Turing computable partial functions are com-
putable.

EXAMPLE 4. Construct a Turing machine M computing a func-
tion f(n) = 2n. Let M = (A, Q, a, q,, q,, P), where A =

= {0, 1, a}, Q = {4y, 9, 93, 95, 9,} and P consists of the
following quadruples:

q,1 — g,0, 4,0 — ¢;R, g1 — q,0,
q,0 - q,L, q,a — q,0, ga — q,L,
q¢10 - Q41» q41 - Q4L’ q,a — q()a'

Let the reader see for himself that this machine does in fact
compute the function f(n) = 2n. To illustrate its work we write
out the “‘process of computing’’ f(2):

g, 111 = ¢,011 = 0¢,11 = 0g,01 = ¢,001 =

2 g,a001 = ¢,0001 = 0,001 & 00g,01 = 000g,1 =

2 000g,0 & 009,00 & 04,000 2 ¢,0000 = ¢,a0000 =
500000 = 0g,0000 = 00¢,000 = 000g,00 -
0000g,0 = 00000g, = 0000¢,0 = 0000g, !
000g,01 = 000g,11 = 00g,011 % 00g,111
0g,0111 £ 0g,1111 = g,01111 = g, 11111

M
—

Iz Iz Iz Ix
Iz Iz Ix
Iz |z Ix

Y galllll = galllll,

The following theorem holds.

THEOREM 1. The class of Turing-computable partial functions
coincides with the class of normally computable partial functions.

The proof that Turing-computable functions are normally
computable will be left as an exercise to the reader. The proof of
the other part of the theorem is rather cumbersome, consisting
essentially of writing out a great number of programs, and so is
omitted here.

By virtue of Theorem 1 the following thesis is equivalent to the
normalization principle for partial functions: any computable
partial function is Turing-computable (Turing’s thesis).
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Exercises

1. Construct a normal algorithm equivalent with respect to the alphabet
{Qo, Q1» AV, 1, —, (,)} to the algorithm of Example 1.

2. Construct a normal algorithm 2 over an alphabet 4 such that for any word
ain 4 U(a) = aa.

3. Prove that the class of Turing computable functions is closed under a
superposition,

36. RECURSIVE FUNCTIONS

This section presents a method for refining the concept of
countable function, which may be called algebraic since the class
of functions to be defined is generated from some elementary
functions with the aid of some operations.

Recall that by a partial function we mean here any mapping
f: X — w, where X ¢ w” for some n € w. In this case n is called the
number of places in a partial function f and denoted by v(f). If
f: X — wis a partial function, then fis said to be nowhere defined
when X = & and completely defined when X = «')*, In what
follows the completely defined partial function is called simply a
function. A partial function with a number of places n is an
n-place partial function. The case n = 0 is possible. Then the
0-place function f: «® — w consists of a single pair (&, n) for
some 1 € w and is often identified with the number n. Throughout
the following the letters m, k, i and j, possibly with indices, denote
natural numbers.

Let f: X — w be an n-place partial function. If (m, ..., m, ) €
€ X, then f(m,, ..., m,) is the value of f on an n-tuple (m,, ...
vy m I (my, o, my ) ¢ X, then we shall say that f(m, ...

.., m,) is not defined or that f is not defined on an n-tuple

my, ...,m,>.
It is clear that to define an n-place partial function f'it suffices,
for any n-tuple {(m, ..., m,), to say whether f(m,, ..., m,) is

defined and if it is, then to find the number k = f(m,, ..., m,). If

* Note that if fis a partial function, then n is defined for f uniquely when f'is
not a nowhere defined function. Nowhere defined functions with numbers of
places n and m for any n, m € w are equal.
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fand g are partial functions, then we write
Sfmy, ...,m)=g(m, ...,m,)

when both sides of the equation are defined and are equal or when
both sides are not defined.

Let &, be the family of all n-place partial functions and let
F = U 7, be the family of all partial functions.

new

We define on the family & of all partial functions operators S,
R, M which preserve the computability of functions.

Suppose n, kK € w, fis an (n + 1)-place partial function and
&» --+» &, are k-place partial functions. We define a k-place partial

function h as follows: A (m,, ..., m,) is not defined if at least one
of the partial functions g, ..., g, is not defined on <(m,, ..., m, ),
and if all g, ..., g, are defined on (m, ..., m, ), then

h(im, ...,m.) = f(go(my, ..., m), ..., g, (m, ..., m,)).

We shall say that & is obtained by regular superposition from f,
8y -++» 8, and designate this as follows: & = Sk "(f, g, ..., g,).
The operator (of regular superposition) S¥- " is a completely defin-
ed mapping of §, , | x & * !into &, and preserves computabili-
ty, i. e. if partial functions f e Fpr158& - & € T, are com-
putable, then so is the partial function S% 7 (f, &> -+ &,)- The
superscripts of S will be omitted and as a rule we shall use the
more customary but less precise notation f(g,, ..., én) instead of
SU &, - 8,)

Letnew, feF,,g€F, , ,. Wedefine for fand gan (n + 1)-
place partial function 4 so that for any m,, ..., m, € w

h(m,, ...,m,, 0) = f(my, ..., m,);

h(m,, ..., m,, k + 1) is not defined if h(m,, ..., m,, k) is not
defined and h(m,, ..., m,, m,, k + 1) = g(m, ..., m,, k,
him,,...,m,, k)if h(m,, ..., m,, k)is defined. It is obvious that
h is uniquely defined for f and g and is computable if fand g are
computable. This definition of 4 from f and g gives an operator
R"*+1:§ x&,,,—~ 5, called primitive recursion operator.
The function & = R" *+ 1(f, g) is said to be obtained by primitive
recursion from f and g. The superscript of the operator R” + ! will
be omitted.
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Letn e w, f€ T, , . We define for fan n-place partial func-
tion g such that for any k, m;, ..., m, € w g(m,, ..., m, ) =k if
and only if f(m,, ..., m,,0) = Oand k = Oor k > Oand f(m,, ...

m,,0), ..., f(my, ...,m,, k — 1) are defined and are not zero
and f(m, ..., m, , k) = 0. Itis clear that such a function g exists
and is uniquely defined for f; moreover, if fis a computable func-
tion, then the computability of g is obvious from the definition of
g. Thus we are given an operator M", the minimization operator,
from &, , | into & ; if g = M"(f), then we shall say that g is 0b-
tained from f by minimization.

Basis functions are o, s, I (1 < m < n), where o is a one-place
function assuming a value 0 on any #, s is a one-place function
assuming a value » + 1 on a number n and /7 is an n-place func-
tion assuming a value k,, on a collection {k,, ..., k, ). It is obvious
that the basis functions are computable.

DEFINITION. A partial function fis said to be partially recursive
if there is a finite sequence of partial functions g, ..., g, such that
g, = fandeveryg,, i < k, is either a basis function or is obtained
from some previous functions by regular superposition, primitive
recursion or minimization. The sequence g, ..., g, is the deter-
mining sequence for f. If for a completely defined partially recur-
sive function f there is a determining sequence consisting only of
completely defined functions, then fis said to be recursive.

In the next section we shall prove that any completely defined
partially recursive function is recursive.

It readily follows from this definition and the above remarks
on the preservation of computability by the operators S, R, M
that any partially recursive function is computable.

The converse statement is called Church’s thesis:

Any computable partial function is partially recursive.

Historically it is this assertion that was the earliest precise
mathematical definition of an (algorithmically) computable func-
tion. '

We have the following theorem whose proof is omitted
because of its being too cumbersome.

THEOREM 2. The class of partially recursive functions coincides
with the class of Turing computable functions.

Thus Turing’s thesis is equivalent to Church’s.
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Let k, n € w, let « be some mapping of aset {1, ..., k} into a
set {1, ..., n} and let f be a k-place partial function. An n-place
partial function g is said to be obtained from f by substituting o if
forany m, ..., m, € w

gm,....om) = f(m,,...,m,).
This will be denoted by g = f@.
PROPOSITION 1. If f is a partially recursive function and g is ob-

tained from f by substituting «, then g is partially recursive.
PROOF. It is easy to verify that if g = f<, then

g =Snk=1(f 1, ., 1), O

PROPOSITION 2. The following functions are recursive:

(1) zero-place functions n, n € w;

(2) the two-place addition function +;

(3) the two-place multiplication function - ;

(4) the two-place truncated-difference function ~ defined as

Sfollows: )
m-—n if n<m
{ 0 otherwise;

m-=n=

(5) one-place functions sg and sg defined as follows:

(0 if n=0
sg(n) = {1 otherwise;
_ (1 if n=0
sg (n) = {O otherwise;

(6) the two-place identification function 6 defined as follows:
0 if n=m
1 otherwise.

o(n, m) = {

PROOF. We show that the zero-place function {(J, n)] is
recursive by induction on n. The function {(J, 0)} is equal to
M(o). If {(D, n)} is recursive, then the recursive function
s({(D,nY)) = ((I,n+ 1)}.Sincen + 0 = nandn + (m +
+ 1) = (n + m) + 1, then the function + equals R(/}, s(13)). It
follows from n-0 = Oand n-(m + 1) = n-m + n that the func-
tion - equals R(0, I} + I3).
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To show that the truncated difference = is recursive, consider
the one-place function =1 defined as follows:

0 if n=0
n=1-=
n—1 if n=+0.

It equals R (0, /) and is therefore recursive. Since n = (m + 1) =
= (n = m) = 1, the function = equals R(/}, I = 1) and hence is
also recursive.

The recursiveness of functions (5) follows from the equations
sg = R(0, s(0(I?))) and sg = R(1, o(12)).

Let a: {1,2} — {1, 2} besuch that o(1) = 2, «(2) = | and let
f be a function obtained from the function = by substituting «.
Then for the function é the equation 6 = S (sg, S(+, =, f)) is
true. It follows from the recursiveness of the functions sg, - and
Proposition 1 that the identification function 6 is recursive. [J

To define recursive functions and study their properties it is
convenient to use a special formal language Ry similar to that
described in Sec. 16. Let V' = {v;li € w} be a set of variables
whose elements are denoted by x, y, z, w, and u possibly with
‘indices.

Suppose £ = (R, F, u) is some finite signature such that £ 2
2 Fy = [0,s,+, -}, where 0 is the symbol of a zero-place func-
tion, s is the symbol of a one-place function, + and - are the sym-
bols of two-place functions; R 2 R, = { <}, where < is the sym-
bol of a two-place predicate.

Defining the expressions (the syntax) of the language R, will
also depend on the semantics of this language. Therefore the syn-
tax and semantics will be defined simultaneously; but first assume
a fixed algebraic system ) of a signature L with basic set w and
such that the values of the symbols of £, = (R, F;, u,) coincide
with the functions and the predicate denoted by these symbols
earlier (for example, to the symbol - there corresponds the opera-

tion of multiplication of natural numbers).
So by simultaneous induction we shall define the notion of

L-term, of I-formula (it would be more precise to speak of
(O -terms and () -formulas), sets of free variables FV(¢) (FV(y))
of a L-term ¢ of_al L-formula ¢, a natural number 7[5] and a truth
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value ¢[n] € {7, F'} for any interpretation n: X — w, where X C
CV,FV({t) € X, FV(p) C X:

(a) the symbol 0 is a E-term, FV(0) = & and 0[y] = 0;

(b) a variable x € Vis a E-term, FV(x) = {x}, x[y] = n(x);

(c) if f € Fis an n-place function symbol, ¢, , ..., £, are I-terms,
then f(¢, ..., t,) are E-terms; FV(f(t,, ..., ) = FV(t,) U ...
e UFV@); [y, -y t)n] = %@t ], ..., £, [1]), where fO is
an n-place operation of ;. corresponding to a signature symbol f;

(d) if Q is an n-place predicate symbol in R and ¢, ..., ¢, are
L-terms, then Q(¢, ..., ) is a I-formula, FV(Q(¢,, ..., 1)) =
= FV() U ... UFV(@E), O, ..., t)n = u e (0], ...
.o £, [n]) € Q%, where Q% is an n-place predicate corresponding
in Q. to a predicate symbol Q;

(e) if #,, ¢, are I-terms, then ¢, = ¢, is a E-formula, FV(f, =
= 4,) = FV() UFV({,), ((, = )] = u et [ = 4]

(f) if ¢ and y are L-formulas, then —¢, (o7¢) for 7 € {A, V,
—} are also Z-formulas, FV(—¢) = FV(p), FV(eTy) = FV(e) U
U FV () and (m@)ln] = ~(elnl), (em¥)n] = elnlry[n], where
=, A, V, — are defined on the set {7, F} by table (1) of Sec. 6,
with ¢‘0”’ replaced by “F’’ and ‘‘1”’ replaced by “7T’;

(g) if ¢ is a I-formula, x € V and for any interpretation
7,1 X — wfor whichx ¢ X and FV(p) C X U (x]} thereisn e w
such that ¢[n] = T forn = 7, U {{x, n)}, then uxe is a L-term,
FV(uxe) = FV(e)\ {x} and (uxe)[n] is the least Ny €w for which
eln’]l = T, where n" = (n \\ {{x, 7x)}) U {{x, ny)}.

