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Preface

This textbook is intended for a first course in numerical methods for
students in engineering and science, typically taught in the second year
of college. The book covers the fundamentals of numerical methods
from an applied point of view. It explains the basic ideas behind the var-
ious methods and shows their usefulness for solving problems in engi-
neering and science.

In the past, a numerical methods course was essentially mathemati-
cal, emphasizing numerical analysis and theory. More recently, due to
the availability of powerful desktop computers and computing software
that is both affordable and powerful, the content and nature of a first
course in numerical methods for engineering and science students are
changing. The emphasis is shifting more and more toward applications
and toward implementing numerical methods with ready-to-use tools.
In a typical course, students still learn the fundamentals of numerical
methods. In addition, however, they learn computer programming (or
improve their programming skills if they have already been introduced
to programming), and use advanced software as a tool for solving prob-
lems. MATLAB is a good example of such software. It can be used by
students to write their own programs, and can be used as a tool for solv-
ing problems using its built-in functions. One of the objectives of a
course in numerical methods is to prepare students in science and engi-
neering for future courses in their areas of specialization (and their
future careers) where they will have to use computers for solving prob-
lems.

Main objectives of the book

To teach the fundamentals of numerical methods, with
emphasis on the most essential methods.

To provide students with the opportunity to enhance their pro-
gramming skills using the MATLAB environment to implement
algorithms.

To teach the use of MATLAB as a tool (using its built-in func-
tions) for solving problems in science and engineering, and
for checking the results of any programs students write them-
selves.

iii
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Features/pedagogy of the book

® This book is written in simple, clear, and direct language. Fre-
quently, bullets and a list of steps, rather than lengthy text, are used
to list facts and details of a specific subject.

® Numerous illustrations are used for explaining the principles of the
numerical methods.

* Many of the examples and end-of-chapter problems involve realis-
tic problems in science and engineering.

°* MATLAB is integrated within the text and in the examples. A light
colored background is used when MATLAB syntax is displayed.

* Annotating comments that explain the commands are posted along-
side the MATLAB syntax.

* MATLAB?’s built-in functions that are associated with the numeri-
cal methods are presented in detail.

* The homework problems at the end of the chapters are divided into
three groups:

(a) Problems to be solved by hand: Problems related to improving
understanding of numerical methods. In these problems the stu-
dents are asked to answer questions related to the fundamentals of
numerical methods, and to carry out a few steps of the numerical
methods by hand.

(b) Problems to be in MATLAB: Problems designed to
provide the opportunity to improve programming skills. In these
problems students are asked to use MATLAB to write computer
programs (script files and user-defined functions) implementing
various numerical methods.

(c) Problems in and Problems in science
and engineering that have to be solved by using numerical methods.
The objective is to train the students to use numerical methods for
solving problems they can expect to see in future courses or in prac-
tice. Students are expected to use the programs that are presented in
the book, programs that they write, and the built-in functions in
MATLAB.

Organization of the book

Chapter 1: The first chapter gives a general introduction to numerical
methods and to the way that computers store numbers and carry out
numerical operations. It also includes a section on errors in numerical
solutions and a section on computers and programming.

Chapter 2: The second chapter presents a review of fundamental math-
ematical concepts that are used in the following chapters that cover the
numerical methods. It is intended to be used as a reminder, or a
refresher, of concepts that the students are assumed (expected) to be
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familiar with from their first- and second-year mathematics courses.
Since many of these topics are associated with various numerical meth-
ods, we feel that it is better to have the mathematical background gath-
ered in one chapter (and easier to find when needed) rather than be
dispersed throughout the book. Several of the topics that are covered in
Chapter 2 and that are essential in the explanation of a numerical
method are repeated in other chapters where the numerical methods are
presented. Most instructors will probably choose not to cover Chapter 2
as one unit in the class, but will mention a topic when needed and refer
the students to the chapter.

Chapters 3 through 11: These nine chapters present the various numer-
ical methods in an order that is typically followed in a first course on
numerical methods. These chapters follow the format explained next.

Organization of a typical chapter

An itemized list of the topics that are covered in the chapter is displayed
below the title of the chapter. The list is divided into core and
complementary topics. The core topics are the most essential topics
related to the subject of the chapter. The complementary topics include
more advanced topics. Obviously, a division of topics related to one
subject into core and complementary is subjective. The intent is to help
instructors in the design of their course when there is not enough time to
cover all the topics. In practicality, the division can be ignored in
courses where all the topics are covered.

The first section of the chapter provides a general background with
illustrative examples of situations in the sciences and engineering
where the methods described in the chapter are used. This section also
explains the basic ideas behind the specific class of numerical methods
that are described in the chapter. The following sections cover the core
topics of the chapter. Next, a special section discusses the built-in func-
tions in MATLAB that implement the numerical methods described in
the chapter, and how they may be used to solve problems. The later sec-
tions of the chapter cover the complementary topics.

The order of topics

It is probably impossible to write a text book where all the topics follow
an order that is agreed upon by all instructors. In the present book, the
main subjects are in an order that is typical in a first course in numerical
methods. Chapter 3 covers solution of nonlinear equations. It mostly
deals with the solution of a single equation, which is a simple applica-
tion of numerical methods. The chapter also includes, as a complemen-
tary topic, a section on the solution of a system of nonlinear equations.
Chapter 4 deals with the solution of a system of linear equations. Next,
Chapter 5 deals with eigenvalues and eigenvectors, and Chapter 6 cov-
ers curve fitting and interpolation. Chapter 7, which is new in the 3rd
edition, covers an introduction to Fourier methods. Chapters 8 and 9
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cover differentiation and integration, respectively. Finally, solution of
ordinary differential equations (ODE) is presented in the last two chap-
ters. Chapter 10 deals with the solution of initial-value problems (first-
order, systems, and higher-order) and Chapter 11 considers boundary-
value problems.

The order of some of the topics is dictated by the subjects them-
selves. For example, differentiation and integration need to be covered
before ordinary differential equations. It is possible, however, to cover
the other subjects in different order than presented in the book. The var-
ious chapters and sections in the book are written in a self-contained
manner that make it easy for the instructor to cover the subjects in a dif-
ferent order, if desired.

MATLAB programs

This book contains many MATLAB programs. The programs are
clearly identified as user-defined functions, or as script files. All the
programs are listed in Appendix B. The programs, or the scripts, are
written in a simple way that is easy to follow. The emphasis of these
programs is on the basics and on how to program an algorithm of a spe-
cific numerical method. Obviously, the programs are not general, and
do not cover all possible circumstances when executed. The programs
are not written from the perspective of being shortest, fastest, or most
efficient. Rather, they are written such that they are easy to follow. It is
assumed that most of the students have only limited understanding of
MATLAB and programming, and presenting MATLAB in this manner
will advance their computing skills. More advanced users of MATLAB
are encouraged to write more sophisticated and efficient programs and
scripts, and compare their performance with the ones in the book.

Third edition

The main changes in the third edition are:

Fourier Methods: In response to many requests from professors that
use the book in their courses, a new chapter (Chapter 7) on Fourier
methods has been added to the book. The chapter covers Fourier series,
discrete Fourier series, Discrete Fourier Transform, and an introduction
to the Fast Fourier Transform (FFT) which are widely used in engineer-
ing for processing digital data.

Eignvalues and Eignvectors: This topic which was part of Chapter 4
(Solving a System of Linear Equations) in the first two editions of the
book is now covered in a separate chapter.

MATLAB: The third edition of the book is updated to MATLAB
R2012b. All the programs use anonymous functions and function han-
dles are used for passing functions into functions. Appendix A has been
updated to the current version of MATLAB.

Homework problems: About 50% of the problems have been added
or changed. Most of the Chapters have 40 or more problems.
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Support material

The following is available on the instructor companion site at
www.wiley.com/college/gilat):

(a) for faculty who have adopted the text for use in their course, a fully
worked solution manual, triple checked for accuracy.

(b) suggested course syllabi with suggested assignments to help
quickly integrate the text into your course.

(c) conversion guides from other major numerical methods titles to
show where each section of your current text is covered in this new
text, helping you quickly convert from old to new.

(d) electronic versions of all the figures and tables from the text, for
creating lecture slides and quizzes/exams based on images from the
book.

(e) m-files of all the programs in the text.

Many people have assisted during the preparation of the first two
editions of the book. We would like to thank the reviewers and users for
the many comments and suggestions they have made.
Lawrence K. Agbezuge, Rochester Institute of Technology
David Alciatore, Colorado State University
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John R. Cotton, Virginia Polytechnic Institute and State University
David Dux, Purdue University
Venkat Ganesan, University of Texas-Austin
Michael R. Gustafson II, Duke University
Alain Kassab, University of Central Florida
Tribikram Kundu, University of Arizona
Ronald A. Mann, University of Louisville
Peter O. Orono, Indiana University Purdue University Indianapolis
Charles Ritz, California State Polytechnic University-Pomona
Douglas E. Smith, University of Missouri-Columbia
Anatoliy Swishchuk, University of Calgary
Ronald F. Taylor, Wright State University
Brian Vick, Virginia Polytechnic Institute and State University
John Silzel, Biola University
James Guilkey, University of Utah

We would also like to thank Linda Ratts, acquisition editor, and
Renata Marchione, editorial assistant, from Wiley. Special thanks to
Professor Subramaniam’s daughters, Sonya and Priya, for typing early
drafts of some chapters and for proofreading them.

Our intention was to write a book that is useful to students and
instructors alike. We would like to thank users of previous editions of
the book who have sent us compliments and suggestions. We would
appreciate any comments that will help to improve future editions.

Amos Gilat (gilat.1 @osu.edu)

Vish Subramaniam (subramaniam.1@osu.edu)
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June 2013
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Chapter 1

Introduction

N
Core Topics
Representation of numbers on a computer (1.2). Computers and programming (1.4).
Errors in numerical solutions, round-off errors and
truncation errors (1.3).
J

7
9

Figure 1-1: Motion of a block on
a surface with friction.

1.1 BACKGROUND

Numerical methods are mathematical techniques used for solving math-
ematical problems that cannot be solved or are difficult to solve analyti-
cally. An analytical solution is an exact answer in the form of a
mathematical expression in terms of the variables associated with the
problem that is being solved. A numerical solution is an approximate
numerical value (a number) for the solution. Although numerical solu-
tions are an approximation, they can be very accurate. In many numeri-
cal methods, the calculations are executed in an iterative manner until a
desired accuracy is achieved.

For example, Fig. 1-1 shows a block of mass m being pulled by a
force F applied at an angle 6. By applying equations of equilibrium, the
relationship between the force and the angle is given by:

F = (1.1)

cosO + pusinB

where p is the friction coefficient and g is the acceleration due to grav-
ity. For a given value of F, the angle that is required for moving the
block can be determined by solving Eq. (1.1) for 6. Equation (1.1),
however, cannot be solved analytically for 8. Using numerical methods,
an approximate solution can be determined for specified accuracy. This
means that when the numerical solution for 0 is substituted back in Eq.
(1.1), the value of F that is obtained from the expression on the right-
hand side is not exactly equal to the given value of F, but is very close.
Numerical techniques for solving mathematical problems were
developed and used hundreds and even thousands of years ago. Imple-
mentation of the numerical techniques was difficult since the calcula-
tions had to be carried out by hand or by use of simple mechanical



Chapter 1 Introduction

computing devices, which limited the number of calculations that could
be carried out, as well as their speed and accuracy. Today numerical
methods are used with fast electronic digital computers that make it
possible to execute many tedious and repetitive calculations that pro-
duce accurate (even though not exact) solutions in a very short time.

Solving a problem in science and engineering

The process of solving a problem in science and engineering is influ-
enced by the tools (mathematical methods) that are available for solving
the problem. The process can be divided into the following steps:

Problem statement

The problem statement defines the problem. It gives a description of the
problem, lists the variables that are involved, and identifies the con-
straints in the form of boundary and/or the initial conditions.

Formulation of the solution

Formulation of the solution consists of the model (physical law or laws)
that is used to represent the problem and the derivation of the governing
equations that need to be solved. Examples of such laws are Newton’s
laws, conservations of mass, and the laws of thermodynamics. The
models that are used (chosen) to solve the problem need to be consistent
with the methods that are subsequently used for solving the equations.
If analytical methods are expected to be used for the solution, the gov-
erning equations must be of a type that can be solved analytically. If
needed, the formulation has to be simplified, such that the equations
could be solved analytically. If numerical methods are used for the solu-
tion, the models and the equations can be more complicated. Even then,
however, some limitations might exist. For example, if the formulation
is such that a numerical solution requires a long computing time, the
formulation might have to be simplified such that a solution is obtained
in a reasonable time. An example is weather forecasting. The problem
that is solved is large, and the numerical models that are used are very
complicated. The numerical simulation of the weather, however, cannot
outlast the period over which forecasting is needed.

Programming (of numerical solution)

If the problem is solved numerically, the numerical method that is used
for the solution has to be selected. For every type of mathematical prob-
lem there are several (or many) numerical techniques that can be used.
The techniques differ in accuracy, length of calculations, and difficulty
in programming. Once a numerical method is selected, it is imple-
mented in a computer program. The implementation consists of an
algorithm, which is a detailed plan that describes how to carry out the
numerical method, and a computer program, which is a list of com-
mands that allows the computer to execute the algorithm to find the
solution.
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Interpretation of the solution

Since numerical solutions are an approximation (errors are addressed in
Section 1.4), and since the computer program that executes the numeri-
cal method might have errors (or bugs), a numerical solution needs to
be examined closely. This can be done in several ways, depending on
the problem. For example, if the numerical method is used for solving a
nonlinear algebraic equation, the validity of the solution can be verified
by substituting the solution back in the equation. In more complicated
problems, like a solution of a differential equation, the numerical solu-
tion can be compared with a known solution of a similar problem, or the
problem can be solved several times using different boundary (or ini-
tial) conditions, and different numerical methods, and examining the
subsequent differences in the solutions.

An illustration of the first two steps in the solution process of a
problem is shown in Example 1-1.

Example 1-1: Problem formulation

Consider the following problem statement:

A pendulum of mass m is attached to a rigid rod of length L,
as shown in the figure. The pendulum is displaced from the
vertical position such that the angle between the rod and the x <e=0
axis is 0, and then the pendulum is released from rest. For- \ L i
mulate the problem for determining the angle 6 as a function \

of time, ¢, once the pendulum is released. In the formulation ~ (m)

include a damping force that is proportional to the velocity of x
the pendulum.

Formulate the solution for two cases:

(a) B, = 5°,and (b) 6, = 90°.

SOLUTION

Physical law

The physical law that is used for solving the problem is
Newton’s second law of mechanics, according to which, DIAGRAM DIAGRAM
as the pendulum swings back and forth, the sum of the
forces that are acting on the mass is equal to the mass
times its acceleration.

*F = ma (1.2)

This can be visualized by drawing a free body diagram Newton’s Second Law

and a mass acceleration diagram, which are shown on the

right. The constant ¢ is the damping coefficient. It should be pointed out that the mass of the rod is
neglected in the present solution.

FREE BODY MASS ACCELERATION
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Governing equation

The governing equation is derived by applying Newton’s second law in the tangential direction:

2
SF, = —cL%—mgsine - mL‘Z;—t? (1.3)

Equation (1.3), which is a second-order, nonlinear, ordinary differential equation, can be written in
the form:

2

mLil%+cL‘§+mgsin9 =0 (1.4)
The initial conditions are that when the motion of the pendulum starts (+ = 0), the pendulum is at
angle 6, and its velocity is zero (released from rest):

0(0) =8, and 2| =0 (1.5)
dt],_,

Method of solution

Equation (1.4) is a nonlinear equation and cannot be solved analytically. However, in part (a) the ini-
tial displacement of the pendulum is 6, = 5°, and once the pendulum is released, the angle as the
pendulum oscillates will be less than 5°. For this case, Eq. (1.4) can be linearized by assuming that
sin0 ~ 6. With this approximation, the equation that has to be solved is linear and can be solved ana-
lytically:

d’e . ,do
L=— +cL=+mgb = L.
m jeraNaC mg 0 (1.6)
with the initial conditions Eq. (1.5).

In part (b), the initial displacement of the pendulum is 6, = 90° and the equation has to be

solved numerically. An actual numerical solution for this problem is shown in Example 8-8.

1.2 REPRESENTATION OF NUMBERS ON A
COMPUTER

Decimal and binary representation

Numbers can be represented in various forms. The familiar decimal sys-
tem (base 10) uses ten digits 0, 1, .., 9. A number is written by a
sequence of digits that correspond to multiples of powers of 10. As
shown in Fig. 1-2, the first digit to the left of the decimal point corre-

AT e e O R
A

6 0 7 2 4 .3 1 2 5

6 X10*+ 0 X 10°+ 7 X102+ 2 X 10"+ 4 X 10% 3% 1074+ 1 X 102+ 2 X 10+ 5 X 10™*= 60,724.3125

Figure 1-2: Representation of the number 60,724.3125 in the decimal system (base 10).
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Base Base 2 sponds to 10°. The digit next to it on the left corresponds to 10, the
2 - - next digit to the left to 10%, and so on. In the same way, the first digit to
22 22 2! 20 the right of the decimal point corresponds to 10", the next digit to the
1 0 0 0 1 right to 107, and so on.
2z 0o 0 1 0 In general, however, a number can be represented using other bases.
3 0 0 1 1 A form that can be easily implemented in computers is the binary (base
4 0O 1 O 0 2) system. In the binary system, a number is represented by using the
5 0O 1 O 1 two digits 0 and 1. A number is then written as a sequence of zeros and
6 0O 1 1 0 ones that correspond to multiples of powers of 2. The first digit to the
i 0 I 1 1 left of the decimal point corresponds to 2°. The digit next to it on the
1 0 ..
g 1 o 8 (1) left corresponds to 2', the next digit to the left to 2>, and so on. In the
10 1 o0 1 0 same way, the first digit to the right of the decimal point corresponds to

27", the next digit to the right to 27>, and so on. The first ten digits
Figure 1-3: Representation of 1,2,3,...,10 in base 10 and their representation in base 2 are shown in
numbers in decimal and binary  Fjg 1-3. The representation of the number 19.625 in the binary system
L is shown in Fig. 1-4.

1o o 1 1 -~ 1 0 1

Ix2 +0x2+0x22+1x2'+1x2°+ 1x2 +0x 22+ 1x 23

IX16+0Xx8+0X%x4+1%x2+1x1+1x05+0x%x0.25+1x0.125 = 19.625

Figure 1-4: Representation of the number 19.625 in the binary system (base 2).

Another example is shown in Fig. 1-5, where the number
60,724.3125 is written in binary form.

R g s L A | S e L 6 K [ D e W e [

4 3 iz 1 0 1 2 3 4

+IX2T+0X27+1X2°+0%x2 +0X2"+0X2 " +1x2°+0x27 +1x2 "= 60,724.3125

Figure 1-5: Representation of the number 60,724.3125 in the binary system (base 2).
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Computers store and process numbers in binary (base 2) form. Each
binary digit (one or zero) is called a bit (for binary digit). Binary arith-
metic is used by computers because modern transistors can be used as
extremely fast switches. Therefore, a network of these may be used to
represent strings of numbers with the “1” referring to the switch being
in the “on” position and “0” referring to the “off” position. Various
operations are then performed on these sequences of ones and zeros.

Floating point representation

To accommodate large and small numbers, real numbers are written in
floating point representation. Decimal floating point representation
(also called scientific notation) has the form:

d.dddddd x 107 (1.7)

One digit is written to the left of the decimal point, and the rest of the
significant digits are written to the right of the decimal point. The num-
ber 0.dddddd is called the mantissa. Two examples are:

651923 writtenas 6.51923 x 10°

0.00000391 writtenas 3.91 x 10°°
The power of 10, p, represents the number’s order of magnitude, pro-
vided the preceding number is smaller than 5. Otherwise, the number is

said to be of the order of p+ 1. Thus, the number 3.91 x 10" is of the
order of 10°°, 0(10_6) , and the number 6.51923 x 10° is of the order of
10° (written as 0(104) ).
Binary floating point representation has the form:
1.bbbbbb x 2% (b is a decimal digit) (1.8)

In this form, the mantissa is . bbbbbb , and the power of 2 is called the
exponent. Both the mantissa and the exponent are written in a binary
form. The form in Eq. (1.8) is obtained by normalizing the number
(when it is written in the decimal form) with respect to the largest
power of 2 that is smaller than the number itself. For example, to write
the number 50 in binary floating point representation, the number is

divided (and multiplied) by 2° =132 (which is the largest power of 2
that is smaller than 50):

50=15) x 2°=1.5625 x 2° Binary floating point form: 1.1001 x 2'*'

2
Two more examples are:

13lft)4><210=1.3125><210 Binary floating point form: 1.0101 x 2
2

0.3125= 1.25x  Binary floating point form: 1.01 x 2710
2

1344= .
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Storing a number in computer memory

Once in binary floating point representation, the number is stored in the
computer. The computer stores the values of the exponent and the man-
tissa separately, while the leading 1 in front of the decimal point is not
stored. As already mentioned, a bit is a binary digit. The memory in the
computer is organized in byfes, where each byte is 8 bits. According to

the IEEE!-754 standard (1985), computers store numbers and carry out

calculations in single precision2 or in double precision.3 In single pre-

cision, the numbers are stored in a string of 32 bits (4 bytes), and in
double precision in a string of 64 bits (8 bytes). In both cases the first
bit stores the sign (0 corresponds to + and 1 corresponds to —) of the
number. The next 8 bits in single precision (11 bits in double precision)
are used for storing the exponent. The following 23 bits in single preci-
sion (52 bits in double precision) are used for storing the mantissa. This
is illustrated for double precision in Fig. 1-6.

2 10 29 28 2 1 20 2-] 2-2 2-3 2-50 2-51 2-52
1/ 1// 1/ l/x 1// 1// 1// 1// 1// 1// 1// l/x
7017070170 = =< |70|70}70]70]70 70170170
t # # }
Sign Exponent + bias Mant_lssa
1 bit 11 bits 52 bits

Figure 1-6: Storing in double precision a number written in binary floating point representation.

The value of the mantissa is entered as is in a binary form. The
value of the exponent is entered with a bias. A bias means that a con-
stant is added to the value of the exponent. The bias is introduced in
order to avoid using one of the bits for the sign of the exponent (since
the exponent can be positive or negative). In binary notation, the largest
number that can be written with 11 bits is 2047 (when all 11 digits are
1). The bias that is used is 1023, which means that if, for example, the
exponent is 4, then the value that is stored is 4 + 1023 = 1027. Thus, the

1. IEEE stands for the Institute of Electrical and Electronics Engineers.

2. Precision refers to the number of significant digits of a real number that can be
stored on a computer. For example, the number 1/3 = 0.333333... can be represented
on a computer only in a chopped or rounded form with a finite number of binary dig-
its, since the amount of memory where these bits are held is finite. The more digits
to the right-hand side of the decimal point that are stored, the more precise is the
representation of the real number on the computer.

3. This is somewhat of a misnomer. The precision in a double-precision number is not
really doubled compared to a single-precision number. Rather, the “double” in dou-
ble precision refers to the fact that twice as many binary digits (64 versus 32) are
used to represent a real number than in the case of a single-precision representation.
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smallest exponent that can be stored by the computer is —1023, and the
largest is 1024 (which will be stored as 2047). However, the smallest
and largest values of the exponent plus bias are reserved for zero and
infinity (Inf) or not-a-number (NaN) due to invalid mathematical
operation. The 11 bits for the exponent plus bias store values between
—-1023 and 1024. If the exponent plus bias and mantissa are both zero,
then the number actually stored is 0. If the exponent plus bias is 2047
the number stored is Inf if the mantissa is zero, and it is NaN if the
mantissa is not zero. In single precision, 8 bits are allocated to the value
of the exponent and the bias is 127.

As an example, consider storing of the number 22.5 in double preci-
sion according to the IEEE-754 standard. First, the number is normal-

ized: 25—;‘524 = 1.40625 x 2* . In double precision, the exponent with the

biasis 4 +1023 = 1027, which is stored in binary form as 10000000011.
The mantissa is 0.40625, which is stored in binary form as
.01101000....000. The storage of the number is illustrated in Fig. 1-7.

0 oft|tfolrfi]oft]o|ofolof .. .. lolofo]o
t i # )
Sign Exponent + bias Mantissa
L 52 bits

Figure 1-7: Storing the number 22.5 in double precision according to the IEEE-754 standard.

Additional notes

* The smallest positive number that can be expressed in double preci-
sion is:

27102 252 % 10

This means that there is a (small) gap between zero and the smallest
number that can be stored on the computer. Attempts to define a

number in this gap causes an underflow error. (In the same way, the

closest negative number to zero is —2.2 x 107" )

* The largest positive number that can be expressed in double preci-
sion is approximately:

2194 1.8 x 10°®

Attempts to define a larger number causes overflow error. (The same

applies to numbers smaller than —2'%*))

The range of numbers that can be represented in double precision is
shown in Fig. 1-8.
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~-1.8x10%% ~-22x10°%  22x103%8 ~1.8x10%%8
(j) I/ \I (I) 1 \I (-i:)
/ t AR f \
Range of numbers that Range of numbers that

Overflow can be represented can be represented Overflow

Underflow

Figure 1-8: Range of numbers that can be represented in double precision.

* Since a finite number of bits is used, not every number can be accu-
rately written in binary form. In other words, only a finite number of
exact values in decimal format can be stored in binary form. For
example, the number 0.1 cannot be represented exactly in finite
binary format when single precision is used. To be written in binary

floating point representation, 0.1 is normalized: 0.1 = 1.6 x 27*. The
exponent -4 (with a bias) can be stored exactly, but the mantissa 0.6
cannot be written exactly in a binary format that uses 23 bits. In
addition, irrational numbers cannot be represented exactly in any
format. This means that, in many cases, exact values are approxi-
mated. The errors that are introduced are small in one step, but when
many operations are executed, the errors can grow to such an extent
that the final answer is affected. These errors, as well as other errors,
are discussed in the next section.

* The interval between numbers that can be represented depends on
their magnitude. In double precision, the smallest value of the man-

tissa that can be stored is 2 °2 ~2.22 x 10"'®. This is also the smallest
possible difference in the mantissa between two numbers. The mag-
nitude of the real number that is associated with this mantissa, how-
ever, depends on the exponent. For numbers of the order of 1, the
smallest difference between two numbers that can be represented in
double precision is then 2.22 x 107'°. This value is also defined as
the machine epsilon in double precision. In MATLAB this value is
assigned to the predefined variable eps. As shown below, when the
name of the variable eps is typed (Command Window), the assigned
value is displayed.

>> eps
ans =
2.220446049250313e-016
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1.3 ERRORS IN NUMERICAL SOLUTIONS

Numerical solutions can be very accurate but in general are not exact.
Two kinds of errors are introduced when numerical methods are used
for solving a problem. One kind, which was mentioned in the previous
section, occurs because of the way that digital computers store numbers
and execute numerical operations. These errors are labeled round-off
errors. The second kind of errors is introduced by the numerical method
that is used for the solution. These errors are labeled truncation errors.
Numerical methods use approximations for solving problems. The
errors introduced by the approximations are the truncation errors.
Together, the two errors constitute the zofal error of the numerical solu-
tion, which is the difference (can be defined in various ways) between
the true (exact) solution (which is usually unknown) and the approxi-
mate numerical solution. Round-off, truncation, and total errors are dis-
cussed in the following three subsections.

1.3.1 Round-Off Errors

Numbers are represented on a computer by a finite number of bits (see
Section 1.2). Consequently, real numbers that have a mantissa longer
than the number of bits that are available for representing them have to
be shortened. This requirement applies to irrational numbers that have
to be represented in a finite form in any system, to finite numbers that
are too long, and to finite numbers in decimal form that cannot be repre-
sented exactly in binary form. A number can be shortened either by
chopping off, or discarding, the extra digits or by rounding. In chop-
ping, the digits in the mantissa beyond the length that can be stored are
simply left out. In rounding, the last digit that is stored is rounded.

As a simple illustration, consider the number 2/3. (For simplicity,
decimal format is used in the illustration. In the computer, chopping and
rounding are done in the binary format.) In decimal form with four sig-
nificant digits, 2/3 can be written as 0.6666 or as 0.6667. In the former
instance, the actual number has been chopped off, whereas in the latter
instance, the actual number has been rounded. Either way, such chop-
ping and rounding of real numbers lead to errors in numerical computa-
tions, especially when many operations are performed. This type of
numerical error (regardless of whether it is due to chopping or round-
ing) is known as round-off error. Example 1-2 shows the difference
between chopping and rounding.
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Example 1-2: Round-off errors

rounding.
SOLUTION

Consider the two nearly equal numbers p = 9890.9 and ¢ = 9887.1. Use decimal floating point rep-
resentation (scientific notation) with three significant digits in the mantissa to calculate the differ-

ence between the two numbers, (p —¢). Do the calculation first by using chopping and then by using

In decimal floating point representation, the two numbers are:

p = 9.8909 x 10° and ¢ = 9.8871 x 10°

If only three significant digits are allowed in the mantissa, the numbers have to be shortened. If
chopping is used, the numbers become:

p = 9.890x 10° and ¢ = 9.887 x 10°

Using these values in the subtraction gives:

g = 9.890 x 10— 9.887 x 10° = 0.003 x 10° = 3

If rounding is used, the numbers become:

p = 9.891 x 10° and g = 9.887 x 10° (¢ is the same as before)

Using these values in the subtraction gives:

g = 9.891 x 10° —9.887 x 10’ = 0.004 x 10° = 4

The true (exact) difference between the numbers is 3.8. These results show that, in the present prob-
lem, rounding gives a value closer to the true answer.

11

The magnitude of round-off errors depends on the magnitude of the
numbers that are involved since, as explained in the previous section,
the interval between the numbers that can be represented on a computer
depends on their magnitude. Round-off errors are likely to occur when
the numbers that are involved in the calculations differ significantly in
their magnitude and when two numbers that are nearly identical are
subtracted from each other.

For example, consider the quadratic equation:

x2-100.0001x +0.01 = 0 (1.9)

for which the exact solutions are x; = 100 and x, = 0.0001. The solu-
tions can be calculated with the quadratic formula:

_ —b+Jb*—4ac b— b’ —4ac (1.10)

and x, = —
2a 2a

Using MATLAB (Command Window) to calculate x; and x, gives:

X1

>> format long
> a =1; b = -100.0001; c = 0.01;

>> RootDis

RootDis

= sqgrt(b”2 - 4*a*c)

99.999899999999997
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> x1 = (-b + RootDis)/ (2%*a)
x1l =

100
>> x2 = (-b - RootDis)/ (2%*a)
X2 =

1.000000000033197e-004

The value that is calculated by MATLAB for x, is not exact due to
round-off errors. The round-off error occurs in the numerator in the
expression for x,. Since b is negative, the numerator involves subtrac-
tion of two numbers that are nearly equal.

In many cases, the form of the mathematical expressions that con-
tain subtraction of two quantities that are nearly equal can be changed
to a different form that is less likely to cause round-off errors. In the
expression for x, in Eq. (1.10), this can be done by multiplying the

expression by (— b+ b> —4ac)/(— b+ Jb° —4ac):

_ ol Ib* _ dae (—b+,\/b2—4ac) _ 2¢
] (—b+»Jb2—4ac) —b+»\/b2—4ac

Using Eq. (1.11) in MATLAB to calculate the value of x, gives:

(1.11)

%)

>> x2Mod = (2*c)/ (-b+RootDis)
x2Mod =
1.000000000000000e-004

Now the calculated value for x, is without an error. Another example
of round-off errors is shown in Example 1-3.

Example 1-3: Round-off errors

Consider the function:
f@x) = x(Jx-Jx-1) (1.12)
(@) Use MATLAB to calculate the value of f(x) for the following three values of x:
x = 10, x = 1000, and x = 100000 .

(b) Use the decimal format with six significant digits to calculate f(x) for the values of x in part
(a). Compare the results with the values in part (a).

(¢) Change the form of f(x) by multiplying it by ‘/;C+— LAl Using the new form with numbers in
J;c + Jx—-1
decimal format with six significant digits, calculate the value of f(x) for the three values of x.
Compare the results with the values in part (a).
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SOLUTION

(a)

>> format long g

>> x = [10 1000 100000];

>> Fx = x.*(sqrt(x) - sqrt(x-1))

Fx =
1.6227766016838 15.8153431255776 158.114278298171

(b) Using decimal format with six significant digits in Eq. (1.12) gives the following values for
J(x):
7(10) = 10(J/10—-/10—-1) = 10(3.16228 —3) = 1.62280

This value agrees with the value from part (a), when the latter is rounded to six significant digits.
£(1000) = 1000(/1000 — ,/T000— 1) = 1000(31.6228 — 31.6070) = 15.8

When rounded to six significant digits, the value in part (a) is 15.8153.

£(100000) = 100000(/100000 — 4100000 —1) = 100000(316.228 —316.226) = 200

When rounded to six significant digits, the value in part (@) is 158.114.
The results show that the rounding error due to the use of six significant digits increases as x

increases and the relative difference between /x and /x— 1 decreases.

(c) Multiplying the right-hand side of Eq. (1.12) by Jxt -1 gives:

«/J_C+ Jx—1
fiG) =2l = tnel e DI (1.13)

A/;c+ﬁ(x—1 N/)_c+,~fx—l _N/)_c+a/‘x—1
Calculating f(x) using Eq. (1.13) for x = 10, x = 1000, and x = 100000 gives:

10

10
10) = = ~ 1.62278
7(10) o+ .Jio0—1 3.16228 +3
£(1000) = 1000 = 1060 = 15.8153
J1000 + /1000 1  31.6228 +31.6070
£(100000) = 100000 = 1000 = 158.114

J100000 + /100000 —1  316.228 + 316.226
Now the values of f(x) are the same as in part (a).

1.3.2 Truncation Errors

Truncation errors occur when the numerical methods used for solving a
mathematical problem use an approximate mathematical procedure. A
simple example is the numerical evaluation of sin(x), which can be
done by using Taylor’s series expansion (Taylor’s series are reviewed in

Chapter 2):
Xx T x xl, (1.14)

sin(x) = x—=+=—-=+= -2
3157 91 11!
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The value of sin(g) can be determined exactly with Eq. (1.14) if an

infinite number of terms are used. The value can be approximated by
using only a finite number of terms. The difference between the true
(exact) value and an approximate value is the truncation error, denoted

by E™ . For example, if only the first term is used:
sin(g) = g = 0.5235988 E'" = 0.5-0.5235988 = —0.0235988

If two terms of the Taylor’s series are used:

3
sin(g) = g _ %l = 04996742  E™®=0.5—0.4996742 = 0.0003258

Another example of truncation error that is probably familiar to the
reader is the approximate calculation of derivatives. The value of the
derivative of a function f(x) at a point x, can be approximated by the
expression:

df (x _ S(x) = f(xy)

ﬂdx‘) = TmE ()
where x, is a point near x,. The difference between the value of the
true derivative and the value that is calculated with Eq. (1.15) is called a
truncation error.

The truncation error is dependent on the specific numerical method
or algorithm used to solve a problem. Details on truncation errors are
discussed throughout the book as various numerical methods are pre-
sented. The truncation error is independent of round-off error; it exists
even when the mathematical operations themselves are exact.

1.3.3 Total Error

Numerical solution is an approximation. It always includes round-off
errors and, depending on the numerical method, can also include trun-
cation errors. Together, the round-off and truncation errors yield the
total numerical error that is included in the numerical solution. This
total error, also called the true error, is the difference between the true
(exact) solution and the numerical solution:

TrueError = TrueSolution— NumericalSolution (1.16)

The absolute value of the ratio between the true error and the true solu-
tion is called the true relative error:

TrueRelativeError =

TrueSolution — NumericalSolution (1.17)
TrueSolution

This quantity which is non dimensional and scale-independent indicates
how large the error is relative to the true solution.

The true error and the true relative error in Eqgs. (1.16) and (1.17)
cannot actually be determined in problems that require numerical meth-



1.4 Computers and Programming

15

ods for their solution since the true solution is not known. These error
quantities can be useful for evaluating the accuracy of different numeri-
cal methods. This is done by using the numerical method for solving
problems that can be solved analytically and evaluating the true errors.

Since the true errors cannot, in most cases, be calculated, other
means are used for estimating the accuracy of a numerical solution.
This depends on the specific method and is discussed in more detail in
later chapters. In some methods the numerical error can be bounded,
while in others an estimate of the order of magnitude of the error is
determined. In practical applications, numerical solutions can also be
compared to experimental results, but it is important to remember that
experimental data have errors and uncertainties as well.

1.4 COMPUTERS AND PROGRAMMING

As mentioned earlier in Section 1.1, the fundamentals of numerical
methods for solving mathematical problems that cannot be solved ana-
lytically were developed and used many years ago. The introduction of
modern digital computers provided a means for applying these methods
more accurately, and to problems requiring a large number of repetitive
calculations. A computer can store a large quantity of numbers and can
execute mathematical operations with these numbers very quickly. To
carry out the calculations required for implementing a specific numeri-
cal method, the computer has to be provided with a set of instructions,
called a computer program. Since binary format is used in the mathe-
matical operations and for storing numbers, the instructions have to be
in this form, and require the use of what is called machine language. In
the early days of computers, computer programs were written in low-
level computer languages (a language called assembler). Programming
in this way was tedious and prone to errors because it had to be very
detailed, and it was done in a form much different from the form used in
everyday mathematics.

Later on, operating systems were introduced. Operating systems
may be viewed as interfaces or layers enabling easier contact and com-
munication between human users and the machine language of the com-
puter. The instructions written in the language of the operating system
are converted by the system to machine language commands that are
executed by the computer. Examples of operating systems are Unix
(written in the programming language called C), developed by Bell
Laboratories in the 1970s, and DOS (Disk Operating System), used by
Microsoft Inc. Although operating systems simplify communication
with the computer, they are still relatively difficult to use, require long
codes, and are not written for the special needs of engineers and scien-
tists.

Computer programs used by scientists and engineers are often writ-
ten in programming languages that operate on top of the operating sys-
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tem. These higher-level computer languages are easier to use and
enable the engineer or scientist to concentrate on problem solving rather
than on tedious programming. Computer languages that are often used
in science and engineering are Fortran, C, and C++. In general, for the
same task, computer programs that are written in high-level computer
languages are shorter (require less commands) than programs written in
lower-level languages. This book uses MATLAB, which is a high-level
language for technical computing. For example, multiplication of two
matrices in MATLAB is denoted by the regular multiplication opera-
tion, while other languages require the writing of a loop with several
lines of code.

Algorithm

When a computer is used for obtaining a numerical solution to a prob-
lem, the program carries out the operations associated with the specific
numerical method that is used. Some of the numerical methods are sim-
ple to implement, but sometimes the numerical procedures are compli-
cated and difficult to program.

Before a numerical method is programmed, it is helpful to plan out
all the steps that have to be followed in order to implement the numeri-
cal method successfully. Such a plan is called an algorithm, which is
defined as step-by-step instructions on how to carry out the solution.
Algorithms can be written in various levels of detail. Since the focus of
this book is on numerical methods, the term algorithm is used here only
in the context of instructions for implementing the numerical methods.

As a simple example, consider an algorithm for the solution of the
quadratic equation:

ax2+bx+c =0 (1.18)

for which the solution in the case of real roots is given by the quadratic
formula:

(1.19)

x — a
1
2a

Algorithm for solving for the real roots of a quadratic equation
Given are the three constants of the quadratic equation q, b, and c.
1. Calculate the value of the discriminant D = b° - 4ac.

2. If D>0, calculate the two roots using Eq. (1.19).

3. If D =0, calculate the root x = ;—b, and display the message:
a
“The equation has a single root.”
4. If D <0, display the message: “The equation has no real roots.”

Once the algorithm is devised, it can be implemented in a computer
program.
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Computer programs

A computer program (code) is a set (list) of commands (operations) that
are to be executed by the computer. Different programming languages
use different syntax for the commands, but, in general, commands can
be grouped into several categories:

* Commands for input and output of data. These commands are used
for importing data into the computer, displaying on the monitor, or
storing numerical results in files.

* Commands for defining variables.

* Commands that execute mathematical operations. These include the
standard operations (addition, multiplication, power, etc.) and com-
mands that calculate values of commonly used functions (trigono-
metric, exponential, logarithmic, etc.).

* Commands that control the order in which commands are executed
and enable the computer to choose different groups of commands to
be executed under different circumstances. These commands are
typically associated with conditional statements that provide the
means for making decisions as to which commands to execute in
which order. Many languages have “if-else” commands for this pur-
pose, but many other commands for this purpose exist.

* Commands that enable the computer to repeat sections of the pro-
gram. In many languages these are called loops. These commands
are very useful in the programming of numerical methods, since
many methods use iterations for obtaining accurate solutions.

* Commands that create figures and graphical displays of the results.

A computer program can be written as one long list of commands,
but typically it is divided into smaller well-defined parts (subprograms).
The parts are self-contained programs that perform part of the overall
operations that have to be carried out. With this approach the various
parts can be written and tested independently. In many computer lan-
guages, the subprograms are called subroutines and functions.

As already mentioned, in this book numerical methods are imple-
mented by using MATLAB, which is a relatively new language for
technical computing. MATLAB is powerful and easy to use. It includes
many built-in functions that are very useful for solving problems in sci-
ence and engineering.

It is assumed that the reader of this book has at least some knowl-
edge of MATLAB and programming. For those who do not, an intro-
duction to MATLAB is presented in the appendix. It includes a section
on conditional statements and loops, which are the basic building
blocks of programming. For a more comprehensive introduction to pro-
gramming, the reader is referred to books on computer programming.
To help the reader follow the MATLAB programs listed in this book,
comments and explanations are posted next to the program listings.
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1.5 PROBLEMS

Problems to be solved by hand
Solve the following problems by hand. When needed, use a calculator or write a MATLAB script file to
carry out the calculations.

1.1 Convert the binary number 1010100 to decimal format.
1.2 Convert the binary number 1101.001 to decimal format.
1.3 Convert the binary number 10110001110001.01010111 to decimal format.

1.4  Write the number 45.0 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 32-bit single-precision string.

1.5 Write the number 66.25 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 32-bit single-precision string.

1.6  Write the number -0.625 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 32-bit single-precision string.

1.7 Write the number 0.06298828125 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 32-bit single-precision string.

1.8  Write the number 38.8125 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 64-bit double-precision string.

1.9  Write the number —30952.0 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 64-bit double-precision string.

1.10 Write the number 0.197265625 in the following forms (in part (c), follow the IEEE-754 standard):
(a) Binary form. (b) Base 2 floating point representation. (c) 64-bit double-precision string.

1.11 Write the number 0.001220703125 in the following forms (in part (c), follow the IEEE-754 stan-
dard):
(a) Binary form. (b) Base 2 floating point representation. (c) 64-bit double-precision string.

1.12 In single precision (IEEE-754 standard), 8 bits are used for storing the exponent (the bias is 127),
and 23 bits are used for storing the mantissa.

(a) What are the smallest and the largest positive numbers that can be stored in single precision?

(b) What is the smallest value of the mantissa that can be stored?

1.13 Suppose a new standard, the IDDD-643 standard, is developed for storing numbers in a string of 16
bits. The first bit is used for the sign of the number (0 if positive and 1 if negative). The next five bits store
the exponent plus the bias, and the remaining 10 bits store the mantissa. The bias is 15 and no bits are
reserved for any special purposes. What is the smallest exponent that can be stored?
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1.14 Write the number 581 in the 16-bit IDDD-643 standard that was introduced in Problem 1.13.

1.15 Write the number 256.1875 in the 16-bit IDDD-643 standard that was introduced in Problem 1.13.
Apply chopping if necessary.

1.16 What is the number that is actually stored in Problem 1.15? What is the round-off error?

1.17 Write the number 0.2 in binary form with sufficient number of digits so that the true relative error is
less than 0.01.

1.18 Consider the function f(x) = L

sin(x)
(a) Use the decimal format with six significant digits (apply rounding at each step) to calculate (using a
calculator) f(x) for x = 0.007 .
(b) Use MATLAB (format 1long) to calculate the value of f(x). Consider this to be the true value, and
calculate the true relative error, due to rounding, in the value of f(x) that was obtained in part (a).

. 1+
(c) Multiply f(x) by 1+ cos(x)

new form, use the decimal format with six significant digits (apply rounding at each step) to calculate
(using a calculator) f(x) for x = 0.007 . Compare the value with the values in parts (@) and (b).

to obtain a form of f(x) that is less prone to rounding errors. With the

1.19 Consider the function f(x) = ¥4+1X=2
X

(a) Use the decimal format with six significant digits (apply rounding at each step) to calculate (using a
calculator) f(x) for x = 0.001.

(b) Use MATLAB (format long) to calculate the value of f(x). Consider this to be the true value, and
calculate the true relative error due to rounding in the value of f(x) that was obtained in part (a).

N4+ x+2

(c¢) Multiply f(x) by to obtain a form of f(x) that is less prone to rounding errors. With the
+x+2

new form, use the decimal format with six significant digits (apply rounding at each step) to calculate
(using a calculator) f(x) for x = 0.001. Compare the value with the values in parts (a) and (b).

1.20 Consider the function f(x) = £=1.
X

(a) Use the decimal format with five significant digits (apply rounding) to calculate (using a calculator)
f(x) for x = 0.005.

(b) Use MATLAB (format long) to calculate the value of f(x). Consider this to be the true value, and
calculate the true relative error due to rounding in the value of f(x) that was obtained in part (a).

1.21 The Taylor series expansion of cos(x) is given by:
2 4 46 8 410
cos(x) = 1L+ L, 0, (1.20)
21 41 6! 8 10!

Use the first three terms in Eq. (1.20) to calculate the value of cos(n/4) . Use the decimal format with six
significant digits (apply rounding at each step). Calculate the truncation error.
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1.22 Taylor series expansion of the function f(x) = e*is:
L 2 3 b xS
f(x) =e _1+x+5+§+4ﬁ+§+"' (1.21)
Use Eq. (1.21) to calculate the value of e2 for the following cases. Use decimal numbers with six signifi-
cant numbers (apply rounding at each step). In each case calculate also the true relative error. Use MAT-

LAB with format long to calculate the true value of e2.
(a) Use the first four terms. (b) Use the first six terms. (c¢) Use the first eight terms.

1.23 Use the first seven terms in Eq. (1.21) to calculate an estimated value of e. Do the calculation with
MATLAB (use format long to display the numbers). Determine the true relative error. For the exact
value of e, use exp (1) in MATLAB.

1.24 Develop an algorithm to determine whether or not a given integer is a prime number. Recall that a
prime number is an integer larger than 1 and which is divisible only by itself and by 1.

1.25 Develop an algorithm for adding all prime numbers between 0 and a given number.
1.26 Develop an algorithm for converting integers given in decimal form to binary form.

1.27 Develop an algorithm to implement the IDDD-643 standard introduced in Problem 1.13 to store any
base 10 decimal number in binary form. Apply chopping, if necessary.

1.28 Develop an algorithm to implement the IDDD-643 standard introduced in Problem 1.13 to store any
base 10 decimal number in binary form. Apply rounding down.

1.29 Develop an algorithm to implement the IDDD-643 standard introduced in Problem 1.13 to store any
base 10 decimal number in binary form. Apply rounding up.

1.30 Develop an algorithm to add two integers expressed in binary form. The rules for adding binary
numbers are: 0+0—->0,0+1—>1,1+0—>1,and 1 +1— 0 carry 1. For example, 5+ 12 is:

(carried digits)

1.31 Suppose chopping is used to store the number 84.48 in the IDDD-643 standard of problem 1.13.
What is the number actually stored in binary form? What is the equivalent decimal number that is stored?
What is the absolute error?

Problems to be programmed in MATLAB
Solve the following problems using the MATLAB environment. Do not use MATLAB s built-in functions for
changing the form of numbers.

1.32 Write a MATLAB program in a script file that determines whether or not a given integer is a prime
number by implementing the algorithm developed in Problem 1.24. The program should start by assigning
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a value to a variable x. When the program is executed, a message should be displayed that states whether
or not the value assigned to x is a prime number. Execute the program with x = 79, x = 126, and
x = 367.

1.33 Write a user-defined MATLAB function that adds all prime numbers between 0 and a given number
by implementing the algorithm developed in Problem 1.25. Name the function sp = sumprime (int),
where the input argument int is a number larger than 1, and the output argument sp is the sum of all the
prime numbers that are smaller than int. Use the function to calculate the sum of all the prime numbers
between 0 and 30.

1.34 Write a user-defined MATLAB function that converts integers written in binary form to decimal
form. Name the function d =binaTOint (b), where the input argument b is a vector with 1s and Os that
represents the binary number to be converted and the output argument d is a number in decimal form. The
largest number that could be converted with the function should be a binary number with 20 1s. If a larger
number is entered for b, the function should display an error message. Use the function to convert the fol-
lowing numbers:

(a) 11010.  (b) 10101100111.  (c) 11100110001110101.

1.35 Write a user-defined MATLAB function that converts integers written in decimal form to binary
form. Name the function b = intTObina (d), where the input argument d is the integer to be converted
and the output argument b is a vector with 1s and Os that represents the number in binary form. The largest
number that could be converted with the function should be a binary number with 20 1s. If a larger number
is entered as d, the function should display an error message. Use the function to convert the following
numbers:

(a) 81.  (b) 30952.  (c) 1500000.

1.36 Write a user-defined MATLAB function that converts real numbers in decimal form to binary form.
Name the function b = deciTObina (d), where the input argument d is the number to be converted and
the output argument b is a 30-element-long vector with 1s and Os that represents the number in binary
form. The first 15 elements of b store the digits to the left of the decimal point, and the last 15 elements of
b store the digits to the right of the decimal point. If more than 15 positions are required in the binary form
for the digits to the right of the decimal point, the digits should be chopped. If the number that is entered as
d is larger than can be stored in b, the function should display an error message. Use the deciTObina in
the Command Window to convert the numbers 85.321, 0.00671, and 3006.42.

1.37 Write a user-defined MATLAB function that adds two integers in binary form according to the algo-
rithm of Problem 1.30. Name the function aplusb =addbin (a, b), where the input arguments a and b
are the numbers to be added in binary form (vectors with 1s and Os that represent the binary numbers), and
the output argument aplusb is the result in binary form (a vector with 1s and Os that represent the binary
number). The largest numbers that could be added with the function should be binary numbers with 15 1s.
Use the function in the Command Window to add 100111011 and 1100110.

1.38 Write a user-defined MATLAB function that adds two integers in decimal form. Name the function
c =adddec (a, b), where the input arguments a and b are the numbers to be added in decimal form, and
the output argument c is the result in decimal form. The addition is done in the following way: First, the
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numbers a and b are converted to binary form by using the user-defined function int TObina written in
Problem 1.35. Then, the converted two numbers are added using the user-defined function addbin writ-
ten in Problem 1.37. Finally, the result is converted to decimal form by using the user-defined function
binaTOint written in Problem 1.34. The three user-defined functions intTObina, addbin, and
binaTOint can be written as subfunctions inside adddec. The numbers that are being added with the
function cannot be larger than 65,535 each. If a larger number is entered, an error message is displayed.
Use the function in the Command Window to add 60,000 and 12,087.

1.39 Write a user-defined MATLAB function that implements the IDDD-643 standard of problem 1.13.
Name the function n = 1ddd643 (num), where the input argument num is any real number, and the out-
put argument n is a 16-element-long vector with 1s and 0Os. Use chopping if necessary. Use 1ddd64 3 for

determining n for the following numbers:
(a) 81.  (b) 256.1875.

1.40 Write a user-defined MATLAB function that determines the binary floating point representation of a
number written in decimal form. Name the function b = decTObinfloat (num), where the input argu-
ment num is a real number, and the output argument b is a two-element vector in which the first element is
the mantissa and the second element is the value of the exponent. Use the function to determine the binary
floating point representation of 55.6, 2143.75, and 0.00843.

1.41 The value of © can be calculated with the series:

=4 a1 1 =gi-lel 1yl Ly ) (1.22)
-1 3'5 7 9 11

n=1
Write a MATLAB program in a script file that calculates the value of n by using » terms of the series and
calculates the corresponding true relative error. (For the true value of =, use the predefined MATLAB vari-
able pi.) Use the program to calculate © and the true relative error for:
(@) n=10. (b) n=20. (c) n=40.

1.42 The Taylor’s series expansion for sinx is:

3t 517
where x is in radians. Write a user-defined function that determines sinx using Taylor’s series expansion.
For function name and arguments, use y=sinTaylor (x), where the input argument x is the angle in
degrees and the output argument y is the value for sinx. Inside the user-defined function, use a loop for
adding the terms of the Taylor’s series. If a, is the nth term in the series, then the sum S, of the n terms is

Sn_Snfl

3 5 .7 = 2n+1)
sinx = x + + n=0(2"+ !

S, = S,_; +a,.In each pass, calculate the estimated error £ given by E =

n

. Stop adding terms

n—1
when E <0.000001. Use sinTaylor for calculating:

(a) sin65°.  (b) sin195°.

Compare the values calculated using sinTaylor with the values obtained by using MATLAB’s built-in
sind function.
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Mathematical Background

Core Topics
Concepts from calculus (2.2).

Vectors (2.3).
Matrices and linear algebra (2.4).

Ordinary differential equations (ODEs) (2.5).

Functions of two or more independent variables,
partial differentiation (2.6)

Taylor series (2.7)
Inner product and orthogonality (2.8)

2.1 BACKGROUND

The present book focuses on the numerical methods used for calculat-
ing approximated solutions to problems that cannot be solved (or are
difficult to solve) analytically. It is assumed that the reader has knowl-
edge of calculus, linear algebra, and differential equations. This chapter
has two objectives. One is to present, as a reference, some background
useful for analysis of numerical methods. The second objective is to
review some fundamental concepts and terms from calculus that are
useful in the derivation of the numerical methods themselves. The chap-
ter also defines many of the mathematical terms and the notation used
in the rest of the book.

It should be emphasized that the topics that are presented in this
section are meant as a review, and so are not covered thoroughly. This
section is by no means a substitute for a text in calculus where the sub-
jects are covered more rigorously. For each topic, the objective is to
have a basic definition with a short explanation. This will serve as a
reminder of concepts with which the reader is assumed to be familiar. If
needed, the reader may use this information as the basis for seeking for
a reference text on linear algebra and calculus that has a more rigorous
exposition of the topic.

Some of the topics explained in this chapter are repeated in other
chapters where the numerical methods are presented. A typical chapter
starts with a section that explains the analytical background and the rea-
sons the corresponding numerical method is needed. This repetition is
necessary in order to have a complete presentation of the numerical
method.

