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Tavi 1

amoxsnadi da araamoxsnadi amocanebi,
maTi klasifikacia da praqtikuli
mniSvneloba

1.1 polinomur droSi amoxsnadi da maTi YmsgavsiA rTuli amocanebi

• eileris cikli grafSi (EC)

mocemulia: grafi G = (V,E).

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafSi iseTi gza, romelic yvela wiboze gaivlis erTxel
da mxolod erTxel?

eileris ciklis amocana farTod gamoiyeneba praqtikaSi. magaliTad, mocemulia qalaqis ruka, rom-
lis mixedviTac dasagegmia nagvis an safosto manqanebis marSruti. cxadia, rom manqanam qalaqis
yvela quCaze erTxel mainc unda gaiaros. drois dasazogad unda vipovnoT iseTi marSruti, rom-
liTac yvela quCaze zustad erTxel gavivliT (Tu es SesaZlebelia). SeniSvna: aq unda CavTvaloT,
rom yvela quCaze gavla moZraobis intensiurobaze damokidebuli araa.

igive amocana Semdegnairadac SeiZleba davsvaT: SesaZlebelia Tu ara mocemuli geometriuli fi-
guris xelis auReblad qaRaldze daxazva ise, rom ukve daxazuli aRar gadavxazoT?

rogorc pirvel semestrSi vnaxeT, am amocanis amoxsna rTuli ar aris:

aramimarTul bmul grafSi arsebobs eileris gza, Tu kenti valentobis wveroebis raodenoba orze
meti ar aris. aRsaniSnavia, rom Tu grafSi kenti valentobis wvero ar arsebobs, maSin igi eileris
cikls Seicavs.

savarjiSo 1.1: daamtkiceT, rom kenti valentobis mqone wveroebis raodenoba luwia.

Tu grafi mimarTulia (da, ra Tqma unda, Zlierad bmuli), maSin

igi Seicavs eileris cikls, Tu mis yvela wveroSi Semavali da gamavali wiboebis raodenoba tolia;

igi Seicavs eileris gzas u wverodan v wveroSi, Tu u wveros Semaval wiboTa raodenoba erTiT
naklebia gamavalze, xolo v wverosTvis ki piriqiT: Semaval wiboTa raodenoba erTiT metia gamavalze,
xolo yvela danarCen wveroSi Semaval da gamomaval wiboTa raodenoba tolia.

savarjiSo 1.2: daamtkiceT zemoT moyvanili gamonaTqvamebi (ix. pirveli semestris masala).

savarjiSo 1.3: dawereT algoriTmi, romelic mocemuli grafisTvis eileris ciklis arsebobas
daadgens.

Tu grafSi eileris cikli (an gza) arsebobs, misi dadgenac swrafad SeiZleba: pirvel rigSi unda
vipovnoT nebismieri cikli, davixsomoT da sawyisi grafidan misi wiboebi amovSaloT. cxadia,

2



1.1 polinomur droSi amoxsnadi da maTi YmsgavsiA rTuli amocanebi 3

rom amoSlis Semdeg darCenil grafSi eileris ciklis arsebobis piroba SenarCunebuli iqneba
(radgan ciklSi Semavali wveroebis valentoba oriT Semcirdeba). igive procedura rekursiulad
gavimeoroT manam, sanam grafSi wiboebi ar gamoileva. dagvrCeba sawyis grafSi arsebuli ciklebis
simravle, romelTa gaerTianebac mTels grafs mogvcems.

savarjiSo 1.4: daamtkiceT, rom miRebuli simravlis ciklebis gaerTianeba marTlac mTel sawyis
grafs mogvcems da nebismieri ori cikli saerTo wibos ar Seicavs.

savarjiSo 1.5: dawereT algoriTmi, romelic zemoT agebuli ciklebis simravlisgan eileris gzas
gamoiTvlis da SeafaseT misi bijebis raodenobis zeda zRvari.

eileris ciklis algoriTmi bevr praqtikul (maT Soris zemoT xsenebul nagvis Segrovebis) amo-
canas gadagviWrida, magram, samwuxarod, praqtikaSi arsebuli amocanebis Sesabamis grafebSi umetes
SemTxvevaSi eileris ciklis piroba ar kmayofildeba. aseT SemTxvevaSi dasmulia ufro zogadi

Cineli fostalionis amocana mocemul G grafSi ipovneT iseTi umoklesi marSruti, romelic
yvela wiboze erTxel mainc gadaivlis.

am amocanis gadasaWrelad pirvel rigSi unda SevqmnaT sruli Sewonili G′ = (V ′, E′) grafi, rome-
lic G grafis kentiani wveroebisgan Sedgeba da (u, v) ∈ E′ wibos wona G grafis Sesabamis wveroebs
Soris minimaluri gzis sigrZis tolia. G′ grafze optimaluri dawyvilebis amocanis (perfect match-
ing) amoxsna (anu iseTi wiboebis simravlis gamoyofa, romlebiTac mTeli grafi gadaifareba da arc
erT wyvils saerTo wvero ar aqvs, Tan aseT simravleebs Soris virCevT iseTs, romelTa wiboebis
wonebis jami inimaluria) gvaZlevs im wiboTa simravles, romelic unda daematos G grafs. am saxiT
Seqmnil G1 grafze eileris cikli unda arsebobdes, radgan yovel or kentian wveros vaerTebT wi-
boTi da yvela wvero luwiani gamova.

savarjiSo 1.6: dawereT mocemuli grafis optimaluri dawyvilebis gamoTvlis algoriTmi da SeafaseT
misi bijebis raodenobis zeda zRvari.

SeniSvna: aq gasaTvaliswinebelia is faqti, rom G′ grafis optimalur dawyvilebaSi G grafSi ar-
sebuli wiboebi ar unda Sediodes.

Tu G1 grafze eileris ciklSi YaxalA wiboebs Sesabamisi umoklesi gziT SevcvliT, miviReT umok-
les gzas, romelic yvela wiboze erTxel mainc gadaivlis.

rac Seexeba mimarTul grafs, G′ grafis wiboebi unda iyos mimarTuli nakleb gamomavali wiboe-
bis mqone wverodan nakleb Semavali wiboebis mqone wverosken, riTac Seiqmneba orad dayofili
mimarTuli grafi da optimaluri dawyvilebis amocanac masze unda gadaiWras.

magaliTisTvis ganvixiloT 1.1 naxazSi moyvanili G (a), G′ (b) da G1 (g) grafebi.
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nax. 1.1: Cineli fostalionis amocanis amosaxsneli grafebi

savarjiSo 1.7: 1.1 naxazSi moyvanili G1 grafis meSveobiT gamoiangariSeT G grafis optimaluri
marSruti.

savarjiSo 1.8: daamtkiceT, rom zemoT moyvanili meTodiT gamoTvlili gza minimaluri iqneba.
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savarjiSo 1.9: dawereT algoriTmi, romelic Cineli fostalionos amocanas gadaWris.

savarjiSo 1.10: ra sigrZis iqneba Cineli fostalionis amocanis amoxsna xeebisTvis?

eileris ciklis povnis paradigma Zalian mniSvnelovania grafebze paraleluri algoriTmebis
agebaSi. xSirad grafze ageben damfarav xeebs da mere iyeneben eileris ciklebis teqnikas maTi
damuSavebisTvis.

amas garda, mniSvnelovania grafSi eileris ciklebis raodenobis gamoTvlac.

• hamiltonis cikli grafSi (HC)

mocemulia: grafi G = (V,E).

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafSi iseTi gza, romelic yvela wveroze gaivlis erTxel
da mxolod erTxel?

erTi SexedviT es amocana eileris ciklis amocanis msgavsia da SeiZleba vifiqroT kidec, rom
ufro martivad amoixsnaa SesaZlebeli. magram misTvis polinomur droSi momuSave algoriTmi
jer-jerobiT araa cnobili. ufro metic: rogorc SemdgomSi vnaxavT, arc isaa cnobili, SesaZle-
belia Tu ara am amocanisTvis amdagvari algoriTmis dawera.

analogiurad SeiZleba CamovayaliboT hamiltonis gzis amocanac (igive hamiltonis cikli, mxo-
lod sawyis wveroSi dabruneba aRaraa saWiro).

hamiltonis gzis amocana uaRresad mniSvnelovania praqtikaSic. ase, magaliTad, genur inJineriaSi
aqvT geneturi kodis nawilebi a1, ..., an da wesebi, romeli nawili romels SeiZleba gadaebas. Tu am
kodebs ganvixilavT, rogorc grafis wveroebs da erTmaneTze gadabmad nawilebs Soris gavavlebT
(mimarTul) wibos, hamiltonis cikli gviCvenebs im genetur kods, romelic SeiZleba Seiqmnas mo-
cemuli nawilebidan.

meore gamoyeneba SeiZleba iyos skolis avtobusis marSrutis dagegmva: Tu mocemuli gvaqvs mos-
wavleebis sacxovrebeli misamarTebi (grafis wveroebi) da SemaerTebeli gzebi (grafis wiboebi),
hamiltonis (minimaluri) cikli optimalur marSruts mogvcems.

garda amisa, rogorc vnaxanT, hamiltonis ciklis amocana e.w. NP-srul amocanaTa klass ganekuTvneba,
rac imas niSnavs, rom misi swrafad amoxsna Cvens garSemo arsebuli amocanebis umetesobis swrafad
amoxsnis gzas gvaCvenebda.

• umoklesi gza grafis wveroebs Soris

mocemulia: Sewonili grafi G = (V,E) da misi ori wvero u, v ∈ V .

pasuxi: mimdevroba (x1, ..., xk), sadac xi ∈ V , xi 6= xj , Tu i 6= j.

ipovneT umoklesi gza grafSi mocemul or wveros Soris.

umoklesi gzis amocana uaRresad mniSvnelovania praqtikaSi, mag. marSrutizaciis amocanebSi.

am amocanisTvis swrafi algoriTmi ix. meore semestris konspeqtSi.

• maqsimaluri martivi gza grafis wveroebs Soris

mocemulia: Sewonili grafi G = (V,E) da misi ori wvero u, v ∈ V .

pasuxi: mimdevroba (x1, ..., xk), sadac xi ∈ V , xi 6= xj , Tu i 6= j.

ipovneT maqsimaluri martivi gza am or wveros Soris (martivi ewodeba iseT gzas, romelic ciklebs
ar Seicavs).

arc am amocanisTvisaa polinomur droSi momuSave algoriTmi cnobili da arc aravin icis, Sesa-
Zlebelia Tu ara am amocanisTvis amdagvari algoriTmis dawera.

erTi SexedviT es amocana praqtikul gamoyenebas moklebulia, magram Tu davuSvebT, rom erTi
wverodan meoreze gadasvla raime ekonomikur transaqciasTanaa dakavSirebuli da gadasuli wi-
bos wona finansur mogebas (an uaryofiTi wonis SemTxvevaSi wagebas) aRniSnavs, maSin maqsimaluri
gza maqsimaluri mogebis tolfasia.

aqve unda aRiniSnos am amocanis hamiltonis ciklTan kavSiri: Tu araSewonil grafSi hamiltonis
cikli arsebobs, maSin swored es iqneba maqsimaluri gza.

savarjiSo 1.11: rogor SeiZleba maqsimaluri gzis amocanis amoxsniT hamiltonis ciklis (da, Sesabamisad,
gzis) amocanis gadaWra?
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• udidesi sruli qvegrafi Clique

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.
ra aris iseT wveroTa maqsimaluri qvesimravlis zoma, romelSic nebismieri ori wvero erTmaneT-
Tan iqneba dakavSirebuli (anu G grafis yvelaze didi sruli qvegrafis wveroebis raodenoba)

es amocanac rTulia: misTvis swrafi algoriTmi cnobili araa (da arc isaa cnobili, amoxsnadia
Tu ara swrafad)

udidesi saerTo qvegrafis amocana (SemoklebiT kliki, Clique) msgavsi obieqtebis (klasterebis)
aRmoCenaSi umTavres rols TamaSobs. magaliTad, Tu saWiroa gayalbebis aRmoCena dokumentebis
(fulis, fasiano qaRaldebis, sadazveo maqinaciebis da sxva) did simravleSi, pirvel rigSi unda
ganisazRvros YmsgavsebaA (rogorc wesi, es e.w. Yhemingis manZilisA an Sesabamis veqtorebs Soris
kuTxis kosinusiT xdeba). arsebul dokumentebs Tu ganvixilavT, rogorc grafis wveroebs, xolo
msgavs dokumentebs wiboebiT SevaerTebT (rac ufro didia msgavsebis koeficienti, miT ufro mok-
lea maT Soris gza). rogorc wesi, arsebul dokumentebs (mag. fulis nomrebs) Soris didi msgavseba
ar unda iyos, magram didi raodenobis dokumentebis gayalbebis SemTxvevaSi msgavseba ufro didia
xolme. aqedan gamomdinare, udidesi sruli qvegrafi YmsgavsA obieqtebis did raodenobas ipovnis,
risi ufro dawvrilebiTi analizis Semdeg gayalbebis povna ufro martivi iqneba.

swored am ideebze dayrdnobiT ganaviTara amerikis gadasaxadebis samsaxurma yalbi dokumentaciis
aRmoCenis sistema.

rogorc vTqviT, am amocanisTvis polinomuri algoriTmi ar aris cnobili (da arc is viciT, Sesa-
Zlebelia Tu ara aseTis arseboba). rogorc SemdgomSi vnaxavT, es amocanac e.w. NP-srul amocanaTa
klass ganekuTvneba da, rogorc gamocdilebam aCvena, misi zustad amoxsnis nacvlad sxva gzebia
mosaZebni.

erT-erTi pirveli gamosavalia ara udidesi, aramed (lokalurad) maqsimaluri sruli qvegrafis
moZebna, rac xSirad praqtikul amocanebSi sakmarisia xolme. lokalurad maqsimaluri ewodeba
iseT srul qvegrafs, romlisTvisac sawyisi grafis nebismieri sxva wveros mierTeba srulobas
daukargavs.

lokalurad maqsimaluri sruli qvegrafis sapovnelad SeiZleba wveroebis dalageba maTi valen-
tobis klebadobis mixedviT, pirvel (maqsimaluri valentobis mqone) wveros klikis simravleSi
CavrTavT, Semdeg rig-rigobiT CavyvebiT sias da CavrTavT im wveroebs, romlebic srul grafs
Segviqmnis. Tu Sesabamisi wveros klikTan mikuTvnebas erTi bitiT aRvniSnavT da maT yvelas e.w.
bit-veqtorSi gavaerTianebT, am algoriTmis realizacia O(|V |+ |E|) droSi iqneba SesaZlebeli.

savarjiSo 1.12: dawereT programa, romelic lokalurad maqsimalur srul qvegrafs wrfiv droSi
gamoiTvlis.

meore xerxi, rac SeiZleba praqtikaSi gamogvadges, ara sruli, aramed mWidro qvegrafebis Zeb-
naa. xSirad praqtikul amocanebSi sruli qvegrafebis nacvlad mWidro qvegrafis moZebnac ukve
sakmarisia. aRsaniSnavia, rom sruli qvegrafi amavdroulad maqsimalurad mWidro qvegrafia.

minimum k rigis (valentobis) qvegrafis povna (anu iseTis, romlis wveroebis rigic aris minimum
k) advilad SeiZleba: gravSi amovagdebT im wveroebs (da Sesabamis wiboebs), romelTa rigic ufro
dabalia. am proceduram SeiZleba gamoiwvios darCenili wveroebis rigis Semcireba (Tu isini sak-
marisad bevr amogdebul wverosTan iyvnen mierTebulni). am proceduras vimeorebT manam, sanam ar
dagvrCeba mxolod Sesabamisad maRali rigis wveroebi.

savarjiSo 1.13: dawereT algoriTmi O(|V | + |E|) rigis algoriTmi, romelic k-mWidro qvegrafs
gamoiTvlis.

SeniSvna: gamoiyeneT grafis mezoblobis siiT aRwera da SezRuduli zomis prioritetuli rigi.

bolos unda aRiniSnos, rom Tu grafi planarulia, masSI maqsimaluri sruli qvegrafi 2, 3 an 4
wverosgan unda Sedgebodes (topologiis erT-erTi Teorema gveubneba, rom K5, anu 5 wveroiani
sruli grafi planaruli ver iqneba).

savarjiSo 1.14: dawereT algoriTmi, romelic O(|V |) droSi gamoiTvlis planaruli grafis maqsi-

malur qvegrafs.

rac Seexeba Clique amocanis zogad amoxsnas, misTvis mravali sxvadasxva midgomaa ganviTarebuli,
rac ZiriTadad albaTuri evristikis ideebs eyrdnoba, magram es Tema Cveni am semestris kursis
farglebs cdeba da SemdegSi unda iqnas ganxiluli.
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• izolirebuli wveroebis simravle IS

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.

ra aris iseT wveroTa maqsimaluri qvesimravlis zoma, romelSic nebismieri ori wvero erTmaneT-
Tan ar iqneba dakavSirebuli (anu G grafis yvelaze didi izolirebuli wveroebis simravlis el-
ementebis raodenoba)

• grafis gadafarva V C

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.

ra aris iseT wveroTa minimaluri qvesimravlis zoma, romliTac grafis yvela wibo gadaifareba?
(Tu e wibo v wveros Seicavs, maSin amboben, rom v gadafaravs e wibos)

• grafis qromatuli ricxvi CN

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.
mocemuli grafisTvis gansazRvreT, minimum ramden frad SeiZleba misi SeRebva.

ganmarteba 1.15: mocemulia grafi G = (V,E). misi SeRebva ewodeba iseT φ : V → N asaxvas, romelic
yovel wveros raime naturalur ricxvs (fers) Seusabamebs ise, rom mezoblebs (wiboTi SeerTebul
wveroebs) erTi da igive feri (erTi da igive ricxvi) ar Seesabamebodes: (u, v) ∈ E ⇒ φ(u) 6= φ(v).

