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PREFACE

In THE twenties and thirties of this century, general books on
mathematics revealed that in algebra, one of the oldest branches
of mathematics, a radical revision had taken place. This revision,
and in fact the transformation of algebra to a set-theoretical,
axiomatic science, having as the fundamental object of study
algebraic operations performed on elements of an arbitrary nature,
was brought about by all the preceding developments in algebra.
It began at the end of the nineteenth century, and continued,
gradually growing stronger, during the first decades of the twen-
tieth century, but it was only the appearance in 1930 and 1931
of the two-volume Modern Algebra by van der Waerden which
made the ideas, results and methods of this “new” algebra acces-
sible to all mathematicians who were not specialists in algebra.

It is well known how important, and sometimes also deci-
sive, the influence of this modern algebra subsequently was on
the development of many branches of mathematics, of which we
may first mention topology and functional analysis. At the same
time, in the last three decades the intensive and even tempestuous
development of this algebra has continued, revealing its many
new connections with neighbouring branches of science, and
as a result the appearance of modern or, as we prefer to call it,
general algebra is totally changed from what it was thirty years ago.

During these decades the older branches of general algebra —
the theory of fields and the theory of associative and associative-
commutative rings—have undergone considerably greater develop-
ment. It was to these that van der Waerden’s book was principally
devoted. Even more decisive has been the revision in the theory of
groups, the oldest of all branches of general algebra. Together with
this the theory of rings, to a considerable extent, has now become
the theory of non-associative rings, including as a composite part
the theory of Lie rings and algebras. Topological algebra has arisen
and come to occupy a very important position, and the theory of
ordered algebraic structures has developed parallel to this. The
theory of lattices has appeared and developed quickly, and in
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viii PREFACE

very recent years there has arisen, parallel to it, the theory of
categories, which will certainly have a very great future. Within the
framework of the classical divisions of general algebra inde-
pendent regions have been explored, such as homological algebra,
which has already been found to have many applications in to-
pology and algebraic geometry, projective algebra, which in-
cludes the basic contents of projective geometry, and differential
algebra, which applies general algebra directly to the theory
of differential equations. The theories of semigroups and quasi-
groups ceased to be simply theories of “generalized” groups
and have found their own paths of development and their own
fields of application. Finally, there has arisen the general theory
of universal algebras and the theory of models, even more bound
up with mathematical logic.

It would seem that the fundamental ideas and most important
results which have accumulated in general algebra up to the
present time would, in some measure, have bzscome part of the
scientific equipment of every cultured mathematician, as it was
in the thirties that an examination in modern algebra was estab-
lished for the majority of aspiring mathematicians. In fact,
however, this is far from being the case —the acquaintance of
a vast number of mathematicians with the achievements of gen-
eral algebra remains now to a remarkable degree on a level with
the beginning of the thirties.

The reasons for this can easily be indicated. The basic text
from which young mathematicians study general algebra is still
van der Waerden’s book, although this book, which is quite
remarkable and has played an outstanding part in the history
of twentieth century mathematics, is already so far from the pres-
ent state of algebra that the author himself, in bringing out
the fourth edition, has called it simply Algebra.

In foreign literature there are other books which are more
recent. Some of them, modernizing somewhat the material pre-
sented in van der Waerden’s book, simply supplement and expand
it in the directions of the author’s personal scientific interests.
This has resulted in useful books which, however, do not give
a systematic presentation of the contemporary state of general
algebra. Moreover, these are usually books of considerable
volume, addressed rather to algebraists than to mathematicians
specializing in other subjects. There are books of another type
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which are essentially collections of fundamental algebraic con-
cepts and their simplest properties. Useful as reference books,
such books do not enable the reader to appreciate all the orig-
inality and profundity of modern algebraic investigation — the
most profound and remarkable results in it are either omitted
altogether or formulated in the exercises.

In order to show mathematicians the contemporary appear-
ance of general algebra, a book must have a rather different
character. Not very large in volume, it must be addressed to a
reader who is taking a university course in higher algebra and wish-
es to supplement his algebraic education, but perhaps does not in-
tend to choose algebra as his special subject. This, however,does not
exclude the possibility thatan algebraist also, in questions far from
his own special interests, may find something useful in this book.

Such a book must not and cannot replace the monographs
on the separate branches of general algebra. Nor must it be a col-
lection of chapters quoted from these monographs. The pur-
pose of such a book should be to show the fundamental divisions
of modern general algebra, for the most part in their relation
to each other, where the exposition leads up to the various pro-
found theorems and is aimed at these theorems. The choice of
a very small number of such theorems from each of the separate
branches of general algebra must necessarily be determined by
the personal evaluation of the author. These theorems themselves
certainly cannot be explained in the most general form which
they have attained at present.

The contents of this book, clearly, are very like a mosaic,
and it is sometimes necessary for the reader, following the author,
to jump, within the limits of a single paragraph, from one branch
of general algebra to another. Breaking down the material into
chapters has to be so conventional, that there can be no discus-
sion of the interdependence of chapters.

1 had occasion to speak about the desirability that a book
of this type should appear in 1951 at the All-union conference
on algebra and the theory of numbers (see Uspekhi mat. nauk 7,
No 3, p. 167 (1952), and I began to write it in 1956. In the four
years which have elapsed since then work on the book has been
repeatedly interrupted and resumed, the plan of the book has
been altered frequently, many paragraphs have been written
several times, material which had already been written has been
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rearranged, altered, rejected. In other words, the work has taken
on such a character that I have been reminded more and more
often of Balzac’s novel The Unknown Masterpiece. It was
sensible therefore to conclude the work, without trying to bring
the book to a state which would correspond with the program
outlined above. The reader will detect without difficulty in what
ways the book differs from this program.

I might remark that the name of the book is entirely justi-
fied by the fact that it is based on three long specialized courses
in general algebra given by me in the last ten years at Moscow
University.

Here and there in the book there are included the formulations
of some results which are not proved or used in the book itself.
It is presumed that these formulae, distinguished from the main
body of the text by stars, will not be omitted by the reader. It
is hardly necessary to emphasize specially that the inclusion in
the book of this additional information does not mean that the
corresponding parts of the book have been brought up to the
very latest results obtained at the present day.

References to articles in journals which occur in the body
of the book are in general fairly random and cannot be regarded
as material on the history of algebra in the twentieth century.
On the other hand, there is appended to the book a fairly full
index of books on the various branches of general algebra pub-
lished in the thirty years. It also includes some outline articles.

Because of the complexity of the plan of the book, which is
like a mosaic, it has very often been necessary to refer to pre-
ceding material, although it is clear that in most cases the reader
will find these references superfluous. The reference V.3.6 means:
Chapter V, section 3, subsection 6.

I have had the pleasure of reporting on the original plan of
the book and a series of its chapters, as well as some of the va-
rious revisions, to the seminar on general algebra at Moscow
University. I wish to thank my colleagues in the seminar most
sincerely for their interest in my work, their advice and criticism.
I also wish to extend my warmest thanks to Oleg Nikolaevich
Golovin who took on the great labour of editing the book, care-
fully reading the manuscript through and making many val-
uable suggestions.

A. Kurosa



CHAPTER ONE

RELATIONS

§ 1. Sets

1. The concepts and methods of the theory of sets are funda-
mental to general algebra. A reader who is beginning the study
of general algebra does not, of course, need to be reminded of
the definitions of such set-theoretical concepts as subset, the
complement of a subset in a set, the empty set, the intersection
and union of sets. We note that to denote the intersection and
union of sets we will use respectively the symbolsNandU,
to denote the relationship of a subset or an element to a set we
will use respectively the symbols < and €, and the complement of
the subset 4 in the set M we will denote by M\ 4. The empty
set is denoted by (.

The operations of intersection and union of sets are related to
each other by the following mutually dual distributive laws: for
any three sets A, B, C

AN(BUC)=(4NB)U(4NC), )
AU(BNC)= (AU B)N(4UC). @)

We will only prove the second of these identities. Because
BN C < B, then
AUBNC)< AU B;
analogously
AU(BNC)S AUC,

and therefore the left-hand side of equation (2) is contained in
its right-hand side. On the other hand, if the element x is con-
tained in the right-hand side of equation (2), then simultaneously

xe(4UB), xe(4UC). (3)

If xe A4, then x is contained in the left-hand side of equation
(2). If, however, x does not belong to A4, then it follows from (3)
that x belongs both to B and to C, i.e. it belongs to the intersec-

1



2 LECTURES IN GENERAL ALGEBRA

tion BN C, and therefore x again belongs to the left side of equa-
tion (2). The whole of the right-hand side of equation (2) is thus
contained in its left-hand side. Thus equation (2) is proved.

2. The reader will also be familiar with the concept of a mapping
or correspondence, or single-valued function. If ¢ is a mapping
of the set A into the set B, i.e. onto the whole of B or onto a subset
of it, then we will use the symbol ¢: 4 — B, and the image of the
element a € 4 under the mapping ¢ we will denote by agp.

If p:A— B, {: B— C, then the successive application of
the mappings ¢ and ¢ leads to a well defined mapping of the
set A into the set C, which we will denote by ¢y and which we
will call the product of the mapping ¢ by the mapping ¢. Thus,
for all a in 4

a(py) = (ap)d. C)

This multiplication of mappings may be called partial: if any
two mappings ¢: 4 — Band ¢ : A’ — B’ are given, then the product
¢ does not always exist; it exists if and only if for all ae 4,
ap € A'. From this it follows that for mappings of any set A into
itself the product always exists.

The multiplication of mappings is associative: if we are given
the mappings

¢:A—B, ¢:B—+C, y:C->D, &)
then
(Pdh)x = 2(¥)- (6)

In fact, if @ is an arbitrary element of A, then in view of (4)

al(eP)xl = la(eP)lx = [ap) d]x = (ap) (bx) = ale (Y]
In view of equation (6) the result of the successive application
of the mappings (5) can be denoted by o¢y.
3. We will agree to denote the identity mapping of the set 4
into itself by ¢,; thus,
ac,=a forall aed.

In the multiplication of mappings the identity mapping plays the
part of a unit element, because for any mappings ¢:4— B
and $:C—> 4

eap=¢9, deg=19.
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The reader will be familiar with the concept of a one-one
mapping of the set 4 onto the set B (i.e. a one—one correspondence
between these sets). It is obvious that the mapping ¢:4 > B
will be a one-one mapping of 4 into B if and only if jthere exists
a mapping inverse to it, i.e. a mapping ¢~ 1: B — A, satisfying
the conditions

o =254, @ lp=¢j5.

As is well known, if there exists a one—one mapping of the
set A onto the set B, then the sets 4 and B are called equipotent
or, as one also says, they have the same power. Here the power
of a finite set coincides with the number of its elements, sets
equipotent with the set of all natural numbers are called count-
able, and of sets equipotent with the set of all real numbers one
says that they have the power of the continuum.

4. In the study of infinite sets it is very often convenient to
make use of the following Axiom of Choice:

Given a set M, there exists a function o which relates every
non-empty subset A of M to one definite element ¢(A) of this
subset.

In other words, the function ¢ marks out one element in each
of the non-empty subsets of the set M.

The problem of the logical foundations of this axiom and of
the validity of using it belongs to a group of very difficult and
controversial problems at the basis of the theory of sets. We would
not, however, be able to get along without the axiom of choice.
For countable sets it can, in fact, be easily proved: if the ele-
ments of the set M are numbered by the natural numbers, then
we obtain the required function, if in every subset 4 of M we pick
out that element of it which has the smallest number.

In I. 6.3 we will mention some assertions which are equiva-
lent to the axiom of choice.

§ 2. Binary relations

1. If there is given a set M, then its square M x M is the set
of all ordered pairs (a, b), where a, be M. Let R be any subset
of MxX M. Then, in the following way, R defines a binary relation
(in the set M) which we will also denote by the symbol R (in
concrete cases we will use different special symbols to write
down relations): if @, b € M, then we say that the element @ is in the
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relation R to the element b, and we denote this by aRb if and only
if the pair (a, b) belongs to the subset R; thus the notations

aRb and (a,b)eR
are equivalent.

The study of binary relations in the set M thus does not differ
from the study of the subsets of the set MxX M. We can speak,
in particular, of the inclusion of the binary relation R in the binary
relation R, R< R’, and also of the intersection and umion of
binary relations. The complement of the binary relation R is the
binary relation R, defined by the subset R = (MX M)\ R; in
other words, aRb if and only if (a, b) ¢ R.

2. On the other hand, the fact that binary relations are given
by sets of ordered pairs of elements of M makes the algebra of
binary relations richer than the simple algebra of subsets of an
arbitrary set. Thus, suppose that there are given in the set M the
arbitrary binary relations R and S. By their product RS we un-
derstand the binary relation defined in the following way: a(RS)b
if and only if there exists in M at least one element ¢ such that aRc
and c¢Sbh.

The multiplication of binary relations is associative,

(RS)T = R(ST),
because the element a is in each of the relations (RS)T and R(ST)
to the element b if and only if there exist elements ¢ and d such
that
aRe, ¢Sd, dTb.

The multiplication of binary relations is, however, not commu-
tative; the binary relations R and S only sometimes commute

RS = SR.

If there are given binary relations R; (i runs through a set of
indices I) and S in the set M, then

(i_LJIRi)S=iLJI RS, s(,UI R) = U SR, (1)

In fact, a[(l_) R;)S]b is equivalent to the existence of an ele-
iel

ment ¢ such that a ({_) R;)c and ¢Sb. This, however, is equivalent
iel
to the existence of an index #, such that aR;c and cSb, ie.
a(R; S)b, and therefore a((_)R;S)b.
iel
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We note that in equations (1) it is not possible to replace the
union by the intersection.

From (1) it follows that if we are given the binary relations R,
R’ and S, where RER’', then

RSS RS, SRcSR. )

In fact, the inclusion R = R’ is equivalent to the equation
RU R = R’ from which follows the equation

(RUR)S = RSUR'S = R'S,
which is equivalent to the inclusion RS < R’S.

3. For every binary relation R in the set M there exists an
inverse relation R™*, defined in the following way: aR-1b if and
only if bRa. It is clear that

(R = R

and that from R < S it follows that R-' < S-1,
If we are given the binary relations R;, iel, S and T in the

set M, then

(MR)* =R, 3)

iecl iel
(UR)*=UR, 4)

icl iel
(STy"1=T-1§5"1, ®)
In fact, a({) R)~ b means that (") R)a, i.e. bRafor all ie,

iel icl

whence aR;1b for all ie I, and therefore a({) Ry 1)b. Equation
iel

(4) is proved analogously. Finally, a(ST)~ b means that 5(ST)a,
i.e. there exists an element ¢ such that 5Sc and ¢7a, and therefore
aT='c and ¢S—'b, whence a(T-1S~1)b.

4. The identity relation E is defined in the following way:
aEb if and only if @ = b; in other words, the relation E is given
by the set of all pairs of the form (g, a), a € M. It is obvious that
E-1=FE and that for any binary relation R

RE=ER=R.

We mention also the empty relation 0, defined by the empty
subset of the set MxM. It is clear that for any binary
relation R in the set M

0cR and RO=0R=0.
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5. In the following paragraphs we will encounter binary
relations R, given in the set M, which possess some of the follow-
ing four properties:

Reflexive: aRa for all ae M; in other words, E < R.

Transitive: if aRb and bRc, then aRc;in other words, RR = R.

Symmetric: if aRb, then bRa; in other words, R~! = R.

Anti-symmetric: if aRb and bRa, then a = b; in other words,
RNR1IcE

If the binary relation R possesses any of the four given prop-
erties, then the inverse relation R~ possesses the same properties.

In fact, if E < R, then

E=Elc R
If RR < R, then
R-1R-1= (RR)"' < R

If R-1= R, then
(R")~1=R=R"1

Finally, if RN R~! < E, then
RIN(RYH)1=RINRcE.

6. In the set M let us choose the subset N. A binary relation
R, given in M, in a natural way induces a binary relation RY in
the set N: if a, be N, then aR"b if and only if in M it is true
that aRb. In other words, taking into account that N X N is a sub-
set of the set M X M,

R = RN(NXN).

It is easy to prove the following equations:
@)= @&, (RN =NRY, (UR)'=URL.

7. The concept of a binary relation has various generalizations.
For instance, we consider the n-th power M" of the set M, i.e.
the set of all ordered systems (g, a,, ..., a,) of n elements of the
set M. Then any subset R of the set M™" defines an n-ary relation
in the set M (when n = 3—a rernary relation). Sets in which there
are given a certain number of such relations are called models
and are the object of an independent theory.
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§ 3. Equivalence relations

1. An important type of binary relations are the equivalence
relations, i.e. binary relations possessing the properties of being
reflexive, transitive, and symmetric (see 1.2.5). Of the numerous
concrete examples of such relations with which the reader will
be familiar we will mention only the equality of fractions and
the congruence of whole numbers with respect to some modulus.
To write the relation of equivalence we usually use the symbols ~
and =.

2. Equivalence relations, defined on a set M, are very closely
related to the partitions of the set M into non-intersecting classes.
By a partition we understand a choice of a system of non-empty
subsets in the set M (the classes of this partition) such that every
element of M belongs to one and only one of these subsets.

Every partition = of the set M determines an equivalence re-
lation in M. .

In fact, if a, be M and if we set a ~ b if and only a and b
belong to the same class of the partition 7, then we obtain a binary
relation in M obviously satisfying all the requirements of the
definition of an equivalence relation.

Conversely, every equivalence relation R given in the set M
determines a partition of this set.

Let us call the set of all those elements x of M for which
aRx the class of the element @ and denote it by K. From the fact
that the relation R is reflexive follows the inclusion a € K,, i.e.
the system of classes K, ae M, covers the whole of the set M.
Further, the symmetry of the relation R shows that from be K,
it follows that a € K, and the transitivity of the relation R leads
to the fact that if b e K, then from c e K, it follows that cek,,
i.e. K, € K,. These last remarks together lead to the fact that
if beK,, then K, = K, i.e. a class is determined by any one of
its elements. If, finally, K, and K, are two arbitrary classes with
non-empty intersection, containing, for instance, the element c,
then K, = K, and K, = K_, i.e. the classes K, and K, coincide.
We have proved that the system of all distinct classes of the
form K, is a partition of the set M.

It is obvious that the transition from a partition « of the set M
to the equivalence relation determined by it and then to the par-
tition of the set M determined by the latter leads once again to
the partition . Between the equivalence relations in the set M and
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the partitions of the set M into non-intersecting classes there is
thus established a one-one correspondence.

3. If the equivalence relations R;, i € I, are given in the set M,
then their intersection will also be an equivalence relation.
In fact, from aRa for all i e I it follows that a(("\ R)a. Fur-

iel

ther, if a((M R)b and b(" R)c, then aRb and bR;c for allie I,
iel iel
whence aR;c for all iel, and therefore a("\ R)c. Finally, if

iel
a((M\ R)b, then aRb for all iel, i.e. bR;a for all ie I, whence
iel
b((MR)a.
iel

It can be verified without difficulty that if the partitions =;
of the set M correspond to the equivalence relations R;, iel,
then to the equivalence relation () R; corresponds the partition

iel
whose classes are all non-empty intersections of classes, taken
one from each of the partitions w;, i€ I. We call this partition
the intersection of the partitions w;, iel.

If the equivalence relations R;, i€ I, are given in the set M,
then their union, understood in the sense of the union of the
binary relations, will not necessarily, in general, be an equivalence
relation. In the set M there exists, however, an equivalence relation
which contains all the relations R;, i€ I (in the sense of the inclu-
sion of binary relations), but is itself included in any other equiva-
lence relation containing all the R;, i I. This equivalence relation
will be called the join of the equivalence relations R;, ie L

To prove this we define a binary relation S in the set M in the
following way: aSh if and only if there is at least one way of
choosing a finite system of elements in M

a = ¢, Cl,CZ,...,C,,_l,C":b, (1)

such that for k =1, 2, ..., n there exists at least one index i, €/
for which ¢,_; Ryc,. The relation S is obviously reflexive, transi-
tive and symmetric. If, however, T is any equivalence relation
containing all the R;, i € I, and if aSh, where the system of elements
(1) corresponds to these elements, then from ¢ _,R;c; it follows
that ¢,_T¢;, k=1, 2, ...... n, and therefore from the transi-
tivity of T it follows that aTb.

* The product RS of two equivalence relations R and S is
an equivalence relation if and only if the relations R and S com-
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mute, RS = SR. If this is true, then the join of the equivalence
relations R and S coincides with their product as binary relations
[Sik, Spisy vyd, pFirodovide fakult. Masarykovy unmiv. No. 3,
97-102 (1954)].*

4. The set of classes of the partition corresponding to a given
equivalence relation R in the set M will be denoted by M/R
and called the quotient set of the set M with respect to the equi-
valence relation R. The mapping of the set M onto the quotient
set M/R, which maps every element a € M onto that class of the
partition corresponding to R in which the element a lies, is
called the natural mapping of M onto M/R.

Between the equivalence relations existing in a set M and
the mappings of this set onto certain other sets there exists a close
connection, which is a prototype of the so-called “homomor-
phism theorems”, which we will continually encounter in the
subsequent chapters of this book. In fact, if there is given a map-
ping ¢ of theset M onto some set N, there exists an equivalence
relation R in the set M completely defined by it (i.e. a partition
of this set): for the elements a, be M we set aRb if and only
if ap = bp. By relating to every element x of N the class of those
elements of M which have x as their image in the mapping ¢,
we obtain a one-one mapping & of the set N onto the set MR,
where the product @Y coincides with the natural mapping of M
onto M/R.

§ 4. Partial ordering

1. Other important types of binary relations are the relations
of partial ordering, i.e. binary relations which possess the proper-
ties of being reflexive, transitive and anti-symmetric. A set M
with a partial ordering given in it is called partially ordered.
We shall use the symbol < to denote a partial ordering; if
a,be Mand a<b, then, depending on the circumstances, we shall
say that a is less than or equal to b, a is contained in b, a precedes b.

If a <band a # b, we write @ < b and we say that a is less
than b, a is strictly contained in b etc. The binary relation < will
not of course be reflexive. By > and > we denote the relations
inverse to the relations > and >, i.e., for instance, a > b (a is
greater than or equal to b, a contains b, a follows b) if and only
if b <a.
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Let there be given a partial ordering in the set M. Elements
a and b of this set will be called comparable if a < b or b > a.
Certainly not every two elements of M are necessarily compar-
able-—in fact this is the reason why we speak of “partial” order-
ing. Thus we obtain the frivial partial ordering of the set M if
we set ¢ << b only when a = b; in this case distinct elements of M
will not be comparable. A partially ordered set in which any two
elements are comparable is called an ordered set or a linearly
ordered set, or a chain.

2. In different branches of mathematics ordered and partially
ordered sets are encountered extraordinarily often. As our first
examples of ordered sets we may mention the set of natural
numbers and the set of points on a straight line (i.e. the set of
all real numbers), both of them in their natural ordering. Examples
of partially (but not linearly) ordered sets are:

the set N of all subsets of some given set N with the relation

of set-theoretical inclusion < as the relation of partial ordering;

the set of all continuous real functions, defined on the segment

[0, 1], if £ < g means that for all x in this segment f(x) < g(x);

the set of all natural numbers, if a < b is understood in the

sense that b is divisible by a.

* Every partial ordering of a given set M can be extended
to a linear ordering of this set, i.e. can be included in a linear
ordering (in the sense of the inclusion of binary relations, see
1.2.1) [Szpilrajn Fund. Math. 16, 386-389 (1930)].*

3. Let there be given a one-one correspondence ¢ between

the partially ordered sets M and M’,

ap=4a, aeM, deM.

If from a < b, where a, be M, it always follows that ap < by and
conversely, then ¢ is called an isomorphism between M and M’,
and the sets M and M’ themselves are called isomorphic partially
ordered sets. It is obvious that in the cases when the partial order-
ing is an independent object of study, and the nature of the elements
of which the sets under consideration are composed is of no impor-
tance, isomorphic sets can be regarded as identical.

4. We know (see 1.2.6) that a partial ordering given in a set
M induces some binary relation in every subset of this set; it is
easy to see that this will also be a partial ordering. We say that a
partially ordered set M is isomorphically embedded in a partially
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ordered set N, if there exists an isomorphic mapping of the set
M onto some subset N’ of the set N, where N’ is considered with
the partial ordering induced by the partial ordering of the set N.

5. The following theorem emphasizes the special part played
by the first of the examples mentioned in 1.4.2 of a partially ordered
set.

Every partially ordered set M can be isomorphically embedded
in the set N of all subsets of some set N, partially ordered by
inclusion. As the set N we can take, for example, M itself.

In fact, we relate to every element a of M the subset 4 consist-
ing of all elements xe M such that x < a. Let a, be M, and
let 4, B be the subsets corresponding to them. If 4 = B, then
b < a, a < b, whence a = b. This proves that the correspondence
a — A is a one—one mapping of the set M into the set M of all
its subsets. If, further, a < b, then from x < a it will follow that
x < b, i.e. A = B. Conversely, if 4 < B, then ae B, i.e. a < b.
Thus the correspondence a — A is an isomorphic embedding of M
in M.

6. It follows from the proof in 1.2.5 that the relation inverse
to the relation of a partial ordering will itself be a partial ordering.

Partially ordered sets M and M' are called inversely isomorphic
if one of them is isomorphic to the other, taken with the inverse
partial ordering, i.e. if there exists between them a one-one cor-
respondence o,

ag=4a, aeM, deM,
such that a < b, where g, be M, if and only if ap = be.

§ 5. The minimum condition

1. An element a of a partially ordered set M is called a minimal
element of this set if there is no element x in M satisfying the
condition x < a. It is clear that M can contain many different
minimal elements, but may also have no such element.

Thus the set N of all subsets of some set N possesses a unique
minimal element—this will be the empty subset. In the set of all
non-empty subsets of a set N the minimal elements are all the
subsets consisting of one element. Finally, if the set N is infinite
then the set of all its infinite subsets does not have any minimal
elements.
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The concept of a minimal element will now be used in defining
one special class of partially ordered sets, wider than the class
of finite partially ordered sets. This is the class of partially ordered
sets satisfying the following conditions, which are equivalent to
each other:

MiniMuM CONDITION. Every non-empty subset N of the partially
ordered set M possesses at least one minimal element (in N).

DESCENDING CHAIN CONDITION.T Every strictly descending
chain of elements of the partially ordered set M,

G>> .. >a,> ..,

breaks off at a finite point. In other words, for every descending
chain of elements

G20y = ...20, 2 ...
there exists an index n at which this chain becomes stable, i.e.
a,, - a,, +1 == ...

THE INDUCTIVE CONDITION. All the elements of the partially
ordered set M possess some property & if this property is possessed
by all the minimal elements of this set (when they exist) and if
rom the validity of the property & for all elements strictly preceding
some element a we can deduce the validity of this property for the
element a itself.

2. We will prove the equivalence of the three given conditions.

From the minimum condition follows the inductive condition.

In fact, let the partially ordered set M satisfy the minimum
condition and let the hypothesis of the inductive condition be ful-
filled for some property & in it. If there exist elements in M which
do not possess the property &, then let a be minimal among
these elements—the existence of the element a follows from the
minimum condition. The element a cannot be minimal in the
whole of M, by the first premise of the inductive condition, and
because all the elements strictly preceding a possess the property &,
then, by the second premise of the inductive condition, the element
a itself must possess the property &, i.e. we arrive at a contradiction.

From the inductive condition follows the descending chain
condition.

1 The concept of a descending chain which is discussed in this condition
is a special case of the general concept, of a chain, introduced in 1.4.1.
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In fact, let the partially ordered set M satisfy the inductive
condition. We apply this condition to the following property: the
element a possesses the property & if every strictly decreasing
chain of elements starting with the element a breaks off at a finite
point. This property is possessed, obviously, by all the minimal
elements of the set M, if any exist. On the other hand, let all
the elements strictly preceding the element @ possess our pro-
perty &. In this case the second term of any strictly decreasing
chain starting with the element a will possess the property &,
and therefore the chain under consideration must break off,
i.e. the element a also possesses the property &. From the induc-
tive condition it now follows that our property & is possessed
in general by all the elements of the set M, i.e. in M every strictly
decreasing chain breaks off—-it begins, clearly, with some element.

From the descending chain condition follows the minimum
condition.

To prove this we presuppose that the partially ordered set
M does not satisfy the minimum condition, and in fact let a non-
empty subset N of it have no minimal elements. Using the axiom
of choice (see I.1.4) we mark out one element in every non-empty
subset of N, and then we construct a sequence of elements

a,, n=1,2,.. 1)

in the following way. As @, we take the element marked out in
the subset N itself. If the element a, has already been constructed
and a, €N, then as a,,, we take the element marked out in the
set of elements of N strictly preceding a, ; this set is non-empty
because N has no minimal elements. The sequence (1) is obviously
an infinite strictly decreasing chain, i.e. the set M cannot satisfy
the descending chain condition.

3. The inductive condition enables one to carry out not only
proofs by induction but also constructions by induction. In fact,
let M be a partially ordered set with the minimum condition
and suppose that we wish to define on this set a function ¢(x)
mapping every element x of M on some element of an auxiliary
set S. We shall assume here that the function ¢(x) must satisfy
some recurrence relation, i.e. a relation which uniquely defines
a value ¢(a) for every a € M by means of the value ¢(b) for all
b strictly less than a. We shall prove that there exists a function
©(x), which is unique, defined on the whole of the set M, satisfying
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the recurrence relation mentioned and taking arbitrarily given
values at all minimal elements of the set M.

We begin by proving the uniqueness. Let there exist two
distinct functions ¢(x) and ¢(x) on M satisfying our conditions.
In the non-empty set of elements x for which ¢(x) # $(x), there
exists, by the minimum condition, at least one minimal element
a. This element cannot be minimal in the whole of M, because
on the minimal elements of the set M the functions ¢(x) and
$(x) coincide by hypothesis. Hence there exist elements & such
that b< a, where for all these elements ¢(b) = ¢ (b). The recur-
rence relations, however, uniquely define the values of the func-
tions under consideration for x = @ by means of their values for
all b<<a, and therefore ©(a) = {(a), i.e. we arrive at a contra-
diction.

We go on to prove the existence of the desired function ¢ (x),
assuming that on the minimal elements its values are already
given. We will say that the element @ € M possesses the property &
if on the set 4 of all x such that x <<a we can define a function
94(x) satisfying the given recurrence relations and taking the
given values on the minimal elements of M contained in a.

All the minimal elements of M obviously possess the property
&. On the other hand, if @ and b possess the property & and
b<a, applying the uniqueness of the desired function proved
above not to M but to the set B of the x for which x <<b, we find
that for all these x,

%5(30) = 2,(2).
Hence it follows that if all the elements b strictly preceding the
given element g possess the property &, then the element a itself
also possesses this property: we obtain a function ¢, (x) satisfying
our requirements, if for every b, b << a, we set

¢a(b) = 0 (1),
and as ¢,(a@) we take the value which is uniquely determined by
the recurrence relations.
On the basis of the inductive condition, which is satisfied in the
set M, we can now assert that all the elements of this set possess
the property &. By letting, finally, for all ae M

¢(@) = ¢4(a),
we define a function ¢(x) possessing all the required properties
and in this way we complete the proof of the theorem.
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4. A linearly ordered set satisfying the minimum condition,
and therefore also the other two conditions equivalent to it, is
called well ordered. An example of a well ordered set is the set
of natural numbers in its natural ordering. Every subset of a well-
ordered set is itself well ordered. From the definition of a well-
ordered set it follows that it possesses a unique minimal element.

In a well-ordered set for every element a there exists an element
immediately following a. The element a may, however, not have
an element immediately preceding it; in this case it is called
a limit element.

A partially ordered set satisfies the minimum condition if and
only if all its chains (i.e. linearly ordered subsets) are well ordered.

In fact, if a partially ordered set M satisfies the minimum
condition, then the same is true of all its subsets, in particular
for all chains. The converse assertion follows from the fact that
in the formulation of the descending chain condition, equivalent
to the minimum condition, one only uses chains of the set M.

5. In a partially ordered set M one can go over to the inverse
partial ordering. The minimal elements of this inverse ordering
are called maximal elements of the set M in its original ordering,
and a descending chain in the inverse ordering is called an ascend-
ing chain of the set M. In general in this way we can obtain
a dual concept (or assertion) for every concept (assertion) con-
nected with partial ordering.

Let the partially ordered set M satisfy the minimum condi-
tion. Taking the inverse partial ordering in M, we obtain a partial-
ly ordered set satisfying the maximum condition. Everything
stated above for sets with the minimum condition remains true
for sets with the maximum condition, after the relation < has
been replaced by > and conversely.

§ 6. Theorems equivalent to the axiom of choice

1. Let N be a subset of a partially ordered set M. Every element
a of M (not necessarily contained in N) satisfying the condition
azx for all x e N is called an upper bound of the subset N in the
set M. The dual of this concept is that of a lower bound.

2. In addition, if M is a partially ordered set then the set
of all its chains will be partially ordered by set-theoretical inclus-
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ion. Maximal elements of this latter set, if they exist, are naturally
called maximal chains of the set M.

3. These concepts are used in the formulation of two of the
following three theorems, each of which, as we will now prove,
is equivalent to the axiom of choice (see 1.1.4).

ZERMELO’S THEOREM. Every set can be well ordered.

HAUSDORFF’'S THEOREM. Every chain of a partially ordered set
is contained in some maximal chain.

KURATOWSKI-ZORN THEOREM.T If every chain of a partially
ordered set M possesses an upper bound, then every element of the
set M is contained in some maximal element.

4. We will prove the equivalence of these theorems and the
axiom of choice.

Zermelo’s theorem follows from the axiom of choice.

A segment of a well ordered set A is any subset B of it which
contains, together with any of its elements b, all elements x € 4
such that x<{b. The set of elements strictly preceding some
element a of 4 will be a proper segment of the set 4 (i.e. a segment
distinct from A itself), and these are all the proper segments:
if B is such a segment then B consists of all the elements strictly
preceding a minimal element of the complement A\B, i.e. it is
defined by this element. We will also regard the empty set as
a proper segment of the set A4 ; it is defined by a minimal element
of this set.

We proceed to the proof of the theorem. Let there be given an
arbitrary set M. On the basis of the axiom of choice we select one
element ¢(N) in each of its non-empty subsets N. We will call
a non-empty subset 4 of M distinguished, if it can be well ordered
and in such a way that for every ae 4

= p(M\4),

where A’ is the segment of the set A in the given well ordering
defined by the element . Distinguished subsets exist in A ; such
a subset, for instance, is that consisting of the single element
o (M).

Let A and B be two distinguished subsets for which we choose
the well orderings possessing the property mentioned in the
preceding paragraph. Then both these subsets have ¢(M) as

1 This statement is also known as Zorn’s Lemma (Ed.).
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their first element and therefore possess non-empty coincident
segments. The union C of all the coincident segments of these
two subsets will obviously be a segment in each of them; this
is the greatest of the coincident segments. If the segment C were
distinct both from A and from B, then, by the definition of a distin-
guished subset, the segment C would be defined both in 4 and
in B by the element ¢ (M \C), and then 4 and B would possess
a coincident segment greater than C, consisting of C and the
element ¢(M\C). This, which contradicts the definition of C,
shows that one of the two selected subsets 4 and B is a segment
of the other.

From this it follows that the union L of all the distinguished
subsets of M will itself be distinguished. In fact, if @ and b from
L belong respectively to the distinguished subsets 4 and B, then
they both lie in the greater of these subsets, for instance in A.
Letting a>b in L, if a>> b in this 4, we obtain a linear ordering
in L, which will also be a well ordering: every descending chain
of elements in L is entirely contained in some distinguished
subset 4 and therefore must break off. Finally, if a e L, then
a is contained in some distinguished subset 4 and defines in L
and in 4 the same segment A, where a = ¢ (M \4’). This proves
that the set L is distinguished.

To complete the proof it remains to remark that if 7 were
distinct from M, then, in contradiction to the definition of L,
we would obtain a distinguished subset greater than L, by adjoin-
ing the element (M \L) to L and assuming that this element
follows all the elements of L.

Hausdorff’s theorem follows from Zermelo’s theorem.

Let us take an arbitrary chain A in the partially ordered set M.
If A = M, then there is nothing to prove; otherwise we shall
assume, on the basis of Zermelo’s theorem, that the set B = M\ 4
is well ordered; this well ordering is in no way connected with
the partial ordering of B as a subset of the set M.

We will place the first element of the set B in the first class
if it can be compared in the set M (see 1.4.1) with every element of
A, and in the second class in the opposite case. Now let b be an
arbitrary element of B and let each of the elements of the set B,
strictly preceding the element b in the sense of the well ordering
given in B, be already placed in either the first or the second class.
Then we place the element b in the first class if it is comparable
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in M both with every element of 4 and also with every one of
those elements preceding it in B which has been placed in the
first class; in the opposite case the element b will be placed in the
second class.

In this way we carry out an inductive construction by means
of the well ordering of the set B, and therefore we can assume
(see 1.5.3) that every element of B is placed in a unique way in
the first or second class. The set C, containing all the elements
of the chain 4 and all the elements of the first class from B, will
be a chain in the set M, because any two elements from C are
comparable with each other in M. This chain will be maximal
in M, because any element of the second class from B is not
comparable with at least one of the elements of C. The theorem
is proved.

The Kuratowski-Zorn theorem follows from Hausdor{f’s theorem.

For, let there be given a partially ordered set M in which every
chain possesses an upper bound, and let a € M. The chain con-
sisting of the single element a is contained in some maximal
chain C by Hausdorfl’s theorem. If the element ¢ is an upper
bound of the chain C, then a < c. On the other hand, the element
¢ is maximal in M : if there exists an element b such that c< b,
then for all x € C, since x < ¢, it follows that x < b, i.e., by adjoin-
ing the element b to the chain C, we obtain a larger chain which
contradicts the maximality of the chain C. The theorem is proved.

The axiom of choice follows from the Kuratowski-Zorn theorem.

Let there be given an arbitrary set M. We consider systems of
non-empty subsets of M on which it is possible to give (in at
least one way) functions which mark out in each subset 4 of the
given system one of its elements ¢(A4). Systems of such a type
exist—such, for instance, are the systems consisting of one non-
empty set. We denote by @ the set of all functions of the given
type, given on all possible systems of subsets on which it is pos-
sible to give such functions.

Let ¢ and ¢ be two functions belonging to @ and given respec-
tively on the systems of sets S and 7. We put o <<, if S T
and the functions ¢ and ¢ coincide on the system S. This defines
a partial ordering in the set ®. We take an arbitrary chain I’
in @ (in the sense of this partial ordering), consisting of the
functions ¢,, given respectively on the systems S,. On the system
T = S, we can define a function ¢ which coincides with the

a
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functions ¢, on each of the systems S,. It is clear that ¢ belongs
to @ and is an upper bound for the chain I

The Kuratowski-Zorn theorem is thus applicable to the set
®, and therefore @ possesses maximal elements. Let y be one of
these elements. If the system U, on which the function y is defined,
did not contain a non-empty subset 4 of M, then on the system
obtained from U by adjoining 4 we could define functions strictly
greater than y: such would be every function coinciding with
¥ on the system U and marking out in the subset A one of its
elements. We have obtained a contradiction of the maximality
of the function y, which shows that the system U in fact coincides
with the system of all non-empty subsets of the set M. Thus the
theorem is proved.

* The assertion that every set can be linearly ordered is weaker
than the axiom of choice [Mostowski, Fund. Math. 32, 201-252
(1939)].*



CHAPTER TWO

GROUPS AND RINGS

§ 1. Groupoids, semigroups, groups

1. The most fundamental of all the concepts studied in the
various branches of algebra is the concept of an algebraic opera-
tion. We will limit ourselves for the time being to the considera-
tion of binary operations. In its widest sense this will be a law
by which some ordered pairs of elements of a given set M (i.e.
some elements from the square of the set M, see 1.2.1) are put
into correspondence with elements from M, either one or many
at a time. If we call this operation multiplication and use the ordi-
nary multiplicative notation for it, then the equation

ab=c 1)
will mean that for the pair of elements @, b from M the product
is defined and that one of the values of this product is the element c.

The concept of a binary algebraic operation, considered in this
wide sense, is equivalent to the concept of a ternary relation given
in the set M (see 1.2.7).

In fact, if a binary operation is given in M, then we will intro-
duce a ternary relation R in M by letting R(a, b, ¢) if and only
if equation (1) is satisfied. Conversely, if a ternary relation R
is given in M, then we will assume that equation (1) is satisfied
if and only if it is true that R(a, b, ¢).

2. In what follows a binary algebraic operation will be under-
stood, as a rule, in a narrower sense: the product must be defined
for every ordered pair of elements and must be single-valued.
Every set in which an algebraic operation of this type is given is
called a groupoid.

This concept is still too wide. Rather narrower is the concept
of a semigroup, which has various applications, i.e. a groupoid
in which the associative law is satisfied: for any clements a, b
and ¢

(ab) ¢ = a(bc). )

20
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Equation (2) gives a single meaning to the product abc of
any three elements of a semigroup. It follows easily from this
that for all » the product @, ... a, of any » elements, taken
in a given order, will be a uniquely determined element of the
semigroup.

3. Even narrower is the concept of a group, one of the most
important algebraic concepts. A group is a non-empty semi-
group in which the inverse operations can be carried out, i.e.
for any elements @ and b each of the equations

ax=>b, ya=b 3

has a solution, and it is unique.
We note that the uniqueness of the solutions of each of equations
(3) enables one to perform left or right cancellation in a group: if

aby=ab, or ba=b,ua,
then b, = b,.

The solutions x and y of equations (3) will not necessarily
coincide in the case of an arbitrary group. This is due to the
fact that we have not presupposed that the algebraic operation
is commutative, i.e. a product may depend on the order of its
factors. A group (or semigroup or groupoid) in which for any two
elements a, b the commutative law

ab = ba
is satisfied, is called commutative or Abelian.

4. Every group G possesses a uniquely defined element e, satisfy-

ing the condition
ae=ea=a

for all elements ae G.

In fact, from the definition of a group there follows the existence
of an element e, in G for any element 4, such that ge, = a,
where this element e/ is uniquely defined. If b is any other element
of the group G, and y is an element of the group satisfying the
equation ya = b, then, by the associative law,

be, = (ya)e; = y(ae;) = ya=1b,

whence e, = e,. The clement e, thus does not depend on the
element a; we will denote it by ¢’. Thus,

ae’ =a for all aeG. 1G]
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In an analogous way we can prove the existence and uni-
queness of an element e’’ such that

e€'a=a forall aegG. )

However, by applying equations (4) and (5) to the product e"2’,
we obtain e¢’¢’ = ¢ and €’¢’ =¢’, whence ¢’ = ¢’. Thus the
theorem is proved.

The element e, whose existence and uniqueness are asserted
in this theorem, is called the identity of the group G and usually
denoted by the symbol 1.

For every element a of the group G there exists a uniquely
defined element a* such that

aacl=ala=1.

In fact, from the definition of a group follows the existence
of uniquely defined elements a’ and & such that

’

ad’ =1, a‘a=1.
However, by applying the associative law, we obtain
a’ad’ = da"'(@d') =a"-1=ad",
a'ad’ = (@"a)a’ =1-a =a,
whence a"’ = a’.
The element a1 is called the inverse element for a. It is clear

that the inverse for a~! is the element g itself and that 171 = 1.
It is also easy to see that for any elements a, a,, ..., a,

(may ... ay_1a,)"* = a; %}, ... a7 tar .
5. The following theorem often makes it easier to prove that
a given semigroup is a group:
The semigroup G will be a group if and only if there exists in
G at least one right identity e, possessing the property

ae =a forall ae G,

where this e can be chosen such that for every a € G there exists at
least one right inverse element a=?, satisfying the condition
aa-l=e.

In one direction this theorem has been proved in the preceding
paragraph. Now let there be given a semigroup G satisfying the
conditions of the theorem. We will show that the element e will
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also be a left identity for G. If aeG and a~! is one of its right in-
verse elements, then

eaa ' =ee =e =qa 1.

Multiplying both sides of this equation on the right by one of
the elements which are right inverses for a~?, and using the uni-
queness of a product in a semigroup, we obtain

eae = ae,

whence ea = @, which we wished to prove.

Now if e’ is any right identity for G, and e’’ any left identity,
then, as in the proof of the first theorem of the preceding para-
graph, we obtain that ¢’ = ¢’, i.e. we prove the existence and
uniqueness of the identity e in G.

Further, again let a eG and let a~* be one of the right inverse
elements for g. Multiplying the equation aez=! = e on the left
by a~1, we obtain

alaat=a .

Multiplying this last equation on the right by one of the right
inverse elements for a~1, we arrive at the equation

alge=e,

whence a~la =-e. The element a~1 is also a left inverse for a.

Now, as in the proof of the second theorem of the preceding
paragraph, it is easy to verify that any left inverse element for
a is equal to any right inverse element. Hence there follows the
existence - of a uniquely defined inverse element a~! for every
element a in G.

To complete the proof we remark that the solutions of equations
(3) are respectively the elements

x=a'h and y=bal

The uniqueness of these solutions follows from the fact that if|
for instance, ax, = ax,, then, multiplying this equation on the
left by a1, we obtain x; = x,.

6. Sometimes, particularly in the study of Abelian groups,
one uses not the multiplicative, but the additive notation: the
group operation is called addition, the sum is written a+ b, the
identity of the group is called the zero and is denoted by the
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symbol 0, and instead of the inverse element one speaks of the
additive inverse element and denotes it by —a.

In the additive notation for Abelian groups the inverse oper-
ation—in this case it will, of course, be unique—is called sub-
traction. The solution of the equation

at+x=2»~

is called a difference and is written in the form b — a. It is clear
that
b—a=b+(—a),
and therefore
b—(ay+a)=b—a—a,.

7. The ordinary operations on numbers give us many important
examples of Abelian groups. Thus, by taking all the integers—
positive, zero and negative—and considering the operation of
addition in this set, we obtain an Abelian group called the additive
group of integers. All the rational numbers also form an Abelian
group under addition — this is the additive group of rational
numbers. One can also speak of the additive groups of all real
and all complex numbers.

If we take only the natural numbers, then they form a semi-
group under addition, called the additive semigroup of natural
numbers, but not a group, because subtraction is not always
possible here.

In forming groups under multiplication from numbers it is
necessary to bear in mind that none of themt can contain the
number zero, because it is not possible to divide by zero. Multi-
plicative groups are formed, for instance, by all the rational
numbers distinct from zero, and equally by all the strictly posi-
tive rational numbers. On the other hand, semigroups under
multiplication, but not groups, are formed by the systems of
all integers, all non-negative integers and all natural numbers.

As an example of a finite Abelian group we mention the mul-
tiplicative group of n-th roots of unity. The order of this group—
by the order of a finite group is meant the number of its elements —is
equal to n.

8. We go on to some examples of non-commutative groups
and semigroups. A transformation of a set M is any mapping of

t Except of course the group consisting of zero alone (Ed.).
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this set into itself (i.e. onto some subset of it). A special case
of a transformation is a permutation, i.e. a one-one mapping
of the set M onto itself.

In 1.1.2 we introduced the multiplication of mappings, regard-
ing this as their successive application, and we proved the asso-
ciativity of this operation. Applying this to the case of transfor-
mations we find that relative to the operation of successive appli-
cation all the transformations of a given set M form a semigroup;
it is called the symmetric semigroup on the set M.

Because the successive application of two permutations of
a set M is again a permutation, we can also speak of the semi-
group of permutations on M. The identity permutation, which
leaves every element of M unaltered, is the identity of this semi-
group. On the other hand, if x is an arbitrary permutation, mapping
every element @ of M into the element ax, then the inverse trans-
formation mapping ax into « for all aeM will also be a permu-
tation; it is the inverse permutation for x. Thus, in view of IL.1.5,
under the operation of successive applications all the permutations
of a given set M form a group; it is called the symmetric
group on the set M.

If the set M is finite and consists of n elements, then the sym-
metric group on M, called the symmetric group of degree n and de-
noted by S,, will be finite and have order n!. The symmetric semi-
group on a finite set M will also be finite.

Another example of a non-commutative group is the totality
of all non-singular square matrices of order n (where n > 2) with
real elements, considered with respect to the operation of multi-
plication of matrices.

§ 2. Rings, skew fields, fields

1. A second very important algebraic concept, similar to
the concept of a group, is the concept of a ring. A ring is a set
R in which there are given two binary algebraic operations (in
the sense of II.1.2)—addition and multiplication, where this
is an Abelian group with respect to addition—the additive group
of the ring R—and the multiplication is connected with the addi-
tion by means of the distributive laws:

a(b+c)=ab+ac, (b+c)a= ba+ ca. ()

3«
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In the general case no restrictions are laid on the multiplica-
tion itself, i.e. the ring R is only a groupoid with respect to mul-
tiplication—this will be the multiplicative groupoid of the ring R.
If the multiplication in the ring is associative, then we will call the
ring an associative ring and we speak of its multiplicative semi-
group; if the multiplication in the ring is both associative and
commutative, then the ring is called associative-commutative.

In every ring the distributive laws are satisfied for differences
also, i.e.

a(b—c)=ab—ac, (b—c)a=ba—ca. ¥))
In fact, by IL.1.6,
c+((pb—c)=>b.
Multiplying both sides of this equation on the left by a, and then

applying the first of the distributive laws (1) to the left-hand
side of the equation, we obtain

ac+a(b—c) = ab,
whence, again by IL.1.6, follows the first of equations (2).

2. Every Abelian group G is the additive group of some ring:
it is sufficient to presuppose that the group operation of G is
written additively, and then to take zero multiplication in G, i.e.
to set

ab=20

for any a and b in G. The fact that the distributive laws (1) are
satisfied is obvious. This zero ring with additive group G will,
of course, be associative-commutative. In the theory of rings
zero rings play a part parallel to the part played in the theory
of groups by Abelian groups.

Our first example of a non-zero associative-commutative ring
is the ring of integers. As an example of an associative but not
commutative ring we mention the ring of square matrices of order
n (where n > 2) with real elements: the operations in this ring
are the addition and multiplication of matrices as given in any
course in higher algebra,

We mention, finally, one example of a non-associative ring.
This is the ring of vectors of three-dimensional Euclidean space,
where the operations are the usual addition of vectors and the
vector multiplication of vectors defined in any course in analyt-
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ical geometry. It is easy to verify that this multiplication will
be neither associative nor commutative, butsthat it is connected
with the addition by the distributive laws (1).

The reader can also verify easily (or find it in a text book on
vector algebra) that in the ring which we have constructed for
any vectors a, b, ¢ the following equations are satisfied:

a®=0 (3)
and the Jacobi identity
(ab)c -+ (bc)a + (ca) = 0. 4
We note that from (3) follows the anti-commutative law
ba = — ab.

In fact, since
a?=b= (a+ b2 =0,
we have
0= (a+ b)? = a*-+ ab + ba+ b* = ab + ba.

3. Every ring satisfying conditions (3) and (4) is called a Lie
ring. Lie rings form an important class of rings, in general non-
associative; to this class belong, as well, all the zero rings.

Between the associative and Lie rings there exists the following
remarkable connection:

If R is an arbitrary associative ring, then, by keeping the additive
group of this ring, and replacing the operation of multiplication
ab by the commutator operation

aob = ab — ba,
we obtain a Lie ring R,

In fact, we verify the validity of the distributive laws; it is

sufficient to verify the first of the laws (1):
aob+c)=ab+c)—((b+c)a=ab+ ac—ba—ca=
{ab — ba) + (ac — cd) = aob+aoc.

Thus, the set R, considered with the additive and commutator
operations, is 4 ring; we denote it by R, It remains to verify the
validity of equations (3) and (4):

aca=dada—aa =90,
{(aocb)oc+ (boc)oa—+(coa)ob = (ab— ba)c — c(ab — ba) +
(bc —cb)a — a(bc — ¢b) + (ca — ac)b — b(ca — ac) = 0.
The ring R is a Lie ring.
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4. If in the associative ring R we keep its additive group, and
replace the operation of multiplication ab by the symmetriser

operation
a-b=ab+ ba,

then we obtain a ring RW), in which for any elements a, b the equ-

ations
a-b=b-a, 5)

[(@-a)-b]l-a= (a-0)-(b-a) ©®)
hold.
Again, we need only verify the first to the distributive laws (1):

a-b+c=ab+o)+b+ca=ab+ac+ba+ca=
(ab + ba) -+ (ac +ca) = a-b+a-c.
Now we verify the validity of equations (5) and (6):
a-b=ab-+ba=ba--ab=>-a,
[(a-a)-bla = [(aa + aa)b + b(aa - aa)]a +
a[(aa -+ aa)b + b(aa + aa)]
= aaba+- aaba + baaa - baaa + aaab -+ aaab +
abaa + abaa = (aa -+ aa)(ba -+ ab) 4
(ba + ab)(aa -+ aa) = (a-a)-(b-a).
Every ring satisfying the conditions (5) and (6) is called a Jor-

dan ring. In the general case it is non-associative; however, the
class of Jordan rings includes all the associative-commutative

rings.
5. In every ring R, any product in which at least one of the

factors is equal to zero, is itself equal to zero. In other words,
a-0=0.-a=0 ©)

for all elements a from the ring R.
In fact, if x is another arbitrary element of the ring R, then,

in view of (2),
a-0=a(x—x)=ax—ax=0.
If a and b are any elements of an arbitrary ring R, then
(—a)b=a(—b) = —ab, ®)
(—a)(—b) =ab. €)



GROUPS AND RINGS 29

In fact,
ab+(—ab=[a+(—a]b=0.b=0.

In the same way we can verify the second half of equation(8).
On the other hand, using (8), we obtain

(—a)(—b) = —[a(—b)] = —(—ab) = ab,
which proves (9).

6. We note that the converse of the assertion expressed by
equation (7), which is valid for the ring of integers, does not
hold in the general case: there exist rings which possess divisors
of zero, i.e. elements a and b distinct from zero whose product

is equal to zero:
ab =0,

Examples of such rings, apart from zero rings, are the matrix
rings. We have already mentioned the ring of real square matrices.
In general, if R is an arbitrary ring, then we can consider all
possible square matrices of order » with elements from R.
Defining addition and multiplication for them in the usual way,
we obtain, as is easy to verify, a ring which is associative if the
original ring R is associative. The zero of this ring is the zero ma-
trix, consisting of zeros. The ring constructed is called the total
matrix ring of order n over the ring R and is denoted by R,.

If n =22, and the ring R does not consist of zero alone, then
the total matrix ring R, has divisors of zero.

In fact, if a is an element of R distinct from zero, then the
matrices

a0..0 00..0
0095 to..00
00..0 0..0a

are distinct from the zero matrix, but their product is equal to
Zero.

Other examples of rings with divisors of zero are rings of
functions. Let there be given an arbitrary set M and an arbitrary
ring R. We consider the set of all functions on M with values in
R, i.e. all mappings f of the set M into the ring R; the image
of the element x € M under the mapping f will be denoted here
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by f(x). This set of functions becomes a ring if the sum and prod-
uct of functions are defined, as usual, by the equations

(f+) =f(x)+ &),
() () = f(x)-g(x),

i.e. by means of the addition and multiplication "of the values of
the given functions for all x from M, It is easy to verify that all
the requirements included in the definition of a ring are satis-
fied, and that the ring obtained is associative and commutative
provided only that the original ring R is respectively associative
or commutative.

The ring constructed is called the complete ring of functions
on the set M with values in the ring R. If Mis the set of points on
the real line, and R is the ring of all real numbers, then our ring
will be the ordinary ring of all real functions of a real variable.

Every complete ring of functions on a set M containing not
less than two elements, with values in a ring R, not consisting of
zero alone, possesses divisors of zero.

In fact, the role of zero in this ring is played by the zero func-
tion which is identically (i.e. for all x from M) equal to zero.
If, however, we divide the set M into two non-empty non-inter-
secting subsets 4 and B, then clearly there exist non-zero functions
JSand g such that ftakes zero values on 4, and g on B. It is clear
that the product fg will be the zero function.

7. An associative-commutative ring without divisors of zero
is called an integral domain; such, in particular, are all rings
of integers. Important examples of integral domains can be ob-
tained by using the following construction.

If R is an arbitrary associative-commutative ring, then we can
consider all polynomials

&+ ax+axt+..+ax", n=0,

in an unknown x with coefficients ay, ay, ..., a, from R;if a,# 0,
then » will be the degree of this polynomial. By defining the addi-
tion and multiplication of polynomials in the same way as this
is done in any course in higher algebra, we obtain, as can be veri-
fied without difficulty, a ring called the ring of polynomials R{x]
in an unknown x over a ring R; this ring will also be associative-
commutative. The zero of a ring of polynomials is the polynomial
all of whose ceofficients are equal to zero.
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In an analogous way we define the ring of polynomials
R[x,, x,, ..., X,] of any finite number of unknowns; it will simply
be a ring of polynomials of ome unknown x, over the ring
R[xy,..., X,_1]. We can also speak of the ring of polynomials over
R in any infinite set of unknowns, by assuming here that each sepa-
rate polynomial depends on only some finite number of un-
knowns.

If R is an integral domain, then any ring of polynomials over
R will be an integral domain.

The validity of this assertion for the ring of polynomials R[x]
in one unknown follows from the fact that if the polynomials
f and g are distinct from zero, then the degree of the product
fz is equal to the sum of the degrees of the factors, i.e. this pro-
duct will also be distinct from zero. The transition to the case of
any finite number of unknowns is carried out by induction, and
in the case of rings of polynomials in an infinite set of unknowns
one must take into account that every polynomial depends on
a finite number of unknowns.

8. Over an arbitrary associative-commutative ring R one can
consider not only polynomials, but also the (formal) power series

g+ @ x -+ ax®+ ..+ axt 4= 3 axt (10)
K=o
in the unknown x. The definitions of the operations with poly-
nomials carry over without any difficulty to power series:

(o]

Z ax* + Z byxt = Z (@ + b) x*,
) K=o K=

k= 0
o0 (o) o
S oaxt N bxt= " cpx™,
= I1=0 mn o=
=
where Cm = Z acb,.
k+Il=m

As in the case of polynomials, it can be verified that we ob-
tain an associative-commutative ring; it is called the ring of power
series in the unknown x over the ring R and is denoted by R{x}.

The transition to rings of power series over R in any finite
number, and then in an infinite set of unknowns is carried out
in the same way as for rings of polynomials, where in the case of
an infinite set of unknowns it is necessary to require that every
power series depends on only a finite number of unknowns.
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If R is an integral domain, then any ring of power series over
R will also be an integral domain.

It is sufficient to consider the case of the ring R{x} in one
unknown. If we call the number n the lowest power of the power
series (10) when

ao=a1=...=a,,_1=0, a"?éo,

then every non-zero power series will possess a lowest power.
In view of the fact that there are no divisors of zero in R, the
lowest power of the product of two power series is equal to the
sum of the lowest powers of the factors. Our assertion follows
from this.

9. The concept of an identity, introduced in 11.1.4 for the case
of a group, carries over, of course, to the case of any groupoid
or ring R: it will be any element 1 such that for all elements

a from R
a-l=1.a=a.

If an identity exists in a ring R, then it will be the only one. There
may, however, be no identity, as the example of the ring of even
numbers shows.

Every Lie ring (see 11.2.3) not consisting of zero alone is a ring
without identity,

In fact, let the Lie ring L possess an identity 1. Then, by (3),
letting a = 1, we obtain 12 = 0. Thus 1 = 0, from which it follows
that the ring L consists of zero alone.

If the ring R possesses an identity, then all rings of matrices
over R also possess identities, as do rings of functions with values
in R, and, in the associative—commutative case, the rings of poly-
nomials and the rings of power series in any number of unknowns
over R.

In fact, the identity of the ring of matrices is the identity ma-
trix, which has 1’s along its main diagonal, and all of whose
elements not in the diagonal are equal to zero. The identity of
the ring of functions is the function identically equal to 1. Finally,
the identity of the ring of polynomials (or the ring of power
series) is the polynomial (power series) all of whose coefficients
are equal to zero, except a,, which is equal to 1.

10. Every ring is a groupoid under multiplication, and an
associative ring is a semigroup. No ring which does not consist
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of zero alone can be a group under multiplication, as follows
from the multiplicative property of zero (7). It may happen,
however, that all the elements of a ring distinct from zero form
a group under multiplication. Such a ring—it will necessarily be
associative—is called a skew field, and the group under multi-
plication of its non-zero eclements is called the multiplicative
group of this skew field.

A skew field with commutative multiplication is called a field.
Elementary examples of fields are the field of rational numbers,
the field of real numbers and the field of complex numbers. An
example of a non-commutative field will be given in V.6.8.

From the definition of a skew field it follows that a skew
field does not possess divisors of zero. Further, every skew field
possesses an identity—in fact, the identity of the multiplicative
group of this skew field is, in view of (7), the identity for each
skew field. Finally, in every skew field each of the equations

ax=>b, ya=b, where a#0, (11)

has a solution, and it is unique.

In fact, if b # 0, then both the equations (11) have uniquely
determined solutions in the multiplicative group of the skew field,
and zero cannot satisfy either of these equations. ‘If, however,
b =0, then zero is a solution for each of the equations (11)
and there are no other solutions in view of the fact that there
are no divisors of zero.

Conversely, an associative ring R will be a skew field if in it
every eguation of the form (11), for any a # O and arbitrary b,
has at least one solution.

We will show first of all that there are no divisors of zero in
R.If a# 0 and b # 0, but ab = 0, then we denote by e one of
the solutions of the equation ax = a, and by ¢ one of the solutions
of the equation bx = e. Then

0=0.¢c = abc = qge = aq,

which contradicts our hypothesis.

From this it follows that the set of elements of the ring R
distinct from zero will be a multiplicative semigroup. It will
even be a group, because the equations (11) have solutions in
this very set for a # 0 and b # 0, and the uniqueness of these
solutions follows from the fact that there are no divisors of zero
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in R: if, for instance, ax; = ax, and a %0, then a(x; —x,) =0
and therefore x; = x,. Thus the theorem is proved.

We will meet the problem of carrying over the concept of
a skew field to the case of non-associative rings in IL.6.1.

§ 3. Subgroups, subrings

1. A subset 4 of a groupoid G is called a subgroupoid in G
if the product of any two elements in A itself belongs to A. If
G is a semigroup the subgroupoid A is naturally called a sub-
semigroup. If, however, G is a group, then a subgroup of this group
is any subsemigroup 4 which is itself a group with respect to the
operation defined in the group G; for this it is sufficient that
the subsemigroup A be non-empty and contain together with
each of its elements g its inverse element a2,

Not every subsemigroup of a group is necessarily a subgroup
of this group, as is shown by the example of the additive semi-
group of natural numbers, which is a subsemigroup, but not
a subgroup, of the additive group of all whole numbers.

We note that it makes sense to speak about the subgroups of
any semigroup. Thus the symmetric group on an arbitrary set M
(see 11.1.8) is a subgroup of the symmetric semigroup on the
same set.

2. A subring of a ring R is any subset A of this ring which is
itself a ring with respect to the operations defined in R. In other
words, A must be a subgroup of the additive group of the ring R
and a subgroupoid of the multiplicative groupoid of this ring:
the distributive laws which are valid in R are satisfied, of course,
in A4 also.

One can speak, in particular, of a subring of a skew field or
a field. Thus the ring of whole numbers is a subring of the field
of rational numbers.

In an analogous way one defines the concepts of a skew sub-
field and a subfield. One can speak here of a skew subfield (subficld)
not only of a skew field, but of any ring. Thus in the ring of po-
lynomials P[x] over an arbitrary field P, the polynomials of zero
degree, together with zero, form a subfield.

3. Examples of subgroups of every group G are, in partic-
ular, this group itself and the identity subgroup E which consists
of the identity alone. Analogously, examples of subrings of every
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ring R are this ring itself and the zero subring consisting of zero
alone.

To obtain more interesting examples of subgroups we intro-
duce the concept of powers of elements. Let G be an arbitrary
semigroup and a be an element of G. The associativity of multi-
plication enables us to define in the usual way the positive powers
a" of the element a, n = 1, 2, ..., where, as usual,

ak.al — ak+l, (1)

(@) = . @

From (1) it follows that all the positive powers of an element

form an Abelian subsemigroup in the semigroup G, called the
cyclic subsemigroup of the element a.

If, however, G is a group, then we obtain ¢° = 1, and we may

introduce negative powers of the element a. In fact, if n is any natural
number, then it is easy to verify the equation

a*(a) = 1.
from which it follows that
(@) =(a")"" 3)

The element which is equal to both sides of equation (3) we de-
note by a~" Equations (1) and (2) remain valid for any powers
of the element a of the group G, and therefore all powers of the
element q, including the zeroth and the negative powers, form
an Abelian subgroup in the group G, called the cyclic subgroup
of the element a and denoted by {a}.

In the additive notation for the group operation, instead of
powers of an element one must speak of multiples of this element.

4. The powers of an element a of a group G with different
exponents may not necessarily be distinct elements of this group,
as follows already from the existence of finite groups. If all the
powers of the element a are in fact distinct, then a4 is called an
element of infinite order, and in the opposite case an element
of finite order. In this second case there exist integers k£ and /
such that £ >/ but

a = d.
Hence a*-! = 1, where k — [ >0, i.e. there exist powers of a with
natural exponent and equal to one. The least of these exponents
is called the order of the element a.
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If a is an element of finite order », then the powers
1=4d a, a..,a" 1 @

will, obviously, be distinct elements of the group. Every other
power a* of the element @, positive or negative, is equal to one
of the elements (4). In fact, if

k=nqg+r, 0<r<n,
then, in view of (1), (2) and the equation 4" =1,
& = (a")a" = a'".

From this it follows that the order n of an element of finite
order a coincides with the order (see 1L.1.7) of its cyclic subgroup
{a}. ,

A group, all of whose elements have finite order, not neces-
sarily bounded, is called periodic. On the other hand, a group
is said to be forsion free, if all its elements except 1 are of infinite
order.

5. In the case of rings there naturally arises the question of
an analogy with cyclic subgroups, i.e. of a minimal subring con-
taining a given element. Let R be an arbitrary (not necessarily
associative) ring and a an element of R. Every subring of the
ring R containing a also contains all possible products with »n
factors equal to a (n =1, 2, 3, ...); these products play the part
of the positive powers of the element a. In view of the fact that
multiplication may be non-associative, in every such product
there must be some distributions of brackets which are such that
each time only two elements of the ring are multiplied together.
For n =3 there are two such products— (aa)a and a(aa), for
n = 4 there are five, and so on.

Every subring containing a also contains all possible sums of
any finite number of the products mentioned, taken with any
integral coefficients. The elements of the ring R which can be
written in the form of such sums (possibly not uniquely) them-
selves form a subring in R ; this will be the desired subring gene-
rated by the element a.

From what has been said it follows that if the ring R is as-
sociative, then the subring generated by the element g consists
of all those elements of the ring R which, in at least one way, can
be written in the form of sums (with integral coefficients) of
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positive powers of the element a. This subring will thus be com-
mutative,

6. Every subgroup of a group G contains the identity of this
group, and every subring of a ring R contains the zero of this
ring. The intersection of any system of subgroups of the group
G (or any system of subrings of the ring R) will thus be non-empty.

The intersection of any system of subgroups of the group G is
a subgroup of this group. Analogously, the intersection of any sys-
tem of subrings of the ring R will be a subring of this ring, the
intersection of any system of subsemigroup of a semigroup, if
it is not empty, will be a subsemigroup, and so on.

We will prove the first assertion. Let us take in the group G
an arbitrary system of subgroups 4,, where « varies through
some index set, and let D be the intersection of these subgroups.
If b and ¢ are any elements of D, then their product bc is con-
tained in each of the subgroups 4,, i.e. is contained in D. On the
other hand, for any b € D the element 5! belongs to each of the
subgroups 4,, and therefore b~ € D, The set D will thus be a sub-
group of the group G.

7. Let G be either a group or a ring or a skew field or a semi-
group or an algebraic system of one of the various types which
we have met. If M is any subset of G, then there exists 2 minimal
subgroup (respectively, subring, skew subfield, and so on) contain-
ing the subset M, which is the subgroup generated by the set M ;
it is denoted by {M}. In fact, it will be the intersection of all
the subgroups of the group G which entirely contain M ; at least
one such subgroup exists, and that is G itself.

Is is easy to verify, by generalizing the definition of cyclic
subgroups given in I1.3.3, that the subgroup {M} consists of those
elements of the group G, and only those elements, which can be
written in at least one way in the form of some product of powers
of a finite number of elements from M.

In an analogous way, by generalizing what was said in IL3.5,
we have that the subring generated in the ring R by the set M
consists of all those elements of the ring R which can be written
in at least one way in the form of a sum (with integral coefficients)
of products of a finite number of elements from M ; in the non-
associative case these products are of course considered with some
particular distribution of brackets.
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8. By applying what we have said above to the case when
there is given in the group G some system of subgroups 4;, i€/,
and the set M is the union of all the A4;, we arrive at the concept
of the subgroup generated by a given system of subgroups; it is
denoted by {4;, i € I} in the general case, and by {4, B} if we are
discussing the union of two subgroups 4 and B, and so on. The
concept of a subring generated in a ring by a given system of sub-
rings is analogous.

9. If G is either a group or a ring, and so on, then there exist
subsets M in G—G itself, for instance—such that

{M}=G.

Every such subset M is called a generating system for G.

If G possesses at least one finite generating system, then we
say that G is a group (or semigroup or ring) with a finite number
of generators. A system of generators may consist, in particular,
of one element. Groups possessing one generating element, i.e.
coinciding with one of their cyclic subgroups, are called cyclic
groups. A complete survey of cyclic groups will be given in the
following section.

§ 4. Isomorphism

1. The concept of an isomorphism can be introduced for each
of the types of algebraic systems considered in this chapter, and
it plays the same part here as for a partially ordered set (see
1.4.3): for instance isomorphic groups can be regarded as identical
as two copies of the same group, on all occasions when the group
operation itself is being studied, but the nature of the elements of
which the groups are composed plays no part.

We go on to the definitions. The groupoids G and G’ are called
isomorphic if there exists a one—one mapping ¢ of the groupoid
G onto the groupoid G’, such that for any elements a, be G

(ab)p = ap-bo.

The mapping ¢ itself with these properties is called an isomorphic
mapping. It is clear that the property of groupoids being isomor-
phic is symmetric (the mapping inverse to an isomorphism is
itself an isomorphism) and transitive; it is also reflexive—it is
sufficient to consider the identity mapping of a groupoid onto
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itself. An isomorphism between the groupoids G and G’ is usually
denoted by the symbol
GG,

We will also use this symbol to denote isomorphism in the
case of other algebraic structures.

It is understood that an isomorphic mapping preserves all the
properties of a groupoid which can be formulated in the lan-
guage of the operation given in this groupoid, in particular those
like associativity, commutativity, the existence of an identity and
of inverse elements. We will show by means of a simple example
how we prove this kind of assertion. Let G be a commutative
groupoid, and ¢ an isomorphic mapping of it onto the groupoid
G'. If @’ and b’ are any elements of G’, and a and b are elements
of G such that

ap=ada, bp="b,
then
(ab)o = a'b’, (ba)p =b'd,

and from the equation ab = ba and the uniqueness of the mapping
follows the equation a'b’ = b'd’.

From this it follows that the isomorphic image of a semigroup,
group or Abelian group will be respectively a semigroup, group
or Abelian group.

Two rings are called isomorphic if a one~one correspondence
can be established between them, which is an isomorphism both
for the additive groups and for the multiplicative groupoids of
these rings. It is clear that an isomorphism preserves the property
of a ring being associative, commutative, Lie or Jordan, and also
the property of being a skew field.

We will mention one interesting example of an isomorphism
of groups: the multiplicative group of positive real numbers is iso-
morphic to the additive group of all real numbers. In fact, by setting
up a correspondence between every positive number and its
logarithm with respect to a fixed base, we obtain a one-one
mapping of the first of the groups mentioned onto the second.
The fact that this mapping is an isomorphism follows from the
fact that the logarithm of a product is equal to the sum of the
logarithms of the factors.

2. We go on to the survey of all cyclic groups promised in
I1.3.9, and we begin with some examples. The additive group
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of integers is an example of an infinite cylic group, because every
integer is a multiple of the number 1. On the other hand, the
multiplicative group of the »-th roots of unity is an example
of a finite cyclic group of order n, which follows from the existence
of a primitive n-th root of unity.

All infinite cyclic groups are isomorphic to the additive group
of integers and therefore are isomorphic to each other. All finite
cyclic groups of order n are isomorphic to the multiplicative group
of the n-th roots of unity and therefore are isomorphic to each
other.

We will prove the first of these assertions. If G is an infinite
cyclic group with generating element a, then the correspondence

a -k

will be a one-one mapping of the group G onto the whole of
the additive group of integers. The fact that this mapping is an
isomorphism follows from I1.3.3, formula (1).

To prove the second assertion it is sufficient to establish
a correspondence between the powers (with the same exponent)
of the generating element of the given cyclic group and the cor-
responding primitive root of unity.

By virtue of this theorem, in order to carry out a survey, for
instance, of all the subgroups of an infinite cyclic group, it is
sufficient to consider the additive group of integers.

All the non-zero subgroups of the additive group of integers
are exhausted by the totality of numbers which are multiples of
some natural number n.

It is clear, in fact, that all the integers which are multiples
of a natural number n form a subgroup, and in fact the cyclic
subgroup of the number 7, where for different n these subgroups
are distinct. On the other hand, if 4 is any non-zero subgroup
of the additive group of integers, then it cannot consist only of
negative numbers, because together with every number it must
contain the number which is its additive inverse. Let n be the
smallest natural number contained in the subgroup 4. If a is any
number in A4, let

a=gqn+t+r, 0<r<n.

Then
r=a—gqneA,
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and therefore, by the choice of the number #, r = 0, i.e. a = gn,
which is what we were required to prove.

Thus every subgroup of an infinite cyclic group is itself cyclic.
The same is true for finite cyclic groups.

3. We say that the groupoid G can be isomorphically em-
bedded in the groupoid G, if there exists an isomorphic map-
ping of the groupoid G onto some subgroupoid of the groupoid
G’. This concept carries over, of course, to the case of rings.

Every ring R can be isomorphically embedded in the total ring
of matrices R, (see 11.2.6).

In fact, scalar matrices, i.e. matrices having the same element
a along the principal diagonal, and zero everywhere outside this
diagonal, form a subring in R,, isomorphic to the ring R.

Every ring R can be isomorphically embedded in the complete
ring of functions on a given set M with values in R (see 11.2.6).

In fact, functions which take one value a € R for all x from
M form a subring in the ring of functions, which is isomorphic
to the ring R.

For an arbitrary associative-commutative ring R the ring of
polynomials R[x] can be isomorphically embedded in the ring of
power series R{x} (see 1L.2.8).

In fact, the power series which have only a finite number
of coefficients distinct from zero form a subring in R{x} which is
isomorphic to the ring R[x].

4. The proof of the following theorem requires rather greater
effort:

Every ring R can be isomorphically embedded in a ring with
identity. If here the ring R is associative or commutative, then it
can be embedded respectively in an associative or commutative
ring with identity.

