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Preface

Game theory is the study of multiperson decision problems. Such
problems arise frequently in economics. As is widely appreciated,
for example, oligopolies present multiperson problems — each
firm must consider what the others will do. But many other ap-
plications of game theory arise in fields of economics other than
industrial organization. At the micro level, models of trading
processes (such as bargaining and auction models) involve game
theory. At an intermediate level of aggregation, labor and finan-
cial economics include game-theoretic models of the behavior of
a firm in its input markets (rather than its output market, as in
an oligopoly). There also are multiperson problems within a firm:
many workers may vie for one promotion; several divisions may
compete for the corporation’s investment capital. Finally, at a high
level of aggregation, international economics includes models in
which countries compete (or collude) in choosing tariffs and other
trade policies, and macroeconomics includes models in which the
monetary authority and wage or price setters interact strategically
to determine the effects of monetary policy.

This book is designed to introduce game theory to those who
will later construct (or at least consume) game-theoretic models
in applied fields within economics. The exposition emphasizes
the economic applications of the theory at least as much as the
pure theory itself, for three reasons. First, the applications help
teach the theory; formal arguments about abstract games also ap-
pear but play a lesser role. Second, the applications illustrate the
process of model building — the process of translating an infor-
mal description of a multiperson decision situation into a formal,
game-theoretic problem to be analyzed. Third, the variety of ap-
plications shows that similar issues arise in different areas of eco-
nomics, and that the same game-theoretic tools can be applied in
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each setting. In order to emphasize the broad potential scope of
the theory, conventional applications from industrial organization
largely have been replaced by applications from labor, macro, and
other applied fields in economics.!

We will discuss four classes of games: static games of com-
plete information, dynamic games of complete information, static
games of incomplete information, and dynamic games of incom-
plete information. (A game has incomplete information if one
player does not know another player’s payoff, such as in an auc-
tion when one bidder does not know how much another bidder
is willing to pay for the good being sold.) Corresponding to these
four classes of games will be four notions of equilibrium in games:
Nash equilibrium, subgame-perfect Nash equilibrium, Bayesian
Nash equilibrium, and perfect Bayesian equilibrium.

Two (related) ways to organize one’s thinking about these equi-
librium concepts are as follows. First, one could construct se-
quences of equilibrium concepts of increasing strength, where
stronger (i.e., more restrictive) concepts are attempts to eliminate
implausible equilibria allowed by weaker notions of equilibrium.
We will see, for example, that subgame-perfect Nash equilibrium
is stronger than Nash equilibrium and that perfect Bayesian equi-
librium in turn is stronger than subgame-perfect Nash equilib-
rium. Second, one could say that the equilibrium concept of in-
terest is always perfect Bayesian equilibrium (or perhaps an even
stronger equilibrium concept), but that it is equivalent to Nash
equilibrium in static games of complete information, equivalent
to subgame-perfection in dynamic games of complete (and per-
fect) information, and equivalent to Bayesian Nash equilibrium in
static games of incomplete information.

The book can be used in two ways. For first-year graduate stu-
dents in economics, many of the applications will already be famil-
iar, so the game theory can be covered in a half-semester course,
leaving many of the applications to be studied outside of class.
For undergraduates, a full-semester course can present the theory
a bit more slowly, as well as cover virtually all the applications in
class. The main mathematical prerequisite is single-variable cal-
culus; the rudiments of probability and analysis are introduced as
needed.

1A good source for applications of game theory in industnal organization is
Tirole’s The Theory of Industrial Organization (MIT Press, 1988).
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I learned game theory from David Kreps, John Roberts, and
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Chapter 1

Static Games of Complete
Information

In this chapter we consider games of the following simple form:
first the players simultaneously choose actions; then the players
receive payoffs that depend on the combination of actions just cho-
sen. Within the class of such static (or simultaneous-move) games,
we restrict attention to games of complete information. That is, each
player’s payoff function (the function that determines the player’s
payoff from the combination of actions chosen by the players) is
common knowledge among all the players. We consider dynamic
(or sequential-move) games in Chapters 2 and 4, and games of
incomplete information (games in which some player is uncertain
about another player’s payoff function—as in an auction where
each bidder’s willingness to pay for the good being sold is un-
known to the other bidders) in Chapters 3 and 4.

In Section 1.1 we take a first pass at the two basic issues in
game theory: how to describe a game and how to solve the re-
sulting game-theoretic problem. We develop the tools we will use
in analyzing static games of complete information, and also the
foundations of the theory we will use to analyze richer games in
later chapters. We define the normal-form representation of a game
and the notion of a strictly dominated strategy. We show that some
games can be solved by applying the idea that rational players
do not play strictly dominated strategies, but also that in other
games this approach produces a very imprecise prediction about
the play of the game (sometimes as imprecise as “anything could
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happen”). We then motivate and define Nash equilibrium—a so-
lution concept that produces much tighter predictions in a very
broad class of games.

In Section 1.2 we analyze four applications, using the tools
developed in the previous section: Cournot’s (1838) model of im-
perfect competition, Bertrand’s (1883) model of imperfect com-
petition, Farber’s (1980) model of final-offer arbitration, and the
problem of the commons (discussed by Hume [1739] and others).
In each application we first translate an informal statement of the
problem into a normal-form representation of the game and then
solve for the game’s Nash equilibrium. (Each of these applications
has a unique Nash equilibrium, but we discuss examples in which
this is not true.)

In Section 1.3 we return to theory. We first define the no-
tion of a mixed strategy, which we will interpret in terms of one
player’s uncertainty about what another player will do. We then
state and discuss Nash’s (1950) Theorem, which guarantees that a
Nash equilibrium (possibly involving mixed strategies) exists in a
broad class of games. Since we present first basic theory in Sec-
tion 1.1, then applications in Section 1.2, and finally more theory
in Section 1.3, it should be apparent that mastering the additional
theory in Section 1.3 is not a prerequisite for understanding the
applications in Section 1.2. On the other hand, the ideas of a mixed
strategy and the existence of equilibrium do appear (occasionally)
in later chapters.

This and each subsequent chapter concludes with problems,
suggestions for further reading, and references.

1.1 Basic Theory: Normal-Form Games and Nash
Equilibrium

1.1.A Normal-Form Representation of Games

In the normal-form representation of a game, each player simul-
taneously chooses a strategy, and the combination of strategies
chosen by the players determines a payoff for each player. We
illustrate the normal-form representation with a classic example
— The Prisoners” Dilemma. Two suspects are arrested and charged
with a crime. The police lack sufficient evidence to convict the sus-
pects, unless at least one confesses. The police hold the suspects in



Basic Theory 3

separate cells and explain the consequences that will follow from
the actions they could take. If neither confesses then both will be
convicted of a minor offense and sentenced to one month in jail.
If both confess then both will be sentenced to jail for six months.
Finally, if one confesses but the other does not, then the confes-
sor will be released immediately but the other will be sentenced
to nine months in jail—six for the crime and a further three for
obstructing justice.

The prisoners’ problem can be represented in the accompany-
ing bi-matrix. (Like a matrix, a bi-matrix can have an arbitrary
number or rows and columns; “bi” refers to the fact that, in a
two-player game, there are two numbers in each cell—the payoffs
to the two players.)

Prisoner 2

Mum Fink
Mum | -1,-1] -9, 0
Fink 0,-9 | —6,—6

Prisoner 1

The Prisoners’ Dilemma

In this game, each player has two strategies available: confess
(or fink) and not confess (or be mum). The payoffs to the two
players when a particular pair of strategies is chosen are given in
the appropriate cell of the bi-matrix. By convention, the payoff to
the so-called row player (here, Prisoner 1) is the first payoff given,
followed by the payoff to the column player (here, Prisoner 2).
Thus, if Prisoner 1 chooses Mum and Prisoner 2 chooses Fink, for
example, then Prisoner 1 receives the payoff —9 (representing nine
months in jail) and Prisoner 2 receives the payoff 0 (representing
immediate release).

We now turn to the general case. The normal-form representation
of a game specifies: (1) the players in the game, (2) the strategies
available to each player, and (3) the payoff received by each player
for each combination of strategies that could be chosen by the
players. We will often discuss an n-player game in which the
players are numbered from 1 to n and an arbitrary player is called
player i. Let S; denote the set of strategies available to player i
(called 1's strategy space), and let s; denote an arbitrary member of
this set. (We will occasionally write s; € S; to indicate that the
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strategy s; is a member of the set of strategies S;.) Let (s1,...,s4)
denote a combination of strategies, one for each player, and let
u; denote player i's payoff function: u;(s1,...,sn) is the payoff to
player i if the players choose the strategies (sy,...,sy). Collecting
all of this information together, we have:

Definition Thenormal-formrepresentation of an n-player gamespec-
ifies the players’ strategy spaces Si,...,Sy and their payoff functions
Uy, ..., un. We denote this game by G = {51,...,5n;41,...,Un}.

Although we stated that in a normal-form game the players
choose their strategies simultaneously, this does not imply that the
parties necessarily act simultaneously: it suffices that each choose
his or her action without knowledge of the others’ choices, as
would be the case here if the prisoners reached decisions at ar-
bitrary times while in their separate cells. Furthermore, although
in this chapter we use normal-form games to represent only static
games in which the players all move without knowing the other
players’ choices, we will see in Chapter 2 that normal-form repre-
sentations can be given for sequential-move games, but also that
an alternative—the extensive-form representation of the game—is
often a more convenient framework for analyzing dynamic issues.

1.1.B Iterated Elimination of Strictly Dominated
Strategies

Having described one way to represent a game, we now take a
first pass at describing how to solve a game-theoretic problem.
We start with the Prisoners’ Dilemma because it is easy to solve,
using only the idea that a rational player will not play a strictly
dominated strategy.

In the Prisoners’ Dilemma, if one suspect is going to play Fink,
then the other would prefer to play Fink and so be in jail for six
months rather than play Mum and so be in jail for nine months.
Similarly, if one suspect is going to play Mum, then the other
would prefer to play Fink and so be released immediately rather
than play Mum and so be in jail for one month. Thus, for prisoner
i, playing Mum is dominated by playing Fink—for each strategy
that prisoner j could choose, the payoff to prisoner i from playing
Mum is less than the payoff to i from playing Fink. (The same
would be true in any bi-matrix in which the payoffs 0, -1, -6,
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and —9 above were replaced with payoffs T, R, P, and S, respec-
tively, provided that T > R > P > S so as to capture the ideas
of temptation, reward, punishment, and sucker payoffs.) More
generally:

Definition In the normal-form game G = {S1,...,Su;u1,...,upn}, let
s; and si' be feasible strategies for player i (i.e., s} and s/’ are members of
Si). Strategy s| is strictly dominated by strategy s if for each feasible
combination of the other players’ strategies, i’s payoff from playing s! is
strictly less than i's payoff from playing s;':

1 "
u,'(S1,...,S,'_1,S,-,S,'+1,...,Sn) < u,-(sl,...,s,-_l,s,- 7S,'_+_1,‘..,S,,) (DS)

for each (s1,...,5i_1,Si41,...,5n) that can be constructed from the other
players’ strategy spaces Sy, ..., Si—1,Sit1,.--,Sn-

Rational players do not play strictly dominated strategies, be-
cause there is no belief that a player could hold (about the strate-
gies the other players will choose) such that it would be optimal
to play such a strategy.! Thus, in the Prisoners’ Dilemma, a ratio-
nal player will choose Fink, so (Fink, Fink) will be the outcome
reached by two rational players, even though (Fink, Fink) results
in worse payoffs for both players than would (Mum, Mum). Be-
cause the Prisoners’ Dilemma has many applications (including
the arms race and the free-rider problem in the provision of pub-
lic goods), we will return to variants of the game in Chapters 2
and 4. For now, we focus instead on whether the idea that rational
players do not play strictly dominated strategies can lead to the
solution of other games.

Consider the abstract game in Figure 1.1.1.2 Player 1 has two
strategies and player 2 has three: S; = {Up,Down} and S; =
{Left, Middle, Right}. For player 1, neither Up nor Down is strictly

'A complementary question is also of interest- if there is no belief that player i
could hold (about the strategies the other players will choose) such that it would
be optimal to play the strategy si, can we conclude that there must be another
strategy that strictly dominates 5;? The answer is “yes,” provided that we adopt
appropriate definitions of “belief” and “another strategy,” both of which involve
the idea of mixed strategies to be introduced in Section 13 A.

ZMost of this book considers economic applications rather than abstract exam-
ples, both because the applications are of interest in their own right and because,
for many readers, the applications are often a useful way to explain the under-
lying theory. When introducing some of the basic theoretical ideas, however,
we will sometimes resort to abstract examples that have no natural economic
interpretation
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Player 2
Left Middle Right
U 1,0 1,2 0,1
Player 1 p :
Down 0.3 0,1 2,0

Figure 1.1.1

dominated: Up is better than Down if 2 plays Left (because 1 > 0),
but Down is better than Up if 2 plays Right (because 2 > 0). For
player 2, however, Right is strictly dominated by Middle (because
2 >1and 1 > 0), so a rational player 2 will not play Right.
Thus, if player 1 knows that player 2 is rational then player 1 can
eliminate Right from player 2’s strategy space. That is, if player
1 knows that player 2 is rational then player 1 can play the game
in Figure 1.1.1 as if it were the game in Figure 1.1.2.

Player 2
Left Middle
u 1,0 1,2
Player 1 P
Down 0,3 0,1
Figure 1.1.2.

In Figure 1.1.2, Down is now strictly dominated by Up for
player 1, so if player 1 is rational (and player 1 knows that player 2
is rational, so that the game in Figure 1.1.2 applies) then player 1
will not play Down. Thus, if player 2 knows that player 1 is ra-
tional, and player 2 knows that player 1 knows that player 2 is
rational (so that player 2 knows that Figure 1.1.2 applies), then
player 2 can eliminate Down from player 1’s strategy space, leav-
ing the game in Figure 1.1.3. But now Left is strictly dominated
by Middle for player 2, leaving (Up, Middle) as the outcome of
the game.

This process is called iterated elimination of strictly dominated
strategies. Although it is based on the appealing idea that ratio-
nal players do not play strictly dominated strategies, the process
has two drawbacks. First, each step requires a further assumption
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Player 2
Left Middle
Player 1 Up 1,0 1,2
Figure 1.1.3.

about what the players know about each other’s rationality If
we want to be able to apply the process for an arbitrary number
of steps, we need to assume that it is common knowledge that the
players are rational. That is, we need to assume not only that all
the players are rational, but also that all the players know that all
the players are rational, and that all the players know that all the
players know that all the players are rational, and so on, ad in-
finitum. (See Aumann [1976] for the formal definition of common
knowledge.)

The second drawback of iterated elimination of strictly domi-
nated strategies is that the process often produces a very impre-
cise prediction about the play of the game. Consider the game in
Figure 1.1.4, for example. In this game there are no strictly dom-
inated strategies to be eliminated. (Since we have not motivated
this game in the slightest, it may appear arbitrary, or even patho-
logical. See the case of three or more firms in the Cournot model
in Section 1.2.A for an economic application in the same spirit.)
Since all the strategies in the game survive iterated elimination of
strictly dominated strategies, the process produces no prediction
whatsoever about the play of the game.

L C R
T 10414053
4,010,453

B |35|35]6,6

Figure 1.1.4.

We turn next to Nash equilibrium—a solution concept that
produces much tighter predictions in a very broad class of games.
We show that Nash equilibrium is a stronger solution concept
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than iterated elimination of strictly dominated strategies, in the
sense that the players’ strategies in a Nash equilibrium always
survive iterated elimination of strictly dominated strategies, but
the converse is not true. In subsequent chapters we will argue that
in richer games even Nash equilibrium produces too imprecise a
prediction about the play of the game, so we will define still-
stronger notions of equilibrium that are better suited for these
richer games.

1.1.C Motivation and Definition of Nash Equilibrium

One way to motivate the definition of Nash equilibrium is to argue
that if game theory is to provide a unique solution to a game-
theoretic problem then the solution must be a Nash equilibrium,
in the following sense. Suppose that game theory makes a unique
prediction about the strategy each player will choose. In order
for this prediction to be correct, it is necessary that each player be
willing to choose the strategy predicted by the theory. Thus, each
player’s predicted strategy must be that player’s best response
to the predicted strategies of the other players. Such a prediction
could be called strategically stable or self-enforcing, because no single
player wants to deviate from his or her predicted strategy. We will
call such a prediction a Nash equilibrium:

Definition In the n-player normal-form game G = {S1,...,Sn; u1, ...,
uy}, the strategies (si, ... ,s;) are a Nash equilibrium if, for each player
i, 87 is (at least tied for) player i's best response to the strategies specified
for the n — 1 other players, (s3,...,8}_ 1,57 1,-..,5n):
Ui(ST, -1 S1_1,5] 151410+ +50)
> ui(s7,--.+8]_1,5i,5/ 41, -+, 5n) (NE)

for every feasible strategy s; in S;; that is, s solves

* * * *
max Ui(sy, ..., 51,55 415-+->5n)
S{€S;

To relate this definition to its motivation, suppose game theory
offers the strategies (s, ...,s;) as the solution to the normal-form
game G = {51,...,5xu1,...,uy}. Saying that (si,...,s;) is not
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a Nash equilibrium of G is equivalent to saying that there exists

some player i such that s] is 1ot a best response to (s}, ...,s]_y,s{,1,
..+,5,). That is, there exists some s’ in 5; such that
/ 4 7 / ! ’ "o /
u,'(Sl, e ,S,‘_l,s,',si_l_l, N 7S") < u,'(Sl, N ,S"_l,s,' ’Si+17 e ,Sn).
Thus, if the theory offers the strategies (s],...,s;,) as the solution

but these strategies are not a Nash equilibrium, then at least one
player will have an incentive to deviate from the theory’s predic-
tion, so the theory will be falsified by the actual play of the game.
A closely related motivation for Nash equilibrium involves the
idea of convention: if a convention is to develop about how to
play a given game then the strategies prescribed by the conven-
tion must be a Nash equilibrium, else at least one player will not
abide by the convention.

To be more concrete, we now solve a few examples. Consider
the three normal-form games already described—the Prisoners’
Dilemma and Figures 1.1.1 and 1.1.4. A brute-force approach to
finding a game’s Nash equilibria is simply to check whether each
possible combination of strategies satisfies condition (NE) in the
definition.? In a two-player game, this approach begins as follows:
for each player, and for each feasible strategy for that player, deter-
mine the other player’s best response to that strategy. Figure 1.1.5
does this for the game in Figure 1.1.4 by underlining the payoff
to player j’s best response to each of player i’s feasible strategies
If the column player were to play L, for instance, then the row
player’s best response would be M, since 4 exceeds 3 and 0, so
the row player’s payoff of 4 in the (M, L) cell of the bi-matrix is
underlined.

A pair of strategies satisfies condition (NE) if each player’s
strategy is a best response to the other’s—that is, if both pay-
offs are underlined in the corresponding cell of the bi-matrix
Thus, (B, R) is the only strategy pair that satisfies (NE); likewise
for (Fink, Fink) in the Prisoners’ Dilemma and (Up, Middle) in

3In Section 1.3.A we will distinguish between pure and mixed strategies. We
will then see that the definition given here describes pure-strategy Nash equilibria,
but that there can also be mixed-strategy Nash equilibria Unless explicitly noted
otherwise, all references to Nash equilibria in this section are to pure-strategy
Nash equilibria.
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L C R
T 10440153
M|40104153
B 353566

Figure 1.1.5.

Figure 1.1.1. These strategy pairs are the unique Nash equilibria
of these games.*

We next address the relation between Nash equilibrium and
iterated elimination of strictly dominated strategies. Recall that
the Nash equilibrium strategies in the Prisoners’ Dilemma and
Figure 1.1.1—(Fink, Fink) and (Up, Middle), respectively—are the
only strategies that survive iterated elimination of strictly domi-
nated strategies. This result can be generalized: if iterated elimina-
tion of strictly dominated strategies eliminates all but the strategies
(7, --,5,), then these strategies are the unique Nash equilibrium of
the game. (See Appendix 1.1.C for a proof of this claim.) Since it-
erated elimination of strictly dominated strategies frequently does
not eliminate all but a single combination of strategies, however,
it is of more interest that Nash equilibrium is a stronger solution
concept than iterated elimination of strictly dominated strategies,
in the following sense. If the strategies (7 ,...,s;;) are a Nash equi-
librium then they survive iterated elimination of strictly domi-
nated strategies (again, see the Appendix for a proof), but there
can be strategies that survive iterated elimination of strictly dom-
inated strategies but are not part of any Nash equilibrium. To see
the latter, recall that in Figure 1.1.4 Nash equilibrium gives the
unique prediction (B, R), whereas iterated elimination of strictly
dominated strategies gives the maximally imprecise prediction: no
strategies are eliminated; anything could happen.

Having shown that Nash equilibrium is a stronger solution
concept than iterated elimination of strictly dominated strategies,
we must now ask whether Nash equilibrium is too strong a so-
lution concept. That is, can we be sure that a Nash equilibrium

4This statement is correct even if we do not restrict attention to pure-strategy
Nash equilibrium, because no mixed-strategy Nash equilibria exist in these three
games See Problem 110
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exists? Nash (1950) showed that in any finite game (i.e., a game in
which the number of players n and the strategy sets Sy,...,S, are
all finite) there exists at least one Nash equilibrium. (This equi-
librium may involve mixed strategies, which we will discuss in
Section 1.3.A; see Section 1.3.B for a precise statement of Nash's
Theorem.) Cournot (1838) proposed the same notion of equilib-
rium in the context of a particular model of duopoly and demon-
strated (by construction) that an equilibrium exists in that model;
see Section 1.2.A. In every application analyzed in this book, we
will follow Cournot’s lead: we will demonstrate that a Nash (or
stronger) equilibrium exists by constructing one. In some of the
theoretical sections, however, we will rely on Nash’s Theorem (or
its analog for stronger equilibrium concepts) and simply assert
that an equilibrium exists.

We conclude this section with another classic example—The
Battle of the Sexes. This example shows that a game can have mul-
tiple Nash equilibria, and also will be useful in the discussions of
mixed strategies in Sections 1.3.B and 3.2.A. In the traditional ex-
position of the game (which, it will be clear, dates from the 1950s),
a man and a woman are trying to decide on an evening’s enter-
tainment; we analyze a gender-neutral version of the game. While
at separate workplaces, Pat and Chris must choose to attend either
the opera or a prize fight. Both players would rather spend the
evening together than apart, but Pat would rather they be together
at the prize fight while Chris would rather they be together at the
opera, as represented in the accompanying bi-matrix.

Pat
Opera  Fight
Opera 2,1 0,0
Chris
Fight 0,0 1,2

The Battle of the Sexes

Both (Opera, Opera) and (Fight, Fight) are Nash equilibria.

We argued above that if game theory is to provide a unique
solution to a game then the solution must be a Nash equilibrium.
This argument ignores the possibility of games in which game
theory does not provide a unique solution. We also argued that
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if a convention is to develop about how to play a given game,
then the strategies prescribed by the convention must be a Nash
equilibrium, but this argument similarly ignores the possibility of
games for which a convention will not develop. In some games
with multiple Nash equilibria one equilibrium stands out as the
compelling solution to the game. (Much of the theory in later
chapters is an effort to identify such a compelling equilibrium
in different classes of games.) Thus, the existence of multiple
Nash equilibria is not a problem in and of itself. In the Battle
of the Sexes, however, (Opera, Opera) and (Fight, Fight) seem
equally compelling, which suggests that there may be games for
which game theory does not provide a unique solution and no
convention will develop.’ In such games, Nash equilibrium loses
much of its appeal as a prediction of play.

Appendix 1.1.C

This appendix contains proofs of the following two Propositions,
which were stated informally in Section 1.1.C. Skipping these
proofs will not substantially hamper one’s understanding of later
material. For readers not accustomed to manipulating formal def-
initions and constructing proofs, however, mastering these proofs
will be a valuable exercise.

Proposition A In the n-player normal-form game G = {S1,...,Sy;
ui,...,uy}, if iterated elimination of strictly dominated strategies elimi-
nates all but the strategies (s7, . .. ,s;,), then these strategies are the unique
Nash equilibrium of the game.

Proposition B In the n-player normal-form game G = {Si,...,Sp;
ui,...,uy}, if the strategies (sy, . .., sy,) are a Nash equilibrium, then they
survive iterated elimination of strictly dominated strategies.

5In Section 13 B we describe a third Nash equilibrium of the Battle of the
Sexes (involving mixed strategies) Unlike (Opera, Opera) and (Fight, Fight), this
third equilibrium has symmetric payoffs, as one might expect from the unique
solution to a symmetric game; on the other hand, the third equilibrium is also
inefficient, which may work against its development as a convention Whatever
one’s judgment about the Nash equilibria in the Battle of the Sexes, however,
the broader point remains: there may be games in which game theory does not
provide a unique solution and no convention will develop
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Since Proposition B is simpler to prove, we begin with it, to
warm up. The argument is by contradiction. That is, we will as-
sume that one of the strategies in a Nash equilibrium is eliminated
by iterated elimination of strictly dominated strategies, and then
we will show that a contradiction would result if this assumption
were true, thereby proving that the assumption must be false.

Suppose that the strategies (s7,...,s;) are a Nash equilibrium
of the normal-form game G = {Si,...,Sn; u1,...,u,}, but suppose
also that (perhaps after some strategies other than (sf,...,s;) have
been eliminated) s is the first of the strategies (s7,...,s};) to be
eliminated for being strictly dominated. Then there must exist a
strategy s;’ that has not yet been eliminated from S; that strictly
dominates s;7. Adapting (DS), we have

Ui(S15- -+, 8i=1,57 1Si41y -+ +5n)
14
< Ui(S1,-++Si—1,51 »Sit1s-+-,5n) (1.1.1)
for each (s1,...,5i-1,Si41,---,51) that can be constructed from the

strategies that have not yet been eliminated from the other players’
strategy spaces. Since s} is the first of the equilibrium strategies to
be eliminated, the other players’ equilibrium strategies have not
yet been eliminated, so one of the implications of (1.1.1) is

* * * K *
Ui(STy e oy S]_ 15571 Siy1r -+ 5n)
* * "o_x
<u,-(51,...,s,-_1,s,-,S,-+1,...,5:). (112)

But (1.1.2) is contradicted by (NE): s must be a best response to
(875-++,5/ 1,741, -++5n), SO there cannot exist a strategy s;' that
strictly dominates s;. This contradiction completes the proof.

Having proved Proposition B, we have already proved part of
Proposition A: all we need to show is that if iterated elimination
of dominated strategies eliminates all but the strategies (s}, ...,s})
then these strategies are a Nash equilibrium; by Proposition B, any
other Nash equilibria would also have survived, so this equilib-
rium must be unique. We assume that G is finite.

The argument is again by contradiction. Suppose that iterated
elimination of dominated strategies eliminates all but the strategies
(s},...,55) but these strategies are not a Nash equilibrium. Then
there must exist some player i and some feasible strategy s; in S;
such that (NE) fails, but s; must have been strictly dominated by
some other strategy s;" at some stage of the process. The formal
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statements of these two observations are: there exists s; in 5; such
that
* *
Ui(57, --15{_1,5],Sj41s---+5n)
* * * *\,
<ui(sl,...,Si_l,Si,Si+1,...,S"), (113)

and there exists s; in the set of player i's strategies remaining at
some stage of the process such that

Ui(S1,+ - +8i—1,5is8i41s---5n)
< Ui(S1,-+ +Si—155isSid1s---5n) (1.1.9)
for each (s1,...,Si—1,Si+1,-..,5y) that can be constructed from the
strategies remaining in the other players’ strategy spaces at that
stage of the process. Since the other players’ strategies (s7,...,s;7_,
S{i1s--+1Sy) are never eliminated, one of the implications of (1.1.4)
is
Ui(ST, .- ,87_1,8irSi415 -+ 5n)
< ui(ST, .- ST_1,8], 5511, S)- (1.1.5)

If s} = s} (that is, if s} is the strategy that strictly dominates s;) then
(1.1.5) contradicts (1.1.3), in which case the proof is complete. If
si # s* then some other strategy s;’ must later strictly dominate s;,
since s; does not survive the process. Thus, inequalities analogous
to (1.1.4) and (1.1.5) hold with s{ and s}’ replacing s; and s}, respec-
tively. Once again, if s;’ = s} then the proof is complete; otherwise,
two more analogous inequalities can be constructed. Since s} is
the only strategy from 5; to survive the process, repeating this
argument (in a finite game) eventually completes the proof.

1.2 Applications

1.2.A Cournot Model of Duopoly

As noted in the previous section, Cournot (1838) anticipated Nash'’s
definition of equilibrium by over a century (but only in the con-
text of a particular model of duopoly). Not surprisingly, Cournot’s
work is one of the classics of game theory; it is also one of the cor-
nerstones of the theory of industrial organization. We consider a
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very simple version of Cournot’s model here, and return to vari-
ations on the model in each subsequent chapter. In this section
we use the model to illustrate: (a) the translation of an informal
statement of a problem into a normal-form representation of a
game; (b) the computations involved in solving for the game’s
Nash equilibrium; and (c) iterated elimination of strictly domi-
nated strategies.

Let g1 and g, denote the quantities (of a homogeneous product)
produced by firms 1 and 2, respectively. Let P(Q) = a — Q be the
market-clearing price when the aggregate quantity on the market
is Q@ = q1 +q2 (More precisely, P(Q) = a - Q for Q < a, and
P(Q) = 0 for Q > a) Assume that the total cost to firm i of
producing quantity g; is Ci(g;) = cg;. That is, there are no fixed
costs and the marginal cost is constant at ¢, where we assume
¢ < a. Following Cournot, suppose that the firms choose their
quantities simultaneously.®

In order to find the Nash equilibrium of the Cournot game,
we first translate the problem into a normal-form game. Recall
from the previous section that the normal-form representation of
a game specifies: (1) the players in the game, (2) the strategies
available to each player, and (3) the payoff received by each player
for each combination of strategies that could be chosen by the
players. There are of course two players in any duopoly game—
the two firms. In the Cournot model, the strategies available to
each firm are the different quantities it might produce. We will
assume that output is continuously divisible. Naturally, negative
outputs are not feasible. Thus, each firm'’s strategy space can be
represented as S; = [0, 00), the nonnegative real numbers, in which
case a typical strategy s, is a quantity choice, g; > 0. One could
argue that extremely large quantities are not feasible and so should
not be included in a firm’s strategy space. Because P(Q) = 0 for
Q > a, however, neither firm will produce a quantity g; > a.

It remains to specify the payoff to firm i as a function of the
strategies chosen by it and by the other firm, and to define and

®We discuss Bertrand’s (1883) model, in which firms choose prices rather than
quantities, in Section 1 2 B, and Stackelberg’s (1934) model, in which firms choose
quantities but one firm chooses before (and is observed by) the other, in Sec-
tion 2 1.B Finally, we discuss Friedman’s (1971) model, in which the interaction
described in Cournot’s model occurs repeatedly over time, in Section 2.3.C
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solve for equilibrium. We assume that the firm’s payoff is simply
its profit. Thus, the payoff u;(s;,s;) in a general two-player game
in normal form can be written here as’

mi(qi,9;) = 9ilP(9i + q;) — c] = gila — (g + g;) — c].

Recall from the previous section that in a two-player game in nor-
mal form, the strategy pair (s{,s3) is a Nash equilibrium if, for
each player i,

ui(si',s;)  ui(sis;) (NE)
for every feasible strategy s; in S;. Equivalently, for each player i,
sT must solve the optimization problem

max u;(s;
Si€S; ‘( v })

In the Cournot duopoly model, the analogous statement is that
the quantity pair (47,4;) is a Nash equilibrium if, for each firm i,
g; solves

Oél;yla<x W,(q,,f], )= Oil;yla<x ‘l:[ — (9 +9; ) —dl.

Assuming g7 < a — c (as will be shown to be true), the first-order

condition for firm i's optimization problem is both necessary and
sufficient; it yields

1 .
9 =5(@a—q —c). (1.21)
Thus, if the quantity pair (g7, ¢q3) is to be a Nash equilibrium, the

firms’ quantity choices must satisfy

(a—1q3 ~c)

N =

9 =

and

*

q; = 5(@a—497 —c)

Ml'—‘

"Note that we have changed the notation slightly by writing u,(s;,s;) rather
than u;(s1,s;). Both expressions represent the payoff to player i as a function of
the strategies chosen by all the players. We will use these expressions (and their
n-player analogs) interchangeably.
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Solving this pair of equations yields

_ *_ll—C
ql_qz_ 3 )

which is indeed less than a — ¢, as assumed.

The intuition behind this equilibrium is simple. Each firm
would of course like to be a monopolist in this market, in which
case it would choose ¢; to maximize ;(g;,0)—it would produce
the monopoly quantity g» = (a — ¢)/2 and earn the monopoly
profit 7;(qm,0) = (a — c)?/4. Given that there are two firms, aggre-
gate profits for the duopoly would be maximized by setting the
aggregate quantity q; + q; equal to the monopoly quantity g, as
would occur if g; = qn/2 for each i, for example. The problem
with this arrangement is that each firm has an incentive to devi-
ate: because the monopoly quantity is low, the associated price
P(gm) is high, and at this price each firm would like to increase its
quantity, in spite of the fact that such an increase in production
drives down the market-clearing price. (To see this formally, use
(1.2.1) to check that gr,/2 is not firm 2’s best response to the choice
of gm /2 by firm 1.) In the Cournot equilibrium, in contrast, the ag-
gregate quantity is higher, so the associated price is lower, so the
temptation to increase output is reduced—reduced by just enough
that each firm is just deterred from increasing its output by the
realization that the market-clearing price will fall. See Problem 1.4
for an analysis of how the presence of n oligopolists affects this
equilibrium trade-off between the temptation to increase output
and the reluctance to reduce the market-clearing price.

Rather than solving for the Nash equilibrium in the Cournot
game algebraically, one could instead proceed graphically, as fol-
lows. Equation (1.2.1) gives firm i's best response to firm j's
equilibrium strategy, q7. Analogous reasoning leads to firm 2’s
best response to an arbitrary strategy by firm 1 and firm 1’s best
response to an arbitrary strategy by firm 2. Assuming that firm 1’s
strategy satisfies g < a — ¢, firm 2’s best response is

Ra(q1) =

likewise, if g, < a — c then firm 1’s best response is

@—q1—c);

N =

Ri(q2) = %(u —q2—0).
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92

(0/ a— C)
R(g,)

(0,(a-0c)/2) @, )

R,(q,)

a-0)/2,0) (a—c,® I

Figure 1.2.1.

As shown in Figure 1.2.1, these two best-response functions inter-
sect only once, at the equilibrium quantity pair (47,493).

A third way to solve for this Nash equilibrium is to apply
the process of iterated elimination of strictly dominated strategies.
This process yields a unique solution—which, by Proposition A
in Appendix 1.1.C, must be the Nash equilibrium (g7,93). The
complete process requires an infinite number of steps, each of
which eliminates a fraction of the quantities remaining in each
firm’s strategy space; we discuss only the first two steps. First, the
monopoly quantity gm = (a — c)/2 strictly dominates any higher
quantity. That is, for any x > 0, 7i(gm,q;) > mi{qm + x,4;) for all
g; > 0. To see this, note that if Q = gm +x + ¢q; < a, then

a—cla—c¢
mtam ) = "5 |5

and

a—c
wlam +x,0) = |55 44 |55~ 1 - 4] = mlamg) - x5 49

and if Q = g +x +¢; > 4, then P(Q) = 0, so producing a smaller
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quantity raises profit. Second, given that quantities exceeding g
have been eliminated, the quantity (a — c)/4 strictly dominates
any lower quantity. That is, for any x between zero and (a —¢)/4,
7il(a — ¢)/4,9;] > mi[(a ~c)/4 — x,q;] for all g; between zero and
(a —c)/2. To see this, note that

- (g;_c’qj) _a ; c [3(114—(3) _qi]

and

a C
Wi(qm’qi)—x[ ] +x—q,-].

I

After these two steps, the quantities remaining in each firm's
strategy space are those in the interval between (a — ¢)/4 and
(a — ¢)/2. Repeating these arguments leads to ever-smaller inter-
vals of remaining quantities. In the limit, these intervals converge
to the single point g} = (a — ¢)/3.

Iterated elimination of strictly dominated strategies can also be
described graphically, by using the observation (from footnote 1;
see also the discussion in Section 1.3.A) that a strategy is strictly
dominated if and only if there is no belief about the other players’
choices for which the strategy is a best response. Since there are
only two firms in this model, we can restate this observation as:
a quantity g; is strictly dominated if and only if there is no belief
about g; such that g; is firm i’s best response. We again discuss only
the first two steps of the iterative process. First, it is never a best
response for firm i to produce more than the monopoly quantity,
gm = (a—c)/2. To see this, consider firm 2’s best-response function,
for example: in Figure 1.2.1, Ry(q1) equals g, when g; = 0 and
declines as g; increases. Thus, for any g;i > 0, if firm 7 believes
that firm j will choose g;, then firm i’s best response is less than or
equal to gm; there is no g; such that firm i’s best response exceeds
gm- Second, given this upper bound on firm j's quantity, we can
derive a lower bound on firm i’s best response: if g; < (2 — c)/2,
then R;(q;) > (a — c)/4, as shown for firm 2's best response in
Figure 1.2.2.8

8These two arguments are slightly incomplete because we have not analyzed
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q,

©0,(a—c)/2)
©,(a—c)/4)

@-0/2,0) @-c0

Figure 1.2.2.

As before, repeating these arguments leads to the single quantity
gt = (a—0)/3.

We conclude this section by changing the Cournot model so
that iterated elimination of strictly dominated strategies does not
yield a unique solution. To do this, we simply add one or more
firms to the existing duopoly. We will see that the first of the
two steps discussed in the duopoly case continues to hold, but
that the process ends there. Thus, when there are more than two
firms, iterated elimination of strictly dominated strategies yields
only the imprecise prediction that each firm’s quantity will not
exceed the monopoly quantity (much as in Figure 1.1.4, where no
strategies were eliminated by this process).

