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yvela ufleba daculia. am wignis arc erTi nawili (iqneba es teqsti, foto, 

ilustracia Tu sxva) aranairi formiT da saSualebiT (iqneba es eleqtronuli Tu 

meqanikuri), ar SeiZleba gamoyenebul iqnas gamomcemlis werilobiTi nebarTvis 

gareSe. 
 

saavtoro uflebebis darRveva isjeba kanoniT. 
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Sesavali 
 

Tanamedrove pirobebSi, rodesac swrafi tempiT mim-

dinareobs, rogorc sabunebismetyvelo, ise humanitarul 

mecnierebaTa maTematizaciis procesi, maRalkvalificiuri 

kadrebis aRzrdisaTvis didi mniSvneloba eniWeba maT 

karg maTematikur momzadebas. maTematikur ganaTlebas ki 

adamiani Teoriuli da praqtikuli xasiaTis savarjiSoebis 

Rrma da safuZvliani Seswavlis Sedegad iRebs. 

winamdebare wigni warmoadgens saxelmZRvanelos 

Seqmnis cdas, romelSic ZiriTadi aqcenti gakeTebulia  

profesionaluri mimarTulebaze maTematikis swavlebaSi. 

wignis mizania – sxvadasxva sawarmoo procesisa da 

fizikuri movlenis aRwerisas maTematikuri kanonzomie-

rebis warmoCinebis da maTematikis gamoyenebiT dasmuli 

amocanebis amoxsnis unarebis SeZena. 

maTematikis erT-erTi mniSvnelovani dargi, romelic 

mWidrodaa dakavSirebuli gamoyenebiT da kerZod, sain-

Jinro amocanebTan aris diferencialuri da integraluri 

aRricxva, amdenad, Cveni arCevanic sworad am dargze Seva-

CereT. 

wigni ZiriTad gankuTvnilia teqnikuri profilis 

umaRles saganmanaTleblo dawesebulebaTa bakalavrebisa 

da magistrebisaTvis. 
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Tavi I 

warmoebuli da diferenciali 
 

vTqvaT, x1 da x2 argumentis ori mniSvnelobaa, xolo 

)( 11 xfy =  da )( 22 xfy =  ki )(xf  funqciis Sesabamisi 

mniSvnelobebi. sxvaobas 12 xxx −=Δ  uwodeben argumentis 

nazrds, xolo sxvaobas fxfxfyyy Δ=−=−=Δ )()( 1212  funq-

ciis nazrds ],[ 21 xx  monakveTze. 

)(xfy =  funqciis warmoebuli x wertilSi ewodeba 

funqciis nazrdis argumentis nazrdTan Sefardebis zRvars, 

(Tu es zRvari arsebobs), roca argumentis nazrdi miisw-

rafis nulisaken  

x
yy

x Δ
Δ

=′
→Δ 0

lim  anu 
x

xfxxf
xf

x Δ
−Δ+

=′
→Δ

)()(
lim)( 0

00 . 

geometriulad, warmoebuli )(xfy =  funqciis grafiki-

sadmi mocemul x wertilSi gavlebuli mxebis kuTxuri 

koeficientia, anu αtgy =′ .  

funqciis warmoebuli aris funqciis cvlilebis 

siCqare x wertilSi. 

elementarul funqciaTa warmoebulebi 

1. )(0)( constCC ==′   4. 
ax

xa ln
1)(log =′ .  

2. 1)( −⋅=′ αα α xx                 
x

x 1)(ln =′     

3. aaa xx ln)( =′         5. xx cos)(sin =′ .  

  xx ee =′)(                   6. xx sin)(cos −=′  
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 7. 
x

tgx 2cos
1)( =′             10. 

21

1)(arccos
x

x
−

−=′  

 8. 
x

ctgx 2sin
1)( −=′           11. 21

1)(
x

arcctgx
+

=′  

 9. 
21

1)(arcsin
x

x
−

=′       12. 21
1)(
x

arcctgx
+

−=′ . 

 

gawarmoebis ZiriTadi wesebi 

vTqvaT, )(xuu =  da )(xvv =  funqciebi warmoebadia, 

maSin 

1. vuvu ′±′=′± )(   3. )()( constcucvc =′⋅=′⋅   

2. vuvuvu ′⋅+⋅′=′⋅ )(   4. 2v
vuvu

v
u ′⋅−′

=
′
⎟
⎠
⎞

⎜
⎝
⎛

 

5. Tu )(ufy =  da )(xuu = , anu, )),(( xufy =  sadac )(uf  da 

)(xu funqciebi warmoebadia, maSin xux uyy ′⋅′=′  (rTuli funq-

ciis gawarmoebis wesi). 

6. vTqvaT, raime SualedSi )(xfy =  funqciis Seqceuli 

funqciaa )(ygx = . Tu )(xf ′ warmoebuli arsebobs da ar 

udris nuls, maSin 
)(

1)(
xf

yg
′

=′ , anu 
))((

1)(
ygf

yg
′′

=′  (Seq-

ceuli funqciis gawarmoebis wesi). 

funqciis warmoebulis gamoTvlis operacias gawar-

moeba ewodeba.  

Tu funqcias  x-is mocemuli mniSvnelobisaTvis aqvs 

warmoebuli, maSin amboben, rom funqcia dife-

rencirebadia x wertilSi. 

vTqvaT mocemulia (a, b) Sualedze diferencirebadi 

(funqcias ewodeba diferencirebadi (a, b) Sualedze, Tu 
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igi diferencirebadia },{),( bxaxba <<=  simravlis yovel 

wertilSi) )(xfy =  funqcia, ),( bax∈ . gansazRvrebis Tanaxmad 

x
xfxxfxf

x Δ
−Δ+

=′
→Δ

)()(lim)(
0

,                   (1) 

xolo funqciis zRvris gansazRvrebis Tanaxmad, sakmaod 

mcire xΔ -Tvis 

)()()( xf
x

xfxxf ′≈
Δ

−Δ+
,                 (2) 

saidanac SeiZleba  daiweros miaxloebiTi toloba  

xxfxfxxf Δ⋅′≈−Δ+ )()()( , an, meorenairad, 

xxfy Δ⋅′≈Δ )( .                        (3) 

funqciis nazrdis aRniSnul miaxloebiT mniSvnelobas 

ewodeba funqciis diferenciali, aRiniSneba dy simbo-

loTi da xxfdy Δ′= )( . SevniSnoT, rom  

xxxdx Δ=Δ⋅′= )( ,                      (4) 

amitom )(xf  funqciis diferencialisaTvis miiReba gamo-

saxuleba 

dxxfdy )(′= .                        (5) 

(2) da (4)-dan miiReba formula 

dxxfxfxxf )()()( ′+≈Δ+ ,               (6) 

romelic gamoiyeneba funqciis miaxloebiTi mniSvnelobis 

gamoTvlisas. 

(5)-is gaTvaliswinebiT ki vRebulobT 

dyy ≈Δ .                         (7)  

mxolod wrfivi funqciisTvis baxy +=  gvaqvs dyy =Δ . 

(7) formula gamoiyeneba funqciis nazrdis miaxloe-

biT gamoTvlisas. 
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1. h0 simaRlidan, v0 sawyisi siCqariT, vertikalurad 

zeviT asrolili sxeuli moZraobs 
2

)(
2

00
gttvhth −+= (m) 

kanonis mixedviT. vipovoT simaRle dedamiwis zedapiridan, 

romelzedac sxeuli imyofeba drois im momentSi, roca 

sxeulis siCqare 2-jer naklebia sawyisi siCqareze, Tu 

80
5340 =h m; 30 =v m/wm; 10≈g m/wm2.  

amoxsna: radgan, siCqare aris gzis warmoebuli droiT, 

amitom, sxeulis siCqare t momentisaTvis iqneba =′= )()( thtv  

gtv −= 0 . pirobis Tanaxmad 02
1)( vtv = ; gvaqvs: 00 2

1 vgtv =− , 

aqedan 
g

v
t

2
0= , saidanac, Sesabamisi mniSvnelobebis CasmiT 

miiReba, rom 
20
3

=t  da 5
400
910

2
1

20
33

80
534

20
3

=⋅⋅−⋅+=⎟
⎠
⎞

⎜
⎝
⎛h (m). 

pasuxi: 
20
3

=t  wamis Semdeg sxeulis siCqare 2-jer 

naklebi iqneba sawyis siCqareze da igi dedamiwis zedapi-

ridan daSorebuli iqneba 5 m-iT. 

2. sxeuli, romlis masaa 200 kg, moZraobs wrfivad 

232)( tttS −= (sm)O kanoniT. ipoveT masze moqmedi Zala t=2wm 

momentSi.  

amoxsna: radgan, aCqareba aris gzis meore rigis 

warmoebuli droiT, anu siCqaris warmoebuli droiT, 

amitom gvaqvs  

                   tttStv 26)()( 2 −=′=  
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212)()()( −=′′=′= ttStvta . 

sxeulis aCqareba t = 2wm momentisaTvis iqneba −⋅= 212)2(a  

222 =− (sm/wm2)= 0,22 (m/wm2). sxeulze moqmedi Zala t= 2 wm-is 

Semdeg iqneba 200)2( == maF kg 22,0⋅ m/wm2 = 44 n. 

3. spilenZis kubikis wibo 5 sm-is tolia, misi yvela 

waxnagi gaxexes, ris Sedegadac misi wona 0,96 gramiT Sem-

cirda, xolo spilenZis kuTri wonaa 8 gr. gansazRvreT 

ramdeniT Semcirda kubis zomebi, anu, ramdenze damoklda 

misi wibo.  

amoxsna: kubis moculoba 3xV = ,  sadac  x –kubis  

wiboa. moculoba tolia: wona gayofili kuTri wonaze 

d
pV = . kubis moculobis cvlileba 12,0

8
96,0

==Δv sm3. Tu 

gaviTvaliswinebT, rom dvv ≈Δ , da rom dxxdv 23= , gveqneba 

xΔ⋅⋅= 25312,0 , aqedan 

0016,0
253
12,0

=
⋅

=Δx sm. 

pasuxi: kubis wibo damoklda 0,0016 sm-ze. 

4. ipoveT sferuli Sris moculobis miaxloebiTi 

mniSvneloba, Tu gare diametri 10 sm-ia, xolo sisqe 
8
1
sm. 

amoxsna: x diametris mqone sferos moculoba 3

6
1 xV π= . 

cxadia, rom sferuli Sris zusti moculoba warmoadgens 

ori sferos moculobaTa sxvaobas diametrebiT, Sesaba-

misad, 10 sm da 
8
79  sm. ΔV-s miaxloebiTi mniSvnelobis 

misaRebad SemovifarglebiT dV-s gamoTvliT. 
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dxxdV 2

2
1 π=  

da imis gaTvaliswinebiT, rom x = 10, 
8
1

−=dx  miviRebT  

dVV ≈Δ =19,63 sm3 (niSani minusi, romelic imis maCvenebe-

lia, rom roca x klebulobs, V-c klebulobs ugulvebel-

yofilia). zusti mniSvneloba ki udris 4,19=ΔV sm3. 

5. ipoveT birTvis moculobis nazrdis miaxloebiTi 

mniSvneloba, Tu misi R radiusi gaizarda dR mcire 

sididiT. 

amoxsna: birTvis moculoba  

3

3
4 RV π= , 

amitom 

dRRdVV 24π=≈Δ  
aqedan miiReba: 

R
dR

V
dV 3= . 

Tu radiusisa da moculobis nazrds gamovsaxavT 

procentebSi, miviRebT, rom radiusis р% -iT gazrdisas, 

moculoba izrdeba 3р%-iT. 

6. sainJinro amocanebSi xSirad gamoiyeneba Semdegi 

miaxloebiTi formula 

a
baba
2

2 +≈+ , 

sadac ricxvi b aris sakmaod mcire а-Tan SedarebiT. 

 amoxsna: davuSvaT, rom xxf += 1)( . sazogadod, 

gvaqvs 
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xxfxdfxfxfxxf Δ′=≈Δ=−Δ+ )()()()()( , 

amrigad, 

xxfxfxdfxfxfxfxxf Δ′+=+≈Δ+=Δ+ )()()()()()()( , 

kerZod, х = 0 –Tvis 

xffxf Δ′+≈Δ )0()0()( . 

ramdenadac  

⎟
⎠
⎞

⎜
⎝
⎛=+=+ 22

2 1
a
baf

a
baba , 

Tu davuSvebT, rom x
a
b

Δ=2 , miviRebT 

( )xffaxafba Δ⋅′+≈Δ=+ )0()0()(2 . 

radgan, f(0)= 1 da 
2
1)0( =′f , sabolood vaskvniT, rom 

a
ba

a
baxaba

22
1

2
11 2

2 +=⎟
⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛ Δ+≈+ . 

7. gamoTvaleT 

5
2
2

x
xy

+
−

=  

funqciis miaxloebiTi mniSvneloba, roca 15,0=x . 

amoxsna: gamoviyenoT miaxloebiTi formula 

dyxyxxy +≈Δ+ )()( . 

aviRoT 0=x , 15,0=Δx , maSin  

2
5

4

)2(
)4(

2
2

5
1

xx
xy

+
−

⋅⎟
⎠
⎞

⎜
⎝
⎛

−
+

=′ ; 

5
1)0( −=′y ,  03,015,0

5
1

−=⋅−=dy . 

e.i. 

.97,003,01)0()15,0( =−=+≈ dyyy  
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zusti mniSvneloba 

9702,0)15,0( =y , 

410−  sizustiT. 

8. dedamiwis Tavisuflad vardnili sxeulis moZraobis 

kanoni miaxloebiT aRiwereba formuliT  

s = 4,9t2, 

sadac s gamosaxavs simaRles metrebSi, t dros wamebSi. 

ipoveT siCqare da aCqareba: a) drois nebismier momentSi; 

b) pirveli wamis bolos; g) mexuTe wamis bolos. 

amoxsna: a) s = 4,9t2 – gawarmoebiT miiReba: 

t
dt
ds 8,9==ν  m/wm.                      (1) 

kidev erTxel gawarmoebiT gveqneba: 

8,9=== gj
dt
dv

m/wm2,                    (2) 

aqedan Cans, rom vardnili sxeulis aCqareba mudmivi 

sididea.  

b) pirveli wamis bolos v da j-s mniSvnelobebi iqneba: 

v =9,8⋅1 m/wm = 9,8 m/wm, 

                                        j = g = 9,8 m/wm2. 

g) v da j-s mniSvnelobebis sapovnelad mexuTe wamis 

bolos Sesabamisad gveqneba: 

v = 9,8⋅5 m/wm = 49 m/wm, 

          j = g =9,8 m/wm2. 

9. mocemulia materialuri wertilis moZraobis ganto-

lebebi. drois miTiTebuli momentisaTvis ipoveT gavlili 

manZili, siCqare da aCqareba: 
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a) s = t3 + 2t2; t  = 2,        pasuxi: s = 16,  v = 20,     j  = 16. 

b) s = t2 + 2t; t  = 3.               s = 15,  v = 8,        j  = 2. 

g) s = 3 _ 4t; t  = 4.               s = _13,   v = _ 4,     j  = 0. 

d) x = 2t − t2; t  = 1.             x = 1,   v = 0,       j  = −2. 

e) y = 2t − t3; t  = 0.             y = 0,   v = 2,        j  = 0. 

v) h = 20t + 16t2; t  = 10.             h = 1800,   v = 340,     j  = 32. 

10. vertikalurad zeviT v1 m/wm siCqariT asrolili 

sxeulis mier t wm-Si miRweuli s simaRleze (metrebSi), 

moicema formuliT 

2
1 9,4 ttvs −= . 

ipoveT: 

a) siCqare da aCqareba drois nebismier momentSi Tu 

v1=100 m/wm; 

b) meore wamis bolos; 

g) meTxuTmete wamis bolos; 

haeris winaaRmdegoba ugulvebelyofilia. 

pasuxi: a) v = v1 − 9,8t;  j = − g = −9,8; 

        b) v =80,4 m/wm;    j = − g = − 9,8 m/wm2; 

        g) v = − 47 m/wm2,          j = − g = − 9,8  m/wm2. 

