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CHAPTER 1 

1.1.1 UC = A +H. D = A - Il, thl.,,A =lC+D)/2, ll = (C - D)/2. 

1.1.2 A,o, = A1 =A:= I. 

1.1.3 A,= Ay = ../2/2. 

1. 1.6 Fmm A = Uwt.: gctl'ortbccomponcnts A1 = B1, i = I, '2,3. 

1.1.7 Alkl P2 =(0, I,O)to Pi-PI = (1. - 1,0)-(- 1. 0,2)=(2, - I, -2) 
lo gct the M>lution P4 = (2, 0, -2) in the text Note th:w. lhc n opposite 
sicb P4- P3 = (2,0, -2) - (1 , - 1,0) = (I. I , -2) = P-:,- P, .u~ 

rar.dld, as arc 

Pi- P1 = (2.- 1. -2) := P4 - P1= (2.0, -2)- (0, 1,0); 

;uxl for Ps = Pt + IPJ- 1'2l = <0. - 2, 2), 

p~ - Pt = (0, - 2, 2) - (- 1.0,2) = (1, -2,0) = PJ- P2. 

P5 - P3 = (- 1, - 1,2) = Pt - 1'2. 

1. 1.8 The lliangle sille~> arc t;ivcn hy 

AU = U - A. nc - c - n, CA = A - C 

w;th All + llC + CA = (II - A)+ (C - II)+ (A - C)= 0. 

1.1.1 1 lf v/ = v1 -v., ~ = r,-rt,th..:n V; = fi,J(I'J-rJ) = flol,. 

1.2. 1 (a) Using Eq. ( 1.9) gel 

1.3.:! 

1.3.3 

(A, cos<P+ A 1,sln~)2 +(-A1-sinVJ+ Ayco~:~)2 = A~+A~. 

hy multiplying oul 0111d using cos ~2 + sin ~2 = I. 
(b) Dcct)l}lpO.~in,g it = X L'O!i VJ + :Y s in VJ into c•'\11C.~i;m L,)lnponcuts, 

wc huveAcosa' a A,• = A -Xcm; rp+ A ·:f!.in rp =A, CO!.fP + 
Ay,;in rp = At:osacosrp-t-AsinasinlfJ = Ac<m(a-ljJ)pnwing 

thal a' =a -ljJ. 

Front Ex. 1.2. 1 we IMW the cmuponeutllccompo~!tion X' ":.,iL'lJ~ Vl + 

~;~;.~-~~~·;~~~~1~~;; ~:l ~01:r~1i~1;~ .~~~~c0~: ~~~~~~ ~e~~ c.o;-!i; 
ptuvillcd ~ -:F 0, tr /2. 

(a) TilC surface is :1 plane pas.o.;it'lg through the tip of u nnd pt.'l-pcn~ 

tlicu lll.rtna. 
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(b) Tite ~ll rlilce is 'it spl"ll!n: lmving il a!<. a dmmcll!r; v· - :1) - 1' ~ 
(1· - ll/2)2 - a2/4 = 0. 

1.4. 1 A - n =-3(l. A X U =-2X+28f-18Z. 

1.4.2 A2 = A!= (U - C)2 = 8 2 +C!- 28Cco:.;<f~.Q. 

1.4.3 0= <A + n) x {A +II)= A x U -1- n x A. 

1.4.5 1' .md QNC :mtip-.u-;alkl: R i.o: J:lL-rpcndicul:~rlohol.h 1• .nl Q. 

1.4.7 {A x ll)! = A!B1 ~; in2(A.I1 J = A2 B2( 1 - c~(A. f~)l = A1B2-
(A · U)2. 

1.4.9 A = U x V = 3} - 37., 
A (nonn:t li;o~J) = ±<I/.J2HY+ Z). 

1.4.1 1 Thcfiidcs arc C - A = (5. 2, 8)- (2, 1.5) = (3. 1,3) :mdn - A ~ 
(4, H, 2) - (2, 1.5) = (2. 7. -3). Twic~thc arcaisgivi!nbyth~.:ircross 
JWOllllcl 

lx y il 
2cl = 3 1 3 'Z (-24, 15, 19). 

27 -3 

Thus £1 = J 24'i + 15.! + 19.!/2 = .J'i'i62J2 = 17.04. 

1.4.1 4 LBAC = 45°, .trc BC = nf3 • o~dimn •• 
LCBA= 125,3°, arcCA=n/2radim11>, 
LACB = 35.3°, ore AB = n/4nkli:ms. 

1.4.15 Cross A - n - c = Uimo A IOt,>d. - A X C = A X n. orCfiiii{J ::11: 

Bsin y .l..'iC. 

1.4. 16 ., = i +2Y+ 47~ 

I.S. I Volume = 1llcnr1• 

LS.4 (a) A · U x C = 0. 1\ i:<; d~e pl:me of B and C. The p:amlldpipcd has 
zero height .tlXJvl! lhe BC pl:me :u"Kl therclb rl! J:cro volume. 

{b) A x tn x C) =-X+Y+2i. 

1.5.5 The BAC-CAB rule Bivc.~ I~ = /Jir x ((c) x 1') = mlr1w - I' . wr l = 
mr21w-i- -wi'). 

1.5.6 T = ~~~~ [r2tv1 - (l· .w>2]follow~ rromfAxll).! = A2B2-(A ·U)2. 

1.5.7 U~ing n x (b x c) = n · cb - il · he, etc. gd lu . cb - n. hc l+ 
lh ·nc- h · ca) + (c - 1m - c -ubJ = 0. 

CHAPTER 1 

15 .8 (<~J r -Ar = A - r. 

(b) i-A, = - i·- li X (i- X A)l = 0. 

1.5.9 ' [be triple sc.:dar proJuct A - n x Cis the volume ~umed hy the 

VL.'Ct!.JO,. 

1-'i. HI A - U x C = - 120, 
A X (II X C) = -60X-40.Y+ 50i. 
c X (A X ll) = 24i + 88Y - 62i. 
R X cc X A) = 36i - 4SY + 12i . 

1.5. 11 D -{ll x C) = ciA·CU x C).cu:. 

1.5. 1'2 (A X n) . (C X DJ = \(A X U) X Cl · D = I(A -C)U - (U· C)A j-D 
~ (A · C)(ll . D) - (A · D)(II · C) . 

1.6. 1 (:1) -3(14)- 512CX+2.f+3i). (b) 3/ 196. 

(c) - l/f1 4) 1f2. -2/(14) 1/l, -3/04) 1/l, 

1.6.4 dF = F(•· + dr, t+dt) - FCr .t) =Fh· +dr,r+dt) - l?(l',t + dt) + 
FCr.t +dt) - F(r,t) = (dr- V)F+ Wfdt . 

1.6.5 V{1.111) = vVu-t-uV v l'ollowt. from thepnxluctnJicnrdillCrcnti:atiun. 

(;a) Since V r = ~V"+*Vv = 0, VII :tnd Vv:trepm~tllclsu tll:ll 
(VII ) X (V11) = 0, .md vice \ 'Cl'S<I. 

(b) If (VII) x (Vv) = 0, the two-dim...'f'l.~ion;al vuhmx: SJro~mxxl by 
V11 :md Vu. ::~lso givoo by the boobian 

vamshc s. 

1.7. 1 (:.t) ~~r~·~~ : ~~;~;~:!~i:~~-~i~1~~;;~~·v:~-~et 
(b) ~~~~~i!ntiating r :~bovc we go.:t r = -c.?,·c:Kcos wt +Y sinMl = 

1.7.5 The product rule of clifJCn:ntintitlll iu Cl11ljtlnclion with (n x h) 

~~ . (h x c), clc. give:) 

V . (11 X b) = b · (V X U) - u · {V X h). 
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'9. (rr- 1) = 3r - 1 - 3r--.:Jr- \7,- = :lr - 1 - 3r-=' = 0 

ror r > 0. Since. E ....... \?(ljr). '9 E ..... '92(1/r) = - 4n"li(•·). At 

r = 0 t~ ch:111;1: g~11Cr.tl...:t. :~ sint;!ul.1rity. 

1.8.1 11~~.:: dl3in rulr.: gi\'C:!I -b, = *t if;, i.e. the gr:w.licnllr.tn'ifoni\S like <1 

co\'m'i:mt vector. 

1.8.J lr\7 x A = O, thcn \7 · (A x r) = r - '9 x A - A -('9 x r ) = 0-0= 0. 

1Jl.4 Fmmv = w x I' WC(!:Cl '9 . (w x rl --w (\1 x r) = IJ. 

1.&.7 lf L = - i r x V ,then the cktcrmimmt ronn of the C.1'0SS flll>t.lu<:t gives 

L: = -1 (x#;- yj; ). (in unit-; of h). etc. 

I .R.9 la · l •. b · l. l = aJILJ,Lk lh~; = iE:JI:IliJhkLJ = i(nxb) L. 

IJLIJ Apply lhe lmc-c:lh l'lllc lo g~l 

A x (V x A) • ~ V(A1) - (A. V)A. 

11tc fnc.1n1· l /2tx:e~.no;; hcc:ml'lc V opct.1lcs only oct one A 

1.8.14 V (A - n )( r) = V(A X U) ·· = (cA X llh~---) = A X n. 

1.8.1b FAr) = ~tJ! 

1.9.2 From the BAC-CAB n1k: lttr n u·ipfc \'Ct.1.0t' product 

v X (V )( V) = V(V . V) - (V-VJV, 

Since V acts 0111hc vcdor fickl V. ;u'tl a·~: b = h n . c, we have to 
write v lim.. 

1.9.3 v x t~V~> = v~ x V~+ lfJV x (VfPJ = 0+0 =0. 

1.9.7 Using Excrd....: 1.7.5 V · (Vu x Vu) = (Vv) (V x Vu) ­
(Vu) · (V x V v) =0 - 0 = 0. 

1.9.R V2fP= V · Vrp=0,:nu.JV x V1fJ = 0. 

1.9.9 (r x V) . (r x \7) = r - (V x (1· x V )) = r - IV. V r- V(V · 1·)) = 
.~vl + r . v - 3•·. v - ,.zif.r = ,.:~:vz- 2r~ _,.z~. 

1.9. 11 Since V x V lJ = O, A x A = 0 , mxl p x A1Jt = - A x p''' ­
i (V x A)l/1 witJt V K A = R we h:wc (p -eA) x (J> - r·A)lft = 
- e(p x A + A x I,)V! = - e(- A x p - iV x A +A x p)lJ = ieU lJt. 

QW>TEA1 

1.10.1 (:~) ISk. (h) 15k. (c) 15k. 

l . lfl.2 (:t) - T! . (b)+n. 

1.10.4 U o. 

1.10.5 I. 

1. 11.1 Fur a cun.'4anl wdUI' ~•. its tliv~"gl..."f'K.:I: is h ,."n.l. U~>mr, C:~t~'i.<:.' tlll:urcm 
wehaVl! 

U = { V · u dT = ll · { da, 
lv ls 

where S is the ~d st.nf.tcc: of thl! finite volmnc V. AI> n f. 0 is 
<~rhilmry. J~· da = 0 foiJow~. 

1.11 .2 FWill V ·I' = 3 in C.m:-.o;"tiKXll·c:m we have 

f V -niT = J f tfT=3V = 1•· ·cla. ],, l v .\ 
when: V is the volume cncfoSt!d by tire clo.~c:d surl~tcc S 

1.11 -1 Ctl\1\!1" the clc)';cll ~>Uifacc by s m:.tll (in g.cncm.l CUI'VI."ll) adj:k:cnt rect­

angles S1 whose drcumiCr..:nce are forn"-Xl by focn· line." L; each. 
T1"lClt Stoki.!S" thl.uc.lll givd> J\.(V x A) • tfa = L 1 f 'l; (V >< A) · 

da = Eo J y A · en = 0 lx:c::~usc aU line intcgr::th cancel c:tch 

ocbc•: 

1. 11.4 G.-tuss'thcoo:m givcs O= fv V · VlJdT = fs V lJ -cia. 

