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$0. Sesavali albaTobaSi

adamianis yoveldRiur cxovrebaSi sityva “albaToba” xSirad gamo-
iyeneba ama Tu im xdomilebis moxdenis an ar moxdenis damajereblobis
xarisxis cvlilebis gamosaxatavad, rac garkveuli azriT dakavSirebu-
lia Cvens subieqtur survilebTan. aseTia magaliTad, Semdegi Sinaarsis
mtkicebulebi: “xval albaT gamoidarebs”, “Tvis bolosaTvis lari alb-
aT gamyardeba”, “or weliwadSi saqarTvelo albaT natos wevri gaxdeba”
da a. S. im xdomilebebs Soris, romelTac Cven vaxasiaTebT rogorc nak-
lebad albaTuri, an rogorc sakmarisad albaTuri, an rogorc Zalian
albaTuri, SeiZleba ganvasxvavoT sami kategoria: isini, romlebic Seexe-
ba Cvens sakuTar qcevas; isini, romlebic Seexeba sxva adamianebis qcevas,
da isini, romlebic Seexeba bunebis movlenebs. amasTanave, am sam katego-
rias Soris sxvaoba zogjer ganusazRvrelia.

roca me vambob: “savsebiT albaTuria, rom me xval diliT gaval
saxlidan”, me zogad formaSi vajameb mTel rig metad Tu naklebad
rTul msjelobebs, romelTagan nawili Seexeba sxvadasxva adamianis
qcevas, xolo danarCeni – bunebis movlenebs. magaliTad, me gadavwyvite
gavide saxlidan, Tu ki is Cemi megobari, romelmac me gamafrTxila, rom
SesaZloa movides Cems sanaxavad, ar mova CemTan; an me gadavwyvite gavi-
de saxlidan, Tu ki ar mova Tovli (im SemTxvevaSi, roca dekemberia), --
an Tu ar iqneba setyva (im SemTxvevaSi, roca ivlisia). rogorc erT, ise
meore SemTxvevaSi Cemi saxlidan gasvlis albaToba damokidebulia im
albatobaze, romelsac me mivawer meore piris qcevas an ama Tu im mete-
orologiur movlenas. garda amisa, gasaTvaliswinebelia is albaTobac,
rasac kargi janmrTelobis mqone adamianebi ugulebelyofen, rodesac
isini gegmaven raime moklevadian qmedebas: me ver SevZleb saxlidan
gavide, Tu me Zalian avad gavxdebi, da miT umetes, Tu movkvdebi.

maTematikaSi ki sityva “albaToba” gamoiyeneba mkacrad gansazRru-
li azriT, romelsac aranairi kavSiri ara aqvs damajereblobasTan, da
miT umetes subieqtur survilebTan. albaTobis Teoria warmoadgens mec-
nierebas SemTxveviTobis Sesaxeb. misi saSualebiT aRiwereba samyaros
mravali movlena da situacia. jer kidev Soreul warsulSi pirvelyof-
ili tomis beladma icoda, rom 10 monadires gacilebiT meti “albaTob-
iT” SeuZlia isari moartyas irems, vidre erT monadires. amitomac, isini
koleqtiurad nadirobdnen. araswori iqneboda gvefiqra, rom morigi omi-
saTvis mzadebis procesSi, aleqsandre makedoneli an sxva romelime gam-
oCenili mxedarTmTavari mxolod meomarTa mamacobaze da sabrZolo xe-
lovnebaze amyarebda imeds. eWvgareSea, rom dakvirvebebisa da samxedro
xelmZRvanelobis gamocdilebis safuZvelze maT SeeZloT rogoRac See-
fasebinaT TavianTi gamarjvebis an damarcxebis “albaToba”, icodnen ro-
dis unda Cabmuliyvnen omSi da rodis unda aeridebinaT misTvis Tavi.
cxadia, rom isini ar iyvnen SemTxveviTobis monebi, magram imavdroulad
Zalian Sors idgnen albaTobis Teoriisagan.
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mogvianebiT, gamocdilebis dagrovebasTan erTad, adamianma sul
ufro xSirad daiwyo SemTxveviTi movlenebis – dakvirvebebisa da cdeb-
is (eqsperimentebis) dagegmva, maTi Sedegebis klasificireba, rogorc Se-
uZlebeli, SesaZlebeli da aucilebeli Sedegebi. adamianma SeamCnia, rom
SemTxveviTobebs arc Tu ise iSviaTad safuZvlad udevs (warmarTavs) ob-
ieqturi kanonzomierebebi. ganvixiloT umartivesi cda – monetis agdeba.
gerbis an safasuris mosvla, cxadia SemTxveviTi movlenaa. magram monet-
is mravaljeradi agdebisas SesaZlebelia SevamCnioT, rom gerbis mosv-
la xdeba daaxloebiT cdaTa ricxvis naxevarjer (me-18 saukuneSi bunebi-
smetyvelma biufonma moneta aagdo 4040-jer, saidanac gerbi movida 2048-
jer; me-20 saukunis dasawyisSi maTematikosma pirsonma moneta aagdo
24000-jer da gerbi movida 12012-jer). masasadame, miuxedavad imisa, rom
monetis calkeuli agdebis Sedegi SemTxveviTi xdomilebaa, monetis mra-
valjeradi agdebis Sedegebi obieqtur kanons emorCileba.

ganvixiloT meore magaliTi – eqsperimenti e. w. galtonis dafiT.
gvaqvs vertikalur dafaze samkuTxedis formiT damagrebuli rgolebi,
ise rom wveroSi erTi rgolia, meore striqonSi winasgan Tanabr manZil-
ebze ori rgoli, mesame striqonSi zeda ori rgolidan Tanabar manZile-
bze sami rgoli da a.S. pirveli rgolis Tavze dgas rezervuari, saidan-
ac vardebian burTulebi qveviT da grovdebian rgolebis boloSi moTa-
vsebul marTkuTxedebSi. TiToeul burTulas morig rgolze dacemisas
SeuZlia SemTxveviT gadavardes marjvniv an marcxniv da aRmoCndes bol-
oSi ganTavsebul nebismier marTkuTxedSi. aRmoCnda, rom eqsperimentidan
eqsperimentamde meordeba burTulebis simetriuli ganlageba marTkuTxe-
dbSi, romlis drosac centralur marTkuTxedebSi burTulebi bevria,
xolo ganapira marTkuTxedebSi – cota. es damajereblad miuTiTebs bu-
rTulebis ganawilebis obieqturi kanonis arsebobis Sesaxeb. roca bur-
Tulebi bevria, maSin amboben, rom isini ganawilebulia normaluri kan-
onis mixedviT.

amrigad, SeiZleba iTqvas, rom SemTxveviToba SeiZleba emorCileb-
odes SedarebiT martiv da SedarebiT rTul kanonzomierebas. magram, ib-
adeba kiTxva, sad aris aq maTematika da maTematikuri amocanebi?

SeiZleba iTqvas, rom albaTobis Teoris ganviTareba daiwyo azar-
tuli TamaSebis dros warmoSobili amocanebidan, Tumca misi safuZvle-
bis formirebas xeli Seuwyo demografiul monacemebSi aRmoCenilma kan-
onzomierebebma (axalSobelTa statistikis, sikvdilianobis statistiki-
sa da ubedur SemTxvevaTa statistikis Seswavlam), rac Tavis mxriv, efe-
qturad gamoiyeneboda sadazRvevo kompaniebis saqmianobaSi. mogvianebiT,
obieqturi kanonzomierebebi aRmoCenul iqna SemTxveviTi movlenebis Ses-
wavlisas adamianis moRvaweobis yvela sferoSi. bunebrivia daviwyoT ma-
rtivi amocanebis ganxilviT.

Sua saukuneebis bolomde ZvlebiT TamaSi yvelaze popularuli
azartuli TamaSi iyo. TviTon sityva “azarti” aseve dakavSirebulia
ZvlebiT TamaSTan, ramdenadac is modis arabuli sityvidan “alzar”, rome-
lic iTargmneba rogorc – “saTamaSo Zvali”. sityva “azar” arabulad
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agreTve niSnavs rTuls. arabebi azartul TamaSs uwodebdnen qulebis
iseT kombinacias, romelic SeiZleba gamoCndes erTaderTi gziT, ramod-
enime saTamaSo kamaTlis gagorebisas. magaliTad, ori kamaTlis gagore-
bisas rTulad (“azar”) iTvleboda jamSi ori an Tormeti qulis mosvla.
aRsaniSnavia, rom sityva “hasard” frangulad niSnavs SemTxveviTobas, xo-
lo “jeu de hasard” ki – azartul TamaSs.

miuxedavad imisa, rom dRes albaTobis Teorias imdenive saerTo
aqvs azartul TamaSebTan, ramdenic geometrias farTobebis gazomvasTan
miwis samuSaoebis dros, albaTobis Teoriis pirveli paradoqsebi dakav-
Sirebulia swored popularul azartul TamaSebTan. 1494 wels italie-
lma maTematikosma l. paColim (1445-1514) gamoaqveyna naSromi, romelSic
ixilavda Semdeg situacias: ori tolZalovani moTamaSe SeTanxmda eTam-
aSaT garkveuli TamaSi, manam sanam erTi maTgani ar moigebda n  partias.
am SemTxvevaSi is iRebda garkveul Tanxas (prizs). magram TamaSi Sewyda
mas Semdeg rac pirvelma moTamaSem moigo k  ( k n ), xolo meorem -- m
(m n ) partia. mosagebi Tanxis rogori ganawileba iqneba samarTliani?
am amocanas SemdgomSi ewoda prizis ganawilebis paradoqsi. miuxedavad
imisa, rom sinamdvileSi es amocana ar warmoadgens paradoqss, zogierTi
udidesi mecnieris mier am amocanis amoxsnis warumatebelma mcdelobam,
da arasworma urTierTsawinaaRmdego pasuxebma warmoqmnes legenda para-
doqsis Sesaxeb.

TviTon paColim swori amoxsna ver ipova. igi ver xedavda am amoc-
anis kavSirs albaTobus TeoriasTan da ixilavda mas rogorc amocanas
proporciebze. amitom is Tvlida, rom Tanxa unda ganawilebuliyo prop-
orciiT :k m , ar iTvaliswinebda ra partiaTa im raodenobas, romelic
unda moigos calkeulma moTamaSem, raTa miiRos mliani Tanxa. araswori
amoxsna ekuTvnis nikolo tartaliasac (1499-1557), miuxedavad imisa, rom
is iyo sakmarisad genialuri, raTa maTematikur duelSi erTi Ramis gan-
mavlobaSi epova kuburi gantolebis amoxsnis formula. 50 wlis Semdeg,
meore italielma maTematikosma d. kardanom (1501-1576), samarTlianad ga-
akritika paCiolis msjeloba, magram samwuxarod TviTonac mogvca mcda-
ri amoxsna. gavida kidev 100-ze meti weli, da mxolod 1654 wels, aRniSn-
uli amocana amoxsnil iqna gamoCenili frangi maTematikosebis b. paska-
lisa (1623-1662) da p. fermas (1601-1665) mimoweris procesSi erTmaneTisag-
an damoukideblad. es aRmoCena iyo imdenad mniSvnelovani, rom bevri
Tvlis am wels albaTobis Teoriis dabadebis wlad, xolo yvela adrin-
del Sedegs – winaistoriad. SevxedoT rogor xsnida paskali amocanas,
roca 3n  , 2k   da 1m  . paskali da ferma ganixilavdnen am problemas
rogorc amocanas albaTobebze. amitom samarTliani iqneba iseTi gayofa,
romelic proporciulia TiToeuli moTamaSis mier prizis mogebis Sans-
is.

davuSvaT, rom TamaSi Sewyda, roca pirvel moTamaSes mogebuli
aqvs ori partia, xolo meores – erTi. jer-jerobiT ucnobia rogor gav-
anawiloT Tanxa, magram yvelaferi gamartivdeboda, Tu isini iTamaSebdn-



8

en kidev erT partias. sinamdvileSi, am SemTxvevaSi SesaZlebelia ori
Sedegi:

I. Tu am partias moigebs pirveli moTamaSe, maSin mas daugrovdeba
mogebaTa SeTanxmebuli ricxvi da miiRebs mTlian Tanxas;

II. Tu partias moigebs meore moTamaSe, maSin orive eqneba mogebaTa
Tanabari raodenoba da samarTliani iqneboda Tanxis Tanabrad gayofa.

TiToeul am Sedegs moxdenis Tanabari SesaZlebloba aqvs.
amrigad, pirvel moTamaSes SeuZlia moigos an mTeli Tanxa an

Tanxis naxevari, anu saSualod mas SeuZlia moigos Tanxis

1
1 32

2 4




nawili. meore moTamaSis SesaZleblobebi ufro mwiria: man SeiZleba an
araferi moigos an Tanxis naxevari moigos, anu igi saSualod igebs Ta-
xis

1
0 12

2 4




nawils. amitom Tanxa unda ganawildes proporciiT 3:1 (da ara 2:1, rog-
orc Tvlida paColi).

1718 wels londonSi gamovida frangi maTematikosis a. muavris
(1667-1754) wigni saxelwodebiT -- “swavleba SemTxveviTobaze”, romlis
mTavari miRwevaa im kanonzomierebis dadgena, romelic Zalian xSirad
SeimCneva SemTxveviT movlenebSi. muavrma pirvelma aRmoaCina da Teoriu-
lad daasabuTa “normaluri” ganawilebis roli (gaixseneT galtonis
dafa). muavrma gazoma 1375 SemTxveviT SerCeuli qalis simaRle. gazomvis
Sedegebi moyvanilia diagramaze:
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funqciis grafikTan, romelsac aqvs Semdegi saxe:

normaluri ganawilebis kanons aqvs udidesi praqtikuli mniSvnel-
oba. aRmoCnda, rom am kanoniTaa ganawilebuli gazis molekulebis siCqa-
re, axalSobilebis wona, gazomvis cdomilebaTa sidide, da mravali
sxva fizikuri da biologiuri bunebis mqone SemTxveviTi sidide. aRsani-
Snavia, rom normaluri ganawilebis kanoni iZleva Zalian karg miaxloe-
bas yovelTvis, roca gansaxilveli sidide warmoadgens bevri damoukid-
ebeli komponentis erToblivi moqmedebis Sedegs da amasTanave, jamur
efeqtSi TiToeuli komponentis wvlili SedarebiT mcirea.

davubrundeT isev prizis ganawilebis paradoqss. im SemTxvevaSi,
roca 6n  , 5k   da 3m  , paColis pasuxi iyo, rom prizi unda ganawil-
ebuliyo mogebuli partiebis proporciulad, anu 5:3-ze. tartalia Tvli-
da, rom ganawileba unda momxdariyo 2:1-Tan proporciiT (savaraudod is
msjelobda Semdegnairad: vinaidan, pirvelma moTamaSem moigo meoreze
ori partiiT meti, rac Seadgens mogebisaTvis aucilebeli 6 partiis me-
sameds, amitom pirvelma moTamaSem unda miiRos prizis mesamedi, xolo
darCenili nawili – 2/3 ganawildes Tanabrad. e. i. pirvelma unda miiRos
1 2 2

: 2
3 3 3
  , xolo meorem --

1

3
, anu gayofa unda moxdes 2:1-ze). vaCvenoT,

rom im dros rodesac mogebisaTvis pirvel moTamaSes esaWiroeba mxol-
od erTi partiis mogeba, meores ki – sami partiisa, prizis samarTliani
gayofaa 7:1-ze.

fermas ideis Tanaxmad, gavagrZeloT TamaSi sami fiqtiuri parti-
iT, im SemTxvevaSic ki roca zogierTi maTgani aRmoCndeba sruliad ze-
dmeti (anu, roca erT-erT moTamaSes ukve mogebuli aqvs TamaSi). aseTi
gagrZelebisas SesaZlebelia 2 2 2 8    erTnairad mosalodneli Sedegi:
“mmm”, “mmw”, “mwm”, “wmm”, “mww”, “wmw”, “wwm” da “www” (sadac i -ur adgilze
mdgomi “m”, Sesabamisad, “w” aRniSnavs, rom i -uri partia moigo, Sesabami-
sad, waago pirvelma moTamaSem, 1,2,3i  ). vinaidan, mxolod erT SemTxvev-
aSi Rebulobs meore moTamaSe prizs (roca is moigebs samive partias),
xolo danarCen 7 SemTxvevaSi igebs pirveli moTamaSe, amitom samarTli-
ania gayofa 7:1-ze.

am amocanis zogad SemTxvevaSi amoxsna agreTve ekuTvniT paskalsa
da fermas. 1654 wels mTeli parizi laparakobda axali mecnierebis –
albaTobis Teoriis warmoSobaze. fermas brwyinvale idea TamaSis gagr-
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Zelebis Sesaxeb 1977 wels gamoiyena andersonma. man daamtkica Semdegi
mniSvnelovani Teorema: moTamaSes, romelic arigebs pirveli, aqvs erTi
da igive Sansi moigos N  partiaSi Tavis mowinaaRmdegeze ufro adre mi-
uxedavad imisa, moTamaSeebi arigeben monacvleobiT, Tu arigebs is vinc
moigo wina partia.

xdomilebis albaToba ganmartebuli iyo laplasis mier Semdegnai-
rad:

( )
m

P A
n

 ,

sadac n -- TanabradSesaZlebel xdomilebaTa (SedegTa) saerTo raoden-
obaa, xolo m -- im xdomilebaTa raodenoba, romlis drosac xdeba A
xdomileba (“xelSemwyobi Sedegebis raodenoba”). magaliTad, vTqvaT, gam-
osaTvlelia albaToba xdomilebis A -- “ori saTamaSo kamaTlis gagor-
ebisas mosul qulaTa jamia 8”. ori kamaTlis gagorebisas SesaZlebelia
miviRoT Semdegi TanabradSesaZlebeli Sedegebi:

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)    (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)    (4,1) (4,2) (4,3) (4,4) (4,5) (4,6)
(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)    (6,1) (6,2) (6,3) (6,4) (6,5) (6,6).

rogorc vxedavT, sul SesaZlebeli variantebia 36. calke gamoy-
ofilia is variantebi, roca moxda A  xdomileba. aseTi SemTxvevebia 5,
da yvela isini TanabradSesaZlebelia. amitom laplasis ganmartebis
Tanaxmad

( ) 5 / 36P A  .
bunebrivad ibadeba kiTxva: rodis da romeli SemTxveviTi xdomil-

ebebi SeiZleba CaiTvalos TanabradSesaZleblad? ganvixiloT dalamber-
is cnobili Secdoma. cnobili frangi maTematikosi da filosofosi J.
dalamberi (1717-1783), monetis orjeradi agdebis amocanis ganxilvisas
Tvlida, rom gerbisa da safasuris mosvlis Sansi (albaToba) iyo 1/3.
sinamdvileSi es aris 1/2. dalamberis Secdomam Tavis droze bevri kama-
Ti gamoiwvia da amitom gaxda cnobili. es Secdoma Zalian Wkuis saswav-
lebelia. dalamberi msjelobda Semdegnairad. arsebobs am eqsperimentis
sami SesaZlo Sedegi: 1). movida ori gerbi, 2). movida gerbi da safasuri,
3). movida ori safasuri. Tvlida ra dalamberi am Sedegebs tolSesaZl-
eblad, askvnida, rom gerbisa da safasuris mosvlis albaTobaa 1/3.

cnobili maTematikosis Secdoma mdgomareobda imis daSvebaSi, rom
aRniSnuli sami Sedegi erTnairad SesaZlebelia. sinamdvileSi ki es ase
ar aris. gerbis mosvla avRniSnoT asoTi g, xolo safasuris – asoTi s.
maSin monetis orjeradi agdebisas erTnairad SesaZlebeli Sedegebia:

gg, gs, sg, ss.
am Sedegebis raodenoba oTxia (e. i. 4n  ). aqedan “movida gerbi da safa-
suri” xdomilebas xels uwyobs ori Sedegi: gs da sg, anu 2m  . Sesabam-
isad, gerbisa da safasuris mosvlis albaTobaa: 2/4=1/2.

albaTobis Teoriis Seswavlis dawyebisas bevri, iseve rogorc od-
ezRac dalamberi, uSvebs Secdomas, Tvlis ra tolalbaTurad iseT Sed-
egebs, romlebic sinamdvileSi aseTebi ar arian. magaliTad, monetis sam-
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jer agdebisas Secdomaa imis daSveba, rom erTnairad SesaZlebelia oT-
xi Sedegi: 1). movida sami gerbi, 2). movida ori gerbi da erTi safasuri,
3). movida erTi gerbi da ori safasuri, da 4). movida sami safasuri. sin-
amdvileSi ki, erTnairadSesaZlebelia Semdegi 8 Sedegi:

ggg, ggs, gsg, sgg, gss, sgs, ssg, sss.
SevadaroT CamoTvlili oTxi xdomilebis swori da araswori albaTobe-
bi:

araswori albaToba swori albaToba
movida 3 gerbi 1/4¼ 1/8

movida 2 gerbi da 1 safasuri 1/4 3/8
movida 1 gerbi da 2 safasuri 1/4 3/8

movida 3 safasuri 1/4 1/8

saTamaSo kamaTlis paradoqsi. ori saTamaSo kamaTlis gagorebisas
mosul qulaTa jami moTavsebulia 2-sa da 12-s Soris. rogorc 9, ise 10
SesaZlebelia miviRoT ori sxvadasxva gziT: 9=3+6=4+5 da 10=4+6=5+5. sa-
mi saTamaSo kamaTlis gagorebisas ki 9 da 10 miiReba eqvsi sxvadasxva
gziT. maSin riTi aixsneba is garemoeba, rom ori kamaTlis gagorebisas
ufro xSirad modis 9, xolo sami kamaTlis gagorebisas ki – 10?

amocana imdenad martivia, rom Zalian gasakviria, rom Tavis droze
is iTvleboda Zalian rTulad. rogorc kardano, ise galilei aRniSnav-
dnen, rom aucilebelia qulaTa mosvlis rigis gaTvaliswineba (winaaRm-
deg SemTxvevaSi yvela Sedegi ar iqneboda TanabradSesaZlebeli). aseT
SemTxvevaSi ori kamaTlis gagorebisas 9 da 10 Sesabamisad miiRebian Se-
mdegnairad: 9=3+6=6+3=4+5=5+4 da 10=4+6=6+4=5+5. es imas niSnavs, rom ori
kamaTlis SemTxvevaSi 9 SeiZleba gagordes 4 gziT, xolo 10 – 3 gziT.
Sesabamisad, 9-is miRebis Sansebi metia, vidre 10-is. sami kamaTlis SemTx-
vevaSi situacia icvleba sapirispirod: 9 SeiZleba miRebul iqnes 25
sxvadasxva gziT, xolo 10 – 26 gziT. ase, rom am SemTxvevaSi 10 ufro
albaTuria, vidre 9.

de meres paradoqsi. arsebobs Zveli istoria imis Sesaxeb, rom
XVII saukunis cnobilma frangma moTamaSem Sevalie de merem paskals da-
usva azartul TamaSebTan dakavSirebuli Semdegi amocana: erTi saTama-
So kamaTlis oTxjer gagorebisas albaToba imisa, rom erTxel mainc
mova 1, metia 1/2-ze. maSin roca ori saTamaSo kamaTlis 24-jer gagorebi-
sas albaToba imisa, rom erTxel mainc mova erTdroulad ori 1, nakle-
bia 1/2-ze. es ucnaurad gamoiyureba vinaidan, erTi 1-is mosvlis Sansebi
6-jer metia, vidre ori 1-is mosvla, xolo 24 swored 6-jer metia 4-ze.

paradoqsis axsna: Tu wesier saTamaSo kamaTels vagorebT k -jer,

maSin SesaZlebel (da tolalbaTur) SedegTa raodenobaa 6k . aqedan 5k

SemTxvevaSi ar mova 1, da Sesabamisad, albaToba imisa, rom kamaTlis k -
jer gagorebisas erTxel mainc mova 1 tolia

(6 5 ) / 6 1 (5 / 6)k k k k   ,
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rac metia 1/2-ze Tu 4k  . meores mxriv, analogiurad, miiReba, rom alba-
Toba imisa, rom kamaTlis k -jer gagorebisas erTxel mainc mova erTdr-
oulad ori 1 tolia

(36 35 ) / 36 1 (35 / 36)k k k k   ,

rac 24k  -saTvis jer kidev naklebia 1/2-ze da metia 1/2-ze 25k  -dan da-
wyebuli.amrigad, erTi kamaTlisaTvis “kritikuli mniSvnelobaa” 4k  ,
xolo ori kamaTlisaTvis -- 25k  .
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 $1. albaTobis Teoriis sagani

adamianis yoveldRiur cxovrebaSi sityva “albaToba” xSirad
gamoiyeneba ama Tu im xdomilebis moxdenis an ar moxdenis damajer-
eblobis xarisxis cvlilebis gamosaxatavad, rac garkveuli azriT
dakavSirebulia Cvens subieqtur survilebTan. aseTia magaliTad,
Semdegi Sinaarsis mtkicebulebi: “xval albaT gamoidarebs”, “Tvis
bolosaTvis lari albaT gamyardeba”, “or weliwadSi saqarTvelo
albaT natos wevri gaxdeba” da a. S. maTematikaSi ki sityva “albaT-
oba” gamoiyeneba mkacrad gansazRruli azriT, romelsac aranairi
kavSiri ara aqvs damajereblobasTan da miT umetes subieqtur sur-
vilebTan.

rogorc aRniSnuli iyo albaTobis Teoria warmoadgens maTem-
atikis dargs, romelic Seiswavlis iseTi eqsperimentebis (movleneb-
is) maTematikur modelebs, romelTa Sedegebi calsaxad ar ganisaz-
Rvreba cdis pirobebiT. aseT eqsperimentebs ewodebaT SemTxveviTi
eqsperimentebi. SemTxveviTi eqsperimentebia: monetis agdebis Sedegi,
mizanSi srolisas miznis dazianeba an ardazianeba, xelsawyos muSa-
obis xangrZlivoba, satelefono sadgurSi gamoZaxebaTa ricxvi, av-
tosagzao SemTxvevaTa raodenoba, arabejiTi studentis mier gamoc-
dis Cabarebis Sedegi, valutis kursi da sxva.

saWiroa aRiniSnos, rom albaTobis Teoria ikvlevs ara nebism-
ier SemTxveviT eqsperiments, aramed mxolod iseT eqsperimentebs,
romlebic xasiaTdebian statistikuri mdgradobis anu sixSireTa
mdgradobis TvisebiT. es Tviseba xasiaTdeba Semdegnairad. ganvixil-
oT SemTxveviTi eqsperimenti da vigulisxmoT, rom am eqsperimentis
Catarebis identuri pirobebis SenarCuneba da misi ganmeorebiTi Cat-
areba SesaZlebelia (Tu fizikurad ara, azrobrivad mainc) nebismi-
er sasurvel raodenoba ricxvjer. aRvniSnoT A -Ti am eqsperimentis
erTerTi SesaZlo Sedegi. gavimeoroT es eqsperimenti n -jer da aRv-

niSnoT )(An -Ti A  Sedegis (xdomilebis) moxdenaTa ricxvi am n  eq-

sperimentSi. maSin Sefardebas nAn /)(  ewodeba A  xdomilebis far-

dobiTi sixSire, xolo sixSireTa mdgradobis Tviseba mdgomareobs
SemdegSi:

didi n -ebisaTvis A  xdomilebis fardobiTi sixSire mxolod
mcired irxeva (n -is cvlilebisas) garkveuli mudmivi mniSvnelobis
irgvliv. rac unda gavigoT Semdegnairad: Tu CavatarebT eqsperimen-
tebis ramodenime serias, maSin statistikuri mdgradobis Tviseba
gulisxmobs, rom: sixSireebi in nA

i
/)(  (sadac in  aris i -ur seriaSi

eqsperimentebis ricxvia, xolo )(A
in -- ki A  xdomilebis moxdenaTa

raodenoba am seriaSi) axlos iqnebian erTmaneTTan (mcired gansxvav-
debian erTmaneTisagan an raime saSualo sidididan) yovelTvis rog-

orc ki in  ricxvebi iqnebian sakmaod didebi. magaliTad, v. feleris

wignSi moyvanilia monetis agdebis 10 seriaSi ( 10,...1i ), sadac TiT-
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eul seriaSi 1000in  eqsperimentia, gerbis mosvlaTa )"("g
in  ricxv-

is Semdegi monacemebi: 501, 485, 509, 536, 485, 488, 500, 497, 494, 484. cxa-
dia, rom aq fardobiTi sixSireebi axlosaa erTmaneTTan, da maSasa-
dame, eqsperiments, romelic mdgomareobs simetriuli monetis agde-
baSi, gaaCnia sixSiris mdgradobis Tviseba.

Semdeg cxrilSi mogvyavs is Sedegebi, romlebic eqsperimenta-
lurad miRebuli iyo sxvadasxva mkvlevarebis mier me-18 saukunidan
moyolebuli simetriuli monetis n -jer agdebisas gerbTa mosvlis

/m n  fardobiTi sixSirisaTvis:

mkvlevari agdebis raodenoba n fardobiTi sixSire m/n
biufoni 4040 0.507

de morgani 4092 0.5005
jevonsi 20480 0.5068

romanovski 80640 0.4923
k. pirsoni 24000 0.5005
feleri 10000 0.4979

es cxrili gviCvenebs, rom fardobiTi sixSireebi axlosaa 0.5-
TTan.

moviyvanoT kidev erTi magaliTi. g. krameris mier moyvanili
monacemebi 1935 wels SveciaSi dabadebuli axalSobilebis Sesaxeb
(sadac n -- axalSobilTa raodenobaa, xolo /m n -- vaJebis dabadeb-
is fardobiTi sixSire) ase gamoiyureba:

Tveebi I II III IV V VI
n 7280 6957 7883 7884 7892 7609

m/n 0.515 0.510 0.510 0.529 0.522 0.518
Tveebi VII VIII IX X XI XII sul

n 7585 7393 7203 6903 6552 7132 88273
m/n 0.523 0.514 0.515 0.509 0.518 0.527 0.517

miuxedavad imisa, rom axalSobilTa saerTo raodenoba icvl-
eba wlis ganmavlobaSi, vaJebis dabadebis fardobiTi sixSire sakma-
od mdgradad meryeobs 0.517 – saSualo mniSvnelobis irgvliv.

aseTi tipis statistikuri kanonzomierebebi aRmoCenil iqna
ukve me-18 saukuneSi demografiul monacemebSi – axalSobilTa sta-
tistikis Seswavlisas, sikvdilianobis statistikis Seswavlisas, ub-
edur SemTxvevaTa statistikis Seswavlisas da a. S. (rac, Tavis
mxriv, sakmaod efeqturad gamoiyebneboda sadazRvevo kompaniebis sa-
qmianobaSi). mogvianebiT, me-19 saukunis bolos da me-20 saukunis das-
awyisSi axali statistikuri kanonzomierebebi aRmoCenil iqna fizi-
kaSi, qimiaSi, biologiaSi, ekonomikaSi da sxva mecnierebebSi.
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am kanonzomierebebs mivyavarT albaTobis statistikuri ganma-
rtebisaken.

ganmarteba. ricxvs, romlis irgvlivac irxeva A  xdomilebis
fardobiTi sixSire, ewodeba A  xdomilebis albaToba da aRiniSneba

)(AP  simboloTi.

maTematikuri dasabuTeba imisa, rom fardobiTi sixSire axlo-
saa albaTobasTan (fardobiT sixSireTa mimdevrobis zRvaria alba-
Toba da Sesabamisad, igi erTaderTia) moyvanilia iakob bernulis
cnobil TeoremaSi, romelic albaTobis TeoriaSi cnobilia agreT-
ve did ricxvTa kanonis saxelwodebiT da igi warmoadgens erT-erT
fundamentur Teoremas.

aRsaniSnavia, rom yvela SesaZlo eqsperimenti SeiZleba gaiyos
sam kategoriad:

I. eqsperimentebi sruli mdgradobiT, sadac saerTod araa
ganuzRvreloba;
II. eqsperimentebi sadac ara gvaqvs sruli mdgradoba, magram
aris statistikuri mdgradoba;
III. eqsperimentebi sadac statistikuri mdgradobac ki ara
gvaqvs.
pirvel jgufs miekuTvneba umravlesoba eqsperimentebis, rom-

lebic aRiwerebian sabunebismetyvelo mecnierebebis (fizika, qimia)
klasikuri kanonebiT da maTi Seswavla xdeba albaTobis Teoriis
gamoyenebis gareSe. mesame kategoriisaTvis albaTobis Teoria gamo-
usadegaria. meore jgufi warmoadgens swored albaTobis Teoriis
gamoyenebis ares. TviTon albaTobis Teoriis mier gadasawyveti amo-
canebi iyofa or did jgufad. pirveli jgufis amocanebs SeiZleba
vuwodoT amocanebi rTuli xdomilebebis albaTobebis gamoTvlaze,
roca cnobilia martivi xdomilebebis albaTobebi. magaliTad, Tu
cnobilia, rom gerbis mosvlis albaToba }"{"gP =1/2, vipovoT albaT-

obebi imisa, rom zemoT moyvanil magaliTSi )"("1000 g  tolia 501-is,

an 485-is, an da a. S. 484-is.
amocanebis meore jgufi garkveuli azriT pirveli jgufis am-

ocanebis Sebrunebulia. aq eqsperimentebis seriis Sedegebis safuZv-
elze raime gziT unda SevafasoT martivi xdomilebebis albaTobe-
bi. vinaidan, martivi xdomilebebis albaTobebi ucnobia im amocaneb-
Si, romlebic praqtikaSi warmoiSoba, amitom amocanebis es jgufi
gansakuTrebiT sainteresoa gamoyenebebis TvalsazrisiT. albaTobis
Teoriis im nawils, romelic axdens  meore gjufis amocanebis
zust dasmas da ikvlevs maTi amoxsnis meTodebs, maTematikuri sta-
tistika ewodeba.
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$2. elementarul xdomilebaTa sivrce

albaTobis maTematikuri Teoriis praqtikuli Rirebuleba da
mniSvneloba warmoCindeba iseT namdvil Tu warmosaxviT cdebTan da
movlenebTan dakavSirebiT, rogoricaa magaliTad, monetis erTjera-
di agdeba, monetis agdeba 100-jer, ori saTamaSo kamaTlis gagoreba,
kartis darigeba, “ruletkis” TamaSi, adamianis an radioaqtiuri at-
omis sicocxlis xangrZlivobaze dakvirveba, adamianebis garkveuli
SemTxveviTi jgufis SerCeva da maTSi caciebis raodenobis daTvla,
ori saxeobis mcenaris Sejvareba da Sedegze dakvirveba, satelefo-
no sadguris dakavebuli xazebis an satelefono gamoZaxebaTa ricx-
vis gansazRvra, eleqtronuli sistemebis SemTxveviTi xmaurebi, sam-
rewvelo produqciis xarisxis SerCeviTi kontroli, avtosagzao Se-
mTxvevaTa raodenoba, axalSobilis sqesi, ormagi varskvlavebis ri-
cxvi cis garkveul ubanze, siTxeSi Cavardnili mtvris mcire nawil-
akis mdebareoba, valutis kursi, fasebis indeqsi. jer-jerobiT yve-
la am movlenis aRwera sakmaod bundovania, da, imisaTvis, rom Teo-
rias mieces zusti azri, Cven unda SevTanxmdeT imaze, Tu ra gvesmis
Cven gansaxilveli cdis an dakvirvebis SesaZlebeli Sedegebis qveS.

monetis agdebis Sedegad araa aucilebeli movides gerbi an
safasuri: moneta SeiZleba dadges wiboze an gagordes Sors (daika-
rgos). miuxedavad amisa, Cven vTanxmdebiT ganvixiloT gerbi da saf-
asuri rogorc monetis agdebis orad-ori SesaZlebeli Sedegi. es
SeTanxmeba amartivebs Teorias da ar axdens gavlenas mis SesaZlo
gamoyenebebze. xSirad aseTi Seanxmebebi aucilebelia. SeuZlebelia
uSecdomod gaizomos raime atomis arsebobis xangrZlivoba an rome-
lime piris sicocxlis xangrZlivoba. miuxedavad amisa, mecnieruli
miznebisaTvis sasargebloa es sidideebi CaiTvalos zust ricxvebad.
magram amasTanave, ibadeba kiTxva: romeli ricxvi SeiZleba da rome-
li -- ara warmoadgendes adamianis sicocxlis xangrZlivobas? arse-
bobs Tu ara maqsimaluri asaki, romlis zemoTac sicocxle SeuZle-
belia, Tu asaki SeiZleba iyos nebismieri?

Cven cxadia ar SevudgebiT imis mtkicebas, rom adamians SeuZ-
lia icocxlos 1000 weli, Tumca Cveulebrivi sadazRvevo praqtika
ar awesebs sicocxlis xangrZlivobis aseT sazRvarsac. im formul-
ebis Tanaxmad, romelzec dafuZnebulia Tanamedrove sikvdilianob-
is cxrilebi im adamianebis wili, romlebmac icocxles 1000 wlamde

aris 10 xarisxad ( 3610 ) rigis. biologiis TvalsazrisiT es mtkice-
buleba azrs moklebulia, magram is ar ewinaaRmdegeba cdas: saukun-

is ganmavlobaSi ibadeba araumetes 1010  adamiani da imisaTvis, rom
zemoT moyvanili mtkicebuloba statistikurad uarvyoT saWiro iqn-

eboda 10 xarisxad 3510  saukune, rac aWarbebs dedamiwis asaks 10 xa-

risxad 3410 -jer. cxadia, aseTi mcire Sansebi Tavsebadia SeuZlebe-
li Sedegis Cvens warmodgenasTan da SeiZleboda gvefiqra, rom misi
gaTvaliswineba absurdulia, Tumca sinamdvileSi igi amartivebs
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bevr formulebs. garda amisa, Tu Cven gamovricxavdiT, rom SeuZle-
belia 1000 wlamde cxovreba, maSin wavawydebodiT ufro did sirTu-
leebs, vinaidan maSin Cven unda dagveSva rom arsebobs maqsimaluri
asaki. magram  daSveba, rom adamianma SeiZleba icocxlos x  wlamde,
magram ar  SeiZleba icocxlos x  weli da 2 wami, arafriT araa uk-
eTesi, vidre asakis zeda zRvaris ararseboba.

nebismieri Teoria aucileblad gulisxmobs zogierT gamarti-
vebas. Cveni pirveli gamartiveba exeba “cdis” an “dakvirvebis” SesaZ-
lo Sedegebs. maTematikuri Teoriis Sesaswavli oboeqtebi SeiZleba
iyvnen mxolod es SesaZlebeli Sedegebi. Tu Cven gvinda avagoT
cdis abstraqtuli modeli, Cven Tavidan unda davadginoT ras warm-
oadgens gamartivebuli (idealizirebuli) cdis SesaZlo Sedegi. te-
rminologiis erTianobisaTvis eqsperimentis (cdis)  an dakvirvebis
Sedegebs uwodeben xdomilebebs.

ganvixiloT eqsperimenti, romlis yvela SesaZlo Sedegebi am-

oiwureba N  sxvadasxva mniSvnelobiT N ,...,, 21 . es mniSvnelobebi

ar aris aucileblad ricxviTi da maTi fizikuri buneba ar aris
arsebiTi.

ganmarteba 1. eqsperimentis calkeul SesaZlo Sedegebs eleme-
ntaruli xdomilebebi ewodeba, xolo maT erTobliobas – elementa-
rul xdomilebaTa sivrce da aRiniSneba   asoTi: },...,,{ 21 N .

moviyvanoT magaliTebi:

I. monetis erTxel agdebisas --  ={g, s};

II. monetis orjer agdebisas, an ori monetis erTdroulad ag-
debisas --  ={gg, gs, sg, ss};

III. monetis samjer agdebisas, an sami monetis erTdroulad ag-
debisas --  = {ggg, ggs, gsg, sgg, gss, sgs, ssg, sss};

IV. monetis n -jer agdebisas }),,...,(:{ 1 sang in aaa  da

Sedegebis saerTo raodenoba tolia n2 -is;

V. erTi saTamaSo kamaTlis gagorebisas --  ={1, 2, 3, 4, 5, 6};

VI. vTqvaT, Tavidan vagdebT monetas. Tu mova gerbi, maSin vag-
orebT saTamaSo kamaTels; xolo Tu mova safasuri, maSin kidev er-
Txel vagdebT monetas. am SemTxvevaSi },3,2,1{ sssg,g6,g5,g4,ggg ;

VII. ori saTamaSo kamaTlis gagorebisas --  ={(1,1); (1,2); . . . ;
(1,6); (2,1); (2,2); . . . ; (2,6); . . . ; (6,1); . . . ; (6,6)} anu

}6,...,2,1,:),{(  jiji ;
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VIII. produqciis vargisinobis dadgenisas --  ={“vargisi”, “uv-
argisi”};

IX. satelefono sadgurSi gamoZaxebaTa raodenoba --  = {0, 1,
2, . . . };

X. Zabva qselSi --  ={[0, 220]}.
ganmarteba 2. elementarul xdomilebaTa sivrcis nebismier

qvesimravles xdomileba ewodeba.
cxadia, elementaruli xdomilebebi agreTve xdomilebebia, is-

ini warmoadgenen elementarul xdomilebaTa sivrcis erTelementian
qvesimravleebs. yvela danarCen qvesimravles (maT Soris carieli
simravlisa da TviTon sivrcis CaTvliT) xdomilebas uwodeben. zo-
gjer (imis aRsaniSnavad, rom  qvesimravleSi erTze meti elementia)
xmaroben agreTve Sedgenili an rTuli xdomilebis cnebasac. Cven
visargeblebT ubralod xdomilebis cnebiT.

monetis orjer agdebisas (ix. magaliTi II) xdomilebis magali-
Tebia: a). erTjer mainc movida gerbi (anu movida erTi an meti, maSa-
sadame, ori, gerbi). igi warmoadgens simravles -- {gs,sg,gg}; b). gerbi
movida araumetes erTisa (anu movida erTi an naklebi, maSasadame,
nuli – arcerTi, gerbi). igi warmoadgens simravles -- {gs,sg,ss}; g).
gerbi movida zustad erTjer (anu pirvelad movida gerbi da meor-
ed ki safasuri an piriqiT). es aris Semdegi simravle -- {gs,sg}; da
a. S. aRsaniSnavia, rom am SemTxvevaSi sul gveqneba 24=16 xdomileba
(rogorc cnobilia n  elementiani simravlis yvela SesaZlo qvesim-

ravleTa raodenobaa 2n  qvesimravle).
ganmarteba 3. Tu eqsperimentis konkretuli Sedegi ekuTvnis

raime xdomilebas, maSin amboben rom es xdomileba moxda, xolo
romelsac ar ekuTvnis – is xdomileba ar moxda.

albaTobis TeoriaSi xdomilebebi aRiniSneba didi laTinuri
asoebiT: ,...,,, DCBA . xdomilebas A  uwodeben aucilebel xdomi-
lebas, vinaidan is aucileblad xdeba (is SeuZlebelia ar moxdes,
radgan eqsperimentis yvela Sedegi mas ekuTvnis); xolo xdomilebas,
romelic ar Seicavs arc erT  elementarul xdomilebas aRniSnaven
Ø simboloTi da uwodeben SeuZlebel xdomilebas, vinaidan misi mo-
xdena SeuZlebelia (radgan eqsperimentis arc erTi Sedegi mas ar
ekuTvnis).

SemoviRoT aRniSvnebi: A={monetis orjer agdebisas erTjer
mainc movida gerbi}={gs,sg,gg}; B ={ monetis orjer agdebisas gerbi
movida araumetes erTisa}={gs,sg,ss}; C  {monetis orjer agdebisas
gerbi movida zustad erTjer}={ gs,sg }: D  {monetis orjer agdebi-
sas orivejer movida safasuri}={ss}; E  {monetis orjer agdebisas
safasuri movida araumetes erTisa}={gg,sg,gs}. am aRniSvnebSi, Tu mo-
netis orjer agdebisas safasuri movida mxolod meored agdebisas,
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maSin SegviZlia vTqvaT, rom moxda A , B , C  da E  xdomilebebi, xo-
lo D  xdomileba ki ar moxda.

Tu A  xdomilebis moxdenas mosdevs B  xdomilebis moxdena
(simravleTa Teoriis enaze es niSnavs, rom A  xdomileba nawilia,
qvesimravlea B  xdomilebis), maSin  Cven davwerT, rom BA   da vi-
tyviT, rom A  xdomileba iwvevs B  xdomilebas. gasagebia, rom nebis-
mieri A xdomileba iwvevs aucilebel xdomilebas -- A . Tu A
xdomileba iwvevs B  xdomilebas da imavdroulad B  xdomileba iw-
vevs A  xdomilebas, maSin vityviT, rom A  da B  xdomilebi erTmane-
Tis tolia da davwerT BA  .

wina abzacis aRniSvnebSi: C  xdomileba iwvevs A , B  da E
xdomilebebs; D  xdomileba iwvevs B  xdomilebas; A  da E  xdomil-
ebebi erTmaneTis tolia.
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$3. operaciebi xdomilebebze

xdomilebaTa mocemuli sistemis saSualebiT SesaZlebeblia
axali xdomilebebis ageba, iseve rogorc simravleTa mocemuli sis-
temis saSualebiT igeba axali simravleebi maTi gaerTianebebiT, Ta-
nakveTebiTa da damatebebiT.

ori A  da B  xdomilebis gaerTianeba (an jami) ewodeba iseT
xdomilebas, romelic xdeba maSin, roca am xdomilebebidan erTi ma-
inc xdeba da aRiniSneba simboloTi BA  (an BA  ). sqematurad es
ase gamoisaxeba:

ori A  da B  xdomilebis TanakveTa (an namravli) ewodeba is-
eT xdomilebas, romelic xdeba maSin, roca es xdomilebebi erTdr-
oulad xdeba da aRiniSneba simboloTi BA  (an AB ). sqematurad
es ase gamoisaxeba:

A  xdomilebis sawinaaRmdego xdomileba ewodeba iseT xdomi-
lebas, romelic xdeba maSin, roca A  ar xdeba da aRiniSneba simbo-

loTi A . sqematurad, Tu warmovidgenT, rom elementarul xdomile-
baTa sivrce marTkuTxedia, xolo A  xdomileba -- wre, maSin sawina-
aRmdego xdomileba iqneba oTxkuTxedis gaferadebuli nawili:
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ori A  da B  xdomilebis sxvaoba ewodeba iseT xdomilebas,
romelic xdeba maSin, roca xdeba A  magram ar xdeba B  da aRiniSn-
eba simboloTi BA \ . sqematurad es ase gamoisaxeba:

cxadia, rom ori A  da B  xdomilebis sxvaoba agreTve SeiZle-
ba warmodges, rogorc A  xdomilebisa da B  xdomilebis sawinaaRm-

dego B  xdomilebis TanakveTa: BABA \ .
gasagebia, rom mas Semdeg rac Cven ganvmarteT ori xdomileb-

is gaerTianeba da TanakveTa, bunebrivad SesaZlebelia xdomilebaTa
nebismieri raodenobis gaerTianebisa da TanakveTis ganmarteba. ase
magaliTad, sqematurad sami A , B  da C  xdomilebisaTvis Tanakve-

Ta ABC iqneba:
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or A  da B  xdomilebas ewodeba araTavsebadi (uTavsebadi, Se-
uTavsebeli), Tu maTi erTdroulad moxdena SeuZlebelia, an rac
igivea maTi TanakveTa aris SeuZlebeli xdomileba: BA =Ø. simrav-
leTa Teoriis enaze es niSnavs, rom es ori simravle TanaukveTia.

cxadia, rom raime A  xdomileba da misi sawinaaRmdego A

xdomileba uTavsebadia -- AA = Ø. garda amisa,  AA . Tu A
xdomileba iwvevs B  xdomilebas ( BA  ), maSin cxadia, rom

ABA  , BBA  , BA \ Ø, xolo sxvaoba AB \  sqematurad ase gam-
oisaxeba:

imisaTvis, rom davinaxoT ra gansxvavebaa da ra aqvT saerTo
simravleTa Teoriisa da albaTobis Teoriis tradiciul terminebs,
qvemoT Cven moviyvanT Sesabamis cxrils:
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AaRniSvnebi simravleTa Teoriis
interpretacia

albaTobis Teoriis
interpretacia

ω elementi, wertili Sedegi, elementaruli xdomileba

 wertilTa simravle elementarul xdomilebaTa
sivrce, aucilebeli xdomileba

A
wertilTa simravle

xdomileba (Tu Sedegi A ,
maSin amboben, rom moxda
AAxdomileba)

\A A  A  simravlis damateba, e.i. im
wertilebis simravle, roml-

ebic ar Sedian A -Si

xdomileba, romelic mdgomareobs

A -s ar moxdenaSi

A B A  da B  simravleebis gaer-
Tianeba, e.i. simravle im
wertilebis, romlebic

Sedian an A -Si an B -Si

xdomileba, romelic mdgomareobs

A  da B xdomilebebidan erTis
mainc moxdenaSi

A B A  da B  simravleebis Tanak-
veTa, e.i. simravle im werti-
lebis, romlebic Sedian ro-

gorc A , ise B xdomilebaSi

xdomileba, romelic mdgomareobs

A  da B xdomilebebis
erTdroul moxdenaSi

 carieli simravle SeuZlebeli xdomileba

A B  A  da B  simravleebi ar
ikveTebian

A  da B  xdomilebebi araTav-
sebadia (maTi erTdroulad
moxdena SeuZlebelia)

A B simravleTa jami, e.i.
TanaukveTi simravleebis
gaerTianeba

xdomileba, romelic mdgomareobs
ori uTavsebadi xdomilebidan
erT-is moxdenaSi

\A B A  da B  simravleebis sxva-
oba, e. i. simravle im wert-

ilebis, romlebic Sedian A -

Si, magram ar Sedian B -Si

xdomileba, romelic mdgomareobs

A  xdomilebis moxdenaSi da B
xdomilebis  ar moxdenaSi

A B simravleebis simetriuli
sxvaoba, e.i. simravle

( \ ) ( \ )A B B A

xdomileba, romelic mdgomareobs

A  da B  xdomilebebidan erTis
moxdenaSi, magram ara orives
erTdroulad

1 n
n

A



 1 2, ,...A A  simravleebis gaer-

Tianeba, e.i. im wertilebis
simravle, romlebic Sedian
erTerTSi mainc

xdomileba, romelic mdgomareobs

… 1 2, ,...A A  xdomilebebidan

erTerTis mainc moxdenaSi

1
n

n

A



 1 2, ,...A A  simravleebis jami,

e.i. gaerTianeba wyvil-wyvil-
ad TanaukveTi simravleebis

xdomileba, romelic mdgomareobs

1 2, ,...A A  uTavsebadi xdomilebeb-

idan erTis moxdenaSi

1 n
n

A



 1 2, ,...A A  xdomilebebis Tanak-

veTa, e.i. simravle im werti-
lebis, romlebic Sedian yve-
la xdomilebaSi

xdomileba, romelic mdgomareobs

1 2, ,...A A  xdomilebebis erTdro-

ul moxdenaSi
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$4. albaTobis ganmarteba

ganmarteba 1. Tu elementaruli xdomilebaTa sivrcis nebismi-

er elementarul xdomilebas i  Seesabameba garkveuli ricxvebi

)( ii Pp  , romlebic akmayofileben pirobebs: 10  ip  da 1
1




N

i
ip ,

maSin am ricxvebs ewodebaT i  elementaruli xdomilebebis albaT-

obebi ( P -- aris pirveli aso inglisuri sityvis  “Probability”, rome-
lic niSnavs albaTobas).

monetis erTjer agdebisas ( ={g, s}) cxadia unda davuSvaT,
rom: pP }{g , pP  1}{s , sadac 10  p . SemTxvevas, roca 2/1p
ewodeba simetriuli monetis agdeba. monetis orjer agdebisas

( ={gg, gs, sg, ss}) -- 1}{ pP gg , 2}{ pP gs , 3}{ pP sg , 4}{ pP ss , sad-

ac yvela 10  ip  da 1
4

1


i

ip . SemTxvevas, roca yvela 4/1ip , Cven

vuwodebT simetriuli monetis or damoukidebel agdebas.
ganmarteba 2. A xdomilebis albaToba )(AP ewodeba masSi Sem-

avali elementaruli xdomilebebis albaTobebis jams:





A

i

i

PAP


 )()( .

aq da yvelgan SemdgomSi simboloTi A aRiniSneba is faq-
ti, rom   elementaruli xdomileba ekuTvnis A  xdomilebas.

cxadia, rom 1)( P da (P Ø)=0.
Tu yvela elementaruli xdomileba tolalbaTuria anu yvela

NP i /1)(  , Ni ,...,2,1 , maSin amboben, rom gvaqvs klasikuri albaTu-

ri modeli (praqtikul situaciaSi es niSnavs, rom SemTxveviTi eqsp-
erimentis yvela Sedegi erTnairad mosalodnelia da yvelas ganxo-
rcielebis erTi da igive Sansi aqvs). am SemTxvevaSi ganmarteba 2
gvaZlevs, rom klasikur modelSi xdomilebis albaToba daemTxveva
albaTobis klasikur ganmartebas, romelic SemoRebuli iyo 1812
wels laplasis mier:

albaTobis klasikur ganmarteba. Tu SemTxveviTi eqsperimentis
SesaZlo SedegTa raodenoba sasrulia da calkeul Sedegs aqvs gan-
xorcielebis Tanabari Sansi, maSin xdomilebis albaToba tolia ma-
sSi Semaval elementarul xdomilebaTa raodenoba gayofili yvela
SesaZlo elementarul xdomilebaTa raodenobaze:

||

||
)(




A
AP ,

sadac || B -- aRniSnavs B  xdomilebaSi Semaval elementarul xdomi-

lebaTa raodenobas.
mocemul xdomilebaSi Semaval elementarul xdomilebebs uw-

odeben xelSemwyob elementarul xdomilebebs. Sesabamisad, albaTo-
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bis klasikuri ganmarteba ase gamoiTqmis: klasikur modelSi xdomi-
lebis albaToba tolia xelSemwyob elementarul xdomilebaTa ra-
odenoba gayofili yvela SesaZlo elementarul xdomilebaTa raod-

enobaze.
amocana 1. simetriuli monetis ori damoukidebeli agdebisas

vipovoT albaToba imisa, rom gerbi mova erTjer mainc.
amoxsna. am SemTxvevaSi  ={gg, gs, sg, ss}; }{ggP }{gsP =

= }{sgP 4/1}{ ssP ; A={gg, gs, sg} da 4/3)( AP .

amocana 2 (“bednier” bileTebze). 25 sagamocdo bileTidan 5
“bednieria”, xolo danarCeni 20 – “ara bednieri”. romel students
aqvs “bednieri” bileTis aRebis meti albaToba: vinc pirveli iRebs
bileTs, Tu vinc meore iRebs bileTs?

amoxsna. avRniSnoT pirveli studentis mier aRebuli bileTis
nomeri i  asoTi, xolo meore studentis mier aRebuli bileTis nom-
eri j  asoTi. davuSvaT, rom “bednieri” bileTebis nomrebia: 1, 2, 3, 4,

5. maSin cxadia, rom },25,...,2,1,:),{( jijiji  , 6002425||   da
bunebrivia CavTvaloT, rom yvela elementaruli xdomileba tola-
lbaTuria: 600/1),( jiP .