For concreteness, we consider the three-firm case. Let Q_;
denote the sum of the quantities chosen by the firms other than
i, and let m;(q;, Q—i) = gi(a — g: — Q—; — ¢) provided 4; + Q_; < 2
(whereas m;(gi, Q_i) = —cq; if g;+Q_; > a). It is again true that the
monopoly quantity g, = (a — c¢)/2 strictly dominates any higher
quantity. That is, for any x > 0, 7;(qm, Q—i) > 7i(gm + x,Q_;) for
all Q_; > 0, just as in the first step in the duopoly case. Since

firm #’s best response when firm i is uncertain about g;. Suppose firm i is uncertain
about g; but believes that the expected value of g; is E(g;). Because m(gi,q;) is
linear in gj, firm i’s best response when it is uncertain in this way simply equals
its best response when it is certain that firm j will choose E(g;)—a case covered
m the text
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there are two firms other than firm i, however, all we can say
about Q_; is that it is between zero and a — ¢, because g; and g
are between zero and (a — c)/2. But this implies that no quantity
g; > 0 is strictly dominated for firm i, because for each g; between
zero and (a — c)/2 there exists a value of Q_; between zero and
a—c (namely, Q_; = a—c—2g;) such that g; is firm i’s best response
to Q_;. Thus, no further strategies can be eliminated.

1.2.B Bertrand Model of Duopoly

We next consider a different model of how two duopolists might
interact, based on Bertrand’s (1883) suggestion that firms actu-
ally choose prices, rather than quantities as in Cournot’s model.
It is important to note that Bertrand’s model is a different game
than Cournot’s model: the strategy spaces are different, the pay-
off functions are different, and (as will become clear) the behavior
in the Nash equilibria of the two models is different. Some au-
thors summarize these differences by referring to the Cournot and
Bertrand equilibria. Such usage may be misleading: it refers to the
difference between the Cournot and Bertrand games, and to the
difference between the equilibrium behavior in these games, not
to a difference in the equilibrium concept used in the games. In
both games, the equilibrium concept used is the Nash equilibrium defined
in the previous sectiomn.

We consider the case of differentiated products. (See Prob-
lem 1.7 for the case of homogeneous products.) If firms 1 and 2
choose prices p1 and py, respectively, the quantity that consumers
demand from firm i is

qi(pi pj) = @ — pi + bpj,

where b > 0 reflects the extent to which firm i’s product is a sub-
stitute for firm j’s product. (This is an unrealistic demand function
because demand for firm i’s product is positive even when firm i
charges an arbitrarily high price, provided firm j also charges a
high enough price. As will become clear, the problem makes sense
only if b < 2.) As in our discussion of the Cournot model, we as-
sume that there are no fixed costs of production and that marginal
costs are constant at ¢, where ¢ < a4, and that the firms act (i.e.,
choose their prices) simultaneously.

As before, the first task in the process of finding the Nash equi-
librium is to translate the problem into a normal-form game. There
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are again two players. This time, however, the strategies available
to each firm are the different prices it might charge, rather than
the different quantities it might produce. We will assume that
negative prices are not feasible but that any nonnegative price can
be charged—there is no restriction to prices denominated in pen-
nies, for instance. Thus, each firm'’s strategy space can again be
represented as 5; = [0, o), the nonnegative real numbers, and a
typical strategy s; is now a price choice, p; > 0.

We will again assume that the payoff function for each firm is
just its profit. The profit to firm i when it chooses the price p; and
its rival chooses the price p; is

mi(pi, ) = qi(pi> pj)lpi — ¢} = [a — pi + bpjl[pi — .

Thus, the price pair (p7, p5) is a Nash equilibrium if, for each firm i,
p; solves

Oénrhixoow’(phpi) =oénax la - pi +bpllpi —cl-

The solution to firm i's optimization problem is

pi = 5(a+bp +c).

NI>—‘

Therefore, if the price pair (p;, p3) is to be a Nash equilibrium, the
firms’ price choices must satisfy
«_ 1 x
p1=5(a+bp; +¢)

and

*

1 %k
p2 = 5(“‘”’791 +¢).

Solving this pair of equations yields

1.2.C Final-Offer Arbitration

Many public-sector workers are forbidden to strike; instead, wage
disputes are settled by binding arbitration. (Major league base-
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ball may be a higher-profile example than the public sector but is
substantially less important economically.) Many other disputes,
including medical malpractice cases and claims by shareholders
against their stockbrokers, also involve arbitration. The two ma-
jor forms of arbitration are conventional and final-offer arbitration.
In final-offer arbitration, the two sides make wage offers and then
the arbitrator picks one of the offers as the settlement. In con-
ventional arbitration, in contrast, the arbitrator is free to impose
any wage as the settlement. We now derive the Nash equilib-
rium wage offers in a model of final-offer arbitration developed
by Farber (1980).°

Suppose the parties to the dispute are a firm and a union and
the dispute concerns wages. Let the timing of the game be as
follows. First, the firm and the union simultaneously make offers,
denoted by wy and w,, respectively. Second, the arbitrator chooses
one of the two offers as the settlement. (As in many so-called static
games, this is really a dynamic game of the kind to be discussed
in Chapter 2, but here we reduce it to a static game between the
firm and the union by making assumptions about the arbitrator’s
behavior in the second stage.) Assume that the arbitrator has an
ideal settlement she would like to impose, denoted by x. Assume
further that, after observing the parties’ offers, wy and w,, the
arbitrator simply chooses the offer that is closer to x: provided
that wy < wy (as is intuitive, and will be shown to be true), the
arbitrator chooses wy if x < (wy + w,)/2 and chooses w, if x >
(ws +wy)/2; see Figure 1.2.3. (It will be immaterial what happens
if x = (wf + wy)/2. Suppose the arbitrator flips a coin.)

The arbitrator knows x but the parties do not. The parties
believe that x is randomly distributed according to a cumulative
probability distribution denoted by F(x), with associated prob-
ability density function denoted by f(x).}° Given our specifi-
cation of the arbitrator’s behavior, if the offers are w; and w,

9This application involves some basic concepts in probability: a cumulative
probability distribution, a probability density function, and an expected value.
Terse definitions are given as needed; for more detail, consult any introductory
probabulity text.

That is, the probability that x is less than an arbitrary value x* is denoted
F(x*), and the derivative of this probability with respect to x* is denoted f(x*)
Since F(x*) is a probability, we have 0 < F(x*) < 1 for any x*. Furthermore, if
x** > x* then F(x**) > F(x*), so f(x*} > 0 for every x*.
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w; chosen w, chosen

(wf+wu)/2

Figure 1.2.3.

then the parties believe that the probabilities Prob{wy chosen} and
Prob{w, chosen} can be expressed as

+
Prob{wy chosen} = Prob {x < _ujf‘zﬂ} _F (wf 42‘1014)

and

+ Wy,
Prob{w, chosen} =1-F (%) .

Thus, the expected wage settlement is

wy - Prob{wy chosen} + w, - Prob{w, chosen}
wy + wy wr + wy
o B (B v [ p ()]

We assume that the firm wants to minimize the expected wage
settlement imposed by the arbitrator and the union wants to max-
imize it.
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If the pair of offers (w},wy}) is to be a Nash equilibrium of the
game between the firm and the union, w}* must solvel?

* +w; T

and w}; must solve

w} + wy wf + wy \ |
maxwf -F - +wy,-|1—F — |-

Thus, the wage-offer pair (w},w;) must solve the first-order con-
ditions for these optimization problems,

oo 3(257) -1 (257
u f )
*+ ; * ;:
ooy (15) - (257

(We defer considering whether these first-order conditions are suf-
ficient.) Since the left-hand sides of these first-order conditions are
equal, the right-hand sides must also be equal, which implies that

w} +w;
F (%) - L (1.2.2)

and

that is, the average of the offers must equal the median of the
arbitrator’s preferred settlement. Substituting (1.2.2) into either of
the first-order conditions then yields

. 1

p)
that is, the gap between the offers must equal the reciprocal of

the value of the density function at the median of the arbitrator’s
preferred settlement.

In formulating the firm’s and the union’s optumization problems, we have
assumed that the firm’s offer is less than the union’s offer. It is straightforward
to show that this inequality must hold in equilibrium.
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In order to produce an intuitively appealing comparative-static
result, we now consider an example. Suppose the arbitrator’s pre-
ferred settlement is normally distributed with mean m and vari-
ance 02, in which case the density function is

1 1 2
f(x) = Tt exp {—%f(x —m) } .
(In this example, one can show that the first-order conditions given
earlier are sufficient.) Because a normal distribution is symmetric

around its mean, the median of the distribution equals the mean
of the distribution, m. Therefore, (1.2.2) becomes

wjf + wy
2
and (1.2.3) becomes

N 1 Vo)
wu—wfzf—(nT)= 27(0'2,

so the Nash equilibrium offers are

. o2 wo?
wy =M A and wf =m—A[——.
Thus, in equilibrium, the parties’ offers are centered around the
expectation of the arbitrator’s preferred settlement (i.e., m), and
the gap between the offers increases with the parties’ uncertainty
about the arbitrator’s preferred settlement (i.e., o2).

The intuition behind this equilibrium is simple. Each party
faces a trade-off. A more aggressive offer (i.e., a lower offer by
the firm or a higher offer by the union) yields a better payoff if
it is chosen as the settlement by the arbitrator but is less likely
to be chosen. (We will see in Chapter 3 that a similar trade-off
arises in a first-price, sealed-bid auction: a lower bid yields a
better payoff if it is the winning bid but reduces the chances of
winning.) When there is more uncertainty about the arbitrator’s
preferred settlement (i.e., o? is higher), the parties can afford to
be more aggressive because an aggressive offer is less likely to be
wildly at odds with the arbitrator’s preferred settlement. When
there is hardly any uncertainty, in contrast, neither party can afford
to make an offer far from the mean because the arbitrator is very
likely to prefer settlements close to m.
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1.2.D The Problem of the Commons

Since at least Hume (1739), political philosophers and economists
have understood that if citizens respond only to private incentives,
public goods will be underprovided and public resources overuti-
lized. Today, even a casual inspection of the earth’s environment
reveals the force of this idea. Hardin’'s (1968) much cited paper
brought the problem to the attention of noneconomists. Here we
analyze a bucolic example.

Consider the n farmers in a village. Each summer, all the
farmers graze their goats on the village green. Denote the number
of goats the i farmer owns by g; and the total number of goats
in the village by G = g1 + - - - + gn- The cost of buying and caring
for a goat is ¢, independent of how many goats a farmer owns.
The value to a farmer of grazing a goat on the green when a
total of G goats are grazing is v(G) per goat. Since a goat needs
at least a certain amount of grass in order to survive, there is
a maximum number of goats that can be grazed on the green,
Gmax: U(G) > 0 for G < Gmax but 7(G) = 0 for G > Gmax. Also,
since the first few goats have plenty of room to graze, adding one
more does little harm to those already grazing, but when so many
goats are grazing that they are all just barely surviving (ie., G is
just below Gmax), then adding one more dramatically harms the
rest. Formally: for G < Gmax,?'(G) < 0 and v"/(G) < 0, as in
Figure 1.2.4.

During the spring, the farmers simultaneously choose how
many goats to own. Assume goats are continuously divisible.
A strategy for farmer i is the choice of a number of goats to
graze on the village green, g;. Assuming that the strategy space
is [0,00) covers all the choices that could possibly be of interest
to the farmer; [0, Gmax) wWould also suffice. The payoff to farmer i
from grazing g; goats when the numbers of goats grazed by the
other farmers are (g1,...,8i—1,8i+1>--+,8n) 1

8iv(g1+ - +gi-1+8i+giv1+ -+ 8n) —cgi (1.2.4)

Thus, if (g7,...,85) is to be a Nash equilibrium then, for each 7,
g must maximize (1.2.4) given that the other farmers choose
&31>---»87-1>8i+1:---»8n)- The first-order condition for this opti-
mization problem is

v(gi+8%) +8V'(gi+8;) —c=0, (1.2.5)
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max

Figure 1.2.4.

where g* . denotes g7 + --- + g/ | + gf; + -+~ + gn- Substituting
g’ into (1.2.5), summing over all # farmers’ first-order conditions,
and then dividing by n yields

v(G*) + %G*v'(G*) ~c=0, (1.2.6)

where G* denotes gf + --- + g5. In contrast, the social optimum,
denoted by G**, solves

max Gv(G) - Ge,
0<G< o0

the first-order condition for which is
v(G**) + GV (G**) —c = 0. (1.2.7)

Comparing (1.2.6) to (1.2.7) shows!? that G* > G**: too many
goats are grazed in the Nash equilibrium, compared to the social
optimum. The first-order condition (1.2.5) reflects the incentives
faced by a farmer who is already grazing g; goats but is consider-

2Suppose, to the contrary, that G* < G™. Then v(G*) > v(G**), since v’ < 0.
Likewise, 0 > v/(G*) > v'(G**), since v/ < 0. Fnally, G*/n < G**. Thus, the
left-hand side of (1.2.6) strictly exceeds the left-hand side of (1.2.7), which is
impossible since both equal zero.
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ing adding one more (or, strictly speaking, a tiny fraction of one
more). The value of the additional goat is v(g; + g* ;) and its cost
is c. The harm to the farmer’s existing goats is v'(g;+8* ;) per goat,
or g;v'(gi +g* ;) in total. The common resource is overutilized be-
cause each farmer considers only his or her own incentives, not
the effect of his or her actions on the other farmers, hence the
presence of G*v'(G*)/n in (1.2.6) but G**v'(G**) in (1.2.7).

1.3 Advanced Theory: Mixed Strategies and
Existence of Equilibrium

1.3.A Mixed Strategies

In Section 1.1.C we defined S; to be the set of strategies available
to player i, and the combination of strategies (s},...,s}) to be a
Nash equilibrium if, for each player i, s} is player i's best response
to the strategies of the n — 1 other players:

*

Ui(STy+ e8I 1,85 Siyt1r--->5n) ZU(ST, -+, S7_1,5i,5141,---,5) (NE)

for every strategy s; in S;. By this definition, there is no Nash
equilibrium in the following game, known as Matching Pennies.

Player 2
Heads Tails
Heads | -1, 1 1,-1
Tails 1,-1 | -1, 1

Player 1

Matching Pennies

In this game, each player’s strategy space is {Heads, Tails}. As
a story to accompany the payoffs in the bi-matrix, imagine that
each player has a penny and must choose whether to display it
with heads or tails facing up. If the two pennies match (i.e., both
are heads up or both are tails up) then player 2 wins player 1’s
penny; if the pennies do not match then 1 wins 2’s penny. No
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pair of strategies can satisfy (NE), since if the players’ strategies
match—(Heads, Heads) or (Tails, Tails)—then player 1 prefers to
switch strategies, while if the strategies do not match—(Heads,
Tails) or (Tails, Heads)—then player 2 prefers to do so.

The distinguishing feature of Matching Pennies is that each
player would like to outguess the other. Versions of this game also
arise in poker, baseball, battle, and other settings. In poker, the
analogous question is how often to bluff: if player i is known never
to bluff then i’s opponents will fold whenever i bids aggressively,
thereby making it worthwhile for i to bluff on occasion; on the
other hand, bluffing too often is also a losing strategy. In baseball,
suppose that a pitcher can throw either a fastball or a curve and
that a batter can hit either pitch if (but only if) it is anticipated
correctly. Similarly, in battle, suppose that the attackers can choose
between two locations (or two routes, such as “by land or by sea”)
and that the defense can parry either attack if (but only if) it is
anticipated correctly.

In any game in which each player would like to outguess the
other(s), there is no Nash equilibrium (at least as this equilib-
rium concept was defined in Section 1.1.C) because the solution
to such a game necessarily involves uncertainty about what the
players will do. We now introduce the notion of a mixed strategy,
which we will interpret in terms of one player’s uncertainty about
what another player will do. (This interpretation was advanced
by Harsanyi [1973]; we discuss it further in Section 3.2.A.) In the
next section we will extend the definition of Nash equilibrium
to include mixed strategies, thereby capturing the uncertainty in-
herent in the solution to games such as Matching Pennies, poker,
baseball, and battle.

Formally, a mixed strategy for player i is a probability distri-
bution over (some or all of) the strategies in S;. We will hereafter
refer to the strategies in S; as player i's pure strategies. In the
simultaneous-move games of complete information analyzed in
this chapter, a player’s pure strategies are the different actions the
player could take. In Matching Pennies, for example, S; consists
of the two pure strategies Heads and Tails, so a mixed strategy
for player i is the probability distribution (g,1 — q), where g is
the probability of playing Heads, 1 — g is the probability of play-
ing Tails, and 0 < g < 1. The mixed strategy (0,1) is simply the
pure strategy Tails; likewise, the mixed strategy (1,0) is the pure
strategy Heads.
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As a second example of a mixed strategy, recall Figure 1.1.1,
where player 2 has the pure strategies Left, Middle, and Right.
Here a mixed strategy for player 2 is the probability distribution
(9,7,1 — q — r), where q is the probability of playing Left, r is the
probability of playing Middle, and 1 — g — r is the probability of
playing Right. As before, 0 < g <1, and now also 0 <r <1 and
0 <g+7r <1 In this game, the mixed strategy (1/3,1/3,1/3) puts
equal probability on Left, Middle, and Right, whereas (1/2,1/2,0)
puts equal probability on Left and Middle but no probability on
Right. As always, a player’s pure strategies are simply the lim-
iting cases of the player’s mixed strategies—here player 2’s pure
strategy Left is the mixed strategy (1,0,0), for example.

More generally, suppose that player i has K pure strategies:
Si = {si1,-..,six}. Then a mixed strategy for player i is a prob-
ability distribution (p;1,...,pix), where pj; is the probability that
player i will play strategy si, for k =1,...,K. Since py is a proba-
bility, we require 0 < py <1fork=1,...,Kand pjj +---+pix = 1.
We will use p; to denote an arbitrary mixed strategy from the set
of probability distributions over S;, just as we use s; to denote an
arbitrary pure strategy from S;.

Definition In the normal-formgameG = {S1,...,Sn; U1,..., Un}, SUp-
poseS; = {s;1,--.,Six}. Thenamixed strategy for playeriis a probability
distribution p; = (pi1,...,pix), Where 0 < pgp < 1fork=1,...,Kand
pa+--+px=1

We conclude this section by returning (briefly) to the notion of
strictly dominated strategies introduced in Section 1.1.B, so as to
illustrate the potential roles for mixed strategies in the arguments
made there. Recall that if a strategy s; is strictly dominated then
there is no belief that player i could hold (about the strategies
the other players will choose) such that it would be optimal to
play s;. The converse is also true, provided we allow for mixed
strategies: if there is no belief that player i could hold (about
the strategies the other players will choose) such that it would be
optimal to play the strate%y si, then there exists another strategy
that strictly dominates s;.!® The games in Figures 1.3.1 and 1.3.2

13Pearce (1984) proves this result for the two-player case and notes that it holds
for the n-player case provided that the players’ mixed strategies are allowed to be
correlated—that is, player i’s belief about what player j will do must be allowed
to be correlated with i’s belief about what player k will do. Aumann (1987)



32 STATIC GAMES OF COMPLETE INFORMATION

Player 2
L R
T|3—1|0 —
Player 1 M | 0,—| 3, —
B|1,— |1, —
Figure 1.3.1.

show that this converse would be false if we restricted attention
to pure strategies.

Figure 1.3.1 shows that a given pure strategy may be strictly
dominated by a mixed strategy, even if the pure strategy is not
strictly dominated by any other pure strategy. In this game, for
any belief (g,1—g) that player 1 could hold about 2’s play, 1's best
response is either T (if g > 1/2) or M (if g < 1/2), but never B.
Yet B is not strictly dominated by either T or M. The key is that
B is strictly dominated by a mixed strategy: if player 1 plays T
with probability 1/2 and M with probability 1/2 then 1’s expected
payoff is 3/2 no matter what (pure or mixed) strategy 2 plays, and
3/2 exceeds the payoff of 1 that playing B surely produces. This
example illustrates the role of mixed strategies in finding “another
strategy that strictly dominates s;.”

Player 2
L R
T3 —1]0—
Player 1 M |0, — )3, —
B|2—12 —
Figure 1.3.2.

suggests that such correlation in i's beliefs is entirely natural, even if j and k
make their choices completely independently: for example, i may know that
both j and k went to business school, or perhaps to the same business school,
but may not know what is taught there.
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Figure 1.3.2 shows that a given pure strategy can be a best
response to a mixed strategy, even if the pure strategy is not a
best response to any other pure strategy. In this game, B is not a
best response for player 1 to either L or R by player 2, but B is
the best response for player 1 to the mixed strategy (4,1 — q) by
player 2, provided 1/3 < g < 2/3. This example illustrates the role
of mixed strategies in the “belief that player i could hold.”

1.3.B Existence of Nash Equilibrium

In this section we discuss several topics related to the existence of
Nash equilibrium. First, we extend the definition of Nash equi-
librium given in Section 1.1.C to allow for mixed strategies. Sec-
ond, we apply this extended definition to Matching Pennies and
the Battle of the Sexes. Third, we use a graphical argument to
show that any two-player game in which each player has two
pure strategies has a Nash equilibrium (possibly involving mixed
strategies). Finally, we state and discuss Nash’s (1950) Theorem,
which guarantees that any finite game (i.e., any game with a fi-
nite number of players, each of whom has a finite number of
pure strategies) has a Nash equilibrium (again, possibly involving
mixed strategies).

Recall that the definition of Nash equilibrium given in Section
1.1.C guarantees that each player’s pure strategy is a best response
to the other players’ pure strategies. To extend the definition to in-
clude mixed strategies, we simply require that each player’s mixed
strategy be a best response to the other players’ mixed strategies.
Since any pure strategy can be represented as the mixed strategy
that puts zero probability on all of the player’s other pure strate-
gies, this extended definition subsumes the earlier one.

Computing player i’s best response to a mixed strategy by
player j illustrates the interpretation of player j’s mixed strategy
as representing player i’s uncertainty about what player j will do.
We begin with Matching Pennies as an example. Suppose that
player 1 believes that player 2 will play Heads with probability g
and Tails with probability 1 — g; that is, 1 believes that 2 will play
the mixed strategy (4,1 —¢q). Given this belief, player 1’s expected
payoffs are g- (—1) + (1 —g) - 1 =1 — 2g from playing Heads and
g-1+(1—q)-(-1) = 2g—1 from playing Tails. Since 1-29 > 29—1
if and only if g < 1/2, player 1’s best pure-strategy response is
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Heads if ¢ < 1/2 and Tails if g > 1/2, and player 1 is indifferent
between Heads and Tails if g = 1/2. It remains to consider possible
mixed-strategy responses by player 1.

Let (r,1—7) denote the mixed strategy in which player 1 plays
Heads with probability r. For each value of g4 between zero and
one, we now compute the value(s) of r, denoted r*(g), such that
(r,1 —r) is a best response for player 1 to (q,1 — q) by player 2.
The results are summarized in Figure 1.3.3. Player 1’s expected
payoff from playing (r,1 —r) when 2 plays (9,1 —q) is

rg- (-1 +r(1-q) 1+ (1 -rg-1+(1-1r)(1—gq) (-1)
=(29—-1)+r(2—-4g), (131

where rq is the probability of (Heads, Heads), (1 —q) the probabil-
ity of (Heads, Tails), and so on.! Since player 1’s expected payoff
is increasing in r if 2 — 4q > 0 and decreasing in 7 if 2 — 49 < O,
player 1’s best response is r =1 (i.e.,, Heads) if g < 1/2 and r = 0
(i.e., Tails) if g > 1/2, as indicated by the two horizontal segments
of r*(q) in Figure 1.3.3. This statement is stronger than the closely
related statement in the previous paragraph: there we considered
only pure strategies and found that if g < 1/2 then Heads is the
best pure strategy and that if 4 > 1/2 then Tails is the best pure
strategy; here we consider all pure and mixed strategies but again
find that if g < 1/2 then Heads is the best of all (pure or mixed)
strategies and that if 4 > 1/2 then Tails is the best of all strategies.

The nature of player 1's best response to (4,1 — g) changes
when g = 1/2. As noted earlier, when q = 1/2 player 1 is indif-
ferent between the pure strategies Heads and Tails. Furthermore,
because player 1's expected payoff in (1.3.1) is independent of r
when g = 1/2, player 1 is also indifferent among all mixed strate-
gies (r,1 — r). That is, when g = 1/2 the mixed strategy (r,1 — )

1The events A and B are independent if Prob{A and B} = Prob{A}-Prob{B}.
Thus, in writing rq for the probability that 1 plays Heads and 2 plays Heads,
we are assuming that 1 and 2 make their choices independently, as befits the
description we gave of simultaneous-move games. See Aumann (1974) for the
definition of correlated equilibrium, which applies to games in which the players’
choices can be correlated (because the players observe the outcome of a random
event, such as a coin flip, before choosing their strategies).
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,
r*(q)
(Heads) 1 === ‘:
(Tails) b
1/2 1 q
(Tails) (Heads)
Figure 1.3.3.

is a best response to (4,1 — g) for any value of r between zero
and one. Thus, r*(1/2) is the entire interval [0,1], as indicated
by the vertical segment of r*(g) in Figure 1.3.3. In the analysis
of the Cournot model in Section 1.2.A, we called Ri(q]-) firm i's
best-response function. Here, because there exists a value of ¢
such that 7*(g) has more than one value, we call 7*(q) player 1’s
best-response correspondence.

To derive player i's best response to player j's mixed strategy
more generally, and to give a formal statement of the extended def-
inition of Nash equilibrium, we now restrict attention to the two-
player case, which captures the main ideas as simply as possible.
Let J denote the number of pure strategies in S; and K the number
in S;. We will write S; = {s11,...,517} and Sy = {s21,...,52x}, and
we will use s1; and sy to denote arbitrary pure strategies from S;
and S;, respectively.

If player 1 believes that player 2 will play the strategies (sy1, .. .,
spx) with the probabilities (p21,...,p2k) then player 1's expected
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payoff from playing the pure strategy s;; is

K
S paui (517, 5) (13.2)
k=1

and player 1's expected payoff from playing the mixed strategy
p1=(pu,...,pp is

] K
v1(p1,p2) = Zm;LZmul(sl,-,szk)]
j=1 =1

J] K
= Zzplrpzkm(su,m), (1.3.3)

j=1 k=1

where pj; - py is the probability that 1 plays s;; and 2 plays sx.
Player 1’s expected payoff from the mixed strategy p;, given in
(1.3.3), is the weighted sum of the expected payoff for each of the
pure strategies {si1,...,517}, given in (1.3.2), where the weights
are the probabilities (p11,...,p1). Thus, for the mixed strategy
(P11, - - -, p1p) to be a best response for player 1 to 2’s mixed strategy
p2, it must be that p;; > 0 only if

K K
> paui(sij, ) =D pacui(siy, sax)
k=1 k=1

for every siy in 5;. That is, for a mixed strategy to be a best
response to p, it must put positive probability on a given pure
strategy only if the pure strategy is itself a best response to p.
Conversely, if player 1 has several pure strategies that are best
responses to p, then any mixed strategy that puts all its probabil-
ity on some or all of these pure-strategy best responses (and zero
probability on all other pure strategies) is also a best response for
player 1 to p,.

To give a formal statement of the extended definition of Nash
equilibrium, we need to compute player 2’s expected payoff when
players 1 and 2 play the mixed strategies p; and p, respectively. If
player 2 believes that player 1 will play the strategies (si3,...,51))
with the probabilities (py1,...,p1), then player 2's expected pay-
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off from playing the strategies (sz1,...,s2x) with the probabilities
(p21,---,P2x) is

K

J
npLp2) = > px [/Z Plju2(slj,52k)}
=1

k=1

J] K
= ZZPl; PaxU2 51],Szk)

j=1k=1

Given v1(p1,p2) and v2(p1,p2) we can restate the requirement of
Nash equilibrium that each player’s mixed strategy be a best re-
sponse to the other player’s mixed strategy: for the pair of mixed
strategies (p},p3) to be a Nash equilibrium, p} must satisfy

v1(p1,p3) = v1lp1,P3) (1.3.4)

for every probability distribution p; over S1, and p; must satisfy

v2(p7, P2) = v2(pi> p2) (1.3.5)
for every probability distribution p, over S;.

Definition In the two-player normal-form game G = {S1, Sp; u1,u2},
the mixed strategies (p1, p;) are a Nash equilibrium if each player’s mixed
strategy is a best response to the other player’s mixed strategy: (1.3.4) and
(1.3.5) must hold.

We next apply this definition to Matching Pennies and the Bat-
tle of the Sexes. To do so, we use the graphical representation of
player i’s best response to player j’s mixed strategy introduced in
Figure 1.3.3. To complement Figure 1.3.3, we now compute the
value(s) of g4, denoted g*(r), such that (g,1 — g) is a best response
for player 2 to (r,1—r) by player 1. The results are summarized in
Figure 1.3.4. If r < 1/2 then 2’s best response is Tails, so g*(r) = 0;
likewise, if > 1/2 then 2’s best response is Heads, so g*(r) = 1.
If r = 1/2 then player 2 is indifferent not only between Heads and
Tails but also among all the mixed strategies (4,1 — g), so ¢*(1/2)
is the entire interval [0, 1].

After flipping and rotating Figure 1.3.4, we have Figure 1.3.5.
Figure 1.3.5 is less convenient than Figure 1.3.4 as a representation
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q
q*(r)
(Heads) 1 e
(Tails)
1/2 1 r
(Tails) (Heads)
Figure 1.3.4.
r
(Heads) 1 :
| %)
(Tails)
1L g
(Tails) (Heads)

Figure 1.3.5.
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»
r*(g)
(Heads) 1 = 5
' q*(r)
1/2 [
(Tails) —F S
1/2 1 q
(Tails) (Heads)
Figure 1.3.6.

of player 2’s best response to player 1's mixed strategy, but it can
be combined with Figure 1.3.3 to produce Figure 1.3.6.

Figure 1.3.6 is analogous to Figure 1.2.1 from the Cournot anal-
ysis in Section 1.2.A. Just as the intersection of the best-response
functions Ry(g1) and Ri(q2) gave the Nash equilibrium of the
Cournot game, the intersection of the best-response correspon-
dences r*(q) and g*(r) yields the (mixed-strategy) Nash equilib-
rium in Matching Pennies: if player i plays (1/2,1/2) then
(1/2,1/2) is a best response for player j, as required for Nash
equilibrium.

It is worth emphasizing that such a mixed-strategy Nash equi-
librium does not rely on any player flipping coins, rolling dice,
or otherwise choosing a strategy at random. Rather, we interpret
player j's mixed strategy as a statement of player i's uncertainty
about player j’'s choice of a (pure) strategy. In baseball, for ex-
ample, the pitcher might decide whether to throw a fastball or a
curve based on how well each pitch was thrown during pregame
practice. If the batter understands how the pitcher will make a
choice but did not observe the pitcher’s practice, then the batter
may believe that the pitcher is equally likely to throw a fastball or a
curve. We would then represent the batter’s belief by the pitcher’s
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mixed strategy (1/2,1/2), when in fact the pitcher chooses a pure
strategy based on information unavailable to the batter. Stated
more generally, the idea is to endow player j with a small amount
of private information such that, depending on the realization of
the private information, player j slightly prefers one of the rele-
vant pure strategies. Since player i does not observe j’s private
information, however, i remains uncertain about j's choice, and
we represent i's uncertainty by j's mixed strategy. We provide a
more formal statement of this interpretation of a mixed strategy
in Section 3.2.A.

As a second example of a mixed-strategy Nash equilibrium,
consider the Battle of the Sexes from Section 1.1.C. Let (q,1—4g) be
the mixed strategy in which Pat plays Opera with probability g,
and let (r,1—r) be the mixed strategy in which Chris plays Opera
with probability r. If Pat plays (9,1 — q) then Chris’s expected
payoffs are g -2 + (1 — q) - 0 = 29 from playing Opera and g4 -0 +
(1-4)-1=1—gq from playing Fight. Thus, if g > 1/3 then Chris’s
best response is Opera (i.e., r = 1), if g < 1/3 then Chris’s best
response is Fight (i.e,, r = 0), and if g = 1/3 then any value of
r is a best response. Similarly, if Chris plays (r,1 — r) then Pat’s
expected payoffs are - 1+ (1 — r) - 0 = r from playing Opera and
7-04(1—7)-2=2(1—r) from playing Fight. Thus, if r > 2/3 then
Pat’s best response is Opera (i.e,, g = 1), if r < 2/3 then Pat’s best
response is Fight (i.e.,, ¢ = 0), and if r = 2/3 then any value of g
is a best response. As shown in Figure 1.3.7, the mixed strategies
(9,1 —-4q) = (1/3,2/3) for Pat and (r,1—r) = (2/3,1/3) for Chris
are therefore a Nash equilibrium.

Unlike in Figure 1.3.6, where there was only one intersection
of the players” best-response correspondences, there are three in-
tersections of r*(q) and ¢*(r) in Figure 1.3.7: (¢ = 0, = 0) and
(g=1,r=1),as well as (g = 1/3,r = 2/3). The other two inter-
sections represent the pure-strategy Nash equilibria (Fight, Fight)
and (Opera, Opera) described in Section 1.1.C.

In any game, a Nash equilibrium (involving pure or mixed
strategies) appears as an intersection of the players’ best-response
correspondences, even when there are more than two players, and
even when some or all of the players have more than two pure
strategies. Unfortunately, the only games in which the players’
best-response correspondences have simple graphical representa-
tions are two-player games in which each player has only two
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(Opera) 1 I T(‘l) ______
: q*(r)
273 fpeeeee e
(Fight) femcscsas :
1/3 1 g
(Fight) (Opera)
Figure 1.3.7.
Player 2
Left Right
Player 1 Up |x— | ¥ —
Down |z, — | w, —
Figure 1.3.8.

strategies. We turn next to a graphical argument that any such
game has a Nash equilibrium (possibly involving mixed strate-
gies).

Consider the payoffs for player 1 given in Figure 1.3.8. There
are two important comparisons: x versus z, and y versus w. Based
on these comparisons, we can define four main cases: (i) x > z and
y>w, (i)x<zand y<w, (iii) x >zand y < w, and (iv) x < z
and y > w. We first discuss these four main cases, and then turn
to the remaining cases involving x =z or y = w.
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r r
WUp) 17— (Up) 1

r*(q)

________ SO
(Down) T4 (Down) T a
(Left) (Right) (Left) (Right)
Case (i) Case (ii)
Figure 1.3.9.

In case (i) Up strictly dominates Down for player 1, and in
case (ii) Down strictly dominates Up. Recall from the previous
section that a strategy s; is strictly dominated if and only if there
is no belief that player i could hold (about the strategies the other
players will choose) such that it would be optimal to play s;. Thus,
if (9,1 — q) is a mixed strategy for player 2, where g is the prob-
ability that 2 will play Left, then in case (i) there is no value of
g such that Down is optimal for player 1, and in case (ii) there is
no value of g such that Up is optimal. Letting (7,1 — r) denote
a mixed strategy for player 1, where r is the probability that 1
will play Up, we can represent the best-response correspondences
for cases (i) and (ii) as in Figure 1.3.9. (In these two cases the
best-response correspondences are in fact best-response functions,
since there is no value of g such that player 1 has multiple best
responses.)

In cases (iii) and (iv), neither Up nor Down is strictly domi-
nated. Thus, Up must be optimal for some values of g and Down
optimal for others. Let ¢ = (w — y)/(x —z+ w — y). Then in
case (iii) Up is optimal for g > ¢’ and Down for g < ¢/, whereas in
case (iv) the reverse is true. In both cases, any value of r is optimal

when g = q’. These best-response correspondences are given in
Figure 1.3.10.
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Figure 1.3.10.

Since ¢ = 1if x =z and ¢’ = 0 if y = w, the best-response
correspondences for cases involving either x = z or y = w are L-
shaped (i.e., two adjacent sides of the unit square), as would occur
in Figure 1.3.10 if ¢’ = 0 or 1 in cases (iii) or (iv).

Adding arbitrary payoffs for player 2 to Figure 1.3.8 and per-
forming the analogous computations yields the same four best-
response correspondences, except that the horizontal axis mea-
sures r and the vertical ¢, as in Figure 1.3.4. Flipping and rotating
these four figures, as was done to produce Figure 1.3.5, yields
Figures 1.3.11 and 1.3.12. (In the latter figures, +' is defined anal-
ogously to ¢’ in Figure 1.3.10.)

The crucial point is that given any of the four best-response cor-
respondences for player 1, r*(g) from Figures 1.3.9 or 1.3.10, and
any of the four for player 2, ¢*(r) from Figures 1.3.11 or 1.3.12, the
pair of best-response correspondences has at least one intersec-
tion, so the game has at least one Nash equilibrium. Checking all
sixteen possible pairs of best-response correspondences is left as
an exercise. Instead, we describe the qualitative features that can
result. There can be: (1) a single pure-strategy Nash equilibrium;
(2) a single mixed-strategy equilibrium; or (3) two pure-strategy
equilibria and a single mixed-strategy equilibrium. Recall from
Figure 1.3.6 that Matching Pennies is an example of case (2), and
from Figure 1.3.7 that the Battle of the Sexes is an example of
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Figure 1.3.12.
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f(x)

Figure 1.3.13.

case (3). The Prisoners’ Dilemma is an example of case (1); it re-
sults from combining case (i) or (ii) of r*(q) with case (i) or (ii)
or g*(r).1°

We conclude this section with a discussion of the existence
of a Nash equilibrium in more general games. If the above ar-
guments for two-by-two games are stated mathematically rather
than graphically, then they can be generalized to apply to n-player
games with arbitrary finite strategy spaces.

Theorem (Nash 1950): In the n-player normal-form game G =
{S1,.+.,Sn; u1,...,un}, if n is finite and S, is finite for every i then there
exists at least one Nash equilibrium, possibly involving mixed strategies.