1.11.5 Awlyth.!eotY~>fln•.ling ddimlion ofthcdivcrgcnt:l! lO the Vl...'t.1 01' Vrp 
iu~.:m1junction with the mean v:lluc theorem for thl! \-olumc intt..-grnl. 

1.11.7 Apply G.-aus.-;' llw.:un:nno V -li{JE) = Vc;o-E+c;oV-E = - Ez+ £0
1
rpp. 

where f s-+0>) c;oE · da = 0. 

) . 11 .9 U~ingG,tw;s" ti1L•on:m we h:tve 

fn Utit"= /H - (V x A)c/t: 

=-J V - (H x A)tfT+ / <V x H)-A 

= - 1 W x Aidu+ J.I Ad"C, 
.\~oo 

\\1}CI'I! tltc Sl.nf.1cc inl,.1:\flll vmtish es. 
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1.11.10 f(v :Cll-ll 't:V)t!f: = j (vV · (pV)u-uV · (ftV)v) dT = 
f(p(vV~fl - uV2v) + (vVtt -uVu) · V p)dT = 
f pV ·(vVu-IIVtl)tiT + /(uVtt - ttVu) . VpdT = 
JV - (JI( ttVu - uVtJ)Jtlt: = j p(uV/1 -ttVv)·da. 

1.12.5 Usmg Stnkc.-:" thcurcm f01· a loop cnclu!:ing I he .. .-um.·nt. we gct 

J<v )( 11)-tla = J.l-du =I= f H-dr. 

whcrt: Lhc lit'St sutf:t:cc iniCJ;.I'lll is over the :m.::t cncloocd by Lhc loop 
~md the ,.c .. :ood can he limited to the cross secliou of the win! carrying 
lhe CliiTCill. 

1.12.7 The prnur i" the !':uue ''" for Ex. 1.11 .3. except for A -+ V 

1.12.8 Zem. 

1.12.9 This follow" li·mn lntcgmtion by pm1s !J1ining V [rum u to 1.1. The 
illtC!!I';liCd ICI'lll c:mc.:cls fur :1 clnscd loop 

LI 2.1V Uo;c the idclllity (Jf Ex. 1.1 2.9, i.e .. 1;V(uv) - (/l. = 0. :llld .tpply 
Stokc...;" tlll.•orculto 2 J..,,vu. du = .((11V v - vVu). dJ.. = f s V )( 
(11Vv - vVu) ·da = 2.{.-;CVu >< Vv) -du. 

1.13.2 fll(r} = ~· tt :S r < 00, 

fll(r) = ~[~- 4S.J. 0 ~ r ~ 1.1. 
1.13.4 ·n.c gr.wit.llion:•l accdcr.Mton inlbc ::--t.lin.-ctiuu rd:Miw to the E:•rlh"s 

!."Urf~tce i" -,:~~)· + ~ ..... :t:f£¥ forO ~:;:<< R. Tlnc-;. Lhc fO«:C 

F~ = 2.1:~. lllC f ot'CC F, = -x~ """ -t"~ •• md F,, = 

-y~ ..., -y~. lntcgraling F = - V V, y idll" thcpoccnti~11 

V = ~(:.:!-!xl-!y2) = WP<-2_,.2) = ~P2(cos0) . 

1.13.7 A = *(ll x 1") forL"OIU>I.mt Uimplies n = V )( A = 

~nv: r·- ~n- Vr = ti - ~)n. 
1. 13. 10 Fron,thc Maxwdl-F:wnday cq. V x E + Wf = 0 = V )( (E+ ~) 

wcgec E +~= -Vq;. 

1.1 3. 11 With the r~~;u l1 of Ex. 1.1 3.10 we h:tvc F = q(E+v >< ll) = 
q(-Vf! - 1S- + " x (V x A )) = t;(-Vfll- ~ + V (A. v)) l~~iug 
the ch:•i11 n•lc for ~ = ¥, + % . VA with v = ;¥,: :uxllhc hac-c~1 
ntlc IOrv x (V x A} = V(v· A) - (v. V )A. 

-
CHAPTER 1 

1.1 4. 1 Gaus.s' l:lw is Mill given by E:q. 1.1 63 . 

1.14.2 (:1) / 11 V -Etf"C = f sE ·Ju = ~ f ptfT = Q/£•• byG:.tuss"thc"" 
remand Mo~xwcll-Gans.•;" C<J 

(b) Totke E = E(r)i m)() wricc Gau~t.\' l:tw in r.tlli:ll fonn 

q1i(r)j(41f£o) = V . E = ;lr~;fr) = ~£ + ~ = ~~­
lntc~;r:lling E'jE = -2/r yickb; In £= -2 hu· + hH:, 1.c. E = 
cjr2• Variation of the COill~anl gives£'=;;= tJS(r)/(4:rr r 2) , ot· 

c = q/{4neol. 

1.1 4.4 U~;e V · A = 0, n = /-l.H , D = eE with aE/ilt = 0 in V x 1-1 = 
ilD/ilt +J = v X (V X A> I ~A- = cvv. A - v2Al/t-l- = J. so lhat 
- V2A = /A-.1 fo llow~. 

1.15. 1 The mean value theorem gives lim,.-~ J f(J. )r'l11 (.t") dx = 
limu-oo ll J~{7~11 f(x)tfx = lim,._ 00 *.f(~11 ) = /(0), as 

-~~~II~ :ln· 
1.15.2 lim,J-oo J f(x)~(x)dx = lint 11 ..... 00 11 ,{;~ .f(x}e-'u·tlt" = lim, -;.00 

f(l;u)tl.fu e-'11 tf.r = lim, - 00 f(~11 ) = f{O). :tsO ~ l;, :S ~-

1.15.6 J:: f(x)li(tl(.\"- .q))tl-r = ~ J~00 f((y + Yt)/!1)8(y) t/y = 
~~(~) = ~j(xt) = f~ j(x)B(.t -xl) *· 

1.15.9 lntL"tPling by fl"rls we fttl4.1 .i-:x,C(.t")/(x)tb = 

- f::, / ' V).\l(J. )flx = - J'(O). 

1.15.11 r'l( r - r'} = -1 - 8(qt-lJ;~(q2 - (j~)J)(tll - t/t). 
''~''21!J • 

1.15. 18 (:.t) 

(b) 

8{x -I)=~+ L !1111 cos mt cos m.x, 
- 1~= 1 

If" I c1111 =- li(t)cosmtdt = -, 111 = 0, 1, . .. 
7t - 1T 1! 
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(c) 

j(J) = ~ + fbmCOf> Jill . rrbm= L :f{l}cosl111• 
- nr= l 

and (hJ give 

~~ f(t}ll(x - f) clx 

= ~ L: j(..t)tfx+,~ ,.., co.~ ml L: }'(..l.)cos m;ttf.v 

= uo;tlf + f ll, h .. ,:rr oo:r. mt = ((/). 
- m=l 

1.16. 1 1ru = V 'll/1 = V . Vl/1. then V1/J ifi !'Oicnoillal. Since v x {11/1 = 11, 
V1J! is al-.o irrot:lhOn:ll: il · V1J! i.s given on the bound:uy fnml which 

1/J iR obt.nincd by intcgnnion. 

1.1 62 If V21' = - V. th~.:n P = J; f ~tlr. U~ing the tdentiiY V x 

(V x I') = V(V. Pl - V21'wcgct V = - V · (V -I'H- V x ('V >< P). 

CHAPTEA 2 

2.1. 1 Fmrn 

we knuw that tllC vL-clon; ~ = h;i!1 m·c pointing in the dif\.:·dkm 

o f incro!ol.'>in~ q;, i.e.~ = ij; . Sln~c I!IJ = ~ . ~· o t1hogOfWlity 

<clt · i"IJ = ~1)) impliCSRij = 0 li.w/ ::#:. j. 

CHAPTEA2 

2 1.2 (a) UJlUfl ,;qtuuiOJ;. c:ach coordio:.1le diiT~. .. w.,lial 

d.\ = drsm Hco.~¢+ rco:.Hcm¢ciH - rsm0 1'i i11¢d¢. 

cl)' = tlrsinfl:-in fP +rcos tl:-infPciO +rsin0cO!-i ¢tltp, 

clz = clrco~f-! - rsini.Jtff) 

.md the n fiumming tl ll.! ir MJllarcs, we notice th:.1t all cross lcnns 
e:m~.:cl so tb:tl we uhtain 

l·kncchr = f , IJo = r , It'll= rsinO. 

(h) F'fom the 1:.1. ... 1 CCJU:tliOII uf (:tJ we 1-cac:l otT tfl 1 = d1~ tl\";! = rt!H, 
d .rJ = rsin OdfP. m· from d1· iu (:1) th;at 

iJr iJf = (sinH cos fP, sin(·! ~in f/J, cos f~) = i-, 

h -iJij = r(co!>OCObfP.COsH hill ¢, -sinl'l) = dJ . 

~ = r(- MI"tflliinJP.sin HcosfP,O) = r sin flip. 

2. 1.3 ·n \C 11-, v-, z-syl>1cm is l ~.: ft-h:uuk:d. 

2. 1.5 fTom tf•· = I:; ~de;;. Lhc sul'lilcc clement is given hy tl\C .1bsuh1te 

V<~luc (of the 3-componcnt) of the cross prodm .. 1 

( 
ih· ilr) (ilx1 iJx., iJ.\"" t il.\ . ., ) 
-x - c!fJitft;.,= - --=--- --=- diJt tiiJ., 
iltJt ilc;2 3 - iltJt iJq2 ilrn ilq1 -· 

whK:h is Ilk.: stmxt:ml Jacobian. i.e. 1~ 2 x 2llctc:nnin:ml sp.·nu\Cd by 
lhi: Ve<.10f"S ~, i = l ,2 

2. 1.6 f·romd.x 2 = tlx1,tfx11 = c2t!t2-cf..:Zwc havcgoo = + l • .t:tJ =- I = 
Sl2 =gJJ :u'W.Ig;1 =0, i # .i-

'2.2. 1 Fn11n the component definition (pmjection) a = L 1 c.i1n . iJ1 
L;1 ct,11 (J; .uul :1 sintil:ll' cxpn.:s.~ion for h. get 

u -h = LiJ;· •)1 :t· fub· c.ij = :L> c.i,h iL = 'L, clq1bq1 
i} I I 

tl:iing Or11t<Jt!.on:dily. i.e. [z1 • iiJ = ~iJ-

,I 
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( :1) f mm Eq. (2 .171 with Ct = iJt and cet)t = I. (Ct)2 = 0 = (i t}.l 

we get V •ct = _ l_ iH112h;J)-
h tii "!. IJJ ,ltf t 

(hi FHinl Eq. (2 .221 with h'!. \12 -+ O.hJ '-':.1 -+ U, WI! gt.1 V x ~~ = 

.!._ [c~2...~ -t., _!_ 01/q] 
"' -hJ 41tf1 112 illf.! • 

!.4.3 From p = (.f, v) = p (COSqJ,sin qJ ) we lt<1vc p = (cos ~,~;in 9' l. 

OiiTcn.:Jlti;ning jj2 = I we see Llt:.ll: p. ~ = 0. l-Ienee ~ .._ ~- In 

component" ~ = (-fiin qJ, COsrp) = i;. S imil,uiy we uhtain ~ = 
- P. Lllld th:.ll :1 11 olhca· l i r.~l derivatives o l' the cin:ul:tr cylindrical mlil 
vcctm·s wilh rc~pccl lo the cin,,_•lar cylimlric:~l C{)(Hl.lin:llcs v:mish. 

2.4.5 {ol) r = (x,_v, r.) = (.r.y)+ z:Z- PP+ zZ 

(b) 

2.4. 13 (:1) 

(h) 

(c) 

(~) 

From ~~~J. (2.32) we have V . I' = ~~ + f = 2 + 1 = 3. 

From Eq.(2.:\4)with v, = p , v., = 0. ll: = z wcgct V x r = 0, 

F =c$*. 

V x F i~ •Klf tlcfi•tctl:uthc origin. A cuc linc from chc origin OtiiiO 

inlinilr !in :uty tlia~ctioo) i~ at~...'edctJio pn:Vt.'llt one rmm encircling 
lb.: (lflf;_l ll. The St.'-11<11· potcnlial t/1 = (/) is not ,;i•lt!k-v.-lucd. 

