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Translator’s Note

This book is a translation of A. N. Kolmogorov and S. V. Fomin’s book
“Elementy Teorii Funktsii i Funktsional’nogo Analiza., II. Mera, Inte-
gral Lebega i Prostranstvo Hilberta’ (1960).

An English translation of the first part of this work was prepared by
Leo F. Boron and published by Graylock Press in 1957 and is mentioned
in [A] of the suggested reading matter added at the end of the present
book.

The approach adopted by the Russian authors should be of great
interest to many students since the concept of a semiring is introduced
early on in the book and is made to play a fundamental role in the subse-
quent development of the notions of measure and integral. Of particular
value to the student is the initial chapter in which all the ideas of meas-
ure are introduced in a geometrical way in terms of simple rectangles in
the unit square. Subsequently the concept of measure is introduced in
complete generality, but frequent back references to the simpler intro-
duction do much to clarify the more sophisticated treatment of later
chapters.

A number of errors and inadequacies of treatment noted by the
Russian authors in their first volume are listed at the back of their second
book and have been incorporated into our translation. The only change
we have made in this addenda is to re-reference it in terms of the English
Translation [A).

In this edition the chapters and sections have béen renumbered to make
them independent of the numbering of the first part of the book and to
emphasize the self-contained character of the work.

New York, January 1961
NarTascHa ARTIN BRUNSWICK
ALAN JEFFREY






Foreword

This publication 1s the second book of the ‘‘Elements of the Theory of
Functions and Functional Analysis,” the first book of which (‘“Metric
and Normed Spaces’) appeared in 1954. In this second book the main
role is played by measure theory and the Lebesgue integral. These con-
cepts, in particular the concept of measure, are discussed with a sufficient
degree of generality; however, for greater clarity we start with the
concept of a Lebesgue measure for plane sets. If the reader so desires he
can, having read §1, proceed immediately to Chapter I and then to
the Lebesgue integral, taking as the measure, with respect to which the
integral is being taken, the usual Lebesgue measure on the line or on the
plane.

The theory of measure and of the Lebesgue integral as set forth in this
book is based on lectures by A. N. Kolmogorov given by him repeatedly
in the Mechanics-Mathematics Faculty of the Moscow State University.
The final preparation of the text for publication was carried out by S. V.
Fomin.

The two books correspond to the program of the course ‘“ Analysis 111"
which was given for the mathematics students by A. N. Kolmogorov.

At the end of this volume the reader will find corrections pertaining
to the text of the first volume.

A. N. KoLMoGoROV
S. V. Fomin
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CHAPTER |

MEASURE THEORY

The concept of the measure u(A) of a set A is a natural gener-
alisation of the following concepts:

1) the length I(A) of a segment A;

2) the area S(F) of a plane figure F,

3) the volume V(G) of a figure G in space;

4) the increment ¢(b) — ¢(a) of a non-decreasing funection
¢(t) on the half open line interval [a, b);

5) the integral of a non-negative function taken over some
line, plane surface or space region, ete.

The concept of the measure of a set, which originated in the
theory of functions of a real variable, has subsequently found
applications in probability theory, the theory of dynamic systems,
functional analysis and other fields of mathematics.

In the first section of this chapter we shall introduce the notion
of measure for sets in a plane, starting from the concept of the
area of a rectangle. The general theory of measures will be given
in §83-7. The reader will however easily notice that all arguments
used in §1 are of a general character and can be re-phrased for the
abstract theory without essential changes.

1. Measure of Plane Sets

Let us consider a system & of sets in the (z, y)-plane, each of
which is given by one of the inequalities of the form

a<z<b,
a<z<b,
a <z <b,

a<z<b
1



2 1. MEASURE THEORY

together with one of the inequalities
c<Ly<Ld,
c <y <Ld,
c Ly <d,
c<y<d,

where a, b, ¢ and d are arbitrary numbers. The sets belonging to
this system we shall call ‘“‘rectangles”. The closed rectangle, given
by the inequalities

a <z <, c<y<d

is the usual rectangle (including the boundary) if a < b and
¢ < d,orasegmentif a =bandc¢ < d, or a point if a = b and
¢ = d. The open rectangle

a <z <b, c<y<d

is, depending on the relations among a, b, ¢ and d, respectively, a
rectangle without boundaries, or the empty set. Each of the
rectangles of the other types (let us call them half-open) is
either a real rectangle without one, two or three sides, or an inter-
val, or a half-interval, or, finally, an empty set.

We shall define for each of the rectangles a measure correspond-
ing to the concept of area, well known from elementary geometry,
in the following way:

a) the measure of an empty set is equal to zero;

b) the measure of a non-empty rectangle (closed, open or
half-open) given by the numbers a, b, ¢ and d is equal to

b —a)({d — o).

In this way, to each rectangle P there corresponds a number
m(P)—the measure of this rectangle; moreover the following
conditions are obviously satisfied:

1) the measure m(P) takes on real non-negative values;

2) the measure is additive, i.e.,if P = U P,and P;nP, = &

k=1
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for i = k, then ,,

m(P) = kzl:m(Pk)-
QOur task now is to generalise the measure m (P), which up to now
has been defined only for rectangles, to a wider class of measures,
preserving the properties 1) and 2).

The first step in this direction consists of generalising the con-
cept of measure to so called elementary sets. We shall call a plane
set elementary if it can be represented, at least in one way, as a
union of a finite number of pairwise non-intersecting rectangles.

For what follows we shall use the following

Theortem 1. The wunion, intersection, difference and symmetric
difference of two elementary sets is also an elementary set.

Proof. It is clear that the intersection of two rectangles is again
a rectangle. Therefore, if

A=UP, and B=Ug;
k b

are two elementary sets, then

AnB=U(P.ngy

is also an elementary set.

The difference of two rectangles is, as is easily checked, an ele-
mentary set. Hence, taking away from the rectangle some ele-
mentary set we again obtain an elementary set (as the intersection
of elementary sets). Now let A and B be two elementary sets.

One can obviously find a rectangle P containing each of them.
Then

AUB = P\[(P\4) n (P\B)]

is an elementary set by what has been said above. From this and
the equalities

ANB = 4 n (P\B)
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and
AAB = (AUB)\(4NB)

it follows that the difference and the symmetric difference of
elementary sets are also elementary sets. The theorem is thus
proved.
Let us now define the measure m’(A) for elementary sets in
the following way: if
A = U P ky

where the P, are pairwise non-intersecting rectangles, then

m' (A) = 2 m(Py).

Let us show that m’(A) does not depend on the way the set A is
represented as a sum of rectangles. Let

A=UPk=UQj,

where the P, and the @; are rectangles and P; n P, = g,
Q:nQr = g for v # k. Since the intersection of two rectangles is
a rectangle we have, because the measures of rectangles are
additive,
kEm(Pk) = kE m(P,NQ;) = Zm(Qi)-
¥ 7

It is easy to see that the measure of elementary sets defined in
this way is non-negative and additive.

Let us establish the following property of elementary measures
which will be important in what follows.

Theotem 2. If A s an elementary set and {A,} is a finile or
countable system of elementary sets such that

AcUa,

then
m(A) < 32 m'(4,.). (%)

Proof. For an arbitrary ¢ > 0 and a given A we can dbviously
find a closed elementary set A, which is contained in A and
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satisfies the conditions

m'(A) 2 m'(4) = 2.
(For this it is sufficient to replace each of the k rectangles P,
which form 4 by the closed rectangle which is wholly contained
in it and having an area larger than m(P;) —e/2%+1)

Furthermore, for each A, one can find an open elementary set
A, containing A, and satisfying the condition

m'(4,) < m'(4,) +

2n+1
It is clear that
icUi
From {4,} we can (by the Borel-Lebesgue lemma) select a sys-
temA4,, 4,, -+, A,, which covers A. Here moreover, obviously

m'(A) < 25 m'(4,)
i=1
(since otherwise A could be covered by a finite number of rec-
tangles having an added area which is less than m’(4), which is
obviously impossible). Therefore,

y,w €
< Tm(d) + 5

n

<Y

w(4) < w(d) + £ < T A

=1

<Swa)+ 3 2; +i=Twd) +,

yielding (> ), since ¢ is arbitrary and positive.

The set of elementary sets does not exhaust all those sets which
were considered in elementary geometry and in classical analysis.
Therefore it is natural to ask the question how to generalise the
concept of a measure to a class of sets which is wider than the
finite combinations of rectangles with sides parallel to the co-
ordinate axes, preserving its basic properties.
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The final solution of this problem was given by H. Lebesgue at
the beginning of the twentieth century.

In presenting the theory of Lebesgue’s measure we will have
to consider not only finite but also infinite combinations of rect-
angles.

In order to avoid dealing with infinite values for measures we
shall limit ourselves to sets which fully belong to the square
E={0<2<10<Ly <1}

On the set of all these sets we shall define two functions p*(4)
and uy (A) in the following way.

Definition 1. We shall call the number
inf Y m(Py)

ACUP:

the outer measure p*(A) of the set A; the lower bound is taken
over all possible coverings of the set A by finite or countable
rectangles.

Definition 2.  We call the number

1 — p*(ENA4)

the inner measure px(A) of the set A. It is easy to see that always
pa(A) < p*(4).

Indeed, suppose that for some A C F
px (4) > p*(4),

ie.,

p*(A) + p*(ENA4) < 1.

Then, by definition of the exact lower bound, one can find systems
of rectangles {P;} and {Q.} covering A and E\ 4, respectively,
such that

Zm(P) + m(Q) < 1.

i

The union of the systems {P;} and {Q.} we shall denote by
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{R;}; we obtain
E C U R; and m(E) > Zm(R,-),

which contradicts Theorem 2.
Definition 3. We call a set A measurable (in the sense of Lebesgue),
if
px(A) = p*(4).

The common value x(A) of the outer and inner measure for a
countable set A is called its Lebesgue measure.

Let us find the basic properties of the Lebesgue measure and of
countable sets.

Theorem 3. If
A <cUa,

where A, ts a finite or countable system of sets, then
p*(A4) < 2 p*(4.).

Proof. By the definition of the outer measure, we can find for
each A, a system of rectangles {P,.}, finite or countable, such
that 4, € U P,; and

k

m(Pu) < w*(4) + 2—

where ¢ > 0 is selected arbitrarily. Then
A <cUU P,
n k
and
p*(4) < 2 2 m(Pw) < 2 u*(4.) + -
n k n
Since ¢ > 0 is arbitrary, this establishes the theorem.

We have already introduced above the concept of measure for
sets which we called elementary. The theorem below shows that
for elementary sets Definition 3 leads to exactly the same result.
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Theorem 4. Elementary sets are measurable, and for them the
Lebesgue measure coincides with the measure m'(A) constructed
above.

Proof. If A is an elementary set and Py, P,, - - -, P; are the pair-
wise non-intersecting rectangles comprising it, then, by definition,

m'(4) = S m(Py).

i=1
Since the rectangles P; cover all of A,
p*(4) < 2 m(Py) = m'(4).

But, if {@;} is an arbitrary finite or countable system of rec-
tangles covering A, then, by Theorem 2, m'(4) < 2. m(Q)).
Hence m’(A) < u*(A). Therefore, m'(A) = p*(A).

Since £\ A4 is also an elementary set, m’(EN\A) = p*(E\A).
But

m' (ENA) =1 —m'(A) and u*(ENA) =1 — p(4),
yielding
m'(4) = u(A).
Therefore
m'(A) = p*(4) = m(4) = u(4).
From the result obtained we see that Theorem 2 is a special

case of Theorem 3.

Theorem 5. In order that the set A be measurable, it s necessary
and sufficient that the following condition be satisfied: for any
e > 0 there exists an elementary set B, such that,

w*(A AB) <e
Thus those sets and only those sets are measurable which can
be “approximated with an arbitrary degree of accuracy” by
elementary sets. For the proof of Theorem 5 we shall need the
following
Lemma. For two arbitrary sets A and B

[u*(4) — w*(B)| < w*(4 A B).
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Proof of the lemma. Since
ACBU(A A B),
we have
p*(A) < u*(B) + u*(4 A B).

This implies the lemma if p*(A) > p*(B). If p*(4) < w*(B),
then the lemma follows from the inequality

p*(B) < p*(A) + p*(A A B),
which can be established in an analagous manner.

Proof of Theorem 5. Sufficiency. Let us assume that for any
¢ > 0 there exists an elementary set B, such that

v*(A A B) <=
Then
[u*(4) — m'(B)| = |u*(4) — p*(B)] <5, (1)
and since
(ENA) A (ENB) = 4 A B,
we have analogously that
lu*(ENA) — m/(ENB)| <. (2)
From the inequalities (1) and (2) we have, taking into account
m'(B) + m'(E\B) = m'(E) = 1,
that
[1*(4) + p*(ENA) — 1] < 2,
and, since ¢ > 0 is arbitrary,
p*(4) + p*(ENA4) =1,
1.e., the set A is measurable.
Necessity. Let 4 be measurable, i.e., let

p*(4) + p*(ENA) = L
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Selecting ¢ > 0 arbitrarily, we shall seek coverings

ACUB, and n4 cUc,

for the sets A and EN\ A by systems of rectangles {B,} and {C,}

for which

n

Since > m(B.) < «, we can find an N such that

Y. m(B,) < :
>N 3
Set
N
B = U Bn
n=1
It is clear that the set
P = U Bn
a>N
contains A\ B, and that the set

contains B\ A, and therefore that A A B C P u Q. Hence,
p*(P) < T m(By) < ..

a>N 3

Let us evaluate p*(@Q). For this let us note that
(Us.)u(uenm)-=

and hence

S m(B.) + 3 m/(C.\B) > 1.

TmB) < wr(4) + 5 and Lm(C) < wHENA) + 2

(3)
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But by assumption,
2¢ 2
TmB) + Zm(C) < ut(4) +ut(ENA) + 5 =1+% (4)

Subtracting (3) from (4) we have
Sm(C) — Em(CNB) = Em(CnB) < 3,

Le.,
2z
* —
p*(Q) < 3
Therefore,
p*(A AB) < u*(P) +u*(Q) <
Hence, if A is measurable, there exists for any arbitrary ¢ > 0,

an elementary set B such that u*(A4 A B) < & Theorem 5 is
thus established.

Theorem 6. The union and intersection of a finite number of
measurable sets are measurable sets.

Proof. It is clear that it suffices to give the proof for two sets.
Let A; and A be measurable sets. Then, for any ¢ > 0, one can
find elementary sets B; and B, such that,

WAL A By) < —; p*(A; A B) < —;

Since

(A1 U Ay) A (BiUB;) C (A1 A B) U(A: A By),
we have
p (A1 U Ay) A (BiUBy)] < u*(A1 A B) +u*(4: A By) <& (5)
B, u B, is an elementary set; hence, by Theorem 4, the set A, U A4,
is measurable. But, just by the defimition of measurability, if A

is measurable, then E\ A is also measurable; hence the fact that
the intersection of two sets is measurable follows from the relation

Ain A, = EN[(E\4) U (E\A42)]
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Corollary. The difference and symmetric difference of two meas-
urable sets is measurable.

This follows from Theorem 6 and the equations

Al\Az = A; n (E\Az), Al A A2 = (Al\Az) U (Az\A;).

Theotem 7. If A, A, ---, A, are pairwise non-intersecting
measurable sets, then

b (0 42) = Sucan.

=1 k=1

Proof. As in Theorem 6 it suffices to consider the case n = 2.
Let us select an arbitrary ¢ > 0 and elementary sets B; and B;
such that

p*(AL A B) < (6)
p.*(Az A Bz) <e (7)

Weset A = A, u A, and B = B; U B,. The set A is measurable
by Theorem 6. Since

‘BinB;, C (A1 A By) U(A; A By),
we have
m' (Bi N By) < 2. (8)
By the lemma to Theorem 5, and from (6) and (7) we have
[m'(B)) — p*(AD]| <& 9
|m’(By) — w*(42)] <. (10)

Since on the set of elementary sets the measure is additive, we
obtain from (8), (9) and (10)

m/(B) = m'(B1) + m'(By) — m'(BiN By) 2 w*(A1) + p*(42) — 4.

Noting moreover that A A B C (41 A Bi) u (A: A B;) we
finally have

p*(A) 2 m'(B) — u*(A AB) > m(B) — 2
> p*(A4,) + u*(4;) — 6be
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Since 6¢ can be made arbitrarily small,
p*(A) 2 p*(4) + p*(42).

The reverse inequality
p*(A) < p*(4) + p*(42)

is always true for A = A, u A,, therefore, we finally obtain
p*(A) = p*(41) + u*(4s).

Since A,, A, and A are measurable, we can replace u* by u. The
theorem is thus established.

Theorem 8. T'he union and the intersection of a countable number
of measurable sets are measurable sets.

Proof. Let
Ay Ay eve, Ay o

be a countable system of measurable sets and A = U A,. Let us

n—1 o n=1
set A, = A\ U A,. Itis clear that A = U A., where the sets 4,

k=1 n=1
are pairwise non-intersecting. By Theorem 6 and its corollary,
all the sets A, are measurable. According to Theorems 7 and 3,
for any n

S ua) = g A,:) < w(4),

k=1
Therefore the series

w4

n=l1
converges and hence for any ¢ > 0 one can find an N such that

T u4) < <. (11)

>N 2

N
Since the set C = U A, is measurable (being a union of a finite

n=1
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number of measurable sets), we can find an elementary set B
such that

w*(C A B) < 55 (12)
Since

AABg(CAB)u(U A,’,),

n>N
(11) and (12) yield
(4 A B) <.
Because of Theorem 5 this implies that the set A is measurable.
Since the complement of a measurable set is itself measurable,
the statement of the theorem concerning intersections follows
from the equality
N 4. = BNU(E\4,).

Theorem 8 is a generalisation of Theorem 6. The following
Theorem is a corresponding generalisation of Theorem 7.

Theorem 9. If {A.} 7s a sequence of pairwise non-intersecting
measurable sets, and A = U A, then

p(4) = 22 p(4,).
Proof. By Theorem 7, for any N,
N N
#(U 42) = Sucan < uid),
n= n=1
Taking the limit as N — «, we have
B(4) 2 3 u(4a). (13)

n=1

On the other hand, according to Theorem 3,

w(d) < 3 ua,). (14)

n=1

Inequalities (13) and (14) yield the assertion of the Theorem.
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The property of measures established in Theorem 9 is called its
countable additivity, or o-additivity. An immediate corollary of
o-additivity is the following property of measures, called con-
tinuaty.

Theorem 10. If A, D A, 2D --- s a sequence of measurable sets,
contained in each other, and A = [} A,, then

p(4) = lim u(4,).

n-»ow

It suffices, obviously, to consider the case A = ¢, since the
general case can be reduced to it by replacing A, by A,\ A. Then

A; = (A;\Az) U (Az\Aa) Usee-

and
Ap = (ANAnp) U (A \Angz) U -ee,
Therefore
u(d) = Zﬂ(Ak\AkH), (15)
and
u(4,) = §y<Ak\Ak+l>; (16)

since the series (15) converges, its remainder term (16) tends to
zero as n — «, Thus,

p(Ad,) -0 for n— =,
which was to be shown.

Corollary. If A, € A; C --- s an increasing sequence of meas-
urable sets, and

A =Ua4a,

then
p(4) = lim p(4,).

n-»w
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For the proof it suffices to go over from the sets A, to their
complements and to use Theorem 10.

Thus we have generalised the concept of a measure from ele-
mentary sets to a wider class of sets, called measurable sets,
which are closed with respect to the operations of countable
unions and intersections. The measure constructed is s-additive
on this class of sets.

Let us make a few final remarks.

1. The theorems we have derived allow us to obtain an idea of
the set of all Lebesgue measurable sets.

Since every open set belonging to £ can be represented as a
union of a finite or countable number of open rectangles, i.e.,
measurable sets, Theorem 8 implies that all open sets are meas-
urable, Closed sets are complements of open sets and consequently
are also measurable. According to Theorem 8 also all those sets
must be measurable which can be obtained from open or closed
sets by a finite or countable number of operations of countable
unions and intersections. One can show, however, that these sets
do not exhaust the set of all Lebesgue measurable sets.

2. We have considered above only those plane sets which are
subsets of the unit square £ = {0 < z,y < 1}. It is not difficult
to remove this restriction, e.g., by the following method. Repre-
senting the whole plane as a sum of squares £,, = {n < z <
n+1,m<y <m + 1} (m, n integers), we shall say that the
plane set A is measurable if its intersection A,» = A n E,,, with
each of these squares is measurable, and if the series Y u(A.m)
converges. Here we assume by definition that e

I‘(A) = Z #(Anm)-

All the properties of measures established above can obviously
be carried over to this case.

3. In this section we have given the construction of Lebesgue
measures for plane sets. Analogously Lebesgue measures may be
constructed on a line, in a space of three dimensions or, in general,
in a space of n dimensions. In each of these cases the measure is
constructed by the same method: proceeding from a measure de-
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fined earlier for some system of simple sets (rectangles in the
case of a plane, intervals (a, b), segments [a, b] and half-lines
(a,b]and [a, b) in the case of aline, etc.) we first define a measure
for finite unions of such sets, and then generalise it to a much
wider class of sets—to sets which are Lebesgue measurable. The
definition of measurability itself can be carried over word for
word to sets in spaces of any dimension.

4, Introducing the concept of the Lebesgue measure we
started from the usual definition of an area. The analogous con-
struction for one dimension is based on the concept of length of
an interval (segment, half-line). One can however introduce
measure by a different and more general method.

Let F(t) be some non-decreasing function, continuous from the
left, and defined on a line. We set

m(a,b) = F(b) — F(a +0),
mla, b] = F(b + 0) — F(a),
m{a, b] = F(b +0) — F(a +0),
m[a, b) = F(b) — F(a).