This chapter is organized as follows. Some fundamental concepts
from pre-calculus and calculus are covered in Section 2.2. Vectors as

23
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Figure 2-1: A function.
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well as the ideas of linear independence and linear dependence are dis-
cussed in Section 2.3. This is followed by a review of matrices and
introductory linear algebra in Section 2.4. Ordinary differential equa-
tions are briefly discussed in Section 2.5. Functions with two or more
independent variables and partial differentiation are reviewed in Section
2.6. Taylor series expansion for a function of a single variable and for a
function of two variables is described in Section 2.7. Finally, inner
product and orthogonality is reviewed in Section 2.8.

2.2 CONCEPTS FROM PRE-CALCULUS AND
CALCULUS

Function

A function written as y = f(x) associates a unique number y (depen-
dent variable) with each value of x (independent variable) (Fig. 2-1).
The span of values that x can have from its minimum to its maximum
value is called the domain, and the span of the corresponding values of
y is called the range. The domain and range of the variables are also
called intervals. When the interval includes the endpoints (the first and
last values of the variable), then it is called a closed interval; when the
endpoints are not included, the interval is called an open interval. If the
endpoints of the interval of x are a and &, then the closed interval of x is
written as [a, b], and the open interval as (a, ). A function can have
more than one independent variable. For example, the function
T = f(x,y,z) has three independent variables, where one unique num-
ber T is associated with each set of values x, y, and z.

Limit of a function
If a function f(x) comes arbitrarily close to a single number L as x
approaches a number a from either the right side or the left side, then

the limit of f(x) is said to approach L as x approaches a. Symbolically,
the limit is expressed by:

lim f(x) = f(a) = L (2.1)

The formal definition states that if f(x) is a function defined on an open
interval containing @ and L is a real number, then for each number € >0,
there exists a number & > 0 such that if 0 < |x—a| <& then| f(x)-L| <e.
Since & can be chosen to be arbitrarily small, f(x) can be made to
approach the limit L as closely as desired. Equation (2.1) by the way it
is written implies that the limit exists. This is not always the case and
sometimes functions do not have limits at certain points. However,
those that do have limits cannot have two different limits as x > a . In
other words, if the limit of a function exists, then it is unique.
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Figure 2-2: Intermediate value

theorem.
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Continuity of a function

A function f(x) is said to be continuous at x = a if the following
three conditions are satisfied:

(1) f(a) exists, (2) lim f(x) exists, and (3) lim f(x) = f(a)

A function is continuous on an open interval (a, b) if it is continuous at
each point in the interval. A function that is continuous on the entire
real axis (—oo, ) is said to be everywhere continuous.

Numerically, continuity means that small variations in the indepen-
dent variable give small variations in the dependent variable.

Intermediate value theorem

The intermediate value theorem is a useful theorem about the behavior
of a function in a closed interval. Formally, it states that if f(x) is con-
tinuous on the closed interval [a, 5] and M is any number between f(a)
and f(b), then there exists at least one number c in [a, b] such that
f(c) = M (Fig. 2-2). Note that this theorem tells you that at least one ¢
exists, but it does not provide a method for finding this value of ¢. Such
a theorem is called an existence theorem. The intermediate value theo-
rem implies that the graph of a continuous function cannot have a verti-
cal jump.

Derivatives of a function

The ordinary derivative, first derivative, or, simply, derivative of a func-

tion y = f(x)atapoint x = a in the domain of f(x)is denoted by gz ,
X

¥, gﬁ ,or f'(a), and is defined as:
X

&, st

2 2.2)

Equation (2.2) defines an ordinary derivative because the function f(x)
is a function of a single independent variable. Note that the quantity

o represents the slope of the secant line connecting the points

(a, f(a)) and (x, f(x)). In the limit as x — a, it can be seen from Fig. 2-
3 that the limit is the tangent line at the point (a, f(a)). Therefore, the
derivative of the function f(x) at the point x = a is the slope of the
tangent to the curve y = f(x) at that point. A function must be continu-
ous before it can be differentiable. A function that is continuous and dif-
ferentiable over a certain interval is said to be smooth.

There are two important ways to interpret the first derivative of a
function. One is as mentioned before, as the slope of the tangent to the
curve described by y = f(x) at a point. This first interpretation is espe-
cially useful in finding the maximum or minimum of the curve
y = f(x) since the slope (and hence the first derivative) must be zero at
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those points. The second interpretation of the derivative is as the rate of

change of the function y = f(x) with respect to x. In other words, gz
X

represents how fast y changes as x is changed.
Higher-order derivatives may be obtained by successive application
of the definition (2.2) to each derivative. In other words, the second

2
derivative d—% is obtained by differentiating the first derivative once,

dx
a(Z
that is, iy Similarly, the third derivative is the first derivative of
3 2
the second derivative or d” _ i(d - and so on.
dx> A\ gy®

Chain rule for ordinary differentiation

The chain rule is useful for differentiating functions whose arguments
themselves are functions. For instance, if y = f(u), where u = g(x),
then y = f(g(x)) is also differentiable and the following chain rule
holds:

- (2)(%) =

Mean value theorem for derivatives

The mean value theorem is very useful in numerical analysis when find-
ing bounds for the order of magnitude of numerical error for different
methods. Formally, it states that if f(x) is a continuous function on the
closed interval [a, 5] and differentiable on the open interval (aq, b), then
there exists a number ¢ within the interval, ¢ € (q, b) , such that:

fo=9% -——la 2.4)

X xX=c
Simply stated, the mean value theorem for derivatives states, as illus-
trated in Fig. 2-4, that within the interval there exists a point ¢ such that
the value of the derivative of f(x) is exactly equal to the slope of the
secant line joining the endpoints (a, f(a)), and (b, f(b)).

Integral of a function

There are two types of integrals of a function of one variable, the indef-
inite integral and the definite integral. The indefinite integral is the
opposite or inverse of the derivative and is therefore also referred to as

the antiderivative. For instance, if g(x) is the derivative of f(x), that s,
if g(x) = 5"%52, then the antiderivative or indefinite integral of g(x) is
X

f(x) and is written as:



2.2 Concepts from Pre-Calculus and Calculus 27

Sfew)

2

X

C1X3C3 X3 X; C; Xpg XyCy
xX;=a Xy =b

Figure 2-5: Definite integral
using a Riemann sum.
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A definite integral, I, is denoted by:
= Ibf(x)dx (2.6)

The definite integral is a number, and is defined on a closed interval
[a,b]. a and b are the lower and upper limits of integration, respec-

tively, and the function f(x) that is written next to the integral sign I is

called the integrand. A definite integral can be defined by using the Rie-
mann sum. Consider a function f(x) that is defined and continuous on
[a,b]. The domain can be divided into » subintervals defined by
Ax; = x;,,—x; where i = 1,...,n. The Riemann sum for f(x) on

[a, b] is defined as Z f(c;)Ax; where ¢; is a number in the subinterval
i=1

[x; x;.1]. A definite integral jb f(x)dx is defined as the limit of the Rie-

mann sum when the length of all the subintervals of [a, b] approaches
zZero:

@.7)

It can be seen from Fig. 2-5 that the value of Zn: f(c;)Ax; equals the
i=1

area under the curve specified by y = f(x). This interpretation of the

integral as the area under the curve is useful in developing approximate

methods for numerically integrating functions (see Chapter 9).

Fundamental theorem of calculus

The connection between differentiation and integration is expressed by
the fundamental theorem of calculus, which states that if a function
f(x) is continuous over the closed interval [a, 5] and F(x) is an antide-

rivative of f(x) over [a, b], then
Lb f(x)dx = F(b)— F(a) 2.8)

Mean value theorem for integrals

One way of interpreting the definite integral of a monotonically increas-
ing function f(x) over an interval [a, b] is as the area under the curve
y = f(x). It can be shown that the area under the curve is bounded by
the area of the lower rectangle f(a)(b-a) and the area of the upper
rectangle f(b)(b - a). The mean value theorem for integrals states that
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somewhere between these two rectangles there exists a rectangle whose
area is exactly equal to the area under the curve (Fig. 2-6). Formally, the

theorem states that if 7(x) is continuous over the closed interval [aq, 5],
then there exists a number ¢ € [a, 5] such that:

[(reax = s -a) 29)

Average value of a function

The value f(c) appearing in the mean value theorem for integrals, Eq.
(2.9), is called the average value of the function f(x) over the interval
[a, b]. Thus, the average value of f(x)over [a, b] is denoted ( f ) and
defined as:

_ 1 b
(f)= mj f(x)dx (2.10)

Second fundamental theorem of calculus

This theorem allows one to evaluate the derivative of a definite integral.
Formally, it states that if f(x) is continuous over an open interval con-
taining the number a, then for every x in the interval,

@.11)

where & is a dummy variable representing the coordinate along the
interval.

2.3 VECTORS

Vectors are quantities (mathematical or physical) that have two attri-
butes: magnitude and direction. In contrast, objects with a single attri-
bute, such as magnitude, are called scalars. Examples of scalars are
mass, length, and volume. Examples of vectors are force, momentum,
and acceleration. One way to denote a quantity that is a vector is by

writing a letter with a small arrow (or a short line) above the letter, V.
(In many books names of vectors are written in bold type.) The magni-
tude of the vector is denoted by the letter itself, ¥, or is written as |V |. A
vector is usually defined with respect to a coordinate system. Once a
coordinate system has been chosen, a vector may be represented graph-
ically in such a space by a directed line segment (i.e., line with an
arrow) (Fig. 2-7). Projections of the vector onto each of the coordinate

axes define the components of the vector. If Vi is the x component

(i.e., projection of the vector on the x axis), V', j is the y component, and

. - .
V ,k 1is the z component, then the vector ¥ can be written as:

(2.12)
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Figure 2-8: Unit vectors.
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where i, 7, and k are the unit vectors in the x, y, and z directions,
respectively. Unit vectors, shown in Fig. 2-8, are vectors that have a
specific direction and a magnitude of 1. In addition, a vector may be
written by listing the magnitudes of its components in a row or a col-
umn:

14

= - *

V = [Vx v, Vz] or V= |y, (2.13)
VZ

Sometimes a vector is denoted by V,, where i = x, y,z or i = 1,2,3.
The magnitude of a vector in a three-dimensional Cartesian space is
its length, and is determined by:

|I_/)| = + Vy2 + sz (2.14)
The direction of the vector can be specified by the unit vector (a unit

vector in the direction of the vector). The unit vector, written as ¥, is
obtained by dividing Eq. (2.12) by the magnitude (length) given by Eq.
(2.14):

%
=i = l+mi+nk (2.15)
2,32
|V| TV V]
V. V 14
where /= * , m= , and n = z
2 2 2 2 2 2
x+Vy+VZ P Vy+VZ X_I—Vy+VZ

are called direction cosines and are equal to the cosine of the angles
between the vector and the x, y, and z coordinate axes, respectively.

In physical situations, vectors are restricted to at most three dimen-
sions. The idea of vectors, however, is generalized in mathematics (lin-
ear algebra) to dimensions beyond three. A vector then is a list (or a set)
of n numbers (elements or components) written in a row or a column,
where the name of the vector is written inside brackets:

Vl
1=[v,v,..v] oo r1=1|" (2.16)

An element of a vector is referred to as ¥; where the subscript i denotes
the position of the element in the row or the column. When the compo-
nents are written as a row, the vector is referred to as a row vector, and
when written as a column, the vector is called a column vector. In Eq.
(2.16) the row vector is called a (1 x n) vector, indicating that it has 1
row and » columns. The column vector in Eq. (2.16) is called an (n x 1)
vector.
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2.3.1 Operations with Vectors

Two vectors are equal if they are of the same type (row or column) and
all the elements that are in the same position are equal to each other.
Some of the regular mathematical operations are defined for vectors
whereas others are not. For example, vectors can be added, subtracted,
and multiplied in certain ways but cannot be divided. There are also
operations that are unique to vectors. Basic operations are summarized
next.

Addition and subtraction of two vectors

Two vectors can be added or subtracted only if they are of the same type

(i.e., both row vectors or both column vectors) and of the same size

(i.e., the same number of components or elements). Given two (row or
- -

column) vectors V' = [V,] = [V,,...,V,]JandU = [U,] = [U,,...,U,],

the sum of the two vectors is:

VU = [V,+U] = [V +U, Vy+ Uy .., V,+ U, (2.17)
Similarly, for subtraction:
V-U=1[V,-U]=[V,~UypVy-Uy ..., V,~U, (2.18)

Multiplication of a vector by a scalar

When a vector is multiplied by a scalar, each element is multiplied by

. 2>
the scalar. Given a vector V' = [V,] = [V, V,, ..., V,] and scalar a, the
two can be multiplied to yield:

(2.19)

A similar property holds for the case where ¥ is a column vector.
Transpose of a vector

The transpose operation turns a row vector into a column vector and
vice versa. For example, if V- [V, Vs, ....,V, is a (1 x n) row vector,

> . o7 . .
then the transpose of ¥, written as ¥ *, is the following (n x 1) column
vector:

(2.20)

Multiplication of two vectors

There are different ways to multiply two vectors. Two of the ways that
produce physically meaningful results are the dot product and cross
product. The dot product results in a scalar quantity, whereas the cross
product results in a vector quantity.
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Dot or scalar product of two vectors
The dot product of two vectors V= [V,] and O = [U,] s defined as:
L (2.21)

The result of such a multiplication is a number or scalar. Sometimes the
dot product is written in the short-hand form:

) (2.22)

where the repeated subscripts imply summation over all possible values
n
of that subscript, that is, V,U; = Z V,U;.
i=1
The dot product can be given a geometric interpretation when the
two vectors are drawn in a coordinate system. It can be shown from

simple geometry and trigonometry that:

5 o S)1=
VeU = |7||Ulcoso (2.23)

where |7‘ and |l7‘ are the magnitudes of the vectors (see Eq. (2.14))
and 0 is the angle formed by the two vectors.
Cross or vector product of two vectors
A cross, or a vector product, of two vectors is another vector. For two
- N N ~ 4 I ,. ~ .
vectors V = V,i+V,j+V,kand U = U,i +U,j+ U, k, defined in a
three-dimensional Cartesian coordinate system, the cross product
- .
W =V ®U is defined by:
=S -
AW— Vreu = . i (2.24)
= (VyUz - VzUy)i + (VzUx_ VxUz)] + (Vny_ VyUx)k
As illustrated in Fig. 2-9, the vector W is perpendicular to the plane that
is formed by V and 5), and the magnitude of W is given by:

7| = |7]|T|sine (2.25)

where 0 is the angle formed by the two vectors V and U.

Linear dependence and linear independence of a set of vectors
- = — . 5 3 A .
A set of vectors V', V,,..., ¥, is said to be linearly independent if

(2.26)

is satisfied if and only if a; = a, = ... = a, = 0. Otherwise, the vec-
tors are said to be linearly dependent. In other words, if any of the
numbers a,, a,, ..., @, is not identically zero, then the set of vectors is
linearly dependent. As an example, consider the column vectors
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Figure 2-10: Triangle inequality.
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I_} = H , 5) = H, and W = ﬂ . By inspection, it can be seen that 7
0 1 3

= ) )
and U are linearly independent. However because WH3U-W =0 ,

W is linearly dependent on V and U . Equation (2.26) is called a lin-
ear combination of vectors. A vector is therefore linearly dependent on
a set of other vectors if it can be expressed as a linear combination of
these other vectors.

Triangle inequality

The addition of two vectors, V and 3, can be represented geometri-
cally (Fig 2-10) by a parallelogram whose two sides are the vectors that

are being added, and the resulting sum, (¥ + U), is the main diagonal,
as shown in Fig. 2-10. The triangle inequality refers to the fact that the
sum of the lengths of two sides of a triangle is always larger than or at
least equal to the length of the third side. It is written as:

v+l <7+ U] 2.27)

This property is useful for matrices as well.

2.4 MATRICES AND LINEAR ALGEBRA

A matrix is a rectangular array of numbers. The size of a matrix refers
to the number of rows and columns it contains. An (m x n) matrix (“m
by » matrix”) has m rows and » columns:

[a] — |4y Ay ... Qyy (228)

The name of a matrix is written with brackets. An element (or entry) of
a matrix is referred to as a;; where the subscripts i and j denote the num-

ber of the row and the number of the column where the element is posi-
tioned.

Matrices are useful in the analysis of systems of linear equations
and in other applications. Matrices can be added, subtracted, multiplied,
and used in mathematical operations that are special for matrices.

Relationship between matrices and vectors

There is a close relationship between matrices and vectors. The matrix
may be thought of as being composed of row vectors, or, alternatively,
column vectors. On the other hand, a vector is a special case of a matrix.
A row vector is simply a matrix with one row and several columns, and
a column vector is simply a matrix with several rows and one column.
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Figure 2-11: Addition of matrices.
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2.4.1 Operations with Matrices

Mathematical operations performed with matrices fall in the general
area of mathematics known as linear algebra. As with vectors, only
certain mathematical operations are defined for matrices. These opera-
tions include multiplication by a scalar, addition, subtraction, and multi-
plication. As with vectors, division is not an allowed operation. Two
matrices are equal if they are of the same size and all the elements that
are in the same position in both matrices are equal.

Multiplication by a scalar

If [a] = [a;] is a matrix and o is a scalar, then a[a] = [ag;] is
obtained by multiplying every element or entry of the matrix by the
number a.

Addition and subtraction of two matrices

Two matrices can be added or subtracted only if they are of the same
size. The matrix [a] and the matrix [5] (both (nx m)) are added (or
subtracted) by adding (or subtracting) the corresponding elements of
the two matrices. The result [c¢] is a matrix of the same size where:

[cij] = [aij] + [bij] (229)
for addition, as illustrated in Fig. 2-11, and:
[ey] = [aij] - [bq] (2.30)

for subtraction.
Transpose of a matrix

The transpose operation of a matrix rearranges the matrix such that the
rows are switched into columns (or vice versa, the columns are
switched into rows) (Fig. 2-12). In other words, the position (row num-
ber, column number) of each element in the matrix is switched around.

The transpose of [a] is written as [a]T . For example, the element [a,,]

T
becomes [a,,], and so on. In general:

! (2.31)

ay) Q12 A13 Q14
Thus, the transpose of a (3 x 4) matrix such as [a] = Ay, Gy Gy Gy

Qz) Q3p A3z Ay

1 : a a a
is the (4 x 3) matrix: [a]” = 912 922 932
Q13 Ay3 A3z

Q14 Qp4 A3y
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Multiplication of matrices

The multiplication [c¢] = [@][#] of a matrix [a] times a matrix [b] is
defined only when the number of columns of matrix [a] is equal to the
number of rows of the matrix [5]. There are no restrictions on the num-
ber of rows of [a] or the number of columns of [5]. The result of the
multiplication is a matrix [c] that has the same number of rows as [a]
and the same number of columns as [5] . So, if matrix [«] is (m x ¢) and
matrix [b] is (g x n), then the matrix [c] is (m x n) (Fig. 2-13). For
example, as shown in Eq. (2.32), if [a] is (3 x4) and [b] 1S (4 x2),
then [c] is (3 x 2).

11 €12
€31 oo (2.32)

C31 €32

The elements of the matrix [¢] are calculated by multiplying rows of
[a] by columns of [5]. Starting with the first row, the value of the ele-
ment c¢,; is obtained by multiplying the first row of [a] by the first col-

umn of [b] in the following manner:

(2.33)

The value of the element ¢;, is obtained by multiplying the first row of
[a] by the second column of [5]:
(2.34)

In the second row of [c], the value of the element c,; is obtained by
multiplying the second row of [a] by the first column of [5]:

(2.35)

The multiplication procedure continues until the value of the element
c3, 1s calculated. In general, the multiplication rule is given by:

(2.36)

A numerical example of multiplication is shown in Fig. 2-14.
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-1 191 B (2-4+-1--5)(2:9+-1-2) (2-1+-1-4) (2--3+-1-6)
{_524 6:| (8-4+3.-5) (8-9+3-2) (8-1+3-4) (8--3+3.6)
(6-4+7--5) (6-9+7-2) (6-1+7-4) (6--3+7-6)

13 16 -2 —-12

17 78 20 -6

—11 68 34 24

Figure 2-14: Numerical example of multiplication of matrices.

2.4.2 Special Matrices

Matrices with special structures or properties arise when numerical
methods are used for solving problems. The following is a list of such
matrices, with a short description of each.

Square matrix

A matrix that has the same number of columns as rows is called a
square matrix. In such matrices, entries or elements along the diagonal
of the matrix, a;;, i.e., a;;, a, and so on, are known as the diagonal
elements and all other entries are the off-diagonal elements. In a square
matrix, the entries (or elements) above the diagonal, that is, [a;] for

j>i, are called the superdiagonal entries or above-diagonal entries.
The entries below the diagonal, that is, [a;] for i> j, are called the

subdiagonal entries or below-diagonal entries.
Diagonal matrix

A square matrix with diagonal elements that are nonzero and off-diago-
nal elements that are all zeros is called a diagonal matrix and is denoted
by [D].

Upper triangular matrix

A square matrix whose subdiagonal entries are all zero is called an
upper triangular matrix and is denoted by [U].

Lower triangular matrix

A square matrix whose superdiagonal entries are all zero is called a
lower triangular matrix and is denoted by [L].

Identity matrix

The identity matrix [1] is a square matrix whose diagonal elements are
all 1s and whose off-diagonal entries are all Os. The identity matrix is
the analog of the number 1 for matrices. Any matrix that is multiplied
by the identity matrix remains unchanged:
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[allI] = [a] (2.37)
Zero matrix
The zero matrix is a matrix whose entries are all zero.
Symmetric matrix
A symmetric matrix is a square matrix in which [a;] = [a;;]. For a

symmetric matrix, the transpose of the matrix is equal to the matrix
itself:

[a]” = [a] (2.38)

2.4.3 Inverse of a Matrix

Division is an operation that is not defined for matrices. However, an
operation that is defined and serves an equivalent purpose is the inverse
of a matrix. A square matrix [a] is invertible provided there exists a
square matrix [b] of the same size such that [a][b] = [/], where [/] is

the identity matrix. The matrix [5] is called the inverse of [a] and writ-

ten as [a]_l . Thus:

[alla]l” = [a] '[a] = [] (239)
Example 2-1 illustrates the property expressed by Eq. (2.39).

Example 2-1: Inverse of a matrix.

0102 0 -1.2 32 0.8
Show that the matrix [b] = |4 0.1 02| 1S the inverse of the matrix [a] = | 56 _16 04
0.2 0.1 0.8 —-04 0.6 14

SOLUTION
To show that the matrix [5] is the inverse of the matrix [a], the two matrices are multiplied.

-1.2 32 -08[/0.102 0
[allb] = | 56 —1.6 0.4(]0.4 0.1 02| =
-0.4 -06 141(02 0108

(12-0.1+32-04+-08-02) (12:02+32-0.1+-08-0.1) (1.2-0+3.2-02+-0.8-0.8)
(56-0.1+-1.6-04+04-02) (56-02+-1.6-0.1+04-0.1) (5.6-0+-1.6-02+04-08)| =
(-0.4-0.1+-0.6-04+14-02) (~04-02+-0.6-0.1+14-0.1) (~0.4-0+-0.6-0.2+1.4-0.8)

100
=010
001
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2.4.4 Properties of Matrices

The following are general properties of matrices:
* [al+[b] = [b] +]a]

*  ([al+[b]) +I[c] = [a]l+([B]+[c])
e a([a]l+[b]) = al[a]+a[b], where a is a scalar
e (a+PB)[a] = a[a]+B[a], where o and B are scalars

The properties above apply to subtraction as well.

e If [a] and [b] are square matrices, then in general [a][b] = [b][a]
(unless one is the inverse of the other). If either [a] or [5] is not
square, and the product [a][b] exists, then the product [b][a] is not
defined and does not exist. In other words, when matrices are
involved, the order of multiplication is important.

*  ([al+[bD[c] = [allc] +[b][c], With the order of multiplication
being important.

* [al([6]+ [c]) = [al[b] *+[allc].
* o([allb]) = (a[a])[b] = [a](a[b]), Where a is a scalar.
e If [a] and [b] are matrices for which [a][?] is defined and exists,

then ([a][b])T = [b]T[a]T. Note that the order of multiplication is
changed.

* For any matrix [a], ([a]T)T = [a].

* For an invertible matrix [a], ([a]_l)f1 = [a].

* If [a] and [b] are two square, invertible matrices of the same size.
then ([al[3])" = [6]'[a] .

2.4.5 Determinant of a Matrix

The determinant that is defined for square matrices is a useful quantity
that features prominently in finding the inverse of a matrix and provides
useful information regarding whether or not solutions exist for a set of
simultaneous equations. The determinant of a matrix is often difficult to
compute if the size of a matrix is larger than (3 x 3) or (4 x 4).

The determinant is a number. It is the sum of all possible products
formed by taking one element from each row and each column and
attaching the proper sign. The proper sign of each term is found by writ-
ing the individual terms in each product and counting the number of
interchanges necessary to put the subscripts into the order 1,2, ...,n. If
the number of such required interchanges is even, then the sign is + and
if the number of interchanges is odd, the sign is —. Formally, the deter-
minant of a matrix [a],,, is denoted by det(a) or |a| and is defined as:
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det(4) = |4| = 2 @2, A (2.40)

J

where the sum is taken over all n! permutations of degree » and £ is the
number of interchanges required to put the second subscripts in the
order 1,2, 3, ...,n. Use of Eq. (2.40) is illustrated for n = 1, » = 2, and
n=3.

For n = 1, the matrixis (1x 1), [a] = [a“], and the determinant is:

det(a) = ay;
For n = 2, the matrix is (2 x 2), [a] = |“1! . and the determinant is:
az

0 1
det(a) = (-1) ajjan +(=1) apay; = ajay —apay

a

and the determi-

For n = 3, the matrix is (3 x3), [a] = | ayy

dy
nant is:
0 1 1
det(4) = (1) ayanas; + (—1) ajapasn +(-1) apaya33
2 2 3
+(=1)"apanas; +(-1) ajzayas +(-1) ajzaxnas

= ay1(ayas — ayay) - a1p(ay a3 — apay) + a3(ay as; — axas)
It can be seen that evaluation of a determinant for large matrices is
impractical both by hand and by computer because of the large number
of operations required to consider the »n! permutations.

2.4.6 Cramer’s Rule and Solution of a System of
Simultaneous Linear Equations

A set of n simultaneous linear equations with » unknowns x,, x,, ..., x
is given by:

n

anx; + a12x2 + ... +a1nxn = bl

ay x|t apx,t..+ayx, = b,

(2.41)
+ .+t
The system can be written compactly by using matrices:
apn 4 - A1y X b,
ay Ay o Qyy Xp by (2.42)
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Equation (2.42) can also be written as:
[allx] = [&] (2.43)

where [a] is the matrix of coefficients, [x] is the vector of » unknowns,
and [b] is the vector containing the right-hand sides of each equation.
Cramer’s rule states that the solution to Eq. (2.41), if it exists, is given
by:

det(a])

T Tot(a) for j =1,2,...,n (2.44)

where a'; is the matrix formed by replacing the jth column of the matrix
[a] with the column vector [4] containing the right-hand sides of the
original system (2.42). It is apparent from Eq. (2.44) that solutions to
(2.42) can exist only if det(a)=0. The only way that det(a) can be
zero is either if two or more columns or rows of [a] are identical or one
or more columns (or rows) of [a] are linearly dependent on other col-
umns (Or rows).

Example 2-2: Solving a system of linear equations using Cramer’s rule.

Find the solution of the following system of equations using Cramer’s rule.
2x+3y-z =5
4x+4y-3z =3 (2.45)

—2x+3y—-z =1
SOLUTION

Step 1: Write the system of equations in a matrix form [a][x] = [5].

2 3-1||x 5
4 43yl " |3 (2.46)
23 -1|z 1

Step 2: Calculate the determinant of the matrix of coefficients.

det(d) = 2[(4 x 1)~ (-3 x3)] -3[(4 X 1) (—3x—2)]—1[(4x3) (4x-2)]
= 2(5)-3(-10)—1(20) = 10+30-20 =

Step 3: Apply Eq. (2.44) to find x, y, and z. To find x, the modified matrix o', is created by replacing
its first column with [5].

53-1
detl 13 4 3
DV _65-6.0-0-5_,
20 20
In the same way, to find y, the modified matrix o', is created by replacing its second column with

[5].

X =

y
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7 &)l
det| | 4 3 3
5 1| -l

_(20-0)-(5--10)-(1-10) _
20 20
Finally, to determine the value of z, the modified matrix ', is created by replacing its third column

with [5].

y:

235
det/ 1 4 43

230 _@.5-(6-10-(5-20) _,
20 20
To check the answer, the matrix of coefficients [a] is multiplied by the solution:

z =

2 3-1|]|1 2+6-3 5
4 4-3|[2| = |4+8-9]| =3
-23-1[3] [-2+6-3 1

The right-hand side is equal to [5], which confirms that the solution is correct.

2.4.7 Norms

In Section 2.3, vectors were identified as having a magnitude usually
specified by Eq. (2.14). From Euclidean geometry, this magnitude can
be seen to be a measure of the length of a vector (not to be confused
with the size or number of elements it contains). The magnitude of the
vector is useful in comparing vectors so that one may determine that
one vector is larger than another. Such an equivalent measure for the
“magnitude” of a matrix is also useful in comparing different matrices;
it is called the Norm and denoted as |[a]|| . There is no unique way to
measure the “magnitude” or norm of a matrix. Several definitions of
norms are presented in Section 4.9. The norm basically assigns a real
number to a matrix (or vector).

A norm must satisfy certain properties since it is a quantity for a
matrix that is analogous to the magnitude or length of a vector. These
are:

(1) |l[a]l 20 and |[[a]| = 0 if and only if [a] = [0] (i.e., if [a] is the
zero matrix).

(2) For all numbers a, |a[a]l| = |all[a]l -

(3) For any two matrices (or vectors) [a] and [b], the following must
be satisfied: [[a] +[2]l <l[alll + (2]l -

Condition (1) states that the “magnitude” of a matrix or vector as mea-

sured by the norm must be a positive quantity just as any length that is

used to measure the magnitude of a vector. Condition (2) states that for

matrices, too, just like vectors, [[[a]| and |[-a]| would have the same

“magnitude.” This is easy to see in the case of vectors, since the length
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of the vector does not change simply because its direction is reversed.
Condition (3) is just the triangle inequality and is easily visualized with
Euclidean geometry for vectors. The various vector and matrix norms
are discussed further in Section 4.10.

2.5 ORDINARY DIFFERENTIAL EQUATIONS (ODE)

An ordinary differential equation (ODE) is an equation that contains
one dependent variable, one independent variable, and ordinary deriva-
tives of the dependent variable. If x is the independent variable and y is

2
the dependent variable, an ODE has terms that contain x, y, % , ZTJE’,
X

i ODEs can be linear or nonlinear. An ODE is linear if its
X
dependence on y and its derivatives is linear. Any linear ODE can be

written in the following standard or canonical form:
dn dn -1 d2 dl B
Ay l(x)—zn + an(x)—zn_ =+t aS(Jc)—-Z2 +ay(x)== +a,(x)y = r(x) (2.47)
dx dx dx dx

Note that the coefficients in Eq. (2.47) are all functions only of the inde-
pendent variable x. Examples of linear ODEs are:

dy
=10
dx o
dx d’x
cdt * mdﬂ

where m, k, and c are constants.
Homogeneous / nonhomogeneous ODE

An ODE can be homogeneous or nonhomogeneous. When written in
the standard form (Eq. (2.47)), the ODE is homogeneous if on the right-
hand side r(x) = 0. Otherwise, if r(x) =0, then the ODE is said to be
nonhomogeneous.

Order of an ODE

The order of an ODE is determined by the order of the highest deriva-
tive that appears in the equation. The order of an ODE can convey
important information. When an ODE is solved, arbitrary constants or
integration constants appear in the solution. The number of such con-
stants that must be determined is equal to the order of the ODE. For
example, the solution to a second-order ODE has two undetermined
constants. This means that two constraints must be specified in order to
determine these two undetermined constants. When the independent
variable is position and the constraints are specified at two different
positions, the constraints are called boundary conditions. When the
independent variable is time and the constraints are specified at a single
instant of time, the constraints are called initial conditions.
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Nonlinear ODE

An ODE is nonlinear if the coefficients in Eq. (2.47) are functions of y
or its derivatives, if the right-hand side r is itself a nonlinear function of
, or if the linear term a,(x)y is replaced with a nonlinear function of y.
The following ODE:s are all examples of nonlinear ODEs:

2
dJ2+siny =4
dt

2
yd—-22+3y =8
dt

2

—_)— =9
2
d—;’ +8y = tany
dt
Analytical solutions to some important linear ODEs

Certain first- and second-order linear ODEs recur in many branches of
science and engineering. Because of their pervasiveness, the solutions
to these ODEs are given here as a reminder. The general solution to a
linear, nonhomogeneous ODE is the sum of the homogeneous solution
and the particular solution. The homogeneous solution is the solution
to the homogeneous ODE (i.e., ODE with r(x) in Eq. (2.47) set to
zero), and the particular solution is a solution that when substituted
into the ODE satisfies the right-hand side (i.e., yields r(x)). It is only
after the general solution is obtained that the constraints (i.e., boundary
or initial conditions) must be substituted to solve for the undetermined
constants.

General solution to a nonhomogeneous linear first-order ODE

The general solution to a nonhomogeneous, linear, first-order ODE of
the form:

Wi p(x)y = 0(x) (2.48)
dx
is obtained by multiplying both sides of the equation by the following
integrating factor:
P(x)dx
u(x) = eJ‘ (249)

When this is done, Eq. (2.48) can be written in the following integrable
form:

d -
£ (1) = QRE) (2.50)

Since P(x) and Q(x) are known functions, Eq. (2.50) can be integrated
by multiplying both sides by dx and integrating:
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YORE) = [QEmE)dx +C, (2.51)

Dividing through by p(x) gives:
- 1 = 2.52
7 "Rt 232

The integration constant C; must be determined from a constraint,
which is problem-dependent.

General solution to a homogeneous second-order linear ODE with
constant coefficients

A homogeneous, second-order, linear ODE with constant coefficients
can be written in the form:

d_2.2+b‘-12+cy=0 (2.53)
dx? dx )

where b and ¢ are constants. The general solution to this equation is
obtained by substituting y = e*. The resulting equation is called the
characteristic equation:

s2+bs+c =0 (2.54)
The solution to Eq. (2.54) is obtained from the quadratic formula:

e —b’—“-z———“c (2.55)

The general solution to Eq. (2.53) is therefore:

x m]

y(x) = e_bx/z[Clez_ +C,e 2 (2.56)

where C, and C, are integration constants that are determined from the
problem-dependent constraints (i.e., boundary or initial conditions).
There are two important special cases in Eq. (2.56). In the first, the

discriminant is positive, that is, b > 4c¢, and the solution remains as
shown in Eq. (2.56). In the second case, the discriminant is negative,

that is, b’ < 4dc , and the solution becomes:
—bx/2 ix— —4c —ix_— —4c
y(x) =e [Cle2 +C,e 2 } (2.57)
where i = /1. By using Euler’s formula, ez = cos(z) + isin(z), Eq.

(2.57) can be written in another, perhaps more familiar, form:

(2.58)
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which can be combined to yield:
y(x)= (Cl—Cz)isin( (2.59)

Since C, and C, are arbitrary constants, (C;+C,) and (C,-C,) are
also arbitrary constants. Therefore, Eq. (2.58) can be written as:

y(x)= ebx/z{D1 Sin(x ) + D2 COS[X 5 (260)

where D, = i(C,-C,) and D, = C{+C,.

Additional details on methods for analytical solutions are available
in many calculus books and books on differential equations. Many
ODEs that arise in practical applications, however, cannot be solved
analytically and instead require the use of numerical methods for their
solution.

2.6 FUNCTIONS OF TWO OR MORE INDEPENDENT
VARIABLES

A function has one dependent variable but can have one, two, or more

independent variables. For example, the function z = f(x, y) = ;—i+§—z
(equation of an elliptic paraboloid) has two independent variables x and
v and one dependent variable z. The function associates a unique num-
ber z (dependent variable) with each combination of values of x and y
(independent variables). This section reviews several topics that are
related to differentiation of functions with two or more independent
variables.

2.6.1 Definition of the Partial Derivative
For a function z = f(x, y), the first partial derivative of f/ with respect
to x is denoted gz or f, and is defined by:

X

gf= lim A% (2.61)

X Ax >0 Ax

provided, of course, that the limit exists. Similarly, the partial derivative

of fwith respect to y is denoted by gz or f, and is defined by:
Y

o _ jjm [yt AY) - f(x )
Oy Ai}lr_r)lo Ay (2.62)

again provided that the limit exists. In practice, the definitions in Egs.
(2.61) and (2.62) imply that if z = f(x, y), then f, is determined by
differentiating the function with respect to x and treating y as a constant.
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In the same way, f, is determined by differentiating the function with

respect to y and treating x as a constant.

Partial derivatives of higher order

It is possible to take the second-, third-, and higher-order partial deriva-

tives of a function of several variables (providing that they exist). For

example, the function f(x, y) of two variables has two first partial

derivatives f, and f, . Each of the first partial derivatives has two par-

2

tial derivatives. f, can be differentiated w.r.t x to give f,, = a—é, or
Ox

2
w.rty to give f,, = aa—ai In the same way, f, can be differentiated
yox

Ox0y
partial derivatives f,, and f, are called mixed partial derivatives of

2
w.rty to give f,, = ,» OF W.I.t x t0 give f,, = 9/ The second
Oy

f(x, ). If the function f(x, y) and both its second mixed partial deriva-
tives are continuous, then it can be shown that the order of differentia-

2 2

tion does not matter, that is, of _9f,
Ox0y  Oyox

2.6.2 Chain Rule

The total differential of a function of two variables, for example,
f(x, y), s given by:

df = Lax+Lay (2.63)
Ox Oy

Equation (2.63) holds whether or not x and y are independent of each

other. All that is required is that the partial derivatives in Eq. (2.63) be

continuous. Note that Eq. (2.63) can easily be generalized to a function
of more than two variables.

There are several ways in which the function f(x, y) can depend on
its arguments x and y. First, both x and y can be dependent on a single
independent variable such as ¢. In other words, f(x, y) = f(x(?), y(¢)).
Second, x and y themselves may be dependent on two other independent
variables, say, » and v: f(x, y) = f(x(u,v), y(u,v)). Third, x may be the
independent variable and y may depend on x: f(x,y) = f(x, y(x)).
Fourth, the function f depends on three variables x, y, and z, but z
depends on both x and y, which are independent of each other. Differen-
tiation of these cases is considered next.

(1) If x and y each depend on a single variable ¢, then f(x, y) may be
considered to be a function of the single independent variable ¢. In
this case, the total derivative of f with respect to ¢ can be determined
simply by:



46

Chapter 2 Mathematical Background

ﬂ = QZCi—x-{-QZdZ
dt Oxdt oydt (2.64)

(2) If x and y each depend on two other independent variables » and v,
then the partial derivative of fwith respect to v but holding « con-
stant, that is, gf , is obtained by:

v

u

of
ov

_ oo
Ox0v

L oy

2.6
Oyov (2.65)

Usually, the fact that « is held constant while differentiating par-
tially with respect to v is implicitly understood, and the subscript
is dropped from Eq. (2.65):

of _ ofox  ofdy (2.66)
Ov  0xOv Oyov

u u

(3) If y depends on x, the function f(x, y) is really a function of x, and
the total derivative of f with respect to x can be defined:

a _ of L ofdy (2.67)
dx Ox O0Oyox

(4) If fis a function of x, y, and z, and if z in turn depends on x and y
which are independent, then the partial derivative of fwith respect
to x is:

(2.68)

or simply:

of _of ,oree
dx 6x+ 0z Ox (269

where the term gz does not appear because it is multiplied by gz ,
Y X

which is zero since x and y are independent variables.
In the same way, the partial derivative of f with respect to y is:

of _of  ofez
T (2.70)

2.6.3 The Jacobian

The Jacobian is a quantity that arises when solving systems of nonlinear
simultaneous equations. If f,(x, y)=a and f,(x, y)=5b are two simul-
taneous equations that need to be solved for x and y, where a and b are
constants, then the Jacobian matrix is defined as:
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a o« (2.71)
6x-l 6yl

The Jacobian determinant or simply the Jacobian, J(f,, f,) , is just
the determinant of the Jacobian matrix:

/1 0/
J(f1 fo) = det| | 0% 1) = . 272
0f2 0/
ox Oy
This can be easily generalized to a system of n equations:
ofy 0fy  Of
ox, 0x,  0Ox,
0f20f2 0/
J(f1 fo s fr) = det| |0x, 6x, ~ ox, (2.73)
0fn Ofn  O/n
| Ox; Ox, 0x,|

2.7 TAYLOR SERIES EXPANSION OF FUNCTIONS

Taylor series expansion of a function is a way to find the value of a
function near a known point, that is, a point where the value of the func-
tion is known. The function is represented by a sum of terms of a con-
vergent series. In some cases (if the function is a polynomial), the
Taylor series can give the exact value of the function. In most cases,
however, a sum of an infinite number of terms is required for the exact
value. If only a few terms are used, the value of the function that is
obtained from the Taylor series is an approximation. Taylor series
expansion of functions is used extensively in numerical methods.

2.7.1 Taylor Series for a Function of One Variable

Given a function f(x) that is differentiable (»+ 1) times in an interval
containing a point x = x,, Taylor’s theorem states that for each x in the
interval, there exists a value x = & between x and x = x, such that:

2 3
f(x>=f<x0>+<x_xo>§§ LGox) Pl G-x)d f

B 21 dx?| 31 dx3|
x=1x x=1x x =X
) (2.74)
b s EEX) S +R,(x)
n!  dx» .

where R,, called the remainder, is given by:
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_ (x—xO)n+ldﬂ+lf

" (n+1)! dxnt! 2.75)

x=%
The proof of this theorem may be found in any textbook on calculus.
Note that for » = 1, Taylor’s theorem reduces to:

(O RVICH RPN

x=t (x_x0)

f(x) = f(x0)+(x—x0)§£‘ or %
=t

which is the mean value theorem for derivatives (Eq. (2.4)) given in
Section 2.2.

The value of the remainder, R,, cannot be actually calculated since
the value of & is not known. When the Taylor series is used for approx-
imating the value of the function at x, two or more terms are used. The
accuracy of the approximation depends on how many terms of the Tay-
lor series are used and on the closeness of point x to point x,. The accu-
racy increases as x is closer to x, and as the number of terms increases.
This is illustrated in Example 2-3 where the Taylor series is used for
approximating the function y = sin(x).

Example 2-3: Approximation of a function with Taylor series expansion.

Approximate the function y = sin(x) by using Taylor series expansion about x = 0, using two,
four, and six terms.

(a) In each case, calculate the approximate value of the function at x = % ,andat x = 72—r
(b) Using MATLAB, plot the function and the three approximations for 0 < x<m.
SOLUTION
The first five derivatives of the function y = sin(x) are:
y' = cos(x), y'" = -sin(x), »y® = —cos(x), y® = sin(x), and O = cos(x)
At x = 0, the values of these derivatives are:
y=1, y'=0, y®=-1, y® =0, and y® =1
Substituting this information and y(0) = sin(0) = 0 in Eq. (2.74) gives:

3 5

y(x)=0+x+0—;c—'+0+% 2.77)

(a) For x = %, the exact value of the functionis y = sin(%) = i(£+ﬁ) = 0.2588190451

The approximate values using two, four, and six terms of the Taylor series expansion are:

Using two terms in Eq. (2.77) gives: y(x) = x = = = 0.2617993878

12
. . . 3
Using four terms in Eq. (2.77) gives: y(x) = x—% = % - ﬂL;PE = 0.2588088133

Using six terms in Eq. (2.77) gives: y(x) = x-S+ % = L _(®/12)° , (n/12)°

2 = 0.2588190618
3t s 12 3! S!
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For x = 72_r, the exact value of the functionis y = sin(g) =1

Using two terms in Eq. (2.77) gives: y(x) = x = Tz—r = 1.570796327
Using four terms in Eq. (2.77) gives: y(x) = x—g—? = g—(ng '2)3 = 0.9248322293

> 0 q . 3 5 3 5
Using six terms in Eq. (2.77) gives: y(x) = x— ’?% + % = g - (Tf_g'ZL + (%L = 1.004524856

(b) Using a MATLAB program, listed in the following script file, the function and the three approx-
imations were calculated for the domain 0 < x < x. The program also plots the results.

x = linspace(0,pi, 40);

Yy = sin(x);

y2 = x;

yd = x - x.~3/factorial(3);

y6 = x - x.~3/factorial (3) + x.~5/factorial(5);

plot(x,y,'r' ,x,y2,'k--"',x,y4,'k-."',x,y6,'r--")

axis([0,4,-2,2])

legend ('Exact', 'Two terms', 'Four terms', 'Six terms')

xlabel('x'); ylabel('y')

The plot produced by the program is shown on the right. The

results from both parts show, as expected, that the approxima- : e
tion of the function with the Taylor series is more accurate ! = S
when more terms are used and when the point at which the = o —— ‘N
value of the function is desired is close to the point about Al (7 e ‘,\
which the function is expanded. O e 2
0 1 2] ik 4

2.7.2 Taylor Series for a Function of Two Variables

Taylor’s expansion for a function of two variables is done in the same
way as for a function with one independent variable, except that the dif-
ferentiation involves partial derivatives. Taylor’s formula for the expan-
sion of f(x, y) about a point (x,, y,) is given by:

fen = fGor g -] +o-wZ

J+

X0> Yo X0, Yo
= (x-x) =L+ + (=) =5 ]+ (2.78)
! 2 2
2'_ Ox X0» Yo axay *0: Yo 6y *0> Yo
T R N I (A
n_, 0 0 axkay”"‘xoy0
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2.8 INNER PRODUCT AND ORTHOGONALITY

The properties of orthogonal functions play a vital role in the determi-
nation of the coefficients of a Fourier series. This section starts with a
review on inner product (dot product) of vectors which is probably a
familiar topic to the reader. Then, the concept of inner product is
extended to functions with emphasis on the inner product of the sine
and cosine functions.

The inner product of two objects (vectors or functions) is given the
symbol (a|B) where the o and B are the object whose inner product is
being taken. Orthogonality means that the inner product is equal to
Zero:

(o) = 0 (2.79)
Inner product of two vectors

The inner product, ( Vv | U ), (dot product Ve 5)) of two vectors
V=vi+ V,j+V,k and U=ui+ U,j+U,k isascalar given by:
(V1Uy=7VeU =|PlUlcoso = v,u,+v,u,+v,u, (280
- )
where |V| and ‘m are the magnitudes of the vectors (see Eq. (2.14))
and 0 is the angle between the two vectors.
The vectors are orthogonal to each other if ¢ Vv | U Yy = 0 (i.e. the
angle between them is n/2) and parallel if 4 | U y = 1.

Inner product of sine and cosine functions

For sine and cosine functions the inner product over the interval [-m,r]
is given by (for k£ and m integers):

(sin(kx)|sin(mx)) = In sin(kx)sin(mx)dx = {0 k= (2.81)
- T k=m
(cos(kx)|cos(mx)) = In cos(kx)cos(mx)dx = { 0 kzm (2.82)
- s k=m
(sin(kx)|cos(mx)) = r sin(kx)cos(mx)dx = 0 forboth k=m and k= m (2.83)

T

Thus, sinkx and sinmx are orthogonal to each other for k£ not equal to
m but not orthogonal for £ = m. Similarly, coskx and cosmx are
orthogonal to each other for £ not equal to m but not orthogonal for
k = m. Finally, sinkx and cosmx are orthogonal to each other regard-

less of whether or not k£ and m are equal to each other (as long as they
are both integers).
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The inner product for sine and cosine functions over an arbitrary
domain [a,b] is given by (for k£ and m integers):

<sin(“T’”‘)| SR j” L - {2 ]’Z’”m (2.84)
I S R ACEs
(2.86)

where L = (b-a)/2.

2.9 PROBLEMS

Problems to be solved by hand
Solve the following problems by hand. When needed, use a calculator, or write a MATLAB script file to
carry out the calculations.

2.1 Apply the intermediate value theorem to show that the polynomial f(x) = —x2+ 10x — 24 has a root
in the interval [3, 5].

2.2 Apply the intermediate value theorem to show that the function f(x) = cosx—x2? has a root in the
interval [0, ©/2].

2.3 Apply the intermediate value theorem to show that the polynomial f(x) = x3-2.5x2—x+2.5 has a
root in the interval [-1.5,-0.5].

2.4 Use the formal definition of the derivative (Eq. (2.2)) and associated terminology to show that the
derivative of tanx is sec?x .

2.5 Use the definition of the derivative (Eq. (2.2)) to show that:
du dv

d _ dv. du _ dx o dx
(@) Ec(u(x)v(x)) = u£+va. (b)) dx v(x) S

2.6 Use the formal definition of the derivative (Eq. (2.2)) and associated terminology to show that the
derivative of e** is 2xe* .

2.7 Use the chain rule (Eq. (2.3)) to find the second derivative of f(x) = sin(e*). (Hint: define
u(x) = e* and then apply the chain rule.)

2.8 As a highway patrol officer, you are participating in a speed trap. A car passes your patrol car which
you clock at 55 mph. One and a half minutes later, your partner in another patrol car situated two miles
away from you, clocks the same car at 50 mph. Using the mean value theorem for derivatives (Eq. (2.4)),
show that the car must have exceeded the speed limit of 55 mph at some point during the one and a half
minutes it traveled between the two patrol cars.
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2.9 Coughing causes the windpipe in the throat to contract, forcing the flowing air to pass with increased
velocity. Suppose the velocity, v, of the flowing air during the cough is given by:

v=CR-r)r?
where C is a constant, and R is the normal radius of the windpipe (i.e., when not coughing) which is also a
constant, and r is the variable radius of the windpipe during the cough. Find the radius of the windpipe that
produces the largest velocity of airflow during the cough.

2.10 Using the mean value theorem for integrals, find the average value of the function f(x) = sin?x in
the interval [0, n]. Show that the product of this average value times the width of the interval is equal to
the area under the curve.

2.11 Use the second fundamental theorem of calculus along with the chain rule to find C%UJX sin? dt] .
XL

1
2.12 Use the second fundamental theorem of calculus along with the chain rule to find c;iU sec?t dt} .

XLJ x

2.13 Given the following system of equations,
5x-10y = 0
10x-5y = 15
determine the unknowns x and y using Cramer’s rule.

2.14 Given the following system of equations,
30-2B+5y = 14
a—-p =-1
20+4y = 14
determine the unknowns o, B, and y using Cramer’s rule.

2.15 The temperature distribution in a solid is given by T(x,#) = e 'sinx. The heat flux in the x direction
is given by g, = —k % . Using the definition of the partial derivative (Eq. (2.62)), find the heat flux ¢, at
X

the point x = 1 and the instant = 1.

2.16 The velocity distribution in a flow is given by u(z,¢) = e “sint , where u is the x-component of the

velocity, z is the coordinate perpendicular to x, and # is time. The shear stress t,, is given by 1, = p ou

oz’
where p is the coefficient of dynamic viscosity. Using the definition of the partial derivative (Eq. (2.62)),
find the shear stress t,, at the point z = 1 and the instant # = 1.

2.17 Given the function f(x, y,z) = (sinx)(cosy)Inz, find the total derivative with respect to x, Z—f at the
X
point (1, 2, 3).

2.18 Given the function u(x, y) = x2y—y?, where x = sint and y = e’ , find %’ when ¢ = 0.
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2003
1110
5119
1100

2.19 Find the determinant of the following matrix:

2.20 Determine the order of the following ODEs and whether they are linear or nonlinear, and homoge-
neous or non homogeneous:

(a) d _ —yel-9+0.5y.
dx

2
) d20  cdb &5in0 = 0 , where ¢, m, g, and L are constants.
d? mdt L
2 h_ P P
(©) d—f— Ze(7-Tg)-S0SBT(74_T4) = 0, where h,, Bk, A,, ¢, g5, and T are constants.
dx? kA, kA,

2.21 When transforming from Cartesian coordinates (x, y) to polar coordinates (r, 0) , the following rela-

tions hold: x(r,0) = rcos® and y(r,0) = rsin®. Find the Jacobian matrix [J] = . What is the

or 08
Jacobian determinant?

2.22 Write the Taylor’s series expansion of the function f(x) = sin(ax) about x = 0, where a0 is a
known constant.

2.23 Write the Taylor’s series expansion of the function f(x, y) = sinxcosy about the point (2, 2).

Problems to be programmed in MATLAB
Solve the following problems using the MATLAB environment. Do not use MATLAB's built-in functions
that execute the operations that are being asked in the problems.

2.24 Write a MATLAB program in a script file that evaluates the derivative of the function f(x)= x3cosx
at the point x = 3 by using Eq. (2.2). The value of the derivative is calculated sixteen times by using
a = 3 and sixteen values of x, x = 2.6,2.65, ...,2.95,3.05, ..., 3.35, 3.4. The program should also plot the
values of the derivative versus x.

2.25 Write a user-defined MATLAB function that evaluates the definite integral of a function f(x) by
using the Riemann sum (see Eq. (2.7)). For function name and arguments, use I=Rie-
mannSum (Fun, a, b). Fun is a name for the function that calculates the value of f(x) for a given value
of x. It is a dummy name for the function that is imported into RiemannSum. a and b are the limits of
integration, and I is the value of the integral. The Riemann sum is calculated by dividing the integration

interval [a, b] into ten subintervals. Use RiemannSum for evaluating the definite integral _[ol xe*dx.

Compare the result with the exact value of the integral, 1.
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2.26 Write a user-defined MATLAB function that carries out multiplication of two matrices

[c] = [al[b] . For function name and arguments, use C = MatrixMult (A, B). The input arguments A
and B are the matrices to be multiplied. The output argument C is the result. Do not use the matrix multipli-
cation of MATLAB. The function MatrixMult should first check if the two matrices can be multiplied,
and if not, the output C should be the message “The matrices cannot be multiplied since the number of
rows in [b] is not equal to the number of columns in [a].” Use MatrixMult to carry out the multiplica-
tion that is illustrated in Fig. 2.14.

2.27 Write a user-defined MATLAB function that determines the cross product of two vectors

W = ¥V ® U. For the function name and arguments, use W = Cross (V, U) . The input arguments V and U
are the vectors to be multiplied. The output argument W is the result (three-element vector).

(a) Use Cross to determine the cross product of the vectors v = i +2j+3k andu = 3i+2j+k.

(b) Use Cross to determine the cross product of the vectors v = —2i+j -3k andu = i+ j+k.

-

2.28 Write a user-defined MATLAB function that determines the dot product of two vectors W=Vel.
For function name and arguments, use W = Dot Pro (V, U) . The input arguments V and U are the vectors
to be multiplied. The output argument W is the result (a scalar).