Zalian mniSvnelovania Semdegi ori amocana:

ganmarteba 1.16: G1 = (V1, E1) da G2 = (V2, E2) grafs ewodeba erTmaneTis izomorfuli (aRiniSneba G1
∼=

G2), Tu moiZebneba iseTi bieqcia f : V1 → V2, rom (v, u) ∈ E1 ⇔ (f(v), f(u)) ∈ E2 (anu G1 grafSi ori wvero
SeerTebulia wiboTi maSin da mxolod maSin, Tu meore grafSi maTi saxeebia SeerTebuli wiboTi).

ganmarteba 1.17: G′ = (V ′, E′) grafs ewodeba G = (V,E) grafis qvegrafi, Tu V ′ ⊂ V da (u, v) ∈ E′ ⇒ (u, v) ∈
E.

• grafTa izomorfizmi GI

mocemulia: ori grafi G1, G2

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafebs Soris erTmaneTis izomorfizmi, anu G1
∼= G2

• qvegrafis izomorfizmi SGI

mocemulia: ori grafi G1, G2

pasuxi: YkiA an YaraA

gansazRvreT, moiZebneba Tu ara G1 grafis iseTi G′ qvegrafi, rom G′ ∼= G2?

• komi voiaJeris (mogzauri vaWris) amocana TSP

mocemulia: Sewonili grafi G

pasuxi: k ∈ R
gansazRvreT iseTi minimaluri marSruti, romelic yvela wveroze erTxel mainc gaivlis

savarjiSo 1.18: ganvixiloT grafi G, romelic mocemulia Semdeg naxazSi.

masSi SeiZleba gamoiyos sam elementiani izolirebuli simravle {v7, v9, v4}. SesaZlebelia Tu ara masSi
ufro didi izolirebuli simravlis povna? ras mogvcems pasuxad IS(G)?

savarjiSo 1.19: zemoT moyvanili G grafisTvis ra iqneba Clique(G)? CN(G)? HC(G)? V C(G)? TSP (G)?
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v1

v2

v4

v3

v8

v6

v7

v5

v9

nax. 1.2: savarjiSo grafi

arsebobs Tu ara masSi eileris cikli? (pasuxi daamtkiceT)

savarjiSo 1.20: igive G grafSi ipovneT maqsimaluri martivi gza v1 da v2 wveroebs Soris.

savarjiSo 1.21: C++ enaze dawereT programa, romelic matricis saxiT mocemuli grafisTvis gadaWris
eileris ciklis amocanas.

paragrafis bolos kvlav moviyvanoT ramodenime mniSvnelovani amocana.

• naturaluri ricxvis simartivis testi

mocemulia: naturaluri ricxvi n ∈ N.
pasuxi: YkiA an YaraA

daadgineT, martivia Tu ara n.

SeniSvna: es amocana antikuri droidan moyolebuli rTulad iTvleboda. misi udidesi praqtikuli
gamoyenebis (magaliTad, kriptografiaSi) miuxedavad, swrafi algoriTmi cnobili ar iyo, sanam
2002 wels indoelma informatikosebma O(k12) zeda zRvris mqone algoriTmi SeimuSaves, romelic
SemdgomSi kidev ufro gaumjobesda. dawvrilebiTi informaciisTvis ixileT

Manindra Agrawal, Neeraj Kayal, and Nitin Saxena, PRIMES is in P
Annals of Mathematics, vol. 160, pp. 781 - 793, Springer Verlag, 2004
aRsaniSnavia, rom algoriTmis drois zeda zRvari yovelTvis monacemis sigrZezea damokidebuli,
amitomac zemoT moyvanil formulaSi vixmareT parametri k, romelic mocemuli n ricxvis bitebis
raodenobas aRniSnavs: k = log n.

• grafis planaruloba

mocemulia: grafi G

pasuxi: YkiA an YaraA

daadgineT, aris Tu ara igi planaruli?

iseTi amocanebis magaliTebad, romelTaTvisac realur droSi amoxsnadi algoriTmi cnobili araa
(magram arc isaa damtkicebuli, rom maTTvis aseTi algoriTmi ar arsebobs), SeiZleba moviyvanoT:

• ricxvis faqtorizacia

mocemulia: naturaluri ricxvi n ∈ N
pasuxi: naturalur ricxvTa mimdevroba p1, ..., ph

daSaleT n martiv mamravlebad: n = p1, ..., ph

• grafis optimalurad daxatva

mocemulia: grafi G

pasuxi: grafis naxazi sibrtyeze

daxazeT grafi sibrtyeze ise, rom wiboebis gadakveTis raodenoba minimaluri iyos.
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• bulis funqciaTa WeSmariteba (SAT )

mocemulia: bulis algebris n cvladze damokidebuli funqcia f : Bn → B, romelic Cawerilia

koniunqciuri normaluri formiT

pasuxi: YkiA an YaraA

arsebobs Tu ara misi cvladebis iseTi mniSvnelobebi, rom es funqcia iyos WeSmariti (anu iRebdes
mniSvnelobas 1)?

1.2 optimizaciisa da gadawyvetilebis amocanebi

advili SesamCnevia, rom aq moyvanil amocanebSi zogierTis pasuxia YkiY an YaraA da zogierTis – raRac
konkretuli ricxvi an sxva maTematikuri struqtura, romelic garkveul winapirobas akmayofilebs.
iseT amocanebs, romlTa pasuxi SeiZleba iyos YkiY an YaraA, gadawyvetilebis amocana ewodeba, xolo
meore tipisas ki - optimizaciis.
gadawyvetilebis amocanebia, magaliTad, hamiltonis ciklis, eileris ciklis, grafis planarulobis
testis, simartivis testis, grafis izomorfizmis, qvegrafis izomorfizmis da sxva amocanebi. maTSi
imis dadgenaa saWiro, ekuTvnis Tu ara monacemi ama Tu im klass: Tu mocemuli gvaqvs yvela SesaZlo
planaruli grafis simravle, romelsac Cven pirobiTad vuwodebT GP , mocemuli G grafisTvis mxolod
Semdegi sakiTxis garkvevaa saWiro: G ∈ GP ?
aseve, hamiltonis ciklis mqone grafTa simravle Tu aRiniSneba rogorc GH , hamiltonis ciklis amo-
cana igivea, rac SekiTxva G ∈ GH? amitom amdagvar amocanebs uwodeben Ygadawyvetilebis amocanasA:
gadawyviteT, ekuTvnis Tu ara monacemi raRac simravles (atarebs Tu ara garkveul Tvisebas).

amisgan gansxvavebulia, magaliTad, gadafarvis amocana V C . aq yvela SesaZlo gadafarvidan unda avir-
CioT minimaluri. aseve CN SeRebvis amocanac: yvela SesaZlo SeRebvidan minimaluri; TSP : yvela Sesa-
Zlo marSrutidan, romelic yvela qalaqze gadis, minimaluri da a.S. sxva sityvebiT rom vTqvaT, aq
SesaZlo amonaxsnebidan virCevT raRac TvalsazrisiT optimalurs. amitomac aseTi tipis amocanebs
uwodeben YoptimizaciisasA.

ganmarteba 1.22: Tu mocemulia raime gadawyvetilebis amocana A monacemTa simravliT X , maSin LA =

{x | x ∈ X, A(x) =ki} monacemTa qvesimravles (iseT monacemTa simravles, romlebzec am amocanis pasuxi
iqneboda YkiA) am A amocanis ena ewodeba.

savarjiSo 1.23: sityvierad axseniT, ra aris LEC , LTSPk
, LV Ck

da LCNk
.

sainteresoa kavSiri optimizaciisa da gadawyvetilebis amocanebs Soris.
warmovidginoT, rom gvaqvs Semdegi gadawyvetilebis amocana:

grafis k frad SeRebva (CNk)
mocemulia: grafi G da ricxvi k ∈ N
pasuxi: YkiA an YaraA
gaeciT pasuxi SekiTxvas: SeiZleba Tu ara G grafis k frad SeRebva?

Tu gvaqvs am amocanis algoriTmi, advilad SevZlebT CN optimizaciis amocanis gadaWrasac:

algoriTmi 1.1: grafis SeRebvis algoriTmi
. mocemulia: grafi G

1: k = 1;
2: while(CNj(G) = YaraA);
3: k + +
4: return(k)
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analogiurad, Tu gvaqvs V Ck gadawyvetilebis amocanis algoriTmi, romelic mogvcems pasuxs YkiA maSin
da mxolod maSin, Tu mocemuli grafi gadaifareba k wveroTi, misi meSveobiT advilad SeiZleba gadai-
Wras Sesabamisi optimizaciis amocanac.

savarjiSo 1.24: CamoayalibeT IS, Clique, TSP da V C Sesabamisi gadawyvetilebis amocanebi.

savarjiSo 1.25: mocemulia ISk, Cliquek, TSPk da V Ck gadawyvetilebis amocanebis algoriTmebi. maTi
gamoyenebiT dawereT Sesabamisi optimizaciis amocanebis algoriTmebi.

1.3 araamoxsnadi amocanebi

erT-erTi yvelaze Zveli amocana, romelsac algoriTmuli amoxsna ar aqvs (garkveuli resursebiT
SezRudvis gaTvaliswinebiT), antikuri saberZneTidan modis da ramodenime aTasi weli gadauWreli rCe-
boda - figurebis fargliTa da saxazaviT ageba (ix. pirveli semestris kursi YalgoriTmebis SesavaliA).
rogorc XIX saukuneSi maTematikosebma daamtkices, SeuZlebelia iseTi algoriTmebis povna, romliTac
erTeulovani wris farTobis mqone kvadratis agebas SevZlebdiT farglisa da saxazavis gamoyenebiT.
samagierod SeiZleba aseTi farTobis mqone kvadrats nebismieri sizustiT mivuaxlovdeT - amocanis
odnavi Secvlisas igi amoxsnadi xdeba: mocemulia wre farTobiT S1 da raime dadebiTi ricxvi ε > 0
(sizuste). farglisa da saxazavis gamoyenebiT aageT iseTi kvadrati, romlis farTobi S2 mocemuli
sizustiT iqneba mocemuli wris farTobis siaxloveSi, anu |S1 − S2| ≤ ε.
meore magaliTad SeiZleba hilbertis X problemis moyvana: mocemulia nebismieri diofantes poli-
nomiuri gantoleba mTeli koeficientebiT: an · xnn + · · · + a1 · x1

1 + a0 = 0, sadac ai ∈ Q, 0 ≤ i ≤ n, n ∈ N.
SeimuSaveT meTodi (anu algoriTmi), romelic nebismieri aseTi polinomisaTvis gagvcemda pasuxs (ki an
ara) SekiTxvaze, aqvs Tu ara am gantolebas mxolod racionaluri fesvebi? rogorc aRmoCnda, arc am
amocanas aqvs algoriTmuli amoxsna (aqve SevniSnoT, rom garkveul konkretul SemTxvevebSi es sakiTxi
gadaiWreba. aq laparakia imaze, rom ar arsebobs iseTi algoriTmi, romelic nebismieri monacemisTvis
gagvcemda pasuxs).
aRsaniSnavia, rom es amocanebi algoriTmis gansazRvrebaze adre Camoyalibda da wminda maTematikuri
xerxebiT iqna gadaWrili, Tumca maT informatikaSi Zalian mniSvnelovani roli iTamaSes.
pirveli amocana (anu igive problema), romlis amouxsnadobac algoriTmul meTodebze dayrdnobiT
damtkicda, e.w. SeCerebis amocanaa: nebismieri algoriTmisaTvis (programisTvis) da misi monacemisaTvis
daadgineT, SeCerdeba Tu Caicikleba es algoriTmi mocemul monacemze. amis konkretuli magaliTia sami
programa, romelTagan pirveli rig-rigobiT gadaamowmebs naturalur ricxvebs da SeCerdeba maSin da
mxolod maSin, Tuki iseT luw ricxvs aRmoaCens, romelic ori sxva luwi ricxvis jams warmoadgens.

algoriTmi 1.2: luw ricxvTa Semowmeba (pirveli versia)

1: n = 0;
2: do
3: n+ +;
4: while(2n 6= 2k + 2p)

meore algoriTmi rig-rigobiT gadaamowmebs naturalur ricxvebs da SeCerdeba maSin da mxolod maSin,
Tu iseT kent ricxvs aRmoaCens, romelic erTi luwi da erTi kenti ricxvis jams warmoadgens.

algoriTmi 1.3: luw ricxvTa Semowmeba (meore versia)

1: n = 0;
2: do
3: n+ +;
4: while(2n 6= 2k + (2p− 1))

cxadia, rom pirvel algoriTmzec da meorezec winaswar SeiZleba imis Tqma, SeCerdeba Tu ara igi.
magram ganvixiloT algoriTmi, romelic rig-rigobiT gadaamowmebs luw ricxvebs da SeCerdeba maSin
da mxolod maSin, Tu ganxiluli ricxvi maqsimum ori martivi ricxvis jamisagan ar Sedgeba.



1.3 araamoxsnadi amocanebi 10

algoriTmi 1.4: luw ricxvTa Semowmeba (mesame versia)

1: n = 1;
2: do
3: n+ +;
4: while(2n 6= p1 + p2) /* es luwi ricxvi ar warmodgeba ori martivi ricxvis jamis saxiT */

algoriTmi 1.5: SeCerebis diagonaluri algoriTmi D
. monacemi: raime algoriTmi A

1: while(H(A(A))== YkiA) /* SeniSvna: aq YAA algoriTmis aRmweri sityvaa (mag. misi kodi) */

es ukanaskneli amocana Tanamedrove maTematikis erT-erTi udidesi Ria problemaa (goldbaxis hipoTeza)
da, cxadia, jer-jerobiT winaswar ver vityviT, SeCerdeba Tu ara zemoT moyvanili algoriTmi. amrigad,
mocemuli algoriTmis analiziT zogjer dabejiTebiT SeiZleba imis Tqma, SeCerdeba Tu ara igi, zog-
jer ki -- ara.

ganmarteba 1.26: mocemulia raime A algoriTmi da misi raime X monacemi. sakiTxs, SeCerdeba Tu ara A
algoriTmi X monacemze SeCerebis amocana ewodeba.

kargi iqneboda iseTi algoriTmis aRmoCena, romelic nebismieri A algoriTmisa da X monacemisTvis
gvetyoda, Caicikleba Tu ara A(X). amiT mravali Ria problema gadaiWreboda (mag. goldbaxis hipoTeza).
magram, samwuxarod, aseTi ram SeuZlebelia, rac Semdeg TeoremaSi mtkicdeba:

Teorema 1.27 SeCerebis amocana araamoxsnadia

damtkiceba: davuSvaT sawinaaRmdego: vTqvaT, arsebobs iseTi H algoriTmi, romelic monacemad iRebs

nebismieri A algoriTmisa da X monacemis aRmwer sityvebs da gvetyvis, SeCerdeba Tu ara A(X). sxva
sityvebiT rom vTqvaT,

H(A,X) =

{
YkiA, A algoriTmi SeCerdeba X monacemze;
YaraA, A algoriTmi ar SeCerdeba X monacemze.

axla ki SevqmnaT iseTi algoriTmi D(X), romelic monacemad iRebs raRac X sityvas, romelic Tavis
Tavad raime algoriTmis aRweraa:

algoriTmi 1.6: SeCerebis diagonaluri algoriTmi D
. monacemi: raime algoriTmi A

1: while(H(A(A))== YkiA) /* SeniSvna: aq YAA algoriTmis aRmweri sityvaa (mag. misi kodi) */

ese igi, D algoriTmi monacemad miiRebs raime A algoriTmis aRweras da SeCerdeba maSin da mxolod
maSin, Tu A algoriTmi missave aRmweri sityvis monacemze ar SeCerdeba (aq gasaTvaliswinebelia is
faqti, rom TviT algoriTmis aRwerac raRac sityvaa, romelic monacemad SeiZleba aviRoT).
axla ganvixiloT, Tu ra moxdeba, rodesac D algoriTmi Tavis aRweras miiRebs monacemad. D(D) niSnavs,
rom D algoriTmi missave aRmweri sityvis monacemze SeCerdeba maSin da mxolod maSin, Tu D algoriTmi
missave aRmweri sityvis monacemze ar SeCerdeba, es ki winaaRmdegobaa!

r.d.g.
es faqti ar niSnavs aucileblad imas, rom raRaca amocanebisTvis ver vityviT, Caicikleba Tu ara maTi
algoriTmebi. usasrulod bevri amocanisaTvis dagvWirdeba axali meTodebis Zieba, rom am SekiTxvaze
pasuxi gavceT. SeCerebis amocana algoriTmulad amoxsnadi rom yofiliyo, maTematikuri logikisa da
informatikis erT-erTi umniSvnelovanesi ganxra -- TeoremaTa avtomaturi mtkiceba -- advilad gadai-
Wreboda, axla ki saWiroa TeoremaTa klasifikacia da yoveli calkeuli klasisaTvis avtomaturi mtki-
cebebis meTodebis Zieba. msgavsi problemebi wamoiWreba aseve programuli kodis sisworis avtomatur
mtkicebaSic.