The proof of Nash’s Theorem involves a fixed-point theorem.
As a simple example of a fixed-point theorem, suppose f(x) is
a continuous function with domain [0,1] and range [0,1]. Then
Brouwer’s Fixed-Point Theorem guarantees that there exists at
least one fixed point — that is, there exists at least one value x*
in [0,1] such that f(x*) = x*. Figure 1.3.13 provides an example.

BThe cases involving x = z or ¥y = w do not violate the claim that the pair of
best-response correspondences has at least one intersection. On the contrary, in
addition to the qualitative features described in the text, there can now be two
pure-strategy Nash equilibria without a mixed-strategy Nash equulibrium, and a
continuum of mixed-strategy Nash equilibria.
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Applying a fixed-point theorem to prove Nash’s Theorem in-
volves two steps: (1) showing that any fixed point of a certain
correspondence is a Nash equilibrium; (2) using an appropriate
fixed-point theorem to show that this correspondence must have
a fixed point. The relevant correspondence is the n-player best-
response correspondence. The relevant fixed-point theorem is due
to Kakutani (1941), who generalized Brouwer’s theorem to allow
for (well-behaved) correspondences as well as functions.

The n-player best-response correspondence is computed from
the n individual players’ best-response correspondences as fol-
lows. Consider an arbitrary combination of mixed strategies
(p1,--.,pn). For each player i, derive i's best response(s) to the
other players’ mixed strategies (p1,...,pi—1,Pi+1,---,Pn). Then con-
struct the set of all possible combinations of one such best response
for each player. (Formally, derive each player’s best-response
correspondence and then construct the cross-product of these n
individual correspondences.) A combination of mixed strategies
(p1,...,py) is a fixed point of this correspondence if (p3,...,p;)
belongs to the set of all possible combinations of the players’ best
responses to (p},...,p;). That is, for each i, p; must be (one of)
player i's best response(s) to (p1, ..., pi_1, Piy1, ---+ Pn), but this
is precisely the statement that (p3, ..., p;;) is a Nash equilibrium.
This completes step (1).

Step (2) involves the fact that each player’s best-response cor-
respondence is continuous, in an appropriate sense. The role of
continuity in Brouwer’s fixed-point theorem can be seen by mod-
ifying f(x) in Figure 1.3.13: if f(x) is discontinuous then it need
not have a fixed point. In Figure 1.3.14, for example, f(x) > x for
all x < x/, but f(x') < x’ for x > x/.16

To illustrate the differences between f(x) in Figure 1.3.14 and a
player’s best-response correspondence, consider Case (iii) in Fig-
ure 1.3.10: at g = ¢q', r*(9’) includes zero, one, and the entire
interval in between. (A bit more formally, 7*(q’) includes the limit
of r*(q) as q approaches g’ from the left, the limit of r*(g) as g
approaches g’ from the right, and all the values of r in between
these two limits.) If f(x') in Figure 1.3.14 behaved analogously to

*The value of f(x') is indicated by the sohd circle. The open circle indicates
that f (x') does not include this value The dotted line is included only to indicate
that both circles occur at x = x’; it does not indicate further values of f(x').



i‘ld’oanced Theory 47

1
f(x)
p /
x' 1 =x
Figure 1.3.14.

player 1’s best-response correspondence r*(q’), then f(x') would
include not only the solid circle (as in the figure) but also the
open circle and the entire interval in between, in which case f(x)
would have a fixed point at x’'.

Each player’s best-response correspondence always behaves
the way r*(q’) does in Figure 1.3.14: it always includes (the appro-
priate generalizations of) the limit from the left, the limit from the
right, and all the values in between. The reason for this is that,
as shown earlier for the two-player case, if player i has several
pure strategies that are best responses to the other players” mixed
strategies, then any mixed strategy p; that puts all its probability
on some or all of player i’s pure-strategy best responses (and zero
probability on all of player i’s other pure strategies) is also a best
response for player i. Because each player’s best-response corre-
spondence always behaves in this way, the n-player best-response
correspondence does too; these properties satisfy the hypotheses
of Kakutani’s Theorem, so the latter correspondence has a fixed
point.

Nash’s Theorem guarantees that an equilibrium exists in a
broad class of games, but none of the applications analyzed in
Section 1.2 are members of this class (because each application
has infinite strategy spaces). This shows that the hypotheses of
Nash’s Theorem are sufficient but not necessary conditions for an
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equilibrium to exist—there are many games that do not satisfy
the hypotheses of the Theorem but nonetheless have one or more
Nash equilibria.

1.4 Further Reading

On the assumptions underlying iterated elimination of strictly
dominated strategies and Nash equilibrium, and on the inter-
pretation of mixed strategies in terms of the players’ beliefs, see
Brandenburger (1992). On the relation between (Cournot-type)
models where firms choose quantities and (Bertrand-type) mod-
els where firms choose prices, see Kreps and Scheinkman (1983),
who show that in some circumstances the Cournot outcome occurs
in a Bertrand-type model in which firms face capacity constraints
(which they choose, at a cost, prior to choosing prices). On arbitra-
tion, see Gibbons (1988), who shows how the arbitrator’s preferred
settlement can depend on the information content of the parties’
offers, in both final-offer and conventional arbitration. Finally, on
the existence of Nash equilibrium, including pure-strategy equi-
libria in games with continuous strategy spaces, see Dasgupta and
Maskin (1986).

1.5 Problems

Section 1.1

1.1. Whatis a game in normal form? What is a strictly dominated
strategy in a normal-form game? What is a pure-strategy Nash
equilibrium in a normal-form game?

1.2. In the following normal-form game, what strategies survive
iterated elimination of strictly dominated strategies? What are the
pure-strategy Nash equilibria?

L C R
T120|1,1]|4,2
3,411,223

) ) b

B|1,3]02]3,0
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1.3. Players 1 and 2 are bargaining over how to split one dollar.
Both players simultaneously name shares they would like to have,
sy and s, where 0 < 51,55 < 1. If 51 + 50 < 1, then the players
receive the shares they named; if s; + s; > 1, then both players
receive zero. What are the pure-strategy Nash equilibria of this
game?

Section 1.2

1.4. Suppose there are n firms in the Cournot oligopoly model.
Let g; denote the quantity produced by firmi,and let Q = g1+ -+
gn denote the aggregate quantity on the market. Let P denote the
market-clearing price and assume that inverse demand is given
by P(Q) = a — Q (assuming Q < 4, else P = 0). Assume that the
total cost of firm i from producing quantity g; is Ci(¢;) = cg;. That
is, there are no fixed costs and the marginal cost is constant at c,
where we assume ¢ < a. Following Cournot, suppose that the
firms choose their quantities simultaneously. What is the Nash
equilibrium? What happens as n approaches infinity?

1.5. Consider the following two finite versions of the Cournot
duopoly model. First, suppose each firm must choose either half
the monopoly quantity, 4,n/2 = (a — ¢)/4, or the Cournot equilib-
rium quantity, g. = (a4 — ¢)/3. No other quantities are feasible.
Show that this two-action game is equivalent to the Prisoners’
Dilemma: each firm has a strictly dominated strategy, and both
are worse off in equilibrium than they would be if they cooper-
ated. Second, suppose each firm can choose either ¢,,/2, or g,
or a third quantity, 4. Find a value for ¢’ such that the game is
equivalent to the Cournot model in Section 1.2.A, in the sense that
(¢, 9c) is a unique Nash equilibrium and both firms are worse off
in equilibrium than they could be if they cooperated, but neither
firm has a strictly dominated strategy.

1.6. Consider the Cournot duopoly model where inverse demand
is P(Q) = a — Q but firms have asymmetric marginal costs: c;
for firm 1 and ¢, for firm 2. What is the Nash equilibrium if
0 < ¢; < a/2 for each firm? What if ¢; < ¢ < a but 2c; > a+¢;?

1.7. In Section 1.2.B, we analyzed the Bertrand duopoly model
with differentiated products. The case of homogeneous products
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yields a stark conclusion. Suppose that the quantity that con-
sumers demand from firm i is a — p; when p; < p;, 0 when p; > p;,
and (a ~ p;)/2 when p; = p;. Suppose also that there are no fixed
costs and that marginal costs are constant at ¢, where ¢ < a. Show
that if the firms choose prices simultaneously, then the unique
Nash equilibrium is that both firms charge the price c.

1.8. Consider a population of voters uniformly distributed along
the ideological spectrum from left (x = 0) to right (x = 1). Each of
the candidates for a single office simultaneously chooses a cam-
paign platform (i.e., a point on the line between x =0 and x = 1)
The voters observe the candidates’ choices, and then each voter
votes for the candidate whose platform is closest to the voter’s
position on the spectrum. If there are two candidates and they
choose platforms x; = 3 and x; = .6, for example, then all
voters to the left of x = 45 vote for candidate 1, all those to
the right vote for candidate 2, and candidate 2 wins the elec-
tion with 55 percent of the vote. Suppose that the candidates
care only about being elected—they do not really care about their
platforms at all! If there are two candidates, what is the pure-
strategy Nash equilibrium? If there are three candidates, exhibit
a pure-strategy Nash equilibrium. (Assume that any candidates
who choose the same platform equally split the votes cast for that
platform, and that ties among the leading vote-getters are resolved
by coin flips.) See Hotelling (1929) for an early model along these
lines.

Section 1.3

1.9. What is a mixed strategy in a normal-form game? What is a
mixed-strategy Nash equilibrium in a normal-form game?

1.10. Show that there are no mixed-strategy Nash equilibria in
the three normal-form games analyzed in Section 1.1—the Prison-
ers’ Dilemma, Figure 1.1.1, and Figure 1.1.4.

111. Solve for the mixed-strategy Nash equilibria in the game in
Problem 1.2.



References 51

1.12.  Find the mixed-strategy Nash equilibrium of the following
normal-form game.

L R
2,1]0,2
B|1,2]3,0

1.13.  Each of two firms has one job opening. Suppose that (for
reasons not discussed here but relating to the value of filling each
opening) the firms offer different wages: firm i offers the wage w;,
where (1/2)w; < wy < 2w;. Imagine that there are two workers,
each of whom can apply to only one firm. The workers simulta-
neously decide whether to apply to firm 1 or to firm 2. If only one
worker applies to a given firm, that worker gets the job; if both
workers apply to one firm, the firm hires one worker at random
and the other worker is unemployed (which has a payoff of zero).
Solve for the Nash equilibria of the workers’ normal-form game.
(For more on the wages the firms will choose, see Montgomery

[1991].)
Worker 2

Apply to  Apply to
Firm 1 Firm 2

Apply to Firm 1 | lw, Lw; wy, W
Worker 1 PPy 2702 b2

i 1oy, 1
Apply to Firm 2 | W, Wy 3 W2, 7 W

1.14. Show that Proposition B in Appendix 1.1.C holds for mixed-
as well as pure-strategy Nash equilibria: the strategies played with
positive probability in a mixed-strategy Nash equilibrium survive
the process of iterated elimination of strictly dominated strategies.
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Chapter 2

Dynamic Games of
Complete Information

In this chapter we introduce dynamic games. We again restrict at-
tention to games with complete information (i.e., games in which
the players’ payoff functions are common knowledge); see Chap-
ter 3 for the introduction to games of incomplete information., In
Section 2.1 we analyze dynamic games that have not only com-
plete but also perfect information, by which we mean that at each
move in the game the player with the move knows the full history
of the play of the game thus far. In Sections 2.2 through 2.4 we
consider games of complete but imperfect information: at some
move the player with the move does not know the history of the
game.

The central issue in all dynamic games is credibility. As an
example of a noncredible threat, consider the following two-move
game. First, player 1 chooses between giving player 2 $1,000 and
giving player 2 nothing. Second, player 2 observes player 1’s
move and then chooses whether or not to explode a grenade that
will kill both players. Suppose player 2 threatens to explode the
grenade unless player 1 pays the $1,000. If player 1 believes the
threat, then player 1’s best response is to pay the $1,000. But
player 1 should not believe the threat, because it is noncredible:
if player 2 were given the opportunity to carry out the threat,
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player 2 would choose not to carry it out. Thus, player 1 should
pay player 2 nothing.!

In Section 2.1 we analyze the following class of dynamic games
of complete and perfect information: first player 1 moves, then
player 2 observes player 1’s move, then player 2 moves and the
game ends. The grenade game belongs to this class, as do Stack-
elberg’s (1934) model of duopoly and Leontief’s (1946) model of
wage and employment determination in a unionized firm. We
define the backwards-induction outcome of such games and briefly
discuss its relation to Nash equilibrium (deferring the main discus-
sion of this relation until Section 2.4). We solve for this outcome
in the Stackelberg and Leontief models. We also derive the analo-
gous outcome in Rubinstein’s (1982) bargaining model, although
this game has a potentially infinite sequence of moves and so does
not belong to the above class of games.

In Section 2.2 we enrich the class of games analyzed in the
previous section: first players 1 and 2 move simultaneously, then
players 3 and 4 observe the moves chosen by 1 and 2, then play-
ers 3 and 4 move simultaneously and the game ends. As will be
explained in Section 2.4, the simultaneity of moves here means that
these games have imperfect information. We define the subgame-
perfect outcome of such games, which is the natural extension of
backwards induction to these games. We solve for this outcome
in Diamond and Dybvig’s (1983) model of bank runs, in a model
of tariffs and imperfect international competition, and in Lazear
and Rosen’s (1981) model of tournaments.

In Section 2.3 we study repeated games, in which a fixed group
of players plays a given game repeatedly, with the outcomes of all
previous plays observed before the next play begins. The theme
of the analysis is that (credible) threats and promises about future
behavior can influence current behavior. We define subgame-perfect
Nash equilibrium for repeated games and relate it to the backwards-
induction and subgame-perfect outcomes defined in Sections 2.1
and 2.2. We state and prove the Folk Theorem for infinitely re-

!Player 1 might wonder whether an opponent who threatens to explode a
grenade is crazy. We model such doubts as incomplete information—player 1 is
unsure about player 2's payoff function See Chapter 3
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peated games, and we analyze Friedman’s (1971) model of col-
lusion between Cournot duopolists, Shapiro and Stiglitz’s (1984)
model of efficiency wages, and Barro and Gordon’s (1983) model
of monetary policy.

In Section 2.4 we introduce the tools necessary to analyze a
general dynamic game of complete information, whether with per-
fect or imperfect information. We define the extensive-form repre-
sentation of a game and relate it to the normal-form representation
introduced in Chapter 1. We also define subgame-perfect Nash
equilibrium for general games. The main point (of both this sec-
tion and the chapter as a whole) is that a dynamic game of com-
plete information may have many Nash equilibria, but some of
these may involve noncredible threats or promises. The subgame-
perfect Nash equilibria are those that pass a credibility test.

2.1 Dynamic Games of Complete and Perfect
Information
2.1.A Theory: Backwards Induction

The grenade game is a member of the following class of simple
games of complete and perfect information:

1. Player 1 chooses an action a; from the feasible set A;.

2. Player 2 observes 4; and then chooses an action 4, from the
feasible set A;.

3. Payoffs are u;(a;,a2) and us(a,a;).

2

Many economic problems fit this description.” Two examples

ZPlayer 2's feasible set of actions, Az, could be allowed to depend on player 1's
action, 4;. Such dependence could be denoted by A»(a,) or could be incorporated
into player 2's payoff function, by setting u,(a1,42) = —oo for values of a, that
are not feasible for a given 4,. Some moves by player 1 could even end the game,
without player 2 getting a move; for such values of a4, the set of feasible actions
Az(a,) contains only one element, so player 2 has no choice to make.
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(discussed later in detail) are Stackelberg’s model of duopoly and
Leontief’s model of wages and employment in a unionized firm.
Other economic problems can be modeled by allowing for a longer
sequence of actions, either by adding more players or by allowing
players to move more than once. (Rubinstein’s bargaining game,
discussed in Section 2.1.D, is an example of the latter.) The key
features of a dynamic game of complete and perfect information
are that (i) the moves occur in sequence, (ii) all previous moves
are observed before the next move is chosen, and (iii) the play-
ers’ payoffs from each feasible combination of moves are common
knowledge.

We solve a game from this class by backwards induction, as
follows. When player 2 gets the move at the second stage of the
game, he or she will face the following problem, given the action
a; previously chosen by player 1:

max uz(ar, az).
Assume that for each a; in Aj, player 2's optimization problem has
a unique solution, denoted by Ry(a;). This is player 2’s reaction
(or best response) to player 1’s action. Since player 1 can solve 2’s
problem as well as 2 can, player 1 should anticipate player 2’s

reaction to each action a; that 1 might take, so 1’s problem at the
first stage amounts to

max u1(a1, Ro(a1))-

Assume that this optimization problem for player 1 also has a
unique solution, denoted by aj. We will call (a7, R2(a7)) the back-
wards-induction outcome of this game. The backwards-induction
outcome does not involve noncredible threats: player 1 anticipates
that player 2 will respond optimally to any action a; that 1 might
choose, by playing Ry(a1); player 1 gives no credence to threats
by player 2 to respond in ways that will not be in 2’s self-interest
when the second stage arrives.

Recall that in Chapter 1 we used the normal-form represen-
tation to study static games of complete information, and we fo-
cused on the notion of Nash equilibrium as a solution concept
for such games. In this section’s discussion of dynamic games,
however, we have made no mention of either the normal-form

representation or Nash equilibrium. Instead, we have given a
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verbal description of a game in (1)—(3), and we have defined the
backwards-induction outcome as the solution to that game. In
Section 2.4.A we will see that the verbal description in (1)-(3)
is the extensive-form representation of the game. We will relate
the extensive- and normal-form representations, but we will find
that for dynamic games the extensive-form representation is of-
ten more convenient. In Section 2.4.B we will define subgame-
perfect Nash equilibrium: a Nash equilibrium is subgame-perfect
if it does not involve a noncredible threat, in a sense to be made
precise. We will find that there may be multiple Nash equilib-
ria in a game from the class defined by (1)—(3), but that the only
subgame-perfect Nash equilibrium is the equilibrium associated
with the backwards-induction outcome. This is an example of
the observation in Section 1.1.C that some games have multiple
Nash equilibria but have one equilibrium that stands out as the
compelling solution to the game.

We conclude this section by exploring the rationality assump-
tions inherent in backwards-induction arguments. Consider the
following three-move game, in which player 1 moves twice:

1. Player 1 chooses L or R, where L ends the game with payoffs
of 2 to player 1 and 0 to player 2.

2. Player 2 observes 1's choice. If 1 chose R then 2 chooses
L’ or R/, where L' ends the game with payoffs of 1 to both
players.

3. Player 1 observes 2’s choice (and recalls his or her own choice
in the first stage). If the earlier choices were R and R’ then 1
chooses L” or R”, both of which end the game, L” with pay-
offs of 3 to player 1 and 0 to player 2 and R” with analogous
payoffs of 0 and 2.

All these words can be translated into the following succinct game
tree. (This is the extensive-form representation of the game, to be
defined more generally in Section 2.4.) The top payoff in the pair
of payoffs at the end of each branch of the game tree is player 1's,
-the bottom player 2’s.
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3 0
0 2

To compute the backwards-induction outcome of this game,
we begin at the third stage (i.e., player 1's second move). Here
player 1 faces a choice between a payoff of 3 from L" and a payoff
of 0 from R”, so L” is optimal. Thus, at the second stage, player 2
anticipates that if the game reaches the third stage then 1 will play
L”, which would yield a payoff of 0 for player 2. The second-stage
choice for player 2 therefore is between a payoff of 1 from L’ and
a payoff of 0 from R’, so L’ is optimal. Thus, at the first stage,
player 1 anticipates that if the game reaches the second stage then
2 will play L', which would yield a payoff of 1 for player 1. The
first-stage choice for player 1 therefore is between a payoff of 2
from L and a payoff of 1 from R, so L is optimal.

This argument establishes that the backwards-induction out-
come of this game is for player 1 to choose L in the first stage,
thereby ending the game. Even though backwards induction pre-
dicts that the game will end in the first stage, an important part
of the argument concerns what would happen if the game did
not end in the first stage. In the second stage, for example, when
player 2 anticipates that if the game reaches the third stage then 1
will play L”, 2 is assuming that 1 is rational. This assumption may
seem inconsistent with the fact that 2 gets to move in the second
stage only if 1 deviates from the backwards-induction outcome of
the game. That is, it may seem that if 1 plays R in the first stage
then 2 cannot assume in the second stage that 1 is rational, but
this is not the case: if 1 plays R in the first stage then it cannot
be common knowledge that both players are rational, but there
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remain reasons for 1 to have chosen R that do not contradict 2’s
assumption that 1 is rational.®> One possibility is that it is common
knowledge that player 1 is rational but not that player 2 is ratio-
nal: if 1 thinks that 2 might not be rational, then 1 might choose
R in the first stage, hoping that 2 will play R’ in the second stage,
thereby giving 1 the chance to play L” in the third stage. Another
possibility is that it is common knowledge that player 2 is rational
but not that player 1 is rational: if 1 is rational but thinks that 2
thinks that 1 might not be rational, then 1 might choose R in the
first stage, hoping that 2 will think that 1 is not rational and so play
R’ in the hope that 1 will play R” in the third stage. Backwards
induction assumes that 1’s choice of R could be explained along
these lines. For some games, however, it may be more reasonable
to assume that 1 played R because 1 is indeed irrational. In such
games, backwards induction loses much of its appeal as a predic-
tion of play, just as Nash equilibrium does in games where game
theory does not provide a unique solution and no convention will
develop.

2.1.B Stackelberg Model of Duopoly

Stackelberg (1934) proposed a dynamic model of duopoly in which
a dominant (or leader) firm moves first and a subordinate (or
follower) firm moves second. At some points in the history of
the U.S. automobile industry, for example, General Motors has
seemed to play such a leadership role. (It is straightforward to
extend what follows to allow for more than one following firm,
such as Ford, Chrysler, and so on.) Following Stackelberg, we will
develop the model under the assumption that the firms choose
quantities, as in the Cournot model (where the firms’ choices are
simultaneous, rather than sequential as here). We leave it as an
exercise to develop the analogous sequential-move model in which
firms choose prices, as they do (simultaneously) in the Bertrand
model.

The timing of the game is as follows: (1) firm 1 chooses a
quantity g; > 0; (2) firm 2 observes q; and then chooses a quantity

3Recall from the discussion of iterated elimmation of strictly dominated strate-
gles (in Section 1.1.B) that it is common knowledge that the players are rational
if all the players are rational, and all the players know that all the players are
rational, and all the players know that all the players know that all the players
are rational, and so on, ad mfinitum.
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g2 > 0; (3) the payoff to firm i is given by the profit function

7i(qi, ;) = G[P(Q) — cl,

where P(Q) = a — Q is the market-clearing price when the aggre-
gate quantity on the market is Q = g; 4+ g2, and c is the constant
marginal cost of production (fixed costs being zero).

To solve for the backwards-induction outcome of this game, we
first compute firm 2’s reaction to an arbitrary quantity by firm 1.
R;(q1) solves

max m2(q1,q2) = max qala — g1 — g2 — ¢,
which yields
a—q—¢c

Ra(q1) = “—0—,
provided g; < a — ¢. The same equation for Rj(q;) appeared
in our analysis of the simultaneous-move Cournot game in Sec-
tion 1.2.A. The difference is that here R(g1) is truly firm 2’s reac-
tion to firm 1’s observed quantity, whereas in the Cournot analysis
Ry(g1) is firm 2’s best response to a hypothesized quantity to be
simultaneously chosen by firm 1.

Since firm 1 can solve firm 2’s problem as well as firm 2 can
solve it, firm 1 should anticipate that the quantity choice g; will
be met with the reaction Rz(g1). Thus, firm 1’s problem in the first
stage of the game amounts to

max 71(91,Ra(q1)) = max q1la — q1 — Ra(g91) — ¢
_ a—q1—¢
= g\gg n——p >
which yields
* a—c " a—c¢
97 = and  Ro(q) = ——

as the backwards-induction outcome of the Stackelberg duopoly
4
game.

‘Just as “Cournot equulibrium” and “Bertrand equilibrium” typically re-
fer to the Nash equilibria of the Cournot and Bertrand games, references to
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Recall from Chapter 1 that in the Nash equilibrium of the
Cournot game each firm produces (2—c)/3. Thus, aggregate quan-
tity in the backwards-induction outcome of the Stackelberg game,
3(a — c)/4, is greater than aggregate quantity in the Nash equilib-
rium of the Cournot game, 2(a —c) /3, so the market-clearing price
is lower in the Stackelberg game. In the Stackelberg game, how-
ever, firm 1 could have chosen its Cournot quantity, (2 — ¢)/3, in
which case firm 2 would have responded with its Cournot quan-
tity. Thus, in the Stackelberg game, firm 1 could have achieved its
Cournot profit level but chose to do otherwise, so firm 1’s profit in
the Stackelberg game must exceed its profit in the Cournot game.
But the market-clearing price is lower in the Stackelberg game, so
aggregate profits are lower, so the fact that firm 1 is better off im-
plies that firm 2 is worse off in the Stackelberg than in the Cournot
game.

The observation that firm 2 does worse in the Stackelberg than
in the Cournot game illustrates an important difference between
single- and multi-person decision problems. In single-person deci-
sion theory, having more information can never make the decision
maker worse off. In game theory, however, having more informa-
tion (or, more precisely, having it known to the other players that
one has more information) can make a player worse off.

In the Stackelberg game, the information in question is firm 1’s
quantity: firm 2 knows g1, and (as importantly) firm 1 knows that
firm 2 knows g1. To see the effect this information has, consider
the modified sequential-move game in which firm 1 chooses g;,
after which firm 2 chooses g, but does so without observing g;. If
firm 2 believes that firm 1 has chosen its Stackelberg quantity g7 =
(a—c)/2, then firm 2’s best response is again Rz(q7) = (¢—c)/4. But
if firm 1 anticipates that firm 2 will hold this belief and so choose
this quantity, then firm 1 prefers to choose its best response to
(a — c)/4—namely, 3(a — c) /8—rather than its Stackelberg quantity
(a—c)/2. Thus, firm 2 should not believe that firm 1 has chosen its
Stackelberg quantity. Rather, the unique Nash equilibrium of this

“Stackelberg equilibrium” often mean that the game is sequential- rather than
simultaneous-move. As noted in the previous section, however, sequential-move
games sometimes have multiple Nash equilibria, only one of which is associated
with the backwards-induction outcome of the game. Thus, “Stackelberg equilib-
rium” can refer both to the sequential-move nature of the game and to the use
of a stronger solution concept than simply Nash equilibrium.
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modified sequential-move game is for both firms to choose the
quantity (a — c)/3—precisely the Nash equilibrium of the Cournot
game, where the firms move simultaneously.® Thus, having firm 1
know that firm 2 knows g; hurts firm 2.

2.1.C Wages and Employment in a Unionized Firm

In Leontief’s (1946) model of the relationship between a firm and a
monopoly union (i.e., a union that is the monopoly seller of labor
to the firm), the union has exclusive control over wages, but the
firm has exclusive control over employment. (Similar qualitative
conclusions emerge in a more realistic model in which the firm
and the union bargain over wages but the firm retains exclusive
control over employment.) The union’s utility function is U(w, L),
where w is the wage the union demands from the firm and L is
employment. Assume that U(w, L) increases in both w and L. The
firm’s profit function is n(w,L) = R(L) — wL, where R(L) is the
revenue the firm can earn if it employs L workers (and makes the
associated production and product-market decisions optimally).
Assume that R(L) is increasing and concave.

Suppose the timing of the game is: (1) the union makes a wage
demand, w; (2) the firm observes (and accepts) w and then chooses
employment, L; (3) payoffs are U(w,L) and w(w,L). We can say
a great deal about the backwards-induction outcome of this game
even though we have not assumed specific functional forms for
U(w,L) and R(L) and so are not able to solve for this outcome
explicitly.

First, we can characterize the firm’s best response in stage (2),
L*{w), to an arbitrary wage demand by the union in stage (1), w.
Given w, the firm chooses L*(w) to solve

max 7(w,L) = max R(L) — wL,
L>0 L>0

the first-order condition for which is

R(L) —w = 0.

5This is an example of a claim we made in Section 1.1.A: in a normal-form
game the players choose their strategies stmultaneously, but this does not imply
that the parties necessanly act simultaneously; it suffices that each choose his or
her action without knowledge of the others’ choices. For further discussion of
this point, see Section 24.A.
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slope = w

R(L)

L*(w) L

Figure 2.1.1.

To guarantee that the first-order condition R'(L) — w = 0 has a
solution, assume that R’(0) = co and that R'(cc) = 0, as suggested
in Figure 2.1.1.

Figure 2.1.2 plots L*(w) as a function of w (but uses axes that
ease comparison with later figures) and illustrates that L* (w) cuts
each of the firm’s isoprofit curves at its maximum.® Holding L
fixed, the firm does better when w is lower, so lower isoprofit
curves represent higher profit levels. Figure 2.1.3 depicts the
union’s indifference curves. Holding L fixed, the union does better
when w is higher, so higher indifference curves represent higher
utility levels for the union.

We turn next to the union’s problem at stage (1). Since the
union can solve the firm’s second-stage problem as well as the firm
can solve it, the union should anticipate that the firm’s reaction
to the wage demand w will be to choose the employment level

®The latter property is merely a restatement of the fact that L*(w) maximizes
(L, w) given w. If the union demands w’, for example, then the firm’s choice of
L amounts to the choice of a point on the horizontal line w = w’ The highest
feasible profit level is attained by choosing L such that the isoprofit curve through
(L,w'") is tangent to the constramt w = w'.
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L*(w)

L
firm's isoprofit curves
Figure 2.1.2.
L

union's indifference curves
Figure 2.1.3.

L*(w). Thus, the union’s problem at the first stage amounts to

L*(w)).
max U(w, L* (w))

In terms of the indifference curves plotted in Figure 2.1.3, the
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union's indifference
curve

L*(w)

L* (w*) L

Figure 2.1.4.

union would like to choose the wage demand w that yields the
outcome (w,L*(w)) that is on the highest possible indifference
curve. The solution to the union’s problem is w*, the wage de-
mand such that the union’s indifference curve through the point
(w*,L*(w*)) is tangent to L*(w) at that point; see Figure 2.1.4.
Thus, (w*,L*(w*)) is the backwards-induction outcome of this
wage-and-employment game.

It is straightforward to see that (w*, L*(w*)) is inefficient: both
the union’s utility and the firm’s profit would be increased if w
and L were in the shaded region in Figure 2.1.5. This inefficiency
makes it puzzling that in practice firms seem to retain exclusive
control over employment. (Allowing the firm and the union to
bargain over the wage but leaving the firm with exclusive con-
trol over employment yields a similar inefficiency.) Espinosa and
Rhee (1989) propose one answer to this puzzle, based on the fact
that the union and the firm negotiate repeatedly over time (of-
ten every three years, in the United States). There may exist an
equilibrium of such a repeated game in which the union’s choice
of w and the firm’s choice of L lie in the shaded region of Fig-
ure 2.1.5, even though such values of w and L cannot arise as the
backwards-induction outcome of a single negotiation. See Sec-
tion 2.3 on repeated games and Problem 2.16 on the Espinosa-Rhee
model.
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wH ; firm's isoprofit
: curve

L* (w)

L . (w*) L

Figure 2.1.5.

2.1.D Sequential Bargaining

We begin with a three-period bargaining model from the class
of games analyzed in Section 2.1.A. We then discuss Rubinstein’s
(1982) model, in which the number of periods is (potentially) infi-
nite. In both models, settlement occurs immediately—protracted
negotiations (such as strikes) do not occur. In Sobel and Taka-
hashi’s (1983) model of sequential bargaining under asymmetric
information, in contrast, strikes occur with positive probability in
the unique (perfect Bayesian) equilibrium; see Section 4.3.B.

Players 1 and 2 are bargaining over one dollar. They alternate
in making offers: first player 1 makes a proposal that player 2
can accept or reject; if 2 rejects then 2 makes a proposal that 1
can accept or reject; and so on. Once an offer has been rejected, it
ceases to be binding and is irrelevant to the subsequent play of the
game. Each offer takes one period, and the players are impatient:
they discount payoffs received in later periods by the factor é per
period, where 0 < § < 1.7

"The discount factor § reflects the time-value of money A dollar received at
the beginning of one period can be put in the bank to earn interest, say at rate r
per period, and so will be worth 1+ r dollars at the beginning of the next period
Equivalently, a dollar to be received at the beginning of the next period is worth
only 1/(1 +r) of a dollar now Let 6§ =1/(1+7) Then a payoff n to be received
in the next period is worth only é= now, a payoff 7 to be received two periods
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A more detailed description of the timing of the three-period
bargaining game is as follows.

(1a) At the beginning of the first period, player 1 proposes to take
a share s of the dollar, leaving 1 —s; for player 2.

(1b) Player 2 either accepts the offer (in which case the game
ends and the payoffs s; to player 1 and 1 — s; to player 2
are immediately received) or rejects the offer (in which case
play continues to the second period).

(2a) At the beginning of the second period, player 2 proposes
that player 1 take a share s, of the dollar, leaving 1 —s; for
player 2. (Note the convention that s, always goes to player
1, regardless of who made the offer.)

(2b) Player 1 either accepts the offer (in which case the game
ends and the payoffs s, to player 1 and 1 — s, to player 2
are immediately received) or rejects the offer (in which case
play continues to the third period).

(3) At the beginning of the third period, player 1 receives a share
s of the dollar, leaving 1 — s for player 2, where 0 < s < 1.

In this three-period model, the third-period settlement (s,1 —s) is
given exogenously. In the infinite-horizon model we later consider,
the payoff s in the third period will represent player 1's payoff in
the game that remains if the third period is reached (ie., if the
first two offers are rejected).

To solve for the backwards-induction outcome of this three-
period game, we first compute player 2’s optimal offer if the sec-
ond period is reached. Player 1 can receive s in the third period by
rejecting player 2’s offer of s, this period, but the value this period
of receiving s next period is only és. Thus, player 1 will accept s,
if and only if s, > és. (We assume that each player will accept an
offer if indifferent between accepting and rejecting.) Player 2's
second-period decision problem therefore amounts to choosing

from now is worth only 6r now, and so on The value today of a future payoff
is called the present value of that payoff
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between receiving 1—48s this period (by offering s, = 6s to player 1)
and receiving 1 — s next period (by offering player 1 any s; < 6s).
The discounted value of the latter option is 6(1 — s), which is less
than the 1 — és available from the former option, so player 2's
optimal second-period offer is s3 = §s. Thus, if play reaches the
second period, player 2 will offer s3 and player 1 will accept.

Since player 1 can solve player 2’s second-period problem as
well as player 2 can, player 1 knows that player 2 can receive
1 — 55 in the second period by rejecting player 1’s offer of s; this
period, but the value this period of receiving 1 — s next period
is only é(1 — s3). Thus, player 2 will accept 1 — s; if and only
if1—s; >6(1—s3) orsy <1—-6(1—~s3). Player 1’s first-period
decision problem therefore amounts to choosing between receiving
1—6(1 —s3) this period (by offering 1 — sy = §(1 —s3) to player 2)
and receiving s} next period (by offering any 1 —s; < §(1 —s3) to
player 2). The discounted value of the latter option is és; = &2s,
which is less than the 1 — §(1 —s3) =1 — §(1 — §s) available from
the former option, so player 1’s optimal first-period offer is s] =
1-6(1—s3)=1-6(1— 6s). Thus, in the backwards-induction
outcome of this three-period game, player 1 offers the settlement
(s7,1 — s7) to player 2, who accepts.

Now consider the infinite-horizon case. The timing is as de-
scribed previously, except that the exogenous settlement in step (3)
is replaced by an infinite sequence of steps (3a), (3b), (4a), (4b), and
so on. Player 1 makes the offer in odd-numbered periods, player 2
in even-numbered; bargaining continues until one player accepts
an offer. We would like to solve for the backwards-induction out-
come of the infinite-horizon game by working backwards, as in
all the applications analyzed so far. Because the game could go
on infinitely, however, there is no last move at which to begin
such an analysis. Fortunately, the following insight (first applied
by Shaked and Sutton 1984) allows us to truncate the infinite-
horizon game and apply the logic from the finite-horizon case:
the game beginning in the third period (should it be reached) is
identical to the game as a whole (beginning in the first period)—in
both cases, player 1 makes the first offer, the players alternate in
making subsequent offers, and the bargaining continues until one
player accepts an offer.

Since we have not formally defined a backwards-induction out-
come for this infinite-horizon bargaining game, our arguments
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will be informal (but can be made formal). Suppose that there
is a backwards-induction outcome of the game as a whole in
which players 1 and 2 receive the payoffs s and 1 — s, respec-
tively. We can use these payoffs in the game beginning in the
third period, should it be reached, and then work backwards to
the first period (as in the three-period model) to compute a new
backwards-induction outcome for the game as a whole. In this
new backwards-induction outcome, player 1 will offer the settle-
ment (f(s),1 — f(s)) in the first period and player 2 will accept,
where f(s) = 1 — §(1 — 8s) is the share taken by player 1 in the
first period of the three-period model above when the settlement
(s,1—s) is exogenously imposed in the third period.

Let sy be the highest payoff player 1 can achieve in any back-
wards-induction outcome of the game as a whole. Imagine using
sy as the third-period payoff to player 1, as previously described:
this will produce a new backwards-induction outcome in which
player 1’s first-period payoff is f(sg). Since f(s) = 1 — 6 + 6%
is increasing in s, f(sy) is the highest possible first-period payoff
because sy is the highest possible third-period payoff. But sy is
also the highest possible first-period payoff, so f(sy) = sy. Parallel
arguments show that f(s;) = s, where s; is the lowest payoff
player 1 can achieve in any backwards-induction outcome of the
game as a whole. The only value of s that satisfies f(s) = s is
1/(1+6), which we will denote by s*. Thus, sy = sp = s*, so there
is a unique backwards-induction outcome in the game as a whole:
in the first period, player 1 offers the settlement (s* = 1/(1 + 4),
1—s*=6/(1+6)) to player 2, who accepts.