(a) Use DotPro to determine the cross product of the vectors v = i+2j+3k and u = 3i+2j+k.

(b) Use DotPro to determine the cross product of the vectors v = —2i+j -3k and u = i+ j +k.

2.29 Write a user-defined MATLAB function to unfurl an m x » matrix into a vector of size 1 x m - n. The
apn 49
then the vector is:

vector consists of the matrix rows in order. For example, if the matrix is: ay, ay

g3 A3
[a11 a1z @13 ay1 @y Gy a3 ay, az) . For the function name and arguments, use v=unfurl (A), where the

input argument A is a matrix of any size, and the output argument v is the vector.
Use the function (in the Command Window) to unfurl the matrix:

9 4 610
2 516
~12110 3 7J

2.30 Write a user-defined MATLAB function that determines the transpose of any size m x n matrix. Do
not use the MATLAB built-in command for the transpose. For the function name and arguments, use
At=transp (A7), where the input argument A is a matrix of any size, and the output argument At is the
transpose of A.

214 2
Use the function (in the Command Window) to determine the transpose of the matrix: | 34 5 _1l.
3521

2.31 Write a user-defined MATLAB function that calculates the determinant of a square (n x n) matrix,
where n can be 2, 3, or 4. For function name and arguments, use D = Determinant (A) . The input argu-
ment A is the matrix whose determinant is calculated. The function Determinant should first check if
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the matrix is square. If it is not, the output D should be the message “The matrix must be square.”
Use Determinant to calculate the determinant of the following two matrices:

123 4
54 56 7 8

@ [236/- O i
1 9 10 11 12

13 14 15 16

Problems in math, science, and engineering
Solve the following problems using the MATLAB environment.

2.32 One important application involving the total differential of a function of several variables is estima-
tion of uncertainty.
(a) The electrical power P dissipated by a resistance R is related to the voltage ¥ and resistance by
P = V2/R. Write the total differential dP in terms of the differentials d¥ and dR, using Eq. (2.63).
(b) dP is interpreted as the uncertainty in the power, dV as the uncertainty in the voltage, and dR as the
uncertainty in the resistance. Using the answer of part (a), determine the maximum percent uncertainty
in the power P for ¥ = 400 V with an uncertainty of 2%, and R = 1000 Q with an uncertainty of 3%.

2.33 The dimensions of a rectangular box are measured to be 10 cm x 20 cm x 15 cm, and the error in
measuring each length is +1 mm. What is the error in the total volume of the box if the error in measuring
each length is the differential corresponding to that coordinate?

2.34 An aircraft begins its descent at a distance x = L

(x = 0 is the spot at which the plane touches down) and an y

altitude of H. Suppose a cubic polynomial of the following p—

form is used to describe the landing: e
y=ax3+bx?+cx+d o

where y is the altitude and x is the horizontal distance to the ~

aircraft. The aircraft begins its descent from a level position,

and lands at a level position. L

(a) Solve for the coefficients q, b, ¢, and d.

\
T

(b) If the aircraft maintains a constant forward speed (‘;—J; = u = constant ) and the magnitude of the ver-

e 2
tical acceleration (‘;—t%}) is not to exceed a constant 4, show that o 2“ <A4.
L
(¢) If 4 = 0.3ft/s?, H = 15000 ft, and » = 200 mph, how far from the airport should the pilot begin the

descent?

2.35 Rope with a length of 10 m is to be used to enclose a square area .
with side x and a circular area with radius . How much rope should be [

used for the square and how much for the circle if the total area enclosed
by the two shapes is to be a minimum. Plot the total area enclosed by the
two shapes as a function of x, with x varying from 0.5 m to 5 m, and
show graphically that the area reaches a minimum at x = 1.4 m.
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2.36 An artery that branches from another more major artery has
a resistance for blood flow that is given by:

Bpow =80 g gt e
where R, is the resistance to blood flow from the major to the 4
branching artery along path 4BC (see diagram), d is the diameter f T
of the smaller, branching artery, D is the diameter of the major "
artery, 0 is the angle that the branching vessel makes with the horizontal, or axis, of the major artery, and L
and H are the distances shown in the figure.
(a) Find the angle 6 that minimizes the flow resistance in terms of d and D.
(b) If 6 = 45°,and D = 5mm, what is the value of d that minimizes the resistance to blood flow?

2.37 Solve the ODE 6%ﬂ—]}zc—Ap(T—Ts) =0 for T(x), given that h, = 40W/m%/K, P = 0.016 m,
X c

k = 240W/m/K, 4, = 1.6x10°m? and T, = 293K, with T(x =0) = 473K, and T(x=0.1) = 293K.
Plot T'(x) using MATLAB.

2.38 Solve the ODE %’ = —yell-0+0.5y with y(x=0) = 1. Use MATLAB to make a plot of y(x)
X

versus x for 0 <x<1.
2.39 Solve the system of linear equations in Problem 2.14 for unknowns a, 8, and y using MATLAB.

2.40 Approximate the function y = cos(x) by using Taylor series expansion about x = 0, using three,

five, and seven terms.

(@) In each case calculate the approximated value of the function and the true relative error at x = n/3
andat x = (2m)/3.

(b) Using MATLAB, plot the function and the three approximations for 0 <x<m .

2.41 There are mechanical, electrical, and chemical systems that are described by the same mathematics
as second-order, forced, damped harmonic motion. The resulting differential equation obtained after apply-
ing a force balance or conservation of momentum is of the form:

2
mc;—;; + y% +kx = Aysin(wt)
where x is the displacement, ¢ is time, m is the mass, y is the damping coefficient, k is the restoring force
(spring) constant, 4, is the amplitude of the driving force, and o is the frequency of the driving force.
(a) Determine the order of the ODE. Is it linear, nonlinear, homogeneous or non homogeneous?
(b) Find the homogeneous solution of the ODE by hand.
(c) Find the particular solution of the ODE by hand. Find x(¢) after a long time (# — o). This is some-
times called the “steady state” response, even though it is actually time varying.
(d) Using MATLAB, plot the maximum amplitude of x(¢#) from the steady state response as a function of
the excitation frequency ® (0 <w <5 rad/s) for 4, = IN, £ = 1N/m,and m = 1kg, for three values

ofy: y =05, y = 1.0, and y = 2.0 N—s/m (three plots on the same figure). Discuss the results. What
happensat ® = wheny = 07?



Chapter 3

Solving Nonlinear Equations

e B
Core Topics Use of MATLAB built-in Functions for solving non-
Estimation of errors in numerical solutions (3.2). linear equations (3.8). -

o Complementary Topics
Bisection method (3.3). ] ] ]
. Equations with multiple roots (3.9).
Regula falsi method (3.4). : )
System of nonlinear equations (3.10).
Newton’s method (3.5).
Secant method (3.6).
Fixed-point iteration method (3.7).
- 4
3.1 BACKGROUND
Equations need to be solved in all areas of science and engineering. An
equation of one variable can be written in the form:
f@) =0 (3.1)
A solution to the equation (also called a root of the equation) is a
numerical value of x that satisfies the equation. Graphically, as shown in
Fig. 3-1, the solution is the point where the function f(x) crosses or
touches the x-axis. An equation might have no solution or can have one
or several (possibly many) roots.

When the equation is simple, the value of x can be determined ana-
lytically. This is the case when x can be written explicitly by applying
mathematical operations, or when a known formula (such as the for-

y y y
y:f(x)\ y:f(x)\ y:f(x) y=f(x)
Solution Solutions
x x x / l/"‘\\ X
* - =S

No solution

One solution

One solution

Several solutions

Figure 3-1: Illustration of equations with no, one, or several solutions.
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Figure 3-2: Segment of a circle.

/ Solution

Figure 3-3: A plot of
f(8) = 8-4.5(6—5in0).

Chapter 3 Solving Nonlinear Equations

mula for solving a quadratic equation) can be used to determine the
exact value of x. In many situations, however, it is impossible to deter-
mine the root of an equation analytically. For example, the area of a
segment A of a circle with radius » (shaded area in Fig. 3-2) is given
by:

Ag = %ﬂ(e— sin@) (3.2)
To determine the angle 8 if 4, and r are given, Eq. (3.2) has to be
solved for 6. Obviously, 6 cannot be written explicitly in terms of A
and r, and the equation cannot be solved analytically.

A numerical solution of an equation f(x) = 0 is a value of x that
satisfies the equation approximately. This means that when x is substi-
tuted in the equation, the value of f(x) is close to zero, but not exactly
zero. For example, to determine the angle 6 for a circle with » =3 m
and 4, = 8 m2, Eq. (3.2) can be written in the form:

£(0) = 8-4.5(0—5sind) = 0 (3.3)

A plot of £(0) (Fig. 3-3) shows that the solution is between 2 and 3.
Substituting 6 = 2.4 rad in Eq. (3.3) gives f(0) = 0.2396, and the solu-
tion 0 = 2.43 rad gives £(0) = 0.003683. Obviously, the latter is a more
accurate, but not an exact, solution. It is possible to determine values of
0 that give values of f(0) that are closer to zero, but it is impossible to

determine a numerical value of 6 for which £(0) is exactly zero. When
solving an equation numerically, one has to select the desired accuracy
of the solution.

Overview of approaches in solving equations numerically

The process of solving an equation numerically is different from the
procedure used to find an analytical solution. An analytical solution is
obtained by deriving an expression that has an exact numerical value. A
numerical solution is obtained in a process that starts by finding an
approximate solution and is followed by a numerical procedure in
which a better (more accurate) solution is determined. An initial numer-
ical solution of an equation f(x) = 0 can be estimated by plotting f(x)
versus x and looking for the point where the graph crosses the x-axis. It
is also possible to write and execute a computer program that looks for
a domain that contains a solution. Such a program looks for a solution
by evaluating f(x) at different values of x. It starts at one value of x and
then changes the value of x in small increments. A change in the sign of
f(x) indicates that there is a root within the last increment. In most
cases, when the equation that is solved is related to an application in sci-
ence or engineering, the range of x that includes the solution can be esti-
mated and used in the initial plot of f(x), or for a numerical search of a
small domain that contains a solution. When an equation has more than
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one root, a numerical solution is obtained one root at a time.

The methods used for solving equations numerically can be divided
into two groups: bracketing methods and open methods. In bracketing
methods, illustrated in Fig. 3-4, an interval that includes the solution is
identified. By definition, the endpoints of the interval are the upper
bound and lower bound of the solution. Then, by using a numerical
scheme, the size of the interval is successively reduced until the dis-
tance between the endpoints is less than the desired accuracy of the
solution. In open methods, illustrated in Fig. 3-5, an initial estimate
(one point) for the solution is assumed. The value of this initial guess
for the solution should be close to the actual solution. Then, by using a
numerical scheme, better (more accurate) values for the solution are
calculated. Bracketing methods always converge to the solution. Open
methods are usually more efficient but sometimes might not yield the
solution.

As mentioned previously, since numerical solutions are generally
not exact, there is a need for estimating the error. Several options are
presented in Section 3.2. Sections 3.3 through 3.7 describe four numeri-
cal methods for finding a root of a single equation. Two bracketing
methods, the bisection method and the regula falsi method, are pre-
sented in Sections 3.3 and 3.4, respectively. Three open methods, New-
ton’s method, secant method, and fixed-point iteration, are introduced
in the following three sections. Section 3.8 describes how to use MAT-
LAB?’s built-in functions for obtaining numerical solutions, and Section
3.9 discusses how to deal with equations that have multiple roots. The
last section in this chapter (3.10) deals with numerical methods for solv-
ing systems of nonlinear equations. The need to solve such systems
arises in many problems in science and engineering and when numeri-
cal methods are used for solving ordinary differential equations (see
Section 11.3).

3.2 ESTIMATION OF ERRORS IN NUMERICAL
SOLUTIONS

Since numerical solutions are not exact, some criterion has to be applied
in order to determine whether an estimated solution is accurate enough.
Several measures can be used to estimate the accuracy of an approxi-
mate solution. The decision as to which measure to use depends on the
application and has to be made by the person solving the equation.

Let x, be the true (exact) solution such that f(x;5) =0, and let
xys be a numerically approximated solution such that f(xys)=¢
(where ¢ is a small number). Four measures that can be considered for
estimating the error are:
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True error: The true error is the difference between the true solution,
x7g, and a numerical solution, x,:

TrueError = Xxpg—Xyg 34

Unfortunately, however, the true error cannot be calculated because
the true solution is generally not known.

Tolerance in f(x): Instead of considering the error in the solution, it is
possible to consider the deviation of f(x,s) from zero (the value of

f(x)at x;g is obviously zero). The tolerance in f(x) is defined as the
absolute value of the difference between f(x;g) and f(xyy):

Tolerancelnf = | f(xps) = f(xys)| = [0—¢l = [e] (3.5

The tolerance in f(x) then is the absolute value of the function at x,.
Tolerance in the solution: A tolerance is the maximum amount by
which the true solution can deviate from an approximate numerical
solution. A tolerance is useful for estimating the error when bracket-
ing methods are used for determining the numerical solution. In this
case, if it is known that the solution is within the domain [a, 5], then
the numerical solution can be taken as the midpoint between a and b:

Xys = a_;b (3.6)

plus or minus a tolerance that is equal to half the distance between a
and b:

Tolerance = ’b 3.7

Relative error: 1f x,  is an estimated numerical solution, then the

True Relative Error is given by:

Xrs— xNS

(3.8)

TrueRelativeError =

Xrs

This True Relative Error cannot be calculated since the true solution
xrg 18 not known. Instead, it is possible to calculate an Estimated
Relative Error when two numerical estimates for the solution are
known. This is the case when numerical solutions are calculated itera-
tively, where in each new iteration a more accurate solution is calcu-

lated. If x](\ﬁ’s) is the estimated numerical solution in the last iteration

and x{"-V is the estimated numerical solution in the preceding itera-
tion, then an Estimated Relative Error can be defined by:

£ _ =1
EstimatedRelativeError = | ™°

(3.9)

X

NS

When the estimated numerical solutions are close to the true solution,
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Figure 3-7: Bisection method.
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(n) _ (n-1) -

it is anticipated that the difference x;¢—x,¢ "’ is small compared to

the value of x{%, and the Estimated Relative Error is approximately

the same as the True Relative Error.

3.3 BISECTION METHOD

The bisection method is a bracketing method for finding a numerical
solution of an equation of the form f(x)=0 when it is known that
within a given interval [q, ], f(x) is continuous and the equation has a
solution. When this is the case, f(x) will have opposite signs at the end-
points of the interval. As shown in Fig. 3-6, if f(x) is continuous and

Yy y
fla)=0
AN s |

Ta f\L— | b
Tue

Solution A= Ma) =0

True
Solution

£b)>0

Figure 3-6: Solution of f(x) = (between x =a and x = b.

has a solution between the points x=a and x=5, then either
f(a)>0and f(b)<0or f(a)<0and f(b)>0. In other words, if there
is a solution between x=a and x =5 ,then f(a)f(b)<0 .

The process of finding a solution with the bisection method is illus-
trated in Fig. 3-7. It starts by finding points @ and & that define an inter-
val where a solution exists. Such an interval is found either by plotting
f(x) and observing a zero crossing, or by examining the function for
sign change. The midpoint of the interval x,g, is then taken as the first
estimate for the numerical solution. The true solution is either in the
section between points a and x,y, or in the section between points x g,
and b. If the numerical solution is not accurate enough, a new interval
that contains the true solution is defined. The new interval is the half of
the original interval that contains the true solution, and its midpoint is
taken as the new (second) estimate of the numerical solution. The pro-
cess continues until the numerical solution is accurate enough accord-
ing to a criterion that is selected.

The procedure (or algorithm) for finding a numerical solution with
the bisection method is summarized as follows:

Algorithm for the bisection method

1. Choose the first interval by finding points a and & such that a solu-
tion exists between them. This means that /(@) and f(b) have dif-
ferent signs such that f(a)f(b) <0. The points can be determined
by examining the plot of f(x) versus x.
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2. Calculate the first estimate of the numerical solution x,g, by:

x —_—
NS1 2

3. Determine whether the true solution is between a and x,g,, or
between x,g, and b. This is done by checking the sign of the prod-
uct f(a) - f(xyg1) :

If f(a)- f(xyg1) <0, the true solution is between a and xy;.
If f(a)- f(xy51) >0, the true solution is between x,g; and 5.
4. Select the subinterval that contains the true solution (a to x,g;, or

xys; to b) as the new interval [qa, 5], and go back to step 2.

Steps 2 through 4 are repeated until a specified tolerance or error
bound is attained.

When should the bisection process be stopped?

Ideally, the bisection process should be stopped when the true solution
is obtained. This means that the value of x, is such that f(xyg) =0.In
reality, as discussed in Section 3.1, this true solution generally cannot
be found computationally. In practice, therefore, the process is stopped
when the estimated error, according to one of the measures listed in
Section 3.2, is smaller than some predetermined value. The choice of
termination criteria may depend on the problem that is actually solved.
A MATLAB program written in a script file that determines a
numerical solution by applying the bisection method is shown in the
solution of the following example. (Rewriting this program in a form of

a user-defined function is assigned as a homework problem.)

Example 3-1: Solution of a nonlinear equation using the bisection method.

Write a MATLAB program, in a script file, that determines the solution of the equation
8 —4.5(x — sinx) = 0 by using the bisection method. The solution should have a tolerance of less than
0.001 rad. Create a table that displays the values of a, b, x5, f(xys), and the tolerance for each

iteration of the bisection process.

SOLUTION

To find the approximate location of the solution, a plot of the
function f(x)=8-4.5(x— sinx) is made by using the fplot
command of MATLAB. The plot (Fig. 3-8), shows that the
solution is between x =2 and x = 3. The initial interval is cho-
senas a=2 and b =3.

A MATLAB program that solves the problem is as follows.

[ Program 3-1: Script file. Bisection method. ]

clear all
F =@ (x) 8-4.5*%(x-sin(x));

Figure 3-8: A plot of the function
f(x)=8-4.5(x-sinx).

[ Define f(x) as an anonymous ﬁmction.]
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a=2; b=3; imax = 20; tol = 0.001; = Assign 1initial values to a and b, define
Fa = F(a); Fb = F(b) ; max number of iterations and tolerance.
if Fa*Fb > 0 Stop the program if the
disp ('Error:The function has the same sign at pointsaandb.') function has the same
else sign at points a and b.
disp('iteration a b (xNS) Solution £ (xNS) Tolerance')
for i = l:imax
xNS = (a + b)/2; [ Calculate the numerical solution of the iteration, xNS.}
toli = (b - a)/2; [ Calculate the current tolerance. J
FxNS = F(xNS) ; [ Calculate the value of AxNS) of the itcration,]
fprintf('%$3i %11.6f %11.6f %11.6f %11.6f %11.6f\n', i, a, b, xNS, FxNS, toli)
if FXNS = = 0
fprintf ('An exact solution x =%11.6f was found', xNS) {Stop the program if the true
break solution, f(x) = 0, is found.
end
if toli < tol - — :
braak H St.op the iterations if the tole'rance of the iter-
ation is smaller than the desired tolerance.
end
if i = = imax Stop the iterations if

fprintf ('Solution was not cbtained in %i iterations',imax) the solution was not
obtained and the num-

break ber of the iteration
end reaches imax.
if F(a)*FxNS < 0
b = xNS; ‘[ Determine whether the true solution is
else between a and xS, or between xS and b,
a = xNS; and select a and b for the next iteration.
end
end
end
When the program is executed, the display in the Command Window is:
iteration a b (xNS) Solution £ (xNS) Tolerance
1 2.000000 3.000000 2.500000 -0.556875 0.500000
2 2.000000 2.500000 2.250000 1.376329 0.250000
3 2.250000 2.500000 2.375000 0.434083 0.125000
4 2.375000 2.500000 2.437500 -0.055709 0.062500
5 2.375000 2.437500 2.406250 0.190661 0.031250
6 2.406250 2.437500 2.421875 0.067838 0.015625
7 2.421875 2.437500 2.429688 0.006154 0.007813
8 2.429688 2.437500 2.433594 -0.024755 0.003906
9 2.429688 2.433594 2.431641 -0.009295 0.001953
10 2.429688 2.431641 2.430664 -0.001569 0.000977

/

The last tolerance (satisfies
the prescribed tolerance).

The value of the function
at the numerical solution.

[ The numerical solutiun.] [

The output shows that the solution with the desired tolerance is obtained in the 10th iteration.
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Additional notes on the bisection method
* The method always converges to an answer, provided a root was
trapped in the interval [a, 5] to begin with.

* The method may fail when the function is tangent to the axis and
does not cross the x-axis at f(x)=0.

* The method converges slowly relative to other methods.

3.4 REGULA FALSI METHOD

The regula falsi method (also called false position and linear interpola-
tion methods) is a bracketing method for finding a numerical solution of
an equation of the form f(x) =0 when it is known that, within a given
interval [a, b], f(x) is continuous and the equation has a solution. As
illustrated in Fig. 3-9, the solution starts by finding an initial interval
[a,, b,] that brackets the solution. The values of the function at the end-
points are f(a;) and f(b;). The endpoints are then connected by a
straight line, and the first estimate of the numerical solution, x,g,, is the
point where the straight line crosses the x-axis. This is in contrast to the
bisection method, where the midpoint of the interval was taken as the
solution. For the second iteration a new interval, [a,, b,] is defined. The

Sx) f(bl)

Xust

1
1
1
H
1
1

|
b,
Actual bz
solution b3

Aa) Aa)

Figure 3-9: Regula Falsi method.

new interval is a subsection of the first interval that contains the solu-
tion. It is either [a;, xy5,] (@, is assigned to a,, and xyg, to b,) or
[xys1> 1] (xyg; 1s assigned to a,, and b, to b, ). The endpoints of the
second interval are next connected with a straight line, and the point
where this new line crosses the x-axis is the second estimate of the solu-
tion, xyg,. For the third iteration, a new subinterval [a;, b5] is selected,
and the iterations continue in the same way until the numerical solution
1s deemed accurate enough.

For a given interval [a, 4], the equation of a straight line that con-
nects point (b, f(b)) to point (a, f(a)) is given by:

= W(x—b)+f(b) (3.10)
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The point x,g where the line intersects the x-axis is determined by sub-
stituting y = 0 in Eq. (3.10), and solving the equation for x:
_ o (b)—bf (a)
Xyg = Smt—2—— 3.11
7@~ (@) 2
The procedure (or algorithm) for finding a solution with the regula falsi
method is almost the same as that for the bisection method.

Algorithm for the regula falsi method

1. Choose the first interval by finding points a and & such that a solu-
tion exists between them. This means that f(a) and f(b) have
different signs such that f(a) /() <0. The points can be deter-
mined by looking at a plot of f(x) versus x.

2. Calculate the first estimate of the numerical solution x,g, by using
Eq. (3.11).

3. Determine whether the actual solution is between a and x,g, or
between x,g, and b. This is done by checking the sign of the prod-
uct f(a) - f(xys1):

If f(a)- f(xys1) <0, the solution is between a and x ;.
If f(a)- f(xys1) >0, the solution is between x,g; and b.

4. Select the subinterval that contains the solution (a to x,g;, O xyg,
to b) as the new interval [a, ], and go back to step 2.

Steps 2 through 4 are repeated until a specified tolerance or error bound
is attained.

When should the iterations be stopped?

The iterations are stopped when the estimated error, according to one of
the measures listed in Section 3.2, is smaller than some predetermined
value.

Additional notes on the regula falsi method

e The method always converges to an answer, provided a root is ini-
tially trapped in the interval [a, b].

* Frequently, as in the case shown in Fig. 3-9, the function in the inter-
val [a, b] is either concave up or concave down. In this case, one of
the endpoints of the interval stays the same in all the iterations, while
the other endpoint advances toward the root. In other words, the
numerical solution advances toward the root only from one side. The
convergence toward the solution could be faster if the other endpoint
would also “move” toward the root. Several modifications have been
introduced to the regula falsi method that make the subinterval in
successive iterations approach the root from both sides (see Problem
3.18).
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3.5 NEWTON’S METHOD

Newton’s method (also called the Newton—Raphson method) is a
scheme for finding a numerical solution of an equation of the form
f(x) =0where f(x)is continuous and differentiable and the equation is
known to have a solution near a given point. The method is illustrated
in Fig. 3.10.

Slope: £'(x,)

Stope: sy PSS @

Figure 3-10: Newton’s method.

The solution process starts by choosing point x, as the first estimate of
the solution. The second estimate x, is obtained by taking the tangent
line to f(x) at the point (x,;, f(x;)) and finding the intersection point
of the tangent line with the x-axis. The next estimate x, is the intersec-
tion of the tangent line to f(x) at the point (x,, f(x,)) with the x-axis,
and so on. Mathematically, for the first iteration, the slope, f '(x,), of
the tangent at point (x,, /(x;)) is given by:

£ ey = LB 0 (3.12)

X1 X%
Solving Eq. (3.12) for x, gives:

S (x)
Xy = X ————=— (3.13)
)
Equation 3.13 can be generalized for determining the “next” solution
x;., from the present solution x;:

S(x)
X; 1 = X;— . 3.14
i+1 i f r(xi) ( )
Equation (3.14) is the general iteration formula for Newton’s method. It
is called an iteration formula because the solution is found by repeated
application of Eq. (3.14) for each successive value of i.
Newton’s method can also be derived by using Taylor series. Taylor
series expansion of f(x) about x, is given by:

F@) = fE)+E-x) f Gt E-x) @) (15
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If x, is a solution of the equation f(x)=0 and x, is a point near x,,
then:

f(x) =0 = f(x)+(x—x) f '(x1)+2—l!-(x2—x1)2f "(x)+ ... (3.16)

By considering only the first two terms of the series, an approximate
solution can be determined by solving Eq. (3.16) for x, :

Xy = xl—M (3.17)
S (x1)
The result is the same as Eq. (3.13). In the next iteration the Taylor
expansion is written about point x,, and an approximate solution x, is
calculated. The general formula is the same as that given in Eq. (3.14).

Algorithm for Newton’s method
1. Choose a point x; as an initial guess of the solution.

2. For i = 1,2, ..., until the error is smaller than a specified value, cal-
culate x,;,, by using Eq. (3.14).

When are the iterations stopped?

Ideally, the iterations should be stopped when an exact solution is
obtained. This means that the value of x is such that f(x) = 0. Gener-
ally, as discussed in Section 3.1, this exact solution cannot be found
computationally. In practice therefore, the iterations are stopped when
an estimated error is smaller than some predetermined value. A toler-
ance in the solution, as in the bisection method, cannot be calculated
since bounds are not known. Two error estimates that are typically used
with Newton’s method are:

Estimated relative error: The iterations are stopped when the esti-
mated relative error (Eq. (3.9)) is smaller than a specified value ¢:

(3.18)

Tolerance in f(x): The iterations are stopped when the absolute
value of f(x;)is smaller than some number &:

f(x)| <3 (3.19)

The programming of Newton’s method is very simple. A MATLAB
user-defined function (called NewtonRoot) that finds the root of
f(x) =0 is listed in Fig. 3-11. The program consists of one loop in which
the next solution X1 is calculated from the present solution Xest using
Eq. (3.14). The looping stops if the error is small enough according to Eq.
(3.18). To avoid the situation where the looping continues indefinitely
(either because the solution does not converge or because of a program-
ming error), the number of passes in the loop is limited to imax. The func-
tions f(x) and f '(x) (that appear in Eq. (3.14)) have to be supplied as
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separate user-defined functions. They are entered in the arguments of
NewtonRoot as function handles.

[ Program 3-2: User-defined function. Newton’s method. ]

function Xs = NewtonRoot (Fun, FunDer,Xest,Err,imax)
% NewtonRoot finds the root of Fun = 0 near the point Xest using Newton's method.
% Input variables:

% Fun Name of a user-defined function that calculates Fun for a given x.
% FunDer Name of a user-defined function that calculates the derivative
% of Fun for a given x.

% Xest Initial estimate of the solution.

% Err Maximum error.

% imax Maximum number of iterations

% Output variable:

% Xs Solution

for i = 1l:imax

Xi = Xest - Fun (Xest)/FunDer (Xest) ;
if abs((Xi - Xest)/Xest) < Err

Xs = Xi;
break
end
Xest = Xi;
end
if i = = imax
fprintf ('Solution was not cbtained in %i iterations.\n',imax)
Xs = ('No answer');
end

Figure 3-11: MATLAB function file for solving equation using the Newton’s method.

Example 3-2 shows how Eq. (3.14) is used, and how to use the user-
defined function NewtonRoot to solve a specific problem.

Example 3-2: Solution of equation using Newton’s method.

Find the solution of the equation 8 —4.5(x—sinx) = 0 (the same equation as in Example 3-1) by

using Newton’s method in the following two ways:

(a) Using a nonprogrammable calculator, calculate the first two iterations on paper using six signifi-
cant figures.

(b) Use MATLAB with the function NewtonRoot that is listed in Fig. 3-11. Use 0.0001 for the
maximum relative error and 10 for the maximum number of iterations.

In both parts, use x =2 as the initial guess of the solution.
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SOLUTION
In the present problem, f(x) = 8 —4.5(x—sinx)and f '(x) = —4.5(1 — cosx) .
(a) To start the iterations, f(x) and f '(x) are substituted in Eq. (3.14):

8 —4.5(x;— sinx;)

S —4.5(1 — cosx;) (3:20)
In the first iteration, i = 1 and x; = 2, and Eq. (3.20) gives:
X, = 2—3;f§fl(2:‘csis‘;g§;): 2.48517 (3.21)
For the second iteration, i = 2 and x, = 2.48517, and Eq. (3.20) gives:
Xy = 2.48517 — 8 —-4.5(2.48517 — sin(2.48517)) _ 2.43099 (3.22)

—4.5(1 — cos(2.48517))

(b) To solve the equation with MATLAB using the function NewtonRoot, the user must create

user-defined functions for f(x) and f '(x). The two functions, called FunExample2 and
FunDerExample?2, are:

function y = FunExample2 (x)

y =8 - 4.5*%(x - sin(x));

and

function y = FunDerExample2 (x)

y = -4.5 + 4.5*cos (x);

Once the functions are created and saved, the NewtonRoot function can be used in the Command
Window: [ The user-defined functions are entered as function handles. |

>> format long

>> xSolution = NewtonRoot (@FunExample2, @FunDerExample2,2,0.0001,10)
xSolution =

2.430465741723630

A comparison of the results from parts a and b shows that the first four digits of the solution (2.430)
are obtained in the second iteration. (In part b, the solution process stops in the fourth iteration; see
Problem 3.19.) This shows, as was mentioned before, that Newton’s method usually converges fast.
In Example 3-1 (bisection method), the first four digits are obtained only after 10 bisections.

Notes on Newton’s method

* The method, when successful, works well and converges fast. When
it does not converge, it is usually because the starting point is not
close enough to the solution. Convergence problems typically occur
when the value of f '(x) is close to zero in the vicinity of the solu-
tion (where f(x)=0). It is possible to show that Newton’s method
converges if the function f(x) and its first and second derivatives
f '(x) and £ "(x) are all continuous, if f '(x) is not zero at the solu-
tion, and if the starting value x, is near the actual solution. Illustra-
tions of two cases where Newton’s method does not converge (i.e.,
diverges) are shown in Fig. 3-12.
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Figure 3-12: Cases where Newton’s method diverges.

* A function f '(x), which is the derivative of the function f(x), has

to be substituted in the iteration formula, Eq. (3.14). In many cases,
it is simple to write the derivative, but sometimes it can be difficult
to determine. When an expression for the derivative is not available,
it might be possible to determine the slope numerically or to find a
solution by using the secant method (Section 3.6), which is some-
what similar to Newton’s method but does not require an expression
for the derivative.

Next, Example 3-3 illustrates the effect that the starting point can
have on a numerical solution with Newton’s method.

Example 3-3: Convergence of Newton’s method.

1

Find the solution of the equation =

2 = 0 by using Newton’s method. For the starting point (initial

estimate of the solution) use:
(@) x=14, (b) x=1, and (c) x=04

SOLUTION

The equation can easily be solved analytically, and the exact solution is x=0.5.
1

For a numerical solution with Newton’s method the function, f(x) = ==

2, and its derivative,

f'(x) = —lz , are substituted in Eq. (3.14):
X
f(x) 72
x. X
4] = X—e——— = x;— '1 = 2(x;—x? (3.23)
S (x) 5

(a) When the starting point for the iterations is x; = 1.4, the next two iterations, using Eq. (3.23),
are:

X,=2(x;-x3)=2(14-142)=-1.12 and x;=2(x,—x3) =2[(-1.12) - (-1.12)2] = —4.7488
These results indicate that Newton’s method diverges. This case is illustrated in Fig. 3-13a.
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(b) When the starting point for the iterations is x = 1, the next two iterations, using Eq. (3.23), are:
X, = 2(x;—x3) = 2(1-12) =0 and x; = 2(x,—x3) = 2(0-0%2) =0

From these results it looks like the solution converges to x= 0, which is not a solution. At x= 0, the
function is actually not defined (it is a singular point). A solution is obtained from Eq. (3.23) because
the equation was simplified. This case is illustrated in Fig. 3-135.

(c) When the starting point for the iterations is x = 0.4, the next two iterations, using Eq. (3.23), are:
X, = 2(x,—x2) = 2(0.4-042) = 048 and x; = 2(x,—x2) = 2(0.48 —0.482) = 0.4992

In this case, Newton’s method converges to the correct solution. This case is illustrated in Fig. 3-13c.

This example also shows that if the starting point is close enough to the true solution, Newton’s
method converges.

X
X2~

04 042 044 046 048 0.3
1-.

¥ y y

1+ Ul 0.6+

6 Sm4 3 2m |\1n2 3s 0k
\1& et |
i 031 |
-+ |
——t | 2 024 |
31 31 01 |
.._4 i—‘»‘]

(a) (b (©

Figure 3-13: Solution with Newton’s method using different starting points.

3.6 SECANT METHOD

The secant method is a scheme for finding a numerical solution of an
equation of the form f(x) = 0. The method uses two points in the neigh-
borhood of the solution to determine a new estimate for the solution
(Fig. 3-14). The two points (marked as x, and x, in the figure) are used
to define a straight line (secant line), and the point where the line inter-
sects the x-axis (marked as x; in the figure) is the new estimate for the
solution. As shown, the two points can be on one side of the solution

y y=r& >

S / y=f&)

! 1)
Solution ! i
! 2 X % ‘: x
T o 1=\ +
= 1) Solution
(@) (b)

Figure 3-14: The secant method.
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(Fig.3-14a) or the solution can be between the two points (Fig. 3-14b).
The slope of the secant line is given by:

Ll Ca (3.24)

which can be solved for x5:

(3.25)

Once point x, is determined, it is used together with point x, to calcu-
late the next estimate of the solution, x,. Equation (3.25) can be gener-
alized to an iteration formula in which a new estimate of the solution
x; ;1 1s determined from the previous two solutions x; and x;_;.

FE) 01— %)
NP 7)1 = ) 3.26
S e —

Figure 3-15 illustrates the iteration process with the secant method.
Relationship to Newton’s method

Examination of the secant method shows that when the two points that
define the secant line are close to each other, the method is actually an
approximated form of Newton’s method. This can be seen by rewriting
Eq. (3.26) in the form:

)
A it LA 27
S T R e TG (3.27)

(x;-1—x;)
This equation is almost identical to Eq. (3.14) of Newton’s method. In
Eq. (3.27), the denominator of the second term on the right-hand side of
the equation is an approximation of the value of the derivative of f(x)

at x;. In Eq. (3.14), the denominator is actually the derivative f'(x;). In
the secant method (unlike Newton’s method), it is not necessary to
know the analytical form of f'(x).

Programming of the secant method is very similar to that of New-
ton’s method. Figure 3-16 lists a MATLAB user-defined function
(called secantRoot) that finds the root of f(x) = 0. The program con-
sists of one loop in which the next solution X1 is calculated from the previ-
ous two solutions, Xb and Xa, using Eq. (3.26). The looping stops if the
error is small enough according to Eq. (3.18). The function f(x) (that is
used in Eq. (3.26)) has to be supplied as a separate user-defined function.
Its name is typed in the argument of SecantRoot as a function handle.
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( Program 3-3: User-defined function. Secant method. |

function Xs = SecantRoot (Fun,Xa,Xb,Err, imax)

% SecantRoot finds the root of Fun = 0 using the secant method.
% Input variables:

% Fun Nare of a user-defined function that calculates Fun for a given x.
% a, b Two points in the neighborhood of the root (on either side or the
% same side of the root).

% Err Maximum error.

% imax Maximum number of iterations

% Output variable:

% Xs Solution

for i1 = l:imax
FunXb = Fun (Xb) ;
Xi = Xb - FunXb* (Xa-Xb)/ (Fun(Xa)-FunXb) ;
if abs((Xi - Xb)/Xb) < Err

Xs = Xi;
break
end
Xa = Xb;
Xb = Xi;
end
if i = = imax

fprintf ('Solution was not obtained in %i itera-
tions.\n',imax)

Xs = ('No answer');
end

Figure 3-16: MATLAB function file for solving equation using the secant method.

As an example, the function from Examples 3-1 and 3-2 is solved with
the SsecantRoot user-defined function. The two starting points are taken
asa =2and b = 3.

>> format long

>> xSolution = Secant-
Root (@FunExample2,2,3,0.0001,10)

xSolution =
2.430465726588755

The user-defined function SecantRoot is also used in the solution of
Example 3-4.
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3.7 FIXED-POINT ITERATION METHOD

Fixed-point iteration is a method for solving an equation of the form
f(x)=0. The method is carried out by rewriting the equation in the
form:

x = g(x) (3.28)

Obviously, when x is the solution of f(x) = (, the left side and the right
side of Eq. (3.28) are equal. This is illustrated graphically by plotting
y=x and y= g(x), as shown in Fig. 3-17. The point of intersection of
the two plots, called the fixed point, is the solution. The numerical
value of the solution is determined by an iterative process. It starts by
taking a value of x near the fixed point as the first guess for the solution
and substituting it in g(x). The value of g(x) that is obtained is the new
(second) estimate for the solution. The second value is then substituted
back in g(x), which then gives the third estimate of the solution. The
iteration formula is thus given by:

xiv1 = 8(x;) (3.29)

The function g(x) is called the iteration function.

*  When the method works, the values of x that are obtained are succes-
sive iterations that progressively converge toward the solution. Two
such cases are illustrated graphically in Fig. 3-18. The solution pro-
cess starts by choosing point x, on the x-axis and drawing a vertical
line that intersects the curve y=g(x) at point g(x,). Since
x, = g(x,), a horizontal line is drawn from point (x, , g(x;)) toward
the line y = x. The intersection point gives the location of x, . From
x, a vertical line is drawn toward the curve y = g(x). The intersec-
tion point is now (x,, g(x,)), and g(x,) is also the value of x;. From
point (x,, g(x,)) a horizontal line is drawn again toward y = x, and

<k y=xa o y=x—_, y=g@)
g(x2) g(xy) True Y =8(x)
Solution gg'llgtion %(x)
g(x3)
g(x)
x = g(xy)
s x 2 x
A X X1
x2=g(xl) \x3=g(x2) : xT{xf:g(x ) x2=g(x1)
X4=g(x3) g 3

Figure 3-18: Convergence of the fixed-point iteration method.
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the intersection point gives the location of x; . As the process contin-
ues the intersection points converge toward the fixed point, or the
true solution xy.

» It is possible, however, that the iterations will not converge toward
the fixed point, but rather diverge away. This is shown in Fig. 3-19.
The figure shows that even though the starting point is close to the
solution, the subsequent points are moving farther away from the

solution.
V4 y= (x) -..._del _
¥y gx\ \‘g(x)y_x‘h‘
i \y =% g(xy)
Solution
g g(x,)
) g(x,) | I
Solutign I} I o) }
E ! 1 X ‘/y_g(x)g
7wt x=g(5) T 7 N
x;=£(x:)\x3=g(xj T e ;}xs g(x2)

Figure 3-19: Divergence of the fixed-point iteration method.

* Sometimes, the form f(x)=0 does not lend itself to deriving an
iteration formula of the form x = g(x). In such a case, one can
always add and subtract x to f(x) to obtain x + f(x)—x = 0. The
last equation can be rewritten in the form that can be used in the
fixed-point iteration method:

x=x+f(x) =gk
Choosing the appropriate iteration function g(x)

For a given equation f(x) = 0, the iteration function is not unique since
it is possible to change the equation into the form x = g(x) in different
ways. This means that several iteration functions g(x) can be written
for the same equation. A g(x) that should be used in Eq. (3.29) for the
iteration process is one for which the iterations converge toward the
solution. There might be more than one form that can be used, or it may
be that none of the forms are appropriate so that the fixed-point iteration
method cannot be used to solve the equation. In cases where there are
multiple solutions, one iteration function may yield one root, while a
different function yields other roots. Actually, it is possible to determine
ahead of time if the iterations converge or diverge for a specific g(x).
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The fixed-point iteration method converges if, in the neighborhood
of the fixed point, the derivative of g(x) has an absolute value that is
smaller than 1 (also called Lipschitz continuous):

lg'(x)l <1 (3.30)

As an example, consider the equation:
xe%3*+12x-5 =10 (3.31)

A plot of the function f(x) = xe®3* + 1.2x — 5 (see Fig. 3-20) shows that
the equation has a solution between x=1and x=2.

Equation (3.31) can be rewritten in the form x = g(x) in different
ways. Three possibilities are discussed next.

Case a: 8 _1x§0.5x (3.32)

. _ xyp0.5x
In this case, g(x)= Slx—g and g'(x) = —(e%3* + 0.5xe%5%) /1.2,

The values of g'(x) at points x =1 and x =2, which are in the neigh-
borhood of the solution, are:
g'(1) = —(e95°1+0.5-1e05-1)/1.2 = ~2.0609

2'(2) = —(e%5°2+0.5-2e05°2)/1.2 = —4.5305

3 5
Case bt eO.Sx +1.2 (333)
In this case, g(x)= 5 and  g(x)= _5e05%
] eO.Sx + 12 2(60.51’ N 12)2 .

The values of g'(x) at points x =1 and x =2, which are in the neigh-
borhood of the solution, are:
-5 eO.S -1

g1) = I -0.5079
2(e%31+1.2)
_§005-2
g'Q2) = 5e—2 = —0.4426
2(e25°2+1.2)
Case c: x = 5;0_15-3" (3.34)
. _5-12x o —3.7+
In this case, g(x)= o5 and g'(x)= —

The values of g'(x) at points x =1 and x =2, which are in the neigh-
borhood of the solution, are:

80'5'1
: _ —37+06-2 _

These results show that the iteration function g(x) from Case b is the
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one that should be used since, in this case, |[g'(1)| <1 and |g'(2)| < 1.
Substituting g(x) from Case b in Eq. (3.29) gives:

5
X; = —_— 335
ak e® i +1.2 ( )

Starting with x; = 1, the first few iterations are:

T _ 5 _
% = e = 17552 %5 = g~ 13869
Xy = ——— = 15622 X = ——— = 14776

20513869 [ 2 20515622 4 [ 2
Xg = ——— = 15182 X, = 3 ~ 1.4986

e0.5-15182 4 12
As expected, the values calculated in the iterations are converging

toward the actual solution, which is x = 1.5050.
On the contrary, if the function g(x) from Case a is used in the iter-
ation, the first few iterations are:

20514776 1 1 2

_ 0.5-1 _ 0.5-2.7927

x, = 221€2 _ 59927 = 2=21021¢ — _5.2364
12 12

_ - (-5.2364

Xy =0 BN _ 4 4849
12

. 0.5 -4.4849

r, = 544849 S e

1.2
In this case, the iterations give values that diverge from the solution.

When should the iterations be stopped?

The true error (the difference between the true solution and the esti-
mated solution) cannot be calculated since the true solution in general is
not known. As with Newton’s method, the iterations can be stopped either

when the relative error or the tolerance in f(x) is smaller than some pre-
determined value (Egs. (3.18) or (3.19)).

3.8 USE OF MATLAB BUILT-IN FUNCTIONS FOR
SOLVING NONLINEAR EQUATIONS

MATLAB has two built-in functions for solving equations with one
variable. The fzero command can be used to find a root of any equa-
tion, and the roots command can be used for finding the roots of a
polynomial.
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3.8.1 The fzero Command

The fzero command can be used to solve an equation (in the form
f(x) = 0) with one variable. The user needs to know approximately
where the solution is, or if there are multiple solutions, which one is
desired. The form of the command is:

x = fzero (function, x0)

A

Solution The function to A value of x near to where the
be solved. function crosses the axis.

e x is the solution, which is a scalar.

* function is the function whose root is desired. It can be entered in
three different ways:
1. The simplest way is to enter the mathematical expression as a
string.
2. The function is first written as a user-defined function, and then
the function handle is entered.
3. The function is written as an anonymous function, and then its
name (which is the name of the handle) is entered.

* The function has to be written in a standard form. For example, if the
function to be solved is xe = 0.2, it has to be written as

f(x) = xe "=0.2 = 0. If this function is entered into the fzero
command as a string, it is typed as ‘x*exp (-x)-0.2".

* When a function is entered as a string, it cannot include predefined
variables. For example, if the function to be entered is

f(x) = xe*—0.2, it is not possible to first define b=0. 2 and then
enter ‘x*exp (-x) -b’.

* x0 can be a scalar or a two-element vector. If it is entered as a scalar,
it has to be a value of x near the point where the function crosses the
x-axis. If x0 is entered as a vector, the two elements have to be
points on opposite sides of the solution such that f(x0(1)) has a dif-
ferent sign than f(x0(2)). When a function has more than one solu-
tion, each solution can be determined separately by using the fzero
function and entering values for x0 that are near each of the solu-
tions.

Usage of the fzero command is illustrated next for solving the equa-
tion in Examples 3-1 and 3-2. The function f(x)=8-4.5(x— sinx) is
first defined as an anonymous function named FUN. Then the name
FUN is entered as an input argument in the function fzero.

>> format long
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20
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X)

Figure 3-21: A plot of Eq. (3.36).

>> FUN = @ (x) 8-4.5*(x-sin(x))

FUN = ( Ax) is written as an anonymous function. |
@ (x)8-4.5* (x-sin(x))

>> sol=fzero (FUN, 2) The name FUN of the anonymous

Sl function is entered in fzero.

2.430465741723630

3.8.2 The roots Command

The roots command can be used to find the roots of a polynomial.
The form of the command is:

r = roots(p)

r is a column vector with p is a row vector with the coef-
the roots of the polynomial. ficients of the polynomial.

3.9 EQUATIONS WITH MULTIPLE SOLUTIONS

Many nonlinear equations of the form f(x) = 0 have multiple solutions
or roots. As an example, consider the following equation:

f(x) = cos(x)cosh(x)+1 (3.36)

A plot of this function using MATLAB is shown in Fig. 3-21 over the
interval [0, 5]. As can be seen, the function has zero crossings between
x=1 and x =2, and between x=4 and x =5. Existence of multiple
roots is typical of nonlinear equations. A general strategy for finding the
roots in the interval [0, 5] is:

* Determine the approximate location of the roots by defining smaller
intervals over which the roots exist. This can be done by plotting the
function (as shown in Fig. 3-21) or by evaluating the function over a
set of successive points and looking for sign changes of the function.

* Apply any of the methods described in Sections 3.3 through 3.7 over
a restricted subinterval. For example, the first root that is contained
within the interval [1, 2] can be found by the bisection method or a
similar method with ¢ =1 and b = 2. Alternatively, a starting value
or initial guess can be used with Newton’s method or fixed-point
iteration method to determine the root. The fzero MATLAB built-
in function can also be used to find the root. The process can then be
repeated over the next interval [4, 5] to find the next root.

The next example presents the solution of the function in Eq. (3.36) in a
practical situation.
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Example 3-4: Solution of equation with multiple roots.

The natural frequencies, o,,, of free vibration of a cantilever
beam are determined from the roots of the equation:

f(k,L) = cos(k,L)cosh(k,L)+1 =0 (3.37) I 1
where L is the length of the beam, and the frequency o, is
given by:
- (kL) El
o, = (h,L)’ [0

in which E is the elastic modulus, 7 is the moment of inertia, 4 is the cross-sectional area, and p is the

density per unit length.

(a) Determine the value of the first root by defining smaller intervals over which the roots exist and
using the secant method.

(b)Write a MATLAB program in a script file that determines the value of k,L for the first four
roots.

SOLUTION

Equation (3.37) is identical to Eq. (3.36), and a plot that

shows the location of the first two roots is presented in Fig. 3- _. 05
21. The location of the next two roots is shown in the figure E

on the right where the function is plotted over the interval &
[7,11.2]. It shows that the third root is around 8 and the fourth —0.5
root is near 11.

(a) The value of the first root is determined by using the % 8
SecantRoot user-defined function that is listed in Fig. 3-16.

First, however, a user-defined function for the function f(k,L) in Eq. (3.37) is written (the function
name is FunExample3):

x10*

9 10 11
(knL)

function y = FunExample3 (x)
y = cos(x)*cosh(x) + 1;

The first root is between 1 and 2. To find its solution numerically, the user-defined function Secan-
tRoot (listed in Fig. 3.16) isused with @ = 1, 5 = 2, Err = 0.0001, and imax = 10:

>> FirstSolution = SecantRoot (@FunExample3,1,2,0.0001,10)
FirstSolution = [ format long is used in MATLAB. ]

1.875104064602412

(b) Next, a MATLAB program that automatically finds the four roots is written. The program evalu-
ates the function over a set of successive intervals and looks for sign changes. It starts at k,L = 0
and uses an increment of 0.2 up to a value of k£,L = 11.2. If a change in sign is detected, the root
within that interval is determined by using MATLAB’s built-in fzero function.

clear all
F = Q@ (x) cos(x)*cosh(x)+1;
Inc = 0.2;
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i=1;
Knla = 0; [ Define the left point of the first increment.]
Knlb = KnlLa + Inc;  Define the right point of the first increment. |
while Knlb <= 11.2
if F(KnLa)*F(KnLb) < 0 [ Check for a sign change in the value of the Function,]
Roots (i) = fzero(F, [Knla, Knlb]) ; Determine the root within the interval if a sign
i=13i+1; change was detected.
end
KnLa = KnlLb; [ Define the left point of the next increment.J
KnLb = Knla + Inc; [ Define the right point of the next increment,J
end
Roots
When the program is executed, the display in the Command Window is:
Roots =
1.875104068711961 4.694091132974175 7.854757438237613 10.995540734875467
These are the values of the first four roots.

3.10 SYSTEMS OF NONLINEAR EQUATIONS

A system of nonlinear equations consists of two, or more, nonlinear
equations that have to be solved simultaneously. For example, Fig. 3-22
shows a catenary (hanging cable) curve given by the equation

) and an ellipse specified by the equation

y = % (ex/2 +e(7x)/2

2 2 . . 0 5 0
6 "—2 + 12 = 1. The point of intersection between the two curves is given
5 3
4 A X : A
by the solution of the following system of nonlinear equations:
2+
s 1, x2 | (-x)/2
0 f16y) = y=57+77%) = 0 (3:38)
i 2 2
fo(x,y) = 9x"+25y°-225 =0 (3.39)
He=r 5 0 2 4 6 . L L .
X Analysis of many problems in science and engineering requires
Figure 3-22: A plot of Eq. (3.38) solution of systems of nonlinear equations. In addition, as shown in
and Eq. (3.39). Chapter 11, one of the popular numerical methods for solving nonlinear

ordinary differential equations (the finite difference method) requires
the solution of a system of nonlinear algebraic equations.

In this section, two methods for solving systems of nonlinear equa-
tions are presented. The Newton method (also called the Newton—Raph-
son method), suitable for solving small systems, is described in Section
3.10.1. The fixed-point iteration method, which can also be used for
solving large systems, is discussed in Section 3.10.2.
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3.10.1 Newton’s Method for Solving a System of Nonlinear
Equations

Newton’s method for solving a system of nonlinear equations is an
extension of the method used for solving a single equation (Section
3.5). The method is first derived in detail for the solution of a system of
two nonlinear equations. Subsequently, a general formulation is pre-
sented for the case of a system of » nonlinear equations.

Solving a system of two nonlinear equations

A system of two equations with two unknowns x and y can be written
as:

fi(x, ) =0

f2(x, y) =0
The solution process starts by choosing an estimated solution x; and
v;- If x, and y, are the true (unknown) solutions of the system and are
sufficiently close to x; and y,, then the values of f,and f, at x, and
y, can be expressed using a Taylor series expansion of the functions
f1(x,») and f,(x, y) about (x,, y,) (see Section 2.7.2):

(3.40)

Since x, and y, are close to x, and y,, approximate values for
f1(x,,¥,) and f,(x,, y,) can be calculated by neglecting the higher-
order terms. Also, since f,(x,, ¥,) = 0 and f,(x,, y,) = 0, Egs. (3.41)
and (3.42) can be rewritten as:

of, of
S | N
gl = @

X1, Y1

Ay = —f1(x1, 1) (3.43)

X1

(3.44)

where Ax = x,—x, and Ay = y,—y,;. Since all the terms in Eqgs. (3.43)
and (3.44) are known, except the unknowns Ax and Ay, these equa-
tions are a system of two linear equations. The system can be solved by
using Cramer’s rule (see Section 2.4.6):
of of
_fl(xlayl)a_z +f2(xl’yl)a_yl

Y
Ax = X1, )1 X1 345
g J(f1(x1, ¥1)s f2(x1, Y1) ( )
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(3.46)

where

J(f1s f2) = of, of (3-47)
2 2

is the Jacobian (see Section 2.6.3). Once Ax and Ay are known, the val-
ues of x, and y, are calculated by:

X, = x;+Ax

(3.48)

Y2 = tAy
Obviously, the values of x, and y, that are obtained are not the true
solution since the higher-order terms in Eqs. (3.41) and (3.42) were
neglected. Nevertheless, these values are expected to be closer to the
true solution than x, and y,.

The solution process continues by using x, and y, as the new esti-
mates for the solution and using Egs. (3.43) and (3.44) to determine
new Ax and Ay that give x; and y,. The iterations continue until two
successive answers differ by an amount smaller than a desired value.

An application of Newton’s method is illustrated in Example 3-5
where the intersection point between the catenary curve and the ellipse
in Fig. 3-22 is determined.

Example 3-5: Solution of a system of nonlinear equations using Newton’s method.