It is easy to see that the function of the interval m defined in this
way is non-negative and additive. Applying to it considerations
which are analogous to the ones used in this section, we can con-
struct some measure pr(A). Here the set of sets, which are meas-
urable with respect to the given measure, is closed with respect to
the operations of countable unions and intersections, and the
measure ur is s-additive. The class of sets, measurable with re-
spect to up, will, generally speaking, depend on the choice of the
function F. However, for any choice of F, the open and closed
sets, and therefore all their countable unions and intersections
will obviously be measurable. Measures obtained from some
function F are called Lebesgue-Stieltjes measures. In particular,
to the function F(¢) = ¢ there corresponds the usual Lebesgue
measure on a line.

If the measure ur is such that it is equal to zero for any set
whose normal Lebesgue measure is zero, then the measure ur is
called completely continuous. If the measure is wholly concen-
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trated on a finite or countable set of points (this happens when
the set of values of the function F(¢) is finite or countable), then
it is called discrete. The measure up is called singular, if it is equal
to zero for any one point set, and if there exists such a set M
with Lebesgue measure zero, that the measure ur of its comple-
ment is equal to zero.

One can show that any measure ur can be represented as a
sum of an absolutely continuous, a discrete and a singular measure.

. Existence of Non-measurable Sets

It has been shown above that the class of Lebesgue measurable sets
is quite wide. Naturally the question arises as to whether there exist
any non-measurable sets at all. We shall show that this problem is
solved affirmatively. It is easiest to construct non-measurable sets on a
circle. :

Consider a circle with circumference C of unit length and let « be
some irrational number. Let us consider those points of the circum-
ference C which can be transformed into each other by a rotation of the
circle through an angle na (» an integer) as belonging to our class. Each
of these classes will obviously consist of a countable number of points.
Let us now select from each of these classes one point. We shall show
that the set obtained in this manner, let us call it ®, is non-measurable.
Let us call the set, obtained from & by a rotation through angle na,
&,. It is easily seen that all the sets &, are pairwise nonintersecting, and
that they add up to the whole circular arc C. If the set & were meas-
urable, then the sets ®,, congruent to it, would also be measurable. Since

C = ﬁCD,., $, Nd, = g for n #m,
this would imply, on the strength of the o-additivity of measures that,

1= 3 w(@). an

n=—oo

But congruent sets must have the same measure:
p(Pn) = u(P).

This shows that equation (17) is impossible, since the sum of the series
on the right-hand side of equation (17) is equal to zero if u(®) = 0,
and is infinite if x(®) > 0. Thus the set & (and hence also each ®,) is
non-measurable.
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2. Systems of Sets

Before proceeding to the general theory of sets we shall first
give some information concerning systems of sets, which sup-
plements the elements of set theory discussed in Chapter I of
Volume I.

We shall call any set, the elements of which are again certain
sets, a system of sets. As a rule we shall consider systems of sets,
each of which is a subset of some fixed set X. We shall usually
denote systems of sets by Gothic letters. Of basic interest to us
will be systems of sets satisfying, with respect to the operations
introduced in Chapter I, §1 of Volume I, certain definite condi-
tions of closure.

Definition 1. A non-empty system of sets ® is called a ring if it
satisfies the conditions that A € % and B € % implies that the
sets A A B and A n B belong to R.

For any A and B

AUB = (44 B) A (AnB),
and
ANB = A A (ANB);

hence A € R and B € % also imply that the sets A U B and
ANGB belong to %. Thus a ring of sets is a system which is in-
variant with respect to the operations of union and intersection,
subtraction and the formation of a symmetric difference. Ob-
viously the ring is also invariant with respect to the formation of
any finite number of unions and intersections of the form

C=UA4, D=4
k=1 k=1
Any ring contains the empty set &, since always AN A = &.
The system consisting of only the empty set is the smallest
possible ring of sets.
A set E is called the unit of the system of sets &, if it belongs
to & and if, for any 4 ¢ &, the equation

ANE =4
holds.
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Hence the unit of the system of sets & is simply the maximal
set of this system, containing all other sets which belong to &.
A ring of sets with a unit is called an algebra of sets.

Examples. 1) For any set A the system I (A) of all its subsets
is an algebra of sets with the unit £ = A.

2) For any non-empty set A the system { &, A} consisting of
the set A and the empty set &, forms an algebra of sets with the
unit £ = 4.

3) The system of all finite subsets of an arbitrary set A forms
a ring of sets. This ring is then and only then an algebra if the
set A itself is finite, '

4) The system of all bounded subsets of the line forms a ring
of sets which does not contain a unit.

From the definition of a ring of sets there immediately follows

Theorem 1. The intersection R = [} R of any set of rings s also
a ring. a

Let us establish the following simple result which will however
be important in the subsequent work.

Theorem 2. For any non-empty system of sets & there exists one
and only one ring R(S), containing & and conlained in an arbi-
trary ring R which contains &.

Proof. Tt is easy to see that the ring % (&) is uniquely defined
by the system &. To prove its existence let us consider the union
X = U A of all sets A contained in & and the ring M (X) of all

Aed

subsets of the set X. Let Z be the set of all rings of sets contained
in M(X) and containing &. The intersection

B=N%

ReZ

of all these rings will obviously be the required ring % (S).
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Indeed, whatever the R* containing &, the intersection
% = ®* n MX) is 4 ring of = and, therefore,

©CPCRC R,

1.e., B really satisfies the requirement of being minimal. % (&) is
called the minimal ring over the system .

The actual construction of the ring R (&) for a given system &
is, generally speaking, fairly complicated. However, it becomes
quite straightforward in the important special case when the
system & is a “‘semiring”’.

Definition 2. A system of sets & is called a semiring if it contains
the empty set, is closed with respect to the operation of intersec-
tion, and has the property that if A and A; € A belong to &,
then A can be represented in the form 4 = U A,, where the A4,

k=1
are pairwise non-intersecting sets of &, the first of which is the
given set 4.

In the following pages we shall call each system of non-inter-
secting sets A,, 4, -+, 4,, the union of which is the given set A4,
a finite decomposition of the set A.

Every ring of sets % is a semiring since if A and 4, € A belong
to %, then the decomposition

A = Al u A2,
where
Az = A\Ax S E’R,

takes place.

As an example of a semiring which is not a ring of sets we can
take the set of all intervals (a, b), segments [a, b] and half seg-
ments (a, b] and [q, b) on thereal axis.*

In order to find out how the ring of sets which is minimal over
a given semiring is constructed, let us establish some properties
of semirings of sets.

* Here, of course, the intervals include the ‘‘empty” interval (a, a) and the segments
consisting of one point [a, a].
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Lemma 1. Let the sets A\, A,, -+, A,, A belong to the semiring
@, and let the sets A; be pairwise non-intersecting and be subsets of
the set A. Then, the sets A;(1 = 1, 2, ---, n) can be included as
the first n members of the finite decomposition

A=U4, s>n,
k=1

of the set A, where all the A, € &.

Proof. The proof will be given by induction. For n = 1 the
statement of the lemma follows from the definition of a semiring.
Let us assume that the result is true for n = m and let us con-
sider m + 1 sets A,, Ay, +++, Am, Amy: satisfying the conditions
of the lemma. By the assumptions made,

A=A U4 U+ UAnUB UBy U+ UB,,
where the sets B,(¢ = 1, 2, -+, p) belong to &. Set
By = Anu N B,
By the definition of a semiring, we have the decomposition
By =BaUBpU--+ UBy,
where all the B,; belong to &. It is easy to see that
i h vaevno 0 U5,
o1 im

Thus the assertion of the lemma is proved forn = m + 1, and
hence for all n.

Lemma 2. Whatever the finite system of sets Ay, A, +--, A, be-
longing to the semiring may be, one can find in & a finite system of
pairwise non-intersecting sets By, B, - -+, B, such that each A, can
be represented as a union

of some of the sets B,.

Proof. For n = 1 the lemma is trivial since it suffices to set
t =1, B, = A, Assume that it is true for n = m and consider
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in & some system of sets A;, Ay, ++-, Any. Let B;, By, ---, B, be
sets from &, satisfying the conditions of the lemma with respect
to Ay, A,, +--, An. Let us set

le = Am+1 n Bg.

By Lemma 1, we have the decomposition

¢ q
Amn=UBauUB)/, B/ €g, (1)
s=1 p=1
and by the definition of the semiring itself we have the decom-
position
Bs=BsXUBs2U"'Ust,, Bqu@.
It is easy to see that

fe
Ar= U UB,, k=12"--m

seMy =1
and that the sets
Bsq: BP’

are pairwise non-intersecting. Thus the sets B,,, B,’ satisfy the
conditions of the lemma with respect to A, A,, -+, Am, Ay
The lemma is thus proved.

Theorem 3. If © is a semiring, then R(©) coincides with the
system B of the sets A, which admit of the finite decompositions

4 =U4,
k=1

wnlo the sels A, € &.

Proof. Let us show that the system 8 forms a ring. If 4 and
B are two arbitrary sets in 8, the decompositions

A=UAk, B=UBk, Ax € €, B: € €,
k=1

k=1
take place. Since & is a semiring, the sets

Cij = A; N B;
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also belong to €. By Lemma 1 we have the decompositions

4;=UcC;u U Dy, B;=UC;u U Ey, 2

i k=1 i k=1
where Dy, E; € ©. From equation (2) it follows that the sets
A n B and A A B admit of the decompositions

A n B = U C,‘]‘,
(%)

AAB= UD.'kUUEfk,
i,k 7.k
and therefore belong to 3. Hence, 3 is indeed a ring; the fact
that it is minimal among all the rings containing & is obvious.

In various problems, in particular in measure theory, one has
to consider unions and intersections of not only finite, but also
infinite numbers of sets. Therefore it is useful to introduce, in
addition to the concept of a ring of sets, the following concepts.

Definition 3. A ring of sets is called a s-ring, if with each sequence
of sets A;, A, --+, 4., -+ it also contains the union

S =0UA4..

Definition 4. A ring of sets is called a &ring, if in addition to
each sequence of sets A, 4, ---, A,, --- it also contains the
intersection

D =) 4.

It is natural to call a o-ring with a unit a s-algebra, and a
s-ring with a unit a &-algebra. However, it is easy to see that
these two concepts coincide: each s-algebra is at the same time a
s-algebra, and each é-algebra is a os-algebra. This follows from
the duality relations

c
>
I

ENN(ENA.),
ENU(ENAL)

>
>
I

(see Chapter 1, §1 of Volume I). The s-algebras, or what is the
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same thing, the o-algebras, are usually called Borel algebras, or
simply B-algebras.

The simplest example of a B-algebra is the set of all subsets of
some set A.

A theorem, analogous to Theorem 2 proved above for rings,
holds for B-algebras.

Theotem 4. For any non-empty system of sets & there exrists a
B-algebra B(&), containing © and contained in any B-algebra
which conlains &.

The proof follows exactly the same lines as does the proof of
Theorem 2. The B-algebra $(®) is called the minimal B-algebra
over the system & or the Borel closure of the system &.

So called Borel sets or B-sets play an important role in analysis.
These sets can be defined as sets on the real axis belonging to
the minimal B-algebra over the set of all segments [a, b].

As a supplement to the information given in Chapter 1, §7
of Volume I, let us note the following facts which we shall need
in Chapter II.

Let y = f(x) be a function defined on the set M with values
from the set N. Let us denote the system of all maps f( A) of sets
from the system I (we assume that It consists of subsets of the
set M) by f(M) and the system of all subimages f~1(A4) of sets
from N (we assume that 9 consists of subsets of the set N) by
F~YN). The following statements are true:

1) If N is a ring, then f7(N) is a ring.

2) If M is an algebra, then f™(N) is an algebra.

3) If N is a B-algebra, then /(%) is a B-algebra.

4) RUYTHN)) =HRN)).

5) BM) = fH(BOY)-

Let R be some ring of sets. If in it we take the operation 4 A B to
be “addition” and 4 N B to be “multiplication’”, then % is a ring in the

usual algebraic sense of the word. All its elements will satisfy the con-
ditions

a+a=0, a = q. (k)
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Rings whose elements satisfy condition () are ecalled “Boolian” rings.
Each Boolian ring can be realised as a ring of sets with the operations
A A Band A n B (Stone).

3. Measures on Semirings. Continuation of a Measure from a

Semiring to the Minimal Ring over it

In §1, when considering measure in the plane, we started from
the measure of a rectangle (area) and then extended the concept
of measure to a wider class of sets. The results as well as the
methods given in §1 have a quite general character and can be
generalized to measures defined on arbitrary sets without essen-
tial changes. The first step in constructing a measure on a plane
consisted in generalizing the concept of measure from rectangles
to elementary sets, i.e., to finite systems of pairwise non-inter-
secting rectangles.

In this section we shall consider the abstract analogue of this
problem.

Definition 1. The set function u(A) is called a measure if:
1) its domain of definition S, is a semiring of sets;
2) its values are real and non-negative;
3) it is additive, i.e., for any finite decomposition
A =U 4,
of the set A ¢ S, into sets A, € S,, the equation

p(4) = 2 (40
holds.
Remark. From the decomposition g = g ug it follows that
w(P) = 2u(2), ie., u(g) = 0.
The following two theorems about measures on semirings will
be frequently used in the subsequent pages.

Theorem 1. Let n be a measure defined on some semiring S,. If the
sets Ay, A, +-+, A., A belong to S,, where the A, are pairwise non-
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intersecting and all belong to A, then
2 w4 < u(4).
=1

Proof. Since S,is a semiring there exists, according to Lemma 1,
§2, the decomposition

A=UAk, sZn, AkESp,

k=1

where the first n sets coincide with the given sets A,, A,, ---, 4,.
Since the measure of any set is non-negative,

3 h(4) < T (4 = w(d).

k=1

Theorem 2. If Ay, As, +++, A,, A belong to S, and A < U A,, then

k=1

w(4) < kiﬂy(fm.

Proof. By Lemma 2, §2, one can find a system of pairwise non-

intersecting sets Bi, B, ---, B, from S,, such that each of the
sets A;, A,, ---, A., A can be represented as a union of some of
the sets B,:

A=UB, A.=UB, k=12-:-n

€M, seMy

Moreover, each index s ¢ M, also belongs to some member of
M,. Therefore each term of the sum

> w(B) = p(A)

seMg

enters once, or at most a few times, into the double sum

i > u(B:) = kg n(Ae).

k=1 seM;
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This yields n
p(4) < ;#(Ak)'
In particular, for n = 1, we have the
Corollary. If A C A’ then u(A) < u(A").

Definition 2. The measure x(A) is called the continuation of the
measure m( A) if 8,, € S, and if, for every A € S,, the equality

w(4) =m(4)
holds.

The main aim of the present section is the proof of the follow-
ing proposition.

Theorem 3. Every measure m(A) has one and only one continua-
tion u(A), having as its domain of definition the ring R(Sn.).

Proof. For each set A € R(Sx) there exists a decomposition
A=UB:, Bi€ Sa, ey

(Theorem 3, §2). Let us assume by definition

n

w(4) = 2, m(By). (2)

k=1

It is easy to see that the quantity u(A), given by equation (2),
does not depend on the selection of the decomposition (1).
Indeed, let us consider the two decompositions

4=UB:=UC, Bic S8, C;i€8n

Since all intersections B; n C; belong to S,., we have, because of
the additivity of measures,

SmB) =3 S mBic) =3 m(C,

=1 7=1
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which was to be proved. The fact that the function p(A4), given
by equation (2) is non-negative and additive is obvious. Hence
the existence of a continuation p(A) of the measure m(4) is
shown. To show its uniqueness let us note that, by definition of
continuation, if A = U B, where B, are non-intersecting sets

k=1
from S, then for any continuation p* of the measure m onto the

ring R (S»)
p*(A) = 2 u*(By) = 2 m(By) = u(4),

i.e., the measure u* coincides with the measure p defined by
equation (2). The theorem is proved.

The connection between this theorem and the constructions of
§1 will be completely clear if we note that the set of rectangles
in the plane is a semiring, the area of these rectangles is a measure
in the sense of Definition 1, and the elementary plane sets form a
minimal ring over the semiring of the rectangles.

4. Continuations of Jordan Measures*

In the present section we shall consider the general form of
that process which in the case of plane figures allows one to
generalise from the definition of areas for a finite union of rec-
tangles, with sides parallel to the axes of coordinates, to areas of
all those figures for which areas are defined by elementary ge-
ometry or classical analysis. This extension was given with
complete precision by the French mathematician Jordan around
1880. The basic idea of Jordan goes back, incidentally, to the
mathematicians of ancient Greece and consists of approximating
from the inside and from the outside the “measurable” set A by
sets A’ and A” to which a measure has already been prescribed,
i.e., in such a way that the inclusions

AI g A g AH
are fulfilled.
* The concept of a Jordan measure has a definite historical and methodological

interest but is not used in this exposition. The reader may omit this section if he
wishes,
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Since we can continue any measure onto a ring (Theorem 3,
§3), it is natural to assume that the initial measure m be defined
on g ring ® = N (S.). This assumption will be used during the
whole of the present section.

Definition 1. We shall call a set A Jordan measurable if, for any
e > 0, there exist in the ring % sets A’ and A" which satisfy
the conditions

A CACA", mANA) <e
Theorem 1. The system R* of Jordan measurable sets is a ring.

Indeed, let A € ®* B € %*; then, for any ¢ > 0, there exist
A’, A”, B’, B” € & such that

A’ CAC A", B CBCBH,

and
m(AN\A") < 58 m(B\B') < 58

Hence

A'UB CAUBC A" UB", (1)

ANB" S ANB C A\B'. 2)
Since

(Al/ U BII)\(AI U B/) g (AII\AI) U (BII\BI)’

we have

m[(A" U BII)\(AI U B/)J < m[(A"\A') U (BN\B/)]

<mA™NA) +mB\B) <7 +o == (3)
Since
(A"\B)Y\(A\B") C (4"\4") U (B"\B),
we have
mL(A"\B)N\(A'\B")] < m[(4"\4") U (B"\B)]
<m(A™NA) +mBNB) <7 4 =e (@)
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Since ¢ > 0 is arbitrary, and the sets A’u B/, A” u B”, A'\ B"”
and A\ B’ belong to %, (1), (2), 3) and (4) imply that
A U B and AN\ B belong to %*.

Let M be a system of those sets A for which the set B D 4
of 9 exists. For any 4 from I we set, by definition,

#(4) = inf m(B),

B2A

#(A) = supm(B).
BEA

The functions a(A) and wu(A) are called, respectively, the
“outer” and the “inner”’ measure of the set A.
Obviously, always

u(4) < g(4).
Theorem 2. The ring R* coincides with the system of those sets
A € M for which p(A) = g(4).

Proof. If
a(4) # u(4),
then

B(4) — u(d) =h >0,
and for any 4’ and A" from % for which A’ C A C A",
m(4’) < p(4), m(4") > g(4),
m(4"™\4") =m(4") —m(4") > k>0,

i.e., 4 cannot belong to RN*.
Conversely, if

p(4) = g(4),
then, for any ¢ > 0, there exist A’ and A” from % for which
A’ C A C AN,
€

k(4) —m(4’) <35

m(4") = §(4) <5,
m(AII\AI) — m(A") _ m(AI) <,
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i.e.,
A € R*

The following theorems hold for sets from 2.

Theorem 3. If A < U A4,, then g(A) < 3 5(Ax).
k=1

k=1

Proof. Let us select A, such that
A C A, m(A) < B4 + %

and let us form 4’ = U A.’. Then,

k=1

md) € TmA) € THA) +5  BA) € TAA) Fe

k=1

and since ¢ is arbitrary, a(4) < 3 g(4)).

k=1

Theotem 4, If A, C A (k =1,2, ---,n)and A;n A; = &, then

B(A) > 3 (4.

k=1
Proof. Let us select A" A4, such that
€
m(A) > p(Ar) — o

and let us form A’ = U A Then 4/ n 4/ = & and

k=1

m(A) = S m(4) > a4 +

k=1 k

Since A’ C A4,

w(4) > m(4) > ,:EEW —
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Because ¢ > 9 is arbitrary,
2(A) 2 2 (4.
k=1
Let us now define the function p with the domain of definition
S, = R*
as the common value of the inner and outer measures:
w(A4) = u(4) = g(4).
Theorems 3 and 4, and the obvious fact that for A € ®
E(4) = p(4) =m(4),
imply

Theorem 5. The function u(A) is a measure and a continuation of
the measure m.

The construction given can be used for any measure m defined
on a ring.

The system S., = & of elementary sets in a plane is essentially
connected with the coordinate system: the sets of the system &
consist of rectangles with sides which are parallel to the co-
ordinate axes. In going over to the Jordan measure

J® = j(m,)

this dependence on the choice of a coordinate system disappears:
starting from an arbitrary system of coordinates {1, .} connected
with the initial system {z:, z,} by the orthogonal transformation

£ = cos a*x1 + sin a-x2 + ai,

£y = —sina 21 + cos a T2 + as,
we obtain the same Jordan measure
J = j(my) = j(m)
(here M, denotes the measure constructed with the help of rec-

tangles with sides parallel to the axes &, #). This fact can be
proved with the help of the following general theorem:

Theorem 6. In order that the Jordan continuations w; = j(m,) and
pe = j(m,) of the measures m, and m, defined on the rings R, and
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R, coincide, 1t 1s necessary and sufficient that the following condi-
tions be satisfied:

R € Syz: ml(A) = #2(A) on ?Rx,
Rs € Suy ma(4) = m(4) on Ra
The necessity of the condition is obvious. Let us prove their

sufficiency.
Let A € S,,. Then there exist A’, A” € S., such that

A’ CAC A", m(4”) —m(4) < §
and
m(A") € m(A4) < mi(A”).

By the conditions of the theorem, u.(4A’) = mi (4’) and p. (A”) =
mi(4").

From the definition of the measure . it follows that there exist
B’ € 8., and B” € 8,, for which,

A'DB and  m(A) — my(B) < §

g

B" D A" and 7n2(B") _ #2(11”) < 3

Here

B g A C B”,
and, obviously,

mz(B") — mz(B,) <e
Since ¢ > 0 is arbitrary, A € S,,, and from the relations
w(B) = my(B) < m(A) < me(B’) = #L(B”)

it follows that

p(4) = m(4).