Proof. We consider the set of all possible pairs of the form
(a, k), where ae R, and k is a whole number, We define the sum
and product of such pairs by means of the equations:

(d,k)+(b,l)=(d—|—b,k—l—1), 1
(a,k)(b,]) = (ab+ la+ kb, kl). 2

We obviously obtain an Abelian group with respect to ad-
dition. Because
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[(a, k) + (b, DI(c,m) = (a+ b, k+D(c,m)=
((@+byc+m@+b)+k+De,(k+Dm) =
(ac+ma+kc+bc+mb-+lc, km-+Im) =
(ac + ma+ ke, km) 4 (be+mb 4+ lc, Im) =
(a,k)(c, m)+ (b, D(c, m),

and the second distributive law can be verified in the same way,
we have constructed a ring. From (2) it follows that

(aa k)(O: l) = (0’ 1)(‘1’ k) = (a’ k),

i.e. the pair (0, 1) is the identity of this ring. Finally, in view of
(1) and (2),
@,0) 44,0 = (a+b,0),

(a, 0)(b, 0) = (ab, 0),

i.e. the pairs of the form (a, 0) form a subring in our ring of pairs
which is isomorphic to the ring R.

This proves the first of the assertions of the theorem. The
second assertion follows easily from (2).

We note that the ring which we have constructed is in no
way the unique (or minimal ring) with identity containing (in the
sense of isomorphic embedding) a given ring R—thus the ring
R itself may possess an identity.

5. Every groupoid can be isomorphically embedded in the multi-
Plicative groupoid of some ring, where an associative or commu-
tative groupoid can be embedded in a ring possessing the same
property.

To prove this we consider all sums of the form

2 kaa, &)

acG
where o varies through all the elements of the given groupoid G,
and the coefficients k, are integers, and where not more than a
finite number of these coefficients are distinct from zero. In the
following way we define addition and multiplication of sums
of the form (3):

MNka+ Y La=Y (k,+1L)a, @
ocG acG acG
Z kaa' Z lbb = Z mgc, (5)
acG acG acG
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where m, is the sum of all products k,/, distinct from zero for
a and b such that ab = c. It is clear that the right-hand sides of
the equations (4) and (5) are sums of the form (3); thus equation
(5) means that the finite sums included as factors on the left-hand
side of this equation must be multiplied together term by term,
further,

kaa : lbb = (kalb) (ab)a

where the product ab must be understood in the sense of the
operation given in the groupoid G, and then like terms are col-
lected.

We obtain, of course, an Abelian group with respect to ad-
dition. It is somewhat cumbersome to verify the distributive laws,
and also to prove that from the associativity or commutativity
of multiplication in the groupoid G follows the same property
for the multiplication of sums of the form (3). However, this
presents no serious difficulty, and it is left to the reader to complete
the proofs.

Thus all sums of the form (3) form a ring with respect to the
operations defined by equations (4) and (5). The sums of the form
(3) in which k, = 1 for some one element @ from G, and all of
whose remaining coefficients are equal to zero, form, as follows
from (5), a subgroup of the multiplicative groupoid of this ring,
isomorphic to the given groupoid G. Thus the theorem is proved.

The ring which we have constructed is called the integral
groupoid ring of the groupoid G. If the groupoid G is a semigroup
or a group, then we speak respectively of the integral semigroup
ring or integral group ring.

6. Every group G can be isomorphically embedded in the sym-
metric group on some set M (see 11.1.8). As the set M we can take
here the set of elements of the group G itself.

In fact, we set up a correspondence between each element
a of the group G and the transformation of this group which maps
any element x of G into the element xa. Because from x # y
it follows that xa # ya and, moreover, for any x from G the
equation

(xaYa=x

holds, the transformation x — xa is a one-one mapping of G
onto itself, i.e. it is a permutation. Further, if a # b, then the
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permutations corresponding to these elements will be distinct,
because, for instance, I-a # I-b. Finally, the equation

(xa)b = x(ab)

shows that the permutation corresponding to the product ab
coincides with the result of successively applying the permuta-
tions corresponding to the elements a and b.

Every semigroup G can be isomorphically embedded in the
symmetric semigroup on some set M (see 11.1.8).

To prove this we embed the semigroup G, by using I1.4.5,
isomorphically in the multiplicative semigroup of some associative
ring R, and then embed this ring, by I1.4.4, isomorphically in
the associative ring R with identity and denote by G the multipli-
cative semigroup of this last ring. Because there exists in G an
element 1 such that from a # b it follows that 1-a # 1-b, then,
by repeating the proof of the previous theorem almost literally,
we find that the semigroup G can be isomorphically embedded
in the symmetric semigroup on the set G itself. This proves the
desired embedding for the given semigroup G also.

We note that the possibility of embedding any groupoid (and,
in particular, any semigroup) in a groupoid (semigroup) with
identity can also be proved immediately, without the transition
to rings.

§ 5. Embedding semigroups in groups and rings
in skew fields

1. Not every semigroup G can be isomorphically embedded
in any group—a necessary condition for this is that the cancella-
tion law should be satisfied in G (see 11.1.3).

From ac = be, and also from ca = cb it follows that a = b.

An example of a semigroup which does not satisfy this con-
dition can be constructed very easily.

Analogously, not every associative ring R can be isomorphic-
ally embedded in any skew field—for this it is necessary (see
11.2.10) that there should be no divisors of zero in R.

The necessary conditions mentioned in the general case are
by no means sufficient.

* Necessary and sufficient conditions for the embedding of
semigroup in a group can be expressed in the form of an infinite
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set of requirements of the form: “from the given system of equa-

tions follows such an equation”; they cannot be written down

by means of a finite number of such requirements.

[A. 1. Mal’cev, Mat. Sb. 6, 331-336 (1939); 8, 251-264, 1940)).
There exist associative rings without divisors of zero which

cannot be embedded in skew fields.

[A. 1. Mal’cev, Math. Ann. 113, 686-691 (1937)].*

2. The purpose of this section is to prove that the necessary
conditions mentioned above for the embedding of a semigroup
in a group and of an associative ring in a skew field will also be
sufficient in the commutative case. We begin with the proof of
the following auxiliary assertion:

Let us single out the non-empty subsemigroup S in the Abelian
semigroup G, where we can carry out cancellation in G by elements
of S, i.e. from ax = bx, where xe€ S, a, be G, it always follows
that a = b. Then the semigroup G can be isomorphically embedded
in an Abelian semigroup G with identity such that every element
of S possesses an inverse element in G.

We consider the set of all possible fractions of the form a/x,
where ae G, xS, meaning by this simply the ordered pair
of elements @, x. The fractions a/x and b/y will be regarded as
equal

x )

if and only if ay = bx. This relation of equality will obviously
be reflexive and symmetric. It is also transitive, because if it is
also true that

i.e. bz = ¢y, then
ayz = bxz = cyx,
from which, after cancellation by y e S, we obtain az = c¢x or

a c

x z

Thus (see 1.3.2) the whole set of fractions can be divided up
into non-intersecting classes of equal fractions. The set of these
classes we will denote by G.
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We define the multiplication of fractions by means of the
equation

a b ab
== M
x ¥y Xy
This definition has a meaning, because xy e S.
If
b
a_a , b O S )
X X1 Yy N
ie.
ax; = ayx, by, = by, 3
then
abxlyl = alblxy,
whence '
ab  aby
xy X

Thus, by replacing the factors on the left-hand side of equation
(1) by fractions equal to them, we obtain a product equal to the
right-hand side of equation (1).

This enables us to consider equation (1) as the definition of
multiplication of classes of equal fractions. The associativity
and commutativity of this multiplication are obvious, and there-
fore we have made G into an Abelian semigroup.

All fractions of the form z/z, z€ S, are equal to each other.
On the other hand, if

V4

V4

a
x 3

then az = zx, i.e. after cancellation by z, a = x. Fractions of
the form z/z thus form a separate class. This class plays the part
of the identity in the semigroup G. In fact, because fractions
can be cancelled by a common factor belonging to S':

az a
_— zesS,

xz x
in view of the fact that (az)x = a(xz), then

a z
V4

X
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If a is a fixed element in G, then all fractions of the form
ax/x are equal to each other: from
(ax)y = (ap)x,
it follows that

ax _ ay
x oy
On the other hand, if
ax b
x y
then axy = bx, i.e. b = ay. Finally, if
ax by
x oy

then axy = byx, whence a = b. Thus, by setting up a correspond-
ence between every element a of G and the class of fractions
ax/x which are equal to each other, we obtain a one-one mapping
of the semigroup G into the semigroup G. The fact that this
mapping is an isomorphism follows from the equation

ax by _ (ab)(xy)
x ¥y xy '

To complete the proof we note that the element ze€ S corre-
sponds to the class of fractions of the form zy/y. The existence
of an inverse element in the semigroup G for this class follows
from the following remark:

The class of fractions equal to the fraction x[y, where x, y€ S,
has an inverse element in the semigroup G. It is the class of fractions

equal to the fraction y[x.
In fact,

t
X 2_® 1 g
Yy x yx t
3. From the assertion proved above and the last remark of the
previous section follows the theorem (in the case S = G):
Every Abelian semigroup with the cancellation law can be

isomorphically embedded in an Abelian group.t

1 In the proof it was assumed that S£ (9, but the theorem clearly holds
in any case (Ed.).
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Thus, by applying the arguments which we have presented
to the additive semigroup of natural numbers, which is an Abelian
semigroup with the cancellation law, the reader will obtain
the usual embedding of this semigroup in the additive group
of integers.

4. In the associative-commutative ring R let us take a set N
of elements which are distinct from zero and are not divisors of
zero. Then the ring R can be isomorphically embedded in an as-
sociative-commutative ring R with identity, such that every element
of N has an inverse element in R.

We note first that the subsemigroup S of the multiplicative
semigroup of the ring R generated by the set N (see 11.3.7) also
does not contain zero or any divisors of zero. In fact, S consists
of all possible products of elements of N. However, if a # 0,
b # 0 and both these elements are not divisors of zero, then
ab #0 and from (ab)c = 0 it follows that bc = 0 and therefore
c=0,

Thus, in the multiplicative semigroup of the ring R we can
carry out cancellation by elements of S, and therefore by 11.5.2
this semigroup can be embedded in a commutative semigroup
R with identity in which every element of S and, in particular,
of N, has an inverse element. We will assume that the semigroup
R has been obtained by the construction described in IL5.2.

As we wish to make R into a ring, we define the addition of
Sfractions of the form a/x, ae R, x € S, by means of the equation

a,b_aytbx
X y Xy
This definition has a meaning, because xy e S.
If equations (2) holds, and thus also equation (3), then

Q)

(ay + bx) %1 = ayxyyy + bxxyy; = apxyy, + byyxx, =
(a3 + bixy) xy,
ie.
ay + bx _ N + byxy
Xy X1 -

Thus equation (4) can be regarded as the definition of the ad-
dition of classes of equal fractions, i.e. addition in R. The com-
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mutativity of this addition is obvious, and associativity can easily
be verified on the basis of (4).

All fractions of the form 0/z = 0z/z are equal to each other
and form a complete class of equal fractions. This class plays
the part of the zero in R, because

a 0 az a
L= =,

X z Xz X

Further, every element from R has an additive inverse element,
because

a (—a ax+ (—a)x 0
=+ — =—-
x x x x
We thus find that R is an Abelian group under addition.

Addition and multiplication in R are connected by the distrib-
utive law:

a ¢ b ¢ ac  bc acyz+bexz  acy+bex
x z+y.z—xz+yz_ xyz? N xyz N
ay+bx ¢ [a b\ ¢
xy .z _(x- y) z

Thus R turns out to be an associative-commutative ring.
As we know, the mapping which carries every element a € R into
the class of fractions of the form ax/x, which are equal to each
other, is an isomorphism under multiplication. It is also an iso-
morphism under addition, as the equation

a_x_l_ﬂ _axy+byx  (a+b)xy

X y xy xy

shows,

The proof of the theorem is thus complete. The ring R which
we have constructed is called the quotient ring of the ring R by
the set N of non-divisors of zero (or by the multiplicative semi-
group S of non-divisors of zero). As we know from 11.5.2, in the
quotient ring R not only all the elements of S have inverse elements,
but also in general all elements which can be represented as fractions
of the form x|y, where x, y€ S.

5. We apply the results obtained to the case when R is an

integral domain (see IL.2.7). In this case we can set N = R\0,
where S = N. We arrive at the very important theorem:
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Every integral domain R can be isomorphically embedded in
a field.

In fact, in this case we can write in the form x/y, where x,
ye S every element of R distinct from zero, i.e. every element
of this form has an inverse element in R. The ring R will thus
be a field; this is the quotient field of the integral domain R.

* Let the associative ring R without divisors of zero satisfy the
following condition, which is always fulfilled in the commu-
tative case: for any elements a and b of R, distinct from zero,
we can find elements x and y distinct from zero in R such that
ax = by. Then R can be isomorphically embedded in a skew
field [Ore, Ann. of Math. 32, 463477 (1931)].*

6. The theorem proved above on the existence of a quotient
field is supplemented by the following uniqueness theorem:

Let R be an integral domain, R its quotient field; suppose also
that R is a subring of some field P, where the subfield of P generated
by R coincides with P itself. Then there exists an isomorphic map-
ping ¢ between R and P which maps the ring R identically onto
itself, and this mapping ¢ is uniquely determined.

Let us agree to denote by @’ an element a of the ring R, con-
sidered as an element of the field P. Thus the correspondence
a — a’ is the identity mapping of the ring R onto itself.

We will prove first that if there exists an isomorphic mapping
o of the field R onto the field P, which is the.identity on R, then
it is uniquely determined. In fact, if a/b is an arbitrary fraction,
then from

b-f—za
b

it follows that
a
b o — = a N
@ (b )<P P

i.e., since ap = a’, bp = b/,

a
b Lo =a.
(b)“’

Thus the isomorphism ¢ carries the element a/b of the field R
into the quotient of the elements a’ and b’ of the field P and
therefore is uniquely determined.
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We go on to the proof of the main assertion of the theorem.
We let the element a/b of the field R correspond to the quotient a’ /b’
of the elements @’ and b’ of the field P, thus we set a’/b’ = (a/b)o.
If a/b = c/d, i.e. ad = bc, then the equation a’'d’ = b’c’ holds
in P, and therefore, in view of the equation b'-(a’/b’) = d, it
will be true that

? —dd =V,

b

b'd'-

whence

ie. a'[/b' = ¢'[d’. The mapping ¢ thus does not depend on the
way of writing the element of the field R in the form of a fraction,
i.e. it is a single-valued mapping of the field R into the field P.
It will even be a one-one mapping, because if the equation
a'b’ = c¢'d"holds in the field P, then a'd’ = b'c’, and therefore it
will be true that ad = bc in the ring R, from which the equa-
tion a/b = c/d follows in the field R.

That the mapping ¢ is an isomorphism follows from the fact
that the equations (1) and (4), which define the multiplication
and addition of fractions, are known to be valid for quotients
in an arbitrary field P.

We have obtained an isomorphic mapping of the quotient
field R into the field P. It will be identical on the ring R, because

for any ae R
b Q= ab =a eP.
b b’

Finally, we know that the isomorphic image of a field is always
a field. Hence, those elements of the field P which can be written
in the form of quotients of elements of R form a subfield in the
field P, containing the whole ring R and therefore, by the hypo-
thesis of the theorem, coinciding with P. Thus we have constructed
an isomorphic mapping ¢ of the field R onto the whole field P,
which is identical on R.

7. The quotient field for the ring of integers is the field of
rational numbers.
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If P is an arbitrary field, then the ring of polynomials P[x]
is an integral domain (see I1.2.7) and therefore can be embedded
in a quotient field. This field is denoted by P(x) and is called the
field of rational fractions in the unknown x over the field P. Its
elements have the form of fractions f(x)/g(x), where f(x) and
g(x) are polynomials from P[x] and where g(x) # 0, and the
equality of these fractions and the operations on them are defined
in a way corresponding to 1I.5.2 and II.5.4.

The concept of a field of rational fractions P(x;, X3, ..., X,)
in several unknowns is analogous.

*The quotient field for the ring of power series P{x} over the
field P(see IL. 2.8) is isomorphic to the field of “Laurent” power
series over P, i.e. series of the form

anxn+an+1xn+l+"', (5)
where n may be greater, equal or less than zero, and all the coeffi-
cients belong to P; the series (5) in the general case thus contains
a finite number of terms with negative powers of the unknown
x and infinitely many terms with positive powers of it. The oper-
ations on these series are carried out by means of rules which
are natural generalizations of the rules for the operations in the
ring P{x}.*

§ 6. Non-associative skew fields, quasi-groups.
Isotopy

1. The concept of a skew field can be carried over to the
non-associative case in several non-equivalent ways. Thus we
can consider rings in which for any elements @ and b, where
a # 0, the equations

ax=>b, ya=0b 1

have solutions which are not necessarily uniquely defined. We will
call every such ring a division ring; from our definition it follows
that a division ring may possess divisors of zero.

A division ring in which the equations (1) have unique solu-
tions is called a quasi-field. A quasi-field cannot contain divisors
of zero, and therefore the elements of a quasi-field distinct from
zero form a groupoid under multiplication. This will be a quasi-
group, i.e. a groupoid in which for any elements ¢ and b the
equations (1) are uniquely soluble.
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Finally, we keep the term skew field for quasi-fields which
have an identity. The elements of a skew field distinct from zero
form a quasi-group with identity under multiplication, i.e. a loop.

*Every (not necessarily associative) ring without divisors
of zero can be embedded in a quasi—field [B. H. Neumann,
Proc. Lond. math. Soc. 1, 241-256 (1951)].*

2. There exist quasi-fields which are not skew fields, and
quasi-groups which are not loops. This is due to the fact that,
although in the quasi-group G for every element a the equations

ax=a, ya=a @

can be solved uniquely, yet these solutions do not necessarily co-
incide, nor are they necessarily the right and left identities respec-
tively for other elements of G.

Every subquasi-group A of the loop G with identity e is a sub-
loop with the same identity e.

In fact, for every a € 4 the equations (2) have a unique solution
e in G, which must thus be contained in the subquasi-group A4.

3. A series of results associated with groups carry over to
quasi-groups and particularly to loops. We will not touch on
this any further and we will introduce only the one generaliza-
tion of the concept of isomorphism which plays an outstanding
part in the theory of quasi-groups.

Let there be given a groupoid G with the multiplication a-b
and let ¢, ¢ and y be arbitrary one-one mappings of the set G onto
itself, not necessarily distinct. We obtain a new groupoid on the
set G if for any a, b € G we set

aob = (ap-by)x. €)

This new groupoid is not necessarily isomorphic to the old
one, but to a certain extent they resemble each other.

Accordingly the groupoid G with multiplication ao b is said
to be isotopic to the groupoid G’ with multiplication a’-b’, if
there exist three one-one mappings ¢, ¢ and %~ of G onto G’
such that for any a, be G

(@aob)y = ap-by}. ()]
It is clear that when ¢ = { = y~! we obtain an isomorphic map-
ping of G onto G'.
It is easy to verify that the relation of isotopy is reflexive,
transitive and symmetric.
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In many cases it is convenient to assume that the operations
aoband a-b are given in the same set G and that ¢, { and y which
occur in (3) or (4) are one-one mappings of this set on itself.

4. Every groupoid isotopic to a quasi-group is itself a quasi-
group.

In fact, let there be given on the set G a groupoid with multi-
plication aob and a quasi-group with multiplication a-b, where
they are isotopic, i.e. (3) holds. We will prove that, for instance,
the equation

aox==b 5)

has a unique solution for any a, b € G. We know that the equation
ap-y = by~*
has a uniquely determined solution ¢. We let x = c¢{~L Then
aox=aocy™' = (ap-c)y = (by Yy = b.
On the other hand, if x’ is any solution of equation (5), then
ap-x'y = by 1,

whence x') = ¢, ie. X' =cd~L

5. Every quasi-group is isotopic to a loop [Albert, Trans.
Amer. math. Soc. 54, 507-519 (1943)].

In fact, we fix an arbitrary element e in the quasi-group G
with multiplication a-b. Then there exists in G an element f such
that

e-f=e. (6)

Let a be an arbitrary element of G. We denote by ap and a{ the
uniquely determined elements such that

ap-f=a, e-a)=a. )

The mappings a — ap and a — a{, where a varies through the

whole set G, will be one-one mappings of G onto itself. Thus,

if ap = bp, then apf= bp-f, i.e. a=>b. On the other hand,
if ¢ is an arbitrary element of G, then
c= (cfo.

From this it follows that, if we set for all q, be G
aob=ayp-by, )]
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we define a new groupoid on G, which is isotopic to the initial
quasi-group; the part of y is played here by the identity mapping,
i.e. it will be, as we say, a principal isotope. By the proof in the
previous section this last groupoid will itself be a quasi-group.
It will even be a loop, because the element e will be an identity
for it. In fact, because by (6) and (7)

ep=e, e}=f
then, in view of (8) and (7)

ace=uap.-f=a,

eca=e-a) = a.
Thus the theorem is proved.

6. If a groupoid with identity is isotopic to a semi-group, then
they are isomorphic -and therefore are both associative and both
have an identity [Bruck, Trans. Amer. math. Soc. 60, 245-354
(1946); N. J. S. Hughes, J. Lond. math. Soc. 32, 510-511 (1957)).

In fact, let there be given on the set G a groupoid with mul-
tiplication a-b, having an identity e, and a semigroup with mul-
tiplication aob, where they are isotopic,

aob = (ap-by)y,

where @, ¢, x are one-one mappings of the set G onto itself.
Because for any a, b, ce G

(acb)oc =ao(boco),

then
ap-bd)xe- cdly = lag- (bo- cy)xylx,
whence
(ag- bb)xe-cd = ap- (b cd)yd- ®
Letting ap = ¢ = e in this equation, we obtain for all be G
by = boxd- (10)

Further, letting ap = e in (9) and using (10), we obtain
boy-cy = (bp-c)xd
or, replacing bg by a and ¢ by b,
ayy-b = (a-b)yd (11
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for all a, be G. Finally, letting ¢ = e in (9) and using (10),
we obtain

(ap-bY)xe = ap-bye
or, replacing ap by a and b by b,

(a-byye = a-bye (12)
for all a, beG.

By using (11), (12) and (10), we arrive at the following equation:
foranya, be G

(aob)yyp = (ap-bP)xdxp = (apxd-b)xp = adye-biye.

This equation shows that the product {ixp, which is a one-one
mapping of the set G onto itself, will be an isomorphism between
the given semigroup and the groupoid. Thus the theorem is
proved. .

From this theorem follows Albert’s theorem [Trans. Amer.
math. Soc. 54, 507-519 (1943)]: If a loop is isotopic to a group,
then they are isomorphic. From this it follows in particular that
isotopic groups are always isomorphic, and therefore there is
no reason to apply isotopy in the theory of groups.

7. The concept of isotopy can be carried over to the theory
of non-associative rings. In fact, by considering rings with the
same additive group G, we define the isotopy of rings by means of
equation (3), as above, but we will assume that the mappings
@, ¥ and y are isomorphic mappings of the group G onto itself
(i.e. automorphisms of it in the sense of III.3.1). From the
results obtained above, and the methods used in their proof,
there now follow these results:

Every ring which is isotopic to a quasi-field is itself a quasi-field.

In fact, let there be given on the additive Abelian group G
a ring with multiplication ao b and a quasi-field isotopic to it with
the multiplication a-b. If aob =0, then

(ap-bd)x =0,

and because the zero of the group G remains fixed under the iso-
morphism y, then

ap-by = 0.

Therefore one of the factors is equal to zero, for instance ap = 0,
whence a = 0, i.e. the given ring does not contain divisors of
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zero. Thus, there are given a groupoid and a quasi-group on
the set G\ 0, and because the mappings ¢, ¢ and y can be regarded
as one-one mappings of this set onto itself, it only remains to
apply 11.6.4.

Every quasi-field is isotopic to a (non-associative) skew field.

In fact, if there is given a quasi-field K with multiplication
a-b, then, by IL6.5, the multiplicative quasi-group of its elements
distinct from zero is isotopic to the loop with multiplication
aob by virtue of the equation (8), where the one-one mappings
@ and ¢ of the set K\ 0 are defined by the equations (7). In addi-
tion we set Op = 0y = 0, which agrees with (7), and we will
prove that ¢ and ¢ are now isomorphic mappings of the addi-
tive group of the skew field K onto itself. Thus, from

(ap+bp)f=ap-f+bep-f=a+b
it follows that

(a+b)e = ap + bo.

By setting in addition aoc0 = 0oa = 0 for all a € K, we define
a multiplication o for all the elements of K, where the identity
e of the loop constructed above will also be the identity for this
multiplication. It remains to prove the distributive laws for this
multiplication with respect to addition. Thus, by (8),

(@a+doc=(a+b)p-c) = (ap + bp)-cy =
ap-cy +be-cy =aoc+boc.

Hence the theorem is proved.

If a ring with identity is isotopic to an associative ring, then they
are isomorphic.

In fact, let there be given on the additive Abelian group G
a ring with multiplication a© b, having the identity e, and an asso-
ciative ring with multiplication a o b, where for any a, b€ G equation
(3) holds, where ¢, { and x are isomorphic mappings of the group
G onto itself. Then the product ¢yp, which is obviously an iso-
morphic mapping of the group G onto itself, will, by the proof
in I1.6.6, be an isomorphism between the given rings.

* An associative ring with identity may have a non-associa-
tive isotope. There exist associative rings without identity which
are isotopic with each other, but are not isomorphic [Albert,
Ann. of Math. 43, 685-707 (1942)].*
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§ 7. Normal subgroups, ideals

1. Let there be given a group G and a subgroup H. If a is
an arbitrary element of G, then the totality aH of all products
of the form ah, where h varies through the subgroup H, is called
a left coset of the group G with respect to the subgroup H, de-
fined by the element a. It is clear that a € aH, because the sub-
group H contains the identity.

If the element b belongs to the coset aH, then bH = aH,
i.e. every left coset of the group G with respect to the subgroup
H is determined by any one of its elements. In fact, if b = ah,,
h, € H, then for any #', h'' e H

bh' = a(hh’y and ahb'’ =b(ztH"),
i.e.bH < aH and aH < bH.

From this it follows that any fwo left cosets of the group G
with respect to the subgroup H either coincide or else have empty
intersection. We obtain a partition of the group G into non-inter-
secting left cosets with respect to the subgroup H. It is called
the left-sided partition of the group G with respect to the subgroup
H. One of the cosets of this partition will be the subgroup H itself:
if ae H, then aH = H.

2. Similarly, we can obtain the right-sided partition of the group
G with respect to the subgroup H, made up of its right cosets Ha,
a€ G. In the non-commutative case the right-sided partition of
G with respect to H may in fact differ from the left-sided parti-
tion. Both these partitions, however, consist of the same number
of cosets: the mapping which transforms every element a of
the group G into the element a~! is a one-one mapping of G onto
itself, transforming every left coset aH into the right coset Ha~?
and vice versa.

The number of cosets in either of the two partitions of the
group G with respect to the subgroup H, if it is finite, is called the
index of the subgroup H in the group G.

3. If G is a finite group of order n, and H is a subgroup of
G of order k and index j, then every coset aH consists of exactly
k elements, and therefore
n=kj.
From this follows
LAGRANGE’S THEOREM. The order and the index of any sub-
group of a finite group divide the order of the group itself.
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From this theorem it follows, in view of I1.3.4, that the order
of any element of a finite group divides the order of the group.
From Lagrange’s theorem it also follows that every group whose
order is a prime number must be cyclic. In fact, this group must
coincide with the cyclic subgroup generated by any of its elements
distinct from 1.

4. A subgroup H is called a normal subgroup (or invariant
subgroup) of the group G, if the left-sided partition of the group G
with respect to the subgroup H coincides with the right-sided
partition, i.e. if for every a e G the equation

aH = Ha ¢))

holds (understood in the sense that the two subsets coincide in G).
Thus we can speak simply of the partition of the group G with
respect to the mormal subgroup H.

We will mention some other definitions of a normal subgroup
which are equivalent to that given above.

The elements x and y of the group G are said to be conjugate
in G, if we can find an element ¢ in G such that

y =a lxa,

ie. y is obtained from x by transformation by the element a.
The subgroup H of the group G will be normal in G if and only
if H contains, together with any element, all its conjugates in G.
In fact, if H is a normal subgroup in G, % any element of H,
and a any element of G, then, by (1), there exists in H an element 4’
such that
ah’ = ha, )
whence

a tha=heH. 3)

Conversely, if for any 2 € H and a € G there exists in H an element
k' in H, satisfying equation (3) and therefore (2), then Ha<aH.
This inclusion is _valid for all @, in particular for a~3, i.e.
Ha"'< a'H, from which it follows that aH = Ha, and therefore
equation (1) in fact holds.

The subgroups U and V of the group G are said to be con-
jugate in G, if there exists in G an element ¢ which transforms
the subgroup U into V, i.e.

allUa=V.
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We note that the set a=Ua for any subgroup U and any ae G
will be a subgroup, which is isomorphic to U. In fact, if 4, u, € U,
then

(@™ 'wma) (@~ "uya) = a~ *(muy)a;
on the other hand, from

_1 - -
a” lua = a u,a

it follows that u; = u,, and therefore the mapping u — a2 uq,
ue U, will be an isomorphic mapping of U onto a~Ua and
hence a~'Ua is a subgroup.

Every normal subgroup’ of the group G coincides with every
subgroup conjugate to it in G. Conversely, if the subgroup H of
the group G coincides with all the subgroups conjugate to it in G,
then it will be a normal subgroup.

In fact, from (1) follows the equation

aHa=H, “)

which proves the first assertion of the theorem. On the other
hand, if
a'Hac H,

where the inclusion is a strict one, then
Hc aHa 1= (aY)"*Ha

Thus, if the subgroup H contains all the subgroups conjugate
to it, then it must necessarily coincide with them, i.e. for any
ae G equation (4) holds, and therefore also equation (1),
which follows from this.

5. The intersection of any set of normal subgroups of the group
G is itself a normal subgroup in G.

In fact, if D is the intersection of the normal subgroups 4;,
i eI, then D will be a subgroup in G (see 11.3.6), and, moreover,
every element conjugate to an element of D is contained in each of
the normal subgroups A; and therefore belongs to D.

The subgroup generated by any system of normal subgroups
of the group G (see 11.3.8) will itself be normal in G.

In fact, let there be given thie normal subgroups 4;, ie I, and
let B be the subgroup generated by them. As we mentioned in
11.3.7, every element b of B can be written in the form

b=aa,...a,,
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where ajeAij, j=12,...,n. If g is any element of G, then

g bg = (g7 amg)(g ' ax8) ... (g7%a,8)
and because
g"la,-geA,-j, i=12,..,n,
it follows that
g bgeB.

6. All the subgroups of an Abelian group will, of course,
be normal. On the other hand, for every group G the identity
subgroup E and the group G itself will be normal. A group which
has no normal subgroups other than itself and E is called simple.

The simple Abelian groups are the finite cyclic groups of prime
order and there are no others.

In fact, if the Abelian group G is simple, then in general
it does not contain non-trivial subgroups, and because there
must be cyclic subgroups in it, it will itself be cyclic. Infinite
cyclic groups, however, possess non-trivial subgroups—the addi-
tive group of whole numbers contains as a proper subgroup the
group of even numbers. Further, if the group G = {a} is cyclic
of finite order n, then if the number n has factors, #n = kI, the
subgroup {a*} will have order /, i.e. it will be distinct from G
and from E. If, however, the group G = {a} has prime order
p, then it cannot have non-trivial subgroups, which follows
from Lagrange’s theorem.

7. There also exist non-commutative simple groups, both
finite ones and infinite ones. For instance, we consider in the
symmetric group of the n-th degree S, (see II.1.8) the subset
A, of even permutations. As is proved in text books on higher
algebra, the parity of a permutation of degree n coincides with
the parity of the number of factors of any decomposition of this
permutation into the product of transpositions. From this it
follows that the product of even permutations of degree n is al-
ways even, and because the permutation inverse to an even per-
mutation is itself even, we see that 4, will be a subgroup of the
group S,.

The group A, is called the alternating group of degree n and
has order n!/2. We note that it will not only be a subgroup in
S,, but also a normal subgroup: the index of 4, in S, is equal
to two, and both the partitions of the group S, with respect to
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the subgroup A4, coincide, and consist of two cosets —the subgroup
A, itself and the coset of odd permutations.

The group A; has order 3 and is therefore a cyclic group of
prime order, i.e. it is simple. The group*4, will not be simple—
it is easy to verify that the even permutationst

(12)(34), (13)(24), (14)(23)

together with the identity, form a normal subgroup of this group.

The alternating group of degree n, A, is simple when n > 5.

We will show first that the cycles (ijk) of length 3, which
are, as it is easy to see, even permutations, form a system of gen-
erators for the group 4, (see 11.3.9). In fact, every even permu-
tation can be decomposed into the product of an even number
of transpositions, and therefore also into the product of cycles
of length 3, because

@) @k) = k),
@D = (k) ilk).

We will prove, further, that every normal subgroup H of
the group A, containing at least one cycle (ijk) of length 3 also
contains any other cycle (i’j’k") of length 3 and therefore, as we
proved above, coincides with A,. In fact, if the symbols / and m
are distinct from i, j and k, then the permutation of the n-th

degree
N L) kI m.. ’
j kN m...

t We recall that in writing a permutation in terms of cycles we write
after every symbol the symbol into which it is carried by the permutation
under consideration. The cycle is closed when we reach the symbol which
is carried into the first symbol of the cycle. Symbols which are left fixed by
our permutation are omitted in the decomposition into cycles. Thus,

123456

= (143)(26).
461352
On the other hand,

1234
(12)(34)=( )
2143

if, of course, it is known that this permutation is of degree 4. We note also
that the parity of the permutation coincides with the parity of the difference
between the number of the symbols actually permuted by this permuta-
tion, and the number of cycles in its decomposition.
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which can be made even by transposing, if necessary, the symbols
I’ and m’ in the lower row, is such that

o~ (k) o = (i'j'k’).

It remains to prove that every normal subgroup H of the
group 4,, n > 5, distinct from E, contains at least one cycle
of length 3. We take an element « in H distinct from 1, which
leaves fixed as many symbols as possible. If the permutation
« is not a cycle of length 3, then it will have one of the following
two forms:

(1) The decomposition of « into cycles contains at least one
cycle whose length is not less than three:

@ = (ijk ...) ...

Here «, being an even permutation, cannot be a cycle (ijkl) of
length 4, and therefore « permutes at least two symbols distinct
from i, j, and k; let these be I and m.

(2) The permutation « can be decomposed into the product
of independent cycles of length 2, which will not be less than two

in number:
a = (i) Kk ...

In this case, because n > 5, we denote by m any symbol distinct
from i, j, £k and I
Let 8 = (kim). Then B~ 'af € H, because 3e€A,, and therefore

y = p laPateH.

The permutation y is distinct from 1, because in case (1)
the permutation $~af carries the symbol j not into the symbol
k, as « does, but into the symbol /; in case (2) the permutation
B~1af carries the symbol / into the symbol m, and not into the
symbol k, as is done by the permutation o.

On the other hand, the permutation + leaves fixed, in the
first case, all the symbols left fixed by the permutation o, because
all these are distinct from k, / and m, and in the second case,
all the symbols left fixed by o, except, perhaps, the symbol m.
It is easy to verify, however, that in the first case the permutation
v also leaves the symbol i fixed, and in the second case the symbols
i and j. Thus, in both cases y leaves fixed more symbols than o.
This contradicts the choice of the permutation «, and shows
that « must be a cycle of length 3, i.e. the theorem is proved.
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We note that the alternating groups A4,, » > 5, by no means
exhaust all the finite non-commutative simple groups.

8. In the following chapter we will prove that the part which
is played in the theory of groups by the concept of a normal
subgroup, belongs in the theory of rings to the concept of an
ideal.

A subset 4 of an arbitrary ring R is called an ideal in R, if
it is a subgroup of the additive group of the ring R—for this
it is sufficient that A be non-empty and that the difference of any
two elements of A should belong to A—and if, in addition, for
any elements a € 4 and r € R both of the products ar and ra are
contained in A.

From this definition it follows that every ideal of the ring R will
be a subring in R. It is easy to see, further, that the intersection
of any system of ideals of a ring R will itself be an ideal. On the
other hand, the subgroup of the additive group of the ring R gener-
ated by a given system of ideals A, i € 1, will also be an ideal: this
subgroup consists of all finite sums of elements from the ideals
A;, but the multiplication of such a sum on the left or on the
right by any element of the ring R again reduces to a sum of
this form.

In 11.4.2 we described all the subgroups of the additive group
of whole numbers. All these subgroups (including the zero) and,
of course, only these, are ideals in the ring of whole numbers, be-
cause the product of a number which is a multiple of » by any
whole number is itself a multiple of ».

9. Every ring R has the ideals R itself and the null ideal 0,
consisting of the zero alone. A ring which does not contain any
other ideals except these two is called simple.

Every skew field and in general every division ring (see 11.6.1)
is a simple ring.

In fact, let there be given a division ring K. If there is given
an ideal A4 distinct from 0 in it, and if a € 4, a # 0, then, in view
of the fact that the equations (1) from I1.6.1 can be solved in K,
any element b of K will belong to 4, i.e. A =K.

The total matrix ring K, of any order n over any division ring
K is a simple ring.

In fact, let there be given in the ring K a non-null ideal A.
If « = (a;;) is a non-zero matrix belonging to 4, then let, for
instance, a4 # 0. Let us agree to denote by X;; the matrix from
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K, which has the element x from K in its (i, j)-th position, and all
of whose remaining positions are filled with zeros. We suppose,
further, that b is an arbitrary element from K, and s and ¢ are
arbitrary indices, 1 <Cs, t << n. In view of the fact that equations
(1) from 11.6.1 can be solved in K, there exist elements x and y
in K such that

y(aux) = b.

By applying the rule for the multiplication of matrices, we see that

?sk (“_-’Elt) = b—st'

Thus, all the matrices of the form Fs, belong to the ideal 4, and
because every matrix from K, can be represented in the form of
a sum of matrices of this form, 4 = K,, which was what we
wished to prove.

10. If, in the definition of an ideal, we omit the requirement
that for any a from the ideal 4 and any r from the ring R both
the products ar and ra should belong to A4, and require this only
for the product ar or the product ra, then we arrive at the con-
cept of a one-sided ideal, or in fact a right ideal, if ar € A for all
ac A and re R, and a left ideal, if rae A. In the commutative
case, and equally in the anticommutative case, in particular in
Lie and Jordan rings (see 11.2.3 and 11.2.4), every one-sided ideal
will of course be an ideal (or, as one sometimes says, a two-
sided ideal).

Because in the proof given above of the simplicity of any di-
vision ring it was sufficient to use the solvability of only one of
the equations (1) from IL.6.1, we can assert that no division ring
K contains any one-sided ideals distinct from K and 0.

If an associative ring R does not contain any one-sided ideals
except R and 0, and is not a ring with zero multiplication (see
11.2.2), then it will be a skew field.

In fact, we will call a left annihilator of the ring R any element
a such that ar = 0 for all re R. The left annihilators form an ideal
in the associative ring R, even a two-sided ideal. In our present
case this ideal will be equal to zero—if it were equal to R, then R
would be a zero ring. Thus for any non-zero element a the set
aR of all possible products of the form ar, re R, which is a right
ideal in the associative ring, will be distinct from 0 and therefore
aR=R. From this it follows that for any element beR the
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equation ax = b can be solved in R. In an analogous way we can
prove that every equation of the form ya =5, a # 0, can be
solved in R, and therefore, by I1.2.10, the ring R will be a skew
field.

From what has been said it follows easily that a non-zero
associative-commutative ring will be simple if and only if it is
a field. On the other hand, because every subgroup of the addi-
tive group in a zero ring is an ideal, then, in view of I1.7.6, the
simple zero rings are exhausted by the zero rings on cyclic addi-
tive groups of prime order.

11. The definitions of an ideal and a one-sided ideal can easily
be carried over to the case of any groupoid—it is sufficient to
exclude from these definitions any mention of the additive group.
All the ideals, and also the left and right ideals of a ring will ob-
viously be, respectively, ideals, left and right ideals of the multi-
plicative groupoid of this ring. The converse, however, is not
true: in the ring of integers the totality of numbers which are
multiples of at least one of the numbers 2 and 3 will not be an
ideal, although it will be an ideal of the multiplicative semigroup
of this ring.

§ 8. Gaussian semigroups

1. As is well known, in the ring of integers C and in the ring
of polynomials P[x] over any field P there are exactly parallel
theories of divisibility. In the present and subsequent paragraphs
we will establish the reasons for this parallelism.

Let there be given an Abelian semigroup G with identity 1,
satisfying the cancellation law (see I11.5.1). The units (divisors
of the identity) of this semigroup, i.e. those elements £ for which
there exists an inverse element -1,

geml=1,
form a subgroup, because the product of units, and the element
inverse to a unit, will themselves be units. On the other hand,
if the product of the elements ay, a,, ..., a, € G is a unit,
a1a2 ee a,, = g,

then each of the elements a;, i = 1,2, ..., n, will itself be a unit.
In fact,

ail=a ..q_14q,q...a", i=1,2,...,n.



GROUPS AND RINGS 67

2. If the elements a, be G are such that a = bc, then the
element b is called a divisor of the element a; one also says that
a is divisible by b. The elements a and b are called associates if
each of them is a divisor of the other,

a=bc, b=ad. €))
Because from (1) it follows that
a = a(cd),
i.€., in view of the cancellation law,
cd=1,

then both ¢ and d will be units. On the other hand, for any unit
€ the elements a and ca are_ associates, because

a = z"(ea).

From this it follows that every unit is a divisor of any element
of the semigroup G.

The relation of associativity is obviously an equivalence rela-
tion, and therefore the whole semigroup G can be decomposed
into classes of associated elements; one of these classes will be
the group of units. On the other hand, the relation “b is a divisor
of a” is reflexive and transitive. At the same time, for any units
g, and g,, from

a=bc
it follows that
§a = (Ezb)(%s; 1),

i.e. g, is a divisor of £,4. In this way we obtain a partial ordering
in the set of classes of associated elements of the semigroup G,
if for the classes A, B we set B <A in the case when at least one
(and hence every) element of B is a divisor of at least one (and
hence every) element of 4. The class of units will be a minimal
element of this set (see 1.5.1), and it will be unique.

3. An element p € G, which is not a unit, is called irreducible
if its only divisors, apart from units, are elements associated with
it, i.e. if from

p=ab

it always follows that one of the elements a, b is a unit, and there-
fore the other is an associate of p. Together with p, obviously,
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all elements which are associates of p will be irreducible. The classes
of associated irreducible elements, if such elements exist in general
in the semigroup G, will be exactly the minimal elements of the
partially ordered set of classes of associated elements distinct
from the class of units.

An element p € G, which is not a unit, is called prime if the
product ab can be divided by p only in the case when one of the
elements a, b is divisible by p. Every element which is associated
with a prime element p will obviously be prime. By simple induction
with respect to n we can also prove that if the product a,a, ... a,
is divisible by the prime element p, then at least one of the elements
a;,i=1,2,...,n is divisible by p.

Every prime element p is irreducible.

In fact, if

p=ab,

then, in view of the fact that p is prime, at least one of the factors,
for instance a, is divisible by p. However, p is divisible in its turn
by a, i.e. p and a are associates, and therefore b will be a unit.

We note that the converse assertion does not hold in the
general case.

4.1f a, b € G, then the element d € G is called a greatest common
divisor of the elements @ and b and is denoted by

d=(a,b), 2)
if d is a common divisor for @ and & and if d itself is divisible
by any other common divisor of the elements a and b.

If also 4’ = (a, b), then d and d’ must be divisible by each

other, i.e. they are associates. On the other hand, if d = (g, b)
and ¢, &,, €5 are arbitrary units, then also

e1d = (24, &b),

i.e. the replacement in equation (2) of all the elements included
in it by any elements which are associated with them does not
violate this equation. In other words, if 4, B, D are respectively
the classes of the elements associated with a, b and d, then equa-
tion (2) can be rewritten in the form

D = (4, B).

The class D will be the unique maximal element (see 1.5.5)
in the partially ordered set of all classes X such that X<{A4 and
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X< B, and the symbol (4, B) may be regarded as the notation
for this class.

Of course, generally speaking, the elements a, be G may
not have a greatest common divisor. However, if a is divisible
by b, then (a, b) exists, and in fact

(a,b) = b.

5. If a greatest common divisor exists for any pair of elements
a, be G, then every irreducible element of the semigroup G will
be prime.
We will prove first that with our hypotheses, for any
a, b, ceG
(ac, bc) = (a, b)c. A3)

In fact, because a is divisible by (a, b), ac is divisible by (a, b)c.
Analogously, bc is divisible by (a, b)c, and therefore the left-hand
side of equation (3) is divisible by the right,

(ac, bc) = (a, b)cd. 4)
Hence
ac = (ac, bc)u = (a, b)cdu,

i.e., by virtue of the cancellation law,

a = (a, b)du. ®
Analogously,
b = (a, b)dv. ©)

From (5) and (6) it follows that the element (a, b)d is a common
divisor for a and b, and because it is itself divisible by (a, b),
the element d must be a unit. This proves that from equation (4)
one can derive equation (3).

Now we will show that for any three elements a,b,ce G

((as b)’ C) = (a’ (b’ C)) (7)

In fact, the element ((a, b), c) is a common divisor of (a, b)
and ¢, and therefore also a common divisor of the elements
a, b, c. On the other hand, every common divisor of these three
elements is a common divisor of (a, b) and ¢, and therefore it
will be a divisor also of ((a, b), ¢). The same assertion can be
made with respect to the element (a, (b, ¢)), and therefore the
left and right-hand sides of equation (7) are associates, which is
essentially also expressed by equation (7).
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We shall say, further, that the elements a, b € G are mutually
prime, if their only"common divisors are units; this can be ex-
pressed by the equation

(a,b) = 1.
If (a,b)=1 and (a,c) =1, then (a,bc)=1.
In fact, because a is a divisor of ac, then
(a,ac) =a.
Further, from (a, b) = 1 it follows, in view of (3), that
(ac, bc) = c.
Therefore, in view of (7),
(a, bc) = ((a, ac), bc) = (a, (ac, bc)) = (a,c) = 1.

We go on to the proof of the theorem itself. Let p be an
irreducible element of the semigroup G and let the product ab
be divisible by p. If neither a nor b were divisible by p, then
in view of the fact that p is irreducible, the common divisors of

a and p (and also of b and p) could only be units, i.e. a and p
(and also b and p) would be mutually prime,

(@ap)=1, (@Ob,p=1.
But then, as we proved above, we would also have
(ab,p) =1,

although by hypothesis ab is divisible by p, and p is not a unit.
This contradiction proves that the element p is prime.

6. Let G be, as before, an Abelian semigroup with 1, satis-
fying the cancellation law. If

a="bb,..b, ®)
and if the elements g, ¢,, ..., 5 are such that
&y ... =1
—all these elements will, thus, be units—then the equation
a = (e1b1)(esby) ... (exby) ©
also holds.

Two factorizations of the element a into the product of
several elements, (8) and

a=ccs...c, (10
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will be called associated factorizations, if | = k and if after, perhaps,
a change in the numbering of the factors of the second of these
factorizations, the elements b, and c; are associates, i = 1, 2, ..., k,
i.e. (10) has the form (9).

An Abelian semigroup G with identity, satisfying the cancel-
lation law, is called a Gaussian semigroup if each of its elements
a, which is not a unit, can be factorized into the product of ir-
reducible elements, wherc any two such factorizations of the
element a are associated with each other.

Amongst the Gaussian semigroups are found all Abelian
groups—they do not contain any elements which are not units,
The multiplicative semigroup of integers distinct from zero will
also be Gaussian. The units in this semigroup are the numbers
1 and —1, and the irreducible elements are all the prime numbers,
taken with the sign + or —. The multiplicative semigroup of
polynomials distinct from zero in the unknown x with coefficients
in a field F is also one of the Gaussian semigroups. Its units are
all the elements of the field F which are distinct from zero, and its
irreducible elements coincide with the irreducible polynomials.

7. An Abelian semigroup G with identity, satisfying the cancel-
lation law, will be Gaussian if and only if it satisfies one of the
following sets of conditions, which are equivalent to each other:
(a, B, (o, B'"), where the conditions o, B' and B’ are as follows:

(o) the partially ordered set of classes of associated elements

of the semigroup G (see 11.8.2) satisfies the minimum condi-

tion (see 1.5.1);

(B") any two elements of the semigroup G have a greatest common

divisor;

(B") every irreducible element of the semigroup G is prime.

Because, by I1.8.5, (8"’) follows from (£), this theorem reduces
to the two assertions proved below.

8. Every Gaussian semigroup G satisfies the conditions (o)
and (B').

In fact, we shall define the length of the element a of the Gauss-
ian semigroup G as the number of factors in any factorization
of the element a into the product of irreducible factors. If a = bc,
where b is a proper divisor of a, i.e. neither b nor c is a unit, then
we obtain a factorization of the element a into the product of
irreducible factors, by multiplying together factorizations of this
kind for the elements b and c. Thus, the length of the element
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a is equal to the sum of the lengths of the elements b and ¢, and
therefore the length of a proper divisor of the element a is strictly
less than the length of a itself. From this it follows that every
sequence

Ay, Gy eny Gy, ...

of elements of the semigroup G such that a,_, is a proper divisor
of a,, n=1, 2, ..., breaks off after a finite number of terms.
This proves the validity of condition («).

On the other hand, let a, b € G and let

D1sPgs «oo5s Pu (11)

be a collection of irreducible elements such that every irreducible
divisor both of the element a, and of the element 4, is associated
with one and only one element from (11); from this it follows
that no two of the elements (11) are associated. The elements
a and b can now be written in the form

—_ k1 Kk K — atnlipnl 1
a = epy'py’ ... P b= ¢pipy ... pi7,

where ¢, ¢’ are units, and some of the exponents &, k,, ..., k.,
L,1L, ..., I, may be equal to zero. Because any divisor ¢ of the
element g can te written in the form

¢ = ¢&"piipy ... pit,
where '’ is a unit and 0 <s; <k;, i= 1,2, ..., n, and an analo-
gous assertion is true for divisors of the element b, then the

greatest common divisor of the elements a and b will be the
element

—_— m m m
o = pT'D3* ... Pu"s

where m; = min(k;, ;), i=1, 2,...,n. Thus condition (') is
also satisfied.

9. Every Abelian semigroup G with identity, satisfying the
cancellation law and conditions () and (B'"), is Gaussian.

We must prove that every element @ € G which is not a unit
has a factorization into the product of irreducible elements and
that this factorization is determined uniquely to within associated
ones. First we note that if this assertion is satisfied for a, then
it is also satisfied for any element which is associated with a.
This enables us, in view of (&) and 1.5.1, to prove our assertion
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by induction with respect to the partially ordered set of classes
of associated elements of the semigroup G.

This assertion is known to be satisfied for the irreducible
elements, i.e. for elements from the minimal classes distinct from
the class of units. We will therefore assume that everything has
been proved for all the proper divisors of the element a. If a is not
an irreducible element, then

a = be,
where b and ¢ are proper divisors of a. By the induction hypothesis

b=pps...Dxs €=DPki1Dki2+Dn»
where all the p;, i=1, 2, ..., n, are irreducible. Hence

a=pps ... PxPx+1Px+2 -++ Pn- (12)

Further, let
a=q; ... 4s (13)

be any other factorization of the element a into the product of
irreducible factors. Because, by (8'’), the irreducible element g,
is prime, then, by IL.8.3, at least one of the elements p;, i = 1,
2, ..., n, must be divisible by ¢,. Let this be the element p,. How-
ever, it is irreducible, and therefore the elements p, and ¢, are
associates,

P1= €. (14)
Hence, in view of the cancellation law,

(eP)Ps -.- Pn = 423 ... 4. (15)

The left and right-hand sides of equation (15) are factoriza-
tions into irreducible factors for a proper divisor of the element
a, and therefore, by the induction hypothesis, they are associated.
From this and from (14) it also follows, however, that the factori-
zations (12) and (13) of the element a are associated—indeed,
from the fact that the element ep, is associated with the element g,,
for instance, it follows that the elements p, and ¢, are associated.

§ 9. Gaussian rings

1. We recall that if R is an integral domain (see IL.2.7), then
the set R\O will be an Abelian semigroup under multiplication,
satisfying the cancellation law.
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An integral domain R with identity is called a Gaussian ring¥
if the multiplicative semigroup of the elements of R distinct
from zero is a Gaussian semigroup.

Amongst the Gaussian rings are included, trivially, all fields.
However, not every integral domain with identity will be a Gauss-
ian ring.

* The totality of complex numbers of the form a b}y — 3,
where a and b are any whole numbers, will be an integral domain
with identity, but not a Gaussian ring. Thus,

4=22=01+Y=-)U~y=3)

will be two non-associated factorizations of the number 4 in
this ring into the product of irreducible factors.*

2. Let there be given an integral domain R with identity.
If ae R, then the set
(@) = aR,

i.e. the totality of elements of the form ar, r e R, will be an ideal
in R (see I1.7.8). This is the principal ideal generated by the element
a. It is clear that a is contained in the ideal (@), because a = a-1.
If all the ideals in R are principal, i.e. if every ideal of R is gener-
ated by some element, then R is called a principal ideal domain.

Every principal ideal domain R is a Gaussian ring.

In view of I1.8.7 it is sufficient to prove that in the multipli-
cative semigroup of the elements of R distinct from zero the
conditions («) and (B’) are satisfied.

If the element a is divisible by the element b, a = bc, then
a e (b) and therefore (@) = (b); the converse is also true. Thus,
if, in the sequence of non-zero elements

Ay Aoy enr sy oes €))]

every element a, is divisible by a¢,+,, n =1, 2, ..., then the cor-
responding principal ideals will form an increasing sequence,

(a)s@s...c@s... 2

It is easy to verify that the set-theoretical union of this increasing
sequence of ideals will itself be an ideal in R, i.e., by our hypothesis
on R, some principal ideal; we denote it by (b). The element b,
which belongs to the union of the increasing sequence (2), must

t A Gaussian ring is also called a unique factorization domain (Ed.).
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be contained in some ideal (a,) and therefore in all the ideals
(a;) where i > n. For all these i it will thus be true that (b) = (a)),
which together with (¢;) = (b) gives (@;) = (b). Thus, the elements
a; and b are divisors of one another, i.e. they are associates.
This proves that in the sequence (1) all the elements a; where
i> n are associated with each other, i.e. condition () is satisfied.
On the other hand, if a, b € R, then the totality of elements
of the form ar + bs, where r and s vary independently through
the whole ring R, will be an ideal and, hence, a principal ideal;
we denote it by (d).
Then

@=2@, @=20),
because
a=al14+b0e(d), b=a0+b-1e(d),

and therefore the element d is a common divisor of a and b.
If however ¢ is any common divisor of g and b, then

©=20@, (=20,

and therefore the ideal (¢) contains every element which has the
form ar -+ bs, ie. (c) 2 (d), from which it follows that ¢ is also
a divisor of d. We obtain that d is the greatest common divisor
of a and b. This proves that the condition (B’) is also satisfied.

3. An.integral domain R with identity is called a Euclidean ring
if every element @ € R distinct from zero can be related to a non-
negative integer n(a), where the following requirement is ful-
filled: for any elements a, b e R, where b # 0, it is possible to
select elements ¢ and r in the ring R such that

a=bg+r,

where either r = 0, or else n(r) < n ().

Every Euclidean ring is a principal ideal domain and, hence,
a Gaussian ring.

In fact, let us take an ideal 4 in the Euclidean ring R. If 4 = 0,
then 4 = (0). If, however, 4 # 0, then let a, be one of the non-zero
elements of 4 such that n(a,) < n(a) for all non-zero elements
ac A. Then for arbitraty ae 4 we can find, by hypothesis,
elements ¢ and r in R such that

a=ayg-+r,
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where if r # 0, then n(r) < n(a;). However
r=a—aygeA,

and we arrive at a contradiction to the choice of the element a,.
Therefore r = 0, i.e. @ = ayq, which proves that 4 is a principal
1deal, generated by the element a,.

Amongst the Euclidean ring are the ring of integers Z—the
part of n(a) is played here by the absolute value |a| of the number
a,— and also the ring of polynomials Fix] over the field F—here
the part of n(a) is played by the degree of the polynomial. The
rings Z and F[x] will thus be principal ideal domains and Gaussian
rings.

* In every Euclidean ring to find the greatest common denom-
inator of two elements one can apply Euclid’s algorithm, which
will be familiar to the reader.

There exist principal ideal domains which are not Euclidean
rings [Motzkin, Bull. Amer. Math. Soc. 55, 1142-1146 (1949)].*

4. We complete this section with the proof of the following
theorem:

If R is a Gaussian ring, then the ring of polynomials R[x] will
also be Gaussian.

We know from 11.2.7 that the ring R[x] in our present case
will be an integral domain with identity. We have to prove, in
view of 11.8.7, that in the multiplicative semigroup of the elements
of R[x] distinct from zero the conditions (&) and (B"') from 11.8.7
are satisfied.

We begin with the remark that the units in the ring R[x] are
precisely the units in the ring R. We note, further, that because con-
dition (B") from I1.8.7 is fulfilled for the non-zero elements of the
Gaussian ring R, then, in view of (7) from 11.8.5, we can speak
of the greatest common divisor of any finite system of non-zero
elements of R, and it will be defined uniquely to within associated
elements. It is clear that this remains true in the case when we add
several elements equal to zero to the system under consideration.

A polynomial ¢(x) is called primitive if the greatest common
divisor of the system of its coefficients is a unit and therefore can
be taken equal to 1. A polynomial which is associated with a prim-
itive polynomial is itself, obviously, primitive. Amongst the
polynomials of zero degree those which are primitive will be the
units and nothing else.
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If f(x) is an arbitrary non-zero polynomial and a is the greatest
common divisor of its coefficients, then

S (%)= ap(x), 3

where the polynomial ¢ (x) is primitive. If the equation

S(x) = b (x)

also holds, where be R, and ¢(x) is a primitive polynomial,
then b, which is a divisor of all the coefficients of the polynomial
f(x), will also be a divisor of a,

a=bc.
Therefore, since there are no divisors of zero in R[x],

$(x) = ep(x),

whence, in view of the fact that {/(x) is primitive, the element ¢
must be a unit.

This proves that in the expression (3) for the polynomial
f(x) both the element a from R, and the primitive polynomial
o (x), are determined to within factors which are units, i.e. to within
associated elements. We will call a factorization of the form (3)
a canonical factorization of the polynomial f(x).

5. Gauss’s LemMA. The product of primitive polynomials is
itself primitive.
In fact, let there be given the primitive polynomials
Sx) = apx* +a x4 . daxF-t 4. +a,
gy =bx' + by X"+ .+ bxti 4.+ b
and let their product
S)g(x) = cox* T epx* -t oy DD L g

not be primitive. From this it follows, because the ring R is Gaus-
sian, that the coefficients ¢, ¢;, ..., ¢,,; have a common irre-
ducible divisor p. Because the polynomials f(x) and g(x) are
primitive, neither one of them can have its coefficients all divisible
by p. Let g; and b; be the coefficients of these polynomials with
the smallest indices which are not divisible by p. However,

Ciyj=abj+a_1bj it a_sb .+
cee —i—ai+1bj_1—!—a,-+2bj_2+... (4)
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Because, by hypothesis, all the coefficients a;_y, a;_» ..., and b; _,,
b;_,, ... are divisible by p, the left-hand side of equation (4) is
also divisible by p, as are all the summands on the right-hand
side, except the first. From this it follows that the product a;b;
is also divisible by p, and because the irreducible element p in
the Gaussian ring R is prime (see 11.8.7), at least one of the elements
a;, b; must be divisible by p, which contradicts the choice of
these elements. Thus the lemma is proved.

From this it follows that if we are given the polynomials f;(x),
i=1,2,...n, with the canonical factorizations

fix) =ap(x), i=1,2,...,n,
and if
F) = [14®, a=la 200=[] @,
i1 i=1 i=1
then
S(x) = ap(x)

will be a canonical factorization of the polynomial f(x). From this
it follows that if the product of several polynomials is equal to
a primitive polynomial, then each of the factors will be a primitive
polynomial. We note also that if we are given the polynomials
f(x) and g(x) with the canonical factorizations

fx) = ap(x), g(x) = by(x)
and if f(x) is divisible by g(x), then a is divisible by b, and ¢(x) is
divisible by {(x).
6. Let there be given in the ring R[x] a sequence of non-zero
polynomials

S1(®), fo(%), on s Ja ()5 oees &)
such that f,(x) is divisible by f, 1(x), n=1,2, ... If

f;l(x):ancpn(x)a n == 192’~-~,

are canonical factorizations of these polynomials, then in each of
the sequences
a,, a, TR TR (6)

e1(X); Pa(X), «ors Pu(X)s vevs (™)

each element is divisible by the one following it.
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Because the ring R is Gaussian and bzcause, on the other hand,
the degrees of the polynomials in the sequence (7) are non-increas-
ing, we can find a natural number N with the following properties:
(1) all the elements a,€ R are associates when »>=N; (2) all
the polynomials ¢,(x) have the same degree when n>=N, ie.
they differ from each other by factors in R which, in view of the
fact that the polynomials ¢,(x) are primitive, must be units.
From this it follows that all the polynomials f,(x) from (5) will
be associates when n > N, and therefore for polynomials of
R[x] distinct from zero, the condition () is satisfied.

7. Now let the irreducible polynomial p(x) be a divisor of the

product f(x)g(x). If

S&x) =ap(x), gx)=>bY(x)
are canonical factorizations of the polynomials f(x) and g(x), then
J()gx) = (ab)[p(x) b (x)]

will be a canonical factorization of the product f(x)g(x). On the
other hand, there also exists a canonical factorization for the
polynomial p(x), and therefore, in view of the fact that it is ir-
reducible, p(x) will be either an irreducible element p of the ring
R, or else an irreducible primitive polynomial w(x).

In the first case the element p is a divisor of the product ab,
and therefore, since the ring R is Gaussian, p will be a divisor
of at least onc of the elements a, b, for instance of a. In this case
the element p will also be a divisor of the polynomial
ap(x) = f(x).

8. There remains the more difficult second case. Here the poly-
nomial w(x) will be a divisor of the product of primitive poly-
nomials ¢ (x){(x).

As we know from II.5.5, the integral domain R can be embed-
ded in a quotient field; we will denote it by Q. Every polynomial
from the ring R[x]} will, of course, be a polynomial from the ring
Q[x] also. On the other hand, if g(x) is an arbitrary non-zero
polynomial from Q[x], then, by reducing the fractions which
are its coefficients to a common denominator and taking this
denominator outside the brackets, and then doing the same

with the greatest common divisor of the numerator, we arrive
at the expression

g(x) = % 0 (), @®)
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where @(x) is a primitive polynomial from R[x].
If

q(x)=§¢(x)

is another expression of the form (8) for g(x), i.e. the polynomial
¢ (x) belongs to R[x] and is primitive, then

(ad)o (x) = (b)d(x), ©®

and therefore the left and right sides of the equation (9) will be
canonical factorizations of the same polynomial from the ring
R[x], i.e. they are associates. Thus, the primitive polynomial
©(x) is determined for the polynomial q(x) uniquely to within
associated elements. We will call an expression of the form (8)
a canonical factorization of the polynomial g(x) from Q[x].

If we are given the non-zero polynomials q,(x), g,(x) from
Q[x] with the canonical factorizations

qi(x)=~zi<p.-<x), i=1,2, (10)
then
01(¥) 4o (x) = Z;’ [ox () Po (¥)] (11)

will, by Gauss’s lemma, be a canonical factorization of the product
71 (x) g2 (%)

The irreducible primitive polynomial w(x) remains irreducible in
the ring Q[x]. In fact, if

T(x) = (%) (),

where ¢, (x), g,(x) e Q{x] and have the canonical factorizations (10),
then, by (11), =(x) is associated with the product ¢, (x)¢s(x).
Therefore one of the polynomials ¢;(x), i = 1,2, must have
degree 0; this is true for the corresponding ¢;(x).

We know from I1.9.3 that the ring Q[x] is Gaussian. From
this it follows, because w(x) is a divisor of the product ¢ (x)y(x),
that one of these factors, for instance ¢(x), is divisible by m(x)
in the ring QIx],

¢(x) =7(x)g(x), gq(x)eQlx].
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If g(x) has the canonical factorization
c
x) =—x(x),
q(x) 7 x ()

then from the fact that the polynomials ¢ (x) and w{x) are primi-
tive it follows that ¢(x) is associated with the product =(x)y (x),
and therefore ¢(x) is divisible by =(x) in the ring R[x]. Hence
the polynomial f(x) = ap(x) is also divisible by =(x).

Thus, the condition (B”) is also satisfied in the ring R[x],
and the theorem in 11.9.4 is proved.

9. From this theorem it follows immediately that the ring
of polynomials R[xy, x5, ..., X,] in any finite number of unknowns
over any Gaussian ring R will itself be Gaussian. In particular,
the ring of polynomials F[x,, x,, ..., x,] over any field Fis Gaussian.

Now it is easy to show that there exist Gaussian rings which
are not principal ideal domains. Thus, in the ring of polynomials
R = F[x,y] over the field F the set 4 of polynomials without
constant terms will be an ideal distinct from R. This ideal is not,
however, principal, because the only common divisors of the
polynomials x and y included in it are the elements of F distinct
from zero.

§ 10. Dedekind rings

1. As in the preceding paragraph we will consider an integral
domain R with identity. We recall (see IL.5.5 and IL.5.6) that an
integral domain R is contained in a uniquely determined quo-
tient field.

If 4 and B are ideals of R, then their product AB is the ideal
generated bty all possible products of the form ab, where a€ A,
be B. It is easy to see that the ideal 4B consists of those, and
only those, elements of the ring R which can, in at least one way,
be written in the form

Za,-b,-, a,-eA, biEB. (l)
i=1 :

From the fact that the operations in R are associative it fol-
lows that the multiplication of ideals is associative. We can
speak thus of the semigroup of ideals of the ring R; the com-
mutativity of this semigroup is obvious.
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Because every element of the form (1) also belongs to the
intersection of the ideals 4 and B, then
AB<= A n B.
On the other hand, from B < B’ it follows, obviously, that
AB < AB'. , )

2. An ideal C is called prime if from the inclusion xye C,
x, y € R, it always follows that at least one of the elements x, y
is contained in C. This definition is obviously satisfied by the
ideals R and 0. In what follows, in speaking of prime ideals,
we will exclude these two ideals from our considerations.

The ideal C will be prime if and only if for any ideals A, B it
follows from AB < C that either A< C or B< C.

In fact, let AB< C, but Aq; C,B& C. Thus there exist
ac A, be B which are not contained in C, although ab € C. The
ideal C is thus not prime. Conversely, if the ideal C is not prime,
then there exist a and b which lie outside C, but ab € C. Going
over to the principal ideals, we obtain that (a)$ C, (b)$ C,
but (a)(b) = C.

Below, by a maximal ideal we shall mean any maximal proper
ideal (i.e. distinct from R) of our ring R.

Every maximal ideal M is prime.

In fact, let a¢ M, b¢ M, but

abe M. 3

The ideal (M, a), generated by the ideal M and the element g,
coincides with R. It consists, however, of elements which can be
written in the form m + xa, me M, xe R, and therefore can be
written in the form M + Ra. Analogously, (M, b) = R and this
ideal can be written in the form M - Rb. Therefore, in view of
(3), we arrive at the contradiction:

R = RR = (M + Ra)(M + Rb) = M.

3. In a principal ideal domain (see 11.9.2) the prime ideals

coincide with ideals of the form (p), where p is a prime element (sce
I1.8.3).

In fact, if xye (p), then
xy=pz, z€R,

and therefore, by the definition of a prime element, at least one
of the elements x, y is divisible by p, i.e. is contained in the ideal
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(p). If however the element g is not prime, then, by I1.8.7, we can
write it ¢ = ab, where neither a nor b is a unit. Hence ab € (g);
however, if, for instance, ae (g), then

a = qc = abc,

from which, in view of the fact that there are no divisors of zero,
bc=1, ie. b would be a unit.

In a principal ideal domain every ideal which is distinc from the
whole ring and from zero is the product of a finite number of prime
ideals.

In fact, if the element a is not a unit and is not equal to zero,
then there exists a factorization of a into the product of prime
factors,

a=pD1Ps --- Pn>

@ = (p) (p) ... (p))-

An integral domain R with identity is called a Dedekind
ring if every ideal of R, distinct from R itself and from 0, can be
represented in the form of a product of a finite number of prime
ideals. Below we shall mention some of the characterizations
of Dedekind rings.

and then

4. Let R be an integral domain with identity 1, and F its quo-
tient field. A subgroup A4 of the additive group of the field F is
called a fractional ideal of the ring R if the following two condi-
tions are satisfied: (1) if ae 4, xe R, then axe 4; (2) all the
elements of A can be written in the form of fractions with a common
denominator, i.e.

A:_:J_Ao’ Ay, R, deR, d#0. C))

It is clear that A, will be an ideal in R and that here the conditions
of equation (4) can be regarded as the definition of a fractional
ideal.

Amongst the fractional ideals there are the ideals of the ring
R itself or, as we shall now call them, its integral ideals. On the
other hand, a principal fractional ideal is a fractional ideal of
the form (1/b) (a), where (a) is a principal integral ideal. This prin-
cipal fractional ideal contains, in particular, the element a/b of
the field F and is generated by this element, and therefore it can
be written in the form (a/b).



84 LECTURES IN GENERAL ALGEBRA

In general, because the intersection of any set of fractional
ideals is a fractional ideal, we can speak of the fractional ideal
generated by a given finite set of elements of F: because all these ele-
ments can be written in the form of fractions with a common
denominator d, they all lie in the fractional ideal 1/dR, and there-
fore we can speak of the intersection of all the fractional ideals
containing the given elements.

5. The definition of the product of ideals also carries over to
fractional ideals, where if

then

1
AC = ——A4yB,,
od 0P

i.e. this product is itself a fractional ideal. Because multiplication
remains associative (and commutative) and because the product
of non-zero quotient ideals is itself distinct from zero, we can
speak of the semigroup of non-zero fractional ideals of the ring R.
The identity of this semigroup is R itself.

Our aim is to prove the following theorem:

An integral domain R with identity will be a Dedekind ring
if and only if its semigroup of non-zero fractional ideals is a group.

6. Let R be once again an integral domain with identity.
A quotient ideal 4 of Ris called invertible if there exists a fractional
ideal A1 such that

AA-1=R.

Every non-zero principal fractional ideal is invertible, because

() =(2)

Every invertible fractional ideal is generated by a finite number
of elements.

In fact, if A4~ = R, then for the identity there exists an ex-
pression of the form

o
1= aal aed, aedl, i=12..,n

i=1



GROUPS AND RINGS 85

Hence for any a € A4 it will be true that

0= aa),

i=1
and becauseajae R, i= 1,2, ..., n, then

A= (a1’ az, ..., an)'

If
B == A1A2 SN An,

and if the fractional ideal B is invertible, then each of the fractional
ideals A;,i = 1,2, ..., n, will also be invertible, because

A[IA)B ] = R.

7. If the prime ideals C,, C,, ..., C,, considered as fractional
ideals, are invertible, then

A=CC,...C, (5)
will be a unique representation of the integral ideal A as a product
of prime ideals.

We will prove this by induction with respect to n. If n =1,
we show that the representation of the ideal C, in the form of the
product to two integral ideals, distinct from R,

Cl = B1B2a

is in general impossible. In fact, because the ideal C, is prime,
then, by 11.10.2, it will be true, for instance, that B, = C;. Hence,
because, by hypothesis, the ideal C, is invertible, and the inclusion
(2) also holds in the case of a fractional ideal 4,

B, = RB, = C[{'C\B, =2 C{'B,B, = C{1C;, = R,

which is impossible.
We go on to the general case. Let the ideal 4 have both the
representation (5) and the representation

A= DD, ... D, (6)

where the ideals D;,j= 1,2, ..., k, are prime. Let C; be a min-
imal ideal amongst the ideals C;,i= 1,2, ...,n Because A is
contained in the prime ideal C;, then, in view of (6) and 11.10.2,
it will be true, for instance, that D, = C;. Analogously, there
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exists an i such that C; € D,;. From this, in view of the fact that
C, is minimal, it follows that

Ci= D, = C,.

Now by equating the right sides of equations (5) and (6), multi-
plied by C; 1, we obtain

C2 e C” - Dz en Dk’

whence, by the induction hypothesis, n = k and, after renum-
bering, C; = D;,i=2, ..., n.

8. In a Dedekind ring R every prime ideal is maximal and
invertible.

We suppose first that the prime ideal C is invertible, and we
shall prove that it is maximal. Let there exist an element a € R,
lying outside C, such that the ideal (C, @) = C-+Ra is distinct
from R. Then a fortiori, the ideal C+ Ra? will be distinct from
R, because C+ Ra? < C+Ra, and, since the ring is Dedekind,
there exist factorizations for these two ideals as the products
are prime ideals,

n k
C+Ra=]Ic, C+Ra2=1]]D;. ™
i=1 j=1
Now we need to construct a ring, which in I11.2.6 will be called
the factor-ring of the ring R with respect to the ideal C. We divide
up the additive group of the ring R into cosets with respect to
the subgroup C. If C+x and C+y are any two cosets, then,
by multiplying any element of the first coset by any element
of the second, we obtain (because C is an ideal) an element of
the coset C+xy. This enables us to speak of the multiplication of
cosets. We can also speak of the addition of cosets, because the
sum of any element from C+x and any element from C--y lies
in the coset C+ (x+y). It is easy to verify that the set of cosets
with respect to C forms a ring R under these operations; its zero
will be C, and its identity C+1.
In our present case the ring R has no divisors of zero, because
from x¢ C,y¢ C and

C+x0(C+y=C

it would follow that xy ¢ C, which contradicts the fact that the
ideal C is prime. Thus, the results of the preceding section are
applicable in the ring R.
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Because, by (7), C< C,i=1,2,...,n, then the prime
ideal C, can be decomposed into cosets with respect to C, which,
as it is easy to verify, form a prime ideal C; in R; in an analogous
way we can introduce the prime ideals 5,-, j=12,.. ,k If
we set d = C + a, then from (7) for the principal ideal Ra there
follows the expansion

—=

E:

i=1

and therefore
S - no__ ko _
(Ra)* = Ra* =[] Ci= [] D;- ®)
i=1 j=1
All the prime factors, included in the expansion (8) for the prin-

cipal and therefore, by I1.10.6, invertible ideal Ra?, are themselves
invertible, and, hence, by 11.10.7, the expansions (8) coincide.
From this it follows that & = 2n and, after renumbering,

Ci=Dy_1=Dy,i=1,2,...,n.
Thus,
C 4+ Ra? =(C + Ra)?,
whence
C < (C 4 Ra)? =« C? + Ra.
For every x € C there thus exist y € C? and z € R such that
X=y+1za.

Hence za € C, and because the ideal C is prime and a¢ C
then z € C. Thus,

Cc C*+ Ca,
and because the inverse inclusion is obvious, then

C = C%4- Ca.
Multiplying both sides by the ideal C-1, which exists because C is
invertible, we obtain

R= C+ Ra,

which contradicts our hypothesis. We have proved that the ideal
C is maximal.
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Now we will prove that every prime ideal C is 1nvert1ble
Let xe C,x # 0. Then

Cia

s B

Rx =

i=1

]

where the ideals C;,i=1, 2, ..., n, are prime and, by IL10.6,
invertible (because the ideal Rx is principal and therefore in-
vertible), i.e., by what we proved above, they are maximal.
Because, however, Rx = C and the ideal C is prime, then at least
for one i it will be true that C; € C, i.e., because C; is maximal,
C; = C, and therefore the ideal C is invertible.