11. vertikalurad zeviT gaSvebuli zarbaznis gula 

gamofrinda 196 m/wm siCqariT. ipoveT: a) misi siCqaris 

sidide meaTe wamis bolos; b) ra droSi aRwevs igi maqsi-

malur simaRles? 

pasuxi: a) 98 m/wm; 
        b) 20 wm. 
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12. sadguridan gamosuli matarebeli t drois Semdeg 

imyofeba ttts 32 23 ++= km-ze sadguridan. ipoveT misi aCqa-

reba: a) t drois bolosaTvis; b) 2 sT-is bolos: 

pasuxi: a) j = 6t + 4; b) j =16. 

 

13. drois t momentSi matarebeli imyofeba 234 164
4
1 ttt +−  

manZilze gamosvlis adgilidan. ipoveT: a) matareblis 

siCqare da aCqareba; b) drois romel momentSi gaCerdeba 

matarebeli da Seicvlis mimarTulebas. g) aRwereT mata-

reblis moZraobis xasiaTi pirveli aTi saaTis ganmav-

lobaSi. 

pasuxi: a) tttv 3212 23 +−= ; 32243 2 +−= ttj , b) 4 da 8 

saaTis bolos; g) matarebeli imoZravebs pirdapir pir-

veli oTxi saaTis manZilze; uku mimarTulebiT – meore 

oTxi saaTis manZilze; kvlav pirdapir pirveli rva saaTis 

amowurvamde. 

14. 25 kg masis mqone sxeuli moZraobs wrfivad 

)1ln( 2ts += m kanoniT. vipovoT sxeulis kinetikuri energia 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2

2mv
 moZraobis dawyebidan 2 wm-is Semdeg. 

pasuxi: 8 jouli. 

15. materialuri wertilis moZraobis gantoleba moce-

mulia formuliT 2630 tts −= m. ipoveT materialuri werti- 

lis moZraobis siCqare da aCqareba 2,5 wamis bolosTvis. 

pasuxi: v =0; j = −12.. 
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 16. mocemulia 32 432 ttts ++= m; ipoveT siCqare da aCqa-

reba: a) sawyis t =0 momentSi; b) moZraobis dawyebidan 5 

wamis Semdeg.  

pasuxi: a) v =2 m/wm,  j =6 m/wm2. 

        b) v =332 m/wm, j=126 m/wm2. 

17. mocemulia 2bt
t
as += , sadac a da b mudmivebia; 

ipoveT siCqare da aCqareba drois nebismieri t momentisa-

Tvis. 

pasuxi: bt
t
av 22 +−= ; b

t
aj 22
3 += . 

18. t wamis bolos sxeuli flobs siCqares tt 23 2 + m/wm; 

ipoveT misi aCqarebis sidide: a) nebismier momentSi; 

b)moZraobis dawyebidan 4 wamis Semdeg. 

pasuxi: a) j = 6t + 2 m/wm2; 

        b) j =26 m/wm2. 

19. metalis wriuli diski farTodeba 

siTbosagan ise, rom misi radiusi Ta-

nabrad izrdeba 0,01 sm/wm-iT. ra siCqariT 

izrdeba misi farTobi, Tu radiusis 

sigrZe 2 sm-ia?  

amoxsna: vTqvaT, diskis radiusia  x da 

farTobia y. gvaqvs 2xy π= , gawarmoebiT:  

dt
dxx

dt
dy

⋅= π2 .                          (1) 

amrigad,  yovel  wams  diskis  farTobi izrdeba kvad- 

nax. 1 
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ratul santimetrebSi 2πx-jer swrafad, vidre izrdeba 

radiusi wrfiv santimetrebSi  

x = 2, ,01,0=
dt
dx

 ?=
dt
dy  

(1)-dan miviRebT: 

13,014,304,001,022 ≈⋅≈⋅⋅= π
dt
dy

 m/wm2. 

20. manZilis droze damokidebuleba materialuri wer-

tilis wrfivi moZraobisas mocemulia gantolebiT 

8
sin2

5
1 5 tts π

π
+=  

(t – wamebSi, s – metrebSi). 

gansazRvreT moZraobis siCqare 2 wm-is Semdeg. 

amoxsna: vpoulobT manZilis warmoebuls droiT: 

8
cos

4
14 tt

dt
ds π

+= , 

t  = 2 –Tvis gveqneba: 18,162
8
116 ≈+=

dt
ds

. maSasadame ≈v 16,18 

m/wm. 

21. )8( xxy −=  parabolaze moZraobs wertili ise, rom 

misi abscisa icvleba t droze damokidebulebiT, kanoniT  

ttx =  (t – wamebSi, x – metrebSi). rogoria ordinatis 

cvlilebis siCqare wertilSi M(1; 7)? 

amoxsna: Tavdapirvelad vipovoT ordinatis cvlilebis 

kanoni, risTvisac parabolis gantolebaSi x unda Sevcva-

loT t –Ti: 

38 ttty −=  

ordinatis cvlilebis siCqare ganisazRvreba ordinatis 

droiT warmoebuliT: 2312 ttyt −=′ . 
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M(1; 7) wertilisaTvis t =1, maSasadame, vRebulobT: 

91 =′=ty , anu ordinatis cvlilebis siCqare 9 m/wm-is tolia: 

22. gzis droze damokidebuleba mocemulia )1ln( +⋅= tts  

(t _ wamebSi, x _ metrebSi) gantolebiT. ipoveT moZraobis 

siCqare meore wamis bolos. 

 pasuxi: 1,76 m/wm. 

23. kubur parabolaze moZraobs wertili ise, rom misi 

ordinatis cvlileba t droze damokidebulebiT aRiwe-

reba 3axy =  kanoniT. rogoria abscisis droze damokide-

bulebis cvlilebis siCqare? 

pasuxi: 3 axt =′  

24. x ialqniani navis yoveldRiuri warmoebis Rire-

buleba G(x) (aTas dolarebSi) 

mocemulia formuliT (nax. 2). 

,25,025575)( 2xxxG −+=  

 )500( ≤≤ x . 

ipoveT: 

  a) 31 navis miaxloebiTi 

Rirebuleba; 

  b) 31 navis zusti Rirebu-

leba. 

amoxsna: a) radgan, xxG 5,025)( −=′  warmoadgens G(x) 

Rirebulebis cvlilebis siCqares, amitom, 31 navis miax-

loebuTi Rirebuleba iqneba 10305,025)30( =⋅−=′G , anu 

10000$.  

nax. 2
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b) 31 navis zusti Rirebuleba tolia 

   +⋅−−⋅−⋅+=
−
− 30255753125,03125575

3031
)30()31( 2GG

 

  65,925,1525)3031(25,0)3031(253025,0 220 =−=−−−=⋅+ , anu 

   9750$. 

25. x kalkulatoris yoveldRiuri warmoebis Rirebu-

leba G(x) (aseul dolarebSi) mocemulia formuliT 

16210)( ++= xxG ,   500 ≤≤ x . 

ipoveTL a) 25 kalkulatoris miaxloebiTi Rirebuleba; 

     b) 25 kalkulatoris zusti Rirebuleba. 

pasuxi: a) 12,5 $ 
b) 12,31 $. 
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Tavi II  

funqciis gamokvleva eqstremumze 
 
funqcias ewodeba zrdadi (klebadi) raime SualedSi, 

Tu am SualedSi argumentis yovel met mniSvnelobas 

funqciis meti (naklebi) mniSvneloba Seesabameba. rogorc 

zrdad, ise klebad funqciebs monotonuri funqciebi 

ewodeba. Tu funqcia monotonuri ar aris, maSin misi 

gansazRvris are SeiZleba davyoT sasrul monotonurobis 

Sualedebad.  

wertilebs, sadac uwyveti funqciis warmoebuli 

nulis tolia, funqciis stacionaruli wertilebi 

ewodeba, xolo wertilebs, sadac uwyveti funqciis war-

moebuli nulia an ar arsebobs – funqciis kritikuli 

wertilebi. 

mocemuli )(xfy =  funqciis monotonurobis Suale-

debis moZebnis wesi: 

a) vipoviT )(xf ′  funqciis kritikuli wertilebi, 

romlebic )(xfy =  funqciis gansazRvris ares dayofen 

monotonurobis Sualedebad; 

b) ganvsazRvroT TiToeul miRebul SualedSi )(xf ′  

warmoebulis niSani. Sualedebi, romlebSiac 0)( >′ xf  

warmoadgenen zrdadobis Sualedebs, xolo Sualedebi, 

romlebSiac 0)( <′ xf -klebadobis Sualedebs. 

0xx =  wertils ewodeba )(xfy =  funqciis maqsimumis 

(minimumis) wertili, Tu arsebobs x0 wertilis iseTi 
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midamo, rom am midamos x0-isagan gansxvavebuli yvela x-

ebisaTvis sruldeba utolobaL <)(xf )( 0xf  ))()(( 0xfxf > . 

funqciis maqsimumisa da minimumis wertilebs misi 

eqstremumis wertilebi ewodeba, xolo funqciis mniSvne-

lobebs am wertilebze funqciis eqstremumebi.   

funqcias eqstremumebi SeiZleba hqondes mxolod 

kritikul wertilebze, Tumca, yvela kritikuli wertili 

SeiZleba ar iyos eqstremumis wertili. eqstremumis 

wertilebi aris mxolod is wertilebi, romlebzedac 

gavlisas funqciis warmoebuli icvlis niSans; kerZod, 

Tu kritikul 0xx =  wertilze gavlisas (dadebiTi 

mimarTulebiT) )(xf ′  warmoebuli icvlis niSans dadebi-

Tidan uaryofiTisaken (uaryofiTidan dadebiTisaken), 

maSin 0xx =  wertili aris maqsimumis (minimumis) wertili. 

funqciis udidesi da umciresi mniSvnelobebi gansx-

vavdeba funqciis eqstremaluri mniSvnelobis cnebisagan, 

radganac, SesaZlebelia mocemul monakveTze funqcias 

eqstremumi ar hqondes, magram udides da umcires 

mniSvnelobas mainc aRwevdes.  

)(xfy = Dfunqciis udidesi da umciresi mniSvnelobebis 

sapovnelad saWiroa: mocemul segmentze vipovoT yvela 

kritikuli wertili; gamovTvaloT funqciis mniSvnelo-

bebi mocemul monakveTSi (segmentze) moTavsebul kriti-

kul wertilebsa da segmentis boloebze – SevadaroT es 

mniSvnelobebi erTmaneTs – maTgan udidesi iqneba funqciis 
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udidesi mniSvneloba, xolo umciresi – funqciis umci-

resi mniSvneloba. 

Tu R2 sivrcis (sibrtyis) D simravlis yovel ),( yxP  

wertils raime f wesiT Seesabameba garkveuli z ricxvi, 

maSin D simravleze gansazRvrulia P wertilis funqcia, 

anu ori x da y argumentebis z funqcia ),( yxfz = . Tu 

DyxP ∈);( 000 , maSin  

),(),( 0000 yxfyxxfzx −Δ+=Δ , 

),(),( 0000 yxfyyxfzy −Δ+=Δ  

sxvaobebs ewodebaT, Sesabamisad, ),( yxfz =  funqciis 

kerZo nazrdebi x-is da y-is mimarT, xels zRvrebs (Tu 

isini arseboben) 

x
yxfyxxf

x
z

x Δ
−Δ+

=
∂
∂

→Δ

),(),(
lim 0000

0
 

da 

y
yxfyyxf

y
z

y Δ
−Δ+

=
∂
∂

→Δ

),(),(
lim 0000

0
. 

Sesabamisad, kerZo warmoebulebi x cvladiT (y 

cvladiT) wertilSi );( 00 yx . Tu 
x
z
∂
∂

 da 
y
z
∂
∂

 funqciebs aqvs 

warmoebuli x (y cvladiT) wertilSi );( 00 yx , maSin maT 

ewodebaT ),( yxfz =  funqciis meore rigis kerZo warmoe-

bulebi – ori cvladis funqciisaTvis. isini aRiniSnebian, 

Sesabamisad, ase: 

,xxz ′′ L xyz ′′ , ,yxz ′′  yyz ′′ , an ase: 2

2

x
f

∂
∂

, 
yx
f
∂∂

∂ 2

, 
xy
f
∂∂

∂ 2

, 2

2

y
f

∂
∂

. 

SevniSnoT, Semdegi: Tu  
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),( vufz = , 

sadac ),( yxgu =  da ),( yxhv = , maSin 

x
v

v
z

x
u

u
z

x
u

∂
∂
⋅

∂
∂

+
∂
∂
⋅

∂
∂

=
∂
∂

, 
y
v

v
z

y
u

u
z

y
z

∂
∂
⋅

∂
∂

+
∂
∂
⋅

∂
∂

=
∂
∂

_ ori cvladis 

rTuli funqciis kerZo warmoebulebia. 

);( 000 yxP  wertils ewodeba ),( yxfz =  funqciis maqsi-

mumis (minimumis) wertili, Tu arsebobs am wertilis 

iseTi midamo, romlis yoveli ),( yx  wertilisTvis 

),()( 00 yxfxf ≤  )),()(( 00 yxfxf ≥ . wertils ewodeba ori 

cvladis funqciis eqstremumis wertili, Tu igi aris am 

funqciis an maqsimumis an minimumis wertili. funqciis 

mniSvnelobebs eqstremumis wertilebSi funqciis eqstre-

mumebi hqvia.  

ori cvladis funqciis eqstremumis aucilebel da 

sakmaris pirobebs iZlevian Semdegi Teoremebi: a) Tu ori 

cvladis funqcias raime wertilSi aqvs eqstremumi, maSin 

am wertilSi TiToeuli kerZo warmoebuli an nulis 

tolia, an ar arsebobs. b) vTqvaT, );( 00 yx  wertilSi 

),( yxfz =  funqcias gaaCnia nulis toli I rigis warmoebu-

lebi da uwyveti II rigis warmoebulebi: );( 00 yxfA xx′′= ,  

),();( 0000 yxfyxfB yxxy ′′=′′=  da );( 00 yxfC yy′′= , maSin: Tu 

02 >− BAC , funqcias );( 00 yx  wertilSi aqvs eqstremumi, 

saxeldobr – minimumi, roca 0>A  da maqsimumi, roca  

0<A ; Tu 02 <− BAC , funqcias );( 00 yx  wertilSi eqstre-

mumi ar aqvs; Tu 02 =− BAC , gvaqvs saeWvo SemTxveva – 
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funqcias SeiZleba hqondes eqstremumi (maqsimumi an 

minimumi), SeiZleba ar hqondes eqstremumi. 

 
1. kvadratis formis rkinis furclisgan, romlis 

gverdia а, kuTxeebSi unda CamoiWras oTxi kvadrati ise, 

rom darCenili nawilisagan moRunvis Semdeg miviRoT 

udidesi moculobis Ria yuTi. ipoveT amosaWreli kvad-

ratebis gverdis  sigrZe.  

amoxsna: vTqvaT, amoWrili kvadratis 

gverdi х; maSin im kvadratis gverdi, 

romelic qmnis yuTis fskers, toli 

iqneba xa 2− , xolo misi moculoba: 

xxaV 2)2( −= , ⎟
⎠
⎞

⎜
⎝
⎛ ≤≤

2
0 ax . 

vipovoT am funqciis udidesi mniSvneloba gvaqvs: 

222 128)2(4)2( xaxaxaxxa
dx
dV

+−=−−−= ; 

amovxsnaT gantoleba 

0812 2 =+− aaxx  
miviRebT 

,
61
ax =  

22
ax = . 

radgan ,0)0( =V  0
2

=⎟
⎠
⎞

⎜
⎝
⎛ aV , cxadia 

61
ax = -Tvis gveqneba 

udidesi moculobis kolofi da es moculoba iqneba 
27
2 3a

.  

amrigad, amoWrili kvadratis gverdi Seadgens mocemuli 

kvadratis gverdis meeqvseds.  