SemoviRoT xdomilebebi:
{ }A  pirvelma studentma aiRo kargi bileTi ,

{ }B  meore studentma aiRo kargi bileTi ,

maSin am xdomilebebs aqvT Semdegi saxe:
};25,...,1;5,...,1:).{( jijijiA   da };5,...,1;25,...,1:),{( jijijiB  .

advili dasanaxia, rom 120245||||  BA . amitom albaTobis
klasikuri ganmartebis Tanaxmad:

120 1
( ) ( )

600 5
P A P B   .

e. i. orive moswavles aqvs kargi bileTis aRebis erTi da igive alb-
aToba.

davaleba. wina amocanaSi vipovoT albaToba imisa, rom mesame
studenti amoiRebs “bednier” bileTs.

amocana 3 (galtonis dafa). gvaqvs dafaze samkuTxedis formiT
dalagebuli rgolebi, ise rom wveroSi erTi rgolia, meore rigSi
winasgan Tanabr manZilebze ori rgoli, mesame rigSi zeda ori rgo-
lidan Tanabar manZilebze sami rgoli da a.S. boloSi aris eqvsi
rgoli. me-7 striqonSi ki aris bolo 6 rgolidan Tanabar manZileb-
ze 7 Rrmuli. zeda rgolze agdeben burTs da mas SeuZlia igoraos
Tanabari albaTobiT an marjvniv an marcxniv rgolidan rgolze,
rac sabolood sruldeba romelime RrmulSi CavardniT. rogoria
albaToba imisa, rom burTi Cavardeba mexuTe RrmulSi?
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●
O

O     O
O     O     O

O     O     O     O
O     O     O     O     O

O     O     O     O     O     O

U U U U U U U
1     2     3     4     5     6   7

amoxsna. rogorc vxedavT arsebobs pirvel da me-7 RrmulebSi
burTis Cavardnis erTaderTi gza (traeqtoria), meore da me-6 Rrmu-
lebSi  burTis Cavardnis -- eqvs-eqvsi gza, mesame da mexuTe Rrmule-
bSi – TxuTmet-TxuTmeti gza da bolos, meoTxe RrmulSi – burTis
Cavardnis 20 gza. gzebis (Sedegebis) sruli raodenobaa 1+6+15+20+15+
+6+1=64 da yvela es Sedegi Tanabrad mosalodnelia, vinaidan TiTo-
euli traeqtoriis gavlisas burTi ganicdis eqvs dajaxebas rgole-
bze da yoveli dajaxebisas is Tanabari albaTobebiT gadaadgilde-
ba an marjvniv an marcxniv. TanabaralbaTuri 64 Sedegidan mexuTe
RrmulSi Cavardnas xels uwyobs 15 Sedegi da Sesabamisad, saZebni
albaToba iqneba 15/64.

qvemoT moyvanilia galtonis dafaze rgolebis 7 rigis SemTx-
vevaSi TiToeul poziciaze burTis moxvedris SesaZlo gzebis ricx-
vi.

albaTobis klasikuri ganmarteba gamosadegia amocanaTa mxo-
lod Zalian viwro klasisaTvis, sadac yvela SesaZlo SedegTa sim-
ravle sasrulia da TiToeuli SesaZlo Sedegi Tanabrad SesaZlebe-
lia. umravles realur amocanaSi es piroba irRveva, da Sesabamisad,
klasikuri ganmartebis gamoyeneba SeuZlebelia. aseT SemTxvevaSi sa-
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Wiroa xdomilebis albaTobis sxva gziT ganmarteba. am mizniT, wina-
swar SemoviRoT A xdomilebis fardobiTi sixSiris W(A) cneba, ro-
gorc cdaTa im ricxvis Sefardeba, romelSic dafiqsirda (ganxorc-
ielda) A xdomileba, Catarebuli eqsperimentebis saerTo raodenob-
asTan:

( )
M

W A
N

 ,

sadac N – cdaTa saerTo ricxvia, М -- A xdomilebis moxdenaTa ri-
cxvi.

eqsperimentebis didma raodenobam aCvena, rom Tu cdebi tarde-
ba erTi da igive pirobebSi, maSin cdaTa (dakvirvebaTa) didi ricxv-
isaTvis, fardobiTi sixSire umniSvnelod icvleba, meryeobs (irxeva)
ra garkveuli mudmivi ricxvis irgvliv. es ricxvi SeiZleba CaiTva-
los gansaxileveli xdomilebis albaTobad.

ganmarteba. xdomilebis statistikur alabaTobad iTvleba am
xdomilebis fardobiTi sixSire an masTan axlos myofi ricxvi (ma-

Tematikurad zusti formulireba aseTia: ( ) lim ( )N
N

P A W A


 ).

SeniSvna. imisaTvis, rom arsebobdes А xdomilebis statistik-
uri albaToba, saWiroa:

a). eqsperimentebis usasrulod didi ricxvis Catarebis SesaZ-
lebloba;

b). sxvadasxva seriebSi А xdomilebis moxdenis fardobiTi si-
xSireebis mdgradoba sakmarisad didi raodenoba cdebisaTvis.
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$5. geometriuli albaToba

albaTobis klasikuri ganmartebis erT-erTi nakli isaa, rom
misi gamoyeneba ar SeiZleba im eqsperimentebisaTvis, romlebsac gaa-
CniaT Sedegebis usasrulo raodenoba. aseT SemTxvevaSi SesaZlebe-
lia visargebloT geometriuli albaTobis cnebiT.

davuSvaT rom L monakveTze SemTxveviT agdeben wertils. rac
imas niSnavs, rom wertili aucileblad daecema L monakveTze da am-
asTanave, Tanabari SesaZleblobebiT is SesaZlebelia daemTxves am
monakveTis nebismier wertils. amave dros, albaToba imisa, rom wer-
tili daecema L monakveTis nebismier nawilze araa damokidebuli am
nawilis ganlagebaze monakveTis SigniT da proporciulia misi sig-
rZis. maSin albaToba imisa, rom agdebuli wertili daecema l monak-
veTze, romelic aris nawili L monakveTis, gamoiTvleba formuliT:

||/|| LlP  , (1)
sadac || l -- l  monakveTis sigrZea, xolo || L -- L monakveTis sigrZe.

analogiurad, SesaZlebelia amocanis dasma wertilisaTvis,
romelsac vagdebT brtyel S  areze da albaToba imisa, rom is mox-
vdeba am aris s  nawilSi ganimarteba rogorc:

||/|| SsP  ,                                                     (2)
sadac || s -- s  aris farTobia, xolo || S -- S  aris farTobi.

samganzomilebian SemTxvevaSi albaToba imisa, rom SemTxvevi-
Ti gziT V  sxeulSi Cavardnili wertili aRmoCndeba am sxeulis v
nawilSi, gamoiTvleba formuliT:

||/|| VvP  ,                                                    (3)
sadac || v -- v  sxeulis moculobaa, xolo || V -- V  sxeulis mocul-
oba.

amocana 1. vipovoT albaToba imisa, rom wreSi SemTxveviT Ca-
gdebuli wertili ar Cavardeba am wreSi Caxazul wesier eqvskuTxe-
dSi.

amoxsna. davuSvaT, rom wris radiusia R , maSin masSi Caxazu-
li wesieri eqvskuTxedis gverdic iqneba R . amasTanave, wris radiu-

sia 2|| RS  , xolo eqvskuTxedis farTobia -- .
2

33
|| 2Rs  amitom saZ-

iebeli albaToba iqneba:

.174,0
2

332

33

||

||||
2

22


















R

RR

S

sS
P

amocana 2. AB monakveTze SemTxveviT agdeben sam wertils ,C
D da M . vipovoT albaToba imisa, rom ADAC,  da AM  monakveTebi-

sagan SeiZleba aigos samkuTxedi?
amoxsna. avRniSnoT ADAC,  da AM  monakveTebis sigrZeebi Ses-

abamisad yx,  da z -iT da elementarul xdomilebaTa sivrcis rolSi
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ganvixiloT samganzomilebiani sivrcis wertilTa simravle koord-
inatebiT ),,( zyx . Tu CavTvliT, rom AB monakveTis sigrZe tolia 1-
is, maSin elementarul xdomilebaTa sivrce iqneba kubi, romlis wi-
boa erTi. amave dros, xelSemwyob elementarul xdomilebaTa simra-
vle (samkuTxedis aqsiomis Tanaxmad )Sedgeba im wertilebisagan, ro-
melTa koordinatebisaTvis sruldeba samkuTxedis utolobebi: : x +
+y > z, x + z > y,  y + z > x. es ki warmoadgens kubis nawils, romelic mo-
Wrilia misgan sibrtyeebiT: x + y = z, x + z = y,  y + z = x

z

х y
(erT-erTi am sibrtyidan, kerZod x + y = z, moyvanilia naxazze). yove-
li aseTi sibrtye kubidan moWris piramidas, romlis moculoba to-
lia

6

1
1

2

1

3

1
 .

Sesabamisad, kubis darCenili nawilis moculoba iqneba

2

1

6

1
31|| v .

amitom saZiebeli albaToba, ganmartebis Tanaxmad, iqneba

.
2

1
1:

2

1

||

||
|| 

V

v
P

amocana 3 (Sexvedris amocana). ori piri SeTanxmda garkveul
adgilze Sexvdes erTmaneTs 6-dan 7 saaTamde. TiToeuli maTgani Se-
mTxveviT momentSi midis daTqmul adgilas da meores elodeba 20
wuTis manZilze (Semdeg ki midis). vipovoT albaToba imisa, rom es
pirebi Sexvdebian erTmaneTs?

amoxsna. avRniSnoT, erT-erTi piris daTqmul adgilze mosvl-
is dro x6 -iT, xolo meore piris -- y6 -iT (sadac x  da y  gamos-
axulia saaTebSi). elementarul xdomilebaTa sivrcis rolSi Segvi-
Zlia aviRoT im ),( yx  wertilTa simravle, romlebic ekuTvnian erT-

eulovan kvadrats. am SemTxvevaSi CvenTvis saintereso wertilTa
(xelSemwyob elementarul xdomilebaTa) simravle iqneba erTeulov-
ani kvadratis im wertilTa simravle, romelTa koordinatebi erTm-
aneTisagan daSorebulia araumetes 3/160/20  -iT:

 }3/1||);,{( yxyxA .

vinaidan, 3/13/13/13/13/1||  xyxxyyx . amit-

om advili gasagebia, rom A simravle iqneba erTeulovani kvadrat-
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is SigniT 3/1 xy da 3/1 xy wrfeebs Soris moqceuli gaferad-

ebuli are (roca 3/10  x , maSin 3/1 xy wrfis nacvlad qveda

sazRvris rolSi iqneba x RerZi: 3/10  xy , xolo roca

13/2  x , maSin zeda sazRvari 3/1 xy wrfis nacvlad iqneba 1y
wrfe: 13/1  yx ).

0          1/3        2/3       1 x

y
1

1/3



amitom saZiebeli albaToba iqneba:

9

5

1

3/23/21

||

||
)( 







A
AP .

davaleba 1. ipoveT albaToba imisa, rom erTeulovan gverdian
kvadratSi SemTxveviT SerCeuli wertili am kvadratis uaxloesi
gverdidan daSorebuli iqneba araumetes 0,15-iT?

davaleba 2. ori signali mimReb mowyobilobaze T  drois manZ-
ilze SemTxveviT momentSi miiReba. mowyobiloba maT ganarCevs, Tu
isini t  droiT mainc arian dacilebuli erTmaneTs. ipoveT albaTo-
ba imisa, rom orive signali miRebuli iqneba?
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$6. kombinatorikis elementebi

Zalian bevr SemTxvevaSi elementarul xdomilebaTa sivrcisa
da xdomilebis albaTobis gansazRvra pirdapiri gadaTvliT SeuZl-
ebelia. xdomilebaTa albaTobebis gamoTvlis dros xSirad saWiro
xdeba kombinatorikis formulebis gamoyeneba. kombinatorika – aris
mecniereba, romelic swavlobs kombinaciebs, romelTa Sedgenac Ses-
aZlebelia garkveuli sasruli simravlis elementebidan gansazRru-
li wesebis gamoyenebiT. ganvsazRvroT ZiriTadi kombinaciebi.

pirvel rigSi CamovayaliboT kombinatoruli analizis ZiriTa-
di principi, romelsac gamravlebis principi ewodeba:

Tu asarCevia m  obieqti da arsebobs pirveli obieqtis arCevis

1n SesaZlebloba, pirveli obieqtis arCevis Semdeg arsebobs meore

obieqtis arCevis 2n  SesaZlebloba, da a. S., 1m   obieqtis arCevis

Semdeg arsebobs m -uri obieqtis arCevis mn  SesaZlebloba, maSin

arsebobs am m  obieqtis am mimdevrobiT arCevis 1 2 mn n n   SesaZ-

lebloba.
magaliTad, Tu mamakacs aqvs 4 perangi da 2 pijaki, maSin am ma-

makacs aqvs perangisa da pijakis SerCevis 4 2 8   SesaZlebloba (va-
rianti).

namravlis principTan dakavSirebiT xSirad sasargebloa xis
msgavsi (xisebri) diagramis anu dendrogramis gamoyeneba.

magaliTad, dendrogramiT gamosaxuli monetis orjer agdebis
Sesabamisi Sedegebis simravle iqneba:

ganmarteba 1. gadanacvlebebi – es aris kombinaciebi, romleb-
ic Sedgenilia mocemuli п elementiani simravlis yvela п element-
isagan da erTamaneTisagan ganxsvavdeba mxolod elementebis ganla-
gebis rigiT. п elementiani simravlis yvela SesaZlo gadanacvleb-
aTa ricxvia:

Рп = п!.
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marTlac, Tu am amocanas SevxedavT rogorc n  obieqtidan п
obieqtis arCevis amocanas, maSin arsebobs pirveli obieqtis arCevis
n  SesaZlebloba, pirveli obieqtis arCevis Semdeg arsebobs meore
obieqtis arCevis 1n   SesaZlebloba, da a. S., me- n  obieqtis arCevis
erTaderTi SesaZlebloba. Sesabamisad, gamravlebis principis Tana-
xmad:

( 1) 1 !nP n n n    
magaliTi 1. ramdegi gansxvavebuli sia SeiZleba Sedgenil iqn-

es 7 sxvadasxva gvarisagan?
amoxsna. Р7 = 7! = 2·3·4·5·6·7 = 5040.
ganmarteba 2. wyobebi – es aris т elementiani kombinaciebi п

ganxsvavebuli elementis mqone simravlidan, romelebic erTmaneTis-
agan gansxvavdebian an elementebis SemadgenlobiT an elementebis
ganlagebis rigiT. sxva sityvebiT, wyoba aris п elementiani simrav-
lis т elementian, dalagebul qvesimravleTa raodenoba. yvela Ses-
aZlo wyobebis ricxvia:

!/( )!т
пА n n m   .

am amocanas Cven SegviZlia SevxedoT, rogorc n  obieqtidan
m obieqtis SerCevis amocanas. radganac, arsebobs pirveli obieqt-
is arCevis n  SesaZlebloba, pirveli obieqtis arCevis Semdeg
arsebobs meore obieqtis arCevis 1n   SesaZlebloba, da a. S., me-m
obieqtis arCevis 1n m   SesaZlebloba, amitom gamravlebis princi-
pis safuZvelze gvaqvs:

( 1)( 2)...( 1) !/( )!т
пА п п п п т n n m      

magaliTi 2. SejibrebaSi monawile 10 sportsmenidan pirvel
sam adgilze gasuli sami gamarjvebuli ramden sxvadasxvanairad Se-
iZleba ganTavsdes dasajildoebel kvarcxlbekze?

amoxsna. .72089103
10 А

ganmarteba 3. jufdebebi – es aris п elementiani simravlis
daulagebeli т elementiani qvesimravleebi (anu iseTi erTobliobe-
bi, romlebic erTmaneTisagan gansxvavdebian mxolod elementebis
SemadgenlobiT). jufdebaTa ricxvi tolia:

!

!( )!
т
п

пС
т п т




.

vinaidan, п elementiani simravlis yvela т elementiani, dala-
gebuli qvesimravlis misaRebad, Cven SegviZlia aviRoT п elementia-
ni simravlis yvela daulagebeli т elementiani qvesimravle (rome-

lTa raodenobaa т
пС ) da TiToeulSi movaxdinoT yvelanairi gadana-

cvlebebi (amis SesaZleblobaa !m ), amitom adgili aqvs Tanafardo-
bas:

!m m
n nC m A  .

aqedan cxadia, rom
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magaliTi 3. SesarCev SejibrebaSi monawileobs 10 adamiani, ro-
melTagan finalSi gadis sami. finalistebis ramdeni gansxvavebuli
sameuli SeiZleba gamovlindes?

amoxsna. wina magaliTisagan gansxvavebiT, aq finalistebis
rigs (dalagebas) mniSvneloba ara aqvs. amitom viyenebT jufdebis
formulas. Sesabamisad, saZiebeli ricxvia:

.120
6

1098

!7!3

!103
10 





С

!

! !( )!

m
m n
n

C n
A

m m n m
 


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$7. albaTobis gamoTvla kombinatorikis gamoyenebiT

ganvixiloT magaliTebi, romlebic dakavSirebulia yuTidan, romel-
Sic M  raodenobis burTia, sxvadasxva gzebiT n  raodenobis burTis amo-
RebasTan.

amorCeva dabrunebiT. am SemTxvevaSi eqsperimentis yovel nabijze
yuTidan amoRebuli burTi ukan brundeba. vigulisxmoT, rom burTebi ga-
danomrilia ricxvebiT erTidan M -mde. Sesabamisad, elementarul xdomi-
lebaTa sivrce SeiZleba warmodgenil iqnes iqneba rogorc ricxvTa n -
eulebi naa ,...,1 , sadac ia  aRniSnavs i -ur nabijze amoRebuli burTis no-

mers. ganasxvaveben ori tipis amorCevebs: dalagebuli amorCevebi da dau-
lagebeli amorCevebi. pirvel SemTxvevaSi amorCevebi, romlebic Sedgebian
erTi da igive elementebisgan, magram gansxvavdebian am elementebis dal-
agebis rigiT, cxaddeba gansxvavebulad. meore SemTxvevaSi elementebis
dalagebis ricxvi ar miiReba mxedvelobaSi da aseTi amorCevebi cxaddeba
identurad. imisaTvis, rom ganvasxvavoT es amorCevebi dalagebuli amorC-

evebi aRiniSneba simboloTi ( naa ,...,1 ), xolo daulagebeli amorCevebi –

[ naa ,...,1 ].

amgvarad, dabrunebiT dalagebuli amorCevis SemTxvevaSi elementar-
ul xdomilebaTa sivrces aqvs Semdegi struqtura

},...,1;,...,1:),...,(:{ 1 niMaaa in  
da gansxvavebul SedegTa (amorCevaTa) raodenoba, romelsac kombinatori-

kaSi uwodeben wyobebs M -dan n dabrunebebiT, tolia nM || .
Tu ki Cven vixilavT daulagebel amorCevebs dabrunebiT, romelsac

kombinatorikaSi uwodeben jufdebas M -dan n , maSin
},...,1;,...,1:],...,[:{ 1 niMaaa in   .

gasagebia, rom gansxvavebul daulagebel amorCevaTa ricxvi naklebia vid-

re dalagebulebis ricxvi. vaCvenoT, rom n
nMC 1||  , sadac

)!(!

!
:

lkl

k
C l

k 
 --

aris jufdebaTa ricxvi k -dan l .
damtkicebas Cven CavatarebT maTematikuri induqciis principiT. aRv-

niSnoT ),( nMN -iT CvenTvis saintereso Sedegebis ricxvi. cxadia, rom Tu

Mk  , maSin 1)1,( kCkkN  . davuSvaT axla, rom n
nkCnkN 1),(  , Mk   da va-

CvenoT, rom es formula ZalaSi darCeba n -is 1n -iT Secvlisas. SevniSn-

aT, rom daulagebeli [ 11 ,..., naa ] SerCevebis ganxilvisas SeiZleba vigulis-

xmoT, rom misi elementebi dalagebulia klebis mixedviT: 121  naaa .

advili dasanaxia, rom im daulagebeli 121  naaa  SerCevebis raode-

noba, romelTaTvisac 11 a  tolia ),( nMN -is, romelTaTvisac 21 a --

),1( nMN  -is da a. S. amitom

 ),1(),1(),()1,( nNnMNnMNnMN

 



 )( 1

1
1

111
n

nM
n

nM
n
n

n
nM

n
nM CCCCC

11
1

1
11

1
1 )()( 









  n

nM
n
n

n
n

n
n

n
nM

n
nM CCCCCC ,

sadac Cven visargebleT binomis koeficientebis Semdegi TvisebiT:
l
k

l
k

l
k CCC 1

1


  .
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amorCeva dabrunebis gareSe. vigulisxmoT, rom Mn   da amoRebuli
burTi ukan ar brundeba. am SemTxvevaSic agreTve ganixileba ori SesaZl-
ebloba dakavSirebuli amorCevis dalageba -- daulageblobasTan.

dabrunebis gareSe dalagebuli SerCevis SemTxvevaSi, romelsac ko-
mbinatorikaSi uwodeben wyobebs M -dan n dabrunebebis gareSe, Sedegebis
simravles aqvs saxe:

},...,1;,...,1;,:),...,(:{ 1 niMalkaaaa ilkn   ,

xolo am simravlis elementTa raodenoba tolia )1()1(||  nMMM .

es ricxvi aRiniSneba simboloTi nM )(  an n
MA  da ewodeba wyobaTa ricxvi

M -dan n .
daulagebeli amorCevisas dabrunebis gareSe, romelsac kombinator-

ikaSi uwodeben jufdebas M -dan n dabrunebebis gareSe, SedegTa simrav-
les aqvs saxe

},...,1;,...,1;,:],...,[:{ 1 niMalkaaaa ilkn  
da misi elementebis raodenoba tolia n

MC || . marTlac, daulagebeli

[ naa ,...,1 ] erTobliobidan, romelic Sedgeba gansxvavebuli elementebisagan,

SeiZleba miviRoT zustad !n  raodenoba dalagebuli erTobliobebi. amit-

om n
MAn  !||  , da maSasadame, n

M
n
M CnA  !/|| .

sabolood Cven gvaqvs yuTidan, romelSic M  raodenobis burTia n
raodenobis burTis amoRebis ricxvis Semdegi cxrili:

dalagebuli daulagebeli
dabrunebiT nM 1

n
M nC  

dabrunebis
gareSe

n
MA n

MC

magaliTad, 3M  da 2n -is SemTxvevaSi Sesabamis elementarul
xdomilebaTa sivrceebs eqnebaT Semdegi saxis struqturebi:

SerCeva

(1,1)(1,2)(1,3)
(2,1)(2,2)(2,3)
(3,1)(3,2)(3,3)

[1,1][2,2][3,3]
[1,2][1,3][2,3] dabrunebiT

(1,2)(1,3)
(2,1)(2,3)
(3,1)(3,2)

[1,2]   [1,3]
[2,3]

dabrunebis
gareSe

erToblioba dalagebuli daulagebeli

nawilakebis ganlageba danayofebSi. ganvixiloT sakiTxi elementar-
ul xdomilebaTa sivrcis struqturis Sesaxeb n nawilakis (burTis) M
danayofSi (yuTSi) ganlagebis amocanaSi. aseTi amocanebTan saqme gvaqvs
statistikur fizikaSi, roca swavloben n  nawilakis (es SeiZleba iyos
protonebi, neitronebi, da sxva) M  mdgomareobaSi (es SeiZleba iyos ener-
getikuli doneebi) ganawilebis sakiTxebs. vigulisxmoT, rom danayofebi
gadanomrilia nomrebiT 1, 2,..., M  da Tavidan davuSvaT, rom nawilakebi ga-

rCevadia (gansxvavebulebia, aqvT nomrebi 1, 2,..., n ). maSin n nawilakis M
danayofSi ganawilebis sruliad aRiwereba dalagebuli erTobliobiT

( naa ,...,1 ), sadac ia -- warmoadgens im danayofis nomers, romelSic moxvda
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nawilaki nomriT i . Tu ki ganvixilavT ganurCevel nawilakebs, maSin maTi
ganawileba M  danayofSi sruliad aRiwereba daulagebeli erTobliobiT

[ naa ,...,1 ], sadac ia -- im danayofis nomeria, romelSic moxvda nawilaki i -
ur nabijze.

magaliTebi:
I. kursze, romelzec sami jgufia, jgufxelebis arCevis yvela SesaZ-

lo variantebis ricxvia 321 nnn  , sadac in -- i -ur jgufSi studentebis

raodenobaa (viyenebT namravlis princips);
II. raodenoba yvela SesaZlo kombinaciebis, ramdennairadac SesaZle-

belia m  mgzavri ganvaTavsoT n  vagonSi tolia mn  (dalagebuli amorCe-
va dabrunebiT, sadac M n  da n m );

III. m  adamianis dabadebis dReebis yvela SesaZlo kombinacia (im pi-
robiT, rom TiTeuli dabadebis dRe aris romelime 365 dRidan) tolia

m365  (saqme gvaqvs amorCevasTan dabrunebiT, amasTanave amorCevebi iTvleba
dalagebulad, sadac 365M   da n m );

IV. raodenoba yvela SesaZlo kombinaciebis, ramdennairadac SesaZl-
ebelia 5 burTi ganvaTavsoT 5 yuTSi, ise rom erT yuTSi iyos erTi bur-
Ti, tolia 5! (namravlis principis Tanaxmad);

V. partiebis raodenoba, romelic unda Sedges n  monawilisagan Sem-

dgar wriul saWadrako turnirSi tolia 2/)1(2  nnCn  (daulagebeli am-

orCeva dabrunebis gareSe).
amocana 1 (damTxvevebze). vipovoT albaToba imisa, rom: a). m  SemTx-

veviT arCeuli adamianis dabadebis dReebi ar daemTxveva erTmaneTs (im pi-
robiT, rom yvela dRe tolalbaTuria); b). m  SemTxveviT arCeul adamian-
Si moiZebneba ori mainc iseTi, romelTa dabadebis dReebi daemTxveva er-
TmaneTs.

amoxsna. a). elementarul xdomilebaTa sivrce Seesabameba dalageb-

ul amorCevebs dabrunebiT, sadac 365M   da n m , anu | | 365m  ;  xolo
xelSemwyobi elementaruli xdomilebebi ki dalagebul amorCevebs dabr-
unebis gareSe, sadac agreTve 365M   da n m , amitom maTi raodenobaa --

365
mA . Sesabamisad, albaTobis klasikuri ganmartebis Tanaxmad, gvaqvs

)
365

1
1()

365

2
1)(

365

1
1(

365
)( 365 


mA

mP
m

m

.

b). sawinaaRmdego xdomilebis albaTobis gamoTvlis wesis Tanaxmad
ki gvaqvs, rom

m

mA
mQ

365
1)( 365 .

moviyvanoT am albaTobis mniSvnelobebis cxrili zogierTi m -is
SemTxvevaSi:

m 4 16 22 23 40 64 70
Q(m) 0.01636 0.28360 0.47569 0.50730 0.89123 0.99711 0.99916

sainteresoa aRiniSnos, rom (molodinis sawinaaRmdegod!) klasis
moswavleTa raodenoba, romelSic 1/2-is toli albaTobiT moiZebneba ori
moswavle mainc erTi da igive dabadebis dReebiT, arc ise didia: igi to-
lia mxolod 23-is.
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amocana 2 (mogeba latareaSi). gvaqvs M  bileTi gadanomrili ricxv-
ebiT erTidan M -mde, romelTagan n  bileTi nomrebiT erTidan n -mde mom-
gebiania ( nM 2 ). vyidulobT n  cal bileTs. ras udris albaToba imisa,
rom am n  bileTidan erTi mainc iqneba momgebiani (avRniSnoT es xdomile-
ba A -Ti)?

amoxsna. vinaidan bileTebis amoRebis (yidvis) Tanmimdevrobas ara
aqvs mniSvneloba nayid bileTebSi momgebiani bileTebis arsebobis an ar
arsebobis TvalsazrisiT, amitom elementarul xdomilebaTa sivrces eqn-
eba Semdegi stuqtura:

},...,1;,:],...,[:{ 1 Malkaaaa ilkn   .

Sesabamisad, Cvens mier zemoTmoyvanili cxrilis Tanaxmad n
MC || .

xdomilebas (avRniSnoT igi 0B -iT), rom nayid bileTebSi ar aris mo-

mgebiani bileTebi, eqneba Semdegi struqtura:

},...,1;,:],...,[:{ 10 MnalkaaaaB ilkn    da n
nMCB || 0 .

amitom

)
1

1()
1

1)(1()( 0 



 

nM

n

M

n

M

n

A

A

C

C
BP

n
M

n
nM

n
M

n
nM .

Sesabamisad, saZebni albaToba iqneba

0( ) 1 ( ) 1 (1 )(1 ) (1 )
1 1

n n n
P B P B

M M M n
       

  
.

Tu magaliTad, 2nM   da n , maSin 1
0 )(  eBP  (aq e  neperis ric-

xvia) da 632,01)( 1  eBP , sadac krebadobis siCqare sakmaod didia: ukve

roca 10n -- 670,0)( BP .
davaleba. wina amocanis pirobebSi vipovoT albaToba imisa, rom

nayidi n  bileTidan zustad m  ( nm  ) iqneba momgebiani.
amocana 3 (urTierTobis upiratesobaze). davuSvaT klasSi, romelS-

ic  10 moswavlea tardeba gamokiTxva, sadac TiToeulma moswavlem anket-
aSi unda miuTiTos is sami amxanagi, romelsac aZlevs upiratesobas cxra
amxanagidan. A iyos xdomileba, rom erTerTi moswavle dasaxelebul iqna
yvela SesaZlo cxra anketaSi. ras udris misi albaToba, Tu anketis Sev-
seba iyo SemTxveviTi, anu anketis Sevsebis nebismieri kombinacia tolalb-
aTuria.

amoxsna. calkeuli moswavlisaTvis anketis Sevsebis sxvadasxva kom-

binaciaTa raodenoba tolia 3
9C -is, xolo 10 anketis Sevsebis variantebis

raodenoba pirveli magaliTis analogiurad tolia 103
9 )(C -is. vinaidan er-

Ti anketa SeiZleba Sevsebul iqnes nebismierad, xolo danarCen cxra anke-
taSi erTi pasuxi dafiqsirebulia, xolo danarCeni ori pasuxi ki SeiZle-
ba nebismierad amoirCes rva SesaZlebeli pasuxidan, amitom elementaru-

li xdomilebebis raodenoba A -Si tolia 92
8

3
9 )(|| CCA   (Tu wyvil-

is pirvel komponents SeuZlia miiRos m  gansxvavebuli mniSvneloba, xo-
lo meore komponents ki pirvelisgan damoukideblad -- n  gansxvavebuli
mniSvneloba, maSin aseTi wyvilebis raodenoba namravlis principis Tana-
xmad iqneba -- m n ). aqedan gvaqvs

9
9

3
9

2
8

103
9

92
8

3
9

3

1
)(

)(

)(
)( 




C

C

C

CC
AP .

davaleba. wina amocanaSi ipoveT albaToba imisa, rom erTerTi stu-
denti dasaxelebuli iqneba k -jer ( 9k ).
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amocana 4 (or “tuzze”). ganvixiloT preferansis TamaSi, rodesac
kartis Sekvris maRali 32 karti SemTxveviT nawildeba (rigdeba) sam moT-
amaSes Soris, ise rom TiTeuli Rebulobs 10 karts da ori karti inaxeba
“sayidlebSi”. rogoria albaToba imisa, rom “sayidlebSi” aRmoCndeba ori
“tuzi”?

amoxsna. ori kartis sxvadasxva kombinaciebis raodenoba, romelic

SeiZleba aRmoCndes “sayidlebSi” tolia 4962
32 C . kartis SekvraSi oTxi

“tuzia”Dda sxvadasxva kombinaciebis raodenoba, romelic mogvcemda or

“tuzs”Atolia 62
4 C . Sesabamisad, saZiebeli albaToba tolia

012,0496
6

2
32

2
4 

C
C .

davaleba. davuSvaT wina amocanaSi erTerTma moTamaSem, naxa ra Ta-
visi kartebi, icis, rom mas “tuzi” ara aqvs. Seicvleba Tu ara maSin alb-
aToba imisa, rom “sayidlebSi” ori “tuzia”? gamoTvaleT es albaToba.

amocana 5 (mxedvelobiT moZebnaze). davuSvaT gvaqvs N cali SemTxv-
eviT dalagebuli geometriuli figura, romelTa Soris M  cali marTku-
Txedia ( NM  ). moiTxoveba moiZebnos yvela marTkuTxedi, Tu Zebna warm-
oebs elementebis (figurebis) saTiTaod skanirebiT fiqsaciis moculobiT
erTi elementi, amasTanave xdeba dakvirvebuli elementis poziciis damax-
sovreba da mas Tavidan aRar vubrundebiT. vipovoT albaToba imisa, rom
damkvirvebeli SeZlebs aRmoaCinos yvela M  marTkuTxedi araumetes n
dakvirvebisas ( NMn ,..., )?

amoxsna. yvela SesaZlo elementarul xdomilebaTa raodenoba iqne-

ba n
NC || . xelSemwyobi elementaruli xdomilebebi iseTi [ naa ,...,1 ] erTo-

bliobebia, romlebSic M  adgilas ganTavsebulia marTkuTxedebi (amis

SesaZleblobaTa raodenobaa M
MC ), xolo danarCen MN   adgilas ki ara

marTkuTxedebi (amis SesaZleblobaTa raodenobaa Mn
MNC 

 ). amitom pirveli

magaliTis analogiurad xelSemwyobi elementaruli xdomilebebis raode-

noba iqneba M
MC Mn

MNC 
  . Sesabamisad, saZiebeli albaToba tolia

M
N

M
n

n
N

Mn
MN

n
N

Mn
MN

M
M

M C

C

C

C

C

CC
nP 








)( .
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$8. jamisa da sxvaobis albaTobis formulebi

gavixsenoT, rom A xdomilebis albaToba ewodeba masSi Semav-
vali elementaruli xdomilebebis albaTobebis jams:





A

i

i

PAP


 )()( .

aqedan Cven SegviZlia miviRoT e. w. albaTobaTa Sekrebis kano-
ni: Tu A da B  xdomilebebi uTavsebadia (  BA Ø), maSin xdomileb-
aTa jamis albaToba albaTobebi jamis tolia

)()()( BPAPBAP  .                       (1)

marTlac, gvaqvs:

)()()()()()(
)(

BPAPPPPBAP
B

i
A

i
BA

i

iii

 
 

 .

Sedegi 1. sawinaaRmdego xdomilebis albaToba tolia erTs ga-
moklebuli TviTon am xdomilebis albaToba:

P )(1)( APAP  .

damtkiceba. vinaidan AA = Ø da  AA , amitom albaToba-
Ta Sekrebis kanonis Tanaxmad gvaqvs:

)()()()(1 APAPAAPP  ,
saidanac vrwmundebiT Sedegis sisworeSi.

Sedegi 2 (sxvaobis albaTobis formula). Tu B  xdomileba iw-
vevs A xdomilebas )( AB  , maSin A da B  xdomilebebis sxvaobis

albaToba albaTobaTa sxvaobis tolia: )()()\( BPAPBAP  .

damtkiceba. am SemTxvevaSi A xdomileba SeiZleba warmodgen-
il iqnes rogorc uTavsebadi B  da BA \  xdomilebebis jami:

)\( BABA  .

amitom albaTobaTa Sekrebis kanonis Tanaxmad gvaqvs:
)\()()( BAPBPAP  ,

saidanac Cans Sedegis marTebuloba.
cxadia, rom albaTobaTa Sekrebis kanonis ganzogadoeba SesaZ-

lebelia wyvil-wyvilad uTavsebad xdomilebaTa nebismieri raoden-
obisaTvis:

Tu nAAA ,...,, 21  xdomilebaTa wyvil-wyvilad uTavsebadi siste-

maa (  ji AA  =Ø, roca ji  0, maSin:
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



n

i
i

n

i
i APAP

11

)()( .                           (2)

visargebloT maTematikuri induqciis meTodiT. (2) formula
2n -is SemTxvevaSi samarTliania (ix. (1)). davuSvaT, rom igi samarT-

liania n -saTvis da vaCvenoT, rom samarTliani iqneba 1n -is SemTx-
vevaSi. gvaqvs:


















1

1
1

1

)2(

1
1

)1(

1
1

1

1

)()()()()()()(
n

i
in

n

i
in

n

i
i

n

i
ni

n

i
i APAPAPAPAPAAPAP .

amiT (2) Tanafardoba damtkicebulia.
Teorema 1. Tu A da B  nebismieri xdomilebebia, maSin

)()()()( BAPBPAPBAP  .            (3)

damtkiceba. ganmartebis Tanaxmad





)(

)()(
BA

i

i

PBAP


 da 



B

i
A

i

ii

PPBPAP


 )()()()( .

magram jamSi )()( BPAP   albaTobebi )( iP  , roca BAi  , gaTvali-

swinebulia orjer, xolo am )( iP  -ebis jami aris )( BAP  . amitom

Tu ( ) ( )P A P B  jams gamovaklebT )( BAP  -s, miviRebT swored saZieb-

el )( BAP   albaTobas.

davaleba. daamtkiceT Teorema 1 albaTobaTa Sekrebis kanonisa
da sxvaobis albaTobis formulis gamoyenebiT.

sami xdomilebis SemTxvevaSi (Tu visargeblebT e. w. de morga-
nis kanoniT )()()( CBCACBA  ) gveqneba:

)3()3(

])[()()())(()(  CBAPCPBAPCBAPCBAP
)3()3(

)]()[()()()()(  CBCAPCPBAPBPAP

 )]}()[()()({)()()()(
)3(

CBCAPCBPCAPBAPCPBPAP
)()()()()()()( CBAPCBPCAPBAPCPBPAP  .

zogad SemTxvevaSi samarTliania Semdegi Tanafardoba:

)()1()()()()(
1

1

1
1

i

n

i

n

kji
kji

ji
ji

n

i
ii

n

i
APAAAPAAPAPAP








  .
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$9. pirobiTi albaTobis formula

albaTobis TeoriaSi albaTobis cnebasTan erTad Semodis e.
w. pirobiTi albaTobis cneba. imisaTvis, rom davinaxoT misi saWiro-
eba moviyvanoT Semdegi martivi magaliTi: davuSvaT, rom adamians
daaviwyda telefonis nomris ori cifri. vipovoT albaToba imisa,
rom SemTxveviT akrefili ori cifriT moxerxdeba sasurvel abonen-
tTan dakavSireba?

cxadia, rom am SemTxvevaSi }9,...,1,0,:),{(  jiji  da namravlis

principis Tanaxmad 1001010||  . vinaidan sasurvel abonentTan

SeerTebas xels uwyobs cifrebis erTaderTi ).( ji  wyvili, amitom sa-

Ziebeli albaToba tolia 1/100-is.
vTqvaT, adamians gaaxsenda rom es cifrebi iyo sxvadasxva. ra

iqneba maSin sasurvel abonentTan dakavSirebis albaToba? am SemTx-
vevaSi elementarul xdomilebaTa sivrce iqneba {( , ) : 0,1,...,9;i j i  

0,1,...,9; }j i j  . Sesabamisad, 90910||  , xolo saZiebeli albaTo-
ba iqneba 1/90. rogorc vxedavT damatebiTi informaciis gaCenam Secv-
ala (kerZod, gazarda) albaToba.

moviyvanoT kidev erTi magaliTi. vipovoT albaToba imisa, rom
erTi kamaTlis erTjer gagorebisas mova samis jeradi qula, Tu
cnobilia, rom movida luwi qula? am SemTxvevaSi }6,4,2{ , 3||  ,
xolo xelSemwyobi elenmentaruli xdomileba erTaderTia (kerZod,
6-ianis mosvla) da  saZiebeli albaToba iqneba 1/3.

SevxedoT igive magaliTs sxvanairad. davuSvaT, SemTxveviTi
movlena mdgomareobs erTi kamaTlis erTjer gagorebaSi. SemoviRoT
xdomilobebi: A -- movida samis jeradi qula da B -- movida luwi
qula. naTelia, rom  am dros BA  iqneba – movida samis jeradi
luwi qula. cxadia, rom am SemTxvevaSi: }6,5,4,3,2,1{ ; }6,3{A ;

}6,4,2{B ; BA ={6}, xolo albaTobis klasikuri ganmartebis Tanax-

mad ki: 3/16/2)( AP ; 2/16/3)( BP  da 6/1)(  BAP . advili das-

anaxia, rom zemoT gamoTvlili albaToba 1/3 (romelsac bunebrivia
davarqvaT A  xdomilebis albaToba pirobaSi, rom adgili hqonda B
xdomilebas) formalurad SegveZlo migveRo Semdegnairad:

)(

)(

2/1

6/1
3/1

BP

BAP 
 .

ama Tu im movlenis analizis dros xSirad ibadeba kiTxva ra
gavlenas axdens raime A  xdomilebis moxdenis SesaZleblobaze ra-
ime sxva B  xdomilebis moxdena. umartivesi magaliTebia, roca B
xdomilebis moxdena aucileblad iwvevs A  xdomilebis ganxorcie-
lebas, e. i. AB  , an piriqiT, B  xdomilebis moxdena gamoricxavs
A  xdomilebis ganxorcielebis SesaZleblobas, e. i.  BA Ø. alba-
Tobis TeoriaSi A  da B  xdomilebebs Soris kavSiris dasaxasiaTe-
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blad Semodis A  xdomilebis pirobiTi albaTobis cneba B  xdomi-
lebis mimarT.

ganmarteba 1. A xdomilebis pirobiTi albaToba pirobaSi, rom
adgili hqonda B xdomilebas aRiniSneba )|( BAP  simboloTi da gan-
imarteba Semdegnairad

)(/)()|( BPBAPBAP  ,                        (1)

Tu 0)( BP .
zemoT moyvanili ukanaskneli magaliTi garkveuli azriT SeiZ-

leba CaiTvalos pirobiTi albaTobis ganmartebis motivaciad. movi-
yvanoT axla mosazreba, romelic gaamarTlebs A  xdomilebis piro-
biTi albaTobis (pirobaSi, rom moxda B  xdomileba) )|( BAP -s ganma-
rtebas (1) TanafardobiT. davuSvaT, rom eqsperimentis Sedegad Sesa-
Zlebelia moxdes A  da B  xdomilebi. A  xdomilebis pirobiTi six-
Sire, pirobaSi rom moxda B  xdomileba vuwodoT A  xdomilebis si-
xSires gamoTvlils ara yvela eqsperimentis mimarT, aramed im eqsp-
erimentebis mimarT, romlebSic adgili hqonda B  xdomilebas. sxva
sityvebiT, rom vTqvaT, Tu n -- yvela eqsperimentis raodenobaa,

)(Bn -- B  xdomilebis moxdenaTa ricxvia, )( BAn  -- BA  xdomi-

lebis moxdenaTa ricxvia (anu im eqsperimentebis raodenoba, sadac
erTdroulad moxda A  da B ), maSin pirobiTi sixSire aris

nB

nBA

B

BA

n

n

n

n

/)(

/)(

)(

)(





 




.

n -is didi mniSvnelobebisaTvis am gamosaxulebis marcxena
mxares SeiZleba SevxedoT rogorc B  xdomilebis moxdenis piroba-
Si A  xdomilebis moxdenis pirobiTi albaTobis )|( BAP  miaxloeb-

iT mniSvnelobas, Sefardeba nBAn /)(  -- aris )( BAP  albaTobis

miaxloebiTi mniSvneloba, xolo Sefardeba nBn /)( ki aris )(BP
albaTobis miaxloebiTi mniSvneloba. es msjeloba udevs swored
safuZvlad pirobiTi alabaTobis (1) ganmartebas.

pirobiT albaTobebs gaaCniaT Cveulebrivi albaTobebis anal-
ogiuri Tvisebebi:

I. nebismieri A  da B  xdomilebebisaTvis ( 0)( BP ):

1)|(0  BAP ;

II. A  da B  uTavsebadia ( BA =Ø), maSin 0)|( BAP ;

III. Tu B  iwvevs A -s ( AB  ), maSin 1)|( BAP .

Teorema 1. Tu nAAA ,...,, 21  wyvil-wyvilad uTavsebadi xdomileb-

ebia, maSin nebismieri B  xdomilebisaTvis ( 0)( BP ) samarTliania
toloba:





n

i
i

n

i
i BAPBAP

11

)|(]|)[( .
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damtkiceba. cxadia, rom 



n

i
i

n

i
i BABA

11

)()( . garda amisa, vin-

aidan xdomilebebi nAAA ,...,, 21  wyvil-wyvilad uTavsebadi xdomilebe-

bia, wyvil-wyvilad uTavsebadi iqneba xdomilebebi 1 2, ,...,A B A 

nA B . amitom pirobiTi albaTobis ganmartebis Tanaxmad, albaTob-

aTa Sekrebis kanonis gaTvaliswinebiT, vwerT:













 

 )(

)(

)(

)]([

)(

])[(
]|)[( 111

1 BP

BAP

BP

BAP

BP

BAP
BAP

n

i
i

n

i
i

n

i
in

i
i








n

i
i

n

i

i BAP
BP

BAP

11

)|(
)(

)(
.

amocana 1. ganvixiloT ojaxebi, sadac or-ori bavSvia. rogo-
ria albaToba imisa, rom ojaxSi orive bavSvi vaJia pirobaSi, rom:
a). ufrosi bavSvi – vaJia; b). erTi bavSvi mainc – vaJia?

amoxsna. aq elementarul xdomilebaTa sivrce aseTia
}{ qqqv,vq,vv, ,

sadac “v” aRniSnavs vaJs, xolo “q” – qals. CavTvaloT, rom oTxive
Sedegi tolalbaTuria. SemoviRoT xdomilebebi: A -- iyos xdomile-
ba, rom ufrosi bavSvi -- vaJia, xolo B -- iyos xdomileba, rom um-
crosi bavSvi – vaJia. maSin BA -- iqneba xdomileba, rom orive ba-
vSvi vaJia, xolo BA -- ki iqneba xdomileba, rom erTi bavSvi ma-
inc vaJia. Sesabamisad, saZebni albaTobebi iqneba: a). )|( ABAP   da

b). )|( BABAP  . advili dasanaxia, rom:

2

1

2/1

4/1

)(

)(

)(

])[(
)|( 







AP

BAP

AP

ABAP
ABAP ,

3

1

4/3

4/1

)(

)(

)(

)]()[(
)|( 










BAP

BAP

BAP

BABAP
BABAP .

amocana 2 (saukeTesos SerCevaze). mocemulia m  obieqti gadan-
omrili ricxvebiT m,...,2,1 , amasTanave ise, rom vTqvaT, obieqti #1
klasificirdeba rogorc “saukeTeso”, . . . , obieqti #m  ki rogorc
“yvelaze uaresi”. igulisxmeba rom obieqtebi Semodian drois momen-
tebSi m,...,2,1  SemTxveviTi rigiT (anu yvela SesaZlo m ! gadanacvl-

eba tolalbaTuria).  damkvirvebels SeuZlia ori maTganis Sedareb-
iT Tqvas romelia ukeTesi da romeli uaresi. saWiroa saukeTesos
SerCeva im pirobiT rom obieqtebi warmoidgineba saTiTaod da ukug-
debulis damaxsovreba xdeba damkvirveblis mier. ar SeiZleba sauke-
Tesod miCneul iqnes is obieqti, romelic dakvirvebuli obieqtebid-
an erTze mainc uaresia an romelic ukve iqna ukugdebuli. vTqvaT,
damkvirvebelma obieqti SearCia k -ur nabijze ( mk  ), anu daTvalie-
rebuli obieqtebidan ukanaskneli aRmoCnda yvela winaze ukeTesi da
amitom moxda misi SerCeva. rogoria albaToba imisa, rom amorCeuli
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obieqti iqneba saukeTeso mTeli erTobliobidan rogorc ukve ganx-
ilul, ise jer kidev ganuxilav obieqtebs Soris?

amoxsna. SemoviRoT xdomilebebi: A  iyos xdomileba, rom k -
uri obieqti saukeTeoa yvela arsebul m  obieqts Soris da B  iyos
xdomileba, rom k -uri obieqti saukeTeoa dakvirvebul k  obieqts
Soris. gasagebia, rom mosaZebnia pirobiTi albaToba )|( BAP .

vinaidan BA  , amitom ABA   da )()( APBAP  . Sesabamisad,
pirobiTi albaTobis ganmartebis Tanaxmad

)(/)()|( BPAPBAP 
vinaidan obieqtebis yvela SesaZlo gadanacvlebebi tolalba-

Turia, amitom albaTobis klasikuri ganmartebis Tanaxmad advili
dasanaxia, rom

kk

k
BP

1

!

)!1(
)( 


  da

mm

m
AP

1

!

)!1(
)( 


 .

Sesabamisad, mkBAP /)|(  .
strategia. SeiZleba damtkicdes, rom saukeTeso obieqtis amo-

rCevis optimaluri strategia mowyobilia Semdegnairad. avRniSnoT

simboloTi *m  iseTi naturaluri ricxvi, romlisTvisac samarTli-
ania utoloba

1

1

1

1
1

1

11
** 








mmmm

.

saukeTeso obieqtis arCevis optimaluri strategia mdgomare-

obs imaSi, rom davakvirdeT da ukuvagdoT pirveli 1* m obieqti

da Semdeg gavagrZeloT dakvirveba iseT *  momentamde, roca pirve-
lad gamoCndeba yvela winamorbedze ukeTes obieqti.

magaliTad, Tu 10,...,1m , maSin *m -is Sesabamisi mniSvnelobe-
bia:

m 1 2 3 4 5 6 7 8 9 10
m-optimaluri 1 1 1 1 2 2 2 3 3 4

sakmaod didi m -isaTvis emm /*  (sadac e -- neperis ricxvia,
2.718e  ) da saukeTeso obieqtis arCevis albaToba daaxloebiT to-

lia 1/ 0.368e   (Tumca, erTi SexedviT bunebrivia mogvCveneboda, rom
gansaxilveli obieqtebis m  raodenobis zrdasTan erTad, saukeTe-
so obieqtis arCevis albaToba unda wasuliyo nulisaken). e. i. sauk-
eTeso obieqtis arCevis optimaluri strategia mdgomareobs imaSi,
rom unda ukuvagdoT obieqtebis saerTo raodenobis daaxloebiT me-
samedi da Semdeg avirCioT pirveli iseTi obieqti, romelic yvela
winaze ukeTesia.
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$10. namravlis albaTobis formula

vigulisxmoT, rom 0)( BP , maSin pirobiTi albaTobis formu-

lidan
)(/)()|( BPBAPBAP 

SegviZlia davweroT, rom
)|()()( BAPBPBAP  .                 (1)

analogiurad, Tu vigulisxmebT, rom 0)( AP , maSin )|( ABP  pi-

robiTi albaTobis formulidan miviRebT, rom
)|()()( ABPAPBAP  .

e. i. ori xdomilebis namravlis albaToba tolia erT-erTis albaT-
oba gamravlebuli meoris pirobiT albaTobaze pirobaSi, rom mox-
da pirveli.

cxadia, rom sami xdomilebis SemTxvevaSi (Tu 0)( BP  da

0)( CP ) gveqneba:
)1()1(

]|)[()(])[()(  CBAPBAPCBAPCBAP

]|[)|()(
)1(

BACPABPAP  .

analogiurad, nAAA ,...,, 21  xdomilebebisaTvis gveqneba, rom:

)|()|()()( 1112121  nnn AAAPAAPAPAAAP .     (2)

davaleba 1. miuTiTeT ra SemTxvevaSia samarTliani (2) Tanafa-
rdoba da daamtkiceT igi.

amocana 1 “bednier” bileTebze). 25 sagamocdo bileTidan 5 “be-
dnieria”, xolo danarCeni 20 – “ara bednieri”. romel students aqvs
“bednieri” bileTis aRebis meti albaToba: vinc pirveli iRebs bil-
eTs, Tu vinc meore iRebs bileTs?

amoxsna. es amocana Cven ukve amovxseniT albaTobis klasikuri
ganmartebis gamoyenebiT. amovxsnaT axla igi elementarul xdomile-
baTa sivrcis axleburi SemotaniTa da namravlis albaTobis formu-

lis gamoyenebiT. winaswar SemoviRoT Semdegi xdomilebebi: A  iyos

xdomileba, rom pirvelma studentma aiRi bednieri bileTi, xolo
B  iyos xdomileba, rom meore studentma aiRi bednieri bileTi. ma-
Sin cxadia, rom elementarul xdomilebaTa sivrce Sedgeba oTxi
xdomilebisagan

},,,{ BABABABA  .

albaTobis klasikuri ganmartebis Tanaxmad 5/125/5)( AP ,

xolo ( ) 20 / 25 4 / 5P A   . meores mxriv, amocanis Sinaarsidan gamomd-
inare, Tu cnobilia, rom pirvelma studentma aiRo bednieri bile-
Ti, maSin albaToba imisa rom meore studenti aiRebs bednier bil-
eTs isev SeiZleba gamoviTvaloT albaTobis klasikuri ganmarteb-
iT: am SemTxvevaSi yvela SesaZlo SedegTa raodenobaa 24, xolo xe-
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lSemwyob elementarul xdomilebaTa raodenoba ki mxolod 4 (rad-
gan erTi bednieri bileTi ukve aRebulia) da Sesabamisad,

6/124/4)|( ABP .

analogiurad, 6/524/20)|( ABP , 24/524/5)|( ABP  da

( | ) 19 / 24P B A  . amitom ori xdomilebis namravlis albaTobis formu-
lis Tanaxmad gvaqvs:

30/16/15/1)|()()(  ABPAPBAP ; 6/16/55/1)(  BAP ;

6/124/55/4)(  BAP  da 30/1924/195/4)(  BAP
(SevniSnavT, rom Cven aq mxolod sisrulisaTvis gamovTvaleT yvela
SesaZlo pirobiTi da namravlis albaTobebi).

cxadia, rom )()( BABAB  . amitom albaTobaTa Sekrebis
kanonis Tanaxmad

))((156/130/1)()()( APBAPBAPBP  .
amocana 2. yuTSi m  burTia, maT Soris n  TeTria. vipovoT al-

baToba imisa, rom yuTidan ori burTis mimdevrobiT dabrunebis ga-
reSe amoRebisas: a). pirveli burTi TeTria; b). meore burTi TeTria;
g). orive birTvi TeTria.

amoxsna. iA iyos xdomileba, rom i -uri burTi TeTria ( 2,1i ).

maSin albaTobis klasikuri ganmartebis Tanaxmad:

a). mnAP /)( 1  .
garda amisa,

)1/()1()|( 12  mnAAP  da )1/()|( 12  mnAAP .

amitom namravlis albaTobis formulis Tanaxmad:

g). )1(/)1()|()()( 12121  mmnnAAPAPAAP .
analogiurad,

)1(/)()|()()( 12121  mmnmnAAPAPAAP .

amitom:

b). mnAAPAAPAAAAPAP /)()()]()[()( 212121212  .

davaleba 2. davuSvaT, rom Sesamowmebeli jgufis 1% avadmyo-
fia, xolo danarCeni 99% ki janmrTelia. adamianebis SerCeva xdeba
SemTxveviT da amitom

( ) 1% 0.01P  avadmyofi  da ( ) 99% 0.99P  janmrTeli .

vigulisxmoT, rom im SemTxvevaSi, roca testireba utardeba adami-
ans, romelsac ara aqvs avadmyofoba, maSin 1%-ia albaToba imisa,
rom miviRoT mcdari dadebiTi Sedegi, e.i.

%1)( janmrTeli|dadebiTiP  da %99)( janmrTeli|uaryofiTiP .

da bolos, davuSvaT, rom im SemTxvevaSi, roca testireba utardeba
avadmyof adamians,  maSin 1%-ia albaToba imisa, rom miviRoT mcda-
ri uaryofiTi Sedegi, e.i.

%1)( avadmyofi|uaryofiTiP  da %99)( avadmyofi|dadebiTiP .
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gamoTvaleT albaToba imisa, rom: a). adamiani janmrTelia, xolo
testma aCvena uaryofiTi Sedegi; b). adamiani avadmyofia, xolo tes-
tma aCvena dadebiTi Sedegi; g). adamiani janmrTelia, xolo testma
aCvena dadebiTi Sedegi; g). adamiani avadmyofia, xolo testma aCvena
uaryofiTi Sedegi.

amocana 3. yuTs aqvs n  ujra. albaToba imisa rom burTi aris
am ujrebidan erT-erTSi tolia p -si. ipoveT albaToba imisa, rom
burTi aris i -ur ujraSi, Tu cnobilia, rom burTi TiTeul ujraSi
SesaZlebelia iyos Tanabari albaTobebiT?

amoxsna. iA iyos xdomileba, rom burTi aris i -ur ujraSi. A

iyos am xdomilebebis gaerTianeba
n

i
iAA

1
 . pirobis Tanaxmad

pAP )(  da nAAP i /1)|(  .

amitom

npnpAAPAPAAPAP iii //1)|()()()(  .
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$11. damokidebuli da damoukidebeli xdomilebebi

albaTobis TeoriaSi or A da B xdomilebas ewodeba damouk-
idebeli, Tu erT-erTi maTganis moxdena ar cvlis meore maTganis
moxdenis albaTobas. winaaRmdeg SemTxvevaSi am xdomilebebs ewode-
baT damokidebuli. im SemTxvevaSi, roca erT-erTi xdomilebis alb-
aToba aranulovania, vTqvaT, 0)( BP , maSin gvaqvs Semdegi

ganmarteba 1. A xdomilebas ewodeba B xdomilebisagan damou-
kidebeli, Tu

                           P )()|( APBAP  ,                       (1)

xolo Tu )()|( APBAP  , maSin gvaqvs damokidebuli xdomilebebi.

