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1. Mathematical models in economics

1.1 Introduction

In this book we use the language of mathematics to describe situations which
occur in economics. The motivation for doing this is that mathematical
arguments are logical and exact, and they enable us to work out in precise
detail the consequences of economic hypotheses. For this reason, mathematical
modelling has become an indispensable tool in economics, finance, business
and management. It is not always simple to use mathematics, but its language
and its techniques enable us to frame and solve problems that cannot be
attacked effectively in other ways. Furthermore, mathematics leads not only
to numerical (or quantitative) results but, as we shall see, to qualitative results
as well.

1.2 A model of the market

One of the simplest and most useful models is the description of supply and
demand in the market for a single good. This model is concerned with the
relationships between two things: the price per unit of the good (usually
denoted by p), and the quantity of it on the market (usually denoted by
q). The 'mathematical model' of the situation is based on the simple idea
of representing a pair of numbers as a point in a diagram, by means of
coordinates with respect to a pair of axes. In economics it is customary to
take the horizontal axis as the q-axis, and the vertical axis as the p-axis. Thus,
for example, the point with coordinates (2000, 7) represents the situation when
2000 units are available at a price of $7 per unit.

How do we describe demand in such a diagram? The idea is to look at those
pairs (q, p) which are related in the following way: if p were the selling price, q
would be the demand, that is the quantity which would be sold to consumers
at that price. If we fill in on a diagram all the pairs (q, p) related in this way,
we get something like Figure 1.1.
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p

D

q

Figure 1.1: The demand set

We shall refer to this as the demand set D for the particular good. In economics
you will learn reasons why it ought to look rather like it does in our diagram,
a smooth, downward sloping curve.

Suppose the demand set D contains the point (30,5). This means that when
the price p = 5 is given, then the corresponding demand will be for q = 30
units. In general, provided D has the 'right' shape, as in Figure 1.1, then for
each value of p there will be a uniquely determined value of q. In this situation
we say that D determines a demand function, qD. The value written qD(p) is
the quantity which would be sold if the price were p, so that qD(5) = 30, for
example.

Example Suppose the demand set D consists of the points (q,p) on the
straight line 6q + 8p = 125. Then for a given value of p we can determine the
corresponding q; we simply rearrange the equation of the line in the form
q = (125 - 8p)/6. So here the demand function is

D( ) _ 125 - 8p
q p - 6 .

For any given value of p we find the corresponding q by substituting in this
formula. For example, if p = 4 we get

q = qD(4) = (125 - 8 x 4)/6 = 93/6.

o
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There is another way of looking at the relationship between q and p. If we
suppose that the quantity q is given, then the value of p for which (q, p) is
in the demand set D is the price that consumers would be prepared to pay
if q is the quantity available. From this viewpoint we are expressing p in
terms of q, instead of the other way round. We write pD(q) for the value of p
corresponding to a given q, and we call pD the inverse demand function.

Example (continued) Taking the same set D as before, we can now rearrange
the equation of the line in the form p = (125 - 6q)/8. So the inverse demand
function is

D( ) _ 125 - 6q
p q - 8 .

o

Next we turn to the supply side. We assume that there is a supply set S
consisting of those pairs (q,p) for which q would be the amount supplied to
the market if the price were p. There are good economic reasons for supposing
that S has the general form shown in Figure 1.2.

p

q

Figure 1.2: The supply set

If we know the supply set S we can construct the supply function qS and the
inverse supply function pS in the same way as we did for the demand function
and its inverse. For example, if S is the set of points on the line 2q - 5p = -12,
then solving the equation for q and for p we get

S( ) _ 5p - 12
q p - 2 '

S( ) _ 2q + 12
p q - 5 .
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1.3 Market equilibrium

The usefulness of a mathematical model lies in the fact that we can use
mathematical techniques to obtain information about it. In the case of supply
and demand, the most important problem is the following. Suppose we
know all about the factors affecting supply and demand in the market for
a particular good; in other words, the sets Sand D are given. What values
of q and p will actually be achieved in the market? The diagram (Figure
1.3) makes it clear that the solution is to find the intersection of D and S,
because that is where the quantity supplied is exactly balanced by the quantity
required.

p

D s

Figure 1.3: The equilibrium set E = S n D

q

The mathematical symbol for the intersection of the sets Sand D is S n D,
and economists refer to E = S n D as the equilibrium set for the given market.

Fortunately, there is a simple mathematical technique for finding the equilib­
rium set; it is the method for solving 'simultaneous equations'.

Example Suppose the sets D and S are, respectively, the sets of pairs (q, p)
such that'

q + 5p = 40 and 2q -15p = -20.

Then a point (q*, p*) which is in the equilibrium set E = S n D must, by
definition, be in both Sand D. Thus (q*, p*) satisfies the two equations

q* + 5p* = 40, 2q* - 15p* = -20.

The standard technique for solving these equations is to multiply the first
one by 2 and subtract it from the second one. Working through the algebra,
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we get q* == 20 and p* == 4. In other words the equilibrium set E is the single
point (20,4). D

It is worth remarking that in this example we get a single point of equilibrium,
because we took the sets D and S to be straight lines. It is possible to imagine
more complex situations, such as that we shall describe in Example 2.5, where
the equilibrium set contains several points, or no points at all.

1.4 Excise tax

Using only the simple techniques developed so far we can obtain some
interesting insights into problems in economics. In this section we study the
problem of excise tax. Suppose that a government wishes to discourage its
citizens from drinking too much whisky. One way to do this is to impose a
fixed tax on each bottle of whisky sold. For example, the government may
decide that for each bottle of whisky the suppliers sell, they must pay the
government $1. Note that the tax on each unit of the taxed good is a fixed
amount, not a percentage of the selling price.

Some very simple mathematics tells us how the selling price changes when an
excise tax is imposed.

Example In the previous example the demand and supply functions are given
by

S 15
q (p) == 2 P - 10,

and the equilibrium price is p* == 4. Suppose that the government imposes an
excise tax of T per unit. How does this affect the equilibrium price?

The answer is found by noting that, if the new selling price is p, then, from
the supplier's viewpoint, it is as if the price were p - T, because the supplier's
revenue per unit is not p, but p - T. In other words the supply function has
changed: when the tax is T per unit, the new supply function qST is given by

Of course the demand function remains the same. The new equilibrium values
qT and pT satisfy the equations
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Eliminating qT we get

T 15 T
40 - 5p = 2(P - T) - 10.

Rearranging this equation, we obtain

and so we have a new equilibrium price of

The corresponding new equilibrium quantity is

qT =40-5pT =20-3T.

For example, if T = 1, the equilibrium price rises from 4 to 4.6 and the
equilibrium quantity falls from 20 to 17. Unsurprisingly, the selling price has
risen and the quantity sold has fallen. But note that, although the tax is T per
unit, the selling price has risen not by the full amount T, but by the fraction
3/5 of T. In other words, not all of the tax is passed on to the consumer. D

1.5 Comments

1. Economics tells us why the supply and demand sets ought to have certain
properties. Mathematics tells us what we can deduce from those properties
and how to do the calculations.

2. Mathematics also enables us to develop additional features of the model. In
the case of supply and demand, we might ask questions such as the following:

• What happens if conditions change, so that the supply and demand
sets are altered slightly?

• If the equilibrium is disturbed for some reason, what is the result?

• How do the suppliers and consumers arrive at the equilibrium?

A typical instance of the first question is the excise tax discussed above. In
this book we shall develop the mathematical techniques needed to deal with
many other instances of these questions.
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Worked examples

Example 1.1 lfx - 2y = 3 and 3x + 5y = 20, what are x and y?

Solution: We eliminate y from the simultaneous equations. (An alternative,
and equally valid, first step would be to eliminate x.) To do this, we multiply
the first equation by 5 and the second by 2, obtaining the two equations

5x - lOy = 15,

6x + lOy = 40.

Adding these, we have

(5x - lOy) + (6x + lOy) = 15 + 40, 11x = 55,

so that x = 5. Given this, we can use the first equation, x - 2y = 3, to
determine y: y = (x - 3)/2 = (5 - 3)/2 = 1. Therefore, x = 5 and y = 1. 0

Example 1.2 Suppose that the supply and demand sets, Sand D, for a
particular market are described as follows: S consists of the pairs (q,p) such
that 2p - 3q = 12 and D consists of the pairs (q,p) such that 2p + q = 20.
Determine the supply function qS(p), the inverse supply function pS(q), the
demand function qD(p) and the inverse demand function pD(q). Sketch Sand
D and determine the equilibrium set E = S n D. Comment briefly on the
interpretation of the results.

Solution: The supply function is obtained by expressing quantity in terms of
price for points in the supply set. We have 2p - 3q = 12, and rearranging this
gives q = ~p - 4. Thus

s 2
q (P)=3P- 4.

Similarly,
qD(p) = 20 - 2p.

To obtain the inverse supply and inverse demand functions, we express p in
terms of q on the supply and demand sets. Thus, the inverse supply function
is

S 3
p (q) = 6 + :2q,

and the inverse demand function is

D 1
p (q) = 10- :2 q.

The sets Sand D are sketched in Figure 1.4.
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p
8

9 ---- E

D

2 q

Figure 1.4: The demand set and the supply set for Example 1.2

A point (q*,p*) lies in E = S n D if and only if the point satisfies both the
equation of the supply set and the equation of the demand set. Thus, (q*, p*)
must be such that

2p* - 3q* = 12

and
2p* + q* = 20.

Subtracting the first equation from the second gives 4q* = 8, or q* = 2.
Substituting this value in the first equation gives 2p* - 6 = 12, so that
p* = 9. Thus E consists of the single point (2,9), and when the market is in
equilibrium, the selling price will be 9 and the quantity sold will be 2. 0

Example 1.3 Suppose that, in the market described in Example 1.2, an excise
tax of 2 per unit is imposed. Determine the new equilibrium market price
and quantity.

Solution: In the presence of an excise tax of 2, the effective price from the
supplier's point of view is not the market price, but the market price less 2.
Thus, if pT is the new equilibrium market price when the tax is imposed, the
quantity supplied, qT satisfies both

that is
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Eliminating qT we get

2 T T
3(P - 2) - 4 == 20 - 2p ,

giving pT == 1912 and qT == 20 - 2(19/2) == 1. o

Example 1.4 Suppose the supply and demand sets for Glenbowley single malt
whisky are as follows: S consists of the pairs (q,p) for which q - 3p == -5,
and D consists of the pairs such that q + 2p == 145. Here, p is the price
per bottle, measured in dollars, and q is the number of thousands of bottles
sold. Determine the equilibrium price and quantity. Suppose now that the
government imposes an excise tax of $T per bottle. What will be the new
selling price and quantity sold?

Solution: The supply and demand functions are

By the standard method we obtain the equilibrium values q* == 85 and p* == 30.
When the excise tax is imposed, the equilibrium values qT and pT are given
by

qT == 3(pT - T) - 5 == 145 - 2pT.

It follows that 5pT == 150 + 3T, and pT == 30 + (3/5)T. The corresponding
quantity sold is qT == 145 - 2pT == 85 - (6/5) T thousand bottles. 0

Example 1.5 Suppose that the supply and demand functions for a good are

where a, b, c, d are positive constants. Show that the equilibrium price is
p* == (c + a)/(b + d). If an excise tax of T per unit is imposed (T =1= 0) find
the resulting market price pT, and show that pT is strictly less than p* + T.

Solution: The equilibrium price p* (in the absence of any tax) is found by
solving the equations q* == bp* - a == c - dp*, which give p* == (c + a)/(b + d).

When an excise tax of T per unit is imposed the effective price from the
supplier's point of view is pT - T. The quantity sold, qT, satisfies

qT==b(pT-T)-a, qT==c-dpT,
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so that
T c+a (b) * ( b )p = b+d+ b+d T=p + b+d T.

Thus the selling price rises by (bl(b +d))T to its new equilibrium value. Since
band d are both positive, the fraction bI (b + d) is strictly less than 1, and
hence the increase is strictly less than T.

Note that we have verified mathematically a qualitative observation: in cases
where the supply and demand sets are described by straight lines with upward
and downward slopes, respectively, not all of an excise tax is passed on to the
consumer. This is a case of what is often known as the Tax Theorem. 0

Main topics

• interpretation of demand and supply sets

• demand, supply, inverse demand and inverse supply functions

• equilibrium price and quantity

• equilibrium price and quantity in the presence of excise tax

Key terms, notations and formulae

• demand set, D

• supply set, S

• demand function qD(p); inverse demand function pD(q)

• supply function qS(p); inverse supply function pS(q)

• equilibrium set E = S n D; equilibrium quantity q* and price p*

• excise tax, T; corresponding equilibrium quantity and price, qT, PT
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Exercises

Exercise 1.1 Ifx + y = 3 and x - 2y = -3, what are x and y ?

Exercise 1.2 Solve the following simultaneous equations.

2x + y = 9,

x - 3y = 1.

Exercise 1.3 Suppose the market for a commodity is governed by supply and
demand sets defined as follows. The supply set S is the set ofpairs (q,p) for
which q - 6p = -12 and the demand set D is the set ofpairs (q,p) for which
q + 2p = 40. Sketch Sand D and determine the equilibrium set E = S n D,
the supply and demand functions qS, qD, and the inverse supply and demand
functions pS, pD.

Exercise 1.4 Suppose that the government decides to impose an excise tax of
T on each unit of the commodity discussed in Exercise 1.3. What price will
the consumers end up paying for each unit of the commodity?

Exercise 1.5 Find a formula for the amount of money the government
obtains from taxing the commodity in the manner described in Exercise 1.4.
Determine this quantity explicitly when T = 0.5.

Exercise 1.6 The supply and demand functions for a commodity are

If an excise tax of T is imposed, what are the selling price and quantity sold,
in equilibrium?



2. Mathematical terms and notations

2.1 Sets

Mathematics has its own terminology and notation, and therein lies much of
its power. Because the notation is both clear and concise, it enables us to
carry out calculations and make logical deductions which would be almost
impossible without some form of shorthand.

The most basic notion is that of a set. This is the mathematical term for a
collection of objects defined in a precise way, so that any given object is either
in the set or not in the set. We usually denote sets by large letters, X, Y, S, D
and so on. The objects belonging to a set are enclosed in parentheses (curly
brackets), that is { }. For example, we might define

X={2,3,5,7,8,9}, Y={1,4,5,7,9}.

Here the members or elements of X and Yare the numbers listed within the
parentheses. When x is an object in a set S, we write xES and say 'x belongs
to S' or 'x is a member of S'. Another way of specifying a set is by means of
a property which its members must possess; for example

z = {n I n is a positive whole number less than 5}

is read as Z is the set of n such that n is a positive whole number less than 5.
So this particular set could also be written as {l, 2,3, 4}. (Some texts use a
colon':' in place of the symbol 'I'.) The set which has no members is called
the empty set and is denoted by 0.

We say that the set U is a subset of the set V and we write U ~ V if every
member of U is a member of V. In symbols, U ~ V if and only if x E U
implies x E V. Given two sets A and B we define the union A U B to be the
set whose members belong to A or B (or both A and B):

Au B = {x I x E A or x E B}.

Similarly, we define the intersection AnB to be the set whose members belong
to both A and B:

An B = {x I x E A and x E B}.
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Example Let X, Y,Z denote the sets defined above, that is

X=={2,3,5,7,8,9}, Y=={1,4,5,7,9}, Z=={1,2,3,4}.

Then we have, for example

Xu Y == {1,2,3,4, 5,7, 8,9}, X n Y == {5,7,9},

Y uZ == {1,2,3,4,5, 7,9}, X n (Y nZ) == (X n Y) nZ == 0.

We also have relationships such as 9 E X n Y and Z ~ X u Y. D

The most important sets considered in mathematics are sets of numbers. There
are many extremely interesting questions about numbers, their meaning and
their definition, but this is not the place to discuss them. For our purposes
we simply have to accept that there is a set ~ of real numbers, which has the
properties we associate intuitively with the points on a line. A real number
can be described by a decimal representation such as 5834.6234963 ..., which
mayor may not terminate. (The special typeface is used so that we can refer
to ~ without further explanation: ~ always denotes the real numbers, but R
can denote any set we please.)

There are several special sets of real numbers (that is, subsets of~) for which
it is convenient to have a fixed notation. The set of nonnegative real numbers
{x I x ~ O} is denoted by ~+. The set {... , -3, -2, -1,0, 1,2,3, ...} of integers
is denoted by Z. The positive integers are also known as natural numbers:
N == {1, 2, 3, ... }.

We use the notation ~2 for the set of ordered pairs (x, y) of real numbers. Thus
~2 is the set usually depicted as the set of points in a plane, x and y being the
coordinates of a point with respect to a pair of axes. The subset ~~ consisting
of those points for which x and yare both nonnegative is sometimes known
as the first quadrant. This set is particularly relevant in economics because it
represents realistic values of the coordinates; for example, in a 'supply and
demand' diagram, neither q (quantity) nor p (price) can be negative.

2.2 Functions

Given two arbitrary sets A and B, a function from A to B is a rule which
assigns one member of B to each member of A. For example, if A and Bare
both the set ~, the rule which says 'multiply by 2' is a function. Normally
we express this function by a formula: if we call the function f, we can write
the rule which defines f as f(x) == 2x. It is worth noting that when we define
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f in this way the x is a 'dummy variable'; the function could equally well be
defined by writing f(y) = 2y, or f(t) = 2t, or even f(blob) = 2 x blob. The
point is that f is the function which doubles any value.

It is often helpful to think of a function as a 'black box' which converts an
input into an output (Figure 2.1). If the name of the function is f then f(x)
is the output corresponding to a given input x. The box may represent any
rule, such as 'multiply by 2', or 'add 23', or 'square', provided only that for
each input there is a unique, well-defined output.

x ----+0 ----+ f(x)

Figure 2.1: Diagrammatic representation of a function

The diagram is useful because it stresses that a function is a one-way relation­
ship, signified by the direction of the arrows. In general it may not be possible
to reverse the arrows: that is, the output may not determine the input. For
example, if the function f is the 'square' function, so that f(x) = x2, and the
'output' of the box is 4, we do not know whether the input was 2 or -2,
either of which would give the same value. If f is a function for which it
is possible to reverse the arrows, the resulting 'reverse' function is called the
inverse function for f and is denoted by f-1. So if y = f(x), then x = f-1(y)
(Figure 2.2).

X +-EJ+- Y

Figure 2.2: A function and its inverse

Example Suppose f is given by the formula

f(x) = 2x + 7,

so that when the input is x the output is y = 2x + 7. To obtain a formula for
the inverse function we have to find out what value of x will give a particular
y, and we can do this simply by reorganising the equation y = 2x + 7 into
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the form x = (y - 7)/2. This uniquely determines x in terms of y, so here we
have the inverse function f- 1, given by the formula

f-l(y) = (y - 7)/2.

D

Note that if f and g are functions such that g is the inverse of f, then f is
the inverse of g. For, y = f(x) if and only if x = g(y), by the definition of
g = f-l. Here x and yare any values, and their names are irrelevant. So we
may interchange the names, giving y = g(x) if and only if x = f(y), and this
is just the condition that f = g-l.

We can now see that the inverse supply and demand functions discussed in
Chapter 1 are particular cases of this general notion: pS is the inverse function
for qS and pD is the inverse function for qD.

2.3 Composite functions

If f has an inverse function f- 1, one can think of f- 1 as the 'undoing' of f,
in the sense that if we take x and form y = f(x) and then apply i-I to y,
we obtain x again. For example, consider again the previous example. Here,
f(x) = 2x + 7 and f-l(y) = (y -7)/2. For any x

Thus, for any x, f-l(f(x)) = x.

The observation just made concerns following the action of f by that of f-l.
The notion of applying one function directly to the output of another is an
important one and can be made precise, as follows. If we are given two
functions rand s, then we can apply them consecutively to obtain what is
known as the composite function, given by the rule k(x) = s(r(x)). (See Figure
2.3.) The composite function k is denoted k = sr and is often described in
words as 'r followed by s' or as's after r'. Note the order: r is applied first,
then s, but in the usual notation it comes out as sr.

x --+D --+ r(x) --+U --+ s(r(x)) = (sr)(x)

Figure 2.3: A composite function
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Example Suppose that r(x) == x2 + 2 and s(x) == x3. Then the composite
function k == sr is given by

k(x) == s (r(x)) == s(x2 + 2) == (x2 + 2)3 .

D

A composite function is sometimes called a 'function of a function'. For
example, the function k described above can be thought of as the function
'cube' of the function 'square and add 2'. Often it is helpful to split up a given
function in this way. Thus, given

we can express I as the composite sr of simpler functions, s(x) == -JX and
r(x) == x4 + x2 + 5.

It is possible to form the composite of more than two functions, by repeating
the definition given above. Given three functions, f, g, h, the composite
function Igh is defined to be f(gh). In other words, we first form h followed
by g, and then form the composite of this function gh followed by f.

(The reader might ask why we don't define f gh as (fg)h. In fact, this will
always give exactly the same function, because here only the order of the
operations is important. Technically, we say that composition of functions is
an associative operation.)

Example Suppose that f(x) == l/x, g(x) == x3/ 2 and h(x) == x2 + 2x + 3. Then

2 2 3/2
(gh)(x) == g(x + 2x + 3) == (x + 2x + 3)

and

D

Finally, we note that the function i such that for all x, i(x) == x is known as
the identity function. This trivial but important function may be compared
with the number 0 in arithmetic: it does nothing, but our calculations would
be more difficult without it. Thus, the observation that the inverse function
1-1 is the 'undoing' of f may formally be expressed by the equation f- 1I == i.
Similarly, the composite function f f- 1 is also equal to i.
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2.4 Graphs and equations

Most of the mathematical techniques which are taught at an elementary level
can be described in the 'sets and functions' terminology. For example, we
might be asked to draw the 'graph' of y = x2

- 5x + 6. This really means that
we should illustrate the set of points

G = {(x,y) I y = x 2
- 5x + 6}

represented in the usual way as a subset of IR.2 (see Figure 2.4a).

A common basic problem is to 'solve' an equation or a system of equations.
Perhaps the simplest case is the single linear equation

Ax+B = 0,

which we learn to solve in elementary algebra: x = -(B / A), provided A =1= o.
In other words, the set {x I Ax+ B = o} contains exactly one member -(B / A).
(Exercise: what happens if A is zero?)

Another, slightly harder, problem of elementary algebra is to find the set of
solutions of a quadratic equation

ax2 + bx + c = 0,

where we may as well assume that a =1= 0, because if a = 0 the equation
reduces to a linear one. In some cases the quadratic expression can be
factorised; for example, x2 - 5x +6 = (x - 2)(x - 3), and we conclude that the
set {x I x2 - 5x + 6 = o} has two members, 2 and 3. Although factorisation
may be difficult, there is a general technique for determining the solutions
to a quadratic equation. We first note that since a =1= 0, we may divide the
equation ax2+ bx + c = 0 through by a to obtain

2 b c
x + -x + - = 0,

a a

which will have the same solutions (if any) as the original equation. Using a
technique known as 'completing the square', this equation may be rewritten
as

( b) 2 c b2

X + 2a + ~ - 4a2 = o.

This follows from the identity

(
b) 2 ( b ) ( b ) 2 b b

2

X + 2a = x
2

+ 2x 2a + 2a = x
2

+ ~ X + 4a2·
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The equation we now have to solve is

and from this we can obtain the complete picture. First, if b2 - 4ac < 0 there
are no solutions, or (as we might say) the solution set is empty. (Readers
familiar with complex numbers will realise that by 'solution' we mean a real
solution; that is, a solution which belongs to JR.) If b2 - 4ac = 0, then the
equation is

(x+ ~ar =0,

which has exactly one solution, namely, x = -bj(2a). If b2 - 4ac > 0, then
the equation is

so that there are two possibilities:

b2 - 4ac

2a

b Jb2 - 4ac
x+ 2a = 2a

b Jb2 - 4ac
or x + 2a = - 2a .

Thus, in this case, there are two solutions, Xl, X2, given by

-b + Jb2 - 4ac -b - Jb2 - 4ac
Xl = 2a ' X2 = 2a .

We often say that the solutions are

-b ± Jb2 - 4ac

2a

where the symbol '±', meaning 'plus or minus', indicates that there are two
choices: one where we choose the + sign and another where we choose the
- sign.

To summarise, suppose we have the quadratic equation ax2 + bx + c = 0,
where a =1= O. Then:

• if b2 - 4ac < 0, the equation has no solutions;

• if b2 - 4ac = 0, the equation has exactly one solution, X = -bj(2a);

• if b2 - 4ac > 0, the equation has two solutions
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Often, the word 'root' is used to describe a solution to a quadratic equation
and we may speak, for example, of a quadratic equation having two roots. The
quantity b2 - 4ac, which we now see is crucial, is known as the 'discriminant'
of the quadratic equation.

Another kind of problem arises when we have several equations which we
have to solve 'simultaneously'. This means that we must find the intersection
of the solution sets of the individual equations. We have already met this
situation in the determination of market equilibrium, where the solution of
a pair of simultaneous linear equations corresponds to finding the point of
intersection of the supply set and the demand set. Here is an example in
which the equations are not linear.

Example Suppose we wish to determine the set G n L, where

G = {(x,y) I y = x2
- 5x + 6}, L = {(x,y) I y = 2x - 6}.

In other words, we require the points of intersection of the graph G (Figure
2.4a) with the line y = 2x - 6 (Figure 2.4b) or, what is the same thing, the
solution of the simultaneous equations

y = x2
- 5x + 6, y = 2x - 6.

y

(a)

x

y

(b)

L

x

y

(c)

x

Figure 2.4: The sets G, Land G n L

The x-coordinates of the points in G n L can be found by eliminating y. This
gives the equation x2 - 5x + 6 = 2x - 6, that is x2 - 7x + 12 = O. Here the
quadratic expression factorises

x2 - 7x + 12 = (x - 4)(x - 3),

and the solutions are Xl = 4 and X2 = 3. The corresponding y-coordinates
are obtained by substituting in either of the original equations, giving YI = 2
and Y2 = o. So G n L consists of the two points, (4,2) and (3,0), as shown in
Figure 2.4c. 0



20 Mathematical terms and notations

Worked examples

Example 2.1 Suppose that the supply and demand sets for a good are given
by

S = {(q,p) I q - p = -7}, D = {(q,p) I q + 3p = 10}.

Determine the supply function, qS, the demand function, qD, the inverse
supply function, pS, and the inverse demand function, pD. Verify that, for any
p and q, (pSqS)(p) = P and (pDqD)(p) = p.

Solution: From the definition of the sets Sand D we get

qS(p)=p-7 and pS(q)=q+7,

1
qD(p) = 10 - 3p and pD(q) = 3(10 - q).

In general, if f- 1 is the inverse function for f then for all x, (f-l f)(x) = x.
We shall verify this explicitly for the cases in which f is qS and qD. We have

(ps qS )(p) = pS (qS (p)) = pS (p _ 7) = (p - 7) + 7 = p

and
1 1

(pD qD)(p) = pD (10 - 3p) = 3 (10 - (10 - 3p)) = 3(3p) = p,

as required. D

Example 2.2 Suppose that the three functions f, g, h are given by

f(x) = x3, g(x) = 2x + 3, h(x) = 1/(x2 + 1).

Find formulae for the composite functions fg, gf, hfg.

Solution: We have

(fg)(x) = f(g(x)) = f(2x + 3) = (2x + 3)3

and
(gf)(x) = g(f(x)) = g(x3

) = 2x3+ 3.

Further, (hfg)(x) = (h(fg))(x) and

1
(h(fg))(x) = h «fg)(x)) = h (2x + 3)3) = 2

(2x+3)3) +1

1
(2x + 3)6 + 1·

D
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Example 2.3 If f and g are the functions defined in Example 2.3, explain
why f and g have inverse functions, and find formulae for them. Show also
that fg has an inverse function and that (fg)-l = g-lf-l.

Solution: According to the definition, y = f(x) means that y = x3. For each
y, this has exactly one solution for x, namely x = yl/3, the cube root of y.
Hence f has an inverse function, and f-l(y) = yl/3. For g, we have y = g(x)
if and only if y = 2x + 3, which has the unique solution x = (y - 3)/2, so g
has an inverse function, g-l, given by g-l(y) = (y - 3)/2.

Finally, y = (fg)(x) means that y = (2x + 3)3. So (2x + 3) = yl/3 and
x = (yl/3 - 3)/2. Therefore the composite f g has an inverse function,
(fg)-l(y) = (yl/3 - 3)/2. Also, the composite function g-l f- 1 is given by the
formula

So we have, for all y, (fg)-l(y) = (g-lf-l )(y), and therefore

(Exercise: explain why this is a general rule.) D

Example 2.4 Let Q= {(x,y) I y = x2 + 3x + 4} and L = {(x,y) I y = x + 1}.
Show that Qn L = 0, and explain your answer graphically.

Solution: The intersection Qn L is the set of (x, y) E }R2 which belong both to
Q and to L. So, if (x,y) is in Qn L, then

y = x2 + 3x + 4 and y = x + 1.

Eliminating y, we get x2 + 3x + 4 = x + 1, which reduces to x2 + 2x + 3 = O.
This is a quadratic equation in which 'b2 - 4ac' is equal to -8, which is
negative, and so there is no solution. Since there are no possible values of x,
there can be no points (x, y) in Q n L. Graphically, this means that the line L
does not meet the curve Q. D

Example 2.5 Assume that the catfood market is described by the supply and
demand sets

S = {(q,p) 15p- q2 -2q = 27}, D = {(q,p) I p+q2 +2q = 15}.
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Write down pS and pD and sketch Sand D. Determine the equilibrium set
E = S n D and comment on any interesting features.

Solution: Writing p in terms of q in the usual way we find

The sets Sand D are the graphs of pS and pD respectively (remember, as
always in economics, that the q-axis is the horizontal one). The graph of pS
does not cross the q-axis, since the equation q2 +2q +27 = 0 has no solutions
('b2 - 4ac' is 22 - 4 x 1 x 27, which is negative). By plotting a few points we
quickly arrive at the graph shown in Figure 2.5a. This is known as a parabola.

The graph of pD(q) is also a parabola, but in this case it is 'upside-down' (as
is always the case when the coefficient of q2 is negative). To find where it
crosses the q-axis, we solve the equation

_q2 - 2q + 15 = o.

This factorises as -(q - 3)(q +5) = 0, so that the solutions are q = -5,3. The
set D is sketched in Figure 2.5b.

p

' ... _----

s

q

p
, ... - ........

q
(a)

Figure 2.5: The sets Sand D for the catfood market

(b)

The graphs suggest that the set E = S n D consists of two points. To be sure,
we must verify the result algebraically. We have (q,p) E E = S n D if and
only if
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Rearranging,

q2 + 2q + 27 - 75 + 5q2+ 10q = 0, that is 6q2+ 12q - 48 = 0.

Dividing by 6, we get q2 + 2q - 8 = 0, which factorises as (q + 4)(q - 2) = O.
The solutions are q = -4 and q = 2 and the corresponding values of p, given
by p = 15 - q2 - 2q, are both equal to 7. So we have E = {(-4, 7), (2, 7)}.

The first point has no economic significance because if q represents a quantity
of a real commodity then q = -4 is meaningless. The 'economic equilibrium'
is therefore given by q = 2 and p = 7. D

Main topics

• sets and the different ways of describing them

• subsets, unions, intersections

• real numbers and integers and important subsets of these

• functions, inverse functions and composite functions

• graphs and the solutions of equations

Key terms, notations and formulae

• two ways of describing sets: X = {...}, or X = {x I ...}

• subset, £;; union, U; intersection, n

• real numbers, IR; integers, Z; natural numbers, N; nonnegative reals, IR+

• ordered pairs of real numbers, JR2; first quadrant, IRt

• inverse function i-I; composite function k = sr, k(x) = s(r(x))

• ifax2 + bx + c = °and b2
- 4ac ~ 0, x = (-b ± -Jb2 - 4ac)j2a
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Exercises

Exercise 2.1 For each of the following functions f sketch the graph y = f (x)
in lR~. Decide whether the inverse function f- l exists, and if it does exist
write down the formula for f-l(y).

f(x)=5x; f(x)=x2 -4x+8; f(x)=x 5
•

Exercise 2.2 Each of the following definitions specifies a subset K oflR2• (In
this question x is the name of the coordinate measured on the horizontal axis
and y is the name of the coordinate measured on the vertical axis.)

{(x,y) I 3x + 4y = 12}, {(x,y) I 3x + 4y ~ 12}, {(x,y) I x2 + y2 = 4},

{(x,y) I x2 + y2 ~ 4}, {(x,y) I x2 = 4y}, {(x,y) I y2 = 4x}.

In each case sketch the set K and indicate on your sketch the set K n lR~.

Exercise 2.3 Suppose that the supply and demand sets for a particular market
are

S = {(q,p) I 3p - q = 5}, D = {(q,p) I 3p + q2 + 2q = 9}.

Sketch Sand D and determine the equilibrium set E = S n D. Comment
briefly on the interpretation of the results.

Exercise 2.4 The functions f, g, h are given by f(x) = x2 + 1, g(x) = 1/x2,
hex) = JX. Find formulae for the compositions fg, gf, hf, fh, hfg·

Exercise 2.5 Suppose that the supply and demand sets for a good are given
by

S = {(q,p) I q - 3p = -1}, D = {(q,p) I q + p = 2}.

Determine the supply function, qS, the demand function, qD, the inverse
supply function, pS, and the inverse demand function, pD. Verify that for any
p and q, (pSqS)(p) = P and (pDqD)(p) = p.

Exercise 2.6 For which values ofa has the equation

x2 + ax + 1 = 0

no solutions, exactly one solution, or two solutions? Determine the solutions
in the second and third cases.



3. Sequences, recurrences, limits

3.1 Sequences

In this chapter we shall think of a sequence of numbers Yo, Yl, Y2, ... as a
description of how a variable quantity Y evolves with respect to time. The
general term Yt represents the value of Y at the end of the tth time period;
for example, Yt might represent the level of unemployment, or the exchange
rate for dollars and sterling, at the end of year t.

Often it is possible to specify an economic process by giving an equation
which expresses Yt in terms of the previous values Yt-l and so on. For
example, if I possess no ties when I am born, and my only supplier of ties
is my great-aunt who gives me two for every birthday, then my stock of ties
(assuming no wastage!) is described by the equations

Yo = 0, Yt = Yt-l + 2 (t = 1,2,3, ... ).

In this example it is very easy to find a solution - that is, an explicit formula
for Yt. After t years I shall have 2t ties, and so Yt = 2t.

Generally, an equation which defines Yt in terms of Yt-l, Yt-2 and so on
is known as a recurrence equation. You may also see the name 'difference
equation', especially in economics books.

3.2 The first-order recurrence

A first-order recurrence is one in which Yt depends on Yt-l but no other
previous values. When the relationship has the form

Yt = aYt-l + b,

where a and b are given constants, we say that the recurrence is linear, and
that it has constant coefficients.

Example Suppose we are given that the values of Yt for t ~ 1 satisfy the
equation Yt = 2Yt-l - 5. This is a linear first-order recurrence, with constant
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coefficients. If we are also given the value of Yo, say Yo = 4, the entire sequence
of values can be obtained by repeated substitution, as follows:

Yl = 2yo - 5 = 2 x 4 - 5 = 3,

Y2 = 2Yl - 5 = 2 x 3 - 5 = 1,

Y3 = 2Y2 - 5 = 2 x 1 - 5 = -3

and so on. o

A systematic approach to the solution of first order linear recurrences is to
begin by finding a rather trivial kind of solution, one in which the value of
Yt does not depend on t. That is, we try to find a constant y* such that if
Yt-l = y* then the recurrence equation ensures that Yt has the same value, y*.
This simply means that

y* = ay* + b,

which we can rearrange as follows:

(1 - a)y* = b, that is y* = bj(l - a).

Thus if every term Yt has this particular constant value y*, the equation
is satisfied. Because this solution does not vary with t, it is called a time­

independent solution. Note that the algebra goes wrong if a = 1, because then
bj(l - a) is not defined. We shall deal with this case in Section 3.4.

Example (continued) What is the time-independent solution of the recurrence
equation Yt = 2Yt-l - 5?

Here we have a = 2 and b = -5, so the time-independent solution is

* -5
Y = 1-2 = 5.

In other words, if every Yt is equal to 5 the equation is satisfied. o

In practice, we are usually faced with the problem of solving a linear re­
currence with a given initial condition, which specifies the value of Yo. This
makes sense, because if we know Yo then we can work out Yl using the
equation Yl = ayo + b, and once we know Yl we can work out Y2 using the
equation Y2 = aYl + b, and so on. However this process will only produce the
time-independent solution Yt = y* = bj (1 - a) if the given initial condition
is Yo = y*. If we are given any other value of Yo, we shall get a different
solution.
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In order to find the most general form of solution, we use the trick of writing
Yt as the sum of the constant y* and another quantity Zt. Then substituting
Yt = y* + Zt in the equation Yt = aYt-l + b we get

y* + Zt = a(y* + Zt-l) + b.

Since y* = ay* + b this reduces to the simpler equation

Our trick has reduced the equation to one whose solution we can spot straight
away. At each step Zt is multiplied by the constant value a, so

Here the initial value Zo is given by Yo = y* + zo, so Zo = Yo - y* and

Observe that this formula gives a solution for any specified value of Yo. We
call Yt = y* + (Yo - y* )at the general solution of our original equation.

Example (continued) What is the general solution of the recurrence equation
Yt = 2Yt-l - 5?

We have already calculated that y* = 5 in this case, so the general solution is

Yt = 5 + 2t(yo - 5).

In particular, when Yo = 4 the solution is Yt = 5 - 2t, which agrees with the
calculations made earlier. 0

Example When the new Republic of Pushovia was formed, there were initially
32 000 tonnes of grain in the state granary. Each year half of the existing stock
of grain was consumed and another 8000 tonnes of grain were produced. How
many tonnes of grain did the state granary contain after twelve years?

We could solve this problem by calculating Yl, Y2, Y3 and so on, up to Y12,
but a better method is to find a general formula for Yt, the amount of grain
in the granary after t years. This approach has the advantage that if we then
asked for the contents of the granary after, say, 20 years, we need not work
out Y13, Y14 and so on. We need only substitute t = 20 in the general formula
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for Yt. The initial condition is Yo = 32000, and the recurrence equation for Yt
when t 2 1 is

Yt = 0.5Yt-1 + 8000.

In this case a = 0.5 and b = 8000, so y* = 8000/(1 - 0.5) = 16000. The
general solution is

Yt = 16000 + (32000 - 16000)(0.5)t = 16000(1 + (0.5)t).

The behaviour of the sequence Yt depends on what happens to the term (0.5Y,
which is another way of writing (1 12t ). The first few values of this term are

1 1 1 1 1
2'4'8' 16' 32'···

It is clear that these values approach zero as t increases. In particular the
value of (0.5)12 is very close to zero, so the granary contains about 16000
tonnes of grain after 12 years. (Actually (0.5)12 is 0.000244140625, so the
granary contains exactly 16003.90625 tonnes of grain after 12 years.) 0

3.3 ~i~its

In the preceding example the value of Yt approaches y* as t increases, because
(0.5Y approaches zero. In the general case we have

and the behaviour as t increases depends on what happens to at. For example
if a = 3, then the sequence of values of at is

3,9,27,81,243,729,2187, ... ,

which clearly does not approach zero! Similarly, if a = -2, we get

-2,4, -8,16, -32,64, -128, 256, ... ,

which also does not approach zero.

In mathematics the theory of limits deals with the kind of questions we
encounter here. For our purposes it will suffice to rely on simple intuitive
notions, but for more advanced work a proper understanding of the theory
is needed. When a is greater than 1, as t increases, at will eventually become
greater than any given number, and we say that at tends to infinity as t tends
to infinity. We write this in symbols as

or lim at = 00.
t~(jJ



Limits 29

On the other hand, when a < 1 and a > -1, we have

or lim at = o.
t~oo

We notice that while at gets closer and closer to 0 for all values of a in the
range -1 < a < 1, its behaviour depends to some extent on whether a is
positive or negative. When a is negative, the terms are alternately positive and
negative, and we say that the approach to zero is oscillatory. For example,
when a = -0.2, the sequence at is

-0.2,0.04, -0.008,0.0016, -0.00032,0.000064, -0.0000128,0.00000256, ....

When a is less than -1, the sequence is again oscillatory, but it does not
approach any limit, the terms being alternately large-positive and large­
negative, as in the case a = -2 discussed above. In this case, we say that at
oscillates increasingly.

I0 ~ a < 11
Yt

•
•••••••••• • • •

Yt

I-l<a<ol

•
y* ••••••

- -.- - ; - i - ... - -.- -.- -

•

Figure 3.1: The behaviour of Yt

Yt

•• • •• ••••
• ••• • •y* - - - - - - - - - - - - - -

Y,

la < -11 •
••••••• • • • • • • •

Figure 3.1 illustrates the behaviour of the general solution for Yt which,
according to the formula, depends simply on the behaviour of at. For
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example, if at ~ 0, then the formula tells us that Yt ~ y*. We can tabulate
the results as follows.

Value of a
a>1

1>a20
0> a >-1

-1> a

Behaviour of at
at ~ 00

at ~ 0 (decreasing)
at ~ 0 (oscillating)

oscillates increasingly

Behaviour of Yt
Yt ~oo
Yt ~ y*
Yt ~ y*

oscillates increasingly

3.4 Special cases

You will notice that the cases a = 1 and a = -1 do not appear in the
table. The case a = 1 was specifically omitted at the start, and our method of
dealing with first-order recurrence equations breaks down completely, because
the expression b/ (1-a) for the time-independent solution is meaningless when
a = 1. Fortunately this case can be dealt with directly. Note that when a = 1
the first-order linear recurrence is simply

Yt = Yt-l + b.

This says simply that each term is obtained by adding b to the previous one:
Yl = Yo + b, Y2 = Yl + b = Yo + 2b, Y3 = Y2 + b = Yo + 3b and so on. Clearly,
the general solution is Yt = Yo + tb. So here Yt ~ 00 or Yt ~ -00, depending
on whether b > 0 or b < O. (If b = 0, Yt = Yo for all t.)

In the remaining case, a = -1, the sequence of values is Yo, Yl = -Yo + b,
Y2 = -Yl +b = yo, .... Here the values are Yo and -Yo+b alternately, and the
behaviour is oscillatory. But since the oscillations have constant magnitude
the sequence does not tend to a limit.

Worked examples

Example 3.1 Find the solution of the recurrence equation

Yt = 5Yt-l + 6,

given that Yo = 5/2.

Solution: If we take a = 5 and b = 6 in the standard form Yt = aYt-l + b
of the first-order recurrence, we have exactly the equation given. The first
thing to do is to find the time-independent solution. By the formula, this is
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y* = b/(1 - a) = 6/(1 - 5) = -3/2. We can now write down the general
solution and insert the given value of Yo:

It is not absolutely necessary to memorise the formulae, because the method
is basically common-sense. You need only remember what 'time-independent'
means: y* is the solution obtained by putting Yt = Yt-1 = y*, that is
y* = 5y* + 6. This gives y* = -3/2. Then we use the trick of putting
Yt = y* + Zt, giving

This reduces to Zt = 5zt- 1, which has the obvious solution Zt = 5tzo. Since
Yo = 5/2 and y* = -3/2 it follows that Zo = 4, and we get the result as above.
o

Example 3.2 Describe in words the behaviour of the following sequences as
t ~ 00, and explain briefly your reasoning:

1
(a) 4J'
(b) (1.001)t.

Solution: (a) This sequence is decreasing and tends to zero as t tends to
infinity, because (1/4t ) = (1/4)l and 0 < 1/4 < 1.

(b) This sequence is increasing and tends to infinity as t tends to infinity,
because 1.001 > 1. 0

Example 3.3 Find the solution of the recurrence equation

3Yt = 2Yt-l + 10,

when Yo = 25, and describe its behaviour as t ~ 00. Calculate the least t for
which Yt differs from the time-independent solution by less than 0.5.

Solution: The first thing to check is whether the method developed in this
chapter can be applied directly. Observe that the given equation is not in
the standard form Yt = aYt-1 + b, because there is a factor 3 multiplying the
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Yt term. However, dividing both sides of the equation by 3 will not change
the solution. We get

2 10
Yt = "3 Yt- 1 + 3'

which is in the standard form, with a = 2/3 and b = 10/3. We now proceed
as before, calculating the time-independent solution as

* = _b_ = (10/3) = 10
Y 1 - a (1/3) .

The general solution is

* * t (2) tYt = Y + (Yo - Y )a = 10 + 15 "3 .

Since 2/3 is positive and less than 1, (2/3Y decreases and tends to 0 as t ~ 00.

Hence Yt ~ y* = 10 as t ~ 00.

To make Yt differ by less than 0.5 from y*, we need Yt - 10 < 0.5, that is

15 (~) t < 0.5, or (~) t < 3~'

A few trials on a calculator will reveal that the least such t is 9, (see also
Section 7.3). D

Example 3.4 The new Euro-commissioner for agriculture has inherited a
surplus 'grain mountain' of 30000 tonnes, held in a warehouse near Stras­
bourg. Each year 5% of the grain in the warehouse at the start of the year
is eaten by Euro-mice. The commissioner is obliged to add N tonnes to the
mountain each year, where N is to be fixed in advance by negotiation between
governments. The commissioner is intent on setting a value ofN so that the
mountain will decrease in size, so that she can claim a great victory. Advise
her. IfN = 1300, how long will it take the grain mountain to shrink to 27500
tonnes?

Solution: We first find a recurrence equation for Yt, the amount of grain (in
tonnes) in the warehouse at the end of year t. We are told that 5% of
the grain is eaten by the Euro-mice each year, so that 95% of the grain at
the beginning of any given year remains at the end. Since there are Yt-l
tonnes of grain in the warehouse at the end of year t - 1 (and hence at the
beginning of year t), the amount of grain which was in store at the start
of year t and which survives until the end of that year is 95% of Yt-l, or
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(0.9S)Yt-1. During year t, N tonnes of new grain are added, and so the size
of the grain mountain at the end of t years is given by

Yt = (0.9S)Yt-l + N.

We are given that there are initially 30000 tonnes, so Yo = 30000.

Thus we have a recurrence of the standard form, in which a = 0.95 and
b = N (assumed to be a fixed constant). Proceeding in the usual way, the
time-independent solution is y* = b/(1 - a) = N /(1 - 0.9S) = 20N, and the
solution is

Yt = y* + (Yo - y*)at = 20N + (30000 - 20N)(0.9S)t.

The term 20N is constant and does not vary with time. Thus, Yt will
decrease if and only if (30000 - 20N)(0.9SY decreases with t. Since (0.95Y
decreases, approaching zero, this will be true precisely when the constant
factor (30000 - 20N) is positive. Thus we require 30000 - 20N > 0, or
N < 1500. Since N is an integer, this condition becomes N ~ 1499. Therefore,
if the Euro-commissioner manages to negotiate a value of N no larger than
1499, she will ensure victory.

The final part of the problem concerns what happens if the commissioner
manages to negotiate a value of N as low as 1300. We first substitute the
value N = 1300 into the general expression for Yt to obtain the solution in
this case. This gives

Yt = 20(1300) + (30000 - 20(1300))(0.9S)t = 26000 + 4000(0.95)t.

It follows that the condition Yt ~ 27SOO is

26000 + 4000(0.9S)t ~ 27500,

which reduces to (0.95Y ~ 0.375. Trial with a calculator (or the method to
be described in Section 7.3) yields t 2 20. Thus the target of 27S00 will be
achieved in the twentieth year. 0

Example 3.5 A closed economy produces an income Yt in year t of which a
part Ct is consumed and the remainder It is invested; thus

It is believed that consumption Ct in year t is one half of the current year's
income; that is, Ct = iYt . It is also believed that next year's income is
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proportional to the current investment; that is, Yt+l = kIt, where k is a
constant.

Show that investment It satisfies a first-order recurrence equation, and find
the condition that investment (and income) rises from year to year.

Solution: This problem is one where a seemingly complex set of relationships
becomes very simple when expressed mathematically. We are given three facts
relating Yt, Ct, It:

Eliminating Ct from the first two equations, we get

Replacing t by t - 1 in the third equation gives Yt = kIt-i. Thus

11k
It = 2Yt = 2(kIt-i) = 2It- 1•

The equation It = (k/2)It-l is plainly a first-order recurrence equation. The
solution (which is easy enough to see directly here, or which follows by taking
b = 0 and a = k/2 in the standard form) is

If this is to increase with t, then we must have k/2 > 1. Thus the condition
for investment to increase is that k > 2. 0

Example 3.6 A market is modelled by the following demand and supply
functions:

Determine the equilibrium price and quantity.

Suppose that for some external reason the market is disturbed and that the
actual price is reduced to Po = 3/4, so that demand exceeds supply. Assume
that over a given time period (say a month) the resulting change in price is
proportional to the excess; that is

Pt - Pt-l = c(qD(pt_l) - qS(Pt_l)),
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where e is a positive constant. Solve this equation and show that the price
approaches the equilibrium value if and only ife < 1.

Describe carefully what happens when (i) ! < e < 1 and (ii) e = !.

Solution: The equilibrium price p* and equilibrium quantity q* are obtained
by solving the equations

q* = 4 - p*, q* = p*.

We have 4 - p* = p*, so 2p* = 4 and p* = 2, giving q* = 2.

Consider the equation Pt - Pt-l = e(qD(Pt-l) - qS (Pt-l)). Using the expressions
for qD and qS, this becomes

so that

Pt ~ (1 - 2e)pt-l + 4e.

This is a linear first-order recurrence in standard form, Yt = aYt-l + b, with
Pt in place of Yt, and a = 1 - 2e, b = 4e. The time-independent solution is
b/(1 - a) = 4e/(1 - (1 - 2e)) = 2, and the general solution when Po = 3/4 is

t 5 t
Pt = 2 + (Po - 2)(1 - 2e) = 2 - 4(1 - 2e) .

The behaviour of Pt is determined by the behaviour of (1 - 2ey, everything
else in this expression being independent of t. Clearly Pt will tend towards the
equilibrium price of 2 if and only if (1 - 2ey ~ 0 as t ~ 00, which is the case
precisely when -1 < 1 - 2e < 1. Remembering that e is given to be positive
the condition 1 - 2e < 1 is automatically satisfied, and -1 < 1 - 2e implies
that 2e < 2, or e < 1.

When e > 1/2 the term 1 - 2e is negative, and the price will oscillate: it will
be alternately greater than 2 and less than 2. If also e < 1 then 1 - 2e > -1
and the oscillations will decrease in magnitude and the price will tend to 2.
When e = 1/2 we have 1- 2e = 0 and the equation for Pt becomes Pt = 2, so
that the price remains at the equilibrium value for all t 2 1. 0
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Main topics

• deriving and solving first-order recurrence equations

• the time-independent solution

• the limiting behaviour of at

• the limiting behaviour of the solution to a recurrence

Key terms, notations and formulae

• standard first-order linear recurrence, Yt = aYt-l + b

• time-independent solution, y* = bj(l - a), (a =1= 1)

• initial conditions

• general solution, Yt = y* + (Yo - y* )at

• notation for limits, e. g. , (0.5Y ~ 0 as t ~ 00, or lim(0.5)t = 0
t-HXJ

Exercises

Exercise 3.1 Find the solution to the following recurrence equation.

Yo =4,
1

Yt = 2Yt- 1 + 5 (t = 1,2,3, ...).

Exercise 3.2 Describe in words the behaviour of the following sequences as
t ~ 00:

(a) 5 + (0.4)t,

(b) (-0.999)t.

Exercise 3.3 Find the solution of the recurrence

Yt = 4Yt-l + 3 (t = 1,2,3, ...)
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given that Yo == 7. Describe its behaviour as t ~ 00.

Exercise 3.4 Find the time-independent solution of the recurrence equation

4Yt == Yt-l + 9 (t == 1,2,3, ...).

Find the solution when Yo == 6, and describe its behaviour as t ~ 00.

Exercise 3.5 A company currently employs 4000 staff, working a total of
8000000 working hours per year. It plans to raise its total employment
(in working hours) by E thousand each year, where E is some constant.
The company estimates that, each year, due to workers retiring, leaving, or
reducing their workloads, the total number of working hours employed by
the current workforce decreases by WO/o. Let Yt be the total number of
thousands ofhours worked by the employees in the year ending t years from
now. Explain why

Yt = (1 - l~O) Yt-l + E,

for t ~ 1. The company plans to maintain at least its current employment
in the future. Find an expression for Yt and deduce that E should satisfy
E ~ 80W.

Exercise 3.6 A market for a commodity is modelled by the demand and
supply functions

What is the equilibrium price? The market is initially not in equilibrium and
at any time t ~ 1 the current price Pt is related to the price in the previous
period Pt-l by the equation

where r, k are positive constants with k > r. (r may be thought of as a
measure of the rate ofinflation.) At time t == 0 the price is Po == 1. Solve this
equation and show that over time the price tends to a limiting value if and
only if

k < 1+ r/2.

Show that this limiting value is greater than 3/2 and less than 3, and so is
not equal to the equilibrium price.



4. The elements of finance

4.1 Interest and capital growth

In this chapter we shall look at one of the basic models used in financial
economics, and work out its properties using the general theory of the first­
order linear recurrence.

Suppose there is fixed annual interest rate r available to investors. We shall
express r as a number, rather than a percentage, so that what is commonly
given as a rate of 8% per annum corresponds to r = 0.08. In this case, if
we invest $100 then after one year we shall have $100 + $8 = $108. More
generally, if we invest P then after one year we have P + rP = (1 + r)P.
(From now on we omit the currency units, because they are irrelevant to the
calculations.)

We can use this simple model to describe capital growth. Suppose we invest
P for N years at a constant annual interest rate r. If we let Yt be the capital
at the end of the tth year we have Yo = P and the recurrence

Yt = (1 + r)Yt-l, (t = 1,2,3, ...).

This is in the standard form discussed in the last chapter, with a = (1 + r)
and b = O. The solution is fairly obvious (even without any theory): it is
Yt = (1 + rYP. In particular, the capital C after N years will be YN, that is

C = (1 + r)Np.

It is instructive to think of the relationship between P and C in the language
of mathematical functions, as in Figure 4.1. The input is the principal P,
the function is 'investment for N years at interest rate r' and the output is
the capital C as in the formula above. In other words, C is determined as a
function of P by the formula C(P) = (1 + r)Np.

P ~ Capital ~ C
growth

P ~ Present ~ C
value

Figure 4.1: Relationships between principal and capital
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Now suppose we reverse the question. If we want to ensure that the final
capital is C, what should be the principal P? Clearly, this is found by simply
rearranging the equation so that we get P in terms of C, that is

C
pee) = (1 + r)N"

In mathematical language, we have found the inverse of the Capital Growth
function (see Figure 4.1 again). In economics and finance this is known as
calculating the present value of a capital sum C, due in N years given a fixed
interest rate r. It is very important because it enables us to compare the
guaranteed return from a fixed rate investment with the return from other
ways of using the principal.

Example If I am offered a gift of either $6000 now or $10000 in seven years
time, which should I accept, given the fixed interest rate of 8% ?

Here we have to calculate P(C) when C = 10000, with the parameters r = 0.08
and N = 7. The formula gives

10000
P = (1.08)7'

and using the approximation (1.08)7 = 1.71382427 we obtain the present value
of $5834.90. So I should accept the $6000 now. If this is not clear, think of it
in the following way. The fact that the present value of $10000, due 7 years
from now under the prevailing interest rate, is less than $6000, is equivalent
to the statement that $6000 invested now would generate more than $10000
after 7 years. In other words, if we are prepared to wait seven years, then
we are equally prepared to take the sum on offer now and place it in a bank
account at the given interest rate, leaving it untouched for seven years. The
amount then generated is 6000(1.08)7 = 10282.95, which is more than 10000.
(Of course, you may decide not to follow this course of action if you have
debts, or if you really want that new house, or car, or whatever, now! In other
words, this analysis makes sense if you are planning to invest the money. If
instead you planned to spend it, you should take into account the usefulness
of owning the items you purchase.) 0

4.2 Income generation

As an alternative to capital growth, people often invest their money to
provide a regular income, often known as an annuity. Suppose we invest P,
and withdraw an amount I at the end of each year for N years, at which time
the capital is used up. What income can be generated from the principal P,
or (mathematically speaking), what is I as a function of P?



40 The elements offinance

Here the recurrence equation is

Yt==(l+r)Yt-l- I , where Yo==P.

This is another case of the first-order linear recurrence, in standard form with
a == (1 + r) and b == -I. The time-independent solution is therefore y* == Ilr.
The general solution is Yt == y* + (Yo - y*)at, and since Yo == P we obtain

I (I) tYt == -;: + P - -;: (1 + r) .

In order to determine I as a function of P we must use the condition that
nothing is left after N years, that is, YN == O. This condition is

I (I) N-;: + P - -;: (1 + r) == 0,

and rearranging, we get

so that

(
r(l + r)N )

I (P) == (1 + r)N - 1 P .

Here too it is natural to consider the inverse function. The question here is:
what principal P is required to provide an annual income I for the next N
years, or what is the inverse function P(I)? Rearranging the equation gives
the result

P(I) = ~ ( 1 - (11 r)N ) .

This tells us the present value of an annuity generating I each year guaranteed
for the next N years.

Example What is the present value of an annuity generating $10000 a year
for the next seven years, given the fixed interest rate of 8% ?

The formula gives

10000 ( 1)
P == 0.08 1 - (1.08)7 .

Using the approximation (1.08)7 == 1.71382427 we obtain the answer

10000 ( 1)
P == 0.08 1 - 1.71382427 == 52063.70.
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Equivalently, $52063.70 invested at 8% will provide $10000 per year for the
next 7 years. 0

4.3 The interval of compounding

In the foregoing discussion we have taken r to be the annual rate of interest,
and assumed that the interest is added as a single lump sum at the end of
each year. It is instructive to ask what happens if interest is added more
frequently. Suppose, for example, that 4% interest is added twice-yearly, once
at the middle of the year and once at the end. (We say that the the 'equivalent
annual rate' is 8%, although, as we shall see, such an arrangement does not
have the same effect as a single payment of 8%.) If the principal is $100, the
capital after one year will be

100(1 + 0.04)2 = 108.16,

which is slightly more than the $108 which results from the single annual
addition. If the interest is added quarterly, the capital after one year will be

100(1 + 0.02)4 = 108.24

approximately. In general, when the year is divided into m equal periods the
equivalent rate is rim over each period, and the capital after one year is

Our numerical experiments indicate that this quantity increases steadily as
the number m of compounding intervals increases. (Exercise: work out the
answer if the interest is added daily, that is m = 365.) An obvious question,
which we shall answer in Chapter 7, is: what happens as m ~ oo?

Worked examples

Example 4.1 Write down explicit formulae for:

(a) the final value C(P) of an amount P invested at 5% annual interest for
10 years, if there is no annual withdrawal;

(b) the constant annual income I(P) generated by an amount P invested at
5% annual interest over 10 years, if there is no final capital.

[Use the approximation (1.05)10 = 1.629.]
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Write down the inverse functions P(C) and P(I) and give their interpretation
in terms ofpresent value.

Solution: For (a), we use the fact that a principal invested at constant annual
rate r for t years will grow to P(1 + rY. Here, the interest rate is 5%, so
r = 0.05. The answer is therefore C(P) = P(1 + 0.05)10, or C(P) = 1.629P
approximately.

For part (b), we use the formula given in Section 4.2, with r = 0.05 and
N = 10:

I(P) = ( r(1 + r)N ) P = (0.05(1.05)10) P
(1 + r)N - 1 (1.05)10 - 1

= ((0.0~~~~:29») P = 0.1295P.

To determine the inverse function P(C), note that C = 1.629P is equivalent
to P = C/1.629 = 0.6139C, so that P(C) = 0.6139C. This is the amount of
money which will provide the capital sum C after 10 years at constant interest
rate of 5%

; in other words the present value of C due 10 years from now,
given a fixed 5°~ interest rate.

To determine the inverse function P(I), we note that I = 0.1295P is equivalent
to P = 1/0.1295 = 7.7221. Thus, P(I) = 7.7221. This is the principal which
will generate a yearly income I for the next 10 years; that is, the present value
of an annuity of I for the next 10 years, given a fixed 5% interest rate. 0

Example 4.2 Suppose that you have won a competition in a national news­
paper and you can choose either to receive a lump sum of $100000 no~

or a payment of $20000 at the end of each year for the next seven years.
Which prize should you choose, assuming that the highest interest rate you
can obtain is a constant 7% over the seven-year period?

Solution: We calculate the present value of the stream of income (that is,
the annuity) and compare this with $100000. Using the formula with r =
0.07, N = 7, I = 20000, we see that the present value of 20000 at the end of
each year for the next seven years is

I ( 1) 20000 ( 1)
P = -;: 1 - (1 + r)N = 0.07 1 - (1.07)7 = 107785.79.

Since this is greater than 100000, if you act rationally you should accept the
annuity rather than the cash sum. (Of course, as mentioned in the Example
of Section 4.1, this analysis only makes sense if you would be investing the
lump sum, were you to accept it.) 0



Worked examples 43

Example 4.3 An amount of $1000 is invested and attracts interest at a rate
equivalent to 10% per annum. Find the total after one year if the interest is
compounded (a) annually, (b) quarterly, (c) monthly, (d) daily. (Assume the
year is not a leap year.)

Solution: We use the fact that if the interest is paid in m equally spaced
instalments, then the total after one year is 1000 (1 + ~)m, where r = 0.1 and
m = 1,4, 12, 365 in the four cases. Therefore the answers are as follows:

(a) 1000 (1 + 0.1) = 1100.

(b) 1000 (1 + 0~1 ) 4 = 1103.81.

(
01) 12

(c) 1000 1 + 1·2 = 1104.71.

(
0.1 ) 365

(d) 1000 1 + 365 = 1105.16.

Example 4.4 Show that the present value of an annuity of I for N years,
given the fixed interest rate r, is

I I I I
P = (1 + r) + (1 + r)2 + (1 + r )3 + ... + (1 + r)N .

Use the formula (1- x)(x +x2 +x3 +... + x N) = (x - xN+1) to show that this
yields the same expression for P(I) as that given in Section 4.2.

Solution: To help explain the general approach, imagine that you were offered
$1000 one year from now together with $1000 two years from now, and that
the interest rate was constant at 80/0. How would you determine the present
value of this annuity? One way is to observe that the present value of the
first $1000 is 1000/1.08 (since it is due one year from now), the present value
of the second $1000 (due two years from now) is 1000/(1.08)2, and so the
present value of the annuity must be the sum of these two present values;
that is 1000/1.08 + 1000/(1.08)2.

Consider now the general case, when the annual income is I and the interest
rate is r. The present value of the first payment is 1/(1+ r), the present value
of the second payment is //(1 + r)2 and, generally, the present value of the ith
payment is //(1 + r)i. It follows that the present value of the annuity, which
is the sum of the present values for i = 1,2, ... , N, is as stated above.
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Using the formula with x = 1/(1 + r), we have

Multiplying by 1 we obtain the required expression for P (1).