2.4. 16 lnh:gr.lling: v = iPfX<J we find fv -dr = p2w J thp = 'brwp2• l-Ienee 
:f v -dl{(1fp2

) =2tv= V x vb. 

2.5.2 (a) From Excrcisl! 2. 1.2. i.e. dilk,"L"flliating i-2 = I WI! get 

ih· 
/j; = (sioNC("I!. fj!, ~illfJSUlf/J , cosf/) = i-, 

~ = r (cosH cosq;, cos Hsinq;, - sinfi) = rii, * = r( - sintl :-:in q;, si11 (:1 cos q;, 0) = r sm HijJ. 

CHAPTEA2 

ill­a,: = 0, 

iJi"- ~ 
oo = fJ. * = ~:-in H, 
~ = - hin H- Ocootl. 
;J<p 

(b) With V b"'VCU hy 

11 

the ,illcrnall! derivation o f the L:ipl;tcian i" given by dolling this V 
into itself. In conjum.1ion with tlu,: dc riv;ttives nflhe unit vectors 

nbovc thi" gives 

Notcllll.M , with 

I a ( a ) t.t.n i-J iJ I il
2 

rl .sin2oiiii :;;in H""iiii =700+ -;2iH.f.!.' 

we get I he staJlllanln..-.;ult usmg Ex. 2.5. 18 fot: the Jow.liaiJmrt. 

2.5.3 (a) v =(pwl· sin H 

<hl V xv = Z<:v. 

2.5.5 Resolving the u11it vccton u l" spl11..:ri c~tl polar coordinates into c,utcshm 

componcnls was :accompli:-;hcd in E~. 2.5.1 invo lving an mthogonal 

m:1tri~. ·n1c inverse is Lhc lr:msposc tmtlrix, i.e. 

X = f !.itl(-JcosVJ+ ilco,., r~ cosq;- i;sin q;, 

jr = i-sino,.,in q; + B cosH~>in q;+ i/J cosq; , 

Z = fcrn;(J- 6 si t1 H. 
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2.5.7 lin. vlf! ...., lf r. 

2.5.t> {ll) 

2.5.18 

25.20 

25.25 

A - Vr = Ax~ -1-Ay~-1-A~~ = A 
ih: iJy cJ:. 

Ur 
ay=Y. ~=Z. 

il<. 

(h) U~ing iffi = ii. ~ = sin HfjJ ;:uul V in polar coonlinntcs from 
Ex. 2.5.2 fb} we: get 

A·Vr = A -i-~ -t- A jj!!!:_ + A-~~ 
ilr iJO sin fJiJf/J 

= A,.i· -1-Aoii -t-AVJijJ = A. 

I c/ ., d 2 . . 
From(a) -;'id;,.- = ;;;+-;:w~.:gc~(c).;mdv•ccvcr:a. Fro•uthemncr 

d d I d- I c/ d- I d 
;;;:r = I'J; + I in (b) wcgL-1-;-;j;:ir = -;;;; + d;i -1- -;:;;;• hence 

I d [ ,dv,(r) ] I d2 
(c), :md vice versa. Here (a} -;'idr ,.-----;;;:- . (b) -;J,21rV,(r)l. 

IC} cf1 1JI(r) + ~ d1J!(r). 
dr2 ,. dr 

(.l) 

(h) 

(c) 

(3} 

(h) 

V x F =O. r=:;:Pf2. 

:F J? · dA = 0. This suggests (hut docs not pmve) lh:ltthc fnrtc is 
conscrv:ativc. 

Pokniial = P cos (1 f r 2, dipole poJcntiul. 

(a) follows hccausc V 2 is a sum of its pl;mc pol:tr pa11 .md its 
.L-parl. illl(l i is conMalll. 

This dm.'l-i not work bcc:mse angular denv;ativcs of the poku· 
uni t vectors do not vnnh,il, and these enter into V 2, a~ l!hown 
in Ex. 2.5.2. 

2.6.2 If A~j = Bl~ in one fr;uue of rcferem::c,thcn ddi11e :a eoonlinatc h~ms­

IOrmation from thattr.:une to an .arhitmry one: x; = x1(xy), :m Llmt 

A·· _ ilx; ilx1 All _ iiY; il.\·j Bl) _ B·· 
IJ - ilxV il.>;~ afJ - ihg il..1.~ afJ - rJ· 

CHAPTER2 13 

2.6.5 111e IOur-damcn:-;~onat fourth-rank R•em:um-Chrl:-.!olfel emv:~ture tell­
sor of general relativity. Rik/m has 4-l = 256 components. The mali­
symmetry ol tl1e lin.t mu1 sccm1d pair o f im1ices, Rtklm = - R;kml = 
- Rkilm, reduce!> tl1e:-.c p:1irs to 6 v;lluc~ e.ICh, i.e. 62 = 36 componems. 
Theyc.m be thought of .1s :16 x 6 matrix. The !.}llllln<!lry under exchange 
of 1)air indkcs, R;klm = Rtmik- reduc..::-.thi:-. nmLI'ix Lo 6· 7/2 = 21 com­
ponent~. The Bianchi identity, R;ldm + Riii!Jk + R;mkl = 0, redLK:I.l\lhe 
intlcpeudcnl cmnponcnls to 20 bcc:msc it n::IW<.:SI'Jllls one com:tr;ainL 
Note tlmt, upon using the permutation ~oynunetlie~ one can always 
mak..: the tia-:..1 index C4Ll:llto .t..cro roll owed hy the Olhe1· indices which 
l.lrC all difiCrcnt from each other. 

2.6.6 Zero. E:.ch compm1enl h:as at least nne repeated index ;md is therefore 

2.7.2 The conu·action of two indices removes two in(lkcs, while the 
lle1ivative add~:; one, so tltat (11 + I) - 2 = 11 - I. 

2.7.3 The scalar product of the !'our-vectors iJI" = { ~f, . -v),iJ1, = 
Utr- v) is thcsc:al:u·iJ2 = .zr~- V2

. 

2.K I The double !';tmunauon K;_; A; B.1 is ,, scal:u·. That K;i a!-. , 1 sccoud-r:.mk 
tensor follows from the quotient theorem. 

2.8.2 Since K;J A Jk = B1k is :1!>ccond-mnk tensor the 4UoL1entthcorcm tel1s 
U!:i that Klj is ::1 SeCOJld-mnk tCilSOI~ 

2.8.3 Since the ph:.tse - 41 = (( ·1· - wt is a Lorent.t sc;ll:u :md the coordin:ttcs 
(et, r ) formnl'otii'-Vcctor,the quotienttheorem say!>. that (w/c, (,)is a 
l'om'-veclol~ Altenmtivcly, since iJI' is a !'our-vector :mc.l e-ii!J a sc:alar, 
iJ11c - i<l> = -ikl1ei<l> i~o :.1 four-vcclm: 

2.9.2 The generalization of the tot:t lly aniJsymmctl'ic Bfjk from three to 
11 dimcnsiuns has n indices. l·l~.:ncc the gencmli.r.ed cross product 
8fj~> ... A 1B J i~o an .mtisymmct•·ic tcnsor ofrankn - 2 # I for 11 # 3. 

2.9.3 {:1) li;; = l(notsummcd)fore;Lclti = 1,2,3. 

(b) li1JBiJk = 0 because .~/j is symmetric in i, j while Bijk is 
antisymmet1ic in 1, j. 

(c) For e::1ch f.' i11 8 ;1'11 8 if•q to l'li'J noa1~.t..cro, leaves (lilly oni'J value for 
i .md _;,so th;tl i = j. Interchanging p .md q givcl:> two terms. 
hence the f.actor 2. 

(d) ·1h:rc arc 6 pcrmut.ttions i , j , k of I, 2, 3 in EijkBiJk = 6. 
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2.9A Given k implies p '# q fm· el''fk # o. For E!Jk -:f:. 0 rctjllirt--s either 
I = p 111'1d ~ J = 'I· or; = r; and 1hcn j = p. lienee EtjkE,.qk = 
~/,,llJi,-li,,li}f,· 

2.9.8 Usin~;, E.•c 2.9.4 :md Ep~;q = -e1"1"· we f;t.."t 

29. 11 

{A x {U x C))q = Epk•J(E;j!,B;Cj)A1, = -(Ji;p'~il/ -l5;q<"lJJ,)A,,BICj 

= - A · 8 C,1 -t- A-CBq. 

Eij = ( 0 ').If R = ( c~lSf;? slll f/J ) i~arot:.tic.m.lhcn 
- 1 0 -sm rp COl\'';' 

( _ ~;~; ~~: )(-~ ;, )(~::: -::) = (-~ ~) -
2.9.12 If A~-= !e11,.Bu with Bu - -B1;. then 

2€mnkA~- = Em 11kE/jk = (/jmllillj -lim)'~lli )Bij = B,m - B,wl = 28.,1,1. 

2.9.1;1 U!<:illt~Ex.2.9.4wc h;wl! 

v\ X U). (C X D} = f:tJI•Emrri•A;BjCmD, 

ct(limllinJ-limJli,11)A,BJC111 D, = A CU D - A -DU-<.:. 

2. 1U.H r~2 = -r r1~ = -n,:in2 f.l 

rT2 = f~ 1 = l /1· r;3 = - sil)(lcosH 

r-:3 = r~ , = l fr r{l = r}z =cote 
2. 10.9 Lei.\ he the proper time on a gOO<bic :tnd " ''ts J tlte vd ociry or u 

ma.<;~; in fn.:e f.ll l. "'il!n u~ sc;tL1t 
tl ,Iy d"lx tf 
;,;(V · II) = 7i; ·II+ Vp d .\2 

= (11, V0 ':~:J ) 11"- y11 f!:1,u"ul' = uflu11 (il11 Va - r£
1
, VJr) 