 2. marTkuTxedis formis Tunuqis furclisagan, 

romlis gverdebia 8 dm da 5 dm, kuTxeebSi oTxi kvad-

nax. 3 
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ratis CamoWriT, undaT daamzadon zemodan Ria yuTi, 

romlis moculoba iqneba udidesi. rogori unda iyos 

amosaWreli kvadratebis gverdis sigrZe? 

pasuxi: 1 dm. 

3. gansazRvreT 32 m2 moculobis, kvadratis formis 

mqone fskeris, auzis ganzomilebani im pirobiT, rom misi 

kedlebisa da fskeris mopirkeTebaze daixarjos umciresi 

raodenobis masala.   

amoxsna: aRvniSnoT fuZis gverdi х-iT, xolo simaRle 

у-iT, maSin auzis moculoba 

,322 == yxV                        (1) 

xolo mosapirkeTebeli S zedapiri 

.42 xyxS +=  

(1)-dan у gamovsaxoT х-iT, miviRebT: 

.1284 2
2

2

x
x

x
VxxS +=+=  

movZebnoT miRebuli funqciis umciresi mniSvneloba 

(0, ∞)-Si. 

gvaqvs: 

2

1282
x

xS −=′ ,  01282 2 =−
x

x , 4=x . 

napovni х = 4 wertili, cxadia, warmoadgens minimumis 

wertils S funqciisaTvis, radgan, mas udidesi mniSvne-

loba ar gaaCnia (igi usasrulod zrdadia, roca 0→x  

da ∞→x ). 

maSasadame, auzis saZiebeli zomebia х = 4 m, у = 2 m.   
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4. yvavilnaris SemosaRobad, romelsac unda hqondes 

wriuli seqtoris forma, gvaqvs 20 m sigrZis mavTuli. ra 

sigrZis unda iyos wris radiusi, rom yvavilnaris far-

Tobi iyos udidesi? 

amoxsna: aRvniSnoTYwris radiusi 

х-iT, xolo seqtoris rkalis sigrZe 

у-iT (nax. 4), maSin  

yx += 220 , 

saidanac 

).10(2 xy −=  

wriuli seqtoris farTobi )10(
2
1 xxxyS −==  )100( ≤≤ x . 

vipovoT am funqciis udidesi mniSvneloba. 

gvaqvs: 

,0210)( =−=′ xxS  х = 5. 

radgan, umciresi mniSvneloba S = 0 miiRweva [0, 10] 

segmentis boloebze, amitom x = 5-Tvis gveqneba udidesi 

farTobi. 

5. unda damzaddes 0V  moculo-

bis Ria cilindruli rezervuari. 

masalis sisqea d. rogori unda 

iyos rezervuaris zomebi, rom mis 

damzadebaze daixarjos masalis 

rac SeiZleba mcire raodenoba? 

me-5 naxazze mocemulia rezer-

vuaris Wrili.  

vTqvaT, Siga cilindris radiusia х, xolo simaRle ki h.  

nax. 4 

nax. 5
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rezervuaris fskerisa da kedlebis masalis mocu-

loba iqneba:  

              [ ] =−+++= hxdxddxV 222 )()( ππ  

)2()( 22 dxdhdxd +++= ππ .                   (1) 

meores mxriv, pirobiT  

hxV 2
0 π= , 

aqedan 

2
0

x
V

h
π

= ; 

sabolood (1) miiRebs saxes: 

++=+++= 22
2
02 )()2()( dxddxd

x
V

dxdV π
π
π

π .
2

2

2
00

x
dV

x
dV
+  

moiTxoveba )(xV  funqciis minimaluri mniSvnelobis 

moZebna (0, ∞)-Si. 

.))((222)(2)( 3
0

3

3

2
0

2
0

x
Vxdxd

x
dV

x
dVdxdxV −+

=−−+=′ π
π  

erTaderTi dadebiTi fesvi warmoebulisa aris .3 0

π
V

x =  

swored igi warmoadgens saZiebel kritikul wertils da 

Sesabamisad,  

xV

V

Vh === 3 0

3 2
0

3 2
0

ππ

π
 

6. cnobilia, rom marTkuTxedis formis 

ganivi kveTis (nax. 6) Zelis simtkice 

icvleba simaRlis kvadratis da siganis 

proporciulad. rogori iqneba udidesi nax. 6 
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simtkicis Zelis zomebi, romelic SeiZleba gamoiWras d 

diametris wriuli morisgan?  

amoxsna: vTqvaT х warmoadgens siganes da у ki Zelis 

simaRles. pirobiT Zels eqneba udidesi simtkice, 

rodesac ху2 miaRwevs maqsimums. naxazidan Cans, rom  

222 xdy −= , 

maSasadame, unda moiZebnos Semdegi funqciis udidesi 

mniSvneloba 

.)()( 3222 xxdxdxxf −=−=  

gvaqvs: 

.3)( 22 xdxf −=′  

03 22 =− xd , 

sabolood, vRebulobT, rom 
3

dx =  aris is mniSvneloba, 

romlisTvisac mocemuli funqcia Rebulobs udides 

mniSvnelobas. Sesabamisad, Tu Zeli isea gamoxerxili, 

rom 

simaRle udris moris diametris 
3
2
-s, 

sigane udris moris diametris 
3
1
-s, 

maSin Zeli iqneba udidesi simtkicis. 

7. cnobilia, rom marTkuTxedis formis ganivi kveTis 

Zelis sixiste icvleba simaRlis kubis da fuZis propor-

ciulad. ipoveT udidesi sixistis mqone Zelis zomebi, 
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romelic SeiZleba gamoiWras d diametris wriuli 

morisgan:  

pasuxi: ;
2
d

 d
2
3

. 

8. mrgvali Zelisgan unda gamoiWras koWi, romlis 

kveTa marTkuTxedia, ise rom narCenebis raodenoba mini-

maluri iyos. ipoveT marTkuTxedis zomebi. 

pasuxi: 
2

d
; 

2
d

. 

9. mocemul birTvSi CavxazoT udidesi gverdiTi zeda-

piris mqone cilindri. 

pasuxi: 2RH =  

10. rogori iqneba sigane maqsimaluri farTobis marT-

kuTxedisa, romelic SeiZleba 

Caixazos parabolis mocemul 

AOA ′  segmentSi? 

miTiTeba: (nax. 7) Tu  

,hOC =  xhBC −=  da .2yEE =′  

maSin EDED ′′  marTkuTxedis 

farTobi iqneba: 

.)(2 yxh −  

magram, Е wertili Zevs pxy 22 =  parabolaze, amitom, 

sakvlev funqcias eqneba saxe: 

pxxhxf 2)(2)( −=  

pasuxi: h
3
2

. 

nax. 7 
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11. ipoveT maqsimaluri moculobis konusis simaRle, 

romelic SeiZleba Caixazos mocemul r radiusis mqone 

sferoSi. 

miTiTeba: konusis moculoba tolia 

,
3
1 2 yxπ  

magram 

);2(2 yryCDBCx −=⋅=  

amitom sakvlevi funqcia iqneba 

)2(
3

)( 2 yryyf −=
π

. 

pasuxi: r
3
4

, 

12. ipoveT maqsimaluri moculobis 

cilindris simaRle, romelic SeiZleba Caixazos mocemul 

konusSi (nax. 9). 

miTiTeba: vTqvaT, AC = r da ВC = h. cilindris 

moculoba iqneba πx2y. marTkuTxa 

ABC da DBG samkuTxedebidan gvaqvs: 

)(:: yhhxr −= , 

saidanac 

h
yhrx )( −

= . 

amdenad, Cven sakvlev funqcias 

eqneba saxe 

.)()( 2
2

2

yhy
h
ryf −= π  

pasuxi: simaRlea h
3
1

. 

nax. 8 

nax. 9 
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13. mrgvali magidis centris Tavze unda daikidos 

naTura. ra simaRleze unda daikidos es naTura, rom 

magidis napirebi maqsimalurad iyos ganaTebuli. 

amoxsna: fizikidan cnobilia, rom A wertilSi 

ganaTebuloba gamoiTvleba formuliT 

2

sin
l

KI ϕ
= , (nax. 10) 

К – proporciulobis koeficientia 

(Suqis wyaros Zala). 

Tu SevniSnavT, rom 

l
r

=ϕcos , 

miviRebT 

ϕϕ 2
2 cossin

r
KI = . 

saWiroa vipovoT am funqciis udidesi mniSvneloba 

⎥⎦
⎤

⎢⎣
⎡

2
,0 π

 Sualedze. gvaqvs 

2r
KI =′ ( )ϕϕϕ cossin2cos 23 − =0. 

⎟
⎠
⎞

⎜
⎝
⎛

2
,0 π

 SualedSi gantolebas aqvs mxolod erTi 

amonaxseni, es aris 0ϕ  kuTxe, romlisTvisac 

2
2

0 =ϕtg . 

vinaidan, 0
2

)0( =⎟
⎠
⎞

⎜
⎝
⎛=
πII , ,0>I  roca 

2
0 πϕ << , 

vRebulobT, rom roca 0ϕϕ =  I Rebulobs udides 

mniSvnelobas. saZiebeli simaRle iqneba 

nax. 10 
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rrrtgh 7,0
2

2
0 ≈== ϕ . 

14. V  moculobis qilas aqvs cilindris forma. 

rogori unda iyos misi zomebis Sefardeba (simaRle h  da 

diametri 2R), raTa mis damzadebaze daixarjos Tunuqis 

minimaluri raodenoba? 

pasuxi: 3
2
322
π
VRh == . 

15. saWiroa D  qalaqis gzatkeciliT dakavSireba rki-

nigzis sworxazovan magistralTan, romelzedac ganTavse-

bulia А qalaqi, DB  daSoreba rkinigzamde а-s tolia. АВ 

manZili rkinigzis gaswvriv l -is tolia. gadazidvaTa 

Rirebuleba gzatkecilze m -jer iafia gadazidvaTa Rire-

bulebaze rkinigziT ( 1>m ). 

rogor gavataroT DP gzatke-

cili rkinigzisken, rom gada-

zidvaTa Rirebuleba qarxnidan 

qalaqamde iyos minimaluri? 

 amoxsna: upirveles yovlisa 

cxadia, rom gzatkecili agreTve 

unda iyos sworxazovani (ori mocemuli wertilis Semaer-

Tebel nebismier wirs Soris wrfe umoklesia). amasTan, Р 

punqti ver iqneba А wertilis marcxniv da verc В-s 

marjvniv, Tu АР manZils x-iT aRvniSnavT, maSin zemoT 

naTqvami niSnavs Semdegs: lx ≤≤0 .  

nax. 11 



 31 

vTqvaT, gadazidvaTa Rirebuleba rkinigzaze aris k ; 

maSin gadazidvaTa Rirebuleba gzatkecilze iqneba km , 

xolo gadazidvaTa saerTo Rirebuleba D -dan А-Si iqneba 

22 )( xlakmkxN −++= . 

amrigad, saWiroa moiZebnos minimaluri mniSvneloba 

funqciisa 

22 )()( lxamxxf −++= , lx ≤≤0  . 

ganvixiloT 

.
)(

)(1)(
22 lxa

lxmxf
−+

−
+=′  

advilad miiReba, rom 0)( =′ sf  mxolod erT wertilSi 

.
12 −

−=
m

alx  

Tu es wertili ekuTvnis ],0[ l  segments, anu, Tu 

12 −
≥

m

al an 12 −≤ m
l
a

, 

maSin miTiTebul wertilSi miiRweva gadazidvaTa minima-

luri Rirebuleba (amis Semowmeba advilia). Tuki ukanask-

neli utoloba ar sruldeba, maSin )(xf  zrdadia [ ]l,0 -Si 

da amitom gadazidvaTa minimaluri Rirebuleba miiRweva 

х= 0-Si.  

16. ori TviTmfrinavi frinavs erT sibrtyeSi da swor-

xazovnad 120° kuTxiT daxriT, erTi da imave ν km/sT 

siCqariT. romeliRac momentSi erTi TviTmfrinavi mivida 

moZraobis xazis gadakveTis wertilSi, xolo meore ver 
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miuaxlovda mas а km-iT. ra drois Semdeg iqneba TviTmf-

rinavebs Soris manZili minimaluri da risi tolia igi? 

pasuxi:  
ν2
a

saaTis Semdeg da 
2
aS = km. 

17. В punqti mdebareobs 60 km-ze rkinigzidan. daSoreba 

rkinigzis gaswvriv А punqtidan В punqtis uaxloes С 

wertilidamde Seadgens 285 km-s. С wertilidan ra man-

Zilze unda avaSenoT sadguri, raTa daixarjos minima-

luri dro А da В punqtebs Soris gadaadgilebaze, Tu 

moZraobis siCqare rkinigzis gaswvriv 52 km/sT-ia, xolo 

moZraobis siCqare gzadkecilze 20 km/sT-is tolia? 

pasuxi: х = 25 km; 8=t  sT 15 wT. 

18. turisti midis А punqtidan, romelic mdebareobs 

gzatkecilze, В punqtSi, romelic mdebareobs 8 km-Si 

gzatkecilidan. manZili А-dan В-mde wrfis gaswvriv 17 km-ia. 

ra adgilze unda gadauxvios turistma gzatkecilidan, 

raTa umokles droSi mivides В punqtSi, Tu misi siCqare 

gzatkecilze 5 km/sT-ia, xolo bilikze 3 km/sT? 

pasuxi: А-dan 9 km-ze. 

19. arxi, romlis sigane 27 m-ia, marTi kuTxiT ecema 64 

m-is meore arxSi. rogoria udidesi sigrZe morebis, rom-

lebic SeiZleba davacuroT arxebis am sistemaSi? 

pasuxi: 125 m. 

20. Stanguri samagriT gamagrebuli samTo gamonamuSe-

vris kveTi aris marTkuTxedi (nax. 12). ganivi kveTis 

farTobi 7,4=S  m2.  ipoveT samagris CarCos umciresi 

perimetri. 
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amoxsna: samagris CarCos perimetri baL 2+= , farTobi 

abS = . 

am tolobebidan gamomdina-

reobs, rom 

b
b
SbL 2)( +=  

vipovoT )(bL  funqciis umci-

resi mniSvneloba (0,∞) inter-

valSi. 

gvaqvs: 

2)( 2 +−=′
b
SbL . 

amovxsnaT gantoleba 0)( =′ bL . miviRebT 2Sb = . 

miRebuli wertilSi )(bL  funqcia Rebulobs umcires 

mniSvnelobas 

SL 22min = , S
S
Sa 22
== . 

e.i.    222
==

S
S

b
a

 

amocanis pirobisaTvis 

13,67,422min ≈=L  m. 

21. Sris dacemisas, roca dacemis kuTxe ar aRemateba 

12°, gamoiyeneba Stanguri samagriT gamagrebuli gamonamu-

Sevari daxrili WeriT (nax. 13). gamonamuSevris ganivi 

kveTis farTobi 0,5=S  m2. ipoveT samagris CarCis 

perimetri. 

amoxsna: perimetri 

nax. 12 
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°
+°+=

10cos
102 qatgbL . 

radgan farTobi 

2
)102( aatgbS °+= , 

 amitom 
2
10°

−=
tga

a
Sb  da  

+°+°−= 10102)( atgatg
a
SaL

°
+=

°
+

10cos
2

10cos
a

a
Sa

. 

L(a) funqciis eqstremumze gamokvlevis Sedegad miviRebT 

S
a

a
SL

°
=

°
+=

10cos
22

10cos
2 min

min
min ,   °= 10cos2min Sa . 

amocanis pirobisaTvis 

37,6
10cos

1025
10cos
22

lim ≈
°

=
°

=L  m. 