Main topics

• interest, capital growth and the meaning of present value

• recurrence equations in annuity problems

• the interval of compounding

Key terms, notations and formulae

• principal, P; capital, C

• with annual compounding, C = (1 + r)N p

• present value with annual compounding, P (C) = (1 f r )N

. . () ( r(1 + r)N )
• annuity generates Income 1 P = ((1 + r)N _ 1) P

• present value of annuity, P(I) = ~ (1 - (1 : r)N )

o
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Exercises

Exercise 4.1 Suppose that a savings account pays interest annually at a
rate of 5%. An investor deposits an amount $P which is large enough to
ensure that, each year for the next 15 years, she can withdraw $1000 from the
account at the end of the year, maintaining a non-negative balance. Let Yt be
the amount of money in the account after t years, so that Yo = P. Explain
why

Yt = 1.05 Yt-l - 1000,

for t = 1,2,3, .... Find an expression for Yt and hence show that

P ;:::: 20000 ( 1 - (1.;5)15 ) .

Exercise 4.2 Imagine you have $200000 to invest, at a constant rate of9 %
,

and that you want to withdraw a fixed amount I at the end of each year for
the next twenty years. What is the maximum possible value of I for which
this is possible? Answer the same question if withdrawals of1 are to be made
at the beginning ofeach of the next twenty years (including the present year).

Exercise 4.3 How much should you invest now in a bank account where the
interest rate is a constant 7%, in order to be able to withdraw $1000 at the
end of each of the next thirty years?

Exercise 4.4 Suppose you have won a competition and that you are given
the choice between $180000 now or $10000 at the start of each year, for the
rest ofyour life. Assume that the bank has a constant interest rate of6% and
that you currently have no debts (so that your decision is a purely rational
one, based on 'present value'). Which option should you choose if you think
you will live (a) until 65, (b) untl1100, (c) forever? (Ignore (a) ifyou are over
65.)

Exercise 4.5 An amount of $2000 is invested and attracts interest at a rate
equivalent to 8% per annum. Find the total after one year if the interest is
compounded (a) annually, (b) quarterly, (c) daily. (Assume the year is not a
leap year.)



5. The cobweb model

5.1 How stable is market equilibrium?

In this chapter we shall discuss the stability of the market for a single good.
The questions we address concern the way in which the market operates when
there is a time-lag in the actions of the suppliers, and the way in which the
market reacts when external factors affect the supply.

We consider an agricultural product for which there is a yearly 'crop', and for
which the supply and demand sets take the typical form shown in Figure 5.l.
If there are no disturbances, the equilibrium price p* and quantity q* will be
as shown in the diagram. Suppose that one year, for some external reason
such as drought, there is a shortage, so that the quantity falls and the price
rises to Po. During the winter the farmers plan their production for the next
year on the basis of this higher price, and so an increased quantity appears
on the market in the next year; specifically qi = qS(po}. Because the quantity
is greater the price consumers pay falls, to the value Pi = pD(qi). Overall, the
effect of the disturbance on the price is that it goes from Po, which is greater
than p*, to Pi, which is less than p*.

P

D

~ --------------------

p*
1

PI - - - - - - - - - - - - - - -I - - - -

I
1

1

I
I
1

1

I
I

q* q

s

q

Figure 5.1: The effect of a disturbance, over a one year cycle
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But we are not finished. The process is repeated again in the following year:
this time the lower price Pl leads to a decrease in production q2 and that in
turn means a higher price P2. The next year a similar process takes place,
and so on .... When the sequences Po, PI, P2, ... , and ql, q2, ... , are plotted on
the supply and demand diagram, we get a picture like Figure 5.2. This is the
reason for the name 'cobweb mode!'.

P

D

Po - - - - - - - -~--------~

P2 - - - - - - - - - - - - ~----f

p* - - - - - - - - - - - - --

PI ------------~------~

q*

Figure 5.2: A cobweb

5.2 An example

s

q

It appears from the diagram that the sequence Pt, t = 0,1,2, ... oscillates, the
terms being alternately greater and less than the equilibrium price p*, and
that the values approach p* as the years go by. In general, the sequence of
prices is determined by the initial price Po, the supply function qS, and the
inverse demand function pD. Generalising the argument above, we see that
Pt-l determines qt, which in turn determines Pt, according to the rules

In any given case we can use these equations to obtain a recurrence equation
for Pt.

Example Suppose that the demand and supply sets are as follows.

D = {(q , p) I q + P = 24}, S = {(q, p) I 2q + 18 = p}.
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Then the equilibrium quantity and price are q* = 2, p* = 22, and

The equations linking Pt-t, qt and Pt are thus

qt = 0.5pt-l - 9, Pt = 24 - qt·

Eliminating qt we obtain a first-order linear recurrence for Pt:

Pt = 33 - 0.5pt-l.

This is in the standard form Yt = aYt-l + b, with Pt replacing Yt and u =
-0.5, b = 33. The time-independent solution is b/ (1 - a) = 33/(3/2) = 22,
and the explicit solution in terms of Po is

Pt = 22 + (Po - 22)(-0.5)t.

Not surprisingly, the time-independent solution is the equilibrium price p* =
22, and in this case the sequence approaches p* in an oscillatory way, as
suggested by the discussion in Section 5.1. For example, if we start with a
price higher than the equilibrium price, such as Po = 23, then we have

Pl = 21.5, P2 = 22.25, P3 = 21.875 and so on.

D

5.3 The general linear case

We now look at more general features of the model. We know that Pt is
determined by qt, which is determined by Pt-l, according to the supply and
demand equations given above. In fact we can bypass qt by putting the two
equations together; this gives Pt as a 'function of a function' of Pt-l :

However all this is a bit abstract, and so we shall concentrate on the case
when Sand D are straight lines. In general, we may take

S = {(q,p) I q = bp - a}, D = {(q,p) I q = c - dp}.

The reason for writing the equation in this form is that when a, b, c and dare
positive, the sets Sand D take the 'economically respectable' form shown in
Figure 5.3.
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We shall need the explicit formulae for the functions qS and pD, which are

D c-q
P (q) = -d-·

Following the method used in the Example we obtain

c - qt C - (bpt-l - a)
Pt= -d- = d

which simplifies to

(-b) (c + a)Pt = d Pt-l + -d- .

p
s

D

q

Figure 5.3: The linear case

This is just another linear first-order recurrence. To solve it, we first find the
time-independent solution

* c + a
P = b +d·

We observe that this is the equilibrium value of the price, in other words the
value of P where the lines q = bp - a and q = c - dp intersect! This is not
really surprising, since, if the process begins at the equilibrium price Po = p*,
we would expect all subsequent values of Pt to remain at p* also.

What happens if Po =!= p*? In this case we need to look at the general solution
to the recurrence which, according to the general theory, is

* * (_b)tPt = P + (Po - p) d .

At this point it may help to look at another example.
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Example Suppose the supply and demand sets are given by the equations
q = P- 2 and q = 7 - 2p respectively. Then we have b = 1, d = 2 in the above
notation, and the recurrence is

Pt = -0.5pt-l + 4.5.

The equilibrium price p* is (7 + 2)/ (1 + 2) = 3, and the general solution is

Pt = 3 + (Po - 3)(-0.5)t.

Suppose that we start with a high price, such as Po = 3.5. Then we find that
Pl = 2.75, P2 = 3.125, P3 = 2.9375 and so on. The prices oscillate around
the equilibrium value p* = 3, and because (-0.5Y approaches zero as t -+ 00,

the magnitude of the oscillations decreases and Pt -+ p* as t -+ 00. We say
that the market equilibrium is stable in this case. This means that, if the
process begins at a non-equilibrium price, then it will nevertheless approach
the equilibrium price in the course of time. 0

In the example the reason that Pt -+ p* as t -+ 00 is that -0.5 is strictly
between -1 and 1, and so (-0.5Y -+ 0 as t -+ 00. In the general case, -0.5 is
replaced by the appropriate value of -b/ d, and so it is this which determines
whether or not the equilibrium is stable.

Recall that band d are both positive, so the criterion is simply whether or not
b is less than d. If it is, then -b/ d lies between -1 and 0, and (-b / dY -+ O.
On the other hand, if b is greater than d, -b/ d < -1 and (-b / dY oscillates
with increasing magnitude. In this case the equilibrium is unstable: if the
initial price is different from p*, then, however small the difference, the price
will not approach p*.

5.4 Economic interpretation

We can get still more insight into the economic interpretation of the cobweb
model by noticing that band d measure the slopes of the Sand D sets
respectively. So the stability condition b < d simply means that the S line is
'steeper' than the D line. In plain language, if a change in the quantity affects
the suppliers price more than the consumers price, then the equilibrium will
be stable. (Warning: in books which take the p-axis to be the horizontal one
the final conclusion is the same, but the argument about the steepness of the
lines is reversed.)

Of course, we might wish to look at the question of stability when the S
and D sets are not straight lines. Clearly that will require a mathematical
technique which enables us to define the slope of nonlinear functions. This
technique, the differential calculus, will be introduced in the next chapter.
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Worked examples

Example 5.1 Consider a market in which the supply and demand sets are

S = {(q,p) I q = 3p-7}, D = {(q,p) I q = 38 -12p}.

Write down the recurrence equations which determine the sequence Pt of
prices, assuming that the suppliers operate according to the cobweb model.
Find the explicit solution given that Po = 4, and describe in words how the
sequence Pt behaves. Write down a formula for qt, the quantity on the market
in year t.

Solution: Here, qS(p) = 3p - 7 and pD(q) = i2(38 - q). The equations
determining Pt are

38 -qt
Pt=-U-'

which, on eliminating qt, lead to the single recurrence

38 - (3pt-1 - 7)
Pt = 12 = 3.75 - 0.25pt-1.

The time-independent solution to this equation is

* _ 3.75 _ 3
P - 1.25 -

and the explicit solution is

Pt = p* + (Po - p*) (-0.25)t = 3 + (-0.25)t .

The behaviour of Pt is determined by the behaviour of the term (-0.25)t. This
oscillates with decreasing magnitude and approaches 0 as t tends to infinity;
thus, Pt oscillates and tends to p* = 3 as t tends to infinity.

To find qt, we use the fact that

qt = 3pt-1 - 7 = 3 (3 + (-0.25)t-1) - 7 = 2 + 3 (-0.25)t-1 .

D
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Example 5.2 Suppose that the supply and demand functions for a commodity
are

qS(p) = 3p - 21500, qD(p) = 8500 - p.

Assuming that the suppliers operate according to the cobweb modeL find a
recurrence equation for the sequence Pt of prices. Find the explicit solution
given that Po = 7499, and describe in words how the sequence Pt behaves.

Solution: Here, qS(p) = 3p - 1 and pD(q) = 2 - q. The sequence Pt of prices is
determined by the recurrence equations

qt = 3pt-l - 21500, Pt = 8500 - qt,

where qt is the sequence of quantities. Eliminating qt, we obtain the single
recurrence

Pt = 8500 - (3pt-l - 21500) = 30000 - 3pt-l.

The time-independent solution to this equation is p* = 30000/4 = 7500 and
the explicit solution is

Pt = p* + (Po - p*) (_3)t = 7500 + (-3)t.

The behaviour of Pt is determined by the behaviour of the term (-3Y. This
oscillates increasingly as t tends to infinity; thus, Pt oscillates increasingly
and the equilibrium is unstable. It is questionable whether such behaviour
is economically realistic. Indeed, if t is taken large enough, the model even
predicts that the price Pt will be negative. One can imagine that, in reality,
the behaviour described by an unstable cobweb process is only transitory and
that the supplier and consumers realise what is happening and cease to act in
the manner described by the model. D

Example 5.3 Without solving any equations, determine whether the cobweb
model predicts stable equilibrium for the market with

Solution: Note that here the supply and demand functions are of the form
qS(p) = bp - a and qD(p) = C - dp, where a = 10,b = 5,c = 6,d = 2. Since
b > d here, the theory tells us that the equilibrium will be unstable. D
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Main topics

• the cobweb model in general terms

• how to derive a recurrence equation when demand and supply are linear

• solving this recurrence to find the sequences of prices and quantities

• analysing the stability of the cobweb model

Key terms, notations and formulae

• cobweb model, qt = qS(Pt-l),Pt = pD(qt)

• stable and unstable cobwebs

• when qS(p) = bp - a and qD(p) = C - dp, stability if b < d

Exercises

Exercise 5.1 Suppose that the supply and demand sets for a certain good are

S = {(q,p) I 2p - 3q = 12}, D = {(q,p) I 2p + q = 20},

and suppliers operate according to the cobweb model, so that if Pt and
qt are (respectively) the price and quantity in year t, then Pt = pD(qt) and
qt = qS(Pt_l). Suppose also that the initial price is Po = 10. Find an expression
for Pt. How does Pt behave as t tends to infinity? How does qt behave as t
tends to infinity?

Exercise 5.2 The supply and demand functions for a good are

qS(p) = 15p - 41, qD(p) = 40 - 12p.
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Suppose the suppliers operate according to the cobweb model and that the
initial price is 2.5. Write down explicit formulae for Pt and qt, the price and
quantity in year t.

Exercise 5.3 Without solving any equations, determine whether the cobweb
model predicts stable or unstable equilibrium for the market with

qS(p) = 0.05p - 4, qD(p) = 20 - 0.15p.

Exercise 5.4 Determine whether the cobweb model predicts stable or unstable
equilibrium for the market with



6. Introduction to calculus

6.1 The rate of change of a function

There are many problems in economics which require us to take account of
how a function changes with respect to its input. For example, how does
a small change in price affect the quantity of a good which consumers will
buy? Again, we know that governments are very concerned about 'economic
growth', which is measured by calculating how certain indicators are changing
with respect to time. In order to explain precisely what all this means we
shall have to make some clear definitions.

Mathematicians use the picture in Figure 6.1 in order to explain the rate
of change of a function f : JR ~ JR. The idea is to compare the value of
the function at x with its value at x + h, where h is a small quantity. The
change in the value of f is f(x + h) - f(x), and this, when divided by the
change h in the 'input', measures the average rate of change. The quantity
(f(x + h) - f(x))/h is represented diagrammatically by the gradient of the
chord joining the points (x, f (x)) and (x + h, f (x + h)).

f(x + h) I---------.,.-----~

f(x) t-------_

y =f(x)

x x+ h

Figure 6.1: Definition of the derivative

In the diagram, as h approaches zero the chord approaches the tangent at
(x,f(x)), and its gradient approaches a value which we may take to be the
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'instantaneous' rate of change of f at x. This leads us to define the gradient
of f at x to be the limiting value of the quantity

f(x + h) - f(x)

h

as h approaches 0, provided this limiting value exists. The notation used for
this limiting value is

f'( ) = r f(x + h) - f(x)
X h~ h .

Note that for each value x, f'(x) is a number, the rate of change of f at the
given value. The function f' which tells us the rate of change of f is called
the derivative of f. The process of finding the derivative is often known as
differentiation.

Example Suppose f(x) = x 3• In order to work out the derivative we calculate
as follows:

f(x + h) - f(x)

h

(x 3 + 3x2h + 3xh2 + h3
) - x3

h

= 3x2 + h(3x + h).

The first term is independent of h and the second term approaches 0 as h
approaches 0, so the derivative is the function given by f'(x) = 3x2. This tells
us the slope of the tangent to the graph for any value of x. For example,
at x = 2, which corresponds to the point (2,8) on the graph, the slope is
3 x 22 = 12. D

Another way of looking at the definition of f' is to think of it as an
approximation, which tells us how a small change in the input x affects the
output f(x). If we denote a small change in x by ~x (instead of h) then the
resulting change in f(x) is

~f = f(x + ~x) - f(x).

Since f'(x) is the limit of ~f/ ~x as ~x approaches zero, for small values of
~x we have

f'(x) :::: ~~, or Af:::: f'(x)Ax,

where the symbol '~' means 'is approximately equal to'. This is the origin of
the much-used d-notation in which we write

df

dx
instead of f' (x).
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Example What is the approximate change in the function f(x) = x3 when x
changes from 4 to 4.01? Using the fact that the derivative is 3x2 we have

I1f ~ f'(4)l1x = 3 x 42 x 0.01 = 0.48.

o

6.2 Rules for finding the derivative

The ideas outlined in the previous section have been around for about three
hundred years now, and in that time mathematicians have worked out many
useful rules for finding the derivative. This means that we do not have to
go back to the definition every time a derivative has to be calculated. The
basic rules are given below. You may have been taught these rules in the
d-notation, in which

df

dx

is used to denote f'(x). In that case, you should translate each rule given here
into a more familiar one.

The first rule tells us the derivative of a power of x.

• If p(x) = xk , then p'(x) = kxk- 1•

For example, in the previous section we showed by an explicit calculation
that the derivative of x3 is 3x2, which is the case k = 3 of the rule. It should
be noted that the rule holds for all values of k, not just positive integers.

Example Suppose the demand set for tins of caviar (Figure 6.2) is

D = {(q,p) I p3q = 8000},

where q is the number of tins (in thousands per week) and p is the price
per tin in dollars. (The authors are unfamiliar with this commodity and
apologise if the assumptions are unreasonable.) If p is increased from $20 to
$21, what will be the expected fall in sales, approximately? If, on the other
hand, production were to be increased from 1000 tins per week to 1100, what
would be the expected fall in price?

The demand function and its derivative are



58 Introduction to calculus

Therefore when p = 20 and t1.p = 1 we have

t1.q ~ (-24000/p4)t1.p = -24000/204 = -0.15.

Remembering that the units are thousands of tins, it follows that 150 fewer
tins will be sold per week.

For the second question we have to consider p as a function of q, and so we
need the inverse demand function and its derivative:

So when q = 1 and t1.q = 0.1 we have

t1.p ~ (-20/3)q-4/3 x 0.1 = -2/3.

The conclusion is that the price falls by about 67 cents. o

p

q

Figure 6.2: The demand set p3q = 8000

The next three rules tell us how to find the derivative of the sum, product
and quotient of given functions:

• The sum rule: If h(x) = f(x) + g(x) then h'(x) = f'(x) + g'(x).

• The product rule: If h(x) = f(x)g(x) then h'(x) = f'(x)g(x) + f(x)g'(x).

• The quotient rule: If h(x) = f(x)/ g(x) and g(x) =1= a then

h
'( ) = f'(x)g(x) - f(x)g'(x)

X g(x)2 .
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Example In order to calculate the derivative of the function k defined by the
formula k(x) = (x3 + 1)(x2 + 5x) we observe that k(x) is the product of two
functions, each of which is a sum of powers of x. Using the appropriate rules
we have

k'(x) = (3x2
) (x2 + 5x) + (x3 + 1) (2x + 5)

= 5x4 + 20x3 + 2x + 5.

Of course, an alternative method would be to multiply out the original
expression and then find the derivative of each term. (Exercise: check that
this gives the same result.) 0

6.3 Marginal cost as a derivative

Suppose that a firm which makes electric light bulbs knows that in order to
produce q light bulbs it will have to payout C(q) dollars in wages, materials,
overheads and so on. We say that C is the firm's cost function.

In this case a change in production from q to q + 1 light bulbs is relatively
small, and may be described as 'marginal'. The corresP9nding increase in cost
is C(q + 1) - C(q), and this can be thought of as the 'marginal cost' of making
one more light-bulb, when the level of production is q. In the L\ notation of
Section 6.1, we see that the marginal cost is the change L\C corresponding to
a change L\q = 1. In general, the relationship between L\q and L\C is given by
the approximation

L\C ~ C'(q)L\q,

and so, when L\q = 1, the resulting L\C is approximately C'(q). For this
reason it makes sense to define the marginal cost function to be the derivative
of the cost function C. (Indeed, in the traditional language of economics,
the derivative of any function F is referred to as the marginal of F, and is
often denoted by MF.) What we have shown is that if the units are small,
as for example in the production of light bulbs, C'(q) represents the cost
of producing one more unit when q units are being produced. The concept
of marginal cost is equally useful when the units are larger, provided we
remember the basic idea.

Example Suppose that the costs of a firm making bicycles are $50000 per
week in overheads and $25 for every bicycle made. Then its cost function (in
dollars) is

C(q) = 50000 + 25q, so that C'(q) = 25.

In this case the marginal cost is 25 dollars, independent of the level of
production q.



60 Introduction to calculus

Slightly more realistically, suppose that in order to produce a substantially
larger weekly output of bicycles it would be necessary for the firm to incur
extra costs, possibly because its increased consumption of a raw material
would drive the price of that raw material upwards. We can account for this
by introducing an additional cost term, say 0.001q2, which is trivial when q is
small but which is more significant as q increases. In this case we have

C(q) = 50000 + 25q + 0.001q2, so that C'(q) = 25 +0.002q.

Thus the marginal cost is $25.2 if the output is 100 bicycles per week, but it
would rise to $45 if the output were 10000 bicycles per week. 0

6.4 The derivative of a composite function

In addition to the rules given in Section 6.2, there is one other very useful rule
for differentiation - the composite function rule, also known as the function of
a function rule or chain rule.

Suppose that k is a composite function sr, that is, k(x) = s(r(x)). When x is
altered by a small amount 1\x there is corresponding change 1\r in r(x), and
this in turn produces a change 1\s in s(r(x)). Since k(x) = s(r(x)), 1\s is also
the change in k(x) resulting from 1\x, that is 1\k = 1\s. It follows that

1\k 1\s
1\x 1\x

1\s 1\r
1\r 1\x·

Replacing the 1\-quotients by the corresponding derivatives we obtain the rule
for differentiating a composite function:

dk ds dr
dx dr dx·

This is easy to remember, but in some ways the d-notation is confusing and
obscure; in particular, it does not indicate at what values the derivatives are
to be evaluated. In 'functional notation' everything is explicit: the derivative
k' = (sr)' is given by

• (sr)' (x) = s'(r(x)) r'(x).

Example What is the derivative of k(x) = (5x2 + 3x + 7)2 when x = 1? Here,
k = sr, where

r(x) = 5x2 + 3x + 7

and s(x) = x2. We have

r'(x) = lOx + 3, s'(x) = 2x.
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So r'(1) = 13 and s'(r(1)) = s'(15) = 30, giving k'(1) = 13 x 30 = 390. In
general, the derivative k' = (sr)' is given by

k'(x) = s'(r(x))r'(x) = 2(r(x))r'(x) = 2(5x2 + 3x + 7)(10x + 3).

We check that substituting x = 1 in this expression gives k'(1) = 390, as
before. 0

6.5 The derivative of an inverse function

The rule for finding the derivative of a composite function can also be used
to find the derivative of an inverse function. Recalling the definitions given
in Section 2.2, we know that if g = f- 1 then the composite gf is such that
g(f(x)) = x. In other words, gf = i, the identity function. So the derivative
of the composite gf is the derivative of i, and since i(x) = x this is identically
equal to 1 (by the power rule for xl, if you wish). Using the 'function of a
function' rule we get

1 = (gf)'(x) = g'(f(x)) f'(x).

We can rearrange this so that it gives g':

, 1 1
g (f(x» = f'(x)' when g = r .

Equivalently, a more succinct rule is

, 1
• g (y) = f'(x)' when y = f(x) and x = g(y).

Example The supply set S = {(q,p) I 2p-3q = 12} was considered in Example
1.1. We found that the supply function and its inverse are

s 2
q (p) = 3P - 4,

s 3
p (q) = 2q + 6.

Clearly, the derivatives of qS and pS are 2/3 and 3/2, which is as predicted
by the general theory, since 3/2 = 2~3. 0

The inverse function rule is rather more memorable when expressed in terms
of small changes ~x and ~y. If y = f(x) and x = g(y), we know that

~y ~ f'(x)~x and ~x ~ g'(y)~y.
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It follows that the rule g'(y) = 11f' (x) is equivalent to the statement that

L\x = 11L\y
L\y L\x'

which is a simple fact of elementary algebra.

Example In Section 6.2 we considered the demand set consisting of pairs (q, p)
for which p3q = 8000. Here the demand function is qD(p) = 8000p-3. Given
that the derivative of qD is - 24000p-4 we can obtain the derivative of the
inverse function pD from the general rule as follows:

D' 1 1 _p4
P (q) = qD'(p) = -24000p-4 24000

_(20q-l/3)4 -20q-4/3

24000 3
which is the same result as we obtained by differentiating pD directly. We also
found that, when q = 1 and p = 20

L\q -0.15 L\p -2/3
L\p ~ -1- and Aq ~ QT"

This checks with the fact that L\qlL\p is the reciprocal of L\plL\q. 0

Worked examples

Example 6.1 Calculate the derivative of the function

x3 + 1
h(x) = -2-1.

x +

Solution: We observe that h(x) = f(x)/g(x) where f(x) = x3 + 1 and g(x) =
x2 + 1, and we shall therefore use the rule for differentiating a quotient. The
derivatives of f and g are

f'(x) = 3x2
, g'(x) = 2x,

and so
h'(x) = f'(x)g(x) - f(x)g'(x)

g(x)2

3x2(x2 + 1) - (x3+ 1)(2x)
(x2 + 1)2

x4 + 3x2 - 2x
(x2 + 1)2

o
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Example 6.2 Use the derivative to find the approximate change in the
function f(x) = x4 when x changes from 3 to 3.005. Compare this with the
actual change.

Solution: The derivative of f is f'(x) = 4x3 and we therefore have the
approximation

I1f ~ f'(3)l1x = 4(3)2 x 0.005 = 0.540.

The actual value of the change is

I1f = f(3.005) - f(3) = (3.005)4 - 34 = 0.54135,

so that our approximation is correct to two decimal places. o

Example 6.3 Suppose that the demand set for copies of a Mathematics for
Economics book is

D = {(q,p) I p2q = 6000},

where q is the number of copies (in thousands) and p is the price in dollars.
If the price is increased from $20 to $21, what is the approximate fall in
expected sales?

Solution: The demand function and its derivative are

Therefore when p = 20 and I1p = 1 we have

I1q ~ (-12000/p3)l1p = -12000/203 = -1.5.

So the price rise will result in approximately 1500 fewer copies being sold. 0

Example 6.4 A firm has cost function C(q) = 1500 + 15q - 3q2 + q3. Show
that its marginal cost is always positive.

Solution: The marginal cost is

C'(q) = 15 - 6q + 3q2 = 3(q2 - 2q + 5).

Completing the square (see Section 2.4) gives

C'(q) = 3 ( q - 1)2 + 4) ,

and since (q - 1)2 is never less than zero, we see that C'(q) 2 12 for all q. 0
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Example 6.5 Calculate the derivative of the function

f(x) = #+1.

Solution: Note that f(x) = (x2 + 1)1/2. Thus, f = sr where s(x) = x 1/ 2

and r(x) = x2 + 1. Using the composite function rule and the facts that
s'(x) = ~x-l/2 and r'(x) = 2x, we have

1 2 -1/2 X
f'(x) = s'(r(x))r'(x) = -2 (x + 1) 2x = P+!'

x2 + 1

o

Example 6.6 What is the derivative of the inverse of the function f(x) =
x 3 + 1?

Solution: If y = x3+ 1 then x = (y -1)1/3. In other words, the inverse function
g = f- 1 is given by g(y) = (y - 1)1/3. According to the analysis above, the
derivative of g is

, 1
g (y) = f'(x) ,

Now, f'(x) = 3x2 and so

g'(y) = _1 = __1_--=-
3x2 3 ((y _ 1)1/3)2

1 _ 1 -2/3
3(y - 1)2/3 - 3(Y - 1) .

Note that the same result is obtained by differentiating the expression for g
directly. 0
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Main topics

• the definition of the derivative as the rate of change

• approximation using the derivative

• the sum, product and quotient rules

• marginal cost (and marginals in general)

• the composite function rule

• the derivative of an inverse function

Key terms, notations and formulae

d · . f' () df 1· f (x + h) - f (x)
• erlvatlve, x = -d = 1m hx h~O

• approximation, t1f = f(x + t1x) - f(x) ~ f'(x)t1x

• if p(x) = xk, then p/(x) = kxk- 1

• sum rule: if h(x) = f(x) + g(x), h'(x) = f'(x) + g/(x)

• product rule: if h(x) = f(x)g(x), h'(x) = f'(x)g(x) + f(x)g/(x)

• quotient rule: if h(x) = f(x)/g(x), h'(x) = f'(X)g(X~(~PX)g'(X)

• cost function, marginal cost, marginal cost function

• composite function rule: if k = sr, k'(x) = s/(r(x))r/(x)

• if g = f- I then g'(y) = f'~X)' where x = g(y) = f-I(y)
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Exercises

Exercise 6.1 Use differentiation to find the approximate change in JX as x
increases from 100 to 101. Show, more generally, that when n is large, the
change in JX as x increases from n to n + 1 is approximately 1/(2J»).

Exercise 6.2 Work out the derivatives of the following functions, using the
standard rules.

f(x) = (2x2 + 5x + 4)3;
x 2

g(x) = --3'x-

Explain why the rules do not apply to g when x = 3.

Exercise 6.3 The function f is given by f(x) = x5+3. Calculate the derivative
off-1 :

(a) by using the rule for inverse functions, and

(b) by differentiating the explicit expression for f-l.

Exercise 6.4 Find the derivative of the function

For what value ofx is h'(x) not defined? Find also the derivative of

f(x) = vx + (x3 + 8)1/3.

Exercise 6.5 A manufacturer's cost function is

C(q) = 1000 + 20q + qJ"[+q.

Find the marginal cost function.

Exercise 6.6 Suppose that the demand function for a good is

D 8000
q (p) = p2 + l'

where q is the quantity and p is the price in dollars. If the price is decreased
from $9 to $8.50, what is the approximate increase in the quantity sold?



7. Some special functions

7.1 Powers

We start this chapter with a discussion of what it means to raise a number to
a power. This is a topic which, to a certain extent, has been taken for granted
in earlier chapters. However, a more careful discussion of powers will reveal
some important questions which cannot be answered without some further
thought.

Let a be any positive number. When n is a positive integer the nth power of
a, an, is simply the product of n copies of a, that is,

an = a x a x a x ... x a.
, .I

V'

n times

As a consequence of this definition, we can easily verify the power rules

whenever x and yare positive integers. For example,

a3 x a2 = (a x a x a) x (a x a) = a x a x a x a x a = a5 = a3+2•

In order to define aX when x is not a positive integer, we must be guided by
the power rules. First, we clearly need to define aO = 1, since then we have
am+O = am x aO = am x 1 = am.

Next, what should we mean by a-n, when -n is a negative integer? We cannot
multiply a by itself a negative number of times, but the rules tell us what a-n

must be. Since we must have

it follows that a-n = 1lan. In other words, we define a-n to be 1lan. For
instance, 2-5 is 1/25 = 1/32.
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Note that the power rules hold when x and yare any integers, positive,
negative or zero. For example, when m is a positive integer and -n is a
negative integer, with m > n, we have

1
=axax···xax---­
~ ax···xa

mtimes ~
n times

=axax···xa
~

m-n times

= a m- n = am+(-n).

Continuing in the same vein, if n is positive integer, what should a1/ n mean?
The second power rule suggests that

In words, raising a1/ n to the nth power gives a: that is, a1/ n is the 'nth root of
a'.

Moving on again, it is now easy to assign a meaning to am/ n, where m and n
are integers and n is positive. We simply define

Numbers which can be written in the form min are called rational numbers;
they are the numbers which can be expressed as ratios of integers. So we have
now defined aX whenever x is a rational number, and the power rules hold.

Example Suppose we want to calculate 82/ 3. By pressing a few buttons on a
calculator, the answer appears: 4. In order to understand what this means,
and why the answer is an integer, we can apply the above definitions:

82/3 = (81/ 3) 2 = (2)2 = 4.

D

Notice that we have not yet defined what aX should mean when x is not a
rational number. For example, what does 2J2 mean? The number -Ii is not
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a rational number min (this fundamental fact has been known for over two
thousand years), and so we cannot obtain 2J2 by taking the mth power of the
nth root of 2. Before we answer this question, we shall make an important
diversion.

7.2 The exponential function and its properties

In Section 4.3 we observed that the return obtained from investing $100 for
one year when the interest is compounded in m equal periods is

where r is the equivalent annual rate. As the number m increases, the return
increases, but it appears to increase fairly slowly, and in fact it turns out that
it does not tend to infinity, but rather it approaches a finite limit. Of course,
the limit depends on the value of r.

Following on from this line of argument we define, for any real number x,

( x)mexp(x) = lim 1 + - .
m-HXJ m

The function exp is known as the exponential function. It can be proved that
the definition works (that is, the limit exists and is finite) for all x E JR.

The exponential function has many remarkable properties, all of which can
be derived from the definition. For our purposes the detailed mathematical
arguments are not needed, and we shall merely use the definition to motivate
the discussion in general terms. The most important property concerns the
relationship between the general value exp(x) and the particular value exp(1).
The latter is denoted by the standard symbol e, and we have

e = exp(l) = lim (1 + !) n = 2.71828 ....
n~oo n

Given a rational number plq, where p and q are positive integers, we have
explained in Section 7.1 what is meant by eP/ q

• Using the definition of e we
have

( ( 1)n) p/ q (1)np/ q
eP/

q = lim 1 + - = lim 1 + - .
n~oo n n~oo n

Now put m = nplq. Then lin = (plq)lm and, since m ---+ 00 as n ---+ 00,

eP/ q = lim (1 + Plq)m = exp(pjq).
m~oo m
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This argument shows that exp(pjq) is just 'the (pjq)th power of the number
e'. For example

exp(3j2) = e3/ 2 = J(2.71828 . ..)3 = ~20.08553 ... = 4.48169 ....

If x is not a rational number, exp(x) is still defined (by the limit formula),
and so it makes sense to define eX to be exp(x). In fact, as we shall see in
Section 7.4, this is a crucial step towards defining aX for any value of a.

Henceforth we shall use the notations exp(x) and eX interchangeably. Many
important properties of the exponential function follow from the fact that the
two expressions have the same value. For example,

exp(O) = 1 and exp(x) ~ 00 as x ~ 00.

Furthermore, since e-x = 1jeX
, we see that exp(x) ~ 0 as x ~ -00. The

graph of the exponential function is shown in Figure 7.1.

y

x

Figure 7.1: The graph of the exponential function

There are two other useful rules. The power rule, eXeY = eX+Y, translates into
the property

exp(x)exp(y) = exp(x + y).

Finally, a very important property is the remarkable fact that the derivative
of the exponential function is the same function:

• the derivative of exp(x) is exp(x).

This can be deduced from the properties we already know, but the proof is
not particularly illuminating, and we shall omit it.



The logarithm function 71

7.3 Continuous compounding of interest

We can now use the exponential function to work out explicitly the rela­
tionship between capital and principal when the year is divided into m equal
intervals, and m tends to infinity. This is usually referred to as continuous
compounding of interest. If the equivalent annual rate is r, the capital resulting
from an amount P invested for one year is

P x (lim (1 + ~)m) .
m~oo m

The limit is exp(r), by the definition of the exponential function, and so the
capital after one year is P exp(r). Suppose now that P is invested for t years,
where t need not be an integer. The resulting capital will be

C = P(exp(r))t = P exp(rt).

We can also write this as C = Pert. In order to find the present value of an
amount C due t years from now, we simply rearrange the equation. Since
1/ert = e-rt , this gives P = Ce-rt , or

P = C exp(-rt).

Example Suppose that $2000 is invested in an account where interest is
compounded continuously at a constant annual equivalent rate of 7%. How
much money is in the account after (a) four years; (b) six and a half years?

The amount in the account after t years is 2000exp(rt) where r = 0.07. Note
that in this formula, t need not be an integer. Taking t = 4, we have that,
after four years, the amount is 2000eO.07x4 = 2646.26. After 6.5 years, the
amount is 2000eO.07x6.5 = 3152.35. 0

7.4 The logarithm function

The graph of exp(x) (Figure 7.1) shows that for each positive value of y, there
is exactly one number x such that exp(x) = y. Thus, if we restrict attention
to positive values of y, the exponential function has an inverse, known as the
logarithm function. In symbols,

if y = exp(x), then x = In(y).

This relationship is illustrated in Figure 7.2.
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x exp y x In y

Figure 7.2: The relationship between exp and In

Often we write In y rather than In(y). To be precise, In y is the natural
logarithm of y. The natural logarithm is related to another function, the 'log
to the base 10' function, denoted by 10glO or simply log, which you may have
met. The relationship is very simple (see Exercise 7.8):

10glO(Y) = 0.4343 ... x In(y).

As with exp(x), most pocket calculators will compute values of In(x). It is
important to stress again that In(x) is only defined when x is positive, and
your calculator should display an error message if you ask it to find the
logarithm of a negative number. (Also, your calculator might well have a 'log'
key and a 'In' key. Be careful to distinguish between them.)

The graph of the function In(x), for x > 0, is sketched in Figure 7.3.

y

x

Figure 7.3: The graph of the logarithm function
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General properties of the logarithm function can be deduced from the corre­
sponding properties of the exponential function. For example, from the rule
exp(x) exp(y) = exp(x + y) it is easy to deduce (Example 7.5) that

In(ab) = In a + In b.

Before the invention of the pocket calculator this rule was used extensively
to perform complicated calculations. Using printed tables of the logarithm
function, multiplication of two numbers could be reduced to addition of their
logarithms.

For our purposes, there are several useful properties of the logarithm. First,
since exp and In are inverse functions, we have a = exp(ln a) for all positive
numbers a. Taking the xth power and using what we know about exp, we
have

aX = (exp(ln a))X = (e1nar: = e x1na = exp(x In a).

This shows that any power of any positive number can be written in terms
of the exp and In functions. In Section 7.1 we were only able to define aX
when x is a rational number. We now have a satisfactory definition of what
aX means, in general, even when x is not rational: for any a > 0 and any
number x, we define aX = exp(xlna).

Example We now know how to define 2J2:

2J2 = exp()2 In 2).

Everything on the right-hand side of this equation makes sense. Although it
looks somewhat complicated, and perhaps artificial, there really is no simpler
definition: we cannot say 'multiply 2 by itself -Ii times'. The proper definition
also tells us how to find the derivative of aX , something we could not do
without it (Example 7.3). 0

Another useful fact is obtained by 'taking logs' of the equation

aX = exp(x In a),

which gives
In(aX) = x In(a).

Example The last part of Example 3.3 amounted to finding the smallest
positive integer t such that

(2)t 1
3 < 30·
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Applying the logarithm function to both sides, we require the least positive
integer t such that In(2/3Y < In(1/30), which can be rewritten as

t In(2/3) < In(I/30), that is (-0.405)t < -3.401.

This is equivalent to t > 8.398, so the answer (which is required to be an
integer) is 9. 0

Example In Chapter 11 we shall discuss how a firm's output q depends on
its inputs, specifically its capital k and labour 1. Often it is convenient to
assume that the relationship takes the Cobb-Douglas form, q = krJ. [/3, where rx
and f3 are constants characteristic of a particular firm. Although this looks
complicated, it can be simplified by 'taking logarithms'. Thus

So, if we define new variables Q= In q, K = In k and L = In [, the relationship
q = krJ. [/3 takes a more familiar form, the linear form Q= rxK + f3 L. 0

To find the derivative of the logarithm function let f(x) = exp x, so that
g(y) = In y is the inverse for f. (We have to remember yet again that y must
be a positive number.) The formula for the derivative of an inverse function
(Section 6.5) says that

g'(y) = 1/f'(x), when y = f(x) and x = g(y).

Here we have f(x) = expx and f'(x) = expx, therefore

, 1 1
g(y)= - =-.

expx y

In words:
• the derivative oflny is 1/y.

Example What is the derivative of g(x) = In In x? Using the composite
function rule, and the rule for the derivative of In, we get

, ( 1 ) (1) 1g(x) = - - =--
lnx x xlnx·

o
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7.5 Trigonometrical functions

We assume that the reader has studied trigonometrical functions before. It
will be recalled that the three main trigonometrical functions are the sine
function sin x, the cosine function cos x and the tangent function tan x, which
is defined as tan x = sin x/cos x.

In mathematics we usually assume that the angle x is measured in radians,
rather than in degrees. 180 degrees equals n radians, so to convert an angle
of (X degrees to radians we multiply (X by n /180.

The rules for differentiating trigonometrical functions are based on the fol­
lowing two results:

• If f(x) = sin x, then f'(x) = cosx.

• If g(x) = cos x, then g'(x) = -sinx.

There is a useful way of helping to remember these results. We know that one
of the derivatives has a minus sign. To remember which, simply say 'minus
sign' to yourself; this sounds the same as 'minus sine'!

Example We shall find the derivative of the function f(x) = tan(x2 + 1). We
note that f is the composition sr, where sex) = tan x and rex) = x2 + 1. The
derivative of rex) is r'(x) = 2x. Since

sin x
tan x = --,

cosx

its derivative is, by the quotient rule,

(cos x)(sin x) - (sin x)(- sin x)
(cos x)2

(cos x)2 + (sin x)2
(cos x)2

Since (sin x)2 + (cos x)2 = 1 for all x, the derivative of s is

, 1
sex) = -()2.cosx

Therefore,

, " 1 2x
f (x) = s (r(x»r (x) = (cos(x2+ 1»2 2x = (cos(x2+ 1))2·

o
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Worked examples

Example 7.1 What is the present value of$1000 due 4 years from now when
the annual interest rate is 5% and (a) interest is paid once each year, at the
end of the year; (b) interest is continuously compounded?

Solution: Part (a) is just like the examples we considered in Chapter 4. The
answer is that, in dollars, P = 1000/(1 + 0.05)4 = 822.70. For part (b), we
use the fact that the present value of an amount C due t years from now
when interest is continuously compounded at an annual equivalent rate of r

is P(C) = Cjexp(rt) = Cexp(-rt) = Ce-rt • Thus, the answer to part (b) is
1000e(-4(o.o5)) = 818.73. Observe that this is less than the answer to part (a). A
little thought shows why this is to be expected. The present value of $1000 due
4 years from now is the principal which, if invested now, will grow to $1000
in four years. Since money grows faster under the continuous compounding
described in (b) than under the annual payment regime described in (a), the
principal required under continuous compounding is lower than that required
under the annual interest scheme. D

Example 7.2 Calculate the derivative of the function

g(x) = In (x + Jxl + 1) .

Solution: We note first that since x + .Jx2 + 1 is positive for all values of x,
we can take its logarithm, so the definition of g is valid for all x. (Recall that
we cannot take the logarithm of a negative number.) We may calculate g'(x)
using the composite function rule, as follows: g = uv where u(x) = lnx and
v(x) = x + .Jx2 + 1. Hence

g'(x) = u'(v(x))v'(x)

= 1 (1 + x ) = 1 JX2+I + x
x + .Jx2 + 1 .Jx2 + 1 x + .Jx2 + 1 .Jx2 + 1 '

which simplifies to
, 1

g (x) = r::2\1.
-yx2 + 1

(In calculating v'(x), we use the result of Example 6.5, which is itself obtained
using the composite function rule. Therefore, the differentiation of this
example uses the composite function rule twice.)
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Example 7.3 Using the fact that aX = exp(xlna), find the derivative of
f(x) = aX.

Solution: The function f is the composItIon sr, where s(x) = expx and
r(x) = x In a. Using the rule for differentiating a composition, and noting that
s'(y) = expy and r'(x) = Ina, we see that

f'(x) = s'(r(x))r'(x) = exp(x In a)(In a).

Thus, f'(x) = (In a)ax
. (This result shows that e is the only number a such

that the derivative of aX is itself; for, this is true if and only if In a = 1, which
means a = e.) 0

Example 7.4 What are the derivatives of (a) ex2 sin x and (b) sin(cos x) ?

Solution: (a) Note first that, by the composite function rule, the derivative of
ex2 is ex2 (2x) = 2xex2

• The derivative of sin x is cos x. Therefore, the derivative
of ex2 sin x is 2xex2 sin x + ex2 cos x, using the product rule.

(b) Here we use the rule for differentiating a composite function f = SC, where
s(x) = sinx and c(x) = cosx. Thus, since s'(x) = cosx and c'(x) = -sinx, we
have

f'(x) = s'(c(x))c'(x) = cos(cosx)(-sinx) = -sinxcos(cosx).

o

Example 7.5 Use the fact that the logarithm function is the inverse of the
exponential function, together with the equation exp(x + y) = exp(x)exp(y),
to show that

In(ab) = Ina + lnb.

Solution: Take x = Ina and y = lnb. Then a = exp(x) and b = exp(y), so we
have

ab = exp(x)exp(y) = exp(x + y).

By definition of the logarithm function, exp(x + y) = ab is equivalent to
x + y = In(ab). It follows that

In(ab) = x + y = Ina + lnb,

as required. o
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Main topics

• integer and rational powers of positive numbers

• the exponential function and its properties, including its derivative

• capital growth and present value under continuous compounding

• the logarithm function and its properties, including its derivative

• irrational powers of positive numbers

• differentiating trigonometrical functions

Key terms, notations and formulae

• for a > 0, m E Z, n E N, am/n = (a1/n)m

• exponential function, exp(x) = lim (1 + ~)m = eX
m~oo m

• exp(x + y) = exp(x)exp(y)

• if f(x) = exp(x), f'(x) = exp(x); if g(x) = exp(kx), g'(x) = k exp(kx)

• under continuous compounding, C = P exp(rt), P = C exp(-rt)

• logarithm function, In = (exp)-l

• In(ab) = Ina + lnb; In(aX) = xlna

• general definition of aX: aX = exp (x In a)

• if f(x) = lnx,f'(x) = l/x

• sine, cosine: if f(x) = sin x, f'(x) = cosx; if g(x) = cos x, g'(x) = - sinx
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Exercises

Exercise 7.1 Evaluate:

(a) (16)7/ 4 ; (b) (125)-1/3 ; (C) ( 100)- 512.

Exercise 7.2 Suppose you invest $60 000 in a special savings account where,
for the first ten years, interest of6% is paid annually at the end ofeach year
and, thereafter, interest is continuously compounded at an annual equivalent
rate of7 %

• How much money do you have in the account after 15 years if
you remove no money from it during that period?

Exercise 7.3 What is the present value of$30000 due 10 years from now
when the annual interest rate is 8% and (a) interest is paid once each year,
at the end of the year; (b) interest is continuously compounded?

Exercise 7.4 Work out the derivatives of the following functions, using the
standard rules:

(a) f(x) = In(2x2 + 5x + 4); (b) g(x) = 3x4 expx.

In each case state explicitly the set of values of x for which the derivative is
defined.

Exercise 7.5 Let f(x) be the function

f(x) = In (x
4 :26:2

1
+ 9) .

By observing that

f (x) = In (x4+ 6x2 + 9) - In (x2+ 1) ,

determine the derivative f'(x). Show that one obtains the same result by
differentiating f(x) directly.

Exercise 7.6 Calculate the derivatives of the functions sin(ln x), tan(eX2
).

Exercise 7.7 If x and yare related by the equation xl/4y2/3 = 8, use the
logarithm function to define X and Y in terms of x and y so that the
relationship between X and Y is linear, that is, of the form aX + bY = c.

Exercise 7.8 The function Iog1o is defined as the inverse of the power
function lOx, in just the same way as In is defined as the inverse ofeX. Write
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x = In(y) and z = Iog10(y), and use the fact that 10z = exp(z In 10) to show
that

In(y) = (In 10) Iog10(Y) = (2.3025 ...) IOglO(Y)'



8. Introduction to optimisation

8.1 Profit maximisation

The most frequent use of the derivative occurs in problems where we have to
find the 'best' value of some quantity. Such problems belong to the part of
mathematics known as optimisation.

Suppose that a firm has cost function C, so that it costs C(q) to produce q
units of its product. Suppose also that the product can be sold at a price P(q)
per unit, depending on the quantity produced. Then the firm's revenue from
producing q units is

R(q) = qP(q),

and its profit is
II(q) = R(q) - C(q) = qP(q) - C(q).

Clearly, the 'best' value of q, from the firm's point of view, is that which
maximises the profit. For example, suppose that the cost function is C(q) =
9 + 5q and the price function is P(q) = 6 - O.Olq, as in Figure 8.1. Then the
profit function, also sketched in Figure 8.1, is

II(q) = q(6 - O.Olq) - (9 + 5q) = -9 + q - O.Olq2.

c

q

p

q

II

q

Figure 8.1: Graphs of cost, price and profit functions
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Observe that, in this example, the cost function C and the price function P
take simple but reasonable forms. The cost is the sum of two components:
a fixed cost 9 and a variable cost 5q. We may think of the fixed cost as
representing overheads, and the variable cost as indicating that the cost of
producing each of the q items is 5. The price function tells us that the goods
will sell for a price of 'about' 6 per item, although there is a slight fall in price
as the number of items increases. Later we shall look at these matters more
generally.

From the graph it is clear that in this case there is a value qm where the profit
II is a maximum. Furthermore, the graph is horizontal at this point. In other
words, the gradient of the tangent to the graph at that point is O. In terms
of the derivative this means that II'(qm) = O. In general, if we are given a
function f, then a value c for which f(c) is a maximum will satisfy f'(c) = O.
Although this principle is perhaps the most important application of calculus
to practical situations, it has to be used with care. In the rest of this chapter
we shall look more closely at the relationship between a function f and its
derivative f'.

8.2 Critical points

We defined the derivative f'(x) as a measure of the gradient of f at x. It
follows from this that we can tell whether a function is increasing or decreasing
at a given point, simply by working out its derivative at that point.

• If f' (x) > 0 then f is increasing at x .
• If f'(x) < 0 then f is decreasing at x.

It is also clear that at a point c for which f'(c) = 0 the function f is neither
increasing nor decreasing: in this case we say that c is a critical point (or
stationary point) of f.

For example, we can find the maximum point qm of the profit function
discussed in Section 8.1, using the fact that it is a critical point. By the
elementary rules of differentiation we have

II'(q) = 1 - 0.02q,

so the condition II'(qm) = 0 gives 1 - 0.02qm = 0, that is, qm = 50.

It must be stressed that a function can have more than one kind of critical
point. For example, the function whose graph is shown in Figure 8.2 has four
critical points: two of them (a and d) are maximum points, one of them (b) is
a minimum point, and the other one (c) is neither a maximum nor a minimum,
it is an inflexion point.
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y

a b d x

Figure 8.2: A function with four critical points

We can decide the nature of a given critical point by considering what happens
to f' in its vicinity. Looking at the point a in Figure 8.2 we observe that the
gradient (the derivative) is positive for values just less than a, zero at a, and
negative for values just greater than a. This means that f' is decreasing at a,
so the derivative of f' is negative at a. We call the derivative of f' the second
derivative of f, and denote it by

d2f
f"(x) or dx2 •

Although the graphical argument is not completely general, it can in fact be
proved that a sufficient condition for f to have a maximum at a critical point
a is f"(a) < O. There is a similar conditi~n for a minimum. Summarising,

• If f'(a) = 0 and f"(a) < 0 then the point a is a maximum of f .
• If f'(b) = 0 and f"(b) > 0 then the point b is a minimum of f.

These observations together form the second-order conditions for the nature
of a critical point.

In Figure 8.2, the inflexion point c is such that f"(c) = 0, and it is clear that,
in general, this condition must be satisfied at any inflexion point. However,
if f" is zero at a critical point then we cannot conclude that the point is an
inflexion point. For example, if f(x) = x4 then f"(O) = 0, but f does not
have an inflexion point at 0; it has a minimum there (see Example 8.4). The
general point is worth repeating.

• If f'(c) = 0 and f"(c) = 0 then c may be a maximum,
a minimum or an inflexion point.
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However, the second-order conditions are usually adequate for classifying
critical points, as the following examples show.

Example The critical points of the function f(x) = x3 - 12x2 + 21x + 100 are
the points where f'(x) = 0; that is

3x2 - 24x + 21 = 0, or 3(x - l)(x - 7) = O.

Thus the critical points are at 1 and 7. The second derivative is f"(x) = 6x-24,
so

f"(l) = -18 < 0, f"(7) = 18 > o.

It follows that 1 is a maximum and 7 is a minimum. (Exercise: sketch the
graph of f.) 0

Example In Sections 1.3 and 1.4 we looked at the market for a good in which
the demand and supply functions are

Suppose the government wishes to raise revenue by imposing an excise tax
on this good. Clearly, a small tax will bring in little revenue but, on the
other hand, if the tax is too large consumption will fall dramatically and the
revenue will also be hit. What is the best policy?

In Section 1.4 we found that the equilibrium price and quantity in the presence
of an excise tax Tare

T 3 T
P = 4 + 5T, q = 20 - 3T.

The revenue R(T) is the product of the quantity sold qT and the excise tax
T. That is,

R(T) = qT x T = (20 - 3T)T = 20T - 3T2.

To find the value of Tm where this is a maximum, we first set R'(T) = O. We
have R'(T) = 20 - 6T, so that 10/3 is the only critical point. The second
derivative is R"(T) = -6, which is negative, so Tm = 10/3 is the maximum
point. The maximum revenue is R(Tm ) = 100/3. 0
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8.3 Optimisation in an interval

The maximum and minimum points discussed in the previous section are,
strictly speaking, local maxima and minima. For example, in Figure 8.2,
the point a is a local maximum, because the value at a is greater than at
neighbouring points, but it is clearly not the largest value of the function
overall. To make this distinction clearer we have to specify the set of x-values
under consideration. Usually this is an interval, that is the set of x between
two values u and v, denoted by

[u, v] = {x Ius x s v}.

In practice, we are usually faced with a global optimisation question, in the
form: what is the largest (or smallest) value of f(x) when x is in [u,v]?
For example, there will usually be an upper bound L on the quantity of its
product that a firm can make, so the realistic profit-maximisation problem is
to find the greatest value of II(q) when q is in [0, L].

Looking again at Figure 8.1, we observe that if, for example, the firm cannot
produce more than 40 units of its product, then the local maximum of II
at qm = 50 is irrelevant. The global maximum of II in the interval [0,40]
is at 40; thus, the maximum profit achievable for q between 0 and 40 is the
value II(40). On other hand, if the firm can produce up to 80 units, then
it should produce only 50, because that gives the largest value of II in the
interval [0,80]. This example illustrates the fact that in order to find the global
maximum of a function in a given interval we need to use a combination of
calculus and common sense.

We conclude by summarising the rules we have found for solving the problem
of the global maximum. Of course there is a parallel statement concerning
the global minimum.

• Suppose f is a function for which f' and f" both exist in the interval [u, v].
Then f has a global maximum point m in [u,v], and either (i) u < m < v,
f'(m) = 0 and f"(m) sO, or (ii) m is one ofu, v.

Example What are the maximum and minimum values of the function f(x) =

x3 - 8x2 + 16x - 1 in the interval [0, 2] ?

First we find the critical points.

f'(x) = 3x2 - 16x + 16 = (3x - 4)(x - 4),

so f'(x) = 0 at the points 4/3 and 4. In the interval [0,2] only the critical
point 4/3 is relevant. We have f"(x) = 6x -16, so f"(4/3) = 24/3 -16, which
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is negative, so 4/3 is a local maximum. In order to find the global maximum
and minimum in [0,2] we must compare the values at the end-points with the
the value at the relevant critical point. We have

x : ° 4/3 2
f(x): -1 229/27 7.

Since 229/27 is greater than 7 the maximum value in the interval [0,2] is
at the critical point 4/3, and the minimum value in this interval is at the
end-point 0. (See Figure 8.3.) 0

y

229
2!7 I

I
I
I
I

7 -------- ------4------

4/3

Figure 8.3: The function x3 - 8x2 + 16x - 1

8.4 Infinite intervals

x

Occasionally, the constraint on the values of x that may be considered is of
the form x 2:: u for some number u; in other words, there is a lower bound
on the allowable x-values, but no upper bound of the form x ~ v. We may
easily extend the interval notation to such a situation. We say that the set
{x I x 2:: u} is the infinite interval [u, 00). Here, 00 is merely a symbol denoting
the fact that the set of x is not bounded above; it should never be thought of
as a number itself.
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If we have to optimise a function f on an interval of the form [u, (0), we
follow a procedure very similar to that for optimising on a bounded interval
[u, v]. However, there is one important difference. Although it is true that
any 'well-behaved' function f has a largest value in an interval of the form
[u, v], it is possible that f does not have a largest value in an interval of the
form [u, (0). For example, the function f(x) = x2 has no largest value on the
interval [0,(0); this follows from the fact that x2 tends to infinity as x ~ 00.

The following result summarises the infinite case.

• Suppose f is a function for which f' and f" both exist in the interval [u, (0). If
f has a global maximum point m in [u,oo), then either (i) m > u, f'(m) = 0 and
f"(m) ~ 0, or (ii) m = u. A similar statement holds with 'maximum' replaced
by 'minimum'.

Example Suppose you are given a nineteenth-century painting currently worth
$2000, and you estimate that its value will increase steadily at $500 per
annum, so that the amount realised by selling the painting after t years will
be 2000 + 500t. (As usual we omit the currency units.) In the context of
continuous compounding of interest at 10%, the present value of the amount
realised is P(t) = (2000 + 500t)e-(O.1)t. What is the optimum time to sell?

By routine application of the rules for differentiation we get

P'(t) = 500e-O.1t + (2000 + 500t)(-0.1)e-O.1t = e-O.lt(300 - 50t).

Since this is zero when t = 6, that is a critical point of P. Differentiating
again we get

P"(t) = (-0.1)e-O.lt(300 - 50t) + e-o.1t(_50) = e-o.1t(5t - 80).

It follows that P"(6) < 0, so the critical point t = 6 is a local maximum.

The fact that t = 6 is indeed the maximum in [0, (0) can be verified by
common-sense arguments. We know that t = 6 is the only critical point of
P(t), and that it is a local maximum. It follows that P(t) must decrease
steadily for t > 6, because if at any stage it started to increase again, it would
have to pass through a critical point first. A few calculations will establish
that the graph of P(t) has the form shown in Figure 8.4; in particular, as
t ~ 00, P(t) ~ o. 0
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p(t)

Figure 8.4: The graph of P(t)

Worked examples

Example 8.1 Find the points where the graph of the function f(x) = x3 ­

6x2 + llx - 6 crosses the axes, and sketch the graph.

Solution: We first determine where the graph of f crosses the x-axis; that is,
where f(x) = O. Trying x = 1, we see that f(1) = 1 - 6 + 11 - 6 = 0, so one
of the factors of x3 - 6x2 + llx - 6 is (x - 1). We know, therefore, that

f(x) = x3
- 6x2 + llx - 6 = (x - 1)(ax2 + bx + c),

for some numbers a, b, c. By comparing the x3 terms and the constant terms
on each side of this equation (in other words, by 'comparing coefficients'), we
obtain a = 1 and c = 6. Thus

x3
- 6x2 + l1x - 6 = (x - 1)(x2 + bx + 6) = x3 + (b - l)x2 + (6 - b)x - 6.

It is clear that b = -5, and we have

f(x) = (x - 1)(x2
- 5x + 6) = (x - 1)(x - 2)(x - 3).
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Thus, f(x) = °when x = 1,2 or 3. To find where the graph of f crosses the
y-axis, we simply observe that f(O) = -6, so it crosses the y-axis at (0, -6).
For large values of x (positive or negative), the dominant term in f(x) is
x3 ; therefore, as x ~ 00, f(x) ~ 00 and as x ~ -00, f(x) ~ -00. All this
information is sufficient to sketch the graph of f; see Figure 8.5. D
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Figure 8.5: The function x3 - 6x2 + 11x - 6 and its derivative

Example 8.2 Let f be as in Example 8.1. Sketch the graph off' and explain
how the properties of this graph correspond to properties of the graph off.

Solution: The derivative of f is f'(x) = 3x2 - 12x + 11. Setting f'(x) = 0
and using the formula for the solutions to a quadratic equation given in
Section 2.4, the critical points of fare

1
a = 6(12 - ffi) = 1.423 ... ,

1
fJ = 6(12 + ffi) = 2.577 ....

The second derivative is f"(x) = 6x - 12, and it is easily checked that f"(a) is
negative while f"(f3) is positive. Hence a is a local maximum of f and f3 is a
local minimum of f.
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The graph of f' is sketched in Figure 8.5. We have already found that
f'(x) = 0 when x = rx and x = [3, so we have determined where the graph of
f' crosses the x-axis. The function f' is a quadratic and the coefficient of x2

is positive, so the graph has the shape illustrated. It crosses the y-axis when
x = 0, that is, when y = 11. The point where f' attains its minimum can be
found by setting f"(x) = 0: since f"(x) = 6x - 12 this gives x = 2.

There are several points of comparison between the two graphs. First, we
note that the points where f has its maximum and minimum correspond to
the points where the graph of f' crosses the x-axis, since, at these points,
f'(x) = O. Furthermore, when f is increasing, which is for x s rx and x 2 [3,
f' is positive and the graph of f' lies above the x-axis. When f is decreasing,
between rx and [3, the graph of f' lies below the x-axis. 0

Example 8.3 In each of the following cases find: (a) all the points where the
derivative of the function is zero; (b) the points in the given interval where
the function attains its maximum and minimum values:

(i) 2x3 - 9x2 + 12x in [0,2];

(ii) 2x3 - 9x2 + 12x in [0,3];

(iii) x sin x + cos x in [0,2].

Solution: (i) We find the critical points:

f'(x) = 6x2
- 18x + 12 = 6(x2

- 3x + 2) = 6(x - l)(x - 2),

so the critical points are 1 and 2, both of which lie in the interval under
consideration. The values of f at these points are f(l) = 5,f(2) = 4. The
value of f at the (remaining) end-point of the interval is f(O) = O. Hence, the
maximum of f in [0, 2] is at the point 1 and the minimum is at O.

(ii) Here, we consider the same function, but in the interval [0,3]. The value
of f at the end-point is f(3) = 9; it now follows that the maximum value in
[0, 3] is attained at 3, and the minimum at 0.

(iii) Recall that the derivative of cos x is - sin x and the derivative of sin x is
cos x. So if f(x) = x sin x + cos x, we have

f'(x) = sin x - xcosx - sinx = xcosx.

Thus, the critical points in [0,2] are the points where x cos x = 0. These
are x = 0 and x = n/2. (As usual, angles are measured in radians.) The
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1 and f(n/2) = n/2 = 1.571,

It remains to check the values at the end-points. We have already considered
0; at 2 we have 1(2) = 1.402, approximately. It follows that the minimum
value of 1 on the interval [0,2] is at 0 and the maximum is at n /2. D

Example 8.4 Verify that when g(x) = x4 we have g'(O) = 0 and g"(O) = O.
Explain why the critical point 0 is a minimum point ofg.

Solution: We have g'(x) = 4x3 and g"(x) = 12x2, so it is clear that g'(O) = 0
and g"(O) = O. In other words, 0 is a critical point, but the second-order
conditions fail to classify it.