The theorem is proved.
To establish that the Jordan measure in the plane is inde-
pendent of the choice of the system of coordinates, one need only



convince oneself that a set which is obtained from an elementary
set by a rotation through some angle o is Jordan measurable. It
is suggested that the reader do this for himself.

If the initial measure is given, not on a ring, but on a semiring,
then it is natural to consider as its Jordan continuation the
measure

j(m) = j(r(m)),

obtained as a result of a continuation of m to the ring % (S») and
a subsequent continuation.

5. Countable Additivity. General Problem of Continuation

of Measures

Often one must consider the union of not only a finite, but of
a countable number of sets. In this connection the condition of
additivity which we have imposed on measures (Definition 1,
§2) turns out to be insufficient and it is natural to replace it by
the stronger requirement of countable additivity.

Definition 1. The measure p is called countably additive (or
c-additive), if, for any sets A, 4, -+, A,, -+, belonging to its
domain of definition S, and satisfying the conditions

A= fj An,
n=1
A:;NA; =g for i
the equality

u(4) = ZE#(An)
holds. The plane Lebesgue measure which we constructed in §1
is o-additive (Theorem 9). An example of a os-additive measure
of a completely different kind can be constructed in the following
way. Let

X = {m, 25 +--}

.
o
S
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be an arbitrary countable set, and let the numbers p, > 0 be
such that

Zp,, = 1.

The domain S, consists of all subsets of the set X. For each
A C X we set
r(A) = 2 pa
2p€A
It is easy to check that w(A4) is a os-additive measure, where
w(X) = 1. This example occurs naturally in connection with
many questions of probability theory.

Let us give an example of a measure which is additive but not
o-additive. Let X be the set of all rational points of the segment
[0, 1], and S, consist of the intersections of the set X with
arbitrary intervals (a, b), segments [a, b] and half segments
(a, b], [a, b). It is easy to see that S, is a semiring. For each
such set we put

p(Aw) =b —a.

This is an additive measure. It is not os-additive because, for
example, u(X) = 1 and at the same time X is the union of a
countable number of separate points, the measure of each one of
which is zero.

In this and the two following sections we shall consider s-addi-
tive measures and their different o-additive continuations.

Theorem 1. If the measure m, defined on some semiring S., s
countably additive, then the measure u = r(m), obtained from it by
conttnuation to the ring R (S.), ts also countably additive.

Proof. Let
A€ ?R(Sm), B, € ER(S".), n=12 -

and

A=l°jBn,

n=1



5. COUNTABLE ADDITIVITY 37

where B, N B, = & for s # r. Then there exist sets 4; and B.; from
S, such that

A=UA], Bn=UBni,
7 2
where the sets on the right-hand sides of each of these equations
are pairwise non-intersecting and the union over ¢ and j is finite.
(Theorem 3, §2).

Let Cnij = B.; N A;. It is easy to see that the sets C,;; are pair-
wise non-intersecting, and hence,

Aj = U U C,.,'J',
Bni = U Cni]'~
i

Therefore, and because of the additivity of the measure m on
S, we have

m(4;) = 2 2 m(Cui), 1)
m(B,y) = 2 m(Caij), (2)
and, by definition of the measu;e r(m) on R(Sn),
w(4) = ;m(Ai); (3)
r(B.) = 2 m(Buy). (4)

3

Equations (1), (2), 3) and (4) imply p(4) = Y x(B.). (The

summations over ¢ and j are finite, the series in n converge.)
One could show that a Jordan continuation of a os-additive
measure is always s-additive; there is however no need to do this
in this special case since it will follow from the theory of Lebesgue
continuations which will be given in the next section.
Let us now show that, for the case of s-additive measures,
Theorem 2 of §3 may be extended to countable coverings.

Theorem 2. If the measure u s o-additive, and the sets A, A,
A,y -, A,, -+ belong to S,, then

4c 0 4.

n=1
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tmplies the inequality

p(4) < 2 u(4a).
n=1
Proof. By Theorem 1, it is enough to give the proof for measures
defined on a ring, since from the validity of Theorem 2 for u =
r(m) it immediately follows that it can be applied also to the
measure m. If S, is a ring, the sets

n—1

B, = (4 n 4\ U 4
k=1
belong to S,. Since

4=08B, B.CA4,

n=1

and since the sets B, are pairwise non-intersecting,

u(4) = i”’(Bn) < ip(A,.).

n=1 n=}
From now on we shall, without special mention, consider only
os-additive measures.

We have already considered above two methods of continuation of
measures. In connection with the continuation of the measure m to the
ring R(S») in §3 we noted the uniqueness of this continuation. The
case of a Jordan continuation j(m) of an arbitrary measure m is analogous.
If the set A is Jordan measurable with respect to the measure m (belongs
to S;wm), then, for any measure u continuing m and defined on 4, the
value p(4) coincides with the value J(4) of the Jordan continuation
J = j(m). One can show that the extension of the measure m beyond the
boundaries of the system S ;¢ 1s not unique. More precisely this means
the following. Let us call the set A the set of unigueness for the measure
m, if:

1) there exists a measure which is a continuation of the measure m,
defined for the set 4;
2) for any two measures of this kind w and pe

m(4) = (4).

The following theorem holds: The system of sets of uniqueness for the
measure m coincides with the system of sets which are Jordan measur-
able with respect to the measure m, i.e., with the system of sets S;m).
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However, if one considers only o-additive measures and their continua-
tion (s-additive), then the system of sets of uniqueness will be, generally
speaking, wider.

Since it 1s the case of o-additive measures that will interest us in the
future let us establish

Definition 2. The set 4 is called the set of s-uniqueness for a o-addi-
tive measure g, if:

1) there exists a o-additive continuation A of the measure m defined
for A (i.e., such that 4 € S));
2) for two such s-additive continuations A; and A, the equation

holds. If A4 is a set of s-additivity for the o-additive measure p, then, by
our definition, there exists only one possible A(4) for the s-additive
continuation of the measure u, defined on 4.

6. Lebesgue Continuation of Measure, Defined on a Semiring
with a Unit

Even though the Jordan continuation allows one to generalise
the concept of measure to quite a wide class of sets, it still remains
insufficient in many cases. Thus, for example, if we take as the
initial measure the area, and as the domain of its definition the
semiring of rectangles and consider the Jordan continuation of
this measure, then even such a comparatively simple set as the
set of points, the coordinates of which are rational and satisfy
the condition 2> + 3* < 1, is not Jordan measurable.

A generalisation of a s-additive measure defined on some semi-
ring to a class of sets which is maximal in the well known sense
can be obtained with the help of the so-called Lebesgue con-
tinuation. In this section we shall consider the Lebesgue con-
tinuation of a measure defined on a semiring with a unit. The
general case will be considered in §7.

The construction given below represents, to a large degree, a
repetition, in abstract terms, of the construction of the Lebesgue
measure for plane sets given in §1.
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Let a o-additive measure m be given on some semiring of sets
S, with unit £. We shall define on the system & of all subsets
of the set F the functions p*(4) and s (A4) in the following way.

Definition 1. The number
p*(4) = inf 3 m(B.),

ACUB, n
n

where the lower bound is taken over all coverings of the set A by
finite or countable systems of sets B. € 8., is called the ouler
measure of the set A C E.

Definition 2. The number
pe(A) = m(E) — p*(E\A4)
is called the tnner measure of the set A C E.
From Theorem 2, §3 it follows that always us(4) < p*(4).

Definition 3. The set A C E is called measurable (Lebesgue), if
m(4) = p*(4).

If A is measurable, then we shall denote the common value
px(A) = u*(A) by u(A) and call it the (Lebesgue) measure of
the set 4.

It is obvious that, if 4 is measurable, then its complement is
algo measurable.

Theorem 2, §5 immediately implies that for any os-additive
continuation u of the measure m the inequality

ps(4) < p(d) < p*(4)

holds. Therefore, for a measurable set A, each s-additive con-
tinuation g of the measure m (if it exists at all) necessarily equals
the common value p,(A) = p*(A). The Lebesgue measure is
nothing but the s-additive continuation of the measure m to the
set of all measurable (in the sense of Definition 3) sets. The
definition of measurability can obviously also be formulated in
the following way:

Definition 3. The set A C E is called measurable, if
r*(4) + p*(ENA4) = m(E).
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It is expedient to use, aside of the initial measure m, its con-
tinuation m’ = r(m) onto the ring % (S..) which is already known
to us (§3). It is clear that the following definition is equivalent
to Definition 1.

Definition 1/. The number
p*(4) = inf D m'(B.), B, € R(Sn),

AeyyBp’ n
n

is called the outer measure of the set A.
Indeed, since the measure m’is os-additive (Theorem 1, §5), any
sum Y, m'(B,’), where B, € % (Sa), can be replaced by the sum

Z m(Bnk), Bnk E Sm,

n.k
which is equal to it, and where B, = U B,;, B.; n B.; = g if
T # 7. ¥
The following are basic facts.
Theorem 1. If
4cU4,

where {A.} 1s a finite or countable system of sets, then

w*(4) < 20 u*(4a).

Theotem 2. If A € R, then ps(A) = m'(A) = p*(4), ie., all
the sets from R (S.) are measurable, and for them the inner and
ouler measures coincide with m'.

Theorem 3. For the measurability of the set A the following con-
dition 1s necessary and sufficient: for any = > 0 there exists a
B € R(8,) such that

p*(A4 AB) <

In §1 these statements were proved for the plane Lebesgue
measure (Theorems 3-5, §1). The proofs given there can be
carried over word for word to the general case considered here,
therefore we shall not repeat them.
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Theorem 4. The system M of all measurable sets is a ring.
Proof. Since it is always true that
A n A, = AN (AN 42)

and
A1 U 4r = EN[(ENA) n (ENA4.)],
it suffices to show the following. If A, ¢ I and A, € M, then also
A= AN 42 € M
Let A, and A, be measurable; then there exist B; ¢ %(S.) and
B, € %(Sx) such that
WHAAB) <o and w4 AB) <.

Setting B = B\ B; € R(S.) and using the relation
(AN\A4z) A (B\B:) C (414 B) U (4: A By,
we obtain
w*(AAB) <=

Since ¢ > 0 is arbitrary, this implies that the set A is meas-
urable.

Remark. Obviously E is the unit of the ring 9t which, therefore,
is an algebra of sets.

Theorem 5. On the system M of measurable sets, the function
w(A) 1s additive.

The proof of this theorem is a word for word repetition of the
proof of Theorem 7, §1.

Theorem 6. On the system M of measurable sets, the function
w(A) 1s o-additive.

Proof. Let
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By Theorem 1,
p*(A) < 20 w4, (1)

and by Theorem 5, for any N

p*(A) > #*(10 An> =3 p*(4.),

n=1 n=l1

implying
p*(A) > 2 u(4). (2)

Inequalities (1) and (2) yield the assertion of the theorem.
Thus we have established that the function u(A), defined on
the system I, possesses all the properties of a s-additive measure.

Hence the following definition is verified:

Definition 4. One calls the function u(A4), defined on a system
S, = M of measurable sets, and coinciding on this system with
the outer measure p*(A4), the Lebesgue continuation p = L(m)
of the measure m(4).

In §1, considering the plane Lebesgue measure, we have shown
that not only the finite but also the countable unions and inter-
sections of measurable sets are also measurable sets. This is true
also in the general case i.e., the following theorem holds.

Theorem 7. The system I of Lebesgue measurable sets vs a Borel
algebra with unit E.

Proof. Since

N 4. = BNU(EN\A4,),

and since the complement of a measurable set is measurable, it
suffices to show the following. If A,, A,, -+, 4., -« - belong to M,
then A = U A, also belongs to 9. The proof of this statement

given in Theorem 8, §1, for plane sets, is literally preserved also
in the general case.
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Exactly as in the case of a plane Lebesgue measure its o-addi-
tivity implies its continuity, i.e., if x is a o-additive measure,
defined on a B-algebra, 4: 2 4,2 «++ 2 4, 2 --- is a de-
creasing chain of measurable sets and

A = () 4n,

then
p(4) = lim p(4,),

n->0o

and if A, € A4, € --- € A, C ... is an increasing chain of
measurable sets and

4 =U4,,

then
p(4) = lim u(4,).

n->0o

The proof given in §1 for a plane measure (Theorem 10) can be
carried over to the general case.

1) From the results of §§5 and 6 it is easy to deduce that every set A
which is Jordan measurable is Lebesgue measurable; moreover its Jordan
and Lebesgue measures are equal. This immediately implies that the
Jordan continuation of a s-additive measure is o-additive.

2) Every set A4 which is Lebesgue measurable is a set of uniqueness
for the initial measure m. Indeed, for any ¢ > O there exists for 4 a
B € ® such that p*(4 A B) < . Whatever the extension A of the
measure m may be,

MB) = m'(B),

since the continuation of the measure m to ® = R(S,) is unique.
Furthermore,

MAAB) <u*dAB) <g
and therefore
A(4) - m'(B)| <e.

Thus we have, for two arbitrary continuations A\;(4) and A(4) of the
measure m,

M(4) — 2n(4)] < 2,
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which, because of the arbitrariness of ¢, implies
M(4) = M(4).

One can show that the system of Lebesgue measurable sets exhausts the
whole system of sets of uniqueness for the initial measure m.

3) Let m be some o-additive measure with the domain of definition
S and let M = L(S) be the domain of definition of its Lebesgue con-
tinuation. From Theorem 3 of this section it easily follows that whatever
the semiring S; for which

SCc S €I,

we always have

L(S) = L(8).

7. Lebesgue Continuation of Measures

In the General Case

If the semiring S.. on which the initial measure m is defined
does not have a unit, then the exposition of §6 must be slightly
changed. Definition 1 of the outer measure is preserved, but the
outer measure p* turns out to be defined only on the system S,+
of such sets A for which the coverings {J B, by sets from S, with
a finite sum "

2 m(By)
exists. Definition 2 loses its meaning. The inner measure may be
defined (in a slightly different way) also in the general case, but
we shall not go into this. For the definition of measurability of
sets it is expedient to take now the property of measurable sets
implied by Theorem 3.

Definition 1. The set A is called measurable, if for any ¢ > 0
there exists a set B € S, such that u*(4 A B) < «.

Theorems 4, 5 and 6 and the final Definition 4 stay in force. In
the proofs we used the assumption of the existence of a unit only
in proving Theorem 4. To give the proof of Theorem 4 for the
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general case we must show again that from A, ¢ M, A, ¢ M it
follows that 4, u A, ¢ M. This proof is carried out exactly as for
A\ A, on the basis of the inclusion

(A1 UA4,) A(BiUB,) € (A1 A B) U (A, A B,).

In the case when S, does not have a unit, Theorem 7, §6 is
replaced by the following:

Theorem 1. For any initial measure m, the system of sets M =S r(m
which are Lebesgue measurable is a é-ring. For measurable A, the
set A = U A, is measurable if and only if the measures p.( U A,.) are

n=1 n=1

bounded by some constant which does not depend on N.

The proof of this assertion is left to the reader.

Remark. In our exposition the measures are always finite, there-
fore the necessity of the last condition is obvious.

Theorem 1 implies the following

Corollary. The system M4 of all sets B € M which are subsets of
a fixed set A € M forms a Borel algebra.

For example, the system of all Lebesgue measurable (in the
sense of the usual Lebesgue measure on the line) subsets of any
segment [a, b] is a Borel algebra of sets.

In conclusion let us mention one more property of Lebesgue
measures.

Definition 2. The measure p is called complete, if u(A) = 0
and 4’ € A imply A’ € S,.

It is obvious that here u(4’) = 0. Without any difficulty one can
show that the Lebesgue continuation of any measure is complete.
This follows from the fact that for A’ € A and x(A) = 0 neces-
sarily p*(A’) = 0, and any set C for which x*(C) = 0 is meas-
urable, since g ¢ % and

p*(C A @) = pu*C) =0.
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Let us point out the connection between the process of Lebesgue
continuation of measures and the process of completion of a metric space.
For this let us note that m'(4 A B) can be taken as the distance between
the elements A and B of the ring %(S.). Then R(S..) becomes a metric
space (generally speaking not complete), and its completion, by Theorem 3,
§6, consists exactly of all the measurable sets. (Here, however, the

sets A and B are indistinguishable, from the metric point of view, if
u(d A B) =0.)



CHAPTER I

MEASURABLE FUNCTIONS

8. Definition and Basic Properties of Measurable Functions

Let X and Y be two arbitrary sets, and assume that two
systems of subsets & and &', respectively, have been selected
from them. The abstract function y = f(z), with the domain of
definition X, taking on values from Y, is called (&, &' )—meas-
urable if from A ¢ &' it follows that /-1 (4) ¢ &.

For example, if we take as X and Y the real axis D' (i.e.,
consider real functions of a real variable), and as & and &’ take
the system of all open (or all closed) subsets of D, then the stated
definition of measurability reduces to the definition of continuity
(§12 of Volume I). Taking for & and &’ the system of all Borel
sets, we arrive at the so-called B-measurable (or Borel measur-
able) functions.

In what follows we shall be interested in the concept of meas-
urability mainly from the point of view of the theory of integra-
tion. Of basic importance in this connection is the concept of
p-measurability of real functions, defined on some set X, where
one takes for & the system of all p-measurable subsets of the set
X and for &’ the set of B-sets on the straight line. For simplicity,
we shall assume that X is the unit of the domain of definition S,
of the measure p. Since, according to the results of §6, every
o-additive measure can be continued to some Borel algebra, it is
natural to assume from the beginning that S, is a B-algebra.
Therefore we shall formulate the definition of measurability for
real functions in the following way:

Definition 1. The real function f(z), defined on the set X, is
48
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called p-measurable if for any Borel set A of the real line
f1(4) € 8.

Let us denote the set of those z ¢ X for which condition Q is
satisfied by {z : Q}.

Theorem 1. In order that the function f(x) be u-measurable, it is
necessary and suffictent that for any real C the set {z : f(x) < ¢}
be u-measurable (i.e., belongs to S,).

Proof. The necessity of the condition is clear, since the half line
(— =, ¢) is a Borel set. To prove the sufficiency let us first of all
note that the Borel closure B (Z) of the system 2 of all half lines
(— =, ¢) coincides with the system B! of all Borel sets of the
real axis. By assumption, f~(Z) C S,. But then

FH(B(2)) = B(f7'(2)) € B(8y),

and, since by assumption S, is a B-algebra, B(S,) = S,. The
theorem is thus proved.

Theorem 2. The limit of a sequence of u-measurable functions
which converges for every x € X 18 u-measurable.

Proof. Let f.(z) — f(z), then

{z:f(x) < =UU N {x:f,,.(x) <c— 1}. (1)

k n m>n k

Indeed, if f(z) < ¢, then there exists a k, such that f(z) <
¢ — 2/k; moreover, for this k& one can find an n large enough so
that for m > n the inequality

fn(x) <c—]1C

is satisfied, and this means that x will enter the right-hand side
of (1).



50 II. MEASURABLE FUNCTIONS

Conversely, if z belongs to the right-hand side of (1), then
there exists a k, such that, for all sufficiently large m,

fal@) <o —;

but then f (x) < ¢;1i.e., z enters the left-hand side of equation (1).
If the functions f, (z) are measurable, the sets

{x:f,,.(x) <c— %}

belong to S,. Since S, is a Borel algebra, the set
{z:f(x) < c}

also belongs to S,, by (1), which proves that f(x) is measurable.

For the further study of measurable functions it is convenient
to represent each of them as a limit of a sequence of so-called
simple functions.

Definition 2. The function f(z) is called simple if it is u-measur-
able and takes on not more than a countable number of values.

It is clear that the concept of a simple function depends on the
choice of the measure .

The structure of simple functions is characterised by the follow-
ing theorem:

Theorem 3. The function f(x), taking on not more than a countable
number of values
Yu, Y2y =2y Yny **
18 u-measurable if and only if all the sets

An = {z:f(2) = ya}
are p~-measurable.

Proof. The necessity of the condition is obvious, since every 4.,
is the inverse image of a set of one point {y,}, and every set of
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one point is a Borel set. Sufficiency follows from the fact that by
the conditions of the theorem the inverse image f~!'(B) of any
set B C D' is the union U A, of not more than a countable

yn€B

number of measurable sets 4., i.e., is measurable.

The further use of simple functions will be based on the follow-
ing theorem.

Theorem 4. In order that the function f(x) be p-measurable it is
necessary and sufficient that it be representable as a limit of a uni-
formly convergent sequence of simple functions.

Proof. The sufficiency is clear from Theorem 2. To show the
necessity, let us consider an arbitrary measurable function f(x),
and let us set f.(z) = m/nif m/n < f(z) < (m + 1)/n (here m
are integers, and n are positive integers). It is clear that the
functions f.(x) are simple; they converge uniformly to f(z) as
n— o, since |f(z) — f.(z)| < 1/n.

Theortem 5. The sum of two p-measurable functions is up-meas-
urable.

Proof. Let us first show this assertion for simple functions. If
f(z) and g(z) are two simple functions taking on the values

fhf% "'!fny tee

and
gy, G2, °°° Gny ",

respectively, then their sum A(x) = f(z) + g(z) can take on
only the values = f; + g:, where each of these values is taken
on on the set

leih(e) =1 = U (/@ = £il A leg@ = gD (@)
The number of possible values % is finite or countable and the
corresponding sets {x : h(x) = h} are measurable, since the
right-hand side of equation (2) is obviously a measurable set.
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To prove the theorem for arbitrary measurable functions f(zx)
and g(z), let us consider sequences of simple functions {f.(z)} and
{g.(2)} which converge to f(z) and g(z), respectively. Then the
simple functions f,(z) + ¢.(x) converge uniformly to the funec-
tion f(z) + g(z), which, by Theorem 4, is measurable.

Theorem 6. A B-measurable function of a p-measurable function
18 u-measurable.

Proof. Let f(x) = ¢[¢¥(x)], where ¢ is Borel measurable and ¢
is u-measurable. If A C D' is an arbitrary g-measurable set, then
its inverse image A’ = ¢~!(A) is B-measurable, and the inverse
image A" = y~1(A’") of the set A’ is y-measurable. Since f~1(4) =
A", the function f is measurable.