involve.~ the cov;.ni:mt dcnv;tll\'e which 1':> a ft)lll'-vcctor hy the 

~~~~:~\.~~~~~~~~~~~C~hat the lf~ or the gcodcsit_ L'fjll<lliOII f(w 

2. 1n.11 r J2 = -p, r f2 = r i t = 1/p 

2. 10.1 3 .1.' 11 =2.25 ~: 12 = 0.60 .r; 11 =0.30 
822 = 2.72 -'12~ = 0.56 ~J~ = 1.13 

2. 10. 14 From tim c'k:rivation of the geodcbic equ;ttion we know that 

rf,.JI = 4.r:"11 (i1,,.1,'f1~ + il,.J:ua- iiH.I-:11 ,. ) . 

CHAPTERS 

Ddimng 

IlL"- kl = .r;~-ar;, = 4cl.l>X"11 (il1,.8fi•· + il~c,m- ;J11x,. .. ) 

= ~ll~ (i11•8/fv + ilvg1ta -lllll{1t.,) 

= 4 (iJ1Uf~.:r + a,.J:1tk- iJ~;,~:~ .. ) . 

2. 10.15 .flij:k = il~o:.t:ij- r'/l.McrJ- ~~~S·o 

= ilJ:MI} - ~~}<>J!crf! (ill.'lflk + tlkKfll- ;Jil81A;) 

-~~; .. gcr/l (ilj}fJik + auw - iJfj.t:Jk) 

= ilt~gu- ~ (ilo~1 t + ilt.t:JI- iJ;~u.) 

-~ (ilJKik + iiJ:81J- UI~Jk) c 0. 

15 

In order to lin{l g~{ = {) dcrivc covttrianlly the identity g;111 g111J = li{. 
This gives 0 = g;m:k~mj + g,111 g;:J = t-:t111g;t. Multiplying this by 

g"i .mc.l usiug gi11 81111 = ~;:~ , gives k~{ an. 

2.10.16 We )1;.1\'C rrom the gcOO......OC Ct.jU.aCion tfu1 = - r::llu(l' t(xf1 .vxl frnm 

(lllr.llldt.li."pluc ing the vekx:it)' 1i nu it : •~ 11 1 -= -r'Ufl1t' tfxll. 

:!.10.17 11JCco\'arulllf derivative of a vector V1 by paro~lld trnn."rort is given 
V1(t/+J•Il- V1fy l)+ 1..; -V"tlqi 

by the limiting procLotlun: limd,1J_.u J,
1 

"' • 

2. 11 .3 

CHAPTER 3 

3. 1.1 (a) - 1. (h) - 11. (c) 9.J2/2 

3. 1.2 The dcll.:rmimmt or the cocrlicicuts i" equ;1l to 2. Thcrcl"m1! no 
numrivi:1l :mlutiou exists. 

3. 13 Given the pair o r cqu:ttion.~ 

x+2y = 3, 2.t +4y = 6. 
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Sine~; the COI.!fridents u( the second equation dif!"cl· fwm_lll<ll>C 
l<l) ~f the fin;t QfiC just l.ly a r:1c..1or 2. the dctcnnina.ul of (lh!>) 

uxrtidcntsis7.ci"O-

. • lite (uhUIIKlgdlC(JUSICI'nlN on Ilk! rigllt-I1:11 K1l<ii lk:di~f\,,-by 
(h) :!~ul~ 1:w,.1or2. 1~h numcrator dct~u::mL-; al..a vanWl. 

(c) ll l"tfliCCS to M>lvc x + 2_v = 3. Given ,, • -" = (3 - x)f2. 'Tlli ~> 
b: Ute g~:l'lt!IOll Mllutinn fo•: a.·h it"'l)' V'..ll~ of x. 

3.!.7 '11te G;tt1ss climin:tlion yields 

3.2. 1 

3.2.2 

= 10 10x 1 -!-9X2 -!-8XJ+ 4X4-1- X5 

X2-l-2-t:'l -1- 3X4 -1- Sx5 + Hhti = 5 
IU.r1 + 23x4 + 44x~ - 60xc, = -5 

16.14 +48x5 - 30x(i = 15 
48-t) -1- 498Xfi = 2 15 

so that .XI\:=. 2219/5658 = 0.392, 
.-... = (215 -498.\c.)/48 = 0.412, 

- 113 16X6 = -443R 

X4 = ( 15 -1- JO.l'(o -48.~5)/16 = 0.437, 
XJ = (- 5 +60.1(1 - 44X!i - 2:\.~;.:j)j lU = -().966, 
x~ = 5 - 1 o.w; - Sxs - l.1o4 - 2.t"J = - 0.359. 
x~ = (1 0 -X5- 4x4 - 8.0- 9.\2)/10 = LE8. 

Writing the pr<Xb.K.-1 matriccx in 1~1 11 or tlbr Cll!tlll...,liS. AB = 
(I:, "f h, k), BC =<L,,'i11 '-rlk).(AB)C= (~(}~:,.,ll, mh,mtlc,:k) = 
~.: f/~~h,:'"C'ttk := A(BC) =<I:,. ll;m(~ ''~c~~~:)),bccau..eprOO­
ucl~ of n~;d and c(lmpbmmll'lcrh ar.: a.-.soctall\'t! the l~rcntlll.~~alll 
['ll; danpp.,.:l for all m.atrix dc.mcol ... 

Mulliplyial& Otr l (A+ B)lA - B)= A2 + BA - AB - B2 = A2 -

B'+ IB.AI. 

3.2.3 In tenus f't l" matrix clcutcnts, A = (auJ. we: have <I:,,ti;,.(CII'In + 
t.zr':!,t,)) :: t.· 1 (L;,tr111 r·~~r) +c1JL,,,,,,, ,':!.n) = ctlArt); +t.':!(Ar2)/ · 

3.2.4 (n) (tit+ j/)t)- ltr2 + ih::.) = c11 -t/2 + i(h1 - 1}2) corrc.'lponds 

10 ( -~: ~;: ) - ( -~:~!:~ ) = ( -o~'_=-,;~~ ~;:=::~).i.e. 
the corrc,;pondcnc.:c holds roa· ;:l(lditmn o:mtl subtr;tction. 
Shnilarly, it hollh~ fol·mulliplic;ulOil (X,'CIIll.<tl! lirst 
(<It + i/Jt }(CI:! + if>2) = (tl llt:!- hth::. ) + i(t1 Jh2 -1- C/2/J t) 

CHAPTERS 

mxl matri10. multiplic"'ion ylcl<.bo ( '1' 1 ll1) ( 1''2
1
12) 

-ll '-1 1 -J::!, l/2 

( 
llt l/1- IJth::. Cl l b2+ "2bt) 

-(tttl12,-l-ll2ht ) ''1"2 - btl':!, • 

I {l-ib I (''-/J) 
(h) (ll-t-ih)- = "2. +fil ~polltls iO tiZ+ Ji! b a . 
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3.2.5 A fO\Cior(-l)can hi! pulled out of each fOW giving the (- J )>~ O\!Cnlll. 

3.2.7 A2 = B2 = C2 = 1 
AB~BA~C 

Bc ~ cB ~ A 

CA ~ AC ~ B. 

3.2.8 II = 6. 

3.2.9 Expanding the cmmnul:aton. we lin~l [A.[B, C l! = A[ B. Cl -
I B. C IA ~ ABC - ACB - BCA+CBA,IB. IA.CII ~ BAG ­
BCA - ACB +CAB, IC. IA. B ll ~ CAB - CBA - ABC+ BAG, 
:md ~;ubh'aL1ing Lite lo:Jstlk)uhlc conumriHtrn· from the sl!coud yields 
the lir,\l 0111!, since the BAG .md CAB ICI'Ill" c:rncd 

3.2.12 ll'llfk = 0 = h;k fori > k, tbcn also Lm lllwhmt. = 
L;; ~111 :g.- llj.,1hmk = 0, :u; the ~um is '"mpty fori > k . 

3.2.13 By direct m:u1ix JlllJitipl iculiOtlS m'M.1 &Jditions. 

3.2. 14 E:~p:mtling in C.lltcsi.:m compotJclllS .tnd multiplying we get 
(a -n)(n·h) =a]aibJ + LJ# kn)otu;ht = n·h+iemcc;btat = 
n-h l:! + io -fu x bl. 

3.2. 19 lf :m (ltJCr:lturP(.'Oillllllll~ wilhJ" .tndJv. the x :md y l:omponcnts 
of:m :IIJb'Uio:armomeuiUmotll!l'ittOf, thcni[P.J~ I = IP . J , Jr - J"J,~ I 
= J,~ I P , Jr l + IP , J,l..l"- J ,, jP,J , I - IP. J vJJ, = 0. 

3.2.21 If A = ±i~. Ll'lCil n = TA j, uniquely solve~.! by the 1"1!:11 number 
T = ±B/A,wllCJ"I!A, B :tn: lbclcngth~ ufthcD.)JT\!S(londingvectors.. 

lfll = TA is valid, so is ll' = U - I1A = TA -hA = ( T - h)Awith 
I'= A ·IJ/A2 so thai A - n' = O.So, let ll =BY. A = AX without 

lusl!ufgcneralily. Then(~) = (~ ~)(~) lead;; to B =yA.or 
y = BJAmulT = (~ ~) is.tsolution. 8U1110is (~ ~) withanyx. z. 

,_2.23 For i -:f: k :md c1u -::f:. ct~:,~:, we gel for the produt.1 clcmenls (AB)u.: = 
<L1,li;,.IJ,u:) = (t~11 h1k) = (BA)Ik -== <L:,,b1,tr,Jk) = (h;~:,a~;J:). 
Hence hsk = 0 lOr i -::f:. k. 
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3.228 T:tkint; the tr.K:c of A<BA) = - A:!B = - B yickl., - lr{B) = 
tr(A(8A)) = tr(A2B) = tr(B). 

3.2.3 1 lfAtA = I = AA2 = l . thcnA2= (AtA)A2 = At(AA:!) = At . 

3.2.33 

3.236 

Taking thcdt..1cn1lin:ml of AA- 1 = I :md us illg the pmduct thco."Cin 
yiclll" tldfA)clcl(A- 1) = I. 

A- 1= - -7 11 - 1 . '( 7-7 0) 
7 0 - 1 2 

Note. A!'Mmtc alllll:llrix ckmcms .u-c n:al. 

3.3. 1 If o;-' = 01.l = 1. 2. then <0102T 1 = 0 :;- 10j'"
1 = 6~61 = 

o;o;. -
3.3.2 T11kit1g UIC _dc1cnuin:ant of AA = I :md u!';ing the product theorem 

yicld.o; dct(A)<lct(A) = I = d~..-t2 (A) implying dct(AJ = ± I. 

3.3.5 (a) a= 7ff,{i=6U",y=-80". 

3.3.8 If A= - A. S = S. thcntr(§A) = tr(BA) = tr(AS) = -tr{AS). 

3.3.9 ntil>followsfrom tht!inv:tri:tr~Uof li 1Cclt:u;K:tcri!t1K:pulyrunkll\tndcr 

)';imil.trity t ~fomutiun.o.:. b..'CIUsc the tr.k.-c.ufUtcm;JCriK is the cocni­
cicutofthc'A"-1 ofthechamciL'I'iN~icrolynomiai .O= dct(A-).1,.) = 
dct(S)t1c1(s-1)c.lct(A - J... l,.) = tlct(S)dct(A - J.. l ,.)clct(S- 1) = 
dcqS(A- J...J")S- 11 = llcttSAs-1

- J...l 11 ) . 

3.3. 10 This follo\.15 frnm the inv;u·ianec of chc ch:mtctcJislic poly­
nomial under "imihll'ily tran-;fonnations. hcc:msc tl"M.: det"u1in;mt 
of the matrix is the cod'!icicnt of J.11 of the (;h:•r:tctcrL'itic poly­
nomial. For the invariancc of the dt<u11clcri :-~tic polynomial sec 
Ex. 3.3.9. 

3.3. 11 lf'A =-A.chcn(OA0- 1)T = oA6=-0A0-1. 

3.3. 12 Eg. 4.63 is the mo.~t gcncml form. 

3.3. 15 UNillg lhc da:~inrulcofdill'crcnti:ttion.,E1 ~*1- = li;j, L,,, ~Mt; = 

.~lm·wcfind 
1