However, the nature of the critical point can be determined quite simply, by
looking at how g(x) = x4 behaves in the neighbourhood of x = o. Since
x4 = (x2 )2, the values are positive, whether x is positive or negative. Hence 0
must be a minimum of g. D

Example 8.5 The supply and demand sets for a good are

S = {(q,p) Iq = bp - a}, D = {(q,p) I q = e - dp},

where a, b, e, d are all positive. Suppose the government wishes to raise as
much money as possible by imposing an excise tax on the good. What should
be the value of the excise tax? What is the resulting government revenue?

Solution: The tax revenue is R(T) = TqT. In order to calculate qT, we first
note than when the excise tax is imposed, the selling price at equilibrium, pT ,

is such that
qT = b(pT - T) - a = e - dpT.

Solving for pT, we obtain

T e + a bT
p = b+d + b+d·

(See Example 1.5.) Then

T d T be - ad bdT
q = e - p = b + d - b + d'

so that

R(T) = (be - ad) T _ (~) T 2.
b+d b+d
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Setting R'(T) = 0, we discover that there is only one critical point,

be-ad
Tm=~.

The second derivative R"(T) = (-2bd)j(b+d) is constant, and negative (since
band d are positive). Hence R"(Tm ) < 0 and Tm is a maximum point.
Therefore, Tm is the level of excise tax the government should impose. The
resulting government revenue is

(be - ad)2
R(Tm) = 4bd(b + d)'

o

Example 8.6 Suppose that you have just inherited an asset whose current
market value is $2000. Assume that the market value will increase steadily
at a rate of$300 per annum, and that the interest on a bank deposit will be
compounded continuously at the equivalent annual rate of60/0. Explain why
the present value of the amount realised by selling the asset after t years is

P(t) = (2000 + 300t) exp(-0.06t),

and determine the optimum time to sell.

Solution: The market value after t years is given by C(t) = 2000 + 300t. The
present value of C(t) in t years under continuous compounding at equivalent
annual rate 0.06 is

P(t) = C(t)e-O.06t = (2000 + 300t) exp(-0.06t).

In order to maximise this quantity (and hence determine the optimal time to
sell), we calculate the derivative of P(t). We have

P'(t) = 300 exp(-0.06t)(2000 + 300t)(-0.06) exp(-0.06t)

= exp(-0.06t) (180 - 18t).

For a critical point, we must have P'(t) = 0, that is, t = 10. Calculating P"{t)
we find that P"(10) is negative, and so this is a local maximum. (Alternatively,
we could observe that, for t < 10, P'(t) > 0 and for t > 10, P'(t) < 0.) As
t tends to infinity, the negative exponential factor exp(-0.06t) tends to zero,
and in fact this dominates the term (2000 + 300t), the net effect being that
P(t) -+ O. Furthermore, P(O) = 2000 and P(10) > 2000. It follows that t = 10
gives the global maximum of P(t) for t ~ 0 and hence the asset should be
sold after 10 years. (As in the example of Section 8.4, we could instead note
that the local maximum at t = 10 must be the global maximum since it is the
only critical point: P(t) must decrease steadily for t > 10, because if it started
to increase again, it would have to pass through a critical point first.) 0



Main topics/Key terms 93

Main topics

• revenue and profit

• finding critical points

• classifying critical points using second derivative

• optimisation in an interval

Key terms, notations and formulae

• revenue, R(q) = qP(q)

• profit function, I1(q) = R(q) - C(q)

• critical point: f'(c) = 0

• maximum, minimum, inflexion

• second derivative of f, f" = (f')', also denoted ~~

• second-order conditions

• if f'(a) = 0 and f"(a) < 0 then the critical point a is a maximum

• if f'(b) = 0 and f"(b) > 0 then the critical point b is a minimum

• global maximum, global minimum

• interval [u, v]; infinite interval [u, (0)

• global maximum of f on [u, v] is at u, v, or c, with u < c < v, f'(c) = 0

• if m is global maximum of f on [u, (0), m = u or m > u and f'(m) = 0
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Exercises

Exercise 8.1 The function g is given by g(x) = x3 - 6x2 + 12x - 1. Show that
g has only one critical point. Determine whether this point is a maximum, a
minimum, or an inflexion point.

Exercise 8.2 Find the maximum and minimum values of the function x 3 ­

8x2 + 16x - 1 in the interval [2,5]. (Note that this function was discussed in
Section 8.3.)

Exercise 8.3 Find the maximum and minimum values of the function f(x) =
x4 - 8x3 + 16x2 -7 in the interval [1,4].

Exercise 8.4 Find the maximum value of the function f(x) = -2x3 + 3x2 +
12x + 9 in the interval [0, (0).

Exercise 8.5 Find the maximum and minimum values ofx2e-x in the interval
[0,5].

Exercise 8.6 Suppose you have inherited an antique whose current market
value is $500. Let us assume that the market value will increase steadily
at a rate of $100 per annum, and that interest on a bank deposit will be
compounded continuously at the equivalent annual rate of5 %

• Write down
the expression for the present value of the amount realised by selling the
antique after t years, and determine the optimum time to sell (assuming you
can find someone to buy it then, at the market value.)

Exercise 8.7 Suppose you own a piece ofland whose value V(t) after t years
is V(t) = eJi . Assuming that interest on a bank deposit will be compounded
continuously at the equivalent annual rate of12.5 %

, write down an expression
for the present value of the amount realised by selling the land after t years,
and determine the optimum time to sell.



9. The derivative in economics-I

9.1 Elasticity of demand

When the market is described by a downward-sloping demand set D, an
increase in the selling price of a good will lead to a decrease in the quantity
sold. In Chapter 6 we explained how the derivative of the demand function
qD determines the relationship between the changes Ap and Aq: specifically
we showed that Aq ~ q'Ap. (Here, and in what follows, we avoid cumbersome
notation by writing q instead of qD (p) and q' instead of qD'(p).)

In practice, a more important question is how revenue will change if the
selling price is increased. If the price p rises, the quantity sold q falls; but the
revenue R = qp is the product of these two things, and it may rise or fall. In
order to determine which, we need a little more mathematics.

Of course, the answer to this question also depends upon the assumptions
which we make about the firm's place in the market. We shall assume
that a price rise applies uniformly to the entire supply of the good under
consideration, whether or not it is produced by that firm. This would
certainly be the case if the firm is a 'monopoly' (see Section 9.3), which
produces the entire supply itself. In this case the firm can decide to increase
the selling price without having to consider the effect of competition from
other suppliers. Given that this is an option, the firm needs to know whether
such an increase would increase its revenue.

Using the product rule to differentiate R = qp with respect to p, remembering
that q is a function of p, we get

R' = q'p+q.

Thus the condition that revenue increases, R' > 0, is equivalent to q'p+q > O.
It is customary to write this inequality in the equivalent form

where the expression -q'p/ q is called the elasticity of demand, and denoted
by B(p). Thus the elasticity determines whether revenue increases or decreases
as price increases, as follows.
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• If e(p) < 1, a small increase in price results in an increase in revenue. We
say the demand is inelastic.

• If e(p) > 1, a small increase in price results in an decrease in revenue. We
say the demand is elastic.

Example Suppose the demand function is

where K and c are positive constants. Then the elasticity of demand is

q'p
e(p) == -- ==

q

(-CKp-c-l) P
-----'--- == c.

Kp-c

Here the elasticity of demand is constant: e(p) == c for all prices p. Thus if
c < 1 the demand is inelastic, and if c > 1 it is elastic. D

There is another way of thinking about elasticity. Suppose that the selling
price is changed by a small amount ~p and that, as a result, the quantity sold
changes by an amount ~q. Then we know that ~q ~ q'~p, and so we can
replace q' by ~q / ~p in the definition of e(p) :

q'p ~q p
e(p) == -- ~ ---.

q ~pq

Rearranging the right-hand side we see that e(p) is approximately equal to

(-~q/q)

(~p/p) .

In other words, it is the ratio of the relative decrease in quantity to the relative
increase in price.

This formula shows that demand is inelastic (e < 1), and revenue rises with
price, if -~q/ q < ~p/ p, that is if the proportional decrease in quantity
sold is less than the proportional increase in price. Putting it another way,
the demand is inelastic if a percentage increase in price results in a smaller
percentage decrease in quantity sold.

Example Suppose the demand set is D == {(q,p) I q + 5p == 30}. Then the
demand function is q(p) == 30 - 5p and the elasticity of demand is

q'p
e(p) == -- ==

q

(-5)p

30-5p
P

6-p'
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This is not defined when p == 6 (since then the denominator is zero). The
values of p which are economically significant are those for which both p
and q are nonnegative, that is for 0 :::;; p :::;; 6, and the elasticity is defined for
all such p other than 6. The demand is elastic when p/(6 - p) > 1; that is,
when 3 < p < 6, and it is inelastic when p/(6 - p) < 1, which is the case for
0:::;; p < 3. D

9.2 Profit maximisation again

In the previous section we discussed how revenue changes as a function of the
price. In this section we shall look at revenue and profit as functions of the
quantity; in particular, we shall study the question of how to maximise profit.
We have already discussed a very simple and special case of this problem in
Section 8.1, but here we shall begin with a more general approach.

The relevant variables are the firm's revenue function R(q), its cost function
C(q), and its profit TI(q), which are related by the fundamental equation

TI(q) == profit == revenue - cost == R(q) - C(q).

The 'profit maximisation principle' suggests that the firm will seek to produce
the quantity qm for which TI(qm) is a maximum. In practice, the range of
possible values of q is an interval [0, L], where L is the upper limit on the
amount that can be produced. Although we can be sure that the function TI
attains a maximum value somewhere in [0, L], it may be that the maximum
occurs at one of the end-points 0 and L. In that case the firm will maximise
its profit either by producing nothing, or by producing the most that it can.
These are both conceivable situations, but we put them aside for the moment
and suppose instead that the maximum profit is achieved by producing an
amount strictly between 0 and L. In this case, the profit is maximised at a
point qm where

Recall (Section 6.3) that the derivative C' of the cost function is usually
referred to as the marginal cost, representing the cost of producing one more
unit. In the same way, we can think of R' as the marginal revenue, the revenue
which results from producing one more unit. Using this terminology we have
a basic economic principle:

• The optimum production level occurs when
marginal revenue equals marginal cost.
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There is a simple way of thinking about this principle. Clearly, if the cost of
producing one extra unit is less than the revenue which results, the extra unit
should be produced; in other words, the firm should produce more. On the
other hand, if the extra cost exceeds the extra revenue, the firm should not
produce more. When the extra cost is equal to the extra revenue, the firm
is at the optimum production level. For example, a fruit-drop firm should
produce the number of fruit-drops for which the cost of producing one more
fruit-drop is equal to the revenue from producing one more fruit-drop.

9.3 Competition versus monopoly

In general, a firm's revenue is the product of the quantity q produced and the
price per unit which holds when q is available, which we denote by P(q). In
symbols

R(q) = qP(q).

The form of P(q) depends upon the assumptions we make about the place
of the firm in the market. At one extreme is the case of perfect competition,
where the firm is small and its output does not affect the market price of
its good. From the firm's point of view, however much it produces the price
remains fixed, so here we have P(q) = Po, a constant independent of q.

At the other extreme is the case of monopoly, where the firm supplies the
entire quantity of the good under consideration. Here the price is determined
by the demand set D; in other words, P(q) is pD(q), the price the consumers
will pay when q is available.

When P(q) is known, the profit function is

Il(q) = qP(q) - C(q),

and the profit maximisation condition TI'(q) = 0 becomes

qP'(q) + P(q) - C'(q) = 0.

In any particular case we can use this equation to solve the profit maximisation
problem. The case of perfect competition will be studied in Chapter 10, but
we shall look first at an example involving a monopoly.

For a monopoly, then, the profit function is

Il(q) = qpD(q) - C(q).
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This has to be maximised for q in an interval [0, L], representing the feasible
limits of production. It may be that the maximum is attained at one of the
end points, and this possibility must not be forgotten. Furthermore, when we
use the profit maximisation condition IT'(qm) = 0, we must remember that
not all critical points are maxima, and so the second-order conditions need
to be checked too.

Example The only firm manufacturing a certain kind of machine tool can
produce up to 100 per week. The demand set for these items is

D = {(q,p) I q + 5p = 850},

where p is measured in suitable units. The cost (in the same units) of producing
q items per week is

C(q) = 300 - 10q + q2.

How many items should be produced each week in order to maximise profit?

Since the firm is the only one producing the machine tools, it is a monopoly.
The inverse demand function is pD(q) = 170 - 0.2q, and it follows that the
weekly profit from producing q machine tools is

IT(q) = qpD(q) - C(q) = q(170 - 0.2q) - (q2 - 10q + 300)

= -300 + 180q - 1.2q2.

The condition IT'(q) = 0 is 180 - 2.4q = 0, so there is one critical point
qm = 75. The profit IT(75) is 6450.

In order to be sure that this is indeed the optimum value, we have to check.
two things. First, would it not be better to produce either zero or the upper
limit of 100 items per week? Since

IT(O) = -300 and IT(lOO) = 5700,

both of which are less than 6450, we conclude that neither of these possibilities
is relevant. Finally, we observe that II"(75) = -2.4, which is negative, so
qm = 75 is indeed a maximum. (In fact this conclusion also follows by
common-sense arguments here, but in general it must be verified.) 0
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Worked examples

Example 9.1 The demand set for a good is

D = {(q, p) I q(1 + p2) = 100}.

Determine the elasticity of demand e(p) as a function ofp. For what values
ofp is the demand inelastic?

Solution: The demand function is qD(p) = 100/(1 + p2), which has derivative

q' = -200p/(1 + p2)2.

The elasticity of demand is

q'p 200p2/(1 + p2)2 2p2
e(p) = -q = 100/(1 + p2) = 1 + p2·

The demand is inelastic where e(p) < 1. In this case 2p2/(1 + p2) < 1 implies
that p2 < 1 and since p ~ 0, this means that the demand is inelastic when
p < 1. 0

Example 9.2 The Calculus Corporation is a monopoly with cost function

C(q) = q + 0.02q2

and the upper limit on its production is 200. The demand set for its product
is D = {(q,p) I q + 20p = 300}. Work out (a) the inverse demand function;
(b) the profit function; (c) the optimal value qm and the maximum profit; (d)
the corresponding price.

Solution: (a) The inverse demand function is

pD(q) = (300 - q)/20 = 15 - 0.05q.

(b) The profit function is

II(q) = qpD(q) - C(q) = q(15 - 0.05q) - (q + 0.02q2) = 14q - 0.07q2.

(c) We have II'(q) = 14 - 0.14q, so q = 100 is a critical point. The second
derivative of II is II"(q) = -0.14, which is negative, so the critical point is a
local maximum. The value of the profit there is II(100) = 1400 - 700 = 700,
whereas II(O) = 0 and II(200) = O. Since the maximum profit in the interval
[0,200] must be either at a local maximum or an end-point, it follows that
the maximum profit is 700, obtained when q = 100.

(d) The price when q = 100 is pD(100) = 15 - (0.05)(100) = 10. o
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Example 9.3 Integration Incorporated is a monopoly with cost function

and the demand set for its product is

D = {(q,p) I 2p + q2 - 20q = 100}.

Sketch the graph of the profit function for q > O. Find the level ofproduction
which maximises the firm's profit, if the upper limit on its output is (i) 30, (il)
50.

Solution: The inverse demand function is easily obtained from the definition
of the demand set: pD(q) = 50 + 10q - 0.5q2. The profit function is therefore

TI(q) = qpD(q) - C(q) = q(50 + 10q - 0.5q2) - (100 + 80q - 50q2 + 0.5q3)

= _q3 + 60q2 - 30q - 100.

The critical points are found by setting TI'(q) = 0, that is,

_3q2+ 120q - 30 = -3(q2 - 40q + 10) = O.

Using the formula for the solutions of a quadratic equation, we find critical
points a and f3 given by

a = 20 - )390 = 0.2516, f3 = 20 + )390 = 39.7484.

The second derivative of TI is TI"(q) = -6q +120. Since TI"(a) > 0, a is a local
minimum and, since TI"(f3) < 0, f3 is a local maximum. The corresponding
values of TI are TI(a) = -103.766, TI(f3) = 30703.8.

We also have

TI(O) = -100, TI(30) = 26000, TI(50) = 23400.

The graph of TI is shown in Figure 9.1. It follows that the maximum profit in
the interval [0, 30] is attained when q = 30, whereas the maximum profit in
the interval [0,50] is attained when q = f3 = 39.75 approximately. D
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Figure 9.1: The graph of Il(q)

Main topics

• elasticity of demand and its relation to revenue

• profit maximisation in general

• perfect competition and monopolies

Key terms, notations and formulae

• elasticity of demand, e(p) = - q'P, where q = qD(p)
q

• demand is elastic if e(p) > 1, inelastic is e(p) < 1

• at optimum production, marginal revenue = marginal cost

• for a monopoly, Il(q) = qpD(q) - C(q)
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Exercises

Exercise 9.1 Calculate the elasticity ofdemand when the demand function is
given by

qD(p) = 70 - 4p.

For what range of values ofp is your expression valid, and for which of these
values is the demand inelastic?

Exercise 9.2 Show that if the demand function for a good is qD(p) = a - bp
for some positive constants a and b, then the demand is inelastic in the range
0< p < a/2b.

Exercise 9.3 Suppose the demand set for a commodity is

Determine the values ofp where the demand is elastic.

Exercise 9.4 Prove that, at the price which maximises revenue, the elasticity
ofdemand equals -1.

Exercise 9.5 The Didlum Corporation is a monopoly with cost function

C(q) = q + 0.03q2,

and the demand set for their product is

D = {(q,p) I q + 20p = 500}.

Work out (i) the inverse demand function; (ii) the profit function; (iii) the
optimal value, qm, of q, given that the upper limit on its production is 200.
Explain why the optimal value is a maximum.

Exercise 9.6 Idlers Incorporated is a monopoly with cost function

C(q) = q3 - 105q2+ 140q + 200,

the demand set for its product is

D = {(q,p) I p + q2 - 5q = 100},

and the upper limit 0)1 its production is 150. Find the level ofproduction qm
which maximises the firm's profit and determine the maximum profit. Sketch
a graph of the profit function TI(q).



10. The Derivative in Economics-II

10.1 The efficient small firm

In this chapter we shall use elementary calculus tc describe the behaviour of
a small firm under perfect competition. We shall take the definition of small
to be that the price of the firm's product in the market is not affected by
its own level of production. In other words, there is a given market price
Po (sometimes called the going price) which is not under the firm's control.
Economists say that the firm is a 'price-taker'.

Suppose that the cost function C for the firm is known. Then the firm is
said to be efficient if it behaves in the following way. When the given market
price is Po, it will produce the amount qo for which the profit is a maximum,
remembering that in some circumstances it may be best to produce nothing.

Our task is to determine the production level qo of an efficient small firm
in terms of its cost function C and the market price Po. Of course, the
relationship between qo, the amount the firm will supply, and Po, the going
price, is just the firm's supply set S. Our task, therefore, is to study the supply
set for an efficient small firm.

Common sense suggests that S will take the form indicated in Figure 10.1.

Po

PL ------------------

s-

P
s
/---:

Figure 10.1: The supply set for an efficient small firm
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When Po is below a certain level Ps the firm will produce nothing, but when
Po reaches Ps the firm will 'start up' with a production level qs. Production
will then increase as the price increases, until Po reaches the level PL at which
the firm is at the upper limit of its production, L. When Po exceeds PL the
firm produces L.

We shall show that, under certain assumptions, a supply set S resembling the
one illustrated in Figure 10.1 can be derived from the firm's cost function C.

Suppose the firm were to produce a quantity q when the going price is Po.
Then its revenue R(q) would be qpo and the cost would be C(q), so its profit
would be

ll(q) = R(q) - C(q) = qpo - C(q).

Since the firm is efficient, the amount qo which it actually produces will be
such that qo gives the maximum value of this function. As we know, qo is
found by equating the derivative to 0, that is

Po - C'(qo) = 0.

So, if the firm decides to go into production when the price is Po, the amount
qo it will produce is determined by the equation

Po = C'(qo).

By this simple argument we have solved a large part of the problem of
determining the supply set S. The rule which determines Po as a function of
qo is just the inverse supply function pS. But we have just shown that this
function is C', the marginal cost function. This is our first economic principle
for efficient small firms:

• Under perfect competition a firm's inverse supply function
is equal to its marginal cost function.

Referring to Figure 10.1, we have shown that the 'sloping' part of the supply
set is just the graph of C'.

10.2 Startup and breakeven points

For convenience, we now drop the subscripts on Po and qo. Thus we assume
that when the market price p is given, and provided it lies within a certain
range, the firm will produce a quantity q satisfying p = C'(q). In this range,
the profit from producing q is

ll(q) = qp - C(q) = qC'(q) - C(q).
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Example Consider an efficient small firm with cost function

C(q) = 800 + 70q - 12q2 + q3.

We have C'(q) = 70 - 24q + 3q2 so the profit function is

TI(q) = q(70 - 24q + 3q2) - (800 + 70q - 12q2 + q3)

= -800 - 12q2 + 2q3.

D

We must now look at what happens when the market price p is small. In
this situation it may be in the firm's best interests to produce nothing. In the
Example, the profit when zero units are produced is .

TI(O) = -C(O) = -800.

In general, C(O), which is known as the fixed cost, is positive, so the profit
from producing nothing is negative; in plain words, it is a loss. When q is
just greater than zero it is reasonable to expect that the loss will exceed the
fixed cost, because the return from producing a small amount does not justify
the expense. Figure 10.2 illustrates this behaviour for the profit function
TI(q) = -800 - 12q2 + 2q3 discussed above.

II

q

Figure 10.2: The profit function of the firm in the Example

The startup point is the production level qs where the loss becomes equal to
the fixed cost, so that it is worthwhile to start production, at least in the short
run. Thus qs can be found by solving the equation TI(qs) = TI(O); explicitly
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The corresponding value of the market price, Ps, is determined by the fact
that Ps = C/(qs), and the equation can be rearranged to give this explicitly:

_ C/( ) _ C(qs) - C(O)
Ps - qs - .

qs

The quantity C(q) - C(O) represents the total cost less the fixed cost, and
is known as the variable cost. It is sometimes denoted by VC. Similarly,
dividing by q we obtain the average variable cost, denoted by A VC. Writing
the marginal cost C/(q) as MC, the last equation says that, at qs, MC = AVC.

• At the startup point, marginal cost is equal to average variable cost.

Finally we turn to the question of real profit; or, when does TI(q) become
positive? In the long run this is the only significant question, because a firm
which continually makes a loss will not survive. We define the breakeven point
qb by the equation TI(qb) = o. Using the formula for TI again we get

Using the 'marginal' and 'average' terminology, we have our third principle.

• At the breakeven point, the marginal cost is equal to the average cost.

MC

AVC

q

Figure 10.3: Relations between MC, AC and AVC
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All three principles obtained above are illustrated in Figure 10.3. The first
principle tells us that the MC curve is the graph of the firm's inverse supply
function (for q ~ qs). The other two principles tell us that the MC curve
intersects the AVC curve and the AC curve at qs and qb respectively. Figure
10.3 also indicates two other results which follow from similar calculations
(see Example 10.2):

• At the startup point, the derivative of the average variable cost is zero.

• At the breakeven point, the derivative of the average cost is zero.

Example (continued) Consider again the efficient small firm described in the
earlier example. To find the startup point we have ~o solve the equation
Il(q) = Il(O), which is

-800 - 12q2+ 2q3 = -800, that is 2q2(-6 + q) = 0.

The solution is qs = 6, and the going price at which the firm starts production
is Ps = C/(qs) = 34.

To find the breakeven point we have to solve the equation II(q) = 0:

-800 - 12q2+ 2q3 = 0, that is 2(10 - q)(40 + 4q + q2) = 0.

Now, the quadratic equation q2 + 4q + 40 = 0 has no solutions, since 42 is
less than 4 x 1 x 40, so the breakeven point is qb = 10. So, provided the firm's
upper limit of production L exceeds 10, the analysis given above holds, and
the firm's supply set is like the one illustrated in Figure 10.1.

It is easy to verify all the 'principles' in this case. For example, the marginal
cost function is MC = 70 - 24q + 3q2 and the average variable cost function
is AVC = (C(q) - C(O))/q = q2 -12q +70. By substituting q = qs = 6 we can
check that MC = AVC at the startup point. 0

Of course, the Example is artificial, because the cost function has been chosen
to produce the suggested behaviour. Another way of setting up the cost
function will be discussed in Chapter 21.
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Worked examples

Example 10.1 Suppose that Alpern and Co. is an efficient small firm which
cannot produce more than 6 units of its product each week. If their cost
function is C(q) = 100 + 20q - 6q2 + q3 determine: (a) their fixed cost, (b)
their profit function, (c) their startup point, (d) their breakeven point, (e) their
supply set. Sketch the profit function Il(q) and the supply set.

Solution: (a) The fixed cost is the cost when nothing is produced, which is
C(O) = 100.

(b) Suppose the firm is in production; that is 0 < q :::; L, where L = 6 is the
given upper limit on its capacity. Then p = C/(q) and the profit function is
Il(q) = qC/(q) - C(q). Hence,

Il(q) = q(20 - 12q + 3q2) - (100 + 20q - 6q2+ q3) = 2q3 - 6q2 - 100.

(c) The startup point is the value qs such that Il(qs) = Il(O) = -C(O). Solving
the equation 2q3 - 6q2 - 100 = -100, or q2(q - 3) = 0, it follows that qs = 3.
The corresponding value of p is Ps = C'(3) = 11.

(d) The breakeven point qb satisfies Il(qb) = o. We therefore need to solve the
equation 2q3 - 6q2 - 100 = O. Trial and error reveals the factorisation

2q3 - 6q2 - 100 = 2(q - 5)(q2 + 2q + 10).

The quadratic equation q2 + 2q + 10 = 0 has no solutions, since 22 - 4(1)(10)
is negative, so 5 is the only solution and the breakeven point is qb = 5.

(e) We have found that the startup point is qs = 3, and the corresponding
going price is Ps = 11. Thus the firm supplies nothing when p < 11, and for
p ~ 11 the amount q supplied is related to P by

p = C/(q) = 3q2 - 12q + 20.

But this can hold only when q is in the feasible range q :::; L, where L = 6.
The corresponding price PL is given by PL = C/(6) = 56. Thus when P > 56,
the firm will produce its full capacity, 6.
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The firm's supply set is· the union of three pieces:

the points (0, p) for 0 < p < 11;

the points (q,p) such that p = 3q2 - 12q + 20 for 11 S P S 56;

the points (6, p) for p > 56.

The profit function and the supply set are sketched in Figure 10.4. 0

p

56 - - - - - - - - - - - - - -

11
/s_~

3 5 I

q
3 q

Figure 10.4: The profit function and the supply set (Example 10.1)

Example 10.2 Prove that, at the breakeven point for an eflicient small firm,
the derivative ofaverage cost is o.

Solution: If qb is the breakeven point, then, by definition, TI(qb) = O. But
TI(q) = qC'(q) - C(q) for q > 0, therefore qbC'(qb) - C(qb) = O. Now, the
average cost is AC(q) = C(q)jq, so by the quotient rule

(AC)'(q) = C'(q)q ~ C(q).
q

o
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Main topics

• efficient small firm in a perfectly competitive market

• startup and breakeven points

• relations between marginal cost, average cost, average variable cost

• determining the supply curve of an efficient small firm

Key terms, notations and formulae

• efficient small firm

• for efficient small firm, pS(q) = C'(q)

• profit function, TI(q) = qC'(q) - C(q)

• fixed costs, C(O)

• startup point, qs: TI(qs) = II(O)

• breakeven point, qb: TI(qb) = 0

• M C: marginal cost

• variable cost, VC = C(q) - C(O)

• average cost, AC = C(q)
q

. VC (C(q) - C(O))
• average varIable cost, A VC = - = -----

q q

• at startup, MC = AVC

• at breakeven, MC = AC
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Exercises

Exercise 10.1 Suppose that Quality Widgets Limited is an efficient small firm
with cost function C(q) = q3 - 10q2 + 100q + 196 and suppose also that the
maximum level of weekly production is L = 10. Determine: (a) their fixed
cost, (b) their profit function, (c) their startup point, (d) their breakeven point,
(e) their supply set.

Exercise 10.2 In the case of Quality Widgets Limited (Exercise 10.1) verify
that (a) at startup, the marginal cost equals the average variable cost; (b) at
startup, the derivative of the average variable cost is 0; (c) at breakeven, the
marginal cost equals the average cost; (d) at breakeven, the derivative of the
average cost is o.

Exercise 10.3 Prove that, at the startup point for an efficient small firm, the
derivative of the average variable cost is o.

Exercise 10.4 The theory in this chapter has indicated how, given a cost
function C, we may (in some circumstances) obtain a supply set Sc which
has the form shown in Figure 10.1. Study the theory carefully and try to
formulate reasonable conditions on C which wl1l ensure that Sc does indeed
take such a form.



11. Partial derivatives

11.1 Functions of several variables

Recall that a function f may be thought of as a 'black box', which accepts
an input x and produces an output f(x). In this chapter we shall look at
functions for which the input consists of a pair of numbers (x, y). The theory
extends in an obvious way to the general case when the input consists of n
numbers (Xl, X2, ... x n), but the case n = 2 is quite sufficient ,to illustrate all
the important points.

We use the notation f : IR2 ~ IR for a function f which assigns to each
(x, y) in JR2 a value f(x, y) in IR, and we often refer to f as a 'function of
two variables'. For example, the following formulae define functions of two
variables:

g(x,y) = exp(x + 4xy2) - 17, h(x,y) = x3 + y3.

A typical example from economics is the production function for a firm (Figure
11.1). Here we make the reasonable assumption that the quantity q which
the firm can produce depends upon the amounts of capital k and labour 1
available. In other words, we have a rule for finding q(k, 1) when k and I are
known. Obviously it is useful to know how q changes in response to changes
in k and 1, and this is the kind of question we shall study in the rest of the
chapter.

Capital. k

The firm

Labour. l ---+----1

Figure 11.1: The production function q = q(k, I) for a firm

Output. q
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11.2 Partial derivatives

Let f : IR.2 ~ IR. be a function of two variables, as defined above. The partial
derivative of f, with respect to the first variable, is obtained by treating the
second variable as a constant and taking the derivative with respect to the
first variable. For example, suppose

If we give y a fixed value c we obtain a function of x only

and the derivative of this with respect to x is 2xc + 7c. We replaced y by c
only to emphasise that it is kept fixed, so, reverting to the name y, we get
2xy + 7y.

The partial derivative of f with respect to the first variable is denoted by

of
ax or fl(X,y).

It is important to remember that it is a function of x and y, although the
a-notation makes it difficult to display the values. For the particular function
defined in the previous paragraph we obtained

of
ax = fl(X,y) = 2xy + 7y.

We can define the partial derivative of f with respect to the second variable
in a similar way. In our example, we get

of 2
oy = f2(x,y) = x + 7x + 2y.

Since f 1 and f 2 are themselves functions of (x, y), we can define their partial
derivatives with respect to x and y. For example, we may form (flh, the
partial derivative of f 1 with respect to x. This is usually denoted
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(In the first of these notations, the 2's occurring as superscripts signify that /
has been differentiated twice.) In a similar way, the second partial derivative
(/2)2 may be formed. This is usually denoted

or f22(X, y).

Now, in general, the derivative fl will be a function of both x and y and so
we may form its partial derivative, (/1)2 with respect to y. The notations used
for this second partial derivative are f 12 and

Analogously, the derivative of /2 with respect to x can be calculated and we
denote it by f 21 or

iJ2f

iJxiJy·

There are therefore four second partial derivatives of f.

For the function f(x,y) = x2y + txy + y2 considered above we get

!l1(X,Y) = 2y, fI2(X,y) = 2x + 7,

f21(X,y) = 2x + 7, f22(X,y) = 2.

You will notice that the mixed second partial derivatives ! 12 and f 21 turn
out to be equal in this case. Fortunately, this will always happen provided
f is a 'well-behaved' function, such as those which are presumed to occur in
economic models.

Example A function often used in economics is the Cobb-Douglas production
function

q(k,l) = AkCtIP.

Here A, (J., and f3 are constants which can be chosen to reflect the characteristics
of a particular situation. For example, we might consider a specific firm with
production function 6k1/ 413/ 4, which is the case A = 6, (J., = 1/4, f3 = 3/4.

For a given production function, the partial derivative ql = oq/iJk measures
the rate of change of q with respect to k when I is kept fixed. Using the
same reasoning as for an ordinary derivative (Section 6.3), we can interpret
this as a 'marginal' function. In this case it is approximately equal to the
change in production when one additional unit of capital is available, and
so it is known as the marginal product of capital. Similarly, q2 = iJq/ol is
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the marginal product of labour. For the general Cobb-Douglas production
function we have

ql(k, 1) = Aexka
-

1l f3
, q2(k,1) = APkal f3

-
1.

We can also work out the second partial derivatives:

qll(k,l) = Aex(ex -1)ka-
21f3 , q12(k,1) = AexPka

-
1l f3 - 1,

q21 (k, 1) = AexPka
-

1l f3 - 1, q22(k,1) = AP(P - 1)ka l f3
-
2.

Note the equality of the mixed derivatives.

11.3 The chain rule

o

For the sake of motivation, we continue to look at the production function.
Suppose that both k and I change over a period of time in some known way,
so that we have formulae for k(t) and l(t), where t is a parameter measuring
time. For example, we might have

k(t) = 4 + O.1t, I(t) = 9 - 0.05t,

which means that k increases linearly while I decreases linearly, as functions
of time. If we know the production function q in terms of k and 1, then we
can also work out the level of production in terms of t, and so we can see
how it will be affected by the changes in k and I with time. For example, if q
is the particular Cobb-Douglas function q(k, I) = kl, and k and 1 change as
above, we get the formula

kl = (4 + 0.1t)(9 - 0.05t) = 36 + 0.7t - 0.005t2

for the output in terms of t.

More generally, suppose we are given a function f of two variables (x, y),
both of which are themselves functions of t. As illustrated in Figure 11.2, we
can think of this situation as defining a composite function F(t) = f(x(t), y(t)).

1----+-....-- f(x(t), y(t))

F

Figure 11.2: The composite function F

t-B---F(t)
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In the case of a single variable we have a rule, the 'function of a function'
rule, which enables us to work out the derivative of a composite function.
There is a similar rule here, known as the chain rule:

dF ofdx ofdy-=--+--.
dt ox dt oy dt

Example Suppose f(x,y) = xy, x(t) = 3 + 4t, y(t) = 6 - 2t. Then, using the
chain rule,

dFdt = y x 4 + x x (-2) = (6 - 2t)4 + (3 + 4t)(-2) = 18 - 16t.

In this case we can check the result explicitly, because we can work out a
formula for F(t):

F(t) = x(t)y(t) = (3 + 4t)(6 - 2t) = 18 + 18t - 8t2
•

Differentiating this in the usual way we get dF / dt = 18 - 16t, as before. D

We can justify the chain rule by recalling the approximation formula, which
tells us that when t changes by a small amount ~t, F(t) = f(x(t), y(t)) changes
by an amount ~F ~ F'(t)~t. Here there are two reasons why changing the
value of t affects the value of F: changing t changes both x = x( t) and
y = y( t), and these changes in turn affect F.

Consider first the effect on x. The change in x resulting from a small change
in t is approximated by ~x ~ x'(t)~t. Similarly, the change in f(x, y) resulting
from a change ~x in x (keeping y constant) is approximately (of/ox)~x.
Thus the change in F is

A similar argument shows that the change in F which results from a change
in t and its effect on y may be approximated by

The total change in F is therefore the sum of these two quantities
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and we have
dF ~F ajdx ajdy
-""'-'-""'-'--+--dt - ~t - ox dt oy dt·

There are generalisations of the chain rule, covering the case where f is a
function of several variables, each of which is itself a function of several other
variables. The simplest case will suffice to explain how it goes. Suppose f is a
function of x and y, which are both functions of u and v. We have a function
F of u and v defined by F(u, v) = j(x(u, v), y(u, v)), and the partial derivatives
of F are given by

of oj ox ojoy
-=--+--
ou ox ou oy ou'

of oj ox ojoy
-=--+--OV ox av . oy ov .

Example Suppose that a firm produces two goods, and that its revenue R
is a function R(ql, q2) of the quantities ql and q2 produced. (Caution: the
subscripts here refer to the two goods, not the partial derivatives as in Section
11.2.) We may suppose that ql and q2 are themselves functions of capital k
and labour I. The chain rule formulae for oR/ok and oR/ol are

oR oR oql oR oq2-=--+--
ak oql ok aq2 ok '

oR oR oql oR oq2-=--+--
01 oQl 01 oq2 01 .

Suppose, for the sake of example, that

Then

and
oQl = 5 oQl = 1 oQ2 = 6 oQ2 = 2
ok '01 'ok '01 .

Then

oR
ok = 5(2Q1Q2) + 6(Qi) = 10Q1Q2 + 6Qi = 10(5k + 1)(6k + 2/) + 6(5k + 1)2

= 10(30k2+ l6kl + 212
) + 6(25k2+ lOki + 12

) = 450k2+ 220kl + 26/2.
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Calculating the other partial derivative in the same way,

o

Of course, in this example there is another way of obtaining these results, by
first working out the explicit formula for R in terms of k and I:

R = qrq2 = (5k + Z)2(6k + 21) = (25k2+ lOki + 12)(6k + 21)

= 150k3 + 110k2Z+ 26kZ2 + 2/3
•

From this we can work out the partial derivatives directly.

The reader might think that the direct approach is easier, and wonder why we
bother with the chain rule. There are two reasons. First, for some problems,
it is easier: in Example 11.4 below, to find F' (2) by first working out the
formula for F in terms of t is a more lengthy process than the method given.
Secondly, the chain rule has important theoretical consequences. In the next
chapter we shall use it to develop an important technique known as 'implicit
differentiation'.

Worked examples

Example 11.1 Find the partial derivatives and second partial derivatives of
the following function:

f(x,y) = 3x2+ 4xy + y2.

Solution: The partial derivatives of fare

of of
8x=/l=6x+4y; 8y=h=4x+2y.

Then, the second derivatives are

o
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Example 11.2 Find the partial derivatives of the function g(x,y) = yJX.

Solution: We recall that the way to deal with variable powers is to use the
rule aX = exp(x In a). Thus here we have

g(x,y) = exp(JXlny).

Taking y as fixed, g is the composite of the function 'exp' and the function
AJX, where A = In y is constant. Using the ordinary function of a function
rule we get

8g = eXP(JXlny)~ (JXlny) = y.JX (!x-1/ 2 In y) = lny yJX.
ox ox 2 2JX

It is far easier to determine og/oy. Taking x as fixed, 'JX is a constant and
the derivative (with respect to y) of yJX is JXyJX-l. Alternatively, writing
yJX = exp(JXlny) and differentiating with respect to y,

og 0 r; (rx) JXyJX r;
- = exp(JXlny)- (JXlny) = yv X ~ = = JXyv x

-
l .

oy 8y y y

D

Example 11.3 Suppose that a firm has production function q(k, 1) = AkIXI 1- 1X

where A > 0 and 0 < It < 1. Show that the marginal product oflabour oq/81
is positive, and that it is a decreasing function of1 when k is fixed.

Solution: The marginal product of labour is

~i = A(l - a)k"l~" = A(l - ct) (~)" .

This is clearly positive, since we are given that A > 0 and 1 - a > O.
Furthermore, as 1 increases then, for fixed k, k/ 1 decreases. Since a > 0, it
follows that the marginal product of labour decreases with 1.

There is another way of verifying that this is so. The rate of change of the
marginal product of labour with respect to 1 is its derivative, in other words,
the second derivative 02q/ o12. By the usual rules we get

~~; = :1 (A(l - ct)k"l-") = A(l - ct)(-ct)k"l~"-l = -Aa(l - ct)k"l-"-l.

Because A > 0, It > 0 and 1 - a > 0, this is negative, from which it follows
that the marginal product of labour is a decreasing function of 1.

In economic language, we have shown that a firm with production function
AkIXI 1- 1X has 'diminishing marginal product of labour'. Roughly speaking, this
means that, as the workforce increases in size, production increases also, but
at a slower rate. D
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Example 11.4 Suppose that l(x,Y) = x2y + y2. Let x(t) = 3t2 + 3 and
y(t) = t3 - 7 and let F(t) = I(x(t), y(t)). Use the chain rule to find F'(2).

Solution: The chain rule tells us that

F'(t) = ~~ x'(t) + ~~yl(t).

Now,/l = 2xy, 12 = x2-+ 2y and x'(t) = 6t, y'(t) = 3t2. Therefore

F'(t) = (2xy)(6t) + (x2+ 2y)(3t2).

If our aim was to find a general formula for F'(t) in terms oft, we would now
substitute into this the explicit expressions for x and y as functions of t (as in
the first example in Section 11.3). However, to calculate the value of F'(2), it
is not necessary to do this. When t = 2, the corresponding values of x and y
are x = 15 and y = 1, and hence F'(2) = 2(14)(1)(12) + ((15)2 +2)(12) = 3060.
D
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Main topics

• functions of more than one variable (particularly of two variables)

• partial derivatives and second partial derivatives

• the chain rule

Key terms, notations and formulae

• function of n variables, I(X1, X2, ... , x n), 1 : IRn ~ IR

• capital, k; labour, 1; production function, q(k, 1)

• partial derivatives, h = :~, h = :~

• second partial derivatives,

• 112 = 121 for well-behaved 1

• Cobb-Douglas production function, q(k,l) = AklJ.lf3

. ofdx ofdy
• cham rule, F(t) = f(x(t),y(t», F'(t) = ox dt + oy dt
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Exercises

Exercise 11.1 Find the first and second partial derivatives of the following
functions:

Exercise 11.2 If f(x,y) = xy2
, find %£ and %f,. [Hint: to help calculate *,

note that xy2
= exp (y2 In x) .}

Exercise 11.3 Suppose that f(x,y) = x2y. Let x(t) = 2 - t and y(t) = 3t + 7
and let F(t) = f(x(t),y(t)). Use the chain rule to find an expression for F'(t).

Exercise 11.4 Suppose that a firm's capital and labour vary in time as follows:

k(t) = 2t2, 1(t) = 2t + 5.

If the firm has production function q(k, 1) = k12, determine the rate at which
production changes with time.

Exercise 11.5 Suppose that f(x,y) = x2y and that x and yare defined in
terms of u and v as follows: x(u, v) = u2 + v2 and y(u, v) = u3 - v3. Let
F(u, v) = f(x(u, v), y(u, v)). Calculate the partial derivatives of/au and aF / avo

Exercise 11.6 Suppose that f(x,y) = x 1/ 2y3/4 and that x and yare defined
in terms of u and v as follows: x(u,v) = u2 + v2 and y(u,v) = uv. Let
F(u, v) = f(x(u, v), y(u, v)). Calculate the partial derivatives aF/ au and of/ ov
using the chain rule.



12. Applications of partial derivatives

12.1 Functions defined implicitly

If we are given a function g : ~2 ~ ~ the equation g(x, y) = 0 can, in some
cases, be solved to give 'y as a function of x'. For example, if g(x, y) is x2 - 4y
then the equation is

x2 -4y = 0,
x 2

which gives y = 4'.

In general, we say that an equation g(x, y) = 0 defines y implicitly as a
function of x if there is a function y(x) which satisfies the equation, for a
range of values of x; that is

g(x,y(x)) = 0 for all XES,

where S is some appropriate set of values. This simply means that the
'solution' y(x) satisfies the equation g(x, y) = O. For example, when g(x, y) is
x2 - 4y the solution y(x) = x2 /4 satisfies

g(x,y(x» = x2
- 4y(x) = x2

- 4 (~) = 0 for all x.

Often an equation g(x, y) = 0 defines y implicitly as a function of x even
when it is difficult or impossible to solve the equation and find a formula for
y(x). The same observation holds for an equation g(x,y) = c, where C is any
constant value.

Example Consider the equation

x2 + 3xy + 2y2 = 48.

Here it is possible to 'solve' for y in terms of x by writing the equation as a
quadratic in y:

2y2 + (3x)y + (x2 - 48) = O.

The usual formula (Section 2.4) gives two solutions:

y(x) = ~ (-3x + Jx2 + 384)
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and

y(x) = ~ (-3x - VX2 + 384) .

These two functions are defined implicitly by the equation. The set of points
(x, y) satisfying the equation x2 + 3xy + 2y2 = 48 is illustrated in Figure 12.1.

y

--~~------+------~-----+-x

Figure 12.1: The set of points (x, y) satisfying x2 + 3xy + 2y2 = 48

We see that this set has two distinct parts to it. These are sometimes called
branches, and they correspond to the two functions described above. The
upper branch is the graph of the function

and the lower branch is the graph of the function

y(x) = ~ (-3x - Vx2 + 384).

D

12.2 The derivative of an implicit function

If g(x, y) = c defines a function y(x) implicitly, how can we work out the
derivative dy / dx? Of course, if we can solve the equation explicitly then
there is no problem (in theory). But as we have seen that may not be
possible, and even when it is the resulting formula may be complicated. In
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this section we shall explain how dyIdx can be found simply in terms of the
partial derivatives of g, by the formula

dy oglox
dx -ogloy·

The trick is to think of the equation g(x, y(x)) = c, which defines y(x), in
the following way. The given g is a function of two variables; call them
X and Y for the moment. If we make both X and Y functions of x,
specifically by putting X = x and Y = y(x) then the composite function
G(x) = g(X, Y) = g(x,y(x)), a function of x, is constant. Now we can write
down dGIdx by using the chain rule (Section 11.3):

dG og dX og dY
-=--+--.
dx oX dx oY dx

In our case X = x and Y = y(x), so dXldx = 1 and dY Idx = dyldx. Also G
is constant as a function of x, so dGIdx = O. Thus the chain rule equation
becomes

o= og 1 + og dy .
ox oy dx

Rearranging, we get the required formula for dy Idx:

dy oglox dy
dx - ogloy or dx

gl(X, y)
- g2(X,y)"

Example In the first example in Section 12.1 we considered the equation
g(x,y) = 48, where g(x,y) = x2 + 3xy + 2y2. Here we have

dy
dx

gt(x,y)
---

g2(X,y)
2x+3y
3x + 4y·

Suppose we wish to find the rate of change of y(x) when x = 4. First we must
remember that there are two functions y(x) in this case, corresponding to the
± sign in the formula

y(x) = ~ (-3x ± y!x2 + 384) .

If we choose the + sign, then we have y = 2 when x = 4, and in graphical
terms we are looking at the branch whose graph contains the point (4,2)
(Figure 12.2); this is the upper branch of Figure 12.1. The slope of that
branch at x = 4 is thus -(2x + 3y)/(3x + 4y) = -14/20 = -7/10. 0
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Figure 12.2: Graph of the upper branch determined by x2 + 3xy + 2y2 = 48

Example Consider the equation

g(x,y) = exp(xy) + 2(x + y) = 5.

Here we have
dy gl(X,y) yexp(xy) +2
dx - g2(X,y) xexp(xy) +2'

For example, at the point x = 0, where y = 2, the derivative of y(x) is
-(4/2) = -2. 0

Finally, a word of caution. It is very easy to forget the minus sign in the
formula for dy / dx. The correct formula is

dy og/ox
dx - og/oy'

even though the minus sign may 'look wrong'. If we (rashly) cancel the og's
on the right-hand side, we obtain -oy/ox, whereas we might expect oy/ox.
Of course the fact is that we cannot treat symbols such as og, ox, oy, dx, dy
as if they were numbers to which the laws of algebra apply.

12.3 Contours and isoquants

It is often helpful to use geometrical ideas when we have to deal with functions
of several variables. One of the most useful devices is derived from the way
in which hills and dales are represented on a map, by means of contour lines.
If h(x, y) represents the height above sea-level (in metres) at the point (x, y),
then the 100m contour consists of the points for which h(x, y) = 100.
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Following this idea, for any function f of two variables we define a contour
to be a set of the form

{(x,y) I f(x,y) = c} c constant.

In Figure 12.3 we sketch some typical contours for the functions defined by
the formulae x + y, x2+ y2, and xy. For reasons of space only the parts of
the contours which lie in IR~ are shown.

y y y

x :1' X

Figure 12.3: Some contours for x + y, x2 + y2 and xy

Suppose we want to find the slope of the contour f(x, y) = c at the point
(a, b). This is a problem which can be solved by the method described in the
previous section, because the equation f(x, y) = c implicitly defines y as a
function of x, and the graph of this function is just the contour. As we found,
the slope is given by

where the partial derivatives are evaluated at the point (a, b).

Example Figure 12.1 is a sketch of what we now call the contour for the
value c = 48 of the function x2 + 3xy + 2y2. Using the formula dyldx =
-(2x+3y)/(3x+4y) we have already found that the slope of this contour at
the point (4,2) is -7/10.

Suppose we wish to consider the contour of the same function which passes
through the point (2,3). Then the formula immediately gives the slope as
-(4 + 9)/(6 + 12) = -13/18. D
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When the function under consideration is a production function q(k, I), the
contours are called isoquants ('iso-quant' meaning 'same quantity'). Thus the
points (k, I) lying on a particular isoquant correspond to a set of inputs of
capital and labour, all of which result in a given fixed output.

Example The slope of an isoquant of the function q(k, I) = 6k1/ 211/ 4 is given
by

6(1/2)k-1/ 211/ 4

6 (1/4)k 1/ 21-3/ 4

For instance the slope of the isoquant passing through the point (5, 7) is
-14/5 at that point. 0

12.4 Scale effects and homogeneous functions

Suppose we have a function of two variables, such as !(x,Y) = 3x2y + 7xy2,

and we multiply the 'inputs' x and y by a constant c. In this case we get
'output'

Thus, for this particular !, multiplying the inputs by c results in the 'output'
being multiplied by c3. In general, if a function h is such that

h(cx, cy) = cDh(x, y),

then we say that h is homogeneous of degree D. The number D is called the
degree of homogeneity of h. The function ! given by the formula above is
homogeneous of degree 3. Note that many (indeed most) functions are not
homogeneous.

The notion of a homogeneous function is related to the idea of 'returns to
scale' in economics. In the case of a production function, we say that there
are constant returns to scale if a proportional increase in k and I results in the
same proportional increase in q(k, I); that is, if

q(ck, cl) = cq(k, I).

This means, for example, that doubling both capital and labour doubles the
production. Clearly, this is the same as saying that q is homogeneous of
degree 1. If q is homogeneous of degree D > 1 then the proportional increase
in q(k, I) will be larger than that in k and I, and we say that there are increasing
returns to scale. On the other hand, if D < 1 we say that there are decreasing
returns to scale.
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Example For the Cobb-Douglas production function q(k,l) = AkrJ.lf3 we have

q(ck, cl) = A(ck)rJ.(cl)f3 = crJ.+f3 (AkrJ.l f3 ) = crJ.+/3 q(k, 1).

This means that the Cobb-Douglas function is homogeneous of degree r:J., + f3;
in particular, if r:J., + f3 = 1 then there are constant returns to scale. 0

There is a useful result about homogeneous functions known as Euler's
Theorem (named after the Swiss mathematician Leonard Euler (1707-1783),
whose name is pronounced 'Oiler'). For any homogeneous function h of
degree D it asserts that

oh oh
x ox + y oy = Dh.

Example As above, let! be defined by !(x,y) = 3x2y + 7xy2, which we have
noted is homogeneous of degree 3. Then

:~ = 6xy +7l, :~ = 3x
2 + 14xy,

and so

x :~ + y :~ = x(6xy +7l) + y(3x
2 + 14xy) = 9x

2
y + 21xl

= 3(3x2y + 7xy2)

= 3!(x,y),

as predicted by Euler's Theorem. D

We can derive an important economic insight from Euler's Theorem. Suppose
that a production function q(k,l) has constant returns to scale: that is, q(k, 1)
is homogeneous of degree 1. In that case the theorem says that

8q 8q
k

8k
+lar =q·

Recall that oq j 8k is the marginal product of capital and oq j 81is the marginal
product of labour. Now, it is a reasonable assumption that each factor of
production, capital and labour, should be rewarded at a level equal to its
marginal product. This is because if one extra worker gives an increase in
output of, say, 500 tins of catfood per week, then a reasonable weekly wage
for that worker is (the money equivalent of) 500 tins of catfood. Under this
assumption, the total reward to labour should be 1(8qj81) measured in units
of the product, such as tins of catfood. Similarly k(8q j ok) should be the
total reward to capital. Euler's Theorem tells us that, in the case of constant
returns to scale, these rewards add up exactly to the amount produced, which
is as it should be.



Worked examples 131

Worked examples

Example 12.1 Without solving the equation, show that 2x2+ 5xy + y2 = 19
defines an implicit function y(x) for which y(2) = 1, and find dyldx when
x = 2. Express the answer in geometrical terms.

Solution: Putting x = 2 and y = 1 we see that the equation is satisfied, since
2(1 2) + 5(1)(2) + 22 = 19. Using the formula given in Section 12.2 we have

dy
dx

4x+ 5y
5x+2y

when (x, y) = (2,1). In geometrical terms, this means that the slope of the
contour 2x2+ 5xy + y2 = c which passes through the point (2,1) is -13/12 at
that point. (Of course, we know that the contour is the one for which c = 19.)
o

Example 12.2 The positive quantity y is defined implicitly as a function ofx
by the equation

Find dyldx when x = 1.

Solution: By the rule for implicit differentiation,

dy
dx

gl(X,y)
----

g2(X, y)

(4X3y3+ 8xy2 -10x4y)
(3x4y2 + 8x2y - 2x5) •

We have to find the value (or values) of y when x = 1, noting that we
are given that y must be positive. Putting x = 1 in the equation we get
y3 + 4y2 - 2y - 3 = O. Now

and y2 + 5y + 3 is never zero when y > O. Thus we must have y = 1.
Hence the required value of dy1dx is obtained from the general expression by
substituting x = 1, y = 1, which gives dy1dx = -2/9. 0
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Example 12.3 Write down explicitly the Cobb-Douglas production function
AkcxlP when

(i) A == 1, a == 112, f3 == 112,. (ii) A == 1, a == 1, f3 == -1.

In both cases sketch some typical isoquants in JR~, and find the gradient of
the isoquant at the point (1, 1).

Solution: The functions are

(i) u(k, l) == JfJ, (ii) v(k, l) == kll.

A typical isoquant for u therefore has equation JfJ == "c, that is ki == c2, or
equivalently 1 == c2lk. This represents a hyperbola, a curve of the form shown
in Figure 12.4a, if c =1= O. (If c == 0, the isoquant has equation ki == 0 and is
therefore the k-axis together with the I-axis.)

A typical isoquant for v has equation kI1 == c. This is just the straight line
k - cl == 0, and as c varies we get the family of straight lines sketched in
Figure 12.4b.

(a)
k (b)

k

Figure 12.4: Typical isoquants for Jkf and kil.

Recall that the gradient of an isoquant f(k, 1) == c at the point (ko, 10 ) is -fllf2
evaluated at that point.

For u, we have u(k, l) == Jkf, so the partial derivatives are
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and
dl

dk

!k- I / 211/ 2 I
lk l / 21-1/ 2 -k·
2

The gradient at (1, 1) is, therefore -1/1 = -1.

Similarly, the derivative dl / dk on an isoquant v(k, I) = c is

dl VI 1/1
dk V2 - -k/12 k'

which is 1 at (1,1). o

Example 12.4 The notation min(x,y) stands for 'the smaller of the values
ofx and y: Sketch typical contours for function m(x,y) = min(x,y) in IR~.

Comment on the problem of finding the gradient at (1,1) of the contour
which passes through that point.

Solution: A contour for m has equation min(x, y) = c. Now if x < y,
min(x,y) = x. This means that in the region where x < y (the part of IR~

which lies above the line x = y) a contour is just a line x = c. Similarly,
if x > y (the region below the line x = y) a contour is a line y = c. The
contours therefore have the form shown in Figure 12.5.

y

x

Figure 12.5: The contours min(x, y) = c

It is clear that the gradient of the contour min(x, y) = 1 cannot be defined at
(1, 1). The contour is not smooth at that point and instead changes direction
abruptly. D
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Example 12.5 Which of the following functions are homogeneous? For those
that are homogeneous, what is the degree ofhomogeneity?

f(x,y) = vx2 + xy, g(x,y) = vx+ y2,

Solution: To determine whether a function is homogeneous, we use the def­
inition. That is, we calculate f(cx, cy) and check whether it is of the form
cD f(x, y). For the first function we have

f(cx,cy) = V(cx)2 + (cx)(cy) = vc2(x2 + xy) = cvx2 + xy = cf(x,y).

Thus f is homogeneous of degree 1.

Turning to g, we have

g(cx,cy) = vex + (cy)2.

Suppose that for some D this is equal to CD g(x, y). Then we should have

vex + (cy)2 = cD VX + y2,

for all (x, y). Putting x = 0 this implies that V(c2y2) = CD JYi, so that
D = 1. On the other hand, putting y = 0 we must have -JCX = cD JX, so that
D = 1/2. This contradiction shows that g is not homogeneous.

Finally, for h we have

h(cx, cy) = cx«cx)2 + (cx)(cy))1/5 + (cy)3/5(cx)4/5

= c7/ 5 (x(x2 + xy)1/5 + l/5x4/5)

= c7
/
5h(x,y).

So h is homogeneous of degree 7/5. o

Example 12.6 Show that the function f(x,y) = (x2+ y2)3/2x l/2y l/2 is homo­
geneous ofdegree 4, and verify that

af af
x iJx + y iJy = 4f·
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Solution: To show that the function is homogeneous of degree 4, we observe
that

f(cx, cy) = «CX)2 + (cy)2)3/2(CX)1/2(cy)1/2

= (C2)3/2(X2+ y2»3/2Cl/2Xl/2Cl/2y l/2

= c4f(x,y).

Now,

:~ = ~2X(X2 + i)I/2(X1/2//2) + (X2+ i)3/2 (~X-l/2yl/2) .

:~ = ~2y(x2+ i)I/2(X1/2//2) + (X2+ y2)3/2 (~Xl/2y-l/2) .

It follows that

x of + y of = (3x2+ 3i)(x2+ i)I/2(x1/2//2) + (x1/2yl/2)(x2 + y2)3/2
ox oy

= 3(x2+ y2)3/2(x1/2yl/2) + (x2+ y2)3/2(x1/2yl/2)

= 4(x2+ y2)3/2(x1/2yl/2) = 4f(x, y),

as predicted by Euler's Theorem. o
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Main topics

• implicitly defined functions

• finding the derivative of a function defined implicitly

• contours and isoquants and their slopes

• homogeneous functions and Euler's Theorem

Key terms, notations and formulae

• if g(x,y) = c defines y implicitly, dd
y = _ ~g//~x = _gl
x ug uy g2

• contour of f(x,y): {(x,y) I f(x,y) = c}

• isoquant: contour of production function

• h(x,y) homogeneous of degree D if h(cx,cy) = cDh(x,y)

• constant, increasing and decreasing returns to scale

. ah ah
• Euler's Theorem: If h(x,y) homogeneous, degree D, x ax + y ay = Dh
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Exercises

Exercise 12.1 Write down all the first-order and second-order partial deriva­
tives for the Cobb-Douglas function

f(x,Y) == Ax :X y f3 •

Explain what is meant by saying that the function is homogeneous ofdegree
rx + f3 and comment on the relationship between this property and the notion
of 'returns to scale: For the particular Cobb-Douglas function with A == 1,
rx == 2, f3 == 1 sketch some typical contours f(x, y) == c with c > o. Find the
gradient at the point (3,2) of the contour which passes through that point.

Exercise 12.2 The quantity y is related to x through the equation

x2y3 - 6x3y2+ 2xy == 1.

Find dy / dx. Show that y3 - 3y2+4y -4 == (y - 2)f(y) where fey) == y2 - Y+2.
Noting that fey) > 0 for all y, deduce that when x == 1/2, y == 2. Calculate
dy/dx when x == 1/2.

Exercise 12.3 Let g(x,y) == x2y3/2 for x,y > O. Sketch some typical contours
g(x,y) == c with c > O. Calculate the first-order partial derivatives ofg. Find
the slope at the point (1,2) of the contour which passes through that point.

Exercise 12.4 Which of the following functions are homogeneous? For those
that are, what are their degrees ofhomogeneity?

2 (2 3) 1/3
f(x,y) = JXY + :' g(x,y) = x

2 ++ + xyl/3,

hex, y) == (y2 + 2xy)1/9 + x1/18 y3/18.

Exercise 12.5 Show that the function f(x, y) == (x4 + y4)1/2(x2y + x3) is
homogeneous of degree 5. Verify that

of of
x ox + y oy == Sf·

Exercise 12.6 Show that the function
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is homogeneous ofdegree 4. Verify that

of of
x ox + y oy = 4f.

Exercise 12.7 Suppose that production q, capital k and labour 1 satisfy
g(q, k, 1) = O. In other words, the production function q(k, I) is defined
implicitly, and it satisfies g(q(k, I),k, 1) = 0 identically. How do you think we
might calculate the partial derivatives oqjok and oqjol in a manner similar
to that developed in this chapter for functions g of only two variables?

Illustrate your method by working out the partial derivatives when q is defined
by the equation q3k2 + 13 + qkl = O.



13. Optimisation in two variables

13.1 Profit maximisation again

Problems in which we need to optimise a function of several variables occur
frequently and naturally in economics. A simple example occurs when we
consider the profit maximisation problem for a firm which makes two goods.

Example Let us suppose that a firm known as the All Purpose Outfit (APO)
makes two goods, Brand X and Brand Y. It will be convenient to let x and y
denote the quantities of X and Y produced, respectively. Our first aim is to
discover how revenue and profit depend on x and y.

Suppose that the selling price of each unit of X is fixed at pX = 4 and that
the price of each unit of Y is fixed at pY = 1. Then the revenue obtained
when APO produces x units of X and y of Y is clearly

R(x,y) = 4x + y.

On the other hand, the production of x units of X and y of Y will involve a
cost C(x, y). Suppose, for the sake of example, that this joint cost function for
APO is

Then the profit function is

n(x,y) = R(x,y) - C(x,y)

= 4x + y - (5 + x2
- xy + y2)

= 4x + y - 5 - x2 + xy _ y2.

In order to determine the levels of production of each good that will maximise
the profit, we shall therefore have to find the point (x, y) which gives the
maximum value of the function n(x,y). 0
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13.2 How prices are related to quantities

As in the case where there is only one good (Chapter 9), we have to decide
what assumptions to make about the selling prices of X and Y. Generally, if
pX and pY are the selling prices of one unit of X and one unit of Y, then the
revenue obtained by producing amounts x and y is

R(x,y) = xpx + ypY,

simply because xpx is the revenue from X and ypY is the revenue from Y.
That much is plain. However, in order to make progress we must try to
understand how the prices pX and pY are affected by x and y.

In fact we shall consider three ways in which the prices and quantities may
be related.

• Case 1: pX and pY are constants.

This is what happens when there is perfect competition, or equivalently when
we have an 'efficient small firm', as discussed in Chapter 10. The simple
example given in Section 13.1 belongs to Case 1.

• Case 2: pX depends only on x and pY depends only on y.