2.2 Two-Stage Games of Complete but Imperfect
Information

2.2.A Theory: Subgame Perfection

We now enrich the class of games analyzed in the previous sec-
tion. As in dynamic games of complete and perfect information,
we continue to assume that play proceeds in a sequence of stages,
with the moves in all previous stages observed before the next
stage begins. Unlike in the games analyzed in the previous section,



72 DYNAMIC GAMES OF COMPLETE INFORMATION

however, we now allow there to be simultaneous moves within
each stage. As will be explained in Section 2.4, this simultaneity
of moves within stages means that the games analyzed in this sec-
tion have imperfect information. Nonetheless, these games share
important features with the perfect-information games considered
in the previous section.

We will analyze the following simple game, which we (unin-
spiredly!) call a two-stage game of complete but imperfect infor-
mation:

1. Players 1 and 2 simultaneously choose actions a; and a; from
feasible sets A; and Aj, respectively.

2. Players 3 and 4 observe the outcome of the first stage, (a1,a2),
and then simultaneously choose actions a3 and a4 from fea-
sible sets A3 and Ay, respectively.

3. Payoffs are u;(a;,a,a3,a4) fori=1,2,3,4.

Many economic problems fit this description? Three examples
(later discussed in detail) are bank runs, tariffs and imperfect inter-
national competition, and tournaments (e.g., competition among
several vice presidents in a firm to be the next president). Other
economic problems can be modeled by allowing for a longer se-
quence of stages, either by adding players or by allowing players
to move in more than one stage. There could also be fewer play-
ers: in some applications, players 3 and 4 are players 1 and 2; in
others, either player 2 or player 4 is missing.

We solve a game from this class by using an approach in the
spirit of backwards induction, but this time the first step in work-
ing backwards from the end of the game involves solving a real
game (the simultaneous-move game between players 3 and 4 in
stage two, given the outcome from stage one) rather than solving
a single-person optimization problem as in the previous section.
To keep things simple, in this section we will assume that for each
feasible outcome of the first-stage game, (a1,4,), the second-stage
game that remains between players 3 and 4 has a unique Nash
equilibrium, denoted by (a3(a;,a2),a;(41,42)). In Section 2.3.A (on

8As in the previous section, the feasible action sets of players 3 and 4 in the
second stage, Az and Ay, could be allowed to depend on the outcome of the first
stage, (1,42) In particular, there may be values of (4,,42) that end the game.
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repeated games) we consider the implications of relaxing this as-
sumption.

If players 1 and 2 anticipate that the second-stage behavior of
players 3 and 4 will be given by (a}(a1,a>), a5 (a1,42)), then the first-
stage interaction between players 1 and 2 amounts to the following
simultaneous-move game:

1. Players 1 and 2 simultaneously choose actions 4; and a4, from
feasible sets A; and A, respectively.

2. Payoffs are u;(a1,a2,a3(a1,a2),a;(a1,a2)) fori=1,2.

Suppose (a7,4a;) is the unique Nash equilibrium of this simultan-
eous-move game. We will call (af,a},a}(af,a}),a;(af,a3)) the
subgame-perfect outcome of this two-stage game. This outcome is
the natural analog of the backwards-induction outcome in games
of complete and perfect information, and the analogy applies to
both the attractive and the unattractive features of the latter. Play-
ers 1 and 2 should not believe a threat by players 3 and 4 that the
latter will respond with actions that are not a Nash equilibrium
in the remaining second-stage game, because when play actually
reaches the second stage at least one of players 3 and 4 will not
want to carry out such a threat (exactly because it is not a Nash
equilibrium of the game that remains at that stage). On the other
hand, suppose that player 1 is also player 3, and that player 1 does
not play 47 in the first stage: player 4 may then want to reconsider
the assumption that player 3 (i.e., player 1) will play a3(a1,a2) in
the second stage.

2.2.B Bank Runs

Two investors have each deposited D with a bank. The bank has
invested these deposits in a long-term project. If the bank is forced
to liquidate its investment before the project matures, a total of 2r
can be recovered, where D > r > D/2. If the bank allows the
investment to reach maturity, however, the project will pay out a
total of 2R, where R > D.

There are two dates at which the investors can make with-
drawals from the bank: date 1 is before the bank’s investment
matures; date 2 is after. For simplicity, assume that there is no
discounting. If both investors make withdrawals at date 1 then
each receives r and the game ends. If only one investor makes
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a withdrawal at date 1 then that investor receives D, the other
receives 2r — D, and the game ends. Finally, if neither investor
makes a withdrawal at date 1 then the project matures and the
investors make withdrawal decisions at date 2. If both investors
make withdrawals at date 2 then each receives R and the game
ends. If only one investor makes a withdrawal at date 2 then that
investor receives 2R — D, the other receives D, and the game ends.
Finally, if neither investor makes a withdrawal at date 2 then the
bank returns R to each investor and the game ends.

In Section 2.4 we will discuss how to represent this game for-
mally. For now, however, we will proceed informally. Let the
payoffs to the two investors at dates 1 and 2 (as a function of their
withdrawal decisions at these dates) be represented by the follow-
ing pair of normal-form games. Note well that the normal-form
game for date 1 is nonstandard: if both investors choose not to
withdraw at date 1 then no payoff is specified; rather, the investors
proceed to the normal-form game at date 2.

withdraw don’t
withdraw r,r D,2r—D
don’t 2r — D,D | next stage
Date 1
withdraw don’t

withdraw R,R 2R—-D,D
don’t D,2R—-D R, R
Date 2

To analyze this game, we work backwards. Consider the nor-
mal-form game at date 2. Since R > D (and so 2R — D > R),
“withdraw” strictly dominates “don’t withdraw,” so there is a
unique Nash equilibrium in this game: both investors withdraw,
leading to a payoff of (R,R). Since there is no discounting, we
can simply substitute this payoff into the normal-form game at
date 1, as in Figure 2.2.1. Since r < D (and so 2r — D < r), this one-
period version of the two-period game has two pure-strategy Nash
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withdraw don’t
withdraw r,r D,2r—D
don’t 2r—D,D R,R

Figure 2.2.1.

equilibria: (1) both investors withdraw, leading to a payoff of (r,r);
(2) both investors do not withdraw, leading to a payoff of (R, R).
Thus, the original two-period bank-runs game has two subgame-
perfect outcomes (and so does not quite fit within the class of
games defined in Section 2.2.A): (1) both investors withdraw at
date 1, yielding payoffs of (r,r); (2) both investors do not with-
draw at date 1 but do withdraw at date 2, yielding payoffs of
(R,R) at date 2.

The first of these outcomes can be interpreted as a run on
the bank. If investor 1 believes that investor 2 will withdraw
at date 1 then investor 1's best response is to withdraw as well,
even though both investors would be better off if they waited until
date 2 to withdraw. This bank-run game differs from the Prisoners’
Dilemma discussed in Chapter 1 in an important respect: both
games have a Nash equilibrium that leads to a socially inefficient
payoff; in the Prisoners’ Dilemma this equilibrium is unique (and
in dominant strategies), whereas here there also exists a second
equilibrium that is efficient. Thus, this model does not predict
when bank runs will occur, but does show that they can occur as
an equilibrium phenomenon. See Diamond and Dybvig (1983) for
a richer model.

2.2.C Tariffs and Imperfect International Competition

We turn next to an application from international economics. Con-
sider two identical countries, denoted by i = 1,2. Each country
has a government that chooses a tariff rate, a firm that produces
output for both home consumption and export, and consumers
who buy on the home market from either the home firm or the
foreign firm. If the total quantity on the market in country i is
Q;i, then the market-clearing price is P;(Q;) = a — Q;. The firm
in country i (hereafter called firm i) produces k; for home con-
sumption and ¢; for export. Thus, Q; = h; +¢;. The firms have a
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constant marginal cost, ¢, and no fixed costs. Thus, the total cost
of production for firm i is C;(h;,¢;) = c(h; + ¢;). The firms also
incur tariff costs on exports: if firm i exports ¢; to country j when
government j has set the tariff rate ¢;, then firm i must pay tje; to
government j.

The timing of the game is as follows. First, the governments
simultaneously choose tariff rates, t; and t,. Second, the firms
observe the tariff rates and simultaneously choose quantities for
home consumption and for export, (h1,e1) and (h2,e3). Third, pay-
offs are profit to firm i and total welfare to government i, where
total welfare to country i is the sum of the consumers’ surplus’
enjoyed by the consumers in country i, the profit earned by firm i,
and the tariff revenue collected by government i from firm j:

mi(ti t, hisei by e) = [a— (hi +¢)]hi + [a — (& + hy)le;
— C(h,' + E,’) — t,-e,-,
1

Witi, t;, by, ei by, e;) = EQ‘Z + milti, b, hi, ei, by, €f) + tie;.

Suppose the governments have chosen the tariffs #; and t,. If
(h7, €7, h3,e3) is a Nash equilibrium in the remaining (two-market)

game between firms 1 and 2 then, for each i, (h},e}) must solve

e h¥ e*
hI,I,IfIZ,aXO ﬂ.l(tlvtphhenh] ae; )

Since m;(t;,t;, hi, e, h ;‘) can be written as the sum of firm i’s prof-
its on market i (Wthh is a function of #; and e]f‘ alone) and firm 7’s
profits on market ; (which is a function of ¢;, h]’.", and t; alone),
firm i’s two-market optimization problem simplifies into a pair of
problems, one for each market: k} must solve

max hila — (h;i + &) — cl,

and ef must solve

I‘e[ilg())( eila — (e; + hf) — c] — te;.

°If a consumer buys a good for price p when she would have been willing to
pay the value v, then she enjoys a surplus of v — p. Given the inverse demand
curve P;(Qi) = a — Q;, if the quantity sold on market i is Q;, the aggregate
consumer surplus can be shown to be (1/2)Q2.
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Assuming e]?‘ < a —c, we have

. 1 x
hi = E(a — e’- — C), (221)
and assuming h]’f‘ <a-—c—t, we have
« 1 .
e = E(a —hf —c—tj). (2.2.2)

(The results we derive are consistent with both of these assump-
tions.) Both of the best-response functions (2.2.1) and (2.2.2) must
hold for each i = 1,2. Thus, we have four equations in the four un-
knowns (h}, e}, h3,e3). Fortunately, these equations simplify into
two sets of two equations in two unknowns. The solutions are
k= a—;—i- L and er = a—cs 24 .

Recall (from Section 1.2.A) that the equilibrium quantity cho-
sen by both firms in the Cournot game is (2 — ¢)/3, but that this
result was derived under the assumption of symmetric marginal
costs. In the equilibrium described by (2.2.3), in contrast, the gov-
ernments’ tariff choices make marginal costs asymmetric (as in
Problem 1.6). On market i, for instance, firm i’s marginal cost is ¢
but firm j’s is c+#;. Since firm j’s cost is higher it wants to produce
less. But if firm j is going to produce less, then the market-clearing
price will be higher, so firm i wants to produce more, in which
case firm j wants to produce even less. Thus, in equilibrium, h}
increases in f; and e]?‘ decreases (at a faster rate) in ¢;, as in (2.2.3).

Having solved the second-stage game that remains between
the two firms after the governments choose tariff rates, we can
now represent the first-stage interaction between the two gov-
ernments as the following simultaneous-move game. First, the
governments simultaneously choose tariff rates t; and t,. Second,
payoffs are W;(t;, t;, hi,ef,h5, e;) for government i = 1,2, where h
and e} are functions of ¢; and ¢; as described in (2.2.3). We now
solve for the Nash equilibrium of this game between the govern-
ments.

To simplify the notation, we will suppress the dependence of
ki on t; and e} on t;: let Wi (t;,t;) denote W(t;, ¢, h], e7,h3, €3), the
payoff to government i when it chooses the tariff rate t;, govern-
ment j chooses ¢;, and firms i and j then play the Nash equilibrium

(2.2.3)
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given in (2.2.3). If (¢],¢5) is a Nash equilibrium of this game be-
tween the governments then, for each i, £* must solve

W (t;, tF).
max T (i, )

But Wi (t;,t) equals

Q@a—o —t)? (@—ctu)? (a—c—2t)? | tila—c—2f)
18 9 9 3 ’

SO 4 e

tf = 3
for each i, independent of t’*. Thus, in this model, choosing a
tariff rate of (2 —c)/3 is a dominant strategy for each government.
(In other models, such as when marginal costs are increasing, the
governments” equilibrium strategies are not dominant strategies.)
Substituting t} = t;‘ = (a — c)/3 into (2.2.3) yields

. 4a-—-o) ., a—c
hi =—T— and e,' = 9

as the firms’ quantity choices in the second stage. Thus, the
subgame-perfect outcome of this tariff game is (¢ =5 = (a—c)/3,
t=hy=4(a—-0)/9, ¢ = & = (a—c)/9).

In the subgame-perfect outcome the aggregate quantity on each
market is 5(z — ¢)/9. If the governments had chosen tariff rates
equal to zero, however, then the aggregate quantity on each mar-
ket would have been 2(a — c)/3, just as in the Cournot model.
Thus, the consumers’ surplus on market i (which, as noted ear-
lier, is simply one-half the square of the aggregate quantity on
market i) is lower when the governments choose their dominant-
strategy tariffs than it would be if they chose zero tariffs. In fact,
zero tariffs are socially optimal, in the sense that t; = t, = 0 is the
solution to

max, Wi (t1,t2) + W3 (t2, 1),
so there is an incentive for the governments to sign a treaty in
which they commit to zero tariffs (i.e., free trade). (If negative
tariffs—that is, subsidies—are feasible, the social optimum is for
the governments to choose t; = t; = —(a — c), which causes the
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home firm to produce zero for home consumption and to export
the perfect-competition quantity to the other country.) Thus, given
that firms i and j play the Nash equilibrium given in (2.2.3) in the
second stage, the first-stage interaction between the governments
is a Prisoners’ Dilemma: the unique Nash equilibrium is in dom-
inant strategies and is socially inefficient.

2.2.D Tournaments

Consider two workers and their boss. Worker i (where i = 1
or 2) produces output y; = ¢; +¢;, where ¢; is effort and ¢; is noise.
Production proceeds as follows. First, the workers simultaneously
choose nonnegative effort levels: ¢; > 0. Second, the noise terms
g1 and &7 are independently drawn from a density f(e) with zero
mean. Third, the workers’ outputs are observed but their effort
choices are not. The workers’ wages therefore can depend on their
outputs but not (directly) on their efforts.

Suppose the workers’ boss decides to induce effort from the
workers by having them compete in a tournament, as first ana-
lyzed by Lazear and Rosen (1981).1% The wage earned by the win-
ner of the tournament (i.e., the worker with the higher output) is
wy; the wage earned by the loser is wy. The payoff to a worker
from earning wage w and expending effort e is u(w, e) = w — g(e),
where the disutility of effort, g(e), is increasing and convex (i.e.,
g'(e) > 0 and g"(e) > 0). The payoff to the boss is y1 +y2 —wy —wr.

We now translate this application into the terms of the class
of games discussed in Section 2.2.A. The boss is player 1, whose
action a; is choosing the wages to be paid in the tournament,
wy and wy. There is no player 2. The workers are players 3
and 4, who observe the wages chosen in the first stage and then
simultaneously choose actions a3 and a4, namely the effort choices
e1 and e;. (We later consider the possibility that, given the wages
chosen by the boss, the workers prefer not to participate in the
tournament and accept alternative employment instead.) Finally,
the players’ payoffs are as given earlier. Since outputs (and so
also wages) are functions not only of the players actions but also

19To keep the exposition of this application simple, we ignore several technical
details, such as conditions under which the worker’s first-order condition is
sufficient. Nonetheless, the analysis involves more probability than others thus
far. The application can be skipped without loss of continwty
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of the noise terms £; and &;, we work with the players’ expected
payoffs.

Suppose the boss has chosen the wages wy and wj. If the
effort pair (ef,e}) is to be a Nash equilibrium of the remaining
game between the workers then, for each i, ¢f must maximize
workﬁr i’s expected wage, net of the disutility of effort: ¢} must
solve

max wy Prob{yi(e;) > yj(e])} +wL Prob{yi(e;) < y;(e)} — g(e:)

E,‘ZO
= (wy — wr) Prob {yi(e;) > yj(€/)} + wr — g(es), (2.2.4)

where y;(e;) = e; + ¢;. The first-order condition for (2.2.4) is

(2o  01) BProb{yi(;iji > yi(e)} _ . (22.5)

That is, worker i chooses ¢; such that the marginal disutility of ex-

tra effort, g’(e;), equals the marginal gain from extra effort, which

is the product of the wage gain from winning the tournament,

wy — wi, and the marginal increase in the probability of winning.
By Bayes’ rule,!?

Prob{yi(e;) > yj(¢/)} = Prob{e; > e +¢;—e;}

= [ Problei > f + 55— e | 1} f(5)) de;
€j

= / (1 — F(ef — e + €)1 (g5) de;,

€

"In wniting (2.2.4), we assume that the noise density f(e) is such that the event
that the workers’ outputs are exactly equal happens with zero probability and so
need not be considered in worker i’s expected utility. (More formally, we assume
that the density f(¢) is atomless.) In a complete description of the tournament, it
would be natural (but immaterial) to specify that the winner is determined by a
coin flip or (equivalently, in this model) that both workers receive (wy + wi)/2.

2Bayes’ rule provides a formula for P(A | B), the (conditional) probability that
an event A will occur given that an event B has already occurred. Let P(A), P(B),
and P(A, B) be the (prior) probabilities (i.e., the probabilities before either A or B
has had a chance to take place) that A will occur, that B will occur, and that both
A and B will occur, respectively Bayes’ rule states that P(A | B) = P(A, B)/P(B).
That is, the conditional probability of A given B equals the probability that both
A and B will occur, divided by the prior probability that B will occur.
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so the first-order condition (2.2.5) becomes
(wH —wr) /5 f(e]* — e+ E,')f(Ej) dEj = g'(e,-).
]
In a symmetric Nash equilibrium (i.e., ef = e; = ¢*), we have
(wpr — wy) / fle)?de; = g'(e"). (2.2.6)
)

Since g(e) is convex, a bigger prize for winning (i.e., a larger value
of wy —wy) induces more effort, as is intuitive. On the other hand,
holding the prize constant, it is not worthwhile to work hard when
output is very noisy, because the outcome of the tournament is
likely to be determined by luck rather than effort. If € is normally
distributed with variance o2, for example, then

/{_:vf(f-—‘;)zdﬁi= 5%/—; )

which decreases in o, so ¢* indeed decreases in o.

We now work backwards to the first stage of the game. Sup-
pose that if the workers agree to participate in the tournament
(rather than accept alternative employment) then they will re-
spond to the wages wy and wp by playing the symmetric Nash
equilibrium characterized by (2.2.6). (We thus ignore the possibil-
ities of asymmetric equilibria and of an equilibrium in which the
workers’ effort choices are given by the corner solutione; = e, =0,
rather than by the first-order condition (2.2.5).) Suppose also that
the workers’ alternative employment opportunity would provide
utility U,. Since in the symmetric Nash equilibrium each worker
wins the tournament with probability one-half (i.e., Prob{y;(e*) >
yj(e*)} = 1/2), if the boss intends to induce the workers to partic-
ipate in the tournament then she must choose wages that satisfy

1 1
E'LUH + E'ZUL — g(e*) > U,. (227)
Assuming that U, is low enough that the boss wants to induce
the workers to participate in the tournament, she therefore chooses
wages to maximize expected profit, 2¢* —wy —wy, subject to (2.2.7).
At the optimum, (2.2.7) holds with equality:

wy = 2U, + 2g(e*) — wy. (2.2.8)
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Expected profit then becomes 2e* —2U, —2g(e*), so the boss wishes
to choose wages such that the induced effort, ¢*, maximizes e* —
g(e*). The optimal induced effort therefore satisfies the first-order
condition g’(e*) = 1. Substituting this into (2.2.6) implies that the
optimal prize, wy — wg, solves

(wyy — wL)/E ]‘(E,-)2 dej =1,

and (2.2.8) then determines wy and w; themselves.

2.3 Repeated Games

In this section we analyze whether threats and promises about
future behavior can influence current behavior in repeated rela-
tionships. Much of the intuition is given in the two-period case;
a few ideas require an infinite horizon. We also define subgame-
perfect Nash equilibrium for repeated games. This definition is
simpler to express for the special case of repeated games than for
the general dynamic games of complete information we consider
in Section 2.4.B. We introduce it here so as to ease the exposition
later.

2.3.A Theory: Two-Stage Repeated Games

Consider the Prisoners’ Dilemma given in normal form in Fig-
ure 2.3.1. Suppose two players play this simultaneous-move game
twice, observing the outcome of the first play before the second
play begins, and suppose the payoff for the entire game is sim-
ply the sum of the payoffs from the two stages (i.e., there is no

Player 2

Player 1

Figure 2.3.1.
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Player 2
L, R
2,2 6,1
Player 1
Ry | 1,6 5,5
Figure 2.3.2.

discounting). We will call this repeated game the two-stage Pris-
oners’ Dilemma. It belongs to the class of games analyzed in Sec-
tion 2.2.A. Here players 3 and 4 are identical to players 1 and 2,
the action spaces A; and Ay are identical to A; and A;, and the
payoffs u;(ay,az,a3,a4) are simply the sum of the payoff from the
first-stage outcome (a1,a2) and the payoff from the second-stage
outcome (a3,a4). Furthermore, the two-stage Prisoners’ Dilemma
satisfies the assumption we made in Section 2.2.A: for each fea-
sible outcome of the first-stage game, (a1,a2), the second-stage
game that remains between players 3 and 4 has a unique Nash
equilibrium, denoted by (a3(ay,a2),a;(a1,a2)). In fact, the two-
stage Prisoners’ Dilemma satisfies this assumption in the following
stark way. In Section 2.2.A we allowed for the possibility that the
Nash equilibrium of the remaining second-stage game depends on
the first-stage outcome—hence the notation (aj(a;,a;),a;(a;,az2))
rather than simply (a3,a}). (In the tariff game, for example, the
firms’ equilibrium quantity choices in the second stage depend
on the governments’ tariff choices in the first stage.) In the two-
stage Prisoners’ Dilemma, however, the unique equilibrium of the
second-stage game is (L1, L,), regardless of the first-stage outcome.

Following the procedure described in Section 2.2. A for comput-
ing the subgame-perfect outcome of such a game, we analyze the
first stage of the two-stage Prisoners’ Dilemma by taking into ac-
count that the outcome of the game remaining in the second stage
will be the Nash equilibrium of that remaining game—mnamely,
(L1, Ly) with payoff (1,1). Thus, the players’ first-stage interac-
tion in the two-stage Prisoners’ Dilemma amounts to the one-shot
game in Figure 2.3.2, in which the payoff pair (1, 1) for the second
stage has been added to each first-stage payoff pair. The game in
Figure 2.3.2 also has a unique Nash equilibrium: (L;, Ly). Thus,
the unique subgame-perfect outcome of the two-stage Prisoners’



84 DYNAMIC GAMES OF COMPLETE INFORMATION

Dilemma is (Lj, Lp) in the first stage, followed by (L1, L3) in the
second stage. Cooperation—that is, (R;, Ry)—cannot be achieved
in either stage of the subgame-perfect outcome.

This argument holds more generally. (Here we temporarily
depart from the two-period case to allow for any finite number
of repetitions, T.) Let G = {A1,...,An;u1,...,uy} denote a static
game of complete information in which players 1 through 7 si-
multaneously choose actions a; through a, from the action spaces
A; through A,, respectively, and payoffs are u;(ay, ... ,a,) through
uy(ai,...,a,). The game G will be called the stage game of the
repeated game.

Definition Given astage game G, let G(T') denote the finitely repeated
game in which Gis played T times, with the outcomes of all preceding plays
observed before the next play begins. The payoffs for G(T) are simply the
sum of the payoffs from the T stage games.

Proposition If the stage game G has a unique Nash equilibrium then,
for any finite T, the repeated game G(T) has a unique subgame-perfect
outcome: the Nash equilibrium of G is played in every stage.'®

We now return to the two-period case, but consider the pos-
sibility that the stage game G has multiple Nash equilibria, as in
Figure 2.3.3. The strategies labeled L; and M; mimic the Prisoners’
Dilemma from Figure 2.3.1, but the strategies labeled R; have been
added to the game so that there are now two pure-strategy Nash
equilibria: (L1, Lp), as in the Prisoners’ Dilemma, and now also (Ry,
Rjy). It is of course artificial to add an equilibrium to the Prisoners’
Dilemma in this way, but our interest in this game is expositional
rather than economic. In the next section we will see that in-
finitely repeated games share this multiple-equilibria spirit even if
the stage game being repeated infinitely has a unique Nash equi-
librium, as does the Prisoners’ Dilemma. Thus, in this section we

13 Analogous results hold if the stage game G is a dynamic game of complete
mformation. Suppose G is a dynamic game of complete and perfect information
from the class defined 1n Section 2.1.A. If G has a unique backwards-induction
outcome, then G(T) has a unique subgame-perfect outcome: the backwards-
induction outcome of G is played in every stage. Similarly, suppose G is a two-
stage game from the class defined in Section 2 2.A If G has a unique subgame-
perfect outcome, then G(T) has a unique subgame-perfect outcome: the subgame-
perfect outcome of G is played in every stage.
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L, M; R
Ly 11,1150]0,0
M; 054400
Ry 10,0]0,01 3,3

Figure 2.3.3.

analyze an artificial stage game in the simple two-period frame-
work, and thereby prepare for our later analysis of an economi-
cally interesting stage game in the infinite-horizon framework.

Suppose the stage game in Figure 2.3.3 is played twice, with
the first-stage outcome observed before the second stage begins.
We will show that there is a subgame-perfect outcome of this re-
peated game in which the strategy pair (M, M,) is played in the
first stage.'* As in Section 2.2.A, assume that in the first stage the
players anticipate that the second-stage outcome will be a Nash
equilibrium of the stage game. Since this stage game has more
than one Nash equilibrium, it is now possible for the players
to anticipate that different first-stage outcomes will be followed
by different stage-game equilibria in the second stage. Suppose,
for example, that the players anticipate that (R;, R;) will be the
second-stage outcome if the first-stage outcome is (M3, M), but
that (L3, L,) will be the second-stage outcome if any of the eight
other first-stage outcomes occurs. The players’ first-stage inter-
action then amounts to the one-shot game in Figure 2.3.4, where
(3,3) has been added to the (M, M3)-cell and (1, 1) has been added
to the eight other cells.

There are three pure-strategy Nash equilibria in the game in
Figure 2.3.4: (L1, L), (M1, M), and (R;, R2). As in Figure 2.3.2,

MStrictly speaking, we have defined the notion of a subgame-perfect outcome
only for the class of games defined 1in Section 2.2.A. The two-stage Prisoner’s
Dilemma belongs to this class because for each feasible outcome of the first-
stage game there is a unique Nash equilibrium of the remaining second-stage
game. The two-stage repeated game based on the stage game in Figure 2.3.3
does not belong to this class, however, because the stage game has multiple
Nash equilibria. We will not formally extend the definition of a subgame-perfect
outcome so that it applies to all two-stage repeated games, both because the
change in the definution is minuscule and because even more general definitions
appear in Sections 2.3.B and 2.4.B.
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L, M; R;
Ly 12,216,11,1
M; | 1,617,7(1,1
Ry 11,11,1]4,4

Figure 2.3.4.

Nash equilibria of this one-shot game correspond to subgame-
perfect outcomes of the original repeated game. Let ((w,x), (y,2))
denote an outcome of the repeated game—(w, x) in the first stage
and (y,z) in the second. The Nash equilibrium (L;, L;) in Fig-
ure 2.3.4 corresponds to the subgame-perfect outcome ((Li,L3),
(L1,L2)) in the repeated game, because the anticipated second-
stage outcome is (L1, L) following anything but (M;, M) in the
first stage. Likewise, the Nash equilibrium (R;, Ry) in Figure 2.3.4
corresponds to the subgame-perfect outcome ((Rq, R2), (L1, L)) in
the repeated game. These two subgame-perfect outcomes of the
repeated game simply concatenate Nash equilibrium outcomes
from the stage game, but the third Nash equilibrium in Figure 2.3.4
yields a qualitatively different result: (M;, M) in Figure 2.3.4 cor-
responds to the subgame-perfect outcome ((M1, M), (R1,R3)) in
the repeated game, because the anticipated second-stage outcome
is (R, Rp) following (M;, Mj). Thus, as claimed earlier, coop-
eration can be achieved in the first stage of a subgame-perfect
outcome of the repeated game. This is an example of a more gen-
eral point: if G = {A;,...,Asu1,...,us} is a static game of com-
plete information with multiple Nash equilibria then there may be
subgame-perfect outcomes of the repeated game G(T) in which,
for any t < T, the outcome in stage ¢ is not a Nash equilibrium
of G. We return to this idea in the infinite-horizon analysis in the
next section.

The main point to extract from this example is that credible
threats or promises about future behavior can influence current
behavior. A second point, however, is that subgame-perfection
may not embody a strong enough definition of credibility. In de-
riving the subgame-perfect outcome ((M;, M), (R1,Rz)), for ex-
ample, we assumed that the players anticipate that (R;, Rp) will
be the second-stage outcome if the first-stage outcome is (M;, My)
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L, M, R, P2 (O
Ly |1,1(50]|0,0(0,0)0,0
M; | 0,5]|4,4,0,0]0,0] 0,0
Ry 10,010,013,310,0] 0,0
P, | 0,0]00/(00|4,1]0,0
Q:10,0]00|0,0]0,0

2>

Figure 2.3.5.

and that (L, L) will be the second-stage outcome if any of the
eight other first-stage outcomes occurs. But playing (Ly, Lo) in the
second stage, with its payoff of (1,1), may seem silly when (R;,
Ry), with its payoff of (3,3), is also available as a Nash equilib-
rium of the remaining stage game. Loosely put, it would seem
natural for the players to renegotiate.15 If (M1, M) does not occur
as the first-stage outcome, so that (L;, Ly) is supposed to be played
in the second stage, then each player might reason that bygones
are bygones and that the unanimously preferred stage-game equi-
librium (R, R;) should be played instead. But if (Ry, Ry) is to
be the second-stage outcome after every first-stage outcome, then
the incentive to play (M, M) in the first stage is destroyed: the
first-stage interaction between the two players simply amounts to
the one-shot game in which the payoff (3,3) has been added to
each cell of the stage game in Figure 2.3.3, so L; is player i's best
response to M;.

To suggest a solution to this renegotiation problem, we con-
sider the game in Figure 2.3.5, which is even more artificial than
the game in Figure 2.3.3. Once again, our interest in this game is
expositional rather than economic. The ideas we develop here to
address renegotiation in this artificial game can also be applied to
renegotiation in infinitely repeated games; see Farrell and Maskin
(1989), for example.

I5This is loose usage because “renegotiate” suggests that communication (or
even bargaining) occurs between the first and second stages. If such actions are
possible, then they should be included in the descriphon and analysis of the
game. Here we assume that no such actions are possible, so by “renegotiate” we
have in mind an analysis based on introspection.
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This stage game adds the strategies P; and Q; to the stage
game in Figure 2.3.3. There are four pure-strategy Nash equilibria
of the stage game: (L3, L) and (Ry, Ry), and now also (P;, P;)
and (Q1, Q2). As before, the players unanimously prefer (R, Rp)
to (L1, Lp). More importantly, there is no Nash equilibrium (x,y)
in Figure 2 3.5 such that the players unanimously prefer (x,y) to
(P1, Pp), or (1, Q2), or (Ry, Rp). We say that (Ry, Ry) Pareto-
dominates (L, L), and that (P;, P;), (Q1, Qy), and (R,, Ry) are on
the Pareto frontier of the payoffs to Nash equilibria of the stage
game in Figure 2.3.5.

Suppose the stage game in Figure 2.3.5 is played twice, with
the first-stage outcome observed before the second stage begins.
Suppose further that the players anticipate that the second-stage
outcome will be as follows: (R;, Rp) if the first-stage outcome is
(My, Mp); (Py, Py) if the first-stage outcome is (M, w), where w
is anything but My; (Q1, Qy) if the first-stage outcome is (x, My),
where x is anything but M;; and (R, Ry) if the first-stage outcome
is (v, z), where y is anything but M; and z is anything but M,. Then
((Mq1,My), (Ry,Ry)) is a subgame-perfect outcome of the repeated
game, because each player gets 4 4 3 from playing M; and then R;
but only 5+ 1/2 from deviating to L; in the first stage (and even
less from other deviations). More importantly, the difficulty in the
previous example does not arise here. In the two-stage repeated
game based on Figure 2.3.3, the only way to punish a player for
deviating in the first stage was to play a Pareto-dominated equi-
librium in the second stage, thereby also punishing the punisher.
Here, in contrast, there are three equilibria on the Pareto frontier—
one to reward good behavior by both players in the first stage, and
two others to be used not only to punish a player who deviates
in the first stage but also to reward the punisher. Thus, if punish-
ment is called for in the second stage, there is no other stage-game
equilibrium the punisher would prefer, so the punisher cannot be
persuaded to renegotiate the punishment.

2.3.B Theory: Infinitely Repeated Games

We now turn to infinitely repeated games. As in the finite-horizon
case, the main theme is that credible threats or promises about fu-
ture behavior can influence current behavior. In the finite-horizon
case we saw that if there are multiple Nash equilibria of the stage
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game G then there may be subgame-perfect outcomes of the re-
peated game G(T) in which, forany t < T, the outcome of stage ¢ is
not a Nash equilibrium of G. A stronger result is true in infinitely
repeated games: even if the stage game has a unique Nash equi-
librium, there may be subgame-perfect outcomes of the infinitely
repeated game in which no stage’s outcome is a Nash equilibrium
of G.

We begin by studying the infinitely repeated Prisoners’ Dilem-
ma. We then consider the class of infinitely repeated games analo-
gous to the class of finitely repeated games defined in the previous
section: a static game of complete information, G, is repeated in-
finitely, with the outcomes of all previous stages observed before
the current stage begins. For these classes of finitely and infinitely
repeated games, we define a player’s strategy, a subgame, and
a subgame-perfect Nash equilibrium. (In Section 2.4.B we define
these concepts for general dynamic games of complete informa-
tion, not just for these classes of repeated games.) We then use
these definitions to state and prove Friedman’s (1971) Theorem
(also called the Folk Theorem).!6

Suppose the Prisoners’ Dilemma in Figure 2.3.6 is to be re-
peated infinitely and that, for each t, the outcomes of the t — 1
preceding plays of the stage game are observed before the t' stage
begins. Simply summing the payoffs from this infinite sequence
of stage games does not provide a useful measure of a player’s
payoff in the infinitely repeated game. Receiving a payoff of 4 in
every period is better than receiving a payoff of 1 in every period,
for example, but the sum of the payoffs is infinity in both cases.
Recall (from Rubinstein’s bargaining model in Section 2.1.D) that
the discount factor § = 1/(1 +r) is the value today of a dollar to
be received one stage later, where 7 is the interest rate per stage.
Given a discount factor and a player’s payoffs from an infinite

¥The original Folk Theorem concerned the payoffs of all the Nash equilibria
of an infinitely repeated game This result was called the Folk Theorem be-
cause it was widely known among game theorists in the 1950s, even though
no one had published it. Friedman's (1971) Theorem concerns the payoffs of
certain subgame-perfect Nash equilibria of an infinitely repeated game, and so
strengthens the original Folk Theorem by using a stronger equilibrium concept—
subgame-perfect Nash equilibrium rather than Nash equilibrium The earlier
name has stuck, however. Friedman’s Theorem (and later results) are sometimes
called Folk Theorems, even though they were not widely known among game
theorists before they were published
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Player 2
L, R,
1,1 15,0
Player 1
R; 10,5 4,4
Figure 2.3.6.

sequence of stage games, we can compute the present value of the
payoffs—the lump-sum payoff that could be put in the bank now
so as to yield the same bank balance at the end of the sequence.

Definition Given the discount factor 6, the present value of the infinite
sequence of payoffs w1, 7y, 3, . . IS

)
w1 + omp +627T3 + .= Z(St_lwt.
=1

We can also use 6 to reinterpret what we call an infinitely re-
peated game as a repeated game that ends after a random number
of repetitions. Suppose that after each stage is played a (weighted)
coin is flipped to determine whether the game will end. If the
probability is p that the game ends immediately, and therefore
1 — p that the game continues for at least one more stage, then a
payoff 7 to be received in the next stage (if it is played) is worth
only (1 —p)n/(1+r) before this stage’s coin flip occurs. Likewise,
a payoff 7 to be received two stages from now (if both it and the
intervening stage are played) is worth only (1 — p)2x/(1 + 7)? be-
fore this stage’s coin flip occurs. Let § = (1 — p)/(1 +r). Then the
present value m + 67 + 62m3 + - - - reflects both the time-value of
money and the possibility that the game will end.

Consider the infinitely repeated Prisoners’ Dilemma in which
each player’s discount factor is § and each player’s payoff in the
repeated game is the present value of the player’s payoffs from
the stage games. We will show that cooperation—that is, (R;,
Rp)—can occur in every stage of a subgame-perfect outcome of
the infinitely repeated game, even though the only Nash equilib-
rium in the stage game is noncooperation—that is, (L1, Lp). The
argument is in the spirit of our analysis of the two-stage repeated
game based on Figure 2.3.3 (the stage game in which we added a
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second Nash equilibrium to the Prisoners’ Dilemma): if the players
cooperate today then they play a high-payoff equilibrium tomor-
row; otherwise they play a low-payoff equilibrium tomorrow. The
difference between the two-stage repeated game and the infinitely
repeated game is that here the high-payoff equilibrium that might
be played tomorrow is not artificially added to the stage game but
rather represents continuing to cooperate tomorrow and thereafter.

Suppose player i begins the infinitely repeated game by co-
operating and then cooperates in each subsequent stage game if
and only if both players have cooperated in every previous stage.
Formally, player i’s strategy is:

Play R; in the first stage. In the t* stage, if the outcome
of all t —1 preceding stages has been (R;, Ry) then pla‘y
R;; otherwise, play L;.

