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S es a v ali  

mecnierebisa da teqnikis TiTqmis yvela sferoSi xSirad 
gvxvdeba SemTxvevebi, rodesac esa Tu is eqsperimenti 
(cda) an dakvirveba SeiZleba erTnair pirobebSi mravalj er 
ganmeordes. cda  vuwodoT pirobaTa raime gansazRvruli 
G kompleqsis (erTobliobis) ganxorcielebas. cdis Sedegi 
SeiZleba iyos ricxvi an raime abstraqtuli elementi. Tu 
cdis Sedegi ekuTvnis raime A simravles, maSin amboben, rom 
adgili aqvs A x dom ilob a s , Tu pirobaTa G kompleqsis 
ganxorcielebisas A xdomilobas adgili eqneba aucileb-
lad, anda misi moxdena SeuZlebelia, maSin, Sesabamisad, A 
xdomilobas uwodeben a u cileb els an S eu Zleb els . 
magaliTad, G pirobaTa kompleqsi iyos ori saTamaSo kamaT-

lis gagoreba, maSin xdomiloba A={i+j≥2;  6,1j,i = } _ auci-
lebeli xdomilobaa, xolo B={i+j≥13} _ SeuZlebeli. 

xdomilobas, romelic pirobaTa garkveuli kompleqsis 
ganxorcielebisas xan xdeba, xan ara, ewodeba S e m T x ve-
vi T i . moviyvanoT SemTxveviTi xdomilobis magaliTebi: 

1. G pirobaTa kompleqsi iyos monetis erTj er agdeba, 
xolo A _ „gerbis“ mosvla. 

2. G pirobaTa kompleqsi iyos raime fizikuri sididis 
gazomva, xolo A _ gazomvis Sedegi ∈[a,b].  
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3. G pirobaTa kompleqsi iyos q.TbilisSi dabadebul 
bavSvTa sqesis registracia, xolo A _ axalSobili vaJia. 

4. pirobaTa G kompleqsi iyos burTis amoReba yuTidan, 
romelSiac m1 TeTri da m2 wiTeli burTia, xolo A _ 
amoRebuli burTi wiTelia. 

moyvanili magaliTebidan Cans, rom pirobaTa garkveuli 
kompleqsis ganxorcielebamde ar SegviZlia winaswar vTqvaT, 
cdis romel konkretul Sedegs eqneba adgili, e.i. maTi Se-
degebi calsaxad ar ganisazRvreba pirobaTa kompleqsis ga-
nxorcielebiT. albaTobis Teoria swored aseT eqsperimen-
tTa maTematikur modelebs Seiswavlis. calkeuli cdis an 
dakvirvebis SedegiT Znelia raime kanonzomierebis SemCneva, 
magram Tu ganvixilavT cdaTa mimdinareobas mTlianobaSi, 
maSin SesaZlebelia garkveuli kanonzomierebis SemCneva, ro-
melic st a t i st i ku ri  m dgradob i s ,  anu fardobiT 
sixSireTa mdgradobis TvisebaSi vlindeba. es Tviseba aRiwe-
reba Semdegnairad: A xdomilobis fardobiTi sixSire n-j er 
Catarebul cdaSi ewodeba Wn(A)=νA/n wilads, sadac νA im 
cdaTa raodenobaa, romlis drosac adgili hqonda A xdo-
milobas. cxadia, rom 0≤Wn(A)≤1, xolo Tu A aucilebeli 
an SeuZlebeli xdomilobaa, maSin, Sesabamisad, Wn(A)=1 da 
Wn(A)=0. 

fardobiT sixSireTa mdgradoba imaSi mdgomareobs, rom 
Tu n sakmarisad didia, fardobiTi sixSire Wn(A) mcired 
„irxeva“ (n-is cvlilebisas) garkveuli P(A) ricxvis gar-
Semo, e.i. axlos iqneba P(A) ricxvTan. P(A) ricxvs A xdo-
milobis alb a Tob a s  uwodeben. is aris A xdomilobis 
moxdenis SesaZleblobis raodenobrivi z om a . naTqvamis sa-
ilustraciod ganvixiloT magaliTi. avagoT grafiki: absci-
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sTa RerZze aRvniSnoT cdaTa ricxvi n, xolo ordinatTa 
RerZze – fardobiTi sixSire Wn(A)=νn/n. SevniSnavT, rom 
texili, romelic aerTebs wertilebs (n, Wn(A)) n-is 
zrdasTan erTad, Zalian swrafad uaxlovdeba wrfes 
Wn(A)=1/2. 

 
 

Wn (A)    
    

 
 

1 

   

1/2 
   

 
0 

   
   n 

 
fardobiT sixSireTa mdgradobis es Tviseba SemCneuli 

iyo j er kidev XVII saukuneSi albaTobis Teoriis s a w yi -
s eb i s  Semqmnelebis mier. ase, magaliTad, biufonma (XVII s.) 
moneta aagdo 4040-j er, maT Soris gerbi (A xdomiloba) 
movida νA=2048-j er da, maSasadame, Wn(A)=0,508. pirsonma 
igive cda Caatara: n=24000, νA=12012, e.i. 

Wn(A)=0,5005. 

xdomilobis albaTobis zemoT mocemuli ganmarteba ar 
aris maTematikurad mkacri. ragind didi ar unda iyos cdaTa 
ricxvi n, Cven ver vipoviT P(A) albaTobas zustad. P(A) 
ar warmoadgens fardobiT sixSireTa mimdevrobis zRvars 
Cveulebrivi gagebiT. marTlac, fardobiT sixSireTa mimdev-
roba {Wn(A)} cdaTa erTi seriisaTvis gansxvavebuli iqne-
ba, rogorc wesi, cdaTa meore seriis Sesabamis fardobiT 
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sixSireTa mimdevrobisagan. garda amisa, sinamdvileSi Cven 
gveqneba ara fardobiT sixSireTa usasrulo mimdevroba, ara-
med mxolod misi elementebis sasruli raodenoba. amgvarad, 
rogorc Cans, albaToba unda ganisazRvros sxvanairad, mag-
ram ise, rom fardobiTi sixSiris aRniSnuli Tviseba Senar-
Cunebul iqnas, e.i. raime azriT fardobiTi sixSire cdaTa 
ricxvis zrdisas unda uaxlovdebodes Sesabamisi xdomi-
lobis albaTobas (ra azriT unda iyos miaxloeba, Cven amas 
SemdgomSi gavecnobiT!). 
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Tavi I 

elementarul xdomilobaTa  

diskretuli sivrce 

 
$1. albaTobis gansazRvra da Tvisebebi 

 

albaTobis Teoriis meTodebiT raime G cdasTan dakavSi-
rebuli realuri amocanis Seswavlisas, upirveles yovli-
sa, gamoyofen cdis SedegTa srulad aRmwer Ω simravles, 
e.i. gamoyofen SemTxveviTi eqsperimentis yvela SesaZlo Se-
degTa Ω simravles. am simravlis yovel ω elements ele-
mentaruli xdomiloba ewodeba, xolo TviT Ω simravles _ 
elementarul xdomilobaTa sivrce. Ω sivrces martivi saxe 
aqvs im SemTxvevaSi, rodesac Sesabamisi eqsperimentis Sesa-
Zlo SedegTa simravle sasruli an Tvladia. am TavSi mxo-
lod aseT s i vrceeb s  ganvixilavT. 

SemoviRoT Semdegi: 
gansazRvra 1.1. elementarul xdomilobaTa diskretu-

li sivrce ewodeba nebismier sasrul an Tvlad simravles 

Ω={ ω 1, ω 2,....} 
magaliTi 1.1. vTqvaT, monetas agdeben erTj er. am cdis 

aRmweri elementarul xdomilobaTa sivrce Sedgeba ori ele-
mentisagan 

Ω={ ω 1, ω 2}, ω 1=s, ω2=g. 

sadac „s“ niSnavs safasurs, xolo „g“ _ gerbs. 
magaliTi 1.2. vTqvaT, monetas agdeben orj er. Sesabamisi 

elementarul xdomilobaTa sivrce iqneba aseTi 

Ω={ ω 1, ω 2, ω 3, ω 4},  

sadac ω 1=gg, ω 2=gs, ω 3=sg, ω 4=ss. 
magaliTi 1.3. ori k1 da k2 piri rigrigobiT agdebs 

monetas. vTqvaT, TamaSs iwyebs k1 da igebs is, visac pirve-
lad mouva safasuri. am eqsperimentis Sesabamisi elementa-
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rul xdomilobaTa sivrce Sedgeba elementTa Tvladi rao-
denobisagan: 

                  Ω={ ω 1, ω 2,....},   

sadac  

                ω 1=s, ω 2=gs, ... , ,...
1k

k sgg...g
−

=ω   

elementarul xdomilobaTa diskretuli Ω sivrcis nebi-
smier A qvesimravles S em T x vevi T i x dom ilob a  ewo-
deba. A-xdomilobis sawinaaRmdego xdomiloba aRiniSneba A-
Ti da is niSnavs A-s armoxdenas, e.i. 

                   }A:{A ∉ωΩ∈ω= .  

Tu A xdomilobis yoveli elementi ekuTvnis B xdomi-
lobas, maSin weren 

               A⊆B, (ω∈A ω∈B A⊆B).  
A da B xdomilobaTa g a erT i a n e b a  ewodeba yvela im 

elementarul xdomilobaTa simravles, romlebic A da B 
xdomilobidan erTs mainc ekuTvnian da aRiniSneba A B an 
A+B simboloTi. ori A da B xdomilobis T a n a k veT a  
(namravli) ewodeba yvela im elementarul xdomilobaTa 
simravles, romlebic ekuTvnian rogorc A, ise B xdomilo-
bas da aRiniSneba A B an AB simboloTi. A da B xdomilo-
baTa s x va ob a s  uwodeben A xdomilobis yvela im elemen-
tarul xdomilobaTa simravles, romlebic B-s ar ekuTvni-
an da aRiniSneba A\B simboloTi, an A-B. Ω-s uwodeben 
a u cileb el xdomilobas, xolo cariel ∅ simravles _ 
S eu Zleb els.  

cxadia, rom 

                  A\A Ω= , BAB\A = . 

xdomilobebisaTvis adgili aqvs: a) BABA = ;  

b) BABA = . 
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gansazRvra 1.2. A da B xdomilobebs u T a vs a di  ewo-
deba, Tu A B=∅. 

magaliTi 4. vTqvaT, cda mdgomareobs saTamaSo kamaT-
lis erTxel gagorebaSi. Sesabamisi elementarul xdomilo-
baTa sivrce iqneba  

Ω = {ω1, ω 2, ω 3, ω 4, ω 5, ω 6}, sadac ω k=k, k = 1, 2, 3,4,5,6. 
vTqvaT,  

          A={ ω6}, B={ ω3}, C={ ω2, ω4, ω6} da D={ ω3, ω6}.  
advili misaxvedria, rom  

          A⊂C, A B=D, C D=A, A B=∅, },,{C 531 ωωω= . 

xdomilobebze zemoT moyvanili operaciebi tradiciulad 
albaTobis Teoriis terminebSi gamoiTqmis Semdegnairad: Tu 
A xdomilobis moxdena iwvevs B xdomilobas, maSin vityviT, 
rom B moicavs A-s da es garemoeba ase Caiwereba A⊂B. ma-
galiTad, A iyos xdomiloba _ SemTxveviT arCeuli qali 
dedaa, xolo B _ SemTxveviT arCeuli adamiani qalia. cxa-
dia, A⊂B. 

ori A da B xdomilobis g a erT i a n e b a  A B (j ami) 
niSnavs xdomilobas, romelic xdeba maSin da mxolod maSin, 
rodesac A da B xdomilobebidan erTi mainc xdeba. 

A da B xdomilobaTa TanakveTa A B (namravli) ewodeba 
xdomilobas, romelic xdeba maSin da mxolod maSin, rode-
sac A da B erTad xdeba. 

A da B xdomilobaTa A\B s x va ob a  ewodeba xdomilo-
bas, romelic xdeba maSin da mxolod maSin, rodesac xdeba 
A da ar xdeba B. 

gansazRvra 1.3. amboben, rom mocemulia ω∈Ω elementa-
rul xdomilobaTa albaTobebi, Tu Ω-ze gansazRvrulia ara-
uaryofiTi ricxviTi funqcia P(ω), ω∈Ω iseTi, rom 

=ω
Ω∈ω

1)(P . 
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gansazRvra 1.4. A xdomilobis P(A) albaToba ewodeba 
A-Si Semavali elementaruli xdomilobebis albaTobaTa j ams: 

                   
∈ω

ω=
A

)(P)A(P .  

 

gansazRvra 1.5. sameuls (Ω, ,P), sadac  elementa-
rul xdomilobaTa Ω sivrcis yvela qvesimravleTa klasia, 
ewodeba diskretuli alb a T u ri  m odeli ,  anu diskre-
tuli alb a T u ri  sivrce. 

SemTxveviTi eqsperimentis Sesabamisi albaTuri modelis 
agebisas, pirvel rigSi, gamoyofen Ω sivrces; Semdeg -is 
yovel elements, raime mosazrebidan gamomdinare, miaweren 
albaTobas. albaTobis mocema ufro Znelia, vidre Ω sivr-
cis ageba. Tu A xdomilobis moxdenis faqtze dakvirveba 
SesaZlebelia, aseT dakvirvebas ver CavatarebT mis Sesaba-
mis P(A) albaTobaze. P(A) albaTobis obieqtur arsebobaze 
migviTiTebs fardobiTi sixSiris mdgradoba, romelic gan-
sazRvruli gvqonda SesavalSi. 
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albaTobis Teorias ar ainteresebs Tu ramdenad swora-
daa agebuli albaTuri modeli (Ω, ,P). modelis sisworis 
sakiTxs, e.i. ramdenad eTanxmeba raime eqsperimentis Sedegs, 
romlisTvisac iyo igi Sedgenili, ikvlevs m aTem at i ku ri  
st at i st i ka . 

SevniSnoT, rom yvela eqsperimenti ar SeiZleba aRiwe-
ros diskretul elementarul xdomilobaTa sivrciT. ase, 
magaliTad, Sesavlis meore magaliTSi moyvanili eqsperi-
mentis Sedegebi SeiZleba avsebdnen raime [a,b] intervals 
ricxvTa RerZze. cxadia, am eqsperimentis Sesabamisi eleme-
ntarul xdomilobaTa sivrce Ω=[a,b] ar aris diskretu-
li. aseve, Tu G pirobaTa kompleqsi (cda) avadmyofisagan 
eleqtrokardiogramis aRebaSi mdgomareobs, maSin, cxadia, 
eqsperimentis Sedegi raime funqcionaluri sivrcis elemen-
ts warmoadgens. aseTi eqsperimentebisaTvis saWiroa aigos 
ufro zogadi albaTuri modeli. 

zemoT moyvanili gansazRvrebebidan SegviZlia martivad 
davadginoT albaTobis Semdegi Tvisebebi: 

1. P(Ω)=1, P(∅)=0; 

2. −+=ω=
∈ω BA

)BA(P)B(P)A(P)(P)BA(P ; 

3. (aditiurobis Tviseba) P(A B)=P(A)+P(B), Tu 
A B=∅; 

4. )A(P1)A(P −= ;  

5. Tu Ak∈   k=1,2...  da Ak Aj=∅. k≠j, maSin 

)A(P)A(P
1k

kk
1k

=
∞

=

∞

=
.      (1.1) 

(1.1) toloba gamomdinareobs 

)A(P)A(P
n

1k
kk

n

1k
=

==
                                  (1.2) 
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tolobidan ((1.2) toloba Tavis mxriv miiReba me-3 Tvise-
bidan induqciis wesiT) da iqidan, rom  

,0)A(P j
1nj

→
∞

+=
 roca n→∞.  

(1.1)-s albaTobis σ (sigma)_aditiurobas, anu Tvladad 
aditiurobas uwodeben. 

6. (naxevrad aditiuroba). meore Tvisebidan gamomdinare-
obs, rom 

)B(P)A(P)BA(P +≤ .             (1.3) 

(1.3) utolobas adgili aqvs xdomilobaTa Tvladi rao-
denobisTvisac, anu albaToba σ_naxevrad aditiuria: 

)A(P)A(P
1j

jj
1j

≤
∞

=

∞

=
. 

7. Tu A⊂B, maSin P(B\A)=P(B)_P(A).  
aqedan gamomdinareobs albaTobis m on ot on u rob a :  

Tu A⊂B, maSin P(A)≤P(B). 
amgvarad, 1-7 Tviseba gviCvenebs, albaToba ise iqna gansaz-

Rvruli, rom mas SerCenoda SesavalSi ganmartebuli xdomi-
lobis fardobiTi sixSiris advilad saCvenebeli Tvisebebi: 

                                  Wn(Ω)=1, Wn(∅)=0, 

        jiAA),A(W)A(W jik
k

nk
k

n ≠∅==  Tu . 

$2. klasikuri sqema 

vTqvaT, elementarul xdomilobaTa Ω sivrce Sedgeba N 
elementisgan Ω={ω1, ω2,...,NωN} da yvela elementaruli xdo-
miloba tolalbaTuria, e.i. 

              P(ω1)=P(ω2)=...N=P(ωN). 

gansazRvra 1.3-is ZaliT P(ωk)=1/N,   k=1,2,...,N. 
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Tu axla A xdomilobaSi Semaval elementarul xdomi-
lobaTa raodenobas N(A) simboloTi aRvniSnavT, 1.4. gansa-
zRvridan miiReba 

gansazRvra 2.1. Tu elementarul xdomilobaTa Ω siv-
rce Sedgeba N tolalbaTuri elementaruli xdomilobi-
sagan, maSin 

N
)A(N)A(P = ,       (2.1) 

sadac A∈  (  klasSi 2N elementia). albaTur models 

(Ω, ,P) uwodeben kla s i ku rs . 
(2.1) tradiciulad ikiTxeba ase: klasikuri sqemis SemT-

xvevaSi A∈  „xdomilobis albaToba tolia xelSemwyob 
SemTxvevaTa N(A) ricxvi gayofili yvela SesaZlo SemTxve-
vaTa N=N(Ω) ricxvze“. mas albaTobis klasikur gansazR-
vrasac uwodeben. 

klasikuri sqema iseTi eqsperimentis aRmweria, romelsac 
gaaCnia erTnairad mosalodnel SedegTa sasruli raodenoba. 
ganvixiloT z og i erT i  di s kret u li  alb a T u ri  
m odeli . 

1. monetis erTj er agdebis SemTxvevaSi (igulisxmeba mo-
neta „sworia“) albaTur models (2.1)-is ZaliT eqneba saxe: 

      Ω={g,s}; P({g})=1/2, P({s})=1/2, N(Ω)=2. 

monetis orj er agdebis SemTxvevaSi 

      Ω={gg,gs,sg,ss},  

            P(gg)=P(sg)=P(gs)=P(ss)=1/4, N 

            N(Ω)=4. 

A xdomilobis _ „erTxel mainc daj deba gerbi“ _ alba-
Toba (2.1)-is ZaliT tolia 3/4, e.i. P(A)=3/4 da a.S. monetis 
n-j er agdebis SemTxvevaSi ki _ Ω={ω}, ω=(ω1, ω2,.... ωn), 
sadac ωk=„g“ an „s“ N(Ω)=2n , P(ω)=2-n. 



 16 

2. magaliTi 1.3-is Sesabamis albaTur models eqneba saxe: 

        Ω={ω1, ω2,....}, P(ω1)=1/2,.... P(ωk)=2
-k... 

vipovoT A xdomilobis _ „k1 piri moigebs“ _ albaToba. 
cxadia,  

A={ω1, ω3,.... ω2n+1,...}, 
da gansazRvra 1.4-is ZaliT gveqneba  

3/2)(P)A(P
0n

1n2 =ω=
∞

=
+ . 

3. vTqvaT, mocemulia raime elementTa sasruli simrav-
leebi: 

r,...,2,1i},,...,{E )i(
n

)i(
ni i1

== aa . 

Ei saxis simravles vuwodoT ni moculobis g e n era -
lu ri  erToblioba. ganvixiloT Semdegi saxis G eqsperi-
menti: TiToeuli Ei simravlidan SemTxveviT „viRebT“ TiTo 
elements. am eqsperimentis Sesabamisi albaTuri modeli iq-
neba: 

r,1k,nj1),,...,(},{ kk
)r(

j
)1(

j n1
=≤≤=ωω=Ω aa , 

r321 nnnn)(NN ⋅⋅⋅⋅⋅=Ω= . (daamtkiceT!), P(ω)=1/N(Ω). 

4. vTqvaT, mocemulia generaluri erToblioba E={a1,...,an}. 
E generaluri erTobliobidan s moculobis SenarCevi ewo-
deba dala g eb u l mimdevrobas ),...,(

s1 jj aa . SerCeva SeiZ-
leba ornairad vawarmooT: 

vTqvaT, Cveni G eqsperimenti mdgomareobs imaSi, rom E 
simravlidan SemTxveviT „viRebT“ romeliRac 

1ja  elements, 
Semdeg }{\E

1ja  simravlidan – romelime 
2ja  elements da a.S. 

dasasrul, },...,{\E
1s1 jj −

aa  simravlidan „viRebT“ romelime 
)ns(

Sj ≤a  elements. aseT process ganumeorebeli SerCeva 
ewodeba, xolo TviT eqsperimentis Sedegs ),...,(

S1 jj aa=ω  _ 
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s moculobis ganu meorebeli SemTxveviTi SenarCevi . 
cxadia, ganumeorebel SerCevaTa raodenoba aris n-elemen-
tisagan s-elementiani wyoba =s

nA (n)S=n(n-1)....(n-s+1). maSa-
sadame, ganxiluli eqsperimentis Sesabamis albaTur models 
aqvs saxe: 

),...,(
S1 jj aa=ω , N(Ω)=(n)S,  P(ω)=1/(n)S. 

vipovoT albaToba imisa, rom s moculobis ganumeore-
bel SenarCevSi rigiT pirveli da meore Sesabamisad a1 da 
a2 elementia (xdomiloba A). xdomiloba A iseTi ω elemen-
taruli xdomilobebisagan Sedgeba, romelTaTvis 

:, 2j1j 21
aaaa ==  e.i. },:{A 2j1j 21

aaaa ==ω= . 

Tu SerCevaSi ori elementi fiqsirebulia, maSin danar-
Ceni s-2 adgili SeiZleba daikavos generaluri erTobli-
obis nebismierma  n-2 elementma (n-2)s-2-nairad.  

amitom N(A)=(n-2)s-2. 

amrigad, )1n(n/1
)n(
)2n(

)A(P
s

2s −=
−

= − . 

im SemTxvevaSi, rodesac SerCeva daulagebelia (SerCevaSi 
Semavali elementebis rigs ara aqvs mniSvneloba), maSin Ω 
sivrce Seicavs s

nC)(N =Ω  elements. marTlac, yoveli ara-
daulagebeli SerCevidan ),...,(

s1 jj aa , romelic Seicavs sxva-

dasxva elements, SeiZleba miviRoT s! dalagebuli SerCeva. 

maSasadame, s!N(Ω)=(n)s,  e.i. s
ns C!s/)n()(N ==Ω . 

SeniSvna. ganumeorebeli SerCeva TvalsaCinod SeiZleba 
warmovidginoT, rogorc yuTSi moTavsebuli n gadanomrili 
burTis mimdevrobiT amoReba. amoRebuli burTi yuTSi ar da-
brundeba. Tu burTebs gavuigivebT maT nomrebs, maSin nomre-
bis mimdevroba (j1,…,js) iZleva ganumeorebel SerCevas, ama-
sTan, j1,…,js ricxvebi erTmaneTisagan gansxvavebulia. 
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ganvixiloT Semdegi saxis eqsperimenti: E={a1,...,an} 
generaluri erTobliobidan elementebis amorCeva SeiZleba 
ganmeorebiTac, saxeldobr, CaviniSnoT pirveli amorCeuli 
elementis nomeri j1; davabrunoT igi generalur erTobli-
obaSi da gavimeoroT amorCeva. meore elementis j2 nomeric 
CaviniSnoT da a.S. gavimeorebT am cdas s-j er (igulisxmeba 
eqsperimenti organizebulia ise, rom TiToeuli elementis 
amorCeva erTnairad mosalodnelia). aseT process ganmeore-
biTi SerCeva ewodeba, xolo TviT eqsperimentis Sedegs 
ω=(j1,j2,.…,js) s-moculobis ganmeorebiTi SenarCevi. 

cxadia, j1,…,jS ricxvebidan SesaZloa ramdenime tolic 
iyos. ganmeorebiT amonarCevTa raodenoba nS-is tolia. es gamo-
mdinareobs me-3 modelidan, Tu iq davuSvebT E1=E2=...= Es=E. 

amrigad, ganxiluli eqsperimentis Sesabamisi albaTuri 
modelia:  

Ω={ω};   ω=(j1,j2,.…,js). N=N(Ω)=ns,  P(ω)=1/N(Ω). 

vipovoT albaToba imisa, rom s (s≤n) moculobis ganmeo-
rebiT SerCevaSi yvela elementi erTmaneTisgan gansxvavebuli 
iqneba (xdomiloba A). cxadia, xdomiloba A={ω:j1≠j2≠…≠js} 
imden ω elementarul xdomilobebs Seicavs Ω-dan, ramden-
sac E-dan ganumeorebeli SerCevis Sesabamisi elementarul 
xdomilobaTa sivrce: N(A)=(n)S.  

amrigad,  
P(A)=(n)s/ns. 

magaliTi 2.1. vTqvaT, yuTSi n gadanomrili burTia, 
romelTagan m TeTria, danarCeni n-m burTi ki, vTqvaT, – 
Savi. vipovoT albaToba imisa, rom s moculobis ganmeorebiT 
SenarCevSi zustad k (k≤s) burTi TeTria (xdomiloba Ak). 

 cxadia,  
N=N(Ω)=ns.  

vipovoT Ak xdomilobaSi Semavali elementarul xdomi-
lobaTa raodenoba N(Ak). warmovidginoT, rom SerCevaSi ri-
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giT j1-uri, j2-uri, ... , jk-uri burTebi TeTria, danarCeni ki 
_ Savi. rigiT j1,...,jk burTebi TeTri SeiZleba iyos mk-nai-
rad, xolo danarCen s-k adgilebze Savi burTebis arCeva Se-
iZleba (n-m)s-k-nairad. maSasadame, SerCevaTa raodenoba, e.i. 
ω=(ω1,…,ωs) elementarul xdomilobaTa raodenoba, romel-
Siac rigiT j1, j2,…,jk burTebi TeTria, tolia mk(n-m)s-k-is. 
magram, k-rigis arCevisaTvis arsebobs k

sC  varianti ( k
sC  aris 

s-elementiani simravlis k-elementian qvesimravleTa raode-
noba).  

amitom 
N(Ak)= k

sC mk(n-m)s-k. 

amrigad, 

,)
n
m1()

n
m(C

)(N
)A(N)A(P kskk

s
k

k
−−=

Ω
=  

)!ks(!k
!sCk

s −
= . 

ricxvTa erTobliobas P(Ak), s,1k =  ewodeba b i n om i -
alu ri  ganawileba, romelic miRebulia klasikuri sqemis 
farglebSi. es binomialuri ganawilebis kerZo SemTxvevaa. 
zogad sqemas Cven ganvixilavT am Tavis $4-Si. 

magaliTi 2.2. vTqvaT, yuTi imave Semadgenlobisaa, rac 
wina magaliTSi. vipovoT albaToba imisa, rom s moculobis 
g a n u m eoreb el SerCevaSi zustad k burTi TeTri iqne-
ba, s-k ki _ Savi (xdomiloba A). 

radganac Cven gvainteresebs SenarCevis mxolod Semadge-
nloba da ara rigi, amitom am magaliTis amosaxsnelad ar 
aris saWiro ganvixiloT ganumeorebeli SerCevis aRmwer ele-
mentarul xdomilobaTa mTliani sivrce. sakmarisia avagoT 
mxolod misi qvesivrce Semdegnairad: Tu burTebs gavuigi-
vebT maT nomrebs, maSin elementarul xdomilobad (SerCeva-
d) SegviZlia aviRoT {1,2,...,n} simravlis s-elementiani ra-
ime qvesimravle da, maSasadame, 
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Ω={ω}, )j,...,j( s1=ω , nj1 r ≤≤ , s,1r = , N(Ω)= s
nC . 

axla vipovoT Ak xdomilobaSi Semavali elementarul 
xdomilobaTa raodenoba N(Ak). k TeTri burTi m TeTri 
burTebidan SeiZleba SevarCioT k

mC -nairad. danarCeni s-k 
Savi burTi n-m Savi burTebidan SeiZleba SevarCioT ks

mnC −
− -

nairad. k TeTri burTebis nebismier erTobliobas Sevusaba-
moT s-k Savi burTebis nebismieri erToblioba.  

miviRebT  

        ks
mn

k
mk CC)A(N −

−= . 

amrigad, 

        s,0k,
C
CC)A(P)s,k(P s

n

ks
mn

k
m

kn,m ==≡
−
− .    (2.2) 

ricxvTa erTobliobas (Pm,n(0,s), Pm,n(1,s), …, Pm,n(s,s)) 
h i p erg eom et ri u li  ganawileba ewodeba. 

(2.2) formulas SeiZleba mieces ufro martivi saxe: 

  
!n)]!ks(mn[)!km()!ks(!k

)!sn()!mn(!m!s)s,k(P n,m −−−−−
−−= .   (2.3) 

axla davadginoT Pm,n(k,s)-is asimptoturi yofaqceva, ro-
desac n→∞. s mudmivia da m/n=p=const∈[0,1] (magaliTad, 
Tu n=2n1 da m=n1, maSin p=1/2). (2.3)-is mniSvneli da mri-
cxveli gavyoT nS-ze, miviRebT: 

n/)
n

1s1)...(
n
11(n

)
n

1ksp1)...(p1)(
n

1kp)...(
n
1p(p

C)s,k(P k
sn,m −−−

−−−−−−−−
= . 

aqedan, roca n→∞ gvaqvs*  

                                                           
* ssimbolo an∼bn, sadac {an} da {bn} ricxviTi mimdevrobebia, aRniSnavs 1

b
lim

n

n

n
=

∞→

a
. 
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      s,0k,)p1(pC)k,s(P kskk
sn,m =−∼ − .   (2.4) 

(2.4) Tanafardobidan SegviZlia davaskvnaT, saxeldobr, 
Semdegi: roca generaluri erTobliobis moculoba n sakma-
risad didia, maSin praqtikulad ganumeorebeli SerCeva ar 
gansxvavdeba ganmeorebiTi SerCevisagan. (2.4) hipergeometri-
uli ganawilebisaTvis cnobilia z Rva ri T i  Teoremebis 
saxelwodebiT. 

vTqvaT, xdeba lataria „sportlotos“ gaTamaSeba. vipovoT 
albaToba imisa, rom TamaSSi monawile gamoicnobs sportis 
eqvsive saxeobas (xdomiloba A). 

cxadia, aq saqme gvaqvs hipergeometriul ganawilebasTan. 
generaluri erTobliobis moculobaa n=49, xolo `TeTri~ 
burTebis raodenoba m=6. 

amgvarad,  
                  P(A)=P6,49(6,6)≈7,2.10-8. 

$3. xdomilobaTa gaerTianebis albaToba' 

vTqvaT, mocemulia diskretuli albaTuri sivrce (Ω, ,P).  

Teorema 3.1. vTqvaT, Ak∈ ; n,1k = , maSin, 

    +−=
≤≤≤==

)AA(P)A(P)A(P jk
njk1

k

n

1k
k

n

1k
 

    )A(P)1(...)AAA(P i

n

1i

1n
kji

nkji1 =

−

≤<<≤
−+−+    (3.1) 

damtkiceba. Teorema davamtkicoT maTematikuri induq-
ciis meTodiT. vTqvaT,  A∈  da BB∈ , maSin (ix.$1) 

                   P(A B)=P(A)+P(B)-P(A B).      (3.2) 
amgvarad, Teorema samarTliania, roca n=2. axla davuS-

vaT, rom Teorema samarTliania, roca n=m da vaCvenoT, 
rom igi samarTliania, roca n=m+1.  
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aRvniSnoT  

          ,AB j

m

1j=
=  1mjj AAC += , m,1j = .  

daSvebis ZaliT 

),A(P)1(...)AA(P)A(P)B(P j

m

1j

1m
ji

mji1
j

m

1j =

−

≤<≤=
−++−=  

).C(P)1(...)CC(P)C(P)C(P j

m

1j

1m
ji

mji1
j

m

1j
j

m

1j =

−

≤<≤==
−++−=  

Tu am mniSvnelobebs CavsvamT (3.2)-dan gamomdinare 

)C(P)A(P)B(P)AB(P)A(P j

m

1j
1m1mj

)1m(

1j =
++

+

=
−+==  

gamosaxulebaSi, miviRebT Teoremis damtkicebas.        *  

(3.1) formulas b u li s  formula ewodeba. 
bulis formulis gamoyenebis sailustraciod ganvixiloT 

e.w. T a n a m T x vevi s  a m oca n a: garkveuli mimdevrobiT ga-
nlagebuli n sagani SemTxveviT gadaanacvles. Tu romelime 
sagani erTi da imave adgilas darCa, maSin vityviT, rom ad-
gili aqvs TanamTxvevas. vipovoT albaToba imisa, rom erT-
xel mainc eqneba adgili TanamTxvevas. 

simartivisaTvis gavuigivoT sagnebi maT nomrebs, sawyisi 
dalageba iyos {1,2,...n}. cxadia, am SemTxveviT eqsperiment-
Tan, romelic mdgomareobs saganTa gadanacvlebaSi, dakavSi-
rebuli albaTuri modeli iqneba  

        Ω={ω}, ω=(j1,j2,…,jn), N=N(Ω)=n!, P(ω)=1/N. 
vTqvaT, Ak aris xdomiloba, romelic gviCvenebs imas, 

rom TanamTxvevas adgili aqvs k-ur nomerze: Ak={ω: jk=k}, 

saZiebelia )A(P k

n

1k=
. amisaTvis gamoviyenoT bulis formula 

                                                           
*   simbolo niSnavs damtkicebis dasasruls. 
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)A(P k

n

1k=
= S1-S2+…+(-1)n-1Sn,   sadac  )A(PS

t
k1

i
ni...i1

k
≤<<≤

= . 

advili misaxvedria, rom 

 )!kn()A(N,...,)!2n()AA(N,)!1n()A(N
t121 i

k

1t
iii −=−=−=

=
 

  gvaqvs  

             
!n

)!kn()A...AA(P
k21 iii

−= . 

xolo Sk=1/k! (vinaidan Sk j amSi 
k
nC  wevria, romlebic 

saTiTaod (n-k)!/n! tolia). 
amrigad, 

         =−+−+−= −

= !n
1)1(...

!3
1

!2
11)A(P 1n

j

n

1j
 

      )
!n

1)1(...
!3

1
!2

111(1 n−++−+−−=  ∼1-e-1,  n→∞. 

e.i.  

             )A(P j

n

1j=
∼1-e-1≈0,63212.                              

am paragrafis dasasruls, bulis formulis gamoyenebis 
sailustraciod, ganvixiloT agreTve g a nla g eb i s amo-
cana, romelsac gamoyeneba aqvs maTematikur statistikaSi 
a ra p a ra m et ru l h i poT ez a T a  SemowmebisaTvis krite-
riumis asagebad. 

g a nla g eb i s  a m oca n a : vTqvaT, n yuTSi SemTxveviT 
vardeba s burTi. davuSvaT, rom nebismieri fiqsirebuli bur-
Tis Cavardna j-ur yuTSi, j∈E={1,2,...n}, erTnairad aris mo-
salodneli. vipovoT albaToba imisa, rom 

1. erTi yuTi mainc darCeba carieli (xdomiloba B). 
2. yvela yuTi dakavebulia (xdomiloba B0). 
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3. yuTebis k raodenoba darCeba carieli (xdomiloba Bk). 
burTebis yoveli fiqsirebuli ganlageba yuTebSi SegviZlia 

warmovidginoT, rogorc s moculobis ganmeorebiTi Senar-
Cevi E={1,2,...n} generaluri erTobliobidan. cxadia, rom 

        Ω={ω}, )j,...,j( s1=ω , nj1 k ≤≤ , n,1k = ,  

                 N(Ω)=ns, P(ω)=n –s . 
vTqvaT, Ai xdomiloba niSnavs, rom i-uri yuTi carielia. 

advili misaxvedria, rom  

     k

n

1k
AB

=
= ,  B0=Ω\B   

da 
     )A...AA...AA(B

kn1k21
k1

jjiii
ni...i1

k −
≤<<≤

= , (3.3) 

sadac  {j1,j2,…,j n-k}=E\{i1,i2,…,ik}. 

radganac s
iii )kn()A...AA(N
k21

−=  

da n,1k,)
n
k1(n/)kn()A...A(P sss

ii k1
=−=−= . 

amitom bulis formulis ZaliT miviRebT: 

σ−=
=

−n

1j
j

1j)1()B(P ,        (3.4) 

sadac .)n/j1(C sj
nj −=σ  (3.4)-dan gvaqvs 

             P0(s,n)=P(B0)=1-P(B)= s
n

n

0
)n/1(C)1( ν−− νν

=ν
.     (3.5) 

vipovoT axla Pk(s,n)≡P(Bk). vTqvaT, i1-uri, i2-uri,...ik-uri 
yuTebi carielia; maSin s burTi darCenil n-k yuTSi SeiZ-
leba ganlagdes ise, rom yvela n-k yuTi dakavebuli iyos, 
(n-k)sP0(s,n-k)-nairad. maSasadame,  

s
0

s

jjiii n
)kn,s(P)kn(

)A...AA...AA(P
kn1k21

−−
=

−
. 
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Tu gamoviyenebT albaTobis aditiurobis Tvisebas, gveqneba 

=−−=≡ −

≤<<≤

s
0

s

ni...i1
kk n)kn,s(P)kn()B(P)n,s(P

k1

 

k s s
n 0C (n k) P (s,n k)n−= − − = . 

n k
k s
n n k

0
C ( 1) C (1 /(n k))

−
ν ν

−
ν=

= − − ν −                     (3.6) 

gamoTvlebis TvalsazrisiT sainteresoa SeviswavloT 
Pk(s,n)-is asimptoturi yofaqceva, roca n→∞ da s→∞ ise, 
rom s/n=a+lnn, sadac a=const. amisaTvis j er davamtkicoT 
ori martivi lema. 

lema 1. Tu t∈(0,1), maSin 

.et1e tt1
t

−−
−

<−<  

damtkiceba. funqcia 
t1

1ln)t(f
−

= , t∈(0,1) gavSaloT 

mwkrivad 

...
2
tt

t1
1ln

2

++=
−

         (3.7) 

axla, Tu t∈(0,1), maSin (3.7)-dan gvaqvs  

t
t1

1ln >
−

  

da 

t1
t...tt

t1
1ln 2

−
=+++<

−
. 

aqedan        

.1t0,t)t1ln(
t1

t <<−<−<
−

−       

ganvixiloT sasrul j amTa ori usasrulo ricxviTi mim-
devroba 

         
=

=
)n(N

1j
j

)1(
n )n(T a  da =

=

)n(N

1j
j

)2(
n )n(bT , n=1,2,… 
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sadac  

              N(n)→∞, roca n→∞,  

da   

              aj(n)>0, bj(n)>0, )n(N,1j = . 

lema 2. Tu }T{ )2(
n  mimdevroba krebadia L sasruli ric-

xvisaken LTlim )2(
nn

=
∞→

 da, garda amisa, yoveli ragind mcire 

dadebiTi ε ricxvisaTvis moiZebneba iseTi mTeli dadebiTi 
ricxvi n(ε), rom 

          ε<− 1
)n(b
)n(

j

ja
,   

roca n>n(ε), Tanabrad yvela j-saTvis, 1≤j≤N(n)N,  
maSin }T{ )1(

n  mimdevrobasac aqvs zRvari da igi L-is tolia: 

             LTlim )1(
nn

=
∞→

. 

damtkiceba. cxadia,  

          )LT()TT(LT )2(
n

)2(
n

)1(
n

)1(
n −+−=− . 

aqedan 

          LTTTLT )2(
n

)2(
n

)1(
n

)1(
n −+−≤− .         (3.8) 

radgan }T{ )2(
n  mimdevroba krebadia, amitom yoveli η>0 

ricxvisaTvis arsebobs iseTi mTeli dadebiTi ricxvi M(η), 
rom adgili hqondes utolobas 

          
2

LT )2(
n

η<−  , roca n>M(η).          (3.9)  

gvaqvs    
==

−=−=−
)n(N

1j j

j
j

)n(N

1j
jj

)2(
n

)1(
n .1

)n(b
)n(

)n(b))n(b)n((TT
a

a   
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aqedan 

          
=

−≤−
)n(N

1j j

j
j

)2(
n

)1(
n .1

)n(b
)n(

)n(bTT
a

        (3.10) 

davuSvaT,  

                      ε=(η/2)/(L+η/2)  
da gamoviyenoT lemis meore piroba. maSin, rogoric ar unda 
iyos n>n(ε), gvaqvs 

           
2/L

2/1
)n(b
)n(

j

j

η+
η<−

a
                 (3.11) 

Tanabrad yvela j-saTvis, 1≤j≤N(n). 

axla aRvniSnoT M'(η)-iT udidesi M(η) da n(ε)-s So-
ris, e.i. 

M'(η)=max(M(η), n(ε)). 
maSin (3.10) da (3.11)-dan davaskvniT, rom 

)2(
nj

)n(N

1j

)2(
n

)1(
n T

2/L
2/)n(b

2/L
2/TT

η+
η=

η+
η≤−

=
, 

roca n>M'(η), xolo (3.9)-dan ki  

2
LT )2(

n
η+≤ , roca n>M'(η) 

da, maSasadame,  

2
TT )2(

n
)1(

n
η<− , roca n>M'(η).        (3.12) 

(3.8), (3,9) da (3.12) Tanafardobidan miviRebT utolobas 

η<− LT )1(
n , roca n>M'(η).                         
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SeviswavloT  
s

n )
n

1(C)n( ν−=σ ν
ν -is 

asimptotika.  
vinaidan     

              (n-ν)ν < (n)ν<nν da ν
ν ν= nC!)n( ,  

amitom, cxadia, gvaqvs 

            ss )
n

1(n)n(!)
n

1(n ν−<σν<ν− ν
ν

+νν . 

Tu gamoviyenebT pirvel lemas 
n

t ν= -saTvis, miviRebT: 

            .ne)n(!ne n
s

n
s ν

−

ν

ν

ν−
+ν−

<σν<      (3.13) 

daSvebis Tanaxmad s/n=a+lnn, amitom (3.13) miiRebs saxes: 

             ,1
!)n(

e
0

n
)1nln(2

<
λ

ν⋅σ
< ν

νν−
−+ν− a

         (3.14) 

sadac λ0=ne-s/n=ne-(a+lnn)=e-a.  

(3.14)-dan Cans, rom yoveli fiqsirebuli ν-saTvis 

!
)n( 0

ν
λ≤σ

ν

ν     da   
!

)n( 0

ν
λ→σ

ν

ν  , roca n→∞    (3.15) 

gvaqvs       

=+−+
ν
λ

−≡ ν
∞

=ν
n

)2(
n

)1(
n

0

0
0 RTT

!
)1()m,s(P  

n
)2(

n
)1(

n RTTe 0 +−+= λ− ,             (3.16) 

sadac      σ−=
α=

=ν
ν

ν]n[)n(N

0

)1(
n )n()1(T ,   
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ν
λ−=

α

=ν

ν
ν]n[

0

0)2(
n !

)1(T  

         
ν
λ−−σ−=

∞

=ν

ν
ν

=ν
ν

ν
αα ]n[

0
n

]n[
n !

)1()n()1(R  

([x] niSnavs x-is mTel nawils) da 0<α<1/2. cxadia, 

0
!

2
!

)n(R
]n[

0

]n[

0
n

]n[
n →

ν
λ≤

ν
λ+σ≤

∞

=ν

ν∞

=ν

ν

=ν
ν

ααα
, roca n→∞.   (3.17) 

)1(
nT  da )2(

nT  j amebi akmayofileben me-2 lemis pirobebs. 
 
marTlac, pirveli piroba sruldeba trivialurad: 

       .0,e
!

)1(limTlim 0

]n[

1

0
n

)2(
nn

0 >λ=
ν
λ−= λ−

=ν

ν
ν

∞→∞→

α

   (3.18) 

Semdeg, Tu (3.14)-is marcxena mxareSi ν-s SevcvliT misi 
udidesi nα mniSvnelobiT, miviRebT 

1e
0

21 !)n(nn

1nln

<< ν
να−α−

λ

ν⋅σ−

−+− a

. 

axla aviRoT ragind mcire dadebiTi ε ricxvi. maSin Se-
gviZlia vipovoT iseTi dadebiTi n(ε) ricxvi, rom 

ε<−
λ
σν

ν
ν 1)n(!

0

, 

roca n>n(ε), Tanabrad yvela ν-sTvis, 0<ν<[nα]. lemis me-
ore pirobac Sesrulda. amrigad, 

,eTlim 0)1(
nn

λ−

∞→
=                   (3.19) 

(3.16), (3.17), (3.18) da (3.19) Tanafardobebidan vRebulobT, 
rom 

0e)n,s(P0
λ−→ , roca n→∞.  
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aseve advili misaxvedria, rom yoveli fiqsirebuli k-
saTvis (k≤n)  

             0e)kn,s(P0
λ−→− , roca n→∞.  

garda amisa, )kn,s(P0 − -s mamravli (3.6)-Si SegviZlia ga-
davweroT rogorc σk(n), magram (3.15)-is ZaliT  

               
!k

)n(
k
0

k
λ→σ , roca n→∞. 

amrigad, damtkicda Semdegi: 

Teorema 3.2. Tu s/n=a+lnn, sadac a mudmivi ricxvia, 
maSin yoveli fiqsirebuli k-saTvis 

          0e
!k

)n,s(P
k
0

k
λ−λ≈ ,    roca n→∞.           (3.20) 

SemoviRoT aRniSvna  

         ,...2,1k,0,
!k

e),k(
k

=>λλ=λΠ
λ−

  

ricxvTa am erTobliobas p u a son i s  g a n a w ileb a  ewo-
deba. advili misaxvedria, rom 

                  1),k(
0k

=λΠ
∞

=
. 

amgvarad, Pk(s,n) _ albaToba imisa, rom n yuTidan cari-
eli aRmoCndeba k yuTi, asimptoturad (roca n→∞) uaxlo-
vdeba puasonis ganawilebas Π(k,λ0), k=1,2,.... . 

$4. binomialuri ganawileba 

vTqvaT, vawarmoebT orelementiani generaluri erTobli-
obidan n-j er ganmeorebiT SerCevas. erT-erT elements davar-
qvaT „warmateba“ da aRvniSnoT 1-iT, xolo meore elements _ 
„marcxi“' da aRvniSnoT igi 0-iT. am eqsperimentis Sesabamisi 
elementarul xdomilobaTa Ω sivrce iqneba Semdegi struq-
turis: 
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.2)(N},1,0),,...,(:{ n
in1 =Ω==ωω=Ω aaa  

mivuweroT yovel elementarul ω=(a1, …, an) xdomilo-
bas albaToba 

                 
−

=ω i
i

i
i n
qp)(P

aa
,  

sadac p da q iseTi arauaryofiTi ricxvebia, rom p+q=1. 
imisaTvis, rom davrwmundeT P(ω), ω∈Ω akmayofileben gan-
sazRvra 1.3 pirobebs, unda davamtkicoT 

                    =ω
Ω∈ω

1)(P   

tolobis samarTlianoba. 
marTlac, ganvixiloT Ω-dan elementarul ω=(a1, …, an) 

xdomilobaTa iseTi simravle, romelTaTvisac 

                  n,0k,k
n

1i
i ==

=
a .  

cxadia, es simravle Seicavs elementTa k
nC  raodenobas. 

amitom 

          1)qp(qpC)(P)(P nknkn

0k

k
n =+==ω=Ω −

Ω∈ω =
. 

amrigad, Ω sivrce yvela misi qvesimravleTa  sistemiT 

da ,)(P)A(P
A∈ω

ω=  A∈  albaTobiT, gansazRvravs raime al-

baTur models, romelic Seesabameba orelementiani genera-
luri erTobliobidan n-j er ganmeorebiT SerCevas. 

vTqvaT, n=1, maSin Ω sivrce Seicavs or wertils: ω=1 
(„warmateba“) da ω=0 („marcxi“). albaTobas P({1})=p vu-
wodoT „warmatebis“ albaToba. 

Cven vnaxavT ($3, Tavi II), rom ganxiluli albaTuri mo-
deli, romelic aRwers orelementiani generaluri erTob-
liobidan n-j er ganmeorebiT SerCevas, SeiZleba miRebul 
iqnes rogorc n „damoukidebel“ cdaTa Sedegi „warmatebis“ 
p albaTobiT, romelic cdidan cdamde ucvlelia, e.i. „war-
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matebis“ (1) mosvlis albaToba SenarCevis yovel fiqsire-
bul adgilze p-s tolia. 

axla vipovoT albaToba imisa, rom SerCevaSi iqneba zus-
tad k erTiani (xdomiloba Ak), e.i. albaToba imisa, rom 
zustad eqneba adgili k „warmatebas“. cxadia, rom 

           n,...,2,1,0k,qpC)A(P knkk
nk == − . 

vinaidan iseTi ω-ebis raodenoba, romlebic zustad k er-
Tianebs Seicavs, emTxveva n adgilidan k adgilis arCevaTa 
raodenobas, rac k

nC -is tolia. 
ricxvTa erTobliobas  

              n,0k)A(P)p,n,k(b k ==   

ewodeba binomialuri ganawileba. 

SeniSvnebi: 
1. binomialuri ganawilebis kerZo saxe miviReT $2-Si (ma-

galiTi 1) klasikuri sqemis saSualebiT. marTlac, Tuki im 
magaliTSi TeTri burTis gamoCenas „warmatebiT“ (1) aRvniS-
navT, Savi burTis gamoCenas ki _ „marcxiT“ (0), TiToeuli 
cdisaTvis gveqneboda p=m/n da, Sesabamisad, q=1-m/n alba-
Tobebis mqone ori elementaruli xdomilobisagan Semdgari 
sivrce. 

2. imave paragrafis meore magaliTSi Cven SemovitaneT 
hipergeometriuli ganawileba Pn,m(k,s), k=0,1,…,s. vTqvaT, 
n→∞, m→∞  ise, rom m/n →p∈ [0,1], maSin  

                               Pm,n(k,s) ∼ kskk
s )p1(pC −−     (4.1) 

(4.1) mtkicdeba (2.4)-is analogiurad. 
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Tavi II 

 
elementarul xdomilobaTa  

nebismieri sivrce 
 

$1. kolmogorovis aqsiomatika 

 

pirvel TavSi Cven ganvixileT iseTi SemTxveviTi eqspe-
rimenti, romelTa SesaZlo SedegTa Ω simravle sasruli 
an Tvladi iyo. A⊂Ω xdomilobis P(A) albaToba ganvsazR-
vreT ω elementarul xdomilobaTa P(ω) albaTobiT da sa-
meuls (Ω, ,P), sadac  elementarul xdomilobaTa sivr-
cis yvela qvesimravleTa simravlea, vuwodeT diskretuli 
albaTuri modeli, anu di s kret u li  alb a T u ri  s i -
vrce . magram, rogorc aRniSnuli iyo imave TavSi, yvela 
eqsperimenti ar SeiZleba aRiweros elementarul xdomi-
lobaTa diskretuli sivrciT. magaliTad, ganvixiloT eqs-
perimenti, romelic mdgomareobs simetriuli monetis usa-
srulod agdebaSi. cxadia, am eqsperimentis aRmweri elemen-
tarul xdomilobaTa sivrcea 

}1,0,...),,...,(:{ in1 ==ωω=Ω aaa , 

e.i. yvela (a1,a2,...) mimdevrobaTa erToblioba, romelTa 
elementebi Rebuloben mniSvnelobebs 0 an 1. 

cnobilia, rom yoveli a∈[0,1] ricxvi SeiZleba calsa-
xad gavSaloT usasrulo orwiladad 

)1,0(...
22 i2

21 =++= aaaa . 

aqedan cxadia, rom Ω-s wertilebsa da [0,1) intervalis 
wertilebs Soris arsebobs urTierTcalsaxa Tanadoba. am-
gvarad, Ω simravles aqvs kontinuumis simZlavre. 

cxadia, ganxiluli eqsperimenti ekvivalenturia eqsperi-
mentisa, romelic mdgomareobs [0,1] intervalidan werti-
lis SemTxveviT arCevaSi. simetriulobis mosazrebidan ga-
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momdinare, cxadia, rom eqsperimentis yvela Sedegi unda 
iyos „tolalbaTuri“, magram [0,1] simravle araTvladia 
da, Tu CavTvliT, rom misi albaToba 1-is tolia, maSin yo-
veli ω∈[0,1) Sedegis P(ω) albaToba ueWvelad 0-is toli 
unda iyos. magram, ase albaTobis mocema (P(ω)=0, ω∈[0,1) 
arafers gvaZlevs. saqme is aris, rom Cven dainteresebuli 
varT ara imiT, ra albaTobiT moxdeba esa Tu is Sedegi, 
aramed imiT, ras udris albaToba imisa, rom eqsperimentis 
Sedegi miekuTvneba raime mocemul A simravles [0,1)-dan. 
diskretuli sivrcis SemTxvevaSi P(ω) albaTobebiT ganvsa-
zRvreT A xdomilobis P(A) albaToba: 

                   ω=
∈ω A

)(P)A(P .  

magram gansaxilvel SemTxvevaSi P(ω)=0, ω∈[0,1) tolo-
bidan ar SegviZlia ganvsazRvroT, magaliTad, albaToba imi-
sa, rom SemTxveviT arCeuli wertili ekuTvnis [0,1/2) sim-
ravles. amave dros intuiciurad cxadia, rom es albaToba 
1/2-is tolia. 

es SeniSvnebi migvaniSnebs, rom albaTuri modelis agebis 
dros, im SemTxvevaSi, rodesac Ω araTvladia, albaToba 
unda iyos mocemuli ara calkeuli elementaruli xdomi-
lobebisaTvis, aramed garkveul klasSi Semavali simravle-
ebisaTvis. aseTi simravleTa klasi unda Seadginon dakvir-
vebadma xdomilobebma da es klasi unda iyos Caketili ga-
erTianebis, TanakveTisa da damatebis operaciebis mimarT, 
rogorc es iyo diskretuli sivrcis SemTxvevaSi. am mizniT 
saWiroa SemovitanoT 

gansazRvra 1.1. vTqvaT, elementarul xdomilobaTa siv-
rce nebismieri simravlea. Ω sivrcis raime qvesimravleTa 
A klass alg eb ra  ewodeba, Tu Sesrulebulia pirobebi: 

1. Ω∈A , 
2. Tu E1∈A, E2∈A, maSin E1 E2∈A, E1 E2∈A , 
3. Tu E∈A, maSin E ∈A . 
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advili SesamCnevia, rom Tu 2 pirobaSi moviTxovT mxo-
lod erT-erTi Tanafardobis Sesrulebas, maSin meorec Se-
sruldeba 3-is ZaliT. 

magaliTi 1. vTqvaT, Ω=[a,b), -∞≤a, b<∞. A[a,b] iyos iseT 
qvesimravleTa klasi [a,b]-dan, romelTagan TiToeuli Sed-
geba [c1,c2), [c1,c2], (c1,c2], (c1,c2) tipis intervalTa sasruli 
gaerTianebisgan. advili Sesamowmebelia, rom A[a,b] algeb-
raa. A[a,b] algebras uwodeben b oreli s alg eb ra s  [a,b] 
intervalSi. kerZod, A (1)=A (-∞,∞) uwodeben borelis alge-
bras namdvil ricxvTa R(1) RerZze. 

magaliTi 2. vTqvaT, ∏
=

==Ω
n

1j
jj

)n(
)b[ ),b,[I aa,  a=(a1,a2,…,an), 

b=(b1,b2,…bn), -∞≤ai, bi≤∞, i=1,…,n, n-ganzomilebiani inter-
valia evklides R(n) sivrceSi. A )n(

Ω  iyos iseT qvesimravleTa 
klasi I )n(

)b,a[ -dan, romelTagan TiToeuli Sedgeba [c1,d1)×… × 
×[cn,dn), [c1,d1]×…×[cn,dn], (c1,d1)×…×(cn,dn), (c1,d1)×…×(cn,dn) 
tipis intervalTa sasruli gaerTianebisagan. A )n(

)b[a,  klasi 

algebraa; mas ewodeba borelis algebra I )n(
)b[a, -Si. kerZod, 

A (n)
( )∞ ∞- , -s uwodeben borelis algebras evklides n ganzomi-

lebidan R(n)-sivrceSi. 

gansazRvra 1.2. Ω-s qvesimravleTa  klass ewodeba  
σ-algebra, Tu is algebraa da, garda amisa, Sesrulebulia 
piroba: 

21 Tu A1,…,An,… ∈ , maSin ∈
∞

=
k

1k
A  da ∈

∞

=
k

1k
A . 

SeniSvna 1. 21 pirobaSi ori Tanafardobidan erT-erTis 
moTxovna savsebiT sakmarisia, vinaidan 

k
1k

A
∞

=
= k

1k
A

∞

=
 da k

1k
A

∞

=
= = k

1k
A

∞

=
. 

Tu A raime simravleTa klasia Ω-dan, maSin arsebobs 

α  σ-algebrebi, romlebic mas Seicaven. σ-algebraTa aseTi 
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klasi aracarielia, vinaidan Ω-s yvela qvesimravleTa sim-
ravle, romelic σ-algebraa, Seicavs A -s. 

axla ganvixiloT  =
α

 α.* 

cxadia, rom 

10.    σ−algebraa, 

20. A ⊂  , 

30. ⊆ α yvela α-sTvis, e.i. -ze ufro „mcire“' σ-
algebra, romelic Seicavs A -s, ar arsebobs, vinaidan  
erT-erTi α -s tolia. 

10–30 Tviseba gvaZlevs safuZvels -s vuwodoT A-s 
Semcveli u m ci res i  σ-algebra da mas aRvniSnavT ase:    

 =σ( A ). 

gansazRvra 1.3. borelis A[a,b] algebris Semcvel umcires 
σ-algebras [a,b]=σ( A[a,b]) ewodeba b oreli s  σ-algebra, 
anu borelis qvesimravleTa σ-algebra [a,b] intervalSi. ke-
rZod, umcires σ-algebras (1), romelic Seicavs A (-∞,∞) 
algebras, ewodeba borelis σ-algebra R(1)=(-∞,∞)-Si. 

axla vnaxoT, ramdenad „mdidaria“ [a,b] borelis qvesi-
mravleTa σ-algebra, CvenTvis cnobili ra simravleebi Se-
dis am sigma algebraSi? magaliTad: 

1. calkeuli wertili borelis qvesimravlea. marTlac, 
Tu c∈[a,b], maSin moiZebneba iseTi N0 ricxvi, rom 

( N/1c,N/1c +− )∈[a,b], N≥N0, 
amitom 

             
∞

=
+−=

0NN
)N/1c,N/1c(}c{  ∈ [a,b]. 

                                                           
* simravleTa klasebSi CarTvis operacia, TanakveTa da gaerTianeba Cveulebri-
vad gaigeba. 
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2. racionalur wertilTa simravle borelis simravlea, 
rogorc calkeul wertilTa Tvladi gaerTianeba. 

3. iracionalur wertilTa simravle borelis simravlea, 
e.i. rogorc racionalur wertilTa simravlis damateba. 

4. nebismieri Ria simravle ekuTvnis [a,b]-s, vinaidan Ria 
simravle TanaukveT intervalTa sasruli an Tvladi rao-
denobis gaerTianebaa. 

5. nebismieri Caketili simravle borelis simravlea 
[a,b]-Si, rogorc Ria simravlis damateba. 

6. Tu f(ω) aris uwyveti funqcia [a,b]-ze, maSin nebismi-
eri namdvili x-saTvis {ω: f(ω)≤x}∈ [a,b], radgan {ω: f(ω)≤x} 
Caketili simravlea (daamtkiceT). 

sakmaod Znelia moviyvanoT iseTi simravlis magaliTi 
[a,b]-dan, romelic [a,b]-klass ar ekuTvnis. amgvarad, [a,b] 
klasi imdenad mdidaria, rom is ueWvelad sakmarisia praq-
tikuli miznebisaTvis. 1.3. gansazRvra ganvazogadoT: 

gansazRvra 1.4. borelis A (n)
( b)a,  algebris Semcvel um-

cires σ-algebras )n(
)b[a, =σ( A (n)

( b)a, ) ewodeba borelis σ-al-

gebra, anu borelis qvesimravleTa σ-algebra I )n(
)b[a,  (ix. maga-

liTi 2) n-ganzomilebian intervalSi, kerZod, )n( = (n)
( , )−∞ ∞  

umcires σ-algebras, romelic A (n)
( , )−∞ ∞ -s Seicavs, ewodeba bo-

relis σ-algebra evklides n ganzomilebidan R(n) sivrceSi. 

SeniSvna 2. Tu Ω sivrce Tvladia, maSin umciresi σ-al-
gebra, romelic Seicavs Ω-s calkeuli wertilebisgan Sed-
genil klass, emTxveva Ω-s yvela qvesimravleTa simravles. 

SeniSvna 3. vTqvaT, Ω=(−∞,∞). A iyos iseT qvesimravle-
Ta klasi (-∞,∞)-dan, romelTagan TiToeuli Sedgeba [a,b) 
tipis TanaukveT intervalTa sasruli gaerTianebisagan. A  
algebraa da σ( A )= (1). 



 38 

SeniSvna 4. (Ω, ) wyvils, sadac -algebraa an σ-alge-

bra, ewodeba z om a di  sivrce. magaliTad, (R(n), (n)) zoma-
di sivrcea. 

vTqvaT, G raime SemTxveviTi eqsperimentia. am eqsperimen-
tebTan dakavSirebuli ama Tu im albaTuri amocanis forma-
lizebisaTvis saWiroa G-s SevusabamoT (Ω, ) zomadi siv-
rce. Ω aRniSnavs eqsperimentis SedegTa simravles. simrav-
leTa  algebris an σ-algebris gamoyofa Ω-dan ganpirobe-
bulia, erTi mxriv, gansaxilavi amocanis arsiT, meore mxriv, 
Ω simravlis bunebiT. iseve rogorc I TavSi, -Si Semaval 
simravleebs xdomilobebs vuwodebT; TviT Ω simravles – 
aucilebel xdomilobas. -is gansazRvridan cxadia, rom ca-

rieli simravle ∅∈ ; mas SeuZlebel xdomilobas uwode-
ben. A-s ewodeba A xdomilobis sawinaaRmdego xdomiloba. 
Tu A∈ , B∈  da BA =∅, maSin A da B xdomilobebs 
uTavsebadi ewodeba, e.i. maTi erTad moxdena SeuZlebelia. 

axla SegviZlia gadavideT albaTobis ganmsazRvravi aqsi-
omebis Camoyalibebaze. am mizniT ganvixiloT (Ω,A) zomadi 
sivrce, sadac A  algebraa. 

gansazRvra 1.5. A algebraze gansazRvrul P(.) funqcias 
ewodeba albaToba (Ω, A ) zomad sivrceze, Tu is akmayofi-
lebs Semdeg aqsiomebs: 

1. ∀A∈ A     P(A)≥0; (P-s arauaryofiTobis aqsioma); 

2. P(Ω)=1, (normirebis aqsioma); 
3. Tu {An} xdomilobaTa mimdevroba A -dan iseTia, rom 

           
∞

=
∈

1i
iA  A , Ak Aj=∅, k≠j,  

maSin 

                                      
∞

=

∞

=
=

1j 1j
jj ).A(P)A(P                                                         (1.1) 
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mesame aqsiomis ekvivalenturia (1.1)-is Sesruleba xdomi-
lobaTa sasruli ricxvisaTvis da Semdegi uwyvetobis aqsioma: 

31. vTqvaT, {Bn} xdomilobaTa mimdevroba iseTia, rom  

         Bn+1⊂Bn da 
∞

=
=

1n
n BB ∈ A ,  

maSin  
          P(Bn)→P(B), roca n→∞. 

ekvivalenturobis damtkiceba. vTqvaT, Sesrulebulia me-3 
aqsioma da 

              Bn+1⊂Bn, 
∞

=
=

1n
n BB ,  

maSin B, 1kkk BBC +=  xdomilobaTa mimdevroba wyvil-
wyvilad uTavsebadia da 

                 )C(BB
nk

kn

∞

=
= , n=1,2,... .  

me-3 aqsiomis ZaliT miviRebT, rom mwkrivi  

                               P(B1) = P(B) + 
∞

=1k
k )C(P   

krebadia. es ki niSnavs, rom, roca n→∞  

P(Bn) = P(B) + )B(P)C(P
nj

j →
∞

=
. 

amgvarad, 31 aqsioma Sesrulebulia. 
SebrunebiT, Tu {An} uTavsebadi xdomilobaTa mimdevro-

baa, maSin 

          )A(P)A(P)A(P
1nj

j

n

1j
j

1j
j

∞

+==

∞

=
+=   

da 31 aqsiomis ZaliT adgili aqvs tolobas 

          ===
=∞→

∞

= =∞→
)A(Plim)A(Plim)A(P

n

1j
jn1k

n

1j
jnk  

             ).A(P)A(P)A(Plim
1j

j
1nj

j
1j

jn

∞

=

∞

+=

∞

=∞→
=−=       
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(Ω,A ,P)-sameuls ewodeba albaTuri modeli farTo az-
riT, anu alb a T u ri  s i vrce f arTo a z ri T . 