9. From the results of the two preceding sections follows this
important assertion:

In a Dedekind ring every ideal distinct from R and 0 has a uni-
que expression as a product of prime ideals.

10. Now we shall prove that every non-zero fractional ideal
A of a Dedekind ring R can be expressed as the product of posi-
tive or negative powers of prime ideals and is therefore invertible.

In fact, let 4 =%Ao. Then

n k
= I-[ Cis Rd = H Dj,
el j=1
where all the C; and D; are prime, and because all the prime
ideals D;, j=1,2,...,k, are invertible, then

n k
4 = Ay(Rdy"t =[] C:- T] D;*.

i=1 j=1
This proves one half of the fundamental theorem in II1.10.5.

11. Let us now prove the converse assertion of this theorem.
If the non-zero fractional ideals of the integral domain with
identity R form a group under multiplication and therefore are
invertible, then, by I1.10.6, every (integral) ideal of R is generated
by a finite number of elements. From this it follows that in R the
maximal condition for ideals is satisfied: the union B of the ascend-
ing chain of ideals

Aicd,c...c4,¢ ..
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will itself be an ideal and is therefore generated by a finite number
of elements. We can find an n such that all these elements lie in
A,, and then

B=An=A,,+1= ves

The assertion that the ring R is Dedekind will be proved, in
view of I1.10.2, if we show that every integral ideal of R, distinct
from R and 0, is the product of maximal ideals. If this is not so,
then let A be a maximal one of those ideals which cannot be so
represented. It will not be a maximal ideal of the ring R, but,
because of the maximal condition, there exists a maximal ideal
M containing it. Because 4 € M and M~ 1M = R,then M~14 <R,
i.e. M~14 is an integral ideal. From

A=RA=M(M"14) ©)
it follows that
AS M- 14.

If this inclusion were strict, then the ideal M~14 could be
expressed as the product of maximal ideals, and then, by (9),
such a representation would also exist for 4, contrary to the
hypothesis. Therefore M-14 = 4, i.e.

A= MA. (10)

We will reduce this to a contradiction by showing that there
exists an element z € M such that the product of the element 1 — z
by any element from A4 will be equal to zero, although z # 1,
and there do not exist any divisors of zero in R.

Let the ideal A be generated by the elements X, X, ..., Xu,

A - (Xl, X2, Y x")-
We set
Ai=(xi,x,-+1,...,x,,), i=1,2,...,n,

and A4,,,=0, and we will prove the existence of z; € M,
i=1, 2,...,n+1, such that

(1 — Zi)A c Ai' (11)

Because 4; = A, we can take z; = 0. Suppose that z; has been
found with the property (11). Then, because of (10),

(1—2z)Ad = (1 —z)MA = MA;,
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and because every element of the ideal M4, can be represented
in the form of a sum of products of the elements x;, x; .4, ..., X,
by certain elements of M, then
(1 —z)x;= Zz,»jxj, z:eM.
j=i
Hence
(1 —z—zg)x;€ 4i 1
and therefore
(1 '—Zi—}-l)A < Ai+1a
where
1=z =00—-2z)(1—z—2z);
it is clear that z; , € M. The element z, , will also be the desired
element z. Thus the theorem is proved.

* An integral domain R with identity will be a Dedekind
ring if and only if the following conditions are satisfied: (1) the
maximal condition for ideals; (2) every prime ideal is maximal;
(3) the ring R is integrally closed in its quotient field F, i.e. every
element from F which is the root of an equation with coefficients
in R and with leading coefficient 1 itself belongs to R.*



CHAPTER THREE

UNIVERSAL ALGEBRAS
GROUPS WITH MULTI-OPERATORS

§ 1. Universal algebras. Homomorphisms

1. The parallel between the theory of groups and the theory
of rings, which was illustrated repeatedly in the previous chapter,
is also revealed in many other branches of these theories. In
many cases it turns out to be convenient not to consider groups
and rings separately, but to construct a single theory, from which
the results associated with groups and rings follow as simple
corollaries. In fact it was for this purpose that there was initiated
the study of algebraic structures with an arbitrary number of
algebraic operations, which are not necessarily binary.

2. Let there be given a set G. We will say that in G an n-ary
algebraic operation « is defined (where n is a non-negative in-
teger), if with any ordered system of » elements a4, as, ..., a,
of the set G there is associated a uniquely determined element
of this same set; this result of applying the operation e to the
given system of elements will be denoted by a; a,... a,». In some
cases it is necessary to omit from our requirements that the n-ary
operation should be defined for every ordered system of # elements,
i.e. this operation will only be partial. The requirement that the
operation be unique will, however, usually be retained, and there-
fore the concept of an n-ary operation is only a special case
of the concept of an (n+1)-ary relation (cf. I.1.1).

When n = 2, we arrive at the concept of a binary operation
with which we are familiar (see 11.1.2), when » = 3, we obtain
a ternary operation, and so on. On the other hand, when n =1
we will speak of a unary operation. This operation relates every
element a € G to a uniquely defined element aw € G, i.e. it is a single-
valued mapping of the set G into itself. Finally, the case n = 0,
i.e. the case of a nullary operation, means that in the set G there
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is fixed some dcfinite element which does not depend on the
choice of any elements or system of elements in G. Thus, by
taking the identity of a group, we arrive at a nullary operation
in this group; in the case of a ring, taking its zero and identity
(if the latter exists) will be nullary operations.

3. A set G is called a universal algebra, if there is given in it
some system € of n-ary algebraic operations, where for different
operations w €2 the number n may either te different or the same.
This system of operations may also be infinite—an example of
universal algebras of this type are the vector spaces over infinite
fields: here there is one binary operation, namely addition, and
an infinite set of unary operations, the multiplciations by elements
of the ground field.

In the preceding chapter we met many different types of uni-
versal algebras — groupoids, groups, quasigroups, rings and so
on. We note that we have two ways of considering a group as
a universal algebra: on the one hand, it is a set with three binary
operations—multiplication and left and right division; on the
other hand, it is a set with one binary operation—multiplication,
with one unary operation—taking the inverse of an element,
and with one nullary operation—taking the identity. In IIL.6.6
we will return to the problem of the different ways of regarding
the same algebraic system as a universal algebra.

We note also that a skew field can be regarded as a universal
algebra only in the case when the algebraic operations under
consideration are assumed to be partial, because in fact this
is the case with both left and right division in a skew field, and
with taking the inverse of an element.

4. Let there be given a universal algebra G with a system of
operations . A subset 4 =G will be called a subalgebra of the
universal algebra G if, for any n-ary operation © € Q from
a,a,, ...,a, € A it always follows that

aa;...a,0 € A.

Special cases of this concept are, obviously, a subgroupoid
of a groupoid, a subgroup of a group, a subring of a ring. We note,
however, that if the ring R has an identity and if it is regarded
as a universal algebra, amongst whose operations is included
the nullary operation of taking the identity, then the subalgebras
will only be those subrings of the ring R (see 11.3.2) which contain
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the identity of the ring R, and not any subring, even if it contains
its own identity.

In the same way as in I1.3.6, we can prove that the intersection
of any system of subalgebras of a universal algebra G, if it is not
empty, will be a subalgebra of this algebra.

From this it follows that if in the universal algebra G we take
an arbitrary non-empty subset M, then there exists a uniquely de-
termined subalgebra { M}, which is the least subalgebra containing M.
This will be the intersection of all the subalgebras of G containing
M,—one such subalgebra will be G itself. If {M} = G, then M
will be a system of generators for G.

5. The universal algebras G and G’, in which there are given
respectively the systems of operations €2 and (’, are said to be of
the same type if it is possible to establish a one-one correspondence
between the systems Q and €', in which any operation « € Q
and the operation «’ € Q' corresponding to it will be n-ary with the
same n. We can thus assume that in universal algebras of the same
type the same system of operations €2 is given.

Universal algebras G and G’ of the same type with the same
system of operations Q are said to be isomorphic if there exists
a one-one mapping ¢ of the algebra G onto the algebra G,
such that for any n-ary operation « € 2 and any elements
a, , ..., 0, €G

(0,0, ... 3,0)9 = (@:19)(@x9) ... (@:P)w. ¢y

The concept of an isomorphism of universal algebras plays
exactly the same part as it played for groups, rings or partially
ordered sets. Now we will introduce a generalization, namely the
concept of a homomorphism, which is very important in all the
subsequent theory. In fact, by keeping the requirement (1),
but assuming that ¢ is only a single-valued (and not necessarily
one-one) mapping of the algebra G into the algebra G’ (i.e. not
necessarily onto the whole of this algebra), we arrive at the de-
finition of a homomorphic mapping of one universal algebra into
another, which is of the same type.

From the definition of a homomorphism it follows easily that
the product of homomorphisms (in the sense of 1.1.2) will itself
be a homomorphism. In fact, if we are given the algebras G, G',
G"' of the same type with the same system of operations Q and
the homomorphisms ¢: G — G’ and ¢: G' > G, then for any
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n-ary operation o €2 and any elements a,, a,, ..., a,€ G it will
be true that

(@1a; ... a,0)(9Y) = [(a1a; ... a,0)9]Y =
[(a19) (a:9) -.. (@) wld = [(@9)bll(ap)¢] ... [(@p)d]w =
(a1 (e aa ()] ... [a. (o)),

which proves that the product ¢ will be a homomorphism of
the algebra G into the algebra G”'.

From (1) it also follows that if Go is the image of the algebra
G under the homomorphic mapping ¢ into the algebra G’, then
Go will be a subalgebra of the algebra G'.

If Gp = G’, then we speak of the homomorphic mapping
onto G' and we say that G’ is the homomorphic image of the alge-
bra G.

6. We will apply the concept of a homomorphism to the case
of groupoids and rings. It is clear that in the case of binary mul-
tiplication the equation (1) reduces to the equation

(ab)o = ap-by (2

and that a universal algebra of the same type as a groupoid will
itself be a groupoid. It is easy to verify, as in the case of an iso-
morphism (see I1.4.1) that under a homomorphic mapping
of the groupoid G onto the groupoid G’ properties of the opera-
tion given in G, such as commutativity and associativity, are
preserved.

Let ¢ be a homomorphic mapping of the groupoid G onto the
groupoid G'. If G has an identity e, then ep will be the identity in
G'. If, in addition, the element be G is one of the (right) inverse
elements of a € G then be will be one of the right inverse ele-
ments of ap.

In fact, for aeG it follows from ae = ea = a and (2) that
ap-ep = ep-ap = ap, and because the element ap runs through
the whole groupoid G’, while a runs through the groupoid G, then
ep will in fact be the identity in G’. On the other hand, it follows
from ab = e and (2) that ag-bp = ep.

Thus, the homomorphic image of a semigroup or group is
a semigroup or group respectively.

Now we consider the homomorphic mapping ¢ of the ring
R onto a universal algebra R’ of the same type. From what has been
said above it follows that R’ will be an Abelian group with respect
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to addition and a groupoid with respect to multiplication. We
will prove that the distributive laws are satisfied in R’. If &', b’,
¢’ e R, and the elements aq, b, ¢ €R are such that ap = a’, bp = b’
¢ = ¢’, then from the equation

(a+b)c = ac+ b,
which is valid in the ring R, follows the equation
(@ +b)c =dac +bc.
The second distributive law can be verified in the same way.
Thus, the homomorphic image of a ring is a ring. From what has
been said above it follows that under a homomorphism of rings
the zero goes into the zero and that the homomorphic image

of an associative or commutative ring will be a ring with the
same properties.

7. There are several ways of surveying all the homomorphic
mappings of a given universal algebra G. First we shall introduce
the following concept.

We consider the universal algebra G with the system of oper-
ations €. An equivalence relation = (see 1.3.1), given in G, is
called a congruence in G if for any m-ary operation « € Q and
any elements

a,aeG, i=1,2,..,n,
from
arma;, i=1,2,...,n,
it follows that
(@4, ... a,0)(a; ay ... ay6).

In other words, if we take arbitrary classes A,, A4,, ..., 4,
of the partition defined by the equivalence relation = (see 1.3.2),
then the class B containing the element a, a, ... a,», where a; €4;,
i=1,2,...,n, does not depend on the choice of the elements
a; from the classes A;,i =1, 2, ..., n. This enables us to define
an n-ary operation  in the factor set G/= (see 1.3.4), by setting

A1A2 ee A"(O — B. (3)

Because this is true for all the operations » € Q, it follows that G/=
becomes a universal algebra with the same system of operations
Q as the original algebra G. This algebra G/n is called the factor
algebra of the universal algebra G with respect to the congruence .
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The definition (3) of the operations in the factor algebra G/
and the definition of a homomorphism (1) show that the natural
mapping of the algebra G onto the factor algebra G/n (see 1.3.4)
will b2 a homomorphism. It is called the natural homomorphism
of -G onto G/r. '

From the existence of a natural homomorphism of G onto
G/= and what has been said in the previous section it follows that
the factor algebras of groupoids, groups, rings will themselves
be respectively groupoids, groups, rings. Thus we can speak of
the factor groupoid (or factor group, or factor ring) G/w of a group-
oid (group, ring) G with respect to some congruence .

8. A converse of what was said in the previous section is the
following homomorphism theorem, which gives a survey of all
the homomorphic mappings of a universal algebra.

If G is a universal algebra with a system of operations Q, and
¢ is a homomorphic mapping of it onto a universal algebra G' of
the same type, Gp = G, then there exists a congruence « in G
such that the algebra G’ is isomorphic to the factor algebra Gm.
Moreover, there exists an isomorphic mapping | of the algebra
G’ onto the factor algebra G|w such that the product ¢ coincides
with the natural homomorphism of G onto G/=.

In fact, we obtain a partition of the algebra G into non-inter-
secting classes by placing in one class those elements of G whose
images under the homomorphism ¢ coincide. The equivalence
relation 7, defined by this partition, will be a congruence in the
algebra G. In fact, for any n-ary operation o € Q from

ap=ap, i=1,2,..,n,
it follows, by (1), that
(@a; ... 3,0) ¢ = (a19)(a:9) ... (RP) 0=
(@19)@9) ... @) 0 = (@a; ... 2,0)P,

i.e. the elements ayq, ... a,0 and @a, ... a,0 also belong to one
class of the partition =.

Hence there exists a factor algebra G/=. By setting up a cor-
respondence between every element a’ € G’ and the class 4 of the
partition 7 consisting of all the inverse images of the element 4’
under the homomorphism ¢, we obtain a one-one mapping ¢
of the algebra G’ onto the factor algebra G/n. We will prove that
¢ is an isomorphism.
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Let the n-ary operation o be any operation from Q, and
a;,i=1, 2,...,n, be any elements of G’. By setting

ay =4, i=1,2,...n,
and by choosing the elements a;e 4;, i=1, 2, ...,n, whence
ap=a’, i=1,2,..,n,
we obtain, by (1),
(a,a, ... a,0)9 = aja; ... dyo. C)]
Because, by (3),
4a; ... A, € AjA, ... 4,0,

it follows from (4) that
(@8 ... )Y = 414, ... Ayo = (@1{) (@) ... (@ d)o,

which proves that the mapping ¢ is an isomorphism.
Finally, if a is an arbitrary element of the algebra G and if

ap=ad, ay=4,

then, by the definition of the mapping ¢, ae 4. This proves
that the product ¢y coincides with the natural homomorphism
of G onto G/w. Hence the homomorphism theorem is proved.

§ 2. Groups with multi-operators

1. As we shall see below, there exists a very close connection
between congruences and, hence, homomorphisms of groups and
rings, on the one hand, and normal subgroups of groups and
ideals of rings, on the other hand. This connection cannot be
completely extended to the case of all universal algebras, in partic-
ular to the case of groupoids or semigroups. It is preserved in
its entirety, however, for one special class of universal algebras,
recently introduced by Higgins [Proc. Lond. math. Soc. 6, 366-416
(1956)], which is a very successful union of the classes of groups
and rings.

Let there be given a group G. This group need not be com-
mutative, but we shall find it convenient to use an addititive
notation for it; in particular, the zero element of this group will,
as usual, be denoted by the symbol 0. The group G will be called
a group with a system of multi-operators Q or, more concisely,
an Q-group, if besides addition there is given in G some system
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of n-ary algebraic operations € (for certain n satisfying the con-
dition n>1), such that for all w e £ the condition

00...0w=0 )
is satisfied, where on the left the element O occurs » times, if
the operation o is n-ary.

It is clear that with an empty system of operations ) we obtain
the concept of a group. On the other hand, the concept of an
Q-group reduces to the concept of a ring if the additive group
of this Q-group—-this is what we shall agree to call the group
with respect to addition — is commutative and if the system of
operations consists of one binary multiplication, connected with
addition by the distributive laws; as we know, condition (1)
follows from this.

2. An Q-group G can be regarded as a universal algebra with
respect to the operations of the additive group and the operations
of Q. Every subalgebra of this algebra (see 111.1.4) will be a sub-
group of the additive group and therefore contains O, condition
(1) continues to be satisfied, and therefore it is itseif an Q-group.
Therefore we shall not speak of subalgebras, but of Q-subgroups
of the Q-group G.

From this, in view of III.1.4, it follows that the intersection of
any system of Q-subgroups of an Q-group G will itself be an
Q-subgroup and, in particular, will contain the element 0. In addi-
tion, the subalgebra {M}, generated by a non-empty subset M
of the Q-group G, will also be an Q-subgroup.

We note that, in view of (1), the zero subgroup of the additive
group will be an Q-subgroup.

3. If the Q-group G is mapped by the homomorphism ¢ (see
II1.1.5) onto the universal algebra G” of the same type, then it
will be, in particular, a homomorphism for the additive group
of the Q-group G, and therefore the algebra G’ will itself be a group
with respect to the operations corresponding to the operations
of the additive group of the Q-group G. We will assume that this
group is written additively and that its zero is denoted by O'.
Because ¢ is 2 homomorphism, and 0¢p = 0, then for any opera-
tion we Q it will be true, because of (1), that

00 ..00=0.

Thus, every homomorphic image of an Q-group will itself be

an Q-group. In particular, the factor algebras of Q-groups (see
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I11.1.7) are themselves S-groups. We can therefore speak of the
Q-factor-group G|m of the Q-group G with respect to the con-
gruence 7.

4. A non-empty subset 4 of the Q-group G is called an ideal
in G if the following two conditions are satisfied:

(1) 4 is a normal subgroup of the additive group;

(2) for every n-ary operation o € €2, any element a € 4 and

any elements X;, X, ..., X, € G the inclusion

— (X oo Xy@) F Xy . X (@ X)X,y . X0 € A )

must hold for i=1,2, ..., n.

For groups the concept of an ideal just defined coincides with the
concept of a normal subgroup, because, since the system of opera-
tions is empty, condition (2) is omitted.

For rings our new concept of an ideal coincides with the concept
of a (two-sided) ideal introduced in 11.7.8.

In fact, in this case condition (1) requires that 4 should be
a subgroup of the additive group of the ring, while condition (2)
for the operation of multiplication and any ae 4, x;, x,€G
when i=1 reduces to

— Xy Xs -+ @+ X)Xy = — Xy X5+ AXy + Xy Xy = aAX, € A,
and when i =2 to
—x X3+ x(@+x) = — XX+ X0+ XX, = X0 € 4,
which is what we were required to prove.
We note that the inclusion (2) can be rewritten in the form
X .o Xiog(@F X)X - X EXX .. X0 - A,
i=1,2,...,n, 3

where on the right we have the coset with respect to the normal
subgroup A4, containing the element x;x, ... x,c0. By applying
the inclusion (3) repeatedly, we arrive at the following assertion:

For any ideal A of the Q-group G, any n-ary operation »e Q)
any elements a,, a,, ..., a, € A and any elements x;, x5, ..., X, € G
the inclusion

(ar+ x)(as+x5) ... (@ + x) 0 € X%, ... X0+ A. )]
holds.
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From this it follows that every ideal A of the Q-group G is an
Q-subgroup of G. In fact, 4 will be a subgroup of the additive
group by virtue of condition (1), and from (4) for any n-ary
operation @ € Q and any a;, 4, ..., a, € 4 it follows, when
X, = Xy = ... = x, = 0 because of equation (1), that

aa, ... a,0 € A.

It is clear that the Q-group G will have, in particular, the
ideals G itself and the zero subgroup 0. If there are no other
ideals in G, then it will be a simple Q-group.

Without any difficulty we can verify that the intersection of
any system of ideals of the Q-group G will itself be an ideal, and
therefore we can also speak of the ideal generated by any system
of elements M.

We note that the ideal generated by a system of ideals A;,
ie 1, of the Q-group G coincides with the subgroup B of the additive
group generated by these ideals.

In fact, from IL.7.5 we know that B={4,, ie I} is a normal
subgroup of the additive group and that every element of B can
be written in the form

b=a+a+..+a, yedy, j=12,.. k. &)

Now let there be given the n-ary operation o € £, the element
b e B with the expansion (5) and the elements x;, x,, ..., X, € G.
Because 4, 4;,, ..., 4;, are ideals, then, by using (3) and (5),
we obtain

Xy X1 (OF X)X 41 ... X0 E XX, ... X0 + B,

which is what we were required to prove.
The ideal B = {4;, i e I} will be called the sum of the ideals
Ai’ iel.

5. Now we will prove a theorem which clarifies the role of the
concept of an ideal in the theory of Q-groups. We note that,
in speaking of a decomposition of the Q-group G with respect to
the ideal A, we mean by this the decomposition of the additive
group of this Q-group with respect to 4, as with respect to a normal
subgroup.

All the congruences in an arbitrary Q-group G may be obtained
by its decompositions with respect to the different ideals.
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In fact, let 4 be an arbitrary ideal of the Q-group G. For any
a;,a,€ A and x;, x, € G there exists, by virtue of the definition
of a normal subgroup, an element a, € 4 such that

@+ X, = X + ag,
and therefore

Gt a)+ (e t+a)) = (o +x)+ (@4 a) € (v + x) + 4.

On the other hand, for any n-ary operation w € Q, any elements
ay, Gy, ...,0, €A and x;, X, ..., x, € G the inclusion (4) holds.
These inclusions show that the decomposition of G into cosets
with respect to A is in fact a congruence in the Q-group G.

Now let there be given in G an arbitrary congruence =. We
denote by A the class of the partition = which contains the zero
of the additive group; the elements a € 4 are thus characterized by
the fact that a= 0. If a;, a, € 4, then ;= 0, a,7 0, and therefore,
by the definition of a congruence,

(a, +a)n(0+0), 1ie (a,+ ay)nO0,
whence a,+a, € A. Further, if ae 4, then
[0+ (—a)lrla+ (—a),
.e. —an0, whence —ae A. Finally, if ae 4, xe G, then
(—x+a+x)n(—x+0+x),
ie. (—x+ a+x)n0, whence —x +a +x€ A. This proves that
A is a normal subgroup of the additive group.
If now we are given the n-ary operation o € €2, the element
a€ A and the elements xy, x,, ..., x, € G, then
(a@a+x)=(0+x), ie. (a+ x)mx;,
whence
[x1 ..o xim1(@+ x) X1 o0 Xa®] (X1 %5 ... X,0),
and therefore
—X1Xg oo Xp® + X1 .o X 1@+ X)X 11 ... X0 EA,
i=1,2,..,n.
Thus we find that the class 4 is an ideal of the Q-group G.

We consider, finally, an arbitrary class B of the partition =.
If be B, ac 4, ie. an0, then

G+an®+0), ie. (b+a)mh,
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whence, for the coset b +A4, there follows the inclusion
b+ A < B.

On the other hand, if 4" is an arbitrary element of the class B,
then from b'w b it follows that (— b+ b)=0 or

—bi+b'ed, ie. bebiA.

This proves the equation B = b4~ A4, i.e. it proves that every
class of the partition = is a coset with respect to the ideal A4.
Thus the theorem has been proved.

6. By virtue of this theorem we will speak in future not of the
Q-factor-group G/m of the Q-group G with respect to some con-
gruence 7, but of the Q-factor-group with respect to the ideal A
and we will denote it by G/4. The ideal 4 will obviously be the
zero of this Q-factor-group.

By applying all that has been said to the case of groups, we find
that all the congruences in the group G are obtained by its decom-
positions with respect to the different normal subgroups. Hence we
can speak of the factor group of the group G with respect to the
normal subgroup A and we will denote it by G/A.

On the other hand, all the congruences in the ring R are obtained
by its decompositions with respect to the different (two-sided)
ideals, and therefore we will speak of the factor ring of the ring
R with respect to the ideal A and we will denote it by R/A.

From the theorem proved above there follows one other
remark. If ¢ is a homomorphic mapping of the Q-group G onto
the Q-group G, then the kernel of the homomorphism ¢ is the
set of those elements of G which are mapped by ¢ into the zero
of the Q-group G’. From the theorem in 1I1.2.5 and from the
theorem on homomorphism in III.1.8 it follows that:

The kernels of the homomorphisms of an Q-group are its ideals
and only these. A homomorphic image of an Q-group is determined
to within isomorphism by the kernel of the homomorphism under
consideration.

7. We will consider some very simple but important examples.

Every homomorphic image of a cyclic group is itself a cyclic
group.

In fact, if G’ is the image of a cyclic group G = {a} under the
homomorphism ¢, where ap = a’, then for any element g'e G’
we can find an inverse image a*e G, and therefore
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g = d*o = (ap)* = a’%,
ie. ¢ ={a'}.

Now we will find all the homomorphic images of an infinite
cyclic group, which, by 11.4.2, we can take as the additive group
of integers.

In I1.4.2 we gave a survey of the subgroups of this group,
and all of them will, of course, be normal. If {n} is the subgroup
consisting of the numbers which are multiples of the natural
number n, then two numbers will belong to one coset with re-
spect to this subgroup if and only if their difference is exactly
divisible by », i.e. if these numbers when divided by n give the same
remainder. Because the only remainders after the division of
integers by » are the numbers 0, 1,2, ..., n— 1, the factor group
of the additive group of integers with respect to the subgroup
{n} will be a finite group of order n, which, as we proved above,
will be cyclic. The number n was arbitrary, and therefore, taking
into account the description of cyclic groups given in I1.4.2,
we arrive at the following result:

The homomorphic images of an infinite cyclic group are all
possible cyclic groups and these are the only ones.

8. Now we will find all the homomorphic images of the ring
of integers C. As we noted in I1.7.8, all the subgroups of the addi-
tive group of this ring are ideals, and therefore it remains for
us to consider the factor rings with respect to these ideals.

The factor ring with respect to the zero ideal is isomorphic,
of course, to the ring C itself. The factor ring of the ring C with
respect to the ideal of numbers, which are multiples of the nat-
ural number n, we denote by C, and call the ring of residues
modulo n. From what was said in the previous section, it follows
that this ring is finite and consists of »n elements, that its additive
group is cyclic and that in the cosets forming this ring we can take
as representatives the numbers 0, 1, 2, ..., n — 1. Corresponding
with this the actual elements of the ring C, can be denoted by
0,1,2,..,n—1.

From the definition of operations in a factor ring (cf. I111.1.7)
there follows this rule for the operations in the ring C,: if 0 <k,
l<n and k+41=ng, +r, kl=nqg,+r,, where 0<r,, r;<n,
then

k+1=7, kI=T7.
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In particular, the element 0 will be the zero of the ring C,, the
element 1 its identity.

The ring C, has divisors of zero if the number n is composite,
but is a field if the number n is prime.

In fact, if n =kl 1<k, I<n, then the elements k and I
of the ring C, are distinct from the zero O of this ring, but k-7 = 0.
If, however, the number # is prime, n = p > 2, then every number
k which satisfies the inequalities 1<Ck<{p—1 will be prime
to p. Hence there exist whole numbers / and m such that the

equation
kl4pm=1

holds, where the number / can be taken so that 1 <<{I<p—1.
From this it follows that in the ring of residues C, the equation

k-l=1
is satisfied, i.e. every element of C,, distinct from zero, has an
inverse element in the ring C,, and therefore this ring will be
a field.

The rings of residues C, with respect to prime moduli p,
p=2,3,5,..., are our first examples of finite fields, and they
play a very important part in the theory of fields and skew fields,
as we shall now show.

9. Let there be given a skew field K, not necessarily associative
(sec I1.6.1). The intersection of all the skew subfields of the skew
field K will itself be a skew subfield, which we shall temporarily
call the prime skew subfield of the skew field K. Our purpose
is to describe the structure of this skew subfield.

The centre of an arbitrary ring R is what we shall call the
totality of elements a of R which commute with every element
of the ring R, i.e.

ax = xa )

for all x € R, and, moreover, satisfy for all x, y € R the conditions
(@)y =a(xy), @)a'=x(a), M
and therefore also the condition
(xa)y = x(ay),
because, by (6) and (7),
(xa)y = (ax)y = a(xy) = (xy)a = x(ya) = x(ay).
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The zero of the ring R, and also its identity, if it exists, obviously
belong to the centre of this ring.

The centre of the ring R is an associative-commutative subring.
The centre of a skew field is a subfield.

In fact, if the elements @ and b are contained in the centre of
the ring R, then for any x, ye R

(@t+b)x=ax+ bx =xa 4+ xb=x(a L b),
[l@ £ b)x]y = (ax £ bx)y = (ax)y 4= (bx)y =
a(xy) £ b(xp) = (a £ H(xy);

the second of the conditions (7) can also be verified in this way.
On the other hand,

(ab)x = a(bx) = a(xb) = (ax)b = (xa)b = x(ab),
[ab)xly = [a(®bx)]y = a[(bx)y] = a[b(xy)] = (ab)(xy).

Thus the centre of the ring R is a subring, which is obviously
associative-commutative.

If, moreover, R is a skew field with identity e and ¢ is an element
of its centre, where a # 0, then, by solving the equations ax = e
and ya = e and taking into account that @ is contained in the
centre, we find a uniquely defined inverse element a~?1, which
is both the left and right inverse. Then for any x, y € R

ax = (@ %) (ac" ) = [(a~¥)ala~! = [a~ 1 (xa)]la~ =
[a(ax)la ! =[(e @) x]la~* = xa 1,
(@ %)y = (@ 'g[(a %)y} = a Hal(a~ X))} =
a~Yla@ %)y} = a{[(aa~ ) x]y} = a~*(xy);

the second of the conditions (7) can also be verified in this way.
This proves that the element g~ belongs to the centre of the
skew field R, and therefore the centre will be a field.

10. Generally speaking, the centre of a ring may consist of
zero alone. If, however, K is a skew field with identity e, then its
centre necessarily contains e, and also all multiples ne, where
n is any whole number. All these multiples form an associative-
commutative subring C® in K, which is contained in all skew sub-
fields of the skew field K, and therefore also in its prime skew
subfield. On the other hand, the prime skew subfield must be
contained in the centre of the skew field K, because the centre
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is a subfield, and therefore the prime skew subfield is associative
and commutative. In future, therefore, we can speak not of the
prime skew subfield, but of the prime subfield of the skew field K.

The prime subfield of a skew field K is isomorphic either to the
field of rational numbers, or else to one of the fields of residues
C, modulo a prime p.

To prove this we consider the mapping n — ne of the ring
of integers C onto the ring C®). This mapping will be a homomor-
phism, and therefore, as we proved in IIL2.8, the ring C®
is isomorphic either to the ring of integers C, or else to some ring
of residues C,, in fact some field of residues C, modulo prime
p, because there are no divisors of zero in K. In the latter case
the field C, will also be the desired prime sutfield of the skew field
K. If, however, we have the first case, then the centre of the skew
field K, which is a field and contains the subring C®, isomor-
phic to the ring of integers will also contain the quotient field of
this subring, isomorphic (see I1.5.7) to the field ofirational numbers.
This field will also be the prime subfield of the skew field K.

11. If the prime subfield of the skew field K is isomorphic
to the field of rational numbers, then we say that the skew field K
has characteristic zero (or that it is without characteristic); such,
in particular, are all the number fields. If, however, the prime
subfield of the skew field K is isomorphic to the field of residues
C, modulo a prime p, then X is called a skew field of finite char-
acteristic or of prime characteristic, and in fact of characteristic p.

Every non-zero element of the skew field K of characteristic
zero (of characteristic p) has infinite order (order p) in the additive
group of this skew field.

In fact, if the skew field K is of characteristic zero and a e K,
a # 0, then from na = 0 it would follow that (ne)-a =0, ie.
ne = 0, because there are no divisors of zero in K, whence n = 0.
If, however, the characteristic of the skew field K is equal to p,
then for any a from X it will be true that

pa= (pe)a=10-a=0,
and therefore, if @ # 0, the order of this element will be equal to
the prime number p.

12. We now return to consider an arbitrary Q-group G. We
take an ideal 4 in G and the Q-factor-group G’ = G/A. Let B’
be an arbitrary Q-subgroup of the Q-group G’, and B its complete
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inverse image in G under the natural homomorphism of G onto
G’, i.e. the totality of those elements of G which lie in the cosets
forming B'. We will prove that B is an Q-subgroup in G.

In fact, if x, yeB, ie. x+4,y+ A€ B, then

x+y+4A4=x+AH+(@+4eB,
—x+A4A=-—(x+A)eB,

i.e. x + y € B, — x € B. On the other hand, for the #-ary operation
we Q and the elements x;, Xp, ..., x,€B from the inclusions
X;+ AeB’, the equations x;+ A =A+x;, i =1, 2,..., n, and
the inclusion (4) follows the equation

X1 Xa oo Xy -+ A = (3 + A)(xs + A) ... (x,+ADwe B,

and therefore x;x, ... X, € B.

The Q-subgroup B which we have constructed obviously
contains the ideal A. Conversely, given an arbitrary Q-subgroup
B of the Q-group G, containing the ideal A, then its image B’ under
the natural homomorphism of the Q-group G onto the Q-group
G' = G/A will be an Q-subgroup, and B will be the complete inverse
image of B'.

In fact, the natural homomorphism of G onto G’ induces
a homomorphism of B into G, and therefore, by what we said
in II1.1.5, B’ will te an Q-subgroup in G’. On the other hand,
from B 2 A it follows that every element of G, contained in a coset
with respect to 4 which belongs to B’, will be contained in B.

We have therefore proved the following theorem:

By setting up a correspondence between every Q-subgroup of
the Q-factor-group G’ = G[/A and its complete inverse image
under the natural homomorphism of G onto G', we obtain a one-one
correspondence, preserving the inclusion relation, between all the
Q-subgroups of the Q-group G’ and all those -subgroups of the
Q-group G which contain the ideal A.

13. We supplement this result with the following theorem:

Under the correspondence mentioned in the preceding theorem, an
ideal in one of the Q-groups G, G' corresponds to an ideal in the
other Q-group, and the Q-factor-groups with respect to correspond-
ing ideals are isomorphic to one another.

In fact, if B’ is an ideal of the Q-group G’ = G/A, and B
i8 its complete inverse image in G, then the successive application
of the natural homomorphisms of G onto G’ and of G’ onto
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G” = G'[B’ will be a homomorphism of G onto G ", which follows
from what we said in III.1.5. The kernel of this homomorphism
(see II1.2.6) consists of those elements of G which are mapped
into B’ under the mapping of G onto G, i.e. the elements which
form the Q-subgroup B. From this it follows, in view of II1.2.6,
I11.2.5 and II1.1.8, that B is an ideal of the Q-group G and that
the Q-factor-groups G/B and G’/B’ are isomorphic.

Now let B be an ideal of the Q-group G, and B’ its image
under the natural homomorphism of G onto G'. If be B, xe G,
then b-+AeB’, x+ AeG'. Because

—x+b+xeB,
then
—(x+AD+G+AD+(x+A)=(—x+b+x)+ 4B,
i.e. B’ is a normal subgroup of the additive group of G'. If, however,
we are given an n-ary operation weQ and arbitrary elements
beB and x;, X3,...,X%,€G, ie. b+ AeB,x;+A4eG,i=1,2,
..., 1, then from
— X3Xg eou X+ Xy oo X1 (B X) X141 ... Xad == by € B,
i=1,2,...,n,
it follows that
—(x+ A+ A ... (X, + Ao+
(e +A4).. X F DG+ DA O+ D)Xy + A) o (i + Do =
by+AeB, i=1,2,..,n.
This proves that B’ is an ideal in G’.

We note that in the last part of the proof we did not make
use of the hypothesis that B = 4.

§ 3. Automorphisms, endomorphisms.
The field of p-adic numbers

1. Let G be a universal algebra. Every isomorphic mapping
of the algebra G onto itself is called an automorphism. Thus,
G always has the identity automorphism—this will be the identity
mapping of G onto itself. Examples of non-trivial automorphisms
are the automorphism of the additive group of whole numbers
which carries every whole number %k into the number —k, and
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also the automorphism of the field of complex numbers which
carries every complex number 2 - bi into the number a— bi.

The result of the successive application of automorphisms of
an algebra G will again be an automorphism. Under this multipli-
cation, which is associative in view of 1.1.2, all the automorphisms
of the algebra G form a group; thus its identity will be the identity
automorphism, and the inverse mapping for any automorphism
will also be an automorphism; this group is called the group
of automorphisms of the universal algebra G.

* Every group is isomorphic to the group of all automor-
phisms of some universal algebra [Birkhoff, Revista Unione Mat.
Argentina 11, 155-157 (1946)].

Every group can be isomorphically embedded in the group
of automorphisms of some Abelian group.*

2. Let there be given a non-commutative semigroup G, which
has an identity, and choose in it a unit ¢, i.e. an element for which
there exists in G an inverse element ¢~ 1, which is both a left and
a right inverse (cf. 1I.8.1). By transforming the semigroup G
by the element &, i.e. by mapping every element x of G into the
element €~ 'xe, we obtain an automorphism of the semigroup
G, called an inner automorphism of G. In fact, from

e lxe = 1ye

it follows that x = y, i.e. the mapping under consideration is
oneone. Further, from

x = ¢ 1{exe Ve

it follows that this will be a mapping onto the whole semigroup
G. Finally, the equation

e i(xp)e = e lxe.e71ye

proves that this mapping is an isomorphism.

It is clear that a commutative semigroup with identity, in
particular every Abelian group, has a unique inner automor-
phism, namely the identity automorphism.

It is easy to verify that the product of the transformations
of a semigroup with identity by the elements £ and 3 coincides
with the transformation by the element €3, and the inverse of
the transformation by the element = is the transformation by
the element £~ From this it follows that the inner automorphisms
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of a semigroup with identity form a subgroup in the group of all
automorphisms of this semigroup.

The subgroup of inner automorphisms will in fact be a normal
subgroup in the group of all automorphisms of the semigroup G
under consideration. In fact, let there be given an arbitrary auto-
morphism ¢ of the semigroup G and an inner automorphism
« of G, induced by the unit . Then for any xe G

x(@~tap) = [e (xp™He] o =
(Do (e~ Ve (ep) = (e9)~1x(cp),

i.e. the automorphism ¢~lap is an inner automorphism and is
induced by the unit eg.

On the other hand, if G is a group and, hence, all the elements
of G are units, then we obtain a homomorphic mapping of the
whole group G onto the group of its inner automorphisms, by
setting up a correspondence between every element of G and the
inner automorphism induced by it. The kernel of this homomor-
phism (see II1.2.6) is the totality of elements of G which commute
with every element of this group; it is called the centre of the
group G. From the theorem on homomorphisms it follows that
the centre of the group G is a normal subgroup and the group of
inner automorphisms of the group G is isomorphic to the factor
group of the group G with respect to its centre.

3. The concept of an inner automorphism carries over to the
case of any associative ring with identity. In fact, every inner
automorphism of the multiplicative semigroup of the associative
ring R with identity will be an automorphism of this ring itself,
because

e x4+ y)e=c"txeF e 1ye.

Such an automorphism is naturally called an inner automorphism
of the ring R.

4. Every homomorphic mapping of a universal algebra G
into itself is called an endomorphism of G. Amongst the endo-
morphisms are found, in particular, all the automorphisms, and
also all the isomorphic mappings of G into itself and all the homo-
morphic mappings of G onto itself.

The result of the successive application of endomorphisms
will again be an endomorphism, and therefore all the endomor-
phisms, with respect to this multiplication, associative in view
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of 1.1.2, form a semigroup, called the semigroup of endomor-
phisms of the universal algebra G.

This semigroup of endomorphisms has an identity—it is the
identity automorphism. The units in the semigroup of endomor-
phisms are the automorphisms and only these because only in
the case of automorphisms is it possicle to have a single-valued
inverse mapping.

It is useful to note that the identity automorphism of the
universal algebra G plays the part of the identity not only for the
endomorphisms of this algebra: it is obviously a left identity for
all homomorphic mappings of the algebra G into any other al-
gebra, and is also a right identity for all homomorphisms of algebras
into the algebra G.

5. Now we shall consider homomorphic mappings of Q-groups.
If ¢ and ¢ are two homomorphisms of the Q-group G into the
Q-group G’, then the mapping

a@+4y) =ap+ay, acG, 0))

in the general case is not a homomorphism. It will be a homomor-
phism (see IIL.1.5) if and only if for any a,beG

(@a+b)(p-+{) =ale-+{)--ble-+9),
ie. if
bo +ay =ad+ by, )

and if for any #s-aryoperation w€Q and any a4, a,, ...,q,€G

(@45 .- a,0) (@ + §) = [a (e + Plla (@ + Y] ... [a.(p + ],
e, if
(@9) (@:9) ... (@P) o + (@) (@) ... (@) o =
(@ + ard)(a:p +azd) ... (e +and) 0. 3

If the conditions (2) and (3) are satisfied, then the homomor-
phisms ¢ and ¢ are called summable, and the homomorphism
o+ is called their sum.

Condition (2) shows, for the case of groups without multi-
operators, that the homomorphisms ¢ and { of the group G into
the group G' are summable if and only if the subgroups Go and
GY of the group G’ commute elementwise. If, however, we are con-
sidering homomorphisms ¢ and ¢ of the ring R into the ring R,
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then condition (2) is satisfied automatically, and condition (3)
is altered to the condition: for any a,be R

ap-be +ap-by = (ap + al) (by + by),
i.e. '

ap-bd+ad-bp = 0.

6. We have defined a partial addition of homomorphisms of
the Q-group G into the Q-group G’. This addition is commutative,
because from (2) for all ae G it follows that

ap +ay = ay +ap,

i.e., in view of (1), ¢ + ¢ = ¢ 4 . It is also associative, because
forallaeG

alle +9)+x] = ale + (@ + 0] = ap +al +ay.

From this it follows that if the sum Z ¢; of the homomorphisms

i=1

0:i:G—> G',i=1,2,...,n, is a homomorphism, then it is defined
uniquely. We note that we can also speak of the sum of an infinite
family of homomorphisms ¢;G — G',iel, if we presuppose in
addition that for any ae G only a finite number of the elements
ap;, iel, are distinct from zero.

If the homomorphisms ¢ and § of the Q-group G into the Q-group
G’ are summable, then for any Q-groups H and F and any homomor-
phisms 6:H —» G and ©v:G' > F the homomorphisms oo and o,
and also @v and v (see 111.1.5) will be summable and

olp+¢) =op+od, (p+d)T=09r+yr. 4
In fact, if ae H, then
alo(e + Pl = (ao)(p + ) = (@0)9 + (@)} =
a(o9) +a(od) = alop + o},
ie. the mapping co+o will be a homomorphism and the first
of the equations (4) holds. It is just as simple to prove the second
assertion of the theorem. We note that from the existence of the

sums on the right-hand sides of equations (4) does not follow the
existence of the sums on their left-hand sides.

7. Because of the equation 0--0 = 0, where 0 is the zero of
the Q-group, and equation (1) from IIL2.1, the mapping which
carries every element of the Q-group G into the zero of the Q-group
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G’ will be a homomorphism; it is the zero homomorphism of G
into G'.

The following assertions can be verified immediately: every
homomorphism ¢:G — G’ is summable with the zero homomor-
phism, and the sum is equal to ¢; if the homomorphisms o, ¢:
G — G’ are summable and

e+d=0,

then the homomorphism ¢ is the zero homomorphism; finally,
for any Q-groups H and F and any homomorphisms ¢:H — G
and 7:G' > F the product of o by the zero homomorphism
of G into G’ is equal to the zero homomorphism of H into G,
and the product of the zero homomorphism of G into G’ by 1 is
equal to the zero homomorphism of G into F.

8. We will consider the homomorphisms of some group G
(without multi-operators) into the Abelian group G'; we will
assume that the first group is written multiplicatively, and the
second additively. In this case, in view of (2), any two homomor-
phisms are summable. On the other hand, for any homomorphism
¢:G — G’ the mapping —¢ defined by the equation

a(—op) = —agp, aegG,
will, in this case, be a homomorphism, because for any a,5¢G

(ab)(—¢) = — (ab)p = — (ap + b9) = (—ap) + (—by) =
a(—¢)+b(—9).

This homomorphism will be the additive inverse of ¢, because
foraeG

alp+ (—pl=ap+a(—¢)=ap—ap=0

ie. o4 (—¢) is equal to the zero homomorphism.

Thus, the homomorphisms of any group G into an Abelian group
G’ form an Abelian group under addition.

We consider, in particular, the endomorphisms of an Abelian
group G. They form an Abelian group under addition, and a
semigroup with identity under multiplication (see II1.3.4), and
the distributive laws (4) are satisfied. We thus find that the
endomorphisms of an Abelian group G form an associative ring with
identity with respect to the operations of addition and multipli-
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cation of endomorphisms. This ring is called the ring of endomor-
phisms of the Abelian group G.

Every associative ring can be isomorphically embedded in the
ring of endomorphisms of some Abelian group.

In view of I1.4.4 we can assume that ths associative ring R
under consideration has an identity 1. If a is any element of R,
then the mapping which carries every element x of R into the ele-
ment xa will be an endomorphism of the additive group of the
ring R, because

>+ ya=xa+ ya.

The sum and product of elements of R correspond to the sum
and product of the corresponding endomorphisms, as the equa-
tions

x{(a + b) = xa + xb,

x(ab) = (xa)b

show. Finally, to different elements of R correspond different
endomorphisms, because from a # b it follows that 1.a 5% 1.5.

9. The ring of endomorphisms of an infinite cyclic group
is isomorphic to the ring of integers C.

In fact, if @ is the generating element of the given group, writ-
ten additively, and if the endomorphism ¢ carries the element
a into the element ka, where k is some integer then

(na)p = nka, (5)

i.e. the endomorphism ¢ is completely defined by the given in-
teger k. Conversely, a mapping ¢ of our group, defined by equation
(5), will in fact be an endomorphism. Thus, we have established
a one-one corrcspondence between the endomorphisms of the
infinite cyclic group {a} and the integers. The fact that this corre-
spondence is an isomorphism follows from the fact that if

ap =ka, ap=la
then
a(e+4) = ap+ab = ka+la = (k + Da,
a(ed) = (a9)y = (ka)y = (kDa.
Because in the ring of integers only the numbers 1 and — 1 have

inverses, the group of automorphisms of the infinite cyclic group
{a} is a cyclic group of order two, which consists of the identity
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antomorphism and the automorphism which carries every
element of the group into its additive inverse.

* The ring of endomorphisms of a finite cyclic group of order
i 1s isomorphic to the ring C, of residues modulo n. The ring of
endomorphisms of the additive group of rational numbers is
isomorphic to the field of rational numbers. Thus, every non-zero
endomorphism of these groups is an automorphism.*

10. In the theory of Abelian groups a very large part is played
by the group of type p®, where p is a prime number: this is the
multiplicative group of all those complex numbers which are
roots of unity of some degree p",n =1, 2, ... As is well known,
the group of p™th roots of unity, where n is fixed, is cyclic of
order p" with generating element

2n .. 2w
a, = cos— + isin —.

r p
The group of type p> will thus be Abelian and infinite, and in
fact the union of an increasing sequence of cyclic subgroups
{a,},n=1,2,... The system of elements

a,, n=1,2,.., (9]
is a system of generators of this group. If we agree to use the addi-
tive instead of the multiplicative notation for the group of type
D™, then the generating elements (6) will be connected by the
equations

pay =0, pa,.,=a,, =1,2,.. @)
Let us determine the ring of endomorphisms of the group of
type p®. If ¢ is an endomorphism of this group, then it is com-
pletely defined by giving the images of all the generating elements
(6). Because the element a, has order p", the order of the element
a,p cannot exceed the number p". All such elements, however,
lie in the cyclic subgroup {a,}, and therefore
ae=ka,, n=1,2,.., ®)

where
0<k,<p" ®
Further, equations (7), which are true for the elements (6), must

also be satisfied for their images under the endomorphism ¢, and
therefore

p(@,419) = ay9,
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whence
p(kn +1, +1) = kn +14n = k,,a,,.

From this it follows that the difference k,,,—k, must be divisible by
the order p" of the element a,, or, using a symbol taken from
the theory of numbers

Kny1= ku(modp"). (10)

Thus, to every endomorphism ¢ of the group of type p=
there corresponds a sequence of non-negative integers

(k19 kz,...,k,,,...), (11)

subject to the conditions (9) and (10). To two different endomor-
phisms there correspond here different sequences of the form (11),
because at least one of the generating elements (6) has different
images under these endomorphisms.

Conversely, every sequence of the form (11), subject to the
conditions (9) and (10) corresponds to some endomorphism ¢
of the group of type p®. In fact, on the basis of equations (8)
we can define the mapping ¢ for all the elements of our group,
and it is easy to verify that this mapping will be an endomorphism.

If in the group of type p>* we take two endomorphisms, ¢
and ¢, given respectively by the sequences (11) and

(lla lZa -":ltn )’ (12)
then
an((P + q)) = (kn -+ ln)apn

a, ((P‘-I-') = (knln)an .

From the fact that conditions of the type of condition (10) are
valid for the sequences (11) and (12) it follows that

kn-,l-l + lrl-{—lE kn + ln(mOdp")9
kn +1 In+1 = knln (mOd P”) ;

these congruences are not violated if their left-hand sides are
replaced by positive residues modulo p"*+! (i.e. remainders after
division by p"*1), and their right-hand sides by positive residues
modulo p”, so that the conditions (9) are also satisfied.

Thus the ring of endomorphisms of the group of type p™®
is isomorphic to the ring of sequences of non-negative integers
of the form (11), satisfying the conditions (9) and (10), where
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the addition and multiplication of these sequences are derived
componentwise Wwith successive transition in every n-th place
to the residue modulo p". This commutative ring is called the
ring of p-adic integers. Its zero is the sequence (0, O, ..., 0, ...)
corresponding to the zero endomorphism of the group of
type p®, and its identity is the sequence (1, 1, ..., 1, ..),
corresponding to the identity automorphism of this group.

11, For the p-adic integers other notations are possible. Let
the p-adic integer « be given by the sequence of non-negative
integers (11), subject to the conditions (9) and (10). If we set

do=ky, = riTR o 13

p'l
then all the a,,n=0,1, 2, ..., will be integers, and in fact will
be positive residues modulo p, i.e.
0<a,<p, n=0,1,2,.. (14)
Because, by (13),
kn=a0+a1p+a2p2+ eve —I—a,,_lp"_l, n= 1,2,... (15)
the p-adic integer « can be represented by the infinite series
ay+ap+ap?+ ... tap”+ ... (16)
here, obviously, different series of the form (16) correspond to
different p-adic numbers. Conversely, if there is given an arbitrary
series of the form (16), whose coefficients are integers and are
subject to the conditions (14), then, by defining the number %,
by means of equations (15), we obtain a sequence of the form
(11), satisfying the conditions (9) and (10).

We have established a one-one correspondence between all
the p-adic integers and all series of the form (16), whose coefli-
cients are the residues modulo p. By using (15), it is easy to carry
over the operations defined for the p-adic numbers to series
of the form (16): if the number « is given by the series (16), and
the number 3 by the series

by+byp+b.p®+ ...+ b, p" + ...
also satisfying conditions (14), then
a+B=cot+cpt+cpit+..+ep"+ ...,

+ 1 These numbers a, are, of course, not related to the a, used in 10,

(Ed.).
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where all the coefficients ¢, are residues modulo p, and where
Co = Cq+ bog— P40,
cn:an+bn‘;_qn—1-Pqn’ n=132:"';
on the other hand,
o =dy+dip+dpPt... +dp"+ ...,
where the coefficients ¢, will also be residues modulo p, and where
. dy = aoby — pso,
dn: Z akb,—l—s,,_l——ps,,, n =1,2,...
k+l=n
12. From this description of multiplication it follows at oxace,
because the number p is prime, that the ring of p-adic numbers
does not contain any divisors of zero and therefore, by I1.5.5,
there exists a quotient field for it, called the field of p-adic numbers.
This field can be constructed in the following way.
We consider all possible series of the form

ap*+ay P+ Fapt -, a7

where all the coefficients a, are residues modulo p, and k is
greater than, equal to or less than zero; the series (17) may thus
contain a finite number of terms with negative powers of the
number p. If not all the coefficients of the series (17) are equal
to zero, then we will assume that a, # 0; on the other hand,
series with zero coefficients are ail regarded as identical.

By extending in the natural way the definition of operations
on series of the form (16) to those on series of the form (17),
we find that these latter series form an associative-commutative
ring, whose identity is the series of the form (17) in which ¢, = 1,
and all of whose remaining coefficients are equal to zero. This
ring will in fact be a field: if the series (17) is distinct from zero,
i.e. a, # 0, then its inverse will be the series

b_kp_k + b_k+1p—k+1 —I— . —I‘ b,,p" —i— aeey
whose coefficients, which are residues modulo p, are found suc-
cessively from the following equations, which are soluble because
the number p is prime:
akb_k—ps_k = 1’
byt b+ S_x—pS_k1=0,

@byt 1bp 1+t b k- Sio1—PSy =0,
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Those series of the form (17) in which & >0 form a subring
in the field which we have constructed, isomorphic to the ring
of p-adic integers, and the field is its quotient field: every series
of the form (17) after multiplication ( in the sense of our defini-
tion of this operation) by some positive power of the number p
(which is, of course, a p-adic integer) becomes a series of the form
(16), i.e. a p-adic integer.

§ 4. Normal and composition series

1. If in the Q-group G we are given an ideal A and an Q-subgroup
B, then the Q-subgroup {A, B} generated by them consists of those
elements of G which, in at least one way, can be written in the form
a +b, where ae A, be B, therefore the notation

{4,B} = A+B 0
has a meaning.

It is clear, in fact, that every element of the form a - b belongs
to {4, B}. We will show that these elements themselves form an
Q-subgroup, which obviously contains both 4 and B. In fact,
ifa,a’ ed, b, be B, then b+a’ — b e A, because 4 is a normal
subgroup of the additive group. Therefore

@t+b+@+d)y=la+@G+a—bj+0G+b)=a"+5",
where a” € A, b" € B. Further, 0 = 0 40, but the zero is con-
tained both in 4 and in B. If an element a +b is given, then its
additive inverse will be the element a’—b, wherea’ = —b —a 1+ b
€ A. Finally, for any n-ary operation o € Q and any elements

a,4d,,...,a,€ A and by, b,, ..., b,€B,
by virtue of (4) from II1.2.4, we have

(ay+b)(aa-tby) ... (@, +b)webd,...b,0+ A,
but
b1b2 ses b"(o = bGB,
because B is an Q-group, and b +4 = 4 +b.

2. The following isomorphism theorem is very often useful.
If A and B are Q-subgroups of the Q-group G, where A is an
ideal in the Q-subgroup {A, B}, then the intersection A N B will
be an ideal in B and the isomorphism
{4, BY/A~BJ(4 N B) )
holds. ‘
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In fact, equation (1) shows that every coset of the Q-group
{4, B} with respect to the ideal A contains at least one clement
of B. Thus, under the natural homomorphism of {4, B} onto
{4, B}/A the Q-subgroup B will be mapped homomorphically
onto the whole of this Q-factor-group. The kernel of the given
homomorphism (see. 111.2.6) is, obviously, the intersection 4 N B.
It will thus be an ideal in B, and the validity of the isomorphism
(2) follows from the theorems in IIL.1.8 and IIL2.5.

3. Now we will prove Zassenhaus’ lemma, a generalization
of the isomorphism theorem, which is a fundamental tool
used below in the proof of Schreier’s theorem.

If in the Q-group G we are given the Q-subgroups A, A’, B and
B’ where A" and B’ are respectively ideals in A and in B, then
A"+ (ANPBY and B+ (BN A") will be respectively ideals in
A"+ (ANB) and in B+ (BN A) and the isomorphism

A4+(ANBJA +(ANBY~B +(BNA)/B +(BNA)Y (O3

holds.

This lemma obviously reduces to the isomorphism theorem
when 4 =2 B and B’ = 0.

To prove the lemma we set

C=ANB.
Because B’ is an ideal in B, and C < B, then, by the theorem
on isomorphisms,
CNB=A0BNB =ANPB
will be an ideal in C. The same is true for the intersection BN 4’,
and therefore also for the sum C’ of these two ideals (see 111.2.4),
C'=(ANB)+(BNA). )]
We set
D =C/C.
On the other hand, because A4’ is an ideal in 4, then, by I11.4.1,
{A',ANB} =A"+(ANB)=4"+C.

An arbitrary element of this sum has the form &’ -+ ¢, where
a’ e A’, ce C. We make it correspond to the coset (i.e. element
of the group D) C'+4-c. If the element a’+ ¢ can be written
in another way in this form,

d+c=a+c¢,, aed, ceC,
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then
—ajt+a=c—cedNCc ANBcs C
and therefore
cy=(—a;+a)+ceC +ec.

We obtain a single-valued mapping of the Q-group 4’--C
into the Q-group D, in fact onto the whole of this Q-group,
because every element c e C, belonging, of course, to 4’4 C,
in mapped by this into its coset C’+ c. This mapping is a homo-
morphism: because A’ is an ideal in A’ C, then

(@+c)+ate)=at(+c), aed,
and, by (4) from I11.2.4, for any n-ary operation o € Q

(@, + c)(ag-¢y) ... (@n - c)© = ag -+ €105 ... Cu00,

where ay€ 4', and ¢;cp ... ¢, @ € C, because C is an Q-group.

The kernel of the homomorphism constructed is the sum
A’ 4 (4 N B’). In fact, this sum is contained in the kernel, bzcause
ANB < C'. On the other hand, if the element a’'-}ce A"+ C
is mapped under the homomorphism considered into C’, then
ce C’, and therefore, by (4), we can write:

c=u+v, where wueBNA, veANB

it is clear that in the notation for the sum of two ideals the sum-
mands can be written in any order. Thus,
d4+c=(@+u+ved +(40B).
From this it follows that 4"+ (4 N B") will be an ideal in
A"+ C=A"4(4 N B) and, moreover, the isomorphism
A +(ANB)4' +(4NB)~D
holds. From considerations of symmetry we can assert that
B+ (BN A') will be an ideal in B'+ (BN A) and
B +(BNA)/B' +(BNA)~D.
The isomorphism (3) is proved by this.

4, A finite system of Q-subgroups of the Q-group G contained
in one another,

G=Ay> A1 > Az>...54,=0, )
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begining with G itself and ending with zero, is called a normal
series of this Q-group if every Q-subgroup 4;, i=1,2,..., k,
is a proper ideal in A4;_, (although not necessarily in 4; when
j<<i—1). The number k is called the length of the normal serics
(5), and the Q-factor-groups
GlAy, AyfAs, ...y Ax_q] A= Ay 4

are called the factors of this series.

Every Q-group G has normal series —such as the series}
G> 0, and also, if there is a non-trivial ideal 4 in G, the series

GoA>0.
A normal series
G=ByoB >B;,5..o58 =0
is called a refinement of the series (5) if every Q-subgroup 4,
i=1,2,..,k—1, coincides with one of the Q-subgroups Bj;
it is clear that I > k.

Finally, two normal series of the Q-group G are called iso-
morphic if their lengths are equal, and if we can establish between
their factors a one-one correspondence such that corresponding
factors are isomorphic €-groups. Here we do not presuppose
that the correspondence keeps the relative arrangement of the
factors, i.e. the i-th factor of the first series is not necessarily
isomorphic to the i-th factor of the second series.

5. SCHREIER’S THEOREM. Every two normal series of an arbitrary
Q-group G have isomorphic refinements.
In fact, let there be given in G the normal series

G=A03A13A23...3Ak=0, (6)

G=ByoB oBy,>..>B =0. @)
We set

A,1=A;—!—(A,_1I'\Bj), i=1,2,...,k, j==0,1,l,
Bj;=Bj+(Bj_lﬂA,-), j=1,2,...,1, i=0,1,...k.

These notations have a meaning by virtue of II1.4.1, because, for
instance, 4; is an ideal, and A4;_, N B; an Q-subgroup in 4;_;.
We note that for i = 1,2, ...,k and j=1, 2, ..., the inclusions
Ai 1 =Apw24;,;12 4y 2 A4y = 4,
Bj—l = Bjo =2 Bj,i—l =2 Bji =2 -Bjk = Bj.
hold.

t or in case G == 0, the series G =0 of length zero (Ed.).
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By Zassenhaus’ lemma (see I11.4.3) 4;; and B;; will be respec-
tively ideals in 4, ;_; and B;;_;, and the corresponding Q-fac-
tor—groups will be isomorphic:

A;j 1[4y = Bji_4/By;. (8)

If we insert all the A;, j=1,2,...,1— 1, between the 4;_,
and 4;,i=1,2, ..., k, in the series (6), then, generally speaking,
we obtain a refinement with repetitions for the series (6), because
the equation 4;;.; = A;; may happen to be satisfied. In an
analogous way we obtain a refinement with repetitions for the
series (7) also. These refinements, because of (8), are isomorphic.

To complete the proof it remains to go over to refinements
without repetitions. If 4, ;_, = 4;;, i.e.

Ai,j—l/Aij =0,

then, by (8), B;,;_, = B;; also. From this it follows that, without
violating the isomorphism of the refinements under consideration,
we can simultaneously exclude all their repetitions. Thus the the-
orem is proved.

* An ascending normal series of the Q-group G is a system
of Q-subgroups A4, of it, satisfying the conditions:

1. The indices « form a well ordered set (see 1.5.4) with first
element 0 and last element p.

2. 4,=0, 4,=G.
3. If « <@, then 4, c 4.

4. If the index immediately following « is denoted by a« -4 1,
then, for all o, 4, is an ideal in A4, ;.

5. If the index « is a limit number, then A4, is the set-theoretical
union of all the A, B <.

Any two ascending normal series of an arbitrary Q-group G
have isomorphic refinements, which are also ascending normal
series [A. G. Kurosh, Mat. Sh. 16, 59-72 (1945)]. The example
of an- infinite cyclic group shows that for infinite descending
normal series an analogous theorem does not hold.*

6. A normal series of an Q-group which does not have a re-
finement distinct from itself is called a composition series of this
Q-group. In view of 111.2.13 a normal series of an Q-group will
be a composition series if and only if its factors are simple Q-groups
(see 111.2.4).
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From Schreier’s theorem follow the next two theorems:

THE JORDAN-HOLDER THEOREM. If an Q-group G has composi-
tion series, then every two of its composition series are isomorphic.

If the Q-group G has composition series, then each of its normal
series can be refined to a composition series and therefore has length
not exceeding the length of the composition series of G.

To prove this second theorem it is sufficient to apply Schreier’s
theorem to the given normal series and to one of the composition
series of the group under consideration.

In applying the concepts introduced to the case of groups
without multi-operators, we note that composition series are
possessed both by all finite, and also by some infinite groups.
However, neither the infinite cyclic group, nor the group of the
type p® (see IIL.3.10) has a composition series.

7. An invariant series of an -group G is a finite system of
ideals of the Q-group G itself, ordered by inclusion, beginning with
G and ending with zero. This concept is a special case of the
concept of a normal series, and therefore the concepts of the
isomorphism of series and refinements of series, introduced in
111.4.4, have a meaning for it. An invariant series which has no
refinements distinct from itself, which are also invariant series,
is called a principal series. We have the theorems:

Every two invariant series of an arbitrary S-group can be
refined to isomorphic invariant series.

If an Q-group*has principal series, then every two of its principal
series are isomorphic, and any invariant series can be refined to
a principal series.

It is easy to verify that these theorems can be proved by the
same methods as the corresponding theorems for normal series.
However, they follow immediately from the theorems proved
above if we use the following construction. Let there be given
an Q-group G. We extend the system of multi-operators €2 to the
system €’ by adjoining to Q some, in the general case infinite,
system of unary operations. In fact, we adjoin to Q all the inner
automorphisms of the additive group G, and also all the mappings
of G into itself defined in the following way: for any n-ary opera-
tion we (), any elements x,Xx,,...,x,€G and any number
i, 1 <i<n, we take the mapping which carries every element
a€ G into the element —

— X3 Xp . Xp + X3 . X (@ X)X e X0,
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All the additional unary operations carry zero into zero, i.e.
satisfy the condition (1) from IIL2.1, and therefore G is an
Q’-group. By virtue of the definition of an ideal (see I11.2.4) the
O'~subgroups in G will be ideals of the Q-group G and there are
no others, and therefore the normal (composition) series of the
Q’-group G coincide with the invariant (principal) series of the
Q-group G.

§ 5. Abelian, nilpotent and soluble Q-groups

1. Let us take the Q-subgroups 4 and B in the Q-group G.
The commutatort [A, B] of these Q-subgroups is the ideal of the
Q-subgroup {4, B} generated in it by the set of all elements of
the following two types

[a,b) = —a—b+a+b, acA, beB, (€))]

—this element is called the commutator of the elements a and b—
and

[a1s @3y -..@n; by, byy .o, by 0] = —@as ... apy —
bybs ... byo> +(ay + by)(az + by) ... (@ + D), )

where o is an m-ary operation from Q, a, a,,...,a,€ 4,
by, by ..., b, € B.

Thus, in the case of a group G without multi-operators the
commutator [A, B] of the two subgroups 4, B = G is the normal
subgroup generated in the subgroup {4, B} by all possible com-
mutators [a, b], where ae 4, be B. If, however, we consider
a ring R, then [a, b] is always equal to zero, and the elements
(2) take the form

[ar, az; by, b)) = — ayay — byby + (@ + b)) (ap +- be) =
aby + bia; = [0, 0; 0, by] +1[0, a5 by, 0)].

In this case, therefore, the commutator [4, B] of two subrings
A, B< R is the ideal generated in the subring {4, B} by all
possible products @b and ba, where ac A, be B.

From the definition of an ideal it follows at once that if in the
Q-group G we take the Q-subgroup 4, and in it some subset M,
then the ideal generated by the set M in A is contained in the

t or commutator ideal (Ed.).
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ideal generated by M in G. From this it follows that if in the
Q-group G we are given the Q-subgroups A', B, A, B, where
A'S A4, B'< B, then

[4', B <[4, B].
* In a group without maulti-operators the commutator

[4, B] coincides with the subgroup generated by all the commuta-
tors [a, b), ac 4, be B.*

2. For any Q-subgroups A and B of the Q-group G the equation

[4, B] = [B, 4] 3
holds.
In fact, for any be B, ae A
[b,a] = —a-+[—a,b]l+aelA, B], @

because [4, B] is a normal subgroup under addition in {4, B}.
On the other hand, for any n-ary operation o €Q and any
by, byy ... b,€B, ay,a,,..,a,6 A

bb,..bweB, aa,..a,ved
and therefore, in view of (4),
[bibs ... b0, @y ... ayw] €A, B).
Further
b+a=[—b;, —alta+b, i=1,2,...n,
and because, by (4),
[—b;, —alel4,B), i=1,2,...,n,
and [4, B]is an ideal in {4, B}, then, by virtue of (4) from Ii1.2.4,
b+ a)b,4-ay) ... (b, +a)o =
(a1 +b)(a,+by) ... (ay + by 4 d,
where de [4, Bl. We find that
(b1, bgy oy by @y, a5, ...y Gy ; @] = [b1bs ... by, yas ... a,0]+
la, a2y oo ani by, by, ..., b, 0]+ de[A, B]. (5)
From (4) and (5) there follows the inclusion
[B, 4] < [4, B],

from which, by considerations of symmetry, there follows the
equation (3).
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3. As the definition shows, the commutator [4, G] of any
Q-subgroup A with the Q-group G itself is an ideal in G. This
is true, in particular, for

G' =[G, G].

This ideal is called the commutator{ of the Q-group G.

For a group G without multi-operators the commutator
G’ will, therefore, be a normal subgroup, generated by all the
commutators [a, b], a, be G. For a ring R the commutator is
an ideal, generated by all the products ab, a, b € R; in the theory
of rings this ideal is usually called the square of the ring R.

An Q-subgroup A of the Q-group is an ideal in G if and only if

[4,G] < 4. ©®

In fact, if A is an ideal in G, then for all ae 4, x€ G, A contains
the element — x 4 a } x, and therefore also the element [a, x).
On the other hand, in view of (4) from IIL.2.4, for every n-ary
operation we ) and all a;,a,,...,a,€ 4, X1,%5,...%,€G,
A contains the element

— Xy Xg .. X (@1 + X)) (@2 F X2) .. (@ + XR) O,
and therefore also the element
[als A3y .-.5p, xl: x‘).a vees Xp s (0]'

The ideal A therefore also contains the ideal generated by all
the elements mentioned, i.e. the ideal [4, G].

Conversely, if (6) is satisfied, then 4 contains, in particular,
all the commutators [a, x], ae 4, xe G, whence —x+a+xed,
ie. condition (1) of III.2.4 is satisfied. Condition (2) is also
satisfied; in fact, (2) of II1.2.4 follows from

[0,...,0,a,0,...,0; X, X3, ..., X, ; W] E A,

because 0...0a0...0we 4.
From this theorem it follows, because of the inclusion

4,6 =[G, 60]=G,

that every Q-subgroup A of the Q-group G containing the commuta-
tor G' will be an ideal in G.

t or derived group (Ed..
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4. An Q-group G is called Abelian if its commutator is equal
to zero,

[G,Gl=0.
This means, in particular, that for all a, be G
[a,5] =0,
from which it follows that
a-+b=b+a. @)
i.e. an Abelian Q-group has an Abelian additive group. On the
other hand, for every n-ary operation o € Q and any ay, a;, ..., d,,

by, by, ..., b, e G it will be true that
a1, ass ces @n; by, bsy ..., by 3 0] =0,
i.e., because of (7),
(@ +b)(@+by) ... (@, +b)o =aa,...a,0 +byby ... by,  (8)

For groups without multi-operators this concept reduces to
the concept of an ordinary Abelian group, and for rings to the
concept of a ring with zero multiplication, because for rings
condition (8) is equivalent to the condition ab =0 for all a
and b.

Every Q-subgroup A of an Abelian Q-group G is an ideal in G,
because 4 2 G’ = 0.

Every Q-subgroup A and every Q-factor-group G|A of an
Abelian Q-group G is itself Abelian, because if the conditions (7)
and (8) are satisfied in G, then they are also satisfied both in 4
and in G/A.

5. An Q-factor-group G[A of an Q-group G is Abelian if and
only if the ideal A contains the commutator G’ of the Q-group G,

A2G. ®)
Indeed, the fact that the Q-factor-group G/A is Abelian shows
that for all x,ye G
[x+A4,y+4]=4
and for every m-ary operation w € Q and any xi, Xs, ..., X4, V1,
Vas oy Yn€G
e+4,x+4,. .., x.+A;+4,
td, oyt A4;0]=A4.
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This, however, is equivalent to the inclusions
[x,yled,

[xl, xz, --"xn;ylay% ---ayn; m]EA:

i.e. it is equivalent to the inclusion (9).
In particular, the Q-factor-group G|/G’ of the Q-group G by its
commutator is Abelian.

6. A normal series
G=A4y24,04;,>...24,=0 (10)
of an Q-group G (see 111.4.4) is called a central series if
[4;,Gl s 4ih, i=0,1,...,k—1. (1)
We note that from (11) there follows for all i the inclusion
[4:, G] = 4,

and therefore, by II1.5.3, all the 4; will be ideals in G, i.e. every
central series is an invariant series (see 111.4.7).

An Q-group G is called nilpotent if it has at least one central
series. Amongst the nilpotent Q-groups there are, in particular,
all Abelian Q-groups G, because for these groups G = 0is a central
series.

The lower central chain of an arbitrary Q-group G is the de-
scending chain of ideals

GC=G26,2G62..2G2=2.. (12)
where
Gi.1=I[G:,G], i=0,1,2,.. (13)

We note that once it is proved that G;is an ideal, it follows
that the ideal G;,, will be contained in G;.

An Q-group G is nilpotent if and only if the lower central chain
(12) reaches the zero subgroup after a finite number of steps, i.e.
G, = 0 for some k.

In fact, if Gy =0, then the chain (12) reduces, because of
(13), to a finite central series. Conversely, let the Q-group G have
a central series (10). Then G, = G = A4,. If it has already been
proved that G; € 4;, then, by (13) and (11).

Gi.1=[G,Gls [4,G]l = 4.
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From this it follows that
Gk = Ak = 0,

L€. Gk = 0.
Every Q-subgroup A of a nilpotent Q-group G is itself nilpotent.
In fact, let

A=A424,24,2..24,2 ..
be the lower central chain of the Q-group A. Then
Ay =A< G = G,.
Suppose that it is already proved that 4; < G;. Then
Aiq = [4;, 4] € [G;, G] = Gy 4.

From G, = 0 it now follows that 4, == 0.
Every homomorphic image H —= Go of a nilpotent Q-group G
is itself nilpotent.
In fact, let (12) and
H=H,2H=2H2..2H>..

be the lower central chains respectively of the Q-groups G and H.
Then
Hy== H=Gp = Gy.

Suppose that it is already proved that
H; < Ggp. (14)

If a' e H;, b’ € H, then, because of (14), there exist ae G; and
be G such that ap = a’, bp = b’, and therefore, by the defini-
tion of a homomorphism,

la, ble = [a', b']. (15)

In an analogous way, for any n-ary operation w e and any
a, ay, ..., an€ Hy, b1, by, ..., b, € H there exist a,ds, ..., a2, € G,
and by, b, ..., b,e Gsuch that o = al,bp = bj,i=1,2, ...,n,
and therefore

[a19 Aoy oues an;bls bza seey bn s (’)](P ==

[4.a,, ..., d,; b}, b, ..., bL; &l (16)



UNIVERSAL ALGEBRAS. GROUPS WITH MULTI-OPERATORS 131

Because, by the remark made at the end of I11.2.13, the image
G, .19 of the ideal G; ., is an ideal in H, then, because of (15)
and (16),

Hi, = [H;, H] € Gy 1%,
From this and from G, = 0 it follows that H, = 0.
7. A normal series
G=Ayo A3 > Ay>...>24,=0 a7
of an Q-group G is called a soluble series if all the factors
Aild; ., i=0,1,...,k—1,

of this series are Abelian Q-groups, i.e., by IIL.5.5, if

[4i, 4] = 4;1, i=0,1,...,k—1. (18)

The Q-group G is called soluble if it has at least one soluble series.
Every nilpotent Q-group G is soluble.
In fact, if there is given a central series (10) in G, then, because
of (11)

[AisAi]E [Ai:G]EAH»l’ i=0,1,...,k—1,
which is what we were required to prove.
The chain of commutators or derived series of the Q-group G
is the descending chain of Q-subgroups
G=G"22G=2G"2..26G02 .., (19
where
G¢HD = [GD, G0}, i=0,1,2,... (20)

An Q-group G is soluble if and only if its derived series (19)
reaches zero after a finite number of steps, i.e. G®=0 for some k.