22. samagri CarCoTi gamagrebuli samTo gamonamuSevris 

kveTi aris tolferda trapecia, 

gverdiTi dgarebebis daxri-

lobis kuTxe udris 80° (nax. 

14) (Sris  dacemis kuTxe metia  

10° da naklebia 55°). ganivi 

kveTis farTobi S=5,95 m2. ipoveT 

samagri CarCosi umciresi 

perimetri. 

amoxsna: saZebni perimetri 

lbaL 2++=  

nax. 13 

nax. 14
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kveTis farTobi 
2

baS +
= , sadac °= 80sinlh , 

saidanac 

°
==+

80sin
22

l
S

h
Sba , 

amitom 

l
l

SlL 2
80sin

2)( +
°

= . 

L(l) funqciis eqstremumze gamokvlevis Sedegad miviRebT 

,
80sinmin °

=
Sl  minmin

min
min 42

80sin
2 ll

l
SL =+

°
= . 

amocanis pirobisaTvis 

            46,2
80sin
95,5

min ≈
°

=l  m, 

           84,9min ≈L m. 

23. samagri CarCoTi gamagrebuli samTo gamonamuSevris 

kveTi aris trapecia, 

romlis fuZesTan mdebare 

kuTxeebi 70° da 80°. (nax. 15) 

Sris dacemis kuTxe udris 

70°, ganivi kveTis farTobi S 

= 6,22 m2. ipoveT samagri 

CarCosi umciresi perimetri.   

amoxsna: kveTis perimetri  

21 llbaL +++= , 

sadac 

nax. 15 
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,
80sin2 °

=
hl  

°
=

70sin3
hl  

farTobi ki hbaS
2
+

= , saidanac  

                       
h
Sba 2

=+ , 

amitom 

°
+

°
+=

70sin80sin
2)( hh
h
ShL . 

L(h) funqciis eqstremumze gamokvlevisas miviRebT 

°
+

°

=

70sin
1

80sin
1

2
min

Sh . 

roca S =6,22 m2, maSin  

45,2min ≈h  m, 17,10min ≈L  m. 

24. foladis TaRovani samagriT gamagrebulia samTo 

gamonamuSevris kveTi Sedgeba marTkuTxedisgan da 

naxevarwrisgan (nax. 16). gamona-

muSevris (magaliTad wolxvre-

lis) ganivi kveTis farTobi 

S=7,6 m2. rogori unda iyos 

naxevarwris radiusi, rom 

kveTis perimetri iyos 

umciresi? 

amoxsna: kveTis perimetri 

RRhL π++= 22 , farTobi ki 

2
2

2RhRS π
+= , 

saidanac 

nax. 16 
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42
R

R
Sh π

−= . 

amitom 

RR
R
SRL )2(

2
)( ππ

++−= . 

L(R) funqciis eqstremumze gamokvlevisas miviRebT 

;
4
2

min π−
=

SR  
min

minmin 2
4

R
SRL +

+
=

π
. 

roca S = 7,6 m2, maSin 

4,1
4

6,72
min ≈

+
⋅

=
π

R m. 

4,10
46,1
6,746,1

2
4

min ≈+
+

=
πL m. 

25. eqskavatoris CamCas (swori meqanikuri niCabis) aqvs 

zemodan gaxsnili marTkuTxa paralelepipedis forma, 

2,3=V m3 moculobiT. rogori unda iyos CamCas zomebi, 

rom misi damzadebaze daixarjos minimaluri raodenobis 

masala, Tu cnobilia, rom simaRle h tolia l sigrZis. 

(kedlebis sisqe ar gaiTvaliswineba).  

 amoxsna: CamCas moculoba 

2bhhblV == , 

sadac −b siganea. 

radgan hl = , amitom farTobi  

22322 hbhhlbhbhS +=++= . 

radgan 2hVb = , amitom 

223)( h
h
VhS += . 

vipovoT )(hS  funqciis eqstremumi. 



 38 

h
h
VhS 43)( 2 +−=′ . 

0)( =′ hS  gantolebidan miviRebT, rom 3 43Vh = ; 

0)5,0( <′
krithS , 0)2( >′

krithS , amitom krit.hh =  wertilSi )(hS  

funqcias gaaCnia minimumi, e.i.  

,91,0 3
min Vh =  ,2,1 3

min Vb =  2
min

min
min 23 h

h
VS += . 

roca 2,3=V m3, maSin 

35,12,391,0 3
min ≈=h  m,  

77,12,32,1 3
min ≈=b  m. 

26. draglainis CamCa warmoadgens kolofisebri formis 

SenaduR konstruqcias, romelic aRWurvilia kbilebiT. 

CamCas gaaCnia zemodan gaxsnili 

paralelepipedis forma wina 

kedlis gareSe (nax. 17).  

CamCas moculoba =V 15m3, 

rogori zomebis CamCa unda 

iyos, rom misi damzadebaze 

daixarjos minimaluri raode-

noba masala, Tu cnobilia, rom bl 2,1= ? 

amoxsna: CamCas moculoba 

hbblhV 22,1== , 

farTobi ki 

bhbbhlhlbS 4,32,12 2 +=++= . 

gamovsaxoT h sidide V-s da b-s saSualebiT: 

nax. 17 
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22,1 b
Vh = . 

Tu CavsvaT h-is es mniSvneloba farTobis formulaSi, 

miviRebT 

b
VbbS 83,22,1)( 2 += . 

S(b) funqciis eqstremumze gamokvlevisas miviRebT 

                       ;09,1
4,2

83,2 33min VVb ≈=    

                       ;3,12,1 3
min Vbl ==  

                      ;7,0
2,1

3
2
min

min V
b
Vh ==   

                      ;83,22,1
min

2
minmin b

VbS +=  

                  64,0minmin =bh . 

amocanis pirobis Tanaxmad V = 15 m3, amitom 

                      7,21509,1 3
min ==b  m; 

                      2,3153,1 3
min ==l  m;  

17157,0 3
min ==h  m; 

47,24
27
1583,27,22,1 2

min =⋅+⋅=S  m2. 

27. eqskavatoris CamCa (Sebru-

nebuli niCabis) aris marTi sam-

kuTxa prizma gverdiTi waxnagis 

gareSe (nax. 18). CamCas moculoba 

V=0,15 m3. rogori zomebis CamCa 

unda iyos, rom misi damzadebaze 

daixarjos minimaluri raodeno-
nax. 18 
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bis masala, Tu cnobilia, rom ah =  (kedlebis sisqe ar 

gaiTvaliswineba).  

amoxsna: CamCas moculoba 

bhahbV
22

2

=⋅= , 

zedapiris farTobi 

2222 22 bhhhbbhaabS ++=++= . 

radgan 2
2
h
Vb = , amitom 

4
2

2
2

4

2 4444)( h
h
V

h
Vh

h
Vh

h
VhS ++=++= . 

gamovikvlioT S (h) funqcia eqstremumze. 

.
4

424)(
4

2

2
3

26

2

h
h
Vh

Vh
h
VhS

+

−
+−=′  

gavutoloT S ′ (h) nuls 

,04

4

42
2

4
2

2
3

26

=−

+

−
h
V

h
h
Vh

Vh
 

an                 6226 422 hVVVh +=− . 

aRvniSnoT 226 4 xVh =+ , saidanac 226 4Vxh −= . maSin 

VxVx 26 22 =− , 

maSin                  062 22 =−− VVxx  

da                  77 2
2,1 VVVVx ±=±= . 

radgan 04 26 >+= Vhx , viRebT 

),71(7 +=+= VVVx   
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)724(4 2226 +=−= VVxh , 

saidanac vRebulobT, rom 

36 724 Vh +=krit. . 

0)5,0( <′ krit.hS , 0)2( >′ krit.hS m, amitom krit.hh = wertilSi 

)(hS funqcias gaaCnia minimumi 

                ,45,1724 336
min VVh ≈+=   

                3
2
min

min 96,02 V
h

Vb ≈= , 

               .26,544 3 24
min2

min

2

min
min Vh

h
V

h
S ≈++=  

im SemTxvevaSi, roca V=0,15 m3 

                77,015,045,1 3
min =≈h m; 

                5,015,095,0 3
min =≈b m; 

                49,115,026,5 3 2
min =≈S m2, 

,65517241,0
45,1
95,0

3

3

min

min
min ===

V
V

h
btgα  

e.i.                   4133min ′°≈α . 

28. eqskavators, romelic iyeneba sadrenaJo da moswo-

rebus samuSaoebisaTvis, gaaCnia wriuli cilindris 

meoTxedis, gverdiTi waxnagis gareSe formis CamCa (nax. 19) 

CamCas moculoba V=0,23 m3. risi toli unda iyos 

naxevarwris radiusi, rom CamCas damzadebaze daixarjos 

minimaluri raodenobis masala?  

amoxsna: CamCas moculoba lRV
4

2π
= , zedapiris farTobi 
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.
22

2

lRRlRS ππ
++=  

 radgan 2
4
R
Vl

π
= , amitom 

R
V

R
VRRS 24

2
)(

2

++=
π

π
, 

22

24)(
R
V

R
VRRS −−=′

π
π . 

0)( =′ RS  gantolebidan miviRebT  

33
42 VR

π
π +

=kr . 

0)5,0( <′
krRS , 0)2( >′

krRS , amitom  R=Rkrit. wertilSi S(t) 

funqcias gaaCnia minimumi 

                     ,48,1 3
min VR ≈   

                     3
2min 58,04 V

R
Vl ≈=

π
, 

                     
min

2

2
min

min
24

2 R
V

R
VR

S ++=
π

π
. 

roca V= 0,23 m3, maSin 

                    91,023,048,1 3
min ≈=R  sm; 

                    36,023,058,0 3
min ≈≈l  m; 

13,25,032,03,1
91,0
23,02

91,0
23,04

2
91,0 2

min =++≈
⋅

+
⋅
⋅

+
⋅

=
π

πS  m3. 

29. fxvieri tvirTis transportirebis dros gamoiye-

neba daxuruli Rari, romlis kveTa aris marTkuTxedi. 

gansazRvreT mocemuli perimetris mqone Raris zomebi, 

romlebisaTvis kveTis farTobi iqneba maqsimaluri (nax. 

20).  

nax. 19 
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amoxsna: Raris perimetri 

hbP 22 += , 

kveTis farTobi ki bhS = . 

pirveli tolobidan 
2

2bPh −
= , 

amitom 

2

22
)2( bbPbPbS −=

−
= . 

S(b) funqciis eqstremumze 

gamokvlevis Sedegad miviRebT, rom am funqcias 
4
Pb =  

wertilSi gaaCnia maqsimumi da  

4max
Pb = ; .

42
2

max
max

max bPbPh ==
−

=  

e.i. Raris kveTi unda iyos kvadrati, romlis farTobi 

16

2

max
PS = . 

magaliTad, Tu Р = 2 m, maSin  

                     5,0
4max ==
PP m; 

                     25,0
16

2

max ==
PS m2. 

30. sawvavsapoxi masalebis transportirebis dros 

gamoiyeneba cilindris formis cisternebi, l – sigrZis da 

R-fuZis radiusiT. gansazRvreT V=120 m3 mqone moculobis 

cisternis zomebi, romlebisaTvis misi damzadebaze 

daixarjeba minimaluri raodenobis masala (kedlebis 

sisqe ar iTvaliswineba). 

amoxsna: cisternis moculoba 

nax. 20 
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lRV 2π= , 

zedapiris farTobi 

RlRS ππ 22 2 += . 

am ori tolobidan gamomdinareobs, rom 

.22)( 2

R
VRRS += π  

vipovoT S(b) funqciis minimumi. gvaqvs 

2

24)(
R
VRRS −=′ π , 

024 2 =−
R
VRπ ; 

saidanac 

3
2π
VR =krit. ; 

0)5,0( <′
krit.RS , 0)2( >′ krit.RS , 

amitom krit.RR =  wertilSi S(R) funqcias gaaCnia minimumi 

;
2

3
min π

VR =  ===
3

4

23

3
2

2min

4)2( π
π

π
π V

V

V

Vl ;2
2

24
min

33 RVV
==

ππ
 

3 2

min

2
minmin 2322 V

R
VRS ππ =+= . 

kerZod, Tu V=120 m3, maSin 

                67,2
2
120

3
min ==

π
R m;  

                34,5
67,2

120
22

min
min =

⋅
==
ππR

Vl m. 

e.i. cisternis diametri unda udrides mis sigrZes. 

sinamdvileSi es ar xdeba sxvadasxva faqtorebis gamo. 

amitom, ganvixiloT Semdegi amocana: 
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vipovoT V – moculobis mqone cisternis zomebi, 

romlebisaTvis SenaduRi nakerebis sigrZe iqneba minima-

luri. 

amoxsna: SenaduRi nakerebis sigrZe 

lRL += π4 . 

radgan 2R
Vl
π

= , amitom 

.4)( 2R
VRRL
π

π +=  

vipovoT L(R) funqciis minimums 

                       ;24)( 3R
VRL

π
π −=′   

                       024 3 =−
R
V

π
π ; 

                       3
22π

VR =krit. ; 

                 0)5,0( <′ krit.RL ; 0)2( >′ krit,RL , 

amitom krit.RR =  wertilSi L(R) funqcias aqvs minimumi 

         3
2min 2π

VR = ; 3

3
4

22
min

min 4

4

V
V

V
R
Vl π

π
π

π
=== ; 

   ππ

π

π 28

2

4 3 2

3
2

3

min

min ===
V

V
R
l

,  

an       π=
min

min

2R
l

; 

   minminminmin 64 RlRL ππ =+= , 
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e.i. SenaduRi nakerebis sigrZe iqneba minimaluri, roca 

cisternis sigrZe π -jer metia diametrze. 

kerZod, Tu V=120 m3, maSin 

            825,1
2
120

3
2min ≈=

π
R  m; 

            46,11825,122min ≈⋅≈= ππRl m. 

31. SaxtaSi wylis Tanabari mowodebisaTvis iyeneben 

samarago rezervuarebs, romlebsac aqvT zemodan gaxsnili 

cilindris forma. vipovoT V=500 m3 moculobis mqone 

rezervuaris iseTi zomebi, romlebisaTvis mis damzadebaze 

daixarjeba rkinabetonis minimaluri raodenoba.  

amoxsna: rezervuaria moculoba da zedapiris farTobi 

gamoiTvleba formulebiT 

;2 HRV π=  RHRS ππ 22 += . 

radgan 2R
VH
π

= , amitom 

.2)( 2

R
VRRS += π  

vipovoT S(R) funqciis minimumis wertili 

,22)( 2R
VRRS −=′ π  0)( =′ RS , 

saidanac 

3
min π

VR = , 
min

2
minmin

2
R

VRS += π , 

min
3

3
2

22
min

min RV

V

V
R
VH ====

π

π
π

π
. 

e.i. rezervuaris simaRle unda iyos orjer naklebi fuZis 

diametrze. 
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32. Saxtis damxmare Wauris blokis Senoba Sedgeba 

sami ganyofilebidan: 1 – rkinis samagris da danadgaris 

sawyobi; 2 – materialuri sawyobi; 

3 – cexi, Saxtis damxmare perso-

nalisTvis. blokis yvela kedle-

bis sigrZe L=336 m. damxmare cexis 

sigrZe orjer metia siganeze da 

udris orive sawyobebis sigrZee-

bis jams (nax. 21). rogori unda iyos  Senobis zomebi, rom 

ori sawyobis farTobebis jami iyos udidesi.  

 amoxsna: yvela kedlebis sigrZe 

cdcbaL ++++= )(2)(3 . 

sawyobis farTobi 

cbaS )( += . 

radgan dba 2=+ , amitom dcS 2= ; cdL 38 += , saidanac 

4)3(2 cLd −= . 

e.i.  