Tu  algebra aris σ-algebra, ( =σ( )), maSin me-3 aq-

siomaSi 
∞

=
∈

1j
jA  piroba ((Ω, )-ze gansazRvruli albaTo-

bisaTvis) Sesruldeba avtomaturad. 
(Ω, ,P)-sameuls, sadac  σ-algebraa, ewodeba ubralod 

albaTuri modeli, anu alb a T u ri  s i vrce . 
amgvarad, albaTuri sivrcis ageba niSnavs (Ω, ) zomad 

sivrceze iseTi arauaryofiTi Tvladad-aditiuri P(⋅) zomis 
mocemas, romlisTvisac P(Ω)=1. albaTobis Teoriis aqsio-
matika am saxiT iqna Camoyalibebuli akademikos a . kol-
mogorovi s  mier. 

axla davubrundeT gansazRvra 1.5-s. vTqvaT, (Ω,A,P) al-
baTuri sivrcea (A-algebraa). rogorc vnaxeT, yovel alge-
bras SeiZleba davukavSiroT A-s momcveli =σ( A) umci-
resi σ-algebra. bunebrivad ismeba kiTxva: A -ze mocemuli 
albaTuri P zoma gansazRvravs Tu ara zomas =σ(A)-ze 
da es gansazRvra calsaxaa? sxva sityvebiT rom vTqvaT, 
(Ω, ,P) albaTuri sivrcis agebisaTvis sakmarisia Tu ara 
P-s mocema mxolod romelime A algebraze, romlisTvisac 
=σ(A). pasuxs am kiTxvaze iZleva k a ra T eodori s  Te-

orema, romelsac Cven damtkicebis gareSe moviyvanT. 

karaTeodoris Teorema. vTqvaT, (Ω,A,P) albaTuri 
sivrcea farTo gagebiT. maSin arsebobs =σ(A)-ze gansazR-
vruli iseTi erTaderTi albaTuri Q zoma, rom 

              Q(A)=P(A ), roca A∈ A  . 

amgvarad, yoveli (Ω,A,P) albaTuri sivrce farTo azriT 
gansazRvravs erTaderT (Ω, ,P) albaTur sivrces, sadac 

=σ(A). sxva sityvebiT rom vTqvaT, Tu Cven gvaqvs agebu-
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li (Ω,A,P) albaTuri sivrce farTo azriT, SegviZlia ma-
Sinve vigulisxmoT, rom P zoma mocemulia ara marto A-
ze, aramed =σ(A )-zedac. 

axla davubrundeT zemoT ganxilul eqsperiments, rome-
lic 0≤ω≤1 monakveTze wertilis SemTxveviT arCevaSi mdgo-
mareobs. aRvweroT am eqsperimentis Sesabamisi albaTuri siv-
rce. cxadia, rom Ω=[0,1]. agreTve cxadia, rom xdomilobe-
bad unda CaiTvalos elementarul xdomilobaTa is simrav-
leebi, romlebic bunebrivad dakvirvebadia eqsperimentis 
dros. ase, magaliTad, A[0,1] algebris simravleebi dakvirve-
bad xdomilobebad unda CaiTvalos. amgvarad, am eqsperimen-
tis Sesabamisi zomadi sivrcea (Ω, [0,1]). 

intuiciurad cxadia, magaliTad, albaToba imisa, rom Sem-
TxveviT arCeuli wertili moxvdeba [a,b), (a,b], [a,b] da 
(a,b) tipis romelime <a,b> intervalSi, b-a-s tolia. zu-
stad aseve, albaToba imisa, rom wertili moxvdeba A[0,1] al-

gebris romelime 
n

1j
jj b,A

=
><= a  simravleze, 

=
−

n

1j
jj )b( a -is 

tolia. aqedan gamomdinare, A[0,1] algebraze, bunebrivia, P 
albaToba ganisazRvreba ase: 

P(A)=
=

−
n

1j
jj )b( a , 

n

1j
jj b,A

=
><= a ∈ A [0,1] . 

P-zoma Tvladad aditiuria (amis dasamtkiceblad III Ta-
vis Teorema 3.1-Si unda davuSvaT, rom F(x)=x, x∈[0,1]). ka-
raTeodoris Teoremis ZaliT P albaTuri zoma [0,1]-zedac 

iqneba gansazRvruli. [0,1]-ze aseTnairad gansazRvrul 
zomas uwodeben leb eg i s  μ zomas. maSasadame, ganxiluli 
eqsperimentis Sesabamisi albaTuri sivrcea ([0,1], [0,1], μ). 

zemoT aRvniSneT, rom Ω=[0,1]-ze -is gansazRvra, diskr-

etuli modelis analogiurad ( -yvela qvesimravleTa kla-

sia [0,1]-dan), garkveul siZneleebs iwvevs. marTlac, -ze 
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μ zomis mocema ise, rom <a,b> intervalisaTvis mis sigrZes 
emTxveodes, e.i. μ(<a,b>)=b-a, SeuZlebelia, vinaidan -Si 
arsebobs iseTi simravleebi, romlebic μ zomadi ar arian, e.i. 
μ gansazRvruli ar aris aseT simravleebze (ix. . . -

,    , 1974, .80). 
cxadia,  
               μ({ω})=0, ω∈[0,1].  

albaToba imisa, rom eqsperimentis Sedegi racionaluri 

ricxvia, nulis tolia. marTlac, vTqvaT, 
∞

=
=

1j
j }r{A  racio-

nalur wertilTa simravlea [0,1]-dan. rogorc viciT, A 
∈B[0,1], amitom me-3 aqsiomis ZaliT 

               0})r({)A(
1j

j =μ=μ
∞

=
. 

gansazRvra 1.6. amboben, rom gvaqvs amocana geometriuli 
albaTobis Sesaxeb, Tu elementarul xdomilobaTa sivrcea 
evklides R(n) sivrcis borelis qvesimravle Ω∈ (n), rome-
lsac sasruli lebegis zoma gaaCnia, e.i. 0<μ(n)(Ω)<∞, (μ(n) 

lebegis n ganzomilebiani zomaa, romelic „paralelepiped-
ze“ mis moculobas emTxveva), xolo misi nebismieri A∈Ω 
qvesimravlis (A∈ (n)) albaToba 

               
)(
)A()A(P )n(

)n(

Ωμ
μ=   

formuliT moicema. 

magaliTi 3. („Sexvedris amocana“) ori Γ1 da Γ2 moqa-
laqe SeTanxmda garkveul adgilas Sexvdnen erTmaneTs, sa-
Ramos 8-dan 9 saaTamde. TiToeuli maTgani midis am adgi-
las erTimeorisagan damoukideblad. is moqalaqe, romelic 
mividoda daniSnul adgilas, 20 wuTis (1/3) saaTis) ganmav-
lobaSi ucdis meores da mere midis. vipovoT Γ1 da Γ2 mo-
qalaqeTa Sexvedris albaToba. 



 43

cxadia, am eqsperimentis SesaZlo Sedegia Ω=[0,1]×[0,1] 
kvadratis yoveli (x,y) wertili, sadac x da y aRniSnavs 
Sesabamisad Γ1-isa da Γ2-is mosvlis moments, xolo Sesaba-
misi albaTuri sivrcea (Ω, )2(

Ω , P), sadac )2(
Ω  aRniSnavs 

kvadratis yvela borelis qvesimravleTa klass (ix. gansaz-
Rvra 1.4) da 

                 
)(
)A()A(P )2(

)2(

Ωμ
μ= .  

cxadia, CvenTvis saintereso xdomilobaa 

                 ≤−=
3
1yx:)y,x(A ∈ )2(

Ω , 

xolo misi albaToba ki P(A)=5/9. 
 

y     
     

1     
     
  A   
     

1/3     
     

0 1/3 1 x  

$2. albaTobis Tvisebebi 

1. P(∅)=0. es gamomdinareobs ∅+Ω=Ω tolobidan da me-
2 da me-3 aqsiomidan. 

2. P( A )=1-P(A), radgan Ω=AA  da =AA ∅. 

3. Tu A⊂B, maSin P(A) ≤P(B). es gamomdinareobs iqidan, 
rom 

  P(A)+P( BA )=P(B). 
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4. P(A)≤ 1, vinaidan A⊂Ω. 

5. P( BA )=P(A)+P(B)-P( BA ), radgan  
  )BA\B(ABA =  da )BA(P)B(P)AB\B(P −= .  

6. P( BA ) ≤ P(A) + P(B). 

7. =
=

)A(P
n

1j
j S1 - S2 + ... +(-1)n-1Sn, 

sadac )A...AA(PS
j21

j1
iii

ni...i1
j

≤<<≤
= . 

es formula Cven davamtkiceT (Tavi I, Teorema 3.1.) dis-
kretuli sivrcis SemTxvevaSi. igi analogiurad damtkic-
deba nebismieri Ω sivrcis SemTxvevaSic. 

8. (σ-naxevrad aditiuroba) 
∞

=

∞

=
≤

1j
j

1j
j )A(P)A(P . 

damtkiceba. SemoviRoT aRniSvnebi: 

B1=A1, B2=A2\A1, B3=A3\( 21 AA ), ... , Bj=Aj\(
1j

1k
kA

−

=
), ..., j≥2. 

cxadia, rom 
∞

=

∞

=
=

1j
j

1j
j BA  da =jk BB ∅, k ≠ j. 

amrigad, 
∞

=

∞

=

∞

=
≤=

1j
j

1j
j

1j
j )A(P)B(P)A(P , vinaidan Aj ⊃ Bj.   

9. Tu {An} simravleTa monotonurad zrdadi mimdevro-
baa, e.i. 

Ak ⊂ Ak+1 da 
∞

=
=

1j
jAA , maSin )A(P)A(Plim nn

=
∞→

. 

damtkiceba. ganvixiloT {Bn=A\An} simravleTa mimdevro-

ba. cxadia, rom Bn+1 ⊂ Bn da =
∞

=1j
jB ∅. uwyvetobis aqsiomis 

ZaliT miviRebT P(A\An)=P(A)-P(An)→ 0, roca n→∞.     
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$3. pirobiTi albaToba.  

xdomilobaTa damoukidebloba 

vTqvaT, raime cdis aRmweri sivrce (Ω, ,P) diskretulia, 
xolo A da B am cdasTan dakavSirebuli raime xdomilobe-
bia, e.i. A∈ , B∈ . davuSvaT agreTve, rom B xdomilobas 
hqonda adgili am eqsperimentis dros. ra SeiZleba iTqvas 
amis Semdeg A xdomilobis albaTobaze? mas Cven aRvniSnavT 
P(A/B) an pB(A) simboloTi (ikiTxeba: „A xdomilobis piro-
biTi albaToba im pirobiT, rom xdomiloba B moxda“). 

gvaqvs ra informacia imis Sesaxeb, rom ganxorcielda B 
xdomiloba, ganvixiloT axla ara yvela elementarul xdo-
milobaTa Ω simravle, aramed mxolod yvela elementaruli 
xdomilobis erToblioba B-dan da yovel ωj∈B elementa-
rul xdomilobas SevusabamoT raime arauaryofiTi P(ωj/B) 
ricxvi (ωj-is albaToba B pirobiT) ise, rom adgili hqon-
des tolobas 
                 1)B/(P j

Bj

=ω
∈ω

.                  (3.1) 

pirobiTi albaTobebi P(ωj/B), j=1,2,..., romlebic akmayo-
fileben (3.1) moTxovnas, SeiZleba miviRoT, magaliTad, 
P(ωj)-is P(B)-ze gayofiT, e.i.  

               ,
)B(P
)(P

)B/(P j
j

ω
=ω   j = 1,2,... . 

cxadia, rom aseTnairad gansazRvruli P(ωj/B) albaTobe-
bi (3.1) moTxovnas akmayofilebs. 

amrigad, imisaTvis, rom gamovTvaloT P(A/B) pirobiTi 
albaToba, saWiroa avj amoT (Tavi I gansazRvra 1.4) pirobi-
Ti P(ωj/B) albaTobebi yvela im ωj elementaruli xdomi-
lobebisaTvis, romlebic miekuTvnebian A da B-s erTdro-
ulad an, rac igivea – BA  xdomilobas. aqedan miviRebT 

)B(P
)BA(P)(P

)B(P
1)B/(P)B/A(P j

BA
j

BA jj

=ω=ω=
∈ω∈ω

. 
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klasikuri albaTuri sivrcis SemTxvevaSi gveqneba: 

)B(N
)BA(N)B/A(P = . 

magaliTi 1. vTqvaT, yuTSi moTavsebulia N burTi, rome-
lTagan N1 – TeTria, xolo N-N1 – Savi. ras udris P(A/B) 
albaToba imisa, rom meored amoRebuli burTi TeTria (A 
xdomiloba), im pirobiT, rom pirvelad amoRebuli burTi 
TeTria (B-xdomiloba), cxadia, rom 

N(Ω )=N(N-1), N( BA )=N1(N1-1) da N(B)=N1(N-1). 
amitom 

1N
1N)B/A(P 1

−
−= . 

magaliTi 2. vTqvaT, 3-j er vagdebT simetriul monetas. 
maSin Ω={ω}, ω=(ω1, ω2, ω3), N(Ω)=8, sadac ωi=1 im SemT-
xvevaSi, rodesac adgili eqneba „warmatebas“ (gerbi), ωi=0 
„marcxis“ (safasuris) SemTxvevaSi. A iyos xdomiloba imisa, 
rom zustad erTxel eqneba adgili „warmatebas“, e.i. 

A={(1,0,0), (0,1,0), (0,0,1)}, 
xolo xdomiloba B – kentricxvj er eqneba adgili „warma-
tebas“, e.i.  

B={(1,0,0), (0,1,0), (0,0,1), (1,1,1)}. 
cxadia, rom  

P(A/B)=3/4. 
axla SegviZlia gadavideT P(A/B)-s zogad gansazRvraze. 

gansazRvra 3.1. vTqvaT, mocemulia (Ω, ,P)  albaTuri si-

vrce da A da B nebismieri xdomilobebia -dan. Tu P(B)>0, 
maSin A xdomilobis pirobiTi albaToba B xdomilobis mo-
xdenis pirobiT (B pirobiT) ewodeba sidides 

)B(P
)BA(P)B/A(P = .          (3.2) 
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am gansazRvridan uSualod gamomdinareobs pirobiTi al-
baTobis Semdegi Tvisebebi: 

P(B/B)=1, P(∅/B)=0, 

P(A/B)=1, B⊆A, 

P(A1 A2/B)=P(A1/B)+P(A2/B), Tu =21 AA ∅. 

(3.2)-dan, miviRebT agreTve, rom ori xdomilobis erTad 
moxdenis albaToba tolia erT-erTi maTganis albaTobis nam-
ravlisa meoris pirobiT albaTobaze pirvelis pirobiT, e.i. 

                    P(A B) = P(B)P(A / B) = P(A)P(B / A).             (3.3) 
gansazRvra 3.2. A da B xdomilobebs damoukidebeli 

ewodeba, Tu sruldeba 

               )B(P)A(P)BA(P =         (3.4) 

toloba. 
moviyvanoT damoukidebel xdomilobaTa zogierTi Tviseba. 
1. Tu P(B)>0, maSin A da B xdomilobebis damoukideblo-

ba ekvivalenturia P(A/B)=P(A) tolobis. damtkiceba cxadia. 
xdomilobaTa damoukideblobis azri imaSi mdgomareobs, 

rom damoukidebel xdomilobaTagan erT-erTis moxdena ara-
viTar gavlenas ar axdens meore xdomilobis albaTobaze. 

2. Tu A da B damoukidebeli xdomilobebia, maSin damo-
ukidebelia A da B xdomilobebi. 

marTlac,  

P( A B) = P(B \ A B) = P(B) - P(A B) = 

= P(B)(1 - P(A)) = P(B)P( A ). 
Sedegi. Tu A da B xdomilobebi damoukidebelia, maSin 

damoukidebelia A da B xdomilobebic. maSasadame, SegviZ-
lia davaskvnaT: Tu A da B damoukidebeli xdomilobebia, 
maSin damoukidebelia agreTve yoveli ori xdomiloba ( A , B), 
(A, B ), ( A ,B ). 
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SeniSvna. xSirad erTmaneTSi ureven xdomilobaTa damo-
ukideblobisa da uTavsebadobis albaTur azrs; SeiZleba es 
gamowveuli iyos damoukideblobisa da uTavsebadobis termi-
nis fonetikurad garkveuli siaxloviT. davuSvaT, A da B 
iseTi xdomilobebia, rom P(A)>0, P(B)>0. Tu A da B xdo-
milobebi uTavsebadia, maSin BA =∅ da amitom P( BA )=0. 
magram Tu P( BA ) = 0, maSin (3.4)-s ar eqneba adgili da, 
maSasadame, A da B xdomilobebi ar iqnebian damoukidebeli. 
SebrunebiT, Tu A da B xdomilobebs aqvT dadebiTi alba-
Toba da damoukidebelia, e.i. sruldeba (3.4) toloba, ma-
Sin P( BA ) > 0 da amitom A da B xdomilobebi ar iqne-
bian uTavsebadi. 

magaliTi 3. vTqvaT, A xdomiloba aRniSnavdes simetri-
uli monetis orj er zedized agdebisas (N(Ω)=4) pirvelad 
„warmatebis“ mosvlas (ix. magaliTi 2), xolo B – meored 
„marcxis“ mosvlas. cxadia,  

        N(A)=2, N(B)=2 da 1)BA(N = .  
amitom 

)B(P)A(P
2
1

2
1

4
1)BA(P =⋅== . 

amrigad, A da B xdomilobebi damoukidebelia. 
magaliTi 4. vTqvaT, eqsperimenti mdgomareobs ori mo-

netis usasrulo raodenobiT agdebaSi an, rac igivea, erTe-
ulovani kvadratidan wertilis SemTxveviT „arCevaSi“ (ix. 
$1, Tavi 2). 

cxadia, am eqsperimentis aRmweri albaTuri sivrcea 
(Ω, ,P), sadac Ω=[0,1]×[0,1]. -borelis simravleTa kla-
sia Ω-dan, xolo P=μ(2) organzomilebiani leb eg i s  zomaa. 
vTqvaT, a, b∈[0,1] da ganvixiloT xdomilobebi: 

A={(x,y):x≥a, (x,y) ∈Ω}, B={(x,y):y≥b, (x,y) ∈Ω}. 
cxadia, rom  

      P(A B) = μ(2)(A B) = (1-a)(1-b) = P(A)P(B). 
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maSasadame, A da B xdomilobebi damoukidebelia. 
gansazRvra 3.3. Ai∈ , i=1,2,... xdomilobebs ewodeba 

erTobli va d da m ou k i deb eli , Tu maT Soris nebis-
mieri m(2≤ m<n) xdomilobebisaTvis sruldeba 

               ∏
==

=
m

1j
i

m

1j
i )A(P)A(P

jj
 Tanafardoba. 

SevniSnoT, rom xdomilobaTa wyvil-wyvilad damoukideb-
loba ar niSnavs erToblivad damoukideblobas. marTlac, 
vTqvaT, 

                 Ω=(ω1,ω2,ω3,ω4)  

da TiToeuli ωi, i = 4,1 , tolad SesaZlebelia, e.i.  

                                        P(ωi)=1/4, i = 4,1 ,  

maSin xdomilobebi 

              A1={ω1,ω2}, A2={ω1,ω3} da A3={ω1,ω4}  

wyvil-wyvilad damoukidebelia, magram 

)A(P)A(P)A(P
2
1

4
1)AAA(P 321

3

321 =≠= . 

erToblivad damoukidebel xdomilobaTa mimdevrobis ma-
galiTad SeiZleba davasaxeloT n-j er Catarebuli calkeu-
li cdis SedegTa mimdevroba, romelic ganxiluli iyo I 
Tavis $4-Si. amaSi rom davrwmundeT, saWiroa SemoviyvanoT 
cdaTa damoukideblobis cneba. 

ganvixiloT (Ω1, 1,P1),..., (Ωm, m,Pm) albaTuri sivrceebi, 
romlebic aRweren Sesabamisad G1,G2,...,Gm eqsperimentebs. 
ganvixiloT agreTve „rTuli“ G eqsperimenti, anu sxvanai-
rad „Sedgenili“ eqsperimenti, romlis aRmweri albaTuri 
sivrce iyos (Ω, ,P), sadac Ω=Ω1×...×Ωm aris Ω1,...,Ωm si-
vrceTa pirdapiri namravli, anu  

ω=(ω1,...,ωm), ωk=Ωk, k= m,1 , elementTa simravle, 
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xolo  aris umciresi σ-algebra, warmoqmnili 

A={ω:ω=(ω1,...,ωm),  ω1∈A1,...,ωm∈Am}=A1×...×Am, Ak∈ k, 
k= m,1  

saxis „marTkuTxedebisagan“. 
vityviT, rom G1, G2, ..., Gm cdebi damoukidebelia, Tu 

nebismieri A=A1×...×Am, Ak∈ k, k= m,1 , „marTkuTxedebisaT-
vis“ sruldeba toloba 

P(A) = P1(A1)×... ×Pm(Am) .                     (3.5) 
xdomiloba, romelic i-ur cdas ukavSirdeba, SeiZleba aRi-

weros ara marto rogorc i klasis simravle, aramed ro-

gorc  klasis simravlec. amisaTvis moviqceT Semdegnairad: 

vTqvaT, Ai∈ i, i= m,1  da ganvixiloT -dan simravleebi: 
Bj = Ω1×...×Ωj-1×Aj×Ωj+1×...×Ωm,   j= m,1 . 

Bj-is saxis simravleebs uwodeben cilindruls Aj fu-
ZiT. (3.5)-dan cxadia, rom 

P(Bi)=Pi(Ai), i= m,1  

da xdomilobebi B1,B2,...,Bm erToblivad damoukidebelia. 
marTlac, vTqvaT, k≤m. vinaidan  

k1 B...B =A1 × ... × Ak × Ωk+1 × ... × Ωm 

(3.5)-dan gvaqvs )B...B(P k1 =P(B1)...P(Bk). 
amrigad, calkeul cdebTan dakavSirebuli xdomilobebi, 

romlebic aRiwereba erTi (Ω, ,P) albaTuri sivrcis xdo-
milobebis saSualebiT, damoukidebeli aRmoCnda. 

axla davubrundeT I Tavis $4-Si ganxilul bernulis 
sqemas. am paragrafSi ganxiluli albaTuri sivrce (Ω, ,P), 
sadac  

Ω={ω: ω=(a1,...,an)}, aj = 0,1, ={A:A⊂Ω}   da 
−=ω kk nqp)(P aa , 
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romelic aRwers orelementiani generaluri erTobliobidan 
n-j er ganmeorebiT amorCevas, warmoadgens rTuli G eqspe-
rimentis Sedegs. marTlac, aq ganxilul yovel calkeul 
cdas ori Sedegi aqvs – „warmateba“ (1) da „marcxi“ (0). 
warmatebis albaTobaa p, „marcxisa“ ki – q=1-p. amrigad, 
rigiT i-uri cda Gi aRiwereba (Ωi,  i,Pi) albaTuri sivr-
ciT, sadac  

Ωi={0,1}, i={{0}, {1}, ∅, Ωi}, Pi({1})=p, Pi({0})=q=1-p. 

rTuli G eqsperimentis aRmweri (Ω, ,P) albaTuri siv-
rcis konstruqciidan Cans, rom is warmoadgens Gi eqsperi-
mentis aRmweri (Ωi, i, Pi) albaTur sivrceTa pirdapir na-
mravls: 

           (Ω=Ω1×...×Ωn,  ={A:A⊂Ω}, P),  
sadac 
           −

∈=ω
= ii

n1

n

}A),...,({
qp)A(P aa

aa
, A∈ , ai = 0,1. 

cdaTa G1, G2, ... , Gn mimdevroba damoukidebelia, vinaidan 
aseTnairad agebuli P albaTuri zoma akmayofilebs (3.5) 
moTxovnas. 

vaCvenoT, rom „warmatebis“ (1) mosvlis albaToba cdis 
yovel k-ur fiqsirebul adgilze p-s tolia, e.i. vaCvenoT, 
rom      

P{ω: ak=1} = p, marTlac, P{ω: ak=1}= =−

=ω

ii

k

n

}1:{
qp aa

a
 

=
++++

++++−−++++

+−

+−+− =
),...,,...,(

),...,,...,(1n,...,,...,

n1k1k1

n1k1k1n1k1k1 qpp
aaaa

aaaaaaaa  

=
−

=

−−
− =

1n

0j

j)1n(jj
1n pqpCp .  

aseve miiReba, rom P{ω: ak=0} =q=1-p. 
amrigad, ganxilul cdaTa mimdevroba G1,G2,...Gn, romleb-

sac or-ori Sedegi aqvs _ „warmateba“ da „marcxi“, damouki-
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debelia, xolo „warmatebis“ albaToba cdidan cdamde ucv-
lelia. aseT cdebs bernulis damoukidebel cdaTa sqemas 
uwodeben an, ubralod, bernulis sqemas. i . b er n u li  iyo 
pirveli, romelmac Seiswavla xsenebuli albaTuri modeli 
da daamtkica misTvis did ricxvTa kanonis samarTlianoba. 

$4. jamis albaTobis gamoTvla 

urTierTdamoukidebeli xdomilobebisaTvis 

vTqvaT, A1,A2,...,An damoukidebeli xdomilobebia. ganmar-

tebis Tanaxmad, 
n

1k
kA

=
 niSnavs xdomilobas, romelic xdeba 

maSin da mxolod maSin, rodesac xdeba erTi mainc Ak, 
n,1k = , xdomilobaTagani. am xdomilobis sawinaaRmdego xdo-

miloba iqneba 
n

1k
kA

=
, vinaidan 

                
n

1k
kA

=
=Ω\

n

1k
kA

=
.  

amitom vwerT  

                                 P(
n

1k
kA

=

n

1k
kA

=
)=1. 

aqedan 

              P P(
n

1k
kA

=
)=1-PP(

n

1k
kA

=
).  

pirobis Tanaxmad, A1,A2,...,An xdomilobani damoukidebe-
lni arian, amitom damoukidebelni iqnebian agreTve maTi sa-
winaaRmdego xdomilobani n21 A,...,A,A . viciT, rom damou-
kidebel xdomilobaTa namravlis albaToba TanamamravlTa 
albaTobebis namravlis tolia da amitom ukanaskneli to-
loba Semdegnairad Caiwereba: 

              P( )A(P)...A(P)A(P1)A n21

n

1j
j −=

=
.  
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sabolood, damoukidebel xdomilobaTa j amis albaTobis 
gamosaTvleli formula Semdegnairad Caiwereba: 

P( ∏ −−=
==

n

1j
j

n

1j
j ))A(P1(1)A .       

$5. sruli albaTobis formula.  

baiesis formula 

gansazRvra 5.1. vityviT, rom A1,A2,...,An xdomilobaTa 
sistema -dan xdomilobaTa sruli sistemaa, Tu 

10. Ω=n21 A...AA , 

20. =ji AA ∅,  i≠j. 

Teorema 5.1. Tu A1,A2,...,An xdomilobaTa sruli siste-
maa da P(Aj)>0, j= n,1 , maSin nebismieri B-Tvis -dan adgi-
li aqvs 

=
=

n

1i
jj )A/B(P)A(P)B(P         ((5.1) 

tolobas. 
(5.1)-s uwodeben sruli albaTobis formulas. Teoremis 

damtkicebisaTvis SevniSnoT, rom  

                 
n

1j
j )BA(BB

=
=Ω= . 

20 – pirobis ZaliT BA j  uTavsebadi xdomilobebia, 
amitom 

= =
==

n

1j
j

n

1j
jj )A/B(P)A(P)BA(P)B(P .     

SevniSnoT, rom (5.1) formula samarTliania xdomiloba-
Ta Tvladi sistemisaTvisac, Tuki am SemTxvevaSi 10 da 20 
pirobebi sruldeba. 
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sruli albaTobis (5.1) formulis gamoyenebis sailust-
raciod moviyvanoT magaliTebi. 

magaliTi 1. vTqvaT, gvaqvs erTnairi n yuTi. cnobilia, 
rom i-ur nomrian yuTSi moTavsebulia mi TeTri da Ni-mi 
Savi burTi. SemTxveviT virCevT yuTs, xolo iqidan ki – 
burTs. ras udris albaToba imisa, rom amoRebuli burTi 
TeTri ferisaa (xdomiloba B)? 

vTqvaT, Ai-xdomilobaa, romelic mdgomareobs imaSi, rom 
SerCeuli yuTi i-uri nomrisaa, cxadia, rom 

          ,
n
1)A(P i =

i

i
i N

m)A/B(P = . 

maSasadame, sruli albaTobis (5.1) formulis ZaliT da-
vwerT: 

==
= =

n

1i

n

1i i

i
jj N

m
n
1)A/B(P)A(P)B(P . 

Cven B xdomilobis albaToba gamovTvaleT elementarul 
xdomilobaTa sivrcis augeblad. axla SevecadoT P(B) ga-
movTvaloT pirdapiri gziT, I TavSi moyvanili gansazRvra 
1.4-is gamoyenebiT. 

warmovidginoT, rom i-ur (i= n,1 ) yuTSi moTavsebuli bu-
rTebis nomrebia i1, i2, , , 

iNi . cxadia, eqsperimentis Sedegi 

iqneba (i, ik) wyvili. amrigad, 

              Ω = {(i, ik), i = n,1 , k = iN,1 }. 

garkveuli mosazrebebidan gamomdinare, TiToeul  ω=(i, ik)  

elementarul xdomilobas SegviZlia mivuweroT 
iN

1
n
1

 al-

baToba da, maSasadame,  

             ==
=∈ω

n

1i i

i

B i N
m

n
1

N
1

n
1)B(P .               
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vTqvaT, A1,A2,...,An – xdomilobaTa sruli sistemaa, xo-
lo B∈ . cxadia, Semdegi tolobis samarTlianoba 

              P(Aj)P(B/Aj)=P(B)P(Aj/B),  
saidanac   

)B(P
)A/B(P)A(P

)B/A(P jj
j = . 

anda, Tu P(B)-s SevcvliT (5.1)-iT, miviRebT: 

)A/B(P)A(P

)A/B(P)A(P
)B/A(P

j

n

1j
j

jj
j =

=

, n,1j = .    (5.2) 

es ukanaskneli (5.2) formula warmoadgens b a i es i s  fo-
rmulas. cxadia, 

=
=

n

1j
j 1)B/A(P . 

magaliTi 2. or fabrikaSi mzaddeba erTi da igive saxis 
produqcia. amasTan, meore fabrikis mier gamoSvebuli pro-
duqciis raodenoba k-j er aRemateba pirveli fabrikisas. 
vTqvaT, pirveli fabrikis wundebuli produqciis xvedria 
P1, xolo meoresi – P2. davuSvaT, rom drois erTsa da 
imave monakveTSi fabrikebis mier gamoSvebuli produqcia 
erTmaneTSi auries da gaitanes gasayidad bazarze. ras ud-
ris albaToba imisa, rom Tqven SeiZenT meore fabrikis mier 
damzadebul produqcias, Tu is aRmoCnda wundebuli (A-
xdomiloba)? 

vTqvaT, B1 aRniSnavdes xdomilobas imisa, rom Tqveni 
amorCeuli produqcia aris pirveli fabrikis mier damzade-
buli, xolo B2 – meore fabrikis mier. advili misaxved-
ria, rom 

,
1k

1)B(P 1 +
=  ;

1k
k)B(P 2 +

=  P(A/B1) = P1,  P(A/B2) = P2. 
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(5.2) formulis ZaliT davwerT  

2
2

2
1 2

1 2

k P kPk 1P(B / A) 1 k P kPP P
k 1 k 1

+= =
++

+ +

. 

analogiurad,  

21

1
1 kPP

P)A/B(P
+

= .        

P(Aj / B), n,1j =  albaTobebs uwodeben apost eriorul 
albaTobebs imis Semdeg, rac moxda B xdomiloba, xolo 
P(Aj) albaTobebs – a pri oru ls . 
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Tavi III 

 

SemTxveviTi sidide da ganawilebis funqcia 

$1. SemTxveviTi sidide 

albaTobis Teoriis erT-erT ZiriTad cnebas warmoadgens 
SemTxveviTi sididis cneba.  

vTqvaT, (Ω, ,P) albaTuri sivrcea da (R(1), (1)) b o-
reli s  wrfe, sadac R(1) namdvil ricxvTa simravlea, xo-
lo (1) –  borelis simravleTa σ – algebraa. 

gansazRvra 1.1. Ω simravleze gansazRvrul namdvil 
ξ=ξ(ω) funqcias, ω∈Ω, ewodeba  – zomadi anu SemTxvevi-

Ti sidide, Tu nebismieri B∈ (1) simravlisaTvis 

{ω:ξ(ω)∈Β}=ξ−1(Β)∈              (1.1) 

im SemTxvevaSi, rodesac Ω=R(1), ξ(ω) SemTxveviT sidides 
uwodeben borelis funqcias an ubralod (1) – zomads. 

moviyvanoT SemTxveviT sidideTa m a g ali T eb i . 
1. A∈  simravlis indikatori IA(ω), romelic ganimar-

teba Semdegnairad 

            
∉ω
∈ω

=ω
,A
,A,1

)(I A  Tu0,
 Tu

  

SemTxveviTi sididea. 

2. vTqvaT,  
                  }4,1i,{ i =ω=Ω   

liTonis monetis orj er agdebis eqsperimentis aRmweri ele-
mentarul xdomilobaTa sivrcea, xolo  – misi yvela qve-
simravleTa klasi. davuSvaT, ξ(ω) toli iyos ω-Si Semaval 
„gerbTa“ raodenobis. cxadia, ξ(ω)-s mniSvnelobaTa simrav-
lea {0,1,2}. aseTnairad gansazRvruli ξ(ω) SemTxveviTi si-
didea. 
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3. Ω-ze gansazRvruli martivi funqcia SemTxveviTi si-
didea. ξ(ω) SemTxveviT sidides ewodeba martivi, Tu is war-
moidgineba Semdegnairad:  

)(Ix)(
n

1j
Aj j

ω=ωξ
=

, 

sadac 

Aj={ω:⋅ξ(ω)=xj}, 
j

n

jA
=

=
1

Ω , Aj∈ , Aj Ai=∅,  i≠j. 

Ω-ze gansazRvruli ξ(ω) funqciis zomadobis dasadgenad 
Turme saWiroa SevamowmoT (1.1)-is Sesruleba mxolod 

(1)-Si Semaval simravleTa „viwro“ klasisaTvis. saxeldobr, 
samarTliania Semdegi: 

Teorema 1.1. vTqvaT, E simravleTa iseTi klasia, rom 
σ(Ε)= (1). ξ(ω) funqcia rom iyos SemTxveviTi sidide ( -

zomadi), aucilebeli da sakmarisia, rom nebismieri A∈E si-
mravlisaTvis ξ−1(Α)∈ . 

damtkiceba. Teoremis aucilebloba cxadia. davamtkicoT 
sakmarisoba. D-Ti aRvniSnoT borelis C simravleTa klasi, 
romelTaTvis ξ−1(C)∈ . vinaidan, sruli winasaxis aRebis 
operacia da simravleTa Teoriis operaciebi gadasmadia:  

                  ξ ξ
α

α
α

α
− −=1 1( ) ( )A A ,  

                  )A()A( 11
α

−

α
α

α

− ξ=ξ ,  

                  ξ ξ− −=1 1( ) ( )A A ,  

sadac α indeqsTa nebismier simravles gairbens, amitom D 
σ-algebraa. amgvarad, 

              E D⊆ ⊆ (1) da σ σ( ) ( )E D D⊆ = ⊆ (1).  
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magram pirobis ZaliT  
                                           σ(E)= (1),  
maSasadame,  
                                             D= (1).         

Sedegi. imisaTvis, rom ξ(ω) funqcia iyos SemTxveviTi si-
dide, aucilebeli da sakmarisia {ω:⋅ξ(ω)<x}∈  yoveli nam-
dvili x ricxvisaTvis. 

damtkiceba gamomdinareobs iqidan, rom simravleTa  

E={x:x<c, c∈R(1)} 

sistema qmnis (warmoSobs) (1) σ - algebras, e.i.  

                  σ(E) = (1)  (ix. Tavi II $1.). 

Teorema 1.2. Tu y=ϕ(x), x∈R(1) borelis funqciaa, xo-
lo ξ=ξ(ω) SemTxveviTi sidide, maSin ϕ(ξ) = ϕ(ξ(ω)) rTuli 
funqcia warmoadgens SemTxveviT sidides. 

damtkiceba. vTqvaT, A∈ (1). vinaidan ϕ-1(A) ∈ (1), ami-
tom davwerT  

{ω:ϕ(ξ(ω))∈Α}={ω:ξ(ω)∈ϕ−1(Α)}=ξ−1 (ϕ−1(Α))∈  .      

damtkicebuli Teorema gviCvenebs, rom Tu ξ(ω) SemTxve-
viTi sididea, maSin funqciebi 

ξn(ω), 
2

)()(
)(

ωξ+ωξ
=ωξ+   

da 

2
)()(

)(
ωξ−ωξ

=ωξ−   

agreTve SemTxveviTi sidideebia (ξ+(ω) da ξ-(ω) funqciebs, 
Sesabamisad, ξ(ω)-is dadebiTi da uaryofiTi nawilebi ewo-
deba). 

moviyvanoT SemTxveviT sidideTa zogierTi Tviseba. 
1. ξ(ω)=C=const – SemTxveviTi sididea. 
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2. Tu ξ(ω) da η(ω) SemTxveviTi sidideebia, maSin 

{ω:ξ(ω)<η(ω)}∈  , {ω:ξ(ω)≤η(ω)}∈  ,  {ω:ξ(ω)=η(ω)} ∈  . 

damtkiceba. vTqvaT, Z={rk} racionalur ricxvTa sim-
ravlea, maSin 

{ω:ξ(ω)<η(ω)}=
r Zk ∈

 {ω:ξ(ω)<rk<η(ω)}. 

vinaidan  
{ω:ξ(ω)< rk<η(ω)}={ω:ξ(ω)< rk} {ω:η(ω)>rk}∈  ,  

amitom 
{ω:ξ(ω)<η(ω)}∈  . Semdeg, cxadia, rom 

{ω:ξ(ω)=η(ω)}={ω:ξ(ω)≤ η(ω)} {ω:ξ(ω)≥ η(ω)}∈ .    

3. Tu ξ(ω) da η(ω) SemTxveviTi sidideebia, maSin 
c1ξ(ω)+c2ξη(ω), ξ(ω)η(ω)  da ξ(ω)/η(ω) agreTve SemTxveviTi 
sidideebia (ukanasknel SemTxvevaSi unda vigulisxmoT, rom 
P{ω:η(ω)≠0}=1). 

damtkiceba gamomdinareobs meore Tvisebidan. 

4. Tu {ξn(ω)} SemTxveviT sidideTa mimdevrobaa, maSin fu-
nqciebi ),(fnin),(

n
sup nn ωξωξ  

),(
nm

supninf)(
n

supnlim)(nlim mnn ωξ
≥

=ωξ∞→=ωξ∞→  

)(
nm

inf
n

sup)(ninfnlim)(
n

lim mnn ωξ
≥

=ωξ∞→=ωξ
∞→

  

agreTve SemTxveviTi sidideebia. 
damtkicebisaTvis sakmarisia SevniSnoT, rom 

{ },c)(:
n

c)(
n

sup: nn ≥ωξω=≥ωξω  

{ }C)(:
n

C)(
n

inf: nn <ωξω=<ωξω . 
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5. Tu {ξn(ω)} SemTxveviT sidideTa mimdevrobaa da yove-
li ω elementisaTvis arsebobs zRvari 

)(nlim)( n ωξ∞→=ωξ , 

maSin ξ(ω) SemTxveviTi sididea. 
damtkiceba gamomdinareobs me-4 Tvisebidan da 

lim ( ) lim inf ( ) lim sup ( )n n nn n n→∞ = →∞ = →∞ξ ω ξ ω ξ ω  

tolobidan. 

Teorema 1.3. yoveli arauaryofiTi SemTxveviTi sidide 
SegviZlia warmovadginoT, rogorc zRvari arauaryofiT mar-
tiv SemTxveviT sidideTa zrdadi mimdevrobisa. 

damtkiceba. vTqvaT, ξ(ω), ω∈Ω, arauaryofiTi SemTxve-
viTi sididea. ξn(ω) SemTxveviTi sidide ganvsazRvroT Sem-
degnairad: 

)(nI)(I
2

1i)( }n)(:{A

2n

1i
nn i

n

ω+ω−=ωξ ≥ωξω

⋅

=
, sadac 

<ωξ≤−ω= nni 2
i)(

2
1i:A . 

cxadia, ξn(ω) akmayofilebs Semdeg pirobebs: 

1. ξn(ω)≥0, n=1,2, ..., 

2. ξ1(ω)≤ξ2(ω)≤. ..., 

3. ξ1(ω), ξ2(ω),... martivi SemTxveviTi sidideebia, vinaidan 

A i i
i n n= < < − ∈ω ξ ω ω ξ ω: ( ) \ : ( )

2
1

2
, i=1,2... . 

Tu ξ(ω)<∞, maSin yoveli naturaluri n-Tvis, romelic 
akmayofilebs utolobas n> ξ(ω), gvaqvs  

                 0<ξ(ω)− ξn(ω)≤ 2-n,  
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xolo Tu ξ(ω)= ∞, maSin yoveli naturaluri n-Tvis gvaqvs 
ξn(ω)=n, da, maSasadame,  
                   lim ( )n n→∞ = ∞ξ ω . 

amrigad, orive SemTxvevaSi  

                lim ( ) ( )n n→∞ =ξ ω ξ ω .                 

Teorema 1.4. yoveli SemTxveviTi sidide warmoidgineba, 
rogorc martiv SemTxveviT sidideTa mimdevrobis zRvari. 

damtkiceba gamomdinareobs me-3 Teoremidan da Semdegi to-
lobidan 

                  ξ(ω)= ξ+(ω)- ξ−(ω). 

$2. SemTxveviTi sididis ganawileba 

vTqvaT, (Ω, ,P) raime albaTuri sivrcea da ξ= ξ(ω) mas-
ze gansazRvruli SemTxveviTi sididea. 

Tanaxmad SemTxveviTi sididis gansazRvrisa, nebismieri 
borelis B∈ (1) simravlisaTvis 

ξ−1(Β)={ω:ξ(ω) ∈Β}∈ . 

maSasadame, ξ−1(Β) simravles gaaCnia P-zoma da is aRvni-
SnoT Pξ(B) simboloTi, e.i. 

Pξ(B)= P{ξ−1(B)}= P{ω:ξ(ω)∈Β}. 

Pξ(B) borelis simravleTa (1) klasze gansazRvruli al-
baTuri zomaa. marTlac,  

Pξ(R(1))=P(Ω)=1, 
xolo wyvil-wyvilad TanaukveTi B1, B2,... simravleebisTvis 

(1)-dan: 
1 1

j j jj 1 j 1 j 1
P ( B ) P( ( B )) P( (B ))

∞ ∞ ∞
− −

ξ = = =
= ξ = ξ = 

{ }1

j jj 1 j 1
P (B ) P (B )

∞ ∞
−

ξ= =
= ξ = .        
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amrigad, Pξ(⋅) zoma qmnis (warmoSobs) borelis wrfeze 
(R(1),    (1), Pξ) albaTur sivrces. 

Pξ(⋅) albaTur zomas ξ(ω) SemTxveviTi sididis g a n a w i -
leb a  ewodeba. 

gansazRvra 2.1. namdvil ricxvTa RerZze gansazRvrul 

Fξ(x)=Pξ(-∞,x)=P{ω:ξ(ω)<x} 

funqcias ewodeba ξ=ξ(ω) SemTxveviTi sididis g a n a w ile-
b i s  fu n qci a . 

magaliTi 1. ganvixiloT bernulis sqema „warmatebis“ 
p albaTobiT da n moculobis SerCeviT (ix. Tavi I, $4). ro-
gorc cnobilia, am SemTxvevisaTvis elementarul xdomilo-
baTa Ω sivrce aris simravle n „sigrZis“ yovelnairi mim-
devrobisa, romelTa elementebia 1 an 0.  algebrad aviRoT 
Ω-s yvela qvesimravleTa klasi. Ω-ze ganvsazRvroT ξ=ξ(ω) 
funqcia Semdegnairad: ξ(ω)=κ, k=0, n , Tu ω=(a1, a2,...an), 
aj=0,1, elementarul xdomilobaSi 1-ebis ricxvi k-s to-
lia. cxadia, rom 

{ω:ξ(ω)<x}=

>Ω

≤<
≤/

<
,nx,

,nx0,A
,0x,O

k
xk

 Tu

 Tu
 Tu

  

sadac ∈=ω=
=

}k:{A j

n

1j
k a .  

ξ(ω)-s b ern u li s  S em T x vevi T i  s i di de ewodeba, 
xolo misi ganawilebis  

Fξ(x)=Pξ(-∞,x)=

>

≤<
≤

<
,nx,1

,nx0),A(P
0x,0

k
xk

 Tu

 Tu
 Tu

  

funqcias, sadac P(Ak)= k
nC pk(1-p)n-k, k= n,0 , b ern u li s  

g a n a w ileb i s  funqcia. 
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magaliTi 2. vTqvaT, eqsperimenti mdgomareobs [a,b] inte-
rvalidan wertilis SemTxveviT arCevaSi. rogorc viciT (ix. 
Tavi II. $1.), am eqsperimentis aRmweri albaTuri sivrcea 

(Ω=[a,b], = [a,b], a−
μ=

b
P ),  

sadac μ leb eg i s z om a a. ganvsazRvroT ξ(ω) funqcia Se-
mdegnairad: 

ξ(ω)=ω, ω=[a,b]. 
 SevniSnoT, rom 

{ω:ξ(ω)<x}=
>Ω

≤<
≤/

.bx,
,bx),x,[

,x,O

 Tu
 Tu
 Tu
aa

a
  

maSasadame, {ω: ξ(ω)<x}∈  yoveli x ricxvisaTvis R(1)-dan, 
e.i. ξ(ω) SemTxveviTi sididea. ˜˜˜˜  

SemTxveviTi sididis ganawilebis funqcias aqvs saxe: 

Fξ(x)=

>

≤<
−
−

≤

.bx,1

,bx,
b
x

,x,0

 Tu

 Tu

 Tu

a
a
a

a

  

amgvarad, gansazRvrul funqcias ewodeba T a n a b a ri  g a -
n a w ileb i s  funqcia. 

magaliTi 3. vTqvaT, (Ω, ,P)  raime albaTuri sivrcea, 
∞

=
=Ω

1j
jB , Bj Bi=∅, i≠j, Bj∈   

da 

λ−λ= e
!k

)B(P
k

k , λ>0, k=0,1,2, ... (ix. Tavi II, $1).  

SemTxveviTi sidide ganvsazRvroT Semdegnairad: 

),(kI)(
kB

0k
ω=ωξ

∞

=
 ω∈Ω.  
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cxadia, rom 

{ω:ξ(ω)<x}= >

≤/

<xk
k .0x,B

,0x,O

 Tu

 Tu
  

da, maSasadame,  

Fξ(x)= >
≤

<
.0x),B(P

,0x,0

k
xk

 Tu
 Tu

 

Fξ(x)-s ewodeba p u a son i s g a n a w ileb i s  funqcia. 

$3. ganawilebis funqciis Tvisebebi 

vTqvaT, Fξ(x) ξ SemTxveviTi sididis ganawilebis funq-
ciaa. mas aqvs Semdegi Tvisebebi: 

10. Tu x1<x2, maSin,  

P{ω:x1 ≤ ξ(ω)<x2}=Fξ(x2)−Fξ(x1).    (3.1) 
marTlac, Tu x1<x2, maSin  

                    {ω:x1≤ξ(ω)<x2} =  {ω:ξ(ω)<x2}\{ω:ξ(ω)<x1}.  
Semdeg, radganac 

                          {ω:ξ(ω)<x1}⊆{ω:ξ(ω)<x2},  
amitom adgili aqvs (3.1)-s. 

(3.1)-dan gamomdinareobs, rom Fξ(x) a ra kleb a di  fun-
qciaa, e.i. Tu x1<x2, maSin  

Fξ(x1)≤Fξ(x2). 
20. limx→ −∞ =F xξ ( ) 0 ,  limx→ ∞ =F xξ ( ) 1. 

sakmarisia vaCvenoT, rom 

            0)x(Fnlim n =∞→ ξ ,    1)y(Fnlim n =∞→ ξ , 

sadac {xn} da {yn} nebismieri mimdevrobebia, iseTi, rom  
      xn+1<xn, limn→ ∞ = −∞xn ,  yn+1>yn, limn→ ∞ = ∞yn .  



 66 

SevniSnoT, rom 

n
x n=

< = ∅
∞

1
{ : ( ) }ω ξ ω     

da 
{ω:ξ(ω)<xn+1}⊆ {ω:ξ(ω)<xn} 

albaTuri zomis uwyvetobis gamo davwerT: 

)x(Fnlim}x)(:{Pnlim})x)(:{(P0 nnn
1n

ξ

∞

= ∞→=<ωξω∞→=<ωξω= .   

Semdeg SevniSnoT, rom 

n
ny

=

∞
< =

1
{ : ( ) }ω ξ ω Ω   

da 
{ω:ξ(ω)<yn}⊆{ω:ξ(ω)<yn+1}, 

amitom albaTuri zomis uwyvetobis Tvisebidan miviRebT 

=<ωξω=Ω=
∞

=
})y)(:{(P)(P1 n

1n
 

=<ωξω→∞= }y)(:{Pnlim n )y(Fnlim nξ∞→ .       

30. Fξ(x) ganawilebis funqcia uwyvetia m a rcx n i da n . 
marTlac, vTqvaT, {xn} iseTi nebismieri zrdadi mimdevrobaa, 
rom xn→x, xn<x.  

vaCvenoT, rom 
limn→ ∞ =F x F xnξ ξ( ) ( ) . 

adgili aqvs tolobas 

{ω:ξ(ω)<x}= 
n=

∞

1
{ω:ξ(ω)<xn}. 

Semdeg, vinaidan 

{ω:ξ(ω)<xn}⊆{ω:ξ(ω)<xn+1}, 
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amitom albaTuri zomis uwyvetobis ZaliT miviRebT 

Fξ(x)=P{ω:ξ(ω)<x}=P(
n=

∞

1
{ω:ξ(ω)<xn})= 

= limn limn→ ∞ < = → ∞P x F xn n{ : ( ) } ( ).ω ξ ω ξ       

amgvaradve damtkicdeba Semdeg tolobaTa samarTlianoba: 

a) P{ω:ξ(ω)≤x}=Fξ(x+o). 
marTlac, gansazRvris Tanaxmad 

Fξ(x+o)= limn→ ∞ F x nξ ( ),  

sadac {xn}  iseTi mimdevrobaa, rom 

xn+1<xn, xn→x, xn>x.  
vinaidan 

{ω:ξ(ω)≤x}= 
n =

∞

1
{ω:ξ(ω)<xn}  

da {ω:ξ(ω)<xn} monotonurad klebad xdomilobaTa mimdev-
robaa, amitom 

P{ω:ξ(ω)≤x}=P(
n =

∞

1
{ω:ξ(ω)<xn)}= 

n
lim P{ : ( ) x }n ω ξ ω < =→∞  

n
lim F (x ) F (x o)n ξ ξ

= = +→∞ .               

b) P{ω:ξ(ω) = x}=Fξ(x+o)-Fξ(x). 
marTlac, vinaidan 

{ω:ξ(ω)=x}={ω:ξ(ω)≤x}\{ω:ξ(ω)<x}   da 
{ω:ξ(ω)<x}⊂{ω:ξ(ω)≤x}, 

amitom  

P{ω:ξ(ω)=x}=P{ω:ξ(ω)≤x}-P{ω:ξ(ω)<x}=Fξ(x+o)-Fξ(x).   

amrigad, Tu Fξ(x) ganawilebis funqcia uwyvetia x wer-
tilze, maSin  

P{ω:ξ(ω)=x}=0. 
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SeniSvna 1. R(1)-ze gansazRvruli yoveli araklebadi 
F1(x) funqcia, romlisaTvis F1(-∞)=0 da F1(∞)=1, gansazRv-
ravs F(x) ganawilebis funqcias Semdegnairad: F(x)=F1(x) 
da F(x)=F1(x-o) Sesabamisad F1(x)-is uwyvetobisa da wyve-
tis wertilebze. cxadia, F(x) ganawilebis funqciaa. 

vTqvaT, D raime yvelgan mkvrivi simravlea R(1)-Si (maga-
liTad, racionalur wertilTa simravle) da vTqvaT, FD(x) 
aris D-ze araklebadi da marcxnidan uwyveti funqcia, 
amasTan, FD(-∞)=0 da FD(+∞)=1. yoveli x wertilisaTvis 
R(1)-dan arsebobs iseTi {xn}∈DDmimdevroba, rom xn→x, xn<x, 
amas garda, F(x) funqcia, romelic gansazRvrulia 

)x(Fnlim)x(F nD∞→= , xn∈D, xn↑x  tolobiT, 

ganawilebis funqciaa. aqedan gamomdinareobs, rom Tu ori 
ganawilebis funqcia emTxveva erTmaneTs yvelgan mkvriv sim-
ravleze R(1)-Si, maSin isini emTxvevian erTmaneTs yvelgan. 

SeniSvna 2. yoveli SemTxveviTi sidide calsaxad gansaz-
Rvravs mis ganawilebis funqcias, magram arsebobs erTmaneTi-
sagan gansxvavebuli SemTxveviTi sidideebi, romlebsac aqvs 
erTi da igive ganawilebis funqcia. ase, magaliTad, vTqvaT, 
ξ(ω) Rebulobs mxolod or -1 da 1 mniSvnelobas, amasTan, 

P{ω:ξ(ω)=1}=P{ω:ξ(ω)=−1}=1/2. 

vTqvaT, η(ω)=−ξ(ω), maSin, cxadia, ξ(ω) gansxvavebulia 
η(ω)-gan. miuxedavad amisa, rogorc es advili SesamCnevia, 

>
≤<−

−≤
== ξη

.1x,1
,1x1,2/1

,1x,0
)x(F)x(F

Tu
Tu
Tu

 

Teorema 3.1. Tu raime F(x) funqcia akmayofilebs gana-
wilebis funqciis 10-30 Tvisebebs, maSin arsebobs (Ω, ,P) 
albaTuri sivrce da masze gansazRvruli ξ(ω) SemTxveviTi 
sidide iseTi, rom 
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      Fξ(x)=F(x), x∈R(1) . 

damtkiceba. Tavdapirvelad avagoT (Ω, ,P) albaTuri 
sivrce. Ω simravled aviRoT namdvil ricxvTa R(1) simrav-
le, xolo  σ-algebrad – borelis simravleTa (1) σ-al-

gebra. rogorc viciT (ix. $1, Tavi II), (1)=σ(A ), sadac 
A – algebraa, romlis TiToeuli A simravle Sedgeba [a,b), 
-∞≤a, b≤∞, tipis TanaukveTi intervalebis sasruli gaer-
Tianebisagan: 

              )b,[A kk

n

1k
a

=
= .  

ganvsazRvroT A-algebraze P0(A) simravlis funqcia Sem-
degnairad: 

            
=

−=
n

1k
kk0 )],(F)b(F[)A(P a  A∈ A.       (3.2) 

Tu A simravlisaTvis davuSvebT sxvanair warmodgenas, 

                 )b,[A kk

m

1k
′′=

=
a ,  

maSin advili saCvenebelia, rom 

            
= =

′−′=−
n

1k

m

1k
kkKk )](F)b(F[)](F)b(F[ aa . 

amgvarad, Cven A-algebraze calsaxad ganvsazRvreT sas-
ruli aditiuri P0(⋅) funqcia, romelic akmayofilebs al-
baTuri zomis I da II aqsiomebs. ufro metic, is warmoadgens 
Tvladad aditiursac, anu uwyvets A -algebraze. vaCvenoT es. 

vTqvaT,  

An∈ A , An+1⊂An, 
n

An=
= ∅

∞

1
. 

Cveni mizania vaCvenoT, rom 

                   limn→ ∞ =P An0 0( ) . 
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Tavdapirvelad davuSvaT, rom yvela An ekuTvnis [-N,N], 
N<∞ Caketil intervals. vinaidan An warmoadgens [a,b) ti-
pis TanaukveTi intervalebis sasrul gaerTianebas da F(x) 
uwyvetia marcxnidan 

             P[a',b)=F(b)-F(a')→F(b)-F(a)=P0[a,b),  
roca a'↑a, amitom yoveli An-Tvis moiZebneba iseTi simrav-
le Bn∈ A , rom misi C a k et va  

                  [Bn]⊆An da P0(An\Bn) ≤ ε⋅2- n,  

sadac, ε nebismieri winaswar mocemuli ricxvia. 
Tanaxmad daSvebisa  

                
n

nA
=

∞
= ∅

1
  

da, maSasadame,  

                  
n

nB
=

∞
= ∅

1
[ ] .  

magram [Bn], n=1,2,... , Caketili simravleebia, amitom mo-
iZebneba iseTi sasruli n0=n0(ε) nomeri, rom 

                  ∅=
=

]B[ n

n

1n

0

 .                    (3.3) 

davamtkicoT (3.3). [-N,N] – kompaqtia, xolo simravleTa     
{[-N,N] \[Bn]}n≥1 sistema qmnis am kompaqtis Ri a dafarvas.  

amitom, haine-borelis lemis ZaliT arsebobs sasruli 
qvedafarva: 

                
n

n

= 1

0
([-N,N] \[Bn])=[-N,N].  

aqedan gamomdinareobs, rom  

                ∅=
=

]B[ n

n

1n

0

. 

radgan 
A A An n0 0 1 1⊆ ⊆ ⊆− . . .   
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(3.3)-dan miviRebT: 

≤=+=
===

)B\A(P)B(P)B\A(P)A(P k

n

1k
n0k

n

1k
0k

n

1k
n0n0

0

0

00

00
 

∞

=

−

==
ε≤⋅ε≤≤≤

1k

k
n

1k
kk0kk

n

1k
0 2)B\A(P())B\A((P

00
, 

amitom  
                  P0(An)↓0, roca n→∞. 

vTqvaT, axla, yvela An ar ekuTvnis [-N,N] Caketil in-
tervals romeliRac N-Tvis. mocemuli ε>0 ricxvisaTvis 
moiZebneba iseTi N, rom adgili hqondes utolobas   

               P0([-N,N])>1-ε/2. 
radganac 

            A A N N A N Nn n n= − −{ [ , )} { [ , )} ,  
amitom 

≤−+−= ))N,N[A(P))N,N[A(P)A(P n0n0n0  

2/))N,N[A(P n0 ε+−≤ .                               (3.4) 

Tu zemoT Catarebul msj elobaSi An-s SevcvliT 
)N,N[An − -iT, sakmarisad didi n-ebisaTvis miviRebT, rom 

                P A N Nn0 2( [ , )) /− < ε .  

aqedan da (3.4)-dan gamomdinareobs, rom kvlav P0(An)↓0, 
roca n→∞. 

amgvarad, Cven vaCveneT, rom P0(⋅) A-algebraze Tvladad 
aditiuria. axla, Tu gamoviyenebT Teoremas zomis gagrZe-
lebis Sesaxeb (karaTeodoris Teorema, ix. Tavi II, $1), mi-
viRebT erTaderT P(⋅) zomas (1)=σ(A), σ-algebraze, ro-
melic emTxveva P0(⋅)-s A -algebraze. maSasadame, avageT 
(R(1), (1),P) albaTuri sivrce. am albaTur sivrceze ganvsaz-
RvroT ξ(ω), ω∈R(1) SemTxveviTi sidide Semdegnairad: 

                ξ(ω)=ω, ω∈R(1).  
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cxadia, rom 
                            Fξ(x)=P{ω:ξ(ω)<x}=P{-∞,x)=F(x).          

damtkicebuli Teoremis safuZvelze SegviZlia  
davaskvnaT: Fξ(x) ganawilebis funqciasa da Pξ(⋅) gana-

wilebas Soris arsebobs urTierTcalsaxa Tanadoba. amasTan, 
F(x) ganawilebis funqciis saSualebiT agebul P(⋅) zomas 
uwodeben leb eg -st ilt i es i s  albaTur zomas. 

gansakuTrebiT mniSvnelovania is SemTxveva, rodesac 

>
≤<

≤
=

.1x,1
,1x0,x

,0x,0
)x(F

Tu
Tu
Tu

 

am SemTxvevis Sesabamis albaTur zomas (aRvniSnoT igi μ-iT) 
uwodeben [0,1] monakveTze leb eg i s z om a s .  

cxadia,  
                                   μ(<a,b>)=b-a,  

sadac <a,b> aRniSnavs [a,b), [a,b], (a,b], (a,b), intervalebi-
dan romelimes. 

SeniSvna 3. vTqvaT, G(x) nebismieri arauaryofiTi, arak-
lebadi da marcxnidan uwyveti funqciaa R(1)-ze. analogiu-
rad, zemoT damtkicebul TeoremaSi albaTuri zomis agebi-
sa, Cven SegviZlia avagoT μ zoma (1)-ze, romelic akmayo-
filebs tolobas 

μ([a,b))=G(b)-G(a). 
aseTnairad gansazRvrul μ(⋅) zomas uwodeben leb eg -st i -
lt i es i s  σ-sasrul zomas. ( -klasze mocemul μ(⋅) zo-
mas σ-sasruli ewodeba, Tu -Si arsebobs iseTi A1, A2,... 
simravleebi, rom 

j i j jj 1
A ,A A , i j, (A ) , j 1,2,...

∞

=
Ω = = ∅ ≠ μ < ∞ = ). 

mniSvnelovania is SemTxveva, rodesac G(x)=x. am SemTxve-
vis Sesabamis μ zomas ewodeba leb eg i s z om a (R(1), (1)) 
b oreli s  ri cx vT a  RerZz e . 
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ganawilebis funqciaTa Seswavlisas damtkicebuli Teore-
mis safuZvelze, xSirad iyeneben xelsayrel (R(1), (1), Pξ) 
albaTuri sivrcis models: Tvlian, rom Ω namdvil ricxvTa 
R(1) simravlea,  - borelis simravleTa (1) σ-algebra, xolo 

Pξ(A)=P{ω:ξ(ω)∈A},  A∈ (1) . 

am daSvebaTa gamoyenebiT, Cven SegviZlia gavagrZeloT ga-
nawilebis funqciaTa magaliTebis sia. 

magaliTi 1. n orm alu ri  g a n a w ileb a  (normaluri 
kanoni, anu gausis kanoni). 

normaluri kanonis ganawilebis funqcia ganisazRvreba Se-
mdegi gamosaxulebiT: 

            dt
2

)t(exp
2

1)x(F 2

2x

σ
−−

πσ
=

∞−

a
,  

sadac a nebismieri, xolo σ dadebiTi ricxvia. imisaTvis, 
rom davrwmundeT, rom F(x) ganawilebis funqciaa, saWiroa 
SevamowmoT ganawilebis funqciis 10-30 Tviseba. Tviseba 30 
cxadia, vinaidan F(x) uwyveti funqciaa. 10 da 20 Tviseba ga-
momdinareobs iqidan, rom integralqveSa funqcia dadebiTia da 

               πσ=
σ

−−
∞

∞−
2dt

2
)t(exp 2

2a
. 

roca a=0 da σ=1, normalur ganawilebas uwodeben 
st a n dart u ls . 

SemdegSi Cven normaluri ganawilebis funqcias aRvniS-
navT N(a, σ) simboloTi. 

magaliTi 2. koS i s g a n a w ileb a . koSis ganawilebis 
funqcia ganisazRvreba 

                  
∞−π

=
x

2t+1
dt1)x(F   

formuliT. 
rogorc wina magaliTSi, ise am SemTxvevaSiac advilad 

Semowmdeba 10-30 TvisebaTa samarTlianoba. 
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yvela ganawileba, romlebic zemoT iyo moyvanili maga-
liTebis saxiT, SeiZleba daiyos tipebad: di s kret u l 
da a b solu t u rad u w yvet  ganawilebad. 

di s kret u li  g a n a w ileb a . diskretuli ganawile-
bebi Seesabamebian SemTxveviT sidideebs, romelTa mniSvnelo-
baTa simravle ara umetes Tvladia. aseT SemTxveviT sidi-
deebs uwodeben diskretuls. 1 da 3 magaliTi ekuTvnis di-
skretul tips. Tu ξ(ω) SemTxveviTi sididis ganawileba 
diskretulia, maSin Pξ(⋅) zoma moTavsebulia ara umetes 
Tvlad wertilTa E={x1, x2,....} simravleze R(1)-dan da Se-
iZleba warmodgenili iyos Semdegnairad: 

               P A Pk
k x Ak

ξ ( )
{ : }

=
∈

, Pξ(E)=1,          (3.5) 

sadac  
              Pk=P{ω:ξ(ω)=xk}=ΔFξ(x)=Fξ(xk+0)-Fξ(xk). 

cxadia, samarTliania Sebrunebuli debuleba: Tu Pξ(⋅) 
warmoidgineba (3.5)-is saxiT, maSin ξ(ω) diskretuli SemT-
xveviTi sididea. diskretuli ganawileba xSirad moxerxebu-

lia davaxasiaToT 
x x
P P

1 2

1 2

, , . . .
, , . . .

 cxrilis saSualebiT, rom-

lis pirvel striqonSi mocemulia SemTxveviTi sididis Se-
saZlo mniSvnelobebi, xolo meore striqonSi yoveli xk-is 
qveS mocemulia Pk albaToba imisa, rom ξ(ω) miiRebs xk 
mniSvnelobas. cxadia, rom 

                  
∞

=

∞

=
==ωξω=

1j 1j
1}jx)(:P{jP . 

a b solu t u rad u w yvet i  g a n a w ileb a . ξ(ω) Sem-
TxveviTi sididis Pξ(⋅) ganawilebas ewodeba absoluturad 
uwyveti, Tu arsebobs iseTi fξ(x) arauaryofiTi borelis 
funqcia, rom yoveli B∈ (1) simravlisaTvis 

               ξξ =∈ξ=
B

dx)x(f)B(P)B(P ,  
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sadac  

                  f x dxξ ( )
−∞

∞
= 1 .  