In fact, if G® = 0, then the chain (19), in view of (20), reduces
to a finite soluble series. Conversely, let the Q-group G have
a soluble series (17). Then G = G = A4,. If it has already been
proved that G® < A4;, then, by (20) and (18),

GO+ = [GO,GO] < [4;, 4] € 4;.,-
From this it follows that
GM o 4, =0,
ie. GO =0.
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Every Q-subgroup A of a soluble Q-group G is itself soluble.
In fact, let

A=A924' 24"2 ... 2402 .,
be the derived series of the Q-group 4. Then
AW =4 < G= GO,
If it has already bzen proved that 4A® = G, then
AG+) = [40, 40] < [GO, GD] = GE+D,

From G® = 0 it now follows that A® = 0.

Every homomorphic image of a soluble Q-group G is itself
soluble.

It is sufficient to prove this assertion for the Q-factor-group
G/A. Because every refinement of a soluble series is itself solu-
ble, then, by Schreier’s theorem in I11.4.5, for the normal series
G o A o 0 there exists in this case a soluble refinement, which,
by 111.2.12 and III.2.13, determines a soluble series in G/A4.

8. Both in the case of groups and in the case of non-associative,
in particular Lie, rings solubility is essentially wider than nil-
potency. The situation is different in the case of associative rings:

Every soluble associative ring is nilpotent.

We note first that if we are given an associative ring R and
a natural number n, then the ideal generated in R by the set of all
possible products of n elements of R coincides with the subgroup
generated by this set in the additive group of the ring R. In fact,
the subgroup mentioned consists of zero and all possible sums
of a finite number of products of » elements. By multiplying such
a sum on the left or on the right by any element of R, we obtain
the sum of several products with » -+ 1 elements in each. However,
if we replace one pair of neighbouring factors by their product
in each of the terms of this sum, we again arrive at a sum of
products of n elements.

From this it is easy to derive the following two assertions.

In an associative ring R the i-th term of the derived series R
coincides with the ideal generated in R by the set of all products
of 2% elements of R.

For i=1 we know this from II1.5.3. Suppose that the as-
sertion has already been proved for i, i.e. R® consists of sums
of products of 2¢ elements. Then, in view of (20), R¢*+V is a sub-
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group of the additive group of the ring R, generated by all products
of pairs of elements of R, ie., by the distributive laws, it is
generated by all products of 2i+1 elements.

In an associative ring R the i-th term of the lower central chain
R; coincides with the ideal generated in R by the set of all products
of i+ 1 elements of R.

For i =1 this is true. Suppose that our assertion has already
been proved for i, i.e. R; consists of sums of products of i1
clements. Then, view of (13) and II1.5.1, R; ., is an ideal, generated
in R by the products of elements of R; by any elements of R,
on the left or on the right, i.e., by the distributive laws, it is gener-
ated by all products of i--2 elements.

Thus, for an associative ring R

R(i)=R2i_1, i=0,1,2,...,

and therefore from R® = 0 it follows that Ry _, = 0, which
is what we were required to prove.

§ 6. Primitive classes of universal algebras

1. We return to the study of arbitrary universal algebras. The
concept of algebras of the same type (see IIL.1.5) is too general
to single out reasonable classes of algebraic structures. Thus,
by no means every universal algebra with one binary operation
(multiplication), one unary operation (taking the inverse element)
and one nullary operation (taking the identity) will be a group,
although it is of the same type as groups. Groups are singled
out amongst all these algebras by the fact that in them, as we well
know, the following identical relations hold: for any x, y, z

C»z=x@z2), x1=x, xx'=

We wish to define the concept of an identical relation for the
case of universal algebras with any fixed system of operations Q.

2. Let there be given some non-empty auxiliary set X, whose
elements will be called free elements and will be denoted by x with
indices, and also by y, z and so on. In addition, all the nullary
operations in Q, if such exist, will be given certain symbols,
which will be called the symbols of the nullary operations.

We will define the concept of a word. To begin with, all free
elements and all symbols of nullary operations will be regarded as
being words. If we already know that the expressions wy, Ws, ..., W,
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are words, then for any n-ary operation w e Q, where n>>1, the

formal expression
WiWs ... W,0 0]

will also be regarded as a word.

Thus, every word will be a finite expression in which there
occur free clements, symbtols of nullary operations and symbols
o for n-ary operations from €, n > 1, with any number of repeti-
tions; here the symbol of an n-ary operation o always ‘acts”
on the n words preceding it.

Thus, suppose £ contains a ternary operation «, unary opera-
tions o’ and '’ and a nullary operation with the symbol 0. Then,
for instance, the expressions

[(x0)0 yolx(pe')o of  (yze)(xe)(Fe)w

will be words. It is obvious that these words could be written
without any of the brackets:
x0'yoxye’v, xyzoxe'yo'o.

We will call the words wy, w,, ..., w, subwords of the word (1).
We remark, further, that the property of being a subword is
transitive, so that subwords of the words wy, ws, ..., w, will also
be subwords of the word (1), and so on. In particular, all the free
elements and symbols of nullary operations which occur in writing
down the word (1) will be subwords of (1). We will agree to as-
sume also that every word is a subword of itself.

1t is clear that the concept of a word depends essentially on the
system of operations . When considering a universal algebra
with the system of operations Q, we will, of course, only use
words which have a meaning in €.

3. Let us suppose that we are given the words wy and w,, related
to the system of operations Q. We denote by x;, x,, ..., x; all
the different free elements which occur in at least one of these
words, and by 0,, 0,, ..., 0; all the symbols of nullary operations
which occur in at least one of these words. We will say that in
the universal algebra G with system of operations Q the identical
relation

Wy == W,, (2

is satisfied if equation (2) holds in G when the free elements x;,
i=1,2,...,k, are replaced by arbitrary elements a; € G, which
are not necessarily different. Here the symbols 0;, j = 1,2, ....1/,
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are obviously replaced by elements of G. Taking these elements
means a corresponding nullary operation in G, and, in general,
the operations of  are satisfied by the rules for operations in
the algebra G.

If we are given a set of identical relations A, then all universal
algebras with system of operations (2, in which all the identical
relations from A are satisfied, form a primitive classt of algebras.
We will agree to denote this primitive class by the same letter A
as is used to define its set of identical relations.

Thus, groups form a primitive class, considered as algebras
with one binary, one unary and one nullary operation. Abelian
groups form a narrower primitive class—here we impose the ad-
ditional identical relation xy = yx. We obtain a still narrower
primitive class if we impose the identical relation x* = 1.

Rings, associative rings, associative-commutative rings, Lie
rings, and Jordan rings will also be primitive classes of universal
algebras.

The whole class of universal algebras of a given type with
system of operations { can also be regarded as a primitive class,
with, in fact, the empty set of identical relations. The class of
Q-groups with a given system of operations Q will also be a prim-
itive class—it is defined by the identical relations included in
the definition of a group, and the relations (1) from II1.2.1. On
the other hand, the set of identical relations may be such that
from it there follows the identical relation x =y, i.e. the cor-
responding primitive class consists of one unique} algebra, con-
taining only one element.

4. Every primitive class of universal algebras contains, together
with each of its algebras, all its subalgebras and all its homomorphic
images.

It is clear that if the identical relation (2) is satisfied in the
algebra G, then it is also satisfied, in particular, for the elements
of any subalgebra. On the other hand, let the identical relation
(2) be satisfied in G and let there be given a homomorphism ¢
of the algebra G onto an algebra H of the same type. We denote
by wi’, w, the elements of H which are obtained from the words
w, and w, after we have substituted in place of the free elements

1 also called equationally definable class or variety (Ed.).
f up to isomorphism (Ed.).
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x;, i=1,2,...,k, some elements b;e H, i=1,2,...,k. We
choose elements a;, i = 1,2, ..., k, in the algebra G such that
agp = b; for all i, and we denote by w;, w, the elements of G which
are obtained from w; and w, after substituting a; in place of x;,
i=1,2,..., k. From the definition of a homomorphism it
follows that

W}‘PZW;”9 j=12,

and because w; = wy, then w;" = wy’ also, which is what we were
required to prove.

5. The concept of a word can also be used for other purposes.
We consider the universal algebra G with the system of opera-
tions Q2 and we take an arbitrary word

W= w(Xy, Xz, ..., Xp)

in these operations with respect to the free elements x,, Xs, ..., Xy,
n>=1. We replace k of these elements, 0 <k <(n, for instance
the elements X,_x 15 Xn—g425 ---» Xn, DY some fixed elements by,
bs, ..., b, € G. The expression

w(x19x29--~9xn—k3 b19 b2,---sbk)s (3)

which is obtained in this way, determines an (n —k)-ary opera-
tion in the set G in the following way: to the system of elements
a4y, a5, ...,8,_, € G this operation relates a uniquely defined
element

w(@y, Ggy oevs Gu_g» b1y bay ...s By,

All operations which can be obtained in G in this way are
called derived operations of the algebra G. It is obvious that
different expressions of the form (3) may perhaps define the same
derived operation in G. A derived operation will be called prin-
cipal, if k=0, ie. if we make no preliminary replacement of
part of the free elements by elements of G. Amongst the prin-
cipal derived operations of an algebra G there are, in particular,
the operations of the system O itself.

6. Suppose that there are given two universal algebras on the
set G, corresponding to the systems of operations Q and .
We will say that these two algebras define the same algebraic
system on G if every operation of Q' in G is derived from an
operation of the system  and conversely; the systems of opera-
tions Q and Q' themselves are called equivalent in G.
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If the algebras G and H are of the same type with respect to
the system of operations 2 and if we go over in G to an equivalent
system of operations €', then in H such a transition has no mean-
ing in the general case—if the derived operation was obtained
in G by replacing part of the free elements in some word by fixed
elements of G, then in H this operation may not be uniquely
defined. From this it follows that the concept of a homomorphism
is only related to a given system of operations ( and may lose
its significance in the transition to an equivalent system of opera-
tions €’. The same is true for the concept of a subalgebra—it is
sufficient to take into account that the elements b, b,, ..., b,
which occur in the expression (3), do not necessarily belong to
the subalgebra under consideration (with respect to operations
from Q).

The reader can verify without difficulty that the situation will
be different if every operation of either of the systems Q, Q'
is a principal derived operation of the other system. From this
it follows that the two ways of considering a group as a universal
algebra, which were mentioned in III.1.3, from the point of view
of homomorphisms and subgroups are in fact equivalent, which,
however, we already knew.

§ 7. Free universal algebras

1. The set of all possible words with respect to a system of
operations € and a set of free elements X can be regarded as
an algebra with system of operations €. In fact, if we are given
an n-ary operation we (), n>>1, and words wy, w,, ..., w, then
the word wyw, ... w, @ will be regarded as the result of applying the
operation o to the given words. The application of any nullary
operation of Q will be understood as taking the symbol of this
nullary operation, which belongs, as we know, to the set of words.

We denote this word-algebra by S(£2, X). It is obvious that
in it no non-trivial identical relations are satisfied, i.e. relations
of the form

Wi = Wp, (1)

where w, and w, are different words. It is also obvious that the
set X is a system of generators for this algebra (see I11.1.4). If,
however, we are given a subset X’ < X, then it generates a sub-
algebra in S(Q, X), which is a word-algebra S(Q, X).
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2. Now we will consider an arbitrary system of identical
relations A. The words v' and v’ will be called equivalent with
respect to A, if it is possible to pass from one to the other by
means of a finite number of transformations of the following
form: let the relation (1) be contained in the system A ; we replace
the free elements x;,i= 1,2, ..., %, occurring in it by certain
words, after which the left and right-hand sides of the relation
(1) become the words w; and w,: if w, (or wy) is a subword of
the word v', then it is replaced by w, in the word v' (or respec-
tively by wy).

This relation will obviously be reflexive, transitive and sym-
metric, i.e. we have introduced an equivalence relation in the
algebra S(€2, X). It will even be a congruence (see 111.1.7), because
if we are given the word wyw, ... w,, obtained from the words
Wy, Wy, ..., W, Dy the application of the operation w, and then
replace the words w;, i=1,2,..., n, by words equivalent to
them, it can be realized by applying a finite number of transforma-
tions of the type described above to the given word.

The factor algebra of the algebra S(Q, X) with respect to
the congruence just constructed (see 1I1.1.7) will be denoted
by the symbol S(Q, X, A) and will be called the free algebra
of the primitive class A, and the set X its system of free genera-
tors. Of course, in fact the system of generators for this algebra
is not the set X itself, but the set} of corresponding classes of
equivalent words; we will denote it, however, by the same letter
X. Every algebra isomorphic to the algebra S(Q, X, A) will
also be called free, and the set of images of the elements of X
under this isomorphism will be called its system of free genera-
tors.

From the definition of a free algebra S(2, X, A) it follows
that all the identical relations of A are satisfied in it, i.e. it belongs
to the primitive class A.

3. Let us choose a system of generators M in the universal
algebra G of the primitive class A. The algebra G will be a free
algebra in the primitive class A, and M its system of free generators,
if and only if the following condition is satisfied: for any algebra
H of the class A and any single-valued mapping ¢ of the set M into

+ This set is in one-one correspondence with X, provided the algebra
has more than one element, i.e. provided the class A is not absolutely degene-
rate (cf. III. 7.5) (Ed.).
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the algebra H there exists a unique homomorphic mapping of G
into H, which coincides with ¢ on the set M.

First we suppose that G =S(Q, X, A), M = X and that the
mapping ¢ of the set X into the algebra H has already been given.
The mapping ¢ of the whole algebra S(Q2, X, A) into the algebra
H we define in the following way: on the set X it coincides with
©; ¢ maps the symbols of the nullary operations into those elements
of H, the taking of which denotes in H the corresponding nullary
operation; finally, if for the words wy, w,, ..., w, the images,
under ¢ are uniquely defined, and the operation weQ is n-ary
then we set

(w2 ... Wa@) = (W19) (W2@) ... (WaP) e ; @

it is clear that the image of the word w; w, ... w, under the
mapping ¢ can only be defined by equation (2) if we wish this
mapping to be a homomorphism.

We note that the application of the mapping ¢ to a word
equivalent to the word wy w,... w,e in the sense of IIL7.2 gives
an element equal in the algebra H to the right side of equation
(2), because all the identical relations from A are satisfied in
H. Thus, the mapping ¢ is defined for the elements of the algebra
S(Q, X, A); the fact that it is single-valued and homomorphic
follow from (2).

Now suppose that we are given an algebra G and its system
of free generators M, satisfying the condition of our theorem.
We take as the algebra H the free algebra S(Q, X, A) such that
the sets M and X have the same cardinal number, i.e. there exists
a one-one mapping ¢ of the set M onto X. By hypothesis, there
exists a homomorphism ¢: G — S(Q, X, A), which coincides
with ¢ on M. On the other hand, from what was said above
it follows that there exists a homomorphism y: S(Q, X, A) — G,
which coincides with ¢! on X,

The product ¢ will be an endomorphism of the algebra
S(Q, X, A), the identity on the system of generators X, and the
product ¢y will be an endomorphism of the algebra G, the iden-
tity on the system of generators M. From the hypothesis of uni-
queness, presupposed for G and already proved for S(£2, X, A),
it follows that these endomorphisms will be identity automor-
phisms of the given algebras. From this it follows that each of
the homomorphisms ¢, x will in fact be an isomorphism between
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the algebras G and S(Q, X, A), which is what we were required
to prove.

4. From the theorem which we have proved follows the next
result, which explains the true value of the concept of a free al-
gebra:

Every algebra G of a primitive class A is the homomorphic
image of some free algebra of this class.

In fact, we take any system of generators M in G and we con-
sider a free algebra S(Q, X, A) such that there exists a mapping
¢ of the set X onto the set M, i.e. the cardinal number of X is
greater than or equal to the cardinal number of M. Then, by what
we have proved, the mapping ¢ can be extended to a homomor-
phism ¢: S(Q, X, A) - G, where this will be a homomorphism
onto the whole algebra G, because the image of the algebra
S(Q, X, A) under ¢ contains the whole set M.

5. It is clear that if the sets X and Y have the same cardinal
number then the free algebras S(Q, X, A) and S(Q, Y, A) will
be isomorphic. On the question of whether it follows, conversely,
from the fact that the given free algebras are isomorphic, that the
sets of free generators X and Y have the same cardinal number,
the answer in the general case will be negative, as is shown by
the primitive class mentioned in III.6.3, which consists of one
algebra with one element; this class, in which, of course, any
identical relations are satisfied, we will agree to call absolutely
degenerate.

The following theorems of Fujiwara [Proc. Jap. Acad. 31,
135-136 (1955)] are true:

If a primitive class A is not absolutely degenerate and if the
free algebras S(Q, X, A) and S(Q,Y, A) are isomorphic, where
at least one of the sets X, Y is infinite, then these sets have the
same cardinal number.

Suppose that this is not true and suppose, for instance, that
the cardinal number of the set X is greater than the cardinal
number of the set Y7. We may assume that the algebras under
consideration are not only isomorphic, but even coincide

S(Q,X,A)=SQQ,Y,A)=S. 3)

1 Here we use the assertion, based on the axiom of choice, that any
two cardinal numbers can be compared in size.
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Every element of ¥ can thus be written in the form of a word
with respect to a finite number of free generators from X. By
fixing one such representation for each y €Y and collecting all
the elements of X which are used in these representations for
all y €Y, we obtain a subset X’ < X, which is known to have
a smaller cardinal number than X; it is finite if the set Y is finite,
and has cardinal number not exceeding the cardinal number
of Y,if Y is infinite. Hence we can choose an element x,e X \X".

The element x, can be written in the form of a word in a finite
number of elements of Y. By writing in turn these elements in
terms of elements of X', we have that x, is equal in the algebra
S to some word w, of elements of X7,

xO = Wp.

This equation means that the words x, and w, are equivalent
in the algebra of words (see 111.7.2), i.e. it is obtained by the
application of identical relations from A. But then, taking into
account that the free element x, does not occur in the word w,,
with the help of the same identical relations we could obtain
in the algebra S the equation a = w,, where a is an arbitrary
element of S. Thus, in S all the elements are equal to each other,
i.e. from the identical relations of A follows the identical relation
x = p, and therefore the primitive class A turns out to be abso-
lutely degenerate, contrary to the hypothesis. Thus the theorem
is proved. )

6. Let the system of identical relations A be such that it can be
extended to a system A* such that the primitive class A* is not
absolutely degenerate, but finite sets of free generators generate
finite free algebras in it. Then in the class A isomorphic free algebras
have systems of free generators with the same cardinal number.

In fact, suppose that we are given in the class A the isomorphic
free algebras with systems of free generators X and Y. As above,
we can assume that these algebras coincide, i.e. equations (3)
hold. Moreover, by virtue of the preceding theorem both the sets
X, Y can be taken to be finite.

We suppose that X contains more elements than Y. We impose
the identical relations from the system A*\A on the algebra
S, i.e. we go over to the factor algebra S* with respect to the
corresponding congruence. This will obviously be a free algebra
in the primitive class A*, and by the hypotheses of the theorem
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it will be finite, because it has as its system of free generators the
finite sets X and Y.

Suppose that the subset X’ < X contains as many elements
as Y. Then the subalgebra {X'} of the algebra S* which is a free
algebra S(Q, X', A*) must in fact consist of as many elements
as S*, i.e. it coincides with the whole of the algebra S*. From
this it follows that every element x,€ X\ X' can be written in the
form of a word in elements from X’, which, however, as in the
proof of the preceding theorem, reduces to a contradiction.

7. The class of groupoids is a primitive class with respect
to one binary operation and the empty set of identical relations;
as usual, we will call this operation multiplication and write it
in the form ab. A free groupoid with the set X of free generators
coincides with the groupoid of words. A word in this case will
be any finite ordered system of elements of X,

X1 Xg oo Xy, n=1,

with any repetitions, where in this system there is given a distri-
bution of brackets: each of the symbols x;,i=12,...,n, is
regarded as being taken in brackets, and then the brackets are
arranged so that each time only two brackets are “multiplied
together”. The product of two words means that the given words
are taken in brackets and written one after the other.

Of course, when writing words in groupoids, we can write,
for instance,

(31 x2) x0) (X3 X3),
and not

() (Gr2)) (x2)) ((x2) (x2)))-

8. The class of semigroups is a primitive class with the iden-
tical relation of associativity. In this case a word with respect
to the set X of free generators can be written in the form

X Xo ... Xp, n2=1, 4

without any brackets. The product of two words (4) now means
that the given words are written one after the other without brac-
kets.

The assertion that we have constructed a free semigroup
with set X of free generators is justified only after we have shown
that different words of the form (4) will be distinct elements
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in this semigroup. However, the multiplication of words defined in
the preceding paragraph obviously turns the set of all words
of the form (4) into a semigroup with set of generators X. This
semigroup is the homomorphic image of a free semigroup with
the set X of free generators, and because in it different words
of the form (4) are distinct elements, then this is also true for the
free semigroup. By the same token the given homomorphism is,
of course, an isomorphism.

The use of powers of elements enables us to write words in
semigroups more concisely: instead of the word x;x;x;XsX; XX,
we can write x3 x, x, x3.

9. Now we consider the primitive class of all groups with the
operations of multiplication, taking the inverse element and
taking the identity. The identical relations enable us to write every
word with respect to the set X of free generators either in the
form 1—this word, which contains no free element, is called
empty,—or else in the form

w=xpxg..x;m, nxzl, )
where the x;,i=1,2,...,n, are elements of X, not necessarily
different, ¢, =4+ 1,i=1,2,...,n where if x;=x;.,, then
g = g;,; also; in other words, there cannot stand in series in
(5) the element xeX and its inverse element x~!. We call the
number # the length of the word (5).

Different words of the form (5) are distinct elements of the
Jfree group with set X of free generators and are not equal to the
empty word of this group.

To prove this we construct a group whose elements are the
empty word and all possible words of the form (5). We define
the multiplication of words in the way corresponding to that
in which it would be carried out in a free group. In fact, the empty
word must play the part of the identity. If, however, we are given
two words of the form (5),

Wy = XUXE .. X, Wy = ylypla L pm
where, obviously, y,e X, i = 1, 2, ..., m, then we write these words
one after the other,
XPXE L XYY Ly,
If here x, = y, and &, = — 1, then we cancel them. After this the
elements x;"~* and yJ* become neighbours, and it may again be
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necessary to cancel. We continue thus up to a position k such

that either x,_j # Vi1 OF Xu_p = Vi11, DUt €,_; = n; .1 also.
Then we set

Wiwy = XX L. Xk AR Ly, (6)

It is clear that on the right in (6) there stands a word of the

form (5), if n # m or n = m but k< n, in the opposite case the

empty word will stand on the right. Hence, we have that the inverse
of the word (5) will be the word

w1 = x5 % ... xyS2x7 oL

The multiplication of words which we have introduced is associ-
ative.
We will prove the equation

w1 (Waws) = (wywp) Wy @)

by induction on the length of the word w,, where all the words
Wy, W, w3 can be regarded as distinct from the empty word.

First let w, = »", where ye X, n = 4 1. If the last symbol
of the word w; and the first symbol of the word w, are such that
at least one of them is distinct from y~7, then in at least one of
the products w,w,, wo,ws we need not cancel and therefore equa-
tion (7) holds. If, however,

Wy = X§.L X, wy =y 2,
then
X xnnly gl Zd
will be a word of the form (5), equal both on its left and right-hand
sides to equation (7).
Now let w, = wj-y.m, where the word w} has the form

LA Mm -1
We =)' Im -1 -

Assuming that equation (7) has been proved for the case when
the length of the word w, is less than m, we obtain

wi(wews) = wy[(wy- y:nm) wa] = wy[w; (y:}nmws)] =
(wywp) ()’?nmws) = [(W1W;)yﬁxm] Wy=

[y (Wéyg.'”)] wy = (W w,) wy.

which is what we were required to prove.
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We have constructed a group from the words of the form
(5) and the empty word, where the set X serves as its system of
generators. This group is the homomorphic image of a free group
with the set X of free generators. Therefore the given words are
also distinct in the free group, which is what we were required
to prove. Hence, the group we have constructed is itself a free group
with system of free generators X.

Words of the form (5) can, obviously, be written more con-
cisely, by using, as in the case of semigroups, the powers of elements,
in this case negative powers also.

A free group with one free generator x will obviously be the
infinite cyclic group {x}.If, however, the set of free generators
X contains more than one element, then the free group generated
by them is non-commutative, because the words xy and yx,
x,yeX, will be distinct.

In I1L.8.12 we will describe the subgroups of a free group.

10. In the primitive class of all Abelian groups written
additively, words with respect to the set X of free generators
will be sums of a finite number of distinct elements of X, taken
with integral coefficients, distinct from zero, and also the empty
word 0. We define the addition of such words as the addition of
coefficients for identical elements x € X; if here x does not occur
in one of the words, then we take its coefficient to be equal to zero.
It can be verified immediately that we obtain an Abelian group
which will also be a free Abelian group with the set X of free gen-
erators.

11. We will now consider the primitive class of all rings.
By reasoning in the same way as in the case of semigroups or
groups, we find that the additive group of a free ring with set X of
free generators is a free Abelian group (see II1.7.10) with respect
to the set of free generators X, which in turn is a free multiplica-
tive groupoid with set X of free generators (see II1.7.7). Mul-
tiplication in a free ring reduces, by the distributive laws, to the
multiplication of elements of X, which is carried out by the rule
of multiplication of words in a free groupoid (see 111.7.7).

All that has been said remains true for a free associative ring

with set X of free generators. In this case, however, the set X will
be a free semigroup with set X of free generators (see II1.7.8),
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and the multiplication of elements from X is carried out by the
rule for the multiplication of words in a free semigroup.

Finally, a free associative-commutative ring with set X of free
generators is simply the ring of polynomials in the elements
of X with integral coefficients.

We note that far from every primitive class of universal alge-
bras can be oltained by such a single-valued (‘‘canonical”) re-
presentation of the elements of free algebras of this class, such
as were obtained in the cases considered above.}

12. Free Abelian groups (and also free groups, free rings,
free associative or associative-commutative rings) are isomorphic
if and only if their systems of free generators have the same car-
dinal number.

In fact, by imposing the identical relation 2x = 0 on an Abelian
group, we obtain the primitive class of those Abelian groups,
all of whose non-zero elements have order 2. We take a finite
system of free generators X, consisting of the elements x,, x,, ..., X,.
Then a word in the case under consideration will te an expres-
sion of the form

keyxy + koxs 4 ...+ kyxp,

where all the k;,i=1,2,...,n, are equal to one or to zero.
The addition of words reduces to the addition of coefficients
for equal elements x;, carried out modulo 2, ie. 141 =0. We
find that in the primitive class considered free groups generated
by finite systems of free generators are themselves finite.

We arrive at the same primitive class by imposing on the
class of groups the identical relations xy = yx and x2=1 (it
is easy to see, however, that the first of these follows from the
second). Essentially the same primitive class is obtained if we im-
pose on the classes of rings mentioned in the formulation of the
theorem the identical relations

xy=0, 2x=0.

To prove the theorem it now remains to refer to Fujiwara’s
second theorem (IIL.7.6).

13. We consider an arbitrary primitive class of Q-groups.
Every Q-group G of this class is, by IIL.7.4, the homomorphic

1 i.e. in most cases no canonical form for the elements of a free algebra
(of a given primitive class) is known (Ed.).
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image of some free Q-group S of this same class, i.c., by IIL2.6
and IIL.1.8, it is isomorphic to the Q-factor-group of the free
Q-group S with respect to some ideal A. Let the elements s;, where
i varies through the set of indices I, generate the ideal 4 in S. The
corresponding elements in G are equal to zero. The system of
equations

§; = 0, iel y (8)

where s; is assumed to be written in terms of free generators of
the free Q-group S, completely defines the ideal 4 in the free
Q-group S, i.e. it defines the Q-factor-group S/A4, and therefore
to within isomorphism it defines the desired Q-group G. The
system of equations (8) is called a system of defining relations
for the Q-group G.

Thus, every Q-group, in particular every group and every
ring, can be given by a system of defining relations in some system
of generators. This method of specification, of course, is by no
means unique.

Example. The symmetric group of the degree 3, S, (see I1.1.8)
can be given in the class of groups by two generators a, b and the
defining relations

a=1, b=1, abab=1. )]

In fact, the permutations

123 123
a= , b=
(231) (213)

generate the whole group S; and satisfy the relations (9). On the
other hand, from (9) follows the equation ba = a%b, and therefore
every element of the group given by the defining relations (9)
can be written in the form a*b*, where k=0, 1, 2, I=0,1,
i.e. this group consists of not more than six elements; the order
of the group S; is, however, equal to six.

§ 8. Free products of groups

1. The characteristic property of free algebras of a given
primitive class A, which we mentioned in II1.7.3, prompts the
following definition. If 4;, ie I, is a family of algebras of the
class A, then we call the algebra G of the class A the free union
of this family if 4; = G, iel, and if for any algebra H of the
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class A and any collection of homomorphisms ¢; of the alge-
bras A; into the algebra H, ie, there exists a unique homo-
morphism ¢ of the algebra G into the algebra H, which coincides
with ¢; on the subalgebra 4;,iel.

If both the algebra G and the algebra G’ are free unions of the
algebras A;, i€ l, then there exists an isomorphism between G
and G’', which is an extension of the identity automorphisms of the
subalgebras A;,iel.

In fact, the given identity automorphisms can be regarded as
homomorphisms ¢; of the subalgebras 4; of the algebra G, ie/,
into the algebra G', and also as homomorphisms ¢; of the sub-
algebras A; of the algebra G', i</, into the algebra G. Hence,
they induce homomorphisms ¢: G > G’ and ¢: G' > G. The
product ¢¢ is a unique homomorphism of G into itself, which
is defined by the isomorphic embedding of all the 4, in G as
subalgebras, i.e. it will be an identity automorphism of the algebra
G. Analogously, Yo is an identity automorphism of the algebra G’,
and therefore o and ¢ will be isomorphisms inverse to one another.

The free union G of the algebras A;, i€ l, coincides with the
subalgebra generated in G by all the A4;, iel.

In fact, suppose that the subalgebras A4;, i € I, generate a sub-
algebra G, in G (see III.1.4). If we are given the algebra H of
the class A and the homomorphisms ¢;: 4; > H, ie I, then the
homomorphism ¢: G— H defined by these homomorphisms
induces the homomorphism ¢4: G, — H, which coincides with
¢; on the subalgebra A;, i € I. This will be the unique homomor-
phism of G, into H with the given property. In fact, one can
verify without difficulty that the subalgebra G, consists of those
and only those elements of the algebra G, which can be expres-
sed in at least one way in terms of elements of the subalgebras
A;, ie I, with the help of operations of the algebra G, applied
a finite number of times. The homomorphisms ¢;, i € I, can thus
generate only one homomorphism of the algebra G,.

Thus, the algebra G, is itself a free union of the algebras 4,,
iel. Then there exists, as we have proved, an isomorphism o
of the algebra G, onto the algebra G, which is an extension of
the identity automorphisms of the algebras A4;, iel. But, by
virtue of what we said in the preceding paragraph, these identity
automorphisms can only generate the identity automorphism
of the algebra G,, and therefore G, = G.
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2. The group G is called the free product of its subgroups A4;,
iel, if these subgroups together generate the whole group G
and if every element g € G distinct from 1 has a unique expansion
in a product of the form

g:alaz...d,,, n}l, (1)

where a, € 4, and g, # 1, k=1,2,...,n, and where elements
of the same subgroup A; cannot be adjacent, i.e.

ik?éik_‘_]_, k=1,2,...,n_1.

The product with these properties, standing on the right in
(1), will be called the irreducible expression for the element g.
We call the number n the length of this element and we denote
it by A(g). We will call the indices i; and i, respectively the first
index and the last index of the element g. In addition we set
A(1) = 0.

To express a free product we will use the symbol

G = 1__[* Ag

icl
or, if the number of free factors is finite,

G = AI*AZ* cos *A".

Comparison with II1.7.9 shows that a free group is the free
product of infinite cyclic groups.

If the group G is the free product of the subgroups A4;, iel,
then G will be the free union of the groups A; in the primitive class
of groups.

In fact, if for a collection of homomorphisms ¢; of the sub-
groups A; into some group H, i € I, there exists a homomorphism
o of the group G into H such that ¢ = ¢; on the subgroup 4;,
iel, then, by (1), for all ge G

8P = MPi," APy, - i, 2

i.e. @ is defined uniquely. It is easy to verify, on the other hand,
that if (2) is regarded as being the definition of the mapping ¢
of the group G into the group H, then ¢ will be a homomorphism.

This theorem admits a converse, which follows immediately
from the results of the present and preceding sections, in view of
the theorem proved in the next section.
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3. We will prove that for any family of groups A;, i I, there
exists a free product of this family of groups, i.e., more precisely,
a free product of groups isomorphic to the‘given groups.

We will call a formal expression

aa,...a,, nz=l1, 3)

a word, where akeA,k, a#1, k=1, 2,..., nand i #i.,,
k=1,2,...,n—1.

We will also introduce the empty word (the case n = 0).
The set of all words we will denote by M, and the symmetric
group on this set (sec I1.1.8) by S.

Every element a € 4; defines a mapping a of the set M into
itself in the following way: the empty word goes into the word
a of length 1, from which it follows that when a # b, a, be 4;,
it will be true that @ # b; on the other hand, for a word of the
form (3) we set

aa, ... a,a, if i,#1i;

(ma,...a)a = \aya, ... (a,a), if i,=1iand a,a+#1;
aa,...a,_,, if i,=iand ga=1.

From this it follows, in particular, that the identity of the group 4;
corresponds to the identity mapping of the set M onto itself.
It is easy to verify that

ab=abh, a,bed,

where the product on the right is understood in the sense of the
multiplication of mappings, and therefore the mapping a~?! is the
inverse of the mapping a. Thus, every mapping a will be a permuta-
tion in the set M and, hence, the mappings a, taken for all ae 4;,
form a subgroup 4; in the group S, isomorphic to the group 4;.

We denote by G the subgroup of the group S generated by all
the subgroup A;, ieI. The group G will be the free product of

the subgroups A;, ieI: every element of G distinct from the
identity can be written in the form of a product

aa, ... a,, 4

where a;a, ... a, is a word, and where this representation is unique,
because the permutation (4) carries the empty word precisely
into the word aa,... a,.
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4. We will prove the following theorem on the subgroups
of a free product of groups [A.G. Kurosh, Math. Ann. 109
647-660 (1934)]:

If

G =[I* 4, )
iel
then every subgroup U of the group G is the free product of sub-
groups conjugate in G (see 11.7.4) to subgroups of the free factors
A; and some free subgroup.

In order to give a more explicit form of this theorem, we
introduce the following concept. The elements x, ye G are
called equivalent with respect to the double module (4;, U).if

y=axu, aqe€Ad, uecl.

Because 4; and U are subgroups, we obtain a partition of the
group G into non-intersecting classes of the form A;xU, which
we will call the decomposition (A4,, U); each class 4;xU is called
a double coset.

We note that if D is a double coset of the decomposition
(4;, U), then D, together with each of its elements x, also contains
the whole left coset xU, i.e. it consists of several left cosets with
respect to U.

The expanded form of the theorem on subgroups is as fol-
lows:

If (5) holds and U = G, then in all the double cosets D of each
of the decompositions (4;, U), ie I, we can so choose the individ-
ual representative

s =s(i, D),
that

U= [JI* (Uns 14s) +F, )
lel,De(4; U)

where F is a free subgroup. It is possible to choose the representatives
here in such a way that for all i eI the identity will be the repre-
sentative of its own class AU, i.e. all the intersections U N A;,
iel, distinct from E, are contained as the free factors in the de-
composition (6).

5. The proof of this theorem, given below, is due to MacLane
[Mathematika § 13-19 (1958)].
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LeMMA 1. There exist choices, depending on i€ l, of systems
of representatives r;(C) in all the left cosets C with respect to the
subgroup U, such that the following requirements are satisfied:

M rU)=1;

Q) if a;e 4;, then ri(a,C) = ayr,(C), where aje A;;

Q) if r(C)=as, where a;c A; (here a; may be equal to
the identity), and s # 1 and the first index j of the element s is distinct
Jrom i, then

r(sU) = rsU) =s.

We will make a choice of representative r;(C) by induction
with respect to the minimal length A(4;C) of the elements of the
double coset 4;C of the decomposition with respect to (4;, U), of
which C is a part. Further we will assume that the following
requirement is also satisfied

@) A(r,(C) <1 +A(4,0).

If M4,C)=0, ie. A,C= A;-1-U= AU, then elements
of A; are contained in C and as r;(C) we choose any of these
elements, taking r(U) = 1. The requirements (1), (2) and (4)
can be verified without difficulty, and in the case under conside-
ration requirement (3) is vacuous.

Now let the double coset D of the decomposition (4;, U)
be such that A(D) =n>=1. If geD and A(g)=n, then
D=A4,gU, and the first index j of the element g is distinct from i,
because otherwise there would occur in the class D an element
whose length was less than n. Because A(4;gU) <n, then, by
the inductive hypothesis, the representative r;(gU) = s is already
chosen, and, by (4), A(s) <n. Because D = A;sU, then
n=A(D)<{A(5) and, hence, A(s)=n, and therefore the first index &
of the element s is distinct from #, where, by the inductive hypo-
thesis (condition (3)), r.(sU) =s.

Now we choose representatives r;(C) for all C which occur
in D. In fact, if C = sU, then we set »;(C) = s; for every other
C < D we choose as r;(C) one of the elements a;s, g; € 4;, con-
tained in C. It is clear that the requirements (2), (3) and (4) are
satisfied, and requirement (1) asserts nothing about the case
n=1.

The lemma has thus been proved. At the same time we have
found that in each double coset D e (4,, U), amongst the repre-
sentatives r;(C) for all the left cosets C occurring in D there is
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precisely one representative s which is either equal to 1, or else
its first index is distinct from i. In fact, this representative is
chosen as s(i, D). Once again we note that for every coset C
occurring in D, the representative r;(C) differs from s(i, D) by
a left factor belonging to A4;.

6. LEMMA 2. The subgroup U is generated by all the elements
r7Y(C)ri(C), where i, je I, and C varies through the left cosets with
respect to U, and by all the intersections UN (s~1A;s), where
s=2s(,D), De (4;, U),iel.

We note first that the representatives r,(C) and r;(C) both
belong to C, i.e. they differ from one another by a right factor
from U, and therefore ry*(C)r;(C)e U.

Now we take an arbitrary element g € G, an arbitrary repre-
sentation of it (not necessarily irreducible) of the form

g=aa,...a,,q.€4,, k=1,2,...,n, )

and any left coset C with respect to U. Then it is easy, by working
from the lower indices to the higher, to verify that the following
equation is valid, which has on its right-hand side the product
of the elements in the square brackets:

r:1(86) g1, (C)=r ' (8C) @, ... 4,1, (C)=
[r;'(gC)-a,-r; (a; ... a,C)] X
XU 1 C)ry,_ (t1ahCN
[t (@0 18,C)-du_yry_ (@, O] X
Iri;l (@0, (@, O [ri, (@, C) a1, (C)].
In each row the first factor has the form
r{(C)r(C).
We consider any of the other factors
x= r,;l(a,‘a,‘+1 o @y C)aery (B yy - a,C),

k=1,2,...,n,

and we show that it is contained in the intersection
UnNns—14,s, where s=s(z‘k,D), De (A,k, U) and C’'cD, where

C'=ay,;...a,C.
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In fact, because
r (@ C)=ays, r(C)= a;kS,

where a;, aﬁkeA,k, then
x = s~ Yap'aay)s € 57 4y, 5.
On the other hand, if C = cU, then
(@@ yy ... @y C)=aya;,q ... aycty, u €U,
e (@ pn oo a4, C)=a ... aycty, u € U,

and therefore x = uylu, e U.
Now we note that if C= U and ge U, then

r,(gC)=r, (C)=1,

and therefore the fundamental equation obtained above reduces
to an expression for g, which proves our lemma.

7. Now let us introduce the symbols [C,i,j] for any i, jel
and any left cosets C with respect to U. We denote by F the
group which has the set of all these symbols as its system of
generators and is given in these generators by the system of
defining relations (see II.7.13), consisting of all equations of
the following types:

@ I[C, L,jI[C,j, k1 = [C, i, k],

(b) [U’ lsj] =1,

© [sU,i,jl=1, if s = s(i, D), and j is the first index of the

element s.

LemMA 3. The group F is a free group.

In fact, from (a) and (b) follows the equation

[C,i,j1=1C,i, kI [C, ), K™%,

and therefore in the system of generators we need only take
symbols [C, i, k] with fixed second index k. The defining rela-
tions in these generators are the equations of the following types:

(a') [Cs ka k] =1,

(b') [U,i,kl=1,

() [sU,i, k] = [sU, j, k], where s = s(i, D) and j is the

first index of the element s.

Finally, by rejecting all the generators equal to 1, and leaving
only one representative in each class of equal generators, we



UNIVERSAL ALGEBRAS. GROUPS WITH MULTI-OPERATORS 155

obtain a system of generators for F which are not connected by
any non-trivial relations, i.e. a system of free generators.

8. With every subgroup U N s~4,s, where s=s(i, D),
D e (4;, U), ie I, we associate the group B;, isomorphic to it,
and we fix a definite isomorphism o,: B;,— (U 0 5714).
On the other hand, with every element [C, i,j] of the group F
we associate the element r; 2(C)r;(C) of the subgroup U. Because,
if we interchange these elements, the equations (a), (b) and (c)
are not violated (see (1) and (3) of Lemma 1), then these define
a homomorphism o of the group F into the group U.

Now, as in 1I1.8.3, we take the group

B= [1* B pF ®)
iel,De(4;,U)

The collection of all the homomorphisms o;, and oy induces, by
I11.8.2, a uniquely defined homomorphism o of the group B into
the group U, which is in fact, by Lemma 2, onto U.

9. Now we consider the fundamental formula of III.8.6, which
gives an expression for the element r;;*(gC)-g-r;, (C). If we replace
every factor on the right-hand side of this formula which has the
form r;{1(C)r;(C) by the corresponding element [C, i, j] from F,
and every factor from the subgroup of the form UNs~! As
by the element of B; , which corresponds to it under the isomor-
phism o;, 5, then we obtain a well defined element of the group B,
which we denote by m(g, C).

LEMMA 4. The element m(g, C) does not depend on the choice
of representation (1) for the element g and has the following prop-
erties:

m(gh, C) = m(g, hC)-[nC,i,j]-m(h, C), %)

where i is the last index of the element g, and j is the first index of
the element h;
ml,C)y=1, (10)

m(g=', C)=m~(g,g7* C). 1n

All these assertions follow without difficulty from the defini-
tion of the element m(g, C). One need only take into account
that the element g has a unique irreducible representation with
repect to the free decomposition (5) and that from one repre-
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sentation of the form (7) for the element g one can go over to
any other such representation by a finite number of the following
transformations and the transformations inverse to them: if
Iy = Ixyq and @@, = a’ € 4, then in (7) the segment a; a; 4y
is replaced by the element &' when a’ # 1 and is rejected when
a =1,

The equation (9) when C = U and g, he U shows, in view
of (6) from III.8.7, that the mapping ~, which relates to every
element g€ U the element m(g, U)e B, will be a homomorphism
of U into B.

LeMMA 5. The product o is the identity mapping of the group
U onto itself.

In fact, from the definition of the homomorphism ¢ and of
the element m(g, C) it follows that

m(g, C)o = r;;1(gC)- g- r, (C), (12)
and therefore for ge U, in view of (1) from Lemma 1,

g(ro) =m(g-U)o =g.

10. LemMA 6. If r = r;(C), then m(r, U) = 1.

We carry out the proof by induction with respect to A(r);
for r = 1 the-assertion of the lemma follows from (10). Let r = ag,
where ae A;, A\(g) = A(r) —1 and therefore either g=1 or
else the first index k of the element g is distinct from j. If j # i,
then by (3) from Lemma 1, r;(C) = r, and therefore, again by
(3) from Lemma 1, it will be true that r;(gU) = g. Hence, by the
inductive hypothesis,

m(g, U) = 1. (13)
Let g # 1. Then, by (9),
m(r, U) = m(ag, U) = m(a, gU)-[gU, j, k]- m(g, U).

However, it follows from j # k (see the last paragraph in III.8.5)
that g = s(j, D), where D = A4;gU, and therefore, by (c) from
111.8.7,

[gU, Js k] = 1.
Hence it also follows from (13) that

m(r, U) = m(a, gU).



UNIVERSAL ALGEBRAS. GROUPS WITH MULTI-OPERATORS 157

This equation is obviously also valid when g = 1. Because,
finally, a€ A;, then, by the definition of the element m(g, C),

m(r, U) = m(a,gU) = [rj *(rU)-a-r;(gU)]o;}p =
(r-lag)o;p=1.

11. LemMmA 7. The product ov is the identity mapping of the
group B onto itself.

It is sufficient, in view of (8), to find the images under ot
for the elements of the form [C, i,j] and for the elements of the
subgroups B p.

If b= [C,1i,j], then

b(o7) = (bag)t = [r7 1 (C) 1y (O)] .

We set r,(C) =r, r;(C) = r, and we denote first indices of these
elements respectively by k£ and k,. Then, since r~1 roe U and
because of (9),

bler)=("royr=m(r " 'r,, U) =
m@r=%, r,U)[roU, k, ko)m(re, U).
But, by Lemma 6 and (11),
m(r, U) =1,
mE~ L) =m Yr,r - r,U)=m(r, U)=1
and therefore, because r,U = C,
b(ot)=1[C k, k,].

If k=i, ky=j, then b(ot) =0b. If ky+# j, then, because
ro=r,(C), ry=s(j, D) for the corresponding D. Therefore, by (c)
from IIL.8.7, [r U, j, ko] = 1, and then, by (a) from IIL.8.7,

b(GT) =[G, k, k)] ={C, k, jl[C, j, k)] = [C, &, j].

If, finally, k # i also, then similar reasoning enables us to replace
k by i, ie. again b(o1) = b.
Now let be B;p. Then

bo = bo;,p = s~ as, 14
where a € 4;, s = s(i, D). At the same time b € U, and therefore
asU = sU. (15)
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Hence, because of (9), if we denote by j the first index of the
elements s,j # i,
b(ot) = (s~ as)T = m(s~ as, U)=
m(s~Y, asU)-[asU, j, i]-m(a, sU)-[sU, i, j]-m(s, U).
But, by Lemma 6 and (11)
m(s,U)y=1,
m(s~2, asU) = m~ (s, s7YasU) = m~ (s, U) = 1.
On the other hand, by (c), (a) and (2") from IIL.8.7 and (15),
sU,i,j1=1,
lasU,j, iy =[sU, j, i]= [sU,j, i7"t = 1.
We obtain, because of (14) and (15), that
b(o7) = m(a,sU) = {r; Y (asU)- a- ry(sU)]o;;p= (s~ *as)e; p = b,
which is what we were required to prove.

12. From Lemmas 5 and 7 it follows that each of the mappings
¢ and 7 is an isomorphism between U and B. Because of (8),
these, the definition of ¢ and Lemma 3 prove the basic assertion
of the subgroup theorem. Its second assertion is proved by the
choice of the representative s(i, D) in IIL8.5.

Because every subgroup, conjugate in some group to a sub-
group of an infinite cyclic group, is itself an infinite cyclic group,
and the free product of free groups will itself be a free group,
then from the theorem we have proved follows

THE NIELSEN-SCHREIER THEOREM. Every subgroup of a free
group distinct from the identity subgroup is itself free.

13. We note the following obvious property of free products:

If

G =[T"4, (16)
iedJ
and
Ai"_‘].—I*Aij’ iel,
jed;
then

6= II" 4;. an
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The free decomposition (17) is called a refinement of the
decomposition (16).

Two free decompositions of the group G,

G=II"4F,=[I"B+F,
tel, jelJ
are called isomorphic, if F, and F, are isomorphic free groups,
and if we can establish between the free factors 4; and B; a one-one
correspondence such that corresponding factors are conjugate
in the group G.

The following theorem is true [A.G. Kurosh, Math. Ann.
109, 647-660 (1934); Baer and Levi, Comp. Math. 3, 391-398
(1936)]:

Any two free decompositions of an arbitrary group have iso-
morphic refinements.

In fact, if

6=IT"4=1IT"5, (18)

icl jelJ

then, by applying the subgroup theorem, we obtain

B; = I[I* Bns4s)=F, s=sGD), jeJ;
lel,De(4;,B))
A4;= H* (Aint-lBjt)*Fi’s t=s(j, D, iel.

Jen DB 4

These determine refinements of the free decompositions (18),
and we wish to prove that they are isomorphic.

We fix a pair of indices i€ I, jeJ and we note that if
De (4,,B;), then the totality D~ of elements inverse to all the ele-
ments of D will be a double coset of the expansion (B;, 4;), and in
this way we establish a one—one correspondence between the
classes of the two given expansions. We will prove that the sub-
groups B; Ns~'4,s and A4;N¢"B; tare conjugate in G, where
s =8, D), t = s(i, D™Y). Because

D= B;jtd; = (A4;5B))~* = B;s™4,,
then
t==>b;s"'a;, byjeB;, ae€Ai;.
Therefore
A;Nt71B;t = A; Na; 1sb; 1B;b;s™ra; =
A;Na;lsBjs~la; = ay ls(s~14;s N By)s™a;.
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To complete the proof it remains to note that the normal
subgroup generated in a group by some system of subgroups is
not altered if each of its subgroups is replaced by a subgroup
conjugate to it, and then to make use of the following property
of a free product:

If G=A*B and A generates a normal subgroup A in G,
then B is isomorphic to the factor group GJA.

In fact, the normal subgroup A consists of those elements
of G, and only those elements, for which the product of the
elements of B which occur in their irreducible representations
(preserving their relative order) is equal to 1. From this it follows
that every coset of G with respect to A contains precisely one
element of B.



CHAPTER FOUR

LATTICES

§ 1. Lattices, complete lattices

1. The parallelism between the theory of groups and the theory
of rings causes us to introduce into algebra, together with the
concept of an Q-group, several other concepts also. One of these,
the concept of a lattice, is prompted by the fact that both the set
of all subgroups or all normal subgroups of a group, and the set
of all subrings or all ideals (two-sided, left or right) of a ring
are partially ordered by set-theoretical inclusion, and this partial
ordering has certain additional properties.

A partially ordered set S is called a latticet if it satisfies the
following two conditions:

I,. For every pair of elements a, b € S there exists an element
c=anbin S, the intersection of the elements ¢ and b, such
that

c<a, c¢<b,

where if some element ¢’ also has the property ¢'<a, ¢'<b,
then c¢'<e.

I,. For every pair of elements a, b € S there exists an element
d=alb, in S the union of the elements ¢ and b, such that

d>za, d>=b,

where if some element 4’ also has the property d’'>a, d'>b,
then d'>d.

It is clear that both the intersection aNb and the union
aUb of the elements g and b are defined uniquely. It is also
clear that a partially ordered set inverse isomorphic to a lattice

T also called a structure; in fact Kurosh (and other Russian writers)
use this term, but it seemed preferable to replace it by the more usual term
‘lattice’ (Ed.).

161
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(see 1.4.6) will itseli’ be a lattice, where the concepts of inter-
section and union are dual to each other (see 1.5.5).

We see that we can speak of the lattice of subgroups and the
lattice of normal subgroups of some group G, and also of the
lattice of subrings, the lattice of ideals, the lattice of left (right)
ideals of some ring R. In all these cases the intersection of the
subgroups (or subrings) 4 and B is their set-theoretical intersec-
tion 4 N B, and the part of the union is played by the subgroup
(subring) {4, B} gepoerated by these subgroups (subrings). In
general, we can speak of the lattice of subalgebras of a given
universal algebra, and also of the lattice of Q-subgroups and of
the lattice of ideals of a given Q-group.

We will mention some other examples of lattices. Thus, all the
subsets of a set M form a lattice with respect to set-theoretical
inclusion, where the intersection and union have the set-theoretic-

al meaning; this lattice of subsets M will be used in what fol-
lows.
Every linearly ordered set L is a lattice, where if a, be L and
a<b, then
alb=a, ablb=>h.

The set of all natural numbers will be a lattice, if as the relation
of order we take the relation of divisibility. The part of the inter-
section is played here by the greatest common divisor, and the
union will be the least common multiple.

2. Lattices can be regarded as special cases of universal alge-
bras. In fact, the concept of a lattice can be defined without the
use of partial ordering, merely by means of the properties of the
binary operations of intersection and union:

The set S with two binary operations ab and al b will be
a lattice if and only if these operations satisfy the following identical
relations:

II;. ana=a, ala=a,;

I, aNnb=5b6Na, aUb=>bUa;

II;. @nNb)Ne=an@®nec), (@UbUc=al (BUc);

I,. an(aUb)=a, al (anNb)=a.

We suppose first that we are given a lattice S, i.e. that the
operations aNb and aUb are defined by the conditions I
and I,. Then it is obvious that the properties II; and II, are satis-
fied. We will verify the property 1I,, for instance for intersection.
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Because, by I,
@nb)Ne<anb<Ka,

@nbd)Ne<<anb<d,
@nb)ne<e,
then, again by I,
(@anb)ne<Lbne,
(@anb)ne<an (bnc).
Analogously,
anney<@nb)ne,
and therefore II; holds.
In addition, it is clear, by I, that
aN(@ub)<a;
however, a <a and, by I,, a<<aUb, and therefore, by 1,
a<an (aUb).

From this it follows that II, is true.
Now suppose that we are given a set S with two binary opera-
tions which have the properties II,-1I,. If a, be S, then the

equations
aNb=a, alUb=0»b ¢))

are either both satisfied or neither is satisfied.
In fact, if @ N b = a, then, by II, and II,,

aUb=(anb)Ub=hb;
if, however, aU b = b, then, by II,,
aNb=aN(@uUb)=a.

If the equations (1) hold for the elements @ and b, then we
set @ < b. This introduces a partial ordering into the set S. In
fact, @ <a because of II,. Further, if a<{b and b<c, ie.
aNb=a, bNc¢=>b, then, by virtue of Ii,,

aflc=(@NbhNc=an(bNc)y=aNb=a,

i.c. a<<c. Finally, if a<<b and b <a, ie. aNb=gqa, bNa=0>,
then, by 1II,, a = b.

We will show that condition I, is satisfied. From
(@anb)Na=an(@nb)=(@nanb=anb it follows that
anb<a.
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Analogously, a N b <b. If, however, we take an arbitrary ele-
ment ¢’ in S, satisfying the conditions ¢’ <<a, ¢’ <b, ie.
¢c’Na=c, c'Nb=c¢" then

cN@nb)=({'Nanb=c'Nb=c,

whence ¢’ <{a N b. The element a N b is thus the intersection
of the elements a and b in the sense of condition I;. Analogously,
we can prove that the element aU b will be the union of the
elements @ and b in the sense of condition I,.

3. The second definition which we have obtained of the con-
cept of a lattice shows that lattices form a primitive class of uni-
versal algebras with two binary operations (see II1.6.3). This
definition must be regarded as the fundamental one, as follows
from the definitions introduced below of sublattices and the iso-
morphic embedding of lattices.

In fact, a subset T of the lattice S is called a sublattice of this
lattice if it is a subalgebra of the lattice .S, regarded as a universal
algebra in the sense of the definition in IV.1.2. In other words, T
contains, together with all its elements @ and b, their intersection
aNb and their union @ U b, understood in the sense of the
operations in the lattice S, i.e. T itself is a lattice with respect
to the operations defined in S.

It is necessary to take into account that a subset T of a lattice
S may be a lattice with respect to the partial ordering which is
induced in T by the partial ordering given in S, and yet not be
a sublattice in the sense of the definition given above. Thus,
although in the lattice of subgroups of the group G the ordering
is set-theoretical, yet this lattice need not be a sublattice in the
lattice of all subsets of the set G, because the unions in these two
lattices have different meanings. Analogously the lattice of sub-
rings of the ring R will not be a sublattice of the lattice of sub-
groups of the additive group of this ring.

The lattice of normal subgroups of the group G is a sublattice of
the lattice of all subgroups of this group, as was proved in I1.7.5.
In general, from what was said in I11.2.4 it follows that the lattice
of ideals of the Q-group G will be a sublattice both in the lattice
of all Q-subgroups of this Q-group, and in the lattice of subgroups
of its additive group.

4. A one-one mapping ¢ of the lattice S into the lattice S’ is
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called an isomorphic mapping or an isomorphic embedding of S
into S’ if for any a,be S

@nbo=apnNbp, (aUb)p=aplbyp.

In other words, this will be an isomorphism of lattices, regarded
as universal algebras (see IIL.1.5).

An isomorphic embedding ¢ of the lattice S in the lattice S’ is
an isomorphic embedding of S in S’ in the sense of the isomorphism
of partially ordered sets (see 1.4.4). In fact, let @, be S. If a<b,
ie. anNb=a, then

(and)e = ap Nbp = ayp,

whence ap < bp. By carrying out this reasoning in the reverse
order and using the fact that the mapping ¢ is one-one, we find
that from ap < by it follows that a<Cb.

The examples given above show that the converse does not
hold: if we are given the partially ordered sets S and S’ and if ¢
is an isomorphic mapping of S into S’, then in the case when S
and S’ are lattices, ¢ need not be an isomorphic mapping of the
lattice S into the lattice S’. The position will, however, be dif-
ferent, if we are considering isomorphic mappings of S onto S':

If we are given the lattices S and S’, then every isomorphic
mapping of S onto S’, understood in the sense of the partial order-
ing, will be an isomorphic mapping of the lattice S onto the lattice S’.

In fact, if a, be S, then from anNb<a it follows that
(@nb)p <ap; analogously, (aNb)p<bp. If, however, the
element ¢’ € §’ is such that ¢’ <<ap and ¢’ < by, and if ¢ is the
element of S for which cp = ¢’, thenc<<aand c< b, ie. c<<anb,
whence cp <<(anNbd)p. This proves that

(@anbye =ap Nbep.

We carry out the proof for the union in the same way.

We note that we can also apply to lattices the concept of
a homomorphism and in general everything which relates to
arbitrary primitive classes of universal algebras; in particular,
in connection with II1.7.2, there is a meaning for the concept
of a free lattice on a given set X of free generators.

5. As follows from 1.2.1, the binary relations on the set M
form a lattice which coincides with the lattice of all subsets of the
set MX M. The equivalence relations on the set M also form
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a lattice, as was proved in 1.3.3. This lattice of equivalence relations
is not, however, a sublattice of the lattice of binary relations.

* Every lattice can be isomorphically embedded in the lattice
of equivalence relations, defined in some set [Whitman, Bull,
Amer. Math. Soc. 52, 507-522 (1946)].

The lattice of equivalence relations, defined in an arbitrary
given set, can be isomorphically embedded in the lattice of sub-
groups of some group [Birkhoff, Proc. Camb. phil. Soc. 31,
433-454 (1935)).

Thus every lattice can be isomorphically embedded in the
lattice of subgroups of some group.*

6. Many of the lattices mentioned above—the lattice of subsets
of a set M, the lattice of subgroups of a group G, the lattice of the
subrings of a ring R (and, in general, the lattice of Q-subgroups
of an Q-group G), the lattice of equivalence relations in a set
M—have the property that the intersection and union are defined
not only for two and therefore, by associativity, for any finite
number of elements, but also for any infinite subsets. In other
words, these lattices are complete lattices in the sense of the
following definition:

A partially ordered set S is called a complete lattice if for any
non-empty subset 4 < S there exist elements ¢ and 4 in S with
the following properties:

1;. For all ae A4 the inequality ¢ <a is satisfied, and if some
element ¢’ also satisfies the condition ¢’ < a for all ae 4, then
' <ec.

I,. For all a € A4 the inequality d>> a is satisfied, and if some
element d’ also satisfies the condition d'>a for all ae 4, then
dz=d.

The uniquely defined elements ¢ and d are called respectively
the intersection and union of the elements of the subset 4. They
will be written in the following way:

c=(a, d=Ua

acd acA

or, if the elements of 4 are denoted by a,, where the index «
varies over some set M,

c=Na, d=U a,.

acM aeM

It is clear that a complete lattice is also simply a lattice.
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7. The intersection of all the elements of a complete lattice S
is called the zero of this lattice and will be denoted by the symbol
0. This element is uniquely defined by any of the following three
conditions: for all ae S

1) 0<a; 2) 00a=0; 3) OUa=a.

The union of all the elements of a complete lattice is called
the identity element of this lattice and will be denoted by the
symbol 1. This element is uniquely defined by any of the following
three conditions: for all ae S

1) 1za; 2) 1Ua=1; 3) lNa=a.

A zero and an identity element (or one of them) may obviously
also be possessed by lattices which are not complete.

The part of the zero and of the identity element in the lattice
of subgroups of a group G are played, respectively, by the identity
subgroup and the group G itself, in the lattice of subrings of the
ring R by the zero-subring and the ring R itself, in the lattice
of subsets of a set M by the empty subset and the set M itself.
In the lattice of natural numbers, ordered by divisibility, and
also in the chain of natural numbers with their natural ordering,
the zero is the number 1, but the identity element does not exist.

8. A partially ordered set S will be a complete lattice if and only
if it has an identity element and if there exist in it the intersections
of any non-empty subsets.

For the proof we only need show that if the identity element
and all the intersections exist in .S, then the unions also exist.
Let A be a non-empty subset of S. In S there exist elements b
such that b >a for all ae€ 4 ; in every case 1 is such an element.
Let B be the non-empty set of all these elements b, and d their
intersection,

d=(b.

beB

We will prove that d is the union of the elements of the sub-
set A. In fact, if ae A then a<<b for all be B, and therefore
a<d. On the other hand, if the element s S is such that s>a
for all ae 4, then se B, and therefore d<s. Thus

d= U a.

acA
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Because the property that a partially ordered set bis a complete
lattice (like the property of being a lattice) is preserved under
inverse isomorphism (see 1.4.6), in the theorem just proved we
could require the existence of the zero and the unions of all non-
empty subsets.

* We will call the mapping ¢ of the partially ordered set M
into the partially ordered set N monotonic if, for a, be M, from
a < b it always follows that ap < bg. A lattice S will be a complete
lattice if, and only if, for any monotonic mapping ¢ of the lattice
S into itself there exist fixed elements, i.e. elements a such that
ap = a [Tarski, Pacif. J. Math. 5, 285-309 (1955); Davis, Pacif.
J. Math. 5, 311-319 (1955)].*

9. In 1.4.5 we proved that every partially ordered set M can be

isomorphically embedded in the complete lattice M of all its
subsets. Now we wish to prove the following theorem:

Every lattice can be isomorphically embedded (in the sense of
the isomorphism of lattices, see 1V.1.4) in a complete lattice.

This theorem follows, however, from this next assertion,
which is a stronger form of the theorem in 1.4.5:

Every partially ordered set M can be isomorphically embedded
in some complete lattice S, and in such a way that for every subset
A € M, for which there exist an intersection and a union in M,
they are preserved under this embedding o, i.e.

(Na)e=Nap, (Ua)e=U ap. @
acA acAd acd acA

It is clear that the inclusion of M in M , constructed in 1.4.5,
does not satisfy the requirements which we have imposed. We
proceed in the following way. We will assume, first of all, that
the set M has a zero 0, because otherwise it could be adjoined
to M. We will call a non-empty subset X = M an ideal in M
if: (1) X contains together with each of its elements x also all
elements y € M such that y <{x; (2) for every X’ = X for which
there exists a union in M, this union is contained in X.

The set S of all ideals of the set M is partially ordered by set-
theoretical inclusion. Because S has an identity element— M will
obviously be an ideal in itself—and because the set-theoretical
intersection of any set of ideals contains zero and satisfies all the
requirements which occur in the definition of an ideal, then the
set S will be, by IV.1.8, a complete lattice.
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For any element a € M the set (a) of all elements b € M such
that b<a will be an ideal; this is the principal ideal generated
by the element a. By associating with every a € M the principal
ideal (a) generated by it, we obtain, as in I.4.5, an isomorphic
embedding ¢ of the partially ordered set M in the complete lat-
tice S.

Now we suppose that for the subset 4 = M in M there exists
an intersection

c=a.

acA

Then c¢<a and therefore (c¢) = (@) for all ae A. If, however,
the set-theoretical intersection of all the principal ideals (a),
ae A, contains the element x, then x < a for all ae 4 and there-
fore x <c. Thus,

© =N @,
ac4

which proves the first of the equations (2).
Finally, suppose that for the subset 4 = M there exists in M
the union
d= U a.

acd

Then (d) 2 (a) for all ae A. If, however, some ideal X contains
all the elements a € A, then, by the definition of an ideal, it also
contains their union d, and therefore (d) < X. Thus,

@ = U (.
acd
This also proves the second of the equations (2), i.e. it completes
the proof of the theorem.

The reader can verify without difficulty that the construction
used in this proof, when applied to the ordered set of rational
numbers gives essentially the usual completion of the system of
rational numbers by Dedekind sections.

10. This partially ordered set S will be a complete lattice if and
only if S has a zero and if every ideal in S is principal.

In fact, if S is a complete lattice, then for any ideal X there
exists a union a of all its elements, where, by virtue of the defini-
tion of an ideal, a € X, and therefore X = (a). Conversely, sup-
pose that in the partially ordered set S there exists a zero and
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every ideal is principal. In particular, S itself will be a principal
ideal, and therefore there exists an identity element in S. If, how-
ever, A is a non-empty subset of S, then the totality X of all elements
x e S such that x<{a for all ae 4 contains 0 and is an ideal.
This ideal must be principal, X = (b), and the element b will
be the intersection of the elements of the subset 4. In view of
1V.1.8, S is a complete lattice.

Thus, the application to a complete lattice of the construction
used in the preceding paragraph cannot give anything new.

§ 2. Modular lattices

1. Of the axioms II,—II, which define a lattice (see IV.1.2),
only axiom II, connects intersection and union. This connection
is very weak. Some lattices, for instance the lattice of all subsets
of a set, satisfy in addition the distributive condition

anN(bUc)y=(@nb)U(ahc) )

(see 1.1.1). Lattices which satisfy this condition for any a, b
and c are called distributive and will be studied in § 6 of the present
chapter. However, the lattice of normal subgroups of a group
and more generally the lattice of all subgroups, as a rule, are not
distributive.

The desire to single out as far as possible the narrow class of
lattices to which belong the lattices of normal subgroups of arbi-
trary groups (although not necessarily the lattice of a11 subgroups)
leads us to the following definition:

A lattice S is called modular (or a Dedekind lattice) if for
any a, b, ce S satisfying the condition a = b the equation

an®uUc)y=>bU(aNc) )
is satisfied.

Every distributive lattice is modular, because from a2b it
follows that anb = b and therefore with the condition a==b,
(2) follows from (1).

Every-sublattice T of a modular lattice S (see 1V.1.3) is itself
modular, because equation (2) must be satisfied, in particular, for
the elements a, b, ¢ € T which satisfy the condition a > b.

The property of being modular is obviously preserved under
the isomorphism of lattices. On the other hand, a lattice inverse
isomorphic to a modular lattice is itself modular, because, if
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we replace the symbol > in the definition of a modular lattice
by the symbol <{and interchange the symbols Nand U , we arrive
at the same definition simply with the letters @ and b interchanged.

2. The lattice of all normal subgroups of an arbitrary group is
modular.

In fact, suppose that in the group G there are given the normal
subgroups 4, B, and C, where 4 = B. Taking into account
(1) of 111.4.1, we need to prove that

ANBC=B(ANC). ?3)

Because B < 4 and B < BC, B is contained in the left~hand

side of equation (3). 4 N Cis also contained in it, because C = BC.
From this follows the inclusion

ANBC =2 B(ANC). @

On the other hand, any element contained in the normal subgroup
ANBC is an element ae 4, which at the same time can be
written in the form

a = bc, &)
where be B, ceC. Hence ¢ =b"lage A, because B S 4, ie.
ce(dnC).

Therefore, because of (5), every element of the left-hand side
of equation (3) is contained in its right-hand side, which, together
with the inclusion (4), proves this equation.

The ideals of an arbitrary Q-group form, by what was said
in 111.2.4, a sublattice of the lattice of normal subgroups of the
additive group of this Q-group, i.e. they form a modular lattice.
From this it follows that the lattice of all ideals of an arbitrary
ring will be modular.

We note that the lattice of all subgroups of a non-commuta-
tive group, as a rule, is not modular.

3. There exist many different definitions of a modular lattice,
equivalent to that given above. We will mention some of them.
A lattice S will be modular if, and only if, for any a, b, ce S

aNf@anb)Ucl=(anbyu(anc). ©)
In fact, if the lattice S is modular, then, because a=>anb,
(6) follows from (2). Conversely, if the condition (6) is satisfied

in the lattice S, then for a>>5 (2) follows from (6), because in
this case aNb = b.
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We see thus that the modular lattices form a primitive class
of universal algebras.

4. The lattice S is modular if, and only if, from the fact that
the elements a, b, ce€ S satisfy the conditions
a<bh, aNc=bNe, aUc=D>bUc, @)

it follows that a = b.
In fact, if the lattice S is modular and the elements a, b, ¢
satisfy the conditions (7), then
a=al@Nc)=al@nc)y=bN@bUc)=bn(BUc)=5>.

Now suppose that the premises of the converse assertion
are satisfied and suppose that we are given the elements a, b, ¢
in S, where a>=b. It is easy to verify (see the derivation of the
inequality (4)) that, whatever the lattice S may be, from a>b
it follows that

anbuc)=bV(anc). ®)
At the same time
[anuolnec=andUc)Ncl=anNc, ©)]
and because when a>b
azbU(ano),

then
aNczbU@neolnNcz(@ncNe=aNc,
ie.
bu@neolnec=anec. 10)
From (9) and (10} it follows that when a>=b
[an@Uolne=phuU@nc)nec. e3))

By going from equation (11) to the dual equation, i.e. by inter-
changing the symbols N and U, and also by changing the places
of the letters a and b, we obtain

[an(U)Ue=[U(@nc)]Uec, (12)

where the inequality a > 5 is kept, because the symbol > has
also had to be replaced by <. We see that (8), (11) and (12)
have the form of the conditions (7), and therefore, by our hypo-
theses, when a > b, equation (2) holds, which was what we were
required to prove.
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5. It would be possible to carry over to the theory of modular
lattices the properties of invariant and principal series of Q-
groups, which we know from IIL.4.7. We will not do this com-
pletely, but will limit ourselves to the results which are necessary
for what follows.

Suppose that we are given a modular lattice S which has
a zero and an identity element. An ordered finite system of ele-
ments,

O=aq<a<a< ... <g_<a, =1, 13

is called @ normal series of this lattice t; the number k is called
the length of this series. The normal series

0=b0<bl<b2<"'<bl—1<bl=1’ (14)

is called a refinement of the series (13) if every element g,
i=0,1,...,k,is equal to one of the elements b;, 0 <j< 1.

6. Every two normal series of a modular lattice S have re-
finements of the same length.

Suppose, in fact, that we are given in S the arbitrary normal
series (13) and (14). To some extent repeating what we did in
111.4.5, we set

au = aiU (a,-+lﬂbj), i= 0, 1, csey k_“ ]., j=0, 1, ...,l;

by=0bUBy+Na), j=0,1,...,1—1,i=0,1,..., k.
Because

G = a;, Gy = i+
and
a;; < i j+15 J =0,1,.., -1,

then the elements a;; form a normal series possibly with repetitions,
which is a refinement of the series (13). Analogously, the elements
b;; form a refinement of the series (14). These two new series
have exactly the same length k/, and therefore it remains to show

that they have an equal number of repetitions.
In fact, let

Qij = Gi,j 41 15)

T This is the accepted terminology used here, although it would be
more systematic to speak of invariant series.
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By using successively the definition of the element g; ;. ,, equation
(15), the inequality a;; <a;,,, the definition of the element ay
and, finally, definition (2) of a modular lattice together with
the inequality ;.4 N b; < b;,;, we obtain:

A1 Nbyy=ai 5.1 N @1 0Dy ) =a; N (@1 Nbyyy) =
Ay 0 by =[aV (@ NOYINDy .,y =
(a,ﬂbj+1)U(ai+1ﬂbj).

This result together with the definition of the elements b;; and b; ;
and the obvious inequality @;,, N b; << b; reduces to the equations

bji = bjU (by 410 a) = b; U (By41 Na) U (a4, NBy) =
bjU(ai 1 Nbj 1) =bjis1.

We have proved that the repetitions in the refinements of the
normal series (13) and (14) which we have constructed are in
one-one correspondence, i.e. they can be removed simultaneously.
The theorem has thus been proved.

7. We will say that a principal series of a modular lattice is
a normal series which cannot be refined without repetitions.
As in II1.4.6, from the theorem proved above follow these results:

If a modular lattice has principal series, then all its principal
series have the same length,

If a modular lattice has principal series, then each of its normal
series can be refined to a principal series.

From this it follows that every sublattice T of a modular
lattice S, which has principal series, will itself have principal series.
In fact, if the principal series of the lattice S have length k, then
the lengths of chains in the sublattice T cannot exceed k. If

<< . e <0y, (16)

is one of the chains of maximal length contained in 7, then ¢,
and ¢; will be respectively the zero and the identity element of
the lattice T, and (16) will be one of the principal series of this
lattice.

8. The results obtained enable us to give yet another defini-
tion of a modular lattice:

A lattice S is modular if, and only if, in each of its sublattices
which has principal series all the principal series have the same
length.
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In fact, if the lattice S is modular then it is sufficient to refer
to IV.2.1 and IV.2.7. If, however, the lattice S is not modular,
then from IV.2.4 there follows the existence in S of elements
a, b, ¢ such that conditions (7) are satisfied, but a # b. It is easy
to verify that under these conditions the elements a, b, ¢, aNc¢
and a U ¢ form a sublattice of the lattice S, and the last two
elements are respectively the zero and the identity element
of this sublattice. The sublattice constructed has, however, two
principal series of different lengths, namely the series

aNc<a<b<alc,
alNc<c<alec.

9. A modular lattice S has principal series if and only if it
satisfies the ascending and descending chain conditions (see 1.5.1
and L5.5).

In fact, if the modular lattice has principal series of length %,
then the length of its normal series cannot exceed k. However,
every finite chain of the lattice S, after the addition, if necessary,
of the zero and the identity element, reduces to a normal series
of this lattice. This proves that there can be no infinite chains
in S.

Conversely, suppose that in S the ascending and descending
chain conditions are satisfied, and therefore also the conditions
equivalent to them (see 1.5.1). In view of the minimal condition
there exist minimal elements in S, and because the intersection
of two minimal elements must coincide with each of them, then
in fact there exists only one such element in S; it will be the zero
of our lattice. Similarly, there also exists an identity element in S.

If aeS and a % 1, then in the non-empty set of elements
x such that x > a there exists minimal elements, i.e., as one says,
elements which cover the element a. By using the axiom of choice,
for every a, a # 1, we can select one of the elements covering
it; we denote it by a’. The chain

O=ag,<a <a,<..<a,<.., 17
where
a,=a,_,, n=12, ..,

by hypothesis must break off. Hence, there exists an » such that
a, = 1, i.e. the chain (17) will be a principal series of the lattice S.
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10. If we take the elements @ and b in the arbitrary lattice S,
where @ > b, then the totality of elements x such thata > x > b
will be a sublattice in S, which has b as its zero and a as its iden-
tity element. We denote this sublattice by a/b.

If we take the arbitrary elements a and b in the modular lattice
S, then the sublattices (aUb)ja and b/(aNb) are isomorphic.

In fact, if xeb/(anb), ie. .

anNb<x<b,
then we set
xp =xVUa.
It is clear that a < xp <aUb, ie. xpe(aU b)/a.