Zalian mniSvnelovania aseve meore araamoxsnadi amocana, romelic Ypostis Sesabamisobis problemisA
Post Correspondence Problem, mokled PCP saxeliTaa cnobili:
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postis Sesabamisobis problema (Post Correspondence Problem, PCP )
mocemulia: P = ((x1, y1), (x2, y2), ..., (xn, yn)), xi, yi ∈ Σ+ aracarieli sityvebis wyvilTa mimdevroba, romel-
sac Cven Yamocanis pirobasA, an mokled YpirobasA vuwodebT.
I = (i1, ..., ik), ij ∈ {1, 2, ..., n} mimdevrobas ewodeba mocemuli pirobis amonaxsni, Tu xi1 ◦ xi2 ◦ · · · ◦ xin =
yi1 ◦ yi2 ◦ · · · ◦ yin .
TvalsaCinoebisTvis P problema SegviZlia warmovidginoT, rogorc dominos qvebi, romelzedac erT
mxares xi da meoreze ki yi sityva weria, Tan TiToeuli tipis qva usasrulod bevri SeiZleba iyos (Sesa-
Zlebelia, rom I amoxsnaSi ik = il, Tu k 6= l.
maSin amocana SemdegSi mdgomareobs: SeiZleba Tu ara dominos qvebi ise davalagoT erTmaneTis gverdiT,
rom zeda nawilSi warmoqmnili sityva (sadac mxolod xi qvesityvebi gveqneba) daemTxvas qveda nawilSi
warmoqmnil sityvas?

magaliTi 1.28: mocemulia problema P = ((1, 101), (10, 00), (011, 11)), rac gvaZlevs: x1 = 1, x2 = 10, x3 = 011

da y1 = 101, y2 = 00, y3 = 11. amis amonaxsni iqneba I = (1, 3, 2, 3):
x1 ◦ x3 ◦ x2 ◦ x3 = 1 ◦ 011 ◦ 10 ◦ 011 = 101 ◦ 11 ◦ 00 ◦ 11 = 101110011 = 101 ◦ 11 ◦ 00 ◦ 11 = y1 ◦ y3 ◦ y2 ◦ y3

Tu amas warmovidgenT, rogorc dominos qvebis mimdevrobas, miviRebT:

101

1 011

11

10

00

011

11

cxadia, rom Tu erT amocanas ramodenime amoxsna aqvs, maTi kombinaciac amoxsnas gvaZlevs. amitom Sei-
Zleba wamoiWras SekiTxva: Tu mocemulia raime amoxsna, SeiZleba Tu ara misi sxva amoxsnebis kombina-
ciebad warmodgena? wina magaliTSi moyvanili amoxsna ar SeiZleba ase daiyos. anu, rogorc amboben, igi
primitiulia.
zeda magaliTis ganxilvisas SeiZleba warmoiSvas STabeWdileba, rom postis problema sulac ar aris
rTuli. amitom ganvixiloT Semdegi
magaliTi 1.29:
P = ((001, 0), (01, 011), (01, 011), (10, 001)); x1 = 001, x2 = 01, x3 = 01, x4 = 10, y1 = 0, y2 = 011, y3 = 101, y4 = 001.
misi umoklesi amoxsnac ki 66 wyvilisagan Sedgeba, riTac am problemis sirTulis pirveli Sefaseba
SeiZleba:
I = (2, 4, 3, 4, 4, 2, 1, 2, 4, 3, 4, 3, 4, 4, 3, 4, 4, 2, 1, 4, 4, 2, 1, 3, 4, 1, 1, 3, 4, 4, 4, 2, 1, 2, 1, 1, 1, 3, 4, 3, 4, 1, 2, 1, 4, 4, 2, 1, 4, 1,

(1, 3, 4, 1, 1, 3, 1, 1, 3, 1, 2, 1, 4, 1, 1, 3)

sruli gadarCevis meTodiT SeiZleba Seiqmnas algoriTmi, romelic postis amocanis I amoxsnas mogvcemda,
Tu aseTi arsebobs. amoxaxsnis ararsebobis SemTxvevaSi aseTi algoriTmi Caicikleba.

savarjiSo 1.30: dawereT programa, romelic sruli gadarCeviT mogvcems PCP amocanis pasuxs aseTis
arsebobis SemTxvevaSi. daamtkiceT misi siswore da daiTvaleT bijebis raodenoba im daSvebiT, rom
mocemuli pirobisTvis amonaxsni arsebobs.

farTobis gadafarvis amocana (Tiling Problem, TP)
mocemulia n sxvadasxva tipis erTnairi zomis kvadrtuli figura a1, a2, ..., an (TiTo tipis figuris rao-
denoba usasruloa). mocemulia agreTve wesebi, Tu ra tipis kvadratebis dadeba SeiZleba erTmaneTis
gverdiT da ra tipisa -- erTmaneTis zemoT da qvemoT. amas garda, figuraTa datrialeba ar SeiZleba.
daadgineT, SeiZleba Tu ara mocemuli kvadratebiTa da wesebiT nebismierad didi farTobis mqone kvad-
ratis ageba, Tu am kvadratis marcxena qveda kuTxeSi ganTavsebuli kvadratuli figuris tipi winaswaraa
mocemuli. nax. 1.3-Si marcxniv naCvenebia am amocanis erTi magaliTi: moyvanilia sami tipis kvadratuli
figura A,B,C , romelTa gverdebi raRaca feradaa SeRebili. ori figuris erTmaneTze mideba SeiZleba
maSin da mxolod maSin, Tu am figurebis Sesabamis midebul gverdebze ferebi erTnairia.
advili dasamtkicebelia, rom A,B,C figurebiTa da A figuris marcxena qveda kuTxeSi dadebiT nebis-
mieri farTobis kvadratis ageba SeiZleba. magram Tu aviRebT D,E, F figurebs, maSin SeiZleba mxolod
2× 2 kvadratis ageba, isic im pirobiT, Tu marcxena qveda kuTxeSi D figuras davdebT.
damtkicebulia, rom am amocanisaTvis algoriTmuli amoxsna ar arsebobs. magram Tu pirobas SevcvliT
da vikiTxavT, SeiZleba Tu ara raRaca winaswar dafiqsirebuli k × k (k ∈ N) kvadratis dafarva (nebis-
mierad didis nacvlad), maSin es e.w. NP sruli amocana xdeba, risi swrafi amonaxsnic cnobili ar aris.
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nax. 1.3: farTobis dafarvis amocana

SeniSvna: aRsaniSnavia is faqti, rom am TiTqos da primitiuli amocaniT nebismieri algoriTmis simu-
lacia SeiZleba: nebismieri tiuringis manqana amdagvari dafarviT aRiwereba.

uxeSad, amocanebi or klasad SeiZleba daiyos: iseTebi, romlisTvisac algoriTmuli amoxsna ar ar-
sebobs (anu am amocanebis gadaWra sasrul droSi ar SeiZleba - maTi yvela algoriTmi minimum erT
monacemze mainc Caicikleba) da iseTebad, romlebisTvisac algoriTmuli amoxsna arsebobs. iseT amo-
canebSi, romlebisTvisac algoriTmebi arsebobs, gamoyofen amocanaTa sirTulis ramodenime klass.
aRmoCnda, rom erT-erT klasSi iseTi amocanebia, romelTaTvisac realur (anu polinomiur) droSi
amoxsna arsebobs, xolo meoreSi - iseTebi, romelTaTvisac realur droSi amoxsna dReisaTvis cno-
bili ar aris. aqve unda aRiniSnos, rom YefeqturiA, YswrafiA, Yrealur droSiA amoxsnadi algoriTmebi
igivea, rac Ypolinomur droSi amoxsnadiA (ix. pirveli semestris leqciaTa kursi).

mniSvnelovania Semdegi garemoeba: fargliTa da saxazaviT konkretuli geometriuli figurebis age-
bis amocana gadauWrelia mxolod garkveuli meTodebis gamoyenebiT -- Tu Cven sakiTxs ise davsvamT,
SeiZleba Tu ara igive figurebis raime meTodiT ageba, maSin pasuxi dadebiTi iqneba. danarCeni aq ganx-
iluli araamoxsnadi amocanebi ki zogadad gadauWrelia -- ar arsebobs raime meTodi, romelic am Seki-
Txvebze pasuxs sasrul droSi gagvcemda. es ki imas niSnavs, rom amocanis Camoyalibebisas mniSvnelovan
rols TviT resursebis SerCeva TamaSobs.

mniSvnelovani SeniSvna: Cven aq SeCerebis amocanis araamoxsnadoba garkveuli aparatis, kerZod Cveni
fsevdokodis meSveobiT davamtkiceT, rac araamoxsnadobis mtkicebis garkveul intuicias iZleva. ma-
gram aravis uTqvams, rom ar arsebobs raime sxva ena an meTodi, riTac es amocana sasrul droSi amoixsne-
boda. logikuria SekiTxva, ra aparatia iseTi YuniversaluriA, romliT damtkicebuli Teoremac nebis-
mier sxva gamoTvlis saSualebasac moicavs? amaze calsaxa pasuxi ar arsebobs, Tumca sayovelTaod
miRebulia e.w. CerCis Tezisi, romelic cnobilma amerikelma mecnierma alonso CerCma Camoayaliba,
romlis mixedviTac Tu raime amocana ar amoixsneba e.w. tiuringis manqaniT (romelsac xSirad aseve
tiuring-postis manqanasac uwodeben), maSin igi veranairi sxva meTodiT ver gadaiWreba sasrul droSi.
aqve unda aRiniSnos, rom tiuringis manqana martivi gamomTvlelis maTematikuri modelia, romelic
xSirad gamoiyeneba Teoriul informatikaSi, rogorc zogadi gamomTvleli, magram misi formalurad
Camoyalibeba da masze dayrdnobiT TeoremaTa mtkiceba Cveni kursis farglebs cdeba - Cven algoriT-
mebis zogadi ganmartebiTa da fsevdokodiT SemovifarglebiT.

1.4 rekursiuli da rekursiulad gadaTvladi amocanebi

rogorc ukve aRvniSneT, gadawyvetilebis amocanebis daxmarebiT optimizaciis amocanis gadaWra Sei-
Zleba. magram rogor SegviZlia TviT gadawyvetilebis amocanis Camoyalibeba? am SekiTxvaze pasuxis
gasacemad ganvixiloT zogadi midgoma: gadawyvetilebis amocanaSi gvainteresebs, akmayofilebs Tu ara
raime A monacemi B Tvisebas. magaliTad, A monacemad SeiZleba ganvixiloT raime grafi da B Tvisebad –
hamiltonis cikli (am SemTxvevaSi miviReT HC), an koniunqciuri normaluri formiT Cawerili funqcia
da Tviseba, rom es funqcia cvladebis raime mniSvnelobaze iRebs pasuxs 1 (amocana SAT ) da mravali
sxva.
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savarjiSo 1.31: CamoayalibeT ISk, Cliquek, TSPk da V Ck gadawyvetilebis amocanebis monacemebi da Sesa-
mowmebeli Tvisebebi.

simartivisTvis Cven aq da SemdgomSi amocanasa da misi amonaxsnebis simravles (amocanis enas) gavai-
givebT da ubralod YamocanasA an YproblemasA vuwodebT.

ganmarteba 1.32: Tu mocemuli LA amocanisTvis arsebobs raime algoriTmi, romelic mocemuli x sityvis-
Tvis SeCerdeba im SemTxvevaSi, Tu x ∈ LA (da YkiA pasuxsac mogvcems), magram SeiZleba ar SeCerdes, Tu
x 6∈ LA, maSin aseT enas (amocanas) rekursiulad gadaTvladi ewodeba. Tu igive amocanisTvis arse-
bobs iseTi algoriTmi, romelic nebismieri sityvisTvis SeCerdeba da x ∈ LA SekiTxvaze swor pasuxsac
gagvcems, maSin aseT enas (amocanas) rekursiuli ewodeba.

savarjiSo 1.33: ra damokidebulebaa rekursiul amocanaTa da rekursiulad gadaTvladi amocanebis
simravleebs Soris? pasuxi daasabuTeT.

aRsaniSnavia, rom termini YrekursiuliA da Yrekursiulad gadaTvladiA 1930an wlebSi ganviTarebuli
rekursiuli funqciebis Teoriidan modis: nebismieri gamoTvladi funqcia SeiZleba aRiweros ramo-
denime martivi funqciis rekursiuli jaWvis agebiT. magram arsebobs iseTi funqciebic, romelTa gamo-
Tvlac am meTodiT ar SeiZleba an garkveul SemTxvevaSi ar SeiZleba (rogorc es wina ganmartebaSia
aRniSnuli).

rekursiulad gadaTvladi amocanis erT-erTi yvelaze cnobili magaliTia zemoT moyvanili PCP .
misi araamoxsnadobis damtkiceba cnobili araamoxsnadi amocanis, kerZod ki SeCerebis problemis masze
YdayvaniTA mtkicdeba (anu PCP amocanis meSveobiT SeCerebis amocanis gadaWris SesaZleblobiT - daa-
xloebiT ise, rogorc gadawyvetilebis amocaniT optimizaciis problemas vxsnidiT). dayvanis arssa da
teqnikas Cven SemdgomSi dawvrilebiT ganvixilavT.

savarjiSo 1.34: daamtkiceT, rom Semdegi amocanebi rekursiulad gadaTvladia (CaTvaleT, rom algo-
riTmis monacemi orobiT anbanzea mocemuli):

• mocemuli A algoriTmisTvis gansazRvreT, SeCerdeba Tu ara igi Bn, n ∈ N enis nebismier monacemze;

• mocemuli A algoriTmisTvis gansazRvreT, SeCerdeba Tu ara igi Bn, n ∈ N enis raime monacemze;

• ori A da B algoriTmisTvis gansazRvreT, arsebobs Tu ara w ∈ B∗ monacemi, romlisTvisac A(w) 6=
B(w).

savarjiSo 1.35: Semdegi gamonaTqvamebidan romelia WeSmariti da romeli - mcdari? pasuxi daasabuTeT

• Tu amocana rekursiulad gadaTvladia, igi aseve rekursiulicaa;

• Tu amocana rekursiulia, igi aseve rekursiulad gadaTvladicaa;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba ar SeCerdes raime x ∈ LK monacemze;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba ar SeCerdes raime x 6∈ LK monacemze;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba SeCerdes raime x 6∈ LK monacemze;

• K rekursiuli amocanis algoriTmi SeiZleba SeCerdes raime x 6∈ LK monacemze;

• K rekursiuli amocanis algoriTmi SeiZleba ar SeCerdes raime x 6∈ LK monacemze.



Tavi 2

amocanaTa sertificireba da masze
dafuZnebuli sirTulis NP da co-NP
klasi

2.1 sertificireba da sertifikati

ganvixiloT Semdeg naxazSi mocemuli grafi. arsebobs Tu ara masSi hamiltonis cikli?

v1

v2

v4

v3

v8

v6

v7

v5

v9

nax. 2.1: grafi hamiltonis ciklisa da oTx frad SeRebvis sertifikatiT

am SekiTxvaze pasuxis gacema zogadad rTulia. magram SesaZlebelia vinmem hamiltonis ciklis arseboba
daamtkicos Sesabamisi gzis warmodgeniT: (v3, v9, v2, v7, v5, v4, v8, v1, v6, v3).
cxadia, rom SesaZlebelia imis gadamowmeba, es SemoTavazebuli gza marTlac hamiltonis ciklia, Tu
ara.
Tu igive grafze davsvamT oTx frad SeRebvis amocanas, maSin SesaZlebeli iqneba am amocanis dadebiTi
pasuxis damtkiceba konkretuli SeRebvis mocemiT (nax. 2.1).

ganmarteba 2.1: Tu raime amocanisTvis SeiZleba SesaZlo amonaxsnis SemoTavazeba da am SemoTavazebuli
savaraudo amonaxsnis gadamowmebis algoriTmic arsebobs, am SemoTavazebul amonaxsns YsertifikatiA,
xolo gadamowmebis algoriTms ki sertificirebis procesi (an, mokled, sertificireba) ewodeba.

A amocanis sertificirebis algoriTms aRvniSnavT rogorc VA. cxadia, rom misi monacemebi iqneba TviT
am A amocanis raRac obieqti X da SemoTavazebuli pasuxi y. magaliTad, VHC(X, y), sadac X raRac
konkretuli grafia da y am grafis gzis sityva, romelic mis hamiltonis cikls unda aRwerdes.

savarjiSo 2.2: dawereT HC , CNk, V Ck da ISk amocanebis sertificirebis algoriTmebi. ra iqneba am
algoriTmebis monacemi da ra – pasuxi?

savarjiSo 2.3: ra iqneba VGI da VSGI monacemebi?