2

4
3

44
3)( ccLcLccS −=

−
=  

gamovakvlioT S(c) funqcia eqstremumze  

cLcS
2
3

4
)( −=′ , 0)( =′ sS ,

6
Lc =krit. . 

0)5,0( кр >′ cS , 0)2( кр <′ cS , funqcias gaaCnia maqsimumi 

6max
Lc = , ,

168
2

8
3 max

max
L

LLcLd =
−

=
−

=  

,
8

2)( maxmax
Ldba ==+  .

4868
2

2

max
LLLdcS =⋅==   

nax. 21 
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amocanis pirobisTvis 

56
6

336
max ==c m; 21

16
336

max ==d m; 

42)( max =+ ba m; 2332max =S  m2. 

33. rkinis furcels aqvs grZeli marTkuTxedis forma, 

sigrZiT 24 sm. saWiroa misi gadaRunva wyvetil-

wertilovan xazebze da gverdebs iseTi daxris micema, 

rom miviRoT prizmuli WurWeli maqsimaluri tevadobis 

(nax. 22). 

 

 

 

nax. 22 
 

amoxsna: amocanaSi moiTxoveba gvqondes maqsimaluri 

farTobis ganivi kveTa. es kveTa aris trapecia, romelsac 

aqvs: qveda fuZe x224 − , zeda fuZe αcos2224 xx +− , simaRle 

αsinx . amitom А farTobi moicema formuliT 

αααα cossinsin2sin24 22 xxxA +−= . 
gvaqvs: 

               αααα cossin2sin4sin24 xxx
x
A

+−=
∂
∂

, 

               ).sin(coscos2cos24 2222 αααα
α

−+−=
∂
∂ xxxA

 

gavutolebT, ra am kerZo warmoebulebs nuls, gveqneba 

ori gantoleba 

                 ,0)cos212(sin2 =+− αα xx  

           0)]sin(coscos2cos24[ 22 =−+− αααα xxx . 
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erT-erTi amonaxsni am sistemisa aris α=0 da x=0, magram 

mas ar aqvs azri dasmuli realuri amocanis pirobebSi, 

davuSvebT, ra, rom 0≠α  da 0≠x , gvaqvs: 
2
1cos =α  da x=8. 

fizikuri amocana naTlad migvaniSnebs Cven imaze, rom 

maqsimumi unda arsebobdes. es niSnavs, rom  igi unda 

miiRebodes, roca α=60°  da 8 sm. 

34. vaCvenoT, rom yvelaze ekonomiuri zomebi marTkuT-

xovani auzisaTvis aris: fuZe kvadrati da siRrme – fuZis 

gverdis sigrZis naxevari.  

35. farduls aqvs cilindris forma, masze daSenebuli 

konusuri TaviT. mocemuli v moculobis aseTi fardulis 

dasamzadeblad ra zomebis SemTxvevaSi daixarjeba 

masalis minimumi? 

pasuxi: Tu x fardulis fuZis radiusia, y cilindruli 

nawilis simaRle z konusuri nawilis simaRle, maSin 

ganzomilebaTa proporciebia: 

;
3
2

22
=

+ zx

z
 .2 zy =  

36. vaCvenoT, rom mocemuli moculobis marTkuTxa 

paralelepipedis S zedapiri iqneba minimaluri, roca 

sxeuli aris kubi. 

37. ipoveT marTkuTxa paralelepipedis ganzomilebani, 

romlisTvisac mocemuli S sruli zedapiris pirobebSi 

gveqneba maqsimaluri moculoba. 

pasuxi: zyx == , .
66max
SSV ⋅=  
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38. а davyoT sam iseT nawilad, rom maTi namravli 

iyos udidesi. 

amoxsna: vTqvaT, pirveli nawilia х, meore у, maSin 

mesame nawili iqneba  

yxayxa −−=+− )( , 

xolo sakvlevi funqcia iqneba 

.)(),( xyyxayxf −−=  

gvaqvs: 

02 2 =−−=
∂

yxyay
x

df
; .02 2 =−−=
∂

xxyax
y

df
 

am gantolebaTa amoxsna mogvcems 

;
3
ax =  

3
ay =  

(amrigad, dayofa warmoebs sam tol nawilad) 

;22

2

y
x

f
−=

∂
∂

 yxa
yx
f 22

2

−−=
∂∂

∂
; ;22

2

x
y

f
−=

∂
∂

 

2)32(4 yxaxy −−−=Δ . 

Tu  

3
ax =  da 

3
ay = . 

maSin 

0
3

2

>=Δ
a

, 

magram, ramdenadac 

a
x

f
3
2

2

2

−=
∂
∂

, 

cxadia, 

,
3
ax =

3
ay = -sTvis 

namravli iqneba udidesi da es udidesi mniSvnelobaa 
27

3a
. 
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Tavi III  

integrali. diferencialuri gantolebebi 

 
mravalnairi Teoriuli da gamoyenebiTi xasiaTis 

sakiTxis ganxilvisas saWiro xdeba ucnobi funqciis 

aRdgena misi warmoebulis saSualebiT.  

F(x) funqcias ewodeba f(x) funqciis pirvandeli moce-

mul SualedSi, Tu am Sualedis yvela x wertilisaTvis 

)()( xfxF =′ .  

SevniSnoT, rom:  

a) Tu F(x) funqcia f(x) funqciis pirvandelia, maSin 

F(x)+c, sadac c nebismieri mudmivia, agreTve warmoadgens 

f(x) funqciis pirvandels )()())(( xfxFCxF =′=′+ . 

b) Tu F(x) funqcia f(x)-is pirvandelia, maSin F(x)+c, 

sadac c nebismieri mudmivia f(x)-is zogadi saxis pirveladi 

funqcia, e.i. erTidaigive funqciis ori pirvandeli funqcia 

erTmaneTisagan gansxvavdeba mxolod mudmiv SesakrebiT. 

g) Tu f(x)-is pirvandeli F(x); g(x)-is pirvandeli G(x), 

maSin ))()(( xgxf + -is pirvandelia )()( xGxF + . 

d) Tu F(x) aris f(x)-is pirvandeli, xolo k mudmivia, 

maSin kF(x) aris kf(x)-is pirvandeli.  

e) Tu F(x) aris f(x)-is pirvandeli, xolo k da b 

mudmivebia, maSin )(1 bkxF
k

+  aris )( bkxf + -s pirvandeli. 

mocemuli funqciis pirvandelis moZebna funqciis 

integreba ewodeba da warmoadgens funqciis gawarmoebis 

Sebrunebuli operacias. 
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mocemuli f(x) funqciis raime pirvandeli F(x) funq-

ciisa da nebismieri c mudmivis cxF +)(  jams ewodeba f(x) 

funqciis ganusazRvreli integrali da aRiniSneba 

∫ += cxFdxxf )()( , 

amasTan, )(xf -is ewodeba integralqveSa funqcia, dxxf )( -  

integralqveSa gamosaxuleba, x cvlads – integrebis 

cvladi. 

ganusazRvreli integralis ZiriTadi Tvisebebi: 

1) ( ) )()( xfdxxf =
′

∫ , anu ( ) dxxfdxxfd )()( =∫ , 

2) ,)()( cxFdxxF +=′∫  anu ,)()( cxFxdF +=∫  

3) dxxfkdxxkf ∫∫ = )()( , sadac k nebismieri mudmivia, 

4) ( )∫ ∫ ∫±=± dxxgdxxfdxxgxf )()()()( , 

5) Tu cxFdxxf +=∫ )()( , maSin CbaxF
a

dxbaxf ++=+∫ )(1)( . 

ZiriTad integralTa cxrili: 

1) )1( 
1

1

−≠+
+

=
+

∫ α
α

α
α cxdxx ;  6) ∫ += ctgx

x
dx

2cos
;            

2) ∫ += cx
x

dx ln ;  7) ∫ +−= cctgx
x

dx
2sin

;             

3) ∫ += c
a

adxa
x

x

ln
;            8) ∫ =+=

−
cx

x

dx arcsin
1 2

 

   cedxe xx +=∫             cx +−= arccos ; 

4) ∫ += cxxdx sincos ;         9) ∫ +=
−

c
a
x

xa

dx arcsin
22

; 

5) cxxdx +−=∫ cossin ;       10) ∫ +−=+=
+

carcctgxcarctgx
x

dx
21

;   
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11) c
a
xarctg

axa
dx

+=
+∫

1
22 ;   13) ∫ +++=

+
caxx

ax

dx 2

2
ln . 

12) ∫ +
+
−

=
−

c
ax
ax

aax
dx ln

2
1

22 ; 

pirvandelis moZebnis umartivesi xerxebia: a) cvladis 

gardaqmnisa da b) nawilobrivi integrebis; 

a) Tu f(x) funqcias gaaCnia pirvandeli, xolo )(tx ϕ=  

raime Sualedze warmoebadi iseTi funqciaa, romlis 

mniSvnelobaTa simravle Sedis  f(x) funqciis gansazRvris 

areSi, maSin )())(( ttf ϕϕ ′⋅  funqciasac gaaCnia pirvandeli 

da ∫∫ ′= dtttfdxxf )())(()( ϕϕ ; 

b) Tu u(x) da  v(x) raime Sualedze warmoebadi iseTi 

funqciebia, rom )()( xvxu ⋅′  funqcias gaaCnia pirvandeli, 

maSin )()( xvxu ′⋅  funqciasac gaaCnia pirvandeli da 

∫∫ ′−⋅= dxxuxvxvxudxxbxu )()()()()()( . 

f(x) funqciis gansazRvruli integrali a-dan b-mde 

ewodeba am funqciis F(x) pirvandelis )()( aFbF −  nazrds, 

da aRiniSneba  

∫
b

a

dxxf )( , 

e.i. Tu )()( xfxF =′ , maSin  

)()()( aFbFdxxf
b

a

−=∫ . 

am tolobas niuton-laibnicis formula ewodeba. 

gansazRvrul integrals aqvs mravalmxrivi gamoyeneba: 

1) gansazRvruli  integralis  saSualebiT SesaZlebe- 
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lia brtyel figuraTa farTobebis gamoTvla:  

Tu )(xfy =  uwyveti da arauaryofiTi funqciaa ],[ ba  

segmentze, maSin )(xfy = , 0=y , ax = , bx =  wirebiT 

SemosazRvruli figuris farTobia ;)(∫=
b

a

dxxfS   

Tu )()( 21 xfxf ≤ warmoadgenen ],[ ba  segmentze uwyvet 

funqciebs, maSin im figuris farTobi, romelic 

SemosazRvrulia )()( 21 xfxf ≤  funqciebiTa da ax = , 

bx = wirebiT, gamoiTvleba formuliT  

dxxfxfS
b

a

))()(( 12 −= ∫  

2) im wiris sigrZe, romelic moicema ],[ ba  segmentze 

uwyvetad warmoebadi  f(x) funqciis grafikiT, gamoiTvleba 

formuliT 

∫ ′+=
b

a

dxxfl 2))((1 . 

3) im sxeulis moculoba, romelic miiReba ],[ ba  

segmentze arauaryofiTi uwyveti  f(x) funqciis grafikiTa 

da ax = , bx =  wirebiT SemosazRvruli brtyeli figuris 

brunviT Ox RerZis garSemo, gamoiTvleba formuliT 

dxxfV
b

a
x ∫= )(2π . 

4) Tu  M materialuri wertili  Ox RerZze F , Zalis 

moqmedebiT, romlis mimarTuleba emTxveva Ox RerZis 

mimarTulebas, maSin F Zalis mier Sesrulebuli W 
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muSaoba, roca M wertili gadaadgildeba ax =  wertili-

dan bx = wertilamde, gamoiTvleba formuliT 

∫=
b

a

dxxFW )( . 

5) zedapiridan h siRrmeze moTavsebul raime S 

farTobis figuraze moqmedi siTxis wneva P tolia  

ghSP ρ= , 

sadac ghρ aris wneva, romelic modis h siRrmeze far-

Tobis erTeulze, g Tavisufali vardnis aCqareba da 

ρ siTxis simkvrive (paskalis kanoni). 

gantolebas, romelic amyarebs kavSirs damoukidebel 

x cvladsa, mis ucnob y funqciasa da am funqciis warmo-

ebulebs Soris diferencialuri gantoleba ewodeba.  

diferencialuri gantolebis rigi ewodeba masSi 

Semavali ucnobi funqciis umaRlesi rigis warmoebulis 

rigs.  

diferencialur gantolebas, romelic amoxsnilia 

umaRlesi rigis warmoebulis mimarT, ewodeba normaluri 

saxis diferencialuri gantoleba; magaliTad, I rigis 

diferencialuri gantoleba normaluri saxis Semdegia: 

),( yxfy =′ , 

amasTan 00 )( yxy =  pirobas ewodeba sawyisi piroba, xolo 

amocanas, vipovoT diferencialuri gantolebis is amo-

naxsni, romelic akmayofilebs sawyis pirobas, ewodeba 

koSis amocana.  

diferencialuri  gantolebis  amoxsnas   diferencia- 
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luri gantolebis integrebas uwodeben, xolo amonaxsns 

ki diferencialuri gantolebis integrals.  

1. diferencialuri gantoleba gancalebadi cvladebiT 

– ase ewodeba Semdegi saxis diferencialur gantolebas 

,0)()()()( 2211 =⋅+⋅ dyydfdxyxf ϕϕ  

aqedan 

0
)(
)(

)(
)(

2

1

2

2 =+ dx
xf
xf

dy
y
y

ϕ
ϕ

, 

xolo gantolebis integrali iqneba 

∫∫ =+ Cdy
y
y

dx
xf
xf

)(
)(

)(
)(

2

2

2

1

ϕ
ϕ

. 

2) pirveli rigis diferencialur gantolebas ewodeba 

erTgvarovani, Tu f(x, y) aris nulovani rigis (f(x,y) funqcias 

ewodeba n-uri rigis erTgvarovani funqcia x da y cvla-

debis mimarT, Tu )),(),( yxfyxf nλλλ =  erTgvarovani funqcia 

x da y cvladebis mimarT.  

erTgvarovani gantoleba SeiZleba miyvanili iqnas 

⎟
⎠
⎞

⎜
⎝
⎛=′

x
yfy  saxeze CasmiT  

txy = , 

sadac t axali ucnobi funqciaa. 

3) pirveli rigis wrfiv diferencialur gantolebas 

aqvs saxe: 

)()( xQyxP
dx
dy

=+ , 

sadac P(x) da  Q(x) uwyveti funqciebia.  
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rodesac 0)( ≡xQ , gantolebas ewodeba wrfivi erT-

gvarovani, winaaRmdeg SemTxvevaSi – araerTgvarovani. 

gantolebis amonaxsns aqvs saxe: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∫ ∫∫− CdxexQey

dxxPdxxP )()(
)( . 