"f:,SJ111 T/, 11 = E1,111 ;;f~s,,~-M,tTJk = Li~;, S1~; Tp:· 
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3.4. 1 dcl(A"') = "£.1* e;. 1~ --.iuaj1 1 a;,~ · ·<r:,., = (E it £1 1 1~.-•. t'li 1 "21:! · " 

u.,1,)• = L~t £;.b-.in "h 1 (1~:!- ·(1~11 • !.incc E is r..:al, anc.l dct(A) = 

dt..1CA>. 

3.4.3 (AB)1' = A:S"' = ffoA• = B'At. 

3.4.4 AsCi&: ::o= E.. s;l}s,_.,lr(C) = E,._, JS,JJ:!. 

3.45 lf A1 =A. at= B,thcn CAB+8A)t = s tA1' +Atat = AB+BA, 
- itB1'At- AtBt) = i(AB - BA). 

3.4.6 lfC1-# C. then (iC_)'t • (CT -C)1 =C-ct =- iC~ . i.e. fC_)t = 
c _ _ Simil:uiy c t = C~- = C +ct. 

3.4.7 -;c 1· =tAB - BA)t = stAt -Ats1· = BA - AB = -iC. 

3.4.8 (SASt)t = SAlS~' = SAS1·_ 

3.4. 10 (Utyt = U = (U- 1)1'. 

3.4. 13 (.1) lfT-1 = 1 -1- tat = Tt = I -!· f. e N' .thcn H = Ht. 

(b) This I~JIImv~ from ti l(: SOlUte ctJtl;ttion in Ia). 

3.4.15 1u1Uz>1 = u~u1· = u;- 1 u~ 1 - <U 1~)- 1 . 

3.4.20 Sioce yf = l4, ~(14 + Y.~i2 = ~(14 + 2}"'; + l.s) = ~~ t t + y:;). 

3.4.24 Since C = -C = c - 1 • • md Cyuc- 1 = - y0 = -y-ll, Cyzc- 1 = 

-yz = _y:!,Cy 'c-• = y l .... -YI.CyJc- 1 = yl = _yl, 
wl! ha\IC (Cyl•c- 1)T = c=-1Yi•C = Cyi•c- ' = - yi• . 

3.4.25 Ftll'a rotation :~houtlhe :::-axis (co:> fl/2- m 12 t:in Hf2)y 1(cosfJ/2 + 
ia12sin fl/2)=y1cosii-1- J':!: sinf1; f01· a hoost along the x-nxis 
(cosh('/2- ia01 sinh {/2)J, 1rcoshl;/2+il'1111 sinhl;/2l = y 1 co:-.h {­
y0sinh{. 

3.5.5 (.iml.f!"ljm) = {jm ll}ljm) -1- (jml.f,~ IJm) -1- (.fmi-'Z.Um) = 

IJ.,jjln)f -!-IJ,, I.im)l2 + IJ~Jjm) l2 . 

3.5.6 If Alx;) = A.;lx;). then lx;) = ~1A- 1 1xl) 11pon mulliplyitlg wilh the 
inverse m:~llix. Movi111; the (noo-~..o.::t'<l) cigcnv:aluc lo tht: lcll-h:md :-.ide 

proves the d:~im. 

3.5.8 lfSAS- 1 = 1(11, ..• , tl11 lund SBS-1 = lhJ, ••. ,ht~ l- LhcnA!3 = 
Slal . --- .a,. IS- 1Sihi.-·-·I111 IS-1 = Si tl lbl·· · ·· tJ,h,IS- · = 
Slill,····h11 IS- 1SI(11 .... ,tru iS-l = BA. 
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3.5.9 

3.5. 10 

3.5. 12 

3.5. 16 

3.5. 17 

3.5. 1S 

3.5. 19 

3.5.20 

3.5.2 1 

ANSWERS TO MISCELLANEOOS PROBLEMS 

lf U1AUr =(A t .. ..• J.., I = l..J.::BU2 with unita1y m:.ltli<.:cs U;. lhc n 

A = u~v.!suiu • = u1lhB<UrU:!Jt_ 

For M, . ).•=+1. rj = {I. +.J'Z. 1)/2 

'·2= 0. r2= (1,0. - I )/.J2 

)..)=-1, r, = ( I ,-.J2, 1)/2. 

Fot· M.,., At=+l. rt = ( l .+i.J2. - I)/2 
}..2= 0. 1'2= (1.0, 1)/..ti 

J..)=- 1. l"J = ( I . - i../2. - 1)/2. 

~ ~ u~ 
-4 n 12 

0 

>., = 16. l'[ = (1, - 1,0)/.../2 
J..2=8, r ::!. = (O.O, I) 

J..)=8. ., ~ (1. 1,0)/./2. 

J.. , = 0, rt =C I. U. - I) j.../2 
J..]= l , l':!: =(O, I ,ll) 

AJ=2. '1 ~ ( I. O.I)f./2. 

J.. , =-1, ., ~ ( 1,-./2,0)/./3 
A2=0, r2 = (0,0, I) 
AJ=2. . , ~ (./2. 1,0)/./3. 

J.., --1, r, = CI. -2. 1)/../6 
J..:?= I , •-z = (I,0, - 1)/../2 
AJ=2, ., ~ { I , I , l)f./3. 

}.1 =-3, l"J = 0. - .../2. 1)/2 
).2= 1, •. , ~ ( 1,0, - 1)/./2 

J..J=5. l'J = (1, ,J'i., l) /2. 

A, = O. r 1 ~{0, 1 . - 1 )/./2 
J..:? - 1. ~ =(1,0,0) 

A3 =2. • .. ~ 10. I. 1)/./2. 

J.. , =- 1. •. , ~ (0, 1, - ./2)/./3 
A2 =-H . 1'2 = (1 . 0,0) 

J..J=2, ., ~ (0 . ./2. l )f./3. 
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3.5.22 

3.5.2.1 

At= - .../2. 
)..2=0, 

).J=..fi. 

At =0, 
J..2=2. 
AJ=2. 

unique. 

3.5.24 A1 = 2, 
A2=- l. 
A1=- l , 

3.5.25 AI = - I. 
A2 =2, 
Al =2, 

3.5.2:6 A1 = 3, 

A2= 0. 
A1= 0, 

3.5.27 A1 = 6. 
A2= I, 
AJ= I , 

3.5.28 ).1 =2. 
'·2= 0, 
).1 = 0, 

3.5.29 },.1 =2, 
).::!=3, 

).J=6. 

... = (1, -.JZ, ll/2 

.-, ~ (I .0. - 1)/.Jl 
n = ( I,.J2, 1)/2. 

r 0 ~ (O, I , - 1 )/.Jl 
. , ~ (0. 1, 1)/./2 
..,~ (1 ,0,0). 

., ~( I , I, 1)/./3 

.-,~ ( 1 ,- 1 ,0)/./2 
r.1 = Cl . I. -2)/../6. 

• • ~ (I. 1, 1)/./3 
.-, ~ (1 .- 1,0)/./2 
r3 = ( I, I, - 2)j../6. 

, , ~ o . I . n ;./3 
. , ~ ( I , - I . 0)/.J2 
r3 =( I, I, -2)j,J6. 

1'1 = (2, 0, I J/.J5 
1'2 = (1.0, -2)/./5 
rJ= (0,1 ,0). 

,., ~ ( I. l ,0)/./2 
.-,~{ 1 ,- I .OJ/.Jl 
rJ= (O, O, Il. 

., ~ (1,0,-./3)/2 
r 2 = (O,I ,U) 
1'.1 = (../3, 0. 1)/2. 

3.5.30 (.1) ).I= I -1-E, r1 = (1/../i. lj../2) 
''~ I - E, ,., ~ ( 1/./2. - 1/./21 

(b) J. t = I -1- E, 1'1 = (l ,f:) 

Az= l -e, 1'2 = (1, -E) 

(c) cosfi = (l -e2)j( l -1-£2 ) 

21 

3.5.33 Since lhc qu.K.lro.11ic form x 2 -1- 2xy + 2y2 + 2yz: -1- .:2 = I Llclining 
the stnfacc is ohviowdy jXlMlivc definite upon wril ing it n:; a '>1.1111 uf 
s<]tmn .. <>s, (..t· -1- yf -1- (y -1- z)2 = 1, it i~o 1111 cllipwiLI ot an ellipse. 
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Fmdinu, the tlfiL"Uiati..m in space :mKXmb ln di:tgonali:ting the ,.;ym­
mctric :l X 3 mn•ril': of cvcrtkicJll<>. 11lc dmr-.x:te:rb.1ic j'KIIynomi<~l i" 
A( I - A) (). - 3) = 0. su ll~l the cigcnv;alucs an:). = 0 implying an 
cllip:c.nnd). = 1. andJ. I::O.·A = 1 . .mcigcnvcctor is Vt = (I, 0, - I) 
givingtlncofir~.a.xcs. fOt" J. = J :mcigcnvcctoc is v1 • ( I . 2, I ) givin~ 
lhcoehc r :u<i .... v1 xv.t = (2, -2, 2)ii' Diltlllal ln lhcpLt1ll! tlfll-.ccllip.»e. 

16.:l ·n,c char:~eh:riMK:polynumia l is O = (J. - At )(). - J..2) = A2 - (J. • + 
A:r)A +A t Al= A2 - lr(A)} .. +da{A). Scc aiMl E.x. 3.3.9. 

3.6.4 lf Ua· = }.r wich 1•·12.thcn I = a·tr= ,.tutu•· = IA1 2•-ta- = i),p . 
3.li.7 

3.6.8 

3.6.9 

Fmm Ex. 3.<1.4 thc ci!,':cnvo.tlll\.-"!>. have IAI = 1. If U i~ 1-lcnniti<llt, tlacll 
J.. i~> n.:al. hence ±I. 

HIY = - yy!l giveN fol' the dctcrmimml!. (\el(y0ldcHJ') = (- D11 

dct()'!l) del()' ). Hence 11 is even. 

If A = ~A,j[X11 )(x,.Jf·lhen A[x111 ) = Amfx111 ). Noli! that A iii unique as 

it. c:.m be cOfl!oiln~etccl from its eigenvalues and eigcnveciOI'~ . 

3.6.14 (a) AA = ~ ( -~ ~~) AA = (~ ~) 

(h) A, = , ~.~, >= ~(n. , f, >= (~). 

(c) Az=2. ,., >= 7s(-~)·''2>= (n 
3.6.17 From AtJ1 = A;w obttin A"v1 = CA.-)" VI lOr· II = 0, I, 2. .... From 

B = cxp(A) = E:=-:1 A"/ 11! we llk!n ~-t Bv; = 'L:::.u A"IJ; /11! = 
E:,()fAj' jn!h11 = (c"i)VJ. 

CHAPTER4 

4.1. 1 -~here :~re ,~ •·eal mal•ix. clcme•_•l.~ minus'! m': (or ~olumnJ norm;.Ji~,:a­
hom; nunu~<: 11(11 - I) m1hogonahly (."OilstmUlts, I.C.,Ir-11-11(11 - 1 )/2 :::= 
11(11 - 1)/2 inllcpt;lldcnl parmnctcrs. 

4. 1.2 Thc•·c arc , l complex matrix clements comprising 2111 paramc­

lcrs. 11. nonnaliY:lliOIL", ~1(11.- I) ~rlhogon:1lity COI\."'r<tinls. ~llld one 
tk:l~ ·muu.t •tl = I conslr;unl, I.e .• 21r - 11 - 11(11 - I) - I = n- - I. 

} 

I 

} 
) 
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4. 1.3 

4. 1.4 

4.2. 1 

4.2.3 

4.2.4 

4.2.6 

ll"lk:Hq) = I = llcl(t'_! ). llll!ll t\:t{t' Jt'l) = tkl.(q)dct(e:!) = I, 
.uxl q ('.2 i.o.; :tlso a 2 x 2 m~trix with complex t:lcmcnts that has 
an inverse l'2 tl'j""

1
. hccatL"'! ('Jt.',2('2"

1t>j'" 1 = I wilh lk.."t(c:!1ej'"1) = 

d:l{l';!
1
)lk:t kj""

1
) = I . Noting th.'llt.wf1 = I implic.-. 1 = dct( l ) = 

da(c;)dcl(l'i ' ) = dct(c1-
1). 

'rhc [WlXklcl or R: (t,Oc )R(¥1:?) = R: (fPI + ~)- "fllis '-" Eq.. (4.2). 1hc 
inn..re of R:(f~) is R:(-fJ). It is not :m inv:~ri:.mt ~lilgi"O\IP, whk:h 1.:0111 
l"lcl.·h •• •t:kcd by R, (:rrj21R~(tp}R., (-:rr/2) ;1:- R~(tp'). 

. (' ()). .. . . . . (i) Smcc 0 - I IS lr..teCJt!."-" mw.l Hcrmrlmn. 11. 1s 01 gcnt.:rator ol 