This is the case when the firm has a monopoly in both X and Y, and there
is no interaction between the markets for the two goods; then pX and pY are
the respective inverse demand functions.

Example Suppose that the firm APO in the example above is a monopoly,
not an efficient small firm. Then, according to the discussion in Section 9.3,
the prices paid for its products are given by the respective inverse demand
functions. If, for example, the demand sets for X and Yare

Dx = {(x,p) I x + 2p = 10}, D y = {(y,p) I y + p = 24},

then the inverse demand functions for X and Yare given by

pX(x) = 5 - 0.5x, pY (y) = 24 - y.

The profit function is

IT(x,y) = xpx + ypY - C(x,y)

= x(5 - O.5x) + y(24 - y) - (5 + x2
- xy + y2)

= 5x - O.5x2+ 24y - y2 - 5 - x2 + xy _ y2

= 5x + 24y - 1.5x2 - 2y2+ xy - 5.

o
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Finally we have the most interesting case:

• Case 3: each of pX and pY depends on both x and y.

Here we are assuming that the amount of X on the market affects the demand
for Y, and vice versa. Equivalently, this is the case when the price of X affects
the demand for Y, as well as the demand for X, and vice versa. For instance,
a firm may make two different types of chocolate bar and consumers may
switch between them depending on their relative prices. In this case, the two
chocolate bars are competing products, often referred to by economists as
'substitutes'. As another such example, consider the market for pre-recorded
audio cassettes and compact discs. As the price of compact discs falls, the
demand for them increases and the demand for cassettes decreases, because
people generally buy only one version of the latest rock album. Thus the
price of compact discs affects not only the demand for compact discs, but
also the demand for cassettes. Alternatively, instead of purchase of one of
the goods suppressing demand for the other, it could be the case that the
opposite relationship holds; for example, X could be a necklace and Y a
matching bracelet. As here, where purchase of either good stimulates demand
for the other, the goods are known as 'complements'.

Example Suppose now that APO is the only firm producing X and Y and
that the demand for X is given by

and the demand for Y is given by

Note that the general form of these equations tells us how the various
quantities are linked. If the price of X is fixed and the price of Y is increased,
then the demand for X rises and the demand for Y falls. This is the behaviour
one might expect if X and Yare two different types of chocolate bar.

We may rearrange the equations to find expressions for pX and pY. Multiply­
ing the first equation by 2 and adding it to the second, we obtain

from which we get pX as a function of x and y:

pX(x,y) = (17 - 2x - y) /3.
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Using this expression for pX, together with the first equation, we can obtain
a similar expression for p Y :

Y x 2 1
p =x-2+2p =x-2+

3
(17-2x- y )=3(28-x-2y).

The profit function in this case is

TI(x,y) = xpx + ypY - C(x,y)

x Y 2 2=-(17-2x-y)+-(28-x-2y)-(5+x -xy+y)
3 3

17 28 5 2 5 2 1= -5 + - x + - y - - x - - y + - xy
3 3 3 3 3·

D

Of course, all three cases discussed above are covered by the blanket as­
sumption that pX and pY are functions of x and y, provided we allow the
functions to be constant with respect to one or both variables. Making the
reasonable assumption that the joint cost function is also a function C(x, y)
of two variables, we have a general expression for the profit from making and
selling x units of X and y of Y:

TI(x,y) = R(x,y) - C(x,y) = xpx(x,y) + ypY (x,y) - C(x,y).

In the rest of this chapter we shall explain how to find the maximum value
of such a function.

13.3 Critical points

When we say that the point (a, b) is a local maximum of a function f we mean
that

f(x,y) ~ f(a, b)

for all points (x, y) in the neighbourhood of (a, b). An equivalent statement is
that, at the point (a, b), small changes hand k in the variables always result
in a negative or zero change in f. In our usual notation for small changes
this condition is

ilf = f(a + h, b + k) - f(a, b) ~ o.
Let B denote the function of one variable defined by B(x) = f(x, b). In other
words, we fix y = b and let x vary. Then we have

B(x) = f(x, b) ~ f(a, b) = B(a),
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for all x in the neighbourhood of a. This simply means that B(a) is a
maximum value of B and, by our rules for functions of one variable, we must
have B'(a) = O. But B(x) = f(x, b), so the derivative of B is just the partial
derivative of f with respect to the first variable. That is, B'(a) = fl(a,b) = O.

Similarly, let A denote the function of one variable defined by A(y) = f(a, y).
Here we have A' = f2, and the condition for a maximum at (a,b) is that
A'(b) = f2(a, b) = O.

It follows that the following two conditions hold at a point (a, b) where f is
a maximum:

We call these the first-order conditions, and we say that a point (x, y) is a
critical point if the first-order conditions hold at the point. In other words, a
critical point is one where both partial derivatives are zero.

We have shown that a local maximum is a critical point. If we define a local
minimum to be a point (a, b) for which t1.f is positive for any small change
in the variables, then it is clear that a local minimum is also a critical point.
So we have established that the first step in the search for maxima is to find
the critical points, but we must remember that not every critical point is a
maximum. Indeed the situation for functions of two variables is rather more
complicated than for functions of one variable, as we shall see in the next
section.

Example In order to find the critical points of the function

we work out the partial derivatives of g:

og 3
ox = 4x +4xy,

og 2
oy = 2x + 4y + 1.

The critical points are given by the first-order conditions

4x3 + 4xy = 0, 2x2 + 4y + 1 = O.

The first of these equations says that x(x2 + y) = 0, and so either (i) x = 0 or
(ii) y = -x2.
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(i) When x = 0, the second equation is 4y+ 1 = 0, giving y = -1/4. Thus one
critical point is (0, -1/4). (ii) When y = -x2 the second equation becomes
2x2 - 4x2 + 1 = 0, and so x is either 1/J2 or -1/J2. The corresponding
values of yare determined by y = -x2, and are both -1/2. Thus, there are
three critical points: (0,-1/4), (1/J2,-1/2) and (-1/J2,-1/2). 0

13.4 Maxima, minima, and saddle points

We begin by introducing a useful way of visualising the behaviour of functions
of two variables. It is analogous to the use of graph-sketching in the case of
functions of one variable.

Given a function f of two variables, we think of the points (x,y) as lying
in a horizontal plane. For each point (x, y) we represent the value f(x, y) by
the point at 'height' f(x,y) lying directly above (x,y). All such points form a
surface, which we regard as the 'graph' of f. See Figure 13.1.

Figure 13.1: A part of the surface representing f(x,y)

At a critical point (a, b), both partial derivatives of f are zero. Geometrically,
this means that the surface is horizontal at (a, b).

We can be more specific. If the surface has a 'peak' at the value f(a, b) (Figure
13.2a), this means that the point (a,b) is a maximum. As we have already
observed, a maximum of f is characterised by the fact that the change I3.f is
negative for any small changes in the variables. Similarly, if the surface has a
'pit' (Figure 13.2b), the critical point is a minimum, and I3.f is positive.



Maxima, minima, and saddle points 145

Figure 13.2: A local maximum and a local minimum

It is most important to note that a critical point of a function of two variables
may be neither a local maximum nor a local minimum. For example, Figure
13.3 depicts the surface representing f(x, y) = x2 - y2 in the neighbourhood
of the critical point (0,0). We can see that, for some points (h,k) in the
neighbourhood of (0,0), f(h,k) is greater than f(O,O), while for other such
points it is less. Equivalently, I1f takes both positive and negative values in
the neighbourhood of (0,0). Such points are known as saddle points.

Figure 13.3: A saddle point
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13.5 Classification of critical points - introduction

Our task is to classify critical points; that is, to determine whether a critical
point is a maximum, a minimum, a saddle point or possibly some other kind
of point. For functions of one variable, we showed in Chapter 8 that the sign
of the second derivative is a useful guide. For functions of two variables there
are similar conditions involving the second partial derivatives.

We begin by looking at a function of the form

Q(x,y) = Ax2+ Bxy + Cy2+ Lx + My + N.

One immediate justification for this is that all the profit functions obtained
in Sections 13.1 and 13.2 are of this form. But we shall explain in due course
how the problem of classifying critical points for a function of two variables
can be reduced to this case, provided certain simple conditions are satisfied.

First we need to work out the critical points of Q. They are given by the
first-order conditions

Ql(X,y) = 2Ax + By + L = 0 and Q2(X,y) = Bx + 2Cy + M = O.

These two simultaneous equations in x and y can be solved by elementary
algebra. It is helpful to use the abbreviation D for 4AC - B2 ; then the solution
is

BM -2CL BL-2AM
Xo = D Yo = D

We conclude that Qhas just one critical point (xo, Yo), provided of course that
D =1= O. It remains to classify that point.

We recall that the nature of the critical point is determined by the behaviour
of L\Q in its neighbourhood. Given the values of Xo and Yo determined above,
L\Q can be worked out by elementary algebra. Omitting the details, the result
is reassuringly simple:

L\Q = Q(xo + h, Yo + k) - Q(xo, Yo)

= Ah2+ Bhk + Ck2.

Now we use the standard technique of completing the square (see Section
2.4), which gives

AQ = A ( h +~k) 2 + ( C - :~) e

= A (h +~ kr+ (::) k
2

•
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Putting X = h + (Bj2A)k and Y = kj2 we have

AQ = AX2 + (~) y2.

(We assume that A =1= 0.)

The reason for putting L\Q into this form is that X 2 and y 2 are never negative.
So the behaviour of L\Q is determined by the signs of the coefficients A and
D j A, or what comes to the same thing, the signs of A and D.

Suppose first that D is positive and A is negative, so that D j A is negative.
This means that L\Q is negative, and the critical point is a maximum.

Next, if D and A are both positive, then D j A is positive. This means that L\Q
is positive, and the critical point is a minimum.

Finally, we ask what happens when D is negative. In this case the coefficients
A and D j A have opposite signs, whatever the sign of A. So L\Q takes one
sign when X = 0 and the other when Y = O. In other words, we can find
arbitrarily small values of hand k for which L\Q takes either sign. Thus the
critical point is a saddle point.

Example In the example discussed in Section 13.1 we found the profit function
Il(x, y) to be 4x +y - 5 - x2+ xy - y2. Rearranging the terms we see that this
is a function of the same general form as Q. The critical point is given by

That is,

all
ax = 4 - 2x +Y = 0,

allay = 1 + x - 2y = O.

2x - y = 4 and - x + 2y = 1.

Multiplying the first equation by 2 and adding this to the second equation,
we have

2(2x-y)+(-x+2y)=2(4)+1 or 3x=9.

So x = 3 and, since y = 2x - 4, we have y = 2 x 3 - 4 = 2. So the profit
function II has a critical point at (3,2). (Of course, we could also have used
the general formula for (xo, Yo) given above to find the critical point.)

We need to be sure that this gives a maximum of II, rather any other kind
of critical point. For this, we note that here the coefficient of x2 is A = -1,
and similarly B = 1 and C = -1, so

A < 0 and D = 4AC - B2 = 3 > o.
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As shown above, this means that the critical point is indeed a maximum and
the maximum profit is II(3, 2) = 2. 0

In this example we assumed that the profit function achieves its largest value
(or its global maximum) at the maximum point (3,2). Although it is true in
this example that the function has its largest value at the maximum point, it
is possible for a function to take arbitrarily large values, in which case it has
no largest value at all. When this happens, a maximum point is merely a local
maximum. (This is analogous to the discussion in Chapter 8, for functions
of one variable.) Having planted these seeds of caution, we shall blithely
assume from now on, for the sake of simplicity, that if there is only one local
maximum, then the function has a global maximum there. (This will hold in
all our examples.)

The two cases of the profit function discussed in Section 13.2 are also functions
of the form Q, and their critical points could be classified using the method
in the Example above. However, we shall now extend the method, and in
practice it is preferable to work with the method in its general form.

13.6 The classification of critical points in general

In the case of functions of the form Q discussed in the previous section, the
nature of the critical point is determined by the signs of A and D = 4AC - B2.

In that case the second partial derivatives of Q are constants: Qll = 2A,
Q~2 = Q21 = B, Q22 = 2C. So A and D are simply related to the second
partial derivatives:

A = Qll/2 and D = QllQ22 - QI2.

This means that the conditions for a maximum, minimum and saddle point
of Q can be expressed in terms of the signs of Qll and D = Ql1 Q22 - QI2.

It turns· out that precisely the same results hold for any function f of two
variables: the critical points of f can be classified using f 11 and D =
f 11f22 - ft2' according to the following second-order conditions.

Suppose that (a, b) is a critical point of f.
• If fl1f22 - ft2 > °and fll < 0, it is a maximum.

• If fl1f22 - ft2 > °and fll > 0, it is a minimum.

• If f 11!22 - ft2 < 0, it is a saddle point.

Essentially, the same method works because ~f can be approximated in the
neighbourhood of a critical point by an expression involving only terms in
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h2, k2 and kh, and the coefficients of these terms are just the second partial
derivatives, as was the case for dQ. We have to take this result for granted
here, but we hope that we have done enough to justify the use of the second­
order conditions to classify the critical points of functions of two variables in
general. The reader is advised to commit these conditions to memory.

It is important to realise that in some cases the second-order conditions do
not tell us what kind of critical point we have; for instance, if the quantity
D = 111122 - Ii2 turns out to be °at the critical point, then the second-order
conditions do not enable us to classify the nature of the point.

Example In Section 13.3 we showed that the critical points of the function
g(x,y) = x4 + 2x2y + 2y2 + yare:

(0, -1/4), (1/ vf2, -1/2), (-1/ vf2, -1/2).

To classify them we need the second partial derivatives of g,

gl1(X, y) = 12x2+ 4y, g12(X, y) = 4x, g22(X, y) = 4.

Note that, as is generally the case, these are not constant, so we have to look
at each critical point individually.

At (0,-1/4): we have gl1 = -1, g12 = -1, g22 = 4, so gll < °and
D = (-1)(4) -1 < O. Therefore (0,-1/4) is a saddle point.

At (1/)2,-1/2): we have gll = 4, g12 = 2)2, g22 = 4, so gll > 0 and
D = (4)(4) - 8 > 0. Therefore (1/)2, -1/2) is a minimum.

At (-1/)2,-1/2): we have gll = 4, g12 = -2)2, g22 = 4, so gll > °and
D = (4)(4) - 8 > O. Therefore (-1/)2, -1/2) is also a minimum. 0
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Worked examples

Example 13.1 Show that the profit function

Il(x,y) = 5x + 24y - 1.5x2 - 2y2+ xy - 5

obtained in Section 13.2 for the firm APO when it is assumed to have a
monopoly on X and r: but the markets do not interact, has a critical point
at (4,7), and verify that it is a maximum.

Solution: The first-order conditions are

Il1(x,y) = 5 - 3x + y = 0, Il2(x,y) = 24 - 4y + x = O.

That is, 3x - y = 5 and -x + 4y = 24. Multiplying the first equation by 4
and adding this to the second, we obtain

4(3x - y) + (-x + 4y) = 4(5) + 24 or llx = 44,

so x = 4. Since y = 3x - 5, the value of y is 3 x 4 - 5 = 7. Therefore the
profit function has a critical point at (4, 7).

To classify the critical point, we use the second-order conditions. The second
partial derivatives are

1111 = -3, 1112 = 1, 1122 = 4.

(Note that they are constant > here.) We see that 1111 is negative and D =
Il11 II22 - III2 = 12 - 1 = 11 is positive. It follows that the critical point is a
maximum, and the maximum profit is 11(4,7) = 89. 0

Example 13.2 If f(x,y) = x3 - y3 - 2xy + 1 find and classify the critical
points off.

Solution: The first-order conditions are

f1(X,y) = 3x2 - 2y = 0, f2(X,y) = -3y2 - 2x = O.

From the first of these, y = 3x2/2. Substituting for y in the second, we get

27 4
that is 4x + 2x = O.
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On multiplying by 4 and factorising, this becomes x(27x3 + 8) = 0, which
has solutions x = °and x = -2/3. The corresponding values of y, given by
y = 3x2/2, are y = °and y = 2/3. Therefore there are two critical points,
(0,0) and (-2/3,2/3).

To classify them, we apply the second-order conditions. We have

fll(X,y) = 6x, f12(X,y) = -2, f22(X,y) = -6y.

At (0,0), D = _(-2)2 < °so (0,0) is a saddle point.

At (-2/3,2/3), fll = -4 < °and D = (-4)(-4) - (-2)2 > 0, so the point
(-2/3,2/3) is a maximum of f. 0

Example 13.3 A firm has a monopoly for the manufacture of two goods, X
and r: for which the inverse demand functions are

px = 6 - x, pY = 16 - 2y,

where x and yare the quantities ofX and r: and pX and pY are the respective
prices. The firm's cost function is C(x,y) = !x2 + !y2 + xy. Determine the
output quantities which will maximise the firm's profit, and calculate the
maximum profit.

Solution: The profit function is

ll(x,y) = xpx + ypY - C(x,y)

= x(6 - x) + y(16 - 2y) _ (~2 + y; + xy)

3 2 5 2= 6x + 16y - 2x - xy - 2Y .

The first-order conditions for a critical point are

lll(X,y) = 6 - 3x - y = 0, ll2(X,y) = 16 - x - 5y = 0.

Multiplying the first equation by 5 and subtracting the second, we have

30 - 15x - 5y - 16 + x + 5y = 0, that is 14 - 14x = 0.

Thus, x = 1 and there is only one critical point, (1,3).

To verify that (1,3) is a maximum, we need the second partial derivatives:

lll1(X,y) = -3, II 12(X,y) = -1, ll22(X,y) = -5.

Thus TIll < °and D = llllll22 - llI2 = 15 - 1 > 0, from which it follows
that the critical point is a maximum. The maximum profit is ll(l, 3) = 27. 0
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Example 13.4 A monopoly manufactures two commodities, X and l: the
markets for which interact. The demand functions are given by

How much of each commodity should be manufactured to maximise the
profit, given that it costs $1 to produce one unit of X and $1.5 to produce
one unit of Y ?

Solution: We can eliminate pX by adding the demand functions, which gives
x + y == 3600 - 800pY. Thus

pY == (3600-x- y)/800 and pX == (800pY -x)/800 ~ (3600-2x- y)/800.

The cost function is x + ~y and so the profit function is

Il(x,y) == xpx + ypY - C(x,y)

1 (2 2) 3== - 3600x - 2x - xy + 3600y - xy - y - x - - Y
800 2
1

== 800 (2800x - 2x2 - 2xy + 2400y - y2) .

The first-order conditions for a critical point are

1 1
III(x,y)== 800 (2800-4x-2y) ==0, II2(x,y)== 800 (2400-2y-2x) ==0,

so that
2x + y == 1400, x + y == 1200.

Solving these yields x == 200, y == 1000.

We must check that the critical point (200,1000) is a maximum. The second
partial derivatives are

Il ll (x,y) == -1/200, II I2 (X,y) == -1/400, Il22(X,y) == -1/400.

So Il il < 0 and D == IIII Il22 - Ili2 > 0, which implies that the critical point
is a maximum and that the optimal levels of production are x == 200 and
y == 1000. 0
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Main topics

• finding critical points of two-variable functions

• classifying critical points as maxima, minima or saddle points

• profit maximisation for a firm producing two goods

Key terms, notations and formulae

• joint cost function, C(x, y)

• revenue, R(x,y) = xpx + ypY

• maximum, minimum, saddle point

• critical point

• first-order conditions: :~ = 0, :~ = 0

• second-order conditions: at a critical point,

if 111/22 - IT2 > °and 111 < 0, we have a maximum

if 111/22 - IT2 > °and II!",> 0, we have a minimum

if 111122 - IT2 < 0, we have"a saddle point
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Exercises

Exercise 13.1 Find the maximum value of the function

!(x,y) = 6 + 4x - 3x2+ 4y + 2xy - 3y2.

Exercise 13.2 Show that the function

g(x,y) = 3x2+ 2xy + 2y2 -160x -120y + 18

has only one critical point, and classify it.

Exercise 13.3 For the firm APO, regarded as a monopoly producing two
goods whose markets are interrelated, we obtained in Section 13.2 the profit
function

17 28 5 2 5 2 1
TI(x,y)=-5+ 3 x+ 3 Y -"3 x -"3Y + "3 xy.

Show that this function has a maximum at (2,3).

Exercise 13.4 Find the critical points of the functions

u(x,y) = y3 + 3xy - x3, v(x,y) = x 3 _ 3xy2+ y4,

and classify them.

Exercise 13.5 A small firm manufactures two goods, X and Y, and the
market price of these goods is unaffected by the level of the firm's production.
If the firm's cost function is C(x, y) = 2x2+ xy + 2y2 and the market price of
X is $12 per unit and the market price of Y is $18 per unit, determine the
number of units of each that the firm should produce to maximise its profit.

Exercise 13.6 A monopoly manufactures two goods, X and Y, with demand
functions

x = 12 - pX, Y = 18 - pY.

The firm's cost function is C(x,y) = x2 + y2 + 2xy. Find the maximum profit
achievable, and the quantities produced of each of X and Y in order to
achieve this.

Exercise 13.7 A firm manufactures two products, X and Y, and sells these
in related markets. Suppose that the firm is the only producer of X and Y
and that the inverse demand functions for X and Yare

pX = 13 - 2x - y, pY = 13 - x - 2y.

Determine the production levels that maximise profit, given that the cost
function is C(x,y) = x + y.



14. Vectors, preferences, and convexity

14.1 Vectors and bundles

An n-vector v is a list of n numbers, written either as a row-vector

or a column-vector

The numbers VI, v2, and so on are known as the components, entries or coordi­
nates of v. In economics, a vector often stands for a bundle of commodities, so
that the ith component Vi represents a quantity of commodity i. For example,
a bundle of 5 apples and 7 bananas can be denoted by the row-vector (5, 7).
Clearly, vectors with n = 2 components correspond to points in ~.2, and so
we can use plane diagrams to represent them in the usual way. Similarly, a
vector with n > 2 components can be thought of as a point in n-dimensional
space.

It is most important to understand that only certain kinds of algebraic
operations can be performed with vectors. Specifically, we can define addition
of two n-vectors by the rule

Also, we can multiply a vector by any single number iJ. (usually called a scalar
in this context), by the following rule:

For example,

(4, -1, 5) + (3,2,1) = (7,1,6), 3(4, -1, 5) = (12, -3,15).
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The operations of addition and multiplication by a scalar may be combined.
For example,

2(1,2,3) + 3(1,2, 1) = (2,4,6) + (3,6,3)

= (5,10,9).

These operations have obvious interpretations when we think of vectors as
bundles of goods.

Example Consider a family of seven, two parents and five children. Suppose
that each of the five children has six pairs of dirty jeans and one dirty shirt,
while the parents each have two pairs of dirty jeans ~nd four dirty shirts.
Then the family's total bundle of dirty jeans and dirty shirts is

5(6, 1) + 2(2,4) = (30,5) + (4,8) = (34, 13).

D

The definitions of vector addition and multiplication by a scalar lead to some
simple rules for calculating with vectors, such as

(w + v) + x = w+ (v + x), (ex + P)v = exv + pv.

However, it must be stressed that there is no useful and natural way of
'multiplying' two vectors to obtain another vector. But there is a very useful
way of combining two vectors to obtain a number. The dot product of vectors
is defined by

For example, if v = (4, -1, 5) and w = (3,2, 1) then

v.w = (4 x 3) + «-1) x 2) + (5 x 1) = 15.

Note that the dot product is not analogous to the ordinary multiplication of
real numbers. In fact it is a special case of 'matrix multiplication', which we
shall discuss in the next chapter. (Sometimes the dot product is known as the
'inner product' or 'scalar product'.)
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14.2 Prices and budgets

In this section we shall use vector notation to write down the total cost of a
bundle of different items, and we shall look at the relation between the cost
and the amount of money which can be spent.

Example Suppose I purchase Xl apples, X2 bananas and X3 oranges, for which
the prices per item are 15 cents, 10 cents and 25 cents respectively. Then the
cost of the apples, in cents, is 15xl, the cost of the bananas is 10x2 and the
cost of the oranges is 25x3. So the total cost is 15xl + 10x2 + 25x3 cents.

In terms of the price vector p = (15, 10, 25), the cost of the bundle x
(Xl, X2, X3) is the dot product p.x = 15xI + 10x2 + 25x3. 0

In general, suppose there are n goods and the price per unit of the ith good
is Pi, so that the price vector is P = (PI, P2, ... ,Pn). Then the cost of a bundle
x = (Xl, X2, .. . , x n) is

So if I have a given amount M to spend, I can purchase any bundle x for
which the cost p.x does not exceed M.

The condition p.x S M is known as the budget constraint, and the set of
bundles x satisfying the budget constraint is the budget set. When we are
talking about bundles of goods, we implicitly assume that no component of
x is negative, and so strictly speaking the budget set consists of all those x
which satisfy p.x S M and which have no negative components. In the case of
two goods, the budget set may be illustrated graphically, as in the following
example.

Example Suppose, as before, that the price of an apple is 15 cents and the
price of a banana is 10 cents. If I have $1.50 to spend on apples and bananas,
then the budget constraint is the condition that total expenditure must not
exceed $1.50. Since the cost of a bundle (Xl, X2) consisting of Xl apples and
X2 bananas is 15xI + 10x2, the budget constraint is

The budget set, the set of all (Xl, X2) satisfying this inequality, consists of
points on and below the line with equation 3XI + 2X2 = 30. As we do not
consider negative quantities in this context, the budget set is the shaded region
in Figure 14.1. 0
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(0,15)

(10,0)

Figure 14.1: The budget set 3Xl + 2X2 S 30

14.3 Preferences, utility, and indifference curves

It is a basic assumption of economics that consumers 'prefer more to less';
in other words, 6 apples are always preferred to 5 apples. This can be taken
as defining what we mean when we say that apples are a good. In the case
of one good considered in isolation, a 'bundle' is just a single number and
any reasonable consumer will rank two bundles in order of preference simply
by comparing the corresponding numbers and choosing the larger. However,
when we have two goods, such as apples and bananas, there is no unique way
of ranking two bundles, such as (4,6) and (6,3). The ranking will depend
upon the individual preferences of the consumer.

Example Suppose Ann regards apples and bananas as equally desirable; in
other words she is always prepared to exchange one apple for one banana.
Then if she has to choose between (4,6) and (6,3) she will choose the first
bundle, because it contains a total of 10 equally desirable items, whereas the
second bundle contains only 9.

On the other hand, suppose Bill considers one apple to be equivalent to three
bananas. Then for him the first bundle provides 3 x 4+6 = 18 'banana-units',
while the second provides 3 x 6 + 3 = 21. So he will prefer the second bundle.
D

In order to discuss individual preferences more carefully we introduce the
idea of a utility function. For a given consumer and a given bundle (Xl, X2),

we denote by U(XI, X2) the 'utility' which the consumer derives from the
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bundle (Xl, X2). It is convenient to use vector notation, so we often write x
for (Xl, X2) and u(x) for U(Xl, X2).

Loosely speaking, u(Xl, X2) is a measure of how valuable or desirable the
consumer considers the bundle (Xl, X2) to be, or of how much enjoyment the
bundle provides, but we have to be careful with this interpretation. The utility
function enables us to rank bundles in order of desirability to the consumer.
To do this, we compare two bundles x and y by computing u(x) and u(y). If
we find that u(x) is greater than u(y), then we may deduce that the consumer
prefers x to y. However, we should not attach any meaning to how much
larger u(x) is than u(y). For example, if u(x) is twice u(y), we cannot deduce
that 'x is twice as good as y'.

It is very helpful to have a diagrammatic method of representing u, and we
can do this by considering the contours of u. You will recall that a contour
consists of the set of points (Xl, X2) for which U(Xl, X2) takes a given constant
value. Thus two points on the same contour represent bundles which have the
same utility, and the consumer is indifferent between them. For this reason, a
contour of a utility function is known as an indifference curve.

Example (continued) We consider the indifference curves for four consumers:
Ann and Bill (whom we have already met), and two new characters, Chas
and Dave.

Suppose we are given a bundle x = (Xl, X2) of apples and bananas. Ann
considers apples and bananas to be of equal worth, so her utility function UA

is just the total number of items: UA(Xl, X2) = Xl + X2. On the other hand, Bill
considers one apple to be equivalent to three bananas, so the utility which
he derives from Xl apples is 3Xl 'banana-units' and his utility function is
UB(Xl, X2) = 3Xl + X2·

Ann's indifference curves are given by Xl +X2 = c, where c is a constant. These
are straight lines with gradient -1 (Figure 14.2). The indifference curves for
Bill are given by 3Xl + X2 = c; these are straight lines with gradient -3.

Suppose Chas's preferences are described by the utility function xi +2x~ and
Dave's preferences are described by the utility function XiX2' The equation
xi + 2x~ = c describing an indifference curve for Chas is the equation of an
ellipse, or (if you prefer) a squashed circle. An indifference curve for Dave
has equation xIx2 = c. Typical examples are shown in Figure 14.2. 0



160 Vectors, preferences, and convexity

Figure 14.2: Indifference curves for Ann, Bill, Chas and Dave

One useful remark illustrated by Figure 14.2 is that the indifference curves
u(x) = c move in a 'north-easterly' direction away from the origin as the
constant c increases. In other words, given two bundles a consumer will
prefer the one which is on the indifference curve further from the origin in
this sense. This is the fact which corresponds, in this context, to the economic
assumption that consumers prefer more to less.

Example (continued) Suppose that the three bundles

r = (10,0), S = (8,3), t = (6,6),

are available. The utility of these bundles for our four consumers is as follows:
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Ann: uA(r) = 10 UA(S) = 11 UA(t) = 12;

Bill : uB(r) = 30 UB(S) = 27 UB(t) = 24;

Chas: uc(r) = 100 uc(s) = 82 uc(t) = 108;

Dave: uD(r) = 0 UD(S) = 192 UD(t) = 216.

Thus, Ann prefers t to S which, in turn, she prefers to r. We may say that she
ranks the bundles in the order t, S, r. Similarly, Bill ranks the bundles r, S, t;
Chas ranks them t, r, s; and Dave ranks them t, s, r.

Note that the same bundles are ranked differently by the consumers. This is
because preferences are determined by the individual's utility functions. D

Note that, as mentioned earlier, we should attach no economic meaning to the
numerical values of the utility functions other than the preference ordering
they imply. Thus, with the information calculated in the above example, we
may say that Ann prefers t to sand S to r, but we may not say that she likes
t 12/11 times as much as she likes s. Along the same lines, it is not possible
to make 'inter-personal comparisons'. For example, although uA(r) = 10 and
uB(r) = 30, we cannot deduce that Bill derives more enjoyment from bundle
r than Ann does.

14.4 Linear and convex combinations

Later in this book we shall meet an important part of microeconomic theory
which depends upon a very specific assumption about the shape of indifference
curves. We shall introduce this topic here, working with two-vectors, or
bundles of two commodities, considered as points in IR2.

Given two vectors v and w, we say that any vector of the form AV + f.1W,
for some numbers A and f.1, is a linear combination of v and w. Here we are
particularly interested in the linear combinations for which A~ 0, f.1 ~ 0, and
A+ f.1 = 1; any point of this form is said to be a convex combination of v and
w. The reason why the convex combinations are interesting is because they
are precisely the points lying between v and w on the straight line segment
joining them. For example, the midpoint of the segment is the point ~v + ~w,

and the point one-third of the way along from v towards w is ~v + ~w.

We say that a set X of points in IR2 is convex if, whenever two points are
in X, so is every convex combination of them. So, in a convex set X the
straight line segment joining any two points in X lies wholly in X. In Figure
14.3 a convex set and a non-convex set are illustrated; the second set is not
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convex because points such as z on the line segment joining x to yare not in
the set.

Figure 14.3: a convex set and a non-convex set

Given a utility function u and a positive constant c, we define the set

Uc={xlu(x);:::c}.

This is the set of bundles having utility at least c. Geometrically, Uc consists
of all the points on the indifference curve u(x) = c, together with those points
x which are on indifference curves 'further from the origin', as indicated in
Figure 14.4.

A fundamental assumption about consumers' preferences frequently invoked
in microeconomic theory is the following:

• the sets Uc are convex.

b

Figure 14.4: Convex preferences
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In order to see what this means, consider Figure 14.4. Here a and bare
bundles on the same indifference curve u(x) = c, and the assumption requires
that every point on the straight line segment joining them is in Uc. This
means that such points have utility which is at least equal to c. In other
words, the indifference curves must bulge towards the origin in the manner
shown. Roughly speaking, the assumption is equivalent to the statement that
consumers prefer a convex combination (or 'mixture') of a and b to either of
the extreme bundles a and b.

This assumption usually applies when we are considering consumers whose
consumption is 'large'. For example, a manufacturer or retailer will normally
prefer to have a mixture of two items in stock, rather than just one or the
other.

Of course, it is possible to think of situations where the assumption is false.
For instance, let us suppose that an office worker likes both coffee and
tea, so that he considers them both to be 'goods'. If his utility function is
U(XI, X2) = xI + x~, then a typical indifference curve xI + x~ = c is part of
a circle. The fact that the sets Uc are not convex in this case indicates that
the worker does not prefer mixtures of the two different types of drink. For
example, the utility of the bundle (1, 1) is 2 whereas the utility of each of the
bundles (2,0) and (0,2) is 4. In plain language, the office worker would rather
have two cups of coffee or two cups of tea than one of each.

Despite such exceptions, the preference for mixtures seems to be a valid
assumption in many situations. We shall use it, as appropriate, without
further comment.

14.5 Choosing optimal bundles

We now turn to the problem of finding the best bundle, subject to a given
budget constraint. Specifically, we suppose that the price vector p = (PI, P2)
for two goods is given, and we know the consumer's budget M and utility
function u. The problem is to determine the bundle x which maximises the
utility and satisfies the budget constraint. This is the 'best buy', from the
viewpoint of the individual consumer. In symbols, we require to solve the
problem:

maximise u(x) such that p.x ~ M.

We begin by thinking about this pro1?,lem__geometrically. Since Pl,P2, and M
are given, the budget set is a fixed triangular region, as illustrated in Figure
14.5. We shall be particularly interested in the budget line PlXI + P2X2 = M,
which we shall denote by L. The budget line represents the bundles which
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cost exactly M, the budget limit, and we would expect the best bundle to be
one of them.

L

Figure 14.5: The budget set and line

How do the indifference curves u(x) = c behave with respect to L? First,
recall that the indifference curves move away from the origin as the value of
c increases. For small values of c, the curves intersect L in two points a and
b (Figure 14.6a). By the convexity assumption, points on the segment of L
joining a and b lie in Uc . Such points have greater utility than a and b, and
so the corresponding value of c is not optimal.

On the other hand, for large values of c the indifference curves u(x) = c do
not intersect L (Figure 14.6b). So these values of c are not feasible: there is
no bundle in the budget set which provides that level of utility.

(a) (b)

Figure 14.6: The budget set and indifference curves in two cases
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Now we can see how to characterise the optimal level of utility. It occurs
when the indifference curve u(x) = c intersects L in just one point, in other
other words when the budget line is a tangent to an indifference curve. This is
illustrated in Figure 14.7, where the point x' represents the optimal bundle.

Not only does the geometrical method provide a useful insight, it also tells us
how to work out the optimal bundle x' in any particular case.

Figure 14.7: The budget set and the optimal indifference curve

Example Suppose that Dave has $1.50 to spend on apples and bananas, which
cost 15c and lOc respectively, so that his budget constraint is

We already know that his utility function is XTXl.

His optimal bundle x' = (xi, xi) of apples and bananas is determined by the
condition that the indifference curve is tangent to the budget line at x'. This
means that the gradient, or slope, of the indifference curve at x' is the same
as that of the budget line 3Xl + 2Xl = 30, which is -3/2.

Now Dave's indifference curves are XTXl = c, and we can calculate the slope
of such a curve at the point (Xl, Xl) by the formula obtained in Section 12.3:
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At the optimal point (xi, xi) this must be equal to -3/2, the slope of the
budget line. So xi and xi must satisfy

_2xi 3 * 3xi
* - -2' or x2 = -4.

xl

Since x* lies on the budget line, it also satisfies the equation 3xi + 2xi = 30.
So we have two equations for xi and xi, which give

3x~ + 2 (~x~) = 30, that is x~ = 20/3.

It follows that xi = 5, and the optimal bundle for Dave is (20/3,5). D

We shall return to this topic, in a slightly more general setting, in Chapter 22.

Worked examples

Example 14.1 Denote by a, b, c the column vectors

a =(~) , b=(=~), c =(=:).
Calculate

2a - 5b, 2a- 5b +c, a.b, a.c.

Solution: We have

It follows that

The dot product a.b is

a.b = 1(-2) + 2(1) + 3(-3) = -2 + 2 - 9 = -9,

and a.c is
a.c = 1(-2) + 2(-1) + 3(1) = -2 - 2 + 3 = -1.

D
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Example 14.2 The preferences ofJohn, Paul, George and Ringo, for bundles
x = (Xl, X2) ofapples and bananas, can be described as follows:

John is always willing to exchange apples for bananas on the basis of two
apples for one banana;

Paul's utility function is 7Xl + 3X2,o

George has utility function 2xI + x~.

Ringo has utility function XlX~.

Sketch some typical indifference curves for each consumer and in each case
say whether or not the sets Uc = {x I u(x) ~ c} are convex.

Solution: Since John considers two apples to be worth one banana, or one
apple to be worth half a banana, the utility of the bundle (Xl, X2) of Xl

apples and X2 bananas is Xl /2 +X2, when measured in 'banana-units'. Equally
well, we could measure it in 'apple-units', in which case the formula would
be Xl + 2X2. This second formula is simpler, so we shall take John's utility
function to be UJ(XI, X2) = Xl + 2X2. A typical indifference curve for John has
equation Xl + 2X2 = c, which is a straight line with gradient -1/2.

Paul's indifference curves, Up(XI, X2) = 7XI + 3X2 = c, are straight lines with
gradient -7/3.

Figure 14.8: Indifference curves for John and Paul
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A typical indifference curve for George has equation 2xI + x~ = c, which
describes an ellipse, longer in the x2-direction than in the xl-direction. Ringo's
indifference curves are XIX~ == c; that is, the typical 'Cobb-Douglas' form.
(See Figure 14.9.)

Figure 14.9: Indifference curves for George and Ringo

For John, Paul and Ringo, the sets Uc == {x I u(x) 2 c} are convex. However,
this is clearly not so for George. 0

Example 14.3 Rank the following bundles in order ofpreference for John,
Paul, George and Ringo, with the utility functions given in the previous
question:

r == (8,0), S == (6,3), t == (2, 7).

Solution: For each consumer, we calculate the utility of each of the three
bundles on offer.

John: uJ(r) == 8 uJ(s) == 12 uJ(t) == 16;

Paul: up(r) == 56 up(s) == 51 up(t) = 35;

George: uG(r) == 128 uG(s) == 81 uG(t) = 57;

Therefore, John ranks them in the order t, s, r ; Paul ranks them r, s, t; George
ranks them r, s, t; and Ringo ranks them t, s, r. 0
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Example 14.4 Use the geometrical approach to determine the optimal bundles
for the consumers Ann, Bill and Chas, subject to the budget constraint
3x[ + 2X2 ~ 30. (Use the utility functions given in Section 14.3.)

Solution: Consider first Ann. As c increases, her indifference curves Xl +X2 = c
move in a north-easterly direction. It is clear that the 'last' one which intersects
the budget set will be the one which meets it at the extreme point (0, 15) (Figure
14.lOa). This, then, is the optimal bundle for Ann.

The analogous sketches for Bill and Chas are shown in Figures 14.10b and
14.lOc. It can be seen that the optimal bundle for Bill is (10,0) and the
optimal bundle for Chas is (0,15).

Note that the method used in Section 14.5 is not applicable in cases like this
where the optimal bundle is at an extreme point of the budget set. D

x*

(a) (b)

x*

x*

Chas

(c)

Figure 14.10: The optimal bundles for Ann, Bill, and Chas

Example 14.5 Suppose the price of an apple is $0.30 and the price of a
banana is $0.10. If John, Paul, George and Ringo each have $2.10 to spend,
show on a diagram the budget set, the set ofall possible bundles ofapples and
bananas which they can purchase. If each of them chooses the bundle in the
budget set which maximises his utility (as given in Example 14.2), determine
how many apples and bananas each buys. (Assume that fractions of apples
and bananas may be purchased.)

Solution: The budget constraint is 0.3Xl + 0.1x2 ~ 2.10 which may be written
as
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So the budget set consists of points on and below the budget line 3Xl +X2 = 21.

For each consumer, the optimal bundle is the one in the budget set with
the highest utility for that consumer. As usual, we start with the graphical
approach. Figure 14.11 illustrates, for each of the four consumers, the budget
set, together with typical indifference curves and the optimal bundle x'. From
the diagrams, the optimal bundle for each of John, Paul and George is the
bundle (0,21) at the extreme bottom-right of the budget set. These three will
therefore buy no apples and 21 bananas each.

George

Figure 14.11: The optimal bundles for John, Paul, George and Ringo

To determine Ringo's optimal bundle x', we use the fact that the budget line
is tangent to the indifference curve through x'. At that point, the indifference
curve therefore has the same gradient, -3, as the budget line. Now, the
gradient of the indifference curve UR(Xl,X2) = XIX~ = cis
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Since this must equal -3 at (xi, x;), we have x;/(2xi) = 3, or x; = 6xi. Since
x* lies on the budget line, it satisfies the equation 3xi + x; = 21. Given that
x; = 6xi, this yields

3x~ + (6x~) = 21, that is x~ = 21/9 = 7/3,

from which it follows that x; = 14. The optimal bundle for Ringo is therefore
(7/3,14): he should buy 7/3 apples and 14 bananas. 0
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Main topics

• vectors and their properties

• the budget constraint

• utility functions and indifference curves

• linear and convex combinations, and convex sets

• convexity and utility functions

• ranking bundles in order of preference

• finding the optimal bundle subject to a given budget constraint

Key terms, notations and formulae

• vector, row vector, column vector

• components, coordinates

• commodity bundle

• dot product, V.W = VI WI + V2 W2 + + VnWn

• budget constraint, PIXI + P2X2 + + PnXn ~ M, or p.x ~ M

• utility function, u(x) = U(XI,X2); u(x) > u(y) means x preferable to y

• indifference curve

• linear combination, AV + J.1w; convex combination if A,J.1 ~ 0, A+ J.1 = 1

• convex set

• convexity assumption: for all c, Uc = {x I u(x) ~ c} convex

• budget line

• at optimal bundle, budget line is tangent to indifference curve
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Exercises

Exercise 14.1 The row vectors x, y, z are

x == (1, -1, 2), y == (3, - 3, - 3), z == (2, 7, 6) .

(i) Calculate 3x + 5y. (ii) Calculate 2x - y + 3z. (iii) Calculate x.y and x.z. (iv)
Show by direct calculation that x.(y + z) == x.y + x.Z.

Exercise 14.2 Mick, Keith, Bill and Charlie, four health-conscious consumers,
like both freshly squeezed orange juice and sunflower seeds. Their preferences
for bundles x == (x}, X2) comprising Xl glasses of orange juice and X2 grams
of sunflower seeds are described as follows:

Mick considers a glass of orange to be as desirable as 10 grams of sunflower
seeds.

Keith is always willing to exchange two glasses of orange juice for 5 grams
of sunflower seeds.

Bill has utility function xi + x~.

Charlie has utility function XtX2.

Sketch some typical indifference curves for each consumer and in each case
say whether or not the set {x I u(x) ~ c} is convex.

Exercise 14.3 Rank the following bundles in order ofpreference for each of
the consumers Mick, Keith, Bill and Charlie of the previous question:

r == (4,0), s == (2,15), t == (1,20).

Exercise 14.4 Suppose that a glass of freshly squeezed orange juice costs
$0.50 and that sunflower seeds cost $0.10 per gram. If Mick, Keith, Bill and
Charlie each ha ve $26 to spend, show on a diagram the budget set, the set of
all possible bundles which they can purchase. Assuming that each consumer
chooses the bundle in the budget set which maximises utility, determine what
each purchases.



15. Matrix algebra

15.1 What is a matrix?

Many readers of this book will already have some elementary knowledge of
matrices. The purpose of this chapter is to summarise the important facts in
the generality required for more advanced work.

A matrix is an array of numbers

We denote this array by the single letter A, or by (aij), and we say that A has
m rows and n columns, or that it is an m x n matrix. We also say that A is a
matrix of size m x n. The number aij is known as the (i,j)th entry of A. The
row vector (ail, ai2, . .. , ain) is row i of A, or the ith row of A, and the column
vector

is column j of A, or the jth column of A.

Matrices are useful because they provide a compact notation, and because
we can 'do algebra' with them. If A and B are two matrices of the same
size then we define A + B to be the matrix whose elements are the sums of
the corresponding elements in A and B. Formally, the (i,j)th entry of the
matrix A + B is aij + bij where aij and bij are the (i, j)th entries of A and
B, respectively. Also, if c is a number, we define cA to be the matrix whose
elements are c times those of A; that is, cA has (i, j)th entry caij. For example,

( ~ ~ ~ ~) + (; ~ i i) = (~: ~~) ,
2 5 2 3 2 1 -3 6 4 6 -1 9
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We note that there are obvious algebraic consequences of these definitions,
such as the familiar rules for dealing with brackets: A + (B +C) = (A + B) +C
and c(A + B) = cA + cB.

15.2 Matrix multiplication

Suppose A and B are matrices such that the number (say n) of columns of
A is equal to the number of rows of B. Then each row of A is a vector with
n components, as is each column of B, and we can form the' dot product of
two such vectors. This observation allows us to define the product C = AB
to be the matrix whose elements are

Although this formula looks bad in raw algebraic terms, it is quite easy to
use in practice. What it says is that the element in row i and column j of the
product is obtained by taking the dot product of row i of A and column j of
B.

Example In the following product the element in row 2 and column 3 is found
by taking the dot product of the row and column printed in bold type:

(
3 8 1) (1 3 2 4) (21 30 16 55)
4 1 3 ;; ~ ; = 12 29 15 30 .

The answer is 15 because

15 = 4 x 2 + 1 x 1 + 3 x 2.

The other elements of the product can be worked out in the same way. D

It must be stressed that when A has n columns then B must have n rows if
AB is to be defined. In any other case, the product is not defined. Given that
A is an m x n matrix and the B is an n x p matrix, it follows that AB is an
m x p matrix.

The definition of matrix multiplication allows us to use some more familiar
algebraic rules, but care is needed. Among the rules which we can use are:

A(BC) = (AB)C, A(B + C) = AB + AC.
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On the other hand, it is most important to remember that AB and BA are not
usually equal. Indeed it is quite possible that one of the products is defined
but the other is not. Even if both are defined, they are generally not equal.
For example, if

then

14)
16 '

A particularly useful matrix is the identity matrix:

which has the number 1 in each of the positions on the 'main diagonal', and
oelsewhere. Note that I is a square matrix; the number of rows is equal to
the number of columns. Note also that there is an identity matrix of any size
n x n.

The identity matrix has the property that, whenever the products AI and I A
can be defined, we have

IA =AI =A.

It is easy to check this result using the explicit definition of matrix multipli­
cation.

15.3 How to make money with matrices

Many practical situations can be expressed simply in matrix form, and we
shall give a number of examples in the next few chapters. In particular,
financial economists nowadays employ a form of language which is easy to
express in matrix terms, and which we shall introduce here.

The basic idea is that an investor can choose between a number of different
assets; these may be thought of as shares in companies, holdings of foreign
exchange, old-master paintings, or whatever. After a fixed time period, say
one year, the assets will have a new value, and this will depend on what has
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happened in the meantime. We model this uncertainty by assuming that there
are a number of states which may occur.

Example The citizens of the island of Apathia can invest in land, bonds
(which yield a fixed return) and stocks (which yield an uncertain return).
A general election is due, after which one of the two political parties, the
Liberal-Conservatives or the Conservative-Liberals, will be in power. There
are three assets: Asset 1 = land, Asset 2 = bonds, Asset 3 = stocks, and there
are two states: State 1 = LibCons in power, State 2 = ConLibs in power.

Clearly, the value of an investment will depend upon which of the states
occurs. For example, government by LibCons may result in an increase in
the value of land and a decrease in the value of stocks, while" government by
ConLibs may have the opposite effect. We can describe this by writing down
the value in a year's time of the amount of each asset which costs one dollar
now, under the assumption that a given state occurs. In this example, we
could get a table like the following.

Land
Bonds
Stocks

LibCon ConLib
1.25 0.95
1.05 1.05
0.90 1.15.

In other words, we have a 3 x 2 matrix R = (rij) which determines the return
of each asset in the various states. In general, if there are m assets and n
states, then the returns matrix R will be an m x n matrix.

Suppose an Apathian investor decides, before the election, to invest $5000 in
land, $1000 in bonds and $4000 in stocks. Then the row-vector

(5000,1000,4000)

is her portfolio. Its value in one year's time depends upon which party wins
the election. If the LibCons win the value will be

5000 x 1.25 + 1000 x 1.05 + 4000 x 0.90 = 10900.

But if the ConLibs win the value will be

5000 x 0.95 + 1000 x 1.05 + 4000 x 1.15 = 10400.
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This is just an example of matrix multiplication. The portfolio can be
considered as a 1 x 3 matrix Y, the table of returns R is a 3 x 2 matrix, and
their product

(

1.25 0.95)
Y R = (5000 1000 4000) 1.05 1.05 = (10900 10400)

0.90 1.15

is a 1 x 2 matrix. When R is given, Y R tells us the possible values of the
portfolio Y in the various states.

The terminology introduced above is very useful when we try to model
investment decisions. For example, a cautious investor might ask if there is a
riskless portfolio, that is, one which has the same value whichever party wins
the election.

On the other hand, an investor might look for a portfolio which costs nothing.
In the Apathian context, this could be a portfolio such as

( 5000 -10000 5000 ) ,

which means that the investor borrows $10000 from the bank and uses it
to buy land and stocks. At the end of the year she owes the bank more,
10000 x 1.05 dollars, but the changes in value of land and stocks may offset
this. In fact, we calculate that

(

1.25 0.95)
Y R = (5000 -10000 5000) 1.05 1.05 = (250 0).

0.90 1.15

Thus if the LibCons win she has gained $250 without having to 'invest'
anything, in real terms, while if the ConLibs win she is no worse off.

A portfolio like the one just described, which costs nothing, cannot lose and in
at least one state yields a profit, is called an arbitrage portfolio. The question
of the existence of riskless and arbitrage portfolios leads us inevitably to the
study of linear equations, which we begin in the next chapter. 0
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Worked examples

Example 15.1 The matrices A, B, C are defined as follows.

(2 5) (1 21)
A= 0 1 ' B= 2 0 0 '

(i) Why is AB defined? Why is BA not defined? Calculate AB.

(ii) Why are both BC and CB defined? Is it true that BC = CB?

(iii) Calculate A(BC) and (AB)C. In generaL should the answers be equal?

Solution: (i) A is a 2 x 2 matrix and B is a 2 x 3 matrix. The number of
columns of A is the same as the number of rows of B, so the matrix product
AB can be defined. In fact,

Since B has 3 columns, whereas A has only 2 rows, BA is not defined.

(ii) B is a 2 x 3 matrix and C is a 3 x 2 matrix. The number of columns
of B equals the number of rows of C and so BC is defined. The number of
columns of C equals the number of rows of B and so CB is also defined.
The product BC is a 2 x 2 matrix and the product CB is a 3 x 3 matrix.
These cannot be equal because they have different sizes. (There is no need to
calculate BC and CB to show that they are different.)

(iii) To calculate A(BC), we first calculate BC. We have

Then,

From part (i),
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Therefore

(AB)C = (~2 ~ ~) (~ !) = (344 ~8) = A(BC).

As we noted in Section 15.2, it is true in general that A(BC) = (AB)C
whenever the products can be defined. 0

Example 15.2 Let A be the matrix

A= (~ n
and let An be the nth power ofA. For example,

A2=AA=(~ ~),A3=A(AA)=AA2~(~ I).
Suppose that

An = (an bn).
Cn dn

By using the fact that, for n 2: 2, An = AAn- 1 find recurrence equations for
an, bn, Cn, dn. Solve these to determine an explicit formula for An.

Solution: We have

(
an bn) = An = A(An- 1) = (2 1) (an-1
Cn dn ° 1 Cn-l

= (2an- 1+ Cn-l
Cn-l

So we have the following equations:

an = 2an-l + Cn-l

bn = 2bn- 1+ dn

bn- 1 )
dn- 1

2bn- 1 + dn- 1 )
dn- 1 .

Cn = Cn-l

dn = dn- 1•

Since Cl = 0 and d1 = 1, it follows that, for all n, Cn = 0 and dn = 1. The
equations for an and bn then reduce to

an = 2an_I, bn = 2bn- 1+ 1.

Clearly, given that al = 1, the solution for an is an = 2n. If we let Yn = bn+1
for n 2: 0, then the sequence Yo, Yl, ... satisfies the recurrence

Yn = 2Yn-l + 1, Yo = 1.

Applying the standard method given in Chapter 3, y* = 1/(1 - 2) = -1 and

Yn = y* + (Yo - y*)2n = -1 + 2(2n) = 2n+1- 1.
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Therefore, b n = Yn-l = 2n - 1. It follows that

n = (2n 2n
- 1)

A 0 1

for all n ~ 1.

Main topics

• addition and scalar multiplication of matrices

• matrix multiplication

• modelling investment portfolios with matrices

Key terms, notations and formulae

• m x n matrix

• (i, j)th entry or element aij

• rows and columns of matrix

• AB defined only if A is m x nand B n x p; then C = AB is m x p and

cij = ail b 1j + ai2b 2j + ... + ainbnj

• AB need not equal BA

• square matrix

• identity matrix, I : AI = I A = A

• portfolio Y; states; returns matrix R

• riskless and arbitrage portfolios

o
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Exercises

Exercise 15.1 Let A be the matrix

A = ( 1 2 -2 -4)
-1 1 3-7

and B the matrix

Calculate AB.

Exercise 15.2 The matrices A, Bare

A = (~ ~ ~), B = (~ ~ ;).
1 3 3 3 1 5

Why are both AB and BA defined? Are they equal?

Exercise 15.3 The matrices A, B, C are as follows.

(i) Why is AB defined and BA not defined? Calculate AB.

(ii) Calculate AC.

(iii) Calculate A(B + C) and verify that A(B + C) = AB +AC.

Exercise 15.4 Suppose that A is the matrix

A=(~ ~)

and, for n ~ 1, suppose that
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Find recurrence equations for an, bn, Cn, dn, and solve them to determine an
explicit formula for An.

Exercise 15.5 Find a general formula for Bn, where

(1-1)
B = 0 l'

Exercise 15.6 Suppose that the matrix of returns for the Apathian investor
ofSection 15.3 is

(

1.05 0.95)
R = 1.05 1.05 .

1.37 1.42

Show that the portfolio Y = (500 10000 1000) is riskless. What return is
the investor guaranteed? Show, further, that Z = (1000 -2000 1000) is
an arbitrage portfolio. Which election outcome might an investor prefer if
she holds portfolio Z ?
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16.1 A two-industry 'economy'

Example Suppose the 'economy' produces only two commodities, grommets
and widgets. The grommet-making machines use widgets, and these wear out
at the rate of s widgets per grommet produced, where s is a (hopefully)
small positive number. Similarly, production of widgets consumes t grommets
per widget. In addition, the needs of the population require a monthly net
production of five thousand grommets and two thousand widgets. What
should be the production schedule for the grommet and widget industries?

Suppose that the answer to this question is Xl thousand grommets and X2

thousand widgets per month. The total demand for grommets is five thousand
for the population and tX2 thousand for the widget industry, so we have the
equation Xl = 5 + tX2. Similarly, working out the total demand for grommets
we get X2 = 2 + SXI. Rearranging, we have the equations

Xl - tX2 = 5

-SXI +X2 = 2.

Of course, the solution depends upon sand t. Blindly using elementary
algebra, we get

5 + 2t
Xl = 1 - st'

2+ 5s
X2 = 1- st'

So we have a unique solution, given by the above expressions, provided that
st =1= 1. Given that sand t have the meanings assigned to them in this context,
it is a reasonable assumption that st is a small positive number, so that st < 1.

But what if st does equal 1? In this case we can substitute t = IIs in the first
equation, getting Xl - x21s = 5. Dividing the second equation by s we get
Xl - x21s = -2Is. Since these two equations have the same left-hand sides,
we see that when 5 =1= -21s they are inconsistent and there is no solution.

But when 5 = -2Is, that is, when s = -2/5, both equations reduce to the
same equation Xl + 5x2/2 = 5, which has infinitely many solutions: for any (x,

the values Xl = (X, X2 = 2 - ~(X give a solution. 0
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Summarising, we see that a system of two linear equations in two unknowns
may have

• a unique solution, or

• no solution, or

• infinitely many solutions.

If there are more than two equations and two unknowns the situation might
conceivably become much more complicated, so we need to develop a method
for dealing with such problems.

16.2 Linear equations in matrix form

The problem discussed in the preceding section is an example of a system of
linear equations. In its most general form, a system of m linear equations in n
unknowns Xl, X2, ... , Xn is a set of m equations of the form

allXl + a12X2+ + alnXn = hl

a21 Xl + a22x2+ + a2nXn = b2

The numbers aij are usually known as the coefficients of the system. We say
that (xi, x;, ... ,x~) is a solution of the system if all m equations hold true
when Xl = xi, X2 = X; and so on. Sometimes a system of linear equations is
known as a set of simultaneous equations; such terminology emphasises that
a solution is an assignment of values to each of the n unknowns such that
each and every equation holds with this assignment.

In order to deal with large systems of linear equations we usually write them
in matrix form. First we observe that vectors are just special cases of matrices:
a row vector or list of n numbers is simply a matrix of size 1 x n, and a
column vector is a matrix of size n x 1. The rule for multiplying matrices
tells us how to calculate the product Ax of an m x n matrix A and an n x 1
column vector x. According to the rule, Ax is

a

ln

) (Xl)
a2n X2
· .· .· .

amn Xn
(

allXl + a12 X2+ + alnXn )
a21 Xl + a22 X2+ + a2nXn

· . .· .· .
amlXl + an2X2+ ... + amnXn



186 Linear equations-I

Note that Ax is a column vector with m rows, these being the left-hand sides
of our system of linear equations. If we define another column vector b,
whose components are the right-hand sides bi, the system is equivalent to the
matrix equation

Ax=b.

Obviously there are many advantages in this very compact way of writing the
system. Indeed, the simplicity of the matrix form provides ample justification
for the definition of matrix multiplication given in the previous chapter, which
might have looked strange at first sight.

16.3 Solution of linear equations by row operations

It is a simple observation that the set of solutions of a system of linear
equations is unaltered by the following three operations:

• Multiply both sides of an equation by a non-zero constant.

• Add a multiple of one equation to another.

• Interchange two equations.

We shall call these elementary operations. This observation is the foundation
of an extremely useful technique for solving linear equations, to be described
in general terms in the next chapter. The idea is that we use a sequence of
elementary operations to reduce a system to a simpler one, whose solution is
obvious. For instance, if we have the system

Xl + 2X2 = 4

2XI - X2 = 5

of two equations in two unknowns, then we may 'eliminate' Xl as follows. We
multiply the first equation by 2 and then subtract the resulting equation from
the second equation, giving

Thus X2 = 3/5. Then Xl is found by substitution: Xl + 2X2 = 4, so Xl

4 - 2(3/5) = 14/5.
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Consider now the following system of three equations in three unknowns:

Xl+X2+X3=6 (e1)

2Xl + 4X2 + X3 = 5 (e2)

2Xl + 3X2 + X3 = 6. (e3)

Subtracting twice (e1) from (e2) in order to eliminate Xl from (e2), we obtain
a new equation, which is

that is, 2X2 - X3 = -7, or X2 - (1/2)X3 = -7/2. We replace.. equation (e2) by
this equation, obtaining the system

Xl+X2+ X3=6 (e1)
1 7

X2 - "2 X3 = -"2 (e2')

2Xl + 3X2 + X3 = 6. (e3)

This system has been obtained from the original by elementary operations,
and therefore has the same solutions as the original. Now, in the same
manner, to eliminate Xl from equation (e3), we subtract twice (e1) from it.
The resulting system is

Xl+X2+ X3=6 (e1)

1 7 (e2')X2 - "2 X3 =-"2
X2 - X3 = -6. (e3')

The last two equations of this system involve only the unknowns X2 and X3.
These two equations, in isolation, form a system of two equations in two
unknowns to which, in turn, we apply elementary operations.

Subtracting (e2') from (e3') gives

so that -X3/2 = -5/2, or X3 = 5. Now we have the system

Xl + X2 + X3 = 6

X2 - (1/2)X3 = -(7/2)

X3 = 5.
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This is a system which we can solve by working backwards. Since X2 ­

(1/2)x3 = -7/2, it follows that X2 = -7/2-+ (1/2)(5) = -1. Similarly, Xl can
now be determined. Since Xl + X2 + X3 = 6 and X2 = -1, X3 = 5, we have
Xl = 6 + 1 - 5 = 2.

There is therefore precisely one solution to the original system of equations:
Xl = 2, X2 = -1, X3 = 5.

The foregoing procedure can be carried out more compactly by omitting the
x/so If we write the equations in matrix form Ax = b, with

then

(
1 1 1 16)

(A I b) = 2 4 1 5
2 3 1 6

is called the augmented matrix of the system.

We use this form because of the important fact that elementary operations
on the equations of the system correspond to the same operations on the
rows of the augmented matrix. For that reason we shall now refer to them
as elementary row operations. In the following sequence, the elementary row
operations performed are just those corresponding to the operations on the
system described above.

I-i).
The reader should check exactly which operations have been used at each
step. For example, the transition from the first to the second matrix is effected
by the elementary row operation which subtracts twice the first row from the
second, giving the second row in the second matrix.
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The final augmented matrix represents the system

Xl + X2 + X3 = 6
1 7

X2 - 2X3 =-2
X3 = 5.

As we have seen, the solution of this system can be found by 'working
backwards', or by back-substitution, as it is officially known.

X3 = 5,

16.4 The echelon form in general

The example discussed in the previous section illustrates a quite general
method used to solve systems of linear equations. This process is often known
as Gaussian elimination (after the German mathematician Carl Friedrich Gauss
(1777-1855)). We use elementary row operations to transform the augmented
matrix of coefficients to what is known as the echelon form:

1 * * *
001 *
000 1

o 0 0 0

* *
* *
* *

o 0

The characteristics of this form are that (a) the first non-zero entry in each
row is 1 (we call this the leading 1); (b) the position of the leading 1 moves
to the right as we go down the rows; (c) any rows which consist entirely of
zeros are located at the bottom of the matrix.

In this chapter we concentrate on the special case when the echelon form is

1 * * * * *
0 1 * * * *
0 0 * * *

0 0 0 0 1 *

Specifically, there are no rows consisting entirely of zeros, and the leading
1's move one step to the right as we go down the rows. It is clear that the
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solution of a system whose augmented matrix can be transformed to this
form can be found by back-substitution.