14
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2.2 NP klasi, sogorc swrafad sertificirebad amocanaTa simravle

yvela amoxsnadi amocana, romelic aqamde gvqonda ganxiluli, polinomur droSi, anu YswrafadA serti-
ficirebadi iyo. aseT problemebs calke klasSi (simravleSi) aerTianeben, romelsac NP ewodeba:

NP = {A | A amocana polinomur droSi sertificirebadia}

amocanebis (da, saerTod, gamosakvlevi obieqtebis) erT klasSi gaerTianeba imiTaa mosaxerxebeli, rom
maTi Semdgomi Seswavla da aRwera ufro mosaxerxebeli iyos. meore mniSvnelovani klasia P, romelic
polinomur droSi amoxsnadi amocanebisgan Sedgeba:

P = {A | A amocana polinomur droSi amoxsnadia}

cxadia, rom SesaZlebelia, raime amocana romelime klasSi Sediodes (anu iyos am klasisTvis damaxasi-
aTebeli Tvisebis matarebeli), magram es ar iyos cnobili. ase, magaliTad, ricxvis simartivis testis
amocanisTvis (romelsac aseve Prime ewodeba: mocemuli ricxvisTvis gansazRvreT, martivia igi Tu ara)
ar iyo cnobili swrafi (polinomuri) algoriTmi da mas sxvadasxva xerxiT (magaliTad SemTxveviTi al-
goriTmebiT) xsnidnen, magram XXI saukunis dasawyisSi indoelma mecnierebma polinomuri algoriTmi
gamoigones, riTic Prime ∈ NP damtkicda.
aseve ar aris cnobili, amoixsneba Tu ara V Ck amocana polinomur droSi, amitomac mas ver mivakuTvnebT
Pklass, Tumca araa gamoricxuli, rom es ase iyos.
cxadia, rom Tu amocana amoixsneba polinomur droSi, igi swrafad sertificirebadic iqneba, anu P ⊂ NP.

savarjiSo 2.4: daamkiceT, rom HC,CNk, V Ck, ISk, GI, SGI ∈ NP

savarjiSo 2.5: P=NP daSvebiT, ra Tviseba eqneba nebismier swrafad sertificirebad amocanas?

savarjiSo 2.6: daamtkiceT P ⊂ NP.

am savarjiSoTi mivuaxlovdiT Tanamedrove mecnierebis erT-erT udides Ria sakiTxs: radgan P ⊂ NP,
ar aris gamoricxuli, rom P = NP, magram aseve SesaZlebelia, rom P 6= NP (Teoriulad isicaa SesaZle-
beli, rom orive SemTxveva WeSmariti iyos, anu ori erTmaneTisgan damoukidebeli Teoria arsebobdes,
erTSi pirveli SemTxveva iyos WeSmariti, meoreSi ki misi uaryofa, magram es sakiTxi Cveni kursis far-
glebs cdeba).
romelia aqedan WeSmariti, es jer-jerobiT ucnobia, Tumca am sakiTxis gadaWraze Zalian bevri Teori-
uli da praqtikuli Sedegia damokidebuli.

2.3 NP da co-NP klasebi

ganvixiloT nebismieri gadawyvetilebis amocana A da Sesabamisi ena LA. am amocanis pasuxi unda iyos
YkiA, Tu x ∈ LA da YaraA, Tu x 6∈ LA.
axla YSevabrunoTA A amocana da SevqmnaT iseTi Ā amocana, romlisTvisac LĀ = L̄A. anu am amocanis
pasuxi unda iyos A amocanis pasuxis Sebrunebuli: YkiA, Tu monacemi x 6∈ A da YaraA, Tu x ∈ A.
Tu A ∈ NP, ra SeiZleba iTqvas Ā amocanaze? pirveli aris is, rom sulac ar aris aucilebeli, rom x 6∈ A
polinomur droSi iyos gadamowmebadi. ufro metic: radgan (rogorc wesi) {x 6∈ A} simravle gacilebiT
farToa, vidre A, unda vivaraudoT, rom nebismieri aseTi monacemis gadamowmeba polinomur droSi ver
unda moxerxdes.
ganmarteba 2.7:

co-NP = {Ā | A ∈ NP}.

cxadia, rom unda arsebobdes iseTi amocanebic, romlebic Sedian rogorc NP, aseve co-NP klasSi. aqedan
viRebT Semdeg sqemas, romelic savarjiSos saxiTaa moyvanili:

savarjiSo 2.8: ( lema 2.9: ) daamtkiceT, rom

P ∈ co-NP ∩NP
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P

NPco-NP

nax. 2.2: NP, co-NP da P simravleebis SesaZlo damokidebuleba

savarjiSo 2.10: analogiurad CamoayalibeT, ra unda iyos co-P.

am savarjiSoebidan cxadi xdeba, rom im SemTxvevaSi, Tu P=NP, co-NP=NP.

SeniSvna: am gamonaTqvamis Sebrunebuli (anu is faqti, rom Tu P 6=NP, maSin co-NP6=NP) damtkicebuli ar
aris.

analogiuri sakiTxebi – ra damokidebulebaa amocanaTa simravleebs Soris – Zalian mniSvnelovania
amocanaTa Seswavlisa da maTTvis swrafi algoriTmebis SeqmnisTvis da dawvrilebiT SemdgomSi iqneba
ganxiluli.

2.4 lakonuri sqemebi da amocanebi NP klasis miRma

bunebrivia SekiTxva: ra tipis amocana ar ekuTvnis NP klass? cxadia, rom yvela araamoxsnadi (maT
Soris rekursiulad gadaTvladi) amocana aseTi unda iyos. magram arsebobs Tu ara iseTi amoxsnadi
amocana, romelic ar iqneba swrafad sertificirebadi?
aRmoCnda, rom aseTi araerTi amocana arsebobs da maTi gagebisaTvis jer erTi mniSvnelovani konce-
fciis gaazrebaa saWiro.

ganmarteba 2.11: nebismieri n bitiani w ∈ Bn sityvis lakonuri sqema (succinct circuit representation, SCR)
ewodeba iseT S sqemas, romlis Sesabamisi f funqciis cxrilis Sedegi aris w, anu f(k2) = w(k), sadac k2

warmoadgens k ricxvs oroboT kodSi.

magaliTi 2.12: w = 11111101 sityvis lakonuri sqema sami elementisagan Sedgeba, radgan igi f(x0, x1, x2) =

x̄0 ∨ x1 ∨ x2 funqciis cxrilis Sedegia (nax. 2.3).
SeniSvna: unda aRiniSnos, rom, radgan sityvebSi cvladebis gadanomvra xdeba marjvnidan marcxniv,
xolo cxrilSi ki piriqiT, cxrilSi moyvanili funqciis Sedegi YSebrunebuliaA.

∨

∨

x2 x1 x0

f

x0 0 1 0 1 0 1 0 1
x1 0 0 1 1 0 0 1 1
x2 0 0 0 0 1 1 1 1

f 1 0 1 1 1 1 1 1

x0x1x2VVx0x1x20  0  00  0  10  1  00  1  11  0  01  0  11  1  01  1  110111111f

nax. 2.3: w = 11111101 sityvis lakonuri sqema da Sesabamisi funqciis cxrili

radgan nebismieri m cvladiani funqciis cxrilis Sedegis sigrZea 2m, n sigrZis w sityvis warmod-
gena unda SeiZlebodes log n cvladiani funqciiT, rac imas niSnavs, rom zog SemTxvevaSi Tavdapirvel
monacemTan SedarebiT eqsponenciuri mogeba SeiZleba gvqondes (aqve unda aRiniSnos, rom m cvladiani
funqciis zomac eqsponenciuri SeiZleba iyos da aranairi mogeba aRar gvqondes).
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erTis mxriv, aseTi lakonuri warmodgena Zalian momgebiania, radgan obieqtebi eqsponenciurad naklebi
resursebiT SegviZlia aRvweroT, magram, meores mxriv, Sedegis gadamowmebac eqsponenciurad did dros
SeiZleba moiTxovdes: Tu monacemis sigrZe k eqsponenciurad naklebia Sedegebis raodenobaze, maSin
cxadia, rom gadamowmebac Sesabamisad met dros SeiZleba moiTxovdes. aq ukve YgadamowmebisA sirTulis
pirveli idea gamoikveTa.

axla vnaxoT, Tu rogor SeiZleba warmovadginoT grafebi lakonuri sqemebis saSualebiT.

ganmarteba 2.13: G = (V,E) grafis lakonuri sqema ewodeba f : B2n → B funqciis realizacias, sadac

f(x0, ..., xn, y0, ..., yn) = 1 ⇔ (vk, vl) ∈ E, Tu (x0, ..., xn) da (y0, ..., yn) Sesabamisad k da l ricxvebis orobiTi
warmodgenaa.
sxva sityvebiT rom vTqvaT, Tu G grafis wveroebs gadavnomravT da maT nomrebs orobiT kodSi war-
movadgenT, imis Sesamowmeblad, aris Tu ara k da l wveros Soris wibo, unda SevamowmoT, maTi orobiTi
kodebis konkatenacia Tu gvaZlevs f funqciaSi Sedegs 1.

magaliTi 2.14: ganvixiloT 2.4 naxazSi mocemuli grafi, romlis Sesabamisi funqciis cxrilic iqvea moy-
vanili. x cvladis nacvlad nebismieri mniSvnelobis Casma SeiZleba (simartivisTvis aviRoT 0).

v0

v1

v2

x0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
x1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
y0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
y1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

f 0 1 0 x 1 0 1 x 0 1 0 x x x x xv0v1v2x0x1y00 1 0 1 0 1 0 1 0 1 0 1 0 1 0 10 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 y1f0 1 0 x 1 0 1 x 0 1 x x x x x x 

nax. 2.4: grafi Sesabamisi funqciis cxriliT

savarjiSo 2.15: daxazeT zemoT moyvanili grafis lakonuri sqema.

Tu grafs Sesabamisi lakonuri sqemiT aRvwerT, ramdenad naklebi sigrZis monacems miviRebT matriculi
saxiT aRwerasTan SedarebiT?

savarjiSo 2.16: dawereT programa, romelic G grafis lakonuri sqemis funqcias miiRebs monacemad

da wiboebis raodenobas daiTvlis. CaTvaleT, rom funqcia mocemulia dnf saxiT. rogor kodirebas
airCevdiT, rom monacemis aRweriloba rac SeiZleba patara iyos?
daiTvaleT am algoriTmis bijebis zeda zRvari.

rogorc naCvenebia naSromSi H. Galperin, and A. Wigderson (1983), "Succinct representations of graphs", Infor-
mation and Control, 56:3, pp. 183 - 198, am saxiT Cawerili grafisTvis hamiltonis ciklis amocana HC ar
aris gadamowmebadi polinomur droSi. mas Ylakonuri hamiltonis ciklisA amocana Succinct Hamiltonian
Cycle, mokled SHCewodeba.
aseve mtkicdeba, rom amdagvarad dasmuli HC,CNk, V Ck, ISk da mravali sxva amocanac ar ekuTvnis NP
klass.



Tavi 3

NP-sruli da NP-rTuli amocanebi

3.1 amocanebis erTmaneTze dayvanis principi

davuSvaT, mocemuli gvaqvs raime A amocana, romlis algoriTmic CvenTvis cnobili ar aris. Tu arse-
bobs iseTi B amocana CvenTvis cnobili algoriTmiT da iseTi algoriTmi RAB , romliTac A amocanis
nebismier X monacems ise gardavqmniT B amocanis iseT X ′ monacemad, rom am ukanasknelma pirveli amoca-
nis amoxsna mogvces (anu A(X) = B(X ′)), maSin amboben, rom A amocana B amocanaze daiyvaneba (ix. Semdegi
diagrama).

A(X)
?
=

RAB

��

Y

B(X ′) = Y

cxadia, rom RAB algoriTmic (romelsac aseve A amocanis B amocanaze dayvanis processac uwodeben)
swrafi unda iyos, rom aseT operacias raime azri qondes.
aseT SemTxvevaSi amboben, rom B amocana Yaranaklebi sirTulisaaA, vidre A da es cxadicaa: B amocanis
amoxsna ufro YmartiviA rom yofiliyo, maSin sawyis amocanas swrafad (YmartivadA) daviyvandiT masze,
amovxsnidiT da saerTo jamSi A amocanis amoxsnac martivi iqneboda.
am SemTxvevaSi weren: A ≤P B da amboben, rom A amocana B amocanaze daiyvaneba (polinomur droSi).

SeniSvna: aq naxmari terminebi YmartiviA da YrTuliA mkacrad SemdgomSi iqneba ganmartebuli, axla ki
intuiciis gasanviTareblad ufro zogadi aRweriT SemovifarglebiT.

am ideebis ukeT gasagebad ganvixiloT ramodenime magaliTi.

• ISk da Cliquek : Tu mocemulia izolirebuli simravlis amocana, misi grafis gardaqmna SeiZleba
Semdegnairad: kvanZebis simravle igive rCeba. Tu sawyis grafSi ori wvero wiboTi SeerTebuli
araa, gardaqmnil grafSi es ori wvero unda SeerTdes da piriqiT: Tu sawyis grafSi ori wvero
wiboTia SeerTebuli, maSin gardaqmnil grafSi maT Soris wibo ar iarsebebs. advili saCvenebelia,
rom aseT gardaqmnil grafSi sruli simravlis amocana pasuxs gagvcems izolirebuli simravlis
amocanaze, anu pirveli amocanis meoreze dayvana SeiZleba.

• V Ck da 3SAT : (es bolo amocana igivea, rac SAT , mxolod yovel frCxilSi zustad sami cvladia
warmodgenili)

dasawyisisTvis ganvixiloT kerZo magaliTi: mocemulia funqcia, romelic Cawerilia koniunqci-
uri normaluri formiT da Sedgeba 4 cvladisa da 3 diziunqiuri Canawerisagan (anu sami frCxili-
sagan, romelSic aseve sami cvladi Sedis):

F (x1, x2, x3, x4) = (x1 ∨ ¬x2 ∨ x3)(x1 ∨ x2 ∨ x4)(x2 ∨ ¬x3 ∨ ¬x4).

18
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yovel cvladsa da mis uaryofas SevusabamoT erTmaneTTan wiboTi SeerTebuli TiTo kvanZi grafSi,
xolo yovel diziunqciur Canawers SevusabamoT sami erTmaneTTan wiboTi SeerTebuli kvanZi (ix.
nax. 3.1). Tu diziunqciur CanawerSi (frCxilSi) Sedis romeliRaca cvladi xi an ¬xi, am cvladis (an
misi uaryofis) Sesabamisi kvanZi Canaweris erT-erT kvanZs uerTdeba wiboTi.

nax. 3.1: reduqciis sqema

advili saCvenebelia, rom k cvladiani da c diziunqciur Canaweriani mocemuli funqciis aseTi
saxiT gardaqmnis Sedegad miRebuli grafi gadaifareba k + 2c kvanZiT maSin da mxolod maSin, Tu
es funqcia SeiZleba WeSmariti gaxdes cvladebis garkveuli mniSvnelobebisaTvis (Tu arsebobs
cvladebis aseTi mniSvnelobebi, maSin unda SeirCes maTi Sesabamisi kvanZebi).

zogadad, yoveli cvladisTvis SevqmniT or kvanZs, romelic wiboTia erTmaneTTan dakavSirebuli;
aseve yoveli frCxilisTvis SevqmniT sam kvanZs da maTac SevaerTebT (miviRebT imden samkuTxeds,
ramdeni frCxilic gvaqvs, Tanac TiTo kvanZs frCxilis TiTo cvladi Seesabameba). bolos, Tu fr-
CxilSi gvxvdeba raime cvladi an misi uaryofa, Sesabamisi cvladis an misi uaryofis Sesabamisi
wvero am frCxilis Sesabamisi samkuTxedis romelime wveros ukavSirdeba. ase Seqmnili grafi unda
gadaeces gadafarvis V Cm amocanas. sadac m = k+ 2c. aq k cvladebis, c ki frCxilebis raodenobaa.

savarjiSo 3.1: aCveneT, rom zemoT moyvanili grafi gadaifareba k + 2c wveroTi maSin da mxolod

maSin, Tu Sesabamisi funqcia araa nulovani.

savarjiSo 3.2: dawereT programa, romelic 3SAT Sesabamisad mocemuli diziunqciuri formidan
zemoT aRniSnul grafs gamoiTvlis (da SeZlebisamebr daxazavs).

• CNk da ISm:

savarjiSo 3.3: aCveneT, rom CNk ≤P ISm

Tu A ≤P B da B ≤P A, maSin amboben, rom orive amocana erTi da imave sirTulisaa da weren A =P B.

savarjiSo 3.4: aCveneT, rom V Ck = CNp da V Ck = ISp (gaiTvaliswineT, rom SesaZlebelia k 6= p).