SU(!). i.e. T1 . 0Jl\l off-(li:tgonnl PoM.1Ii nmtriJI iii ohtainct.l from 
diffcrenli:.tlingattp = Othc 2x 2rol:llionnlalrix R(tp) ofEq. (4.1) 

yiclc.ling t,2. T he commut:.llor I 1'2. TJ I gives the third one. 

Cii) The 3 x 3 nmtriccs A1 wilh T/,; = I, 2.:1 in lhc upper leH 2 x 2 
corner and .r.ci"Ot; dsewh~·c ~u-e tnk..clcs,~. Hermitian :md linca1·ly 
iJ1dcpendcnl.. l-Ienee they arc :l e,·I.!Jlt..'f"ulm-s of SU(3) em 1cspondiug 
lo lhc SU(2) suhgroup ofSU(3) Umrlenvc.o; the3-axis riJicd. Two 
more oil-diagonal ~l.!i an.: fount! by consick..,·ing rolations lhal 
k:ave the 2-axil; mx:h:mgcd. '11\\..>t;C h:tve 7em.~ in the middle row 
:uxl columnnnd the clcnll!t\1:~<: of t 1, tl in the corners. r~·divcly. 
Sec Eq. (4.61h). At,. J ill\! ctllmhuch..'tl similarty f rom rol.tliOilli 1hnt 
lc:w c the 1-axi'i undl.'lllgctl i.e. they hotvc ~.crus intbc 6.-,;t m w nnd 
column atMIIhc r1 .! ck:mcnls in the lower rit:flll 2 x 2 comer. The 
,;c1.:mkldiagonal generator At~ is(.-hoS...'Il with thclmit 2 x 2m.;hix 
in lhc upper )c(( COJ'Ill!f" so m; to be 01.1t'>itlc the SU(2) wbgmup 
!fi:tnnc<l hy the T;. For t r(J .. 11) = 0, its third t.li:.g,,u,'\1 clemcnc.m~1 
he -2 mMI zcnll>. clscwhcrc inlhc lhird 1-ow nnd column. Tile ../3 
llOI"IIktli:r.ulion follows from cnfoc'C.iug lr(A~) = 2 

(iii) The Casimir inv:1rinnt io; L
1 

AT. 
Sec Ex. 4.2 1 lOr the ••·;msformalions th:tl gcncrntc lhc lhn:c SU(2) 
!o;uhgroups <>fSU(J). They leave nxis I. 0 1 2 or J \lndmn.ged. i.e. :trc 3 x 3 
matrices with I lOr the diagonal (i.i) clci11Cilt, /Cro.~ in lhc ith row and 
collllnn dscwherc, and the clemcnl.~ of tile gcncmluuit:oy 2 x 2 m:tlrix. 
ofEq. (4.3H) in the remaining placet.:, wherui = I, 2, 3 iii lhe fixcd:~xis. 

exp(cu//t!;o;)lfr(x) = lfrlx +ll) = lfr(x) +alfr'(x) + · · · 
We apply the gcncr:tt.or J = I~+ 4a to :t two-component. wave function 

li1 = <lfrt· t-1-> in tcnm; of :m il~linircsim:tl l.:Oonlin.Jte romtion mKl ·' 
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con\:spOtK1ing rot;ttion Pl till! w:~vc fu nctionl.:omponcnc:-. yielding 

Vrl = 1J1 1(.t-l- y dfJ, -.x dH+ y) + ~a1 dl11/tt, 

Vri = 4 " l ¥'J.(/O-J-1j!l (x +ydB.-.xdH-1- y), 

where the tiklc dcnoc.a; tr:lt\.o;position, L acts on the spottial coordinates 
(the argument r of!J!) :md tl~ )l;ruli m:.1tricc." on the~~~ w:tvc function 
componcnL~ 1/lt · 

4.4.1 We apply J+ = ltt- + Jz-1 - to the slat!! l{hh).f M) u:-.ing the (J-t.) 
mattix. clement th:lt we knuw. This yields 

hiC.ilh)JM) = I(·' - M)(J -1- M -1- 1)11
/
2 

x L C()d'!.l, llqm-:.M -1- l)l.ilmdl hm2) 

x IIUt - mll U t +m t + 1)(1/l l}tmt + l)lj211tl) 

+ l(h-mi)(h +m:!+ ll i1121Jtmt)lhm'l+ 1)), 

from whidt we pn*ct with Jj,m, + l )lhm1) to get 

I{J - M)(J -1-M -1- l)I 111CUth l , 1111 -1- lm2M -1- I) 

= C(iJhl. m 1m1M) ICJt - mt)Ut -1- ,, -1- 1) 1112 

-1- C<.it.h-f,mt + l1112 - IM)I(h.- 1112-1- IJ(h +1112) 1112. 

~i~. ~:~~ ~~~~~:~~ l;~,~~~~~~~~::~~~-~)( ~::~~::ll~;l~~;.~~~:.!i~11. (~:il~ 
.T2 ---.. J(.f-1- I) = .it <it -1- I) + h C.h.+ 1)+ 2mtm2+A-t·h- + -ft - J '!.+ 
in conjm1ctiuu wid1 1hc squarc-rool m:.l1lix dl!mcnb; of Ji:l: yicllls :.tlhird 
rcclll">iont'clation. 

4.4.3 The direct product of SU(3)-IIavot· and SU(2}-spin is ohviou~ly cun­
tr~ inccl in SU(t'i). Sincl! thct<Jt.llly ,mtbymmctric YT = II, I, I. I, I. I I 
cont.tining ,, single column of six boxes it> I, the .mtiquark n.,)('-."Scnta­
tion ha s to COITCI>pond to the YT = 11. I, I, I, II cont:.t i11in~ five boxes 
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in a smglc column. Ttv..'ll 

·'rJI""' 
63 

withlh!!dimcnsionsD - 71/(6· 4·3·2) = 7-5 • ~S and l ,n.:spcctivcly. 
The 35 dimctlsi<m:tl SU(6) rcprcscnlalion cont.tins folll' SU(3) octet~;, 
i.e .. three spin- I uctcts :md o ne Sl)in-0 octt.'l, dlld :m SU(3) single\ of 
..;piu- 1. 

4.6.2 {c) The tmnsfmmallonJ"li'O)X."Itie!'. of r.ctu ;we in<lclcnuin,'llc. 

4.6.3 /-l()t.'~ = 0. 

4.7.5 (h) Trxc I =2. TmccA= -2 
TrnccB= ·r r.tecC=O 

4.7.6 (b) Tncc I = 2. Tmcc B = - 2 
Tr:accA = TrnccC= O 

(~ 
0 0 

n 4.7. 15 (0) 
0 0 

(b) even 
0 I 
I 0 

4.7.21 Chi 4S dements. 
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5.2.5 ConvcrgemiOra , - h , > I.Divci'£CilllbrtiJ -hl :5 I. 

5.2.6 (a) Dwcr£cnl, comp:uison with h:tnnonic series. 

(h) Divergent, by Cauchy ralio l!.!sl. 

(c) Convergcnl, comp;.nison wilh l;(p), I < p < 2 



26 

5.2.7 

5.2. 11 

ANSWERS 10 MISCELLANEOUS PFICeLEMS 

(dl Divo.:rgcnL. t::OIUp;!l'iMlll witl l (II + n- •. 
{c) OiVetgL-nl, CO!tlparisoo with ~(, + o-• orhy M.d:turin intcy31 

lcst. 

(a) 

(b) 

(c) 

(d) 

(c) 

(b) 

Cnnvcrgcnl. comparh.on with ("(2). 

Divergent, by M:.dmuin il'llcg~od to.t. 

Convergent, by Cauclly rat io l!.!st. 

Divergent. by cxmninmion uf p:ut i:1l sums. 

Oivcrscnl, cotnparison with ll(11 ln 11). 

lf)j' 

With 6 In 10 = 13.8 15, 13.8 15 < :~:::n-• < 14.8 15. 

5.2.1 4 Divcr~ct)(, by G:llls.'!' tc.~L 

5 N I 
5

'
220 

({
2

) = 4 + 2 ,~ 11 2 (11 -1- J)(n+2)' 

5.3.1 (a) Convergent, tb) Divcrgcm 

5.4.2 a,= 3,tl2 = 3,t1J = I. 

5.5.3 (a) Convcrgcm ror I < X < oo. 

(b) Uniformly oonvcrtcnt for I < s ~ x < oo. 

I X X) ~~5 

5.6.2 cotx=; - 3 - 45 -
945

- ·· , -n<x<JT. 

5.6..5 (b) lx- .l"IJI < xo. 

5.6.7 V21l' lo u.o = ~I ll'- tl' (O,O, O)I. 
a-

5.6.1 2 (a) . I , .... ·I l' =V J ±--1----;;-1- · 
c: c:-

(b) tl=t~ jl ±~ } -

(c) ' { \) 1 11
2 

l.l =II I ±-+---:;- +· 
c 2c-- I 
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5.6.13 (a) 7=li-1- lf2li 2
. 

.5.(1. 14 

.5.6. 15 

5.tl.l6 

5.6.18 

5.6.23 

5.7. 1 

'5.7.7 

5.7.11 

(h) 7-=!J-.1/2<~'1-1-

{d ~=li - I /'2·S2 + ··· 

'[ ,,, ,' (" J) E = 11H: 1--.,-- --- -1-
2Jr- 2114 lkl 4 

The two St.Yit.-s h;wc diiTcn..·ut , nonovail.tptlinJ; t."t>nVCI"gatt.:c intervals. 

,,2 (iJ"lfr iJ"l/1 il41fr) 
Erro•· ,.._, 12 iJx4 + iJ v4 + ilz4 . 

P(.\' ) = c { ~- ~+· · - } -
<b> Convergent lOr 0 ::S: x < 00. The llf'IX:I" Iimil x docs 1101 h:tvc to 

be ll lll:t ll. hut unlcs ... it is small the t."UflVCigcn cc will he slow and 

the cXI);ausion relatively t~ scl r.:..~. 

~; inh- 1 x=x- .!.. ~+~~- · · ,- 1 ~x_::s: I. 
23 2 ·45 

5.8. 1 dx = e~ ccmH diJ, dy = -ll~in fJ tltl,dr2 = dx2 + dy2, dr = t!Hx 
(a2cos2 f1 -1- J,2sin2 r1)1P·. Hem:~: the :.trc is .h~12 (tt2 cos2H + 

Ji2 ~;i 112 fi) 112J IJ = 11 J:r- J I - m !.in2o tlfl t~singcoslH = l-sin2 1:J. 

5.9.14 (a) - I < x < I. 

(h) Thl! infinite scrics will converge ror -2 < x < 2 hut the l~o:rms 
sin Jtx ,ln(l + x),,uxlln(l - x)~ ill limitx lo- 1 < X< I. T he 
::Kh•aut:t£;C or Uli!i cxpr~~ over I he pn."'Ct."tling one lie.<> in the 
!".aster COIIVC1"£:1!1lCC o [ the i11 linitc S\!liCS. 

5.102 (a) C(x)= ~ +S, cos ( rr;
2

) -S!.sin (";
2

) . 

(b) S(x) = 4 +S, sinC"r~
2

) +s'1cos (1l';
2

) 
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wilh 

SJ = ....!._ f:f- J)"+II- 3-5 ··(411+ I) 
rr,;, .,...u (n.r:!f:l11+1 

~ = ~ E(- I)"+' • -J -5 -- (4, - 1) 
..... ,;;;;(

1 
(1u 2 )2. 

Hirli:C(x)+iS(x)=C(oo)+ iS(oo)- [ CllJlli rrn2fl ld11. 

5. 10.6 No, 1/ (1 -1- x) = x-1(1 -1- l jx)-1 = L (- 1)"/.\' 11+1 convcJ-gcs 