It is easily established by induction on the construction of a
I-term (of a L-formula) © that for any interpretations y,: X, — w,
n, 0 X, — wsuch that FV(©) C X, N X, and for all x € FV(O)
7o (x) = 7, (x) we have O[n,] = O, ].

As usual we shall write (4, + 4,)((¢, -4,)) instead of +(,
L)(- (¢, ) and (¢, < t,)instead of <(¢, £,). In addition we shall
use the usual abbreviations for terms and formulas accepted in
arithmetic and the propositional calculus (for example, instead of
(x + ((z2) + (x-¥))) and ((¢ A ¥) — ¢) we shall write respectively
x4+ z2+ xyand (¢ A ¥) — o).

For a I-formula ¢ and an interpretation n: X — w, FV(p) C
C X, we shall often write “‘¢[n] is true’’ or simply ‘‘¢[n]’’ instead
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of “e[n] = T’ and ‘““p[n] is false’ or ‘‘—1¢[y]” instead of
“oln] = F.

Let © be a L-term or a Z-formula. An occurrence of x in O is
said to be free if it is not in a subword of the form pxy which is a
term. If the occurrence of a variable in O is not free it is said to be
bound. 1t is easy to verify that the set F¥'(0) consists precisely of
variables with free occurrences in O.

Suppose © is a L-term (a I-formula), x,, ..., x, € V are distinct
variables, ¢, , ..., t, are L-terms such that for any i € {1, ..., n} and
any x;, € FV(¢) no free occurrence in O of a variable y is contained
in a term of the form uye which is a subword of ©. Then

variables x,, ..., x, by L-terms ¢, ..., f, respectively.

By induction on the construction of a E-term and a E-formula
it is easy to establish the following

PROPOSITION 3. If © is a L-term (a L-formula), x, , ..., x, € V are
distinct variables, t,, ..., t_are L-terms such that for ©, x, , ..., X, ,
t , 1, the above conditions hold, then
. is a L-term (a I-formula), FV(8,) ¢

v 0
C(EVO) N {x,....x, ) UFV() U ... UFV(Q{),

(2) for any interpretation n: X — wsuch that (FV(©) \ [x,, ...
s X ) UFV() U ... U FV() C X wehave ©,[1] = O[],
where 7' = ({y, nO))1y € FV(O), y ¢ {x, ..., x, ]} U [x,
thahli=1,..,n}).0

19+

from © by substituting L-terms ¢, ..., t for the variables x,, ...
e X

Unnfortunately, the conditions for I-terms to be substituted for
variables do not always hold. To be always able to substitute we
introduce the following notions. A E-term (a Z-formula) O is said
to be obtained from a I-term (a L-formula) ©, by replacing a
bound variable if © is obtained from ©, by replacing the occur-
rence of a I-term uxe by wy(e)y, where y ¢ FV(p). E-terms
(Z-formulas) © and ©’ are said to be congruent if there is a
sequence O, ..., ©, suchthatg, = 6,0, = 6"and 6, , ,,i> n,
is obtained from ©; by replacing a bound variable.
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It is obvious that the congruent relation is an equivalence on a
set of I-terms and I-formulas.

PROPOSITION 4. If © and ©’ are congruent L-terms or
L-formulas, then FV(©) = FV(0') and for any interpretation
n: FV(O) — w we have O[n] = 6'[n],

PROOF. It is easy to show by induction on the length of © that if
O’ is obtained from O by replacing a bound variable, then the
statement of the proposition is true. We then proceed by induc-
tion on the length of the sequence 6, ..., ©, of the preceding
definition. (J

Note that for any EZ-term (X-formula) ©, any collection of
pairwise distinct variables x,, ..., x, and any L-terms ¢, ..., L
there is a E-term (a I-formula) ©’ such that ©’ is congruent to ©
and satisfies the conditions for the substitition (e')f;; s Us-

y In
ing this property and Proposition 4 we shall henceforth employ
the notation (O)fl" ,’;" without caring about satisfying the condi-

tions on bound variables, assuming that if these conditions do not
hold, then (e)f;; s (Q')fl‘,' ,’f’" for a L-term (a I-formula)
congruent to ©, with all conditions for the substitution already
satisfied for ©".

Recall that a subset X C A” is called an n-place predicate on
A. In what follows by predicates we mean predicates on w. If X is
an n-place predicate, then an n-place function =, defined as
follows: for any m,, ..., m, € w

T (my, .ym) =

{O if (my,....m)eX
1 otherwise,

is said to be a representing function for X.

Besides the representing function 7, of the predicate X one
often uses the characteristic function x, of X which is related to
T, by the equation x, = sg (my).

A predicate X is said to be recursive if its representing function
T, 1S recursive.

An algebraic system () is said to bg recursive if all functions
and predicates corresponding to the symbols of L are recursive.
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In what follows, speaking of Z-formulas and I-terms (whose
definition depends on a fixed algebraic system Q) we shall always
assume that Y is a recursive algebraic system.

Notice that the predicates =, < are recursive, since the
representing function for = is the identification function é and
the representing function for < 1is the recursive function
sg(sUd) = I3).

It is possible to associate with every I-term (E-formula) a
family of functions (of predicates) which are realized by that
L-term (by that EX-formula). To denote these functions
(predicates) we shall use an extension of Ry, adding another pair
of symbols, the square brackets [,].

We proceed to precise definitions.

If tisa Y.’-term and FV(¢) € {x, ..., x,} C V,x # X, for
i # jthen t[x, ..., x,] will denote an n-place function assuming
on an n-tuple (m,, ..., m,) € ' a value f[n], where n =
= {({x, myli =1, .., n}. If pis a I-formula and FV(p) C
C {x, -»x,} CV,x # X; for i # j, then ¢[x,, ..., x,] will
denote a predicate {{m,, ..., m Ylo[n] = T for n = ((x,
myli=1,..,n}}.

Notice that the same I-term ¢ realizes many functions; for ex-
ample, if FV(t) C {x, y}, thent[x, y], ty, x] and ¢[x, y, z] are in
general different functions. The symbol [x,, ..., x,] plays a role
similar to that of quantifiers, it relates the variables x,, ..., x,;
thus if FV(t) ¢ {x, ..., x,} and y,, ..., y, are pairwise distinct
variables, then we have

(g, e X, 1= @50 0 Dy e

PROPOSITION 5. Any function and any predicate realized by a
L-term and a L-formula respectively are recursive.

PROOF. Let © be a I-term or a I-formula and let FV(O) C
C {x, ..-s X, }; by induction on the construction of © we shall
prove that ©[x, , ..., x, ] is recursive.

(@) If ©® = 0, then B[x,, ..., x,] = M(o(I})).

(b) If © = x € V, then x = x;, for some i, € {1, ..., k}; so
Olx, ...l =1If

(c) Let © = f(1,, ..., t), where f is an n-place function sym-
bol, ¢, ..., t, are L-terms; we have FV(0) = FV({,) U ... U
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U Fv(,) ¢ {x, ..., x. }; by the induction hypothesis k-place
functions g, = ¢, [x,, ..., X1, ..., &, = £, [x, ..., x, ] are recursive.
If f9% is an n-place recursive function corresponding in a model
to the function symbol f, then obviously 6[x,, ..., x,] = S(f%,
g[ LIRS ] gn) = fnx(gl LIRS ] gn)'

(d) Let©® = Q(¢, ..., t,), where Q is an n-place predicate sym-
bol and ¢, ..., ¢, are L-terms. We have FV(©) = FV(t,) U ... U
U FV(,) < (x,, ..., X, }; by the induction hypothesis k-place
functions g, = ¢, [x, ..., %1, ..., g, = ¢, [x, ..., X, ] are recursive.
If QU is an n-place predicate corresponding in (. to the predicate
symbol Q, then according to our convention Q% is a recursive
predicate; therefore w,, the representing function of Q% is
recursive. It is easy to verify that the k-place recursive function
S(m,, &, ---» &) is the representing function for the predicate
Olx,, ..., x, ]; hence this predicate is recursive.

(e) Let © = ¢, = t,, where ¢, t, are L-terms; the representing
function for the predicate ©[x, , ..., x, ] is a recursive function S (3,
Llx, nx L blx, nx]).

(f) The case where O is of the form — ¢ or (¢7y) for 7€ {A, V,
—} and for IZ-formulas ¢ and y is quite obvious and will be left to
the reader.

(g) Let © = uxp, where ¢ is a E-formula and conditions (g) of
the definition of E-terms and Z-formulas hold. Then FV(yp) C
c {x, ..., X, x}. It is assumed that x is distinct from all the
variables x, , ..., X ; if this is not the case, then we choose y € V' to
be distinct from x,, ..., x, and to have no occurrences in ¢ and
consider a E-term 6’ = p.y(<p))’f instead of 6. By the induction
hypothesis it may be assumed that the (k + 1)-place function g
representing the predicate ¢[x,, ..., X, x] is recursive. Then it is
easy to see that O[x,, ..., x,] = M(g). Hence O[x,, ..., x'] is
recursive. [J

Our main task in the remainder of this section is to prove that
any recursive function and any recursive predicate is realized by
a Ly-term and a Ly-formula. Such terms and formulas will be
called recursive.

An important step in the proof of this statement is to consider
the following situation: a signature L’ is obtained from I by ad-
ding one k-place function symbol f; an algebraic system (. is a
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restriction of an algebraic system (). . Notice that in this case any
L-term is simultaneously a £’-term.

PROPOSITION 6. If there is a L-term 1 such that a function Si
corresponding in Q. to the symbol f is realized by a term t,, then
from any L'-term t' and any L'-formula ¢’ we can effectively
construct a L-term t and a L-formula ¢ such that FV(t) = FV (t'),
FV(p) = FV(¢') and for any interpretation n: X — w, FV(t) C
C X(FV(e) € X) we have t'[n] = t[n] or ¢'[n] = ¢[n] respec-
tively.

PROOF. Let fir' = Llx, ..., x,]. For any L’-term (any
L’-formuia) © we define inductively a word r (0) as follows: (a) if
O does not contain the symbol f, i. e. if © is a IZ-term or a
r-formula, then r(6) = 6;

(b) if g € F’ is an n-place function symbol distinct from fand
t, ..., [ are L'-terms, then r(g(¢,, ..., t,)) = g(r (), ..., r(t)));

(©if ¢, ..., g are L’-terms, then r(f(f, ..., 4)) =
= (Dt a5
(d) if Qis an n-place predicate symbol of R’ = R, t,, ..., t are

L’-terms, then r(Q(¢,, ..., £,)) = Qr (), ..., r());

(e r( =)= (r(t)) = rt,) if t,, t, are L'-terms;

) r(mp) = 1r(e), rery) = (r(p)r(Y)) for T e (A, v, =} if
¢, Y are L’ -formulas;

(g) r(uxp) = pxr(p) for a £’'-formula ¢.

By induction on the construction of £’-terms and X '-formulas,
using Propositions 3 and 4 and the definition of I-terms it is not
hard to prove simultaneously the following statements:

(1) for any L'-term t r(t) is a L-term and FV (t) = FV(r(t));

(2) for any L'-formula ¢ r(y) is a E-formula and FV (p) =
= FV(r(e));

(3)if ©isa L'-term or a L-formula, FV(©) C X, 7: X — wis
an interpretation, then ©[n] = r(©)[n].

It is clear that these statements imply the conclusion of the
proposition as well. (J

It is proved quite similarly that a predicate symbol of a
signature can be eliminated from R’\ R when there is a
E-formula without that predicate symbol that realizes the cor-
responding predicate in an algebraic system }.,. We shall
therefore refer to Proposition 6 for the case of a predicate too.

17—191
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If a E-formula ¢ is given, then uxe is not always a L-term, and
I-formulas with quantifiers 3x¢ and Vx¢ were never assumed by
us. It is, therefore, convenient to use at least ‘‘limited’’ analogues
of these operators.

DEFINITION. Let ¢ be a E-formula, ¢ be a -term, x € Vand x ¢
¢ FV(t). We introduce the following notation:

@ px < to = px(p Vx = s(1));

(b) 3x < tp = (wx < tp) < s():

VX< tp="Ix < o

It is obvious that ux = tp, 3x < tp and Vx = tp are a L-term
and Z-formulas, FV(ux < to) = FV(@x < to) = FV (VX < ty) =

= (FV(p) U FV(¢))\ {x}, and for an interpretation n: (FV(t) U
U FV(e)) \ [x}] — wwe have

the least n < t[n] for which
eln’], where n” = 9 U {(x, n)},

<t =
(x el if there is such an n

t[n] + 1 otherwise;
(3x < to)[n] = T & (thereis n < t[n] for which ¢[n’'] = T,
where n° = 9 U {{x, n)});
(vx < to)[n] = T e (for all n < t[n] we have ¢[y'] = T,
where ” = 7 U {(x, n)}).