The equations of the catenary curve and the ellipse, which are

shown in the figure, are given by: 6}
[16y) = - %(eX/2+ A=A (3.49) ‘2‘
-

Falx, y) = 9x°+25y°-225 = 0 (3.50) of
Use Newton’s method to determine the point of intersection i
of the curves that resides in the first quadrant of the coordi- e
nate system. %
SOLUTION

Equations (3.49) and (3.50) are a system of two nonlinear equations. The points of intersection are
given by the solution of the system. The solution with Newton’s method is obtained by using Eqgs.
(3.43) and (3.44). In the present problem, the partial derivatives in the equations are given by:

of 1, x2 (072 of,
2 o L d iy 3.51
o 4(e e ) an % ( )
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% = 18x and 0fa _ 50y (3.52)
ox oy
The Jacobian is given by:
of, @
% aiyl Loy 1, %2 (072
J(f, fr) = det = det| 4 = —Z(e —e )50y — 18x (3.53)
Gy 7 18x 50y '
Ox Oy

Substituting Egs. (3.51)—(3.53) in Egs. (3.45) and (3.46) gives the solution for Ax and Ay.

The problem is solved in the MATLAB program that is listed below. The order of operations in the

program is:

* The solution is initiated by the initial guess, x; = 2.5, y; = 2.0.

* The iterations start. Ay and Ax are determined by substituting x; and y; in Egs. (3.45) and
(3.46).

* X, =x;+Ax,and y;,, = y;+ Ay are determined.

» If the estimated relative error (Eq. (3.9)) for both variables is smaller than 0.001, the iterations
stop. Otherwise, the values of x; , and y,., are assigned to x; and y,, respectively, and the next
iteration starts.

The program also displays the solution and the error at each iteration.

% Solution of Chapter 3 Example 5

Fl =@ (x,y) y - 0.5*(exp(x/2) + exp(-x/2));

F2 = @ (x,y) 9*x"2 + 25*y*2 - 225;

Flx = @ (x) -(exp(x/2) - exp(-x/2))/4;

F2x = @ (x) 18*x;

F2y = @ (y) 50*y;

Jacab = @ (x,y) -(exp(x/2) - exp(-x/2))/4*50*y - 18+*x;

xi = 2.5; yi = 2; Err = 0.001; ( Assign the initial estimate of the solution. |

for i = 1:5 [ Start the iterations. |
Jac = Jacob(xi,yi);
Delx = (-F1(xi,yi)*F2y(yi) + F2(xi,yi))/Jac; Calculate Ax and Ay with
Dely = (-F2(xi,yi)*Flx(xi) + F1(xi,yi)*F2x(xi))/Jac; [Eqs. (3.45) and (3.46). J
xipl = xi + Delx;
A pIE= e 1); [ Calculate x;, ; and J’i+1~]

Errx = abs((xipl - xi)/xi);
Erry = abs((yipl - yi)/yi);
fprintf ('i =%2.0f x = %-7.4f y =%-7.4f Error in x = %-7.4f Error iny =%
7.4f\n'i,xipl,yipl,Errx, Erry)
if Errx < Err & Erry < Err
break
else
xi = xipl; yi = yipl; [ If the error is not small enough, assign x; . ;to x;,and y;, to y;.

end
end
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i =
i=

i=

1lx
2 x
3 x

3.1388 y
3.0339 y

3.0312 y =

When the program is executed, the display in the Command Window is:

These results show that the values converge quickly to the solution.

2.4001 Error in x = 0.25551 Error in y = 0.20003
2.3855 Error in x = 0.03340 Error in y = 0.00607
2.3859 Error in x = 0.00091 Error in y = 0.00016

Solving a system of n nonlinear equations

Newton’s method can easily be generalized to the case of a system of n
nonlinear equations. With » unknowns, x,,x,,...,x,, a system of »n
simultaneous nonlinear equations has the form:

f1(xp x5, .005x,) =0

(3.54)

Su(x, %9, ..05x,) = 0

The value of the functions at the next approximation of the solution,
X1 i+15 %2, i+15 ---» %n i+ 15 18 then obtained using a Taylor series expan-
sion about the current value of the approximation of the solution,
X1, X3, p -+» X, ; - FOllowing the same procedure that led to Eqgs. (3.43)
and (3.44) results in the following system of » linear equations for the
unknowns Ax;, Ax,, ..., Ax,:

ne

o/, ofy  oh

ox, O0x,  0x, = s

0f, 0 0

LZ LZ A0 f2 Ax2 _ —f2 3 55

Ox, Ox, ox, = (3.55)
e P Py

o, 3y 3, ’

Ox; Ox,  Ox,

(The determinant of the matrix of the partial derivatives of the functions
on the left-hand side of the equation is called the Jacobian, Section
2.6.3.) Once the system in Eq. (3.55) is solved, the new approximate
solution is obtained from:

X1 = ¥1,; A
x2,i+1 = x2,i+Ax2 (3 56)
xn,i+1 = xn,i+Axn

As with Newton’s method for a single nonlinear equation, conver-
gence is not guaranteed. Newton’s iterative procedure for solving a sys-
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tem of nonlinear equations will likely converge provided the following
three conditions are met:

(i) The functions f, f5, ..., f, and their derivatives must be continu-
ous and bounded near the solution (root).

(if) The Jacobian must be nonzero, that is, J(f4, f5, ..., f,) #0, near
the solution.

(iif) The initial estimate (guess) of the solution must be sufficiently
close to the true solution.

Newton’s method for solving a system of » nonlinear equations is
summarized in the following algorithm:

Algorithm for Newton’s method for solving a system of nonlinear
equations

Given a system of » nonlinear equations,

1. Estimate (guess) an initial solution, x; ;, x; ;, ..., X, ;-

2. Calculate the Jacobian and the value of the f's on the right-hand
side of Eq. (3.59).

3. Solve Eq. (3.55) for Ax,, Ax,, ..., Ax,.

4. Calculate a new estimate of the solution, x; ;. 1, X ;415 - X i 415
using Eq. (3.56).

5. Calculate the error. If the new solution is not accurate enough,
assign the values of x; ;. 1, X) ;515 s X, 15110 Xy 4y Xp 35 -o0s X, ;» @D

start a new iteration beginning with Step 2.

Additional comments on Newton’s method for solving a system of
nonlinear equations

* The method, when successful, converges fast. When it does not con-
verge, it is usually because the initial guess is not close enough to the
solution.

* The partial derivatives (the elements of the Jacobian matrix) have to
be determined. This can be done analytically or numerically (numer-
ical differentiation is covered in Chapter 8). However, for a large
system of equations, the determination of the Jacobian might be dif-
ficult.

*  When the system of equations consists of more than three equations,
the solution of Eq. (3.55) has to be done numerically. Methods for
solving systems of linear equations are described in Chapter 4.

3.10.2 Fixed-Point Iteration Method for Solving a System of
Nonlinear Equations

The fixed-point iteration method discussed in Section 3.7 for solving a
single nonlinear equation can be extended to the case of a system of
nonlinear equations. A system of » nonlinear equations with the
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unknowns, x,, x,, ..., X,,, has the form:

=
fl(xl, x2, ...,xn) == 0
So(xy, x5, ..0,x,) = 0

(3.57)
fn(xl, x2, ceey xn) = 0
The system can be rewritten in the form:
x; = g1(xy, %5, ..., X,)
Xy = &(x1, %y, .., X,,) (3.58)

where the gs are the iteration functions. The solution process starts by
guessing a solution, x; i, x, ;, ..., X, 1, Which is substituted on the right-
hand side of Egs. (3.58). The values that are calculated by Eqgs. (3.58)
are the new (second) estimate of the solution, x; 5, X; ;415 o Xy 4 1-
The new estimate is substituted back on the right-hand side of Eqgs.
(3.58) to give a new solution, and so on. When the method works, the
new estimates of the solution converge toward the true solution. In this
case, the process is continued until the desired accuracy is achieved. For
example, the estimated relative error is calculated for each of the vari-
ables, and the iterations are stopped when the largest relative error is
smaller than a specified value.

Convergence of the method depends on the form of the iteration
functions. For a given problem there are many possible forms of itera-
tion functions since rewriting Egs. (3.57) in the form of Egs. (3.58) is
not unique. In general, several forms might be appropriate for one solu-
tion, or in the case where several solutions exist, different iteration
functions need to be used to find the multiple solutions. When using the
fixed-point iteration method, one can try various forms of iteration
functions, or it may be possible in some cases to determine ahead of
time if the solution will converge for a specific choice of gs.

The fixed-point iteration method applied to a set of simultaneous
nonlinear equations will converge under the following sufficient (but
not necessary) conditions:

dg, 0g, 0g, 0g  Og,

a_xl’ "7 ox, 0x, U ox, T ox
neighborhood of the solution.

are continuous in the

(l) 815 -5 &>

n
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+ +...+ <1
Ox,| |0x, Ox,
agZ + agz + ...+ 6g2 <1
(@) 0x,| |0x, 0x,,

(iii) The initial guess, x, |, X, 4, ..., X, 1, 18 sufficiently close to the solu-
tion.

3.11 PROBLEMS

Problems to be solved by hand
Solve the following problems by hand. When needed, use a calculator, or write a MATLAB script file to
carry out the calculations. If using MATLAB, do not use built-in functions for solving nonlinear equations.

3.1 The tolerance, rol, of the solution in the bisection method is given by to/ = %(bn -a,),where a, and

b, are the endpoints of the interval after the nth iteration. The number of iterations » that are required for
obtaining a solution with a tolerance that is equal to or smaller than a specified tolerance can be determined
before the solution is calculated. Show that » is given by:

nz

log2
where a and b are the endpoints of the starting interval and zo! is a user-specified tolerance.

3.2 Determine the root of f(x) = x—2e* by:

(a) Using the bisection method. Start with a = 0 and b = 1, and carry out the first three iterations.

(b) Using the secant method. Start with the two points, x, =0 and x, = 1, and carry out the first three iter-
ations.

(c) Using Newton’s method. Start at x; = 1 and carry out the first three iterations.

3.3 The location x of the centroid of an arc of a circle is given by:

rsmao
(0

Determine the angle o for which x = 34r.

X =

First, derive the equation that must be solved and then determine the root using —f-

the following methods:

(a) Use the bisection method. Start with a= 0.5 and 4= 1.5, and carry
out the first four iterations.

(b) Use the secant method. Start with the two points a;= 0.5 and
o, = 1.5, and carry out the first four iterations.

Y

=|
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3.4 The lateral surface area, S, of a cone is given by:

S = +h?
where r is the radius of the base and 4 is the height. Determine the radius of a
cone that has a surface area of 1800 m?2 and a height of 25 m. Solve by using

the fixed-point iteration method with » = + h?) as the iteration func-
tion. Start with » =17 m and calculate the first four iterations.

3.5 Determine the fourth root of 200 by finding the numerical solution of
the equation x*-200 = 0. Use Newton’s method. Start at x = 8 and carry
out the first five iterations.

3.6 Determine the positive root of the polynomial x3 +0.6x2+5.6 -4.8 .

(a) Plot the polynomial and choose a point near the root for the first estimate of the solution. Using New-
ton’s method, determine the approximate solution in the first four iterations.

(b) From the plot in part (a), choose two points near the root to start the solution process with the secant
method. Determine the approximate solution in the first four iterations.

3.7 The equation 1.2x3 +2x2-20x—10 = 0 has a root between x = —4 and x = —5. Use these values
for the initial two points and calculate the next four estimates for the solution using the secant method.

3.8 Find the root of the equation ./x + x2 = 7 using Newton’s method. Start at x = 7 and carry out the
first five iterations.

3.9 Theequation x3—-x—e*—2 = 0 has arootbetween x=2 and x= 3.

(a) Write four different iteration functions for solving the equation using the fixed-point iteration method.
(b) Determine which g(x) from part (a) could be used according to the condition in Eq. (3.30).

(c) Carry out the first five iterations using the g(x) determined in part (), starting with x =2.

3.10 The equation f(x) = x2-5x1/3+1 = 0 has a root between x =2 and x = 2.5. To find the root by
using the fixed-point iteration method, the equation has to be written in the form x = g(x) . Derive two pos-
sible forms for g(x) — one by solving for x from the first term of the equation, and the next by solving for
x from the second term of the equation.

(a) Determine which form should be used according to the condition in Eq. (3.30).

(b) Carry out the first five iterations using both forms of g(x) to confirm your determination in part (a).

3.11 The equation f(x) = 2x3—-4x2—-4x-20 = 0 has a root between x = 3 and x = 4. Find the root by
using the fixed-point iteration method. Determine the appropriate form of g(x) according to Eq. (3.30).
Start the iterations with x = 2.5 and carry out the first five iterations.

3.12 Determine the positive root of the equation cosx—0.8x2 = 0 by using the fixed-point iteration
method. Carry out the first five iterations.
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3.13 Solve the following system of nonlinear equations:
-2x3+3y2+42 =0
5x2+333-69 = 0
(a) Use Newton’s method. Startat x = 1, y = 1, and carry out the first five iterations.
532+ 13
3

(b) Use the fixed-point iteration method. Use the iteration functions y = (_ and

2 1/3
x= 7 2+ . Startat x = 1, y = 1, and carry out the first five iterations.

3.14 Solve the following system of nonlinear equations:
xX2+2x+2y2-26 = 0
2x3-32+4y-19 = 0
(a) Use Newton’s method. Start at x = 1, y = 1, and carry out the first five iterations.
(b) Use the fixed-point iteration method. Start at x = 1, y = 1, and carry out the first five iterations.

Problems to be programmed in MATLAB
Solve the following problems using the MATLAB environment. Do not use MATLAB's built-in functions for
solving nonlinear equations.

3.15 In the program of Example 3-1 the iterations are executed in the for-end loop. In the loop, the anon-
ymous function F is used twice (once in the command FxNS = F (xNS) and once in the command if
F (a) *FxNS < 0). Rewrite the program such that the anonymous function F is used inside the loop only
once. Execute the new program and show that the output is the same as in the example.

3.16 Write a MATLAB user-defined function that solves for a root of a nonlinear equation f(x) = 0 using
the bisection method. Name the function Xs =BisectionRoot(Fun, a, b). The output argument Xs is
the solution. The input argument Fun is a name for the function that calculates f(x) for a given x (it is a
dummy name for the function that is imported into BisectionRoot); a and b are two points that
bracket the root. The iterations should stop when the tolerance in f(x) (Eq. (3.5)) is smaller than 0.000001.
The program should check if points a and b are on opposite sides of the solution. If not, the program
should stop and display an error message. Use BisectionRoot to solve Problem 3.2.

3.17 Determining the square root of a number p, +/p, is the same as finding a solution to the equation

f(x)=x2—p=0. Write a MATLAB user-defined function that determines the square root of a positive
number by solving the equation using Newton’s method. Name the function Xs = SquareRoot(p). The out-
put argument Xs is the answer, and the input argument p is the number whose square root is determined.
The program should include the following features:

e It should check if the number is positive. If not, the program should stop and display an error message.
* The starting value of x for the iterations should be x = p.
* The iterations should stop when the estimated relative error (Eq. (3.9)) is smaller than 1 x 10-6.

e The number of iterations should be limited to 20. If a solution is not obtained in 20 iterations, the pro-
gram should stop and display an error message.

Use the function SquareRoot to determine the square root of (a) 729, (b) 1500, and (c) —72.
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3.18 Determining the natural logarithm of a number p, Inp, is the same as finding a solution to the equa-
tion f(x)=e*—p=0.Write a MATLAB user-defined function that determines the natural logarithm of a
number by solving the equation using the bisection method. Name the function x = Ln(p). The output argu-
ment X is the value of Inp , and the input argument p is the number whose natural logarithm is determined.
The program should include the following features:

* The starting values of a and b (see Section 3.3) are a = €% and b = p, respectively, if b>e!, and
a=-1/pand b = €%, respectively, if b<el.

* The iterations should stop when the tolerance (Eq. (3.7)) is smaller than 1 x 10-6.

¢ The number of iterations should be limited to 100. If a solution is not obtained in 100 iterations, the
function stops and displays an error message.

* If zero or a negative number is entered for p, the program stops and displays an error message.

Use the function Ln to determine the natural logarithm of (a) 510, (b) 1.35, (c) 1, and (¢) -7 .

3.19 A new method for solving a nonlinear equation f(x) =0 is proposed. The method is similar to the
bisection method. The solution starts by finding an interval [a, 5] that brackets the solution. The first esti-
mate of the solution is the midpoint between x = a and x = 5. Then the interval [q, 5] is divided into four
equal sections. The section that contains the root is taken as the new interval for the next iteration.

Write a MATLAB user-defined function that solves a nonlinear equation with the proposed new
method. Name the function Xs = QuadSecRoot(Fun, a, b), where the output argument Xs is the solu-
tion. The input argument Fun is a name for the function that calculates f(x) for a given x (it is a dummy
name for the function that is imported into QuadSecRoot), a and b are two points that bracket the root.
The iterations should stop when the tolerance, Eq. (3.7), is smaller than 10-%x,, (x,s is the current esti-

mate of the solution, Eq. (3.6)).
Use the user-defined QuadSecRoot function to solve the equations in Problems 3.2 and 3.3. For the
initial values of @ and b, take the values that are listed in part (a) of the problems.

3.20 Write a MATLAB user-defined function that solves a nonlinear equation f(x) =0 with the regula
falsi method. Name the function Xs = RegulaRoot(Fun, a, b, ErrMax), where the output argument
Xs is the solution. The input argument Fun is a name for the function that calculates f(x) for a given x (it
is a dummy name for the function that is imported into RegulaRoot), a and b are two points that bracket
the root, and ErrMax the maximum error according to Eq. (3.9).
The program should include the following features:
* Check if points a and b are on opposite sides of the solution. If not, the program should stop and dis-
play an error message.

* The number of iterations should be limited to 100 (to avoid an infinite loop). If a solution with the
required accuracy is not obtained in 100 iterations, the program should stop and display an error mes-
sage.

Use the function RegulaRoot to solve the equation in Problem 3.3 (use @ = 0.1, b = 1.4).

3.21 A new method for solving a nonlinear equation f(x) =0 is proposed. The method is a combination
of the bisection and the regula falsi methods. The solution starts by defining an interval [a, 5] that brackets
the solution. Then estimated numerical solutions are determined once with the bisection method and once
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with the regula falsi method. (The first iteration uses the bisection method.) Write a MATLAB user-defined
function that solves a nonlinear equation f(x) = 0 with this new method. Name the function Xs = BiRe-
gRoot(Fun, a, b, ErrMax), where the output argument Xs is the solution. The input argument Fun is a
name for the function that calculates f(x) for a given x (it is a dummy name for the function that is
imported into BiRegRoot), a and b are two points that bracket the root, and ErrMax is the maximum
error according to Eq. (3.9).
The program should include the following features:
» Check if points a and b are on opposite sides of the solution. If not, the program should stop and dis-
play an error message.

* The number of iterations should be limited to 100 (to avoid an infinite loop). If a solution with the
required accuracy is not obtained in 100 iterations, the program should stop and display an error mes-
sage.

Use the function RegulaRoot to solve the equation in Problem 3.3 (use a = 0.1, b = 1.4). For
ErrMax use 0.00001.

3.22 Modify the function NewtonRoot that is listed in Fig. 3-11, such that the input will have three
arguments. Name the function Xs = NewtonSol(Fun, FunDer, Xest). The output argument Xs is the
solution, and the input arguments Fun, FunDer, and Xest are the same as in NewtonRoot. The itera-
tions should stop when the estimated relative error (Eq. (3.9)) is smaller than 10-¢. The number of itera-
tions should be limited to 100 (to avoid an infinite loop). If a solution with the required accuracy is not
obtained in 100 iterations, the program should stop and display an error message. Use the function New-
tonSol to solve the equation that is solved in Example 3-2.

3.23 Modify the function NewtonRoot that is listed in Fig. 3-11, such that the output will have three
arguments. Name the function [Xs,FXs,iact] = NewtonRootMod(Fun, FunDer, Xest, Err, imax).
The first output argument is the solution, the second is the value of the function at the solution, and the
third is the actual number of iterations that are performed to obtain the solution. Use the function
NewtonRootMod to solve the equation that is solved in Example 3-2.

3.24 Steffensen’s method is a scheme for finding a numerical solution of an equation of the form
f(x) = 0 that is similar to Newton’s method but does not require the derivative of f(x). The solution pro-
cess starts by choosing a point x;, near the solution, as the first estimate of the solution. The next estimates
of the solution x, , are calculated by:

Xjoqg = X— f(xi)2
' LG () - f(x)
Write a MATLAB user-defined function that solves a nonlinear equation with Steffensen’s method. Name
the function Xs = SteffensenRoot(Fun, Xest), where the output argument Xs is the numerical solu-
tion. The input argument Fun is a name for the function that calculates f(x) for a given x (it is a dummy
name for the function that is imported into SteffensenRoot), and Xest is the initial estimate of the
solution. The iterations should stop when the estimated relative error (Eq. (3.9)) is smaller than 10-¢. The
number of iterations should be limited to 100 (to avoid an infinite loop). If a solution with the required
accuracy is not obtained in 100 iterations, the program should stop and display an error message.
Use the function SteffensenRoot to solve Problems 3.2 and 3.3.
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3.25 Write a user-defined MATLAB function that solves for all the real roots in a specified domain of a
nonlinear function f(x) = 0 wusing the bisection method. Name the function R=BisecAll-
Roots (fun, a,b, TolMax). The output argument R is a vector whose elements are the values of the
roots. The input argument Fun is a name for a function that calculates f(x) for a given x. (It is a dummy
name for the function that is imported into Bi secA11Roots.) The arguments a and b define the domain,
and TolMax is the maximum tolerance that is used by the bisection method when the value of each root is
calculated. Use the following algorithm:
1. Divide the domain [a, ] into 10 equal subintervals of length # such that # = (b-a)/10 .
2. Check for a sign change of f(x) at the endpoints of each subinterval.
3. If asign change is identified in a subinterval, use the bisection method for determining the root in that
subinterval.
4. Divide the domain [q, 5] into 100 equal subintervals of length # such that » = (b-a)/100.
5. Repeat step 2. If a sign change is identified in a subinterval, check if it contains a root that was already
obtained. If not, use the bisection method for determining the root in that subinterval.
6. If no new roots have been identified, stop the program.
7. If one or more new roots have been identified, repeat steps 4—6, wherein each repetition the number of
subintervals is multiplied by 10.
Use the function BisecAll1Roots, with To1Max value of 0.0001, to find all the roots of the equa-
tion x*—5.5x3-72x2+43x+36 = 0.

3.26 Examine the differences between the True Relative Error, Eq. (3.8), and the Estimated Relative

Error, Eq. (3.9), by numerically solving the equation f(x)=0.5¢*"* —40=0. The exact solution of the
equation is x = In(80)—2. Write a MATLAB program in a script file that solves the equation by using
Newton’s method. Start the iterations at x = 4, and execute 11 iterations. In each iteration, calculate the
True Relative Error (TRE) and the Estimated Relative Error (ERE). Display the results in a four-column
table (create a 2-dimensional array), with the number of iterations in the first column, the estimated numer-
ical solution in the second, and TRE and ERE in the third and fourth columns, respectively.

Problems in math, science, and engineering

Solve the following problems using the MATLAB environment. As stated, use the MATLAB programs that
are presented in the chapter, programs developed in previously solved problems, or MATLABs built-in
functions.

3.27 When calculating the payment of a mortgage, the relationship between the loan amount, Loan, the
monthly payment, MPay, the duration of the loan in months Months, and the annual interest rate, Rate, is
given by the equation (annuity equation):

MPay =
12 |1

(1 N Rate) Months
12

Determine the rate of a 20 years, $300,000 loan if the monthly payment is $1684.57.
(a) Use the user-defined function Stef fensenRoot from Problem 3.24.
(b) Use MATLAB?’s built-in function fzero.
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3.28 The operation of Resistance Temperature Detector (RTD) is based on the fact that the electrical resis-
tance of the detector material changes with temperature. For Nickel which is sometimes used in such

detectors, the resistance, R; , at temperature 7 (°C) as a function of temperature is given by:

Ry = Ry(1+AT +BT?+CT 4+ DT %)
where R, is the resistance of the detector at 0°C and A4 = 5485x103, B = 6.65x10°,
C = 2.805x 101, and D = -2 x 10-17 are constants. Consider a detector with R, = 100Q and determine

the temperature when its resistance is 300Q2 .
(a) Use the user-defined function NewtonSol given in Problem 3.22.
(b) Use MATLAB’s built-in fzero function.

3.29 A quarterback throws a pass to his wide receiver

running a route. The quarterback releases the ball at a “ .

height of 4, . The wide receiver is supposed to catch the 0

ball straight down the field 60 ft away at a height of 4. /B"ﬂ_"_‘"“‘-x\ I

The equation that describes the motion of the football is l - \63—

the familiar equation of projectile motion from physics: hQ_E b ¥
y = xtan(@)- 1281 .,y T s [

2 v2 cos?(0) 0

where x and y are the horizontal and vertical distance, respectively, g = 32.2 ft/s? is the acceleration due to
gravity, v, is the initial velocity of the football as it leaves the quarterback’s hand, and 6 is the angle the
football makes with the horizontal just as it leaves the quarterback’s throwing hand. For v, = 50 ft/s,
x =60 ft, hy = 6.5 ft, and hp =7 ft, find the angle 6 at which the quarterback must launch the ball.

(a) Use the user-defined function BisectionRoot that was developed in Problem 3.16.
(b) Use MATLAB built-in function fzero.

3.30 The van der Waals equation gives a relationship between the pressure P (in atm.), volume ¥ (in L),
and temperature 7 (in K) for a real gas:
RT n2a
Pl G
V—nb p?

where » is the number of moles, R = 0.08206 (L atm)/(mole K) is the gas constant, and a (in L2 atm/
mole?) and b (in L/mole) are material constants.

Consider 1.5 moles of nitrogen (a = 1.39 L%atm/mole?, » = 0.03913 L/mole) at 25°C stored in a
pressure vessel. Determine the volume of the vessel if the pressure is 13.5 atm.
(a) Use the user-defined function BisectionRoot given in Problem 3.16.
(b) Use the user-defined function SecantRoot given in Program 3-3. Use 0.0001 for Err.
(¢) Use MATLAB?’s built-in fzero function.
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3.31 The force F acting between a particle with a charge ¢ and a round

disk with a radius R and a charge Q is given by the equation: _“_‘
F= Q-‘I-Z(l _ z )
28 +R? 2

where g, = 0.885 x 10-12 Cz/(Nmz) is the permittivity constant and z is | v

the distance to the particle. Determine the distance z if F = 0.3N, '
0=94x10°%C,and ¢ = 24x105C,and R = 0.1 m.
(a) Use the user-defined function BisectionRoot that was developed

in Problem 3.16 with a starting interval of [0.1,0.2].

(b) Use the user-defined function SteffensenRoot from Problem 3.24.
(c¢) Use MATLAB’s built-in function fzero.

3.32 A simply supported I-beam is loaded with a distributed
load, as shown. The deflection, y, of the center line of the beam

T /w ’
as a function of the position, x, is given by the equation: //—(ﬂ", I s .
-

—
L L __t
where L = 4 m is the length, £ = 70 GPa is the elastic modu- vy
lus, I =529x 10°m* is the moment of inertia, and
wo = 20 kN/m.

Find the position x where the deflection of the beam is maximum, and determine the deflection at
this point. (The maximum deflection is at the point where gz =0.)
X

(a) Use the user-defined function NewtonSol given in Problem 3.22.

(b) Use the user-defined function SecantRoot given in Program 3-3. Use 0.0001 for Err, 1.5 for Xa.
and 2.5 for Xb.

(c¢) Use MATLAB’s built-in fzero function.

3.33 According to Archimedes’ principle, the buoyancy force acting
on an object that is partially immersed in a fluid is equal to the weight
that is displaced by the portion of the object that is submerged.

A spherical float with a mass of m, = 70kg and a diameter of 90 cm
is placed in the ocean (density of sea water is approximately p = 1030
kg/m3. The height, h, of the portion of the float that is above water can - -
be determined by solving an equation that equates the mass of the float _
to the mass of the water that is displaced by the portion of the float that

is submerged:

(3.59)
where, for a sphere of radius 7, the volume of a cap of depth d is given by:
V eap = %nd2(3r—d)
Write Eq. (3.59) in terms of 4 and solve for .
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(a) Use the user-defined function NewtonRoot given in Program 3-2. Use 0.0001 for Err, and 0.8 for
Xest.
(b) Use MATLAB’s built-in fzero function.

3.34 An ice cream drum is made of a waffle cone filled with ice cream
such that the ice cream above the cone forms a spherical cap. The volume
of the ice cream is given by:
V = n(ﬂ' + r’d + Pﬁ)

3 2 6
Determine H if ¥ = 1/3 U.S. pint (1 U.S pint = 28.875 in®), # = 4in.,
r = 1.1in.
(a) Use the user-defined function NewtonSol given in Problem 3.22.
(b) Use the user-defined function SteffensenRoot from Problem

3.24.

(¢) Use MATLAB’s built-in fzero function.

3.35 A bandpass filter passes signals with frequencies that are
within a certain range. In this filter the ratio of the magnitudes of
the voltages is given by

VO
V.

1

oRC
- 02LC)?+ (wRC)?

RV =

where o is the frequency of the input signal. Given R = 1000 €,

L= 11mH, and C = 8 uF, determine the frequency range that corresponds to RV >0.87 .
(a) Use the user-defined function BisectionRoot that was developed in Problem 3.16.
(b) Use the user-defined function Stef fensenRoot from Problem 3.24.

(¢) Use MATLAB?’s built-in function fzero.

3.36 Determining the value of 65/17 is the same as calculating the root of the function f(x) = 17x-65.
Determine the root, to accuracy of five decimal points, with the bisection method. Use the user-defined
function BisectionRoot from problem 3.16. Compare the result with the value calculated with a calcu-
lator.

3.37 The power output of a solar cell varies with the voltage it puts out. The voltage V,,, at which the out-
put power is maximum is given by the equation:

e(q Vmp/kBT)( @V oc/ksT)

1+

kyT

where ¥, is the open circuit voltage, T is the temperature in Kelvin, g = 1.6022 x 107"

C is the charge on

an electron, and k, = 1.3806 x 10> J/k is Boltzmann’s constant. For ¥, = 0.5V and room temperature

(T =297 K), determine the voltage V,,, at which the power output of the solar cell is a maximum.

(a) Write a program in a script file that uses the fixed-point iteration method to find the root. For starting
point, use ¥,,, = 0.5 V. To terminate the iterations, use Eq. (3.18) with &€ = 0.001.

(b) Use MATLAB?’s fzero built-in function.
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3.38 The volume ¥ of a torus-shaped water tube is given by:
= 120+ ) )
where r, and r, are the inside and outside radii, respectively, as shown in

the figure. Determine , if ¥ = 2500in? and r, = 18 in.

(a) Use the user-defined function NewtonSol given in Problem 3.22.

(b) Use the user-defined function Stef fensenRoot from Problem 3.24.
(¢) Use MATLAB?’s built-in fzero function.

3.39 A simplified model of the suspension of a car consists of
a mass, m, a spring with stiffness, &, and a dashpot with damp-
ing coefficient, ¢, as shown in the figure. A bumpy road can be

x = Xsin(ot—9¢)
t

m
modeled by a sinusoidal up-and-down motion of the wheel

y = Ysin(w¢). From the solution of the equation of motion for

this model, the steady-state up-and-down motion of the car

(mass) is given by x = Xsin(w?— ¢). The ratio between ampli- c k y Y= Y sin(wt)
tude X and amplitude Y is given by: O\ ¢

| @ | |
X

Y (k—me?) + (ec)

Assuming m =2500kg, k= 300kN/m, and ¢ =36 x 103 N-s/m, determine the frequency  for which
X/Y = 0.4 . Rewrite the equation such that it is in the form of a polynomial in ® and solve.

(a) Use the user-defined function BisectionRoot that was developed in Problem 3.16.

(b) Use MATLAB?’s built-in fzero function.

3.40 A coating on a panel surface is cured by radiant energy from
a heater. The temperature of the coating is determined by radiative
and convective heat transfer processes. If the radiation is treated as

diffuse and gray, the following nonlinear system of simultaneous _ Ambient at
equations determine the unknowns J,, T, J,, T,: P4l L] § sk
8,4 _
5.67x 10°T* +17.41T,—J, = 5188.18 Lo aiE o conting
J,—0.71J, +7.46T, = 235271 | +— pancl
8,4

5.67x10°T) +1.865T,—J, = 2250

J,—0.71J,+7.46T, = 11093
where J, and J, are the radiosities of the heater and coating surfaces, respectively, and T, and T, are the
respective temperatures.
(a) Show that the following iteration functions can be used for solving the nonlinear system of equations
with the fixed-point iteration method:
r - [Jc— 17.41T,+ 5188.18:|1/4 r = [2250+J,,— 1.865Th}1/4

567x10° 5.67x107°

(b) Solve the nonlinear system of equations with the fixed-point iteration method using the iteration func-
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tions from part (a). Use the following initial values: 7, = T, = 298 K, J_. = 3000 W/m?, and
J, = 5000 W/m?. Carry out 100 iterations, and plot the respective values to observe their conver-
gence. The final answers should be T, = 481 K, J, = 6222 W/m?, T, = 671K, J, = 10504 W/m?.

3.41 If a basketball is dropped from a helicopter, its velocity as a function
of time v(#) can be modeled by the equation:

_ [2mg (| - ‘
v(?) pACd(l e )

where g = 9.81m/s” is the gravitation of the Earth, C, = 0.5 is the drag

coefficient, p = 1.2 kg/m3 is the density of air, m is the mass of the basket-
ball in kg, and 4 = =r?2 is the projected area of the ball (» = 0.117 m is the

radius). Note that initially the velocity increases rapidly, but then due to the

resistance of the air, the velocity increases more gradually. Eventually the

velocity approaches a limit that is called the terminal velocity. Determine V
the mass of the ball if at # = 5s the velocity of the ball was measured to be

19.5 m/s.

(a) Use the user-defined function SecantRoot given in Program 3-3. Use 0.0001 for Err.
(b)) MATLAB?’s built-in fzero function.
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Solving a System of Linear

Equations

P

Core Topics
Gauss elimination method (4.2).

Gauss elimination with pivoting (4.3).
Gauss—Jordan elimination method (4.4).

LU decomposition method (4.5).
Inverse of a matrix (4.6)

Iterative methods (Jacobi, Gauss—Seidel) (4.7).

~
Use of MATLAB’s built-in functions for solving a

system of linear equations (4.8).
Complementary Topics
Tridiagonal systems of equations (4.9).

Error, residual, norms, and condition number (4.10).
lll-conditioned systems (4.11).

Figure 4-1: Electrical circuit.

4.1 BACKGROUND

Systems of linear equations that have to be solved simultaneously arise
in problems that include several (possibly many) variables that are
dependent on each other. Such problems occur not only in engineering
and science, which are the focus of this book, but in virtually any disci-
pline (business, statistics, economics, etc.). A system of two (or three)
equations with two (or three) unknowns can be solved manually by sub-
stitution or other mathematical methods (e.g., Cramer’s rule, Section
2.4.6). Solving a system in this way is practically impossible as the
number of equations (and unknowns) increases beyond three.

An example of a problem in electrical engineering that requires a
solution of a system of equations is shown in Fig. 4-1. Using Kirch-
hoff’s law, the currents i,, i,, i;, and i, can be determined by solving
the following system of four equations:

9i, —4iy—2i; = 24

—4i) +17iy— 6i3— 3i, = —16
— 2, — 6iy + 14i;— 6i, = 0
—3i,—6iy+ 11i, = 18

@.1)

99
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| 20m |

Figure 4-2: Eight-member truss.

ap A - Q| | % b,
Ay G --- Qop| [ Xy b,
an1 %) < Qun Xn bn

Figure 4-3: A system of »
linear algebraic equations.

ap ap a3 Ay X, b,
0 ay ay ay x, b,
0 0 apay x3 by

O 0 0 a44 x4 b4

Figure 4-4: A system of four
equations in upper triangular
form.

Obviously, more complicated circuits may require the solution of a sys-
tem with a larger number of equations. Another example that requires a
solution of a system of equations is calculating the force in members of
a truss. The forces in the eight members of the truss shown in Fig. 4-2
are determined from the solution of the following system of eight equa-
tions (equilibrium equations of pins 4, B, C, and D):

0.9231F ,» = 1690 ~F,;—03846F , = 3625
F,5—0.7809F 5 = 0 0.6247F g~ Fpp = 0
Fep+0.8575Fp; = 0 Fgp—05145Fp,—Fpr = 0 (4.2)

0.3846F o — 0.3846 F ;. — 0.7809F y.— Fopy = 0
0.9231F ;- +0.6247F g —0.9231F oy = 0

There are applications, for example, in finite element and finite differ-
ence analysis, where the system of equations that has to be solved con-
tains thousands (or even millions) of simultaneous equations.

4.1.1 Overview of Numerical Methods for Solving a System
of Linear Algebraic Equations

The general form of a system of # linear algebraic equations is:
apx;tapx,+...+a,x, = b
Ay X1+ apXxy+ ...+ ay,x, = by
) ) i (4.3)
a,1%1 + VR Tt Qun¥n = bn
The matrix form of the equations is shown in Fig. 4-3. Two types of
numerical methods, direct and iterative, are used for solving systems of
linear algebraic equations. In direct methods, the solution is calculated
by performing arithmetic operations with the equations. In iterative
methods, an initial approximate solution is assumed and then used in an
iterative process for obtaining successively more accurate solutions.

Direct methods

In direct methods, the system of equations that is initially given in the
general form, Eqgs. (4.3), is manipulated to an equivalent system of
equations that can be easily solved. Three systems of equations that can
be easily solved are the upper triangular, lower triangular, and diago-
nal forms.
The upper triangular form is shown in Egs. (4.4), and is written in
a matrix form for a system of four equations in Fig. 4-4.
apx;tapx,tapx;+...+ta,x, = b
AypXytayis+ ... +tay,x, = b,
QX3+ ...+ a3,x, = by

4.4

Aunkn = bn

The system in this form has all zero coefficients below the diagonal and
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a; 0 0 0] x b,

ay ap 0 0| x| _ |by
a3; A3 A3z 0| X3 by
Qg1 Qg Qg3 Aga| X4 b,

Figure 4-5: A system of four
equations in lower triangular
form.

is solved by a procedure called back substitution. It starts with the last
equation, which is solved for x,. The value of x, is then substituted in
the next-to-the-last equation, which is solved for x, ;. The process
continues in the same manner all the way up to the first equation. In the
case of four equations, the solution is given by:

b by — (Ay3x5 + ayyx
by X, = 2 23%3 T Ay 4)’ and

3
Qyy an

X4 =

v = by — (apxy +ayx; + ayx,)
1

an
For a system of n equations in upper triangular form, a general formula
for the solution using back substitution is:

(4.5)

X, = —— i=n-1,n-2,...,1

In Section 4.2 the upper triangular form and back substitution are used
in the Gauss elimination method.

The lower triangular form is shown in Egs. (4.6), and is written in
matrix form for a system of four equations in Fig. 4-5.

anx,
ay %)t anx,

a3 x) tapx; +azx;

" e (4.6)

The system in this form has zero coefficients above the diagonal. A sys-
tem in lower triangular form is solved in the same way as the upper tri-
angular form but in an opposite order. The procedure is called forward
substitution. It starts with the first equation, which is solved for x,. The
value of x, is then substituted in the second equation, which is solved
for x,. The process continues in the same manner all the way down to
the last equation. In the case of four equations, the solution is given by:
ﬁ, - by —ay x, %5 = b3‘(“31x1+032x2)’ and

an a2 a33
_ by—(agyx, +agpx,; +asx;)

xl =

Xq

m 4.7)

For a system of n equations in lower triangular form, a general formula
for the solution using forward substitution is:



102

Chapter 4  Solving a System of Linear Equations

Figure 4-6: A system of four
equations in diagonal form.

an dp A3 Ay X, b,
Gy G A3 Gys X, b,
a3 Az A33 A3q Xy b,
Qg1 Ay Qg3 A4s X4 b,

Figure 4-7: Matrix form of a
system of four equations.

(4.8)

In Section 4.5 the lower triangular form is used together with the upper
triangular form in the LU decomposition method for solving a system of
equations.

The diagonal form of a system of linear equations is shown in Egs.
(4.9), and is written in matrix form for a system of four equations in
Fig. 4-6.

(4.9)

A system in diagonal form has nonzero coefficients along the diagonal
and zeros everywhere else. Obviously, a system in this form can be eas-
ily solved. A similar form is used in the Gauss—Jordan method, which is
presented in Section 4.4.

From the three forms of simultaneous linear equations (upper trian-
gular, lower triangular, diagonal) it might appear that changing a given
system of equations to the diagonal form is the best choice because the
diagonal system is the easiest to solve. In reality, however, the total
number of operations required for solving a system is smaller when
other methods are used.

Three direct methods for solving systems of equations—Gauss
elimination (Sections 4.2 and 4.3), Gauss—Jordan (Section 4.4), and LU
decomposition (Section 4.5)—and two indirect (iterative) methods—
Jacobi and Gauss—Seidel (Section 4.7)—are described in this chapter.

4.2 GAUSS ELIMINATION METHOD

The Gauss elimination method is a procedure for solving a system of
linear equations. In this procedure, a system of equations that is given in
a general form is manipulated to be in upper triangular form, which is
then solved by using back substitution (see Section 4.1.1). For a set of
four equations with four unknowns the general form is given by:

ay Xy +apX; tapx; tagx, = b (4.10q)
Ay X1 T apxy tayxs+apx, = b2 (4.106) (410)
a3 Xyt ayx, +azx; +ayx, = b, (4.10¢)
X1+ Xy + apxy+aux, = b, (4.10d)

The matrix form of the system is shown in Fig. 4-7. In the Gauss elimi-
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apn 42 913 A x,
] ] ]

0 dy a'ydy Xy
] ]

0 0 dydy x

Figure 4-8: Matrix form of
the equivalent system.

ap ap ap ay x b,
0 dyadyady x b'y
Q3] A3y A3z A3y Xy bs
Q41 gy g3 Ay Xy b,

Figure 4-9: Matrix form of the
system after eliminating a,,.

nation method, the system of equations is manipulated into an equiva-
lent system of equations that has the form:

anx tapX; tapx;tagx, = b (4.11a)
ayp¥; +ayxyt+ayx, = b; (4.11b) 4.11)

ayxytayx, = by (4.11¢)

ayx, = by (4.114d)

The first equation in the equivalent system, (4.11a), is the same as
(4.10q). In the second equation, (4.110), the variable x, is eliminated.
In the third equation, (4.11c), the variables x, and x, are eliminated. In
the fourth equation, (4.11d), the variables x;, x,, and x; are elimi-
nated. The matrix form of the equivalent system is shown in Fig. 4-8.
The system of equations (4.11) is in upper triangular form, which can be
easily solved by using back substitution.

In general, various mathematical manipulations can be used for
converting a system of equations from the general form displayed in
Eqgs. (4.10) to the upper triangular form in Egs. (4.11). One in particu-
lar, the Gauss elimination method, is described next. The procedure can
be easily programmed in a computer code.

Gauss elimination procedure (forward elimination)

The Gauss elimination procedure is first illustrated for a system of four
equations with four unknowns. The starting point is the set of equations
that is given by Egs. (4.10). Converting the system of equations to the
form given in Egs. (4.11) is done in steps.

Step 1: In the first step, the first equation is unchanged, and the terms
that include the variable x, in all the other equations are eliminated.
This is done one equation at a time by using the first equation, which is
called the pivot equation. The coefficient ay; is called the pivot coeffi-
cient, or the pivot element. To eliminate the term a,,x, in Eq. (4.100),
the pivot equation, Eq. (4.10a), is multiplied by m,, = a,,/a;; , and
then the equation is subtracted from Eq. (4.105):

my(@y Xy +apx, +apx; tayxy) = my b,

0+ (ayy —myyayp)xy + (Gg3 — My ay3)X3 + (g — My1@14) Xy = by—my by
P—

b,

It should be emphasized here that the pivot equation, Eq. (4.10a), itself
is not changed. The matrix form of the equations after this operation is
shown in Fig. 4-9.

Next, the term a;;x; in Eq. (4.10c) is eliminated. The pivot equa-

tion, Eq. (4.10a), is multiplied by m;, = a;,/a;; and then is subtracted
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from Eq. (4.10¢):

an dip i3 dis xg b,
0 a‘22 a'23 a'24 x2 b'z b
' ' ' , My (@1 X T A19Xy T A13Xy T AaXy) = M
0 d'ydydy x b, si{@n Xy tapx, tapx; +ayx,) 3191
Ay Qg Qg3 Qgq X b
4 N 0+ (a3, —my app)x; + (asy —myay3)x; + (asg —my a14)xs = by—my by
L | L 1 L 1 L 1
Figure 4-10: Matrix form of the a5 dy 'y b
system after eliminating a;,. The matrix form of the equations after this operation is shown in Fig. 4-
10.

Next, the term a,;x; in Eq. (4.104) is eliminated. The pivot equa-
tion, Eq. (4.10a), is multiplied by m,, = a,,/a;; and then is subtracted
from Eq. (4.104d):

B anXx;tapx, taux;t+ QX4 = b4

my (@) %)+ apXy +agxy tax,) = myb,
0+ (agy —my ayp)x; + (ags —maya13)x3 + (agq —my ay4)xq = by—my by
L | L 1 L 1 L 1
a'y 'y ad'ay b,
This is the end of Szep 1. The system of equations now has the follow-
a1 A2 913 s X, b - P Y 1
o, ' ing form:
0 dydydy x, by
0 d'w d d B ap Xy tapX; tapxytagx, = b (4.12a)
32 %33 834 X3 3 0+da +4 +q = b 4.12b
0 dudud b ApXp T Ap3Xy T ApXy = ) (4.12) (4.12)
T Qo Gu X Oy 0+ alyx, + axs +ayx, = b (4.12¢)
0+alyx, +ayzx;+ayx, = by (4.124)

Figure 4-11: Matrix form of the ) ) ) .. I
system after eliminating ;. The matrix form of the equations after this operation is shown in Fig. 4-

11. Note that the result of the elimination operation is to reduce the first
column entries, except a;, (the pivot element), to zero.
Step 2: In this step, Eqs. (4.12a) and (4.120) are not changed, and the
terms that include the variable x, in Egs. (4.12c) and (4.124d) are elimi-
nated. In this step, Eq. (4.12b) is the pivot equation, and the coefficient
d'5, is the pivot coefficient. To eliminate the term a',x, in Eq. (4.12¢),
the pivot equation, Eq. (4.12b), is multiplied by ms,= d'5,/@'5; and
then is subtracted from Eq. (4.12¢):
apn dp 413 A x;
0 dy dy dy x

' ! L] —_ {}
0 0 a'yad'y x My (@99 Xy + @'93X5 + d'yyx,) = mayb'y

0 dy, dys du x,
0+ (a'y3 —m3pd'y)xy + (a3 —mypd'yy)xy = b'y—myb,
Figure 4-12: Matrix form of the L | L i i ,

. 5 s aH all bll
system after eliminating a;,. 33 34 3
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apn ap a3 Ay x; b,
0 dy dy dy x, b,
0 0 ayd'y x, b
0 0 a"y30a"4, X4 b,

Figure 4-13: Matrix form of the
system after eliminating a,,.

ap ap a3 Ay X b,
0 dy dy ady x, b,
0 0 a'ya'y x b
0 0 0 a" x, b,

Figure 4-14: Matrix form of the
system after eliminating a,;.

The matrix form of the equations after this operation is shown in Fig. 4-
12.

Next, the term a'y,x, in Eq. (4.12d) is eliminated. The pivot equa-
tion, Eq. (4.12b), is multiplied by m,,= @'422/@3 and then is subtracted
from Eq. (4.124d):

Xyt dagxs T daexy = by

— '
my(@y¥y + d'pXy + dguXy) = mypb's

J — \ '
0+ (d'y3 — man@'ys)xs + (d'gg = Map@'y)xy = b'y—myb
L | L | L 1

" Ul "
a3 44 b",

This is the end of Szep 2. The system of equations now has the follow-
ing form:

ay Xy T apx; tapx;tayx, = b (4.13a)
0 +ahyx, + Gy Xy + ahyxy = bh (4130) 4 13)
0+ 0 +a%xytagyx, = b (4.13¢)
0+ 0 +aljx;+aiyx,=>b" (4.134d)

The matrix form of the equations at the end of Step 2 is shown in Fig. 4-
13.

Step 3: In this step, Egs. (4.13a), (4.13b), and (4.13c) are not changed,
and the term that includes the variable x, in Eq. (4.134) is eliminated.
In this step, Eq. (4.13¢) is the pivot equation, and the coefficient a"y; is
the pivot coefficient. To eliminate the term a";3x; in Eq. (4.13d), the
pivot equation is multiplied by m,; = a"43/@"33 and then is subtracted
from Eq. (4.134d):

" " TR "

"n ua "
My (@333 +a@"34x,) = myyb"s

(an44 _ m43 (1"34))(?4 — b"4 —my, b“3
L 1 | 1
a“l44 bl"4
This is the end of Szep 3. The system of equations is now in an upper tri-
angular form:

apx) +apx; tapx;tapx, = by (4.14a)
0 +aj,x, +ajxs+anx, = b) (4.140) (4.14)
0+ 0 +a%xyt+ayx, = b} (4.14¢)
0+ 0 + 0 +alx, = b (4.14d)

The matrix form of the equations is shown in Fig. 4-14. Once trans-
formed to upper triangular form, the equations can be easily solved by
using back substitution. The three steps of the Gauss elimination pro-
cess are illustrated together in Fig. 4-15.
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ap diz A3 Aia | | xy ay ap ap ay || x, b, an Az 13 A || x, b,
g1 Ay 3 Ay || Xy| _ ) dpdydul|lx, b, 0 a5 dn du|lx| _ |b;
a3 A3 A3z Ay | | X5 %) a'yy d'y3 Ay || x5 b's 0 % d'y3 'y || xs b"s
Ay Qgp Qg3 Agq || X4 ) d'y A3 A'as || x4 by 0 9K d"s3 d"s||x, b",

Initial set of equations. Step 1. Step 2.

dap dp ap dy ||x b, ay dyp a3 Ay || x b,

0 dyp dy dy||x| _ | b, 0 dyp dy dul||x| |b,

0 0 a"s; a4 ||x; - b"y 0 0 a"s a"4||xs i b"y

0 0 Xya"ul|lx,| |om, 0 0 0 allx,| [bm,

Pivot Pivot row
Step 3. Equations in upper triangular form. element

Figure 4-15: Gauss elimination procedure.

Example 4-1 shows a manual application of the Gauss elimination
method for solving a system of four equations.

Example 4-1: Solving a set of four equations using Gauss elimination.

Solve the following system of four equations using the Gauss elimination method.
4x,—2x,—3x3+6x, = 12
—6x,+7x,+65x3—6x, = —6.5
X, +7.5x,+625x3+5.5x, = 16
—12x; +22x, + 15.5x;— x4 = 17
SOLUTION
The solution follows the steps presented in the previous pages.
Step 1: The first equation is the pivot equation, and 4 is the pivot coefficient.
Multiply the pivot equation by m,; = (-6)/4= —1.5 and subtract it from the second equation:
. —6x;+7x,+65x3—6x, = —6.5
(=1.5)(4x, — 2x, — 3x; + 6x4) = (~6/4) - 12
Ox; +4x,+2x3+3x, = 11.5
Multiply the pivot equation by ms; =(1/4)=0.25 and subtract it from the third equation:
X, +7.5%,+625x; +5.5x, = 16
(0.25)(4x; —2x,—3x;+6x4) = (1/4)-12
Ox; +8xy +7x;3+4x, = 13

Multiply the pivot equation by m,; =(~12)/4 = -3 and subtract it from the fourth equation:
—12x; +22x, + 15.5x%3 — x4, = 17
(-3)(4x;—2x,—3x3+6x4) = -3-12
O0x; +16x, +6.5x3+17x4 = 53
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At the end of Step 1, the four equations have the form: 4x,—2xy,— 3x3+ 6x, = 12
4x,+ 2x3+ 3x, = 115
8x, + Tx;+ 4x, =13

16x, +6.5x; +17x, = 53
Step 2: The second equation is the pivot equation, and 4 is the pivot coefficient.
Multiply the pivot equation by m,, =8/4 =2 and subtract it from the third equation:
8xy+Tx3+4x, = 13
2(4x,+2x;+3x,) = 2-11.5
Ox, +3x;3—2x, = -10
Multiply the pivot equation by m,, = 16/4 = 4 and subtract it from the fourth equation:
_ 16x, + 6.5x5 +17x, = 53
4(4x,+2x,+3x,) = 4115
Oxy—1.5x3+5x, = 7
At the end of Step 2, the four equations have the form: 4x;—2x,—3x3+6x, = 12
4xy+2x5+3x, = 11.5
3x;-2x, = -10

—1.5x;+5x, = 7
Step 3: The third equation is the pivot equation, and 3 is the pivot coefficient.
Multiply the pivot equation by m,;=(-1.5)/3=-0.5 and subtract it from the fourth equation:
—1.5x;3+5x, =7
—0.5(3x;—2x4) = —0.5--10
Ox;+4x, = 2
At the end of Step 3, the four equations have the form: 4x,—2x,—3x;+6x, = 12
4x,+2x;+3x, = 11.5
3x3—2x4 = -10
4x, = 2
Once the equations are in this form, the solution can be determined by back substitution. The value
of x4 is determined by solving the fourth equation:
X, =2/4 =05
Next, x, is substituted in the third equation, which is solved for x; :
-10+2x, _ -10+2-05 _
3 3 -
Next, x, and x, are substituted in the second equation, which is solved for x,:
e 11-5—24x3—3x4 _ 115~-(2 —2)—(3 10.5) _ 4

X3 = =3

Lastly, x4, x5 and x, are substituted in the first equation, which is solved for x; :

_12+2x, 43, -6, _ 1242.4+3.-3-(6-05) _,
4 4

X1
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The extension of the Gauss elimination procedure to a system with
n number of equations is straightforward. The elimination procedure
starts with the first row as the pivot row and continues row after row
down to one row before the last. At each step, the pivot row is used to
eliminate the terms that are below the pivot element in all the rows that
are below. Once the original system of equations is changed to upper
triangular form, back substitution is used for determining the solution.

When the Gauss elimination method is programmed, it is conve-
nient and more efficient to create one matrix that includes the matrix of
coefficients [a] and the right-hand-side vector [b]. This is done by
appending the vector [5] to the matrix [a], as shown in Example 4-2,
where the Gauss elimination method is programmed in MATLAB.

Example 4-2: MATLAB user-defined function for solving a system of equations using

Gauss elimination.

vector of the solution.

(b) Solve the system of Egs. (4.1).
SOLUTION

the program ab, has the form:

assigned to the column vector x.

Use the user-defined function Gauss to
(a) Solve the system of equations of Example 4-1.

all a12 a13 cee
a21 022 023 cee

031 032 033 ces

Qpy Qpy Ap3 ---

all 012 (113 e

0 022 a23 cee

|00 0 ..