Teorema 3.1-is damtkicebidan naTlad Cans, rom zemoT mo-
yvanili absoluturad uwyvetobis gansazRvra ekvivalentu-
ria Fξ(x) ganawilebis funqciis Semdegi warmodgenis 

                                                           
∞−

ξξ =
x

dt)t(f)x(F ,       x∈R(1)                  (3.6) 

ganawilebis funqciebs, romlebic warmoidginebian (3.6)-
is saxiT, agreTve uwodeben absoluturad uwyvets. aseTi 
ganawilebebi Cven moviyvaneT me-2, me-4 da me-5 magaliTebSi. 

fξ(x) funqcias ewodeba ξ(ω) SemTxveviTi sididis g a n a -
w ileb i s  s i m k vri ve da nulovani lebegis zomis sim-
ravlemde sizustiT ganisazRvreba. TiTqmis yvelgan (lebe-
gis zomis azriT) adgili aqvs tolobas 

               f x
dF x

dxξ
ξ( )
( )

= .  

magaliTad, N(a,σ) – normaluri kanonisaTvis 

σπσ
=ξ 2

2

2
a)-(x-exp

2
1)x(f . 

 

 

                     f  

  

 
 

a 
X

Y 
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$4. veqtoruli SemTxveviTi sidide 

vTqvaT, (Ω, ,P) albaTuri sivrcea da masze mocemulia 
ξ1=ξ1(ω), ξ2=ξ2(ω),..., ξn=ξn(ω), ω∈Ω SemTxveviTi sidideebi. 
es zomadi funqciebi yovel ω-s Seusabamebs n-ganzomilebian 
ξ(ω)=(ξ1(ω),..., ξn(ω)) veqtors. gadasaxvas ξ:Ω→R(n) ewodeba 
veqt oru li  S em T x vevi T i  s i di de a n u  S em T x -
vevi T i  veqt ori . 

gadasaxva ξ:Ω→R(n) SegviZlia ganvixiloT rogorc zoma-
di asaxva:  

ξ−1(B)={ω:ξ(ω)∈Β} ∈ , 

sadac B nebismieri borelis simravlea R(n)-Si.  
vinaidan (n) klasis simravleebi A(n)={x=(x1,....,xn): 

ai≤xi≤bi, i n= 1, } intervalebis Semcveli minimaluri σ-al-
gebris elementebia, amitom zemoT moyvanili zomadobis gan-
sazRvra ekvivalenturia ξ−1(A(n) )∈  pirobis Sesrulebis. 

gansazRvra 4.1. R(n) sivrcis borelis simravleTa (n) 
σ-algebraze gansazRvrul  

Pξ(B)=P{ξ−1(B)}=P{ω:ξ(ω) ∈B} 

zomas ewodeba ξ S em T x vevi T i  veqt ori s  g a n a w i -
leb a , xolo TviT (R(n), (n), Pξ(⋅)) albaTur sivrces – 
ξ(ω) veqtoris mier i n du ci reb u li  (warmoqmnili) al-
b a T u ri  s i vrce . 

gansazRvra 4.2. n cvladis funqcias 

Fξ(x)=P(Bx)=P{ω:ξ1(ω)<x1,...,ξn(ω)<xn}= 

,)x)(:(
1j

P jj

n
<ωξω

=
=  B xx j

j

n
= −∞

=
∏ ( , )

1
,  x=(x1,...,xn), 

ewodeba ξ(ω) veqt ori s  g a n a w ileb i s  fu n qci a . 
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Fξ(x), x=(x1,x2,...,xn), ganawilebis funqciis saSualebiT 

SegviZlia gamovTvaloT Pξ(I(n)), sadac ∏
=

=
n

1j
jj

)n( )b,[I a . ufro 

zustad, Fξ(x)-is saSualebiT advilad gamoiTvleba albaTo-
ba imisa, rom ξ(ω) SemTxveviTi veqtori miiRebs mniSvnelo-
bas I(n) intervalidan: 

=<ωξ≤<ωξ≤ω=ξ }b)(,...,b)(:{P)I(P nnn111
)n( aa =Δ ξ )x(F

)n(I  

= <
ξ +++−=

n

1j ji
ijjn1 ...PP)b,...b(F ),,...,,(F)1( n21

n aaaξ−    (4.1) 

sadac Pij...k aRniSnavs Fξ(x1,...,xn) funqciis mniSvnelobas, 
roca xi=ai, xj=aj,....,xk=ak da danarCeni xs tolia bs-is. 

(4.1)-s funqciaTa TeoriaSi uwodeben m ra vali  cvla-
di s fu n qci i s n a z rds n -g a n z om ileb i a n  i n t e-
rvalz e . igi SeiZleba ufro martivad Caiweros ase: 

             )x(F...)x(F )n(
I

)2(
I

)1(
I

I
n21

)n(

ξξ ΔΔΔ=Δ ,          (4.2) 

sadac  
                                             Ik=[ak,bk)  
da 
             )x,...,x,b,x,...,x(F)x(F n1kk1k1

)k(
Ik +−ξξ =Δ – 

             − − +F x x a x xk k k nξ ( , . . . , , , , . . . , )1 1 1 . 

davamtkicoT (4.2) formula n=2 SemTxvevisaTvis.  
aRvniSnoT  

I=[x1,x2)×[y1,y2),   
=)y,x( 22

I (-∞,x2)×(-∞,y2), 

=)y,x( 21
I (-∞,x1)×(-∞,y2), 

=)y,x( 11
I (-∞,x1)×(-∞,y1), 

=)y,x( 22
I (-∞,x2)×(-∞,y2). 
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cxadia, rom 

))I\I(I(\II )y,x()y,x()y,x()y,x( 11122122
=           (4.3) 

albaTuri zomis erT-erTi Tvisebis ZaliT (4.3)-dan dav-
werT: 

ΔIFξ(x)=Pξ(I)=Pξ( )y,x( 22
I )-Pξ( ))I\I(I )y,x()y,x()y,x( 111221

= 

=Pξ( )y,x( 22
I )- Pξ( )y,x( 12

I )- Pξ( )y,x( 21
I )+ Pξ( )y,x( 11

I )= 

=Fξ(x2,y2)- Fξ(x2,y1)- Fξ(x1,y2)+ Fξ(x1,y1). 
amgvarad, 

P{ω:(ξ1(ω), ξ2(ω))∈[x1,x2)×[y1,y2)}=ΔIFξ(x)= 
=Fξ(x2,y2)- Fξ(x2,y1)- Fξ(x1,y2)+ Fξ(x1,y1)                 (4.4)  

Fξ(x)=Fξ(x1, x2, ..., xn) ganawilebis funqcias aqvs Semdegi 
Tvisebebi: 

I. Fξ(x) funqcia TiToeuli cvladis mimarT araklebadia; 

0)x,...,x(Flim n1xi
=ξ−∞↓

;  

1)x,...,x(Flim n1x,...,x n1
=ξ∞↑∞↑

. 

II. ΔIFξ(x)≥ 0; 

III. Fξ(x1, x2, ..., xn) funqcia uwyvetia marcxnidan; 

IV. Fξ(x1, x2, ..., xn) ganawilebis funqcia akmayofilebs ag-
reTve Semdeg (aucilebel) S eT a n x m e b u lob i s  pirobebs: 

a) Fξ(x1, x2, ..., xn)= ),x,...,x(F
n1in1i ii),...,( ξξ   

(x1,y2 )  (x2,y2)

(x1,y1) (x2,y1)

Y

X0
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sadac 

n21 i...,,i,i
n...,,2,1

 – nebismieri Casmaa. 

b) )x,...,x(F),...,,x,...,x(F k1),...,,(k1),...,,( k21n21 ξξξξξξ =∞∞ . 

Teorema 4.1. Tu mravali cvladis funqcia F(x1, x2, ..., 
xn) akmayofilebs I-IV Tvisebebs (mas xSirad uwodeben n-ga-
nzomilebian ganawilebis funqcias), maSin arsebobs albaTu-
ri sivrce (Ω0, 0, P0) da masze gansazRvruli iseTi veqto-
ruli SemTxveviTi sidide ξ(ω), rom  

Fξ(x1, x2, ..., xn)= F(x1, x2, ..., xn),  
anu 

).x,...,x(F...)I(P n1
)n(

I
)2(

I
)1(

I
)n(

n21
ΔΔΔ=ξ  

4.1. Teoremas Cven ar davamtkicebT, vinaidan is 3.1. 
Teoremis damtkicebis analogiuria. 

SeniSvna. Cven vnaxeT, rom erTi ganzomilebis SemTxvevaSi, 
Tu funqcia akmayofilebs SemTxveviTi sididis ganawilebis 
funqciis Tvisebebs, maSin is warmoadgens raime SemTxveviTi 
sididis ganawilebis funqcias. mravali ganzomilebis SemT-
xvevaSi aseT debulebas rom hqondes adgili, garda I, III 
da IV pirobebisa, unda moviTxovoTYfunqciis nazrdi nebis-
mier I intervalze meti an toli iyos nulis:  

                    ΔIF(x) ≥ 0. 
moviyvanoT magaliTi iseTi funqciisa, romelic akmayo-

filebs I, III da IV pirobebs, magram  

                                        ΔIF(x)<0,  
e.i. is ar warmoadgens ganawilebis funqcias: 

            
≤≤+≤

=
i.SemTxvevaS danarCen yvela

 an an Tu
 

  

,1
,0y,1yx,0x,0

)x(F  
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(4.4) formulis gamoyeneba gvaZlevs 

          1)
2
1,

2
1(F)1,

2
1(F)

2
1,1(F)1,1(FFI −=+−−=Δ ,  

sadac  

                    ).1,
2
1[)1,

2
1[ ×=Δ  

magaliTebi: 1. vTqvaT, F1(x), F2(x), ... , Fn(x), x∈R(1), erTga-
nzomilebiani ganawilebis funqciebia da  

                        F(x1, x2, ..., xn) = =F1(x1)F2(x2) ... Fn(xn).  
advili misaxvedria, rom  

        0))(F)b(F(F kkkk

n

1k

I ≥−=Δ ∏
=

a , )b,[I jj

n

1j

)n( a∏
=

=   

da, agreTve, is akmayofilebs n-ganzomilebiani ganawile-
bis funqciis sxva Tvisebebsac. gansakuTrebiT mniSvnelo-
vania is SemTxveva, rodesac'  

                
>

≤<
≤

=
.1x,1

,1x0,x
,0x,0

)x(F

k

kk

k

kk  

am SemTxvevaSi nebismieri xk-Tvis, xk∈[0,1), k= n,1 , 
                     F(x1 x2 ... xn) = x1 x2 ... xn.                                    (4.5) 

 
(1/2,1) (1,1) 

(1/2,1/2) (1,1/2) 

Y 

X 

1 

1 
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(4.5)-is Sesabamis albaTur zomas uwodeben lebegis n-
ganzomilebian zomas [0,1)n intervalSi, xolo mis Sesabamis 
ξ(ω) SemTxveviT veqtors ewodeba T a n a b ra d g a n a w i -
leb u li  [0,1)n -Si. 

2. vityviT, rom ξ(ω) SemTxveviTi veqtori ganawilebu-
lia normalurad, Tu 

            ,dt...dtdt)t,...,t,t(f...)x(F n21n21

xx n1

ξ
∞−∞−

ξ =    (4.6) 

sadac  

            −
π

=ξ )x,...,x(Q
2
1exp

)2(

A
)x,...,x(f n12/nn1 ,  

sadac  

                      jiij
j,i

xxQ a=   

dadebiTad gansazRvruli kvadratuli formaa, xolo A  aris 

ija  matricis determinanti. advili Sesamowmebelia, rom 

                      =
)n(R

1dx)x(f . 

iseve, rogorc erTi ganzomilebis SemTxvevaSi, Cven SemT-
xveviTi veqtoris ganawilebas mivakuTvnebT di s kret u l 
tips, Tu SemTxveviTi veqtori Rebulobs sasrul an Tvla-
di raodenobis mniSvnelobebs. 

ξ(ω) SemTxveviTi veqtoris ganawilebas mivakuTvnebT 
a b solu t u rad u w yvet  tips, Tu nebismieri borelis 
B simravlisaTvis (B∈ n) misi ganawileba warmoidgineba 
Semdegnairad: 

             dx)x(f}B{P)B(P
B

ξξ =∈ξ= , 

cxadia, 
             fξ(x)≥0       da 1dx)x(f

nR
=ξ . 
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es gansazRvra SeiZleba Seicvalos ekvivalenturi gansa-
zRvriT: 

             ,du...du)u,...,u,u(f...)x(F n1n21

xx n1

ξ
∞−∞−

ξ =    (4.7) 

sadac fξ(x1, ..., xn) arauaryofiTi funqciaa da 

.1dx...dx)x,...,x(f... n1n1 =ξ

−∞

∞−

∞

∞−
 

SevniSnoT, rom zogad SemTxvevaSi integrali (4.7) gai-
geba rogorc lebegis integrali. fξ(x) funqcias ewodeba ξ-s 
g a n a w ileb i s  s i m k vri ve , anu ξ1, ξ2, ... ξn SemTxveviT 
sidideTa erTobli vi  g a n a w ileb i s  s i m k vri ve . 
TiTqmis yvela x-Tvis (lebegis zomis mimarT) adgili aqvs 
tolobas 

).x,...,x(f
x...xx

)x,...,x,x(F
n1

n21

n21
)n(

ξ
ξ =

∂∂∂
∂

 

magaliTad, normalurad ganawilebuli SemTxveviTi veq-
toris ganawilebis simkvrivea 

          ).x,...,x(Q
2
1exp(

)2(
A

)x,...,x(f n1nn1 −
π

=ξ  

SeniSvna. rimanis azriT praqtikaSi gamosayenebeli simk-
vriveebi Cveulebriv integrebadni arian, amitom albaTobis 
Teoriis gamoyenebaSi SeiZleba (4.7) integrali gagebul iq-
nes rogorc rimanis integrali. 

$5. SemTxveviT sidideTa damoukidebloba 

vTqvaT, ξ1(ω), ξ2(ω), ... , ξn(ω) SemTxveviTi sidideebi gan-
sazRvrulni arian (Ω, , P) albaTur sivrceze. 

gansazRvra 5.1. ξ1(ω), ξ2(ω), ... , ξn(ω) SemTxveviT sidi-
deebs da m ou k i deb eli  ewodeba, Tu nebismieri B1, B2, ..., 
Bn borelis simravleTaTvis R(1)-dan adgili aqvs tolobas: 
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P(ξ1(ω)∈B1, ... , ξn(ω)∈Bn) = P(
n

1j=
(ξj(ω)∈Bj)) = 

=P(ξ1(ω)∈B1)...P(ξn(ω)∈Bn).                                (5.1) 
SeiZleba SemovitanoT agreTve SemTxveviT sidideTa mim-

devrobis damoukideblobis cneba. {ξn}n≥1 SemTxveviT sidide-
Ta mimdevrobas ewodeba da m ou k i deb eli , Tu nebismieri 
naturaluri n-Tvis adgili aqvs (5.1) tolobas. 

Teorema 5.1. vTqvaT, ξ=(ξ1, ... , ξn) vveqtoris ganawilebis 
funqciaa Fξ(x1, ... , xn). ξ1, ξ2, ξ3, ... , ξn. SSemTxveviTi sididee-
bis damoukideblobisaTvis aucilebelia da sakmarisi, rom 

                      Fξ(x1, ... , xn)=F
1ξ (x1)...F nξ (xn)             (5.2) 

rogoric ar unda iyos x1, x2, ... , xn namdvil ricxvTa simra-
vlidan. 

damtkiceba. (5.2) pirobis aucilebloba cxadia. sakma-
risobis dasamtkiceblad davafiqsiroT x1, x2, ... , xn da gan-
vixiloT (1)-ze ori Q1 da Q1' zoma: 

                 Q1(B) = P{ξ1(ω)∈B; ξ2(ω)<x2, ... , ξn(ω)<xn}, B ∈ (1), 

                 Q1'(B) = P{ξ1(ω)∈B}P{ξ2(ω)<x2, ... , ξn(ω)<xn}. 
(5.2) pirobis ZaliT zomebi Q1 da Q1'  emTxvevian erTma-

neTs [a,b) tipis intervalebze da, maSasadame, karaTeodo-
ris Teoremis ZaliT isini emTxvevian erTmaneTs B∈ (1) bo-
relis nebismier simravleze, e.i.  

                Q1'(B) = Q1(B),  B ∈ (1). 

axla davafiqsiroT B ∈ (1) , x3, x4, ... , xn da ganvixiloT 
zomebi: 

Q2(B) = P{ξ1(ω)∈B1; ξ2(ω)∈B, ξ3(ω)<x3, ... , ξn(ω)<xn},  
Q2'(B) = P{ξ1(ω)∈B1} P{ξ2(ω)∈B}P{ξ3(ω)<x3, ... , ξn(ω)<xn}. 
analogiurad SeiZleba vaCvenoT, rom Q2 da Q2' emTxve-

vian erTmaneTs borelis simravleebze, e.i.  
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Q2(B) = Q2'(B),  B ∈ (1). 
Tu gavimeorebT am process n-j er, maSin (5.2)-dan mivi-

RebT (5.1).                                           

Teorema 5.2. vTqvaT, ξ1, ξ2,  ... , ξn damoukidebeli SemTx-
veviTi sidideebia. Tu ξk-s, n,1k = , ganawileba absolutu-
rad uwyvetia, maSin ξ(ω)=(ξ1(ω),  ... , ξn(ω)) SemTxveviTi veq-
toris ganawileba absoluturad uwyvetia. SebrunebiT, Tu 
ξ(ω)=(ξ1(ω),  ... , ξn(ω)), veqtoris ganawileba absoluturad 
uwyvetia, maSin ξk-s, n,1k = , ganawilebac absoluturad 
uwyveti iqneba da, amasTan, TiTqmis yvelgan (lebegis zomis 
azriT) 

fξ(x1,x2,...,xn)= )x(f)...x(f)x(f n21 n21 ξξξ ,            (5.3) 

sadac 
n21

f,...,f,f ξξξ  ganawilebis simkvriveebia Sesabamisad 

ξ1, ξ2,  ... , ξn-Tvis. 
damtkiceba. vinaidan ξk-s, n,1k = , ganawilebis funqcia 

ekuTvnis absoluturad uwyvet tips, amitom 

∞−
ξξ =

k

kk

x

kkk dt)t(f)x(F , n,1k = , pirobis ZaliT, ξ1, ξ2,  ... , ξn 

damoukidebeli SemTxveviTi sidideebia, amitom (5.2) tolo-
bis ZaliT davwerT: 

==

==

∞−
ξ

∞−
ξ

∞−
ξ

ξξξ

n

n

2

2

1

1

n1

x

nn

x

22

x

11

n1n21

dt)t(f...dt)t(fdt)t(f

)x(F)...x(F)x,...x,x(F

 

∞−
ξ

∞−∞−
=

n21 x

n21n21

xx

dt...dtdt)t,...,t,t(f... ,     (5.4) 

sadac )t(f)t,...,t,t(f j

n

1j
n21 jξ

=
ξ ∏= . 

magram (5.4) warmodgena niSnavs, rom ξ veqtoris ganawi-
lebis funqcia ekuTvnis absoluturad uwyvet tips. 
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piriqiT, vTqvaT, ξ veqtoris ganawilebis funqcia ekuTvnis 
absoluturad uwyvet tips (aq ar aris aucilebeli moviT-
xovoT ξ1, ξ2, ... , ξn SemTxveviT sidideTa damoukidebloba), 
e.i.  

)x,...x,x(F n21ξ
∞−

ξ
∞−∞−

=
n21 x

n21n21

xx
dt...dtdt)t,...,t,t(f... . 

n-ganzomilebiani ganawilebis funqciis erT-erTi Tvise-
bis ZaliT davwerT:  

==∞∞= ξ

=
∞→ξξ )x,...,x,x(Flim),...,,x(F)x(F n21

n,2j
x11

j
1

 

11

x

1n21n21

x

dt)t(fdt)dt...dtdt)t,...,t,t(f...(
11

ξ
∞−

∞

∞−
ξ

∞

∞−∞−
==  (5.5),  

sadac     
∞

∞−
ξ

∞

∞−
ξ = n2n211 dt...dt)t,...,t,t(f...)t(f

1
. 

(5.5) niSnavs, rom ξ1-is ganawilebis funqcia )x(F 11ξ  ekuT-

vnis absoluturad uwyvet tips, aseve damtkicdeba ξ2, ..., ξn 
SemTxveviTi sidideebisTvisac, dabolos, (5.3) tolobis sa-
marTlianoba pirdapir gamomdinareobs ganmartebidan.      

SeniSvna. Teorema 5.2-dan pirdapir gamomdinareobs, rom no-
rmalurad ganawilebuli SemTxveviTi veqtori (ξ1, ξ2, ..,ξn)-is 
komponentebi damoukidebelia maSin da mxolod maSin, ro-
desac aij = 0, i≠j. 

$6. SemTxveviT sidideTa jamis ganawilebis funqcia 

vTqvaT, ξ1 da ξ2 damoukidebeli SemTxveviTi sidideebia, e.i. 

)x(F)x(F)x,x(F 2121),( 2121 ξξξξ ⋅= . 

vipovoT ζ=ξ1+ξ2-is ganawilebis funqcia. Tu gamoviyenebT 
fubinis Teoremas, miviRebT: 
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{ }
{ }

=⋅=<ξ+ξ= ξ
<+

ξζ )y(Fd)x(dFzP)z(F
21

zyx:)y,x(
21   

{ }2 1 2x y z
R

I (x,y)dF (x)dF (y)
ξ ξ+ <

= =  

{ }{ }
1 2 2 1x y z

dF (x) I (x,y)dF (y) F (z x)dF (x)
∞ ∞ ∞

ξ ξ ξ ξ+ <
−∞ −∞ −∞

= = −   (6.1) 

da analogiurad 

)x(dF)xz(F)z(F
21 ξξ

∞

∞−
ζ −=         (6.2) 

(6.1)-is, (6.2)-is marj vena mxares aRniSnaven ase: 

1221
FFFF ξξξξ ∗=∗   

da ewodeba 
1

Fξ -isa da 
2

Fξ -is x veu li  anu kom poz i ci a. 

axla davuSvaT, rom ξ1 da ξ2 SemTxveviT sidideebs gaaC-
niaT simkvriveebi 

1
fξ (x) da 

2
fξ (x). maSin (6.2)-dan, fubinis 

Teoremis gamoyenebiT, miviRebT: 

=−== ξ

∞

∞− ∞−
ξξ

∞

∞−

−

∞−
ξζ dy)y(fdu)yu(fdy)y(fdu)u(f)z(F

2121

zyz
 

dudy)y(f)yu(f
z

21
∞−

∞

∞−
ξξ −= ,  

aqedan, 
∞

∞−
ξξζ −= dy)y(f)yz(f)z(f

21
,                         (6.3) 

analogiurad 
∞

∞−
ξξζ −= dx)x(f)xz(f)z(f

12
.                

vTqvaT, ξ1, ξ2, ... , ξn  damoukidebeli da [-1,1] intervalze 
Tanabari ganawilebis mqone SemTxveviTi sidideebia, e.i. 

>
≤

==== ξξξ 1|x|,0
1|x|,2/1

)x(f...)x(f)x(f
n21
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(6.3)-dan miviRebT: 

                       
1 2

2 | x | , | x | 2
f (x) 4

0, | x | 2
ξ +ξ

− ≤
=

>
 

                        
1 2 3

2

2

(3 | x |) , 1 | x | 3,
16

3 xf (x) , 0 | x | 1,
8
0, | x | 3

ξ +ξ +ξ

−
≤ ≤

−= ≤ ≤

>

 

induqciis wesiT dgindeba, rom 

1 n

n x
2

k k n 1
nn... k 0

1 ( 1) C (n x 2k) , | x | n,f (x) 2 (n 1)!
0, | x | n.

+

−

ξ + +ξ =
− + − ≤= −

>

 

vTqvaT, exla ξ1 da ξ2 ganawilebulia normaluri kano-
niT, parametrebiT (m1, σ1

2) da (m2, σ2
2), e.i. 

      
11

1 1mx)x(f
1 σσ

−ϕ=ξ ,  
22

2 1mx)x(f
2 σσ

−ϕ=ξ , 

      2/x2
e

2
1)x( −

π
=ϕ . 

(6.3)-dan advilad miviRebT, rom 

             
σ+σ

+−ϕ
σ+σ

=ξ+ξ 2
2

2
1

21
2
2

2
1

)mm(x1)x(f
21

. 

amrigad, ori damoukidebeli da normalurad ganawile-
buli SemTxveviT sidideTa j ami ganawilebulia kvlav nor-
malurad, parametrebiT (m1+m2, σ1

2+σ2
2). 



 88 

Tavi IV 

 
SemTxveviT sidideTa ricxviTi maxasiaTeblebi 
 

$1. maTematikuri lodini 

1. vTqvaT, (Ω, , P) aalbaTuri sivrcea da ξ=ξ(ω) masze 
gansazRvruli martivi SemTxveviTi sididea, e.i. ξ(ω) SemT-
xveviT sidides erTmaneTisgan gansxvavebuli mniSvnelobaTa 
sasruli raodenoba gaaCnia, 

=
ω=ωξ

n

1k
Ak )(Ix)(

k
,      (1.1) 

sadac  

Ak={ω:ξ(ω)=xk}, n,1k = , 
n

1k=
Ak=Ω,  Ai Aj=∅, j≠i. 

gansazRvra 1.1. 
=

ω=ωξ
n

1k
Ak )(Ix)(

k
 martivi SemTxveviTi 

sididis maTematikuri lodini ewodeba 

=
=ξ

n

1k
kk )A(PxM                  (1.2) 

j ams. gansazRvra 1.1 koreqtulia, e.i. Mξ ar aris damokide-
buli ξ(ω) martivi funqciis (1.1) warmodgenaze. marTlac, 
vTqvaT, gvaqvs erTi da imave ξ(ω) martivi funqciis ornairi 
warmodgena 

),(Iy)(Ix)(
ii Bi

m

1i
Ai

n

1i
ω=ω=ωξ

==
 OAA ji /= , 

Ω=
=

j

n

1j
A ,  OBB ji /= , i≠j,  Ω=

=
j

m

1j
B ,  

Ai={ω:ξ(ω)=xi}, n,1i = , Bj={ω:ξ(ω)=yj}, m,1j = . 

vinaidan  

                    )BA(A ji

m

1j
i

=
=   
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yoveli i-Tvis da  

                   )AB(B ij

n

1i
j

=
=   

yoveli j-Tvis, agreTve,  

                                 ξ(ω)=xi=yj, roca ji BA=ω .  
amitom 

= ==
===ξ

n

1i
jii

m

1j
ii

n

1i
)BA(Px)A(PxM  

).B(Py)BA(Py jj

m

1j
jij

m

1j

n

1i == =
==            

moviyvanoT martivi SemTxveviTi sididis maTematikuri lo-
dinis ZiriTadi Tvisebebi: 

10. Tu ξ(ω)≥0 maSin, Mξ(ω)≥0; 

20. M(aξ+bη)=aMξ+bMη, a  da b – mudmivi ricxvebia; 

30. Tu ξ(ω)≥η(ω), maSin Mξ≥Mη; 

40. ξ≥ξ MM ; 

50. Tu ξ da η damoukidebelia, maSin Mξη = MξMη; 

60. Tu ξ=IA(ω), maSin Mξ = P(A). 
10 da 60 Tvisebebis damtkiceba cxadia. davamtkicoT 20. 

vTqvaT, )(Ix)(
kAk

n

1k
ω=ωξ

=
, )(Iy)(

jBj

m

1j
ω=ωη

=
, maSin 

      
).(I)byx(

)(Iyb)(Ix)(b)(

ji

jiji

BAji
j,i

BAj
j,i

BAi
j,i

ω+=

=ω+ω=ξη+ωξ

a

aa
 

maTematikuri lodinis (1.1) gansazRvris Tanaxmad,  
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i j i j
i , j

M( b ) ( x by )P(A B )ξ + η = + =a a  

i i j
i j

x P(A ) by P(B) M  + bM .+ = ξ ηa a           

30 Tviseba gamomdinareobs 10 da 20-dan. 
40 Tviseba cxadia, vinaidan 

              ξ=≤ξ M)A(PxM jj
j

. 

davamtkicoT 50. pirobis ZaliT ξ da η damoukidebeli 
martivi SemTxveviTi sidideebia, amitom 

Ai={ω: ξ(ω)=xi},  Bj={ω:η(ω)=yj} 

xdomilobebi damoukidebelia, gvaqvs 

=ω=ωω=ξη
==

)(IyxM))(Iy))((Ix(MM
jiji BAji

j,i
Bj

m

1j
Ai

n

1i
 

ηξ=== MM)B(Py)A(Px)B(P)A(Pyx jj
j

ii
i

jiji
j,i

.  

2. vTqvaT, axla ξ=ξ(ω) arauaryofiTi nebismieri SemTx-
veviTi sididea da ganvsazRvroT misTvis maTematikuri lo-
dini Mξ. rogorc viciT, yoveli arauaryofiTi ξ(ω) SemT-
xveviTi sidide SegviZlia warmovadginoT rogorc zRvari 
{ξn(ω)}n≥1 arauaryofiT martiv SemTxveviT sidideTa zrdadi 
mimdevrobisa. vinaidan Mξn≤Mξn+1 (ix. Tviseba 30), amitom 
arsebobs nn

Mlim ξ
∞→

, romelic SeiZleba iyos ∞-is tolic. 

gansazRvra 1.2. ξ(ω) arauaryofiTi SemTxveviTi sidi-
dis maTematikuri lodini ewodeba 

nn
MlimM ξ=ξ

∞→
        (1.3) 

ricxvs, sadac {ξn}n≥1 aris ξ-saken krebadi martivi SemTxve-
viTi sidideebis zrdadi mimdevroba: ξn↑ξ. 

imisaTvis, rom es gansazRvra iyos koreqtuli, unda vaC-
venoT, rom (1.3) zRvris mniSvneloba ar aris damokidebuli 
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ξ-saken krebadi, zrdad, martiv SemTxveviT sidideTa mimdev-
robis arCevaze. davuSvaT, rom {ξn} da {ηn} martiv SemTxve-
viT sidideTa ξ-saken krebadi ori zrdadi mimdevrobaa. un-
da vaCvenoT, rom 

                 ξ=η=ξ
∞→∞→

MMlimMlim nnnn
.          (1.4) 

marTlac, vinaidan  

                               ),()(lim knn
ωη≥ωξ

∞→
   k=1,2,...,  

amitom (1.4)-is damtkicebisaTvis sakmarisia vaCvenoT, rom 
nebismieri k=1,2,...-Tvis 
                  knn

MMlim η≥ξ
∞→

.                 (1.5) 

davuSvaT, rom  

               ∞<ωη= )(maxc kk
.  

vTqvaT, ε>0 da  

                                    An={ω:ξn(ω)>ηk(ω)-ε}.  

vinaidan )()(lim knn
ωη≥ωξ

∞→
,  

amitom Ω↑nA  da  

ξn(ω) ≥ωωξ≥ωωξ+ωωξ= )(I)()(I)()(I)(
nnn AnAnAn  

)(I))((
nAk ωε−ωη≥ .  

Tuki gamoviyenebT martivi SemTxveviTi sididis maTematiku-
ri lodinis Tvisebebs, davwerT: 

Mξn≥Mξn nAI ≥M[ηk-ε]
nAI =Mηk nAI -εM

nAI =Mηk(1-
nAI ) – 

– εP(An)=Mηk-Mηk nAI – εP(An)≥Mηk-cP( nA )-εP(An).       (1.6) 

(1.6)-Si j er n mivaswrafoT ∞-saken, xolo Semdeg ε→0-
saken, miviRebT (1.5) utolobas. 
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vTqvaT, axla c=∞ da ganvixiloT ηk(ω) SemTxveviTi si-
didis nacvlad  

              k k( N )

k

k

( ), ( ) ,
( )

N, ( )

η ω η ω < ∞
η ω =

η ω = ∞

Tu 

Tu 
  

SemTxveviTi sidide. gveqneba 

}.)(:{NPIMMMlim k})(:{k
)N(

knn k
∞=ωηω+η=η≥ξ ∞<ωηω∞→

 

aqedan   

              .MMlim knn
η≥ξ

∞→
                        

amgvarad, arauaryofiTi SemTxveviTi sidideebisaTvis ma-
Tematikuri lodini gansazRvrulia. axla gadavideT zogad 
SemTxvevaze. vTqvaT, ξ(ω)-SemTxveviTi sididea, xolo 

                 }0)(:{I)()( ≥ωξω
+ ωξ=ωξ   

da 

                 }0)(:{I)()( <ωξω
− ωξ=ωξ   

misi dadebiTi da uaryofiTi nawili.  
cxadia,  

                                        ξ(ω)=ξ+(ω)−ξ−(ω)  
da, garda amisa, es warmodgena erTaderTia. 

gansazRvra 1.3. ξ=ξ(ω) SemTxveviTi sididis maTemati-
kuri lodini ewodeba 

                                          Mξ = Mξ+ - Mξ−                                               (1.7) 

ricxvs, Tuki erTi mainc Mξ+  an Mξ−  sasrulia. am SemTx-
vevaSi amboben, rom Mξ maTematikuri lodini arsebobs, anu 
gansazRvrulia. Tuki Mξ+= Mξ−=∞, maSin amboben, rom Mξ  
ar arsebobs. 

gansazRvra 1.4. vityviT, rom ξ=ξ(ω) SemTxveviTi sidi-
dis maTematikuri lodini s a sru li a , Tu Mξ+ <∞ da 
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Mξ−< ∞, cxadia, rom Mξ sasrulia maSin da mxolod maSin, 
rodesac sasrulia ξM , rac gamomdinareobs −+ ξ+ξ=ξ  
warmodgenidan da qvemoT moyvanili V Tvisebidan. 

maTematikuri lodinis 1.3 gansazRvra koreqtulia, rad-
ganac ξ(ω) = ξ+ (ω) – ξ− (ω) daSla erTaderTia da daSvebis 
ZaliT Mξ+ da Mξ−-dan erT-erTi mainc sasrulia. 

$2. maTematikuri lodinis Tvisebebi 

zemoT gansazRvrul Mξ maTematikur lodins aqvs Semde-
gi Tvisebebi: 

I. vTqvaT, C mudmivi sididea da Mξ arsebobs, maSin ar-
sebobs agreTve M(Cξ) da 

                                         M(Cξ)=CMξ.          (2.1) 

damtkiceba. martivi SemTxveviTi sididisaTvis (2.1) 
damtkiceba cxadia (ix. Tviseba 20).  

vTqvaT, axla 
                 ξ(ω)≥0, ξn↑ξ,  

sadac ξn  martivi SemTxveviTi sidideebia da C≥0.  
cxadia, Cξn↑Cξ da, maSasadame,  

ξ=ξ=ξ=ξ
∞→∞→

CMMlimC)C(Mlim)C(M nnnn
. 

zogad SemTxvevaSi unda ganvixiloT ξ=ξ+ − ξ− warmodge-
na da, amasTan, unda SevniSnoT, rom dadebiT C-Tvis  

             (C ξ)+ = Cξ+ , (Cξ)− = Cξ−,  

xolo uaryofiTi C-Tvis  

             (C ξ)+=− C ξ− , (Cξ)−=−C ξ+.                

II. vTqvaT, ξ(ω)≤η(ω), maSin Mξ≤Mη. 
im azriT, rom Tu -∞<Mξ, maSin -∞<Mη da Mξ<Mη an 

Tu Mη< ∞, maSin Mξ< ∞ da Mξ<Mη. 
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damtkiceba. Tu 0≤ξ≤η, maSin Mξ da Mη gansazRvru-
lia da Mξ≤Mη utoloba gamomdinareobs integralis gan-
martebidan. vTqvaT, axla Mξ>−∞, maSin Mξ−<∞. Tu ξ<η, 
maSin ξ+≤η+ da ξ−≥η−, amitom Mη−≤Mξ−<∞. maSasadame, Mη 
gansazRvrulia da 

          Mξ=Mξ+−Mξ −≤Mη+−Mη−=Mη.  

analogiurad ganixileba is SemTxveva, rodesac Mη<0.  

III. Tu Mξ arsebobs, maSin  

 ξ≤ξ MM .  

damtkiceba. vinaidan ξ≤ξ≤ξ− , amitom, I da II Tvis-
ebebidan gamomdinareobs, rom 

          ξ≤ξ≤ξ− MMM ,  e.i.  ξ≤ξ MM .       

IV. Tu Mξ arsebobs, maSin yoveli A∈ -saTvis arsebobs 
MξIA; Tu Mξ sasrulia, maSin MξIA agreTve sasrulia. 

damtkiceba gamomdinareobs II Tvisebidan da im faqtidan, 
rom 

                     (ξIA)+= ξ+IA ≤ξ+ ,    (ξIA)-= ξ−IA≤ξ- .                   

V. Tu ξ da η arauaryofiTi SemTxveviTi sidideebia an 
iseTia, rom ∞<η∞<ξ M,M , maSin M(ξ+η) = Mξ + Mη. 

damtkiceba. vTqvaT, ξ≥0,  η≥0  da {ξn} da {ηn} martiv 
SemTxveviT sidideTa iseTi mimdevrobebia, rom ξn↑ξ, ηn↑η.  

20 Tvisebis ZaliT  

                   M(ξn+ηn ) = Mξn + Mηn  

da lodinis ganmartebis safuZvelze davwerT:  

                    M ξn↑ M ξ, M ηn↑M η   
da, maSasadame,  

                    M(ξ+η) = Mξ + Mη.  
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∞<η∞<ξ M,M  SemTxveva daiyvaneba zemoT ganxilulze, 
Tu gamoviyenebT im faqts, rom  

ξ=ξ+ − ξ− , η=η+ − η−  , ξ≤ξ+ , η≤η+  

da ξ≤ξ− , η≤η− .        

VI. Tu ξ da η damoukidebeli SemTxveviTi sidideebia, ro-
melTac gaaCniaT maTematikuri lodini, e.i. M|ξ|<∞, M|η|<∞, 
maSin 

                         Mξη= MξMη.                      (2.2) 

damtkiceba. Tu ξ da η damoukidebeli martivi SemTx-
veviTi sidideebia, maSin  

                          Mξη=MξMη (ix. 50 Tviseba).  

davuSvaT, rom ξ≥0, η≥0 da ganvixiloT martiv SemTxve-
viT sidideTa mimdevroba 

               )(I
2

1k)(
}

2
k)(

2
1k:{n

2n

1k
n

nn

n

ω−=ωξ
≤ωξ<−ω=

, 

               )(I
2

1k)(
}

2
k)(

2
1k:{n

2n

1k
n

nn

n

ω−=ωη
≤ωη<−ω=

. 

ξ da η SemTxveviT sidideTa damoukideblobis gamo 

               Mξn ηn =MξnMηn.  

vinaidan ξn↑ξ, ηn↑η, amitom  ξn ηn ↑ ξη da Mξn ηn ↑ Mξη.  
amgvarad, (2.2) toloba damtkicebulia arauaryofiTi ξ 

da η SemTxveviTi sidideebisaTvis. nebismieri niSnis ξ-sa da 
η-Tvis gamoviyenebT  

                         ξ=ξ+ − ξ−, η=η+ − η−                da  

                         ξη=ξ+ η+ − ξ−η−−(ξ+η− + ξ−η+)   
warmodgenas.  

(ξ+, ξ−) wyvili damoukidebelia (η+, η−) wyvilisagan.  
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amitom 

Mξη =M ξ+ η+ −M ξ+η−−M ξ−η+ + M ξ−η− = 
=   M ξ+  M η+ −M ξ+ M η−  −  M ξ−M η+ + 

+M ξ−M η− =(M ξ+  −M ξ−)(Mη+ −Mη− ) =MξMη.        

Sedegi. Tu ξ1, ξ2, ... , ξn damoukidebeli da sasruli maTe-
matikuri lodinis mqone SemTxveviTi sidideebia, maSin 

M ξ1⋅ ξ2⋅ ... ⋅ ξn = M ξ1⋅ M ξ2⋅ ...  ⋅M ξn. 

vityviT, rom (Ω, ,P) sivrceze gansazRvruli SemTxvevi-
Ti sididis Sesaxeb gamoTqmuli raime winadadeba WeSmaritia 
„P _ TiTqmis aucileblad“ (T.a) an „1 albaTobiT“, Tu im 
ω wertilTa E simravle, sadac winadadeba mcdaria, nulo-
vani P zomisaa: P(E)=0. vinaidan P(E)=0 niSnavs 1)E(P =  
tolobas, amitom E\E Ω=  im ω wertilTa simravlea, ro-
melTaTvis winadadeba WeSmaritia. qvemoT moyvanili maTema-
tikuri lodinis zogierTi Tviseba swored dakavSirebulia 
„P-TiTqmis aucileblad“ (T.a.) cnebasTan. 

VII. Tu ξ(ω)=0 (T.a.), maSin Mξ=0. 

damtkiceba. Tu ξ martivi SemTxveviTi sididea, 

)(Ix
kAk

n

1k
ω=ξ

=
 da xk≠0, maSin, pirobis ZaliT P(Ak)=0. es 

ki niSnavs Mξ=0. Tuki ξ≥0 da 0≤η≤ξ, sadac η martivi Sem-
TxveviTi sididea, maSin η(ω)=0 (T.a.) da Mη=0. maSasadame, 
maTematikuri lodinis gansazRvris ZaliT Mξ=0. zogadi Se-
mTxveva daiyvaneba ganxilulze, Tu gaviTvaliswinebT, rom 

         ξ=ξ+−ξ− da ξ≤ξ+ , ξ≤ξ−  da 0=ξ  (T.a.). 

VIII. Tu ξ(ω)=η(ω) (T.a.) da ∞<ξM , maSin ∞<ηM  da 
Mξ=Mη. 

damtkiceba. vTqvaT,  
                                          E={ω:ξ(ω)≠η(ω)}, 
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 maSin 

                           P(E)=0  da  ξ=ξIE+ξI E , η= ηIE + ηI E .  

V da VII Tvisebebis ZaliT davwerT:  

                           Mξ= =MξIE+ΜξΙ E =MξIE =MηI E .  

magram  

                                            Mη EI  =0,  

amitom V Tvisebis ZaliT 

                 Mξ=MηIE+ΜηΙ E =Mη.             

IX. vTqvaT, ξ(ω)≥0 da Mξ=0, maSin ξ = 0 T. a. 
damtkiceba. SemoviRoT aRniSvnebi:  

                               A={ω:ξ(ω)>0}, An= ={ω:ξ(ω)
n
1≥ },  

cxadia, rom An↑A da 
nn AA II0 ξ<ξ≤ .  

amitom II Tvisebis ZaliT  

               0MIM0
nA =ξ≤ξ≤ .  

maSasadame,  

               )A(P
n
1IM0 nAn

≥ξ≤ .  

aqedan  

                                P(An)=0, n=1, 2, ... .  
meore mxriv, 
                )A(P)A(Plim nn

=
∞→

,  

amitom P(A)=0.                                    

X. vTqvaT, ∞<ξM , ∞<ηM  da nebismieri A∈ -Tvis 
MξIA≤MηIA, maSin ξ(ω)≤η(ω) (T.a.). 
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damtkiceba. vTqvaT,  

                                    B={ω:ξ(ω)>η(ω)},  
maSin  

                                     MηIB≤MξIB ≤MηIB   
da, maSasadame,  

                                     MξIB =MηIB.  
V Tvisebis ZaliT  

                                      M(ξ−η)IB =0,  
xolo IX Tvisebis Tanaxmad 

                  (ξ−η)IB =0, (T.a.),  

saidanac miviRebT, rom P(B)=0.                        

lebegis integrali. Cven mier zemoT mocemuli maTe-
matikuri lodinis ganmarteba sxva ara aris ra, Tu ara le-
begis integrali ξ=ξ(ω) funqciidan P albaTuri zomis mi-
marT. lebegis integrals ξ(ω) funqciidan aRniSnaven Cveu-
lebriv 

Ω
ωωξ )d(P)(  an 

Ω
ωωξ )(dP)(  simboloTi, ase rom,  

)d(P)(M ωωξ=ξ
Ω

. 

lebegis integrali, gavrcelebuli A simravleze (A∈ ), 
ganisazRvreba rogorc ξ(ω)IA(ω) funqciidan integrali, e.i. 

)d(P)(I)(IM)d(P)( AA
A

ωωωξ=ξ=ωωξ
Ω

. 

axla davuSvaT, rom (Ω, ) zomian sivrceze gansazRv-

rulia nebismieri σ-sasruli μ zoma, xolo ξ=ξ(ω) -zo-
madia. am SemTxvevaSi 

Ω
ωμωξ )d()(  lebegis integrali gain-

sazRvreba imave wesiT: Tavdapirvelad ganvsazRvravT integ-
rals martivi funqciisaTvis, xolo zogad SemTxvevaSi ki 

=ωμωξ
Ω

)d()(  
Ω

−

Ω

+ ωμωξ−ωμωξ )d()()d()(  
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formuliT, Tuki 
Ω

+ ωμωξ )d()(  da 
Ω

− ωμωξ )d()(  integrali-

dan erTi mainc sasrulia. 
maTematikuri analizisaTvis mniSvnelovania SemTxveva, ro-

desac (Ω, )=(R(n), B(n)), xolo μ-lebegis n-ganzomilebiani 
zomaa. am SemTxvevaSi )dx()x(

)n(R

μξ , x=(x1, x2, ... , xn) integ-

rals aRniSnaven 

ξ
)n(R

dx)x(  an (L)
∞

∞−

∞

∞−
ξ n1n21 dx...dx)x,...,x,x(...  simboloTi. 

am ukanasknel aRniSvnas xmaroben imisaTvis, raTa lebegis 
integrali ganasxvaon rimanis integralisagan. Tuki μ lebeg-
stiltiesis zomaa, romelic warmoqmnilia F(x), x=(x1, x2,..., xn) 
funqciisagan, maSin μξ

)n(R

)dx()x(  integrals uwodeben lebeg-

stiltiesis integrals da aRniSnaven (L-S) ξ
)n(R

)x(dF)x(  sim-

boloTi, raTa igi ganasxvaon riman-stiltiesis 

(R-S) ξ
)n(R

)x(dF)x(   integralisagan. 

vTqvaT,  

A=[a1, b1)x...x[an, bn), 
maSin  

μξ=μξ
)n(R

A
A

)dx()x(I)x()dx()x(  da μξ
)n(R

A )dx()x(I)x( -is 

nacvlad davwerT: 

μξ
n

n

1

1

b

n1n21

b

)dx...dx()x,...,x,x(...
aa

. 

Tu F(x)=x1x2 ... xn, maSin μ zoma Cveulebriv lebegis n-
ganzomilebiani zomaa R(n)-Si da μ(dx1, ..., dxn)-is nacvlad 
davwerT ubralod dx1 ... dxn. 
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$3. krebadobis Teoremebi 

davamtkicoT maTematikuri lodinis niSnis qveS zRvarze 
gadasvlis ori Teorema, romlebic maTematikur analizSi 
cnobilia monotonuri da maJorirebuli krebadobis saxel-
wodebiT. 

Teorema 1. (Teorema monotonuri krebadobis Sesaxeb).   
Tu ξ↑ξ≤ n0 , maSin 

ξ=ξ
∞→

MMlim nn
 

an, rac igivea 

)d(P)()d(P)(lim nn
ωωξ=ωωξ

ΩΩ∞→
. 

damtkiceba. pirobis Tanaxmad, ξ≤ξ≤ n0 , amitom 
ξ≤ξ≤ MM0 n  da 

ξ≤ξ
∞→

MMlim nn
.                (3.1) 

davafiqsiroT n, n=1, 2, ... , da ξn(ω)-Tvis avagoT iseTi 
arauaryofiT martiv SemTxveviT sidideTa )()k(

n ωξ  mimdevro-
ba, rom )()( n

)k(
n ωξ↑ωξ , roca k→∞.  

aRvniSnoT )(max )k(
nkn1k ωξ=η

≤≤
.  

cxadia, rom ηk martivi SemTxveviTi sididea da 

        ≤ωξ=η≤
≤≤

)(max0 )k(
nkn1k 1k

)1k(
n

1kn1
)(max +

+
+≤≤

η=ωξ .  

e.i. ηk mimdevroba monotonurad zrdadia. vTqvaT, η=η
∞→ kk

lim . 

yoveli k-Tvis ηk≤ξk, amitom 

kkkk
MlimMMlim ξ≤η=η

∞→∞→
.        (3.2) 

Semdeg, roca n≤k, maSin η≤η≤ξ k
)k(

n ;  
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axla k mivaswrafoT ∞-ken, gveqneba ξn≤η yoveli n-Tvis, 
saidanac davwerT ξ≤η da Mξ≤M η, romelic (3.1) da (3.2)-
Tan erTad gvaZlevs Teoremis damtkicebas.              

Sedegi 1. Tu ξn≥0, n = 1, 2, 3, ... maSin 

k
1k

k
1k

MM ξ=ξ
∞

=

∞

=
.      (3.3) 

damtkiceba. k
1k

ξ
∞

=
 mwkrivis kerZo j amTa k

n

1k
k ξ=η

=
 

mimdevroba akmayofilebs pirveli Teoremis pirobebs, amitom 

=η
∞→ nn

Mlim n
n
limM η

∞→
,  

es ki (3.3) tolobis meorenairi Caweraa.                

kerZod, Tu  

ξn(ω)=ξ(ω)I
nA (ω),  ξ(ω)≥0,  

sadac An∈ ,  n = 1, 2, ...,  Ai Aj=∅,  i≠j,  Ω=
∞

=
j

1j
A ,  

maSin  

jj 1 A
( )P(d ) ( )P(d )

∞

=Ω
ξ ω ω = ξ ω ω . 

ufro metic, vTqvaT,  

A∈   da j
1j

AA
∞

=
= , Ai Aj=∅, i≠j,  

maSin  

)d(P)()(dP)(
1n AA n

ωωξ=ωωξ
∞

=
.  

aRvniSnoT 

)d(P)()A(Q
A

ωωξ= ,              (3.4) 
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maSin  

)A(Q)A(Q j
1j

∞

=
= . 

amgvarad, simravlis funqcia Q(⋅) Tvladad aditiuria. 
advili SesamCnevia, rom es Tviseba samarTliania, agreTve, 
nebismieri niSnis ξ(ω) SemTxveviTi sididis SemTxvevaSi, 
Tuki Mξ sasrulia. 

Sedegi 2. Tu Mη sasrulia da An, n=1, 2, ..., xdomilo-
baTa iseTi mimdevrobaa, rom An↓∅ maSin, 

0IMlim
nAn

=η
∞→

.       (3.5) 

damtkiceba. Tu ∞<ηM , maSin ∞<ηM . η  warmovad-
ginoT nn η+η′  j amis saxiT,  

sadac  

nAn Iη=η , 
nAn Iη=η′ ,  

maSin  

nn MMM η′+η=η  da η↑η′≤ n0 .  

pirveli Teoremis ZaliT 

η=η′
∞→

MMlim nn
.  

amitom 0Mlim nn
=η

∞→
.  

aqedan da  

nAA IMIM
n

η≤η   

utolobidan gamomdinareobs (3.5).                      
Teorema 2. (lebegis Teorema maJorirebuli mimdevro-

bis krebadobis Sesaxeb). 
Tu   

)()(lim nn
ωξ=ωξ

∞→
 (T.a.)  
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da 
)()(n ωη≤ωξ ,  

sadac Mη<∞, maSin 

ξ=ξ
∞→

MMlim nn
.                       (3.6) 

damtkiceba. yoveli dadebiTi ε ricxvisaTvis 

})()(sup:{A m
nm

n ε<ωξ−ωξω=
>

  

xdomilobaTa mimdevroba iseTia, rom OAn /↓ .  
Semdeg,  

nn AnAnn II ξ+ξ=ξ   

j amis Sesakrebebi Sefasdeba ase:  

ε+ξ≤ξ≤ε−ξ
nnn AnAA III ,   

nnn AAnA III η≤ξ≤η− . 

saidanac miviRebT:  

          
nnnn AAnAA IIII ξ−η+ε+ξ≤ξ≤η−ξ−ε−ξ , 

          
nn AnA IM2MMIM2M η+ε+ξ≤ξ≤η−ε−ξ .  (3.7) 

(3.7)-Si gadavideT zRvarze, roca n→∞ da gamoviyenoT pi-
rveli Teoremis me-2 Sedegi, miviRebT:  

ε+ξ≤ξ≤ξ≤ε−ξ
∞→∞→

MMlimMlimM nnn
n

. 

vinaidan ε>0 nebismieri ricxvia, aqedan miviRebT (3.6)-is 
damtkicebas.                                         

Sedegi. Tu η≤ξn , ξ=ξ
∞→ nn

lim  da Mηp<∞, p>0,  

maSin ∞<ξ pM  da 0M P
n ⎯→⎯ξ−ξ , roca n→∞. 

damtkicebisaTvis sakmarisia SevniSnoT, rom 

          η≤ξ ,   pp
n

p
n )2()( η≤ξ+ξ≤ξ−ξ .                  
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$4. lebegis integralis absoluturad uwyvetoba 

vTqvaT, ξ(ω)≥0,  ω∈Ω. rogorc viciT, )d(P)()A(Q
A

ωωξ= ,   

A∈  simravlis funqcia Tvladad aditiuri zomaa. axla 
vaCvenoT, rom Q(A) zomas aqvs P-zomis mimarT absolutu-
rad uwyvetobis metad mniSvnelovani T vi s eb a : Tu P(A)=0, 
maSin Q(A)=0, A∈  (es Tviseba mokled Caiwereba ase: 
Q<<P). marTlac, vTqvaT,  

)(Ix
kAk

n

1k
ω=ξ

=
 

martivi arauaryofiTi funqciaa da P(A)=0, maSin  

0)AA(Px)I(M)A(Q kk

n

1k
A ==ξ=

=
. 

vTqvaT, axla {ξn} arauaryofiTi da zrdadi martiv fun-
qciaTa iseTi mimdevrobaa, rom 0n ≥ξ↑ξ , maSin monotonu-
ri krebadobis Teoremis ZaliT  

Q(A) 0)I(Mlim)I(M AnnA =ξ=ξ=
∞→

, 

vinaidan M(ξnIA)=0 yoveli n≥1-Tvis.                    

amgvarad, Cven vaCveneT, rom sasruli Q(⋅) zomebi, rom-
lebic moicema lebegis integraliT, absoluturad uwyveti 
yofila P zomis mimarT. Turme adgili aqvs SesaniSnav Seb-
runebul debulebas; nebismieri ν (sasruli) zoma, romelic 
absoluturad uwyvetia raime μ zomis mimarT, warmoidgine-
ba lebegis integraliT. ufro zustad, adgili aqvs Semdeg 
Teoremas. 

radon-nikodimis Teorema. vTqvaT, (Ω, ) zomad siv-
rceze mocemulia ori ν da μ sasruli zoma da, amasTan, 
ν<<μ. maSin arsebobs arauaryofiTi sasruli zomadi integ-
rebadi f(ω) funqcia iseTi, rom 
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)d()(f)E(
E

ωμω=ν  

yoveli E∈  simravlisaTvis. 
f(ω) funqcia erTaderTia im azriT, rom Tu  

ωμω=ν
E

)d()(g)E(  

nebismieri E∈ -Tvis, maSin f(ω)=g(ω) TiTqmis yvelgan μ-
zomiT, e.i.  

μ{ω:f(ω)≠g(ω)}=0. 
radon-nikodimis Teorema samarTliania agreTve im SemTx-

vevaSic, rodesac ν da μ σ-sasruli zomebia da ν<<μ. am 
SemTxvevaSi ar unda movelodeT, rom f(ω) funqcia aucile-
blad iqneba integrebadi. 

f(ω) funqcias uwodeben ν zomis warmoebuls μ zomis 

mimarT da aRniSnaven )(
d
d ω

μ
ν

 simboloTi. )(
d
d ω

μ
ν

 ganisazRv-

reba calsaxad mxolod nulovani μ zomis simravlemde si-
zustiT. 

Pξ(⋅)-is absoluturad uwyveti ganawilebis gansazRvrebi-
dan da zemoT moyvanili radon-nikodimis Teoremidan gamom-
dinareobs, rom Pξ(⋅) rogorc albaTuri zoma (R(n), B(n))-
Si, absoluturad uwyveti yofila lebegis μ(n) zomis mi-

marT, xolo )x(
d
dP

)x(f )n(μ
= ξ

ξ  ganawilebis simkvrive – gansa-

zRvruli nulovani lebegis zomis simravlemde. 
fξ(x), x∈R(n), ganawilebis simkvrives aqvs advilad SesamC-

nevi Tvisebebi: 

1. fξ(x), x∈R(n) ganawilebis simkvrive arauaryofiTia, e.i. 
fξ(x)≥0, x∈R(n). 

2. 1}R)(:{P)R(P)dx()x(f )n()n()n(

R )n(
=∈ωξω==μ ξξ . 
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$5. lebegis integralSi cvladTa gardaqmnis Sesaxeb 

Teorema 5.1. vTqvaT, Pξ(⋅), ξ:Ω→R(n) SemTxveviTi veqto-
risagan inducirebuli zomaa, xolo h(x), x∈R(n) (h:R(n)→R(1)) 
borelis azriT, raime zomadi funqciaa, maSin 

          ),dx(P)x(h)d(P))((h
S)S(1

ξ
ξ

=ωωξ
−

  S∈ (n)   (5.1) 

amasTan, marcxena da marj vena mxareebi erTdroulad arse-
bobs an ar arsebobs. 

kerZod, 1. Tu S=R(n), maSin 

          )dx(P)x(h)d(P))((h)(Mh
)n(R

ξ
Ω

=ωωξ=ξ .     (5.2) 

2. Tu n=1,  S=R(1),  h(x)≡x, maSin 
                  )dx(xPM

)1(R
ξ=ξ .             (5.3) 

damtkiceba. Tu S∈ (n) da h(x)=IS(x), maSin (5.1)-is ma-
rj vena mxare Pξ(S)-is tolia, xolo marcxena P{ω:ξ(ω)∈S}-
is, magram Pξ(⋅)-is gansazRvris Tanaxmad  

Pξ(S) = P{ω:ξ(ω)∈S}. 
indikatoris SemTxvevaSi Teorema damtkicebulia, rac 

imas niSnavs, rom Teorema samarTliania martivi funqciebi-
saTvis. dabolos, zRvarze gadasvla mogvcems Teoremis sa-
marTlianobas.             

rogorc viciT, Pξ(⋅) ganawileba calsaxad aigeba Fξ(x) 
ganawilebis funqciis saSualebiT. amitom, )dx(P)x(h

)n(R
ξ  le-

begis integrals xSirad )x(dF)x(h
)n(R

ξ  simboloTi aRniSna-

ven da uwodeben lebeg-stiltiesis integrals Fξ(x) ganawi-
lebis funqciis mimarT. maSasadame, Tu ξ:Ω→R(n), maSin 

                 )x(dF)x(h)(Mh
)n(R

ξ=ξ ,           (5.21) 
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xolo Tu ξ:Ω→R(1), maSin 

                    )x(xdFM
)1(R

ξ=ξ .             (5.31) 

vTqvaT, Fξ(x), x∈R(1), ξ diskretuli SemTxveviTi sididis 
ganawilebis funqciaa, xolo xk, k=1, 2, ..., ξ-s mniSvnelo-
bebia, amasTan,  
                             Pk=P{ω:ξ(ω)=xk}=Fξ(xk+) - Fξ(xk),  
maSin  

             ii
iR

P)x(h)x(dF)x(h)(Mh
)1(

==ξ ξ .     (5.4) 

kerZod, Tu h(x)=x, maSin 
                      ii

i
pxM =ξ .  

axla, vTqvaT, Fξ(x) ganawilebis funqcias gaaCnia simkv-
rive f(x) da e.i.  

           dt)t(f)x(F
x

ξ
∞−

ξ = , anu fξ(x)=F'(x)  

TiTqmis yvela x-Tvis lebegis zomis mimarT, maSin 

             dx)x(f)x(h)(Mh
)1(R

ξ=ξ ,         (5.5) 

e.i. lebeg-stiltiesis integrali h(x) funqciidan Fξ(x) fu-
nqciis mimarT tolia h(x)fξ(x) funqciis lebegis integra-
lis. 

kerZod, Tu h(x)=x, maSin 
                   dx)x(xfM

)1(R
ξ=ξ ,            (5.51) 

da va m t k i coT (5.5). cxadia, arauaryofiTi martivi 
h(x) funqciisaTvis is samarTliania. axla, vTqvaT, h(x) ara-
uaryofiTi zomadi funqciaa da hn(x) arauaryofiT martiv 
funqciaTa zrdadi mimdevrobaa iseTi, rom  

hn(x)→h(x), 
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maSin 

hn(x)fξ(x)↑h(x)fξ(x). 
amitom  

dx)x(f)x(h)x(dF)x(h n
R

n
R )1()1(

ξξ =  

tolobaSi SeiZleba gadavideT zRvarze integralis niSnis 
qveS monotonuri krebadobis Teoremis gamoyenebiT.  

zogadi SemTxveva miiReba h(x)=h+(x)–h-(x) warmodgenidan.  
SeniSvna. (5.4) da (5.5) formulebi samarTliania mravali 

ganzomilebis SemTxvevaSic. ase, magaliTad, Tu 

ξ:Ω→R(n) 
da 

n21

n21
n

x...xx
)x,...,x,x(F

)x(f
∂∂∂

∂
= ξ

ξ  

TiTqmis yvela x=(x1, ..., xn)-Tvis lebegis zomis mimarT, maSin 

dx)x(f)x(h)(Mh
)n(R

ξ=ξ ,  (dx=dx1 ... dxn).   (5.6) 

$6. riman-stiltiesisa da lebeg-stiltiesis 

 integralebis Sedareba 

rogorc aRvniSneT, ξ(ω) SemTxveviTi sidide inducirebs 
Pξ(⋅) albaTobis zomas, romelic moicema  

                                        Pξ([x,y))=Fξ(y) - Fξ(x)  
tolobiT da (5.1) tolobis safuZvelze davwerT: 

   )dx(F)x(h)dx(P)x(h)d(P))((h
)b,[)b,[))b,([1

ξξ
ξ

==ωωξ
− aaa

. (6.1) 

(6.1)-is marj vena mxaris integrali aris lebeg-stiltie-
sis integrali h(x)- funqciidan Fξ(x) funqciis mimarT. 

axla SemoviRoT riman-stiltiesis integralis gansazRv-
ra, romelic warmoadgens ganzogadebuli Cveulebrivi rimanis 
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integraluri j amebis zRvars. ganvixiloT [a,b) intervalis 
raime danawileba  

                  a=x0<x1<...<xn-1<xn=b.  
yovel [xk-1, xk) intervalze aviRoT nebismieri ξk werti-

li da SevadginoT j ami: 

                )]x(F)x(F)[(hS 1kkk

n

1k
−ξξ

=
−ξ= .      (6.2) 

cxadia, rom es j ami damokidebulia rogorc ξk wertile-
bis SerCevaze, ise [a,b) intervalis danawilebaze. 

ri m a n -st ilt i esi s i nt egrali )x(dF)x(h)SR(
b

ξ−
a

 

aris S j amis zRvari ξk wertilebis nebismieri arCevisa da 
dayofis intervalTa maqsimaluri sigrZis nulisaken kreba-
dobisas, roca dayofis intervalTa raodenoba usasrulod 
izrdeba (am gansazRvraSi ar aris aucilebeli Fξ(x) iyos 
maincdamainc ganawilebis funqcia; is SeiZleba iyos nebismi-
eri monotonuri G(x) funqcia. Cveulebrivi rimanis integra-
li SegviZlia ganvixiloT rogorc kerZo SemTxveva riman-
stiltiesis integralisa, Tuki G(x)=x). 

 
Teorema. Tu h(x) uwyveti funqciaa, maSin lebeg-stilti-

esis integrali riman-stiltiesis integrals emTxveva, e.i. 