4. meore rigis mudmivkoeficientebiani wrfivi araerT-

gvarovani diferencialuri gantoleba – ase ewodeba 

)(21 xfyayay =+′+′′  

saxis gantolebas, sadac 1a  da 2a  mudmivebia. gantolebis 

zogad amonaxsns aqvs saxe: 

*yyy += , 

sadac y  aris mocemuli gantolebis Sesabamisi erTgva-

rovani gantolebis (Tu 0)( =xf , maSin gantoleba erT-

gvarovania) zogadi amonaxsni, xolo *y  ki mocemuli 

araerTgvarovani gantolebis raime kerZo amonaxsni.  

gantolebas 021
2 =++ akak  ewodeba mocemuli diferencia-

luri gantolebis maxasiaTebeli gantoleba, romlis 

fesvebis xasiaTi gansazRvravs y -is saxes: kerZod, gvaqvs 

SemTxvevebi: 

a) 21 kk ≠ , xkxk eCeCy 21
21 +=  

b) kkk == 21 , kxexCCy )( 21 += , 

g) 
ibak
ibak

−=
+=

2

1  )sincos( 21 xCCey kx ββ +=  

yvelgan igulisxmeba, rom 1C  da 2C  nebismieri mudmivebia. 
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rac Seexeba *y -is moZebnas, zog SemTxvevaSi, roca marjvena 

mxareSi f(x)-s aqvs specialuri saxe, kerZod amonaxsni 

SeiZleba veZebiT ganusazRvrel koeficientTa meTodiT. 

ganvixiloT SemTxvevebi: a) )()( xPxf n= , sadac  fn(x) aris n-

uri xarisxis mravalwevri. aq ganixileba kerZo SemTxve-

vebi: Ia) Tu maxasiaTebel gantolebas aqvs nulovani 

fesvi, maSin veZeboT )(xQxy n
ex =  saxiT, sadac e aris 

maxasiaTebeli gantolebis nulovani fesvis jeradoba, 

Qn(x) ki n-uri xarisxis polinomia. IIa) Tu maxasiaTebel 

gantolebas ara aqvs nulovani fesvi, maSin veZeboT 

)(xQy n
x = saxiT. 

b) ax
n exPxf )()( = , qveSemTxvevebiT: Ib) Tu a aris maxasia-

Tebeli gantolebis fesvi, maSin eax
n

x xexQy ⋅= )(  saxiT, 

sadac e maxasiaTebeli gantolebis fesvis jeradobaa. IIb) 

Tu a ar aris maxasiaTebeli gantolebis fesvi, maSin 

ax
n

x exQy )(= saxiT. 

g) xNxMxf ββ sincos)( +=  SemTxveva Semdeg qveSemTxvevebSi: 

Ig) rodesac βi  ar aris maxasiaTebeli  gantolebis fesvi, 

kerZo amonaxsns veZebT saxiT xBxAy ββ sincos* += , xolo 

IIg) Tu βi  maxasiaTebeli gantolebis fesvia, maSin  

).sincos(* xBxAxy ββ +=  

 
1. ipoveT TaRovani samsaxsriani samagriT gamagrebuli 

wolxvrelis kveTis farTobi (nax. 23), Tu samTo wnevis 
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Sedegad samagrma miiRo parabolis forma. kveTis zomebia 

H = 2,90 m; a = 1,65 g.  

amoxsna: parabolis gantoleba aRebul koordinatTa 

sistemaSi (nax. 23) aris 2Axy = . 

roca ax ±= , maSin y = H,  

amitom 2AaH = , saidanac 2a
HA = . 

e.i. 2
2 x

a
Hy ⎟

⎠
⎞

⎜
⎝
⎛= . kveTis farTobi 

udris 

     Hax
a
HydxS

a

a

a

a 3
2

3

3

2 ===
−−

∫ . 

amocanis pirobaSi 

                256,365,196,2
3
2

≈⋅⋅=S  m2. 

2. 100 =v  m/wm galiis qvemoT moZraobis dros xdeba 

bagiris gawyveta (nax. 24). ipoveT: 

a) galiis siCqare Tavisufali vardnis bolos Tu 

Tavisufali vardnis dro (anu dro gawyvetis momentidan 

saparaSuto mowyobilobis CarTvamde) udris 0,2 wm. 

b) galiis Tavisufali vardnis dros gavlili manZili. 

amoxsna: aviRoT koordinatTa sistema, sadac Oy mimar-

Tebulia qvemoT. Tavisufali vardna xdeba gmP = , (m – 

galiis masa) Zalis moqmedebis Sedegad (nax. 24).  

niutonis II kanonis Tanaxmad gmPma == , saidanac 

ga = . aCqarebis proeqcia Oy-ze gay = , an g
dt

dvy = , amitom 

nax. 23 
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.Cgtvy +=  

Tu 0=t , maSin 0vvy = , saidanac 

Cv =0 , e.i.  

gtvvy += 0 , an gtv
dt
dy

+= 0 . 

vipovoT pirveladi funqcia 

          1

2

0 2
)( Cgttvty ++= , 

0)0( =y , 0=t  sawyisi pirobidan 

vRebulobT 01 =C . e.i.  

,
2

)( 0

2

tvgtty +=   

gtvv += 0 . 

roca t = 0,2 wm da 100 =v  m/wm 

2,08,910 ⋅+=v  = 11,96 m/wm, 

                2,2
2

2,08,92,010
2

≈
⋅

+⋅=y m. 

3. madnis gamdidrebis aparaturaSi daxril sibrtyeze, 

romlis daxrilobis kuTxe α =30°, sawyisi siCqaris gareSe 

srialebs madnis ori naWeri. risi tolia iqneba maTi 

siCqare daxrili sibrtyis boloSi (nax. 25), Tu sibrtyis 

sigrZe s = 1 m, 1f  =0.5, 2f  =0,3 – xaxunis koeficientebi.  

amoxsna: davSaloT madnis naWris wona P Semadgenebel 

Zalebad: 

;5,060cos PPT ==  .
2
330cos PPN =°=  

sxeulze momqmedi Zala niutonis II kanonis Tanaxmad  

nax. 24 
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amF = , 

sadac −a aCqareba. 

 
nax. 25 

 
meores mxriv  

fNTF −= , 

sadac T - Zala, romelic moqmedebs moZraobis momarTu-

lebiT, −fN xaxunis Zala, romelic moqmedebs T-s 

sawinaaRmdegod.  

e.i.  

fNTam −= , 

a , T  da fN proeqciebisTvis adgili aqvs tolobas  

.NfTma −=  

Tu gaviTvaliswinebT, rom 

mgP = , )(tv
dt
dva ′== ,  

miviRebT 
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mgfmgtvm
2
35,0)( −=′ , 

saidanac 

.
2
35,0)( gfgtv −=′ Y 

vipovoT )(tv′  funqciis pirveladi 

                    Ctgfgtv +⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
35,0)( ,  

t = 0,  00 =v  sawyisi pirobidan Cv == 0)0( . 

e.i.  

                     .
2
35,0)( tgfgtv ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=  

                      )()()( ts
dt

tdstv ′== ,  

                      .
2
35,0)( gtfts ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=′  

vipovoT )(ts′ funqciis pirveladi 

1

2

22
31)( Ctgts +⋅⋅

−
= . 

0)0( =s  sawyisi pirobidan 01 =C , amitom 

2
2

)31(
422

3
2
1)( tfgtgfgts −=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=  

moZraobis bolos adgili eqneba tolobas 

1)31(
4

)( 2 =−= кк tgts  saidanac .
))31((

2
21fg

tк
−

=  

e.i. 
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=
−

−=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

21))31((
3)31(

22
35,0

fg
ggtgfgv кк ).31( fg −  

Tu CavsvamT am tolobaSi 1f  = 0,5 da 2f  = 0,3, miviRebT 

              15,1)5,031(81,9
1

≈⋅−=кv  m/wm; 

               17,2)3,031(81,9
2

≈⋅−=кv  m/wm, 

e.i. 21 vv ≠ , rac aZlevs saSualebas madnis sxvadasxva 

naWrebis gancalebas. 

4. minis qilebSi Tavsdeba sakonservo mrewvelobis 

produqtebi da ixufeba Tunuqis xufebiT damxuf manqa-

nebze. am operaciis Sesrulebis dros qila brunviT moZ-

raobaSi imyofeba. ipoveT maqsimalurad dasaSvebi brunTa 

ricxvi. 

 amoxsna: hidravlikidan cnobilia, rom brunav Wur-

WelSi siTxis zedapiri paraboloidis saxes Rebulobs 

(nax. 26). mis ganivkveTSi parabolis gantoleba iqneba 

.22 pxy =                            (1) 

damtkicebulia, rom 
230
⎟
⎠
⎞

⎜
⎝
⎛=

n
p ,                          (2) 

sadac n –WurWlis brunTa ricxvia. 

Tu manZils siTxis donidan qilis napiramde aRvniS-

navTYh-iT, maSin SeiZleba ganisazRvros qilis iseTi kri-

tikuli brunTa ricxvi _ kn , romlis drosac siTxe miad-

geba napirs, da misi zedapiri paraboloidis saxes 

Rebulobs. 
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nax. 26 

qilis yelis Seuvsebeli nawilis moculoba misi 

uZravi mdebareobisaTvis iqneba 

hRV ⋅⋅= 2
1 π , 

sadac R – qilis yelis Siga radiusia. 

paraboloidis moculoba 

2

00

2
2 2 pxpxdxdxyV

xx

πππ === ∫∫  

roca knn = , maSin unda Sesruldes 21 VV =  toloba, e.i. 

hRpx 22 = , 

an  

p
hRx ⋅

=
2

2 .                       (3) 

Tu gaviTvaliswinebT, rom (1)-Si ,Ry =  gveqneba 

p
Rx
2

2

= .                          (4) 

(3) da (4)-dan vRebulobT 

h
Rp
⋅

=
4

2

,                          (5) 
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(2) da (5)-dan ki moiZebneba qilis kritikuli brunTa 

ricxvi 

R
hn 60max =  br/wT, 

sadac h da R metrebiT gamoisaxeba. 

5. ipoveT horizontaluri niCbebis mqone Semrevis 

gamSvebi moTxovnili siCqare (nax. 27) niCbebis z wyvili-

saTvis. 

amoxsna: Semrevis niCbis 

brunvisas moZraobaSi modis 

siTxis raRac moculoba. 

imasTan dakavSirebiT, rom 

niCbis sxvadasxva nawils, 

romelic imyofeba sxvada-

sxva manZilze brunvis Rer-

Zidan, aqvs sxvadasxva brunvis 

siCqare, Sedegad ki ixarjeba siTxis brunvaSi mosayvanad 

energiis gansxvavebuli raodenoba, ganvixiloT niCbis 

elementaruli farTobis siTxeze moqmedeba zRvrebSi, 

rodesac wriuli siCqare SeiZleba CavTvaloT mudmiv 

sidided. 

gamovyoT  horizontaluri niCbidan (nax. 27) usasrulod  

mcire elementaruli farTobi df brunvis RerZidan x 

manZilze. 

am farTobis sidide iqneba 

dxhfd = ,                        (1) 

sadac h _ niCbis simaRlea m-Si. 

nax. 27 
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niCbis brunvis dros elementarul farTobs df-s erT 

wamSi moZraobaSi moyavs siTxis elementaruli moculoba, 

toli 

dfd ψωυ = m3/wm                        (2) 

sadac ω –elementaruli farTobis wriuli siCqarea, m/wm; 

       ψ  – koeficienti, romelic iTvaliswinebs siTxis 

nakadis kveTis farTobis zrdas niCbis elemen-

taruli farTobis fardobasTan, damokidebuli 

h
r
mniSvnelobaze, sadac r – niCbis radiusia, m-Si.  

 r/h  ................ 1 2 4 10 18 ∞ 

  ψ ..................   1,1      1,15    1,19    1,29     1.4      2 

elementaruli muSaoba wm-Si daxarjuli elementaruli  

dv moculobis siTxis moZraobaSi mosayvanad, SeiZleba 

gaangariSebuli iqnas rogorc kinetikuri energia 

2

2ωdmdNn = ,                      (3) 

sadac ,
g

dvdm γ
=  

        γ _ siTxis simZimis kuTri Zalaa (kuTri wona); 

        g _ Tavisuflad vardnis aCqareba. 

maSin 

g
dvdNn 2

2γω
= . 

(2)-dan dv-s mniSvnelobis CasmiT miviRebT 

.
22

32

g
df

g
dfdNn

γωψγωψω
==                    (4) 
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elementaruli farTobis wriuli siCqare tolia 

nxπω 2= m/wm,  sadac n _Semrevi lilvis brunvis sixSire 

wm-Si. 

ω da df mniSvnelobis CasmiT gveqneba 

g
xnhdxdNn 2

)2( 333πγψ
= .                    (5) 

radgan x icvleba 0-dan r-mde (5) gantolebis gainteg-

rebiT zRvrebSi x = 0-dan x = r-mde, miviRebT erTi niCbisa-

Tvis aucilebel muSaobas wm-Si 

 
42

)2( 433

⋅
=

g
hrnNn

ψγπ
vt (kg.m/wm).                (6) 

ργ
=

g
 da 

2
dr =  CasmiT da 2-ze gayofis Semdeg miviRebT 

erTi wyvili niCbis gamSveb moTxovnil simZlavres 

642
)2(2

433

⋅
=

hdnNn
ψρπ

 vt (kg.m/wm).               (7) 

Sesabamisad z  wyvili niCbebianis gamSvebi moTxovnili 

simZlavre tolia 

zhdnhdnzNn
43

433

87,3
642

)2(2 ψρψρπ
=

⋅
=  vt (kg.m/wm)      (8) 

an 

zhdnNn
43038,0 ψρ=  kvt.                   (9) 

6. ipoveT vertikaluri niCbebis mqone Semrevis gamSve- 

bi moTxovnili siCqare (nax. 28) niCbebis z wyvilisTvis.  

amoxsna: vertikaluri niCbebiani Semrevis moTxovnili 

simZlavris gaangariSebis meTodika analogiuri horizon-

talur niCbebiani Semrevis gaangariSebisa. nax. 28-ze moce-

mulia vertikalur niCbebiani Semrevis saangariSo sqema. 
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horizontalur niCbebiani Semrevis analogiurad Catare-

buli gaangariSebebiT, miviRebT elementaruli simZlavris 

saangariSo formula 

   
g

xnhdxdNn 2
)2( 333πγψ

= .                    (1) 

 

nax. 28 

 

vertikalur niCbebiani SemrevebisaTvis х icvleba br -

dan hr -mde. gantolebis aRniSnul intervalSi integrebiT 

da aucilebeli mniSvnelobis CasmiT miviRebT moTxovnili 

gamSvebi simZlavris mniSvnelobas z  wyviliani vertika-

lur niCbebiani SemrevisaTvis 

)(87,3 443
внn ddzhnN −= ψρ  vt (kg.m/wm)          (2) 

an 

)(038,0 443
внn ddzhnN −= ψρ kvt.                 (3) 

7. ra muSaoba unda Sesruldes zambaris 4 sm-iT 

gaWimvisaTvis, Tuki cnobilia, rom 1 niutoni Zalis moqme-

debiT igi iWimeba 1 sm-ze?  
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amoxsna: hukis kanonis Tanaxmad Х Zala (niutonebSi), 

romelic zambaras х m-ze Wimavs, tolia Х kx= . propor-

ciulobis k koeficients vipoviT pirobidan: rodesac 

x=0,01, maSin Х = 1 n; maSasadame, 100
01,0
1

==k  da xX 100= , 

Sesabamisad, 

∫ ===
04,0

0

04,0

0

2 08,050100 xxdxA j. 

8. ra muSaobas xarjavs amwe krani 5m siRrmis mdinari-

dan rkina-betonis Senadnobis amosaRebad, Tu mas aqvs 

wesieri tetraedris forma 

romlis wibos sigrZea 1 m da 

rkina-betonis simkvrive ki 

2500 kg/m3-is tolia (nax. 29).   

amoxsna: tetraedris simaR-

lea  6
3
1

=h m, moculoba ki  

2
12
1

=V m3. Senadnobis wona 

wyalSi 

⋅⋅−⋅⋅= 10002
12
198,025002

12
1P

212258,9 =⋅ n, amitom muSaoba, 

romelic saWiroa Senadnobis wylis zedapirze amosaRebad, 

raTa misi wvero gamoCndes, iqneba: 

5,72276
3
1521225)5(512250 ≅⎟

⎠
⎞

⎜
⎝
⎛ −=−= hA j. 

axla vipovoT is 1A  muSaoba, romelic saWiroa Senad-

nobis wylidan amosaRebad. vTqvaT, tetraedris wvero 

nax. 29 
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amoweulia y+5  simaRleze, maSin wylis zemoT amoweuli 

mcire tetraedris moculoba toli iqneba 33
8
1 3 ⋅y , xolo 

mTliani tetraedrisa  

8,9100033
8
12

12
12

12
8,92500)( 3 ⋅⎟

⎠
⎞

⎜
⎝
⎛ −−

⋅
= yyP n. 

maSasadame 

  ∫ =⎟
⎠
⎞

⎜
⎝
⎛ +−=

h

dyyA
0

2
1 33

8
98002

12
98002

12
24500

 

    ∫ =+=

6
3
1

0

3 )3367521225( dyy  

     5,20823
4

26751225
6

3
1

0

4 ≈⎥⎦
⎤

⎢⎣
⎡ += yy j. 

aqedan 

=+= 10 AAA 7127,5 + 2082,5 = 9310 j=9,31 kj. 