Tu gavixsenebT pirobiTi albaTobis ganmartebas
)(/)()|( BPBAPBAP  ,

maSin (1) Tanafardobidan miviRebT, rom
)()()( BPAPBAP  .                   (2)

piriqiT, im SemTxvevaSi, roca 0)( BP , (2) Tanafardobidan mii-
Reba (1) Tanafardoba.

SeniSvna. zogierT saxelmZRvaneloSi xdomilebaTa damoukide-
bloba ganimarteba (2) TanafardobiT ((1) da (2) eqvivalenturia, Tu

0)( BP ). mas aqvs is upiratesoba, rom misi gamoyeneba SesaZlebelia
maSinac, roca xdomilebebis albaTobebi nulovania (magaliTad, Se-
uZlebeli xdomileba damoukidebelia nebismieri xdomilebisagan

AP( Ø)= (P Ω)=0= ()( PAP  Ø)) da garda amisa, igi simetriulia A da

B -s mimarT (aseT SemTxvevaSi, Tu A damoukidebelia B -sagan, maSin
B  damoukidebelia A -sagan), magram (1) Tanafardobis upiratesoba is
aris, rom iqidan Cans aRniSnuli ganmartebis Sinaarsi.

 cxadia, rom aucilebeli xdomileba damoukidebelia nebismie-
ri xdomilebisagan:

P )(
1

)(

)(

)(
)|( AP

AP

P

AP
AP 




 ,

rac bunebrivia imis gamo, rom am SemTxvevaSi piroba ar warmoadg-
ens damatebiT informacias (Cven isedac vicodiT, rom aucilebeli
xdomileba es is xdomilebaa, romelic yovelTvis xdeba) da amitom
albaToba arc unda Secvliliyo.

vinaidan A da B  xdomilebebis damoukidebloba niSnavs, rom
informacia A -s moxdenis Sesaxeb ar cvlis B -s albaTobas, bunebr-
ivia, rom informaciam A -s ar moxdenis Sesaxeb agreTve ar unda Se-
cvalos B -s moxdenis albaToba. marTlac samarTliania Semdegi

Teorema 1. Tu A da B  xdomilebebi damoukideblia, maSin

xdomilebebi A da B  agreTve damoukidebelia.

damtkiceba. advili dasanaxia, rom )(\ BABBA   (vinaidan

)(\ BABBA  ), amitom sxvaobis albaTobis formulis gamoyenebiT

Teoremis pirobebSi vRebulobT, rom
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)()()())(1()()()()()()(
)2(

BPAPBPAPBPAPBPBAPBPBAP  .

Sedegi. Tu A da B  xdomilebebi damoukideblia, maSin damou-

kidebelia A  da B .
magaliTi 1. kartebis nakrebidan (romelSic 36 kartia) SemTxv-

eviT iReben erT karts. ganvixiloT xdomilebebi: A iyos xdomile-
ba, rom amoRebuli karti “agurisa”, xolo B  iyos xdomileba, rom
amoRebuli karti “mefea”. arian Tu ara es xdomilebebi damoukidebe-
li?

cxadia, rom am SemTxvevaSi
36||  , 4/136/9)( AP , 9/136/4)( BP  da

)()(9/14/136/1)( BPAPBAP  .
e.i. es xdomilebebi damoukidebelia.

magaliTi 2. davuSvaT, vagorebT or saTamaSo kamaTels. ganvix-
iloT xdomilebebi: A -- pirvel kamaTelze movida kenti qula, B --
meore kamaTelze movida kenti qula, C -- orive kamaTelze mosul
qulaTa jami kentia. gavarkvioT am xdomilebebis damoukideblobis
sakiTxi.

cxadia, rom 2/16/3)()(  BPAP , xolo 4/136/33)(  BAP .

amitom A da B  xdomilebebi damoukideblia.
davaleba 1. SeamowmeT, rom 2/1)( CP .

SevniSnoT, rom A da B  xdomilebidan erT-erTis moxdenis pi-
robaSi C  xdomileba xdeba maSin da mxolod maSin, roca Sesabamis-
ad, an pirvel an meore kamaTelze movida luwi qula, anu gvaqvs Ta-
nafardobebi:

BACA   da BACB  .

vinaidan, Teorema 1-is ZaliT, xdomilebebi A da B  da A da
B  agreTve damoukideblebia, amitom

4/1)()()(  BPAPBAP  da 4/1)(  BAP .

Sesabamisad,

4/1)()(  BAPCAP  da 4/1)()(  BAPCBP .

es Tanafardobebi ki, 2/1)( CP  albaTobis gaTvaliswinebiT,

niSnavs, rom damoukideblebia A da C  da B  da C  xdomilebaTa
wyvilebic.

ganmarteba 2. xdomilebaTa erTobliobas nAAA ,...,, 21  ewodeba

wyvil-wyvilad damoukidebeli Tu nebismieri ori xdomileba am er-
Tobliobidan damoukidebelia, anu

jiAPAPAAP jiji  ),()()( .

wina magaliTSi Cven vnaxeT, rom xdomilebebi A , B  da C
wyvil-wyvilad damoukidebelia.

ganmarteba 3. xdomilebaTa erTobliobas nAAA ,...,, 21  ewodeba

erToblivad damoukidebeli Tu nebismieri nk   raodenobisaTvis
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da erTmaneTisagan gansxvavebuli kiii ,...,, 21 indeqsebisaTvis, romelTa-

gan TiToeuli icvleba erTidan n -mde:
)()()()(

2121 kk iiiiii APAPAPAAAP  .

cxadia, rom Tu xdomilebebi erToblivad damoukidebelia, ma-
Sin isini iqnebian wyvil-wyvilad damoukidebeli. piriqiT, ki sazog-
adod swori ar aris. amis magaliTad gamodgeba magaliTi 2.

davaleba 2. SeamowmeT, rom xdomilebebi magaliTi 2-dan ar ar-
ian erToblivad damoukidebeli.

magaliTi 3. davuSvaT, vagdebT sam monetas. SemoviRoT xdomi-
lebebi:

1A -- pirveli da meore moneta daeca erTi da igive mxareze;

2A -- meore da mesame moneta daeca erTi da igive mxareze;

3A -- pirveli da mesame moneta daeca erTi da igive mxareze.

advili Sesamowmebelia, rom aqedan nebismieri ori xdomileba
damoukidebelia, xolo samive erTad damokidebulia, vinaidan Tu

Cven gvecodineba rom magaliTad, 1A da 2A moxda, maSin Cven zustad

viciT, rom 3A agreTve moxda.

davaleba 3. SeamowmeT, rom xdomilebebi 1A , 2A da 3A wyvil-

wyvilad damoukidebelia.

Teorema 2. Tu nAAA ,...,, 21  xdomilebebi erToblivad damoukide-

belia, maSin xdomilebebi nAAA ,...,, 21  agreTve erToblivad damoukid-

eblebia.
davaleba 4. daamtkiceT Teorema 2.
amocana 1 (dabadebis dReebze). vipovoT albaToba imisa, konkr-

etuli skolis rom 150 moswavlidan erTi mainc dabadebulia mocem-
ul fiqsirebul dRes, magaliTad pirvel seqtembers?

amoxsna. SemoviRoT xdomilebebi:

}09.1{ adabadebulistudentiuri iAi , 150,...,2,1i ;

}09.1{ adabadebulinstudentida150maincerTiA .

naTelia, rom iA  xdomilebebi erToblivad damoukidebelia da

365/1)( iAP . garda amisa, i
i

AA
150

1
  da maSasadame, sapovnelia

damoukidebel xdomilebaTa gaerTianebis albaToba. gadavideT sawi-
naaRmdego xdomilebaze da visargebloT de-morganis kanoniT. maSin
gvaqvs:

)()(1)(1)(1)(1)( 1

150

1

150

1
ni

i
i

i
APAPAPAPAPAP 


.

ramdenadac 365/11)( iAP , Tu visargeblebT niutonis binomis

formuliT 



n

j

jj
n

n xCx
1

)1( , vRebulobT
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 44
150

33
150

22
150 )

365

1
()

365

1
()

365

1
(

365

150
)( CCCAP .

vinaidan, 41,0365/150  , xolo
4

4 4 4
150

1 150 1 (0,41)
( ) ( ) 0.005
365 365 24 24

C    ,

amitom mwkrivis niSancvladobis gamo, Tu gadavagdebT mwkrivis wev-
rebs dawyebuli me-5 wevridan (mwkrivebis zogadi Teoriidan gamomd-
inare), SesaZlebelia vamtkicoT, rom

2 3(0.41) (0.41)
( ) 0.41 0.41 0.08 0.01 0.34.

2 6
P A       
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$12. sruli albaTobis formula

xdomilebaTa erTobliobas nAAA ,...,, 21  ewodeba xdomilebaTa

sruli sistema, Tu es xdomilebebi wyvil-wyvilad uTavsebadia da

maTi gaerTianeba emTxveva aucilebel xdomilebas:  ji AA Ø, roca

ji   da 
 i

n

i
A

1
. sxva sityvebiT, elementarul xdomilebaTa sivrce

dayofilia (daxleCilia) TanaukveT nawilebad. qvemoT moyvanil nax-
azze elementarul xdomilebaTa sivrce warmodgenila marTkuTxed-
is saxiT da xdomilebaTa sruli sistema Sedgeba xuTi TanaukveTi

EDCBA ,,,,  xdomilebisagan.

xdomilebaTa sruli sistemaa nebismieri A  xdomileba da misi

sawinaaRmdego A  xdomileba, vinaidan AA = Ø da  AA .
qvemoT Cven moviyvanT formulas, romelsac sruli albaTobis

formula ewodeba da romelic warmoadgens ZiriTad saSualebas
rTuli xdomilebebis albaTobebis gamosaTvlelad pirobiTi alba-
Tobebis saSualebiT.

Teorema 1.  Tu nAAA ,...,, 21  xdomilebaTa sruli sistemaa iseTi,

rom misi TiToeuli xdomilebis albaToba aranulovania ( ( ) 0,iP A 
1,2,...,i n ), maSin nebismieri B  xdomilebis albaToba gamoiTvleba

formuliT

)|()()(
1

i

n

i
i ABPAPBP 



 ,   (1)

romelsac sruli albaTobis formula ewodeba.
damtkiceba. de-morganis formulis Tanaxmad

)()(
11

i

n

i
i

n

i
ABABBB 


.

Tu axla gaviTvaliswinebT, rom vinaidan nAAA ,...,, 21  xdomileb-

ebi wyvil-wyvilad uTavsebadia, miTumetes wyvil-wyvilad uTavseba-
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di iqnebian xdomilebebi nABABAB  ,...,, 21 , amitom  xdomilebaTa

jamis albaTobisa da namravlis albaTobis formulebis gamoyeneb-
iT gveqneba





n

i
ii

n

i
i ABPAPABPBP

11

)|()()()( .

amocana 1 (asoebis amocnoba). gvaqvs asoebis ori erToblioba:
I={К, И, З, Н} da II={З, Ч, Н}

SemTxveviT virCevT erT erTobliobas da arCeuli erTobliobidan
erT asos. amorCeul asos Zalian mcire drois ganmavlobaSi vuCven-
ebT damkvirvebels (ise rom mas ar SeuZlia mTlianad aRiqvas aso).
rogoria asos sworad gamocnobis albaToba, Tu damkvirvebelis pa-
suxia “Н”, roca is asos gamosaxulebaSi dainaxavs vertikalur xazs
da pasuxia “З”, roca asos gamosaxulebaSi vertikaluri xazi ar ar-
is?

amoxsna. SemoviRoT xdomilebebi:

}2,1,{  iiAi erTobliobauriamorCeulia ;

“К”, “И”, “З”, “Н” da “Ч” – iyos xdomileba, rom warmodgenilia
Sesabamisad К, И, З, Н da Ч asoebi;

}{ upasuxasworadelmadamkvirvebB .

amocanis pirobebSi cxadia:

2/1)()( 21  APAP ;

P (P “К”| 1A )= (P “И”| 1A )= (P “З”| 1A )= (P “Н ”| 1A )=1/4, (P “Ч”| 1A )=0;

(P “З”| 2A )= (P “Ч”| 2A )= (P “Н”| 2A )=1/3, (P “К”| 2A )= (P “И”| 2A )=0.

vinaidan 1A da 2A qmnian xdomilebaTa srul sistemas, amitom
TiToeuli asos sworad amocnobis albaToba SegviZlia gamovTval-
oT sruli albaTobis formuliT:

(P “К”)= )( 1AP (P “К”| 1A )+ )( 2AP (P “К”| 2A )=1/8;

(P “И”)= )( 1AP (P “И”| 1A )+ )( 2AP (P “И”| 2A )=1/8;

(P “З”)= )( 1AP (P “З”| 1A )+ )( 2AP (P “З”| 2A )=7/24;

(P “Н”)= )( 1AP (P “Н”| 1A )+ )( 2AP (P “Н”| 2A )=7/24;

(P “Ч”)= )( 1AP (P “Ч”| 1A )+ )( 2AP (P “Ч”| 2A )=1/6.
amocanis pirobebSi cxadia agreTve, rom swori pasuxis pirob-

iTi albaTobebi sxvadasxva asoebis warmodgenis SemTxvevaSi Sesaba-
misad iqneba:

(P B |“К”)= (P B |“И”)= (P B |“Ч”)=0 da (P B |“З”)= (P B |“Н”)=1.
vinaidan, “К”, “И”, “З”, “Н” da “Ч” agreTve xdomilebaTa sruli

sistemaa, amitom sruli albaTobis formula gvaZlevs swori pasux-
is albaTobas:

)(BP (P “К”) (P B |“К”)+ (P “Н”) (P B |“Н”)+ (P “И”) (P B |“И”)+
+ (P “З”) (P B |“З”)+ (P “Ч”) (P B |“Ч”)= (P “Н”)+ (P “З”)=7/12.

amocana 2 (moTamaSis gakotrebaze). ganvixiloT e. w. “gerbi-sa-
fasuris” TamaSi: Tu monetis agdebisas mova moTamaSis mier winasw-
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ar dasaxelebuli monetis mxare, maSin igi igebs 1 lars, winaaRmdeg
SemTxvevaSi ki agebs 1 lars. vTqvaT, moTamaSis sawyisi kapitali Se-
adgens x lars da misi mizania miiyvanos es Tanxa a laramde. Tama-
Si grZeldeba manam sanam moTamaSe ar miiyvans Tavis Tanxas winasw-
ar gansazRrul a  laramde, an igi ar gakotrdeba (anu waagebs mis
xelT arsebul mTel x  lars). rogoria albaToba imisa, rom moTam-
aSe gakotrdeba?

amoxsna. es albaToba damokidebuli iqneba sawyis x  kapital-
ze. avRniSnoT igi )(xp  simboloTi. cxadia, rom igi ganmartebulia

nebismieri ax 0  da amasTanave, 1)0( P  da 0)( aP . SemoviRoT
xdomilebebi:

}{1 nabijzepirvelmoigomoTamaSemA ,

},{ gakotrdebakapitalisawyisigaaCniaromelsacmoTamaSe, xB  .

amocanis pirobebSi gvaqvs:

2/1)()( 11  APAP , )1()|( 1  xpABP  da )1()|( 1  xpABP  ( 11  ax ).

vinaidan, 1A  da 1A  xdomilebaTa sruli sistemaa, amitom sru-

li albaTobis formula )(xp  albaTobisaTvis gvaZlevs Semdeg gan-
tolebas:

)1(
2

1
)1(

2

1
)(  xpxpxp , 11  ax

(am tipis gantolebebs maTematikaSi rekurentul gantolebebs uwod-
eben). SeiZleba Semowmdes, rom am gantolebis amoxsnas aqvs saxe:

cbxxp )( ,

sadac b  da c -- nebismieri mudmivebia. am koeficientebis mosaZebnad
unda visargebloT sasazRvro pirobebiT 1)0( P  da 0)( aP . maSin
miviRebT, rom

1c  da 0 cab ,
saidanac, ab /1  da sabolood axxp /1)(  , ax 0 .

ganvixiloT realuri situacia, romelic gviCvenebs erTi Sexe-
dviT moulodnel gansxvavebas )|( BAP  da )|( ABP  pirobiT albaTob-
ebs Soris. imisaTvis, rom gamovavlinoT seriozuli avadmyofobis
mqone adamianebi adreul stadiaze, xdeba adamianebis didi jgufis
testireba. miuxedavad winaswari Semowmebis sargeblobisa, am midgo-
mas gaaCnia uaryofiTi mxare: Tu adamians sinamdvileSi ar gaaCnia
avadmyofoba da sawyisma testma aCvena dadebiTi Sedegi (daudgina
avadmyofoba), is iqneba stresul mdgomareobaSi (rac Tavis mxriv
uaryofiTad moqmedebs mis cxovrebaze) sanam ufro warmatebuli te-
sti ar aCvenebs, rom is janmrTelia. am problemis mniSvneloba Ses-
aZlebelia kargad gavigoT pirobiTi albaTobebis terminebSi.

ori xdomilebis namravlis albaTobis formulaSi moyvanili
davaleba 2-is monacemebSi gamovTvaloT albaToba imisa, rom testi
aCvenebs dadebiT Sedegs. sruli albaTobis formulis Tanaxmad:

 )()( janmrTeli|dadebiTijanmrTeli PP
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( ) ( ) 0.99 0.01 0.01 0.99 0.0198P P     avadmyofi dadebiTi | avadmyofi .

rogorc cnobilia, magaliTis pirobebSi
%99)( avadmyofi|dadebiTiP .

gamovTvaloT axla Sebrunebuli pirobiTi albaToba, risTvis-
ac visargebloT pirobiTi albaTobis ganmartebiTa da namravlis
albaTobis formulebiT. maSin zemoT miRebuli

( ) 0.0198 1.98%P  dadebiTi

Sedegis Tanaxmad:





(dadebiTi)PP

dadebiTiavadmyofi
dadebiTi|avadmyofi

P

P
P

)(
)(

( ( ) 1% 99%
50%

1.98%

P P 
  

avadmyofi)P dadebiTi | avadmyofi

PP1.98%
.

rogorc vxedavT, pirobiTi albaToba imisa rom testi mogvc-
ems dadebiT Sedegs, pirobaSi rom adamiani avadmyofia tolia 99%-
is, maSin rodesac pirobiTi albaToba imisa rom adamiani avadmyo-
fia, pirobaSi rom testma mogvca dadebiTi Sedegi aris mxolod
50%. aq SerCeuli monacemebis SemTxvevaSi ukanaskneli Sedegi SeiZl-
eba CaiTvalos miuRebelad: naxevari adamianebis, romelTa testireb-
am aCvena dadebiTi Sedegi, faqtiurad aris mcdari dadebiTi.
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$13. baiesis formula

vigulisxmoT, rom A  da B  xdomilebebi iseTia, rom 0)( AP
da 0)( BP . maSin )|( BAP  da )|( ABP  pirobiT albaTobebis ganmarte-
bidan:

)|()()|()()( BAPBPABPAPBAP  ,

saidanac miiReba e. w. baiesis formula:

)(

)|()(
)|(

BP

ABPAP
BAP  .

Tu nAAA ,...,, 21  xdomilebaTa sruli sistemaa iseTi, rom

,0)( iAP ni ,...,2,1 , maSin baiesis formulidan sruli albaTobis fo-

rmulis gamoyenebiT vRebulobT e. w. baiesis Teoremas:

)|()(

)|()(
)|(

1
j

n

j
j

ii
i

ABPAP

ABPAP
BAP




 .

SevniSnoT, rom orive am formulaSi erTi pirobiTi albaToba
icvleba Sebrunebuli pirobiTi albaTobebiT, romlebic xSir SemT-
xvevaSi SedarebiT martivad gamoiTvleba (an pirdapir mocemulia)
da maTi kombinaciiT iTvleba pirdapiri pirobiTi albaToba.

baiesis formulas SeiZleba mieces Semdegi interpretacia: da-
vuSvaT, samecniero gamokvlevis dawyebamde Cven gvaqvs n  sxvadasxva
varaudi (hipoTeza) nAAA ,...,, 21  Sesaswavli obieqtis bunebis Sesaxeb,

amasTanave Cven maT mivawerT albaTobebs )(),...,(),( 21 nAPAPAP  (am alb-

aTobebs uwodeben apriorul albaTobebs). Semdeg Cven vatarebT eqs-
periments (an dakvirvebas), romlis Sedegadac SeiZleba moxdes an

ar moxdes B  xdomileba (e. i. moxdes B  xdomileba). Tu moxda B
xdomileba, vaxdenT TiToeuli hipoTezis samarTlianobis Sesaxeb

Cveni rwmenis gadafasebas vcvliT ra )( iAP  albaTobebs )|( BAP i  al-

baTobebiT (am albaTobebs ewodeba aposterioruli albaTobebi). ase

Cven vagrZelebT, sanam romelime 0ii  -saTvis
0i

A  xdomilebis aposte-

rioruli albaToba ar gaxdeba TiTqmis erTis toli. maSin
0i

A  hipo-

Teza faqtiurad samarTliania. Tu ki gadawyvetilebis miReba saWi-
roa N  eqsperimentis Catarebis Semdeg, xolo am momentisaTvis apo-
sterioruli abaTobebidan arc erTi ar aris erTTan sakmaod axl-
os, maSin gadawyvetileba miiReba im hipoTezis sasargeblod, roml-
is aposterioruli albaTobac maqsimaluria.

mokled, rom vTqvaT: statistikur gamoyenebebSi nAAA ,...,, 21

xdomilebebs, romlebic qmnian xdomilebaTa srul sistemas, xSirad

“hipoTezebs” uwodeben, )( iAP -- albaTobebs iA  xdomilebebis aprio-

rul (cdamde) albaTobebs. pirobiT albaTobas )|( BAP i  ki eZleva B
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xdomilebis moxdenis Semdeg iA  hipoTezis aposterioruli (cdis

Semdgomi) albaTobis interpretacia.

amocana 1. yuTSi moTavsebulia ori moneta: 1A -- simetriuli

moneta gerbis mosvlis albaTobiT 1/2, da 2A -- arasimetriuli mone-
ta gerbis mosvlis albaTobiT 1/3. SemTxveviT viRebT erT monetas
da vagdebT. davuSvaT, rom movida gerbi. rogoria albaToba imisa,
rom amoRebuli moneta iyo simetriuli?

amoxsna. am SemTxvevaSi elementarul xdomilebaTa sivrce iqn-
eba:

)},(),.(),,(),,{( 2211 sgsg AAAA ,

sadac magaliTad, ),( 1 gA -- niSnavs, rom amoviReT 1A moneta da misi

agdebis Sedegad movida gerbi. amocanis pirobebSi gvaqvs:

2/1)()( 21  APAP , 2/1)( 1 AP |g  da 3/1)|( 2 AP g .

Sesabamisad, namravlis albaTobis formulis gamoyenebiT gamoviTv-
liT:

4/1)},{( 1 gAP , 4/1)},{( 1 sAP , 6/1)},{( 2 gAP  da 3/1)},{( 2 sAP .

amitom baiesis formulis Tanaxmad

5

3

)()()()(

)()(
)|(

2211

11
1 




APAPAPAP

APAP
AP

|g|g

|g
g .

cxadia, agreTve rom 5/2)|( 2 gAP .

amocana 2 (keTil gamomcdelze I). vTqvaT, Cven Casabarebeli
gvaqvs gamocda da SegviZlia avirCioT nebismieri sami gamomcdelid-
an. davuSvaT, CvenTvis cnobilia, rom erTerTi sami gamomcdelidan
(ucnobia romeli) -- “keTilia” da albaToba imisa, rom masTan Caaba-
ro gamocda tolia 0,4-is, xolo danarCeni ori gamomcdeli “avia”
da maTTan gamocdis Cabarebis albaToba tolia 0,1-is. Cven SemTxvev-
iT avirCieT gamomcdeli da warmatebiT CavabareT gamocda. rogoria
labaToba imisa, rom Cven avirCieT “keTili” gamomcdeli?

amoxsna. SemoviRoT Semdegi xdomilebebi: A -- amorCeuli gam-

omcdeli “keTilia” (maSin A -- iqneba xdomileba, rom amorCeuli

gamomcdeli “avia”) da B -- gamocda Cabarebulia (Sesabamisad, B --
gamocda araa Cabarebuli). amocanis pirobebSi gvaqvs:

3/1)( AP , 3/2)(1)(  APAP ;

4,0)|( ABP , 6,0)|(1)|(  ABPABP ;

1,0)|( ABP , 9,0)|(1)|(  ABPABP .

cnobilia, rom moxda B  xdomileba da gamosaTvlelia pirobi-

Ti albaToba )|( BAP . vinaidan, A  da A  xdomilebebi qmnian srul
sistemas, baiesis formulis Tanaxmad saZiebeli albaToba iqneba:

3

2

)|()()|()(

)|()(
)|( 




ABPAPABPAP

ABPAP
BAP .
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davaleba. amocana 2-is pirobebSi gamoTvaleT albaToba imisa,
rom arCeul iqna “avi” gamomcdeli, Tu cnobilia, rom gamocda Caba-
rebul iqna warmatebiT?

amocana 3 (keTil gamomcdelze II). davuSvaT, rom gamomcdelT-
an, romelTanac warmatebiT Caiara gamocdam (ix. amocana 2) gamosac-
delad rig-rigobiT mivida kidev ori moswavle. jer gamocda ver
Caabara meore moswavlem, Semdeg mivida mesame da manac ver Caabara
gamocda. am faqtis Semdeg romeli hipoTezaa ufro dasajerebeli:
es gamomcdeli “keTilia” Tu “avi”?

amoxsna. avRniSnoT )(APi  (Sesabamisad, )(APi ) simboloTi alba-

Toba (aposterioruli) imisa, rom es gamomcdeli “keTilia” (Sesabam-
isad, “avia”) mas Semdeg rac gamocdil iqna i -uri studenti, 3,2,1i .

Cven ukve davadgineT, rom 3/2)(1 AP . Sesabamisad,

3/1)(1)( 11  APAP .
meore moswavlis TvalsazrisiT es albaTobebi warmoadgenen

ori SesaZlo hipoTezis apriorul albaTobebs. amitom, baiesis for-
mulis Tanaxmad, meore studentis CaWris Semdeg aposterioruli
albaTobebi iqneba:

7

4

)()|()()|(

)()|(
)(

11

1
2 




APABPAPABP

APABP
AP   da

7

3
)(1)( 22  APAP .

analogiurad, axla miRebuli albaTobebi ukve iqneba aprior-
uli alabaTobebi mesame moswavlisaTvis, da amitom saZiebeli apos-
terioruli albaTobebi, mas Semdeg rac mesame moswavlem ver Caaba-
ra gamocda, gamoiTvleba isev baiesis formuliT:

17

8

)()|()()|(

)()|(
)(

22

2
3 




APABPAPABP

APABP
AP   da )(

17

9
)(1)( 333 APAPAP  .

rogorc vxedavT, eqsperimentis (gamocdis) dawyebis win aprio-
ruli albaToba imisa. rom arCeuli gamomcdeli “keTilia” toli
iyo 1/3-is. eqsperimentebis Semdeg am xdomilebis aposterioruli
albaToba gaizarda da gaxda 8/17. miuxedavad amisa, Tu sami eqsperi-
mentis Semdeg misaRebia gadawyvetileba am gamomcdelis Sesaxeb, ma-

Sin ufro sarwmunoa CavTvaloT igi “avad” (vinaidan, )()( 33 APAP  ).
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$14. ganmeorebiTi cdebi. bernulis formula

ganvixiloT erTi da igive eqsperimentebis seria, romlebic
tardeba erTi da igive pirobebSi erTmaneTisagan damoukideblad
(nebismieri eqsperimentis Sedegi damoukidebelia danarCeni eqsperim-
entebis Sedegebisagan). amasTanave, yovel konkretul eqsperimentSi
(elementaruli xdomilebebis rolSi) Cven ganvasxvavebT mxolod or
Sedegs: garkveuli A  xdomilebis moxdena (romelsac pirobiTad

“warmatebas” uwodeben) da misi ar moxdena -- A  (e. i. A  xdomilebis
sawinaaRmdego xdomilebis moxdena, romelsac “marcxs” uwodeben),

ase rom  AA . A  xdomilebis moxdenis albaToba nebismieri eqs-
perimentisaTvis mudmivia da tolia pAP )( , sadac 10  p . Sesabam-

isad, qpAPAP  :1)(1)(  ( 1 qp ).
davuSvaT, Catarda n  damoukidebeli eqsperimenti, romelsac

Cven ganvixilavT rogorc erT rTul eqsperiments. yoveli eqsperime-
ntis Sedegs Cven warmovadgenT n -eulebis saxiT, sadac TiToeul

adgilze davwerT an A -s an A -s imis mixedviT moxda A  Tu A . maga-

liTad, ori eqsperimentis SemTxvevaSi SesaZlebelia 422   Sedegi:

AAAAAAAA ,,,  ( A  xdomileba moxda orjer, A  xdomileba moxda pirv-

el da ar moxda meore eqsperimentSi, A  xdomileba ar moxda pirv-
el da moxda meore eqsperimentSi, A  xdomileba ar moxda orjer).

sami eqsperimentis SemTxvevaSi mosalodnelia 823   Sedegi:

AAAAAAAAAAAAAAAAAAAAAAAA ,,,,,,, .

da a. S. n  eqsperimentis yvela SesaZlo Sedegs (sul iqneba n2  Sede-

gi) Seesabameba n  asos mimdevroba A , A  im rigiT ra mimdevrobiTac

Segvxvdeba es xdomilebebi n  eqsperimentSi, magaliTad, AAAAA  .
vinaidan eqsperimentebi damoukidebelia, amitom n  eqsperiment-

is TiTeuli SesaZlo Sedegis albaToba gamoiTvleba Sesabamis eqsp-

erimentebSi A  da A  xdomilebebis albaTobebis gadamravlebiT. ase
magaliTad, zemoT dawerili SedegisaTvis (imis gaTvaliswinebiT,

rom yovel eqsperimentSi pAP )(  da qAP )( ) miviRebT albaTobas:

qpqqpAPAPAPAPAP  )()()()()( .

cxadia, rom Tu daweril SedegSi aso A  Segvxvda x , da Sesab-

amisad, aso A  gvxvdeba ( xn  )-jer, maSin aseTi Sedegis albaToba iq-

neba: xnxqp  , damoukideblad imisgan ra TanmimdevrobiTaa ganlagebu-

li n -eulSi x  aso A  da xn   aso A . sami eqsperimentis rva SesaZ-
lo SedegisaTvis am gziT daTvlili albaTobebi iqneba:

3)( pAAAP  , qpAAAPAAAPAAAP 2)()()(  ,
2)()()( pqAAAPAAAPAAAP   da 3)( qAAAP  .
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avRniSnoT )(3 iP  simboloTi albaToba imisa, rom sam eqsperime-

ntSi A  xdomileba Segvxvda (moxda) zustad i -jer. maSin Sedegs --
sam eqsperimentSi A  xdomileba arc erTxel ar Segvxvda ( A  xdomi-

leba moxda 0-jer) aqvs albaToba 3
3 )()0( qAAAPP  . A  xdomileba

moxda zustad erTjer ganxorcieldeba Tu moxda romelime Semdegi

sami variantidan: AAA  an AAA  an AAA , romelTagan TiTeulis alba-

Tobaa 2pq . amitom albaTobaTa jamis kanonis Tanaxmad:

pqAAAPAAAPAAAPP 2
3 3)()()()1(  .

analogiurad,
2

3 3)()()()2( qpAAAPAAAPAAAPP  .

da, bolos, 3
3 )()3( pAAAPP  .

vnaxoT, risi tolia am albaTobebis jami. gvaqvs:

11)()3()2()1()0( 333223
3333  pqpqppqqPPPP ,

rac bunebrivia asec unda yofiliyo, vinaidan Cven ganvixileT alba-
Tobebis jami im xdomilebebis, romlebic qmnian xdomilebaTa srul
sistemas: A  xdomileba sam eqsperimentSi aucileblad moxdeba an 0-
jer, an 1-jer, an 2-jer, an 3-jer.

Tu axla )(xPn  simboloTi avRniSnavT albaTobas imisa, rom n

eqsperimentSi A  xdomileba (warmateba) Segvxvda (moxda) x -jer, maS-
in analogiuri msjelobiT, miviRebT e. w. bernulis formulas:

xnxxnxxnxx
nn qp

x

xnnn
qp

xnx

n
qpCxP  





!

)1()1(

)!(!

!
)( .      (1)

marTlac, n  eqsperimentis iseT SedegTa raodenoba, romlebic

Caiwerebian x aso A  da xn   aso A -s sxvadasxva kombinaciiT, toli
iqneba jufdebaTa ricxvis n -dan x , vinaidan nebismieri aseTi n -
euli savsebiT ganisazRvreba, Tu n  adgilidan amovarCevT zustad
x  adgils aso A -saTvis, xolo danarCen xn   adgils davtovebT

aso A -saTvis. magram x nomeris amorCeva n  adgilidan SesaZlebe-

lia swored x
nC  sxvadasxva gziT, radganac jgufebi Sedgenili nom-

rebisagan, rigiTobisagan damoukideblad, unda gansxvavdebodnen er-
Ti mainc elementiT.

magaliTi 1. yuTSi 3 TeTri da 5 Savi burTia. yuTidan SemTxve-
viT dabrunebiT iReben 4 burTs. ipoveT albaToba imisa, rom amoReb-
uli burTebidan TeTri burTebis raodenoba meti iqneba Savi burTe-
bis raodenobaze?

amoxsna. Tu warmatebad CavTvliT TeTri burTis amoRebas, maS-
in pirobis Tanaxmad erT cdaSi warmatebis albaToba iqneba 8/3p .
saZiebeli xdomilebis xelSemwyob uTavsebad SemTxvevebs warmoadg-
ens oTx cdaSi 3 an 4 TeTri burTis amoReba, romelTa albaTobebi
bernulis formulis Tanaxmad Sesabamisad tolia:
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1024/135)8/31()8/3()3( 3433
44  CP   da

4096/81)8/5()8/3()4( 044
44  CP .

Sesabamisad, saZiebeli albaToba albaTobaTa Sekrebis kanonis Tana-
xmad iqneba:

4096/6214096/811024/135  .

albaTobebis erTobliobas )(xPn , roca nx ,...,1,0 , e. i ( )0(nP ,

)1(nP ,..., )(nPn  albaTobebs) ewodeba albaTobebis binomialuri ganawi-

leba. radganac es albaTobebi Seesabameba uTavsebad xdomilebebs,
romlebic qmnian srul sistemas, amitom gasagebia, rom:

1)(
0




n

x
n xP ,

rac, meores mxriv, advilad mowmdeba niutonis binomis formulis
gamoyenebiTac, radganac bernulis formulaSi monawileoben swor-

ed npq )(   niutonis binomis koeficientebi (aqedan modis saxelwo-
debac: “binomialuri ganawileba”):

11)()(
00








n

x

nnxnxx
n

n

x
n pqqpCxP .

xSir SemTxvevaSi saWiroa gamoiTvalos albaToba imisa, rom
A  xdomileba n  eqsperimentSi Segvxvdeba araumetes x -jer. am alba-
Tobas uwodeben binomialuri ganawilebis kumulatiur anu dagrov-

il albaTobas. aRniSnoT igi )(xP n  simboloTi. maSin albaTobaTa
Sekrebis kanonis Tanaxmad kumulatiuri albaToba ase gamoiTvleba:





x

i
nnnnn iPxPPPxP

0

)()()1()0()( .

Tu eqsperimentebis n  ricxvi sakmaod didia, maSin )(xPn  da

)(xP n  albaTobebis gamoTvla xdeba specialuri “asimptoturi” for-
mulebiT. Tu n  mcirea, maSin SegviZlia gamoviyenoT martivi Tanaf-
ardoba, romelic akavSirebs binomuri ganawilebis or momdevno

)(xPn  da )1( xPn  wevrs:

qx

pxn

xP

xP

n

n

)1(

)(

)(

)1(







.                          (2)

Tu napovnia )(xPn , maSin ukanaskneli Tanafardobidan advilad

gadaviTvliT )1( xPn -s.

damoukidebeli eqsperimentebis seriis zemoTaRwerili sqema
pirvelad ganxiluli da Seswavlili iyo Sveicarieli maTematikos-
is iakob bernulis (1654-1705) mier da amitom igi atarebs bernulis
sqemis saxels.

magaliTi 2. davuSvaT vamowmebT defeqturobaze saqonlis par-
tias, romelic Sedgeba 30 nawarmisagan. cnobilia, rom defeqturi
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produqciis wili Seadgens 5%-s. rogoria saqonlis am partiaSi de-
feqturi produqciis ama Tu im ricxvis aRmoCenis albaTobebi?

amoxsna. am SemTxvevaSi eqsperimentebis ricxvia 30n , xolo
albaTobis klasikuri ganmartebis Tanaxmad 5 /100 0.05p    (Sesabami-

sad, 0.95q  ). visargebloT (1) da (2) formulebiT. gvaqvs:
0 0 30 0 30

30 30(0) 0.05 0.95 0.95 0.2146P C    ,

garda amisa,

)(
)1(19

30
)(

95,0

05,0

1

30
)(

1

30
)1( 30303030 xP

x

x
xP

x

x
xP

q

p

x

x
xP












 ,

saidanac roca 0x : 30

30 0
(0 1) 0.2146 0.3389

19 (0 1)
P


   

 
;

roca 1x : 30

30 1
(1 1) 0.3389 0.2586

19 (1 1)
P


   

 
 da a. S. sabolood gveqne-

ba Semdegi cxrili:

defeqturi nawarmis
ricxvi x

albaToba )(xPn
kumulatiuri
albaToba

)(xP n

0 0.2146 0.2146
1 0.3389 0.5535
2 0.2586 0.8122
3 0.1270 0.9392
4 0.0451 0.9844
5 0.0124 0.9967
6 0.0027 0.9994
7 0.0005 0.9999
8 0.0001 0.999998
9 0.000001 0.999999

am cxrilis Sesabamisi albaTobebis ganawilebis grafiki iqneba:
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kumulatiuri albaTobebis Sesabamisi ganawilebis grafiki iqneba:
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davaleba 1. eqsperimenti mdgomareobs sami saTamaSo kamaTlis
gagorebaSi. ipoveT alabaToba imisa, rom eqsperimentis 10-jer gameo-
rebisas, zustad 4 eqsperimentSi mova zustad or-ori “6”?

davaleba 2. ramdeni SemTxveviTi cifri unda aviRoT, rom cif-
ri “5” movides erTjer mainc aranakleb 0.9-is toli albaTobiT?

ganmarteba. iseT 0k  ricxvs, romlis Sesabamisi albaToba

0( )nP k  udidesia )0(nP , )1(nP ,..., )(nPn  albaTobebs Soris ualbaTesi ri-

cxvi ewodeba.
ualbaTesi ricxvi gviCvenebs n  damoukidebel cdaSi warmateb-

aTa ra raodenobaa yvelaze ufro mosalodneli.
ganvixiloT fardoba
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( 1) ( ) /[( 1) ]( )
n

k
n

P ka n k p k qP k
    .

advili dasanaxia, rom 1ka  , roca k np q  ; 1ka  , roca k np q   da

1ka  , roca k np q  . saidanac cxadia, rom ualbaTesi ricxvi warm-

oadgens Semdegi utolobis mTel amonaxsns:

0np q k np p    .

ualbaTesi ricxvi SeiZleba iyos erTi an ori, imis mixedviT,
am utolobis sazRvrebi mTeli ricxvebia, Tu aTwiladi. magaliTad,
monetis 11-jer agdebisas gerbis mosvlis ualbaTesi ricxvi iqneba

011 1/ 2 1/ 2 11 1/ 2 1/ 2k      05 6k  
utolobis mTeli amonxsni, anu 5 da 6. rac imas niSnavs, rom monet-
is 11-jer agdebisas gerbis 5-jer da 6-jer mosvlis albaTobebi er-
TmaneTis tolia da yvela danarCen albaTobebze meti.
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$15. puasonis formula

gamoTvlebis Catareba bernulis formulis gamoyenebiT, cdaTa
didi ricxvis SemTxvevaSi, moiTxovs Zalian did Zalisxmevas. moaxl-
oebiTi gamoTvlebis Casatareblad SesaZlebelia ufro moxerxebu-
li formulis miReba, Tu ki cdaTa didi ricxvis SemTxvevaSi calk-
eul cdaSi A  xdomilebis moxdenis p albaToba mcirea, xolo nam-

ravli np   inarCunebs mudmiv mnivnelobas eqsperimentebis sxvadas-

xva seriaSi (anu A  xdomilebis moxdenis saSualo ricxvi ucvleli
rCeba eqsperimentebis sxvadasxva seriaSi). bernulis formula Segvi-
Zlia gadavweroT Semdegi saxiT:

.1
!

)1)...(1(
)1(

!

)1)...(2)(1(
)(

knk
knk

n nnk

knnn
pp

k

knnnn
kp


 






 














gamovTvaloT miRebuli gamosaulebis zRvari, roca 0p  da

n , ise rim np  . advili dasanaxia, rom:

1 2 1
( ) lim 1 1 1 ... 1 1 lim 1 1 1.

! ! !

n k n kk k k

n
n n

k
p k e

k n n n n k n n k
      



 

                                          
miRebul formulas

lim ( )
!

k

n
np

e
p k

k





 




puasonis formula ewodeba. igi saSualebas iZleva vipovoT n  damo-
ukidebel cdaSi A  xdomilebis k -jer moxdenis albaToba ( roca n
sakmaod didia, xolo p  sakmaod mcire, amasTanave 15np   )
puasonis miaxloebiTi formuliT:

( )
!

k

n

e
p k

k

 



aRsaniSnavia, rom puasonis formuliT sargeblobisas, gansxva-
vebiT bernulis formulis SemTxvevisagan, Cven ar gvWirdeba mis ga-
mosaxulebaSi sidideebis (monacemebis) Setana konkretuli amocani-
dan, aramed ubralod vsargeblobT puasonis ganawilebis cxrile-
biT. qvemoT moyvanilia am cxrilis erTi fragmenti:

  = 0.1   = 0.2   = 0.3   = 0.4   = 0.5   = 0.6   = 0.7   = 0.8   = 0.9
p(0) 0.9048 0.8187 0.7408 0.6703 0.6065 0.5488 0.4966 0.4493 0.4066
p(1) 0.0905 0.1637 0.2222 0.2681 0.3033 0.3293 0.3476 0.3595 0.3659
p(2) 0.0045 0.0164 0.0333 0.0536 0.0758 0.0988 0.1217 0.1438 0.1647
p(3) 0.0002 0.0011 0.0033 0.0072 0.0126 0.0198 0.0284 0.0383 0.0494
p(4) 0.0001 0.0003 0.0007 0.0016 0.0030 0.0050 0.0077 0.0111

p(5) 0.0001 0.0002 0.0004 0.0007 0.0012 0.0020

p(6) 0.0001 0.0002 0.0003
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$16. SemTxveviTi sidide. ganawilebis kanoni

albaTobis TeoriaSi SemTxveviTi xdomilebis cnebasTan erT-
ad gamoiyeneba garkveuli azriT ufro moxerxebuli SemTxveviTi si-
didis cneba. cvlad sidides, romlis mniSvnelobebi damokidebulia
SemTxveviTi eqsperimentis an movlenis SesaZlo Sedegebze, SemTxve-
viT sidides uwodeben. SemTxveviTi sididis magaliTebia: saTamaSo
kamaTlis gagorebisas mosul qulaTa ricxvi; monetis ganmeorebiTi
agdebisas monetis romelime mxaris gamoCenaTa ricxvi; gasrolaTa
raodenoba mizanSi pirvelad moxvedramde; manZili samiznis centri-
dan dazianebis wertilamde; sxvadasxva dros garkveul produqcia-
ze moTxovnaTa raodenoba; siTxeSi CaZiruli mtvris mcire nawilak-
is (romelsac vakvirdebiT mikroskopSi) mdebareoba da a. S.

ganmarteba. SemTxveviTi eqsperimentis elementarul xdomileb-
aTa sivrceze gansazRrul ricxviT funqcias SemTxveviTi sidide ew-
odeba. SemTxveviT sidides ewodeba diskretuli tipis Tu is Rebul-
obs calkeul, izolirebul SesaZlo mniSvnelobebs. SemTxveviT si-
dides ewodeba uwyveti tipis Tu misi SesaZlo mniSvnelobebis simr-
avle mTlianad avsebs raime sasrul an usasrulo ricxviT Sual-
eds.

diskretuli tipis SemTxveviTi sidide Rebulobs sasrul an
Tvlad raodenoba gansxvavebul mniSvnelobebs, xolo uwyveti tipis
SemTxveviTi sididis mniSvnelobaTa raodenoba kontiniumis simZlav-
risaa.

SemTxveviT sidideebs aRniSnaven didi laTinuri asoebiT:
,...,, ZYX  (an patara berZnuli asoebiT , , ,...   ), xolo SemTxveviTi

sididis SesaZlo mniSvnelobebs aRniSnaven patara laTinuri asoe-

biT: ,...,, kji zyx .

magaliTi 1. SemTxveviTi sidide iyos monetis samjer agdebisas
mosul gerbTa ricxvi. am SemTxvevaSi elementarul xdomilebaTa si-
vrce rva elementiani simravlea:

}{ sssssg,sgs,gss,sgg,gsg,ggs,ggg,
da, Sesabamisad, saZiebeli SemTxveviTi sidide iqneba  -ze gansazR-
ruli Semdegi ricxviTi funqcia:

3ggg) (X ; 2X(sgg)X(gsg)X(ggs)  ;

1X(ssg)X(sgs)X(gss)   da 0X(sss)  .

cxadia es SemTxveviTi siside diskretuli tipisaa, is Rebul-
obs izolirebul mniSvnelobebs, magaliTad, 1-sa da 2-s Soris is
ar Rebulobs arcerT mniSvnelobas.

magaliTi 2. SemTxveviTi sidide iyos ori saTamaSo kamaTlis
gagorebisas mosul qulaTa jami. am SemTxvevaSi elementarul xdom-
ilebaTa sivrce Sedgeba 36 elementaruli xdomilebisagan:

}6,...,2,1,:),{(  jiji ,
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xolo SemTxveviTi sidide calkeul elementarul xdomilebas ),( ji
(sadac i -- pirvel kamaTelze mosuli qulaa, xolo j -- meore kama-

Telze mosuli qula) Seusabamebs: jijiX ),(  (pirvel da meore kam-

aTelze mosuli qulebis jami). magaliTad, 4)1,3()2,2()3,1(  XXX .
aRniSnuli SemTxveviTi sididis SesaZlo mniSvnelobebia: 2, 3, . . . ,
12. is aseve dikretuli tipisaa.

zemoT CamoTvlili magaliTebidan uwyveti tipis SemTxveviTi
sididea manZili samiznis centridan dazianebis wertilamde da
mtvris nawilakis mdebareoba siTxeSi. TiToeuli maTgan nebismier
or miRebul mniSvnelobas Soris ar gamotovebs arcerT mniSvnelo-
bas.

SemTxveviTi sidide mocemulia Tu Cven viciT eqsperimentis
ama Tu im Sedegs ra ricxvi Seesabameba. magram, imisaTvis rom alba-
Turad davaxasiaToT SemTxveviTi sidide, Cven kidev unda vicodeT
Tu ramdenad xSirad anu ra albaTobebiT Rebulobs es SemTxveviTi
sidide Tavis ama Tu im mniSvnelobas. Sesabamisobas, SemTxveviTi si-
didis SesaZlo mniSvnelobebsa da maT Sesabamis albaTobebs Soris,
diskretuli tipis SemTxveviTi sididis ganawilebis kanoni ewodeba.
SemTxveviTi sididis ganawilebis kanoni SeiZleba mocemuli iyos
cxrilis, formulis an grafikis saxiT.

cxrils, romelSic CamoTvlilia SemTxveviTi sididis SesaZ-
lo mniSvnelobebi da maTi Sesabamisi albaTobebi, diskretuli tip-
is SemTxveviTi sididis ganawilebis mwkrivi ewodeba:

xi x1 x2  xn


pi p1 p2  pn


SevniSnoT, rom xdomileba, rom SemTxveviTi sidide miiRebs
erT-erT mniSvnelobas Tavisi SesaZlo mniSvnelobebidan, warmoadg-

ens aucilebel xdomilebas da amitom: 1
i

ip  (Cven ar vuTiTebT

SesakrebTa raodenobas, is SeiZleba iyos rogorc sasruli, ise usa-
srulo).

amocana 1. ori msroleli TiTojer esvris samiznes. maT mier
samiznis dazianebis (mizanSi moxvedris) albaTobebia Sesabmisad 0.6
da 0.7. SemTxveviTi sidide X  iyos dazianebul samizneTa raodeno-
ba. SevadginoT misi ganawilebis mwkrivi.

amoxsna. cxadia, rom X  SemTxveviTma sididem SeiZleba miiRos
Semdegi mniSvnelobebi: 0 (verc erTma msrolelma ver daaziana sami-
zne), 1 (mxolod erTma msrolelma daaziana samizne) da 2 (orive
msrolelma daaziana samizne). vipovoT Sesabamisi albaTobebi.

bunebrivia SegvZlia vigulisxmoT rom pirveli da meore msro-
lelis srolis Sedegebi erTmaneTisagan damoukidebelia. SemoviR-
oT xdomilebebi: A -- pirvelma msrolelma daaziana samizne da B -
- meore msrolelma daaziana samizne. mocemulia, rom ( ) 0.6P A   da
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( ) 0.7P B  . Sesabamisad, ( ) 0.4P A   da ( ) 0.3P B  . garda amisa, A  da B
damoukidebeli xdomilebebia. damoukidebeli xdomilebebia agreTve:

A  da B , A  daB  , A  da B .
advili dasanaxia, rom xdomileba – verc erTma msrolelma

ver daaziana samizne iqneba BA , xdomileba -- mxolod erTma

msrolelma daaziana samizne iqneba )()( BABA   da xdomileba --

orive msrolelma daaziana samizne iqneba BA . gasagebia, rom

)( BA  da )( BA  uTavsebadi xdomilebebia  )()( BABA Ø.
amitom, damoukidebel xdomilebaTa namravlis albaTobisa da

uTavsebad xdomilebaTa jamis albaTobis formulebis Tanaxmad gve-
qneba:

12,03,04,0)()()()0(  BPAPBAPXP ;

( 1) {( ) ( )} ( ) ( )P X P A B A B P A B P A B         

( ) ( ) ( ) ( ) 0,6 0,3 0,4 0,7 0,46P A P B P A P B       ;

( ) ( ) ( ) 0,6 0,7 0,42P A B P A P B     
Sesabamisad, X  SemTxveviTi sididis ganawilebis mwkrivi iqneba:

ix 0 1 2

ip 0.12 0.46 0.42

grafikulad diskretuli SemTxveviTi sididis ganawilebis ka-
noni SeiZleba warmovadginoT ganawilebis mravalkuTxedis saxiT,
romelic warmoadgens texils sibrtyeze, romelic miiReba sakoord-
inato sibrtyeze im wertilebis SeerTebiT, romelTa koordinatebia

( , )i ix p .

x1 x2 x3 x4 x5

Tu mocemulia diskretuli tipis SemTxveviTi sidide X  da
raime ricxviTi g  funqcia, maSin ( )g X  isev iqneba diskretuli tip-
is SemTxveviTi sidide, romlis ganawilebis mwkrivis pirvel striq-

onSi iqneba ( )ig x  ricxvebi ( ( )g X  SemTxveviTi sididis SesaZlo mniS-

vnelobebi), xolo meore striqonSi igive ip  albaTobebi, rac gvqon-

da X  SemTxveviTi sididis ganawilebis mwkrivSi, vinaidan:

{ ( ) ( )} ( )i i iP g X g x P X x p    ,
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anu gveqneba ganawilebis mwkrivi:

( )ig x 1( )g x 2( )g x  ( )ng x 

ip 1p 2p  np 

SevniSnoT, rom SesaZlebelia X -is romelime ori gansxvavebu-li

j kx x  mniSvnelobisaTvis ( ) ( )j kg x g x , maSin ( )g X -is ganawilebis

mwkrivSi mxolod erT adgilas davwerT ( )jg x -s da qveS mivuwerT

Sesabamisi albaTobis rolSi ( j kp p ) sidides. magaliTad, Tu X

SemTxveviTi sididis ganawilebis mwkrivia:

xi -3 -1 0 1 2

ip 0.15 0.12 0.2 0.18 0.35

maSin 2X -is (am SemTxvevaSi ( )g x x ) ganawilebis mwkrivi iqneba:

2
ix 0 1 4 9

ip 0.2    0.3 0.35 0.15

aq 2( 1) {( 1) ( 1)} ( 1) ( 1) 0.12 0.18 0.3P X P X X P X P X               .

hipergeometriuli ganawileba. davuSvaT, rom yuTSi N  burTia
da maT Soris M  TeTria. SemTxveviT, dabrunebis gareSe yuTidan vi-
RebT n  burTs. vipovoT albaToba imisa, rom amoRebul n  burTs
Soris zustad k  cali iqneba TeTri?

avRniSnoT n -iT amoRebul n  burTs Soris TeTri burTebis

raodenoba. Cven gvainteresebs ( )nP k   albaToba. visargebloT alb-

aTobis klasikuri ganmartebiT. gasagebia, rom yvela SesaZlo Sedeg-
Ta raodenoba daemTxveva N  elementiani simravlis n  elementian

qvesimravleTa raodenobas, anu ( ) n
NP C  . CvenTvis saintereso n  el-

ementiani qvesimravleebi unda Sedgebodnen zustad k  cali TeTri
da n k  cali Savi burTebisagan. k  cali TeTri burTi SeiZleba Se-

irCes k
MC  sxvadasxva gziT, xolo n k  cali Savi burTi ki -- n k

N MC 


sxvadasxvanairad. namravlis wesis Tanaxmad xelSemwyob elementar-

ul xdomilebTa raodenoba iqneba k n k
M N MC C 

 . Sesabamisad, klasikuri

ganmartebis safuZvelze gvaqvs:

( ; ; ; ) : ( )
k n k
M N M

n n
N

C C
P N M n k P k

C





   , 0,1,...,k n .

ricxvTa am mimdevrobas hipergeometriuli ganawileba ewodeba.
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amocana. auditoriaSi myofi 15 studentidan 5 vaJia. vipovoT
albaToba imisa, rom SemTxveviT SerCeul 6 students Soris 3 vaJia?

amoxsna. Tu mivusadagebT zemoT ganxilul sqemas, gasagebia,
rom: 15, 5, 6N M n    da 3k  . amitom saZiebeli albaToba iqneba:

3 6 3 3 3
10 15 10 10 5

6 6
15 15

120 10
(15;5;6;3) 0.239

5005

C C C C
P

C C


 

   

davuSvaT, rom vatarebT damoukidebeli orSedegiani cdebis
serias erT-erTi Sedegis (pirobiTad mas vuwodoT “warmateba”) pirv-
elad moxdenamde. calkeul cdaSi “warmatebis” albaToba iyos p
(meore Sedegis albaToba iqneba 1 p q  ). SemTxveviTi sidide iyos
Catarebuli cdebis raodenoba. maSin cxadia, rom es SemTxveviTi

sidide miiRebs mniSvnelobas k  albaTobiT 1kpq  , 1,2,...k  .

geometriuli ganawileba. diskretul X  SemTxveviT sidides,
romelic Rebulobs naturalur k  mniSvnelobebs albaTobebiT

1( ) kP X k pq   ,

sadac 0 1p   ( 1q p  ), geometriuli kanoniT ganawilebuli SemTxv-

eviTi sidide ewodeba.
usasrulod klebadi geometriuli progresiis wevrTa jamis

formulis gamoyenebiT advili Sesamowmebelia, rom am albaTobebis
jami 1-is tolia:

1 1

1 1

1 1
1

1
k k

k k

pq p q p p
q p

 
 

 

      
  .

puasonis ganawileba. ganvixiloT diskretuli SemTxveviTi si-
dide X , romelic Rebulobs mxolod mTel arauaryofiT mniSvnel-
obebs (0, 1, 2,…, т,…), romelTa mimdevroba SemousazRvrelia. aseT Se-
mTxveviT sidides ewodeba puasonis kanoniT ganawilebuli, Tu alb-
aToba imisa, rom is miiRebs mniSvnelobas m , gamoisaxeba formul-
iT:

а
т

е
т
атХр 

!
)( ,

sadac a -- garkveuli dadebiTi sididea, romelsac puasonis kanonis

(ganawilebis) parametri ewodeba. Tu visargeblebT xe  funqciis gaS-

liT xarisxovan mwkrivad (
0

/ !x m

m

e x m




 ), advilad davinaxavT, rom am

albaTobebis jami 1-is tolia. marTlac,

 








 
0 0

1
!