Write a user-defined MATLAB function for solving a system of linear equations, [a][x]=[b], using
the Gauss elimination method. For function name and arguments, use x = Gauss (a, b) , where a is
the matrix of coefficients, b is the right-hand-side column vector of constants, and x is a column

The following user-defined MATLAB function solves a system of linear equations. The program
starts by appending the column vector [5] to the matrix [a]. The new augmented matrix, named in

a;
a,

as

a

Next, the Gauss elimination procedure is applied (forward elimination). The matrix is changed such
that all the elements below the diagonal of a are zero:

A1n

ann

At the end of the program, back substitution is used to solve for the unknowns, and the results are

n
n
n

b

nn

"._

b,

b

n
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[ Program 4-1: User-defined function. Gauss elimination. ]

function x = Gauss(a,b)

% The function solves a system of linear equations [a] [x] = [b] using the Gauss
% elimination method.

% Input variables:

% a The matrix of coefficients.

% b Right-hand-side column vector of constants.

% Output variable:

% x A column vector with the solution.

ab = [a,b]; [ Append the column vector [5] to the matrix [a].]

[R, C] = size(ab);

for j =1:R - 1 I?F?ﬁ???ﬂ' -

for i = j + 1:R Gauss elimination
ab(i,j:C) = ab(i,j:C)- ab(i,j)/ab(j,j)*ab(j,j:C); procedure (forward
end L 1 L I 1 elimination).

\
end [ The multiplier m;; J | Pivot equation.

X = zeros(R,1);

x(R) = ab(R,C)/ab(R,R);

for i = R - 1:-1:1 —{ Back substitution. |
x(i) = (ab(i,C) - ab(i,i + 1:R)*x(i + 1:R))/ab(i,i);

end

The user-defined function Gauss is next used in the Command Window, first to solve the system of
equations of Example 4-1, and then to solve the system of Eqs. (4.1).

>> A=[4 -2 -3 6; -6 7 6.5 -6; 1 7.5 6.25 5.5; -12 22 15.5 -1];
> B = [12; -6.5; 16; 17];
>> sola = Gauss (A,B)
sola =
2.0000

4.0000 Solution for part (a).
-3.0000
0.5000
> C=[9 -4 -2 0; -417 -6 -3; -2 -6 14 -6; 0 -3 -6 11];
> D = [24; -16; 0; 18];
>> solb = Gauss (C,D)
solb =
4.0343

1.6545 Solution for part (b).
2.8452

3.6395
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4.2.1 Potential Difficulties When Applying the Gauss
Elimination Method

The pivot element is zero

Since the pivot row is divided by the pivot element, a problem will arise
during the execution of the Gauss elimination procedure if the value of
the pivot element is equal to zero. As shown in the next section, this sit-
uation can be corrected by changing the order of the rows. In a proce-
dure called pivoting, the pivot row that has the zero pivot element is
exchanged with another row that has a nonzero pivot element.

The pivot element is small relative to the other terms in the pivot row

Significant errors due to rounding can occur when the pivot element is
small relative to other elements in the pivot row. This is illustrated by
the following example.

Consider the following system of simultaneous equations for the
unknowns x; and x,:

0.0003x, +12.34x, = 12.343
0.4321x, +x, = 5.321

The exact solution of the system is x; = 10and x, = 1.

The error due to rounding is illustrated by solving the system using
Gaussian elimination on a machine with limited precision so that only
four significant figures are retained with rounding. When the first equa-
tion of Egs. (4.15) is entered, the constant on the right-hand side is
rounded to 12.34.

The solution starts by using the first equation as the pivot equation
and a;;= 0.0003 as the pivot coefficient. In the first step, the pivot
equation is multiplied by m,,= 0.4321/0.0003 = 1440. With four signifi-
cant figures and rounding, this operation gives:

(1440)(0.0003x, + 12.34x,) = 1440 - 12.34

(4.15)

or:
0.4320x, + 17770x, = 17770

The result is next subtracted from the second equation in Egs. (4.15):

0.4321x, +x, = 5.321

0.4320x, + 17770x, = 17770
0.0001x, — 17770x, = —17760
After this operation, the system is:
0.0003x, + 12.34x, = 12.34
0.0001x, — 17770x, = —17760
Note that the a,, element is not zero but a very small number. Next, the
value of x, is calculated from the second equation:

L = Z17760
2 17770
Then x, is substituted in the first equation, which is solved for x;:

= 0.9994
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X = 12.34 - . _ 1234-12.33 _ 0.01
0.0003 0.0003 0.0003
The solution that is obtained for x, is obviously incorrect. The incorrect
value is obtained because the magnitude of a,, is small when compared
to the magnitude of a,,. Consequently, a relatively small error (due to
round-off arising from the finite precision of a computing machine) in
the value of x, can lead to a large error in the value of x,.
The problem can be easily remedied by exchanging the order of the
two equations in Egs. (4.15):

0.4321x, +x, = 5.321
0.0003x; +12.34x, = 12.343

= 33.33

(4.16)

Now, as the first equation is used as the pivot equation, the pivot coeffi-
cientis a;;= 0.4321. In the first step, the pivot equation is multiplied by
m,; = 0.0003/0.4321 = 0.0006943 . With four significant figures and
rounding this operation gives:

(0.0006943)(0.4321x; + x,) = 0.0006943 - 5.321

or:
0.0003x, + 0.0006943x, = 0.003694
The result is next subtracted from the second equation in Egs. (4.16):
0.0003x; +12.34x, = 12.34
0.0003x; +0.0006943x, = 0.003694

12.34x, = 12.34
After this operation, the system is:

0.4321x, +x, = 5.321

Ox, +12.34x, = 12.34
Next, the value of x, is calculated from the second equation:

_ 1234 _
12.34
Then x, is substituted in the first equation that is solved for x;:
g = 3211 _ 4,
0.4321

The solution that is obtained now is the exact solution.

In general, a more accurate solution is obtained when the equations
are arranged (and rearranged every time a new pivot equation is used)
such that the pivot equation has the largest possible pivot element. This
is explained in more detail in the next section.

Round-off errors can also be significant when solving large systems
of equations even when all the coefficients in the pivot row are of the
same order of magnitude. This can be caused by a large number of oper-
ations (multiplication, division, addition, and subtraction) associated
with large systems.
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After the first step, the second
equation has a pivot element that
is equal to zero.

an A a3 Al |x, b,
0 0 d'y dy|x,| |8
0 d'y, d'y3 d'yl|x, by
0 d'yy d's3 d'as||x, b,

Using pivoting, the second
equation is exchanged with

the third equation.

an Ay a3 A4 |x; b,
] ] ]

0 d'yp a's3 dy (x|  |By
1 1

0 0 023 024 )‘,‘3 bIZ
1 A} \l

0 dy dyy dy|x, by

Figure 4-16: Illustration of
pivoting.

4.3 GAUSS ELIMINATION WITH PIVOTING

In the Gauss elimination procedure, the pivot equation is divided by the
pivot coefficient. This, however, cannot be done if the pivot coefficient
is zero. For example, for the following system of three equations:

Ox;+2x,+3x; = 46

4x,-3x,+2x; = 16

2x; +4x,-3x5 = 12
the procedure starts by taking the first equation as the pivot equation
and the coefficient of x,, which is 0, as the pivot coefficient. To elimi-
nate the term 4x, in the second equation, the pivot equation is supposed
to be multiplied by 4/0 and then subtracted from the second equation.
Obviously, this is not possible when the pivot element is equal to zero.
The division by zero can be avoided if the order in which the equations
are written is changed such that in the first equation the first coefficient
is not zero. For example, in the system above, this can be done by
exchanging the first two equations.

In the general Gauss elimination procedure, an equation (or a row)
can be used as the pivot equation (pivot row) only if the pivot coeffi-
cient (pivot element) is not zero. If the pivot element is zero, the equa-
tion (i.e., the row) is exchanged with one of the equations (rows) that
are below, which has a nonzero pivot coefficient. This exchange of
rows, illustrated in Fig. 4-16, is called pivoting.

Additional comments about pivoting

e If during the Gauss elimination procedure a pivot equation has a
pivot element that is equal to zero, then if the system of equations
that is being solved has a solution, an equation with a nonzero ele-
ment in the pivot position can always be found.

* The numerical calculations are less prone to error and will have
fewer round-off errors (see Section 4.2.1) if the pivot element has a
larger numerical absolute value compared to the other elements in
the same row. Consequently, among all the equations that can be
exchanged to be the pivot equation, it is better to select the equation
whose pivot element has the largest absolute numerical value. More-
over, it is good to employ pivoting for the purpose of having a pivot
equation with the pivot element that has a largest absolute numerical
value at all times (even when pivoting is not necessary).

The addition of pivoting to the programming of the Gauss elimination
method is shown in the next example. The addition of pivoting every
time a new pivot equation is used, such that the pivot row will have the
largest absolute pivot element, is assigned as an exercise in Problem
4.21.
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Example 4-3: MATLAB user-defined function for solving a system of equations using

Gauss elimination with pivoting.

Write a user-defined MATLAB function for solving a system of linear

equations [a][x] = [»] using the Gauss elimination method with piv- 4000 ¥
oting. Name the function x = GaussPivot (a,b), where a is the g 4 25°
matrix of coefficients, b is the right-hand-side column vector of con- T
stants, and x is a column vector of the solution. Use the function to 12m Sm
determine the forces in the loaded eight-member truss that is shown 2 c
in the figure (same as in Fig. 4-2).
12

SOLUTION “Lﬂ
The forces in the eight truss members are determined from the set of 4 £

fe—20m —]

eight equations, Eqs. (4.2). The equations are derived by drawing free
body diagrams of pins 4, B, C, and D and applying equations of equilibrium. The equations are
rewritten here in a matrix form (intentionally, the equations are written in an order that requires piv-
oting):

= q1|F = 5
0 0922. 0 00 0 0 ol ** [1690
-1-03846 0 0 0 0 o of[fac| 3625
0 0 0 01 o0 0875 0f|Fsc 0
1 0 078090 0 0 0 Of|Fsp| _| 0 4.17)
0 -0.3846 —0.7809 0 -1 03846 0 0 ||Fp 0
0 09231 06247 0 0 -09231 0 O0||F,, 0
0 0 06247 -10 0 0 0lp 0

DE

0 0 0 10 0 -05145-1 0

= =! _FDF_ = .

The function GaussPivot is created by modifying the function Gauss listed in the solution of
Example 4-2.

[ Program 4-2: User-defined function. Gauss elimination with pivoting. ]

function x = GaussPivot(a,b)

The function solves a system of linear equations ax = b using the Gauss
elimination method with pivoting.

Input variables:

a The matrix of coefficients.

b Right-hand-side column vector of constants.

Output variable:

x A column vector with the solution.

o d° P o P I o

ab = [a,b];
[R, C] = size(ab);
for j =1:R -1
% Pivoting section starts
if ab(j,j) = =0 L Check if the pivot element is zero.]
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for k = j + 1:R
if ab(k,3J) 0
abTemp = ab(j,:);
ab(j,:) = ab(k,:);

If pivoting is required, search in the rows
below for a row with nonzero pivot element.

Switch the row that has a zero pivot element
with the row that has a nonzero pivot element.

ab(k,:) = abTemp;
break [_S-top searching for a row with a nonzero pivot element.]
end
end
end
% Pivoting section ends
for i = j + 1:R
ab(i,j:C) = ab(i,j:C) - ab(i,j)/ab(j,j)*ab(j,j:C);
end
end

b3 zeros (R,1) ;

x(R) = ab(R,C)/ab(R,R);

for i R - 1:-1:1
x(1) (ab(i,C)

end

- ab(i,i + 1:R)*x(i + 1:R))/ab(i,i);

The user-defined function GaussPivot is next used in a script file program to solve the system of
equations Eq. (4.17).

% Example 4-3

a=[00.9231 000000; -1 -0.3846000000; 0000100.85750; 10-0.7809 00000
0 -0.3846 -0.7809 0 -1 0.3846 0 0; 0 0.9231 0.6247 0 0 -0.9231 0 0
000.6247 -1 000 0; 000100 -0.5145 -1];

b =[1690;3625;0;0;0;0;0,0];

Forces = GaussPivot(a,b)

When the script file is executed, the following solution is displayed in the Command Window.

Forces =
-4.3291e+003 T _FAB_
1.8308e+003 Fyc
-5.5438e+003 Fpc
-3.4632e+003 Fpp
2.8862e+003 Fep
-1.9209e+003 Fcg
-3.3659e+003 Fpg
-1.7315e+003 | _FDF
>>
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ap 412 413 A1y x4 b,
Qy1 Ay Q3 Ay X, by
a3y d3p d33 A34 X3 b,
Q41 Qg Q43 Aas Xy b,

Figure 4-17: Matrix form of a
system of four equations.

Figure 4-18: Matrix form of the
equivalent system after applying
the Gauss—Jordan method.

4.4 GAUSS-JORDAN ELIMINATION METHOD

The Gauss—Jordan elimination method is a procedure for solving a sys-
tem of linear equations, [a][x]=[b]. In this procedure, a system of
equations that is given in a general form is manipulated into an equiva-
lent system of equations in diagonal form (see Section 4.1.1) with nor-
malized elements along the diagonal. This means that when the
diagonal form of the matrix of the coefficients, [a], is reduced to the
identity matrix, the new vector [5'] is the solution. The starting point of
the procedure is a system of equations given in a general form (the illus-
tration that follows is for a system of four equations):

anxy +apx; tapx;tayx, = b (4.18a)
Ay Xyt anx, +apx;tayx, = b, (4.180) (4.18)
a3 X T apxy +apx; +ayux, = by (4.18¢)
Aq1X1 T Xy T agyxy T ayx, = b, (4.18d)

The matrix form of the system is shown in Fig. 4-17. In the Gauss—Jor-
dan elimination method, the system of equations is manipulated to have
the following diagonal form:

X, +0+0+0 = ', (4.19a)
0+x,+0+0 = b, (4.19)

4.1
0+0+x,+0 = b'; (4.19¢) (4.19)
0+0+0+x, = b, (4.194)

The matrix form of the equivalent system is shown in Fig. 4-18. The
terms on the right-hand side of the equations (column [5']) are the solu-
tion. In matrix form, the matrix of the coefficients is transformed into
an identity matrix.

Gauss—Jordan elimination procedure

The Gauss—Jordan elimination procedure for transforming the system

of equations from the form in Egs. (4.18) to the form in Egs. (4.19) is

the same as the Gauss elimination procedure (see Section 4.2), except

for the following two differences:

* The pivot equation is normalized by dividing all the terms in the
equation by the pivot coefficient. This makes the pivot coefficient
equal to 1.

* The pivot equation is used to eliminate the off-diagonal terms in
ALL the other equations. This means that the elimination process is
applied to the equations (rows) that are above and below the pivot
equation. (In the Gaussian elimination method, only elements that
are below the pivot element are eliminated.)

When the Gauss—Jordan procedure is programmed, it is convenient
and more efficient to create a single matrix that includes the matrix of
coefficients [a] and the vector [5]. This is done by appending the vec-
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tor [b] to the matrix [a]. The augmented matrix at the starting point of
the procedure is shown (for a system of four equations) in Fig. 4-19a.
At the end of the procedure, shown in Fig. 4-19b, the elements of [a]

are replaced by an identity matrix, and the column ['] is the solution.

aj app 13 A b 1 0 0 0 &

N Gauss—Jordan procedure '1

ay1 ay Ay Ay by 010 025,
—————

a3 ay, a3 asg by 0 0 1 02d

Ay Qg Qg3 gy by 00 01252,

(@) ®)

Figure 4-19: Schematic illustration of the Gauss—Jordan method.

The Gauss—Jordan method can also be used for solving several sys-
tems of equations [a][x]=[b] that have the same coefficients [a] but
different right-hand-side vectors [5]. This is done by augmenting the
matrix [a] to include all of the vectors [5]. In Section 4.6.2 the method
is used in this way for calculating the inverse of a matrix.

The Gauss—Jordan elimination method is demonstrated in Example
4-4 where it is used to solve the set of equations solved in Example 4-1.

Example 4-4: Solving a set of four equations using Gauss—Jordan elimination.

Solve the following set of four equations using the Gauss—Jordan elimination method.
4x;—2x,—3x3+6x, = 12
—6x;+7x,+6.5x;—6x4 = —6.5
X1 +7.5%x,+625x;+5.5x, = 16
—12x; +22x, +15.5x3 —x, = 17

SOLUTION
The solution is carried out by using the matrix form of the equations. In matrix form, the system is:
4 -2 -3 6][x 12
-6 7 65 —6||x;] — |-6.5
1 7.56.25 5.5||x; 16
—12 22 15.5 —1]|x, 17

For the numerical procedure, a new matrix is created by augmenting the coefficient matrix to include
the right-hand side of the equation:

4 2 3 6 12
-6 7 65 -6 65
1 7562555 16
-12 22 155 -1 17

The first pivoting row is the first row, and the first element in this row is the pivot element. The row
is normalized by dividing it by the pivot element:
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4 2 3 6 12
4 4 4 4 4
-6 7 65 -6 6.5 =
1 7562555 16

1 -05 -075 15 3
-6 7 6.5 -6 —6.5
1 75 625 55 16

R -12 22 155 -1 17
Next, all the first elements in rows 2, 3, and 4 are eliminated:
1 05 -0.75 15 3 1-05 -075 15 3
6 7 65 -6 -65 =— —(-6)[1-05-075153] _ |0 4 2 3 115
1 75 625 55 16| =— —(1)[1-0.5-0.75 1.5 3] 0 8 7 4 13
-12 22 155 -1 17] <+— —(-12)[1 -0.5 -0.75 1.5 3] 0 16 65 17 53

The next pivot row is the second row, with the second element as the pivot element. The row is nor-
malized by dividing it by the pivot element:

e 31 1-05 -075 15 3

4 2 3 115
0 1 1 T T = g Elg 0&5 0.15 2.18375
0 8 7 4 13

0 16 65 17 53 LU A A

Next, all the second elements in rows 1, 3, and 4 are eliminated:

1-05 075 1.5 3 | =— —(-05)[0 105 0.75 2.875] 1 0 -0.5 1.875 4.4375
0 1 05 075 2.875 - 01 05 075 2875
c 8 7 4 13 |=— ~(8[01050752.875] 6o 3 -2 -0
0 16 65 17 53 | =-— —(16)[0 1 0.5 0.75 2.875] 00 -15 5 7

The next pivot row is the third row, with the third element as the pivot element. The row is normal-
ized by dividing it by the pivot element:

1 0 0.5 1.875 4.4375
01 05 075 23875

1 0 -0.5 1.875 4.4375
01 05 075 2875
00 1 -0.667 -3.333
00

ool2 =2 o|°
-3 . 15 5 7
00 -15 5 7 o

Next, all the third elements in rows 1, 2, and 4 are eliminated:

10-0.5 1.875 44375 <— —(-0.5)[0 0 1 —0.667 —3.333] 1 0 0 1.5417 2.7708
01 05 075 2875 =— —(05)[001-0667-3333] — (0 1 0 1.0833 4.5417
00 1 -0667-3333 0 0 1 -0.667 —3.333
00 -1.5 5 i - —(—1.5)[0 01-0.667 _3_333] 000 4 2

The next pivot row is the fourth row, with the fourth element as the pivot element. The row is nor-
malized by dividing it by the pivot element:
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S O © =
S © = O

Next, all the fourth elements in rows 1, 2, and 3 are eliminated:

1 0 0 15417 2.7708] <-— —(1.5417)[0 00 1 0.5] 100 0f2
0 1 0 1.0833 4.5417) =-— —(1.0833)[000105] _ [0 1 0 0|4
0 0 1 —0.667 —3.333| <-— —(-0.667)[0 00 1 0.5] 001 0|3
000 1 0.5 00 01105
The solution is:

X1 2

X2l | 4

x3| | -3

X4 0.5

0 1.5417 2.7708

1 0 0 15417 2.7708

0 1.0833 4.5417) 1o 1 0 1.0833 4.5417

1 -0.667 -3.333) ~ 10 0 1 -0.667 -3.333

o 4 2 000 1 0.5
4 4

The Gauss—Jordan elimination method with pivoting

It is possible that the equations are written in such an order that during
the elimination procedure a pivot equation has a pivot element that is
equal to zero. Obviously, in this case it is impossible to normalize the
pivot row (divide by the pivot element). As with the Gauss elimination
method, the problem can be corrected by using pivoting. This is left as
an exercise in Problem 4.22.

4.5 LU DECOMPOSITION METHOD

Background

The Gauss elimination method consists of two parts. The first part is the
elimination procedure in which a system of linear equations that is
given in a general form, [a][x] = [b], is transformed into an equivalent
system of equations [a'][x]=[#'] in which the matrix of coefficients
[a'] is upper triangular. In the second part, the equivalent system is
solved by using back substitution. The elimination procedure requires

many mathematical operations and significantly more computing time
than the back substitution calculations. During the elimination proce-

dure, the matrix of coefficients [a] and the vector [»] are both
changed. This means that if there is a need to solve systems of equations
that have the same left-hand-side terms (same coefficient matrix [a])
but different right-hand-side constants (different vectors [5]), the elim-
ination procedure has to be carried out for each [»] again. Ideally, it
would be better if the operations on the matrix of coefficients [a] were
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dissociated from those on the vector of constants [5]. In this way, the
elimination procedure with [a] is done only once and then is used for
solving systems of equations with different vectors [5].

One option for solving various systems of equations [a][x]=[5]
that have the same coefficient matrices [a] but different constant vec-
tors [b] is to first calculate the inverse of the matrix [a]. Once the

inverse matrix [a]_l is known, the solution can be calculated by:
[x] = [a] '[8]

Calculating the inverse of a matrix, however, requires many mathemati-
cal operations, and is computationally inefficient. A more efficient
method of solution for this case is the LU decomposition method.

In the LU decomposition method, the operations with the matrix
[a] are done without using, or changing, the vector [4], which is used
only in the substitution part of the solution. The LU decomposition
method can be used for solving a single system of linear equations, but
it is especially advantageous for solving systems that have the same
coefficient matrices [a] but different constant vectors [5].

The LU decomposition method

The LU decomposition method is a method for solving a system of lin-

ear equations [a][x] =[#]. In this method the matrix of coefficients [a]

is decomposed (factored) into a product of two matrices [L] and [U]:
[a] = [L][U] (4.20)

where the matrix [L] is a lower triangular matrix and [U] is an upper
triangular matrix. With this decomposition, the system of equations to
be solved has the form:

[LI[U][x] = [b] (4.21)
To solve this equation, the product [U][x] is defined as:
[Ullx] = [¥] (4.22)
and is substituted in Eq. (4.21) to give:
[L1[y] = [&] (4.23)

Now, the solution [x] is obtained in two steps. First, Eq. (4.23) is
solved for [y]. Then, the solution [y] is substituted in Eq. (4.22), and
that equation is solved for [x].

Since the matrix [L] is a lower triangular matrix, the solution [ y] in
Eq. (4.23) is obtained by using the forward substitution method. Once
[»] is known and is substituted in Eq. (4.22), this equation is solved by
using back substitution, since [U] is an upper triangular matrix.

For a given matrix [a] several methods can be used to determine
the corresponding [L] and [U ]. Two of the methods, one related to the
Gauss elimination method and another called Crout’s method, are
described next.
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> L = [1,
L =
1.0000
-1.5000
0.2500
-3.0000

>> U = [4,

4.5.1 LU Decomposition Using the Gauss Elimination
Procedure

When the Gauss elimination procedure is applied to a matrix [a], the
elements of the matrices [L] and [U ] are actually calculated. The upper
triangular matrix [U] is the matrix of coefficients [«] that is obtained at
the end of the procedure, as shown in Figs. 4-8 and 4-14. The lower tri-
angular matrix [L] is not written explicitly during the procedure, but
the elements that make up the matrix are actually calculated along the
way. The elements of [L] on the diagonal are all 1, and the elements
below the diagonal are the multipliers m;; that multiply the pivot equa-
tion when it is used to eliminate the elements below the pivot coeffi-
cient (see the Gauss elimination procedure in Section 4.2). For the case
of a system of four equations, the matrix of coefficients [a] is (4 x4),
and the decomposition has the form:

ap Ay 13 Ay 1 0 0 0 9 9p a3 ay

dy) Ay A3 Ay my 1 0 0 0 aydy dy 424)
a3) a3 d33 Ay mymy, 1 0 0 0 a"s;a'y '
Q41 Ay Qg3 Ayy my mymy 1 000 avy

A numerical example illustrating LU decomposition is given next. It
uses the information in the solution of Example 4-1, where a system of
four equations is solved by using the Gauss elimination method. The
matrix [a] can be written from the given set of equations in the problem
statement, and the matrix [U ] can be written from the set of equations at
the end of step 3 (page 107). The matrix [L] can be written by using the
multipliers that are calculated in the solution. The decomposition has
the form:

4 2 -3 6 1 0 0 0[[4-2-36
6 7 65 6| _ |-151 0 0[[0 4 2 3 (4.25)
1 7562555 (0252 1 0[[0 0 3 -2
12 22 15.5 -1 3 405100 0 4

The decomposition in Eq. (4.25) can be verified by using MATLAB:

0,0,0;,-1.5,1,0,0;0.25,2,1,0;-3,4,-0.5,1]
0 0 0
1.0000 0 0
2.0000 1.0000 0

4.0000 -0.5000 1.0000
-2,-3,6;0,4,2,3;0,0,3,-2;0,0,0,4]
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U =
4 -2 =3 6
0 4 2 3
0 0 3 -2
0 0 0 4
>> L*U Multiplication of the matrices L and U
ans = verifies that the answer is the matrix [a].
4.0000 -2.0000 -3.0000 6.0000
-6.0000 7.0000 6.5000 -6.0000
1.0000 7.5000 6.2500 5.5000
-12.0000 22.0000 15.5000 -1.0000
4.5.2 LU Decomposition Using Crout’s Method
In this method the matrix [a] is decomposed into the product [L][U],
where the diagonal elements of the matrix [U] are all 1s. It turns out
that in this case, the elements of both matrices can be determined using
formulas that can be easily programmed. This is illustrated for a system
of four equations. In Crout’s method, the LU decomposition has the
form:
a1 a1z 913 914 Ly 0 0 0 jU,U,Uy,
Ay, Ay Gy A LyyL, 0 O
21 92 93 Ay 21 £22 0 1 Uy Uy (4.26)
a3) G3p d33 A3 Ly Ly Ly 0 0 0 1 Ui,
Q41 Qg Q43 Agq LyyLpp Lz Ly 0 0 0 1
Executing the matrix multiplication on the right-hand side of the equa-
tion gives:
i1 912 913 914 Ly (L11Uy2) (L11U13) (L11U14)
921 932 A3 9 Ly (LyUpptLly) (L Uyt LpUss) (Lo Ust LpnUy)

4.27)

931 932 933 934 Ly (LyUptLy) (LyUpt LUy +Ly) (L31Unat LapUsy + L33 Usy)
Aa1 9a2 Qa3 Qa4 Ly (LyyUpptLly) (LyUpst LUyt Lys)  (LyUsgt LypUspg+ LagUsy + Lyy)

The elements of the matrices [L] and [U ] can be determined by solving
Eq. (4.27). The solution is obtained by equating the corresponding ele-
ments of the matrices on both sides of the equation. Looking at Eq.
(4.27), one can observe that the elements of the matrices [L] and [U]
can be easily determined row after row from the known elements of [a]
and the elements of [L] and [U] that are already calculated. Starting
with the first row, the value of L,; is calculated from L,;= a;;. Once L,
is known, the values of U ,, U3, and U,, are calculated by:

ap ay
Lll ‘Lll
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Moving on to the second row, the value of L,, is calculated from
L,, = a,; and the value of L,, is calculated from:

(4.29)

With the values of L,; and L,, known, the values of U,; and U,, are

determined from:
Ay — L1 Uy

and U, = 221 (4.30)
22

In the third row:

Ly=ay, Lyp=ayp—LyUp, and Ly=a3;—LyU;—L;Uy(4.31)
Once the values of L,,, L,,, and L,; are known, the value of U, is cal-
culated by:

Ay — Ly Uy

Uz =
Lj;

= (4.32)

In the fourth row, the values of L,;, L4,, L4;, and L,, are calculated by:
Lpy=aq, Ly =ap-—LyUy, Lg = ap—LyUp—LpUy, and
Ly = ag—LygUyg—=LypUp—LggUsy (4.33)
A procedure for determining the elements of the matrices [L] and
[U] can be written by following the calculations in Egs. (4.28) through
(4.33). If [a] is an (nxn) matrix, the elements of [L] and [U] are
given by:
Step 1: Calculating the first column of [L]:
for i=1,2,...,n (4.34)

Step 2: Substituting 1s in the diagonal of [U]:
for i =1,2,...,n (4.35)

Step 3: Calculating the elements in the first row of [U] (except U,

which was already calculated):

for j = 2,3,...n U, = 2l (4.36)
7Ly

Step 4: Calculating the rest of the elements row after row (i is the row

number and j is the column number). The elements of [L] are calcu-

lated first because they are used for calculating the elements of [U]:

for i =2,3,...,n

for j=2,3,...i (4.37)

for j=(i+1),(i+2),...,n (4.38)
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Examples 4-5 and 4-6 show how the LU decomposition with Crout’s
method is used for solving systems of equations. In Example 4-5 the
calculations are done manually, and in Example 4-6 the decomposition
is done with a user-defined MATLAB program.

Example 4-5: Solving a set of four equations using LU decomposition with Crout’s

method.

Solve the following set of four equations (the same as in Example 4-1) using LU decomposition with
Crout’s method.

4x,—2x,—3x3+ 6x4 = 12
—6x, +7x,+65x;—6x, = —6.5

Xy +7.5%,+625x;+55x, = 16

—12x; +22x, + 15.5x3 — x4 = 17

SOLUTION
First, the equations are written in matrix form:
4 -2 -3 6|11 12
-6 7 6.5 —6||%2f _ [-6.5 (4.39)
1 7.5 6.25 5.5||%; 16
—12 22 155 -1 |*4 17

Next, the matrix of coefficients [a] is decomposed into the product [L][U], as shown in Eq. (4.27).
The decomposition is done by following the steps listed on the previous page:

Step I: Calculating the first column of [L]:

O R I e (0 R M/ o= R S =N )

Step 2: Substituting 1s in the diagonal of [U]:
fOI' i:1,2,3,4 U: 1: Ullzl, U22:1, U33:1, U44:1.

1

Step 3: Calculating the elements in the first row of [U] (except U,, which was already calculated):

for j = 2,3,4 UU=Z—‘1: U12=%:_4—2=—0.5, U13=%=j73=—0.75,
11 11 11
a1 6
Uy, =24 =08_15
14 L]] 4

Step 4: Calculating the rest of the elements row after row, starting with the second row (i is the row
number and j is the column number). In the present problem there are four rows, so i starts at 2 and
ends with 4. For each value of i (each row), the elements of L are calculated first, and the elements of
U are calculated subsequently. The general form of the equations is (Egs. (4.37) and (4.38)):

for i = 2,3,4,

k=j-1
forl i o ar = N 0, (4.40)
k=1

E=lj=1
aj— Lkakj

for j = (i+1),(i+2),...,n U, = "1‘ (4.41)

ii
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Starting with the second row, i = 2,
k=1

T g = 8 T = e il = Eo= = == =
=1
k=1
a3~ 2 LU
for j = 3,4: Uy = k=1 _ ay—(LyUy3) _ 6.5-(=6--0.75) _ 0.5
Ly, Ly, 4
dy u
T = it =az4—(L21U14)=—6—(_6.1_5)=075
2% :
Ly, Ly, 4
Next, for the third row, i = 3,
k=1
for j =2,3: Ly = ayp- ZL3kUk2: asp,— L3 Uy = 75-(1--05) = 8
=1
B0

Ly = a3~ ZL3kUk3: a3 = (L3 Uy3 + L3Up) = 6.25-(1--0.75+8-0.5) = 3
=1

k=2
34— 3kUka
for j=4 : Uy = k= _ 934 Ly Uygt L3Ups) _ 5.5-(1:1.5+8-0.75) _ 6667
L33 L33 3
For the last row, i = 4,
k=1
for j=2,3,4: Lon = g~ ZL4kUk2: ap—LyUp =22-(-12--0.5) = 16
k=1

k=2
Ly = a3~ O LoUss= i3~ (LgUns + LyyUss) = 15.5—-(=12--0.75+ 16 - 0.5) = —1.5
1

k=4
Laa=04- LagUps=as— (Lay U+ LyUpy+ LisUsg) = 1= (<1215 + 16- 0.75 +—1.5-~0.6667) = 4
k=1

Writing the matrices [L] and [U] in a matrix form,

4.0 00 1-05-0.75 15

L=|64 00 4qpy=l01 05 075
1 8 30 0 0 1 -0.6667
1216 -15 4 00 0 1

To verify that the two matrices are correct, they are multiplied by using MATLAB:

> L=[4000; -6, 400; 18 30; -12 16 -1.5 4];
> U=[1 -0.5 -0.751.5; 01 0.50.75; 001 -0.6667; 0 O O 1];
>> L*U

ans =
4.0000 -2.0000 -3.0000 6.0000
-6.0000 7.0000 6.5000 -6.0000 This matrix is the same as the matrix of coeffi-
1.0000 7.5000 6.2500 5.4999 cients in Eq. (4.39) (except for round-off errors).

-12.0000 22.0000 15.5000 -1.0000
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Once the decomposition is complete, a solution is obtained by using Eqs. (4.22) and (4.23). First, the
matrix [L] and the vector [5] are used in Eq. (4.23), [L][ y] =[?], to solve for [y]:

4 0 0 0]|N 12
-6 4 0 0f|)2 — -6.5 (442)
1 8 3 0|»y3 16
-12 16 —-1.5 4] V4 17
Using forward substitution, the solution is:
-65+6 16-y,-8
y=2_3 5 - Y- 2875, y,= ° 7172 - 3333 and
4 4 3
17+ —-16y,+1.5
yo= I L =0

Next, the matrix [U] and the vector [y] are used in Eq. (4.22), [U][x]= [»], to solve for [x]:

1-05-075 15 X1 3

01 0.5 0.75 X2 2.875 (443)
0 0 1 -0.6667| *; -3.333

0 0 0 1 X4 0.5

Using back substitution, the solution is:
X,= =05, x3=-3333+0.6667x, = -3, x, =2.875-05x,-0.75x, = 4, and

X, = 3+0.5x,+0.75x;— 1.5x, = 2

Example 4-6: MATLAB user-defined function for solving a system of equations using

LU decomposition with Crout’s method.

Determine the currents i, i,, i3, and i, in the circuit shown in the
figure (same as in Fig. 4-1).Write the system of equations that has to
be solved in the form [a][i] = [6]. Solve the system by using the LU
decomposition method, and use Crout’s method for doing the
decomposition.

SOLUTION

The currents are determined from the set of four equations, Eq. (4.1).
The equations are derived by using Kirchhoff’s law. In matrix form,
[a]l[i] = [b], the equations are:

9 4-2 0|k 24
-4 17 -6 3| |i2| _ |-16 (4.44)
-2 -6 14 6| |i3 0
0 -3 -6 11]|is 18
To solve the system of equations, three user-defined functions are created. The functions are as fol-
lows:
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[L U] = LUdecompCrout (A) This function decomposes the matrix A into lower triangular and
upper triangular matrices L. and U, respectively.

y = ForwardSub (L, b) This function solves a system of equations that is given in lower triangu-
lar form.

x =BackwardSub (L, b) This function solves a system of equations that is given in upper triangu-
lar form.

Listing of the user-defined function LUdecompCrout:

[ Program 4-3: User-defined function. LU decomposition using Crout’s method. ]

function [L, U] = LUdecompCrout (3)

The function decomposes the matrix A into a lower triangular matrix L
and an upper triangular matrix U, using Crout's method, such that A = LU.
Input variables:

A The matrix of coefficients.

b Right-hand-side column vector of constants.

Output variable:

L Lower triangular matrix.

% U Upper triangular matrix.

9 P I P P o P

[R, Cl=size (A);

for i=1:R i
L(i,1)=A(1,1); _[ Steps 1 and 2 (page 122). ]
Ul 8)=1; (Ta333) ]
end .
for j=2:R il
U(1,3)=A(1,3)/L(1,1); —{ Step 3 (page 122). |
end o
for i=2:R 7]
for j=2:i
L(i,3)=A(i,3)-L(i,1:3-1)*U(1:3-1,3) ;
end —{ Step 4 (page 122). |

for j=i + 1:R
U(i,3)=(A(i,3)-L(i,1:i-1)*U(1:i-1,3)) /L(4,1) ;
end d
end

Listing of the user-defined function ForwardSub:

e

Program 4-4: User-defined function. Forward substitution. ]

function y = ForwardSub (a,b)

% The function solves a system of linear equations ax = b

% where a is lower triangular matrix by using forward substitution.
% Input variables:

% a The matrix of coefficients.

% b A column vector of constants.

% Output variable:
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% y A column vector with the solution.

n=length (b) ;

y(1,1)=b(1)/a(1,1);

for i=2:n
y(i,1)=(b(i)-a(i,1:i-1)*y(1:i-1,1))./a(i,i);

end

Listing of the user-defined function BackwardSub:

[ Program 4-5: User-defined function. Back substitution. J

function y = BackwardSub (a,b)
The function solves a system of linear equations ax = b

Input variables:

a The matrix of coefficients.

b A column vector of constants.
Output variable:

y A column vector with the solution.

o 0P O° P P J° of

n=length (b) ;

Y(nll)=b(n) /a(nln) ;

for i=n-1:-1:1
y(i,1)=(b(i)-a(i,i+l:n)*y(i+l:n,1))./a(i,i);

end

The functions are then used in a MATLAB computer program (script file) that is used for solving the

problem by following these steps:

e The matrix of coefficients [a] is decomposed into upper [U] and lower [L] triangular matrices

(using the LUdecompCrout function).

e The matrix [L] and the vector [5] are used in Eq. (4.23), [L][ y] = [/], to solve for [y], (using

the ForwardSub function).

e The solution [y] and the matrix [U] are used in Eq. (4.22), [U][i{] = [y], to solve for [i] (using

the BackwardSub function).
Script file:
[ Program 4-6: Script file. Solving a system with Crout’s LU decomposition. ]

% This script file solves a system of equations by using
% the Crout's LU decomposition method.

a=[9 -4-20; -417 -6 -3; -2 -6 14 -6; 0 -3 -6 11];

b [24; -16; 0; 18];

[L, U]l=LUdecompCrout(a) ;

=ForwardSub (L,b) ;

i=BackwardSub (U, y)

When the script file is executed, the following solution is displayed in the Command Window:

where a is an upper triangular matrix by using back substitution.
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4.0343
1.6545
2.8452
3.6395

The script file can be easily modified for solving the systems of equations [a][i] = [5] for the same matrix
[a], but different values of [5]. The LU decomposition is done once, and only the last two steps have

to be executed for each [5].

4.5.3 LU Decomposition with Pivoting

Decomposition of a matrix [a] into the matrices [L] and [U] means

that [a] =[L][U]. In the presentation of Gauss and Crout’s decomposi-
tion methods in the previous two subsections, it is assumed that it is
possible to carry out all the calculations without pivoting. In reality, as
was discussed in Section 4.3, pivoting may be required for a successful
execution of the Gauss elimination procedure. Pivoting might also be

needed with Crout’s method. If pivoting is used, then the matrices [L]
and [U] that are obtained are not the decomposition of the original
matrix [a]. The product [L][U] gives a matrix with rows that have the
same elements as [a], but due to the pivoting, the rows are in a different
order. When pivoting is used in the decomposition procedure, the
changes that are made have to be recorded and stored. This is done by
creating a matrix [P], called a permutation matrix, such that:

[Plla] = [L][U] (4.45)

If the matrices [L] and [U] are used for solving a system of equa-
tions [a][x] =[b] (by using Egs. (4.23) and (4.22)), then the order of the
rows of [»] have to be changed such that it is consistent with the pivot-
ing. This is done by multiplying [»] by the permutation matrix, [P][5].
Use of the permutation matrix is shown in Section 4.8.3, where the
decomposition is done with MATLAB’s built-in function.

4.6 INVERSE OF A MATRIX

The inverse of a square matrix [a] is the matrix [a]_l such that the
product of the two matrices gives the identity matrix [/].

[alla]" = [a] '[a] = [1] (4.46)

The process of calculating the inverse of a matrix is essentially the same
as the process of solving a system of linear equations. This is illustrated
for the case of a (4 x 4) matrix. If [a] is a given matrix and [x] is the
unknown inverse of [a], then:
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Q) Ayp 13 A1g X1 X12 X13 X14 1000
Ay Qpp Q3 Qo4 X1 X3 X3 X241 10100 (4.47)
A3y A3 Q33 A3q X3 X33 X33 X34 0010
Q1 Qup Qg3 Quq X41 Xgp X43 Xg4 0001

Equation (4.47) can be rewritten as four separate systems of equations,
where in each system one column of the matrix [x] is the unknown:

Ay Q12 913 A4 [ xq4 a1 912 13 14 Xy

1
y1 Ay A3 Aoy | X5 _ |0 Qy) Gy A3 Ay Xy
- )
A3y A3y A3z A34) | X3 0 d3| A3y Q33 A3q X3,
Qg1 Qg g3 Aua| | x4y 0 Qg1 Qqp A3 Aas Xy
(S|
Ay A3 A13 A1g| | X3 0 ) A2 Q13 14 Xy 0
Qy) Qpp Qg3 Ay | x Ay Ay A3 A4 X
B _ |0] 24 10| (4.48)

Q3] G3p Q33 A34) | X35 1 Q31 A3y 33 Q34 X3y 0
Q41 Qg Qg3 Agq | X45 0 Qg1 Qg Qg3 A4q X4y 1

Solving the four systems of equations in Egs. (4.48) gives the four col-
umns of the inverse of [a] . The systems of equations can be solved by
using any of the methods that have been introduced earlier in this chap-
ter (or other methods). Two of the methods, the LU decomposition
method and the Gauss—Jordan elimination method, are described in
more detail next.

4.6.1 Calculating the Inverse with the LU Decomposition
Method

The LU decomposition method is especially suitable for calculating the
inverse of a matrix. As shown in Eqgs. (4.48), the matrix of coefficients
in all four systems of equations is the same. Consequently, the LU
decomposition of the matrix [4] is calculated only once. Then, each of
the systems is solved by first using Eq. (4.23) (forward substitution) and

then Eq. (4.22) (back substitution). This is illustrated, by using MAT-
LAB, in Example 4-7.
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Example 4-7: Determining the inverse of a matrix using the LU decomposition

method.

Determine the inverse of the matrix [a] by using the LU decomposition method.

02 -5 3 04 0
051 7 -2 03
lal = |06 2 -4 3 0.1 (4.49)
3 082 -04 3
(05 3 2 04 1]

Do the calculations by writing a MATLAB user-defined function. Name the function invA =
InverselLU (A), where A is the matrix to be inverted, and invA is the inverse. In the function, use

the functions L.UdecompCrout, ForwardSub, and BackwardSub that were written in Exam-
ple 4-6.

SOLUTION

If the inverse of [a] is [x] ([x]= [a]_l ), then [a][x] = [/], which are the following five sets of five
systems of equations that have to be solved. In each set of equations, one column of the inverse is
calculated.

02 =5 3 04 0[x;,] [0 [02 =5 3 04 0][xy] [0] [02 =5 3 04 0][x;] [0
05 1 7 =2 03|[xn| [0] |05 1 7 —2 03||xn| [1] |05 1 7 =2 03||xs| [0
06 2 —4 3 01||x,|=10]> |06 2 —4 3 01f|x,|=]0]> |06 2 -4 3 0.1]|x5m|= |1
3 082 04 3||xy [0 | 3 082 04 3||xy| [0 | 3 08 2 04 3||xi| |0
05 3 2 04 1]|x5] [0] 05 3 2 04 1[[xs] (0] [05 3 2 04 1]|x5 |0

02 =5 3 04 0][x] [0] [02 =5 3 04 0][xs] [0

05 1 7 -2 0.3||xy4 0 05 1 7 -2 0.3]|xy5 0

06 2 -4 3 01||x4|=0]> |06 2 4 3 0.1]|x35= |0 (4.50)

3 08 2 04 3||xy4 |1 3 08 2 —04 3 ||xs |0

05 3 2 04 1||xy (0] |05 3 2 04 1]|[xs |1

The solution is obtained with the user-defined function InverseLU that is listed below. The func-
tion can be used for calculating the inverse of any sized square matrix.

The function executes the following operations:

* The matrix [a] is decomposed into matrices [L] and [U] by applying Crout’s method. This is
done by using the function LUdecompCrout that was written in Example 4-6.

* FEach system of equations in Eqgs. (4.50) is solved by using Eqgs. (4.23) and (4.22). This is done by
first using the function ForwardSub and subsequently the function BackwardSub (see
Example 4-6).

[ Program 4-7: User-defined function. Inverse of a matrix. ]

function invA = InverselU(A)

% The function calculates the inverse of a matrix
% Input variables:

% A The matrix to be inverted.

% Output variable:

% invA The inverse of A.
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[nR nC] = size(A);

I=eye (nR) ; ( Create an identity matrix of the same size as [4]. ]
[L. U]l= LUdecompCrout (3) ; LDecomposition of [A]into [L] and [U]. J
for j=1:nC

In each pass of the loop, one set of the equa-
tions in Egs. (4.50) is solved. Each solution is
one column in the inverse of the matrix.

y=ForwardSub (L,I(:,]j)):
invA (:,j)=BackwardSub (U,y) ;
end

The function is then used in the Command Window for solving the problem.

>> F=[0.2 -530.40; -0.517-20.3; 0.62-430.1; 30.82-0.43;0.5320.41];
>> invF = InverselU(F)

invF =
-0.7079 2.5314 2.4312 0.9666 -3.9023
-0.1934 0.3101 0.2795 0.0577 -0.2941
0.0217 0.3655 0.2861 0.0506 -0.2899 ThemhMon[F}Jl
0.2734 -0.1299 0.1316 -0.1410 0.4489
0.7815 -2.8751 -2.6789 -0.7011 4.2338
>> invF*F
ans = [ Check if [F][F]™! = [[].]
1.0000 -0.0000 0.0000 -0.0000 -0.0000
0.0000 1.0000 0.0000 -0.0 0

0 -0.0000 1.0000 -0.0000 -0.0000
-0.0000 0.0000 -0.0000 1.0000 -0.0000
-0.0000 0.0000 -0.0000 -0.0000 1.0000

4.6.2 Calculating the Inverse Using the Gauss—Jordan
Method

The Gauss—Jordan method is easily adapted for calculating the inverse
of a square (n x n) matrix [a]. This is done by first appending an iden-
tity matrix [/] of the same size as the matrix [a] to [a] itself. This is
shown schematically for a (4 x4) matrix in Fig. 4-20a. Then, the
Gauss—Jordan procedure is applied such that the elements of the matrix
[a] (the left half of the augmented matrix) are converted to 1s along the
diagonal and Os elsewhere. During this process, the terms of the identity
matrix in Fig. 4-20a (the right half of the augmented matrix) are
changed and become the elements [a'] in Fig. 4-20b, which constitute
the inverse of [a].

ajapapayl 0 0 dyd,a34a,

Gauss—Jordan procedure

————

1 1 1 1
Gy Ay Gy ay, 01 0 d'y a'y dydy

1 1 1 1
a3 axp az asy 00 0 a'y ad'y d'y3d'y

S = O O
— O o O
S © o© =
S © = O
S = O O

\l i {J A\l
Ay Agy Qg3 gy 0 0 1 dyydypdyady

(@ )

Figure 4-20: Calculating the inverse with the Gauss—Jordan method.
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ap Xy tapx; tapx;tayx, =
Ay X1t anXy T ayXy T ayx, =
a3 X1+ Xy +apXxytayx, =
anX1t apXy T apxstaux, =

(@)

4.7 ITERATIVE METHODS

A system of linear equations can also be solved by using an iterative
approach. The process, in principle, is the same as in the fixed-point
iteration method used for solving a single nonlinear equation (see Sec-
tion 3.7). In an iterative process for solving a system of equations, the
equations are written in an explicit form in which each unknown is writ-
ten in terms of the other unknown. The explicit form for a system of
four equations is illustrated in Fig. 4-21.

x; = [by—(apx, +ajxs +ayx,)]/ay

Writing the equations
£ 5| Xy = [by—(ay %y + ayx; + ayxy)]/ay

in an explicit form.
. x3 = [b3— (a3 x; + apx; + ayx,)]/as
—_— - [h _
xq = [bg—(ayx) + apx; + ax;)]/ay
()

Figure 4-21: Standard (a) and explicit (5) forms of a system of four equations.

The solution process starts by assuming initial values for the
unknowns (first estimated solution). In the first iteration, the first
assumed solution is substituted on the right-hand side of the equations,
and the new values that are calculated for the unknowns are the second
estimated solution. In the second iteration, the second solution is substi-
tuted back in the equations to give new values for the unknowns, which
are the third estimated solution. The iterations continue in the same
manner, and when the method does work, the solutions that are obtained
as successive iterations converge toward the actual solution. For a sys-
tem with » equations, the explicit equations for the [x;] unknowns are:

i=1,2...n (4.51)

Condition for convergence

For a system of » equations [a][x]=[5], a sufficient condition for con-
vergence is that in each row of the matrix of coefficients [a] the abso-
lute value of the diagonal element is greater than the sum of the
absolute values of the off-diagonal elements.
j=n
@il > D ay (4.52)
j=Lj=i

This condition is sufficient but not necessary for convergence when the
iteration method is used. When condition (4.52) is satisfied, the matrix
[a] is classified as diagonally dominant, and the iteration process con-
verges toward the solution. The solution, however, might converge even
when Eq. (4.52) is not satisfied.
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Two specific iterative methods for executing the iterations, the
Jacobi and Gauss—Seidel methods, are presented next. The difference
between the two methods is in the way that the new calculated values of
the unknowns are used. In the Jacobi method, the estimated values of
the unknowns that are used on the right-hand side of Eq. (4.51) are
updated all at once at the end of each iteration. In the Gauss—Seidel
method, the value of each unknown is updated (and used in the calcula-
tion of the new estimate of the rest of the unknowns in the same itera-
tion) when a new estimate for this unknown is calculated.

4.7.1 Jacobi Iterative Method

In the Jacobi method, an initial (first) value is assumed for each of the

unknowns, x{", x{", ..., x{". If no information is available regarding the
approximate values of the unknown, the initial value of all the
unknowns can be assumed to be zero. The second estimate of the solu-

tion xgz)’ xg”, x;z) is calculated by substituting the first estimate in

the right-hand side of Egs. (4.51):

x§2) = i{bi— Jz a,-jxgl)i| i=12,..,n (4.53)

a::
H j=1j=#i

In general, the (k + 1) th estimate of the solution is calculated from the
(k) th estimate by:

xgkﬂ) = i|:b,-— IZ a,.jxg-k)} i=1,2,..,n (4.54)

i j=1,j#i

The iterations continue until the differences between the values that are
obtained in successive iterations are small. The iterations can be
stopped when the absolute value of the estimated relative error (see
Section 3.2) of all the unknowns is smaller than some predetermined

value:

J <g i=1,2,..,n 4.55
= (4.55)
i

4.7.2 Gauss-Seidel Iterative Method

In the Gauss—Seidel method, initial (first) values are assumed for the
unknowns x,, x3, ..., x,, (all of the unknowns except x,). If no informa-
tion is available regarding the approximate value of the unknowns, the
initial value of all the unknowns can be assumed to be zero. The first
assumed values of the unknowns are substituted in Eq. (4.51) with
i = 1 to calculate the value of x,. Next, Eq. (4.51) with i = 2 1s used
for calculating a new value for x,. This is followed by using Eq. (4.51)
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with i = 3 for calculating a new value for x,. The process continues
until i = n, which is the end of the first iteration. Then, the second iter-
ation starts with i = 1 where a new value for x; is calculated, and so
on. In the Gauss—Seidel method, the current values of the unknowns are
used for calculating the new value of the next unknown. In other words,
as a new value of an unknown is calculated, it is immediately used for
the next application of Eq. (4.51). (In the Jacobi method, the values of
the unknowns obtained in one iteration are used as a complete set for
calculating the new values of the unknowns in the next iteration. The
values of the unknowns are not updated in the middle of the iteration.)

Applying Eq. (4.51) to the Gauss—Seidel method gives the iteration
formula:

i =n
x(1k+1) _ L{b ~ (k):|

a
1 i-2

i =n
A = L{bi _ GO (k)n i=2,3, ..., n-1(4.56)

k+1) _ 1 Fg! (k+1)
x, = a—{bn - Z ApiX ;
n

n j=1
Notice that the values of the unknowns in the & + 1 iteration, x§k+ 1), are

calculated by using the values x5.k+ ") obtained in the & + 1 iteration for

J <i and using the values xi-k) for j > i. The criterion for stopping the
iterations is the same as in the Jacobi method, Eq. (4.55). The Gauss—
Seidel method converges faster than the Jacobi method and requires less

computer memory when programmed. The method is illustrated for a
system of four equations in Example 4-8.

Example 4-8: Solving a set of four linear equations using Gauss—Seidel method.

Solve the following set of four linear equations using the Gauss—Seidel iteration method.

SOLUTION
First, the equations are written in an explicit form (see Fig. 4.21):

9x;—2xy +3x3+2x4 = 54.5
2x, +8x,—2x3+3x, = 14
—3x;+2x, +11x;—4x, = 12.5
—2x, +3x,+2x; +10x, = 21

x; = [54.5—(—2x,+3x3+2x4)]/9
X, = [-14—(2x;—2x5+3x,)]/8

x3 = [12.5 - (-3x; +2x,—4x,)]1/11
xq = [-21 = (- 2x; +3x, +2x5)]/10

@.57)
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As a starting point, the initial value of all the unknowns, x(ll), 4 xgl), and x{", is assumed to be

zero. The first two iterations are calculated manually, and then a MATLAB program is used for cal-
culating the values of the unknowns in seven iterations.