If there were to exist an element y, a N b <y < b, distinct
from x, such that yp = xp, then the element z = x U y would
be known to be distinct from at least one of the elements x, y,
for instance from the first, i.e. z > x. However,

anb<z<h,

and therefore, because ala = a,
zUa=xUyla=xUgUrUa)=xpUyp =xp=xVUa,
zNa=aNb=xNa,
which contradicts the fact that the lattice S is modular, because of

Iv.2.4,
On the other hand, if x"e(aU b)/a, i.e.

a<x'<alb,

then, since the lattice is modular,
¥ =(@Ubnx =al@dnx),
and because
anNb<bnx' <b,

then

X =®bBnx).

The mapping ¢ is a one-one mapping of the sublattice

b/(a N b) onto the whole sublattice (aU b)/a. We will prove that
this mapping is an isomorphism. If x, y €eb/(a N b), then from

x < y it follows that xUa <y Ua, ie. xp << yp. On the other
hand, if xp < yp, i.e. xUa < yUa, then

xUpyp)la=xUagU(VUag =ylUa,
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i.e. (xUy)p = yp, whence, because the mapping ¢ is one~one,
xUy=y,ie. x <y. Now it only remains to apply the last re-
sult of IV.1.4.

11. Suppose that the modular lattice S has principal series.
Then for any aeS the sublattice ¢/0 will also have principal
series; we denote the length of these series by /(a).

For any elements a and b of the modular lattice S which has
principal series, the equation

@V b) = I(a) + I(b) — I(a N b) (18)
holds.

In fact, we proved above that the sublattices (a U b)/a and
b/(a N b) are isomorphic. Their principal series thus have the same
length. However, for the first sublattice this length is equal to
the number l(aU b)—I(a), and for the second to the number
I(by—I1(a N b).

§ 3. Direct unions. The Schmidt-Ore theorem

1. In the theory of groups one construction is very useful;
it is called the direct product of groups or, in the case of the addi-
tive notation for the group operation, their direct sum. In the
theory of rings an analogous part is played by the two-sided
direct sum of rings. The study of these concepts leads to completely
parallel theories, which are in fact special examples of one theory,
related to modular lattices. In fact we will make our study in
this more general field, and in the following section we will supple-
ment it with remarks relating especially-to groups, rings or
Q-groups.

2, Suppose that we are given a modular lattice S, which
has a zero. An element ae S is called the direct union of the ele-
ments by, b,, ..., b, €S and will be written in the form

a=b xXbyX...xXb, ¢))
f a is the union of these elements
a=bUb,U...Ub, )
and if for i=1,2, ...,k
(b, U ...Ub;_Ub, U...Ub)Nb,=0. 3)

If the lattice S is complete (see IV.1.6), then we can also
define an infinite direct union: the element @ will be the direct
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union of the elements b;, where i varies through some index set
I if

a=\J bi 4
iecl
and if for all ie I
bi ﬂ Ei = 0, (5)
where
E == U bj.
jel,j#1

3. We begin with the study of the fundamental properties
of direct unions in a modular lattice .S with zero. We will limit
ourselves here to the case of finite direct unions. The fact that
the lattice S is modular, which played no part in the actual de-
finition in 1V.3.2, will now be used fundamentally in many places.

In the definition in 1V.3.2, condition (3) can be replaced by
the following condition, which is equivalent to it.

(blU...Ub,-_l)nbi=0, i=2, 3,...,k. (6)

It is clear that (6) follows from (3). To prove that (3) follows
from (6), we will prove by induction on / that the intersection
of each of the [/ elements b,, b,, ..., b;, 2< 1<k, with the union
of the remaining /—1 elements of this system is equal to zero.
In fact, for /= 2 this assertion follows from (6) when i = 2.
Suppose that our assertion is true for /— 1. From (6) follows
the equation

(b]_U ...Ub,_]_)ﬂb,“—:(). (7)
If, however, j </, then the application of the inequality

by <bU..Ub_y,

of the fact that the lattice S is modular of equation (7) and of
the inductive hypothesis gives

(b U...Ub;_yUb;j,,U...UB)N b=
[(ByU ... Ub;_yUb;, U ...Ub_)UB]N
(ByU ... Ub,_) N b=
(B U...Uby_1Ub;, U ...Ub_)Nb;=0.

Our assertion is thus proved for all /, and so also for the number
I = k, which reduces to the condition (3).
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4. By using condition (6), the reader can immediately prove
the following properties of a direct union:

If a=DbyXbyX...xXby and byUb,U...Ub =c, 1<k, then
a=cXb X .. Xbyg.

If a=0b,xXbyX...Xb, and by = c;X¢yX ... X¢;, then a =
XX . XX by X ... Xby.

Taking into account that in the definition in IV.3.2 the num-
bering of the elements b,, by, ..., by is of no importance, and
by applying the second of the assertions just mentioned several
times, we arrive at this result:

If
a=b;XbyX...Xb ®)

and if the elements b;, all of them or some of them, can themselves
be decomposed as direct unions,

bi———cilxcizx...xci,i, 1<Ii5 i=1,2,...,...,k,

then the element a will be the direct union of all the elements c;;,
1<j<,i=1,2,...,k. This new direct decomposition of the
element a is called a refinement of the direct decomposition (8).

On the other hand, from the definition of a direct union, it
follows immediately that if we take the elements by, b,, ..., b,
I<k in the direct decomposition (8), and we set
byUb,U...Ub, =c,then

c=0b, X by X ... X b.

From this and from the first assertion in this subsection follows
the next result:

If we are given the direct decomposition (8) of the element
a and if the system of elements by, b,, ..., b, is partitioned into
non-intersecting subsystems, then, by replacing each of these sub-
systems by the union of the elements contained in it, we obtain
a new direct decomposition of the element a, for which the de-
composition (8) is a refinement.

'5. Suppose that we are given the direct decomposition (8)
of the element a.lIf the elements b, 0 < b;<b,i=1,2,..,k,
are chosen, andif

a =bUbyU..Ub,
then

a =b xbyx..xb. )]
If b; < b; for at least one i, then a’ < a.
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In fact, for i=1,2,...,k
GLU ... UB_ UBL, U ... UB)NBI<
(bl u en U bi_]_U bi+1U cee U bk) nb‘ = 0,

which proves the assertion (9). On the other hand, if &' =a,
then, by using the fact that the lattice S is modular, we obtain
fori=1,2,...,k:

by=bNa=b0ad=>5n0GUbU..Ub)=
biU [b;N B}V ...U B, _LU b}, U...Ubp] = b},
because
bn (U ...Ub;_ Ubj U..Ub)<
BN (b U ...Ub;_yUb;,U...Ub)=0.

6. If a=>bxc and the element a' satisfies the conditions
b<a <a, then
a =bx(a nNc).

In fact, because the lattice is modular
ad=adNa=a0GUc)=>bU(d'Nc).
On the other hand,
bn@ne)Lbne=0.

7. We note that if a modular lattice S has principal series
and if a=bxXc, then, by (18) from IV.2.11,

I(a) =1(B) 3+ 1(c). (10
In general, if a = b, X b, X ... X b, then
Ha) =1(b) +1(b) + ... +1(bw)- (11)

8. In the cases where the concept of a direct union is used,
an important part is usually played by the problem of the iso-
morphism of different direct decompositions of a given group
(or a given ring). This problem has been the subject of much
research for the most part within the framework of the theory
of modular lattices. We will limit ourselves to one special, but
important result, which is the basis of all these investigations.
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We will introduce one additional concept. Suppose that
we are given the modular lattice S, which has a zero 0 and an
identity element 1, and that we are given the direct decompo-
sition

l=ag, XayX...Xa. (12)
We suppose, as usual, that
_5,-=alU...Uai_an,-_,_lU...Uak, i= 1,2,...,k, (13)
whence, by IV.3.4,
l=agxaq, i=12,..,k. (19)

If b e S, then we say that the component of this element in the

factor a; of the direct decomposition (12) is the element
bi=gn (Uag). (15)

9. The element b is contained in the union of all its components
with respect to the given direct decomposition (12),

b<<bUbU ... U D

In fact, by using (15), and also by applying several times the
definition of a modular lattice, we obtain:

BLUBY ... Ub = [ N (GUEIU [N BU G ...
U@ N GUE)] =
(@ UeN UGV ..U [N GUEN (bUTY =
{@UayU [a,N (BUG)U...U [N GUG} N (BUE) N (BUE)=

(@UaVU..Ua)N GUa)N (BUG)N...N (BUTG) =
(BUEYN (GUEYN...N (BUG)=b.

We note that in this proof we used such inequalities as, for
instance,

a; N (bUEi)gaigbUZh i#1.
10. We call the elements a and b of our lattice S directly sim-
ilar if there exists an element ¢ in S such that

l=axXxc=bXc.
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Two direct decompositions of the identity element of the
lattice S are called directly similar if they consist of the same
number of factors and if we can establish a one-one correspondence
between these direct factors such that the corresponding factors
are directly similar in S.

Finally, we call a non-zero element a of the lattice S inde-
composable if it cannot be decomposed as the direct union of
two elements distinct from zero.

11. If we are given the direct decomposition
l=ag, xXa,X..Xa
of the identity element of the lattice S, then, by setting
g=a,X&GX..xXaq, <k,
we obtain a normal series of length &k in S:
O=c<<<...<g=1.

From this it follows, by IV.2.7, that if a modular lattice S has
principal series and if the length of these series is equal to n then
every direct decomposition of the identity element consists of not
more than n factors and thus can be refined (see 1V.3.4) to
a direct decomposition with indecomposable factors.

12. Our purpose is to prove the following theorem [O. Schmidt,
Math. Z. 29, 34-41 (1928); Ore, Ann. of Math. 37, 265-292
(1936)]:

In the modular lattice S, which has principal series, any two
decompositions of the identity element into the direct union of
indecomposable elements are directly similar.

This theorem follows, however, from the next theorem:

If in the modular lattice S, which has principal series, we are
given any two decompositions of the identity element into the direct
union of indecomposable elements,

l=aXa,X ... Xa, 16)
1 =b1Xb2X...Xbl, (17)

then every factor of each of these decompositions can be replaced
by some factor of the other decompositions.

Here, by the possibility of replacing the element a; in the
decomposition (16) by some factor b; from the decomposition
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(17) we must understand the existence of a direct decomposition

1 =bXayXx... Xa,
ie, by (14),

The first of the theorems mentioned, in fact, follows from
the second. In fact, if the element b; from (17) replaces the element
a, in (16), then, as equations (14) (for i = 1) and (18) show,
the elements a, and b; will be directly similar in S. Suppose that
the direct decomposition

1 =0y X ... Xb; Xy, 1X ... X, (19)

has already been constructed, where 1<<m <k, where b, , ... by,
are different factors of the decomposition (17) and the elements
a; and by, i=1, 2,...,m, are directly similar in S. We apply
the second theorem to the direct decompositions (19) and (17).
The element a,,,; must be replaced in (19) by some factor bj,, .1
from (17), and therefore a,,; and b1m+1 are directly similar. Here
the index j,, ., differs from all the indices ji, ..., j,, because from

1=0b;X..Xb Xbj = Xy sX...Xa&

m+1

it follows that

bjiﬂbj 0, i= 1,2,...,m.

m+1

By continuing further in the same way, we finally arrive
at the direct decomposition

1= bjl.ijzX ijh’

whence k</. By comparing this with the direct decomposition
(17), we obtain that in fact £ = 7 and that the direct decomposi-
tions (16) and (17) are directly similar,

13. We will carry out the proof of the second theorem by
induction with respect to the length of the principal series of
the lattices considered, because only the lattice consisting of
two elements, the zero and the identity, has principal series of
length 1, and for this lattice the theorem is obviously true.

Suppose that it is desired to replace the element a, from the
direct decomposition (16). We denote by ai the component
(see IV.3.8) of the element a, in the direct factor b; of the decom-
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position (17). We suppose first that for at least one i the element
a is distinct from b;. Then, by setting

g=aluau..uvd,
by IV.3.5, we obtain

g=daxax..xa. (20)

where g < 1. Because, by 1V.3.9, a, < g, then, by IV.3.6,

g =axd, 21
where

d=g0(a;X...Xa&). (22)
By the inductive hypothesis the theorem is proved already
for the lattice g/0. Therefore, by refining the decompositions
(21) and (20) to direct decompositions with indecomposable
factors—we denote these decompositions by (21') and (20)
—we will be able to replace the indecomposable element a; in

(21") by some indecomposable factor ¢, from (20°), i.e.

g=cXd. (23)

To be specific, let ¢; < al.
From (23), (22) and the inequality ¢, < g it follows that
O=cNd=cNgN(@X...Xaq) =c; N(@X...Xa),
i.e. the union
= U(@X...Xa)
will be direct:
h=c XayX...Xa.
From the fact that the elements a, and c, are directly similar
in g, it follows, by (10) from IV.3.7, that I{a;,) = I(c,), and there-
fore, by (11) from 1V.3.7, I (h) = I(1), whence h = 1.

Thus,
1= C1 XAy X ... X .

However ¢; < @} < b,, and because the element b, is indecom-
posable, then, by 1V.3.6,
o=al=2b 24
and therefore
l="5XaX...Xa.
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We find that the element a, is replaced in the direct decom-
position (16) by the element b,; the elements @, and b, will thus
be directly similar. We note, moreover, that, by (24), the com-
ponent of the element a4, in the factor b, of the direct decom-
position (17) coincides with b;.

We will show that in the case under consideration the element
b, in its turn is replaced in the direct decomposition (17) by the
element a,. In fact, because, by (24), a; = by, i.e., by (15)

by N (a U E;) = b,
then

bl < 4 u 31 ’
and therefore

aUb =1.
On the other hand, from the fact that the elements a, and 5, are

directly similar it follows that I(a)) = I(b,), and therefore, by
(18) from 1IV.2.11 and (10) from 1V.3.7,

1) = 1)) + 1by) = 1(a) + 1),
whence
d1 n El = 0.
This proves the existence of the direct decomposition
1 =a;xb, =a;xb;X...xXb,.

14. Now we suppose that the components of the element
a, in all the factors b; of the decomposition (17) coincide with
the elements b; and at the same time the component in the factor
a, of the decomposition (16) for at least one b;, for instance for

b, coincides with q;. In this case, as we know from the con-
siderations of the preceding paragraph,

aqUb =1, bUgG=1. (25

From (16), (17) and (25) it follows, by (18) of IV.2.11 and (10)
of IV.3.7, that

I(1) = Uap) + I(@) = I(by) + 1(By),
M) <la) +1G), 1) <)+ 1@).
By comparing these equations and inequalities, we obtain

Hay) = 1), 1@ = I(by)
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and hence
aNb=bhna=0,
i.e.
1 =a;XbyX...Xby=by Xt X...Xa.

15, It remains to consider the case when the components
of the element g, in all the factors b; of the decomposition (17)
coincide with the b; themselves, but the components of all the
b, i=1,2,..., I, in the factor a; of the decomposition (16)
are distinct from a,. In this case all the direct factors of the de-
composition (17) satisfy the same conditions as the element
a, in the first case considered above. The factors b;, i=1,2, ... /,
can thus be replaced successively in the decomposition (17)
by the factors of the decomposition (16). As we know from
1V.3.12, in this successive replacement there are some b; which
is replaced by a;. But then, as was shown in 1V.3.13, the compo-
nent of the element b; in the direct factor a, of the decomposi-
tion (16) must coincide with ag,, contrary to our hypothesis.

This contradiction shows that the last case considered is
impossible. The theorem has thus been proved.

§ 4. Direct decompositions of Q-groups

1. As we know, the lattice of normal subgroups of an arbi-
trary group, the lattice of ideals of an arbitrary ring and, in gen-
eral, the lattice of ideals of an arbitrary Q-group are both
modular and complete. By applying the definitions of 1V.3.2
to these lattices, and to the case when as a we take the group
itself, the ring itself or, in general, the Q-group itself (i.e. the
identity elements of the lattices mentioned) we obtain a definite
decomposition of the group into a direct product of its normal
subgroups and a decomposition of the ring or the Q-group into
a direct sum of its ideals.

2. These set-theoretical definitions can be rephrased in the
language of the operations given in the group, ring or Q-group.
We will do this at once for Q-groups.

Suppose that we are given in the Q-group G the Q-subgroups
B;, ie L. We denote by B; the Q-subgroup generated in G by all
the B;, where je I, j # i. The Q-group G is the direct sum of its Q-
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subgroups B;,i€l, if the following conditions (x) and (B) are
satisfied :

(«) The commutator (see IIL.5.1) of the Q-subgroups B,
and B; is equal to zero for all iel,

[B;,B]1=0, iel. )

We note at once that from the condition (o) follows the
equation

[Bi,BJ]=0 when i#]. )

Therefore, in particular, all the commutators [b;, b;] are equal
to zero, where b; € B;, b;€ B;, i.e. when i # j, any elements taken
respectively from the subgroups B; and B; commute with each
other.

(B) Every non-zero element aeG can be written uniquely
(to within the order of summands) as a sum of a finite number
of non-zero elements, taken from distinct Q-subgroups B; i.e.

a=>b+by+ ... + b, 3

where b,e€B;,l=1,2,...,k, and i, # i, when /#m.
3. We will prove the equivalence of these two definitions. Let
the Q-group G be the direct union of its ideals B;, i€l, in the

sense of 1V.3.2. Then, by IIL.2.4, B, iel, will also be an ideal.
Therefore, by IILS.3,

[Bi, ‘—B:] & [Bi’ G] = Bi’
[Bi’ E]E [G,E;]EE,,

and because B; N B; = 0 by (5) of 1V.3.2, condition («) is proved.

On the other hand, equation (4) of IV.3.2 (where as a we take
G itself) and the last theorem of IIl.2.4 show, because by («)
elements taken from different subgroups B; commute, that for
any element ae G there exists an expression of the form (3).
Let there be two such expressions, namely (3) and

a=b;+by+ ...+ by,

without loss of generality—it is sufficient to adjoin to both ex-
pressions, if necessary, several summands equal to zero—we can
assume that there are the same number of summands in both
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and that b;,i=1,2, ..., k, is contained in the same Q-subgroup
B, as b, If here, for instance, b, # by, ie. —b] 4 b, #0, then

—bi+b =by+ .. +b—(by+ ... +b)eB, N B,
which contradicts equation (5) of IV.3.2.

Now let the Q-group G be the direct sum of its Q-subgroups
By, iel, in the sense of the definition in 1V.4.2. We will prove
that every Q-subgroup B; is an ideal in G.

If xe B, and ae G, then there exists an expression of the form
(3) for a, and because elements from different B} s, je I, commute,
then

—a+x+a=—b+x+beB;
this proves that B; is a normal subgroup of the additive group.

On the other hand, from equation (1) it follows that, because
of (2) of IIL5.1, for any n-ary operation « €Q and any elements
by, by ...,b,eB; and by, b,,...,b,eB;

(by+b)(By+by) ... (by+byos =byb, ... bys +byby ... Byo. (4)
Now suppose that we are given an n-ary operation o€, the
elements a,, a,, ..., a,€ G, the element be B; and the number
k, 1<k<n. By () there exists an expression

aj=bj+b, beB, beB, j=1,2,..,n. (5
Using (4), (5) and the fact that elements from the subgroups B,
and B; commute, we obtain

—ty ... quota..a_bta)a, ...a,0=

— By +B8) ... (b + by +(by+ b)) ...
e eyt B DB+ by + B By 1 + bicya)
i (baF b)) = —by ... byos—by ... bw
+by . b (b+b)by,y... by +Dby...Bye € B;.

This proves that all the B;, iel, are ideals in G. From condi-
tion (B) it follows, further, that the ideals B; together generate
the whole Q-group G. Finally, if the intersection B;N B; were
to contain a non-zero element a, then we would have two differ-
ent expressions of the form (3) for it, which would contradict

(B): in one of them the element g is taken from the subgroup
B;, and zero from the other subgroups; in the other the element
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a is represented in the form of the sum of elements taken from
several subgroups B;, where j#i. This completes the proof.

4. For groups condition « of the definition in IV.4.2 can be
replaced by the condition:

(«') any elements taken one from each of two subgroups
B; and B;, where i#j, commute with each other.

For rings condition («) can be replaced by the condition:

(a'") the product of any elements taken one from each of any
two subrings B; and B;, where i # j, is equal to zero.

From what was said in IIL.5.1 and the inclusion

[B:, Bi< [Bi, Bl, i#]J,

it follows that («') and («’’) are respectively consequences of
(). On the other hand, in the case of groups, from (o") it follows
that elements from B; and E commute, i.e., again by IIL.5.1,
(«) follows. However, in the case of rings, from (B) it follows that
every element of B, has an expression of the form (3) with sum-
mands taken from several of the subgroups B;, j # i. Therefore,
by the distributive laws, it follows from («’’) that if x € B, y € B;,
then
xy=yx=0,

and this, by IIL5.1, implies («).

5. Suppose that the normal subgroups A4 and B of the group
are directly similar in the sense of IV.3.10, i.e. there exists a nor-
mal subgroup C such that the direct decompositions

_ G=AXC=BXC ©)
exist. Then A and B are isomorphic to the factor-group G/C, i.e.

they are isomorphic to each other. In this isomorphism the elements
ac A and b € B are related in such a way that

a=be, ceC,
where the element ¢ belongs to the centre of the group G (see
1I1.3.2); for this reason the given isomorphism between A and B
is called central.

In fact, by the second of the decompositions (6) the element
¢ commutes with every element of B. On the other hand, for
any c¢'eC there follows from the first of the decompositions
(6) the equation

’ ’

ac’' = ca,
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ie.
(be)c’ = ¢’ (be),
whence, by what was said above, it follows that
cc' = c'c.

The element ¢ thus commutes with the elements both of B and
of C, and therefore also with all the elements of the group G.

Analogously, if we are given the directly similar ideals A
and B of the ring R, i.e. the decompositions in direct sums

R=44+C=B+C V)

exist, then A and B are isomorphic to the factor ring R/C, and there-
fore are isomorphic to each other. In this isomorphism the ele-
ments a€ A and b € B are related to each other thus

a=b+tc, ceC, ®)

where the element ¢ belongs to the annihilator of the ring R; for
this reason the given isomorphism between.4 and B may be called
annihilatory. We note that the anmnmihilator of the ring R is the
totality of elements ae R such that

ax=xa=0
for all xeR.
We will prove that the element ¢ of (8) has this property.

From the second of the decompositions (7) it follows that for
all b’ eB, c'eC

b'¢’ =c'b =0. )
in particular

b'c=cb =0. (10)
On the other hand, from the first of the decompositions (7)
it follows that for any ¢’ e C

ac' =c'a=0,
ie, by (8,

b+’ =cb+c)=0,

whence, by (9),

cc' =c'c=0. (11)

From (10) and (11) it follows, by the second of the decom-
positions that ¢ belongs to the annihilator of the ring R.
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From the proof it follows that directly similar direct decom-
positions in groups and rings (see IV.3.10) will be respectively
centrally isomorphic and annihilatorily isomorphic. The converse,
obviously, cannot be asserted.

6. From the Schmidt-Ore theorem (see IV.3.12) there now
follow these theorems:

If the group G has principal series, then any two of its direct
decompositions with irreducible factors are centrally isomorphic.

If the ring R has principal series, then any two of its direct decom-
positions with irreducible summands are annihilatorily isomorphic.

* If all the homomorphic images of a group (ring) G, lying
in its centre (in its annihilator), satisfy the minimal condition
for subgroups (subrings), then any two direct decompositions
of G, where the number of direct factors (summands) may be
infinite, have centrally (annihilatorily) isomorphic refinements.
The conditions of this theorem are satisfied, in particular, in the
case when the centre (annihilator) of G or of the factor group
of G with respect to the commutator (factor ring with respect
to the square) satisfy the minimal condition [A.G. Kurosh,
Izv. AN SSSR, ser. matem. 10, 47-72 (1946)].*

§ 5. Complete direct sums of universal algebras

1. Suppose that we are given a family of universal algebras
G; with the same system of operations Q and belonging to the
same primitive class A (see II[.6.3); the index i varies through
some set 7, finite or infinite. We consider the set G whose elements
are all systems a = (a@;) of elements taken one from each of the
algebras G, i.e. a,€ G, ie I. The element a; will be called the
i-th component (or the component in the algebra G;) of the ele-
ment a.

The set G can be reduced to a universal algebra with system
of operations by assuming that the operations of Q are satis-
fied in G by components: if we are given the n-ary operation
o € Q and the n elements of G,

a® = (@®), k=1,2,...,n,
then :

r 17

1’
aa’...aMe = (aa; ... a"w).

This definition of operations shows that all the identical
relations of A will be satisfied in the algebra G.



192 LECTURES IN GENERAL ALGEBRA

The algebra G is called the complete direct sum of the algebras
G;, iel, and will be written in the form

G=iG,. 1)

We can speak, in particular, of the group which is the complete
direct sum (or complete direct product) of a given family of groups,
and so on. ’

2. A subalgebra 4 of the algebra G, represented in the form
(1), is called a subdirect sum of the algebras G;, i € I, if for every
i e I the i-th components of all the elements of 4 exhaust the
whole algebra G;. It is clear that amongst such subalgebras there
is the algebra G itself, but, generally speaking, there also exist
proper subalgebras with this property in G.

If the subalgebra 4 is a subdirect sum of the algebras G;,
ie 1, then for every i e I we obtain a homomorphic mapping ¢,
of the algebra A onto the algebra G;, which relates to every

element
a= (a,-) €A

its i-th component g;. As we know from I11.1.8, the homomorphism
@; defines a congruence w; on the algebra A4, where the algebras
G; and A/m, are isomorphic.

The intersection of the congruences w;, ie I (see 1.3.3), is the
zero congruence, i.e. it is the partition of the algebra A into separate
elements.

In fact, if we are given two distinct elements in A4, then for at
least one i they have distinct i-th components, and therefore
belong to distinct classes of the congruence ;.

3. The converse theorem is true:

If in the universal algebra A we are given a system of congruences
m;, i € I, with zero intersection, then the algebra A is isomorphic
to the subdirect sum of the factor algebras Afw;, iel.

To prove this we denote by G the complete direct sum of the

algebras A/m;, iel,
G= Alm.

We map the algebra A into the algebra G, by relating to every
element a € 4 the element of G whose i-th componnt for every
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i eI is the class of the congruence =; containing the element a.
This mapping will be a homomorphism, because in the algebra
G the operations are carried out by components, and in the algebra
A/x;, i eI, the application of the operations to the classes of the
congruence =; is defined by the application of the operations to
the elements of 4, chosen one from each of these classes.

The homomorphism obtained will in fact be an isomorphism,
because from the condition that the intersection of the congruences
=; must be zero it follows that for any two different elements of
A we can find at least one i e 7 such that these elements lie in
different classes of the congruence =;, and therefore their images
in G have different i-th components. Finally, the subalgebra of
the algebra G onto which the algebra A is mapped isomorphically
will be a subdirect sum of the algebras A4/n;, i e I, because for
all i e I any class of the congruence =;, i.e. any element of the
algebra A4/=;, is the i-th component of the images of all its ele-
ments in G.

In the case of Q-groups the congruences are given by ideals,
as we know from II1.2.5, and it is easy to see that the intersection
of the congruences is defined by the intersection of the correspond-
ing ideals. Thus, the representation of any Q-group (in particular,
of a group, or of a ring) in the form of a subdirect sum corres-
ponds in a one-one fashion to the system of its ideals (normal
subgroups) with zero intersection.

4. A universal algebra A is called subdirectly irreducible if any
system of non-zero congruences in 4 has non-zero intersection.
From what was said in IV.5.2 and IV.5.3 it follows that this will
be the case if, and only if, for any representation of the algebra
A in the form of a subdirect sum of several algebras G;, iel,
for at least one i the homomorphism ¢;, which maps every element
of A into its i-th component, will be an isomorphism between
A and G;.

The following theorem is true [Birkhoff, Bull. Amer. Math.
Soc. 50, 764-768 (1944)]:

Every universal algebra A can be decomposed as the subdirect
sum of subdirectly irreducible algebras, belonging to the same
primitive class as the algebra A.

For the proof we consider any pair of distinct elements
x, yeA and we denote by M(x,:y) the set of all congruences
on the algebra A4 separating these elements, i.e. such that x and
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¥ belong to different classes for each of these congruences. The
set M(x, y) is not empty, because the zero congruence is contained
in it. We will show that this set, which is partially ordered by
I.2.1, has maximal elements.

For this, by the Kuratowski-Zorn theorem (see 1.6.3), it
is sufficient to show that every chain of the set M(x, y) has an
upper bound. Let the congruences w; € M(x, y), where i varies
through an ordered set 7, form a chain, i.e. w; <mw; when i<j.
Then the binary relation =*, defined by the condition that br*c
will obviously be an equivalence relation if, and only if, there
exists an i e[ such that bmc. It will also be a congruence: if we
take the elements by, b,, ..., b, and ¢y, ¢,,...,c, in A, where
byw*c;, j=1,2,...,n, then there exist i, i,, ..., i, € I such tha
bymic;,j = 1,2, ..., n. If iy is the greatest of the indices i, i, ..., i,
then b;m; c;, j = 1,2, ...,n. Let » be any n-ary operation given
in the algebra 4. Because w; is a congruence, then

(Biby ... byo) i (1€ ... Cuw),
and therefore also

(b1b, ... byw)T* (c1Cs ... Co13),

ie. w* is in fact a congruence. This congruence separates the
elements x and y, because they were separated by each of the
congruences 7;, i € I, and is obviously the upper bound for the
given chain of congruences.

Now for every pair of distinct elements x, ye 4 we fix one
of the maximal congruences separating them; we denote it by
m(x,y). The intersection of these congruences is zero, because
any pair of distinct elements of A is separated by at least one of
these congruences. Therefore, by the theorem in IV.5.3, the algebra
A is the subdirect sum of all the factor-algebras A/m(x, y).

It remains to show that every factor algebra A/=(x,y) is
subdirectly irreducible. For this we note that between all the
congruences of this factor algebra and all the congruences of the
algebra 4 which contain the congruence w(x,y) there exists
a unique one-one correspondence, which preserves the relation
of inclusion. However, the intersection of all the congruences
of the algebra A, strictly greater than n(x, y), is itself strictly
greater than these congruences, because all the given congruences
do not separate the elements x and y, while =(x, y) does sepa-
rate them. From this it follows that the intersection of all the
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non-zero congurences of the algebra A/m(x,y) will itself be
non-zero. The theorem has thus been proved.

5. Now we consider the complete direct sum of the Q-groups
Gi , 1€ I )

G=) G.
icl

From what was said in IV.5.1 it follows that G will itself be
an Q-group of the same primitive class as that to which all the
G; belong, i e I. Its zero will be the element, each of whose com-
ponents is equal, respectively, to the zero of the corresponding
Q-group G;.

The subset G’ of the Q-group G, consisting of all those elements
a = (q) which have only a finite number of components g;,
iel, distinct from zero, will be an Q-subgroup in G, because
the componentwise application to the elements of G’ of addition
or subtraction, and also of the operations from Q, does not
take us outside G'.

The Q-group G’ is called the direct sum of the Q-groups G;,
iel. The basis for this is the following theorem:

The Q-group G’ is the direct sum (in the sense of the definitions
in 1V.3.2 and 1V .4.2) of its ideals G}, i € I, which are respectively
isomorphic to the Q-groups G;.

For the proof we denote by G; the subset of those elements
of @', all of whose components, except, perhaps, the i-th, are
equal to zero. Because the operations are applied component-
wise, this G; will be an Q-subgroup in G’ and in fact an ideal,
which is obviously isomorphic to the Q-group G;.

We note, further, that every element of G’ has only a finite
number of non-zero components and therefore can be represented
in the form of a sum of a finite number of elements, each of which
has only one non-zero component. From this it follows that
G’ is the sum (see II1.2.4) of all the ideals G}, i € I. On the other
hand, the sum G; of all the ideals G; where jel and j # i, con-
sists of only those elements of G' whose i-th component is equal
to zero. It is clear, finally, that

G,NG; =0,

i.e. all the requirements contained in the definition in IV.3.2 are
satisfied.
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6. Hence for the concept of a direct sum of Q-groups we have
three equivalent definitions: the lattice-theoretical definition of
1V.3.2, the “internal” definition of IV.4.2 and the “external”
definition of IV.5.5, which appears as a construction, enabling
us to speak of the direct sum of any Q-groups given in advance.
We note that the concept of a complete direct sum of an infinite
number of direct summands is not lattice-theoretical.

§ 6. Distributive lattices
1. In IV.2.1 the lattice S was called distributive if the equation
anN(bUc)y=(anb)U(anc). )
was satisfied identically in S. We will show that the identity (1)
is equivalent to the identity
aUBnNc)y=(aub)n(auc) 2)
which is its dual.
In fact, by applying (1) and the definition of a lattice in IV.1.2,
we obtain:
al(ne)y=[aU@ne]U@Bne)=al@anc)Vu(nc)=
aUf(@aub)nNcl=[@Ub)nNajUf(aUbdrncl=(aUb)n(al c).
Dual reasoning enables us to deduce (1) from (2).
If the lattice S is distributive, then for any elements a, b, ¢
in S it follows from

alc=bNc, alUc=bUc
that a = b. In fact,
a=alU(aN¢)=alUdNc)=(aUb)N(alc)=
(@aub)nduc)=>bU(@nc)=>bu(nc)=>.
* The property of distributive lattices just proved can be
taken as their definition.*

2. As we know from I.1.1, the lattice of all subsets of any set
is distributive. This is also true for any sublattice of such lattices,
i.e., as we shali say, for any lattice of sets. It turns out that these
essentially exhaust all the distributive lattices.

Every distributive lattice is isomorphic to some lattice of sets.

3. Distributive lattices form a primitive class of universal
algebras, and therefore the theorem of IV.5.4 is applicable to
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them: every distributive lattice is a subdirect sum of subdirectly
irreducible distributive lattices.

An example of a subdirectly irreducible lattice is the lattice
T consisting of two elements—zero and the identity. The fact
that this lattice is distributive is obvious. If the lattice T were
subdirectly reducible, then it would be a sublattice of a complete
direct sum of lattices T;, i€ I, and there would exist homomor-
phisms ¢;: T— T, i € I, which are not isomorphisms. But in this
case every lattice T;, i € I, would consist of one element, and then
the direct sum of these lattices would also have one element and
could not contain T.

Every subdirectly irreducible distributive lattice consisting of
more than one element is isomorphic to the lattice T.

In fact, suppose that we are given the distributive lattice S.
If it consists of two elements, then it is obviously isomorphic
to the lattice T. If, however, not less than three elements are con-
tained in S, then we can find an element a, distinct both from
zero, and from the identity, if S has a zero and an identity. We
denote by U the sublattice of all elements x of S which satisfy
the condition x < a, and by V the sublattice of those xe S such
that x > a. By hypothesis, depending on the choice of the element
a, each of the lattices U, ¥ does not consist only of the element
a alone.

We denote by U+ V the complete direct sum of the lattices
U and V in the sense of IV.5.1: its elements are the pairs (u, v),
ue U, veV, on which the operations are carried out by compo-
nents. We relate to every xe S the pair (xNa, xUa)eU+V.
This mapping of S into U+ V is one—one, because for x,ye S
it follows from

xNa=yNa, xUa=ylUa

as was proved in IV.6.1, that x = y.
This mapping is in fact an isomorphism, because

((xU»Na,xUuy)VUa)=((xNad)U(yNa),(xVUa)U(yVUa) =
(xNa,xUa)U(¥Na,yVa);

((xny)fha,(xnpyUa)=((xNa)N(yNa),(xVa)N(yUa)=
(xNa,xVUagnN(ynNa,yva).

We can thus regard S as a sublattice of the lattice U-+V.
Because the pair (x, @) corresponds to the element x e U, and
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the pair (a, x) to the element x € ¥V, we obtain that the homo-
morphisms mapping every element of S respectively into its
first or second component will map S onto the whole of U or
respectively the whole of ¥ and will not be isomorphisms. The
lattice S is thus subdirectly reducible.

4. Now we will prove the fundamental theorem of IV.6.2.
If we are given distributive lattice S, then, by what was said
above, it is the subdirect sum of the lattices T;, i € I, where every
T; consists of two elements—a zero 0, and an identity 1; (direct
summands of one element can, of course, be excluded from our
considerations). We denote by M the set of all the identities
1;, ie I, and we relate to every element a € S the subset 4 of the
set M consisting of all those elements 1; which are the i-th com-
ponents in the expression for g as an element of the complete
direct sum of the lattices T}, i e I. It is clear that if a # b, then
the sets corresponding to them will be distinct. On the other
hand, from the componentwise application of the operations
in the complete direct sum of the lattices T;, i € I, and the prop-
erties of the identity and the zero, it now follows that to the
element a U b corresponds the set-theoretical union 4 U B
of the sets 4 and B, and to the element a N b the set-theoretical
intersection 4 N B of these sets. Thus the theorem has been
proved.

We note that if the distributive lattice S has a zero and an
identity, then in the representation by sets obtained above the empty
subset of the set M corresponds to the zero, and the set M itself
to the identity. We note also that if the lattice S is finite, then,
as the proof of the theorem in IV.5.4 shows, it will be a subdirect
sum of a finite number of subdirectly irreducible lattices, and
therefore it will be isomorphic to some lattice of subsets of a finite
set.

5. A distributive lattice S with a zero and an identity is called
a Boolean lattice (or Boolean algebra), if every element a € S has
a complement a, where ae S and

afNa=0, alUg=1.

Every element a e S has a unique complement, as follows from
the proof in IV.6.1,

The lattice of all subsets of any set is a Boolean lattice, because
for every subset A there exists the set-theoretical complement
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A. A lattice of sets (see 1V.6.2), which contains together with
every subset its set-theoretical complement, will be called a Boo-
lean lattice of sets.

Every Boolean lattice S is isomorphic to some Boolean lattice
of sets. _

This theorem has already been proved in essence in the preced-
ing section. In fact, if the subset 4 = M corresponds to the
clement ae S, then the set-theoretical complement A of set A
in M corresponds to the complement a: the expressions for the
elements @ and g in the complete direct sum of the lattices T,
ie I, are such that if the i-th component in one of them is 1;,
then in the other it will be 0; and conversely.

6. Every finite Boolean lattice S is isomorphic to the lattice
of all subsets of some finite set.

In fact, the results obtained above enable us to regard S as
a Boolean lattice of subsets of a finite set M. We denote by N
the set of all those subsets of A7 which are minimal elements of
the lattice S distinct from zero.

Every subset 4 which is an element of the lattice S coincides
with the union A, of all the subsets contained in it, which occur
in N. In fact, in the opposite case the intersection 4 N 4, would
be a non-empty element of S (because 4, € S), i.e. it would contain
at least one subset occurring in N, which contradicts the definition
of the set A,.

Now it is easy to sece that, by relating to every 4 € S the set
of all elements of N contained in it, ws obtain a ongc-one cor-
respondence and in fact an isomorphic mapping of the lattice
S onto the lattice of all subsets of the set N.

7. An associative ring R with identity is called a Boolean ring
if all its elements are idempotent, i.e.

a*=a, acR. (3)
Every Boolean ring is commutative and satisfies the identity
2a = 0. O]

In fact, for any a, b € R it follows from (3) that

at+b=(a+b2=a+ab+bat+b:=a+ab-+ba-+b,
whence
ab + ba = 0. (5)
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By setting b = a in (5) and using (3), we obtain (4), i.e. a = —a,
and then (5) can be rewritten in the form
ab—ba=0.

* Every Boolean lattice can be made into a Boolean ring,

if we set
a+b=(@nbu@nb), ab=anb
Conversely, every Boolean ring can be made into a Boolean
lattice, if we set
aUb=a-t+b—ab, alb=adab.

In this way we establish a one-one correspondence between

Boolean lattices and Boolean rings [M. H. Stone, Trans. Amer.
math. Soc. 40, 37-111 (1936)].*



CHAPTER FIVE

OPERATOR GROUPS AND RINGS.
MODULES. LINEAR ALGEBRAS

§ 1. Operator groups and rings

1. As is well known, a real vector space is an Abelian group
with respect to addition, in which there is also defined a multi-
plication of vectors by real numbers, connected with the addition
of vectors by well-known axioms. Multiplication by real numbers
also has a meaning in the ring of real functions of a real variable,
and in the ring of real square matrices of a given order. These
and many other examples have led to the introduction of al-
gebraic structures with operators.

If we are given a groupoid (in particular, a semigroup or
group) G, then we can choose an arbitrary system of endomor-
phisms 2 in G (see I11.3.4) and consider only those subgroupoids
which are mapped into themselves under all the endomorphisms
of 2. Generalizing this idea, we denote by X some set consisting
of the elements «, {3, ..., and we will say that Gis a X-operator
groupoid, and that the set X is its domain of operators, if with
every element « € X we can associate some endomorphism of
the groupoid G. Distinct elements of X may here be associated
with the same endomorphism. The operator « may be regarded
as the symbol of the endomorphism corresponding to it, so that
for any a, be G and any ae X

(ab)o = ao.-ba. 1)

If G is a Z-operator group with identity e, then from (1)
it follows that

en—e, a€E,.

Thus, an operator group is a special case of a multi-operator group
(see IT1.2.1): all the multi-operators are unary and the condition
(1) is satisfied for each of them.

201
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2. A subgroupoid 4 of a 2Z-operator groupoid G is said to be
Z-admissible if under all endomorphisms corresponding to opera-
tors from X it is mapped into itself, i.e. for all x e =

Avc A.

Any operator o € ¥ thus gensrates some endomorphism in every
Z-admissible subgroupoid A, which enables us to regard this
subgroupoid as an operator groupoid with the same domain
of operators .

The intersection of any system of 2-admissible subgroupoids,
if it is not empty, will itself, of course, be Z-admissible. On the
other hand, by using (1) and I1.3.8, we can easily show that
the subgroupoid generated by a system of Z-admissible sub-
groupoids will itself be Z-admissible.

Operator groupoids G and G’ with the same domain of opera-
tors X are said to be X-operator isomorphic if there exists an iso-
morphic mapping ¢ of the groupoid G onto the groupoid G’,
called a Z-operator isomorphism, such that for any ae G and
xe

(@)p = (ag)c. )

By means of equation (2) we can also define XZ-operator homo-
morphisms. We can speak, in particular, of Z-operator endemor-
phisms and automorphisms of a Z-operator groupoid G.

From (2) it follows that an endomorphism ¢ of a Z-operator
groupoid G will be a X-operator if, and only if, it commutes (in the
semigroup of endomorphisms, see 111.3.4) with all endomorphisms
corresponding to operators from 2.

We note that if the set 2 is empty or consists only of the identity
automorphism of the groupoid G, then the study of G as a Z-oper-
ator groupoid is equivalent to studying it as a groupoid without
operators.

3. Suppose that we are given a semigroup X and a Z-operator
groupoid G. We will say that G is a groupoid with semigroup of
operators 2, if for any ae G and any o, e X

a(«f) = (ax)B. &)

We note that condition (3) is known to be satisfied if for = we
take a subsemigroup of the semigroup of all endomorphisms of
the groupoid G.
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An arbitrary set X can be embedded in a semigroup " in such
a way that every X -operator groupoid will be a groupoid with
semigroup of operators U'. Here Zi-admissible subgroupoids will
also be TD-admissible and Xi-operator isomorphic groupoids will
also be I'-operator isomorphic.

As the set I we can take the set of all words of the form

Uy &g ous Oy, (4)

i.e. the set of finite ordered systems of elements of X, where
n 21, and the elements «,, o5, ..., o, are not necessarily distinct.
By defining the multiplication of words by means of the equation

(0(10(2 vee (7.")(?)12'2 cen Bs) = 0o eee angl‘ez oo A@S’ (5)

we make I' into a semigroup. By setting up a correspondence
between the word (4) and the endomorphism of the X-operator
groupoid G which is the product of the endomorphisms corre-
sponding to the operators «;, «,, ..., «,, we make the groupoid
G into a I'-operator groupoid, where the requirement (3) will
be satisfied, because of (5). All the remaining assertions of the
theorem will also, of course, be true.

4. Let G be an Abelian group written additively, and R an
associative ring. The group G is called an Abelian group with
ring of operators R or an R-module, if G is an R-operator group,
ie. for any @, be G and « € R equation (1) holds, now written
in the form

(a4 b)o = ax + ba, (0)

and if, moreover, for any a e G and «, 8 € R the equations
a(x+-P)=aoc+af, M
a(«p) = (an)B, @®

are satisfied.

The naturality of this concept follows from the fact that
every Abelian group will be a module with respect to any subring
of its ring of endomorphisms, because in this case, by IIL3.8,
the conditions (6)-(8) are satisfied.

This example prompts the following additional requirement:
if the ring R has an identity ¢, then we will consider the R-modules
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such that ¢ is the identity operator; in other words, to the operator
e corresponds the identity automorphism of the group G,

ac=a, aeg@. ()]

An R-module with the property (9) is called a unital R-module.

* If R is an associative ring with identity, then the study of
arbitrary R-modules is reduced completely to the study of unital
R-modules and R-modules in which operators from R act trivially,
i.e. for any a from the module and « from R

ax = 0.

An arbitrary set ¥ can be embedded in an associative ring R
with identity in such a way that every X-operator Abelian group
will be a wunital R-module, X-admissible subgroups will be
R-admissible, i.e. will be submodules of the R-module,and Z-operator
isomorphic Abelian groups will be isomorphic R-modules.*

5. Let us consider some examples.

For an arbitrary group G the group of its inner automor-
phism (see I11.3.2) is a group of operators, because, as we know,
the conditions (1) and (3) are satisfied. The admissible sub-
groups with respect to this domain of operators will be the nor-
mal subgroups of the group G and only these.

For a group G the group of all its automorphisms will also
be a group of operators, and the semigroup of all its endomor-
phisms will be a semigroup of operators (see 111.3.4). Subgroups,
admissible with respect to these domains of operators, are
called respectively characteristic and completely characteristic.t

A real n-dimensional vector space is a unital module over
the field of real numbers. The linear subspaces are submodules
of this module, and the linear transformations are operator
endomorphisms (see V.1.2).

6. If in an arbitrary ring R we take an element a, then the
mapping x —~ xa, x € R, will be an endomorphism of the additive
group of the ring R, which follows from the distributive law;
this endomorphism is called a right multiplication. The additive
group of the ring R can thus be regarded as an operator group
with the set R itself as the domain of operators; the admis-
sible subgroups here will be the right ideals of the ring R (see

t or fully invariant (Ed.).
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11.7.10) and only these. Analogously, we define left multiplication
i.e. R is once again a domain of operators for its additive group,
where in this case the admissible subgroups will be the left ideals.
Finally, by joining these two domains of operators, we obtain for
the additive group of the ring R a domain of operators for
which the admissible subgroups will only be the (two-sided)
ideals.

If the ring R is associative, then, considered as a set of right
multiplications, it will in fact be a ring of operators for its additive
group in the sense of V.l1.4, because conditions (7), (8) and, in
the case of a ring with identity, (9) are known to be satis-
fied. If, however, we consider R as a set of left multiplications,
then equation (8) will not be satisfied. In this case, as the
equation

(bc)a = b(ca),

valid in R shows, the ring of operators for the additive group
of the ring R can be regarded as a ring anti-isomorphic to the
ring R. We remark that the rings R and R’ are called anti-iso-
morphic if there exists an isomorphism ¢ between the additive
groups of these rings such that for all @, be R

(ab)p = bp-ao.

7. To define the concept of operators for rings one can, of
course, use the endomorphisms of a ring, by analogy with the case
of groups. Examples, for instance multiplication by a number
in the ring of functions and in the ring of matrices, suggest other
methods—the consideration of those endomorphisms ¢ of the
additive group of the ring R which commute (in the sense of
the multiplication of endomorphisms) with right and left multi-
plications (see V.1.6), i.e. they satisfy the condition (for all

a, be R)
(ab)o = (ap)b = a(by). (10
In fact this is the method we choose. Thus, if X is a set with
elements «, B3, ..., then the ring R is called a X-operator ring if
its additive group is a X-operator group and if, moreover, for
any 4, beR and any aeZX

(ab)o = (an)b = a(ba). an
The concepts of a X-admissible subring, a Z-admissible ideal,

Z-operator isomorphism and X-operator homomorphism are de-
fined by analogy with these definitions in the case of groups.
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If the Z-operator ring R has an identity, then the endomor-
phisms corresponding to the operators from X are themselves
multiplications (simultaneously right and left) by elements of the
ring R, commuting with all elements of R, and therefore all ideals
and all one-sided ideals of the ring R will be 2-admissible.

In fact, for all ae R and aeX

ae = (a-)a = a-(la),
ax = (1-a)a. = (1) -a,
whence
a-(le) = (lo)-a, acR.

We note, without developing this further, that the definition
of a X-operator ring can be carried over without difficulty to
the case of any multi-operator group.

8. The endomorphisms of the additive group of the ring R which
satisfy the condition (10) form a subring in the ring of all endo-
morphisms of this group. In fact, if the endomorphisms ¢ and
¢ have the property (10), then, for instance,

(ab)(p & ) = (ab)o £ (ab) = (ap)b £ (aP)b =
(a9 + ap)b = [a(e £+ V)b,
(ab) (¢4) = [(ab)oly = [(ap)b]Y = [(ap)¥]b = [a(pd)]b.

This ensures the validity of the following concept. If X is some
associative ring, then the ring R is called an operator ring with
ring of operators X, if it is a T-operator ring and if, in addition to
this, the ring T is a ring of operators for the additive group of
the ring R in the sense of V.1.4.

We note that if »n is an integer, then the mapping a — na,
defined for all elements a of the ring R, will be an endomorphism
of the additive group of this ring, and the conditions (7), (8),
(9) and (11) will also be satisfied. Thus, every ring R can be re-
garded as an operator ring with the ring of integers as its ring
of operators. All subrings of the ring R will be admissible here,
and all isomorphisms will be operator isomorphisms.

9. Suppose that the endomorphisms ¢ and ¢ of the additive
group of the ring R satisfy condition (10). If ¢ # Yo, then there
exists an element @€ R such that

apy # ado.
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Then for any x € R we obtain, by using (10):

(@p)x = (ap-x) p = ap-x} = (@ xP)p =
[(ax)dlp = (a}-x)p = (adp)x.
From this it follows that the element

b = apy —aly
distinct from zero, satisfies the equation
bx=20

for all xe R, i.e. it is a left annihilator for the ring R. In the same
way we verify that b will also be a right annihilator for R, there-
fore in general it will be an annihilator, i.e. (see 1V.4.5)

bx=xb=20
for all xeR.

Of course, rings with annihilators exist—such as every zero
ring (see I11.2.2) consisting only of annihilators. Nevertheless,
we are justified when studying rings with a ring of operators X,
in assuming that this ring X is not merely associative, but also
commutative.

10. Z-operator groups (Z-operator rings) for given = form
a primitive class of multi-operator groups. We add only a few
remarks to what was said in Chapter Three, in particular on the
homomorphisms of multi-operator groups.

The ideals of Z-operator groups (rings), considered as multi-
operator groups, coincide with their X-admissible normal sub-
groups (X -admissible ideals).

In fact, if G is a Z-operator group, then for its normal subgroup
A the inclusion axe 4 for all ae 4, «e X holds if, and only if,
for all aed, xeG, aecX

(xa)~ Y(ao)(xa) = (xa) " L{ax)ac 4.

However, the last inclusion is simply different a form, rewrittzn
for the present case, of the inclusion (2) from II1.2.4.

On the other hand, if 4 is a subgroup of the additive group
of a X -operator ring R, then for all ae 4, xe R, « € = the inclusion
axe A and

—xa+an+xe=—xa+(@+x)aecAd

are equivalent; the last inclusion is again, however, the inclu-
sion (2) from IIL.2.4. We know, in addition, that for a ring, con-
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sidered as a multi-operator group, the concept of an ideal coin-
cides with the concept of a (two-sided) ideal.

11. The operator endomorphisms of a Z-operator Abelian
group G form a subring in the ring of all endomorphisms of thig
group (see IIL.3.8). This follows without difficulty from the de-
finition of addition and multiplication of endomorphisms, if
we use the characterization of operator endomorphisms mention-
ed in V.1.2. The subring obtained is called the ring of operator
endomorphisms of the X-operator Abelian group G.

Thus, the ring of operator endomorphisms for n-dimensional
real vector space (see V.1.5) is the ring of linear transformations,
isomorphic, as is known from any course in higher; algebra, to
the ring of real square matrices of order n.

12. Let G be a group (ring) with arbitrary domain of operators
%, and H an admissible normal subgroup (an admissible ideal)
of G. Then the factor group (factor ring) G/H can be made into
an operator group (ring) with domain of operators X, in such a way
that the natural homomorphism of G onto G/H will be a Z-oper-
ator homomorphism.

In fact, if G is a group, then for any ae G, he H and aeX

(@h)o. = ac-he = ao- k',

where h'e H because H is admissible. This enables us to define
the effect of the operator « on the element aH of the factor group
G/H by means of the equation

(@aH)a = go-H. (12)
The validity of condition (1) of V.1.1 can be verified without
difficulty:

(aH-bH)o = (abH)« = (ab)«- H = (ao.-ba) H =
(ax-H)(bo- H)=(aH)a (bH) o

The group G/H is a X-operator group; the last assertion of the
theorem follows immediately from (12).

If, however, G is a ring, then equation (12), which defines the

effect of the operators in G/H, can be rewritten in the form
(@a+H)a=an+ H.
We verify condition (11) of V.1.7:
[(a+H)(}b+H)la=(ab+ H)o = (ab)a+ H = an-b+ H=
(ax +~ HYb+ H)=(a+ H)ya (b+ H),
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In the same way we can also verify the second half of condition
(11). Thus theorem has been proved.

The reader can verify without difficulty that if G is a group
with semigroup of operators Z, or an Abelian group with ring
of operators Z, or else a ring with ring of operators X, then the
same assertion can be made for G/H, where H is a Z-admissible
normal subgroup or ideal.

§ 2. Free modules. Abelian groups

1. All the modules considered below are unital modules over
an associative ring R with identity; the identities (6)-(9) of
V.1.4 are thus satisfied. All these modules with respect to the
operations of an Abelian group and operators from R, form
a primitive class of universal algebras (I11.6.3), and therefore we
can speak of free R-modules (I11.7.2). We will call a system of
free generators of a free R-module its basis.

By applying the definition of an Abelian group and the iden-
tities (6)-(9) mentioned above, we now find that every element
of a free R-module S with basis X can be written as a finite sum

X104 + X0ty + ... + X, )
where x;, X,, ..., X, are distinct elements of X, o, oy, ..., %, €R
and are distinct from zero, n >> 0. We will show that this expression
is unigue, after which we will speak of it as the expression for
the element under consideration in the basis X.

For the proof we associate with every xeX the R-module
R, isomorphic to the ring R, considered as a right module over
itself (see V.1.6) and we take, corresponding to IV.5.5, the direct
sum S’ of all these modules R,, x € X. If we denote by x the element
of the module R, which corresponds to the identity of the ring R,
then, by 1V.4.2, every element of the module S’ can be expressed
uniquely in the form (1). The assertion which we wish to prove
now follows from the fact that, by III.7.3, there exists a homomor-
phism of § into S’, which maps every element x€X into the
element x of the corresponding module R..

At the same time we have proved that every free R-module
is the direct sum of some set of R-modules isomorphic to R itself
as a right R-module, and conversely.

2. A right ideal B of an associative ring R with identity is
called principal if there exists an element e B such that every
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element of B can be written in at least one way in the form B,
x € R. In this case we will write B = (B).

If dll the right ideals of the ring R are principal and R does not
contain any divisors of zero, then every non-zero submodule of
a free R-module will itself be a free R-module.

In fact, let us take a non-zero submodule U in the free R-mo-
dule S with basis X. The set of elements Y < U is called admis-
sible if the following requirements are satisfied:

(1) the submodule {Y} generated by the set Y is free and has

Y as its basis;

(2) if X, is the set of all elements of X which are contained in the

expressions in the basis X for any elements of ¥, then

Xy u={x}.

The problem of the existence of admissible sets we leave
open for the moment, but we note that if they exist and if we are
given a chain of admissible sets, then their union will also be ad-
missible. Therefore, by the Kuratowski-Zorn Theorem (1.6.3)
there exist maximal sets amongst these admissible sets. Let ¥
be one of these.

The theorem will be proved, because of (1), if we show that
{vy}="U.

Let
{Y}= U; . 2)

this will also hold in the case when admissible sets do not exist,
if we replace the submodule {¥} by the zero submodule. We will
show that (2) reduces to a contradiction.

By condition (2), in the expression for any element of U, lying
outside {Y}, there must occur elements of X lying outside X,.
Let the least possible number of such elements be #, 2> 1, and
let there exist elements in U\{Y} in whose expressions the ele-
ments X;, Xg, ..., X, of X\X,, occur and no others. The coefficients
of x, in the expressions for all these elements form, after we have
adjoined zero to them, a right ideal of the ring R, i.e.; by hypo-
thesis, a principal right ideal (B).

We denote by z that one of the elements of U\{Y} consid-
ered, in whose expression the coefficient of x, is exactly 8, and
we will show that, after we have adjoined the element z to Y we
again obtain an admissible set, contradicting the fact that Y is
maximal.
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In fact, if condition 1) were not satisfied, then the elements
of the submodule {Y, z} would have non-unique expressions in
terms of the elements of the set YU z, and then we could find
an element o e R distinct from zero such that

zae{Y}.

However, this is impossible, because in the expression for the
element z there occur the elements x, X, ..., x, € X \ Xy with non-
zero coeflicients, and then, because the ring R has no divisors
of zero, they also have non-zero coefficients in the expression for
the element ze.

On the other hand, to verify condition (2) we take any element
te{Xyy.} N U. In its expression in the basis X there occur some
clements of Xy, and also the elements x;, x,, ..., X,, where the
coefficient of x, is contained in the right ideal (B), i.e. has the
form B,, ye R. From this it follows that in the expression for the
difference 7—zvy the element x, does not occur, and then, because
the number » is minimal, the elements x;, X, ..., x,_; do not
occur in it, i.e.

t—zye{X,nU={Y},
whence
tely, z}.

Thus the theorem has been proved.

3. Every Abczlian group is a module over the ring of inte-
gers, and this ring is a principal ideal ring (see 11.9.3). By applying
the results obtained above to this case and taking into account
that the additive group of the ring of integers is an infinite cyclic
group, we obtain:

Every free Abelian group (sce 111.7.10) is the direct sum of
infinite cyclic groups. The number of these cyclic direct summands
(or the power of the set of them) does not depend, by 11L.7.12,
on the choice of the direct decomposition and is called the rank
of this free Abelian group.

Every non-zero subgroup of a free Abelian group is itself free.

In a free Abelian group S of finite rank n the rank of every
subgroup is finite and does not exceed n.

In fact, let xy, x,, ..., X, be the basis of the group S. In S we
take any k elements y;, ys, ..., Yx, Where k > n. Then

Vi= Xyt CXat o x,, i=1,2,.., k.
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The system of k integral n-dimensional vectors
(s Ciys e Ci,,), i=1,2,..,k,

is linearly dependent, as we know, because k > n, and there-
fore it is possible to choose integers /;, not all equal to zero,
i=1, 2,...,k, such that

In+bLys+...+kyn=0.

The elements y;, ¥,, ..., Vi thus cannot be contained in the basis
of any supgroup of the group S.

4. We will prove the following fundamental theorem on Abe-
lian groups with a finite number of generators:

Every Abelian group with a finite number of generators is the
direct sum of a finite number of cyclic groups.

The proof of this theorem, given below, is due to R. Rado
[J. Lond. math. Soc. 26, 74-75 (1951)].

Suppose that the Abelian group G has a system of n generators.
We consider all possible such systems, assuming that there may
occur in them elements which are equal to each other, and elements
which are equal to zero. Let

a4y, ag, ..., Gy 3)

be one of these systems of generators, and we assume, if we de-
note by o(a) the order of the element a, that

o(a) <o(a) <...<o(ay). @

Thus, if any zeros occur in (3) then they stand at the beginning,
and if there are any elements of infinite order, then they stand
at the end.

The system (3) can be chosen in such a way that the system of
numbers (4) will be minimal in the lexicographical ordering,
ie. if by, by, ..., b, is another system of generators and

o(b) <o(b) < ... <o0(by),
then there is no i, 1 < i < n, such that
o(by) = o(ay), ..., 0(bi_y) = 0(a;_y), o(b)<o(a).

We will show that if a system of generators (3) is chosen in
the given way, then the group G will be the direct sum of the
cyclic subgroups {a;}, {@s}, ..., {a,}. If this is not so, then the
expression for the elements of the group G in the form of a sum
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of elements of the given cyclic subgroups will not be unique,
and therefore we obtain an equation

kay +kea, + ... + kpa, =0, 5
in which not all the summands are equal to zero. Let
kay=...=kj .8;_,=0, (6)
but k;a; # 0, j > 1; we can assume, however, that
0<k; <o(a). @)

We denote by k the greatest common divisor of the numbers

kj, kj+1, ceny k,,, ie.
ki=km;,, i=j, j+1,...,n, ®)

and the numbers my, m; ., ..., m, are all mutually prime. We will
prove the following additional assertion:

5. If we are given the Abelian group A = {a;,a;,,, ..., a,}
and a system of mutually prime integers mj, m; .y, ..., m,, then
in A we can choose a new system of generators

A={b;j,bj,q,..., 0.}, )

by =ma;+m; a5 4+ ... +ma,. (10)
We will prove this by induction on the sum of the absolute
values

such that

m = |m;| + |m; q] + ...+ m,

because when m = 1 the assertion is trivial. If m > 1, then at
least two numbers from the system of mutually prime numbers
mj, m; .y, ..., m, must be distinct from zero. Suppose, for instance,

[y = |m; 0| > 0.
Then either [my+my 4| < |my| or |m; —myy| < |myl, ie. for
one of the two signs it will be true that

Im; 4 my o+ my |+ el ) <m (1
Because
A={a;,a;,1F a5, 9, ...,8},

then, using (11) and applying the inductive hypothesis, we obtain
(9), where

by = (my & my ey +mj (a0 F a) +
m; oGy 49 4+ ...+ m,a, = mjaj + mj+1aj+1 + ... —i—m,.a,,,
which is what we were required to prove.
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6. We return to the proof of the fundamental theorem and
by applying the assertion which we have just proved, we obtain
a new system of generators for the group G,

G - {al, erey aj_,l, bj9 bj+1, veey bn},

where b; satisfies equation (10). From (5), (6) and (8) it follows,
however, that kb; = 0, and therefore, because of (7),

O(bj) <k < k} < 0(aj),

which contradicts the choice of the system of generators (3).
Hence the theorem has been proved.

1. An infinite cyclic group cannot be decomposed as a direct
sum (see IV.3.10), because, by I1.4.2, every two of its non-zero
subgroups have non-zero intersection.

A finite cyclic group {a} of order p", where p is a prime number,
is indecomposable, because all its non-zero subgroups are exhausted
by the cyclic subgroups of the elements a, pa, p%a, ..., p" la,
which are embedded in one another. We will call such cyclic
groups primary.

A finite cyclic group {a}, which has order

___ M1t n
m=pyps* ... pik,

where py, Do, ..., Px are distinct prime numbers and k=2, can be
decomposed into the direct sum of primary cyclic groups, which
have respectively the orders p™,pw, ..., p,

In fact, we introduce the notation

—_ M1 041 W j —
g =pitpiatpih bk, i=1,2, k.

Then the cyclic subgroup {g;a} has the order pf, i = 1,2, ..., k.
The sum of these subgroups, by 1V.3.2, will be their direct sum,
because the orders of all the elements of the sum of the subgrouns
{q;a},j# i, are mutually prime to the number p,, and therefore
the intersection of this last sum with the subgroup {g;a} is equal
to zero. Because, however, the order of the direct sum of a finite
number of finite groups is equal to the product of the orders
of the direct summands, then the order of the direct sum of all
the subgroups {q;a}, i = 1,2, ..., k, is equal to m, i.e. this direct
sum coincides with the whole group {a}.

From this, in view of IV.3.4, follows this strengthening of
the fundamental theorem:
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Every Abelian group with a finite number of generators is the
direct sum of a finite number of indecomposable cyclic groups,
some infinite, some finite primary.

8. In 1V.4.5 we introduced the concept of an isomorphism
of direct decompositions (the requirement of being “central”
can, of course, be omitted for Abelian groups).

Every two decompositions of an Abelian group G with a finite
number of generators into the direct sum of indecomposable cyclic
groups are isomorphic.

In fact, suppose these decompositions are

G={a}+..+{a}+{B)}+ ... +{b},
G={a}+..+{@}+{}+ ...+

where the elements @ have finite order, and the elements b have
infinite order. We can verify without difficulty that in an Abelian
group the totality of elements of finite order is a subgroup, which
is called the periodic part of this group. If F is the periodic part
of our group G, then

F={a}+..+{a}={a}+ ... +{a}, 13)

because every element of G, in whose expression in one of the
decompositions (12) at least one of the elements b occurs with
coefficient distinct from zero, will certainly be of infinite order.

The group F is finite and therefore has principal series, and
then the isomorphism of the direct decompositions (13) follows,
by IV.4.6, from the Schmidt-Ore theorem. On the other hand,
the free Abelian groups {b;}+ ... +-{b;} and {b;}+ ... +{b:}
of ranks s and ¢ respectively are isomorphic, by IV.4.5, to the
factor-group GJF, i.e. they are isomorphic to each other, and
hence s =1t (see V.2.3).

*Every two decompositions of an arbitrary Abelian group
into the direct sum of indecomposable cyclic groups are isomor-
phic, if the group has such decompositions (possibly with an
infinite set of direct summands).

Every subgroup of a direct sum of cyclic groups can itself
be decomposed into the direct sum of cyclic groups [L. Ya. Kuli-
kov, Mat. Sb. 16, 129-162 (1945)].*

9. An Abelian group is called primary with respect to a prime
number p or p-primary if the order of each of its clements is a power
of the number p.

(12)
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An element a of the p-primary Abelian group G has finite
height n,n>0, if the equation

Px=a

is soluble in G if, and only if, £ < n.

* Every periodic (see 11.3.4) Abelian group can be decom-
posed into the direct sum of primary groups with respect to dis-
tinct prime numbers.

A primary Abelian group G can be decomposed into the
direct sum of cyclic groups if, and only if, it is the union of an
ascending sequence

Aic A, ... 4, =...

of its subgroups such that in each of them the elements distinct
from zero have finite heights with a common bound (in G)
[L. Ya. Kulikov, ibid.).

Every primary Abelian group whose elements have a common
bound can be decomposed into the direct sum of cyclic groups
[Priifer, Math. Z. 17, 35-61 (1923)].

Every countable primary Abelian group, all of whose non-zero
elements have finite height, can be decomposed into the direct
sum of cyclic groups [Priifer, ibid.].*

§ 3. Vector spaces over skew fields

1. We will study R-modules in the special case when the asso-
ciative ring R is a skew field, not necessarily commutative. Every
unital module over an associative skew field K is called a vector
(or linear) space over this skew field. 1t is essential to bear in mind
that the multiplication of elements of a vector space by elements
of the skew field K is subject to the conditions (6)-(9) of V.1.4.

The submodules (i.e. the K-admissible subgroups) of a vector
space are called its linear subspaces. The isomorphism of vector
spaces over a skew field X is always understood, corresponding
to V.1.2, as a K-operator isomorphism.

2. For any subspace A of a vector space V over a skew field
K there exists a complement, i.e. a subspace B of the space V siuch
that

ANB=0, {4,B}=V.
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In other words, the space V will be the direct sum of the subspaces A
and B,
V=A+B.

In fact, we consider all those subspaces of the vector space
V whose intersections with 4 are equal to zero. The set M of all
such subspaces is not empty, because it contains the zero subspace.
Further, this set is partially ordered by set-theoretical inclusion,
and it satisfies the conditions of the Kuratowski-Zorn theorem
(see 1.6.3).

In fact, if we are given any chain L in M, then the union C
of the subspaces C; forming this chain (i varies through some
set of indices) will itself be a subspace in V: if x, y € C, then there
exist { and j such that xeC;, yeCj, and therefore, by letting,
for instance, C; < C;, we obtain x, yeC;,ie. x+yeC; and,
hence, x +y eC; on the other hand, from xeC; it follows that
xoeC; for all €K, and therefore xaeC. From C;NA4 =0
for all { it follows, obviously, that CN 4 = 0, and therefore the
subspace C is the upper bound in the set M for the chain L.

Thus, there exist maximal elements in the set M. Let the sub-
space B be one of these maximal elements. Then 4 N B = 0, which
follows from the definition of the set M. We will show that
{4, B} =V.

If x e V, x ¢ B, then the subspace {B, x} consists of all elements
of the form b+4xx, where b e B, « € K. This subspace is strictly
greater than B, and therefore, because B is maximal in M, the
intersection A4 N {B, x} contains the elements a==b -+ x« dis-
tinct from zero. Because o # 0 —otherwise it would be the
case that ae B, contradicting the equation 4 N B= 0 — then
x=au~'—bo~1e {4, B}, which is what we were required to prove.

The complement for the subspace A can be chosen in the
space V, generally speaking, in many ways. All these complements
are, however, isomorphic to each other, because, by the isomor-
phism theorem in IIL.4.2. or by IV.4.5, all of them are isomorphic
to the factor space V/A.

3. The concept of linear dependence, which plays a very
important part in the theory of finite-dimensional vector spaces
over a field, as studied in any course in higher algebra, also carries
over to the general case now under consideration. In fact, a finite
system of elements

Ay, dg, .oy Ay (1)
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of the vector space V over the skew field K is said to be linearly
dependent if there exist elements oy, o, ..., & in K, not all equal
to zero, such that

01(12-!—(12&2—!— oo +akak = 0,

and linearly independent otherwise. As usual, the linear dependence
of the system (1) is equivalent to the fact that at least one of the
elements of (1) can be expressed linearly in terms of the other
elements of this system (with coefficients from the skew field K).
All the fundamental properties of linear dependence, which
are established in a course in higher algebra can be extended
without any difficulty to the case of arbitrary vector spaces over
any associative skew field. Therefore we will not give the proofs
of these properties and will limit ourselves merely to formulating
the most important of them:
If in the vector space V over the skew field K we are given two
finite systems of elements
Ay sy ooy Qg
and
bl, bz, ey bls

of which the first is linearly independent and, moreover, each of its
elements can be expressed linearly in terms of the second system,
then k<l

From this it follows that if in the vector space V over the skew
field K we are given two finite linearly independent systems of
elements where any element of either of these two systems can be
expressed linearly in terms of the other system, then these two
systems consist of exactly the same number of elements.

4. Any, not necessarily finite, system of elements X of a vector
space V over the skew field K is said to be linearly dependent
if in X there is contained at least one finite linearly dependent
subsystem of elements, and linearly independent, if all the finite
subsystems of the system X are linearly independent. It is clear
that every linearly independent system consists of distinct elements
and that every part of it is itself linearly independent.

The space V has linearly independent subsets; such, for instance,
are the subsets consisting of one non-zero element. The set M
of all linearly independent subsets of the space ¥ is partially ordered
by inclusion, and satisfies the conditions of the Kuratowski-Zorn
theorem (see 1.5.3). In fact, if we are given a chain L in M, then
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the union X of the linearly independent subsets X, forming
this chain, will itself be linearly independent: if we take a finite
system of elements in X

X1 Xgy ooer Xi» 2

then there exists a linearly independent subset X, contained in
the chain L, which contains the whole system (2), and therefore
the system (2) must be linearly independent. The subset X is,
therefore, the upper bound of the chain L in the set M.

This proves that the vector space V over the skew field K has
maximal linearly independent subsets, where every linearly inde-
pendent subset of space is contained in some maximal one.

Every maximal linearly independent subset of a vector space
V is called a basis of this space.

5. A subset X, consisting of elements x; (i varies through some
set of indices) will be a basis of the vector space V over the skew
Jield K if and only if every element a of V distinct from zero has
a unique expression

a = xyot + x;,02 4 ... A x 0k, €)
where X, X, ..., x; €X, o, o ..., of are elements of the skew
field K distinct from zero, and k> 1.

In fact, let X be a basis of the space V, but suppose that the
element a of V, distinct from zero, does not have an expression
of the form (3); from this, in particular, it follows that g ¢ X. Then,
by adjoining the element a to any finite subsystem of the set X,
we obtain a linearly independent system, and therefore, by adjoin-
ing a to the whole basis X, we again obtain a linearly independent
set, contrary to the definition of a basis. If, however, the element
a has two distinct expressions in terms of the basis X, namely
(3) and

a = x;, 8"+ x;, 02+ ... +x;, 8,

then the union of the finite subsystems x;, ..., Xi, and X, ..., Xj,
of the basis X will be linearly dependent, which again contradicts
the definition of a basis. The verification of the converse assertion
of the theorem is simple and is left to the reader.

As well as the expression (3) for all elements a of the vector
space ¥ we can, of course, also use the uniquely defined expression

a=2x,-oc’, dek, 3"

x;eX
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in which at most a finite number of the coefficients «! are distinct
from zero. By V.1.4 the addition of elements written in the form
(3") is reduced to the addition of the coefficients for the indi-
vidual x;’s, and the multiplication of the element a by the element
B of the skew field K is equivalent to the multiplication of all
the coefficients o from (3') by P on the right.

By 1V.4.2 we can say that the vector space V over the skew
JSield K with basis X is the direct sum of the vector spaces xK, x € X.

6. All bases of the vector space V over the skew field K have
the same power.

Let us, in fact, take the bases X and Y in the space V. If at
least one of them, for instance X, is finite and consists of m ele-
ments, then, as follows from V.3.3, the basis Y is also finite and
also consists of m elements.

Suppose, however, that both the bases X', Y are infinite and
have respectively the powers m and n, where we suppose that
m <n. Every element x of the basis X has, by V.3.5, an expression
of the form (3) in terms of a finite system of elements Y, from
the basis Y. The union Y’ of all such finite subsystems Y., where
x varies through the whole basis X, will be a proper subset of
the basis Y, because, as the union of a set of finite sets, having
power m, it will itself have power m. Let y be any element of
Y\Y'. By V.3.5 it can be expressed linearly in terms of a finite
system of elements x; ,kxz, ...x; of X, and therefore also in terms

of a finite subsystem {_j Y,, of the set Y”, which, however, contra-

i=1
dicts the linear independence of the basis Y. Thus the theorem
has been proved.f
The power of any basis of a vector space V is called the dimen-
sion of this space. If, in particular, this power is finite, then we
speak of a finite-dimensional space. Thus, the vector space xK
is one-dimensional.

7. For every power m, finite or infinite, there exists a vector
space over the skew field K, having the dimension m.

Let X be any set of power m. Then the direct sum of the one-
dimensional vector spaces xK for all xe X (its existence follows
from IV.5.5) will be the desired vector space. Here xK is the

1 This result also follows from Fujiwara’s first theorem (II1.7.5), if we
observe that a vector space over a skew field X is a free K-module (Ed.).
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totality of elements of the form x«, « € K, with the natural defini-
tions of addition and multiplication by elements of X.

Two vector spaces V and W over the skew field K are isomor-
phic if, and only if, they have the same dimension.

In fact, if there exists an isomorphic mapping ¢ of the space V
onto the space W and if X is a basis of the space V, then Xop will
be a basis of the space W. This proves one half of the theorem.