9. ipoveT is muSaoba, romelic ixarjeba gobidan 

wylis gadmoqaCvamde, Tu gobs naxevarcilindris forma 

aqvs а sigrZiTa da r radiusiT (nax. 30).  

 
nax. 30 
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amoxsna: wylis elementaruli fenis moculoba, 

romelic mdebareobs х siRrmeze а sigrZiT, 222 xrm −=  

siganiTa da dx sisqiT, tolia 

.2 22 dxxraamdxdV −==  

elementaruli muSaoba, romelic saWiroa Sesruldes 

wylis am fenis х simaRleze, amosatanad, tolia 

,2 22 dxxrgaxdA −= ρ  

sadac ρ wylis simkvrivea. ukanasknelidan gamomdinare 

.
3
2)(

3
22 3

0

2
3

22

0

22 garxrgadxxrxgaA
rr

ρρρ =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−=−= ∫  

10. ipoveT wnevis sidide naxevarwris formis verti-

kalur kedelze, Tu diametria 6 m da imyofeba wylis 

zedapirze (nax. 31). wylis 

simkvrive  ρ = 1000 kg/m3?  

amoxsna: farTobis ele-

mentze wnevis diferenciali 

gamoisaxeba ase: 

 

dxxxdxxgxdP 22 91960092 −=−= ρ , 

saidanac 

=−−=−= ∫
3

0

2
3

0

2 )9(
3

19600919600 xdxxxP   

   4,176H176400 == kn. 

nax. 31 
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11. cilindrul avzSi, romlis simaRlea h =3,5m da 

radiusia r = 1,5 m, Casxmulia benzini. ipoveT benzinis wneva 

avzis kedlebze, Tu ρ= 900 kg/m3.  

amoxsna: wnevis elementi kedlis zedapirze gamoyofil 

zolSi gamoisaxeba ase:  

rxdxgdP πρ 2⋅= , 

aqedan 

     =⋅⋅⋅=== ∫ 9005,35,18,92 22

0

ππρρπ hgxdxgrP
h

 

         π161700= n = 161,7π  kn. 

12. wyalsadenis milis diametria 6 sm. misi erTi bolo 

uerTdeba avzs, romelSiac wylis done 100 sm-iT maRlaa 

milis zeda nawilidan, xolo meore daxurulia saxuraviT. 

ipoveT saxuravze sruli wneva. 

amoxsna: saxuravi warmoadgens 3 sm radiusis wres. 

davyoT es wre wylis zedapiris paraleluri zolebiT. 

ganvixiloT elementaruli zoli, romelic centridan 

daSorebulia y manZiliT da romlis siganea dy. misi 

farTobi  (maRali rigis usasrulod mcireTa sizustiT) 

aris 

dyydS 292 −=  sm2. 

am elementze moqmedi wnevis Zalaa 

    dyyydyyygdP 23 9)103(19609)103(2 −−=−−= ρ ,          

       =−−= ∫
−

dyyyP
3

3

29)103(1960  
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    =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟

⎠
⎞

⎜
⎝
⎛ +−=

−

3

3

2
3

22 )9(
3
1

3
arcsin

2
92

2
1031960 yyyy

  

 ππ 908460927980 =⋅=  erg. π09,0≈ j. 

13. ra wnevas ganicdis а sigrZisa da b siganis )( ba >  

marTkuTxa firfita, Tu 

igi daxrilia siTxis 

horizontisadmi α kuTxiT 

da misi gverdi wyalSi 

CamoSvebulia h siRrmeze 

(nax. 32).  

amoxsna: х siRrmeSi 

gamoyofili elementaruli zolis farTobi iqneba: 

αsin
dxadS ⋅

= . 

Sesabamisad, am elementze moqmedi wnevis Zala, anu, 

wnevis elementi 

gxdxadP ρ
αsin

=  

(ρ  siTxis simkvrivea). 

ukanaskneli formulidan: 

     ∫
+ +

=⋅==
α α

α
ρ

α
ρ

sin sin
2

2
1

sinsin

bh

h

bh

h

xgaxdxgaP  

    [ ]=−++= 2222 )sinsin2(
sin2

hbbhhga αα
α

ρ
⎟
⎠
⎞

⎜
⎝
⎛ + αρ sin

2
1 bhgab . 

14. ra wnevas ganicdis tolferda trapeciis formis 

(fuZeebiT а da b da simaRliT h) firfita, romelic 

CaSvebulia siTxeSi C siRrmeze (nax. 33).  

nax. 32 
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amoxsna: elementaruli zolis farTobi gamoisaxeba 

ase: 

dxtadS )2( += , 

sadac 

)(
2

cx
h
abl −

−
= , (l SeiZleba gani-

sazRvros samkuTxedebis msgav-

sebidan). wneva SeiZleba gamoi-

saxos integraliT: 

  =⎥⎦
⎤

⎢⎣
⎡ −

−
+= ∫

+

xdxcx
h

abagP
hc

c

)(ρ   

   .)2(
6223

1
2

22
3

2

gbahchbacxx
h

abaxg
hc

c

ρρ ⎥
⎦

⎤
⎢
⎣

⎡
++

+
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
+=

+

 

15. ipoveT muSaoba, romelic ixarjeba konusuri formis 

WurWlidan wylis amosatumbad, Tu WurWlis fuZe mdeba-

reobs horizontalurad, wveroze qvemoT da amasTan, 

fuZis radiusia r, xolo simaRle ki h. 

pasuxi: 22

4
1 hgrA πρ= . 

16. cilindruli cisternidan tumbaven siTxes. ra samu-

Sao ixarjeba, Tu cisternis simaRlea а da diametri d?  

pasuxi: 3

6
1 gadA πρ=  

17. amwe kraniT da mis wveroze damagrebuli bagiris 

meSveobiT wylidan amoaqvs konusuri formis qva. ra 

muSaobas asrulebs amwe krani qvis wylidan mTlianad 

amoRebaze, Tu konusis simaRle wylis zedapirze imyofeba 

nax. 33 
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da konusis fuZis radiusia 1 m, simaRlea 3m, simkvrivea 2,5 

g/sm3. 

miTiTeba. am amocanaSi 3

27
980014700)( yyP ππ += n. 

pasuxi: π51450=A j. 

18. Tujis marTi konusi, romlis simaRlea 40 sm da 

fuZis radiusi 40 sm, imyofeba navTobis savse auzis 

fskerze. ipoveT muSaoba, romelic saWiroa Sesruldes am 

konusis amosaRebad auzidan, Tu Tujis simkvrivea 1ρ =7,22 

g/sm3, xolo navTobis simkvrivea 1ρ  =0,89 g/sm3. 

miTiTeba. aq P(y) utoldeba konusis mier gamoZevebuli 

navTobis wonas, anu,  

gygyP 2
33

1
3

3
140

3
140

3
1)( ρππρπ ⎟

⎠
⎞

⎜
⎝
⎛ −⋅−⋅= . 

pasuxi: π8,547=A j. 

19. 24 sm diametrisa da 80 sm sigrZis cilindruli 

baloni avsebulia gaziT 2 kpa. wnevis qveS. ra muSaoba 

unda Sesruldes orjer mcire moculobamde gazis izo-

Termuli SekumSvisaTvis? 

pasuxi: 7,50≈A j. 

20. samkuTxa firfita wveroTi zemoT moTavsebulia ρ  

simkvrivis siTxeSi. ipoveT siTxis wneva firfitaze, Tu 

samkuTxedis fuZea а, simaRle h da samkuTxedis wvero 

mdebareobs zedapirze. 

pasuxi: 2

3
1 gahP ρ= . 
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21. ipoveT benzinis wneva avzis kedlebze siRrmis 

yovel metrze, Tu avzs aqvs cilindris forma da am 

cilindris simaRlea h = 4 m, radiusi r = 2 m ( =ρ 900 kg/sm3).  

pasuxi: π64,171 =P kn; π76.1583 =P kn; π56,702 =P kn; 

π24,2824 =P kn. 

22. 6 m simaRlis cilindruli rezervuari dgas ver-

tikalurad da savsea wyliT. fuZis diametri 4 m-ia. ra 

droSi daicleba rezervuari 
12
1

m-is toli radiusiani 

wriuli xvreliT, romelic gakeTebulia rezervuaris 

fskerze. 

amoxsna: dasmuli amocanis amosaxsnelad unda visar-

gebloT bernulis formuliT: 

.2ghv σ=  

romelic gansazRvravs siTxis gamodinebis siCqares re-

zervuaris xvrelidan, romelic mdebareobs h m-ze dabla 

siTxis Tavisufali zedapiridan. aq g =9,8 m/wm2 simZimis 

Zalis aCqarebaa, σ mudmivi koeficienti, romelic siTxis 

Tvisebebzea damokidebuli (wylisTvis σ ≈ 0,6).  

vTqvaT wylis gamodinebis dawyebidan t wamis Semdeg 

rezervuarSi darCenili wylis done iyos h m, xolo dt 

droSi daiklo kidev dh m-iT )0( <dh . daviTvaloT drois 

am mcire dt monakveTSi gamodinebuli wylis moculoba 

ori xerxiT: 

1) pirvel rigSi, es dω moculoba tolia cilindruli 

fenis moculobisa simaRliT |dh| da radiusiT r, romelic 

rezervuaris fuZis radiusis tolia (r =2 m). amrigad, 
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dhrdhrd 22 || ππω −== . 

 2) meorec, es moculoba tolia cilindris moculo-

bisa romlis fuZea rezervuaris fskerze arsebuli 

xvreli da simaRlea vdt (v gamodinebis siCqarea). Tu 

xvrelis radiusia ρ ⎟
⎠
⎞

⎜
⎝
⎛ = m  

12
1ρ , maSin 

dtghvdtd 222 σπρπρω == . 

Tu gavutolebT miRebul moculobaTa gamosaxulebebs, 

miiReba gantoleba 

dtghdhr 222 σρ=− . 

gvaqvs diferencialuri gantoleba. cvladTa gancalebiT 

miiReba 

h
dh

g
rdt ⋅−=

22

2

σρ
 

integrebiT ki: 

h
g

rCt
2

2
2

2

σρ
−= . 

t = 0, 0hh =  = 6 m monacemebiT C mudmivisaTvis miiReba 

02

2

2
2 h

g
rC

σρ
= . 

amrigad, t da h sidideebs Soris kavSiri ganisazRvreba 

gantolebiT 

( )hh
g

rt −= 02

2

2
2

σρ
, 

xolo gamodinebis mTeli Т drois mosaZebnad saWiroa uka-

nasknel gamosaxulebaSi aviRoT h=0. 
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amrigad, 

g

hr
T

2

2
2

0
2

σρ
= . 

sabolood, amocanis mocemulobebSi: r=2m, 0h  = 6m, σ =9,6m, 

12
1

=ρ m, g =9,8 m/wm2), vpoulobT 

Т ≈ 1062 wm ≈ 17,7 wT. 

23. oTaxSi, sadac temperatura 20°С-ia, sadac sxeulis 

temperatura 20 wuTis ganmavlobaSi daeca 100°С-dan 60°С-

mde. ipoveT sxeulis gagrilebis kanoni; ramdeni wuTis 

Semdeg gagrildeba igi 30°С-mde.  

amoxsna: niutonis kanonis ZaliT (gagrilebis siCqare 

proporciulia temperaturaTa sxvaobis) SegviZlia dav-

weroT: 

)20( −= Tk
dt
dT

, anu dtk
T

dT
⋅=

− 20
, 

saidanac 

CktT ln)20ln( +=− . 

t = 0, Т = 100°0-Tvis ukanaskneli formulidan miviRebT, rom 

С =80; xolo t =20, Т =60°-Tvis miviRebT, rom 80ln2040ln += k , 

saidanac 2ln
20
1

−=k .  

sabolood: 

202ln
20
1

2
1808020

t
t

eT ⎟
⎠
⎞

⎜
⎝
⎛=⋅=−

⋅−
, 

saidanac 
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20

2
18020

t

T ⎟
⎠
⎞

⎜
⎝
⎛+= . 

kerZod, Т = 30°-Tvis gvaqvs: 
20

2
18010

t

⎟
⎠
⎞

⎜
⎝
⎛= , anu, 

8
1

2
1 20

=⎟
⎠
⎞

⎜
⎝
⎛

t

. 

amrigad, 3
20

=
t

 da t = 60 wT. 

24. gansazRvreT dro, romelic saWiroa ziarWurWelSi 

(ori SeerTebuli WurWeli). siTxis erTnair doneze 

dadgomisaTvis, Tu mcire xvrelis farTobi, romelic 

arsebobs WurWlebs Soris, tolia ω m2-is; pirveli 

WurWlis horizontaluri kveTis farTobia 1S  m2, meoresi 

2S m2; sawyis momentSi siTxis done pirvel WurWelSi h1 m 

simaRlezea xvrelidan, meoreSi ki h2 m-is simaRleze 

)( 12 hh < .  

amoxsna: vTqvaT, t wamis Semdeg siTxis gadinebis 

dawyebidan, wylis done pirvel WurWelSi Semcirda z1 m-

mde, meoreSi ki z2 m-mde; Semdgomi, usasrulod mcire dt 

drois SualedSi pirvelSi wylis done Semcirda dz1 m-iT 

)0( 1 <dz  da meoreSi ki dz2 m-iT )0( 2 >dz . radgan, siTxis 

moculobis Semcireba pirvel WurWelSi udris mis 

imdenive gadidebas meoreSi, gveqneba: 

2211 dzSdzS = , anu  2211 dzSdzS =− , 

aqedan 

1
2

1
1 dz

S
Sdz −= . 
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Tu SemoviRebT aRniSvnas 21 zzu −= , maSin siTxis gadi-

nebis siCqare WurWlebs Soris xvrelis saSualebiT 

SeiZleba vipovoT bernulis formuliT 

guv 2σ= , 

sadac saWiroa davuSvaT, rom xvreli imyofeba 21 zzu −=  

siRrmeze siTxis Tavisufali zedapiridan. siTxis mocu-

loba, romelic gaedineba dt droSi, romelic 11dzS− -is 

tolia, amave dros toli iqneba dtvω dtgu2σω= . amrigad, 

gvaqvs: 

.211 dtgudzS σω=−  

magram  

1
2

1
11 dz

S
S

dzdzdzdu +=−=  

amitom du
SS

Sdz
21

1 +
= ; miRebuli gamosaxulebis CasmiT wina 

gantolebaSi, miiReba dtgudu
SS

SS 2
21

21 σω=
+

− , anu diferen-

cialuri gantoleba 

u
du

gSS
SSdt ⋅

+
−=

2)( 21

21

σω
. 

am ukanasknelis integrebiT gvaqvs: 

u
gSS

SSCt 2
2)( 21

21 ⋅
+

−=
σω

. 

roca t =0, 21 hhu −= , miviRebT: 
gSS

hhSS
C

2)(

)(2

21

2121

σω+

−
= . saZiebeli 

Т dro, romelic saWiroa imisaTvis, rom WurWelSi siTxeTa 

doneebi gaTanabrdes, iqneba (unda davuSvaT, rom u = 0) 
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gSS

hhSS
CT

2)(

)(2

21

2121

σω+

−
== . 

25. cilindruli rezervuari sigrZiT 6 m da 

diametriT 4 m devs horizontalurad. ra droSi icvleba 

rezervuari, Tu 
12
1

 m radiusis xvreli mdebareobs 

cilindris yvelaze qveda msaxvelis doneze. 

pasuxi: t ≈ 18,4 wT. 