Manual calculation of the first two iterations:

The second estimate of the solution (£ = 2) is calculated in the first iteration by using Eqs. (4.57).
The values that are substituted for x; in the right-hand side of the equations are the most recent

known values. This means that when the first equation is used to calculate x(12)’ all the x; values are

zero. Then, when the second equation is used to calculate x$”, the new value x(12) is substituted for

x,, but the older values xgl) and xf,l)
P = [545-(-2-0+3-0+2-0)]/9 = 6.056

xP = [-14-(2-6.056—(2-0)+3-0)]/8 = —3.264

are substituted for x; and x,, and so on:

X = [12.5-(-3-6.056 +2 - —3.264 — (4 - 0))]/11 = 3.381

X2 = [-21-(-2-6.056+3--3.264 +2-3.381)]/10 = —0.5860

The third estimate of the solution (k£ = 3) is calculated in the second iteration:
AP = [54.5-(-2--3.264+3-3.381 +2--0.5860)]/9 = 4.333

X = [-14-(2-4333-(2-3.381) +3 - -0.5860)] /8 = —1.768

X = [12.5-(-3-4333+2--1.768 — (4 - —0.5860))]/11 = 2.427

X = [-21-(-2-4333+3.-1.768 +2-2.427)]/10 = —1.188

MATLAB program that calculates the first seven iterations:
The following is a MATLAB program in a script file that calculates the first seven iterations of the
solution by using Eqgs. (4.57):

[ Program 4-8: Script file. Gauss—Seidel iteration.]

k=1; x1 =0; x2 =0; x3 =0; x4 = 0;
disp(' k x1 x2 x3 x4')
fprintf (' %2.0f %-8.5f %-8.5f %-8.5f %-8.5f \n', k, x1, x2, x3, x4)
for k=2 : 8

x1=(54.5- (-2*x2+3*x3+2*x4)) /9;

x2=(-14- (2*x1-2*x3+3*x4))/8;

x3=(12.5- (-3*x1+2*x2-4*x4)) /11;

x4=(-21- (-2*x1+3*x2+2*x3)) /10;

fprintf (' %2.0f %-8.5f %-8.5f %-8.5f %-8.5f \n', k, x1, x2, x3, x4)
end

When the program is executed, the following results are displayed in the Command Window.

k x1 x2 x3 x4

1 0.00000 0.00000 0.00000 0.00000
2 6.05556 -3.26389 3.38131 -0.58598
3 4.33336 -1.76827 2.42661 -1.18817
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J o b

8

(6, 0 N, ¥ |

xl=5,x2:

.11778 -1.97723
.01303 -2.02267
.98805 -1.99511
.00250 -1.99981
.00012 -2.00040

The results show that the solution converges toward the exact solution, which is
-2, x3 = 25,and x, = 1.

.45956 -0.97519
.51670 -0.99393
.49806 -1.00347
.49939 -0.99943
.50031 -0.99992

NNMNDNMNNMNND

4.8 USE OF MATLAB BUILT-IN FUNCTIONS FOR
SOLVING A SYSTEM OF LINEAR EQUATIONS

MATLAB has mathematical operations and built-in functions that can
be used for solving a system of linear equations and for carrying out
other matrix operations that are described in this chapter.

4.8.1 Solving a System of Equations Using MATLAB'’s Left
and Right Division

Left division \ : Left division can be used to solve a system of » equa-
tions written in matrix form [a][x]=[b], where [a] is the (nxn)
matrix of coefficients, [x] is an (n x 1) column vector of the unknowns,
and [b] isan (nx 1) column vector of constants.

For example, the solution of the system of equations in Examples 4-1
and 4-2 is calculated by (Command Window):

>> a=[4 -2 -3 6; -6 7 6.5 -6; 1 7.5 6.25 5.5; -12 22 15.5 -1];

>> b=[12;

>> x=a\b

X =
2.0000
4.0000
-3.0000
0.5000

-6.5; 16; 17]1;

Right division / : Right division is used to solve a system of » equations
written in matrix form [x][a] =[b], Where [a] is the (n x n) matrix of
coefficients, [x] is a (1 x n) row vector of the unknowns, and [5] is a
(1 x n) row vector of constants.

For example, the solution of the system of equations in Examples 4-1
and 4-2 is calculated by (Command Window):
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>> a=[4 -6 1 -12; -2 7 7.5 22; -3 6.5 6.25 15.5; 6 -6 5.5 -1];
>> b=[12 -6.5 16 17];
>> x=b/a

X

2.0000

4.0000 -3.0000 0.5000

Notice that the matrix [a] used in the right division calculation is the
transpose of the matrix used in the left division calculation.

4.8.2 Solving a System of Equations Using MATLAB'’s
Inverse Operation

In matrix form, the system of equations [a][x]=[b] can be solved for

[x]. Multiplying both sides from the left by [a] ' (the inverse of [a])

gives:

[a] '[allx] = [a] '[] (4.58)

Since [a] '[a]=[I] (identity matrix), and [I][x]= [x], Eq. (4.58)
reduces to:

[x] = [a] '[B] (4.59)

In MATLAB, the inverse of a matrix [a] can be calculated either by
raising the matrix to the power of —1 or by using the inv (a) function.
Once the inverse is calculated, the solution is obtained by multiplying
the vector [b] by the inverse. This is demonstrated for the solution of
the system in Examples 4-1 and 4-2.

>> a=[4 -2 -3 6; -6 7 6.5 -6; 1 7.5 6.25 5.5; -12 22 15.5 -1];
>> b=[12;
>> x=a*-1*b [ The same result is obtained by typing >>x = inv(a)*b. ]

X

2.0000
4.0000
-3.0000
0.5000

-6.5; 16; 17];
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4.8.3 MATLAB'’s Built-In Function for LU Decomposition

MATLAB has a built-in function, called 1u, that decomposes a matrix
[a] into the product [L][U], such that [a] = [L][U] where [L] is a
lower triangular matrix and [U] is an upper triangular matrix. One form
of the function is:

‘////”L_[L,IJ,P] = lu(a)

L is a lower triangular matrix.
U is an upper triangular matrix.
P is a permutation matrix.
MATLAB uses partial pivoting when determining the factorization.
Consequently, the matrices [L] and [U] that are determined by MAT-
LAB are the factorization of a matrix with rows that may be in a differ-
ent order than in [a]. The permutation matrix [P] (a matrix with 1s and
0Os) contains the information about the pivoting. Multiplying [a] by the
matrix [P] gives the matrix whose decomposition is given by [L] and
[U](see Section 4.5.3):

[LI[U] = [P][a] (4.60)

a is the matrix to
be decomposed.

The matrix [P][a] has the same rows as [a] but in a different order. If
MATLAB does not use partial pivoting when the function 1u is used,
then the permutation matrix [P] is the identity matrix.

If the matrices [L] and [U ] that are determined by the 1u function
are subsequently used for solving a system of equations [a][x] = [b]
(by using Eqgs. (4.23) and (4.22)), then the vector [5] has to be multi-
plied by the permutation matrix [P]. This pivots the rows in [5] to be
consistent with the pivoting in [a]. The following shows a MATLAB
solution of the system of equations from Examples 4-1 and 4-2 using
the function 1u.

>> a=[4 -2 -3 6; -6 7 6.5 -6; 1 7.5 6.25 5.5; -12 22 15.5 -1];

>> [L, U, P]l=lu(a)

>> b=[12;

=
1.0000
-0.0833
-0.3333
0.5000

U=
-12.000

0
0
0
0

-6.5; 16; 17];

[ Decomposition of [a] using MATLAB’s 1u function.]

0 0 0
1.0000 0 0
0.5714 1.0000 0

-0.4286 -0.9250 1.0000

22.0000 15.5000 -1.0000
9.3333 7.5417 5.4167
0 -2.1429 2.5714

0 0 -0.800
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S Multiplying [P][a] gives the pivoted [a]
o o o 1 > Phg
0 0 1 0 ans =
1 0 0 0 -12.0000 22.0000 15.5000 -1.0000
1.0000 7.5000 6.2500 5.5000
0 1 0 0 Solve for y in 4.0000 -2.0000 -3.0000 6.0000
>> y=L\ (P*b) Eq. (4.23). -6.0000 7.0000 6.5000 -6.0000
\ Vector [b] is multiplied by the permutation matrix. 1
Y =
17.0000
17.4167
7.7143
-0.4000
>> x=U\y [ Solve for x in Eq. (4.22). |
X =
2.0000
4.0000
-3.0000
0.5000

4.8.4 Additional MATLAB Built-In Functions

MATLAB has many built-in functions that can be useful in the analysis
of systems of equations. Several of these functions are presented in
Table 4-1. Note that the operations that are related to some of the func-
tions in the table are discussed in Section 4.9.

Table 4-1: Built-in MATLAB functions for matrix operations and analysis.

Function

Description

Example

inv (A)

of A.

Inverse of a matrix. >> A=[-310.6; 0.2 -4 3; 0.1 0.5 2];
A is a square matrix. Returns the inverse |>> Ain=inv (a)

Ain =
-0.3310 -0.0592 0.1882
-0.0035 -0.2111 0.3178
0.0174 0.0557 0.4111
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Table 4-1: Built-in MATLAB functions for matrix operations and analysis. (Continued)

Function

Description

Example

d=det (A)

Determinant of a matrix
A is a square matrix, d is the determi-
nant of A.

>> A=[-3 1 0.6; 0.2 -4 3; 0.1 0.5 2];
>> d=det (A)
dR=

28.7000

n=norm (A)

n=norm (A, p)

Vector and matrix norm

A is a vector or a matrix, n is its norm.
When A is a vector:

norm (A, p) returns:

sum (abs (A."p) ~ (1/p).

p=inf The infinity norm (see Eq.
(4.70)).

norm (A) Returns the Euclidean 2-
norm (see Eq. (4.72)), same as

norm (A, 2).

>> A=[2 0 7 -9];

>> n=norm(A,1l)
ns=

18
>> n=norm (A, inf)
n=

9

>> n=norm (A, 2)
ns=

11.5758

When A is a matrix:

norm (A, p) returns:

p=1 The 1-norm (largest column sum
of A (see Eq. (4.74)).

p=2 The largest singular value, same as
norm (A) (see Eq. (4.75)). This is not
the Euclidean norm (see Eq. (4.76)).
p=inf The infinity norm (see Eq.
(4.73)).

>> A=[1 3 -2; 0 -1 4; 5 2 3];
>> n=norm(A,1l)
ns=
9

>> n=norm (A, 2)
n=

6.4818
>> n=norm (A, inf)
n-s=

10

c=cond (A)

c=cond (A, p)

Condition number (see Eq. (4.86))

A is a square matrix, c is the condition
number of A.

cond (A) The same as p=2.

p=1 The 1-norm condition number.
p=2 The 2-norm condition number.
p=inf The infinity norm condition
number.

>» a=[9 -2 32; 28 -2 3; -3 2 11 -4;
-2 3 2 10];
>> cond(a, inf)
ans =
See the end of
Example 4-10.

3.8039
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A A, 0 0 0 x
Ay Ay Ay 0 0 X
0 A3 A3 A3 0 X3
0 0 Ay Agg Ags *a

Figure 4-22: Tridiagonal system
of five equations.

4.9 TRIDIAGONAL SYSTEMS OF EQUATIONS

Tridiagonal systems of linear equations have a matrix of coefficients
with zero as their entries except along the diagonal, above-diagonal,
and below-diagonal elements. A tridiagonal system of » equations in
matrix form is shown in Eq. (4.61) and is illustrated for a system of five
equations in Fig. 4-22.

A 4, 0 0 0 0 o o | B,
Ay Ap Ayy 0 0 0 0 0 B,
0 Ay Ay Ay O 0 0 0 B,
(4.61)
0 0 0 0 An—2, n-3 An—2, n-2 An—2, n-1 0 Xn2 Bn—2
0 0 0 O 0 An—l, n-2 An—l, n-1 An—l, al [*n-1 Bn— 1
0 0 0 0 0 0 An,n—l An,n L xn_ Bn

The matrix of coefficients of tridiagonal systems has many elements
that are zero (especially when the system contains a large number of
equations). The system can be solved with the standard methods
(Gauss, Gauss—Jordan, LU decomposition), but then a large number of
zero elements are stored and a large number of needless operations
(with zeros) are executed. To save computer memory and computing
time, special numerical methods have been developed for solving tridi-
agonal systems of equations. One of these methods, the Thomas algo-
rithm, is described in this section.

Many applications in engineering and science require the solution
of tridiagonal systems of equations. Some numerical methods for solv-
ing differential equations also involve the solution of such systems.

Thomas algorithm for solving tridiagonal systems

The Thomas algorithm is a procedure for solving tridiagonal systems of
equations. The method of solution in the Thomas algorithm is similar to
the Gaussian elimination method in which the system is first changed to
upper triangular form and then solved using back substitution. The
Thomas algorithm, however, is much more efficient because only the
nonzero elements of the matrix of coefficients are stored, and only the
necessary operations are executed. (Unnecessary operations on the zero
elements are eliminated.)

The Thomas algorithm starts by assigning the nonzero elements of
the tridiagonal matrix of coefficients [4] to three vectors. The diagonal
elements 4;; are assigned to vector d (d stands for diagonal) such that
d; = 4;;. The above diagonal elements 4, ,, are assigned to vector a (a
stands for above diagonal) such that a;, = 4, ;,;, and the below diagonal
elements 4, , ; are assigned to vector b (b stands for below diagonal),
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such that b, = 4, , ;. With the nonzero elements in the matrix of coeffi-
cients stored as vectors, the system of equations has the form:

dya, 00 0 0 0 0 x B,
bydya, 0 0 0 0 0 x, B,
0 b3 d3 as 0 0 0 0 X3 B3
(4.62)
0000b,,d2a,2 0 x, B,
0000 0 b,,d,;a,; % B, ,
0000 O 0 b, d, =x, B,

It should be emphasized here that in Eq. (4.62) the matrix of coeffi-
cients is displayed as a matrix (with the 0s), but in the Thomas algo-
rithm only the vectors b, d, and a are stored.

Next, the first row is normalized by dividing the row by d,. This
makes the element d; (to be used as the pivot element) equal to 1:

lay 00 0 0 0 0 x B',
bydyap 0 0 0 0 0 x B,
0 bydya; 0 0 0 0 x3 B,

: (4.63)

where @', = a,/d,and B’} = B,/d,
Now the element b, is eliminated. The first row (the pivot row) is
multiplied by b, and then is subtracted from the second row:

1,00 0 0 o ol[x] [8)]
0dy,a, 0 0 0 0 0| x B,
(4.64)
00 0O bn72 dnfz an72 0 Xn-2 Bn—2
00 00 0 b,,d,qa||*_1 B, ,
0000 0 0 b, d||x] |Ba

where d', = d,—b,a’;,and B’y = B,—Bb,.
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The operations performed with the first and second row are
repeated with the second and third rows. The second row is normalized

by dividing the row by d',. This makes the element d’, (to be used as
the pivot element) equal to 1. The second row is then used to eliminate
b 1n the third row.

This process continues row after row until the system of equations
is transformed to be upper triangular with 1s along the diagonal:

1a,0 000 0 0 x B,
014d,0 00 X) B,
00 1a500 0 0 x5 B

(4.65)
00 0 00 1dad,, 0 X B", 5
00 0 000 1 a,, %1 B", 4
000000 O 1 X, B",

Once the matrix of coefficients is in upper triangular form, the values of
the unknowns are calculated by using back substitution.

In mathematical form, the Thomas algorithm can be summarized in
the following steps:

Step 1: Define the vectors b = [0, by, by, ..., b,],d = [d,,d,, ..., d,],
a = [a,ay...,a,_],and B = [B,, By, ..., B,].

! B,

Step 2: Calculate: a; = — and B, = —.

d, d,

Step 3: Fori = 2,3,...,n-1, calculate:

Bn_ann—l

Step 4: Calculate: B, =
dn . bnan -1

Step 5: Calculate the solution using back substitution:
x,=B,andfori =n-1,n-2,n-3,...,2,1, x;, = B;—a;x; .,

A solution of a tridiagonal system of equations, using a user-
defined MATLAB function, is shown in Example 4-9.
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Example 4-9: Solving a tridiagonal system of equations using the Thomas algorithm.

Six springs with different spring constants &, and
n ks ' A fy ky ks ky ks ks B

unstretched lengths L, are attached to each other
in series. The endpoint B is then displaced such q Lo e s e g, F

that the distance between points 4 and B is 4 B
L = 1.5 m. Determine the positions x,x,, ..., x5  PWASAAAAAA~ MW AANA
of the endpoints of the springs. AJ X

The spring constants and the unstretched lengths =

of the springs are: =2 7
spring 1 2 3 4 5 6 '

k (kN/m) 8 9 15 12 10 18
L (m) 0.18 0.22 0.26 0.19 0.15 0.30
SOLUTION
The force, F, in a spring is given by:
F =Fkd
where k is the spring constant and & is the extension of the spring beyond its unstretched length.
Since the springs are connected in series, the force in all of the springs is the same. Consequently, it

is possible to write five equations that equate the force in every two adjacent springs. For example,
the condition that the force in the first spring is equal to the force in the second spring gives:

ky(x;—Ly) = ko[ (xy—x) — L]
Similarly, four additional equations can be written:
kol(xy—x1) = Ly] = k3[(x3—x,) — Ls]
ky[(x3—x3) = Ly] = kg[(x4—2x3) — Lyl
kyl(xq—x3) = Ly] = ks[(x5—x4) — Ls]
ks[(xs—x4)—Ls] = kg[(L—x5)— Lg]

The five equations form a system that is tridiagonal. In matrix form the system is:

k+k, <k, 0 0 0 |[x kL, —k,L,
—ky kytky —ky 0 0 ||x, koL, —ksLs
0  —ky ky+tk, —ky 0 ||lxs| = | ksly—k,L, (4.66)
0 0 —k, kytks —kg ||x, kyLy—ksLs
0 0 0 ks ksthkg||xs| |ksLs+keL—keLg

The system of equations (4.66) is solved with a user-defined MATLAB function Tridiagonal,
which is listed next.

[ Program 4-9: User-defined function. Solving a tridiagonal system of equations. ]

function x = Tridiagonal (A,B)

% The function solves a tridiagonal system of linear equations [a] [x]=[Db]
% using the Thomas algorithm.

% Input variables:
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% A The matrix of coefficients.

% B Right-hand-side column vector of constants.
% Output variable:

% x A column vector with the solution.

[nR, nC]=size(A);

for i=1:nR -
d(i)=A(i,1); [ Define the vector d with the elements of the diagonal.]
end
for i=1:nR-1
ad(i)=A(1i,i+1); [ Define the vector ad with the above diagonal elements. ]
end
for i=2:nR
bd(i)=A(i,i-1); [ Define the vector bd with the below diagonal elements.]
end -
ad(1l)=ad(1)/d(1); 7
B(1)=B(1)/d(1) ; - EZ
for i=2:nR-1 =
ad(i)=ad(i)/ (d(i)-bd (i) *ad(i-1));
B(i)=(B(i)-bd(i)*B(i-1))/(d(i)-bd(i)*ad(i-1)) ;
end

B (nR) = (B (nR) -bd (nR) *B (nR-1) ) / (d (nR) -bd (nR) *ad (nR - 1)) ;
x(nR,1)=B(nR) ;

for i=nR-1:-1:1
Step 5.
x(i,1)=B(i)-ad(i)*x(i+1) ;

end

The user-defined function Tridiagonal is next used in a script file program to solve the system in
Eq. (4.66).

% Example 4-9
k1=8000; k2=9000; k3=15000; k4=12000; k5=10000; k6=18000;
L=1.5; L1=0.18; L2=0.22; L3=0.26; L4=0.19; L5=0.15; L6=0.30;
a=[kl + k2, -k2, 0, 0, O; -k2, k2+k3, -k3, 0, 0; 0, -k3, k3+k4, -k4, O
0, 0, -k4, k4+k5, -k5; 0, 0, 0, -k5, k5+k6];
b=[k1l*L1-k2*L2; k2*L2-k3*L3; k3*L3-k4*L4; k4*L4-k5*L5; k5*L5+k6*L-k6*L6];
Xs=Tridiagonal (a,b)

When the script file is executed, the following solution is displayed in the Command Window.

Xs =
0.2262 !
0.4872 2
0.7718 *3
0.9926 *4
1.1795 %

>>
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4.10 ERROR, RESIDUAL, NORMS, AND CONDITION
NUMBER

A numerical solution of a system of equations is seldom an exact solu-
tion. Even though direct methods (Gauss, Gauss—Jordan, LU decompo-
sition) can be exact, they are still susceptible to round-off errors when
implemented on a computer. This is especially true with large systems
and with ill-conditioned systems (see Section 4.11). Solutions that are
obtained with iterative methods are approximate by nature. This section
describes measures that can be used for quantifying the accuracy, or
estimating the magnitude of the error, of a numerical solution.

4.10.1 Error and Residual

If [xys] is a computed approximate numerical solution of a system of »
equations [a][x]=[b] and [x;s] is the true (exact) solution, then the
true error is the vector:

(4.67)

The true error, however, cannot in general be calculated because the
true solution is not known.

An alternative measure of the accuracy of a solution is the residual
[#], which is defined by:

[r] = [allxps]-[allxys]= [6] - [allxys] (4.68)

In words, [] measures how well the system of equations is satisfied
when [x,,] is substituted for [x]. (This is equivalent to the tolerance in

f(x) when the solution of a single equation is considered. See Eq. (3.5)
in Section 3.2.) The vector [~] has »n elements, and if the numerical solu-
tion is close to the true solution, then all the elements of [] are small. It
should be remembered that [#] does not really indicate how small the
error is in the solution [x]. [#] only shows how well the right-hand side
of the equations is satisfied when [x,] 1s substituted for [x] in the orig-
inal equations. This depends on the magnitude of the elements of the
matrix [a]. As shown next in Example 4-10, it is possible to have an
approximate numerical solution that has a large true error but gives a
small residual.

A more accurate estimate of the error in a numerical solution can be
obtained by using quantities that measure the size, or magnitude, of
vectors and matrices. For numbers, it is easy to determine which one is
large or small by comparing their absolute values. It is more difficult to
measure the magnitude (size) of vectors and matrices. This is done by a
quantity called norm, which is introduced next.
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Example 4-10: Error and residual.

The true (exact) solution of the system of equations:
1.02x, + 0.98x,

0.98x, +1.02x,

2

isx;=x,=1.

Calculate the true error and the residual for the following two approximate solutions:
(@ x,=1.02, x,=1.02.

(b) x,=2, x,=0.

SOLUTION

In matrix form, the given system of equations is [a][x] =[], where [a] =[1 02 0'98] and [b]= H
0.98 1.02 2

The true solution is [x;5]= H
1

The true error and the residual are given by Egs. (4.67) and (4.68), respectively. Applying these
equations to the two approximate solutions gives:

(a) In this case [xyg]= [1'02] Consequently, the error and residual are:
1.02

[e] = [xps]—[xys] = H - {1'02} = [_0'02] and
1 1.02 —0.02
[r] = 18]~ [a]lxys] = [5] - [a]lxys] = ﬂ —{‘-"2 0-98] [‘-02] - [—0-04]
2 0.98 1.02]|1.02 -0.04

In this case, both the error and the residual are small.

(b) Inthis case, [xys]= H . Consequently, the error and residual are:
0

[e] = [xps]—[xvs] =H —ﬂ =H and
1 0 1

[r] = [5]- [allxys] = [6]-[allxys] = H —[“’2 0-98] H - {‘0-0“}
2 0.98 1.02] [0 0.04

In this case, the error is large but the residual is small.
This example shows that a small residual does not necessarily guarantee a small error. Whether or
not a small residual implies a small error depends on the “magnitude” of the matrix [a].
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4.10.2 Norms and Condition Number

A norm is a real number assigned to a matrix or vector that satisfies the
following four properties:

(1) The norm of a vector or matrix denoted by |[a]| is a positive quan-
tity. It is equal to zero only if the object [«a] itself is zero. In other words,
I[a]l >0 and |[a]l =0 only if [a]=0. This statement means that all
vectors or matrices except for the zero vector or zero matrix have a pos-
itive magnitude.

(i) For all numbers o, |a[a]| = |a|l[«]l . This statement means that the
two objects [a] and [-a] have the same “magnitude” and that the mag-
nitude of [10a] is 10 times the magnitude of [a].

(iii) For matrices and vectors, [[a][x]] <[[a]ll[x]|, which means that
the norm of a product of two matrices is equal to or smaller than the
product of the norms of each matrix.

(iv) For any two vectors or matrices [a] and [5],
Ila + 11 < l[all + (2]l (4.69)
This statement is known as the triangle inequality because for vectors

[a] and [&] it states that the sum of the lengths of two sides of a triangle
can never be smaller than the length of the third side.

Any norm of a vector or a matrix must satisfy the four properties
listed above in order to qualify as a legitimate measure of its “magni-
tude.” Different ways of calculating norms for vectors and matrices are
described next.

Vector norms

For a given vector [v] of n elements, the infinity norm written as |v|,
is defined by:

Vl, = max|v| 4.70)
1<i<n

In words, |v|, is a number equal to the element v; with the largest
absolute value.
The I-norm written as |v|, is defined by:

M= > i @.71)

i=1

In words, [|v|, is the sum of the absolute values of the elements of the
vector.
The Euclidean 2-norm written as |v||, is defined by:

n 1/2
||V||2 = (Z v:zj (4_72)

i=1

In words, ||, is the square root of the sum of the square of the ele-
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ments. It is also called the magnitude of the vector [v].
Matrix norms

The matrix infinity norm is given by:
4.73)

In words, the absolute values of the elements in each row of the matrix

are added. The value of the largest sum is assigned to |a ..
The matrix I-norm is calculated by:

“4.74)

It is similar to the infinity norm, except that the summation of the abso-
lute values of the elements is done for each column, and the value of the
largest sum is assigned to [|al;.

The 2-norm of a matrix is evaluated as the spectral norm:

(4.75)

Ilall, = m

Il

where [v] is an eigenvector of the matrix [a] corresponding to an
eigenvalue A. (Eigenvalues and eigenvectors are covered in Chapter 5.)
The 2-norm of a matrix is calculated by MATLAB using a technique

called singular value decomposition, where the matrix [a] is factored
into [a] = [u][d][v], where [«] and [v] are orthogonal matrices (special
matrices with the property [u]_l = [u]T), and where [d] is a diagonal
matrix. The largest value of the diagonal elements of [d] is used as the
2-norm of the matrix [a].

The Euclidean norm for an m x n matrix [a] (which is different
from the 2-norm of a matrix) is given by:

= 1/2
"[a]"Euclidean = (Z ZaSJ (476)

i=1j=1

Using norms to determine bounds on the error of numerical solutions

From Eqgs. (4.67) and (4.68), the residual can be written in terms of the
error [e] as:

[r] = [allxzs]-[allxys] = [al([x7s] = [xys]) = [alle] 4.77)

If the matrix [a] is invertible (otherwise the system of equations does
not have a solution), the error can be expressed as:

[e] = [a] '[r] (4.78)
Applying property (iii) of the matrix norm to Eq. (4.78) gives:
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(4.79)
From Eq. (4.77), the residual [r] is:
[r] = [alle] (4.80)
Applying property (iii) of the matrix norm to Eq. (4.80) gives:
171l = Nallelll < lalllilell (4.81)
The last equation can be rewritten as:
el <genl (482)
Equations (4.79) and (4.82) can be combined and written in the form:
b < e = el < e lieen (4.83)

To use Eq. (4.83), two new quantities are defined. One is the rela-
tive error defined by |[e]ll/ |[x;5]| , and the second is the relative resid-

ual defined by |[7]ll/ |[#]]l . For an approximate numerical solution, the
residual can be calculated from Eq. (4.68). With the residual known,
Eq. (4.83) can be used for obtaining an upper bound and a lower bound
on the relative error in terms of the relative residual. This is done by
dividing Eq. (4.83) by |[x7s]| , and rewriting the equation in the form:

R S P 13 D PO I 3 I 12 [N
il ToecT 50 < Togl < Ml I e 39

Since [a][x;g]=[b], property (iii)) of matrix norms gives:

A1 < I{all||[xzs]| or M <|[a]l, and this means that ||[a]| can be

|Lxzs]|
substituted for H in the right-hand side of Eq. (4.84). Similarly,
Xrs
since [xpg] = [a]fl[b] , property (iii) of matrix norms gives
[[xrs]] < ltarliteal or —— < il , and this means that — -
ltarl Izl a1l

can be substituted for H in the left-hand side of Eq. (4.84). With
Xrs

these substitutions, Eq. (4.84) becomes:

1 || ) I P 1] s
itaillag BN~ Toezsd] Ittt ez (4.85)

Equation (4.85) is the main result of this section. It provides a means for
bounding the error in a numerical solution of a system of equations.

ILell

Equation (4.85) states that the true relative error, T
Xrs

(which is not
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known), is bounded between times the relative residual,

Itall [a1”l
(lower bound), and [ [a][l[a]l times the relative residual (upper

bound). The relative residual can be calculated from the approximate
numerical solution so that the true relative error can be bounded if the

quantity |[a]l || [a]_IH (called condition number) can be calculated.

Condition number

The number |[a] || [a]71|| is called the condition number of the matrix
[a]. It is written as:
Cond[a] = |[alll[a1” (4.86)

e The condition number of the identity matrix is 1. The condition
number of any other matrix is 1 or greater.

» If the condition number is approximately 1, then the true relative
error is of the same order of magnitude as the relative residual.

* If the condition number is much larger than 1, then a small relative
residual does not necessarily imply a small true relative error.

* For a given matrix, the value of the condition number depends on the
matrix norm that is used.

e The inverse of a matrix has to be known in order to calculate the
condition number of the matrix.

Example 4-11 illustrates the calculation of error, residual, norms, and
condition number.

Example 4-11: Calculating error, residual, norm and condition number.

Consider the following set of four equations (the same that was solved in Example 4-8).
9x1—2x,+3x;+2x, = 545
2xy +8xy—2x; +3x, = —14
—3x;+2x, +11x;—4x, = 12.5
—2x+3x,+2x5+ 10x, = 21
The true solution of this system is x,=5, x,=-2, x;=2.5, and x,=-1. When this system was
solved in Example 4-8 with the Gauss—Seidel iteration method, the numerical solution in the sixth
iteration was x, = 4.98805, x,=-1.99511, x, = 2.49806, and x, =—1.00347.
(a) Determine the true error,[e], and the residual, [r].
(b) Determine the infinity norms of the true solution, [xg], the error, [e], the residual, [r], and the
vector [b].
(c) Determine the inverse of [a], the infinity norm of [a] and [a]_l, and the condition number of the
matrix [a].
(d) Substitute the quantities from parts (b) and (c) in Eq. (4.85) and discuss the results.
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SOLUTION

First, the equations are written in matrix form:

9 -2 3 2||x 54.5
2 8 9 3l — |14
-3 2 11 -4||x; 12.5
-2 3 2 10| |x4 -21
5 4 98805
(a) The true solution is Xrs = = , and the approximate numerical solution is xyg = -1.99511)
2.5 2.49806
-1 ~1.00347
5 4.98805 0.0119
The error is then: [e] = [xzs]—[xys] = | 72| | 1911 = s
2.5 2.49806 0.0019

-1 —1.00347 0.0035

The residual is given by Eq. (4.77) [r] = [a]l[e]. It is calculated with MATLAB (Command Win-
dow):
>> a=[9 -2 3 2; 28 -2 3; -3211 -4; -2 3 2 10];
>> e=[0.0119; -0.0049; 0.0019; 0.0035];
>> r=at*e
r =

0.13009000000000

-0.00869000000000

-0.03817000000000

0.00001000000000

(b) The infinity norm of a vector is defined in Eq. (4.70): |V, = 1max|v | . Using this equation to cal-
<i<
culate infinity norm of the true solution, the residual, and the vector [5] gives:

|xzs] = ”{ax’,xnzi’ = max[|5|,]-2l,12.5],|-1]]1 = 5

lel., = 1max| | = max[|0.0119], |-0.0049], |0.0019], |0.0035|] = 0.0119

<i<
I7ll,, = ma);yri| = max[|0.13009], |-0.00869], |-0.03817|, |0.00001|] = 0.13009

5., = max|bJ‘ = max[|54.5],|-14],]12.5, |-21|] = 54.5
1<i<

(c¢) The inverse of [a] is calculated by using MATLAB’s inv function (Command Window):
>> aINV=inv(a)
aINV =

0.0910 0.0386 -0.0116 -0.0344

-0.0206 0.1194 0.0308 -0.0194

0.0349 -0.0200 0.0727 0.0281

0.0174 -0.0241 -0.0261 0.0933

The infinity norms of [a] and [a] " are calculated by using Eq. (4.73), l[a]l., = | max Z |a|

j=1
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= = Ol +-21+(3]+[2], [2|+[8|+-21+I3], [-3]+[21+[11] +|-4], [9]+|-2|+[3]+]2
II[a]Ilegn%“j;Ia,,l max[|91+=2|+[3|+2l, |2[+8[+-2[+(3], |-3|+[2[+[11]+[-4], [9]+-2]+3]+]2]]

Ilalll,, = max[16,15,20,16] = 20

- S 1| = - L o
ltar™ 1??24;@” max[|0.091] + |0.0386] + |-0.0116| + |-0.0344], |-0.0206] + [0.1194| +

|0.0308| + |-0.0194/, |0.0349| + |-0.02| +10.0727| +]0.0281|, [0.0174| + |-0.0241| + |-0.0261] + [0.0933| ]

lta1 ™l = max[0.1756, 0.1902, 0.1557, 0.1609] = 0.1902

The condition number of the matrix [a] is calculated by using Eq. (4.86):

Cond[a] = |l[alll[al™] = 20-0.1902 = 3.804

(d) Substituting all the variables calculated in parts (b) and (c) in Eq.(4.85) gives:
(o W5 O PO P 7

Il a2 16T~ Cxzs]] Ia]

1013009 _ el < 3.804 9-13009
3.804 545 [xzs]] 545

L 0002387 M <3804.0002387, or 627510 < eIl <4.00908

3.804 |Cxzs]] I0xzs]|
These results indicate that the magnitude of the true relative error is between 6.275x 10~ and
0.00908. In this problem, the magnitude of the true relative error can be calculated because the true
solution is known.
The magnitude of the true relative error is:

"'[”e]"]" = 0-05“9 — 0.00238,, which is within the bounds calculated by Eq. (4.85).
Xrs

4.11 ILL-CONDITIONED SYSTEMS

An ill-conditioned system of equations is one in which small variations
in the coefficients cause large changes in the solution. The matrix of
coefficients of ill-conditioned systems generally has a condition number
that is significantly greater than 1. As an example, consider the system:

6x,—2x, = 10

(4.87)
11.5x, - 3.85x, = 17
The solution of this system is:
X, = apby—anb; _ _45 _ 45
a12a21_a11a22 —2 N 115—(6‘—385) 01
X, = aynby—anb, _ 115- . _ 13 _ 130
a12a21—a11a22 _2 * 115_(6—385) 01
If a small change is made in the system by changing a,, to 3.84,
6x,—2x, = 10 4.88)

11.5x, - 3.84x, = 17
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then the solution is:

apb,—apb; _ 2.17-(-3.84-10) _ 4.4

= = 110
(112(121 - a11a22 _2 * 115 - (6 * _384) 004

X, = ayb,—ayb, _ 11.5- . _ 13
apay —ayay  -2-11.5-(6--3.84)  0.04
It can be observed that there is a very large difference between the solu-
tions of the two systems. A careful examination of the solutions of Egs.
(4.87) and (4.88) shows that the numerator of the equation for x, in
both solutions is the same and that there is only a small difference in the
numerator of the equation for x,. At the same time, there is a large dif-
ference (a factor of 2.5) between the denominators of the two equations.
The denominators of both equations are the determinants of the matri-
ces of coefficients [a] .
The fact that the system in Egs. (4.87) is ill-conditioned is evident
from the value of the condition number. For this system:

[a] = 6 -2 —I and [a]‘1 = [38'5
11.5 115

Using the infinity norm, Eq. (4.73), the condition number for the system
is:

= 325

Cond[a] = |[alll[al™] = 15.35-175 = 2686.25
Using the 1-norm, Eq. (4.74), the condition number for the system is:

Cond[a] = |[a]lll[a]] = 17.5-153.5 = 2686.25
Using the 2-norm, the condition number for the system is (the norms
were calculated with MATLAB built-in norm (a, 2) function):

Cond[a] = I[alll[a]| = 13.6774 - 136.774 = 1870.7

These results show that with any norm used, the condition number of
the matrix of coefficients of the system in Eqgs. (4.87) is much larger
than 1. This means that the system is likely ill-conditioned.

When an ill-conditioned system of equations is being solved
numerically, there is a high probability that the solution obtained will
have a large error or that a solution will not be obtained at all. In gen-
eral, it is difficult to quantify the value of the condition number that can
precisely identify an ill-conditioned system. This depends on the preci-
sion of the computer used and other factors. Thus, in practice, one needs
to worry only about whether or not the condition number is much larger
than 1, and not about its exact value. Furthermore, it might not be possi-
ble to calculate the determinant and the condition number for an ill-con-
ditioned system anyway because the mathematical operations done in
these calculations are similar to the operations required in solving the
system.
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4.12 PROBLEMS

Problems to be solved by hand
Solve the following problems by hand. When needed, use a calculator, or write a MATLAB script file to
carry out the calculations. If using MATLAB, do not use built-in functions for operations with matrices.

4.1 Solve the following system of equations using the Gauss elimination method:
2x tx,—x3 =1

X, +2x,+x3 =8

—x;tx,—%x3 = -5
2 21 X1 10
4.2 Given the system of equations [a][x] = [b], where a = |3 7 _5|, x = x| s and b = |_1¢4| -
-12 3 s 8

determine the solution using the Gauss elimination method.

0.0003x, + 1.566x, = 1.569
0.3454x, — 2.436x, = 1.018°
(a) Solve the system with the Gauss elimination method using rounding with four significant figures.
(b) Switch the order of the equations, and solve the system with the Gauss elimination method using
rounding with four significant figures.
Check the answers by substituting the solution back in the equations.

4.3 Consider the following system of two linear equations:

4.4 Solve the following system of equations using the Gauss elimination method.
2x1+x,—x3+2x, =0
X —2xy+x3—4x, = 3
3x;—xp—2x3—-x4 = 3
—x,+2x,+x;-2x, = 13

4.5 Solve the following system of equations with the Gauss elimination method.
2x;+x,—x3+4x, = 19
—X]—2X,+x3+2x, = -3
2x,+4x,+2x3+x, = 25

X txy—x3—-2x4 = =5

4.6  Solve the following system of equations using the Gauss—Jordan method.
4x,+x,+2x; = 21
2x)—2x,+2x3 = 8

X, —2x,+4x; = 16

4.7 Solve the system of equations given in Problem 4.2 using the Gauss—Jordan method.
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45 X1
4.8  Given the system of equations [a][x] = [b], where a = |5 _5 | ,x = x| and b = deter-
6 2 X3 o

mine the solution using the Gauss—Jordan method.

4.9 Solve the following system of equations with the Gauss—Jordan elimination method.
4x,+3xy+2x3+x, = 17
2x1—x,+2x3—4x, = 11
X +2x,-2x3—-x, = 8
—2x,+4x,+5x;—x4 = 15

246
4.10 Determine the LU decomposition of the matrix a = 3 5 1| using the Gauss elimination procedure.

622

6 12
4.11 Determine the LU decomposition of the matrix @ = |5 11 : | using Crout’s method.

410

4.12 Solve the following system with LU decomposition using Crout’s method.

10 12 0
4.13 Find the inverse of the matrix | o 5 g| using the Gauss—Jordan method.
2 4 8
-1 2
4.14 Given the matrix a = | ( 2 s » determine the inverse of [a] using the Gauss—Jordan method.
051 —2J

4.15 Carry out the first three iterations of the solution of the following system of equations using the
Gauss—Seidel iterative method. For the first guess of the solution, take the value of all the unknowns to be
Zero.

8x, +2x,+3x; = 51
2x;+5x,+ x5 = 23

—3x;+x,+6x3 = 20
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4.16 Carry out the first three iterations of the solution of the following system of equations using the
Gauss—Seidel iterative method. For the first guess of the solution, take the value of all the unknowns to be
Zero.

401 0 1||x| [32
25-11 0||x| [19
103 -1 0||xy| = |14
010 4 2|x,| |2
10-10 5]|x [41

4.17 Find the condition number of the matrix in Problem 4.13 using the infinity norm.
4.18 Find the condition number of the matrix in Problem 4.14 using the infinity norm.
4.19 Find the condition number of the matrix in Problem 4.13 using the 1-norm.

4.20 Find the condition number of the matrix in Problem 4.14 using the 1-norm.

Problems to be programmed in MATLAB
Solve the following problems using the MATLAB environment. Do not use MATLAB's built-in functions for
operations with matrices.

4.21 Modify the user-defined function GaussPivot in Program 4-2 (Example 4-3) such that in each
step of the elimination the pivot row is switched with the row that has a pivot element with the largest
absolute numerical value. For the function name and arguments use x = GaussPivotLarge (a,b),
where a is the matrix of coefficients, b is the right-hand-side column of constants, and x is the solution.
(a) Use the GaussPivotLarge function to solve the system of linear equations in Eq. (4.17).

(b) Use the GaussPivotLarge function to solve the system:

03 8 5-16 x 34
312-48 5 -2 x; 20
80 010-3 7 X3 45

31000 4 x5 36
00 4-602 % 60
30500 -6 % 28

4.22 Write a user-defined MATLAB function that solves a system of » linear equations, [a][x] = [b],
with the Gauss—Jordan method. The program should include pivoting in which the pivot row is switched
with the row that has a pivot element with the largest absolute numerical value. For the function name and
arguments use x = GaussJordan (a, b), where a is the matrix of coefficients, b is the right-hand-side
column of constants, and x is the solution.

(a) Use the GaussJordan function to solve the system:
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2x+xy+4x;-2x4 = 19
3x;+4x,+2x3-x4 = 1
3x,+5x,-2x;+x, = 8
—2x1+3x,+2x3+4x, = 13
(b) Use the GaussJordan function to solve the system:

(12 345 6|[x] [o1
1-325-46||x,| [37
61243 5|y - |63
32-1456||g| |[81
4-2-13 6 5||xs| |69
5-6-34-21||% |4

4.23 Write a user-defined MATLAB function that decomposes an » x » matrix [4] into a lower triangular
matrix [L] and an upper triangular matrix [U] (such that [4] = [L][U]) using the Gauss elimination
method (without pivoting). For the function name and arguments, use [L, U] = LUdecompGauss (A),
where the input argument A is the matrix to be decomposed and the output arguments L and U are the cor-
responding upper and lower triangular matrices. Use LUdecompGauss to determine the LU decomposi-
tion of the following matrix:

4 -1 3 2
-8 0 -3-35
2 -35103.75
-8 -4 1 05

4.24 Write a user-defined MATLAB function that determines the inverse of a matrix using the Gauss—Jor-
dan method. For the function name and arguments use Ainv = Inverse (A), where A is the matrix to be
inverted, and Ainv is the inverse of the matrix. Use the Inverse function to calculate the inverse of:

12 1 -1-21 2
(a) The matrix 2 2 _4| - (b) The matrix 11 -4-2
1 2-4-2
02105
2 41 -2

4.25 Write a user-defined MATLAB function that calculates the 1-norm of any matrix. For the function
name and arguments use N = OneNorm (A) , where A is the matrix and N is the value of the norm. Use the
function for calculating the 1-norm of:

4-1010

91 ow 14-10 1

(@) Thematrix 4 = |1 o 1 I (b) Thematrix B= | ¢ _1 4 -1 0
0 1 1 0-14-1

1001 0-14
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4.26 Write a user-defined MATLAB function that calculates the infinity norm of any matrix. For the func-
tion name and arguments use N = InfinityNorm (A), where A is the matrix, and N is the value of the
norm. Use the function for calculating the infinity norm of:

4-1010

-21 0 -14-101

(@) Thematrix 4 = || 5 1 |- (b) The matrix B = 0 -14-10
0 1 -15 1 0-14 -1

1001 0-14

4.27 Write a user-defined MATLAB function that calculates the condition number of an (n x n) matrix by
using the 1-norm. For the function name and arguments use ¢ = CondNumb_One (A7), where A is the
matrix and c is the value of the condition number. Within the function, use the user-defined functions
Inverse from Problem 4.24 and OneNorm from Problem 4.25. Use the function CondNumb_ One for
calculating the condition number of the matrices in Problem 4.25.

4.28 Write a user-defined MATLAB function that calculates the condition number of an (» x n) matrix by
using the infinity norm. For the function name and arguments use ¢ = CondNumb_Inf (A), where A is
the matrix and c is the value of the condition number. Within the function, use the user-defined functions
Inverse from Problem 4.24 and InfinityNorm from Problem 4.26. Use the function
CondNumb_Inf for calculating the condition number of the matrices in Problem 4.25.

Problems in math, science, and engineering

Solve the following problems using the MATLAB environment. As stated, use the MATLAB programs that
are presented in the chapter, programs developed in previously solved problems, or MATLAB's built-in
Sfunctions.

4.29 In a Cartesian coordinate system the equation of a circle with its
center at point (a, b) and radius r is:
(x=ap+(y-b) = 1

(-8,4)

(

Given three points, (-1,3.2), (-8,4), and (-6.5,-9.3), determine the = \

equation of the circle that passes through the points. k_/)
(-6.5,-9.3)

Solve the problem by deriving a system of three linear equations (substi-

tute the points in the equation) and solve the system.

(a) Use the user-defined function GaussPivotLarge developed in Problem 4.21.
(b) Solve the system of equations using MATLAB?’s left division operation.

4.30 In a 3D Cartesian coordinate system the equation of a plane is:

ax+by+cz =d
Given three points, (2,-3,-2), (5,2,1), and (-1, 5,4), determine the equation of the plane that passes
through the points.
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4.31 Three masses, m; = 2 kg, m, = 3 kg, and m; = 1.5 kg, are attached to
springs, k; = 30N/m, k, = 25N/m, k; = 20 N/m, and £k, = 15 N/m, as h% %k 3
shown. Initially the masses are positioned such that the springs are in their nat-

A A A
Yy

ural length (not stretched or compressed); then the masses are slowly released & zn
and move downward to an equilibrium position as shown. The equilibrium DR

equations of the three masses are: ks [1712]
(ky+ky+ky)uy —kyuy = mg Tﬁ

—kauy + (k3 +kg)uy —kjuz = myg

— k4u2 + k4u3 = m3g
where u, , u,, and u, are the relative displacement of each mass as shown. Determine the displacement of
the three masses. (g = 9.81 m/s2)

4.32 The axial force £; in each of the 13-member pin-
connected truss, shown in the figure, can be calculated 1800N (600N 800N 600N
by solving the following system of 13 equations: l ®

@
F,+0.707F, = 0, F,—0.707F,—2000 = 0 @ o
0.7071F, +F, +6229 = 0 , —F,+0.659Fs+F,=0 ™ ® o\ |l _—
—F,—0.753F5—600 = 0 , —F4—0.659F;+F, = 0 | 0 oN| @ %
1m 8

0.753F5+Fg = 0, —Fg+0.659Fy+Fy =0 I e I
Fg—0.753Fy—800 = 0, —F,—0.659F,+F, = 0
0.753Fy+ Fp,—2429 = 0 , —Fg+0.707Fy; = 0

—F,—0.7071F 3~ 600 = 0

(a) Solve the system of equations using the user-defined function GaussPivotLarge developed in
Problem 4.21.

(b) Solve the system of equations using Gauss—Seidel iteration. Does the solution converge for a starting
(guess) vector whose elements are all zero?

(c) Solve the system of equations using MATLAB’s left division operation.

4.33 A particular dessert consists of 2 Ib of bananas, 3 Ib of strawberries, 3 1b of cherries, and 4 1b of fro-
zen yogurt. If the cost of the entire batch of this dessert is to be no more than $20 (in order to yield an
acceptable profit), what must the cost of each ingredient be (per pound) if the strawberries cost twice as
much as the cherries, and the cherries cost $1 per pound less than the frozen yogurt, and the frozen yogurt
costs as much as half a pound of cherries and 4 pounds of bananas? (Hint: Set up a system of four equa-
tions where the unknowns are the cost (per pound) of the bananas (x, ), the cost (per pound) of the straw-
berries (x, ), the cost (per pound) of the cherries (x;), the cost (per pound) of the frozen yogurt (x, ), and
use the fact that all the ingredient costs have to add up to $20.)



4.12 Problems 161

4.34 A particular chemical substance is produced from three different ingredients 4, B, and C, each of
which have be dissolved in water first before they react to form the desired substance. Suppose that a solu-

tion containing ingredient 4 at a concentration of 2 g/cm3 is combined with a solution containing ingredi-
ent B at a concentration of 3.6 g/cm3 and with a solution containing ingredient C at a concentration of 6.3
g/cm? to form 25.4 g of the substance. If the concentrations of 4, B, and C in these solutions are changed to
4 g/cm3 ,4.3 g/cm3, and 5.4 g/cm>, respectively (while the volumes remain the same), then 27.7 g of the

substance is produced. Finally, if the concentrations are changed to 7.2, 5.5, and 2.3 g/cm?, respectively,
then 28.3 g of the chemical is produced. Find the volumes (in cubic centimeters) of the solutions contain-
ing 4, B, and C.

4.35 Mass spectrometry of a sample gives a series of peaks that represent various masses of ions of con-
stituents within the sample. For each peak, the height of the peak 7, is influenced by the amounts of the
various constituents:

where C; is the contribution of ions of species i to the height of peak j, and »; is the amount of ions or con-
centration of species j. The coefficients C;; for each peak are given by:

Peak Species
identity
CH, C,H, C,Hg C;Hg C;Hg

1 2 0.5 0 2.4 0.2
2 18 4 0.3 0.2 0.1
3 18 10 0 15
4 12 0
5 10 2
6 10

If a sample produces a mass spectrum with peak heights, 7,= 30.5, I,= 71.5, I;= 3548, I,= 180,
Is= 100 ,and I,= 36.9 , determine the concentrations of the different species in the sample.

4.36 The axial force F; in each of the 21 member pin connected truss,
shown in the figure, can be calculated by solving the following system

of 21 equations:
—F,-0342F, = 0 ,
Fy+0342F; =0, Fg—F,—094F; =0
~Fs—0.7071F; =0 , Fg+0.707F,—F, = 0
0.707Fg +0.707F3—0.5F, — F1, =0
—Fg—0.707F;+0.7071Fy + 0.866F,, = 0

—F 15— 0.707Fy+2000 = 0 ,
Fiy+05F, —05F,—F, =0,

094F;+ F,—54000 = 0

—Fg—0.707Fy = 0
~0.866F,, — 0.866 F ; — 5000 = 0

5000 N

8000N 6000 N

© ©)
@\
| IS

i
2000 N

@
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F+05F;3—05F —Fis =0, 0.866F;+0.866F;5—6000 = 0
Fig+05F, =0 , F,+05F —05F, =0, —0.866F—0.866F, =0

(a) Solve the system of equations using the user-defined function GaussJordan developed in Problem
4.22.
(b) Solve the system of equations using MATLAB’s left division operation.

4.37 A bridge is modeled by a rigid horizontal bar supported

by three elastic vertical columns as shown. A force | d ‘P
P = 40kN applied to the rigid bar at a distance d from the

end of the bar represents a car on the bridge. The forces in I Bm ) 3 |
columns F,;, Fop, and F,r can be determined from the Lo Lep ‘LGF
solution of the following system of three equations: 6 \&
FyptFeptFgp =—-P, 10F,3+28Fcp+40F g = —d-P Tom*! 18m | 12m | 10m

12F 4L 45— 30F cpLep + 18F gpLlge = 0

Once the force in each of the column is known, its elongation & can be determined with the formula

= 1% , where E and A are the elastic modulus and the cross-sectional area of each of the columns.

Write a MATLAB program in a script file that determines the forces in the three columns and their elonga-
tion for 0 <d <50 m. The program displays the three forces as a function of 4 in one plot, and the elonga-
tion of the three columns as a function of 4 in a second plot (two plots on the same page). Also given:

Lyg=12m, Lep = 8m, Lge = 10m, E = 70 GPa,and 4 = 2510 'm?.

4.38 A food company manufactures the five types of 1.0 Ib trail mix packages that have the following
composition and cost:

Mix Peanuts (Ib) | Raisins (Ib) |Almonds (Ib)| Chocolate |Dried Plums| Total Cost of
Chips (Ib) (Ib) Ingredients ($)
A 0.2 0.2 0.2 0.2 0.2 1.44
B 0.35 0.15 0.35 0 0.15 1.16
C 0.1 0.3 0.1 0.1 0.4 1.38
D 0 0.3 0.1 0.4 0.2 1.78
E 0.15 0.3 0.2 0.35 0 1.61

Using the information in the table, determine the cost per pound of each of the ingredients. Write a system
of linear equations and solve by using the following methods.

(a) Use the user-defined function GaussJordan that was developed in Problem 4.22.

(b) Use MATLAB’s built-in functions.
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4.39 The currents, iy, i,, 3,14 i5, in the circuit that is
shown can be determined from the solution of the follow-
ing system of equations. (Obtained by applying Kirch-
hoff’s law.)
9.5i; —2.5i,—2i, = 12,
~2.5i,+ 11iy—3.5i;— 5is = —16
—3.5i,+155i;—4is = 14 , —2i;+7i,—3is = 10
—5i,—4iy—3i, + 12is = —30
Solve the system using the following methods.
(a) Use the user-defined function GaussJordan that
was developed in Problem 4.22.
(b) Use MATLAB’s built-in functions.

4.40 When balancing the following chemical reaction by conserving the number of atoms of each element
between reactants and products:

Pyly+aP,+bH,0 & cPH,I+dH,PO,

the unknown stoichiometric coefficients q, b, ¢, and d are given by the solution of the following system of
equations:

4011 |a 2
0 010(b - |4
0 243 |c 0
0-104(d 0

Solve for the unknown stoichiometric coefficients using
(a) The user-defined function GaussJordan that was developed in Problem 4.22.
(b) MATLAB?s left division operation.

4.41 A certain chemical engineering process application =
. . Cin
(see figure) involves three chemical reactors 4, B, and C. 0 &
. . . X
At steady state, the concentrations of a particular species# ~ m,,, — e chCm
in each reactor has the values x,, x5, and x. in units of g
x Q
mg/m3. If the flow rates from reactor i (4, B, or C) to reac- == | x30pc

mass flow rate of species n from reactor i to reactor j is
x;0; (units of mg/s). Since this chemical species is con-

tor j (4, B, or C) is denoted as 0, (units of m/s), then the stM .

served (i.e., neither produced nor destroyed) conservation of mass (of the species) for each reactor must
hold. For the process shown in the figure, Q,; = 40 m>/s, O,c = 80 m>/s, Opq = 60 m>/s,

Ozc = 20 m*/s, Qcpu = 150 m’/s, mg,;, = 195 mg/s, and m,,, = 1320 mg/s. Write down the mass con-
tinuity equations for each reactor and solve them to find the concentrations x,, x, and x. in each reactor.
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4.42 When balancing the following chemical reaction by conserving the number of atoms of each element
between reactants and products:

(Cr(N,H,CO),),(Cr(CN)g), + aKMnO, + bH,S0, —>
the unknown stoichiometric coefficients a through % are given by the solution of the following system of
equations:

[0 0200000

a 7
0 0000100 & 66
02000002 ¢ 96
0 0001000 4 _ |42
—4-4742341 e 24

-10200120 0
-10010000 g 0
|10 -1010010_ A

Solve for the unknown stoichiometric coefficients using

(a) The user-defined function GaussJordan that was developed in Problem 4.22.
(b) MATLAB?s left division operation.