Suppose, on the other hand, that the spaces ¥ and W have
respectively the bases X and Y, which have the same power.
We fix some one-one mapping ¢ of the basis X onto the basis ¥

xpeY for all xeX,

and in the following way we extend it to the whole space V':
if the element a of V has the expression (3’) in terms of the basis
X, then we set

ap= 2 (xg)o.
x;eX

We obviously obtain a one—one mapping of the space V onto
the whole space W; the fact that this mapping is an isomor-
phism follows from what was said in V.3.5.

We see that the theorems of the present section give a complete
description of all vector spaces over any skew field K.

§ 4. Rings of linear transformations

1. Operator endomorphisms of a vector space V over a skew
field K are called linear transformations of this space. By V.1.11
the linear transformations form a subring in the ring of all endo-
morphisms of an Abelian group V. We will denote the ring of
linear transformations by R(V, K).

We wish to show that when this ring is given, both the skew
field K, and the space V itself, may be defined in terms of it.
In order to formulate this assertion more precisely, we introduce
the following concept, which is a generalization of the concept
of an isomorphism of two vector spaces over the same skew field.

Suppose that we are given the vector spaces V over the skew
field K and W over the skew field L. We will say that between
these spaces we can establish a semi-linear correspondence o,
if there exists an isomorphism o of the skew field K onto the skew



222 LECTURES IN GENERAL ALGEBRA

field L, and an isomorphism, which we also denote by o, of the
group V onto the group W, where for all aeV, v e K

(ax)c = ac-us.

Thus, if K = L and ¢ is the identity automorphism of the skew
field K, then the semi-linear correspondence reduces to an iso-
morphism of the vector spaces ¥ and W over the skew field K.

2. If the vector spaces V over the skew field K and W over the
skew field L are related by a semi-linear correspondence o, then
the rings of linear transformations R(V, K) and R(W, L) of these
Spaces are isomorphic.

In fact, let ¢ € R(V, K). Then ¢~ 1pc will be a mapping of
W into itself, which is a linear transformation, because, by taking
into account that ¢ is a linear transformation, for any b, b’ e W,
B e L we obtain

(b -+ b)) (o™ *¢5) = b(6™1¢a) + b'(c™ *¢c),

(6B (6™ ¢0) = (bo™*-Bo™?) gc = (ba™ ¢ Bo™ o = b(c™ ¢p0) .
The correspondence ¢ — 6~ 1¢ o is a homomorphism of the ring
R(V, K) into the ring R(W, L), because for any b e W and any
¢, YRV, K)
bls=(p + {)5] = bo™ pa + 67 s],
bls~'(pd)c] = b(c™ ') (5™ o).
This will be a mapping onto the whole of the ring R(W, L), for
if ¢’ e R(W, L), then
9’ = o (op’c Vo, op'c"leR(V,K).
This correspondence will, finally, be an isomorphism, because
if the transformation 6~ 1go is zero, i.e. for all be W
b(c~1gc) =0,
then for all aeV
ap = (as)(c"196)67 1 =06"1 =0,
i.e. the linear transformation ¢ will also be zero.
We will say that the isomorphism which we have constructed

between the rings R(V, K) and R(W, L) is induced by the semi-
linear correspondence o.
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3. The converse of this assertion is true (see, for instance,
R. Baer’s book, Linear algebra and projective geometry):

* Every isomorphism between the rings of linear transforma-
tions R(V, K) and R(W, L)is induced by a semi-linear correspon-
dence between the spaces V and W.*

However, we will prove the following weaker assertion:

Giving, to within isomorphism, a ring of linear transformations
R(V, K) defines, also to within isomorphism, both the skew field
K and the space V (i.e. it defines the dimension of this space).

4, We fix a basis X with elements x;,ie, in the space V.
As usual, a linear transformation ¢ is completely defined, because
of (2) from V.1.2, by giving the images x;o of all the elements
of the basis X. We compare with the transformation ¢ the infinite
matrix whose rows and columns are numbered by all the possible
indices i € I, and in whose i-th column we place the coeflicients
of the expression for the element x;o in basis X; it is clear that
only a finite number of these coefficients are distinct from zero.

Conversely, every matrix of the given form, in each of whose
columns there are only a finite number of non-zero elements,
corresponds to some linear transformation. The set K; of all such
matrices will be a ring with the usual definitions for the operations
on matrices, and this ring will be anti-isomorphic to the ring R(V, K)
(sce V.1.6). We will only verify the following two assertions:

If A, Be K;, then AB€ K;. In fact, if i € I and the i~th column
of the matrix B has non-zero elements only in the rows with the
numbers j,, j,, ..., j,, then we consider the columns with these
numbers in the matrix 4. Only a finite number of non-zero ele-
ments are contained in them, and they are situated in a finite
number of rows, and therefore in the i-th column of the product
AB there will only be a finite number of non-zero elements.

If 9, $ € R(V, K) and the matrices (B;;), (Ys;) € Ky correspond
to them, then the matrix (y,;)(;;) corresponds to the product

od.

In fact, for all i e I it follows from

X = Z x; Bjis

jel

b= Z XiYkj

kel
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xiol) = D @ WE= > % (D Yurby)-

jeI kel jel

that

5. Thus we now need to prove that giving the ring K; as an
abstract ring determines both the skew field K (to within iso-
morphism) and the power of the index set I.

We fix a finite system of indices

j19j2’ -*wjn €1, n>1: (1)

and a system of non-zero elements XeK, s,z=1,2,...,n,
subject to the following conditions:

N=1; N=0)"% M= )
We denote by '
S=S(jl’j29"'7jn; )\f’s’t=1929---:n) (3)

the set of matrices from K;, of which only the rows with
the numbers from (1) can be non-zero, and where for
s, t=1, 2,...,n the j-th row is obtained by multiplying the
Ji-th row on the left by 2.

The set S is a minimal right ideal of the ring Kj.

The assertion that S is a right ideal in K; can be verified with-
out difficulty. This ideal does not consist of zero alone—one
row with an index from (1) can, obviously, be given arbitrarily
in a matrix from S.

To prove that the ideal S is minimal we introduce a notation
which we will also use in what follows: if « € K, then we denote
by («);; the matrix from K; in whose (j, i)-th position there is the
element «, and all of whose other elements are equal to zero.

We take any non-zero matrix 4 in S; let the element o« # 0
occur in its (j,i)-th position, where j is from the system (1).
By multiplying 4 on the right by the matrix («~1);, we obtain
a matrix from S with a single non-zero column, namely the i-th,
and which has unity in its (j, ) th-position. Finally by multiplying
the matrix obtained on the right by some matrix from K, in
which only the j-th row can be non-zero, we can obviously
obtain any matrix from S.

The ideals of the form (3) exhaust all the minimal right ideals
of the ring K;.
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In fact, we take an arbitrary non-zero right ideal T in K,
and in it a matrix with non-zero i-th column. By multiplying this
matrix on the right by (1);;, we obtain a matrix 4 from T which
contains only this one non-zero i-th column. Suppose that the
clements of this column distinct from zero are

(X.j”-, aj2i9 ceey ajni'

We set

—_ -1 — .
7\§—-ocjsiocj‘i, s,t—1,2,...,n,

conditions (2) are satisfied. Now it is easy to see that the right
ideal contained in T, generated by the matrix 4, is the ideal S
of (3).

6. All the minimal right ideals of the ring Ky, regarded as right
modules over K;, are isomorphic to each other.

In fact, suppose that S and S’ are two ideals of the form (3).
We choose the single indices, j and j’, from the systems of indices
(1) corresponding to these ideals. Every matrix of S is completely
determined by its j-th row, which may be arbitrary; the same
is true of S’ and j’. Thus we obtain a one—one correspondence
between S and S, if we relate to each other the matrices whose
J-th and j’-th rows, respectively, coincide. This correspondence
is in fact an isomorphism of the K;-modules S-and S’.

From this it follows that the rings of operator endomorphisms
of the minimal right ideals of the ring K;, regarded as K;-modules,
are isomorphic to each other. We will show that these rings are
anti-isomorphic to the skew field K.

Without loss of generality we can consider an ideal S of the
form (3) for which n = 1, i.c. the system (1) consists of one index
J. It is clear that multiplication on the left of all elements of all
matrices of S’ by the element « € K will be a Kj-operator endo-
morphism of the ideal S.

Now let ¢ be any Kj-operator endomorphism of the ideal S.
Because (1);; € S, we can find (1);;¢. If this matrix, which consists
of one non-zero j-th row, were to have an element distinct from
zero in the (J, i)-th position, j # i, then we would have, contrary
to the fact that the endomorphism ¢ is a Kj-operator,

(M- Wiy = 0p =0,
(M%) (D # 0.
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Thus,
Do = (@, «ekK.

However, every matrix 4 from S is equal to its product on the
left by (1);;, and therefore

Ap = (Ao = (V)y0- 4 = (V4.
The last product, however, means that all the elements of the
matrix A are multiplied on the left by «.

We have that all the K;-operator endomorphisms of the ideal
S are exhausted by multiplications on the left by elements of the
skew field K. Here there corresponds to the sum of endomor-
phisms the sum of the corresponding elements of K, and to the
product, because multiplication by « e K is performed on the
left, there corresponds the product of the elements of K in the
opposite order.

This proves that the skew field K is determined to within
isomorphism by giving the ring R(V, K) as an abstract ring.
In fact, the skew field K is anti-isomorphic to the ring of R’
operator endomorphisms of any minimal right ideal of the ring
R'(= K;), anti-isomorphic to the ring R(V, K).

7. We turn to the problem of the cardinal number of the set
of indices I. We suppose first that the set I is finite and consists
of the indices 1,2, ...,n. The totality S(j) of matrices of Kj,
in which only the j-th row can be distinct from zero,j =1, 2,...,n,
by V.4.5, will be a minimal right ideal of the ring K. These ideals
form a direct sum (see 1V.3.2), which coincides with the whole
ring Ky, and therefore in K;, as in a right K;-module, we have
the composition series of length n (see 111.4.6)

0cSMeSM+S@ < ...« ) 5G) = Kr.
ji=1

The number »n is invariant, and thus determines, by the Jordan—
Hoélder theorem, the Kj-module K itself.

Now we consider the case of an infinite set 7. We call a system
of minimal right ideals of the ring K; independent if the right
ideal generated by all the ideals of this system is their direct sum.
The system of ideals S(j) (see above), taken for all je I, will be
an independent system, and in fact a maximal one, because every
ideal S of the form (3) is contained in the direct sum of the ideals
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S(j), where j is taken from the system (1), and therefore cannot
be added to the system of all the ideals S(j), j e I, without violat-
ing its independence. The cardinal number of the system of ideals
S(j) clearly coincides with the cardinal number of the set I.

The cardinal number of any independent system of minimal
right ideals of the ring K is not greater than the cardinal number
of the set I.

In fact, if we are given a system of ideals of the form (3), then
the set of indices connected with this system will be part of the
set of all finite subsets of the (infinite) set I, and therefore its
cardinal number does not exceed the cardinal number of the
set I. On the other hand, from the same results on composition
series (see IIL4.6) it follows that an independent system of ideals
of the form (3), connected with a given system of indices (1),
may only be finite.

Thus, the cardinal number of the set I (i.e. the dimension
of the vector space V) is also determined uniquely by giving
the ring R(V, K) as an abstract ring. In fact, this cardinal number
is the maximal cardinal number of an independent system of
minimal right ideals of a ring anti-isomorphic to the ring R(V, K).
The theorem has thus been proved.

8. If we take a set M in the ring R, then we will call the total-
ity of those elements r € R such that xr = 0 for all xe M the
right annihilator of this set. The right annihilator of any set will,
obviously, be a right ideal of the ring R. In the same way we
define the left annihilator of a set.

* An associative ring R will be isomorphic to the ring R(V, K)
of all linear transformations of some vector space V' over some
skew field K, if and only if it satisfies the following ‘conditions:
(1) R has an identity; (2) R has minimal one-sided ideals which
are all contained in every non-zero two-sided ideal; (3) if the
right annihilator of a left ideal is equal to zero, then this ideal
contains all minimal left ideals; (4) the sum of any two right
(left) annihilators is itself such an annihilator [Wolfson, Amer.
J. Math. 75 358-386 (1953)].*

§ 5. Simple rings. Jacobson’s theorem

1. From what was said in I1.7.9 it follows that the complete
ring of matrices of a given order n over an associative skew field
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K (i.e. the ring of all linear transformations of the n-dimensional
vector space over K) will be a simple ring. Now we wish to study
one rather wider class of simple associative rings.

We consider an arbitrary vector space ¥ over an associative
skew field K. The image Vo of this space under the linear trans-
formation ¢ will obviously be a linear subspace (see V.3.1). We
will say that ¢ is a linear transformation of finite rank if the sub-
space Vo is finite-dimensional. It is clear that the sum and dif-
ference of linear transformations of finite rank, and also the
product of linear transformations, at least one of which is a trans-
formation of finite rank, will themselves be transformations of
finite rank, and therefore the set R'(V, K) of all such transforma-
tions will be a subring and in fact an ideal of the ring of all linear
transformations R(V, K).

A subring R, of the ring R(V, K) is called a dense ring of
linear transformations if for any linearly independent system
of elements x,, x,, ..., x,€ V and an arbitrary system of elements
Y1s Y25 ... Yu€V we can find a linear transformation ¢ in the
ring R, such that

X P = i, i=1,2,...,n.

2. Every demse ring of linear transformations of finite rank
is a simple ring,

In fact, let Ry be a dense ring of linear transformations of
finite rank in the vector space ¥ over the skew field K and let
R, have a non-zero ideal 4. We will prove that for every finite
dimensional subspace L we can find in the ideal A a projection of V
onto L, i.e. a transformation ae 4 such that Va= L and for
every y € L the equation ya = y holds.

First let the subspace L be one-dimensional, L = xK, x # 0.
We take ae A, a # 0. The subspace Va is finite dimensional;
let y1,¥a, ..., ¥, be a basis for it. Then there exists an x,eV
such that x,a = y;. Because R, is dense there exists ap € R, such
that

NP =X, Yop=..=y,=0. 1)

Because A is an ideal, ap = a’ € 4 and, by (1), Va' = x, K, where
x,@ = x;. In addition, there exist ¢;, @5 € R, such that

XCP]_ = Xj, x1<p2 = X.
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Therefore
V(CPIaI(P2) = XK = L:

X(e1'pp) = X,

and because ¢,a'p, € A, this will also be the desired projection.

Now suppose that our assertion has been proved for subspaces
of dimension n—1 and let the subspace L be n-dimensional,
n>1. We take an (n— 1)-dimensional subspace L' in it; by
hypothesis, there exists a projection a’ € A of the space V onto
the subspace L'. Then La’ = L. The kernel L’ of this transforma-
tion is a one-dimensional subspace, L'’a’ =0, and

L=L-+L"
There exists a projection a”’ € 4 of the space V onto the space

L”. Then
a=da+a’ —ada’'eAd

will be the desired projection of ¥ onto L. In fact, for all xe V

xa=xda +xa'’—(xa)a'’ eL;

if xe L’, then
xa=x-+xa"—xd' = x;

if xeL”, then xa’ = 0 and
xa=xa" = x.

The proof of the theorem can now be carried out without
difficulty. For any ¢ € R, the subspace Vo is finite-dimensional
and, by what has been proved, there exists an a€ 4, which is
a projection of ¥ onto V. Therefore ¢a = ¢, whence ¢ € 4,
ie. A= R,.

3. Every dense ring of linear transformations of finite rank has
minimal right ideals.

In fact, let R, again be a dense ring of linear transformations
of finite rank in the vector space ¥V over the skew field K and let
L be any one-dimensional subspace of V. By applying the as-
sertion proved above to the case 4 = R,, we can assert that
there exists an a € R, which is a projection of ¥ onto L. We denote
by L' the totality of those ' eV such that y’'a=0. Then
LNL =0 and

V=L+1L. )]



230 LECTURES IN GENERAL ALGEBRA

We denote by A the totality of those a’ € R, such that L'a’ = 0.
It is clear that ae 4, i.e. A does not consist of zero along, and
that 4 will be a right ideal of the ring R,. We will prove that
this ideal is minimal. Let o; and @, be any non-zero elements of
A. If L = xK, then xa, # 0, because otherwise we would have
Va, =0, i.e. a; = 0. Therefore, because the ring R, is dense,
there exists ap e R, such that

(xap)p = xa,, 3
and because
L'ay=L'a, =0,
then, by (2) and (3),
al(P = a29

i.e. the right ideal A4 is generated by an arbitrary non-zero element
a, of A.

4. A converse of the results obtained is the following
theorem of Jacobson [Trans. Amer. math. Soc. 57, 228-245
(1945)]:

Every non-zero (see 11.2.2) simple ring R, which has minimal
right ideals, is isomorphic to a dense ring of linear transformations
of finite rank of some vector space over some skew field.

We take a minimal right ideal 4 in our ring R. Multiplication
of the ideal A on the right by an element r € R determines an
endomorphism of the additive group of A. Because the sum
(product) of elements of R corresponds to the sum (product)
of the corresponding endomorphisms, we have a homomorphism
of the ring R into the ring of endomorphisms of the additive
group of A.

From the simplicity of the ring R it follows that this homomor-
phism will either be an isomorphism or else a mapping into zero.
The latter case, however, is impossible. From AR =0 (i.e. ar =0
for all ae A, re R) it would follow that 42 = 0, and then the
non-zero two-sided ideal

B=RA+ 4,

i.e. the totality of elements of the form
n

Zriai—}—a, r,eR, a,aeAd, i=1,2,...n

i=1
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(for all possible natural numbers n) would have the property
B2 = 0. From the simplicity of the ring R it follows, however,
that B= R, and then R? =0 which contradicts the hypothesis
that the ring R is non-zero.

5. We can assume, thus, that R is some ring of endomorphisms
(i.e. a subring of the ring of all endomorphisms) of the additive
ring of the ideal 4. Because the right ideal A is minimal, in the
group of A4 there are no non-trivial subgroups, admissible (see
V.1.2) with respect to all the endomorphisms of R, i.e., as we say,
the ring of endomorphisms R is irreducible.

ScHUR’s LEMMA. If we are given some irreducible ring of endo-
morphisms R of the Abelian group A, then the set K of those endo-
morphisms of the group A which commute (in the sense of the
multiplication of endomorphisms) with every endomorphism of R
will be a skew field.

It is clear, in fact, that K is a subring of the ring of all endomor-
phisms of the group 4 and contains the identity automorphism
of the group A. Now let « e K and o # 0. Then A« # 0 and
because the subgroup A« admits multiplication on the right by
all elements of R, and the ring of endomorphisms R is irreducible,
then Aa = A. The kernel of the endomorphism o will be an
R-admissible subgroup, i.e. in view of the irreducibility of the ring
R, it will be equal to zero. The endomorphism « is thus an auto-
morphism, and then there exists an inverse automorphism o2
which commutes, like «, with all the endomorphisms of R:
therefore «~'e K.

By applying Schur’s lemma to the theorem which we wish
to prove, we find that the additive group of the ideal 4 is a vector
space over the skew field K, and because every endomorphism
of R commutes with each endomorphism of K, R will be some
ring of linear transformations of this vector space.

6. The ring R is a dense ring of linear transformations.

First let there be given in A4 the elements a and o', where
a # 0. The set aR is a right ideal of the ring R. If aR = 0, then
the set of all xe 4 for which xR = 0 will not consist of zero
alone, and because it is a right ideal in R, then, because A is
minimal, it coincides with 4. From this it follows, however, that
AR = 0, which, as was shown in V.5.4, is impossible. Therefore
aR = A, and then there exists an r € R such that ar = a’.
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Now let there be given in A the elements g, a,, ..., a, linearly
independent over K and the arbitrary elements ay,qj, ..., a,,
n>1 We suppose that we have already proved the existence of

elements r;,e R, i=1,2, ..., n, such that

ar;#0, ar;=0 when j=1,.. . ,i—1,i+1,..,n.

By what was proved above, there exist r;eR, i=1,2,...,n,
such that '
a;r;r; = aj.

n
r:Erir{eR

i=1

Therefore the element

has the property that
ar=a;,, i=1,2,..,n.

7. Thus we need to prove that for any linearly independent
system of elements a;, a,,...,a,€ A, n>1, over K there exists
an element r € R such that

ar=..=da,_yr=0, a,r#0.

First let n = 2. We suppose that from a,r = 0 it always fol-
lows that a,r =0. For every ae A there exists an re R such
that @ = a;r. If also a = a,7’, then a,(r —r’) = 0, and therefore,
by hypothesis, a,(r—r") = 0 also, whence a,r = a,r’. Thus we
define a single-valued mapping « of the group A into itself, if
for a = a,r we set

as = dyr.

The mapping « is an endomorphism of the group A, because
from a= a;r, b =a,r’ it follows that a4+ b = a;(r +r’) and
therefore

(a+b)a = ax(r +r) = ayr + a,r’ = ao+ bo.
The endomorphism « commutes with every endomorphism 74 € R,
because from a = a,r it follows that ar, = a,(rry), whence
(arg) o = ay(rry) = (aw)r,.
This proves that o € K. Because
(ai0)r = ()0 = asr, reR

then
(@ia —a)r =0, reR,
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and therefore, as we know from V.5.6, a,0 —a, = 0, which
contradicts the fact that the system of elements a;, a, is linearly
independent over K.

8. Now let n be arbitrary and suppose that the assertion
of V.5.7 has already been proved for n—1. Thus there exists
an r’ € R such that

ar' =..=a,_,r'=0, ar +#0;

we denote by R’ the set of all such r’. If the elements a,_,r’ and
a,r’ are linearly independent over K, then, by what has been
proved, there exists an r"’ € R such that

117

ay_r'r" =0, ar'r"" #0,

and we can set r =rr".
Suppose, however, that

a, ' =(r)B, PBekK, B£#0. 4)
By using induction again, we can find an ry € R such that
Gty = ... =0au_oty =0, (a_1y—a,P)re+#0. &)

If a,r,=20, a,_,r,#0, then we can find an r, € R such that
a,_1roty = a,_,t', and then we can set r = r'—ryry, because
a,r=a,r'#0. If a,_,r, =0, a,r, # 0, then it will be true that
simply r =ry. If a,_,ry and a,r, are linearly independent, then,
because ry € R’, the existence of the desired r has already been
proved above.
It remains to consider the case
an—lroz(anrO)Y’ YGK, Y7é0’ (6)
from (5) it follows that  # vy. There exists an r, € R such that
an_lrorz————a"_lr,. (7)
Then, by (6), (7) and (4),
Anloly = Qu_1ToY ™ o = (Au_17or) Y™ ' = Gy 7'y~ = a,r'By" %,
whence
a,(r'By~1—rory) = 0. ®)
Now we can set r = r' —ryr,: it is clear that

ar=..=da,_;r=290;
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if it were also true that a,r = 0, then, in view of (8), we would
have
a,r’ = a,r'y?,

and because Py~ 1, we would obtain a,r’ =0, which is not
true.

9. The ring R consists of linear transformations of finite rank.

It is sufficient to prove that R contains at least one non-zero
linear transformation of finite rank, because then the intersection
of R with the ideal R'(4, K) of the ring R(4, K) (see V.5.1)
will be an ideal of the ring R distinct from zero and, by the simplic-
ity of the ring R, it will coincide with R.

We know from V.5.4 that A% # 0. From this and from the
fact that the right ideal A4 is minimal it follows that for any given
non-zero a € A it will be true that a4 = A. In particular, there
exists an ee 4, e # 0, such that ge = a. Hence,

a(e® —e) =0,

and therefore e? = e, because the elements of 4 which annihilate
a on the right form a right ideal; the element e is thus idempotent.
It is clear that 4 = eR.

Now by considering e as a linear transformation belonging
to the ring R of the vector space 4 over the skew field K, we can
show that it is of finite rank. In fact, the subspace Ae is one-dimen-
sional, For, if it were to contain the elements @’ and a” linearly
independent over K, then, because e is idempotent,

’ ’

de=a, a'e=a". C))
By V.5.7 there exists an r € R such that

ar=0, a'r#0.
Hence

ad(er)=0, a’(er)#0,

ie. er # 0. Because er € A, the set of elements of 4 which an-
nihilate @’ on the right does not consist of zero alone. This set
is a right ideal and therefore coincides with 4, which, however,
contradicts the first of the equations (9). Hence Jacobson’s Theo-
rem has been proved.

*If R;,, i=1,2, is a dense ring of linear transformations of
finite rank in the vector space V; over the skew field K, and if
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there exists an isomorphism v between the rings R, and R,, then
between the spaces V; and V, there exists a semi-linear corre-
spondence ¢ (see V.4.1) such that for all aeV;, re R,

(ar)c =ac- rr.

The total rings of matrices of finite order over skew fields,
and only these, are non-zero simple associative rings, satisfying
the minimal condition for right ideals.*

§ 6. Linear algebras. The algebra of quaternions
and the Cayley algebra

1. In the transition to operator rings (see V.1.7), it is natural
to consider as a special case rings which admit as their ring of
operators (see V.1.8) some associative skew field. Here, by taking
into account what was said in V.1.9, we will assume that this
skew field is commutative, i.e. that it is a field.

A ring R, which has the field P as its ring of operators, is
called a linear algebra over the field P. Usually, however, we
simply speak of an algebra over a field, because there is no risk
of confusing this concept with the concept of a universal algebra.
If here R is an associative skew field, then it is usual to speak
of it as an (associative) division algebra.

In the non-associative case, in connection with the terminology
introduced in IL.6.1, we will call every division ring, which is
an algebra over a given field, a division algebra. The concept
of an algebra with single-valued division has a similar meaning.
If, however, the algebra over a field is a skew field, then, as we
will prove below, all this only means that in the centre of our
skew field we single out some subfield; however, sometimes we
will nevertheless speak of an algebra with single-valued division
and with an identity.

All that was said in V.1.7 is also applicable to the case of alge-
bras. Thus, isomorphisms and homomorphisms of algebras over
the field P must be understood as their P-operator isomorphisms
and homomorphisms. The P-admissible subrings of an algebra
are called its subalgebras. By an ideal of an algebra we always
mean a P-admissible ideal of it. The term factor-algebra is also
understood in this sense.

The additive group of every algebra R over the field P is a vec-
tor spacg over this field, which follows immediately from the
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definition of an algebra. Vector spaces are much easier to study
than, for instance, arbitrary Abelian groups without operators.
For this reason the theory of algebras is in many respects simpler,
and has been worked out considerably further, than the theory
of rings without operators which is parallel to it.

2. In I11.2.9 we introduced the concept of the centre of a ring;
we recall that the identity of a ring, if it exists, is contained in
its centre.

If the ring R has an identity e and if the subfield P, containing
e, lies in the centre of the ring R, then R will be an algebra over P.

In fact, if the product of elements of R by elements of the
field P is understood in the sense of multiplication as given in
the ring R, then the fact that all the requirements given in the
definition of an algebra are satisfied follows at once from the
properties of the operations in the ring and the definition of the
centre.

Thus the field of complex numbers is a division algebra over
the field of real numbers. The ring of polynomials P[x] over the
field P will be an algebra over this field, because the polynomials
of zero degree form a subfield in P[x], which is isomorphic to
the field P and which contains the identity of the ring. Every
skew field will be an algebra over its centre, because the latter,
as we showed in II1.2.9, is a field.

If the algebra R over the field P has an identity e, then in the
centre of this algebra there lies a subfield containing e and iso-
morphic to the field P.

To prove this we denote by P’ the totality of elements of the
form ea, where « € P. By (7) and (8) of V.1.4 and (11) of V.1.7

e(x4B) =ead ef,
e(af) = (ee)(xf) = [(ee)«]P = (ea- €)B = ea- €f.

From this it follows that the mapping o« — ex will be a homomor-
phic mapping of P onto P’, and in fact an isomorphism, because
P is a field and, by (9) of V.14,

loe.1l=e#0,

where 1 is the identity of the field P.
We will show, finally, that the subfield P’ is contained in the
centre of the algebra R. In fact, for any x, yeR

(ex)x = (ex) o = (xe)oe = x (ex),
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[(e)x]y = [(ex) o]y = xt- y = (xp) o = [e(xy)] & = (et} (x),
() (ex) = [(xp)e]oe = (xp)a = x- yx = x[(ye) o] = x[y(ex)].
Thus the theorem is proved.

3. Let there be given an algebra R over the field P and let
us choose in the additive vector space of this algebra a basis X,
consisting of the elements x; (where i varies through some index
set). Every element a of R has a unique expression in the form
(3") of V.3.5, i.e. in the form

a= 2 x;of, ale P,
x;eX
where the addition of elements of R and their multiplication by
an element { of the field P reduces to the addition of correspond-
ing coefficients and to the multiplication of the coefficients by £.
If x;, x; € X, then the product x;x;, which is an element of R,
will also have an expression in terms of the basis X,

xXx; = 2 Xl )

.xkeX

where for given i and j only a finite number of coefficients }; can
be distinct from zero. The system of elements <f; of the field P
completely defines the multiplication in the algebra R. In fact,
for any o,BeP

) (8 = (xx) (@B) = D, xi(chap).
X € X
If, however, we are given the arbitrary elements
a—= Z xiai, = Z XJBJ., (2)
X € X xye X

in R, then, by taking into account that only a finite number of
the coefficients «/ and B/ can be distinct from zero, on the basis of
the distributive laws we obtain

ab =§X gx<xiaf)<x,-@f)= Zk n(Edt). @)

It is obvious that in the transition from the basis X to another
basis of the algebra R the numbers cf; are altered, i.e. the algebra
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R will be defined in this new basis by a “multiplication table” di-
stinct from (1).

4. If in the vector space V over the field P we choose a basis X,
consisting of the elements x;,i €1, and in the field P we take the
arbitrary elements s{-‘j, i,j,k€l, then there exists an algebra over
the field P, which has V as its additive vector space and is given
in the basis X by the multiplication table (1) with these coefficients
e

In fact, if for any elements a, b € V, written in the basis X in
the form (2), we define their product by the formula (3) then,
as is easy to verify, both the distributive laws, and the require-
ments (11) of V.1.7, will be satisfied, and the elements of the
basis X will be multiplied together by (1).

It is clear that the algebra constructed in this way will be nei-
ther associative nor commutative in the general case (i.e. if the
choice of the numbers ¢f; is not subject to any additional restric-
tions). By using the distributive laws, the expressions for ele-
ments of the algebra in terms of the basis and the property of
multiplication in the field, it is easy to verify, that if in the algebra
R over the field P we choose a basis X, then for this algebra to be
associative, commutative or Lie (see 11.2.3), it is not only necessary
(which is obvious) but sufficient that for any x;, x;, x,€X the follow-
ing equations, respectively, should be satisfied

(Gex)x == x;(x;8)
or
XiX) = X;X;,
or, finally,t
x=0, xx=—xpx;, ()% + (g3 x; + (ax)x; = 0.

5. ‘'We will apply the results of V.3.7 and V.6.4 to the con-
struction of one special type of algebra. We take an arbitrary group-
oid G and an arbitrary field P, and then we construct a vector
space over P, which has the set G as its basis. By defining the
product for elements of this basis as their product in the groupoid
G, we obtain an algebra called the groupoid algebra of the groupoid

G over the field P. The reader may wish to compare this concept
with the concept of the integral groupoid of a ring in I1.4.5.

t The first condition may be omitted when the characteristic of P is
not two (Ed.).
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The groupoid algebra will be associative if the groupoid G
is a semigroup or, in particular, a group. In this case we speak
of the semigroup or group algebra respectively.

Thus the algebra of polynomials P[x] over the field P will
be a semigroup algebra: its basis is the set of powers
x0=1, x, x%, ..., x", ... of the unknown x, which forms a semigroup
under multiplication, isomorphic to the semigroup of non-nega-
tive integers.

6. If the additive vector space of the algebra R over the field
P is finite-dimensional (see V.3.6), then the algebra itself is also
called finite-dimensional; its dimension is sometimes also called
its rank.

Thus the ring of matrices P over the field P (see 11.2.6) is,
by V.6.2, an algebra over this field, because the centre of the ring
P, contains the set of scalar matrices (see I1.4.3), including the
identity matrix and isomorphic to the field P. The algebra of
matrices P, here has finite dimension »2, because its basis consists
of the matrices ey, i,j =1, 2, ..., n, which have 1 in the (i, j)-th
position, and everywhere else have zero. The multiplication
table of the algebra P, in this basis is as follows:

€ij €k = i,
€j by = 0 when j # k.

7. As we have already noted in V.6.2, the field of complex
numbers K is a division algebra over the field of real numbers
or, as we will say, a real division algebra. This algebra has di-
mension 2, because the numbers 1 and / form its basis. The algebra
K has the following multiplication table in this basis:

P=11i=il=i i?=—1.

8. Now we will construct a four-dimensional associative
division algebra Q, called the algebra of quaternions. This will
be an algebra with the basis 1, 7,j, k and the following multi-
plication table:

11 i j ok
1T i j k
ili—1 k—j 4

jli—k —1 —i
Kk j—i —1
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In this table, to find the product, for instance of i by j, we must
take the intersection of the i-th row with the j-th column, i.e. jj=*k.

From the table of multiplication (4) it follows at once that the
element 1 is the identity of the algebra Q and that this algebra is
non-commutative. The algebra Q will, however, be associative:
because the elements i, j, K occur in the table of multiplication
(4) symmetrically (to within sign), then, by V.6.4, it is sufficient
to verify the validity of the equations

@)i=i@), @j=iG), @Gi=i,
Udi=j@), (Hk =i(k).
which we leave to the reader.

9. Every quaternion (i.e. element of the algebra Q) « has a uni-
que expression

o =a+ib+jc+kd
with real coefficients a, b, ¢, d. The quaternion
o =a—ib—jc—kd
is called the conjugate of the quaternion «. It is easy to verify that

«B=0d, atp=a+8 ®)

and that
o = oo = a® -+ b% + % + 4. {6)
The non-negative real number
n(o) = o = aet. ™

only equal to zero when « = 0, and it is called the norm of the
quaternion «. It is easy to verify that

n(af) = n(0)-n(@), ®
and therefore the algebra of quaternions does not contain divisors
of zero. In fact, by (7) and (5),

n(af) = («B) (4f) = «BPT = (o@) n(8) = n()-n(B).
If « # 0 and therefore n(«) # 0, then, by (7),

oc-( 1 E):( 1 E)-azl.
n(e) n(o)
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For every quaternion o distinct from zero there thus exists an
inverse quaternion, and therefore the algebra of quaternions is
a skew field.

10. We will construct, finally, one eight-dimensional real
non-associative algebra with single-valued division and with an
identity, called the Cayley algebra.

We consider all possible expressions of the form o3¢, where
o and  are quaternions, and e is a new symbol; in particular,
when 8 = 0 we will simply write « instead of « -+ fBe, and when
o = 0, simply Be. By defining addition and multiplication by the
real number a for the expressions under consideration by means
of the equations

(x+Pe)+(y+3e) = («+ )+ (B + de, ©)
(x+Be)a = (xa) + (Ba)e, (10

we obtain an eight-dimensional real vector space with basis
1,i,7,k,e,ie,je, ke. (11)

In this space we define multiplication by the equation

(x4 By +3¢) = (ay — 3B) + B +-Y)e. (12

It is easy to verify that this multiplication is distributive with
respect to the addition (9), and also, by (10), the equations

[(x+ Be)(y + 8e)la = [(x + Be)al(y + 3e) =
(« + Be)l(y + de)a].
are valid.
The multiplication table for the Cayley algebra which we have

obtained in the basis (11) can be derived without difficulty from
(12). It will be the following table:

|1 i J k e ie je ke
1 i J k e ie je ke
i —1 k —j ie —e —ke je
j —k —1 i je ke —e —ie
k
e

jg —i —1 ke —je ie —e

—ie —je —ke —1 i J k

ie e —ke je —i —1 —k j
je ke e —ie —j kK —1 —i
kel ke —je ie e —k —j i —1

}6. ] X e e
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We see that the elements of the form o = a+40e form a sub-
algebra in the Cayley algebra, isomorphic to the algebra of
quaternions. On the other hand, from (%) and (12) it follows
that in the expression o+ fe for elements of the Cayley algebra
both addition and multiplication can be understood in the sense
of operations defined in this algebra. The Cayley algebra is nei-
ther commutative nor associative. Thus,

(ie = ke, i(je) = —ke.

11. If £ = a+ fe is an element of the Cayley algebra, then
we call B
E=a—FPe.

the conjugate of this element. On the basis of (12) and (5) it is
easy to verify that for any elements £ and # of the Cayley algebra

=7, Etq=E+7 (13)
and that for £ = «+ Be
EE = EE = ot + BB = n(a) +n(B). (14)

This non-negative real number, which is equal to zero only when
£ =0, is called the norm of the element £ and is denoted by n(£).

If £ = « -+ Be, n =y -+ de, then from (12) and (14) it follows,
because of (5), that

n(En) = (ay — 38) (& — P8) + (B + BV @8 + ¥B)=
n(@n(y) + n(Bn@) +n()n@) +n@)nly) +a—>b,
where
a = SayB + Byasd,
b = ayBS+ 8p7x.
Because, by (5), the second summands in the expressions for a
and b are conjugate to the first summands, a and b will be real
numbers. If § =0, then, obviously, a =5 =0 and therefore
a—b=0. If, however, 8§ # 0 and therefore n(3) £ 0, then, because
the number a is real,

an(8) = 3a8 = bn(3),
whence a = b, i.e. again a—b = 0.
Thus,
n() = [n(0) +n @)l ) +n@)] = nEn). (15)
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From this it follows that the Cayley algebra does not contain di-
visors of zero.

12. Equation (12) shows that the element 1 =1+ 0e is the
identity of the Cayley algebra.

On the other hand, if we are given the elements £ = « 4+ Pe
and 5 =y e, where £ # 0, then the equation

B=r (16)

has a solution, which is unique because there are no divisors
of zero. In fact,

1 = 1 -
_ — I~ 3 3% — B el.
= ®) &y = ) [(@y + 3B) + (B — BY)e]

The reader can verify without difficulty, by using (12) and (5),
that the element ¢ in fact satisfies equation (16). In the same way,
the unique solution of the equation

E=m, £#0,
is the element
1

n(g)

We thus find that the Cayley algebra is a (non-associative) skew
field.

7E.

e
;=

. Alternative rings. n’s theorem
§ 7. Al ti ings. Artin’s th

1. The algebra of quaternions and the Cayley algebra should
in no way be regarded as random examples of real division al-
gebras—their fundamental role is established in many theorems,
some of which will be proved or mentioned in the following
section, and also in §§ 6 and 10 of the following chapter.

First we mention one simple classification of all rings. As we
well know, the associative law connects three elements, and
therefore every ring, all of whose subrings generated by three ele-
ments are associative, will itself be associative. A wider class of
rings is formed by the alternative rings, i.e. those rings in which
all the subring generated by two elements are associative. Even
wider is the class of power-associative rings, i.e. those rings in
which all the subrings generated by one element are associative;
this class, of course, does not include all rings.
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2. If a, b, ¢ are elements of some ring R, then we call the ele-
ment
[a, b, c] = (ab)c — a(bc) )
the associator of these elements. It is obvious that
[a,b,c] =0
if, and only if, the associative law
(abyc = a(bc)
is satisfied for the elements a, b, c.
From (1) it follows that
la+d’,b,cl=Ia,b,cl+[d, b, c]; @
similar equations are also valid for the places occupied by the
elements b and c in the associator. On the other hand,
[_a, b9 C] = _[a’ b’ C].
On the basis of (1) it is easy to verify the following equation,
which is valid for any elements a, b, c,d e R:
[ab, c,d]—[a,bc,d]+a, b, cd]l = alb,c,d]+]a,b,cld. (3)
3. ARTIN’S THEOREM. The ring R is alternative if, and only
if, for any a,beR the equations
(aa)b = a(ab), (ba)a = b (aa) 1 )]
hold.
It is obvious that in an alternative ring conditions (4) are satis-
fied. We will assume therefore that we are given a ring R, in which

for any elements @ and b the equations (4) are satisfied; these
equations can be rewritten in the form

[@a,a,b]=0, [b,a,a]=0. )
4. In the ring R for any a and b the equation
[a,0,a1 =0 (6)

is valid.
In fact, by (5) and (2),
O0=l[a,a+b,a+bl=|a,a,ad+][a,a,b]+
la, b, a]l+[a, b, bl=[a, b, a].

1 The reader can take the identity (4) as the definition of an alternative
ring and omit the proof of Artin’s theorem without prejudice to what follows.
We see that alternative rings form a primitive class of universal algebras
(see I11.6.3).
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If in the ring R the elements a, b, ¢ undergo some permutation,
then the associator la, b, c] is unaltered if this permutation is even,
and changes its sign if the permutation is odd.

1t is sufficient, as we know, simply to consider the case of
transposing two elements. By (5) and (2)

O=la,b+c,b+cl=[a,b,bl+]a,b,cl+]a,c, b]+
la,c,cl=la,b,c)+]a, c, b],

whence
[d, bs C] = _[a’ c, b]°

In the same way we can prove the equations
[d, bs C] = —[b’ a, C]

and, because of (6),
[aab’ C] = —[Ca b9a]'

5. If 4, B, C are subsets of our ring R, then we agree to write
[Aa B s C] = 0’

if [a, b, ¢]=0 for all ae4,beB,ceC.
A subset A of the ring R is called an o-set if

[4,4,R]=0, Q)

and therefore, on the basis of what we proved above,
[A,R,A]—'_—-O, [R’A,A]:O' (8)

From (5) it follows that a set consisting of one element will be
an o-set.

The subring of R generated by an o-set A will itself be an «-set,
i.e., more concisely, it will be an «-subring.

In fact, from (2) it follows that, by adjoining to the set A4 all
possible sums and differences of its elements, we again obtain
an o-set. We will show that this is also true when we adjoin to
A the products of all possible pairs of its elements. In fact, if
4, 0y,0a3,a,€ A, then, by (3)

[alaza X, aa] - [al’ asXx, a3] + [als a;, xa3] =

aia,, x, @) + [a,, a,, x]a;,
whence, by (7) and (8),

[alaZa X, a3] = 0' (9)
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In addition, again by (3),
[@1as, x, aya,) — [a1, axx, asa,) + [ay, @y, x(a3a,)] =
alas, x, asa;) +[ay, as, x](asa,),
whence, by (7), (8) and (9),
[aa,, x, a;a,] = 0.

Thus if, starting with the set 4, we adjoin alternately to the
«-set which we have constructed either all the sums and differences
of its elements, or else all products of pairs of its elements, we ob-
tain an ascending sequence of «-sets in R. The union of this
sequence will, of course, be an a-set and in addition it will coin-
cide with the subring generated by the set A.

From this result it follows that every subring of the ring R
generated by one element will be an o-subring and therefore will
be associative.

6. If A and B are o-subrings of the ring R, then we denote
by C the set of all elements ¢ of R such that

[4,B,c]=0.
It is clear that
C=2(AUB) (10)

and that C is closed with respect to addition and subtraction.
If ceC, then for any a’c A and b'e B the inclusions

ac,ca’,b’c,chb’ eC.

hold.
In fact, if a € 4, b € B, then, by (3),

[aa’, ¢, b] — [a, a'c, bl + {a, &', ¢b] = ald’, ¢, b] + [a, &', c]b,
bc,a',al— b, ca’, a)+ [b, ¢, d’al = b[c,a’,al + [b, c,a'la
or, by taking into account that A is an «-subring, and ce C,
[a,d'c, b] = 0.
[b,ca’,al=0.

i.e. a'ceC, ca’e C. In the same way we prove the other two in-
clusions.

By I1.3.7 any element of the subring {4, B} can be represented
in the form of a sum of products of the form w = x; x; ... X,
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where every x;,i=1,2,...,n, belongs to 4 or to B; we call
n the length of this product, n = I(w). In the product w there
is some arrangement of brackets, in which every bracket is the
product of precisely two smaller brackets. We will call the prod-
uct w of length n a-normal element if every bracket of length
k, 2 < k < n, which is part of this product, is the product of
a bracket of length k—1 and an element from A4 or from B, on
the left or on the right. Thus, the product (ab) (b’'a’) will not
be normal, and the product b'[(ab)a’] will be normal.

From what has been proved above, it follows, by (10), that
every normal element w belongs to the set C, i.e. for all ae 4,

beB
[a, b, w] = 0. 8))

7. Every product of normal elements can be represented as
a sum of normal elements.

It is sufficient to prove this for the product of two normal
elements v and w. We will carry out the proof by induction with
respect to the length of the element v, because when /(v) =1
it is obvious that the product vw is normal.

Ifv =9a,1(v) = I(v) —1, acA, then

ow = @'a)w =12 (aw) + [v’, a, w]=
v’ (aw) — [v', w, a] = v’ (aw) — (@'W)a+ 7' (wa),
but each of the three summands in the sum obtained can be re-
presented, by induction, as a sum of normal elements. The case
v = av’ also reduces to this case:
ow = (a0 )w = a(v'w) + [a, v’, wl=
a(@'w) — @, a,w) = a(@'w) — (@’'a)w + v’ (aw).

From this it follows that every element of {A, B} can be re-
presented as a sum of normal elements.

8. If v, w are normal elements, then for any ac A,be B

[a,v,w]=[b,7v,w] =0. (12)

If I(v) =1, then (12) follows from (11). We will therefore
carry out the proof by induction with respect to the length of
the element ». If v = b'v’, where I(z") = I(v) —1, b’ € B, then,
by (3),

[b'v',w,al— [b',v'w, a] + [V, ¥, wal=
b'[v',w,al+[b, v, w]a.
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Hence, by using induction, and also (11) and the result proved
in the previous section, we obtain

[b'v’,w,al =[v,w,dl ={a,v,w] =0.

In the cases v = v'a’, v = a'v’ and v = v'b’ we can also apply
the identity (3), where as the elements a, b, ¢, d we must take,
respectively, w, v, @', a or a, a’, ¥, w, or, finally, v', b, w, a.

9. If u, v, w are normal elements, then

[, v, w] = 0. 13)

By (12) we can carry out the proof by induction with respect to
the length of the element u. If u =u'a, I(W) = 1I(u) —1, ac A,
then, by (3),

[Wa,v,wl—[u, av, wj+[u, a, vw]=
ula, v, w]+[u, a, vlw
or, by using induction and the result from V.7.7,
[Wa,v,wl =[u,v,w] =0.

The other possible cases are considered in the same way.

Hence, by taking into account that every element of the sub-
ring {4, B} is the sum of normal elements, we find that the
subring {A, B} generated by the a-subrings A and B will be asso-
ciative. If we take as A and B subrings each of which is generated
by one element, then, by the last result of V.7.5, we obtain that
every subring of the ring R, generated by two elements, is associa-
tive, and this completes the proof of Artin’s theorem.

* If the additive group of the ring R does not contain ele-
ments of finite order distinct from zero, then R will be power
associative if, and only if, for every element ¢ of R

(ad)a = a(aa),
[(aa)ala = (aa)(aa).
[Albert, Summa Bras. Math. 2, 21-33 (1948); see also A.T.
Gainov, Uspekhi mat. nauk 12, No 3, 141-146 (1957)}.*

10. Now we will prove that the Cayley algebra is alternative.

By Artin’s Theorem, it is sufficient to verify that in the Cayley
algebra equations (4) are satisfied. We will verify at lcast the
first of these. If

E=a+Be, n=v+73e,
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then, by (12) of V.6.10,
EE)7 = [(o2 — BB)Y — S(Bor + Bo0)] + [3(o2 — BR) + (B + L) Yle,
EEn) = [a (o — 3B) — Bac+ BY) B+ [(Ber + BT+ B (ary — 52 e

However, the right-hand sides of these equations will coincide,
as it is easy to show on the basis of (5) from V.6.9, if we take
into account that both « 4+ & and PP = PP are real numbers
and therefore commute with any quaternion.

§ 8. A generalization of Frobenius’ theorem

1. The field of real numbers and the field of complex numbers
are the only finite-dimensional real associative-commutative al-
gebras without divisors of zero.

The skew field of quaternions is the only finite-dimensional
real associative, but not commutative algebra without divisors
of zero.

The Cayley algebra is the only finite-dimensional real alterna-
tive, but not associative algebra without divisors of zero.

The first two theorems together are called Frobenius’ theorem;
all three theorems together we will call the generalization of Fro-
benius’ theorem.

2. First we will prove the following general theorem:

Every finite dimensional algebra R without divisors of zero
over an arbitrary field P is an algebra with single-valued division.

We will prove that at least the first of the equations

ax=>b, ya=D», 1

has a unique solution, where a % 0. We denote by aR the totality
of elements of the form ar for all possible r from R. It is clear
that aR will be a linear subspace of the additive vector space
of the algebra R. If this subspace is distinct from the whole al-
gebra R, then it has a strictly smaller dimension. Hence, taking
any basis

xl, xZ, ooy x"
of the algebra R, we have that the elements

axy, axs, ..., ax,
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are linearly dependent, i.e. in the field P there exist elements
Oy Oy, ..., &y, DOt all equal to zero, such that

(ax)) oy + (axy) o+ ... +(ax,)o, = 0.
From this, however, it follows that
a(x o0+ X305+ ... +x,0,) =0,

where both factors are distinct from zero, which contradicts the
fact that there are no divisors of zero in the algebra R.
We have that aR = R. Thus there exists an element r € R such
that
ar = b,

i.c. the first of the equations (1) is in fact soluble. The uniqueness
of this solution follows from the fact that there are no divisors
of zero in R. The theorem has thus been proved.

For what follows, we note that in an alternative algebra not
only every subring generated by two elements but also every
subalgebra with two generators is associative it is sufficient;
to take into account how the elements of the given subalgebra
are expressed in terms of elements of the subring generated by
the same two generators.

Every alternative finite-dimensional algebra with single-valued
division R over an arbitrary field P has an identity.

In the associative case the assertion of this theorem follows
at once from I1.2.10. If the algebra R is merely alternative, then
every subalgebra of R with two generators will be an associative
finite-dimensional algebra without divisors of zero, i.e., by the
preceding theorem, a division algebra and thus it has an identity.
Suppose, however, that two such subalgebras have different
identities, e; and e,. The subalgebra generated by these two ele-
ments will itself be an associative division algebra, and we arrive
at a contradiction, because in an associative skew field there
cannot be two different idempotent elements, i.e. elements equal
to their own squares.

3. Now, starting on the proof of the generalization of Fro-
benius’ theorem, we can assume that we are given a real alternative
(in particular, associative or even associative-commutative)
algebra with single-valued division R of finite dimension », which
has an identity.
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As we proved in V.6.2, in the centre of the algebra R there
is contained a subfield D, isomorphic to the field of real numbers —it
will be the set of elements which are multiples of the identity 1
of the algebra R.

If the element a of the algebra R lies outside the subfield D,
then the subaigebra {a} generated by it contains this subfield and
is isomorphic to the field of complex numbers.

In fact, because the algebra R is alternative, the subalgebra
{a} is associative, i.e. we can speak in the usual sense of powers
of the element a. Because the algebra R has dimension #n, then
the elements

l,a,a ...,a"

are linearly dependent. Thus there exists a polynomial f{x) with
real coefficients, of degree not more than », which vanishes for
the element o. From the fundamental theorem of algebra for
complex numbers it follows that f(x) can be decomposed into
linear and irreducible quadratic factors with real coefficients,
and because there are no divisors of zero in the algebra R, the
element ¢ makes one of these factors vanish; we denote it by ¢ (x).
Because a lies outside the subfield D and therefore cannot
satisfy any equation of the first degree with real coefficients,
then
e(x)=x*+fx+y, yv#0. @

Thus,
a?+Ba+y=0, A3)

i.e. ye{a} and therefore the whole subfield D is contained in the
subalgebra {a}. From (3) it follows that the subalgebra is two-
dimensional and that its basis consists of the elements 1 and a,
where

a? = —vy—Ba.

On the other hand, we denote by « the complex number which
is a root of the quadratic trinomial (2). The number « is not
real, and therefore the numbers 1, « form a basis for the algebra
of complex numbers. The multiplication table defining the al-
gebra of complex numbers in this basis obviously coincides with
the multiplication table defining the subalgebra {a} in the basis
1, a. From this, by V.6.3, it follows that the subalgebra {a} is
isomorphic to the field of complex numbers.



252 LECTURES IN GENERAL ALGEBRA

4. If the elements a and b of the algebra R lie outside the sub-
field D and generate different subalgebra {a}, {b}, then the sub-
algebra {a, b} is isomorphic to the algebra of quaternions.

Because the subalgebra {a} is isomorphic to the field of com-
plex numbers, we can take a basis 1, / in it, where

2= —1. )

In the same way there exists a basis 1, j, in the subalgebra {b},
where
Ji=—1. &)

It is clear that {i} = {a}, {j,} = {b}, whence {i,j,} = {a,b}
and, because j, ¢ {a}, the elements 1, i, j, are linearly independent.

Each of the elements i + j,, { — j, therefore lies outside the sub-
field D and, hence, must satisfy some irreducible quadratic poly-
nomial with real coefficients, and then it must be possible to ex-
press the squares of these elements in terms of their first powers
and the identity. Hence there exist real numbers «, 8, v, 8 such
that

(i +Jjo)2 =—2 -+ (o +joi) = (i +jo) + B, (6
(—Jjo)* = =2~ (o +Jjol) = Y(i —jo) -+ 3.
By adding these equations we obtain

—4=(x+yY)i+@—7i+ B +9),

whence, because the clements 1, i, j, are linearly independent,
it follows that e« +v = a—y = 0,i.e. « =y =0. From (6) we
now have that the element #j, 4 j,7 will be a real number, which
we denote by 2u; in fact,

Potjoi =2u=B+2=—(+2). @)
Because the quadratic trinomials which the elements i 4- j, and
i —j, satisfy are irreducible, then, since « =y =0, it follows
that 8 < 0, & << 0, whence, by (7),
—l<pu<l.

The number
1

- V— ITE
will thus be a real number distinct from zero.

v
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Now we consider the element
J = wvi+vj,.
which lies in the subalgebra {a, b}. Because v # 0, the elements

1, i, j are linearly independent, and on the basis of (7) and (8)
it is easy the verify the equations

=1 9
ij+ji = 0. (10)
We introduce the notation
k=ij=—ji. (11)
If the equation
k=a+Bi+yj

with real coefficients «, 3, ¥ were to hold, then, by multiplying
both sides of it on the right by i, because of (11) we would arrive
at the equation

j=oi—B—yk=oi—p—y(x+Bi+ Y.
However, by equating the coeflicients of j here, we would obtain
1= —«2
which is impossible, because the number vy is real.

The elements 1, i, j, k thus turn out to be linearly independent.
These elements lie in an associative subalgebra {a, b} (because
the algebra R is alternative) and in fact generate this subalgebra.
Therefore, on the basis of (4), (9) and (11), we can verify without

difficulty that for the elements 1, i, j, k all the equations (4) of
V.6.8 are satisfied. Thus, for instance,

K= i) (—) = —i ()= = —1,

Jhe = j(—ji) = — (i =1i.
This shows that the elements 1, i, j, k form a basis for the subal-
gebra {a, b} which they generate and that this subalgebra is iso-

morphic to the algebra of quaternions.
Thus the first of the theorems in V.8.1 has been proved.

5. If the proof of the second of the theorems of V.8.1 were
our final aim, then we should have very little left to do. Suppose
that the algebra R under consideration is associative and suppose
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that we have found a subalgebra {a@, b} in it isomorphic to the
quaternions, and an element ¢ lying outside it. We denote by 1, i,
J» k the basis of the subalgebra {a, b} with the usual multiplication
table for the algebra of the quaternions—we will call such a ba-
sis canonical. In addition, the subalgebra {c} by our hypotheses
is isomorphic to the field of complex numbers and therefore
it contains an element e such that

et = —1,
where {e} = {c}.
By repeating the reasoning used in the derivation of equation
(7), we can assert that there exist real numbers o, B, v, such that

ie+ei=a, jetej=0p, ketek=rx.
Hence, by using the fact that the algebra R is associative, we obtain

ek = (ei)j = oj — i(¢f) = aj — i+ (i) e=
of — Bi+ ke = aj — i+ v —ek,
i.e.
2ek = oj — i1,
or, after multiplication on the right by k,

—2e = i+ B+ vk.
However, this reduces to the inclusion e € {g, b}, which is impos-
sible. The second of the theorems in V.8.1 has been proved.

6. We return to the proof of the generalization of Frobenius’
theorem.

If the elements a, b and c of the algebra R are such that {a, b},
{a, ¢} and {b, c} are distinct subalgebras, isomorphic to the skew
field of quaternions, then the subalgebra {a, b, c} is isomorphic
to Cayley algebra.

Because the subalgebra {a, b} is isomorphic to the skew field
of quaternions, it has a canonical basis 1, 7, j, k. On the other hand,
in the subalgebra {c} there is an element e, such that

= —1,
where {e,} = {c}.
The subalgebra {i, e,} is isomorphic to the skew field of

quaternions, because from {i} = {e,} it would follow that ¢ € {a, b}.
Therefore, as we showed in V.8.4, there exists an element

e, = i+ fBre (12)
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with real «; and 8, where $, # 0, such that the elements 1,7, e,,
ie;, form a canonical basis for the subalgebra {i, e,}.

From {j} ={e;} it would follow, by (12), that e,e{a, b},
which is impossible. Thus the subalgebra {j, e;} is isomorphic
to the skew field of quaternions and therefore there exists in
it an element

€ = 03 j+ [z (13)
with real «, and ,, where B, # 0, such that the elements 1, j, e,,
Jjes form a canonical basis for the subalgebra {j, e,}.

We will show that the subalgebra {i, e,} is also isomorphic to
the skew field of quaternions and has the system of elements 1, i,
ey, ie, as its canonical basis. In fact, from {i} = {e,} it would
follow, by (13) and (12), that e, € {a, b}, whence e, € {a, b}, which
is impossible. This proves the first assertion. In addition, because
we already know that

P=ek=—1,
then for the proof of the second assertion it is sufficient, as we know
from V.8.4, to establish the validity of the equation
iey+eyi = 0.
However, by taking into account that the equations
if+ji=0, ie+ei=0
hold, we obtain
ie; + eyl = i(oyj + Boey) +(ctaj + Bolr)i=
o (i + ji) + Ba(iey + e;1) = 0.

7. As above, the subalgebra {k, e,} is isomorphic to the skew
field of quaternions and has a canonical basis 1, k, e, ke, where

e = a3k +Pse, (14)

with real o, and By, where g 3 0. We note that {k, e,} = {k, e}.
In the same way as in the preceding section, we can verify that the
subalgebras {i, e} and {j, e} are also isomorphic to the skew field
of quaternions and have as their canonical bases respectively
the systems of elements 1, i, e, ie and 1, j, e, je.

8. The system of elements
1,i,j,k,e,ie,je, ke 1s)

is linearly independent.
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In fact, if it were linearly dependent, then in the subalgebra
{i, j} = {a, b} there would exist elements u, v, where v # 0,
such that

u = ve. ' (16)
Because the subalgebra {o} is isomorphic to the field of complex
or real numbers, the element 2~ 1 is contained in it and therefore
in the associative subalgebra {v, e}. Hence
v7(ve) = (v lv)e=e,
ie. from (16) we would obtain
e=o9v"lue{a,b},
which is impossible.
9. For the elements (15) the table of multiplication for the
Cayley algebra is satisfied (see V.6.10).
We know that the systems of elements
(,i,j, k), (,i,e,ie), (Q,j,e,je), (1,k,e,ke) (17
are canonical bases for the subalgebras which they generate.
Because of this it remains to verify very little in the given table.
We will show how this is done in some typical cases.
Because the subalgebra {e-i, j} is associative, then
Lite + Dl(e+ i) = jl(e+ e+ DI,

whence, by using what was said above about the systems (17),
we obtain

—j+(je)i—ke—j= —2j,
ie.
(je)i = ke. (18)

Further, from the equation
(e +Dlile+D1= e+ )jle+i)
we have, by using (18), that
i(je) = — ke. (19)

Finally, from the fact that the subalgebra {k, i + je} is asso-
ciative, there follows the equation

[+ je) (i + jolk = (i + je)[(i -+ je) k],
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from which, by using equations (18), (19) and the equation
- (jok = —ie,
which is proved in the same way, we obtain

(je)(ie) = k.

In this way we show that the elements (15) form a basis for
the subalgebra {a, b, ¢} which they generate and that this subal-
gebra is isomorphic to the Cayley algebra.

We will agree to call the basis of the Cayley algebra which
satisfies the multiplication table in V.6.10 caronical.

10. Finally, we suppose that the algebra R contains both a sub-
algebra which is isomorphic to the Cayley algebra and has as
its canonical basis the system of elements

1,4,J, k, e, ie, je, ke,

and also some element which lies outside this subalgebra. Then,
by generalizing the reasoning carried out in the preceding sections,
we would find an element f in the algebra R such that each of
the following systems of elements would generate a subalgebra

isomorphic to the Cayley algebra and would be a canonical
basis for it:

Li j k fif ifs K
1, i, e, ie, f, if, ef, (ie)f;
1, j, e je, f, if, ef, (je)f;
1, je, i, ke, f,  (Jolf, if, (ke)S.
The corresponding constructions are very complicated, but

present no serious difficulties and therefore can be left to the
reader.

From the fact that the given bases are canonical there follow
these equations:

e = —1, rF=-1,
UNGE) =k, k@fy = —Jif,
e(if) = (ie)f, (iN)e = —(o)f,

(e = —(elf, [Ge)fle = if,
[Gef1Gf) = —ke,

By using these equations, and the equation

() e+ i) (e +if ] = [if) e+ iNle+if),
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which is valid because the algebra R is alternative, we obtain

=23Jf) = [—(e)f + kl(e + if) = —2(if) + 2ke,
i.e. ke = 0, which is impossible.

The contradiction which we have obtained completes the proof
of the generalization of Frobenius’ theorem.

* Every alternative skew field is either associative or else, re-
garded as an algebra over its centre (see V.6.2), finite-dimensional,
and in fact it has dimension eight and is the so-called Cayley-
Dickson algebra, i.e. it is a generalization of the Cayley algebra
to the case of an arbitrary base field [L. A. Skornyakov, Ukr. mat.
Jjournal 2, No 1. 70-85 (1950); Bruck and Kleinfeld, Proc. Amer.
math. Soc. 2, 878-890 (1951)].*

11. Frobenius theorem cannot be generalized to the case of
non-alternative algebras, because, for instance, there exist very
many different finite-dimensional real power-associative algebras,
which are algebras with single-valued division.

* The dimension of a finite-dimensional real algebra without
divisors of zero can only take the values n =1, 2, 4 or 8 [Milnor,
Bull. Amer. Math. Soc. 64, 87-89 (1958)].*

12. Reasoning parallel to that which we used in V.8.3 leads
at once to the following theorem:

The only finite-dimensional power-associative algebra over the
field of complex numbers, having an identity, but not containing
divisors of zero, is the field of complex numbers itself.

§ 9. The Birkhoff-Witt theorem on Lie algebras

1. In I1.2.3 we proved that by replacing the operation of multi-
plication ab in the associative ring R by the commutator operation

aob=ab— ba,

we obtain the Lie ring L(R).

If the ring R is a XZ-operator ring (see V.1.7), then the ring
L(R) will be a X-operator ring.

Because the given rings have the same additive group, we need
only verify that condition (11) of V.1.7is true. If a,be R, 2 € X,
then

(a o byo = (ab — ba)x == (ab)a — (ba) «
= (aw)b — b(ax) =(ax) o b.
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In the same way we can also verify the equation
(@aob)a = ao(ba).

In particular, if R is an algebra over the field P, then L(R) will
also be an algebra over the same field.

2. For the case of algebras a converse of the result in 11.2.3
is the following theorem [Birkhoff, Ann. of Muath. 38 526-532
(1937); Witt, J. reine und angew. Math. 177, 152-160(1937)]:

For every Lie algebra L over any field P there exists an as-
sociative algebra R over the same field such that the algebra L can
be isomorphically embedded in the algebra L(R).

Proof. We choose a basis for the algebra L over the field P.
Assuming, by Zermelo’s theorem (see I.6.3), that this basis is
well ordered, we write it in the form

€15 €55 cuuy Eys - )

If we use the symbol X to express muitiplication in the algebra L
then

e, Xeg = Z Cyaly s 2
Y
it is clear that for given « and § only a finite number of coefficients
cJs can be distinct from zero.

Every ordered finite system of elements from the basis (1),
not necessarily distinct, will be called a word. If we are given the
word

W= €,€,, .. € 3)

of length k, k>1 — we write down the elements, forming this
word, one after the other, not separating them by commas—
then, as usual, we say that every pair ¢,,, e, ; of elements occuring
in it, for which i<j, but «;> «; in the sense of the ordering of
the basis (1), is inverted in this word.

In addition, we will consider the sums of words, i.e. finite
unordered systems of words, not necessarily distinct, taken with
coeflicients from the field P distinct from zero. In writing sums of
words we will formally combine words by means of the sign +.

The greatest length of the words occuring in a given sum
of words s will be called the degree of this sum. If » is the degree
of the sum of words s, then we denote by I, i=n,n—1,...,2,
the total number of inversions in words of length i contained in
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s; if in s a word of length i does not occur at all, then we set
I; = 0. It is clear that /; need not be considered. The symbol

G = (ln’ln—l’--'alz) (4)
is called the height of the sum of words s.

3. Assuming that » is fixed, we introduce a lexicographic
ordering in the set of heights of the form (4), i.e. of the degree
n: if

6 = (y, i1y .05 1y),
then we will assume that o << ¢’ if there is an i such that /; < /; but
=10, b.,=1, (When i<n).

The lexicographic ordering of the heights of the degree n makes
the set of these heights a well ordered set.

It is obvious that this will be a linear ordering. We consider
the strictly decreasing sequence of heights

616y >> ... > 6, > ... (5)
where
Oy = (lkn’lk,n—la“-’llm)s k= 1,2
It is clear that
Iln > 12n > [ >Ikn = (R
and therefore there exists a k4, such that

lk,n = Ik,+1,u = e
From this it follows that
A = R
and therefore there exists a k,, k, > k,, such that
Ikz,n——] = lk2+1,n—1 = e

Continuing for n—2,...,2, we prove that the sequence (5)
breaks off.

4. Suppose that in the sum of words s there occurs the word
w = wyege,wy, with coefficient a e P, where 8>« in the sense
of the ordering of the basis (1), and w,, w, are words, one or both
of which may be absent. We will call the replacement in s of the
summand aw by the sum of words

awye.epw, + E (ack,) wieyw,
Y
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a reduction of the sum of words s. A reduction obviously does
not alter the degree of the sum of words s, but lowers its height.

From this it follows, because the set of heights is well ordered,
that every sum of words s can, by successive reductions, be made
a sum of words of height (0,0, ..., 0), i.e. a sum of words without
inversion or, as we will say, of normal words. In the sum of words
obtained we then reduce similar terms, which may, of course,
lower the degree of this sum, but does not violate its property
of being a sum of normal words, and in this way we reduce the
sum of words s to normal form.

5. LeMMA. Every sum of words can be reduced to a unique nor-
mal form, which does not depend omn the successive reductions
which are performed.

The assertion of the lemma is satisfied for sums of height
0,0, ..., 0), because in this case we only need to reduce similar
terms. This enables us to carry out the proof by induction with
respect to the well ordered set of heights.

Suppose that the sum of words s is reduced by two sequences
of reductions respectively to the normal forms s, and s,. If both
chains of reductions begin with the same reduction, which carries
s into ', then, because the height of the sum s is less than the
height of the sum s, we can use induction, and therefore s, = s,.

On the other hand, suppose that the first reductions of both
chains of reductions are with respect to different words of the sum
s, where they carry s respectively into s" and s”. In the sum s’
we can carry out the first reduction of the second chain of reduc-
tions, after which we arrive at some sum of words s’*'; we obtain
the same sum of words s’ by carrying out the first reduction of
the first chain in s”. By reducing s'*’ in some way to a normal
form s; and taking into account that the heights of the sums s’
and s"” are less than the height of the sum s, we find that s, = 53,
Sy = 83, 1.6, § = §,.

The same reasoning is applicable to the case when the first
reductions of both chains of reductions relate to the given two
positions of the word

Wiege,Waese Wy, B>, 8>, (6)

whose coefficient we omit; the word w, may, of course, be absent.
In this case, however, for the transition from the sums s and §”
to the same sum s’ it is necessary to carry out the first reduction
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of the second (first) chain in all the words of the sum s’ (of the
sum s”), which appear, instead of the word (6).

6. It remains to consider the case when the first reduction
of both chains of reductions relates to the given two positions
of the word

wie ege Wy, Y>B>a. @)

1

As above, let s’ and 5"’ be the sums of words obtained after these
first reductions. If the first reduction of the first chain relates to
the position (y, ), then in the word of the same length, which
appears instead of the word (7) after this reduction, we can carry
out yet another reduction in the position (y, «), and then in the
position (B, a). As a result from the sum s’ we arrive at the sum

s, which will differ from the original sum s in that instead of
the word (7) we have the sum

Wy eyeaey Wy + Z cSywyese,wy +
5

8 8
Z CoaWiesesWy + Z CxW18584Ws. ®)
3 3

In the same way, from the sum s’ we can go over, by several
11y

reductions, to the sum s, ', which differs from the sum s in that
the word (7) is replaced by the sum

8
Wy€,epey Wy + Z Cag W16y €5 Ws +
s

Zc.% W ezeg Wy + Z cSawie, esws. ()]
s 5

7. We compare the sums (8) and (9). They contain, respectively,
the summands

cSwiese,w, and  cSywie,esws. (10)

If 3 = «, then the summands (10) coincide. If 8 > «, then it is
possible to make a reduction in the first of these summands,
which reduces it to the second summand, to which is added the sum

> Bk, wie wy. If, however, o >8, then a reduction in the second

g
of the summands (10) reduces it to the sum of the first summand
and the sum Y. c35cswie ws.

€



OPERATOR GROUPS. MODULES. LINEAR ALGEBRAS 263

Similar reasoning is applicable to the other summands of the
sums (8) and (9). From this it follows that these sums, after cor-
responding reductions, can be reduced to sums—we denote them
by (8) and (9)—which differ from each other only by words
of the form w,e,w,. It is easy to see, however, that the sum of the
coefficients for the given word wye,w, in the sum (8') is equal to

Z cgﬁ Ca 1 Z c$<z C§8 + Z cgacgys (1 1)
S>a d< P >
and in the sum (9') to
D et Y chaciat ) chacin (12
d<a ) d<y

These two sums of coefficients are equal to each other. In fact,
by applying to the equation valid in the algebra L

(eyxeg) X e, +(egxe) X e, + (e, Xe) xXeg =0
the multiplication table (2) and equating the coefficient of e, to
zero, we obtain the equation

Z (Bgcg, + chuck, + 5 c8) = 0.
3

From this it follows that the difference of the sums (11) and (12)
is equal to zero, if we take into account that for any «, 8 and &
there follows from

ey X ey = —egXe,
the equation
ng = Cga’ (13)
and from
e, xXe, =0
the equation
g, =0.

Now we can assert that there exist chains of reductions which
reduce the sums of words s;”" and s;” to the same normal from
s3. The remaining reasoning is carried out in the same way as

in the preceding cases. The proof of the lemma is now complete.

8. Now we construct over the field P an algebra R, whose
basis is the set of all normal words (see V.9.4). The product of
the normal words w; and w, will be assumed to be the normal
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form to which the word w,w, can be reduced. By the lemma this
product is unique and associative.

We go on from the associative algebra R which we have
obtained to the corresponding Lie algebra L(R), denoting multi-
plication in the latter by the symbol o. We will find a subalgebra
of it generated by all the elements e,, which, being normal words,
are contained in the basis of the algebras R and L(R). For this
we will show that for any « and 8

e,0es = €, X eg.
In fact, if « = {3, then
e,06, =0 =1¢,Xe,,
If «>8, then, by (2),

€, 0€p = €y €y — €€y = €€y + Zc}aey— epe, =

>
Z Cipey = ey X eg.

e

If a<< B, then, by (13),

€, 063 = €,63 — €3¢, = €,€3 — €y €5 — Z ey =
Y
Z Caply = € X eg.
Y
Thus in the algebra L(R) we have found a subalgebra isomorphic
to the algebra L. The Birkhoff~Witt theorem has thus been proved.

* If L is a finite-dimensional Lie algebra over a field of charac-
teristic zero (see II1.2.11), then there exists a finite-dimensional
associative algebra R over the same field such that L can be
isomorphically embedded in L(R) [I. D. Ado, Izv. Kaz. fiz.-mat.
o-va 7, 1-43 (1934-1935); see also I. D. Ado, Uspekhi mat. nauk
2: No. 6 159-173 (1947); Harish-Chandra, Ann. of Math. 50,
68-76 (1949)).

A theorem analogous to the Birkhoff-Witt theorem is valid
for Lie rings without operators [C. R. Lazard, C. R. Paris 234,
No. 8 788-791 (1952),]. This theorem cannot be extended to a Lie
ring with an arbitrary domain of operators [A.I. Shirshov,
Uspekhi mat. nauk 8, No. 5 173-175 (1953)].*

§ 10. Derivations. Differential rings

1. In V.1.7, in introducing the concept of an operator ring,
we did not use endomorphisms of the ring R, i.e. not those endo-
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morphisms ¢ of the additive group of this ring which satisfy the
condition
(ab) p =ap-by, a,beR,

but those endomorphisms ¢ of the additive group which commute
with all right and left multiplications, i.e. which satisfy the con-
dition

(ab)p = (ap)b = a(by), a,beR.

The choice of these particular transformations can, of course,
be justified on historical grounds. However, in many problems
it is essential to use also those endomorphisms 3 of the additive
group of the ring R for which the condition

(ab)d = (ad)b+a(8), a,beR 0}
is satisfied. This condition is analogous to the rule for the dif-

ferentiation of a product, and because 3, as an endomorphism
of the additive group of the ring R, also satisfies the condition

(a+b)8=ad8+b3, a,beR, )

which is analogous to the rule for the differentiation of a sum;
3 is called a derivation, or a differentiation of the ring R.

If the ring R is an operator ring, in particular if it is an algebra
over some field, then in the definition of a derivation it is natural
to suppose that 3 is an operator endomorphism of the additive
group. In other words, § must satisfy, in addition to the condi-
tions (1) and (2), the condition

(ax)d = (ad)«, &)

where ae R, and « is an arbitrary operator.

The zero endomorphism of any ring R (see I11.3.7) is obviously
a derivation of R. An example of a non-trivial derivation is the
ordinary differentiation in the ring of polynomials P[x] of one
unknown over the field P.

2. If G is an arbitrary Abelian group, then its ring of endo-
morphisms (II.3.8) is associative. By replacing the operation
of multiplication in this ring by the operation

voy =Y —do,
we obtain, by 11.2.3, a Lie ring, which we call the Lie ring of endo-
morphisms of the Abelian group G.
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The totality of derivations of an arbitrary ring R is a subring
in the Lie ring of endomorphisms of the additive group of the ring R.

In fact, if 8, and 3, are derivations of the ring R, then the
endomorphism 3; + 3, of the additive group will also be deriva-
tions, because for any a,be R

(ab)(3,+ 8;)=(ab) 3, + (ab) 3,=(ad,) b + a(hd,) + (ad,) b+ a(bd;)=
(ad; + ad;) b + a(bd;, + bd,) =
[a(3; + 39)]b - a[b(3, + 3,)].