)(
т т

аа
т

а ее
т
аетХр

ganvixiloT tipiuri amocana, romelsac mivyavarT puasonis ga-
nawilebamde. davuSvaT, rom abscisTa RerZze SemTxveviT ganawilde-
bian wertilebi, amasTanave maTi ganawileba akmayofilebs Semdeg pi-
robebs:

1). albaToba imisa, rom garkveuli raodenobis wertilebi mox-
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vdeba l  sigrZis intervalSi damokidebulia mxolod intervalis si-
grZeze da araa damokidebuli abscisTa RerZze mis mdebareobaze (e.
i. wertilebi ganawilebulia erTnairi saSualo simkvriviT);

2). wertilebi nawildebian erTmaneTisagan damoukideblad: al-
baToba imisa, rom wertilTa raime raodenoba moxvdeba mocemul in-
tervalSi ar aris damokidebuli wertilTa raodenobaze, romlebic
moxvdnen nebismier sxva intervalSi;

3). praqtikulad SeuZlebelia ori an meti wertilis damTxveva.
maSin SemTxveviTi sidide X -- l  sigrZis intervalSi moxvedr-

il wertilTa raodenoba – ganawilebulia puasonis kanoniT, sadac
a -- aris l  sigrZis intervalze mosul wertilTa saSualo ricxvi.

SeniSvna. vinaidan puasonis formula gamosaxavs binomialur
ganawilebas cdaTa didi ricxvisa da xdimilebis mcire albaTobis
SemTxvevaSi, amitom puasonis kanons xSirad uwodeben iSviaT movle-
naTa kanons.

puasonis ganawileba warmoadgens karg maTematikur models
iSviaT xdomilebaTa aRsawerad: drois fiqsirebul SualedSi momx-
dar xdomilebaTa raodenoba xSirad emorCileba puasonis ganawile-
bas. magaliTad, SeiZleba gamodges geigeris mTvlelis mier t  dro-
Si registrirebuli radiaqtiuri daSlis Sedegad   nawilakebis
raodenoba, satelefono sadgurSi t  drois ganmavlobaSi registri-
rebul gamoZaxebaTa raodenoba. rogorc Cven ukve vnaxeT, warmateb-
ebis mcire albaTobisa da cdaTa ricxvis sakmaod didi raodenobis
SemTxvevaSi puasonis ganawileba gvevlineba binomuri ganawilebis
miaxloebad.
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$17. SemTxveviTi sididis ganawilebis funqcia da

ganawilebis simkvrive

SemTxveviTi sididis ganawileba – es aris funqcia, romelic calsa-

xad gansazRvravs albaTobas imisa, rom: SemTxveviTma sididem miiRo moce-

muli mniSvneloba an SemTxveviTi sidide ekuTvnis garkveul mocemul in-

tervals. Tu SemTxveviTi sidide Rebulobs sasrul raodenoba mniSvnel-

obebs, maSin ganawileba moicema funqciiT ( )P X x , romelic X  SemTxvev-

iTi sididis yvela SesaZlo x  mniSvnelobas Seusabamebs albaTobas imisa,

rom X x  ( anu ganawilebis kanoniT):

,

( , ) ( )
x a b

P X a b P X x
 

    ,

sadac a  da b  ( a b ) nebismieri namdvili ricxvebia, xolo ,a b  -- nebism-

ieri tipis intervalia (rogorc Ria, ise naxevrad Ria da Caketili).

Tu SemTxveviTi sidide Rebulobs usasrulod bevr mniSvnelobas

(rac SesaZlebelia mxolod maSin, roca elementarul xdomilebaTa sivr-

ce, romelzec ganmartebulia SemTxveviTi sidide Sedgeba usasrulo rao-

denoba elementaruli xdomilebebisagan), maSin ganawileba moicema

( )P a X b   albaTobebis erTobliobiT ricxvTa nebismieri ,a b  wyvilis-

aTvis, a b . ganawileba SesaZlebelia mocemul iqnes e. w. ganawilebis fu-

nqciiT: ( ) : ( )F x P X x  , romelic nebismieri namdvili x  ricxvisTvis gans-

azRvravs albaTobas imisa, rom X  SemTxveviTi sidide miiRebs x -ze nakl-

eb mniSvnelobebs. advili dasanaxia, rom:

( ) ( ) ( )P a X b F b F a    .

marTlac, xdomilebaTa sxvaobis alabaTobis formulis Tanaxmad

gavqvs:

( ) {( ) \ ( )} ( ) ( ) ( ) ( )P a X b P X b X a P X b P X a F b F a           .

es Tanafardoba gviCvenebs Tu rogor SeiZleba ganawilebis funqci-

is saSualebiT gamovTvaloT ganawileba da piriqiT, rogor gamovTvaloT

ganawilebis funqcia ganawilebis saSualebiT:

( ) ( ) ( )F x P X x P X x      .

ganawilebis funqcia SeiZleba iyos an diskretuli, an uwyveti, an

maTi kombinacia. diskretuli ganawilebis funqcia Seesabameba diskretul

SemTxveviT sidides, romelic Rebulobs sasrul raodenoba mniSvnelob-
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ebs an mniSvnelobebs iseTi simravlidan, romlis elementebis gadanomvr-

ac SeiZleba naturaluri ricxvebiTM(aseT simravleebs, maTematikaSi,

Tvlad simravleebs uwodeben).Adiskretul ganawilebis funqcias aqvs

safexura kibis saxe.

magaliTi 1. saqonlis partiaSi defeqtur nawarmTa ricxvi X  Rebu-

lobs mniSvneloba 0-s albaTobiT – 0.3; mniSvneloba 1-s albaTobiT –0.4;

mniSvneloba 2-s albaTobiT – 0.2 da mniSvneloba 3-s albaTobiT – 0.1 anu

X -is ganawilebis mwkrivs aqvs saxe:

ix 0 1 2 3

ip 0.3 0.4 0.2 0.1

gamovTvaloT X -is ganawilebis funqcia da avagoT misi grafiki.

Tu 0x  , maSin ( ) ( ) ( ) 0F x P X x P     ;

Tu 0 1X  , maSin ( ) ( ) ( 0) 0.3F x P X x P X     ;

Tu 1 2X  , maSin ( ) ( ) {( 0) ( 1)}F x P X x P X X      

( 0) ( 1) 0.3 0.4 0.7P X P X       ;

Tu 2 3X  , maSin ( ) ( ) {( 0) ( 1) ( 2)}F x P X x P X X X        

( 0) ( 1) ( 2) 0.3 0.4 0.2 0.9P X P X P X          ;

da bolos, Tu 3x  , maSin ( ) ( ) ( ) 1F x P X x P     .

Sesabamisad, ganawilebis funqciis grafiks eqneba Semdegi saxe:

F(x)

 1.0

 0.9

 0.7

 0.3

0 1 2 3 х
uwyvet ganawilebis funqcias naxtomebi ara aqvs. is monotonurad

izrdeba argumentis zrdasTan erTad 0-dan (roca x  ) 1-mde (roca

x  ). SemTxveviT sidides, romelsac aqvs uwyveti ganawilebis funqcia,

uwodeben uwyvet SemTxveviT sidides.
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Tu uwyveti SemTxveviTi sididis ganawilebis funqcia ( )F x  warmoeb-

adia, maSin mis warmoebuls SemTxveviTi sididis ganawilebis simkvrive

ewodeba da aRiniSneba ( )f x -iT:

.
)(

)(
dx

xdF
xf 

SemTxveviTi sididis ganawilebis simkvrividan SegviZlia aRvadgin-

oT ganawilebis funqcia:

.)()( 



x

dyyfxF

vinaidan nebismieri ganawilebis funqciisaTvis:

,1)(lim,0)(lim 


xFxF
xx

amitom, niuton-leibnicis formulis gamoyenebiT, gvaqvs:






 .1)( dxxf

magaliTi 2. mocemulia SemTxveviTi sididis ganawilebis funqcia:























.,1

,,

,,0

)(

bx

bxa
ab

ax

ax

xF

(sadac a  da b  ( a b ) nebismieri namdvili ricxvebia). vipovoT Sesabamisi

ganawilebis simkvrive. cxadia, rom ganmartebis Tanaxmad:






















bx

bxa
ab

ax

xf

,0

,,
1

,,0

)(

rac Seexeba x a da x b wertilebs aq ( )F x funqcia warmoebuli ara

aqvs da iq SegviZlia ( )f x ganvmartoT nebismierad, vTqvaT ( ) ( ) 0f a f b  .

SemTxveviT sidides, romelsac aqvs aRniSnuli ganawilebis simkvrive, ew-

odeba Tanabarad ganawilebuli [ , ]a b  monakveTze.

Sereuli tipis ganawilebis funqciebi gvxvdeba, roca dakvirvebebi

romeliRac momentSi wydeba. magaliTad, im statistikuri monacemebis ana-

lizis dros, romlebic miReba obieqtis  saimedobaze gamocdis (Semowme-

bis) iseTi gegmis gamoyenebisas, romelic gulisxmobs gamocdis Sewyvetas
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garkveuli drois  amowurvis Semdeg an im teqnikuri nawarmis monacemebis

analizis dros, romlebsac dasWirdaT sagarantio SekeTeba.

magaliTi 3. davuSvaT, rom naTuris muSaobis dro aris SemTxveviTi

sidide ganawilebis funqciiT ( )F t , xolo naTuris gamocda grZeldeba na-

Turis mwyobridan gamosvlamde (gadawvamde), Tu es moxdeba gamocdis daw-

yebidan araumetes 100 saaTis ganmavlobaSi, anu 0 100t  sT momentamde.

vTqvaT, ( )G t -- aris am gamocdis dros naTuris normalurad muSao-

bis drois ganawilebis funqcia. maSin cxadia, rom:












.100,1

100),(
)(

t

ttF
tG

( )G t  funqcias aqvs naxtomi 0t  wertilSi, vinaidan Sesabamisi SemTxveviTi

sidide Rebulobs 0t  mniSvnelobas albaTobiT 01 ( ) 0F t  .

SemTxveviT sidideTa maxasiaTeblebi. albaTur-statistikur meTode-

bSi gamoiyeneba SemTxveviT sidideTa sxvadasxva maxasiaTeblebi, romleb-

ic gamoisaxeba ganawilebis funqciiTa da ganawilebis simkvriviT.

kvantili. Semosavlebis diferencirebis aRwerisas, SemTxveviTi sid-

idis parametrebis SesaZlo (saimedobis) sazRvrebis dadgenisas da sxva

mraval SemTxveveaSi gamoiyeneba e. w. “ p  rigis kvantilis” cneba (0 1p  ),

romelic aRiniSneba px  simboloTi. p  rigis kvantili ewodeba SemTxvevi-

Ti sididis im mniSvnelobas, romlisTvisac ganawilebis funqcia Rebul-

obs mniSvnelobas p  an adgili aqvs “naxtoms” mniSvnelobidan, romelic

naklebia p -ze mniSvnelobisaken romelic metia p -ze. SeiZleba moxdes,

rom es piroba sruldeba x  yvela mniSvnelobisaTvis garkveuli interva-

lidan (e. i. ganawilebis funqcia mudmivia am intervalze da tolis p -si),

maSin x  yvela aseT mniSvnelobas uwodeben p  rigis kvantils. uwyveti

ganawilebis funqciebis SemTxvevaSi, rogorc wesi, arsebobs erTaderTi

p  rigis px kvantili, amasTanave ( )pF x p .

F(x)

     1

p y=F(x)
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0 xp x

magaliTi 4. vipovoT p  rigis px kvantili Tanabari ganawilebis

funqciisaTvis.

p  (0 1p  ) rigis px kvantili unda veZeboT rogorc ( )F x p  gant-

olebis amonaxsni. Tanabari ganawilebis funqciis SemTxvevaSi es gantol-

eba miiRebs saxes

x a
p

x b





,

saidanac cxadia, rom:

( ) (1 )px a p b a a p bp      .

roca 0p  , maSin nebismieri x a  warmoadgens 0p   rigis kvantils,

xolo 1p   rigis kvantili iqneba nebismieri x b  ricxvi.

diskretuli ganawilebis SemTxvevaSi, rogorc wesi, ar arsebobs px ,

romelic akmayofilebs ( )pF x p  gantolebas. ufro zustad, Tu diskret-

ul SemTxveviT sidides aqvs n  mniSvneloba 1 2 nx x x     (amasTanave Sesa-

bamisi albaTobebia ( )i iP X x p  , 1,2,...,i n ), maSin ( )pF x p  gantolebas

px -s mimarT gaaCnia amonaxsni p -s mxolod n  mniSvnelobisaTvis, kerZod,

roca:

1p p ,

1 2p p p  ,



1 2 np p p p    .

p -s CamoTvlili n  mniSvnelobisaTvis ( )pF x p  gantolebis px  amo-

naxsni araerTaderTia, kerZod

1 2( ) iF x p p p   

yvela iseTi x -saTvis, romlisTvisac sruldeba utoloba 1i ix x x   . e. i.

px -- nebismieri ricxvia 1( , ]i ix x   intervalidan. yvela danarCeni p -saTvis

(0,1) intervalidan adgili aqvs “naxtoms” p -ze naklebi mniSvnelobidan

p -ze meti mniSvnelobisaken. kerZod, Tu
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1 2 1 2 1i i ip p p x p p p p          ,

maSin 1p ix x  .

mdebareobis maxasiaTeblebi miuTiTeben ganawilebis “centrze”. sta-

tistikaSi didi mniSvneloba aqvs 1/ 2p   rigis kvantils. mas X  SemTxvev-

iTi sididis an misi ganawilebis ( )F x  funqciis mediana ewodeba da aRini-

Sneba x . e. i. 
1/ 2x x . iseve rogorc geometriaSi samkuTxedis mediana wver-

os mopirdapire gverds yofs or tol nawilad, maTematikur statistikaSi

mediana Suaze yofs SemTxveviTi sididis ganawilebas: toloba 1/ 2( ) 1/ 2F x 

niSnavs, rom albaToba imisa, rom SemTxveviTi sidide miiRebs mniSvnelo-

bas 1/ 2x -is marcxniv da albaToba imisa, rom SemTxveviTi sidide miiRebs

mniSvnelobas 1/ 2x -is marjvniv an TviTon 1/ 2x -is tol mniSvnelobas erTman-

eTis tolia da orive ½1/2-ia, anu

( 1/ 2) ( 1/ 2) 1/ 2P X P X    .

Tu diskretul SemTxveviT sidides aqvs n  mniSvneloba dalagebuli

zrdadobis mixedviT 1 2 nx x x     da TiToeuli es mniSvneloba miiReba

erTi da igive 1/ n -is toli albaTobiT,  maSin advili gasagebia, rom ro-

ca n  kentia mediana iqneba zustad SuaSi (centrSi) mdgomi mniSvneloba


( 1) / 2nx x  ,

xolo rodesac n  luwia, maSin medianis rolSi iReben boloebidan Tanab-

rad daSorebuli ori (SuaSi mdgomi ori) mniSvnelobis saSualo ariTme-

tikuls

 ( / 2) ( / 2) 1

2
n nx x

x 
 .

mediana ganekuTvneba SemTxveviTi sididis centraluri tendenciis

mdgradi sazomebis jgufs. sazogadod monacemTa raime ricxviTi maxasiaT-

eblis mdgradoba niSnavs, rom dakvirvebaTa mcire raodenobis cvlilebas

SezRuduli gavlena aqvs masze, miuxedavad imisa, Tu rogoria am cvlile-

bis sidide.

SemTxveviTi sididis erT-erTi realuri Sinaarsis mqone maxasiaTeb-

elia moda. moda ewodeba SemTxveviTi sididis im mniSvnelobas (an mniSv-

nelobebs), romelic Seesabameba ganawilebis simkvrivis lokalur maqsim-
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ums uwyveti SemTxveviTi sididis SemTxvevaSi an albaTobis lokalur maq-

simums  diskretuli SemTxveviTi sididis SemTxvevaSi.

Tu 0x  uwyveti tipis SemTxveviTi sididis (romlis ganawilebis sim-

kvrivea ( )f x ) modaa, maSin gasagebia, rom 0( )
0

df x

dx
 .

SemTxveviT sidides SeiZleba hqondes bevri moda. magaliTad, Tanab-
ari ganawilebis SemTxvevaSi nebismieri x  wertili a x b   warmoadgens
modas. Tumca es gamonaklisia. umetesoba SemTxveviT sidideebs, romlebic
gamoiyenebian albaTur-statistikuri meTodebis saSualebiT gadawyvetil-
ebebis miRebisas an sxva gamoyenebiTi xasiaTis kvlevebSi, gaaCniaT erTi
moda. im SemTxveviT sidideebs (Sesabamisad, im ganawilebebs an ganawile-
bebis simkvriveebs), romelTac aqvT erTi moda – uwodeben unimodalurs.
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$18. organzomilebiani SemTxveviTi sidide.

erTganzomilebian SemTxveviT sidideebTan erTad, romelTa
SesaZlo mniSvnelobebi ganisazRvreba erTi ricxviT, albaTobis Te-
oriaSi ganixileba mravalganzomilebiani SemTxveviTi sidideebic.
aseTi SemTxveviTi sididis nebimieri mniSvneloba warmoadgens ramo-
denime ricxvis dalagebul erTobliobas. am cnebis geometriul il-
ustracias warmoadgens п –ganzomilebiani sivrcis wertilebi, rom-
elTa TiToeuli koordinata warmoadgens SemTxveviT sidides (disk-
retuls an uwyvets), anu п –ganzomilebian veqtors. amitom, mraval-
ganzomilebian SemTxveviT sidideebs aseve SemTxveviT veqtorebsac
uwodeben. simartivisaTvis Cven ganvixilavT organzomilebian SemT-
xveviT veqtorebs. jer ganvixiloT diskretuli SemTxveva.

diskretuli organzomilebiani (Х, Y) SemTxveviTi sididis gana-
wilebis kanons (anu Х da Y SemTxveviTi sidideebis  erTobliv ganaw-
ilebis kanons) aqvs organzomilebiani cxrilis saxe, romelic gvaZ-
levs SesaZlo mniSvnelobebis calkeuli komponentebis CamonaTvals
da im p(xi, yj) albaTobebs, ra albaTobebiTac miiReba mniSvneloba (xi,
yj):

ХY
        x1 x2

…
xi

…
xn

y1 p(x1, y1) p(x2, y1)
…

p(xi, y1)
…

p(xn, y1)

…       …     …
…

     …
…

       …

yj p(x1, yj) p(x2, yj)
…

p(xi, yj)
…

p(xn, yj)

       …      …      …
…

     …
…

        …

ym p(x1, ym) p(x2, ym)
…

p(xi, ym)
…

p(xn, ym)

amasTanave, cxrilis yvela ujraSi mdgomi albaTobebis jami
1-is tolia. Tu cnobilia organzomilebiani SemTxveviTi sididis
ganawilebis kanoni, Cven SegviZlia vipovoT misi Semadgeneli calke-
uli SemTxveviTi sididis ganawilebis kanoni. marTlac, xdomileba
Х = х1 warmoadgens jams araTavsebadi (X = x1, Y = y1), (X = x1, Y = y2),…,
(X = x1, Y = ym) xdomilebebis, amitom р(Х = х1)  = p(x1, y1) + p(x1, y2) +…+
+p(x1, ym) (marjvena mxares weria Х = х1 svetis Sesabamisi albaTobebis
jami). analogiurad SegviZlia vipovoT Х –is danarCeni mniSvnelobe-
bis albaTobebi. imisaTvis, rom ganvsazRvroT Y –is SesaZlo mniSvn-
elobebis albaTobebi, saWiroa Seikribos Y = yj svetis Sesabamisi
albaTobebi.
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magaliTi 1. mocemulia organzomilebiani SemTxveviTi sididis
ganawilebis kanoni:

XY
-2 3 6

-0.8 0.1 0.3 0.1
-0.5 0.15 0.25 0.1

vipovoT caklkeuli SemTxveviTi sididis ganawilebis kanoni.
amoxsna. cxrilSi moyvanili albaTobebis svetebis mixedviT

SekrebiT miviRebT Х–is ganawilebis mwkrivs:

Х -2 3 6
р 0.25 0.55 0.2

albaTobebis SekrebiT striqonebis mixedviT, miviRebT Y–is ga-
nawilebis mwkrivs:

Y -0.8 -0.5
p 0.5 0.5

gadavideT uwyveti tipis SemTxveviTi sidideebis ganxilvaze.
ganmarteba 1. organzomilebiani (X, Y) SemTxveviTi sididis gana-

wilebis funqcia (an X da Y SemTxveviTi sidideebis erToblivi gan-
awilebis funqcia) ewodeba (X  x, Y y) xdomilebis albaTobas:

F( х, у ) = p ( X x, Y y ).

y

es niSnavs, rom (X, Y) wertili moxvdeba daStrixul areSi, Tu marTi
kuTxis wvero moTavsebulia wertilSi (х, у).
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SevniSnavT, rom erToblivi ganawilebis funqcia ganimarteba
rogorc diskretuli, ise uwyveti SemTxveviTi sidideebisaTvis. Cam-
ovayaliboT misi Tvisebebi:

1). 0 ≤ F(x, y) ≤ 1 (vinaidan F(x, y) albaTobaa).

2). F(x, y) aris TiToeuli argumentis mimarT araklebadi, marjv-
nidan uwyveti funqcia.

3). adgili aqvs zRvrul Tanafardobebs: F(-∞, y) = 0; F(x, - ∞) = 0;
F(- ∞, -∞) = 0; F( ∞, ∞) = 1.

4). F(x, ∞) = F1(x); F( ∞, y) = F2(y).

SemTxveviT sidideebs ewodeba damoukidebeli, Tu

F(x, y) = F1(x) F2(y).

diskretuli SemTxveviTi sididebi damoukidebelia maSin da
mxolod maSin, roca p(xi, yj)= p(xi) p( yj), ,i j .

ganmarteba 2. uwyveti organzomilebiani SemTxveviTi sididis
erToblivi ganawilebis simkvrive (anu organzomilebiani simkvrive)
ewodeba erToblivi ganawilebis funqciis Sereul meore rigis ker-
Zo warmoebuls:

yx

yxF
yxf





),(

),(
2

.

SeniSvna. organzomilebiani ganawilebis simkvrive warmoadgens
SemTxveviTi wertilis Δх da Δу gverdebis mqone  marTkuTxedSi mox-
vedris albaTobis am marTkuTxedis farTobTan Sefardebis zRvars,

roca .0,0  ух

organzomilebiani ganawilebis simkvrivis Tvisebebi:

1). f(x, y) ≥ 0 (wertilis marTkuTxedSi moxvedris albaToba arau-
aryofiTia, am marTkuTxedis farTobi arauaryofiTia, da, Sesabamis-
ad, maTi Sefardebis zRvari arauaryofiTia).

2).  
 


y x

dxdyyxfyxF ),(),( .
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3).  








 1),( dxdyyxf  (vinaidan es aris aucilebeli xdomilebis,

kerZod, wertilos Оху sibrtyeze moxvedris,  albaToba).

4). wertilis sibrtyis D areSi moxvedris albaToba tolia:


D

dxdyyxfDYXp .),()),((

5). organzomilebiani ganawilebis simkvrividan erT-erTi SemT-
xveviTi sididis ganawilebis simkvrivis povna:

1
1

( , )
( ) ( , )

( ) ( , )

x

d f x y
dF x dF x

f x f x y dy
dx dx dx




 



 
 

     
 

 ,

analogiurad, 




 .),()(2 dxyxfyf

6). uwyveti SemTxveviTi sidideebi damoukidebelia maSin da
mxolod maSin, roca

f(x, y)= f1(x) f2( y).
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$19. SemTxveviTi sididis maTematikuri lodini

xSirad SemTxveviTi sididis dasaxasiaTeblad ufro moxer-
xebulia ricxviTi maxasiaTeblebi, nacvlad funqcionalurisa
(rogoricaa ganawilebis kanoni, ganawilebis funqcia an ganawi-
lebis simkvrive uwyvet SemTxvevaSi). SemTxveviTi sididis ricx-
viT maxasiaTeblebs Soris pirvel rigSi gamoyofen iseTebs, ro-
melTa “irgvliv” (“garSemoc”) lagdeba (jgufdeba) SemTxveviTi
sididis SesaZlo mniSvnelobebi. erTerT aseT ricxviT maxasia-
Tebls warmoadgens SemTxveviTi sididis maTematikuri lodini,
romelsac misi arsidan gamomdinare (rasac Cven qvemoT davina-
xavT) SemTxveviTi sididis saSualo mniSvnelobasac eZaxian.

albaTobis Teoriis Zalian bevr sakiTxSi mosaxerxebelia
SemovitanoT maTematikuri lodinis cneba. roca moTamaSem unda
miiRos gansazRruli Tanxa, Tu moxdeba garkveuli SemTxveviTi
xdomileba, romlis albaToba cnobilia, maSin misi maTematikuri
lodini aris is Tanxa, romelic samarTlianad unda Semoutanos
mas iman, vinc iyidis misgan mogebis Sansebs. magaliTad, moTamaSem
unda gaagoros erTxel saTamaSo kamaTeli da miiRos mogeba 6
lari, Tu mova cifri 4. advili dasanaxia, rom misi maTematikuri
lodini tolia 1 laris, e. i. im Tanxis (6 laris), romlic SeiZle-
ba miiRos moTamaSem, namravli sasurveli Sedegis albaTobaze
(1/6ze).

marTlac, davuSvaT, rom bankomati gvTavazobs gavagoroT
kamaTe

li da yovel msurvels aZlevs SesaZleblobas dados sanaZleo
mis mier SerCeul waxnagze (qulaze), raTa mogebis SemTxvevaSi mi-
iRos 6 lari. Tu 6 sxvadasxva moTamaSe dadebs fsons Sesabamisad
6 sxvadasxva waxnagze, maSin bankomatma nebismier SemTxvevaSi unda
gadaixados 6 lari, vinaidan iqneba erTi da mxolod erTi mogebu-
li. imisaTvis rom TamaSi iyos samarTliani, saWiroa rom 6 moTa-
maSidan TiToeulma Seitanos bankomatSi 1 lari, radganac ar ar-
sebobs aranairi safuZveli imisaTvis, rom romelime maTganma ga-
daixados sxvaze meti an naklebi, vinaidan saTamaSo kamaTlis eqv-
sive waxnagi tolalbaTuria. aqedan Cven vaskvniT, rom maTematiku-
ri lodini TiToeuli moTamaSisaTvis Seadgens 1 lars.

ganmarteba 1. 1:X R diskretuli SemTxveviTi sididis ma-

Tematikuri lodini aRiniSneba EX simboloTi ( E aris pirveli

aso inglisuri sityvisa Expectation , romelic niSnavs – lodini,

mosalodneloba) da ewodeba ricxvs:

( ) ( )EX X P


 


 ,                         (1)

e. i. SemTxveviTi sididis maTematikuri lodini warmoadgens Sem-

TxveviTi sididis mniSvnelobebis Sewonil jams wonebiT, romle-

bic tolia Sesabamisi elementaruli xdomilebebis albaTobebis.
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SevniSnavT, rom maTematikuri lodinis aRsaniSnavad aseve

gamoiyeneba simbolo MX  (M aris pirveli aso rusuli sityvisa

Математическое ожидание).

magaliTi 1. gamovTvaloT saTamaSo kamaTelze mosuli qu-

laTa ricxvis maTematikuri lodini. (1) Tanafardobidan gamomdi-

nare gvaqvs:

1 1 1 1 1 1
1 2 3 4 5 6 3.5

6 6 6 6 6 6
EX              .

Teorema1. Tu SemTxveviTi sidide Rebulobs mniSvnelobebs

1 2, ,x x ..., nx , maSin samarTliania Tanafardoba:

1

{ }
n

i i
i

EX x P X x


  ,       (2)

e. i. SemTxveviTi sididis maTematikuri lodini warmoadgens Sem-

TxveviTi sididis mniSvnelobebis Sewonil jams wonebiT, romle-

bic tolia albaTobis imisa, rom SemTxveviTi sidide Rebulobs

garkveul mniSvnelobebs.

Tu SemoviRebT aRniSvnebs { }:i iP X x p  , 1, 2,...,i m maSin (2)

Tanafardoba ase gadaiwereba

1 1 2 2
1

n

i i n n
i

EX x p x p x p x p


     .           (3)

gansxvavebiT (1) Tanafardobisagan, sadac ajamva xdeba uSua-

lod elementaruli xdomilebebis mimarT, xdomileba

{ } { : ( ) }i iX x X x    SeiZleba Sedgebodes ramodenime elementa-

ruli xdomilebisagan. xSir SemTxvevaSi (2) TanafardobiT gani-

marteba maTematikuri lodini, Tumca maTematikuri lodinis Tvi-

sebebis Sesamowmeblad ufro moxerxebulia (1) Tanafardoba.

Teorema 1is damtkiceba. davajgufoT (1) TanafardobaSi Sem-

TxveviTi sididis erTi da igive mniSvnelobiani wevrebi:

1 : ( )

( ( ) ( ))
i

n

i X x

EX X P
 

 
 

  .

vinaidan mudmivi gadis jamis niSnis gareT, amitom

: ( ) : ( ) : ( )

( ) ( ) ( ) ( )
i i i

i i
X x X x X x

X P x P x P
     

   
  

    .

meores mxriv, albaTobis ganmartebis Tanaxmad:
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).()(
)(:

i
xX

xXPP
i






ori ukanaskneli Tanafardobis gaerTianeba gvaZlevs:

1 : ( ) 1

( ( )) { }
i

n n

i i i
i X x i

EX x P x P X x
 


  

     . ■

maTematikuri lodinis cneba albaTurstatistikur Teoria-

Si Seesabameba simZimis centris cnebas meqanikaSi. ricxviTi Rer-

Zis 1 2, ,...,x x nx wertilebSi ganvaTavsoT Sesabamisad

1 2{ }, { },..., { }nP X x P X x P X x   masebi. maSin (2) Tanafardoba gviCve-

nebs, rom materialuri wertilebis am sistemis simZimis centri

emTxveva maTematikur lodins. es, Tavis mxriv, gviCvenebs ganmar-

teba 1is bunebriobas.

imisaTvis, rom gasagebi gaxdes maTematikuri lodinis Sina-

arsi, davuSvaT, rom CavatareT n dakvirveba (eqsperimenti) X Sem-

TxveviT sidideze da vTqvaT, rom man 1n jer miiRo mniSvneloba

1x , 2n jer – mniSvneloba 2x , da a. S. mn jer – mniSvneloba mx .

cxadia 1 2 mn n n    n , xolo SemTxveviTi sididis mier miRe-

buli mniSvnelobebis saSualo ariTmetikuli x gamoiTvleba

formuliT

1 1 2 2 m mx n x n x n
x

n

  
 ,

anu,

1 2
1 2

m
m

nn n
x x x x

n n n
    .               (4)

aq 1n

n
aris 1x is ganxorcielebis fardobiTi sixiSire, 2n

n
aris

2x is ganxorcielebis fardobiTi sixiSire da a. S. mn

n
aris mx is

ganxorcielebis fardobiTi sixiSire. Tu davuSvebT, rom dakvir-

vebaTa raodenoba sakmarisad didia, maSin fardobiTi sixSire ax-

losaa xdomilebis albaTobasTan

1 2
1 2, , . . . , m

m

nn n
p p p

n n n
   .
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Tu axla (4) TanafardobaSi fardobiT sixSireebs SevcvliT Sesa-

bamisi albaTobebiT da gaviTvaliswinebT (3) Tanafardobas, mivi-

RebT, rom

1 1 2 2 n nx x p x p x p EX     .

e. i. SemTxveviTi sididis maTematikuri lodini daaxloebiT

tolia am SemTxveviTi sididis dakvirvebuli mniSvnelobebis sa-

Sualo ariTmetikulis.

cxadia, rom araa aucilebeli SemTxveviTi sididis maTema-

tikuri lodini toli iyos misi romelime SesaZlo mniSvnelobis.

Tu diskretuli tipis SemTxveviTi sidide Tanabari kanoni-

Taa ganawilebuli anu is yvela Tavis mniSvnelobas 1 2, ,..., nx x x Re-

bulobs Tanabari (erTi da igive) albaTobebiT

( 1 2 1/np p p n     ), maSin maTematikuri lodini zustad emTxveva

misi mniSvnelobebis saSualo ariTmetikuls:

1 2
1 2

1 1 1 n
n

x x x
EX x x x

n n n n

   
      .

ganmarteba 2. Tu diskretuli tipis SemTxveviTi sididis Se-

saZlo mniSvnelobaTa simravle Tvladia, maSin

1 1 2 2
1

n n i i
i

EX x p x p x p x p




       ,

Tu cnobilia, rom Sesabamisi mwkrivi absoluturad krebadia –

1

| |i i
i

x p




  ,

sadac : { }, 1,2,...i ip P X x i   da 1 2 1p p    .

ganmarteba 3. uwyveti tipis X SemTxveviTi sididis maTema-

tikuri lodini ewodeba ricxvs

( )EX xf x dx




  ,

sadac ( )f x aris X SemTxveviTi sididis ganawilebis simkvrive,

Tu cnobilia, rom

| | ( )x f x dx




  .
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Teorema 2. Tu X da Y erTi da igive elementarul xdomi-

lebaTa sivrceze ganmartebuli SemTxveviTi sididebia, xolo

c const raime mudmivia, maSin:

a). Ec c ;

b). ( )E X Y EX EY   da ( )E X Y EX EY   ;

g). ( )E cX cEX ; d). ( ) 0E X EX  da

e). 2 2 2( ) ( ) ( )E X c E X EX c EX     .

damtkiceba. a). am SemTxvevaSi saqme gvaqvs mudmiv SemTxveviT

sididesTan ( )X c  , anu funqcia ( )X  asaxavs elementarul xdo-

milebaTa sivrces  erTaderT c wertilSi. vinaidan mudmivi ma-

maravli SegviZlia gamovitanoT jamis niSnis gareT, amitom

gvaqvs:

( ) ( ) ( )Ec cP c P cP c
 

 
 

      .

b). Tu jamis (Sesabamisad, sxvaobis) yvela wevri warmoidgi-

neba or Sesakrebad (Sesabamisad, sxvaobad), maSin mTeli jamic

warmoidgineba ori jamis jamad (Sesabamisad, sxvaobad), romelTa-

gan pirveli Sedgeba TiToeuli wevris pirveli Sesakrebebisagan

(Sesabamisad, saklebebisagan), xolo meore – meore Sesakrebebisa-

gan (Sesabamisad, maklebebisagan). amitom

( ) [ ( ) ( )] ( ) ( ) ( ) ( ) ( )E X Y X Y P X P Y P EX EY
  

      
  

        

da analogiurad, ( )E X Y EX EY   .

e. i. SemTxveviT sidideTa jamis (Sesabamisad, sxvaobis) maTe-

matikuri lodini maTi maTematikuri lodinebis jamis (Sesabami-

sad, sxvaobis) tolia.

g). ( ) ( ) ( ) ( ) ( )E cX cX P c X P cEX
 

   
 

    .

d). b) da a) punqtebis Tanaxmad gvaqvs

). ).

( ) ( ) 0E X EX EX E EX EX EX     
b a

.

e). vinaidan

2 2( ) [( ) ( )]X c X EX EX c     

2 2( ) 2( )( ) ( )X EX X EX EX c EX c       .
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amitom

).
2 2 2( ) ( ) [2( )( )] ( )E X c E X EX E X EX EX c E EX c        
b g).,a).

2 2 2 2( ) 2( ) ( ) ( ) ( ) ( )E X EX EX c E X EX EX c E X EX EX c          
d).g).,a).

. ■

Sedegi 1. b) da g) punqtebis gaerTianeba gvaZlevs, rom Sem-

TxveviT sidideTa wrfivi kombinaciis maTematikuri lodini to-

lia maTi maTematikuri lodinebis wrfivi kombinaciis:

( )E aX bY aEX bEY   ,

sadac ,a b mudmivebia.

davaleba. daamtkiceT Sedegi 1 pirdapiri gziT maTematiku-

ri lodinis ganmartebis gamoyenebiT.

Sedegi 2. vinaidan e) punqtis Tanafardobis marjvena mxare-

Si meore Sesakrebi yovelTvis arauaryofiTia da nulia mxolod

maSin, roca c EX , amitom gamosaxuleba 2( )E X c Tavis minimums

cs mimarT aRwevs roca c EX :

2 2

( , )
min ( ) ( )

c
E X c E X EX

  
   .

SemTxveviTi sididis funqciis maTematikuri lodini. xSi-

rad mocemulia raime X SemTxveviTi sididis ganawilebis kanoni

da gvainteresebs ( )Y g X SemTxveviTi sididis maTematikuri lo-

dini, sadac ( )g x namdvili x cvladis raime funqciaa. amisaTvis

jer SeiZleba davadginoT Y SemTxveviTi sididis ganawileba da

Semdeg gamovTvaloT misi maTematikuri lodini ganmarteba 1is

gamoyenebiT. magram ufro moxerxebulia ( )Y g X SemTxveviTi si-

didis maTematikuri lodini gamovTvaloT X SemTxveviTi sidi-

dis ganawilebis terminebSi.

vTqvaT, X SemTxveviTi sididis ganawilebis kanonia:

xi x1 x2  xn

pi p1 p2  pn

maSin

1 1

( ) ( ) { } ( )
m m

i i i i
i i

Eg X g x P X x g x p
 

    .          (5)
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am faqtis Sesamowmeblad visargebloT maTematikuri

lodinis ganmartebiT da davajgufoT is wevrebi, romlebic

Seesabamebian ( )X  s erTi da igive mniSvnelobas:

1 : ( )

( ) ( ( )) ( ) ( ( ( )) ( ))
i

m

i X x

Eg X g X P g X P
  

   
  

    .

Tu ki aq mudmiv Tananmamravls gavitanT jamis niSnis gareT

da visargeblebT albaTobis ganmartebiT, miviRebT Sesamowmebel

Tanafardobas:

1 : ( ) 1 : ( ) 1

( ) ( ( ) ( )) ( ( ) ( )) ( ) { }
i i

m m m

i i i i
i X x i X x i

Eg X g x P g x P g x P X x
   

 
    

        .

magaliTi 2. davuSvaT, 3( ) 4g x x x   da  mocemulia X

SemTxveviTi sididis ganawilebis kanoni:

2 1 0 2

0.1 0.3 0.4 0.2

davadginoT ( )Y g X  SemTxveviTi sididis ganawilebis kanoni da

gamovTvaloT misi maTematikuri lodini.

cxadia, rom ( 2) (0) (2) 0g g g     da ( 1) 3g   . amitom Y

SemTxveviTi sididis SesaZlo mniSvnelobebia 0 da 3. davadginoT

misi ganawilebis kanoni. amisaTvis gamovTvaloT albaTobebi:

{ 0}P Y   da { 3}P Y  . radgan xdomilebebi { 2},{ 0}X X    da { 2}X 

uTavsebadia, amitom albaTobaTa Sekrebis wesis Tanaxmad

gveqneba:

{ 0} {{ 2} { 0} { 2}}P Y P X X X        

{ 2} { 0} { 2} 0.1 0.4 0.2 0.7P X P X P X           .

garda amisa, { 3} { 1} 0.3P Y P X     . amitom ( )Y g X

SemTxveviTi sididis ganawilebis kanons aqvs saxe:

0 3

0.7 0.3

xolo (3) Tanafardobis ZaliT 0 0.7 3 0.3 0.9EY      .
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axla gamovTvaloT ( )Y g X  SemTxveviTi sididis

maTematikuri lodini (5) Tanafardobis saSualebiT. gveqneba:

( 2) 0.1 ( 1) 0.3 (0) 0.4 (2) 0.2 0 0.1 3 0.3 0 0.4 0 0.2 0.9EY g g g g                  
.

Cven zemoT vnaxeT rogoraa damokidebuli maTematikuri

lodini aTvlis wertilis Secvlaze da sxva zomis erTeulze

gadasvlaze (gadasvla Y ax b  ), aseve SemTxveviTi sididis

funqciaze. miRebuli Sedegebi mudmivad gamoiyeneba

teqnikurekonomikur analizSi, organizaciebis

safinansosameurneo moqmedebebis Sefasebisas, sagareoekonomikur

gaTvlebSi erTi valutidan meoreze gadasvlisas,

normatiulteqnikur dokumentaciaSi da a. S. ganxiluli Sedegebi

saSualebas iZleva gamoyenebul iqnes erTi da igive

gamosaTvleli formulebi masStabebis sxvadasxva parametrebis

da gadaxrebis dros.
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$20. SemTxveviT sidideTa damoukidebloba

iseve rogorc xdomilebaTa damoukidebloba, SemTxveviT
sidideTa damoukidebloba warmoadgens albaTobis Teoriis
erTerT sabazo cnebas, romelic safuZvlad udevs
gadawyvetilebebis miRebis praqtikulad yvela
albaTurstatistikur meTods.

ganmarteba 1. erTi da igive elementarul xdomilebaTa
sivrceze ganmartebul diskretul X  da Y  SemTxveviT
sididebebs ewodeba damoukidebeli, Tu nebismier namdvili a  da
b  ricxvebisaTvis damoukidebelia xdomilebebi { : ( ) }X a    da

{ : ( ) }Y b   .

cxadia, rom Tu X  da Y damoukidebeli SemTxveviT
sididebia, xolo ,a b   raime ricxvebia, maSin SemTxveviT sididebi

X a  da Y b  agreTve damoukideblebia.
marTlac, xdomilebebi { }X a c   da { }Y b d   emTxveva

Sesabamisad xdomilebebs { }X c a   da { }Y d b  , amitom isini
damoukideblebia.

davaleba. aCveneT, rom Tu X  da Y damoukidebeli

SemTxveviT sididebia, xolo 1 1 2 2, , ,a b a b   raime ricxvebia, maSin

SemTxveviTi sididebi 1 1a X b  da 2 2a Y b  agreTve damoukideblebia.

ganmarteba 2. erTi da igive elementarul xdomilebaTa
sivrceze ganmartebul diskretul , , ,...X Y Z  SemTxveviT
sididebebs ewodeba erToblivad damoukidebeli, Tu erToblivad
damoukidebelia xdomilebebi { },{ },X a Y b  { },...Z c .

magaliTi 1. SemTxveviTi sidideebi, romlebic ganimartebian
damoukidebel cdaTa sqemaSi sxvadasxva cdis Sedegebis mixedviT,
TviTonac damoukideblebia. es gamodis iqidan, rom xdomilebebi,
romelTa saSualebiTac ganimarteba SemTxveviT sidideTa
damoukidebloba, ganisazRvrebian sxvadasxva cdebis Sedegebis
mixedviT, da maSasadame, isini damoukideblebi arian TviTon
damoukidebel cdaTa sqemis ganmartebis Tanaxmad.

gadawyvetilebebis miRebis albaTurstatistikur meTodebSi
mudmivad gamoiyeneba Semdegi faqti: Tu X  da Y damoukidebeli
SemTxveviTi sididebia, xolo ( )g X  da ( )h Y   SemTxveviTi

sidideebia, romlebic miiRebian X  da Y SemTxveviT sididebis
CasmiT namdvili cvladis g  da h  funqciebSi, maSin ( )g X  da ( )h Y
agreTve damoukidebeli SemTxveviTi sidideebia. magaliTad, Tu

X  da Y damoukidebelia, maSin damoukidebelia 2X  da 2 3Y  ,

ln | |X  da 3Y , da a. S.
rogorc ukve avRniSneT albaTurstatistikuri meTodebis

umravlesoba, romlebic gamoiyeneba praqtikaSi, dafuZnebulia
SemTxveviTi sidedeebis damoukideblobis cnebaze, ramdenadac,
dakvirvebebis, gazomvebis, eqsperimentebis, analizebisa da cdebis
Sedegebi Cveulebriv modelirdeba damoukidebeli SemTxveviTi
sidideebiT. xSirad iTvleba, rom dakvirvebebi xorcieldeba
damoukidebebli cdebis sqemis mixedviT. magaliTad,
organizaciebis safinansosameurneo qmedebebis Sedegebi,
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muSaxelis gamomuSaveba, Sesamowmebeli nawarmis (romelic
amorCeulia teqnologiuri procesis statistikuri regulirebis
dros) sakontrolo parametrebis gazomvis Sedegebi (monacemebi),
marketinguli gamokiTxvebis dros gamokiTxuli momxmareblebis
pasuxebi da sxva tipis monacemebi, romlebic gamoiyeneba
gadawyvetilebebis miRebis dros, Cveulebriv ganixileba rogorc
damoukidebeli SemTxveviTi sidideebi (veqtorebi an elementebi).
SemTxveviT sidideTa cnebis aseTi popularobis mizezi
mdgomareobs imaSi, rom am momentisaTvis kvlevis Sesabamisi
Teoria gacilebiT winaa wasuli damoukidebeli SemTxveviTi
sidideebisaTvis, vidre damokidebulebisaTvis.

Teorema 1. Tu X  da Y damoukidebeli SemTxveviT
sididebia, maSin maTi namravlis maTematikuri lodini
TiToeulis maTematikuri lodinebis namravlis tolia, e. i.

( )E XY EX EY  .

damtkiceba. davuSvaT, rom X  SemTxveviTi sididis

mniSvnelobebia 1 2, ,..., nx x x , xolo Y  SemTxveviTi sidide ki

Rebulobs mniSvnelobebs 1,y 2 ,..., ny y . XY  namravlis maTematikuri

lodinis momcem jamSi davajgufoT is wevrebi, romlebSic X  da
Y  Rebuloben fiqsirebul mniSvnelobebs,  mudmivi mamravlebi
gavitanoT jamis niSnis gareT da gavixsenoT albaTobis
ganmarteba. miviRebT:

1 1 : ( ) , ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
i j

n m

i j X x Y y

E XY X Y P X Y P
   

     
    

    

1 1 : ( ) , ( ) 1 1 : ( ) , ( )

( ) ( )
i j i j

n m n m

i j i j
i j X x Y y i j X x Y y

x y P x y P
     

 
       

     

1 1

{ , }
n m

i j i j
i j

x y P X x Y y
 

   .

vinaidan X  da Y damoukidebeli SemTxveviT sididebia,
amitom

{ , } { } { }i j i jP X x Y y P X x P Y y     .

meores mxriv, Tu visargeblebT jamis simbolos Semdegi
TvisebiT:

1 1 1 1

n m n m

i j i j
i j i j

a b a b
   

    ,

sabolood, Teorema 19.1is ZaliT, miviRebT, rom

1 1

( ) ( { })( { })
n m

i i j j
i j

E XY x P X x y P Y y
 

   

1 1

{ } { }
n m

i i j j
i j

x P X x y P Y y EX EY
 

       . ■

aRsaniSnavia, rom Teorema 1is Sebrunebuli Teorema araa
marTebuli. moviyvanoT Sesabamisi magaliTi.

magaliTi 2. davuSvaT, rom elementarul xdomilebaTa
sivrce Sedgeba sami tolalbaTuri elementaruli
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xdomilebisagan 1 2 3{ , , }    , 1 2 3( ) ( ) ( ) 1/ 3P P P     . ganvmartoT

X  da Y  SemTxveviTi sidideebi Semdegnairad:

1 2 3( ) 1, ( ) 0, ( ) 1X X X      ;

1 2 3( ) 1, ( ) 0, ( ) 1Y Y Y     .

maSin gasagebia, rom XY X ,
1 1 1

( ) 1 0 ( 1) 0
3 3 3

E XY EX         .

Sesabamisad, ( )E XY EX EY  . meores mxriv,

2{ 0} { 0} { 0, 0} ( ) 1/ 3P X P Y P X Y P         ,

maSin rodesac X  da Y  SemTxveviTi sidideebi rom iyvnen
damoukideblebi { 0, 0}X Y   xdomilebis albaToba unda

yofiliyo
1 1 1

3 3 9
  .
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$21. SemTxveviTi sididis dispersia

maTematikuri lodini gviCvenebs Tu romeli wertilis (mniSvn-
elobis) irgvliv jgufdeba (lagdeba) SemTxveviTi sididis mniSvne-
lobebi. xSir SemTxvevaSi saWiroa SegveZlos SemTxveviTi sididis
mniSvnelobebis cvlilebis gazomva maTematikuri lodinis mimarT.
ganvixiloT ori diskretuli tipis SemTxveviTi sidide ganawilebis
Semdegi kanonebiT:

X -3 1 YY -90 45

PPP 1/4 3/4 PP 1/3 2/3

gamovTvaloT TiToeulis maTematikuri lodini:
( 3) 1/ 4 1 3/ 4 0EX        da ( 90) 1/ 3 45 2 / 3 0EY       .

      rogorc vxedavT orive SemTxveviT sidides aqvs erTi da igive
maTematikuri lodini, magram maTi ganawilebebi gansxvavdebian imiT,
rom X  SemTxveviTi sididis SesaZlo mniSvnelobebi gacilebiT ax-
losaa maTematikur lodinTan (am SemTxvevaSi nulTan), vidre Y  Sem-
TxveviTi sididis mniSvnelobebi.
      SemTxveviTi sididis mniSvnelobebis maTematikuri lodinis mi-
marT gafantulobis erT-erT mniSvnelovan sazoms warmoadgens Sem-
TxveviTi sididis dispersia. Cven ukve vnaxeT, rom gamosaxuleba

2( )E X c  aRwevs minimums c -s mimarT roca c EX . amitom SemTxvevi-
Ti sididis mniSvnelobebis gafantulobis sazomad bunebrivia aviR-

oT 2( )E X EX .

ganmarteba 1. X  SemTxveviTi sididis dispersia (aRiniSneba
DX -iT, D  aris pirveli aso inglisuri sityvisa -- Dispersion) ewode-

ba 2( )X EX  SemTxveviTi sididis maTematikur lodins
2( )DX E X EX  .                        (1)

maTematikuri lodinis Tvisebebis gamoyenebiT dispersia SesaZ-
lebelia gadaiweros sxva formiT:

2 2 2( ) [ 2 ( ) ]DX E X EX E X X EX EX      
2 2 2 22 ( ) ( )EX EX EX EX EX EX      ,       (2)

sadac, 2EX -s ewodeba X  SemTxveviTi sididis meore rigis momenti
(TviTon dispersias uwodeben agreTve – meore rigis centralur mo-
ments).

Tu diskretuli tipis X SemTxveviTi sididis ganawilebis ka-
nonia

xi x1 x2  xn

pi p1 p2  pn

maSin maTematikuri lodinisa da SemTxveviTi sididis funqciebidan
maTematikuri lodinis gamosaTveleli formulebis Tanaxmad dispe-
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rsiis gamosaTvlel formulebs (1) da (2) formulebis mixedviT eqn-
eba Sesabamisad Semdegi saxe:

2

1 1

( )
n n

i j j i
i j

DX x x p p
 

   ,   (3)

2 2

1 1

( )
n n

i i j j
i j

DX x p x p
 

   .  (4)

magaliTi 1. diskretuli tipis X  SemTxveviTi sididis ganawi-
lebis kanonia

ix -1 0 1 2 3

ip 0.1 0.15 0.3 0.25 0.2

gamovTvaloT misi dispersia.
vinaidan dispersiis gamosaTvlelad gvaqvs ori (3) da (4) for-

mulebi, Sesabamisad, gveqneba dispersiis gamoTvlis ori xerxi. mox-
erxebulia es gamoTvlebi Caiweros cxrilebis saxiT.

dispersiis gamoTvlis pirveli xerxi:

i
ix ip i ix p 2( )ix EX 2( )i ix EX p

1 -1 0.10 -0.1 5.29 0.5290
2 0 0.15 0 1.69 0.2535
3 1 0.30 0.3 0.09 0.0270
4 2 0.25 0.5 0.49 0.1225
5 3 0.20 0.6 2.89 0.5780

5

1

1.3i i
i

EX x p


 
5

2

1

( ) 1.51i i
i

DX x EX p


  

dispersiis gamoTvlis meore xerxi:

i
ix ip i ix p 2

ix 2
i ix p

1 -1 0.10 -0.1 1 0.1
2 0 0.15 0 0 0
3 1 0.30 0.3 1 0.3
4 2 0.25 0.5 4 1
5 3 0.20 0.6 9 1.8

5

1

1.3i i
i

EX x p


 
5

2 2

1

3.2i i
i

EX x p


 
2 2( ) 1.51DX EX EX  
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davadginoT dispersiis Tvisebebi, romlebic mudmivad gamoiye-
neba gadawyvetilebebis miRebis albaTur-statistikur meTodebSi.

I. mudmivis dispersia nulis tolia -- 0Dc  . marTlac,
2 2( ) ( ) 0 0Dc E c Ec E c c E      ;

II. 2( )D aX b a DX  . marTlac, maTematikuri lodinis cnobili
Tvisebebis gamoyenebiT gvaqvs:

2 2 2( ) [( ) ( )] [ )] [ ( )]D aX b E aX b E aX b E aX b aEX b E a X EX           
2 2 2 2 2[ ( ) ] ( )E a X EX a E X EX a DX     .

rogorc vxedavT, SemTxveviT sidideze mudmivis damateba mis
dispersias ar cvlis (Tu aviRebT 1a  , maSin miviRebT ( )D X b DX  ),
xolo mudmivi mamravli dispersiis niSnis gareT gadis kvadaratSi

axarisxebubuli (Tu aviRebT 0b  , miviRebT 2( )D aX a DX ). kerZod,
es formula gviCvenebs rogor icvleba dakvirvebis Sedegebis dispe-
rsia aTvlis sawyisi wertilisa da gazomvis erTeulis cvlilebis-
as. is gvaZlevs gamosaTvleli formulebis gardaqmnis wess masSta-
bisa da gadatanis sxva parametrebze gadasvlis dros.

Teorema 1. Tu X  da Y  damoukidebeli SemTxveviTi sidideebia,
maSin maTi jamis dispersia TiToeulis dispersiebis jamia

( )D X Y DX DY   .
damtkiceba. visargebloT igiveobiT

2 2[( ) ( )] [( ) ( )]X Y EX EY X EX Y EY       
2 2( ) 2( )( ) ( )X EX X EX Y EY Y EY       .

maSin maTematikuri lodinis Tvisebebis ZaliT, vRebulobT:
2( ) [( ) ( )]D X Y E X Y E X Y     

2 2( ) 2 [( )( )] ( ) 2 [( )( )]E X EX E X EX Y EY E Y EY DX DY E X EX Y EY           
rogorc cnobilia, Tu X  da Y  damoukidebeli SemTxveviTi

sidideebia, maSin agreTve damoukidebelia X a  da Y b  da
( )E XY EX EY  . garda amisa, ( ) 0E X EX  . amitom sabolood gvaqvs:

( ) 2 ( ) ( )]D X Y DX DY E X EX E Y EY DX DY         . ■
davaleba. SeamowmeT, rom Tu X  da Y  damoukidebeli SemTxve-

viTi sidideebia, maSin maTi sxvaobis dispersia TiToeulis dispers-
iebis jamia

( )D X Y DX DY   .