We introduce a number of recursive functions and predicates,
adding corresponding symbols to L,. We add to L, the symbols
for the functions defined in Proposition 2 and not contained in
L :

° (1) the two-place function symbol = coinciding with the nota-
tion of the corresponding function on w;

(2) the two one-place function symbols sg and sg;

(3) the two-place function symbol 6.

In addition we shall use the abbreviation n for the I;-term
s(...s(0)...), where s occurs n times, n € w.

An algebraic system Q of the signature obtained is defined in
a natural way. Notice that each symbol we have introduced
satisfies the conditions of Proposition 6:
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(1) = =pz(@= 0N =xVX <YV <XxAy+z=x)[x)];

(2)sg = (1 = x)x]; sg = (1 = sg(x)[x];

B)o=wm(x=yAz=0V(x=yAz=0)xyl

Notice that on the right-hand sides of these relations new func-
tion symbols are also used for which a term expression has already
been given. We introduce yet some more recursive functions and a
recursive predicate, and the corresponding symbols, important
for our further purposes:

(4) < is a two-place predicate having its usual meaning on w;
the signature symbol will coincide with this notation;

(5) a two-place function [/] realized by a term as follows:

[/] = pe(x < s@)y) VO =0Az=x)x ],

i
the signature symbol will be the same; instead of writing [/] (m, n)
we shall write [m/n]; the term [/](¢;, t,) will also be written as
[t,76,];

(6) a one-place function [V ] realized by a term as follows

V1= w <so)Pi,

the signature symbol being the same; instead of [V ](n) we write
[Vn] and instead of [V ](¢) we write [V¢];
(7) a two-place rest function realized by a term as follows:

rest = (X - ([X/)’]‘)’))[x, y],

rest being the corresponding signature symbol;
(8) a two-place ¢ function realized by a term as follows:

c = [((x + )P + 3x + y)/2]lx, y],

¢ being the corresponding signature symbol;
(9) a one-place function / realized by a term as follows:

[ = (x = [([(V8x + T + 1)/2]) x
x ((V8x + 1] = 1)/2])/2])[x],

! being the corresponding signature symbol;
(10) a one-place function r realized by a term as follows

r= ((V8x + 1] = 1)/2] = 1(x))[x],

r being the corresponding signature symbol;

17*
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(11) a two-place function 8 defined by a term as follows:
B=pz <rx@Ew S I + (cz,y) + Drx)w =
= [))x, ¥,

B being the corresponding signature symbol.

We denote by L, a signature (R, F}, ), where F; = {0, s, +,
, ~,sg, 58,8, [/, [V 1, rest,c, ,r, B} and R, = {<, <}.

Using Proposition 6, it is easy to show that from any L,-for-
mula ¢, and any L, -term t; we can effectively construct a recur-
sive formula ¢, and a recursive term t, such that FV(p,) =
= FV(g), FV(t,) = FV(t,) and if FV(g) € I[x,
o X, JAEV (@) € (x5 oy X, )), then oy, .o, X1 = o 1x, ..

wxland bx, ..., x, 1 = [t [x, ..., x, ] respectively.
Now note some properties of the functions introduced above.

For any m, n € w, [m/n] is the integral part of the fraction "
n

ifn + 0and [m/n] = mifn = 0.

Forany m, n € w, rest(m, n) is the remainder of a division of m
bynifn s+ 0;restim,n) = mifn = 0.

Forany m € w [Vm] is the integral part of the square root of m.

We consider the functions ¢, /, r together.

PROPOSITION 7. For the functions ¢, |, r and any m, n € w the
following equations hold: . ' !

(1) c(l(n), r(n)) = n;

(2) I(c(m, n)) = m;

(3) r(c(m, n)) = n.

In particular, c maps w? onto w in a one-to-one manner.

prOOF. The usual arithmetic notation will be used below to
compute ¢, /, and r.
n+m?+3n+m

2

It follows from the equation c(n, m) = - that

8c(n, m) = 4(n + m)> + 12n + 4m.

The right-hand side of this equation permits the following two
representations: (2n + 2m + 1) + 87 — 1l and 2n + 2m +
+ 3) — 8m — 9. Hence we obtain the relations:

@Cn+2m+ 1)2< 8c(n,m) + 1< (2n + 2m + 3)?,
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2n + 2m + 1 < [V8c(n,m) + 11 < 2n + 2m + 3,
2n + 2m + 2 < V8c(n,m) + 11+ 1 < 2n + 2m + 4,

n+m+1<[[‘/8—6("’m)2+1]+1] <n+m+ 2.
Therefore
n+m+ 1= [[VSC(n,m)2+ 1] + 1]’
n+om= [D’_?f_(_"_v,ﬁ)_ﬂl_t_‘] a1 = [WW", mrii=l),
2 2
Since
2
c(n,m)= n+my+3n+m - (n+ m)n+m+1) +n,
2 2
we have
n = c(n, m ;Al [[Y_?_C(Aq,_r_rz) + 1]+ l] X [[\/80(n,m) +1]+1 ],
2 2 2
oo [WSETET 1) L
2

Hence we get /(c(n, m)) = n, r(c(n, m)) = m.

If n = c(i, j) for some i, j € w, then from /(c(i, j)) = i and
r(c(i, j)) = j we get c(/(n), r(n)) = n. Hence to prove the equa-
tion c(/(n), r(n)) = n for any n € w it suffices to show that for any
n € wthereare /, j € w for which n = ¢(i, j). From the definition of
c we get ¢(0,0) = 0. If c(i, j) = m and j > 0, then it is easy to
verify thatc(i + 1,/ — 1) = m + 1. Ifc(/,j) = mandj = 0, then
c0,i+ 1)=m+ 1.0

We now turn to the (technically) very important function 3.

PROPOSITION 8. For any k € w and any n, ..., n, € w there is a
number m € w such that

B(m, i) = n, for all i< k.

PROOF. Suppose ¢ = max {c(n,, i) + 11i Sk} anda = c!. We
show that for 0 < j < [ < c the numbers 1 + jaand 1 + /a are
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coprime. Suppose the contrary and let a prime number p divide
1 + jaand 1 + la. Then p divides their difference (1 + /la) —
— (1 + ja) = (I — j)a; then p divides / — jor a, but since / — j <
< ¢,/ — jdivides a = c!, so that in any case p divides a. But then
a =pa’"and 1 + ja = (ja’)p + 1, and this number cannot be
divided by p, a contradiction.

Suppose s = (1 + (c(ny, 0) + Da)-(1 + (c(n,, 1) + Da)- ...
vo (I + (c(ny, k) + Da) = H (I + (c(n;, i) + 1)-a) and
m = c(s, a). ek

We show that it is this m that satisfies the conclusion of the
proposition. Let i < k. Then (I + (c(n;, i) + 1)a) divides s(a@ =
= r(m), s = [(m)). Suppose that for some z < n, (1 + (c(z, i) +
+ 1)a) also divides s. Since z < n;, we have c(z, i) < ¢(n;, i) < c.
From this and from the above fact that numbers of the form
1+ jaand 1l + la,j # | < c, are coprime it follows that ¢(z, I) +
+ 1 must coincide with some c(n;,j) + 1,7 < k. Butife(z, i) +
+ 1= c(nj,j) + 1,thenc(z, i) = c(n;, j), i = jand z = n;. Thus
n; is the least z such that (1 + (c(z, /) + 1)a) divides s and n; <
<cn,i) <cy,i)+ 1 <c<a=cl = r(m)and therefore
B(m, i) = n;. O

In what follows L -terms and L,-formulas will be called recur-
sive terms and formulas. The following theorem provides the
characterization of recursive functions that was pointed out
earlier.

THEOREM 3. For a function f: " — w to be recursive it
is necessary and sufficient that f be realized by some recursive
term t,.

PROOF. Sufficiency was established earlier (Proposition 5). To
prove necessity we proceed by induction on the minimum length
of the determining sequence of recursive functions for f. In view
of the foregoing it is only necessary to prove the existence of
L, -terms that realize functions. The basis functions o, s and /7, are
realized by the Ij-terms puy (x = x), s(x) and x,, as follows:

o= wkx=x)x], s=s@Kx], I=x,x,...x,]

Suppose f = S(h, g, ..., &,) and L, -terms ¢, q,, ..., q,, realize
h, &, ---, &, respectively as follows: A = t[x,, ..., x,,], & =
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=q, [z, ...,.zk], ooy &m = 4ylzy, ---, 2, ]. Then the L, -term t, =
= pwixy < gy ... 3X, < q, (X, = gy N\ ... AX,, = g, Aw = [)ob-
viously realizes f as follows: f = Llzy, oo 24l

If f=M(g)and g = {[x,, ..., x,] for L,-term f,, then it is
easy to verify that for the f] -term £, = px, (tg =0)f= telxg, -
e X, _ 1

Suppose f = R(g, h) and g = tg[xl, o X, A =80,
-+» X, ;. ] for suitable L, -terms L and f,. Consider a L, -formula
¢ defined as follows:

(B, 0) =t AVW < x, 4 (B sO0) = () 55+ 2,

where  # w are variables distinct from the variables in {x,, ...
.-y X, ;' } and from all the variables occurring in 4 and ¢, . Since
FV(tg) C {x;, ..o X, ), FV() € {x, ...y X, .5}, we have
FV(e) ¢ {u, x|, ..., x, ; ;). The preceding proposition shows
that for any interpretation of variables : {x,, ..., X, } — wthereis
a value n € w of the variable u such that for n’ = U {(u, n) }o(n’)
is true. Consequently we can form a I, -term ¢, = uuep; FV(t,) C
C (x5 X, . ). Ifwe now set £, = B(f, x, , l),thenFV(tf) o
¢ {x;, ..., x, . |} and it can easily be established by induction on
the value of the variable x, , | that f = Llxy, s X, 41 OJ

COROLLARY 1. For any finite signature L and any recursive
algebraic system Qg there is an effective procedure of changing
every L-term or L-formula © into a recursive term or recursive
Jormula ©, so that FV(©) = FV(0,), and if FV(©) ¢ (x,, ...
vy X, ), then O[x,, ..., x,1 = 6,[x,, ..., x,1.

This follows from Proposition 6 and Theorem 3. [J

Exercises

1. Prove the recursiveness of a two-place function ex such that for m, n € w, if
n # 0, then ex(m, n) = m” and ex(m, 0) = 1.

2. Prove the recursiveness of a two-place function | — | such that for any »,
m € w Iln — ml is the absolute value of a difference of these numbers.

3. Prove that the one-place predicate {nln € w, nis a prime number} is recur-
sive.
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37. RECURSIVELY ENUMERABLE PREDICATES

In the preceding section we defined a recursive predicate to be
a predicate whose representing function is recursive. Thus recur-
sive predicates are precisely such predicates R C " for which we
can effectively solve the problem of occurrence, i. e. the problem
of determining from a given n-tuple of numbers {(m,, ..., m,)
whether it is in the predicate R.

However, algorithmic procedures can be used for the process
of generating a predicate (a set) R C " itself as well as for
recognizing the membership of the predicate. There are in general
more such effectively generated predicates than recursive
predicates. In this section we shall give a definition to the notion
of recursively enumerable predicate which is an appropriate
mathematical refinement of the concept of effectively generated
predicate and study some basic properties of recursively
enumerable predicates.

In the next section we shall see that there are indeed more
recursively enumerable predicates than recursive ones.

We extend the class of recursive formulas to the class of
recursively enumerable formulas using the following definition:

1. If ¢ is a recursive formula, then ¢ is a recursively
enumerable formula.

2. If ¢ is a recursively enumerable formula and x € V, then
Ixe is a recursively enumerable formula and FV(3xe) =
= FV(e) \ [x}.

In other words, recursively enumerable formulas are obtained
from recursive formulas by quantification. For any recursively
enumerable formula ¢ and interpretation n: X — w, FV(p) C
C X C Vthereis a value ¢[y] € {T, F} defined in a natural way;
viz., if ¢ is representable as 3x, 3x, ... 3x, ¢,, where ¢, is a recur-
sive formula, FV(¢,) € FV(e) U (x,, ..., X, }, then p[n] = Tif
and only if there is an interpretation n’: FV(p,) — w such that
n'(v) = n(v) for all v e FV(p) and ¢,[n'] = T.

Notice that according to Corollary 36.1 instead of recursive
terms and formulas we may (and shall) use arbitrary L, -terms and
L, -formulas as well.
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With any recursively enumerable formula ¢ and a sequence of
pairwise distinct variables x,, ..., x, such that FV(¢) € (x|, ...
..., X, } we can associate an n-place predicate ¢[x,, ..., x,] as
follows:

elx,, .., x,]1 = (Kmy, ...omdlphl =T
f0r7] = {<xi, m,)" = 11 "',n}]’

The predicate ¢[x, , ..., x,] is said to be realized by a recursive-
ly enumerable formula ¢.