11=11 

nbsnlutelyfm x> l ~mdx <- 1 . 

5. 11.4 I. 

5. 11 .5 n II - 2/ltt(ll -1- I )I} = n (I- 1)/1111 -r lf(n -1- I )) 
,.,z 11 =2 

00 tl- I 11 -1-2 2 00 n - I 11 I 
= ,D2 --;;- · ;:j:) = 2 - 3 .D2 ~ -;=--~ = 3 

upo11 shifling 11 in the second pmdt.K..1t.lown '" n - 2 mKI concctiog 
fo r the 1wo lin.t terms 

5 . .. . 6 11 o- •; .. 'l ~ 11 (I - .; .. H• + ./ .. ) co n-1 tJ-1- 1 n-·-,..,z nza ,=2 ,, n 

I N n- 1 n I 
""' 2 ,[1;: -,-- ;;--=! = 2 

;tftcrsbirti~tg n inthCI«!CCOlll )'ll\lJuct ICnllt.lmvn 1011 - I mlll C(lll\:clmg 

(Q( 1hc firstmi~ng tcnn. 

CHAPTEA6 

6. 1. 1 

6. 1.5 

6. 1.7 

(x -1-iy)-l = x2;_y2-ix2~-y2' 
;l(l=Jnl4,<1-i1nf4. 

N-1 J _ eiN1 JN.I'/'2. c/Nx/2 _ e-iN.,j2 

.~. cJ·'')'' = I - el-l = ('f.l/2 eixf2- e h/2 = e/(N- IJ.I'/
2 

:; in(N.cf2)/~in( . .;/2). Now cnke r!!al o.md im;~i n<l ry pmt s to get the 
t csull. 

-

GHAPTER6 

6. 1.1 5 (a) z= rm,n=0.±1,±2. 

(b) z = (n + l /2)n. 

(c) z= wni. 

(d) z = (tl + l/2)Tri . 

29 

(1.1.18 k -+ <Jilcnu.1tion (k > 0). Thcdh.1llllCC for the amplitude to fa ll hy a 
fl'ILiur or{';,., cjkw. 

6. 1.19 SinccL! = L,., L!=L1. (L.1-+ iL,,)t= L.1-- iLy. 

6. 1.22 smh z=-isiniz=.t n ( I + ;
2

z ) · 

cosh::: = cosiz = n 1(1~ 1

+ ~~;.2 .... ) . 
11= ! (2n- )-1!'-

6.25 (a) v(x.y ) =3x2y-y3, w(.t) =t). 

(b) 11(X,)')=e-·YC01<U, m(z)=fiz. 

6.4.4 0. 

(l_'i.8 tL1 = I, tin= -1/2, t11 = IJ I2. 

6.5.10 

li.6.1 

6.6.2 

t'i.6.3 

fa) 

(b) 

Cnl 

(b) 

(a) 

(:l) 

/(zl = f: (- IY" ... 1fz- ll" . 0< 1::- 11 < 1. 

·~ · 
fC•l ~ E t- ll"C• -W". 1•- 11 > I. 

n=-2 

El lipses. scmim:,joraxis (u) = r + r- 1• 

scmimiJIOI· axis (v) = ,. - r - 1. 

Ellipse~. scmim3jor axis (II) = r +r- 1, 
scmiminor axis (u) = r - ,.-1 . 

X > 0. (h) )' > 0. 

x = q -;.. llypcrbo ln 
y = c2 -> cllip!-tc, scmimajor axis aloug 11-oxis. 

(b) x = q -+ hypc•bola 
y = '-'2-+ ellipse, :~emiumjor :uds :dung ll·lLXIs. 



30 ANSWERS TO MISCELLANEOUS PROBLEMS 

(c) x = c 1 -+ cllipsc. ,;cmim:.ajor axis :.tlong v-axis 
y = c2 -+ hypcrh~:llu. 

(d) .x = q - cllip.~c. scwint<ljor axil; i!long ,,..:.IXis 
y = Cl -+ hypt:~hola. 

6.7.2 (a) <:=e'", w ='l/r-1- i!p,and p=r'it . 

{b) i:= tiCOsh lll, tJI= ll -1-iV. 

(c) z=-(if 2)w2, ul =t-1- irj . 

(d) z"'= tiCOih(W/ 2), tii= JJ -1-i/;. 

The com picK conjugate rcpn::~cnts a simple adlct.1 ion of the v-axis :anll 
docs llllfllpsc.l lhc unglc-prcscrving pmpcaty of the tnmsform:.tion. 

6.7 .3 The coordinate lines in thc ;;:-plmlc tr:msform intucird cs in the w-p lanc . 
This is a fonn of hipol:1 .. coonlinatt.~. 

CHAPTER 7 

7 .1.2 f2 lZ) = j~ (Zo)(Z - <:o) -1- • illljllics th."\1 .f'L(::.)/}2(Z) = 

7.2 1 

ft (zl/J~(zo)(z-zo)- 1 +· · · = Ji(zo)/j~(<.oH<:-ztJ)- 1 + · · , wh..,,.c 
the clliJ~S :.1.ukl flll' !U':>tl iC n.-gull.tr hmct~l :.tl :tJ. 

(a) "' =±iu, sinl(llcp~ 
I 

"- • =±~-
(b) "' =±ill, sccoJv.l-or<lcr p~es 

I 
(/_, =±- . 

4 i ll i 

(c) <:o = ±itl , S(.'t:C'>Od· OI'd!!l" po)!!!; 
I 

" - J=±- . 
4ai 

(d) Zil = ±ia, ~; j,nplc poles 
sinh(l/tl) 

" - I = - - 2<-,-. 

(c) t o = ± i(l, simple poles 

"-1 = l f 2e*1
' . 

(I) :i:(l = ±ai. ,;imp(c poles 

" - • = - i j2(·'fl1. 

CHAPTER S 

(g) r.n = ±11. snnplc poles 

" - •=±-i;,_,.;!:ill. 

(h) zt~ = - I . simple pole 
LI- J=f!-ilm ror ::=ein. 
~ = 0 i,.; n lnnch (Klint . 

31 

7.2.9 - I < t < I . so llut lhc dcnmni nalnr of lhc i nlct;l~nl(] will noe go to 
U: I'O. Cr. Eq. 13.64 for :Ill :I IIL'nlah! :tppi'O<tcll . 

1.4.4 
,.. 

J,, (x) ....., .J2iiX' 

CHAPTERS 

8.2.1 (::t) / (f) = loe-tfRC 

(b) / (U) = IU- 4 .unpcres. AI tunc t = IUO seconds the current is 
/ (O}cxp(- 0.01) = 0.9'-)005 1(0) = 99.005 micro:tmlx:l'l!s. 

s.22 n,, = c;..Ji!+l. 

8.25 v1- 11
- .,~ -'' = lJI - 1 )~1. 11 'I I. 

8.2.1 2 v (t) = T,(l - e-1
"'"' ). 

8.2. 13 N-. tt) = ).• No (e-).•1 - c- J.!1). 
- ).2- J,I 

8.2 14 r(l) = 1"nCI -at). 

8.3.7 .. Neglect end cfiCcts" is a physieal basis lOr cxchl~l ing ~ dqx:rw..\ence. 

8.5.7 l...t,'( , be " nonncg:~livc illll.!t;CI'. cr. Eq. 13.24. 

8.5.8 Tile infinite :;;c,iesdol'.'>COilVCI',gl.! ror X= ± I. Hence Jhi :;; impose:;; no 
I'Chlliclion 011 11. Cl'. Ex.. 5.2. 16. II' WI.! dem:mll ll polynominl solution 
then n must be .1 n011neg:~tiw integc1~ Cl: Gq. 13.8:t 

85.9 For k = I, lake 1110 he 01 positive odd inll!gCI: cr. Gq. 13Jm. l·lere 
tl(}= ( - 1)1'1- l)/2(1' -1- 1) . 

8.5.10 C[ Eq. 13.93. Convergence givl.!n in Ex.. 5.2.9. 



32 ANSWERS TO MISCELlANEOUS PROBLEMS 

8.5. 11 a. Gq. I :l. l l2. ConVCI"J:lCill fol' all fini te X pnw idcd the series exist.~ 
(c ¢. -ll.ancg.ttivcintcgcr, in &1- 13. 113.2-c: of -11 i11 Eq. 13. 11 2). 

8.6. 1'Y Yz(X) = J' £~ = hu: + ~ ~-
~ L" ."' 

·~ · 
co.~ kl •·• - r~l 

8'7'4 ~"' C(l'J, r :1:) = 4n-l r1 - rzl· 
k 

(b) C(r, , rz) =-4rrno(klr• - 1'21). 

lj oo I t/21 (21- 1)!! 
8.7.8 !p (I'J)=~E{- 1) ,21-l-1 (21)11 P:J.J(Cru.O). 

1!'€(1/d) ,, .. 

CHAPTEA9 

9. 1.5 (u) X = ±I. rcgular singul:tr points. 

9.2J (b) .!!....(c• -.r2
)
1n. JV,,] + n(n+ 2)( J - 2 ')'' 2v,I =O. 

dx J:c 
Tit~: nc~uy holuktary f.:untlitiuns .m:= out '•<lltslicd. 

9.26 By iotcC~":Uing hy parls I~ liN tcnn of J!.',,1, fk p(xl;k1tnd·' + 
'-,. J!: llnr m(., )1t,1 tl.J. = 0, we ohtain 

Um/)(.l.)~u,l/t - rll;,[l (.\)11~tlx -1- A, [btf111 111(X)It11 dx = U. 
cl>. ,1 } ,. , 

The li tl>l tcnn is zcm hec:tusc of the hound:try condiliOO, whi le 

dlC thinllCilU .r.:' /1 111 UJ{.1")11 11 tf.A = ~11111 by 011hogOil:llity. I·Jcr\CI! lhC 

011hogonulity rdntion ,!;!' ll;11 p(.x)u:, d.x = A,/i11111 • 

9.2.9 (,1) Muhiplyby( l -.x2)ct- lf'l. 

9.3.9 ~: ~c:e_~~-+ oc-~ 
~;"! = ../ll(3t.·-:x - 12e- 21 + l{k-3~) . 

·ntc Sturm- Liouville theory docs not gmmmlcc o• lhi.•gon:llily bcc:lt.I£C 
the n.:<]trircd boundary condition nt x = 0 i.s 1UJ/ satb;l il,.'(l. 

cHAPTER 10 

c.J_'i.2 (a) 

rn_<e,,(l-1). 
/ ~.1" !:, 1. 

(1 !:, ..\ ,:::: t. 

l
l (!.t!' - ·. 

(b) G(.A,I)= lp.....t!-x, 
-00 <.t. < t , 

f <X<OO. 

9 S R With ~ = x d
2
., +.!!.... - .!. , l.k,otr)y(.x) = k2.xy(x)J. 

· · dx- tl:c x 

{
~(l -r2) , x < t . 

G(x, t) = t , 
-(1 -.x-). I < X. 
2x 

The intcg•al elJuation is y(.r) = k2 .fc: G(x. t)y(t) tt.lt, 

y (x) = .11(k.x) with J,(k) = 0. 

CHAPTER 10 

lll.l.2 
211 (,\ + 11)!(11 +2.r) !(2 ... + I)! 

2t.o. t\!ll!( 2.~ + 211 + 1)1 

10.2.5 In(:::!) = - y:::+ f: ~ ~- In {1 + ~)} 
11=1 II 

Expand In (I+;) hy Ex. 5.4.1 

33 

o:sx < f, 

t < X :5 1. 

10.2. 12 2 ! 1 + (y - i)a2Z1 + ··· + (r; - ~ +~ + ~)a4Z4 + ···}. 
lt1.2 .13 ( 1-y)h+ l/3(({3)- l)h1 +·" 

10.2.1 9 (a) I. (h) 0.75. 
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10.3.2 8.1 x Hf7. 

10.3.7 Divcrgelll by G:l\lss' test. 

GIAPTER 11 

11.1.14 ·n~sc.trc;~cLu:~ llyEqs. 11. 115and 11.11 6. 
C,(x) = J,(x) = ;-"J11 (ix) . 

11.1.2 1 ((t2 +b2) - lf2. 

11.1.23 (a) lbc fi•"St lwo ;.cro.<> of J 1{.t) .ltl! .x = :unn and 7.(1156, 
T.,hlcii.L 

(h) l - (Jo(3.83 l7) 12 = 0.838. 

I 1.3.8 (:~.) TM01 mode 

E:. =urJfl (~)cxrfi (wt- 27rt/l.~) l 

E,. = - • (.':c) (,?-) .. ,.'!.,Ju ( '"'") "'l~;(w• - 2nz/l.,ll 
AI! _;r tll A,. 

(h) l'Eoi llk.UC 

EQ = i JJ.{)W (~) 
2 

ill fhJo (~r) cxpJi(wt- 2m:/A,() I. 