We have already noted above, in addition, that the zero
endomorphism is a derivation. The endomorphism —3, the
additive inverse of the derivation &, will itself be a derivation,
because for a,be R

(ab)(— 8) = —[(ab)d] = —[(ad)b + a(dd)] =
[a(— 3)]b + a[b(— B)].
Finally, the Lie product
3,08, = 3,3, — 3,3,

of the derivations 8,, 3, will itself be a derivation, because for
a,beR

(ab)(3,08,) = (ab) (3,8, — 3,93,) = [(ab) 3,13, — [(ab)3,] 8, =
[(a8) b + a(b3,)]3; —[(ad;) b + a(bd,)] 3, =
[(a8,) b3, + [a(bd:)] 3, — [(ads) b] 8, — [a(B3,)] &, =
[(ady) 8,15 4 (ad,) (b3;) + (ad2) (b3,) + a[(bdy) 8] — [(adg) 3,16 —
(ad)(b3y) — (ad,)(b3;) — a[(hd,)3,] =
[a(3;03,)]b 4 a[b(3,03,)].

Thus the theorem has been proved.

We note that if R is an algebra over the field P, then the ring
of operator endomorphisms of the additive group of the ring R
will also be an algebra over P: if ¢ is such an endomorphism,
« € P and a e R, then it is necessary to set

a(pa) = (ap)a = (an) . )
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The Lie ring of operator endomorphisms of the additive group
of the ring R will also be an algebra over P, because, by (4),
al(p1092) o] = [a(PrPe — Popy)] & =
[2(@:100] P2 — (a92) (910 = al(¢22) 0 Psl,

ie.

(2r09) & = (1) 09y
and, similarly,

(Pr10Ps) ot = P10 (Par).

Finally, the Lie ring of derivations of the algebra R will be a sub-
algebra of this Lie algebra of endomorphisms, because if 3 is a deri-
vation and « € P, then for a,be R

(ab) (3e) = [(ab)3] ot = [(a8) b + a(BS)] o« = [a(Sa)] b + a[b(Ba)].

This remark carries over, obviously, to the case of a ring with
an arbitrary system of operators.

3. Let there be given an associative ring R. If r € R, then we
define a mapping 8, by setting for all ae R

ad, = ar —ra. &)
This mapping will be a derivation, because for a, be R
(@+b)3, = (@+byr—r(a+b) = ad, + b3,,
(ab)s, = abr — rab = abr — rab + arb — arb=
(@3,)b + a(bld,).

It is called the inner derivation of the ring R defined by the element
r. It is clear that amongst the associative rings only the associative-
commutative rings do not have inner derivations distinct from
the zero endomorphism.

4. If R is a Lie ring and r € R, then right multiplication by r,
i.e. the mapping 3, defined by the equation

as, = ar, (6)

where a< R, is a derivation of the ring R. In fact, from V.1.6
we know that 3, will be an endomorphism of the additive group
of the ring R. On the other hand, if a, b € R. then by using the
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Jacobi identity and the anti-commutative law (see I1.2.2), we
obtain:
(ab) 3, = (ab)r = — (brya— (ra)b = (ar)b + a(br)=
(@3,)b+a(b3,).

The derivation 8, is called the inner derivation of the Lie ring
R defined by the element r. It is obvious that amongst the Lie
rings only the zero rings do not have inner derivations distinct
from the zero endomorphism .

The inner derivations form an ideal in the Lie ring of all deriva-
tions of a Lie ring R, because

8 —8, =3 _,,
3,00 = 3,5,
where r, s€ R, & is an arbitrary derivation.
In fact, if ae R, then
a8, —38) =ar—as = as,_,,
a(8,08)=a@,8 —33,)= (ar)d —(ad)r=
@d)r+a(rd’) —(ad)r = ad,,.
The mapping
r—3,, reR,
is a homomorphism of the Lie ring R onto the Lie ring of its inner

derivations.
In fact, if a, r, se R, then

., ,=a(r+s)=ar+as=ad,+a3;,=a(3,+3,).
ad,, =a(rs) = —(rs)a = (@a)r + (ar)s = (ar)s —(as)r=
a(3,3,—3,3,) = a3, o 3,).
The kernel of this homomorphism is obviously the set of
annihilators of the ring R (see V.1.9).

The results of this section are very similar to the results of
II1.3.2 on the inner automorphisms of groups.

5. If R is an associative ring, and L is the Lie ring related to it
in the sense of I1.2.3, then every derivation 8 of the ring R will
also be a derivation in L. In fact,

(@aob)d = (ab—ba)3 = (ad) b+ a(bd) — (bd)a— b(ad)=
(@80 b) -+ (aobd).



OPERATOR GROUPS. MODULES. LINEAR ALGEBRAS 269

The converse, generally speaking, is not true. However, the
inner derivations of the ring R will also be inner derivations in the
ring L and conversely. In fact, (5) can be rewritten in the form

ad, = aor;
on the other hand, (6) must now be expressible in the form
ad, = aor;
and therefore
ad, = ar—ra.

From the results of this and the preceding sections it follows
that the inner derivations of an associative ring R form an ideal
in the Lie ring of all derivations of the ring R.

We note that all the results obtained in these last sections are
valid for rings with arbitrary domain of operators and, in partic-
ular, for algebras.

* The concept of an inner derivation can be extended from the
case of associative and Lie rings to the case of arbitrary rings,
in such a way that the inner derivations form an ideal in the Lie
ring of all derivations [Schafer, Bull. Amer. math. Soc. 58, 769-776
(1949)]*.

6. Completely analogous to the concept of an operator ring
is the concept of a differential ring. A ring R is called a differen-
tial ring with system of derivations A, if there is given a set A and
with every element 3 € A we associate some derivation of the ring
R; here it is not assumed that distinct elements of A are neces-
sarily associated with distinct derivations. We mnote, without
formulating it precisely, that we could regard A as a Lie ring and
define the concept of a differential ring with the Lie ring of deri-
vations A.

If R is a differential ring with system of derivations A, then
by a differential subring (ideal) of the ring R we understand a sub-
ring (ideal) 4 of R such that for all ae 4, e A

adeA.

In a natural way we can also define the concepts of isomorphism
and homomorphism of differential rings with the same system
of derivations A.
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7. We consider a differential ring R with one derivation 3,
and we agree to use the notation usual in courses on mathematical
analysis: if ae R, then

ad =d'.

The equations (1) and (2) can now be rewritten in the form

(ab) = a'b+ab’, @)
(a+b) =a+¥, (®)
whence, in particular,
0 =0, ©)
(—a)y = —a. (10)

If the ring R has an identity e, then, by (7), for ae R
a = (ae) = de+ae' = a’ + ae’,
ie. a¢’ = 0. A ring with identity cannot, however, have any
annihilator distinct from zero, and therefore
e =0. (11)
Let R be a field, a, be R, a # 0 and let ¢ be the solution of
the equation ax = b. Then
b = (ac) = d'c-ac,
whence
¢ =alb'—ata'c=a%*ab —a'd). (12)
8. An element a of the ring R is called constant with respect to
the derivation under consideration if
a =0.
From (7)-(11) it follows that the constants form a subring in
R, containing the identity if R is a ring with identity. Thus, in the
ring of integers there are no derivations distinct from the zero

endomorphisms. The same is true for the field of rational numbers,
because, by (12), in a field the constants form a subfield,

9. Let R be an associative-commutative differential ring with
one derivation. We consider the ring of polynomials

R=R[x,x",x", ..., x®™, ]
over the ring R in a countable set of unknowns (see I1.2.7). Letting

x) =x, (x®) =xC+),  p=1,2, ...,
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we can, by operating on (7) and (8) and using the uniqueness
of the expression for an element from R in the form of a poly-
nomial, extend the derivation given in R to the whole ring R.
It is left to the reader to verify that here all the requirements
included in the definition of a derivation are satisfied.

In the differential ring R obtained, the differential subring
generated by the subring R and the element x coincides with
the whole ring R. For this reason the ring R, with the derivation
which we have introduces, is called the ring of differential poly-
nomials over the ring R in one unknown x.

This construction can be extended without difficulty to the
case of several unknowns, and also several derivations.

* The ring R does not contain any constants different from
the constants of the ring R. In particular, if the ring R is considered
with the zero derivation, then R will also be the subring of con-
stants of the ring R.*



CHAPTER SIX

ORDERED AND TOPOLOGICAL GROUPS
AND RINGS. NORMED RINGS

§ 1. Ordered groups

1. As a rule, the fundamental algebraic structures with which
we usually have to deal in mathematics are not groups, rings
and fields in their simple form. The operator groups and rings
and the differential rings which we have already considered are
an approximation to the concrete algebraic systems which one
encounters in non-algebraic studies. In the present chapter we
will proceed by other methods, but in the same direction. We begin
by considering ordered structures.

The additive groups of integers, rational numbers and real
numbers are at the same time both groups and linearly ordered
sets (see 1.4.1). The additive group of real functions of a real
variable x, defined for all values of x, becomes a partially ordered
set if we assume that f <C g if and only if f(x) < g(x) for all values
of x. ‘

In all these groups the ordering and the group operation are
connected in the following way: an inequality between elements
of the group is not violated if we add the same element to both
sides of it. This leads to the following definition, which we state
in multiplicative form:

A groupoid G is said to be linearly ordered (respectively,
partially ordered) if there is given for its elements a linear (respec-
tively, partial) ordering, where from a <Cb it follows that ax < bx
and xa<<xb for all xeG.

From this definition it follows that if for the elements a,
b, ¢, d of the partially (in particular, linearly) ordered groupoid
G the inequalities

a<b, c<d,

272
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hold, then
ac < bd. @)

It is obvious that if A is a subgroupoid of the groupoid G,
then a partial ordering of the groupoid G induces a partial order-
ing in A.

The partially ordered groupoids G and G’ are called isomor-
phic if there exists a one—one mapping of G onto G’, which is an
isomorphism both in the sense of the algebraic operation and in
the sense of the partial ordering (see I1.4.1 and I.4.3). Every
groupoid can be regarded as partially ordered by considering
its trivial partial ordering (see 1.4.1).

2. A monotonic transformation of the partially ordered set M
is a mapping ¢ of the set M into itself such that it always follows
from a <(b that ap <bp. The product of monotonic transforma-
tions will itself be monotonic, i.e. these transformations form
a subsemigroup in the symmetric semigroup on the set M (see
IL.1.8), and in fact a subsemigroup with identity, because the
identity transformation is monotonic.

If ¢, ¢ are monotonic transformations of the set M, then
we set ¢ << ¢ if xp << x{ for all x e M. This gives a partial ordering
for the semigroup of monotonic transformations: if y is any
monotonic transformation, then from x¢ <Cx{ it follows that
x(py) <x(gy) for all xe M, ie. oy <y ; on the other hand,
from (xy)o <(xy)¢ for all xe M it follows that x (o) < x(x¥),
ie xo<xb.

The following theorem of Krishnan is true [Bull. Soc. Math.
Fr. 78, 235-263 (1950)]:

Every partially ordered semigroup G with identity can be iso-
morphically embedded in the partially ordered semigroup of mono-
tonic transformations of the partially ordered set G into itself.

In fact, we set up a correspondence between every element
a€ G and the transformation ¢,, by letting, for all xe G

XQ, = Xd.
Because it follows from x <y that xa < ya, then the transforma-
tion ¢, is monotonic. On the other hand, from I1.4.6 we know
that because there exists in G an identity transformation, & — ¢,,
a€ G, is an isomorphic mapping of the semigroup G into the
symmetric semigroup on G, i.e., hence, into the semigroup of
monotonic transformations of the set G. Finally, if a<{b, then
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for all x it will be true that xa<<xb, i.e. ¢, <, ; conversely, it
follows from ¢,< ¢, that, in particular, 1-a<C1-b, ie. a<(bh.
Thus the theorem has been proved.

From this theorem it follows that every partially ordered group
G can be isomorphically embedded in the partially ordered group
of monotonic permutations of the partially ordered set G into
itself.

3. An element a of a partially ordered group G is called
positive if az1 (or, in the additive notation, if a>>0), and nega-
tive if a<<1. In a linearly ordered group every element is either
positive or negative.

From (1) it follows that the product of positive elements of
a partially ordered group G is positive, i.e. the positive elements
form a subsemigroup in G, which we call the semigroup of positive
elements of the partially ordered group G. In addition, the negative
elements also form a subsemigroup.

The partial ordering of a group G is completely determined by
giving the semigroup of positive elements, because a < b if and only
if 1 <ba~1.

A subsemigroup P of the group G will be a semigroup of posi-
tive elements for some partial ordering of the group G if and only
if the following conditions are satisfied.

(1) 1eP;

(2)if aeP and a~ 1€ P, then a=1;

(3) if ae P, xe G, then x laxe P.

In fact, if P is the semigroup of positive elements for a partially
ordered group G, then (1) 1<<1; (2) from a~1> 1 it follows that
1>a, and because it is given that a>=1, a=1; (3) from a>1
it follows that x " lax>=x"1x = 1.

Conversely, let the subsemigroup P of the group G have the
properties (1)-(3). We set a<<b, if ba*e P, and therefore, by
(3), a~'b=a"'(ba Y)ae P. This will be a partial ordering of
the group G':

a<a, because, by (1), ag~*=1¢P;

if a<<bh and b<a, ie. ba~leP and ab~!=(ba~Y)~leP,

then by (2), ba~1 =1, ie. b=a;

if a<<b and b<ec, ie. bateP and c¢b~'eP, then

ca~t=(ch~Y)(ba~YeP, ie. a<c;

finally, if a<{ D, i.e. ba~* € P, then (bx)(ax)"1=ba e P, i.e.
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ax<bx, and, by (3), (xb)(xa) "= x(ba—HxleP, ie.

xa < xb.

In this partial ordering the elements of P will be positive, and
only these elements, because a>1 if and only if a-1"! =ae P.
Thus the theorem has been proved.

A subsemigroup P of the group G defines a linear ordering of
this group if, and only if, in addition to the conditions (1)-(3), it
also satisfies the condition

(4) for any ac G cither ac P, or a~ e P.

In fact, if the group G is linearly ordered and the element a is
not positive, then a << 1, from which it follows that 1<<a~?, i.e.
the element a~? is positive. Conversely, suppose that the subsemi-
group P satisfies the conditions (1)-(4) and a, b G. If ba~1e P,
then a <{b in the sense of the partial ordering defined by the semi-
group P. If, however, ba=! ¢ P, then, by (4), (ba= )"l =ab e P,
ie b<a. -

* A partially ordered set M is called directed if for any
a, be M there exists an element ¢ € M such that

a<ke, b<e.

Thus we can speak of a directed group. A partially ordered group
will be directed if, and only if, it coincides with the subgroup
generated by all its positive elements.*

4. In a partially ordered group G it follows from a>>1 that
a">1 for all natural n. Therefore, by the property (2) of the
semigroup of positive elements, every strictly positive element a
(i.e. such that a>1) must have infinite order: if a" =1, n>1,
then @"~! = g~ 1. From this it follows (for the definition see 11.3.4)
that:

Every linearly ordered group is torsion free.

A periodic group does not admit any partial orderings except
the trivial one.

5. If in the group G we are given two partial orderings with
the semigroups of positive elements P, and P,, respectively,
then the second partial ordering is called an extension of the
first if P, > Py, i.e. if from a< b in the first ordering the same
inequality always follows in the second ordering.

The set of all subsemigroups of the group G which satisfy the
conditions (1)-(3) of VI.1.3 is partially ordered by inclusion.
The union of any chain of such subsemigroups will itself be a sub-
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semigroup with the properties (1)-(3), and therefore, by the
Kuratowski-Zorn theorem, every subsemigroup with the pro-
perties (1)-(3) is contained in such a maximal subsemigroup,
i.e. every partial ordering of the group G can be extended to a maxi-
mal partial ordering (not necessarily a proper extension).

If the group G admits linear orderings, then each of its linear
orderings is maximal.

We add to this obvious assertion one criterion for determin-
ing when all the maximal orderings of the group G are linear
[Ohnishi, Osaka Math. J. 2, 161-164 (1950)].

6. We begin with some remarks on the subsemigroups of the
group G which have the properties (1)-(3). If P is such a sub-
semigroup, then the set P~1! of all elements p~!, where pe P, will
obviously also be a subsemigroup with the properties (1)-(3).
We note that

PNP =1, : 2
because otherwise the property (2) will be violated.

LemMA 1. If P and Q are subsemigroups of the group G with the
properties (1)-(3), and

PNO-1=1, 3)
then the set PQ of all elements of the group G which can be represent-
ed in the form pq, pe P, qeQ will itself be a subsemigroup with
the properties (1)-(3).

In fact,

(P19)(P292) = (Pr- 01P20™ ) (4192) = Pads, )

where p;e P, g;€Q. This proves that PQ is a subsemigroup.
In addition, 1 =1-1€PQ. On the other hand, if pg=1,
then p = ¢~1, whence, by (3), it follows that p = g = 1. From

(P190)(P2g2) = 1

it will therefore follow (see (4)) that p; = g3 = 1, i.e., because
the subsemigroups P and Q have the property (2),

49 =q:=p =qpg ' =p=1
Finally, for any xe G
x"Hpg)x = (x'px)(x~1qx) = p'q' e PQ.
The lemma has therefore been proved.
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The intersection of any system of subsemigroups of the group
G which have the properties (1)-(3) will itself obviously be a sub-
semigroup with the same properties. From this it follows that
if the element a is in general contained in at least one such sub-
semigroup, then there exists a minimal subsemigroup with the
properties (1)-(3) containing the element a; we denote it by P,.

7. All the maximal orderings of a group G are linear if, and
only if:

1. P, exists for every aeG.

II. Ifb,ceP,, acG, and b# 1, c # 1, then

P,NP,# 1.

Proof. If the group G admits a linear ordering with the
semigroup of positive elements P, then aeP or aeP-?, and
therefore the property I is satisfied.

Now let every partial ordering of the group G be extended to
a linear one. If b,ceP,,b# 1,¢c # 1, but P,N P, =1, then,
by Lemma 1, P,P;! will be a subsemigroup with the properties
(1)-(3). The partial ordering defined by this subsemigroup can,
by hypothesis, be extended to a linear one, defined by the sub-
semigroup of positive elements P. Thus

beP, cleP

and therefore ¢ eP~1, We arrive at a contradiction to the fact that
either aeP, ie. P, P, and therefore P,N P~ =1, or else
aeP-Yie. P,c P~% and then P,N P = 1. This proves that the
property II is also satisfied. :

Now we suppose that the group G has the properties I and II
and that in G we take the element ¢ and a subsemigroup P with
the properties (1)-(3).

LemMmA 2. If PN P, # 1, then PN P71 = 1.

In fact, let xePNP, x5 1, and also yePN P71, y# L.
Then x~'eP;!, yeP;!= P,~1, and therefore, by II,

P1nP,#1.

However, x~1e P~1, yeP, ie. P,-1 = P-1, P, c P, and therefore
PN P # 1, which contradicts (2). The Lemma has now been
proved.

To complete the proof of the theorem we take any subsemi-
group P in the group G which defines a maximal ordering. If
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this ordering is not linear, then the condition (4) of VI.1.3 is not
satisfied, i.e. there exists an element aeG such that a¢ P and
a ¢ P, By virtue of condition I the subsemigroup P, exists,
where, by Lemma 2, we can assume (if necessary, replacing a
by a-1) that PN P,~!=1. Therefore, by Lemma 1, the product
PP, will be a subsemigroup with the properties (1)-(3), which
is strictly greater than P, which, however, contradicts the choice
of the subsemigroup P. Thus the theorem has been proved.

8. From the criterion we have proved there follows this
theorem by E.P. Shimbireva [Mat. Sb. 20, 145-178 (1947)]:

All the maximal orderings of an Abelian group without torsion
are linear.

In fact, if a is an element of the torsion-free Abelian group G
which is distinct from 1, then the subsemigroup P, consists of
all the powers a",n=0,1,2,... Because, in addition, P, =1
always, condition I is satisfied. Condition II is also satisfied,
becauseif b=a*, c=d,k>1,1>1, thend" # 1 and a¥e P, N P,.

A special case of this theorem is Levi’s theorem [Rend. Palermo
35, 225-236 (1913)]:

Every torsion-free Abelian group can be linearly ordered.

* There exist, in various forms, necessary and sufficient
conditions for a group to be linearly ordered [Iwasawa, J. Math.
Soc. Jap. 1, 1-9 (1948); A. 1. Mal’cev, Izv. AN SSSR, seria matem.
13, 473-482 (1949); V. D. Podderyugin, Izv. AN SSSR, seria
matem. 21, 199-208 (1957)].*

§ 2. Ordered rings

1. All the ordered groups listed in the second paragraph
of VL1.1 are the additive groups of certain rings or fields. These
examples of ordered rings (fields) suggest the following defini-
tion, which could be formulated at once for any group with
multi-operators (see II1.2.1):

A ring R is called linearly (partially) ordered, if its additive
group is linearly (partially) ordered (see VI.1.1), and therefore,
by VI.1.3, we can speak of its positive elements if, in addition,
the product of positive elements is positive, ie. from a=>0,
b>=0 it follows that ab>0.

From this definition if follows that the trivial partial ordering
of the additive group of any ring will be a (trivial) partial ordering
of the ring itself.
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The requirement for the product of positive elements, in-
cluded in our definition, is obviously equivalent to the fact that if
a<b and ¢>=0, then ac<<bc and ca<<ch. We note further
that because from a0 it follows that —a <0 —it is sufficient
to add — a to both sides of the first inequality—and, conversely,
from a<<0 it follows that —a >0, then the following sign rule
is true:

if a<<0, b=0, then ab <0 and ba<0;
if a<<0, b0, then ab>0.

From this it follows that it would be impossible to define
an ordered ring as a ring in which there is given an ordering with
respect to which both the additive group and the multiplicative
groupoid of this ring are ordered in the sense of VI.1.1.

We note that in the case of rings without divisors of zero the
condition for the product of positive elements included in the
definition of an ordered ring can be altered to the following:
the product of strictly positive elements is strictly positive, i.e.
from a>0, b>0 it follows that ab>0. This is equivalent
to the fact that if a<b and ¢ >0, then ac<<bc and ca< cb.

We mention, finally, that an isomorphism of ordered rings
is defined in essentially the same way as in VI.1.1 for ordered
groupoids.

2. By VI.1.3 any partial ordering of a ring R is determined
by the additive semigroup of positive elements P: a < b if, and
only if, b—aeP. From VL.1.3 and the definition of an ordered
ring it follows that:

A subsemigroup P of the additive group of a ring R is a semi-
group of positive elements for some partial ordering of this ring
if, and only if, the following conditions are satisfied:

(1) OeP;

) if aeP and—aeP, then a=0;

(3) if aeP and beP, then abeP.

A partial ordering of the ring R defined by an additive semi-
group P with the properties (1')-(3") will be linear if, and only if,
this condition is also satisfied:

(4') for any aeR either aeP or—acP.

3. If a,a,, ...,a, are elements of the ring R distinct from
zero, then by a product of them we will now mean every product
(in the non-associative case, with some arrangement of the brack-
ets), every factor of which is one of the a;,i = 1, 2, ..., n, where
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every @; may occur in this product several times, including the
case when it does not occur at all. A product of the elements
a, a,, ..., a, will be called even if every a;, i =1, 2, ..., n, occurs
in it an even number of times. Finally, in speaking of the swm
of products of several elements we will mean that all these pro-
ducts occur in the sum under consideration with the plus sign.

The following theorem is true [see R. E. Johnson, Proc.
Amer. math. Soc. 3, 414-416 (1952); V.D. Podderyugin, Us-
pekhi mat. nauk 9, No. 4, 211-216 (1954)]:

The ring R is a ring without divisors of zero, admitting a linear
ordering, if, and only if, every sum of even products of its elements
is distinct from zero.

In fact, let R be a linearly ordered ring without divisors of
zero, and let there be given some even product of its elements.
This product is unaltered if all the negative factors occurring
in it are replaced by their additive inverses, and therefore it is
equal to the product of strictly positive elements, i.e., because
there are no divisors of zero, it will itself be strictly positive.
Hence every sum of even products will be strictly positive and
therefore distinct from zero.

4. Now let the ring R be such that any sum of even products of
its elements is distinct from zero. Then R cannot contain divi-
sors of zero, because from ab = 0, a # 0, b # 0, it would follow
that the even product (ab) (ab) would be equal to zero.
We will call a subset Q of our ring R regular if it satisfies the
following requirements:
(a) 0¢Q;
(b) if aeQ, then—adQ;
© if a,,a,,...,a,€0, >0, and x,, x,, ..., X; are elements
of R distinct from zero, k > 0, where n+ k >0, and ¢ is
some sum of products of all these elements, then there
exists at least one way of replacing the elements x; by
elements xj, where

xy=x;0r x;=—x,j=12,...,k, 1))
after which the sum o will be distinct from zero.

LEMMA 1. The empty set is regular.

In fact, suppose that the sum o of products of the elements
X1, X9, ..., X € R, k>1, which are distinct from zero, remain
equal to zero for any method of replacement of the form (1).
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If the element x; occurs in every term of this sum an odd number
of times, then ox; will be a sum each of whose terms contains
the factor x; an even number of times, and this sum will again
remain equal to zero, whatever replacement of the form (1)
we make.

On the other hand, suppose that some terms of the sum o
contain the factor x, an even number of times, and others an odd
number of times. We denote the sum of the first by oy, and the
sum of the second by o,:

6 = 0y + G,.

Thus the sum oy 4 6, is equal to zero after any replacement of
the form (1). This is consequently true also for the sum obtained
from it after x; has been replaced by — x; — this sum can obviously
be written in the form o, — 6,,—and therefore also for the sum
20, every term of which contains the factor x; an even number
of times.

By performing these transformations successively for each
of the elements x;, X,, ..., X; we finally reduce a sum of even
products of these elements to zero, which, however, contradicts
our assertion. The lemma has thus been proved.

LemMa 2. If the regular set Q contains neither the element
a nor the element — a, where a+# 0, then at least one of the unions
QUa, QU(—a) will be regular. ‘

Suppose, in fact, that there exists a sum o; of products of
certain elements of Q, the element ¢ and the elements

Xis Xos eens X» )

distinct from zero, which is equal to zero, whatever replacement of
the elements (2) of the form (1) we make. On the other hand, sup-
pose that there exists a sum o, of products of certain elements
of O, the element @ and the elements

y11y29---’yla (3)

distinct from zero, which remains equal to zero if the element
a is replaced by—a, and the elements (3) undergo a replacement
of the form (1). Then ¢,6, will be a sum of products of certain
elements of Q and the elements

Q, X35 Xay ooy Xgo Y15 Vo5 o5 Jis (4)
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which is equal to zero for every replacement of the form (1) applied
to the elements (4). However, this contradicts the fact that the
set Q is regular. Thus the lemma has been proved.

5. The union of every chain of regular subsets of our ring
R will obviously be regular. Therefore, by the Kuratowski-Zorn
theorem, there exist maximal regular subsets in R. Let Q be one
of these. By Lemma 2, for every aeR, a# 0, either @ or—a
belongs to Q.

If a,beQ, then a-+-beQ also. In fact, a+ b# 0 because of
(b) from the definition of a regular set. If the set Q were to con-
tain the element ¢ = — (¢ + b), then the equation

at+b+c=0

would hold, which contradicts the fact the set Q is regular.

If a,beQ, then abe Q. In fact, ab# 0 because of (a) from
the definition of a directed set and the fact that there are no
divisors of zero. If the set Q were to contain the element d = — ab,
then the equation

ab+d=20

would hold, which contradicts the fact that the set Q is regular.

From this it follows that the union P = Q U 0 will be an addi-
tive subsemigroup of the ring R, satisfying all the conditions
(1'7-(4") of VI.2.2. This proves the theorem in VI.2.3.

6. From this theorem it follows that:

A commutative-associative ring is an integral domain admit-
ting a linear ordering if, and only if, no sum of squares of its elements
distinct from zero is equal to zero.

From this it follows that the field of complex numbers does
not admit a linear ordering: in this field the equation

12+-2=0
holds.
* The field of power series over an ordered field P (see I1.5.7),
and therefore also the field of rational fractions over such a field P,
can be linearly ordered.*

7. If the linearly ordered ring R has an identity, then it has a
subring isomorphic to the ring of integers with its usual ordering.
In fact, the identity must be strictly positive, because it coin-
cides with its own square. Hence all positive multiples of the



ORDERED AND TOPOLOGICAL GROUPS. NORMED RINGS 283

identity are also strictly positive, and they are all distinct by vir-
tue of VIL.1.4.

From this it follows that the wsual ordering of the ring of in-
tegers is its only possible linear ordering.

* The ring of integers is the only linearly ordered ring without
divisors of zero and with an identity, ordered by a subset whose
positive elements are well ordered (see 1.5.4).*

8. The ordering of the integral domain R can be extended,
and in a unique way, to its quotient field R.

First we suppose that the ordering of the ring R has already
been extended to the field R. If a/b> 0, then, because it follows
from b # O that 52 >0, we have that

2 b= ab>0.
b

Conversely, if ab>0 in R, then, because (b~1)%>0, it will be
true that

ab-(b‘1)2=%>0.

From this it follows that any possible extension of the ordering
from R to R is unique.

For the proof of the existence of such an extension, we assume
that a/b>0 if, and only if, ab>0. If a/b = c/d, i.e. ad = bc
(see I1.5.2), then abd? = b2cd. Therefore, because d?>0, b2 >0,
it will follow from ab > 0 that cd >0, i.e. ¢/d>0; our definition
of a strictly positive element in the field R is thus legitimate.

If a, be R, where a# 0, b # 0, then only one of the elements
ab, (— a) b will be strictly positive in R, and therefore either a/b >0,
or else — (a/b) = (— a)/b >0 (see I1.5.4), and these cases are mu-
tually exclusive.

If a/b>0, c/d>0,i.e. ab>0,cd>0, then abd?>0, b2cd >0,
whence

(ad + be)bd = abd? - b%cd >0,
ie. (see 1L.5.4)

a c
2il>o0.
» 4

With the same hypotheses it will be true that
(ac)(bd) = (ab)(cd) >0,
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ie. (see 11.5.2)

2.0,

b d

This proves that the set P, con_sisting of zero and all the strictly

positive elements of the field R, satisfies all the conditions of
VI1.2.2, i.e. it determines a linear ordering in R. This ordering
is an extension of the given linear ordering of the ring R, because
by I11.5.2,

a:a—b, b+#0,
b

but from a>0 it follows that (ab)b = ab? >0 and conversely.

From this theorem and VI1.2.7 it follows that the usual ordering
of the field of rational numbers is its only possible linear ordering.

Because the additive group of any linearly ordered skew field
K is, by V1.1.4, torsion free, then K will be a skew field of charac-
teristic zero (see II1.2.11), i.e., by what was said above, every
linearly ordered skew field K contains as its prime subfield the
field of rational numbers with the usual ordering.

9. The ordered set Q of strictly positive elements of any linearly
ordered associative skew field K forms a linearly ordered group
with respect to multiplication.

In fact, from VI1.2.7 we know that the identity of the skew
field K belongs to Q. In addition, if ae(Q, i.e. a>>0, then a~*eQ
also, because from a~!<<0 it would follow, by VI.2.1, that
aa~1=1<0. The set Q is thus a multiplicative group. The
remaining assertions of the theorem follow from the definition of
an ordering of a ring without divisors of zero (see VI.2.1).

* Every linearly ordered group can be isomorphically em-
bedded in a linearly ordered multiplicative group of strictly po-
sitive elements of some linearly ordered associative skew field
[A. L. Mal’cev, Dokl. AN SSSR 60, 1499-1501 (1948), Neumann,
Trans. Amer. math. Soc. 66, 202-252 (1949)].*

§ 3. Archimedean groups and rings

1. A subset N of a partially ordered set M is called convex
if, together with all its comparable elements a and b, a<<b,
it also contains all the elements x of the set M which satisfy the
inequalities a << x < b,
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A subgroup A of a partially ordered group G will be convex
if, and only if, together with every positive element a in it, it con-
tains all positive elements x of the group G which satisfy the ine-
quality x < a.

In fact the inequalities a<{x<{b and 1<a 1x<La"1bh are
equivalent,

Let G and G’ be partially ordered groups, P and P’ their
semigroups of positive elements, and ¢ a mapping of G onto
G’'. We will call the mapping ¢ a monotonic homomorphism if
it is ahomomorphism in the set-theoretical sense and if, in addition,
Po = P’. In this we do not assume, of course, that P is a com-
plete set of inverse images for P’'—it is sufficient to recall (2)
of VL1.3.

The kernel A of a monotonic homomorphism ¢ is a convex
normal subgroup.

In fact, suppose that ae 4, a>=1 and xeG, 1< x<a. From
x 221 and from the definition of the homomorphism ¢ it follows
that

xp=1'. 1)
On the other hand, because x~1a>>1 and ap = 1’, then

U<(x~ta)e = (x¢)*(ap) = (xp)~* @

From (1) and (2) it follows that xp = 1’, i.e. xe 4.

If A is a convex normal subgroup of the partially ordered group
G, then the factor-group G' = G[A can be partially ordered in
such a way that the natural homomorphism of G onto G’ will be a
monotonic homomorphism.

In fact, if P is the semigroup of positive elements of the group
G, then we denote by P’ the totality of cosets with respect to 4
which contain at least one element of P. The theorem will be
proved if we can show that P’ is a subsemigroup of the group G’
and has the properties (1)-(3) of VI.1.3. It is only necessary,
however, to verify the property (2), because the remaining asser-
tions are obvious.

Let pe P, i.e. pA€ P, and in addition let (pA)~! = p~14 e P’
Thus there exists an element p, = p~a such that p,e P, ac A.
Therefore pp, = a, i.e. a>1, and because 1< p,, then

P<pp, = a.
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Hence, because of the inequality 1<{p and the fact that 4 is
convex, it follows that pe A4, i.e. pA = A, which is what we were
required to prove.

2. The group G itself and the identity subgroup E are convex
subgroups of any partially ordered group G. From the definition
of a convex subgroup it follows that the intersection of any set
of convex subgroups and also the union of any chain of convex
subgroups will itself be convex.

The convex subgroups of a linearly ordered group G form
a chain with respect to set-theoretical inclusion.

In fact, suppose that we take the convex subgroups 4 and B
in the group G, where B contains the element » which lies outside
A; without loss of generality we can assume that b > 1. If there
were to exist an element a in 4 such that 5 <<a, then, because 4
is convex, it would follow that b e A4, contrary to our assumption.
Thus all the positive elements of the subgroup 4 are less than b,
1.e., because B is convex, they all belong to B, and therefore 4 < B.
Thus the theorem has been proved.

If a is a strictly positive element of a linearly ordered group G,
then the set A, consisting of all the elements x such that 1 <x<a"
for some natural n, and their inverses, will be the minimal convex
subgroup containing the element a.

All the given elements must in fact belong to every convex
subgroup containing a. In addition, let

k

1< x<d, 3)

1I<y<da

for some natural k£ and /. Then, by (1) from VI.1.1,
I<xy<atty,

i.e. xy € 4, and therefore (xy)~* = y~x~ e 4. On the other hand,
it follows from (3) that

a <y <1,
and therefore
at<xy 1t <dk
Thus, if 1<xy~1, then xy~led. If, however, xy~ <1, then

1<(xy-H<d,
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i.e. (xy~)~led, and then xy~'e 4. Now it is obvious that 4 is
a subgroup, which contains ¢ and is convex.

3. Two strictly positive elements @ and b of a linearly ordered
group G are said to belong to the same Archimedean class if they
generate the same convex subgroup of the group G. All the strictly
positive elements are thus decomposed into non-intersecting
Archimedean classes. It is convenient also to assume that the
element 1 forms a separate Archimedean class.

The set of Archimedean classes of the group G is linearly
ordered with respect to the natural linear ordering of the jumps
(i-e. pairs of neighbouring elements) in the chain of convex sub-
groups of the group G.

A linearly ordered group G is called Archimedean if there are
no convex subgroups in it distinct from G and E. From the last of
the theorems of VI.3.2 it follows that:

A linearly ordered group G will be Archimedean if, and only if,
Jor any pair a, b of its strictly positive elements it is possible to
find a natural number n = n(a, b) such that a" > b.

Examples of Archimedean groups are the subgroups of the
additive group of real numbers with their natural ordering.

4. HOLDER’S THEOREM. Every Archimedean group is commu-
tative and is isomorphic to some subgroup of the additive group
of real numbers with its natural ordering.

Let the Archimedean group G have a minimal strictly positive
element a. If b is any strictly positive element of G, then there
exists a natural number » such that

at<b<attl,
Hence
1 <ba<a,
and therefore ba=" = 1, i.e. b = a". All the strictly positive ele-

ments of the group G are thus powers of the element a, and be-
cause, by VIL1.1,

l<a<a*<..<ad"<..,

G is isomorphic to the additive group of integers with its natural
ordering.

Now we suppose that amongst the strictly positive elements
of the Archimedean group G there is no minimal one. In this
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case for every a > 1 there exists ab > 1 such that 52 <a. In fact,
there exists an element ¢ such that

l<e<a,

whence 1 < ¢ la. If c2<{a,thenb = c.Ifc2>aq, then 1 >c lac™},
ie. a>(c *a)?® and therefore b = c~la.

To prove the commutativity of the group G it is sufficient
to show that any pair of its strictly positive elements a, b commute.
If ab # ba, then without loss of generality we can assume that

c=a'b"tab>1.
As we have proved, there exists an element d such that 1<d

and d2<c. We can assume here that d<<a and d<<b, and there-
fore there exist natural numbers k and / such that

d*<<a<d**l, d<b<ditl,
Hence
ab < dktite,

a-1b-1d-k+D,
ie.
c<d?,

and because, by hypothesis, d%2<{¢, we arrive at a contradiction.
We have thus proved that the group G is commutative.

5. We will find it convenient now to change to the additive
notation for the operation in the group G. We fix some strictly
positive element ¢ in G and relate to every element a€ G the class
U, of all rational numbers m/n, n >0, for which

me <na. 4@

If mineU, and p/q<m/n, then p/qe U,, because from (4)
and pn<gm it follows that

(pn)e<(gm)e<(gn)a,
whence
pe<qa.

In particular, if m/ne U, and p/q = m/n, then p/qe U,, i.c. the
class U, can in fact be regarded as a set of rational numbers.

The class U, does not contain all the rational numbers: because
the group G is Archimedean there exists a natural number m such



ORDERED AND TOPOLOGICAL GROUPS. NORMED RINGS 289

that me > a, and therefore m¢ U,. The class U, is thus the first
class of some section in the system of rational numbers, i.e. it
determines, by the Dedekind theory of real numbers, some real
number « We set

o« = af.

6. If a<{bh, then a0 < b, because from (4) and a<bh it
follows that

me < nb,
ie. U, < U,
We will prove, in addition, that
(@+b5)0 = ab 4 56. (5)
In fact, if
n elU,, P Uy,
n q
i.e.
me<na, pe<gqb,
then
(mq+np)e<<nq(a+b),
whence
mgtmp _mp g
ng n q

On the other hand, in the same way we can show that if
m
- ¢ Ua s & ¢ Ub )
n q

then also

R 1
n q
from this follows (5).

The mapping 0 is thus 2 monotonic homomorphism of the
group G onto some subgroup of the additive group of real numbers.
Under this homomorphism only the zero of the group G is carried
into the zero: if a >0, then, because the group G is Archimedean,
there exists a natural number m such that ma>e, ie. 1/meU,,
and therefore af > 0. The homomorphism 0 will thus be an iso-
morphism, which preserves the order relation, and so the theorem
has been proved.
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We note that the subgroup GO of the additive group of real
numbers, onto which the additive group G is mapped by our
isomorphism, contains the number 1, because e0 = 1.

7. LEMMA. If A and B are subgroups of the additive group of
real numbers with its natural ordering, and ¢ is a monotonic ho-
momorphism of A onto B, then there exists a real number r, r =0,
such that for all ac A

ap = ar. ©)

In fact, if there exists an a4, a>0, such that ap = 0, then
(na)p = 0 also for all natural n, i.e. B= Ap = 0. In this case
r=20.

Therefore we suppose that ¢ is an isomorphism. If a;, a,€ 4,
a; >0, a,>0, then a,9>0, a,9>0 also. If a,9/a,9 <a,/a,,

. .. . m
then there exists a positive rational number — such that
n

a.
a9 n a;

Hence na, > ma,, i.e. n(a,9) > m(a,e), although from (7) it fol-
lows that n(a,¢) < m(a,p). We arrive at the same contradiction
from the hypothesis that a,¢/a,¢ > a,/a,. Thus

G _ @
- b
a,e az
and then
a
r= (P, acA, a>0
a

In fact, if 4’ <0, then
do=—(—a)p=—(—a)yr=dr,

i.e. the number r satisfies the condition (6) for all the elements
of 4. The lemma has thus been proved.

We will call a homomorphism ¢ of a linearly ordered group
G onto a linearly ordered group G’ an inverse homomorphism
if from ae@G, a0, it follows that ap <<0. The lemma which we
have proved is also true if ¢ is an inverse homomorphism; in this
case, however, r<0.
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In fact, if ¢ is an inverse homomorphism of A onto B, then
the mapping — ¢, where

a(—o)= —ap, acAd,

will be a monotonic homomorphism. Thus there exists a real num-
ber r >0 such that

a(—o)=ar, acAd,
but then
ap = —[a(—p)l= —ar=a(—r), aecAd,
where — r <<0.

8. A linearly ordered ring R is called Archimedean if its addi-
tive group is Archimedean. The following theorem is true [Ya. V.
Chion, Uspekhi mat. nauk 9, No. 4, 237-242 (1954); Tallini,
Atti Accad. Naz. Lincei, Rend. 18, 367-373 (1955)]:

Every Archimedean ring R is associative and commutative.
Moreover, it is either a zero ring on some subgroup of the additive
group of real numbers, or else it is isomorphic to some subring
of the field of real numbers with its natural ordering.

In fact, on the basis of Hélder’s theorem (see V1.3.4) we can
assume that the additive group of the ring R is a subgroup of the
additive group of real numbers. However, multiplication in R
will not, generally speaking, coincide with the ordinary multi-
plication of real numbers and, to distinguish it from the latter,
we will denote it by a-b.

If aeR, then the mapping x — x-a, xe R, will be an endo-
morphism of the additive group of the ring R, monotonic if a >0
and inverse if a<{0. Therefore, by VI.3.7, there exists a real
number r, such that

x-a=xr,, Xx€R,

where from a >0 it follows that r, > 0.
Because for all xeR

x(@+b=xa+xb=xr,+xr,=x(r,+n),

ie.r, p = r,+ r,, the mapping a— r, will be a monotonic homo-
morphism of the additive group of the ring R into the additive
group of real numbers. Therefore, by the lemma, there exists a real
number s, s >0, such that for all ae R

r, = as.
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If s=0, then r, = 0 for all @, i.e. R will be a zero ring. If,
however, s>0, then the mapping a— r, will be a monotonic
isomorphism of the additive group. In addition it follows from

a-b=ar, = a(bs) = (ab)s
that

Ty = (@ b)s = {(ab)sls = (as)(bs) = r,7,.

Thus when s>0 the correspondence a — r, maps the ring R
monotonically and isomorphically onto some subring of the
field of real numbers with its natural ordering. Thus the theorem
has been proved.

§ 4. Normed rings

1. In the field of real numbers there is defined the concept of
the absolute value, in the field of complex numbers the concept of
the modulus. Recalling the usual propertics of these concepts
and taking into account, in particular, that both the absolute
value and the modulus are non-negative real numbers, and that
the field of real numbers is linearly ordered, we arrive at the fol-
lowing general definition:

Let W be a linearly ordered ring (see VI.2.1). A ring R will
be called a normed ring with values of the norm in the ring W,
if to every element ae R we can relate some element w(a) eW—the
normt of the element @ — where the following conditions are
satisfied :

1. w(0) = 0; w(a) >0 when a# 0;

2. w(ab) = w(a@)w(d);

3. w(a—b) <w(a)+ w(b).

From 3 and 1 it follows that for all b € R it will be true that
w(— b) <w(b), and because b = — (—b), then

3,. w(—b)=w(), beR.

From which it follows that

3;. wla+ b) <w(a)+ w(b).

In addition to the fields of real and complex numbers, as
examples of normed skew fields with real norms we can take the
skew field of quaternions and the Cayley algebra. In fact, in these

+ When W is the field of real numbers, the norm defined above is also
called a valuation (Ed.).
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skew fields, as the norm of the element o we can take the square
root of the norm n(a), which was introduced respectively in V.6.9
and V.6.11. The norm defined in this way will coincide with the
length of the vector « respectively in four-and eight-dimensional
Euclidean space, and therefore condition 3 is satisfied. The fact
that condition 1 is satisfied is obvious, and the validity of condi-
tion 2 follows from equations (8) and (15) of § 6 of Chapter V.

Every linearly crdered ring R can be normed with values of the
norm in the ring R itself.

In fact, we call the positive one of the elements g and — « the
absolute value |a| of the element a € R. The absolute value satis-
fies the requirements included in the definition of a norm. In
fact, it is obvious that condition 1 is satisfied. Condition 2 follows
easily from the sign rule (see VI.2.1):

if a0, >0, then |a|-|b| = ab = |ab]|;

if a<<0, 5>0, then la|-|b| = (— a)b = — ab = |ab|;

if a<<0, b<0, then |a|-|b| = (— a)(— b) = ab = |ab|.

We will show that condition 3 is also satisfied. If a=5>0,
then 6> — b and a+b>=a— b, and therefore

la—bl=a—b<a+b=lal+bl.
If a=0>=b, then
la—~bl=a—b=a-+ (—b) =lal +1bl.
If0>=a>bh, then —a>a and —a—b>=a— b, and therefore
la—bl=a—~b<—a—b=|al+|bl.
If 5>a>0, then a> —a and a+b>=b — a, and therefore
la—bl=—(@—b=>b—a<a-+b=lal+bl.
If 5>0>a, then
la—bl=b—a=>b+(—a)=la|+ |b].
If, finally, 0>b>a, then b<{ —b and b —a<<—a~->b, and
therefore
la—bl=b—a<—a—b=|a+bl.
The theorem has thus been proved.

2. In all the examples considered above, all the positive elements
of the ring W are norms for some elements of the ring R. In this
case we will say that W is the ring of values of the norm.
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Let R be a normed ring with ring of values W. If the ring R
has an identity 1, then w(l) is the identity of the ring. W. In fact,
if ae R, then

w(a) = w(a-1) = w(a)-w(l),

ie. w(l) is an identity for all the positive elements of W, and
therefore also for the elements which are their additive inverses.
Either both the rings R and W have divisors of zero or neither
R nor W has divisors of zero.
In fact, if a,be R, a # 0, b # 0, but ab = 0, then w(a) >0,
w(b) >0, but

w(@)w(b) = w(ab) = 0,

Conversely, if the ring W has divisors of zero, then we can find
strictly positive elements «, $, in W such that «f = 0. Then in
R there exist elements @, b such that w(a) = «, w(b) = 3, and
therefore a # 0, b # 0. However,

w(ab) = w(@) w(d) = aff =0,

whence ab = 0.

If the ring R is commutative or associative, then the same
is true for the ring W.

In fact the validity of the commutative or associative law for
positive elements of the ring W follows at once from condition
2 in the definition of a normed ring, and all the other elements
of the ring W are the additive inverse of positive elements.

From these considerations there follows this assertion:

If R is a division ring (or a ring with single-valued division,
or a skew field), then this is also true for W.

3. If a linearly ordered ring W has an identity 1, then any ring
R admits the following trivial norm with values in W:

w0 =0, w{@=1 forall aeR, a#0.

It is clear that all the conditions 1-3 of VI.4.1 are satisfied. The
following condition, which is stronger than condition 3, is also
satisfied:

3. w(a—b)<<max (w(a), w(b)).
From this, as before, it follows that

3;. w(—b) = w(b),



ORDERED AND TOPOLOGICAL GROUPS. NORMED RINGS 295

and therefore
w(a -+ b) = wla —(— b)] <max(w(a), w(— b)) =
max(w(a), w(b)),
ie.

3;. w(a+ b) <max(w(a), w(b)).

A norm which is subject to the conditions 1, 2 and 3’ is called
non-Archimedean, as opposed to an Archimedean norm, for which
the condition 3’, is not satisfied and only condition 3 holds. The
usual norms for the fields of real and complex numbers, the skew
field of quaternions and the Cayley algebra, mentioned in VI.4.1,
are Archimedean. So also is the norm of a linearly ordered ring
mentioned in VI.4.1.

4. In the definition of a non-Archimedean norm, i.e. in the
axioms 1, 2 and 3’ we only used the ordering and multiplication
of positive elements of the ring W. This definition can therefore
be carried over literally to the case of a norm of a ring R with
elements in some linearly ordered multiplicative groupoid G
with zero, i.e. with an element O such that for all xe G, 0<x,

x0=0x=0.
It will in fact be in this sense that in future we will understand
a non-Archimedean normt of the ring R. Here we will speak of
a normed ring R with groupoid of values G, if every element of
G is the norm of some element of R.

Let there be given in the ring R a non-Archimedean norm
w(a) with groupoid of values G. In this case, results similar to
those mentioned in V1.4.2 hold, and they are proved by the same
reasoning. We may note, however, that in the case we are con-
sidering the norm defines a homomorphism of the multiplicative
groupoid of the ring R onto the groupoid G.

If the ring R has an identity 1, then w(1) is an identity of the
groupoid G.

The ring R and the groupoid G either both have divisors of zero
or do not have divisors of zero—the meaning of the concept of
a divisor of zero in a groupoid with zero is obvious.

If the ring R is associative, then the groupoid G will be a semi-
group. From the commutativity of the ring R follows the commuta-
tivity of G.

1 A norm with values in an ordered group is also called a valuation (cf
footnote p. 292 (Ed.).
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If R is an associative skew field, then the elements of G distinct
from zero form a group with respect to the multiplication given in G .

5. Let R be a linearly ordered ring, and G the ordered set of
Archimedean classes of its additive group (see VI.3.3); the class
which contains the element ae R, a >0, will be denoted by 7.
Ifa,be R, a>0, b>0, whence ab >0, then we set

ab = ab. )

The equation (1) makes the set G a linearly ordered groupoid
with zero, called the groupoid of Archimedean classes of the ring R,
In fact, if @, = a,, then let, for instance, a, <a,. However,
there exists a natural number »n such that a, << na,, and therefore,
because >0,
a b <ab<n(ab),

whence a;b = a,b. This proves that the equation (1) defines
in fact a multiplication in the set G.
In addition, if @;<a,, then a;<a,, and therefore for any
b>=0
ab<<ab, ba,<ba,,
whence for any be G
@ b<ab, ba,<ba,.
Thus the groupoid G is linearly ordered (see VI.1.1).
Finally, the class 0 will obviously be the zero of the linearly
ordered groupoid G.
The following theorem is true [Ya. V. Chion, Izv. AN SSSR,
seria matem. 21, 311-328 (1957)]:
Every linearly ordered ring R admits a non-Archimedean norm
with its groupoid of Archimedean classes as its groupoid of values.
In fact, for every ae R we take as w(a) the Archimedean
class to which the absolute value [a| belongs (see VI.4.1). Con-
dition 1 is obviously satisfied, the validity of condition 2 follows
from the validity of this condition for the absolute value and from

equation (1). We will show that condition 3’ is also satisfied. In
fact, because |—b| = |b| and by VI.4.1,

la—b| = la+ (—b)| <lal + 16| <2 max (lal, |b]),
and therefore

la — b| < max (lal, |b]),



ORDERED AND TOPOLOGICAL GROUPS. NORMED RINGS 297

ie.
w(a — b) < max (w(a), w(b)).

6. Suppose that there is given in the ring R a non-Archimedean
norm with values in the linearly ordered groupoid G with zero.
In the groupoid G we change from the multiplicative notation,
which we have used up to now, to the additive notation and,
in addition, we change the ordering in G to the inverse ordering
(cf. 1.4.6). 1t is natural to denote the element 0 now by the symbol
oo, where for all xe G

W =X, X+00 =0 -}x=00. )

The non-Archimedean norm given in the ring R is in this
way transformed into the so-called Jogarithmic norm with values
in the additive groupoid G, and the conditions 1, 2 and 3’ take
the form:

1;. w(0) = c0, w(@) < oo when a+# 0;

2y. w(ab) = w(a) + w(b);

3;. w(a —b) = min(w(a), w(b)).

It is also possible, of course, to make the opposite transition.

If in R there is given a non-Archimedean norm with (non-nega-
tive) real values, then the logarithmic norm obtained from it can
also be regarded as real-valued, in fact with values in the ordered
additive group of real numbers with the symbol co adjoined. The
transformation of the groupoid of values of the norm described
above can be obtained in the case under consideration by replacing
every positive real number « by the number — log «.

We take a field P and we consider as R any of the following
three rings: the ring of polynomials P[x] (see I1.2.7), the ring
of power series P{x} (see 11.2.8), the field of Laurent series (see
11.5.7). If ae R, a# 0, then let w(a) be the exponent of the
smallest power of the unknown x which occurs in the expression
for the polynomial (series) @ with coefficient distinct from zero;
in addition, we set w(0) = oo. This introduces an integral-valued
logarithmic norm in the ring R — conditions 1,, 2,, 3; can be veri-
fied without difficulty.

7. Returning to the general concept of a norm (see VI.4.1),
we note that sometimes the condition 2 is replaced by the weaker
condition

2. w(ab) <w(@)w(d).

In this case we speak of a pseudonorm.



298 LECTURES IN GENERAL ALGEBRA

Important examples of pseudonormed rings are certain rings
of functions. Thus we consider the ring of all continuous real
functions f(x), defined in the interval [0, 1] of the real line. By

letting
w(f) = max | f(x)!},

xe|0,1)
we introduce a real-valued pseudonorm into this ring, because
the conditions 1, 2" (but not 2) and 3 are satisfied.

§ 5. Valuated fields

1. Logarithmic norms are used essentially in the theory of
fields and the theory of integral domains, and their applications
are based, in particular, on the concepts and results presented
in this section. Instead of “logarithmic norm” we shall use
the term “valuation” which is more usual in this context.

Suppose that there is given in the field P a valuation (i.e.
a logarithmic norm) w (see VI1.4.6) with groupoid of values G.
From the results of VI.4.4 and the definition of a valuation it
follows that G will be an additively written linearly ordered Abelian
group, with the symbol oo adjoined.

We denote by R,, the set of all those elements a € P for which
w(a) >=0. By 1,, 2, and 3;, R, will be a subring of the field P;
it is called the ring of the valuation w in the field P.

Because the valuation w defines a homomorphic mapping
of the multiplicative group of the field P onto the group G, the
identity of the field P belongs to R,.

Moreover, if a € P, then w(a)=0 if, and only if, both @ and
a~lbelongto R, ,i.e. if ais an invertible element of the ring R,,,
because

w(l) =0. 1)

2. Suppose that there are given in the field P the valuations
w and w' with the groups of values G and G’, with the symbol
adjoined, respectively. The rings of these valuations, considered
as subrings of the field P, coincide:

R,=R,, ¥)
if, and only if, there exists an isomorphic mapping ¢ of the ordered

group G onto the ordered group G’ such that for all the elements
a € P distinct from zero

(w(@)e = w'(a). €)
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In fact, suppose that equation (2) holds and let w(a) = 0.
Then, as we noted above, a will be an invertible element of the
ring R, and, hence, of the ring R,,,, i.e. w'(a) = 0. The converse
assertion, of course, is also true.

Thus the valuations w and w’ determine homomorphisms of
the multiplicative group of the field P which have the same kernel.
Therefore, by IIL.2.6, there exists an isomorphism ¢ of the group
G onto the group G', satisfying the condition (3).

Finally, if « € G and «>>0, then in R there exists an ele-
ment @ such that w(e) = «. From (2) it then follows that
w (@)= ap =0 in G'. The isomorphism ¢ thus maps the positive
elements of the group G onto the positive elements of G’ and
consequently all the requirements of the theorem are satisfied.

The converse assertion of the theorem is obvious.

3. We see that the study of all possible (non-Archimedean)
valuations of a field P reduces to the study of all the subrings
of this field which can be rings of valuations.

A subring R of the field P can be the ring of a valuation for this
field if, and only if, for every a € P, a#0, at least one of the elements
a, a~* belongs to R.

On the one hand the assertion of the theorem is almost obvious:
if a¢ R,, i.e. w(a)< 0, then from (1) it follows that w(a~1) >0,
and therefore a~'e R,,.

Now suppose that the subring R satisfies the hypothesis of
the theorem. Thus it contains the identity of the field P. The set
S of invertible elements of the ring R will obviously be a sub-
group of the multiplicative group P* of the field P. We denote
by G the factor-group P*/S, written additively.

Because the ring R does not contain any divisors of zero, the
elements of R distinct from zero form a subsemigroup R* of the
group P*. Because of the inclusion § « R* we can single out the
subsemigroup H = R*/S in the group G = P*/S. We will show
that H is the semigroup of positive elements for some linear
ordering of the group G, i.e. we verify the conditions (1)-(4)
of VI.1.3.

In fact, condition (1) follows from the fact that the zero of the
group G is the subgroup S contained in R*. In addition, if x € H
and — a € H, then both the elements forming the coset «, and the
elements inverse to them, belong to R*, and then all these elements
occur in S, i.e. « will be the zero of the group G; this proves
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condition (2). The validity of condition (3) is obvious. Finally,
condition (4) follows from the hypothesis made with respect
to the subring R in formulating the theorem.

Now we supplement the linearly ordered group G with the
symbol oo with the properties (2) of VI.4.6. By letting w(0) = oo,
and by taking, for every ae P, a # 0, w(@) to be the element
of the group G which, as a coset with respect to S, contains the
element a, we obtain a valuation of the field P.

In fact, it is obvious that condition 1, is satisfied. The validity
of condition 2, in the case when both the clements a, b are distinct
from zero follows from the fact that the mapping a — w(a),
a # 0, is a homomorphism of the group P* onto the group G;
if at least one of the elements a, b is equal to zero, then 2, follows,
from (2) in VL.4.6.

Finally, we will verify condition 3;. Because, by (1) and 2,,

0=wl)=w(—1)+w(—1).
and the group G does not contain, by VI.1.4, any elements of

finite order distinct from zero, then w(—1) = 0 and therefore,
again by 2,, for all be P

w(—b) = w(b).
Condition 3’y is thus equivalent in our case to the condition
w(a+ b) = min (w(a), w(b)),

which will also be proved.

It is obviously satisfied if at least one of the elements a, b is
equal to zero. If both of them are distinct from zero, then let, for
instance, w(b) < w(a), i.e. a/b € R. Therefore, because the identity
of the field P is contained in R, and 1 +a/b e R, i.e., by 25 and (1),

0<w(1 +%) = wl(@+B) b1 = w(a -+ b) +wd™Y)

= w(a+b) —w(b).
Whence
w(a + b) = w(b) = min (w(a), w(b)).
The theorem has thus been proved.

4. If in the field P there is given a valuation w with valuation
ring R,,, then those elements a € P for which w(a) >0 form an
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ideal I, in R, (see 11.7.8), called the ideal of the valuation w.
In fact, if a, bel,, then from 3; it follows that a—bel, ; if
ael,, xeR,, ie. w(@) >0, w(x) =0, then, by 2,,
wlax) = w(a) +w(x) >0,
i.e. axel,.
Because, by VI.5.1, every element a€R,, a¢I,, has an

inverse in R, the factor-ring R, /I, will be a field; it is called
the residue field of the valuation w.

5. As an important example we will find all the non-trivial
(non-Archimedean) valuations of the field of rational numbers.
Let w be such a valuation and R, and I, respectively the ring
and ideal of this valuation. Because 1 € R,,, 1 ¢ I, then the whole
ring of integers C is contained in R,,, and the intersection I, N C
will be the desired ideal in C. This intersection is distinct from
zero, because otherwise all the non-zero integers would have
inverses in the ring R, i.e. this ring would contain the whole
field of rational numbers, which is impossible for a non-trivial
valuation. Therefore, by I1.7.8 and 11.4.2, the ideal I,N C is
the set (p) of integers which are multiples of some natural number
p,p>1

Because the factor-ring R, /I, will be a field, the product of
two integers lying outside (p) cannot be contained in (p). This is
obviously equivalent to the assertion that the number p must
be prime.

Every integer n, prime to p, lies outside the ideal I, and there-
fore, by VL5.1, has an inverse in the ring R,, i.e. n1eR,.
This proves that the ring R,, contains the whole ring R, of those
rational numbers whose denominators are prime to p.

In fact, it is even true that

R,=R,.
Indeed, if the ring R, contains a rational number m/n such that
(m,p)=1, and ne (p), then m¢l,, ie. m~*eR,, and then

n‘1=ﬂ-m‘leRw,
n
i.e. the number »n has an inverse in the ring R, which contradicts
the fact that nel,.
Conversely, the subring R, of the field of rational numbers
for any prime p satisfies the hypothesis of the theorem VILS5.3.
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Thus the rings of valuations of the field of rational numbers are
exhausted by the rings R,, where p varies through all the prime
numbers.

6. We shall now determine a valuation of the field of rational
numbers for which the valuation ring is R,.

Every rational number a, a # 0, can be expressed in a unique
way in the form

az_«pk, 4

n

where the numbers m and n are prime to each other and to p,
and the integer k is greater than, equal to or less than zero. We set

w@=k, a#0; 5)

in addition, let
w(0) = .

We obtain a valuation of the field of rational numbers with values
in the ordered additive group of integers, with the symbol oo
adjoined—the verification of the conditions 1,, 2, and 3; presents
no difficulties. This valuation is called the p-adic valuation of the
field of rational numbers.

From (4) and (5) it follows that the ring and ideal of the p-adic
valuation are respectively the ring R, and its ideal R,, consisting
of those rational numbers, the numerators of whose irreducible
expressions are divisible by p. We note that

Rp = {Rz’v C}’ (6)

where C is the ring of integers. In fact, if m/ne R,, then from
(n, p)=1 it follows that the numbers sn, s=0,1,2,...,p—1, lie
in different cosets of the ring C with respect to the ideal (p). Then
this is also true for the numbers m—+sn, s=0,1,2,...,p—1,
and therefore one of these numbers, say m -+ tn, is divisible
by p. Then

m-tn
n

eER

pP?

but

=t

m m--tn
n n
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By using (6) and also the equation R, N C = (p) and the fact
that R, is an ideal in R,, on the basis of the isomorphism theorem
(see 111.4.2) we have that

R,/R,~C/(p).

The field of residues of the p-adic valuation is thus isomorphic to
the prime field C, of characteristic p (see 111.2.8 and II1.2.11).

7. Tt is clear that the p-adic valuation of the field of rational
numbers can also be considered not as a logarithmic norm, but
as a non-Archimedean norm in the sense of VI.4.3. In order to
make the transition inverse to that described in VI.4.3, it is
sufficient to take any real number r, r>1, and for the rational
number g, written in the form (4), to set

w(a) = rFk,

assuming, besides, that w(0) = 0.

* For every Archimedean valuation w of the field of rational
numbers we can find a real number «, 0 <o <1 such that for
all rational numbers a

w(a) = lal,

where |a| is the absolute value of the number o [Ostrowski, Acta
Math. 41, 271-284 (1918)].*

8. Suppose that there is given in the field P a real-valued
norm w in the sense of V1.4.1. The sequence of elements

a, ag..., ... )
of P is called a fundamental sequence if for any real number £ >0
there exists a natural number N = N(g) such that
w(@,—a,)<<e¢ when n, m>N.

A fundamental sequence (7) is said to be convergent if in the
field P we can find an element a—the limit of this sequence —such
that for every € > O there exists a natural number N = N (¢),
which satisfies the condition

w(@,—a)<<e when n>N.

A convergent sequence which has the limit 0 is called a null
Sequence.

A field P is said to be complete with respect to the norm w
if each of its fundamental sequences is convergent.
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* For every ficld P with a real-valued norm w there exists
a completion, i.e. a field P with real-valued norm w, complete
with respect to this norm, such that P < P, the norm w is an exten-
sion of the norm w and every element of the field P is the limit
of some fundamental sequence of the field P.

If the field of rational numbers is normed by means of absolute
values, then its completion is the field of real numbers, also with
absolute values as its norm. If the field of rational numbers is
considered with the p-adic valuation, then its completion is the
field of p-adic numbers (see I11.3.12). Here the value of the p-adic
number distinct from zero, written in the form (17) of II1.3.12,
is the integer k.*

9. The normed fields P and P’ with real-valued norms are
called isomorphic if there exists an isomorphism between them
under which null sequences of one of these ficlds are carried into
null sequences of the other field and conversely.

* Every normed field with Archimedean real-valued norm is
isomorphic to a subfield of the field of complex numbers, normed
by means of the moduli of complex numbers [Ostrowski, Acta
Math. 41, 271-284 (1918)].*

§ 6. Albert’s theorem on normed algebras

1. Let there be given in the field P a real-valued norm, which
we will now denote by |«], « € P. Suppose, in addition, that R
is an algebra over the field P and that in R, as a ring, there is given
a real-valued norm w with the properties 1-3 of VI.4.1. We will
call R a normed algebra if for any a € R, « € P the equation

w(ea) = |alw(a) M

is satisfied. The validity of this equation will also ke assumed
when we speak of a pseudonormed algebra (see V1.4.7).

2. Every real finite-dimensional algebra R can be pseudonormed
[Albert, Ann. of Math. 48, 495-501 (1947)].

In fact, let us take in the algebra R a basis x;, i = 1,2, ..., n,
with the multiplication table

n

— k
X; Xy = E € Xk -

k=1
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If u is a real number distinct from zero, then the elements y; = ux;,
i=1,2,...,n, also form a basis for the algebra R, where

Yi¥i = 2 LA
k=1

and where
8 = pely-
We choose the number p, as it is easy to do, in such a way that for
all i, j, k=1,2,...,n
1
35 < —
n

)]

where 3| is the absolute value of the number 3. Then, by defining
w(a) for any element a € R, written in the form a = 3" o;y; by
i=1

the equation

n

wia) = o,

i=1
we introduce a pseudonorm in the algebra R.
In fact, if

a=Z°‘iJ’i, b=2(31yj,

then

n n

ab = Z (Z 3}‘;“,-@;) Yis
=1 5j=1

and therefore, by (2),

wat) = 3| ST aap) < ST )<

a=1 ij=1 Lik=1
D B =w@wd).
Li=1
This proves the validity of the condition 2’ of VI.4.7, and it is
obvious that all the other conditions included in the definition
of a pseudonorm are satisfied.
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3. On the other hand, we have the following theorem of Albert
[Ann. of Math. 48, 495-501 (1947)]:

The fields of real and complex numbers, the skew field of qua-
ternions, and the Cayley algebra are the only finite-dimensional
real normed algebras with identity.

We note that the given four algebras in fact satisfy all the
hypotheses of the theorem (see VI.4.1). On the other hand, if
a real-valued norm w is given in the ring R, then there are no divi-
sorsof zeroin R:ifa,be R,a # 0,b # 0, ab = 0, then w(a) # 0,
w(b) # 0, but w(@w() = w(ab) =0, which is impossible.
Therefore, by the generalization of Frobenius’ theorem (see V.8.1),
we only have to prove the following assertion:

Every finite-dimensional real normed algebra K, which has an
identity, is alternative.

4. We begin the proof with some remarks. First of all, we
agree to denote the norm in the algebra K by |a], where a€ K.

In addition, as we noted above, there are no divisors of zero
in the algebra K, and therefore, by V.8.2, K will be an algebra
with single-valued division. From this it follows that when a # 0,
a e K, right multiplication by the element a (see V.1.6), which
is a linear transformation of the additive vector space of the
algebra K, will be non-singular. We agree to denote this right
multiplication by R,; the identity linear transformation we will
denote by E.

Finally, because the algebra K has an identity 1, then, by
V.6.2, its centre contains a subfield D isomorphic to the field
of real numbers; this will be the set of all elements of the form
o'l = o, where « is a real number.

LemMma 1. If a¢ D, then the linear transformation R, does not
have any real characteristic roots.

In fact, if « is such a root, then the linear transformation
R,—aE=R,_, will be singular, i.e. as we noted above,
a—o =0, whence a = a e D.

5. LeMMA 2. If a¢ D and |a| = o, then the modulus of any
characteristic root )\, of the linear transformation R, is equal to «.

In fact, let

A =g (cos o +ising). 3

The linear tranformation R, — 2, E of the complex vector space,
which is an extension of the real additive vector space of the
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algebra K, must be singular. Therefore in K there exist elements
b and c¢ such that

b-+ci#0,
whence
3 =lbl +]c| >0 @
and
b+ ci)(R,—NE)=0.
Hence

(b -+ )R, = Ao(b + ci),
and therefore

b+ c)RF =Ny (b +ci) (5)
for all natural numbers m. Because R, is a linear transformation

of the real vector space K, then from (5) and (3) follow the equa-

tions
bRT = o™ (b cos mp — ¢ sin my),

¢R? = o™ (b sin myp +- ¢ cos mop). ©6)
By using the definition of a normed algebra, in particular
(1), and also (4) and the inequality [cosme|<C1, [sinmgp|<1,

we obtain from (6)
bl = [bRF| < ™3,

lelom = |eRm| <g"3.
Hence, by (4), dua™<<20™3, ie. (xg~Y)" <2, and because the

number m is arbitrary, then a<Cp.
On the other hand, from (6) follow the equations

(b cos me + ¢ sin mp)RT = p™b,
(c cos my — b sin mp)RT = g™c,
which reduce to the inequalities
emlbl < 3, o™|c| < S,

Hence, o™8 <<23a™, ie. ()" <2, and therefore p<a. As
a result we obtain ¢ = «, which is what we were required to prove.

6. Lemma 3. If a¢ D, then the characteristic polynomial of
the linear transformation R, is a power of an irreducible quadratic
polynomial.
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In fact, if A\, is a characteristic root for R, and b =a+1, -
then R, = R,+ E, and therefore the number 2, +1 will be
a characteristic root for R,. Let o+ (i, ¥ + 8i be two character-
istic roots of the transformation R,. From Lemma 2 it follows that
these roots have equal moduli, i.e.

o2 -+ Bz — Y2 4+ 52,
By applying the same thing to the characteristic roots of the
transformation R,—it is clear that b ¢ D—we obtain
(x+1)2+p2= (v + 1)* + &~
Hence 2o = 2y, i.e. « = v, and therefore 82 = 32, ie. B = +3.

These results together with Lemma 1 complete the proof of the
lemma.

7. LeMMA 4. If a ¢ D, then the minimal polynomial of the linear
transformation R, is an irreducible quadratic polynomial.
By Lemma 3, the characteristic polynomial of the transforma-
tion R, has the form
L3 = (3 —ar—p),
where

v=———08>0.

Therefore the minimal polynomial will be
o) = M—ar—B), k<4,
ie.
(R: —aR, —BE) = 0. )

YA
b-—"Y 2(a——2—)’

so that b¢ D, then the equations
(RR—aR,—BE}Y =0 and (RE+E)=0
will be equivalent. Thus,
(RR+EY=0, (R+E}1'#£0. ®)
Because the number i is a characteristic root for the linear

transformation R,, then, by Lemma 2, |b| = 1. Therefore, by
setting S = RZ, we obtain, for any ce K,

e8] = (cB) 8| = el

Let k>1. If
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Hence
|eS™] = |e] )

for all ce K and all natural m.
If T=(S+ K)*~%—here we use the fact that k>2— then,

by (8),
T#0, T(SH+E)#0, TSH+E3?=0.
Thus there exists an element ¢’ such that
(S+E}-1#£0,
ie.
c=cT#0, c¢(S+E)#0, c(S+E)}=0. (10)
From the last equation it follows that
cS? = —c(2S + E),
ie. when m =2 the equation
eS™ = (— 1"~ te[mS +(m—1)E] (11)

is satisfied.
If equation (11) has already been proved for given m, then

St = (=1 te[mSt+(m—1)S] = (— D" c[2mS + mE—
m—1)8S]=(—D"c[(m+1)S+ mE],
ie. (11) is valid for all m. By making some changes in the way

this equation is written, and taking the norms of both sides, we
have, by (9), that

le| = |mc(S + E) —c|. (12)

If

lc(S + E)| =3,
then, by (10), 3 >0. However,

|me(S + E) — c|=md —|c|,
i.e., by (12), for all m the inequality
2lc|=m3,
is valid, which is impossible. This proves that k = 1, i.e. Lemma
4 is proved.
8. From this, by (7), there follows the equation
RE = aR,+ BE,
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i.e., because there exists an identity in the algebra K,

a® = oaa-+ B.
Therefore for any be K
(ba)a = bRZ = b(aR,+ PE) = aba-+ Bb = b(aa + B) = ba?.

Thus the equation (ba)a = b(aa) is proved for a¢ D; it is
true, however, for a € D also, because D is contained in the centre
of the algebra K. The equation a(ab) = (aa)b can be verified in
a similar way. By Artin’s theorem (see V.7.3), this proves that
the algebra K is alternative, i.e. it proves Albert’s theorem.

* The fields of real and complex numbers, the skew field of
quaternions and the Cayley algebra are the only real normed
division algebras, having an identity; the fact that these algebras
are finite-dimensional is not assumed [Albert, Bull. Amer. Math.
Soc. 55, 763-768 (1949); Wright, Proc. nat. Acad. USA 39,
330-332 (1953)].

The fields of real and complex numbers and the skew field
of quaternions are the only pseudonormed real associative alge-
bras not containing an element x distinct from zero, for which
there exists a sequence y,, not a null sequence (see VI.5.8), such
that at least one of the sequences xy, or y,x is null [Kaplansky,
Duke Math. J. 16, 399-418 (1949)].

The field of complex numbers itself is the only pseudonormed
complex associative division algebra [C. R. Mazur, Paris, 207,
1025-1027 (1938); 1. M. Gel’'fand, Mat. sb. 9, 3-24 (1941)]).*

§ 7. Closure. Topological spaces

1. We will say that a closure relation is given in the partially
ordered set M if we can relate to every element ae M a uniquely
determined element @ € M, called the closure of the element a,
where for all a, beM the following requirements are satisfied:

(1p) a<a;

(2,) if a< b, then @ <b;

(3,) @ =a, ie. the closure of any element coincides with

its own closure.

An element q is called closed if it coincides with its own clo-
sure. By (3,) the closures of all elements will be closed and, ob-
viously, nothing else will be. On the other hand, it follows from
(2,) that g is contained in every closed element containing g, i.e.
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the closure relation is determined uniquely by giving the system
of closed elements.

In every partially ordered set we can define a trivial closure
by letting @ = « for all a.

2. A closure relation can be introduced, in particular, in the

system M of all subsets of an arbitrary set M, partially ordered
by set-theoretical inclusion. In fact in what follows it will be in
this sense that we will speak of a closure relation given in an ar-
bitrary set M. Clearly, the meaning of such concepts as the closure
of a subset of M and a closed subset is completely defined; we keep,
essentially, the method of formulating the conditions (1,)-(3,)
of VL.7.1.

We note that if a closure relation is given in the set M, then
the set M itself is closed, being its own closure. On the other
hand, the intersection of any system of closed subsets in M is
itself closed.

In fact, suppose that a system of closed subsets A4, is given
in M(« varies through some index set) and let

B= n 4,.
o

Then, by condition (29) of VL7.1, it follows from B < 4, that
Bc 4,= 4, ie. B
Bc n 4, =B.

Because, on the other hand, B< B by condition (1) of VL7.1,
then B = B, which is what we were required to prove.