DEFINITION. A predicate R C «" is said to be recursively
enumerable if it is realized by some recursively enumerable for-
mula.

It can be seen from this definition and the results obtained
earlier that any recursive predicate is recursively enumerable.

The notion of partially recursive predicate can be used to
characterize partially recursive functions via the notion of graph.
The graph of an n-place partial function f is an (n + 1)-place
predicate I‘f defined by the relation: for m,, ..., m,, k € w

{my, ....,m,, k) eI‘f e f(m,,...,m,) = k.

THEOREM 4. (Graph). A partial function f is partially recursive if
and only if its graph I‘f is recursively enumerable.

We begin our proof with an auxiliary statement.

LEMMA. For any n-place partially recursive predicate R there is
a recursive formula ¢ such that FV(p) C {xg» X, -+vy X, } and
R = @x,0)x;, -y X, 1.

The lemma asserts that it may always be assumed that a recur-
sively enumerable formula realizing a recursively enumerable
predicate has only one existential quantifier. The proof of the
lemma is obtained by induction on the number of existential
quantifiers in a recursively enumerable formula using the follow-
ing easily verifiable property:

For any recursive formula o, FV(¢) C {x, ¥, X, ..., X, },

@Ax3aye)lx;, ...y x, 1 = @13 ,) X5 s X, ]

Notice that (¢)j] ,(, is a L, -formula. [J
To prove necessity inductively we establish the following facts:
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(1) The graphs of the basic functions are recursive:
I, == x&y = 0)[x, yl;
= (s(x) = »)x, y];

Ly = (o = D)X o0 X, Y1
(2) Suppose f = S(h, g,, ..., &,), the graphs T, , T, , ..., T, of
functions 4, g,, ..., g, respectively are recursively enumerable and

©ps Pgo» +++» Pg, are recursive formulas such that
F;, = (BZ(P},)[UO, ey U" ’ y]v
Fgo = (azo‘pgo)[_y]a cees Vi uo];

JH

Ty, = 32,0515 0 Vs 4,1,

with the variables z, z,, ..., 2,, ¥, ¥ -+ Y Ug, -+, U, being pair-
wise distinct. Consider a recursive formula ¢:

o = (ph/\(pgol\ AN
Then verification shows that
I’f = (3232 ... 32,3y ... IU, Q)5 s Vi V]

Hence I‘f is recursively enumerable.

(3) Suppose f = R(h, g) and the graphs I, , I‘g of functions A,
g respectively are recursively enumerable. Let ¢, and ?, be recur-
sive formulas such that

F;, = (azo‘Ph)[Xla ceny Xn;yol;
I, = @zi0) X, s X 415 X 4 2 0]

and let the variables z;, 2;, X;, -0y X, X, 4 1> X, 4 2> Yo Yy D€
pairwise distinct. Let us form the following I, -formula ¢:

—_ ~ 0 20
o =Vx <X, ((x=0A )50 0806 0) VY
~ 1y Xn 2, Y1y 21
v (_ﬁx =0A ("og)i":l, B(’ufx = 1), B, x), By, X))) A
ANy = B, x, 1))

here u, v, y are pairwise distinct and differ from all the variables
of the formulas ¢, , @, and from z;, 2, X, oy X, 4 5 - Then

FV(e) C (U, v, Y, X5 o0s X 4 )
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Letn: {u,v,y, X, ..., X, i1 } — w be such that ¢[n]. We show
that then f(nx,, ..., nx, , l) is defined and f(nx,, ..., 1x, , ;) =
= B(u, nx, , ) = ny. It will be shown by induction on / <
< nx, ., that f(nx,, ..., nx,, /) is defined and f(yx,, ...

X, 1) = Bmu, ).
Let/ = 0. Settingxequal to 0 we then see, since ¢(n) = T, that

a formula (<ph (u o, B(u o) [n] must be true. And this means that

nxy, . , B(qu, 0)) € I',. Hence A(yx,, ..., nx,) is defined
and is equal to B(u, 0). Butf(nx, s ey NX,, 0) = h(r;x,, ey MX,)
as well. Hence f(yx,, . , 0) is defined and equals B(qu, 0).

Suppose it has already been shown for/ < nx, , , that f(nx,, ...

-, 1X,, 1) is defined and equals B(qu, /). Setting x equal to[ + 1
(<nx  + 1) we see that a formula (o, )" s 4 2 1) 50, 0,800 M1

where n” = n U {(x,/ 4+ 1)}. In particular,
nxyy ooy mx,, 4 Bou, 1), Bqu, [ + 1)) €Ty,

i.e. g(nxl . , 1, B(nu, 1)) is defined and equals B(qu, [ + 1);
but since by the 1nductlon hypothesis B(qu, 1) = f(x,, ..., nx,, 1),
it follows that f(nx,, v WXy, Lo+ D) = glixy, e, o9,
Sxy, ooy mx,, 1), is defined and equals B(qu, [ + 1).

Thus f(nx,, ..., nx,, 7x, , ;) is defined and equals B(nu,
X, 4+ 1)- Butsince (v = B(u, x,, . |))[n]is also true, we have ny =
= B(nu Xy 4 1)

Using the properties of the function 8 noted in Proposition
36.8 and the realizability of the graphs of the functions 4 and g by
formulas 3z,¢, and 3z, @, respectively it is easy to prove that if
my, ...,m, . | €waresuch that f(m,, ..., m, _ ) is defined and
Sfim,...,m, ) = k, then there are /, s € w such that for an in-
terpretationn = {{x;,,m;)li=1,....,n+ 1} U ({y, k), (u, 1),
(v, )} e[n] is true.

Then from the above properties of a formula ¢ we see that the
graph of f has a representation F = @Audve) x|, -y X, 4 s Y],
i. e. the graph of f is recursively enumarable

(4) Suppose f = M (g) and the graph of I‘g of a function g has a

representation Fg = (azwg)[x], -~y X, , 1, Y], where @, is a recur-
sive formula.
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Let ¢ be a E;formula defined as follows:

—_ Xn 1y Z, y
e = Yu < Yo ) " 50w, Bon w N
ABW,y) =0A@u<y— —B(wu) =D0),

here u, v, w are distinct variables not occurring in ¢, . Proceeding
as in the previous case it is not hard to verify that for the graph Ff
of a function f the following relation is true:

Ff = (BUBW‘P)[XP "')Xnvy]a

i. e. the graph of fis recursively enumerable.

To complete the proof of necessity we proceed by induction on
the length of the determining sequence, using facts (1) to (4)
established above.

Now we prove sufficiency. Suppose f is an n-place partial
function and its graph I‘f is recursively enumerable. Let ¢ be a
recursive formula such that

Iy = @ze)lxy, o0y X, 2]

Consider a recursive predicate ¢[x,, ..., X,, ¥, z]. By Proposition
36.5 this predicate is recursive, i. e. its representing function g is
recursive. By the definition of a representing function:

foranym, ..., m, ,k,lew

(my, ....,m, k,Iyeoplx, .., x,y 2] e (
@ gm,....,m  k,1)=0.

A recursive (n + 1)-place function & = g7 +!, ..., In+1,

[gn 1y, rgn t 1)) for any my, ..., m,, k satisfies the relation

h(m, ...,m,, k) = gim,, ..., m_, l(k), r(k)).
Let us consider a partially recursive function f, = /(M (h)) and
show that it coincides with f.

Let m,, ..., m, € w be arbitrary. If f(m, ..., m,) is defined:
Sfimy, ...,m) =te€w, then{m,....m,, t)e I‘f. Consequently
there is s € w such that {(m,, ..., m,, t,s) € ¢[x|, ..., X,, ¥, Z].
Then g(m,, ..., m,, t, s) = 0and for k = c(t, 5)

h(m;, ...,m,, k) = gim, ..., m,, [(k), r(k)) =

=gmy,....m.,ts)=0.

ne



Recursively Enumerable Predicates 269

Hence M(h)(m, ..., m,) is defined. Let M(h)(m,, ..., m,) = k,.
Then h(m,, ..., m,, k) = 0 = g(m,, ..., m,, I(ky), r(ky)).
Therefore {m,, ..., m,, I(ky), r(ky)) € olx,, ..., x,, ¥, 2], {my, ...
cy my, U(k)) € Bz, o0y X, Y] = I‘f and f(my, ..., m)) =
= lky) = fy(my, ..., m,) since fy(m,, ..., m,) = I(M(h)(m,, ...
oy m)) = l(ky). So if f(m,, ..., m ) is defined, then f(m,, ..., m,)
is defined and f(m,, ..., m,) = fy(m,, ..., m,). Suppose m, ...
...y m, € wand fy(m,, ..., m,) is defined. Then M(h)(m,, ..., m,)
is also defined and f,(m,, ..., m,) = [(M(h)(m,, ..., m,)). Letk €
€ w be such that M(h)(m, ..., m,) = k. Then h(m_, ..., m, k) =
=0=g(m,,...,m,, I(k), r(k)). Hence {m, ..., m,, I(k), r(k)) €

€olxy, ..o, x,, ¥, 2l (my, ooy my, 1K) € Bxo)lxy, ooy X,y ¥] =
= Ff and so f(m, ..., m,) = (k).

Therefore if f,(m,, ..., m,) is defined, then so is f(m,, ...
oy my) and fy(my, ..., my) = [((MKB)m,, ..., m)) = [(k) =
= f(m,, ..., m,). Thus f = f; and hence f is a partially recursive
function. [J

COROLLARY 1. For any n-place partially recursive function f
there is an (n + 1)-place recursive function h such that given any

mp, ...,m,

fomy, ,m)) = IMR)m,, ..., m)).

It is immediate from the proof of sufficiency in the theorem. [J

COROLLARY 2. A partially recursive function is recursive if and
only if it is completely defined.

Necessity is obvious. Sufficiency follows immediately from the
preceding corollary. [J

We shall call one-place predicates simply sets. Accordingly
recursive (recursively enumerable) one-place predicates are
recursive (recursively enumerable) sets.

We prove the basic structural properties of recursive and
recursively enumerable sets.

PROPOSITION 1. (@) If a set X is recursive, then X is recursively
enumerable.

(b) A finite set is recursive.

(¢) If X, Y are recursive (recursively enumerable) sets, then
X U Yand X N Y are also recursive (recursively enumerable)
sets.
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(d) For a recursively enumerable set X w\ X is a recursively
enumerable set if and only if X is a recursive set.

PROOF. Statement (a) was noted earlier for predicates with an
arbitrary number of places.

(b) If X = O, then the representing function for X is sg(s). If
X = [n}, then the function §(n, x)[x] is the representing function
for X.If X = {n,,n;, ..., n, }, k > 0, then the representing func-
tion for X is a function

(6(ny, x)6(n;, x) ... ~o(n, x))lx].

(c) If X and Y are recursive and g, 4 are the representing func-
tions for X and Y respectively, then g- 4 is the representing func-
tion for X U Y and sg(g + h) is the representing function for
XxXny.

Suppose X and Y are recursively enumerable sets and ¢, ¢,
are recursive formulas such that X = (3z,¢,)[x], Y = (3z,¢,)[x]
and x, z,, g, are pairwise distinct variables. Then

XU Y = @3z3z/(p V ¢))x];
XNY= (Bzoiz,(tpo A ‘pl))[x]a

i. e. XU Yand X N Y arerealized by recursively enumerable for-
mulas and so are recursively enumerable.

(d) If X is a recursive set and g is the recursive representing
function for X, then sg(g) is the recursive representing function
for w \\ X.

Suppose now that X and w \\ X are recursively enumerable
sets. Let ¢, ¢, be recursive formulas such that

X = (3zpy)lx] and w \ X = (3z¢))[x].

It may be assumed without loss of generality that ¢, and ¢, con-
tain no bound occurrences of x. Consider a recursive formula ¢ =
= (o V ¢,); FV(e) € {x, z}. For any value n of a variable x
there is a value m of a variable z such that given n = {{(x, n), (g,
m)} we have ¢[n] = T. Indeed, if n € X, then there is a value m
for z such that ¢,[n] = T. But if n € w \\ X, then we can find a
value m for z such that ¢, [#] = T. Hence uzyp is a recursive term
and (<p0)fw is a recursive formula. We verify that X = (293, [X].
Let & = pzep[x] be a recursive function. Then by construction for
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any n € w, for p = {(x, n), {z, h(n))}¢[n] = T. Also note that
forn, = {{x,n)} (goo)fw [mo] = ¢y n]. If n € X, then ¢, [5] cannot
be true, since otherwise n € w \ X. Hence ¢, [7] and (29)z, 0]
are true and n € (“’o)iw [x]. If n € w \\ X, then ¢,[n] cannot be
true. Hence (<p0);w [7,] = F and n ¢ (py)%,,[x]. So the set X is
realized by the recursive formula (29)%,- I—fence X is recursive. [J

We now give a characterization of recursively enumerable sets
using recursive functions.