)x(dF)x(h)SL(
)b,[

ξ−
a

= )x(dF)x(h)SR(
b

ξ−
a

. 

damtkiceba. vTqvaT, {hn(x)} nebismier martiv funqciaTa 
monotonuri mimdevrobaa krebadi h(x) funqciisaken, maSin, 
rogorc viciT, 

          )x(dF)x(h)SL(
]b,[

ξ−
a

= )x(dF)x(hlim n
]b,[n ξ∞→ a

.  

vinaidan lebeg-stiltiesis integrali uwyveti funqcii-
saTvis yovelTvis arsebobs (aCveneT!), amitom mis gansazRv-
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raSi Cven SegviZlia h(x)-is nacvlad aviRoT ori *
nh (x) da 

**
nh (x) martiv funqciaTa mimdevroba, gansazRvruli Semdeg-

nairad: 
       ),t(hsuph)x(h

kt

*
k

*
n

Δ∈
==     x∈Δk = [xk-1, xk), 

       ),t(hinfh)x(h
kt

**
k

**
n Δ∈

==    x∈Δk = [xk-1, xk), 

cxadia, rom *
nh (x) da **

nh (x) monotonurad krebadia erTi 
da imave h(x) funqciisaken da, maSasadame,  

            )x(dF)x(h)SL(
]b,[

ξ−
a

= 

            = )dx(F)x(hlim *
n

]b,[n ξ∞→ a
= )dx(F)x(hlim **

n
]b,[n ξ∞→ a

.  

magram yoveli ξk∈Δk wertilisaTvis 
*
kk

**
k h)(hh ≤ξ≤ . 

maSasadame,  

         ≤ξ )x(dF)x(h **
n

]b,[a
 

          )x(dF)x(h)]x(F)x(F)[(h *
n

]b,[
1kkk

n

1k
ξ−ξξ

=
≤−ξ≤

a
. 

es utolobebi amtkicebs orive integralis TanamTxvevas. 
riman-stiltiesis integrali uwyveti g(x) funqciidan 

SesaZlebelia ar emTxveodes lebeg-stiltiesis integrals 
usasrulo sigrZis intervalze. marTlac, riman-stiltie-
sis integrali R(1)=(- ∞, ∞)-Si ganisazRvreba 

         
∞→
−∞→

∞

∞−
=

b

b

)x(dF)x(glim)x(dF)x(g
aa

 tolobiT,  

Tuki es zRvari arsebobs da sasrulia. magram, SeiZleba mox-
des, rom 
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∞==
∞→
−∞→

∞

∞−

b

b

dx)x(glim)x(dF)x(g
aa

, 

e.i. )x(g  da, maSasadame, g(x)-c ar aris integrebadi lebeg-
stiltiesis azriT. aseTi magaliTebi cnobilia. magaliTad, 
∞

0
dx

x
xsin

 integrali arsebobs rimanis azriT, 
∞

0
dx

x
xsin

 in-

tegrali ki – ara. magram Tu g(x) integrebadia lebeg-stil-
tiesis azriT, maSin, cxadia, orive integrali erTmaneTs em-
Txveva. amgvarad, uwyvet funqciaTa klasi, romelTaTvis ar-
sebobs da sasrulia riman-stiltiesis arasakuTrivi integ-
rali F(x) funqciis mimarT, moicavs lebeg-stiltiesis az-
riT, F(x) funqciis mimarT integrebad uwyvet funqciaTa 
klass. 

$7. momentebi 

ξ SemTxveviTi sididis n-uri rigis m om e n t i  ewodeba 
Mξn-s. (5.21) formulis Tanaxmad  

                ξ=ξ
)1(R

nn )x(dFxM .  

Tu Fξ(x) diskretuli SemTxveviTi sididis ganawilebis 
funqciaa, maSin (5.4) formulis ZaliT 

                i
n

i
i

n pxM =ξ ,  

sadac  
                                       pi=P{ω:ξ(ω)=xi},  

xolo Tu Fξ(x)-s gaaCnia simkvrive fξ(x), maSin 

                   ξ=ξ
)1(R

nn dx)x(fxM . 

ξ SemTxveviTi sididis n-uri rigis a b solu t u ri  

m om e n t i  ewodeba nM ξ -s. aRvniSnoT Mξ=a.  
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n-uri rigis c e n t r alu r i  m o m e n t i  ewodeba    
M(ξ-a)n-s, xolo n-uri rigis a b solu t u ri  cen t ra -

lu ri  m om e n t i  _ nM a−ξ -s. 
meore rigis centralur moments ewodeba ξ SemTxveviTi 

sididis di s p ers i a  da aRiniSneba Dξ simboloTi, e.i.  

Dξ=M(ξ-a)2. 

dispersiidan kvadratul fesvs ξD  ki ewodeba s a S u -
alo kva dra t u li  g a da x ra . 

SeniSvna. dispersia aris ganawilebis „gafantulobis“ zo-
ma. is wrfeze erTeulovani masis ganawilebis inerciis mo-
mentis tolia. dispersia SeiZleboda gangvesazRvra asedac: 

2

b
)b(MminD −ξ=ξ . 

marTlac, vinaidan b2-2bMξ aRwevs minimalur mniSvnelo-
bas, roca b=Mξ, amitom  

222

b

2 )M(M)bM2b(minMD ξ−ξ=ξ−+ξ=ξ . 

am faqtidan gamomdinareobs, rom b=Mξ ricxvi aris ξ 
SemTxveviTi sididis saukeTeso Sefaseba (miaxloeba) saSua-
lo kvadratuli azriT. 

dispersias aqvs Semdegi T vi s eb e b i : 
1. Dξ≥0 da Dξ=0, maSin da mxolod maSin, rodesac ar-

sebobs iseTi mudmivi c sidide, rom 

P{ω:ω(ξ)=c}=1. 
damtkiceba gamomdinareobs maTematikuri lodinis IX Tvi-

sebidan, radganac  

Dξ=M(ξ-Mξ)2 da (ξ-Mξ)2≥0. 

2. nebismieri c mudmivisaTvis 

D(cξ)=c2Dξ,     D(ξ+c)=Dξ. 
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3. Tu ξ1, ξ2, ... , ξn damoukidebeli SemTxveviTi sidi-
deebia, maSin 

               i

n

1i
n21 D)...(D ξ=ξ++ξ+ξ

=
.       (7.1) 

damtkiceba. davamtkicoT (7.1) ori damoukidebeli ξ 
da η SemTxveviTi sidideebisaTvis. zogadi SemTxveva miiRe-
ba induqciis wesiT.  

gvaqvs  

          D(ξ+η)=M((ξ+η)-M(ξ+η))2=M((ξ-Mξ)+(η-Mη))2= 
                =M(ξ-Mξ)2+M(η-Mη)2+2M(ξ-Mξ)(η-Mη).  

radganac ξ da η SemTxveviTi sidideebi damoukidebelia, 
amitom ξ-Mξ da η-Mη agreTve damoukidebelia.  

maSasadame,  

         M(ξ-Mξ)(η-Mη)=M(ξ-Mξ)M(η-Mη)=0.  
gamovTvaloT maTematikuri lodini da dispersia zogi-

erTi SemTxveviTi sididisaTvis. 
magaliTi 1. vTqvaT, ξ SemTxveviTi sidide ganawilebu-

lia normalurad N(a, σ2).  
gvaqvs  

2

2
t2

2
2

M tf (t)dt

1 (t ) 1t exp dt te dt
22 2

∞

ξ
−∞

∞ ∞ −
σ

−∞ −∞

ξ = =

−= − = + =
σσ π σ π
a a a

. 

22
t

2
2

2

2
2 dtet

2
dx

2
)x(exp

2
1)x(D

2

σ=
π

σ=
σ
−−

πσ
−=ξ

∞

∞−

−∞

∞−

aa . 

amrigad, normaluri ganawilebis a da σ2 parametrebi, 
Sesabamisad, maTematikuri lodinisa da dispersiis tolia. 

magaliTi 2. vTqvaT, ξ=Sn binomialuri SemTxveviTi si-
didea, e.i. warmatebaTa raodenoba n damoukidebel orSede-
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gian cdaSi. rogorc viciT, Sn warmoadgens n erToblivad 
damoukidebel da erTi da igive ganawilebis mqone SemTxve-
viT sidideTa j ams:  

                               Sn = =ξ1 + ξ2 + ... +ξn,  

sadac  

             P{ω:ξj = 1} = p, P{ω:ξj = 0} = q = 1-p, j= n,1 . 

cxadia, rom  

                                         Mξj=p,  

xolo 

                        Dξj = Mξj
2 - (Mξj)2 = p - p2 = pq. 

amitom 

              MSn = np, DSn = npq. 

magaliTi 3. vTqvaT, ξ SemTxveviTi sidide ganawilebu-
lia puasonis kanoniT, e.i.  

            ,...2,1,0k,e
!k

}k)(:{P
k

=λ==ωξω λ−  .  

gvaqvs   

          
∞

=

∞

=

−
λ−λ− λ=

−
λλ=λ=ξ

0k 1k

1kk

)!1k(
ee

!k
kM , 

    
∞

=

∞

=

λ−λ− +λ−=λ−λ=ξ−ξ=ξ
0k 2k

k2
k

222 e
!k

)1k(ke
!k

k)M(MD  

    λ=λ−λ+λ=λ−λ+
∞

=

λ− 22

0k

2
k

e
!k

k
. 
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magaliTi 4. vTqvaT, ξ SemTxveviTi sidide ganawilebu-
lia Tanabrad [a,b] intervalze.  

gvaqvs  

2
bxdx

b
1M

b +=
−

=ξ a
a a

. 

=+−
−

=ξ−ξ=ξ
4

)b(dxx
b

1)M(MD
2b

222 a
a a

 

12
)b(

4
)b(

3
bb 2222 −=+−++= aaaa . 

magaliTi 5. vTqvaT, ξ SemTxveviTi sididis ganawilebi-
s simkvrivea 

               
≤

>
αΓ

λ
=

λ−−α
α

ξ

0x,0

0x,ex
)()x(f

x1
         (7.2) 

sadac α>0 da λ>0 parametrebia, xolo 

               Γ(α) dxex x

0

1 −
∞

−α=  – gama-funqciaa.  

ganawilebas, romlis simkvrivea (7.2), ewodeba g a m a -
g a n a w ileb a . 

gvaqvs  

      
λ
α=

αΓλ
+αΓ=

αΓλ
=

αΓ
λ=ξ

∞
−α

∞
λ−

αα

)(
)1(dueu

)(
1dxe

)(
xM

0

u

0

x
, 

      =
αΓλ

=
αΓ

=ξ
∞

−+α
∞

λ−
+α

0

x1
2

0

x
1

2 dxex
)(

1dxe
)(

xM  

          222 D,)1(
)(
)1(

λ
α=ξ

λ
+αα=

αΓλ
+αΓ= . 
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$8. kovariacia. korelaciis koeficienti. 

utolobebi 

wina paragrafis (7.1) formulis damtkicebisas dagvWir-
da gamogveTvala M[(ξ1 - Mξ1)(ξ2 - Mξ2)]. am sidides ewodeba 
ξ1 da ξ2 SemTxveviTi sidideebis kova ri a ci a  da cov(ξ1, 
ξ2) simboloTi aRiniSneba.  

amrigad,  

                         cov(ξ1, ξ2) = M[(ξ1 - Mξ1)(ξ2 - Mξ2)].  
aqedan maTematikuri lodinis TvisebaTa gamoyenebiT ad-

vili misaRebia Semdegi formula:  

                         cov(ξ1, ξ2) = Mξ1 ξ2 - Mξ1 Mξ2.  

cxadia, rom  

                         cov(ξ1, ξ1) = Dξ1   

da nebismieri ξ1, ... , ξn SemTxveviTi sidideebisaTvis 

       ).,cov(2D)...(D ji
nji1

n

1i
in1 ξξ+ξ=ξ++ξ

≤<≤=
 

(7.1) formulis damtkicebisas vaCveneT, rom Tu ξ1 da ξ2 
damoukidebeli SemTxveviTi sidideebia, maSin adgili aqvs 

                         cov(ξ1, ξ2) = 0                             (8.1) 
tolobas. Sebrunebuli debuleba samarTliani araa. SesaZ-
loa, SemTxveviT sidideebs Soris funqcionaluri kavSiric 
ki arsebobdes, magram kovariacia mainc nulis toli iyos. 
vTqvaT, magaliTad, ξ1 da ξ2 damoukidebeli SemTxveviTi si-
dideebia da, amasTan,  

                                                M ξ1 = M ξ2 = 0.  

aRvniSnoT ξ3 = ξ1ξ2. cxadia, ξ1 da ξ3 damokidebuli SemT-
xveviTi sidideebia (garda im trivialuri SemTxvevisa, ro-
desac ξ1 = const), magram 

cov(ξ1, ξ3) = Mξ1 ξ3 - Mξ1 Mξ3 =Mξ1
2Mξ2 = 0. 
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amgvarad, Tu cov(ξ1, ξ2) ≠ 0, maSin ξ1 da ξ2 SemTxveviTi 
sidideebi damokidebulia. ξ1 da ξ2 SemTxveviT sidideTa da-
mokidebulebis xarisxis ricxobriv maxasiaTeblad gamoiye-
neba korelaci i s  ρ = ρ(ξ1, ξ2) koeficienti, romelic ga-
nisazRvreba  

                 
21

21
21 DD

),cov(),(
ξξ
ξξ

=ξξρ              (8.2) 

tolobiT. 

korelaciis koeficientis Tvisebebi 

10. 1≤ρ . 

20. Tu ξ1 da ξ2 SemTxveviTi sidideebi damoukidebelia, maSin 
ρ(ξ1, ξ2) = 0. 

30. 1=ρ  maSin da mxolod maSin, rodesac ξ1-sa da ξ2-s So-
ris erTis toli albaTobiT arsebobs wrfivi kavSiri, 
e.i. moiZebneba iseTi a≠0 da b mudmivebi, rom ξ1 = aξ2 + b 
(T.a.). 

damtkiceba. SemoviRoT aRniSvnebi:  

                ,
D

M

1

11
1 ξ

ξ−ξ
=η    

                
2

22
2 D

M
ξ

ξ−ξ
=η . 

cxadia, rom  

                       Mη1 = Mη2 = 0,  Dη1 = Dη2 = 1.  

advili SesamCnevia agreTve, rom  

                ),(
DD

),cov(M 21
21

21
21 ξξρ=

ξξ
ξξ

=ηη . 
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10 Tviseba gamomdinareobs 

0≤D(η1±η2) = M(η1±η2)2 = Mη1
2 + Mη2

2± 2Mη1η2 = 

= 2(1±ρ(ξ1, ξ2)) 
utolobidan, xolo 20 Tviseba ki (8.1) da (8.2)-dan. 

davamtkicoT me-30 Tviseba. vTqvaT, ξ1 da ξ2 SemTxveviT 
sidideebs Soris wrfivi kavSiri arsebobs:  

                ξ1 = aξ2 + b (T.a.) a ≠0. 
aRvniSnoT  

              Mξ2 = α da β=ξ2D ;  

maSin 

a
a

a
aa

=
−α−+ξ

⋅
β

α−ξ
=ξξρ

b
bb

M),( 22
21 . 

axla davuSvaT, rom 1=ρ . vTqvaT, magaliTad, ρ=1. cxadia, 
rom 

            D(η1 - η2) = 2(1-ρ(ξ1, ξ2))=0.  
aqedan da dispersiis 1 Tvisebidan miviRebT, rom η1 − η2 = 

=const (T.a.). savsebiT analogiurad, erTis toli albaTo-
biT wrfivi kavSiri arsebobs maSinac, rodesac  

           ρ = −1: η1 − η2 = const. (T.a.).              

utolobebi 

am punqtSi Cven moviyvanT mniSvnelovan utolobebs maTe-
matikuri lodinisaTvis, romlebic sistematurad gamoiyene-
ba rogorc albaTobis TeoriaSi, ise maTematikur analizSi. 

1. CebiSevis utoloba. yoveli dadebiTi x ricxvisaT-
vis adgili aqvs utolobebs: 

               
x

M
}x)(:{P

ξ
≤≥ωξω .          (8.3) 
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               2x
D}xM)(:{P ξ≤≥ξ−ωξω .        (8.4) 

damtkiceba. gvaqvs 

         }x)(:{}x:{}x:{}x:{ xIIII ≥ωξω≥ξω<ξω≥ξω ≥ξ≥ξ+ξ=ξ  

aqedan     
           }x)(:{xPxMIM }x)(:{ ≥ωξω=≥ξ ≥ωξω . 

(8.4) utoloba miiReba pirveli utolobidan elementa-
ruli gardaqmnebiT.                                

CebiSevis utoloba (8.4) gviCvenebs, rom Tu dispersia 
mcirea, maSin 1-Tan axlos albaTobiT SemTxveviTi sididis 
mniSvnelobani Tavs iyris Μξ-is maxloblobaSi: 

            2x
D1}xM:{P ξ−≥<ξ−ξω . 

2. Svarci-koSi-buniakovskis utoloba 

vTqvaT, ξ1 da ξ2 iseTi SemTxveviTi sidideebia, rom 
Mξ1

2<∞, Mξ2
2<∞, maSin M ∞<ξξ 21  da  

            ( ) 2
2

2
1

2
21 MMM ξξ≤ξξ .          (8.5) 

damtkiceba. davuSvaT, rom Mξ1
2>0, Mξ2

2>0; maSin (8.5) 
utoloba miiReba 22 bb2 +≤ aa  utolobidan, Tu masSi Cav-
svamT 

            
2

1

1

Mξ

ξ
=a ,  

2
2

2

M
b

ξ

ξ
=   

da Semdeg aviRebT orive nawilis maTematikur lodins. Tuki 
Mξ1

2=0, maSin maTematikuri lodinis VII da IX Tvisebis 
ZaliT Mξ1 ξ2=0, e.i. (8.5) agreTve Sesrulebulia.        

3. iensenis utoloba 

Tu Mξ arsebobs da g(x), x∈R(1) amozneqili funqciaa, maSin 

                              g(Mξ)≤M(g(ξ)).                                (8.6) 
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damtkiceba. Tu g(x), x∈R(1) funqcias gaaCnia g'(x), 
g''(x) warmoebulebi, maSin g(x) funqciis amozneqilobidan 
gamomdinareobs g''(x)≥0 nebismieri x wertilisaTvis. maSasa-
dame, nebismieri a wertilisaTvis 

                                 g(ξ)≥g(a) + g'(a)(ξ-a).                (8.7) 
Tu am utolobaSi a=Mξ da aviRebT miRebuli utolobis 
orive nawilis maTematikur lodins, miviRebT (8.6)-s. zogad 
SemTxvevaSi (8.7)-is nacvlad unda gamoviyenoT is faqti, rom 
yoveli amozneqili g(x) funqciisaTvis da yoveli a werti-
lisaTvis moiZebneba iseTi c mudmivi ricxvi, rom nebismieri 
x-Tvis 
                                 g(x)≥g(a)+c(x-a).                                      

4. liapunovis utoloba 

davuSvaT, rom 0<α<β, maSin  

             ( ) ( ) ββαα ξ≤ξ
/1/1

MM . 
damtkicebisaTvis iensenis utolobaSi unda aviRoT g(x)=xβ/α 

amozneqili funqcia da αξ  SemTxveviTi sidide.                

liapunovis utolobidan gamomdinareobs Semdegi f a qt i : 
Tu ξ SemTxveviT sidides gaaCnia k-uri rigis sasruli mome-
nti, maSin mas gaaCnia k-ze naklebi rigis Mξm, m=1, 2,..., k-1 
momentebi. 

$9. pirobiTi ganawileba da  

pirobiTi maTematikuri lodini 

1. vTqvaT, (Ω, ,P) albaTuri sivrcea da xdomiloba B∈  
iseTia, rom P(B)>0.  

ganvixiloT axali albaTuri sivrce (Ω, , PB(⋅)), sadac 
PB(A)=P(A|B), A∈ .  

vTqvaT, ξ=ξ(ω), ω∈Ω, (Ω, , P) sivrceze gansazRvruli 
SemTxveviTi sididea. cxadia, igi iqneba agreTve SemTxveviTi 
sidide (Ω, , PB) albaTur sivrcezedac. 
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gansazRvra 9.1. (Ω, , PB) albaTur sivrceze ξ SemTx-
veviTi sididis maTematikur lodins ewodeba pirobiTi ma-
Tematikuri lodini B pirobiT da aRiniSneba simboloTi 
M(ξ|B): 

)d(P)()B|(M B ωωξ=ξ
Ω

. 

PB(⋅) zomis gansazRvridan gamomdinareobs, rom 

            =∩ωωξ=ωωξ=ξ
ΩΩ

)Bd(P)(
)B(P

1)B|d(P)()B|(M  

              )d(P)(
)B(P

1
B

ωωξ= . 

aRvniSnoT 

                             )d(P)()B;(M
B

ωωξ=ξ , 

e.i. 

                             )B;(M
)B(P

1)B|(M ξ=ξ . 

advili SesamCnevia, rom funqcia 

{ }B|xP)x(P)B|x(F B <ξ=<ξ=ξ  

aris (Ω, , PB)-ze ganxiluli ξ SemTxveviTi sididis gana-
wilebis funqcia. 

gansazRvra 9.2. Fξ(x|B) funqcias ewodeba ξ SemTxvevi-
Ti sididis pirobiTi ganawilebis funqcia B – pirobiT. 

M(ξ|B) SeiZleba Caiweros, agreTve, Semdegi saxiT: 

M(ξ|B) =
∞

∞−
ξ )B|x(xdF . 

Tu σ-algebra σ( ξ) (σ( ξ) aris σ-algebra warmoqmnili 
yvela ξ-1(B), B∈ (1), saxis simravleTa erTobliobisagan, 

(1) – borelis σ-algebraa RerZze) damoukidebelia B xdo-
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milobaze (e.i. IA(ω), A∈σ(ξ) da IB(ω) damoukidebeli SemTx-
veviTi sidideebia), maSin  

                                       PB(A)≡P(A)  
nebismieri A∈σ(ξ) xdomilobisaTvis. 

maSasadame, 

ξ=ξξ=ξ≡ ξξ M)B(P)B;(M,M)B|(M),x(F)B|x(F . 

vTqvaT, {Bn} xdomilobaTa iseTi mimdevrobaa, rom  

=∩Ω=
=

jk

m

1k
k BB,B ∅, k≠j,  P(Bk)>0,  ∀k  , maSin 

==Ω =
ξ=ξ=ωξ=ωξ=ξ

m

1k
kk

m

1k
k

m

1k B
)B/(M)B(P)B;(MdP)(dP)(M

k

. 

Cven miviReT maTematikuri lodinisaTvis sruli alb a -
Tob i s  form u la . 

magaliTi. vTqvaT, ξ SemTxveviTi sididiT izomeba raime 
sistemis (meqanizmis) funqcionirebis dro. cnobilia, rom 
sistemam imuSava a drois ganmavlobaSi. rogoria sistemis 
muSaobis darCenili xangrZlivobis ganawileba? ras udris 
misi maTematikuri lodini? 

cxadia, Cven unda movZebnoT P{ξ-a≥x|ξ≥a} da M{ξ-a|ξ≥a}. 
davuSvaT, rom P(a)=P{ξ≥a}>0. maSin zemoT moyvanili for-
mulebis ZaliT davwerT:  

P{ξ- a | ξ  a}=
)(P

)x(P
a

a+
,  

)x(xdF
)(P

1)|(M
0

a
a

aa +=≥ξ−ξ
∞

. 

moviyvanoT eqsponencialuri ganawilebis metad saintereso 
Tviseba. vTqvaT, ξ ganawilebulia eqsponencialuri kanoniT: 

- xe
0, x 0

F (x) P{ x}
, x 0, 0.ξ λ

<
= ξ < =

≥ λ >
 

1 -  

roca
roca
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Tu sistemis funqcionirebis dro ξ ganawilebulia eqs-
ponencialuri kanoniT, maSin 

{ } )x(Pe
e

e
)(P

)x(P|P x
)x(

===+=≥ξ≥−ξ λ−
λ−

+λ−

a

a

a
aaaa . 

rogorc vxedavT, tolobis marj vena mxare ar aris damo-
kidebuli a-ze, e.i. sistemis muSaobis darCenili xangrZli-
vobis ganawileba emTxveva axali sistemis muSaobis xangrZ-
livobis ganawilebas. 

2. vTqvaT, (Ω, , P) albaTur sivrceze mocemulia ori 
ξ=(ξ1,...,ξd)∈Rd da η=(η1,...,ηm)∈Rm SemTxveviTi veqtori. 
Tu P(η=x}>0, maSin pirobiTi albaTobis formulis ZaliT 
davwerT: 

                       { } { }
}x{P

)x()B(Px|BP
=η

=η∩∈ξ==η∈ξ . 

es formula kargavs azrs, roca P{η=x}=0. pirobiTi 
albaTobis zogadi gansazRvra nulis toli albaTobis mqo-
ne xdomilobaTa klasebis mimarT iyenebs zomaTa Teoriis 
rTul aparats da aq moyvanili ar iqneba. davuSvaT, rom ξ 
da η veqtorebs gaaCniaT erToblivi ganawilebis simkvrive 

               f(x,y)=f(ξ,η)(x,y), x∈Rd, y∈Rm.  

vTqvaT, Kε, Kε∈Rm kubia centriT y – wertilze da 2ε 
sigrZis wiboTi. davuSvaT, rom  

                                P{η∈Kε}>0, ∀ε∈(0,ε0).  
maSin  

           

∈

∈=∈η∈ξ ∈

K R

K B

d
dxdy)y,x(f

dxdy)y,x(f
}K|B{P .     (9.1) 

vTqvaT, ε→0. TiTqmis yvela (lebegis zomis azriT) y-Tvis 
arsebobs (9.1)-is zRvari da is tolia 
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)y(f

dx)y,x(f

dx)y,x(f

dx)y,x(f
B

R

B

d
η

= ,   (9.2) 

sadac fη(y) aris η – SemTxveviTi veqtoris ganawilebis sim-
kvrive. 

bunebrivia miRebuli gamosaxuleba unda miviRoT pirobi-
Ti albaTobis gansazRvrebad. 

gansazRvra 9.3. {ξ∈B}, B∈ d, xdomilobis pirobiTi 
albaToba {η=y} pirobiT ewodeba gamosaxulebas 

               
)y(f

dx)y,x(f
}y|B{P B

η

==η∈ξ ,       (9.3) 

sadac 

                  =η
dR

dx)y,x(f)y(f . 

(9.2)-is marj vena mxare kargavs azrs, roca fη(y)=0. mag-
ram albaToba imisa, rom η veqtoris mniSvneloba „Cavarde-
ba“ Nη={y:fη(y)=0} simravleSi nulis tolia: 

                                
η

==∈η ηη
N

0dy)y(f}N{P . 

es garemoeba gvaZlevs saSualebas ignorirebuli iyos (9.3) 
formulis ganusazRvreloba da SemdegSi CavTvliT, rom 

               P{ξ∈B|η=y}=0, Tu fη(y)=0. 
(9.3) formulas SeiZleba mivceT Semdegi interpretacia: 

Tu SemTxveviT veqtorTa wyvils (ξ,η) aqvs ganawilebis 
simkvrive f(x,y), maSin arsebobs fξ|η(x|y) pirobiTi simkvrive 
ξ veqtoris ganawilebisa η=y pirobiT da is ganisazRvreba 
formuliT: 

               
)y(f
)y,x(f)y|x(f |

η
ηξ = .             (9.4) 
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(9.4) formulidan gamomdinareobs, rom 

)x(f)x|y(f)y(f)y|x(f)y,x(f || ξηξηηξ == . 

pirobiTi ganawilebis simkvrive )y|x(f |ξη  warmoadgens 
raime ganawilebis simkvrives Rd-Si: 

dx)y|x(f)|A(F
A

|| ηξηξ =η ; 1dx)y|x(f
dR

| =ηξ , roca y∉N. 

gansazRvra 9.4. ξ∈R1 SemTxveviTi sididis pirobiTi 
maTematikuri lodini η=y pirobiT ewodeba gamosaxulebas 

                    
∞

∞−
ηξ==ηξ= dx)y|x(xf)y|(M)y(m | , 

xolo pirobiTi dispersia – 

                    )y/))y|(M((M)y|(D 2 =η=ηξ−ξ==ηξ . 

Tu M|ξ|<∞, maSin pirobiTi maTematikuri lodini 
M(ξ|η=y), gansazRvrulia yvela y∉N1-saTvis, sadac N1 ise-
Ti simravlea, rom P{η∈N1}=0. marTlac, 

               
)y(f

dx)y,x(xf
)y|(M

η

∞

∞−==ηξ , 

amasTan,       

             ∞<= ξ dx)x(f|x|dxdy)y,x(f|x| , 

ase rom, 

            ∞<
∞

∞−
dx)y,x(xf  TiTqmis yvela y-saTvis. 

z=M(ξ|η=y)-s ewodeba ξ-is η-ze regresiis zedapiris gan-
toleba. am funqciis azri imaSi mdgomareobs, rom η SemT-
xveviTi veqtoris mniSvnelobis pirobiT ganisazRvreba ξ 
SemTxveviTi sididis pirobiTi saSualo mniSvneloba. 



 126 

3. p i rob i T i  m aT em a t i ku ri  lodi n i ,  rogo-
rc S emTx veviTi  sidide. ganvixiloT SemTxveviTi sidi-
deebi: 

η=η=ηξξ =ηξ=ηξ=η yy| )y|(M)|(M,)y,x(f)|x(f . 

maT uwodeben pirobiTi ganawilebis simkvrives da piro-
biT maTematikur lodins η pirobiT. masTan is garemoeba, 
rom fξ|η(x|y) funqcia {y:y∈Nη} simravleze gansazRvrulia, 
nebismierad ar TamaSobs gansakuTrebul rols, vinaidan 
P{η∈Nη}=0. gavixsenoT, rom SemTxveviT sidideTa toloba 
niSnavs maT ek vi valen t ob a s . 

M(ξ|η)-is gansazRvridan gamomdinareobs, rom M(ξ|η)=g(η), 
g(y), y∈Rm borelis funqciaa. mas gaaCnia Semdegi Tviseba: ne-
bismieri SemosazRvruli h(y), y∈Rm, borelis funqciisaTvis 

             Mh(η)ξ=Mh(η)g(η).              (9.5) 

marTlac, 

m

m d

R

R R

Mh( )g( ) h(y)g(y)f (y)dy

h(y)xf (x,y)dxdy Mh( )

η
η η = =

= = η ξ
. 

SevniSnoT, rom (9.5) toloba calsaxad gansazRvravs g(η) 
SemTxveviT sidides. es imas niSnavs, rom Tu (9.5) srulde-
ba ori g(y) da )y(g~  funqciisaTvis, rogorc ar unda iyos 
zomadi SemosazRvruli h(x), x∈Rm funqcia, maSin erTis 
toli albaTobiT )(g~)(g η=η . davamtkicoT es. 

gvaqvs 
             )(g~)(Mh)(g)(Mh)(Mh ηη=ηη=ξη ,  
aqedan  
                  0))(g~)(g)((Mh =η−ηη .  
davuSvaT, rom, 
                )(I)](g~)(g[)(h c ω⋅η−η=η   

sadac Ic(ω)=1, Tu |g(η)|≤c da c|)(g~| ≤η  da Ic(ω)=0 winaaRm-
deg SemTxvevaSi.  
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miviRebT  
             0|)(g~)(g|MI 2

c =η−η , 
saidanac  
                0|)(g~)(g|Ic =η−η   

TiTqmis aucileblad. gadavideT am tolobaSi zRvarze, ro-
ca c→∞, miviRebT )(g~)(g η=η  TiTqmis aucileblad.      

is faqti, rom (9.5) toloba calsaxad gansazRvravs ζ=g(η) 
SemTxveviT sidides, gvaZlevs saSualebas moviyvanoT M(ξ|η)-is 
zogadi gansazRvra. 

gansazRvra 9.5. ξ SemTxveviTi sididis M(ξ|η) pirobiTi 
maTematikuri lodini η pirobiT ewodeba g(η) SemTxveviT 
sidides, sadac g(y) iseTi borelis funqciaa, rom nebismi-
eri SemosazRvruli h(x) borelis funqciisaTvis sruldeba 
(9.5) toloba. 

SeiZleba vaCvenoT, rom, roca M|ξ|<∞ pirobiTi matema-
tikuri lodini M(ξ|η) yovelTvis arsebobs. 

Tu ϕ(x), x∈Rd, raime borelis funqciaa, romlisTvisac 
M|ϕ(ξ)|<∞, maSin adgili aqvs tolobas 

            ηϕ=ηξϕ ηξ
dR

| dx)|x(f)x()|)((M      (9.6) 

damtkicebisaTvis sakmarisia SevamowmoT, rom (9.6)-is ma-
rj vena gamosaxuleba akmayofilebs gansazRvra 9.5-s. 

(9.6)-is marj vena mxare aRvniSnoT g(η)-iT. gvaqvs 

        
m m dR R R

Mh( )g( ) h(y)g(y)f (y)dy h(y) (x)η ×η η = = ϕ  

m d
|

R R

f (x | y)f (y)dydx h(y) (x)f (x,y)dydx Mh( ) ( )ξ η η× = ϕ = η ϕ ξ . 

amgvarad, g(η) sidide akmayofilebs ϕ(ξ) SemTxveviTi si-
didis pirobiTi maTematikuri lodinis η –pirobiT gansaz-
Rvras. Tu (9.5) tolobaSi h(y)≡1, maSin miviRebT: 

                                   MM(ξ|η)=Mξ.                 (9.7) 
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CamovTvaloT pirobiTi maTematikuri lodinis Tvisebebi: 

1. M(C|η)=C; 2) M(Cξ|η)=CM(ξ|η); 
3. M(C1ξ1+ C2ξ2|η)=C1M(ξ1|η)+C2M(ξ2|η); 
4. Tu ξ da η damoukidebeli SemTxveviTi sidideebia, ma-

Sin M(ξ|η)=Μξ; 
5. M(ξh(η)|η)=h(η)Μ(ξ|η); 6) MM(ξ|η)=Μξ. 
pirobiTi maTematikuri lodini mniSvnelovan rols Ta-

maSobs. es roli dakavSirebulia erT eqstremalur Tvise-
basTan. 

vTqvaT, ξ, η1, η2, ...,ηk SemTxveviTi sidideebia, amasTan, ve-
qtori η=(η1, ...,ηk) dakvirvebadia, xolo ξ SemTxveviTi sidi-
de aradakvirvebadi. saWiroa SevafasoT ξ-is mniSvneloba η-
veqtoris saSualebiT. 

es niSnavs, rom unda moiZebnos m(x)=m(x1,...,xk) funqcia, 
romlisTvisac )(mˆ η=ξ SemTxveviTi sidide rac SeiZleba nak-
lebad gansxvavdebodes ξ-gan. ξ≅ξ̂  miaxloebis sizustis zo-
mad gamoviyenoT 2|ˆ|M ξ−ξ  – saSualo kvadratuli gadaxra 
da amocana CamovayaliboT ase: vTqvaT, M|ξ|2<∞. k - cvladis 
borelis funqciaTa H klasSi, romelTaTvis M|h(η)|2<∞ 
∀h∈H,  unda moiZebnos iseTi m(x) ∈H , rom 

                             M|ξ-m(η)|2≤M|ξ-h(η)|2, ∀h∈H. 
aseTi m(x), x∈Rm, funqcia arsebobs da is M(ξ|η1=x1, 

η2=x2,...,ηk=xk) regresiis funqciis tolia. marTlac, 

M|ξ-h(η)|2=M|ξ-m(η)|2+M((ξ-m(η)(m(η)-h(η))+M(m(η)-(η))2. 
(5) da 6) Tvisebis ZaliT, miviRebT: 

M(ξ-m(η))(m(η)-h(η))=M(m(η)−h(η))M(ξ-m(η)|η)=0. 
maSasadame, 

M|ξ-h(η)|2=M|ξ-m(η)|2+M|m(η)-h(η)|2≥M|(ξ-m(η)|2.          

vTqvaT, (ξ,η) ganawilebulia normaluri kanoniT, rom-
lis ganawilebis simkvrivea 
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           −
σ

−
ρ−

−
ρ−σπσ

=ξη 2
1

2
1

22
21

)mx(
)1(2

1exp
12

1)y,x(f  

           
σ

−+
σσ

−−ρ− 2
2

2
2

21

21 )my()my)(mx(2 . 

(9.4) formulis ZaliT davwerT: 

                
ρ−σ

−−
σρ−π

=ηξ )1(2
))y(mx(exp

)1(2
1)y|x(f 22

1

2

2
1

2| , 

sadac  

               )my(m)y(m 2
2

1
1 −ρ

σ
σ+= . 

maSin gansazRvra 9.4-is ZaliT miviRebT: 

                       
∞

∞−
ηξ ===ηξ )y(mdx)y|x(xf)y|(M | . 

Tu Dη>0, maSin ξ-is optimaluri Sefaseba η-Ti iqneba: 

           )M(
D

),cov(M)|(M η−η
η

ηξ+ξ=ηξ . 

Cven III TavSi integrirebis gziT miviReT ori ξ1 da ξ2 
damoukidebeli SemTxveviT sidideTa j amis ganawilebis funq-
ciis gamosaTvleli (6.1) formula. igive formulis miReba 
SeiZleba ufro martivad (9.7) formulis gamoyenebiT. 

marTlac, P{ ξ1+ξ2<x} aris I(ξ1+ξ2<x) (I-indikatoria) 
SemTxveviTi sididis maTematikuri lodini. vinaidan 

2

1 2 1 2

2

M(I( x) | t) M(I(t x)
P{t x} F (x t),ξ

ξ + ξ < ξ = = + ξ < =
= + ξ < = −

 

amitom 

  
1 21 2 1 2 1P{ x} M[MI( x) | ] dF (t)F (x t)

∞

ξ ξ
−∞

ξ + ξ < = ξ + ξ < ξ = − .   
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Tavi V 

 

SemTxveviT sidideTa mimdevrobis  

krebadobis saxeebi 

 
$1. albaTobiT krebadoba 

 

gansazRvra 1.1. (Ω, ,P) albaTur sivrceze gansazRvru-
l SemTxveviT sidideTa ξ1, ξ2, ... , ξn,... mimdevrobas ewodeba 
ξ SemTxveviTi sididisaken alb a Tob i T  kreb a di , Tu 
nebismieri dadebiTi ε ricxvisaTvis  

             0})()(:{P n →ε>ωξ−ωξω , roca n→∞. 

SemTxveviT sidideTa ξn mimdevrobis ξ SemTxveviTi sidi-
disaken albaTobiT krebadobas aRvniSnavT ase: ξn ⎯→⎯P ξ. 
moviyvanoT albaTobiT krebadobis ZiriTadi Tvisebebi. 

10. vTqvaT, ξn ⎯→⎯P ξ da f(x), x∈R1 uwyveti funqciaa, maSin 

f(ξn ) ⎯→⎯P f(ξ). 
marTlac, vTqvaT, I iseTi sasruli intervalia, rom 

                                
2

1}I)(:{P η−=∈ωξω   

da 

            
2

1})()(:{P n
η−>δ<ωξ−ωξω  roca n>n0.  

Semdeg 
            ε<− )x(f)x(f 21 , Tu δ<− 21 xx  da x1∈I.  

aqedan davwerT: 

≥ε<ξ−ξω })(f)(f:{P n ≥∈ωξδ<ωξ−ωξω }I)(,)()(:{P n  

    η−≥∈ωξω−δ<ωξ−ωξω 1}I)(:{P})()(:{P n , roca n≥n0,  

an rac igivea  

                               η<ε≥ξ−ξω })(f)(f:{P n , roca n>n0. 
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10-dan gamomdinareobs, rom Tu  

               constcP
n =⎯→⎯ξ   

da f(x) uwyveti funqciaa, maSin  

               )c(f)(f P
n ⎯→⎯ξ . 

20. vTqvaT, f(x) uwyveti funqciaa da  

            0P
nn ⎯→⎯η−ξ , η⎯→⎯η P

n ,  

maSin 0)(f)(f P
n ⎯→⎯η−ξ  (daamtkiceT!). 

30. vTqvaT, mocemulia m SemTxveviT sidideTa m,1k,)k(
n =ξ  

mimdevroba da, amasTan,  

                 )k(P)k(
n ξ⎯→⎯ξ .  

Tu Φ(x1, ... , xm) R(m)-ze gansazRvruli uwyveti funqciaa, 
maSin 

  ),...,,(),...,,( )m()2()1(P)m(
n

)2(
n

)1(
n ξξξΦ⎯→⎯ξξξΦ . 

30-is damtkiceba 10-is analogiuria. 

40. Tu ξ⎯→⎯ξ P
n  da 1}c)(:{P n =≤ωξω  yoveli n-Tvis 

da romelime c>0 ricxvebisaTvis, maSin 

                 ξ=ξ
∞→

MMlim nn
.  

SevniSnoT, rom aseve 

                 1}c)(:{P =≤ωξω .  

marTlac, vTqvaT, f(x) iseTi uwyveti funqciaa, rom 
f(x)=0, roca cx ≤  da f(x)>0, roca cx > .  
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maSin 
      P{ω:f(ξn)=0}=1 da 10-is ZaliT )(f)(f P

n ξ⎯→⎯ξ ,  
maSasadame, 
                          P{ω:f(ω)=0}=1 da 1}c)(:{P =≤ωξω . 

vTqvaT, axla In(δ) indikatoria δ≥ωξ−ωξω )()(:{ n } sim-
ravlis, maSin  

                                )(cI2 nn δ+δ≤ξ−ξ .  
aqedan miviRebT, rom 

n n n

n

M M M 2cMI ( )

2cP{ : ( ) ( ) },

ξ − ξ ≤ ξ − ξ ≤ δ + δ ≤

≤ δ + ω ξ ω − ξ ω > δ
 

maSasadame,  
                     δ<ξ−ξ

∞→
MMlim nn

 

rogoric ar unda iyos δ>0.                           
gansazRvra 1.2. amboben, rom SemTxveviT sidideTa 

ξ1, ξ2, ... , ξn,... mimdevroba s a S u alod kreb a di a  ξ SemT-
xveviTi sididisaken, Tu  

         ∞<ξnM , ∞<ξM  da 0Mlim nn
=ξ−ξ

∞→
.  

cxadia, rom am SemTxvevaSi  

                    ξ=ξ
∞→

MMlim nn
. 

50. Tu ξ→ξn  saSualod, maSin ξ⎯→⎯ξ P
n . damtkiceba 

miiReba CebiSevis utolobidan: 

        ξ−ξ
ε

≤ε≥ωξ−ωξω nn M1})()(:{P .           

gansazRvra 1.3. amboben, rom ξn SemTxveviT sidideTa mi-
mdevroba s a S u alo kvadrat u li  a z ri T kreb adi a  
ξ SemTxveviTi sididisken, Tu  

        ∞<ξ2
nM , ∞<ξ2M  da 0Mlim 2

nn
=ξ−ξ

∞→
. 
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60. Tu ξ→ξn  saSualo kvadratuli azriT, maSin ξ→ξn  
saSualod da, maSasadame, agreTve ξ⎯→⎯ξ P

n . es gamomdina-
reobs 

             ( ) 2/12
nn MM ξ−ξ≤ξ−ξ   

utolobidan. 
70. Tu ξ→ξn  saSualo kvadratuli azriT, maSin  

          ξ→ξ MM n  da 22
n MM ξ→ξ . 

damtkiceba. ξ→ξ MM n  gamomdinareobs 60-dan. meoris 
damtkicebisaTvis SevniSnavT, rom 

        2 2 2 2

n n n
[ ( )] 2( ( ) )ξ = ξ + ξ − ξ ≤ ξ + ξ − ξ ,  

maSasadame,  

             ])(MM[2M 2
n

22
n ξ−ξ+ξ≤ξ .  

amitom 
2 2

n n n
M M M( )( )ξ − ξ = ξ − ξ ξ + ξ ≤ 

1/ 2 1/ 2
2 2

n n
M( ) M( )≤ ξ − ξ ξ + ξ ≤ 

[ ] [ ] ≤ξ+ξξ−ξ≤
2/122

n
2/12

n )MM(2)(M  

[ ] [ ] 0)(M4M5)(M
2/12

n
22/12

n →ξ−ξ+ξξ−ξ≤ .    

80. imisaTvis, rom ξn mimdevroba krebadi iyos c mudmi-
visaken saSualo kvadratuli azriT, aucilebelia da sakma-
risi, rom 

                  cM n →ξ , 0D n →ξ . 

marTlac, Tu cn →ξ  saSualo kvadratuli azriT, maSin 

               cMcM n =→ξ , 22
n cM →ξ ,  

amitom  

                  0)M(MD 2
n

2
nn →ξ−ξ=ξ .  
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SebrunebiT, Tu cM n →ξ , 0D n →ξ , maSin  

                 0)cM()M(M)c(M 2
n

2
nn

2
n →−ξ+ξ−ξ=−ξ .     

$2. did ricxvTa kanoni 

vTqvaT, ξ1, ξ2, ...  SSemTxveviT sidideTa mimdevrobaa, rome-
lTac aqvT sasruli maTematikuri lodini. 

gansazRvra 2.1. Cven vityviT, rom ξ1, ξ2, ... SemTxveviT 
sidideTa mimdevroba emorCileba did ricxvTa kanons, Tu 

0M
n
1

n
1 Pn

1k
k

n

1k
k ⎯→⎯ξ−ξ

==
. 

CebiSevis Teorema. Tu ξ1, ξ2, ..., ξn, .... SemTxveviTi 
sidideebi wyvil-wyvilad damoukidebelia da ∞<≤ξ cD j , 
j=1, 2, ... , maSin 

0M
n
1

n
1Z Pn

1j
j

n

1j
jn ⎯→⎯ξ−ξ=

==
. 

damtkiceba. davamtkicoT ufro meti, rom Zn→0 saSu-
alo kvadratuli azriT. vinaidan MZn=0, amitom wina pa-
ragrafis 80-is safuZvelze sakmarisia davamtkicoT, rom 
DZn→0.  

radganac ξ1,  ξ2, ... SemTxveviTi sidideebi wyvil-wyvilad 
damoukidebelia, amitom 

n n

2 2n j j j j jj 1 i j

1 1DZ D M[ M ][ M ]
n n= ±

= ξ + ξ − ξ ξ − ξ = 

n
2

jj 1

cn D 0
n

−

=
= ξ ≤ → .          

Sedegi. Tu ξ1, ξ2, ..., ξn,.... SemTxveviTi sidideebi wyvil-
wyvilad damoukidebelia,  

     Mξ1 = Mξ2 = ... = a da ∞<≤ξ cD j , j=1, 2, ... ,  
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maSin 

  a⎯→⎯ξ
=

Pn

1j
jn

1
.              (2.1)   

ukanasknel debulebas gansakuTrebuli mniSvneloba aqvs 
gazomvaTa TeoriaSi, saxeldobr, vigulisxmoT, rom vawar-
moebT raime fizikuri sididis gazomvas. Tu erTsa da imave 
pirobebSi CavatarebT n-j er gazomvas, miviRebT ramdenadme 
mainc erTmaneTisagan gansxvavebul x1, x2,..., xn mniSvnelobebs. 
WeSmariti mniSvnelobis pirvel miaxloebad miiCneven gazo-
mvis Sedegad miRebul sidideTa saSualo ariTmetikuls 

                 
=

≈
n

1j
jx

n
1a .  

Tuki gazomvis dros Tavisufali varT sistematuri cdo-
milebebisagan, e.i. Tu Mx1=Mx2=...=Mxn=a, maSin n-is sakma-
od didi mniSvnelobisaTvis (2.1)-is Tanaxmad, TiTqmis erTis 
toli albaTobiT naCvenebi gziT SegviZlia miviRoT mniSvne-
loba, romelic ragind axlos iqneba a saZebn mniSvnelobas-
Tan. 

bernulis Teorema. vTqvaT, Sn – „warmatebaTa“ raode-
nobaa n damoukidebel orSedegian cdaSi, xolo p – „warmate-
bis“ albaToba calkeul cdaSi. maSin warmatebaTa fardobiTi 
sixSire albaTobiT ikribeba warmatebis albaTobisaken, e.i.  

                  p
n

S Pn ⎯→⎯ . 

damtkiceba. rogorc viciT,  

                               Sn = ξ1 + ξ2 + ...+ ξn,  

sadac ξ1, ξ2, ..., ξn erTnairad ganawilebuli damoukidebeli 

SemTxveviTi sidideebia saerTo 
− p,p1

1,0
 ganawilebiT da, 

amasTan,  

Mξk=p, Dξk=p(1-p)≤
4
1 , k=1, 2, ... . 
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rogorc vxedavT, CebiSevis Teoremis SedegSi moTxovnili 
pirobebi am SemTxvevaSi sruldeba da, maSasadame, 

0}M
n
1

n
1:{P}p

n
S:{P

n

1j

n

1j
jj

n →ε>ξ−ξω=ε≥−ω
= =

,  

roca n→∞.               

markovis Teorema. Tu ξ1, ξ2, ..., ξn, .... SemTxveviTi sidi-
deebis mimdevrobisaTvis  

                         0D
n
1 n

1j
j2 →ξ

=
, roca n→∞,  

maSin 

1M
n
1

n
1Plim

n

1j

n

1j
jjn

=ε<ξ−ξ
= =∞→

. 

damtkiceba gamomdinareobs CebiSevis utolobebidan, 
marTlac 

        2

n

1j
jn

1j

n

1j
jj

n
1D

1M
n
1

n
1P

ε

ξ
−≥ε<ξ−ξ =

= =
.        

SeniSvna. Tu ξ1, ξ2, ..., ξn, .... arian wyvil-wyvilad urTier-
Tdamoukidebeli, maSin markovis piroba miiRebs Semdeg saxes: 

              0D
n
1 n

1j
j2 →ξ

=
, roca n→∞.  

saidanac gamomdinareobs, rom CebiSevis Teorema warmoadgens 
markovis Teoremis kerZo SemTxvevas. 

xinCinis Teorema. Tu ξ1, ξ2, ..., ξn, .... damoukidebeli 
da erTi da igive ganawilebisa da sasruli maTematikuri 
lodinis a=Mξn mqone SemTxveviTi sidideebia, maSin 

                a⎯→⎯ξ
=

Pn

1k
kn

1
. 
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damtkiceba. ganvsazRvroT e.w. „wakveTis“ meTodiT axa-
li ηk da ζk SemTxveviTi sidideebi: 

δ≥ξ
δ<ξξ

=η
,n,0
,n,

k

kk
k  Tu

 Tu
  

δ≥ξξ
δ<ξ

=ζ
,n,
,n,0

kk

k
k  Tu

 Tu
 

sadac δ dadebiTi fiqsirebuli ricxvia. cxadia, rom nebis-
mieri k-Tvis (1≤k≤n)   ξk = ηk + ζk. ηk SemTxveviTi sididisa-
Tvis arsebobs maTematikuri lodini da dispersia: 

δ

δ−
ξ=η=

n

n
kn )x(xdFM

1
a , 

bn)x(dFxn)x(dFxD
n

n

2
n

n

n

2
k 11

δ≤δ≤−=η
δ

δ−
ξ

δ

δ−
ξ a , 

sadac  
∞

∞−
ξ= )x(dFxb

1
. 

CebiSevis utolobis ZaliT 

             2

n

1k
nk

b)(
n
1:P

ε
δ≤ε≥−ωηω

=
a  .       (2.3) 

Semdeg, vinaidan an→a, roca n→∞, amitom yoveli ragind 
mcire dadebiTi ε ricxvisaTvis moiZebneba iseTi mTeli da-
debiTi ricxvi N1, rom ε<− aan , roca n>N1. aqedan, (2.3) 
utolobis Tanaxmad, 

+−ηω≤ε≥−ωηω
==

n

1k
nk

n

1k
k n

1:P2)(
n
1:P aa   

} n
2

n k 1k 1

12 P : b / , n N .
n =

+ − ≥ ε ≤ ω η − ≥ ε ≤ δ ε ≥a a a  (2.4) 
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(2.4) utolobisa da ξk = ηk + ζk warmodgenidan miviRebT: 

+−ηω≤ε≥−ξω
==

n

1k
k

n

1j
j n

1:P4
n
1:P aa ≤ε≥ζ

=
4

n
1 n

1k
k  

{ }n n

k kk 1 k 1

1P : 2 P : 0
n = =

≤ ω η − ≥ ε + ω ζ ≠ ≤a   

{ } { }n n n

2 2k k 1k 1 k 1 k 1

b bP : 0 P : 0 , n N .
= = =

δ δ≤ + ω ζ ≠ ≤ + ω ζ ≠ >
ε ε

 (2.5) 

axla SevafasoT ≠ζω
=

n

1k
k 0:P , SevniSnoT, rom  

           { }=≠ζω 0:P k 1 1
x n x n

1dF (x) x dF (x)
nξ ξ

≥ δ ≥ δ
≤

δ
  

pirobis ZaliT  

                   
δ≥

ξ →
nx

0)x(dFx
1

,  

amitom arsebobs iseTi N2>0 ricxvi, rom  

                   
δ≥

ξ δ<
nx

2)x(dFx
1

, n>N2,  

e.i. 

            { }
n

0:P k
δ≤≠ζω , roca n>N2.           (2.6) 

sabolood (2.5) da (2.6) Tanafardobebidan vRebulobT: 

  2

n

1k
k

b}4
n
1:{P

ε
δ+δ≤ε≥−ξω

=
a , roca n>max(N1, N2). (2.7) 

radganac δ nebismieri dadebiTi ricxvia, amitom (2.7)-is 
marj vena mxare SegviZlia gavxadoT ragind mcire ricxvze 
naklebi.                               

SeniSvna. 1. sainteresoa SevniSnoT, rom CebiSevis Teore-
misagan gansxvavebiT, xinCinis TeoremaSi ar moiTxoveba meo-
re rigis momentis arseboba. 
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2. vTqvaT, saWiroa gamoiTvalos 
1

0
dx)x(g  integrali, sa-

dac g(x) uwyveti funqciaa. vTqvaT, ξ1, ξ2, ..., ξn damoukide-
beli da [0,1] intervalze Tanabari ganawilebis mqone Sem-
TxveviTi sidideebia. Tu gavixsenebT me-IV Tavis (5.5) Tana-
fardobas, davwerT: 

               ξ=ξ
)1(

n
R

n dx)x(f)x(g)(Mg ,  

sadac  

               
n

0, x [0,1],
f (x)

1, x [0,1].ξ

∉
=

∈
Tu 
Tu 

 

saidanac  

                =ξ
1

0
n dx)x(g)(Mg .  

xinCinis Teoremis Tanaxmad, 

⎯→⎯
ξ++ξ+ξ 1

0

Pn21 dx)x(g
n

)(g...)(g)(g
,         (2.8) 

(2.8) Tanafardobaze dayrdnobiT 
1

0
dx)x(g  integralis 

st a t i st i ku r S ef a s eb a d iReben ξ1, ξ2, ..., ξn SemTxve-
viT sidideTa konkretuli realizaciisas 

 g(ξ1), g(ξ2), ... , g(ξn) sidideTa 
n

)(g...)(g)(g n21 ξ++ξ+ξ
  

saSualo ariTmetikuls, e.i. 

n
)(g...)(g)(gdx)x(g n21

1

0

ξ++ξ+ξ
≈ .  

did ricxvTa kanoni SeiZleba gamoyenebul iqnes segment-
ze uwyveti funqciis polinomebiT Tanabari miaxloebis Se-
saxeb vei erS t ra s i s  Teoremis dasamtkiceblad.  
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vTqvaT, Sn-„warmatebaTa“ raodenobaa orSedegian n damo-
ukidebel cdaSi (bernulis sqema!), „warmatebis albaToba“ 
x-is toli iyos, 0<x<1, xolo f(x) [0,1] segmentze uwyveti 
funqciaa. 

rogorc viciT,  

          ,)x1(xC}kS:{P knkk
nn

−−==ω  n,0k = ,  
amitom  

            
=

−−==
n

0k

knkk
n

n
n )x1(xC

n
kf

n
SMf)x(B . 

am polinoms f(x) funqciisaTvis b ern S t ei n i s  po-
li n om i  ewodeba. 

bernSteinis Teorema. Bn(x) polinomTa mimdevroba kre-
badia Tanabrad [0,1] segmentze uwyveti f(x) funqciisaken, e.i. 

                               0)x(B)x(fmax n1x0
→−

≤≤
, roca n→∞. 

damtkiceba. vinaidan f(x) funqcia [0,1] segmentze uwyve-
tia, igi SemosazRvrulia da, amasTanave, Tanabrad uwyveti. 
maSasadame, erTi mxriv, gvaqvs ∞<< c)x(f , 0≤x≤1, xolo, 
meore mxriv, nebismierad mcire dadebiTi ε-Tvis moiZebneba 
iseTi dadebiTi δ, rom [0,1] segmentis mTel manZilze yove-
li x' da x''-Tvis, romelTaTvisac δ<− ''x'x , adgili eqneba 
utolobas 

2
)''x(f)'x(f ε<− . 

Tu gaviTvaliswinebT, rom 

                      
=

− =−
n

0k

knkk
n 1)x1(xC ,  

maSin SeiZleba daiweros: 

            
=

−−−=−
n

0k

kn
k

k
nn )x1(xC)x(f

n
kf)x(f)x(B , 
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da, maSasadame,  

=−−≤−
=

−
n

0k

kn
k

k
nn )x1(xC)x(f

n
kf)x(f)x(B  

k n k

n kkk: x
n

kf f (x) C x (1 x)
n

+

− <δ

= − − +  

k n k

n kkk: x
n

kf f (x) C x (1 x)
n

−

− ≥δ

+ − − ≤  

δ≥−ω+ε=−+ε≤
δ≥−

− x
n

S
:cP2

2
)x1(xCc2

2
n

x
n
k:k

kn
k

k
n , (2.8) 

saidanac bernulis Teoremis ZaliT gamomdinareobs, rom 
fiqsirebuli x-Tvis, 
                   )x(f)x(Blim nn

=
∞→

.               (2.9) 

axla vaCvenoT ufro meti: (2.9)-s krebadoba Tanabaria x-is 
mimarT. Tu gavixsenebT CebiSevis utolobas, gveqneba: 

        =
δ

≤δ≥−ωω=δ≥−ω 22
n

n
n

n
DS

}nnx)(S:{Px
n

S
:P   

        222 n4
1

n
)x1(nx

δ
≤

δ
−= .                   (2.10) 

vinaidan  

4/1x)x1(max
1x0

≤−
≤≤

. 

vTqvaT, N>0 iseTia, rom 2/
n4
1

2 ε<
δ

.  

roca N≤n, maSin (2.8) da (2.10) ZaliT davwerT 

              ε<−
≤≤

)x(f)x(Bsup n
1x0

, roca N≤n .        
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$3. did ricxvTa kanonisaTvis  

aucilebeli da sakmarisi piroba 

Teorema. imisaTvis, rom SemTxveviT sidideTa nebismie-
ri ξ1, ξ2, ... , ξn, ... mimdevrobisaTvis adgili hqondes did 
ricxvTa kanons, e.i. nebismieri dadebiTi ε-saTvis 

            1M
n
1

n
1Plim

n

1j

n

1j
jjn

=ε<ξ−ξ
= =∞→

         (3.1) 

aucilebelia da sakmarisi  

       ,0

)M(n

)M(
M 2

n

1j
jj

2

2
n

1j
jj

→

ξ−ξ+

ξ−ξ

=

=  roca n→∞.      (3.2) 

damtkiceba. davamtkicoT (3.2)-is sakmarisoba: Semovi-
RoT aRniSvna  

                 Φn(x)=P{μn<x},  
sadac  

                  
=

ξ−ξ=μ
n

1j
jjn )M(

n
1

.  

maSin  

       ≤Φ
+ε

ε+≤Φ=ε≥μ
ε≥ε≥ x

n2

2

2

2

x
nn )x(d

x1
x1)x(d}{P  

       
∞

∞−
Φ

+ε
ε+≤ )x(d

x1
x1

n2

2

2

2

.             (3.3) 

vinaidan,  

               
∞

∞−
ξ=ξ )x(dF)x(f))(f(M ,  

amitom 

             2
n

2
n

n2

2

1
M)x(d

x1
x

μ+
μ

=Φ
+

∞

∞−
.            (3.4) 
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(3.3) da (3.4)-dan gamomdinareobs Teoremis pirobis sak-
marisoba. 

vaCvenoT, rom (3.2) warmoadgens aucilebel pirobas. 

gvaqvs 

      =Φ
+

≥Φ=ε≥μ
ε≥ε≥ x

n2

2

x
nn )x(d

x1
x)x(d}{P  

      2
2
n

2
n

x
n2

2

n2

2

1
M)x(d

x1
x)x(d

x1
x ε−

μ+
μ

≥Φ
+

−Φ
+

=
ε<

∞

∞−
, 

e.i. 

             { }ε≥μ+ε≤
μ+

μ
≤ n

2
2
n

2
n P

1
M0 .          (3.5) 

(3.5)-dan ki gamomdinareobs Teoremis pirobis aucileb-
loba.              

cxadia, rom nebismieri n da ξn-isaTvis adgili aqvs uto-
lobas 

             
2

n

1j
jj

2
n2

n

2
n )M(

n
1

1
ξ−ξ=μ≤

μ+
μ

=
,  

saidanac 

=ξ−ξ≤
μ+

μ
=

2
n

1j
jj2

n

2
n )M(

n
1M

1
M  

{ }n n
2

2 j j j j j jj 1 j i

1 M( M ) 2 M( M )( M )
n = ≠

= ξ − ξ + ξ − ξ ξ − ξ =  

n

2 jj 1

1 D
n =

= ξ . 

aqedan, Tu markovis piroba Sesrulebulia, maSin Sesru-
lebulia (3.2) piroba.   
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$4. borel-kantelis Teorema. TiTqmis  

aucilebeli krebadoba 

vTqvaT, (Ω, ,P) albaTur sivrceze mocemulia xdomilo-
baTa  

A1, A2, ... , An, ...               (4.1) 

mimdevroba. yvela im ω∈Ω elementTa simravles, romlebic 
aRebuli mimdevrobis usasrulod bevr wevrs ekuTvnis, am 
mimdevrobis z eda  z Rva ri  ewodeba da aRiniSneba 

nn
Asuplim

∞→
 an nn

Alim
∞→

 simboloTi. yvela im ω∈Ω elementTa 

simravle, romlebic aRebuli mimdevrobis TiTqmis yvela si-
mravleSi Sedis (TiTqmis yvela niSnavs yvelas, garda, Sesa-
Zlebelia, sasruli ricxvisa), am An mimdevrobis qveda  
z Rva ri  ewodeba da aRiniSneba nn

Ainflim
∞→

 an n
n

Alim
∞→

 sim-

boloTi.  

cxadia, rom 

                n
n

Alim
∞→

⊆ nn
Alim

∞→
. 

advili saCvenebelia, rom 

                
∞

=

∞

≥∞→
=

1k nk
knn

AAlim ,  

                
∞

=

∞

≥∞→
=

1n nk
kn

n
AAlim . 

amitom, cxadia,  

             nn
Alim

∞→
∈     da     n

n
Alim

∞→
∈ ,  

e.i. xdomilobebia.  
Tu n

n
Alim

∞→
= nn

Alim
∞→

, maSin xdomilobaTa (4.1) mimdevrobas 

krebadi mimdevroba ewodeba da saerTo zRvrul simravles 
aRniSnaven nn

Alim
∞→

 simboloTi. nn
Alim

∞→
 simravles ewodeba 

simravleTa (4.1) mimdevrobis zRvari. 
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Tu (4.1) mimdevroba monotonuria, maSin igi krebadia da 
adgili aqvs tolobas 

                  nn
Alim

∞→
=

∞

=1n
nA ,  

rodesac mimdevroba zrdadia, e.i.  A1 ⊆ A2 ⊆. ...  da to-
lobas  

                     nn
Alim

∞→
=

∞

=1k
kA ,  

rodesac mimdevroba klebadia, e.i. A1 ⊇ A2 ⊇ ..., yvela am 
SemTxvevaSi uwyvetobis aqsiomidan Sesabamisad gamomdinare-
obs, rom'  

           )A(P)A(P
1n

nn

∞

=
↑  da )A(P)A(P

1k
kn

∞

=
↓ . 

borel-kantelis Teorema. vTqvaT, A1, A2, ... xdomi-
lobaTa mimdevrobaa.  

Tu 

                  
∞

=
∞<

1k
k )A(P ,  

maSin 

                  0)Alim(P nn
=

∞→
. 

Tu A1, A2, ... damoukidebelia da 

                  
∞

=
∞=

1k
k )A(P ,  

maSin 

                  1)Alim(P nn
=

∞→
. 

damtkiceba. vinaidan  

                  
∞

=

∞

≥∞→
=

1n nm
mnn

AAlim ,  
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amitom yoveli n-Tvis 

                
∞

>∞→
⊆

nm
mnn

AAlim   

da 

            
≥∞→

→≤
nm

mnn
0)A(P}Alim{P , roca n→∞. 

Teoremis pirveli nawili damtkicebulia. davamtkicoT 
Teoremis meore nawili. vTqvaT, Ak, k=1, 2,... damoukidebeli 
xdomilobebia da 

                
∞

=
∞=

1k
k )A(P .  

radganac  

                                 
1nk

k
nk

k AA
+≥≥

⊃ ,     k=1, 2, ....  

da 

)A(Plim1)A(Plim}Alim{P
nm

mnnm
mnnn ≥∞→≥∞→∞→

−=≤ , 

amitom sakmarisia vaCvenoT, rom 

                  0)A(Plim
nm

mn
=

≥∞→
.  

Tu A1,A2,... xdomilobebi damoukidebelia, maSin damouki-
debeli iqneba ,...A,A 21  xdomilobebi, amitom 

== ∏
≥≥ nm

m
nm

m )A(P)A(P ∏
≥

−
nm

m ))A(P1( . 

Tu gamoviyenebT 

                     ln(1-x)≤-x, 0≤x≤1  
utolobas, miviRebT: 

)]A(P1ln[)]A(P1[ln m
nmnm

k −=−∏
≥≥

−∞=−≤
≥nm

m )A(P . 
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maSasadame, nebismieri n-Tvis  

                  0)A(P
nm

m =
≥

. 

saidanac 

            1)A(Plim1)Alim(P
nm

mnnn
=−=

≥∞→∞→
.             

Sedegi. Tu A1, A2, ... damoukidebeli xdomilobebia, maSin 
)Alim(P nn ∞→
 albaTobas SeuZlia miiRos mxolod ori mniSvne-

loba: 0 an 1, imisda mixedviT, krebadia Tu ganSladi 
∞

=1k
k )A(P  mwkrivi. 

gansazRvra 4.1. (Ω, ,P) albaTur sivrceze gansazRv-
rul SemTxveviT sidideTa ξ1, ξ2, ... mimdevrobas ewodeba 
T i Tqm i s  a u cileblad (T.a.), anu 1-is toli alb a -
Tob i T  kreb a di  ξ SemTxveviTi sididisaken, Tu 
                               1)}()(lim:{P nn

=ωξ=ωξω
∞→

,                       (4.1) 

an rac igivea, im ω wertilTa N simravle, sadac 
)()(lim nn

ωξ≠ωξ
∞→

 nulovani P zomisaa: P(N)=0. 

ξn SemTxveviT sidideTa TiTqmis aucileblad krebadobas 
ξ SemTxveviTi sididisaken aRvniSnavT ase:  

ξ⎯→⎯ξ T.a
n . 