The following converse of the theorem is true:

In every set M we can give a closure by taking as the system
of closed subsets any system of subsets Y. which contains M itself
and also the intersection of any of its subsystems.

In fact, if we take as the closure A of any subset 4 of M the
intersection of all the subsets in X which contain 4—such sets
exist, for instance M itself—then conditions (1,)-(3,) will be
satisfied, and the closed sets will be the sets of £ and only these.

3. Two partially ordered sets with closures are naturally called
isomorphic if between them there exists an isomorphic correspond-
ence in the sense of 1.4.3, under which the images and inverse
images of closed elements are closed. In the same sense we can
speak of the isomorphic embedding of one partially ordered set
with closure in another.
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* If M is a partially ordered set with closure, then in the

partially ordered system M of all the subsets of the set M we can
give a closure relation such that M is isomorphically embedded
in M.*.

4. The concept of a set with a closure relation for its subsets,
introduced in VI.7.2, is very wide. By imposing some additional
restrictions on the closure relation, we arrive at the concept of
a topological space, one of the most important general concepts
in mathematics, which in many cases plays a role parallel to that
of partially ordered sets.

We say that a topology is given in the set M or that M is a to-
pological space if there is given in it a closure which satisfies, in
addition to the conditions (15)~3,) (or the conditions equiva-
lent to them, mentioned in the formulation of the theorem in
V1.7.2), also the following additional conditions:

(4,) the closure of the union of two (and therefore also any
finite number of) subsets of M is equal to the union of
the closures of these subsets,

AUB=AU B;

(5,) every subset consisting of one element is closed.

In fact, conditions (1,) and (2,) can be derived from conditions
(4y) and (5,). Thus, let A be any subset of M and a e 4. Then,
by conditions (4,) and (5,)

A=AUa=AUa=A4Ua,
i.e. ae A, from which the inclusion 4 < A4 follows, proving the
condition (1,). On the other hand, if the subsets 4 and B are
such that 4 € B, then, by the condition (4,),
B=AUB=AUB,
i.e. 4 < B, which proves condition (2).

If the topological space M contains more than one element—only
such spaces are of interest—then its empty subset is closed. In
fact, it will be closed as the intersection of any two distinct ele-
ments of M, which, by condition (5,), are closed subsets.

We note, finally, that, as follows from condition (4,), the
union of any finite number of closed subsets of a topological space
is closed.

5. The system of all the closed subsets of a topological space M
is partially ordered by inclusion. The system of all the comple-
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ments in M of the closed subsets is also ordered by inclusion,
1.e. the system of open subsets. We obtain an inverse isomorphism
(see 1.4.6) between these two partially ordered systems if we re-
late to every closed subset A the open subset M\ A4. This gives
us a method of dualizing the results which we know, relating
to closed sets, leads to results relating to open sets.

Thus, taking into account that the complement of an inter-
section (or union) of a given system of subsets of any set is always
the union (respectively intersection) of the complements of all
these subsets, we find that the union of any system of open subsets
and the intersection of any finite number of open subsets will itself
be open. On the other hand, both the space M itself and the empty
subset are open, because they are the complements of each other.

6. Every closure relation in the set M, and therefore also
every topology is completely defined, as we know, by giving the
system of all closed subsets. Hence we can also define a topology
in M by giving the system of all open subsets. Taking into account
that the union of any system of open sets is open, we can limit
ourselves to giving only a system of open subsets £ such that
every (non-empty) open subset of the space M is the union of
subsets from 2. Such a system X, called a complete system of
neighbourhoodst of the space M, is obviously not uniquely deter-
mined.

The subsets which form a given complete system of neighbour-
hoods X will be called neighbourhoods; all the neighbourhoods
of 2 which contain a given element ae M form a complete system
of neighbourhoods of this element.

Let the topology in M be given by a complete system of neigh-
bourhoods 2. Then a subset A of M is open if, and only if, for
every element ac A we can find a neighbourhood U from X such
that ae U and U = A—this follows from the fact that 4 is open
if, and only if, it is the union of neighbourhoods from .

On the other hand, if 4 is an arbitrary subset of the space M,
then its closure A consists of those, and only those, elements any
neighbourhood of which contains at least one element of A.

t This is usually called an open neighbourhood base. The term ‘neigh-
bourhood’ is then given a wider meaning: any subset of M with an open
subset containing a is called a neighbourhood of a. (Ed.).
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In ract, if the element x ¢ A4, then x is contained in the open
set M\4, and therefore there exists a neighbourhood of the
element x contained in M\ 4, i.e. having empty intersection with
A. Conversely, if an element x has a neighbourhood U not con-
taining elements of 4, then 4 is contained in the closed set M\ U,
and therefore, by condition (2;) of VL7.1,

A= M\U= M\U,

ie x¢ A.

From this it follows that a subset A of a topological space
M is closed if, and only if, every element x, each of whose neighbour-
hoods contains at least one element of A, itself belongs to A.

7. A system X of subsets of the set M is a complete system of
neighbourhoods for some topology given in M if, and only if,

() for any ordered pair of distinct elements a, b of M we can
find a subset U, belonging to 2, such that ac U, b¢ U,

() for any two subsets U, V, belonging to X and containing
some element a, we can always find a subset W in Z such that ae W
and W< UNV.

Proof. Let X be a complete system of neighbourhoods of a
topological space M. If a and b are distinct elements of M, then,
because b is closed, the subset M \b is open and therefore is the
union of neighbourhoods from X. Because ae M \b, then, by
V1.7.6, we can find a neighbourhood U in Z such that ae U and
Uc M\b, and therefore b¢ U. This proves (x). On the other
hand, if we are given the neighbourhoods U and V of the elemenrt
a, then, by VL7.5, their intersection U NV is open, and because
a is contained in this intersection, then, again by VL.7.6, there
exists a neighbourhood W of the element g, contained in UN V.

Now suppose that an arbitrary system of subsets T is given
in M, having the properties («) and (8). For every subset 4 = M
we denote by A the set of those elements xe M such that every
subset of X, containing x, contains at least one element of A,
and we will show that this gives a topology in M. It is sufficient
to show, by VL.7.4, that conditions (3,), (4,) and (5o) are satisfied.

If xe 4, then any subset U of X, containing x, contains at
least onc element ye A4, and therefore, again by the definition
of A, the subset U contains at least one element of 4. From
this it follows that xE/T, ie. A S A. Because it is obvious, con-
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versely, that 4 < A4, then 4 < A4 and therefore 4 = 4, i.e. con-
dition (3,) is proved.

In addition, if 4 and B are arbitrary subsets of M, and x is
any element of the union 4 U B, then every subset of I, contain-
ing x, contains at least one element either of 4 or of B, i.e.
at least one element of AU B, and therefore xe AU B. This
proves that AU B< AU B. On the other hand, if the element
yeAU B, then any subset of T, containing y, contains at least
one element of 4 U B. Let there exist two subsets U and V in X,
containing y, such that U does not contain elements of 4, and
V does not contain elements of B. Then, by condition (8), we
can find a subset W in %, containing y and lying in the intersection
U NV, ie. containing elements neither of 4, nor of B, which is
impossible. Thus, either all the subsets of X, containing y, contain
elements of 4, and then yed, or else they all contain elements

of B, and then yeB. From this it follows that AUB < AU B.
Thus the validity of condition (4,) has also been proved.

Finally, condition (5,) follows from the fact that for any ele-
ment be M its closure b consists of b alone, because, by condition
(), for any other element a we can find a subset of ¥ which
contains @, but does not contain b.

To complete the proof of the theorem, it remains to show
that the system 2 is a complete system of neighbourhoods for
the topology which we have constructed in the set M. If U is a sub-
set from X, then its complement M\ U will be closed, because
any element of M, lying outside M\ U, is contained in U, i.c.
it lies in a subset from £ which contains no element of M\ U.
This proves that U is open. On the other hand, let 4 be any open
subset, and a an element of 4. Then M\ A is closed, a¢ M\ 4,
and therefore there exists a subset U from X, containing a, whose
intersection with M\ 4 is empty, i.e. U < 4. The subset 4 can
thus be regarded as the union of some system of subsets of 2.
This completes the proof of the theorem.

8. Two sets with closure, M and M’, are called isomorphic
if between them there exists a one—one correspondence ¥, which
preserves the closure relation, ie. for all 4 =M

AX = AX.

The mapping x here is called an isomorphic mapping or an iso-
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morphism. The inverse mapping x~! will obviously also be an
isomorphisri.

The connection is obvious between this concept and the concept
of an isomorphism for partially ordered sets with closure, intro-
duced in VI.7.3. In the special case of topological spaces the
term “isomorphism” is usually replaced by the term “homeomor-
phism”; we will not, however, make use of this special term.

Under an isomorphic correspondence between sets with
closure, closed sets are mapped into closed sets and conversely,
where, by V1.7.1, this property can be taken as the definition of
an isomorphism. From this it follows that in the case of topological
spaces an isomorphism can be defined also as a ome—one corre-
spondence between these spaces, under which open sets are mapped
into open sets and conversely.

If in the topological spaces M and M’ the topologies are given
respectively by means of the complete systems of neighbourhoods
2 and X', then a one-one mapping . of the space M onto the space
M’ will be an isomorphism if, and only if, for every element a’'e M’
and any neighbourhood U’ of it there exists a neighbourhood U of
the element a'y~*e M such that UX < U’, and for every element
ae M and any neighbourhood V of it there exists a neighbourhood
V' of the element ay such that V'I-1cV.

In fact, let ¥ be an isomorphism and suppose, for instance,
that we are given the element a’'e€ M’ and the neighbourhood U’
of @’. Then the set U'X~1 = M will be open, i.e. it contains a neigh-
bourhood U of the element a'X~1. It is clear that UX < U".

Conversely, suppose that the mapping 7 satisfies the conditions
given in formulating the thcorem, and suppose, for instance,
that we are given an open subset A of the space M. If ay is an
arbitrary element of 4X, then a € 4 and A4 contains some neighbour-
hood V of the element a. Then, by the hypothesis of the theorem,
there exists a neighbourhood 7’ of the element ay such that
V'(~1< V. Hence

V=VX"ecVIic 4AX.

This proves that AX will be an open subset of the space M’. Thus
the theorem has been proved.

By applying this theorem to the case when M and M’ coin-
cide, and y is the identity mapping of the space M onto itself,
i.e. ay = a for all ae M, we arrive at a condition of equivalence
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for two complete systems of neighbourhoods X and X’ given
in M, i.e. the condition that these two complete systems of neigh-
bourhoods should define the same topology in M: this will be
true if, and only if, every neighbourhood of any element a eM, taken
in one of the systems X, X', contains some neighbourhood of the
element a in the other system.

9. A topology given in the set M irduces a topology in every
subset 4 = M. In fact, if the topology in M is given by a complete
system of neighbourhoods X, then we denote by X, the set of all
intersection U N 4, where UeX. Since the conditions («) and
(B) of the theorem in VL.7.7 are valid for the system X it follows
at once that analogous conditions are valid for the system X,
i.e. this system is a complete system of neighbourhoods for some
topology given in A.

If in the space M we are given another complete system of
neighbourhoods X', equivalent to X, then the equivalence in A
of the complete systems of neighbourhoods %, and X/ can be
verified without difficulty on the basis of VI.7.8. Thus a topology
in M determines a unique topology in the subset 4. The topological
space A obtained in this way is called a subspace of the space M.

From the definition of a subspace it follows at once that the
open or closed subsets of the subspace A of the space M will be
the intersections with A of the open or closed subsets respectively
of M, and only these.

10. The trivial closure (see VI.7.1), introduced in the system
of all subsets of an arbitrary set M, obviously satisfies the condi-
tions (4,) and (5,) of V1.7.4, i.e. it gives a topology. This topology
is called discrete; all the subsets of the set M will be both open
and closed in this topology. Every set can thus be considered
as a discrete topological space, and in finite sets, where every
subset is the union of a finite number of elements, only the discrete
topology is possible.

As our first example of a non-discrete topological space we
have the straight line. By considering it as a numerical straight
line and defining for every subset 4 the closure 4 as the set of
numbers which are limits of convergent sequences of numbers
in A, we obtain a topology—conditions (3,)(4,) and (5,) can be
verified without difficulty. One complete system of neighbourhoods
for this natural topology of a straight line is the system of all
(open) intervals. In what follows, when spzaking of the numerical
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straight line as a topological space, we shall always mean that
it has this natural topology.

The plane and in general every n-dimensional real Euclidean
space is usually also regarded as a topological space. Topologies
are introduced here in the same way as above in the case of
a straight line, but by using coordinate-wise convergence. In
the case of a plane, one system of neighbourhoods is the system
of all (open) circles; an equivalent complete system of neigh-
bourhoods will be the system of all (open) squares.

§ 8. Special types of topological spaces

1. As we know (see, for instance, VI.7.7), for any two distinct
elements a, b of a topological space we can find an open subset
U which contains the element a, but does not contain the element b.
Stronger restrictions than this property enable us to introduce
some special important types of topological spaces.

Thus, a topological space is called Hausdorff if for any two
distinct elements a, b of it we can find open subsets U, V such
that ae U, be V and the intersection U NV is empty.

If the topology in M is given by the complete system of neigh-
bourhoods %, then the space M will be Hausdorff if, and only if,
the intersection of the closures of all the neighbourhoods of any
element a contain only this element itself.

In fact, if the space M is Hausdorff, and the element b is
distinct from a, then, by taking neighbourhoods U and V for
a and b respectively such that UNV is empty, we obtain that
_Ue,é b. On the other hand, if the space M satisfies the hypothesis
given in the formulation of the theorem, and if we are given two
distinct elements ¢ and b in it, then there exists a neighbourhood
U of the element a such that b ¢ U. Then the element b is contained
in the open subset ¥ = M\ U, where UNV is empty.

2. A topological space is called regular if for any element
a and any closed subset B, not containing a, we can find non-inter-
secting open subsets U, V such that ae U, B<V.

It is clear that every regular space will be Hausdorff. All
the spaces mentioned in VI.7.10 are regular.

If the topology in M is given by the complete system of neigh-
bourhoods Z., then the space M will be regular if, and only if, for
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every neighbourhood U of any element a we can find a neighbour-
hood V of this element whose closure V is contained in U.

In fact, if the space M is regular and in it we take a neighbour-
hood U of some element a, then for a and the closed subset M\ U
we can find non-intersecting open subsets ¥ and W such that
acV, (M\U)<W. Then ¥V contains some neighbourhood V,
of the element «, where

Vo Ve MN\Ws MN\(M\U)=U.

Conversely, suppose that the space M has the property mention-
ed in the formulation of the theorem, and suppose that we are
given the element a and the closed subset B in it, where a¢ B.
Then, by hypothesis, there exists a neighbourhood U of the
element a, the closure U of which is contained in the open subset
M\ B. The intersection of the open subsets U and M\U is
empty, and because

MN\U 2 M\(M\B) = B,

the regularity of the space M has been proved.

It is easy to verify that the property that a topological space
should be Hausdorff or regular carries over to the subspaces of
this space.

More specialized than the concept of a regular space is the
concept of a normal space: this is a topological space such that
for any of its non-intersecting closed sets A and B there exist
non-intersecting open sets U and V such that A<= U, Bc V.

* An intermediate class between regular and normal spaces
is that formed by thz completely regular topological spaces, i.e.
spaces with the following property: for any element a and any
closed subset B not containing this element, we can define a con-
tinuous (in the sense of the topology of this space) real-valued
function f on this space such that f(a) =0, f(b) =1 for all
beB and 0 < f(x) <1 for all x.*

3. A very important class of topological spaces is that formed
by the bicompact spaces. In fact, a space M is called bicompactt
if it satisfies any of the following conditions, whose equivalence
follows from what was said in VI.7.5:

I. From every system of open subsets whose union coincides

t Although the term compact is now more usual in English, the form
in the text has been kept to avoid all risk of confusion (Ed).
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with M we can choose a finite subsystem such that the union of
the subsets forming it coincides with M.

II. From every system of closed subsets whose intersection
is empty we can choose a finite subsystem such that the intersection
of the subsets forming it is empty.

As follows from the Heine-Borel theorem, which is proved
in any course in mathematical analysis, any finite closed interval
of the numerical straight line is a bicompact space.

* Each of the following two conditions is equivalent to the condi-
tions I and II, and therefore can be used to define a bicompact space:

III. The union of every chain (see 1.4.1) consisting of open
subsets distinct from M is itself distinct from M.

IV. The intersection of every chain consisting of non-empty
closed subsets is itself non-empty.*

4. A topological space is called locally bicompact if every
element of this space is contained in an open subset whose closure
is bicompact.

Every bicompact space is locally bicompact. An example
of a locally bicompact but not bicompact space is the real line.
In fact, every point of the real line has a neighbourhood which
is a finite open interval. The closure of such a neighbourhood
will be a closed interval, i.e., as we noted above, it is bicompact.
On the other hand, the real line itself is not bicompact: it is the
union of all its intervals of finite length, but it cannot be repre-
sented as the union of a finite number of such intervals.

As another example of a locally bicompact but not bicompact
space we can take any infinite discrete space.

5. Every closed subset of a bicompact space is bicompact, and
one of a locally bicompact space is locally bicompact.

First we note that if 4 is a closed subset of any topological
space M, then every subset B of A, closed in the subspace A4, will
also be closed in M. In fact, if B is the closure of B in M, then,
as follows from VI.7.9, BN A will be the closure of B in 4, i.e.,
because B is closed in A4,

BnA=B. (1)
However, tecause A4 is itself closed in M, then it follows from
B <= A that B < 4, and therefore, by (1), B = B.

Now it is clear that from the validity of the condition II of

VI1.8.3 in the bicompact space M follows the validity of this con-
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dition in every closed subspace of the space M. If the space M
is locally bicompact and A is a closed subspace of it, then for
every ac A there exists in M a neighbourhood U, whose closure
U is bicompact. Then the intersection UN 4 is a neighbourhood
of a in A, and its closure in 4 is U N A. This last intersection will,
however, be bicompact, because it is closed in M (as the inter-
section of closed subsets) and is contained in the bicompact
space U.

* Every open subset of a locally bicompact (in particular,
a bicompact) space is locally bicompact.

Every locally bicompact space is isomorphic to an open sub-
space of some bicompact space [P.S. Alexandrov, Math. Ann.
92, 294-301 (1924)].*

6. A topological space M is called disconnected if it can be de-
composed into two non-empty non-intersecting closed subsets (each
of which will, obviously, also be open), and connected otherwise.

A topological space M is called totally disconnected if for
any two distinct elements «, be M there exists a decomposition
of M into two non-intersecting closed subsets A, B such that
ac A, beB.

Every discrete space will, of course, be totally disconnected.
An example of a non-discrete totally disconnected space is the
straight line of rational numbers, i.e. the subspace of the real line
consisting of the rational numbers. It is not discrete, because
every neighbourhood on the real line contains an infinite number
of rational numbers. On the other hand, if @ and b are two dis-
tinct rational numbers, @ < b, then there exists an irrational
number «, situated between them, and we obtain the required
decomposition by taking as A the set of rational numbers less
than «, and as B the set of rational numbers greater than c.

We note that every subspace of a totally disconnected to-
pological space is itself totally disconnected.

§ 9. Topological groups

1. The consideration of numerous examples of algebraic struc-
tures which are at the same time topological spaces (see VI.7.4)
leads to the following definitions.

A groupoid G which is also a topological space is called a topo-
logical groupoid if multiplication in the groupoid G is continuous
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in the given topology, i.e. for any elements @, be G and any neigh-
bourhood W of the element ab (see VI.7.6) we can find neigh-
bourhoods U and V of the elements ¢ and b respectively such
that UV < W (where UV is the set of elements of G which can be
represented in at least one way as a product uv, ue U, v e V).

A special case of a topological groupoid is a topological se-
migroup.

A group G is called a topological group if it is a topological
semigroup and if, in addition, the operation of taking the inverse
of an element is continuous in the given topology, i.e. for any
element ae G and any neighbourhood ¥V of the element g~ there
exists a neighbourhood U of the element a such that U-1 <=V
(where U~1 is the set of elements of the form »~?! for all ueU).

It is easy to verify, by applying the condition for the equi-
valence of complete systems of neighbourhoods in a topological
space (see VI.7.8), that the property that the operation of multi-
plication (or the operation of passing to the inverse element)
should be continuous does not depend on the choice of the complete
system of neighbourhoods in G. The intuitive meaning of the
continuity of an operation lies in the fact that to small variations
in factors (or in an element) correspond small variations in the
product (or in the inverse element).

Giving a topology in the group G which makes this group
G a topological group is called topologizing it.

* There exist groups which are topological semigroups but
not topological groups.

Every Hausdorff bicompact topological semigroup (see VIL.8.1
and VL.8.3), in which the cancellation law is satisfied (see II.5.1),
will be a group and in fact a topological group [see Arens, Bull.
Amer. math. Soc. 53, 623-630 (1947)).*

2. Every group can be regarded as a topological group with
the discrete topology (see VI.7.10). A finite group obviously only
admits the discrete topology. The problem of possible non-discrete
topologies for any infinite group remains open.

* Every infinite Abelian group can be made a topological
group with a non-discrete topology [Kertész and Szele, Publ.
Math. 3, 187-189 (1953)].*

3. If A is an open subset of a topological group G and g is an
element of G, then the sets Ag, g4, A~ are also open.
We will prove only the first of these assertions. If b = ag,
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ac A,then a = bg~1. The existence of a neighbourhood U of the
element b such that Ug~! < A (we recall that 4 is an open set)
follows from the continuity of multiplication. Hence U < Ag, i.e.
the set Ag contains, together with each of its elements b, also
some neighbourhood of b, which is what we were required to
prove.

If g is an element of the topological group G, then the mappings
(forallx e G)

X XxXg, x> gx, x> x1

are isomorphic mappings (see V1.7.8) of G, as a topological space,
onto itself.
The fact that the mappings are one—one is obvious and there-
fore we can make use of the preceding theorem, taking into
account that the inverse mapping for the right translation x - xg
will be the right translation x — xg~1, and the mapping x — x~?
is its own inverse.
From this, by VI.7.8, it follows that if 4 is a closed subset
of the topological group G and g is an element of G, then the sets
Ag, gA, A=Y are also closed.
4. If a and b are elements of a topological group G, then the
translation x — xa~'b, xe G, carries a into b. From this, and
from what we established above, it follows that to prove properties
of the space of a topological group which are related to separate
elements, it is sufficient to consider only one fixed element, for
instance the identity. From this it follows that in giving the
topology in a group there is no necessity to give the whole of
the complete system of neighbourhoods, and we can limit our-
selves to giving the complete system of neighbourhoods of the
identity (see VL7.6).
* A system X of subsets of a group G will be a complete system
of neighbourhoods of the identity for some topology of this
group if, and only if, the following conditions are satisfied:
(1) the intersection of all the sets in X contains only the iden-
tity of the group G;

(2) the intersection of any two sets of 2 contains some third
set belonging to X;

(3) for every set U of X we can find a set V' in X such that
Vv-i1cU;

(4) for every set U of X and every element a€ U, in 2 we can
find a set ¥V such that Va = U;
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(5) for every set U of 2 and any element a of the group G
we can find a set ¥V in X such that a ! Va cU.*

5. The space of every topological group G is regular and, hence,
Hausdorff (see VL.8.1 and VI.8.2).

By using the criterion of regularity from VI.8.2 and taking
into account what was said in the preceding section, we can
take any neighbourhood U of the identity of the group G. Because
1.171 = 1, there exist neighbourhoods V; and V, of the elements
1 and 17! (=1, obviously) such that V¥V, = U. In addition,
there exists a neighbourhood V, of the identity such that V,~1 < V.
Finally, there exists a neighbourhood V of the identity lying in
the intersection ¥V; NV, (see VI.7.7). It is clear that

Vy-1ecU. M

Let a € V. Because the set aV is open, by VI1.9.3, and contains
the element a = a-1 of the closure of the set V, then, by VI.7.6,
we can find an element b of V in aV. Let b = ac, ¢ € V. Hence,

by (1),
a="bcteVV-1c U,

i.e. V < U, which is what we were required to prove.

* The space of every topological group is completely regular
(seec VI.8.2).

There exist topological groups whose spaces are not normal
[A. A. Markov, Izv. AN SSSR, ser. matem. 9, 3-64 (1945)).*

6. Every subgroup A of a topological group G will itself
obviously be a topological group with respect to the topology
induced in it (see VL.7.9) by the topology of the group G.

The closure A of a subgroup A of a topological group G will
itself be a subgroup. If A is a normal subgroup in G, then A will
also be a normal subgroup. If A is an Abelian subgroup, then A will
also be an Abelian subgroup.

In fact, if x, y € 4 and U is any neighbourhood of the element
xy, then there exist neighbourhoods ¥ of the element x and W
of the element y such that VW < U. In addition, there exist
elements x’,y € A such that x"eV, y € W. The element x'y’
which belongs to the subgroup A is thus contained in U. This
proves that xye A.

Further, if xe€ 4 and U is any neighbourhood of the element
x~1, then there exists a neighbourhood V of the element x such
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that V-1 < U. In addition, there exists an element x’ € 4 such
that x’ e ¥, and therefore the element x'—! which belongs to the
subgroup A4 is contained in U. This proves that x~1e 4. Thus
A is a subgroup of the group G.

In addition, let 4 be a normal subgroup of the group G. If
xeA, ge G and U is any neighbourhood of the element g~ xg,
then there exists a neighbourhood V of the element x such that
gWgc U. In V we can find an element x’ € 4, therefore the
element g-lx'geg ldg = A is contained in U. This proves
that g-lxge A4, ie. 4 is a normal subgroup.

Finally, let the subgroup 4 be Abelian. If x, ye 4 and U is
an arbitrary neighbourhood of the element x~!y~!xy — the
commutator of the elements x and y—then from the continuity
of the operations in the group G it follows easily that there exist
neighbourhoods V of the element x and W of the element y such
that V- W-1 VW < U. In addition, there exist elements x’, 3’ € 4
such that x' eV, y € W. Hence

1=x""Y-1xyeU,
ie. every neighbourhood of the clement x—!y—!xy contains
the identity, and therefore x~!p—lxy =1, ie. xy = yx. Thus
the theorem has been proved.

Every open subgroup A of a topological group G is closed.

In fact, let xe 4. The coset Ax contains x and, by VL9.3, is
open, and therefore it contains an element of the subgroup A4.
This is possible, however, only when Ax = 4, whence x € 4,
ie. A=A :

7. A homomorphism ¢ of the topological group G onto the
topological group G’ is called continuous if it satisfies any of the
following conditions, whose equivalence can be verified without
difficulty:

(1) for every subset 4 of G

Ay = dg;
(2) for every closed subset 4’ of G’ its complete inverse image
A o1 is closed in G
(3) for every open subset A’ of G’ its complete inverse image
A’ o=t is open in G;
(4) for every neighbourhood U’ of the identity of the group
G’ its complete inverse image U’ ¢~! is open in G.
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A continuous homomorphism ¢ of the topological group
G onto the topological group G’ is called open if it satisfies any
of the following equivalent conditions:
(1) for every open subset 4 of G its image Ao is open in
G'; ’

(2) for every neighbourhood U of the identity of the group
G its image Ug contains some neighbourhood U’ of the
identity of the group G'.

Finally, the topological groups G and G’ are called isomorphic
if there exists a one—one correspondence between them which
is an isomorphism for G and G’ both as groups (see IL.4.1) and
as topological spaces (see VI.7.8).

8. Let A be a closed subgroup of the topological group G,
M the set of right cosets of the group G with respect to the subgroup
A, ¢ the mapping of G onto M which carries every element x € G
into the coset Ax, £ a complete system of neighbourhoods of
the space G, and 2p the system of images of the neighbourhood
in 2 under the mapping o.

The set M can be regarded as a topological space with Zp
as a complete system of neighbourhoods.

To prove this it is sufficient to apply the criterion of VI.7.7.
If Ax # Ay, then, since Ay is closed (see VI.9.3), there exists
a neighbourhood U in X such that xe U and UN Ay is empty.
Then Ugp contains the coset Ax, but does not contain the coset
Ay, i.e. condition (&) is satisfied.

Further, let the neighbourhoods U and V of 2 be such that
Ug N Vo contains the coset Ax. Because, by VI.9.3, the set aU
is open for every ae A, the product AU will also be open; the
same is true for AV. The element x is contained in AU N AV
and, therefore, a neighbourhood W from Z, containing x, is con-
tained in this intersection. Because (AU)e = Ugp, (AV)o="V9p,
then Wo < (Up N Vo), where AxeWep. This proves that condition
(B) is also satisfied, i.e. the proof of the theorem is complete.

In the sense of the given topology we will speak of the space
of right (or, similarly, left) cosets of a topological group with
respect to a closed subgroup and, in particular, of the ropology
in the factor-group of a topological group with respect to a closed
normal subgroup.

* The factor-group G/A4 of a topological group G with respect
to a closed normal subgroup is a topological group, and the
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natural homomorphism of G onto G/4 is an open homomor-
phism.

If ¢ is an open homomorphism of the topological group G
onto the topological group G’, then the kernel A of this homo-
morphism is a closed normal subgroup and there exists an iso-
morphic mapping ¢ of the topological group G’ onto the topolog-
ical group G/A such that the product ¢¢ coincides with the
natural homomorphism of G onto G/A.

The factor-group G/A of the topological group G is discrete
if, and orly if, the normal subgroup A is open.*

9. A topology of a group G is called linear (completely linear)
if it can be given by a complete system of neighbourhoods of the
identity consisting of subgroups (respectively, normal subgroups)
of this group.

The discrete topology of every group will obviously be com-
pletely linear.

A system Y. of normal subgroups of the group G is a complete
system of neighbourhoods of the identity for some (completely linear)
topology of this group if, and only if,

(1) the intersection of all the normal subgroups in X only contains

the identity of the group G;

(2) the intersection of any two normal subgroups of X contains

some third normal subgroup belonging to X.

The necessity of the conditions (1°) and (2') is obvious. On
the other hand, if the system of normal subgroups X satisfies
these conditions, then the system 2, of all the cosets with respect
to all the normal subgroups of £ satisfies the conditions («)
and (8) of VL7.7,i..it is a complete system of neighbourhoods
for some topology in the set G. In fact, if ¢, be G, a # b, then,
by (1), we can find a normal subgroup 4 in Z suchthata=b ¢ 4,
and then a and b lie in different cosets with respect to 4.
If, however, ae G, A, Be X, then, by (2'), X contains a normal
subgroup C such that C < 4 N B, and then aC < (ad NaB).

It remains to show that the operations of the group G are
continuous in this topology (see VI1.9.1). If a, beG, AeX,
then ad-bA = (ab)A which proves the continuity of multipli-
cation; if ae G, A€ X, then (a4)~* = a4, from which follows
the continuity of the operation of taking the inverse element.
Thus the theorem has been proved.
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From this theorem it follows, in particular, that every descending
sequence of normal subgroups of a group G, whose intersection
is equal to E, determines a complete linear topology of this group.

10. Every linearly topological group G is totally disconnected
(see VI. 8.6).

In fact, let the system of subgroups X be a complete system
of neighbourhoods of the identity for the group G. If a, beG,
a # b, then X contains a subgroup A4 such that a=h¢ 4, i.e.
ad # bA. By VI.9.3, every coset x4, including a4, is an open
set. The set G\ad will also be open as the union of all the left
cosets of the group G with respect to the subgroup A4, distinct
from a4. Thus we have obtained a decomposition of the group
G into two non-intersecting open (closed) subsets, where aecad,
be G\aA.

* Every locally bicompact (see VI.8.4) totally disconnected
topology of an arbitrary group is linear.

Every bicompact (see VI.8.3) totally disconnected topology
of an arbitrary group is completely linear*,

§ 10. The connection between topologies and norms
in rings and skew fields

1. A ring R is called a topological ring if a topology is given
in the set R with respect to which the additive group of the ring
R is a topological group, and the multiplicative groupoid of
this ring is a topological groupoid (see VI.9.1).

An associative skew field K is called a topological skew field
if a topology is given in K with respect to which it is a topological
ring, and if, in addition, the operation of taking the inverse ele-
ment is continuous in the sense of VI.9.1. The multiplicative group
of a topological skew field will thus be a topological group.
The definition of a topological skew field can easily be altered
to a form in which it can be applied to non-associative skew fields
or division rings.

The reader can formulate without difficulty the definition
of isomorphism for topological rings. In general, many problems
considered in the preceding paragraph for topological groups
can also be considered for topological rings and skew fields.
We will not, however, consider these now.
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2. Every pseudonormed ring R (see V1.4.7) with real-valued
pseudonorm w(a) is a topological ring, and a complete system
of neighbourhoods of zero is formed by the sets U, (where o. is any
positive real number) of those elements a of R for which w(a) < a.

Proof. We know from VI.9.3 that if the additive group of
the ring R is a topological group, then if U, is open in it, so are
all the sets of the form @ + U,. We will show that the system of
all such sets (for any ae R and any positive real «) is in fact
a complete system of neighbourhoods for some topology in
the set R (see VI.7.7).

Let a,beR,a+# b. If w(b—a)=1+, then y>0. The set
a+- U, contains the element @, because 0 € U,, but does not con-
tain the element b, because b —a ¢ U,.

On the other hand, let

ae(b+ Uy N(c+U,.

Then w(a@—»5b)=3; <, w@a—c)=38 <y We set
o=min § — §;, v — ).

If xe R, w(x) < «, then
a+x=>b+4(@a—>b)+Fx,

where

wll@a—b) +x]1 <8+ a<< 8+ (B —38)=_8.

This proves thata+ U, = b+ Uj. Similarly it follows that a 4 U,
cc+ U,

We have obtained a topology in the set R, and we know that
in every neighbourhood of the element ae R there is contained
a neighbourhood of the form a- U,. We will now prove that
the operations of the ring R are continuous in this topology.

Let @, beR and a4 b+ U, be a given neighbourhood of the
element @+ b. If 8 = (1/2)y and x, ye Us, then

wx+<wx)+w()<2d=y.
This proves that
(a+ U8)+(b+ U8) = a+b+ UY’

i.e. it proves the continuity of addition.
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In addition, let ae R and — a+ U, be a given neighbourhood
of the element —a. If xeU,, then, because w(— x) = w(x),
—x¢g U, also, and therefore

—(a+U)s —a+ U,.

This proves the continuity of the operation of taking the inverse
element.

If, finally, a, be R, w(a) = «, w(b) = (8 and ab 4 U, is a given
neighbourhood of the element ab, then as § we take a positive
real number such that

ad + 8B + 82 < y.
If x, yeUs, then
w(ay -+ xb 4+ xp) < w(@w@®) + wx)wd) + wx)w(y) <+,
i.e.

(a+ U)o+ Us)cab+ U,

which proves the continuity of the product. Thus the theorem
has been proved. '

3. If a real-valued norm w(a) is given in the associative skew
field K (see V1.4.1), then in the topology defined in V1.10.2, K will
be a topological skew field.

We know already that K will be a topological ring, and therefore
it only remains to prove the continuity of the operation of taking
the inverse element.

We note first that from

w(a@) = w(a-1) = w(a)-w(l), aeKk,
it follows that w(1) = 1. Therefore for a # 0, because

w(@ -w@?) =w@a H)=w()=1,
it follows that
w(ah) = [w@)]™*
Now let aeK, a# 0, w(a) = « and let a~* + U, be a given
neighbourhood of the element a~! We set

2 G
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it is clear that 0 <3 <a. Let w(x)<3. Then a+ x £ 0 and
there exists a y€ K such that

(a+x)y"t=a1+y.

Hence
y=@+y ' —at=ata—(@+ D@+ x"t=

al(—x)a+xt
However w(ag~Y) = a~, w(— x) = w(x) <3. In addition,
w(a) = wl(@a+x) — x] < wla -+ x) + w(x),
whence
wla+x) =zw(@) —w(x) >a—3 >0,
and therefore
wl@+x)"U=[wa+x)] 1< (x— 3L

Thus,
w(@) < o183 (x — )1,

which, after 3 has been replaced by the expression (1), reduces
to

wO) <.

This proves that (a4 Us)~*< a-'+ U,. Thus the theorem has
been proved.

4. The usual norms of the field of real numbers and the field
of complex numbers by means of absolute values (moduli) induce
(in the sense of the theorem proved above) the usual topologies
of these fields. The usual norm of the skew field of quaternions
(see VI.4.1) induces a topology of this field which coincides on
its additive group with the usual topology of four-dimensional
Euclidean space (see VI.7.10). It is in fact these topologies of
the given three skew fields which we shall have in mind when
we speak of them as topological skew fields.

In the field of rational numbers and in the field of p-adic
numbers (see III.3.12) their p-adic valuation (see VI.5.6 and
VI.5.8) also induces a topology. This topology (and equally the
topologies gencrated by it in the ring of p-adic integers and the
additive groups of the given fields and ring) is called their p-adic
topology. Because the p-adic valuation is integral-valued, the
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system of neighbourhoods of zero in this topology coincides
with the set U, (where k is any integer) of those numbers a
(rational or p-adic) whose p-adic values are strictly greater than k.

5. Let K be an associative topological skew field. The element
a e K is called topologically nilpotent if the sequence of its powers
a’, n=1, 2, ..., converges to zero, i.e. any neighbourhood of
zero U contains all these powers except, perhaps, a finite number
of them. An element ae K, a # 0, is called neutral if neither
a nor a~! is topologically nilpotent. Finally, the set 4, 4 = K,
is called bounded on the right if for any neighbourhood of zero
U we can find neighbourhood of zero V such that AV < U.

We will prove the following theorem [Kaplansky, Duke
Math. J. 14, 527-541 (1947); for topological fields, with a some-
what different formulation—I. R. Shafarevich, DAN SSSR 40
149-151 (1943)];

Let X be an associative topological skew field. The topology
of this skew field is induced by a real-valued norm if, and only if,
the following conditions are satisfied:

(1) the set N of all the topologically nilpotent elements of the

skew field K is open and bounded on the right,

(2) if the element a is topologically nilpotent, and the element

b is topologically nilpotent or neutral, then the product
ba is topologically nilpotent.

6. The necessity of these conditions can be verified without
difficulty. If the topology of the skew ficld X is induced by a real-
valued norm w(a), then the topological nilpotence of the element
a is equivalent to the fact that w(a) < 1, and the neutrality of
the element a to the fact that w(a@) = 1. From this condition (2)
follows at once. The fact that the set N is bounded on the right
follows from the inclusion NU, < U,. Finally, the set N will also
be open, because N = U,.

7. We turn to the proof of the sufficiency of these conditions.
We will show first that if aeN and a # 0, then ¢~ *¢N. Suppose
that this is not so and let U be an arbitrary neighbourhood of
zero. Then, because of the equation 00 = 0 and because of the
continuity of multiplication, there exist neighbourhoods of
zero V and W such that V-W < U. Because, for a sufficiently
large natural number n, a" €V, a=" € W, then 1eU, which is im-
possible, because U was an arbitrary neighbourhood of zero.
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We denote by M the set of all neutral elements. Condition
(2) of the theorem can now be written in the form

(NUM)NESN. )

1t is clear that 1 € M. From the definition of a neutral element
it follows that if aeM, then a~'e M. In addition, let a, be M.
If abeN, then, by(2), a '(ab) = beN; if (ab)~'eN, then
b(ab)"* =a"'eN. Thus abeM, i.e.

MMc M. 3)

Now let aeN, beM. If abe M, then, by (3) and because
b-leM, (ab)b~'=aecM. If (ab)~'eN, then b(ab)~'=a leN.
Thus abeN, i.e.

NMcN. @
From (2)-(4) it follows that
WNUMNUM)=(NUM). ®

In addition, let aeN, and let x be an arbitrary element of the
skew field K, distinct from zero. If U is a given neighbourhood
of zero, then from x~1.0.x = 0 and the continuity of multiplication
it follows that there exists a neighbourhood of zero V such that
x~1Vx = U. Because a" eV for a sufficiently large natural number
n, then x~'a"x = (x~lax)"e U; hence x~laxeN, ie.

x~INx = N. (6)

If aeM, x+# 0, then x~laxe M, because from b = x"laxeN
it would follow, by (6), that xbx~!=aeN, and from b~leN
it would follow that a—*eN. Thus

x~1Mx< M. Q)

8. From the results obtained, in particular from (3) and (7),
it follows that M will be a normal subgroup in the multiplicative
group K* of the elements of the skew field K distinct from zero.
We can thus consider the factor-group K*/M. We note that this
factor-group will be trivial if, and only if, N consists of zero alone,
i.e., by condition (1), if the topology of the skew field K is discrete
—it is necessary to take into account that the skew field X
cannot contain nilpotent elements, i.e. elements @ such that a # 0,
but 4" =0 for some natural n.
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By (5) the set NU M (without zero) can be decomposed into
combplete cosets with respect to M and these cosets form a sub-
semigroup in the factor-group K*/M. It is easy to verify, by
(6) and (7), the conditions (1)-(4) of VI.1.3, i.e. this subsemigroup
will be the semigroup of positive elements for some linear ordering
of the group K*/M.

The ordering obtained is Archimedean (see VI1.3.3). In fact,
if @, be K* and the cosets aM and bM are strictly positive, then
acN, beN. Let U be a given neighbourhood of zero; we can
assume that U & N, because N is open. Because 0.5~ = 0, there
exists a neighbourhood of zero V such that Vb6~ S U, and because
from aeN there follows the existence of a natural number &
such that a@*eV, then a*b~'e U and therefore a*b~leN. From
this it follows that in the ordered group K*/M it will be true
that (aM)* > bM, i.e. we have proved that this group is Archi-
medean.

9. By Holder’s theorem (VI.3.4) the group K*/M is iso-
morphic to a subgroup of the additive group of real numbers
with its natural ordering. This determines a homomorphic mapping
¢ of the group K* into the additive group of real numbers, where
the elements of M are mapped into zero, and only they, and the
images of the elements of N distinct from zero (and only these
elements) are strictly positive. Let A be some arbitrary positive
real number. We set for aeK
— = Aap
w(a) = 2 , a# 0,} ®)
w(0) = 0.

It is clear that conditions 1 and 2 of VI.4.1 are satisfied. Later
we will show that it is possible to choose a A for which condition
3 will also be satisfied.

From (8) it follows easily that w(a) = 1 if, and only if, a e M,
and w(a) < 1if, and only if, aeN. As in VI.10.2, we denote by U,
(where o is a positive real number) the set of those elements
aeK for which w(a) < «. If the topology of the skew field X is
discrete, then when o« <C 1 it will be true that U, = 0.

Let the topology of the skew field K be non-discrete. We con-
sider an arbitrary U,. In K there exists an element b such that
w(d) > o~ L. Because the set N is open, we can find a neighbour-

- hood U of zero such that bU = N = U,. Therefore U & U,.
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Conversely, let U be an arbitrary neighbourhood of zero
in the skew field K. Because the set N is bounded on the right and
we have assumed that the skew field K is non-discrete, there
exists a ¢ # 0, such that Nc € U. From this it follows that if
o= w(c), then U, = U, because U, = U,c = Nec.

Thus, if A is selected in such a way that w(a) is a norm,
then the topology induced by this norm in the sense of VI.10.2
will coincide with the original topology of the skew field K (see
the definition of the equivalence of systems of neighbourhoods
in VL.7.8).

10. Still assuming that A is arbitrary, we will prove the existence
of a number / such that for all g € K the inequality

w(l 4+ a) <I(1 + w(a))! )
holds. In fact, if such a number / did not exist, then we could
find a sequence of elements @,€K, a, # —1, n=1,2, ..., such
that as n — oo,

1+wla,) 1 w(a,)
W(l +an) W(]. + an) W(l + an)

ie.
) =w(l +a,)") -0,

w(a,)
w(l+a,)

From this it would follow, however, by the proof in the pre-
ceding section, that the sequencss

d4+a)? and a(+a)?t n=12,.., (10)
would converge to zero in the topological skew field K, which
is impossible, because addition in the skew field K is continuous,
and the sum of the #-th terms of the sequences (10) is equal to 1.

From (9) it follows that if at least one of the elements a, be K
is distinct from zero, then
w(a+ b) < I(w(a) + w(d)). (1
In fact, if a # 0, then
w(a+b) = wla(l + a~ D)<
w(@[1+ w1 @w(B)] = l(w(a) + w()).

= w(a,(1+a,)~1) - 0.
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It is clear that (11) is also valid for a = b= 0. From (11) it
follows that
w(a + b) < 2l max(w(a), w(b)). (12)

11. There exists a positive real number » which is so small that
(21 <2. We replace the number A by the number Av in the
definition (8). Because this raises the number w(a) to the power
v, then, by relating, at the same time, the symbol w to the new
choice of the number A, we obtain from (12)

w(a+ b) < 2 max (w(a), w(b)). (13)
From this it easily follows for k =1, 2, ..., that
w(a, +ay+ ... -+ aX) < 2 max w(a;). (14
1<ig2¥

We will agree to denote by n the n-th multiple of the identity
of the skew field K; this element will only appear under the sign
w, and therefore there is no possibility of confusing it with the
natural number ». We also note that K is not assumed to be
of characteristic zero. From (14) it follows that

w2 <2, k=12, .. (15)
We will show that for any natural number n
w(n) < 2n. (16)

In fact, let 2*<Cn<<2¥+1, We will prove (16) by induction with
respect to k, because when k = 0 this assertion is true. Because
n=(n—2¥+4 2% then when w(rn—2%)<w(2" it follows from
(13) and (15) that

w(n) < 2w(2%) < 2-2¥ < 2n.

If w(n—25>w(2¥), then, because n-—2%< 2%, by applying
induction we find that

wn) < 2w —2%<<2-2(n —2%) = 4n — 2k +2 < 2.

12. Now we take an arbitrary element ae K and we apply
(14) to the expansion of the element (1 4 a)*~! in a binomial
series, setting n equal to some power of the number 2. The bino-
mial formula is applicable in the case under consideration, because
the elements @ and 1 commute. Because, by (16),

W(Cﬁ—-l) < 2Cﬁ-—19
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where C¥_, is the binomial coefficient, then
w((1 + a)*~H < nmax w(Ck_,a*) = nmax [w(Ck_)w(@)] <
2n max (C*_,w(a)) < 2n(1 +w(@)" L
From this it follows that
Wl +al *<2n(l+w@) %
and because n can be an arbitrarily large power of the number 2,

w(l +a) <1+ w(a).

The inequality 3, of VI.4.1 is equivalent, in the case we are
considering (viz. that of a real-valued norm), to condition 3 of
the definition of a norm — in fact, in this case w(—1) =1 and
therefore equation 3, of VI.4.1 is satisfied. Now 3, can be de-
rived in the same way as (11) was derived from (9). The theorem
of VI.10.5 has thus been proved.

* If an associative topological skew field is locally bicompact
(see VL. 8.4), then its topology is induced by a real-valued norm
[Kaplansky, Duke Math. J. 14, 527-541 (1947)].

The field of real numbers, the field of complex numbers and
the skew field of quaternions, considered with their natural to-
pologies (see VI.10.4), are the only connected (see VI.8.6) locally
bicompact associative topological skew fields [L. S. Pontrjagin,
Ann. of Math. 33, 163-174 (1932)].

Let F be a topological field. The topology of the field F is
induced by a non-Archimedean valuation (see VIL.4.3) with
values in some linearly ordered group, with zero adjoined if,
and only if: (1) in F there exists a neighbourhood of zero gener-
ated by a bounded additive subgroup; (2) if the subset 4 < F
does not intersect any neighbourhood of zero, then A~ is bounded
[Zelinsky, Bull. Amer. math. Soc. 54, 1145-1150 (1948)].*

§ 11. Galois correspondences. The fundamental
theorem of Galois theory

1. We say that between the partially ordered sets M and
M’ there is a Galois correspondence if we can find mappings
¢: M- M and ¢: M'> M which satisfy (for any a,be M,
a,b’eM’) the following requirements:

() if a<< b, then ap = by ;

if a'<<b', then a' Y= b ¢;
(B apy>a, dfp>d.
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This concept is closely connected to the concept of closure
in a partially ordered set (see VI.7.1):

If there is a Galois correspondence between the partially or-
dered sets M and M', then the equations

a=apy, aeM, 1)
a =ayp,deM,
define closure relations in M and M’ respectively. If M, and M,
are the systems of all elements of M and M’ respectively, which
are closed under these closures, then ¢ is an inverse isomorphism
of M, onto M,, and { is an inverse isomorphism of M, onto M,
where on these sets the mappings ¢ and § are inverse to each other.
We will show that the equations (1) introduce a closure re-
lation in the sets M and M’. It is clear that (8) immediately re-
duces to condition (1,) of VLI.7.1, and that condition (2,) follows
from (). Further, from (B) there follows, because ap € M’, the
inequality
apye > ap,

and because, by («), it follows from ap{ >a that

apde < ag,
then in fact
apyep = ap, 2
and therefore
apdol = ap, ae M. (3

This proves that condition (3,) of VI.7.1 is also satisfied.

The systems M, and M, of the elements closed in M and M’
with respect to the closure which we have constructed consist
respectively of the elements agpy, where a eM, and a'$p, where
a’ eM’. LEquation (2), written in the form

(ap)bo = ag,

shows that the image under ¢ of any element a of M is closed
in M’. From this it follows that ¢ maps the system M, into the
system M,. Similarly the mapping ¢ maps M, into M,.

From the validity of equation (3) and the similar equation

a'bobe = d'bp, aeM,
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it follows, however, that in fact ¢ and ¢, considered only on M,
and M,, will be one-one mappings inverse to one another. They
are even inverse isomorphisms, as follows from («). The theorem
has thus been proved.

2. We will mention only one of the numerous applications
of Galois correspondences in algebra. We consider a field K and
a particular subfield P in it, and we denote by G(X, P) the set
of all automorphisms of the field K which leave every element
of P fixed. This set will obviously be a group with respect to the
multiplication of automorphisms. The group G(K, P) is called
the Galois group of the field K over the subfield P.

We denote by M the set of all subsets A4 of the field X which
contain the subfield P,

P A< K,

and by M’ the set of all subsets 4’ of the group G(X, P), where
both these sets are considered with their set-theoretical partial
ordering. For every A € M we denote by Ao the set of the auto-
morphisms of G(K, P) which leave the set A fixed elementwise.
In addition, for every A’ € M’ we denote by A’{ the set of all ele-
ments of the field K left invariant by all the automorphisms of A’.

It is clear that Ao will be a subgroup of the Galois group G (K, P)
and A" will be a subfield of the field K, containing P. We can also
verify at once that the mappings ¢ and ¢ satisfy the conditions
(«) and (B) of VI.11.1. Thus we have established a Galois corres-
pondence between the sets M and M’, which defines a closure
in each of thesc two sets. Finally, the mappings ¢ and ¢ are inverse
isomorphisms, inverse to each other, between the systems My M
and My;< M’ of closed elements, i.c. between some system of
subfields of the field K, containing the subfield P, and some system
of subgroups of the Galois group G(K, P).

3. Especially interesting are the cases when both all the sub-
fields lying between P and K and also all the subgroups of the
Galois group turn out to be closed, i.e. when the study of all the
subfields of the field K containing the field P reduces to the study
of all the subgroups of the group G(KX, P). We will consider one
such case.

We will assume that only fields of characteristic zero are
under consideration (see II.2.11). We will also assume that
the reader is already familiar, from a course in higher alzebra,
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with the fundamental algebra of polynomials over fields [see, for
instancet, A. G. Kurosh, 4 Course in Higher Algebra, 6th ed.,
1959, §§ 47-49; cited hereafter as The Course}.

As above, let P cK. An element x €K is called algebraic
over the field P if it is a rootof some polynomial fromthe ring P[x]
and, hence, a root of a uniquely determined irreducible polynomial
o(x), whose leading coefficient is equal to one. The degree of
this polynomial is called the degree of the element « and its roots,
lying in the field K or in some extension of this field, are elements
conjugate to o.

The field K is called an algebraic extension of the field P if
every element of K is algebraic over P. The field X is a finite ex-
tension of the field P, and in fact an extension of degree n, if K
is a finite-dimensional linear algebra over P (see V.6.6), which
has dimension, #. The degree of K over P will be denoted by the
symbol (K:P).

Every finite extension is an algebraic extension.

In fact, if (K:P=n, then every n-+1 elements of K are lin-
early dependent over P. In particular, if « € K, then the elements
1, o, o2 ..., «" are linearly dependent over P, and this means that
o is the root of a polynomial of degree n from the ring P[x].

4. The theorem of the primitive element. If the field K of
characteristic zero is an algebraic extension of the field P and is
generated by adjoining «a finite number of elements to P, then K
is generated by adjoining a single element to P.

It is sufficient to consider the case of adjoining two elements.
Let

K = P(a, B).

If ¢ (x) and {(x) are irreducible polynomials over P, which have
as their roots « and B respectively, then there exists an extension
L of the field K (for instance, the splitting field of the product
@ (x)P(x), see The Course, § 49}) in which both these polynomials
have all their roots.

Let

Oy == 0Ly Olgy euny O

t See also Zariski and Samuel, Commutative Algebra, ch. II, vol. I,
New York, 1958.
1 See also Zariski and Samuel, loc. cit., ch. II § 2.
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be all the roots of the polynomial ¢ (x) lying in L; they are distinct,
because ¢(x) does not have multiple roots. Analogously

Bl = B’ Bza eers Bl‘

will be all the roots of the polynomial { (x) lying in L. Because P,
as a field of characteristic zero, is infinite, then we can find an
element ce P such that

o+ ofy # -t B, @
if at least one of the indices i, j is distinct from 1.
We set
Y=+ cB. ®

It is clear that P(y) =K. Now we consider the polynomial

o(x) = oy —cx)
with coeflicients in the field P(y). Because, by (5),

@) =e(y—cP)=o(x)=0

and, as we know, J(B) = 0, then the polynomials p(x) and ¢ (x)
have a common root . This is their unique common root: if
o(B) =0, j# 1, then

e(y—cBp =0,

i.e. v —cB; is equal to some «;, contrary to condition (4).

From this it follows that x —@ will be the greatest common
divisor of the polynomials @ (x) and {/(x). The coefficients of these
polynomials, and therefore also their greatest common divisor,
lie in the field P(y), i.e. £ € P(y). Hence, by (5), « € P(y) also. Thus,

K= P(x, ) = P(¥y),
which is what we were required to prove.

5. An algebraic extension X of a field P is called a normal
extension if every irreducible polynomial from the ring P[x],
which has at least one root in the field K, has all its roots in X,
ie. splits into linear factors over K.

* A field K will be a normal extension of its subfield P if, and
only if, K is generated by adjoining to P all the roots of some
set of polynomials from the ring P[x].*
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6. If the field K of characteristic zero is of finite degree n and
is a normal extension of its subfield P, then the Galois group G(K, P)
is finite and has order n.

In fact, K is algebraic over P, by VI.11.3, and, by VI.11.4, has
a primitive clement,

K = P(w).

Because (K:P) = n, then every element $ €K can be expressed
uniquely in the form

B=by+boatbot...+b, 1" (6)
bo,bnbz, MRS bn—l € P9
and therefore « has degree n over the field P. Because X is normal
over P, the field K contains # distinct elements conjugate to «
(because the field is of characteristic zero):
Oy == Oy Ogy vuuy Olpe @)
It is clear that
K=P@), i=12 ..,n

As is well known (seet The Course, § 49), there exists a uniquely
defined automorphism of the field K which leaves the elements
of the field P fixed and carries « into oy, i =1, 2, ..., n, namely
the automorphism ¢; which maps the element £ of (6) into the
element

By = by + byo; + byoZ ... + b, 107~
This gives » elements of the Galois group G(K, P). On the other
hand, let ¢ be an arbitrary automorphism of the field K, belong-
ing to G(X, P), and let ap = o'. If

J&x) = x"+ax""1 4 ... +a,
is the irreducible polynomial from the ring P[x], of which « is
a root, then, because a¢ = a for all a € P,

f@)=a"+ga™* 14+ ... +a,=
(" + a0+ .+ a)p = [f(0)]p = 0p = 0.

The element « thus coincides with one of the elements o; of
(7), and therefore the automorphism ¢ coincides with the corres-
ponding automorphism ¢;. The theorem has thus been proved.

T See Zariski and Samuel, Commutative Algebra, § 6, ch. II, vol. I.
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7. It is clear that the fields Q which lie between P and K,
PcQcKk,

form a lattice with respect to set-theoretical inclusion. It is also
clear that it follows from K = P(«) that K = Q(«) for every
Q satisfying the inclusion (8).

If the field K is finite over the field P, then the intermediate
field Q is finite over P, K is finite over Q and

(K:P)=(K:0)(@Q:P).

In fact, the finiteness of Q over P follows from the fact that
Q is a subspace of the vector space K over the field P. The finite-
ness of K over Q follows from the fact that we obtain a basis
of K over Q if, in the basis of K over P, we take a maximal sub-
system, linearly independent over Q. Finally, let o, o, ..., o4
be a basis of K over Q, and B4, Bs, ..., 3; a basis of Q over P.
Then for every y € K it will be true that

k
Y= ba, bheQ, i=12 ..k, ©)

i=1
and because
1

bi= ayb, ayeP, (10)

j=1
then

k 1
Y= Z Zaij(diﬁj)- (11)
ji=1

i=1

The linear independence over P of the system of kI elements
a; 8; follows from the fact that if the right-hand side of equation
(11) were equal to zero, then it would follow, because of the
linear independence of the system «;, %5, ..., % over @, that the
coefficients b; in (9) were equal to zero, where the b; have the form
(10), and then, because the system B;,B;,...,0; is linearly
independent over P, all the coefficients a; would be equal to
Zero.

If the field K is normal over the field P, then it is also normal
over every intermediate field Q.
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In fact, let the polynomial g(x) irreducible over Q have a root
in K. The polynomial f(x) irreducible over P, of which « is a root,
has all its roots in K, and because g(x) is a divisor of f(x) in
the ring Q[x] (see The Course, § 48), then g(x) also splits into
linear factors over the field K.

8. The fundamental theorem of Galois theory. If the field K
of characteristic zero is a finite normal extension of the field P,
then the correspondence which relates every intermediate field Q
(see (8)) to the Galois group G(K, Q) of the field K over this field
Q is an inverse isomorphism between the lattice of all intermediate
fields and the lattice of all subgroups of the Galois group G(K, P).

In fact, the mapping ¢ of the Galois correspondence considered
in VI.11.2 relates every intermediate field Q to the subgroup of
the group G(K, P) which is the Galois group of K over Q,

Q¢ = G(K, Q).

The fundamental theorem will thus be proved if we show that
under the closures determined by the given Galois correspondences
all the intermediate fields will be closed, and also all the subgroups
of the Galois group.

If Q is an arbitrary intermediate field, then

09 = G(K,Q)=UcG(K,P),
Uy = Q' = Q9y,
Q¢ =G(K, Q) =U = Ulp = G(K, P).

Therefore Q < Q', U< U'. We denote by s and s respectively
the orders of the subgroups U and U’. Then

s <5
and, by VIL.11.7,
(K:0)=(K:0). (12)
However, by VL.11.6,
K:Q9=s, (K:Q)=y"
Therefore equality holds in (12), whence Q' = Q.

Now let U be an arbitrary subgroup of the group G(X, P).
We set

Uy=0,

(13)
Qo = Ulp = U’ < G(K, P).
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Then U < U, i.e., as above, s <§'. Suppose, however, that K =

Q(o).
If

€ = Oy, Gy, ... O (19

are all the automorphisms, including the identity automorphism
e, forming the subgroup U, then « will be a root of the polynomial
of degree s

f(x) = (x —ac) (x — agy) ... (x — acy).
The coefficients of this polynomial, written according to Vieta’s
formulae,t are left fixed by any of the automorphism (14)—the
multiplication of all the elements of the group U on the right by
one of its clements only permutes these elements. Therefore,
by the definition of the mapping ¢ and (13),

J(x)eQlxl,

i.e. the degree of « over Q is not greater than s, whence
s =(K:0)<s.

Thus s" = s, i.e. U’ = U. Thus the theorem has been proved.

From this theorem it follows, in particular, that under the given
conditions, the number of fields lying between P and K will be
finite.

* With the hypotheses of the fundamental theorem an in-
termediate field Q will be normal over the field P if, and only if,
the corresponding subgroup U = G(K, Q) is a normal subgroup
of G(K, P). The group G(Q, P) is here isomorphic to the factor-
group

G(K, P)/U.

In the case of fields of characteristic zero the finiteness and
normality of K over P is not only sufficient, but also necessary
for the validity of the assertion of the fundamental theorem.

If the field K of characteristic zero is an algebraic normal
(but not necessarily finite) extension of the field P, then the corre-
spondence

o Q-G Q)

T i.e. the formulae for the coefficients of an equation in terms of its roots
(Ed).
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is an inverse isomorphism between the lattice of all the subfields
lying between P and K, and the lattice of all subgroups of the
group G(K, P), closed in the linear topology of this group (see
VIL.9.9), defined in the following way: a complete system of neigh-
bourhoods of the identity is formed by the subgroups G(X, Q,),
where Q, varies over ali the subfields of the field K which are finite
normal extensions of the field P [Krull, Math. Ann. 100, 687—
698 (1928)].*
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Associative

ring 26

skew field 33
Associative-commutative ring 26
Associativity 20
Associator 244
Automorphism 108

identity 108

inner (of a semigroup) 109

operator 202

Axiom of choice 3

Basis
of a free module 209
of a vector space 219
Bicompact space 319
Binary
operation 20
relation 3
Boolean
algebra (= Boolean lattice) 198
lattice of sets 198
ring 199

Central
isomorphism 189
series 129
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Centre
of a group 110
of a ring 104
Chain 10
of commutators (derived series)
131
Characteristic
of a skew field 106
subgroup 204
Class of associated elements 67

Closed
element 310
subset 311

Closure

of a subset 311
of an element 310
trivial 311

Commutative (== Abelian) group
(semigroup) 21
Commutativity 21
Commutator 125
Comparable elements 10
Complement
of a binary relation 4
of an element of a lattice 198
Complete
direct sum of algebras
field 303
inverse image 107
lattice 166
ring
of functions 30
of matrices 29
system of neighbourhoods 313
of the identity 323

Competely

characteristic subgroup 204

linear topology 327

regular space 319
Completion of a field with norm 303
Composition series 123
Condition

descending chain 12

maximum 15

minimum 12
Congruence 95
Conjugate

clements

of a field 340
of a group 59

subgroups 59
Connected space 321
Continuity of multiplication 321
Continuous homomorphism 326
Convergent sequence 303

192

INDEX

Convex subset 284
Correspondence, Galois
Coset 58

Cyclic

group 38
subgroup 35
subsemigroup 35

337

Decomposition
of a group with respect to
a normal subgroup 59
a subgroup 58
double cosets 151
of an Q-group with respect to an
ideal 100

Dedekind (= modular)
lattice 170
ring 83
Defining relation 147
Degree
of a polynomijal 30
of an algebraic element 340
of an extension of a field 340

Dense ring of linear transformations
228
Derivation 265
inner 267
Derived operation of an algebra 136
Descending
chain 12
chain condition 12
normal series 123

Difference 24
Differential
ideal 269
ring 269
subring 269
Dimension
of a linear algebra (= rank) 239
of a vector space 220

Direct
product
of groups 186, 191
of rings 191

sum of -groups 186
union (in a lattice) 177
Directed
group 275
set 275
Directly similar
decompositions 182
elements of a lattice 181
Disconnected space 321
Discrete topology 317
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Distributive group 145

lattice 170, 196 groupoid 142

laws 25 lattice 165
Divisor 67 module 209

of zero 29 product of groups 149
Domain ring 145

integral 30 semigroup 142

of operators 201 union of algebras 147

Element
of finite order 35
of infinite order 35
Empty relation 5
Endomorphism 110
operator 202
Equivalence 7
of complete systems of neighbour
hoods 316
of systems of operations
of words 138
with respect to double cosets
Euclidean ring 75
Extension
of a field 340
of a partial ordering 275

136
151

Factor-algebra

of a linear algebra 235

of a universal algebra 95
Factor-group 96, 102
Factor-groupoid 96
Factor-ring 96, 102
Factors of a normal series
Field 33

complete with respect to a norm

303

of Laurent series 52

of p-adic numbers 118

of rational fractions 52

of residues of the valuation 301

quotient 50
Finite-dimensional

algebra over a field 239

vector space 220

Finite extension of a field 340
Fraction 45
Fractional ideal 84
Free
Abelian group 146
algebra of a primitive class
associative ring 145
associative-commutative ring 146
elements 133
generators 138

122

138

Function 29
Fundamental
sequence 303
theorem
of Galois theory 344
on Abelian groups with finite
number of generators 212

Gaussian
ring 74
semigroup 71
Generalization of Frobenius® theo-
rem 249
Generators
of a group 38
of a universal algebra 93
Greatest common divisor 68
Group 21
Abelian 21
with ring of operators (= mod-
ule) 203
algebra 239
alternating 61
Archimedean 287
commutative (= Abelian) 21
cyclic 38
directed 275
free 145
Abelian 146
Galois 339
of automorphisms 109
of roots of unity 24
of type po 115
operator 201
ordered 272
periodic 36
primary 215
simple 61
symmetric 25
of degree n 25
topological 321
with} finite number of generators
38
with system of muiti-operators 97
without torsion 36
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Groupoid 20

algebra 238

free 142

of values of the norm 295
operator 201

ordered 272

topological 321

with semigroup of operators 202

Hausdorff space 318
Height of an element 216
Homeomorphism 316
Homomorphic image 94
Homomorphism
continuous 325
inverse 290
monotonic 285
natural 96
of a linear algebra 235
of a universal algebra 93
open 326
operator
of groupoids 202
of rings 205
zero 113
Hypothesis, inductive 12

Ideal

admissible 205
differential 269
fractional 83

invertible 84
integral 83

left 65

maximal 82

of a partially ordered set 168
of a ring 64

of an algebra 235
of an Q-group 99
one-sided 65
prime 82
principal 74

fractional 83

right 209

right 65
two-sided 65
valuation 301
Idempotent 234
Identical relation S, 134
Identity
automorphism 108
Jacobi 27

of a group 22

of a lattice 167
of a ring 32

permutation 25
subgroup 34

Inclusion of a binary relation 4
Indecomposable element of a lattice

182

Index of a subgroup 58
Induced topology 317
Inner

automorphism of a semigroup
109
derivation 267

Integer, p-adic 117
Integral

group ring 43
groupoid ring 43
ideal 83
semigroup ring 43

Intersection

of binary relations 5
of elements of a lattice 161
of partitions 8

Invariant

series 124
subgroup (= normal subgroup)
59

Inverse

clement 22
homomorphism 290
isomorphism 11
relation 5

Invertible fractional ideal 84
Irreducible

element of a semigroup 67
ring of endomorphisms 231

Isomorphic embedding

of a groupoid 41

of a lattice 165

of a partially ordered set 11
with closure 316

Isomorphism

annihilator 190

central 189

of free decompositions of a group
159

of groupoids (semigroups, groups)
38

of lattices 165

of linear algebras 235

of normal series 122

of normed fields 304

of partially ordered groupoids

273

of partially ordered sets 11
inverse 11
with closure 315



Isomorphism (cont.)
of rings 39
of sets with closure 315
of topological
groups 326
spaces 315

of universal algebras of the same

type 93
of vector spaces 216
operator
of groupoids 202
of rings 205
Isotope, principal 55
Isotopy
of groupoids 53
of rings 56

Join of equivalence relations 8
Jordan ring 28

Kernel of a homomorphism 102

Lattice 161

INDEX : 357

Boolean (= Boolean algebra) 198

complete 166
distributive 170, 196
free 165
modular (= Dedekind) 170
of equivalence relations 166
of sets 196
Boolean 199
of subalgebras 162
of subgroups 162
of subrings 162
of subsets 162
Laurent power series 52
Law
anti-commutative 27
associative 20
cancellation 21, 44
commutative 21
distributive 25
Left
annihilator
of a ring 65
of a subset of a ring 227
coset 58
ideal 65
multiplication 205
Left-sided partition of a group

58

Lemma
Gauss’s 77
Schur’s 231
Zassenhaus’s 120
Length of a normal series 122
Lie ring 27
of endomorphisms of an Abelian
group 265
Limit element of a well-ordered set
15
Linear
algebra (= algebra over a field)
235
dependence 218
subspace 216
topology 327
transformation 221
of finite rank 228
vector space 216
Linearly ordered
groupoid 272
ring 278
set 10
Locally bicompact space 320
Logarithmic norm 297
Loop 53
Lower
bound 15
central chain 129

Maximal
chain 16
element 15
ideal 82
Minimal element 11
Models 6
Modular (= Dedekind) lattice 170
Module (= Abelian group with ring
of operators) 203
free 209
unital 204
Monotonic
homomorphism 285
mapping 168
transformation 273
Multi-operators 97
Multiplication 20
Multiplicative
group
of a skew field 33
of roots of unity 24
groupoid of a ring 26
semigroup of an associative ring
26
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Mutual commutator Ordered
in a group 125 ring 278
in an Q-group 125 set 10
Mutually prime elements of a semi-
group 70 p-adic

number 115
topology 331

n-ary valuation 302
algebraic operation 91 Partial
relation 6 algebraic operation 91
Natural ordering 10
homomorphism 96 Partially ordered
mapping 9 groupoid 272
Neighbourhood 313 ring 278
Neutral element 332 set 10
Nilpotent Q-group 129 Partition of a set into classes 7
Non-Archimedean norm 295 Periodic
Norm 292 group 36
Archimedean 295 part of a group 215
logarithmic 297 Permutation 25
non-Archimedean 295 Polynomial 30
Normal Power
extension of a field 341 of aset 6
series of an element 35
of a lattice 173 series 31
of an Q-group 122 Primary
space 319 cyclic group 211
subgroup 58 group 215
Normed Prime
algebra 304 element (of a semigroup) 68
ring 292 ideal 82
Null ideal . 64 subfield 102
Nullary algebraic operation 91 Primitive

class of algebras 138
polynomial 76

One-sided ideal 65 Principal
Open derived operation 136
homomorphism 326 fractional ideal 84
subset 313 ideal 74
Operator 201 1sptop§ 55
automorphism 202 right ideal 209
endomorphism 202 series .
group 201 of a lattice 174
groupoid 201 of an Q-group 124
homomorphism Product
of groupoids 202 of binary relations 4
of rings 205 of 1deals_ 81
isomorphism of mappings 2
of groupoids 202 Pseudonorm 297
of rings 205 Pscudonormed algebra 304
ring 206
with ring of operators 207 Quasi-field 52
Order Quasi-group 52
of a group 24 Quaternion 239

of an element 35 Quotient-set 9



INDEX

Rank
of a frce Abelian group 211
of a linear algebra (= dimension)
239
of a linear transformation 228
Rational fraction 52
Real algebra 239
Recurrence relation 14
Refinement
of a free decomposition 159
of a normal series
of a lattice 173
of an Q-group 122
Reflexive property 6
Regular space 318
Relation
binary 3
empty 5
equivalence 7
identical 5
inverse S
n-ary 6
of closure 310
of partial ordering 9
ternary 6
Right
annihilator
of a ring 207
of a subset of a ring 227
coset 58
ideal 65
multiplication 204
principal ideal 209
Right-sided partition of a group 58
Ring 25
alternative 243
Archimedean 291
associative 26
associative-commutative 26
Boolean 199
Dedekind 83
differential 269
division 52
Euclidean 75
free 145
associative 145
associative-commutative 146
Gaussian 74-
integral group (groupoid, semi-
group) 43
Jordan 28
Lie 27
of endomorphisms of an Abelian
group 265
normed 292
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of differential polynomials 271

of endomorphisms of an Abelian
group 114

of functions 29

of integers 26

of linear transformations

dense 228
of matrices 26
total 29

of operator endomorphisms of an
Abelian group 208

of p-adic integers 117

of polynomials 30

of power series 31

of residues module » 103

of the valuation 298

of values of the norm 293

of vectors of three-dimensional
Euclidean space 26

operator 206

ordered 278

power associative 248

principal ideal 74

quotient 49

simple 64

topological 328

with integral closure in its quo-
tient field 90

zero 26

221

Same type, universal algebras of the
93

Scalar matrix 41
Semigroup 20

Abelian 21

free 142

Gaussian 71

of endomorphisms 110
of ideals (of a ring) 84
of positive elements 274
symmetric 25
topological 322
Semilinear correspondence 221
Set

directed 275

linearly ordered 10
ordered 10

partially ordered 10
well-ordered 15

Simple
group 61
ring 64

Q-group 100
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Skew
field 52
associative 33
of characteristic p 106
of finite (= prime) characteris-
tic 106
of characteristic zero (= skew field
without characteristic) 106
subfield 34
topological
Soluble
series 131
Q-group 131
Space
bicompact 319
completely regular 319
connected 321
disconnected 321
Hausdorff 318
locally bicompact 320
normal 319
regular 318
topological 312
totally disconnected 321
vector (= linear) 321
finite-dimensional 220
Square
of a ring 127
of a set 3
Subalgebra
of a linear algebra 235
of a universal algebra 92
Subdirect sum of algebras 192
Subdirectly reducible algebra 193
Subfield 34
Subgroup 34
characteristic 204
completely characteristic 204
cyclic 35
generated
by a set of elements 38
by a system of subgroups 38
identity 34
invariant (= normal subgroup)
58

330

Subgroupoid 34

admissible 202

Sublattice 164

Subring 34

admissible 205

differential 269

generated by a single element 36
Subsemigroup 34

cyclic 35

Subspace, linear 216

INDEX

Subtraction 24
Sum
of homomorphisms 111
of ideals of an Q-group 100
Summable homomorphisms 111
Symmetric
group 25
of degree n 25
semigroup 25
Symmetry 6
System
of defining relations 147
of free generators 138
of generators
of a group 38
of a universal algebra 93

Table of multiplication for a linear
algebra 239
Ternary
algebraic operation 91
relation 6
Theorem
Albert’s
on loops 56
on normed algebras 304
Artin’s 244
Birkhoff-Witt 259
Frobenius’ 249
a generalization of 249
Fujiwara’s
first 140
second 141
fundamental
of Galois theory 344
on Abelian groups with finite
number of generators 212
Hausdorff’s 16
Holder’s 287
Jacobson’s 230
Jordan-Hélder 124
Krishnan’s 273
Kuratowski-Zorn 16
Lagrange’s 58
Levi’s 278
Nielsen—Schreier 158
of the primitive element 340
on homomorphisms 96
on isomorphism 119
on subgroups of a free product
of groups 151
Schimbireva’s 278
Schmidt-Ore 182
Schreier’s 122
Zermelo’s 16



Topological

group 322

groupoid 321

ring 328

semigroup 322

skew field 328

space 312

subspace 317
Topologically nilpotent element

332

Topology

of a factor-group 326

of a group 322

of cosets 326
Totally disconnected space 321
Transformation 59

of a set 25
Transitive property 6
Translation 323

Trivial
closure 311
norm 294

Two-sided ideal 65

Unary algebraic operation 91
Union

of binary relations 4

of elements of a lattice 161

INDEX 361

Unit 66, 110
Unital module 204
Universal algebra 92
Upper bound 15

Valuation 295

p-adic 302

Vector (= linear) space 216
finite-dimensional 220

Well-ordered set 15
Word 133, 142, 143, 145

Zero

homomorphism 113
multiplication 26
of a group 23

of a lattice 167
ring 26

subring 35

Q-factor group 99, 102
Q-group 97

Abelian 128

nilpotent 129

simple 100

soluble 131
Q-subgroup 98
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