3.2 NP rTuli da NP sruli amocanebi

ganmarteba 3.5: Tu amocanaTa raime klasidan (simravlidan) yvela amocana raime S amocanaze daiyvaneba,

mas am klasis mimarT rTuli ewodeba. bunebrivia, radgan Cveni ganxilvis mTavari obieqti NPklasia,
amitomac pirvel rigSi NP-rTul amocanebs ganvixilavT.
NPrTuli amocana iseTic SeiZleba iyos, romelic TviTon ekuTvnis am klass. am SemTxvevaSi mas NP-
sruli ewodeba.

bunebrivia SekiTxva: arsebobs ki iseTi amocana, romelzedac NPklasis nebismieri amocana daiyvaneba?
aseTi amocanebis arseboba Zalian saintereso Sedegebis gamomwvevi iqneboda, radgan mxolod NP-sruli
S amocanis amoxsniT nebismieri sxva A ∈ NP amocanis amoxsnis gzas vipovnidiT: A amocanas daviyvandiT
S amocanaze da misi amoxsniT sawyisi amocanis pasuxsac miviRebdiT (ra Tqma unda, TviTon dayvanis
algoriTmis povnac saWiroa, magram es ufro advilia, miT umetes, rom aseTis arseboba garantirebulia).

aRmoCnda, rom NP-sruli da, Sesabamisad, NP-rTuli amocanac Zalian bevri arsebobs.
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imis saCveneblad, rom raime A amocana NP-srulia, sakmarisia imis Cveneba, rom raime ukve cnobili
NPsruli amocana S masze daiyvaneba: Tu viciT, rom nebismieri X ∈ NP amocanisTvis X ≤P S da S ≤P A,
maSin X ≤p A.

savarjiSo 3.6: daamtkiceT A ≤P B ≤P C ⇒ A ≤P C (miniSneba: gaiazreT, ras niSnavs X ≤P Y da Semdeg
erTmaneTis miyolebiT analogiuri algoriTmebis Catareba ramdenad swraf algoriTms mogvcems).
SeniSvna: am savarjiSos erTi saintereso YmaxeA aqvs, romelic aucileblad unda gaiTvaliswinoT: Tu
vinme ecdeba A amocanidan B amocanaze dayvanis RAB algoriTmisa da, Sesabamisad, RBC dayvanis al-
goriTmebis Cveulebrivi YkompoziciiTA A amocanidan C amocanaze dayvanis RAC algoriTmis agebas,
SeiZleba Semdeg problemas waawydes: x ∈ A monacemis gardaqmnisas miviRoT gacilebiT ufro grZeli
monacemi, vidre |x| (anu A amocanidan C amocanaze dayvanis algoriTmis monacemis sigrZe), rac calke
RBC algoriTmis muSaobis droze ar imoqmedebda (radgan drois zeda zRvari am grZeli monacemis
sigrZesTan SedarebiT didi ar iqneboda), magram sawyisi x monacemis sigrZesTan SedarebiT kompozicia
cud Sedegs moitans.

rogorc zemoT naTqvamidan da savarjiSoebiden Cans, SedarebiT advili unda iyos erTi amocanis meo-
reze dayvanis procesis povna (Tumca Cven aq SedarebiT martiv magaliTebs ganvixilavdiT: es procesi
ufro rTulic SeiZleba iyos, magram Zalian rTuli araa). gacilebiT ufro rTulia pirveli NP-sruli
amocanis povna, rodesac, araformalurad rom vTqvaT, pirveli xelmosaWidi ar gvaqvs da unda damtki-
cdes, rom yvela amocana masze SeiZleba daviyvanoT.
NPrTuli amocanebis Teoria 1970ani wlebis dasawyisSi ganviTarda amerikeli mecnieris stiven kukis
(Stephen Cook) da, misgan damoukideblad, moskoveli mecnieris leonid levinis SromebSi –orivem aseTi
sruli problemis arseboba daamtkica, Tumca sxvadasxva gziT. samecniero literaturaSi es Sedegi
kuk-levinis Teoremis saxeliTaa cnobili.
kukis Teorema gveubneba, rom SAT amocana NP-srulia. am Sedegis praqtikuli mniSvneloba gamoCnda
amerikeli mecnieris riCard karpis (Richard Karp) 1972 wels gamoqveynebul naSromSi, sadac man 21 amo-
canis NPsruloba daamtkica: iqidan gamomdinare, rom SAT NPsrulia, man es amocana daiyvana 3SAT
problemaze, Semdeg es ukanaskneli V C amocanaze, Semdeg es IS-ze da a.S. amdagvari jaWviT yvela am amo-
canis NPsruloba damtkicda. dReisaTvis am klasis aTasobiT amocana arsebobs, romelTa Teoriul da
praqtikul mniSvnelobas Cven SemdgomSi ganvixilavT.

marTalia, pirveli konkretuli NPsruli amocana aris SAT , simartivisTvis Cven e.w. CirquitSAT (an, ro-
gorc zogierTi avtori mokled aRniSnavs, CSAT ) amocanis NPsrulobas davamtkicebT da aqedan gamom-
dinare avagebT jaWvs CSAT ≤P SAT CvenebiT.
TviT CSAT aris igive SAT amocanis analogi, romelic sqemebzea gadatanili: mocemulia f : Bn → B
funqciis sqema C . arsebobs Tu ara misi iseTi monacemi, rom C iZleodes pasuxs 1 ?

Teorema 3.7 CSAT amocana NP-srulia

damtkiceba: davuSvaT, mocemulia raime A ∈ NP amocana. misTvis unda arsebobdes sertificirebis

algoriTmi VA(X, y), romelic A amocanis X obieqtisTvis y SemoTavazebul pasuxs polinomur droSi
gadaamowmebs (magaliTad, A SeiZleba iyos hamiltonis ciklis amocana, X raime konkretuli grafi da
y am grafis raime gza). zogadobis SeuzRudavad davuSvaT, rom X da y monacemebi orobiT anbanSia
Cawerili.
Tu vaCvenebT, rom polinomur droSi SesaZlebelia VA(X, y) algoriTmis Sesabamisi sqemis ageba (anu
iseTi CVA sqemis, romelic X da y monacemebis Sesabamis Semaval signalebze igive pasuxs mogvcems, ro-
gorc VA(X, y), yvelaferi damtkicebuli iqneba: Tu mocemuli gveqneba A amocanis raime X ′ obieqti da
unda davadginoT, gvaZlevs Tu ara A(X ′) pasuxs YkiA, SesaZlebeli iqneba CVA sqemaSi X ′ Sesabamisi sig-
nalebis dafiqsireba, Semdeg amis gaTvaliswinebiT am sqemis gamartiveba (rac wina semestrSi gvqonda),
riTac miviRebT sqemas SCVA, sadac CVA sqemisgan gansxvavebiT gveqneba mxolod y elementebis Sesaba-
misi monacemebis Semomavali signalebi. ase rom, Tu CSAT (SCVA) amocana gvetyvis pasuxs YkiA, maSin unda
arsebobdes iseTi y monacemi, romlisTvisac VA(X ′, y)=YkiA, rac imas niSnavs, rom mocemuli A(X ′)=YkiA.
da Tu CSAT (SCVA) amocana gvetyvis pasuxs YaraA, maSin ar unda arsebobdes iseTi y monacemi, romlis-
Tvisac VA(X ′, y)=YkiA, anu A(X ′)=YaraA.

zemoT naTqvamidan gamomdinare, dasamtkicebelia Semdegi lema:
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lema 3.8: nebismieri R algoriTmidan, romlis drois funqciaa fR(n), O(fR(n)const) droSi SeiZleba aigos

Sesabamisi CR sqema.

damtkiceba: aq Cven ara mkacr damtkicebas, aramed ZiriTad ideas moviyvanT. yoveli algoriTmi SegviZlia

ganvixiloT, rogorc raRac x1, ..., xk cvladebis mimdevroba, romelzedac yovel bijze xi = φ(yj , yl) ope-
racia tardeba, sadac yj , yl an cvladebi, an mudmivebia (mag. x3 = x507 + x3, an x9 = x71 · 12 da a.S.).
yoveli xi cvladisTvis, romelic Segvxvdeba Cvens algoriTmSi, ganvaTavsoT (TiTo cvladisTvis Sesa-
bamisi bitebis raodenobis) vertikaluri mavTulebi.
cxadia, rom yoveli φ operaciisTvis SesaZlebelia fiqsirebuli sqemis Seqmna (im pirobiT, Tu monace-
mebis bitebis raodenoba winaswaraa dafiqsirebuli).
Tu gvaqvs gamosaxuleba xxi

= φm(xxj
, xxl

), sadac φ raime konkretuli operaciaa, misi realizacia Sei-
Zleba qvemoT moyvanili sqemiT.

x1 xk

xlxjx1 xk

Selecth Selecth

φ
m

xk x1

x1 xk

xj
x xl

x

xj
x xl

xφ
m

( ),

Storek

xj
x xl

xφ
m

( ),xi
x =

xi
x

nax. 3.2: xxi
= φm(xxj

, xxl
) sqema

aq cvladebis mimdevroba gamosaxulia, rogorc daStrixuli zoli, romelsac Cven YmonacemTa zolsA
vuodebT. am zolidan SesaZlebelia nebismier adgilze saWiro informaciis (am SemTxvevaSi cvlade-
bis Sesabamisi mavTulebis) gamotana. Selecth iseTi sqemaa, romelic zemodan miRebuli cvladebidan (am
SemTxvevaSi yvela cvladidan) airCevs meimdenes, rac marjvena signalebSia kodirebuli, xolo Storen
misi Sebrunebulia: zemodan iRebs yvela cvlads da aseve gamoTvlis Sedegs, qvemoT ki gamouSvebs
ucvlelad yvela cvlads erTis garda: marjvniv miRebul informaciaSi kodirebuli ricxvis pozi-
ciaze mdgar cvlads Secvlis gamoTvlis SedegiT.
saboloo jamSi miviRebT cvladebis aqtualur mimdevrobas.
Tu algoriTmis yovel striqonSi Caweril brZanebas am meTodiT gadavakeTebT sqemebad, maTi erTi meo-
reze vertikalurad gadabmis Sedegad miviRebT am algoriTmis Sesabamis sqemas, sadac gamosasvlel
signalebSi kodirebuli iqneba sawyisi cvladebis saboloo mniSvnelobebi Tavdapirvelad mocemuli
mimdevrobiT.
Tu algoriTmis nawilSi Cawerilia

if(P)
then kodi C1

else kodi C2
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misi Sesabamisi sqema iqneba

C1

x1 xk

Mux h

C2 P

nax. 3.3: if(P) then C1 else C2 sqema

bolos gasarkvevia, Tu rogor SeiZleba ciklis realizacia:

for(P)
{ kodi C }

pirvel rigSi unda ganvsazRvroT, Tu maqsimum ramdenjer SeiZleba datrialdes cikli da C kodis
Sesabamisi sqemac amdenjer gadavabaT vertikalurad erTmaneTs.
meore sakiTxia, Tu am jaWvis romeli komponentis gamoTvla unda iyos saboloo (cxadia, rom umetes
SemTxvevaSi cikli ufro naklebjer datrialdeba).
amisaTvis SemoviRoT erTi damatebiTi cvladi Counteri (romelic aseve saerTo cvladebis mimdevrobaSi
iqneba romelime poziciaze) da cikli Semdegnairad gadavweroT:

Counteri = 0;
for(P)
{
Counteri = Counteri + 1;
kodi C
}

zemoT xsenebuli jaWvis m-ur komponentSi mowmdeba piroba Counteri ≥ m da Tu es asea, pasuxad am
komponentis gamoTvla iqneba gadacemuli, winaaRmdeg SemTxvevaSi ki – wina komponentis (nax. 3.4)

x1 xk

C ‘

Mux h

Counter   >= 1i

P  WeSmaritia C ‘

Mux h

1

Counter   >= 2i

P  WeSmaritia C ‘

Mux h

1

Counter   >= mi

P  WeSmaritia

nax. 3.4: for ciklis sqema

SeniSvna: aq CavTvaloT, rom Counteri = 0 operacia ukve realizebulia da C ′ sqema C kodis realize-
basac da mTvlelis gazrdasac moicavs. amas garda, P gamonaTqvami yvela SrisTvis sxvadasxva cvlads
moicavs da, aqedan gamomdinare, raRac adgilidan dawyebuli mcdari iqneba.

cxadia, rom am meTodiT nebismieri algoriTmis sqemis Seqmna SeiZleba da am sqemis YSreebisA raodenoba
algoriTmis maqsimaluri bijebis raodenobis mudmiv xarisxs (ufro zustad, kubs) ar gadaaWarbebs.



3.2 NP rTuli da NP sruli amocanebi 23

r.d.g.

savarjiSo 3.9: axseniT, Tu ris gamo iqneba zemoT moyvanili jaWvis raRac adgilamde P gamonaTqvami
WeSmariti da Semdeg ki – yvelgan mcdari. ra tipis pirobaa P?

savarjiSo 3.10: axseniT, Tu ratom SeiZleba gaxdes saWiro yovel ciklSi Tavisi mTvlelis SemoReba.
ratom ar SeiZleboda erTi mTvleliT operireba?

pirveli NP-sruli amocanis gamoyofis Semdeg unda aigos garkveuli YjaWviA im amocanebTan, romlebic
Cven aqamde ganvixileT da romlebic erTi meoreze daviyvaneT. amiT damtkicdeba am TiToeuli amocanis
NP-srulobac.
logikuri iqneboda, Tu CSAT amocanas SAT amocanaze daviyvandiT: mocemuli sqemisTvis CavwerdiT
Sesabamis funqcias koniunqciuri normaluri formiT. cxadia, Tu es funqcia dakmayofildeba, maSin
aseve dakmayofildeba Tavdapirveli sqemac.
magram es midgoma garkveul xifaTs Seicavs: rogorc wina semestris masalidanaa cnobili, funqciis
diziunqciuri normaluri formis povna eqsponenciur dros moiTxovs (cvladebis raodenobasTan Seda-
rebiT), Cven ki polinomuri dayvana gvainteresebs.

am sakiTxis mogvarebaSi gvexmareba e.w. Ycaitinis gardaqmnaA (Tseytin transformation).
Teorema 3.11 mocemulia sqema, romelic iyenebs mxolod NOR komponents (anu x · y). misi Sesabamisi fun-

qcia polinomur droSi Caiwereba koniunqciuri normaluri formiT.

damtkiceba: z = x · y gamosaxulebaSi Semavali x, y, z sameulis urTierTdamokidebuleba (anu ra kombina-

ciebia dasaSvebi) gamoixateba funqciiT (x∨z)(y∨z)(x̄∨ ȳ∨ z̄) (es gamosaxuleba iRebs mniSvnelobas 1 maSin
da mxolod maSin, Tu z cvladis mniSvneloba x da y cvladebis mniSvnelobaTa koniunqciis uaryofaa).
ganvixiloT mocemuli C sqema (magaliTisTvis ganvixiloT sqema, romelic naCvenebia naxazSi 3.5).

& &

&
&

x1

x2

x3

x4

y1

y2 y3 Out

nax. 3.5: NOR elementebze agebuli sqema cvladebiT

yoveli NAND elementis gamomavali signalic calke cvladiT movniSnoT, xolo am sqemis gamomaval
signals vuwodoT Out.
maSin qveda marcxena NAND elementis aRwera SeiZleba gamosaxulebiT (x1 ∨ y1)(x2 ∨ y1)(x̄1 ∨ x̄2 ∨ ȳ1),
marcxena zedasi – (x3∨y2)(x4∨y2)(x̄3∨ x̄4∨ ȳ2), Sua elementis rogorc (y1∨y3)(y2∨y3)(ȳ1∨ ȳ2∨ ȳ3) da bolo
elementis – (y1 ∨Out)(y3 ∨Out)(ȳ1 ∨ ȳ3 ∨Out).
qarTuli sityvebiT rom vTqvaT, yoveli gamosaxuleba gveubneba: Yy1, y2, y3 da Out gamoTvlis kanonieri
Sedegia. imisaTvis, rom gavarkvioT, iRebs Tu ara es sqema odesme mniSvnelobas 1, sakmarisia am gamosa-
xulebebis koniunqciebiT Sekvra da – radgan gvainteresebs, aris Tu ara Sedegi 1 – TviT Out cvladic
koniunqciiT unda mivuweroT. Sedegad viRebT:

(x1 ∨ y1)(x2 ∨ y1)(x̄1 ∨ x̄2 ∨ ȳ1)&
(x3 ∨ y2)(x4 ∨ y2)(x̄3 ∨ x̄4 ∨ ȳ2)&
(y1 ∨ y3)(y2 ∨ y3)(ȳ1 ∨ ȳ2 ∨ ȳ3)&
(y1 ∨Out)(y3 ∨Out)(ȳ1 ∨ ȳ3 ∨Out)&Out

savarjiSo 3.12: daamtkiceT, rom am meTodiT Sedgenili koniunqciuri normaluri forma mogvcems sawyisi

sqemis funqcias.

savarjiSo 3.13: daamtkiceT, rom nebismieri sqema SegviZlia gadaviyvanoT mxolod NOR elementebiT

agebul sqemaSi (koniunqcia, diziunqcia da uaryofa aRwereT NOR elementebis gamoyenebiT).

am savarjiSoebiT mTeli damtkiceba dasrulebulia.
r.d.g.
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araamoxsnadobisa da NP sruli
amocanebis praqtikuli mniSvneloba

NPklasisa da misTvis rTuli an sruli amocanebis ukeT SeswavlisTvis saWiroa aseve imis gaazreba, Tu
ra kavSirSia igi mis gareT mdgom (kerZod ki araamoxsnad amocanaTa) simravlesTan. aq arsebobs erTi
mniSvnelovani faqti, romelsac Cven axla ganvixilavT.

4.1 SeCerebis amocanis NP-rTuloba

sainteresoa is faqti, rom arsebobs iseTi araamoxsnadi amocana (kerZod ki SeCerebis amocanaH), romel-
zedac yvela rekursiuli amocana daiyvaneba. es ki imas niSnavs, rom SeCerebis amocana yvela amoxsnad
amocanaze YrTuliA unda iyos. ra Tqma unda, es faqti pirdapir praqtikul Sedegs ver mogvcems, radgan
araamoxsnadi amocanis realizaciac arafers mogvcems, magram misi gamoyenebiT mniSvnelovani Teori-
uli da, aqedan gamomdinare, praqtikuli Sedegebis miReba SeiZleba.
sanam konkretuli Teoremis damtkicebas ganvixilavT, jer unda gaviazroT, Tu ras niSnavs erTi amoca-
nis meoreze dayvana am amocanebis Sesabamisi enis terminebSi.
ganvixiloT simravle LH , romelic iseTi K algoriTmisa da X monacemis (K,X) wyvilebisgan Sedgeba,
rom K(X) aucileblad SeCerdeba.
axla ki ganvixiloT nebismieri rekursiuli A amocanis Sesabamisi ena LA, romelic im X monacemebisgan
Sedgeba, romelTaTvisac A(X) =YkiA.
dayvanis algoriTmiT A amocanis X monacemi unda gadavakeToT iseT A′ algoriTmsa da X ′ monacemSi,
rom X ∈ LA ⇔ (A′, X ′) ∈ LA.

amis gaTvaliswinebiT davamtkicoT

Teorema 4.1 SeCerebis amocana NP-rTulia.

damtkiceba: ganvixiloT nebismieri gadawyvetilebis amocana NPklasidan. radgan igi rekursiulia,

unda arsebobdes Sesabamisi algoriTmi A, romelic mas amoxsnis (im faqts, rom es algoriTmi Zalian
neli - eqsponenciuric ki SeiZleba iyos, aq aranairi mniSvneloba ar aqvs, radgan Cven ubralod amoxs-
nadoba da ara misi siswrafe gvainteresebs).
Cven gvainteresebs, Tu ra pasuxs mogvcems A algoriTmi X monacemze, anu A(X).
SevqmnaT algoriTmi HA Semdegnairad:

algoriTmi 4.1: HA

. mocemulia: algoriTmi A da misi monacemi X

1: w = A(X);
2: while(¬w)

24
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cxadia, rom es algoriTmi SeCerdeba maSin da mxolod maSin, Tu A algoriTmi X monacemze mogvcems
pasuxs YkiA. aqedan gamomdinare, Tavdapirveli amocana daviyvaneT SeCerebis amocanaze: Tu HA SeCerdeba,
Tavdapirveli amocanis pasuxi yofila YkiA da Tu ar SeCerdeba, Tavdapirveli amocanis pasuxi iqneboda
YaraA.

bunebrivia SekiTxva: arsebobs Tu ara iseTi amocana NPklasis miRma, romelic ar iqneba NP-rTuli? Tu
am klasis gareT yvela amocana ufro YrTuliaA, vidre am klasSi Semavali?
cnobili Teorema, romelsac dawvrilebiT SemdgomSi ganvixilavT, gveubneba, rom nebismieri sirTulis
amocanaze ufro rTuli amocanis Sedgenaa SesaZlebeli (anu Ymjobnis mjobni ar dailevaA). magram aq
gvainteresebs, arsebobs Tu ara ufro Ysusti A amocana NPklass gareT?
Tu ganvixilavT zemoT naxseneb co-NP klasis srul amocanebs, co-NP 6=NPdaSvebiT, es amocana ver iqneba
NP-rTuli. magram es mxolod mniSvnelovani daSvebiT, rac jer-jerobiT ucnobia.