PROPOSITION 2. A nonempty set X is recursively enumerable if
and only if there is a one-place recursive function f such that X =
= {f(n)ln € w}.

PROOF. Suppose X is recursively enumerable and n, € X. Let ¢
be a recursive formula such that X = (3y¢)[x]. Then FV () C {x,
y}. Consider a L, -formula y:

V= (‘P//Y(’x)’ ,(),;) ANz =IX)V(~ ‘P}Y(’X)_ r():\') Nz = no);

FV({) ¢ {x, z} and for any value k of x there is a value s of 2
such that given n = {(x, k), (2, s)}¥[n] = T. Indeed, if given
o = (4%, k)Y @1y, rig [10], then as s we may take /(k). But if we
have "gof(‘x)‘ r(’)'() [7,], then as s we may take n,. Hence uzy is a
L,-term and the recursive function f = uzy[x] it realizes satisfies
the conclusion of the proposition. Indeed, if & € X, then there is
s € w such that for n = {(x, k), (¥, s)}¢[n]. Hence given ¢ =
= c(k, $), ng = (X, 1)} 054y, rpo M) = @[] = Tand so f(1) =
= /(t) = I(c(k,s)) = k. Thus X C {f(t)|t € w}. Conversely, if
f(t) = k, then forn = {(x, t), {2z, k) }¢¥[n] and therefore either
@), rt)y e plx,y]andso k = [(t) e X or {I(t), r(¢)) & ¢lx, y]
andsok = nye X. Thus [ f()ltew) € Xand X = (f(t)If € w].

Sufficiency will follow from a more general statement.

The range of any one-place partially recursive function f, i. e.
the set Rf = (k! thereis n € w, f(n) is defined and f(n) = k}, is
recursively enumerable.

Indeed, let ¢ be a recursively enumerable formula realizing the
graph T', of a function f: I'y = ¢[x, y]. Then obviously R, =
= @xejb]. O
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Suppose given an n-place partial function f Ar denotes the do-
main of f, i.e. an n-place predicate {{m,, ..., m,) m, ..., m € w,
Sf(my, ..., m,) is defined }.

PROPOSITION 3. For any n-place partially recursive function f its
domain A, is a recursively enumerable predicate.

PROOF. Let ¢ be a recursively enumerable formula realizing the
graph I‘f of a function f: Iy = olx;, ..y X, V1. Then obviously
Ay = @yo)lx, .y x,]1. 0

PROPOSITION 4. (Reduction Theorem). For any two recursively
enumerable sets R, and R, there are recursively enumerable sets
R, and R, such that R; € R,, R{ ¢ R, R; N R/ = & and
R,UR, =R; UR/.

PROOF. Let ¢, ¢, be recursive formulas such that R, =
= (3z¢,)[x] and R, = (3z¢,)[x]. Consider recursive formulas:

’

0 = o ANVY < z(y = zV ﬁ(‘P])ﬁ);
e = ¢ AVY <z (w5

Then R; = (3z¢g)Ix] and R = (3x¢|)[x] will be the required
sets. Indeed, the inclusions R; C R, and R/ C R, are obvious,
since ¢;" implies ¢;, i = 0, 1. Let n € R, U R|. Then there is a
least s such that (¢, V ¢,) is true for n = {{x, n), (z,s)}. If ¢, [n]
holds, then so obviously does ¢ [7] and therefore n € Ry . If,
however, =1 ¢, [n] is true, then so is ¢, [7] and therefore n € R/ . So
Ry U R, = R; U R/ . Suppose now that ke R; N R| and s,, s, €
€ w are such that for 9, = {(x, k), (2, 50>}, n, = [{x, k), (z,
s,>} we have ¢ [1,] and ¢/ [7,]. Suppose first that s, < s,. Then
since vy < z(y = 2V 1 (p;))[n,] is true, so must be = ¢, [7,]and
of course —¢/ [n,]. But ifys0 < s, then the truth of vy <
< 2 7 (pp)iln] implies that we have - ¢,[n,] and of course
—¢g [1y]- A contradiction which shows that R; N R} = . [J

PrROPOSITION 5 (Uniformization Theorem). Let R be an ar-
bitrary (n + 1)-place recursively enumerable predicate. Then
there is an n-place partially recursive function f such that I CR
and A, = R’ = {{my, ..., m, )| there is m, _, € w such that
my, ...,m,,m, . )eR]}.

PROOF. Let ¢ be a recursive formula such that R = (3ye)[x,, ...
< X, X, 4 1. Let u # z be variables not occurring in ¢. Consider
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a recursive formula y defined as follows: '

Y=y =@ A@G "I AVU < 2 = 2V @) " T

Then R, = (3zy)lx,, ..., X,, ¥] is the graph Iy of some (partially
recursive) function f, I, ¢ Rand A, = R' = {(m, ..., m, )|
thereis m, . | € wsuch that {m,, ..., m _ ) € R}. This follows
easily from the following facts:

(1) if <my, ..., m, ) € R’ and k is a least natural number such
that forn = ({x;,m >, o, (X, my >, (X, , o, 1K), <y, r(k)))
we have o[y, then Y[n,]1 holds for n, = ({x;, my), ..
v KX, my ), (2, k), Ay, 1K) )

@) ifmy: (x5 s X V) =@y (X, X,, 2, Y] — ware
such that ny(x;) = n,(x;), 1 < i < n, and ¥[nyl, ¥In,] are true,
then n, = n,;

(3) if for ng: {x;, -y X,, 2, ¥} — w we have Y[n,], then for
n= [<x1 » Mo Xy Yy eens <x,,’ nox,,> <x,, +1° 170)’), <, r(noz)>] we
have ¢[n]. '

The facts are directly verified proceeding from the definition
of . O

With every (n + 1)-place predicate R, n > 0, we can associate
a family of n-place predicates obtained from R by cuts in the
following way:

given any k € wlet R, = {{m,, ..., m, YI<k, m, ..., m,) €
€ R }; the predicate R, is a k-cut of R.

It can easily be seen that if R is a recursive or a recursively
enumerable predicate, then for any k£ € w R, is also a recursive or a
recursively enumerable predicate respectively.

An (n + 1)-place recursively enumerable predicate R is said to
be universal for n-place recursively enumerable predicates if a
family {R, |k € w} of cuts of R coincides with the family of all
n-place recursively enumerable predicates. In the next section we
shall prove the existence of universal (n + 1)-place recursively
enumerable predicates for any » > 0.

Similarly, with every (n + 1)-place partially recursive function
S, n > 0, we can associate a family of n-place partial functions f ,
k € w, assuming for m, ..., m € w

Sem, ...om) = f(k,m, ..., m).

18—191
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It is clear that if fis a partially recursive function, then so is f;
for any k € w.

An (n + 1)-place partially recursive function f is said to be
universal for n-place partially recursive functions if {f, 1k € w)
coincides with the family of all n-place partially recursive func-
tions.

Now note that the existence of universal partially recursive
functions is a consequence of the existence of universal recursively
enumerable predicates.

PROPOSITION 6. If R is an (n + 2)-place recursively enumerable
predicate universal for (n + 1)-place recursively enumerable
predicates, n > 0 and f is an (n + 1)-place partially recursive
Sfunction uniformizing R, i. e. such thatT', C Rand A, = R’ =
= {({my, ..., m )| there is m, _, € w such that {m, ...
v My M, 5> € R, then fis universal for n-place partially
recursive functions.

PROOF. Let g be an n-place partially recursive function. Then
the graph I‘g of g is an (n + 1)-place recursively enumerable
predicate. Hence there is kK € w such that ', = R, = {(m, ...

weym, Ik, my, ..., m, . > € R}. Consider a function f, .
We show that g = f,.
Suppose f, (m,, ..., m,) is defined and equals / € w. Then

fk,m, ..., m) = land <k, m, ..., m, I) € R and hence
{my, ....,m,1)eR, = I‘g. Therefore g(m,, ..., m,) is defined
and equals /. Conversely, suppose g(m,, ..., m,) is defined and
equals /. Then ¢(m,,...,m,,l>el, =R, ,(k,m,...,m ,I|)€ER,
(k,my,...,m > eR’ and hencejg(k, my, ..., m,) is defined and,
as shown above, f (m, ..., m)) = f(k, m;, ... m) =1 =
= g(m, ..., m).

Thus g = f,. Since g is arbitrary, it follows that {f, 1k € w}
consists of all n-place partially recursive functions. [J

We conclude this section by considering a notion that can be
used for a comparison of recursively enumerable sets with
predicates in terms of their ‘‘algorithmic’’ complexity. This con-
cept relates to the family of notions of reducibility in the theory of
algorithms and is one of the best justified intuitively.

Suppose R is an n-place predicate, n > 0, and X is a set. We
say that R is m-reducible to X if there is an n-place recursive func-
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tion f such that for any m,, ..., m, € w
(my,....,m,>eR & f(m,,...,m)eX.

Every recursive function f satisfying this condition is a reduc-
ing function for R and X.

If R is m-reducible to X, then this is designated R < , X.

We formulate the simplest properties of this notion in the
form of a statement.

PROPOSITION 7. If R is an n-place predicate, X, Xo, X, are sets,
R < ,X. Then

(1) if X is a recursive or recursively enumerable set, then R is a
recursive or recursively enumerable predicate respectively;

DX, X5ifX<,X),X) <, X, thenX <, X;;

(3) any recursive predicate Q m-reduces to any set X distinct
Sfrom & and w.

PROOF. (1) Let f be a reducing function (for R and X). If X is
recursive and x is the characteristic function of X, then x, (f) is
the characteristic (recursive!) function of R. If X is recursively
enumerable, then suppose that ¢ is a recursive formula realizing X
as follows: X = (3z¢)[x]. Let ¢ be a recursive term realizing a
function f as follows: f = f[x,, ..., x,]. Then it is easily seen that

R = (3x3z(t = x A @))lx,, ..., x,1.

Hence R is realized by a recursively enumerable formula.

Statement (2) of Proposition 7 is obvious.

(3) Suppose n, ¢ X, n; € X and f is any one-place recursive
function assuming a value n, at zero and a value n; at unity. If x
is the (recursive) characteristic function of R, then f(x;) is a
reducing function for R and X. [J

In the next section we shall show that there are sets among
recursively enumerable sets that are greatest with respect to
m-reducibility; more precisely, recursively enumerable sets X,
such that for any recursively enumerable set X X < ,,X,; such
sets will be called m-universal recursively enumerable sets.

Power-set considerations show that there can be no set among
all sets that is greatest with respect to m-reducibility, since no
more than a countable family of sets (a set of recursive functions
is countable!) can m-reduce to a fixed set.

18*
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Exercises

For a two-place predicate R ¢ w? we denote by c(R) a set {nln € w, (/(n),
r(n)) e R}.

1. Prove that a mapping R —~ c(R) is a one-to-one correspondence between all
two-place predicates and subsets of w.

2. Prove that R C «? is a recursive predicate if and only if c(R) is a recursive
set.

3. Prove that R C «? is a recursively enumerable predicate if and only if c(R)
is a recursively enumerable set.

4. Suppose that ny, ..., n,, € w are pairwise distinct and that &, ..., &, € w are
arbitrary. Prove that there is a one-place recursive function f such that f(;) < &;
for all i = m. (Hint. Make use of the graph theorem.)

5. Prove that there is no (n + 1)-place recursive predicate R, universal for the
family of all n-place recursive predicates. (Hint. For an (n + 1)-place recursive
predicate R, consider an n-place recursive predicate {{m,, ..., m,)<{m;, my, ...
omy)ER, )

38. UNDECIDABILITY
OF THE CALCULUS OF PREDICATES
AND GODEL’S INCOMPLETENESS THEOREM

The question of decidability is one of the most important ques-
tions when studying a calculus.

A calculus 7 is said to be decidable if there is an plgorithm that
allows one to find out from any expression  whether or not ® is a
theorem of /. Otherwise the calculus 7 is said to be undecidable.

A Godel numbering of a set X of words of an alphabet A4 is a
distinct-valued mapping g: X — w such that there is an algorithm
G computing from a word « € X its number g(«) and there is an
algorithm G, writing out from a number n € w a word a if n =

= g(a) and producing a number 0if n € w \\ {g(a)lx € X]}.

It is clear that by Church’s thesis the question of decidability
of a calculus J with a Gddel numbering g of all the expressions of /
reduces to that of the recursiveness of the set {g(®)|® is a theorem
of I'}.