Teorema 4.1. SemTxveviT sidideTa ξ1, ξ2, ... mimdevroba 
T.a. krebadia ξ SemTxveviTi sididisaken maSin da mxolod 
maSin, roca nebismieri ε>0 ricxvisaTvis 

        0})()(sup:{P n
nm

=ε≥ωξ−ωξω
≥

, roca n→∞.   (4.2) 

damtkiceba. xdomiloba {ω:ξn(ω)→ξ(ω)} SeiZleba ase 
CavweroT: 

        }
k
1:{)}()(:{

1k 1n nm
mn ≤ξ−ξω=ωξ→ωξω

∞

=

∞

= ≥
.   (4.3) 
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marTlac, xdomiloba  

                                   }
k
1)()(:{A m

nm
k,n ≤ωξ−ωξω=

≥
  

niSnavs 1
m k −≤ξ−ξ  utolobis Sesrulebas, roca m≥n, 

∞

=
=

1n
k,nk AB xdomiloba niSnavs iseTi n-is arsebobas, rom Ses-

ruldeba 1
m k −≤ξ−ξ  utoloba, roca m≥n, xolo 

∞

=1k
kB  

xdomiloba – yvela k-Tvis arsebobs iseTi n, rom roca 
m≥n Sesrulebulia 1

m k −≤ξ−ξ  utoloba, e.i. 

)}()(lim:{B n
1k nk ωξ=ωξω=

∞

= ∞→
. 

(4.3) xdomilobis sawinaaRmdego xdomilobaa 

}k)()(:{)}()(:{ 1

1k 1n nm
mn

−
∞

=

∞

= ≥
>ωξ−ωξω=ωξ→/ωξω . 

imisaTvis, rom  
0)}()(:{P n =ωξ→/ωξω , 

aucilebeli da sakmarisia, rom yvela k-Tvis 

0k)()(:{P
1n nm

1
m =>ωξ−ωξω

∞

= ≥

− ,        (4.4) 

xolo, radganac  

}k)()(sup:{}k)()(:{ 1
m

nmnm

1
m

−

≥≥

− >ωξ−ωξω=>ωξ−ωξω , 

amitom (4.4)-dan gamomdinareobs, rom nebismieri k≥1-Tvis 

0}k)()(sup:{Plim 1
m

nmn
=>ωξ−ωξω −

≥∞→
, 

romelic (4.2)-is tolZalovania.                                                
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Teorema 4.2.  Tu mwkrivi 

                                                         
∞

=
ε>ωξ−ωξω

1k
k })()(:{P   

yoveli dadebiTi ε ricxvisaTvis krebadia, maSin  

                    ξ⎯→⎯ξ T.a
n . 

damtkiceba gamomdinareobs Teorema (4.1)-dan, vinaidan 

0})()(:{P})()(:{{P
nk

k
nk

k →ε>ωξ−ωξω≤ε>ωξ−ωξω
∞

=≥
, 

roca n→∞.                      

SeniSvna. T.a. krebadobidan gamomdinareobs albaTobiT kre-
badoba, marTlac, 

       n n
m n

{ : ( ) ( ) } { : sup ( ) ( ) }
≥

ω ξ ω − ξ ω > ε ⊆ ω ξ ω − ξ ω > ε . 

SebrunebiT debulebas adgili ara aqvs. moviyvanoT magaliTi. 
vTqvaT, elementarul xdomilobaTa sivrcea  

 (Ω = [0,1],   = B[0,1], P = μ). 
aRvniSnoT  

                
−+−= k

k

k

k

n 2
21n,

2
2nA   

da vTqvaT, 2k≤n≤2k+1.  
ganvixiloT SemTxveviT sidideTa )(I)(

nAn ω=ωξ  mimdev-

roba. radganac (0,1) intervalSi moTavsebuli nebismieri ε 
ricxvisaTvis adgili aqvs 

                 k
n 2})(:{P −=ε>ωξω   

tolobas, amitom  
                    0)( P

n ⎯→⎯ωξ ,  
magram, amave dros,  

                    1}0)(:{P n =→/ωξω . 
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Teorema (4.2) gamoyenebis sailustraciod davamtkicoT 
borelis Teorema, romelic fardobiTi sixSiris T.a. kreba-
dobaSi mdgomareobs. es Teorema kolmogorovis gaZliere-
bul did ricxvTa kanonis kerZo SemTxvevasac warmoadgens, 
romelsac gavecnobiT momdevno paragrafSi. 

borelis Teorema. vTqvaT, Sn – „warmatebaTa“ raode-
nobaa orSedegiani n damoukidebeli cdis dros, xolo p – 
„warmatebis“ albaToba calkeuli cdis dros,  

maSin   

p
n

Sn ⎯→⎯T.a . 

damtkiceba. Sn warmovadginoT n urTierTdamoukidebel 
SemTxveviT sidideTa j amis saxiT:  

Sn = ξ1 + ξ2 + ... + ξn, 
sadac 

P{ω:ξj(ω)=1}=p, P{ω:ξj(ω)=0}=1 - p, n,1j = . 

visargebloT Sn-is aseTi j amis saxis warmodgeniT da 
SevafasoT  

4
n p

n
SM − . gvaqvs ( ) =−ξ=−

=

4
n

1j
j4

4
n pM

n
1p

n
SM  

   n1

n1

j
n

j
1

4j...j n21
4 )p...()p(M

!j!...j!j
!4

n
1 −ξ−ξ=

=++
.        (4.5) 

(4.5) j amSi is wevrebi, romlebic erT Tanamamravls mainc 
Seicavs pirvel xarisxSi, nulia. es gamomdinareobs ξ1, ξ2, ... 
SemTxveviT sidideTa damoukideblobidan da M(ξj – p) = 0 
tolobidan. amgvarad, (4.5) tolobidan vRebulobT: 

( ) =−ξ−ξ+−ξ=−
≤≤≤

−

=

−

nji1

2
j

2
i

44
j

4

1j

4
4

n )p(M)p(Mn6pMnp
n

SM  

=−ξ−+−ξ= − 22
14

4
1

3 ))p(M(
n

)1n(n3)p(Mn  
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22
4

443 cn)pq(
n

)1n(n3)p2pq(n −− ≤−++=  ,      c=const. 

axla, Tu gamoviyenebT CebiSevis utolobas, yoveli ε>0-Tvis 
gveqneba: 

≤ε≥−ω=ε≥−ω 4
4

nn p
n

S:Pp
n

S:P 224

4
n

n
c

p
n

SM

ε
≤

ε

−
. 

aqedan cxadia, rom  
∞

=
ε≥−ω

1n

n p
n

S:P  

mwkrivi krebadia yoveli dadebiTi ε ricxvisaTvis da, maSa-
sadame, zemoT damtkicebuli 4.2 Teoremis ZaliT miviRebT, 
rom  

   p
n

Sn ⎯→⎯T.a .             

$5. gaZlierebul did ricxvTa kanoni 

vTqvaT, (Ω, ,P) albaTur sivrceze mocemulia sasruli 
maTematikuri lodinis mqone SemTxveviT sidideTa ξ1, ξ2, ... 
mimdevroba. 

gansazRvra 5.1. Cven vityviT, rom ξ1, ξ2, ... , ξn, ... SemT-
xveviT sidideTa mimdevroba emorCileba g a Zli ereb u l 
di d ri cx vT a  k a n on s , Tu 

                  0Mnn
n

1j

n

1j
j

1
j

1 ⎯→⎯ξ−ξ
= =

−− T.a .       (5.1) 

martiv sakmaris pirobas (5.1) Tanafardobis SesrulebisaT-
vis iZleva kolmogorovis Teorema, romlis damtkiceba eyr-
dnoba misive utolobas, romelic warmoadgens CvenTvis kar-
gad cnobili CebiSevis utolobis ganzogadebas. 
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Teorema 5.1. (kolmogorovis utoloba). Tu urTi-
erTdamoukidebel SemTxveviT sidideebs ξ1, ξ2, ... , ξn gaaCnia 
sasruli maTematikuri lodini da dispersia, maSin 

2
n

kknk1 x
D}x)(M)(max:{P ζ

≤≥ωζ−ωζω
≤≤

,      (5.2) 

sadac  
ζk =ξ1 + ξ2 + ... + ξk , n,1k = . 

damtkiceba. zogadobis SeuzRudavad Cven SegviZlia da-
vuSvaT, rom  

Mξk=0, n,1k = ; 

yovelTvis SeiZleba ξk-dan gadavideT ξk – Mξk-ze. ganvixiloT 
SemTxveviTi sidide: 

}x:k{min knk1
≥ζ=ν

≤≤
. 

Tuki xmax knk1
<ζ

≤≤
,  maSin davuSvebT, rom ν = n + 1. radga-

nac 

}k{

n

1k

2
n

2
n I =ν

=
ζ≥ζ , amitom =ζ≥ζ =ν

=
}k{

2
n

n

1k

2
n IMM  

≥ξ++ξ+ξ++ξ+ξ= =ν+
=

}k{
2

n1kk21

n

1k
I)......(M  

+ξ++ξ+ξ≥
=

=ν

n

1k
}k{

2
k21 I)...(M  

)...(I)...(M2 n1k}k{k21

n

1k
ξ++ξ⋅ξ++ξ+ξ+ +=ν

=
. 

SemTxveviTi sidide I{ν=k} damokidebulia mxolod ξ1, ξ2,... ,ξk 
SemTxveviT sidideebze, amitom (ξ1 + ξ2 + ... + ξk) I{ν=k} ar aris 
damokidebuli ξk+1, ξk+2, ... , ξn SemTxveviT sidideebze da, 
amitom 
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M(ξ1 + ξ2 + ... + ξk)I{ν=k} ⋅ (ξk+1 + ... + ξn) = 
= M(ξ1 + ξ2 + ... + ξk)I{ν=k} M(ξk+1 + ... + ξn) = 0.     

vinaidan ζk≥x, roca ω∈{ω: ν=k} da  

=≤νω }n:{P }xmax:{P knk1
≥ζω

≤≤
, 

amitom  

=≤νω≥ζ≥ζ =ν
=

}n:{PxIMM 2
}k{

2
n

n

1k

2
n  

}xmax:{Px knk1

2 ≥ζω=
≤≤

, e.i.  2

2
n

knk1 x
D}xmax:{P ζ

≤≥ζω
≤≤

.   

axla davamtkicoT gaZlierebul did ricxvTa kanonis Se-
saxeb kolmogorovis Teorema 5.2. vTqvaT, ξ1, ξ2,...  damo-
ukidebeli SemTxveviTi sidideebia,  

             Mξn = 0, Dξn = σn
2 da 

∞

=
∞<

σ
1n

2

2
n

n
, 

maSin 

0
n

... n21 ⎯→⎯
ξ++ξ+ξ T.a .         (5.3) 

damtkiceba. aRvniSnoT ζn = ξ1 + ξ2 + ... + ξn. amave Tavis 
(4.2) Teoremis safuZvelze (5.3) krebadoba tolZalovania 

0}
k

sup:{P k

nk
→ε≥

ζ
ω

≥
, n→∞                     (5.4) 

pirobis Sesrulebis. SemoviRoT aRniSvna  

}
k

max:{A k

2k2
n n1n

ε>
ζ

ω=
≤≤−

. 

maSin (5.4) tolZalovania 

0}A{P
nk

k →
∞

=
, n→∞                      (5.5) 
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pirobis Sesrulebis. kolmogorovis utolobis ZaliT 

n 1 n

n 1

n k2 k 2
P(A ) P{ : max 2 }

−

−

≤ ≤
≤ ω ζ > ε ≤  

n

n

n 1 2
2 2nk1 k 2

D
P{ : max 2 } 4

2
−

≤ ≤

ζ
≤ ω ζ > ε ≤

ε
. 

Semdeg 

       ≤σε≤
=

∞

=

−
∞

=

−
k2

1n

2
n

1k

k2

1k

2
k 24)A(P ≤⋅σε

≥

−
∞

=

−

}n2:k{

k2

1n

2
n

2

k
24  

              ∞<
σ

ε≤
∞

=

−

1n
2

2
n2

n
8 , radganac 0

0

k2

kk

k2 222 −∞

=

− ⋅≤ . 

∞

=1k
k )A(P  mwkrivis krebadobidan gamomdinareobs (5.5), vina-

idan 

                      0)A(PAP
nk

k
nk

k →≤
∞

=

∞

=
, n→∞.                             

Sedegi. Tu ξn  SemTxveviT sidideTa dispersiebi Semosaz-
Rvrulia erTi da imave c mudmivebiT, maSin ξ1, ξ2, ...  damou-
kidebel SemTxveviT sidideTa mimdevroba emorCileba gaZli-
erebul did ricxvTa kanons. 

am Sedegidan trivialurad gamomdinareobs b oreli s  
T eorem a , radganac  

                
4
1)p1(pD k ≤−=ξ , k=1, 2, .... 

lema 5.1. ξ SemTxveviTi sididis maTematikuri lodini 
sasrulia maSin da mxolod maSin, rodesac 

              ∞<≥ωξω
∞

=
}n)(:{P

1n
. 

damtkiceba. rogorc viciT, Tu Mξ sasrulia, sasru-
lia ξM  da piriqiT, cxadi utolobebidan  
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         ≤ξ≤≤ωξ<−ω−
∞

=
M}n)(1n:{P)1n(

1n
 

         }n)(1n:{nP
1n

≤ωξ<−ω≤
∞

=
  

da Tanafardobebidan 

     ≤>ωξω=≤ωξ<−ω
∞

=

∞

=
}n)(:{P}n)(1n:{nP

0n1n
 

     }n)(:{P1
1n

>ωξω+≤
∞

=
, 

−≤ωξ<−ω=≤ωξ<−ω−
∞

=

∞

=
}n)(1n:{nP}n)(1n:{P)1n(

1n1n
 

     }n)(:{P}0)(:{P
1n

>ωξω=>ωξω−
∞

=
  

gamomdinareobs utolobebi 

                              }n)(:{P1M}n)(:{P
1n1n

>ωξω+≤ξ≤>ωξω
∞

=

∞

=
,  

aqedan ki – lemis damtkiceba.             

Teorema 5.3. vTqvaT, ξ1, ξ2, ... SemTxveviTi sidideebi da-
moukidebelia da erTnairadaa ganawilebuli. imisaTvis, rom 

              a⎯→⎯
ξ++ξ+ξ T.a

n
... n21   

aucilebeli da sakmarisia Mξn=a iyos sasruli. 
damtkiceba. sakmarisoba. SemoviRoT e.w. „wakveTili“ 

SemTxveviTi sidideebi: 

>ξ
≤ξξ

=η
.n,0
,n,

n

nn
n  Tu

 Tu
 

aRvniSnoT  

ζn= ξ1 + ξ2 + ... + ξn, nζ = η1 + η2 + ... + ηn. 
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SemTxveviTi sidideebi η1, η2, ... , ηn damoukidebelia.  
cxadia toloba: 

321
n EEE

n
++=−

ζ
a ,   

n
E nn

1
ζ−ζ

= ,  

n
ME nn

2
ζ−ζ

= ,  

a−
ζ

=
n

ME n
3 . 

 Teoremis sakmarisoba damtkicebuli iqneba, Tu vaCvenebT, 
rom 0Ei ⎯→⎯T.a , i=1, 2, 3.  

E3 araSemTxveviTia da Stolcis1 Teoremis ZaliT 

  
k

n
1

3 k { : k}n n k 1
lim E lim n M I−

ω ξ <→∞ →∞ =
= − ξ = 

  =ξ−=
=

<ξω
−

∞→∞→

n

1k
}k:{k

1

n3n k
IMnlimElim =ξ− ≥ξω∞→ }n:{nn n

IMlim  

    0)x(xdFlim
nxn 1

=−=
≥

ξ∞→
.  

aRvniSnoT  

                                             An={ω:ξn(ω)≠ηn(ω)}.  

gvaqvs 

}n:{P}n)(:{P)A(P
1n

1
1n

n
1n

n >ξω=>ωξω=
∞

=

∞

=

∞

=
, 

                                                           
1 Stolcis Teorema. vTqvaT, {xn} da {yn} ricxviTi mimdevrobebia. Tu yn+1>yn, 

∞=
∞→ nn

ylim  da arsebobs 
1nn

1nn
n yy

xx
lim

−

−

∞→ −
− , maSin arsebobs )y/x(lim nnn ∞→

 da adgi-

li aqvs tolobas 
1nn

1nn

nn

n

n yy
xxlim

y
xlim

−

−

∞→∞→ −
−

= . 
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sadac ukanaskneli mwkrivi krebadia Mξ1 sasrulobis gamo 
(ix. lema 5.1), amitom borel-kantelis Teoremis ZaliT 
mxolod sasruli ricxvi n nomrebisaTvis ηn≠ξn. amgvarad, 

0E1 ⎯→⎯T.a . dagvrCa vaCvenoT 0E2 ⎯→⎯T.a . gamoviyenoT Teo-
rema 5.2. amisaTvis davamtkicoT, rom 

∞<
η∞

=1n
2

n

n
D

. 

gvaqvs  

−
ξ=η≤η

n

n

22
nn )x(dFxMD

1
, 

==
= ≤<−

ξ

∞

=

−

−
ξ

∞

=

n

1k kx1k

2

1n

2
n

n

2

1n
2 )x(dFxn)x(dFx

n
1

11
 

∞

=

∞

= ≤<−
ξ

∞

== ≤<−
ξ ≤=

kn
2

1k kx1kkn
2

n

1k kx1k

2

n
1k)x(dFx

n
1)x(dFx

1
.  

vinaidan 

2 2 2 2 2
n k n k 1 k

1 1 1 1 dxk k k
n k n k x

∞∞ ∞

= = +
≤ + ≤ + =  

2

1 1k c const
k k

= + ≤ =
, 

xolo  

∞<ξ=
∞

= ≤<−
ξ 1

1k kx1k
M)x(dFx

1
, 

 amitom  

∞<η
∞

=
n

1n
2 D

n
1

. 

amgvarad, Teorema 5.2-is ZaliT  

0E2 ⎯→⎯T.a . 
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aucilebloba. Tu a⎯→⎯
ζ T.a

n
n , maSin 

               0
1nn

1n
nn

1nnn ⎯→⎯
−

ζ−−
ζ

=
ξ − T.a , 

e.i. 1-is toli albaTobiT adgili aqvs mxolod sasrul 

ricxv >
ωξ

ω 1
n

)(: n  xdomilobebs. borel-kantelis Teo-

remis Tanaxmad aqedan gamomdinareobs, rom 

         ∞<>ωξω=>ωξω
∞

=

∞

=
}n)(:{P}n)(:{P

1n
1

1n
n . 

maSasadame, am paragrafis lemis ZaliT Mξ1 sasrulia.    

Sedegi. damtkicebuli Teoremidan trivialurad gamomdi-
nareobs borelis Teorema. 
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Tavi VI 

 

zRvariTi Teoremebi bernulis sqemaSi 

rogorc viciT, bernulis cdebi iseTi damoukidebeli cde-
bia, romlebsac or-ori Sedegi aqvT _ „wwarmateba“  (1) da „mma-
rcxi“  (0). „wwarmatebis“  albaToba p cdidan cdamde ucvle-
lia. aRvniSnoT Sn-iT „wwarmatebaTa“  raodenoba n damoukide-
bel cdaSi, maSin albaToba imisa, rom Sn =k, k=0,1, 2, ... , n. 
gamoiTvleba formuliT: 

          knkk
nn )p1(pC}kS{P)p,n;k(b −−=== .    (1.1) 

(1.1) formulas martivi saxe aqvs, magram misi gamoyeneba 
P{Sn= k} albaTobis gamosaTvlelad didi n da k-Tvis, cxa-
dia, siZneleebTan aris dakavSirebuli. ufro meti siZnele 
warmoiSoba, rodesac saWiroa gamovTvaloT bernulis sqe-
masTan dakavSirebuli raime rTuli xdomilobis albaToba. 
ase, magaliTad, xSirad sainteresoa Sn-is raime [k1, k2] in-
tervalSi moxvedris albaTobis codna: 

          
=

−−=≤≤
2

1

k

kk

knkk
n2n1 )p1(pC}kSk{P .     (1.2) 

romelic grZeli [k1,k2] intervalisa da didi n-Tvis sak-
maod mZime gamosaTvlelia. magaliTad, vTqvaT, n=300, k1=200, 
k2=250; maSin unda gamoviangariSoT iseTi saxis albaTo-
bani, rogoric aris b(k1, k2, p) da Semdeg yvela albaToba 
SevkriboT, magram amas Zalian didi dro dasWirdeba. 

Cveni mizania am TavSi moviyvanoT asimptoturi formu-
lebi, romlebic saSualebas mogvcems miaxloebiT gamovTva-
loT (1.1) da (1.2) albaTobebi n, k, k1 da k2-is didi mniSvne-
lobebisaTvis. aseT miaxloebiT formulebs gvaZlevs z Rva-
riTi  Teorem eb i , romlebic muavr-laplasisa da puaso-
nis saxelTan aris dakavSirebuli. 
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$1. puasonis Teorema 
 

ganvixiloT bernulis cdaTa seriebis mimdevroba: n-ur 
seriaSi warmatebis albaToba iyos pn, e.i. damokidebeli iyos 
seriis nomerze, maSin  

               P(Sn = k) = b(k, n, pn). 

Teorema 1.1. (p u a son i s  T eorem a ). vTqvaT, n→∞ da 
pn→0 ise, rom npn→λ, sadac λ fiqsirebuli dadebiTi 
ricxvia. maSin nebismieri fiqsirebuli k ricxvisaTvis, 
k=0, 1, 2, ..., roca n→∞ 

            λ−λ=λ→ e
!k

),k()p,n,k(b
k

n Π .         (1.3) 

damtkiceba. radgan  

npn→λ , 

amitom 

+λ=
n
1o

n
pn . 

cxadia, rom      

=−= −kn
n

k
n

k
nn )p1(pC)p,n,k(b  

=+λ−−+λ+−−= −
n

k
n

k

n
1o

n
1)p1(

n
1o

n!k
)1kn)...(1n(n

 

−−−−+λ−+λ= −

n
1k1...

n
11)p1(

n
1o

n
1))1(o1(

!k
k

n

n
k

k

. (1.4) 

Tu gamoviyenebT analizidan cnobil faqts: 

                                      x
n

e
n
1o

n
x1 →++ ,  
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roca n→∞, (1.4)-dan miviRebT: 

×+λ−+λ=
∞→∞→∞→

n

n

k

n

k

nn n
1o

n
1lim))1(o1(lim

!k
)p,n,k(blim  

     λ−−

∞→

λ=−−−−× e
!kn

1k1...
n
11)p1(lim

k
k

nn
.           

SevniSnoT, rom Π(k, npn)→Π(k, λ), roca n→∞, amitom 

             0))np,k()p,n,k(b(lim nnn
=−

∞→
Π .       (1.5) 

(1.5) TanafardobaSi cnobilia krebadobis siCqare: 

                    n

2

nnnk0
np,

n
)np,k()p,n,k(bmax =≤−

≤≤
aaΠ . 

advili dasadgenia, rom Π(k, λ), k=0, 1, ... sidideebi akma-
yofilebs  

1),k(
0k

=λ
∞

=
Π  

tolobas. SeviswavloT Π(k, λ)-s yofaqceva, rogorc k-s 
funqcia. am mizniT ganvixiloT fardoba:  

=
λ−

λ
),1k(

),k(
Π

Π
 

k
λ= . 

rogorc Cans, Tu k>λ, maSin Π(k, λ)<Π(k-1, λ), Tuki k<λ, 
maSin Π(k,λ)>Π(k-1,λ), dabolos, Tu k=λ, maSin Π(k,λ)= 
=Π(k-1,λ). aqedan Semdegi daskvnis gakeTeba SeiZleba: Π(k,λ) 
Tavidanve k-s zrdasTan erTad izrdeba manam, sanam k ar gax-
deba λ-s mTeli nawilis toli; am ukanaskneli mniSvnelobisa-
Tvis Π(k,λ) maqsimalur mniSvnelobas Rebulobs, xolo Semdeg 
ki iwyebs klebas. Tu λ mTeli ricxvia, maSin Π(k, λ)-s aqvs 
ori maqsimaluri mniSvneloba: roca k=λ-s da roca k=λ-1-s. 

magaliTi: calkeuli gasrolisas mizanSi moxvedris al-
baToba aris 0,001. vipovoT albaToba imisa, rom 5000 gas-
rolisas mizans orj er mainc moxvdeba. 
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amoxsna. yoveli gasrola miviRoT cdad, xolo mizanSi 
moxvedra _ „warmatebad“. unda gamovTvaloT albaToba 
P{Sn≥2}, sadac Sn warmatebaTa raodenobaa n=5000 damouki-
debel cdaSi. am albaTobis gamosaTvlelad gamoviyenoT 
puasonis (1.3) asimptoturi formula. ganxilul magaliTSi 
λ = np = 5 da saZiebeli P{Sn≥2} albaToba tolia 

            )1(P)0(P1)k(P}2S{P nn
2k

nn −−==≥
∞

=
,  

puasonis Teoremis ZaliT  

              Pn(0)≈Π(0,5)=e-5, Pn(1)≈Π(1,5)=5e-5.  
amgvarad,  
                        P{Sn≥2}≈1-6e-5  ≈0,9596.  
zusti formuliT gamoTvla gvaZlevs:  

b(0; 5000; 0,001) ≈ 0,0067, b(1; 5000; 0,001) ≈ 0,0335, 

da, maSasadame,  
                    P{Sn≥2} = 0,9597. 

amgvarad, asimptoturi formuliT sargeblobisas daSve-
buli cdomileba gamosaTvleli sididis 0,01%-ze naklebia. 

$2. muavr-laplasis lokaluri zRvariTi Teorema 

SemoviRoT aRniSvna:  

x 1 x kH(x) x ln (1 x)ln ; p*
p 1 p n

−= + − =
−

. 

Teorema 2.1. roca n→∞, k→∞  da n-k→∞, maSin 

=== }kS{P)p,n,k(b n  

−
+++−

−π
=

kn
10

k
10

n
101*)p(nHexp(

*)p1(*np2
1

. (2.1) 
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damtkiceba. am Teoremebis dasamtkiceblad visargebloT 
stirlingis asimptoturi formuliT: roca m→∞, maSin 

=θπ= θ−

m
10,eemm2!m m

mm m . 

gvaqvs  

      =−
−

=−== −− knkknkk
nn )p1(p

)!kn(!k
!n)p1(pC}kS{P  

=−
−−π

= −θ−θ−θ−
−

knkne)p1(p
)kn(k

n
)kn(k2

n knk
knk

n

 

−−−+−
−π

= *)p1ln(*)p1(*pln*p(nexp{
*)p1(*np2

1
 

        =θ−θ−θ−−−− − )exp())}p1ln(*)p1(pln*p mnmn  

−
+++−

−π
=

kn
10

k
10

n
101*)p(nHexp(

*)p1(*np2
1

.  

Sedegi. roca n→∞, k→∞  da n-k→∞, maSin (2.1) Tanafa-
rdobidan miiReba b(k, n, p)-saTvis asimptoturi formula: 

}kS{P)p,n,k(b n == ∼ *)p(nHe
*)p1(*np2

1 −

−π
. 

aRniSvna αn∼βn, sadac {αn} da {βn} – ori ricxviTi mim-

devrobaa, niSnavs 1lim
n

n

n
=

β
α

∞→
 Tanafardobis Sesrulebas. 

Teorema 2.2. (muavr-laplasis lokaluri zRva-

riTi Teorema). Tu 0<p<1 da 
npq

npkx −= , q =1-p, maSin 

+
π

===
−

n
101e

npq2
1}kS{P)p,n,k(b 2

x

n

2

, 

roca n→∞,   (2.2) 
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Tanabrad yvela k-Tvis, romelTa Sesabamisi x ricxvebi raime 
sasrul [a,b] intervalSia moTavsebuli. 

damtkiceba. SevamowmoT, sruldeba Tu ara Teorema 1-is 
pirobebi: k→∞ da n-k→∞. marTlac, cxadia, rom 

+=+=
np
qx1npnpqxnpk ,          (2.3) 

−=−=−
nq
px1nqnpqxnqkn .  

radgan x sasrul intervalSi icvleba, amitom k→∞ da 
n-k→∞, roca n→∞. es gvaZlevs saSualebas davweroT:  

b(k,n,p) = 

−
+++−

−π
=

kn
10

k
10

n
101*)p(nHexp(

*)p1(*np2
1

. (2.4) 

vinaidan x∈[a,b], (2.3)-dan miviReT: 

+≥
np
q1npk a , −≥−

nq
pb1nqkn . 

e.i.          

           =
−

+
n
10

kn
10

k
10 .               (2.5) 

Tanabrad yvela x-Tvis [a,b]-dan. aseve, Tu gamoviyenebT 
(2.3) tolobebs, miviRebT: 

     +==
n
101p

n
k*p , +=−=

n
101q

n
kn*q , 

e.i.     +=
n
101

npq
1

*q*np
1

, q* = 1 - p*,             (2.6) 

Tanabrad yvela x-Tvis [a,b]-dan. 
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H(x) funqcia analizuria (0,1) intervalSi da  

       ,
p1
x1ln

p
xln)x('H

−
−−=  

x1
1

x
1)x(''H

−
+= .    (2.7) 

vinaidan p* - p → 0, roca n→∞, amitom davwerT: 

H(p*) H(p) H'(p)(p p*)= + − + 

321 H''(p)(p * p) 0( p * p )
2

+ − + − .      (2.8) 

(2.7)-is Tanaxmad,  

        H(p) = H'(p) = 0 da 
pq
1

q
1

p
1)p(''H =+= , 

amitom (2.8) miiRebs saxes: 

        )p*p(0)p*p(
pq2
1*)p(H 32 −+−= .         (2.9) 

magram  

                                   
n

pqx
n
npkp*p =−=− ,  

xolo 

                 )n(0)p*p(0 2/33 −=−   

Tanabrad yvela x-Tvis [a,b] intervalidan. Tu amaT gavi-
TvaliswinebT, (2.9)-dan gveqneba: 

              )n(0
n2

x*)p(H 2/3
2

−+=           (2.10) 

dabolos, (2.5), (2.6) da (2.10) CavsvaT (2.4)-Si, miviRebT: 
2

1 / 2

2

x 0(n )1 2

x
1/ 22

1b(k,n,p) (1 0(n ))e
2 npq

1 e (1 0(n ))
2 npq

−− +−

− −

= + =
π

= +
π
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Tanabrad yvela x-Tvis [a,b]-dan. amrigad, Cven b(k,n,p)-sTvis 
miviReT  

               )p,n,k(b ∼ −ϕ
npq

npk
npq
1

  

asimptoturi formula, sadac 

                   2
x2

e
2
1)x(

−

π
=ϕ .                   

$3. muavr-laplasis integraluri zRvariTi Teorema 

P{k1≤Sn≤k2} albaTobis miaxloebiT gamosaTvlelad Sei-
Zleba gamoyenebul iqnes Semdegi 

Teorema 3.1. (muavr-laplasis integraluri zRva-

riTi Teorema). n-is usasrulod zrdisas  

                            0dxe
2
1}b

npq
npS{P 2

xb
n

2

→
π

−≤
−

≤
−

a
a   

Tanabrad yvela a da b-saTvis   (-∞≤a<b≤∞). 

damtkiceba. Tavdapirvelad davuSvaT, rom c≤a , cb ≤ , 
sadac c raime dadebiTi sasruli ricxvia. vTqvaT, k1 iseTi 
umciresi mTeli ricxvia, rom npqnpk1 a+≥ , xolo k2 
iseTi udidesi mTeli ricxvia, rom npqbnpk 2 +≤ .  

maSin 

      }kS{P}b
npq

npS{P n

k

kk

n 2

1

==≤
−

≤
=

a .        (3.1) 

daSvebis Tanaxmad, a da b sasruli ricxvebia, e.i. Sesru-
lebulia Teorema 2.1-is piroba, amitom SegviZlia (3.1)-Si 
P{Sn = k} SevcvaloT (2.2)-iT: 

 ))n(01(xe
2
1}b

npq
npS{P 2

1

k
2

xk

kk

n

2
k2

1

−−

=
+Δ

π
=≤

−
≤a ,   (3.2) 
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sadac  

        
npq

npkxk
−=  da 

npq
1xxx k1kk =−=Δ + .  

(3.2)-is marj vniv dgas integraluri j ami, romelic a da 

b-s mimarT Tanabrad krebadia dxe
2
1 2/x

b 2−

π a
 integralisaken, 

roca n→∞. vTqvaT, axla a da b nebismieria. aRvniSnoT 

npq
npSn

n
−

=ξ . 

cxadia, rom 

                 }c{P1}c{P nn ≤ξ−=>ξ .          (3.3) 

cnobilia, rom  

π=
∞

∞−

− 2dxe 2/x2
, 

amitom 

             dxe
2
11dxe

2
1 2/x

cx

2/x
c

c

22 −

>

−

− π
−=

π
.    (3.4) 

(3.3) da (3.4)-dan miviRebT: 

dxe
2
1}c{Pdxe

2
1}c{P 2/x

c

c
n

2/x

cx
n

22 −

−

−

> π
−≤ξ=

π
−>ξ . (3.5) 

axla, vTqvaT, ε nebismieri mcire dadebiTi ricxvia, moi-
Zebneba iseTi c ricxvi (es ricxvi davafiqsiroT), rom 

                  
8

dxe
2
1 2/x

cx

2 ε<
π

−

>
.             (3.6) 

axlaxan damtkicebulis Tanaxmad, moiZebneba iseTi n0 
ricxvi, rom yoveli n≥n0-sTvis Sesruldeba utoloba: 

8
dxe

2
1}c{P 2/x

c

c
n

2 ε<
π

−≤ξ −

−
. 
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aqedan, (3.3) da (3.6)-is ZaliT 

                0n nn,
4

}c{P ≥ε≤>ξ .           (3.7) 

axla aviRoT nebismieri [a,b] intervali da aRvniSnoT  

                                   [A,B]= =[a,b] [-C,C],  

radgan -C≤A<B≤C, amitom, rogorc Cven es ukve davamtki-
ceT, moiZebneba iseTi n1 ricxvi, rom yoveli n>n1-saTvis 
adgili aqvs utolobas 

           
2

dxe
2
1]}B,A[{P

B

A

2/x
n

2 ε<
π

−∈ξ − .     (3.8) 

(3.6) - (3.8)-is ZaliT, utolobidan 

≤
π

−∈ξ −
b

2/x
n dxe

2
1]}b,[{P

2

a
a  

+
π

+>ξ≤
>

−

cx

2/x
n dxe

2
1}c{P

2 −

π
−∈ξ

B

A

2/x
n dxe

2
1]}B,A[{P

2
 

miviRebT, rom  

              ε<
π

−∈ξ −
b

2/x
n dxe

2
1]}b,[{P

2

a
a   

Tanabrad yvela a da b-saTvis (a≤b).                
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Tavi VII 

 
maxasiaTebeli funqciebi 

$1. maxasiaTebeli funqciis gansazRvra  

da misi umartivesi Tvisebebi 

albaTobis Teoriisa da maTematikuri statistikis bevri 
amocana dakavSirebulia damoukidebel SemTxveviT sidideTa 
j amis Seswavlaze. Cven ukve nawilobriv gavecaniT aseT amo-
canebs, rodesac ganvixilavdiT did ricxvTa kanonis Sesaba-
mis Teoremebs. metad mniSvnelovan amocanas warmoadgens mo-
vZebnoT damoukidebel SemTxveviT sidideTa nebismieri sasru-
li raodenobis j amis ganawileba da SeviswavloT misi yo-
faqceva, rodesac SesakrebTa ricxvi sakmarisad didia. da-
moukidebel SemTxveviT sidideTa j amis ganawilebis moZebna 
SeiZleba yovelTvis SesakrebTa ganawilebis kanoniT, kom -
poz i ci i s  formulis gamoyenebiT. cxadia, SemTxveviT si-
dideTa j amebis am gziT Seswavla metad rTul gamoTvleb-
Tan aris dakavSirebuli. damoukidebel SemTxveviT sidide-
Ta Sej amebadobis sakiTxi SedarebiT martivad xerxdeba e.w. 
maxasiaTebel funqciaTa meTodiT, anda, rogorc mas uwode-
ben, furies gardaqmnaTa meTodiT. misi gansazRvrisaTvis 
Cven dagvWirdeba ganvsazRvroT maTematikuri lodinis cneba 
kom pleqsu r S em T x vevi T  sidideebze. kompleqsuri 
SemTxveviTi sidide ewodeba ζ(ω)=ξ(ω)+iη(ω)  sidides, sadac 
ξ(ω) da η(ω) sasruli maTematikuri lodinis mqone namdvi-
li SemTxveviTi sidideebia. ζ = ζ(ω) kompleqsuri SemTxvevi-
Ti sididis maTematikuri lodini ewodeba 

                                          Mζ = Mξ + iMη                (1.1) 

j ams. maTematikuri lodinis ZiriTadi Tvisebebi bunebrivad 
gadaitaneba (1.1) SemTxvevaze, SevCerdeT mxolod ori Tvi-
sebis damtkicebaze. 
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Tu ζk =  ξk  + iηk, s,1k =  damoukidebel komponentiani 
SemTxveviTi sidideebia, (ζk, s,1k =  kompleqsur SemTxveviT 
sidideTa damoukidebloba niSnavs (ξk, ηk) s,1k = , SemTxve-
viT veqtorTa damoukideblobas), maSin 

               ∏
=

ζ=ζ⋅⋅ζ
s

1k
ks1 M)...(M .           (1.2) 

marTlac, simartivisaTvis davuSvaT, rom s = 2; ζ1 , ζ2 -is 
damoukideblobis gansazRvridan gamomdinareobs, rom ξi da 
ηj, i≠j, SemTxveviTi sidideebi damoukidebelia,  

amitom  

                 M(ξi⋅ηj)=MξiMηj.  

amave mizeziT  

          Mξ1ξ2=Mξ1Mξ2  da Mη1η2=Mη1Mη2. 

gvaqvs  

Mζ1ζ2 =M((ξ1ξ2 − η1η2) + i (ξ1η2 + ξ2η1)) =  M(ξ1ξ2 − η1η2) + 

+ iM (ξ1η2 + ξ2η1) = (Μξ1 + iMη1)(Mξ2 + iMη2) =  Mζ1 Mζ2 .      

axla davamtkicoT Semdegi utoloba 

                  ζ≤ζ MM .                  (1.3) 

marTlac, vTqvaT, ζ martivi kompleqsuri SemTxveviTi si-
didea, e.i. is Rebulobs sasrul ricxv ζ = zk = xk + iyk mni-
Svnelobebs, amasTan,  

                            P{ω: ζ(ω) = zk} = pk.  

am SemTxvevaSi (1.3) aris kompleqsuri ricxvis modulis 
Tvisebis pirdapiri Sedegi: 

              ζ=≤ζ MpzM kk
k

.             (1.4) 
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vTqvaT, axla  

ξ = ξ+ − ξ−,    η = η+ − η−, 

xolo ±± ηξ nn ,  Sesabamisad ξ±, η± -sken krebadi zrdadi mar-
tiv SemTxveviT sidideTa mimdevrobaa.  

cxadia, rom  

ξn = ξn
 + − ξn

 − → ξ, ηn  = ηn
 + − ηn

 − → η 
da, maSasadame, ζn → ζ; Mξ da Mη-is gansazRvris ZaliT 

davwerT 

nn
MlimM ζ=ζ

∞→
, 

sadac    ζn =  ξn  + iηn .  
Semdeg (1.4)-is ZaliT 

              nn MM ζ≤ζ  nebismieri n-saTvis. 

axla vaCvenoT, rom 

ζ=ζ
∞→

MMlim nn
. 

marTlac,  

η+ξ=η+η+ξ+ξ≤η+η+ξ+ξ=η+ξ≤ζ −+−+−+−+
nnnnnnn  

da ζn → ζ-dan maJorirebuli krebadobis lebegis Teoremis 
ZaliT miviRebT, rom 

ζ→ζ MM n .                     

gansazRvra 1.1. ξ SemTxveviTi sididis m a x a s i a T e-
b eli  fu n qci a  ewodeba namdvili t cvladis 

ξ
ξ =ϕ itMe)t(                   (1.5) 

funqcias. e ileri s  xsinixcoseix +=  formulis Tanaxmad 
(1.5)-dan miviRebT: 

ξ+ξ=ϕξ tsiniMtcosM)t( .           (1.6) 
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Tu Fξ(x) aris ξ-is ganawilebis funqcia, xolo fξ(x) misi 
simkvrive (Tu is arsebobs!), maSin maTematikuri lodinis 
gamosaTvleli zogadi formulidan davwerT: 

∞

∞−
ξξ =ϕ )x(dFe)t( itx , 

∞

∞−
ξξ =ϕ dx)x(fe)t( itx .      (1.7) 

Tu ξ-is ganawileba diskretulia, maSin 

=ωξω=ϕξ
k

k
itx }x)(:{Pe)t( k .            (1.8) 

(1.7) da (1.8)-dan Cans, rom ϕξ(t) maxasiaTebeli funqcia 
savsebiT ganisazRvreba ξ SemTxveviTi sididis Fξ(x) ganawi-
lebis funqciiT. 

maxasiaTebeli funqciis T vi s eb e b i : 

10. ϕξ(0) = 1 da 1)t( ≤ϕξ , t∈R(1). 

damtkiceba. cxadia, rom ϕξ(0) = 1. vinaidan 1eit =ξ , 

(1.3) utolobidan miviRebT: 

1eMMe)t( itit =≤=ϕ ξξ
ξ .                

20. ϕξ(t) maxasiaTebeli funqcia Tanabrad uwyvetia mTel 
wrfeze. 

am Tvisebis damtkicebisaTvis Tavdapirvelad davadginoT 
Semdegi lemis samarTlianoba, romelsac Cven SemdegSiac 
gamoviyenebT. 

lema 1.1. namdvili θ-s da nebismieri n ≥ 1 -Tvis adgili 
aqvs 

!n!k
)i(e

n
1n

0k

k
i θ

≤θ−
−

=

θ                (1.9) 

utolobas. 
damtkiceba. (1.9) davamtkicoT induqciis wesiT. vTqvaT, 

n=1 da vaCvenoT, rom 
θ≤−θ 1ei . 
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marTlac, 

         
θ

θ =−
0

iui due)1e(
i
1

, amitom θ≤−θ 1ei . 

vTqvaT, axla lema samarTliania n = m – 1-sTvis da vaCve-
noT misi samarTlianoba n = m-sTvisac. marTlac, 

θ −

==

θ −=θ−
0

1m

0k

k
iu

m

0k

k
i du)

!k
)iu(e()

!k
)i(e(

i
1

, 

amitom 

1| |1

0 00 0

( ) ( )( )
! ! ! ( 1)!

m mk km m
i iu

k k

ui iue e du du
k k m m

θθ
θ θθ +

−

= =
− = − ≤ =

+
.   

20-is damtkiceba. ganvixiloT }X:{A <ξω=  xdomi-
loba. gvaqvs 

=−=−=ϕ−+ϕ ξξξξ+
ξξ )1e(MeMeMe)t()ht( ihitit)ht(i  

21A
ihit

A
ihit MMI)1e(MeI)1e(Me +≤−+−= ξξξξ ,  

sadac 

A
ih

1 I1eMM −= ξ ,   A
ih

2 I1eMM −= ξ  , 

xolo IA da AI , A da A xdomilobebis indikatorebia. Se-
vafasoT cal-calke M1 da M2; M1-is Sesafaseblad gamovi-
yenoT lema 1.1. 

gvaqvs, 

hX)A(PhXMIhXIMhM AA1 ≤=≤ξ≤ . 

radganac 21e hi ≤−ξ , amitom 

=≥ωξω==≤ }X)(:{P2)A(P2MI2M A2  

))X(F)X(F1(2})X)(:{P1(2 −+−=<ωξω−= ξξ . 



 174 

vTqvaT, ε>0. Tavdapirvelad avarCioT iseTi X = X0, rom 

4
)X(F)X(F1 00

ε<−+− ξξ  

(es yovelTvis SeiZleba, vinaidan Fξ(X)→1 da Fξ(-X)→0, 

roca X→∞), e.i. 
2

M 2
ε≤ , xolo Semdeg h iseTi aviRoT, 

rom 0X2/h ε=δ≤ , gveqneba 
2

M1
ε≤ .  

maSasadame,  

ε<ϕ−+ϕ ξξ )t()ht( , roca δ≤h .                     

30. Tu η = αξ + β, sadac α da β namdvili ricxvebia, ma-
Sin 

)t(e)t( ti αϕ=ϕ ξ
β

η . 

marTlac,  

)t(eMeMe)t( it)(itit αϕ===ϕ ξ
ββ+αξη

η .        

40. Tu ξ1, ξ2, ..., ξn damoukidebeli SemTxveviTi sidideebia, 
maSin 

∏
=

ξξ++ξ+ξ ϕ=ϕ
n

1k
... )t()t(

kn21
,            (1.10) 

e.i. damoukidebel SemTxveviT sidideTa j amis maxasiaTebeli 
funqcia cal-calke SesakrebTa maxasiaTebel funqciaTa nam-
ravlis tolia. 

damtkiceba. ξ1, ξ2, ..., ξn SemTxveviT sidideTa damouki-
deblobidan gamomdinareobs 1ite ξ , 2ite ξ , ... , nite ξ kompleqsur 
SemTxveviT sidideTa damoukidebloba; maTematikuri lodi-
nis me-6 Tvisebis ZaliT miviRebT: 

=ϕ ξ++ξ+ξ )t(
n21 ... ∏∏∏

=
ξ

=

ξ

=

ξ
ξ

ϕ====
n

1k

n

1k

it
n

1k

it
it

)t(MeeMMe
k

kk

n

1k
k

.   
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50. )t()t( ξξ ϕ=−ϕ . 

damtkiceba gamomdinareobs ξ−ξ = itit ee  tolobidan da 30-
Tvisebidan. 

60. aRvniSnoT an = Mξn. Tu an sasrulia, maSin arsebobs 
n rigamde yvela  ϕξ

(k)(t) warmoebuli k≤n da adgili aqvs 

                                 ϕξ
(k)(0) = ikM(ξk)             (1.11) 

tolobas. garda amisa, samarTliania 

=
ξ +=ϕ

n

0k
nk

k

)t(R
!k
)it()t( a            (1.12) 

gaSla, sadac Rn(t) = o(tn), roca t→0. 
damtkiceba. Tu Cven formalurad gavawarmoebT (1.5)-s 

k-j er, miviRebT tolobas 

∞

∞−
ξ

ξ
ξ =ξ=ϕ )x(dFexieMi)t( itxkkitkk)k( .      (1.13) 

Tu (1.13)-Si CavsvamT t=0, miviRebT (1.11)-s. integralis 
niSnis qveS gawarmoebis SesaZleblobis samarTlianobis da-
sadgenad gamoviyenoT induqciis wesi. vTqvaT, (1.13) formu-
la samarTliania k<n-Tvis da vaCvenoT misi samarTlianoba 
k+1-Tvis. vinaidan 

      
h

)1e(eMi
h

)t()ht( ihit
kk

)k()k(
−ξ=

ϕ−+ϕ ξξ
ξξ ,    (1.14) 

da  

1k
ih

itk

h
)1e(e +

ξ
ξ ξ≤−ξ ,  ∞<ξ +1kM , 

amitom maJorirebuli krebadobis lebegis Teoremis ZaliT 
(1.14)-is marj vena mxareSi maTematikuri lodinis niSnis qveS 
SegviZlia gadavideT zRvarze, roca h→0. amgvarad, Cven da-
vamtkiceT (1.13)-is samarTlianoba k+1-Tvis. (1.12)-Si Rn(t) 
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damatebiTi wevris Sesafaseblad gamoviyenoT am paragrafis 
lema 1.1. gvaqvs 

21

n

0k

k
it

n

0k

k
it

n LL
!k
)it(eM

!k
)it(eM)t(R +=ξ−≤ξ−=

=

ξ

=

ξ , 

sadac 

A

n

0k

k
it

1 I
!k
)it(eML

=

ξ ξ−= , A

n

0k

k
it

2 I
!k
)it(eML

=

ξ ξ−= , 

xolo xdomiloba A igivea, rac gansazRvruli iyo 20 Tvi-
sebis damtkicebisas. SevafasoT L1 da L2 cal-calke: 

1n
1n

A

1n

1 X
)!1n(

t
I

)!1n(
t

ML +
++

+
≤

+
ξ

≤ , 

≤
ξ

+ξ−≤
−

=

ξ
A

n
1n

0k

k
it

2 I
!n

t
!k
)it(eML  

n
n n n

A x X

t
2 t M I 2 x dF (x)

n! ξ
≥

≤ ξ = . 

radgan ∞<na , amitom 

0)x(dFx
Xx

n →
≥

ξ , roca X→∞. 

vTqvaT, ε>0. avarCioT Tavdapirvelad X iseTi, rom 

4
)x(dFx

Xx

n ε<
≥

ξ , 

xolo Semdeg 

X2
)1n( ε+=δ , 

maSin   
2!n

t
L

n

1
ε⋅≤ ,  roca δ<t   da  

2!n
t

L
n

2
ε⋅≤ .  
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amgvarad,  

ε⋅≤
!n

t
)t(R

n

n .                   

$2. zogierTi ganawilebis maxasiaTebeli funqcia 

1. bernulis ganaw ilebis maxasiaTebeli fu nqcia. 
vTqvaT, ξ = Sn, sadac Sn bernulis SemTxveviTi sididea:  

Sn = ξ1+ + ξ2 + ... +ξn, 

sadac ξ1, ξ2, ..., ξn  damoukidebeli SemTxveviTi sidideebia da 

P{ω:ξi(ω)=1}=p, P{ω:ξi(ω)=0}=1-p, i=1,2,...,n. 
maxasiaTebeli funqciis 40-Tvisebebis ZaliT  

n
S ))t(()t(

1n ξϕ=ϕ , 
sadac  

qpe)t( it
1

+=ϕξ ,  q = 1 – p. 

maSasadame, 
nit

S )qpe()t(
n

+=ϕ .               (2.1) 

(2.1) formulis saSualebiT Cven SegviZlia gamovTvaloT 
Sn-is momentebi 60 Tvisebis ZaliT.  

ase, magaliTad,  

np)0(
i
1MS '

Sn n
=ϕ= . 

aseve gamoiTvleba Sn-is dispersia:  

DSn=npq. 
2. pu asonis ganaw ilebis maxasiaTebeli fu nqcia. 
vTqvaT, ξ˜SemTxveviTi sidide ganawilebulia puasonis ka-

noniT:  

                           λ−λ==ωξω e
!n

}n)(:{P
n

, n=0,1,...  
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formula (1.7)-is Tanaxmad 

)1e(

0n

nitn

0n

itn it
e

!n
)e(ee

!n
e)t( −λ

∞

=

λ−λ−
∞

=
ξ =λ=λ=ϕ . 

aqedan maxasiaTebeli funqciis 60 Tvisebis ZaliT  

Mξ = λ, Dξ = λ. 
3. normaluri ganaw ilebis maxasiaTebeli fu n-

qcia . 
vTqvaT, ξ SemTxveviT sidides aqvs N(0,1) standartuli 

normaluri ganawileba, e.i.  

2/x2
e

2
1)x(f −

ξ π
= . 

radganac sintx kenti funqciaa, xolo sintx⋅fξ(x) integri-
rebadi, amitom 

∞

∞−
ξ = 0dx)x(txfsin , 

 da, maSasadame,  

=ϕξ )t(
∞

∞−
ξ =dx)x(feitx  

+=
∞

∞−
ξ dx)x(txfcos

∞

∞−
ξ

∞

∞−
ξ = dx)x(txfcosdx)x(txfsini .   ((2.2) 

gavawarmooT (2.2) tolobis orive mxare t-Ti: 
∞

∞−
ξξ −=ϕ dx)x(txfsinx)t(' . 

nawilobiTi integrirebiT miviRebT diferencialur gan-
tolebas:  

=
π

=ϕ
∞

∞−

−
ξ )e(txdsin

2
1)t(' 2/x2

 

2
2

x
x / 22

1 1sintxe costxe dx t costxf (x)dx t (t)
2 2

∞
∞ ∞− −

ξ ξ
−∞ −∞−∞

= − = − = − ϕ
π π

. 
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Tu amovxsniT )t(t)t(' ξξ ϕ−=ϕ  diferencialur gantole-

bas ϕξ(0)=1 sawyisi pirobiT, miviRebT, rom 

2
t2

e)t(
−

ξ =ϕ .                    (2.3) 

axla ganvixiloT zogadi SemTxveva, rodesac ξ SemTxve-
viTi sidide ganawilebulia normalurad N(a, σ2) paramet-
rebiT, e.i. 

σ
−−

πσ
=ξ 2

2

2
)x(exp

2
1)x(f a . 

cxadia, 
σ
−ξ=η a

 SemTxveviTi sidide kvlav ganawilebu-

lia normalurad (0,1) parametrebiT. maxasiaTebeli funq-
ciis 30 Tvisebidan, (2.3) formulidan da ξ = ση + a warmo-
dgenidan miviRebT 

σ−=ϕξ 2
ttiexp)t(

22

a .            (2.4) 

aqedan (1.12) formulis ZaliT, davwerT  

Mξ=a, Dξ=σ2. 

4. (a ,b )  int ervalz e Tanab ari ganaw ilebis ma-
xasiaTebeli fu nqcia . 

Tu ξ SemTxveviTi sidide Tanabradaa ganawilebuli (a,b) 
SualedeSi, maSin, rogorc viciT misi simkvrivea: 

0, x
1f (x) , x ( ,b),

b
0, x b.

ξ

≤

= ∈
−

≥

a,

a
a

 amrigad, 

)b(it
eedx

b
1e)t(

ititbb
itx

aa

a

a −
−=

−
=ϕξ .       (2.5) 
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vTqvaT, axla a= - h; b = h,  
maSin  

ht
tsinh)t( =ϕξ . 

(2.5) formulidan miviRebT:  

2
bM +=ξ a , 

12
)b(D

2a−=ξ . 

$3. Sebrunebis formula maxasiaTebeli 

funqciisaTvis. erTaderTobis Teorema 

rogorc vnaxeT, yovel Fξ(x) ganawilebis funqcias See-
sabameba ϕξ(t) maxasiaTebeli funqcia. ismis kiTxva: maxasi-
aTebeli funqciis saSualebiT aRdgeba Tu ara ganawilebis 
funqcia da es aRdgena calsaxaa? am kiTxvaze dadebiTi pa-
suxis gacema Semdegi Teoremis saSualebiT xerxdeba. 

Teorema 3.1. (Sebrunebis formula). Tu Fξ(x) ganawile-
bis funqciaa, xolo ϕξ(t) Sesabamisi ganawilebis maxasiaTe-
beli funqcia, maSin Fξ(x) funqciis uwyvetobis yoveli 
α < β wertilisaTvis 

    dt
it
eee)t(lim

2
1)(F)(F

itit
2
t

0

22
∞

∞−

α−β−σ−

ξ→σξξ −
−⋅ϕ

π
=α−β .   (3.1) 

damtkiceba. vTqvaT, ησ normalurad ganawilebuli Sem-
TxveviTi sididea (0, σ2) parametrebiT, xolo misi ganawi-
lebis funqcia Φσ(x)-iT aRvniSnoT.  

davuSvaT, rom ξ da ησ damoukidebeli SemTxveviTi sidi-
deebia da ganvixiloT ζσ = ξ + ησ j ami. ζσ-s ganawilebis 
funqcia Fσ(x)-iT aRvniSnoT (ix. Tavi III, $6). 
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F (x) F (x) (x) F (x y)d (y)
∞

σ ξ σ ξ σ
−∞

= ∗ Φ = − Φ = 

(x y)dF (y)
∞

σ ξ
−∞

= Φ − . (3.2) 

vinaidan ξ da ησ damoukidebeli SemTxveviTi sidideebia, 
amitom maxasiaTebeli funqciis 40 Tvisebis ZaliT davwerT: 

)t()t()t(
σσ ηξζ ϕϕ=ϕ . 

(2.4) formulis Tanaxmad,   

2
t22

e)t(
σ−

η =ϕ
σ

, 

xolo )t(
σζϕ  funqcia integrebadia, vinaidan 

σ−≤ϕϕ=ϕ
σσ ζξζ 2

texp)t()t()t(
22

. 

gvaqvs 

a

1 1exp( itx) (t)dt exp( itx) (t) (t)dt
2 2σ

∞ ∞

ζ ξ η
−∞ −∞

− ϕ = − ϕ ϕ =
π π

 

A(x,y)dF (y),
∞

ξ
−∞

=  

sadac  

=
πσπ

=
π

=
∞

∞−

−σ
−∞

∞−

σ−−− due
2
1e

2
1dtee

2
1)y,x(A 2/u)yx(iu

2
t

)xy(it 2
22

 

σ
−−

πσ
= 2

2

2
)yx(exp

2
1 .  

amgvarad, 

∞

∞−
ξ

σ
−−∞

∞−
ζ

−

πσ
=ϕ

π σ
)y(dFe

2
1dt)t(e

2
1 2

2

2
)yx(

itx .   (3.4) 
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ganvixiloT (3.4) toloba. Tu SevadarebT (3.4) da (3.2) 
tolobebs, vnaxavT, rom (3.4)-is marj vena mxare aris )x(Fσ′ , 
e.i. 

)x(Fdt)t(e
2
1 itx

σ

∞

∞−
ζ

− ′=ϕ
π σ

.            (3.5) 

aqedan integrirebis Semdeg miviRebT: 

=σ−ϕ
π

=α−β
β

α

−
∞

∞−
ξσσ dt)dxe)(

2
texp()t(

2
1)(F)(F itx

22

 

dt
it
ee)

2
texp()t(

2
1 itit22

−
−σ−ϕ

π
=

α−β−∞

∞−
ξ .            (3.6) 

Teoremis damtkicebis damTavrebisaTvis isRa dagvrCenia 
vaCvenoT, rom Fξ(x) funqciis uwyvetobis yoveli x werti-
lisaTvis 

)x(F)x(Flim
0 ξσ→σ

= .               (3.7) 

vaCvenoT (3.7). vTqvaT, δ > 0.  
gvaqvs 

≤Φ−−=−
∞

∞−
σξξξσ )y(d))x(F)yx(F()x(F)x(F  

≤Φ−−+Φ−−≤
δ>

σξξ
δ≤

σξξ
yy

)y(d)x(F)yx(F)y(d)x(F)yx(F  

21
yyy

II)y(d2)y(d)x(F)yx(Fsup +=Φ+Φ−−≤
δ>

σ
δ≤

σξξ
δ≤

.   (3.8) 

yoveli dadebiTi ε-sTvis SeiZleba SevarCioT iseTi 
δ = δ(ε) ricxvi, rom  

              ε≤−− ξξ
δ≤

)x(F)yx(Fsup
y

,  

e.i.  

ε≤Φε≤
δ≤

σ
y

1 )y(dI .             (3.9) 
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Semdeg CebiSevis utolobis gamoyenebiT davwerT: 

ε<δσ=
δ
η

≤δ≥η=Φ= σ
σ

δ≥
σ

22
2

y
2 /2

D
}:x{P2)y(d2I ,  (3.10) 

roca δε=σ<σ
20 .  

(3.9) da (3.10)-is gaTvaliswinebiT, (3.8)-dan miviRebT 

ε≤− ξσ 2)x(F)x(F , σ < σ0. 

amgvarad, Tu (3.6) tolobis orive mxares gadavalT zRva-
rze, rodesac σ→0, miviRebT Teoremis damtkicebas.      

Teorema 3.2. (erTaderTobis Teorema). SemTxveviTi sid-
idis maxasiaTebeli funqcia calsaxad gansazRvravs mis ga-
nawilebas. 

damtkiceba. (3.1) formulidan gamomdinareobs, rom 
Fξ(x)-is yovel uwyvetobis wertilze 

∞

∞−

−−σ−

ξ→σ−∞→ξ −
−ϕ

π
= dt

it
eee)t(

2
1limlim)x(F

ityitx
2

t

0y

22

, 

sadac y→−∞ Fξ(x) funqciis uwyvetobis wertilTa simrav-
leze. amgvarad, Fξ(x) misi uwyvetobis wertilTa simravle-
ze calsaxad gamoisaxeba ϕξ(t) maxasiaTebeli funqciiT, xo-
lo vinaidan nebismier y wertilze  

)x(Flim)y(F
yx ξ↑ξ = , 

sadac x↑y Fξ(x)-is uwyvetobis wertilebze, amitom Fξ(x) 
calsaxad ganisazRvreba ϕξ(t)-iT.              

magaliTi 3.1. Tu ξ1 da ξ2 damoukidebeli SemTxveviTi 
sidideebi ganawilebulia normalurad, maSin ξ1 + ξ2 j amic 
ganawilebulia normalurad. 

marTlac, Tu  
                   Mξ1 = a1,         Dξ1 = 2

1σ ,  
                   Mξ2 = a2,         Dξ2 = 2

2σ ,  
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maSin  

)
2
titexp()t(

22
1

11

σ
−=ϕξ a ,    )

2
titexp()t(

22
2

22

σ
−=ϕξ a . 

maxasiaTebeli funqciis 40 Tvisebis Tanaxmad 

=ϕϕ=ϕ ξξξ+ξ )t()t()t(
2121

)
2

t)(it)exp(
22

2
2
1

21
σ+σ

−+ aa . 

es ki warmoadgens maxasiaTebel funqcias iseTi norma-
luri ganawilebisa, romlis maTematikuri lodini (a1+a2)-
is, xolo dispersia ( 2

2
2
1 σ+σ )-is tolia.  

erTaderTobis Teoremis safuZvelze davaskvniT, rom ξ1 
+ ξ2 j amis ganawilebis funqcia normaluria.            

magaliTi 3.2. damoukidebeli ξ1 da ξ2  SemTxveviTi sidi-
deebi puasonis kanonis mixedviT arian ganawilebuli, amasTan, 

!k
e}k)(:{P

1k
1

1

λ−λ
==ωξω , 

!k
e}k)(:{P

2k
2

2

λ−λ
==ωξω ,  k=0,1,2, ... 

davamtkicoT, rom ξ =  ξ1 +ξ2 SemTxveviTi sidide ganawi-
lebuli iqneba puasonis kanoniT λ =  λ1 + λ2 parametriT. 

))1e(exp()t( it
11

−λ=ϕξ , 

))1e(exp()t( it
22

−λ=ϕξ . 

maxasiaTebeli funqciis 40 Tvisebis ZaliT gveqneba: 

             ))1e)(exp(()t( it
2121

−λ+λ=ϕ ξ+ξ ,        (3.11) 

e.i. j amis maxasiaTebeli funqcia puasonis kanonis maxasiaTe-
bel funqcias warmoadgens. erTaderTobis Teoremis Tanax-
mad, erTaderTi ganawileba, romlis maxasiaTebeli funqcia 
aris (3.11), puasonis ganawilebaa, romlisTvisac 
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)(
k

21 21e
!k

)(}k)(:{P λ+λ−λ+λ
==ωξω ,  k≥0. 

Teorema 3.3. ϕξ(t) maxasiaTebeli funqcia namdvilia ma-
Sin da mxolod maSin, rodesac Sesabamisi Fξ(x) ganawilebis 
funqcia simetriulia, e.i. Fξ(x) = 1 - Fξ(-x+0) an, Tu Fξ(x)-s 
gaaCnia fξ(x) simkvrive, fξ(x) = fξ(-x). 

damtkiceba. Tu ξ-s aqvs simetriuli ganawilebis funq-
cia, maSin ξ da −ξ ganawilebulia erTnairad da, maSasadame, 

ϕξ(t) = Meitξ = Me-itξ = ϕξ(-t) = )t(ξϕ . 

e.i. ϕξ(t) namdvilia. axla davamtkicoT Teoremis meore na-
wili. davuSvaT, rom ϕξ(t) namdvilia da ganvixiloT η = −ξ 
SemTxveviTi sidide. η-s ganawilebis funqcia G(x)-iT aRv-
niSnoT. maSin, ganmartebis Tanaxmad, 

G(x)=P{ω:η(ω)<x}=P{ω:ξ(ω)>-x}=1 - Fξ(-x+0). 

ϕξ(t) da ϕη(t) maxasiaTebeli funqciebi dakavSirebulia 
erTmaneTTan  

)t(MeMeMe)t( ititit
ξ

ξξ−η
η ϕ====ϕ  

TanafardobiT. magram, pirobis ZaliT 

)t(ξϕ  = ϕξ(t), e.i. ϕη(t) = ϕξ(t). 

axla erTaderTobis Teoremis gamoyenebiT davaskvniT, rom 
η da ξ SemTxveviT sidideebs erTi da igive ganawilebis fu-
nqcia aqvT, e.i.  

Fξ(x) = 1 – Fξ(–x+0).                 

Teorema 3.4. Tu ϕξ(t) maxasiaTebeli funqcia ekuTvnis 

funqciaTa L1(−∞,∞) klass (e.i. ∞<ϕ
∞

∞−
ξ dt)t( ), maSin Fξ(x)-s 

aqvs fξ(x) simkvrive da 

fξ(x) = 
∞

∞−
ξ

− ϕ
π

dt)t(e
2
1 itx . 



 186 

damtkiceba. aRvniSnoT  
∞

∞−
ξ

−
ξ ϕ

π
= dt)t(e

2
1)t(f~ itx . 

vinaidan ϕξ(t)∈L1, amitom (3.1) formulaSi SeiZleba int-
egralis niSnis qveS gadavideT zRvarze, roca σ →0. mivi-
RebT: 

β

α

∞

∞−

α−β−

ξξξ =
−
−ϕ

π
=α−β dx)x(f~dt

it
ee)t(

2
1)(F)(F

itit

. 

aqedan gamomdinareobs, rom  

)x(f~)x(F ξξ =′ .                