4.43 Traffic congestion is encountered at the intersections
shown in the figure. All the streets are one-way and in the I T | | i |
directions shown. In order for effective movement of traffic, it
is necessary that for every car that arrives at a given corner,
another car must leave so that the number of cars arriving per
unit time must equal the number of cars leaving per unit time.
Traffic engineers gather the following information:

- @ Amsterdam Ave.® -

®108th s
|

7}
5
S
- > @ Columbus Ave.

| |1

e 600 cars per hour come down Amsterdam Ave. to intersec- |

tion #1 and 300 cars per hour enter intersection #1 on 108t
St.

* 650 cars per hour leave intersection #2 along Amsterdam Ave. and 50 cars per hour leave intersection
#2 along 107 St.

e 350 cars per hour come up Columbus Ave. to intersection #3 and 50 cars per hour enter intersection #3
along 107th St.

* 400 cars per hour leave intersection #4 along Columbus Ave. and 300 cars per hour enter intersection #4
from 108th St.

Find n,, n,, n;, and n,, where n, denotes the number of cars traveling per hour along Amsterdam Ave.
from intersection #1 to intersection #2, n, denotes the number of cars traveling per hour along 107th St.
from intersection #3 to intersection #2, n; denotes the number of cars traveling per hour along Columbus
Ave. from intersection #3 to intersection #4, and n, denotes the number of cars traveling per hour along
108th St. from intersection #1 to intersection #4.



Chapter 5

Eigenvalues and Eigenvectors

Core Topics
The characteristic Equation (5.2)

Basic power method (5.3).
Inverse power method (5.4).

Shifted power method (5.5).
QR factorization and iteration method (5.6).

Use of MATLAB's built-in functions for determining
eigenvalues and eigenvectors (5.7).

5.1 BACKGROUND

For a given (n x n) matrix [a], the number A is an eigenvalue1 of the
matrix if:

[al[u] = Alu] (.1

The vector [«] is a column vector with » elements called the eigenvec-
tor, associated with the eigenvalue A .

Equation (5.1) can be viewed in a more general way. The multipli-
cation [a][«] is a mathematical operation and can be thought of as the
matrix [a] operating on the operand [«]. With this terminology, Eq.
(5.1) can be read as “[a] operates on [«] to yield A times [«],” and Eq.
(5.1) can be generalized to any mathematical operation as:

Lu = Au (52)

where L is an operator that can represent multiplication by a matrix, dif-
ferentiation, integration, and so on, « is a vector or function, and A is a
scalar constant. For example, if L represents second differentiation with
respect to x, y is a function of x, and £ is a constant, then Eq. (5.2) can
have the form:

(5.3)

Equation (5.2) is a general statement of an eigenvalue problem,
where A is called the eigenvalue associated with the operator L, and u is

1. The word eigenvalue is derived from the German word eigenwert, which means
“proper or characteristic value.”
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the eigenvector or eigenfunction corresponding to the eigenvalue A and
the operator L.

Eigenvalues and eigenvectors arise in numerical methods and have
special importance in science and engineering. For example, in the
study of vibrations, the eigenvalues represent the natural frequencies of
a system or component, and the eigenvectors represent the modes of
these vibrations. It is important to identify these natural frequencies
because when the system or component is subjected to periodic external
loads (forces) at or near these frequencies, resonance can cause the
response (motion) of the structure to be amplified, potentially leading to
failure of the component. In mechanics of materials, the principal
stresses are the eigenvalues of the stress matrix, and the principal direc-
tions are the directions of the associated eigenvectors. In quantum
mechanics, eigenvalues are especially important. In Heisenberg’s for-
mulation of quantum mechanics, there exists an operator L correspond-
ing to every observable quantity (i.e., any quantity that can be measured
or inferred experimentally such as position, velocity, or energy). This
operator L operates on an operand ¥ called the wave function, and if the
result is proportional to the wave function—, if LY = ¢¥,—then the
value of the observable, c, is the eigenvalue and is said to be certain
(i.e., can be known very precisely). In other words, the eigenvalues ¢
corresponding to the observable are those values of the observable that
have a nonzero probability of occurring (and therefore being observed).
Examples of such operators from quantum mechanics are
1L EY , where ih o
27 Ot 21 ot

. h 2w _ 2 .h 2 . >
—zZ—RV‘I’ = p¥, where _lﬁv( ) is the momentum operator and p is
the linear momentum, where i = ,/~1 and % is Planck’s constant. The
eigenvectors, also known as eigenstates, represent one of many states in
which an object or a system may exist corresponding to a particular
eigenvalue.

There is a link between eigenvalue problems involving differential
equations and eigenvalue problems involving matrices (5.1), which are
the focus in this section. Numerical solution of eigenvalue problems
involving ordinary differential equations (ODEs) results in systems of
simultaneous equations of the form (5.1). In other words, numerical
determination of the eigenvalues in a problem involving an ODE
reduces to finding the eigenvalues of an associated matrix [a], resulting
in a problem of the form (5.1).

Beyond the physical importance of eigenvalues in science and engi-
neering, the eigenvalues of a matrix can also provide useful information
about its properties in numerical calculations involving that matrix.
Section 4.7 showed that the Jacobi and Gauss—Seidel iterative methods
can be written in the form of:

( ) is the energy operator and E is the energy;
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A _ - o
It turns out that whether or not these iterative methods converge to a
solution depends on the eigenvalues of the matrix [a]. Moreover, how
quickly the iterations converge depends on the magnitudes of the eigen-

values of [a] .

5.2 THE CHARACTERISTIC EQUATION

Determination of the eigenvalues of a matrix from Eq. (5.1) is accom-
plished by rewriting it in the form:

[a=AI][u] =0 5.4)

where [/] is the identity matrix with the same dimensions as [a] . When
written in this homogeneous form, it can be seen that if the matrix
[a—AI] is nonsingular (i.e., if it has an inverse), then multiplying both
sides of Eq. (5.4) by [a— Al ]_1 yields the trivial solution [#] = 0. On
the other hand, if [a—Al] is singular, that is, if it does not have an
inverse, then a nontrivial solution for [«] is possible. Another way of
stating this criterion is based on Cramer’s rule (see Chapter 2): the
matrix [a—A[ ] is singular if its determinant is zero:

detfa—AI] =0 (5.5)

Equation (5.5) is called the characteristic equation. For a given matrix
[a]l, it yields a polynomial equation for A, whose roots are the eigen-
values. Once the eigenvalues are known, the eigenvectors can be deter-
mined. This is done by substituting the eigenvalues (one at a time) in
Eq. (5.1) and solving the equation for [«]. For a small matrix [a]
((2x2) or (3 x3)), the eigenvalues can be determined directly by cal-
culating the determinant and solving for the roots of the characteristic
equation. This is shown in Example 5-1 where the eigenvalue problem
approach is used for calculating the principal moments of inertia and
the directions of the principal axes of an asymmetric cross-sectional
area.

Determining the eigenvalues of larger matrices is more difficult.
Various numerical methods for solving eigenvalue problems have been
developed. Two of them, the power method and the QR factorization
method, are described next.

5.3 THE BASIC POWER METHOD

The power method is an iterative procedure for determining the largest
real eigenvalue and the corresponding eigenvector of a matrix. Consider
an (n x n) matrix [a] that has » distinct real eigenvalues A, A,, ..., A,

and » associated eigenvectors [u];, [u],, ..., [u], . The eigenvalues are
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Example 5-1: Principal moments of inertia.

Determine the principal moments of inertia and the orientation of the

y
principal axes of inertia for the cross-sectional area shown. I‘iomQ'T
The moment of inertia /,, / ,, and the product of inertia /,,, are: Sl
I, = 102285 mm*, 7, = 1307.34mm*, and 1, = -2880 mm*
SOLUTION .
0
In matrix form, the two-dimensional moment of inertia matrix is 21mm
given by: Zmm | | _1-
;= | I o) _ 102285 2880 56 L ]3mm
Iner ( 4 ) L_ _.I_f
-1,, I, 2880 1307.34 =

The principal moments of inertia and the orientation of the principal

axes of inertia can be calculated by solving the following eigenvalue problem:
[Ilner][u] = A’[u] (57)
where the eigenvalues A are the principal moments of inertia and the associated eigenvectors [u]

are unit vectors in the direction of the principal axes of inertia. The eigenvalues are determined by
calculating the determinant in Eq. (5.5):

det[I,,,,~\1 =0 (5.8)
det|(102285-2) 2880 ~ 0 (5.9)
2880  (1307.34-1)

The polynomial equation for A is:
(10228.5—1)(1307.34 —A)—2880> = 0 or A*—11535.84A + 5077727.19 = 0 (5.10)
The solutions of the quadratic polynomial equation are the eigenvalues A, = 11077.46 mm®* and

A, = 45838 mm?, which are the principal moments of inertia.
The eigenvectors that correspond to each eigenvalue are calculated by substituting the eigenvalues in
Eq. (5.7). For the first eigenvector u(D :

1 1 1
10228.5 2880 ||#V| _ 1107746|“1"| or |-848.96 2880 ||u{V| _ [0 (5.11)
2880 1307.34] [ugh) ush) 2880 -9770.12) [ush| [0

The two equations in Egs. (5.11) give u{) = 0.29478u{D. By using the additional condition that the

eigenvector in this problem is a unit vector, (u{l))2 + (u§1))2 = 1, the eigenvector associated with the
first eigenvalue, A, = 11077, is determined to be »(1) = 0.95919i + 0.28275; .

For the second eigenvector u(2 :

102285 2880 ||uf?| _ 4s93g[¥tP| o [9770.12 2880 ||#{P| _ |0 (5.12)
2880 1307.34 |uf?) ug? 2880 84896/ |u®| [0
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The two equations in Eqgs. (5.12) give u{?) = —3.3924u(? . By using the additional condition that the

eigenvector is a unit vector, (u{Z))2 + (u§2))2 = 1, the eigenvector associated with the second eigen-
value, A, = 458.38, is determined to be »(1) = —0.28275i +0.95919;.

numbered from the largest to the smallest such that

g > Ao > ... > |2 (5.13)
Since the eigenvectors are linearly independent, they are a set of basis
vectors. This means that any vector, belonging to the same space (i.e.,
group) as the eigenvectors, can be written as a linear combination of the
basis vectors. Suppose that [x] is a column vector in the same space as
the eigenvectors. Then any vector [x] in the same space as the eigen-
vectors [u];, [u],, ..., [u], can be expressed as a linear combination of
the eigenvectors:

[x] = cluly + c5[uly + ... + ¢, [u], (5.14)

where the c¢;#0 are scalar constants. Let [x], = [x]. Multiplying Eq.
(5.14) by [a] yields:

[allx]; = cilalluly + cylalluly + ... e, lallul, = Aei[x],  (5.15)

(5.16)

(5.16)

(5.17)

(5.18)

Recall that A, is the largest eigenvalue (see Eq. (5.13)), which means
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that %< 1 forall i>1. Thus, when £ is sufficiently large, all the terms
1

NG
on the right-hand side of Eq. (5.18) that contain (%) can be neglected
1

relative to the term [«]; so that:
(5.19)

Equation (5.19) shows that the vector [x], that is obtained from Eq.

(5.18) is [u], (the eigenvector). When the power method is imple-
mented, the vector [x], is normalized at each step by dividing the ele-
ments of the vector by the value of the largest element (see Eq. (5.14)
through Eq. (5.18)). This makes the largest element of the vector equal
to 1. It is because of this scaling at each step that the power method
yields the eigenvalue and associated eigenvector simultaneously.

A numerical procedure for determining the largest eigenvalue of a
(nx n) matrix [a] with the power method is given in the following
algorithm.

Algorithm for the power method

1. Start with a column eigenvector [x]; of length n. The vector can be
any nonzero vector.

2. Multiply the vector [x]; by the matrix [«]. The result is a column
vector [x];, 1, [x];+; = [allx];.

3. Normalize the resulting vector [x],, . This is done by factoring out
the largest element in the vector. The result of this operation is a
multiplicative factor (scalar) times a normalized vector. The nor-
malized vector has the value 1 for the element that used to be the
largest, while the absolute values of the rest of the elements are less
than 1.

4. Assign the normalized vector (without the multiplicative factor) to
[x]; and go back to 1.

The iterations continue in this manner until the difference between the
vector [x]; and the normalized vector [x];, ; is less than some specified
tolerance. The difference can be measured in different ways. One possi-
bility is to use the infinity norm (see Section 4.10.2):

[[x1;+1 - [x]., < Tolerance (5.20)

The last multiplicative factor is the largest eigenvalue, and the normal-
ized vector is the associated eigenvector.
Example 5-2 illustrates how the power method works.
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Example 5-2: Using the power method to determine the largest eigenvalue of a matrix.

Determine the largest eigenvalue of the following matrix:

4 2 -2
281 (5.21)
2 4-4

Use the power method and start with the vector x = [1,1, 1]".

SOLUTION

Starting with i = 1, x; = [1, 1, 1]T. With the power method, the vector [x], is first calculated by
[x], = [al[x], (Step 2) and is then normalized (Step 3):

4 2 2[|1 4 0.5714
[x] = [allx]y = |28 1||1| = |7/ = 7| 1 (5.22)
2 441 2 0.2857

For i = 2, the normalized vector [x], (without the multiplicative factor) is multiplied by [a] . This

results in [x],, which is then normalized:

4 2 -21(0.5714 3.7143 0.52
[xIs = [allx]; = |28 1|| 1 |=|7.1429] = 7-1429| 1 (5.23)
2 4 -4]10.2857 4 0.56
The next three iterations are:
4 2-2(]10.52 2.96 0.3936
i=3: [x]4 = [a][x]3 =128 1 1 = 1752 = 7.52 1 (524)
2 4 -4(]0.56 2.8 0.3723
4 2 -2110.3936 2.8298 0.3731
i=4: [x]s = [allx]; = |28 1 1 = |7.5851| = 7.5851 1 (5.25)
2 4 -4/0.3723 3.2979 0.4348
4 2—2- 0.3731 2.6227 0.3411
i=35: [x]lg = [allx]s = |28 1 1 = |7.6886| = 7.6886 1 (5.26)
2 4 -4]10.4348 3.0070 0.3911
After three more iterations, the results are:
4 2 2l[03272] (25197 0.3255
i=8 [xlo = [allxls = |28 1|| 1 | = |7.7401] = 77401} (3.27)
2 4 —4][0.3946 3.0760 0.3974

The results show that the differences between the vector [x;] and the normalized vector [x,,,] are
getting smaller. The value of the multiplicative factor (7.7401) is an estimate of the largest eigen-
value. As shown in Section 5.5, a value of 7.7504 is obtained for the eigenvalue by MATLAB’s
built-in function eig.
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Convergence of the power method

The power method generally converges very slowly, unless the starting
vector [x] is close to the eigenvector [u«],. It can be seen from Eq.
(5.18) that the ratio of the two largest eigenvalues determines how
quickly the power method converges to an answer. A problem can arise
when the starting vector [x] is such that the value of ¢, in Eq. (5.14) is
zero. This means that [x] has no components in the direction of the cor-
responding eigenvector [u],. Theoretically, the power method in this
case will fail. In practice, however, the method can still converge (very
slowly) because the accumulation of round-off errors during the
repeated multiplication with the matrix [a] will produce components in
the direction of [u],.

When can the power method be used?
The power method can be used under the following conditions:
* Only the largest eigenvalue is desired.

» The largest eigenvalue cannot be a repeated root of the characteristic
equation. In other words, there cannot be other eigenvalues with the
same magnitude as the largest eigenvalue.

* The largest eigenvalue must be real. This is also implied from the
bullet above, because if the largest eigenvalue is complex, then the
complex conjugate is also an eigenvalue, which means that there are
two eigenvalues with the same magnitude.

Additional note on the power method

The matrix for which the eigenvalue is determined cannot be modified
in any manner (i.e., the matrix cannot be changed to an upper triangular
form, lower triangular form, etc.) before finding the largest eigenvalue.
Modifying the matrix and then applying the power method will result in
a different matrix with different eigenvalues than the original matrix.

5.4 THE INVERSE POWER METHOD

The inverse power method can be used to determine the smallest eigen-
value. This is done by applying the power method to the inverse of the

given matrix [a] (i.e., [a]_l ). This works because the eigenvalues of

the inverse matrix [a]_l are the reciprocals of the eigenvalues of [a].
Starting from [a][x] = A[x], multiplying both sides from the left by

[a]_l gives:

[a] '[a][x] = [a] 'A[x] = AM[a] '[x] (5.28)
Since [a]_l[a] = [1], Eq. (5.28) reduces to:

[x] = Ala] ' [x] or [a] '[x] = (5.29)
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This shows that 1/A is the eigenvalue of the inverse matrix [a]fl.
Thus, the power method can be applied for finding the largest eigen-
value of [a]f1 , and the result will be the largest value of 1/, which
corresponds to the smallest value of A for the matrix [a]. Applying the
power method to the inverse of [a] is called the inverse power method.

The procedure of applying the inverse power method is in principle
the same as the power method. A starting vector [x]; is multiplied by

[a]f1 to give [x],, ;, which is then normalized and multiplied again:
[x]i+1 = [a] ' [x]; (5.30)

Obviously, the inverse matrix [a]_l has to be calculated before iter-
ations with Eq. (5.30) can be carried out. Numerical methods for calcu-
lating an inverse of a matrix are described in Section 4.6. In practice,
however, calculating the inverse of a matrix is computationally ineffi-
cient and not desirable. To avoid the need for calculating the inverse of
[a]l, Eq. (5.30) can be rewritten as:

[allx]i1 = [x]; (5.31)

Now, for a given [x];, Eq. (5.31) is solved for [x],, ;. This can best be

done by using the LU decomposition method (Section 4.5).

Thus far, the power method has been used for finding the largest
and smallest eigenvalues of a matrix. In some instances, it is necessary
to find all the eigenvalues. The next two sections describe two numeri-
cal methods, the shifted power method, and the QR factorization
method, which can be used for finding all eigenvalues.

5.5 THE SHIFTED POWER METHOD

Once the largest or the smallest eigenvalue is known, the shifted power
method can be used for finding the other eigenvalues. The shifted
power method uses an important property of matrices and their eigen-

values. Given [a][x] = A[x], if A, is the largest (or smallest) eigen-

value obtained by using the power method (or the inverse power
method), then the eigenvalues of a new shifted matrix formed by

[a—A,I] are O, Ay — Ay, A3 —Aq, Ay —Aq, ..., A, — A, . This can be seen eas-
ily because the eigenvalues of [a —A,/] are found from:

[a—AJ1[x] = a[x] (5.32)
where the o ’s are the eigenvalues of the shifted matrix [a—A,/]. But
[al[x] = A[x] so that Eq. (5.32) becomes:

(A=A)[x] = a[x] (5.33)

where A = A, Ay, As, ..., A,,. Therefore, the eigenvalues of the shifted
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matrix are o = 0,A, — Ay, A3—A, Ay — Ay, ..., A, — A, . The eigenvectors
of the shifted matrix [a—A,/] are the same as the eigenvectors of the
original matrix [a]. Now, if the basic power method is applied to the
shifted matrix [a —A,/] (after it is applied to [a] to determine 2, ), then
the largest eigenvalue of the shifted matrix, a,, can be determined.
Then, the eigenvalue 2, can be determined since a;, = A, —A;. All the

other eigenvalues can be determined by repeating this process & —2
times, where at each time the shifted matrix is [a — A, /], where A, is the

eigenvalue obtained from the previous shift.

The shifted power method is a tedious and inefficient process. A
preferred method for finding all the eigenvalues of a matrix is the QR
factorization method, which is described in the next section.

5.6 THE QR FACTORIZATION AND ITERATION
METHOD

The QR factorization and iteration method is a popular means for find-
ing all the eigenvalues of a matrix. The method is based on the fact that
similar matrices (see definition below) have the same eigenvalues and
associated eigenvectors, and the fact that the eigenvalues of an upper
triangular matrix are the elements along the diagonal. To find the eigen-
values (all real) of a matrix [a], the strategy of the QR factorization
method is to eventually transform the matrix into a similar matrix that is
upper triangular. In actuality, this is not done in one step, but, as
described later in the section, it is an iterative process.

The QR factorization method finds all the eigenvalues of a matrix
but cannot find the corresponding eigenvectors. If the eigenvalues of
the given matrix are all real, the QR factorization method eventually
factors the given matrix into an orthogonal matrix and an upper triangu-
lar matrix. If the eigenvalues are complex (not covered in this book),
the matrix is factored into an orthogonal matrix and a (2 x2) block
diagonal matrix (i.e., a matrix whose diagonal elements themselves are
(2 x 2) block matrices).

Similar matrices

Two square matrices [a] and [b] are similar if:

[a] = [c] '[blc] (5.34)

where [c] is an invertible matrix. The operation in Eq. (5.34) is called
a similarity transformation. Similar matrices have the same eigenval-
ues and associated eigenvectors.

The QR factorization and iteration procedure

The QR factorization procedure starts with the matrix [a], whose
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eigenvalues are to be determined. The matrix is factored into two matri-
ces [Q], and [R];:

(5.35)

where [Q], is an orthogonal matrix and [R], is an upper triangular
matrix. (An orthogonal matrix is a matrix whose inverse is the same as

its transpose, [0]' = [0]", i, [01'[Q] = [Q1"[Q] = [ ]).
The matrix [R]; is then multiplied from the right by [Q]; to give
the matrix [a],

[al, = [RI1[Q], (5.36)
Since from Eq. (5.35) [R], = [Q]f[a]l, Eq. (5.36) reduces to:
[a], = [Q]1[a),[Q], (5.37)

This means (see Eq. (5.34)) that the matrices [a]; and [a], are similar,
thus having the same eigenvalues. This completes the first iteration in
the QR factorization and iteration procedure.

The second iteration starts by factoring the matrix [«], into [O],
(orthogonal) and [R], (upper triangular) such that [a], = [Q],[R],,
and then calculating [a]; by [al; = [R],[Q],. Again, since
[R], = [Ql,[al;, the matrix [a]; is given by [al; = [Q];[R1,[Q],.
The matrices [a]; and [a], are similar, thus having the same eigenval-
ues (which are the same as the eigenvalues of [a]; ).

The iterations continue until the sequence of matrices generated,
[al;, [al,, [al;, ..., results in an upper triangular matrix of the form:

MX XX
0h X X
00 X
00 02,

where the eigenvalues of the given matrix [a], appear along the diago-
nal. The eigenvalues A;, A,, A5, ..., are not in any particular order.

In each iteration of the QR method, factoring a matrix [a] into an
orthogonal matrix [Q] and an upper triangular matrix [R], such that

[a] = [Q][R], is done in steps by using a special matrix [H] called the
Householder matrix.

The Householder matrix [H |

The (n x n) Householder matrix [#] has the form:

[H] = ] - ——[I}V]" (5.38)

vl [v]
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where [7] is the (n x n) identity matrix and [v] is an n-element column
vector given by:

[v] = [e]+lcll[e] (5-39)

In Eq. (5.39) [e] and [c] are n-element column vectors and ||, is the
Euclidean norm (length) of [c]:

(5.40)

Note that [v]T[v] is a scalar (number) and [v][v]T is an (n x n) matrix.
The vectors [c¢] and [e] are described in detail in the next section.

The Householder matrix has special properties. First, it is symmet-
ric. Second, it is orthogonal. Thus, [H ]’1 = [H ]T = [H]. This means
that [H][a][H] yields a matrix that is similar to [a] .

Factoring a matrix [a] into an orthogonal matrix [Q] and an upper
triangular matrix [R]

Factoring an (n x n) matrix [a] into an orthogonal matrix [Q] and an
upper triangular matrix [R], such that [a] = [Q][R], is done in (n—1)
steps.

Step 1: The vector [c], which has » elements, is defined as the first col-
umn of the matrix [a] :

[c] = |2 (5.41)

The vector [e] is defined as the following column vector of length »:

+
0
0

—

(5.42)

0

The first element of [e] is +1 if the first element of [¢] (whichis a,;) is
positive and is —1 if the first element of [c] is negative. The rest of the
elements are zeros.

Once the vectors [c] and [e] are defined, the (n x n) Householder

matrix [H]" can be constructed by using Eqs. (5.38)—(5.40). Using
[H](l), the matrix [«] is factored into [Q](l)[R](l) where:

(01" = (#" (5.43)
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Figure 5-1: The matrix [R](l)
after Step 1.

B R KD R K2
0 KD RY KD Y
0
0

0

Figure 5-2: The matrix [R](Z)
after Step 2.

and
(5.44)

The matrix [Q](l) is orthogonal because it is a Householder matrix, and
[R](l) is a matrix with zeros in the elements of the first column that are
below the (1, 1) element. The matrix [R]" is illustrated in Fig. 5-1 for
the case of a (5 x 5) matrix.

Step 2: The vector [c¢], which has n elements, is defined as the second

1
]()

column of the [R]"’ matrix with its first entry set to 0:

[e] = [ (5.45)

el = | o (5.46)

The second element of [e] is +1 if the second element of [¢] in Eq.

(5.45) (which is Rglz)) is positive and is -1 if the second element of [c¢]

is negative. The rest of the elements are zeros.
Once the vectors [c] and [e] are identified, the next (n x n) House-

holder matrix [H]® can be constructed by using Eqgs. (5.38)—(5.40).

Next, by using [H ](2), the matrix [a] is factored into [Q](Z)[R](z),
where:

(5.47)

and

(5.48)

The matrix [0]® is orthogonal and [R]® is a matrix with zeros as the
elements of the first and second columns that are below the diagonal

elements in these columns. The matrix [R](Z) is illustrated in Fig. 5-2
for the case of a (5 x 5) matrix.
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R R R B RY
0 Ry Ry Rsy RsS
0 0 &Y RS &Y
0o o o RYRY
o o o RYRY

Figure 5-3: The matrix [R](3)
after Step 3.

Step 3: Moving to the third column of [a], the vector [c], which has n
elements, is defined as:

[e]=1 2 (5.49)

The vector [e] is defined as the following column vector of length »:

(5.50)

ot oo

0

The third element of [e] is +1 if the third element of [¢] (which is R)
is positive and is —1 if the third element of [c] is negative. The rest of
the elements are zeros.

Once the vectors [¢] and [e] are identified, the next (» x n) House-

holder matrix [H ](3) can be constructed by using Egs. (5.38)—(5.40).

Next, by using [H ](3), the matrix [a] is factored into [Q](3) [R](a),
where:

(5.51)
and

(5.52)

The matrix [Q](3) is orthogonal and [R](3) is a matrix with zeros as the
elements of the first, second, and third columns that are below the diag-
onal elements in these columns. The matrix [R](B) is illustrated in Fig.
5-3 for the case of a (5 x 5) matrix.

Steps 4 through (n—1): The factoring of matrix [a] into orthogonal and
upper triangular matrices continues in the same way as in Steps 1
through 3. In a general Step i, the vector [¢] has zeros in elements 1
through i— 1, and in elements i through #, it has the values of the ele-

ments R\ through RY" of the matrix [R]* " that was calculated
in the previous step. The vector [e] has +1 for the ith element if the ith
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element of [c] is positive and has —1 if the ith element of [c] is nega-
tive. The rest of its elements are zeros.
Once the vectors [¢] and [e] are identified, the next (n x n) House-

holder matrix [H]® can be constructed by using Egs. (5.38)—(5.40).
Next, by using [H ](i), the matrix [a] is factored into [Q](i)[R](i) ,
where:

(5.53)

and

(5.54)

The matrix [Q](i) is orthogonal and [R](i) is a matrix with zeros in the
elements of the first through the ith columns that are below the diagonal
elements in these columns.

After the last step (Step n — 1), the matrix [R]"~ D is upper triangu-

lar. The matrices [Q]("f D and [R]("f ! obtained in the last step are the
orthogonal and upper triangular matrices that the matrix [«] is factored
into in the iterative process.

[a] = [01" "[R]"V (5.55)

Example 5-3 shows a hand calculation of QR factorization of a matrix.

Example 5-3: QR factorization of a matrix.

SOLUTION

tion requires only two steps.

Factor the following matrix [a] into an orthogonal matrix [Q] and an upper triangular matrix [R]:

The solution follows the steps listed in pages 176—179. Since the matrix [a] is (3 x 3), the factoriza-

Step 1: The vector [c] is defined as the first column of the matrix [a]:

The vector [e] is defined as the following three-elem

6-72
[al = |4 52 (5.56)
1-11

6
[e] =

- &

nt column vector:

a

J

le] =

==

r
L
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Using Eq. (5.40), the Euclidean norm, ||, , of [¢] is:

lel,=Jc3 +c3 +c} =Al62 +42+1% = 7.2801
Using Eq. (5.39), the vector [v] is:
6 1| [13.2801
[v] = [c]+lclale] = |4 +7-280L|g| = | 4
1 0 1
Next, the products [v]T[v] and [v][v]T are calculated:
. 13.2801
VIVl = [13.2801 4 1]| 4 | = 1933611
1
. |13.2801 1763611 53.1204 13.2801
VIV = | 4 [[13280141] = | 531204 16 4
1 132801 4 1

The Householder matrix [H ](1) is then:

100 —176.3611 53.1204 13.2801| |-0.8242 —0.5494 —0.1374

HI"=111-—2—110"=0 1 0~ 7722 -
[ T 010~ 7933677 33-1204 16 4 —0.5494 0.8345 -0.0414
VI v 001 | 13.2801 4 1 —0.1374 —0.0414 0.9897

Once the Housholder matrix [H ](1) is constructed, [a] can be factored into [ Q](l)[R](l), where:

" " [_0.8242 —0.5494 —0.1374
[O1" = [H]" =|_05494 08345 —0.0414
-0.1374 —0.0414 0.9897

and
" " —0.8242 —0.5494 —0.1374| |6 -7 2 ~7.2801 8.6537 —2.8846
[RT"" = [H] '[a]l =|-0.5494 0.8345 —0.0414| |4 —5 2| = 0 —0.2851 0.5288
~0.1374 —0.0414 0.9897 | |1 -1 1 0 01787 0.6322

This completes the first step.
Step 2: The vector [c¢], which has three elements, is now defined as:
0

[c] = [RY)| = |-0.2851
1
R 0.1787

The vector [e] is defined as the following three-element column vector:

0
[e] = |1
0
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Using Eq. (5.40), the Euclidean norm, ||c||,, of [¢] is:

lell,=Jc? + 2 + c2 =4/0% + (~0.2851)2 +0.1787* = 0.3365
Using Eq. (5.39), the vector [v] is:

0 0 0
[v]l = [l +lclle]l = |—g.2851| T0-3365|_1| = |_0.6215
0.1787 0 0.1787

Next, the products [v]T[v] and [v][v]T are calculated:

0
T
[VI'[v] = [0 —0.6215 0.1787] |-0.6215| = 04183
0.1787

0 0 O 0

T _
VIV = |—0.6215|[0 —0.6215 0.1787] = |0 0.3864 ~0.1111
0.1787 0 0.1111 0.0319

The Householder matrix [H ](2) is then:
. ; . |1oo 0 0 0 1 0 0
[H] =[1]—[ T VIIVI'=10 1 0|~ 52183 0 0.3864 —0.1111|=|0 —0.8474 0.5311
AN 001 0 0.1111 0.0319] |0 0.5311 0.8473

Once the Housholder matrix [H ](2) is constructed, [a] can be factored into [Q](z)[R](z) , Where:

—0.8242 —0.5494 —0.1374| |1 0 0 —0.8242 0.3927 —0.4082

2)_ (1) 2)_
[O1T7=[01 '[HI"=|_05494 0.8345 —0.0414| |0 —0.8474 0.5311| =|-0.5494 —0.7291 0.4082
—0.1374 —0.0414 0.9897 | |0 0.5311 0.8473| |-0.1374 0.5607 0.8166

and
o o U0 0 |[-7.2801 8.6537 —2.8846] [-7.2801 8.6537 —2.8846
[RI"=[H]"[R] "=|0 —0.8474 0.5311 0 -02851 05288 |=| 0 0.3365 -0.1123
0 05311 0.8473]| 0  0.1787 0.6322 0 0 08165

This completes the factorization, which means that:

6 -72 ——0.8242 0.3927 -0.4082 F—7.2801 8.6537 —2.8846
[a] = [Q1P[R]® or |4 -52| =|-0.5494 —0.7291 0.4082 0 03365-0.1123
1-11 |—0.1374 0.5607 0.8166 || O 0 0.8165
The results can be verified by using MATLAB. First, it is verified that the matrix [0]® is orthogo-
nal. This is done by calculating the inverse of [0]® with MATLAB’s built-in function, inv, and
verifying that it is equal to the transpose of [Q](Z) . Then the multiplication [Q](z)[R](Z) is done with
MATLAB, and the result is compared with [a] .
>> Q2=[-0.8242 0.3927 -0.4082; -0.5494 -0.7291 0.4084; -0.1374 0.5607 0.8166] ;

>> R2=[-7.2801 8.6537 -2.8846; 0 0.3365 -0.1123; 0 0 0.8165];
>> invQ2=inv (Q2)
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invQ2 =
-0.8242 -0.5494 -0.1372
0.3924 -0.7290 0.5607
-0.4081 0.4081 0.8165

>> a=Q2*R2

a=
6.0003 -7.0002 2.0001
3.9997 -4.9997 2.0001
1.0003 -1.0003 1.0001

The results (other than errors due to rounding) verify the factorization.

The QR factorization and iteration method for finding the eigenval-
ues of a matrix is summarized in the following algorithm:

Algorithm for finding the eigenvalues with the QR factorization and
iteration method
Given a (n x n) matrix [a], whose eigenvalues are to be determined.

1. Factor [a]; into an orthogonal matrix [Q]; and an upper triangular
matrix [R];, such that [a], = [Q];[R], . Thisis done in n—1 steps,
as described in pages 176179 (Step 1).
Calculate [a], by [a], = [R];[Q], -

Repeat the first two steps to obtain a sequence of matrices [a],,
[als, [als, --., until the last matrix in the sequence is upper trian-
gular. The elements along the diagonal are then the eigenvalues.

Example 5-4 shows implementation of the QR factorization method in
MATLAB.

Example 5-4: Calculating eigenvalues using the QR factorization and iteration

method.

The three-dimensional state of stress at a point inside a loaded structure is given by:

45 30 -25
oy = |30 —24 68| MPa
-25 68 80
Determine the principal stresses at this point by determining the eigenvalues of the stress matrix,
using the QR factorization method.

SOLUTION

The problem is solved with MATLAB. First, a user-defined function named QRFactorization
is written. Then, the function is used in a MATLAB program written in a script file for determining
the eigenvalues using the QR factorization and iteration method.

The user-defined MATLAB function QRFactorization, which is listed below, uses the House-
holder matrix construct in the procedure that is described in pages 176—179 to calculate the QR fac-
torization of a square matrix.
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[ Program 5-1: User-defined function, QR factorization of a matrix. J

function [Q R] = QRFactorization (R)

% The function factors a matrix [A] into an orthogonal matrix [Q] and an
upper-triangular matrix [R].

% Input variables:

% A The (square) matrix to be factored.

% Output variables:

% Q Orthogonal matrix.

% R Upper-triangular matrix.

nmatrix=size (R) ;
n=nmatrix (1) ;

I=eye(n) ;
Q=I;
for j=1l:n-1
c=R(:,]); ]—( Define the vector [c]. J
c(l:j-1)=0;
e(l:n,1)=0; T
if c(j) > 0
e(j)=1; Define the vector [e]. ]
else
e(j)=-1; |
end
clength=sqrt(c'*c) ;
v=c+clength*e; ( Generate the vector [v], Eq. (5.39). ]
H=I-2/ (v'*v)*v*y'; ( Construct the Householder matrix [H], Eq. (5.38). ]
Q=0Q*H;
R=H*R;
end

The determination of the eigenvalues follows the procedure in the algorithm.

A=[45 30 -25; 30 -24 68; -25 68 80]
for i=1:40
[9 R]=QRFactorization (3) ;
A=R*q;
end
A
e=diag (A)

The program repeats the QR factorization 40 times and then displays (in the Command Window) the
last matrix [4] that is obtained. The diagonal elements of the matrix are the eigenvalues of the orig-
inal matrix [A4].
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A =
45 30 -25
30 -24 68
-25 68 80
A =

114.9545 0.0000 0.0000
0.0000 -70.1526 -1.5563
0.0000 -1.5563 56.1981

114.9545
-70.1526
56.1981

The results show that after 40 iterations, the matrix [4] is nearly upper triangular. Actually, in this
case, QR factorization results in a diagonal matrix because the original matrix [c] is symmetric.

5.7 USE OF MATLAB BUILT-IN FUNCTIONS FOR
DETERMINING EIGENVALUES AND
EIGENVECTORS

MATLAB has built-in functions that determine the eigenvalues and
eigenvectors of a matrix, and a built-in function that performs QR fac-
torization.

The eigenvalues and eigenvectors of a matrix can be determined
with the built-in function eig. If only the eigenvalues are desired, the
function has the form:

d = eig(a)

d is a vector with the eigen- A is the matrix whose eigen-
values of A. values are to be determined.

For determining the eigenvalues and the eigenvectors, the built-in func-
tion has the following form:

[V,D] = eig(A)

V is a matrix whose columns are A is the matrix whose eigen-
the eigenvectors of A. Disa values and eigenvectors are
diagonal matrix whose diagonal to be determined.

elements are the eigenvalues.

6-72

With this notation, A*V=V*D. For example, if 4 = |4 _5 5|, the eigen-
1-11

values together with the eigenvectors can be determined by typing:

>> A=[6 -7 2; 4 -5 2; 1 -1 1];
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>> lambdas=eig (a)
lambdas =
-1.0000
2.0000
1.0000

[ Use eig to determine only the eigenvalues. |

( 1ambdas is a vector with the eigenvalues. |

>> [eVectors eValues]=eig(A)

Use eig to determine the eigenvalues
and the eigenvectors.

eVectors =
0.7071 0.8018 0.5774 ( Each column is an eigenvector. |
0.7071 0.5345 0.5774
0.0000 0.2673 0.5774
eValues =
-1.0000 0 0 The eigenvalues are the elements
0 2.0000 0 of the diagonal.
0 0 1.0000

MATLAB also has a built-in function to perform QR factorization
of matrices. The function is called gr and its simplest format is:

Q is an orthogonal matrix, and

[Q,R] = qr(A)

A is the matrix that is factored.

R is an upper-triangular matrix
such that A=Q*R.

As an example, the matrix that was factored in Example 5-3 is factored
below by using the function gr.

>> A=[6 -7 2; 4 -5 2; 1 -1 1];
>> [Q R]=qr(a)

[ Use MATLAB’s built-in function gr to factor the matrix A. ]

Q=
-0.8242 0.3925 -0.4082 ( Qis an orthogonal matrix. |
-0.5494 -0.7290 0.4082
-0.1374 0.5608 0.8165
R = ( Ris an upper triangular matrix. |
-7.2801 8.6537 -2.8846
0 0.3365 -0.1122
0 0 0.8165
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5.8 PROBLEMS

Problems to be solved by hand
Solve the following problems by hand. When needed, use a calculator, or write a MATLAB script file to
carry out the calculations. If using MATLAB, do not use built-in functions for operations with matrices.

5.1 Show that the eigenvalues of the n x n identity matrix are the number 1 repeated » times.

5.2 Show that the eigenvalues of the following matrix are 3,-1,1.

112
415
001

5.3 Find the eigenvalues of the following matrix by solving for the roots of the characteristic equation.

10 0
1 -3 |
0 2
5.4  The moment of inertia /,, /,, and the product of inertia /., of the D i —
cross-sectional area shown in the figure are: J}“ ==
I, = 5286 mm* 7, - 4331 mm*% and I, - 2914 mm* T .
The principal moments of inertia are the eigenvalues of the matrix , 2mm
{5286 2914} , and the principal axes are in the direction of the eigen-
2914 4331
vectors. Determine the principal moments of inertia by solving the char-
acteristic equation. Determine the orientation of the principal axes of (-

inertia (unit vectors in the directions of the eigenvectors).

5.5 Determine the principal moments of inertia of the cross-sectional area in Problem 5.4 by using the
QR factorization and iteration method. Carry out the first four iterations.

5.6 The structure of an BeCl, molecule may be idealized as three

masses connected by two springs, where the masses are the beryllium @ @ @
and chlorine atoms, and the springs represent the chemical bond
between the beryllium and chlorine atoms.The equation of motion for
each atom (mass) may be written as:

d2x1 Mai \\\— s H\\\— M

me——— = —kx; +kx,
dt? >
P X1 X2 X3
Be?zz = —2kxy+kx, + kx,
2
d x;
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where £ is the restoring force spring constant representing the Be—Cl bonds. Since the molecule is free to
vibrate, normal mode (i.e., along the axis) vibrations can be examined by substituting x; = 4 je“‘" , where
4; is the amplitude of the jth mass, i = J-1, o is the frequency, and ¢ is time. This results in the following
system of equations:

(5.57)

(a) Rewrite the system of equations in Eq. (5.57) as an eigenvalue problem, and show that the quantity w2
is the eigenvalue.

(b) Write the characteristic equation and solve for the different frequencies © when & = 1.81 x 10° kg/
s, me; = 3545 x 1.6605 x 1027 kg, and mj, = 9.01 x 1.6605 x 1027 kg.
(c¢) Find the wavelengths 2 = 2@£ (where ¢ = 3 x 10° m/s is the speed of light in vacuum) that corre-

spond to the frequencies from part (b). Express the answers in units of microns or pm (where
lpm = 10-%m).

(d) Determine the eigenvectors corresponding to the eigenvalues found in part (c). From the eigenvectors,
deduce the relative motion of the atoms (i.e., are they moving toward or away from each other?)

5.7 Apply the power method to find the largest eigenvalue of the matrix from Problem 5.2 starting with the
vector [1 1 1]T.

5.8 The three-dimensional state of stress at a point is given by the stress tensor:

40 20 -18
oy = |20 28 12| ksi
-18 12 14
The principal stresses and the principal directions at the point are given by the eigenvalues and the eigen-
vectors. Use the power method for determining the value of the largest principal stress. Start with a column
vector of 1s, and carry out the first three iterations.

5.9 Apply the inverse power method to find the smallest eigenvalue of the matrix from Problem 5.3
starting with the vector [1 1 l]T. The inverse of the matrix in Problem 5.3 is:
01 0 0

0.15 -1.5-1.75
-0.05 0.5 0.75
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Problems to be programmed in MATLAB
Solve the following problems using the MATLAB environment. Do not use MATLAB'S built-in functions for
operations with matrices.

5.10 Write a user-defined MATLAB function that determines the largest eigenvalue of an (n x n) matrix
by using the power method. For the function name and argument use e = MaxEig (A), where A is the
matrix and e is the value of the largest eigenvalue. Use the function MaxEig for calculating the largest
eigenvalue of the matrix of Problem 5.8. Check the answer by using MATLAB’s built-in function for find-
ing the eigenvalues of a matrix.

5.11 Write a user-defined MATLAB function that determines the smallest eigenvalue of an (n x n) matrix
by using the inverse power method. For the function name and argument use e = MinEig (A), where A is
the matrix and e is the value of the smallest eigenvalue. Inside MinEig MATLAB’s built-in function inv
for calculating the inverse of the matrix A. Use the function MinEig for calculating the smallest eigen-
value of the matrix of Problem 5.8. Check the answer by using MATLAB’s built-in function for finding the
eigenvalues of a matrix.

5.12 Write a user-defined MATLAB function that determines all the eigenvalues of an (» x n) matrix by
using the QR factorization and iteration method. For the function name and argument use
e=Al11Eig (A), where A is the matrix and e is a vector whose elements are the eigenvalues. Use the func-
tion A11Eig for calculating the eigenvalues of the matrix of Problem 5.8. Check the answer by using
MATLAB’s built-in function for finding the eigenvalues of a matrix.

Problems in math, science, and engineering

Solve the following problems using the MATLAB environment. As stated, use the MATLAB programs that
are presented in the chapter, programs developed in previously solved problems, or MATLABY built-in
functions.

5.13 Write a user-defined MATLAB function that determines the principal stresses and the directions of
the principal stresses for a given three-dimensional state of stress. For the function name and arguments,
use [Ps Pd] = PrinplStre (S), where S is a (3 x 3) matrix with the values of the stress tensor, Ps is
a column vector with the values of the principal stresses, and Pd is a (3 x 3) matrix in which each row lists
a unit vector in a principal direction. Use MATLAB built-in functions.

Use the function for determining the principal stresses and principal directions for the state of stress

40 20 -18
given in Problem 5.8: o, = [ 99 28 12| ksi.

ij
-18 12 14
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5.14 The structure of the C,H, (acetylene) molecule may be ide-

alized as four masses connected by two springs (see discussion in @ @ G @

Problem 5.6). By applying the equation of motion, the following

system of equations can be written for the amplitudes of vibration
of each atom:

‘—k i —\ My me M ny
—CH _ 2 _CH

| my @ my 0 0 X1 X2 F_JE l_f;
o kew Ckeutked kec 0 4, 0

| me mc me 4,0 _ |0

“ 0 kec (kcu tkeo) ) ken | |43 0

| me me me A, 0

o 0 ke ken _

L My My

where o is the frequency, ko = 5.92 % 10> kg/s2 and koo = 15.8 x 10> kg/s2 are the restoring force spring
constants representing the C—H and C-C bonds, respectively, and my = lamu and mc = 12amu are the

masses of the atoms (lamu = 1.6605 x 102" kg).
(a) Determine the eigenvalues © (frequencies) and the corresponding wavelengths A = 2—(’;—" (where
¢ = 3 x 10% m/s is the speed of light).

(b) Determine the eigenvectors corresponding to the eigenvalues found in part (@). From the eigenvectors,
deduce the relative motion of the atoms (i.e., are they moving toward or away from each other?).

5.15 The relationship between two populations, N, and N,, is described by the following system of
ODEs:

Ege

1= 2N, -3N,
dN
th = N,-2N,
which can be rewritten in the following matrix form:
at . or 4V = 4[N
dN, dt
dt
where [N] = +and [4] = [2 “31 .

(a) Find the eigenvalues of [4] and the corresponding eigenvectors, using MATLAB’s built-in function
eig.
(b) Interpret the physical meaning of the eigenvalues and the eigenvectors of [4].
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5.16 Mass-spring-damper models are used to study the dynamic

X3

response of buildings and multilevel structures to earthquakes. Shown in ’EH B[
the figure is a simple mass-spring (ignoring damping) model of a three :
buildi dereoine hori | motion. B Ivi libri el
storey building undergoing horizontal motion. By applying equilibrium e B |2
equations, the following equations of motion for undamped free vibration n,
are obtained: m @ kHwil %,
H H[
B B o
|
H B H H
5| F]
d2
m3_x23 = kyx; —k3x;
dt

The normal modes of vibration can be studied by letting x; = 4 jeim’, where 4; is the amplitude of the jth

mass, i = +/~1, o is the frequency in radians per second, and t is time. This results in the following eigen-
value problem where ®? are the eigenvalues:

L"z_mz) ks
my m
4, 0
I YO BT
my my my
A 0
ky (k3 2) 3
—— ——®
ms ms

Write a MATLAB program in a script file that uses the built-in function eig to calculate the eigenvalues
and eigenvectors of the model. Normalize the amplitudes using the magnitude of the displacement of the
fourth floor (A4;). Execute the program with m; = 10000 kg, m, = 9000 kg, m; = 8000kg, and

k, = ky, = k3 = 3x10% N/m. For each eigenvalue, plot the amplitude of each floor (horizontal axis) ver-
sus the floor number (vertical axis).

5.17 A football conference has six teams. The outcome of the games is recorded in a binary fashion. For
example, if team 1 defeats teams 5 and 6, then the equation x; = x5+ x4 is written to indicate these results.
At the end of the season, the wins and loses are tabulated in this fashion to produce the following ranking
matrix:

C [l
000100
101011
¥ _1010010[|*
X4 11001 0||*s
o 11100 1||xs

% [100010]|x

x2 x2

(a) Find the eigenvalues and the corresponding eigenvectors of [4], using MATLAB’s built-in function
eig.
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(b) Find the eigenvector from part (@) whose entries are all real and of the same sign (it does not matter
if they are all negative or all positive), and rank the teams from best (i.e., with most win) to worst (i.e., with
fewest wins) based on the indices of the teams corresponding to the largest to the smallest entries in that
eigenvector.

5.18 Suppose there are N web sites that are linked to each other. One (overly simplified) method to assess
the importance of a particular web site i is as follows. If web site j links (or points) to web site i, a quantity
[a;;] can be set to 1 whereas if j does not link to website £, than [a ;] is set to 0. Thus, if [x,] stands for the

importance of web site 2, and web sites 1 and 4 point to web site 2, then x, = x; +x, , and so on. Consider
four web sites, larry.com, bill.com, steve.com, and mark.com linked as shown in the directed graph below.
Let x; be the importance of larry, x, be the importance of bill, x; be the importance of steve, and

x, be the importance of mark. The above directed graph2 when converted to a set of equations using the
scheme described before results in the following equations:
X = x,tx3+x,, x, = x;+x3, x3 = x,+x,,and x, = x, +x;, which can be written as:

0111 T M

X2 X3
POLO ™% = 1'% = [4][x]
1100 *3 X3
0110 X4 Xy

(a) Find the eigenvalues and the corresponding eigenvectors of [4], using MATLAB’s built-in function
eigq.

(b) Find the eigenvector from part (@) whose entries are all real and of the same sign (it does not matter if
they are all negative or all positive), and rank the web sites in descending order of importance based on
the indices of the web sites corresponding to the largest to the smallest entries in that eigenvector.

Larry.com (x,) Bill.com (x,)

-
Steve.com (x;) f——— Mark.com (x,)

2. A much more sophisticated variant of this naive example is used by the popular Google search engine. These ideas predate the
Internet and involve a branch of mathematics known as ranking theory or theory of paired comparisons. For example, see T.H.
Wei, The Algebraic Foundations of Ranking Theory, Cambridge University Press, London, 1952; and M.G. Kendall, "Further
contributions to the theory of paired comparisons", Biometrics 11, p. 43, 1955.
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Curve Fitting and Interpolation

Core Topics

equation in linear form (6.3).

nomials (6.4).

Lagrange polynomials (6.5.1).

Curve fitting with a linear equation (6.2). Piecewise (spline) interpolation (6.6).
Curve fitting with nonlinear equation by writing the ~ Use of MATLAB built-in functions for curve fitting

Curve fitting with quadratic and higher order poly- Complementary Topi

Interpolation using a single polynomial (6.5).

Newton’s polynomials (6.5.2).

and interpolation (6.7).

Curve fitting with linear combination of nonlinear
functions (6.8).

6.1 BACKGROUND

Many scientific and engineering observations are made by conducting
experiments in which physical quantities are measured and recorded.
The experimental records are typically referred to as data points. For
example, the strength of many metals depends on the size of the grains.
Testing specimens with different grain sizes yields a discrete set of
numbers (d — average grain diameter, o, — yield strength) as shown in
Table 6-1.

Table 6-1: Strength-grain size data.

d (mm) 0.005 | 0.009 | 0.016 | 0.025 | 0.040 | 0.062 | 0.085 | 0.110

o, (MPa) | 205 | 150 | 135 | 97 89 80 | 70 [ 67

Sometimes measurements are made and recorded continuously with
analog devices, but in most cases, especially in recent years with the
wide use of computers, the measured quantities are digitized and stored
as a set of discrete points.

Once the data is known, scientists and engineers can use it in differ-
ent ways. Often the data is used for developing, or evaluating, mathe-
matical formulas (equations) that represent the data. This is done by
curve fitting in which a specific form of an equation is assumed, or pro-
vided by a guiding theory, and then the parameters of the equation are
determined such that the equation best fits the data points. Sometimes
the data points are used for estimating the expected values between the

193
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Figure 6-1: Curve fitting.
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known points, a procedure called interpolation, or for predicting how
the data might extend beyond the range over which it was measured, a
procedure called extrapolation.

Curve fitting

Curve fitting is a procedure in which a mathematical formula (equation)
is used to best fit a given set of data points. The objective is to find a
function that fits the data points overall. This means that the function
does not have to give the exact value at any single point, but fits the
data well overall. For example, Fig. 6-1 shows the data points from
Table 6-1 and a curve that shows the best fit of a power function

(o = €d™) to the data points. It can be observed that the curve fits the
general trend of the data but does not match any of the data points
exactly. Curve fitting is typically used when the values of the data
points have some error, or scatter. Generally, all experimental measure-
ments have built-in errors or uncertainties, and requiring a curve fit to
go through every data point is not beneficial. The procedure is also used
for determining the validity of proposed equations used to represent the
data and for determining the values of parameters (coefficients) in the
equations. Curve fitting can be carried out with many types of functions
and with polynomials of various orders.

Interpolation

Interpolation is a procedure for estimating a value befween known val-
ues of data points. It is done by first determining a polynomial that
gives the exact value at the data points, and then using the polynomial
for calculating values between the points. When a small number of
points is involved, a single polynomial might be sufficient for interpola-
tion over the whole domain of the data points. Often, however, when a
large number of points are involved, different polynomials are used in
the intervals between the points in a process that is called spline inter-
polation. For example, Fig. 6-2 shows a plot of the stress—strain rela-
tionship for rubber. The red markers show experimental points that
were measured very accurately, and the solid curve was obtained by
using spline interpolation. It can be observed that the curve passes
through the points precisely and gives a good estimate of values
between the points.

The next three sections cover curve fitting. Section 6.2 describes
how to curve-fit a set of data points with a linear function using least-
squares regression analysis. In Section 6.3 data points are curve fit with
nonlinear functions by rewriting the functions in a linear form. In Sec-
tion 6.4 curve fitting is carried out with second and higher-order poly-
nomials. Interpolation is covered in the next two sections. Section 6.5
shows how to find the equation of a single polynomial that passes
through a given set of data points (Lagrange and Newton’s polynomi-
als), and Section 6.6 covers piecewise (spline) interpolation in which
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X

Figure 6-3: Two data points.

Y

X

Figure 6-4: Many data points.

different polynomials are used for interpolation in the intervals between
the data points. Section 6.7 describes the tools that MATLAB has for
curve fitting and interpolation. In Section 6.8 curve fitting is done in a
more general way by using a linear combination of nonlinear functions.