Example Suppose that we have the following system of linear equations.

Xl + 2X2 + X3 = 1

2XI + 2X2 = 2

3XI + 5X2 + 4X3 = 1.

In matrix form, this is

(~ ~ ~) (~D = (~) .

We form the 3 x 4 augmented matrix

(1 2 111)2 2 0 2 ,
3 5 4 1

and use elementary row operations to reduce the augmented matrix to echelon
form. We have

(

1 2
2 2
3 5

Therefore the initial system has the same set of solutions as the system

Xl + 2X2 + X3 = 1

X2 + X3 = 2

X3 = -1.

But this is easy to solve by back-substitution. From the third equation,
X3 = -1. The second equation then gives X2 = 1, and then the first gives
Xl = 1 - 2X2 - X3 = O. 0



Worked examples 191

Worked examples

Example 16.1 Let

Write out in full the systems of equations Cx = b-, and Cx = o. Using only
elementary algebra explain why the first system has no solutions and the
second system has infinitely many solutions.

Solution: The system Cx = b is

which is

(
Xl + 2X2) ( 3 )

2Xl +4X2 = 4 .

That is, Cx = b is the system of equations

Xl + 2X2 = 3

2Xl + 4X2 = 4.

In a similar manner, Cx = 0 describes the system

Xl + 2X2 = 0

2Xl + 4X2 = o.

Consider the first of these two systems. The first equation is Xl +2X2 = 3 and
the second is easily seen to be equivalent, on division by 2, to Xl + 2X2 = 2.
Since 2 +3, there are no solutions to this system.

The second system has two equations, but each equation conveys exactly the
same information, namely that Xl + 2X2 = O. (The second equation is just this
multiplied by 2.) It follows that to obtain a solution we may let X2 be any
number at all and set Xl = -2X2. Thus, for each real number r, Xl = -2r and
X2 = r is a solution and, therefore, the system has infinitely many solutions.D
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Example 16.2 By performing elementary row operations on the augmented
matrix, solve the following system of equations.

Xl + 2X2 + X3 == 1

2Xl + 2X2 + 5X3 == 2

3Xl + 4X2 + X3 == 3.

Solution: The augmented matrix corresponding to the system is

(
1 2 1 11)
2 2 5 2 .

3 4 1 3

We reduce this to echelon form, as follows:

This last, echelon, matrix represents the system

Xl + 2X2 + X3 == 1

X2 + X3 == 0

X3 == 0

which, by virtue of the fact that elementary row operations do not change
the solutions of a system of linear equations, must have the same solutions
as the original system. But it is easy to determine the solution of this
system by back-substitution. First, we have X3 == 0, then X2 == -X3 == 0 and
Xl == 1 - 2X2 - x3 == 1. There is, therefore, one solution to the original system:
Xl == 1, X2 == 0, X3 == O. 0

Example 16.3 Use the method of elementary row operations to solve the
following system ofequations.

3Xl - 3X2 + 5X3 == 6

Xl + 7X2 + 5X3 == 4

5Xl + 10x2 + 15x3 == 9.
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Solution: The augmented matrix corresponding to the system of equations is

(

3 -3
1 7
5 10

; I~),
15 9

which we reduce to echelon form using elementary row operations, as follows.

(
3
51

-~ ; I~) ~ (; -~ ; I:)
10 15 9 5 10 15 9

~ (00

1

-;4 -;0 I -:) ~ (~ i ~ I 1)
-25 -10 -11 0 -25 -10· -11

~ (~ i ~ I 1) ~ (~ i ~ I _i
S
7) .

o 0 f2 -1] 0 0 1

This last matrix, in echelon form, represents the system

Xl + 7X2 + 5X3 = 4
5 1

X2 + 12 x3 = 4:
57

X3 = -5·

Its solution (which is the same as that of the original system) may be
determined by back-substitution:

D

Example 16.4 Use the result of the previous example to express the vector
(6,4,9) as a linear combination of the vectors (3, 1,5), (-3, 7, 10), (5,5, 15).

Solution: The system of equations in the previous example has solution
Xl = 26,X2 = 5,X3 = -¥. It follows that

3(26)-3(5)+5(_55
7

) =6

1(26)+7(5)+5 (_55
7

) =4

5(26) + 10(5) + 15 ( - 55
7

) = 9.
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This means that

Thus, the row vector (6,4,9) may be expressed as the linear combination

57
(6,4,9) = 26(3, 1,5) + 5(-3, 7, 10) - 5(5,5,15).

o

Example 16.5 Verify explicitly the identity A(By) = (AB)y, where A and B
are any 3 x 3 matrices, and y is a 3-vector.

Solution: Let x = By so that, for j = 1,2, 3,

Now Ax = A(By) and the ith component of Ax is

Substituting the expressions for the x's in terms of the y's, this is equal to

ail (bllYl + bl2Y2 + bl3Y3)

+ ail (b2lYl + b22Y2 + b23Y3)

+ ai3 (b31Yl + b32Y2 + b33Y3).

Collecting together terms involving Yl, then terms involving Y2, and finally
terms involving Y3, we obtain

(ailbll + ai2b21 + ai3 b3l) Yl

+ (ail bl2 + ailb22 + a3nb32) Y2

+ (ail b13 + ai2b23 + ai3b33) Y3·

But, since

is the (i, j)th entry of the matrix product AB, this is just the ith component
of (AB)y, from which the identity follows. 0
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Example 16.6 The supply function for a commodity takes the form

for some constants a, b, c. When p = 1, the quantity supplied is 5; when p = 2,
the quantity supplied is 12; when p = 3, the quantity supplied is 23. Find the
constants a, b, c.

Solution: The given information means that

that is,
a(12

) + b(1) + c = 5

a(22
) + b(2) + c = 12

a(32
) + b(3) + c = 23.

So we have the following system of linear equations for a, b, c:

a+b+c=5

4a + 2b + c = 12

9a + 3b + c = 23.

We solve this in the usual way, by reducing the augmented matrix to echelon
form.

(
1 1 11

5) (1 1 11 5)4 2 1 12 ~ 0 -2 -3 -8
9 3 1 23 0 -6 -8 -22

(
1 1 1 I 5) (1 1 1 1

5
)~ 0 -2 -3 -8 ~ 0 1 ~ 4 .

o 0 -1 -2 0 0 1 2

Therefore,
a+b+c=5

3
b + 2c = 4

c = 2,

so that c = 2, b = 1, a = 2. The supply function is therefore given explicitly
by qS (p) = 2p2+ p + 2. 0
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Main topics

• systems of linear equations

• linear equations in matrix form

• solving systems of linear equations using row operations

Key terms, notations and formulae

• general system of m linear equations in n unknowns

• coefficients

• matrix form, Ax = b

• augmented matrix (A I b)

• elementary row operations:

multiply a row by a non-zero constant

add a multiple of one row to another

interchange two rows

• back-substitution

• echelon form; leading ones
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Exercises

Exercise 16.1 Let

Write out in full the systems of equations Ax = b and Ax = O. Using only
elementary algebra explain why the first system has no solutions and the
second system has infinitely many solutions.

Exercise 16.2 By performing elementary row operations on the augmented
matrix, solve the following system ofequations.

2XI + X2 + X3 = 7

Xl + 2X3 = 7

2XI + 2X2 - X3 = 4.

Exercise 16.3 By performing elementary row operations on the augmented
matrix, solve the following system ofequations.

4XI + 2X2 + 3X3 = 3

2XI + 3X2 + 4X3 = 2

3XI + 4X2 + 2X3 = 1.

Exercise 16.4 Use the method of elementary row operations to solve the
following system ofequations.

Xl + 2X2 + 2X3 = 7

4XI + 5X2 + X3 = 11

7XI - 4X2 - X3 = 1.

Exercise 16.5 Use the result of the previous example to express the vector
(7,11,1) as a linear combination of the vectors (1,4,7), (2,5, -4), (2,1, -1).

Exercise 16.6 The supply function for a good is
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for some constants a, b, c. When p = 1, the quantity supplied is 1,. when p = 2,
the quantity supplied is 11,. when p = 3, the quantity supplied is 35. Find the
constants a, b, c.

Exercise 16.7 The demand function for a commodity takes the form

C
qD(p) = a + bp + -,

p

for some constants a, b, c. When p = 1, the quantity demanded is 60, when
p = 2, it is 40, and when p = 4, it is 15. Find the constants a, b, c.

Exercise 16.8 In the 'grommets and widgets' problem considered in Section
16.1, discuss the economic significance (if any) of the cases where there is not
a unique solution.
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17.1 Consistent and inconsistent systems

In Chapter 16 we explained how to perform elementary row operations on the
augmented matrix representing a linear system, and thereby reduce it to the
standard echelon form.

All the systems considered in Chapter 16 had exactly one solution, and this
was because the echelon form for those systems had a specific shape, as shown
in Section 16.4. But we know that it is possible that a linear system has no
solutions at all, or infinitely many. In this chapter we shall explain how these
cases can also be determined by looking at the echelon form.

We begin with two examples. In the first one there are infinitely many
solutions and in the second there are none.

Example Consider the system

Xl + 2X2 + X3 = 1

2XI + 2X2 = 2

3XI + 4X2 + X3 = 3.

As usual, we form the augmented matrix

(1 2 111)2 2 0 2
3 4 1 3

and apply elementary row operations to reduce it to echelon form.
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This last matrix represents the system

Xl + 2X2 + X3 = 1

X2 + X3 = 0

OXI +OX2 +OX3 = O.

The third of these equations conveys no information at all about Xl, X2 and
X3, for it simply tells us that 0 = O. Consequently, the original system has the
same solutions as the following system of two equations in three unknowns.

Xl + 2X2 + X3 = 1

X2 + X3 = O.

These equations tell us first that, given X3, we have X2 + X3 = 0, so X2 = -X3.

Then we have Xl = 1 - 2X2 - X3 = 1 + 2X3 - X3 = 1 + X3, so both Xl and X2

are determined in terms of X3. Indeed, if we let X3 be any real number s, then

Xl = 1 + S, X2 = -s, X3 = S

is a solution to the system. So there are infinitely many solutions in this
example. D

Example Consider the system of equations

Xl + 2X2 + X3 = 1

2Xl + 2X2 = 2

3XI + 4X2 + X3 = 2.

Using row operations to reduce the augmented matrix to echelon form, we
obtain

(~
2 1

I ~) ~ (~
2 1

I-~)2 0 -2 -2
4 1 -2 -2

~ (~
2 1

I ~)~(~ i ~ I ~).1 1
-2 -2 -1 0 0 o -1

Thus the original system of equations is equivalent to the system

Xl + 2X2 + X3 = 1

X2 + X3 = 0

OXI + OX2 + OX3 = -1.

But this system has no solutions, since there are no values of Xl, X2, X3 which
satisfy the last equation. It reduces to the false statement '0 = -1', whatever
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values we give the unknowns. We deduce, therefore, that the original system
has no solutions. D

In the preceding example it turned out that the echelon form has a row of
the kind (0 0 ... 0 I a), with a =1= O. This means that the original system is
equivalent to one in which one there is an equation

OXl + OX2 + ... + OXn = a (a =1= 0).

Clearly this equation cannot be satisfied by any values of the x/s, and we say
that such a system is inconsistent.

If there is no row of this kind, the system has at least one solution and we
say that it is consistent.

17.2 The rank of a consistent system

In general, the rows of the echelon form of a consistent system are of two
types. The first type, which we call a zero row, consists entirely of zeros:
(0 0 ... 0 I 0). The other type is a row in which at least on. of the
components, not the last one, is non-zero: (* * ... * I b), where at least one
of the *'s is not zero. We shall call this a non-zero row. The standard method
of reduction to echelon form ensures that the zero rows (if any) come below
the non-zero rows.

The number of non-zero rows in the echelon form is known as the rank of
the system. As we shall see, the rank is of vital importance in determining the
nature of the solution set.

Suppose first that the rank r is strictly less than n, the number of unknowns.
Then the system in echelon form (and hence the original one) does not provide
enough information to specify the values of Xl, X2, ... ,Xn uniquely.

Example Suppose we are given a system for which the augmented matrix
reduces to the echelon form

(

1 3 -2 0 2 0 0)
00 1203 1
000001

0
5 .

o 0 000 0

Here the rank (number of non-zero rows) is r = 3 which is strictly less than
the number of unknowns, n = 6. The corresponding system is

Xl + 3X2 - 2X3 + 2xs = 0

X3 + 2X4 + 3X6 = 1

X6 = 5.
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These equations can be rearranged to give Xl, x3 and X6:

Using back-substitution to solve for Xl, x3 and X6 in terms of X2, X4 and Xs

we get

X6 = 5, X3 = -14 - 2X4, Xl = -28 - 3X2 - 4X4 - 2xs.

The form of these equations tells us that we can assign any values to X2, X4

and xs, and then the other variables will be determined. Explicitly, if we give
X2, X4, Xs the arbitrary values s, t, u, the solution is given by

Xl = -28 - 3s - 4t - 2u, X2 = S, X3 = -14 - 2t, X4 = t, Xs = U, X6 = 5.

Observe that there are infinitely many solutions, because the 'free unknowns'
X2, X4, Xs can take any values s, t, u. D

Generally, we can describe what happens when the echelon form has r < n
non-zero rows (0 0 ... 0 1 * * ... * I *). If the leading 1 is in the kth column
it is the coefficient of the unknown Xk. So if the rank is r and the leading
1's occur in columns Cl, C2, ... ,Cr then the general solution to the system can
be expressed in a form where the unknowns XC!' X C2 ' ••• ,xcr are given in terms
of the other n - r unknowns, and those n - r unknowns are free to take
any values. In the preceding example, we have n = 6 and r = 3, and the 3
unknowns Xl, X3, X6 can be expressed in terms of the 6 - 3 = 3 free unknowns
X2, X4, Xs·

The case r = n, where the number of non-zero rows r in the echelon form is
equal to the number of unknowns n, was discussed at length in the previous
chapter. The echelon form has no zero rows, and the leading 1's move one
step to the right as we go down the rows. In this case there is a unique solution
obtained by back-substitution from the echelon form. In fact, this can be
thought of as a special case of the more general one discussed above: since
r = n there are n - r = 0 free unknowns and the solution is therefore unique.

We can now summarise our conclusions concerning a general linear system.

• If the echelon form has a row (0 0 ... 0 I a), with a =F 0, the original system
is inconsistent; it has no solutions.

• If the echelon form has no rows of the above type it is consistent, and the
general solution involves n - r free unknowns, where r is the rank. When
r < n there are infinitely many solutions, but when r = n there are no free
unknowns and so there is a unique solution.
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17.3 The general solution in vector notation

Consider again the Example discussed in the previous section. We found that
the general solution in terms of three free unknowns, or parameters, s, t, u is

Xl = -28 - 3s - 4t - 2u, X2 = S, X3 = -14 - 2t, X4 = t, Xs = U, X6 = 5.

It is instructive to write this in vector notation. If we write x as a column
vector,

x=

then

-28 - 3s - 4t - 2u -28 -3s -4t -2u
s 0 s 0 0

-14 - 2t -14
+

0
+

-2t
+

0
x= 0 0 0t t

u 0 0 0 u
5 5 0 0 0

That is, the general solution is

x = v + SUI + tU2 + UU3,

where

-28 -3 -4 -2
0 1 0 0

-14 0 -2 0
v=

0 ,Ul = 0 ' U2 = 1 ' U3 = 0
0 0 0 1
5 0 0 0

We have expressed the general solution as the sum of v and any linear
combination of {U1' U2, U3}.

Applying the same method generally to a consistent system of rank r with n
unknowns, we can express the general solution of a consistent system Ax = b
in the form
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Note that, if we put all the s/s equal to 0, we get a solution x = v, which
means that Av = b, so v is a particular solution of the system. Putting Sl = 1
and the remaining s/s equal to zero, we get a solution x = v + U1, which
means that A(v + U1) = b. Thus

b = A(v + U1) = Av +AUI = b + AUI.

Comparing the first and last expressions, we see that AUI is the zero vector
O. Clearly, the same equation holds for U2, ... , Un- r • So we have proved the
following.

The general solution of Ax = b is the sum of:

• a particular solution v of the system Ax = band

• a linear combination of solutions U1, U2, ... , Un- r of the system Ax = O.

Example We shall find, in vector notation, the general solution to the following
system:

Xl - X2 + X3 + 2xs = 3

X2 - X3 = 4

Xl + X2 + X3 + X4 + Xs = 6

Xl + 2xs = 7.

Since the number of equations m is less than the number of unknowns n, and
trivially r ~ m, the system is either inconsistent, or, if it is consistent, it has
infinitely many solutions depending on n - r > 0 free parameters. We proceed
as usual by using row operations to reduce the augmented matrix to echelon
form.

(~
-1 1 0 2

~) ~ (~
-1 1 0 2

;)1 -1 0 0 1 -1 0 0
1 1 1 1 2 0 1 -1
0 0 0 2 1 -1 0 0

~ (~
-1 1 0 2

-~) ~ (~
-1 1 0 2

-i)·1 -1 0 0 1 -1 0 0
0 2 1 -1 0 1 1 1

2 -2
0 0 0 0 0 0 0 0

This echelon form represents a consistent system since it has no row of the
form (0 0 ... 0 I a) with a =1= O. Furthermore, the rank (number of non-zero
rows) is 3, so the general solution will involve 5 - 3 = 2 free parameters.
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The leading l's are in columns 1, 2 and 3, so we shall express the general
solution in terms of the 'free' unknowns X4 and Xs.

The echelon matrix represents the system

Xl - X2 + X3 + 2xs = 3

X2 - X3 = 4

1 1 5
X3 + 2X4 - 2xs = -2·

Let X4 = sand Xs = t; then, by back-substitution,

511
X3 = -2 - 2s + 2t,

3 1 1
X2 = 4 + X3 = 2 - 2s + 2t,

Xl = 3 + X2 - X3 - 2xs = 3 + 4 - 2t = 7 - 2t.

So the general solution is

This may be written as
x = v + SUI + tU2,

where

v=

7
3
2
s ,Ul =-2
o
o

o -2
1 1

-2 2
1 ,U2 = 1-2 2

1 0
o 1

o

17.4 Arbitrage portfolios and state prices

In Section 15.3 we explained how matrix notation can be used to study
investment decisions. If there are m assets and n states, the m x n returns
matrix R is defined so that the element rij is the return from investing in
one unit of asset i, if state j occurs. A portfolio Y = (Yl, Y2, ... ,Ym) is a row
vector (or 1 x m matrix), in which Yi is the number of units of asset i held
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by the investor. The return on a portfolio Y in the state j is (Y R)j, the jth
component of Y R. In particular, Y is an arbitrage portfolio if

YI + Y2 + ... + Ym = 0, and

Y R has no negative entries and at least one positive entry.

We now introduce another idea, which turns out to be closely linked to the
existence of arbitrage portfolios. The positive numbers PI, P2, ... ,Pn are said
to be state prices for R if the column vector

p = (~~) satisfies Rp = u, where u = (1) .
Of course, the system Rp = u may be inconsistent, in which case state prices
for R do not exist.

It is helpful to think of Pj as a 'weight' assigned to state j. The weights are
chosen so that the weighted return on one unit of asset i, that is,

is equal to 1 for each asset i. For this reason it is often said that, when state
prices do exist, the investor is taking part in a 'fair game'.

Example Suppose that there are three assets and three states, and the returns
matrix is

(

1.00 1.00 1.20)
R = 1.05 1.05 1.05 .

0.95 1.10 0.95

A vector of state prices is a solution of the system whose augmented matrix
is

(

1.00 1.00 1.20 11)
(R I u) = 1.05 1.05 1.05 1 .

0.95 1.10 0.95 1

Reducing to echelon form in the usual way we find that the system is consistent
and that there is a unique set of state prices, PI = 5/63,P2 = 40/63,P3 = 5/21.
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We can use this result to show that there is no arbitrage portfolio for the
given R. Suppose Y is a portfolio for which (Y R)j, the return on Y in state
j, is nonnegative for j = 1,2,3, and positive for at least one j. Then, since the
state prices Pj are positive, the expression

Y Rp = (Y Rhpl + (Y R)2P2 + (Y R)3P3

must be positive. However, since the state prices satisfy Rp = u, this expression
reduces to Yu, which equals Yl + Y2 + Y3, the net cost of Y. So the net cost
cannot be zero, and there is no arbitrage portfolio. 0

In the preceding example, the fact that we have a 'fair game' (state prices
exist) implies that an investor cannot get 'something for nothing' (there is no
arbitrage portfolio). Indeed, the argument given in the last paragraph shows
that this result holds quite generally. Equally important is the fact that the
converse result is also true: if state prices do not exist, then there must be
an arbitrage portfolio. The proof of this fact is rather more difficult and we
shall be content to give an example (Example 17.6).

Worked examples

Example 17.1 Find the rank and the general solution of the following system
oflinear equations. Express your answer in the form x = v+ su, where v and
u are three-vectors.

3Xl + X2 + X3 = 3

Xl - X2 - X3 = 1
Xl + 2X2 + 2X3 = 1.

Solution: The augmented matrix is

(! 1 1

I!),-1 -1
2 2

which we reduce as follows.

(! 1

-U!)~(i
-1 -1

Ii) ~ (~
-1 -1

I~)-1 1 1 4 4
2 2 2 3 3
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(1-1 -111) (1
~O 1 10~0

o 1 1 0 0

The system is therefore equivalent to

-1 -1 11)
~ ~ ~ .

Xl - X2 - X3 = 1

X2 + X3 = O.

Since there are two non-zero rows, the rank is 2.

To find the general solution, let X3 = 8. Then X2 = -8 and

The general solution is therefore

which, taking

v = (~), u = ( -:) ,

is of the required form. o

Example 17.2 Reduce the following system to echelon form, determine its
rank, and find the general solution in vector notation.

Xl - X2 + 2X3 - X4 = -1

2XI + X2 - 2X3 - 2X4 = -2

-Xl + 2X2 - 4X3 + X4 = 1

3XI - 3X4 = -3.

Solution: The augmented matrix is

-1 2-1
1 -2 -2
2 -4 1
o 0-3

-1)-2
1 .

-3
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Reducing this to echelon form by elementary row operations,

(-!
-1 2 -1 -1) (1 -1 2 -1

-~)1 -2 -2 -2 0 3 -6 0
2 -4 1 1 --+ 0 1 -2 0
0 0 -3 -3 0 3 -6 0

~ (~
-1 2 -1

' -~) (~
-1 2 -1

-~)1 -2 0 1 -2 0
1 -2 0 0--+0 0 0 0 o .
1 -2 0 o 0 0 0 0 0

So, the system is equivalent to

Xl - X2 + 2X3 - X4 = -1
X2 - 2X3 = O.

The rank is 2. We let X3 = sand X4 = t. Then X2 = 2X3 = 2s and
Xl = -1 + X2 - 2X3 + X4 = t - 1. In vector notation, the general solution is

where

o

Example 17.3 Investigate the set ofsolutions of the following system:

Xl + 2X2 + 4X3 = 7

Xl +2X3 =-2

2XI + 3X2 + 7X3 = 9.

Solution: The augmented matrix is
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Performing row operations,

C2 41 7) C 2 4

1=~) -+ (~
2 41 7)1 0 2 -2 ~ 0 -2 -2 1 1 2

23790 -1 -1 -1 -1 -3

(~
2 4

1-\) .~ 1 1
0 0

This echelon matrix has a row of the form (0 0 0 I a) where a =1= 0, so the
system is inconsistent and there are no solutions. 0

Example 17.4 For which value of c is the following system of equations
consistent? Find all the solutions when c has this value.

Xl + X2 + X3 = 2

2Xl + X2 + 2X3 = 5

4Xl + 3X2 + 4X3 = c.

Solution: The augmented matrix is

Performing row operations to reduce this to echelon form,

(
1 1 1 12) (1 1 1 1 2 )2 1 2 5 ~ 0 -1 0 1
4 3 4 c 0 -1 0 c - 8

(
1 1 1 1

~ 0 1 0
010

2) (1 1 1 1-1 ~ 0 1 0
8-c 0 0 0

2 )-1
9-c

Looking at the bottom row of the last matrix, we see that the system of
equations is inconsistent unless 9 - c = 0; that is, it is consistent only when
c = 9.

When c = 9, the system is equivalent to

Xl + X2 + X3 = 2

X2 = -1,
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which has rank 2. Setting X3 = S, we have X2 = -1 and

Xl = 2 - X2 - X3 = 3 - s.

The general solution when c = 9 is therefore x = v+ SU, where

o

Example 17.5 A firm manufactures 3 different types ofchocolate bar, ~bra­

cadabra: 'Break' and 'Choca-mocha: The main ingredients in each are cocoa,
milk and coffee. To produce 1000 Abracadabra bars requires 5 units ofcocoa,
3 units of milk and 2 units of coffee. To produce 1000 Break bars requires
5 units of cocoa, 4 of milk and 1 of coffee, and the production of 1000
Choca-mocha bars requires 5 units of cocoa, 2 ofmilk and 3 of coffee. The
firm has supplies of250 units of cocoa, 150 of milk and 100 of coffee each
week (and as much as it wants of the other ingredients, such as sugar). Show
that if the firm uses up its supply ofcocoa, milk and coffee, then the number
of Break bars produced each week equals the number of Choca-mocha bars
produced. How does the number ofAbracadabra bars produced relate to the
production level of the other two bars? Find the maximum possible weekly
production of Choca-Mocha bars.

Solution: Let us denote the weekly production levels of Abracadabra, Break
and Choca-mocha bars by a, b, c (respectively), measured in thousands of
bars. Then, since 5 units of cocoa are needed to produce one thousand bars
of each type, and since 250 units of cocoa are used each week, we must have

5a + 5b + 5c = 250.

By considering the distribution of the 150 available units of milk,

3a + 4b + 2c = 150.

Similarly, since 100 units of coffee are used, it must be the case that

2a + b + 3c = 100.

In other words, we have the system of equations

5a + 5b + 5c = 250

3a + 4b + 2c = 150

2a + b + 3c = 100.
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We solve this using elementary row operations, starting with the augmented
matrix, as follows.

(

5 5
3 4
2 1

51250) (12 150 ~ 3
3 100 2

~ (~

~ (~

1 1 I 50)4 2 150
1 3 100

1 1 150)1 -1 0
-1 1 0

1 1 150)1 -1 0 .
o 0 0

Therefore, the system is equivalent to

a + b + e = 50

b - e = 0,

from which we obtain b = e and a = 50 - b - e = 50 - 2e. In other words,
the weekly production levels of Break and Choca-mocha bars are equal,
and the production of Abracadabra is (in thousands) 50 - 2e where e is the
production of Choca-mocha (and Break) bars. Clearly, none of a, b, e can
be negative, so the production level, e, of Choca-mocha bars must be such
that a = 50 - 2e 2: 0; that is, e 2: 25. Therefore, the maximum number of
Choca-mocha bars which it is possible to manufacture in a week is 25000 (in
which case the same number of Break bars are produced and no Abracadabra
bars will be manufactured). 0

Example 17.6 Suppose that an investor invests her money in three different
assets and that three possible states can occur. Show that if the returns matrix
is

(

0.95 0.9
R = 1.1 1.1

1.2 1.15

1.0 )
1.1

1.25

then there is no vector of state prices. Show also that

y = (1000 -5000 4000)

andZ = (0 -5000 5000) are arbitrage portfolios. Which of the two would
you choose, given the choice?

Solution: Recall that p is a state price vector for R if
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where pI, P2, P3 are positive. Then (as in Section 17.4), the augmented matrix
for the linear system which determines p is

(

0.95
1.1
1.2

0.9 1.0 11)
1.1 1.1 1 .

1.15 1.25 1

Using elementary row operations, we proceed as follows:

(0.95 0.9
1\ I~) ~ (0.~5

1 1 I~)1.1 1.1 0.9 1.;5 Ii1.2 1.15 1.25 1 1.2 1.15

(~
1 1

I_t)~ -0.05 -0.05
-0.05 0.05

11

~ (~
1 1 10 )

I=l .1 -1
0 0

22

The form of the bottom row implies that there are no solutions to the system,
and hence there is no state price vector.

To check that Y and Z as given are arbitrage portfolios, we need to verify
that each costs nothing, cannot lose, and in at least one of the states has a
positive return. It is clear that each of the portfolios costs nothing, since the
sum of the three entries in each is zero. The product Y R is

(

0.95
Y R = (1000 -5000 4000) 1.1

1.2

0.9 1.0 )
1.1 1.1 = (250 0 500 ) .
1.15 1.25

This row vector has no negative entries and two positive entries. In other
words, in none of the possible states does the value of the portfolio diminish
and in two of them its value increases. Therefore Y is an arbitrage portfolio.
The returns from portfolio Z are described by the product

ZR='{500 250 750).

Thus an investor with portfolio Z experiences an increase in the value of her
portfolio no matter which state results. Furthermore, since each entry of the
row Z R is greater than the corresponding entry in Y R, an investor with
portfolio Z makes a greater return than one with portfolio Y, regardless of
which of the three states occurs. In this sense, Z is 'better' than Y.

This example illustrates the general result that if there are no state prices­
that is, investment is not a 'fair game'-then arbitrage portfolios do exist.
o
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Main topics

• inconsistent systems and systems with infinitely many solutions

• echelon matrix and the rank of a system

• general solution of consistent system, involving free parameters

• general solution of consistent system in vector notation

• state prices and arbitrage portfolios

Key terms, notations and formulae

• consistent and inconsistent systems

• rank, r

• if echelon matrix has row (0 0 ... °I a), a =1= 0, system is inconsistent

• if consistent system has rank r, general solution has n - r parameters

• general solution to a consistent system of rank r, in vector notation:

x = v + SlU1 + S2U2 + ... + Sn-rUn-r

• returns matrix, R; arbitrage portfolio

• state price vector:

p= (~:) such thatPl,P2, ... ,Pn >0 and Rp= (1).
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Exercises

Exercise 17.1 What is the rank of the system discussed in the first Example,
Section 17.1? Write down the general solution in vector notation.

Exercise 17.2 Find the general solution of the following system of linear
equations. Express your answer in the form x = v + su, where v and u are
three-vectors.

Xl - X2 + 5X3 = 80

3XI + 2X2 - X3 = 25

5XI + 9X3 = 185.

Exercise 17.3 Find the general solution of the following system of linear
equations. Express your answer in the form x = v + su, where v and u are
three-vectors.

X2 + 2X3 = 7

3XI -X2 -X3 = 5

6XI + 2X2 + 6X3 = 38.

Exercise 17.4 Reduce the following system to echelon form, determine its
rank, and express the general solution in vector notation.

5XI + 3X2 + 2X3 + X4 = 66

Xl + 3X2 + 4X3 + 2X4 = 48

-Xl + X2 + 2X3 + X4 = 10

2XI + 2X2 + 2X3 + X4 = 38.

Exercise 17.5 Use elementary row operations to show that the following
system ofequations is inconsistent.

-Xl + 2X2 + 5X3 = 3

2XI + 3X2 - X3 = 17

Xl + 5X2 + 4X3 = 10

X2 - X3 = 5.

Exercise 17.6 Determine all solutions (if any) of the following system of
equations.

2XI + 10X2 + 9X3 + 14x4 = 14

Xl + 3X2 - 2X3 + X4 = 1

Xl + 5X2 + 3X3 + 7X4 = 8

Xl + 7X2 + 5X3 + 13x4 = 12.
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Exercise 17.7 For what value of k is the following system of equations
consistent?

Xl + X2 + X3 = 3

-Xl + X2 + 2X3 = 2

2XI - 3X2 + X3 = 0

X2 - 4X3 = k.

Determine all solutions when k has this value.

Exercise 17.8 Suppose that the following system ofequations has a solution,
where a, b, c are constants.

Xl + X2 + X3 = a

2XI + 3X2 + 2X3 = b

4XI + 3X3 = 15a

Xl - 3X2 + 4X3 = C.

Show that it must be the case that c = -16b. When c = -16b, show that there
is just one solution, regardless of the values ofa and b. Find this solution in
terms ofa and b.

Exercise 17.9 Suppose an investor invests her money in three different
assets-land, bonds and stocks-and that three possible states can occur.
Show that there is no state price vector for the returns matrix

(

1.05 1.20 1.10)
R = 1.05 1.05 1.05 .

0.90 1.05 0.95

Find an arbitrage portfolio.
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18.1 The square linear system

In this chapter we study the 'square' linear system, in which the number of
equations is equal to the number of unknowns. In this case it is possible that
there is a unique solution, and we shall concentrate on establishing conditions
for this to be so.

We shall use the matrix notation Ax = b for the system under consideration.
So A is a square matrix (size n x n), and x and b are column vectors (size
n x 1). As usual we presume that A and b are given, and the 'solution' x is
required.

Consider what can happen when we solve the system Ax = b using the
method of elementary row operations. It is possible that we shall reduce the
augmented matrix (A I b) to the form

1 * *
o 1 *
001

000

* *
* *
* *

1 *

Here the leading 1's are placed on the main 'diagonal', which would not
always be the case. As noted in Section 16.4, this is precisely the situation in
which the method of back-substitution will yield a unique solution.

Example If the system reduces to the echelon form

then we get the equations

and back-substitution gives the solution X3 = 2, X2 = 1, Xl = -4.



218 Inverse matrices

For future reference we note that an alternative method is to continue using
row operations to get O's above as well as below the leading 1's. In other
words, we reduce to the form (I I c), where I is the identity matrix.

(~
4

~ I~) (~
4

~ I~)1 ~ 1
0 0

~ (~
0

~ I~) ~ (~
0 0 I-!)·1 1 0

0 0 1

In this form the equations are

Xl = -4, X2 = 1, X3 = 2,

and this is precisely the solution we are seeking. What we have done is to
transform the augmented matrix (A Ib) to the form (I I c), giving the solution
to Ax = b explicitly as x = c. D

It is important to notice that, when we reduce the augmented matrix (A I b),
what happens to A does not depend on b. Thus if there is a unique solution
of Ax = b for one b, then there is a unique solution for every b. In particular,
there is a unique solution to the system Ax = O. Since it is obvious that x = 0
is a solution to Ax = 0, this is the only solution.

/To summarise: Ax = b has a unique solution for one b if and only if it has
a unique solution for all b; and equivalently, if and only if Ax = 0 has the
unique solution x = O.

18.2 The inverse of a square matrix

We say that the square matrix A has an inverse Z if AZ = ZA = I. There
are two points which must be stressed at once:

• if a matrix has an inverse, it has only one;

• a matrix may have no inverse.

The first point can be established by a simple argument. Suppose Y and Z
are both inverses for a given matrix A. Then we have the equations

A Y = Y A = I and AZ = Z A = I.
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Using these relations, and the elementary properties of matrix multiplication,
we have

Y = Y1 = Y(AZ) = (YA)Z =1Z =Z.

We have shown that the two supposed inverses, Y and Z, are in fact equal.
So there is only one inverse and we are justified in speaking of the inverse of
A.

A useful fact, but one which is rather difficult to prove by elementary means,
is that, in order to be sure that the square matrix Z is the inverse of A, one
need only verify either that AZ is the identity matrix or that Z A is the identity
matrix. That is, there is no need to check that both matrix products are the
identity matrix.

It is easy to find examples of matrices which have no inverse.

Example Any 2 x 2 matrix whose first row is (0 0) does not have an
inverse. To see this, let A be any such matrix, and suppose Z were its inverse.
Then we should have AZ = 1, that is

Z12) = (1 0).
Z22 0 1

Working out the dot product of the first row of A with the first column of
Z we get Ozu + OZ21 = 1. This cannot be true for any values of ZII and Z21.

Hence there is no inverse Z. 0

When A has an inverse we denote it by A-I. We have

and we say that A is invertible. (The word 'nonsingular' is also used.)

There is a fundamental link between the existence of an inverse matrix and
the unique solution of a system of equations.

The square matrix A is invertible if and only if, for any b,
the system Ax = b has a unique solution.

This assertion has two parts: the 'if' part and the 'only if' part. The 'if' part is
investigated in the next section, but the 'only if' part is easy. If A is invertible
then it has inverse A-I. Multiplying the equation Ax = b on the left by A-I,
we get
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In other words, the system Ax = b has the unique solution x = A-lb. This
means that if we know A-I, then we can find the solution for any given b.

Example Verify that, if

(
14 11)

A = 2 8 16 ,
1 6 17

and hence write down the solution to the system

Xl + 4X2 + 11x3 = b l

2Xl + 8X2 + 16x3 = b2

Xl + 16x2 + 17x3 = b3.

The fact that A-I is the inverse of A can be checked by working out the
products AA-l and A-lA: both turn out to be the identity matrix. (As
mentioned above, it would suffice to check that this is the case for either one
of these two products.) Now, the solution to the given system Ax = b is
x = A-Ib, that is, explicitly

1
Xl = 6(20b l - b2 - 12b3)

1
X2 = 6(-9bl + 3b2 + 3b3)

1
X3 = 6(2b l - b2 ).

o

18.3 Calculation of the inverse

In this section we shall justify the first part of the claim made above: if
Ax = b has a unique solution, then A-I exists. The argument will also show
us how to calculate A-I.

Denote by ei the column vector with O's in every component except the ith,
which is 1. Note that ei is the ith column of the identity matrix I. We claim
that the way to find A-I is to solve the n systems Ax = ei, for i = 1,2, ... , n.
To see this, suppose the solution to Ax = ei is x = Zi, and let Z be the matrix
whose columns are Zl, Z2, ... ,Zn. We write
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Then we have

which is just another way of writing AZ = I. In fact, it always turns out that
Z A = I also. Hence Z is the required inverse A-I.

The importance of the preceding argument is that it provides us with a
practical method of calculating A-I, using elementary row operations. At
first sight it looks as if we may have to solve each of the n systems Ax = ei
separately, but this is not so, since the same sequence of row operations is
used in each case. In fact we can set out the calculation in a very simple way.

Example In order to calculate the inverse of

(-2 1 !),A= ~ -1
2

we set out the given matrix and each of the 'right-hand sides' el, e2, e3 as
follows.

(-~
1

31
1 0

~).-1 1 0 1
2 o 0 0

Then we carry out row operations as usual, operating on all the right-hand
sides simultaneously.

(-~
1

31
1 0

~) ~ (~2
1 3

I~
0

~)-1 1 0 1 -1 1 1
2 o 0 0 5 3 0:2 2 2

(-~
1 3

I~
0

~)~ -1 1 1
0 4 5

2 :2

(~
1 3

1

1 0

?)-:2 -2 -:2
~ 1 -1 0 -1

0 1 1 5
8 8 4

(~
1 3 1 0

i)-:2 -:2

1

-:2
~ 1 0 1 3

8 -8
0 1 1 5

8 8

~ (~
0 0

1 3

I)·-4 4
1 0 1 3

8 -8
0 1 1 5

8 8
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As we noted in Section 18.1, the columns on the right are the solutions Zi to
the systems Ax = ei, that is, the columns of Z = A- l . In other words, we
have transformed (A I I) into (I IA-l ). We conclude that

(-2 64)
A-l =! 1 -3 2 .

8 1 5 2

o

As in the Example, the general procedure for finding the inverse of an
invertible matrix A is to start with the n x 2n matrix (A I I) and transform it
by elementary row operations to the form (I I B). Then the matrix B is the
inverse of A.

Not only is this a simple method of calculating A- l , when it exists, it is also
a test to determine whether or not A has an inverse. Given any square matrix
A, we can apply the procedure. If at any stage we create a row of the form

(0 °... °I * * ... *)

then A is not invertible. Otherwise we shall transform (A I I) to the form
(I I B), in which case A is invertible and B = A-l .

Example We shall use elementary row operations to show that the matrix

(11 5)
A = 2 3 1

1 ° 14
is not invertible. We start with the 3 x 6 matrix

(1 31 51 1°1 °1 0°1)(A I I) = 2
1 ° 14 ° °

and we reduce this as follows:

(~ ~ l41 ~ ! ~) ~ (~ -: -: I=~ ! ~)
-+ (~ ~ -~ I-~ ~ ~1)·° 0 0 -3 1

There is no need to proceed further. Since this last matrix has a row whose
first half is all-zero, we deduce that A is not invertible. D
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18.4 The inverse of a 2 x 2 matrix

Some calculations are used so often that it is useful to remember the result.
The formula for the inverse of a general 2 x 2 matrix is a case in point.

Let

A=(~ ~).
Then we claim that

A-1 - _1_ ( d -b) provided that ad - be =1= o.
- ad - be -e a'

In order to check our claim, we have simply to verify explicitly that AA-1 = I
and A-1 A = I, which is easily done.

Note that in A-1 the 'diagonal' terms a and d are switched, and the 'off­
diagonal' terms band e have their sign changed; finally everything is divided
by ad - be. If ad - be = 0 then A is not invertible (see Chapter 20 for more
about this).

Example In Section 1.3 we had to find the market equilibrium when the
supply and demand sets are given by

2q - 15p = -20, q + 5p = 40.

We can do this using the rule for inverting a 2 x 2 matrix, as follows. In
matrix form the equations are

So the solution is given by

which agrees with the result found in Section 1.3. o
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18.5 IS-LM analysis

IS-LM analysis is the part of elementary macroeconomics which studies
the equilibrium values of the national income Y and the interest rate r, in
terms of certain policy parameters and behavioural parameters. 'IS' stands
for 'investment-savings' and 'LM' for 'liquidity-money'. We shall present the
analysis as a problem of inverting a 2 x 2 matrix.

First we consider equilibrium in the 'goods sector'. This can be represented by
the equation Y = C +I + G, which simply says that the national income Y is
equal to the national expenditure. Expenditure can be split into consumption
C, investment I, and government spending G, the last being considered as
a policy parameter. Behavioural parameters enter wl;)en we consider how
consumption is related to the national income, and how investment is affected
by the interest rate. In elementary work it is usual to assume that both
relationships are linear, that is,

C = Co + bY, I = 10 - ar (a, b, Co, 10 positive constants).

Thus the equilibrium condition becomes

Y=(Co +bY)+(lo-ar)+G, or (l-b)Y+ar=Co+lo+G.

Equilibrium in the 'money sector' is represented by the statement that the
supply of money is equal to the demand for money: M s = Md. The money
supply M s is assumed to be given; it is another policy parameter. The money
demand Md is assumed to depend on Y and r, and again we assume a linear
relationship:

Md = Mo + fY - gr, (f,g,Mo positive constants).

Thus the equilibrium condition becomes

Ms = Mo + fY - gr, or fY - gr = Ms - Mo.

The two equilibrium conditions can be written as a system of two linear
equations in the two unknowns Y and r:

fY - gr = Ms - Mo

(1 - b)Y + ar = Co + 10 + G.

In matrix terms this system is

( f -g) (Y) (Ms - Mo )
1 - bar = Co +10 + G .
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and the solution is

( ) ( )
-1 ( )Y f -g M s -Mo

r == 1 - b a Co + 10 + G

1 ( a g) ( M s - Mo )
== fa+g(l-b) -(I-b) f Co +10 +G·

Thus we have explicit formulae for the equilibrium values Y* and r* :

y* == a(Ms - Mo) + g(Co +10 + G)
fa+g(l-b)

-(1 - b)(Ms - Mo)+ f(Co+10 + G)
r* == -------------

fa+g(l-b)

These expressions enable us to answer simple questions about what happens
when the policy parameters or the behavioural parameters change.

Example Suppose that the government decides to allow an increase in the
money supply Ms. What will be the effect on the equilibrium value of the
national income?

From the formula for Y* we see that

oY* a

oMs fa + g(l - b)"

Thus an increase in money supply will result in an increase in Y* if

a

fa+g(l-b)

is posItive. Remembering that the behavioural parameters a, b,f, g are as­
sumed to be positive, we see that this condition will certainly be satisfied if
1 - b > 0, that is, if b < 1.

In fact, this condition will certainly hold in any realistic model. We have
Y == C +I + G, so C < Y, and C == Co + bY, so bY < C. Hence bY < Y, or
b < 1. 0
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Worked examples

Example 18.1 (a) Use the method of elementary row operations to find the
inverse of

( 32-1)
B= 1 7 5.

-1 0 1

(b) Check your answer by working out BB- l .

(c) Write down the solution of the system Bx = c for a general three-vector c.

Solution: (a) We start with the matrix

( 3 2 -1 11 0
~)(B I I) = 1 7 5 0 1

-1 0 -1 0 0

and reduce this, using row operations, to (I I B-1).

We have

(-!
2 -1 11 0 0) (-1 0 1I0 0

~)7 5 0 1 o ~ 1 7 5 0 1
0 -1 0 0 1 3 2 -1 1 0

~ (1 0 -1 10 0 -1) C0 -1 10 0 -1)7 5 0 1 o ~ 0 7 6 0 1
2 -1 1 0 o 0 2 2 1 0

~ (~
0 -1 10 0 -1) (1 0 -1 I0 0 -I)2 2 1 0 3 ~ 0 1 1 ! 02
7 6 0 1 1 0 7 6 0 1

~ (~
0 -1 0 0 -; ) (1 0 -1 I0 0

-~ )1 1 1 0 1 1 ! 02 2 ~ 0
0 -1 7 1 -~ 0 0 1 1 -1 19

-2 2 2 "2

C0011 -1 ¥)~ 0 1 o -3 1 -8 .
o 0 1 1 -1 19

2 "2

So
7 -1 ¥)B-

1
= ( -~ 1 -8 .

-1 19
2 "2
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(Of course, there is nothing special about the sequence of row operations used
here: there are many possible routes to the required final matrix.)

(b) The product BB-1 is

( i ; -~) (-~ -~
-1 0 1 ~-1

the identity matrix I, as it should be.

-~) = (~ ~ ~1)'Jf 0 0

(c) The system Bx = c has exactly one solution for each c. That solution is
x = B-1c; that is,

o

Example 18.2 Determine whether or not the following matrix is invertible.

(12 1)
A= 3 4 1 .

220

Solution: We reduce the matrix

(
1 2 111 o~0)

(A I I) = 23 4 1 0 1
2 0 0 0

using elementary row operations, as follows.

The last row, which has zero entries in the first half, indicates that A is not
invertible. 0
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Example 18.3 Let A be the matrix in the previous question. What is the
general solution of the system Ax = o? Verify that the zero vector is a linear
combination of the columns ofA, with nonzero coeflicients.

Solution: In general, to solve Ax = b, we would reduce the augmented matrix
(A I b). However, if b = 0, then no matter what elementary row operations
are carried out, the Jast column of this 3 x 4 matrix remains O. Referring to
the solution of the prevIous worked example, we see that we can reduce A to
the matrix

B=(~ i i).
000

It follows that (A I 0) would reduce to (B I 0) and hence Ax = 0 if and only
if Bx = 0; that is, if and only if

Xl + 3X2 + 5X3 = 0

X2 + X3 = o.

This has infinitely many solutions. If we set X3 = s, then X2 = -s and
Xl = -5X3 - 3X2 = -2s. The general solution is, therefore

x= (~~) =(~:8) =8 (=:).
Taking s = 1, a solution to Ax = 0 is

We therefore have

Ax =(~ ! !) (=:) =(~) =0;

that is,

(

-2(1) - 1(3) + 1(5))
-2(2) - 1(1) + 1(5) = 0
-2(4) - 1(0) + 1(8)

or

-2 (~) -1 (!) + (!) = (~).
In other words, the zero vector is a linear combination of the three columns
ofA. D
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Main topics

• the inverse of a matrix

• square systems of linear equations and invertibility

• determining if a matrix is invertible and calculating the inverse if it is

• the inverse of a general 2 x 2 matrix

• IS-LM analysis

Key terms, notations and formulae

• invertible

• if A square and invertible, Ax = b has unique solution A-Ib

• if (A I I) ~ (I I B) by row operations, A is invertible and B = A-I

• If A = (~ ~) and ad - be =F 0, then A is invertible and

A-I __1_(d -b)
- ad - bc -c a

• national income, Y; interest rate, r

• consumption, C, and investment, I

.Y=C+I+G

• government spending, G; demand for money, Md; money supply Ms

• IS-LM equations: C = Co + bY, I = 10 - ar, Md = Mo + fY - gr

• equilibrium values of national income and interest rate, Y *, r*
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Exercises

Exercise 18.1 (a) Use the method of elementary row operations to find the
inverse of

(
1 4 3)

B= 1 5 5 .
2 11 13

(b) Check your answer by working out BB-1•

(c) Write down the solution of the system Bx = c for a general three-vectorc.

Exercise 18.2 Find the inverses of the matrices

(1 -47)
2 -5 5
3 -18 3 '

using elementary row operations.

Exercise 18.3 Use elementary row operations to find the inverse of the
following matrix. (It may help to multiply by 10 first and then use a
calculator!)

(

0.8 -0.3 -0.2 )
-0.4 0.9 -0.2 .
-0.1 -0.3 0.8

Exercise 18.4 Show that the following matrix is not invertible.

( ~1 -; -~).
7 -11

Exercise 18.5 Find the inverse of the following matrix.

( ~ ~ 1~6 =~).
2 9 24 -10
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Exercise 18.6 Using elementary row operations, show that the following
matrix is not invertible.

Exercise 18.7 Using elementary row operations, determine whether the matrix

is invertible and, ifit is, find its inverse.

Exercise 18.8 The demand and supply sets for a good are

D = {(q,p) 13q -lOp = 10}, D = {(q,p) 12q + p = 22}.

Use matrix inversion to determine the equilibrium quantity and price.

Exercise 18.9 Suppose that the national economy is described by the fol­
lowing IS-LM equations (where the symbols have their usual meanings, and
where C, I, Md, Ms and G are measured in billions ofdollars).

C = 30+0.2Y

I = 10 - 20r

Md = 5 + 0.1 Y - lOr

M s = 10

G = 10.

Find the equilibrium values Y * and r* .

Exercise 18.10 Let Y* be the equilibrium national income in the IS-LM
analysis of Section 18.5. By using partial differentiation, discuss how Y*
changes ifgovernment spending G is increased slightly.



19. The input-output model

19.1 An economy with many industries

In this chapter we shall investigate a more general version of the 'grommets­
and-widgets' economy discussed in Section 16.1. Specifically, we postulate an
economy with n interdependent production processes, manufacturing com­
modities C1, C2, ..., Cn. The production process for anyone of the commodi­
ties requires an input, which uses part of the output of s.,ome of the others. In
addition, there is an external demand for each commodity.

The problem is to determine the production schedule which enables each
process to meet all the demands for its product. At first sight it is not at
all obvious that it is possible to satisfy all the interlinked requirements, but
we shall see that, under very reasonable conditions, there is indeed a unique
solution.

Example The production processes for three goods, C1, C2 , C3 are interlinked
(Figure 19.1). To produce one dollar's worth of C1 requires the input of $0.2
worth of C1, $0.4 of C2 and $0.1 of C3. To produce one dollar's worth of
C2 requires $0.3 worth of Cl, $0.1 worth of C2 and $0.3 worth of C3, and to
produce one dollar's worth of C3 requires $0.2 worth of each of Cl, C2 and
C3·

0.2

0.2

Figure 19.1: An input-output model with three industries
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Suppose that, in a given time period, there is an external demand for dl

dollars' worth of CI, d2 of C2 and d3 of C3. We wish to know the production
levels Xl, X2, X3 of CI , C2, C3 required to satisfy all demands in the given period.
(From now on we shall suppress references to the unit of measurement (a
dollar's worth) and the time period.)

Consider first the total demand for CI . This is dl, the external demand, plus
the quantity required to produce CI, C2 and C3. Each unit of CI requires 0.2
units of CI, each unit of C2 requires 0.3 of CI and each unit of C3 requires
0.2 of CI. Since the quantities of CI, C2, C3 being produced are Xl, X2, X3, the
total demand for CI is therefore

Xl = dl + O.2X I + 0.3X2 + 0.2X3.

Similarly, considering the total demands for C2 and C3 shows that

X2 = d2 + 0.4X I +O. lx2 + 0.2X3

X3 = d3 + O. IX I + 0.3X2 + 0.2X3.

D

19.2 The technology matrix

As in the Example above, it is convenient to measure the amounts of each
commodity in terms of a special commodity, such as dollars, which we take
for granted. In general, some of commodity Ci will be needed to produce
each unit of C j . We define

aij = amount of Ci needed to produce one unit of Cj ,

and consider these quantities as the entries of a matrix A = (aij). This is
known as the technology matrix.

We suppose that in a given time period:

di = amount of Ci required to satisfy the external demand;

Xi = amount of Ci required to satisfy all needs.

Our problem is: given the technology matrix A and the external demands di,

can we find the production schedules Xi?
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As in the Example, for anyone of the commodities Ci, the external demand
is di, and the demand from the Cj process is aijXj. So we have n equations

one equation for each value of i = 1,2, ... , n. We can write this system of
linear equations very compactly in matrix form. Let

The system of equations is simply

x=d+Ax.

Rearranging we get x - Ax = d, and using the fact that Ix = x, where I is
the identity matrix,

(I -A)x = d.

Thus, provided the matrix (I - A) is invertible, there is a unique solution

The matrix I - A is often known as the Leontief matrix, after the Russian­
American economist Wassily Leontief (who won the Nobel prize in 1973).

Example (continued) The technology matrix for the Example described in
Figure 19.1 is

(

0.2 0.3 0.2 )
A = 0.4 0.1 0.2 .

0.1 0.3 0.2

The input-output equations in matrix form are

(Xl) (d l
) (0.2 0.3 0.2) (Xl)

x = X2 = d2 + 0.4 0.1 0.2 X2 = d + Ax.
X3 d3 0.1 0.3 0.2 X3

(Note: a common mistake is to write down a matrix which is the technology
matrix with its rows and columns interchanged. Care is always needed at this
point.)
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By the general theory, x = (1 - A)-ld. Now,

and (see Exercise 18.3),

(

1.72 0.78 0.63)
(1 - A)-l = 0.89 1.61 0.63 ,

0.55 0.70 1.56

where the terms are correct to two decimal places. This enables us to compute
the required production schedule x for any demand d, from the equation
x = (1 - A)-ld. Explicitly, we have

Xl = 1.72d1 + 0.78d2 +O.63d3,

X2 = O.89d1 + 1.61d2 + 0.63d3,

X3 = O.55d1 + 0.70d2 + 1.56d3.

Notice that a single matrix inversion has answered the problem for any d. 0

19.3 Why is there a solution?

In the Example we were able to find the inverse matrix (1 - A)-l, thus
guaranteeing a unique solution for any external demand d. Furthermore, the
entries of (1 -A)-l turned out to be nonnegative. Thus, making the reasonable
assumption that the external demands d1, d2, d3 are nonnegative, the resulting
values of Xl, X2, X3 are also nonnegative. It is important to discover whether
these desirable events are merely fortuitous.

In fact, it can be shown that a simple mathematical condition, based on a
realistic economic hypothesis, is sufficient to ensure that all is well. Consider
the production of commodity Cj . Each dollar's worth produced requires alj

dollars' worth of Cl, a2j dollars' worth of C2, and so on. Thus the total cost
of producing a dollar's worth of Cj is

It is very reasonable to assume that this total is less than one dollar, because
otherwise the production of Cj would make a loss. In other words, it is
economically realistic to assume that the condition
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holds for each j = 1,2, ... , n.

In order to use this fact mathematically, we have to look at an alternative
way of calculating (1 - A)-i. This depends on the formula

which can be proved by simple algebra. The significance of the formula is
that, if we ignore the term Am+i on the right-hand side, it says that

satisfies (1 - A)Z = 1. In other words, Z is almost an inverse for 1 - A. More
precisely, if all the entries of Am+i tend to zero as m ~ 00, then the sum

will approach (1 - A)-i. This argument also explains why (1 - A)-i has
nonnegative entries: it is because it is the sum of the matrices 1, A, A2, ...,

and all these have nonnegative entries.

The one remaining step required to solve our problem is a mathematical
theorem (which we shall not prove here):

• the conditions L:i aU < 1 imply that the entries of Am+1

tend to zero as m ~ 00.

So a realistic economic hypothesis, that each production process is profitable,
can be shown mathematically to lead to a desirable conclusion, that all the
requirements can be satisfied simultaneously.

Example Suppose the A matrix is

A = (0.3 0.2) 1 (3 2)
0.1 0.2 = 10 1 2 .

The sum of each column of A is strictly less than 1, so the theorem tells us
that the entries of the powers of A tend to zero. By simple calculation we find

A2 =_1_(11
100 5

4 1 ( 171
A = 10000 85

10)
6 '

170)
86 '

3 1 (43 42)
A = 1000 21 22 '

5 1 (683 682)
A = 100000 341 342 .
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Using the approximation (1 - A)-l = 1 + A + A 2 + A 3 + A 4 + AS we get, for
the term in the first row and column, 1+0.3 +0.11 +0.043 +0.0171 +0.00683,
which is approximately 1.48. Working out the other terms we find

(1 _ A)-l = (1.48 0.37)
0.19 1.30 '

approximately. This may be compared with the result obtained by other
methods (which may, of course, be more efficient in this case). D

Worked examples

Example 19.1 Suppose we are given an input-output model with two indus­
tries, for which the matrix of coefficients is

A=(0.30.1)
0.2 0.4 .

Write down the equation which determines the production schedule x in terms
of the external demand d and solve it.

Solution: The equation required is x = d + Ax or, equivalently, (1 - A)x = d,
so that x = (1 - A)-ld. Now,

1-A=(1 0)_(0.30.1)=( 0.7 -0.1).o 1 0.2 0.4 -0.2 0.6

Using the formula of Section 18.4 for the inverse of a 2 x 2 matrix, we find

(1 _ A)-l = (1.5 0.25).
0.5 1.75

Then

x = (1 _ A)-ld = (1.5 0.25) (d l ) = (1.5d! + 0.25d2 )
0.5 1.75 d2 0.5dl + 1.75d2 .

D

Example 19.2 A factory makes two goods, grommets and widgets. To make
$1 worth ofgrommets requires $0.1 worth of widgets, and to make $1 worth
of widgets requires $0.15 worth of grommets and $0.05 worth of widgets.
There is an external demand for $500 worth of grommets and $1000 worth
of widgets. What should be the total production of each commodity?
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Solution: Let Xl be the amount of grommets produced, in dollars, and X2 the
amount of widgets. The total demand for grommets is 500 + 0.15x2 and the
total demand for widgets is 1000 + O.lXl + 0.05X2. Therefore

Xl = 500 + 0.15x2,

X2 = 1000 + O.lXl + 0.05X2.

In matrix form, the system is

x = (~~) = (15~~O ) + (O~l ~:~;) (~~) = d +Ax,

and so (I -A)x = d and

x = (I - A)-ld = ( 1
-0.1

-0.15) -1 ( 500 )
0.95 1000·

As in the previous example, the inverse matrix can be found using the formula
of Section 18.4:

(I _ A)-l = (1.01604 0.160428)
0.106952 1.06952 .

Thus
= (1 - A)-ld = ( 668.45 )

x 1122.99 .

(Of course, it is also quite easy to solve the simultaneous equations directly
in this case.) 0

Example 19.3 Consider an economy with three industries: coaL electricity,
railways. To produce $1 of coal requires $0.25 worth ofelectricity and $0.25
rail costs for transportation. To produce $1 ofelectricity requires $0.65 worth
of coal for fuel, $0.05 of electricity for the auxiliary equipment, and $0.05
for transport. To provide $1 worth of transport, the railway requires $0.55
coal for fuel and $0.10 electricity. Each week the external demand for coal is
$50000 and the external demand for electricity is $25 000. There is no external
demand for the railway. What should be the weekly production schedule for
each industry?

Solution: Let Xl be the amount of coal production required (in dollars), X2
the amount of electricity and X3 the amount of transportation. Then, by
considering in turn the total demand for each of the three commodities,

Xl = 50000 + 0.65x2 + 0.55x3

X2 = 25000 + 0.25xl + 0.05X2 + 0.10x3

X3 = 0.25xl + 0.05X2.
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That is,

(
50000) (0 0.65 0.55 )

x = 25000 + 0.25 0.05 0.10 x = d + Ax.
o 0.25 0.05 0

As usual (1 - A)x = d and x = (1 - A)-ld. The inverse of (1 - A) can be
calculated by row operations. For the sake of complete exposition, we give
below the computation, although in practice matrix inversions such as this
are now done on a computer.

We have

-0.65 -0.5511 0 0)
0.95 -0.10 0 1 0

-0.05 1 0 0 1

-0.65 -0.55 1 1 0 0 )
0.7875 -0.2375 0.25 1 0

-0.2125 0.8625 0.25 0 1

-0.65 -0.55 1 1 0 O~)
1 -0.301587 0.31746 1.26984

-0.2125 0.8625 0.25 0

-0.65 -0.55 1 1 0 0)
1 -0.301587 0.31746 1.26984 0
o -3.7524 -1.49393 -1.26984 -4.70588

-0.65 -0.55 1 1 0 0)
1 -0.301587 0.31746 1.26984 0
o 1 0.397614 0.337972 1.25248

-0.65 0 11.21869 0.185885 0.688866)
1 0 0.437376 1.37177 0.377733
o 1 0.397614 0.337972 1.25248

o 0 11.50298 1.07753 0.934392 )
1 0 0.437376 1.37177 0.377733
o 1 0.397614 0.337972 1.25248

So

(

1.50298 1.07753 0.934392)
(I - A)-l = 0.437376 1.37177 0.377733

0.397614 0.337972 1.25248

and

(

102087)
x = (I - A)-ld = 56163 .

28330

D
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Main topics

• interdependent production processes

• deriving equations for required total production of each commodity

• approximating the inverse of 1 - A by using powers of A

Key terms, notations and formulae

• technology matrix, A: aU = amount of Ci needed for one unit of Cj

• di , external demand for Ci ; Xi required total production of Ci

• x = Ax + d, or (1 - A)x = d

• if alj + a2j + ... + anj < 1, (1 - A) is invertible and

(1 - A)-l = 1 + A + A2 + A3 + ...

Exercises

Exercise 19.1 Suppose we are given an input-output model with two indus­
tries, for which the matrix ofcoeflicients is

A = (0.2 0.2)
0.1 0.3 .

Write down the equation which determines the production schedule x in terms
of the external demand d and solve it.

Exercise 19.2 A factory makes two goods, grommets and widgets. To make
$1 worth of grommets requires $0.2 worth grommets and $0.1 worth of
widgets, and to make $1 worth of widgets requires $0.05 worth ofgrommets
and $0.1 worth of widgets. There is a market demand for $750 worth of
grommets and $500 worth of widgets. What should the total production of
each be to meet the market demand?
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Exercise 19.3 A factory makes three products, X, Y and Z. The production
processes for these products are interrelated. To produce $1 of X requires
0.05 units (in dollars) of X, 0.1 of Y and 0.1 of Z. To produce $1 of Y
requires $0.4 worth ofX and 0.1 ofZ. To produce $1 worth ofZ requires
0.1 ofX and 0.2 of Y. Each week the external demands for X, Y and Z are
200, 500 and 1500 units, respectively. What should be the weekly production
level of each good?