$4. ganawilebis funqciaTa mimdevrobis 

sustad krebadoba 

V TavSi ganvixileT erTsa da imave albaTur sivrceze 
mocemul SemTxveviT sidideTa mimdevrobis krebadobis sxva-
dasxva saxe: albaTobiT krebadoba ( ⎯→⎯P ), TiTqmis auci-
lebeli (T.a) krebadoba da saSualo kvadratuli azriT kre-
badoba. am saxis krebadobaTa garda SemTxveviTi sidideebi 
(ar aris savaldebulo SemTxveviTi sidideebi mocemuli iyos 
erTi da igive albaTur sivrceze) SesaZloa erTmaneTs „da-
uaxlovdnen“ maTi ganawilebis funqciaTa krebadobis azriT. 
am mizniT SemoviRoT 

gansazRvra 4.1. Cven vityviT, rom Fn(x) ganawilebis 
funqciaTa mimdevroba s u st ad krebadia F(x) ganawilebis 
funqciisaken, da davwerT Fn(x)  F(x) Tu Fn(x)→  F(x), F(x) 
funqciis uwyvetobis C(F) wertilTa simravleze. 

es gansazRvra koreqtulia, e.i. Tu arsebobs susti zRvari, 
is erTaderTia. marTlac, Fn(x)  F1(x) da Fn(x)  F2(x), 
maSin F1(x)= =F2(x), )F(C)F(Cx 21∈  danarCen wertilTa si-
mravleze, romelic Tvladia, F1(x)= F2(x) marcxnidan uwyve-
tobis gamo.                      
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Tu Fn(x ) funqcia ξn-is ganawilebis funqciaa, xolo 
F(x) ξ-is ganawilebis funqcia, maSin vityviT agreTve, rom 
ξn  sustad krebadia ξ-ken, rac ξn ⎯→⎯d ξ simboloTi aRini-
Sneba; zogj er amboben, rom ξn krebadia ξ-ken ganawilebiT. 
cxadia,  ξn ⎯→⎯d ξ  krebadobidan gamomdinareobs, rom 

P{ω:x1≤ξn(ω)<x2} ⎯⎯ →⎯ ∞→n  P{ω:x1≤ξ(ω)<x2}, 

Tuki P{ξ=x1}=P{ξ=x2}=0. 
axla avxsnaT Fn(x)  F(x) krebadobis gansazRvraSi, Tu 

ratom moiTxoveba krebadoba mxolod F(x)-is uwyvetobis 
wertilebze da ara yvela x-saTvis. Fξn(x) ganawilebis fun-
qciis Fξ(x) ganawilebis funqciisaken yovel x wertilSi 
krebadobis moTxovna ar iqneboda kargi, vinaidan ugulebe-
lvyofdiT ξn SemTxveviTi sididis ganawilebis ξ SemTxvevi-
Ti sididis ganawilebasTan bunebrivi siaxlovis bevr SemT-
xvevas. amis naTelsayofad moviyvanoT 

magaliTi. vTqvaT, 
n
1

n −ξ=ξ  da ξ raime SemTxveviTi si-

didea. 

)0x(F
n
1xF

n
1x)(:P)x(F n +→+=+<ωξω= ξξξ , 

roca n→∞. sakmarisia Fξ(x) wyvetili iyos x wertilSi, 
rom Fξn(x)→/ F(x). meore mxriv, ξn→ξ  zemoT CamoTvlili 
yvela krebadobis azriT. 

Teorema 4.1. Tu ξ⎯→⎯ξ P
n , maSin ξn ⎯→⎯d ξ . 

damtkiceba. vTqvaT, x'<x da x, x'∈C(Fξ). vinaidan 

   {ω:ξ(ω)<x'}={ω:ξn(ω)<x,    ξ(ω)<x'}+{ω:ξn(ω)≥x, ξ(ω)<x'}⊂  
        ⊂ {ω:ξn(ω)<x}+{ ω:ξn (ω)≥x, ξ(ω)<x'}.  

amitom  

Fξ(x')≤Fξn(x)+P{ ω:ξn (ω)≥x, ξ(ω)<x'}.P 
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pirobis ZaliT  
ξ⎯→⎯ξ P

n , 

P{ω:ξn(ω)≥ x, ξ(ω)<x'}≤P{ω: ξn-ξ ≥x-x'}→0, n→∞. 
maSasadame, 

)x(Finflim)'x(F nxn ξ∞→ξ ≤ .             (4.1) 

analogiurad, Tu SevucvliT adgilebs ξ da ξn-s, mivi-
RebT: 

''xx),''x(F)x(Fsuplim n
xn

<≤ ξξ∞→
. 

amgvarad: 

)''x(F)x(Fsuplim)x(Finflim)'x(F nnnn ξξ∞→ξ∞→ξ ≤≤≤ . 

da Tu x∈C(Fξ), x'↑x da x''↓x,   maSin miviRebT  

)x(Flim)x(F nn ξ∞→ξ = .               

Teorema 4.2. Tu  

0P'
nn ⎯→⎯ξ−ξ   da  )x(F)x(F /

n
ξξ

, 

maSin  

)x(F)x(F
n ξξ . 

damtkiceba. Teorema 4.1-is analogiuria, Tuki iq '
nξ -ze 

gamoviyenebT ξ-ze Catarebul msj elobas. 
Teorema 4.3. vTqvaT, ξn, ηn, n = 1, 2,... SemTxveviT si-

dideTa mimdevrobebia. gvaqvs 

a) Tu ξn ⎯→⎯d ξ  da 0P
n ⎯→⎯η , maSin 0P

nn ⎯→⎯ξη . 

b) Tu ξn ⎯→⎯d ξ , CP
n ⎯→⎯η ,  

maSin  

ξn+ηn ⎯→⎯d ξ+C,    ξnηn ⎯→⎯d C ξ,    0C,
C

d

n

n ≠ξ⎯→⎯
η
ξ

. 



 189

damtkiceba. imisaTvis, rom davamtkicoT (a), ganvixiloT 

+ε<ωηε>ωηωξω=ε>ωηωξω
K

)(,)()(:P})()(:{P nnnnn  

≤ε≥ωηε>ωηωξω+ }
K

)(,)()(:{P nnn  

ε≥ωηω+>ωξω≤
K

)(:P}K)(:{P nn  utolobebi.  

aqedan ki 

{ } { }K)(:P)()(:Psuplim nnn
>ωξω≤ε>ωηωξω

∞→
,  (4.2) 

yoveli fiqsirebuli dadebiTi K-sTvis. magram, K nebismi-
eri dadebiTi ricxvia, amitom (4.2)-is marj vena mxare K-s 
arCeviT SegviZlia gavxadoT ragind mcire ricxvze naklebi. 
maSasadame, 

{ } ∞→→ε>ωηωξω n,0)()(:P nn . 

(b)-s damtkicebisaTvis SevniSnoT, rom Tu  

ξn ⎯→⎯d ξ , 
maSin  

ξn+C ⎯→⎯d ξ+C, 

(ξn+ηn)-( ξn+C)= 0C P
n ⎯→⎯−η . 

aqedan, Tu gamoviyenebT 4.2 Teoremas, miviRebT  

ξn+ηn ⎯→⎯d ξ+C. 

garda amisa,   

ξn ⎯→⎯d ξ , 

amitom  

Cξn ⎯→⎯d Cξ . 
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Semdeg (a) Tvisebis Tanaxmad  

ξnηn-Cξn = 0)C( P
nn ⎯→⎯−ηξ . 

aqedan ki, 4.2 Teoremis ZaliT,  

ξnηn ⎯→⎯d Cξ. 

analogiurad,  

ξn/ηn ⎯→⎯d C/ξ.                   

Teorema 4.4. (poias Teorema). Tu Fn(x) F(x), sadac 
F(x) uwyveti funqciaa, maSin krebadoba Tanabaria: 

∞→→−
∞<<∞−

n,0)x(F)x(Fsup n
x

. 

damtkiceba. vTqvaT, ε nebismieri dadebiTi ricxvia. 
F(x)-is uwyvetobis ZaliT moiZebneba iseTi x1<x2<...<xm ri-
cxvebi, rom 

,
2

)x(F)x(F,
2

)x(F k1k1
ε<−ε< +  k=1,2,...,m-1, 

2
)x(F1 m

ε<− . 

Semdeg, vinaidan yoveli fiqsirebuli x-sTvis Fn(x)→F(x), 
amitom arsebobs iseTi N, rom, roca n>N  

2
|)x(F)x(F| kkn

ε<− , k=1,2,...,m. 

Tu x∈[xk, xk+1), k=1,2,...,m-1, maSin Fn(x)-is da F(x)-is 
araklebadobis gamo,  

Fn(x)-F(x)≤Fn(xk+1)-F(xk)=[Fn(xk+1)-F(xk+1)]+[F(xk+1)-F(xk)]<ε,   

Fn(x)-F(x)≥Fn(xk)-F(xk+1)>-ε. 
amitom Fn(x)-F(x) <ε, roca x∈[xk, xk+1], k=1,2,...,m-1.  
Tu axla x<x1, maSin 

Fn(x)-F(x)≤ Fn(x1)-F(x1)+F(x1)<ε 
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da  

Fn(x)-F(x) ≥- F(x) ≥-F(x1)>−
2
ε , 

e.i. roca x<x1, Fn(x)-F(x) <ε, n>N. analogiurad ganixile-
ba SemTxveva, rodesac x≥xm. amgvarad,  

              ,)x(F)x(Fsup n
x

ε<−
∞<∞−

 roca n>N.          

lema 4.1. Tu Fn(x)→F(x) raime yvelgan mkvriv D simrav-
leze, maSin  

Fn(x) F(x) . 
damtkiceba. vTqvaT, x F(x)  funqciis uwyvetobis wer-

tilia, x',x''∈D da x'<x<x''.  
gvaqvs  

Fn(x')≤ Fn(x) ≤Fn(x'') 

da 

≤≤≤=
∞→∞→∞→

)x(Flim)x(Flim)'x(Flim)'x(F nnn
n

nn
 

nn
limF (x'') F(x'')

→∞
≤ = .          (4.3) 

Tu x'↑x da x''↓x maSin (4.3)-dan miviRebT 

)x(F)x(Flim)x(Flim)x(F nnn
n

≤≤≤
∞→∞→

 

e.i.  

)x(F)x(Flim nn
=

∞→
.                   

Teorema 4.5. (helis pirveli Teorema). ganawilebis fun-
qciaTa yoveli {Fn} mimdevrobidan SegviZlia gamovyoT sus-
tad krebadi qvemimdevroba. 

damtkiceba. vTqvaT, D={xk} wrfeze yvelgan mkvrivi 
Tvladi simravlea. CavsvaT {Fn(x)} mimdevrobaSi x=x1, mivi-
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RebT ricxvTa SemosazRvrul mimdevrobas: 0≤Fn(x1)≤1. ami-
tom misgan SegviZlia gamovyoT krebadi F1n(x1) qvemimdevro-
ba, romlis zRvari F(x1)-iT aRvniSnoT. {F2n(x2)} SemosazRv-
ruli mimdevrobidan gamovyoT krebadi F2n(x2) qvemimdevro-
ba: F2n(x2)→F(x2) da a.S. Semdeg gamovyofT diagonalur 
Fnn(x) qvemimdevrobas, romlisTvisac Fnn(xk)→F(xk) nebismi-
eri xk-Tvis, romelic ekuTvnis D-s. lema 4.1-is ZaliT, aqe-
dan gamomdinareobs, rom Fnn(x)  F(x).                            

SeniSvna. SeiZleba F(x) ar iyos ganawilebis funqcia. ma-
galiTad, Tu Fn(x)=0, roca x<n da Fn(x)=1, roca x≥n, 
maSin Fn(x)  F(x)≡0. 

Teorema 4.6. (helis meore Teorema). Tu g(x) ricxvTa 
RerZze uwyveti, SemosazRvruli funqciaa da  

Fn(x)  F(x), F(∞)-F(-∞)=1, 
maSin 

∞

∞−

∞

∞−∞→
= )x(dF)x(g)x(dF)x(glim nn

.        (4.4) 

damtkiceba. vTqvaT, a,b∈C(F), amasTan, a<b. Tavdapirve-
lad davamtkicoT, rom 

=
∞→

b b

nn
)x(dF)x(g)x(dF)x(glim

a a
.          (4.5) 

vTqvaT, ε>0, yovelTvis moiZebneba [a,b] intervalis F(x) 
funqciis a=x0,x1,...,xN-1,xN=b uwyvetobis wertilebiT [xk-1,xk] 
intervalebad iseTnairad daiyofa, rom ε<− )x(g)x(g k , 
x∈[xk-1,xk]. amis gakeTeba yovelTvis SeiZleba, vinaidan g(x) 
Tanabrad uwyvetia [a,b] intervalze, xolo F(x) funqciis 
uwyvetobis wertilebi [a,b]-Si ganlagebulia yvelgan mkvri-
vad. ganvsazRvroT gε(x) funqcia: gε(x)=g(xk), roca x∈[xk-

1,xk]. cxadia, a≤x≤b intervalis yoveli x wertilisaTvis 
samarTliania ε≤− ε )x(g)x(g  utoloba. gvaqvs 
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+−≤− ε

b

n

b b

n )x(dF)x(g)x(g)x(dF)x(g)x(dF)x(g
aa a

 

≤−+−+ εεε

bb b

n )x(dF)x(g)x(g)x(dF)x(g)x(dF)x(g
aa a

 

    ))]x(F)x(F()x(F)x(F[L2 1k1kn

N

1k
kkn −−

=
−−−+ε≤ , 

sadac )x(gsupL
x

= .  

ukanaskneli Sesakrebi SegviZlia gavxadoT ragind mcire, 
roca n→∞, saidanac gamomdinareobs (4.5). (4.4)-is damtki-
cebisaTvis avarCioT iseTi A>0, rom  

4
)A(F ε<− ,   

4
)A(F1 ε<−  

da, amasTan, ±A F(x) funqciis uwyvetobis wertilebi iyos: 
±A∈C(F).  

maSin, vinaidan  
Fn(±A)→F(±A), 

SegviZlia avarCioT iseTi n0, rom  

2
)A(Fn

ε<−   da  
2

)A(F1 n
ε<−   roca n>n0. 

SevafasoT 
∞

∞−

∞

∞−
− )x(dF)x(g)x(dF)x(g n    sxvaoba. 

gvaqvs 

+−≤−
− −

∞

∞−

∞

∞−

A

A

A

A
nn )x(dF)x(g)x(dF)x(g)x(dF)x(g)x(dF)x(g  

n
x A x A

g(x)dF (x) g(x)dF(x)
> >

+ ≤       (4.6) 

A A

n
A A

Lg(x)dF(x) g(x)dF (x) L
2− −

ε≤ − + ε +                        
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(4.5)-is gamoyenebiT (4.6)-is marj vena mxare SegviZlia ga-
vxadoT ragind mcire.                                 

$5. maxasiaTebeli funqciisaTvis 

 zRvariTi Teoremebi 

$3-Si davadgineT urTierTcalsaxa Tanadoba ganawilebis 
funqciaTa {Fξ(x)} simravlesa da {ϕξ(t)} maxasiaTebel funq-
ciaTa simravles Soris. am paragrafis mizania vaCvenoT, 
rom es Tanadoba ara marto urTierTcalsaxaa, aramed urTi-
erTuwyvetic. 

Teorema 5.1. (pirdapiri Teorema). Tu Fn(x) F(x), maSin 
yovel t wertilze ϕn(t)→ϕ(t), roca n→∞. 

damtkiceba. helis me-2 Teoremis Tanaxmad, Fn(x) F(x)-dan 
gamomdinareobs, rom 

)t()x(dFe)x(dFe)t( itx
n

itx
n ϕ=→=ϕ

∞

∞−

∞

∞−
.     

Teorema 5.2. (Sebrunebuli Teorema). Tu maxasiaTebel 
funqciaTa {ϕn(t)} mimdevroba krebadia yovel t wertilze 
romelime ϕ(t) funqciisaken, romelic uwyvetia nul werti-
lze, maSin Fn(x) F(x) da ϕ(t) aris F(x) ganawilebis maxa-
siaTebeli funqcia. 

damtkiceba. helis pirveli Teoremis safuZvelze Segvi-
Zlia avarCioT {Fn(x)}-dan qvemimdevroba )}x(F{

kn , romelic 

sustad krebadia romeliRac F*(x) funqciisaken: )x(F
kn  

F*(x). SegviZlia vigulisxmoT, rom F*(x) uwyvetia mar-
cxnidan. vaCvenoT, rom F*(-∞) = 0 da F*(+∞) = 1. amisaTvis 
Cven gamoviyenebT utolobas: 

X
11

X
1dt)t(

2
1

}X)(:{P

τ
−

τ
−ϕ

τ≥≤ωξω

τ

τ−
ξ

,   (5.1) 
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sadac X > 0, τ > 0.  
kerZod, Tu τX = 2, (5.1)-dan miviRebT: 

1dt)t(
2
12}X)(:{P −ϕ
τ

≥≤ωξω
τ

τ−
ξ .    ((5.2) 

davamtkicoT (5.1). gvaqvs 

( +
τξ

τξ=
τξ

τξ=
τ

=ϕ
τ ≤ωξω

τ

τ−

ξ
τ

τ−
ξ X)(:{

it IsinMsinMdtMe
2
1dt)t(

2
1

 

) +≤ωξω=
τ

+≤+ >ωξω≤ωξω>ωξω }X)(:{PMI
X
1MII }X)(:{X)(:{X)(:{  

( )}X)(:{P1
X
1}X)(:{P}X)(:{P

X
1 ≤ωξω−

τ
+≤ωξω=>ωξω

τ
+ . 

aqedan gamomdinareobs (5.1). pirobis Tanaxmad ϕ(t) uwyvetia 
t = 0 wertilze. amitom arsebobs iseTi τ0 > 0, rom, roca  
0 < τ < τ0, 

4
1dt)t(

2
1 ε−≥ϕ
τ

τ

τ−
.        (5.3) 

radganac yovel t wertilze )t()t(
kn ϕ→ϕ , amitom arsebobs 

iseTi k0, rom 

,
2

dt)t(dt)t(
kn

ετ<ϕ−ϕ
τ

τ−

τ

τ−
 k ≥ k0.              (5.4) 

(aq gamoyenebulia lebegis Teorema maJorirebuli krebado-
bis Sesaxeb). (5.3) da (5.4)-dan davwerT 

2
1dt)t(

2
1

kn
ε−≥ϕ

τ

τ

τ−
 

da, maSasadame, (5.2) utolobidan 

ε−=−ε−≥
τ

−−
τ

=
τ

≤ωξω 11
2

122F2F}2)(:{P
kkk nnn , 
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e.i. 

ε−≥
τ

−−
τ

12F2F
kk nn  , k ≥ k0. 

amgvarad,  

F*(+∞) = 1, F*(-∞) = 0. 
axla davamtkicoT  

Fn(x) F*(x). 
davuSvaT, rom  

Fn(x) / F*(x). 
maSin arsebobs ori )}x(F{ 'n  da )}x(F{ ''n  qvemimdevroba 

iseTi, rom  

)x(F 'n F*(x), )x(F ''n F**(x), 

pirdapiri Teoremis ZaliT  

)t(*)t('n ϕ→ϕ , )t*(*)t(''n ϕ→ϕ : 

magram, vinaidan  

ϕn(t)→ϕ(t), 
amitom  

ϕ*(t) = ϕ**(t) = ϕ(t).        
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Tavi VIII 
 

centraluri zRvariTi Teorema 
 
$1. centraluri zRvariTi Teorema erTnairad  

ganawilebuli damoukidebeli SemTxveviTi 

sidideebisaTvis 

bernulis sqemaSi „warmatebaTa“ Sn raodenobas aqvs Sem-
degi zRvariTi Tviseba: 

    due
2
1)x(x

DS
MSSPnlim 2

u

n

nn

2
∞

∞−

−

π
=Φ=<

−
∞→ ,   (1.1) 

sadac  

MSn=pn, DSn=npq, 0<p<1, q=1-p. 
(1.1) warmoadgens e.w. centraluri zRvariTi Teoremis 

umartives SemTxvevas. 
gansazRvra 1.1. Cven vityviT, rom damoukidebeli SemT-

xveviT sidideTa ξ1, ξ2, ... mimdevrobisaTvis Sesrulebulia 
cen t ralu ri  z Rva ri T i  T eorem a , Tu nebismieri 
x-Tvis samarTliania Semdegi zRvariTi Tanafardoba: 

)x(x
D

MPnlim
n

nn Φ=<
ζ

ζ−ζ
∞→ ,         (1.2) 

sadac ζn=ξ1+ξ2+...+ξn.  
radganac Φ(x) funqcia uwyvetia ricxviT RerZze, amitom 

aq krebadoba Tanabaria x-is mimarT poias Teoremis Tanax-
mad (ix. Tavi VII, Teorema 4.4). 

vinaidan bernulis sqemaSi „warmatebaTa“ Sn raodenoba 
warmoidgineba damoukidebeli da erTi da imave ganawilebis 
mqone η1, η2, ...,ηn SemTxveviTi sidideebis j amad:  

Sn= η1+ η2+ ...+ηn, 
sadac  

                            P{ω:ηi(ω)=1}=p, P{ω:ηi(ω)=o}=1–p.  
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amitom (1.1) warmoadgens centraluri zRvariTi Teore-
mis kerZo SemTxvevas. centraluri zRvariTi Teoremis sama-
rTlianobisaTvis ξ1, ξ2, ... SemTxveviT sidideebs unda moeT-
xovos garkveuli damatebiTi pirobebis Sesruleba. am pi-
robebis axsnisaTvis Cven gavecnobiT centraluri zRvariTi 
Teoremebis ramdenime variants. 

Tavdapirvelad davamtkicoT centraluri zRvariTi Teo-
rema erTi da imave ganawilebis mqone SemTxveviTi sididee-
bisaTvis. 

Teorema 1.1. Tu ξ1, ξ2, ... erTnairad ganawilebuli damo-
ukidebeli SemTxveviTi sidideebia, romelTac sasruli ma-
Tematikuri lodini da dispersia gaaCnia, maSin 

      )x(x
n

n...Pnlim n21 Φ=<
σ

−ξ++ξ+ξ
∞→

a
,  (1.3) 

sadac a=Mξi, σ2=Dξi. 

damtkiceba. aRvniSnoT  

ζn=ξ1+ξ2+...+ξn, a−ξ=ξ ii
~ ; 

n
n~ n

n σ
−ζ

=ζ
a
, 

maSin  

=
ξ

σ
=ζ

n

1k
kn

~
n

1~ . 

vTqvaT, k~
~)t()t(

k
ξϕ=ϕ ξ -s maxasiaTebeli funqciaa.  

vinaidan 

k
~ξ  = 0 da M 2

k
~ξ  =D k

~ξ  =σ2, 

amitom wina Tavis pirveli paragrafis 60 Tvisebis ZaliT 
davwerT:  

ϕ σ
( ) ( )u u o u= − +1

2

2 2
2 , roca u→0 

da, maSasadame, nebismieri fiqsirebuli t-sTvis gvaqvs 
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→+−=
σ

ϕ=ϕζ

n22n

~
n
to

n2
t1

n
t)t(

n
 

  → − → ∞exp t n
2

2
, .            (1.4) 

amrigad, (1.4)-Si miviReT N(0,1) normaluri ganawilebis 
maxasiaTebeli funqcia, rac uwyvetobis Teoremis ZaliT 
(1.3)-s niSnavs.                

$2. centraluri zRvariTi Teorema nebismierad 

ganawilebuli damoukidebeli SemTxveviTi 

sidideebisaTvis 

axla davadginoT, Tu ra pirobebSi aqvs adgili centra-
lur zRvariT Teoremas nebismierad ganawilebul SemTxve-
viT sidideTa mimdevrobisaTvis. 

vTqvaT, damoukidebel SemTxveviT sidideTa ξ1,ξ2,... mimde-
vrobis yovel wevrs gaaCnia sasruli maTematikuri lodini 
da dispersia. aRvniSnoT  

)x(F)x(F
kk ξ= ,  Mξk=ak, ∞<=ξ 2

kk bD , k=1,2, .... ,n ... , 

 B bn k
k

n
2 2

1
=

=
. 

da vs va T  a m oca n a : ra pirobebs unda akmayofilebdnen 
ξ1,  ξ2,...  sidideebi, rom 

=
−ξ

n

1k
kk

n

)(
B
1 a                (2.1) 

j amis ganawilebis funqcia Φ(x) normaluri ganawilebis 
funqciisaken ikribebodes an, rac igivea, sruldebodes am 
Tavis pirveli paragrafis (1.2) zRvariTi Tanafardoba. ro-
gorc qvemoT vnaxavT, amisaTvis sakmarisia li n deb erg i s  
p i rob i s  Sesruleba: yoveli τ > 0 ricxvisaTvis 
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limn Ln→ ∞ =( )τ 0 ,              (2.2) 

sadac  

= τ≥−
−=τ

n

1k Bx
k

2
k2

n
n

nk

)x(dF)x(
B
1)(L

a
a . 

j er gaverkveT lindebergis pirobis arsSi.  
aRvniSnoT 

Ak={ω: ξk(ω)-ak ≥τBn}, k=1,2,... 
da SevafasoT albaToba 

τ≥−ξ
≤≤ nkk B

nk1
maxP a . 

radganac 

=
≤

=
=τ≥−ξ

≤≤

n

1k
kk

n

nkk )A(PA
1k

PB
nk1

maxP a  da 

P(Ak)
τ≥−τ≥−

−
τ

≤=
nknk Bx

k
2

k
Bx

2
n

k )x(dF)x(
)B(

1)x(dF
aa

a , 

amitom miviRebT utolobas: 

= τ≥−
−

τ
≤τ≥−ξ

≤≤

n

1k Bx
k

2
k2

n
nkk

nk

)x(dF)x(
)B(

1B
nk1

maxP
a

aa . 

lindebergis (2.2) pirobis Tanaxmad, rogoric ar unda 
iyos τ>0, roca n→∞, ukanaskneli j ami miiswrafvis nuli-
saken. amgvarad, lindebergis piroba warmoadgens (2.1) j a-

mis 
n

kk

B
a−ξ

, k=1,2,... . SesakrebTa T a n a b a ri  s i m ci ri s  

moTxovnas albaTuri krebadobis azriT. 
axla davamtkicoT 
Teorema 2.1. (lindebergis Teorema). Tu ξ1, ξ2, ...  damo-

ukidebel SemTxveviT sidideTa mimdevrobisaTvis sruldeba 
piroba: 

limn Ln→ ∞ =( )τ 0 , τ > 0, 
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maSin 

→<−ξ
=

n

1k
kk

n

x)(
B
1P a  

due
2
1)x(

x
2

u2

∞−

−

π
=Φ→ , Tanabrad x-is mimarT. 

damtkiceba. SemoviRoT Semdegi aRniSvnebi:  

n

kk
nk B

a−ξ
=ξ , Fnk(x)=P{ξnk<x}, ϕ ϕ ξnk t t

nk
( ) ( )= . 

cxadia, rom  

Mξnk=0, D b Bnk k nξ = 2 2/  

da, maSasadame, 

D nk
k

n
ξ

=
=

1
1 .            (2.3) 

Cveni am aRniSvnebiT Ln(τ) da lindebergis piroba miiRebs 
saxes: 

∞→→=τ
= τ≥

n,0)x(dFx)(L
n

1k
nk

x

2
n .       (2.21) 

= =
ξ=−ξ

n

1k

n

1k
nkkk

n
)(

B
1 a -is maxasiaTebeli funqcia ϕn(t)-Ti aR-

vniSnoT, cxadia, rom  

ϕ ϕn nk
k

n
t t( ) ( )=

=
∏

1
. 

Cveni mizania vaCvenoT, rom 

limn t en
t

→ ∞ = −ϕ ( ) /2 2             (2.4) 

da Sebrunebuli Teoremis Tanaxmad lindebergis Teorema 
damtkicebuli iqneba. amisaTvis Cven dagvWirdeba 
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e iiθ θ θ− − ≤1
2

2

,              (2.5) 

e iiθ θ θ θ− − + ≤1
2 6

2 3

         (2.6) 

utolobebi (ix. Tavi VII, utoloba (1.9)) da agreTve 

ln( )1 2+ − ≤α α α              (2.7) 

utoloba {α: α <1/2} wreSi moTavsebuli kompleqsuri ri-
cxvebisaTvis (ln logariTmis mTavari nawilia); (2.7) uto-
loba logariTmis gaSlis Sedegia: 

≤α−=α−α−=α−α+
∞

=

−∞

=

−

2k

k
1k

1k

k
1k

K
)1(

K
)1()1(ln  

2

0k

k
2k

0k

2k

2k
2

222
1 ∞

=

−
∞

=

∞

=
α=

α
≤α

α
=α≤ . 

davubrundeT (2.4)-is damtkicebas. am miznisaTvis pirvel 
rigSi vaCvenoT, rom 

nk1 k n
max (t) 1 0

≤ ≤
ϕ − → , roca n→∞, Tanab-

rad t-is mimarT, ∞<< Tt . imis gamo, rom Mξnk=0, (2.5) 
utolobidan miviRebT:  

ϕ nk
itx

nkt e itx dF x( ) ( ) ( )− = − − ≤
−∞

∞
1 1  

( )≤ + ≤ +
≥<

t x dF x x dF x T Lnk nk
xx

n

2
2 2

2
2

2 2
( ) ( ) ( )

εε
ε ε . 

ukanaskneli utolobis marj vena mxaris meore Sesakrebi, 
lindebergis pirobis Tanaxmad, roca n sakmarisad didia, 
SegviZlia gavxadoT ε2-ze naklebi, e.i. 

lim maxn k n
tnk→ ∞ ≤ ≤

− =
1

1 0ϕ ( )        (2.8) 
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Tanabrad t-s mimarT, t T< < ∞ . amrigad, dawyebuli gar-
kveuli n-dan  

max
1

1 1
2≤ ≤

− <
k n

tnkϕ ( ) , 

romelic, Tavis mxriv, gvaZlevs saSualebas davweroT 

lnϕ ϕ ϕnk nk nkt t t( ) ( ( ) ) ( )− − ≤ −1 1 2 . 

ganvixiloT axla ϕn(t) maxasiaTebeli funqcia. gvaqvs 

ln lnϕ ϕ ϕn nk
k

n

nk
k

n

nt t t R( ) ( ) ( ( ) )= = − +
= =1 1

1 ,   (2.9) 

sadac 

≤−ϕ≤−ϕ−ϕ=
==

2n

1k
nknk

n

1k
nkn 1)t()]1)t(()t(ln[R  

≤
≤ ≤

− −
=

max
1

1 1
1k n

t tnk nk
k

n
ϕ ϕ( ) ( ) ,  

amasTan, 

( (
n n

itx

nk nkk 1 k 1
(t) 1 e 1 itx dF (x))

∞

= = −∞

ϕ − ≤ − − ≤ 

2 2n

nkk 1

t TD
2 2=

≤ ξ ≤ . 

amgvarad, (2.8) Tanafardobis ZaliT, t-s mimarT Tanabrad 
nebismier sasrul t T<  intervalSi, miviRebT: 

Rn→0 ,  n→∞ .     (2.10) 
magram   

( ( ) )ϕ ρnk
k

n

nt t− = − +
=

1
2

2

1
,         (2.11) 

sadac 

=

∞

∞−=
−−+=−ϕ+=ρ

n

1k
nk

itx
n

1k

2

nk

2

n )x(dF)itx1e(
2
t)1)t((

2
t

. 



 204 

vTqvaT, τ nebismieri dadebiTi ricxvia, maSin (2.3)-is Ta-
naxmad gvaqvs 

ρn
itx

nk
k

n
e itx t x dF x= − − + ≤

−∞

∞

=
( ) ( )1

2

2 2

1
 

++−−≤
= τ<

n

1k x
nk

22
itx )x(dF

2
xtitx1e  

+ − − + = +
≥=

e itx t x dF x I Iitx
nk

xk

n
1

2

2 2

1
1 2( )

τ
. 

I2-is Sesafaseblad gamoviyenoT (2.5) utoloba: 

I e itx dF x t x dF xitx
nk

xk

n

nk
xk

n

2
1

2
2

1
1

2
≤ − − + ≤

≥= ≥=
( ) ( )

τ τ
 

≤ + =
≥=≥=

t x dF x t x dF xnk nk
xk

n

xk

n2
2

2
2

112 2
( ) ( )

ττ
 

= ≤t L T Ln n
2 2( ) ( )τ τ . 

I1 - SevafasoT (2.6)-is gamoyenebiT: 

= τ≤= τ≤
≤τ≤≤

n

1k x
nk

2
3

n

1k x
nk

3
3

1 )x(dFx
6
t

)x(dFx
6
t

I τ≤τ
6

T
6
t 33

, 

maSasadame, )(LT
6

T
n

2
3

n τ+τ≤ρ . mocemuli ε ricxvisaTvis 

τ ise SevarCioT, rom T3τ ≤ 3ε. am τ-s ki iseTi N0 Sevusaba-

moT, rom T Ln
3

2
( )τ ε≤ , roca n>N0 (es yovelTvis SeiZ-

leba Ln(τ)→0 pirobis gamo), e.i. ρ εn < , roca n>N0 da 
t T< . es utoloba imas gviCvenebs, rom yovel sasrul 
intervalSi t-s mniSvnelobis mimarT Tanabrad 

limn n→ ∞ =ρ 0.               (2.12) 
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Tu gaviTvaliswinebT (2.9),(2.10), (2.11) da (2.12) Ta-
nafardobebs, miviRebT t-s mimarT Tanabrad yovel sasrul 

(-T,T) intervalSi lim lnn t t
n→ ∞ = −ϕ ( )

2

2
 an, rac igivea: 

limn t en

t

→ ∞ =
−

ϕ ( )
2

2 , saidanac Sebrunebuli Teoremis ZaliT 

)x(x)(
B
1P

n

1k
kk

n

Φ→<−ξ
=

a .   (2.13) 

Φ(x) funqcia uwyvetia mTel ricxvTa RerZze, amitom 
(2.13)-Si Tanabar krebadobas iZleva poias Teorema.       

SeniSvna 1. lindebergis Teoremidan gamomdinareobs, rom 

{ } 0
B
MxxP

n

n
n →

ζ−
Φ−<ζ ,            (2.14) 

sadac  
ζn=ξ1+ξ2+...+ξn. 

(2.14) zRvariT Tanafardobas xSirad gamoTqvamen ase: sa-
kmarisad didi n-Tvis ζn sidide m i a xloeb i T  ganawile-
bulia normalurad Mζn maTematikuri lodiniT da n

2
n DB ζ=  

dispersiiT. 
axla SevCerdeT ramdenime kerZo SemTxvevaze, romelSiac 

lindebergis piroba Sesrulebulia da, maSasadame, samarT-
liania cen t ralu ri  z Rva ri T i  T eorem a . 

a) vTqvaT, ξ1,ξ2,... erTnairad ganawilebuli damoukide-
beli SemTxveviTi sidideebia a=Mξ1 maTematikuri lodiniT 
da 0<b2= =Dξ1<∞ dispersiiT. maSin  

= τ>−
=−=τ

n

1k
k

2

Bx
k2

n
n )x(dF)x(

B
1)(L

nka
a  

0)x(dF)x(
b
1

1
nbx

2 →−=
τ>−a

a ,  



 206 

vinaidan  

{ } ,nbx:x ∅↓τ>− a  

0,n >τ∞→ , xolo ∞<−ξ= 2
1

2 Mb a . 

amgvarad, lindebergis piroba Sesrulebulia da, maSasa-
dame, lindebergis Teoremidan gamomdinareobs Cven mier uk-
ve damtkicebuli Teorema 1.1. 

b) vTqvaT, ξ1, ξ2, ... iseTi damoukidebeli SemTxveviTi 
sidideebia, rom ∞<<ξ Ck  T.a. k=1, 2... , da Bn→∞, roca 
n→∞, maSin samarTliania centraluri zRvariTi Teorema. 

CebiSevis utolobidan miviRebT: 

[ ]≤−ξ=− τ≥−ξω
τ≥−

}B:{
2

kk
Bx

k
2

k nkk
nk

I)(M)x(dFx a
a

aa  

{ } 2
n

2

2
k2

nkk
2

B
bC4BPC4

τ
≤τ≥−ξ≤ a , e.i. 

= τ≥−
→

τ
≤−

n

1k Bx
2
n

2

2

k
2

k2
n nk

0
B
C4)x(dF)x(

B
1

a
a , n→∞, 

maSasadame, kvlav Sesrulebulia lindebergis piroba. 

Teorema 2.2 (liapunovis Teorema). Tu ξ1,ξ2,... damouki-
debeli SemTxveviTi sidideebisaTvis arsebobs 2+δ rigis ab-
soluturi momenti, sadac δ raime dadebiTi ricxvia da 

0M
B

1 2n

1k
kk2

n

→−ξ
δ+

=
δ+ a , n→∞,   (2.15) 

maSin  

)x(x)(
B
1P

n

1n
kk

n

Φ→<−ξ
=

a  Tanabrad x-is mimarT. 

damtkiceba. vTqvaT, ε>0,  
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maSin 

≥−≥−=−ξ δ+

ε≥−

δ+∞

∞−

δ+ )x(dFx)x(dFxM k
2

Bx
kk

2

k
2

kk
nka

aaa  

≥−

δ −ε≥
nk Bx

k
2

kn
2 )x(dF)x(B

a
a ,  

e.i. 

= ε≥−

δ+

=
δ+ →−ξ

ε
≤−

n

1k Bx

2n

1k
kk2

n
2k

2
k2

n nk

0M
B
1)x(dF)x(

B
1

a
aa . 

maSasadame, liapunovis (2.15) piroba moicavs lindebergis 
pirobas da amiT Teorema damtkicebulia.               

SeniSvna 2. vinaidan zemoT moyvanil yvela TeoremaSi 

=
−ξ

n

1k
kk

n
)(

B
1 a  j amis ganawilebis funqcia krebadia norma-

luri ganawilebis Φ(x) funqciisaken Tanabrad x-is mimarT, 
amitom bunebrivia daisvas sakiTxi krebadobis siCqaris Se-
saxeb. im SemTxvevaSi, rodesac ξ1, ξ2,... damoukidebeli da 
erTnairad ganawilebuli SemTxveviTi sidideebia da, amasTan, 

, am kiTxvaze pasuxi moicema beri-esenis uto-
lobiT: 

≤Φ−<
−ξ+ξ+ξ

<∞−∞<
)x(x

nb
n...P

x
sup n21 a

nb
CM

3

3
1 a−ξ

, 

sadac 

a = Mξ1, b2 = Dξ1  da 
1
2

0 8
π

< <C , . 

am utolobis damtkiceba moyvanili iqneba $3-Si. 

SeniSvna 3. $2-Si lindebergis pirobas miveciT martivi 
forma, romelic gansakuTrebiT xelsayrelia „seriaTa sqemis“ 
SemTxvevaSi. 
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vTqvaT, ξ1,ξ2,...,ξn damoukidebeli SemTxveviT sidideTa 
mimdevrobaa,  

ak=Mξk, k
2
k Db ξ= , 

=
>=

n

1k

2
k

2
n ,0bB  n≥1, 

n

kk
nk B

a−ξ
=ξ . 

am aRniSvnebis gaTvaliswinebiT lindebergis (2.2) piro-
ba miiRebs (2.2') saxes an rac igivea: 

[ ] ∞→→ε≥ξξ
=

n,0|(|IM
n

1k
nk

2
nk ,      (2.16) 

Tu Sn=ξn1+...+ξnn, maSin DSn=1 da Teorema 2.1 Camoyalibde-
ba ase: Tu (2.16) piroba Sesrulebulia, maSin 

{ } ∞→
π

=Φ→<
∞−

− n,due
2
1)x(xSP

x
2/u

n
2

, 

an mokled:  

Sn ⎯→⎯d N(0,1), 

sadac ⎯→⎯d  aRniSnavs ganawilebiT krebadobas (ix. Tavi 
VII, $4), xolo N(0,1) – normalurad (0,1) parametrebiT 
ganawilebul SemTxveviT sidides. 

centralur zRvariT Teoremas SeiZleba adgili hqondes 
zogad „seriaTa sqemisaTvis“, e.i. ar aris savaldebulo ξnk-

s hqondes 
n

kk

B
a−ξ

 saxe. saxeldobr, adgili aqvs Semdeg 

Teoremas. 

Teorema 2.3. vTqvaT, yoveli n≥1-saTvis ξn1, ξn2, ..., ξnn,  
iseTi damoukidebeli SemTxveviT sidideTa mimdevrobaa, rom 
Mξnk=0, DSn=1. maSin lindebergis (2.16) pirobis Sesru-
leba s a k m a ri s i a  imisaTvis, rom 

Sn ⎯→⎯d N(0,1),  n→∞, 

sadac  

Sn=ξn1+...+ξnn. 



 209

es Teorema mtkicdeba sityvasityviT 2.1 Teoremis analo-
giurad da amitom mas ar moviyvanT. 
advili misaxvedria, rom 

[ ]
=≤≤

ε≥ξξ+ε≤ξ
n

1k
nk

2
nk

22
nknk1

|(|IMMmax . 

amitom, cxadia, lindebergis (2.16) pirobidan gamomdinareobs  

∞→→ξ
≤≤

n,0Mmax 2
nknk1

.       (2.17) 

adgili aqvs mniSvnelovan Teoremas. 

Teorema 2.4. vTqvaT, yoveli n≥1-saTvis ξn1,...,ξnn iseTi 
damoukidebeli SemTxveviT sidideTa mimdevrobaa, rom 
Mξnk=0, DSn=1, sadac Sn=ξn1+...+ξnn. davuSvaT (2.17) piroba 
Sesrulebulia. maSin lindebergis piroba aucilebeli da 
sakmarisia centraluri zRvariTi Teoremis samarTlianobi-
saTvis, 

Sn ⎯→⎯d N(0,1). 
damtkiceba. sakmarisoba 2.3 Teoremidan gamomdinareobs. 

aucileblobis dasamtkiceblad dagvWirdeba Semdegi lema. 

lema. vTqvaT, F(x) ξ SemTxveviTi sididis ganawilebis 
funqciaa, Mξ=0, Dξ=γ>0, maSin yoveli a>0-saTvis 

[ ]2
2

2

|x|

31)6(Re1)x(dFx
1

aa
aa

γ+−ϕ≤
−≥

,     (2.18) 

sadac  
ϕ(t)=Meitξ. 

damtkiceba. gvaqvs 
∞

∞−
=−−γ=γ+−ϕ )x(dF]txcos1[t

2
1t

2
11)t(Re 22  

< ≥

≥−−−−γ=

a a
1

|x|
1

|x|

2 )x(dF]txcos1[)x(dF]txcos1[t
2
1  
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< ≥

=−−γ≥

a a

a
1

|x|
1

|x|

22222 )x(dFx2)x(dFxt
2
1t

2
1  

≥≥ ≥

−=−−γ−γ=

aa a

aa
1

|x|

222

1
|x|

1
|x|

22222 )x(dFx)2t
2
1(dFx2))x(dFx(t

2
1t

2
1  

Tu aq CavsvamT t=a 6  miviRebT (2.18).               

gadavideT Teoremis damtkicebaze. 
vTqvaT,  

nkit
nknknk Me)t(},x{P)x(F ξ=ϕ<ξ= , 

Mξnk=0, Dξnk=γnk, 
=

=γ
n

1k
nk 1 

0Mmaxmax 2
nknk1nknk1

→ξ=γ
≤≤≤≤

.        (2.19) 

lnZ_iT aRvniSnoT Z kompleqsuri ricxvis logariTmis 
mTavari mniSvneloba (e.i. lnZ=ln|Z|+iargZ, -π<argZ≤π). 

gvaqvs 

∏
= =

π+ϕ=ϕ
n

1k

n

1k
nknk im2)t(ln)t(ln , 

sadac m=m(n,t) raime mTeli ricxvia. 

maSasadame, 

∏
= =

ϕ=ϕ
n

1k

n

1k
nknk )t(lnRe)t(lnRe .      (2.20) 

Semdeg, vinaidan 

∏
=

−
∞→→ϕ

n

1k

2
t

nk n,e)t(
2

 

amitom 

∞→→ϕ
−

=
∏ n,e)t( 2

tn

1k
nk

2

, 
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e.i.    ∞→−→ϕ=ϕ∏ ∏
= =

n,t
2
1)t(lnRe)t(lnRe

n

1k

2
n

1k
nknk .  (2.21) 

rogorc viciT (ix. amave Tavis (2.7) utoloba), 

2
1z,zz)z1ln( 2 ≤≤−+ .       (2.22) 

(2.19)-is ZaliT, yoveli fiqsirebuli t-Tvis da sakmari-
sad didi n-ebisaTvis, gvaqvs 

,
2
1t

2
11)t( 2

nknk ≤γ≤−ϕ  k=1,2...        (2.23) 

amitom (2.22) da (2.23)-dan miviRebT: 

{ } ≤−ϕ≤−ϕ−−ϕ+
==

2n

1k
nk

n

1k
nknk 1)t()1)t(()]1)t((1ln[  

0max
4
tmax

4
t

nknk1

4n

1k
nknknk1

4

→γ=γ⋅γ≤
≤≤=≤≤

 

da, maSasadame, 

∞→→−ϕ−ϕ
= =

n,0)1)t((Re)t(lnRe
n

1k

n

1k
nknk .     (2.24) 

(2.20), (2.21) da (2.24)-dan gamomdinareobs, rom 

0t
2
11)t(Ret

2
1)1)t((Re

n

1k
nk

2
nk

n

1k

2
nk →γ+−ϕ=+−ϕ

==
 

Tu aq CavsvamT t=a 6 , maSin yoveli a>0-saTvis miviRebT: 

[ ] ∞→→γ+−ϕ
=

n,031)6(Re
n

1k
nk

2
nk aa .  (2.25) 

dabolos, (2.18) da (2.25)-dan, roca 
ε

= 1a , miviRebT: 

[ ]
= ε≥=

≤=ε≥ξξ
n

1k |x|
nk

2
n

1k
nk

2
nk )x(dFx)|(|IM  

[ ]
=

∞→→γ+−ϕε≤
n

1k
nk

2
nk

2 n,0a316a(Re .     
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$3. centralur zRvariT TeoremaSi  

krebadobis siCqaris Sesaxeb 

vTqvaT, ξ1,ξ2,...,ξn damoukidebeli da erTnairad ganawile-
buli SemTxveviTi sidideebia  

da, amasTan,  

Mξ1=0, Dξ1=σ2>0, M|ξ1|3<∞. 

aRvniSnoT 

<
σ

ξ++ξ+ξ= x
n
...P)x(F n21

n . 

rogorc viciT, 

∞→→Φ−
∞<<∞−

n,0)x()x(FSup n
x

.         (3.1) 

bunebrivad ismis kiTxva: ra siCqariTaa krebadoba (3.1)-Si? 
am kiTxvaze pasuxi moicema b eri -es e n i s  SesaniSnavi Te-
oremiT. 

Teorema (beri-eseni). adgili aqvs Sefasebas: 

n
||MC)x()x(FSup 3

3
1

n
x σ

ξ
≤Φ− ,       (3.2) 

sadac  

8,0C
2
1 <≤

π
. 

(3.2)-is damtkicebisaTvis dagvWirdeba esenis Teorema (mas 
moviyvanT daumtkiceblad): 

Teorema (esenis utoloba). vTqvaT, F(x) da G(x) gana-
wilebis funqciebia, xolo f(t) da g(t) – Sesabamisi maxasia-
Tebeli funqciebi. vTqvaT, G(x)-s gaaCnia warmoebuli da 

∞<≤ C)x('GSup
x

. 
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maSin yoveli T>0-saTvis 

)x('GSup
T

24dt
t

)t(g)t(f2)x(G)x(FSup
x

T

0x π
+−

π
≤−

∞<<∞−
.  (3.3) 

Tu (3.3)-Si F(x)≡Fn(x), G(x)≡Φ(x), 
maSin 

π
⋅

π
π+ϕ−ϕ

π
≤Φ−

2
1

T
2dt

t
)t()t(2)x()x(FSup

T

0

n
n

x
  (3.4) 

sadac 

1

2

it
1

n

1n
2
t

Me)t(,
n
t)t(,e)t( ξ−

=ϕϕ=ϕ=ϕ . 

SevafasoT |ϕn(t)-ϕ(t)|. vTqvaT, simartivisaTvis σ2=1,  
β3=M|ξ1|3. teiloris formulis ZaliT davwerT: 

∞<ξ=ξ=ξ 3
1

2
11 ||M,1M,0M( ): 

[ ])tsinit(cosM
6
)it(

2
t1Me)t( 1211

3
1

32
it

1
1 ξθ+ξθξ+−==ϕ ξ . 

|θ1|≤1, |θ2|≤1                    (3.5) 

amitom 

ξθ+ξθξ+−=ϕ )
n
tsini

n
t(cosM

n6

)it(
n2

t1
n
t

2211
3
1

2
3

32

1 . 

Tu  

35
nTt

β
=≤ , 

da gaviTvaliswinebT, rom β3≥σ2=1 (ix. Tavi IV, $8), maSin 
miviRebT: 

25
1

n3
t

n2
t

n
t1

n
t1 2/3

3
32

11 ≤
β

+≤ϕ−≤ϕ− . 
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maSasadame, roca |t|≤T, SesaZlebelia 

ϕ
=ϕ n

tlnnn

1
1

e
n
t

     (3.6) 

warmodgena. 
radganac β3<∞, teiloris formulis ZaliT davwerT: 

2

1 1 10 0

t it (it)ln ln '(t) ln ''(t)
2nn n

ϕ = ϕ + ϕ + 

3 2 3

3 / 2 3 / 21 1

(it) t t (it) 1(ln )'' (ln )''' , 1
6n 2n 6nn n

+ ϕ θ = − + ϕ θ θ ≤ . (3.7) 

Semdeg, 

( ) =
ϕ

ϕ+ϕϕϕ−ϕϕ=ϕ
)s(

))s('(2)s()s(')s(''3)s()s('''''')s(ln 3
1

2
1111

2
11

1  

[ ] [ ] [ ] [ ]
)s(

e)i(M2)s(e)i(Me)i(M3)s(e)i(M
3
1

3si
11

si
1

si2
1

2
1

si3
1

1111

ϕ
ξ+ϕξξ−ϕξ ξξξξ

 

Tu gaviTvaliswinebT, rom 

25
24

n
t

1 ≥ϕ , 

roca |t|≤T da |ϕ1(s)|≤1, aqedan miviRebT: 

( ) 33

3
1213

1 7

25
24

23
n
t'''ln β≤β+ββ+β≤θϕ .   (3.8) 

( 3/1
3

2/1
21

k
1k ;3,2,1k,E β≤β≤β=ξ=β , ix. Tavi IV, $8). 
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(3.6)-(3.8)-dan, |eZ-1|≤|z|e|z| utolobis gamoyenebiT mivi-
RebT: 

2 2

1

n
tt tnln
n2 2

1

t e e e
n

ϕ− −
ϕ − = − ≤ 

2
3 3

2 t
33 3 3 4

t t7 t 7 7exp t e
6 2 6 6n n n

−β β β
≤ − + ≤ . 

am utolobis gaTvaliswinebiT, (3.4) utolobidan miiReba 
(3.2) utoloba.                       

SeniSvna. (3.2)-is Sefasebis rigi ar SeiZleba gaumj obe-
sebul iqnas. marTlac, vTqvaT, ξ1, ξ2,... damoukidebeli da 
bernulis kanoniT ganawilebuli SemTxveviTi sidideebia: 

{ } { }
2
11P1P kk =−=ξ=+=ξ . 

simetriis ZaliT, cxadia, rom 

10P0P2
n2

1k
k

n2

1k
k ==ξ+<ξ

==
. 

stirlingis formulis (ix. Tavi VI, $2) gamoyenebiT 

2n 2n
n 2n

k k 2n
k 1 k 1

1 1 1 1 1P 0 P 0 C 2 ~
2 2 2 2 n (2 )(2n)

−

= =
ξ < − = ξ = = ⋅ =

π π  

aqedan, kerZod, gamomdinareobs, rom C mudmivi, romelic 
Sedis (3.2)-Si, ar aris naklebi (2π)-1/2-ze da  

∞→
π

=ξ
=

n,
n

1~0P
n2

1k
k .       
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Tavi IX 

 

mravalganzomilebiani 

maxasiaTebeli funqciebi 
 

$1. gansazRvra da Tvisebebi 

vTqvaT, ξ=(ξ1,...,ξn) SemTxveviTi veqtoris ganawilebis fu-
nqciaa  

)x(FF ),...( n1 ξξξ = =P{ξ1<x1,...,ξn<xn}, x=(x1,...,xn). 

analogiurad, ganawilebis simkvrive )x,...,x(f n1,... n1 ξξ , Tu 

is arsebobs, aRvniSnoT fξ(x)-iT. ξ SemTxveviTi veqtoris ma-
xasiaTebeli funqcia ewodeba 

),t(i
n1),...( Me)t,...,t()t(

n1

ξ
ξξξ =ϕ=ϕ ,   (1.1) 

sadac  

t=(t1,...,tn), ii

n

1i
t),t( ξ=ξ

=
. 

maxasiaTebeli funqcia gansazRvrulia yvela t-saTvis, ro-
melTa komponentebi tk namdvili ricxvebia. (1.1) maxasiaTebe-
li funqcia Fξ(x) da fξ(x)-iT ganisazRvreba Semdegnairad: 

)x(dFe)t( )x,t(i

Rn
ξξ =ϕ ,  dx)x(fe)t( )x,t(i

Rn
ξξ =ϕ . 

maxasiaTebeli funqciis Tvisebebi 

1. |ϕξ(t)|≤1  ∀t∈Rn,  ϕξ(0)=1. 
2. ϕξ(t) Tanabrad uwyvetia. 

damtkiceba. aRvniSnoT A={ω:|ξk(ω)|≤X, n,1k = }. gvaqvs: 

|ϕξ(t+h)- ϕξ(t)|=|Mei(t,ξ) (ei(h,ξ)-1)|≤M|ei(h,ξ)-1|=M|ei(h,ξ)-1|IA+ 

+ M|ei(h,ξ)-1|⋅ AI ≤M|(h,ξ)|⋅IA+2M AI ≤X|h|+2P{ξ∉[-X,X]n}, 
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sadac  

k

n

1k
h|h|

=
=  da [-X,X]n={x:|xk|≤X, n,1k = }. 

vTqvaT, ε>0. Tavdapirvelad SevarCioT X ise, rom 

P{ω:ξ∉[-X,X]n}<
4
ε
. 

maSin yoveli h-sTvis, romlisTvisac 
X2

|h| ε< , miviRebT 

|ϕξ(t+h)- ϕξ(t)|<ε.        

3. Tu ξ(1), ξ(2),...,ξ(m) damoukidebeli SemTxveviTi veq-
torebia da ζ=ξ(1)+...+ξ(m), maSin  

)t()t( )k(

m

1k
ξ

=
ζ ϕ=ϕ ∏ . 

damtkiceba gamomdinareobs maTematikuri lodinis erT-
erTi Tvisebidan. 

4. (ξ1,...,ξk), k<n veqtoris maxasiaTebeli funqcia miiReba 
)t,...,t,t( n21,...,, n21 ξξξϕ  maxasiaTebeli funqciisagan: 

)0,...,0,0,t,...,t,t()t,...,t,t( k21,...,k21,..., n1k1 ξξξξ ϕ=ϕ . 

5. ξ1,ξ2,...,ξk SemTxveviTi sidideebi damoukidebelia maSin 
da mxolod maSin, Tu 

)t()t,...,t,t( j

k

1j
k21,..., jk1 ξ

=
ξξ ϕ=ϕ ∏  

aucilebloba gamomdinareobs maTematikuri lodinis erT-erTi 
Tvisebidan, xolo sakmarisoba qvemoT moyvanili Sebrunebis 
formulidan. 

6. )t,...,t,t()t(
n1n1 ,...,... ξξξ++ξ ϕ=ϕ  

damtkiceba gamomdinareobs j

n

1j
j

n

1j
tt ξ=⋅ξ

==
 tolobidan. 
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7. Tu η=Cξ wrfivi gardaqmnaa 

jkj

n

1j
k C ξ=η

=
, k=1,2,...,m, 

C=||Cij||,   m,1i = , n,1j = ,  maSin ϕη(t)=ϕξ(C*t), 

sadac C* matrici C matricis SeuRlebulia. 

damtkiceba. gvaqvs  

====
βαβ

=β
α

=αξ
αα

=α
ξ⋅η

η
Cti

)C,t(iti
),t(i

n

1

m

1

m

1 MeMeMeMe  

).t*C(MeMe ),t*C(i
tCi

m

1

n

1
ξ

ξ
⋅ξ

ϕ===
ααβ

=α
β

=β              

SeniSvna 1. Tu m=n da determinanti |C|≠0 da arsebobs 
fξ(x) simkvrive, maSin η=Cξ-sac agreTve aqvs simkvrive fη(y), 
romelic fξ(x)-Tan dakavSirebulia formuliT: 

)yC(f
|C|

1)y(f 1−
ξη = .    (1.2) 

marTlac, nebismieri A∈ n-Tvis gvaqvs  

dx)x(f}A{P
A

ξ=∈ξ . 

movaxdinoT aq cvladTa gardaqmna: x=C-1y, miviRebT: 

dy)y(f}CA{Pdy|C|)yC(f}A{P
CA

11

CA
η

−−
ξ =∈η==∈ξ . 

aqedan miiReba (1.2). 

SeniSvna 2. η=Cξ+b gardaqmnis dros 3) da 7)-dan miiRe-
ba ϕξ(t) da ϕη(t) Soris Semdegi kavSiri: 

ϕη(t)=ei(t,b)ϕξ(C*t). 
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8. )t()t()t( ξ−ξξ ϕ=ϕ=−ϕ . 

aRvniSnoT  
n21

n1 n21,..., ...Mm ααα
αα ξξξ=  

mas ewodeba α1+α2+...+αn rigis momenti. 

9. Tu sasrulia yvela α1+α2+...+αn=r rigis 
n1 ,...,m αα  mo-

mentebi, maSin 

        
n1n1

n1
,..., t...t

)0,...,0(
im αα

ξ
α

α
αα ∂∂

ϕ∂
= ,  α=α1+α2+...+αn≤r   (1.3) 

da  

α=α++α
αα

αα
α

=α
ξ +

αα
=ϕ

n1
n1

n1

...
r...

n1

n1
r

0
)t(Rm

!!...
t...ti)t( ,   (1.4) 

sadac  
Rr(t)=0(|t|r), |t|=|t1|+...+|tn|→0. 

damtkiceba. (1.3) tolobis damtkiceba erTi ganzomi-
lebis SemTxvevis analogiuria. 

(1.4)-is damtkicebisaTvis ganvixiloT xdomiloba 

A={|ξα|≤X, α=1,2,...,n}. 
gvaqvs: 

≤
α

ξ−=
αα

=α

ξ |)
!

),t(ie(M||)t(R|
r

0

),t(i
r  

)II(|
!

),t(ie|M AA

r

0

),t(i +
α

ξ−≤
αα

=α

ξ . 

Tu gamoviyenebT  

)!1(
|||

!
)i(e|

1

0

i

+
θ≤

α
θ−

+

=α

α
θ

l

ll
 

utolobas, roca l=r da l=r-1, miviRebT: 
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≤ξ+
+
ξ≤

+

A

r

A

1r

r I
!r

|),t(|M2I
)!1r(
|),t(|M|)t(R|  

A
r

n1

r1r1r

I|)|...|(|M
!r
|t|2

)!1r(
|t|X ⋅ξ++ξ+

+
≤

++

. 

yoveli ε>0-saTvis SevarCioT iseTi X, rom meore wevri 

iyos <
2
|t| r

ε -ze.  

Semdeg, rodesac  

1r0 X2
)!1r(t|t| +

+ε=≤ , 

miviRebT 
|Rr(t)|≤ε|t|r.                     

Sebrunebis formula. vTqvaT, )b,( kk

n

1k
a∏

=
=Δ  raime 

intervalia Rn-Si. Tu albaToba imisa, rom ξ SemTxveviTi 
veqtori miiRebs mniSvnelobas Δ-s sazRvrebze nulis to-
lia, maSin 

∏
=

ξ
σ−

−−

→σ
ϕ⋅⋅−

π
=Δ∈ξ

n

1k
n1

t

k

bitit

R
n0

dt...dt)t()e
it

ee(
)2(

1lim}{P
22

k
kkkk

n

a

 

am formulidan miiReba Semdegi: 

Teorema 1.1. ϕξ(t) maxasiaTebeli funqciiT calsaxad ga-
nisazRvreba ξ-is ganawilebis funqcia. 

uwyvetobis Teorema 1.2. imisaTvis, rom {Fn} ganawi-
lebis funqciaTa mimdevroba s u st ad krebadi iyos F(x) 
ganawilebis funqciisaken, aucilebeli da sakmarisia, raTa 
Sesabamis maxasiaTebel funqciaTa {ϕn(t)} mimdevroba yovel 
t∈Rn-saTvis krebadi iyos zRvariTi ϕ(t) funqciisaken, ro-
melic uwyvetia t=0 wertilze. masTan ϕ(t) aris F(x)-is ma-
xasiaTebeli funqcia. 
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Camoyalibebuli Teoremebis damtkiceba emTxveva erTi gan-
zomilebis SemTxvevaSi analogiuri Teoremebis damtkicebas. 
amis gamo, Cven am Teoremebis damtkicebas ar moviyvanT. 

$2. mravalganzomilebiani normaluri ganawileba  

da masTan dakavSirebuli ganawilebebi 

III Tavis me-4 paragrafSi ganvsazRvreT ξ=(ξ1,...,ξn) Sem-
TxveviTi veqtoris normaluri ganawilebis simkvrive: 

)x(Q
2
1

2/n e
)2(

|A|)x(f
−

ξ π
= , 

sadac  

==
n

j,i
jiij xx'xAx)x(Q a , 

|A| dadebiTad gansazRvruli A=||aij|| matricis determinan-
tia. es centrirebuli normaluri ganawilebaa, romlisTvi-
sac Mξ=0. nebismieri a veqtorisaTvis ξ+a veqtoris gana-
wilebasac ewodeba agreTve normaluri. vipovoT ξ SemTxve-
viTi veqtoris maxasiaTebeli funqcia. Cven vaCvenebT, rom 

'tMt
2
1

e)t(
−

ξ =ϕ ,                 (2.1) 

sadac M=A-1, A-1 aris A-s Sebrunebuli matrica, romelic 
||mij|| matricis tolia, sadac mij=Mξiξj. 

marTlac, 

n21

'xAx
2
1'itx

2/n dx...dxdxe
)2(

|A|)t(
−∞

∞−

∞

∞−
ξ ⋅⋅⋅

π
=ϕ . 

vTqvaT, C iseTi orTogonaluri matricaa, rom CAC'=E, E 
-diagonaluri matricaa μ1,μ2,...,μn elementebiT. movaxdinoT 
cvladTa gardaqmna: x=yC da t=vC. maSin 
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|A|=|E|= k

n

1k
μ∏

=
, itx'-

2
1 xAx'=ivy'-

2
1 yEy'= 

2
kk

n

1k
kk

n

1k
y

2
1yvi μ−=

==
, 

amitom 

=
π

=ϕ
μ−∞

∞−=
ξ ∏ k

y
2
1yivn

1k
2/n dye

)2(
|A|

)t(
2
kkkk

 

'ttA
2
1'CtE'tC

2
1'VVE

2
1v

2
1

k

n

1k

111
k

2
k

eeee1|A|
−−− −−−μ

−

=
===

μ
= ∏ . 

meore mxriv, vinaidan ξ-s yvela momenti arsebobs, amitom 
t=0 wertilis midamoSi 

                =+−=ϕ
=

−
ξ )t(0'ttA

2
11)t(

n

1k

2
k

1  

                )t(0'tMt
2
i'itM1 2

k

n

1k

2

=
++ξ+= . 

aqedan gamomdinareobs, rom  

Mξ=0, A-1=M.        

(2.1) damtkicebuli formulidan gamomdinareobs norma-
luri ganawilebis Semdegi Tviseba: ξ=(ξ1,...,ξn) veqtoris ko-
mponentebi damoukidebelia maSin da mxolod maSin, rodesac 
korelaciis koeficienti ρ(ξi,ξj)=0, i≠j. marTlac, Tu M 
diagonaluri matricaa, maSin A=M-1 agreTve diagonaluri 
iqneba da fξ(x) simkvriveTa namravlis tolia. SebrunebiT, Tu 
ξ1,...,ξn  damoukidebelia, maSin A matrica diagonaluria da, 
maSasadame, M-ic diagonaluri iqneba.           

normaluri ganawilebis erT-erTi mniSvnelovani Tviseba 
agreTve mdgomareobs SemdegSi: normalurad ganawilebuli 
ξ veqtoris (Mξ=0, ||cov(ξi,ξj)||=B)  nebismieri wrfivi η=Cξ 
gardaqmna agreTve ganawilebulia normalurad  
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(Mη=0, ||cov(ηα,ηβ)||=CBC*). 

es gamomdinareobs maxasiaTebeli funqciis 7) Tvisebidan: 

)t,t*CBC(
2
1)t*C,t*BC(

2
1

ee)t*C()t(
−−

ξη ==ϕ=ϕ .      

davuSvaT, rom B matricis rangi n-is tolia (roca ran-
gi <n-ze am SemTxvevas ar ganvixilavT). vTqvaT, C iseTi or-
Togonaluri matricaa, rom 

D
d.0
...
0.d

*CBC

nn

11

== ,  dαα>0 

maSin  

=α
ααα−

η =ϕ
n

1

2td
2
1

e)t( , 

e.i. η1,η2,...,ηn damoukidebeli SemTxveviTi sidideebia. amasTan 

αη -s aqvs normaluri ganawileba parametrebiT (0,dα). am 
SemTxvevaSi η-s ganawilebis simkvrive iqneba: 

=
π

= αα
α−

αα=α
η ∏ d2

y

2/1

n

1
n1

2

e
d2

1)y,...,y(f  

)y,yD(
2
1

2/n

1

e
D)2(

1 −
−

π
= . 