The theorem just proved is applicable, in particular, in the
case of continuous functions ¢ (they are always B-measurable).

Theorem 7. The product of u-measurable functions is p-measurable.

Proof. Since fg = L [(f + ¢g)? — (f — ¢)?], the assertion follows
from Theorems 5 and 6, and the fact that o(f) = #2 is a con-
tinuous funection.

Exercise. Show that if f(z) is measurable and does not take on
the value zero, then 1/f(z) is also measurable.

In studying measurable functions one can often neglect the
values of a function on a set of measure zero. In connection with
this let us introduce the following

Definition. Two functions f and g, defined on one and the same
measurable set E, are called equivalent (denoted by f ~ g), if

plz:f(z) # g(x)} = 0.

One says that some property is satisfied almost everywhere on E,
if it is satisfied at all points of E with the exception of points
which form a set of measure zero. Thus we can say that two
functions are equivalent if they coincide almost everywhere.

Theorem 8. If two functions f and g which are continuous on
some segment E are equivalent, then they cotncide.
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Proof. Let us assume that, at some point xo, f(x0) = g(x0), i.e.,
f(xo) — g(x) % 0. Since f — g is a continuous function, one can
find a neighbourhood of the point z,, at all points of which the
function f — ¢ is different from zero. This neighbourhood has a
positive measure; thus

nlz:f(z) # g(x)} >0,

i.e., the continuous functions f and ¢ cannot be equivalent if they
take on different values at at least one point.

It is obvious that the equivalence of two arbitrary measurable
functions (i.e., in general, discontinuous) does not at all imply
their identity; for example, the function which is equal to unity
at rational points and equal to zero at irrational points is equiva-~
lent to the function which is identically zero.

Theorem 9. The function f(x) which is defined on some measurable
set B and is equivalent on this set to some measurable function g(x)
18 also measurable.

Indeed, from the definition of equivalence it follows that
{x:f(x) > a} and {z:g(zx) > a}

can differ from each other only by a set of measure zero; hence if
the second is measurable, so is the first.

The definition of a measurable function given above is quite formal.
In 1913, N. N. Luzin proved the following theorem which shows that
measurable functions are functions which, in a well known sense, can be
approximated by continuous functions.

Luzin's Theorem. In order that the function f(x) be measurable on the
segment [a, b7 it s necessary and sufficient that for any € > 0 there exist a
function o(x) which is continuous on [a, b], and such that

wlz:f(@) # o(@)] < -

In other words, a measurable function can be made continuous, if one
excludes from consideration its values on a set of arbitrarily small
measure. This property which Luzin called the C-property can be taken
as a definition of a measurable function.
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9. Sequences of Measurable Functions.

Different Types of Convergence.

Theorems 5 and 7 of the preceding section show that arithmetic
operations on measurable functions again lead to measurable
functions. According to Theorem 2 of §8, the class of measurable
functions, in contrast to the set of continuous funections, is also
closed with respect to the operation of going to the limit. For
measurable functions it is expedient to introduce, aside from the
usual convergence at every point, several other definitions of
convergence. These definitions of convergence, their basic proper-
ties and the connections between them will be investigated in the
present section.

Definition 1. The sequence of functions f.(z), defined on some
space with measure X, is said to converge almost everywhere to the

function F(z), if

lim f,(z) = F(z) (1)
for almost all z € X (i.e., the set of those points at which (1)
does not hold has measure zero).

Ezxample. The sequence of functions f,(z) = (—z)», defined
on the segment [0, 17, converges as n — « to the function F(z) =
0 almost everywhere (precisely, everywhere with the exception of
the point z = 1).

Theorem 2 of §8 admits of the following generalisation.

Theotem 1. If the sequence of u-measurable functions f.(x) con-
verges to the function F(x) almost everywhere, then F(x) s also
measurable.

Proof. Let A be that set on which
lim f.(x) = F(x).

By the condition, x( ENA) = 0. The function F(z) is measurable
on A by Theorem 2, §8. Since on a set of measure zero every
function is obviously measurable, F(z) is measurable on E\4;
therefore, it is also measurable on the set E.
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Ezercise. Let the sequence of measurable functions f,(x) con-
verge almost everywhere to some limit function f(z). Show that
the sequence f,(z) converges to g(z) if and only if g(z) is equiva-~
lent to f(x).

The following important theorem, proved by D. F. Egorov,
establishes the connection between the concept of convergence
almost everywhere and uniform convergence.

Theorem 2. Let the sequence of measurable functions f.(x) con-
verge on E almost everywhere to f(x). Then there exists for any
8 > 0 a measurable set Es C E such that

1) uw(Es) > uw(E) ~ 3,
2) on the set E; the sequence f,(x) converges uniformly to f(x).

Proof. By Theorem 1, the function f(x) is measurable. Set

1
B = 0 fei 1) - )] < 2.

iZn

Thus E?, for fixed m and n, denotes the set of those points z
for which

1
5@ — @) | <

for all 7 > n. Let
E~=U E}.

From the definition of the set E it is clear that for fixed m,

EYCE C-- CEC --o,
therefore, because of the fact that the s-additive measure is
continuous, one can find for any m and any § > 0 an no(m)
such that
é
#(EM\EZB(m)) < 2—,"

Let us set
E: =) EZ ()
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and show that the E; so constructed satisfies the requirements of
the theorem.

Let us first prove that on E; the sequence {fi(x)} converges
uniformly to the function f(z). This follows immediately from
the fact that if x ¢ E;, then for any m

1
lfi(z) — f@)] < - for 7 2> no(m).
Let us now evaluate the measure of the set E\ E,. For this let us

note that for every m, w(EN\E™) = 0. Indeed, if 0 ¢ E\E™,
then there exist arbitrarily large values of 7 for which

3| -

|fi(z) — flm)| =

i.e., the sequence {f.(z)} does not converge to f(x) at the point
Z,. Since by assumption {f.(z)} converges to f(zx) almost every-
where,

(ENE™) = 0.
This implies

6
p(E™\Enp ) < o

B(ENE7 om)
Hence

W(ENE) = u(ENf] B o) = #(U (E\E::,(m)))

2§
< 2 (ENEnm) < > .=

m=1
The theorem is thus proved.
Definition 2. One says that the sequence of measurable functions f,(x)

converges in measure to the function F(z), if for any ¢ > 0

lim p{z: |f.(x) — F(z)| > o} = 0.

n-»ow

Theorems 3 and 4 given below establish the connection between con-
vergence almost everywhere and convergence in measure.
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Theorem 3. If a sequence of measurable functions f,(x) converges almost
everywhere to some function F(x), then it converges to the same limit function
F(x) in measure.

Proof. Theorem 1 implies that the limit function F(x) is measurable.
Let A be that set (of measure zero) on which f,(x) does not converge to
F(x). Let, moreover,

Eio) = (i@ — F@| 20},  Ru(e) = U Bi(o),

M = ) Ra(o).

=t
It is clear that all these sets are measurable. Since
Ri(ad) DO Re(o) DO -+,
we have, because the measure is continuous,
p(Ba(0)) — (M) for n— o,

Let us now check that
MC A. (2)

Indeed, if o € 4., i.e., if
lim f. (x0) = F(x0),

n-—+0o

then, for a given ¢ > 0, we can find an »n such that
|fa(@e) = F(z0)| <o,
i.e., 2o € E.(s) and hence x, & M.
But x(A4) = 0, therefore (2) implies that x(M) = 0 and henece
p(R.(0)) -0 for n— «,

since E,(¢) C R.(o). The theorem is proved.

It is not difficult to convince oneself by an example that the con-
vergence in measure of a sequence of functions does not imply con-
vergence almost everywhere. Indeed, let us define for each natural k
on the open segment (0, 1] & functions

k) ® oo f,®
fl 7f2 3 fk
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by the following method:

C 1 .
® 1 for ‘L’T<IS£,
i) =

0 for all other values of z.

Numbering all these functions in order, we obtain a sequence which,
as 1s easy to check, converges in measure to zero, but at the same time
does not converge at a single point (prove this!).

Ezercise. Let the sequence of measurable functions f.(x) converge in
measure to some limit function f(x). Show that the sequence will converge
in measure to the function g(x) if and only if ¢(z) is equivalent to f(x).
Even though the example given above shows that Theorem 3 cannot
be completely reversed, the following theorem holds:

Theorem 4. Let the sequence of measurable functions f,(x) converge in
measure to f(x). Then one can select from the sequence {f,(x)} a subsequence
{far(x)} which converges to f(x) almost everywhere.

roof. Let ¢, &, «++ be e sequence itive numbers for whi
Proof. Let ¢, &, be some sequence of positi bers for which

lime, = 0,

and let the positive numbers ni, 72, *+, 7, +++ be such that
M+t -
converges. Let us construct a sequence of indices
n < np < o0
in the following way: n; is a natural number such that
ple: | fule) —f@)] 2 a) <m
(such an n, certainly exists); further, let n, be a number such that
plz:|far(z) —f@)| 2 &} <m, 12>
In general, let n; be a number such that
plz|fu(x) —f@)] 2 a} <m  m > me
We shall show that the sequence we have constructed converges to

f(x) almost everywhere. Indeed, let

Bi= 0 el — 1] 2l 0= fi R
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Since
RIDR2D RzD "'.DRnD ce
the continuity of the measure implies p(R;) — p(Q).

On the other hand, it is clear that u(R;) < an, which yields
w(R) — 0 forz — o, Smcey(R)-—»O i

#(@) = 0.
It remains to show that at all points of the set B\ @, the relation

fuu(@) = f(2)

holds. Let xo € E\§. Then one can find an ¢, such that z, ¢ R:,. This
means that for all k > 4,

. 2o € {21 |fm(x) — f(2)| > al,
1.e.,
[foe(®0) — f(x0)| < &

Since, by assumption, & — 0,

lim . (20) = f(20).

n—+0o

The theorem is proved.



CHAPTER I

THE LEBESGUE INTEGRAL

In the preceding chapter we investigated the basic properties
of measurable functions, which are a quite wide generalisation of
continuous functions. For measurable functions, the classical
definition of an integral known from analysis and usually called
the Riemann integral is generally not applicable. For example,
the well known Dirichlet function which equals zero at irrational
points is obviously measurable, but is not integrable in the sense
of Riemann. Thus this concept of an integral turns out to be of
little use with respect to measurable functions.

The reason for this is clear. Let us assume, for simplicity, that
we are considering the functions on a segment. Introducing the
concept of the Riemann integral, we split the segment on which
the function f(z) is given into small segments, and taking in
each of these parts an arbitrary point &, we form the sum

kE T (&) Az,

Essentially, we replace here the value of the function f(z) at
every point of the segment Az, = [y, 2x41] by its value at some
arbitrarily selected point & of this interval. However, it is only
natural to do this if the values of the function f(x) at neigh-
bouring points are close to each other, i.e., if f(z) is continuous
or if the set of its points of discontinuity is ‘“‘not too large’’.*

The basic idea of the Lebesgue integral consists of the fact that,
as opposed to the Riemann integral, the points z are grouped not
by their closeness on the z-axis, but by the closeness of the values
of the functions at these points. This immediately gives rise to

* As is well known, a bounded function is integrable in the sense of Riemann if and
only if the set of its points of discontinuity has measure zero.

60
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the possibility of generalising the concept of the integral to a
quite wide class of functions.

Moreover, the Lebesgue integral is defined in exactly the same
way for functions which are defined in any spaces with measures,
whereas the Riemann integral is first introduced for functions of
one variable, and only then is it carried over with corresponding
changes to the case of several variables.

Everywhere, where the contrary is not especially stated, we
shall consider some s-additive measure (A ) which is defined on a
Borel algebra of sets with a unit X. All the sets A € X con-
sidered will be assumed to be s-measurable, and the functions
f(x) to be defined for x € X and g-measurable.

10. The Lebesgue Integral for Simple Functions

We shall first introduce the concept of a Lebesgue integral for
functions which we called simple in the preceding section, i.e., for
measurable functions which take on a finite or countable number
of values,

Let f(x) be some simple function which takes on the values
Yy Yo, *y Yny 20y Yi F Y for < ?5]

It is natural to define the integral of the function f(x) over the
set A by the equation

/Af(x) du = 3 ylzz € 4, 1(z) = . (1)

Thus we arrive at the following definition.

Definition. The simple function f(z) is called integrable (with re-
spect to the measure ) over the set A if the sequence (1) con-
verges absolutely. If f(z) is integrable, then the sum of the
series (1) is called the integral of f(z) over the set A.

In this definition we assume that all the y, are different. One
can, however, represent the value of the integral of a simple
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function as a sum of products of the form ¢,u( B:) and not assume
that all the ¢, are different. The following lemma allows us to do
this:

Lemma. Let A = U B, B;nB; = g for i # j, and assume that

on each set B, the functwn f(z) takes on only one value ¢i. Then

[ 1@ du = T (B, @)
moreover, the function f(x) is integrable over A if and only if the
sertes (2) converges absolutely.

Proof. Tt is easy to see that every set
A, = {zx € A, f(x) = ya)
is the union of those B, for which ¢, = y.. Therefore

Zyﬂ#(A ) = Zyn Z #(Bk) = ch#(Bk

Ck=Yn
Since the measure is non-negative,

Zlynln(An) = Zlynl > w(By = Zlckl#(Bk)y

k=¥n

i.e., the series Z yau(A,) and Z cu (B:) both either converge
absolutely or dlverge

Let us establish some properties of the Lebesgue integral for
simple functions:

/A f(z) du + / g(z) dp = / (f@) + 9@} du

moreover, from the existence of the integrals on the left-hand

side it follows that the integrals on the right-hand side exist.
To prove this let us assume that f(x) takes on the values f; on

the sets F; C A, and g(z) the values g; on the sets G; C A, since

5= [ 5@ du = X fur), 3)
A i

= [ 9@ du = T an(G). (4)
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Then, by the lemma,

7= [ 1@ + 9@ d = T T+ aduFenG; (5)
but
w(F) = 2 u(FinGy,
w(G) = 22 w(F:nG)).
Hence, from the absolute convergence of the series (3) and (4),
there follows the absolute convergence of the series (5); here
J=J1+ J
B) For any constant k,

k/Af(x) dp = j (kf(z)} dy;

moreover, the existence of the integral on the left-hand side implies
the existence of the integral on the right. (This can be shown
immediately.)

C) A simple function f(z) which is bounded on the set A is
integrable over A ; moreover, if |f(z)| < M on A, then

/Af(x) du| < Mu(4).

(This can be shown immediately.)

11. General Definition and Basic Properties of the
Lebesgue Integral
Definition. We shall say that the function f(z) is ¢ntegrable over
the set A, if there exists a sequence of simple functions f.(z)

which are integrable over A and converge uniformly to f(z). We
shall denote the limit

J = lim /Af,.m du )
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by
/A f(@) du

and call it the integral of the function f(x) over the set A.
This definition is correct if the following conditions are satisfied:

1. The limit (1) for any uniformly convergent sequence of
simple functions which are integrable over A exists.

2. This limit for a given function f(z) does not depend on the
choice of the sequence {f.(x)}.

3. For simple functions the definitions of integrability and
integral are equivalent to those given in §10.

All these conditions are indeed satisfied.
To prove the first it suffices to note that by properties A),
B) and C) for integrals of simple functions,

< u(4) Sup [fa(@) = fu(2)].

i/Af,.u) do = [ fula) du

To prove the second condition, we must consider the two
sequences {f.(2)} and {f.*(x)}, and use the fact that

[ @) du - / fo* (@) d

< w() fsup 15,0 — 7| + s 5@ — 1)}

Finally, to prove the third condition it suffices to consider the
sequence f.(x) = f(x).
Let us establish the basic properties of the Lebesgue integral.

Theorem 1.

LL@=#my

Proof. It follows immediately from the definition of the integral.
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Theorem 2. For any constant k,
k dp = | {k dp,
[ 1@ du = [ (s} da
where the existence of the integral on the left-hand side tmplies the

existence of the integral on the right.

Proof. The proof is obtained from property B) by proceeding
to the limit for an integral of simple functions.

Theorem 3.

/A @) du + / g(z) du = / (f@) + (@)} du,

where the existence of the integral on the left implies the existence of
the integral on the right.

Proof. The proof is obtained from property A) by proceeding
to the limit for an integral of simple functions.

Theorem 4. A function f(x) which is bounded on the set A 1s integra-
ble over A.

Proof. The proof is obtained from property C) by proceeding
to the limit for an integral of simple functions.

Theorem 5. If f(x) > O, then
[ @ >0
4

(assuming that the integral exists).

Proof. For simple functions this follows immediately from the
definition; for the general case the proof is based on the possi-
bility of approximating non-negative functions by non-negative
simple functions (for example by the method, given in the proof
of Theorem 4 of §9).

Corollary 1. If f(x) > g(x), then

[ 1@ au > / 9(z) du.
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Corollary 2. If on A, m < f(x) < M, then

mu(A) < /Af(x) du < Mu(A).

Theorem 6. If
A= lgA,., A;nNA;= g for ]
then .
[f@a=-% [ fta)

moreover, the existence of the integral on the lefl-hand side implies
the existence of the integrals and the absolute convergence of the series
on the right.

Proof. Let us first check the assertion of the theorem for a simple
function f(z), which takes on the values

yl} y2y .« v a yl\] « e
Let
By = {zx:x € A, f(x) =y},
Bu. = {x:x € A, f(2) = uil;
then

/A 1@ du = T uenB) = Ton T u(Bn)

- T T puBa) = T / f(z) du. (1)

Since, under the assumption of integrability of f(x) over A, the
series Y yiu( Bi) converges absolutely, and the measure is non-
k

negative, all the other series of the chain of equations (1) also
converge absolutely.

In the case of an arbitrary function f(z), its integrability over
A implies that for any ¢ > 0 there exists a simple function g(zx)
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which is integrable over A and satisfies the condition

l7(x) — g(2)| <= (2)
For g(z),

o du= T / o) ds 3

moreover, g(x) is integrable over every set A, and the series (3)
converges absolutely. This last fact and the estimate (2) imply
that f(x) is also integrable over every A,, and

b /Anf(x) d — / o(z) du

lLf(x) du —/Ag(x) d,;l\ < eu(4),

< 2 en(4a) < en(4),

n

which together with (3) yields the absolute convergence of the

series Z /
n YA

f(z)du and the estimate

< 2.

=/ @) du — [ 1@ au

Since ¢ > 0 is arbitrary,

=/ 7@ du = [ 1@ du.

n

Corollary. If f(x) is integrable over A, then f(x) ts also integrable
over any A’ C A.

Theorem 7. If the function ¢(z) is integrable over A and | f(z)| <
¢(x), then f(x) is also integrable over A.

Proof. If f(x) and () are simple functions, then A can be
represented as a union of a finite or countable number of sets, on
each of which f(z) and ¢(x) are constant:

f(x) = @, ¢(x) = an, where |a.| < a.
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Since ¢(z) is integrable, we have

Sladu(dn) € T awan) = [ o(z) du.

n A

Therefore f(z) is also integrable and

< Tlafu4n) = /A 15(2) | du.

/A f@) du| = | T aun(4n)

For the general case the theorem is proved by proceeding to
the limut.

|heorem 8. The integrals
J, = ) dp, Jp = z) |du

extst or do not exist simultaneously.

Proof. From the existence of the integral J, there follows the
existence of the integral J, by Theorem 7.

The converse follows, in the case of a simple function, from the
definition of the integral, and in the general case it is proved by
going to the limit and using the fact that always

la] — [ol] < fa —b].

Theorem 9. (Tchebichev Inequality) If ¢«(x) > 0 on A, then

plr:x € A, o(x) 2 ¢} < }/ o(x) du.
CJ4

Proof. Setting
A" = {zx € A, o(x) 2 ¢},

we have

/,,W”) du = / @) du + /\ (@) du > /A,m) du > eu(A).
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Corollary. If
[ r@)ldw =0,

then f(x) = 0 almost everywhere.
Indeed, by the Tchebichev inequality, we have

1
ez € 4 15@) 2 2 < [ Il = o
n A
for all n. Therefore

saiz € 4,1 # 0] < S ulwiz € 4, li@)| 2 =0

12. Limiting Processes Under the Lebesgue Integral Sign

The problem of proceeding to the limit under the integral sign,
or, what is the same thing, of the possibility of term by term
integration of a convergent series, is often encountered in various
problems.

It was established in classical analysis that a sufficient condition
for the possibility of such a limiting process is the uniform con-
vergence of the corresponding series.

In this section we shall derive some theorems concerning limit-
ing processes under the Lebesgue integral sign, which represent
quite far reaching generalisations of the corresponding theorems
of classical analysis.

Theorem 1. If the sequence f.(x) on A converges to f(x) and if for
all n

lfn(x) l S ‘P(I)r

where o(x) is integrable on A, then the limit function f(x) is inleg-
rable on A and

[ 5@ s~ [ 1) dn
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Proof. From the conditions of the theorem it easily follows that
|f(x)] < o(x). Let

Ay =[xk — 1 < o) < k};
and also let
Bn= U 4; = {z:0(z) > m}.

kZ=m

By Theorem 6 of the preceding section
[o@an=3 [ o du, (%)
4 PR

and the series (%) converges absolutely.
Here

/B,,, e(z) d kzm/A o(z) du.

From the convergence of the series (% ) there follows the existence
of an m such that

£
L : o(x) du < 5
The inequality ¢ (x) < m holds on AN\ B,.. By Egorov’s theorem,
AN B.. can be represented in the form AN\B, = C u D, where
w(D) < ¢/5m and on the set C the sequence { f,} converges uni-
formly to f.
Let us select an N such that, for n > N, on the set C

lfn(x) -

g
5u(C)’
Then

/A(fn(x) — 1)) du = /Bmfn(x) dn — /Bmf(x) du

+ [ 5@t = [ 1@ du+ [ (@) = 1) du < 55 =
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Corollary. If [fa(z)| < M and f.(x)— f(x), then
[ @) du— [ 5@ du.
A A

Remark. In as much as the values which the function takes on
on the set of measure zero do not influence the value of the
integral, it suffices to assume in Theorem 1 that {f.(x)} con-
verges to f(z) almost everywhere.