This strategy is an example of a trigger strategy, so called because
player i cooperates until someone fails to cooperate, which triggers
a switch to noncooperation forever after. If both players adopt
this trigger strategy then the outcome of the infinitely repeated
game will be (R;, Rp) in every stage. We first argue that if ¢ is
close enough to one then it is a Nash equilibrium of the infinitely
repeated game for both players to adopt this strategy. We then
argue that such a Nash equilibrium is subgame-perfect, in a sense
to be made precise.

To show that it is a Nash equilibrium of the infinitely repeated
game for both players to adopt the trigger strategy, we will assume
that player i has adopted the trigger strategy and then show that,
provided § is close enough to one, it is a best response for player j
to adopt the strategy also. Since player i will play L; forever once
one stage’s outcome differs from (R;, R»), player j’s best response
is indeed to play L; forever once one stage’s outcome differs from
(Ry, Rp). It remains to determine player j's best response in the
first stage, and in any stage such that all the preceding outcomes
have been (R;, Ry). Playing L; will yield a payoff of 5 this stage
but will trigger noncooperation by player i (and therefore also by
player j) forever after, so the payoff in every future stage will be 1.
Since 1+6+6%+--- = 1/(1—6), the present value of this sequence
of payoffs is

6

54+686-1+6%2-14+--- =54 ——
+ + + +1 5
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Alternatively, playing R; will yield a payoff of 4 in this stage and
will lead to exactly the same choice between L; and R; in the next
stage. Let V denote the present value of the infinite sequence of
payoffs player j receives from making this choice optimally (now
and every time it arises subsequently). If playing R; is optimal
then

V=446V,

or V. =4/(1-4), because playing R; leads to the same choice next
stage. If playing L; is optimal then

6

V=otiTs

as derived earlier So playing R; is optimal if and only if

4 6
1—625+1—6’ (2.3.1)
or 6 > 1/4. Thus, in the first stage, and in any stage such that
all the preceding outcomes have been (Ry, Ry), player j's optimal
action (given that player i has adopted the trigger strategy) is R; if
and only if § > 1/4. Combining this observation with the fact that
j’s best response is to play L; forever once one stage’s outcome
differs from (R;, Ry), we have that it is a Nash equilibrium for
both players to play the trigger strategy if and only if § > 1/4.

We now want to argue that such a Nash equilibrium is sub-
game-perfect. To do so, we define a strategy in a repeated game,
a subgame in a repeated game, and a subgame-perfect Nash equi-
librium in a repeated game. In order to illustrate these concepts
with simple examples from the previous section, we will define
them for both finitely and infinitely repeated games. In the previ-
ous section we defined the finitely repeated game G(T) based on a
stage game G = {A1,..., Ay U1,..., Uy }—a static game of complete
information in which players 1 through n simultaneously choose
actions a; through a, from the action spaces A; through A,, re-
spectively, and payoffs are u;(as, ..., a,) through un(a;, ..., a,). We
now define the analogous infinitely repeated game.'”

7One can of course also define a repeated game based on a dynamic stage
game. In this section we restrict attention to static stage games so as to present
the main ideas 1n a simple way The apphcations in Sections 2.3.D and 2.3.E are
repeated games based on dynamuic stage games.
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Definition Given a stage game G, let G(oo, §) denote the infinitely
repeated game in which G is repeated forever and the players share the
discount factor 8. For each t, the outcomes of the t — 1 preceding plays of the
stage game are observed before the t** stage begins. Each player’s payoff
in G(oo, 8) is the present value of the player’s payoffs from the infinite
sequence of stage games.

In any game (repeated or otherwise), a player’s strategy is a
complete plan of action—it specifies a feasible action for the player
in every contingency in which the player might be called upon to
act. Put slightly more colorfully, if a player left a strategy with
his or her lawyer before the game began, the lawyer could play
the game for the player without ever needing further instructions
as to how to play. In a static game of complete information, for
example, a strategy is simply an action. (This is why we described
such a game as G = {S1,...,S4;u1,...,uU,} in Chapter 1 but can
also describe it as G = {A1,..., An; U1, ..., U, } here: in a static game
of complete information, player i’s strategy space S; is simply the
action space A;.) In a dynamic game, however, a strategy is more
complicated.

Consider the two-stage Prisoners’ Dilemma analyzed in the
previous section. Each player acts twice, so one might think that
a strategy is simply a pair of instructions (b,c), where b is the
first-stage action and c is the second-stage action. But there are
four possible first-stage outcomes—(L,, Ly), (L1, Rp), (Ry, L), and
(R, Rp)—and these represent four separate contingencies in which
each player might be called upon to act. Thus, each player’s strat-
egy consists of five instructions, denoted (v, w, x,y,z), where v is
the first-stage action and w, x, y, and z are the second-stage actions
to be taken following the first-stage outcomes (L1, Lp), (Ly, R2), (Rq,
Ly), and (R, Ry), respectively. Using this notation, the instructions
“play b in the first stage, and play c in the second stage no matter
what happens in the first” are written (b, c,c,c,c), but this nota-
tion also can express strategies in which the second-stage action is
contingent on the first-stage outcome, such as (b,c,c,c,b), which
means “play b in the first stage, and play c in the second stage
unless the first-stage outcome was (R1, Rj), in which case play b.”
Likewise, in the two-stage repeated game based on Figure 2.3.3,
each player’s strategy consists of ten instructions—a first-stage ac-
tion and nine contingent second-stage actions, one to be played fol-
lowing each possible first-stage outcome. Recall that in analyzing
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this two-stage repeated game we considered a strategy in which
the player’s second-stage action was contingent on the first-stage
outcome: play M,; in the first stage, and play L; in the second stage
unless the first-stage outcome was (M;, Mj), in which case play
R; in the second stage.

In the finitely repeated game G(T) or the infinitely repeated
game G(00, 8), the history of play through stage t is the record of the
players’ choices in stages 1 through t. The players might have
chosen (411,...,a,1) in stage 1, (a12,...,a4,2) in stage 2, ..., and
(@1, - .. ,an) in stage t, for example, where for each player i and
stage s the action 4;; belongs to the action space A;.

Definition In the finitely repeated game G(T) or the infinitely repeated
game G(o0, 6), a player’s strategy specifies the action the player will take
in each stage, for each possible history of play through the previous stage.

We turn next to subgames. A subgame is a piece of a game—
the piece that remains to be played beginning at any point at which
the complete history of the game thus far is common knowledge
among the players. (Later in this section we give a precise defini-
tion for the repeated games G(T) and G(oo, §); in Section 2.4.B, we
give a precise definition for general dynamic games of complete
information.) In the two-stage Prisoners’ Dilemma, for example,
there are four subgames, corresponding to the second-stage games
that follow the four possible first-stage outcomes. Likewise, in
the two-stage repeated game based on Figure 2.3.3, there are nine
subgames, corresponding to the nine possible first-stage outcomes
of that stage game. In the finitely repeated game G(T) and the
infinitely repeated game G(o0,6), the definition of a strategy is
closely related to the definition of a subgame: a player’s strategy
specifies the actions the player will take in the first stage of the
repeated game and in the first stage of each of its subgames.

Definition In the finitely repeated game G(T), a subgame beginning at
stage t + 1 is the repeated game in which G is played T — t times, denoted
G(T — t). There are many subgames that begin at stage t + 1, one for each
of the possible histories of play through stage t. In the infinitely repeated
game G(co, 6), each subgame beginning at stage t + 1 is identical to the
original game G(oo, 6). As in the finite-horizon case, there are as many
subgames beginning at stage t + 1 of G(oo, 8) as there are possible histories
of play through stage t.
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Note well that the " stage of a repeated game taken on its
own is not a subgame of the repeated game (assuming ¢t < T in
the finite case). A subgame is a piece of the original game that
not only starts at a point where the history of play thus far is
common knowledge among the players, but also includes all the
moves that follow this point in the original game. Analyzing the
t stage in isolation would be equivalent to treating the " stage
as the final stage of the repeated game. Such an analysis could
be conducted but would not be relevant to the original repeated

ame.

i We are now ready for the definition of subgame-perfect Nash
equilibrium, which in turn depends on the definition of Nash equi-
librium. The latter is unchanged from Chapter 1, but we now
appreciate the potential complexity of a player’s strategy in a dy-
namic game: in any game, a Nash equilibrium is a collection of
strategies, one for each player, such that each player’s strategy is
a best response to the other players’ strategies.

Definition (Selten 1965): A Nash equilibrium is subgame-perfect if
the players’ strategies constitute a Nash equilibrium in every subgame.

Subgame-perfect Nash equilibrium is a refinement of Nash equilib-
rium. That is, to be subgame-perfect, the players’ strategies must
first be a Nash equilibrium and must then pass an additional test.

To show that the trigger-strategy Nash equilibrium in the in-
finitely repeated Prisoners’ Dilemma is subgame-perfect, we must
show that the trigger strategies constitute a Nash equilibrium on
every subgame of that infinitely repeated game. Recall that every
subgame of an infinitely repeated game is identical to the game as
a whole. In the trigger-strategy Nash equilibrium of the infinitely
repeated Prisoners’ Dilemma, these subgames can be grouped into
two classes: (i) subgames in which all the outcomes of earlier
stages have been (R;, Ry), and (ii) subgames in which the out-
come of at least one earlier stage differs from (R;, Ry). If the
players adopt the trigger strategy for the game as a whole, then
() the players’ strategies in a subgame in the first class are again
the trigger strategy, which we have shown to be a Nash equilib-
rium of the game as a whole, and (ii) the players’ strategies in a
subgame in the second class are simply to repeat the stage-game
equilibrium (L1, L;) forever, which is also a Nash equilibrium of
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payoff to player 2

(0,5

payoff to
player 1

,0)

Figure 2.3.7.

the game as a whole. Thus, the trigger-strategy Nash equilibrium
of the infinitely repeated Prisoners’ Dilemma is subgame-perfect.

We next apply analogous arguments in the infinitely repeated
game G(o0, ). These arguments lead to Friedman’s (1971) Theo-
rem for infinitely repeated games. To state the theorem, we need
two final definitions. First, we call the payoffs (x1,...,x,) feasi-
ble m the stage game G if they are a convex combination (i.e., a
weighted average, where the weights are all nonnegative and sum
to one) of the pure-strategy payoffs of G. The set of feasible pay-
offs for the Prisoners’ Dilemma in Figure 2.3.6 is the shaded region
in Figure 2.3.7. The pure-strategy payoffs (1,1), (0,5), (4,4), and
(5,0) are feasible. Other feasible payoffs include the pairs (x,x)
for 1 < x < 4, which result from weighted averages of (1,1) and
(4,4), and the pairs (y,z) for y+z = 5 and 0 < y < 5, which
result from weighted averages of (0,5) and (5,0). The other pairs
in (the interior of) the shaded region in Figure 2.3.7 are weighted
averages of more than two pure-strategy payoffs. To achieve a
weighted average of pure-strategy payoffs, the players could use
a public randomizing device: by playing (L1, Rp) or (Ry, L) de-
pending on a flip of a (fair) coin, for example, they achieve the
expected payoffs (2.5,2.5).
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The second definition we need in order to state Friedman’'s
Theorem is a rescaling of the players’ payoffs. We continue to
define each player’s payoff in the infinitely repeated game G(co, 9)
to be the present value of the player’s infinite sequence of stage-
game payoffs, but it is more convenient to express this present
value in terms of the average payoff from the same infinite sequence
of stage-game payoffs—the payoff that would have to be received
in every stage so as to yield the same present value. Let the
discount factor be 6. Suppose the infinite sequence of payoffs
71,72, 73, ... has a present value of V. If the payoff = were received
in every stage, the present value would be 7/(1 — §). For = to be
the average payoff from the infinite sequence =y, 7, 73,... with
discount factor 8, these two present values must be equal, so 7 =
V(1 — §). That is, the average payoff is (1 — §) times the present
value.

Definition Given the discount factor 6, the average payoff of the infi-
nite sequence of payoffs m1,m, 73, ... 15

o0
(1-6)) 6 'm
t=1

The advantage of the average payoff over the present value is that
the former is directly comparable to the payoffs from the stage
game. In the Prisoners’ Dilemma in Figure 2.3.6, for example,
both players might receive a payoff of 4 in every period. Such
an infinite sequence of payoffs has an average payoff of 4 but
a present value of 4/(1 — §). Since the average payoff is just a
rescaling of the present value, however, maximizing the average
payoff is equivalent to maximizing the present value.

We are at last ready to state the main result in our discussion
of infinitely repeated games:

Theorem (Friedman 1971): Let G be a finite, static game of complete
information. Let (e1, ..., e,) denote the payoffs from a Nash equilibrium of
G, and let (x1, ..., xy) denote any other feasible payoffs from G. If x; > e;
for every player i and if § is sufficiently close to one, then there exists a
subgame-perfect Nash equilibrium of the infinitely repeated game G(co, 6)
that achieves (x1, ..., xy) as the average payoff.
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Figure 2.3.8.

The proof of this theorem parallels the arguments already given
for the infinitely repeated Prisoners’ Dilemma, so we relegate it
to Appendix 2.3.B. It is conceptually straightforward but slightly
messier notationally to extend the Theorem to well-behaved stage
games that are neither finite nor static; see the applications in the
next three sections for examples. In the context of the Prisoners’
Dilemma in Figure 2.3.6, Friedman’s Theorem guarantees that any
point in the cross-hatched region in Figure 2.3.8 can be achieved as
the average payoff in a subgame-perfect Nash equilibrium of the
repeated game, provided the discount factor is sufficiently close
to one.

We conclude this section by sketching two further develop-
ments in the theory of infinitely repeated games, both of which
are obscured by the following special feature of the Prisoners’
Dilemma. In the (one-shot) Prisoners’ Dilemma in Figure 2.3.6,
player i can guarantee receiving at least the Nash equilibrium
payoff of 1 by playing L;. In a one-shot Cournot duopoly game
(such as described in Section 1.2.A), in contrast, a firm cannot
guarantee receiving the Nash-equilibrium profit by producing the
Nash-equilibrium quantity; rather, the only profit a firm can guar-
antee receiving is zero, by producing zero. Given an arbitrary
stage game G, let r; denote player i’s reservation payoff —the largest
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payoff player i can guarantee receiving, no matter what the other
players do. It must be that r; < e; (where e; is player i's Nash-
equilibrium payoff used in Friedman’s Theorem), since if r; were
greater than e;, it would not be a best response for player i to play
his or her Nash-equilibrium strategy. In the Prisoners’ Dilemma,
r; = ¢;, but in the Cournot duopoly game (and typically), 7; < e;.
Fudenberg and Maskin (1986) show that for two-player games,
the reservation payoffs (r1, r2) can replace the equilibrium payoffs
(e1, e2) in the statement of Friedman’s Theorem. That is, if (xi,
x7) is a feasible payoff from G, with x; > r; for each i, then for
6 sufficiently close to one there exists a subgame-perfect Nash
equilibrium of G(oo, §) that achieves (x1, x2) as the average payoff,
even if x; < e; for one or both of the players. For games with more
than two players, Fudenberg and Maskin provide a mild condition
under which the reservation payoffs (ry,...,r,) can replace the
equilibrium payoffs (ey,...,e,) in the statement of the Theorem.
A complementary question is also of interest: what average
payoffs can be achieved by subgame-perfect Nash equilibria when
the discount factor is not “sufficiently close to one”? One way to
approach this question is to consider a fixed value of § and de-
termine the average payoffs that can be achieved if the players
use trigger strategies that switch forever to the stage-game Nash
equilibrium after any deviation. Smaller values of § make a pun-
ishment that will begin next period less effective in deterring a
deviation this period. Nonetheless, the players typically can do
better than simply repeating a stage-game Nash equilibrium. A
second approach, pioneered by Abreu (1988), is based on the idea
that the most effective way to deter a player from deviating from a
proposed strategy is to threaten to administer the strongest credi-
ble punishment should the player deviate (i.e., threaten to respond
to a deviation by playing the subgame-perfect Nash equilibrium
of the infinitely repeated game that yields the lowest payoff of
all such equilibria for the player who deviated). In most games,
switching forever to the stage-game Nash equilibrium is not the
strongest credible punishment, so some average payoffs can be
achieved using Abreu’s approach that cannot be achieved using
the trigger-strategy approach. In the Prisoners’ Dilemma, how-
ever, the stage-game Nash equilibrium yields the reservation pay-
offs (that is, e; = r;), so the two approaches are equivalent. We
give examples of both of these approaches in the next section.
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Appendix 2.3.B

In this appendix we prove Friedman’s Theorem. Let (.1, ..., @n)
be the Nash equilibrium of G that yields the equilibrium payoffs
(e1,---,en). Likewise, let (4,1,...,4x,) be the collection of actions
that yields the feasible payoffs (x1,...,xs). (The latter notation is
only suggestive because it ignores the public randomizing device
typically necessary to achieve arbitrary feasible payoffs.) Consider
the following trigger strategy for player i

Play a,; in the first stage. In the " stage, if the outcome
of all + — 1 preceding stages has been (@1, . ..,4x,) then
play ayi; otherwise, play 4,;.

If both players adopt this trigger strategy then the outcome of
every stage of the infinitely repeated game will be (ay1,...,am),
with (expected) payoffs (x1,...,x,). We first argue that if 6 is close
enough to one, then it is a Nash equilibrium of the repeated game
for the players to adopt this strategy. We then argue that such a
Nash equilibrium is subgame-perfect.

Suppose that all the players other than player i have adopted
this trigger strategy. Since the others will play (@,..., 4.1,

deit1,---,4m) forever once one stage’s outcome differs from
(@x1, - .. ,axn), player i’s best response is to play a,; forever once one
stage’s outcome differs from (4,1, ...,a4xn). It remains to determine
player i’s best response in the first stage, and in any stage such
that all the preceding outcomes have been (4,1, ...,ax). Let ag be
player i’s best deviation from (4,1, ...,ax). That is, a4 solves
max ui(axla v ’ax,i—lvaivax,i—{—l’ ety uxn)-
4;€A;
Let d; be i’s payoff from this deviation: d; = w;(ax1, ... ,ax,i—1, i,
Ay it1,---,0xm). (Again, we ignore the role of the randomizing de-

vice: the best deviation and its payoff may depend on which
pure strategies the randomizing device has prescribed.) We have

di Z Xi = ui(“xlv e 7ax,i—1aaxia ax,i—|—1~ ... ,axn) > e = ui(aela e 7“811)'
Playing a4 will yield a payoff of d; at this stage but will trig-
ger (de1, - .-, 4,i—1,8,+1,- - -»An) by the other players forever after,

to which the best response is a,; by player i, so the payoff in
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every future stage will be e;. The present value of this sequence
of payoffs is

di+6-ei+62-ei+---——-di+1—i—5e,~.

(Since any deviation triggers the same response by the other play-
ers, the only deviation we need to consider is the most profitable
one.) Alternatively, playing a,; will yield a payoff of x; this stage
and will lead to exactly the same choice between a; and 4, in
the next stage. Let V; denote the present value of the stage-game
payoffs player i receives from making this choice optimally (now
and every time it arises subsequently). If playing a, is optimal,
then
Vi=x;+ 6V},

or V; = x;/(1 — 6). If playing a,; is optimal, then

6

Vi=d; + 1—_'6-3ia
as derived previously. (Assume that the randomizing device is
serially uncorrelated. It then suffices to let d; be the highest of the
payoffs to player i's best deviations from the various pure-strategy
combinations prescribed by the randomizing device.) So playing
ay; is optimal if and only if

Xi 6

>d 1+ — _p.
T 2%+ T 5%

or

di — X

di — € ’

Thus, in the first stage, and in any stage such that all the preceding
outcomes have been (4,1, ...,4x), player i’s optimal action (given
that the other players have adopted the trigger strategy) is ay; if
and Only if & Z (di et x,-)/(di - e,-).

Combining this observation with the fact that i’s best response
is to play a,; forever once one stage’s outcome differs from (4,1, ...,
4xs), we have that it is a Nash equilibrium for all the players to
play the trigger strategy if and only if

6>

di—x,-
i d,-—ei'
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Since d; > x; > e;, it must be that (d; —x;)/(d;—e;) < 1 for every i, so
the maximum of this fraction across all the players is also strictly
less than one.

It remains to show that this Nash equilibrium is subgame-
perfect. That is, the trigger strategies must constitute a Nash equi-
librium in every subgame of G(o0, §). Recall that every subgame of
G(o0, 8) is identical to G(oo, §) itself. In the trigger-strategy Nash
equilibrium, these subgames can be grouped into two classes:
(i) subgames in which all the outcomes of earlier stages have been
(ax1,...,ax,), and (ii) subgames in which the outcome of at least
one earlier stage differs from (a,1,...,4x:). If the players adopt
the trigger strategy for the game as a whole, then (i) the players’
strategies in a subgame in the first class are again the trigger strat-
egy, which we have just shown to be a Nash equilibrium of the
game as a whole, and (ii) the players’ strategies in a subgame in
the second class are simply to repeat the stage-game equilibrium
(@c1, - . -, acn) forever, which is also a Nash equilibrium of the game
as a whole. Thus, the trigger-strategy Nash equilibrium of the
infinitely repeated game is subgame-perfect.

2.3.C Collusion between Cournot Duopolists

Friedman (1971) was the first to show that cooperation could be
achieved in an infinitely repeated game by using trigger strategies
that switch forever to the stage-game Nash equilibrium follow-
ing any deviation. The original application was to collusion in a
Cournot oligopoly, as follows.

Recall the static Cournot game from Section 1.2.A: If the aggre-
gate quantity on the market is Q = g1+4>, then the market-clearing
price is P(Q) = a — Q, assuming Q < 4. Each firm has a marginal
cost of c and no fixed costs. The firms choose quantities simulta-
neously. In the unique Nash equilibrium, each firm produces the
quantity (@ — ¢)/3, which we will call the Cournot quantity and
denote by g¢. Since the equilibrium aggregate quantity, 2(a —c)/3,
exceeds the monopoly quantity, g, = (a—c)/2, both firms would be
better off if each produced half the monopoly quantity, g; = gm /2.

Consider the infinitely repeated game based on this Cournot
stage game when both firms have the discount factor 6. We now
compute the values of § for which it is a subgame-perfect Nash
equilibrium of this infinitely repeated game for both firms to play
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the following trigger strategy:

Produce half the monopoly quantity, 4,»/2, in the first
period. In the t* period, produce gm/2 if both firms
have produced g /2 in each of the t — 1 previous peri-
ods; otherwise, produce the Cournot quantity, 4c.

Since the argument parallels that given for the Prisoners’ Dilemma
in the previous section, we keep the discussion brief.

The profit to one firm when both produce gn/2 is (@ — ¢)?/8,
which we will denote by m,/2. The profit to one firm when both
produce gc is (a — c¢)?/9, which we will denote by wc. Finally, if
firm i is going to produce g¢.,/2 this period then the quantity that
maximizes firm j’s profit this period solves

1
rrb;]_ix (ﬂ — q] — Eqm — C) q]

The solution is q; = 3(a—c) /8, with associated profit of 9(a —c)?/64,
which we denote by m; (“d” for deviation). Thus, it is a Nash
equilibrium for both firms to play the trigger strategy given earlier
provided that

L I 232

1-6 27Tm._7rd+1_6 e, ()
analogous to (2.3.1) in the Prisoners’ Dilemma analysis. Substitut-
ing the values of 7, 7y, and 7¢c into (2.3.2) yields 6 > 9/17. For
the same reasons as in the previous section, this Nash equilibrium
is subgame-perfect.

We can also ask what the firms can achieve if § < 9/17. We
will explore both approaches described in the previous section.
We first determine, for a given value of §, the most-profitable
quantity the firms can produce if they both play trigger strategies
that switch forever to the Cournot quantity after any deviation.
We know that such trigger strategies cannot support a quantity as
low as half the monopoly quantity, but for any value of § it is a
subgame-perfect Nash equilibrium simply to repeat the Cournot
quantity forever. Therefore, the most-profitable quantity that trig-
ger strategies can support is between g,,/2 and gc. To compute
this quantity, consider the following trigger strategy:

Produce g* in the first period. In the # period, pro-
duce g* if both firms have produced g* in each of the
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t —1 previous periods; otherwise, produce the Cournot
quantity, gc.

The profit to one firm if both play g* is (¢ — 29* — c)q*, which we

will denote by 7*. If firm i is going to produce g* this period, then
the quantity that maximizes firm j’s profit this period solves

max (a —q; — 4" —c)qj.
)

The solution is g; = (@ — g* — ¢)/2, with associated profit of (a —
g* —c)?/4, which we again denote by =,;. It is a Nash equilibrium
for both firms to play the trigger strategy given above provided
that

-t > g+

1-6 1—6 "€

Solving the resulting quadratic in g* shows that the lowest value

of g* for which the trigger strategies given above are a subgame-
perfect Nash equilibrium is

. 9-56
- 3(9_6)(a‘c)’

which is monotonically decreasing in 8, approaching g4,,/2 as 6
approaches 9/17 and approaching qc as § approaches zero.

We now explore the second approach, which involves threaten-
ing to administer the strongest credible punishment. Abreu (1986)
applies this idea to Cournot models more general than ours us-
ing an arbitrary discount factor; we simply show that Abreu’s
approach can achieve the monopoly outcome in our model when
6 = 1/2 (which is less than 9/17). Consider the following “two-
phase” (or “carrot-and-stick”) strategy:

Produce half the monopoly quantity, 4,,/2, in the first
period. In the t*" period, produce g, /2 if both firms
produced g,,/2 in period t — 1, produce gn/2 if both
firms produced x in period t — 1, and otherwise pro-
duce x.

This strategy involves a (one-period) punishment phase in which
the firm produces x and a (potentially infinite) collusive phase in
which the firm produces g,,/2. If either firm deviates from the
collusive phase, then the punishment phase begins. If either firm
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deviates from the punishment phase, then the punishment phase
begins again. If neither firm deviates from the punishment phase,
then the collusive phase begins again.

The profit to one firm if both produce x is (a—2x—c)x, which we
will denote by 7 (x). Let V(x) denote the present value of receiving
7(x) this period and half the monopoly profit forever after:

1
—5 2"

If firm i is going to produce x this period, then the quantity that
maximizes firm j’s profit this period solves

V(x) = m(x) 135

max (@ — q; — x — ¢)gj.
9

The solution is g; = (4 — x — ¢) /2, with associated profit of (4 —x —
c)?/4, which we denote by mg,(x), where dp stands for deviation
from the punishment.

If both firms play the two-phase strategy above, then the sub-
games in the infinitely repeated game can be grouped into two
classes: (i) collusive subgames, in which the outcome of the pre-
vious period was either (§m/2, m/2) or (x,x), and (ii) punishment
subgames, in which the outcome of the previous period was nei-
ther (9m/2, gm/2), nor (x,x). For it to be a subgame-perfect Nash
equilibrium for both firms to play the two-phase strategy, it must
be a Nash equilibrium to obey the strategy in each class of sub-
games. In the collusive subgames, each firm must prefer to receive
half the monopoly profit forever than to receive m; this period and
the punishment present value V(x) next period:

1 1
> 3.
135 27rm mg + 6V (x). (2.3.3)

In the punishment subgames, each firm must prefer to adminis-
ter the punishment than to receive m , this period and begin the
punishment again next period:

V(x) = map(x) + 6V (x). (2.3.4)
Substituting for V(x) in (2.3.3) yields

1 1
1) (’2‘7’(‘m et 7T(X)> > Ty — Eﬂ'm.
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That is, the gain this period from deviating must not exceed the
discounted value of the loss next period from the punishment.
(Provided neither firm deviates from the punishment phase, there
is no loss after next period, since the punishment ends and the
firms return to the monopoly outcome, as though there had been
no deviation.) Likewise, (2.3.4) can be rewritten as

 (3mm = 7)) 2 map = 70,

with an analogous interpretation. For § = 1/2, (2.3.3) is satisfied
provided x/(a — c) is not between 1/8 and 3/8, and (2.3.4) is sat-
isfied if x/(a — c) is between 3/10 and 1/2. Thus, for § = 1/2, the
two-phase strategy achieves the monopoly outcome as a subgame-
perfect Nash equilibrium provided that 3/8 < x/(a — c) < 1/2.

There are many other models of dynamic oligopoly that en-
rich the simple model developed here. We conclude this section
by briefly discussing two classes of such models: state-variable
models, and imperfect-monitoring models. Both classes of mod-
els have many applications beyond oligopoly; for example, the
efficiency-wage model in the next section is an example of imper-
fect monitoring.

Rotemberg and Saloner (1986, and Problem 2.14) study col-
lusion over the business cycle by allowing the intercept of the
demand function to fluctuate randomly across periods. In each
period, all firms observe that period’s demand intercept before tak-
ing their actions for that period; in other applications, the players
could observe the realization of another state variable at the begin-
ning of each period. The incentive to deviate from a given strategy
thus depends both on the value of demand this period and on the
likely realizations of demand in future periods. (Rotemberg and
Saloner assume that demand is independent across periods, so the
latter consideration is independent of the current value of demand,
but later authors have relaxed this assumption.)

Green and Porter (1984) study collusion when deviations can-
not be detected perfectly: rather than observing the other firms’
quantity choices, each firm observes only the market-clearing price,

which is buffeted by an unobservable shock each period. In this
setting, firms cannot tell whether a low market-clearing price oc-
curred because one or more firms deviated or because there was an
adverse shock. Green and Porter examine trigger-price equilibria,
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in which any price below a critical level triggers a punishment
period during which all firms play their Cournot quantities. In
equilibrium, no firm ever deviates. Nonetheless, an especially bad
shock can cause the price to fall below the critical level, triggering
a punishment period. Since punishments happen by accident, in-
finite punishments of the kind considered in the trigger-strategy
analysis in this section are not optimal. Two-phase strategies of
the kind analyzed by Abreu might seem promising; indeed, Abreu,
Pearce, and Stacchetti (1986) show that they can be optimal.

2.3.D Efficiency Wages

In efficiency-wage models, the output of a firm’s work force de-
pends on the wage the firm pays. In the context of developing
countries, higher wages could lead to better nutrition; in devel-
oped countries, higher wages could induce more able workers to
apply for jobs at the firm, or could induce an existing work force
to work harder.

Shapiro and Stiglitz (1984) develop a dynamic model in which
firms induce workers to work hard by paying high wages and
threatening to fire workers caught shirking. As a consequence of
these high wages, firms reduce their demand for labor, so some
workers are employed at high wages while others are (involuntar-
ily) unemployed. The larger the pool of unemployed workers, the
longer it would take a fired worker to find a new job, so the threat
of firing becomes more effective. In the competitive equilibrium,
the wage w and the unemployment rate u just induce workers
not to shirk, and firms’ labor demands at w result in an unem-
ployment rate of exactly u. We study the repeated-game aspects
of this model (but ignore the competitive-equilibrium aspects) by
analyzing the case of one firm and one worker.

Consider the following stage game. First, the firm offers the
worker a wage, w. Second, the worker accepts or rejects the
firm’s offer. If the worker rejects w, then the worker becomes self-
employed at wage wy. If the worker accepts w, then the worker
chooses either to supply effort (which entails disutility e) or to
shirk (which entails no disutility). The worker’s effort decision is
not observed by the firm, but the worker’s output is observed by
both the firm and the worker. Output can be either high or low;
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for simplicity, we take low output to be zero and so write high
output as ¥ > 0. Suppose that if the worker supplies effort then
output is sure to be high, but that if the worker shirks then output
is high with probability p and low with probability 1 — p. Thus,
in this model, low output is an incontrovertible sign of shirking.

If the firm employs the worker at wage w, then the players’
payoffs if the worker supplies effort and output is high are y — w
for the firm and w — e for the worker. If the worker shirks, then
e becomes 0; if output is low, then y becomes 0. We assume that
y—e > wp > py, so that it is efficient for the worker to be employed
by the firm and to supply effort, and also better that the worker
be self-employed than employed by the firm and shirking.

The subgame-perfect outcome of this stage game is rather bleak:
because the firm pays w in advance, the worker has no incentive to
supply effort, so the firm offers w = 0 (or any other w < wyp) and
the worker chooses self-employment. In the infinitely repeated
game, however, the firm can induce effort by paying a wage w in
excess of wy and threatening to fire the worker if output is ever
low. We show that for some parameter values, the firm finds it
worthwhile to induce effort by paying such a wage premium.

One might wonder why the firm and the worker cannot sign
a compensation contract that is contingent on output, so as to
induce effort. One reason such contracts might be infeasible is
that it is too difficult for a court to enforce them, perhaps because
the appropriate measure of output includes the quality of output,
unexpected difficulties in the conditions of production, and so
on. More generally, output-contingent contracts are likely to be
imperfect (rather than completely infeasible), but there will remain
a role for the repeated-game incentives studied here.

Consider the following strategies in the infinitely repeated
game, which involve the wage w* > wy to be determined later. We
will say that the history of play is high-wage, high-output if all pre-
vious offers have been w*, all previous offers have been accepted,
and all previous outputs have been high. The firm’s strategy is
to offer w = w* in the first period, and in each subsequent period
to offer w = w* provided that the history of play is high-wage,
high-output, but to offer w = 0 otherwise. The worker’s strategy
is to accept the firm’s offer if w > wyp (choosing self-employment
otherwise) and to supply effort if the history of play, including the
current offer, is high-wage, high-output (shirking otherwise).
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The firm’s strategy is analogous to the trigger strategies ana-
lyzed in the previous two sections: play cooperatively provided
that all previous play has been cooperative, but switch forever
to the subgame-perfect outcome of the stage game should coop-
eration ever break down. The worker’s strategy is also analo-
gous to these trigger strategies, but is slightly subtler because the
worker moves second in the sequential-move stage game. In a
repeated game based on a simultaneous-move stage game, devi-
ations are detected only at the end of a stage; when the stage
game is sequential-move, however, a deviation by the first mover
is detected (and should be responded to) during a stage. The
worker’s strategy is to play cooperatively provided all previous
play has been cooperative, but to respond optimally to a devia-
tion by the firm, knowing that the subgame-perfect outcome of
the stage game will be played in all future stages. In particular, if
w # w* but w > wy, then the worker accepts the firm’s offer but
shirks.

We now derive conditions under which these strategies are a
subgame-perfect Nash equilibrium. As in the previous two sec-
tions, the argument consists of two parts: (i) deriving conditions
under which the strategies are a Nash equilibrium, and (ii) show-
ing that they are subgame-perfect.

Suppose the firm offers w* in the first period. Given the firm’s
strategy, it is optimal for the worker to accept. If the worker
supplies effort, then the worker is sure to produce high output,
so the firm will again offer w* and the worker will face the same
effort-supply decision next period. Thus, if it is optimal for the
worker to supply effort, then the present value of the worker’s
payoffs is

Ve = (w" —e) + 6V,,

or V., = (w* —e)/(1 — ). If the worker shirks, however, then
the worker will produce high output with probability p, in which
case the same effort-supply decision will arise next period, but the
worker will produce low output with probability 1 — p, in which
case the firm will offer w = 0 forever after, so the worker will be
self-employed forever after. Thus, if it is optimal for the worker to
shirk, then the (expected) present value of the worker’s payoffs is

ZUO}
1-6)J°

Vs_—_w*+6{pVS+(l—p)
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or Vs = [(1 — §)w* + 6(1 — p)wo)/(1 — ép)(1 — 8). It is optimal for
the worker to supply effort if V., > V;, or

N 1-p6 ( 1-9¢ )
> —e = - ) e. BCH

w _w0+6(1_p)e wo + 1+6(1—p) e (2.3.5)
Thus, to induce effort, the firm must pay not only wp-+e to compen-
sate the worker for the foregone opportunity of self-employment
and for the disutility of effort, but also the wage premium (1 —
6)e/8(1 — p). Naturally, if p is near one (i.e., if shirking is rarely
detected) then the wage premium must be extremely high to in-
duce effort. If p = 0, on the other hand, then it is optimal for the
worker to supply effort if

L (w* —e) >w" +
1-6 -

6
1= 6w0, (236)
analogous to (2.3.1) and (2.3.2) from the perfect-monitoring anal-
yses in the previous two sections, (2.3.6) is equivalent to

w* > wp + <1+¥)e,
which is indeed (2.3.5) with p = 0.

Even if (2.3.5) holds, so that the worker’s strategy is a best re-
sponse to the firm’s strategy, it must also be worth the firm’s while
to pay w*. Given the worker’s strategy, the firm’s problem in the
first period amounts to choosing between: (1) paying w = w*,
thereby inducing effort by threatening to fire the worker if low
output is ever observed, and so receiving the payoff y—w* each pe-
riod; and (2) paying w = 0, thereby inducing the worker to choose
self-employment, and so receiving the payoff zero in each period.
Thus, the firm’s strategy is a best response to the worker’s if

y—w" >0. (2.3.7)

Recall that we assumed that y —e > wy (i.e., that it is efficient for
the worker to be employed by the firm and to supply effort). We
require more if these strategies are to be a subgame-perfect Nash
equilibrium: (2.3.5) and (2.3.7) imply

_e>w +i__6_
YTEERT R
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which can be interpreted as the familiar restriction that 6 must be
sufficiently large if cooperation is to be sustained.

We have so far shown that if (2.3.5) and (2.3.7) hold, then the
specified strategies are a Nash equilibrium. To show that these
strategies are subgame-perfect, we first define the subgames of the
repeated game. Recall that when the stage game has simultaneous
moves, the subgames of the repeated game begin between the
stages of the repeated game. For the sequential-move stage game
considered here, the subgames begin not only between stages but
also within each stage—after the worker observes the firm’s wage
offer. Given the players’ strategies, we can group the subgames
into two classes: those beginning after a high-wage, high-output
history, and those beginning after all other histories. We have
already shown that the players’ strategies are a Nash equilibrium
given a history of the former kind. It remains to do so given
a history of the latter kind: since the worker will never supply
effort, it is optimal for the firm to induce the worker to choose
self-employment; since the firm will offer w = 0 in the next stage
and forever after, the worker should not supply effort in this stage
and should accept the current offer only if w > wy.