Semdeg, vinaidan ξ=C-1η da |C|=1, amitom (1.2) formulis 
ZaliT gveqneba: 

=
π

==
−

ηξ
)Cx,CxD(2/1

2/nn1
1

e
D)2(

1)Cx(f)x,...,x(f  

)x,xB(
2
1

2/n

)x,CxD*C(
2
1

2/n

11

e
|B|)2(

1e
|B|)2(

1 −− −−

π
=

π
= ,  (2.2) 

radganac B-1=C*D-1C, |B|=|D|.  
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Tu B diagonaluri matricaa erTi da igive elementiT, 
maSin normalur ganawilebas ewodeba sferuli. am SemTxve-
vaSi (2.2) simkvrive damokidebulia mxolod O wertilsa 
da x wertils Soris manZilze, e.i. 

2
i

n

1i2
x

2
1

nn e
)2(

1)x(f =σ
−

ξ σπ
= .    (2.3) 

erT-erTi umniSvnelovanesi Tviseba normaluri ganawile-
bisa mdgomareobs imaSi, rom is warmoadgens sakmarisad zo-
gadi sqemis damoukidebeli SemTxveviT veqtorTa j amis zRva-
riT ganawilebas. Cven maxasiaTebel funqciaTa meTodiT da-
vamtkicebT Semdeg zRvariT Teoremas.  

Teorema 2.1. vTqvaT, ξ1, ξ2,.., ξn damoukidebeli da erT-
nairi ganawilebis mqone SemTxveviTi veqtorTa mimdevrobaa, 

ξn=( ξn1,.., ξnd,), 

amasTan,  
Mξn=a da cov(ξnα, ξnβ)=bαβ 

sasrulia.  
aRvniSnoT  

ζn=ξ1+...+ξn. 
maSin  

n
nn

n
a−ζ

=ζ  

SemTxveviTi veqtoris ganawilebis funqcia sustad krebadia 
nulovani maTematikuri lodinisa da B=||bαβ|| kovariaciuli 
matricis mqone normaluri ganawilebisaken. 

damtkiceba. aRvniSnoT ϕ(t)-Ti a−ξ=ξ nn
~  SemTxveviTi 

veqtoris maxasiaTebeli funqcia.  
radganac M n

~ξ =0 da M n
~ξ α n

~ξ β=bαβ, amitom 9) Tvisebis 
ZaliT (ix. amave Tavis $1) davwerT: 

+−=ϕ βα
=βα

βα n
10ttb

n2
11

n
t d

1,
, . 
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aqedan miviRebT: 

βα
βαβα−

ζ →ϕ=ϕ

d

,
,

n

ttb
2
1n

e
n
t)t(  

aqedan da Teorema 2-is gamoyenebiT miviRebT Teoremis 
damtkicebas.                                         

(2.3) sferuli normaluri ganawilebidan Cven miviRebT 
cnobil standartul ganawilebebs, romlebsac mniSvnelo-
vani gamoyeneba aqvT m a T em a t i ku r st a t i st i k a S i . 

χ2 – ganawileba. vTqvaT, ξ1, ξ2,.., ξn damoukidebeli da 
(0,1) parametrebis mqone normalurad ganawilebuli SemTx-
veviTi sidideebia. cxadia, ξ=(ξ1,.., ξn) veqtoris ganawilebis 
simkvrive moicema (2.3) formuliT, roca σ=1. Cveni amoca-
naa movZebnoT 2

n
2
2

2
1

2
n ... ξ++ξ+ξ=χ  SemTxveviTi sididis ga-

nawileba.  
vTqvaT,  

Kn(x)=P{ 2
nχ <x}. 

cxadia, rom Kn(x)=0, roca x<0. davuSvaT x≥0, maSin 

=

=

−

≤
π

= n1

x
2
1

xx

2/nn dx...dxe...
)2(
1)x(K

n

1i

2
i

n

1i

2
i

.   (2.4) 

vipovoT Kn(x)-is warmoebuli. 
gvaqvs 

n1

x
2
1

hxxx

2/n
nn dx...dxe...)2()x(K)hx(K

n

1i

2
i

n

1i

2
i

=

=

−

+≤<

−π=−+ , 

sadac integrirebis are SemosazRvrulia ori Gn,x da Gn,x+h 
koncentrirebuli sferos zedapirebiT. saSualo mniSvnelo-
bis Teoremis gamoyeneba gvaZlevs 
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n1

hxxx

)hx(
2
1

2/n
nn dx...dx...e)2()x(K)hx(K

n

1i

2
i

=
+≤<

θ+−−π=−+   (2.5) 

aq e-1/2(x+θh) (0<θ<1) aris integralqveSa =
−

n

1k

2
kx

2
1

e  funqciis 
raime saSualo mniSvneloba integrirebis xsenebul areSi. 

aRvniSnoT 

n1
xx...x

n dx...dx...)x(S
2
n

2
1 <++

=     (2.6) 

maSin (2.5) Caiwereba ase: 

[ ])x(S)hx(Se)2()x(K)hx(K nn

)hx(
2
1

2/1
nn −+π=−+

θ+−− .   (2.7) 

(2.6) integralSi movaxdinoT cvladTa ii yxx =  garda-
qmna, gveqneba: 

2
n

1,nn1

1y

n
n xCdy...dy...)x()x(S

n

1k

2
k

==

=
≤

,   (2.8) 

sadac Cn,1 erTeulovani radiusis mqone sferos moculobaa. 
(2.7) da (2.8)-dan gamomdinareobs, rom 

h
x)hx(eC

h
)x(K)hxK( 2

n
2
n

)hx(2/1
2,n

nn −+=−+ θ+−  

ukanasknel tolobaSi Tu gadavalT zRvarze, roca h→0, 
miviRebT: 

2
x1

2
n

3,nnn exC)x('K)x(k
−−

⋅== . 

Cn,3-is mniSvneloba vipovoT pirobidan: 

∞
=

0
n 1dx)x(k . 
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e.i.  
∞ −−

=
0

2
x1

2
n

3,n 1dxexC . 

am integralSi movaxdinoT Casma u
2
x = , miviRebT: 

∞ −− =
0

1
2
n

u
3,n

2
n

1duueC2 , 

0,dzze)(,

2
n2

1C
0

1z

2
n3,n >α=αΓ

Γ
=

∞
−α−  

amrigad, 

≥
Γ

<

= −− 0x,ex

2
n

0x,0

)x(k 2/x12/n
n  roca

 roca

n/22

1
.  (2.9) 

ganawilebas, (2.9) simkvriviT, ewodeba χ2 ganawileba n 
Tavisuflebis xarisxiT. advili saCvenebelia, rom 

               n2D,nM 2
n

2
n =χ=χ . 

stiudentis ganawileba. maTematikuri statistikis 
mravali amocana daiyvaneba 

V
nZTn =  sididis ganawilebis moZebnamde. aq Z da V da-

moukidebeli SemTxveviTi sidideebia, masTan Z ganawilebu-
lia normalurad (0,1) parametrebiT, xolo V emorCileba χ2 
ganawilebas n Tavisuflebis xarisxiT. Tn SemTxveviTi si-
didis ganawilebis simkvrive moicema formuliT: 

2
1n

2

n n
1

2
nn

2
1n

)x(S

+−
χ+

Γπ

+Γ
= . 
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davamtkicoT es. cxadia, Z da V-s erToblivi ganawilebis 
simkvrivea 

1
2
n

2
y

2
x

yCe
2

−−−
, 

sadac  
 

)
2
n(22

1C
2/n Γπ

= .  

Semdeg, 

dudvveC}x
V
nZ{P}xT{P)x(S

1
2
n

2
v

2
u

v
n

xu

nn

2
−−−

≤

=<=<= . 

orj er SevasruloT integreba, pirvelad u-Ti -∞-dan 

v
n

x
-mde, xolo Semdeg v-Ti 0-dan ∞-mde, Cven miviRebT: 

dzedvevCS 2
zv

n
x

2
v

2
1n

0
n

2
−

∞−

−−∞
=  

gavawarmooT es toloba x-iT (romelic samarTliania), 
miviRebT: 

===
+−−∞

dvev
n

C)x('S)x(s
)

n
x1(

2
v

2
1

2
n

0
nn

2

 

=
+

= −
−∞

+

+

dueu
)

n
x1(

2
n

C u2
1n

01
2
n2

2
1n

 

Γ=
+

C
n

2 1n
2

1n2

n
2

1n2

)
n
x1(B)

n
x1)(

2
1n(

+−+−
+=++

, 

n)
2
n(

)
2

1n(
Bn

πΓ

+Γ
= .                       
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SevniSnoT, rom  

2
x

n

2

e
2
1)x(s

−

π
→ , roca n→∞. 

Tu ξ0, ξ1, ξ2, ..., ξn damoukidebeli da (0,1) normaluri 
ganawilebis mqone SemTxveviTi sidideebia,  

maSin  

2/12
k

n

1k

0
n

)(

nt
ξ

ξ=

=

 

SemTxveviTi sidide ganawilebulia n Tavisuflebis xaris-
xis mqone stiudentis kanoniT. 

F – g a n a w ileb a . vTqvaT, ξ1, ξ2, ..., ξn, η1, ..., ηm damo-
ukidebeli da (0,1) normaluri ganawilebis mqone SemTxve-
viTi sidideebia. aRvniSnoT 

2
m

1

2
n

1
nm

m
1
n
1

F
α

=α

α
=α

η

ξ
= . 

Fnm-is ganawilebas aqvs simkvrive: 

2
mn

1
2
n

2
m

2
n

)nxm(

x

)
2
m()

2
n(

)
2

mn(
mn +

−

+
⋅

ΓΓ

+Γ
, x≥0        (2.10) 

da mas ewodeba fiSeris F-ganawilebis simkvrive. (2.10)-is 

misaRebad gamoviyenoT is faqti, rom nmF
m
n

 warmoadgens 

ori damoukidebel SemTxveviT sidideTa fardobas, romleb-
sac aqvT Sesabamisad χ 2 ganawileba n da m Tavisuflebis 
xarisxiT. amitom 

=< }xF
m
n{P nm

)
2
m()

2
n(2

1

2
mn

ΓΓ
+ dudvevu 2

vu1
2
m1

2
n

0v,0u

x
v
u

+−−−

≥≥

≤

. 
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movaxdinoT cvladTa gardaqmna u=yz, v=z, miviRebT: 

dudvevu 2
vu1

2
m1

2
n

0v,0u

x
v
u

+−−−

≥≥

≤

= dzezdyy 2
)y1(z1

2
mn

0

1
2
nx

0

+−−+∞−
⋅ = 

dy
)y1(

y)
2

mn(2
2
mn

1
2
n

x

0

2
mn

+

−+

+

+Γ= , 

e.i.       

=< }xF
m
n{P nm dy

)y1(

y

)
2
m()

2
n(

)
2

mn(

2
mn

1
2
n

x

0
+

−

+ΓΓ

+Γ
. 

aqedan ukve Zneli ar aris miviRoT (2.10).            
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savarjiSo amocanebi 

kombinatoruli analizis elementebi 

1. kombinatorikis ZiriTadi formula (gamravlebis wesi); 
vTqvaT, mocemulia k21 A,...,A,A  simravleebi, yoveli iA  

simravle Seicavs in  raodenobis elements ( k,...,2,1i = ). Ti-
Toeuli iA  simravlidan SemTxveviT varCevT TiTo elements 
da am elementebisagan vadgenT axal simravles, aseTi gziT 
miRebuli yvela, gansxvavebuli simravleebis raodenoba aR-
vniSnoT N simboloTi: 

N= k21 n...n.n . 

amocana 1. j gufSi 25 studentia, saWiroa avirCioT j guf-
xeli da j gufxelis moadgile. AaseTi arCevis ramdeni Se-
saZlebloba arsebobs? 

amoxsna. 1A  – Sedgeba 25 studentisagan; 2A  – 24 stude-
ntisagan; (j er airCeva j gufxeli 25 studentisagan, mere 
24 studentisagan j gufxelis moadgile) N= 25 . 24=600; 

2. Sekrebis wesi. iA  simravlidan erTi elementis arCevis 

in  SesaZlebloba arsebobs. vTqvaT iA  da jA  ( ji ≠ ) simra-
vleebs saerTo elementebi ar gaaCniaT, maSin erTi elemen-
tis arCevis SesaZleblobaTa raodenoba 1A -dan an 2A -dan 
an , . . . an kA -dan tolia  

N= k21 n...nn +++ ; 

amocana 2. yuTSi 50 detalia, maT Soris 10 – pirveli xa-
risxis, 20 – meore xarisxis, danarCeni mesame xarisxis. 
arCeven pirveli an meore xarisxis erT detals. ramdeni 
varianti arsebobs? 

amoxsna. aRvniSnoT pirveli xarisxis detalebis simravle 
1A -iT, xolo meore xarisxis – 2A -iT. n1=10, n2=20;  

N=10+20=30; 
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amocana 3. orma fostalionma unda daarigos 10 werili 10 
misamarTze. ramdeni SesaZlebloba arsebobs, imisa, rom maT 
gainawilon es samuSao? 

amoxsna. erTi werilisTvis arsebobs ori SesaZlebloba (an 
pirveli fostalioni miitans werils aRniSnul misamarTze 
an meore) 2n1 = , aseve meore werilisTvis 2n2 = , mesames-
Tvis – 2n3 = , da a. S. 2n10 = . 

  pasuxi: N=2.2.2. . . …2=210 . 

dalagebuli simravleebi 

vTqvaT, mocemulia sasruli raodenobis elementebisagan 
Sedgenili simravle {a1,a2,…,an}, vuwodoT mas generaluri 
erToblioba. n-s vuwodoT am erTobliobis moculoba. 

cda mdgomareobs imaSi, rom am generaluri erTobli-
obidan mimdevrobiT virCevT k  raodenobis elements da va-
lagebT maT amorCevis rigiT. SesaZlebelia ori situacia: 
I. arCeuli elementi, Semdegi amorCevis dawyebis win araa 
dabrunebuli generalur erTobliobaSi. aseT amorCevas ewo-
deba amorCeva dabrunebis gareSe an n elementisagan k  el-
ementiani wyoba. 

amocana 4. mocemulia {1, 2, 3} simravle. nebismierad vir-
CevT or elements, dawereT yvela SesaZlo orniSna ricxvi. 

pasuxi: 12; 13; 23; 21; 31; 32. 

n elementisagan k  elementiani (dabrunebis gareSe) Se-
rCevaTa raodenoba, anu wyoba aRiniSneba k

nA  simboloTi. 
cxadia, rom pirveli elementis arCevis SesaZleblobaTa 

raodenoba nn1 = , meore elementis _ 1nn2 −=  mesame ele-
mentis _ 2nn3 −= , da a.S. )1k(nnk −−= . 

gamravlebis wesis Tanaxmad  

N= k
nA  = 

)!kn(
!n))1k(n)...(2n).(1n.(n

−
=−−−− . 
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Tu nk = , maSin !nAn
n = , aseT amorCevas ewodeba gadana-

cvleba, is aRiniSneba nP  simboloTi. nP =1⋅2⋅3⋅⋅⋅ !nn =  

II. amorCeva dabrunebiT (ganmeorebiT). Tu amorCeuli ele-
menti yoveli amorCevis win aris ukan dabrunebuli, maSin 
saqme gvaqvs dabrunebiT amorCevasTan. aseTi cdis Sedegad 
n elementisagan k elementis amorCevis yvela SesaZlebeli 
raodenoba aRvniSvnoT k

nA  simboloTi. 
cxadia, rom yoveli elementisAamorCevis SesaZlebeli 

raodenoba yoveli cdis Sedegad aris n , amitom 
1 2

n n= = , 

3 k
n ... n n= = = =  e.i.  

k
nA = kn . 

amocana 5. mocemulia {1, 2, 3} simravle. nebismierad virCevT 
or elements, Semdegi wesiT: j er avirCevT erT elements, 
CavabrunebT ukan da Semdeg isev avirCevT erT elements; 
ramdeni SesaZlebloba arsebobs? dawereT yvela SesaZlo 
orniSna ricxvi. 

amoxsna. cxadia, rom saqme gvaqvs dabrunebiT amorCevasTan, 
amitom  

2
3A =9. 

pasuxi: yvela SesaZlo orniSna ricxvebia: 11; 22; 33; 12; 
13; 23; 21; 31; 32. 

amocana 6. konkursSi 10 kinofilmi monawileobs 4 nominaci-
isaTvis. prizis ganawilebis ramdeni varianti arsebobs, Tu 
yoveli nominaciisaTvis dadgenilia gansxvavebuli premiebi. 

Aamoxsna. yovel films SeuZlia miiRos prizi sxvadasxva 
nominaciidan, e.i. erTi da igive filmi SeiZleba ganmeordes, 
amitom 

44
10 10A = . 

Ppasuxi: 44
10 10A = . 
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aradalagebuli erToblioba 

(erTdrouli amorCeva) 

Tu n elementisagan Seqmnili k  elementiani kombinaciebi 
gansxvavdebian mxolod Semadgeneli elementebiT, maSin isi-
ni ganixilebian, rogorc erTdrouli aradalagebuli amor-
Cevebi k  raodenobis elementebisa n moculobis mqone ge-
neraluri erTobliobidan da ewodebaT n elementisagan k  
elementebiani j ufdeba (ara ganmeorebiTi). sxva sityvebiT, 
j ufdeba aris aradalagebul elementTa erToblioba, rom-
lebic gansxvavdebian mxolod Semadgeneli elementebiT. 

n elementisagan k  elementiani ganumeorebeli j ufdeba 
aRiniSneba k

nC  simboloTi da  

k
nC =

)!kn(!k
!n
−

. 

am formulis saSualebiT advilad miiReba j ufdebis Sem-
degi Tvisebebi:  

k
nC = kn

nC − ; 
k
nC + 1k

1n
1k

n CC +
+

+ = ; 

1CC n
n

0
n == ; 

nn
n

2
n

1
n

0
n 2C...CCC =++++ . 

Tu n elementisagan k  elementian j ufdebaSi ramdenime 
elementi an mTlianad yvela k  elementi aRmoCnda erTi da 
igive, maSin aseT j ufdebas ewodeba ganmeorebiTi j ufdeba 
da aRiniSneba k

nC -simboloTi, romelic gamoiTvleba for-
muliT 

k
nC = k

1knC −+ . 

amocana 7. me-6 amocanis pirobebSi gansazRvreT prizis gana-
wilebis ramdeni varianti arsebobs, Tu yoveli nominacii-
saTvis dawesebulia erTi da igive prizi. 
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amoxsna. radganac yoveli nominaciisaTvis dawesebulia er-
Ti da igive prizi, amitom filmebis dalagebas 5 prizis 
kombinaciisaTvis ar aqvs mniSvneloba. viyenebT ganmeorebiTi 
j ufdebis formulas 

!9!4
!13CCC 4

13
4

1410
4
10 === −+ =715. 

pasuxi: 715. 

amocana 8. Wadrakis turnirSi monawileobs 12 adamiani. ra-
mdeni partia gaTamaSdeba turnirSi, Tu turniris nebismi-
eri monawile TamaSobs erT partias. 
amoxsna: yoveli partia TamaSdeba or moWadrakes Soris 12 
monawiledan, amitom gaTamaSebul partiaTa raodenoba iqne-
ba j ufdeba 12 elementisagan 2 elementiani, e.i. 

!10!2
!12C2

12 = =66. 

Ppasuxi: 66. 

simravlis dayofa jgufebad 

Tu simravle, romelic Sedgeba n gansxvavebuli elemen-
tisagan, dayofilia k  raodenobis j gufad ise, rom pirvel 
j gufSi moxvdeba 1n  elementi, meoreSi _ 2n , da a.S. k -urSi 

kn , Tan sruldeba piroba nn...nn k21 =++ , maSin aseTi 
j gufTa raodenoba aRiniSneba )n,..n,n(N k21n  simboloTi da 
gamoiTvleba formuliT 

)n,..n,n(N k21n =
!n!...n!n

!n

k21
. 

amocana 9. ramdeni SesaZlebloba arsebobs, rom 20 studen-
ti davyoT 4, 7 da 9-studentian 3 qvej gufad?  
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amoxsna. cxadia, rom 20

20!N (4,7,9) .
4!7!9!

=  

pasuxi: 20

20!N (4,7,9) .
4!7!9!

=  

amocana 10. ramdeni SvidniSna ricxvi arsebobs 4, 5 da 6 
cifrebisagan Sedgenili, romelSic cifri 4 meordeba 3-j er; 
cifrebi 5 da 6 or-orj er; 

amoxsna: yoveli SvidniSna ricxvi gansxvavdeba erTmaneTisa-
gan masSi Semavali cifrebis dalagebiT, amitom, faqtobri-
vad, es Svidi adgili dayofilia sam j gufad, e.i. n=7; 

1n 3,=  2 3n 2,n 2= = ; 

!2!2!3
!7)2,2,3(N7 = =210. 

pasuxi: 
!2!2!3

!7)2,2,3(N7 = =210. 
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amocanebi 

1. yuTSi 5 wiTeli da 4 mwvane vaSlia. yuTidan 3 vaSlis 
amoRebis ramdeni saSualeba arsebobs? 

Ppasuxi: 84 

2. monetas agdeben samj er. ramdeni gansxvavebuli Sedegia 
mosalodneli? 

Ppasuxi: 23 

3. kartis dastidan, romelic Sedgeba 36 kartisagan, amoaqvT 
2 karti. ori aguris mastis amoRebis ramdeni SesaZleblo-
ba arsebobs? 

Ppasuxi: 36 

4. aTi adamiani erTmaneTs xelis CamorTmeviT esalmeba. gai-
geT xelis CamorTmevaTa raodenoba. 

pasuxi: 45.  

5. failis gaxsna SesaZlebelia mxolod im SemTxvevaSi, Tu 
SeviyvanT swor parols, romelic aris xuTi cifrisagan 
Sedgenili samniSna ricxvi. maqsimaluri ramdeni cdaa saWi-
ro imisaTvis, rom gamovicnoT paroli? 

Ppasuxi: 125 

6. aTi enciklopediis gadaadgilebis ramdeni SesaZlebloba 
arsebobs wignis Taroze? 

Ppasuxi: 10! 

7. aTi enciklopediis gadaadgilebis ramdeni SesaZlebloba 
arsebobs wignis Taroze ise, rom mecxre da meaTe tomebi 
ar moxvdes erTmaneTis gverdiT? 

Ppasuxi: 9!.8 

8. aTkaciani j gufi unda gaiyos or aracariel j gufad. 
ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 1024 
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9. aTkaciani j gufi unda gaiyos or j gufad ise, rom pir-
vel j gufSi iyos 6 kaci, xolo meoreSi – 4. ramdeni Se-
saZlebloba arsebobs? 

Ppasuxi: 210. 

10. 16-kaciani j gufi unda gaiyos sam j gufad ise, rom pir-
vel j gufSi iyos 5 kaci, xolo meoreSi – 7 da mesameSi – 
4. ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 
!4!7!5

!16
 

11. ramdeni orniSna ricxvi arsebobs, romelic an 2-is j e-
radia, an 5-is j eradi, an am orive ricxvis j eradia erTd-
roulad? 

Ppasuxi: 54  

12. eqimTa 14-kaciani brigada yoveldRiurad 7 dRis ganmav-
lobaSi samorigeod niSnavs or eqims. morigeobis ramdeni 
gansxvavebuli cxrili arsebobs, Tu yoveli eqimi mxolod 
erTj er morigeobs? 

Ppasuxi: 72
!14
 

13. kenti cifrebisagan Sedgenili ramdeni oTxniSna ricxvi 
arsebobs, Tu cnobilia, rom cifri 3 Sedis am ricxvSi 
(cifrebi ar meordeba)? 

 P pasuxi: 96AA 4
4

4
5 =−  

14. rva Sekvra TeTreuli miewodeba xuTsarTulian sastum-
ros. sarTulebze TeTreulis Sekvris ganawilebis ramdeni 
saSualeba arsebobs? mexuTe sarTulze erTi Sekvris miwo-
debis ramdeni SesaZlebloba arsebobs? 

PPpasuxi: 58, 8⋅47 

15. orma mbeWdavma 16 gverdi unda dabeWdos. am samuSaos 
gadanawilebis ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 216 
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16. metros matarebels aqvs 16 gaCereba. ramdeni saSuale-
biT ganawildeba 100 mgzavri am gaCerebebs Soris, Tu isini 
matarebelSi Casxdnen bolo gaCerebaze? 

Ppasuxi: 16100 

17. kompaniis saaqcio sazogadoebis krebaze 50 kacidan un-
da airCion kompaniis prezidenti, direqtorTa sabWos Tavm-
j domare da direqtorTa sabWos 10 wevri. ramdeni SesaZle-
bloba arsebobs? 

Ppasuxi: 10
48C4950 ⋅⋅  

18. firmidan, romelSic muSaobs 10 adamiani, 5 TanamSrome-
li unda wavides mivlinebaSi. aseTi j gufis Sedgenis ram-
deni SesaZlebloba arsebobs, Tu cnobilia, rom firmis di-
reqtori, misi moadgile da buRalteri erTdroulad ver 
datovebs firmas? 

PPpasuxi: 231CC 2
7

5
10 =−   

19. satelevizio studiaSi muSaobs 3 reJisori, 4 xmis reJi-
sori, 5 operatori, 7 korespondenti da 2 musikaluri reda-
qtori. unda Seiqmnas j gufi, romelSic Seva erTi reJiso-
ri, 2 operatori, erTi xmis reJisori da 2 korespodenti. 
aseTi j gufis Seqmnis ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 2520  

20. j gufSi 25 studentia. unda airCes j gufxeli da stud-
kavSiris 3 wevri. aseTi j gufis Seqmnis ramdeni SesaZleb-
loba arsebobs? 

Ppasuxi: 50600 

21. meore kursis 6 studenti unda gadanawildes 3 j guf-
Si. aseTi gadanawilebis ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 36 

22. lifti, romlis kabinaSi 6 adamiania, Cerdeba 7 sarTulze. 
am mgzavrTa sarTulebze gadanawilebis ramdeni saSualeba 
arsebobs? 

Ppasuxi: 76 
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23. rva avtorma unda daweros 16 Tavisagan Semdgari wigni. 
am samuSaos gadanawilebis ramdeni SesaZlebloba arsebobs, 
Tu orma avtorma unda daweros sam-sami Tavi, 4-ma – or-
ori da orma – TiTo-TiTo? 

Ppasuxi: 16!
2!2!2!2!3!3!

 

24. ramdeni xuTniSna telefonis nomeri arsebobs, romel-
Sic aris cifrebi 1 da 2? 

pasuxi: 15700 

25. 7 vaSli da 3 forToxali unda moTavsdes or paketSi 
ise, rom yovel paketSi iyos erTi forToxali mainc da 
orive  xili iyos erTi da igive raodenobis. ram-
deni SesaZlebloba arsebobs? 

pasuxi: 2⋅N3(2,1)⋅N7(3,4)=210 

26. cifrebidan: 1,2,3,4,5,6,7,8,9 Sedgenilia yvela SesaZlo 
xuTniSna ricxvi (erTi da igive cifrebi ar monawileobs). 
gansazRvreT im ricxvebis raodenoba, romlebSic erTdro-
ulad aris cifrebi: 2, 4 da 5. 

pasuxi: 1800 

27. baiti aris informaciis erTeuli, romelic Sedgeba 8 
bitisagan. yoveli biti udris an nuls an erTs. ramdeni 
simbolos kodireba SeiZleba baitiT? 

pasuxi: 256 

28. avtomanqanis nomeri Sedgeba sami asosa da sami cifri-
sagan. ramdeni gansxvavebuli nomeri SeiZleba SevadginoT, 
Tu gamoviyenebT 30 asosa da 10 cifrs? 

pasuxi: 303⋅103 

29. mebaRem 10 dRis ganmavlobaSi unda dargos 10 nergi. 
dReebis mixedviT samuSaos gadanawilebis ramdeni SesaZleb-
loba arsebobs, Tu is dReSi rgavs aranakleb erT nergs? 

Ppasuxi: 36C2
9 =  
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30. yuTSi 10 wiTeli da 5 mwvane vaSlia. irCeven 1 wiTel 
da 2 mwvane vaSls. arCevis ramdeni SesaZlebloba arsebobs? 

Ppasuxi: 100 

31. 10 moswavleze ganawilda sakontrolo weris ori va-
rianti. or rigad moswavleTa daj domis ramdeni varianti 
arsebobs ise, rom erT rigSi mj domebs ar hqondeT erTi 
da igive varianti, xolo erTmaneTis gverdiT mj domebs 
hqondeT erTi da igive? 

Ppasuxi: 2⋅C10
5 .(5!)2 

32. j gufi, romelSic 24 studentia (12 gogona da 12 vaJi), 
unda gaiyos or tol qvej gufad ise, rom ToToeul qve-
j gufSi gogonebisa da vaJebis raodenoba Tanabari iyos. ra-
mdeni SesaZlebloba arsebobs? 

Ppasuxi: 26
12 )C(  

33. lifti, romelsac ahyavs 9 mgzavri, Cerdeba 10 sarTu-
lze. mgzavrebi gamodian j gufebad (2, 3, 4 mgzavri). 
ramdeni SesaZlebloba arsebobs? 

 Ppasuxi: 
4

!10)4,3,2(NA 9
3
10 =⋅  

34. j gufi, romelSic 27 studentia, wers sakontrolo sa-
muSaos, romelic Sedgeba 3 variantisagan (yovel variants 
wers 9-9 studenti). TiToeuli j gufidan 5 studentis 
arCevis ramdeni SesaZlebloba arsebobs ise, rom maT Soris 
iyos samive varianti? 

Ppasuxi: 55404CCC3CCC3 1
9

2
9

2
9

1
9

1
9

3
9 =+  

35. 10 studentiani j gufi rigSi unda davayenoT ise, rom 
or A da B students Soris aRmoCndes ori studenti. ram-
deni SesaZlebloba arsebobs? 

Ppasuxi: 14⋅8! 
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36. mocemulia gansxvavebuli Teatrebis 3 bileTi. am bileTe-
bis gadanawilebis ramdeni saSualeba arsebobs 25 students 
Soris, Tu TiToeuls SeuZlia miiRos mxolod erTi bileTi? 

Ppasuxi: 13800A3
25 =  

37. 25-kacian j gufs mieca gasanawileblad 3 mosawvevi 
baraTi. gadanawilebis ramdeni saSualeba arsebobs, Tu Ti-
Toeuls SeuZlia miiRos araumetes erTi bileTisa? 

Ppasuxi: 2300C3
25 =  

38. mocemulia 7 bileTi: 3 – erTi Teatris da 4 – meo-
resi. am bileTebis gadanawilebis ramdeni saSualeba arse-
bobs 25 students Soris? 

Ppasuxi: 16824500CC 3
25

4
22 =⋅  

xdomilobebze operaciebi. albaTobis Tvisebebi 

1. vTqvaT A da B nebismieri xdomilobebia da vTqvaT 
sruldeba toloba ABA =∪ . ra daskvna gamomdinareobs 
am SemTxvevaSi? 

a) BA = ; Bb) BA ⊂ ;  g) BA ⊃ ; Dd) ∅=B . 
 
2 vTqvaT, A da B xdomilobebia. ipoveT yvela X xdomilo-
ba, romelTaTvis AX=AB. 

a) X=B;  b) X=∅;  g) X=A;  d) X=Ω ; 
 
3. ipoveT yvela is xdomiloba X, romelTaTvis 

( ) ( ) BAXAX =∪∪∪ , 
sadac A da B raime xdomilobebia. 

a) X = B; b) X =B  ; g) X= A ; d) X= BA ∪ ; 
 

4. daamtkiceT tolobebi: 
a) BABA ∪=⋅ ; b) ABBA =∪ ; g) )BA(ABBA Δ∪=∪ ; 
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d) BAABBA ⋅∪=Δ ; e) 
n

1i
i

n

1i
i AA

==
= ; v) 

n

1i
i

n

1i
i AA

==
= . 

Δ – niSnavs simetriul sxvaobas: AΔB=(A\B)∪(B\A). 
 

5 samarTliania Tu ara tolobebi: 
a) A∪B=ABΔ(AΔB);  b) A\B=AΔ(AB); 
g) B\AB\A = ;  d) AΔ(BΔC)=(AΔB)ΔC; 
e) (A∪B)\C=A∪(B\C);  v) ( ) ( ) BABABA Δ=∪Δ∪ . 
 

6. aucilebelia Tu ara A=B, Tu: 
a) BA = ;  b) A∪C=B∪C (C – raime xdomilobaa); 
g) A(A∪B)=B(A∪B);  d) A\B=∅; 
e) A(A\B)=B(A\B). 
 

7. vTqvaT, A,B,C raime xdomilobebia. daamtkiceT, rom 
a) AB∪BC∪AC⊃ABC;  b) AB∪BC∪AC⊂A∪B∪C. 
 

8. ori moWadrake TamaSobs Wadraks. A iyos xdomiloba, 
rom moigebs pirveli moWadrake, xdomiloba B – moigebs 
meore. ras niSnavs xdomilobebi: 
a) BAΔ ;  b) BAΔ ;  g) BA ∩ ;  d) A\B ;  e) B\A . 

 
9. samizne Sedgeba 10 koncentrirebuli rk-radiusiani 

( 10,1k = ) wrisagan, amasTan, r1<r2<...<r10. xdomiloba Ak – 
` rk-radiusian wreSi moxvedra~. ras niSnavs xdomilobebi: 

k

6

1k
AB

=
= , k

10

1k
AC

=
= , D=A5ΔA6 

 
10. daamtkiceT, Tu AΔB=CΔD, maSin AΔC=BΔD. 
 
11. daamtkiceT, A da B xdomiloba Tavsebadia maSin da 
mxolod maSin, rodesac sami xdomilobis A∪B, BA ∪  da 

BA ∪  TanakveTa aracarielia. 
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12. A da B nebismieri xdomilobebia. CawereT am xdomilo-
bebiT xdomiloba – moxda mxolod A xdomiloba. 

a)  A∪B;  b) A\B;  g) A∩B;  d) A∪ B ; 
 
13. A da B nebismieri xdomilobebia. CawereT am xdomilo-
bebiT xdomiloba – moxda orive xdomiloba.  

a)  A∪B;  b) A\B;  g) A∩B;  d) A∪ B ; 
 
14. A da B nebismieri xdomilobebia. CawereT am xdomilobe-
biT xdomiloba – arcerTi xdomiloba ar moxda.  

a) BA ∩ ;  b) A\B;  g) A∩B;  d) A∪ B ; 
 
15. A da B nebismieri xdomilobebia. CawereT am xdomilobe-
biT xdomiloba – moxda mxolod erT-erTi xdomiloba.  

a) A∪B;  b) (A\B)∪ (B\A);  g) A∩B;  d) A∪ B ; 
 
16. A, B, C nebismieri xdomilobebia. CawereT am xdomilobe-
biT xdomiloba – moxda mxolod A xdomiloba.  

a) A∪B∪C;  b) (A\B)∪ C;  g) A BA ∩∩ ;  d) A CB ∩∩ ; 
 
17. A, B, C nebismieri xdomilobebia. CawereT am xdomilobe-
biT xdomiloba – moxda mxolod A da C xdomiloba.  

a) A∪B∪C;  b) (A\B)∪ C;  g) A BA ∩∩ ;  d) A CB ∩∩ ; 
 
18. erT-erT auditoriaSi mogrovdnen studentebi. maTgan 
SemTxveviT irCeven erTs. xdomiloba A niSnavs, rom amor-
Ceuli studenti yvelaze umcrosia, xolo B niSnavs, rom 
is cxovrobs saerTo sacxovrebelSi. C niSnavs, rom is ar 
eweva; aRwereT xdomiloba CAB ; 
rodis aris samarTliani Semdegi tolobebi: 

a) ACAB = ;  b) BC ⊆ ;  g) BA = ;  d) BB = ; 
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19. mizanSi isvrian samj er. ganixileba xdomiloba iA –i-ur 
gasrolaze miznis dazianeba (i= 1, 2, 3). warmoadgineT Sem-
degi xdomilobebi iA  da iA  xdomilobaTa j amisa da nam-
ravlis saxiT: 

A – miznis dazianeba samj er;  
B – mizanSi samj er acdena; 
C – miznis erTj er mainc dazianeba; 
D – mizanSi erTj er mainc acdena; 
E – miznis orj er mainc dazianeba; 
F – miznis araumetes erTi dazianeba; 
G – mesame gasrolamde miznis ar dazianeba; 

20. B xdomilobis ganxorcieleba aucileblad iwvevs A xdo-
milobis ganxorcielebas. ras udris maTi j ami da namravli? 

21. dakvirveba xdeba oTxi obieqtisagan Sedgenil j gufze. 
yovel maTganze dakvirvebis dros Sedegi SeiZleba an dafiq-
sirdes an ara. ganixileba xdomilobebi: 
A – oTxi obieqtidan dafiqsirda mxolod erTze dakvirvebis 

Sedegi; 
B – dafiqsirda erT obieqtze mainc dakvirvebis Sedegi; 
C – dafiqsirda araumetes or obieqtze dakvirvebis Sedegi;  
D – dafiqsirda zustad or obieqtze dakvirvebis Sedegi; 
E – dafiqsirda zustad sam obieqtze dakvirvebis Sedegi; 
F – dafiqsirda oTxive obieqtze dakvirvebis Sedegi; 

ras niSnavs Semdegi xdomilobebi: 
1. A+ B 2. A +B; 3. B+C; 4. BC; 5. D+F+E; 6. BF; 

Ppasuxi: 1 . A+ B=B 2. AB=A; 3. B+C=B;  
 4. BC=C; 5. D+F+E=C; 6. BF=F.  

22. cda mdgomareobs ori monetis agdebaSi. ganixileba Sem-
degi xdomilobebi: 

A – pirvel monetaze Rerbis mosvla; 
B – pirvel monetaze safasuris mosvla; 
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C – meore monetaze Rerbis mosvla;  
D – meore monetaze safasuris mosvla; 
E – erTi Rerbis mainc mosvla; 
F – erTi safasuris mainc mosvla; 
G – erTi Rerbis da erTi safasuris mosvla; 
H – arcerTi Rerbis mosvla; 
K – ori Rerbis mosvla; 

 
gansazRvreT aRniSnuli xdomilobebidan romelia qvemoT mo-
yvanili xdomilobebis tolZalovani: 1. A+C; 2. AC; 3. EF; 
4. G+E; 5. GE; 6. BD; 7. E+K; 
 
23. vTqvaT B da C xdomilobebia. davuSvaT BAn = , Tu n 
luwia da nA =C, Tu n kentia. dawereT xdomiloba, rome-
lic niSnavs: 
a) nA  xdomilobebs Soris ganxorcielda usasrulod bev-

ri xdomiloba; 
b) nA  xdomilobebs Soris ganxorcielda sasruli raode-

nobis xdomiloba; 
g) nA  xdomilobebs Soris ganxorcielda yvela xdomiloba; 
 
24. daamtkiceT, rom Tu elementarul xdomilobaTa sivrce 
Sedgeba n elementisagan, maSin Ω-s yvela qvesimravleTa 
simravle Sedgeba n2 elementisagan. 
 
25. vTqvaT Ω elementarul xdomilobaTa sivrcea, A misi 
nebismieri qvesimravlea A≠ Ω da A≠ ∅. daamtkiceT, rom:  
a) F={Ω ,∅};  b) F={Ω ,∅,A, A } σ-algebraa. 
 
26. vTqvaT Ω=R elementarul xdomilobaTa sivrcea, A 
misi qvesimravleTa simravlea. daamtkiceT, rom A={Ω , ∅, 
[0,1], {0}} ar aris σ-algebra. 
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27. vTqvaT F aris iseTi A⊆ R yvela qvesimravleTa si-
mravle, rom A an R\A Sedgeba sasruli raodenobis eleme-
ntebisagan. aris Tu ara F σ-algebra? 
 
28. vTqvaT F aris [0, n2− ) saxis naxevrad Ria intervale-
bis simravle R-Si, sadac n +∈ Z . aris Tu ara F σ-algeb-
ra? gaigeT umciresi σ-algebra, romelic warmoqmnilia F-
sagan. 
 

29. vTqvaT F – aris [0,n ) – saxis naxevrad Ria interva-
lebis simravle R-Si, sadac n +∈ Z . aris Tu ara F σ-al-
gebra? gaigeT umciresi σ-algebra, romelic warmoqmnilia 
F-sagan. 
 
30. vTqvaT 1F  aris B×R saxis qvesimravleTa simravle 2R -
Si, sadac B⊆R da zomadia borelis azriT, xolo 2F  – 
aris R×B saxis. Aarian Tu ara 1F  da 2F  σ-algebrebi? 
gaigeT umciresi σ-algebra, romelic warmogmnilia 1F ∪ 2F -
sagan. 
 

albaTobis klasikuri gansazRvreba 
 
1. ras udris albaToba imisa, rom erTi kamaTlis gagore-
bisas 3-ze aranaklebi ricxvi mova? 
a) 1/6; b) 5/6; g) 2/5; d) 2/3. 
 
2. ras udris albaToba imisa, rom erTi kamaTlis gagore-
bisas 3-is j eradi ricxvi mova? 
a) 1/6; b) 5/6; g) 2/5; d) 1/3. 
 
3. agoreben erT kamaTels da erT monetas. vipovoT alba-
Toba imisa, rom kamaTelze luwi ricxvi mova. 
a) 1/6; b) 1/2; g) 2/5; d) 1/3. 
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4. agoreben 2 wesier kamaTels. ra aris albaToba imisa, 
rom yvela kamaTelze gamoCndeba erTnairi ricxvi? 
a) 1/6; b) 1/36; g) 1/12; d) 1/4.  
 
5. yuTSi 4 erTnairi kartia, romlebsac Sesabamisad aweria 
2,4,7,11. SemTxveviT iReben or karts. ra aris albaToba imi-
sa, rom miRebuli ricxvebisagan Sedgenili wiladi kvecadia? 
a) 1/6; b) 1/4; g) 2/3; d)3/4. 
 
6. agoreben 2 wesier kamaTels. ra aris albaToba imisa, 
rom yvela kamaTelze gamoCndeba erTnairi ricxvi? 
a) 1/6; b) 1/36; g) 1/12; d) 1/4. 
 
7. agoreben 2 wesier kamaTels. ra aris albaToba imisa, 
rom mosul qulaTa j ami araa naklebi 11-ze. 
a) 1/6; b) 1/36; g) 1/12; d) 1/4. 
  
8. agoreben 2 wesier kamaTels. ra aris albaToba imisa, 
rom mosul qulaTa j ami araa naklebi 5-ze da araa meti 
10-ze. 
a) 1/6; b) 1/36; g) 1/18; d) 7/18.  
 
9. yuTSi 1-dan 25-mde gadanomrili erTnairi burTulebia. 
ras udris albaToba imisa, rom yuTidan alalbedze amoRe-
buli burTulis nomeri gaiyofa 3-ze? 
a) 5/6; b) 8/25; g) 6/25; d)3/4. 
 
10. ras udris albaToba imisa, rom alalbedze dasaxelebu-
li orniSna ricxvi 10-is j eradi iqneba?  
a) 1/9; b) 5/9; g) 2/45; d) 1/10.  
 
11. moneta aagdes orj er, ra aris albaToba imisa, rom er-
Tj er mainc mova safasuri? 
a) 1/3; b) 5/7; g) 3/4; d) 2/3. 
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12. ras udris albaToba imisa, rom sami kamaTlis gagore-
bisas samiveze mova eqvsiani?  
a) 1/216; b) 5/6; g) 3/64; d) 6/65. 

13. mocemulia 4 monakveTi, romelTa sigrZeebia 3, 6, 8, 10 
erTeuli. ras udris albaToba imisa, rom maTgan alal-
bedze aRebuli sami monakveTisagan aigeba samkuTxedi? 
a) 1/3; b) 5/8; g) 2/5; d) 3/4. 

14. yuTSi awyvia 15 detali, maTgan aTi defeqturia. alal-
bedze iReben sam detals. vipovoT albaToba imisa, rom sa-
mive defeqturi iqneba? 
a) 21/91; b) 5/96; g) 24/91; d) 1/64. 

15. yuTSi awyvia 100 detali, maTgan aTi standartulia. 
alalbedze iReben oTx detals. vipovoT albaToba imisa, 
rom arcerTi ar iqneba standartuli? 
a) 1/20; b) 5/91; g) 2/91; d) 15/64. 

16. agoreben 3-j er wesier kamaTels. ra aris albaToba 
imisa, rom erTxel mainc gamoCndeba „6“-iani? 
a) 91/216; b) 5/36; g) 6/91; d) 1/6. 

17. agoreben 3-j er wesier kamaTels. ra aris albaToba imi-
sa, rom „6“-iani gamoCndeba zustad erTxel? 
a) 91/216; b) 25/72; g) 5/36; d) 1/6. 

18. agoreben n-j er wesier kamaTels. ra aris albaToba imi-
sa, rom erTxel mainc gamoCndeba „6“-iani? 
a) n)6/1(1 −  b) 1/2; g) n)6/1(  d) 5/6; 

19. yuTSi awyvia 10 detali, maTgan 6 SeRebilia. alalbed-
ze iReben 3 detals. vipovoT albaToba imisa, rom samive 
SeRebili iqneba. 
a) 1/6; b) 1/2; g) 1/3; d) 2/3;  
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20. yuTSi awyvia 10 detali, maTgan 6 SeRebilia. alal-
bedze iReben 3 detals. vipovoT albaToba imisa, rom maT-
gan ori SeRebili iqneba. 
a) 1/6; b) 1/2; g) 1/3; d) 2/3. 

21. 15 students Soris 10 friadosania. Aalalbedze airCi-
es 8 studenti. ipoveT albaToba imisa, rom maT Soris 5 
iqneba friadosani. 
a) 56/143; b) 35/142; g) 2/3; d) 1/3; 

22. wignis Taroze SemTxveviT dalagebulia n wigni, rome-
lTa Soris aris maTematikis ortomeuli. CavTvaloT, rom 
wignebis gadaadgileba tolalbaTuria. gaigeT albaToba imi-
sa, rom orive tomi ganlagdeba erTmaneTis gverdiT, pirve-
li tomi marcxniv meorisagan. 
a) 1/n; b) 1/(n-1); g) 1/(n-2); d) 3/(n-3); 

23. N raodenobis adamiani j deba mrgvali magidis irgvliv. 
vipovoT albaToba imisa, rom: 
1) megobrebi A da B, daj debian erTmaneTis gverdiT, A ma-
rj vniv B B-sagan. 
a) 1/(N-1); b) 1/(N-1); g) 1/(N-2); d) 2/N. 

2) A, B da C megobrebi daj debian erTmaneTis gverdiT ise, 
rom A marcxniv B-sagan da C marcxniv A-sagan. 
a) 1/(N-1)(N-2); b) 1/(N-1); g) 1/(N-2); d) 2/N(N-1). 

24. N raodenobis adamiani, romelTa Soris aris A da B, 
dgas rigSi. ras udris albaToba imisa, rom A da B-s So-
ris aRmoCndeba r adamiani. 
a) 2(N-r-1)/(N-1); b) 1/(N-1)(N-2); g) 1/(N-2); d) 2r/N(N-1).  

25. ricxvebi 1, 2, 3,... n. Ddalagebulia SemTxveviTi rigiT. 
vipovoT albaToba imisa, rom 1 da 2 ganlagebulni iqnebian 
Cawerili rigiT; … 
a) 1/n; b) 1/(n-1); g) 1/(n-2); d) 3/(n-3); 
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26. ricxvebi 1, 2, 3,... n. Ddalagebulia SemTxveviTi rigiT. 
vipovoT albaToba imisa, rom: 1, 2, 3; ganlagebulni iqnebian 
Cawerili rigiT. 
a) 1/n; b) 1/(n-1); g) 1/(n-2); d) 1/n(n-1); 

27. 7-srTuliani saxlis liftSi, pirvel sarTulze, Sevi-
da sami pirovneba, TiToeul maTgans erTnairi albaTobiT 
SeuZlia gamosvla meore sarTulidan dawyebuli nebismier 
sarTulze. ipoveT albaToba imisa, rom samive pirovneba me-
same sarTulze gamova. 
a) 1/15; b) 1/729; g) 1/36; d) 5/9;  

28. 7-srTuliani saxlis liftSi, pirvel sarTulze Sevida 
sami pirovneba, TiToeul maTgans erTnairi albaTobiT Se-
uZlia gamosvla meore sarTulidan dawyebuli nebismier 
sarTulze. ipoveT albaToba imisa, rom samive pirovneba er-
Tsa da imave sarTulze gamova. 
a) 1/15; b) 1/243; g) 1/36; d) 5/9;  

29. 7-sarTuliani saxlis liftSi, pirvel sarTulze, Se-
vida sami pirovneba, TiToeul maTgans erTnairi albaTobiT 
SeuZlia gamosvla meore sarTulidan dawyebuli nebismier 
sarTulze. ipoveT albaToba imisa, rom samive pirovneba 
sxvadasxva sarTulze gamova. 
a) 1/15; b) 1/216; g) 20/243; d) 5/9; 

30. saamqroSi miiRes 4550 detali. maT Soris ramdeni de-
tali iqneba standartuli, Tu arastandartul detalTa 
fardobiTi sixSire 0,1-is tolia.    
a) 4005; b) 4200; g) 455; Dd) 3200. 

31. bavSvi TamaSobs kubikebiT, romlebsac aweria asoebi i, i, 
w, g, n (igulisxmeba, rom erTi kubikis yvela waxnags awe-
ria erTi aso). vipovoT albaToba imisa, rom bavSvi daala-
gebs kubikebs mimdevrobiT da wavikiTxavT sityvas „wigni“. 
a) 1/60; b) 2/9; g) 1/120; d) 15/68. 
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32. lataria Sedgeba 200 bileTisagan, romelTagan 20 mom-
gebiania. ras udris albaToba imisa, rom 50 nayidi bileTi-
dan erTi mainc moigebs? 

Ppasuxi: 50
200

50
150

C
C

1 −  

33. saTamaSo kartis kompleqtidan (36 karti) SemTxveviT 
iReben sam karts. ipoveT: 
a) albaToba imisa, rom maT Soris erTi aris tuzi;  
b) albaToba imisa, rom maT Soris aRmoCndeba erTi mainc 

tuzi.  
pasuxi: a) 496/1785; b)109/357 

34. vTqvaT, yuTSi moTavsebulia 1-dan 10-mde gadanomrili 
erTnairi zomis burTi. yuTidan rigrigobiT viRebT 5 
burTs ise, rom erTxel amoRebuls ukan ar vabrunebT. ras 
udris albaToba imisa, rom xuTive amoRebuli burTi iqneba 
luwi nomris. 

 Ppasuxi: 1/252 

35. albaToba imisa, rom msroleli sami gasrolidan miza-
nSi erTxel mainc moaxvedrebs, aris 0,875. ras udris al-
baToba imisa, rom samizne daziandeba pirvelive gasroli-
sas.  

Ppasuxi: 0,5 

36. ras udris albaToba imisa, rom erTdroulad 6 kamaT-
lis gagorebisas sxvadasxva ricxvi daj deba. 

Ppasuxi: 5/324 

37. kubi, romlis waxnagebi SeRebilia, daiyo 1000 erTna-
iri zomis kubebad. vipovoT albaToba imisa, rom nebismie-
rad arCeul kubs eqneba SeRebili zustad ori waxnagi. 

Ppasuxi: 0,096 
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38. kartis kompleqti (36 karti) gayofilia SemTxveviT 
or tol nawilad. ras udris albaToba imisa, rom: 
a) TiToeul nawilSi aRmoCndeba or-ori tuzi; 
b) erT-erT nawilSi aRmoCndeba oTxive tuzi? 

Ppasuxi: a)162/385; b) 4/77  

39. yuTSi aris 10 wiTeli da 6 lurj i Rili. ras udris 
albaToba imisa, rom SemTxveviT amoRebuli orive Rili iq-
neba erTnairi feris? 

Ppasuxi: 1/2 

40. yuTSi aris 90 vargisi da 10 dazianebuli vintili. 
ras udris albaToba imisa, rom SemTxveviT amoRebul 10 
vintils Soris arcerTi ar iqneba dazianebuli? 

 Ppasuxi: 10
100

10
90

C
C

 

41. fakultetis studentTa sabWoSi 3 pirvelkurselia, 5 
meorekurseli da 7 mesamekurseli. SemTxveviT arCeven 5 
students konferenciisaTvis. ras udris Semdegi xdomilo-
bebis albaToba? 
A – {arCeul iqneba erTi mesame kurseli}; 
B – {yvela pirvelkurseli iqneba arCeuli konferenciisaTvis}; 
C – {arc erTi meorekurseli ar iqneba arCeuli}. 

Ppasuxi: P(A)=
143

1 , P(B)=
91
2 , P(C)=

143
12 . 

42. yuTSi moTavsebulia m1+m2 birTvi, romelTagan m1 
TeTria da m2 Savi. yuTidan SemTxveviT iReben m birTvs 
(m≤min(m1,m2)). ipoveT Semdegi xdomilobebis albaToba: 

A – {yvela birTvi TeTria}. 
B – { amoRebuli birTvebidan zustad k TeTria, k≤m}. 

Ppasuxi: m
mm

m
m 211

CC)A(P += , m
mm

km
m

k
m

21

21

C

CC
)B(P

+

−

= . 
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43. 2n-adgilian mrgval magidasTan SemTxveviT ikavebs ad-
gils n mamakaci da n qali. ipoveT albaToba Semdegi xdo-
milobebisa: 

A={arcerTi mamakaci erTmaneTis gverdiT ar moxvdeba}. 
B={yvela mamakaci erTmaneTis gverdiT daj deba}. 

Ppasuxi: ;)!n2/()!n(2)A(P 2= )!n2/()!n)(1n()B(P 2+=  

44. qalaqSi Camosuli 10 mamakaci, romelTa Soris mixo da 
petrea, unda ganTavsdnen sastumros or samadgilian da 
erT oTxadgilian nomrebSi. ras udris albaToba imisa, rom 
mixo da petre oTxadgilian nomerSi moxvdebian? 

Ppasuxi: 2/15 

45. albaTobis TeoriaSi 25 sagamocdo bileTs Soris 5 bi-
leTi aris „bednieri“, xolo danarCeni – „arabednieri“. 
romel students aqvs ufro meti albaToba aiRos „bed-
nieri“ bileTi: (A1) – imas, vinc pirveli mivida bileTis 
asaRebad, Tu (A2) – imas, vinc meore mivida?  

Ppasuxi: P(A1)=P(A2) 

46. vTqvaT, 10 erTmaneTis axlos mdebare maRaziaSi 8 kaci 
Sevida. ra aris albaToba imisa, rom yvela sxvadasxva maRa-
ziaSi aRmoCndeba? 

Ppasuxi: P(A)= 8
10A /108 

47. agoreben wesier kamaTels da wesier monetas. ipoveT 
albaToba imisa, rom kamaTelze mova samiani da monetaze – 
safasuri. 

Ppasuxi: 1/12 

48. 2000 axalSobilidan 1100 vaJia. gansazRvreT gogos 
dabadebis fardobiTi sixSire. 

pasuxi: 0,009 

49. pirvel 4000 naturalur ricxvs Soris 551 martivi 
ricxvia. gansazRvreT martivi ricxvis fardobiTi sixSire. 

pasuxi: 0,13775. 
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50. yovel 1000 detalSi saSualod 4 wundebulia. daax-
loebiT ramdeni wundebuli detali iqneba 2400 detalSi? 

pasuxi: 9 
 
51. rvasarTulian saxlis liftSi pirvel sarTulze xuTi 
kaci Sevida. rogoria albaToba imisa, rom: a) xuTive ga-
mova meoTxe sarTulze; b) xuTive gamova erTsa da imave 
sarTulze. g) xuTive gamova sxvadasxva sarTulze; 

Ppasuxi: a) 1/75; b) 1/74 g) 5 5
7 / 7A  

 
52. ricxvTa E={1,2,...,n} simravlidan „irCeven“ or ricxvs. 
ra aris albaToba imisa, rom meore ricxvi metia pirvel 
ricxvze, Tu SerCeva xdeba: a) daubruneblad; b) dabrune-
biT.  

Ppasuxi: a)1/2; b) (n-1)/2n. 
 
53. yuTSi, romelSic TeTri da Savi birTvebia, ukan dabru-
nebiT iReben or birTvs. daamtkiceT: albaToba imisa, rom 
birTvebi erTi ferisaa, 1/2-ze metia. 
 
54. n sxvadasxva birTvi unda ganalagon N yuTSi. ipoveT 
albaToba imisa, rom yuTebSi, romlis nomrebia 1, 2, ..., N 
aRmoCndeba Sesabamisad n1, n2, ..., nN birTvi (n1+n2+...+nN=n). 

Ppasuxi: P(A)=N!/(nN⋅n1!⋅n2!⋅…⋅nk!) 
  

55. n yuTSi unda ganalagon n birTvi, ise rom, yoveli bir-
Tvi erTnairad SesaZlebelia moxvdes nebismier yuTSi. ipoveT 
albaToba imisa, rom arcerTi yuTi carieli ar iqneba. 

Ppasuxi: n!/nn 
 

56. kartis dastidan iReben or karts, romelTagan erT-
erTi aTiania. ras udris albaToba imisa, rom am ori kar-
tidan SemTxveviT amoRebuli karti aTiania? 

Ppasuxi: 17/33 
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57. xarisxis saxelmwifo inspeqtori amowmebs sasursaTo 
maRaziaSi rZis produqtebs. cnobilia, rom 20 paketidan 
ori amJavebulia. inspeqtori SemTxveviT irCevs gasasinj ad 
2 pakets 20-dan. ras udris albaToba imisa, rom maT Soris: 
a) arcerTi ar iqneba amJavebuli; 
b) mxolod erTi iqneba amJavebuli; 
g) orive iqneba amJavebuli. 

pasuxi: a) 306/380; b)72/380; g)2/380 
 
58. studentma 25 sagamocdo bileTidan icis mxolod 5 bi-
leTi. romeli ufro mosalodnelia, rom mas momzadebuli 
bileTi Sexvdeba pirvel nomrad Tu meore nomrad?  

pasuxi: erTnairi albaToba aqvT 
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 albaTobis geometriuli gansazRvra 

1. ori megobari SeTanxmda Sexvedraze Teatris foieSi Sem-
degi pirobiT: unda misuliyvnen foieSi saRamos 17 saaTi-
dan 18 saaTamde da pirvelad misuli meores daelodeboda 
mxolod 10 wuTs. ras udris albaToba imisa, rom isini 
Sexvdebian erTmaneTs Tu cnobilia, rom TiToeul pirovne-
bas SeuZlia mivides Teatris foieSi nebismier dros aRniS-
nuli 1 saaTis ganmavlobaSi. 

Ppasuxi: 11/36 

2. erTi dRe-Ramis ganmavlobaSi ori gemi unda miadges er-
Tsa da imave navsadgurs, romelsac mxolod erTi misadgo-
mi aqvs. ras udris albaToba imisa, rom erT gems mouwevs 
meoreze dalodeba, Tu maTi mosvla drois nebismier monak-
veTSi Tanabarmosalodnelia, xolo dgomis dro Sesabamisad 
aris 1 da 2 saaTi. 

pasuxi: 
1058

45
 

3. ori megobari SeTanxmda Sexvedraze Teatris foieSi Sem-
degi pirobiT: unda misuliyvnen foieSi saRamos 17 saaTi-
dan 18 saaTamde da pirveli pirovneba meores daelodeboda 
mxolod 10 wuTs, xolo meore pirovneba pirvels – mxo-
lod 15 wuTi. ras udris albaToba imisa, rom isini Sexv-
debian erTmaneTs Tu cnobilia, rom TiToeul pirovnebas 
SeuZlia mivides Teatris foieSi nebismier dros aRniSnu-
li 1 saaTis ganmavlobaSi. 

Ppasuxi: 107/288 

4. R-radiusian wreSi Caxazulia wesieri samkuTxedi, oTx-
kuTxedi, xuTkuTxedi da eqvskuTxedi. ipoveT albaToba imi-
sa, rom wreSi SemTxveviT Cagdebuli wertili moxvdeba: 

a) samkuTxedis SigniT; pasuxi: 
π4
33
; 
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b) oTxkuTxedis SigniT; pasuxi: 
π
2
; 

g) xuTkuTxedis SigniT; pasuxi: 
π2

72sin5
; 

d) eqvskuTxedis SigniT da SeadareT isini. pasuxi: 
π2
33
; 

5. kvadratidan, romlis wveros koordinatebia (0,0), (1,0), 
(0,1) da (1,1) SemTxveviT arCeven M(x,y) wertils.  
ras udris A={(x,y): x2+y2≤ a, a >0} xdomilobis albaToba. 

Ppasuxi: 

<

≤<−π+−

≤≤π

=

.2,1

21,1arccos
4

1

10,
4

)A(P 22

2

a

a
a

aa

aa

 

6. [-1,1] intervalidan SemTxveviT irCeven or wertils. 
vTqvaT, am wertilebis koordinatebia p da q. ipoveT alba-
Toba imisa, rom x2+px+q=0 kvadratul gantolebas aqvs 
namdvili fesvebi. 

Ppasuxi: 
24
13)A(P = . 

7. wreSi Caxazulia kvadrati. wreSi wertili „vardeba“ 
SemTxveviT. ipoveT albaToba imisa, rom wertili Cavardeba 
kvadratSi. 

Ppasuxi: 
π

= 2P . 

8. monakveTze SemTxveviT `vardeba~ erTmaneTis miyolebiT sa-
mi wertili. ras udris albaToba imisa, rom TvliT mesame 
wertili Cavardeba pirveli da meore wertilebs Soris.  

Ppasuxi: 
3
1P = . 
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9. wrewirze SemTxveviT aRebulia sami A,B,C wertili. ipo-
veT albaToba imisa, rom ABC samkuTxedi maxvilkuTxaa. 

Ppasuxi: 
4
1P = . 

 
10. l sigrZis mqone monakveTidan SemTxveviT irCeven M1 da 
M2 wertils. ras udris albaToba imisa, rom sami miRebu-
li monakveTiT avagebT samkuTxeds.  

Ppasuxi: 
4
1P = . 

 
11. mocemulia ori koncentruli wrewiri, romelTa radi-
usebia r1 da r2, r1<r2. did wrewirze SemTxveviT iReben or 
A da B wertils. ra aris albaToba imisa, rom monakveTi 
ar gadakveTs patara wrewirs. 

Ppasuxi: 1

2

r2P(A) 1 arccos
r

= −
π

. 

 
12. kvadratSi, romlis wveroebis koordinatebia (0;0), (0;1), 
(1;0), (1;1), SemTxveviT „vardeba“ wertili, romlis koor-
dinatia (ξ,η). daamtkiceT rom nebismieri 0≤x,y≤1-saTvis 

P{ξ<x, η<y}=P{ξ<x}⋅P{η<y}=xy. 
ipoveT: 
a) P{|ξ-η|<z pasuxi: 2z-z2, roca 0≤z≤1 
b) P{min(ξ,η)<z}; pasuxi: 2z-z2, roca 0≤z≤1  
g) P{ξ⋅η<z}; pasuxi: z(1-lnz), roca 0≤z≤1 
d) P{max(ξ,η)<z}; pasuxi: z2, roca 0≤z≤1 
e) P{(ξ+η)/2<z}; pasuxi: z2, roca 0≤z≤1/2 

4z-2z2-1, roca 1/2≤z≤1; 
v) P{ξ+2η<z}. pasuxi: z2/4, roca z≤1;  

(4z-1)/4, roca 1≤z≤2;  
 (6z-z2-5)/4, roca 2≤z≤3. 
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13. mocemulia marTkuTxedi, romlis gverdebia 1 sm da 2 sm. 
am marTkuTxedSi SemTxveviT arCeven wertils. gavigoT al-
baToba imisa, rom manZili wertilidan: 
a) mis axlos mdebare gverdamde araa meti x-ze; 

pasuxi: 1, roca x≥1/2 
 3x-2x2, roca 0≤x≤1/2; 

 
b) TiToeul gverdamde araa meti x-ze; 

pasuxi: 0 roca x≤1;  
x-1, roca 1≤x≤2;  
3x-x2, roca x≥2; 

 
g) TiToeul diagonalamde araa meti x-ze. 

pasuxi: 1, roca 
5

2x ≥ ; 

5x2/2, roca 
5

1
x0 ≤≤ ; 

2/)5x2(1 2−−  , roca 
5

2x0
5

1 ≤≤ ; 

 
14. wertili (ξ,η) SemTxveviT arCeulia [0,1]2 kvadratSi. 
ras udris albaToba imisa, rom x2+ξx+η=0 gantolebis fe-
svebi:  
a) namdvilia; pasuxi: 1/12. 
b) dadebiTebia; pasuxi: 0. 
g) sxvadasxva niSnisaa; pasuxi: 0. 

 
15. wertili (ξ,η,ζ) SemTxveviT arCeulia [0,1]3 kubSi. ras 
udris albaToba imisa, rom ξx2+ηx+ζ=0 gantolebis fes-
vebi namdvilia. 

pasuxi: 
6
2ln

32
5 + . 
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16. usasrulo Wadrakis dafaze, romelSic TiToeuli dana-
yofis sigrZea 2a, SemTxveviT agdeben nemss sigrZiT 2r. ras 
udris albaToba imisa, rom: 
a) nemsi Cavardeba mTlianad uj raSi?  

 pasuxi: 1-r(4a-r)/π a2 
 b) nemsi gadakveTs erT-erT wrfes?  

 pasuxi: r(4a-r)/π a2 
 
17. sibrtyeze mocemulia ori paraleluri wrfe, romlebic 
daSorebuli arian erTmaneTisagan 2a manZiliT. sibrtyeze 
SemTxveviT agdeben monetas, romlis radiusia r<a. ras ud-
ris albaToba imisa, rom moneta gadakveTs erT-erT wrfes. 
pasuxi: r/ a 
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pirobiTi albaToba.  

xdomilobaTa damoukidebloba. jamis albaToba 

 

1. daamtkiceT, rom 
P(A∪B)=P(A)+P(B)-P(A⋅B). 
 