26. konusur ZabrSi, ω sm2 farTobis xvreliT da 

wverosTan 2α kuTxiT, Casxmulia wyali xvrelidan qveS Н 

sm-is doneze. ipoveT damokidebuleba ZabrSi wylis cva-

lebad h simaRlesa da gadinebis t dros Soris. gansazRv-

reT gadinebis sruli dro. gamoTvaleT igi, roca ω =0,1 

sm2; α = 45°; Н = 20 sm. 

pasuxi: [ ]2525
2

25
2 hH

g
tgt −=

σω
απ

; 

       1,14844
25

2 25
2

≈≈= wmH
g

tgT
σω

απ
wT. 

27. rogori formisaa sarke, romelic krebs yvela 

paralelur sxivs erT wertilSi. 

amoxsna: cxadia, sarkes unda hqondes forma brunviTi 

zedapirisa, romlis RerZi paraleluria sxivebisa, rom-

lebic ecema masze. am RerZad miviRoT Ox da vipovoT im 

y=f(x) wiris gantoleba, romlis brunviT Ox-is garSemo 

miiReba saZiebeli zedapiri. koordinatTa sistemis saTave 

movaTavsoT wertilSi, sadac grovdebian arekvlili 
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sxivebi. aRvniSnoT dacemuli sxivi КМ-iT, areklili МО-

Ti (nax. 34). М wertilSi gavavloT ТТ1 mxebi da МH 

normali, maSin ОМТ samkuTxedi iqneba tolferda wveroTi 

О wertilSi (radgan =∠OMT  

α=∠=∠ OTMKMT1 ). aqedan 

OTOM = , sadac 22 yxOM += , 

y
yxOT
′

−−= . 

(mxebis yyY ′=− )( xX −  gan-

tolebidan, davuSvebT ra, rom 

Y=0, vRebulobT 
y
yxX
′

−= , 

aqedan )x
y
yXXOT +
′

=−== . amrigad, gvaqvs diferencia-

luri gantoleba 

y
yxyx
′

+−=+ 22 , 

anu 

.22 yyyxx =′⎟
⎠
⎞⎜

⎝
⎛ ++  

ukanaskneli SeiZleba ase gadaiweros: 

022 =−⎟
⎠
⎞⎜

⎝
⎛ ++ ydxdyyxx , 

romelic warmoadgens erTgvarovan diferencialur gan-

tolebas. CasmiT x = ty, igi miiRebs saxes 

0)(222 =+−⎟
⎠
⎞⎜

⎝
⎛ ++ ydttdyydytyyxt . 

anu 

nax. 34 
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.012 =−+ ydtdtt  

movaxdenT ra cvladTa gancalebas da Semdeg integrebas, 

miviRebT 

                    ,0
1 2

=
+

=
t

dt
y

dy
 

                    ,ln1lnln 2 Ctty +⎟
⎠
⎞⎜

⎝
⎛ ++=  

saidanac 

⎟
⎠
⎞⎜

⎝
⎛ ++= 21 ttCy , 

anu, 

.
2

22

C
yyxx =++  

gamartivebis Semdeg sabolood miiReba 

⎟
⎠
⎞

⎜
⎝
⎛ +=

2
22 CxCy . 

saZiebeli mrudi warmoadgens parabolas, xolo sarkes 

aqvs brunviTi paraboloidis forma. 

28. m masis sxeuli vardeba vertikalze garkveuli 

simaRlidan sawyisi siCqaris gareSe. vardnisas sxeulze 

moqmedebs haeris winaaRmdegoba, romelic sxeulis siCqaris 

kvadratis proporciulia. ipoveT sxeulis moZraobis 

kanoni.   

amoxsna: SemovitanoT aRniSvnebi: gavlili manZilia s, 

siCqare 
dt
dsv = , aCqareba 2

2

dt
sdw = . sxeulze moqmedi Zalebia: 

misi wona mgP =  (moZraobis mimarTulebiT) da haeris 
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winaaRmdegoba 
2

2 ⎟
⎠
⎞

⎜
⎝
⎛==

dt
dskkvF  (moZraobis sawinaaRmdegod). 

niutonis meore kanonis safuZvelze miiReba Semdegi dife-

rencialuri gantoleba 

2kvPmw −= , 

an, meorenairad, 

2

2

2

⎟
⎠
⎞

⎜
⎝
⎛−=

dt
dskmg

dt
sdm . 

es ukanaskneli, sawyisi t = 0, s =0, 0==
dt
dsv  pirobebis 

gaTvaliswinebiT gadaiwereba Semdegi saxiT 

2v
m
kg

dt
dv

−= , 

sadanac 2a
k

mg
= -is CasmiT gveqneba: 

dt
m
k

va
dv

=
− 22 . 

integrebiT ki )( av ≤  miiReba: 

1ln
2
1 Ct

m
k

va
va

a
+=

−
+

. 

Tuki t = 0, v =0 – ukanaskneli gamosaxulebidan miiReba, 

rom C1 = 0. amrigad, gvaqvs 

t
m
ak

va
va 2ln =

−
+

. 

aqedan  

t
m
akarh

ee

eea
e

eav
t

m
akt

m
ak

t
m
akt

m
ak

t
m
ak

t
m
ak

=

+

−
=

+

−
=

−

−

1

1
2

2

, 
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magram 
m
kg

m
k

k
mg

m
ak

=⋅= ; 

SevcvliT, ra v-s 
dt
ds

-Ti, s-is mimarT miiReba gantoleba 

t
m
kgath

dt
ds

= , 

saidanac integrebiT gveqneba: 

22 lnln Ct
m
kgch

k
mCt

m
kgcha

kg
mS +=+= . 

ramdenadac s = 0-Tvis t=0, ukanaskneli gamosaxulebidan 

miiReba 02 =C . 

amrigad, sxeulis vardnis kanoni haeris winaaRmdegobis 

gaTvaliswinebiT, romelic siCqaris kvadratis propor-

ciulia, aRiwereba formuliT 

t
m
kgch

k
ms ln= , 

xolo moZraobis siCqare iqneba 

t
m
kgtav ⋅= , aq .t

k
mga =  

saWiroa aRiniSnos, rom vardnis siCqare ar izrdeba 

usasrulod, radgan, 
k
Pav

t
==

∞→
lim  ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

→
1lim   

0
t

m
kgth

t
radgan , 

sadac Р warmoadgens sxeulis wonas, amasTan, praqtikulad 

vardnis siCqare aRwevs Tavis zRvrul mniSvnelobas 

sakmaod Cqara. swored aseT suraTs aqvs adgili praqti-

kulad gaxangrZlivebuli  didi siCqariT saparaSuto 

xtomebisas. 
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29. (amocana meore kosmosur siCqareze). gansazRvreT 

ra umciresi siCqarea saWiro, raTa m masis, vertikalurad 

zemoT asrolili sxeuli aRar dabrundes dedamiwaze 

(haeris winaaRmdegoba ugulevelyofilia).  

amoxsna: SemoviRoT aRniSvnebi 

m _ sxeulis masa 

M _ dedamiwis masa 

R _ dedamiwis radiusi 6370 km 

g _ simZimis Zalis aCqareba 981 sm/wm2 

K _ gravitaciuli mudmiva 

r _ daSoreba moZrav sxeulsa da dedamiwis centrs 

Soris. 

unda aRiniSnos, rom sxeulis moZraobas aferxebs 

dedamiwis mizidulobis f Zala. 

niutonis mesame kanoniT 2r
MmKf ⋅

=  (roca 0, →∞→ fr ). 

meores  mxriv, niutonis meore kanoniT f = ma (а moZravi 

sxeulis aCqarebaa). Cvens SemTxvevaSi  

)(2

2

tr
dt

rda ′′==  

da gveqneba: 

2

2

dt
rdmf = . 

moyvanili ori gamosaxuleba f-Tvis gvaZlevs uflebas 

davweroT 

.22

2

r
mMk

dt
rdm −=                     (1) 
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(niSani (_) aRebulia imitom, rom f  Zala mimarTulia 

moZraobis sawinaaRmdegod). Cven gvainteresebs sawyisi v0 

siCqare  t = 0 momentSi. (1) gantolebis amoxsnisaTvis 

gamoviyenoT Casma  

vrP
dt
dr

== )( , 

maSin 

dr
dvv

dr
dpP

dt
rd

==2

2

. 

(1) miiRebs saxes 

2r
mMk

dr
dvmv −= , 

romlis amoxsniT miviRebT 

C
r

kMv
+⋅=

1
2

2

.                     (2) 

sawyisi monacemebis ( 0=t ,
dt
drvvRr === 0, , sadac 0v  saZie-

beli siCqarea) CasmiT (2)-dan gveqneba 

1

2
0 1
2

C
R

kMv
+⋅=  

saidanac  

.
2

2
0

1 R
kMv

C −=  

sabolood (2)-dan 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+=

R
kMv

r
kMv

22

2
0

2

.                  (3) 

radgan r-is nebismieri mniSvnelobisaTvis (3)-is 

marjvena mxare dadebiTi sididea, amas garda, radgan, 

0→
r

kM
 roca ∞→r , gveqneba 
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R
kMv 2

0 ≥ .                       (4) 

ganvsazRvroT dedamiwis М masa, risTvisac kidev 

erTxel gamoviyenoT (1) formula: 

2R
kMmmg = , 

( Rr = , (_) niSans vtovebT) da 

.
2

k
gRМ =  

М-is am mniSvnelobis CasmiT (4)-Si miviRebT, rom minima-

luri siCqare 

== Rgv 20 11,2 km/wm. 

30. m masis materialuri wertili moZraobs Ox RerZis 

gaswvriv im aRmdgeni Zalis (es is Zalaa, romelic miisw-

rafis daubrunos igi wonasworobas) gavleniT, romelic 

mimarTulia koordinatTa saTavisken da proporciulia 

moZravi wertilis saTavidan daSorebisa. garemo, romel-

Siac warmoebs moZraoba, wertilis moZraobas uwevs 

winaaRmdegobas moZraobis siCqaris proporciulad. 

ipoveT moZraobis kanoni. 

amoxsna: SemoviRoT aRniSvnebi: x′  wertilis siCqare, 

x ′′  aCqareba; moqmedi Zalebi: aRmdgeni axf −=1  da garemos 

winaaRmdegobis xbf ′−=2 . niutonis meore kanoniT  

axxbxm −′−=′′ , 

anu, rac igivea 

0=+′+′′ axxbxm .                   (1) 
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amrigad, miRebulia meore rigis wrfivi mudmivkoe-

ficientebiani diferencialuri gantoleba, misi maxasiaTe-

beli gantolebaa 

02 =++ abkmk , 

xolo am ukanasknelis fesvebia: 

.
2

42

2,1 m
mabbk −±−

=  

1. Tu 042 >− mab , maSin maxasiaTebel gantolebas 

gaaCnia ori namdvili gansxvavebuli fesvi. 

,
2

4
1

2

1 r
m

mabbk −=
−+−

=  2

2

2 2
4 r

m
mabbk −=

−+
= , 

(1) diferencialuri gantolebis zogad amonaxsns ki 

eqneba saxe 

trtr eCeCx 21
21

−− +=  

(ganxiluli e.w. aperioduli moZraobis SemTxvevaa). 

2. Tu 042 =− mab , maSin maxasiaTebeli gantolebis 

fesvebi namdvili da tolia 

r
m
bkk −=−==

221 . 

am SemTxvevaSi moZraobis gantoleba iqneba 

.)( 21
rtetCCx −+=  

3. bolos, Tu 042 <− mab , maxasiaTebel gantolebas 

gaaCnia kompleqsurad SeuRlebuli fesvebi 

,1 ik βα +−=  ik βα −−=2 , 

sadac  
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,
2m
b

=α  
m

bam
2

4 2−
=β . 

moZraobis gantolebas am SemTxvevaSi eqneba saxe: 

),sincos( 21 tCtCex t ββα += −  

an, meorenairad, 

)sin( 0ϕβα += − tAex t , 

sadac 

,2
2

2
1 CCA +=  

A
C1

0sin =ϕ  da .cos 2
0 A

C
=ϕ  

(qrobadi rxeva).  

31. amoxseniT amocana # 29, Tu garemos winaaRmdego-

bis Zala nulis tolia. 

  pasuxi: tCtCx ββ sincos 21 ⋅+⋅= , an )sin( 0 tAx βϕ +⋅= , 
m
a

=β . 

32. kauWze Tavisuflad dakidebuli jaWvi srialebs 

sakuTari wonis gavleniT (xaxuni ugulvebelsayofia). 

gansazRvreT ra droSi Camosrialdeba jaWvi kauWidan 

mTlianad, Tu sawyis momentSi kauWis erT mxares ekida 

10m da meore 8 m da jaWvis siCqare nulia.  

amoxsna: vTqvaT, jaWvis erTi metris wonaa P n. 

aRvniSniT x-iT sigrZe (metrebSi) jaWvis didi nawilisa, 

romelic gadmoekideba kauWidan t wamis Semdeg moZraobis 

dawyebidan. simZimis centrSi modebulia PxxF )]18([ −−=  n 

Zala. jaWvis masaa P
g

18
 kg, misi aCqarebaa _ x ′′  m/wm2. 

jaWvis simZimis centris moZraobis gantoleba iqneba 
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PxxP
g

)182(18
−=′′ , 

romelic ase gadaiwereba 

gxx −=−′′
9
8

. 

miRebuli diferencialuri gantolebisTvis sawyisi 

pirobebia: roca 0=t , 10=x , 0=′x . 

maxasiaTebeli gantolebis fesvebisTvis, martivi 

gamoTvlebiT miiReba 
32,1
g

K ±= ; araerTgvarovani ganto-

lebis kerZo amoxsna unda veZeboT saxiT: Au = ; saTanado 

gamoTvlebiT miviRebT, rom 9=A . 

amrigad, zemoT moyvanili diferencialuri ganto-

lebis zogad amonaxsns aqvs saxe 

93
2

3
1 ++=

− t
g

t
g

eCeCx . 

sawyisi pirobebis gaTvaliswinebiT miiReba: 

⎪
⎩

⎪
⎨

⎧

=−

=++

,0)(
3

,109

21

21

CC
g

CC
 

sadac 5,021 == CC . amrigad, sabolood 

t
g

cheex

gg

3
99

2

33
+=+

+
=

−

. 

dro, romlis ganmavlobaSic Camosrialdeba mTlianad 

jaWvi, ganisazRvreba pirobiT: Tt = , 18=x ; Sesabamisad, 

T
g

ch
3

918 += , 
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anda 

.9
2

33
=

+
− T

g
T

g

ee
 

ukanaskneli gantolebis amovxsnaT T-s mimarT, vRebu-

lobT: 

76,2)549ln(3
≈+=

g
T  wm. 

33. amoxseniT # 32 amocana xaxunis gaTvaliswinebiT – 

jaWvisa da kauWebisa, Tu xaxunis Zala tolia jaWvis 1 m-

is wonisa. 

miTiTeba. jaWvis simZimis centris moZraobis ganto-

leba iqneba 

1)18(18 2

2

⋅−−−=⋅ ggxgx
dt

xd
. 

pasuxi: )21217ln(3
+=

g
t . 

34. gansazRvreT materialuri wertilis moZraobis 

kanoni, Tu misi masaa m da gadaadgildeba wrfeze aRmd-

geni Zalis gavleniT, (es is Zalaa, romelic miiswrafis 

igi wonasworobis mdebareoba) romelic mimarTulia 

gadaadgilebis aTvlis saTavisken da pirdapirpropor-

iulia moZravi wertilis manZilis dacilebisa aTvlis 

wertilidan; garemos winaaRmdegoba ugulvebelyofilia, 

magram wertilze moqmedebs gare Zala tAF ωsin= . 

pasuxi: tAaxxm ωsin⋅=+′′ , 

      ,sincoscos 221 t
ma
AtCtCx ω
ω

ββ
−

++= Tu 
m
a

=≠ βω ;     

     ,cos
2

coscos 21 t
m

AttCtCx β
β

ββ ++= Tu 
m
a

== βω . 
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