Consider a signature L, = (<?; +2, -2, s1, 0) consisting of
the symbol < of a two-place relation, of the symbols +, - of two-
place functions, of the symbol s of a one-place function and of the
symbol 0 of a constant. By induction on the construction of terms



Undecidability of the Calculus of Predicates 277

and formulas we define a Gédel numbering v: T(Z;) U F(Z,) —
— w of the terms and formulas of Z;:

(1) v(©) = <@, 1),

@ 7(,) = (1, i),

(3) y(s@) = c(2, 7?),

@)y + q) = @3, clvt, vq)),

(5) y(t-q) = c(@, ciyt, va)),

6) vt = q) = c(5, c(vt, vq)),

(M vt < q) = c6, civt, ¥q)),

(8) v(@ A ¥) = c(7, c(y®d, y1)),

9) v(® VvV ¥) = c@8, c(vd, v¥)),

(10) v(® — ¥) = ¢(9, c(~2, V),

(11) y(=®) = c(10, v$),

(12) y@v;®) = c(11, (i, v®)),

(13) y(vu;®) = c(12, c(i, v®)).

Since the functions ¢, r, / are computable, it is easy to see that
v is a Godel numbering of the terms and formulas of L.

In what follows a set X ¢ T'(X;) U F(L,) is said to be recur-
sive (recursively enumerable) if v[X] is a recursive (recursively
enumerable) set.

We shall have to establish the recursiveness of a great number
of functions below. Before proceeding therefore we first present a
purely technical result to be constantly used in what follows.

For any (n + 1)-place function fan (n + 1)-place function fis
defined as follows: for any m, ..., m,, m, , | € wf_(m,, .
vy m,, m, ) is a least number k € w such that we have:
Bk, 0) = f(m,, ..., m,, 0), Bk, 1) = f(m, ..., m,, 1), ...
Bk, my, ) = fmy, o, my,my ).

If f is recursive, then so is f, for if f = f[x,, ..., X,, X, 4+ 1],
where ¢ is a recursive term, then f = glx,, ..., x,,, X, , ], where

g=wvz<x,, ,B0,2)=@)+")

is a recursive term. Conversely, if fis recursive, then fis recursive
since f(m,, ..., m,,m, . |) = B(f'(m,, amy,m, ), my ).

PROPOSITION 1. Suppose we are given numbers k, n, ..., n; € w,
recursive functions fn 1, fatno+ 10 0 fmtone+ 1 with the
number of places shown by a superscript, one-place recursive
Junctions g, |, ..., & nod s 8k 1o s &k, my and recursive for-
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mulas ¢, ..., ¢p; FV(g;)) € (X, ..., x,, ¥}, i < k. Let the
Sollowing conditions hold for any interpretation n: {x,, ..., X,
Yy} —wandanyi < k:

(@) if ¢;[n), then = ¢;[n] forany j < k,j # i;

(®) if ¢;[n] and n; # O then g, ;) < n()forallje {1, ...
e n ).

Tlhen there is a unique recursive function h satisfying the con-
dition: foranymy, ...,m,,le w,ifn = ({x;,m)I1 <i<n} U
Uy, thenh(m,...,m,, 1) =

Jolmy, ccoym I, h(my, ...,m,, gy (1)), ...
whimy, ..om 8 (1)), If ¢y n];

Jemy, cooom L h(my, o, my, g (1), -
’ h(ml y tey m,, s 8k, nk ([)))) l:f‘pk ['ﬂ],
fimy, ..., m,, I)otherwise.

PROOF. The existence and uniqueness of a function A satisfying
the condition of the proposition are easily established by induc-
tion on the last independent variable using the conditions on #is
i < k, and g, ;- It will be proved below that the function A is
realized by some L, -term. Once this fact has been established, the
recursiveness of A W1ll follow from the relation between 4 and &
noted above and from Proposition 36.5.

Let the following relations hold for suitably chosen recursive
terms @, fy, «vvs by To 15 woes Ty gt

S=qlx, ..., %,y
Jo = tolxys oo Xps Vs 2y s Zngls

.....................................................

o = 00X, s X0 Yy 2y s ees T s
kje[l 9n}'

1

|

-~
<
=

8i,j =i
Supposes =B@r ;) i< <k, jell,...,nl; ,JareE -terms

andFV(s’ ) C {z,»].
Consider the following I, -formula ¢:

( A (¢, — Bz )= )s, 1“"2’?:'. ni)>/\
i<k
A < A "¢ — By = q)’

i<k
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Then FV(p) C {x,, ..., x,,¥,2).Sety = vw < y(p),, FV () =
= FV(¢). We show that

Sor an interpretationn = ({x;,m;)li=1,...,n} U ({y, )}
and for a number j € w the following conditions are equivalent:

(1) ¥In'] is true, where n' = U {(z,/)};

(2) forany m < 1 8(j, m) = h(m, ..., m,, m).

Suppose that for /’ < [/ the equivalence of conditions (1) and
(2) has been proved (with / replaced by /’). We prove this
equivalence for /.

Let condition (1) hold. Then it is easily seen from the form of
the formula  that if I’ < ,n” = (@' \ {({y, D) U {(y, ")},
then ¢[y”]. By the induction hypothesis therefore it may be
assumed that 3¢/, m) = h(m,, ..., m,, m) forallm < [.

Consider the case where there is / < & such that ¢;[5] is true.
Then from the truth of y[5’] and ¢[5’] it follows that

BU, D = B V'] = @) 5 '] =

=fimy, ...om s 1, [n'] ""Si."i[”’])' (%)
Further, for j' € (1, ..., n;}s; ; [n'] = BU, 1, ;;[n'D) = BU,
g (D). Since ¢;[n] is true, by condition (b) of Proposition 1
g,.,j,(l) < I (if n; # 0). Hence 5/, gi’j,(l)) = h(my, ..., m,,
&g, (1) and therefore
BU, ) = fimy, ...m,, [, h(my, ..., m,, g (), ...

e h(my, ..., m,, 8 ,,i([) = h(m,...,m,, 1)

If for any i < k —¢;[n], then from the truth of ¥[n’] we get
BU, ) =B yM'] =ql'l =flm, ....m,, [)=

= h(my, ..., m,, [). (*%)

So whenever ¢ [y ] is tfue, for any m < [ B(j, m) = h(m, ...
vy My, m).,

Conversely, let j € w be such that for all m < [ 8(, m) =
= h(m,, ..., m,, m). Then, using these equations and relations
() and (**), we see that ¢[g’] is true. If, however, /’ < / and
7" =@ \ (1)U [{y,I")]}, then ¢[n"] is true by the
induction hypothesis about the equivalence of conditions (1)
and (2).
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For n = (Kx;,, m>li = 1, ..., n} U {(y, [)} therefore
(uzy)[n] is a least j € w such that for all m < [ B(j, m) = h(m,, ...
..., m,, m). By the definition of & we get h(m,, ..., m,, ) =
= (uzy)[n]. Hence h = (uzy)lx,, ..., x,, ¥]. As was noted at the
beginning of the proof, this already implies the recursiveness
of h. O

The function A of Proposition 1 is said to be defined by
reflexive recursion according to a piecewise scheme or to be defin-
ed by piecewise reflexive recursion. In a definition according to a
piecewise reflexive recursion, instead of formulas ¢; we shall often
write conditions that can be easily expressed by a formula (for ex-
ample, 3 < x < 9, x # 2 and so on).

PROPOSITION 2. The following sets are recursive:

(a) the set T(X,) of terms of L;

(b) the set F(X,) of formulas of £;

(c) the set A(L,) of axioms of CP¥.

prROOF. We write out the definition of a piecewise reflexive
recursion for the characteristic function T of a set y(T'(X,)):

1,ifn = c(, 1) or l(n) = 1
T(r(n))ifl(n) = 2
TUr(n))-T@r(n))if3 < Il(n) < 4
0 otherwise.

T(n) =

{
Notice that from the definitions of ¢, I, r we get I(n) < n, r(n) <
< nand k, m < c(k, m) for k > 2.
For the characteristic function F of a set y(F, (£,)) we define a
piecewise reflexive recursion. as follows:

T(r(n))- T(rr(n))if 5 < I(n)
F(r(n))y-F@rn)) if 7 < l(n)

F(n) =< F(r(n))ifI(n) = 10
F@r(n))if 11 < I(n) < 12

0 otherwise.

AN\

6
(n 9

Consider a function Sb defined by a piecewise reflexive recursion
as follows:
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Sb(n, m, k) =
( k,ifI(n) = landr(n) = m
c(/(n), c(Sb(lr(n), m, k), Sb(rr(n), m, k)))if 3 < I/(n) <9
c(/(n), Sb(r(n), m, k)) if I(n) € (2, 10}
c(l(n), c(Ir(n), Sb(rr(n), m, k))) if 11 < I(n) < 12
and m # Ir(n)

Il
A

\ n otherwise.

It is easy to verify that if § € T(Z,) U F(X,) and ¢ € T(%,), then
Sb(y8, m, yt) = y8', where §’ is obtained from 6 by replacing all
free occurrences of the variable v,, by a term ¢.

We define by a piecewise reflexive recursion a two-place func-
tion Fr possessing the following property: for any 6 € T(Z,) U
U F(Z,) we have Fr(y6, n) = 1if v, occurs freein 6 and Fr(y6, n) =
= 0 otherwise.

Fr(n, m) =
sg (8(r(n), m)) if [(n) = 1
Fr(r(n), m) if /(n) € {2, 10}
=< sg(Fr(ir(n), m) + Fr(rr(n), m))if3 < I(n) < 9
Fr(rr(n), m)if 11 < I(n) < 12and m # Ir(n)

0 otherwise.

Consider a function P defined by a piecewise reflexive recur-
sion as follows:

Pn,m, k) =
1 if 0</(n)<6
P(r(n), m, k) if [(n) =10
P(r(n), m, k)-P(rr(n), m, k) if 7<I(n)<9
P(rr(n), m, k) if 11 < /(n) < 12 and
Fr(rr(n), m)-Fr(k, Ir(n)) = 0

k 0 otherwise.
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If ® € F(X,), t € T(X,), then P(y®, m, vt) = 1 when the con-
dition on the notation (®)/~ holds (see Section 18) and P(y®, m,
vt) = 0 otherwise.

With the recursive functions 7, F, Sb, Fr and P at our
disposal, it is easy to construct the recursive characteristic func-
tion A of the set of axioms of CPFo. It suffices to construct a
characteristic function A, for a set of axioms obtained according
to aschemaiforanyie (1,2, ...,12}. Weconstruct A, and 4,, .
Constructing A4; for the other / will be left as an easy exercise to
the reader.

1if Fn) = 1, I{n) = 9, Irr(n) = 9 and
A (n) = Ir(n)
0 otherwise,
1if F(n) = 1,I(n) = 9, lir(n) = 12 and ®(n)

0 otherwise,

rrrr(n)

Ay (n) ={

where .
d(n) = ax < n(T(x) A rr(n) = SB(rrir(n),
Irir(n), x) A P(rrir(n), Irir(n), x)). O
PROPOSITION 3. A set of theorem of CPF° is recursively
enumerable.
prOOF. Using functions F and Fr it is easy to construct defini-
tions by piecewise reflexive recursion of a three-place function R1,
and two-place functions R1,, R1; for which R1,(n, k£, m) = 1,
R1,(n, m) = 1and R1,(n, m) = 1 precisely when n = e, m =
=¥, k = yO for &, ¥, © € F(L,) and ¥ is obtained from ¢, 6
or & by Rules 1, 2 or 3 respectively. For example,
1ifl(n) = I(m) = 9,lrr(m) = 12,
rr(n) = rrrr(m), F(n) = 1
Ir(n) = Ir(m) and Fr(lr(n),lrrr(m)) = 0

0 otherwise.

Rl,(n, m) =

To define another very important function consider a
signature L obtained from I, by adding to it the function symbols



Undecidability of the Calculus of Predicates 283

L, r,B,A,R1,RIl,, R1; and the corresponding algebraic system
., where these symbols correspond to the recursive functions on
w designated earlier by the same symbols. Let ¢ be a E-formula
defined as follows:

Vx < rw)(A@U(u), x) =
=1Viy<xaiz<x(ny=xA gz =
= x A (R1;(B(I(u), »), BU(u), 2), BU W), x)) V
V RL (B((), ), BUw), x)) V RI;(BU W), y), BU1), X))));

FV(¢) = {u}). Wenow define a one-place recursive function Pr as
follows:
fornew

Pr(n) = {6(1(:1), r(n)) if oln] for n = (<u, n)

(v, = v,) otherwise.

It remains to verify (and this will be left for the reader to do)
that the function Pr enumerates the set of theorems of CPFO. d

Consider a collection I, of sentences which are universal
closures of the following formulas of a signature Z:

(1) =5(yp) = 0,

(2) s(vy) = s(v)) = vy = v,

B vy + 0 = vy,

@y + sv)) = sy, + v)),

) v,:0 = 0,

(6) vy s(vy) = (vy-vy) + vy,

7 —vy <0,

@) vy < s)) = (v < v, Vy, = v)),

%) (vy < vy Vyy = v, = vy) < s(v)),

(10) nyy = vy = (yy < v; Vv, < ).
The set of sentences of I derived in CP}o from the axioms L, is
called a theory A,. It is clear that @ = (w; £, =, <, 0), where
+, =, <, 0 denote the operations of addition, and multiplica-
tion, the “‘less than’’ relation and the number O respectively, is the
model 4. In particular 4, is consistent.