In this equilibrium, self-employment is permanent: if the
worker is ever caught shirking, then the firm offers w = 0 for-
ever after; if the firm ever deviates from offering w = w*, then
the worker will never supply effort again, so the firm cannot af-
ford to employ the worker. There are several reasons to question
whether it is reasonable for self-employment to be permanent. In
our single-firm, single-worker model, both players would prefer to
return to the high-wage, high-output equilibrium of the infinitely
repeated game rather than play the subgame-perfect outcome of
the stage game forever. This is the issue of renegotiation intro-
duced in Section 2.3.A. Recall that if the players know that pun-
ishments will not be enforced, then cooperation induced by the
threat of such punishments is no longer an equilibrium.

In the labor-market context, the firm may prefer not to rene-
gotiate if it employs many workers, since renegotiating with one
worker may upset the high-wage, high-output equilibrium still be-
ing played (or yet to begin) with other workers. If there are many
firms, the question becomes whether firm j will hire workers for-
merly employed by firm i. It may be that firm j will not, because
it fears upsetting the high-wage, high-output equilibrium with its
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current workers, just as in the single-firm case. Something like
this may explain the lack of mobility of prime-age, white-collar
male workers among large firms in Japan.

Alternatively, if fired workers can always find new jobs that
they prefer to self-employment, then it is the wage in those new
jobs (net of any disutility of effort) that plays the role of the self-
employment wage wp here. In the extreme case in which a fired
worker suffers no loss at all, there are no punishments for shirking
available in the infinitely repeated game, and hence no subgame-
perfect Nash equilibrium in which the worker supplies effort. See
Bulow and Rogoff (1989) for an elegant application of similar ideas
in the context of sovereign debt: if an indebted country can repli-
cate the long-term loans it receives from creditor countries by
making short-term cash-in-advance transactions in international
capital markets, then there are no punishments for default avail-
able in the infinitely repeated game between debtor and creditor
countries.

2.3.E Time-Consistent Monetary Policy

Consider a sequential-move game in which employers and work-
ers negotiate nominal wages, after which the monetary authority
chooses the money supply, which in turn determines the rate of in-
flation. If wage contracts cannot be perfectly indexed, employers
and workers will try to anticipate inflation in setting the wage.
Once an imperfectly indexed nominal wage has been set, how-
ever, actual inflation above the anticipated level of inflation will
erode the real wage, causing employers to expand employment
and output. The monetary authority therefore faces a trade-off
between the costs of inflation and the benefits of reduced unem-
ployment and increased output that follow from surprise inflation
(i.e., inflation above the anticipated level).

As in Barro and Gordon (1983), we analyze a reduced-form
version of this model in the following stage game. First, em-
ployers form an expectation of inflation, 7¢. Second, the monetary
authority observes this expectation and chooses actual inflation, 7.
The payoff to employers is —(m — )2, That is, employers simply
want to anticipate inflation correctly; they achieve their maximum
payoff (namely, zero) when 7 = 7°. The monetary authority, for
its part, would like inflation to be zero but output (y) to be at its
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efficient level (y*). We write the payoff to the monetary authority
as

U(m,y) = —cr® — (y — y*)?,
where the parameter ¢ > 0 reflects the monetary authority’s trade-

off between its two goals. Suppose that actual output is the fol-
lowing function of target output and surprise inflation:

y=by* +d(m —7°),

where b < 1 reflects the presence of monopoly power in product
markets (so that if there is no surprise inflation then actual out-
put will be smaller than would be efficient) and d > 0 measures
the effect of surprise inflation on output through real wages, as
described in the previous paragraph. We can then rewrite the
monetary authority’s payoff as

W(r, ) = —cn® — [(b — 1)y* + d(w — 7°))%.

To solve for the subgame-perfect outcome of this stage game,
we first compute the monetary authority’s optimal choice of 7
given employers’ expectation 7¢. Maximizing W(r, 7¢) yields

d

71'*(71'8) = T dz

[(1—b)y* +dn]. (2.3.8)

Since employers anticipate that the monetary authority will choose
7*(m¢), employers choose m° to maximize —[m*(7®) — 7¢]*>, which
yields n*(m®) = =, or

e = d(l — b)y*

:7‘(‘5
C

where the subscript s denotes “stage game.” Equivalently, one
could say that the rational expectation for employers to hold is
the one that will subsequently be confirmed by the monetary au-
thority, hence 7*(n¢) = =% and thus 7 = 7;. When employers
hold the expectation 7® = 75, the marginal cost to the monetary
authority from setting m slightly above w5 exactly balances the
marginal benefit from surprise inflation. In this subgame-perfect
outcome, the monetary authority is expected to inflate and does
so, but would be better off if it could commit to having no infla-
tion. Indeed, if employers have rational expectations (i.e, 7 = 7°),
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then zero inflation maximizes the monetary authority’s payoff (i.e.,
W(r,m®) = —cm? — (b — 1)%y*2 when 7 = 7¢, so 7 = 0 is optimal).

Now consider the infinitely repeated game in which both play-
ers share the discount factor §. We will derive conditions under
which # = #¢ = 0 in every period in a subgame-perfect Nash
equilibrium involving the following strategies. In the first period,
employers hold the expectation 7° = 0. In subsequent periods
they hold the expectation 7¢ = 0 provided that all prior expecta-
tions have been #°* = 0 and all prior actual inflations have been
7 = 0; otherwise, employers hold the expectation n¢ = ws—the
rational expectation from the stage game. Similarly, the mone-
tary authority sets m = 0 provided that the current expectation is
7° = 0, all prior expectations have been n¢ = 0, and all prior actual
inflations have been 7 = 0; otherwise, the monetary authority sets
7 = 7w*(n®)—its best response to the employers’ expectation, as
given by (2.3.8).

Suppose employers hold the expectation n¢ = 0 in the first pe-
riod. Given the employers’ strategy (i.e., the way employers up-
date their expectation after observing actual inflation), the mon-
etary authority can restrict attention to two choices: (1) = = 0,
which will lead to 7° = 0 next period, and hence to the same de-
cision for the monetary authority next period; and (2) 7 = 7*(0)
from (2.3.8), which will lead to n¢ = = forever after, in which
case the monetary authority will find it optimal to choose 7 = 7
forever after. Setting m = 0 this period thus results in the payoff
W(0,0) each period, while setting 7 = 7*(0) this period results in
the payoff W(#n*(0),0) this period, but the payoff W(r;, ws) forever
after. Thus, the monetary authority’s strategy is a best response
to the employers’ updating rule if

1—{—6 W(0,0) > W(r*(0),0) + 1%5 W(rms, ), (2.39)
which is analogous to (2.3.6).

Simplifying (2.3.9) yields é§ > c¢/(2c + d%). Each of the pa-
rameters ¢ and d has two effects. An increase in 4, for example,
makes surprise inflation more effective in increasing output, and
so makes it more tempting for the monetary authority to indulge in
surprise inflation, but for the same reason an increase in 4 also in-
creases the stage-game outcome 7, which makes the punishment
more painful for the monetary authority. Likewise, an increase



Dynamic Games of Complete but Imperfect Information 115

in ¢ makes inflation more painful, which makes surprise inflation
less tempting but also decreases m;. In both cases, the latter effect
outweighs the former, so the critical value of the discount factor
necessary to support this equilibrium, ¢/(2c + d?), decreases in d
and increases in c.

We have so far shown that the monetary authority’s strategy is
a best response to the employers’ strategy if (2.3.9) holds. To show
that these strategies are a Nash equilibrium, it remains to show
that the latter is a best response to the former, which follows from
the observation that the employers obtain their best possible pay-
off (namely, zero) in every period. Showing that these strategies
are subgame-perfect follows from arguments analogous to those
in the previous section.

24 Dynamic Games of Complete but
Imperfect Information

24.A Extensive-Form Representation of Games

In Chapter 1 we analyzed static games by representing such games
in normal form. We now analyze dynamic games by representing
such games in extensive form.!® This expositional approach may
make it seem that static games must be represented in normal
form and dynamic games in extensive form, but this is not the
case. Any game can be represented in either normal or extensive
form, although for some games one of the two forms is more
convenient to analyze. We will discuss how static games can be
represented using the extensive form and how dynamic games can
be represented using the normal form.

Recall from Section 1.1.A that the normal-form representation
of a game specifies: (1) the players in the game, (2) the strategies
available to each player, and (3) the payoff received by each player
for each combination of strategies that could be chosen by the
players.

Definition The extensive-form representation of a game specifies:
(1) the players in the game, (2a) when each player has the move, (2b) what

BWe give an mnformal description of the extensive form For a precise treat-
ment, see Kreps and Wilson (1982).
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each player can do at each of his or her opportunities to move, (2c) what
each player knows at each of his or her opportunities to move, and (3) the
payoff received by each player for each combination of moves that could be
chosen by the players.

Although we did not say so at the time, we analyzed several games
represented in extensive form in Sections 2.1 through 2.3. The
contribution of this section is to describe such games using game
trees rather than words, because the former are often simpler both
to express and to analyze.

As an example of a game in extensive form, consider the fol-
lowing member of the class of two-stage games of complete and
perfect information introduced in Section 2.1.A:

1. Player 1 chooses an action a; from the feasible set A1 =
{L,R}.

2. Player 2 observes 4; and then chooses an action 4, from the
set A» = {L',R'}.

3. Payoffs are u;(a;,a2) and u3(aj,a;), as shown in the game
tree in Figure 2.4.1.

Payoff to Player 1: 3 1 2 0
Payoff to Player 2: 1 2 1 0

Figure 2.4.1.
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This game tree begins with a decision node for player 1, where 1
chooses between L and R. If player 1 chooses L, then a decision
node for player 2 is reached, where 2 chooses between L’ and R’.
Likewise, if player 1 chooses R, then another decision node for
player 2 is reached, where 2 chooses between L’ and R’. Following
each of player 2's choices, a terminal node is reached (i.e., the game
ends) and the indicated payoffs are received.

It is straightforward to extend the game tree in Figure 2.4.1 to
represent any dynamic game of complete and perfect information
—that is, any game in which the players move in sequence, all
previous moves are common knowledge before the next move is
chosen, and the players’ payoffs from each feasible combination
of moves are common knowledge. (Continuous action spaces, as
in the Stackelberg model, or an infinite horizon, as in the Rubin-
stein model, present graphical but not conceptual difficulties.) We
next derive the normal-form representation of the dynamic game
in Figure 2.4.1. We then conclude this section by showing that
static games can be given extensive-form representations, and by
describing how to construct extensive-form representations of dy-
namic games with complete but imperfect information.

As the numbering conventions in the definitions of the normal
and extensive forms suggest, there is a close connection between
a player’s feasible strategies (item 2) given in the normal form
and the description of when a player moves, what he or she can
do, and what he or she knows (items 2a, 2b, and 2c¢) in the ex-
tensive form. To represent a dynamic game in normal form, we
need to translate the information in the extensive form into the
description of each player’s strategy space in the normal form.
To do this, recall the definition of a strategy given (informally) in
Section 2.3.B:

Definition A strategy for a player is a complete plan of action—it spec-
ifies a feasible action for the player in every contingency in which the player
might be called on to act.

It may seem unnecessary to require a player’s strategy to specify a
feasible action for every contingency in which the player might be
called upon to move. It will become clear, however, that we could
not apply the notion of Nash equilibrium to dynamic games of
complete information if we allowed a player’s strategy to leave the
actions in some contingencies unspecified. For player j to compute
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a best response to player i's strategy, j may need to consider how
i would act in every contingency, not just in the contingencies i or
j thinks likely to arise.

In the game in Figure 2.4.1, player 2 has two actions but four
strategies, because there are two different contingencies (namely,
after observing L by player 1 and after observing R by player 1)
in which player 2 could be called upon to act.

Strategy 1: If player 1 plays L then play L/, if player 1 plays
R then play L', denoted by (L',L').

Strategy 2: If player 1 plays L then play L', if player 1 plays
R then play R’, denoted by (L', R’).

Strategy 3: If player 1 plays L then play R/, if player 1 plays
R then play L', denoted by (R',L).

Strategy 4: If player 1 plays L then play R’, if player 1 plays
R then play R’, denoted by (R’,R’).

Player 1, however, has two actions but only two strategies: play
L and play R. The reason player 1 has only two strategies is that
there is only one contingency in which player 1 might be called
upon to act (namely, the first move of the game, when player 1
will certainly be called upon to act), so player 1's strategy space
is equivalent to the action space A; = {L, R}.

Given these strategy spaces for the two players, it is straightfor-
ward to derive the normal-form representation of the game from
its extensive-form representation. Label the rows of the normal
form with player 1's feasible strategies, label the columns with
player 2’s feasible strategies, and compute the payoffs to the play-
ers for each possible combination of strategies, as shown in Fig-
ure 2.4.2.

Having now demonstrated that a dynamic game can be rep-
resented in normal form, we turn next to showing how a static
(i.e., simultaneous-move) game can be represented in extensive
form. To do so, we rely on the observation made in Section 1.1.A
(in connection with the Prisoners’ Dilemma) that the players need
not act simultaneously: it suffices that each choose a strategy with-
out knowledge of the other’s choice, as would be the case in the
Prisoners’ Dilemma if the prisoners reached decisions at arbitrary
times while in separate cells. Thus, we can represent a (so-called)
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Player 2
(L,L'y (U,R) (R,L) (R,R)
3,1 3,1 1,2 1,2
Player 1
2,1 0,0 2,1 0,0
Figure 2.4.2.

simultaneous-move game between players 1 and 2 as follows.
1. Player 1 chooses an action a; from the feasible set A;.

2. Player 2 does not observe player 1’s move but chooses an
action g, from the feasible set Aj.

3. Payoffs are ui(a,ay) and uy(a,ay).

Alternatively, player 2 could move first and player 1 could then
move without observing 2’s action. Recall that in Section 2.1.B
we showed that a quantity-choice game with this timing and in-
formation structure differs importantly from the Stackelberg game
with the same timing but an information structure in which firm 2
observes firm 1’s move, and we argued that this sequential-move,
unobserved-action game has the same Nash equilibrium as the
simultaneous-move Cournot game.

To represent this kind of ignorance of previous moves in an
extensive-form game, we introduce the notion of a player’s infor-
mation set.

Definition An information set for a player is a collection of decision
nodes satisfying:

(i) the player has the move at every node in the information set, and

(ii) when the play of the game reaches a node in the information set, the
player with the move does not know which node in the information
set has (or has not) been reached.

Part (ii) of this definition implies that the player must have the
same set of feasible actions at each decision node in an information
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Prisoner 1

Prisoner 2 Prisoner 2

Mum Fink

=k
a1 o
921
—

Figure 2.4.3.

set, else the player would be able to infer from the set of actions
available that some node(s) had or had not been reached.

In an extensive-form game, we will indicate that a collection
of decision nodes constitutes an information set by connecting the
nodes by a dotted line, as in the extensive-form representation of
the Prisoners” Dilemma given in Figure 2.4.3. We will sometimes
indjcate which player has the move at the nodes in an information
set by labeling each node in the information set, as in Figure 2.4.3;
alternatively, we may simply label the dotted line connecting these
nodes, as in Figure 2.4.4. The interpretation of Prisoner 2’s infor-
mation set in Figure 2.4.3 is that when Prisoner 2 gets the move,
all he knows is that the information set has been reached (i.e., that
Prisoner 1 has moved), not which node has been reached (.e.,
what she did). We will see in Chapter 4 that Prisoner 2 may have
a conjecture or belief about what Prisoner 1 did, even if he did
not observe what she did, but we will ignore this issue until then.

As a second example of the use of an information set in rep-
resenting ignorance of previous play, consider the following
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Figure 2.4.4.

dynamic game of complete but imperfect information:

1. Player 1 chooses an action 4; from the feasible set A; =
{L,R}.

2. Player 2 observes 4; and then chooses an action 4, from the
feasible set A, = {L',R'}.

3. Player 3 observes whether or not (4;,4;) = (R,R’) and then
chooses an action a3 from the feasible set A3 = {L"", R"}.

The extensive-form representation of this game (with payoffs ig-
nored for simplicity) is given in Figure 2.4.4. In this extensive
form, player 3 has two information sets: a singleton information
set following R by player 1 and R’ by player 2, and a nonsin-
gleton information set that includes every other node at which
player 3 has the move. Thus, all player 3 observes is whether or
not (a1,4) = (R,R’).

Now that we have defined the notion of an information set,
we can offer an alternative definition of the distinction between
perfect and imperfect information. We previously defined perfect
information to mean that at each move in the game the player
with the move knows the full history of the play of the game thus
far. An equivalent definition of perfect information is that every
information set is a singleton; imperfect information, in contrast,
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means that there is at least one nonsingleton information set.?
Thus, the extensive-form representation of a simultaneous-move
game (such as the Prisoners’ Dilemma) is a game of imperfect in-
formation. Similarly, the two-stage games studied in Section 2.2.A
have imperfect information because the actions of players 1 and 2
are simultaneous, as are the actions of players 3 and 4. More gen-
erally, a dynamic game of complete but imperfect information can
be represented in extensive form by using nonsingleton informa-
tion sets to indicate what each player knows (and does not know)
when he or she has the move, as was done in Figure 2.4.4.

2.4B Subgame-Perfect Nash Equilibrium

In Section 2.3.B we gave the general definition of subgame-perfect
Nash equilibrium. We applied the definition only to repeated
games, however, because we defined a strategy and a subgame
only for repeated games. In Section 2.4.A we gave the general
definition of a strategy. We now give the general definition of a
subgame, after which we will be able to apply the definition of a
subgame-perfect Nash equilibrium to general dynamic games of
complete information.

Recall that in Section 2.3.B we informally defined a subgame
as the piece of a game that remains to be played beginning at
any point at which the complete history of the game thus far is
common knowledge among the players, and we gave a formal
definition for the repeated games we considered there. We now
give a formal definition for a general dynamic game of complete
information, in terms of the game’s extensive-form representation.

Definition A subgame in an extensive-form game

(a) begins at a decision node n that is a singleton information set (but
is not the game’s first decision node),

(b) includes all the decision and terminal nodes following n in the game
tree (but no nodes that do not follow n), and

YThis characterization of perfect and imperfect information in terms of single-
ton and nonsingleton information sets is restricted to games of complete infor-
mation because, as we will see in Chapter 4, the extensive-form representation of
a game with perfect but incomplete information has a nonsingleton information
set In this chapter, however, we restrict attention to complete information.
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(c) does not cut any information sets (i.e., if a decision node n' follows n
in the game tree, then all other nodes in the information set contain-
ing n' must also follow n, and so must be included in the subgame).

Because of the parenthetical remark in part (a), we do not count the
whole game as a subgame, but this is only a matter of style: drop-
ping that parenthetical remark from the definition would have no
effect in what follows.

We can use the game in Figure 2.4.1 and the Prisoners’ Dilemma
in Figure 2.4.3 to illustrate parts (a) and (b) of this definition.
In Figure 2.4.1 there are two subgames, one beginning at each
of player 2's decision nodes. In the Prisoners’ Dilemma (or any
other simultaneous-move game) there are no subgames. To illus-
trate part (c) of the definition, consider the game in Figure 2.4.4.
There is only one subgame; it begins at player 3’s decision node
following R by player 1 and R’ by player 2. Because of part (c),
a subgame does not begin at either of player 2’s decision nodes
in this game, even though both of these nodes are singleton infor-
mation sets.

One way to motivate part (c) is to say that we want to be able
to analyze a subgame on its own, and we want the analysis to be
relevant to the original game. In Figure 2.4.4, if we attempted to
define a subgame beginning at player 2’s decision node following
L by player 1, then we would be creating a subgame in which
player 3 is ignorant about player 2's move but knows player 1’s
move. Such a subgame would not be relevant to the original game
because in the latter player 3 does not know player 1’s move but
instead observes only whether or not (4;,42) = (R,R’). Recall the
related argument for why the # stage game in a repeated game
taken on its own is not a subgame of the repeated game, assuming
t < T in the finite case.

Another way to motivate part (c) is to note that part (a) guar-
antees only that the player with the move at node n knows the
complete history of the game thus far, not that the other players
also know this history. Part (c) guarantees that the complete his-
tory of the game thus far is to be common knowledge among all
the players, in the following sense: at any node that follows n, say
', the player with the move at n’ knows that the play of the game
reached node n. Thus, even if n’ belongs to a nonsingleton infor-
mation set, all the nodes in that information set follow 7, so the
player with the move at that information set knows that the game
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has reached a node that follows n. (If the last two statements seem
awkward, it is in part because the extensive-form representation
of a game specifies what player i knows at each of i's decision
nodes but does not explicitly specify what i knows at j's decision
nodes.) As described earlier, Figure 2.4.4 offers an example of how
part (c) could be violated. We can now reinterpret this example:
if we (informally) characterized what player 3 knows at player 2’s
decision node following L by player 1, we would say that 3 does
not know the history of the game thus far, because 3 has subse-
quent decision nodes at which 3 does not know whether 1 played
LorR.

Given the general definition of a subgame, we can now ap-
ply the definition of subgame-perfect Nash equilibrium from Sec-
tion 2.3.B.

Definition (Selten 1965): A Nash equilibrium is subgame-perfect if
the players’ strategies constitute a Nash equilibrium in every subgame.

It is straightforward to show that any finite dynamic game of
complete information (i.e., any dynamic game in which each of a
finite number of players has a finite set of feasible strategies) has
a subgame-perfect Nash equilibrium, perhaps in mixed strategies.
The argument is by construction, involving a procedure in the
spirit of backwards induction, and is based on two observations.
First, although we presented Nash’s Theorem in the context of
static games of complete information, it applies to all finite normal-
form games of complete information, and we have seen that such
games can be static or dynamic. Second, a finite dynamic game
of complete information has a finite number of subgames, each of
which satisfies the hypotheses of Nash’s Theorem.?

2To construct a subgame-perfect Nash equlibrium, first identity all the small-
est subgames that contain terminal nodes 1n the original game tree (where a
subgame is a smallest subgame if it does not contain any other subgames). Then
replace each such subgame with the payoffs from one of its Nash equilibria.
Now think of the mitial nodes in these subgames as the terminal nodes mn a
truncated version of the original game. Identify all the smallest subgames in
this truncated game that contain such terminal nodes, and replace each of these
subgames with the payoffs from one of its Nash equilibria. Working backwards
through the tree m this way yields a subgame-perfect Nash equilibrium because
the players’ strategies constitute a Nash equilibrium (in fact, a subgame-perfect
Nash equilibrtum) 1n every subgame.
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We have already encountered two ideas that are intimately re-
lated to subgame-perfect Nash equilibrium: the backwards-induc-
tion outcome defined in Section 2.1.A, and the subgame-perfect
outcome defined in Section 2.2.A. Put informally, the difference is
that an equilibrium is a collection of strategies (and a strategy is a
complete plan of action), whereas an outcome describes what will
happen only in the contingencies that are expected to arise, not
in every contingency that might arise. To be more precise about
the difference between an equilibrium and an outcome, and to il-
lustrate the notion of subgame-perfect Nash equilibrium, we now
reconsider the games defined in Sections 2.1.A and 2.2.A.

Definition In the two-stage game of complete and perfect information de-
fined in Section 2.1.A, the backwards-induction outcome is
(a},Ra2(az)) but the subgame-perfect Nash equilibrium is (a7, Ry(a1)).

In this game, the action aj is a strategy for player 1 because
there is only one contingency in which player 1 can be called
upon to act—the beginning of the game. For player 2, however,
Ry(a7) is an action (namely, 2’s best response to a}) but not a
strategy, because a strategy for player 2 must specify the action
2 will take following each of 1’s possible first-stage actions. The
best-response function Ry(41), on the other hand, is a strategy for
player 2. In this game, the subgames begin with (and consist solely
of) player 2's move in the second stage. There is one subgame
for each of player 1’s feasible actions, a; in A;. To show that
(a7,Rz(a1)) is a subgame-perfect Nash equilibrium, we therefore
must show that (a7,Rz(41)) is a Nash equilibrium and that the
players’ strategies constitute a Nash equilibrium in each of these
subgames. Since the subgames are simply single-person decision
problems, the latter reduces to requiring that player 2's action be
optimal in every subgame, which is exactly the problem that the
best-response function R;(a;1) solves. Finally, (a}, R2(a1)) is a Nash
equilibrium because the players’ strategies are best responses to
each other: a} is a best response to Ry(a; )—that is, a7 maximizes
u1(a1,R2(a1)), and Ry(ay) is a best response to aj—that is, Ry(a)
maximizes uz(a5,a;).

The arguments are analogous for the games considered in Sec-
tion 2.2.A, so we do not give as much detail.

Definition In the two-stage game of complete but imperfect informa-
tion defined in Section 2.2.A, the subgame-perfect outcome is (aj,ay,
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a3 (ay,ay),a;(ay,a3)) but the subgame-perfect Nash equilibrium is
(a;‘,a;,a;(al,az),aZ(al,az)).

In this game, the action pair (a3 (af,a3), a3 (a7,a3)) is the Nash equi-
librium of a single subgame between players 3 and 4 (namely, the
game that remains after players 1 and 2 choose (47,43)), whereas
(a3(ay,a2),a;(a1,a2)) is a strategy for player 3 and a strategy for
player 4—complete plans of action describing a response to every
feasible pair of moves by players 1 and 2. In this game, the sub-
games consist of the second-stage interaction between players 3
and 4, given the actions taken by players 1 and 2 in the first stage.
As required for a subgame-perfect Nash equilibrium, the strategy
pair (a3(a1,a2),a;5(a1,a2)) specifies a Nash equilibrium in each of
these subgames.

We conclude this section (and this chapter) with an example
that illustrates the main theme of the chapter: subgame-perfection
eliminates Nash equilibria that rely on noncredible threats or prom-
ises. Recall the extensive-form game in Figure 2.4.1. Had we en-
countered this game in Section 2.1.A, we would have solved it
by backwards induction, as follows. If player 2 reaches the de-
cision node following L by player 1, then 2’s best response is to
play R’ (which yields a payoff of 2) rather than to play L’ (which
yields a payoff of 1). If 2 reaches the decision node following R by
player 1, then 2’s best response is to play L’ (which yields a pay-
off of 1) rather than to play R’ (which yields a payoff of 0). Since
player 1 can solve player 2’s problem as well as 2 can, 1’s problem
at the first stage amounts to choosing between L (which leads to
a payoff of 1 for player 1, after player 2 plays R’) and R (which
leads to a payoff of 2 for player 1, after player 2 plays L'). Thus,
player 1’s best response to the anticipated behavior by player 2 is
to play R in the first stage, so the backwards-induction outcome
of the game is (R,L’), as indicated by the bold path beginning at
player 1’s decision node in Figure 2.4.5. There is an additional
bold path emanating from player 2’s decision node following L
by player 1. This partial path through the game tree indicates
that player 2 would have chosen R’ if that decision node had been
reached.

Recall that the normal-form representation of this game was
given in Figure 2.4.2. If we had encountered this normal-form
game in Section 1.1.C, we would have solved for its (pure-strategy)
Nash equilibria. They are (R, (R’,L’)) and (L, (R’,R’)). We can
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Figure 2.4.5.

now compare these Nash equilibria in the normal-form game in
Figure 2.4.2 with the results of the backwards-induction procedure
in the extensive-form game in Figure 2.4.5: the Nash equilibrium
(R, (R,L")) in the normal-form representation corresponds to all
the bold paths in Figure 2.4.5. In Section 2.1.A we called (R,L’)
the backwards-induction outcome of the game. It would be nat-
ural to call (R, (R’,L’)) the backwards-induction Nash equilibrium
of the game, but we will use more general terminology and call
it the subgame-perfect Nash equilibrium. The difference between
the outcome and the equilibrium is that the outcome specifies only
the bold path beginning at the game’s first decision node and con-
cluding at a terminal node, whereas the equilibrium also specifies
the additional bold path emanating from player 2’s decision node
following L by player 1. That is, the equilibrium specifies a com-
plete strategy for player 2.

But what about the other Nash equilibrium, (L, (R’,R’))? In
this equilibrium, player 2’s strategy is to play R’ not only if player 1
chooses L (as was also the case in the first Nash equilibrium) but
also if player 1 chooses R. Because R’ (following R) leads to a pay-
off of 0 for player 1, player 1's best response to this strategy by
player 2 is to play L, thereby achieving a payoff of 1 for player 1
(after player 2 chooses R’), which is better than 0. Using loose but
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evocative language, one might say that player 2 is threatening to
play R’ if player 1 plays R. (Strictly speaking, there is no oppor-
tunity for 2 to make such a threat before 1 chooses an action. If
there were, it would be included in the extensive form.) If this
threat works (i.e., if 1 chooses to play L), then 2 is not given the
opportunity to carry out the threat. The threat should not work,
however, because it is not credible: if player 2 were given the op-
portunity to carry it out (i.e., if player 1 played R), then player 2
would decide to play L’ rather than R’. Put more formally, the
Nash equilibrium (L, (R’, R")) is not subgame-perfect, because the
players’ strategies do not constitute a Nash equilibrium in one of
the subgames. In particular, player 2's choice of R’ is not optimal
in the subgame beginning at (and consisting solely of) player 2’s
decision node following R by player 1.

In a game of complete and perfect information, backwards in-
duction eliminates noncredible threats. Because every information
set is a singleton, each decision node in the tree represents a con-
tingency that could arise in which a player would be called upon
to act. The process of working backwards through the extensive
form, node by node, thus amounts to forcing each player to con-
sider carrying out each threat the player might make. In a game of
imperfect information, however, things are not so simple, because
such a game involves at least one nonsingleton information set.
One could try the same approach: work backwards through the
extensive form and eventually reach a decision node that is con-
tained in a nonsingleton information set. But forcing the player
to consider what he or she would do if that decision node were
reached is not equivalent to forcing the player to consider a con-
tingency that could arise in which the player would be called on
to act, because if that information set is reached by the play of
the game then the player does not know whether or not that de-
cision node has been reached, precisely because the decision node
is contained in a nonsingleton information set.

One way to handle the problem of nonsingleton information
sets in backwards induction is to work backwards through the ex-
tensive form until one encounters a nonsingleton information set,
but skip over it and proceed up the tree until a singleton informa-
tion set is found. Then consider not only what the player with the
move at that singleton information set would do if that decision
node were reached, but also what action would be taken by the
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player with the move at each of the nonsingleton information sets
that has been skipped. Roughly speaking, this procedure yields a
subgame-perfect Nash equilibrium. A second way to handle the
problem is to work backwards through the extensive form until
one encounters a nonsingleton information set. Then force the
player with the move at that information set to consider what he
or she would do if that information set were reached. (Doing this
requires that the player have a probability assessment concerning
which node in the information set has been reached. Such an as-
sessment will of course depend on the players’ possible moves
higher up the game tree, so one pass through the tree from the
bottom up cannot yield a solution using this method.) Roughly
speaking, this procedure yields a perfect Bayesian equilibrium; see
Chapter 4.

2.5 Further Reading

Section 2.1: On wages and employment in unionized firms, see
Espinosa and Rhee (1989; Problem 2.10) for a model of repeated
negotiations, and Staiger (1991) for a model of a single negotia-
tion in which the firm can choose whether to bargain over wages
and employment or over only wages. On sequential bargaining,
see Fernandez and Glazer (1991) for a Rubinstein-style model of
bargaining between a firm and a union, with the new feature that
the union must decide whether to go on strike after either it or the
firm rejects an offer. There are multiple efficient subgame-perfect
equilibria, which in turn support inefficient subgame-perfect equi-
libria (i.e., equilibria involving strikes), even though there is com-
plete information. Osborne and Rubinstein’s (1990) book surveys
many game-theoretic bargaining models, relates them to Nash’s
axiomatic approach to bargaining, and uses bargaining models as
a foundation for the theory of markets.

Section 2.2: On bank runs, see Jacklin and Bhattacharya (1988).
McMillan’s (1986) book surveys the early applications of game
theory to international economics; see Bulow and Rogoff (1989)
for more recent work on sovereign debt. On tournaments, see
Lazear (1989; Problem 2.8) for a model in which workers can both
increase their own outputs and sabotage others’, and see Rosen
(1986) on the prizes necessary to maintain incentives in a sequence
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of tournaments in which losers in one round do not proceed to
the next.

Section 2.3: Benoit and Krishna (1985) analyze finitely repeated
games. On renegotiation, see Benoit and Krishna (1989) for finitely
repeated games and Farrell and Maskin (1989) for infinitely re-
peated games and a review of the literature. Tirole (1988, Chap-
ter 6) surveys dynamic oligopoly models. Akerlof and Yellen's
(1986) book collects many of the important papers on efficiency
wages and provides an integrative introduction. On monetary
policy, see Ball (1990) for a summary of the stylized facts, a re-
view of existing models, and a model that explains the time-path
of inflation.

Section 2.4: See Kreps and Wilson (1982) for a formal treatment
of extensive-form games, and Kreps (1990, Chapter 11) for a more
discursive account.

2.6 Problems

Section 2.1

2.1. Suppose a parent and child play the following game, first
analyzed by Becker (1974). First, the child takes an action, A, that
produces income for the child, Ic(A), and income for the parent,
Ip(A). (Think of Ic(A) as the child’s income net of any costs of the
action A.) Second, the parent observes the incomes Ic and Ip and
then chooses a bequest, B, to leave to the child. The child’s payoff
is U(I¢ + B); the parent’s is V(Ip — B) + kU(I¢c + B), where k > 0 re-
flects the parent’s concern for the child’s well-being. Assume that:
the action is a nonnegative number, A > 0; the income functions
Ic(A) and Ip(A) are strictly concave and are maximized at Ac > 0
and Ap > 0, respectively; the bequest B can be positive or nega-
tive; and the utility functions U and V are increasing and strictly
concave. Prove the “Rotten Kid” Theorem: in the backwards-
induction outcome, the child chooses the action that maximizes
the family’s aggregate income, Ic(A) + Ip(A), even though only
the parent’s payoff exhibits altruism.

2.2. Now suppose the parent and child play a different game,
first analyzed by Buchanan (1975). Let the incomes Ic and Ip
be fixed exogenously. First, the child decides how much of the



Problems 131

income I¢ to save (S) for the future, consuming the rest (Ic — S)
today. Second, the parent observes the child’s choice of S and
chooses a bequest, B. The child’s payoff is the sum of current
and future utilities: U;(Ic — S) + Uz(S -+ B). The parent’s payoff
is V(Ip — B) + k[{U;(Ic — S) + U2(S + B)]. Assume that the utility
functions U;, Uy, and V are increasing and strictly concave. Show
that there is a “Samaritan’s Dilemma”: in the backwards-induction
outcome, the child saves too little, so as to induce the parent to
leave a larger bequest (i.e., both the parent’s and child’s payoffs
could be increased if S were suitably larger and B suitably smaller).

2.3. Suppose the players in Rubinstein’s infinite-horizon bargain-
ing game have different discount factors: §; for player 1 and 42
for player 2. Adapt the argument in the text to show that in the
backwards-induction outcome, player 1 offers the settlement

(1—52 52(1—51)>
1-6162" 1— 66>

to player 2, who accepts.

2.4. Two partners would like to complete a project. Each partner
receives the payoff V when the project is completed but neither
receives any payoff before completion. The cost remaining before
the project can be completed is R. Neither partner can commit to
making a future contribution towards completing the project, so
they decide to play the following two-period game: In period one
partner 1 chooses to contribute c; towards completion. If this con-
tribution is sufficient to complete the project then the game ends
and each partner receives V. If this contribution is not sufficient
to complete the project (i.e., c; < R) then in period two partner 2
chooses to contribute ¢; towards completion. If the (undiscounted)
sum of the two contributions is sufficient to complete the project
then the game ends and each partner receives V. If this sum is
not sufficient to complete the project then the game ends and both
partners receive zero.

Each partner must generate the funds for a contribution by
taking money away from other profitable activities. The optimal
way to do this is to take money away from the least profitable al-
ternatives first. The resulting (opportunity) cost of a contribution
is thus convex in the size of the contribution. Suppose that the



132 DYNAMIC GAMES OF COMPLETE INFORMATION

cost of a contribution ¢ is c? for each partner. Assume that part-
ner 1 discounts second-period benefits by the discount factor 6,
Compute the unique backwards-induction outcome of this two-
period contribution game for each triple of parameters {V,R,¢};
see Admati and Perry (1991) for the infinite-horizon case.

2.5. Suppose a firm wants a worker to invest in a firm-specific
skill, S, but the skill is too nebulous for a court to verify whether
the worker has acquired it. (For example, the firm might ask the
worker to “familiarize yourself with how we do things around
here,” or “become an expert on this new market we might enter.”)
The firm therefore cannot contract to repay the worker’s cost of
investing: even if the worker invests, the firm can claim that the
worker did not invest, and the court cannot tell whose claim is
true. Likewise, the worker cannot contract to invest if paid in
advance.

It may be that the firm can use the (credible) promise of a
promotion as an incentive for the worker to invest, as follows.
Suppose that there are two jobs in the firm, one easy (E) and the
other difficult (D), and that the skill is valuable on both jobs but
more so on the difficult job: ypo < ¥ro < Yes < Yps, where y;; is the
worker’s output in job i (= E or D) when the worker’s skill level
isj (= 0 or S). Assume that the firm can commit to paying different
wages in the two jobs, wg and wp, but that neither wage can be less
than the worker’s alternative wage, which we normalize to zero.

The timing of the game is as follows: At date 0 the firm chooses
wg and wp and the worker observes these wages. At date 1 the
worker joins the firm and can acquire the skill S at cost C. (We
ignore production and wages during this first period. Since the
worker has not yet acquired the skill, the efficient assignment is
to job E.) Assume that yps — ygo > C, so that it is efficient for
the worker to invest. At date 2 the firm observes whether the
worker has acquired the skill and then decides whether to promote
the worker to job D for the worker’s second (and last) period of
employment.