6.2 CURVE FITTING WITH A LINEAR EQUATION

Curve fitting using a linear equation (first degree polynomial) is the
process by which an equation of the form:

(6.1)

is used to best fit given data points. This is done by determining the
constants a; and g, that give the smallest error when the data points are
substituted in Eq. (6.1). If the data comprise only two points, the con-
stants can be determined such that Eq. (6.1) gives the exact values at the
points. Graphically, as shown in Fig. 6-3, it means that the straight line
that corresponds to Eq. (6.1) passes through the two points.

When the data consists of more than two points, obviously, a
straight line cannot pass through all of the points. In this case, the con-
stants a, and g, are determined such that the line has the best fit overall,
as illustrated in Fig. 6-4.

The process of obtaining the constants that give the best fit first
requires a definition of best fit (Section 6.2.1) and a mathematical pro-
cedure for deriving the value of the constants (Section 6.2.2).

6.2.1 Measuring How Good Is a Fit

A criterion that measures how good a fit is between given data points
and an approximating linear function is a formula that calculates a num-
ber that quantifies the overall agreement between the points and the
function. Such a criterion is needed for two reasons. First, it can be used
to compare two different functions that are used for fitting the same
data points. Second, and even more important, the criterion itself is used
for determining the coefficients of the function that give the best fit.
This is shown in Section 6.2.2.

The fit between given data points and an approximating linear func-
tion is determined by first calculating the error, also called the residual,
which is the difference between a data point and the value of the
approximating function, at each point. Subsequently, the residuals are
used for calculating a total error for all the points. Figure 6-5 shows a
general case of a linear function (straight line) that is used for curve fit-
ting n points. The residual r, at a point, (x;, y,), is the difference between
the value y; of the data point and the value of the function f(x;) used to
approximate the data points:

ri = yi—f(x) (6.2)
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Figure 6-6: Fit with no error
according to Eq. (6.3).

r

=

Figure 6-7: Two fits with the same
error according to Eq. (6.4).
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Figure 6-5: Curve-fitting points with a linear equation.

A criterion that measures how well the approximating function fits
the given data can be obtained by calculating a total error E in terms of
the residuals. The overall error can be calculated in different ways. One
simple way is to add the residuals of all the points:

E = Zri = Z[yi_(alxi+a0)] (6.3)
i=1 i=1
The error that is calculated in this way does not provide a good measure
of the overall fit. This is because a bad fit with positive residuals and
negative residuals (both can be large) can sum up to give a zero (or very
close to zero) error, implying a good fit. A situation like this is shown in
Fig. 6-6, where E according to Eq. (6.3) is zero since r,=-r, and
Fy=-—T3.
Another possibility is to make the overall error £ equal to the sum
of the absolute values of the residuals:

n n
E= Z Ir| = Z lyi—(ax; + ay)| (6.4)
i=1 i=1

With this definition, the total error is always a positive number since the
residuals cannot cancel each other. A smaller E in Eq. (6.4) indicates a
better fit. This measure can be used to evaluate or compare proposed
fits, but it cannot be used for determining the constants of the function
that give the best fit. This is because the measure is not unique, which
means that for the same set of points there can be several functions that
give the same total error. This is shown in Fig. 6-7 where total error £
according to Eq. (6.4) is the same for the two approximating lines.

A definition for the overall error E that gives a good measure of the
total error and can also be used for determining a unique linear function
that has the best fit (i.e., smallest total error) is obtained by making E
equal to the sum of the squares of the residuals:

n

E = Zrlz = Z[yi_(alxi+ao)]2 (65)

i=1
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With this definition, the overall error is always a positive number (posi-
tive and negative residuals do not cancel each other). In addition, larger
residuals have a relatively larger effect (weight) on the total error. As
already mentioned, Eq. (6.5) can be used to calculate the coefficients a,
and g, in the linear function y = a,x + g, that give the smallest total
error. This is done by using a procedure called linear least-squares
regression, which is presented in the next section.

6.2.2 Linear Least-Squares Regression

Linear least-squares regression is a procedure in which the coefficients
a, and a, of a linear function y = a,x + q, are determined such that the
function has the best fit to a given set of data points. The best fit is
defined as the smallest possible total error that is calculated by adding
the squares of the residuals according to Eq. (6.5).
For a given set of » data points (x;, y;), the overall error calculated
by Eq. (6.5) is:
E = ). [y-(ayx; +ap)l’ (6.6)
i=1
Since all the values x; and y; are known, £ in Eq. (6.6) is a nonlinear
function of the two variables a, and a,. The function £ has a minimum
at the values of a, and a, where the partial derivatives of E with respect

to each variable is equal to zero. Taking the partial derivatives and set-
ting them equal to zero gives:

(6.7)

(6.8)

Equations (6.7) and (6.8) are a system of two linear equations for the
unknowns «,; and g, and can be rewritten in the form:

nay + (ix,]al = iy,- 6.9)

i=1 i=1
(6.10)

The solution of the system is:

(6.11)
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(3B

(6.12)

Since Eqgs. (6.11) and (6.12) contain summations that are the same, it is
convenient to calculate the summations first and then to substitute them
in the equations. To do this the summations are defined by:

n
Sx = 2 'xia
i=1

With these definitions, the equations for the coefficients a, and q, are:
nS,,-5,S, 8.8, —5,.S,

a xx”y
nSx.t - (Sx)2 ¢ nSxx — (Sx)2

(6.13)

0’1—

= (6.14)
Equations (6.14) give the values of a; and q, in the equation
¥ = a;x +a, that has the best fit to » data points (x,, y;). Example 6-1

shows how to use Eqgs. (6.11) and (6.12) for fitting a linear equation to a
set of data points.

Example 6-1: Determination of absolute zero temperature.

T(°C) 0 10
patm) 094 096
T(°C) 70 80
pam) 117 121

According to Charles’s law for an ideal gas, at constant volume, a lin-
ear relationship exists between the pressure, p, and temperature, 7. In
the experiment shown in the figure, a fixed volume of gas in a sealed
container is submerged in ice water (7 = 0°C). The temperature of
the gas is then increased in ten increments up to 7 = 100°C by heat-
ing the water, and the pressure of the gas is measured at each temper- \
ature. The data from the experiment is:

20 30 40 50 60

This can be done using the following steps:
(@) Make a plot of the data (p versus 7).

90 100
2 E—
Extrapolate the data to determine the absolute zero temperature, 7. | HOT PLATE I
“

(b) Use linear least-squares regression to determine a linear function in the form p = a,T + g, that
best fits the data points. First calculate the coefficients by hand using only the four data points:
0, 30, 70, and 100°C. Then write a user-defined MATLAB function that calculates the coeffi-
cients of the linear function for any number of data points and use it with all the data points to
determine the coefficients.

13
I/

1.0 1.05 1.07 1.09 1.14
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(¢) Plot the function, and extend the line (extrapolate) until it crosses the horizontal (7) axis. This
point is an estimate of the absolute zero temperature, 7). Determine the value of 7, from the
function.

SOLUTION

(a) A plot (p versus 7) of the data is created by MATLAB (Command Window):
>> T=0:10:100;

p=[0.940.961.01.051.071.091.141.171.211.241.28]; = ' ' *
>> plot(T,p,'*r') 12 * *
The plot that is obtained is shown on the right (axes titles g R
were added using the Plot Editor). The plot shows, as g1 *
expected, a nearly linear relationship between the pressure :_? x ¥
and the temperature. 1 *
; . ¥
(b) Hand calculation of least-squares regression c rj* . . .
of the four data points: R e

(0,0.94), (30,1.05), (70,1.17), (100, 1.28)
The coefficients a, and g, of the equation p = a,T + g, that best fits the data points are determined
by using Egs. (6.14). The summations, Egs. (6.13), are calculated first.

& 4
S, = > x, = 0+30+70+100 = 200 S, = Dy =094+105+1.17+128 = 4.44

i=1 i=1

x} = 02+302+702+ 1002 = 15800

xx

M-

~
—

4
Sxy = inJ’i =0-094+30-1.05+70-1.17+100-1.28 = 241.4
i=1

Substituting the Ss in Egs. (6.14) gives:
nS,, =85S, _ 4.241.4—(200-4.44) _

a, = . : 0.003345
nS,,—(S,) 4 - 15800 — 200

. =Su9y = SxSx _ 15800 -4.44 — (241.4-200) _ ( 9408

O S, —(5)? 4 - 15800 — 2002 '

From this calculation, the equation that best fits the data is: p = 0.0033457 + 0.9428.

Next, the problem is solved by writing a MATLAB user-defined function that calculates the coeffi-
cients of the linear function for any number of data points. The inputs to the function are two vectors
with the coordinates of the data points. The outputs are the coefficients a, and q, of the linear equa-
tion, which are calculated with Egs. (6.14).

[ Program 6-1: User-defined function. Linear least-squares regression. ]

function [al,a0] = LinearRegression(x, y)

% LinearRegression calculates the coefficients al and a0 of the linear
% equation y = al*x + a0 that best fits n data points.

% Input variables:

% x A vector with the coordinates x of the data points.

%y A vector with the coordinates y of the data points.

% Output variables:
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$ al The coefficient al.
$ a0 The coefficient aOl.

nx=length (x) ;

ny=length(y) ;

if nx ~ = ny [ Check if the vectors x and y have the same number of elements. J
disp ('ERROR: The number of elements in x must be the same as in y.')
al='Error';
a0='Error';

else

If yes, MATLAB displays an error message
and the constants are not calculated.

Sx=sum (x) ;

Sy=sum(y) ;

Sxy=sum (x. *y) ;

Sxx=sum(x.*2) ;

al= (nx*Sxy-Sx*Sy) / (nx*Sxx-Sx”*2) ;

a0= (Sxx*Sy-Sxy*Sx) / (nx*Sxx-Sx"2) ;
end

—[ Calculate the summation terms in Egs. (6.13).]

:|—[ Calculate the coefficients @, and a, in Egs. (6.14). ]

The user-defined function LinearRegression is next used in Command Window for determin-
ing the best fit line to the given points in the problem.

>> T=0:10:100;

>> p=[0.94 0.96 1.0 1.05 1.07 1.09 1.14 1.17 1.21 1.24 1.28];
>> [al, aO]=LinearRegression(T,p)

al

.0034 The equation that best fit the data is:
p = 0.0034T +0.9336

N ol

a0
0.9336

(c) The solution is done in the following script file that plots the function, the points, and calculates
the value of T, from the function.

T=0:10:100;
p=[0.940.961.01.051.071.091.141.171.211.241.28]; ™
Tplot=[-300 100]; ”
pplot=0.0034*Tplot+0.9336;
plot(T,p,'*r', 'markersize',12)
hold on
plot (Tplot,pplot, 'k')
xlabel ('Temperature (C)','fontsize',20) 2
Y oo 93360 ooaa T Fontsizet,ZD) EE RO
When this script file is executed, the figure shown on the right is displayed, and the value of the calculated
absolute zero temperate is displayed in the Command Window, as shown below.
TO =

-274.5882
This result is close to the handbook value of —273.15 °C.

Pressure (atm)
o o o o
[ ST -
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Nonlinear function

6.3 CURVE FITTING WITH NONLINEAR EQUATION BY
WRITING THE EQUATION IN A LINEAR FORM

Many situations in science and engineering show that the relationship
between the quantities that are being considered is not linear. For exam-
ple, Fig. 6-8 shows a plot of data points that were measured in an exper-
iment with an RC circuit. In this experiment, the voltage across the
resistor is measured as a function of time, starting when the switch is
closed.

Ve (2) ‘[

[l
]
Q

Figure 6-8: Curve-fitting points with linear equation.

The data points from the experiment are listed in Example 6-2. It is
obvious from the plot that curve fitting the data points with a nonlinear
function gives a much better fit than curve fitting with a linear function.

There are many kinds of nonlinear functions. This section shows
curve fitting with nonlinear functions that can be written in a form for
which the linear least-squares regression method can be used for deter-
mining the coefficients that give the best fit. Examples of nonlinear
functions used for curve fitting in the present section are:

y = bxm (power function)

y = be™ ory = b10m* (exponential function)
=_1 . :

B ey (reciprocal function)

Polynomials of second, or higher, degree are also nonlinear func-
tions. Curve fitting with such polynomials is covered separately in Sec-
tion 6.4.

Writing a nonlinear equation in linear form

In order to be able to use linear regression, the form of a nonlinear equa-
tion of two variables is changed such that the new form is linear with
terms that contain the original variables. For example, the power func-

tion y = bx™ can be put into linear form by taking the natural logarithm
(In) of both sides:

In(y) = In(bx™) = min(x) + In(d) (6.15)
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This equation is linear for In(y) in terms In(x). The equation is in the
form Y =a,X+aq, where Y = In(y),
ay = In(b):

a, =m, X = In(x), and

1 ln(y)l B |m“1n(x)| +|ln(b)|

.i—..lﬂ.lﬁ,lﬂ

= a X + aq
This means that linear least-squares regression can be used for curve fit-
ting an equation of the form y = bx™ to a set of data points x;, y;. This
is done by calculating a; and g, using Eqgs. (6.11) and (6.12) [or (6.13)
and (6.14)] while substituting In(y;) for y; and In(x,) for x;. Once a,
and a, are known, the constants » and m in the exponential equation are
calculated by:

m = a;and b = @ (6.16)

Many other nonlinear equations can be transformed into linear form
in a similar way. Table 6-2 lists several such equations.

Table 6-2: Transforming nonlinear equations to linear form.

Values for
linear Plot where data
Nonlinear |Linear form Relationship to least- points appear to fit a
equation Y = a1 X tag squares straight line
regression
y = bxm In(y) = min(x)+In(d) |Y = In(y), X = In(x)|In(x;) and [y vs. x plot on logarith-
a, =m, ay= ln(b) ln(y,-) miCy and x axes.
In(y) vs. In(x) plot on
linear x and y axes.
y = bemx In(y) = mx+ In(b) Y = In(y), X =x x; and y vs. x plot on logarith-
a =m, ay=1b) [y mic y and linear x axes.
! In(y) vs. x plot on lin-
ear x and y axes.
y = blomx  [log(y) = mx+ log(b) Y =log(y), X =x x; and » vs. x plot on logarith-
ay = m, ay = log(b) |log(y,) mic y and linear x axes.
log(y) vs. x plot on lin-
ear x and y axes.
y = 1 1 c+b Y=l, X = x x; and 1/y vs. x plot on linear
mx+b | Y y 1/, x and y axes.
a =m, ay=2> :
y = mx 1_b1.1 Y=l, o =L 1/x; and 1/y vs. 1/x plot on
b+x y mx m y x 1/y, linear x and y axes.
1
m m
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The script file for
making the plots is:
tx=2:2:30;
vexp=[9.7 8.1 6.
2.82.42.01.6
0.69 0.6];
vexpLOG=1log (vexp)
subplot(1,2,1)
semilogy (tx,vexp, 'or')
subplot(1,2,2)

plot (tx,vexpLOG, 'or"')

65.14.4 3.
1.41.10.85

1

How to choose an appropriate nonlinear function for curve fitting

A plot of the given data points can give an indication as to the relation-
ship between the quantities. Whether the relationship is linear or nonlin-
ear can be determined by plotting the points in a figure with linear axes.
If in such a plot the points appear to line up along a straight line, then
the relationship between the plotted quantities is linear.

A plot with linear axes in which the data points appear to line up
along a curve indicates a nonlinear relationship between the plotted
quantities. The question then is which nonlinear function to use for the
curve fitting. Many times in engineering and science there is knowledge
from a guiding theory of the physical phenomena and the form of the
mathematical equation associated with the data points. For example, the
process of charging a capacitor shown in Fig. 6-8 is modeled with an
exponential function. If there is no knowledge of a possible form of the
equation, choosing the most appropriate nonlinear function to curve-fit
given data may be more difficult.

For given data points it is possible to foresee, to some extent, if a
proposed nonlinear function has a potential for providing a good fit.
This is done by plotting the data points in a specific way and examining
whether the points appear to fit a straight line. For the functions listed in
Table 6-2 this is shown in the fifth (last) column of the table. For power
and exponential functions, this can be done by plotting the data using
different combinations of linear and logarithmic axes. For all functions
it can be done by plotting the transformed values of the data points in
plots with linear axes.

For example, as was mentioned before, the data points from the
experiment that are shown in Fig. 6-8 are expected to fit an exponential
function. This means that a plot of the voltage v, versus time ¢ on a plot
with a logarithmic vertical axis (for v ) and linear horizontal axis (for 7)
should reveal that the data points will be fit by a straight line. Another
option is to make a plot of In(vy) vs. ¢ on linear vertical and horizontal
axes, which is also expected to show that the points line up along a
straight line. Both of these plots are shown in Fig. 6-9. The figures con-

10 3
[
1090 2 °°°
g oo°° ~ %0,
o, °°° ‘E’l °°
1 00@ 0 °0°
%0
10" -1
0 10 20 30 0 10 ) 20 30
Time (s) Time (s)
(@) ()

Figure 6-9: (a) A plot of v, vs. 7 in a plot with a logarithmic vertical axis and linear
horizontal axis. (b) A plot of In(vy) vs. ¢ in a plot with linear vertical and horizontal axes.
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firm that the data from the capacitor charging experiment can be curve
fit with an exponential function. The actual curve fitting is shown in
Example 6-2.

Other considerations when choosing a nonlinear function for curve
fitting are as follows:

* Exponential functions cannot pass through the origin.

* Exponential functions can only fit data with all positive ys, or all
negative ys.

* Logarithmic functions cannot include x = 0 or negative values of x.
* For power function y =0 when x= 0.

* The reciprocal equation cannot include y = 0.

Example 6-2: Curve fitting with a nonlinear function by writing the equation in a

linear form.

An experiment with an RC circuit is used for determining the
capacitance of an unknown capacitor. In the circuit, shown on the T

right and in Fig. 6-8, a 5-MQ resistor is connected in series to the SN MW
unknown capacitor C and a battery. The experiment starts by clos- _|__‘J R (5 MQ)
ing the switch and measuring the voltages, v, across the resistor L+

every 2 seconds for 30 seconds. The data measured in the experi-

ment is:

t (s) 2 4 6 g8 10 12 14 16 18
ve (V) 97 81 66 51 44 37 28 24 20

t(s) 20 22 24 26 28 30
vp (V) 1.6 14 1.1 085 0.69 0.6

1Z10) I’

Theoretically, the voltage across the resistor as a function of time is given by the exponential func-
tion:
vg = vel/(RC)) (6.17)

Determine the capacitance of the capacitor by curve fitting the exponential function to the data.
SOLUTION
It was shown in Fig. 6-9 that, as expected, an exponential function can fit the data well. The problem
is solved by first determining the constants 4 and m in the exponential function v = be™* that give
the best fit of the function to the data. This is done by changing the equation to have a linear form
and then using linear least-squares regression.
The linear least-squares regression is applied by using the user-defined function LinearRegres-
sion that was developed in the solution of Example 6-1. The inputs to the function are the values ¢,
and In((v,),). Once b and m are known, the value of C is determined by equating the coefficients in
the exponent of e:
| . U
== = solving for C gives: C = — (6.18)
The calculations are done by executing the following MATLAB program (script file):
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[ Program 6-2: Script file. Curve fitting with a nonlinear function. ]

texp=2:2:30; ( Enter the experimental data. ]
vexp=[9.7 8.1 6.6 5.1 4.4 3.7 2.8 2.4 2.0 1.6 1.4 1.1 0.85 0.69 0.6];
vexpLOG=log (vexp) ; [ Calculate In(y;) of the data points (to be used in the linear regression. ]
R=5E6; Calculate coefficients a; and q( with the user-defined
[al,a0]=LinearRegression (texp, vexpLOG) function LinearRegression in Example 6-1.
b=exp (a0) [ Calculate b, since a; = In(bd) (see Table 6-2). ]

= *
i=0]:'g (l; :gt [ Calculate C using Eq. (6.18). J
v=b*exp (al*t) ; [ al is m in the equation v = be™?. ]

plot(t,v,texp,vexp, 'ro')

When the program is executed, the following values are displayed in the Command Window. In
addition, the following plot of the data points and the curve-fitting function is displayed in the Figure
Window (axes title were added interactively).

12

al =
~0.1002 0
a0 = o
2.4776 E’ 6
b = 4
11.9131 2
c = — : g 20 :
1.9968e-006 [ The capacitance is approximately 2 pF. J 0 IOTim e (s) 20

6.4 CURVE FITTING WITH QUADRATIC AND HIGHER-
ORDER POLYNOMIALS

Background
Polynomials are functions that have the form:
f(x) = agxtt+a, x*-1+.. +ax+ag (6.19)

The coefficients a,, a,_;, ..., a;, a, are real numbers, and », which is a
nonnegative integer, is the degree, or order, of the polynomial. A plot of
the polynomial is a curve. A first-order polynomial is a linear function,
and its plot is a straight line. Higher-order polynomials are nonlinear
functions, and their plots are curves. A quadratic (second-order) poly-
nomial is a curve that is either concave up or down (parabola). A third-
order polynomial has an inflection point such that the curve can be con-
cave up (or down) in one region, and concave down (or up) in another.
In general, as the order of a polynomial increases, its curve can have
more “bends.”

A given set of n data points can be curve-fit with polynomials of
different order up to an order of (n—1). As shown later in this section,
the coefficients of a polynomial can be determined such that the poly-
nomial best fits the data by minimizing the error in a least squares
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sense. Figure 6-10 shows curve fitting with polynomials of different
order for the same set of 11 data points. The plots in the figure show
that as the order of the polynomial increases the curve passes closer to
the points. It is actually possible to have a polynomial that passes
exactly through all of the points (at every point the value of the polyno-
mial is equal to the value of the point). For » points the polynomial that

1st degree polynomial (o) :E 2nd degree polynomial :(2) 3rd degree polynomial
8 8
> 6 > 6
4 4
2 2
0 0
0 10 12 0 2 4 6 8 10 12 0 2 4 )6( 8§ 10 12
12 12
4th degree polynomial 10 6th degree polynomial 10} 10th degree polynomial
8 8
> 6 > 6
4 4
2 2
0 0
10 12 0 2 4 g 8§ 10 12 0 2 4 g 8§ 10 12

Figure 6-10: Curve fitting of the same set of data points with polynomials for different degrees.

passes through all of the points is one of order (n—1). In Fig. 6-10 it is
the tenth degree polynomial (since there are 11 points).

Figure 6-10 shows that the same set of data points can be curve fit
with polynomials of different order. The question as to which of the
polynomials gives the best fit does not have a simple answer. It depends
on the type and source of data, the engineering or science application
associated with the data, and the purpose of the curve fitting. For exam-
ple, if the data points themselves are not accurate (there is possibly a
large error when the quantity is measured), it does not make a lot of
sense to use a higher-order polynomial that follows the points closely.
On the other hand, if the values of the data points are very accurate and
the curve fitting is used for representing the data, curve fitting with a
higher-order polynomial might be more appropriate. However, as
explained in the important note that follows, use of higher-order poly-
nomials for curve fitting is not recommended.

Important note

As already mentioned, for any number of data points, », it is possible to
derive a polynomial (order of (n — 1)) that passes exactly through all the
points. However, when many points are involved, this polynomial is of
a high degree. Although the high-order polynomial gives the exact val-
ues at all of the data points, often the polynomial deviates significantly
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between some of the points. This can be seen in the plot with the tenth
order polynomial in Fig. 6-10, where between the first two points and
between the last two points the curve of the polynomial wanders away
and does not follow the general trend of the data points. This means that
even though the high-order polynomial gives the exact values at all the
data points, it cannot be used reliably for interpolation or extrapolation.
Appropriate methods for interpolation are described in Sections 6.5 and
6.6.

Polynomial regression

Polynomial regression is a procedure for determining the coefficients of
a polynomial of a second degree, or higher, such that the polynomial
best fits a given set of data points. As in linear regression, the derivation
of the equations that are used for determining the coefficients is based
on minimizing the total error.

If the polynomial, of order m, that is used for the curve fitting is:

f(x) =ax®+a, x"-1+.. +ax+a, (6.20)

then, for a given set of » data points (x,, y;) (m is smaller than » - 1), the
total error is given by:

k= Z[J’i—(amx{”+am,1x;”—1+...+a1x,-+a0)]2 (6.21)
i=1

Since all the values x; and y; of the data points are known, E in Eq.
(6.21) is a nonlinear function of the m + 1 variables (the coefficients a,
through a,,). The function E has a minimum at the values of g, through
a,, where the partial derivatives of E with respect to each of the vari-
ables is equal to zero. Taking the partial derivatives of £ in Eq. (6.21)
and setting them to zero gives a set of m + 1 linear equations for the
coefficients. To simplify the presentation here, the derivation for the
case of m = 2 (quadratic polynomial) is shown in detail. In this case
Eq. (6.21) is:

E = Z [yi—(ayx}+ayx;+ ao)]2 (6.22)

i=1

Taking the partial derivatives with respect to g, a;, and a,, and setting
them equal to zero gives:

(6.23)

gE = 2 (yi-ax?-ax—ag)x; = 0 (6.24)
a i=1
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(6.25)

Equations (6.23) through (6.25) are a system of three linear equations
for the unknowns «, a,, and a,, which can be rewritten in the form:

(6.26)

6.27)

(6.28)

The solution of the system of equations (6.26)—(6.28) gives the values
of the coefficients a,, a;, and a, of the polynomial
¥y = a,x? +a,x; + a, that best fits the »n data points (x,, y;).

The coefficients for higher-order polynomials are derived in the
same way. For an mth order polynomial, Eqgs. (6.26)—(6.28) are
extended to a set of m+ 1 linear equations for the m + 1 coefficients.
The equations for a fourth order polynomial are shown in Example 6-3.

Example 6-3: Using polynomial regression for curve fitting of stress—strain curve.

A tension test is conducted for determining the stress—strain

behavior of rubber. The data points from the test are shown in 40 of
the figure, and their values are given below. Determine the § ” o
fourth order polynomial that best fits the data points. Make a < °
plot of the data points and the curve that corresponds to the £ 20 o g
polynomial. “ 10 o
0000

Strain ¢ 0 04 08 12 16 20 24 ou°°1 —
Stress o (MPa) 0 30 45 58 59 58 62 Strain
Strain ¢ 28 32 36 40 44 48 52 56 6.0
Stress o (MPa) 7.4 9.6 15.6 20.7 26.7 31.1 35.6 393 41.5
SOLUTION
A polynomial of the fourth order can be written as:

f(x) = agx*+ax3 +a,x2+ayx +a (6.29)

Curve fitting of 16 data points with this polynomial is done by polynomial regression. The values of
the five coefficients q,, a,, a,, a5, and a, are obtained by solving a system of five linear equations.
The five equations can be written by extending Eqs. (6.26)—(6.28).

nao+[zn:x,]al +[ixf)a2+(ifoa3 + [Z”:x;‘]a,1 - Z:]y,- (6.30)

i=1 i=1 i=1 i=1
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n n n n n n
2 3 4 5| —
in ap* in a+ in a, + in as+ sz ay = 2 % (6.31)
i=1 i=1 i=1 i=1 =1 i=1
n n n n n n
2 3 4 5 6| _ 2
in aget in a+ xj|axt xj|azt X |4 = 2 XV (6.32)
i=1 i=1 i=1 i=1 = i=1
n n n n n n
3 4 5 6 70, = 3
in ap + xj|ap+ Xi |yt x;|azt Xy = 2 %Yi (6.33)
iz i=1 i=1 iz i=1 i=1
n n n n n n
4 5 6 7 8| _ 4
x; |ag+ x;|a, + x;|a+ x; |az+ xp|lag = 2 %V (6.34)

=1l i=1 i=1 7= i=1 =il
The calculations and the plot are done with MATLAB in a script file that is listed below. The com-
puter program follows these steps:
Step 1: Create vectors x and y with the data points.
Step 2: Create a vector xsum in which the elements are the summation terms of the powers of x;.
For example, the fourth element is: xsum(4) = fo

i=1
Step 3: Set up the system of five linear equations (Eqs. (6.30)-(6.34)) in the form [a][p] = [5],
where [a] is the matrix with the summation terms of the powers of x;, [p] is the vector of the
unknowns (the coefficients of the polynomial), and [5] is a vector of the summation terms on the
right-hand side of Egs. (6.30)—(6.34).
Step 4: Solve the system of five linear equations [a][p] = [b] (Egs. (6.30)—(6.34)) for p, by using
MATLAB?s left division. The solution is a vector with the coefficients of the fourth order polyno-
mial that best fits the data.
Step 5: Plot the data points and the curve-fitting polynomial.

[ Program 6-3: Script file. Curve fitting using polynomial regression. ]

clear all Assign the experimental data
x=0:0.4:6; points to vectors x and y.

y=[0 3 4.5 5.8 5.9 5.8 6.2 7.4 9.6 15.6 20.7 26.7 31.1 35.6 39.3 41.5];
n=length (x) ;

n is the number of data points. }

m=4; m is the order of the polynomial.
for i=1:2*m

xsum(i)=sum(x.*(i)) ; [ Define a vector with the summation terms of the powers of x;. ]
end
% Beginning of Step 3
a(l,1)=n;

e ].-) =sum(y) ; Assign the first row of the matrix [a] and the first
for j=2:m + 1 element of the column vector [5].

a(l,j)=xsum(j-1);
end
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for i=2:m+1
for j=1m+ 1

a(i,j)=xsum(j +1i - 2); Create rows 2 through 5 of the matrix [a] and elements 2}
end through 5 of the column vector [5].
b(i,1)=sum(x.~(i - 1) .*y);
end
% Step 4
P = (a\b)' [ Solve the system [a][ p] = [b] for [p]. Transpose the solution such that [p] is a row vector. J

for i=1:m+1
Pcoef (i)=p(m+ 2 - i) ;

Create a new vector for the coefficients of the polynomial, to be used in
MATLAB’s polyval built-in function (see note at the end of the example).

end

epsilon = 0:0.1:6; [ Define a vector of strain to be used for plotting the polynomial.J
stressfit = polyval (Pcoef,epsilon) ; ( Stress calculated by the polynomial. |
plot(x,y, 'ro',epsilon,stressfit, 'k', 'linewidth', 2)

xlabel ('Strain', 'fontsize',20) [ Plot the data points and the curve-fitting polynomial.]

ylabel ('Stress (MPa)', 'fontsize',20)

When the program is executed, the solution [p] is displayed
in the Command Window. In addition, the plot of the data
points and the curve-fitting polynomial is displayed in the
Figure Window.

W
=

3

Stress (MPa)
8

P =
-0.2746 12.8780 -10.1927 3.1185 -0.2644

The curve-fitting polynomial is:

F(x)=(-0.2644)x*+3.1185x3-10.1927x2+12.878x— 0.2746

—_
(=]

Note: In MATLAB a polynomial is represented by a vector whose elements are the polynomial’s coefficients.
The first element in the vector is the coefficient of the highest order term in the polynomial, and the last ele-
ment in the vector is the coefficient g .

6.5 INTERPOLATION USING A SINGLE POLYNOMIAL

Interpolation is a procedure in which a mathematical formula is used to
represent a given set of data points, such that the formula gives the
exact value at all the data points and an estimated value between the
points. This section shows how this is done by using a single polyno-
mial, regardless of the number of points. As was mentioned in the pre-
vious section, for any number of points » there is a polynomial of order
n—1 that passes through all of the points. For two points the polyno-
mial is of first order (a straight line connecting the points). For three
points the polynomial is of second order (a parabola that connects the
points), and so on. This is illustrated in Fig. 6-11 which shows how first,
second, third, and fourth-order polynomials connect two, three, four,
and five points, respectively.
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1st degree polynomial
10 y=0667x+1333 10
) =)
5 5 y=-0.167x2+3x-0.833
2nd degree polynomial
0 0
0 5 10 15 0 5 10 15
X X
15 15
¥=0.0365x3-0.979x2+5.15x-2.39 »=-0.0103x*+0.3x3-2.86x2+10.19x-5.62
10 10
) -
5 5
3rd degree polynomial 4th degree polynomial
0 0
0 5 10 15 0 5 10 15
X X

Figure 6-11: Various order polynomials.

Once the polynomial is determined, it can be used for estimating
the y values between the known points simply by substituting for the x
coordinate in the polynomial. Interpolation with a single polynomial
gives good results for a small number of points. For a large number of
points the order of the polynomial is high, and although the polynomial
passes through all the points, it might deviate significantly between the
points. This was shown in Fig. 6-10 for a polynomial of tenth degree
and is shown later in Fig. 6-17, where a 15th-order polynomial is used
for interpolation of a set of 16 data points. Consequently, interpolation
with a single polynomial might not be appropriate for a large number of
points. For a large number of points, better interpolation can be done by
using piecewise (spline) interpolation (covered in Section 6.6) in which
different lower-order polynomials are used for interpolation between
different points of the same set of data points.

For a given set of n points, only one (unique) polynomial of order m
(m = n—1) passes exactly through all of the points. The polynomial,
however, can be written in different mathematical forms. This section
shows how to derive three forms of polynomials (standard, Lagrange,
and Newton’s). The different forms are suitable for use in different cir-
cumstances.

The standard form of an mth-order polynomial is:

(6.35)

The coefficients in this form are determined by solving a system of
m + 1 linear equations. The equations are obtained by writing the poly-
nomial explicitly for each point (substituting each point in the polyno-
mial). For example, the five points (# = 5) in the fourth degree (m = 4)
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polynomial plot in Fig. 6-11 are: (1,2), (4,6), (7,4), (10,8), and
(13, 10) . Writing Eq. (6.35) for each of the points gives the following
system of five equations for the unknowns q,, a,, a,, a;,and a,:

asl*+a;13+a,12+a;1+ay = 2

a4t +a;43+a,42 +ad+ay = 6

a,7*+ a; 73+ a,7? +a;7+a, = 4 (6.36)
a,10% + a3103 + 4,102+ ;10 + a5 = 8
a413%+ a313* + 2,132+ a;13 + a5, = 10

The solution of this system of equations gives the values of the coeffi-
cients. A MATLAB solution of Egs. (6.36) is:

> a=[11111; 44 4”3 422 4 1; 7*4 73 72 7 1; 1074 10*3

1042 10 1;

a=
1
256
2401
10000
28561
> b= [2;
>> A = a\b
A =
-0.0103
0.3004
-2.8580
10.1893
-5.6214

1344 13723 1372 13 1]

1 1 1 1
64 16 4 1
343 49 7 1
1000 100 10 1
2197 169 13 1

6; 4; 8; 10]

The polynomial that corresponds to these coefficients is:
y=—10.0103x% + 0.3x3 - 2.86x2 + 10.19x — 5.62
(see Fig. 6-11).

In practice, solving the system of equations, especially for higher-order
polynomials, is not efficient, and frequently the matrix of the coefti-
cients is ill conditioned (see Section 4.11).

It is possible to write the polynomial in other forms that may be
easier to use. Two such forms, the Lagrange and Newton forms, are
described in the next two subsections.

6.5.1 Lagrange Interpolating Polynomials

Lagrange interpolating polynomials are a particular form of polynomi-
als that can be written to fit a given set of data points by using the val-
ues at the points. The polynomials can be written right away and do not
require any preliminary calculations for determining coefficients.
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ﬂx)j (2e-x;) (x-x,)

L =
Sfx= (x-x;) Y1+ (x5-xy) »2

(x’ y) (‘x2’ yz)

(X, Y1)

£

Figure 6-12: First-order
Lagrange polynomial.

_ (ex)(xexy) (x-x))(x-x3)
Sor= (=% (x-x3) it (22 )0p-%3)
(o-x ) (x-x5)

ﬂx)J o (372 )(x3-x3) 3

2

\ Ba

Figure 6-13: Second-order
Lagrange polynomial.

For two points, (x;, y;), and (x,, y,), the first-order Lagrange poly-
nomial that passes through the points (Fig. 6-12) has the form:

f(x) =y =a(x-—x)tay(x—x;) (6.37)

Substituting the two points in Eq. (6.37) gives:

(6.38)
and
¥y = a(xy—x,) ta,(x,—x;) or a, = (6.39)
Substituting the coefficients @, and a, back in Eq. (6.37) gives:
fay = E2x L Eon) (6:40)

(x1—x3) ! (x3—x1) 2

Equation (6.40) is a linear function of x (an equation of a straight line
that connects the two points). It is easy to see that if x = x, is substituted
in Eq. (6.40), the value of the polynomial is y,, and if x = x, is substi-
tuted, the value of the polynomial is y,. Substituting a value of x
between the points gives an interpolated value of y. Equation (6.40) can
also be rewritten in the standard form f(x) = a;x + a,:

(yZ_yl)x+x2y1_x1y2 (641)
(x3—x1) (x3—x1)

fx) =

For three points, (x;,y;), (x5, ,), and (x3, y;), the second-order
Lagrange polynomial that passes through the points (Fig. 6-13) has the
form:

Once the coefficients are determined such that the polynomial passes
through the three points, the polynomial is:

P I G C S IR G [ NS

(x1— %) (x1—x3) ! (3p—x1) (x—x3) 2 (x3—x1)(x3—x3)

Equation (6.43) is a quadratic function of x. When the coordinate x,,
x,, or x; of one of the three given points is substituted in Eq. (6.43), the
value of the polynomial is equal to y,, y,, or y;, respectively. This is
because the coefficient in front of the corresponding y; is equal to 1 and
the coefficient of the other two terms is equal to zero.

Following the format of the polynomials in Egs. (6.41) and (6.43),
the general formula of an »— 1 order Lagrange polynomial that passes

through » points (x,, y;), (x5, ¥2), ---» (X5 ¥,,) 18:
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(x—x5)(x—x3)...(x—x,) N (x—x1)(x—x3)...(x—x,)
(%= x%2) (%= X3)... (x,—x,,) ! (%= x1) (x3=x3) ... (x5~ X,,)
N (x=x)(x=x5) ... (x—x;_)(x—x; 1) ... (x—x,) bt (6.44)

(xi= X)) (x;=X2) - (=% _ ) (X= %1 1) - (Xi=X,)

(x=x)(x=xp) ... (x=X,_1)
(xn_xl)(xn_'xZ) 00 -(xn_ Xn- 1)
On the right-hand side of Eq. (6.44) the numerator of the ith term does
not contain (x—x;), and the denominator does not contain (x —x;). Con-
sequently, when the coordinate x; of one of the » points is substituted in

Eq. (6.44), the value of the polynomial is equal to y,. Equation (6.44)
can be written in a compact form using summation and product notation

fl)=

2

n

as:
(6.45)
" (x—x) . .
where L,(x) = are called the Lagrange functions. This
I
form can easily be implemented in a computer program, as shown in
Example 6-4.

Additional notes about Lagrange polynomials

» The spacing between the data points does not have to be equal.

* For a given set of points, the whole expression of the interpolation
polynomial has to be calculated for every value of x. In other words,
the interpolation calculations for each value of x are independent of
others. This is different from other forms (e.g., Eq. (6.35)) where
once the coefficients of the polynomial are determined, they can be
used for calculating different values of x.

* If an interpolated value is calculated for a given set of data points,
and then the data set is enlarged to include additional points, all the
terms of the Lagrange polynomial have to be calculated again. As
shown in Section 6.5.2, this is different from Newton’s polynomials
where only the new terms have to be calculated if more data points
are added.

Application of a Lagrange polynomial is shown in Example 6-4.
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Example 6-4: Lagrange interpolating polynomial.

The set of the following five data points is given:
x 1 2 4 5 7
y 52 5 -5 40 10

(a) Determine the fourth-order polynomial in the Lagrange form that passes through the points.

(b) Use the polynomial obtained in part (a) to determine the interpolated value for x=3.

(c¢) Develop a MATLAB user-defined function that interpolates using a Lagrange polynomial. The
input to the function are the coordinates of the given data points and the x coordinate at the point at
which the interpolated value of y is to be calculated. The output from the function is the interpolated
value of y at x=3.

SOLUTION

(a) Following the form of Eq. (6.44), the Lagrange polynomial for the five given points is:
Fx)= =)= (x=5)(x=T) 5y, F=DEx=H(x=5)(x=T) g, x=D(x=2)(x=5)(x= 7)(_5) +
(1-2)(1-4)(1-5)(1-7) 2-1)2-4)(2-5)2-7) A-1)(4-2)4-504-7)

(x—D(x—=2)(x—4)(x— 7)(_40) L+ E-DE-2)(x-4)(x- 5)10
G-1)5-2)5-4)(5-7) (7-1)(7-2)(7T-4)(7-5)

(b) The interpolated value for x=3 is obtained by substituting the x in the polynomial:
£3)= (3-2)(3-4)(3-5)(3 —?)52 o (B-13B-4)(3-5(@3 —?)5 +8-DB-2)3- 5)(3 —7)(_5) .
(1-2)(1-4)(1-5)(1-7) 2-DH2-49)2-52-7) @A-1H4-2)4-54-7)

B-1D)B-2)3-49)3B-7) B-1)(B-2)(3-4)(3-5)
G-1D(B-2)(5-4)(5- 7)(_40) - (7-1)(T7-2)(7T-4)(7—- 5)10

f(3)=—-5778 +2.667 —4.444 + 13.333 +0.222 = 6

(c) The MATLAB user-defined function for interpolation using Lagrange polynomials is named

Yint=LagrangeINT (x,y, Xint). x and y are vectors with the coordinates of the given data

points, and Xint is the coordinate of the point at which y is to be interpolated.

* The program first calculates the product terms in the Lagrange functions in Eq. (6.45). The terms
are assigned to a variable (vector) named L.

n —_ o
L= i) where x = Xint
L1 (x;,—x;
j=170
j#l
* The program next calculates the value of the polynomial at x = Xint.
) =Yyl
i=1

Program 6-4: User-defined function. Interpolation using a Lagrange polynomial.

function Yint = LagrangelINT (x,y,Xint)

% LagrangeINT fits a Lagrange polynomial to a set of given points and
% uses the polynomial to determine the interpolated value of a point.
% Input variables:
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% x A vector with the x coordinates of the given points.

% y A vector with the y coordinates of the given points.

% Xint The x coordinate of the point at which y is to be interpolated.
% Output variable:

% Yint The interpolated value of Xint.

n = length(x) ; [ The length of the vector x gives the number of terms in the polynomial,J
for i =1:n
L(i) =1;
for j=1:n
if j~=1 —{ Calculate the product terms L;. ]
L(i)= L(i) * (Xint-x(j))/ (x(i)-x(j));
end
end

n
end = | Calculate the value of the polynomial f(x) = Z yiL;.
Yint = sum(y .*L); i=1

The Lagrange (x, y, Xint) function is then used in the Command Window for calculating the
interpolated value of x=3.

> x=[12 45 7];
> y=[52 5 -5 -40 10];
>> Yinterpolated = LagrangeINT (x,y, 3)

Yinterpolated =
6.0000

6.5.2 Newton’s Interpolating Polynomials

Newton’s interpolating polynomials are a popular means of exactly fit-
ting a given set of data points. The general form of an n— 1 order New-
ton’s polynomial that passes through » points is:

(6.46)

The special feature of this form of the polynomial is that the coeffi-
cients a, through g, can be determined using a simple mathematical
procedure. (Determination of the coefficients does not require a solu-
tion of a system of » equations.) Once the coefficients are known, the
polynomial can be used for calculating an interpolated value at any x.

Newton’s interpolating polynomials have additional desirable fea-
tures that make them a popular choice. The data points do not have to
be in descending or ascending order, or in any order. Moreover, after the
n coefficients of an »n— 1 order Newton’s interpolating polynomial are
determined for » given points, more points can be added to the data set
and only the new additional coefficients have to be determined.
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YA fx)=ata)x-x,)
Y2

Jfx)

b4

Figure 6-14: First-order
Newton’s polynomial.

Sx)=a,ta,(x-x,)

+a,(x-x, )(x-x,)

YA
Vs

J(x)
Y2

b4

Figure 6-15: Second-order
Newton’s polynomial.

First-order Newton’s polynomial

For two given points, (x;,y;) and (x,, y,), the first-order Newton’s
polynomial has the form:

(6.47)
As shown in Fig. 6-14, it is an equation of a straight line that passes

through the points. The coefficients a; and a, can be calculated by
considering the similar triangles in Fig. 6-14.

DE _ AB fX)=y1 _ »—n
et o = 6.48
CE ¢ x—x; X, — X (6.48)

Solving Eq. (6.48) for f(x)gives:

1) = 20— xy) (6:49)
2551

Comparing Eq. (6.49) with Eq. (6.47) gives the values of the coeffi-

cients a; and a, in terms of the coordinates of the points:

ay =y , and a, = xz%ill (6.50)

Notice that the coefficient a, is the slope of the line that connects the
two points. As shown in Chapter 8, a, is the two-point forward differ-
ence approximation for the first derivative at (x,, y,).

Second-order Newton’s polynomial
For three given points, (x;, y;), (x5, ¥,), and (x5, y3), the second-order
Newton’s polynomial has the form:

f(x) = ay+ay(x—x;) taz(x—x))(x—x,) (6.51)
As shown in Fig. 6-15, it is an equation of a parabola that passes
through the three points. The coefficients a,, a,, and a; can be deter-
mined by substituting the three points in Eq. (6.51). Substituting x = x,
and f(x;) =y, gives: a; = y, . Substituting the second point, x = x, and
f(x,) = y,, (and a, = y,) in Eq. (6.51) gives:

Yo =)
¥, = nitay(xn,—x) or a==2—-1 (6.52)
X=X

Substituting the third point, x=x; and f(x;) =y, (as well as

a; =y and a, = i%) in Eq. (6.51) gives:
2

(6.53)
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Equation (6.53) can be solved for a, and rearranged to give (after some
algebra):
Y3~ Yy Yo
By =% =W
ay = ————= - (6.54)
’ (x3—x7)

The coefficients a,, and a, are the same in the first-order and sec-
ond-order polynomials. This means that if two points are given and a
first-order Newton’s polynomial is fit to pass through those points, and
then a third point is added, the polynomial can be changed to be of sec-
ond-order and pass through the three points by only determining the
value of one additional coefficient.

Third-order Newton’s polynomial

For four given points, (x;, y;), (x5, ¥2), (x5, ¥3) and (x4, y,), the third-

order Newton’s polynomial that passes through the four points has the
form:

f(x)=y=art ay(x—x;)+az(x—x) (x— xp) + a4 (x—x;) (x—x,) (x—x3) (6.55)

The formulas for the coefficients a,, a,, and a, are the same as for the
second order polynomial. The formula for the coefficient a, can be
obtained by substituting (x,, y,), in Eq. (6.55) and solving for a,, which
gives:

(J’4—J’3 _ys—}’z) (J’3—Y2_J’2_J’1)

_ (x4 —x;) (x3—x,)
a, = e (6.56)

A general form of Newton’s polynomial and its coefficients
A careful examination of the equations for the coefficients a, (Eq.
(6.52)), a3, (Eq. (6.54)) and q,, (Eq. (6.56)) shows that the expressions

follow a certain pattern. The pattern can be clarified by defining so-
called divided differences.

For two points, (x;, y;), and (x,, y,), the first divided difference,

written as f [x,, x,], is defined as the slope of the line connecting the
two points:

(6.57)

The first divided difference is equal to the coefficient a,.

For three points (x,, y,), (x5, ,), and (x, y;) the second divided dif-
ference, written as f [x;, x,, x,], is defined as the difference between the
first divided differences of points (xs, y;), and (x,, y,), and points
(x3, ¥2), and (x,, y;) divided by (x5 — x,):
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(6.58)

The second divided difference is thus equal to the coefficient a;.

For four points (x,y;), (x5, »,), (x3,¥3), and (x,, y,) the third
divided difference, written as f [x4, x5, x,, x;], is defined as the differ-
ence between the second divided differences of points (x,, y,), (x5, y3)
and (x4, y,), and points (x;, y;), (x5, ¥,), and (x5, y;) divided by (x, — x;):

S (x4 %35 %3] = f [ %3, X5 %1 ]

S x4 x3] = f [x3, X1 f [x3, 5] = f [ %2, %]

f [x45 x3’ x2’ x]] =

(x4 —xy) (6.59)
Ya—DYV3 Y3=Ya2 Y3—=XV2 V2=
(x4—x;) (x5 —x;)

(x4—x1)

The third divided difference is thus equal to the coefficient a,.
The next (fourth) divided difference (when five data points are
given) is:

L

If more data points are given, the procedure for calculating higher dif-
ferences continues in the same manner. In general, when » data points
are given, the procedure starts by calculating (n — 1) first divided differ-
ences. Then, (n—2) second divided differences are calculated from the
first divided differences. This is followed by calculating (n»—3) third
divided differences from the second divided differences. The process
ends when one nth divided difference is calculated from two (n—1)
divided differences to give the coefficient a,,.

The procedure for finding the coefficients by using divided differ-
ences can be followed in a divided difference table. Such a table for the
case of five data points is shown in Fig. 6-16.

In general terms, for =n given  data  points,
(x1, ¥1)> (X2, ¥2), -, (x,, ¥,,), the first divided differences between two

points (x;, y,), and (x, y,) are given by:

(6.61)
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| a2
X1 Y1 CiB
S [xp %11 \ a,
f[x3,x2, x,] |
S [x3 %)) / > I [xg %3, x5, 1] \ I

X2 Y2 as

N N

X3 V3 \ I x4, x5, X5] S [xss x4 X35 %9, %]
S x4 %3] < > S [xs5, X4, X3, X, ] /
X4 Va4 S [xs, x4 %3]
f [xSS x4]
%5 Vs
| I | 1  — | 1 | ]
Data Points First divided Second divided Third divided Fourth divided
difference difference difference difference

Figure 6-16: Table of divided differences for five data points.

The 4th divided difference for second and higher divided differences up
to the (n— 1) difference is given by:

With these definitions, the (n—1) order Newton’s polynomial, Eq.

(6.46) is given by:
S()=y=y+f [xp x)J(x—x))+ [ [ %3, X9, X J(x—2)(x—%)+ ... + f [X, X, 15 -0 X0 x,J(x —x) (x=x) ... (x—x,_)
| | I ! I 6.63
a; (25} as @, ( . )

Notes about Newton’s polynomials

* The spacings between the data points do not have to be the same.

» For a given set of n points, once the coefficients a, through a, are
determined, they can be used for interpolation at any point between
the data points.

After the coefficients a; through a, are determined (for a given set of n

points), additional data points can be added (they do not have to be in
order), and only the additional coefficients have to be determined.

Example 6-5 shows application of Newton’s interpolating polyno-
mials.
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Example 6-5: Newton’s interpolating polynomial.

The set of the following five data points is given:
x 1 2 4 5 7
y 52 5 -5 40 10

(a) Determine the fourth-order polynomial in Newton’s form that passes through the points. Calcu-
late the coefficients by using a divided difference table.

(b) Use the polynomial obtained in part (@) to determine the interpolated value for x=3.

(c) Write a MATLAB user-defined function that interpolates using Newton’s polynomial. The input
to the function should be the coordinates of the given data points and the x coordinate of the point at
which y is to be interpolated. The output from the function is the y value of the interpolated point.

SOLUTION

(a) Newton’s polynomial for the given points has the form:

S =y=art a,(x— )+a3(x— 1)(x=2)+ a4(x— 1) (x=2)(x—4) + a5(x— 1) (x-2)(x-4)(x - 5)
The coefficients can be determined by the following divided difference table:

a1:52 a2:—47 (13:14 a4:—6 a5=2

R
9,
NS

/\A‘/m\tg'/\

AVAE
/

/

_6\
6—(-6
B =2
4 5 / ) \ / T
—40-(=5) _ 35 20-(=10) _ ¢
/ 5-4 \ / )
5 40\ /24—25;;35 20
10-(-40) _ ,s

—
[«
|
|
w

7

With the coefficients determined, the polynomial is:
f(x)=y=52-47(x— 1)+ 14(x— 1)(x—2)—6(x—1)(x—2)(x—4) + 2(x— 1)(x—2)(x— 4)(x - 5)

(b) The interpolated value for x=3 is obtained by substituting for x in the polynomial:
f(3)=y=52-473-1)+ 143 -1)(3-2)-6(3-1)(3-2)(3-4)+2(3-1)(3-2)(3-4)(3-5)=6

(c) The MATLAB user-defined function for Newton’s interpolation is named Yint=Newton-

sINT (x,y,Xint). x and y are vectors with the coordinates of the given data points, and Xint is

the coordinate of the point at which y is to be interpolated.

* The program starts by calculating the first divided differences, which are then used for calculating
the higher divided differences. The values are assigned to a table named divDIF.

* The coefficients of the polynomial (first row of the table) are then assigned to a vector named a.
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* The known polynomial is used for interpolation.

[ Program 6-5: User-defined function. Interpolation using Newton’s polynomial.

function Yint = NewtonsINT (x,y,Xint)

% NewtonsINT fits a Newtons polynomial to a set of given points and

% uses the polynomial to determines the interpolated value of a point.
% Input variables:

% x A vector with the x coordinates of the given points.

% y A vector with the y coordinates of the given points.

% Xint The x coordinate of the point to be interpolated.

% Output variable:

% Yint The interpolated value of Xint.

n = length (x) ; [ The length of the vector x gives the number of coefficients (and terms) of the polynomial. ]
a(l)=y(1); [Theﬁrstcoefﬁcient al.J
for i=1:n-1

divDIF (i,1)=(y(i+1)-y(i))/(x(i+ 1)-x(i)); Calculate the finite divided differences. They
end are assigned to the first column of divDIF.

for j = 2:n-1 . Calculate the second and
for i =1:n- 3j higher divided differences

divDIF(i,j)=(divDIF(i+l,j-1)-divDIF(i,j-1))/(x(j+i)-x(i)); (up to an order of (n—1)).
The values are assigned in

i) columns to divDIF.
end
for j=2:n

a(j) =divDIF(1,j - 1), :I—{ Assign the coefficients a, through a,,. to vector a. ]
end
Yint = a(l);
xn =1; . X

Calculate the interpolated value of Xint. The first

for k =2:n term in the polynomial is a, . The following terms

xXn = xn* (Xint - x(k - 1)), are added by using a loop.

Yint = Yint + a(k) *xn;
end

The NewtonsINT (x, y,Xint) Function is then used in the Command Window for calculating
the interpolated value of x=3.

> x=[12 45 17];
> y=[52 5 -5 -40 10];
>> Yinterpolated = NewtonsINT (x,y, 3)

Yinterpolated =
6
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0 5 10 15
X

Figure 6-17: Fitting 16 data points
with a 15th order polynomial.

6.6 PIECEWISE (SPLINE) INTERPOLATION

When a set of » data points is given and a single polynomial is used for
interpolation between the points, the polynomial gives the exact values
at the points (passes through the points) and yields estimated (interpo-
lated) <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>