Theorem 2. Let, on the set A,
H(z) < folz) < -+ < fula) < -0y
where the functions f.(x) are integrable and their tntegrals are not
greater than a certain constant:

/A ful@) du < K.

Then almost everywhere on A the limat

f(x) = lim fu(x) (D

n—->o

exists, the function f(x) is integrable on A, and
[ 5@ du~ [ 1) du.
A A

On a set on which the limit (1) does not exist, the function
f(x) can be given arbitrarily, for example assuming on this set

f(z) = 0.

Proof. Let us assume fi(z) > 0, since the general case can be
easily reduced to this by going over to the functions

fn(x) =fn(x) _fl(x)
Let us consider the set i
Q= {zx:x € A, fulz) > =}.

It is easy to see that @ = ] U 2., where

r n

Q.0 = {r:x € A, fu(x) > r}.
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By Tchebischev’s inequalities (Theorem 9, §11),
p(2,0) < K )
T,

Since
Q0 CcC en Cc ... C Q0 C ...

we have u (U 9,.")) < K/r, but from the fact that for any r

n

g c Uga.o»,

it follows that x(2) < K /r. Since r is arbitrary
p(2) = 0.
This proves that the monotone sequence f.(x) has a finite limit

almost everywhere on 4.
Let us now set ¢(x) = r for those z for which

r—1<f(z) <, r=12 ...

If one can show that ¢(x) is integrable on A, then the assertion
of our theorem will be an immediate consequence of Theorem 1.

Let us denote by A. the set of those points x ¢ A for which
o(z) = r and let us set

Since on' B, the functions f.(x) and f(x) are bounded, and
since, always o(z) < f(z) + 1,

L¢WW#SLNMW+WM)

ﬁgﬂﬂm@+MMSK+MM-

But

8

/ o(x) du = 2. ru(4d,).

B, r=1
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However, the boundedness of these sums means that the series

(4 = [ o) du

r=1 A
converges. Thus, it is proved that ¢(z) is integrable on A.

Corollary. If y.(x) > 0 and

55 [ ) du < o,

n=1

the series D ya(x) converges almost everywhere on A and

n=1

A(i \Mx)) =3 _/A\l/n(x) du.

n=1 n=1

Theorem 3. (Fatou) If the sequence of measurable non-negative
Sfunctions {f.(x)} converges almost everywhere on A to f(x) and

[ £ du < K,
then f(x) is integrable on A and

Aﬂ@d#SK-

Proof. Let us set

on () igf fu(z);

on(x) is measurable because

{z:0n(x) < ¢} = U {2:fi(2) < ¢}

k=n

Moreover, 0 < ¢.(2) < fu(x), hence ¢.(x) is integrable and

mewsﬂmnwsx
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Finally,
or(r) < @o(x) < 00 < palx) < -

and
lim ¢,(x) = f(x)

n—»>m

almost everywhere. Therefore, applying the preceding result to
{e.(2)}, we obtain the required result.

Theorem 4. If A = U A,, A;nA; = & fori 5 j and the series

> [ l@a @)

n A,

converges, then the function f(z) is integrable on A and
[r@di=% [ 1@ du
A n An

New here, as compared to Theorem 6 of §11,is the assertion
that from the convergence of the series (2) it follows that f(z)
is integrable on A.

Let us first give the proof for the case of a simple function
which takes on the values f; on the sets B.. Setting

Ani = An n Bi,
we have

[ 1@ las = Zisducan.

From the convergence of the series (2) there follows the con-
vergence of the series

2 2lfilu(4a) = Zlfilu(Bin 4).
The convergence of the last series means that the integral
/Aso(x) du = Zf.'u(Bi nA)

exists.
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In the general case we approximate the function f(z) by the
function f(z) in such a way that

@) - J@)] < 3)
Then
/ |f(x)|d#5/A 1£(2) | du + eu(4,),

and, since the series

> u(d,) = u(4)

n

converges, the convergence of the series (2) implies the con-
vergence of the series

= [ 17 i

n

1.e., by what has been just proved, the integrability over A of the
simple function f(z). But then, by (3), the initial function f(x)
is also integrable over A.

13. Comparison of the Lebesgue Integral and the Riemann Integral

Let us clarify the relation between the Lebesgue integral and
the usual Riemann integral. Here we shall limit ourselves to the
simplest case of a linear Lebesgue measure on a line.

Theorem. If the Riemann integral
b
J=@® [ f)dz,
exists, then f(x) vs Lebesque integrable on [a, b7 and

f) du = J.

[a,b]
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Proof. Let us consider the subdivision of [a, b] into 2~ parts by
the points

k
xk=a+§(b—a)

and the Darboux sums, which correspond to this subdivision:

b —a
ZM"L’

k=1

S.

b —
§ azmﬂk’

k=1
where M., is the upper bound of f(x) on the segment
e L2 < L,y

and m.; is the lower bound of f(x) on the same segment. By the
definition of the Riemann integral,

J =lim S, = lim S,.

n—->w n—->w

Let us set

Falz) = M, for my <z <

Jo(x) = mu for i <z < T30

At the point x = b the functions f, and f. can be defined arbi-
trarily. It is easy to compute that

Fa(z) du = S,

[a,b]

fr(z) du

[a.b]

S..
Since the sequence {f.} does not increase, and the sequence {f.}
does not decrease, we have almost everywhere

fa(@) — J(x) > f(2),

[n(x) — f(2) < f(2).
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By Theorem 2, §12,

F@) du =lim 8, = J = lim 8, = / i(z) du.

[a,b] n—>m n—-om [a,b]

Therefore
[ i@ i@l = [ 1J@ - @) du =0,
[a,3] [2,5]

and, hence, almost everywhere

f(z) — f(z) =0,
1.e.,

i) = f2) = f(@),
= f du = J.
/Mfm du /[] F@) du = J

The theorem is proved.

It is easy to give examples of bounded functions which are
Lebesgue integrable but which are not Riemann integrable (for
example, the Dirichlet function, mentioned earlier, which is equal
to unity for rational x and equal to zero for irrational x).

In general, unbounded functions cannot be Riemann integrable,
however many of them are Lebesgue integrable. In particular,
any function f(x) for which the Riemann integral

[ 11w 1as

has a finite limit J as ¢ — 0 is Lebesgue integrable on [0, 17;
moreover,

f(x) d{; = lim /lf(x) dz.

[o.11

In connection with this it is interesting to mention that the
improper integrals

[ 1) do = tim [ 2) ds
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are not Lebesgue integrable in the case when

1

lim/ |f(x)|dx = .
>0 Y

Lebesgue integration has always an absolute character in the

sense of Theorem 8, §11.

14. Direct Products of Systems of Sets and Measures

An important role in analysis is played by theorems which re-
duce double (or generally multiple) integrals to iterated inte-
grals. The basic result in the theory of multiple Lebesgue integrals
is the so-called Fubini theorem which will be proved in §16. We
shall preliminarily establish some useful concepts and facts which,
by the way, are also of independent interest.

The set Z of ordered pairs (x, y), where x ¢ X and y € ¥, is
called a direct product of the sets X and Y and is denoted by
Z = X X Y. Analogously, the set U of ordered finite sequences
(%1, T3, +++, T.), where x, € X, is called the direct product of
the sets X, X, ---, X,, and is denoted by

Z=Xi XXy X+ X Xo = |X|Xu
In the special case when
Xi=X; =+ = X, = X,
the set Z is the n-th power of the set X:
Z =X~

For example, the n-dimensional coordinate space D= is the n-th
power of the real axis D!. The unit cube J*, i.e., the set of ele-
ments of D» with coordinates which satisfy the inequality

OSkaL k=1’2;"';n;

is the n-th power of the unit segment J* = [0, 17.
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If &, &, ---, &, are systems of subsets of the sets X, X,,
<+, X,, then

R =B XS X oor X By

denotes the system of subsets of the set X = | X |X, which are
given in the form

A =41 XAy X +++ X A,

Where Ak € @L

Ife =&, = ...
system &:

It

&, = &, then R is the n-th power of the

R =&

For example, the system of parallelopipeds in D= is the n-th
power of the system of segments in D,

Theorem 1. If &, @,, - -+, &, are semirings, then R = | X | Sy
1s also a semiring.

Proof. In accordance with the definition of a semiring (§2), we
have to show that if A, B € &, then A n B € ®, and if, moreover,

Bc A, thenAd = UC, where C; = B, C.nC; =g forij
i=1
and C, € Rz =1,2, ---, m).
Let us give the proof for the case n = 2.

I) Let A € & X S,, B¢ X S,; this means that
A = A1 X A, 4, € &, A4, € &,,

B = B; X By, B, € &, B, € &..
Then
ANB = (A1nB) X (4:nBy),

and since

AinNB, €&, Ay N By € &y,
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we have
ANBE & X &,

II) Let now, in the assumptions of paragraph 1), B C A. Then
B, C A1, B, C A2;

and, because &, and &, are semirings, we have the decompositions
Ay = BLUB® U ... UB®,
As = By UB,®W U+« U By®,
A=A X 4= (Bi X B) U (B1 X B{®) U+-+ U(B1 X B,®)

U (Bi® X By) U (Bi® X B®) U-++ U (B® X By®)

---------------------------------------------------

U (B1® X By) U (B1® X Bp) U=+ U (B1® X By®).

In the last decomposition the first term is B, X B, = B and all
terms belong to the system &; X &,. The theorem is proved.

However, from the assumption that the systems &, are rings
or Borel rings, it does not yet follow that the product | >< |Sis a
ring or a Borel ring, respectively.

Let the measures
MI(AI); :“2(A2); %y #n(An); Ay € @3’0

be given on the semirings &,, S,, - -+, S,.
Let us define on

R=E XS X -+ XG,

the measure
=1 X pg X oo X in
by the condition: if A = 4, X 4, X --- X A4, then

,U(A) = #1(A1)#2(A2) #n(An).
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We still have to show that u(A4) is a measure, i.e., that u(A4) is
additive. We shall do this for the case n = 2. Assume the de-
composition

A =4, X A4, =UB®,  BOnB®» = g for i j,
B® = Bl(k) X B2(k)
given. As was shown in §2, there exist decompositions
4, =U Cym, A, = U C,»

such that the sets B:® are unions of some C,‘™, and the sets
B,® are unions of some C.™. Obviously,

u(4) = m(A)u(4s) = 22 20 m(Crm) us(Co™), (1)
u(B®) = um(Bi®)ua(Bo®) = 30 20 m(Ci™)ua(Co™);  (2)

moreover, all the terms which appear in the right-hand side of
equation (2) appear once in the right-hand side of equation (1).

Therefore,

u(4) = 22 u(B®),

k

which was to be proved.

Thus, in particular, the additivity of elementary measures in
the n-dimensional Euclidean space follows from the additivity of
the linear measure on a line.

Theorem 2. If the measures uy, ps, * -, pn are o-additive, then the
measure u = w1 X pa2 X +++ X un 18 also o-additive.

Proof. Let us prove the theorem for the case n = 2. Let us de-

note by A, the Lebesgue space of measure u,. Let C = U C,,, where
the sets C and C. belong to &, X &,, i.e., n=1

C =4 XB, A € &, B € &,
Cu =AnXBn, Ane @1, Bn6@2-
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Let us set, forz € X,

#2(Bn) if x¢ A'L;
falzy =

0 if z& An
It is easy to see that for x € A4,
2 fa(x) = ua(B).

Therefore, by the corollary to Theorem 2, §12,
[ 5@ an = [ a(B) duta) = w(0);
n A A
but
[ @) @ = a(Bn(4) = w(C),

and, consequently

2 u(C) = u(C).

n

The Lebesgue continuation of the measure uy X p2 X +++ X pun
we shall call the product of the measures ux and denote by

U ® vt @ uy = | -
In the case
= s = e = g =

we obtain the concept of a power of the measure u:

ur = @M, Kk =

For example, the n-dimensional Lebesgue measure u* is the
n-th power of the linear Lebesgue measure ul.

15. Expressing the Plane Measure by the Integral of a Linear
Measure and the Geometric Definition of the Lebesgue Integral

Let a domain G in the (x, y)-plane be bounded by the vertical
lines ¢ = a, y = b and by the curves y = o(x), y = ¢(x).



15, EXPRESSING PLANE MEASURES 83

As is well known, the area of the domain G is equal to the
integral

V@ = [ o) — v@) d.

Moreover, the difference ¢(x,) — ¢(xo) is equal to the length of
the intersection of the domain G with the vertical line £ = x,. Our
task is to carry over such a method of measuring areas to arbi-
trary measure products

b= @ uye

Here we shall assume that the measures u, and u, are defined
on Borel rings, are os-additive and have the closure property
(f B C A and u(A) = 0, then B is measurable) which, as was
shown earlier, is possessed by all Lebesgue continuations.

Let us introduce the notation:

A = {y:(z,y) € 4},
4y = {z:(z,y) € A}.

If X and Y are real lines (and X X Y a plane), then 4. is the
projection of an intersection of the set A and a vertical line
Z = xo onto the Y-axis.

Il

Theorem 1. Under the assumptions enumerated above, for any
u-measurable set A*,

w(4) = /X ur(As) dus = / ue(Ay) diy.

Proof. It is obvious that it suffices to show the equality
w(d) = [ ou@) duy where oa(@) = (4, (D)

since the second part of the assertion of the theorem is quite
analogous to the first. Let us note that the theorem automatically

* Note that integration over X is in fact reduced to integration over the set

U 4, ¢ X, outside of which the integrand is equal to zero. Analogously, / = .
U4,
v z

v
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includes the statement that for almost all z (in the sense of the
u- measure ) the sets A, are measurable with respect to the meas-
ure u,, and that the function ¢4(x) is measurable with respect
to the measure u.. Otherwise formula (1) would not make sense.

The measure  is a Lebesgue continuation of the measure
m = us X uy,
which is defined on the system S.. of sets of the form
A = Ay X As,
For such sets equation (1) is obvious, since for them

.u'y(Azo) for z ¢ Auo;

pa(x) =
0 for = & Ay,

It is easy to see that equation (1) applies also to sets from
R (S.»), which decompose into a finite number of pairwise non-
intersecting sets from S.,.

The proof of equation (1) for the general case is based on the
following lemma, which is also of independent interest for the
theory of Lebesgue continuations.

Lemma. For any u-measurable set A there exists a set B of the form

B=QB, B2B2: DB, 2,

B.=UBu4, BuCSBwC -+ CBuGC-
k

where the sets B, belong to R (Sn); moreover, A C B and
u(4) = u(B). (2)

The proof of the lemma is based on the fact that, by the defini-
tion of measurability, for any » the set A can be included in the
union C, = U A.. of the sets A., of S, in such a way that

u(Cr) < u(4) + l
n
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Setting B, = n C\, it is easy to see that the sets B, will have

the form B, U 8.5, where 8,, belongs to S,. Finally, setting
k

B., = U 6., we obtaln the system of sets B.: required by the

s=1
lemma.
It is easy to carry over equation (1) from the sets B, € R (S»)
to the sets B, and B with the help of Theorem 2, §12, since

San(x) = lim Sank(x); ©Bu1 S ® Bn2 S Yy

k—»o

lim g, (2), ©p 2 Py =

n—»w

er(x)

If u(A) = 0, then x(B) = 0 and almost everywhere
ep(x) = w(B;) = 0.
Since A, € B,, the set A, is measurable for almost all z, and
ea(x) = wm(4:) =0,

[ eat@) dus = 0 = u(a).

Consequently, for the sets A for which u(4) = 0, formula (1) is
true. Let us represent A if it is arbitrary in the form A = B\ C,
where, by (2),

w(C) = 0.

Since formula (1) holds for the sets B and C, it is easy to see that
it also holds for the set A itself.

The proof of Theorem 1 is complete.

Let us now consider the special case when Y is the real axis,
vy a linear Lebesgue measure and the set A the set of points
(x, y) of the form

€M, 0<Ly<f@), (3)

where M is some u,measurable set and f(x) an integrable non-
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negative function. In this case

flx) for z € M,

#u(Az) = {
0 for x & M,

and
A) = 2
w(d) = [ 1@ du
We have proved the following

Theorem 2. The Lebesque integral bf a non~negative function f(x)
18 equal to the measure u = u., X uy Of the set A, defined by rela-
tion (3).

In the case when X is also the real axis, the set M is a segment,
and the function f(x) is Riemann integrable, this theorem re-
duces to the known fact that the integral can be expressed as the
area under the graph of the function.

16. Fubini's Theorem
Let us consider a triple product of the form
U=XXYXZ (1)

We shall identify the point

(x,4,2) € U
with the points
((x’ y)’ z)’
(z, (y,2))
of the products
(X XY) X Z, (2)
X X (Y XZ). (3)

With this understanding one can consider the products (1),
(2) and (3) as one and the same thing.
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If the measures u., uy, u. are given on X, Y, Z, then the measure
Bu = kz @ py @ p,
can be defined either as
(uz @ 1y) @ s

™
or as
e = e ® (py ® o).

The rigorous proof for the equivalence of these definitions is
omitted here, although it is not difficult.

We shall give the application of these general constructions to
the proof of the basic theorem of the theory of multiple integrals.

Fubini's Theorem. Let the measures u, and u, be defined on
Borel rings, s-additive and complete; let, moreover,

b=k @ uy,

and let the function f(x,y) be integrable wnth respect to the measure
© on the sets

A = A, X A,
Then*

[rewan=[(f 1@y aw)au: = [ ([ 1@ Pdus) du. (4

Proof. The assertion of the theorem includes the existence of
the inner integrals in parentheses for almost all values of the
variable, with respect to which the integration in the parentheses
is taken.

Let us first give the proof for the case f(x,y) > 0. For this
purpose let us consider the triple product

U=XXY XD,
where the third factor is the real axis, and the product of measures
A= @y @ u = Q4
where 4! is a linear Lebesgue measure.

* See footnote on page 83.



88 III. LEBESGUE INTEGRAL

In U we define the subset W by the condition
(x,y,2) € W,
if
x € A4,y y € A,
0<z<f(z,9.
By Theorem 2 of §15,

W) = [ f,v) du. (5)
A
On the other hand, by Theorem 1 of §15,
W) = [ EOF.) dus, 0)
X

where £ = u, X p' and W, denotes the set of pairs (y, 2) for which
(x,y,2) € W. Here, by Theorem 1 of §14,

EW) = / £z, y) du. )

Combining (5), (6) and (7) we obtain

[r@wa-[(f 1y i) di,

which was to be proved.
The general case is reduced to the case f(x, y) > 0 with the
help of the equations

f(x; y) = f+(x’ y) - f—(x7 y)’

_ i@, y>|2+ @Y oy - y>|2— 1@y

[z, y)

Remark 1. One can show that if the function f(z, ¥) is u-meas-
urable the integral

/A £z, ) du
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exists, provided

-/x <'/Az [f(z, y) ld#u) duz

Examples showing when equation (4) does not hold:

1) Let

exists.

A=[-11T7
and
-
T@w) =y e
Then
1
[ 1@y dz =0
fory = 0, and

[ sy =0

for x # 0. Therefore

/_11 </_11f(x, Y) dx) dy = /_11 (/_llf(x, ) dy) dx = 0;

however, the integral does not exist in the sense of a Lebesgue
integral over the square, since

1 1 " ot ld
[ L tosays [[o [Teo820, 2o [ 4
o ° 0 T o T

2) A=1[0,17,

2 for 2—1570<2%—1’ 2—1§y<§3—_—l,
IOV = i fr Locpel 1o, o1
_ or g =% < o o <y < Pt

0 for all other cases.
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One can compute that

/01</01f(x,y) dx)dy=0, /01</01f(x,y) dy)dx

17. The Integral as a Set Function

1
4

Let us consider the integral F(4) = / f(x)dzx as a set function,
A

assuming that S, is a Borel algebra with unit

/ f(x)dzx exists. Then, as was shown earlier:
X

1. F(A) is defined on a Borel algebra S,;
2. F(A) is real;
3. F(A) is additive, i.e., for every decomposition

A=U4.

of the set A € 8, into the sets A, € §,,

F(4) = 2 F(40);

4. F(A) is absolutely continuous, i.e., u(4)
F(4) = 0.

X and that

= 0 implies

Radon's Theorem. If the function F(A) possesses the proper-
ties 1, 2, 3 and 4, then it may be represented in the form

F(A) = /Af(x) du.

We shall show that the function f = dF /du can be uniquely
determined up to values on a set of measure zero. Indeed, if for all

4 €8,

F(4) = [ fi@) du = [ 2o au,



17. THE INTEGRAL AS A SET FUNCTION
then for any n for the sets
e
n = T:ifs — -
2 1 n
we have
wd) <n [ (=g du=o.
4,
Analogously, for
1
B,. = {x:ﬁ - f1 > "}
n

we have
pw (Bn) = 0.
Since

{z:fi # fo} = U 4, uU B,

plaefy Z fo} =0

Our assertion is proved.

91



CHAPTER IV

FUNCTIONS WHICH ARE SQUARE
INTEGRABLE

One of the most important spaces among the various linear
normed spaces which are encountered in functional analysis is the
Hilbert Space. Its name is due to the German mathematician
D. Hilbert who introduced this space in connection with investi-
gations in the theory of integral equations. It is a natural infinite
analogue of the n-dimensional Euclidean space. We have already
made acquaintance with one of the possible generalisations of
Hilbert space in Chapter III of Volume I, it is the space [, whose
elements are sequences of numbers

r = (I1, T2, °°*, Tn, "')’

which satisfy the relation

i i < .
n=1
The concept of the Lebesgue integral allows us to introduce
another, in some cases more convenient, realisation of the same
space—the space of square integrable functions. In this chapter
we shall consider the definition and the basic properties of the
space of square integrable functions and establish that it is iso-
metric (with corresponding assumptions about the measure with
respect to which the integration is performed) to the space .
In the next chapter we shall give an axiomatic definition of
Hilbert space.