A term s(s(...5(0)...)), where the number of symbols s equals
n, is, as in Section 36, denoted by n.
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DEFINITION. A function f: «" — wis said to be representable in a
theory A if there is a formula ®(x,, ..., x,, ¥) of L, such that for
any m,, ...,m,, m € w

f(m,,...,mn)=m=aAol><I>(ﬂ,...,_nlﬂ,m), 1)
fm,...om) #m= A, > ~®(m,,...,m,, m). )]

If for an n-place function fand a formula ®(x,, ..., x,,, ) (1)
and (2) hold for allm, m, ..., m, € w, then ®(x,, ..., x,,, y) is said
to represent in A the function f. Note that this relation depends
not only on the formula ¢ and the function f but also on the
ordering of the variables x|, ..., x,, y. A formula ¢ will be said to
represent an n-place function fif ®(x,, ..., x,, ) represents f for
some variables x,, ..., x,; y.

LEMMA 1. Let n, m € w. Then

@Ay > x <s(n)—(x~=0

(b)ifn # m,then A, > —n

(©)ifn < m,then Ay > n < m;

@) ifn < m,then Ay > —m— n.

prOOF. If n = 0, then (a) follows from axioms (7) and (8). For
n = k + 1 (a) follows from the truth of (a) for k and from axiom
(8). Statement (b) for m = 0 follows from axidbm (1). Suppose
statement (b) for m < k is proved and letn # kK + 1. If n = 0,
then (b) follows from axiom (1). If » = / + 1, then/ # k and
under the hypothesis 4, > =/ = k. From axiom (2) we then get
Ayp> "n=k+ 1.

Statement (c) will be proved by induction on m. If m = 0, then
there is nothing to prove. If m = k + 1,thenn < korn = k and
by the induction hypothesis A, > n < k V n = k. From axiom (9)
we now get A, > n < m.

Statement (d) will be proved by induction on n. When n = 0
(d) is axiom (7). If kK + 1 < m, then by the induction hypothesis
and (b) we get Ay > =m < kA - m = k. From axiom (8) we
thenget Ay > ~m < k+ 1.0

LEMMA 2. Formulas vy + v, = v, and vy- v, = v, represent in A,
the functions of addition and multiplication respectively.

.. VX = n),
m;

I e <
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PROOF. We show that the formulam + n = m + n belongs to

the theory 4, by induction on n. For n = 0 this is axiom (3). The
induction step follows from axiom (4). Condition (2) now follows
from Lemma 1(b). Verification for multiplication will be left to
the reader. (J
THEOREM 5. Any recursive function is representable in A,.
PROOF. By virtue of Theorem 36.3 it suffices to construct for

any recursive formula ¢, FV(¢) € {x,, ..., x, }, and any recursive
term ¢, FV(t) ¢ (x, ..., x,}, formulas ¢’¢(X1’ vy X )y W, 00 -en
.++y X, ¥) of L, such that for any m, ..., m,, m € w the following
conditions hold:

m,...,myeeplx,. ... x,]=A,> @w(ﬁ, ...,ﬁ), 3)
my,...,m>éelx,..,x]1= A, > —'q)w(in_i’ ...,_rri), “4)
txy, oo, x,lmy, ...om)=m= A, > ‘I’,(ﬁ, ...,ﬂ,m), )
Ag> (Y, (my,...om,, ) ANY, (M, ...;m,,2) =y = 2). 6)

We simultaneously construct ®, and ¥, by induction on the
length of ¢ and ¢:

@ ¥, =y 0,

® Y, =y=x

(©) ¥y, = 32((¥ )] Ay = s)),

d) ¥, =3zaw(YE N A Y, Ay = ztw), 7€ [+, "},

trq
(e) tbmi = 3zaw((¥)) A (‘I'q)fi Azrw), 7€ {=, <},
® (I:'ﬂ = —|¢¢,

P

(8 é(‘m\y) = ((IJ‘p Tq)\y)» 7€ [NV, — },

(h) \P;mp = (cb‘o);‘/\ Vx(x < y — -ﬂbv,).

We must now establish in each of the cases (a) to (h) of the
definition of formulas ¢_, ¥, the validity of (3), (4) or (5), (6)
respectively. Cases (a) to (¢) and (e) follow from the induction
hypothesis and Lemma 1. Case (d) follows from Lemma 2 and the
induction hypothesis. Cases (f) and (g) are obvious. Let us verify
(h). Since pxe is a recursive term, FV(uxyp) € {x,, ..., X, ], given
any m,, ..., m, € w there is m € w such that ¢[n] for any n = {{x;,
myli=1,..,n) U {{x, m)}. From axiom (10) we obtain the
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truth of (6). From the induction hypothesis and Lemma 1(a) we
obtain the truth of (5). O

THEOREM 6. [f T is a consistent theory of L, and A, C T, then
the set X, = {y(®)|® € F(X,), T > &) is nonrecursive.

proor. Consider a one-place function Nm defined by the

following schema:

Nm(0) = ¢(0, 1),
Nm@n + 1) = c(2, Nm(n)).

It is clear that Nm is a recursive function and that for any n
Nm(n) = vy(n). We denote by Sb,(x, y) a function Sb(x, 0,
Nm(y)) (Sb is defined in the proof of Proposition 2). Notice that
if ® € F(X,), n € w, then Sb(y(®), n) = y(¥), where ¥ is obtain-
ed from & by replacing all free occurrences of the variable v, by
the term n.

Suppose that there is a recursive characteristic function of X .
By the preceding theorem there is a formula ®(x, y, z) represent-
ing in A, a function f(Sb;). On replacing, if necessary, the for-
mula ¢ by a congruent formula it may be assumed that ¢ contains
no bound variable v,. Let n, = y((=®):”" ). If f(Sb,(n,,

v0, v0, 1
ny)) = 1, then y(~®(n,, ny, 1)) € X, and therefore T &> —1<I>(n_0,

ny, 1). But this is impossible by virtue of the fact that f(Sb,) is

representable in 4, € T by a formula ®(x, y, z) and the consisten-
cy of T. Thus f(Sby(n,, ny)) = 0. From the fact that ®(x, y, 2)
represents in 4 a function f(Sb,) and from the inclusion 4, ¢ T
we get T > —®(ny, ny, 1). Hence v(—~®(n,, n,, 1)) € X and

f(Sby(ny, ny)) = 1, a contradiction. OJ

corOLLARY | (Church). The set of theorems of CPo is
nonrecursive.

PROOF. Suppose ¢, is a conjunction of axioms (1) to (10) of a
theory A, and &, = vu,Vv, Vv, ®,. It is clear-that for any formula
¥ of £, we have

Ay> ¥ & (&, — ¥ is atheorem of CP0). Q)
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Let the characteristic function f of a set X, = {y(®)I® is a
theorem of CP{20 } be recursive. Then so is a function g = f(c(9,
c(ny, x))), where ny = y(®,). By (7) g is the characteristic function
of aset {y(®)I® e F(L)), A, > ¢} and by Theorem 6 it cannot be
recursive, a contradiction. [J

From Proposition 3 and Corollary 1 we get

COROLLARY 2. There is a recursively enumerable nonrecursive
set. [J

A theory T of L is said to be axiomatizable if there is a recur-
sively enumerable set I' of axioms for 7.

LEMMA 3. If T is an axiomatizable theory of a signature T, then

theset X = {v(®)|® e F(E)), T > &} is recursively enumerable.

PROOF. Let f be a recursive function enumerating a set y[I'],
where T' is the set of axioms for 7. Let Pr be the function of
Proposition 3 enumerating the theorems of CPf. Consider a
function g defined as follows:

g(0) = f(0)
gn + 1) = c(7, c(gn), f(n + 1))).
Let /(i) = v(®;),i € w. Then g(n) = v(...(3; AP ) A ... A D ) and
X, = [2I2eFEX)), > (@A ... ND,) — P, new].

Consequently the function Pr,. defined by the schema

rr(Pr(l(n))) if /(Pr(/(n))) = 9
Pr (n) = and Ir(Pr(/(n))) = g(r(n))
Y(yy = vu,) otherwise
will enumerate the set X .. O
Recall that a theory T of £ is said to be complete if it is consis-
tent and for any closed formula ¢ of L either ® € Tor =€ 7.
LEMMA 4. If a theory T of L, is axiomatizable and complete,

then the set X; = {y(®)|® € F(L,), T > &} is recursive.
pROOF. Consider a two-place function f defined as follows:

f(m, 0) = c(12, ¢(0, m)),
fm,n + 1) = c(12, c(n + 1, f(m, n))).



288 Algorithms and Recursive Functions

For & € F(X;) we then have f(y(®), n] = Y(Vv,Vu, _ .V ®).
Since c(k, s) > k, s, the subscripts of the variables occurring in ¢
do not exceed (®). Hence a formula ¥ for which y(¥) = f(y(®),
v(®)) is closed for any & € F(Z,). Notice that for any ® € F(Z,) we
have

T> d6To> V¥,

where y(¥) = f(v(®), v($)). Let Pr, be the function of Lemma 3
enumerating the set X.. The completeness of T yields n ¢ Xr e
& (F(n) = 0orc(10, f(n, n)) € X;), where F is the characteristic
function of a set F(Z,). Therefore the function g defined as
follows:

2(n) = {l(n) if Prp(r(n)) = c¢(10, f((n), [(n))) or F({(n)) = 0

Y(—vy = v,) otherwise

will enumerate a set w \ X,. From Proposition 37.1 we see that
X is recursive. [J

THEOREM 7 (Godel’s Incompleteness Theorem). Any ax-
iomatizable theory T of L, which is an extension of A,.is in-
complete.

prOOF. Immediate from Theorem 6 and Lemma 4. [J

Godel’s incompleteness theorem is of the utmost importance
for the foundations of mathematics. While from Theorem 6 and
Church’s thesis it follows that there is no universal method for
~ proving the theorems of arithmetic, from Godel’s incompleteness
theorem and Church’s thesis we see that there is even no effective
way of giving the axioms of arithmetic. (By arithmetic we mean
here the theory of the system @ = (w; £, =, <, 0).)

In conclusion we prove, as promised in Section 37, the ex-
istence of recursively enumerable predicates.

THEOREM 8. For any n # 0 € w there is an (n + 1)-place recur-
sively enumerable predicate universal for the family of all n-place
recursively enumerable predicates.

proof. Consider an (n + 1)-place predicate R defined as
follows: for any my, m,, ..., m, € w
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(my, m, ..., in, > € R & misa Gdodel number of some

‘ formula ¢ of £, and A, > (®),% ' - "

Using the function constructed above it is easy to define an
(n + 1)-place recursive function f'such that for any m,, ..., m, € w

(a) if F(m,) = 0, i. e. m is not a Gédel number of some for-
mula, then f(m,, ..., m,) = v(=0 = 0);

(b) if F(m,) = 1 and @ is a formula such that v($) = m,, then

Sy, mp, .om )y = y(@ — (®),) 0",

where @, is the sentence defined in the proof of Corollary 1 of

Theorem 6.

If X, is a set of Gédel numbers of theorems of CPE?, then we
see from the definition of a function f that the following relation
is true: for any my, m;, ..., m, € w

{my,m,...,m,>€R & f(my, m, ..., m,) € X,.

Thus the predicate R is m-reducible to the set X,. By Proposition 3
X, is recursively enumerable. Hence by Proposition 37.2 R is
also recursively enumerable.

We show that it is R that is universal for the family of all

n-place recursively enumerable predieates.
Suppose R is an n-place recursively enumerable predicate and

¢ is a recursive formula such that FV(¢) € (v, ..., v, } and
RO = Qu,e)vg, - v, _ 41

e (v, s v,) is the formula in the proof of Theorem 5, then
for any m, ..., m, _,, m, € wthe following holds:

(my, ...,m, _,my€eply, .., v,]=
= A, > q’w(f’_o’ ey m, wﬁ)’

(Mg, ooy m, _ym ) & olug, -v,] =
= A, > ﬂd)w(r_n_o, ey My ﬂq)-

19—191
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We consider the formula ®(v,, ..., v, _ ) = 3u, P, (v, -5 Uy _ s
u,) and prove the following relation: for any m, ..., m, _ | € w
(my, ...om, _ >€ER" &

@ Ay > ) (F R0, s my ).
Indeed, if (m, ..., m, _ ) € R?, then for some m, € w (my, ...
e m, _,m,) € ply, ..., v,]. Hence A; > Qw(i"_o’ e m, o,

r_n_,,) and

A, > é(ﬂ, cm, _ N= 3""‘1’,0@_0’ v My )

Conversely, let A, > <I>(r_n_0, w.ym, _ ). ThenQ = 3“n‘1’\a(mo’

-, m, _,v,)since Q is a model of A,. Therefore for some m, €

€Ew E= ¢w(TQ’ e My, Tﬂ)' We now show that (m,, ...

veam, _,m,) € elyy, ..., v,]. Indeed, if this were not the case,
then A, > "‘I’p(f’_o» ey M, _ ,,&)and hence @ &= ﬁtbw(%,

e m, _ Tﬂ)' So {(my, ..., m, _, m,) € olyy, ..., v,] and

hence (m,, ..., m, _ ;> € R% Let k = y(®). Then from the
foregoing we have
forany mg, ..., m, _ € w

k,my, ...,m, _ YER & Ay > (‘I’)va’é.‘iif."z"ni-',l &
e (my, ...,m, _ > eRO

Thus R® = R,. O

COROLLARY 1. For.any n € w, n # 0, there is an (n + 1)-place
partially recursive function universal for the family of all n-place
partially recursive functions.