Exercise 19.4 Let A be the matrix of Exercise 19.1. Use the method of
Section 19.3 to find an approximation to (1 - A)-I, using enough terms to
ensure that your answer is correct to one decimal place.
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20.1 Determinants

Determinants can be used to solve a system of linear equations, and to find
the inverse of a matrix. In the first half of the twentieth century determinants
played a very prominent part in every mathematics course. Many people who
were later to become famous economists took such courses, and consequently
they sometimes used determinants in their work. However, it must be stressed
that anything in this book which can be done with determinants can also
be achieved using the easier and more efficient techniques developed in the
previous chapters. For that reason our discussion will be restricted to the
main points.

The determinant of a square matrix A is a particular number associated with
A, written detA or IAI. When A is a 2 x 2 matrix, the determinant is given by
the formula

det (~ ~) = I~ ~ I = ad - be.

For a 3 x 3 matrix, the determinant is given as follows:

det (~ ~ f) = I~ ~ fI
g h l g h l

=al~ {I-bl: {I+el: ~I
= aei - afh + bfg - bdi + cdh - ceg.

The formula for the determinant is already quite complicated for a 3 x 3
matrix. In fact, it gets worse very rapidly indeed for larger matrices: for an
n x n matrix the number of terms is n! = n(n - l)(n - 2) ... 2.1. This is a
large number (for example 10! = 3 628 800) and so the formula is useless for
practical purposes.
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If we have to calculate a determinant in practice, we use a method based on
row operations. This depends on the following facts:

(i) If any row of a matrix is multiplied by a constant c, its determinant
is also multiplied by c.

(ii) If a multiple of one row is added to another, the determinant is
unchanged.

(iii) If two rows are interchanged, the determinant is multiplied by -1.

(iv) det] = 1.

Although we have given explicit formulae for the determinants of a 2 x 2
and a 3 x 3 matrix, we have not yet defined explicitly what we mean by the
determinant of a larger matrix. However, as we shall see, rules (i) to (iv),
together with elementary row operations, provide a method for computing
the determinant of a matrix. In fact, we can regard these rules as defining the
determinant of a matrix. (This may seem a little abstract, but all it means
is that these rules gives rise to a method for computing a single number
associated with a given matrix, and that number is called the determinant.)

We observe that the first three rules tell us how the determinant behaves when
we apply elementary row operations, as defined in Section 16.3. We shall now
explain how the rules enable us to work out any determinant.

First, we note that the determinant of any matrix which has nonzero entries
only on the main diagonal is determined by rules (i) and (iv). Explicitly, the
matrix

Cl 0 0 0
o C2 0 0

C = 0 0 C3 0

o 0 0 Cn

is obtained from] by multiplying the first row by Cl, the second row by C2,

and so on. Hence, using rules (i) and (iv),

det C = CIC2 ... Cn det] = CIC2 ••. Cn.

Next, we consider any matrix in which every entry below the main diagonal
is zero, and those on the main diagonal are not zero - this is known as an
upper triangular matrix. Such a matrix can be reduced to the form C by
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adding multiples of one row to another, without altering the diagonal entries.
Hence, by rule (ii),

Cl * * * Cl 0 0 0
0 C2 * * 0 C2 0 0
0 0 C3 * 0 0 C3 0 = CIC2··· Cn'

0 0 0 Cn 0 0 0 Cn

In other words, we have proved that

• the determinant of an upper triangular matrix is equal to
the product of its diagonal entries.

It follows that we can calculate the determinant of a matrix by reducing it to
upper triangular form, using row operations of types (ii) and (iii), but not (i).

Example The matrix

(
1 3 2 5)

A= 0 0 3 2
1 540
121 1

is reduced to an upper triangular matrix T as follows:

( ~ ~ ! ~) ~ (~ ~ ~ -~) ~ (~ ~ ~ -~)
1 2 1 1 0 -1 -1 -4 0 -1 -1 -4

(
1 32 5)o 2 2 -5

~ 0 0 3 2 = T.

o 0 0 _ll
2

Here, the second step is an interchange of rows (rule (iii)) and the other steps
are covered by rule (ii). It follows that

detA = -det T = -(1 x 2 x 3 x (-13/2)) = 39.
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20.2 The determinant as a test for invertibility

In Section 18.4 we showed that a general 2 x 2 matrix is invertible if and only
if 'ad - be' is not zero. Since this expression is the determinant of the matrix,
we can now say that a 2 x 2 matrix A is invertible if and only if det A +- O.

In fact the same result is true in general. In Chapter 18 we observed that a
square matrix A is invertible if and only if when we reduce it to echelon form
the leading l's are on the main diagonal. The upper triangular form discussed
in the previous section corresponds to this echelon form, except that we allow
a diagonal term to take any nonzero value. It follows that A is invertible if
and only if det A =!= O.

So we have another condition for there to be a unique solution of a system
of n linear equations in n unknowns.

• Ax = b has a unique solution if and only if det A +- O.

As we mentioned at the beginning of this chapter, determinants are of
historical importance. However, we now see the determinant as a device
which may occasionally be useful in theory and in more advanced work, but
which has little significance in actual computations of the type needed for the
topics of this book.

Consider for example the statement that a matrix is invertible if and only if
its determinant is not zero. It might be argued that this is a very useful result,
because 'just by working out the determinant' we can decide if a matrix has an
inverse, and thus if the corresponding system of linear equations has a unique
solution. Of course, the catch is that in order to work out the determinant we
have to go through the row-reduction process, and this process answers our
question directly, without the need for any mention of the determinant.

Some readers may have met other methods of working out determinants, such
as the one called 'expansion in terms of a row'. Nowadays we recognise that
such methods are computationally inefficient - that is, although they work
for small matrices, the amount of computation involved for any matrix of
realistic size is enormous. Thus the existence of such methods has no bearing
on the usefulness of determinants.
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20.3 Cramer's rule

Another once-popular technique for solving Ax = b, where A is an invertible
n x n matrix, is Cramer's Rule (named after the mathematician Gabriel Cramer
(1704-1752)). In general, Cramer's rule is not much used nowadays, but the
rule for n = 2 is perhaps worth remembering. It can be derived very easily
from the formula for the inverse of a 2 x 2 matrix obtained in Section 18.3.

Let us write the general system of two equations in two unknowns in the
matrix form Ax = b, that is,

Using the formula for the inverse we get

After a minor rearrangement, this tells us that the solutions Xl and X2 can
each be written in terms of determinants:

Cramer's rule in the 2 x 2 case can be stated in the following way: Xi = AilA,
where A is the determinant of A and Ai is the determinant of the matrix
obtained by replacing the ith column of A by b.

The result in the n x n case is just the same, so it is a neat way of writing
down the solution. But we must remember that it requires the computation
of n + 1 determinants of size n x n. For this reason Cramer's rule is not to be
recommended as a practical technique.
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Worked examples

Example 20.1 Evaluate the determinants of the following matrices.

A=(; i ~) B=(i -; ;).
4 2 3 S 1-1

Solution: We reduce each matrix to upper triangular form by interchanging
rows and adding a multiple of one row to another. (Remember that we do
not multiply any row by a constant, because this changes the numerical value
of the determinant.) For A, we have

Thus, since we did not interchange any rows,

det A = det T = 1(-5) (~) = -7.

For B,

(Si -; ;) ~ (~-; i) ~ (~
1 -1 S 1 -1 0

(1-2 3)
~ 0 12 -14 = u.

o 0 -~
12

In transforming B to U, we performed exactly one row interchange; thus

det B = (-1) det U = (-1)(1)(12) (-38/12) = 38.

o
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Example 20.2 Show that the following determinant is zero.

1 -2 -3 4
-2 3 4-5

3 -4 -5 6'
-4 5 6-7

Solution: We could reduce the matrix

A = (-~ =~ =~ -i)
-4 5 6-7

to upper triangular form using two types of row operation, as in the previous
examples. The following calculation amounts to the same procedure.

1 -2 -3 4 1 -2 -3 4
-2 3 4 -5 0 -1 -2 3

3 -4 -5 6 0 2 4 -6
-4 5 6 -7 0 -3 -6 9

1 -2 -3 4
0 -1 -2 3 = 1(-1)(0)(0) = O.
0 0 0 0
0 0 0 0

o

Example 20.3 Evaluate the determinant of the matrix

(
lOr)o 1 s .
x y t

Solution: We proceed by elementary row operations.

( ~ ~ :) ~ (~~ :) ~ (~~ : ).
x y tOy (t - xr) 0 0 (t - xr - ys)

Therefore the determinant is 1 x 1 x (t - xr - ys); that is, t - xr - ys. 0
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Example 20.4 Suppose that the numbers Xl and X2 satisfy the equations
Xl - 2X2 = 3 and 3XI + 5X2 = 20. Find Xl and X2 by using Cramer's rule.

Solution: (Note that this is the same problem as Example 1.1, with X and y
replaced by Xl and X2.) We have to solve a 2 x 2 system of linear equations
which, in matrix form, may be written as Ax = b, where

Cramer's rule tells us that

Recalling that

I~ ~ I= ad - be,

we have
3(5) - (-2)(20) 55

Xl = 1(5) _ (-2)(3) = 11 = 5,

_ 1(20) - 3(3) _ !! _ 1
X2 - 11 - 11 - .

D
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Main topics

• the determinant of a square matrix

• calculating determinants by using two types of row operations

• determinants and invertibility

• Cramer's rule

Key terms, notations and formulae

• determinant of A, detA or IAI

• det (: ~) = ad - be

• for n x n matrices, detA can be defined in terms of row operations

• detA calculated by reducing to upper triangular matrix T

using row operations, except row multiplication

• A is invertible if and only if detA =1= 0

• Ax = b has a unique solution if and only if detA =1= 0

• Cramer's rule: A a 2 x 2 matrix, detA =1= 0, and Ax = b. Then

I
bl a121 Iall bl I
b2 a22 Al a2l b2 A2

Xl = IAI = A' X2 = IAI = A
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Exercises

Exercise 20.1 Using elementary row operations, calculate the determinant of
the matrix

(5 7 -2)
10 15 -2 .
5 8 -1

Exercise 20.2 Calculate the determinant of

(1 -4 7)
2 -5 5 .
3 -18 3

Exercise 20.3 By computing the determinant, show that the following matrix
is not invertible.

(
1-2 31)
2 -3 7 2

-1 4 -1 1 .
2 -3 7 3

Exercise 20.4 Calculate the determinant of the following matrix.

( ~ ~ l6 =~).
2 9 24 -10

Exercise 20.5 Let a, b, c be any three real numbers. Show that the determinant
of

equals (a - b)(b - c)(c - a). In what circumstances is the matrix invertible?

Exercise 20.6 Solve the following system ofequations using Cramer's rule.

2x+y=9

x - 3y = 1.
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Exercise 20.7 Write down the IS-LM equations (Section 18.5), and obtain
the solution by Cramer's rule.

Exercise 20.8 Let

A= (~ ~), B= (; {)

be two general 2 x 2 matrices. Show that

det(AB) = detA x detB.

Hence show that if a 2 x 2 matrix is invertible then det(A-1) = 1/ det(A).
(These results are true for general n x n matrices and can be shown to follow
from the rules (i) to (iv) ofSection 20.1.)



21. Constrained optimisation

21.1 The elementary theory of the firm

You will recall that a firm can be described in terms of a function whose
inputs are amounts k (capital) and I (labour), and whose output is a quantity
q (production). The value of q depends upon the values of k and I, and we call
the function q(k, I) the production function for the firm under consideration.

We are now going to consider the question of how the cost C of producing an
amount q is determined. Clearly, it depends on the cost of using the amounts
of capital and labour required to produce q. Suppose that the cost of a unit
of capital is v and the cost of a unit of labour (the wage) is w. Then the cost
of k units of capital and I units of labour is

vk + wi.

In order to produce a given quantity q* of its product the firm must select a
combination (k, I) of capital and labour for which q(k, I) = q*. As we noted in
Chapter 12, there are many combinations which result in a given output, and
they all lie on the isoquant q(k, I) = q*. The cost of any particular combination
(k, I) is given by the expression displayed above, and it is reasonable to suppose
that the firm will choose that combination for which the cost is least. In other
words, the cost is found by solving the following problem:

mimimise vk + wi subject to q(k, I) = q*.

This is known as a constrained optimisation problem. The function to be
minimised (or maximised) is called the objective function and the condition
satisfied by the variables is the constraint.

Example Suppose v = 10 and w = 8, the production function is Ski and the
firm wishes to produce q* = 1600 units. We have to solve the problem

mimimise 10k + 81 subject to Ski = 1600.

In this case we can simplify the problem by using the constraint to eliminate
one variable, say 1. Because Ski = 1600 we have I = 320jk. Thus the problem
is reduced to finding the minimum value of 10k + 8(320jk), and we can do
this by the standard method - putting the derivative equal to zero. We have

10 -2560 = 0
+ k2 '

which gives 10k2 = 2560.
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Thus we get the solution

k = 16, 1= 320jk = 20,

and the minimum cost is C = 10k + 81 = 160 + 160 = 320. Note that in this
case it is easy to check, by calculating the second derivative, that k = 16 is a
minimum, rather than any other kind of critical point. 0

k k k

Figure 21.1: Geometrical illustration of the Example

It is helpful to look at this problem geometrically, using a method similar
to that discussed in Section 14.5. In the first diagram of Figure 21.1, the
isoquant 5kl = 1600 (that is, kl = 320) is sketched. The problem is to find
the point on this isoquant for which the cost 10k + 81 is least. The lines in
the second diagram are typical contours 10k +81 = constant for this function.
Note that, as the constant decreases, the contours move towards the origin.
The point on the isoquant kl = 320 for which 10k + 81 is least is determined
by the contour nearest the origin which meets the isoquant. It is clear from
the third diagram that this contour is a tangent to the isoquant.

21.2 The method of Lagrange multipliers

The analytical method used in the previous section relied on the fact that we
could 'solve' the constraint 5kl = 1600 and obtain 1 in terms of k. In this
way we reduced the problem to the problem of finding the minimum of a
function of k only, which we solved in the standard way. In general, given a
constrained optimisation problem

maximise or minimise F(x,y) subject to G(x,y) = 0,
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it may be difficult or impossible to eliminate one variable. In order to deal
with such situations, we use the following method. We form the Lagrangean

L(X,Y,A) = F(x,y) - AG(X,y),

where A is a new variable which we call the Lagrange multiplier. Then the
solution of the constrained optimisation problem can be found by solving the
equations

oL =0
ox '

oL = 0 G( ) 0oy , x,y = .

(Note that the last equation can also be written as OLjOA = 0.) The method is
named after the French mathematician Joseph-Louis Lagrange (1736-1813).

To see why this works, observe that the constraint G(x, y) = 0 defines y
implicitly as a function of x, say y = y(x). As in the discussion of implicit
functions in Chapter 12, we cannot necessarily write down a formula for y(x).
We have to minimise F(x,y(x)), considered as a function <J)(x) = F(x,y(x)) of
x. Using the condition <J)'(x) = 0 and the chain rule, we have

But we also have the constraint G(x, y(x)) = 0, and differentiating this we get

Eliminating dy j dx from the two equations gives

OFjOG _ OFjOG
ox ox - oy oy'

and defining A to be the value of both ratios we obtain

that is oL = 0 oL = 0
ox 'oy .

These are precisely the first two conditions stated above. Together with the
constraint equation, they determine the optimum values of x and y (and the
corresponding value of A).
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Example The problem studied in Section 21.1 is to minimise the function
F(k,l) = 10k + 81 subject to the constraint 5kl = 1600, which may be written
as G(k, 1) = 5kl - 1600 = O. The Lagrangean is

L = 10k + 81 - A(5kl - 1600),

and the optimal values of k and I are determined by the equations

oL
ok = 10 - 5Al = 0,

oLar = 8 - 5Ak = 0,

5kl = 1600.

We can eliminate A using the first two equations. The first equation implies
5A = lOll and the second implies 5A = 8/k. Therefore, 1011 = 8/k, or
1 = 5k14. Using this information in the third equation, we obtain

5k ( 5
4
k) = 1600, that is 25e = 6400.

Thus k = 16 and 1= 5kl4 = 20, as we found earlier. o

The reader might ask how we know that we have indeed found the minimum
rather than a maximum. When we studied 'unconstrained optimisation' in
Chapter 13, we made use of second-order conditions to indicate the nature of
a critical point. There is also a set of second-order conditions for constrained
optimisation problems of the type discussed here. However, we shall not
discuss these explicitly as they are substantially more complex than those of
Chapter 13. In practice, particularly in economics problems, it often suffices
to use common sense.

21.3 The cost function

In Chapters 8, 9, and 10, we began to investigate the problem of profit
maximisation. In that discussion, the cost function C(q)-which at that stage
was simply some given function-played a crucial role. But we did not explain
how the cost function might be obtained. In this section we shall obtain the
cost function as the solution to a constrained optimisation problem.

We shall consider the general problem of minimising total capital and labour
costs, given that a prescribed output must be produced. This means that
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the resulting cost function will depend on the firm's production function and
on the costs per unit for capital and labour.

In Section 21.1 we considered an example in which the required production
level was 1600 units. The answer to that problem, the minimum cost of
producing 1600 units, is just C(1600), the cost function C(q) evaluated at
q = 1600. In this light it is clear how we can determine a general expression
for the cost function using the technique of Lagrange multipliers: we simply
replace the constraint Ski = 1600 by SkI = q*, where q* is an arbitrary level
of desired production.

Working through the calculation with q* instead of 1600, the optimal values
of k and I turn out to be

and so the minimum cost of producing q* units is

C(q*) = 10k + Sl = sR.

Since q* here represents any given quantity, it follows that the cost function
is C(q) = S~.

The following example is superficially similar, but in Section 21.5 we shall see
that it leads to a supply set with quite different characteristics.

Example We shall derive the cost function C(q) for a firm with production
function Sk1/ 211/ 4, given that capital costs 4 per unit and labour costs 5 per
unit.

The cost-minimisation problem for a given output q* is

mimimise 4k + 51 subject to Sk 1
/
211

/
4 = q*,

so the Lagrangean is L = 4k+51-A(Sk1/ 211/ 4 _q*). The solution is determined
by the three equations

~~ = 4 - A(8(1/2)k-1
/
2

/
1

/
4

) = 0,

~~ = 5 - A(8(1/4)k1
/
2
/-

3
/
4

) = 0,
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From the first two equations we get

so that 1= (2/5)k. Substituting this into the last equation gives

( )

1/4

8kl/2 ~ k l/4 = q*,

so

and
1= (2/5)k = (2/5)2/3(q*)4/3/16.

It follows that the minimum cost of producing q* units is

Thus the firm's cost function is

where 2 is the constant ~ (~)2/3 = 0.509, approximately.

21.4 The efficient small firm again

o

In Chapter 10 we developed a procedure for finding the supply set for an
efficient small firm, where 'efficient' is interpreted to mean 'profit-maximising'.
Roughly speaking, the result obtained there was that the supply set may be
determined in terms of the derivative of the cost function.

Example (continued) Suppose that the firm whose cost function was found to
be C(q) = 2 q4/3 is an efficient small firm. When the market price is fixed at
p, the firm's profit from producing q is

TIp(q) = pq - C(q) = pq - 2 q4/3.

For each p, the profit-maximising value of q is determined by the first-order
condition

o= II~(q) = p - C'(q) = p - (42/3)q1/3.

So p and q are related by p = (42 /3)ql/3; in other words, the inverse supply
function pS(q) is (42/3)ql/3.
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The supply function qS is obtained by inverting the relation p = (4Z /3)ql/3,
which yields

27p3 16 3

q = 64Z 3 = SP'

Note that when the firm is producing at its profit-maximising level q the
actual profit is

Il(q) = qC'(q) - C(q) = q x (4Z /3)ql/3 - Z q4/3 = (Z /3)q4/3.

This is zero when q = 0 and positive for q > o. So the startup point is qs = O.

If L is the upper limit on the firm's production capacity, and 0 ~ q :::; L, a
point (q, p) is in the supply set if q = (16/5)p3. For larger values of p, when
L < (16/5)p3 or p > (5L/16)1/3, the firm should produce L. So for these
values of p the points (L, p) are in the supply set. See Figure 21.2. 0

p

p = (4~) ql/3

Figure 21.2: A supply set

L q

It might be hoped that we can carry out this procedure more generally.
There is, however, one subtle consideration. The first step in our analysis is
to say that, when the going price is p, the profit obtained from producing
q is pq - C(q), and so the maximum profit occurs at the critical point,
given by p = C'(q). However, we must remember that a critical point is not
necessarily a maximum. In the next section we shall see that it can happen
that the equation p = C'(q) determines a minimum value of pq - C(q). In
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that case our analysis of the efficient small firm must proceed along different
lines.

21.5 The Cobb-Douglas firm

Suppose that a firm has a Cobb-Douglas production function

q(k, 1) = Aka If3, (A, a, P > 0).

We begin by deriving a general expression for the cost function, given the
production function and the unit costs. If the unit capital and labour costs
are, respectively, v and w, then the minimum cost of producing q units may
be found by minimising vk + wI subject to the constraint Aka If3 = q. The
Lagrangean for this problem is

L = vk +wZ- A (Ak a Zf3 - q) .

The solution is given by the three equations

oL = v - aAAka- l k f3 = 0
ok '

oL = w - RAAkaZf3- l = 0oZ p ,

Aka Zf3 = q.

From the first two equations, we obtain two expressions for AA:

AA = __v_ = __w_
aka- l Zf3 PkaZf3- l '

so that

Observe that the ratio of the optimal values of Zand k varies inversely with
the relative expense wlv, the relative cost of labour over capital, while it
varies directly with Pia, which is a measure of the 'productivity' of labour
compared with that of capital.

Substituting for Z in the constraint equation, we have
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which is of the form UkrJ.+!3 = q, where U = A (v{3/wex)!3 is a constant
depending only on the given values of A, ex, {3, v and w. Thus we have

k = V ql/(rJ.+!3) and I = W ql/(rJ.+!3),

where V = (1/ U) 1/(rJ.+!3) and W = (v {3 / wex) V. Substituting these values in
the total cost vk + wI we see that the minimum cost is

vk + wI = (vV + wW)ql/(rJ.+!3).

So the dependence on q is really very simple:

C(q) = Z ql/(rJ.+!3),

where Z depends only on the given values of A, ex, {3, v and w. Note that the
examples considered in Section 21.3 are both of this form.

Now let us try to work out the firm's supply set. For convenience, we write

C(q) = Zqf, where f = l/(ex + {3).

So the profit from producing q when the going price is p is IIp(q) = pq-Zqf.
This has a critical point where II~ = 0, that is, at the point qo satisfying

The nature of the critical point at qo is determined by the sign of II; at that
point. We have

Since both p and qo are positive, the sign is simply that of (1 - f).

We consider two cases: f < 1 and f > 1.

Case 1. Suppose first that f < 1. Since f = 1/(ex + {3) this is the case when
ex + {3 > 1; in other words we have increasing returns to scale (see Section
12.4). Here the sign of II; is positive, and so qo is a minimum. In this case
the graph of a typical IIp is as shown in Figure 21.3a. It will be seen that
IIp is negative for small values of q, has a minimum at qo and then increases
without bound.

Since we are assuming that the firm is 'small', there will be a limit L on its
production, which is independent of the going price p. The profit-maximisation
problem is

maximise IIp(q), where q E [0, L].
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If the firm is very small, TIp(L) will be negative and in the interval [0, L] the
maximum value of TIp will occur at 0. This means the firm will produce °
when IIp(L) < 0, that is, when

pL-ZL! <0 or p<ZL!-1.

On the other hand, if p > Z L!-1, IIp(L) > 0 and the firm will produce L.
Thus the supply set consists of the points (O,p) for p < ZL!-1 and the points
(L,p) for p > ZL!-1 (Figure 21.3b).

p

s~

ZL!-l/

(a)

q

(b)

L q

Figure 21.3: The case of increasing returns to scale

Case 2. The second case is when j > 1. Here we have rx + f3 < 1, which
corresponds to decreasing returns to scale. In this case the sign of TI; at qo is
negative and so qo is a maximum, and the graph of a typical rIp is as shown
in Figure 21.4a. The profit-maximising strategy is to produce qo, provided it
is within the firm's capability to do so, in other words provided qo :::; L. So
the supply set consists of the points on the curve p = Zjq!-1 for p:::; ZjL!-1
together with the points (L,p) for p > ZjL!-1 (Figure 21.4b).
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Figure 21.4: the case of decreasing returns to scale

Worked examples

Example 21.1 A firm's weekly output is given by the production function
q(k,l) = k3/411/4, and the unit costs for capital and labour are v = 1 and
w = 5 per week. Find the minimum cost of producing a weekly output of
5000 and the corresponding values ofk and 1.

Solution: The problem to be solved is the constrained optimisation problem

mimimise k + 51 subject to k3/ 411/ 4 = 5000.

The Lagrangean for the problem is

L = k + 51 - A(k3/ 411/ 4 - 5000),

and the optimal values of k and 1 are the solutions to the three equations
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The first two equations imply that

!k 1/ 4 t-1/ 4 == 5k-3/ 4t3/ 4

3 '

so I == k/15 at the optimal values. Substituting this information into the third
equation gives

k 3/ 4 (115 ) [/4 k[/4 = 5000, k = 5000(15)1/4.

Then, I == k/15 == 5000(15)-3/4 and the minimum cost is

k + 51 == 5000(15)1/4 + 5(5000)(15)-3/4 == 100000(15)-3/4,

which is approximately 13120. D

Example 21.2 A firm has production function q(k, I) == k1/ 411/ 2, and the unit
costs for capital and labour are v == 20 and w == 10. Formulate the cost­
minimisation problem as a constrained optimisation problem and solve it for
a general output level q*.

Solution: We have to minimise 20k+ 10Z subject to the constraint k1/ 411/ 2 == q*.
The Lagrangean is

L == 20k + 101 - A(k1/ 411/ 2 - q*),

and the optimal k and I satisfy the three equations

aL == 20 _ !Ak-3/ 4Z1/ 2 == 0
ak 4 '

aL == 10 _ !Ak1/ 4 Z- 1/ 2 == 0
al 2 '

k1/ 411/ 2 == q*.

The first two equations, on elimination of A, show that

80k3/ 4Z-1/ 2 == 20k-1/ 4 Z1/ 2 ,

so that I == 4k. Then

( *) 4/3
k 1/4[1/2 = k 1/4 (4k)1/2 = q*, k = ~ ,

so Z== 4k == 22/ 3(q*)4/3 and the minimum cost is

which is approximately 23.81(q*)4/3. D
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Example 21.3 A firm has production function q(k, [) == k1/4 Z1/3, and the unit
costs for capital and labour are v == 60 and w == 10. Assuming that it is an
efficient small firm, with an upper limit L on its production level, find its
supply set.

Solution: We first find the firm's cost function. This, as a function of q, is the
solution to the constrained optimisation problem

mlmlmlse 60k + 10[ subject to k1/4 [1/3 == q.

The Lagrangean is

L == 60k + 10[ - ),(k1/4 [1/3 - q),

and the optimal k and 1 are the solutions to

8L == 60 _ !Ak-3/ 4Z1/ 3 == 0
8k 4 '

8L == 10 _ !Ak1/ 41-2/ 3 == 0
8[ 3 '

k1/ 4Z1/ 3 == q.

The first two equations show that 1 == 8k. Substituting this into the third
equation, we obtain

k1/ 4[1/3 == k1/4(8k)1/3 == q; so k == (q/2)12/7.

It follows that [ == 8(q/2)12/7, and the cost function, the minimum cost of
producing q units, is

(
q)12/7 /

C(q) == 60k + 101 == 140"2 == Z q12 7,

where Z == 140(1/2)12/7. For any fixed price p, the profit function is

II(q) == pq - Z q12/7.

The condition II'(q) == 0 yields

p == C'(q) == (12Z /7)q5/7.

so, for q > 0, the profit is

II(q) == pq - C(q) == (12Z /7)q5/7 q - Z q12/7 == (5Z /7)q12/7.

Since II(q) > II(O) == 0 for all q > 0, the startup point is o.

Thus for 0 ::::; q ::::; L the points (q, p) in the supply set are those for which
p == (12Z /7)q5/7. The corresponding range for p is 0 ::::; p ::::; (12Z /7)L5/7. If
the going price p is greater than (12Z /7)L5/7 the firm should produce L, so
for these values of p the points (L, p) belong to the supply set. D
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Example 21.4 A firm has production function q(k,l) = 50k2/311/ 3, and unit
capital and labour costs of6 and 4, respectively. What is the maximum output
achievable in a week if the firm spends no more than 1000 each week?

Solution: This is a rather different type of problem from those we have
concentrated on in this chapter, but the technique of Lagrange multipliers
will yield the result once we have framed the problem as a constrained
optimisation problem. Here, we seek to maximise the output 50k2/311/ 3, and
the constraint is that the firm spends no more than 1000. The amount the
form spends is 6k + 41 and, clearly, the optimal values of k and 1 will satisfy
6k + 41 = 1000. This, then, is the constraint, and the Lagrangean is

L = 50k2/311/ 3 - 2(6k + 41- 1000).

The equations to solve are

8L = 100k-1/ 311/ 3 _ 62 = 0
8k 3 '

8L = 50k2/ 31-2/ 3 _ 42 = 0
81 3 '

6k + 41 = 1000.

From the first two equations,

2 = 100k-1/ 3Z1/ 3 = 50 k2/3Z-2/3
18 12 '

so that 1= 3k/4. The third equation gives 6k + 4(3k/4) = 1000, k = 1000/9,
from which it follows that 1= 3000/36 and the maximal output is

(
1000) 2/3 (3000) 1/3

50 9 36

which is approximately 5047.6.

50000
121/ 392/ 3 '

o

Example 21.5 A firm manufactures a good from two raw materials, X and
Y. The quantity of its good which is produced from x units ofX and y of
Y is given by Q(x, y) = x 1/4y3/4. If the firm spends no more than $1280 each
week on the raw materials, what is its maximum possible weekly production,
given that one unit ofX costs $16 and one unit ofY costs $1?

Solution: The problem is to maximise Q(x, y) subject to the constraint that
the amount spent on raw materials is at most than $1280. Clearly, the
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optimal values of x and y will satisfy the constraint 16x + y = 1280. The
Lagrangean is

L = x 1/4y3/4 - A(16x + y - 1280),

and the equations to solve are

oL = !x-3/4y3/4 _ 16A = °ox 4 '

oL = ~xl/4y-l/4 _ A= 0
oy 4 '

16x + y = 1280.

The first two equations, on eliminating A, yield y = 48x. Then, the third
equation implies 64x = 1280, so that x = 20 and y = 48x = 960. The
maximum quantity is therefore Q(20,960) = (20)1/4(960)3/4. 0

Example 21.6 A firm manufactures two products, X and Y, and sells these
in related markets. Suppose that the firm is the only producer of X and Y
and that the inverse demand functions for X and Yare

px = 100 - y - 4x, pY = 50 - y - x.

Determine the production levels that maximise weekly profit, given that the
cost function is C(x, y) = lOx + 5y, and that the firm must spend no more than
100 each week.

Solution: This is like the problems we studied in Chapter 13, where we looked
at what we now may call 'unconstrained optimisation'. However, there is
a constraint in this problem, namely lOx + 5y = 100. The function to be
maximised is the profit function,

TI(x,y) = xpx + ypY - C(x,y) = 90x - 4x2+ 45y - y2 - 2xy.

The Lagrangean for the problem is

L = 90x - 4x2+ 45y - y2 - 2xy - A(10x + 5y - 100),

and the equations to solve are

aL- = 90 - 8x - 2y - lOA = 0ax '
aL- = 45 - 2y - 2x - 5A = 0ay ,

lOx + 5y = 100.

Subtracting twice the second equation from the first, we obtain -4x +2y = 0,
so y = 2x. Then the third equation gives lOx + 5y = 20x = 100, so x = 5 and
y = 10, providing a maximum profit of TI(5, 10) = 600. 0
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Main topics

• theory of the firm; minimising total cost of capital and labour

• the cost function as the solution to a constrained optimisation problem

• general constrained optimisation and Lagrange multipliers method

• deriving the cost function and supply set of an efficient small firm,

given the production function and unit capital and labour costs

Key terms, notations and formulae

• capital, k; labour, i

• unit cost of capital, v; unit cost of labour (wage), w

• total production costs vk + wi

• constrained optimisation, e.g., optimise F(x, y) subject to G(x, y) = 0

• objective function; constraint

• Lagrange multiplier, A

• Lagrangean L(x, y, A) = F(x, y) - AG(x, y)

. aL aL
• solve equatIOns ox = oy = 0, G = 0

• cost function C(q); C(q*) is solution to

minimise vk + wi subject to q(k, i) = q*

• efficient small firm with Cobb-Douglas production function

q(k, i) = Akai{J has C(q) = Z ql/(a+{J) = Zqf

• form of supply curve of the efficient small firm depends on f
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Exercises

Exercise 21.1 A firm has weekly production function q(k,l) = k1/ 411/ 2, and
the unit weekly costs for capital and labour are v = 20 and w = 10. The firm
wishes to produce 200 units a week of its good. Find the minimum cost of
doing so.

Exercise 21.2 Use the technique of Lagrange multipliers to find the values
ofx and y which maximise the function 3JX +4)Y, subject to the constraint
x + y = 100. Give a geometrical interpretation of the result, using new
variables X = JX and Y = )y.

Exercise 21.3 A firm has production function q(k,l) = 10k1/ 411/ 4, and the
unit costs for capital and labour are v = 300 and w = 100. Find the firm's
cost function. If the manufactured good can be sold for 2000 per unit, what
amount should be produced in order to maximise profit?

Exercise 21.4 An eflicient small firm has production function q(k, 1) = k1/ 511/ 5,

and the unit costs for capital and labour are v = 2 and w = 3. Find its supply
set assuming that there is a limit L on its production level.

Exercise 21.5 Suppose that a small eflicient firm has cost function C(q) = Z q
for some constant Z, and that its maximum production level is L. Determine
its supply set.

Exercise 21.6 A firm has production function q(k,l) = 50k2/ 311/ 3, and unit
capital and labour costs of6 and 4, respectively. What is the maximum weekly
output achievable if the firm spends no more than 1000 a week?

Exercise 21.7 A firm manufactures a good from two raw materials, X and
Y. The quantity of the good which is produced from x units ofX and y of
Y is given by

Q(x,y) = (JX + 2JY)2.

Each unit of X costs the firm $2 and each unit of Y costs $1. Find the
minimum cost ofproducing 100 units of the manufactured good.



22. Lagrangeans and the consumer

22.1 Lagrangeans: a more general formulation

The method of Lagrange multipliers is useful in many areas of economic
theory. In addition to the theory of the firm, discussed in the previous chapter,
there are clearly applications to the consumer choice problem (Section 14.5).
For these purposes a more general formulation is often needed.

In Section 21.2 we introduced a simple version, with two variables and one
constraint. This can be extended to the more general case where there are n
variables and m constraints in the following way. Suppose the problem is

maximise or minimise F(Xl, ... , xn )

subject to G1(Xl, ... , X n) = 0, ... , Gm(XI, ... , X n) = o.
We define the Lagrangean

where there are now m Lagrange multipliers }q, ,12, . .. ,Am. The solution is
obtained by solving the n first-order equations

8L =0
8xn '

together with the m constraint equations

GI = 0, G2 = 0, Gm=O.

The proof is similar to that for the two-variable case, given in Section 21.2.
Notice that in the general case there are n + m equations (the n first-order
conditions and the m constraints), and there are n + m unknowns (the n
variables and the m Lagrange multipliers). So, in principle at least, there is
some hope of finding a solution.

22.2 The elementary theory of the consumer

We now apply the Lagrangean method to a more general form of the con­
sumer choice problem introduced in Section 14.5. Specifically, we consider
a consumer (also known as a 'household') who may purchase quantities
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Xl, X2, ... , Xn of n goods, at given prices PI, P2, •.. , Pn, subject to a budget con­
straint. The behaviour of such a consumer can be formulated as a constrained
optimisation problem.

Suppose that the consumer wishes to maximise a utility function u(x), where
x = (Xl, X2, . .. , xn), and that the budget available is M. We shall assume that
an increase in any of the n goods results in an increase in utility, so that the
maximal utility will be achieved when total expenditure is actually equal to
M. That is, we shall take the budget constraint to be

PIXI + P2 X2 + ... + PnXn = M.

In plain language, since each of the n goods is 'good', the consumer will spend
all his or her money to attain maximum utility.

In vector notation, the consumer's problem is

maximise u(x) subject to p.x = M.

The Lagrangean for this problem is

We have n + 1 unknowns (the n quantities Xi and the Lagrange multiplier
A), and there are n + 1 equations to be solved: the first-order conditions
OLjOXi = 0, i = 1,2, ... ,n, and the constraint equation. Explicitly, these
equations are

ou
~ -APn =0,
uXn

PIXI + P2 X2 + ... + PnXn = M.

In any given case, where the utility function u, the prices Pi and the budget M
are given, it may be possible to solve these equations to find the quantities of
each good which the consumer should purchase in order to maximise utility.

Example Suppose there are two goods with prices PI = 2 and P2 = 5, the
income is M = 40, and the utility function is

The budget constraint is
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and the Lagrangean is

We have to solve the three equations

for the three unknowns XI,X2,A. From the first two equations we get

Solving for X2 in terms of Xl, we get X2 = (3/5)XI. Substituting this in the
budget constraint gives

2XI + 5(3/5)XI = 40, that is 5XI = 40.

From this we get the optimum values (which we denote by stars to distinguish
them from the symbols for the variables):

X~ = 8, x; = 24/5, A* = Jl/120.

o

22.3 The price ratio and the tangency condition

In microeconomics important questions about the existence and uniqueness
of solutions to the Lagrangean equations are discussed. Here we shall confine
ourselves to pointing out some simple consequences, which hold under the
assumptions that the solution (xi, xi, ... , X~, A*) is unique, that A* =1= 0 and
that no x~ is zero.

We have already obtained the Lagrangean for the case of n goods:

The ith and jth first-order equations are



The price ratio and the tangency condition 273

Eliminating A we get

Pi _~/~
Pj - OXi OXj·

This says that the price ratio Pi/Pj is equal to another ratio, known to
economists as the marginal rate of substitution, evaluated at the optimal point.

In the case n = 2 the result

corresponds to the fact that the budget line is tangent to the indifference curve
at the optimum point (Section 14.5). To see this, we note that the gradient of
the budget line PIXI + P2X2 = M is -pI/p2, and the gradient of the tangent
to the indifference curve U(XI' X2) = c is

dX2 OU/OXI
dXI - OU/OX2 .

Therefore, at the optimal point, the gradients of the budget line and the
indifference curve are equal, as claimed.

Xl xl xl
(a) (b) (0)

Figure 22.1: Geometrical interpretation of the consumer's problem

Figure 22.1 illustrates the conclusion, for the specific Example discussed in
the previous section. The budget constraint tells us that we are looking for
a solution which lies on the line 2XI + 5X2 = 40, which is drawn in Figure
22.1a. Figure 22.1b shows some indifference curves U(XI,X2) = constant. As
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the constant increases this curve moves in a 'north-easterly' direction away
from the origin. In order to maximise u, subject to the budget constraint,
we want the curve which is furthest from the origin and which intersects the
budget line. Intuitively, it is clear that this curve will be the one which touches
the budget line at the optimum point (8, 24/5). The value of the utility at this
point is approximately

u(8, 24/5) = (8)1/3(24/5)1/2 = 4.38.

So this particular indifference curve is tangent to the budget line, as shown
in Figure 22.1c.

It is important to note that it is the convexity of Uc, the set of points for
which U(X1, X2) 2 C, which ensures that the tangency condition holds and the
method of the Lagrange multiplier works.

22.4 The consumer's demand functions

The optimum quantities x; obtained by solving the Lagrangean problem tell
us how much of each good an individual consumer will demand, assuming
that he behaves rationally and optimises his utility within his budget. Clearly,
these quantities depend upon the prices Pi and the budget limit M. In order
to make this clear we can write

for each i = 1,2, ... , n. The functions qi are the consumer's demand functions.
They are also known as the Marshallian demand functions, after the British
economist Alfred Marshall (1842-1924).

Example Consider again the consumer with utility function x~/3x~/2. We know
that in general the price ratio satisfies the 'tangency condition'

1/3 1/2Here we have U(X1, X2) = xl X2 ,so

So the condition is that the optimal values satisfy

PI 2xi
P2 3xi·
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Substituting for x; in the budget constraint Plxi + P2X; = M we obtain

* (3 PI *) MPixi + P2 2. P2 xl = , h . * 2M
t at IS xl = -5.

Pl

Similarly x; = 3M/ 5p2. The consumer's demand functions are therefore

Note that the optimal quantities when the budget is 40 and the prices are,
respectively, 2 and 5 are xi = ql(2,5,40) = 8 and x; = q2(2,5,40) = 24/5, as
we found in Section 22.1. 0

The consumer's demand functions are not independent of each other. Since
the optimum values satisfy the budget constraint, p.x* = M, and x; = qi(P, M),
the demand functions satisfy the identity

In the Example above, this is easy to check: we have

Plql(PI,P2,M) +P2Q2(PI,P2,M)

= Pi (~~) + P2 (~~) = 2M/5 + 3M/5 = M.

22.5 The indirect utility function

The utility of the optimum bundle x* = (xi, x;, .. . , x~), in the case of n goods,
is u(xi, x;, ... , x~). Since each x; is a function of the price vector p and the
income M, so also is the optimal utility. Using the notation x; = qi(P, M) for
the consumer's demand functions, we have

u(x*) = U(ql(P, M), q2(P, M), ... , qn(P, M»

= V(p,M),

say. The function V is called the indirect utility function. It specifies the
individual consumer's optimal utility when the price vector is P and the
income is M. The indirect utility function provides us with a means of
comparing one possible combination of income and prices with another, as
the following example illustrates.
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Example We continue the Example of the previous section, in which the
consumer has utility function U(Xi, X2) = x~/3x;/2. We saw that the demand
functions are

The indirect utility function is therefore

We may use V to rank, in terms of the consumer's preference, a number of
income and price combinations. For example, suppose that the consumer's
income is 40 and the prices are Pi = 2, P2 = 5 (the situation described earlier)
and that he has been offered a new job in a new city. The new job pays
an income of 42 and, because of regional differences in demand, in the new
city, the prices of the two goods he spends his income on are Pi = 3 and
P2 = 4.5. We may use the indirect utility function to determine which of the
two options, staying or leaving and taking the new job, is preferable. The
initial indirect utility V (2, 5,40) is 4.38 (approximately) and the indirect utility
were he to change jobs would be V(3, 4.5, 42) = 4.20, approximately. Since
this is less than the original indirect utility, then we may conclude that if the
consumer's aim is to maximise his utility, he should not take the new job. 0

We shall now explain the connection between V and the Lagrange multiplier
A*. The partial derivative aV / aM is the marginal utility of income. It tells
us what change in optimal utility will result from a small change in income,
given that prices remain constant.

Using the chain rule and the first-order conditions aufaXi = A*Pi, we have

Now, at the end of the previous section we obtained the equation
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Taking the partial derivative with respect to M we get

So, comparing this with the expression for av /aM obtained above, we have
the simple result

~=1*aM It..

In words:

• the value of the Lagrange multiplier which solves the
equations is precisely the marginal utility of income.

Suppose prices are fixed and the consumer's income is increased, from M
to M + 11M, say. Then the increase 11M results in an increase 11V in the
consumer's optimal utility, and we have shown that

LlV ~ ;~LlM = J..*LlM.

Example Suppose as before, that there are two goods with prices Pi = 2, P2 =
5, and the utility function is x~/3x~/2. When the income is M = 40, we found
that the maximum utility is u(8,24/5), which is about 4.38. How will the
maximum utility change if the income rises to 42?

A good approximate answer is obtained by using the fact that A* = VI/120,
as we found in Section 22.2. Here we have 11M = 2, and

I1V ~ A*I1M = VI/120 x 2,

which is approximately 0.18. So when the income increases from 40 to 42 the
maximum utility increases approximately from 4.38 to 4.56.

Of course, such numerical estimates of utility are not particularly helpful in
practice. One can certainly say that an income of 42 is better than an income
of 40, since the indirect utility increases when the income is raised from 40 to
42. However, as emphasised in Section 14.3, we cannot make any conclusion
on how much better it is: that is, we should not conclude, for instance, that
an income of 42 is better than an income of 40 'by a factor of 4.56/4.38'. 0
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Worked examples

Example 22.1 Dave's utility function for apples and bananas is U(XI' X2) =
xIx2, where Xl is the number ofapples and X2 the number of bananas. Each
apple costs $0.15 and each banana costs $0.10. Use the method of Lagrange
multipliers to determine how many of each Dave will buy to maximise his
utility ifhe has $1.50 to spend. (Assume that fractions ofapples and bananas
can be bought. Note that this is the same Dave as in Chapter 14, and so we
now have another method for determining his optimal bundle.)

Solution: We have to maximise the utility U(XI, X2) = xIx2 subject to the
budget constraint 0.15xl + 0.lx2 = 1.5. The Lagrangean is

L = XIX2 - A(0.15xl + 0.lx2 - 1.5),

and we therefore solve the equations

oL
~ = 2XIX2 - 0.15..1 = 0,
UXI

oL 2;;- = Xl - 0.1..1 = 0,
UX2

0.15xI + 0.lx2 = 1.5.

From the first two equations, X2 = (0.15/0.1)XI/2 = 3XI/4. Then, from the
third equation,

(
3XI)0.15xI + 0.1 4 = 1.5,

so that xi = 20/3, and x; = 3xi/4 = 5. Dave 'should therefore buy 20/3
apples and 5 bananas. 0

Example 22.2 A student has a part-time job in a restaurant. For this she is
paid $8 per hour. Her utility function for earning $1 and spending S hours
studying is

The total amount of time she spends each week working in the restaurant
and studying is 100 hours. How should she divide up her time in order to
maximise her utility?

Solution: A little care needs to be taken in determining the constraint. Since
the number of hours spent working in the restaurant is I /8, the income
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divided by the hourly rate, the constraint 'total time is 100' is 1/8 + 8 = 100.
The Lagrangean is therefore

and the equations to solve are

I
8 + 8 = 100.

The first two equations, on elimination of A, yield I = 88/3, and substituting
this into the third equation, we obtain 8 = 75. Thus the optimal division
of time is 75 hours study and 25 hours restaurant work (generating I = 200
dollars income). 0

Example 22.3 A consumer's utility function for two goods is u(Xl, X2) =
x~/2x~/2, and their prices are Pl = 1,P2 = 2. If the consumer has an income
of40, how many units of each good should he buy in order to maximise his
utility?

Solution: The Lagrangean is

and the resulting equations are

Xl + 2X2 = 40.

The first two equations show that X2 = xl/2 and then the third implies that
Xl = 20. So, the optimal quantities are xi = 20, x; = 10.

o
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Example 22.4 Assume that U(Xb X2) = x~/2x~/2, as in the previous example.
Write down the Lagrangean equations for general values OfPl,P2 and M. Find
the optimal values xi, x; of the quantities, and determine the corresponding
value A,* of the Lagrange multiplier. What are the consumer's demand
functions ql (PI, P2, M) and Q2(Pl, P2, M)? Find the indirect utility function V
and verify that A,* = av10M. Show also that for any number ~M,

Solution: The Lagrangean for the general problem is

and the resulting equations are

From the first two equations, X2 = (PI IP2)Xl. The third equation then gives

so that xi = M I (2pl) and x; = MI (2p2). The value of A,* is, from the first
equation,

The demand functions are just xi and x; considered as functions of PI, P2 and
M: that is,

The indirect utility function V (PI, P2, M) is the optimal utility

(
M M) ( M ) 1/2 ( M ) 1/2

V(Pl, P2, M) = U 2Pl' 2P2 = 2Pl 2P2
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Taking the partial derivative with respect to M, the marginal utility of income
is

oV 1

oM 2~PlP2'

which equals A*, as predicted by the theory.

Now, for any change ~M in income, with constant prices, the new indirect
utility is

M+~M M (~M)V(pl,P2,M +~M) = = -- + --
2~PlP2 2~PlP2 2~PlP2

= V(M,Pl,P2,M) + A*~M.

So in this case the approximation ~V ~ A*~M is exact. This is true only
because the indirect utility is linear in M. 0

Example 22.5 A consumer's preferences are represented by the utility function

If the budget constraint is PlXl +P2X2 = M, determine the demand functions,
that is, the optimal values xi and x; in terms ofp!, P2 and M.

Solution: The Lagrangean for the problem is

and the resulting equations are

aL 2
- = --API =0,
aXl xl

aL 1
- = - -AP2 =0,
OX2 X2

From the first two equations,

so that X2 = (PI/2p2)Xl. The third equation then gives
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so that the optimal values, the solutions of these equations, are

* 2M * M
xl = 3Pl' X2 = 3P2'

An alternative approach is to note that, since 2ln Xl + In X2 = In(xIx2), the
problem is equivalent to determining the Xl, X2 that maximise the utility
function xIx2. D

Main topics

• general formulation of the Lagrangean method

• maximising a consumer's utility subject to the budget constraint

• price ratio, demand functions, indirect utility

• Lagrange multiplier as marginal utility of income

Key terms, notations and formulae

• to optimise F(x) subject to Gl (x) = ... = Gm(x) = 0,

form the Lagrangean L = F -AI Gl - ... -AmGm, and solve
aL aL
- = ... = - = 0, Gl(x) = ... = Gm(x) = °
aXl aXn

• consumer utility maximisation: maximise u(x) subject to p.x = M

. .. . I f b' . Pi aufaXi
• at optPJum, prIce ratIo = margina rate 0 su stItutlon, -: = -a/a .

-, Pl U Xl

• this expresses a tangency condition

• demand function, x; = qi(Pl,P2, ... ,Pn,M) = qi(p,M)

• indirect utility function, V(p, M) = u(x*) = U(ql(P, M), ... , qn(P, M))

• Lagrange multiplier is marginal utility of income, ,f = ::
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Exercises

Exercise 22.1 A consumer purchases quantities of two commodities, fruit
and chocolate, each month. The consumer's utility function is

for a bundle (Xl, X2) of Xl units of fruit and X2 units of chocolate. The
consumer has a total of $49 to spend on fruit and chocolate each month.
Fruit cost $1 per unit and chocolate costs $2 per unit. How many units of
each should the consumer buy each month in order to maximise her utility?

Exercise 22.2 A consumer buys apples and bananas and has utility function
u(xl, X2) = XIX~, where Xl is the number of apples and X2 the number of
bananas. Suppose that he has $1.80 to spend on a bundle of apples and
bananas, and that apples cost $0.12 each, bananas cost $0.20 each. Write
down the budget equation and the Lagrangean for the problem offinding the
optimal bundle. What is the optimal bundle?

Exercise 22.3 George is a graduate student and he divides his working week
between working on his research project and teaching classes in mathematics
for economists. He estimates that his utility function for earning $W by
teaching classes and spending R hours on his research is

He is paid $16 per hour for teaching and works for a total of40 hours each
week. How should he divide his time in order to maximise his utility?

Exercise 22.4 It is thought that a consumer measures the utility u of pos­
sessing a quantity X ofapples and a quantity ofy of bananas by the formula

u = u(x,y) = xcxyl-cx.

It is known that when the consumer's budget for apples and bananas is $1
he will buy 1 apple and 2 bananas when they are equally priced. Use this
information to find rL. The price of apples falls to half that of bananas, with
the price of bananas unchanged. How many apples and bananas will the
consumer then buy for $10?

Exercise 22.5 Assume, as in Exercise 22.1, that a consumer has utility
function xi/6x~/3 for fruit and chocolate. Determine the consumer's demand
functions ql (PI, P2, M) and q2(PI, P2, M). Determine also It* in terms ofPI, P2
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and M. Find the indirect utility function and show that It* = 8V j8M.
Suppose, as before, that fruit costs $1 per unit and chocolate $2 per unit. If the
income is raised from $36 to $36.5, determine the precise value of the resulting
change in the indirect utility function. Show that this is approximately equal
to (O.5)1t*, where It* is evaluated at Pl = 1,P2 = 2 and M = 36.

Exercise 22.6 A consumer's preferences are represented by the utility function

If the budget constraint is PlXl +P2X2 = M, determine the demand functions
ql (Pl, P2, M) and Q2(Pl, P2, M). Determine also the indirect utility function
V(Pl,P2,M).



23. Second-order recurrence equations

23.1 A simplified national economy

We shall consider a national economy, under the two simplifying assumptions
that it is closed (no external trade) and that there is no government (no taxes,
welfare benefits and so on). In this situation we can identify four quantities
which tell us something about the state of the economy:

Investment (1), Production (Q), Income (Y), Consumption (C).

Macroeconomists are concerned with the definitions of these terms and the
relationships between them. We shall rely on the simple intuition that each
of them affects the others, either directly or indirectly, as in Figure 23.1.

Investment
I

Production
Q

Figure 23.1: A simple model of a national economy

Consumption
C

In general, it is dangerous to think of the links between the variables as being
one-way. However, there is a sense in which we can imagine an anticlockwise
flow around the outer square: investment yields production which is converted
into income, some of which is required for consumption, leaving the rest for
investment, which yields production and so on.
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There are simple relationships between the quantities I, Q, Y, C which express
the fact that, in very broad terms, the 'supply' and 'demand' are equal.
Specifically, production is balanced by the total income, and income is split
between consumption and investment:

Q=Y, Y=C+I.

It is convenient to refer to these equations as equilibrium conditions, although
it must be stressed that the word 'equilibrium' is being used rather loosely
here. In particular, it does not imply that the economy is static.

23.2 Dynamics of the economy

We look now at a very simple model of the way in which the economy evolves
over time. Suppose we can measure each of the quantities in successive time
periods of equal length (for example, each year). Denote by It, Qt, Yt, Ct the
values of the four key quantities in time-period t, so that, for instance, It is
the total investment during the tth time period. Then we have a sequence
of values 1o, 11, 12, ..., and similarly for the other quantities. We shall assume
that the equilibrium conditions Qt = Yt and Yt = Ct + It hold for each t.

In order to describe the evolution, or 'dynamics', of the economy, we must
stipulate some additional relationships between the key variables. These cor­
respond to the assumptions underlying the behavioural parameters introduced
in our discussion of the IS equations (Section 18.5), and we shall call them
behavioural conditions.

You may recall that in Example 3.5 we made some very simple and unrealistic
assumptions: Ct = !Yt and Yt+1 = kIt. These led to a first-order recurrence,
which we could solve quite easily. More realistic assumptions form the basis
of the multiplier-accelerator model, developed by the American economist
Paul Samuelson. As we shall see, these assumptions lead to a more complex
recurrence equation, but one which we can still solve, and which exhibits very
interesting behaviour.

The first behavioural condition is that this year's consumption is linearly
related to last year's income:

Ct = C + bYt- 1 (c, b positive constants).

Note that this is very like the first IS equation: the only difference is that the
time factor is taken into account. The second behavioural condition is that
this year's investment is linearly related to last year's increase in production:

It = i +V(Qt-l - Qt-2) (i, v positive constants).
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Using the equilibrium conditions Yt = Ct + It and Qt = Yt, we can obtain an
equation involving only the Y's.

Yt = Ct+It

= (c + bYt- l ) + (i + V (Qt-l - Qt-2))

= C + bYt-l + i + V (Yt- l - Yt-2)

= (c + i) + (b + v)Yt- l - vYt-2.

In other words, Yt, Yt- l and Yt-2 are related by the equation

Yt - (b + v)Yt- l + vYt-2 = C + i.

This is an example of a second-order recurrence equation, an equation relating
each term of a sequence to the two previous terms. In the rest of this chapter
we shall study such equations in detail.

23.3 Linear homogeneous recurrences

An equation of the form

Yt + alYt-l + a2Yt-2 = k,

in which al and a2 are constants, is a linear second-order recurrence equation,
with constant coefficients. This is precisely the type of equation we found for
Yt in the previous section. When k = 0, we have the homogeneous equation

Yt + alYt-l + a2Yt-2 = o.

(The use of the word 'homogeneous' here is unconnected with its use in
Chapter 12.)

In the homogeneous case two very useful principles apply:

• a constant multiple of a solution is a solution;

• the sum of two solutions is a solution.

These principles can be verified by simple algebra (Exercise 23.9). It follows
that if we know two solutions y~l) and y~2) of the recurrence, then

A (1) + B (2)Yt Yt

is also a solution for any constants A and B.
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Suppose we are given a homogeneous recurrence Yt + alYt-l + a2Yt-2 = 0. In
order to determine the sequence of values Yt completely we must know the
initial values Yo and Yl. Given these values, Y2 is determined by the equation
with t = 2, Y3 is then determined by the equation with t = 3 and so on. So
if we are looking for a solution Yt = Ay}l) + By~2), we have to choose A and
B so that the formula fits the initial conditions when t = °and t = 1. These
two conditions determine appropriate values for the two arbitrary constants.
This means that the general solution of the homogeneous recurrence is given
by the formula displayed above.

We shall now describe a practical method for finding two solutions y~l) and
y~2), based on the auxiliary equation

This is a quadratic equation. Back in Section 2.4, we observed that such an
equation may have two distinct solutions, or just one solution, or no solutions,
depending on the value of the quantity at - 4a2. (Recall that we are looking
for solutions in the set R of real numbers.) We consider each case in turn.

Case 1: the auxiliary equation has two distinct solutions

Suppose the solutions of the auxiliary equation are a and f3, where a =1= f3.
Then it is easy to check that Yt = at, the tth power of a, is a solution of the
recurrence. We have

Yt + alYt-l + a2Yt-2 = at + alat- l + a2at- 2

= at- 2(a2+ ala + a2)

=0,

because the expression in parentheses is zero (a satisfies the auxiliary equation).
Thus at is a solution of the recurrence. Similarly, f3t is a solution of the
recurrence.

Now the argument given above shows that the general solution is

Yt = Aat + Bf3t (A, B constants).

In any specific case, A and B are determined by the initial values Yo and Yl,
as in the following example.

Example We find an explicit formula for Yt when

Yt - 5Yt-l + 6Yt-2 = 0, with Yo = 0, Yl = 1.
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The auxiliary equation is

Z2 - 5z + 6 = 0, that is (z - 2)(z - 3) = o.

The solutions are a = 2 and f3 = 3, so the general solution is A2t + B3t • The
specified values of Yo and YI yield the equations

A + B = 0, 2A + 3B = 1,

from which it follows that A = -1 and B = 1. Hence the formula for Yt is
Yt = 3t -2t. D

Case 2: the auxiliary equation has just one solution

In this case it is clear that we cannot get a solution involving two arbitrary
constants by the method used above. If the (one) solution of the auxiliary
equation is a, then Yt = at is a solution of the recurrence as before, but we
need to find another.

The auxiliary equation has exactly one solution when ai - 4a2 = 0; that is,
when a2 = ai/4. Then the equation z2 + alZ + a2 = 0 can be written in the
form

z2 + alZ +1= 0, or (z + ~r= 0,

and the (one) solution is a = -a1/2. In this case we claim that a second
solution of the recurrence is Yt = tat. Substituting this,

Yt + alYt-1 + a2Yt-2 = tat + al(t -l)at- 1+ a2(t - 2)at- 2

= tat- 2(a2+ ala + a2) - at- 2(ala + 2a2).

Because a satisfies the auxiliary equation, we have a2 + ala + a2 = O. Further­
more, since a = -al/2 and ai = 4a2, it follows that ala+ 2a2 = -ai/2+2a2 =
O. Hence tat is a solution, as claimed.

The general solution is therefore

As in the previous case, the values of the constants C and D can be determined
by using the initial values Yo and YI.

Example Consider the recurrence

Yo = 1, YI = 1, Yt - 6Yt-1 + 9Yt-2 = O.
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The auxiliary equation is

Z2 - 6z + 9 = 0, that is (z - 3)2 = 0.

There is therefore just one solution, lJ. = 3, of the auxiliary equation. The
general solution to the recurrence equation is (Ct + D)3t

• Using the facts that
Yo = 1 and Yl = 1, we must have

D = 1, 3(C + D) = 1,

so that C = -2/3 and D = 1, giving

o

Case 3: the auxiliary equation has no solutions

The auxiliary equation has no solutions when the quantity ai - 4a2 is negative.
In that case, 4a2 - ai is positive, and hence so is a2. Thus there is a positive
square root r of a2; that is, we can define r = Jiii.. For convenience, we also
define p = -al/2.

In order to write down the general solution in this case we use the diagram in
Figure 23.2. We construct a right-angled triangle with base p and hypotenuse
r, and use it to define the angle f) as shown; that is, cos e= plr.

cose = plr

p

Figure 23.2: definition of r, p and f)

(In the diagram, we have taken p to be positive, which is the case if al is
negative. If al is positive, p is negative and e is an obtuse angle.)

We claim that, with these definitions, the functions

rt cos et and rt sin f)t
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are solutions of the recurrence. The proof that rt cos Ot is a solution is given
in Example 23.5. (The reader who has studied complex numbers will probably
see an easier way to carry out this proof.)

So the general solution in this case is

Yt = Ert cos Ot + Fr t sin Ot.

Example Find the solution of the equation

Yo = 0, Yl = 1, Yt - 2Yt-l + 2Yt-2 = 0.

Here the auxiliary equation has no solutions, since 22 < 4 x 2. We have
al = -2 and a2 = 2, so p = 1, r = .)2, and

cos 0 = 1jJ2, so 0 = nj4.

Hence the general solution is

Yt = (J2)t(E cos(ntj4) + F sin(ntj4)).

Substituting the given values for Yo and Yl we obtain

E =0,

so that E = 0 and F = 1. Thus the required solution is

Yt = (J2)t sin(ntj4).

See Section 24.2 for more discussion of this example.

23.4 Non-homogeneous recurrences

D

When the right-hand side of the second-order linear equation is a constant
k =1= 0, it is still easy to write down the general solution. By analogy with the
first-order case, we start by looking for a time-independent solution Yt = y*
for all t. For this we require

k

We call y* a particular solution.
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We now put Yt = y* + Zt, so that

Yt + alYt-l + a2Yt-2 = (y* + zd + al (y* + Zt-l) + a2(Y* + Zt-2)

= (y* + alY* + a2Y*) + (Zt + al Zt-l + a2Zt-2)

= k + (Zt + al Zt-l + a2Zt-2).

This means that Yt is a solution of the non-homogeneous equation provided
that Zt + atZt-l + a2Zt-2 = 0; in other words, provided that Zt satisfies the
corresponding homogeneous equation in which k = O. So we have the following
principle.

General solution of the non-homogeneous equation =

Particular solution + General solution of the homogeneous equation.

This principle holds even when k is a function of t, but it is most useful when
k is constant, because then it is easy to find a particular solution.

Example Find the general solution of the recurrence

Yt - 5Yt-l + 6Yt-2 = 12,

and the solution which satisfies the initial conditions Yo = 0, Yl = 1.