2. vTqvaT, P(A)=P(B)=
2
1
. daamtkiceT, rom )BA(P)AB(P ⋅= . 

 
3. daamtkiceT, rom 

P(AΔB)=P(A)+P(B)-2P(AB)=P(A+B)-P(AB). 
 

4 vTqvaT A, B da C raime xdomilobebia. daamtkiceT, rom 
a) P(AB)+P(AC)+P(BC)≥P(A)+P(B)+P(C)-1 
b) P(AB)+P(AC)-P(BC)≤ P(A). 
 

5. daamtkiceT, rom nebismieri A, B da C xdomilobebisaTvis 
P(AΔB)≤P(AΔC)+P(CΔB). 

 
6. cda mdgomareobs ori monetis mimdevrobiT agdebaSi. 

ganixileba xdomilobebi: 
A – pirvel monetaze Rerbis mosvla;  
B – erTi Rerbis mainc mosvla; 
C – erTi cifris mainc mosvla; 
D – meore monetaze Rerbis mosvla; 
 SemoxazeT damoukidebeli xdomilobaTa wyvilebi: 
a) A da C; b) A da D; g) B da C; d) B da D; 

 
7. kartis sruli dastidan amoaqvT erTi karti. 
Gganixileba xdomilobebi: 

A – amoRebulia tuzi; 
B – amoRebulia wiTeli mastis karti;  
C – amoRebulia yvavis tuzi; 
D – amoRebulia aTiani; 
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SemoxazeT damoukidebeli xdomilobaTa wyvilebi: 
a) A da B; b) A da C; g) B da C; d) C da D; 

8. kartis sruli dastidan amoaqvT erTi karti.  
ganixileba xdomilobebi: 
A – amoRebulia tuzi; 
B – amoRebulia wiTeli mastis karti;  
C – amoRebulia yvavis tuzi; 
D – amoRebulia aTiani; 

SemoxazeT damokidebeli xdomilobaTa wyvilebi: 
a) A da B; b) A da C; g) B da D; 

9. damoukidebelia Tu damokidebuli: 
a) araTavsebadi xdomilobebi; 
b) xdomilobebi, romlebic qmnian srul sistemas; 
g) tolZalovani xdomilobebi. 

10. A da B xdomilobebis araTavsebadobidan gamomdinareobs 
Tu ara maTi damoukidebloba. 

11. vTqvaT A da B xdomilobebi araTavsebadia, maSin: 
a) A da B xdomilobebi damoukidebelia; 
b) A da B xdomilobebi damokidebulia; 
g) damoukidebelia, Tu P(A)=0 an P(B)=0; 
d) arasdros ar arian damoukideblebi. 

12. yuTSi a TeTri da b Savi erTnairi burTia. alalbedze 
amoaqvT ori burTi (Caubruneblad). vipovoT albaToba imi-
sa, rom orive iqneba TeTri. 
a) a b /(a + b);          b) a (a-1)/(a + b-1);  
g) a (a-1)/(a + b);  d) a (a-1)/(a + b-1)(a + b).  

13. yuTSi a TeTri da b Savi erTnairi burTia. alalbedze 
amoaqvT ori burTi (Caubruneblad). vipovoT albaToba imi-
sa, rom orive iqneba sxvadasxva feris. 
a) a b /(a + b);             b) 2 a b/(a+ b) (a + b-1);  
g) a (a-1)/(a + b-1);  d) a b/(a+ b) (a + b-1). 
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14. yuTSi a TeTri da b Savi erTnairi burTia. alalbedze 
amoaqvT ori burTi (CabrunebiT). vipovoT albaToba imisa, 
rom orive iqneba TeTri. 
a) (a /(a + b))2;           b) a b/(a+ b)2;  
g) a (a-1)/(a + b-1);  d) a b/(a+ b) (a + b-1). 

15. yuTSi a TeTri da b Savi erTnairi burTia. alalbedze 
amoaqvT ori burTi (CabrunebiT). vipovoT albaToba imisa, 
rom orive iqneba sxvadasxva feris. 
a) (a /(a + b))2;           b) 2a b/(a+ b)2;  
g) a (a-1)/(a + b-1);  d) a b/(a+ b) (a + b-1). 

16. yuTSi a TeTri da b Savi erTnairi burTia. mimdevrobiT 
alalbedze amoaqvT burTebi. vipovoT albaToba imisa, rom 
rigiT meore amoRebuli iqneba TeTri feris burTi. 
a) a /(a + b);                b) a b/(a+ b) (a + b-1); 
g) a (a-1)/(a + b-1);  d) 2a b/( a+ b) (a + b-1).  

17. yuTSi a TeTri, b Savi da c wiTeli erTnairi burTia. 
alalbedze amoaqvT sami burTi. vipovoT albaToba imisa, 
rom maT Soris ori mainc iqneba erTnairi feris. 

amoxsna: A iyos xdomiloba _ ori mainc erTnairi feris 
burTia. cxadia, rom A xdomiloba iqneba _ amoRebuli bu-
rTebi sxvadasxva ferisaa. 

=)A(P P(TwS+wTS+wST+TSw +STw +SwT) = 6a/(a+b+c)×b/(a+ 
+b+c-1)×c/(a+b+c-2), sadac `TwS~ niSnavs rigiT pirveli amo-
Rebulia TeTri, meore _ wiTeli, mesame _ Savi burTi da a.S. 
vRebulobT P(A)=1–6 a /(a+b+c)×b/(a+b+c-1)×c/(a+b+c–2). 

18. vTqvaT, P(A/B)>P(B/A) da P(A)>0, P(B)>0.  
iqneba Tu ara P(A)>P(B)?.  

pasuxi: ki 

19. samarTliania Tu ara toloba P(A/B)+P(A/ B )=1? 
pasuxi: zogadad, ara. 
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20. studentma 25 sagamocdo bileTidan 20 icis. gamomcde-
li misTvis 3 sakiTxs arCevs. ipoveT albaToba imisa, rom 
studentma samive sakiTxi icis. 

pasuxi: 57/115 
 
21. kartis kompleqtidan (36 cali) mimdevrobiT amoaqvT 2 
karti. gaigeT: 
a) albaToba imisa, rom meore karti iqneba tuzi (ucno-
bia, romeli kartia amoRebuli pirvelad); 

pasuxi: 1/9; 
 
b) albaToba imisa, rom meore karti iqneba tuzi, Tu cno-
bilia, rom pirvelad amoRebulic aris tuzi. 

pasuxi: 1/105 
 

22. daamtkiceT, rom 
)B(P
)A(P1)B/A(P −≥ . 

 
23. yuTSi moTavsebulia erTi birTvi, romlis Sesaxeb cno-
bilia, rom is TeTria an Savi erTi da igive albaTobiT. yu-
TSi aTavseben erT TeTr birTvs da Semdeg SemTxveviT iReben 
yuTidan erT birTvs. is aRmoCnda TeTri feris. ra aris al-
baToba imisa, rom yuTSi darCenili birTvi TeTri ferisaa? 

Ppasuxi: 2/3 
 

24. yuTidan, romelSiac 3 TeTri da 7 wiTeli birTvia, Sem-
TxveviT mimdevrobiT da ukandaubruneblad iReben or birT-
vs. ganixileba xdomilobebi: A = {pirveli birTvi TeTria}, 
B = {meore birTvi TeTria}, C = { erTi mainc amoRebuli bi-
rTvi TeTria}. ipoveT P(B/A), P(A/B) da P(A/C). 

pasuxi: 2/9; 2/9; 9/16 
 
25. daamtkiceT, rom Tu P(A/B)=P(A/B ), maSin A da B xdo-
milobebi damoukidebelia. 
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26. vTqvaT, A da B damoukidebeli xdomilobebia, P(A∪B)= 
=P(A)+P(B), P(AΔB)=p da P(A\B)<p. ipoveT P(A), P(B) da 
P(A\B). 

pasuxi: P(A)=0, P(B)=p, P(A\B)=0 

27. vTqvaT, A xdomiloba iseTia, rom is ar aris damokide-
buli Tavis Tavze. aCveneT, rom P(A)=0 an 1. 

28. vTqvaT, A xdomiloba iseTia, rom P(A)=0 an P(A)=1. 
aCveneT, rom A da nebismieri B xdomiloba damoukidebelia. 

29. vTqvaT, A da B damoukidebeli xdomilobebia da 
P(A∪B)=1. daamtkiceT, rom an A an B-s albaToba erTis 
tolia. 

30. vTqvaT, A da B damoukidebeli xdomilobebia. daamtkiceT, 
rom Tu A∪B da A∩B damoukidebelia, maSin an P(A)=1, an 
P(B)=1, an P(A)=0, an P(B)=0. 

31. rogori SeiZleba iyos A da B xdomilobebi, Tu AB da 
A+B damoukidebeli xdomilobebia. 

32. mimdevrobiT agdeben sam monetas. daadgineT damoukidebe-
lia Tu damokidebulia Semdegi xdomilobebi: A={Rerbis mo-
svla pirvel monetaze}, B={erTi safasuris mainc mosvla}. 

33. agoreben or kamaTels. ganvixiloT Semdegi xdomilobebi: 
A – pirvel kamaTelze movida kenti ricxvi; B – meore ka-
maTelze movida kenti ricxvi; C – orive kamaTelze mosul 
ricxvTa j ami kentia. SeamowmeT damoukidebelia Tu ara A, 
B, C xdomilobebi: a) erToblivad; b) wyvil-wyvilad. 

34. ξ=(ξ1,ξ2) wertili SemTxveviT arCeulia [0,1]2-kvadrat-
Si. r-is ra mniSvnelobisaTvis aris damoukidebeli Semdegi 
xdomilobebi: A={|ξ1-ξ2|≥r} da B={ξ1+ξ2≤3r}? 
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35. ξ=(ξ1,ξ2) wertili SemTxveviT arCeulia [0,1]2-kvadra-
tSi. ganvixiloT xdomilobebi: A={ξ1≤1/2}, B={ξ2≤1/2} da 
C={(ξ1-1/2)(ξ2-1/2)≤0}. SeamowmeT es xdomilobebi damoukide-
belia Tu damokidebuli: 
a) erToblivad; b) wyvil-wyvilad. 

36. mocemulia A,B,C wyvil-wyvilad damoukidebeli xdomi-
lobebi da P(C)>0. sworia Tu ara toloba P(A∪B/C)= 
=P(A∪B)? 

37. vTqvaT, A, B da C erToblivad damoukidebelia, amas-
Tan, yovel am xdomilobebs aqvT albaToba gansxvavebuli 
nulisagan da erTisagan. SeiZleba Tu ara AB, BC da AC 
iyos erToblivad damoukidebeli? wyvil-wyvilad damouki-
debeli? 

38. aCveneT, rom 
P(A1A2A3)=P(A1)P(A2)P(A3) 

tolobidan ar gamomdinareobs A1, A2 da A3-is wyvil-wyvi-
lad damoukidebloba. 

39. A da B xdomiloba damoukidebelia. aqedan gamomdina-
reobs Tu ara A da B uTavsadia? moiyvaneT magaliTi. 

40. yuTSi 5 TeTri, 6 Savi da 10 wiTeli burTia. SemTxve-
viT amoaqvT sami burTi. gaigeT albaToba imisa, rom ori 
mainc iqneba erTnairi feris? 

Ppasuxi: 103/133 

41. gvaqvs yuTi, romelSic moTavsebulia 9 axali erTnairi 
tenisis burTi. saTamaSod iReben sam burTs; TamaSis Semdeg 
burTebs abruneben yuTSi. naTamaSevi da aranaTamaSevi bur-
Tebi ar gansxvavdebian. ras udris albaToba imisa, rom sami 
TamaSis Semdeg yuTSi ar darCeba aranaTamaSevi burTi? 

Ppasuxi: 3 3 3 2
6 3 9(1 C C ) / (C ) 5 / 1764⋅ ⋅ = . 



 268 

42. binidan gasvlisas N stumari sibneleSi icvams fexsac-
mels (igulisxmeba, rom yvela fexsacmeli erTnairia). yo-
veli maTgani gansxvavdeba mxolod marj vena marcxenisagan. 
vipovoT Semdegi xdomilobebis albaTobebi: A – yoveli stu-
mari Tavis fexsacmels Caicvams; B – yoveli stumari ipo-
vis wyvil fexsacmels (SeiZleba Tavisi ar iyos).  

Ppasuxi: P(A)=1/ 2)!N( ; P(B)=1/ !N  

43. dakvirvebiT dadgenilia, rom seqtemberSi saSualod 12 
dRe aris wvimiani. ras udris albaToba imisa, rom seqtemb-
ris Tvis nebismieri 8 dRidan 3 dRe iqneba wvimiani? 

Ppasuxi: 533
8 )5/3()5/2(C . 

44. yuTSi 2n TeTri da 2n Savi burTia. SemTxveviT amoaqvT 
(CabrunebiT) 2n burTi. ras udris albaToba imisa, rom amo-
Rebuli TeTri da Savi burTebis raodenoba Tanabaria. 

PPpasuxi: n
n2C . n2)2/1( . 

45. 2 adamianidan TiToeuli erTmaneTisagan damoukideblad 
agdebs monetas n-j er. gaigeT albaToba imisa, rom TiToeu-
li Rerbs „miiRebs“ erTnair ricxvj er. 

PPpasuxi: n
n2C . n2)2/1( . 

46. gamoiyeneT bernulis sqemis formula da daamtkiceT, rom: 

a) i
n

n

0i

n C2
=

= ; b) 2i
n

n

0i

n
n2 )C(C

=
= . 

47. gamoikvlieT
 3 k

n ... n n= = = = , mnmm
nn qpC)m(p −= , q=1-

p, rogorc m-is funqcia mudmivi n-sTvis (0≤m≤n). 

miTiTeba: ganixileT Sefardeba 
)m(p

)1m(p

n

m +
 da daadgineT, 

rodis aRwevs pn(m) funqcia maqsimalur mniSvnelobas, 

agreTve daamtkiceT, rom 
)1n(p

)n(p...
)1(p
)2(p

)0(p
)1(p

n

n

n

n

n

n

−
≥≥≥ . 
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48. ori tolZalovani moTamaSe TamaSobs Wadraks, romlis 
albaToba iqneba meti: a) 7 partiidan 3-is mogeba, Tu 5-dan 
2-is; b) 7 partiidan aranakleb 5-is mogeba, Tu ara umetes 
3-is. 

49. bernulis sqemisaTvis, roca 
2
1p = , daamtkiceT, rom 

a) 
1n2

1)n(p
n2

1
n2 +

≤≤ ; 

b) 
2z

n2

n2

n
e

)n(p
)hn(plim −

∞→
=

±
, sadac z

n
h = . (0≤z<+∞). 

miTiTeba: gamoiyeneT stirlingis formula 
π≈ − n2en!n nn . 

50. daamtkiceT, rom Tu x>0, maSin funqcia 
∞+ −

x

2
z

dze
2

 akma-

yofilebs utolobas 

2
x

x

2
z

2
x

2

222

e
x
1dzee

x1
x −∞ −−

≤≤
+

. 

 
51. gaigeT albaToba imisa, rom monetis n-j er agdebis Se-
degad gerbis mosvlaTa raodenoba miaxloebiT tolia safa-
suris mosvlaTa raodenobis, roca n→∞. 
 
52. mizanSi moxvedris albaToba, yoveli gasrolisas, udris 
4/5-s. ramdenj er unda movaxdinoT gasrola, rom mizanSi 
moxvedris raodenobis ualbaTesi ricxvi iyos 20-s toli? 

PPpasuxi: 26. 
 
53. mizanSi moxvedris albaToba udris 1/5-s. ras udris 
mizanSi orj er mainc moxvedris albaToba aTi damoukidebe-
li gasrolisas?  

 PPpasuxi: 1-14/5.(4/5) 9 
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54. sam yuTSi oc-oci detalia. standartuli detalebis 
raodenoba pirvel, meore da mesame yuTSi Sesabamisad aris 
20, 15 da 10. SemTxveviT aRebuli yuTidan amoRebuli de-
tali aRmoCnda standartuli, romelsac abruneben ukan yu-
TSi da imeoreben cdas. amoRebuli detali isev aRmoCnda 
standartuli. ras udris albaToba imisa, rom detali amo-
Rebuli iyo mesame yuTidan? 

 Ppasuxi: 4/29 
 
55. yuTSi aris 10 SaSxana, romelTagan oTxs aqvs optiku-
ri samizne. optikuri SaSxanidan samiznis dazianebis alba-
Toba tolia 0,95-is, xolo araoptikuridan – 0,8-s. msro-
lelma nebismierad aRebuli SaSxaniT daaziana samizne. ipo-
veT albaToba imisa, rom samizne dazianebulia optikursa-
mizniani SaSxaniT. 

PPpasuxi: 19/43 
P 

56. or dazgaze mzaddeba erTnairi detalebi, romlebsac 
atareben erTad, erT konveierSi. pirveli dazgis Sromis-
unarianoba orj er metia meorisaze. pirveli dazga uSvebs 
60% xarisxian produqcias, xolo meore 84%-s. konveieri-
dan SemTxveviT amoRebuli detali aRmoCnda xarisxiani.  
ipoveT albaToba imisa, rom es detali damzadebulia pi-

rvel dazgaze.  
 PP pasuxi: 10/47  

 
57. gasayidad miiRes sami qarxnis mier gamoSvebuli tele-
vizorebi. pirveli qarxnis porduqcia 20% wundebuls Sei-
cavs, meore qarxnis – 10%-s da mesamesi ki – 5%-s. ras 
udris albaToba imisa, rom SeiZenT gamarTul televizors, 
Tu maRaziaSi miiRes pirveli qarxnidan 30% produqcia, 
20% –meore qarxnidan da 50% – mesame qarxnidan. 

PPpasuxi: 0,895 
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58. sami mgzavri Caj da matarebelis 6 vagonidan SemTxveviT 
arCeul vagonebSi. ras udris albaToba imisa, rom maTgan 
erTi mainc Caj deba pirvel vagonSi, Tu cnobilia, rom mgza-
vrebi sxvadasxva vagonebSi Casxdnen?  
 

Ppasuxi: 0,5 
 

59. 6 burTi SemTxveviT Tavsdeba 3 yuTSi. vipovoT alba-
Toba imisa, rom yuTebSi aRmoCndeba burTebis gansxvavebuli 
raodenoba, Tu cnobilia, rom arcerTi yuTi araa carieli?  

Ppasuxi: 0,67 
 

60. ori TanabarZalovani moWadrake TamaSobs 4 partias. 
gaigeT albaToba imisa, rom moigebs pirveli moWadrake, Tu 
cnobilia, rom TiToeulma moigo erTxel mainc? 

Ppasuxi: 2/7 
 

61. 5 mgzavri SemTxveviT irCevs matareblis 7 vagonidan 
romelimes. cnobilia, rom romeliRac ori vagoni carieli 
darCa. Aam pirobebSi ipoveT albaToba imisa, rom pirveli 
da meore vagonebi dakavebulia. 

Ppasuxi: 0.476 
 

62. yuTSi 5 TeTri da 10 Savi burTia. SemTxveviT amoiRes 
6 burTi (dabrunebiT). cnobilia, rom maT Soris aris TeT-
ri burTi. Aam pirobebSi ipoveT albaToba imisa, rom maT 
Soris iqneba 2 mainc Savi burTi? 

pasuxi: 0,95 
  

63. 7 mgzavri SemTxveviT irCevs matareblis 9 vagonidan 
romelimes. cnobilia, rom isini Casxdnen sxvadasxva vago-
nebSi. am pirobebSi ipoveT albaToba imisa, rom pirveli 
sami vagoniT imgzavrebs sami mgzavri?  

Ppasuxi: 0.5 
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64. 5 burTi SemTxveviT Tavsdeba 3 yuTSi. vipovoT alba-
Toba imisa, rom pirvel yuTSi aRmoCndeba erTi burTi, Tu 
cnobilia, rom arcerTi yuTi araa carieli?  

Ppasuxi: 0,4(6) 

65. mocemulia 12 studentisagan Sedgenili 3-3 4 j gufi 
(TiToeulSi 3-3). olimpiadisaTvis arCeven 5 students. ras 
udris albaToba imisa, rom maT Soris iqneba oTxive j gu-
fis warmomadgeneli? 

Ppasuxi: 9/22 

66. ramdenj er unda gavagoroT kamaTeli, rom 0,95%-iT vi-
yoT darwmunebuli imaSi, rom erTxel mainc mova 6-iani? 

Ppasuxi: n≥ 17 

67. cnobilia, rom telefonis nomeri Sedgeba xuTniSna gan-
sxvavebuli cifrebisagan. vipovoT albaToba imisa, rom maT 
Soris aris cifrebi 1 da 2? 

pasuxi: 2/9 

68. agoreben sam kamaTels. ras udris albaToba imisa, rom 
erTze mainc mova eqvsiani, Tu cnobilia, rom gansxvavebuli 
ricxvebi movida? 

Ppasuxi: 0,5 

69. firma monawileobs 4 proeqtSi. yoveli proeqtis war-
matebis albaTobaa 0,9. erTi proeqtis warumateblobis Sem-
TxvevaSi firmis gakotrebis albaToba aris 20%, ori pro-
eqtis warumateblobis SemTxvevaSi – 50%, samis waruma-
teblobis SemTxvevaSi – 70%, oTxis warumateblobis Sem-
TxvevaSi – 90%. ipoveT firmis gakotrebis albaToba.  

Ppasuxi: 0,085 

70. pirvel yuTSi 1 TeTri da 3 Savi burTia, meoreSi ki 2 
TeTri da 1 Savi burTi. pirveli yuTidan meoreSi gadaita-
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nes erTi burTi, Semdeg ki isev erTi burTi gadaitanes 
meoredan pirvelSi. amis Semdeg pirvelidan amoiRes erTi 
burTi. ras udris albaToba imisa, rom es burTi iqneba 
TeTri?  

Ppasuxi: 0,328 
 

71. nakeTobas aqvs wuni albaTobiT 0,2. albaToba imisa, 
rom wuniani nakeToba gamova wyobidan udris 0,75-s, xolo 
arawuniani – 0,15. vipovoT albaToba imisa, rom nakeTobas 
hqonda wuni, Tu is gamovida mwyobridan? 

Ppasuxi: 055 
 

72. yuTidan, romelSic iyo 4 TeTri da 6 Savi burTi, dai-
karga erTi burTi (feri araa cnobili). amis Semdeg am yu-
Tidan amoRebuli (dabrunebis gareSe) ori burTi aRmoCnda 
TeTri. vipovoT albaToba imisa, rom dakarguli iyo Savi 
feris burTi? 

Ppasuxi: 0,75 
 
73. firmas amowmeben sami sqemidan SemTxveviT amorCeuli 
sqemiT (ToToeuli sqemis amorCevis albaToba Tanabaria). 
albaToba imisa, rom Sesamowmebeli firma ganTavisuflebuli 
iqneba gadasaxadisagan aris 0,4. vipovoT albaToba imisa, rom 
firma ganTavisuflebuli iqneba gadasaxadisagan mesame 
sqemiT, Tu pirveli ori sqemiT darRveva ar dafiqsirda? 

Ppasuxi: 0,182 
 

74. sawarmoo wunis albaTobaa 0,4. Yyovel nakeTobas 
amowmebs ori kontrolioridan erTi, Tanabari albaTobiT. 
P albaToba imisa, rom pirveli kontroliori aRmoaCens 
wuns, aris 0,982. xolo meore kontroliori – 0,98. ras 
udris albaToba imisa, rom vargisad CaTvlili nakeToba 
aRmoCndeba wuniani. 

Ppasuxi: 0,0,00207 
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75. albaToba imisa, rom firma daarRvevs kanons, aris 0,25, 
xolo auditi aRmoaCens darRvevas albaTobiT 0,75. erT-
erTi Semowmebis dros maT darRveva ver aRmoaCines. vipo-
voT albaToba imisa, rom sinamdvileSi darRveva arsebobs.  

Ppasuxi: 0,077 
 

76. pirveli msroleli azianebs mizans 0,6 albaTobiT, me-
ore – 0,5 albaTobiT, mesame – 0,4 albaTobiT. maT erTdro-
ulad gaisroles, magram mxolod ori tyvia moxvda mizans. 
romeli ufro albaTuria meore msrolelis mizanSi moxve-
dra, Tu armoxvedra?  

Ppasuxi: moxvedra 
 

77. gamoTvliTi laboratoriisaTvis SeiZines 9 kompiuteri, 
amasTan TiToeuli kompiuteri iqneba wuniani albaTobiT 
0,1. ras udris albaToba imisa, rom ori kompiuteris gamo-
cvla mogviwevs? 

Ppasuxi: 0,05 
 
 

78. sagamocdo testi Sedgeba 10 sakiTxisagan. Yyovel sakiTxs 
aqvs pasuxebis 4 varianti, romelTa Soris unda airCes 
swori pasuxi. ras udris albaToba imisa, rom moumzadebe-
li studenti sworad Semoxazavs 6 sakiTxs mainc?  

Ppasuxi: 0,019 
 

79. ostati da moswavle monawileoben Wadrakis turnirSi. 
ostati moigebs turnirs Tu is moigebs yvela partias, 
xolo moswavle moigebs turnirs Tu is moigebs erT par-
tias mainc. ramdeni partiisagan unda Sedgebodes turniri, 
rom ostatisa da moswavlis mogebis Sansebi toli iyos, 
Tu ostatis mogebis albaToba erT partiaSi udris 0,9, 
xolo moswavlis – 0,1?  

Ppasuxi: 7 
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80. cda niSnavs 3 kamaTlis agdebas. ramdeni cda unda Cava-
taroT, rom araumetes 0,95 albaTobiT erTxel mainc movi-
des sami erTiani? 

Ppasuxi: n>645 
 

81. albaToba imisa, rom ori gasrolidan mizani erTxel 
mainc daziandeba, aris 0,96. vipovoT 4 gasrolidan miznis 
3-j er dazianebis albaToba? 

Ppasuxi: 0,4096 
 

82. ramdenj er unda vesroloT mizans warmatebis albaTo-
biT 0,7, rom ualbaTesi ricxvi udrides 15-s? P 

pasuxi: 21 
 
83. ramdenj er unda gavagoroT kamaTeli, rom luwi ricx-
vis mosvlis ualbaTesi ricxvi iyos 6? 

Ppasuxi: 11; 12; 13 
 
84. ramdeni partia unda gaTamaSdes WadrakSi erT partiaSi 
mogebis albaTobiT 1/3, rom ualbaTesi ricxvi iyos 5? 

Ppasuxi: 16; 17 
 

85. amocanaTa krebuli Sedgeba 400 amocanisagan pasuxebiT. 
yovel pasuxSi SeiZleba iyos Secdoma albaTobiT 0,01. ras 
udris albaToba imisa, rom krebulSi Setanili amocanebis 
pasuxebis 99% uSecdomoa? 

Ppasuxi: 0,195 
 

86. sadazRvevo firmam gaaforma 10000 xelSekruleba. Ti-
Toeuli dazRveuli SemTxvevis gamoyenebis albaToba wlis 
ganmavlobaSi aris 0,02. gaigeT albaToba imisa, rom aseTi 
SemTxvevebis raodenoba iqneba araumetes 250. 

Ppasuxi: 0,9998 (laplas muavris integraluri formula) 
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87. teqstis akrefisas sityvaSi Secdomis daSvebis albaTo-
ba aris 0,0001. ras udris albaToba imisa, rom akrefili 
5000 sityvidan iqneba araumetes 5 Secdoma?  

Ppasuxi: 0,265 
 

88. partiaSi aris 768 sazamTro. Yyoveli maTgani aRmoCn-
deba moumwifebeli albaTobiT 0,25. ipoveT albaToba imisa, 
rom mwife sazamTroebis raodenoba iqneba 564-dan 600-mde? 

Ppasuxi: 0,8185 
 

89. wuniani detalis gamoSvebis albaToba aris 0,02. yuTSi 
alageben 100 detals. ras udris albaToba imisa, rom: a) yu-
TSi ar aRmoCndeba arcerTi wuniani detali; b) wuniani de-
talebis raodenoba iqneba aranakleb 2? 

Ppasuxi: a) 0,13; b) 0,27 
 

90. ras udris albaToba imisa, rom monetis 100-j er ag-
debis Sedegad safasuris da Rerbis mosvlaTa raodenoba erT-
maneTs emTxveva? 

Ppasuxi: 0,0797 
 
91. yuTSi 3 detalia. yovel maTganSi wuniani detalis al-
baToba aris 0,1. ras udris albaToba imisa, rom 10 yuTi-
dan aranakleb 8 yuTSi ar iqneba wuniani detali? 

Ppasuxi: 0,463 
 

92. gayiduli kalkulatorebis 1% wuniania. firmam iyida 
500 kalkulatori. ras udris albaToba imisa, rom firmas 
mouwevs 4 kalkulatoris gamocvla? 

Ppasuxi: 0,175 
 
93. samecniero konferenciaSi miwveuli 100 mecnieridan 
yoveli maTgani miiRebs monawileobas albaTobiT 0,7. stum-
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rebisaTvis SekveTilia sastumros 65 adgili. ras udris 
albaToba imisa, rom yvela stumari Sesaxldeba sastumroSi? 

Ppasuxi: 0,1379 
 

94. albaToba imisa, rom dileri gayidis fasian qaRalds, 
aris 0,6. ramdeni unda iyos fasiani qaRaldi, rom gayidu-
li qaRaldebis wili gadaxrili iyos 0,6-sagan araumetes 
0,05 albaTobiT? 

Ppasuxi: 634 
 

95. arCevnebze mosaxleobis 40% mxars uWers meris kandi-
dats. sazogadoebrivi azris gasagebad gamokiTxes 1000 amom-
rCeveli. ras udris albaToba imisa, rom am amomrCevlebidan 
im adamianebis wili, romlebic mxars uWeren kandidats, 
gansxvavdeba mxardamWerTa namdvili wilisagan ara umetes 
0,05-iT? 

Ppasuxi: 0,998 
 

96. monetas agdeben 500-j er. ras udris gadaxra Rerbis 
mosvlaTa sixSirisa 0,5-sagan albaTobiT 0,99? 

Ppasuxi: ε=0,057 
 

97. raionis mosaxleobis wili, warmoebis dasaqmebaSi, aris 
0,4. ra sazRvrebSia 10000 SemTxveviT arCeul adamianebis 
warmoebaSi dasaqmebulTa raodenoba albaTobiT 0,95? 

Ppasuxi: 3904 – 4096 
 

98. albaToba imisa, rom SemTxveviT arCeuli detali aRmoC-
ndeba meore xarisxis, aris 3/8. ramdeni detali unda avi-
RoT, rom 0,995 albaTobiT (SeiZleba velodoT) meore xa-
risxis detalTa wilis gansxvaveba albaTobisagan naklebi 
iyos 0,001-ze?  

 Ppasuxi: n≥18504 
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99. 6 xelnaweri SemTxveviT nawildeba 5 saqaRaldeSi. ras 
udris albaToba imisa, rom zustad erTi saqaRalde dar-
Ceba carieli? 

Ppasuxi: 0,4992 
 

100. 5 klienti SemTxveviT mimarTavs 5 firmas. ipoveT al-
baToba imisa, rom erT firmas aravin ar mimarTa? 

Ppasuxi: 0,384 
 

101. ori moWadrake erTmaneTs Sexvda 50-j er. pirvelma mo-
igo 15-j er, meorem – 10-j er, 25 partia damTavrda fred. 
vipovoT albaToba imisa, rom 10 partiidan pirveli moigebs 
3 partias, meore – 2 partias, xolo 5 partia damTavrdeba 
fred? 

Ppasuxi: 0,08505 
 

102. maRaziam miiRo 1 kostumi meore zomis, 2 kostumi me-
same zomis, 3 kostumi meoTxe zomis. meore zomis kostu-
mebze moTxovnis albaToba aris 0,2, mesame zomis kostu-
mebze – 0,3, meoTxe zomis kostumebze – 0,5. maRaziaSi Se-
vida 3 myidveli. vipovoT albaToba imisa, rom erTi mainc 
ar iyidis kostums? 

Ppasuxi: 0,131 
 

103. lifti iwyebs moZraobas 7 mgzavriT da Cerdeba me-10 
sarTulze. vipovoT albaToba imisa, rom 3 mgzavri gamova 
erT sarTulze, 2 mgzavri sxva sarTulze, xolo bolo ori 
mgzavri isev erT sarTulze? 

pasuxi: 0,00756 
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SemTxveviTi sidideebi. ganawilebis funqcia.  

maTematikuri lodini da dispersia 

1. vTqvaT, (Ω, ,P) albaTuri sivrcea. ξ(ω), ω∈Ω, Ω-ze gan-
sazRvruli namdvili fuqnciaa, iseTi, rom yoveli C namdvi-
li ricxvisaTvis AC={ω: ξ(ω)=C, ω∈Ω}∈ . SeiZleba ξ iyos 
SemTxveviTi sidide? 

2. vTqvaT, A da B erTi da igive albaTuri sivrcis xdomi-
lobebia. IA da IB maTi indikatorebia. aCveneT, rom 

IAΔB=(IA-IB)2 

3. vTqvaT, (Ω, ,P) albaTuri sivrcea, sadac Ω=[0,1],  – 
borelis σ-algebraa [0,1]-dan, xolo p=μ lebegis zoma. aR-

wereT 
∈ω
∈ω
∈ω

=ξ
]1,4/3[,1

)4/3,4/1[,2/1
)4/1,0[,4/1

 SemTxveviT sididis mier 

warmoqmnili σ-algebra. 

4. xelsawyo Sedgeba sami erTmaneTisagan damoukideblad mo-
muSave elementisagan. erTi cdisas yoveli elementis mwyob-
ridan gamosvlis albaToba tolia 0,1-s. SeadgineT erT cda-
Si mwyobridan gamosul elementTa ricxvis (ξ – SemTxveviTi 
sididis) ganawilebis kanoni. 

5. 10 xelsawyodan 8 aris standartuli. SemTxveviT iReben 
or xelsawyos. SeadgineT SerCeul xelsawyoebs Soris sta-
ndartulebis ricxvis ganawilebis kanoni. 

6. 
∉ω
∈ω

=ω
.A,0
,A,1

)(I A roca
roca

 

indikatorisaTvis SeamowmeT Semdegi tolobebis samarTlianoba 
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I∅=0, IΩ=1, IA+IA =1, IAB=IAIB, IAUB=IA+IB-IAB, 

I I I I
j

n
j

j

n

j

A
Aj

A
Aj

j

n

j

n

= =

= − − = −
==
∏∏

1 1

1 1 1
11

( ), ( ),  

I I
j

n

j

Aj
j

n

=

=
=

1
1

, IAΔB=(IA-IB)2, 

sadac AΔB=(A\B)U(B\A)-s simetriuli sxvaoba ewodeba. 

7. vTqvaT, (Ω,, )=(R', B1) da ξ(ω)= ω . aCveneT, rom ξ(ω) 
aris SemTxveviTi sidide. 

8. liTonis fuls agdeben 3-j er. SeadgineT gerbis mosvla-
Ta ganawilebis kanoni. 

9. mizanSi isvrian erTxel, moxvedris algebra udris 0,4. 
ipoveT mizanSi moxvedraTa ricxvis ganawilebis funqcia, 
aageT grafiki. 

10. urnaSi rva burTulaa, romelTagan 5 TeTria, danarCeni 
Savi. SemTxveviT airCieT 3 burTula. ξ SemTxveviTi sidide 
aris arCeul sam burTulaSi TeTrebis raodenoba. ipoveT ξ 
SemTxveviT sididis ganawilebis kanoni da albaToba P[ξ≥2]. 

11. latariis bileTis mogebis albaToba aris 0,1. myidvelma 
iyida 5 bileTi. ipoveT mogebul bileTTa raodenobis gana-
wilebis kanoni. 

12. msrolelis mier erTi gasroliT miznis dazianebis al-
baTobaa 0,7. is isvris pirvel dazianebamde, magram gasro-
laTa raodenoba araa naklebi 3-ze. ipoveT gasrolaTa ric-
xvis ganawilebis kanoni. 

13. mowyobiloba Sedgeba ori detalisagan. Ppirveli deta-
lis wunis albaTobaa 0,1, xolo meoresi – 0,05. SemTxveviT 
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airCies 4 mowyobiloba. Mmowyobiloba iTvleba wunianad, Tu 
masSi aris erTi mainc wuniani detali. dawereT wuniani 
mowyobilobebis raodenobis ganawilebis kanoni arCeul 4 
mowyobilobaSi. 

14. ori msroleli isvris mizanSi, pirveli azianebs mizans 
albaTobiT 0,8, xolo meore albaTobiT – 0,9. dawereT mi-
zanSi moxvedraTa raodenobis ganawilebis kanoni, Tu pir-
veli msroleli isvris erTxel, xolo meore – 2-j er.  

15. 5 naTuridan yoveli SeiZleba iyos wuniani albaTobiT 
0,1. wuniani naTura qselSi CarTvisas maSinve iwveba da ic-
vleba axliT. dawereT vargis naTuraTa raodenobis ganawi-
lebis kanoni. 

16. 5 sakets Soris ori aRebs kars. saketebs amowmeben mim-
devrobiT sanam ar gaaReben kars. dawereT Semowmebul (ap-
robirebul) saketTa raodenobis ganawilebis kanoni. 

17. monetas agdeben manam, sanam gerbi orj er ar mova. cdas 
atareben araumetes 4-j er. dawereT Catarebul cdaTa rao-
denobis ganawilebis kanoni. 

18. 10 detals Soris 2 aris saWiro zomis. detalebs iRe-
ben mimdevrobiT manam, sanam ar amoiReben ori saWiro zo-
mis detals. akeTeben araumetes 4 mcdelobas. dawereT amo-
Rebul detalTa raodenobis ganawilebis kanoni. 

19. daamtkiceT, rom p parametriT geometriulad ganawile-
buli SemTxveviTi sididis maTematikuri lodini MM =1/p, 
xolo dispersia D = q/p2 . 

20. daamtkiceT, rom n da p parametrebiT bernulis kanoniT 
ganawilebuli SemTxveviTi sididis maTematikuri lodini 
M =np, xolo dispersia D =npq. 
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21. daamtkiceT, rom λ parametriT puasonis kanoniT ganawi-
lebuli SemTxveviTi sididis maTematikuri lodini Mξ=λ, 
dispersia Dξ=λ. 

22. warmoebis mier umaRlesi xarisxis nakeTobis gamoSvebis 
albaTobaa 0,2. konveiridan SemTxveviT iReben nakeTobas ma-
nam, sanam ar iqneba arCeuli umaRlesi xarisxis nakeToba. 
ipoveT arCevaTa ricxvis maTematikuri lodini 

Ppasuxi: 5. 

23. kamaTels agoreben manam, sanam meorej er ar „mova“ sami-
ani. ipoveT kamaTlis gagorebaTa saSualo raodenoba.  

 Ppasuxi: 12. 

24. ipoveT 4 kamaTlis gagorebisas mosuli qulaTa j amis 
maTematikuri lodini da dispersia.  

pasuxi: MX=14; DX= 35/3. 

25. mocemulia Mξ=a, Dξ=σ2. ipoveT 
σ
−ξ=η a

 SemTxveviTi 

sididis maTematikuri lodini da dispersia. 

Ppasuxi: MX=0; DX= 1. 

26. radiomimRebis 6 naTuridan erTi gadaiwva. naTuris ax-
liT Secvla xdeba mimdevrobiT manam, sanam radiomimRebi 
ar amuSavdeba. ipoveT mimdevrobaSi gamocvlili naTuris 
rigis raodenobis maTematikuri lodini da dispersia. 

Ppasuxi: MX=3,99. 

27. msroleli isvris moZrav mizanSi pirvel dazianebamde 
da mxolod 4 gasrolas aswrebs. ipoveT mizanSi gasro-
laTa raodenobis maTematikuri lodini da dispersia, Tu 
miznis dazianebis albaToba yovel gasrolisas aris 0,6. 

 Ppasuxi: MX=1,624; DX=0,811. 
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28. agoreben 2 kamaTels. vTqvaT ξ1 da ξ2 Sesabamisad pir-
vel da meore kamaTelze mosul qulaTa raodenobebia, xo-
lo η=max{ξ1, ξ2}. dawereT ξ1 da η SemTxveviTi sidide-
ebis erToblivi ganawilebis kanoni. 
 
29. mocemulia (ξ,η) SemTxveviTi sididis erToblivi gana-
wilebis kanoni.  

η 
ξ 

-1 0 1 

-1 1/16 1/8 1/16 
1 3/16 3/8 3/16 

dawereT: ξ+η SemTxveviTi sididis ganawilebis kanoni da 
gamoTvaleT COV(ξη, ξ+η). daadgineT ξ da η SemTxveviT 
sidideTa damokidebuleba. 
 
30. mocemulia (ξ,η) SemTxveviTi sididis erToblivi gana-
wilebis kanoni.  

η 
ξ 

-1 0 1 

-1 1/12 1/4 1/6 
1 1/4 1/12 1/6 

dawereT: ξη SemTxveviTi sididis ganawilebis kanoni da ga-
moTvaleT COV(2ξ-3η, ξ+2η) daadgineT ξ da η SemTxveviT 
sidideTa damokidebuleba. 
 
31. mocemulia (ξ,η) SemTxveviTi sididis erToblivi gana-
wilebis kanoni.  

η 
ξ 

-1 0 1 

0 1/10 1/5 1/5 
-1 1/5 1/10 1/5 
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dawereT: ξ-η SemTxveviTi sididis ganawilebis kanoni da 
gamoTvaleT COV(ξ+η, ξ-η). daadgineT ξ da η SemTxveviT 
sidideTa damokidebuleba. 
 
32. mocemulia ganawilebis kanonebi 

ξ
1 2

0 3 0 7, ,
        da       η

2,08,0
30

 

SeadgineT ξ+η, ξ-η, ξ⋅η SemTxveviT sidideTa ganawilebis 
kanonebi, ipoveT maTi maTematikuri lodini da dispersia. 
 
33. monetas vagdebT n-j er; ganixileba ξ SemTxveviTi sidi-
de – gerbebis mosvlaTa raodenoba. SeadgineT ganawilebis 
kanoni da ipoveT misi ricxobrivi maxasiaTeblebi: M ξ, 
D ξ, n ξ. 

M n D n nξ ξ ξ= = =
2 4 2
, , n . 

 
34. ξ – SemTxveviTi sidide emorCileba koSis ganawilebis 

kanons f x
xξ π

( )
( )

=
+
1

1 2 . ipoveT η-SemTxveviTi sididis 

ganawilebis simkvrive, Tu 

a) η=1-ξ3,  b) η=lnξ2,  g) η=arctgξ,  d) η=1/ξ. 
 
35. ξ – SemTxveviTi sidide emorCileba Tanabari ganawile-

bis kanons − T T
2 2
, . ipoveT 2arcsin

T
ξη =  SemTxveviTi si-

didis ganawilebis simkvrive. 
 
36. vTqvaT, ξ da η ekvivalenturi SemTxveviTi sidideebia, 
e.i. P{ξ≠η}=0. aCveneT, rom Tu arsebobs Mξ, maSin arsebobs 
Mη da Mξ=Mη. 
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37. daamtkiceT, rom Mξ2=0-dan gamomdinareobs P{ξ=0}=1. 

38. vTqvaT, ξ da η SemTxveviTi sidideebia. iqnebian Tu ara 
ξ da η damoukidebeli SemTxveviTi sidideebi, Tu ξ2 da η2 
damoukidebelia. 

39. daamtkiceT, rom nebismieri ganawilebis funqciisaTvis 
da nebismieri n da k-saTvis 

kn
n)x(dF)x(F nk

+
=

∞

∞−
. 

40. vTqvaT, ξ SemTxveviTi sididea, romlis ganawilebis fu-
nqcia F(x) uwyveti da zrdadia. ipoveT F(ξ)-is ganawilebis 
funqcia. 

41. ξ – SemTxveviTi sidide emorCileba Tanabari ganawile-
bis kanons [0,1]. ipoveT η – SemTxveviTi sididis ganawile-

bis simkvrive, Tu ξ
π

η
= +

−1
2

1 2
2

2

2

0
( )e dt

t

. 

42. ξ _ SemTxveviTi sidide emorCileba binomialuri gana-
wilebis kanons m m n m

nP( m) C P (1 p) ,−ξ = = −  (m 0,1,2, ...,n)= . ip-
oveT maTematikuri lodini da dispersia Y=eξ _ SemTxvevi-
Ti sididis. 

43. mocemulia damoukidebeli SemTxveviTi sidideebi ξ da 
η, romelTa ganawilebis simkvriveebia: fξ(x)=fη(x)=0, roca 
x≥0. fξ(x)=C1xαe−βx, fη(x)=C2xνe−βx, roca x>0. 
(α>0, β>0, ν>0). 
ipoveT: a) C1 da C2; b) ξ+η SemTxveviTi sididis ganawile-
bis simkvrive. 

44. daamtkiceT, rom Tu ξ da η  SemTxveviTi sidideebi da-
moukidebelni arian da maTi ganawilebis simkvriveebi 
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tolia da fξ(x)= fη(x)=
≥−

 ,0<roca0,
roca

x
,0x,e k

 maSin ξ+η da ξ
η
 

SemTxveviTi sidideebic iqnebian urTierTdamoukidebelni. 
 
45. ξ da η urTierTdamoukidebeli da erTnairad ganawile-
buli SemTxveviTi sidideebia, simkvriviT fξ(x)= 

fη(x)=
C

x1 4+
. ipoveT C da daamtkiceT, rom SemTxveviTi 

sidide 
ξ
η
 emorCileba koSis ganawilebas. 

 
46. SemTxveviTi sidideebi ξ da η damoukidebelni arian, maTi 

ganawilebis simkvriveebia fξ(x)=
1

1 2π − x
, roca x <1; (0, ro-

ca x ≥1); fη(x)=
>

≥
−

0xex

,0x,0

2
x2

roca,

roca
. daamtkiceT, rom SemT-

xveviTi sidide ξη emorCileba normaluri ganawilebis kanons. 
 
47. (ξ1,ξ2) organzomilebiani SemTxveviTi sididis normalu-
ri ganawilebis simkvrives aqvs Semdegi saxe:  

−
σ
−

ρρ−πσ
=

η
2
1

2

22

)x(
)-2(1

1-exp
12

1)y,x(f a
 

σ
−+

σσ
−−ρ− 2

2

2

21

)by()by)(x(2 a
.  

ipoveT (ξ1,ξ2) SemTxveviTi sididis dispersia. 

miTiTeba: isargebleT formuliT 

b x M x M f x x dx dxk i i k k n nη ξ ξ= − −
−∞

∞

−∞

∞

−∞

∞
. . . ( )( ) ( . . . ) . . .1 1  

sadac (1≤k≤n)( 1≤i≤n). 
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48. SeiZleba Tu ara ganawilebis funqciis wyvetis werti-
lTa simravle yvelgan mkvrivi iyos ricxvTa RerZze? 
 
49. daamtkiceT, rom nebismieri ganawilebis funqciisaTvis 
samarTliania: 

0
y

)y(dFxlim
xx

=
∞

∞→
, 0

y
)y(dFxlim

x

x
=

∞−−∞→
. 

 
50. ξ SemTxveviTi sidide iRebs mxolod mTel arauaryo-
fiT mniSvnelobebs. daamtkiceT, rom 

}k{PM
1k

≥ξ=ξ
∞

=
. 

 
51. vTqvaT, arauaryofiTi ξ SemTxveviTi sididis maTemati-
kuri lodini sasrulia. aCveneT, rom 

[ ]dx)x(F1M
0

ξ

∞
−=ξ . 

 
52. (0,l) – intervalSi SemTxveviT „vardeba“ ori wertili. 
ipoveT maT Soris manZilis maTematikuri lodini da dispe-
rsia. 
 
53. ξ SemTxveviTi sidide ganawilebulia normalurad. ipo-
veT M|ξ-a|, sadac a=Mξ. 
 
54. ξ SemTxveviTi sididis mniSvnelobebia x1=1, x2=2, x3=3. 
cnobilia, rom Mξ=2,3; Dξ=0,41. ipoveT ra albaTobebiT 
iRebs SemTxveviTi sidide am mniSvnelobebs. 
 
55. mocemulia P1=0,3; P2=0,7; Mξ=0,4; Dξ=0,84.  
ipoveT x1 da x2 (x1< x2). 
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56. vTqvaT, ξ=2ξ1-2ξ2+ξ3. ipoveT Mξ da Dξ, Tu Mξ1=2, 
Mξ2=1, Mξ3=2, Dξ1=9, cov(ξ1, ξ2)=5, Dξ2=25, cov(ξ1, ξ3)=7, 
Dξ3=16, cov(ξ3, ξ2)=8. 
 
57. daamtkiceT, rom Tu ξ da η damoukidebelia, maSin  

D(ξ⋅η)=Dξ⋅Dη+(Mξ)2Dη+(Dη)2Dξ. 
 

58. davuSvaT, rom ξ1, ξ2,...,ξn damoukidebeli da (0,1) inte-
rvalze Tanabrad ganawilebuli SemTxveviTi sidideebia. 
aRvniSnoT knk1n minU ξ=

≤≤
, knk1n maxV ξ=

≤≤
 DDn=Vn-Un. 

aCveneT, rom: 
a) n

V x)x(F
n

= , 1n
V nx)x(f

n

−= , 0<x<1 

1n
nMVn +

= , 2n )1n)(2n(
nDV

++
= ; 

b) n
U )x1(1)x(F

n
−−= , 1n

U )x1(n)x(f
n

−−= , 0<x<1 

 
1n

1MUn +
= , DUn=DVn . 

g) n1n
D x)1n(nx)x(F

n
−−= − , [ ]1n2n

D xx)1n(n)x(f
n

−− −−= , 

 n≥2, 0<x<1 

 
1n
1nMDn +

−= , 
)2n()1n(

)1n(2VarD 2n ++
−= . 

d) 
n
1)V,U(cor nn = . 

e) x
nn

e1}xnU{Plim −

∞→
−=< , 

 x
nn

e1}x)V1(n{Plim −

∞→
−=<− . 

 
59. vTqvaT, ξ1 da ξ2 damoukidebeli da erTi da igive eqs-
ponencialuri ganawilebis mqone SemTxveviTi sidideebia: 
P{ξi<x}=1-e-λx, ∀x, λ>0, i=1,2. 
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aCveneT, rom 

a) 
21

1

ξ+ξ
ξ

 SemTxveviTi sidide (0,1) intervalSi Tanabradaa 

ganawilebuli. 

b) 
21

1

ξ+ξ
ξ

 da ξ1+ξ2 damoukidebeli SemTxveviTi sidideebia. 

 
60. vTqvaT, ξ iseTi SemTxveviTi sididea, rom Eξ2<∞. aCve-
neT, rom 

M(ξ-c)2≥M(ξ-c0)2, c0=Mξ, ∀c. 
 
61. vTqvaT, Mξ2<∞, Mη2<∞. aCveneT, rom  

M(η-aξ-b)2≥M(η-a0ξ-b0)2=(1-ρ2)Dη, 

sadac a0
 ξ

ηξ=
D

),cov(
, b0=Eη-a0Mξ, ρ=cor(ξ,η). 

Tu Dξ=0, maSin a 0=0. 
 
62. vTqvaT, ξ – SemTxveviTi sidide iseTia, rom P{0<ξ<1}=1. 
daamtkiceT, rom D ξ<M ξ. marTlac, P{ ξ2<ξ}=1 da, maSasa-
dame, 

D ξ=M ξ2-(M ξ)2<M ξ2<M ξ. 
 
63. daamtkiceT, rom nebismieri ξ da η SemTxveviTi sidide-
ebisaTvis, romlebsac gaaCniaT sasruli dispersia, samarT-
liania utoloba 

( ) ( )22
DD)(DDD η+ξ≤η+ξ≤η−ξ . 

 
64. ra pirobebs unda akmayofilebdes ξ da η damoukidebe-
li SemTxveviTi sidideebi, raTa Sesruldes toloba 

Dξη=Dξ⋅Dη. 
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65. vTqvaT, ξ – SemTxveviTi sididis maTematikuri lodini 
0-is tolia da dispersia sasrulia. daamtkiceT, rom 

( )1D
2
1||M +ξ≤ξ  

miTiTeba: 0≤M(|ξ|-1)2=Mξ2-2M|ξ|+1. 

66. ξ – SemTxveviTi sidide Tanabrad ganawilebulia [a,b] 
intervalze. ipoveT a da b Tu M ξ2=1 da M ξ=-M ξ3. 

67. vTqvaT, ξ1,...,ξn damoukidebeli da erTnairad ganawile-
buli SemTxveviTi sidideebia σ2 dispersiiT. gamoTvaleT 

( )2
k

n

1kn
1 ξ−ξ

=
 

SemTxveviTi sididis maTematikuri lodini, sadac k

n

1kn
1 ξ=ξ

=
. 

 
68. vTqvaT, ξ nebismieri SemTxveviTi sididea, amasTan, Mξ=0, 

Dξ=σ2. daamtkiceT, rom 22

2

x
)x(F

σ+
σ≤ξ , roca x<0; 

22

2

x
x)x(F

σ+
≥ξ , roca x>0. 

 
69. (ξ, η) SemTxveviT sidideTa sistema emorCileba norma-

luri ganawilebis kanons simkvriviT f x y e
x y

( , ) =
− +1

2 2
2

2 2

2

πσ
σ . 

ipoveT (R,A) SemTxveviT sidideTa sistemis ganawilebis sim-
kvrive, Tu ξ=RcosA, η=RsinA. 

miTiTeba. cnobilia, rom f r f x r y r x y
r

( , ) ( ( , ), ( , ))
( , )
( ,

ϕ ϕ ϕ ∂
∂ ϕ

= , 

sadac 
∂
∂ ϕ

∂
∂

∂
∂ϕ

∂
∂

∂
∂ϕ

( , )
( ,
x y
r

x
y

x

y
r

y=  . 
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70. urTierTdamoukidebel SemTxveviT sidideTa ξ1, ξ2,.... ξn,... 
mimdevroba emorCileba erTsa da imave ganawilebis kanons, 

ganawilebis funqciiT F x arctg x
a

( ) = +1
2

1
π

. SeamowmeT, mo-

cemuli mimdevrobisaTvis adgili aqvs Tu ara xinCinis Teo-
remas. 
 
71. ξ – SemTxveviTi sidide ganawilebulia naxevar elifs-

ze, e.i. fξ(x)=
−∉

−∈−

),(

),,(x,xb 22

aa

aaa
a

xroca0,

roca  a – cnobilia. 

ipoveT b, Fξ(x) da P(-1≤ξ<1). 
 
72. ξ – SemTxveviTi sidide emorCileba normaluri ganawi-
lebis kanons parametrebiT (0,σ2). ipoveT Me−ξ da De−ξ. 
 
73. ξ  – SemTxveviTi sidide Tanabrad ganawilebulia [0,2] 
intervalze. ipoveT =–( +1)1/2  SemTxveviTi sididis gana-
wilebis simkvrive. 
 
74. ξ – SemTxveviT sidides aqvs normaluri ganawileba 
parametrebiT a da σ2. daamtkiceT, rom SemTxveviTi sidide 

σ
−ξ a

 ganawilebulia normalurad parametrebiT 0 da 1. 

 
75. organzomilebiani SemTxveviTi sidide ( , ) Tanabrad 
ganawilebulia samkuTxedSi {(x,y): x>0, y>0, x+y<2}. 
gamoTvaleT 

P( > ). 
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CebiSevis utoloba. did ricxvTa kanoni 

 
1. bankis saSualo anabari aris 60000 lari. SeafaseT al-
baToba imisa, rom SemTxveviT aRebuli anabari ar gadaaWa-
rbebs 10000 lars? 

(viyenebT CebiSevis utolobas P(|ξ | ε≥ )
ε

ξ≤ ||M )  

Ppasuxi: P(ξ≤10000)≥0,4 
  

2. damoukidebel cdaTa raodenobaa 400. warmatebis alba-
Toba yovel cdaSi aris 0,8. CebiSevis utolobis saSuale-
biT SeafaseT, rom am cdaSi sxvaoba warmatebis raodenoba-
sa da warmatebaTa saSualo raodenobas Soris ar gadaaWar-
bebs 20-s?  

amoxsna: warmatebis saSualo raodenoba ξ=np=400.0,8=320, 
xolo Dξ=npq=400.0,8.0,2=64. CebiSevis utolobis ZaliT 

220
D1)20|320(|P ξ−≥<−ξ =0,84 

gamovTvaloT igive albaToba laplas-muavris integraluri 
formuliT 

=ε<−ε<ε−=ε<−ξ=<−ξ )
npqnpq

np
npq

(P)|np(|P)20|320(|P  

9876,04938,02)5,2(2)
64

20(2)
npq

(2 =⋅=Φ=Φ=εΦ= . 

es ukanaskneli gviCvenebs, rom CebiSevis utoloba gvaZlevs 
sakmaod uxeS Sefasebas. 
 
3. satelefono sadgurSi Semosul zarTa saSualo raode-
noba erTi saaTis ganmavlobaSi aris 300. SeafaseT albaTo-
ba imisa, rom Semdeg saaTSi Semosul zarTa raodenoba ga-
daaWarbebs 400-s?  

pasuxi: P(ξ>400)≤0,75. 
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4. vTqvaT, ξ1, ξ2, ..., ξn damoukidebeli SemTxveviT sidideTa 
mimdevrobaa, amasTan, ξn Rebulobs n , 0,- n  mniSvnelo-

bebs Sesabamisad 
n2
1
, 

n
11 − , 

n2
1
 albaTobebiT. am mimdevro-

bisaTvis sruldeba Tu ara did ricxvTa kanoni (d.r.k.)? 
 
5. vTqvaT, ξ1, ξ2, ..., ξn damoukidebeli SemTxveviT sidideTa 
mimdevrobaa, amasTan, 

{ } 2n n2
1nP =−=ξ , { } 2n n

110P −==ξ , { } 2n n2
1nP ==ξ  

{ξk}-saTvis sruldeba Tu ara d.r.k.? 
 
6. vTqvaT, ξ1, ξ2, ... damoukidebeli SemTxveviT sidideTa mim-
devrobaa,  

P{ξn =±2n}=2–(2n+1), P{ξn =0}=1-2–2n 
{ξk}-saTvis sruldeba Tu ara d.r.k.? 
 
7. vTqvaT, ξ1, ξ2, ... damoukidebel SemTxveviT sidideTa mim-
devrobaa, amasTan, 

P{ξn =2n}=P{ξn =-2n}=
2
1 . 

{ξk}-saTvis sruldeba Tu ara d.r.k.? 
 
8. α-s ra mniSvnelobebisaTvis aris samarTliani d.r.k. ξ1, ξ2,... 
damoukidebeli SemTxveviT sidideTa mimdevrobisaTvis, Tu 

P{ξn =nα}=P{ξn =-nα}=
2
1 , α>0. 

 
9. vTqvaT mocemulia ξ1, ξ2,…, ξn SemTxveviT sidideTa mim-
devroba, sadac yoveli ξi aris warmatebaTa ricxvi bernu-
lis erT cdaSi (e.i. aris 1 warmatebis SemTxvevaSi da 0 – 
ara warmatebis SemTxvevaSi). TiToeul SemTxveviT sidides 
aqvs Semdegi ganawilebis kanoni: 
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ξi 0 1 
p q p 

am mimdevrobisaTvis SeiZleba Tu ara did ricxvTa gamoyeneba? 

amoxsna: 
cxadia, rom mocemuli mimdevroba akmayofilebs did ri-
cxvTa kanonis moTxovnebs da Mξi=p, Dξi=pq, maSin saSualo 

ariTmetikuli – 
=

ξ
n

1i
in

1
 udris warmatebaTa ricxvs n da-

moukidebel cdaSi, xolo did ricxvTa kanoni amtkicebs, 
rom warmatebaTa fardobiTi sixSire miiswrafvis warmate-
bis p albaTobisaken, Tu cdaTa raodenoba miiswrafvis usas-
rulobisaken. 
 
10. vTqvaT mocemulia ξ1, ξ2,…, ξn SemTxveviT sidideTa mim-
devroba, romlebsac aqvT Semdegi ganawilebis kanoni: 
 

ξi -n n 
p 1/2 1/2 

am mimdevrobisaTvis SeiZleba Tu ara did ricxvTa gamoye-
neba? 

zRvariTi Teoremebi 

1. calkeuli cdisas A xdomilobis albaToba P A( ) = 1
2
. 

SeiZleba Tu ara 0,97-ze meti albaTobiT, 1000 cdisas, A 
xdomilobis moxdenaTa raodenoba moTavsdes 400-sa da 
600-s Soris. 
 
2. ipoveT albaToba imisa, rom 243 urTierTdamoukidebeli 
cdisas A xdomilobas adgili eqneba zustad 70-j er, Tu 
calkeuli cdisas P(A)=0,25. 
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3. yoveli 100 urTierTdamoukidebeli cdisas A xdomilo-
bis moxdenis albaToba P(A)=0,8. ipoveT albaToba imisa, 
rom A xdomilobas adgili eqneba aranakleb 75-j er da ara 
umetes 90-j er. 
 
4. calkeuli urTierTdamoukidebeli cdisas P(A)=0,8. cda-
Ta ra raodenobisTvis aris mosalodneli A xdomilobis 
moxdena aranakleb 75-j er, 0,9 toli albaTobiT. 
 
5. detalis xmarebisas, misi mwyobridan gamosvlis alba-
Toba 0,05 tolia. ras udris albaToba imisa, rom 100 de-
talis xmarebisas mwyobridan gamova:  

a) aranakleb xuTi detalisa (m≥5), 
b) ara umetes xuTi detalisa (m≤5), 
g) xuTidan 10 detalamde (5≤ m ≤10). 
 
6. ξ – SemTxveviTi sidide emorCileba normaluri ganawi-
lebis kanons parametrebiT (a ,σ2), ipoveT P(α<ξ<β).  

pasuxi: 
σ
−αΦ−

σ
−βΦ=β<ξ<α aa)(P ,  

sadac Φ( )x e dt
tx

=
−2

2

2

2

0π
 – laplasis funqciaa. 

 
7. 625-j er Catarebuli urTierTdamoukidebeli TiToeuli 
cdisas A xdomilobis albaToba P(A)=0,8. ipoveT albaToba 
imisa, rom sxvaobis absoluturi mniSvneloba fardobiT 
sixSiresa da A-s albaTobas Soris ar aRemateba 0,04-s. 
miTiTeba: isargebleT formuliT: 

Φ≈ε≤−
pq
n2p

n
mP . 
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8. 100 damoukidebel cdaSi xdomilobis ganxorcielebis 
albaToba mudmivia da 0,8-is tolia. normaluri aproqsima-
ciis gamoyenebiT ipoveT albaToba imisa, rom A xdomiloba 
100 cdaSi ganxorcieldeba: 

a) ara umcires 75-j er da ara umetes 90-j er; 
b) ara umcires 75-j er; 
g) ara umetes 90-j er. 
 
9. vTqvaT, ξ1, ξ2 damoukidebeli da erTnairad ganawilebu-
li SemTxveviTi sidideebia, Mξ1=0. vTqvaT, d1

2, d2
2,... mudmi-

vi sidideebia iseTi, rom dn=o(Dn), 
=

=
n

1k

2
k

2
n dD . aCveneT Sem-

TxveviT sidideTa d1ξ1, d2ξ2.. mimdevroba akmayofilebs cent-
ralur zRvariT Teoremas: 

)1,0(Nd
D
1 d

kk

n

1kn
⎯→⎯ξ

=
 

 
10. vTqvaT, ξ SemTxveviTi sidide ganawilebulia puasonis 
kanoniT λ-parametriT. aCveneT, rom zRvariTi ganawileba 

λ
λ−ξ
-is, roca λ→∞, aris normaluri. 

 
11. vTqvaT, ξn ganawilebulia χ2 – kanoniT n-Tavisuflebis 

xarisxiT. aCveneT, rom 
n2
nn

n
−ξ

=η -is ganawileba asimpto-

turad normaluria, roca n→∞. 
 
12. SemTxveviTi sidide ξ emorCileba gama-ganawilebas, e.i.  

f x x e x

ξ

λ
λ αα

λ( ) ( )
,

,
=

≤

− −

Γ
1

0 0

 roca > 0

roca

x

x
 (α>0) 

ipoveT ξ-is maxasiaTebeli funqcia ϕξ(t). 
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13. ipoveT ϕ χ ξ= =
=n n i

j

n1 2

1
 SemTxveviTi sididis gana-

wilebis simkvrive. 
 

14. ipoveT ϕ ξ
η

= , SemTxveviTi sididis ganawilebis simkvri-

ve, Tu isini urTierTdamoukidebelni arian da f x n e
nx

ξ π
( ) =

−

2

2

2   

(normaluri ganawilebis kanoni). f x n
n

x n e
n nx

η( ) =
−

−2

2
2

1

2

2

Γ
, 

roca x>0 (
n

χ=η -s ganawilebis simkvrive). 

 
15. daamtkiceT, rom Tu ϕξ(t) maxasiaTebeli funqciaa, maSin 
Reϕξ(t)-c iqneba maxasiaTebeli funqcia. 

16. ipoveT 
χ 2

n
 SemTxveviTi sididis ganawilebis: a) simkv-

rive, b) maxasiaTebeli funqcia, g) pirveli sami rigis saw-
yisi da centraluri momentebi. 
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cxrilebi 
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