The firm’s second-period profit is y;; — w; when the worker is
in job i and has skill level j. The worker’s payoff from being in
job i in the second period is w; or w; — C, depending on whether
the worker invested in the first period. Solve for the backwards-
induction outcome. See Prendergast (1992) for a richer model.
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Section 2.2

2.6. Three oligopolists operate in a market with inverse demand
given by P(Q) = a — Q, where Q = q1 + g2 + g3 and g; is the
quantity produced by firm i. Each firm has a constant marginal
cost of production, ¢, and no fixed cost. The firms choose their
quantities as follows: (1) firm 1 chooses g1 > 0; (2) firms 2 and 3
observe g1 and then simultaneously choose g, and g3, respectively.
What is the subgame-perfect outcome?

2.7. Suppose a union is the sole supplier of labor to all the firms
in an oligopoly, such as the United Auto Workers is to General
Motors, Ford, Chrysler, and so on. Let the timing of moves be
analogous to the model in Section 2.1.C: (1) the union makes a
single wage demand, w, that applies to all the firms; (2) the firms
observe (and accept) w and then simultaneously choose employ-
ment levels, L; for firm i; (3) payoffs are (w — w,)L for the union,
where w, is the wage that union members can earn in alternative
employment and L = Li+- - -+Lj is total employment in the union-
ized firms, and profit 7(w, L;) for firm i, where the determinants
of firm i’s profit are described next.

All firms have the following production function: output equals
labor; g; = L;. The market-clearing price is P(Q) = a — Q when
the aggregate quantity on the market is Q =¢; +--- +4». To keep
things simple, suppose that firms have no costs other than wages.
What is the subgame-perfect outcome of this game? How (and
why) does the number of firms affect the union’s utility in the
subgame-perfect outcome?

2.8. Modify the tournament model in Section 2.2.D so that
worker i's output is y; = ¢; — (1 /2)s]- + ¢;, where s; > 0 represents
sabotage by worker j, and worker i’s disutility of (productive and
destructive) effort is g(e;) +g(s;), as in Lazear (1989). Show that the
optimal prize wy — wy, is smaller than when there is no possibility
of sabotage (as in the text).

2.9. Consider two countries. At date 1, the countries both have
such high tariffs that there is no trade. Within each country, wages
and employment are determined as in the monopoly-union model
in Section 2.1.C. At date 2, all tariffs disappear. Now each union
sets the wage in its country but each firm produces for both mar-
kets.
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Assume that in each country inverse demand is P(Q) =a—Q,
where Q is the aggregate quantity on the market in that country.
Let the production function for each firm be g = L, so that wages
are the firm’s only cost, and let the union’s utility function be
U(w,L) = (w — wp)L, where wy is the workers’ alternative wage.
Solve for the backwards-induction outcome at date 1.

Now consider the following game at date 2. First, the two
unions simultaneously choose wages, w; and w,. Then the firms
observe the wages and choose production levels for the domestic
and foreign markets, denoted by k; and e; for the firm in country 1.
All of firm i’s production occurs at home, so the total cost is w;(h;+
e;). Solve for the subgame-perfect outcome. Show that wages,
employment, and profit (and therefore also the union’s utility and
consumer surplus) all increase when the tariffs disappear. See
Huizinga (1989) for other examples along these lines.

Section 2.3

2.10. The accompanying simultaneous-move game is played
twice, with the outcome of the first stage observed before the sec-
ond stage begins. There is no discounting. The variable x is greater
than 4, so that (4,4) is not an equilibrium payoff in the one-shot
game. For what values of x is the following strategy (played by
both players) a subgame-perfect Nash equilibrium?

Play Q; in the first stage. If the first-stage outcome is
(Q1, Q2), play P; in the second stage. If the first-stage
outcome is (y, Q) where y # Qy, play R; in the second
stage. If the first-stage outcome is (Q;,z) where z # Qy,
play S; in the second stage. If the first-stage outcome
is (y,z) where y # Q; and z # Q, play P; in the second

stage.
P, Q2 R> S
Pl 22 x 0|=1 0] 00
Q1 0, x 4, 4 -1, 0 0,0
R, 0, O 0, O 0, 2 0,0
51 0, -1 0,—-1 -1,-1 2,0
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2.11. The simultaneous-move game (below) is played twice, with
the outcome of the first stage observed before the second stage be-
gins. There is no discounting. Can the payoff (4,4) be achieved
in the first stage in a pure-strategy subgame-perfect Nash equilib-
rium? If so, give strategies that do so. If not, prove why not.

L C R
T 13,1|0,0|5,0
Mi21(1,2]3,1
B|1,2]0,1|4,4

2.12. What is a strategy in a repeated game? What is a subgame
in a repeated game? What is a subgame-perfect Nash equilibrium?

2.13. Recall the static Bertrand duopoly model (with homoge-
neous products) from Problem 1.7: the firms name prices simul-
taneously; demand for firm i’s product is a —p; if p; < p;, is O
if p; > p;, and is (@ — p;)/2 if p; = p;; marginal costs are ¢ < a.
Consider the infinitely repeated game based on this stage game.
Show that the firms can use trigger strategies (that switch forever
to the stage-game Nash equilibrium after any deviation) to sustain
the monopoly price level in a subgame-perfect Nash equilibrium
if and only if 6 > 1/2.

2.14. Suppose that demand fluctuates randomly in the infinitely
repeated Bertrand game described in Problem 2.13: in each period,
the demand intercept is ag with probability = and a; (< agy) with
probability 1 — 7; demands in different periods are independent.
Suppose that each period the level of demand is revealed to both
firms before they choose their prices for that period. What are the
monopoly price levels (psr and pr) for the two levels of demand?
Solve for 6*, the lowest value of § such that the firms can use
trigger strategies to sustain these monopoly price levels (i.e., to
play p; when demand is a;, for i = H,L) in a subgame-perfect
Nash equilibrium. For each value of § between 1/2 and §*, find
the highest price p(6) such that the firms can use trigger strategies
to sustain the price p(6) when demand is high and the price pp
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when demand is low in a subgame-perfect Nash equilibrium. (See
Rotemburg and Saloner 1986.)

2.15. Suppose there are n firms in a Cournot oligopoly. Inverse
demand is given by P(Q) =a — Q, where Q = g1 + - -- + q». Con-
sider the infinitely repeated game based on this stage game. What
is the lowest value of § such that the firms can use trigger strate-
gies to sustain the monopoly output level in a subgame-perfect
Nash equilibrium? How does the answer vary with n, and why?
If § is too small for the firms to use trigger strategies to sus-
tain the monopoly output, what is the most-profitable symmet-
ric subgame-perfect Nash equilibrium that can be sustained using
trigger strategies?

2.16. In the model of wages and employment analyzed in Sec-
tion 2.1.C, the backwards-induction outcome is not socially effi-
cient. In practice, however, a firm and a union negotiate today
over the terms of a three-year contract, then negotiate three years
from today over the terms of a second contract, and so on. Thus,
the relationship may be more accurately characterized as a re-
peated game, as in Espinosa and Rhee (1989).

This problem derives conditions under which a subgame-
perfect Nash equilibrium in the infinitely repeated game is Pareto-
superior to the backwards-induction outcome of the one-shot
game. Denote the union’s utility and the firm’s profit in the
backwards-induction outcome of the one-shot game by U* and
m*, respectively. Consider an alternative utility-profit pair (U, 7)
associated with an alternative wage-employment pair (w, L). Sup-
pose that the parties share the discount factor § (per three-year
period). Derive conditions on (w,L) such that (1) (U, ) Pareto-
dominates (U*,7*) and (2) (U, n) is the outcome of a subgame-
perfect Nash equilibrium of the infinitely repeated game, where
(U, n*) is played forever following a deviation.

2.17. Consider the following infinite-horizon game between a
single firm and a sequence of workers, each of whom lives for
one period. In each period the worker chooses either to expend
effort and so produce output y at effort cost ¢ or to expend no ef-
fort, produce no output, and incur no cost. If output is produced,
the firm owns it but can share it with the worker by paying a
wage, as described next. Assume that at the beginning of the
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period the worker has an alternative opportunity worth zero (net
of effort cost) and that the worker cannot be forced to accept a
wage less than zero. Assume also that ¥ > c so that expending
effort is efficient.

Within each period, the timing of events is as follows: first the
worker chooses an effort level, then output is observed by both
the firm and the worker, and finally the firm chooses a wage to
pay the worker. Assume that no wage contracts can be enforced:
the firm’s choice of a wage is completely unconstrained. In a one-
period game, therefore, subgame-perfection implies that the firm
will offer a wage of zero independent of the worker’s output, so
the worker will not expend any effort.

Now consider the infinite-horizon problem. Recall that each
worker lives for only one period. Assume, however, that at the
beginning of period ¢, the history of the game through period t—1
is observed by the worker who will work in period t. (Think of
this knowledge as being passed down through the generations
of workers.) Suppose the firm discounts the future according to
the discount factor § per period. Describe strategies for the firm
and each worker in a subgame-perfect equilibrium in the infinite-
horizon game in which in equilibrium each worker expends effort
and so produces output y, provided the discount factor is high
enough. Give a necessary and sufficient condition for your equi-
librium to exist.

Section 2.4

2.18. What is a strategy (in an arbitrary game)? What is an in-
formation set? What is a subgame (in an arbitrary game)?

2.19. In the three-period version of Rubinstein’s bargaining model
analyzed in Section 2.1.D, we solved for the backwards-induction
outcome. What is the subgame-perfect Nash equilibrium?

2.20. Consider the following strategies in the infinite-horizon ver-
sion of Rubinstein’s bargaining model. (Recall the notational con-
vention that the offer (s,1 — s) means that Player 1 will get s and
Player 2 will get 1 — s, independent of who made the offer.) Let
s* = 1/(1 + 6). Player 1 always offers (s*,1 — s*) and accepts an
offer (s,1 — s) only if s > és*. Player 2 always offers (1 — s*,s*)
and accepts an offer (s,1 —s) only if 1 —s > §s*. Show that these
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strategies are a Nash equilibrium. Show that this equilibrium is
subgame-perfect.

2.21. Give the extensive-form and normal-form representations
of the grenade game described in Section 2.1. What are the pure-
strategy Nash equilibria? What is the backwards-induction out-
come? What is the subgame-perfect Nash equilibrium?

2.22. Give the extensive- and normal-form representations of the
bank-runs game discussed in Section 2.2.B. What are the pure-
strategy subgame-perfect Nash equilibria?

2.23. A buyer and seller would like to trade. Before they do,
the buyer can make an investment that increases the value he or
she puts on the object to be traded. This investment cannot be
observed by the seller, and does not affect the value the seller
puts on the object, which we normalize to zero. (As an example,
think of one firm buying another. Some time before the merger,
the acquirer could take steps to change the products it plans to
introduce, so that they mesh with the acquired firm’s products
after the merger. If product development takes time and product
life cycles are short, there is not enough time for this investment
by the acquirer to occur after the merger.) The buyer’s initial
value for the object is v > 0; an investment of I increases the
buyer’s value to v + I but costs I>. The timing of the game is as
follows: First, the buyer chooses an investment level I and incurs
the cost I?. Second, the seller does not observe I but offers to
sell the object for the price p. Third, the buyer accepts or rejects
the seller’s offer: if the buyer accepts, then the buyer’s payoff is
v+1—p—I? and the seller’s is p; if the buyer rejects, then these
payoffs are —I? and zero, respectively. Show that there is no pure-
strategy subgame-perfect Nash equilibrium of this game. Solve
for the mixed-strategy subgame-perfect Nash equilibria in which
the buyer’s mixed strategy puts positive probability on only two
levels of investment and the seller’s mixed strategy puts positive
probability on only two prices.
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Chapter 3

Static Games of Incomplete
Information

This chapter begins our study of games of incomplete information,
also called Bayesian games. Recall that in a game of complete infor-
mation the players’ payoff functions are common knowledge. In
a game of incomplete information, in contrast, at least one player
is uncertain about another player’s payoff function. One common
example of a static game of incomplete information is a sealed-bid
auction: each bidder knows his or her own valuation for the good
being sold but does not know any other bidder’s valuation; bids
are submitted in sealed envelopes, so the players’” moves can be
thought of as simultaneous. Most economically interesting Bayes-
ian games, however, are dynamic. As we will see in Chapter 4,
the existence of private information leads naturally to attempts by
informed parties to communicate (or mislead) and to attempts by
uninformed parties to learn and respond. These are inherently
dynamic issues.

In Section 3.1 we define the normal-form representation of a
static Bayesian game and a Bayesian Nash equilibrium in such
a game. Since these definitions are abstract and a bit complex,
we introduce the main ideas with a simple example—Cournot
competition under asymmetric information.

In Section 3.2 we consider three applications. First, we provide
a formal discussion of the interpretation of a mixed strategy given
in Chapter 1: player j’s mixed strategy represents player i’s uncer-
tainty about j's choice of a pure strategy, and j's choice depends on
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the realizatjion of a small amount of private information. Second,
we analyze a sealed-bid auction in which the bidders’ valuations
are private information but the seller’s valuation is known. Fi-
nally, we consider the case in which a buyer and a seller each
have private information about their valuations (as when a firm
knows a worker’s marginal product and the worker knows his
or her outside opportunity). We analyze a trading game called a
double auction: the seller names an asking price and the buyer
simultaneously names an offer price; trade occurs at the average
of the two prices if the latter exceeds the former.

In Section 3.3 we state and prove the Revelation Principle, and
briefly suggest how it can be applied in designing games when
the players have private information.

3.1 Theory: Static Bayesian Games and Bayesian
Nash Equilibrium

3.1.A An Example: Cournot Competition under
Asymmetric Information

Consider a Cournot duopoly model with inverse demand given
by P(Q) = a — Q, where Q = g7 + g2 is the aggregate quantity
on the market. Firm 1’s cost function is Cy(g1) = cq;. Firm 2’s
cost function, however, is C2(g2) = cyg2 with probability § and
C»2(g2) = cLg> with probability 1 — 6, where ¢;, < ¢g. Furthermore,
information is asymmetric: firm 2 knows its cost function and
firm 1’s, but firm 1 knows its cost function and only that firm 2’s
marginal cost is cy with probability  and c;, with probability 1—-6.
(Firm 2 could be a new entrant to the industry, or could have just
invented a new technology.) All of this is common knowledge:
firm 1 knows that firm 2 has superior information, firm 2 knows
that firm 1 knows this, and so on.

Naturally, firm 2 may want to choose a different (and pre-
sumably lower) quantity if its marginal cost is high than if it is
low. Firm 1, for its part, should anticipate that firm 2 may tailor
its quantity to its cost in this way. Let 43(cy) and g3 (cr) denote
firm 2’s quantity choices as a function of its cost, and let 47 de-
note firm 1’s single quantity choice. If firm 2’s cost is high, it will
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choose g3 (cy) to solve

max [(a — g5 — 92) — culg2-

Similarly, if firm 2’s cost is low, g5 (c) will solve

max [(a - 47 — 42) — cLlq2-
Finally, firm 1 knows that firm 2’s cost is high with probability ¢
and should anticipate that firm 2’s quantity choice will be g3 (cy)
or g3(cr), depending on firm 2’s cost. Thus, firm 1 chooses g7 to
solve

max 6{(a — g1 = 43 (cp)) — clqr + (1 = 0)[(@ — 41 — gz (1)) — o
so as to maximize expected profit.
The first-order conditions for these three optimization prob-
lems are

" a—gqgy —c¢
gilen) = I,
a—g]—c
gla) = 2L,
and
g = e alen) —d+ (1= 0)l(a = g5(er) = ]
5 :

Assume that these first-order conditions characterize the solutions
to the earlier optimization problems. (Recall from Problem 1.6
that in a complete-information Cournot duopoly, if the firms’ costs
are sufficiently different then in equilibrium the high-cost firm
produces nothing. As an exercise, find a sufficient condition to
rule out the analogous problems here.) The solutions to the three
first-order conditions are

a—2cg+c 1—6

q;(CH) = 3 + 6 (CH - CL):
. a—2c +c 6
g5(c) = ‘—?L— - E(CH —cr),

and
. 0—2c+0cy+ (1-0)
11 = 3 .
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Compare g5(cy), 93(cL), and g7 to the Cournot equilibrium un-
der complete information with costs ¢; and c;. Assuming that the
values of ¢; and c; are such that both firms’ equilibrium quanti-
ties are both positive, firm i produces g; = (4 — 2c; + ¢;)/3 in this
complete-information case. In the incomplete-information case, in
contrast g5 (cy) is greater than (a — 2cy + c)/3 and g3(cr) is less
than (a — 2c;, +¢)/3. This occurs because firm 2 not only tailors
its quantity to its cost but also responds to the fact that firm 1
cannot do so. If firm 2’s cost is high, for example, it produces less
because its cost is high but also produces more because it knows
that firm 1 will produce a quantity that maximizes its expected
profit and thus is smaller than firm 1 would produce if it knew
firm 2’s cost to be high. (A potentially misleading feature of this
example is that g7 exactly equals the expectation of the Cournot
quantities firm 1 would produce in the two corresponding games
of complete information. This is typically not true; consider the
case in which firm i’s total cost is ¢;g?, for example.)

3.1.B Normal-Form Representation of Static Bayesian
Games

Recall that the normal-form representation of an n-player game

of complete information is G = {S;...S4u;...u,}, where S; is
player i’s strategy space and u;(s1, . ..,5y) is player i’s payoff when
the players choose the strategies (si,...,5,). As discussed in Sec-

tion 2.3.B, however, in a simultaneous-move game of complete
information a strategy for a player is simply an action, so we can
write G = {A;... Ap;u1...u,}, where A; is player i's action space
and u;(a1,...,a,) is player i's payoff when the players choose the
actions (a1, ...,4,). To prepare for our description of the timing of
a static game of incomplete information, we describe the timing of
a static game of complete information as follows: (1) the players si-
multaneously choose actions (player i chooses a; from the feasible
set A;), and then (2) payoffs u;(a;,...,a,) are received.

We now want to develop the normal-form representation of a
simultaneous-move game of incomplete information, also called a
static Bayesian game. The first step is to represent the idea that
each player knows his or her own payoff function but may be
uncertain about the other players” payoff functions. Let player i’'s
possible payoff functions be represented by u;(a1, ..., an; t;), where
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t; is called player i’s type and belongs to a set of possible types
(or type space) T;. Each type t; corresponds to a different payoff
function that player i might have.

As an abstract example suppose player 7 has two possible pay-
off functions. We would say that player i has two types, t;; and
t;2, that player i’s type space is T; = {t;1t;2}, and that player i’s two
payoff functions are u;(ay,...,ax; ti1) and u;(ay,...,as;t;2). We can
use the idea that each of a player’s types corresponds to a different
payoff function the player might have to represent the possibility
that the player might have different sets of feasible actions, as fol-
lows. Suppose, for example, that player i's set of feasible actions
is {a, b} with probability 4 and {a, b, c} with probability 1—4. Then
we can say that i has two types (#;1 and t;5, where the probability
of t;1 is q) and we can define i’s feasible set of actions to be {a,b,c}
for both types but define the payoff from taking action c to be —oo
for type t;1.

As a more concrete example, consider the Cournot game in
the previous section. The firms’ actions are their quantity choices,
g1 and gz. Firm 2 has two possible cost functions and thus two
possible profit or payoff functions:

m(q1,92cL) =@ — 91 — q2) —cL]g2

and
m2(q1,92;cn) = [(@ — 41 — 42) — culga-
Firm 1 has only one possible payoff function:

m(q1,92;¢) = [(@a — 91 — §2) — ¢

We say that firm 2’s type space is T, = {cr,cy} and that firm 1's
type space is T = {c}.

Given this definition of a player’s type, saying that player i
knows his or her own payoff function is equivalent to saying that
player i knows his or her type. Likewise, saying that player i may
be uncertain about the other players” payoff functions is equivalent
to saying that player i may be uncertain about the types of the
other players, denoted by t_; = (t1,...,¢i-1,tit1,...,t). We use
T_; to denote the set of all possible values of ¢_;, and we use the
probability distribution p;(t_; | t;) to denote player i’s belief about
the other players’ types, t_;, given player i's knowledge of his
or her own type, t;. In every application analyzed in Section 3.2
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(and in most of the literature), the players’ types are independent,
in which case p;(t_; | ;) does not depend on ¢;, so we can write
player i’s belief as p;(t_;). There are contexts in which the players’
types are correlated, however, so we allow for this in our definition
of a static Bayesian game by writing player i’s belief as p;(t_; | t;).!

Joining the new concepts of types and beliefs with the familiar
elements of the normal-form representation of a static game of
complete information yields the normal-form representation of a
static Bayesian game.

Definition The normal-form representation of an n-player static
Bayesian game specifies the players’ action spaces Ay, ..., An, their type
spaces Ty, ..., Ty, theirbeliefspy, . .., pn,and their payoff functionsu, . . .,
uy. Player i's type, t;, is privately known by player i, determines player
i's payoff function, uj(ay, .. .,an; t;), and is a member of the set of possible
types, T;. Player i's belief p;(t_; | t;) describes i's uncertainty about the
n — 1 other players’” possible types, t_;, given i’s own type, t;. We denote
this game by G = {A1,..., A T1,...., T, p1, -, P Uty - . Un ).

Following Harsanyi (1967), we will assume that the timing of a
static Bayesian game is as follows: (1) nature draws a type vector
t = (t,...,tn), where t; is drawn from the set of possible types
T;; (2) nature reveals ¢; to player i but not to any other player;
(3) the players simultaneously choose actions, player i choosing a;
from the feasible set A;; and then (4) payoffs u;i(a:,...,a,;t;) are
received. By introducing the fictional moves by nature in steps (1)
and (2), we have described a game of incomplete information as a
game of imperfect information, where by imperfect information we
mean (as in Chapter 2) that at some move in the game the player
with the move does not know the complete history of the game
thus far. Here, because nature reveals player i’s type to player i
but not to player j in step (2), player j does not know the complete
history of the game when actions are chosen in step (3).

Two slightly more technical points need to be covered to com-
plete our discussion of normal-form representations of static Bayes-

"Imagine that two firms are racing to develop a new technology. Each firm'’s
chance of success depends in part on how difficult the technology is to develop,
which is not known Each firm knows only whether it has succeeded and not
whether the other has. If firm 1 has succeeded, however, then it is more likely
that the technology is easy to develop and so also more likely that firm 2 has suc-
ceeded Thus, firm 1’s belief about firm 2’s type depends on firm 1’s knowledge
of its own type.
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ian games. First there are games in which player i has private
information not only about his or her own payoff function but
also about another player’s payoff function. In Problem 3.2, for
example, the asymmetric-information Cournot model from Sec-
tion 3.1.A is changed so that costs are symmetric and common
knowledge but one firm knows the level of demand and the other
does not. Since the level of demand affects both players’ payoff
functions, the informed firm’s type enters the uninformed firm’s
payoff function. In the n-player case we capture this possibility
by allowing player i's payoff to depend not only on the actions
(@1,...,an) but also on all the types (t1,...,t,). We write this pay-
off as uj{a1, ..., 4 b, ..., ta).

The second technical point involves the beliefs, p;i(t_; | t;).
We will assume that it is common knowledge that in step (1) of
the timing of a static Bayesian game, nature draws a type vector
t = (t,...,tn) according to the prior probability distribution p(t)
When nature then reveals t; to player i, he or she can compute the
belief p;(t_; | ;) using Bayes’ rule:?

(t_i,t,‘) _ P(t-ivti)
p(ti) Yo opltit)

t_i€T_;

pilt—i| t;) = P

Furthermore, the other players can compute the various beliefs
that player i might hold, depending on #'s type, namely p;(t_; | t;)
for each t; in T;. As already noted, we will frequently assume that
the players’ types are independent, in which case p;(t_;) does not
depend on ¢; but is still derived from the prior distribution p(t).
In this case the other players know i’s belief about their types.

3.1.C Definition of Bayesian Nash Equilibrium

We now want to define an equilibrium concept for static Bayesian
games. To do so, we must first define the players’ strategy spaces

ZBayes’ rule provides a formula for P(A | B), the (conditional) probability that
an event A will occur given that an event B has already occurred Let P(A), P(B),
and P(A, B) be the (prior) probabilities (i e, the probabilities before either A or B
has had a chance to take place) that A will occur, that B will occur, and that both
A and B will occur, respectively. Bayes’ rule states that P(A | B) = P(A, B)/P(B)
That is, the conditional probability of A given B equals the probability that both
A and B will occur, divided by the prior probability that B will occur.
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in such a game. Recall from Sections 2.3.B and 2.4.B that a player’s
strategy is a complete plan of action, specifying a feasible action
in every contingency in which the player might be called on to
act. Given the timing of a static Bayesian game, in which nature,
begins the game by drawing the players’ types, a (pure) strate?/
for player i must specify a feasible action for each of player s
possible types.

Definition In the static Bayesian game G = {Ay,...,Auw;T1,-.., Tn;
Pi,---:PniU1,..., Un}, a strategy for player i is a function s;(t;), where
for each type t; in T;, s;(t;) specifies the action from the feasible set A; that
type t; would choose if drawn by nature.

Unlike (both static and dynamic) games of complete information,
in a Bayesian game the strategy spaces are not given in the normal-
form representation of the game. Instead, in a static Bayesian
game the strategy spaces are constructed from the type and action
spaces: player i’s set of possible (pure) strategies, S;, is the set
of all possible functions with domain T; and range A;. In a sepa-
rating strategy, for example, each type t; in T; chooses a different
action 4; from A;. In a pooling strategy, in contrast, all types choose
the same action. This distinction between separating and pooling
strategies will be important in our discussion of dynamic games
of incomplete information in Chapter 4. We introduce the distinc-
tion here only to help describe the wide variety of strategies that
can be constructed from a given pair of type and action spaces, T;
and Ai.

It may seem unnecessary to require player i's strategy to spec-
ify a feasible action for each of player i's possible types. After
all, once nature has drawn a particular type and revealed it to a
player, it may seem that the player need not be concerned with
the actions he or she would have taken had nature drawn some
other type. On the other hand, player i needs to consider what
the other players will do, and what they will do depends on what
they think player i will do, for each t; in T;. Thus, in deciding
what to do once one type has been drawn, player i will have to
think about what he or she would have done if each of the other
types in T; had been drawn.

Consider the asymmetric-information Cournot game in Sec-
tion 3.1.A, for example. We argued that the solution to the game
consists of three quantity choices: g3(cy), g5 (cr), and g7. In terms
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of the definition of a strategy just given, the pair (45(cu),q3(cr))
is firm 2’s strategy and g7 is firm 1’s strategy. It is easy to imag-
ine that firm 2 will choose different quantities depending on its
cost. It is equally important to note, however, that firm 1’s sin-
gle quantity choice should take into account that firm 2’s quantity
will depend on firm 2’s cost in this way. Thus, if our equilibrium
concept is to require that firm 1’s strategy be a best response to
firm 2’s strategy, then firm 2’s strategy must be a pair of quantities,
one for each possible cost type, else firm 1 simply cannot compute
whether its strategy is indeed a best response to firm 2’s.

More generally, we would not be able to apply the notion of
Nash equilibrium to Bayesian games if we allowed a player’s
strategy not to specify what the player would do if some types
were drawn by nature. This argument is analogous to one from
Chapter 2: it may have seemed unnecessary to require player i’s
strategy in a dynamic game of complete information to specify a
feasible action for each contingency in which player i might be
called on to move, but we could not have applied the notion of
Nash equilibrium to dynamic games of complete information if
we had allowed a player’s strategy to leave the player’s actions
in some contingencies unspecified.

Given the definition of a strategy in a Bayesian game, we turn
next to the definition of a Bayesian Nash equilibrium. In spite
of the notational complexity of the definition, the central idea is
both simple and familiar: each player’s strategy must be a best
response to the other players’ strategies. That is, a Bayesian Nash
equilibrium is simply a Nash equilibrium in a Bayesian game.

Definition In the static Bayesian game G = {Aq,...,Au;T1,..., Tn;
P1s--->Pn; U1, .., Un}, thestrategiess* = (s7,...,sy) area(pure-strategy)
Bayesian Nash equilibrium if for each player i and for each of i’s types
t; in T;, s} (t;) solves

max > wilsi(t), o 8ig (1), 8 8T (Fign)s - -, S5 (Bn); DPi(E—i | £7).
i it ;€T

That is, no player wants to change his or her strategy, even if the change
involves only one action by one type.

It is straightforward to show that in a finite static Bayesian game
(i.e., a game in which 7 is finite and (A,,..., A,) and (Ty,...,Ty)
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are all finite sets) there exists a Bayesian Nash equilibrium, per-
haps in mixed strategies. The proof closely parallels the proof of
the existence of a mixed-strategy Nash equilibrium in finite games
of complete information, and so is omitted here.

3.2 Applications

3.2.A Mixed Strategies Revisited

As we mentioned in Section 1.3.A, Harsanyi (1973) suggested that
player j’s mixed strategy represents player i's uncertainty about
j's choice of a pure strategy, and that j's choice in turn depends
on the realization of a small amount of private information. We
can now give a more precise statement of this idea: a mixed-
strategy Nash equilibrium in a game of complete information can
(almost always) be interpreted as a pure-strategy Bayesian Nash
equilibrium in a closely related game with a little bit of incom-
plete information. (We will ignore the rare cases in which such an
interpretation is not possible.) Put more evocatively, the crucial
feature of a mixed-strategy Nash equilibrium is not that player j
chooses a strategy randomly, but rather that player i is uncertain
about player j’'s choice; this uncertainty can arise either because of
randomization or (more plausibly) because of a little incomplete
information, as in the following example.

Recall that in the Battle of the Sexes there are two pure-strategy
Nash equilibria (Opera, Opera) and (Fight, Fight) and a mixed-
strategy Nash equilibrium in which Chris plays Opera with prob-
ability 2/3 and Pat plays Fight with probability 2/3.

Pat
Opera Fight
Opera | 2,1 0,0
Fight 0,0 1,2

Chris

The Battle of the Sexes
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Now suppose that, although they have known each other for
quite some time, Chris and Pat are not quite sure of each other’s
payoffs. In particular, suppose that: Chris’s payoff if both at-
tend the Opera is 2 + t., where . is privately known by Chris;
Pat’s payoff if both attend the Fight is 2 + t,, where ¢, is pri-
vately known by Pat; and t. and {, are independent draws from
a uniform distribution on [0,x]. (The choice of a uniform distri-
bution on [0,x] is not important, but we do have in mind that
the values of t. and t, only slightly perturb the payoffs in the
original game, so think of x as small.) All the other payoffs are
the same. In terms of the abstract static Bayesian game in nor-
mal form G = {Ac, Ap; Tc, Tp; Pe, Pps Ue, Up}, the action spaces are
Ac = A, = {Opera, Fight}, the type spaces are T, = T, = [0, x], the
beliefs are pc(ty) = pp(t;) = 1/x for all ¢, and t,, and the payoffs
are as follows.

Pat
Opera Fight

Opera | 2+ 1,1 0,0
Fight 0,0 1,24+ ¢,

Chris

The Battle of the Sexes with Incomplete Information

We will construct a pure-strategy Bayesian Nash equilibrium
of this incomplete-information version of the Battle of the Sexes in
which Chris plays Opera if t. exceeds a critical value, ¢, and plays
Fight otherwise and Pat plays Fight if ¢, exceeds a critical value,
p, and plays Opera otherwise. In such an equilibrium, Chris plays
Opera with probability (x — c)/x and Pat plays Fight with proba-
bility (x — p)/x. We will show that as the incomplete information
disappears (i.e., as x approaches zero), the players’ behavior in this
pure-strategy Bayesian Nash equilibrium approaches their behav-
ior in the mixed-strategy Nash equilibrium in the original game
of complete information. That is, both (x — ¢)/x and (x —p)/x
approach 2/3 as x approaches zero.

Suppose Chris and Pat play the strategies just described. Por
a given value of x, we will determine values of ¢ and p such
that these strategies are a Bayesian Nash equilibrium. Given Pat’s
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strategy, Chris’s expected payoffs from playing Opera and from
playing Fight are

P _Pl.g_"P
x(2+tc) + [1 x} 0] x(2+tc)
and

X X X

b

respectively. Thus playing Opera is optimal if and only if
QZ%—B:& (3.2.1)

Similarly, given Chris’s strategy, Pat’s expected payoffs from play-
ing Fight and from playing Opera are

P—§]0+§@+%):£@+%)

and
{1_5}.”5.0:1_5,
x x x
respectively. Thus, playing Fight is optimal if and only if

2> -3=p. (3.2.2)
Solving (3.2.1) and (3.2.2) simultaneously yields p = c and p? +
3p — x = 0. Solving the quadratic then shows that the probability
that Chris plays Opera, namely (x — c)/x, and the probability that
Pat plays Fight, namely (x — p)/x, both equal

_ -3+ V9 +4x

1
2x

which approaches 2/3 as x approaches zero. Thus, as the incom-
plete information disappears, the players’ behavior in this pure-
strategy Bayesian Nash equilibrium of the incomplete-information
game approaches their behavior in the mixed-strategy Nash equi-
librium in the original game of complete information.
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3.2.B An Auction

Consider the following first-price, sealed-bid auction. There are
two bidders, labeled i = 1,2. Bidder i has a valuation v; for the
good—that is, if bidder i gets the good and pays the price p, then
i’s payoff is v; — p. The two bidders’ valuations are independently
and uniformly distributed on [0,1]. Bids are constrained to be
nonnegative. The bidders simultaneously submit their bids. The
higher bidder wins the good and pays the price she bid; the other
bidder gets and pays nothing. In case of a tie, the winner is
determined by a flip of a coin. The bidders are risk-neutral. All
of this is common knowledge.

In order to formulate this problem as a static Bayesian game,
we must identify the action spaces, the type spaces, the beliefs, and
the payoff functions. Player i’s action is to submit a (nonnegative)
bid, b;, and her type is her valuation, v;. (In terms of the abstract
game G = {Ai1, Az; T1,T2; p1,p2; U1, 42}, the action space is A; =
[0,00) and the type space is T; = [0,1].) Because the valuations
are independent, player i believes that v; is uniformly distributed
on [0,1], no matter what the value of v;. Finally, player i’s payoff
function is

v; — b; if b; > b],
uij(br, by;v1,v2) = § (v; —b;)/2 if b; = bj,
0 if b; < bj.

To derive a Bayesian Nash equilibrium of this game, we be-
gin by constructing the players’ strategy spaces. Recall that in a
static Bayesian game, a strategy is a function from types to actions.
Thus, a strategy for player i is a function b;(v;) specifying the bid
that each of i’s types (i.e., valuations) would choose. In a Bayesian
Nash equilibrium, player 1’s strategy b;(v1) is a best response to
player 2’s strategy b2(v2), and vice versa. Formally, the pair of
strategies (b(v1),b(v;)) is a Bayesian Nash equilibrium if for each
v; in [0, 1], b;(v;) solves

1
mb;_ix (v,- — bi)Pl‘Ob{bi > b](v])} =+ E(U,‘ — bi)Pl‘Ob{bi = b](‘()])}

We simplify the exposition by looking for a linear equilibrium:
bi(v1) = a1 + c1v7 and by(v2) = az + cyu,. Note well that we are
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not restricting the players’ strategy spaces to include only linear
strategies. Rather, we allow the players to choose arbitrary strate-
gies but ask whether there is an equilibrium that is linear. It turns
out that because the players’ valuations are uniformly distributed,
a linear equilibrium not only exists but is unique (in a sense to be
made precise). We will find that b;(v;) = v;/2. That is, each player
submits a bid equal to half her valuation. Such a bid reflects the
fundamental trade-off a bidder faces in an auction: the higher the
bid, the more likely the bidder is to win; the lower the bid, the
larger the gain if the bidder does win.

Suppose that player j adopts the strategy b;(v;) = 4; + cjv;. For
a given value of v;, player i’s best response solves

max (vi — b;)Prob{b; > a; + cjvj},

where we have used the fact that Prob{b; = b;(v;)} = 0 (because
bj(v;) = a; + ¢jv; and v; is uniformly distributed, so b; is uniformly
distributed). Since it is pointless for player i to bid below player j's
minimum bid and stupid for i to bid above j's maximum bid, we
have g; < b; < a; +¢cj, SO

__a]-

b; —a; b;
_ . 1 g _ 1
Prob{b; > a; + c;v;} = Prob {v] < 5 } = G

Player i’s best response is therefore

b ( ) (v; + a])/2 if v; > a;,
() =
o aj if v; < aj.

If 0 <g; <1 then there are some values of v; such that v; < 4;, in
which case b;(v;) is not linear; rather, it is flat at first and positively
sloped later. Since we are looking for a linear equilibrium, we
therefore rule out 0 < 4; < 1, focusing instead on 4; > 1 and g; < 0.
But the former cannot occur in equilibrium: since it is optimal for
a higher type to bid at least as much as a lower type’s optimal
bid, we have ¢ >0, but then g; > 1 would imply that b]-(v]-) > v,
which cannot be optimal. Thus, if b;(v;) is to be linear, then we
must have 4; < 0, in which case b;(v;) = (v; +4;)/2, s0 a; = a;/2
and ¢; = 1/2.

We can repeat the same analysis for player j under the assump-
tion that player i adopts the strategy b;(v;) = 4; + ¢;u;. This yields
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a; <0, a; =a;/2, and ¢; = 1/2. Combining these two sets of results
then ylelds a; = 4; = 0 and ¢; = ¢ = 1/2. That is, bi(v;) = v;/2, as
claimed earlier.

One might wonder whether there are other Bayesian Nash
equilibria of this game, and also how equilibrium bidding changes
as the distribution of the bidders’ valuations changes. Neither of
these questions can be answered using the technique just applied
(of positing linear strategies and then deriving the coefficients that
make the strategies an equilibrium): it is fruitless to try to guess all
the functional forms other equilibria of this game might have, and
a linear equilibrium does not exist for any other distribution of val-
uations. In the Appendix, we derive a symmetric Bayesian Nash
equilibrium,®> again for the case of uniformly distributed valua-
tions. Under the assumption that the players’ strategies are strictly
increasing and differentiable, we show that the unique symmetric
Bayesian Nash equilibrium is the linear equilibrium already de-
rived. The technique we use can easily be extended to a broad
class of valuation distributions, as well as the case of n bidders.*

Appendix 3.2.B

Suppose player j adopts the strategy b(-), and assume that b(-) is
strictly increasing and differentiable. Then for a given value of v;,
player i’s optimal bid solves

max (vi — b;)Prob{b; > b(v;)}.