18. The L; Space

Below we shall consider functions f(x), defined on some set R
for which a measure u(E) is given satisfying the condition
92
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u(R) < . The functions f(x) are assumed to be measurable and
defined almost everywhere on R. We shall not distinguish be-

tween functions which are equivalent on RE. Instead of / we
R

shall, for the sake of conciseness, write / .

Definition 1. One says that the function f(x) is square integrable
(or summable) over R if the integral

[ 1) au

exists (i.e., is finite). The set of all functions which are square
integrable over R we shall denote by L.
We shall now establish the basic properties of such functions.

Theorem 1. The product of two square integrable functions is an
integrable function.

The proof follows immediately from the inequality

2 2
f@e(@| < TEFIE)
and the properties of the Lebesgue integral.

Corollary. Every square integrable function f(x) is tntegrable.

Indeed, it suffices to set g(x) = 1 in Theorem 1.
Theorem 2. The sum of two L, functions is also in Lo.
Proof. Indeed,

(f(z) +g(@)? < f2x) + 2[f(@)g(@) ] + ¢*(2),

and, by Theorem 1, each of the three functions on the right is
summable.

Theorem 3. If f(x) € L, and « is an arbitrary number, then
af(x) € L2.
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Proof. If f € L,, then
[ (at))® an = a2/f2(x) du < .

Theorems 2 and 3 show that linear combinations of L, func-
tions again belong to L,; moreover, it is clear that sums of L,
functions and their products with numbers satisfy all the condi-
tions 1-8, enumerated in the definition of a linear space (Chapter
ITI, §24 of Volume I), in other words, the class L, of square
integrable functions is a linear space.

Let us now define the scalar product of L, functions by setting

(f,9) = / f@)g() du. (1)

As is well known, one understands by a scalar product any real
function of a pair of vectors of the linear space which satisfies the
following conditions:

1) (f,9) =197,

2) (i +fo9) = (1,9 + (fo,9),
3) (M, 9) =X, 9),

4) (f,1) >0 if f=0.

From the basic properties of the integral it immediately follows
that expression (1) does indeed satisfy conditions 1-3. Moreover,
since we have agreed not to distinguish between functions which
are equivalent (and in particular, to take as a unit element the
set of all functions in R which are equivalent to f(z) = 0), con-
dition 4 is also satisfied (see the corollary to Theorem 9, §11).
This leads us to the following definition.

Definition 2. By L, space one understands a Euclidean space,*

the elements of which are classes of equivalent square integrable
functions; addition of elements and their multiplication by num-
bers are defined as the usual addition and multiplication of
functions, and the scalar product by the formula

(50 = [1@9g() du M

* A Euclidean space is a linear space in which a scalar product has been introduced.
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In L,, as in every Euclidean space, the Cauchy-Bunjakovskii*
inequality, having in this case the form

([1@o@ ax) < [ 1) due [ () a, @

and the triangle inequality, having the form

VU@ ta@ra<[r@a+ [¢wa

are satisfied.

In particular, for g(x) = 1, the Cauchy-Bunjakovskil inequality
implies the following useful inequality:

([5@ d) <u(®) [ 262) du. (@)

Let us introduce a norm in L, setting

11l = VT = [ P@ o, se L Q

Exercise. Assuming properties 1-4 of a scalar product, show
that the norm, defined by equation (5), satisfies conditions 1-3
of the definition of the norm (§21 of Volume I).

The following theorem plays a very important role in many
problems of analysis:

Theorem 4. The L, space 1s complete.
Prool. a') Let {f.(x)} be a fundamental sequence in L, i.e., let
Ifs = fmll—0 for n,m— .

Then we can select a subsequence of indices {n.} in such a way
that

1
ok = Foe 11 <

* TransLATOR’s NoTE; This is usually known as the “Schwarz’” inequality.
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This implies, by inequality (4), that

[ 4@ = fun@) s < R [ () = frnata) ]

IA

o ()2

This inequality and Theorem 2, §12 (Corollary) yield the result
that the series ‘

[fu@) | + [far(@) = far(@)] + =+
converges almost everywhere on R. Then also the series

I (@) + far(@) — fur(2)) + -

converges almost everywhere on R to some function

f(z) = lim f,,(z). (6)

k>
Thus we have shown that if the sequence {f.(x)} is fundamental
in L, then one can always find a subsequence which converges
almost everywhere.
b) Let us now show that the function f(z) given by equation
(6) belongs to L, and that

fa(@) = f@)]—0 for n— . (7

For any sufficiently large £ and [ we have

[Uue) — fue))?dn < e

Accordingly, by Theorem 3, §12, we can proceed to the limit
under the integral sign for I — o« in this inequality. We obtain,

[ (i) = s@)rau <,

which yields f € L, and f., — f. But from the fact that the funda-
mental sequence contains a subsequence, converging to some
limit, it follows that it converges to the same limit.* The theorem
is proved.

* We understand here by convergence the fact that equation (7) is satisfied;
concerning this see the beginning of §19.
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19. Mean Convergence. Sets in L, which are

Everywhere Complete.

Introducing a norm in L, we have also introduced a certain kind
of new convergence for the square integrable functions, namely:

fomf (in L)

means that

lim [ [fu(z) — f@)F du = 0.
Such a convergence of functions is called convergence in the
mean or, more exactly, convergence in the mean square.
Let us find the connection between the concept of convergence
in the mean and uniform convergence, as well as the concept of

convergence almost everywhere which we introduced in Chapter
IL

Theorem 1. If the sequence {f.(x)} of functions in L, converges
uniformly to f(x), then f(x) € Ly and {f.(x)} converges to f(x) in
the mean.

Proof. Let ¢ > 0. If n is sufficiently large, then

lfn(x) _f(x)l < &

whence
[ (u@) = @) du < u(R).

This inequality immediately yields the assertion of the theorem.

From Theorem 1 it follows that if one can approximate any
function f € L, to an arbitrary degree of accuracy by functions
fn € M C L, in the sense of uniform convergence, then one can
use them to approximate any function from L, also in the sense
of convergence in the mean.

Hence one can approximate any function f € L, to any degree
of accuracy by simple functions belonging to Lo,.
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We shall show that any simple function f € L., and therefore,
also in general any function from L, can be approximated as
closely as desired by simple functions which take on only a finite
number of values.

Let f(x) take on the values y1, + -+, y., --- on the sets £, -- -,
E,, ---. Since f? is integrable, the series

Z B = [ £ du

converges. Let us select a number N in such a way that

Z ynz.“(En) <

n>N

and set
f(z) for z € E;, z<N,
fv(z) =
0 for z€ E; 7> N.

Then we have

[ U@ =iyt = Tuu(B) <«

n>.
ie., the functions fy, which take on a finite number of values,
approximate the function f as closely as required.

Let R be a metric space having a measure which satisfies the
following condition (satisfied in all cases of practical interest):
all open and all closed sets in R are measurable and for any
M C R,

p*(M) = inf uw(G), (k)
MECG
where the lower bound is taken over all open sets G containing
M. Then the following theorem holds.

Theorem 2. The set of all continuous functions is complete in L,.

Proof. By what has been said above it suffices to show that
every simple function which takes on a finite number of values
is a limit, in the sense of mean convergence, of continuous func-
tions. Furthermore, since every simple function which takes on a
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finite number of values is a linear combination of characteristic
functions xa(x) of measurable sets, it suffices to give the proof
for these latter ones. Let M be a measurable set in the metric
space R. Then, from condition (k) it immediately follows that
for any ¢ > 0 one can find a closed set F, and an open set G
for which

Fy CM C Gy and u(Gy) — u(Fu) < =

Let us now define the function ¢ () by setting

p(-’E, R\GM)
p(z, R\Gx) + p(x, Far)'

This function equals 0 for £ € R\ G» and equals 1 for € Fa.
It is continuous since each of the functions p(x, Fy) and
p(x, R\ Gx) is continuous and since their sum is equal to zero.
The function xx(x) — ¢,(x) is not greater that unity on Gy \F
and equals zero outside this set. Therefore

oi(x) =

[ Gan@) = o@)rau <

which yields the assertion of the theorem.

Theorem 3. If the sequence {f.(x)} converges to f(x) in the mean,
then one can select from it a subsequence {f.,(x)} which converges to
f(x) almost everywhere.

Proof. If the sequence {f.(x)} converges in the mean, then it is
fundamental in L,; hence, repeating the arguments of part a) of the
proof of Theorem 4, §18, we see that one can select from {f.(z)} a
subsequence {f, (x)} which converges almost everywhere to
some function ¢(x). Furthermore, the arguments of part b) of
the same proof show that {f, (x)} converges to ¢(x) also in the
mean, which yields ¢(z) = f(x) almost everywhere.

It is not difficult to convince oneself by examples that the convergence
in the mean of some sequence does not imply that this sequence itself
converges almost everywhere. Indeed, the sequence of functions f,,
constructed on page 57 obviously converges in the mean to the function
= 0 but still, as shown there, does not converge everywhere. We shall
now show that convergence almost everywhere (and even everywhere)
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does not imply convergence in the mean, Let

i @) (n for =z E(O, ;l—t),

0 for all other values of z.

It is clear that the sequence {f.(z)} converges to 0 everywhere on
[0, 1], however at the same time

/Olf,,2(x) dx =‘n-—> o,

Tchebishev’s inequality (§11, Theorem 9) implies that if the sequence
converges in the mean, it converges in measure. Therefore, Theorem 3
which we proved here independently follows from Theorem 4, §9.
The relations between the different types of convergence of functions
can be represented by the following scheme:

Uniform convergence

|
l l

Convergence in the mean J Convergence almost everywhere

"—” Convergence in measure {-----

where the dotted arrow means that one can select from the sequence
which converges in measure a subsequence which converges almost
everywhere.

20. L, Spaces with a Countable Basis

Generally speaking, the L, space of functions which are square
integrable depends on the choice of the space R and the measure .
Its full notation should be Li(R, u). Only in exceptional cases is
the space L,(R, n) finite dimensional. Of more importance in
analysis are those spaces L,( R, x) which, in a certain sense to be
defined later, are of countable dimension.
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In order to characterise these spaces we shall need yet another
concept of measure theory.

In the set M of measurable subsets of the space B (we assume
its measure to be finite ) we can introduce distance by setting

o(4, B) = u(A AB).

If we identify those sets A and B for which n(4 AB) = 0
(i.e., in other words we consider not single sets but classes of sets
which coincide up to a set of measure zero), then the set M with
the distance function p (A, B) satisfies all the axioms of a metric
space.

Definition. One says that the measure , has countable basis if
the metric space M contains an everywhere countable dense set.

In other words, the measure » has a countable basis if there
exists a countable system

A={A"}’ 'I’L=1,2,"',

of measurable subsets of the space B (countable basis of the
measure ) such that, for any measurable M C R and any
e > 0, one can find an 4, € A for which

w(M A 4y) <e

In particular, the measure » obviously has a countable basis if it
can be represented as a continuation of a measure, defined on a
countable system of sets S,. Indeed, in this case the ring R(Sx)
(it is obviously countable) is, by Theorem 3, §6, the required
basis.

In particular, the Lebesgue measure on a segment of the real
axis is generated by a system of intervals, with rational end points,
as elementary sets. Since the set of such intervals is countable,
the Lebesgue measure has a countable basis.

The product x = w1 X u» of two measures with countable basis
also has a countable basis, since the finite sums of pairwise prod-
ucts of elements of the basis of the measure x; with elements of
the basis of the measure y, form, as is easily checked, the basis of
the measure = u X w2 Therefore the Lebesgue measure of a
plane (and also an n-dimensional space) has a countable basis.
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Let
: K Ag* ees ALK e (1)
be the countable basis of the measure u. It is easy to see, that,
enlarging the system of sets (1), one can form a countable basis
for the measure u:

Ay, As v, An, eee (2)
which satisfies the following conditions:
1) the system of sets (2) is closed with respect to subtraction;
2) the system of sets (2) contains E.
From conditions 1) and 2) it follows that the system (2) is
closed with respect to a finite number of unions and intersections

of sets.
This follows from the obvious equalities

Al n Ag = Al\(Al\Ag),
AU Ay = RN\ {(BN\A41) n (B\42)}.

Theorem. If the measure u has a countable basts, then there exists
in Lo(R, u) an everywhere countable dense set of functions

fly Y f"’
Proof. As such a basis in L, (R, ») we can select the finite sums

n

k; e fu(), (3)
where ¢, are rational numbers and fi(x) are the characteristic
functions of the elements of the countable basis of the measure .

Indeed, as we have already shown in the preceding section, the
set of step functions which take on only a finite number of differ-
ent values is everywhere dense in L,. Since it is clear that any
function of this set can be approximated as closely as required
by a function of the same kind but taking on only rational
values, and since the set of functions of the form (3) is countable,
it suffices, in order to prove our assertion, to show that any step
function taking on the values

Yi, Yo, ***, Yn, +++ (all y; are rational),
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on the sets

By, Ey v, B -+¢, UE;=R EnE =g forisj,

can be approximated as closely as desired in the sense of the L,
metric by a function of the form (3). By this remark, one can,
without loss of generality, assume that our basis of the measure
u« satisfies conditions 1) and 2).

By the definition of a countable basis of the measure n, there
exist, for any ¢ > 0, sets A;, A, <+, 4,, -+- from our basis
of measure g, such that p(E,, A:) < ¢ ie.,

p[(EN\Ax) U (ANE)] < e
Let us set
A = ANUA;, k=1,2 - n,

i<k
and define
y for x € A/,

f*(z) = n
0 for z¢€ RANU A/

=1
It is easy to see that for sufficiently small ¢ the quantity

wlz:f(z) # f*(x)}

is as small as required and, therefore, the integral
[(5@) =1 *@)2de < @max |y uiz: (@) # 1 *@)

is arbitrarily small for sufficiently small .

By virtue of our assumption concerning the basis of the meas-
ure u, the function f*(x) is a function of the form (3). The
theorem is proved.

For the special case when R is a segment of the real line and u
a Lebesgue measure, the countable basis in L.(R) can also be
obtained by a more classical method: as such a basis we could



104 1V. FUNCTIONS WHICH ARE SQUARE INTEGRABLE

take, for example, the set of all polynomials with rational co-
efficients. It is everywhere dense (even in the sense of uniform
convergence ) in the set of continuous functions, and these latter
ones form an everywhere dense set in Lo( R, u).

In the following we shall limit ourselves to the consideration of
spaces Lo(R, x) which have a countable everywhere dense set
(in other words, are separable—see §9 of Volume I).

21. Orthogonal Systen;s of Functions.
Orthogonalisation.

In this section we shall investigate functions f € L, which are
given on some measurable set R with measure »; we shall assume
that the measure has a countable basis and satisfies the condition
w(R) < «.As before, we shall not distinguish between equivalent
functions.

Definition 1. The system of functions

901(15), 992(15): Y qu(x) (1)
is called linearly dependent, if there exist constants ¢, ¢z, +++, Cn,
not all equal to zero, such that

ae(z) + () + +++ + capn(z) =0 (2)

almost everywhere on R. If, however, (2) implies that
Cl=02=°’°=6n=0, (3)

then the system (1) is called lznearly independent.
It is clear that a linearly independent system cannot contain a
function which is equivalent to ¥ (x) = 0.

Definition 2. The infinite system of functions
o1(x), @2(), +o =, oalX), o+ (4)

is called linearly independent, if any finite part of it is linearly
independent.
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Let us denote by
M = M(g, @2, ***, 0n, *++) = Mg}

the set of all finite linear combinations of functions of the system
(4). This set is called the linear closure of the system (4). By

M =M(§01, P2, °° ", Pny cee) = M{W}

we shall denote the closure of the set M in the space L, M is
called the closed linear closure of the system (4).

It is easy to see that the set M consists of those and only those
functions f € L, which can be approximated by finite linear
combinations of functions of the system (4) with a prescribed
accuracy.

Definition 3. The system of functions (4) is called complete, if
for it,

]l—[ = L2.

Let there exist in the space L, a countable, everywhere dense
set of functions

f1’f2y ""f"y e

Discarding from this system those functions which are linearly
dependent on the preceding ones, we arrive at a linearly inde-
pendent system of functions

gy, gz, 20y Gny

which, as is easily seen, is complete.
In the case that there exists in L, a finite system (1) of linearly
independent functions,

Ly = M(py, 03, =, ¢a) = Mlon, 0, ++, 0n)

is an n-dimensional Euclidean space.

In all cases which are interesting for analysis the space L, is
infinite dimensional.

It is obvious that the system (4) is complete if one can ap-
proximate each of the functions, belonging to some set which is
everywhere complete in L,, by linear combinations of functions
belonging to the system (4) with any desired degree of accuracy.
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Let R = [a, b] be a segment of the real axis with the usual
Lebesgue measure. Then the system
1,x,x2,---,x",--- (5)
is complete in the space Ly( R, u).
Indeed, by Weierstrass’ theorem, the linear combinations of
functions (5) are complete in the set of all continuous functions.
The fact that the system (5) is complete now follows from our

remark and Theorem 2, §19.
The functions f(x) and g(x) are called mutually orthogonal, if

(5,0) = [ @)g(a) du = .

Every system o1, ¢s, * + *, ¢a, + - of functions from L, which are
different from zero and are pairwise orthogonal we shall call an
orthogonal system. An orthogonal system is called normalised if
|| ¢» || = 1for all n; in other words,

Ol P2, s Pny bt
is an orthonormal system of functions if

(0 for 7 sk,

(piy o) = /soi(x)sok(x) dy =
1 for ¢ =%k

Examples. 1. A classical example of an orthonormal system of
functions on the segment [ —, =] is the trigometric system:
1 cos r cos 2z sin x sin 2z
\/2—7'_’ \/7—'_’ \/7—'_ ) ' \/7—'_’ \/; )
2. The polynomials
1 & - 1]
P,(x) = ol dan , =012 ,
which are called Legendre polynomzals form an orthogonal sys-
tem of functions on the segment [ —1, 17. The functions

2n + 1
«/ 5 P, (z)

form an orthonormal system.
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It is easy to see that an orthogonal system of functions 1s linearly
independent. Indeed, multiplying the relation

o1 F s + 00+ Capn = 0
by ¢: and integrating, we obtain
Ci(ﬁ% soi) = 0,
and since (¢:, ¢:) > 0, we get ¢; = 0.
Let us further note that, if in the space L, there exists an every-
where countable dense sel fi, fa, -+, fn, +-+, then any orthonormal

system of functions {¢.} 18 at most countable.
Indeed, let « = B8, then

llea — @sll = /2.

For each « let us select from our everywhere dense set an f, in
such a way that

llew — £ill < \/%

It is clear that fo # f5if @ # B, and, since the set of all the f, is
countable, the set of the o, themselves is also not more than
countable,

In studying finite-dimensional spaces an important role is
played by the concept of the orthogonal normalised basis, i.e.,
the orthogonal system of unit vectors, the linear closure of which
coincides with the whole space. In the infinite case the analogue
of such a basis is the complete orthonormal system of functions,
i.e., a system

Ol 01ty omy
such that

1) (s, o) = 8,

2) M(% @2, %, @n, +++) = La.

Above we have given examples of complete orthonormal sys-
tems of functions on the segments [—x, =] and [—1, 1]. The
existence of a complete orthonormal system of functions in any
separable space L, follows from the following theorem:
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Theorem. Let the system of functions

fhf%”'yf"’"' (6)

be linearly independent. Then there exists a system of functions
Pl P2y "0y Pay 00 (7)

satisfying the following conditions:

1) the system (7) s orthonormal; *
2) every function ¢, 1s a linear combination of functions

fly f2y "'yfn:
Pn = anlfl + an2f2 + ce. +annfn,

where @.. # 0,
3) every function f. is a bnear combination of functions
@1, P2, * %y POnt

fn = bnlﬂol + bn2§0 + M + bnnﬂony

where b,, # 0.
Every function of the system (2) 1s uniquely determined (up to
the sign) by conditions 1)-3).

Proof. The function ¢:(x) is uniquely determined (up to sign)
by the conditions of the theorem. Indeed,

o1 = allfl,
(o1, @1) = a®(fi, i) =1,
which yields

Sl Ty S D
Wy TV e = 2T

Let the functions ¢r(k < n) satisfying conditions 1)-3) be
already found. Then f. can be represented in the form

fn = bnlﬁol + M + bn,n——lﬁon—l + hn,

where (ha, ¢x) = 0 for k < n.
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Obviously (h., h,) > 0 (the assumption (h., h,) = 0 would
have resulted in a contradiction to the linear independence of
the system (6)).

Let us set h,

o oy ).

Then we have
(Sony Soi) = Oy 1 < n,

(ﬁon, Son) = 1,
fn = bnﬂol + M + bnnﬁon, bnn =V (hn, hn) # 0,

i.e., the function ¢,(x) satisfies the conditions of the theorem.
The process of going over from the system (6) to the system
(7) which satisfies conditions 1)-3) is called the orthogonalisation
Process.
Obviously,

‘M(flyf2y Sty m "') = M(ﬁol’ P2y ** "y Pny "')

and, therefore, the systems (6) and (7) are either both complete
or both incomplete.

Thus, in any problem connected with the approximation of the
function f by linear combinations of the functions (6), one can
replace the system (6) by an orthonormal system (7) which has
been obtained from (6) by an orthogonalisation process.

As we have already said earlier, from the existence of a count-
able everywhere dense set in L, there follows the existence of a
countable dense system of linearly independent functions.
Orthogonalising this system we obtain a complete dense count-
able orthonormal system.

29. Fourier Series on Orthogonal Systems.
Riesz—Fischer Theorem.

Introducing in the n-dimensional Euclidean space R™ an
orthogonal normalised basis e, es, -+, e,, we can write each
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vector x € R™ in the form

T = ciex, (1)
k=1
where
e = (z, ).
The content of this section is, in a well known sense, a general-
isation to the case of an infinite dimensional space of the de-
composition (1). Let

Pl P2, * "0y Pny * " (2)

be an orthonormal system, and f € L,.