4.2 NP-sruli amocanebis mniSvneloba

mas Semdeg, rac 1972 wels riCard karpma Tavis cnobil statiaSi SAT amocanidan gamomdinare dayvanis
principiT 21 amocanis NPsruloba daamtkica, am sakiTxis mimarT interesi ar Senelebula. amis ZiriTadi
mizezi aris is, rom nebismieri NPsruli amocanis swrafad amoxsna sxva nebismieri sertificirebadi
amocanis swrafad amoxsnas niSnavs da im dros bevrma mkvlevarma swored romelime NPsruli amocanis
swrafad amoxsnaSi dainaxa mTavari problema.
samwuxarod, uamravi mcdelobis miuxedavad, verc erTi aseTi amocana swrafad ver gadaWrila, Tumca
amis imedi bevrjer gaCenila da dResac - TiTqmis naxevari saukunis Semdeg –kidev ar mileula, Tumca
sagrZnoblad ki Semcirda.
meore mizezi, Tu ratomaa NP-sruloba aseTi mniSvnelovani, misi YuniversaluribaaA: radgan yvela amo-
cana am tipis problemebze daiyvaneba, isini ama Tu im formiT iCenen Tavs sxvadasxva, erTi SexedviT
Sors mdgom amocanebSic. aqedan gamomdinare, Tu gvecodineba YgadakeTebuliA NPsruli amocanis raime
saxiT gadaWris gzebi, es SeiZleba bevri sxva amocanis gadaWraSi dagvexmaros.
radgan erTi NPsruli amocanis swrafi amoxsna yvela danarCenis swraf amoxsnasac gamoiwvevs, es faqti
ki Zalian gasakviri iqneboda NPsruli amocanebis erTmaneTisagan sakmaod gansxvavebuli struqturisa
da erTi SexedviT YmartiviA amocanebTan SedarebiT aSkara sirTuleebis gamo, dReisaTvis mkvlevarTa
absoluturi umravlesoba miiCnevs, rom am klasis amocanebis zust amoxsnaze drois kargva araa mizanSe-
wonili da maTi gadaWris alternatiul gzebs eZebs (magaliTad miaxloebiTi algoriTmebi, sadac op-
timizaciis amocanas raime patara misaRebi cdomilebiT amovxsniT, an albaTuri algoriTmebiT, rom-
liTac gamoTvlili pasuxi didi albaTobiT sworia, magram SesaZlebelia arasworic iyos, magram am
algoriTmis bevrjer gaSvebisas yvelaze xSirad miRebuli pasuxi praqtikulad swori iqneba, Tumca
Secdomis albaToba mainc iarsebebs da a.S.).
yovelive zemoT Tqmulidan gamomdinare, ucnobi amocanisTvis pirvel rigSi gasarkvevia, aris Tu ara
igi NPsruli da Tu aris, amoxsnis alternatiuli gzebia saZebni.

imisaTvis, rom raime axali amocanis NPsruloba damtkicdes, saWiroa raime cnobili NPsruli amo-
canis masze dayvana. Teoriulad nebismieri cnobili sruli amocanis dayvana unda iyos SesaZlebeli,
magram, rogorc praqtikam gvaCvena, raime konkretul amocanaze zogi sawyisi NPsruli amocanidan day-
vana gacilebiT ufro martivia, vidre sxva sawyisi amocanidan.
gamocdilebidan gamomdinare, advili dayvanis sapovnelad oTx sawyis NPsrul amocanas ganixilaven:

• V Ck (wiboebis gadafarva): gamoiyeneba iseT amocanebze dasayvanad, romlebic grafebSi amorCevas
exeba;

• HP (hamiltonis gza): amocanebisTvis grafebze, romlebic damokidebulia gadalagebebsa da mar-
Srutizaciaze;

• IP (ricvTa dayofa: mocemulia naturalur ricxvTa simravle; SeiZleba Tu ara misi dayofa or qve-
simravled ise, rom TiToeul qvesimravleSi SesulricxvTa jami toli iyos?): iseTi amocanebisTvis,
romelTa sirTule damokidebulia did ricxvebze;
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• 3-SAT (samcvladiani dnf funqciebis Sesrulebadoba): iseTi amocanebisTvis, romlebsac arc erTi
zemoT CamoTvlili sawyisi amocana ar Seesabameba.

savarjiSo 4.2: ganixileT zurgCanTis diskretuli amocana: mocemulia zurgCanTa W moculobiT da
n cali tvirTi, TiToeuli moculobiT a1, ..., an. SeiZleba Tu ara ai1 , ..., aik tvirTis SerCeva ise, rom
zurgCanTa mTlianad Seivsos (anu ai1 + · · ·+ aik = W )?
daamtkiceT am amocanis NPsruloba.

savarjiSo 4.3: ganixileT zurgCanTis amocanis dinamiur daprogramebaze dafuZnebuli algoriTmi (ix.
wina semestris masala).
ra aris am algoriTmis drois zeda zRvari?

savarjiSo 4.4: ganixileT qvegrafis izomorfulobis amocana SGI . romeli sawyisi amocanidanaa misi

NPsrulobis damtkiceba yvelaze mosaxerxebeli? daiyvaneT es amocana qvegrafis izomorfizmze.

savarjiSo 4.5: daamtkiceT Semdegi amocanis NPsruloba.

programaTa eqvivalenturoba: mocemulia cvladebis sasruli simravle X da mniSvnelobaTa sasruli
simravle V , aseve ori programa P1 da P2, romelic Semdegi tipis brZanebebisgan Sedgeba:

x0 ←− if(x1 = x2) then x3 else x4

arsebobs Tu ara X simravlis cvladebis iseTi mniSvnelobebi V simravlidan, rom P1 da P2 programa
sxvadasxva pasuxs iZleodes? an, sxva sityvebiT rom vTqvaT, iZleva Tu ara es ori programa erTsa da
imave monacemze erTsa da imave pasuxs?

4.3 aragamoTvladi funqciebis gamoyeneba

rac ar unda gasakviri iyos, aragamoTvladi funqcia SeiZleba Zalian mniSvnelovan rols TamaSobdes
praqtikaSi. erT-erTi aseTi gamoyenebis sademonstraciod ganvixiloT e.w. Ysaqmiani TaxvisA amocana.
rogorc cnobilia, Taxvebi uaRresad bejiTi cxovelebi arian: gadadian tyeSi, iReben morebs, mdinareSi
micuraven da wyalsagubeblebs aSeneben. aseT iqiT-aqeT sirbils Taxvi Tavs ar anebebs, sanam Tavis
samuSaos bolomde ar daasrulebs. Taxvebis msgavsad moqmedebs algoriTmic: gamoTvlis procesSi
cvladebs Soris iqiT-aqeT darbis da mexsierebaSi garkveul simboloebs wers.
1962 wels ungrelma maTematikosma tibor radom wamoayena Ysaqmiani TaxvisA amocana: mocemulia oro-
biT kodSi Cawerili n sigrZis algoriTmi, romelic muSaobas carieli sityviT (rogorc monacemi) da
nulis toli cvladebiT iwyebs da rodesRac Cerdeba. ramdeni 1 iqneba dawerili mexsierebiaSi manqanis
gaCerebis Semdeg? da zogadad: maqsimum ramdeni 1 SeiZleba daweros n sigrZis algoriTmma gaCerebamde,
Tu igi muSaobas carieli mexsierebiT (nulis toli cvladebiT) daiwyebs? am ricxvs gamosaxaven Σ(n)
funqciiT, romelsac rados funqcias uwodeben. analogiurad SeiZleba davsvaT SekiTxva: maqsimum ram-
deni bijis Semdeg gaCerdeba n sigrZis algoriTmi? es ricxvi aRiniSneba funqciiT S(n) (Tu algoriTmi
ar SeCerdeba, maSin S(n) = 0). rogorc damtkicebulia, es orive funqcia ufro swrafad izrdeba, vidre
nebismieri gamoTvladi funqcia, anu orive aragamoTvladia:

n 1 2 3 4 5 6

Σ(n) 1 4 6 13 ≥ 4098 ≥ 101439

S(n) 1 6 21 107 ≥ 47.176.870 ≥ 102879

SeniSvna: rados funqcia ganisazRvreba e.w. tiuringis manqanebiT - gamoTvlis modeliT, romelic stan-
dartuladaa miCneuli. aq Cven mis analogs ganvixilavT, romelic intuiciur doneze (simkacris xarjze)
Sedegebis mniSvnelobas warmoaCens.

am funqciebis gamouTvladobis miuxedavad, uaRresad didi mniSvneloba aqvs maT daTvlas konkretuli
n-Tvis. magaliTad, Tu SevadgenT zemoT naxseneb algoriTms, romelic rig-rigobiT gadaamowmebs natu-
ralur ricxvebs da gaCerdeba maSin da mxolod maSin, Tu iseT luw ricxvs aRmoaCens, romelic ar war-
modgeba ori martivi ricxvis jamis saxiT, maSin SeiZleba goldbaxis hipoTezis Semowmeba: daviTvliT



4.3 aragamoTvladi funqciebis gamoyeneba 27

am algoriTmis sigrZes n, gamoviTvliT S(n) funqcias da am manqanas vamuSavebT S(n) bijis ganmavlobaSi.
Tu igi am droSi ar SeCerda, ese igi aRarasdros SeCerdeba da Cven ricxvTa Teoriis erT-erT umniSvnelo-
vanes sakiTxs gadavWriT.
samwuxarod, jer-jerobiT aseTi perspeqtiva sakmaod bundovania.

savarjiSo 4.6: daamtkiceT, rom S(n) funqcia araa gamoTvladi.

miniSneba: SeCerebis amocana daiyvaneT S(n) funqciis gamoTvlis amocanaze.

savarjiSo 4.7: daamtkiceT Semdegi gamonaTqvamis WeSmariteba:

(A aragamoTvladia, A ≤p B)⇔ (B aragamoTvladia)

am savarjiSodan gamomdinareobs mniSvnelovani Teorema:

Teorema 4.8 nebismieri aragamoTvladi amocana nebismier gamoTvlad amocanaze rTulia.



Tavi 5

P vs. NP

Tanamedrove mecnierebis erT-erTi umniSvnelovanesi Ria sakiTxia P vs. NP amocana, romlis Camoya-
libebasac, faqtiurad, wina Tavebis masala mivuZRveniT. im faqtidan gamomdineare, rom mkacrad verc
tolobisa da verc utolobis damtkiceba ver moxerxda, mecnierebma imaze daiwyes fiqri, Tu ra moxdeba
ama Tu im variantis WeSmaritebis SemTxvevaSi. am sakiTxebis gamokvlevas eZRvneba am Tavis Tema, sadac
boloSi erTi Zalian mniSvnelovani Teorema damtkicdeba Sualeduri enis arsebobis Sesaxeb.

5.1 P vs. NP amocana da misi gadaWris variantebi

P vs. NP amocanis pasuxis sxvadasxva varianti arsebobs:

1. P=NP: am SemTxvevaSi yvela amocana, romelic polinumur droSi setrificirebadia, aseve polino-
mur droSi amoxsnadi iqneba. magram es sulac ar niSnavs imas, rom advili iqneba aseTi algoriT-
mebis povna. es pirvel rigSi e.w. Yarsebobis TeoremaA iqneba, anu gvecodineba, rom swrafi amoxsna
SesaZlebelia, magram aseTi amoxsnis povna calke amocanaa. ra Tqma unda, SesaZlebelia e.w. Ykon-
struqciuli damtkicebaA, anu vinme romelime NPsruli amocanisTvis dawers swraf algoriTms,
riTic toloba damtkicdeba da aseve konkretuli polinomuri amoxsnac iqneba mocemuli, Tumca
aseTi perspeqtiva dRevandeli miRwevebidan gamomdinare sakmaod Soria.

xumrobiT imasac amboben, rom P = NPSemTxvevaSi vinc gausis damtkicebas gaigebs, is gausiviT
Wkviani iqneba.

2. P 6= NPes Sedegi imis maCvenebeli iqneba, rom arsebobs iseTi (araerTi) swrafad sertificirebadi
amocana, romlis swrafad amoxsna SeuZlebelia. praqtikaSi es imas unda niSnavdes, rom NP-sruli
amocanebisTvis amoxsnis Taviseburi gzebia saZebni: an miaxloebiTi amoxsna (optimizaciis amo-
canebSi), an monacemTa SezRudva, an e.w. evristikis Zieba da sxva. am sakiTxebs cota mogvianebiT
SevexebiT.

3. orive daSveba Tavis Tavad da erTmaneTisgan damoukideblad, WeSmaritia. aseTi SemTxvevebi ma-
TematikaSi cnobilia: nebismieri maTematikuri Teoria dafuZnebulia aqsiomebze, romelTa logi-
kuri kombinaciebiT miiReba Teoremebi, maTi logikuri kombinaciiT kidev damatebiTi Teoremebi
da amgvarad SeiZleba Teoriis gafarToeba. mTavari is aris, rom logikuri daskvnis jaWviT ar
miviRoT ori urTierTgamomricxavi Teorema (es aris logikis erT-erTi ZiriTadi principi: erT
TeoriaSi ar unda mtkicdebodes raime gamonaTqvami da misi uaryofa. am SemTxvevaSi ityvian, rom es
sistema arawinaaRmdegobrivia). Tu vinme SeZlebs gamoTvlis Teoriis aqsiomebis Seqmnas, saidanac
(cnobili) Teoremebis gamoyvana SeiZleba, am aqsiomebs P 6= NP Teziss miumatebs da daamtkicebs,
rom miRebuli sistema arawinaaRmdegobrivia, maSin SeiZleba imis dajereba, rom P = NPWeSmaritia.
magram, amis da miuxedavad, Tu igive aqsiomebs davumatebT P 6= NPaqsiomas da aseve arawinaaRmdego-
briv sistemas miviRebT, aseve iarsebebs Teoria, romelSic P 6= NP. es ori Teoria erTmaneTisgan
damoukideblad WeSmariti iqneba.

es sakmaod rTuli sakiTxebia, romelTa dawvrilebiT Seswavla Cveni kursis farglebs cdeba, Tumca
specialuri kursebis farglebSi ganixileba.

28
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5.2 P 6= NP daSvebidan gamomdinare Sedegebi

NP-sruli amocanebisTvis swrafi amoxsnis TiTqmis ormocdaaTi wlis ganmavlobaSi warumatebeli Zi-
ebis Sedegad algoriTmebis TeoriiTa da praqtikiT dainteresebuli pirebi iZulebilebi gaxdnen, Ta-
vianTi kvleva P 6= NP daSvebis Sedegad ewarmoebinaT: davuSvaT, rom P 6= NP. rogor amovxsnaT rTuli
amocanebi? ra struqtura eqneba NPda co-NP simravleebs? ra damokidebulebaa maT Soris? am sakiTxebze
SemdgomSi gveqneba laparaki.

aRsaniSnavia is faqtic, rom Tu wina paragrafSi ganxiluli SesaZleblobebis mesame punqts ganvixi-
lavT, anu orive SesaZlebloba iqneba dasaSvebi da P = NP SemTxvevas miviRebT,NP-sruli amocanebisTvis
mainc ver SevZlebT konkretuli swrafi algoriTmis daweras.

savarjiSo 5.1: daamtkiceT, rom Tu arc P = NPda arc P 6= NPgamoiwvevs winaaRmdegobas da am SemTxvevaSi

davuSvebT, rom P = NP, NP-sruli amocanebisTvis swrafi algoriTmis arseboba WeSmariti iqneba, magram
aseT algoriTms veravin aRmoaCens.

aseve sainteresoa, rom P 6= NP daSvebis pirobebSi SesaZlebelia, amocana YdaamtkiceT P 6= NPA TviTon
NP-sruli aRmoCndes da, aqedan gamomdinare, damtkicebis povnac realur droSi SeuZlebeli iyos.