Apart from the constant 12 on the right-hand side, this is the same as the
first example in Section 23.3. We saw there that the general solution to the
corresponding homogeneous equation is A2t + B3t .

The constant y* is a particular solution of the non-homogeneous equation if
y* - 5y* + 6y* = 12, that is y* = 6. Therefore the general solution to the
homogeneous equation is

To determine A and B, given the initial values Yo and yt, we simply put t = °
and t = 1. Since Yo = 0 we require 6+A +B = 0, and since Yl = 1 we require
6 + 2A + 3B = 1. Solving these equations, we find A = -13, B = '7. So the
solution satisfying the given initial conditions is

o

Note that we must find the general solution of the non-homogeneous equation
(including the particular solution) before we determine the constants.
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Worked examples

Example 23.1 Find the general solution of the recurrence equation

Yt - 6Yt-l + 5Yt-2 = 0.

Solution: The auxiliary equation is z2 - 6z + 5 = 0, that is (z - 5)(z - 1) = 0,
with solutions 1 and 5. The general solution is therefore

for arbitrary constants A and B.

Example 23.2 Find the general solution of the recurrence equation

Yt - 2Yt-l + 4Yt-2 = 0,

o

and determine the solution which satisfies the initial conditions Yo 1,
Yl = 1- yS.

Solution: The auxiliary equation, z2 - 2z + 4 = 0, has no solutions. Using the
notation defined in Figure 23.2 we have p = -al/2 = 1 and r = .J7ii. = 2. It
follows that cos () = p/r = 1/2, so () = n/3. The general solution is therefore

Yt = 2t (E cos (nt/3) + F sin (nt/3)) .

Putting t = 0, and using the given initial condition Yo = 1, we have E = 1.
Similarly Yl = 1 - yS implies that

2(E cos(n/3)+Fsin(n/3)) = 2 (~+Ff) = 1-.j3,

so that 1 + ySF = 1 - yS. Therefore F = -1 and the required solution is

Yt = (J2)t (cos (nt/3) + sin (nt/3)) .

o
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Example 23.3 Find the general solution of the recurrence equation

Yt - 5Yt-l - 14Yt-2 = 18,

and determine the solution which satisfies the initial conditions Yo = -1,
Yl = 8.

Solution: The auxiliary equation is

Z2 - 5z - 14 = (z + 2)(z - 7) = 0,

with solutions -2 and 7. The homogeneous equation

Yt - 5Yt-l - 14Yt-2 = 0

therefore has general solution Yt = A(-2Y + B7t.

A particular solution of the non-homogeneous equation is the constant solu­
tion y* = 18/(1 - 5 - 14) = -1, so this equation has general solution

Yt = -1 + A(-2)t + B7t.

To find the values of A and B we use the given values of Yo and Yl. Since
Yo = -1, we must have -1 +A +B = -1 and since Yl = 8, -1 - 2A +7B = 8.
Solving these, we obtain A = -1 and B = 1, and therefore

o

Example 23.4 In the thirteenth century the Italian mathematician known
as Fibonacci initiated the study of population growth. He postulated that
rabbits form stable relationships on reaching maturity at the age ofone year,
and that in each subsequent year each pair produces precisely one male and
one female offspring. He also assumed that rabbits never die!

Ifjust one pair is miraculously 'created' when t = 0, show that the number Yt
ofpairs ofrabbits after t years satisfies the recurrence equation

Yt = Yt-l + Yt-2,

with the initial conditions Yo = 1 and Yl = 1. Hence find a general formula
forYt.

Solution: At the end of t years, the number of pairs in the population is the
number at the end of the previous year, Yt-l, plus the number of newly born
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pairs. Since each pair over one year old produces one new pair, the number
of newly born pairs is Yt-2. Thus we have the recurrence Yt = Yt-1 + Yt-2.
We are given that Yo = 1, and clearly, Y1 = 1 since the initial pair does not
reproduce during the first year.

Writing the recurrence as Yt - Yt-1 - Yt-2 = 0, we obtain the auxiliary equation
z2 - Z - 1 = 0. This has two distinct solutions,

1-~
a= --2-' f3 =1+~2 .

The solution is Yt = Aat + Bf3t, where A and B are suitable constants. Using
the initial conditions we must have

A + B = 1 and aA + f3B = 1.

Therefore (13 - a)B = 1 - a, or ~B = (1 + ~)/2, so

Similarly

A=1-B= ~-1 =_~.
2~ ~

Hence

The formula looks rather complicated, especially when we observe that the
sequence of values of Yt can be written down very easily using the recurrence.
The resulting numbers, 1, 1,2,3,5,8, 13,21,34, ..., are obtained by taking each
term to be the sum of the preceding two terms. These are the famous Fibonacci
numbers.

However, the formula is useful in one way. Noting that a is less than one,
we see that the term in at+1 tends to zero, and thus soon becomes negligible.
This means that the tth Fibonacci number is approximately equal to

( )

t+1
_1 1+~
~ 2 .

The formula tells us that the rabbit population grows like (1.618)f. D
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Example 23.5 Use the identity cos(x + Y) = cos x cos Y - sin x sin Y to show
that, when rand () are as defined in Figure 23.2,

r2cos(s + 1)() + aIr cos s() + a2 cos(s - 1)() = 0

for all positive integers s. Deduce that Yt = rt cos Ot is a solution of the
recurrence Yt + alYt-1 + a2Yt-2 = o.

Solution: We have

r2cos(s + 1)() + aIr cos sO + a2 cos(s - 1)0

= r2 cos sO cos () - r2 sin s() sin ()

+ aIr cos s()

+ a2 cos sf} cos () + a2 sin s() sin ()

= (r2cos () + alr + a2 cos ()) cos s() + (-r2sin () + a2 sin ()) sin sO.

By definition r2 = a2, so -r2sin ()+a2 sin () = O. Furthermore, since cos () = plr
where p = -aI/2, we have

Thus the original expression is zero for all positive integers s. Putting s = t-1
we obtain

r2cos to + aIr cos(t - 1)0 + a2 cos(t - 2)() = 0,

and multiplying by rt- 2 we see that Yt = rt cos ()t is a solution of the recurrence.
o

Example 23.6 The sequences Yt and Xt are linked by the following equations,
which hold for all t ~ 1,

Yt - Yt-l = 6Xt-1

Xt = Yt-l + 2.

Obtain a second-order recurrence equation for Yt. Find explicit expressions
for Yt and Xt given that Yo = 1 and Xo = 1/6.

Solution: From the equations, for t ~ 2,

Yt - Yt-l = 6Xt-l = 6 (Yt-2 + 2),

so
Yt - Yt-l - 6Yt-2 = 12.
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The auxiliary equation is z2 - Z - 6 = (z - 3)(z + 2) = 0 and a particular
solution is 12/(1 - 1 - 6) = -2, so for some constants A and B

Given that Yo = 1, -2 + A + B = 1. Since Xo = 1/6, the first equation in the
question gives Yl - Yo = 6(1/6), so Yl = 2. This means -2 + 3A - 2B = 2.
Solving the equations for A and B, we obtain A = 2, B = 1. So

We can use the either one of the two original equations to find an expression
for Xt. Using the second,

Xt = Yt-l + 2 = -2 + 2(3t- 1) + (_2)t-l + 2 = 2(3 t
-

1) + (_2)t-l.

o
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Main topics

• basic macroeconomic concepts

• the multiplier-accelerator model

• general solution of a homogeneous second-order linear recurrence

• non-homogeneous equations

• using initial conditions

Key terms, notations and formulae

• investment, I ; production, Q; income, Y; consumption, C

• in equilibrium, Q = Y, Y = C +1

• multiplier-accelerator model, Ct = c + bYt-}, It = i +V(Qt-l - Qt-2)

• homogeneous linear second-order recurrence, Yt + alYt-l + a2Yt-2 = 0

• auxiliary equation, z2 + alZ + a2 = 0

• solution of homogeneous equation depends on solutions of auxiliary:

two distinct solutions, rx, f3: Yt = Arxt + Bf3t

one solution, rx: Yt = (Ct + D)rxt

none: if p = - ~, r = JCi2, and cosO = ~, Yt = rt (E cosOt + FsinOt)

• initial values, initial conditions

• for a non-homogeneous equation, general solution is:

particular solution + general solution of homogeneous equation

'I I' f k' * k• partIcu ar so utIon 0 Yt + alYt-l + a2Yt-2 = IS Y = 1+ al + a2
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Exercises

Exercise 23.1 Find the general solution of the recurrence equations:

(a) Yt - 7Yt-l - 18Yt-2 = 0;

(b) Yt + 8Yt-l + 16Yt-2 = 0;

(c) Yt - 3Yt-l + 9Yt-2 = o.

Exercise 23.2 Find the general solution of the following recurrence equation,
and determine the solution which satisfies the initial conditions Yo = 0 and
Yl = 5:

Yt + Yt-l - 6Yt-2 = o.

Exercise 23.3 Find the general solution of the recurrence equation

Yt - 8Yt-l + 16Yt-2 = 0,

and determine the solution satisfying the initial conditions Yo = 0, Yl = 8.

Exercise 23.4 Find the general solution of the recurrence equation

and determine the solution satisfying the initial conditions Yo = 0, Yl = -J27/2.

Exercise 23.5 Find the general solution of the following recurrence equation:

Yt + 12Yt-l + 11Yt-2 = 24.

Exercise 23.6 Find the general solution of the following recurrence equation.

Yt - 7Yt-l + 12Yt-2 = 3.

Find the solution satisfying Yo = 7/2, Yl = 21/2.

Exercise 23.7 Find the general solution of the following recurrence equation.

Yt - 10Yt-l + 25Yt-2 = 32.
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Find the solution satisfying Yo = 3, Yl = 12.

Exercise 23.8 Find the general solution of the following recurrence equation.

Yt - 3Yt-l + 9Yt-2 = 21.

Find the solution satisfying Yo = 4, Yl = 9/2.

Exercise 23.9 Suppose that y~l) and y~2) are known to satisfY the homoffeneous
recurrence equation Yt + alYt-l + a2Yt-2 = o. Verify that cy~l) and Y/) + y~2)
also satisfy the equation.

Exercise 23.10 The sequences Yt and Xt are linked by the equations, which
hold for all t 2 1,

Yt - Yt-l = 4Xt

Xt = 3Yt-l + 3.

Obtain a second-order recurrence equation for Yt. Find explicit expressions
for Yt and Xt given that Yo = 0 and Xo = 5/2.



24. Macroeconomic applications

24.1 Recurrence equations in practice

In this chapter we shall consider the application to macroeconomic models
of the techniques for solving second-order recurrences. We hope to obtain
qualitative conclusions, such as whether the national income will increase
steadily from year to year, or rise and fall periodically. In this context the
general behaviour of a solution is more important than the explicit formula,
although we often need the formula before we can determine the behaviour.

As we have seen, there are several different types of behaviour which may be
exhibited by solutions of second-order recurrences.

Example Consider the solution, Yt == 3t - 2t, to the first Example in Section
23.3. As t ~ 00, we know (Section 3.3) that both 3t and 2t tend to infinity,
but what happens to their difference? It appears that 3t grows much faster
than 2t and thus we might expect that Yt ~ 00.

A good way to check this is to rewrite the formula as follows:

In this form it is easy to see thqt the solution tends to infinity. Since (2/3.Y
tends to zero, it follows that 1 - (2/3)l tends to 1. The other factor 3t tends
to infinity, so the product tends to infinity, as claimed. D

Example The solution to the second Example in Section 23.3 is

Here the dominant term is -(2/3)t3t
, since we can write

2 t ( 3)Yt == -3t3 1 - 2t '

3
and 1 - 2t ~ 1 as t ~ 00. It follows that Yt ~ -00 as t ~ 00. D
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24.2 Oscillatory solutions

In many cases, the most useful qualitative observation to be made about
the solution to a recurrence is that it is oscillatory; that is, that it increases
and decreases repeatedly and continues to do so indefinitely. This kind
of behaviour occurs, in particular, when the auxiliary equation of a second­
order recurrence has no solutions. In that case the solution exhibits oscillatory
behaviour because the sine and cosine functions are periodic. For example,
the third of the examples in Section 23.3 has the solution Yt = (.J2y sin(ntj4).
Working out the first few values of Yt we obtain the sequence

0, 1,2,2,0, -4, -8, -8,0, 16,32,32,0, ....

So here it is clear that the solution oscillates with increasing magnitude.

Generally, the condition for the auxiliary equation z2 + alZ + a2 = 0 to have
no solutions is that ai < 4a2. Then the general solution has the form

rt(E cos f}t + F sin f}t),

where r = '\.fZi2. Since the values of both sin ()t and cos ()t always lie between
-1 and 1, the oscillations increase in magnitude if r is greater than 1, that is
if a2 > 1, and decrease in magnitude if a2 < 1.

Oscillatory behaviour can also occur in some cases where the auxiliary equa­
tion does have solutions, as the following example shows.

Example Consider the equation (Exercise 23.2)

Yt +Yt-l - 6Yt-2 = 0.

The solution satisfying Yo = °and Yl = 5 is Yt = 2t - (-3Y. The term 2t

increases, tending to infinity as t tends to infinity, but (-3Y oscillates; it is
alternately positive and negative, of increasing magnitude. To see how Yt
behaves, we rewrite the solution in the form

The quantity in large brackets is negative for all values of t, and it approaches
-1 as t ~ 00. The other factor, (-3Y, is alternately positive and negative, so
we deduce that Yt oscillates with increasing magnitude. 0
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24.3 Business cycles

We now return to the dynamics of the simplified national economy, as
described by the 'multiplier-accelerator' equations in Section 23.2. As we shall
see, the solution to this model can exhibit oscillatory behaviour. When this
happens, economists speak of 'business cycles'.

Recall that we obtained the following second-order recurrence equation for
the national income Yt in year t:

Yt - (b + v)Yt- 1 + vYt - 2 = C + i.

This is a non-homogeneous equation, and it is easy to check that it has a
particular solution Y * = (c + i) / (1 - b), which is time-independent.

The behaviour of the general solution depends on the values of the parameters
band v. The auxiliary equation is z2 - (b + v)z + v = 0, and there are three
cases to consider, depending on the relative values of (b + v)2 and 4v.

Case 1 Suppose first that (b + v)2 > 4v. Then the auxiliary equation has two
distinct solutions,

(b + v) - V(b + v)2 - 4v R = (b + v) + V(b + v)2 - 4v
a= 2 ' jJ 2 .

Since the constants b and v are positive, we have 0 < a < f3. The solution of
the homogeneous recurrence equation is Aat + Bf3t, so

where Y * is the time-independent solution.

The behaviour of this solution depends on the values of a and f3 and the
constants A and B. Clearly, if A = B = 0, then Yt = Y* is constant. Suppose
then, that B = 0 and A =1= 0, in which case the solution is Yt = Y* + Aat

• If
a > 1 then at ~ 00 as t ~ 00, so in this case Yt ~ 00 if A > 0 and Yt ~ -00 if
A < o. On the other hand, if a < 1 then at ~ 0 as t ~ 00 and so, regardless of
the value of A, Yt ~ Y*. When a = 1, the solution is constant at Yt = Y* +A.
If A =1= 0 and B =1= 0 we may use the method illustrated in the Examples in
Section 24.1; that is, we write Yt in the form
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Since the quantity in large brackets tends to B as t tends to infinity, Y t

behaves like Y* + Bf3t. The behaviour of Yt depends of the values of f3 and
the constant B. If f3 > 1 and B > 0, then Yt ~ 00 as t ~ 00, whereas if f3 > 1
and B < 0, Yt ~ -00 as t ~ 00. On the other hand, if f3 < 1, then f3t ~°and
Yt ~ Y*. The only remaining case is f3 = 1; here, Yt ~ Y* + B as t ~ 00.

(We should be aware of the possibility that Yt may oscillate even though it
tends to infinity, as in the sequence 1,4,3,6,5,8, 7, 10, ... for example. But it is
quite easy to show that this cannot happen here, at least in the long run. See
Example 24.2.)

Case 2 Suppose (b + v)2 = 4v. In this case, the only solution of the auxiliary
equation is a = (b + v)/2, and the solution to the recurrence equation is

Yt = Y' + (Ct + D )oct = y' + (C t +D) (b ; vy.
If C = °then Yt = Y* + Dat. If a > 1 then Yt ~ 00 if D > °and Yt ~ -00 if
D < 0; if a < 1 then Yt ~ Y*; if a = 1, the solution is constant, Yt = Y* +D.
Suppose now that C =1= 0. Then it is helpful to write

The quantity in parentheses tends to C as t tends to infinity. If a > 1 then
Yt ~ 00 if C > 0, while if C < 0, Yt ~ -00. If, on the other hand, a < 1,
then, since tat ~ 0, Yt ~ Y* as t ~ 00. If a = 1 and C > 0, then Yt tends to
00, while if a = 1 and C < 0, Yt ~ -00.

Case 3 When (b + v)2 < 4v, the auxiliary equation has no solutions and

Yt = Y* + rt (E cos fJt + F sin fJt),

where r = JV and cosfJ = (b + v)/2JV.

This solution is oscillatory. If v < 1, the oscillations decrease in magnitude
and Yt ~ Y* as t ~ 00, while if v > 1 the oscillations increase in magnitude
and there is no limit as t ~ 00.

Thus we see that there are a number of types of behaviour which can result
from this model of the national economy. The most striking qualitative feature
is that under certain conditions the behaviour is oscillatory. Specifically,
the national income Yt will oscillate when the constants b and v satisfy
(b + V)2 < 4v. Furthermore, if v > 1, Yt oscillates with increasing magnitude,
while if v < 1, Yt oscillates with decreasing magnitude and approaches the
finite limit (c + i)/(l - b). These two cases are illustrated in Figure 24.1.
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Figure 24.1: The behaviour of the economy in a simple model

24.4 Improved models of the economy

You will recall that the multiplier-accelerator model was obtained by elimi­
nating all variables except one from a number of equations. Some of these
equations were equilibrium conditions, while others expressed assumptions
about the behaviour of firms and households. It is the latter which 'drive' the
economy and, depending on the assumptions made, we can obtain differing
kinds of qualitative behaviour.

Of course, it is important to make the assumptions as realistic as possible,
and one way of doing this is to take account of more factors. This is a topic
which goes far beyond what can be discussed here, but we give one example.

Example In a modification of the multiplier-accelerator model where the
interest rate p is taken into account, the constant i introduced in Section 23.2
is replaced by iRt

, where R = 1 + p. Thus it is assumed that the growth of
the economy is driven by the equations

where c, b, v and i are positive constants.
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Assuming the usual equilibrium conditions Yt = Qt and Yt = Ct + It, we have

Yt = Ct +It

= c + bYt-l +V(Qt-l - Qt-2) + iRt

= C + bYt- 1 +V(Yt-l - Yt-2) + iRt

= (b + v)Yt- 1 - vYt-2 + c + iRt.

Thus we obtain

Yt - (b + v)Yt- 1 + vYt-2 = C + iRt.

Note that this is a non-homogeneous recurrence, and the right-hand side
depends on t. In Chapter 23 we did not discuss how to find a particular
solution in such circumstances, but here it can be done quite easily. Assume,
for simplicity, that c = 0, so the equation is

Yt - (b + v)Yt- 1 + vYt-2 = iRt.

To find a particular solution let X be the constant

'R2
X= 1

R2_(b+v)R+v'

and let Zt = XRt. Then

Zt - (b +V)Zt-l +VZt-2 = XRt - (b + v)XRt- 1 + vXRt- 2

= XRt- 2 (R2 - (b + v)R + v)

= Rt- 2iR2 = iRt.

This calculation shows that

'Rt+2
Zt =XRt = 1 _

R2 - (b + v)R + v

is a particular solution of the non-homogeneous equation.

The corresponding homogeneous equation is the same as the one we solved
in the previous section. Since Zt increases steadily with t, we conclude that
oscillatory behaviour may occur only when it is the case that the general
solution of the homogeneous equation exhibits such behaviour; that is, if
(b + v)2 < 4v.
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In this case the general solution of the non-homogeneous equation takes the
form

Yt = Zt + rt (E cos Ot + F sin Ot),

where rand 0 are as before, in particular r = .jV.

Since Zt = XRt, and the other term is a multiple of (.jVY, the behaviour of
the solution depends on the relative values of Rand .jV. (Note that we may
assume that R > 1, since R = 1 is just the case where the interest rate is
zero, which has already been covered.) If R > .jV then the dominant term is
Zt and the solution is not, in the long run, oscillatory. On the other hand,
if R < .jV, the second term dominates, and gives rise to oscillations with
increasing magnitude. 0

Worked examples

Example 24.1 Suppose that the auxiliary equation corresponding to a second­
order recurrence has two distinct solutions, a and 13, which are both negative.
Show that, in general, the solution of the recurrence is oscillatory.

Solution: Suppose that a < 13 < O. Then the solution of the recurrence
equation is Yt = Aat + Bf3t. Suppose that A =1= O. Then we may write

Since f3la < 1, (f3laY ~ 0 as t ~ 00. It follows that the quantity in
parentheses tends to 1. The solution Yt is therefore close to Aat, which is
alternately positive and negative. If A = 0 but B =1= 0, then the solution to the
recurrence is simply Yt = B f3t, which, since 13 < 0, is alternately positive and
negative, and therefore oscillatory.

(The words 'in general' are put in the question to remind us that there is a
trivial exception: when A and B are both zero, Yt is identically zero!) 0

Example 24.2 Suppose that Yt satisfies the recurrence

Yt + alYt-l + a2Yt-2 = 0
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and that the auxiliary equation has two distinct solutions which are both
positive. Show that, in generaL Yt is eventually either strictly increasing or
strictly decreasing.

Solution: Suppose the general solution is Yt = Aat + B f3t, where 0 < a < f3.
Clearly we must consider the difference Yt+l - Yt. We have

Yt+l - Yt = Aat+1 + Bf3t+l - Aat - Bf3t = A(a - l)at + B(f3 - l)f3t.

Now, provided f3 =!= 1 and B =!= 0, we may write this in the form

t ( A(a - 1) (a) t)
Yt+l - Yt = B(fJ - l)fJ 1 + B(fJ - 1) 7i .

Since a < f3 we know that (al f3)l ~ 0 as t ~ 00, and the expression in
brackets is eventually close to 1. So Yt+l - Yt behaves like B(f3 -l)f3t, which is
either always positive or always negative, depending on the sign of B(f3 - 1).
Hence Yt is eventually either increasing or decreasing. In particular, for large
enough t there is no oscillatory behaviour.

If f3 = 1 or B = 0, Yt+l - Yt = A(a -l)at which is positive if A(a -1) > 0 and
negative if A(a - 1) < O. Thus the same conclusion holds. 0

Example 24.3 Suppose that consumption this year is the average of this
year's income and last year's consumption; that is,

Suppose also that the relationship between next year's income and current
investment is Yt+1 = kIt, for some positive constant k. Assuming that the
usual equilibrium conditions hold, derive a second-order recurrence for Yt •

Solution: We note first that substituting It = Yt+1/k in the equilibrium condi­
tion Yt = Ct + It gives

1
Yt = Ct + kYt+1.

We need to eliminate both Ct and Ct- 1 from the behavioural condition (*)
displayed above. We can do this by rearranging the preceding formula, and
then replacing t by t - 1:
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Substituting in (*) we get

Rearranging and replacing t by t - 1, we obtain the second-order recurrence
equation

(
k + 1) kYt - -2- Yt- 1 + 2Yt-2 = o.

o

Example 24.4 In the model set up in the previous example, suppose that
k = 3 and that the initial value Yo is positive. Show that Yt oscillates with
increasing magnitude.

Solution: The recurrence is

3
Yt - 2Yt- 1 + 2Yt-2 = o.

The auxiliary equation z2 - 2z + (3/2) = 0 has no solutions, so the solution
for Yt is

Yt = rt(EcosOt+FsinOt),

where r = .jf12 and cos 0 = J273. Since Yo = E, and Yo is positive, we
have E > O. Also r > 1, so Yt oscillates with increasing magnitude. 0

Example 24.5 Find the values ofk for which the model set up in Example
24.3 leads to 'business cycles; and determine whether or not the cycles increase
in magnitude. (Remember we are given that k > 0.)

Solution: The auxiliary equation for the recurrence with general k is

This has no solutions if

In this case the general solution is of the form

Yt = (flY (Ecos8t+Fsin8t).
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This solution is oscillatory (as, for example, in the case k = 3 discussed above).

Suppose that (k + 1)2 > 8k. Then the solution is of the form

Yt = Acl + Bf3t,

where a and f3 are both positive (check!). It follows that in this case there
can be no oscillatory behaviour. The same holds true when (k + 1)2 = 8k.

We have shown that business cycles occur when (k + 1)2 < 8k, in other words
when k lies strictly between the roots of the equation (k + 1)2 = 8k. Rewriting
this as the quadratic equation k2 - 6k + 2 = 0, we find that the roots are

3 - 2J2 and 3 + 2J2.

So the model predicts that, when k is between these two numbers, the national
income Yt will show business cycles.

Whether the oscillations increase or decrease in magnitude depends on k.
Since the solution involves the factor (Vkfiy, the oscillations decrease if
Vkfi < 1, that is, if k < 2, and increase if k > 2. See Figure 24.2. 0

3-2v2 2 3+2v2
----+-1+1----....1-----------+1--.... k

o .. .. ..
Cycles Cycles

decreasing increasing

Figure 24.2: How the behaviour depends on k
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Main topics

• the qualitative behaviour of solutions to recurrence equations

• the solution to the multiplier-accelerator equations

• business cycles

• more complex macroeconomic models

Key terms, notations and formulae

• oscillatory solution

• if ai < 4a2, the solution to Yt + alYt-l + a2Yt-2 = k is oscillatory with

oscillations increasing if a2 > 1, decreasing if a2 < 1

• business cycles

• if (b + v)2 < 4v, business cycles result from multiplier-accelerator model

Exercises

Exercise 24.1 Discuss the behaviour of each of the following sequences:

(c) Yt = 2(-3Y - 6(2t).

Exercise 24.2 The following equations refer to the simple economy described
in Section 23.1.
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Assuming that the usual equilibrium conditions hold, show that Yt satisfies
the equation

1 1
Yt - 2Yt- 1 + "8 Yt- 2 = 40.

It is given that Yo = 65 and Y1 = 64.5. Find a general expression for Yt and
comment on the behaviour of this solution.

Exercise 24.3 Examples 24.1 and 24.2 concern the beha viour of the general
solution to a second-order recurrence for which the auxiliary equation has two
distinct solutions which are either both negative or both positive. Discuss the
behaviour of the solution in the cases where one of the solutions is negative
and the other positive.

Exercise 24.4 Suppose that the auxiliary equation corresponding to a second­
order recurrence has precisely one solution. Discuss the behaviour of the
solution to the recurrence.



25. Areas and integrals

25.1 The consumer surplus

A typical downward-sloping demand set D is illustrated in Figure 25.1. As
the number of units of the good increases, the price consumers are prepared
to pay for each unit decreases.

p

D

q

Figure 25.1: A typical demand set

At equilibrium, when the quantity on the market is q*, the selling price is
p* = pD(q*). Thus the result of the operation of the market is that the
consumers obtain q* units, at a total cost of p*q*. But it can be argued that
this is less than the total value the consumers place on q* units of the good.

Suppose that, rather than the q* units being made available all at once, the
units are put on the market one after the other. When only one unit is
available, the consumers are willing to pay a price pD (1) for that unit. So
they obtain that unit at a cost of pD (1). If a second unit is made available the
consumers would be prepared to pay only pD(2) for the second unit. And so
on.
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This argument suggests that the value consumers attach to the first unit is
pD(1), the value they attach to the second is pD(2), and generally, the value
they attach to the ith unit is pD(i). The total value to the consumers of q*
units is therefore

p

1 2 q* q

Figure 25.2: Diagrammatic representation of the value to the consumer

Figure 25.2 represents this situation in diagrammatic form. It shows the
demand curve together with a series of q* rectangles, each of width 1. The
first rectangle has height pD(1), the next has height pD(2), and so on. The ith
rectangle has height pD(i), and its width is 1, so its area is also pD(i). The
total area of all the q* rectangles is

which is the value to the consumers, as calculated above.

If the units are small, this area is approximately equal to the area A of the
shaded region in Figure 25.3a; that is, the area bounded by the demand curve,
the q-axis, and the vertical lines q = 0 and q = q*. So A represents the value
to the consumers. On the other hand, the amount the consumers actually
pay is p*q*, which is the area R of the shaded rectangular region in Figure
25.3b. The difference between these two areas (illustrated in Figure 25.3c), is
a measure of the benefit consumers derive from the operation of the market.

It is known as the consumer surplus, CS = A - R.
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p p p

q q q

(a) (b) (0)

Figure 25.3: The consumer surplus, CS = A - R

Example Suppose that the demand set for a given good is

D = {(q,p) I q + 200p = 2600},

and that the supply set is

S = {(q,p) I q -lOOp = -1000}.

Then the equilibrium price is p' = 12 and the equilibrium quantity is q' = 200.
The inverse demand function is

D( ) = 2600 - q = 13 _ -.!L
p q 200 200'

The consumer surplus is the area of the shaded region in Figure 25.4. This
region is a (right-angled) triangle with base length 200 and height 1. (We
note that the demand curve crosses the p-axis at p = 13.) Using the fact that
the area of a triangle is half its base times its height, the consumer surplus is
(1/2)(200)(1) = 100. 0



316 Areas and integrals

Figure 25.4: Consumer surplus for the linear demand set of the Example

This example illustrates how to determine the consumer surplus exactly when
the demand is linear. Indeed, it is fairly easy to give a general analysis of this
case (see Example 25.3). But in order to calculate the consumer surplus for
more complex demand sets, it is important to be clear what is meant by the
'area under a curve', and to know how to calculate it.

25.2 The concept of area

Over a long period of time mathematicians have worked out a satisfactory
theory of curved areas. It is based on the same idea as the one we used
in our discussion of the consumer surplus: begin with an approximation by
rectangles, and then take the limit as the width of the rectangles tends to zero.

We shall not pursue this matter here: we simply take for granted the fact that
there is a good definition of the area under a curve. Our problem is to find
an effective way of calculating it.

Suppose that the function f is such that f(x) ~ a for all x in some interval
[a,X]. Most functions occurring in economics have this property. For t =s; X,
denote by A(t) the area bounded by the curve y = f(x), the x-axis, and the
vertical lines x = a and x = t (Figure 25.5a). We refer to this as the area
under the graph of f from ato t.
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y

(a)

x

(b)

t t+h x

Figure 25.5: The area A(t) and the difference A(t + h) - A(t)

Consider the difference A(t + h) - A(t), representing the area enclosed by the
curve y = f(x), the x-axis and the lines x = t and x = t + h (Figure 25.5b).
For small values of h this is approximately equal to the area of a rectangle of
width h and height f(t), that is, A(t + h) - A(t) c:::: hf(t). Dividing by h, we get

A(t + h) - A(t) '" f( )
h - t.

This approximation becomes increasingly accurate for small h, and so

1· A(t + h) - A(t) = f( )
1m h t.

h--+O

But the limit is just the derivative of A, as defined in Section 6.1. Consequently,
we have shown that

A'(t) = f(t).

The conclusion is that the derivative of the function A, which measures the
area under the graph of f, is just the given function f.

25.3 Anti-derivatives and integrals

The result suggested by the preceding argument is that 'finding the area under
a curve' may be thought of as the inverse of 'finding the derivative'. Precisely,
if we are given the function f, the area A may be obtained by finding a
function which, when differentiated, gives f.
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We formalise this process as follows. Suppose the function f is given, and the
function F is such that F'(t) = f(t). Then we say that F is an anti-derivative
of f. For example, t3/3 is an anti-derivative of t2, and so is t3/3 + 1.

If the functions F and G are both anti-derivatives of f, then the function
defined by H(t) = F(t) - G(t) satisfies

H'(t) = F'(t) - G'(t) = f(t) - f(t) = O.

The only functions which have derivative equal to 0 are the constant functions,
so it follows that H(t) = c, a constant, for all values of t. We have shown that
any two anti-derivatives of a given function f differ only by a constant.

Example Consider fft) = 3t2+ t+ 1. We can check (by differentiating) that the
function F(t) = t3+t2/2+t is an anti-derivative off, as is G(t) = t3+t2/2+t+5.
Any anti-derivative of f is of the form t3 + t2/2 + t + c, for some constant c.D

The general form of the anti-derivative of f is called the indefinite integral of
f(t), and denoted by

Jf(t)dt.

Often we call it simply the integral of f. It is of the form F(t) + c, where F is
any particular anti-derivative of f and C is an arbitrary constant, known as a
constant of integration. Thus, for example, we write

Example The derivative of tr is rtr- 1 for r =1= 0; so an anti-derivative of rtr- 1

is tr• Putting n = r - 1 and rearranging we have the result that, for n =1= -1,
an anti-derivative of tn is tn+1/ (n + 1). Thus, for n =1= -1, the integral of tn is
given by

Jtn dt = _1_ tn+1 + c.
n+l

o

The process of finding the indefinite integral of f is usually known as inte­
grating f, and f is known as the integrand.
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Two important properties of integrals are easily verified:

J(f(t) + get)) dt = Jf(t) dt +Jget) dt,

for any functions f and g, and

Jkf(t) dt = k Jf(t) dt,

for any constant k.

Example These two rules justify the following calculation:

J(5t
2

+7t+3) dt= J5t
2

dt+ J7tdt+J3dt

= 5Jt
2

dt + 7Jt dt + 3J1dt

= 5t3/3 + 7t2/2 + 3t + c.

o

25.4 Definite integrals

Let f be a function with an anti-derivative F. The definite integral of the
function f over the interval [a, b] is

l b

f(t)dt = F(b) - F(a).

Note that any anti-derivative G(t) of f is of the form G(t) = F(t) +c, for some
constant c, so that G(b) - G(a) = F(b) - F(a). Thus, whichever anti-derivative
of f is chosen, the quantity on the right-hand side of the definition is the
same. In calculations the notation [F(t)]~ is often used as a shorthand for
F(b) - F(a).

Example The definite integral of t2 over [1,2] is

12 [t3
] 2t2 dt = -

1 3 1

8 1
3 3

7
3·

o

There is an obvious relationship between the definite integral and the area
under a curve. Recall that we denoted the area under the graph of f from
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o to t by A(t). We showed that A is an anti-derivative of !, and clearly
A(O) = 0, so the definition of the definite integral says that

l X

f(t) dt = A(x) - A(O) = A(x).

In other words, the definite integral over [0, x] is the area from 0 to x.

We can easily extend this to an arbitrary interval [a, b], because it is clear that
the area between the lines t = a and t = b is the difference of the areas A(b)
and A(a). It follows that

• the area enclosed by the curve y = f(t), the t-axis and the
vertical lines t = a and t = b is equal to J: f (t) dt.

This is a very useful result: in order to calculate the area under the graph of
! between a and b, all that is needed is to find an anti-derivative F of f and
compute F(b) - F(a).

Example What is the area under the curve y = t3 between t = 2 and t = 4?

Since t3 is the derivative of t4 /4, an anti-derivative of t3 is t4/4. So the area is

o

25.5 Standard integrals

In the previous section we showed that in order to calculate the area under
a curve y = f(x) it is only necessary to integrate !, that is, to find an anti­
derivative of f. In theory, this is straightforward enough. In practice, however,
integration is not always that simple.

In the next chapter we shall develop a toolbox of techniques for integration.
As a first step, we can write down a number of 'standard integrals' just by
inverting standard results about derivatives. We encountered one important
standard integral in Section 25.3, when we observed that
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Other useful standard integrals which may be obtained similarly are

Je
t
dt = et + c,

Jsin t dt = - cos t + c,

Jcos t dt = sin t + c,

J~ dt = in t + c.

There is one point to watch, especially when we come to evaluate areas by
means of these formulae. All our results have been obtained on the assumption
that the functions concerned have positive values. However, functions like t3,
sin t, and 1/t are negative for some values of t. What happens in that case is
largely a matter of common sense, but if the point is overlooked, nonsensical
results may be obtained!

Example In the Example of Section 25.1, we computed the consumer surplus
in the case where the inverse demand function is

D( ) = (2600 - q) = 13 _ -.L
p q 200 200·

The area A(200) enclosed by the curve p = pD(q), the q-axis and the lines
q = 0 and q = 200 is easily calculated using elementary geometry. It is the
area of the triangular region (that is, the consumer surplus) plus the area of
the rectangle of width 200 and height 12 lying underneath it. Thus,

A = 100 + (200)(12) = 2500.

The theory of Section 25.4 asserts that A = 10
200 pD(q) dq. We now verify

that this 'works'. It is easy to check (using the standard integrals, or by
differentiating it) that an anti-derivative of pD is the function

q2
F(q) = 13q - 400.

So, 10
200

pD (q ) dq is

1200
13 - 260 dq = F(200) - F(O) = (13(200) - (:~2) - 0 = 2500,

in agreement with the elementary calculation. D
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Recall that in general the consumer surplus is defined to be CS = A - R,
where A is the area under the demand curve from 0 to q*, and R = p* q*.
Using the integral formula for A we have the expression

Example Suppose the demand set for tins of caviar is, as in Section 6.2,

D = {(q,p) I p3q = 8000},

and suppose the supply set is

S = {(q,p) I q = 500p}.

We shall calculate the consumer surplus. First, we find the equilibrium
quantity and price. The equilibrium price p* satisfies the equation

8000 = 500 *
(p*)3 P ,

so p* = 2. The equilibrium quantity is therefore q* = 5OOp* = 1000. The
inverse demand function is pD(q) = 20q-1/3, so the consumer surplus is

cs = l Q

' pD(q) dq - p' q'

(lOOO

= Jo 20q-l/3 dq - 2(1000)

[ ]

1000
= 30q2/3 0 - 2000.

Since 10002/ 3 = 100, this is 3000 - 2000 = 1000. o
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Worked examples

Example 25.1 Find the area enclosed by the lines t = 1, t = 2, the t-axis, and
the graph of the function f(t) = et .

Solution: The required area is equal to the definite integral A = J12et dt. Now,
Jet dt is one of the list of standard integrals: Jet dt = et + c. In other words,
et is an anti-derivative of et . Hence

o

Example 25.2 Show that when t > -1 the derivative ofln(t + 1) is l/(t + 1).
Show also that

t2 1
--=t-1+--
t+1 t+1'

and hence find the indefinite integral

Evaluate the definite integral

1
3 t2

--1 dt.
2 t +

Solution: The function In(t + 1) is the composition of In x and x(t) = t + 1.
The derivative of In x is l/x and the derivative of x(t) is 1, so the 'function
of a function rule' tells us that the derivative is l/x(t) x 1, that is, l/(t + 1).

To check the required identity, we start with the right-hand side and simplify
it by taking a common denominator:

t -1 + _1_ = t(t + 1) -l(t + 1) + 1 = ~.
t+1 t+1 t+1

It follows that

J~ dt = J(t - 1+ _1) dt
t+1 t+1

= Jt dt - J1dt +Jt ~ 1 dt.



324 Areas and integrals

From the list of standard integrals, f t dt = t2/2 + c and J1 dt = t + c.
Also, we have established that the the derivative of In(t + 1) is 1/(t + 1), so
f(l/(t + 1)) dt = In(t + 1) + c. Hence

J t2 t2
t + 1 dt = 2" - t + In(t + 1) + c.

To determine the definite integral, we have

r3
t2 [t

2
] 3J2 t + 1 dt = "2 - t + In(t + 1) 2

9
= 2- 3 + In 4 - (2 - 2 + In 3) ,

which simplifies to 3/2 + In(4/3).

Example 25.3 Suppose that the demand set and supply set for a good are

D = {(q,p) I q = c-dp}, S = {(q,p) I q = bp-a},

o

where a, b, c, d are positive constants. Find an expression for the consumer
surplus.

Solution: We first calculate the consumer surplus by elementary methods,
using only the fact that the area of a triangle is half its base times its height.
The supply and demand sets are illustrated in Figure 25.6. As shown in
previous chapters, the equilibrium price is

and the equilibrium quantity is

p*
c+a

b+d'

* _ _ d * _ bc - ad
q -c p - b+d .
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p

q* q

Figure 25.6: Consumer surplus for general linear supply and demand sets

The inverse demand function is

D e-q
p (q) = -d-·

The consumer surplus is the area of the triangular region bounded by the
lines p = p* and q = 0, and by the demand curve. Since the demand curve
crosses the p-axis at (0, pD(O)), this area is

CS=!(D(O)- *) *=!(~_e+a)(be-ad)
2 p p q 2 d b+d b+d·

That is,

cs = ! (eb + cd - cd - ad) (be - ad) = (be - ad)2
2 deb + d) b + d 2d(b + d)2·

We can also calculate the consumer surplus by definite integration. (This
turns out to be more difficult in this particular case, but, as noted earlier,
definite integration really is needed for demand functions more complex than
the simple linear one discussed here.) We have

Now,

Je- q J(e 1) e 12
-d- dq = "d -"dq dq = "d q - 2d q + e,
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so

(
e * 1 * 2) * *CS = -q - -(q) - (0) - p q
d 2d

= ~: (2e-q* -2P*d)

=!L (2e- (be-ad) _2(e+a)d)
2d b+d b+d

q*
2d(b + d) (2eb + 2ed - be + ad - 2ed - 2ad)

(be - ad)
= 2d(b + d)2 (be - ad)

(be - ad)2

2d(b + d)2'

as above. o

Example 25.4 Find the area enclosed by the curves y = 1/t2, Y = t3, the
t-axis and the Jines t = 1/2 and t = 2.

Solution: The region described is pictured in Figure 25.7; the curves y = 1/t2

and y = t3 intersect when t5 = 1 which, in the positive quadrant, means
t = 1.

y

2

1{2 1

Figure 25.7: The required area.

2



Worked examples 327

The easiest way to compute the area, A, of the region is to calculate each
of the areas Al and A2 separately; then A = Al + A2• By the theory of
Section 25.4,

and

It follows that

o

Example 25.5 The demand set for a commodity is

D = {(q,p) I p(q + 1) = 231},

and the supply set is
S = {(q,p) I p-q = 11}.

Determine the consumer surplus.

Solution: The inverse demand function is pD(q) = 231j(q+1). The equilibrium
quantity q* is the solution to the equation

231
--1 =q+11,
q+

obtained by equating pD(q) and pS(q). So, q* satisfies the equation

(q + 11)(q + 1) = 231, q2 + 12q - 220 = 0, (q + 22)(q - 10) = O.

Since q* cannot be negative, q* = 10. The equilibrium price is p* = q* + 11 =
21. The consumer surplus is then

cs = r' pD(q)dq - p'q' = flO 231
1

dq - (21)(10).
io io q +

An anti-derivative of 231j(q + 1) is 2311n(q + 1). (This follows from the result
mentioned in Example 25.2) It follows that

CS = 231In(11) - 231In(1) - 210 = 231In(11) - 210,

which is approximately 343.9. o
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Main topics

• the consumer surplus

• the area under a curve

• anti-derivatives and indefinite integrals

• definite integrals

• area as a definite integral

• standard integrals

• calculating consumer surplus

Key terms, notations and formulae

• consumer surplus, CS

• A(t), area under the graph of j(x) from 0 to t: A'(t) = Jet)

• anti-derivative of I: any function F such that F'(t) = I(t)

• (indefinite) integral of j: JJet) dt = F(t) + c

• J(j(t) + get)) dt = JJet) dt + Jget) dt, Jkf(t) dt = k Jf(t) dt

• definite integral, J: f(t) dt = F(b) - F(a) = [F(t)]~

• area enclosed by y = I(t), t-axis, t = a, t = b, equals J: f(t) dt

• standard integrals:

Jtndt=n~ltn+l+c, (nj-l), J~dt=lnt+c

J etdt = et+ c, J it dt = ~it + c

J sin t dt = - cos t + c, J cos t = sin t + c

• consumer surplus, CS = A - R = Joq
* pD(q)dq - p*q*
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Exercises

Exercise 25.1 Show that the derivative ofln(t + 3) is l/(t + 3). Show also
that

t2 + 4t + 4 _ 1 _1_
t+3 -t+ + t+3·

Hence find

Jt2 + 4t + 4 dt
t+3

and

J2 t2 + 4t + 4
3 dt.

1 t+

Exercise 25.2 The demand and supply sets for a good are

D = {(q,p) Iq = 170 - p}, S = {(q,p) I 2q + 140 = p}.

Find the equilibrium price and quantity and the consumer surplus.

Exercise 25.3 Find the area enclosed by the lines t = 0, t = n the t-axis, and
the graph of the function f(t) = 2 + sin t.

Exercise 25.4 In Example 7.2, it was shown that the derivative ofthe function

f(x) = In (x + -}x2 + 1) is f'(x) = 1/-}x2 + 1. Use this fact to determine the

area enclosed by the graph off(t) = 1/~, the t-axis, and the lines t = 1
and t = 3.

Exercise 25.5 Find the area enclosed by the curves y = 8/t, Y = Ji, the
t-axis, and the lines t = 1 and t = 8.

Exercise 25.6 Show that the derivative of the function f(t) = In(t2 + 1) is
2t/(t2 + 1). Suppose that the inverse demand function for a good is

D 2q
p (q) = q2 + l'

and that the equilibrium quantity is 10. Calculate the consumer surplus.



26. Techniques of integration

26.1 Integration by substitution

In Chapters 6 and 7 we discussed several methods for finding the derivative of
a function. We obtained some specific rules for simple functions, together with
general methods, such as the composite function rule and the product rule.
In a similar vein, we shall now discuss two general methods for integrating
certain combinations of functions. The first method is the rule for integration
by substitution, which we shall introduce by means of an example.

Example Suppose that we are asked to find the indefinite integral

I(7X + 2)11 dx.

We note that if we substitute 7x + 2 = t the integrand becomes t11 , which
we know how to integrate. Unfortunately, it is not quite as simple as that,
because we have changed the variable of integration. Originally we integrated
with respect to x, signified by dx in the integral, now we must integrate with
respect to t.

So how is dx related to dt? This is easy if we think about how x is related to
t. The substitution 7x + 2 = t is the same as saying that

x = (1/7)t - (2/7),

so dx/dt = 1/7. This suggests that when we replace 7x + 2 by t we should
replace dx by (1 /7)dt, giving

I I
t12

(7x + 2)11 dx = t11 (1/7)dt = (1/7) 12 + c.

We need the answer in terms of x, the original variable. Since t = 7x + 2 the
integral is

1 12
84(7x+2) +c.

o

Of course, the justification given in the Example was a bit unsatisfactory.
The rule suggested there is that when we change the variable by putting
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x = x(t) in the integral of f(x) with respect to x, we must replace dx by
(dx / dt )dt. In other words, in order to obtain

Jf(x)dx

we can work out Jf(x(t» x'(t)dt,

and then put back x for x(t).

Fortunately, we can show that this rule is indeed correct. We need only
remember that an indefinite integral is just an anti-derivative, and use the
rule for finding the derivative of a composite function.

Suppose that J f(x) dx = F(x). This simply means that the derivative of F is
f, that is F' = f. So

Jf(x(t» x'(t)dt = JF'(x(t» x'(t)dt.

Now F'(x(t))x'(t) is the derivative of the composite function F(x(t)), and so
F(x(t)) is the integral of F'(x(t))x'(t):

JF'(x(t»x'(t) dt = F(x(t» + c.

If we put back x for x(t), we get F(x), which was defined to be Jf(x) dx.

It is often better to think of this technique as a 'change of variable', rather
than a 'substitution'. In practice we tend to overlook the distinction between
x as a function of t and the inverse function, relying on the fact (Section 6.5)
that dt/dx is equal to 1/(dx/dt). This allows us to write 'shorthand' statements
like

7x + 2 = t, therefore 7 dx = dt,

which determines both dt/dx and dx/dt.

Of course there is an art as well as a science in finding a good substitution.
The aim is to make the integral simpler, but many substitutions will make it
worse! However, a well-chosen substitution can be extremely effective.

Example Suppose we wish to find the integral

Jx\hx2 + 5dx.
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The difficulty here is the messy expression .J3x2 + 5. We can try to overcome
this by making the substitution 3x2 + 5 = t. Then, using the conventional
shorthand, we have

3x2 + 5 = t therefore 6x dx = dt.

Now we can argue as follows:

Jx\hx2 + 5dx = JJi (1/6)dt

= ~ Jt
l
/
2

dt

= ~ (~t3/2) +c

1
= g(3x2 + 5)3/2 + c.

Remember that the final step is needed to revert to a function of x. 0

26.2 Definite integrals by substitution

In the case of a definite integral there is no need to revert to the original
variable before evaluating the anti-derivative: we simply use the appropriate
values of the new variable. If we change from the variable x to the variable
t, and the interval of integration for x was [a, b], the interval for t will be
[a, fJ], where a and fJ are the values of t which correspond to x = a and x = b
respectively. Formally

l::b

f(x) dx = l~~P f(x(t)) x'(t)dt,

where x(a) = a and x(fJ) = b. This result holds provided that t increases
steadily from a to fJ as x goes from a to b.

Example In order to evaluate the definite integral

13

xV3x2 + 5dx,

we can use the substitution 3x2 + 5 = t, as before. As x goes from 2 to 3,
t = 3x2 + 5 increases from 17 to 32. Hence

l
x

-
3 11t-32 1[2 3/2] 32 1

- xV3x2 + 5 dx = - - t1/ 2 dt = _ _t_ = - (323/ 2 - 173/ 2) •

x=2 6 t=17 6 3 17 9

o
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Example Calculate

15 x+ 1
----dx.

o x2 + 2x + 5

The difficulty here arises from the complicated denominator. So, a possible
substitution is x2 +2x+5 = t, which implies (2x +2) dx = dt. For the indefinite
integral, we have

/
1 1/1 1

x2 + 5x + 2 (x + 1) dx = 2 t dt = 21n t + c.

As x goes from 0 to 5, t = x2 + 2x + 5 increases from 5 to 40. Therefore

15 X + 1 11
40

1----dx= - -dt
o x2 + 2x + 5 2 5 t

1
= - [In t]~o

2
1

= 2(In 40 -In 5).

This is ! In(40/5), that is (In 8)/2.

26.3 Integration by parts

o

The product rule for differentiation says that the derivative of u(t)v(t) is
u/(t)v(t) + u(t)v/(t). Hence the anti-derivative of u/(t)v(t) + u(t)v/(t) is u(t)v(t),
or equivalently

/ u'(t)v(t) dt + / u(t)v'(t) dt = u(t)v(t).

Rearranging, we get the rule for integration by parts:

/ u'(t)v(t) dt = u(t)v(t) - / u(t)v'(t) dt.

The significance of this rule is that we can express an integral of the form
f u/(t)v(t) dt as a known function minus another integral. The second integral
rnay be easier than the first.

Example Consider the integral

/ tin t dt.
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Taking u'(t) = t and v(t) = In t in the integration by parts rule, we have

Ju'(t)v(t) dt = u(t)v(t) - Ju(t)v'(t) dt

1 2 J1 2
1

=-tlnt- -t-dt
2 2 t

1 2 1J= - t In t - - t dt
2 2

1 2 1 2
="2tlnt-4t+c.

D

Note that the procedure is successful when we get a simpler integral as a
result of replacing one 'part' u'(t) by its integral u(t) and the other 'part' v(t)
by its derivative v'(t). Of course, we must be careful to choose the 'parts'
correctly in order to make this work.

Example Consider the integral Jtet dt. Ifwe replace t by its derivative (namely,
the constant 1) and et by its integral (et), we have 1 x et = et, which is a
function we can integrate immediately. Therefore we use integration by parts,
taking u'(t) = et and v(t) = t. We have

D

In some cases it may be necessary to use both substitution and integration by
parts, as in Example 26.4. There can be no fixed rules about how to proceed,
because integration is essentially a problem of 'working backwards': we have
to find a function which, when differentiated, produces a given result.

26.4 Partial fractions

This is not, strictly speaking, a technique for integration; rather, it is an
algebraic method for rewriting particular expressions in a simpler form which,
it turns out, makes them easier to integrate.

Example Consider

J t+ 1 d
t2 + t - 2 t.
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The integrand is of the form p(t)/q(t), where p(t) = t + 1 and q(t) = t2+ t - 2.
Further, q(t) factorises as (t - 1)(t + 2). We claim that we can find constants
Al and A2 such that

t + 1
t2 + t - 2

t + 1 Al A2

(t-1)(t+2) = t-1 + t+2·

Multiplying through by (t - 1)(t + 2), we obtain

Taking t = 1 gives 3A I + GA2 = 2, so that Al = 2/3. Taking t = -2 gives
-3A2 = -1 and A2 = 1/3. The identity

t + 1 2/3 1/3
t2+ t - 2 = t - 1 + t + 2

is called an expansion in partial fractions. It can easily be checked by
multiplying out.

Now we can determine the integral, as follows.

/
t+ 1 d / t+ 1 dt - t

t2+ t - 2 - (t - 1)(t + 2)

1/( 2 1)- - --+-- dt
-3 t-1 t+2

2 1
= 3ln(t - 1) + 3ln(t + 2) + c.

D

As suggested by the preceding example, we can often rewrite an expression
of the form p(t)/q(t), where p and q are polynomials, as a sum of simpler
terms, called partial fractions. For our purposes it is sufficient to consider
what happens when the degree of p(t) (the largest power of t occurring) is
less than the degree of q, and q(t) can be completely factorised into distinct
linear factors.

Thus we shall consider the case when

where C is the coefficient of tm and aI, a2, . .. , am are distinct numbers. In
this case there is a simple expansion in partial fractions. That is, there are
numbers AI, A2, ... , Am such that
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One way of determining the constants At, A2, ... ,Am was illustrated in the
previous example. We simply multiply through by the denominator q(t) =
C(t - at)(t - a2) ... (t - am), and substitute the values t = ctt, t = ct2, ...,
t = ctm in turn. In fact it is quite possible to obtain a general formula for
the constants Ai in this way, but in practice it is simpler to do the algebra
explicitly, rather than try to remember the formula.

Given an expression p(t)jq(t) which admits a partial fraction expansion of
this kind, it is easy to work out the integral. We have

and the integral of Aij(t - ad is Ai In(t - ad + c.

Example Suppose we wish to find the area enclosed by the x-axis, the lines
x = 1 and x = 3, and the graph of the function

2x+ 1
f(x)= 2 5 6·x + x+

Note first that f is positive throughout the interval [1,3]. It follows that
the required area is the definite integral J13f(x) dx, which we can calculate
using partial fractions because f(x) = p(x)jq(x), where p(x) = 2x + 1 and
q(x) = x2 + 5x + 6 = (x + 2)(x + 3).

We rewrite f(x) in the form

2x + 1 At A2

x2 + 5x + 6 = x + 2 + x + 3'

for some constants At and A2. Multiplying by the denominator gives

Taking x = -2, we obtain -3 = At, and taking x = -3 gives -5 = -A2, or
A2 = 5. Thus we can calculate as follows.

13

f(x)dx= 13

(x~\ + X~3) dx

= [- 3ln(x + 2) + 5ln(x + 3)J~

= (-3In5 + 51n6) - (-31n3 + 51n4)

= 5In(3j2) - 3In(5j3).

o
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Worked examples

Example 26.1 Find the integrals

J 2t + 1 d
t2 + t + 1 t,

{2 2t + 1 d
Jo t2 + t + 1 t.

Solution: The denominator does not factorise, so we cannot use partial
fractions. However, we can try substitution. Let t2 + t + 1 = u, so that
(2t + 1) dt = duo The indefinite integral is therefore equal to

J~ du = In u + c = In(t2 + t + 1) + c.

Note that t2 + t + 1 is positive for all values of t, so the logarithm is valid.

For the definite integral, note that as t goes from 0 to 2, u = t2 + t + 1 goes
from 1 to 7. Hence

12 2t + 1 17
1 7

2 1 dt = -du = [lnu]1 = In7.
o t +t+ 1 U

This example is a special case of a rule given in Example 26.6. o

Example 26.2 Find an anti-derivative of 1/(t2 - 1) and hence calculate the
definite integral

1
7 1
-2-1 dt.

2 t -

Note that t2-1 = (t-1)(t+ 1), so the method of partial fractions is applicable.
We write

1 Al A2--=-+-
t2 - 1 t - 1 t + 1'

and multiply through by (t - 1)(t + 1) to obtain

Taking t = 1 we get 2AI = 1, so Al = 1/2. Taking t = -1 we get -2A2 = 1,
so A 2 = -1/2. Thus,

1
t2 -1

1/2 1/2
-----
t-1 t+1
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and

J 1 lJ( 1 1) 1-- dt = - - - - dt = - (In(t - 1) -In(t + 1)) + C
t2 - 1 2 t - 1 t + 1 2 '

provided t is in a range where the logarithms are defined; that is, t > 1.

Since ~(ln(t - 1) -In(t + 1)) is an anti-derivative of 1/(t2 - 1),

f7 1 [1 ]7J2 t2- 1 dt = 2(ln(t - 1) -In(t + 1)) 2

1 1
= 2(In 6 - In 8) - 2 (In 1 -In 3).

This can be simplified as follows (remembering that In 1 = 0):

1 1 12 (ln6 -ln8 + ln3) = 2ln(6 x 3)/8 = 2ln(9/4) = In(3/2).

o

Example 26.3 Evaluate

Here we use integration by parts. The idea is to reduce the degree of the t2

part, by taking u'(t) = et and v(t) = t2• This gives

The integral on the right is 'less complicated' than the one we started with,
and it too can be integrated by parts; in fact we obtained the indefinite
integral in Section 26.3. Using that result

and we have

o
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Example 26.4 Find the area under the curve Jet) = t3et2 between the lines
t = 1 and t = 3.

We note first that Jet) is positive for 1 ~ t ~ 3, so the area is given by the
definite integral of Jet) over the interval [1,3].

The most complicated part of Jet) is the t2 in the exponential. We therefore
try the substitution u = t2, which implies that du = 2t dt. We have

Once again, recall that in Section 26.3 we used integration by parts to show
that

! ueu du = ueu
- eU + c.

I t follows that the definite integral is

D

Example 26.5 Calculate

r2
sin(ln x) dx.

il X

Solution: The most awkward part of the integrand is sin(ln x), complicated by
the In x. Motivated by this observation, we try the substitution In x = t. Then
(1jx) dx = dt and we have, for the indefinite integral,

! sin~n x) dx = ! sin(ln x)~ dx = ! sin t dt = - cos t + c = c - cos(ln x).

So it follows that the definite integral is equal to

[-cos(lnx)]i = -cos(ln2)-(-cos(ln1)) = -cos(ln2)+cosO = l-cos(ln2),

which is approximately 0.231. D
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Example 26.6 Show that if f(x) and f'(x) are both positive in the interval
[a, b], then

l
b f'(x) f(b)

a f(x) dx = In f(a)'

Solution: This is a generalisation of a method we have used before (see
Example 26.1). We make the substitution

f(x) = t, so that f'(x) dx = dt.

The range of integration for t is from f(a) to f(b), and, since f'(x) is positive,
t increases steadily as x goes from a to b. It follows that

l
b f'(x) (f(b) 1 f(b) f(b)

a f(x) dx = if(a) t dt = [In t]jla) = Inf(b) -In f(a) = In f(a)'

Main topics

• indefinite and definite integration using substitution

• integration by parts

• partial fractions

Key terms, notations and formulae

• substitution: JF'(x(t))x'(t) dt = F(x(t)) + c

• substitution and definite integrals: Set x = x(t); then,

J: f(x) dx = J! f(x(t))x'(t) dt, where x(a) = a, x(f3) = b

• integration by parts: Ju'(t)v(t) dt = u(t)v(t) - Ju(t)v'(t) dt

• partial fractions:

p( t) p( t) =~ + ... + Am
q(t) C(t - al)(t - a2) ... (t - am) (t - al) (t - am)
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Exercises

Exercise 26.1 Determine the following indefinite integrals

J;:: ~3 dt, Jt2 _ ~t + 3 dt, Jte
l2

dt.

Exercise 26.2 Calculate the definite integrals

r2
t
2
+ 1

3
dt, to 2 1 dt, f

o
1 te t2 dt.

il 3t + t i9 t - 4t + 3 io

Exercise 26.3 Show that

x3 + 2 x + 2--=x+--
x2 -1 x 2 -1·

Using this result and the method ofpartial fractions, determine

JX
3 +2

x2 -1 dx.

Exercise 26.4 Determine the indefinite integrals

Exercise 26.5 Find

J~t -1 dt
t-2

by using the substitution u = .jt=1.

Exercise 26.6 Using substitution and partial fractions, find

J 1 dx.
y'X(1 - y'X)(2 - y'X)

In a similar waJ'j determine

JX 1/ 2 ~ X3/2 dx.
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(Hint: for the second integraL it is useful to note that x 1/ 2 - x3/ 2 = JX(l- x)
and that 1 - x = (1 - JX)(l + JX).)

Exercise 26.7 Find the area bounded by the lines t = 1, t = 2 and the t-axis,
and by the graph of the function f(t) = te2t •

Exercise 26.8 Find the area bounded by the lines t = 0, t = 2 and the t-axis,
and by the graph of the function f(t) = te t2

•

Exercise 26.9 The inverse demand function for a good is

D 192
p (q) = q2 + 4q + 3

and the equilibrium price is p* = 4. Find the equilibrium quantity and the
consumer surplus.

Exercise 26.10 The inverse demand function for a good is

D 1000
p (q) = (q + 10) In(q + 10)

and the equilibrium quantity is q* = 10. Find the equilibrium price and the
consumer surplus.



27. First-order differential equations

27.1 Continuous-time models

In Chapter 23 we looked at the dynamics of the economy, using what are
known as discrete-time models. This means that the time-periods involved
were taken to be successive calendar years (for instance), and the various
quantities were measured over those periods. For example, It denoted the
total income during the tth calendar year, and we considered the behaviour
of the sequence of values 1o, 11, 12, . . . .

In this chapter we take a different approach, in that we shall use what are
known as continuous-time models. Again, we have in mind some given time­
period, let us say one year. But instead of considering a sequence of values
taken over successive calendar years (from 1 January to 31 December), we
we now look at the values taken over the period of one year immediately
preceding time t, where t is a continuously varying parameter (for example,
one value of t might represent 0737 hrs on 15 March). Thus we denote by
I(t) the total investment in the year preceding time t, and we have to consider
the behaviour of the function I (t).

Recall that in Section 23.1 we discussed the relationships between investment,
production, income and consumption. In the continuous model these are
represented by I (t), Q(t), Y (t) and C(t), respectively. As in the discrete case,
we have the equilibrium conditions

Q(t) = Y (t), Y (t) = C(t) + I (t).

In addition, we have certain behavioural conditions which describe reasonable
hypotheses about the relationships between the various quantities.

Example Suppose that the consumption C(t) and income Y (t) are linked by
the equation

C(t) = c + bY (t) (b, c constants).