11 .3.9 TM mode: A,. = 2.6 128 1~1 . 1.6398 I~], I .2234 ra, 
TE ll\(ldc: A,. = 3.4126 ro. 2.0572 ro, 1.63lJI:I tt1 (mdius rn). 

l Ui. I In Lhc limit as l - oo, tlus in lcgr::~l repro;cnl."tLion -+ 0. 

11.6.5 i [, (Z..+ l)'] 
(b) il,+ l = - - ,, II----,- t /11 • 

2(,+ 2-

CHAPTER12 

CHAPTER 12 

12. 1.1 

12. 1.2 !p{ r. IJ) - l2t/ (~)1 

/>.!{001' 0 ). r > a. 
41T.tl)l' ,. 

~"" = (~ 
l /3 7f35 33/23)) 

12.2. 1 
2/3 2IJj35 11 0/23 1 

0 8/JS 72/23 1 
() () 0 16/2..1 1 

B""" = (~ 
- 1/2 3/8 -5f l6 ) 

Jf2 - 30/8 )05f l6 
0 35/8 - 3l5f l6 

() 0 2J if l6 

(' 3f5 Tlf61 141/42'1 ) 

" 2/5 W/63 1&2/429 
A.>tkl = g 0 8f63 88/4-'><l 

0 0 )6/429 

~= (i; 
- 3/2 )5/8 - 35f l6 ) 

5/2 - 70/8 3l5f l6 
0 03/8 - 693f 16 . 

u 0 0 424.Jf l6 

12.2.3 (b) {1 2.25),_ 11+1 +x · (1 2.24) -+ (12.27). 

12.2.4 fjl(ll = 4&r\; P!(C~fl) + · 
4 11'£t)l"4 . 

12.2.9 ~(cosH)= {3J4 )cos2H + 1/4. 

0<:1 411+ 1 (2n- 1)!! 
12.3.2 8{x) = 1~1 (- 1)11~ ( 2r1)!! P~~ (_r), 

12.3.9 (h) Coo\'CI~"111 hy Gau~· lc:;t. 

- 1 ::; x ::; l. 

12.3. 15 1/r(r, fl ) = -q-f:c-1) .. !2
\)! .. (~:.} 2.< P.2,.(cosfJ). 

4.;r £ ()(/ .,=U 2-~ ( ~!)- {/ 

35 
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12.3. 16 

ANSWERS TO MISCELLANEOUS PROBLEMS 

q ~ ~ (2\' -1- I )!! ("):!.• E,.(r, H)= -
4 

., L..., (-1) --- - P2,.(co.~O). 
1!Bor- s~l (2.\)!! r 

q 
00 

(2s- 1)1! (")2'· ti 
ErJ (r,fl)=-

4 
., 2:<- lf---- :-;inH-P~,.(cost!l . 

moor- s=tl (2s)!! r ti -
(cos fJ )r > tl 

Noll!: The llcliv:~tivc ol P:?._,.(cos(i) !calls to <t<;<>ociatcd Legenllre 
functions, Section 12.5. 

12.4.12 Thiscommll")(ccps the limclion (f::l - 1) 1'+' /(f -;::)1'-1-2 (cl: E(J. 12.70) 
single valued. 

4 
12.5.10 3o,_,_ 

12.5.13 (a) 

12.5.15 {:t) 

00 ,.211 

8,.(1; H)= ,?;,d2,+1(2n -1- 1)(211 -1- 2) "2fH- I P111-r1CcosH). 

00 ,.'11• 
B,J(r, 0} = - 1~1 d::,1+ 1 (211 -1- 2) u2n+l Pi,,.J-1 (cosO) 

withd2u+l = (-1 )'1 /.t() / (2!1 - l)!!_ 
2 (211 -l-2)!! 

B~ = 2(3f.L()Wml4 ; r.l, whew w is angular vducity, a is the 
:->mf:~ec ch.u-ge c.lcn\ity •• md a is the radius of the sphcrt!. 

(b) Alfl(r,f.l) = I/3/J.!JWrr~P11 (cos(J) r· ,, 
Br(l", f-!) = 2/31J.owa;rPJ (cosfJ) 

"' B11(1".fi) = I/31J.owa;rPi(cosO). 

... 
CHAPTER 12 

v• ffsn ~ = i =--<r .. -1 -1- FJ> ,._ 15 - -

701 ° 8
6" 

. 
109.9° 

149.4° 

ZOIIUI IJIII'11JOilic~ 

@7 8" 

-
~=-18!1' 10= 0° 

112.2° 

IC~'il!flll burmonic~ 

~cctoml hw·mn11ics 

37 
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CHAPTER 13 

13.3. 1 x,l (x) = T,l(x). 

13.3.5 W(U,, W11 J =(II+ 1)/(1 - x2)lf2. 

13.4.1 (b) 2F1(- I, h, -2; x) = I -1- l j2b.t. 

13.4.2 L'-""tcndn.:, Eq .. I 2.17 
01ebyshcv I, Eq. I :t69 
O~ebysJJCv II, Eq. 13.70 

13.5. 14 lfnlsOor;~ n..:g:Uivci•llL<gcr, Mtkk!.~ notcxir.~; W(M, U)-+ 0. 

CHAPTER 14 

14.3.5 
2:ro 

ao= -;-· 
2 sintiX!I 

till=-·--. 

" h,, =0, II ~ I. 

~~ ~ · 

14.3.6 '1/t(r.q;> = ~ f:(Cfm+l~;inC2m+ l >¥>_ 
1T md l tl 2m+ I 

14.3.7 Ca} f/t(r.w) = - E11r (•- ~)t:o:.rp. 
(b) cr = 2enEoco.~rp. 

14.:\.10 •HX) =.!... -1- ..!_ f: COS IIX, 

2n 1r n::.l 

CHAPTSR 15 

1 4.~. 1 4 
-2 I 

tin = -;-·~· 

(- I)'J+ I 
IJ11 =-.,-. n ~ l . 

fl~ I 

14.4.5 (a.) 1111 (x) = ..;..-- -1-~ f sinvu/
2

n) cOJ>mx.Sce 1.15. 18 . 
..... -r 1r Ill 

11/:=: l 

CHAPTER1 5 

15.3.3- (a) x.(w)=H·si:(r). 

{'ilw 
15.3.5 g(w) = y ;~I I - cos(w/a)l. 

15.3.17 g(k} = {2 . ~-vn a- +k-

15.3.21 (b) f oe cos<l>dy = r"' sin(v2)cfv = .!~ . lo ]11 22 

Q e-tr 
IS.4.4 fP(r) = D . 4nr · 

., 

IS.6.2 ~(p) = ~h8(p- 1/), thttt io;.. I'= p', sharp tk.1crminac.ion or 
momentum. 

15.9.4 (:1) N2(t} = lltJ()"INifl l -c~pt-{J..:!-t-11 11f12 )1 ( , 
A2+m1rr2 

(h) N2(1 ycnr) = 1.2 x 1015 n101u.~ or Eul'i4_ 
Ni (I) ~ Nw. 

15.9.5 (a) Nx(t)= J..mv;arNu 

x [(>.;-Ax- v;ax) +(Ax+ f(l(!x)cxpi -A;rj 
- >.; CKil(-(J..x + rprrx )t II/ 

(Ar <Ax + o/)ax)P•r- Ax- o/'"x)l 

[
I -expf-(Ax+VJ11x)t f] 

+ YXfPCIJNu Ax -t-~ax . 

(b) Nx(oo) = (y{"'l- Yx)VJarNu . 
J.x+VXTx 
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(c) Nx(t) = Nx(O}c- A..:r -1- N1(0) AI~ Ax (e -Axt - e- Nt) 

dNx(t)l 
----;;(t-O ~ w;xrrNu, .fo,. ~»Ax/ax. 

15.10.1 (b} X(t} = Xue-Cbt::'Jn)llcoshat-1-~sinhml. 
2m a 

'> h2 k 
rr= 4m2--;;;· 

15. 10.2 (c) X(t) = ~e-(l>/:2m)r si11hat, 

15.10.3 X(t) =~I- 111 :-~ [ I _ e-(1>/mlr ] 
IJ b-

'':;1) = ~II - e-Cb/m)t 1-

15.10.4 E(t) =- :.~~e-t/2/eC sincv1t, al=_!_ __ l_ 
1 LC (2RCf!" 

This solution is hm.;cd oolite initial condilio,ls £(0) = 0 (because 
the idcali.1.cd iJ1duct:mcc L would have .1..cro DC impc<lmu.:c) l.tnll 

1,.(0) = lu. limilctl by a a·csi:-.t,mcc in llcrics with the IMttcry or 
by lhc iutcmal rcsist:mcc or the b:1ttcry. Finally, 1<) be co,lsistc•lt, 

tJo=O. 

15.11.3 
COS ill- COS /)l 
~-

15.12.4 F(tJ = coshkt. 

15.12. 10 F(t) =_!_/sin lit. 
2a 

CHAPTER 16 

16.1.4 ll't11 = 0, ahcdif!Cn~nual equation willl:l\!sclf-a{Uoun and K(X,I) 

will be :-..ymmetric. Cl: Section 16.4. 

16.1.6 ~(.t} = sinhx. 

16.2.6 ~(f)= ~(f). 

cHAPTER 17 41 

16.2.11 X(~2) = _{~00 e-ili•I<~ X(i; 1 )dl;, _ Xfi;1l i:;; an orthogonalizctl 
Hermite polynomiill 

16.3.1 (b) ~(x) = sinx. 

(c) ~(X}= sinhx. 

163.3 A1=i,.J3f2, ~1 (x)= l - i../3.~: . 

Az = -i,.J3f2. q;tz(x) = I+ i../3.-r 

16.3.5 A1 = -3 f4 , }'l(x) =X= P1(x). 

- 15 +9,/5 4 
J..2 = --

8
--. Y2(X) = Pn(x) + 3J..2P2(X). 

- 15 -9,/5 4 
J..~ = --

8
--. _\I~(X) = fh(x) + JJ..1Pl(X). 

16.3.7 '1/r(x) = -2. 

16.3.11 At = 0.7889, 
)..2 = 15.21. 

o .• = R- ../52. 

~~ = I + U.5352.x, 
q;tz = I - 1.8685 x 

'"2 = 8+../52}. 
16.3.12 A1 = 0.788lJ, 

Az= 15.21. 
~~ (x) = I + 0.5352x. 

fP2{X) = I- 1.86H5x. 

16.4.2 ~(X)= lf2(3.r +I). 

16.4.3 }q=~. ~t(-t)=~x-"+~x''- 1 , 
Az = -~. q;tz(x) = .J(tl=-l)Tx-"- ~x''-1 • 

0 < £1 < I. 

16.4.4 (a} y(.x) = x f (~)'. 
,,·=()-

(b) Convcrgcnt for IAI < 3. Eq. 16.64 guarantees convcrgcncc for 

1>-1 < I. 

(c) A=3, y(x)=x. 

CHAPTER 17 

17.1 .4 (b) 1 depend!. only on tile endpoints and is independent of tile 
choice of path. 
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17.2. 1 Eq. 17 .34, y = l ,x = xn, £.":! = 0, and Eq. 17.43 scle<Jl!o1lto 2rr. 

1
..1'0 = 0 .527 (f.)1 

C l = 0.825 5 17. 

17.3.3 (3) 111T -mril2 - mr sin2 fl.f= 0 

(b) mriJ +2miH-mr sinHc...-ooH,P2 = 0 

(c) mrsin H~ + 2l11i·Mn H,P + 21nr rxmt1H¢ = 0 
The Second and Lhird terms of (a) ct>t n:.<!potKI to <.."(.1'llril'u!:lal 
forro. The !>l.'cond .uu.l third lt:tlllS of (c) nmy he intL:rpn:.tcd 
as Cnl"inlis fon.cs (with 1jJ the angular velocity oflhe rot:llil ll!. 
coon:l iamtc sy~;tcm). 

17.3.4 /# -/ sinfJcos Hq} +gsinN =O 

~(mJZ sin2 H(iJ) = 0 (conscrvatiOil of ungular momentum.) 

17.6.2 ~ = ~-
17.6.3 Vol. = 432 in3. 

17.6.5 p = (J , (p + cJ)oaun =4J. 

17.7.2 (c) w lt) =Ang. M:uu.fm (po- kt)J. 

CHAPTER 16 

18.2.2 S...'\. 1'1tt' Ntllmt.• rif Choa\ (f. Mullin, Ed.). Fig. 5.6. p tU7 
(rcli!n:nccd in lbotnote 2, p. 1063 oflhc text). 

18.3. 1 Sec Cht1otit Dwamic.\~ Anlutmdl.lctit,, by G. L. Bake•· and J.P. 
GoJiuh. Fig. 4.9. p. 86 (li!!ted in Atklitional Rcadiuss on p. IOS2 o l' 
thclcxl). 
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