5.2.1 Sualeduri enis arseboba

P 6= NP daSvebis pirobebSi NPsimravlis ori varianti arsebobs, romelic naCvenebia suraTSi 5.1.

NPC

P

(a)

NPC

P

Sualeduri amocanebi

(b)

nax. 5.1: NP simravlis SesaZlo struqtura P 6= NP daSvebis pirobebSi

an NP simravle zustad or P da NPC klasad iyofa, an unda arsebobdes iseTi ena (amocana), romelic ar
amoixsneba polinomur droSi da arc NP-srulia.
Semdegi Teorema swored am faqts amtkicebs.

Teorema 5.2 Tu P 6= NP, maSin arsebobs iseTi ena NP simravleSi, romelic ar ekuTvnis P simravles da
amavdroulad ar aris NP-sruli.

damtkiceba: radgan algoriTmebis simravle Tvladia, SesaZlebelia yvela iseTi M1,M2, ... algoriTmis

gadanomvra, romelTa muSaobis dro zemodan polinomuri funqciiTaa SemosazRvruli. aseve SeiZleba
R1, R2, ... polinomur droSi dayvanaTa algoriTmebis gadanomvrac. radgan es SesaZlebelia, unda arse-
bobdes algoriTmi TM1, romelic rig-rigobiT mogvcems aseT Mi mimdevrobas; analogiurad unda arse-
bobdes TM2 tiuringis manqanac, romelic rig-rigobiT mogvcems Ri mimdevrobas (anuMi da, Sesabamisad,
Ri algoriTmebis aRweras).

SeniSvna: aRsaniSnavia, rom amdagvari gadaTvlis povna enaTa yvela klasisTvis SesaZlebeli araa. ar-
sebobs iseT enaTa klasic, romelTaTvisac gadaTvlis povna SesaZlebeli, magram Zalian Znelia.

amas garda, TS iyos iseTi algoriTmi, romelic gadaWris SAT amocanas (radgan davuSviT, rom P 6= NP,
es algoriTmi pasuxs eqsponenciur droSi gamoiangariSebs).
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axla ki aRvweroT iseTi L ena, romelic ar iqneba P simravleSi da arc NP- srulia. aseT enas Cven pir-
dapir ver aRvwerT, amitom moviyvanT iseTi TK algoriTmis magaliTs, romelic mas gadawyvets (mxolod
mis sityvebs miiRebs), riTac davamtkicebT, rom aseTi ena unda arsebobdes.
Tu mocemulia specialuri funqcia f : N → N (romlis gansazRvrac Teoremis damtkicebis mTavari
nawilia), zemoT aRniSnuli algoriTmis funqcia (romelsac Cven aseve aRvniSnavT, rogorc TK) Semdeg-
nairad ganisazRvreba:

TK(x) =

{
YkiA , Tu TS(x) = YkiA da amavdroulad f(|x|) luwia
YaraA

sxva sityvebiT rom vTqvaT, TK mxolod maSin iRebs x sityvas, Tu x mocemulia koniunqciuri norma-
luri formiT, cvladebis romelime kombinaciaze igi 1 xdeba (sruldeba) da mis sigrZeze gamoTvlili
f funqcia luwia.

savarjiSo 5.3: formalurad gansazRvreT TK algoriTmis ena LTK .

rac Seexeba f funqcias, igi monotonurad zrdadia, anu f(n+ 1) ≥ f(n) da f(0) = 0. Tanac f Zalian nela
izrdeba.
ganvsazRvroT algoriTmi TF , romelic am funqcias gamoiTvlis. TF or etapad muSaobs, Tanac yoveli
etapi n bijs grZeldeba.
pirvel fazaSi TF cdilobs maqsimalurad bevri f(0), f(1), f(2), ... gamoangariSebas (ramdensac moaswrebs
n bijSi). davuSvaT, rom bolos gamoTvlili sidide iyo f(i) = k. f(n) sidide iqneba an k, an k + 1 imis
mixedviT, Tu rogor ganviTardeba gamoTvla meore fazaSi.
meore fazaSi muSaoba imazea damokidebuli, pirvel fazaSi gamoTvlili k ricxvi kentia Tu luwi.
davuSvaT, rom k = 2i luwia. maSin TF iTvlis Mi(z), S(z) da TF (|z|), sadac z rig-rigobiT gairbens
leqsikografiulad dalagebuli Σ∗ simravlis yvela elements da SeCerdeba maSin da mxolod maSin, Tu
aRmoaCens iseT z sityvas, rom

TK(z) 6= Mi(z).

TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• Mi(z) =YkiA da S(z) =YaraA an f(|z|) kentia;

• Mi(z) =YaraA da S(z) =YkiA da f(|z|) luwia.

aqac gamoTvla n bijis Semdeg wydeba da Tu aseTi z ar aRmoCnda, f(n) = k. Tu am n bijSi aseTi z aRmoCnda,
maSin f(n) = k + 1.

Tu pirvel fazaSi gamoTvlili k = 2i+ 1 kentia, maSin meore faza Semdegnairad viTardeba: TF iTvlis
Ri(z), S(Ri(z)) da F (|Ti(z))|), sadac z aseve leqsikografiulad garbis Σ∗ simravlis yvela mniSvnelobas.
aq ukve TF eZebs iseT z sityvas, romlisTvisac

TK(Ri(z)) 6= S(z).

unda aRiniSnos, rom Ri dayvanaa da, aqedan gamomdinare, sityvas iZleva.

TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• S(z) =YkiA da an S(Ri(z)) =YaraA an f(|z|) kentia;

• S(z) =YaraA da S(Ri(z)) =YkiA da f(|z|) luwia.

Tu gamoTvlisTvis gamoyofil n bijSi aseTi z moiZebna, maSin f(n) = k + 1. winaaRmdeg SemTxvevaSi
f(n) = k.

aRsaniSnavia, rom TF mkacrad gansazRvruli manqanaa da O(n) bijSi gamoiTvlis f(n) funqcias.
aqedan gamomdinare, aseve TK iqneba mkacrad gansazRvruli.
savarjiSo 5.4: aCveneT, rom LTK ∈ NP.

axla davuSvaT, rom LTK ∈ P. maSin iarsebebs iseTi Mi dasawyisSi naxsenebi gadanomvris mixedviT,
romlisTvisac TK(z) = Mi(z),∀z (sxva sityvebiT rom vTqvaT, TK manqana am siaSi Segvxvdeba). magram
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aseT SemTxvevaSi TF manqanis meore fazaSi ar aRmoCndeba iseTi z, romlisTvisac TK(z) 6= Mi(z) da f(n)
funqcia aRar gaizrdeba da f(n) = 2i,∀n > n0. es ki imas niSnavs, rom dawyebuli raRac adgilidan L ena
YgadaizrdebaA SAT amocanaSi (anu TK(x) = SAT (x)) da, aqedan gamomdinare, iqneba NPsruli, rac mas P 6=
NPdaSvebiT P simravlidan gamoricxavs.

axla davuSvaT, rom L ∈ NPC. maSin unda arsebobdes dayvana Ri SAT amocanidan LTK enaze, rac imas
niSnavs, rom TK(Ri(z)) = S(z),∀z. aqedan gamomdinare, TF manqanis meore fazaSi k = 2i+1 SemTxvevisaTvis
Sesabamisi z ar moiZebneba, ris Sedegadac dawyebuli raRac adgilidan f(n) ar gaizrdeba da darCeba
kenti. aqedan gamomdinare, LTK ena sasruli gamova, anu LTK 6∈ NPC.

orive daSvebas (LTK ∈ P da LTK ∈ NPC) winaaRmdegobamde mivyavarT. aqedan gamomdinare, LTK YsaSuale-
doA unda iyos, anu LTK 6∈ P da L 6∈ NPC.

r.d.g.

savarjiSo 5.5: daamtkiceT, rom nebismieri sasruli ena P simravles ekuTvnis.

savarjiSo 5.6: zeda Teoremis damtkicebis romel adgilebSi gamoviyeneT P 6= NP?

P 6= NP SemTxvevaSi Sualeduri enebis arseboba Zalian mniSvnelovania praqtikaSic. magaliTad, natu-
ralur ricxvTa faqtorizaciis an grafTa izomorfizmis amocnisTvis jer-jerobiT veravin moifiqra
polinomuri algoriTmi da verc maTi NP srulobis damtkiceba SeZlo. aman gaaCina safuZvliani eWvi,
rom es ori amocana swored aseT saSualedo klass unda ekuTvnodes, magram es mxolod im pirobiT, rom
P 6= NP.

5.2.2 rTul amocanaTa amoxsnis gzebi

algoriTmebis Sedgenisas unda gaviTvaliswinoT sami aspeqti (ra Tqma unda, yvela es sakiTxi aq Camoya-
libebuli saxiT aRar iqneba aqtualuri, Tu P = NP):

1. siswrafe: Sedgenili algoriTmi CvenTvis damakmayofilebeli siswrafiT unda muSaobdes

2. monacemTa sisrule: algoriTmi unda iTvlides Sedegs mTels gansazRvris areze

3. sizuste: yovel monacemze algoriTmi zustad im Sedegs unda iZleodes, rogoric mas moeTxoveba

dReisaTvis araa cnobili, SeiZleba Tu ara NP sruli amocanebisaTvis samive punqtis erTdroulad
Sesruleba (P vs. NP problema). amitom aseTi amocanebisaTvis eZeben iseT algoriTmebs, romlebic
erT-erT punqts ar asrulebs:

pirvel rigSi unda ganvsazRvroT, saWiroa Tu ara amocanis amoxsna yvela im monacemze, rac Teori-
ulad moeTxoveba -- xSirad TeoriaSi moTxovnili bevri monacemi praqtikaSi srulebiT ar gvxvdeba.
magaliTad, grafis SeRebvis amocana advilad gadaiWreba, Tu ar ganvixilavT nebismier grafs da mxo-
lod planarulebiT SemovifarglebiT: am SemTxvevaSi sakmarisia 4 feri. amas garda, araorientirebul
grafebze dasmuli TiTqmis yvela amocana efeqturad gadaiWreba, Tu nebismieri grafis magivrad ganvi-
xilavT xeebs (aciklur grafebs). amiTi aixsneba matroidebze agebul algoriTmTa efeqturobac.

miaxloebiTi algoriTmebi: yovel monacemze miRebuli Sedegi zusti Sedegis δ siaxloveSia. amis maga-
liTad TSP amocana SeiZleba moviyvanoT: Tu, magaliTad, optimaluri ganvlili manZilia 1000 km, praq-
tikaSi ar iqneba didi gansxvaveba, Tu am saukeTeso Sedegis nacvlad gveqneba gavlili 1003 km, an raime
sxva optimalurTan axlos myofi manZili.
meore magaliTia grafis wveroebiT gadafarvis amocana, romlis miaxloebiT algoriTmsac qvemoT moviy-
vanT.

mocemuli grafisaTvis SemTxveviTi principiT airCie erTi wibo, CarTe misi orive wvero saZiebel sim-
ravleSi da grafSi waSale yvela is wibo, romelic dakavSirebulia am wveroebTan. Tu am operaciebis
Semdeg miRebuli grafi carielia, algoriTmi daasrule. Tu ara da igive gaimeore.
advili saCvenebelia, rom am algoriTmis gaSvebis Semdeg miRebuli Sedegi maqsimum orjer Tu aWarbebs
optimalur Sedegs (dReisaTvis es yvelaze efeqturi algoriTmia am amocanisaTvis).
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algoriTmi 5.1: grafis gadafarvis miaxloebiTi algoriTmi
. mocemulia: grafi G = (V,E)

1: W = ∅;
2: do
3: SemTxveviT airCie aqtualuri G grafis wibo (e1, e2);
4: W = W ∪ {e1, e2};
5: G grafidan amoSale e1 da e2 wvero yvela mierTebuli wiboTi;
6: while(G aracarielia)
7: return(W)

savarjiSo 5.7: aCveneT, rom zemoT moyvanili algoriTmis mier gamoangariSebuli gadafarvis simravlis

zoma maqsimum orjer aWarbebs optimalur Sedegs.

5.3 miaxloebiTi algoriTmebi da sizustis dadgena

yovelive zemoT naTqvamis ganzogadeba da sizustis Sefasebis kriteriumebis SemoReba SeiZleba.

ganmarteba 5.8: mocemulia raRac amocana, romlis x monacemze optimaluri amoxsnaa Opt(x) ∈ R da al-

goriTmi A, romlis Sedegi x monacemze aris A(x) ∈ R. ityvian, rom am algoriTmis Sedegi amocanis
optimaluri Sedegis 0 < δ ≤ 1 siaxloveSia, Tu sruldeba Semdegi utoloba:

|A(x)−Opt(x)|
max{A(x), Opt(x)}

≤ δ.

Tu raime amocanas moeZebneba iseTi algoriTmi, romelic optimaluri Sedegis δ siaxloveSia, mas δ-
miaxloebadi amocana ewodeba.

savarjiSo 5.9: aCveneT, rom aseTi gansazRvrebiT grafebis gadafarvis amocanis zemoT moyvanili algo-

riTmi optimaluri Sedegis δ = 1
2 siaxloveSia.

gadafarvis amocana e.w. Ynawilobriv miaxloebadA amocanaTa klasSi Sedis: iseTi amocanebisa, romleb-
sac nebismieri sizustiT ver mivuaxlovdebiT, magram garkveuli sizustiT -- ki.

ganmarteba 5.10: amocana nawilobriv miaxloebadia, Tu winaswar fiqsirebuli 0 < δ ≤ 1 ricxvisTvis
arsebobs δ-miaxloebadi algoriTmi.

arsebobs agreTve amocanebi, romlisTvisac SeiZleba erTi raime miaxloebiTi algoriTmis dawera, ro-
melic nebismieri winaswar fiqsirebuli δ sizustiT miuaxlovdeba optimalur Sedegs. aseT amocanebs
srulad miaxloebadi ewodeba. sxva sityvebiT rom vTqvaT, daiwereba algoriTmi, romelic monacemad
rogorc sawyisi amocanis monacems, aseve δ sizustes miiRebs da Sesabamisi sizustis pasuxs gamoiTvlis.

ganmarteba 5.11: amocana srulad miaxloebadia, Tu arsebobs algoriTmiB(x, δ), romelic yovel monacemze
am amocanis optimaluri amoxsnis δ siaxloveSi myof pasuxs gamoiTvlis.

aseTi srulad miaxloebadi amocanis magaliTia zurgCanTis amocana.

5.3.1 TSP amocanis aramiaxloebadoba da misgan gamomdinare Sedegebi

damtkicebulia, rom TSP amocanaSi aseTi miaxloebebi SeuZlebelia: Tu vinme winaswar mocemuli δ > 0
ricxvisaTvis dawers YmiaxloebadA algoriTms Tδ , romelic TSP amocanas δ sizustiT unda xsnides,
moiZebneba iseTi konkretuli monacemi Xδ , romlisTvisac Tδ(X) Sedegi zusti Sedegis δ midamoSi ar
iqneba.
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Teorema 5.12 Tu P 6= NP, maSin TSP ar aris miaxloebadi polinomur droSi.

damtkiceba: vaCvenoT, rom amocana YgamoiangariSeT TSP ε miaxloebiTA NP srulia, rac P 6= NPpirobiT
Teoremas daamtkicebs.
am amocanaze daviyvanoT hamiltonis ciklis amocana. Tu mocemulia nebismieri grafi G = {V,E}, Se-
vadginoT Sewonili grafi G′ = {V ′, E′, w}, romelSic V ′ = V , u, v ∈ V ′ ⇒ (u, v) ∈ E′ da w(u, v) = 1, Tu

(u, v) ∈ E, w(u, v) = |V |
ε , Tu (u, v) 6∈ E (nax. 5.2).
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nax. 5.2: HC da TSP amocanebis grafebi

cxadia, Tu G grafSi arsebobs hamiltonis cikli, G′ grafze ε sizustiT amoxsnili TSP mogvcems pasuxs

A, romelic |V | ricxvis ε midamoSi iqneba: A−|V |A ≤ ε.
Tu G grafSi hamiltonis cikli ar arsebobs, maSin optimaluri marSruti Opt ≥ |V | + |V |

ε . aqedan gamom-

dinare, misi ε sizustiT gamoTvlili pasuxi A ≥ |V |+ |V |
ε , rac |V | amonaxsnis ε midamoSi veRar iqneba.

ese igi, Tu G′ grafze amovxsniT TSP amocanas ε sizustiT, calsaxad SevZlebT imis dadgenas, arsebobs
Tu ara hamiltonis cikli G grafSi da TSP amocanis ε sizustiT amoxsna NP sruli gamodis.

r.d.g.

marTalia, zogadad dasmuli TSP aramiaxloebadia, am amocanis kerZo SemTxvevebis ganxilva viTarebas
cvlis: Tu damatebiT moviTxovT, rom mocemul grafSi samkuTxedis utoloba sruldebodes (anu evk-
liduri grafebiT SemovifarglebiT), aseTi amocana nawilobriv miaxloebadi xdeba. Tu kidev davadebT
SezRudvas, rom grafi iyos mocemuli evklidur sibrtyeze, maSin igi srulad miaxloebadi xdeba.
aq Cans monacemTa SezRudvis ideis siZliere: TSP amocana rTulia, Tu nebismieri grafis monacemebs
ganvixilavT, anu amoxsnis sirTule SesaZlebelia Zalian rTul, xelovnurad Seqmnil grafebSi iyos
Camaluli, rac yoveldRiur amocanebSi ar dagvWirdeba. maSin SemovifarglebiT iseTi grafebiT, rom-
lebic Cvens amocanas Wirdeba. marTalia, am amocanis amoxsna ar iqneba iseTi YyovlismomcveliA, magram
Tu konkretuli amocanisTvis sakmarisi iqneba, es ukve Zlieri Sedegia.

amrigad, NP sruli amocanebi sam klasad SeiZleba daiyos:

1. srulad miaxloebad amocanaTa klasi --- samwuxarod Zalian viwro. masSi Sedis, magaliTad, davale-
baTa Sesrulebis amocana or procesorze

2. nawilobriv miaxloebad amocanaTa klasi --- agreTve mcire, magram pirvelze ufro farTo, romel-
Sic, magaliTad, grafTa gadafarvis amocana Sedis

3. aramiaxloebad amocanaTa klasi --- yvelaze farTo klasi, romelSic Sedis TSP, grafebSi damou-
kidebel wveroTa simravlis amocana, sruli qvegrafis gamoyofis amocana da sxva.

aRsaniSnavia is garemoeba, rom araamoxsnad amocanebSic SeiZleba monacemTa simravlis an pirobis ise
SezRudva, rom igi amoxsnadad gadaiqces (rogorc, magaliTad, TSP amocanaSi monacemTa SezRudvisas
igi nawilobriv miaxloebadi an srulad miaxloebadic ki xdeboda).