This follows from the theorem and Proposition 37.6. (J

In the course of the proof the following fact was in essence
also established.

COROLLARY 2. The set X, of Godel numbers of the theorems of
CP}:0 is an m-universal recursively enumerable set. (]
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Exercises
1. Suppose T'is a theory of L, &y (x, wy, ..., wy), ®,(x, ¥, 2, W, ..., w,), > (x,
Yy & Wy, ...y wy,) € F(E). Show that if there is a model ¥ of T, elements ¢y, ..., ¢,
ay, ...,a,, by, ..., b, € Aand a mapping f: w — A for which the following condi-

tions hold:

@) flw] = (al¥ = ¥y, ¢, ..., ¢)},

Ok +1=rede= Uk flfra, .. a,),

@ kl=redA= (kM frb, .., b,),
then the theory T is undecidable, i. e. the set X7 = {$® e F(Z)| T > &} is nonrecur-
sive. (Hint. Apply Theorem 6.)

2. Using Exercise 1 prove that the sets of theorems of CP*! and CP*2, where
L, = (f?) and L, = (r2) contain one two-place function symbol and one two-
place predicate symbol respectively, are nonrecursive and that hence CPY is
undecidable for any signature T containing not only one-place symbols.

19*
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Algebraic system, 97
canonical, 170
homogeneous, 181
recursive, 254
saturated, 184
universal, 184
x-saturated, 187

Algebraic systems, elementarily

equivalent, 149

Algorithm, 12, 248
over an alphabet, 238

Algorithms, equivalent, 238

Alphabet, 16
of the propositional calculus,

22
of the Turing machine, ex-
terior, 244
interior, 244
Ancestor, 200
Application of a rule of in-
ference, 27

Ariness mapping, 96

Arithmetic, 99

Associativity, 19

Atom of Boolean algebra, 81

Automorphism, 97
Axiom, 26

of choice, 74

of CP%, 117

of CP¥, 139

of CPP, 144

of extensionality, 65

of PC, 26

of PCy, 52

of regularity, 90

of the calculus, 18

of the calculus G, 198
Axiom schema, 26, 50

independent, 50
Axiom system for a theory, 165

Base of tautology, 119
Basis for a system, 195
Basis function, 249
Basis term, 168
Beginning of a word, 17
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Boolean algebra, 73
of all subsets, 73
Bound occurrence of a variable,
106

Calculus, 18
complete for the semantics, 49
consistent, 43
with respect to the seman-

tics, 49
decidable, 276
G, 198
Gy, 60

independent, 50
of predicates of £ (CPE), 117
of resolvents, 228, 231
propositional, 228
propositional (PC), 22
solvable, 50
undecidable, 50
Cantor-Bernstein theorem, 83
Cantor’s theorem, 83
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of algebraic systems, 112
Chain, 74
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Church’s thesis, 249
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of algebraic systems, ax-
iomatizable, 157
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Commutativity, 19
Compactness theorem, 115, 139
Complement of an element, 71
Complete theory, 165
Composition of normal
algorithms, 240
of relations, 67
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Congruence, 177
Conjunction, 22
Conjunctive norm‘al form (cnf),
40
Conjunctive term of a formula,
37
Connective, logical, 22
Conservative extension, 56
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CP? theorem, 119
Cut elimination theorem, 210

Deduction theorem, 141
Descendant, 200
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Determining sequence of a par-
tially recursive func-
tion, 249
Derivation in CP¥, 140
in PC,, 52
Diagonal, 67
Diagram of a set in a system, 155
complete, 155
of an algebraic system, 155
complete, 155
Difference of sets, 19
Direct product of algebraic
systems, 112
Disjunction, 22
Disjunctive normal form (dnf), 40
Disjunctive term of a formula, 37
Distributivity, 20
Domain of a function, 68
of definition of an operation,
18
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Equality symbol, 105
Equipotent sets, 83
Equivalence class, 68
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Expansion of an algebraic system,
99
Expression of a calculus, 18
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Extension of calculi, conservative,
56
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Factor system, 177
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property, 79
Filter, countably complete, 187
of a Boolean algebra, 79
on a set, 79
Filtered product, 111
Formula,.22, 104, 117
atomic 22, 104
atomical, 104
closed, 107
conditionally filtering, 113
CPE-provable, 118
filtering, 113
identically true, 107
in dnf, 40, 130
in prenex nf, 130
in reduced nf, 131
of CP%, 117
of CPP, 144
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elementary, 22
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228, 231
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recursively enumerable, 264



298 Subject Index

Formula (cont.)
satisfiable, 108
valid, 107
Formulas, congruent, 129
equivalent, 34, 126
with respect to a theory T,
165
propositionally equivalent, 126
Free occurrence of a variable, 106
Free variable of a formula, 105
Function, 68
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completely defined, 247
nowhere defined, 247
partial,; 243
normally computable, 243
Turing computable, 245
recursive, 249
reducing, 275
representable in a theory A4,
284
representing, 254
universal, 274
Function signature, 97

Godel numbering, 276
Godel’s incompleteness theorem,
288
completeness theorem, 136
Graph, 100
of a function, 265
Greatest element, 70

Greatest lower bound (glb), 71
Group, 100

Abelian, 100

of substitutions, 100

Height of a sequence in a tree, 28
of a tree, 28

Herbrand theorem, 227

Hilbertian calculus of predicates
(CPY), 139

Hilbertian propositional calculus
(PC)), 52

Homomorphism, 97

Hypothesis of a rule, 19

Idempotency, 20
Identity, 162
Image of a set under mapping, 69
Implication, 22
Initial segment, 74
closed, 74
open, 74
Instance of a rule of inference, 25
of a schema, 25
Integer ring, 100
Interpolation theorem, 174
Interpretation of PC, in X, 43
principal, 44
of variables, 103
of a signature, 97
Intersection of sets, 19, 20
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k-cut of a predicate, 273

Lattice, 71
Boolean, 71
distributive, 71
Least element, 70
Least upper bound (lub), 70
Length of an abstract word, 17
of a concrete word, 16
of a sequence, 17
Letter, 15 )
abstract, 15
concrete, 15
of an alphabet, 16
Liar paradox, 14
Limit ordinal, 85
Linear ordering, 70
Linearly ordered set, 70
List of formulas, 228
Los’theorem, 114
Lower bound, 70

Machine word, 244
Mapping, 18, 68
distinct-valued, 68
into, 68
onto, 68
Matrix, 130
Maximal element, 70
Maximum principle, 75

Mechanism of compatibility, 169
without equality, 172

Metalanguage, 34

Method, modern axiomatic, 11
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Model, 115

Model theory, 13

Model-complete theory, 165

Natural number, 65
Negation, 22
No-go word, 245
Normal algorithm, 239
Normalization principle, 242
n-type, 173
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tion, 18
Numbering of a set, 87
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of a letter, 17
in a word, 17
first, 17
last, 17
of a sequence, 28
in a tree, 28
initial, 28
Operation, 18, 68
n-place, 18, 68
partial, 18
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Operator of regular superposi-
tion, 248

Ordinal, 84
Ordered collection, 65

Pgir, 18
Partial ordering, 70
Partially ordered sect, 70
well-founded, 73
Partition of a set, 68
Passage in a tree, 28
essential, 61
Place mapping, 96
Power of an algebraic system, 97
of a set, 87
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Power set, 20
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n-place, 66
recursive, 254
recursively enumerable, 265
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Predicate signature, 97
Predicate symbol, 96
Primitive recursion operator, 248
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dnf, 41
Principal formula of a rule of in-
ference, 199
Principle of potential realizability,
236
of well ordering, 75

Problem of solvability of
calculus, 49

Product of relations, 67

Programme of a Turing machine,

244
Proof, 12
in CPE, linear, 118
in CPY, 140
in PC, linear, 27
in PC,, 52

tree form in CPE, 119
tree form in PC, 28
in the calculus of resolvents,
229
Proof theory, 13
Proof tree in CP%, 119
Property of the purity of a
variable, 201
Proposition in the English
language, 21
Pure calculus of predicates, 144

Quadruple, 66

Quantifier prefix, 130
Quasi-derivation in PC, 31
Quasi-identity, 162
Quasi-variety, 162

Range of a function, 68
Rank of a set, 90
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Reduction theorem, 272
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antisymmetric, 67
inverse, 66
n-place, 66
reflexive, 67
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transitive, 67
Relation symbol, 96
Replacement of bound variable,
128
Replacement theorem, 35, 128
Representative of an abstract
word, 16
Restriction of a relation, 67
of a mapping, 69
of an algebraic system, 99
Rule of inference, 18
CP}-admissible, 141
in CPY, 140
in PC,, 52
independent, 50
n-hypothesis, 19
of CP*, 117
of PC, 26
basic, 27
structural, 27
of the calculus G, 198
of the calculus of resolvents,
228, 231
PC-admissible, 29
Russell paradox, 9

Schema, in an alphabet, 238
of PC formulas, 25
of PC sequents, 25
PC-provable, 29
Scope of a quantifier, 105
Semantic study of formal
languages, 13
Semantics of a calculus, 44
Sentence, 107
n-valid, 108
Sequence, 17
empty, 18
Sequent, 24, 117
of CP%, 117

true for interpretation, 122

identically true, 122
of CPP, 144
CP%-provable, 119
of PC, 24
false on a set, 46
identically true, 46
true on a set, 45
of the calculus G, 198
of the calculus G, 61
PC-provable, 27
provable in the calculus of
predicates, 125
Set, 15, 65
atomically minimal, 195

closed under an operation, 69

countable, 87

defined by induction, 18
denumerable, 87

empty, 16
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Subject Index

Set (cont.)
enumerable, 87
finite, 16, 87
infinite, 87
of algebraic systems, directed,
98
clementarily directed, 154
of axioms for a class of
systems, 157
of conjunctive terms of a for-
mula, 38
of disjunctive terms of a for-
mula, 38
of formulas, compatible, 132
consistent, 132
incompatible, 132
of formulas, inconsistent, 132
locally satisfiable, 115
satisfiable, 115
of hypotheses, 53
of natural numbers, 65
of sentences, complete, 137
recursive, 269
recursively enumerable, 269
m-universal, 275
transitive, 84
Set-theoretic paradox, 9
Signature, of a class, 96
of a class of algebraic systems,
157
Similarity, 76
Skolemization, of a signature, 166
of a signature, complete, 167
of an algebraic system, 166

of an algebraic system, com-
plete, 167
Subformula, 22, 104, 200
Subset, 15
Substitution, 32
Substitution theorem, 33
Subsystem, 98
elementary, 153
proper, 98
Subtree, 201
Subword, 17
Sum of a set, 85
Supersystem, 98
Symbol, 15
auxiliary, 22
logical, 22
of a variable, 102
Syntax of a calculus, 44

Tautology, 119
Term, closed, 103
of a sequence, 17
recursive, 256
Theorem, of a calculus, 19
of PC, 27
on a graph, 265
on the existence of a model,
133
on the functional com-
pleteness of PC, 47
on the omission of types, 173



Subject Index 303

Theory, 157, 165
Ay, 283
v-axiomatizable, 165
V-axiomatizable, 165
3-axiomatizable, 165
axiomatizable, 287
categorical, 188
of an algebraic system, 149
universally axiomatizable, 165
with elimination of quan-
tifiers, 166
Transfinite induction principle, 74
Tree, 27
Tree form proof in CP¥, 119
in PC, 28
Triple, 18, 66
Truth function, 45
Truth value of a formula of PC,
45
Turing machine, 244
Turing’s thesis, 246
Turnstile, 22
Type of a well-ordered set, 85
of collection, 181

Ultrafilter, 81

Union of abstract words, 17
of algebraic systems, 99
of a set, 85
of sets, 19, 20

Unit system, 162

Universal quantifier, 105
Upper bound, 70

Value, of a function, 69
of a mapping, 18, 69
of a term, 103
Variable, 102
for formulas, 25, 118
propositional, 22
Variety, 162

Well ordered set, 75
Word, 16, 65
abstract, 16
concrete, 16
in an alphabet, 16

Yield sign, 22

Zermelo-Fraenkel axiom system,
92
L-formula, 251
L-term, 251
v-formula, 159
v3-formula, 159
3-formula, 159
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