This implies that the rate of change of C with respect to time is b times the
rate of change of Y with respect to time:

dC = bdY.
dt dt
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If we think of e as a function of Y, this means that

de
dY =b,

which explains why economists refer to the constant b as the marginal propen­
sity to consume.

Using the equilibrium condition Y = e + I it follows that

I = Y - e = Y - c - bY = -c + sY,

where s = 1 - b is equal to dI / dY and is known as the marginal propensity to
invest.

In order to determine how the economy grows we need one more behavioural
condition. A very simple assumption is that production increases at a rate
proportional to investment. That is,

dQ
-;It = pI,

where p is a constant. o

How do we use these equations to determine the behaviour of the economy?
The first step is to get an equation which involves only one of the basic
functions, in this case I. Using the results written down above, we can argue
as follows:

dI _ ~ dY _ dY _ dQ _ I
dt - dY dt - s dt - S dt - sp .

We have obtained the equation

dI
dt = spI,

which involves I only. If we can find a function I(t) which satisfies this
equation, we shall be able to provide an explicit description of the growth of
the economy.

The equation for I is an example of a differential equation. In this case, we can
solve it 'by inspection', because it says that the derivative of I is a constant
multiple of I itself. Now, it follows from our standard rules for derivatives
that d(exp mt) / dt = m exp mt, if m is constant. Here the constant is sp, and so
a function which satisfies the differential equation is I (t) = exp(spt). In fact
the result remains true if we multiply by any constant A, so we can say that
the general solution of the differential equation is

I(t) = A exp(spt).
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Of course, it is possible to make more complicated behavioural assumptions
about how the economy grows. Such assumptions lead to more complicated
differential equations, as in Example 27.6, for instance. In order to solve these
equations we shall need some mathematical techniques.

27.2 Some types of differential equations

The equation

~ + 2y = lnt

is an example of a first-order differential equation. It involves only the first
derivative dy / dt of an unknown function y, together with y itself and the
variable t.

Generally, a differential equation expresses a relationship between a function,
its derivatives, and the independent variable. For example, here is another
differential equation for a function y of t

d2y dy 2 t
dt2 + 6 dt + 9y = t e .

This is known as a second-order equation since it involves both the first and

second derivatives of y. (Recall that the notation ~:; means exactly the same

as y"(t).)

Both the examples given are known as linear differential equations, because
they contain only linear functions of the derivatives - there are no terms in
the square of y'(t) and so on. We shall discuss the simplest types of linear
differential equations, both first-order and second-order.

The very simplest type of first-order equation is one which can be written in
the form

dy
dt = f(t),

where f is some known function of t. The solution is a function y whose
derivative is f: in other words, an anti-derivative of f. So this differential
equation is just another way of stating the problem of indefinite integration,
since we have to find

y(t) = Jf(t) dt.

As we shall see, the solution of more complicated differential equations is
often a matter of reducing the problem to one involving indefinite integration.
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27.3 Separable differential equations

A first-order linear differential equation is separable if it can be written in the
form

~ = f(y)g(t),

where f and g are given functions. The significant point is that the right-hand
side is the product of two functions, one depending only on y and the other
only on t. For example, the equation

is separable, whereas

dy = t2y + ty2
dt

is not, because it is not possible to write t2y + ty2 in the form f(y)g(t).

The solution of a separable differential equation requires us to think of the
equation for dy Idt as a relationship between dy and dt, in much the same
way as we do when substituting in an integral. In fact, the argument given
in Section 26.1 justifies this procedure. So we resort to the conventional
shorthand and rewrite the equation

dy 1
dt = f(y)g(t) as f(y) dy = g(t) dt.

This is called 'separating the variables'. Integrating formally, we have

Jf(ly) dy = Jg(t)dt.

Of course, the integrals still have to be found.

Example The equation
dy t2

dt y

is separable, the right-hand side being the product of 11y and t2• Separating
the variables, we obtain

y dy = t2 dt, so Jy dy = Jt2 dt.

In this case we can work out both integrals, giving
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and we can amalgamate the constants, so that y2 = 2t3/3 + c. 0

Often it is convenient to leave an answer in the form given above, although
it does not strictly define y as a function of t. There is an undetermined
constant c, and there are two possible square roots of the right-hand side. We
shall refer to an answer of this kind as the general solution of the relevant
equation.

Generally, in order to determine any arbitrary constants occurring in a
general solution, we have to make use of initial conditions. In this way we
may determine a particular solution, by which we mean one in which there
are no arbitrary features. Although the term 'initial condition' suggests that
we are given the value of the unknown function y when t = 0, the term is
also used when the value of y at some other value of t, is given.

Example Consider the differential equation

dy (y2 + l)e t

dt 2y

and suppose we are given that y(O) = 1.

The equation is separable. Separating and integrating, we obtain

J 2y J ty2 + 1 dy = edt,

that is,
In(y2 + 1) = et + c.

The logarithm is valid, since y2 + 1 is positive for all y.

We now use the fact that y(O) = 1; this means that the last equation holds if
we substitute y = 1 and t = O. Thus

In(1 2 +1)=eo+c, In2=1+c, c=ln2-1,

and inserting this value of c we get

In(y2 + 1) = et + In 2 - 1.

Taking the exponential of both sides

y2 + 1 = exp(et + In2 - 1),
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and solving for y there are two possibilities:

y = Jexp(e t + In2 -1) - 1 or y = -Jexp(et + In2 -1)-1.

Since y(O) = 1 is positive, we must take the first of these options. Simplifying
(check!) the solution is

y(t) = J2exp(et - 1)-1.

o

27.4 A continuous-time model of price adjustment

In Chapter 5 we discussed the cobweb model of market stability. That is
a discrete-time model, leading to a recurrence equation which describes the
sequence (pd of yearly prices when the initial price is not the equilibrium
value.

It is also possible to use continuous-time models in this situation, and such
models lead to differential equations, rather than recurrence equations. To
do this we must consider the price to be given by p(t), a function of the
continuously varying time parameter t.

Suppose that, initially, the price p is less than the equilibrium value. How does
the price adjust to market forces? We might expect that since the consumers
wish to buy more units, qD(p), than the suppliers will provide, qS(p), the price
will increase; and a reasonable assumption is that the rate of increase depends
on the excess of demand over supply, x(p) = qD(p) - qS(p) (see Figure 27.1).

s

p ---- ------
I

I I
~x(p)--+J
I I
I I

Figure 27.1: The excess demand x(p)



A continuous-time model of price adjustment 349

This assumption means that the derivative p' is equal to some given function
of p; in other words we have a differential equation for p(t).

Example Suppose the market is governed by the supply and demand sets

D = {(q,p) I 3q + 2p = 10}, S = {(q,p) I q - 2p = -6}.

The usual calculation shows that the equilibrium price is 7/2.

Suppose also that when t = 0 we have p = 3, and the law of price adjustment
is p' = (3x(p))3. Explicitly, we have

dp D S 3
dt = 27 (q (p) - q (p))

= 27 (~(10 - 2p) - (2p _ 6)) 3

= (28 - 8p)3 .

This is a (rather trivially) separable equation. Separating and integrating, we
have

from which we obtain

Rearranging,

so that

J(28 ~ 8p)3 dp = J1dt,

1 1
16 (28 _ 8p)2 = t + c.

2 1
(28 - 8p) = 16t + 16c'

either 28 - 8p = V16t ~ 16c or 28 - 8p = -V16t ~ 16c'

We are given that p = 3 when t = o. Substituting these values, it is clear that
the first of the alternatives holds, because 28 - 8 x 3 is positive. Furthermore,
we have

28 - 8 x 3 = 4 = V16 x ~+ 16c'

so c = 1/256 and

28 - 8p =
1

16t + 1/16·

Rewriting this equation we get the price function

7 1 r-r-
p(t) = 2: - 2:V 256t+1.

Observe that, as t ~ 00, the square root term tends to zero, and so p(t)
approaches the equilibrium price 7/2. 0
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Worked examples

Example 27.1 Find the solution y(t) of the following differential equation,
given that y(O) = -2.

dy ty2

dt ~1 + t2 •

Solution: The equation is separable. Separating and integrating we obtain

J:2 dy = J(1 +:2)1/2 dt.

The integral on the left is -1/y +C1, where C1 is a constant of integration. To
evaluate the integral on the right, let r = 1 + t2. Then dr = 2t dt and

J t - J 1 1 - 1/2 - ~(1 + t2)1/2 dt - r1/2 "2 dr - r + C2 - V 1+ t~ + C2,

where C2 is a constant of integration. We therefore have

so
1

y(t) =
.J[+t2 + c'

where c = C2 - Ct. Since y(O) = -2, we must have -2 = -1/(1 + c), so
c = -1/2 and

y(t) =
1

~1 + t2 - 1/2

-2
2.J[+t2 -1·

o

Example 27.2 Recall that the elasticity ofdemand is defined to be

e(p) = - qlp,
q

where q = qD(p) is the demand function. Suppose that there is a constant r
such that e(p) = r for all p. Show that the demand function must take the
form

D K
q (p) =~, K a positive constant.

p
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Solution: The equation 8(p) == r may be written as

pdq--- == rq dp ,

or
dq q- == -r-.
dp p

Separating and integrating,

so that
lnq == -rlnp + c,

where c is some constant. Since p and q are positive, the logarithms are valid
and the equation can be written lnq == In (p-r) + c. Taking the exponential
of each side,

K
q == p-reC == Kp-r == ~,

p

where we have denoted the positive constant eC by K.

In Chapter 9, we showed that if the demand function has this form then the
elasticity is constant. We now have the converse result: if the elasticity is
constant, then the demand function has this special form. D

Example 27.3 The elasticity ofdemand for a good is

2p2
8(p) == -2-1.

P +

Given that q == 4 when p == 1, find the demand function qD(p).

Solution: We have
pdq 2p2

q dp p2 + l'

where q == qD(p) is the demand function. This may be written as a separable
differential equation

Separating and integrating,

J1 J 2pqdq = - p2 + 1 dp.
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We can work out the integrals (using the substitution r = p2 + 1 in the second
one), and obtain

In q = -In(p2 + 1) + c,

which is valid since q and p2 + 1 are positive. Taking the exponential of both
sides

2 eC Kq = eCe-1n(p +1) = __
p2+1 p2+1'

where K = eC is some positive constant. Given that q(l) = 4, we have
4 = K /2, so K = 8. Therefore the demand function is

D 8
q (p) = p2 + 1·

o

Example 27.4 The supply and demand functions for a good are

Assuming that the initial price is p(O) = 6, and the price adjusts over time
according to the equation p' = x(p)3 (where x(p) is the excess demand), find
a formula for p(t).

Solution: We have

Hence the differential equation for p(t) is

dp ( 8)3
dt = 24 - 3P ,

which is separable. Separating and integrating,

J 1 3 dp = J1dt,
(24 - ~p)

so

Therefore either

24 - ~P = J16t ~ 16c
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or

24- ~P = -J 16t~ 16c·

Now, p(O) = 6 and so when t = 0, 24 - (8/3)p = 8. This shows that we must
take the positive square-root, and that 8 =: J3/16c. Therefore, 16c = 3/64
and

8
24- -p =

3

3

16t + 3/64·

Rearranging, we obtain the following formula for p(t):

3
p(t) = 9 - ­

8
192

3 + 1024t·

Note that as t ~ CfJ the price approaches 9, the equilibrium price. 0

Example 27.5 One way of describing how the balance A(t) of an account
varies with time under continuous compounding is to say that the rate of
increase is proportional to the amount. This translates into the differential
equation

dA
-;It = rA,

where r is the interest rate. If the initial balance (that is, the principal P) is
positive, what is the amount at time t ?

Solution: The equation

dA =rA
dt

is separable. Separating and integrating,

J~ dA = Jr dt, that is In A = rt + c.

(Since the principal is positive, A(t) is positive for all t.) Taking the exponential
of both sides,

where K = eC
• Since A(O) = P, we have P = K and so A(t) = Pert, in

agreement with the formula obtained in Chapter 7. D
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Example 27.6 In one kind of continuous-time model of economic growth~

the level of national production Q is taken to be a function Q(K,L) of the
amounts of capital K and labour L available~ by analogy with the situation
for a single firm. By definition~ investment I is the rate ofincrease of capital
with respect to time~ that is I(t) = K'(t).

Using the same notation as in Section 27.1~ suppose we assume that the
equilibrium conditionsQ = Y and Y = C + I hold~ as well as the following
behavioural conditions:

(i) C(t) = bY(t) (in other words c = 0);

(ii) Q(K,L) = K 1/ 2L;

(iil) L(t) = rxt + f3, that is, the amount oflabour available grows linearly.

Find a differential equation for K(t)~ and solve it.

Solution: Using the equilibrium conditions and the behavioural conditions, we
have

I = Y - C = Y - bY = sY = sQ = sK 1
/
2L.

Here, s = 1 - b is the marginal propensity to invest. Also I = dK / dt, so

This is a separable differential equation for K. Separating and integrating we
have

JK~/2 dK = Js(at + (3) dt.

That is,
srxt2

2K1
/
2 = 2 + s{3t + k,

for some constant k. Equivalently,

K( ) = (srxt
2

sf3t ~) 2
t 4 + 2 +2 .

o
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Main topics

• continuous-time macroeconomic models and differential equations

• separable first-order differential equations with initial conditions

• continuous-time price adjustment

Key terms, notations and formulae

• continuous-time macroeconomic model:

I(t), the investment in the year up to time t; similarly, Q(t), Y(t), C(t)

• equilibrium conditions, Q(t) = Y(t), Y(t) = C(t) + I (t)

. I' b dC• margina propensity to consume, = dY

. I .. dI b• margina propensity to invest, s = dY = 1 -

• separable differential equation, ~ = f(y)g(t):

solve by separating and integrating, Jf(~) dy = Jg(t)dt

• general solution; particular solution using initial conditions

• price adjustment: ~~ depends on excess, x(p) = qD(p) - qS(p)
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Exercises

Exercise 27.1 Find the general solution of the differential equation

dy J1=Y2
dt y(l - t2 )·

Exercise 27.2 Find the general solution of the differential equation

dy t2(y3 - 5)

dt y2(t3 + 1)·

Exercise 27.3 Find a function y(t) such that y(O) = 1, y(t) > 0 for all t, and
y(t) satisfies the differential equation

dy ty
dt t2 + 1·

Exercise 27.4 Solve the following differential equation:

dy t3y2

dt ~'

and find the particular solution satisfying y(O) = 1.

Exercise 27.5 Solve the following differential equation by first writing it
explicitly as a separable equation, and determine the solution for which
y(l) = 4.

dy 1
2t- + - = y.

dt y

Exercise 27.6 The supply and demand functions for a good are

Show that the equilibrium price is 1. Assume that the price adjusts according
to the equation p' = (x(p))5, where x(p) is the excess demand, and that the
initial price is p(O) = 1/2. Find a formula for p(t).

Exercise 27.7 The elasticity of demand for a good is

1
e(p) = 1- --.

p+1
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Given that q = 8 when p = 1, find the demand function qD(p).

Exercise 27.8 The elasticity of demand for a good is

Find the demand function qD(p), given that when p = 2 the demand is 5.

Exercise 27.9 Using the model of economic growth set up in Example 2Z6,
suppose we make the following specific assumptions.

(i) C(t) = bY(t);

(ii) Q(K,L) = K 1/ 3L;

(iii) labour grows quadratically, that is, L(t) = rxt2 + f3t + y.

Find a differential equation for K(t), and solve it.
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28.1 Market trends and consumer demand

In markets such as the housing market consumers often try to anticipate
trends. They base their demand not simply on the current selling price, but
on how fast this price has been rising (or falling) and whether its rate of
change is slowing down or speeding up. For example, if people who are
thinking about buying a house see that the price is falling fast, they may
decide to wait before before entering the market. As a result the demand for
property is reduced.

To analyse this sort of problem we assume that the price is a function of
time, p(t), so that the techniques of calculus and differential equations may be
applied. The first derivative p'(t) is the rate at which the price is increasing,
and the second derivative p"(t) measures the rate of change of p'. For example,
if p'(t) > °and p"(t) < 0, then consumers will see that the price is increasing,
but that its rate of increase is diminishing, and they may well anticipate that
the price will level off in due course. Similarly it is quite likely that suppliers
(people with houses to sell) will also try to anticipate market trends in this
way.

Example Suppose that the consumers' demand is given by

dp d2p
q = 9 - 6p +5- - 2-.

dt dt2

This corresponds to a linear demand function, modified by taking account of
the trend. Suppose also that the quantity supplied is determined in a similar
way, and is given by

dp d2p
q = -3 + 4p - - - -.

dt dt2

If the market is in equilibrium at any given time, then we may equate the
supply and demand to obtain an equation for the market price p. :

• dp· d2p. • dp· d2p.
9 - 2p + 6- - 2- = -3 + 4p - - - -

dt dt2 dt dt2 '

or
d2 • d •
d~ -7 ~ +6p· = 12.

o
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As we have already explained, this is called a second-order differential equa­
tion, because it contains the second derivative of the unknown function. In
this chapter we shall describe some techniques for solving such equations.

28.2 Linear equations with constant coefficients

The second-order differential equations we consider are those of the form

where at and a2 are constants. These are known as linear equations with
constant coefficients.

The method for solving these equations is very similar to that used in Chap­
ter 23 to solve second-order recurrence equations. We consider first the
homogeneous equation, obtained by taking f(t) to be identically zero:

d2y dy
dt2 + at dt + a2Y = o.

We observe that if Yt(t) and Y2(t) are solutions of the homogeneous equation,
then so is C1Yl(t) + C2Y2(t), for any constants C1 and C2. If Yt(t) and Y2(t)
are essentially different (that is, if Y2(t) is not a constant multiple of Yt(t))
then we say that C1Yl(t) + C2Y2(t) is the general solution of the homogeneous
equation.

Suppose that y*(t) is a particular solution of the non-homogeneous equation
and that g(t) is the general solution of the homogeneous equation. Let

y(t) = y* (t) + g(t).

Then y(t) is also a solution of the non-homogeneous equation, since
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We have established the same principle as for second-order recurrence equa­
tions (Section 23.4), that is:

General solution of the non-homogeneous equation =

Particular solution + General solution of the homogeneous equation.

28.3 Solution of homogeneous equations

The key to solving the homogeneous equation

is to look for solutions of the form y(t) = ezt , where z is a constant. For this
function we have

d
2
y + a dy + a y = z2ezt + a zezt + a ezt = (z2 + a z + a )ezt

dt2 1 dt 2 1 2 1 2·

So we have a solution whenever z satisfies

This is the called the auxiliary equation. The form of the general solution
depends on whether the auxiliary equation has two distinct solutions, just one
solution, or no solutions at all. We consider each possibility in turn.

Case 1: the auxiliary equation has two distinct solutions

Suppose the auxiliary equation has two distinct solutions rJ., and f3. Then eat
and e{3t are solutions of the differential equation, and the general solution is

Aeat + Be{3t (A, B constants).

The constants A and B may be determined if some additional information is
given, such as the initial values of y and y'.

Example To find the general solution of the differential equation

d2y dy
dt2 - 4 dt + 3y = 0,

we consider the auxiliary equation

Z2 - 4z + 3 = 0.
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Since z2 - 4z +3 = (z -1)(z - 3) there are two solutions, 1 and 3. The general
solution is therefore

where A and B are arbitrary constants.

If we are given that y(O) = 1 and y'(O) = 2, the constants can be determined,
as follows. Substituting t = 0, we obtain

1 = y(O) = Aeo + Beo = A + B.

Further, the derivative of y is y'(t) = Aet + 3Be3t , so the condition y'(O) = 2
means that

2 = y'(O) = Aeo + 3Beo = A + 3B.

Solving the equations A + B = 1 and A + 3B = 2, we have

1 1
A = 2' B = 2'

The required solution is therefore

o

Case 2: the auxiliary equation has exactly one solution

The auxiliary equation has only one solution when ai = 4a2, and it is
a = -al/2. In this case, in addition to the solution Yt(t) = eat, we claim that
Y2(t) = teat is also a solution. This claim can easily be checked. Since

dY2 d2Y2- = (at + 1)eat and -- = (a2t + 2a)eat
dt dt2 '

we have

d
2
Y2 dY2 (2 2) at ( 1) at atdt2 + at at + a2Y2 = a t + a e + at at + e + a2te

= (a2+ ala + a2)teat + (2a + at)eat ,

which is zero since a satisfies the auxiliary equation a2+ ala + a2 = 0 and
2a+al = O.
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So in this case the general solution is

(Ct+D)eCa (C,D constants).

Example Find the general solution of the differential equation

d2y dy
dt2 + 6 dt + 9y = 0,

and the solution which satisfies y(O) = 1 and y'(0) = 3.

The auxiliary equation is
Z2 + 6z +9 = 0,

that is (z + 3)2 = O. This has only one solution, rx = -3. The general solution
is therefore

y(t) = (Ct + D)e-3t
,

where C and D are arbitrary constants. To find the solution which satisfies
the given initial conditions, we note first that y(O) = 1 means D = 1. Since

y'(t) = (C - 3D - 3Ct) e-3t
,

y'(O) = 3 implies C - 3D = 3, so C = 4 and the required solution is

y(t) = (4t + 1)e-3t
•

o

Case 3: the auxiliary equation has no solutions

When ai < 4a2, the auxiliary equation has no solutions. In this case, as for
recurrence equations, the general solution involves trigonometrical functions.
We shall simply give the formula here (see also Exercise 28.6).

If the equation z2 + alZ + a2 = 0 has no solutions, we define

y = -atl2 and b = J4a2 - aT/2.

Then the general solution is

y(t) = eyt (E cos l5t + F sin l5t),

where E and F are arbitrary constants.
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Example Find the general solution of the equation

d2y dy
dt2 - 4 dt + 13y = 0.

Find also the solution for which y(O) = 1 and y' (0) = o.

The auxiliary equation is z2 - 4z + 13 = 0, which has no solutions. We have
l' = 4/2 = 2 and b = ,j52 - 16/2 = 3. Therefore the general solution is

y = e2t(E cos 3t + F sin 3t),

where E and F are arbitrary constants. Given the initial conditions, we can
determine the constants E and F. First, since y(O) = 1, we have

1 = eO(E cosO + F sinO),

so E = 1. The derivative of y is

y'(t) = e2t (2E cos 3t + 2F sin 3t - 3E sin 3t + 3F cos 3t).

Hence the condition y'(O) = 0 implies 2E + 3F = 0, and so F = -2/3. The
required solution is therefore

y(t) = ell (cos 3t - ~ sin 3t) .

o

28.4 Non-homogeneous equations

We now return to the non-homogeneous equation

Recall that, if we have found the general solution of the corresponding
homogeneous equation, in order to solve the non-homogeneous equation it
remains only to find a particular solution y* (t). We shall explain how this can
be done in many cases.

Finding a particular solution is very easy if the right-hand side f(t) is constant,
say f(t) = k. In this case the particular solution is also a constant: y* = k/a2.
Since the derivatives of a constant are all zero, it is easy to see that this
satisfies the equation.
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Example We can now solve the differential equation obtained in Section 28.1:

Recall that this equation determines the equilibrium price p*(t); we have
changed the notation to y( t) for convenience.

This is a non-homogeneous equation, and the right-hand side is a constant.
Clearly, a particular solution is y*(t) = 2. The relevant auxiliary equation is
z2 - 7z + 6 = 0, or (z - 1)(z - 6) = 0, which has solutions 1 and 6. It follows
that the general solution is

for some constants A and B. o

As a rule, to find a particular solution y*(t) of a non-homogeneous equation
we look for a function of the same 'general form' as f(t). For instance, if
f(t) = kt, we try to find a particular solution of the form y*(t) = at + b,
where a and b are constants to be determined. Note that we do not simply
try for a particular solution of the form at: even though there is no constant
term in f(t), we might need one in the particular solution. Similarly, if f(t)
is of the form kt2 for some constant k, we should try y*(t) = ct2 + dt + e,
and if f(t) = ekt , we try y*(t) = cekt . The following example illustrates how
the constants can be determined. (Further illustrations are given in Examples
28.2, 28.3 and 28.4.)

Example Consider the differential equation

d2y dy 2
----2y=4t.
dt2 dt

The right-hand side is a quadratic, so we try for a particular solution of the
'general' quadratic form y*(t) = ct2 + dt + e. We have

d2y* dy* * 2
dt2 -dt-2y =2c-(2ct+d)-2(ct +dt+e),

so y*(t) is a solution if

(-2c)t2 + (-2c - 2d)t + (2c - d - 2e) = 4t2
.

Since this must hold for all values of t, we must have

- 2c = 4, - 2c - 2d = 0, 2c - d - 2e = 0,
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which gives c = -2, d = 2, e = -3. A particular solution is therefore

y* = -2t2 + 2t - 3.

To find the general solution to the corresponding homogeneous equation, we
examine the auxiliary equation, z2 - Z- 2 = 0, that is (z - 2)(z + 1) = O. This
has solutions 2 and -1, so the general solution to the homogeneous equation
is Ae2t + Be-t

. Finally, the general solution to the original equation is

y(t) = -2t2 + 2t - 3 + Ae2t + Be-t
.

D

28.5 Behaviour of solutions

In practice, we are often less interested in the exact solution of a differential
equation than in how the solution evolves as t tends to infinity. Suppose, for
example, that the auxiliary equation has two solutions r:t. and f3. Then the
general solution takes the form

y(t) = y*(t) + Aecxt + BePt

and its behaviour depends on the particular solution y* and on the functions
ecxt and ePt • For instance, if r:t. and f3 are both negative then, as t ~ 00, ecxt

and ePt both tend to °as t ~ 00, and the general solution of the differential
equation behaves in the same way as y*(t), in the long run.

If the auxiliary equation has no solutions, so that the general solution is of
the form

y(t) = y* (t) + e
yt (E cos bt + F sin bt),

then (provided at least one of E and F is nonzero) the solution will exhibit
some form of oscillatory behaviour. For example, suppose the solution is

y(t) = e2t + e- t (5 cos 3t + 4 sin 3t).

Then, since e-t ~ °as t ~ 00, the oscillatory part of the solution decreases
in significance as t increases; in other words, the solution is e2t with some
oscillations which fade away in the long run. On the other hand, if the
solution were

y(t) = e2t + e4t (5 cos 3t + 4 sin 3t),

then the oscillations would increase in magnitude.
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Worked examples

Example 28.1 Find the general solutions of the following differential equa­
tions.

Solution: The auxiliary equation for the first of these is z2 - 3z +2 = 0, which
factorises as (z -l)(z - 2) = °and so has roots 1 and 2. The general solution
is therefore

y(t) = Aet + Be2t

for arbitrary constants A and B.

The auxiliary equation for the second equation, z2 +2z + 5 = 0, has no roots.
In the notation used earlier, Y = -1 and <5 = .J20 - 4/2 = 2. The general
solution is therefore

y(t) = e-t (E cos 2t + F sin 2t),

where E and F are constants.

Example 28.2 Find the general solution of

d2y dy 3t
dt2 + dt - 2y = e .

o

This is a non-homogeneous equation. The auxiliary equation is z2 +Z - 2 = 0,
which has solutions 1 and -2. The corresponding homogeneous equation
therefore has general solution

To find a particular solution y*(t), we assume that y*(t) is of the form ce3t ,

and determine the value of c by substitution. The given y* is a solution of
the equation if and only if

9ce3t + 3ce3t
- 2ce3t = e3t

.

This gives 10ce3t = e3t , so c = 1/10. The general solution is therefore

1
10e

3t + Aet + Be-2t
.

D
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Example 28.3 Find the solution of the equation

d2y dy 2
dt2 + 4 dt + 4y = 8t + 8.

which satisfies y(O) = 1 and y'(O) = 3. How does this solution behave as t
tends to infinity?

Solution: First, we find the solution of the corresponding homogeneous equa­
tion. The auxiliary equation is z2 +4z +4 = 0, which is (z +2)2 = O. This has
only one root, l/., = -2, so the general solution to the homogeneous equation
is

(Ct + D)e-2t

where C and D are constants. In order to find a particular solution, noting that
the right-hand side of the equation is a quadratic, we try y*(t) = ct2 + dt + e.
Then, y* is a solution if and only if

(2c) + 4(2ct + d) + 4(ct2 + dt + e) = 8t2 + 8,

or, equivalently,

(4c)t2 + (8c + 4d)t + (2c + 4d + 4e) = 8t2 + 8,

from which it follows that

4c = 8, 8c + 4d = 0, 2c + 4d + 4e = 8.

Solving, we find c = 2, d = -4, e = 5, so a particular solution is

y*(t) = 2t2 - 4t + 5.

The general solution to the differential equation is therefore

y(t) = 2t2
- 4t + 5 + (Ct + D)e-2t

•

To determine the solution satisfying the given initial conditions, we note that

y'(t) = 4t - 4 + (C - 2D - 2Ct)e-2t
.

So the initial conditions tell us that

5 + D = 1 and - 4 + C - 2D = 3,

from which we obtain C = -1 and D = -4. The required solution is therefore

y(t) = 2t2 - 4t + 5 - (t + 4)e-2t
.

As t ~ 00, the term (t + 4)e-2t tends to O. Thus, for large t, y(t) is very close
to the quadratic 2t2 - 4t + 5. It follows that y(t) ~ 00 as t ~ 00; technically
we say that y(t) is asymptotically equal to 2t2 - 4t + 5. 0
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Example 28.4 Determine constants a and b such that (at +b)e3t is a solution
of the differential equation

d2y dy 3t
dt2 - 3 dt + 2y = te ,

and hence find the general solution. Find the solution satisfying y(O) = 0 and
y'(O) = 1.

Solution: Let y*(t) = (at + b)e3t . Then

d *
~ = ae3t + 3(at + b)e3t = (3at + 3b + a)e3t
dt

and
d2 *
d~ = 3ae3t + 3(3at + 3b + a)e3t

= (9at + 6a + 9b)e3t.

If y* is a solution of the equation then

(9at + 6a + 9b)e3t - 3(3at + 3b + a)e3t + 2(at + b)e3t = te3t ,

so
2at + (3a + 2b) = t.

We must have 2a = 1 and 3a+2b = 0, so a = 1/2 and b = -3/4. A particular
solution is therefore

* (1 3) 3tY (t) = 2t - 4: e.

To find the general solution, we note that the corresponding homogeneous
equation,

d2y dy
dt2 - 3 dt + 2y = 0,

has solution Aet + Be2t (Example 28.1). The general solution is therefore

y(t) = (~t-~) e
3t

+Ae
t + Be

2t
.

The initial condition y(O) = 0 means that -3/4 + A + B = O. The derivative
of y is

1 (1 3)y'(t) = 2e3t + 3 2t - 4: e3t + Aet + 2Be2t,

so, since y'(0) = 1, we must have -7/4 + A + 2B = 1. Solving these equations
for A and B, we find A = -5/4, B = 2. Therefore the required solution is

(1 3) 5
y(t) = 2t - 4: e

3t - 4: et + 2e
2t

.

D
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Example 28.5 Suppose that consumer demand q depends upon the price­
trend according to the equation

dp d2p
q=20-p-4-+-.

dt dt2

If the supply function is qS(p) = -4 + 4p, write down the condition for
equilibrium, and determine the equilibrium price p(t) given that p(O) = 5 and
p'(O) = 4. Describe in words the behaviour of p(t).

Solution: The condition for equilibrium is that

dp d2p
20 - p - 4- + - = -4 + 4p

dt dt2 '

or

d2p dp
- - 4- - 5p = -24.
dt2 dt

A particular solution of this equation is the constant solution y*(t) = 3. The
auxiliary equation is

Z2 - 4z - 5 = (z - 5)(z + 1) = 0,

which has roots 5 and -1. Therefore the solution to the corresponding
homogeneous equation is Ae5t + Be-t and the general solution for p(t) is

p(t) = 3 + Ae5t + Be-t
,

where the constants A and B are determined by the initial conditions.

Using the fact that p(O) = 5, we have 3 + A + B = 5, or A + B = 2.
The derivative of p is 5Ae5t - Be-t , so the condition p'(O) = 4 means that
5A - B = 4. Solving these equations for A and B gives A = 1 and B = 1, so

As t tends to infinity, e-t tends to 0, but e5t tends to infinity; therefore, p(t)
tends to infinity. D
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Example 28.6 A disease has two stages, A and B. A person in stage A
of the disease mayor may not develop the more serious stage B condition.
Epidemiologists believe that a person in stage A or B of the disease can, by
infection, pass on the disease to another person, who then develops stage A.
In their model of the spread of the disease, they formalise this by assuming
that ifYA(t) is the number ofpeople in stage A of the disease and YB(t) the
number in stage B at time t, then

where a and b are positive constants. Furthermore, their model assumes that

for a positive constant c. Find expressions for YA(t) and YB(t), in terms of the
constants a, band c, given that there are initially no people in stage B of the
disease and 300 in stage A. Comment on the behaviour ofYA and YB.

Health oflicials believe that public awareness of the seriousness of the disease
depends on the ratio of the number ofpeople in stage B to those in stage A.
How does this ratio behave in the long run?

Solution: We have two first-order differential equations. In order to solve
them we differentiate the first one, obtaining

that is,
d2YA _ dYA bdYB
dt2 - a{[t + {[t.

Now, using the second equation for dYB/dt, we obtain

or
d2YA dYA
---a--bcYA=O.
dt2 dt

This is a second-order differential equation for YA. The auxiliary equation is
z2 - az - bc = 0, and it has two distinct solutions

f3 - ~ Ja2 + 4bc
- 2 + 2 '
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since the constants a, b, c are all positive. For future reference, we note that
f3 > a and a is negative.

It follows that YA has the form

YA(t) = Xeat + YePt

for some constants X and Y. We can now use the first of the given equations
to obtain a formula for YB.

1 (dYA ) (a-a) ext (f3- a ) ptYB(t) = b dt -aYA = -b- Xe + -b- Ye .

The initial conditions are YA(O) = 300 and YB(O) = O. These lead to the
equations

and solving these, we obtain

X = 300(f3 - a)
f3 - a '

Y = 300(a - a)
f3-a .

Note that X and Yare both positive, since f3 > a and 0 > a.

Both YA(t) and YB(t) have terms in ef3t with positive coefficients, and so it
follows that they grow exponentially.

The behaviour of the ratio YB(t)jYA(t) is also determined by the ratio of the
respective terms in ePt • Since

YA(t) = YeP1 + ... , YB(t) = (p~a) YeP1 + ... ,

the limit of the ratio is (f3 - a)jb, which equals (,Ja2 + 4bc - a)jb. 0
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Main topics

• anticipation of market trends in a continuous-time market

• second-order differential equations

• general solution of homogeneous equations

• non-homogeneous equations and finding particular solutions

• behaviour of solutions

Key terms, notations and formulae

• anticipating market trends: demand, supply can depend on p'(t),p"(t)

• linear equation with constant coefficients:

d2y dy
dt2 + at dt + a2Y = f(t)

• for a non-homogeneous equation, general solution is:

particular solution + general solution of homogeneous equation

• auxiliary equation, z2 + atZ + a2 = 0

• solution of homogeneous equation depends on solutions of auxiliary:

two distinct solutions, a, f3: y(t) = Aeat + Bef3t

one solution, a: y(t) = (Ct + D)eat

aj V4a2 - ai
no solutions: ify = -2' b = 2 ,y(t) = eyt(Ecosbt+Fsinbt)

• particular solution, y* (t), to non-homogeneous equation

• initial conditions
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Exercises

Exercise 28.1 Find the general solutions of the following equations.

d2y dy
(b) dt2 - 4 dt + 4y = O.

d2y dy
(c) dt2 + 2 dt + 2y = O.

Exercise 28.2 Find a particular solution, in the form y = (At + B)e3t , of the
equation

d2y dy 3t
dt2 - 8 dt + 12y = te .

What is the general solution of this equation?

Exercise 28.3 Find a function y(t) which satisfies the differential equation

and is such that y(O) = 1 and y'(O) = 5.

Exercise 28.4 Suppose that consumer demand depends upon the price-trend
according to the formula

dp d2p
q = 60-20p-7- +-.

dt dt2

If the supply function is qS(p) = -12 + lOp, write down the condition for
equilibrium and determine the equilibrium price p(t) when p(O) = 5 and
p'(O) = 17. Describe in words the behaviour ofp(t).

Exercise 28.5 Suppose that consumer demand depends upon the price-trend
according to the formula



374 Second-order differential equations

Suppose also that the quantity available is determined in a similar wa~ by
the formula

dp d2p
q = -4 + 14p - 4- +2-.

dt dt2

Write down the condition for equilibrium and determine the equilibrium price
p(t) ifp(O) = 4 and p'(O) = 10. Describe in words the behaviour ofp(t).

Exercise 28.6 With the notation used in Section 28.3, suppose that the
auxiliary equation z2 + alZ + a2 = 0 has no solutions. Let

Show that the functions

Yl (t) = eyt cos bt, Y2(t) = eyt sin bt,

are solutions of the relevant homogeneous equation.

Exercise 28.7 Suppose the auxiliary equation corresponding to a second­
order homogeneous differential equation has one positive solution and one
negative solution. Discuss the behaviour of the solution to the differential
equation.



Answers to selected exercises

1.1 x = 1, y = 2.

1.2 x = 4, y = 1.

1.3 E consists of one point, (27,13/2). qS(p) = 6p - 12, qD(p) = 40 - 2p,
1 1

pS(q) = 6q + 2, pD(q) = 20 - 2q.

3 2
1.5 27T - 2T , 13.125.

T 3 3 T
1.6 p = 4: + 4: T , q = 5 - 3T.

2.1 Only the first and third functions have inverses. For the first, f-l(y) = Y/5
and for the second, f-l(y) = yl/5.

2.3 E = {(1,2),(-4,1/3)}. Only the first of these points is 'economically
significant'.

2.4 In order, the formulae are

2.5
qS(p) = 3p - 1, qD(p) = 2 - p,

S q + 1 D
P (q) = -3-' P (q) = 2 - q.

2.6 There are no solutions if -2 < r:t < 2. If r:t = 2 or r:t = -2 there is just
one solution: when r:t = 2 this is x = -1 and when r:t = -2 it is x = 1. For all
other values of r:t (that is, for r:t < -2 and r:t > 2) there are two solutions,

r:t~
2 2
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3.1 Yt = 10 - 6(1/2)t.

3.2 (a) tends to 5 as t tends to infinity; (b) tends to 0, oscillating, as t tends
to infinity.

3.3 Yt = -1 + 8(4t); tends to infinity as t ~ 00.

3.4 y' = 3 and YI = 3 + 3 (~) I, which tends to 3 as t -4 00.

100E ( 100E) ( W )t
3.5 Yt = --w + 8000 - --w 1 - 100 .

* 3 3k ( 3k) t3.6 P = 2 ,Pt = 2k _ r + 1 - 2k _ r (1 + r - 2k) .

4.2 $21 909.295, $20 100.27.

4.3 $12409.04.

4.4 In all cases, choose the first option.

4.5 To two decimal places, (a) $2160.00, (b) $2164.86, (c) $2166.56.

5.1 PI = 9 + (-~) I ,PI -4 9 and ql -4 2 as t -4 00.

5.3 Stable.

5.4 Unstable.

6.1 Using the derivative, the approximate change is 0.05. (The actual change
is 0.049876.)

2 2 (x2
- 6x)

6.2 3(4x + 5)(2x + 5x + 4) and (x _ 3)2 . The function g is not defined

when x = 3.

6.3 The derivative of f- 1(x) is (x - 3)-4/5/5.
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6.4 h'(x) = x2(x3 + 8)-2/3, which is not defined when x = -2.

1 ( ) -1/2 ( )f'(x) ="2 x + (x3 + 8)1/3 1 + x2(x3 + 8)-2/3 .

6.5 C/( ) = 20 + 2 + 3q .
q 2Jf+'i

6.6 Using the derivative, an approximation to the increase is 107. (The actual
change is 116.5.)

7.1 (a) 128, (b) 1/25 = 0.04, (c) 1/100000 = 0.00001.

7.2 60000(1.06)10 exp (5(0.07)) = 152480,

7.3 (a) 30000/(1.08)10 = 13895.80, (b) 30000exp(-10(0.08)) = 13479.90.

7.4 f'(x) = (4x + 5)/(2x2 + 5x + 4), g/(x) = 12x3expx + 3x4 expx. Both
derivatives are defined for all values of x.

/ 2x3 - 2x
7.5 f (x) = 4 4 2 3 .

x + x +

7.6 (cos(ln x)) , 2xe
x2

2 .

X (cos (ex2
) )

7.7 If X = lnx and Y = lny, then the relationship is ~X + ~Y = In8.

8.1 The critical point is 2. It is an inflexion point.

8.2 The maximum occurs at x = 2, where the value is 7; the minimum is at
x = 4, where the value is -1.

8.3 The maximum occurs at x = 2, where the value is 9; the minimum is at
x = 4, where the value is -7.

8.4 The maximum value is 29, at x = 2.

8.5 The maximum value is 4/e2, obtained when x = 2; the minimum is 0, at
x =0.

8.6 P(t) = (500 + 1OOt)e-0.05t ; sell after 15 years.
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8.7 P(t) = eJi-O.125t ; t = 16

9.1 e(p) = (70~4p) ; valid for 0 ~ p < 7~; inelastic for 0 ~ p < 7
8
0.

9.3 e(p) = 2(2
3
: p3)' so the demand is elastic for p > 41

/
3

.

9.5 (i) pD(q) = 25 - 0.05q; (ii) II(q) = 24q - 0.08q2; (iii) qm = 150.

9.6 The maximum profit is 47633.3, achieved when q = 36.4839.

10.1 (a) 196, (b) II(q) = 2q3 -10q2 -196, (c) qs = 5, (d) qb = 7, (e) The firm's
supply set is the union of three pieces:

the points (O,p) for 0 < p < 75;

the points (q,p) such that p = 3q2 - 20q + 100 for 75 ~ p ~ 200;

the points (10,p) for p > 200.

og 10 -1/3 1/4 og 5 2/3 -3/4
ox = T X y , oy = 4X y ,

o2g _ 10 -4/3 1/4 o2g _ 15 2/3 -7/4
ox2 - -g-X Y , oy2 - - 16 X Y ,

a2
g o2g 5 -1/3 -3/4

--=--=-x Y .
axoy ayax 6

ah 4 oh
ox = 2x(x2+ l)2/3 + J"x\x2+ l)-1/3, oy = 2x2l(x2+ l)-1/3,

a2h 20 8_ = 2(x2+ y3)2/3 + _x2(x2 + y3)-1/3 _ _ x4(x2 + y3)-4/3
ox2 3 9 '

a2h
oy2 = 4x2y(x2+ l)-1/3 - 2x2l(x2+ l)-4/3,

a2h a2h 4__ = __ = 4xy2(x2+ y3)-1/3 _ _ x3y2(x2 + y3)-4/3.
axay ayax 3
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11.3 9t2 - lOt - 16.

11.4 32t3 + 120t2 + lOOt.

11.5 of
au = 7u6+ lOu

4
v
2

- 4u
3
v3+ 3U2v

4
- 4uv5,

of7iV = 4u5v - 3U4v2+ 4u3v3 - lOu2v4 - 7v6.

11.6 of 3
au = u7/4v3/4(U2 + V2)-1/2 + 4u-l/4V3/4(U2 + V2)1/2,

of 37iV = u3/4v7/4(u2 + v2)-1/2 + 4u3/4v-l/4(u2 + v2)1/2.

12.1

~~ = aAxa-1yP, ~~ = f3AxayP-l,

~~ = a(a - 1)Axa- 2yP, ~~ = f3(f3 -l)AxayP-2,

o2f o2f__ = __ = apAxlt- 1yf3-1•
oxoy oyox

The required gradient is -4/3.

dy
12.2

dx

18x2y2 - 2xy3 - 2y . .
3 2 2 12 3 2' whIch IS 6 when x = 1/2.xy- xy+x

12.3 ~~ = 2xy3/2, ~~ = ~X2yl/2. The required slope is -8/3.

12.4 f is homogeneous of degree 1; g is not homogeneous; h is homogeneous
of degree 2/9.

oq
12.7 ok

oq
ok

og/ok oq
- og/oq' 01

2q3k + ql oq
3q2k2 + kl' 01

oq/ol
-og/oq·
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13.1 Maximum value is 10, at the point (1, 1).

13.2 The only critical point is (20,20), a minimum.

13.4 u has a saddle point at (0,0) and a minimum at (-1.1). v has a saddle
point at (0,0), a maximum at (3/2, - 3/2), and a minimum at (3/2, - 3/2).

13.5 The firm should produce 2 of X and 4 of Y .

13.6 The maximum profit is 42, when x = 1 and y = 4.

13.7 The required production levels are 2 units of X and 2 of Y.

14.1 (i) (-=-~9~)' (ii) ({;), (iii) 0, 7.

14.2 For Mick, Keith and Charlie, the set is convex for any c. The set is not
convex for Bill.

14.3 Mick prefers r to s, which he prefers to t. Keith prefers t to sand s to
r. Bill prefers t to s, and s to r. Charlie prefers s to t and t to r.

14.4 Mick will buy 52 glasses of orange juice and no sunflower seeds. Keith
and Bill will each buy no orange juice and 260 grams of sunflower seeds.
Charlie will buy 26 glasses of orange juice and 130 grams of sunflower seeds.

(-41 )15.1 AB = -50

15.2 AB = ( 1
6
3

4
12) ( 3

7
;3 )-11 27 ,BA = 10 26

16 12 32 9 21 20

15.3 AB = ( ~ !). AC = (! ~), A(B + C) = (~ 13)6 .
-3 9

15.4 An = (~ W -;1)/2).

15.5 Bn = (~ -~ ) .
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15.6 The investor is guaranteed a return of 12395 from Y. An investor with
Z will prefer LibCons to win the election.

16.2 Xl = -1,x2 = 5,X3 = 4.

16.3 Xl = 5/9,X2 = -4/9,X3 = 5/9.

16.4 Xl = 1,x2 = 1,x3 = 2.

16.5 (7,11, 1) = (1,4,7) + (2,5, -4) + 2(2, 1, -1).

16.6 a = 1, b = 1, c = -1

16.7 a = 50,b = -10,c = 20

17.1 The rank is 2 and the general solution is x = (~) + s ( -:) .

17.2 x = ( -~) +s (-1).
17.3 x= (~) +s(=~).

17.6 There are no solutions.

17.7 k = -3. Then, there is exactly one solution, Xl = X2 = X3 = 1.

17.8 When c = -16b, the solution is Xl = 6a + 3b,X2 = b - 2a and
X3 = -3a-4b.

17.9 An arbitrage portfolio is, for example, Y = (1000 -1000 0).

(

10
18.1 (a) B-1 = -~

-19
7

-3

5 ) ( lOCI - 19c2 + 5C3 )
-2 , (c) x = -3Cl + 7C2 - 2C3 .

1. Cl - 3C2 + C3
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(-~ 19

5 ) (-8 9 -¥)36 18 -36 5
18.2 1 1

=~ , -1 2 .-12 6
7 1 -1 1 -136 -18 36

( 1.72
0.78 0063)

18.3 To two decimal places, 0.89 1.61 0.63 .
0.55 0.70 1.56

(-~
5 2

-2)2

18.5
-2 6 -1 -1

3 7 0 1 .
2 -2
3 5 1 12 -2 -2

18.7 The matrix is not invertible.

18.8 q* = 10, p* = 2.

18.9 Y* = 60, r* = 0.1.

.. (35d1 + 10d2)/27)
19.1 (1 - A)x = d. The solutIon IS x = (5d

1
+ 40d

2
)/27 .

19.2 The production (in dollars) of grommets and widgets should be 979.02
and 664.34, respectively.

19.3 The levels of production of X, Y,Z should be 769.50, 910.55, 1668.00,
respectively, where these have been calculated to two decimal places.

19.4 To one decimal place, (1 - A)-1 = 1 + A + A2 + A 3 + A4•

20.1 -5.

20.2 -108.

20.4 4.

20.5 It is invertible if and only if a, b, c are three distinct numbers.

20.6 x = 4, y = 1.

21.1 60(100)4/3, approximately 27849.5.

21.2 x = 36,y = 64.
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21.3 The cost function is C(q) = 2-/3q2. The optimal production level is
500/ -/3, approximately 288.675.

21.4 S = {(q,5J6q3/2) I q ~ L} U {(L,p) I p> 5J6L3/
2

}.

21.5 S = {(O,p) I p ~ Z} U {(L,p) I p > Z}.

21.6 3125(4/3)5/3, which is approximately 5047.56.

21.7 200/9.

22.1 35 units of fruit and 7 of chocolate.

22.2 0.12xl + 0.2X2 = 1.8, L = X1X~ - A(0.12xl + 0.2X2 - 1.8). The optimal
bundle is (5, 6).

22.3 10 hours should be spent on research and 30 hours on teaching.

22.4 Ct = 1/3, 20 of each.

Actual change in indirect utility is 0.419110; the approximation is 0.418628.

V(Pl,P2,M) = 31n (~~) + 21n (~~).

23.1 (a) Yt = A9t + B(-2)l; (b) Yt = (Ct + D)(-4)l;

(c) Yt = 3t
( E cos (;t) + F sin (;t) ).

23.2 Yt = A(-3)l + B2t ; Yt = 2t - (-3)l.

23.3 Yt = (Ct + D)4t, Yt = 2t(4t).
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23.4 Yt = (J'i7}t ( E cos ( ~t) + F sin ( ~) ), Yt = (J27y sin ( ~) .

23.5 Yt = 1+A(-lY +B(-ll)t.

1 ttl t t
23.6 Yt = 2+ A3 + B4, Yt = 2+ 2(3 ) + 4 .

23.7 Yt = 2 + (Ct + D)5t, Yt = 2 + (t + 1)5t.

23.8 Yt = 3 + 3t ( E cos ( ;t) + F sin ( ;t)), Yt = 3 + 3t cos ( ;t) .

23.10 Yt = 2W) - (-3Y - 1, Xt = ~(4t) + (-w.

24.1 (a) Yt ~ 00 as t ~ 00; (b) Yt ~ 00 as t ~ 00; (c) in the long run, Yt
oscillates increasingly.

25.1 ~t2+t+In(t+3)+C, ~+ln(~).

25.2 q* = 10, p* = 160, CS = 50.

25.3 2 + 2n.

25.5 14/3 + 81n 2.

25.6 CS = In(101) - 200/101.

1 3 1 1 1 t2
26.1 31n(t + 3t) + c 2 In(t - 3) - 2 1n(t - 1) + c, 2e + c.

(For the first, make the substitution u = 3t + t3 ; for the second, use partial
fractions; for the third, make the substitution u = t2. )

26.2 ~ In(7/2), ~ In G~), e; 1.
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x 2 3 1
26.3 2 + :2 1n(x - 1) - :2 1n(x + 1) + c.

(For the first, make the substitution u = sin e; for the second, use integration
by parts; in the third, make the substitution u = x3 and use integration by
parts on the resulting integral.)

26.5 2~+ln(~-1)-ln(~+1).

26.6 21n(2 - JX) - 21n(1- JX) + c, In(1 + JX) -In(1 - JX) + c.

26.7 e2(3e2 - 1)/4.

26.8 (e4 - 1)/2.

26.9 q' = 9,eS = 9610 (~) -20.

* 50 500
26.10 p = 10(20)' es = 10(10(20)) -10(10(10)) - 10(20)'

1 1
27.1 Jl=Y2 = 2 10(1 - t) - 210(1 + t) + c.

27.2 y3 = 5 + A(t3 + 1).

27.3 y(t) = )t2TI.

2 2
27.4 y(t) = ()f=t4+c)' y(t) = ()f=t4+1)'

dy y2 - 1
27.5 -d = -2-' y(t) = ~1 + 1St.

t ty

1 ( 16 ) 1/4
27.6 p(t) = 1 - 4: 256t + 1 .

27.7 qD(p) = 16/(p + 1).



386 Answers to selected exercises

(
2s(Xt3 sf3t2 2syt ) 3/2

27.9 K(t) = -9- + -3- + -3- + C , where s = 1 - band C is a

constant.

28.1 (a) y = Ae3t + Be2t ; (b) y = (Ct + D)e2t ;

(c) y = e-t (E cos(4~+ F sin(4t»).

* (t 2) 3t28.2 y (t) = -3 + 9" e,

28.3 ~et + ~cost + 5sint.

28.4 p(t) = 2 + 2e10t + e-3t .

28.5 p(t) = 4 + e12t - e2t, tends to infinity with exponential growth.
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under a curve 314
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for recurrence 288
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second-order 301
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breakeven point 107
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set 157

bundle 155
business cycles 303

conditions for 304, 306

capital 38, 74, 113, 253
growth 38, 71
marginal product of 115, 130
present value of 39
unit cost of 253

chain rule 60, 117
change of variable 331
Cobb-Douglas function 74,115,130,

260
cobweb model 47

economic interpretation 50
limiting behaviour 50

coefficients (of linear system) 185
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of matrix 174
vector 155

commodity bundle 155
competition 95, 98

perfect 98, 105, 140
versus monopoly 98

complements 141
completing the square 17
complex numbers 18
component (of vector) 155
composite function 15, 60, 116

derivative of 60
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composite function rule 60
compound interest 38
consistent linear system 201
constant of integration 318
constant returns to scale 129
constrained optimisation 253, 271
constraint 253
consumer surplus 314
consumer, theory of 270
consumption 224, 285, 343
continuous compounding 71, 353
continuous-time model

economic growth 343
price adjustment 348

contour 128
production function, see isoquant
slope 128
utility function, see indifference

curve
convex

combination 161
set 161

convexity assumption 162, 274
coordinates 1, 13, 155
cosine function 75

derivative 75
integral 321

cost
average 107
average variable 107
fixed 82, 106
function 59

derivation 256
joint 139

marginal 59, 107
variable 82, 107

Cramer's rule 246
critical point
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of 2-variable function 143

classification 146, 148; see also
maximum, minimum, sad­
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decreasing returns to scale 129, 262
definite integral 319

and areas 320
substitution in 332

degree of homogeneity 129
and returns to scale 129

demand 1
function 2, 274

inverse 3, 15
Marshallian 274

set 2
derivative 56

of exponential function 70
of implicit function 125
of inverse function 61
of logarithm 74
of power 57
of trigonometrical functions 75
partial 114, 143

second 115
determinant 242

and invertibility 245
calculation 243

difference equation, see recurrence
differential equation 344

first-order 345
general solution 347
particular solution 347
separable 346

second-order 345, 359
auxiliary equation 360
behaviour of solution 365
general solution 359
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non-homogeneous 359, 363
particular solution 359, 363

differentiation 56
discriminant 19
dot product 156, 175
dummy variable 14
dynamics of the economy 286, 343
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and inconsistency 202
for unique solution 217
leading one in 189
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efficient small firm 104, 140, 258

breakeven 107
startup 106
supply set 104

derivation of 258
elastic demand 96
elasticity (of demand) 95, 350
elementary operations 186
elementary row operations 188, 243
elements of a set 12
ellipse 159
empty set 12
entries (of a vector) 155
equation 17
equilibrium

conditions 224, 286, 343
in market 4, 46

stable 50
unstable 50

set 4
Euler's theorem 130
excess 348
excise tax 5, 84, 91
expenditure, national 224
exponential function 69

derivative 70
graph 70
integral 321
properties 69

factorisation 17
finance 38
firm

efficient small, see efficient small
firm

theory of, see theory of the firm
first-order conditions 143

Index 389

first-order differential equation, see
differential equation

first-order recurrence, see recurrence
equation

first quadrant 13
fixed cost 82, 106
function 13

defined implicitly 124
gradient of 56
of several variables 113

critical points of, see critical
point

optimisation of 139
of a function 16

rule 60

Gaussian elimination 189
general solution

of linear equations 204
of first-order differential equa­

tion 347
of first-order recurrence 27
of second-order recurrence 288,

292
of second-order differential equa­

tion 359
generation of income 39
global

maximum 85
minimum 85
optimisation 85

goods sector 224
government spending 224
graph 17

of exponential function 70
of logarithm function 72

homogeneous differential equation
359

homogeneous function 129
degree of 129
and returns to scale 129

homogeneous recurrence equation
287

household, theory of the 270
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identity
function 16
matrix 176

implicit function 124
derivative 125

income generation 39
income, national 224, 285, 301, 343

behaviour of 304
inconsistent linear system 201

and echelon form 202
increasing returns to scale 129, 261
indefinite integral 318
indifference curve 159, 273
indirect utility function 275
inelastic demand 96
infinite interval 86
infinity 28
inflexion point 82
initial conditions 26, 288, 347
inner product 156
input-output model 184, 232

existence of solution 235
solution 234

approximate 236
integers 13
integral 318

definite 319
and areas 320
substitution in 332

indefinite 318
of cosine function 321
of exponential function 321
of power 318
of sine function 321
properties 319
standard 320

integrand 318
integration 318

by change of variable 331
by partial fractions 335
by parts 333
by substitution 330, 332
constant of 318

interdependent production processes
232; see also input-output
model

interest 38
rate 38, 224, 305

intersection 4, 12
interval 85

optimisation in 85
infinite 86

optimisation in 86
interval of compounding 41
inverse demand function 3, 15
inverse function 14

demand 3,15
derivative of 61
supply 3, 15

inverse matrix 217
calculation of 220
the 2 x 2 case 223

inverse supply function 3, 15
invertible matrix 219; see also tests

for invertibility
investment 38, 176, 205, 224, 285,

343
IS-LM analysis 224
isoquant 129,253

joint cost function 139

labour 74, 113, 253
marginal product of 116, 130
unit cost 253

Lagrangean 255, 270
Lagrange multiplier 255

interpretation 277
leading one in echelon form 189
Leontief matrix 234
limit 28, 56
limiting behaviour, see behaviour
linear combination 161
linear equation 17
linear equations (systems of) 184

augmented matrix 186
coefficients 185
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Cramer's rule 246
echelon form, see echelon form
elementary operations 186
elementary row operations 188,

243
Gaussian elimination 189
general form of 185
general solution 204
inconsistent 201

and echelon form 202
matrix form 185
particular solution 204
solutions

in vector notation 203
infinite number of 184, 199
none 184, 200
exact!y one 184

square system 217
linear system, see linear equations
line segment 161
local

maximum 142
minimum 143

logarithm function 71
derivative 74
graph 72
properties 73
to base ten 72

marginal 59
cost 59, 107
cost function 59
product of capital 115, 130
product of labour 116, 130
propensity to consume 344
propensity to invest 344
rate of substitution 273
revenue 97
utility of income 276

market equilibrium 4, 46
market trends 358
Marshallian demand function 274

Index 391

mathematical modelling 1
matrix 174

addition 174
column 174
determinant 242

and invertibility 245
calculation of 2'43

echelon form 189
elementary row operations 188,

243
entry 174
equation 186
form of linear equations 185
identity 176
inverse 217

calculation of 220
the 2 x 2 case 223

invertible 219
Leontief 234
multiplication 156, 175
multiplication by a scalar 174
nonsingular 219
of linear equations 185
of returns 205
row of 174
technology 233
upper triangular 243

maximum
of function 82
of 2-variable function 142 see

also local maximum, global
maximum

members of a set 12
minimum

of function 82
of 2-variable function 143 see

also local minimum, global
minimum

mixed second partial derivative 115
mixtures 163
modelling 1
money sector 224
monopoly 95, 98, 140
multiplication of matrices 175
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multiplier-accelerator model 286

national economy 224, 285
national expenditure 224
national income 224, 285, 301, 343

behaviour of 304
natural logarithm 72
natural numbers 13
non-homogeneous differential equa-

tion 359, 363
non-homogeneous recurrence 291,

306
nonnegative real numbers 13
nonsingular matrix 219

objective function 253
optimal bundle 163

geometrical method 164
Lagrangean method 271

optimisation 81
constrained 253, 271
in an interval 85
in an infinite interval 86
of function of several variables

139
ordered pairs 13
oscillatory behaviour 29, 302

parameters 203
behavioural 224, 286
policy 224

partial derivative 114, 143
second 115

mixed 115
partial fractions 335
particular solution

of differential equation 347, 359,
363

of linear system 204
of recurrence 291, 306

parts, integration by 333
perfect competition 98, 105, 140
plane 13
policy parameters 224
portfolio 177, 205

arbitrage 178, 206
riskless 178
state prices 206

positive integers 13
power rules 67
powers 67, 73

derivative 57
integral 318

preferences 158
for mixtures 163
see also utility function

present value 39, 71
of annuity 40
of capital sum 39, 71

price 1
adjustment 348
ratio 273
vector 157

principal 38
product rule 58
production, national 285, 343
production function 113, 116, 253
profit 81

maximisation 81, 97, 139

quadrant, first 13
quadratic equation 17, 288

discriminant 19
quantity 1
quotient rule 58

radians 75
rank 201

and free unknowns 202
rate

of change 55
of interest 38, 224, 305

rational numbers 68
real numbers 13
recurrence equation 25, 286

first-order 25
behaviour of solution 30
general solution 27
particular solution 26
time-independent solution 26



second-order 287
auxiliary equation 288
behaviour of solution 301
homogeneous 287
general solution 288, 292
non-homogeneous 291, 306
oscillatory solution 302
particular solution 291, 303,

306
time-independent solution 291,

303, 306
return of asset 177
returns matrix 205
returns to scale

constant 129
decreasing 129, 262
increasing 129, 261

revenue 81, 95
marginal 97

riskless portfolio 178
roots of an equation 19
row

of matrix 174
vector 155

saddle point 145
scalar multiplication

of a matrix 174
of a vector 155

scalar product 156
scale effects, see returns to scale
second derivative 83

partial 115
mixed 115

second-order conditions 83, 148, 256
second-order differential equation,

see differential equations
second-order recurrence, see recur­

rence equation
second partial derivative 115

mixed 115
separable differential equation 346
separating variables 346
sequence 25

Index 393

set 12
simultaneous equations 4, 19, 185
sine function 75

derivative 75
integral 321

small changes 56, 117
square matrix 176
square system 217
stable equilibrium 50
standard integrals 320
startup point 106
state prices 206
states 177
stationary point 82
subset 12
substitutes 141
substitution technique

for definite integrals 332
for indefinite integrals 330

sum rule 58
supply 1

function 3
set 3

for efficient small firm, see ef­
ficient small firm

system of equations 4

tangency 165, 254, 273
tangent 55
tangent function 75
tax

excise 5, 84, 91
theorem 10

technology matrix 233
tests for invertibility 222, 245
theory of the consumer 270
theory of the household 270
theory of the firm 253

derivation of cost function 256
time-independent solution of recur­

rence
first-order 26
second-order 291, 303, 306
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trigonometrical functions, see co­
sine function, since function,
tangent function

union (of sets) 12
unit costs

of capital 253
of labour 253

unstable equilibrium 50
upper triangular matrix 243
utility function 158, 271

convexity assumption 162, 274
indirect 275

variable cost 82, 107
vector 155

addition 155
column 155
convex combination 161
dot product 156, 175
linear combination 161
multiplication by a scalar 155
notation for solution to linear

system 203
row 155

wage 253
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