Teorema 2. Tu 1 2, ,..., nX X X -- wyvil-wyvilad damoukidebeli Sem-

TxveviTi sidideebia (e. i. iX  da jX  damoukidebelia, Tu i j ). maSin

jamis dispersia tolia dispersiebis jamis

1 2 1 2( )n nD X X X DX DX DX       .

damtkiceba. SemoviRoT aRniSvnebi i i ia X EX   ( 1,2,...,i n ). maSin

Tu visargeblebT ajamvis simbolos Semdegi TvisebiT:
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2 2

1 1 1 1

( ) ( ) ( )
n n n n

i i j i i j
i i j i i j

a a a a a a
    

        .

miviRebT, rom
2

1 2 1 2( )n nX X X EX EX EX       

2

1

( ) ( )( )
n

i i i i j j
i i j

X EX X EX X EX
 

      .

Tu axla gaviTvaliswinebT, rom jamis maTematikuri lodini
maTematikuri lodinebis jamis tolia, xolo damoukidebeli SemTx-
veviTi sidideebis namravlis maTematikuri lodini maTematikuri
lodinebis namravlis tolia, miviRebT Sesamowmebel Tanafardobas:

2
1 2 1 2 1 2( ) [ ( )]n n nD X X X E X X X E X X X           

2

1

( ) ( )( )
n

i i i i j j
i i j

E X EX E X EX X EX
 

      
2

1 1

( ) ( ) ( )
n n

i i i i j j i
i i j i

E X EX E X EX E X EX DX
  

         ,

sadac bolo etapze Cven visargebleT igiveobiT: ( ) 0E X EX  . ■
SeniSvna. rac Seexeba jamis maTematikur lodins is yovelTvis

SesakrebTa maTematikuri lodinebis jamis tolia, miuxedavad imisa
damoukidebelia Tu damokidebuli SemTxveviTi sidideebi. ori SemT-
xveviTi sididis SemTxvevaSi Cven es ukve SevamowmeT. misi ganzogad-
oeba advilad SeiZleba maTematikuri induqciis meTodis gamoyeneb-
iT.

davaleba. daamtkiceT, rom nebismieri 1 2, ,..., nX X X  SemTxveviTi

sidideebisaTvis jamis maTematikuri lodini maTematikuri lodineb-
is jamis tolia

1 2 1 2( )n nE X X X EX EX EX       .

es ori Tanafardoba arsebiT rols TamaSobs maTematikur sta-
tistikaSi monacemTa SerCeviTi maxasiaTeblebis Seswavlis dros, vi-
naidan SerCevaSi monawile dakvirvebebisa da gazomvebis Sedegebi,
maTematikur statistikaSi, gadawyvetilebebis miRebis TeoriaSi da
ekonometrikaSi, rogorc wesi ganixileba rogorc damoukidebeli
SemTxveviTi sidideebis realizaciebi.

magaliTi 2. ganvixiloT raime A  xdomileba da X  SemTxvevi-
Ti sidide, iseTi, rom ( ) 1X   , Tu A  da ( ) 0X   , Tu A  (aseT

SemTxveviT sidides A  xdomilebis maxasiaTebeli funqcia ewodeba).
vaCvenoT, rom

E ( )EX P A , ( ) (1 ( ))DX P A P A   .

gasagebia, rom am X  SemTxveviTi sididis ganawilebis kanoni
iqneba

ix 1 0

ip ( )P A 1 ( )P A
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aseTi kanoniT ganawilebul SemTxveviT sidides bernulis Sem-
TxveviT sidides uwodeben.

maTematikuri lodinis ganmartebis Tanaxmad gveqneba
1 ( ) 0 (1 ( )) ( )EX P A P A P A      .

analogiurad, 2 2( ) ( ( ))Y X EX X P A     SemTxveviTi sididis ga-
nawilebis kanoni iqneba:

iy 2(1 ( ))P A 2( ( ))P A

ip ( )P A 1 ( )P A
Sesabamisad,

2 2( ) (1 ( )) ( ) ( ( )) (1 ( ))DX EY E X EX P A P A P A P A         
( ) (1 ( )) [1 ( ) ( )] ( ) (1 ( ))P A P A P A P A P A P A         . ■

magaliTi 3. ganvixiloT n  damoukidebeli eqsperimenti (cda),
romelTagan TiToeulSi garkveuli A  xdomileba SeiZleba moxdes

an ar moxdes. SemoviRoT SemTxveviTi sidideebi 1 2, ,..., nX X X  Semdegn-

airad: ( ) 1iX   , Tu i -ur eqsperimentSi moxda A  xdomileba, da

( ) 0iX   -- winaaRmdeg SemTxvevaSi. maSin rogorc ukve zemoT avRni-

SneT 1 2, ,..., nX X X  SemTxveviTi sidideebi wyvil-wyvilad damoukidebe-

lia. avRniSnoT ( )p P A  (zogjer p -s uwodeben “warmatebis albaTo-
bas” – Tu A  xdomilebis moxdena ganixileba rogorc “warmateba”).
maSin wina magaliTis Tanaxmad iEX p  da (1 )iDX p p  .

binomialuri ganawileba. 1 2 nB X X X    SemTxveviT sidides,

sadac 1 2, ,..., nX X X  wina magaliTidanaa, binomialuri ewodeba. cxadia,

rom misi mniSvnelobebi meryeobs 0 -dan n -mde cdebis nebismieri Se-
degebis dros, 0 B n  . imisaTvis rom vipovoT misi ganawileba (e. i.

{ }P B k  albaTobebi, roca 0,1,...,k n ), sakmarisia vicodeT p -- cal-

keul cdaSi gansaxilveli A  xdomilebis moxdenis albaToba.
marTlac, xdomileba { }B k  xdeba maSin da mxolod maSin ro-

ca A  xdomileba xdeba zustad k  eqsperimentSi (Sesabamisad, A
xdomileba ar xdeba zustad n k  eqsperimentSi, amasTanave mniSvne-
leoba ara aqvs romel k  eqsperimentSi moxdeba A  xdomileba). amde-
nad, { }B k  xdomilebis albaToba tolia n  damoukidebeli xdomil-
ebis erTdroulad moxdenis (namravlis) albaTobis, da radaganac
damoukidebel xdomilebaTa namravlis albaToba tolia albaTobeb-
is namravlis, Sesabamisad, albaToba imisa, rom n  damoukidebel
cdaSi A  xdomileba moxda zustad k -jer, xolo misi sawinaaRmdego

A -- ki ( n k )-jer, tolia
( )

(1 ) (1 ) (1 ) (1 )k n k

k n k

p p p p p p p p 

  

           
 

jer jer

.

ramden sxvadasxvanairad SeiZleba k  adgilis SerCeva n  adgi-

lidan? es SeiZleba ganxorcieldes k
nC -jer. e. i. xdomileba { }B k
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warmoidgineba k
nC  cali uTavsebadi xdomilebis gaerTianebis saxiT,

romelTagan TiToeulis albaTobaa (1 )k n kp p  . amitom albaTobaTa
Sekrebis wesis Tanaxmad gvaqvs:

!
{ } (1 ) (1 )

!( )!
k k n k k n k
n

n
P B k C p p p p

k n k
     


.

saxelwodeba “binomialuri ganawileba” modis iqidan, rom
{ }P B k  albaToba warmoadgens ( 1)k  -e wevrs niutonis binomis gaS-

laSi:

0

( )
n

n k k n k
n

k

a b C a b 



  ,

Tu davuSvebT, rom a p  da 1b p  .
vinaidan binomialuri SemTxveiTi sidide warmoidgineba n  dam-

oukidebeli bernulis SemTxveviTi sididis jamis saxiT, amitom Te-
orema 2-sa  da magaliTi 2-is Tanaxmad gveqneba:

EEB np  da (1 )DB np p  .

eqsponencialuri ganawileba. X SemTxveviT sidides ewodeba
eqsponencialurad ganawilebuli parametriT  ( 0  ), Tu mis gana-
wilebis simkvrives aqvs saxe:








  .0,

,0,0
)(

xe

x
xf x

eqsponencieluri ganawilebis simkvrivis funqciis grafiks
aqvs Semdegi saxe:

f(x)

e

e-

0
x

aq daStrixuli aris farTobi tolia eqsponencialurad ganaw-
ilebuli X SemTxveviT sididis ( ,  ) intervalSi moxvedris albaT-

obis.
eqsponencialuri ganawilebis simkvrividan SegviZlia aRvadgi-

noT eqsponencialuri ganawilebis funqcia. advili dasanaxia, rom

0, 0,
( )

1 , 0.x

x
F x

e x


   

hjwf

hjwf

vnaxoT ra albaTuri Sinaarsi gaaCnia  parametrs. am mizniT,
gamovTvaloT eqsponencialuri ganawilebis maTematikuri lodini.
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uwyveti SemTxveviTi sididisaTvis maTematikuri lodinis ganmarteb-
is Tanaxmad gvaqvs:

0

1
( ) xEX xf x dx xe dx



 




    .

eqsponencialuri ganawilebis  parametri warmoadgens ganaw-
ilebis maTematikuri lodinis Sebrunebul sidides. meores mxriv,
Tu gamoviTvliT dispersias, davinaxavT, rom:

2
1DX  ,

Sesabamisad, saSualo kvadratuli gadaxra ixneba 1
 .

garda amisa, vinaidan ganawilebis simkvrive klebadia, amitom
is Tavis maqsimalur mniSvnelobas aRwevs 0x   wertilSi. Sesabamis-

ad, eqsponencialuri ganawilebis moda iqneba 0 0M  .
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$22. standartuli gadaxra. momentebi

ganmarteba 1. X  SemTxveviTi sididis saSualo kvadratuli
gadaxra ewodeba ariTmetikul kvadratul fesvs am SemTxveviTi sid-

idis dispersiidan da aRiniSneba x  simboloTi:

x DX   .

x -s xSirad standartul gadaxrasac uwodeben. gadaxris am

maxasiaTeblis SemoReba ganpirobebulia imiT, rom, gansxvavebiT di-
spersiisagan, igi zomis igive erTeulebSi gamoisaxeba, rac X  SemT-
xveviTi sidide.

SemTxveviTi sididis saSualo kvadratuli gadaxra daaxloeb-
iT miuTiTebs imaze, Tu ramdenad gansxvavdeba SemTxveviTi sididis
dakvirvebuli mniSvneloba maTematikuri lodinisagan. komerciuli
moRvaweobis xSir SemTxvevaSi standartuli gadaxra aris riskis ma-
xasiaTebeli, miuTiuTebs ra, Tu ramdenad ganusazRvrelia situacia.

SemTxveviTi sididis standartizacia. davuSvaT, rom X  SemTx-
veviTi sididis maTematikuri lodinia EX , xolo saSualo kvadart-

uli gadaxraa -- x . ganvixiloT axali SemTxveviTi sidide

x

X EX
Y




                          (1)

da gamovTvaloT misi maTematikuri lodini da dispersia.
maTematikuri lodinisa da dispersiis Tvisebebidan gamomdina-

re advili dasanaxia, rom 0EY   da 1DY  . marTlac, gvaqvs:
1 1

( ) [ ( )] ( )
x x x

X EX
EY E E X EX E X EX

  


      

da

2

1 1 1
( ) [ ( )] ( ) 1

x x x

X EX
DY D D X EX D X EX DX

DX  


          .

(1) gardaqmnas ewodeba X  SemTxveviTi sididis centrireba (ma-
Tematikuri lodinis gamokleba) da normireba (saSualo kvavdrat-
ul gadaxraze gayofa) an ufro mokled -- X  SemTxveviTi sididis
standartizacia.

sxva sityvebiT, rom vTqvaT standartizacia aris SemTxveviTi
sididis iseTi wrfivi gardaqmna, romelsac garkveuli maTematikuri
lodinisa da dispersiis mqone SemTxveviTi sidide dayavs nolovani
maTematikuri lodinisa da erTeulovani dispersiis mqone (anu stan-
dartul) SemTxveviT sidideze.

momentebi, asimetria da eqscesi. X  SemTxveviTi sididis n ri-

gis sawyisi momenti ewodeba sidides : n
n EX  . Sesabamisad, pirveli

rigis momenti warmoadgens maTematikur lodins 1: EX   .

X  SemTxveviTi sididis n rigis centraluri momenti ewodeba

sidides : ( )n
n E X   . am aRniSvnebSi gasagebia, rom meore rigis ce-
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ntraluri momenti warmoadgens dispersias 2
2: DX   . Sesabamisad,

x  . advili dasanaxia, rom sawyis da centralur momentebs Sor-

is arsebobs Semdegi kavSiri:
2

2 2    ,
2

3 3 23 2        ,
2 4

4 4 3 24 6 3            , da a. S.

centraluri momentebis saSualebiT ganimarteba SemTxveviTi
sididis Semdegi mniSvnelovani ricxviTi maxasiaTeblebi, kerZod,
asimetriisa da eqscesis koeficientebi.

eqscesis koeficienti ewodeba sidides
4

4
4 2 4

( )
3 3

[ ( ) ]

E X EX
e

E X EX





   

 
.

eqscesis koeficienti axasiaTebs ganawilebis koncentraciis
xarisxs saSualo mniSvnelobis ( -s) irgvliv. rac ufro didia e ,
miT metadaa koncentrirebuli ganawileba saSualos irgvliv, anu
simkvrives   wertilSi aqvs maRali piki, da piriqiT (ix. nax. 1: Ses-

abamisad, a  da b  wirebi).
asimetriis koeficienti ewodeba sidides

3
3
3 2 3

( )

[ ( ) ]

E X EX

E X EX





 

 
.

asimetriis zomas safuZvlad udevs saSualo kuburi gadaxra,
romelic saSualebas iZleva ufro srulad gaviTvaliswinoT SemTx-
veviTi sididis didi gadaxrebi. ganawilebis asimetriis SemTxvevaSi
ganawilebis mrudis erTi mxare iZleva ufro did kubur gadaxras
meore mxaresTan SedarebiT da radgan kuburi gadaxris dros gadax-
ris niSani narCundeba, amitom kubur gadaxrebs Soris gansxvaveba
aCvenebs dadebiT an uaryofiT asimetrias.

Tu X  SemTxveviTi sididis ganawileba simetriulia Tavisi sa-
Sualo mniSvnelobis ( EX   maTematikuri lodinis) mimarT, maSin

X  SemTxveviTi sididis yvela kenti rigis centraluri momenti nu-

lis tolia ( 2 1 0n   ). Sesabamisad, am SemTxvevaSi asimetriis koefic-

ientic nulis toli iqneba. Tu 0  , maSin ganawileba marcxniv asi-
metriulia, xolo Tu 0  , maSin ganawileba marjvniv asimetriul-
ia.(ix. nax. 2: Sesabamisad, a  da b  wirebi).
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a

a

b
b

nax. 1                        nax. 2
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$23. kovariacia. korelaciis koeficienti

or   da   SemTxveviT sidides Soris kavSiris (damokidebule-

bis) maxasiaTebels warmoadgens   da   SemTxveviT sidideebis Tav-
ianTi ganawilebebis centrebidan (ganawilebis centri ewodeba SemT-
xveviTi sididis maTematikur lodins) gadaxrebis namravlis maTema-
tikuri lodini, romelsac kovariaciis koeficienti an ubralod

kovariacia ewodeba da aRiniSneba cov( ; )   simboloTi:

cov(; ) = M((–M)(–M)).
davuSvaT, rom  SemTxveviT sididis SesaZlo mniSvnelobebia

x1, x2, x3,, xn, xolo   SemTxveviT sididis SesaZlo mniSvnelobe-

bia y1, y2, y3,,yk. maSin maTematikuri lodinis Tvisebebidan gamom-
dinare gasagebia, rom:

cov(; )=
 


n

i

k

j
jiji yxPMyMx

1 1
))()(())((  . (1)

(1) formulas SeiZleba mieces aseTi interpretacia: Tu  -s di-
di mniSvnelobebisaTvis ufro albaTuria  -s didi mniSvnelobebi,

xolo  -s mcire mniSvnelobebisaTvis ufro albaTuria  -s mcire
mniSvnelobebi, maSin (1) formulis marjvena mxareSi dominireben da-
debiTi Sesakrebebi, da kovariacia Rebulobs dadebiT mniSvnelobas.

Tu ki ufro albaTuria iseTi namravlebi (xi – M)(yj – M), rom-
lebic Sedgebian sxvadasxva niSniani Tanamamravlebisagan, anu SemT-

xveviTi eqsperimentis im Sedegebs, romlebsac mivyavarT  -s didi
mniSvnelobebisaken, ZiriTadad mivyavarT  -s mcire mniSvnelobebT-
an, da piriqiT, maSin kovariacia Rebulobs moduliT did uaryofiT
mniSvnelobebs.

pirvel SemTxvevaSi miRebulia vilaparakoT pirdapir kavSirze:
 -s zrdasTan erTad   SemTxveviT sidides gaaCnia matebis (zrdis)
tendencia. meore SemTxvevaSi ki laparakoben Sebrunebul kavSirze:
 -s zrdasTan erTad   SemTxveviT sidides gaaCnia Semcirebis anu
dacemis  tendencia.

Tu ki jamSi daaxloebiT erTi da igivi wvlili SeaqvT dadeb-

iT da uaryofiT namravlebs (xi – M)(yj – M)pij, maSin SeiZleba iTqv-
as, rom jamSi isini “aqroben” erTmaneTs da kovariacia axlos iqne-
ba nulTan. am SemTxvevaSi erTi SemTxveviTi sididis meoreze damok-
idebuleba ar ikveTeba.

advili saCvenebelia, rom Tu

       [ ]i j i jP x P y P x P y         , 1,... ; 1,...,i n j k     (2)

maSin  cov(; )= 0.
marTlac, (1) formulis Tanaxmad gvaqvs:
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      
1 1

cov( ; )
n k

i j i j
i j

x M y M P x P y     
 

     

        
 

j

n

i

k

j
jii yPMyxPMx

1 1

    0 0 0M M M M         .
aq Cven gamoviyeneT maTematikuri lodinis Semdegi mniSvnelova-

ni Tviseba: SemTxveviTi sididis Tavisi maTematikuri lodinidan ga-
daxris maTematikuri lodini nulis tolia.

magaliTad, diskretul SemTxvevaSi marTlac gvaqvs:

          0
1 11

  
 

n

i

n

i
i

n

i
iiii MMxPMxPxxPMxMM .

kovariacia SeiZleba gadaiweros Semdegi moxerxebuli formiT:

cov(; )=M(–M–M+MM)=M()–M(M)–
–M(M)+M(MM)=

=M()–MM–MM+MM=M()–MM,
e. i. ori SemTxveviTi sididis kovariacia tolia maTi namravl-

is maTematikur lodins gamoklebuli maTematikuri lodinebis namr-
avli.

cnobilia, rom Tu SemTxveviTi sidideebi damoukidebelia (dis-
kretul SemTxvevaSi es imas niSnavs, rom Sesrulebulia (2) Tanafa-
rdobebi), maSin namravlis maTematikuri lodini maTematikuri lod-
inebis namravlis tolia. amitom, ukanaskneli Tanfardobis Tanaxmad

(iseve rogorc es zemoT iyo aRniSnuli) damoukidebeli   da   Se-

mTxveviTi sidideebisaTvis cov(; )= 0. SevniSnavT, rom sazogadod
Sebrunebuli debuleba swori ar aris.

amocana 1. monetas agdeben 5-jer.  SemTxveviTi sidide aris
mosul gerbTa ricxvi, xolo   SemTxveviTi sidide ki bolo or ag-
debaSi mosul gerbTa ricxvi. avagoT am SemTxveviTi sidideebis er-
Toblivi ganawilebis kanoni da vipovoT kovariacia.

amocana 2. 32 kartidan SemTxveviT iReben 2-s.  SemTxveviTi si-
dide aris amoRebuli tuzebis ricxvi, xolo  SemTxveviTi sidide
ki amoRebuli mefeebis ricxvi. avagoT avagoT am SemTxveviTi sidid-
eebis erToblivi ganawilebis kanoni da vipovoT kovariacia.

gasagebia, rom cov(;) damokidebulia im zomis erTeulebze,

romlebSic gamosaxulia  da  SemTxveviTi sidideebi (magaliTad,

vTqvaT,  da  -- garkveuli detalis wrfivi sigrZeebia. Tu zomis

erTeulad aviRebT 1 sm-s, maSin cov(;) miiRebs erT mniSvnelobas,

xolo Tu ki zomis erTeulad aviRebT 1mm-s, maSin cov(;) miiRebs
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sxva, ufro met mniSvnelobas, Tu ra Tqma unda cov(;) 0). amdenad,
cov(;) -s gamoyeneba kavSiris maCveneblad mouxerxebelia.

imisaTvis, rom saqme gvqondes zomis erTeulisagan damoukideb-
el maCvenebelTan, ganvixiloT SemTxveviTi sidideebi:









M

D

M
* ;









M

D

M
* .

aseT SemTxveviT sidideebs ewodebaT  da  SemTxveviTi sidi-
deebis normirebuli gadaxrebi an standartizacia. TiToeul maTg-
ans centrad aqvs nuli, xolo dispersia ki erTis tolia. marTlac,
gvaqvs:

     0
11

* 






















MMMMM
M

MM ;

  1
1

*
22

























D
MD

M
DD .

* da * SemTxveviTi sidideebis kovariacias ewodeba  da 
SemTxveviTi sidideebis korelaciis koeficienti da aRiniSneba

(;) simboloTi:

     
cov *, * ( ; )

M M MM M
M

   

          
   

    
      

 
   

;
;cov

 







MMM

; .D D     

 da  damoukidebeli SemTxveviTi sidideebia, maSin (;)=0,
vinaidan am SemTxvevaSi cov(;)=0. piriqiT, sazogadod swori ar
aris. SemTxveviTi sidideebi SeiZleba funqcionaluradac ki iyvnen
damokidebulebi (erTi SemTxveviTi sididis nebismier mniSvnelobas
Seesabameba erTaderTi mniSvneloba meore SemTxveviTi sididis), mag-
ram maTi korelaciis koeficienti nulis toli iyos.

magaliTi 1. davuSvaT, rom  SemTxveviTi sidide simetriuladaa

ganawilebuli nulis irgvliv. maSin М=0. vTqvaT, =2. maSin
М( )=М(3)=0, vinaidan 3

agreTve, siametriuladaa ganawilebuli

nulis irgvliv. meores mxriv, ММ=0, vinaidan М=0. amitom:
 

( ; ) 0
M M M

 

  
  

 


  .

magaliTi 2. davuSvaT, rom  da  SemTxveviTi sidideebis erT-
oblivi ganawilebis kanoni mocemulia Semdegi cxriliT:
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


1 2

1 1/5 0 1/5
2 0 3/5 3/5
3 1/5 0 1/5

2/5 3/5
cxadia, rom:

25/135/325/11 M ; 5/85/325/21 M ;
  5/165/1135/3225/111 M ;   0 MMM .

aqedan gamomdinare, korelaciis koeficienti nulia, maSin rod-

esac naTelia, rom adgili aqvs  SemTxveviTi sididis funqcional-

ur damokidebulebas  SemTxveviT sidideze.

korelaciis koeficienti ar Seicvleba, Tu  SemTxveviTi sidi-

dis nacvlad ganvixilavT 1=+а an 2=k SemTxveviT sidides (sad-

ac а da k—mudmivebia, k > 0), vinaidan koordinatTa saTavis Secvli-
sas an masStabis cvlilebisas normirebuli gadaxra ar icvleba.

igive SeiZleba iTqvas  SemTxveviT sididezec.
korelaciis koeficientis Tvisebebi:

1. –1(;)1.
2. Tu (;)=1, maSin =k+b, sadac k da b— mudmivebia, k>0.
3. Tu (;)= –1, maSin =k+b, sadac k da b— mudmivebia, k<0.
4. Tu =k+b, (k0) an =k1+b1 (k10), maSin
(;)=1 roca ki>0; (;)= – 1 roca ki<0 (i = 1,2).

korelaciis koeficienti (;)aRwevs Tavis sasazRvro mniSvne-
lobebs -1-sa da 1-s maSin da mxolod maSin, roca  da  SemTxveviTi

sidideebis yvela mniSvneloba koncentrirebulia (Tavmoyrilia) ; 
sibrtyis garkveul wrfeze, anu  da  SemTxveviT sidideebs Soris
arsebobs wrfivi kavSiri.

Tu |(;<1, maSin aseTi wrfivi kavSiri ar arsebobs. Tumca,
(;)|-s erTTan miaxloebasTan erTad  da  –s erTobliv ganawi-
lebas gaaCnia garkveuli wrfis irgvliv koncentrirebis tendencia

da (;)sidide SeiZleba CaiTvalos  da  sidideebs Soris sru-
li wrfivi damokidebulebis sazomad.

magaliTi.  da  SemTxveviTi sidideebis qvemoT moyvanili erT-
oblivi ganawilebis kanonis mixedviT gamovTvaloT korelaciis ko-

eficienti (;).

 1 2 3
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
10 1/36 0 0 1/36
20 2/36 1/36 0 3/36
30 2/36 2/36 2/36 6/36
40 1/36 9/36 16/36 26/36

6/36 12/36 18/36

83,3536/264036/63036/32036/110 M
3,236/18336/12236/61 M

     
  64,5736/2683,3540

36/683,353036/383,352036/183,3510
2

222



D

 7,6

      556,036/1813,2336/123,2236/63,21 222 D

 0,746
 

94,8636/1634036/924036/114036/2330

36/223036/213036/122036/212036/1110


M

(;)    6,94 2,3 35,83 / 7,6 0,746 0,8    

davuSvaT, rom mocemulia  da  ori SemTxveviTi sididis erT-

oblivi ganawilebis kanoni, da  SemTxveviTi sididis pirobiTi ma-

Tematikuri lodini icvleba  SemTxveviTi sididis mniSvnelobis

mixedviT. maSin laparakoben  SemTxveviTi sididis korelaciur da-

mokidebulebaze  SemTxveviT sidideze. Tu -s pirobiTi maTemati-
kuri lodini aris -s wrfivi funqcia, maSin  da  SemTxveviT si-
dideebs Soris arsebobs wrfivi korelaciuri kavSiri anu damokide-
buleba.

rogorc wesi, korelaciur damokidebulebaze saubrisas, mxedv-
elobaSi aqvT wrfivi korelaciuri damokidebuleba. arawrfivi kor-
elaciuri damokidebulebis arsebobisas, mas specialurad aRniSnav-
en.

 da  SemTxveviT sidideebs Soris korelaciuri damokidebul-

eba SeiZleba ganimartos rogorc kavSiri  da -s zrdis tendenc-
iebs Soris. magaliTad,  da -s Soris arsebobs pirdapiri korel-

aciuri damokidebuleba, Tu -s zrdasTan erTad  SemTxveviT sid-

ides gaaCnia zrdis tendencia (es niSnavs, rom -s didi mniSvnelob-
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ebis SemTxvevaSi didi albaTobiT Segvxvdeba -s didi mniSvnelobe-

bic). Tu -s did mniSvnelobebs didi albaTobiT Seesabameba -s
mcire mniSvnelobebi, anu -s zrdasTan erTad  SemTxveviT sidides

gaaCnia klebis tendencia, maSin amboben, rom  da -s Soris arseb-
obs Sebrunebuli korelaciuri damokidebuleba.

korelaciuri damokidebulebis siRrme (anu simWidrove) xasiaT-

deba korelaciis koeficientiT (;). rac ufro axlosaa (;) 
erTTan. miT ufro mWidroa korelaciuri damokidebuleba.

rac ufro axlosaa  SemTxveviTi sididis pirobiTi maTematiku-

ri lodini -s mimarT wrfiv damokidebulebasTan da rac ufro mWi-

drod lagdebian -s mniSvnelobebi pirobiTi maTematikuri lodinis
irgvliv, miT ufro Rrmaa (mWidroa) korelaciuri damokidebuleba.

Cven SegviZlia visaubroT ori uwyveti SemTxveviTi sididis er-
Tobliv ganawilebis kanonze. umetes SemTxvevaSi SesaZlebelia uwyv-
eti SemTxveviTi sidideebidan diskretuli SemTxveviTi sidideebis

erTobliv ganawilebaze gadasvla Semdegnairad:  SemTxveviTi sidi-

dis cvlilebis Sualedi a; b unda gaiyos toli sigrZis monakveTe-

bad c0=a; c1; c1; c2; c2; c3,,cn-1; cn=b.  SemTxveviTi sididis mni-
Svnelobebad miviRoT TiToeuli monakveTis Suawertili. analogiu-

rad, unda moviqceT  SemTxveviTi sididis SemTxvevaSi. misi mniSvn-

elobaTa are a; b unda gaiyos toli sigrZis Sualedebad c0=a; c1;
c1; c2; c2; c3,,cn-1; cn=b, da -s mniSvnelobebad gamovacxadoT

gi-1; gi Sualedebis Suawertilebi. aseTnairad, Cven miviRebT *=x1;
x2; …xn da *=y1; y2; …yk diskretul SemTxveviT sidideebs, amasT-
anave yovel wyvils usabameben albaTobas

ijp = P(([ci–1; ci])∩([gj–1; gj])).
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$24. CebiSevis utoloba. did ricxvTa kanoni

CebiSevis utoloba afasebs SemTxveviTi sididis gadaxras Tav-
isi maTematikuri lodinidan. Tu X  raime SemTxveviTi sididea, maS-
in nebismieri 0   ricxvisaTvis samarTliania utoloba:

p( | X – M(X)| < ε ) ≥1- D(X) / ε².
am utolobas CebiSevis utolobas uwodeben. igi samarTliania

rogorc diskretuli, ise uwyveti SemTxveviTi sidideeebisaTvis.
SevamowmoT CebiSevis utoloba diskretul SemTxvevaSi. davuS-

vaT, rom SemTxveviTi sidide mocemulia ganawilebis kanoniT:

Х х1 х2            … хп
р р1 р2            … рп

vinaidan |X – M(X)| < ε da |X – M(X)| ≥ ε sawinaaRmdego xdomilebe-
bia, amitom р ( |X – M(X)| < ε ) + р ( |X – M(X)| ≥ ε ) = 1,  Sesabamisad,

р ( |X – M(X)| < ε ) = 1 - р ( |X – M(X)| ≥ ε ).
vipovoT р ( |X – M(X)| ≥ ε ). dispersiis ganmartebis Tanaxmad

gvaqvs:
D(X) = (x1 – M(X))²p1 + (x2 – M(X))²p2 + … + (xn – M(X))²pn .

gadavagdoT am jamidan is Sesakrebebi, romelTaTvisac |X – M(X)| < ε.
amis Sedegad jami mxolod Semcirdeba, vinaidan yvela masSi Semava-
li Sesakrebi arauaryofiTia. garkveulobisaTvis vigulisxmoT, rom
gadagdebulia pirveli k  Sesakrebi. maSin

D(X) ≥ (xk+1 – M(X))²pk+1 + (xk+2 – M(X))²pk+2 + … + (xn – M(X))²pn ≥

ε² (pk+1 + pk+2 + … + pn).

SevniSnoT, rom pk+1 + pk+2 + … + pn aris albaToba imisa, rom |X –
M(X)| ≥ ε, vinaidan es aris jami Х SemTxveviTi sididis yvela SesaZ-
lo mniSvnelobis, romelTaTvisac aRniSnuli utoloba samarTli-
ania. Sesabamisad, D(X) ≥ ε² р(|X – M(X)| ≥ ε), anu р (|X – M(X)| ≥ ε) ≤ D(X) / ε².
maSin sawinaaRmdego xdomilebis albaToba iqneba

р (|X – M(X)| < ε) ≥1- D(X) / ε². ■
did ricxvTa kanoni. CebiSevis utoloba saSualebas iZleva

davamtkicoT fundamenturi Sedegi, romelic safuZvlad udevs maTe-
matikur statistikas – e. w. did ricxvTa kanoni. am Sedegis Tanaxm-
ad SerCeviTi maxasiaTeblebi cdebis (eqsperimentebis) ricxvTa
zrdisas uaxlovdeba Teoriul maxasiaTeblebs, rac saSualebas iZ-
leva ama Tu im realuri movlenis albaTuri modelebis parametre-
bi SevafasoT cdebis mier miRebuli Sedegebis gamoyenebiT. did ri-
cxvTa kanonis gareSe ar gveqneboda gamoyenebiTi maTematikuri sta-
tistikis mniSvnelovani nawili.

statistikuri kanonzomierebebis Seswavla saSualebas iZleva
davadginoT, rom garkveul pirobebSiESemTxveviT sidideTa didi ra-
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odenobis jamuri qceva (efeqti) TiTqmis kargavs SemTxveviT xasiaTs
da xdeba kanonzomieri (sxva sityvebiT rom vTqvaT, urTierT CaixSo-
ba SemTxveviTi gadaxrebi garkveuli saSualo qcevidan). kerZod, Tu
calkeuli Sesakrebebis gavlena jamze Tanabrad mcirea, maSin jamis
ganawilebis kanoni uaxlovdeba normalurs. am mtkicebulebis maTe-
matikuri formulireba atarebs swored did ricxvTa kanonis sax-
els. moviyvanoT erT-erTi am tipis mtkicebuleba.

CebiSevis Teorema. vTqvaT, SemTxveviTi sidideebi 1 2, ,..., nX X X

wyvil-wyvilad damoukidebelia da arsebobs iseTi ricxvi C , rom

iDX C , 1,2,...,i n . maSin nebismieri dadebiTi   ricxvisaTvis srul-

deba utoloba:

1 2 1 2
2

{| | }n nX X X EX EX EX C
P

n n n



     

   .          (1)

damtkiceba. ganvixiloT SemTxveviTi sidideebi

1 2n nY X X X     da /n nZ Y n . MmaTematikuri lodinisa da dispers-

iis Tvisebebis ZaliT gveqneba Semdegi Tanafardobebi:

1 2n nEY EX EX EX    , 1 2n nDY DX DX DX    .

garda amisa,

/n nEZ EY n  da 2/n nDZ DY n .

Sesabamisad,

1 2[ ] /n nEY EX EX EX n     da 2
1 2[ ] /n nDY DX DX DX n    .

amitom Teoremis pirobebSi gvaqvs:
2/ /nDY Cn n C n  .

Tu axla nZ  SemTxveviTi sididisaTvis gamoviyenebT CebiSevis

utolobas, maSin (1) Tanafardobis marcxena mxarisaTvis miviRebT
Sefasebas:

2 2
{| | } n

n n

DZ C
P Z EZ

n


 
    . ■

es Teorema, iseve rogorc, sakuTriv CebiSevis utolobebi miR-
ebul iqna p. CebiSevis mier 1867 wels gamoqveynebul naSromSi: “saS-
ualo mniSvnelobebis Sesaxeb”.

magaliTi 1. vTqvaT, 1C   da 0,1  . n -is romeli mniSvnelobis-
aTvis ar aRemateba (1) utolobis marjvena mxare 0.1-s?, 0.05-s?, 0.00001-
s?

gansaxilvel SemTxvevaSi (1) utolobis marjvena mxare tolia
100 / n -is. Sesabamisad, is ar aRemateba 0.1-s, Tu n  araa naklebi 1000-
ze, ar aRemateba 0.05-s, Tu n  araa naklebi 2000-ze da ar aRemateba
0.00001-s, Tu n  araa naklebi 10 000 000-ze.

(1) utolobis marjvena mxare, da masTan erTad marcxenac, n -is
zrdasTan erTad, fiqsirebuli C  da  -is SemTxvevaSi, uaxlovdeba
nuls. Sesabamisad, albaToba imisa, rom damoukidebeli SemTxveviTi
sidideebis saSualo ariTmetikuli Tavisi maTematikuri lodinisag-
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an gansxvavdeba  -ze naklebiT, uaxlovdeba 1-s SemTxveviT sidideTa
ricxvis zrdasTan erTad, nebismieri  -is SemTxvevaSi. am mtkicebu-
lebas uwodeben did ricxvTa kanons.

gadawyvetilebebis miRebis albaTur-statistikuri meTodebisa-
Tvis (da mTlianad maTematikuri statistikisaTvis) gansakuTrebiT

mniSvnelovania is SemTxveva, roca yvela iX  SemTxveviT sidides

( 1,2,...i  ) gaaCnia erTi da igive maTematikuri lodini 1EX  da erTi

da igive dispersia 2
1DX  . mkvlevarisaTvis ucnobi maTematikuri

lodinis nacvlad (Sefasebad) iyeneben SerCeviT saSualo ariTmeti-
kuls:

1 2 nX X X
X

n

  
 .

did ricxvTa kanonidan gamomdinareobs, rom cdebis (eqsperime-

ntebis, gazomvebis) ricxvis zrdasTan erTad X  ragind axlos uax-

lovdeba 1EX -s, rac mokled ase Caiwereba:

1

P

X EX , roca n .

simbolo
P

 aRniSnavs “albaTobiT krebadobas”. saWiroa aRin-
iSnos, rom “albaTobiT krebadobis” cneba gansxvavdeba maTematikur
analizSi miRebuli “zRvarze gadasvlis” cnebisagan. gavixsenoT,

rom na  ricxviT mimdevrobas aqvs zRvari a , roca n , Tu nebism-

ieri, ragind mcire, 0   ricxvisaTvis, arsebobs iseTi ( )n   ricxvi,

rom yoveli ( )n n   nomrisaTvis sruldeba Tanafardoba:

( , )na a a    . “albaTobiT krebadobis” cnebis gamoyenebisas mimdev-

robis wevrebi nY  SemTxveviTi sidideebia, vixilavT ragind mcire

0   ricxvs da Tanafardoba ( , )nY a a     igulisxmeba rom srul-

deba ara garantirebulad, aramed aranakleb (1  )-is toli albaTo-
biT.

sixSireebis krebadoba albaTobebisaken. rogorc aRniSnuli
iyo raime A  xdomilebis albaToba – es aris is ricxvi, romelsac
uaxlovdeba A  xdomilebis moxdenaTa ricxvis Sefardeba eqsperimen-
tebis saerTo ricxvTan, roca eqsperimnetebis ricxvi usasrulod
izrdeba. es debuleba, maTematikuri modelis CarCoebSi, me-17 sauku-
nis miwuruls pirvelad daamtkica cnobilma maTematikosma iakob
bernulma, magram damtkiceba gamoqveynebul iqna i. bernulis sikvdi-
lis Semdeg 1713 wels (i. bernuli cxovrobda Sveicariis qalaq baz-
elSi 1654-1705 wleebSi). bernulis Teoremis Tanamedrove formulir-
eba Semdegia:

bernulis Teorema. davuSvaT, m  aris n  damoukidebel eqsper-
imentSi A  xdomilebis moxdenaTa ricxvi, xolo p  aris A  xdomil-
ebis moxdenis albaToba calkeul eqsperimentSi. maSin nebismieri

0   ricxvisaTvis samarTliania utoloba
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2

(1 )
{| | }

m p p
P p

n n





   .                    (2)

damtkiceba. rogorc Cven ukve vnaxeT m  SemTxveviT sidides
aqvs binomialuri ganawileba warmatebis albaTobiT p  da igi warm-

oidgineba n  damoukidebeli iX , 1,2,...,i n  SemTxveviTi sididis jam-

is saxiT, romelTagan TiToeuli bernulis SemTxveviTi sididea: iX

tolia 1-is albaTobiT p  da tolia 0-is albaTobiT 1 p , anu

1 2 nm X X X    . Tu axla gamoviyenebT CebiSevis Teoremas

1 2, ,..., nX X X  SemTxveviTi sidideebisaTvis, sadac (1 )C p p  , advilad

davrwmundebiT (2) utolobis samarTlianobaSi. ■
SeniSvna. vinaidan 21/ 4 (1 ) ( 1/ 2) 0p p p     , Sesabamisad,

(1 ) 1/ 4p p  , amitom CebiSevis TeoremaSi Cven SegveZlo agveRo

1/ 4C  . maSin nebismieri p -sa da fiqsirebuli 0   ricxvisaTvis (2)

utolobis marjvena mxare n -is zrdasTan erTad uaxlovdeba nuls.
es ki Tavis mxriv gviCvenebs, rom albaTobis maTematikuri ganmarte-
ba (magaliTad, a. n. kolmogorovis mixedviT) srul TanxvedraSia
bunebismetyvelTa (magaliTad, p. mizesis (1883-1953)) mier moyvanil ga-
nmartebasTan, romlis Tanaxmad albaToba aris sixSireebis zRvari
eqsperimentebis usasrulo mimdevrobaSi.

rac Seexeba pirdapir eqsperimentalur dadasturebas imisa,
rom garkveuli xdomilebebis ganxorcielebis sixSireebi axlosaa
albaTobebTan, romlebic ganimarteba Teoriuli mosazrebebiT, es
Cven adre ukve moviyvaneT Sesaval nawilSi sxvadasxva dros sxvada-
sxva mecnieris mier simetriuli monetis agdebis magaliTze. ase mag-
aliTad, me-18 saukuneSi frangi mecnieris biufonis mier monetis
4040-jer agdebisas gerbis misvlis fardobiTi sixSire iyo 0.507; in-
gliseli statistikosis k. pirsonis mier monetis 12000-jer agdebis-
as Sesabamisi sixSire aRmoCnda 0.5016, xolo mis mierve monetis
24000-jer agdebisas ki – 0.5005. yvela SemTxvevaSi sixSireebi mxol-
od umniSvnelod gansxvavdebodnen Teoriuli albaTobisagan, rome-
lic 0.5-is tolia (vinaidan simetriuli monetis SemTxvevaSi gerbisa
da safasuris mosvla TanabradSesaZlebeblia).

statistikuri hipoTezebis Semowmebis Sesaxeb. (2) utolobis
gamoyenebiT Cven SegviZlia garkveuli daskvnebi gamovitanoT produ-
qciis xarisxis winaswar mocemul moTxovnebTan SesabamisobasTan
dakavSirebiT.

davuSvaT, rom produqciis 100 000 erTeulidan 30 000 aRmoCnda
defeqturi. eTanxmeba Tu ara es hipoTezas imis Sesaxeb, rom produ-
qciis defeqturobis albaToba tolia 0,23-is? rogori albaTuri mo-
delis gamoyenebaa mizanSewonili? CavTvaloT, rom tardeba rTuli
cda, romelic Sedgeba 100 000 eqsperimentisagan, romelTagan TiToe-
uli gulisxmobs produqciis 100 000 erTeulidan calkeulis Semow-
mebas gamosadegianobaze. iTvleba, rom eqsperimentebi wyvil-wyvilad
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damoukidebelia da yovel eqsperimentSi albaToba imisa, rom prod-
uqciis erTeuli defeqturia tolia p -si.

realur cdaSi miRebulia, rom xdomileba “produqciis erTeu-
li defeqturia” ganxorcielda 30 000-jer 100 000 eqsperimentSi. eTa-
nxmeba Tu ara es hipoTezas imis Sesaxeb, rom produqciis defeqtur-
obis albaTobaa 0,23?

visargebloT (2) utolobiT. gansaxilvel SemTxvevaSi
100000n  , 30000m  , / 0.3m n  , 0.23p  , / 0.07m n p  . hipoTezis Sesa-

mowmeblad iqcevian Semdegnairad. SevafasoT albaToba imisa, rom
/m n  gansxvavdeba p -sa-gan iseve rogorc gansaxilvel SemTxvevaSi,

an ufro metiT, e. i. SevafasoT | / | 0.07m n p   utolobis Sesrule-

bis albaToba. vigulisxmoT, rom (2) utolobaSi 0.23p   da 0.07  .
maSin bernulis Teoremis Tanaxmad

0.23 0.77 36.11
{| 0.23 | 0.07}

0.0049

m
P

n n n


    .            (3)

roca 100000n   (3) utolobis marjvena mxare naklebia 1/2500.

amitom albaToba imisa, rom gadaxra iqneba aranaklebi dakvirvebul-
ze, erTob mcirea. Sesabamisad, Tu sawyisi hipoTeza samarTliania,
maSin gansaxilvel cdaSi ganxorcielda xdomileba, romlis albaT-
oba naklebia 1/2500. vinaidan, 1/2500 – Zalian patara ricxvia, amitom
sawyisi hipoTeza unda ukuvagdoT (uarvyoT).



116

$25. normaluri ganawilebis kanoni

Tu  SemTxveviTi sididis ganawilebis simkvrive ganisazRvreba
formuliT

 
 2

221

2

x

p x e



 




 ,  (1)

sadac  – nebismieri ricxvia, xolo  -- dadebiTi ricxvia, maSin

amboben rom  ganawilebulia normaluri kanoniT anu  “normalu-
ri” SemTxveviTi sididea.

 -sa da  -s mniSvnelobebi srulad gansazRvraven ( )p x  funq-

cias. am funqciisaTvis sargebloben aRniSvniT: ( ) : ( ; ; )p x n x   .
norma-luri SemTxveviTi sididis ganawilebis simkvrivis grafiks  -
sa da  -s garkveuli mniSvnelobebisaTvis aqvs Semdegi saxe:

grafiki simetriulia x   wrfis mimarT, da sruldeba piro-

ba ( ) 0p x  , roca x  . Tu daviwyebT  -s gavzrdas, ise rom  -s

davtovebT ucvlelad, maSin grafiki daiwyebs gadaagilebas marjvn-
iv, xolo  -s Semcirebisas ki – marcxniv, ise rom ar Seicvlis fo-
rmas. meores mxriv, Tu  -s mniSvneloba ucvlelia, maSin SedarebiT

mcire  -s Seesabameba ( )p x -is grafiki aSkarad gamoxatuli pikiT
(rogorc es gamosaxulia qvemoT moyvanili naxazebidan marjvena na-
xazze), xolo SedarebiT didi  -s SemTxvevaSi ( )p x -is grafiki gaw-
olili wiria (rogorc es gamosaxulia qvemoT moyvanili naxazebid-
an marcxena naxazze).
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normalurad ganawilebuli  SemTxveviTi sididis ganawilebis

F(x) funqciis aRsaniSnavad xmaroben simbolos N(x; ;). is miiReba
ganawilebis simkvrivis integrirebiT:

( ) ( ; ; ) ( ; ; )
x

F x N x n t dt  


   .

qvemoT moyvanilia normalurad ganawilebuli SemTxveviTi si-
dideebis ganawilebis F(x) funqciebis grafikebi  -s Sesabamisad Se-
darebiT mcire (marcxena grafiki) da SedarebiT didi (marjvena gra-
fiki) mniSvnelobebisaTvis:

normalurad ganawilebuli  SemTxveviTi sididis ganawileb-

is simkvrivis р(х) funqciis grafikis х = wrfis mimarT simetriu-

lobidan gamomdinareobs, rom М = .
Tu gamoviTvliT normalurad ganawilebuli SemTxveviTi sidi-

dis D dispersias, aRmoCndeba, rom is 2
–is tolia.

amrigad,  da  parametrebs normalurad ganawilebuli SemT-

xveviTi sididis ganawilebis simkvrivis formulaSi, gaaCniaT Semde-

gi albaTuri Sinaarsi:  -- aris maTematikuri lodini, xolo 2
–

dispersia.

albaToba imisa, rom normalurad ganawilebuli  SemTxveviTi

sidide miiRebs mniSvnelobas (х1, х2) Sualedidan, gamoiTvleba Semd-
egi formuliT:

  )()()()( 1221   xFxFxxP .
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aq )(x – laplasis integraluri funqciaa --

2

2
1

( )
2

x t

x e dt
 





   ;

2 1;
x x  
 
 

  .

Tu  SemTxveviTi sididis ganawilebis simkvrivea n(x;0;1), maS-
in is aris normalurad ganawilebuli SemTxveviTi sidide maTemati-
kuri lodiniT nuli da dispersiiT erTi. mas standartuli norma-
luri SemTxveviTi sidide ewodeba. aseTi SemTxveviTi sididis ganaw-
ilebis simkvrivis grafiki simetriulia ordinatTa RerZis mimarT,
da misTvis gvaqvs:

  )()ξ( 1221 xxxxP  .
davuSvaT, rom  da  – damoukidebeli da normalurad ganawi-

lebuli SemTxveviTi sidideebia, iseTi rom М = а1, D = 1
2, М =

а2, D = 2
2
. maSin SemTxveviTi sidide  = с1 + с2  (sadac с1 da с2 --

nebismieri mudmivebia), agreTve ganawilebulia normaluri kanoniT.
misi maTematikuri lodini da dispersia gamoiTvleba formulebiT:

М = с1а1 + с2 а2, D = с1
21

2 + с2
22

2.
amocana. 12 boTliani yuTis wona – normalurad ganawilebuli

SemTxveviTi sididea maTematikuri lodiniT 2kg da saSualokvadra-
tuli gadaxriT 0.01kg. boTlis masa limonaTiT – agreTve normalu-
rad ganawilebuli SemTxveviTi sididea maTematikuri lodiniT 0.8kg
da saSualokvadratuli gadaxriT 0.04kg. vipovoT albaToba imisa,
rom yuTis wona 12 boTli limonaTiT moTavsebuli iqneba sazRvreb-
Si: 11 kg-dan 11.5kg-mde.

sami –s (“sigmas”) wesi. davuSvaT, mocemulia normaluri kano-

niT ganawilebuli  SemTxveviTi sidide maTematikuri lodiniT 

da dispersiiT 2
. ganvsazRvroT  SemTxveviTi sididis ( – 3;

 + 3) intervalSi moxvedris albaToba, anu albaToba imisa, rom 
miiRebs mniSvnelobas, romelic maTematikuri lodinidan gansxvav-
deba araumetes sami saSualokvadratuli gadaxriT. cxadia, rom

P( – 3<  < + 3)=Ф(3) – Ф(–3)=2Ф(3).
standartuli normaluri ganawilebis funqciis (laplasis int-

egraluri funqciis) cxrilidan vpoulobT, rom Ф(3)=0,49865, aqed-
an gamomdinareobs, rom 2Ф(3) praqtikulad erTis tolia. amrigad,
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SeiZleba gakeTdes daskvna: normaluri SemTxveviTi sidide Rebul-
obs mniSvnelobebs, romlebic misi maTematikuri lodinidan gadaix-

reba araumetes 3-Ti. qvemoT moyvanilia am faqtis sailustarcio
naxazi, romelzec miTiTebulia romel SualedSi ra albaTobebiT
(procentebSi gamosaxuli) xvdeba normaluri SemTxveviTi sidide.
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$26. centraluri zRvariTi Teorema

did ricxvTa kanoni ar ikvlevs SemTxveviT sidideTa jamis ga-
nawilebis kanonis saxes. es sakiTxi Seiswavleba Teoremebis jguf-
Si, romlebsac centraluri zRvariTi Teorema ewodeba. es Teorema
amtkicebs, rom SemTxveviT sidideTa jamis ganawilebis kanoni, rome-
lTagan calkeul Sesakrebs SeiZleba hqondes gansxvavebuli ganawi-
leba, uaxlovdeba normalurs SesakrebTa sakmaod didi ricxvis Sem-
TxvevaSi. amiT aixsneba normaluri ganawilebis kanonis uaRresad
didi mniSvneloba praqtikul gamoyenebebSi.

centraluri zRvariTi Teorema erTnairad ganawilebuli  Sem-
TxveviTi sidideebisaTvis ase Camoyalibdeba.

Teorema 1. Tu Х1, Х2,…, Хп,… – damoukidebeli SemTxveviTi sidi-
deebis mimdevrobaa, erTi da igive ganawilebis kanoniT, maTematiku-
ri lodiniT т da dispersiiT σ2, maSin п –is usasrulod zrdisas





n

k
kn XY

1

jamis ganawilebis kanoni uaxlovdeba normalur ganawile-

bis kanons:

lim { } ( ;0;1)n

n

Y m
P x N x

n


  .

a. liapunovma daamtkica centraluri zRvariTi Teorema ufro
zogad SemTxvevaSi.

Teorema 2 (liapunovis Teorema). Tu Х SemTxveviTi sidide wa-
rmoadgens damoukidebel SemTxveviT sidideTa Zalian didi ricxvis
jams, romelTaTvisac Sesrulebulia piroba:

3

2

1 1

lim( ) /[ ] 0
n n

k k
n

k k

b D


 

   
 

  ,

sadac bk – mesame rigis absoluturi centraluri momentia Хк SemTx-
veviTi sididis , xolo Dk – misi dispersia, maSin Х SemTxveviT sid-
ides gaaCnia ganawileba, romelic axlosaa normalur ganawilebas-
Tan.

SevniSnavT, rom liapunovis Teoremis piroba niSnavs imas, rom
calkeuli Sesakrebis gavlena jamze mizerulia.

aRsaniSnavia, rom centraluri zRvariTi Teorema praqtikul-
ad SesaZlebelia gamoyenebul iqnes SemTxveviT sidideTa sakmaod
ara didi ricxvis SemTxvevaSi. gamocdileba aCvenebs, rom Tundac 10
an ufro naklebi Sesakrebebis raodenobis SemTxvevaSic jamis gana-
wileba SesaZlebelia Secvlil iqnes normaluriT.

muavr-laplasis Teorema. centraluri zRvariTi Teoremis ker-
Zo SemTxvevas diskretuli SemTxveviTi sidideebis SemTxvevaSi warm-
oadgens muavr-laplasis Teorema.
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Teorema 3 (muavr-laplasis Teorema). Tu tardeba п damoukide-
beli cda, romelTagan TiToeulSi А xdomileba xdeba albaTobiT р,

15np  , maSin samarTliania Tanafardoba:

( ) ( ),
Y np

p
npq

   
 

      
 

sadac Y – А xdomilebis moxdenaTa ricxvia п cdaSi, q = 1 – p, xolo
2

2
1

( )
2

x t

x e dt






  
(am funqciis mniSvnelobebi moyvanilia specialur cxrilebSi, amas-
Tanave ( ) 1 ( )x x    ).

damtkiceba. SegviZlia CavTvaloT, rom 



n

i
iXY

1

, sadac Хi – А

xdomilebis moxdenaTa ricxvia i –ur cdaSi (anu bernulis SemTxvev-
iTi sidideebia mniSvnelobebiT 0 an 1). maSin Teorema 1-is Tanaxmad

y

ymY
Z




 SemTxveviTi sidide SeiZleba CaiTvalos normaluri kano-

niT ganawilebul, normirebul (standartizebul) SemTxveviT sidid-
ed. Sesabamisad, misi (α, β) intervalSi moxvedris albaToba gamoiTv-
leba formuliT

  )()(   Zp .

vinaidan Y SemTxveviT sidides aqvs binomialuri ganawileba,

npqnpqDпрт yyу  ,, .

amitom
npq

npY
Z


 . Tu CavsvamT am gamosaxulebas wina formulaSi, mi-

viRebT dasamtkicebel Tanafardobas.
es Teorema literaturaSi agreTve cnobilia muavr-laplasis

integraluri Teoremis saxelwodebiT.
Sedegi (muavr-laplasis lokaluri Teorema). muavr-laplasis

Teoremis pirobebSi )(kрn -- albaToba imisa, rom А xdomileba п
cdaSi moxdeba zustad k –jer, cdaTa didi ricxvis SemTxvevaSi, Tu

15np  , SeiZleba gamoiTvalos Semdegi formuliT:

),(
1

)( x
npq

kpn 

sadac
npq

npk
x


 , xolo 2

2

2

1
)(

x

ex





  (am funqciis mniSvnelobebi mo-

yvanilia specialur cxrilebSi, amasTanave ( ) ( )x x   ).
SemoviRoT ganawilebis funqciebisaTvis Semdegi aRniSvnebi:
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hipergeometriuli ganawilebis funqcia -- ( ; , , )
k s k
t n t

s
k x n

C C
H x t s n

C







 ;

binomuri ganawilebis funqcia -- ( ; , ) k k n k
n

k x

Bi x p n C p q 



 ;

puasonis ganawilebis funqcia --
0

( ; )
!

k

k x

x e
k

 

 

   ;

standartuli normaluri ganawilebis funqcia –
2

2
1

( )
2

x t

x e dt






   ;

xi kvadrat ganawilebis funqcia (ix. $. 29) -- 2 ( ; )x k ;

stiudentis ganawilebis funqcia (ix. $. 29) -- ( ; )T x k ;

fiSeris ganawilebis funqcia (ix. $. 29) -- 1 2( ; , )F x k k .

aRsaniSnavia, rom zemoT moyvanili ganawilebebis funqciebs
Soris adgili aqvs qvemoT moyvanil sqemaze gamosaxul zRvrul Ta-
nafardobebs:

qvemoT moyvanil naxazze Sedarebulia normaluri da puasonis
ganawilebebi 7  -is SemTxvevaSi:



(x  +;)

 k1

k

n , p0, np

 t/s  p
H(x;t,s,n)

Bi(x;n,p) (x;)

(x)

T(x;k) 2(x; k)

F(x; k1,k)

n, p=const

Bi(x npq +np;n,p

)

     k

2(x k2 +k;x
)
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magaliTi 1. vipovoT albaToba imisa, rom monetis 100-jer agd-
ebisas gerbTa mosvlis ricxvi aRmoCndeba sazRvrebSi 40-dan 60-mde.

visargebloT muavr-laplasis integraluri TeoremiT. Cvens
SemTxvevaSi 0.5p  , пр = 100·0.5 = 50. amitom Tu 40 60,Y  maSin

50
2 2

5

Y 
   .