We shall pose the following problem: for a given n select the
coefficients o, (K =1, 2, -++, n) in such a way that the distance,
in the sense of the metric of the space L., between f and the sum

S, = D orer (3)
k=1

be as small as possible. Set ¢, = (f, ¢i). Since the system (2) is
orthonormal,

If — Salp = (f - iz; aror, f — Xn) awk)

k=1

= (5L - 2<f, g"l: akqﬂk) + (Zn: Pk, ‘"z: a:‘%)

= e —2 gakck + ga = |17 —;Zlcf + g(ak —e)n (&)

It is clear that this expression takes on its minimum when the
last term is equal to zero, i.e., for

Qr = Cg, k=1,2,---,n. (5)
In this case
If =Sl = (1.5 = e (6)

Definition. The numbers
Cx = (fy ﬂok)
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are called the Fourier coefficients of the function f € L, on the
orthogonal system (2) and the series

o 2]
Z Cr Pk
k=1

(it may not converge) is called the Fourier series of the function
on the system (2).

We have shown that among all the sums (3) for given n the
one which differs least from f (in the sense of the L, metric) is
the partial sum of the Fourier series of this function. Geometri-
cally this result can be explained in the following way. The
function

f- Z kP
k=1
is orthogonal to all linear combinations of the form

Z Brer,

k=1
i.e., it is orthogonal to the subspace generated by the functions
@1, ©2, ***, ¢, I0 that and only in that case when condition (5) is
satisfied. (Check this!) Thus, the result just obtained is a general-
isation of a well known theorem of elementary geometry: the
length of the perpendicular from a point to a line on a plane is
smaller than the length of any of the inclined lines drawn from
the same point.

Since always || f — S, ||? > 0, equation (4) implies

e <|iflt

Here n is arbitrary, and the right side does not depend on »; hence

the series ) ¢:2 converges dand
k=1
2o < |f|P D
k=1

This inequality is called Bessel’s inequality.
Let us introduce the following important concept.
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Definition. An orthonormal system (2) is called closed if for
every function f € L, the equation

2= ®)

holds, which one calls Parseval’s equation.

One can see from (6) that the fact that the system (2) is
closed is equivalent to the fact that the partial sums of the
Fourier series of each function f € L, converge to f in the sense
of the L, metric (i.e., in the mean).

The concept of closure of an orthonormal system is closely
connected with the concept of completion of systems of functions
introduced in §21.

Theorem 1. In L. space every complete orthornomal system 1is
closed, and conversely.

Proof. Tet {e.(x)} be closed; then, whatever the function
f € L, may be, the sequence of partial sums of its Fourier series
converges to it in the mean, This means that the linear combina-
tions of elements of the system {¢.(x)} are everywhere complete
in L, i.e., {¢.} is complete. Conversely, let {¢.} be complete,
i.e., one can approximate any function f € L, as closely as de-
sired, in the sense of the L, metric, by a linear combination

N
2 G

k=1

of elements {¢:}; then the partial sum
Z Cr ok
k=1

of the Fourier series for f gives, generally speaking, an even closer
approximation of the function f and, therefore, the series

Z CrPk

k=1

eonverges to f in the mean, and Parseval’s equality holds.
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In §21 we have shown the existence of complete orthonormal
systems in L,. In as much as the concepts of closure and com-
pletion coincide for orthonormal systems of functions in L., the
existence of closed orthogonal systems in L, does not require a
separate proof, and the examples of complete orthonormal sys-
tems given in §21 are at the same time examples of closed systems.

From the Bessel inequality (7) it follows that in order that the
numbers ¢, ¢z, --- be Fourier coefficients of some function
f € L, on some orthonormal system it is necessary that the series

0

> ol

k=1

converge. It turns out that this condition is not only necessary
but also sufficient. Indeed, the following theorem holds.

Theorem 2. (Riesz-Fischer). Let {¢.} be an arbitrary orthonormal
system wn L, and let the numbers

61’62’...’67;’...
be such that the series
P (9)
k=1
converges. Then there exists a function f € L, such that
Ck = (fy Sok)’
and
2= (fi ).
k=1
Proof. Set
fn= Z Cr k-
* k=1
Then

ntp
||f"+l’ _f"H2 = ||cn+1§0n+l + e+ cn+p§0n+p||2 = kzl il
=n+

Since the series (9) converges, this implies, on the strength of the
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completeness of L,, that the sequence {f.} converges in the mean
to some function f € L,. Moreover,

(fy ﬁoi) = (fny ﬁoi) + (f _fny 901'), (10)

where the first term on the right is equal to ¢; for n > 7 and the
second term tends to zero an n — « since

[(f = fay 0)| S Nf = Fall-lledl.

The left side of equation (10) does not depend on n; therefore,
taking the limit as n — «, we obtain

(fy ﬁoi) = Cs
Since, by the definition of f(x),
lf —fa| 20 for n— =,

the equation

2at= ()1
=1
is satisfied by f. The theorem is proved.
Let us in conclusion establish the following useful theorem.

Theorem 3. In order that the orthonormal system of functions (2)
be complete, it 1s necessary and sufficient that there does not exist a
Sfunction tn L, which 18 orthogonal to all functions of the system (2)
and which 1s not equivalent to ¥(x) = 0.

Proof. Let the system (2) be complete and therefore closed. If
f € L,is orthogonal to all functions of the system (2), than all its
Fourier coefficients are equal to zero. Then, from Parseval’s equa-
tion we obtain

(fyf) = ch2 =Y
i.e., f(x) is equivalent to ¥(x) = 0.
Conversely, let {f,.} be not complete, i.e., let there exist a

function ¢ € L. such that

(9,9) > > a2 where = (g, ¢x);

k=1
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then, by the Riesz-Fischer theorem, there exists a function
f € L,, such that

(fro) = (f,f) =D a

k=1

The function f — ¢ is orthogonal to all ¢;. By the inequality
(f’ f) = Z ck2 < (g’ g)’
k=1

it cannot be equivalent to ¥ (z) = 0. The theorem is proved.

23. The Isomorphism of the Spaces L, and /;

From the Riesz-Fischer theorem immediately follows the
following important

Theorem. The space L, is isomorphic* to the space ls.

Proof. Let us select in L, an arbitrary complete orthonormal
system {,! and let us put into correspondence with every func-
tion f € L, a sequence ¢y, s, ++ -, C,, - of its Fourier coefficients
on this system. Since Y ¢ < o, (c1, €3, *++, Cay +++) is there-
fore some element of l,. Conversely, by virtue of the Riesz-
Fischer theorem, there corresponds to every element (ci, ¢q, - -,
Cn, +++) of I, some function f of L,, which has the numbers c,,
€3, *++, Cyy +-+ a8 its Fourier coefficients. The correspondence be-
tween the elements of I, and L, which we have established is one

* Two Euclidean spaces R and R’ are said to be isomorphic if one can establish a
one to one correspondence between their elements in such a way that if

rex,  yey,
then )
1) rt+yeod +y,
2) ar & az’,
3) (z,y) = (@, 9.

It is clear that two isomorphic Euclidean spaces, considered just as metric spaces, are
measurable.
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to one. Moreover, if
fO (61D, D, e o) 0,0 o2 t)
and
FO o (6® a® one,®, 0,
then
FO 45O (@0 46 60 4 6® o) 6,® 4 6,®, +-2)
and )

B D o (key®, kea®, <o he,®, <o),

i.e., the sum goes over into a sum, and the product by a number
goes over into the product of a corresponding element by the
same number. Finally, the Parseval equation yields that

(fo, @) = i ¢, Ve, @, (1)

n=1

Indeed, from the fact that
(fO,f®) = X (a®)?, (F®,1®) = 3 (®)?,

and

(FO 45O, FO 4 @) = (fO,£0) 2(fO,1@) 4 (fO,f®)
= 3 (e F D)2+ D ()2 42 E enVe,® 4 Y (c,®@)2

(1) follows. Thus the correspondence which we have established
between the elements of the space L, and [, is indeed an iso-
morphism. The theorem is proved.

This theorem means that one can consider I, to be a “coordinate
notation’ of the space L,. It allows us to carry over facts we have
established earlier for I, to L.. For example, we have shown in
Chapter IIT of Volume I that every linear functional in [, has
the form

So(x) = (xy y)y

where y is some element of I,, uniquely defined by the functional
¢. From this, and from the isomorphism we have established be-



23. THE ISOMORPHISM OF SPACES L AND [, 117

tween L, and [,, it follows that every linear functional in I, has
the form

o) = (50) = [ 1)) du,

where g(x) is some fixed function from L,. In §24, Volume I it
was established that [, = I,. This, and the theorem just obtained,
yield L, = L.

The isomorphism established between L, and I, is closely re-
lated to certain problems in quantum mechanics. At first, quan-
tum mechanics appeared in the form of two externally different
theories: Heisenberg’s ‘‘matrix mechanics” and Schrodinger’s
“wave mechanics”. Later, Schrodinger established the equiva-
lence of the two theories. From the purely mathematical point of
view the difference between the two theories is reduced to the
fact that in constructing the corresponding mathematical ap-
paratus Heisenberg used the space I, and Schrodinger the space L.



CHAPTER V

THE ABSTRACT HILBERT SPACE. INTEGRAL
EQUATIONS WITH A SYMMETRIC KERNEL.

In the preceding chapter we have established that the spaces
L, (in the case of a separable measure) and [, are isomorphic,
i.e., in essence represent two different realisations of one and the
same space. This space, usually called Hilbert space, plays an
important part in analysis and its applications. Often it is useful
not to tie oneself down ahead of time by one or another realisa-
tion of this space, but to define it axiomatically, as is done for
example in linear algebra with respect to the n-dimensional
Euclidean space.

24. Abstract Hilbert Space

Definition 1. The set H of elements f, g, h, --- of an arbitrary
nature is called (abstract) Hilbert space, if the following con-
ditipns are satisfied:

1. H is a linear space.

II. A scalar product of elements is defined in H, i.e., to each
pair of elements f and ¢ there corresponds a number (f, g) such
that,

1) (f9) =(gf1),

2) (of, 9) = a(f, 9),

3) (itfo9) = (frg) + (fr9),
4) (f,f)y>0 if f=0.

In other words, conditions I and I1 mean that H is a Euclidean
118
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space. The number || f|| = V/(f, f) is called the norm of the
element f.

III. The space H is complete in the sense of the o (f, g) =
|| f — ¢ || metric.

IV. The space H is infinite-dimensional, i.e., for any natural
n, one can find in H, » linearly independent vectors.

V. The space H is separable*, i.e., there exists in it a count-
able everywhere dense set.

It is easy to give examples of spaces which satisfy all the
enumerated axioms. Such is the space {, which we considered in
Chapter II of Volume I. Indeed, it is a Euclidean space, which is
infinitely dimensional since, for example, its elements

& = (LO’O"”’O"”)’
ey = (O’ 1’0’...,0,...)’
ey = (O’O’ 1’ ...’O’...)’

are linearly independent; the fact that it is complete and sep-
arable was proved in Chapter II, §9 and §13 of Volume I. The
space L, of functions which are square integrable with respect to
some separable measure which is equivalent to I, also satisfies the
same axioms.

The following statement holds: all Hilbert spaces are isomorphic.

To prove this fact it obviously suffices to establish that every
Hilbert space is isomorphic to the coordinate space l,. This last
assertion is proved in essence by the same considerations as the
isomorphism of the spaces L, and [,, namely:

1) One can carry over to Hilbert space without any changes
those definitions of orthogonality, closure and completeness which
were introduced for the elements of the space L, in §21.

2) Selecting in the Hilbert space H a countable everywhere
dense set and applying to it ‘the process of orthogonalisation de-
scribed (for L.) in §21, we construct in H a complete ortho-
normal system of elements, i.e., the system

hly h2’ "'yh"’ ) (1)

* Condition V is often omitted, i.e., one considers nonseparable Hilbert spaces.
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which satisfies the conditions

. (0 for i #k,
a) (hiy he) =

1 for ¢ =F,

b) the linear combinations of elements of the system (1) are
everywhere dense in H.

3) Let F be an arbitrary element in H. Set ¢, = (f, 7). Then,
the series > ¢:? converges and ) &? = (f, f) for any complete
orthonormal system {h;} and any element f ¢ H.

4) Let, again, {h;} be some complete orthonormal system of
elements in H. Whatever the sequence of numbers

cl,'c2’ °",cn, o

may be which satisfy the condition

2 < o,
there exists in H an element f ¢ H such that
a = (f, k),
and
2= (f,1)

5) From our statements we can see that one can realise an
isomorphic mapping of H onto I, by setting

fe (e caoneCnyver),
where
a = (f, h),
and
Pa, ho, » ooy by oo

is an arbitrary complete orthonormal system in H.
It is recommended that the details of the proof be completed
by the reader himself using the methods of §§21-23.



25. SUBSPACES. ORTHOGONAL COMPLEMENTS 121
25. Subspaces. Orthogonal Complements. Direct Sum.

In correspondence with the general definition of §21, Chapter
111, of Volume I we shall call a set L of elements in H having the
property: if f, ¢ € L, then of + 8¢ € L for any numbers « and 8,
a linear manifold. A closed linear manifold is called a subspace.

Let us give a few examples of subspaces of Hilbert space.

1. Let 2 be an arbitrary element in H. The set of all elements
f € H which are orthogonal to & forms a subspace in H.

2. Let H be realised as [,, i.e., let its elements be sequences
(X1, Ty, +++, Tn, -+ ) of numbers such that > 2,2 < «. The ele-
ments which satisfy the condition z, = x, form a subspace.

3. Let H be realised as the space L. of all square integrable
functions on some segment [a, b] and let @ < ¢ < b. Let us de-
note the set of all functions from H which are identically equal to
zero on the segment [a, ¢] by H.. H, is a subspace of the space H.
If e1 < co, then H, D H.,; moreover, H, = H, H, = (0). Thus
we obtain a continuum of subsets of H which are contained in
each other. Each of these subspaces (of course with the exception
of H,) is infinite-dimensional and isomorphic to the whole space H.

It is recommended that the reader check that the sets of
vectors given in examples 1-3 are indeed subspaces.

Every subspace of a Hilbert space is either a finite-dimen-
sional Euclidean space or itself a Hilbert space. Indeed, it is
obvious that axioms I-IIT are fulfilled for each such subspace,
and the following lemma shows that axiom IV also holds.

Lemma. From the existence of a countable everywhere dense set in a
metric space R there follows the existence of a countable everywhere
dense set 1n an arbitrary subspace R’ of R.

Proof. Let
o PP S

be a countable everywhere dense set in R. Let, furthermore,

a, = inf P(fn, 77)’
neR!
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and 4, € R’ be such that

P(fn, 77n) < 2an'.

For any n € R’, one can find an n such that

(1) < 7

Pi&ny, M 3’
and, therefore,

T 9

P(En; 77n) < _3’

then p(n, 5,) < e i.e., the countable set
Ny N2y "%y My = °

is everywhere dense in R’.

The fact that a scalar product exists in Hilbert space and the
concept of orthogonality makes it possible to supplement essen-
tially the results given in the first part of the course* in connec-
tion with closed linear subspaces of arbitrary Banach spaces.

Applying the orthogonality process to an arbitrary countable
everywhere dense sequence of elements of an arbitrary subspace
of Hilbert space we obtain

Theorem 1. In every subspace M of the space H there exists an
orthogonal system {o.} the linear closure of which covncides with M :

M =My, @2, ="+, @n =)
Let M be a subspace of the Hilbert space H. Let us denote by
M =HoM

the set of elements ¢ € H which are orthogonal to all f € M, and
let us show that M’ is also a subspace of the space H.

Since (g1, f) = (g2, f) = 0 implies (cugy + a2g2, f) =0, it is clear
that M’ is linear. To prove that it is closed assume that g. be-

* Translater’s Note: The reference is to Functional Analysis, Volume I, [A].
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longs to M’ and converges to g. Then, for any f € M
(9,f) =lim (9, f) =0,

and therefore ¢ also belongs to M’.
M is called the orthogonal complement of the subspace M.
Theorem 1 obviously implies

Theorem 2. If M s a closed linear subspace of the space H, then
any element f € H can be uniquely represented in the form f =
h + h', where h ¢ M, W' € M'.

Proof. Let us first show that such a decomposition exists. To do
this let us find a complete orthonormal system {¢,} in M (so
that M = M {¢,}) and set

h= chqon, Cn = (fy ¢")'
n=l1

Since (by Bessel’s inequality), the series of ¢,? converges, the
elements & exist and belong to M. Set

h =f—h.

Obviously, for any n
(R, ea) =0,

aI'ld, since any element of M can be represented in the form
=2 Gupn,

we have for ¢ € M

H,0) = 3 (B, @) = 0.

n=l

Let us now assume that there exists, aside from the decomposi-
tion f = h + I’ constructed by us, another decomposition:

f=h1+h1', hlEM, hl,EM’-
Then, for all n,

(hly on) = (f; ©n) = Cn,
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which implies that

Theorem 2 yields

Corollary 1. The orthogonal complement to the orthogonal comple-
ment of a closed linear subspace M cotncides with M 1iself.

Thus, we can speak of mutually complementary subspaces of
the space H. If M and M’ are two such closed linear subspaces
which complement one another, and {¢.}, {¢n’'} are complete
orthogonal systems in M and M’, respectively, then the union of
the systems {¢.} and {¢»’'} gives a complete orthogonal system
in the whole space H. Therefore we have

Corollary 2. Every orthonormal system {¢,} can be extended to a
system which is complete in H.

If the system {¢,.} is finite, then the number of functions it
contains is the dimension of the space M and at the same time
the index of the space M'. Thus we obtain

Corollary 3. The orthogonal complement to a space of finite di-
mension n has index n, and conversely.

If every vector f € M is represented in the form f = h + I/,
h € M, W ¢ M' (M’ is the orthogonal complement of M), then
one says that H is the direct sum of mutually orthogonal sub-
spaces M and M’, and one writes

H=MooM.

It is clear that the concept of a direct sum can be immediately
generalised to any finite, or even countable, number of subspaces:
one says that H is the direct sum of its subspaces

H=M, &M, ® - @M, ® -~
if ;
1) the subspaces M; are pairwise orthogonal i.e., any vector
from M, is orthogonal to any vector from M, for ¢ # k;
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2) every element f € M can be represented in the form
f=hl+h2+"'+hn+"'; hnEMn- (1)

Moreover, if the number of subspaces M, is infinite, then
5> 1lha|2is a convergent series. One can easily see that there
is only one possible such representation for any f and that

Il = X 1l

Exactly as one speaks of a direct sum of subspaces so one can
also speak of a direct sum of a finite or countable number of
arbitrary Hilbert spaces. Namely, if A, and H, are two Hilbert
spaces, their direct sum H is defined in the following way: the
elements of the space H are all possible pairs (h,, h:), where
hi € Hy, hy € H,, and the scalar product of two such pairs equals

((h1, ha), (h', Bo")) = (h, Bi") + (he, hy').

The space H obviously contains the mutually orthogonal sub-
spaces which consist of pairs of the form (h,, 0) and (0, h,), re-
spectively; the first of them can be identified, in a natural way,
with the space H, and the second with the space H,.

Analogously one defines the sum of an’ arbitrary finite number
of spaces. The sum H = ) ® H, of a countable number of spaces

H, H, +--, H,, --- is defined in the following way: the ele-
ments of the space H are all possible sequences of the form

ho= (b ha, -+, hn, =)
for which
2 halr < .

The scalar product (h, ¢g) of the elements h and g of H equals

E (hay Gn)-
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96. Linear and Bilinear Functionals in Hilbert Space

The fact that every Hilbert space is isomorphic to the space I,
allows us to carry over a series of facts, established in Chapter I11
of Volume I for l,, to the abstract Hilbert space.

Since in [, every linear functional has the form

o(2) = (z,a),

where a is an element from [, )
any linear functional F(h) tn H can be represented in the form

F(h) = (h, 9), 1)

where g depends only on F.

This implies that the definition of weak convergence, intro-
duced in Chapter III of Volume I for an arbitrary linear space,
applied to the space H, can be formulated in the following way.

The sequence of elements k. of the space H converges weakly
toh € H, if:

1) the norms || &, || are bounded*,

2) foreveryg € H

(ha, g) = (R, 9).
Any orthonormal sequence
OL, P2yt oy Puy t e
in H converges weakly to zero, since for any h € M

Cn = (hn,ﬁon)"_)o for n— ©,

because
e < (b k) < oo.

Moreover, such a sequence does not, of course, converge in norm
to any limit.

In particular, applying this remark to the case when H is the
space of square integrable functions on the segment [a, b7 of the
real axis with the usual Lebesgue measure, we obtain the follow-
ing interesting fact.

* See the note on page 77 of Volume 1,
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Let
e1(t), @2(t), =+, @alt), =++

be some orthonormal system of functions in this space, and let

1 on the segment [¢, ] C [a, b,
f@) =
0 outside [, & ].
Then, e
(fyo) = [ entt) at.
Thus, for any orthonormal system of functions ¢.(t) and any
t: and ¢, from [a, b,

t2
/ . (t) dt — 0.
£

If the ¢.(t) are bounded in the set, we see from this fact, taking
into account the condition

b
[ ecw =1,
that ¢.(f) with a large index inevitably changes its sign many
times (which can be observed, for example, in the case of a
trigonometric system ).

In Chapter III of Volume I we introduced, together with weak
convergence of elements of a linear normalised space, also the
concept of weak convergence of a sequence of functionals. In as
much as the Hilbert space coincides with its conjugate, the two
concepts are identical for it; therefore, Theorem 1 of §28 of
Volume I gives the following result for Hilbert space:

The unsit sphere in H is weakly compact, i.e., one can select from
each sequence of elements o, € H for which || ¢a || = 1 a weakly
converging subsequence.

In what follows we shall also need the following

Theorem 1. If &, converges weakly to & in H, then
€l < sup |].
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Proof. Whatever the complete orthonormal system {¢:} in H
may be, we have

O = (Sl ¢k) = lim (Eu, ﬁok) = lim Cnky

n—»>o n-»oo

and

E = lim E Cnm? < SUP E Cam?}

m=1 n»>o m=l1

therefore

E em? < sup E Cam?,

m=1
which proves the theorem.