Tavi 6

raisis Teorema: sad gadis
gamoTvladobis zRvari?

raisis Teorema (zogierT wyaroSi rais-mihil-Sapiros Teorema - Rice-Myhill-Shapiro theorem) gveubneba,
rom ar arsebobs zogadi meTodi, romliTac nebismieri algoriTmisTvis davadgenT, iTvlis Tu ara igi
raime konkretul, winaswar gansazRvrul Sedegs (anu gamoiTvlis Tu ara mocemuli programa mocemul
funqcias) garda ori trivialuri magaliTisa. es ki imas niSnavs, rom yovel algoriTms (an algoriTmTa
klass) calke meTodi unda movuZebnoT, Tu rogor gavaanalizoT misi funqcia.
garda imisa, rom am Teoremis Sedegad Zalian bevri araamoxsnadi amocana aRmoaCines, misi Sedegebi ufro
Rrama da erTob filosofiuria: adamianis azrovneba mniSvnelovan (globalur) sakiTxebs ver Cawvdeba.

6.1 gansazRvreba da ZiriTadi Sedegebi

ganmarteba 6.1: nebismieri A algoriTmis mier gansazRvruli ena (mokled algoriTmis ena) L(A) ewodeba

simravles L(A) = {w |A(w) =YkiA}.
ganmarteba 6.2: mocemuli A algoriTmis aRweriloba orobiT anbanze aRvniSnoT rogorc 〈A〉.
LAlg = {〈A〉 |A rekursiuli enis ganmsazRvreli algoriTmia} yvela arsebuli rekursiuli enis ganm-
sazRvreli algoriTmis aRwerilobaTa simravlea.
Tu C rekursiul enaTa raRac simravlea, LC = {〈M〉 |L(M) ∈ C} yvela iseTi algoriTmis aRwerilobebis
simravlea, romelic C simravlis romelime enas gansazRvravs.
aseT LC simravles (enas) ewodeba trivialuri ena algoriTmebis Sesaxeb, Tu LC = ∅ an LC = LAlg . wina-
aRmdeg SemTxvevaSi mas algoriTmebis Sesaxeb aratrivialuri ena ewodeba.
analogiurad, C simravles enaTa Tvisebis simravles uwodeben. enaTa Tvisebis simravle trivialuria,
Tu igi yvela rekursiul enas Seicavs, an carielia.

sxva sityvebiT rom vTqvaT, enaTa Tvisebis simravle C aratrivialuria, Tu igi aracarielia da arsebobs
iseTi rekursiuli ena, romelic masSi ar Sedis (anu moiZebneba ori ena L1, L2, romelTagan erTi masSi
Sedis, meore ki – ara: L1 ∈ C, L2 6∈ C).
analogiurad, algoriTmebis Sesaxeb ena LC aratrivialuria, Tu arsebobs ori iseTi algoriTmi A,B,
rom A ∈ LC da B 6∈ LC da C 6= ∅ (igi enaTa Tvisebis aratrivialur simravlezea gansazRvruli).

savarjiSo 6.3: ganixileT zemoT moyvanili gansazRvreba LC = {〈M〉 |L(M) ∈ C}. risi toli unda iyos C,
rom LC = LAlg?

magaliTi 6.4: aratrivialuri enebia

L∅ = {〈M〉 |L(M) = {∅} (carieli ena)}
LΣ = {〈M〉 |L(M) = Σ∗ (mocemul Σ anbanze Sedgenil yvela sityvaTa simravle)}
Lε = {〈M〉 | ε ∈ L(M)}

savarjiSo 6.5: daamtkiceT zemoT moyvanil enaTa aratrivialuroba.

34
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Teorema 6.6 (raisis Teorema) nebismieri LS aratrivialuri ena algoriTmebis Sesaxeb ar aris gamo-

Tvladi (ar arsebobs iseTi algoriTmi AS , romlisTvisac AS(x) =YkiA⇔ x ∈ LS , anu mocemuli mona-
cemisTvis ver ganvsazRvravT, aris Tu ara igi iseTi algoriTmis aRweriloba, romelic S simravleSi
Semaval romelime enas gansazRvravs).

raisis TeoremiT mtkicdeba, rom Tu mocemulia raime sityva, masze mxolod imis dadgena SegviZlia,
aris Tu ara igi raime algoriTmis aRwera. imis dadgena, Tu ras gamoiTvlis mocemuli algoriTmi an
gamoiTvlis Tu ara igi raime konkretul funqcias, SeuZlebelia.

damtkiceba: raisis Teoremis damtkicebis ZiriTadi idea SeCerebis amocanis dayvanaa algoriTmebis

Sesaxeb aratrivialuri enis gansazRvris amocanaze: Tu mocemulia 〈M,w〉 raime algoriTmis da misi
monacemis aRwera, avagebT iseT algoriTms M ′, rom (M(w) SeCerdeba) ⇔ (L(M ′) ∈ S). es ki imas niSnavs,
rom Tu arsebobs raime meTodi, romliTac davadgenT L(M ′) ∈ S WeSmaritebas an mcdarobas, SeCerebis
amocanac gadaWrili gveqneba.
radgan S aratrivialuria, unda arsebobdes ori ena L1 ∈ S da L2 6∈ S . zogadobis SeuzRudavad SegviZlia
CavTvaloT, rom L2 = ∅, radgan Tu ∅ ∈ S , aratrivialur klasad SegviZlia gamovacxadoT S .

savarjiSo 6.7: daamtkiceT, rom Tu S ena aratrivialuria, aseve aratrivialuri iqneba S.

ganvixiloT iseTi algoriTmi ML, rom L(ML) = L1. misi da 〈M,w〉 aRwerilobis gamoyenebiT SevqmnaT
axali algoriTmi M ′:

algoriTmi 6.1: S aratrivialuri enis gansazRvris algoriTmiM ′ (〈M,w〉 wyvilis gaTvaliswinebiT)
. mocemulia: sityva x ∈ B∗

1: moaxdine M manqanis simulacia w monacemze;
2: Tu M SeCerdeba w sityvaze, moaxdine ML manqanis simulacia x monacemze;
3: Tu ML miiRebs x sityvas, gamoitane pasuxi YkiA (miiRe x sityva)

SeniSnva: mocemul aRwerilobaSi mniSvnelovania, rom Tu M algoriTmi SeCerdeba w sityvaze da amav-

droulad ML algoriTmic sasrul droSi miiRebs x sityvas, maSin M ′ algoriTmi miiRebs sityvas x.
winaaRmdeg SemTxvevaSi misi gamoTvlis procesi usasrulod gagrZeldeba da x sityva ar iqneba miRe-
buli.

ganvixiloT SemTxveva, rodesac M algoriTmi w sityvaze SeCerdeba. maSin M ′ miiRebs sityvas x maSin
da mxolod maSin, Tu ML miiRebs sityvas x. aqedan gamomdinare, L(M ′) = L1 ∈ S .
magram Tu M algoriTmi w sityvaze ar SeCerdeba, maSin M ′ verc erT sityvas ver miiRebs, radgan ML

manqanis simulacia ar moxdeba da, aqedan gamomdinare, L(M ′) = ∅ 6∈ S (anu im sityvaTa simravle, romel-
zedac pasuxia YkiA, carielia).

zemoT Tqmulidan advilad SeiZleba davinaxoT, rom Tu M ′ manqana S simravlis enas gansazRvravs,
maSin M algoriTmi SeCerebula w monacemze da Tu M ′ S simravlis enas (am SemTxvevaSi cariel enas)
gansazRvravs,M manqana w monacemze ar SeCerebula. aqedan gamomdinare, algoriTmebze aratrivialuri
enis gansazRvra rom yofiliyo SesaZlebeli, zemoT aRwerili meTodebiTM manqanidanM ′ manqanas Sevqm-
nidiT da L(M ′) ∈ S sakiTxis amoxsniTM manqanis SeCerebis sakiTxic amoxsnadi iqneboda, riTac winaaR-
mdegobas viRebT.

r.d.g.

raisis Teoremis Sedegebi: Semdegi amocanebi araamoxsnadia:

• mocemulia ori algoriTmi M1 da M2. L(M1) = L(M2)? SeniSvna: es e.w. raisis gafartoebuli Teo-

remis Sedegia, romelic SemdgomSi iqneba Camoyalibebuli

• mocemulia ori formaluri gramatika G1 da G2. L(G1) = L(G2)? SeniSvna: igive, rac zemoT
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• mocemuli algoriTmisTvis gaarkvieT, Tu romel enas gamoiTvlis igi

• eqneba mocemuli algoriTmis mier gamoTvlil funqcias raime monacemze mniSvneloba 1?

• gamoiTvlis Tu ara mocemuli algoriTmi erTsa da imave Sedegs yovel monacemze?

• miiRebs Tu ara mocemuli algoriTmi yvela monacems?

• mocemuli L enisTvis daadgineT, gansazRvravs Tu ara mas romelime algoriTmi (anu gamoTvladia
Tu ara es ena)

savarjiSo 6.8: daamtkiceT zemoT moyvanili amocanebis araamoxsnadoba.

magaliTi 6.9: ganvixiloT Semdegi amocana: mocemulia algoriTmi M . aris Tu ara L(M) palindromebis

ena (w ∈ L(M)⇔ w = wR)?
raisis Teoremis gamosayeneblad es sakiTxi Sesabamis terminebSi unda CamovayaliboT. pirvel rigSi
CamovayaliboT palindromuli ena

Pal = {〈M〉 |L(M) Seicavs yvela palindroms}

cxadia, rom es ena araa trivialuri da raisis Teoremis Tanaxmad araamoxsnadi unda iyos.
r.d.g.

savarjiSo 6.10: daamtkiceT, rom zemoT moyvanili ena araa trivialuri (miniSneba: moiyvaneT ori algo-
riTmis magaliTi. erTi iRebs mxolod palindromebs da meore iseT sityvasac, romelic palindromi ar
aris).

magaliTi 6.11: raisis Teoremis meSveobiT imis Cvenebac SeiZleba, rom amocanaTa sirTulis avtomaturi
mtkiceba SeuZlebelia. ganvixiloT enaTa Semdegi klasi:

P = {L|L ena amoixsneba raime (deterministuli) algoriTmis mier polinomur droSi}

SeniSvna: ras niSnavs YdeterministuliA da YaradeterministuliA algoriTmi, amas SemdgomSi ganv-
sazRvravT. am etapze CavTvaloT, rom igulisxmeba im tipis algoriTmi, romlebsaC Cven ganvixilavT).

savarjiSo 6.12: CawereT am amocanis piroba raisis Teoremis terminebSi da daamtkiceT P klasis ara-
amoxsnadoba.

aqedan gamomdinare, araamoxsnadia Semdegi amocana:

mocemulia algoriTmi M . SeiZleba Tu ara L(M) enis polinomur droSi gansazRvra?

6.2 gasaTvaliswinebeli problemebi

mniSvnelovani SeniSvna: raisis Teoremis Sedegad, ar arsebobs iseTi zogadi algoriTmi, romelic

nebismieri (M,L) alogoriTmisa da enis wyvilisTvis gangvisazRvravda, gansazRvravs Tu ara M algo-
riTmi L enas. es ar niSnavs imas, rom konkretuli M ′, L′ wyvilisTvis aseTi ramis dadgena SeuZlebelia.
zog SemTxvevaSi es SesaZlebelia, Tumca (faqtiurad) yvela wyvilisTvis calke algoriTmis (meTodis)
Seqmna SeiZleba gaxdes saWiro.

amas garda, SesaZlebelia iseTi amocanebis wamoWra, romlebsac raisis Teorema ar esadageba, Tumca
amis danaxva martivi araa. aseT SemTxvevebSi miRebuli mtkiceba an mTlianad arasworia, an garkveul
uzustobebs Seicavs. amdagvari problemebis Tavidan asacileblad ganvixiloT ramodenime konkretuli
magaliTi.
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ganmarteba 6.13: algoriTmis brZanebas, romlis Sedegadac misi gamoTvla dasruldeba, vuwodoT Ysabo-
looA (an YsamizneA), xolo yvela danarCen brZanebas – Sualeduri.

magaliTi 6.14: ganvixiloT Semdegi gadawyvetilebis amocana:
mocemuli M algoriTmisTvis daadgineT, arsebobs Tu ara iseTi monacemi w, romliTac M gamoTvlis
procesSi yvela Sualedur brZanebas erTxel mainc Seasrulebs.

SeiZleba vifiqroT, rom Tviseba Yromelime w monacemisTvis M algoriTmi gamoTvlis procesSi yvela
Sualedur brZanebas erTxel mainc SeasrulebsA araa trivialuri da raisis Teoremis Tanaxmad es amo-
cana ar unda iyos gamoTvladi.
imis miuxedavad, rom es amocana marTlac araa amoxsnadi, es faqti raisis Teoremis pirobebSi ver jdeba:
TviT Tvisebis koncefcia aq arasworadaa gamoyenebuli.
es gadawyvetilebis amocana SeiZleba Semdegi enis saxiT CamovayaliboT:

TTM =

 romelime w monacemisTvis M algoriTmi
〈M〉 gamoTvlis procesSi yvela Sualedur

brZanebas erTxel mainc Seasrulebs


zemoT naxsenebi gamonaTqvami ar aRwers enaTa klass tiuringis manqanaTa Sesaxeb, rac raisis Teoremis
pirobis aucilebeli nawilia; TTM ufro tiuringis manqanis konkretuli Tvisebis gamomxatvelia. sxva
sityvebiT rom vTqvaT, laparakia ara enaTa klasze, aramed algoriTmebis konkretul klasze: am sim-
ravleSi algoriTmebi araa raRaca enis Tvisebebis kriteriumebiT SerCeuli.
Cven imis damtkicebac SegviZlia, rom enaTa klasi, romelic am Tvisebas gamoxatavs, ar arsebobs. amisaTvis
sakmarisia ori M1 da M2 algoriTmis povna, romlisTvisac L(M1) = L(M2), magram 〈M1〉 ∈ TTM da
〈M2〉 6∈ TTM .

alg. M1 alg. M2

1: n = 5; 1: n = 5;
2: w = read(); /* waikiTxe simbolo */ 2: w = read();
3: if(w ==′1′) 3: if(w ==′1′)
4: then goto [2]; 4: then goto [2];
5: else if(w == ′#′) 5: else if(w == ′#′)
6: then k = n+ 1; 6: then return( YkiA)
7: return( YkiA) 7: else return( YaraA)
8: else k = n ∗ 2;
9: return( YaraA) q01q1Y111Nq21q1Y111Nq0XXM1M2

nax. 6.1: L(M1) = L(M2), magram 〈M1〉 6∈ TTM da 〈M2〉 ∈ TTM

savarjiSo 6.15: daamtkiceT, rom nax. 6.1-Si moyvanili algoriTmebisTvis L(M1) = L(M2), magram 〈M1〉 6∈
TTM da 〈M2〉 ∈ TTM .

savarjiSo 6.16: daamtkiceT TTM enis araamoxsnadoba masze SeCerebis amocanis dayvaniT.

magaliTi 6.17: mocemulia ori algoriTmi M1 da M2. L(M1) = L(M2)?

arc aq SeiZleba raisis Teoremis gamoyeneba im saxiT, romliTac is zemoT iqna Camoyalibebuli, radgan
aq or enazea laparaki. am amocanis gadasaWrelad raisis Teoremis ganvrcobaa saWiro.

ganmarteba 6.18: algoriTmbis mier amocnobad (anu rekursiul) enaTa wyvilebis simravles

S2 = {(L1, L2)|L1, L2 rekursiuli enebia}

enaTa wyvilebis Tviseba ewodeba. S2 Tviseba aratrivialuria, Tu arsebobs amocnobad enaTa iseTi ori
wyvili (L1, L2) da (L3, L4), rom (L1, L2) ∈ S2 da (L3, L4) 6∈ S2.
Teorema 6.19 (raisis gafarToebuli Teorema enaTa wyvilebisTvis) Tu enaTa wyvilebis Tviseba S2 ara-
trivialuria, maSin

LS = {〈M1,M2〉 |(L(M1), L(M2)) ∈ S2}



6.2 gasaTvaliswinebeli problemebi 38

ena araamoxsnadia.

savarjiSo 6.20: daamtkiceT zemoT moyvanili Teorema.

savarjiSo 6.21: gamoiyeneT zemoT Camoyalibebuli Teorema imis dasamtkiceblad, rom M1 da M2 algo-

riTmebisTvis L(M1) = L(M2) dadgena SeuZlebelia.
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