Sesabamisad, gvaqvs:

  .9544,00228,09772,0)2()2(2
5

50
26040 






 




Y
pYp

magaliTi 2. wina magaliTis pirobebSi vipovoT albaToba imi-
sa, rom gerbi mova 45-jer.

am SemTxvevaSi
45 50

1
5

k np
x

npq

 
    , amitom

100

1 1 1
(45) ( 1) (1) 0.2420 0.0484.

5 5 5
p         
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$27. maTematikuri statistikis ZiriTadi cnebebi

maTematikuri statistikis ZiriTadi mizania iseTi meTodebis
damuSaveba, romlebic dakvirvebebisa da eqsperimentebis Sedegebze
dayrdnobiT, masobriv movlenebze da procesebze mecnierulad dasa-
buTebuli daskvnebis miRebis saSualebas iZleva. es daskvnebi Seexe-
ba ara calkeul eqsperimentebs, romelTa ganmeorebiTac yalibdeba
mocemuli masobrivi movlena, aramed warmoadgens mtkicebulebebs
mocemuli procesis zogadi albaTuri maxasiaTeblebis Sesaxeb (anu
albaTobebze, ganawilebebis kanonebze, maTematikur lodinebze, dis-
persiebze da a. S.).

davuSvaT, rom Cven gagvaCnia monacemebi, magaliTad, garkveul
pirobebSi damzadebul produqciaSi defeqturi nawarmis ricxvis
Sesaxeb an nawarmis gamZleobaze Semowmebis eqsperimentis Sedegebis
Sesaxeb da a. S. Cvens mier Segrovili monacemebi SesaZlebelia war-
moadgendes uSualo interesis sagans produqciis ama Tu im partiis
xarisxze informaciis TvalsazrisiT. statistikuri amocana ki iwye-
ba maSin, rodesac Cven imave informaciaze dayrdnobiT viwyebT das-
kvnebis gakeTebas movlenaTa ufro farTo wris Sesaxeb. ase magali-
Tad, Cven SeiZleba gvainteresebdes teqnologiuri procesis xaris-
xi, risTvisac Cven vafasebT am procesSi defeqturi nawarmis miReb-
is albaTobas an nawarmis saSualo sicocxlis xangrZlivobas. am
SemTxvevaSi, Segrovil masalas Cven vixilavT rogorc garkveul sa-
cdel jgufs an SerCevas, romelic warmoadgens mxolod serias Ses-
aZlo Sedegebidan, romlebic SesaZlebelia Segvxvdes mocemul pir-
obebSi masobriv procesze dakvirvebebis gagarZelebis SemTxvevaSi.
dakvirvebebis Sedegebis safuZvelze gakeTebuli daskvnebi da Sefas-
ebebi asaxaven sacdeli jgufis SemTxveviT Semadgenlobas da amitom
iTvleba, rom isini albaTuri xasiaTis miaxloebiTi Sefasebebia.
Teoria gviCvenebs, Tu rogor unda gamoviyenoT arsebuli informa-
cia imisaTvis, rom miviRoT rac SeiZleba zusti da saimedo maxasia-
Teblebi da amasTanave mivuTiToT monacemTa maragis SezRudulob-
iT gamowveuli daskvnebis saimedoobis xarisxi.

maTematikur statistikaSi ixilavs amocanaTa ori ZiriTadi
kategoria: Sefaseba da hipoTezaTa statistikuri Semowmeba. pirveli
amocana, Tavis mxriv, iyofa ganawilebis parametrebis wertilovan
da intervalur Sefasebebad. magaliTad, SesaZlebelia dakvirvebebis
safuZvelze warmoiSvas maTematikuri lodinisa da dispersiis wert-
ilovani Sefasebis aucilebloba. Tu ki Cven gvinda miviRoT raime
intervali, romelic ama Tu im saimedoobis xarisxiT moicavs param-
etris WeSmarit mniSvnelobas, maSin es aris intervaluri Sefasebis
amocana.

meore amocana – hipoTezaTa Semowmeba – mdgomareobs imaSi,
rom Cven vakeTebT daSvebas SemTxveviTi sididis albaTuri ganawil-
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ebis Sesaxeb (magaliTad, ganawilebis funqciis saxis Sesaxeb, an ga-
nawilebis funqciis erTi an ramodenime parametris mniSvnelobis
Sesaxeb) da vadgenT aris Tu ara ganawilebis saxe an parametrebis
mniSvnelobebi SesabamisobaSi (garkveuli azriT) dakvirvebebis miRe-
bul SedegebTan.

SerCeviTi meTodi. davuSvaT, rom Cveni mizania SeviswavloT
saqonlis garkveuli partiis raodenobrivi niSani. partiis Semowme-
ba (kontroli) SesaZlebelia moxdes ori gziT:

1. CavataroT mTeli partiis Semowmeba;
2. CavataroT partiis mxolod nawilis Semowmeba.
pirveli gza yovelTvis araa ganxorcielebadi, magaliTad,

partiaSi saqonlis didi ricxvis gamo, Semowmebis operaciis Catare-
bis siZviris gamo an imis gamo, rom Semowmeba iwvevs saqonlis gana-
dgurebas (eleqtro naTuris Semowmebisas muSaobis xangrZlivobaze).

meore SemTxvevaSi, SemTxveviTi gziT SerCeuli obieqtebis sim-
ravles SerCeviTi erToblioba an SerCeva ewodeba. obieqtTa mTlian
erTobliobas, saidanac xdeba SerCeva, generaluri erToblioba ewo-
deba. SerCevaSi elementTa raodenobas SerCevis moculoba ewodeba.
rogorc wesi, iTvleba, rom generaluri erTobliobis moculoba
usasruloa.

SerCeva SeiZleba iyos ganmeorebiTi (dabrunebiT) da ganmeore-
bis gareSe (dabrunebis gareSe).

Cveulebriv, xorcieldeba ganmeorebis gareSe SerCevebi, Tumca
generaluri erTobliobis moculobis sididis (usasrulobis) gamo,
mxolod ganmeorebiTi SerCevebis dros samarTliani gaTvlebi warm-
oebs da daskvnebi keTdeba.

SerCeva sakmarisad srulad unda asaxavdes generaluri erTo-
bliobis yvela obieqtis gansakuTrebulobebs, anu sxva sityvebiT,
rom vTqvaT, SerCeva unda iyos reprezentatuli (warmomadgenlobi-
Ti).

obieqtebis amorCevis xerxebis mixedviT ganasxvaveben Semdegi
tipis SerCevebs:

1. martivi SemTxveviTi amorCeva.
generaluri erTobliobis yvela elementi gadainomreba da Se-

mTxveviT ricxvTa cxrilidan iReben, magaliTad, nebismier erTmane-
Tis momdevno 50 ricxvis mimdevrobas da SerCevaSi SeyavT amosuli
nomrebis mqone obieqtebi.

2. tipiuri amorCeva.
aseTi amorCeva warmoebs im SemTxvevaSi, Tu generaluri erTo-

blioba SesaZlebelia warmodges iseT qvesimraveTa gaerTianebad,
romelTa elementebi erTgvarovania raime niSnis mixedviT, Tumca
mTel erTobliobas aseTi erTgvarovneba ar gaaCnia (saqonlis par-
tia Sedgeba ramodenime jgufisagan, romlebic warmoebulia sxvada-
sxva sawarmos mier). maSin, TiToeul qvesimravleSi atareben martiv
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SemTxveviT SerCevas, da SerCevaSi aerTianeben yvela miRebul obi-
eqts.

3. meqanikuri amorCeva.
generaluri erTobliobidan iReben yovel mecxre (ormocdame-

aTe) obieqts.
4. seriuli amorCeva.
SerCevaSi aerTianeben im obieqtebs, romlebic warmoebulia

raime warmoebis sferoSi drois garkveul intervalSi.
SemdgomSi, generaluri erTobliobis qveS, Cven vigulisxmebT

ara TviTon obieqtTa simravles, aramed im SemTxveviTi sididis mni-
SvnelobaTa simravles, romelic Rebulobs ricxviT mniSvnelobebs
TiToeul obieqtze. sinamdvileSi, generaluri erToblioba, rog-
orc obieqtTa simravle SeiZleba arc arsebobdes. magaliTad, azri
aqvs vilaparakoT im detalebis simravleze, romlebic SeiZleba wa-
rmoebul iqnes, Tu gamoviyenebT mocemul teqnologiur process. ga-
moviyenebT ra am procesis CvenTvis cnobil maxasiaTeblebs, Cven Se-
gviZlia SevafasoT detalebis am ar arsebuli simravlis parametre-
bi. detalis zoma – es SemTxveviTi sididea, romlis mniSvneloba ga-
nisazRvreba teqnologiuri procesis Semadgeneli mravali faqtor-
is zemoqmedebiT. Cven, magaliTad, SeiZleba gvainteresebdes Tu ra
albaTobiT Rebulobs es SemTxveviTi sidide mniSvnelobas garkveu-
li intervalidan. am kiTxvaze pasuxis gacema SesaZlebelia Tu Cven
gvecodineba am SemTxveviTi sididis ganawilebis kanoni da misi ise-
Ti parametrebi, rogoricaa lodini da dispersia.

amrigad, generaluri erTobliobis, rogorc obieqtTa simrav-
lis cnebidan, romlebic xasiaTdebian garkveuli niSniT (TvisebiT),
Cven gadavdivarT generalur erTobliobaze, rogorc SemTxveviT si-
dideze, romlis ganawilebis kanoni da parametrebi ganisazRvreba
SerCeviTi meTodis saSualebiT.

ganvixiloT n  moculobis SerCeva, romelic warmoadgens moc-

emul generalur erTobliobas. pirvel SerCeviT mniSvnelobas 1x -s

ganvixilavT rogorc realizacias, rogorc erT-erT SesaZlebel

mniSvnelobas
1 SemTxveviTi sididis , romelsac gaaCnia igive ganaw-

ilebis kanoni rac   SemTxveviT sidides. meore SerCeviTi mniSvnel-

oba 2x -s ganvixilavT rogorc erT-erT SesaZlebel mniSvnelobas
2

SemTxveviTi sididis , romelsac gaaCnia igive ganawilebis kanoni

rac   SemTxveviT sidides da a. S. igive SeiZleba iTqvas 3 4, ,..., nx x x
mniSvnelobebze.

amrigad, SerCevas Cven  vuyurebT rogorc erTobliobas damo-
ukidebeli 1 2, ,..., n    SemTxveviTi sidideebis, romlebic imave kanon-

iT arian ganawilebuli rogorc   SemTxveviTi sidide, romelic wa-

rmoadgens generalur erTobliobas. SerCeviTi mniSvnelobebi 1 2, ,x x
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..., nx -- es is mniSvnelobebia, rac miiRes SemTxveviTma sidideebma pi-

rveli, meore, da a. S. me- n eqsperimentis Sedegad.
variaciuli mwkrivi. davuSvaT, rom generaluri erTobliobis

obieqtebisaTvis gansazRrulia garkveuli niSani an ricxviTi maxas-
iaTebeli, romlis gazomva SesaZlebelia (detalis sigrZe, nitrateb-
is fardobiTi Semcveloba sazamTroSi, Zravis muSaobis xmauri). es
maxasiaTebeli aris SemTxveviTi sidide  , romelic yovel obieqtze
Rebulobs garkveul ricxviT mniSvnelobas. n  moculobis SerCevid-
an vRebulobT am SemTxveviTi sididis mniSvnelobebs n  ricxvisgan
Sedgenili mwkrivis saxiT:

1 2, ,..., nx x x .                          (1)

am ricxvebs niSnis mniSvnelobebs uwodeben.
(1) mwkrivis ricxvebs Soris SesaZlebelia iyos erTi da igive

ricxvebi. Tu niSnis mniSvnelobebs davalagebT, anu ricxvebs ganva-
lagebT zrdadobis an klebadobis mixedviT, amasTanave yovel mniSv-

nelobas davwerT mxolod erTjer, xolo Semdeg yoveli ix  mniSvne-

lobis qveS davwerT im  ricxvs, romelic gviCvenebs Tu ramdenjer

Segvxvda ix  mniSvneloba (1) mwkrivSi, miviRebT cxrils, romelsac

diskretuli variaciuli mwkrivi ewodeba:

x1 x2 x3 ... xk

m1 m2 m3 ... mk

im  ricxvs niSnis i -uri mniSvnelobis sixSire ewodeba.

cxadia, rom (1) mwkrivis ix  SeiZleba ar emTxvevodes ix -s vari-

aciuli mwkrividan. naTelia agreTve, rom





k

i
i nm

1
.

     Tu SerCevis minimalur da maqsimalur mniSvnelobebs Soris in-
tervals gavyofT erTi da igive sigrZis ramodenime intervalad, da
yovel intervals SevusabamebT am intervalSi mixvedrili niSnis Se-
rCeviTi mniSvnelobebis ricxvs, maSin miviRebT intervalur variaci-
ul mwkrivs. Tu niSans SeuZlia miiRos nebismieri mniSvneloba gark-
veuli intervalidan, e. i. warmoadgens uwyvet SemTxveviT sidides,
maSin SerCeva swored aseTi mwkrivis saxiT unda warmovadginoT. Tu

intervalur variaciul mwkrivSi yovel 1[ , )i i    intervals Sevcvl-

iT am intervalis SuaSi mdebare ricxviT -- 1( ) / 2i i   , maSin miviR-

ebT diskretul variaciul mwkrivs. aseTi Secvla sruliad bunebri-
via, vinaidan, magaliTad, detalis sigrZis gazomvisas erTi milimet-
ris sizustiT, yvela sigrZes [49.5,50.5) intervalidan Seesabameba er-
Ti ricxvi, romelic tolia 50-is.
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$28. empiriuli ganawilebis funqcia

gamosakvlevi SemTxveviTi sididis TvalsaCino warmosaxvisaTv-
is SerCevis mixedviT SesaZlebelia aigos sxvadasxva grafikebi. erT-
erTiaseTi grafikia – sixSireTa poligoni: texili, romlis monakve-
Tebi aerTeben wertilebs koordinatebiT (x1, n1), (x2, n2),…, (xk, nk), sad-
ac xi gadaizomeba abscisTa RerZze, xolo ni – ordinatTa RerZze.
Tu ordinatTa RerZze gadavzomavT ar absulutur (ni), aramed fard-
obiT (wi) sixSireebs, maSin miviRebT gardobiT sixSireTa poligons:

SemTxveviTi sididis ganawilebis funqciis analogiiT, SeiZle-
ba gansazRrul iqnes garkveuli funqcia, kerZod, X  x xdomilebis
fardobiTi sixSire.

ganmarteba. SerCeviT (empiriul) ganawilebis funqcias uwodeb-
en funqcias F*(x), romelic х –is nebismieri mniSvnelobisaTvis gans-
azRvravs X  x xdomilebis fardobiT sixSires. amrigad,

n

n
xF x)(* ,

sadac пх – variantebis ricxvia, romlebic ar aremateba х –s, xolo
п – SerCevis moculoba.

gansxvavebiT empiriuli ganawilebis funqciisagan, romelic
igeba SerCevis mixedviT, generaluri erTobliobis F(x) ganawilebis
funqcias Teoriuli ganawilebis funqcias uwodeben. igi gansazRvr-
avs X  x xdomilebis albaTobas, xolo F*(x) -- mis fardobiT sixSi-
res. sakmaod didi п–ebisaTvis, rogorc amas amtkicebs did ricxvTa
kanoni, F*(x) funqcia krebadia albaTobiT F(x) funqciisaken.

empiriuli ganawilebis funqciis ganmartebidan advili dasana-
xia, rom misi Tvisebebi emTxveva F(x) funqciis Tvisebebs, kerZod:

1. 0 ≤ F*(x) ≤ 1.
2. F*(x) – araklebadi funqciaa.
3. Tu х1– umciresi variantia, maSin F*(x) = 0, roca х< х1; Tu хк –

udidesi variantia, maSin F*(x)  = 1, roca х  хк.
4. F*(x) – marjvnidan uwyveti funqciaa.
uwyveti monacemebis SemTxvevaSi grafikul ilustracias warm-

oadgens e. w. histograma, e. i. safexura figura, romelic Sedgeba ma-
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rTkuTxedebisagan, romelTa fuZeebia h sigrZis intervalebi, xolo
simaRleebi – monakveTebi sigrZiT ni /h (sixSireebis histograma) an
wi /h (fardobiTi sixSireebis histograma). pirvel SemTxvevaSi histo-
gramis farTobi tolia SerCevis moculobis, xolo meore SemTxvev-
aSi – erTis.

histograma warmodgenas gvaZlevs generaluri erTobliobis
ganawilebis simkvriveze. SerCevis didi moculobis SemTxvevaSi is
axlosaa Teoriul simkvrivesTan. qvemoT, erT naxazze, moyvanilia
poligoni da histograma.
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$29. xi kvadrat, stiudentisa da fiSeris ganawilebebi

xi kvadrat ganawileba. davuSvaT, rom mocemulia n damoukide-
beli, normaluri kanoniT ganawilebuli 1, 2, ..., n, SemTxveviTi sid-
ide maTematikuri lodiniT nuli da dispersiiT erTi. maSin SemTxv-
eviTi sidide

2 2

1

n

i
i

 




ganawilebulia kanoniT, romelsac ewodeba “2 ganawileba” anu “pi-
rsonis ganawileba” Tavisuflebis n  xarisxiT. Tu Sesakrebebi daka-

vSirebulia raime TanafardobiT (magaliTad,   XnХ i ), maSin Tavi-

suflebis xarisxia k = n – 1.

am ganawilebis simkvrivea

























.0,

2
2

1
;0,0

)(
1

22

2

xxe
k

x

xf
kx

k

фй sadac 



0

1)( dtetx tx – gama funqciaa, Г(п + 1) = п! .ьф агтйсшффб

Sesabamisad, xi kvadrat ganawileba ganisazRvreba erTi parame-
triT, kerZod, Tavisuflebis xarisxis ricxviT. aRsaniSnavia, rom
Tavisuflebis xarisxis ricxvis zrdasTan erTad, xi kvadrat ganaw-
ileba TandaTanobiT uaxlovdeba normalur ganawilebas.

cxadia, rom 2  SemTxveviTi sidide Rebulobs mxolod araua-

ryofiT mniSvnelobebs. 1n   SemTxvevaSi 2  SemTxveviTi sididis ga-
nawilebis simkvrivis grafiki gamosaxulia qvemoT moyvanil naxazze:

imisaTvis, rom ganvsazRvroT 2 SemTxveviTi sididis dadebiT
ricxvTa simravlidan aRebul raime intervalSi moxvedris albaTo-

ba, gamoiyeneba 2 ganawilebis cxrili. Cveulebriv, aseTi cxrili
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saSualebas iZleva   albaTobisa da Tavisuflebis n  xarisxis mix-

edviT ganisazRvros e. w. kvantili 2
 , romelic ganimarteba Semdegi

TanafardobiT:

P(2 >
2
 ) =  .

es formula niSnavs Semdegs: albaToba imisa, rom 2 SemTxve-
viTi sidide miiRebs mniSvnelobas, romelic metia vidre garkveuli

2
 mniSvneloba,  -s tolia.

qvemoT moyvanilia 2 ganawilebis cxrilis erTi fragmenti.

is gviCvenebs magaliTad, rom 2 SemTxveviTi sidide Tavisuflebis

10-is toli xarisxiT albaTobiT 0.95   Rebulobs mniSvnelobas
mets, vidre 3.94, xolo igive SemTxveviTi sidide 1-is toli Tavisuf-
lebis xarisxiT albaTobiT 0.975   araRemateba 0.00098-s.


n

0.99 0.975 0.95 ... 0.1 0.05 0.01

1 0.0315 0.0398 0.0239 ... 2.71 3.84 6.63
... ... ... ... ... ... ... ...
10 2.56 3.25 3.94 ... 16.0 18.3 23.2
... ... ... ... ... ... ... ...

(aq 0.0315 aRniSnavs 0.00015, 0.0239=0.0039).

amocana. vipovoT iseTi intervali 2 2
1 2( , )  , romelSic 2 SemT-

xveviTi sidide Tavisuflebis 10-is toli xarisxiT moxvdeba albaT-
obiT 0.9.

amoxsna. qvemoT sqematurad moyvanilia Tavisuflebis 10-is to-
li xarisxis mqone 2 SemTxveviTi sididis ganawilebis simkvrivis
grafiki.
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CavTvaloT, rom daStrixuli areebis farTobebi (aq marjvena

are ar aris SemosazRruli) erTmaneTis tolia. Tu 2
1 -sa da 2

2 -s

SevarCevT pirobidan

P(2 < 1
2) = P(2 > 2

2) = (1 – 0.9)/2 = 0.05, (1)
maSin Sesruldeba piroba P(1

2 < 2 < 2
2) = 0.9.

(1) tolebebi saSualebas gvaZlevs 2 ganawilebis cxrilidan

ganvsazRvroT: 2
2 = 18.3. saZebni intervalis marcxena sazRvris das-

adgenad visargebloT tolobiT P(2 > 1
2) = 1-0.05=0.95. maSin cxri-

lidan vpoulobT, rom 1
2 = 3,94, da amitom amocanis pasuxi iqneba:

2 SemTxveviTi sididis mniSvnelobebi albaTobiT 0.9 ekuTvnis int-
ervals (3.94, 18.3).

stiudentis ganawileba.
statistikis bevr amocanas mivyavarT Semdegi saxis SemTxveviT

sididemde

 /kt  ,

sadac  da  damoukidebeli SemTxveviTi sidideebia, amasTanave  –

normalurad ganawilebuli SemTxveviTi sididea parametrebiT M = 0
da D = 1, xolo  ganawilebulia 2 ganawilebis kanoniT Tavisufle-
bis xarisxiT k . t  SemTxveviTi sididis ganawilebis kanons ewodeba
stiudentis ganawileba Tavisuflebis xarisxiT k .

stiudentis ganawilebis simkvrives aqvs Semdegi saxe:

22
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 
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stiudentis ganawilebis simkvrivis grafiki sqematurad gamos-
axulia qvemoT moyvanil naxazze:

ganawilebis simkvrivis wiri msgavsia normaluri ganawilebis anal-
ogiuri wiris.
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stiudentis ganawilebis cxrilebi saSualebas iZleva Tavisu-
flebis xarisxis mocemuli k  ricxvisaTvis   albaTobis mixedviT

ganisazRvros iseTi mniSvneloba t , romlisTvisac sruldeba Tana-

fardoba (| | )P t t   . am cxrilis erTi fragmenti moyvanilia qvem-

oT:


k

0.1 0.05 ... 0.01 0.005 ...

1 6.314 12.71 ... 63.57 318 ...

... ... ... ... ... ... ...

12 1.782 2.179 ... 3.055 3.428 ...

... ... ... ... ... ... ...

amocana 1. vipovoT simetriuli intervali, romelSic stiuden-
tis kanoniT gaTvaliswinebuli SemTxveviTi sidide Tavisuflebis
xarisxiT 12, moxvdeba albaTobiT 0.9.

amoxsna. cxadia, rom

P(–x < t < x) = P(t < x) = 1 – P(t  x) = 0.9.
ukanaskneli tolobidan gamomdinareobs, rom:

P(t  x) = 0.1 ,  (n = 12).
ar unda gagvikivirdes, rom aq gvaqvs aramkacri utoloba. ramdenad-
ac saqme gvaqvs uwyvet SemTxveviT sididesTan, is konkretul mniSvn-
elobas Rebulobs nulovani albaTobiT. amitom aramkacri utoloba
icvleba misi eqvivalenturi mkacri utolobiT. cxrilidan vadgenT,

rom: x = 1.782.
amocana 2. vipovoT mniSvneloba x  pirobidan P(t > x) = 0.995,

sadac t -- stiudentis kanoniT ganawilebuli SemTxveviTi sididea
12-is toli Tavisuflebis xarisxiT.

amoxsna. qvemoT moyvanilia Tavisuflebis 12 xarisxis mqone
stiudentis ganawilebis simkvrivis grafiki:
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albaToba imisa, rom SemTxveviTi sidide miiRebs mniSvnelobas 1x
wertilis marjvniv mdebare aridan tolia 0.995-is, Sesabamisad, am
wertilis marcxniv mdebare areSi SemTxveviTi sidide moxvdeba

0.005-is toli albaTobiT. imisaTvis, rom vipovoT 1x , ganvixiloT

ori simetriuli are, romlebic gamosaxulia qvemoT moyvanil naxaz-
ze:

davuSvaT, rom TiToeul am SualedSi, SemTxveviTi sididis mniSvne-

loba aRmoCndeba albaTobiT 0.005. maSin miviRebT: 1x x  , 2x x , ama-

sTanave x  ganisazRvreba pirobidan (| | ) 0.01P t x  . cxrilidan gvaqvs,

rom: 3.055x  . amitom amocanis pasuxi iqneba:
( 3.055) 0.995P t    .

fiSeris ganawileba.
statistikaSi mniSvnelovani gamoyenebebi gaaCnia SemTxveviT

sidides
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
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




 ,

sadac – SemTxveviTi sidide ganawilebulia 2  ganawilebis kanon-

iT Tavisuflebis xarisxiT 1k , xolo – SemTxveviTi sidide ganawi-
lebulia 2  ganawilebis xarisxiT Tavisuflebis xarisxiT 2k , amas-

Tanave  da  SemTxveviTi sidideebi damoukidebelia.
F  SemTxveviTi sidide ganawilebulia kanoniT, romelsac ewo-

deba fiSeris ganawileba Tavisuflebis xarisxebiT 1k  da 2k . misi

ganawilebis simkvrives aqvs Semdegi saxe:



135




















,0,

)(

;0,0

)(

2
12

2

2

0
21

1

x

xkk

x
C

x

xf
kk

k

sadac






















 




22

2

21

2221
21

0

21

kk

kk
kk

C

kk

.

amrigad, fiSeris ganawileba ganisazRvreba ori parametriT,
kerZod Tavisuflebis xarisxebis ricxvebiT.

mocemuli 1k  da 2k  ricxvebisaTvis, da mocemuli   albaTob-

iT fiSeris ganawilebis cxrilidan ganisazRvreba iseTi mniSvnelo-

ba F , rom

P(F > F ) =  .

rogorc wesi, cxrilebi dgeba  -s miniSvnelobebisaTvis,
romelic tolia 0.05-is an 0.01-is, xolo zogjer orive
mniSvnelobisaTvis. am cxrilis erTi fragmenti moyvanilia qvemoT:

k1

k2

1 ... 10 ... 20 ...

1 161.4
647.8

... 241.9
6056

... 248
6209

...

... ... ... ... ... ... ...
10 4.96

10.04
... 2.97

4.85
... 2.77

4.41
...

... ... ... ... ... ... ...
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am cxrilSi yoveli ujris zeda nawilSi mocemulia F -s mniS-

vneloba, roca   = 0.05, xolo qveda nawilSi ki roca   = 0.01.
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$30. generaluri erTobliobis parametrebis wertilovani Sefasebebi

     Zalian bevr SemTxvevaSi Cven gagvaCnia informacia SemTxveviTi
sididis ganawilebis kanonis saxis Sesaxeb (normaluri, bernulis,
Tanabari da a. S.), magram ar viciT am ganawilebis iseTi parametre-
bi, rogoricaa M  da D . am parametrebis gansazRvrisaTvis gamoi-
yeneba SerCeviTi meTodi.
     davuSvaT, rom n  moculobis SerCeva warmodgenilia variaciu-
li mwkrivis saxiT. SerCeviTi saSualo ewodeba sidides:

n
m

n
mx

n
mx

n
mxmxmxx kkk 


 ...... 2

2
1

1
2211 .

sidides /i im n  niSnis ix  mniSvnelobis fardobiTi sixSire

ewodeba. Tu SerCevidan miRebul niSnis mniSvnelobebs ar davajguf-
ebT da ar warmovadgenT variaciuli mwkrivis saxiT, maSin SerCevi-
Ti saSualos gamosaTvlelad unda visargebloT Semdegi formul-
iT:





n

i
ix

n
x

1

1
.

     bunebrivia x  sidide CaiTvalos M  parametris SerCeviT Sefa-

sebad. parametris SerCeviT Sefasebas, romelic warmoadgens ricxvs,
wertilovani Sefaseba ewodeba.

SerCeviTi dispersia ewodeba sidides:

   
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n

i
i

k

i
ii xx

n
xx

1
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1

22 1
.

is SeiZleba CaiTvalos generaluri erTobliobis D  dispersiis
wertilovan Sefasebad.

 davuSvaT, rom generaluri erTobliobis yoveli obieqti xasia-
Tdeba ori raodenobrivi x  da y  niSniT. magaliTad, detals SeiZl-
eba hqondes ori zoma – sigrZe da sigane, SeiZleba sxvadasxva regi-
onSi gaizomos mavne nivTierebebis koncentracia da dafiqsirdes
Tvis ganmavlobaSi mosaxleobaSi filtvebis daavadebebis raodeno-
ba, SeiZleba drois tol SualedebSi SevadaroT mocemuli korpor-
aciis aqciebis Semosavlianoba raime indeqss, romelic axasiaTebs
aqciebis mTeli bazris saSualo Semosavlianobas. aseT SemTxvevaSi,
generaluri erToblioba warmoadgens organzomilebian SemTxveviT
sidides ,  . es SemTxveviTi sidide generaluri erTobliobis obie-
qtebis simravleze Rebulobs mniSvnelobebs ,x y . Tu Cven ar viciT
  da   SemTxveviTi sidideebis erToblivi ganawilebis kanoni, Cven

ar SegviZlia vilaparakoT maT Soris korelaciuri kavSiris arseb-
obaze an siZliereze, magram, miuxedavad amisa, SerCeviTi meTodis
gamoyenebiT SesaZlebelia zogierTi daskvnis gakeTeba.
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     aseT SemTxvevaSi, n  moculobis SerCeva warmoidgineba cxril-
is saxiT, sadac i -uri amorCeuli obieqti ( 1,2,...,i n ) warmodgenilia

ricxvTa wyviliT ,i ix y :

x1 x2 ... xn

y1 y2 ... yn
SerCeviTi korelaciis koeficienti ewodeba sidides:

yx
xy

yxxyr
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 ,
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
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SerCeviTi korelaciis koeficienti SeiZleba ganxilul iqnes

rogorc wertilovani Sefaseba korelaciis koeficientis  , rome-

lic axasiaTebs generalur erTobliobas.

SerCeviTi parametrebi x , 2 , xyr  an nebismieri sxva damokideb-

ulia imaze, generaluri erTobliobis romeli obieqtebi moxvdnen
SerCevaSi da gansxvavdebian SerCevidan SerCevamde. amitom isini Tvi-
Ton warmoadgenen SemTxveviT sidideebs.

davuSvaT, rom SerCeviTi parametri   ganixileba rogorc gen-
eraluri erTobliobis   parametris SerCeviTi Sefaseba. SerCeviT
Sefasebas ewodeba gadauadgilebadi (an Caunacvlebeli), Tu

M =.
imisaTvis rom davamtkicoT zogierTi wertilovani Sefasebis

gadauadgilebadoba, n moculobis SerCevas ganvixilavT rogorc

sistemas n damoukidebeli 1 2, ,..., n   SemTxveviTi sididis, romelTa-

gan TiToeuli gaaCnia igive ganawilebis kanoni, igive parametrebiT,
rac  SemTxveviT sidides, romelic warmoadgens generalur erTo-

bliobas. aseTi midgomis SemTxvevaSi cxadi xdeba Tanafardobebi:

Mxi = Mi =M; Dxi = Di =D ( k = 1,2,...n).
axla vaCvenoT, rom SerCeviTi saSualo x  warmoadgens genera-

luri erTobliobis saSualos gadauadgilebad Sefasebas, an rac
igivea   SemTxveviTi sididis maTematikuri lodinis gadauadgileb-

ad Sefasebas. marTlac, gvaqvs:

  


 MMn
n

MMM
nn

xxxMxM n
n 1...1...

21
21 .
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gamovTvaloT SerCeviTi saSualos dispersia. cxadia, rom:

 
n

DDn
n

DDD
nn

xxx
DxD n

n 



 21212

21 1...1...
.

vipovoT axla risi tolia SerCeviTi dispersiis maTematikuri

lodini, risTvisac Tavidan 2  gardavqmnaT Semdegnairad:

   



n

i
i

n

i
i xMMx

n
xx

n 1

2

1

22 11

        


n

i
ii MxMxMxMx

n 1

22 21

   



n

i
i MxMx

n 1

221

(SevniSnavT, rom Cven aq gamoviyeneT gardaqmna:

        


n

i
i

n

i
i MxMxMxMx

11
22

      2
1 1

222 







  

 
MxnnMxnMxMxMx

n

i

n

i
i ).

amitom SerCeviTi dispersiis maTematikuri lodini iqneba:

    













 



2
2

1

2 1 MxMx
n

MM
n

i
i

     


xDDn
n

MxMMxM
n

n

i
i

11 2

1

2







 D
n

n
n

DD 1
.

rogorc vxedavT, 2M D  . amitom SerCeviTi dispersia ar wa-
rmoadgens generaluri erTobliobis dispersiis gadauadgilebad
Sefasebas.

imisaTvis rom miviRoT generaluri erTobliobis dispersiis
gadauadgilebadi Sefaseba, saWiroa SerCeviTi dispersia gavamravl-

oT mamravlze /( 1)n n  . miRebuli sidide aRiniSneba 2s -iT da mas Se-
sworebuli SerCeviTi dispersia ewodeba:

 






n

i
i xx

n
s

1

22

1
1

.

Tu Cven gvaqvs generaluri erTobliobis erTi da igive parame-
tris ramodenime gadauadgilebadi Sefaseba, maSin im Sefasebas, rom-
elsac gaaCnia umciresi dispersia, efeqturi ewodeba.
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n  moculobis SerCevidan miRebul generaluri erTobliobis

  parametris wertilovan n  Sefasebas ewodeba Zalmosili, Tu is

albaTobiT krebadia  -sken. es imas niSnavs, rom nebismieri dadebi-

Ti   da   ricxvebisaTvis, moiZebneba iseTi ricxvi n , rom yvela

n  ricxvisaTvis, romelic akmayofilebs utolobas n n , sruldeba

piroba

   1nP .

SevniSnavT, rom x  da 2s  Sesabamisad warmoadgenen generaluri
erTobliobis maTematikuri lodinisa da dispersiis gadauadgileb-
ad, Zalmosil da efeqtur Sefasebebs.
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$31. SerCeviTi parametrebis ganawileba normaluri populaciisaTvis

davuSvaT, rom 1 2, ,..., n    warmoadgens SerCevas normaluri gene-

raluri erTobliobidan, 2( ; ; )i N x   , 1,2,...,i n . radaganac x  warm-
oadgens damoukidebeli normalurad ganawilebuli SemTxveviTi si-
dideebis wrfiv kombinacias, amitom

2( ; ; / )x N x n  .
gavarkvioT axla SerCeviTi dipersiis ganawilebis kanoni. jer

ganvixiloT is SemTxveva, roca generaluri erTobliobis saSualo

(maTematikuri lodini) cnobilia. radganac, 2( ; ; )i N x   , amitom

( ) / ( ;0;1)i N x    .

Tu gaviTvaliswinebT, rom SerCeviT dispersias aqvs saxe

2 2

1

1
( )

n

i
i

s
n

 


  ,

advilad davrwmundebiT, rom samarTliania Tanafardoba:
2

2
2

1

( )
n

i

i

ns  
 


 .

amrigad, 2 2/ns   warmoidgineba ( ;0;1)N x  kanoniT ganawilebuli
damoukidebeli SemTxveviTi sidideebis kvadratebis jamis saxiT. e.

i. mas aqvs 2  ganawileba Tavisuflebis xarisxiT n :
2

2
2

( )
ns

n


 .

ucnobi saSualos SemTxvevaSi (gansxvavebiT ganxiluli SemTx-

vevisagan, sadac i   ( 1,2,...,i n ) damoukidebeli SemTxveviTi sidid-

eebia), 2 2/ns   aRar warmoadgens damoukidebeli SemTxveviTi sidid-

eebis kvadratebis jams, i x   SemTxveviT sidideebs gaaCniaT erTi

„bma“. kerZod, vinaidan
1

1 n

i
i

x
n




  , amitom
1

( ) 0
n

i
i

x


  . am SemTxvevaSi

adgili aqvs Tanafardobas
2

2
2

( 1)
ns

n


  .

garda amisa, mtkicdeba rom x  da 2s  damoukidebeli SemTxveviTi si-
dideebia.

statistikaSi xSirad gamoiyeneba e. w. Z statistika, da T  sta-
tistika:

/

x
Z

n





 da вф
nS

X

nS

X
T

/1/ '

 





 .

cxadia, rom ( ;0;1)Z N x . rac Seexeba T  statistikas, is gadavweroT

Semdegi saxiT:
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)1/(
)1()1/(
2
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2

2










n
Sn

Z

n
nS

Z
T



.

vinaidan, )1(
)1( 2
2

2'




n
Sn 


 da Z  da

2

2')1(


Sn 

 SemTxveviTi sidi-

deebi damoukidebelia, amitom T  statistikas aqvs stiudentis gana-
wileba Tavisuflebis xarisxiT 1n  .
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$32.SefasebaTa agebis meTodebi

maqsimaluri dasajerobis meTodi.
davuSvaT, rom Х – diskretuli SemTxveviTi sididea, romelm-

ac eqsperimentis Sedegad miiRo mniSvnelobebi х1, х2, …, хп. davuSvaT,
rom CvenTvis cnobilia am SemTxveviTi sididis ganawilebis kanoni,
romelic ganisazRvreba Θ parametriT, magram ucnobia am parametris
ricxviTi mniSvneloba. Cveni mizania vipovoT am parametris wertil-
ovani Sefaseba.

vTqvaT, р(хi, Θ) -- aris albaToba imisa, rom eqsperimentis Sedeg-
ad Х SemTxveviTi sidide miiRebs хi mniSvnelobas. diskretuli Х Sem-
TxveviTi sididis maqsimaluri dasajerobis funqcia ewodeba Θ arg-
umentis funqcias, romelic ganisazRvreba formuliT:

L (х1, х2, …, хп; Θ) = p(x1,Θ)p(x2,Θ)…p(xn,Θ).
Θ parametris wertilovani Sefasebis rolSi iReben mis iseT

Θ* = Θ(х1, х2, …, хп) mniSvnelobas, romlis drosac maqsimaluri dasaje-
robis funqcia aRwevs Tavis maqsimums. Θ* Sefasebas maqsimaluri da-
sajerobis Sefasebas uwodeben.

radganac funqciebi L da lnL maqsimums aRweven Θ-s erTi da ig-
ive mniSvnelobisaTvis, ufro moxerxebulia movZebnoT lnL funqciis
maqsimumi (vinaidan namravlis logariTmi logariTmebis jamia da am-
denad kritikuli wertilebis povnisas namravlis gawarmoebis nacv-
lad mogviwevs jamis gawarmoeba, rac gacilebiT martivia). am funq-
cias maqsimaluri dasajerobis logariTmuli funqcia ewodeba.

lnL funqciis maqsimumis mimniWebeli wertilis mosaZebnad saWi-
roa Semdegi procedurebis Catareba:

1). vipovoT warmoebuli
lnd L

d
;

2). gavutoloT warmoebuli nuls (miviRebT e. w. maqsimaluri
dasajerobis gantolebas) da vipovoT kritikuli wertilebi’

3). vipovoT meore warmoebuli
2

2 ln

d

Ld
; Tu is uaryofiTia krit-

ikul wertilSi, maSin es wertili – maqsimumis wertilia.
aRsaniSnavia, rom maqsimaluri dasajerobis meTodiT miRebu-

li Sefasebebi Zalmosilia (Tumca SesaZlebelia ar iyos Caunacvle-
beli), ganawilebuli arian asimptoturad normalurad SerCevis di-
di moculobis SemTxvevaSi da gaaCniaT umciresi dispersia sxva asi-
mptoturad normalur SefasebebTan SedarebiT. Tu Sesafasebeli Θ
parametrisaTvis arsebobs efeqturi Θ* Sefaseba, maSin maqsimaluri
dasajerobis gantolebas gaaCnia erTaderTi amonaxsni Θ*. es meTo-
di yvelaze srulad iyenebs SerCevis monacemebs da amitom gansakuT-
rebiT sasargebloa mcire SerCevebis dros.
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maqsimaluri dasajerobis meTodis naklad SeiZleba CaiTval-
os gamoTvlebis sirTule.

uwyveti SemTxveviTi sididis SemTxvevaSi, romlis f(x) ganawil-
ebis simkvrivis saxe cnobilia, magram igi Seicavs ucnob Θ param-
etrs, maqsimaluri dasajerobis funqcias aqvs Semdegi saxe:

1 2 1 2( , ,..., ; ) ( , ) ( , ) ( , )n nL x x x f x f x f x       .
ucnobi parametris maqsimaluri dasajerobis Sefasebis sapovn-

elad unda CavataroT igive procedurebi, rac diskretul SemTxvev-
aSi.

momentTa meTodi.
momentTa meTodi dafuZnebulia im garemoebaze, rom sawyisi da

centraluri empiriuli momentebi warmoadgenen Sesabamisi sawyi-si
da centraluri Teoriuli momentebis Zalmosil Sefasebebs. ami-tom
Cven SegviSlia Teoriuli momentebi gavutoloT imave rigis Se-
sabamis empiriul momentebs. Tu mocemulia ganawilebis f(x, Θ) simkvr-
ivis saxe, romelic ganisazRvreba erTi ucnobi Θ parametriT (damo-
kidebulia erT ucnob parametrze), maSin am parametris Sesafasebl-
ad sakmarisia gvqondes erTi gantoleba. magaliTad, SegviZlia gavu-
toloT erTmaneTs pirveli rigis sawyisi momentebi:






 )();()( dxxxfXMxB ,

da miviRebT gantolebas Θ parametris sapovnelad. misi amonaxsni
Θ* iqneba Θ parametris wertilovani Sefaseba, romelic warmoadgens
SerCeviTi saSualos funqcias da, Sesabamisad, SerCevis funqcias:

Θ = ψ (х1, х2, …, хп).
Tu ganawilebis simkvrive ganisazRvreba ori Θ1 da Θ2 parametr-

iT (damokidebulia or parametrze), maSin moiTxoveba SevadginoT
ori gantoleba, magaliTad, ν1 = М1, μ2 = т2.

aqedan vRebulobT ori gantolebisagan Semdgar sistemas ori

Θ1 da Θ2 ucnobiT:







B

В

DXD

хХМ
)(

)(
.

misi amoxsnebi Θ1* da Θ2* iqnebian Θ1 da Θ2 parametrebis werti-
lovani Sefasebebi damokidebuli SerCevaze:

Θ1 = ψ1 (х1, х2, …, хп),
Θ2 = ψ2(х1, х2, …, хп).
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$33. intervaluri Sefasebebi. ndobis intervali
maTematikuri lodinisaTvis

generaluri erTobliobis parametrebis wertilovani Sefasebe-
bi SeiZleba miRebul iqnes SerCeviTi monacemebis damuSavebis saor-
ientacio, pirvelad Sedegebad. maTi nakli imaSi mdgomareobs, rom
ucnobia ra sizustiT fasdeba parametri. didi moculobis SerCeveb-
isaTvis sizuste rogorc wesi sakmarisia (Sefasebebis gadauadgile-
badobis, Zalmosilebisa da efeqturobis pirobebSi), maSin rodesac
mcire moculobis SerCevebisaTvis Sefasebis sizustis sakiTxi Zal-
ian mniSvnelovania.

SemoviRoT generaluri erTobliobis (an   SemTxveviTi sidi-
dis, romelic ganmartebulia am generaluri erTobliobis obieqteb-
is simravleze) ucnobi parametris intervaluri Sefasebis cneba. av-
RniSnoT es parametri  -Ti. mocemuli SerCevidan garkveuli wesiT

iZebneba iseTi ricxvebi 1  da 2 , rom sruldebodes piroba:

P(1< < 2) =P ((1; 2)) = .
1  da 2  ricxvebs uwodeben ndobis sazRvrebs, xolo ( 1 , 2 ) inter-

vals --  parametris ndobis intervals.  ricxvs ewodeba ndobis
albaToba an gakeTebuli Sefasebis saimedooba.

Tavidan moicema saimedooba. Cveulebriv, mas irCeven 0.95-is, 0.99
-is an 0.999-is tols. maSin albaToba imisa, rom CvenTvis saintereso

parametri moxvda ( 1 , 2 ) intervalSi sakmarisad maRalia. ricxvi

( 1 + 2 )/2 – ndobis intervalis Suawertili – iZleva  parametris

mniSvnelobas ( 2 - 1 )/2-s toli sizustiT, romelic warmoadgens ndo-

bis intervalis sigrZis naxevars.

sazRvrebi 1  da 2  ganisazRvreba SerCeviTi monacemebidan da

warmoadgenen 1 2, ,..., nx x x  SemTxveviTi sidideebis funqciebs. Sesabamis-

ad, sazRvrebi TviTonac SemTxveviTi sidideebia. aqedan gamomdinare,

ndobis intervali ( 1 , 2 ) -- agreTve SemTxveviTia. is SeiZleba fara-

vdes an ar faravdes  parametrs. swored aseTi azriT unda gavig-
oT SemTxveviTi xdomileba, romelic mdgomareobs imaSi, rom ndob-
is intervali faravs  ricxvs.

ndobis intervali normaluri ganawilebis maTematikuri lod-
inisaTvis cnobili dispersiis SemTxvevaSi:

davuSvaT, rom SemTxveviTi sidide   (SeiZleba vilaparakoT

generalur erTobliobaze) ganawilebulia normaluri ganawilebis

kanonis mixedviT, romlis dispersia cnobilia 2 ( 0)D    . gene-
raluri erTobliobidan (romlis obieqtebis simravleze ganmarteb-
ulia SemTxveviTi sidide) keTdeba n  moculobis SerCeva. SerCeva

1 2, ,..., nx x x  ganixileba rogorc erToblioba n  damoukidebeli SemTxv-
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eviTi sididis, romlebic igive kanoniT arian ganawilebuli rog-
orc  . am SemTxvevaSi, rogorc Cven ukve vnaxeT:

Mx1 = Mx2 = ... = Mxn = M; Dx1 = Dx2 = ... = Dxn = D;
xM M; xD D /n.

cnobilia, rom mocemul SemTxvevaSi SemTxveviTi sidide x ag-
reTve ganawilebulia normaluri ganawilebis kanoniT. avRniSnoT
ucnobi maTematikuri lodini a -Ti, :M a   da mocemuli   saimedo-
obisaTvis SevarCioT 0d   ricxvi ise, rom Sesruldes piroba:

P( x – a < d) =  (1)
vinaidan SemTxveviTi sidide x  ganawilebulia normalurad ma-

Tematikuri lodiniT M x  = M = a da dispersiiT D x  = D /n =  2/n,
amitom gvaqvs:

P( x – a < d) =P(a – d < x  < a + d) =
=         1/2//   ndnadanada .

axla SevarCioT 0d   ise, rom Sesruldes toloba

    1/2 nd anu   2/)1(/   nd .
nebismieri  [0;1] ricxvisaTvis normaluri ganawilebis funq-

ciis cxrilidan SegviZlia vipovoT iseTi t  ricxvi, rom ( t )=(1+)
/ 2. am t  ricxvs 2/)1(  -kvantili ewodeba (mas aRniSnaven agreTve

2/)1( x  simboloTi).

tolobidan tnd / vpoulobT d -s mniSvnelobas: /d t n .
saboloo Sedegs miviRebT, Tu (1) formulas warmovadgenT Semdegi
saxiT:

   ntxantxP // .
ukanaskneli formulis azri mdgomareobs SemdegSi: saimedoobiT 
ndobis intervali

 ntxntx /;/ 
faravs (moicavs) generaluri erTobliobis ucnob parametrs a M -

s. SeiZleba iTqvas sxvanairad: wertilovani Sefaseba x gansazRvr-

avs M parametris mniSvnelobas /d t n sizustiTa da  saimed-

oobiT.
amocana. davuSvaT gvaqvs generaluri erToblioba garkveuli

maxasiaTebliT, romelic ganawilebulia normaluri kanoniT, roml-
is dispersia tolia 6.25-is. Catarebulia 27n  moculobis SerCeva

da miRebulia maxasiaTeblis saSualo SerCeviTi mniSvneloba 12x  .
vipovoT ndobis intervali, romelic faravs generaluri erTobli-
obis gamosakvlevi maxasiaTeblis ucnob maTematikur lodins saime-
doobiT 0.99  .
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amoxsna. pirvel rigSi, laplasis funqciis cxrilebidan vipov-
oT t -s mniSvneloba tolobidan 995.02/)1()(   t . miRebuli

2.58t  mniSvnelobidan ganvsazRvroT Sefasebis sizuste (anu ndo-

bis intervalis sigrZis naxevari) d : 2.5 2.58 / 27 1.24d    . aqedan
vRebulobT saZebn ndobis intervals: (10.76, 13.24).

ndobis  donis sizuste da SerCevis moculobis moZebna:
mocemuli   ndobis albaTobisaTvis davadginoT SerCevis is

minimaluri *n  moculoba, romelic uzrunvelyofs Sefasebis winas-
war fiqsirebul sizustes (Sefaseba miT ufro zustia, rac ufro
naklebia ndobis intervalis sigrZe). cxadia, rom rac ufro didia

 , miT ufro didia / 2x , da Sesabamisad, ganieria ndobis intervali

da piriqiT. aqedan gamomdinare, Tu SerCevis moculoba fiqsirebu-
lia, ndobis intervalis sigrZis (anu Sefasebis sizustis) Semcireba
SesaZlebelia mxolod ndobis albaTobis Semcirebis xarjze. fiqsi-
rebuli ndobis albaTobis dros intervalis sigrZe miT ufro mci-
rea, rac ufro didia SerCevis moculoba. yovelive zemoT Tqmuli-
dan vaskvniT, rom Sefasebis fiqsirebuli sizuste niSnavs ndobis
intervalis fiqsirebul l  sigrZes.

vinaidan, rom   ndobis intervalis sigrZea

/ 22 x
n




,

amitom SerCevis *n  moculoba unda SeirCes, rogorc Semdegi ganto-
lebis amonaxsni

/ 22 x l
n




 ,

e. i.

* 2
/ 2

2
( )n x

l 


 .

vinaidan aseTnairad moZebnili *n  SeiZleba ar iyos mTeli ri-

cxvi, amitom *n -is rolSi iReben miRebuli sididis mTel nawils mi-
matebul erTs:

* 2
/ 2

2
[( ) ] 1n x

l 


  .

ndobis intervali normaluri ganawilebis maTematikuri lod-
inisaTvis ucnobi dispersiis SemTxvevaSi:

davuSvaT, rom  -- normaluri kanoniT ganawilebuli SemTxve-

viTi sididea ucnobi maTematikuri lodiniT M , romelic avRniSn-
oT a  asoTi. CavataroT n  moculobis SerCeva. ganvsazRvroT SerCe-

viTi saSualo x  da Sesworebuli SerCeviTi dispersia 2s  zemoT mo-
yvanili formulebis mixedviT.

cnobilia, rom SemTxveviTi sidide



148

  snaxt /
ganawilebulia stiudentis kanonis mixedviT Tavisuflebis 1n  xa-
risxiT. amocana mdgomareobs imaSi, rom mocemuli  saimedoobisa

da Tavisuflebis 1n  xarisxis mixedviT, vipovoT iseTi t ricxvi,

rom Sesruldes toloba:

    tsnaxP / , (2)

an misi eqvivalenturi toloba

  .//   nstxanstxP (3)
aq frCxilebSi weria imis piroba, rom ucnobi a parametris mniSvne-
loba ekuTvnis garkveul Sualeds, romelic aris swored ndobis
intervali. misi sazRvrebi damokidebulia  saimedoobaze da agre-

Tve, SerCevis x da s parametrebze.

imisTvis, rom   sididis mixedviT vipovoT t -s mniSvneloba,

(2) toloba gadavweroT Semdegi saxiT:

     1/ tsnaxP .

axla, t  SemTxveviTi sididis cxrilis mixedviT, romelic ganawile-
bulia stiudentis kanoniT, albaTobiT 1   da Tavisuflebis 1n 
xarisxiT, vpoulobT 2/)1(,1   ntt -s.

amocana. 20 eleqtronaTuris sakontrolo Semowmebisas maTi
muSaobis saSualo xangrZlivoba aRmoCnda 2000 saaTis toli, xolo
saSualo kvadratuli gadaxra (gamoTvlili rogorc kvadratuli
fesvi Sesworebuli SemTxveviTi dispersiidan) ki 11 saaTis toli.
cnobilia, rom naTuris muSaobis xangrZlivoba warmoadgens norma-
luri kanoniT ganawilebul SemTxveviT sidides. ganvsazRvroT am
SemTxveviTi sididis maTematikuri lodinis ndobis intervali saim-
edoobiT 0.95.

amoxsna. am SemTxvevaSi 1 0.05  . stiudentis ganawilebis

cxrilidan (Tavisuflebis 19-is toli xarisxiT) vpoulobT, rom

2.093t  . gamovTvaloT Sefasebis sizuste: 2.093 11/ 20 5.2  . amitom

ndobis intervali iqneba (1994.8, 2005.2).
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$34. ndobis intervali dispersiisaTvis da
 standartuli gadaxrisaTvis

ndobis intervali normaluri ganawilebis dispersiisaTvis:
davuSvaT, rom   SemTxveviTi sidide ganawilebulia

normaluri ganawilebis kanoniT, romlis dispersia D  ucnobia.

keTdeba n  moculobis SerCeva. misi saSualebiT ganisazRvreba

Sesworebuli SerCeviTi dispersia 2s . cnobilia rom, SemTxveviTi
sidide

   Dsn /1 22

ganawilebulia 2
ganawilebis kanoniT Tavisuflebis

xarisxiT 1n  . mocemuli   saimedoobisaTvis SeiZleba

vipovoT intervalebis iseTi sazRvrebi 1
2
da 2

2, rom

   2
2

22
1P                                           (1)

vipovoT 1
2
da 2

2
Semdegi pirobebidan:

P(2  1
2) = (1 –  )/ 2                 (2)

P(2  2
2) = (1 –  )/ 2     (3)

naTelia, rom am ori ukanaskneli pirobis Sesrulebisas,
samarTliani iqneba (1) toloba.

2
SemTxveviTi sididis cxrilebSi, Cveulebriv,

moicema P(2  q
2) = q gantolebis amonaxsni. aseTi

cxrilidan, mocemuli q  sididisa Tavisuflebis 1n 

xarisxis mixedviT SegviZlia ganvsazRvroT q
2. amrigad,

Cven vpoulobT q
2
is mniSvnelobas (3) formulaSi.