Let B(f, ¢) be a real function of a pair of vectors from H which
satisfies the following condition: for fixed ¢, B(f, ¢) is a linear
functional in £, and for fixed f it is a linear functional in g. B(f, g)
is called the bilinear functional. The bilinear functional B(f, ¢)
is called symmetric, if

B(f,9) = B(g,f) foranyf, g€ H.

From the theorem concerning the general form of a linear func-
tional in H it follows that every bilinear functional in H can be
written in the form

B(f,9) = (&, 9),
where ¢ depends on f. It is easy to see that the correspondence
f—¢
is a continuous linear operator in H; let us denote it by 4. Thus,
B(f, 9) = (Af, 9). (2)
Analogously, we can obtain another expression:

B(f,9) = ({, 4%,
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where A * is another linear operator, which one calls adjoint* to A.
If the functional B(f, ¢) is symmetric, then

(Af,9) = B(f,9) = B(g,f) = (Ag,f) = (f, Ag),
ie.,
A = A*, (3)

A linear operator satisfying condition (3) is called self-adjoint.

Formula (2) establishes a one to one correspondence between
the bilinear functionals and continuous linear operators in H.
Moreover, the symmetric bilinear functionals correspond to the
self-adjoint operators and vice versa.

Setting f = ¢ in a symmetric bilinear functional, we obtain the
so called quadratic functional

Q(f) = B(f,f);
by (2)
Q(f) = (A1, 1),

where A is a self-adjoint linear operator.

Since the correspondence between the symmetric bilinear
functionals and the quadratic functionals is one to one,t the
correspondence between quadratic functionals and self-adjoint
linear operators is also one to one.

27. Completely Continuous Self-Adjoint Operators in H

In Chapter IV, Volume I, we introduced the concept of a com-
pletely continuous linear operator which acts in some Banach
space E. In this section we shall supplement the facts which were

* In Chapter III of Volume I, considering linear operators in an arbitrary Banach

Space E, we defined the operator A*, adjoint to some operator A, with the help of
equation
(Az, ¢) = (x, A*p)
for all z € E, ¢ € E. If E is the Hilbert space, E = E and the definition of the
operator A*, introduced in Chapter III of Volume I, goes over into the definition
formulated here.
t @(fY = B(f,f), and, conversely:

B(j,0) = ;[QU +0) - QU — )
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established for arbitrary completely continuous operators, limit-
ing ourselves only to self-adjoint completely continuous operators,
acting in a Hilbert space.

Let us remember that we called an operator 4 completely con-
tinuous if it transformed every bounded set into a compact set.
In as much as H = H, ie., H is conjugate to a separable space,
all the bounded sets (and only those) are weakly compact in it;
therefore, in the case of Hilbert space, the definition of complete
continuity can be formulated in the following way:

The operator A acting in the Hilbert space H, is called com-
pletely continuous if it transforms every weakly compact set into
a compact (in norm) set.

In Hilbert space this is equivalent to the fact that the operator
A transforms every weakly converging sequence into a strongly
converging one.

In this section we shall establish the following basic theorem
which is a generalisation, to self-adjoint completely continuous
operators, of a theorem stating how matrices of a self-adjoint
linear transformation in n-dimensional space may be brought to
diagonal form.

Theorem 1. For any completely continuous self-adjoint linear
operator A in Hilbert space H there exists an orthomormal system
{en} of etgenvectors corresponding to the eigenvalues {\,} such that
every element ¢ € H may bewrittenin auniquewayas ¢ = Y cwor + &,
where £ satisfies the condition A = 0; moreover, k

AE = D Neon,
k

and lim x, = 0.

n=wm

For the proof of this basic theorem we shall need the following
auxiliary assertion:

Lemma 1. If {&,} converges weakly to ¢ and the self-adjoint linear
operator A 1s completely continuous, then

Q%) = (A&, £) = (4 8) = Q(8).



27. COMPLETELY CONTINUOUS SELF—ADJOINT OPERATORS IN H 131

Proof.
| (A, ) — (A8 8)| < | (Akn &) — (A8, D] + | (A8, ) — (458 ].
But

| (Aka, &) — (Ada, )] = [, 4G — )] <&l 4 — 8],
and

|(A8 8) — (A9 = | ¢ Al — )| < lEl-lAG =B,
andsince the quantities || £, || arebounded and || 4 (¢, — £) || — 0,
| (48, &) — (48 9| — 0,

which was to be proved.

Lemma 2. If the functional

Q1 =148 9],

where A s a bounded self-adjoint linear operator, attains its max-
imum on the unit sphere at the point &, then

(fo, 7)) =0

implies that
(ASO; 77) = (50; Aﬂ) = 0.
Proof. Obviously || & || = 1. Let us set

;= f + an
VT + P’
where a is an arbitrary number. From || £ || = 1 it follows that
el < 1.
Since
Q) = IT}ITH‘W [Q(&) + 2a(A&, ) + aQ(n)],

we have for small a

Q) = Q&) + 2a(Ak, n) + O(a®).
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The last equation makes it clear that if (A&, %) # 0, then a
can be selected in such a way that | Q(¢)| > | @(%) |, which
contradicts the condition of the theorem.

Lemma 2 immediately implies that if | @(£) | attains its max-
imum for ¢ = &, then &, is an eigenvector of the operator A.

Proof of the Theorem. We shall construct the elements ¢,
by induction, in order of decreasing absolute values of the cor-
responding eigenvalues:

] 2 el 2 eee 2 ] 2 -0,
To construct the element ¢, let us consider the expression

Q) = | (Ag £)| and let us prove that it attains a maximum on
the unit sphere. Let

S = sup |(4¢ 8|
|1El1=1

and £, £, -+ be a sequence for which || ¢, || < 1 and
|(A$n, Eu)l — 8 for n— «,

Since the unit sphere is weakly compact in H, one can select from
{£.} a subsequence which converges weakly to some element ».
Here moreover, by Theorem 1 of §26, || » || < 1 and, by Lemma 1,

[(An, )| = 8.

Let, us take the element 4 for ¢i. It is clear that || 7| is exactly
equal to unity. Hence

Apr = Mgy,
which yields

I (Aey, ®1) I

(% o1) = I(Asol, ¢1)| =8

| =

Assume now that the eigenvectors
PL P2ty Pn
corresponding to the eigenvalues

)‘1; Ay, 2o0y Ay,
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are already constructed. Let us consider the functional

| (A &) ]

on the set of elements which belong to
M, =H © M(¢y, ¢, ***, ¢n)

(i.e., orthogonal to ¢1, ¢2, * + +, ¢») and which satisfy the condition
|| £]] < 1. M, is a subspace which is invariant with respect to A
(since M (e1, @2, *++, o) is invariant and A is self-adjoint). Ap-
plying the above considerations we see that one can find a vector
in M.’ which is an eigenvector of the operator A; let us call it
On+l.

Two cases are possible: 1) After a finite number of steps we
obtain a subspace M, ' in which (4% &) = 0;2) (A¢ £) = 0 on
M.’ for all n.

In the first case, we see from Lemma 2 that the operator A
transforms M, into zero, i.e., M., consists wholly of eigenvectors
which correspond to A = 0. The system of vectors {¢.} which we
have constructed consists of a finite number of elements.

In the second case we obtain the sequence {¢.} of eigenvectors
for each of which ), # 0. We shall show that x, — 0. The se-
quence {p.} (as every orthonormal sequence) converges weakly
to zero, therefore the elements A¢, = \.¢. must converge to zero
with respect to the norm; hence A, = || A¢. || — 0.

Let

M =H O Mg} = M. 0.
If ¢ € M’ and ¢ 0, then
(A, &) < N\|E|P for all n,
ie., ‘
(4§ 8 =0,
from which, by Lemma 2 (for mﬁy (Ag, £)| = 0) applied to

M', we see that A¢ = 0, i.e., the operator A transforms the sub-
space M’ into zero.



134 V. THE ABSTRACT HILBERT SPACE. INTEGRAL EQUATIONS

From the construction of the system {¢,} it is clear that every
vector can be represented in the form

£= 2 ae + &, where Af =0,
k

which implies that
AS = E )\kckqok.
k

28. Linear Equations with Completely Continuous Operators

Let us consider the equation
= cAt + 9, (1)

where A is a completely continuous self-adjoint operator, the
element n ¢ H is given, and ¢ ¢ H is sought for.
Let

Ol P2 Tty Pny Tt

be eigenvectors of the operator A corresponding to the eigen-
values which are different from zero. Then 5 can be written in
the form

n = Z AnPn + 7],; (2)
where Ay’ = 0. Let us look for the solution of equation (1) in
the form

£ = E Tapn + fl; 3)

where A¢' = 0. Inserting (2) and (3) into (1), we obtain
E Za(l — MC)on + & = E Gnn + 7'
This equation is satisfied if and only if
S, = 77,1

Zo (1 — i) = Qu,
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ie., if
E, = 77,;
Qn . 1
x"=1—)\,,c for )\,,;éz, 4)
1
a, =0 for A, = -.
c

The last equality gives the necessary and sufficient condition for
equation (1) to be solvable and (4) determines the solution. The
values z,, corresponding to the n for which A, = 1/c¢, remain
arbitrary.

929. Integral Equations with a Symmetric Kernel

The results described in the preceding section can be applied to
integral equations with symmetric kernels, i.e., to equations of
the form

10 = o) + [ Kt 9)1(s) ds, (1)
where K(t, s) satisfies the conditions
1) K(t,s) = K(s, 1),
2) /b/bK2(t,s) dtds < co.

The application of the results of §28 to equations of the form
(1) is based on the following theorem.

Theorem. Let R be some space with a measure p prescribed on .
If the function K(t, s) defined on R* = R X R satisfies the condi-
tions

K(t,s) = K(s, ) (2)
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and
[ Kt s) de < =, w=uxa, 3)
R2

then the operator
g = Af;

grven in the space Ly( R, u) by the formula
90) = [ K@, 9)10s) ds,
R

1s completely conttnuous and self-adjoint.

Proof. Let us denote the space Ly(R, u) by L,. Let {¢.(t)} be a
complete orthonormal system in L,. The set of all possible prod-
ucts ¥a(t) ¥(s) is a complete system of functions in R’ and

K(t,s) = 20 2 tmaa(t)¥m(s),
where
Amn = Unm
(by virtue of (2)), and

X tnt = [ Kt 8) dit < .
n R2

m

Set
f(S) = Ebn\l’n(s)y
then
g(x) = Af = 22X maba)¥m(z) = 2 cam(2).
Moreover,
Cn? = (i ambn) < 3 amt 3 b2 = |lflPean,
n=l1 n=1 n=1
where

Un? = 2, Qmal
n
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Since the series o
Do = 20 D G
m n

m=]
converges, one can find, for any ¢ > 0, an m, such that
E am2 < g,
m=mg+1

mo

l9(z) = 22 cntm(@)

' m=1

= D <l

m=my+1

Now let {f*®} converge weakly to f. Then the set ¢.® con-
verges to ¢, for every m, hence the sum

32 e m(@)

m=]

converges in the mean for any fixed m, to the sum

mo

E Cm \l’m(x) .

m=1
By inequality (4) and the boundedness of the norm ||f®|| this
implies that {g®(x)} (where g% = Af®) converges in the mean
to g(x), which proves the complete continuity of the operator A.
Furthermore, from condition (1) and Fubini’s theorem it follows
that

5,0 = [ ([ K, 050) duerg(s)) du

= Lf(t)(/n K (s, t)g(s) dl»‘s) du: = (f, Ag),

i.e., the operator A is self-adjoint. The theorem is proved. In this
way the problem of solving an integral equation with a kernel
satisfying conditions (2) and (3) is reduced to finding eigenfunc-
tions and eigenvalues of the corresponding integral operator. The
practical solution of this last problem usually requires the use of
some limiting methods, the description of which is beyond the
scope of this book.



ADDITIONS AND CORRECTIONS TO
VOLUME |*

After our first book appeared, a certain number of misprints,
some of which were fundamental, and various inadequacies of
presentation were discovered. Below we list corrections of the
errors found.

(1) Page 28, line 23 from above. Instead of G, read G.(x).

(2) Page 46, lines 23—24 from above. Instead of “‘the method
of successive approximations is not applicable” it should read
““the method of successive approximations is, generally speaking,
not, applicable”.

(3) Page 49, after line 22 insert, “where for fo(x) one can take
any continuous function”.

(4) Page 51, in line 2 from the top for M write M? in line 3
from the top in place of M write M= (twice), and in line 5 from
the top for \» write \~M=.

(5) Page 55, line 15 from above. For ¢/5 write ‘“less than ¢/5.

(6) Page 56, line 13 from above. Instead of “of the region G”’
it should read “of the bounded region G”.

(7) Page 57, line 28 from above. For o(x) write ¢®(x).

(8) Page 61, before Theorem 7, one should insert: “We shall
call the mapping ¥ = f(«) uniformly continuous if, for any ¢ > 0,
one can find a § > 0 such that o (f(x1), f(x2)) < e for all z, x,
for which p(x;, ;) < 8. The following assertion holds: Every
continuous mapping of a compactum tnto a compactum s uniformly
convergent. 1t is proved by the same method as the uniform con-
tinuity of a function which is continuous on a segment.”

* The additions and corrections listed here are in terms of the page numbering of
the English translation of Volume I, published by Graylock, Press.
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(9) Page 61. After line 17 from above, instead of the word
“Proof’’ it should read:

“Let us first prove the necessity. If D is compact, then there
exists in D a finite ¢/3 net f1, fs, - - -, fx. Since each of the mappings
fi 18 continuous, it is uniformly continuous, therefore one can
find 6 > O such that

=4

p(fi(x), fi(x2)) <

1=1,2,...,n,

only if
(1, zy) < 6.

For every mapping f € D one can find an f; for which
£
p(f, f2) < 3"

Then,
p(f(x), f(x)) < p(f(21), fi(x)) + p(fi(x1), fi(x2))

€ 3 3
+ o(fi(x2), f(x2)) < g +§+§ =

only if p(x1, 2) < &1, and this means that the mappings f € D
are uniformly continuous. Let us now prove the sufficiency.”
(10) Page 72, line 3 from the bottom. Instead of “max’’ read
« 7 | -
sup’’.

1€n<w

(11) Page 77, line 9 from above. Instead of “continuocus” it
should read “continuous at the point z,’. In line 11 from above
instead of “| f(x1) — f(x2)|” read “| f(z) — f(x )y |”” and in line
13 instead of “|| z1 — x,||"” read “|| x — =z, ||.”

(12) Page 80, line 4 of Theorem 3. Instead of “zo & L, read,
“x, is a fixed element, not belonging to L,”.

(13) Page 84, line 12 from above. Instead of “sup.z.
“Sup,, l Zn lu-

2

read
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(14) Page 92, lines 26-27 from above. The statement that
“these functionals are everywhere dense in Cf,, ,’’ is not true.
Instead of ‘‘satisfies the conditions of Theorem 1, i.e., linear
combinations of these functionals are everywhere dense in
Cu.»n’ read: “has the property that if the sequence {z.(t)} is
bounded and ¢(2.) — ¢(x) for all p € A, then {z,(t)} converges
weakly to x(¢)”.

(15) Page 94. The metric introduced here leads to weak con-
vergence of functionals in every bounded subset of the space R
(but not in all of R). In lines 32-33, after the words “so that”,
ingert, “in every bounded subset of the space R”.

(16) The proof of Theorem 5 given here contains a mistake.
It should be replaced by the following:

“Proof. 1) Let us note first of all that every eigenvalue of a con-
tinuous operator which is different from zero has finite multi-
plicity. Indeed, the set E, of all eigenvectors which correspond to
a given eigenvalue A is a linear space, the dimension of which is
equal to the multiplicity of this eigenvalue. If, for some x = 0,
this subspace were infinite, the operator A would not be com-
pletely continuous in E,, and, therefore, also in the whole space.

2) Now to complete the proof of the theorem it remains to
show that whatever the sequence {\.} of pairwise different eigen-
values of a completely continuous operator A, x, — 0 for n — .
Let . be an eigenvector of the operator A, corresponding to the
eigenvalue \,. The vectors z, are linearly independent. Let
E.(n =1,2 -..) be asubspace consisting of all elements of the
formy = > ax:. Foreveryy € E, we have

i=1

n n AW n—1 A

n =1 1=l )\n =l n.

which shows that y — Ay/x, € E,_.



ADDITIONS AND CORRECTIONS 141

Let us select a sequence of elements {y.} in such a way that

€ B vl =1 olum Ba) > 5.
(The possibility of selecting such a sequence is shown on page
118).
Let us now assume that the sequence 1/, is bounded. Then
the set {A(y./Xs)} must be compact, but this is impossible since,
for p > gq,

16 -G

because

1 ]
Yo — '); Ay, + A(')\—Z) € Byt

The contradiction we have obtained proves our assertion.”

(17) Page 119, line 12 from above. The statement that G, is a
subspace is correct but is not evident. Therefore one should change
the sentence: “Let G, be the subspace consisting of all the ele-
ments of the form z — Az.” into: “Let G, be a linear manifold
consisting of all elements of the form x — Az. Let us show that
G is closed. Let T be a one to one mapping of the factor space
E/N (where N is the subspace of elements satisfying the condi-
tionx — Az = 0) on G. We must show that the inverse mapping
T-1 is continuous. It suffices to show that it is continuous at the
point ¥ = 0. Assume that this is not the case; then there exists a
sequence y, — 0 such that, for ¢, = T-1y,, the inequality || .|| >
p > 0 is satisfied. Setting n, = £./|| & ||, 2« = ya/|| &||, we obtain
the sequence {7.} which satisfies the conditions|| .|| = 1, Tn. =
2, — 0. Selecting in each class 7, a representative x,, in such a way
that || z. || < 2, we obtain a bounded sequence which satisfies
the condition: 2, = Tz, = z, — Ax. — 0. But, since the operator
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A is completely continuous, {Az,.} contains a continuous funda-
mental subsequence {Az,,}; the sequence z, = 2z, + Az, is also
fundamental and, therefore, it converges to some element .
Hence z, = Tz, — Tx,, which implies Tz, = 0. i.e., z, € N. But
then, || 1, || < || 2, — || — 0, which contradicts the condition
|| 7» || = 1. The contradiction obtained shows that the mapping
T-1 is continuous, and, therefore also that G, is closed. Hence G,
is a subspace.”
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A

Additive mesasure, 2
Additivity-o, 15, 35
Algebra, Borel, 25
Algebra of sets, 20

Basis, countable, 101

Bessel’s inequality, 111

Bilinear functional, 128
(symmetric), 128

Borel algebra (B-algebra), 25
closure of a system of sets, 25
measurable functions, 48
set, 24

C

Cauchy-Bunjakovskii (Schwarz) in-
equality, 95
Closed system, 112
Closure, linear, 104
Complete system of functions, 105
Completeness of the L, space, 95
Completely continuous operator, 130
Continuation of a measure, 28
(Jordan), 29
(Lebesgue), 43
Convergence of a sequence of func-
tions in the mean (square), 97,
98, 100
almost everywhere, 54, 100
uniform with the exception of a set
of small measure, 55
Continuity of measure, 15
Countable additivity of measure, 15,
35, 43, 101

basis, 101
dimension, 100

é-ring, 24

Dependence, linear, 104
Dimension, countable, 160
Dirichlet funection, 77

Eigenfunctions, 132, 133
Eigenvectors, 132, 133
Equivalent, 52, 94

F

Fatou’s theorem, 73

Fourier coeflicients, 110
series, 111

Fubini’s theorem, 87

Functional, bilinear, 128

~ quadratic, 129

Funetions, complete system of, 105
simple, 50

G

Geometric definition of a Lebesgue
integral, 82
General form of a linear functional, 126

H

Heisenberg’s matrix mechanics, 117
Hilbert space, abstract, 118
L,, 92
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Independence, linear, 104

Integrable, 61, 63

Integral, as a set function, 90
equation with symmetric kernel, 135
operator, 123

Inner measure, 6, 31, 40

Isomorphic spaces, 115

Isomorphism of L, and I, spaces, 115

L

Lebesgue integral, 63, 76, 106
measurable set, 7, 40, 45
non-measurable set, 18

Lebesgue-Stieltjes measure, 17

Limiting process under Lebesgue inte-
gral sign, 69

Linear closure, 105
manifold, 121
self-adjoint operator, 129

Linearly independent system of func-

tions, 104
closed system of functions, 112
complete system of functions, 105
normalised system of functions, 106
orthogonal system of funetions,
106, 107
Luzin’s theorem, 53

M

Manifold, linear, 121
Measurable function, 48, 49
Measure of a set, 26
absolutely convergent, 26
complete, 46
continuity of, 15
discrete, 18
inner, 6, 31, 40
Jordan, 30
Lebesgue, 7, 40
Lebesgue-Stieltjes, 17
singular, 17
with countable basis, 101

INDEX

Minimal ring, 21
Mutually orthogonal, 106

N

Nonseparable Hilbert space, 119
Normalised system, 106

o

Orthogonal complement to subspace,
+123
mutually, 106
Orthogonalisation of a system of
veetors (funetions), 109
Orthonormal system, 106
Outer measure, 6, 31, 40

P

Parseval’s equation, 112
Plane measure and linear measure, 82
Power, nth of a set, 78
Product of measures, 82
vector, 94

Q

Quadratic functional, 129
R

Radon’s theorem, 90
Riemann integral (comparison), 75
Riesz-Fischer theorem, 113
Ring of sets, 19
its unit, 19
minimal, 21, 24

S

o-additivity, 15, 35

o-ring, 19

Scalar product, 94

Schrodinger’s wave mechanics, 117
Schwarz inequality, 95
Self-adjoint linear operator, 129
Semiring, 21



Set, algebra of, 20

B-closure, 25

funetion, 90

measurable, 40

of unique measure, 44
Simple functions, 50
Square integrable, 93
Subspace of Hilbert space, 121
Summable, 93

T
Tchebishev’s inequality, 68

INDEX 147

U

Uniqueness, set of, 38
Unit of system of sets, 19, 39
Unit sphere, weak compactness, 127

A
Vector product, 94

w
Weak compactness of unit sphere, 127
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