1
2
is sapovnelad gadavweroT (2) Semdegi formiT:

P(2  1
2) = 1 – (1 –  )/ 2 = (1 +  )/ 2.

miRebuli toloba saSualebas gvaZlevs cxrilebidan
davadginoT

1
2.

mas Semdeg rac napovnia 1
2

–isa da 2
2

is
mniSvnelobebi, gadavweroT (1) toleba Semdegi saxiT:

    2
2

22
1 /1 DsnP .

ukanaskneli toloba gadavweroT iseTi formiT, rom
gansazRruli iyos ucnobi D  parametris ndobis
intervalis sazRvrebi:

      2
1

22
2

2 /1/1 snDsnP .
aqedan advilad miviRebT formulas, romlis mixedviTac
ganisazRvreba standartuli gadaxris ndobis intervali:

    




  2

1
2

2 /1/1 snDsnP (4)

amocana. CavTvaloT, rom xmauri, erTi da igive tipis
vertmfrenis kabinaSi, garkveul reJimSi momuSave Zravis
dros,  SemTxveviTi sididea, romelic ganawilebulia
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normaluri kanoniT. SemTxveviT SerCeul iqna 20 vertmfreni
da moxda maTSi xmis donis gazomva (decibalebSi).
gazomvebis Sesworebuli SerCeviTi dispersia aRmoCnda
22.5is toli. vipovoT ndobis intervali, romelic faravs
mocemuli tipis vertmfrenebis kabinaSi xmauris sididis
ucnob standartul gadaxras 98%iani saimedoobiT.

amoxsna. Tavisuflebis 19is toli xarisxiTa da (1 –
0.98)/2 = 0,01 albaTobis saSualebiT 2 –is ganawilebis

cxrilidan vpoulobT sidides: 2
2 = 36.2. analogiurad,

(1 + 0.98)/2 = 0.99 albaTobis saSualebiT vpoulobT: 1
2 = 7.63.

Sesabamisad, (4) formulis gamoyenebiT vRebulobT, rom
saZiebeli ndobis intervalia: (3.44, 7.49).

ndobis intervali saSualo kvadratuli
gadaxrisaTvis:

avagoT (s – δ, s +δ) saxis ndobis intervali normalurad
ganawilebuli SemTxveviTi sididis saSualo kvadratuli
gadaxrisaTvis, sadac s – Sesworebuli SerCeviTi saSualo
kvadratuli gadaxraa, xolo δ –saTvis sruldeba piroba: P
(  |σ – s| < δ ) = γ. gadavweroT es utoloba Semegi saxiT







 






 

s
s

s
s


11 ,

an Tu avRniSnavT /q s , maSin gveqneba:

   qsqs  11 
(1)

ganvixiloT SemTxveviTi sidide χ, romelic
ganisazRvreba formuliT

1 n
s


 .

rogorc cnobilia, mas aqvs xi kvadrat ganawileba
Tavisuflebis xarisxiT п1 . misi ganawilebis simkvrive:







 


 



2

1
2

),(
2

3

22

2

n

e
nR

n

n




araa damokidebuli Sesafasebel σ parametrze, da
Sesabamisad, damokidebulia mxolod SerCevis п mocu-
lobaze. gardavqmnaT (1) utoloba ise, rom man miiRos saxe
χ1 < χ < χ2. am utolobis Sesrulebis albaToba tolia ndobis
γ albaTobis, Sesabamisad,

 
2

1

.),(




 dnR

davuSvaT, rom q < 1, maSin (1) utoloba SeiZleba
Caiweros Semdegnairad:

)1(

11

)1(

1

qsqs 


 
,
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an, 1ns mamravlze gamravlebis Semdeg, gveqneba:

q

nns

q

n











1

11

1

1


.

Sesabamisad,

q

n

q

n








1

1

1

1  .

sabolood, vRebulobT Tanafardobas:
1/(1 )

1 /(1 )

( , ) .
n q

n q

R n d  
 

 


arsebobs xi kvadrat ganawilebis cxrilebi, romelic
saSual

ebas iZleva ukanaskneli gantolebis amoxsnis gareSe,
mocemuli п da γ–saTvis vipovoT q. amrigad, Tu
gamoviTvliT SerCevis mixedviT s–is mniSvnelobas da
cxrilidan vipoviT q–s, Cven avagebT (1) ndobis intervals,
romelSic σ–s mniSvneloba moxvdeba γ–s toli albaTobiT.

SeniSvna. Tu q > 1, maSin σ > 0 pirobis gaTvaliswinebiT,
ndobis intervals σ–saTvis eqneba saxe:

)1(0 qs   .
magaliTi. vTqvaT, п = 20, s = 1.3. vipovoT ndobis

intervali σ–saTvis mocemuli γ= 0.95–is toli ndobis
albaTobisaTvis.

Sesabamisi cxrilidan vpoulobT, rom q (n = 20, γ = 0.95 )
= 0.37. Sesabamisad, ndobis intervalis sazRvrebi iqneba:
1.3(10.37) = 0.819 da  1.3(1+0.37) = =1.781. masasadame, 0.819 < σ <
1.781 albaTobiT 0.95.
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$35. ndobis intervali bernulis sqemaSi

bernulis sqemaSi (damukidebel cdaTa sqemaSi) ucnobi p  alb-

aTobis wertilovani Sefasebaa fardobiTi sixSire:

n
n

S
w

n
 ,

sadac
1

n

n i
i

S X


  ( 1iX  , Tu i -ur cdaSi moxda warmateba, da 0iX  ,

Tu i -ur cdaSi moxda marcxi) – warmatebaTa raodenobaa n  damouki-
debel cdaSi, amasTan

nEw p  da
(1 )

n

p p
Dw

n


 .

ucnobi p  albaTobisaTvis ndobis intervalis asagebad iyeneb-

en fardobiTi sixSiris standartizaciis Sedegad miRebul statist-
ikas:

(1 )
n

n

w p
T

p p

n





,

romelic, centraluri zRvariTi Teoremis Tanaxmad, daaxloebiT
normaluradaa ganawilebuli nulovani saSualoTo da erTeulovani
dispersiiT, Tu SerCevis moculoba n  sakmaod didia. magram, samwux-
arod, am statistikis gamosaxulebis mniSvnelSic Sedis Sesafasebe-
li p  parametri, rac saSuaulebas ar iZleva standartuli gziT
miviRoT ndobis intervali.

arsebobs aseTi gamosavali. SeiZleba gamoviyenoT gamartivebu-
li midgoma, romlis Tanaxmadac mniSvnelSi mdgomi ucnobi p  alba-

Toba unda SevcvaloT misi nw  SefasebiT da Sesabamisad, nT  statis-

tikis nacvlad gamoviyenoT Semdegi statistika:

ˆ
(1 )

n
n

n n

w p
T n

w w


 

 
.

gasagebia, rom am statistikas asimptoturad eqneba igive yofa-

qceva rac nT  statistikas. amis Semdeg ndobis intervali igeba stan-

dartuli gziT, ris Sedegadac vRebulobT, rom SerCevis didi moc-
ulobis SemTxvevaSi (1 )  ndobis albaTobis mqone ndobis interv-

als ucnobi p albaTobisaTvis aqvs Semdegi saxe:

/ 2 / 2

(1 ) (1 )
( ; )n n n n

n n

w w w w
w z w z

n n 
 

  ,            (1)

sadac / 2z -- standartuli normaluri ganawilebis zeda / 2  kriti-

kuli wertilia (standartuli normaluri ganawilebis zeda   kri-

tikuli wertili ewodeba iseT z  ricxvs, romlisTvisac

P { ( ;0;1) }P N x z    anu ( ) 1z    ).
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meore midgoma eyrdnoba agreTve normalur aproqsimacias: mov-
ZebnoT iseTi p  ricxvi, rom sruldebodes utoloba

/ 2 / 2{ } 1
(1 )
nw p

P z z
p p

n

  
     


.

rac tolfasia imisa, rom amovxsnaT p  cvladis mimarT gantoleba

/ 2
(1 )
nw p

z
p p

n







.

sabolood, am gziT miiRebuli dazustebuli (1 )  ndobis
albaTobis mqone ndobis intervali ucnobi p albaTobisaTvis iqne-

ba:
2 2 2 2

/ 2 / 2 / 2 / 2
/ 2 / 22 2

2 2
/ 2 / 2

(1 ) (1 )
2 4 2 4( , )

1 1

n n n n
n n

z w w z z w w z
w z w z

n n n n n n
z z

n n

   
 

 

 
     

 
.

cxadia, rom Tu n  imdenad didia, rom
2

/ 2z

n
 -isa da

2
/ 2
2

z

n
 -is ugu-

lebelyofa (nulTan gatoleba) SeiZleba, maSin ukanaskneli interva-
li daemTxveva (1) intervals.
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$36. hipoTezaTa statistikuri Semowmebis amocanebi

hipoTezebis statistikuri Semowmeba warmoadgens maTematiku-
ri statistikis umniSvnelovaness nawils. maTematikuri statistikis
meTodebi saSualebas iZleva SevamowmoT daSvebebi garkveuli SemT-
xveviTi sididis (generaluri erTobliobis) ganawilebis kanonis Se-
saxeb, am kanonis parametrebis (magaliTad, M , D ) mniSvnelobebis
Sesaxeb, erTi da igive generaluri erTobliobis obieqtebis simrav-
leze ganmartebul SemTxveviT sidideebs Soris korelaciuri kavSi-
ris arsebobis Sesaxeb.

davuSvaT, rom garkveuli monacemebis  mixedviT, gvaqvs safuZv-
eli wamovayenoT winadadeba ganawilebis kanonis Sesaxeb an SemTxve-
viTi sididis (an generaluri erTobliobis, romelTa obieqtebis si-
mravleze ganmartebulia mocemuli SemTxveviTi sidide) ganawilebis
kanonis parametris Sesaxeb. amocana mdgomareobs imaSi, rom davada-
sturoT an uarvyoT es winadadeba SerCeviTi (eqsperimentaluri) mo-
nacenebis gamoyenebis safuZvelze.

ganawilebis parametrebis mniSvnelobebis Sesaxeb an ori gana-
wilebis parametrebis sidideebis Sedarebis hipoTezebs, parametru-
li hipoTezebi ewodeba. hipoTezebs ganawilebis saxis Sesaxeb ki ar-
aparametruli hipoTezebi ewodeba.

statistikuri hipoTezis Semowmeba niSnavs, rom SevamowmoT Se-
rCevidan miRebuli monacemebi aris Tu ara SesabamisobaSi mocemul
hipoTezasTan (monacemebi eTanxmeba Tu ara mocemul hipoTezas). Sem-
owmeba xorcieldeba statistikuri kriteriumis saSualebiT. stati-
stikuri kriteriumi – es aris SemTxveviTi sidide, romlis ganawil-
ebis kanoni (parametrebis mniSvnelobebTan erTad) cnobilia im Sem-
TxvevaSi, Tu miRebuli hipoTeza samarTliania (zogjer statistik-
ur kriteriums ubralod statistikas uwodeben). am kriteriums uwo-
odeben agreTve Tanxmobis kriteriums (mxedvelobaSi aqvT ra miReb-
uli hipoTezis Tanxmoba SerCevidan miRebul SedegebTan).

hipoTezas, romelic wamoyenebulia SerCeviT monacemebTan misi
Tanxmobis Sesamowmeblad, nulovani hipoTeza ewodeba da aRiniSneba

0H -iT. 0H  hipoTezasTan erTad ixilaven (wamoayeneben) alternati-

ul anu sawinaaRmdego hipoTezasac, romelsac 1H -iT aRniSnaven. mag-

aliTad:

1) H0: M= 0 2) H0: M= 0 3) H0: M= 0
H1: M 0 H1: M> 0 H1: M= 2

davuSvaT, rom SemTxveviTi sidide K -- aris garkveuli 0H hi-

poTezis Semowmebis statistikuri kriteriumi. 0H hipoTezis samarT-

lianobis SemTxvevaSi K  SemTxveviTi sididis ganawilebis kanoni
xasiaTdeba garkveuli, CvenTvis cnobili ganawilebis simkvriviT
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( )Kp x . amovirCioT garkveuli mcire albaToba  , romelic tolia

0.05-is, 0.01-is an kidev ufro mcirea. ganvmartoT kriteriumis kriti-

kuli mniSvneloba Kkr  rogorc Semdegi sami gantolebidan erT-erT-

is amonaxsni, imis mixedviT Tu ra saxisaa nulovani da alternatiu-
li hipoTezebi:

                         P(K> Kkr ) = , (1)

P(K< Kkr ) = , (2)

                   P((K< Kkr1 )(K> Kkr2 )) = . (3)

SesaZlebelia sxva saxis gantolebebic, magram yvelaze xSirad
gvxvdeba swored aseTebi.

(1) gantolebis amoxsna (iseve rogorc (2) da (3) gantolebebis)

mdgomareobs SemdegSi: mocemuli   albaTobiT, viciT ra ( )Kp x  fu-

nqcia, romelic rogorc wesi mocemulia cxriliT, saWiroa ganiszR-

vros Kkr .

ras niSnavs (1) piroba?

Tu samarTliania 0H hipoTeza, maSin albaToba imisa, rom K

kriteriumi gadaaWarbebs garkveul Kkr mniSvnelobas Zalian mcirea

– 0.05, 0.01 an kidev ufro mcire, imis mixedviT Tu Cven ras amovirC-

evT. Tu KS --  SerCeviTi monacemebiT gamoTvlili K  kriteriumis

simZlavre metia vidre Kkr , es imas niSnavs, rom SerCeviTi monaceme-

bi ar iZlevian safuZvels nulovani 0H hipoTezis misaRebad (magal-

iTad, Tu 0.01  , maSin SeiZleba iTqvas, rom moxda iseTi xdomile-

ba, romelic 0H hipoTezis samarTlianobis SemTxvevaSi saSualod

gvxvdeba ara umetes vidre erTjer 100 SerCevidan). am SemTxvevaSi

amboben, rom 0H hipoTeza ar eTanxmeba SerCeviT monacemebs da is

unda iqnes ukugdebuli. Tu KS  ar aRemateba Kkr -s, maSin amboben,

rom SerCeviTi monacemebi ar ewinaaRmdegebian 0H hipoTezas, da ara

gvaqvs safuZveli am hipoTezis ukugdebis.

(1) gantolebis SemTxvevSi ares -- K> Kkr ewodeba kritikuli

are. Tu KS -s mniSvneloba moxvdeba kritikul areSi, maSin 0H hipo-

Teza ukugdebul iqneba. aseT kritikul ares marjvena kritikuli
are ewodeba. qvemoT moyvanilia (1) gantolebis sailustracio naxa-
zi:
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aq ( )Kp x -- K SemTxveviTi sididis cnobili ganawilebis simkvrivea

0H hipoTezis samarTlianobis SemTxvevaSi. SevniSnavT, rom daStri-

xuli figuris farTobi aq  -s tolia.
davuSvaT, rom SerCeulia garkveuli mcire mniSvneloba  al-

baTobis, am mniSvnelobis mixedviT gansazRrulia Kkr da SerCeviTi

monacemebis mixedviT gansazRrulia KS -s mniSvneloba, romelic mo-

xvda kritikul areSi. am SemTxvevaSi 0H hipoTeza ukugdebul iqne-

ba, magram is SeiZleba aRmoCndes samarTliani. ubralod, SemTxveviT
modxa xdomileba, romelsac gaaCnia Zalian mcire albaToba  . am
azriT  aris albaToba imisa, rom ukugdebul iqneba samarTliani

0H hipoTeza.

samarTliani hipoTezis ukugdebas pirveli gvaris Secdoma ew-
odeba.   albaTobas mniSvnelovnebis done ewodeba. amrigad, mniSvn-
elobnebis done – es aris pirveli gvaris Secdomis daSvebis alba-
Toba.

(2) gantoleba gansazRvravs marcxena kritikul ares. mis gamo-
saxulebas aqvs Semdegi saxe:

kritikuli aris (daStrixuli figuris farTobi) aqac  -s tolia.
da bolos, (3) gantoleba gansazRvravs ormxriv kritikul ar-

es. aseTi are gamosaxulia qvemoT moyvanil naxazze:
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aq kritikuli are Sedgeba ori nawilisagan. misi sazRvrebi ga-
nisazRvreba ise, rom sruldebodes piroba:

( ) ( / 2P K K P K K    kr1 kr2 .

am SemTxvevaSi TiToeuli daStrixuli figuris farTobi tolia
/ 2 -is.

kritikuli aris saxe damokidebulia imaze, Tu rogoria alte-
rnatiuli hipoTezaa.

rac ufro pataraa mniSvnelovnebis done, miT ufro mcirea
albaToba imisa, rom ukuvagdoT Sesamowmebeli 0H hipoTeza, roca

is samarTliania, anu davuSvaT pirveli gvaris Secdoma. magram, mni-
Svnelovnebis donis SemcirebasTan erTad farTovdeba 0H hipoTezis

miRebis are da Sesabamisad, izrdeba albaToba imisa, rom miviRoT
Sesamowmebeli hipoTeza, roca is araa samarTliani, anu maSin roca
upiratesoba unda miniWos alternatiul hipoTezas.

davuSvaT rom 0H hipoTezis samarTlianobisas K  statistik-

ur kriteriums gaaCnia simkvrive 0 ( )p x , xolo alternatiuli 1H hip-

oTezis samarTlianobisas ki -- 1( )p x  ganawilebis simkvrive. am funq-

ciebis grafikebi gamosaxulia naxazze:
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mniSvnelovnebis garkveuli donisaTvis vpoulobT kritikul

mniSvnelobas Kkr da marjvena kritikuli ares. Tu SerCeviTi monac-

enebis saSualebiT gansazRruli KS -s mniSvneloba aRmoCndeba ufro

naklebi, vidre Kkr , maSin 0H hipoTeza miiReba. davuSvaT, rom sinam-

dvileSi samarTliania 1H hipoTeza. maSin albaToba imisa, rom kri-

teriumi moxvdeba 0H hipoTezis miRebis areSi, aris garkveuli ric-

xvi  , romelic tolia im figuris farTobis, romelic SemosazRr-

ulia 1( )p x  funqciis grafikiTa da horizontaluri sakoordinato

RerZis naxevradusasrulo nawiliT, romelic Zevs Kkr wertilis ma-

rcxniv. cxadia, rom  -- aris albaToba imisa, rom miRebuli iqneba

arasamarTliani 0H hipoTeza.

arasamarTliani hipoTezis miRebas meore gvaris Secdoma ewo-
deba. gansaxilvel SemTxvevaSi ricxvi   aris meore gvaris Secdo-

mis albaToba. ricxvs 1  , romelic tolia albaTobis imisa, rom

ar iqneba daSvebuli meore gvaris Secdoma, kriteriumis simZlavre
ewodeba. zemoT moyvanil naxazze, kriteriumis simZlavre tolia im

figuris farTobis, romelic romelic SemosazRrulia 1( )p x  funqci-

is grafikiTa da horizontaluri sakoordinato RerZis naxevradus-

asrulo nawiliT, romelic Zevs Kkr wertilis marjvniv.

statistikuri kriteriumisa da kritikuli aris saxis SerCeva
xdeba ise, rom kriteriumis simZlavre iyos maqsimaluri.
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$37. hipoTezis Semowmeba lodinis Sesaxeb

statistikuri hipoTezis Semowmeba normaluri ganawilebis ma-
Tematikuri lodinis Sesaxeb cnobili dispersiis SemTxvevaSi:

davuSvaT, rom mocemulia normaluri kanoniT ganawilebuli
SemTxveviTi sidide  , romelic ganmartebulia garkveuli general-

uri erTobliobis obieqtebis simravleze. cnobilia, rom 2D  .

maTematikuri lodini M  ucnobia. davuSvaT, rom Cven gagvaCnia sa-
fuZveli imisa, rom davuSvaT: M a  , sadac a -- garkveuli ricxvia
(aseTi safuZveli SeiZleba iyos informacia generaluri erToblio-
bis obieqtebis Sesaxeb, msgavsi erTobliobebis kvlevis gamocdile-
ba da sxva). vigulisxmoT, rom gvaqvs agreTve meore informacia, ro-

melic gvicvenebs, rom 1M a  , sadac 1a a .

I. vayenebT nulovan hipoTezas -- 0 :H M a  alternatiuli

hipoTezis winaaRmdeg -- 1 1:H M a  .

vakeTebT n moculobis SerCevas 1 2, ,..., nx x x . Semowmebas safuZv-

lad udevs is faqti, rom SemTxveviTi sidide x  (SerCeviTi saSua-

lo) ganawilebulia normaluri ganawilebis kanoniT 2 / n -is toli

dispersiiTa da a -s (Sesabamisad, 1a -is) toli maTematikuri lodin-

iT 0H  (Sesabamisad, 1H ) hipoTezis samarTlianobis SemTxvevaSi.

cxadia, rom Tu sidide x aRmoCndeba sakmarisad mcire, maSin

es gvaZlevs safuZvels 0H hipoTezas mivaniWoT upiratesoba 1H hip-

oTezasTan SedarebiT. meores mxriv, x -is sakmarisad didi mniSvnel-

obis SemTxvevaSi ufro albaTuria 1H hipoTezis samarTlianoba. am-

ocana SeiZleba ase daisvas: saWiroa mioZebnos garkveuli kritiku-
li ricxvi, romelic SerCeviTi saSualos yvela SesaZlo mniSvnel-
obebs (am amocanis SemTxvevaSi, es mTlianad namdvil ricxvTa simr-

avlea) gayofs naxevradusasrulo Sualedad. x SerCeviTi saSualos

marcxena intervalSi moxvedrisas unda miviRoT 0H hipoTeza, xolo

x -is marjvena intervalSi moxvedrisas upiratesoba unda mieniWos

1H hipoTezas. Tumca sinamdvileSi iqcevian ramdenadme sxvanairad.

statistikuri kriteriumis rolSi irCeven SemTxveviT sidides

   /naxz ,
romelic ganawilebulia normaluri ganawilebis kanoniT, parametr-

rebiT: 0Mz   da 1Dz  0H hipoTezis samarTlianobis SemTxvevaSi.

Tu ki samarTliania 1H hipoTeza, maSin Mz = a* = ( a1 – a ) n / da Dz =

=1. qvemoT moyvanilia 0 ( )p z  da 1( )p z  funqciebis grafikebi, romleb-

ic warmoadgenen z  SemTxveviTi sididis ganawilebis simkvrivis fun-

qciebs Sesabamisad 0H  da H 1H  hipoTezebis samarTlianobisas.
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Tu SerCeviTi monacemebidan miRebuli x -is mniSvneloba Seda-
rebiT didia, maSin z  sididec didi iqneba, rac warmoadgens mtkice-

bulebas 1H  hipoTezis sasargeblod. x -is SedarebiT mcire mniSvne-

lobebs mivyavarT z -is mcire mniSvnelobebamde, rac metyvelebs 0H
hipoTezis sasargeblod. aqedan gamomdinareobs, rom unda SeirCes
marjvena kritikuli are. arCeuli mniSvnelovnebis   donisaTvis
(magaliTad, 0.05  ), visargeblebT ra im garemoebiT, rom  SemTxvev-
iTi sidide z  ganawilebulia normaluri ganawilebis kanoniT, ganv-

sazRvravT Kkr -s Semdegi Tanafardobidan:

( ) ( ) ( ) 0.5 ( )P K z K K           kr kr kr .

aqedan ( ) (1 2 ) / 2K  kr , da Kkr -s sapovnelad saWiroa visargebloT

laplasis funqciis cxriliT.

Tu z -is mniSvneloba, gamoTvlili x  SerCeviTi saSualos mix-
edviT, moxvdeba hipoTezis miRebis areSi ( z K kr ), maSin 0H hipoTe-

za miiReba (keTdeba daskvna, rom SerCeviTi monacemebi ar ewinaaRmd-
egeba 0H hipoTezas). Tu z  sidide xvdeba kritikul areSi, maSin 0H
hipoTezas ukuagdeben.

gamovTvaloT am amocanaSi kriteriumis simZlavre. gvaqvs:

11 ( ) [ ( ) / ]K a a n        kr .

aqedan Cans, rom kriteriumis simZlavre miT ufro didia, rac ufro

didia sxvaoba 1a a .

II. Tu wina amocanaSi davsvamT sxva pirobas, kerZod, 1a a , anu

ganvixilavT nulovan hipoTezas -- 0 :H M a  alternatiuli hipoTe-

zis winaaRmdeg -- 1 1:H M a  , 1a a , maSin zemoT moyvanili msjelob-



161

is analogiiT gasagebia, rom unda ganvixiloT marcxena kritikuli
are. naxazi iqneba Semdegi saxis:

aq, iseve rogorc wina SemTxvevaSi, a* = ( a1 – a ) n /, xolo kritik-

uli ricxvi Kkr  ganisazRvreba Semdegi Tanafardobidan:

2/1)()()()( 0  krkrkr KKKzP  .

Tu visargeblebT TanafardobiT )()(0 krkr KK   , miviRebT:

2/)21()(0   krK .

SevniSnavT, rom amocanis Sinaarsidan gamomdinare, aq Kkr  uaryofi-

Ti ricxvia.
SerCeviTi monacemebiT gamoTvlili z -is is mniSvnelobebi,

romlebic metia Kkr -ze eTanxmeba 0H hipoTezas. Tu z  sidide

xvdeba kritikul areSi ( z K kr ), maSin upiratesoba eniWeba 1H

hipoTezas da ukuagdeben 0H hipoTezas.

III. ganvixiloT axla aseTi amocana:

0 :H M a  ;

1 :H M a  .

am SemTxvevaSi z sididis didi gadaxrebi nulisagan rogorc

dadebiT, ise uaryofiT mxares, metyvelebs 0H  hipoTezis sawinaaRmd-

egod, anu aq saWiroa ganxilul iqnes ormxrivi kritikuli are, ise
rogorc es naCvenebia naxazze:
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am SemTxvevaSi kritikuli mniSvneloba Kkr ganisazRvreba Tan-

afardobidan:

1)(2)()(1)(  krkrkrkrkr KKKKzKP  ,

saidanac vRebulobT, rom:

2/2/1,2/1)(  zxKK  krkr .

statistikuri hipoTezis Semowmeba normaluri ganawilebis ma-
Tematikuri lodinis Sesaxeb ucnobi dispersiis SemTxvevaSi:

am SemTxvevaSi statistikuri kriteriumis (statistikis) rol-
Si iReben Semdeg SemTxveviT sidides:

S

naX
T

)( 0
 ,

sadac S – Sesworebuli saSualo kvadratuli gadaxraa. cnobilia,
rom am SemTxveviT sidides gaaCnia stiudentis ganawileba Tavisuf-
lebis xarisxiT k = n– 1. ganvixiloT igive alternatiuli hipoTeze-
bi da Sesabamisi kritikuli areebi, rac gvqonda cnobili dispersi-
is SemTxvevaSi. winaswar gamovTvaloT kriteriumis dakvirvebuli
(SerCeviTi) mniSvneloba

0( )х a n
T

S


 S

S .

davuSvaT, rom gvaqvs nulovani hipoTeza -- 0 0:H M a  altern-

atiuli hipoTezis winaaRmdeg -- 1 0:H M a  . movcemuli  -sa da

1k n  -saTvis stiudentis ganawilebis cxrilidan vpoulobT stiu-

dentis ormxriv kritikul wertils tkr . Tu aRmoCnda, rom | |T tS kr ,

maSin nulovani hipoTeza miiReba. Tu | |T tS kr , maSin nulovani hipoT-

eza ukugdebul iqneba.
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Tu igive nulovani hipoTezis winaaRmdeg ganvixilavT altern-

atiul 1 0:H M a   hipoTezas, maSin Sesabamisi cxrilidan vpoulobT

marjvena kritikuli aris kritikul wertils ( , )t kkr , da miviRebT

nulovan hipoTezas, Tu ( , )T t kS kr  (winaaRmdeg SemTxvevaSi miiReba

alternatiuli hipoTeza).

bolos, Tu alternatiuli hipoTezaa 1 0:H M a  , gveqneba mar-

cxena kritikuli are da nulovani hipoTeza miiReba im SemTxvevaSi,

roca ( , )T t k S kr . Tu ki ( , )T t k S kr , maSin nulovan hipoTezas uar-

yofen.
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$38. hipoTezis Semowmeba dispersiebis tolobis Sesaxeb

dispersiebis Sesaxeb hipoTezebi Zalian mniSvnelovan rols
TamaSoben ekonomikur-maTematikuri modelirebisas, vinaidan eqsperi-
mentuli SerCeviTi monacemebis gabnevis sidide Sesabamisi parametr-
ebis gaTvlili Teoriuli mniSvnelobebidan, romelic xasiaTdeba
dispersiiT, SesaZleblobas gvaZlevs gadavwyvitoT im  modelis gam-
osadegoba (adeqvaturoba), romlis safuZvelzec igeba Teoria.

davuSvaT, rom normaluri kanoniT ganawilebuli   SemTxvevi-
Ti sidide gansazRrulia garkveul simravleze, romelic qmnis gene-
ralur erTobliobas, xolo normaluri kanoniT ganawilebuli 
SemTxveviTi sidide ganmartebulia sxva simravleze, romelic agre-
Tve Seadgens generalur erTobliobas. orive erTobliobidan keTd-

eba SerCeva: pirvelidan -- 1n  moculobis mqone, xolo meoredan -- 2n
moculobis mqone (SevniSnavT, rom SerCevis moculoba yovelTvis ar
SeiZleba Tavidanve gansazRruli iyos, magaliTad, im SemTxveva-Si,
Tu SerCeva aris badeSi moxvedrili Tevzebi). TiToeuli SerCevi-

saTvis gamoiTvleba Sesworebuli SerCeviTi dispersia: 2
1s -- SerCevi-

saTvis pirveli erTobliobidan da 2
2s -- SerCevisaTvis meore erTob-

liobidan.
amocana mdgomareobs SemdegSi: SerCeviTi monacemebis saSuale-

biT SevamowmoT statistikuri hipoTeza 0 :H D D  . alternatiuli

hipoTezis rolSi ganvixilavT ideas, romelic mdgomareobs imaSi,
rom im erTobliobis dispersia, romlis Sesworebuli SerCeviTi di-
spersia aRmoCnda udidesi, metia vidre meore erTobliobis disper-
sia. ganixileba Semdegi saxis kriteriumi:

** */F S S ,

sadac **S -- udidesia 2
1s  da 2

2s  Sefasebebs Soris, xolo *S -- ki maT

Soris umciresi.
cnobilia, rom F  kriteriumi ganawilebulia fiSeris ganawi-

lebis kanoniT Tavisuflebis 1k  da 2k  xarisxebiT, sadac:

1 1 2 21, 1k n k n    , Tu ** 2
1S s ;

1 2 2 11, 1k n k n    , Tu ** 2
2S s .

am amocanaSi bunebrivia ganvixiloT marjvena kritikuli are,
vinaidan F kriteriumis sakmarisad didi SerCeviTi mniSvneloba met-
yvelebs alternatiuli hipoTezis sasargeblod.

mocemuli mniSvnelovnebis donisaTvis q  (Cveulebriv, 0.05q 
an 0.01q  ) kritikuli mniSvneloba Fkr  ganisazRvreba fiSeris gana-

wilebis cxrilidan. im SemTxvevaSi, roca F F kr  xdeba 0H  hipoTe-

zis uaryofa, xolo roca F F kr -- 0H  hipoTeza miiReba.
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davuSvaT, rom garkveuli obieqtebis ori simravle, romelTac
gaaCniaT raodenobrivi niSani, eqvemdebareba SerCeviT kontrols.
raodenobrivi niSnis mniSvnelobebi arian normaluri ganawilebis
kanoniT ganawilebuli SemTxveviTi sidideebi, romelTac Cven avRni-

SnavT 1 -iT da 2 -iT Sesabamisad, pirveli da meore simravleebisa-

Tvis. pirveli simravlidan gakeTebulia 1 21n   moculobis SerCeva

da napovnia Sesworebuli SerCeviTi dispersia, romelic aRmoCnda

0.75-is toli.  meore simravlidan gakeTebulia 2 11n   moculobis Se-

rCeva. misi Sesworebuli SerCeviTi dispersiaa 0.25. vayenebT hipoTez-

as: 0 1 2:H D D  . alternatiuli hipoTeza mdgomareobs imasi, rom

1 1 2:H D D  . am SemTxvevaSi fiSeris kriteriumis SerCeviTi mniSvne-

loba 3F S . arCeuli 0.05q   mniSvnelovnebis donisaTvis, Tavisuf-

lebis 1 20k   da 2 10k  xarisxiT, fiSeris ganawilebis cxrilidan

vpoulobT, rom 2.77F kr . vinaidan, F FS kr , hipoTeza dispersiebis

tolobis Sesaxeb unda ukugdebul iqnes.
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$39. hipoTezis Semowmeba SerCeviTi korelaciis koeficientis
statistikuri mniSvnelovnebis Sesaxeb

generaluri erTobliobis   parametris SerCeviTi   Sefaseb-
is statistikuri mniSvnelovnebis Semowmeba ewodeba 0 : 0H    stati-

stikuri hipoTezis Semowmebas alternatiuli 1 : 0H    hipoTezis wi-

naaRmdeg. Tu moxdeba 0H  hipoTezis uaryofa, maSin   Sefaseba iTv-

leba statistikurad mniSvnelovnad.
davuSvaT, rom mocemulia erTi da igive generaluri erTobl-

iobis obieqtTa simravleze gansazRruli normaluri kanoniT ganaw-
ilebuli ori SemTxveviTi sidide   da  . Cveni mizania SevamowmoT

statistikuri hipoTeza   da  SemTxveviT sidideebs Soris kore-
elaciuri kavSiris ar arsebobis Sesaxeb:

0 : ( , ) 0H     ; 1 : ( , ) 0H     .

vatarebT n  moculobis SerCevas da gamoiTvleba SerCeviTi
korelaciis koeficienti r . statistikuri kriteriumis rolSi gani-
xileba SemTxveviTi sidide

22 / 1t r n r   ,
romelic ganawilebulia stiudentis ganawilebis kanoniT Tavisuf-
lebis xarisxiT 2n  .

SevniSnavT, rom SerCeviTi korelaciis r  koeficientis yvela
SesaZlo mniSvneloba moTavsebulia [-1,1] intervalSi. gasagebia, rom
t  sididis SedarebiT didi gadaxrebi nulidan nebismier mxares mii-
Reba SedarebiT didi, anu moduliT 1-Tan axlos mdgomi r -is mniSvn-
elobebisaTvis. vinaidan, moduliT 1-Tan axlos mdgomi r -is mniSvne-
lobebi ewinaaRmdegebian 0H  hipoTezas, amitom bunebrivia, rom aq

ganvixiloT ormxrivi kritikuli are t  kriteriumisaTvis.
mniSvnelovnebis   donisa da Tavisuflebis xarisxis 2n   ri-

cxvis mixedviT stiudentis ganawilebis cxrilidan vpoulobT krit-

ikul mniSvnelobas tkr . Tu kriteriumis SerCeviTi mniSvnelobis tS

moduli aRemateba tkr -s, maSin xdeba 0H  hipoTezis uaryofa da kore-

laciis SerCeviTi koeficienti iTvleba statistikurad mniSvnelovn-

ad. winaaRmdeg SemTxvevaSi, anu Tu | |t tS kr , miiReba 0H  hipoTeza da

korelaciis SerCeviTi koeficienti iTvleba statistikurad ara mni-
Svnelovnad.
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$40. hipoTezaTa Semowmeba bernulis sqemaSi

davuSvaT, rom Catarebulia п damoukidebeli eqsperimenti (п –
sakmaod didi ricxvia), romelTagan TiToeulSi garkveuli А xdomi-
leba xdeba erTi da igive, magram ucnobi р albaTobiT; napovnia eqs-
perimentebis am seriaSi А xdomilebis moxdenis fardobiTi sixSire

п
т

. mniSvnelovnebis mocemuli α donisaTvis SevamowmoT Н0 hipoTeza,

romelic mdgomareobs imaSi, rom р albaToba tolia garkveuli р0

ricxvis.
statistikuri kriteriumis rolSi aviRoT SemTxveviTi sidide

00

0

qp

np
n

M

U






 

 ,

romelsac gaaCnia normaluri ganawileba parametrebiT M(U) = 0, σ(U)=
= 1. aq q0 = 1 – p0. daskvna kriteriumis normalurad ganawilebulobis
Sesaxeb gamodis laplasis Teoremidan (sakmaod didi п–ebisaTvis
fardobiTi sixSire daaxloebiT SeiZleba CaiTvalos normalurad
ganawilebulad maTematikuri lodiniT р da saSualo kvadratuli

gadaxriT
n

pq
). kritikuli are igeba alternatiuli hipoTezis sax-

is mixedviT.
1). Tu Н0: р = р0, xolo Н1: р ≠ р0, maSin kritikuli are unda avag-

oT ise, rom kriteriumis am areSi moxvedris albaToba toli iyos
mocemuli α mniSvnelovnebis donis. amasTanave kriteriumis udidesi
simZlavre miiRweva maSin, roca kritikuli are Sedgeba ori interva-

lisagan, romelTagan TiToeulSi moxvedris albaTobaa
2


. vinaidan

U simetriulia ordinatTa RerZis mimarT, amitom misi (-∞; 0) da
(0; +∞) intervalebSi moxvedris albaTobebia 0.5. Sesabamisad, kritik-
uli are agreTve unda iyos simetriuli ordinatTa RerZis mimarT.

amitom, ukr  ganisazRvreba normaluri ganawilebis cxrilidan, ise

rom Sesruldes piroba 0

1
( )

2
Ф u 

kr , xolo kritikul ares aqvs

saxe: ( ; ) ( ; )u u   kr kr  (aq
2

2
0

0

( )
х t

Ф х е dt


  ).

Semdgom unda gamovTvaloT kriteriumis dakvirvebuli (SerCev-
iTi) mniSvneloba

0

0 0

т
p n

n
U

p q

  
 S   .
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Tu aRmoCnda, rom | |U uS kr , maSin miiReba nulovani hipoTeza,

xolo Tu | |U uS kr , maSin nulovan hipoTezas ukuvagdebT.

2). Tu alternatiuli hipoTeza Н1: р > p0 saxisaa, maSin kritiku-

li are ganisazRvreba utolobiT U u kr , e. i. gvaqvs marjvena kriti-

kuli are, amasTan ( )P U u  kr . Sesabamisad,

1 1 2
(0 )

2 2
P U u

 
    kr .

amitom normaluri ganawilebis cxrilidan vipoviT ukr -s ise, rom

0

1 2
( )

2
Ф и 

kr .

Semdeg viTvliT kriteriumis SerCeviT mniSvnelobas

0

0 0

т
p n

n
U

p q

  
 S .

da, Tu aRmoCnda, rom U uS kr , maSin miiReba nulovani hipoTeza. Tu

ki U uS kr , maSin miiReba alternatiuli hipoTeza.

3). alternatiuli hipoTezisaTvis Н1: р < p0 , kritikuli ara mar-

cxena calmxrivia da moicema utolobiT U u  kr , sadac ukr  gamoiT-

vleba ise, rogorc wina SemTxvevaSi.

Tu U u S kr , maSin miiReba nulovani hipoTeza.

Tu U u S kr , maSin miiReba alternatiuli hipoTeza.

magaliTi. davuSvaT Catarebulia 50 damoukidebeli eqsperimen-
ti, А xdomilebis moxdenis fardobiTi sixSire aRmoCnda 0,12. mniSvn-
elovnebis α = 0.01 donisaTvis SevamowmoT nulovani Н0: р = 0.1 hipoTe-
za alternatiuli Н1: р > 0.1 hipoTezis SemTxvevaSi.

amoxsna. vipovoT kriteriumis SerCeviTi mniSvneloba

(0.12 0.1) 50
0.471.

0.1 0.9
U


 

S

kritikuli are iqneba marjvena calmxrivi, xolo kritikuli werti-
li unda vipovoT pirobidan

0

1 2 0.01
( ) 0.49.

2
u

 
  kr

normaluri ganawilebis funqciis cxrilidan vpoulobT, rom

2.33u kr . vinaidan, U uS kr , amitom miiReba hipoTeza imis Sesaxeb,

rom р = 0.1.
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$41. Tanxmobis kriteriumebi. xi kvadrat kriteriumi

aqamde Cven vixilavdiT hipoTezebs, romlebSic generaluri
erTobliobis ganawilebis kanoni iTvleboda, rom iyo cnobili. ax-
la Cven SevudgebiT hiopoTezebis Semowmebas ucnobi ganawilebis ka-
nonis savaraudo saxis Sesaxeb, e. i. SevamowmebT nulovan hipoTezas
imis Sesaxeb, rom generaluri erToblioba ganawilebulia garkveu-
li cnobili kanonis mixedviT. aseTi hipoTezebis Semowmebis statis-
tikur kriteriumebs, Cveulebriv, Tanxmobis kriteriumebs uwodeben.

pirsonis kriteriumi (xi kvadrat kriteriumi). pirsonis krite-
riumis saSualebiT SesaZlebelia sxvadasxva ganawilebis kanonis
Sesaxeb hipoTezebis Semowmeba.

I. hipoTezis Semowmeba ganawilebis normalurobis Sesaxeb.
vigulisxmoT, rom miRebulia sakmarisad didi п moculobis

SerCeva gansxvavebuli variantebis didi ricxviT. misi damuSavebis
moxerxebulobis mizniT variantebis umciresi mniSvnelobidan udi-
des mniSvnelobamde intervali davyoT s tol nawilad da CavTval-
oT, rom variantebis mniSvnelobebi, romlebic moxvdenen calkeul
intervalSi daaxloebiT tolia am intervalis Suawertilis momce-
mi ricxvis. davTvaloT ToToeul intervalSi moxvedrili variante-
bis raodenoba da SevadginoT e. w. dajgufebuli SerCeva

variantebi
1x 2x  nx

sixSire
1n 2n  kn

sadac хi – intervalis Suawertilis mniSvnelobaa, xolo пi – varia-
ntebis ricxvia, romlebic moxvdnen i –ur intervalSi (empiriuli
sixSireebi).

miRebuli monacemebiT gamovTvaloT SerCeviTi saSualo xS  da

SerCeviTi saSualo kvadratuli gadaxra S . SevamowmoT winadadeba,

rom generaluri erToblioba ganawilebulia normaluri kanoniT

paramatrebiT E x  S  da D  S . maSin Cven SegviZlia daviTvaloT

ricxvebis raodenoba п moculobis SerCevidan, ramdenic unda aRmoC-
ndes TiToeul intervalSi am daSvebis dros (e. i. Teoriuli sixSi-
reebi). am mizniT, normaluri ganawilebis funqciis cxrilidan vpo-
ulobT i –ur intervalSi moxvedris albaTobas:

i i
i

b x a x
p

 
    

     
   

S S

S S

sadac аi da bi -- i -uri intervalis sazRvrebia. miRebuli albaTobeb-
is SerCevis moculobaze gamravlebiT vpoulobT Teoriul sixSire-
ebs: пi =n·pi. Cveni mizania – SevadaroT empiriuli da Teoriuli sixS-
ireebi, romlebic, ra Tqma unda, ganxsxvavdebian erTmaneTisagan, da
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gavarkvioT, arian Tu ara es gansxvavebebi araarsebiTi, romlebic
ar uaryofen hipoTezas gamosakvlevi SemTxveviTi sididis normalu-
ri ganawilebis Sesaxeb, an es gansxvavebebi imdenad didia, rom ewin-
aaRmdegebian am hipoTezas. am mizniT gamoiyeneba kriteriumi Semdegi
SemTxveviTi sididis saxiT


 




s

i i

ii

n

nn

1

2
2 )(

 .                                                 (1)

am kriteriumis aRebis azri SemdegSi mdgomareobs: ikribeba is wil-
ebi, rasac Seadgens empiriuli sixSireebis Teoriuli sixSireebisa-
gan gadaxris kvadratebi, Sesabamisi Teoriuli sixSireebisagan. Sei-
Zleba damtkicdes, rom generaluri erTobliobis realuri ganawil-
lebis kanonisagan damoukideblad (1) SemTxveviTi sididis ganawile-

bis kanoni uaxlovdeba (miiswrafis) 2  ganawilebisaken Tavisufle-

bis xarisxiT k = s – 1 – r, (roca п ), sadac r – SerCevis monacemeb-
iT Sesafasebuli savaraudo ganawilebis parametrebis raodenobaa.

normaluri ganawileba xasiaTdeba ori parametriT, amitom k =
=s – 3. arCeuli kriteriumisaTvis igeba marjvena calmxrivi kritiku-
li are, romelic ganisazRvreba utolobiT

2 2( ( , ))p k    kr ,                                                   (2)

sadac α –mniSvnelovnebis donea. Sesabamisad, kritikuli are moicema

utolobiT 2 2 ( , )k   kr , xolo hipoTezis miRebis area -- 2 2 ( , )k   kr .

amrigad, imisaTvis, rom SevamowmoT nulovani hipoTeza Н0 : ge-
neraluri erToblioba ganawilebulia normalurad – unda gamovTv-
valoT SerCevis mixedviT kriteriumids dakvirvebuli mniSvneloba:

2
2

1

( )s
i i

i i

n n

n







S ,                                                    (3)

xolo 2  ganawilebis kritikuli wertilebis cxrilidan vipovoT

kritikuli wertili 2 ( , )k kr  cnobili α da k = s – 3 mniSvnelobebisa-

Tvis. Tu aRmoCnda, rom 2 ( , )k  2
S kr -- vRebulobT nulovan hipoTez-

as, Tu 2 ( , )k  2
S kr , maSin – ukuvagdebT.

II. hipoTezis Semowmeba Tanabari ganawilebis Sesaxeb.
pirsonis kriteriumis gamoyenebisas generaluri erTobliobis

Tanabari ganawilebis Sesaxeb hipoTezis Semowmebisas savaraudo ga-
nawilebis simkvriviT












),(,0

),(,
1

)(
bax

bax
abxf

aucilebelia arsebuli SerCevis mixedviT gamovTvaloT SerCeviTi

saSualo xS da SevafasoT а da b parametrebi formulebiT:
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BBВВ xbха  3*,3*  ,                                  (4)
sadac а*  da b* -- а-sa da b-s Sefasebebia. marTlac, vinaidan
Tanabari ganawilebisaTvis:

2

a b
E 

 ,
3212

)(
)()(

2 baba
XDx





 ,

aqedan SegviZlia miviRoT gantolebaTa sistema а*-sa  da b* -saTvis:
















B

B

ab

x
ab


32

**
2

**

romlis amoxsnasac warmoadgens swored (4) gamosaxulebebi.

Semdeg, vuSvebT, rom
**

1
)(

ab
xf


 da vpoulobT Teoriul six-

Sireebs formulebidan:

*);(
**

1
*))(( 1111 ax

ab
naxxnfnpn 




;1,...,2,1),(
**

1
... 1132 


  sixx

ab
nnnn iis

).*(
**

1
1


 ss xb

ab
nn

aq s – im intervalebis ricxvia, ramden intervaladac gaiyo SerCeva.
pirsonis kriteriumis dakvirvebuli mniSvneloba gamoiTvleba

(3) formulidan, xolo kritikuli wertili 2 ( , )k kr -- 2  ganawile-

bis kritikuli wertilebis cxrilidan Tavisuflebis xarisxis k =
 = s – 3 ricxvis gaTvaliswinebiT. amis Semdeg viqceviT ise. rogorc

wina SemTxvevaSi. kerZod, Tu aRmoCnda, rom 2 ( , )k  2
S kr -- vRebul-

obT nulovan hipoTezas, Tu 2 ( , )k  2
S kr , maSin – ukuvagdebT.

III. hipoTezis Semowmeba maCvenebliani (eqsponencialuri) ganaw-
ilebis Sesaxeb.

am SemTxvevaSi mocemul SerCevas vyofT Tanabari sigrZis int-

ervalebad da vixilavT variantebis mimdevrobas
2

1* 
 ii

i

xx
x , romle-

bic Tanabrad daSorebuli arian erTmaneTisagan (iTvleba, rom yve-
la varianti, romelic moxvda i –ur intervalSi Rebulobs mniSvnel-
obas, romelic emTxveva am intervalis Suawertils), da Sesabamisi
ni sixSireebis mimdevrobas (i –ur intervalSi mixvedrili varianteb-

is ricxvi). am monacemebiT gamovTvaloT SerCeviTi saSualo xS da
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miviRoT   parametris Sefasebad
Вх

1
*  . maSin Teoriuli sixSire-

ebi gamoiTvleba formuliT

).()( 1
1


  ii xx

iiiiiii eenxXxpnpnn 

Semdeg pirsonis kriteriumis dakvirvebuli mniSvneloba gamoi-

Tvleba (3) formulidan, xolo kritikuli wertili 2 ( , )k kr -- 2
ganawilebis kritikuli wertilebis cxrilidan Tavisuflebis xari-
sxis k =  s – 2 ricxvis gaTvaliswinebiT.

Tu aRmoCnda, rom 2 ( , )k  2
S kr -- vRebulobT nulovan hipoTez-

as, Tu 2 ( , )k  2
S kr , maSin – ukuvagdebT.
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$42. kolmogorov-smirnovis kriteriumi

mcire SerCevis dros mizanSewonilia iseTi kriteriumis gamo-

yeneba, romelic (gansxvavebiT 2 kriteriumisagan) daeyrdnoba indiv-
idualur da ara dajgufebul monacemebs. erT-erTi aseTi umniSvne-
lovanesi kriteriumia kolmogorovis kriteriumi. igi gamoiyeneba Н0

hipoTezis Sesamowmeblad imis Sesaxeb, rom damoukidebel da erTni-
irad ganawilebul Х1, Х2, …, Хп SemTxveviT sididebs gaaCniaT mocemu-
li uwyveti F(x) ganawilebis funqcia. ganvixiloT hipoTeza

0 0: ( ) ( )H F x F x  ormxrivi alternativis winaaRmdeg

1 0
| |

: max | ( ) ( ) | 0
x

H F x F x


  .

ganvixiloT agreTve calvmxrivi alternatiuli hipoTezebi

1 0
| |

: max( ( ) ( )) 0
x

H F x F x


   da 1 0

| |
: max( ( ) ( )) 0

x
H F x F x


  .

Н0 hipoTezis Sesamowmeblad 1 1,H H   da 1H   alternativebis wi-

naaRmdeg gamoiyeneba kolmogorovisa da smirnovis kriteriumebi,
romelTa Sesabamisi statistikebia:

| |
max | ( ) ( ) |n n

x
D F x F x


  ,

| |
max( ( ) ( ))n n

x
D F x F x


   da

| |
min( ( ) ( ))n n
x

D F x F x


   .

vipovoT empiriuli ganawilebis funqcia Fn(x)  da ormxrivi
kritikuli aris sazRvrebi movZebnoT pirobidan:

nn
x

n xFxFD 


|)()(|sup
||

.                               (1)

a. kolmogorovma daamtkica, rom Н0 hipoTezis samarTlianobis SemT-
xvevaSi Dn statistikis ganawileba ar aris damokidebuli F(x) funqc-
iaze, da roca п , adgili aqvs krebadobas:

,0),()(   KDnp n              (2)
sadac







m

mm eK
222)1()(  --

aris kolmogorovis kriteriumi, romlis mniSvnelobebis povna Sesa-
Zlebelia Sesabamisi cxrilebidan. kriteriumis kritikuli mniSvne-
loba λп(α) gamoiTvleba mocemuli mniSvnelovnebis  donis mixedv-

iT, rogorc   )( nDp gantolebis amonaxsni.

mtkicdeba, rom kriteriumis kritikuli mniSvneloba λп(α) gamo-
iTvleba Semdegi miaxloebiTi formuliT:

nn

z
п 6

1

2
)(  ,

sadac z – aris 1
2

K
 

 
   

 
gantolebis amonaxsni.

praqtikul amocanebSi Dn statistikis gamosaTvlelad gamoiye-
neba Tanafardoba:
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),max(  nnn DDD ,
sadac

,
1

)(max,)(max )(
1

)(
1







 







 









n

m
XFDXF

n

m
D m

nm
nm

nm
n

xolo )()2()1( ... nXXX  – variaciuli mwkrivia, agebuli Х1, Х2, …, Хп

SerCevis mixedviT.

Tu Н0 hipoTeza samarTliania, maSin nD  da nD  statistikebi

erTnairad arian ganawilebuli. cnobilia, rom Tu 0.2  , maSin di-

di sizustiT ( ) (2 )n n     , sadac ( )n   aris nD  kriteriumis kriti-

kuli mniSvneloba.
hipoTezebis Semowmebis wesi SemdegSi mdgomareobs: a). Н0 hipo-

Tezis Semowmebisas 1H  alternativis winaaRmdeg viwunebT Н0 hipoT-

ezas, roca ( )n nD   : b). Tu ( )n nD    , maSin Н0 hipoTezas uarvyofT

1H   alternativis sasargeblod.

kolmogorovis kriteriums SeiZleba mieces Semdegi geometri-
uli interpretacia: Tu sakoordinato sibrtyeze gamovsaxavT Fn(x)
da Fn(x) ±λn(α) funqciebis grafikebs, maSin Н0 hipoTeza samarTliania,
Tu F(x) funqciis grafiki ar gamodis Fn(x) -λn(α) da Fn(x) +λn(α) funqcie-
bis grafikebs Soris moTavsebuli aridan:

х
SeniSvna. aRsaniSnavia, rom kolmogorov-smirnovis tipis stat-

istikebis kvlevaSi didi wvlili miuZRviT qarTvel mecnierebs. 1949-
1951 wlebSi prof. g. maniam daadgina aRniSnuli statistikebis zRva-
riTi ganawileba da gamoTvala kritikuli mniSvnelobebi. 1964-1965
wlebSi prof. e. nadaraiam aCvena ucnobi ganawilebis simkvrivis gu-
lovani Sefasebis krebadoba Teoriuli simkvrivisaken da daadgina
Sefasebis sizuste. e. nadaraias mier SemoTavazebuli iyo agreTve
ucnobi regresiis funqciisaTvis gulovani Sefasebebi, romelic li-
teraturaSi nadaraia-vatsonis Sefasebis saxeliTaa cnobili.
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$43. damoukideblobis hipoTezis Semowmeba

ganvixiloT erTi populaciis ori sxvadasxva niSnis (an faqt-
oris) erTmaneTTan damokidebulebis sakiTxi. davuSvaT, rom popula-
ciidan aRebulia n moculobis SerCeva da am SerCevis elementebi
klasificirebulia ori A da B niSnis mixedviT. davuSvaT, rom da-

kvirvebaTa yvela SesaZlo Sedegi dayofilia A niSniT 1,..., kA A , xo-

lo B niSniT 1,..., rB B kategoriebad. populaciis yoveli elementi

ekuTvnis zustad erT kategorias A niSnis Sesabamisi romelime
klasidan da aseve zustad ert romelime kategorias B niSnis mixe-

dviT. amitom dakvirvebuli monacemebi iyofa r k raodenobis i jA B

araTavsebad jgufad. Tu ijn -iT avRniSnavT im monacemTa raodenobas,

romlebic erTdroulad ekuTvnian A niSnis i -ur da B niSnis j -ur
kategorias da CavwerT am sidides cxrilis i -uri svetisa da j -uri
striqonis gadakveTaze, miviRebT organzomilebian niSanTa SeuRleb-
is qvemoT moyvanil cxrils, romelsac iyeneben A da B niSnebis
damoukideblobis hipoTezis Sesamowmeblad.

B
A

B1 B2 … Bj … Br 

A1 n11 n12 … n1j … n1r n1

A2 n21 n22 … n2j … n2r n2

       

Ai ni1 ni2 … nij … nir ni

       

Ak nk1 nk2 … nkj … nkr nk

 n1 n2 … n j … nr n

am cxrilSi ( *in , 1 i k  ) da ( * jn ,1 j r  ) sidideebi aRniSnavs A

da B niSnebis Sesabamis marginalur sixSireebs. *in warmoadgens Se-

rCevis im elementTa sixSires, romlebic moxvdnen i -ur klasSi A
niSnis mixedviT, xolo * jn  aris SerCevis im elementTa raodenoba,

romlebic moxvdnen j -ur klasSi B niSniT. amasTanave

ni= 


r

j
ijn

1
,  n.j=



k

i
ijn

1
, 




k

i
in

1

 = 




r

j
jn

1

 = 
 

k

i

r

j
ijn

1 1

 = n.

avRniSnoT ijP  simboloTi albaToba imisa, rom populaciidan

SemTxveviT amorCeuli elementi aRmoCndeba erTdroulad A niSnis
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i -ur da B niSnis j -ur kategoriaSi. maSin *
1

r

i ij
j

P P


  iqneba albaTo-

ba imisa, rom populaciis elementi aRmoCndeba i -ur kategoriaSi A

niSnis mixedviT, xolo *
1

k

j ij
i

P P


 -- albaToba imisa, rom populaciis

elementi moxvdeba j -ur kategoriaSi B niSniT.

Cven SegviZlia CavTvaloT, rom zemoT moyvanili cxrili warm-
oadgens n  damoukidebeli dakvirvebis Sedegs albaTur modelze,
romlis erToblivi ganawilebis kanonia:

Y
X

B1 B2 … Bj … Br

A1 P11 P12 … P1j … P1r

A2 P21 P22 … P2j … P2r

      

Ai Pi1 Pi2 … Pij … Pir

      

Ak Pk1 Pk2 … Pkj … Pkr

sadac 1,..., kA A -- aris A  niSnis SesaZlo Sedegi, xolo 1,..., rB B -- aris

B  niSnis SesaZlo Sedegi.

rodesac ijP  albaTobebi mocemulia, maSin martivad gamoiTvl-

eba n  damoukidebel cdaSi SesaZlo SedegTa savaraudo sixSireebi:

* , 1,2,..., ; 1,2,...,ij ijn n P i k j r    .
ganvixiloT damoukideblobis Semdegi hipoTezis Semowmebis

amocana.

0 * *: , 1, 2,..., ; 1, 2,...,ij i jH P P P i k j r    ;

1 0:H H  ar aris marTebuli.

roca A da B niSnebi damoukidebelia, maSin ,i j -saTvis unda

Sesruldes toloba:

* * , 1, 2,..., ; 1, 2,...,ij i jP P P i k j r    ,

sadac

*
1

1
k

i
i

P


  da *
1

1
r

j
j

P


 .

Cven ganvixilavT damoukideblobis hipoTezis Semowmebis amoc-

anas, roca *iP  da * jP  marginaluri ganawilebebi ucnobia. am SemTxve-

vaSi 0H  hipoTeza ar azustebs ucnob parametrTa mniSvnelobas da

saWiroa maTi Sefaseba SerCevis saSualebiT. Sefasebis rolSi aviR-
oT fardobiTi sixSire:
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*
*

i
i

n
P

n
 , *

*
j

j

n
P

n
 , 1,2,..., ; 1, 2,...,i k j r  ,

maSin hipoTeturi sixSireebi gamoiTvleba formulebiT

* ** i j
ij

n n
n

n


 , 1,2,..., ; 1, 2,...,i k j r  .           (1)

niSanTa damoukideblobis hipoTezis Sesamowmeblad gamoiyene-
ba


 2 =

 2*

*
1 1

k r
i j ij

i j ij

n n

n 


 

statistika, romelic miaxloebiT 2  kanoniT aris ganawilebuli

Tavisuflebis xarisxiT ( 1)( 1)k r  . mocemuli mniSvnelovnebis 
donisaTvis 2  ganawilebis cxrilidan vpoulobT 2

,( 1)( 1)k r   kritik-

ul  wertils. Tu aRmoCnda, rom

 2 2

,( 1)( 1)k r   , maSin nulovan hipo-

Tezas uarvyofT. winaaRmdeg SemTxvevaSi vaskvniT, rom A  da B  niS-
nebi damoukidebelia.

magaliTi. sociologs surs 385 ojaxze dakvirvebiT miRebuli
SerCevis safuZvelze Seamowmos hipoTeza imis Sesaxeb, rom ojaxSi
bavSvebis raodenoba ar aris damokidebuli ojaxis Semosavalze:

bavSvebis
raodenoba

0–6
A jgufi

6–12
B jgufi

12–18
C jgufi

18-ze meti
D jgufi

0 10 9 18 24
1 8 12 25 31
2 24 28 23 28
3 26 24 20 6

4 an meti 32 22 18 7

amoxsna. aviRoT 0.01-is toli ndobis albaToba. (1) formuleb-
is Tanaxmad gveqneba hipoTeturi sixSireebis Semdegi cxrili:

bavSvebis
raodenoba

0–6
A jgufi

6–12
B jgufi

12–18
C jgufi

18-ze meti
D jgufi

0 15.44 14.67 16.06 14.83
1 19.24 18.28 20.01 18.47
2 26.08 24.77 27.12 25.03
3 19.24 18.28 20.01 18.47

4 an meti 20.00 19.00 20.80 19.20
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gamoTvlebis moxerxebulobis mizniT 2  statistikis dakvirve-
buli mniSvnelobebis gamosaTvlelad visargebloT Semdegi cxril-
iT:

0
ijn *

ijn 0
ijn - *

ijn  
2

*0
ijn ijn   *

2
*0

ij /n ijij nn

A0 10 15.44 -5.44 29.63 1.92
A1 8 19.24 -11.24 126.35 6.57
A2 24 26.08 -2.08 4.31 0.17
A3 26 19.24 6.76 45.69 2.37
A4 32 20.00 12.00 144.00 7.20
B0 9 14.67 -5.67 32.16 2.19
B1 12 18.28 -6.28 39.42 2.16
B2 28 24.77 3.23 10.42 0.42
B3 24 18.28 5.72 32.74 1.79
B4 22 19.00 3.00 9.00 0.47
C0 18 16.06 1.94 3.76 0.23
C1 25 20.01 4.99 24.90 1.24
C2 23 27.12 -4.12 16.97 0.63
C3 20 20.01 -0.01 0.00 0.00
C4 18 20.80 -2.80 7.84 0.38
D0 24 14.83 9.17 84.17 5.68
D1 31 18.47 12.53 156.98 8.50
D2 28 25.03 2.97 8.80 0.35
D3 6 18.47 -12.47 155.52 8.42
D4 7 19.20 -12.20 148.84 7.75

 58.44

rogorc vxedavT statistikis dakvirvebuli mniSvnelobaa

 2 =

=58.44. meores mxriv, radgan Tavisuflebis xarisxia ( 1)( 1) 12r k   ,
amitom (0.01 mniSvnelovnebis donisaTvis) kritikuli mniSvnelobaa

2
12,0.01 26.217  . vinaidan,


 2 > 2

12,0.01 , sociologi daaskvnis, rom ojaxSi

bavSvebis raodenoba da ojaxis Semosavali damokidebelia erTmane-
Tze.
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$44. erTgvarovnebis hipoTezis Semowmeba

davuSvaT, rom mocemulia k raodenobis sxvadasxva populacia
da yoveli populaciidan, erTmaneTisagan damoukideblad, aRebulia

1,..., kn n moculobis SerCevebi. vigulisxmoT, rom yvela populacia

klasificirebulia erTi da igive A niSnis 1,... rA A kategoriis mixed-

viT. i -uri SerCevis im elementTa sixSire, romlebsac aRmoaCndaT j -

uri kategoria avRniSnoT ijn simboloTi. maSin monacemebi ganlag-

deba niSanTa SeuRlebis Semdeg cxrilSi:

kategoriebi
A1 A2 ... Aj ... Ar


SerCeva I populaciidan n11 n12 ... n1j ... n1r n1

SerCeva II populaciidan n21 n22 ... n2j ... n2r n2

... ... ... ... ... ... ...
SerCeva j -uri
populaciidan

ni1 ni2 ... nij ... nir ni

... ... ... ... ... ... ...
SerCeva k -uri
populaciidan

nk1 nk2 ... nkj ... nkr nk

 n1 n2 ... n j ... n  r n

aseT SemTxvevaSi xSirad Cndeba populaciaTa erTgvarovnebis
(SerCevebi, rom aRebulia erTi da igive generaluri erZToblobid-
an) hipoTezis Semowmebis aucilebloba. aseTi hipoTeza eqvivalentu-
ria hipoTezisa, rom populaciidan SemTxveviT arceuli elementis

yovel jA  klasSi moxvedris jP  albaToba erTi da igivea yvela pop-

ulaciisaTvis.

cxrilSi in  aris i -uri populaciidan aRebuli SerCevis mocu-

loba

1

, 1, 2,...,
r

i ij
j

n n i k


  .

* jn  simboloTi aRniSnulia yvela SerCevis im elementTa rao-

denoba, romlebsac aRmoaCndaT A niSnis j -uri kategoria. cxadia,

rom in  sidideebisgan gansxvavebiT, * jn  sidideebi (SerCevis aRebamde)

SemTxveviT sidideebs warmoadgenen da

*
1

, 1, 2,...,
k

j ij
i

n n j r


  .

albaToba imisa, rom i -uri populaciidan SemTxveviT arCeul
elements aRmoaCndeba j -uri kategoria (an i -uri populaciidan j -

uri kategoriis elementTa proporcia) avRniSnoT ijP  simboloTi.
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1

1
r

ij
j

P


 .

ganvixiloT Semdegi hipoTezebi.

0 1 2: , 1, 2,...,j j j kjH P P P P j r      ;

1 0:H H  ar aris marTebuli.

0H  hipoTezis dros mosalodneli raodenoba i -uri SerCevis
elementebisa, romlebic j -uri kategoriis aRmoCndnen tolia:

*
ij i jn n P  .

jP  parametris Sefasebis rolSi aviRoT

rj
n

n
P j

j ,...,2,1,  
.

maSin, 0H  hipoTezis dros i -uri SerCevis j -uri kategoriis
elementebis mosalodneli raodenoba iqneba:

** i j
ij

n n
n

n


 .

dakvirvebul ijn  sidideebsa da 0H  hipoTezis dros maT mosal-

odnel *
ijn  mniSvnelobebs Soris gadaxris sazomad aiReba


 2 =

 2*

*
1 1

k r
i j ij

i j ij

n n

n 


 

statistika.

nulovani hipoTezis uaryofis area 2  2
)1()1(,  rk . winaaRmdeg

SemTxvevaSi vaskvniT, rom populacia erTgvarovania.
magaliTi. qvemoT moyvanilia sami sxvadasxva sawarmos mier wa-

rmoebul erTi da igive tipis produqciaSi vargis da uvargis nawa-
rmTa raodenobebi:

vargisi uvargisi sul

I sawarmo 240 10 250
II sawarmo 191 9 200
III sawarmo 139 11 150

sul 570 30 600

aris Tu ara gansxvaveba am sawarmoTa mier gamoSvebuli produqciis
xarisxSi?

amoxsna. ganvixiloT nulovani hipoTeza: SerCevebi erTgvarova-
nia. am hipoTezis dros savaraudo sixSireebia

237.5 12.5
190 10

142.5 7.5
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cxrilis saSualebiT gamovTvaloT xi kvadrat statistikis
dakvirvebuli mniSvnelobebi:

nij
*
ijn nij - *

ijn (nij - *
ijn )2 (nij - *

ijn )2/ *
ijn

I sawarmo/vargisi 240 237.5 2.5 6.25 0.026
II sawarmo/vargisi 191 190 1 1 0.005
III sawarmo/vargisi 138 142.5 -4.5 20.25 0.142
I sawarmo/uvargisi 10 12.5 -2.5 6.25 0.500
II sawarmo/uvargisi 9 10 -1 1 0.100
III sawarmo/uvargisi 11 7.5 3.5 12.25 1.633

2

 =2.4

vipovoT, mniSvnelovnebis 0.1 donisaTvis Tavisuflebis xarisx-

iT (3-1)(2-1)=2,  kriteriumis kritikuli mniSvneloba: 2
1.0,2 =4.60517.

radganac 2

 =2.4<4.60517, amitom aRniSnuli monacemebi ar iZle-

va erTgvarovnebis hipoTezis uaryofis safuZvels.
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$45. SemTxveviT sidideTa modelireba. monte-karlos meTodi

monte-karlos meTodi gamoiyeneba Semdegi amocanis amosaxsne-
lad: saWiroa moiZebnos Sesaswavli SemTxveviTi sididis mniSvnelo-
ba а. misi gansazRvrisaTvis irCeven Х SemTxveviT sidides, romlis
maTematikuri lodini tolia а–si, da Х SemTxveviTi sididis п cali
mniSvnelobis SerCevidan, romelic miiReba п eqsperimentSi, gamoiTv-
leba SerCeviTi saSualo:

n

х
х i ,

romelic miiReba saZiebeli а ricxvis Sefasebad:
.* xaa 

es meTodi moiTxovs eqsperimentebis didi ricxvis Catarebas,
amitom mas sxvanairad statistikuri eqsperimentebis meTodi ewode-
ba. monte-karlos meTodis Teoria ikvlevs: rogor ufro mizanSewon-
ilia airCes Х SemTxveviTi sidide, rogor unda vipovoT misi SesaZ-
lo mniSvnelobebi, rogor SevamciroT gamoyenebuli SemTxveviTi si-
dideebis dispersia, raTa cdomileba а–s а* –Ti Secvlisas iyos rac
SeiZleba mcire.

Х SemTxveviTi sididis SesaZlo mniSvnelobebis moZebnas uwo-
deben SemTxveviTi sididis gaTamaSebas (modelirebas). qvemoT Cven
ganvixilavT SemTxveviTi sididis modelirebis zogierT meTods da
gavarkvevT Tu rogor SevafasoT am dros daSvebuli Secdoma.

Tu Cven gvinda ganvsazRvroT daSvebuli Secdomis zeda sazr-

vari mocemuli saimedoobis  albaTobiT, anu movZebnoT  ricxvi,

romlisTvisac   )|(| aXp , Cven vRebulobT generaluri erTobl-
iobis maTematikuri lodinisaTvis ndobis intervalis moZebnis cno-
bil amocanas. amitom Cven am amocanaze calke ar SevCerdebiT.

ganmarteba 1. (0; 1) intervalze Tanabrad ganawilebuli R SemT-
xveviTi sididis SesaZlo r mniSvnelobebs SemTxveviTi ricxvebi ewo-
deba.

diskretuli SemTxveviTi sididis modelireba. davuSvaT, rom
gasaTamaSebelia diskretuli Х SemTxveviTi sidide, e. i. Х SemTxvev-
iTi sididis cnobili ganawilebis kanonis mixedviT miviRoT misi
SesaZlo mniSvnelobebis mimdevroba:

Х х1 х2 … хп
р   р1 р2 … рп .

ganvixiloT (0; 1) intervalze Tanabrad ganawilebuli R SemT-
xveviTi sidide da davyoT (0, 1) intervali р1, р1 + р2, …, р1 + р2 +… +рп-1

koordinatebis mqone wertilebiT п qveintervalad: п ,...,, 21 , rome-

lTa sigrZeebi tolia Sesabamisi indeqsis mqone albaTobebis.
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Teorema 1. Tu nebismier SemTxveviT ricxvs )10(  jj rr , romel-

ic moxvda i intervalSi, SevusabamebT ix SesaZlo mniSvnelobas, ma-

Sin gasaTamaSebel sidides eqneba mocemuli ganawilebis kanoni:
Х   х1 х2 … хп

р   р1 р2 … рп .
damtkiceba. SemTxveviTi sididis SesaZlo mniSvnelobebi emTx-

veva {х1 , х2 ,…, хп} simravles, radganac intervalebis raodenoba to-

lia п–is, da rj–s i intervalSi moxvedrisas SemTxveviT sidides Se-

uZlia miiRos mxolod erTi х1 , х2 ,…, хп mniSvnelobebidan. vinaidan R
ganawilebulia Tanabrad, amitom misi TiToeul intervalSi moxved-
ris albaToba tolia am intervalis sigrZis, saidanac gamodis, rom

nebismier ix mniSvnelobas Seesabameba albaToba pi. amrigad, gasaTam-

aSebeli SemTxveviTi sidides gaaCnia mocemuli ganawilebis kanoni.
magaliTi. gavaTamaSoT 10 mniSvneloba diskretuli Х SemTxvev-

iTi sididis, romlis ganawilebis kanonia:
Х    2        3        6        8

р    0.1     0.3     0.5     0.1.
amoxsna. davyoT (0. 1) intervali qveintervalebad: 1- (0; 0.1), 2 –

(0.1; 0.4), 3 -   (0.4; 0.9), 4 – (0.9; 1). SemTxveviTi ricxvebis cxrilidan
amovweroT 10 ricxvi: 0.09; 0.73; 0.25; 0.33; 0.76; 0.52; 0.01; 0.35; 0.86; 0.34.
pirveli da meSvide ricxvi Zevs 1 intervalSi, Sesabamisad, am or
SemTxvevaSi gasaTamaSebeli SemTxveviTi sidide miiRebs mniSvnelo-

bas х1 = 2; me-3, me-4, me-8 da me-10 ricxvebi Cavardnen 2 imtervalSi,

rasac Seesabameba х2 = 3; me-2, me-5, me-6 da me-9 ricxvebi aRmoCndnen 3

intervalSi, amasTanave Х = х3 = 6; da bolos, ukanasknel intervalSi
ar Cavarda arc erTi ricxvi. amrigad, Х SemTxveviTi sididis gaTam-
aSebuli mniSvnelobebia: 2, 6, 3, 3, 6, 6, 2, 3, 6, 3.

sawinaaRmdego xdomilebebis modelireba. davuSvaT, rom unda
gaviTamaSoT eqsperimentebi, romelTagan TiToeulSi А xdomileba
Cndeba (xdeba) cnobili р albaTobiT. ganvixiloT diskretuli Х Se-
mTxveviTi sidide, romelic Rebulobs mniSvnelobas 1 (im SemTxveva-
Si, roca xdeba А) albaTobiT р da mniSvnelobas 0 (Tu ar moxda А)
albaTobiT q = 1 – p. Semdeg vaTamaSebT am SemTxveviT sidides, ise
rogorc es iyo wina punqtSi.

magaliTi. gavaTamaSoT 10 eqsperimenti, romelTagan TiToeul-
Si А xdomileba xdeba albaTobiT 0.3.

amoxsna. Х SemTxveviTi sididisaTvis ganawilebis kanoniT
Х   1     0
р  0.3  0.7

miviRebT intervalebs 1 – (0; 0,3) и 2 – (0,3; 1). gamoviyenoT SemTxvevi-
Ti ricxvebis igive SerCeva, rac gvqonda wina magaliTSi: 0.09; 0.73;
0.25; 0.33; 0.76; 0.52; 0.01; 0.35; 0.86; 0.34. 1 intervalSi moxvdeba pirveli,

me-3 da me-7 ricxvi, xolo danarCeni ki -- 2 intervalSi. Sesabamisad,



184

SegviZlia CavTvaloT, rom А xdomileba moxda pirvel, me-3 da me-7
eqsperimentSi, xolo danarCenebSi ki – ar moxda.

xdomilebaTa sruli sistemis modelireba. Tu xdomilebebi А1,
А2, …, Ап, romelTa albaTobebia Sesabamisad р1 , р2 ,… рп, qmnian xdomi-
lebaTa srul jgufs, maSin maTi modelirebisaTvis (e. i. eqsperimen-
tebis seriaSi maTi gamoCenis mimdevrobis modelireba) unda gavaTa-
maSoT diskretuli Х SemTxveviTi sidide ganawilebis kanoniT:

Х    1    2  … п
р р1 р2 … рп

amasTanave iTvleba, rom Tu Х miiRebs mniSvnelobas хi = i, maSin am
eqsperimentSi moxda Аi xdomileba.

uwyveti SemTxveviTi sididis modelireba.
a). Sebrunebuli funqciebis meTodi. davuSvaT, rom unda gavaT-

amaSoT uwyveti Х SemTxveviTi sidide, e. i. unda miviRoT misi SesaZ-
lo mniSvnelobebis mimdevroba xi (i = 1, 2, …, n), roca cnobilia misi
ganawilebis funqcia F(x).

Teorema 2. Tu ri – SemTxveviTi ricxvia, maSin mocemuli mkacr-
ad zrdadi F(x) ganawilebis funqciis mqone gasaTamaSebeli uwyveti
Х SemTxveviTi sididis SesaZlo xi mniSvneloba, romlic Seesabameba
ri –s, warmoadgens Semdegi gantolebis amonaxsns

F(xi) = ri . (1)
damtkiceba. vinaidan F(x) mkacrad izrdeba intervalSi 0-dan 1-

mde, amitom moiZebneba (amasTanave erTaderTi) argumentis iseTi mni-
Svneloba xi, romlis drosac ganawilebis funqcia miiRebs mniSvnel-
obas ri, anu (1) gantolebas gaaCnia erTaderTi amonaxsni: хi = F-1(ri ),
sadac F-1– aris F funqciis Seqceuli funqciaa. vaCvenoT, rom (1) ga-
ntolebis amonaxsni warmoadgens gansaxilveli Х SemTxveviTi sidi-
dis SesaZlo mniSvnelobas.

winaswar vaCvenoT, rom Tu xi – SesaZlo mniSvnelobaa garkveu-

li  SemTxveviTi sididis, maSin  SemTxveviTi sididis (с, d) interva-
lSi moxvedris albaTobaa F(d) – F(c). marTlac, F(x) funqciis monot-
onurobis gamo, F(xi) = ri tolobis gaTvaliswinebiT gvaqvs:

)()( dFrcFdxc ii  .
amitom

)()( dFrcFdxc ii  ,
Sesabamisad,

).()())()(()( cFdFdFRcFpdсp  
e. i.  SemTxveviTi sididis (c, d) intervalSi moxvedris albaT-

oba tolia am intervalze F(x) ganawilebis funqciis nazrdis,

Sesabamisad,  = Х.
magaliTi. gavaTamaSoT (5; 8) intervalze Tanabrad ganawilebu-

li uwyveti Х SemTxveviTi sididis 3 SesaZlo mniSvneloba.
amoxsna. gasagebia, rom
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5
( )

3

х
F x


 .

amitom unda amovxsnaT gantoleba
5

3
i

i

х
r


 , saidanac 3 5i ix r  .

avirCioT 3 SemTxveviTi ricxvi: 0.23; 0.09; 0.56 da CavsvaT isini am gan-
tolebaSi. miviRebT Х SemTxveviTi sididis Sesabamis SesaZlo mniSv-

nelobebs: 1 2 35.69; 5.27; 6.68.х х х  
b). superpoziciis meTodi. Tu gasaTamaSebeli SemTxveviTi sid-

idis ganawilebis funqcia SeiZleba warmodges ori ganawilebis fu-
nqciis wrfivi kombinaciis saxiT:

1 1 2 2 1 2( ) ( ) ( ) ( , 0)F x C F x C F x C C   ,

maSin 121 CC , vinaidan, F(x)  1, roca х .
SemoviRoT damxmare diskretuli SemTxveviTi sidide Z ganawi-

lebis funqciiT:
Z      1      2
p C1 C2

avirCioT 2 damoukidebeli SemTxveviTi ricxvi r1 da r2 gavaTam-
aSoT Z SemTxveviTi sidide r1 ricxvis mixedviT. Tu Z = 1, maSin Х –is

SesaZlo mniSvnelobas veZebT gantolebidan 21 )( rxF  , xolo Tu Z =

= 2, maSin vxsniT gantolebas 22 )( rxF  . SeiZleba damtkicdes, rom am
SemTxvevaSi gasaTamaSebeli SemTxveviTi sididis ganawilebis funq-
cia tolia mocemuli ganawilebis funqciis.

g). normaluri SemTxveviTi sididis miaxloebiTi gaTamaSeba.
vinaidan (0, 1) intervalSi Tanabrad R ganawilebuli SemTxveviTi si-

didisaTvis:
12

1
)(,

2

1
)(  RDRM , amitom (0, 1) intervalze Tanabrad

ganawilebuli damukidebeli jR  ( 1,2,...,j n ) SemTxveviTi sidideebis

jamisaTvis
1

n

j
j

R

 :

1 1

, ,
2 12 12

n n

j j
j j

n n n
M R D R 

 

   
     

   
  .

amitom centraluri zRvariTi Teoremis Tanaxmad normirebul

SemTxveviT sidides
1

( ) / /12
2

n

j
j

n
R n



 , roca п  eqneba normalur-

Tan axlos myofi ganawileba, parametrebiT а = 0 da  =1. kerZod,
sakmaod kargi miaxloeba miiReba, roca

п = 12:
12

1

6j
j

R


 .

amrigad, imisaTvis, rom gavaTamaSoT normirebuli normaluri
SemTxveviTi sididis SesaZlo mniSvneloba, unda SevkriboT 12 damo-
ukidebeli SemTxveviTi ricxvi da jams gamovakloT 6.
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danarTi (statistikuri cxrilebi)

puasonis ganawilebis cxrilebi ( ( )
!

k

P k e
k

  )

  = 0.1   = 0.2   = 0.3   = 0.4   = 0.5   = 0.6   = 0.7   = 0.8   = 0.9
p(0) 0.9048 0.8187 0.7408 0.6703 0.6065 0.5488 0.4966 0.4493 0.4066
p(1) 0.0905 0.1637 0.2222 0.2681 0.3033 0.3293 0.3476 0.3595 0.3659
p(2) 0.0045 0.0164 0.0333 0.0536 0.0758 0.0988 0.1217 0.1438 0.1647
p(3) 0.0002 0.0011 0.0033 0.0072 0.0126 0.0198 0.0284 0.0383 0.0494

p(4) 0.0001 0.0003 0.0007 0.0016 0.0030 0.0050 0.0077 0.0111

p(5) 0.0001 0.0002 0.0004 0.0007 0.0012 0.0020

p(6) 0.0001 0.0002 0.0003

  = 1.0   = 1.5   = 2.0   = 2.5   = 3.0   = 3.5   = 4.0   = 4.5  = 5.0
p(0) 0.3679 0.2231 0.1353 0.0821 0.0498 0.0302 0.0183 0.0111 0.0067
p(1) 0.3679 0.3347 0.2707 0.2052 0.1494 0.1057 0.0733 0.0500 0.0337
p(2) 0.1839 0.2510 0.2707 0.2565 0.2240 0.1850 0.1465 0.1125 0.0842
p(3) 0.0613 0.1255 0.1804 0.2138 0.2240 0.2158 0.1954 0.1687 0.1404
p(4) 0.0153 0.0471 0.0902 0.1336 0.1680 0.1888 0.1954 0.1898 0.1755
p(5) 0.0031 0.0141 0.0361 0.0668 0.1008 0.1322 0.1563 0.1708 0.1755
p(6) 0.0005 0.0035 0.0120 0.0278 0.0504 0.0771 0.1042 0.1281 0.1462
p(7) 0.0001 0.0008 0.0034 0.0099 0.0216 0.0385 0.0595 0.0824 0.1044

p(8) 0.0001 0.0009 0.0031 0.0081 0.0169 0.0298 0.0463 0.0653

p(9) 0.0002 0.0009 0.0027 0.0066 0.0132 0.0232 0.0363

p(10) 0.0002 0.0008 0.0023 0.0053 0.0104 0.0181

p(11) 0.0002 0.0007 0.0019 0.0043 0.0082

p(12) 0.0001 0.0002 0.0006 0.0016 0.0034

p(13) 0.0001 0.0002 0.0006 0.0013

p(14) 0.0001 0.0002 0.0005

p(15) 0.0001 0.0002
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standartuli normaluri ganawilebis simkvrivis

(
2 / 21

( )
2

zz e


 ) mniSvnelobebi

Z 0 1 2 3 4 5 6 7 8 9

0.0 .398942 .398922 .398862 .398763 .398623 .398444 .398225 .397966 .397668 .397330
0.1 .396953 .396536 .396080 .395585 .395052 .394479 .393868 .393219 .392531 .391806
0.2 .391043 .390242 .389404 .388529 .387617 .386668 .385683 .384663 .383606 .382515
0.3 .381388 .380226 .379031 .377801 .376537 .375240 .373911 .372548 .371154 .369728
0.4 .368270 .366782 .365263 .363714 .362135 .360527 .358890 .357225 .355533 .353812
0.5 .352065 .350292 .348493 .346668 .344818 .342944 .341046 .339124 .337180 .335213
0.6 .333225 .331215 .329184 .327133 .325062 .322972 .320864 .318737 .316593 .314432
0.7 .312254 .310060 .307851 .305627 .303389 .301137 .298872 .296595 .294305 .292004
0.8 .289692 .287369 .285036 .282694 .280344 .277985 .275618 .273244 .270864 .268477
0.9 .266085 .263688 .261286 .258881 .256471 .254059 .251644 .249228 .246809 .244390
Z 0 1 2 3 4 5 6 7 8 9
1.0 .241971 .239551 .237132 .234714 .232297 .229882 .227470 .225060 .222653 .220251
1.1 .217852 .215458 .213069 .210686 .208308 .205936 .203571 .201214 .198863 .196520
1.2 .194186 .191860 .189543 .187235 .184937 .182649 .180371 .178104 .175847 .173602
1.3 .171369 .169147 .166937 .164740 .162555 .160383 .158225 .156080 .153948 .151831
1.4 .149727 .147639 .145564 .143505 .141460 .139431 .137417 .135418 .133435 .131468
1.5 .129518 .127583 .125665 .123763 .121878 .120009 .118157 .116323 .114505 .112704
1.6 .110921 .109155 .107406 .105675 .103961 .102265 .100586 .098925 .097282 .095657
1.7 .094049 .092459 .090887 .089333 .087796 .086277 .084776 .083293 .081828 .080380
1.8 .078950 .077538 .076143 .074766 .073407 .072065 .070740 .069433 .068144 .066871
1.9 .065616 .064378 .063157 .061952 .060765 .059595 .058441 .057304 .056183 .055079
Z 0 1 2 3 4 5 6 7 8 9
2.0 .053991 .052919 .051864 .050824 .049800 .048792 .047800 .046823 .045861 .044915
2.1 .043984 .043067 .042166 .041280 .040408 .039550 .038707 .037878 .037063 .036262
2.2 .035475 .034701 .033941 .033194 .032460 .031740 .031032 .030337 .029655 .028985
2.3 .028327 .027682 .027048 .026426 .025817 .025218 .024631 .024056 .023491 .022937
2.4 .022395 .021862 .021341 .020829 .020328 .019837 .019356 .018885 .018423 .017971
2.5 .017528 .017095 .016670 .016254 .015848 .015449 .015060 .014678 .014305 .013940
2.6 .013583 .013234 .012892 .012558 .012232 .011912 .011600 .011295 .010997 .010706
2.7 .010421 .010143 3z98712 3z96058 3z93466 3z90936 3z88465 3z86052 3z83697 3z81398
2.8 3z79155 3z76965 3z74829 3z72744 3z70711 3z68728 3z66793 3z64907 3z63067 3z61274
2.9 3z59525 3z57821 3z56160 3z54541 3z52963 3z51426 3z49929 3z48470 3z47050 3z45666
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( )z -is mniSvnelobebi (gagrZeleba)

Z 0 1 2 3 4 5 6 7 8 9
3.0 3z44318 3z43007 3z41729 3z40486 3z39276 3z38098 3z36951 3z35836 3z34751 3z33695
3.1 3z32668 3z31669 3z30698 3z29754 3z28835 3z27943 3z27075 3z26231 3z25412 3z24615
3.2 3z23841 3z23089 3z22358 3z21649 3z20960 3z20290 3z19641 3z19010 3z18397 3z17803
3.3 3z17226 3z16666 3z16122 3z15595 3z15084 3z14587 3z14106 3z13639 3z13187 3z12748
3.4 3z12322 3z11910 3z11510 3z11122 3z10747 3z10383 3z10030 4z96886 4z93577 4z90372
3.5 4z87268 4z84263 4z81352 4z78534 4z75807 4z73166 4z70611 4z68138 4z65745 4z63430
3.6 4z61190 4z59024 4z56928 4z54901 4z52941 4z51046 4z49214 4z47443 4z45731 4z44077
3.7 4z42478 4z40933 4z39440 4z37998 4z36605 4z35260 4z33960 4z32705 4z31494 4z30324
3.8 4z29195 4z28105 4z27053 4z26037 4z25058 4z24113 4z23201 4z22321 4z21473 4z20655
3.9 4z19866 4z19105 4z18371 4z17664 4z16983 4z16326 4z15693 4z15083 4z14495 4z13928
Z 0 1 2 3 4 5 6 7 8 9
4.0 4z13383 4z12858 4z12352 4z11864 4z11395 4z10943 4z10509 4z10090 5z96870 5z92993
4.1 5z89262 5z85672 5z82218 5z78895 5z75700 5z72626 5z69670 5z66828 5z64095 5z61468
4.2 5z58943 5z56516 5z54183 5z51942 5z49788 5z47719 5z45731 5z43821 5z41988 5z40226
4.3 5z38535 5z36911 5z35353 5z33856 5z32420 5z31041 5z29719 5z28449 5z27231 5z26063
4.4 5z24942 5z23868 5z22837 5z21848 5z20900 5z19992 5z19121 5z18286 5z17486 5z16719
4.5 5z15984 5z15280 5z14605 5z13959 5z13340 5z12747 5z12180 5z11636 5z11116 5z10618
4.6 5z10141 6z96845 6z92477 6z88297 6z84298 6z80472 6z76812 6z73311 6z69962 6z66760
4.7 6z63698 6z60771 6z57972 6z55296 6z52739 6z50295 6z47960 6z45728 6z43596 6z41559
4.8 6z39613 6z37755 6z35980 6z34285 6z32667 6z31122 6z29647 6z28239 6z26895 6z25613
4.9 6z24390 6z23222 6z22108 6z21046 6z20033 6z19066 6z18144 6z17265 6z16428 6z15629
5.0 6z14867 6z14141 6z13450 6z12791 6z12162 6z11564 6z10994 6z10451 7z99339 7z94414
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standartuli normaluri ganawilebis funqciis ( 





x
t

dtex 2

2

2

1
)( )

mniSvnelobebi

x  (x) x  (x) x   (x) x   (x) x  (x) x  (x)
0.00 0.500 0.33 0.629 0.66 0.745 0.99 0.838 1.32 0.906 1.65 0.950
0.01 0.503 0.34 0.633 0.67 0.748 1.00 0.841 1.33 0.908 1.66 0.951
0.02 0.507 0.35 0.636 0.68 0.751 1.01 0.843 1.34 0.909 1.67 0.952
0.03 0.511 0.36 0.640 0.69 0.754 1.02 0.846 1.35 0.911 1.68 0.953
0.04 0.515 0.37 0.644 0.70 0.758 1.03 0.848 1.36 0.913 1.69 0.954
0.05 0.519 0.38 0.648 0.71 0.761 1.04 0.850 1.37 0.914 1.70 0.955
0.06 0.523 0.39 0.651 0.72 0.764 1.05 0.853 1.38 0.916 1.71 0.956
0.07 0.527 0.40 0.655 0.73 0.767 1.06 0.855 1.39 0.917 1.72 0.957
0.08 0.531 0.41 0.659 0.74 0.770 1.07 0.857 1.40 0.919 1.73 0.958
0.09 0.535 0.42 0.662 0.75 0.773 1.08 0.859 1.41 0.920 1.74 0.959
0.10 0.539 0.43 0.666 0.76 0.776 1.09 0.862 1.42 0.922 1.75 0.959
0.11 0.543 0.44 0.670 0.77 0.779 1.10 0.864 1.43 0.923 1.76 0.960
0.12 0.547 0.45 0.673 0.78 0.782 1.11 0.866 1.44 0.925 1.77 0.961
0.13 0.551 0.46 0.677 0.79 0.785 1.12 0.868 1.45 0.926 1.78 0.962
0.14 0.555 0.47 0.680 0.80 0.788 1.13 0.870 1.46 0.927 1.79 0.963
0.15 0.559 0.48 0.684 0.81 0.791 1.14 0.872 1.47 0.929 1.80 0.964
0.16 0.563 0.49 0.687 0.82 0.793 1.15 0.874 1.48 0.930 1.81 0.964
0.17 0.567 0.50 0.691 0.83 0.796 1.16 0.876 1.49 0.931 1.82 0.965
0.18 0.571 0.51 0.694 0.84 0.799 1.17 0.879 1.50 0.933 1.83 0.966
0.19 0.575 0.52 0.698 0.85 0.802 1.18 0.881 1.51 0.934 1.84 0.967
0.20 0.579 0.53 0.701 0.86 0.805 1.19 0.882 1.52 0.935 1.85 0.967
0.21 0.583 0.54 0.705 0.87 0.807 1.20 0.884 1.53 0.936 1.86 0.968
0.22 0.587 0.55 0.708 0.88 0.810 1.21 0.886 1.54 0.938 1.87 0.969
0.23 0.590 0.56 0.712 0.89 0.813 1.22 0.888 1.55 0.939 1.88 0.969
0.24 0.594 0.57 0.715 0.90 0.815 1.23 0.890 1.56 0.940 1.89 0.970
0.25 0.598 0.58 0.719 0.91 0.818 1.24 0.892 1.57 0.941 1.90 0.971
0.26 0.602 0.59 0.722 0.92 0.821 1.25 0.894 1.58 0.942 1.91 0.971
0.27 0.606 0.60 0.725 0.93 0.823 1.26 0.896 1.59 0.944 1.92 0.972
0.28 0.610 0.61 0.729 0.94 0.826 1.27 0.897 1.60 0.945 1.93 0.973
0.29 0.614 0.62 0.732 0.95 0.828 1.28 0.899 1.61 0.946 1.94 0.973
0.30 0.617 0.63 0.735 0.96 0.831 1.29 0.901 1.62 0.947 1.95 0.974
0.31 0.621 0.64 0.738 0.97 0.833 1.30 0.903 1.63 0.948 1.96 0.975
0.32 0.625 0.65 0.742 0.98 0.836 1.31 0.904 1.64 0.949 1.97 0.975
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( )x -is mniSvnelobebi (gagrZeleba)

x  (x) x  (x) x  (x) x  (x) x  (x)
1.98 0.976 2.26 0.988 2.54 0.994 2.82 0.997 3.10 0.999
1.99 0.976 2.27 0.988 2.55 0.994 2.83 0.997 3.11 0.999
2.00 0.977 2.28 0.988 2.56 0.994 2.84 0.997 3.12 0.999
2.01 0.977 2.29 0.988 2.57 0.994 2.85 0.997 3.13 0.999
2.02 0.978 2.30 0.989 2.58 0.995 2.86 0.997 3.14 0.999
2.03 0.978 2.31 0.989 2.59 0.995 2.87 0.997 3.15 0.999
2.04 0.979 2.32 0.989 2.60 0.995 2.88 0.998 3.16 0.999
2.05 0.979 2.33 0.990 2.61 0.995 2.89 0.998 3.17 0.999
2.06 0.980 2.34 0.990 2.62 0.995 2.90 0.998 3.18 0.999
2.07 0.980 2.35 0.990 2.63 0.995 2.91 0.998 3.19 0.999
2.08 0.981 2.36 0.990 2.64 0.995 2.92 0.998 3.20 0.999
2.09 0.981 2.37 0.991 2.65 0.995 2.93 0.998 3.21 0.999
2.10 0.982 2.38 0.991 2.66 0.996 2.94 0.998 3.22 0.999
2.11 0.982 2.39 0.991 2.67 0.996 2.95 0.998 3.23 0.999
2.12 0.983 2.40 0.991 2.68 0.996 2.96 0.998 3.24 0.999
2.13 0.983 2.41 0.992 2.69 0.996 2.97 0.998 3.25 0.999
2.14 0.983 2.42 0.992 2.70 0.996 2.98 0.998 3.26 0.999
2.15 0.984 2.43 0.992 2.71 0.996 2.99 0.998 3.27 0.999
2.16 0.984 2.44 0.992 2.72 0.996 3.00 0.998 3.28 0.999
2.17 0.985 2.45 0.992 2.73 0.996 3.01 0.998 3.29 0.999
2.18 0.985 2.46 0.993 2.74 0.996 3.02 0.998 3.30 0.999
2.19 0.985 2.47 0.993 2.75 0.997 3.03 0.998 3.31 0.999
2.20 0.986 2.48 0.993 2.76 0.997 3.04 0.998 3.32 0.999
2.21 0.986 2.49 0.993 2.77 0.997 3.05 0.998 3.33 0.999
2.22 0.986 2.50 0.993 2.78 0.997 3.06 0.998 3.34 0.999
2.23 0.987 2.51 0.993 2.79 0.997 3.07 0.998 3.35 0.999
2.24 0.987 2.52 0.994 2.80 0.997 3.08 0.998 3.36 0.999
2.25 0.987 2.53 0.994 2.81 0.997 3.09 0.999 3.37 0.999

standartuli normaluri ganawilebis zeda  -kritikuli

wertilebi ( z )

 0.1 0.05 0.025 0.125 0.01 0.005 0.0025 0.001
z 1.28 1.64 1.96 2.24 2.33 2.57 2.81 3.08
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2

2
0

0

1
( )

2

x t

x e dt



  

funqciis cxrilebi

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359

0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753

0.2 0.0793 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141

0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517

0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879

0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224

0.6 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2517 0.2549

0.7 0.2580 0.2611 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852

0.8 0.2881 0.2910 0.2939 0.2967 0.2995 0.3023 0.3051 0.3078 0.3106 0.3133

0.9 0.3159 0.3186 0.3212 0.3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389

1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621

1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830

1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015

1.3 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177

1.4 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319

1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441

1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545

1.7 0.4554 0.4564 0.4573 0.4582 0.4591 0.4599 0.4608 0.4616 0.4625 0.4633

1.8 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4693 0.4699 0.4706

1.9 0.4713 0.4719 0.4726 0.4732 0.4738 0.4744 0.4750 0.4756 0.4761 0.4767

2.0 0.4772 0.4778 0.4783 0.4788 0.4793 0.4798 0.4803 0.4808 0.4812 0.4817

2.1 0.4821 0.4826 0.4830 0.4834 0.4838 0.4842 0.4846 0.4850 0.4854 0.4857

2.2 0.4861 0.4864 0.4868 0.4871 0.4875 0.4878 0.4881 0.4884 0.4887 0.4890

2.3 0.4893 0.4896 0.4898 0.4901 0.4904 0.4906 0.4909 0.4911 0.4913 0.4916

2.4 0.4918 0.4920 0.4922 0.4925 0.4927 0.4929 0.4931 0.4932 0.4934 0.4936

2.5 0.4938 0.4940 0.4941 0.4943 0.4945 0.4946 0.4948 0.4949 0.4951 0.4952

2.6 0.4953 0.4955 0.4956 0.4957 0.4959 0.4960 0.4961 0.4962 0.4963 0.4964

2.7 0.4965 0.4966 0.4967 0.4968 0.4969 0.4970 0.4971 0.4972 0.4973 0.4974

2.8 0.4974 0.4975 0.4976 0.4977 0.4977 0.4978 0.4979 0.4979 0.4980 0.4981

2.9 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 0.4985 0.4986 0.4986

3.0 0.4987 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4990 0.4990
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2  (xi kvadrat) ganawilebis zeda  -kritikuli

wertilebi ( 2
,n )


n 0.99 0.975 0.95 0.9 0.1 0.05 0.025 0.01

1 0.0002 0.0010 0.0039 0.0158 2.7055 3.8415 5.0239 6.6349
2 0.0201 0.0506 0.1026 0.2107 4.6052 5.9915 7.3778 9.2104
3 0.1148 0.2158 0.3518 0.5844 6.2514 7.8147 9.3484 11.3449
4 0.2971 0.4844 0.7107 1.0636 7.7794 9.4877 11.1433 13.2767
5 0.5543 0.8312 1.1455 1.6103 9.2363 11.0705 12.8325 15.0863
6 0.8721 1.2373 1.6354 2.2041 10.6446 12.5916 14.4494 16.8119
7 1.2390 1.6899 2.1673 2.8331 12.0170 14.0671 16.0128 18.4753
8 1.6465 2.1797 2.7326 3.4895 13.3616 15.5073 17.5345 20.0902
9 2.0879 2.7004 3.3251 4.1682 14.6837 16.9190 19.0228 21.6660

10 2.5582 3.2470 3.9403 4.8652 15.9872 18.3070 20.4832 23.2093
11 3.0535 3.8157 4.5748 5.5778 17.2750 19.6752 21.9200 24.7250
12 3.5706 4.4038 5.2260 6.3038 18.5493 21.0261 23.3367 26.2170
13 4.1069 5.0087 5.8919 7.0415 19.8119 22.3620 24.7356 27.6882
14 4.6604 5.6287 6.5706 7.7895 21.0641 23.6848 26.1189 29.1412
15 5.2294 6.2621 7.2609 8.5468 22.3071 24.9958 27.4884 30.5780
16 5.8122 6.9077 7.9616 9.3122 23.5418 26.2962 28.8453 31.9999
17 6.4077 7.5642 8.6718 10.0852 24.7690 27.5871 30.1910 33.4087
18 7.0149 8.2307 9.3904 10.8649 25.9894 28.8693 31.5264 34.8052
19 7.6327 8.9065 10.1170 11.6509 27.2036 30.1435 32.8523 36.1908
20 8.2604 9.5908 10.8508 12.4426 28.4120 31.4104 34.1696 37.5663
21 8.8972 10.2829 11.5913 13.2396 29.6151 32.6706 35.4789 38.9322
22 9.5425 10.9823 12.3380 14.0415 30.8133 33.9245 36.7807 40.2894
23 10.1957 11.6885 13.0905 14.8480 32.0069 35.1725 38.0756 41.6383
24 10.8563 12.4011 13.8484 15.6587 33.1962 36.4150 39.3641 42.9798
25 11.5240 13.1197 14.6114 16.4734 34.3816 37.6525 40.6465 44.3140
26 12.1982 13.8439 15.3792 17.2919 35.5632 38.8851 41.9231 45.6416
27 12.8785 14.5734 16.1514 18.1139 36.7412 40.1133 43.1945 46.9628
28 13.5647 15.3079 16.9279 18.9392 37.9159 41.3372 44.4608 48.2782
29 14.2564 16.0471 17.7084 19.7677 39.0875 42.5569 45.7223 49.5878
30 14.9535 16.7908 18.4927 20.5992 40.2560 43.7730 46.9792 50.8922
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t  (stiudentis) ganawilebis zeda  -kritikuli

wertilebi ( ,nt )


n 0.1 0.05 0.025 0.01 0.005 0.0025 0.001

1 3.078 6.314 12.706 31.821 63.656 127.321 318.289

2 1.886 2.920 4.303 6.965 9.925 14.089 22.328

3 1.638 2.353 3.182 4.541 5.841 7.453 10.214

4 1.533 2.132 2.776 3.747 4.604 5.598 7.173

5 1.476 2.015 2.571 3.365 4.032 4.773 5.894

6 1.440 1.943 2.447 3.143 3.707 4.317 5.208

7 1.415 1.895 2.365 2.998 3.499 4.029 4.785

8 1.397 1.860 2.306 2.896 3.355 3.833 4.501

9 1.383 1.833 2.262 2.821 3.250 3.690 4.297

10 1.372 1.812 2.228 2.764 3.169 3.581 4.144

11 1.363 1.796 2.201 2.718 3.106 3.497 4.025

12 1.356 1.782 2.179 2.681 3.055 3.428 3.930

13 1.350 1.771 2.160 2.650 3.012 3.372 3.852

14 1.345 1.761 2.145 2.624 2.977 3.326 3.787

15 1.341 1.753 2.131 2.602 2.947 3.286 3.733

16 1.337 1.746 2.120 2.583 2.921 3.252 3.686

17 1.333 1.740 2.110 2.567 2.898 3.222 3.646

18 1.330 1.734 2.101 2.552 2.878 3.197 3.610

19 1.328 1.729 2.093 2.539 2.861 3.174 3.579

20 1.325 1.725 2.086 2.528 2.845 3.153 3.552

21 1.323 1.721 2.080 2.518 2.831 3.135 3.527

22 1.321 1.717 2.074 2.508 2.819 3.119 3.505

23 1.319 1.714 2.069 2.500 2.807 3.104 3.485

24 1.318 1.711 2.064 2.492 2.797 3.091 3.467

25 1.316 1.708 2.060 2.485 2.787 3.078 3.450

26 1.315 1.706 2.056 2.479 2.779 3.067 3.435

27 1.314 1.703 2.052 2.473 2.771 3.057 3.421

28 1.313 1.701 2.048 2.467 2.763 3.047 3.408

29 1.311 1.699 2.045 2.462 2.756 3.038 3.396

30 1.310 1.697 2.042 2.457 2.750 3.030 3.385
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( , )F n m (fiSeris) ganawilebis zeda 0.05   kritikuli wertilebi

( , ,n mF  )

n
m

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 50 100

1 161 199 215 224 230 234 236 238 240 241 243 243 244 245 245 246 246 247 247 248 251 253

2 18.5 19.0 19.1 19.2 19.3 19.3 19.3 19.3 19.3 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.4

3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.76 8.74 8.73 8.71 8.70 8.69 8.68 8.67 8.67 8.66 8.58 8.55

4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.94 5.91 5.89 5.87 5.86 5.84 5.83 5.82 5.81 5.80 5.70 5.66

5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.70 4.68 4.66 4.64 4.62 4.60 4.59 4.58 4.57 4.56 4.44 4.41

6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.03 4.00 3.98 3.96 3.94 3.92 3.91 3.90 3.88 3.87 3.75 3.71

7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.60 3.57 3.55 3.53 3.51 3.49 3.48 3.47 3.46 3.44 3.32 3.27

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.31 3.28 3.26 3.24 3.22 3.20 3.19 3.17 3.16 3.15 3.02 2.97

9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.10 3.07 3.05 3.03 3.01 2.99 2.97 2.96 2.95 2.94 2.80 2.76

10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.94 2.91 2.89 2.86 2.85 2.83 2.81 2.80 2.79 2.77 2.64 2.59

11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.82 2.79 2.76 2.74 2.72 2.70 2.69 2.67 2.66 2.65 2.51 2.46

12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.72 2.69 2.66 2.64 2.62 2.60 2.58 2.57 2.56 2.54 2.40 2.35

13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71 2.67 2.63 2.60 2.58 2.55 2.53 2.51 2.50 2.48 2.47 2.46 2.31 2.26

14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.57 2.53 2.51 2.48 2.46 2.44 2.43 2.41 2.40 2.39 2.24 2.19

15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.51 2.48 2.45 2.42 2.40 2.38 2.37 2.35 2.34 2.33 2.18 2.12

16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.46 2.42 2.40 2.37 2.35 2.33 2.32 2.30 2.29 2.28 2.12 2.07

17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.41 2.38 2.35 2.33 2.31 2.29 2.27 2.26 2.24 2.23 2.08 2.02

18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.37 2.34 2.31 2.29 2.27 2.25 2.23 2.22 2.20 2.19 2.04 1.98

19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.34 2.31 2.28 2.26 2.23 2.21 2.20 2.18 2.17 2.16 2.00 1.94

20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.31 2.28 2.25 2.22 2.20 2.18 2.17 2.15 2.14 2.12 1.97 1.91

50 4.03 3.18 2.79 2.56 2.40 2.29 2.20 2.13 2.07 2.03 1.99 1.95 1.92 1.89 1.87 1.85 1.83 1.81 1.80 1.78 1.60 1.52

100 3.94 3.09 2.70 2.46 2.31 2.19 2.10 2.03 1.97 1.93 1.89 1.85 1.82 1.79 1.77 1.75 1.73 1.71 1.69 1.68 1.48 1.39
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SemTxveviTi ricxvebis cxrili

39634 62349 74088 65564 16379 19713 39153 69459 17986 24537

14595 35050 40469 27478 44526 67331 93365 54526 22356 93208

30734 71571 83722 79712 25775 65178 07763 82928 31131 30196

64628 89126 91254 24090 25752 03091 39411 73146 06089 15630

42831 95113 43511 42082 15140 34733 68076 18292 69486 80468

80583 70361 41047 26792 78466 03395 17635 09697 82447 31405

00209 90404 99457 72570 42194 49043 24330 14939 09865 45906

05409 20830 01911 60767 55248 79253 12317 84120 77772 50103

95836 22530 91785 80210 34361 52228 33869 94332 83868 61672

65358 70469 87149 89509 72176 18103 55169 79954 72002 20582

72249 04037 36192 40221 14918 53437 60571 40995 55006 10694

41692 40581 93050 48734 34652 41577 04631 49184 39295 81776

61885 50796 96822 82002 07973 52925 75467 86013 98072 91942

48917 48129 48624 48248 91465 54898 61220 18721 67387 66575

88378 84299 12193 03785 49314 39761 99132 28775 45276 91816

77800 25734 09801 92087 02955 12872 89848 48579 06028 13827

24028 03405 01178 06316 81916 40170 53665 87202 88638 47121

86558 84750 43994 01760 96205 27937 45416 71964 52261 30781

78545 49201 05329 14182 10971 90472 44682 39304 19819 55799

14969 64623 82780 35686 30941 14622 04126 25498 95452 63937

58697 31973 06303 94202 62287 56164 79157 98375 24558 99241

38449 46438 91579 01907 72146 05764 22400 94490 49833 09258

62134 87244 73348 80114 78490 64735 31010 66975 28652 36166

72749 13347 65030 26128 49067 27904 49953 74674 94617 13317

81638 36566 42709 33717 59943 12027 46547 61303 46699 76243
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SemTxveviTi ricxvebis cxrilis gagrZeleba

46574 79670 10342 89543 75030 23428 29541 32501 89422 87474

11873 57196 32209 67663 07990 12288 59245 83638 23642 61715

13862 72778 09949 23096 01791 19472 14634 31690 36602 62943

08312 27886 82321 28666 72998 22514 51054 22940 31842 54245

11071 44430 94664 91294 35163 05494 32882 23904 41340 61185

82509 11842 86963 50307 07510 32545 90717 46856 86079 13769

07426 67341 80314 58910 93948 85738 69444 09370 58194 28207

57696 25592 91221 95386 15857 84645 89659 80535 93233 82798

08074 89810 48521 90740 02687 83117 74920 25954 99629 78978

20128 53721 01518 40699 20849 04710 38989 91322 56057 58573

00190 27157 83208 79446 92987 61357 38752 55424 94518 45205

23798 55425 32454 34611 39605 39981 74691 40836 30812 38563

85306 57995 68222 39055 43890 36956 84861 63624 04961 55439

99719 36036 74274 53901 34643 06157 89500 57514 93977 42403

95970 81452 48873 00784 58347 40269 11880 43395 28249 38743

56651 91460 92462 98566 72062 18556 55052 47614 80044 60015

71499 80220 35750 67337 47556 55272 55249 79100 34014 17037

66660 78443 47545 70736 65419 77489 70831 73237 14970 23129

35483 84563 79956 88618 54619 24853 59783 47537 88822 47227

09262 25041 57862 19203 86103 02800 23198 70639 43757 52064
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milioni SemTxveviTi ricxvis sixSireebi

No. 0 1 2 3 4 5 6 7 8 9

1 4923 5013 4916 4951 5109 4993 5055 5080 4986 4974 7.556

2 4870 4956 5080 5097 5066 5034 4902 4974 5012 5009 10.132

3 5065 5014 5034 5057 4902 5061 4942 4946 4960 5019 6.078

4 5009 5053 4966 4891 5031 4895 5037 5062 5170 4886 15.004

5 5033 4982 5180 5074 4892 4992 5011 5005 4959 4872 13.846

6 4976 4993 4932 5039 4965 5034 4943 4932 5116 5070 7.076

7 5011 5152 4990 5047 4974 5107 4869 4925 5023 4902 14.116

8 5003 5092 5163 4936 5020 5069 4914 4943 4914 4946 13.051

9 4860 4899 5138 4959 5089 5047 5030 5039 5002 4937 13.410

10 4998 4957 4964 5124 4909 4995 5053 4946 4995 5059 7.212

11 4948 5048 5041 5077 5051 5004 5024 4886 4917 5004 7.142

12 4958 4993 5064 4987 5041 4984 4991 4987 5113 4882 6.992

13 4968 4961 5029 5038 5022 5023 5010 4988 4936 5025 2.162

14 5110 4923 5025 4975 5095 5051 5035 4962 4942 4882 10.172

15 5094 4962 4945 4891 5014 5002 5038 5023 5179 4852 16.261

16 4957 5035 5051 5021 5036 4927 5022 4988 4910 5053 4.856

17 5088 4989 5042 4948 4999 5028 5037 4893 5004 4972 5.347

18 4970 5034 4996 5008 5049 5016 4954 4989 4970 5014 1.625

19 4998 4981 4984 5107 4874 4980 5057 5020 4978 5021 6.584

20 4963 5013 5101 5084 4956 4972 5018 4971 5021 4901 6.584

 99802 100050 100641 100311 100094 100214 99942 99559 100107 99280 13.316
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