Let b~!(b;) denote the valuation that bidder j must have in order to
bid b;. That is, b~ (b;) = v; if b; = b(v;). Since v; is uniformly dis-
tributed on [0, 1], Prob{b; > b(v;)} = Prob{b=1(b;) > v;} = b~ 1(b;).
The first-order condition for player i's optimization problem is
therefore

b7 (b:) + (vi - bi)ﬁb_l(bi) =0.

3A Bayesian Nash equilibrium is called symmetric if the players’ strategies
are identical That is, in a symmetric Bayesian Nash equilibrium, there is a single
function b(v;) such that player 1’s strategy b;(v1) is b(v1) and player 2’s strategy
ba(v2) is b(v2), and this single strategy is a best response to itself. Of course,
since the players’ valuations typically will be different, their bids typically will
be different, even if both use the same strategy.

Skipping this appendix will not hamper one’s understanding of what follows.
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This first-order condition is an implicit equation for bidder i’s best
response to the strategy b( ) played by bidder j, given that bid-
der 7's valuation is v;. If the strategy b(-) is to be a symmetric
Bayesian Nash equilibrium, we require that the solution to the
first-order condition be b(v;): that is, for each of bidder i's possi-
ble valuations, bidder i does not wish to deviate from the strategy
b(-), given that bidder j plays this strategy. To impose this re-
quirement, we substitute b; = b(v;) into the first-order condition,
yielding:

b (b)) + (i — b(vo)dibib—l(b(vi)) ~o0.

Of course, b~1(b(v;)) is simply v;. Furthermore, d{b~!(b(v;))}/db; =
1/b'(v;). That is, d{b~(b;)}/db; measures how much bidder i’s val-
uation must change to produce a unit change in the bid, whereas
b’ (v;) measures how much the bid changes in response to a unit
change in the valuation. Thus, b(-) must satisfy the first-order
differential equation
1
~i+ (01 = b(o)) gy =0

which is more conveniently expressed as b’(v;)v; + b(v;) = v;. The
left-hand side of this differential equation is precisely d{b(v;)v;}/dv;.
Integrating both sides of the equation therefore yields

b(vi)oi = 302 +k,
where k is a constant of integration. To eliminate k, we need
a boundary condition. Fortunately, simple economic reasoning
provides one: no player should bid more than his or her valuation.
Thus, we require b(v;) < v; for every v;. In particular, we require
b(0) < 0. Since bids are constrained to be nonnegative, this implies
that b(0) = 0, so k =0 and b(v;) = v;/2, as claimed.

3.2.C A Double Auction

We next consider the case in which a buyer and a seller each have
private information about their valuations, as in Chatterjee and
Samuelson (1983). (In Hall and Lazear [1984], the buyer is a firm
and the seller is a worker. The firm knows the worker’s marginal
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product and the worker knows his or her outside opportunity. See
Problem 3.8.) We analyze a trading game called a double auction.
The seller names an asking price, ps, and the buyer simultaneously
names an offer price, p,. If p, > ps, then trade occurs at price
p= (pp + ps)/2; if pp < ps, then no trade occurs.

The buyer’s valuation for the seller’s good is v, the seller’s is
vs. These valuations are private information and are drawn from
independent uniform distributions on [0, 1]. If the buyer gets the
good for price p, then the buyer’s utility is v, — p; if there is no
trade, then the buyer’s utility is zero. If the seller sells the good
for price p, then the seller’s utility is p—v;; if there is no trade, then
the seller’s utility is zero. (Each of these utility functions measures
the change in the party’s utility. If there is no trade, then there is
no change in utility. It would make no difference to define, say,
the seller’s utility to be p if there is trade at price p and v; if there
is no trade.)

In this static Bayesian game, a strategy for the buyer is a func-
tion p,(vy) specifying the price the buyer will offer for each of the
buyer’s possible valuations. Likewise, a strategy for the seller is a
function ps(vs) specifying the price the seller will demand for each
of the seller’s valuations. A pair of strategies {py(vp), ps(vs)} is a
Bayesian Nash equilibrium if the following two conditions hold.
For each v, in [0,1], py(v}) solves

rr}’?x [vb _bt E[Ps(vs)2| Py = ps(vs)]] Prob {p, > ps(vs)}, (3.2.3)

where E[ps(vs) | pp > ps(vs)] is the expected price the seller will
demand, conditional on the demand being less than the buyer’s
offer of p,. For each v, in [0, 1], ps(vs) solves

max
vs

{ps + E[pb(vb)2| po(vp) = ps] vs} Prob{py(vy) > ps}, (3.2.4)

where E[p;,(vp) | py(vp) > ps) is the expected price the buyer will of-
fer, conditional on the offer being greater than the seller’s demand
of p;.

There are many, many Bayesian Nash equilibria of this game.
Consider the following one-price equilibrium, for example, in
which trade occurs at a single price if it occurs at all. For any
value x in [0, 1], let the buyer’s strategy be to offer x if v, > x and
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Figure 3.2.1.

to offer zero otherwise, and let the seller’s strategy be to demand
x if v; < x and to demand one otherwise. Given the buyer’s strat-
egy, the seller’s choices amount to trading at x or not trading, so
the seller’s strategy is a best response to the buyer’s because the
seller-types who prefer trading at x to not trading do so, and vice
versa. The analogous argument shows that the buyer’s strategy
is a best response to the seller’s, so these strategies are indeed a
Bayesian Nash equilibrium. In this equilibrium, trade occurs for
the (vs,v;,) pairs indicated in Figure 3.2.1; trade would be efficient
for all (vs,v,) pairs such that vy > v;, but does not occur in the
two shaded regions of the figure.

We now derive a linear Bayesjan Nash equilibrium of the dou-
ble auction. As in the previous section, we are not restricting the
players’ strategy spaces to include only linear strategies. Rather,
we allow the players to choose arbitrary strategies but ask whether
there is an equilibrium that is linear. Many other equilibria exist
besides the one-price equilibria and the linear equilibrium, but the
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linear equilibrium has interesting efficiency properties, which we
describe later.

Suppose the seller’s strategy is ps(vs) = as + csvs. Then ps is
uniformly distributed on [4;,4s + ¢;], so (3.2.3) becomes

1 as + Pp Py — ds
n}’?x [vb {Pb 2 }:| Cs

the first-order condition for which yields

b

2 1
Pb = 3V + 34s. (3.2.5)
Thus, if the seller plays a linear strategy, then the buyer’s best
response is also linear. Analogously, suppose the buyer’s strategy
is py(vp) = ap+cpvp. Then py is uniformly distributed on [ay, 4, +cy),
so (3.2.4) becomes

nwxv{m PrH%+%}_%yn+%—ps
Ps 2 Cp

3

the first-order condition for which yields

2 1
P = 505 + 5@+ 5). (3:2.6)

Thus, if the buyer plays a linear strategy, then the seller’s best
response is also linear. If the players’ linear strategies are to be
best responses to each other, (3.2.5) implies that ¢, = 2/3 and
a, = a5/3, and (3.2.6) implies that ¢ = 2/3 and as = (ay + ¢p)/3.
Therefore, the linear equilibrium strategies are

2 1
po(vp) = 3T 15

= (3.2.7)
and ’ .
ps(vs) = 30s + 7, (3.2.8)

as shown in Figure 3.2.2.

Recall that trade occurs in the double auction if and only if
Pb > Ps- Manipulating (3.2.7) and (3.2.8) shows that trade occurs
in the linear equilibrium if and only if v, > vs + (1/4), as shown in
Figure 3.2.3. (Consistent with this, Figure 3.2.2 reveals that seller-
types above 3/4 make demands above the buyer’s highest offer,
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ps'pb

3/4

1/4

Figure 3.2.2.

pr(1) = 3/4, and buyer-types below 1/4 make offers below the
seller’s lowest offer, ps(0) = 1/4.)

Compare Figures 3.2.1 and 3.2.3—the depictions of which val-
uation pairs trade in the one-price and linear equilibria, respec-
tively. In both cases, the most valuable possible trade (namely,
vs = 0 and v, = 1) does occur. But the one-price equilibrium
misses some valuable trades (such as v; = 0 and v, = x — ¢, where
€ is small) and achieves some trades that are worth next to noth-
ing (such as vs = x — ¢ and vy = x + ¢). The linear equilibrium, in
contrast, misses all trades worth next to nothing but achieves all
trades worth at least 1/4. This suggests that the linear equilibrium
may dominate the one-price equilibria, in terms of the expected
gains the players receive, but also raises the possibility that the
players might do even better in an alternative equilibrium.

Myerson and Satterthwaite (1983) show that, for the uniform
valuation distributions considered here, the linear equilibrium
yields higher expected gains for the players than any other Bayes-
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v, =0, +(1/4)

Figure 3.2.3.

ian Nash equilibria of the double auction (including but far from
limited to the one-price equilibria). This implies that there is no
Bayesian Nash equilibrium of the double auction in which trade
occurs if and only if it is efficient (i.e., if and only if v, > v;). They
also show that this latter result is very general: if v}, is continuously
distributed on [x;,yp] and v is continuously distributed on [xs, ¥s],
where ys > x, and y;, > x;, then there is no bargaining game the
buyer and seller would willingly play that has a Bayesian Nash
equilibrium in which trade occurs if and only if it is efficient. In
the next section we sketch how the Revelation Principle can be
used to prove this general result. We conclude this section by
translating the result into Hall and Lazear’s employment model:
if the firm has private information about the worker’s marginal
product (m) and the worker has private information about his
or her outside opportunity (v), then there is no bargaining game
that the firm and the worker would willingly play that produces
employment if and only if it is efficient (i.e., m > v).
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3.3 The Revelation Principle

The Revelation Principle, due to Myerson (1979) in the context
of Bayesian games (and to others in related contexts), is an im-
portant tool for designing games when the players have private
information. It can be applied in the auction and bilateral-trading
problems described in the previous two sections, as well as in a
wide variety of other problems. In this section we state and prove
the Revelation Principle for static Bayesian games. (Extending the
proof to cover dynamic Bayesian games is straightforward.) Be-
fore doing so, however, we sketch the way the Revelation Principle
is used in the auction and bilateral-trading problems.

Consider a seller who wishes to design an auction to maxi-
mize his or her expected revenue. Specifying the many different
auctions the seller should consider could be an enormous task. In
the auction in Section 3.2.B, for example, the highest bidder paid
money to the seller and received the good, but there are many
other possibilities. The bidders might have to pay an entry fee.
More generally, some of the losing bidders might have to pay
money, perhaps in amounts that depend on their own and others’
bids. Also, the seller might set a reservation price—a floor below
which bids will not be accepted. More generally, the good might
stay with the seller with some probability, and might not always
go to the highest bidder when the seller does release it.

Fortunately, the seller can use the Revelation Principle to sim-
plify this problem dramatically, in two ways. First, the seller can
restrict attention to the following class of games:

1. The bidders simultaneously make (possibly dishonest) claims
about their types (i.e., their valuations). Bidder i can claim
to be any type 7; from i’s set of feasible types T;, no matter
what i’s true type, t;.

2. Given the bidders’ claims (71, ..., ), bidder i pays x;(m,...,
7+) and receives the good with probability g;(71, ..., 7). For
each possible combination of claims (71,...,7), the sum of
the probabilities g1 (7y,...,7n) + --- + gu(m1,...,Tn) must be
less than or equal to one.

Games of this kind (i.e., static Bayesian games in which each
player’s only action is to submit a claim about his or her type)
are called direct mechanisms.
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The second way the seller can use the Revelation Principle is
to restrict attention to those direct mechanisms in which it is a
Bayesian Nash equilibrium for each bidder to tell the truth—that
is, payment and probability functions {x1(71,..., ™), ..., Xn(71,---,
Tn); G1(T1, .-, Tn)s -+, qn(71, ..., Tn)} such that each player i’s equi-
librium strategy is to claim 7;(t;) = t; for each ¢; in T;. A direct
mechanism in which truth-telling is a Bayesian Nash equilibrium
is called incentive-compatible.

Qutside the context of auction design, the Revelation Principle
can again be used in these two ways. Any Bayesian Nash equilib-
rium of any Bayesian game can be represented by a new Bayesian
Nash equilibrium in an appropriately chosen new Bayesian game,
where by “represented” we mean that for each possible combi-
nation of the players’ types (t1,...,t,), the players’ actions and
payoffs in the new equilibrium are identical to those in the old
equilibrium. No matter what the original game, the new Bayesian
game is always a direct mechanism; no matter what the origi-
nal equilibrium, the new equilibrium in the new game is always
truth-telling. More formally:

Theorem (The Revelation Principle) Any Bayesian Nash equilib-
rium of any Bayesian game can be represented by an incentive-compatible
direct mechanism.

In the auction analyzed in Section 3.2.B we assumed that the
bidders’ valuations are independent of each other. We also as-
sumed (implicitly, in the definition of the bidders’ valuations)
that knowing bidder j’s valuation would not change bidder i's
valuation (although such knowledge typically would change i’s
bid). We characterize these two assumptions by saying that the
bidders have independent, private values. For this case, My-
erson (1981) determines which direct mechanisms have a truth-
telling equilibrium, and which of these equilibria maximizes the
seller’s expected payoff. The Revelation Principle then guaran-
tees that no other auction has a Bayesian Nash equilibrium that
yields the seller a higher expected payoff, because such an equilib-
rium of such an auction would have been represented by a truth-
telling equilibrium of a direct mechanism, and all such incentive-
compatible direct mechanisms were considered. Myerson also
shows that the symmetric Bayesian Nash equilibrium of the
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auction analyzed in Section 3.2.B is equivalent to this payoff-maxi-
mizing truth-telling equilibrium (as are the symmetric equilibria
of several other well-known auctions).

As a second example of the Revelation Principle in action, con-
sider the bilateral trading problem described in Section 3.2.C. We
analyzed one possible trading game the buyer and seller could
play—the double auction. In that game, if there is trade then the
buyer pays something to the seller, while if there is no trade then
there is no payment, but there are again many other possibili-
ties. There could be payments (from the buyer to the seller, or
vice versa) even if there is no trade, and the probability of trade
could be strictly between zero and one. Also, the rule for deter-
mining whether trade is to occur could require that the buyer’s
offer exceed the seller’s demand by a certain (positive or negative)
amount; this amount could even vary depending on the prices the
parties name.

We can capture these possibilities by considering the follow-
ing class of direct mechanisms: the buyer and the seller simul-
taneously make claims about their types, 7, and 75, after which
the buyer pays the seller x(7;, 7s), which could be positive or neg-
ative, and the buyer receives the good with probability g(mp, 7).
Myerson and Satterthwaite determine which direct mechanisms
have a truth-telling equilibrium. They then impose the constraint
that each type of each party be willing to play the game (i.e., that
each type of each party have an equilibrium expected payoff no
less than the payoff that type could achieve by refusing to play—
namely, zero for each buyer type and t; for the seller type ).
Finally, they show that none of these incentive-compatible direct
mechanisms have trade with probability one if and only if trade
is efficient. The Revelation Principle then guarantees that there
is no bargaining game the buyer and seller would willingly play
that has a Bayesian Nash equilibrium in which trade occurs if and
only if it is efficient.

To give a formal statement and proof of the Revelation Princi-
ple, consider the Bayesian Nash equilibrium s* = (sj,...,s;;) in the
static Bayesian game G = {A1,...,AxT1,.-., Tw;p1,-- -, Pus i1, - -,
u,}. We will construct a direct mechanism with a truth-telling
equilibrium that represents s*. The appropriate direct mechanism
is a static Bayesian game with the same type spaces and beliefs
as G but with new action spaces and new payoff functions. The
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new action spaces are simple. Player i's feasible actions in the di-
rect mechanism are (possibly dishonest) claims about i’s possible
types. That is, player i’s action space is T;. The new payoff func-
tions are more complicated. They depend not only on the original
game, G, but also on the original equilibrium in that game, s*.
The crucial idea is to use the fact that s* is an equilibrium in G to
ensure that truth-telling is an equilibrium of the direct mechanism,
as follows.

Saying that s* is a Bayesian Nash equilibrium of G means that
for each player i, s} is i’s best response to the other players’ strate-
gies (s},..-,5/_1,5741,---55y). More specifically, for each of i’s types
t;in T;, s7 (t;) is the best action for i to choose from A;, given that the
other players’ strategies are (s7,...,87 1,58/, 1,---,5;)- Thus, if i’s
typeis t; and we allow i to choose an action from a subset of A; that
includes s (t;), then i’s optimal choice remains s; (t;), again assum-
ing that the other players’ strategies are (sj,...,8/_ 1,57, 1,---,55)-
The payoff functions in the direct mechanism are chosen so as to
confront each player with a choice of exactly this kind.

We define the payoffs in the direct mechanism by substituting
the players’ type reports in the new game, 7 = (7,...,7,), into
their equilibrium strategies from the old game, s*, and then sub-
stituting the resulting actions in the old game, s*(7) = (s} (71),-..,
55(mm)), into the payoff functions from the old game. Formally, i’s
payoff function is

vi(T, t) = ui[S*(T), t]’

where t = (#;,...,t;). One could imagine these payoffs occurring
because a neutral outsider approaches the players and makes the
following speech:

I know you already know your types and were about
to play the equilibrium s* in the game G. Here is a
new game to play—a direct mechanism. First, each
of you will sign a contract that allows me to dictate
the action you will take when we later play G. Sec-
ond, each of you will write down a claim about your
type, 7;, and submit it to me. Third, I will use each
player’s type report in the new game, 7;, together with
the player’s equilibrium strategy from the old game, s7},
to compute the action the player would have taken in
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the equilibrium s* if the player’s type really were 7,—
namely, s;(7;). Finally, I will dictate that each of you
to take the action I have computed for you, and you
will receive the resulting payoffs (which will depend
on these actions and your true types).

We conclude this section (and the proof of the Revelation Prin-
ciple) by showing that truth-telling is a Bayesian Nash equilib-
rium of this direct mechanism. By claiming to be type 7; from
T;, player i is in effect choosing to take the action s}(7;) from
A;. If all the other players tell the truth, then they are in ef-
fect playing the strategies (sy,...,s! 1,87 q,...,5;). But we argued
earlier that if they play these strategies, then when i’s type is t;
the best action for i to choose is s} (t;). Thus, if the other play-
ers tell the truth, then when i's type is {; the best type to claim
to be is t;. That is, truth-telling is an equilibrium. More for-
mally, it is a Bayesian Nash equilibrium of the static Bayesian
game {T1,...,Tw;T1,...,Tn;p1,---,Pn;v1,...,0n} for each player i
to play the truth-telling strategy 7;(t;) = t; for every ¢; in T;.

3.4 Further Reading

Myerson (1985) offers a more detailed introduction to Bayesian
games, Bayesian Nash equilibrium, and the Revelation Principle.
See McAfee and McMillan (1987) for a survey of the literature on
auctions, including an introduction to the winner’s curse. Bulow
and Klemperer (1991) extend the auction model in Section 3.2.B to
produce an appealing explanation of rational frenzies and crashes
in (say) securities markets. On employment under asymmetric
information, see Deere (1988), who analyzes a dynamic model in
which the worker encounters a sequence of firms over time, each
with its own privately known marginal product. For applications
of the Revelation Principle, see Baron and Myerson (1982) on reg-
ulating a monopolist with unknown costs, Hart (1983) on implicit
contracts and involuntary unemployment, and Sappington (1983)
on agency theory.
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3.5 Problems

Section 3.1

3.1. What is a static Bayesian game? What is a (pure) strategy in
such a game? What is a (pure-strategy) Bayesian Nash equilibrium
in such a game?

3.2. Consider a Cournot duopoly operating in a market with in-
verse demand P(Q) = a — Q, where Q = ¢4, + ¢ is the aggregate
quantity on the market. Both firms have total costs c;(q;) = cqgi,
but demand is uncertain: it is high (2 = ay) with probability 6
and low (a = ap) with probability 1 — 6. Furthermore, information
is asymmetric: firm 1 knows whether demand is high or low, but
firm 2 does not. All of this is common knowledge. The two firms
simultaneously choose quantities. What are the strategy spaces for
the two firms? Make assumptions concerning ay, ar, 9, and ¢ such
that all equilibrium quantities are positive. What is the Bayesian
Nash equilibrium of this game?

3.3. Consider the following asymmetric-information model of
Bertrand duopoly with differentiated products. Demand for firm i
is gi(pi, p]-) =a — p; — b; - p;. Costs are zero for both firms. The sen-
sitivity of firm i’s demand to firm j’s price is either high or low.
That is, b; is either by or by, where by > by > 0. For each firm,
b; = by with probability 8 and b; = by with probability 1 — 6, in-
dependent of the realization of b;. Each firm knows its own b; but
not its competitor’s. All of this is common knowledge. What are
the action spaces, type spaces, beliefs, and utility functions in this
game? What are the strategy spaces? What conditions define a
symmetric pure-strategy Bayesian Nash equilibrium of this game?
Solve for such an equilibrium.

3.4. Find all the pure-strategy Bayesian Nash equilibria in the
following static Bayesian game:

1. Nature determines whether the payoffs are as in Game 1 or
as in Game 2, each game being equally likely.

2. Player 1 learns whether nature has drawn Game 1 or Game 2,
but player 2 does not.
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3. Player 1 chooses either T or B; player 2 simultaneously chooses
either L or R.

4. Payoffs are given by the game drawn by nature.

L R L R
T|1,100 T|0,0]0,0
B|0,0|0,0 B1|0,0|22

Game 1 Game 2

Section 3.2

3.5. Recall from Section 1.3 that Matching Pennies (a static game
of complete information) has no pure-strategy Nash equilibrium
but has one mixed-strategy Nash equilibrium: each player plays
H with probability 1/2.

Player 2
H T
1,-1{-1, 1
Player 1 . ’
1, 1] 1,-1

Provide a pure-strategy Bayesian Nash equilibrium of a corre-
sponding game of incomplete information such that as the incom-
plete information disappears, the players’ behavior in the Bayesian
Nash equilibrium approaches their behavior in the mixed-strategy
Nash equilibrium in the original game of complete information.

3.6. Consider a first-price, sealed-bid auction in which the bid-
ders’ valuations are independently and uniformly distributed on
[0,1]. Show that if there are n bidders, then the strategy of bid-
ding (n—1)/n times one’s valuation is a symmetric Bayesian Nash
equilibrium of this auction.

3.7. Consider a first-price, sealed-bid auction mm which the bid-
ders’ valuations are independently and identically distributed ac-
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cording to the strictly positive density f(v;) on [0,1]. Compute a
symmetric Bayesian Nash equilibrium for the two-bidder case.

3.8. Reinterpret the buyer and seller in the double auction ana-
lyzed in Section 3.2.C as a firm that knows a worker’s marginal
product (m) and a worker who knows his or her outside opportu-
nity (v), respectively, as in Hall and Lazear (1984). In this context,
trade means that the worker is employed by the firm, and the price
at which the parties trade is the worker’s wage, w. If there is trade,
then the firm’s payoff is m — w and the worker’s is w; if there is
no trade then the firm’s payoff is zero and the worker’s is v.

Suppose that m and v are independent draws from a uniform
distribution on [0, 1], as in the text. For purposes of comparison,
compute the players’ expected payoffs in the linear equilibrium
of the double auction. Now consider the following two trading
games as alternatives to the double auction.

Game I Before the parties learn their private information, they
sign a contract specifying that if the worker is employed by the
firm then the worker’s wage will be w, but also that either side
can escape from the employment relationship at no cost. After the
parties learn the values of their respective pieces of private infor-
mation, they simultaneously announce either that they Accept the
wage w or that they Reject that wage. If both announce Accept,
then trade occurs; otherwise it does not. Given an arbitrary value
of w from [0,1], what is the Bayesian Nash equilibrium of this
game? Draw a diagram analogous to Figure 3.2.3 showing the
type-pairs that trade. Find the value of w that maximizes the sum
of the players’ expected payoffs and compute this maximized sum.

Game II: Before the parties learn their private information, they
sign a contract specifying that the following dynamic game will
be used to determine whether the worker joins the firm and if so
at what wage. (Strictly speaking, this game belongs in Chapter 4.
We will anticipate the spirit of Chapter 4 by arguing that this
game can be solved by combining the lessons of this chapter with
those of Chapter 2.) After the parties learn the values of their
respective pieces of private information, the firm chooses a wage
w to offer the worker, which the worker then accepts or rejects.
Try to analyze this game using backwards induction, as we did
for the analogous complete-information games in Section 2.1.A, as
follows. Given w and v, what will the worker do? If the firm
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anticipates what the worker will do, then given m what will the
firm do? What is the sum of the players’ expected payoffs?
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Chapter 4

Dynamic Games of
Incomplete Information

In this chapter we introduce yet another equilibrium concept—
perfect Bayesian equilibrium. This makes four equilibrium concepts
in four chapters: Nash equilibrium in static games of complete in-
formation, subgame-perfect Nash equilibrium in dynamic games
of complete information, Bayesian Nash equilibrium in static games
of incomplete information, and perfect Bayesian equilibrium in
dynamic games of incomplete information. It may seem that we
invent a brand new equilibrium concept for each class of games
we study, but in fact these equilibrium concepts are closely re-
lated. As we consider progressively richer games, we progres-
sively strengthen the equilibrium concept, in order to rule out im-
plausible equilibria in the richer games that would survive if we
applied equilibrium concepts suitable for simpler games. In each
case, the stronger equilibrium concept differs from the weaker con-
cept only for the richer games, not for the simpler games. In partic-
ular, perfect Bayesian equilibrium is equivalent to Bayesian Nash
equilibrium in static games of incomplete information, equivalent
to subgame-perfect Nash equilibrium in dynamic games of com-
plete and perfect information (and in many dynamic games of
complete but imperfect information, including those discussed in
Sections 2.2 and 2.3), and equivalent to Nash equilibrium in static
games of complete information.

Perfect Bayesian equilibrium was invented in order to refine
(i.e., strengthen the requirements of) Bayesian Nash equilibrium

172
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in the same way that subgame-perfect Nash equilibrium refines
Nash equilibrium. Just as we imposed subgame perfection in dy-
namic games of complete information because Nash equilibrium
failed to capture the idea that threats and promises should be
credible, we now restrict attention to perfect Bayesian equilibrium
in dynamic games of incomplete information because Bayesian
Nash equilibrium suffers from the same flaw. Recall that if the
players’ strategies are to be a subgame-perfect Nash equilibrium,
they must not only be a Nash equilibrium for the entire game
but must also constitute a Nash equilibrium in every subgame.
In this chapter we replace the idea of a subgame with the more
general idea of a continuation game—the latter can begin at any
complete information set (whether singleton or not), rather than
only at a singleton information set. We then proceed by analogy:
if the players’ strategies are to be a perfect Bayesian equilibrium,
they must not only be a Bayesian Nash equilibrium for the en-
tire game but must also constitute a Bayesian Nash equilibrium in
every continuation game.

In Section 4.1 we informally introduce the main features of
a perfect Bayesian equilibrium. To do so, we temporarily adopt
a second (complementary) perspective that reverses the empha-
sis above: perfect Bayesian equilibrium strengthens the require-
ments of subgame-perfect Nash equilibrium by explicitly analyz-
ing the players’ beliefs, as in Bayesian Nash equilibrium. This
second perspective arises because, following Harsanyi (1967), we
describe a game of incomplete information as though it were a
game of imperfect information—nature reveals player i’s type to
i but not to j, so player j does not know the complete history of
the game. Thus, an equilibrium concept designed to strengthen
Bayesian Nash equilibrium in dynamic games of incomplete in-
formation also can strengthen subgame-perfect Nash equilibrium
in dynamic games of complete but imperfect information.

In Section 4.2 we analyze the most widely applied class of
games of incomplete information: signaling games. Stated abstractly,
a signaling game involves two players (one with private informa-
tion, the other without) and two moves (first a signal sent by the
informed player, then a response taken by the uninformed player).
The key idea is that communication can occur if one type of the
informed player is willing to send a signal that would be too ex-
pensive for another type to send. We first define perfect Bayesian
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equilibrium for signaling games and describe the various kinds of
equilibria (corresponding to various degrees of communication,
from zero to complete) that can exist. We then consider Spence’s
(1973) seminal model of job-market signaling, as well as Myers
and Majluf’s (1984) model of corporate investment and Vickers’
(1986) model of monetary policy.

In Section 4.3 we describe other applications of perfect Bayes-
ian equilibrium. We begin with Crawford and Sobel’s (1982) anal-
ysis of cheap-talk games (i.e., signaling games in which all messages
are free), applications of which include presidential veto threats,
policy announcements by the Federal Reserve, and communica-
tion (or “voice”) in organizations. In cheap-talk games, the ex-
tent of communication is determined by the commonality of the
players’ interests, rather than by the costs of signals for different
types. We then study Sobel and Takahashi’s (1983) sequential bar-
gaining model, in which a firm must tolerate a strike in order to
demonstrate that it cannot afford to pay high wages (cf., Rubin-
stein’s complete-information bargaining model in Section 2.1.D,
in which strikes do not occur in equilibrium). Finally, we explore
Kreps, Milgrom, Roberts, and Wilson’s (1982) landmark account
of the role of reputation in achieving rational cooperation in the
finitely repeated Prisoners’ Dilemma (cf., the Proposition in Sec-
tion 2.3.A concerning the unique subgame-perfect Nash equilib-
rium of a finitely repeated game based on a stage game with a
unique Nash equilibrium).

In Section 4.4 we return to theory. Although this is the fi-
nal section in the book, it serves more as an indication of what
might come next than as the culmination of the material we have
covered. We describe and illustrate two (successive) refinements
of perfect Bayesian equilibrium, the second of which is Cho and
Kreps’ (1987) Intuitive Criterion.

4.1 Introduction to Perfect Bayesian Equilibrium

Consider the following dynamic game of complete but imperfect
information. First, player 1 chooses among three actions—L, M,
and R. If player 1 chooses R then the game ends without a move
by player 2. If player 1 chooses either L or M then player 2 learns
that R was not chosen (but not which of L or M was chosen) and
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Figure 4.1.1.
Player 2
L' R
L|21](00
Player1 M | 0,2 | 0,1
R1|11,3{1,3

Figure 4.1.2.

then chooses between two actions, L’ and R/, after which the game
ends. Payoffs are given in the extensive form in Figure 4.1.1.
Using the normal-form representation of this game given in
Figure 4.1.2, we see that there are two pure-strategy Nash equilib-
ria—(L,L’) and (R,R’). To determine whether these Nash equilib-
ria are subgame-perfect, we use the extensive-form representation
to define the game’s subgames. Because a subgame is defined to
begin at a decision node that is a singleton information set (but is
not the game’s first decision node), the game in Figure 4.1.1 has
no subgames. If a game has no subgames then the requirement of
subgame-perfection (namely, that the players’ strategies constitute
a Nash equilibrium on every subgame) is trivially satisfied. Thus,
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in any game that has no subgames, the definition of subgame-
perfect Nash equilibrium is equivalent to the definition of Nash
equilibrium, so in Figure 4.1.1 both (L, L) and (R, R’) are subgame-
perfect Nash equilibria. Nonetheless, (R,R’) clearly depends on
a noncredible threat: if player 2 gets the move, then playing L’
dominates playing R’, so player 1 should not be induced to play
R by 2’s threat to play R’ if given the move.

One way to strengthen the equilibrium concept so as to rule
out the subgame-perfect Nash equilibrium (R, R’) in Figure 4.1.1
is to impose the following two requirements.

Requirement 1 At each information set, the player with the move must
have a belief about which node in the information set has been reached
by the play of the game. For a nonsingleton information set, a belief
is a probability distribution over the nodes in the information set; for a
singleton information set, the player’s belief puts probability one on the
single decision node.

Requirement 2 Given their beliefs, the players’ strategies must be se-
quentially rational. That is, at each information set the action taken by
the player with the move (and the player’s subsequent strategy) must be
optimal given the player’s belief at that information set and the other play-
ers’ subsequent strategies (where a “subsequent strategy” is a complete
plan of action covering every contingency that might arise after the given
information set has been reached).

In Figure 4.1.1, Requirement 1 implies that if the play of the game
reaches player 2’s nonsingleton information set then player 2 must
have a belief about which node has been reached (or, equivalently,
about whether player 1 has played L or M). This belief is repre-
sented by the probabilities p and 1 — p attached to the relevant
nodes in the tree, as shown in Figure 4.1.3.

Given player 2’s belief, the expected payoff from playing R’ is
p-0+(1—p)-1=1-—p, while the expected payoff from playing L’
isp-1+(1—p)-2=2—p. Since 2—p > 1 — p for any value of p,
Requirement 2 prevents player 2 from choosing R’. Thus, simply
requiring that each player have a belief and act optimally given
this belief suffices to eliminate the implausible equilibrium (R, R)
in this example.

Requirements 1 and 2 insist that the players have beliefs and
act optimally given these beliefs, but not that these beliefs be rea-
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Figure 4.1.3.

sonable. In order to impose further requirements on the players’
beliefs, we distinguish between information sets that are on the
equilibrium path and those that are off the equilibrium path.

Definition For a given equilibrium in a given extensive-form game, an
information set is on the equilibrium path if it will be reached with posi-
tive probability if the game is played according to the equilibrium sirategies,
and is off the equilibrium path if it is certain not to be reached if the game
is played according to the equilibrium strategies (where “equilibrium” can
mean Nash, subgame-perfect, Bayesian, or perfect Bayesian equilibrium).

Requirement 3 At information sets on the equilibrium path, beliefs are
determined by Bayes’ rule and the players’ equilibrium strategies.

In the subgame-perfect Nash equilibrium (L,L’) in Figure 4.1.3,
for example, player 2’s belief must be p = 1: given player 1's
equilibrium strategy (namely, L), player 2 knows which node in
the information set has been reached. As a second (hypothetical)
illustration of Requirement 3, suppose that in Figure 4.1.3 there
were a mixed-strategy equilibrium in which player 1 plays L with
probability g;, M with probability g,, and R with probability 1 —
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g1 — 92. Then Requirement 3 would force player 2’s belief to be
P=q1/(q1+ q2)-

Requirements 1 through 3 capture the spirit of a perfect Bayes-
ian equilibrium. The crucial new feature of this equilibrium con-
cept is due to Kreps and Wilson (1982): beliefs are elevated to the
level of importance of strategies in the definition of equilibrium.
Formally, an equilibrium no longer consists of just a strategy for
each player but now also includes a belief for each {)layer at each
information set at which the player has the move." The advan-
tage of making the players’ beliefs explicit in this way is that, just
as in earlier chapters we insisted that the players choose credible
strategies, we can now also insist that they hold reasonable be-
liefs, both on the equilibrium path (in Requirement 3) and off the
equilibrium path (in Requirement 4, which follows, and in others
in Section 4.4).

In simple economic applications—including the signaling game
in Section 4.2. A and the cheap-talk game in Section 4.3.A—Require-
ments 1 through 3 not only capture the spirit but also constitute
the definition of perfect Bayesian equilibrium. In richer economic
applications, however, more requirements need to be imposed
to eliminate implausible equilibria. Different authors have used
different definitions of perfect Bayesian equilibrium. All defini-
tions include Requirements 1 through 3; most also include Re-
quirement 4; some impose further requirements.? In this chapter,

1Kreps and Wilson formalize this perspective on equilibrium by defirung se-
quential equilibrium, an equilibrium concept that is equivalent to perfect Bayesian
equilibrium in many economic applications but in some cases is shghtly stronger.
Sequential equilibrium is more complicated to define and apply than perfect
Bayesian equilibrium, so most authors now use the latter. Some who do so (im-
precisely) refer to the equilibrium concept they apply as sequential equilibrium.
Kreps and Wilson show that in any finite game (i.e , any game with a finite num-
ber of players, types, and possible moves) there exists a sequential equilibrium;
this implies that in any finite game there exists a perfect Bayesian equilibrium.

2To give a sense of the issues not addressed by Requirements 1 through 4,
suppose players 2 and 3 have observed the same events and then both observe a
deviation from the equilibrium by player 1. In a game of incomplete information
in which player 1 has private information, should players 2 and 3 hold the same
belief about player 1’s type; in a game of complete information, should players 2
and 3 hold the same belief about earlier unobserved moves by player 1? Similarly,
if players 2 and 3 have observed the same events and then player 2 deviates from
the equilibrium, should player 3 change his or her belief about player 1’s type,
or about 1’s unobserved moves?
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we take Requirements 1 through 4 to be the definition of perfect
Bayesian equilibrium.?

Requirement 4 At information sets off the equilibrium path, beliefs are
determined by Bayes’ rule and the players” equilibrium strategies where
possible.

Definition A perfect Bayesian equilibrium consists of strategies and
beliefs satisfying Requirements 1 through 4.

It would of course be useful to give a more precise statement
of Requirement 4—one that avoids the vague instruction “where
possible.” We will do so in each of the economic applications an-
alyzed in subsequent sections. For now, we use the three-player
games in Figures 4.1.4 and 4.1.5 to illustrate and motivate Require-
ment 4. (The top, middle, and bottom payoffs are for players 1, 2,
and 3, respectively.)

This game has one subgame: it begins at player 2’s singleton
information set. The unique Nash equilibrium in this subgame
between players 2 and 3 is (L, R’), so the unique subgame-perfect
Nash equilibrium of the entire game is (D,L,R’). These strategies
and the belief p = 1 for player 3 satisfy Requirements 1 through 3.
They also trivially satisfy Requirement 4, since there is no infor-
mation set off this equilibrium path, and so constitute a perfect
Bayesian equilibrium.

Now consider the strategies (A,L,L’), together with the be-
lief p = 0. These strategies are a Nash equilibrium—no player
wants to deviate unilaterally. These strategies and belief also sat-
isfy Requirements 1 through 3—player 3 has a belief and acts opti-
mally given it, and players 1 and 2 act optimally given the subse-
quent strategies of the other players. But this Nash equilibrium is
not subgame-perfect, because the unique Nash equilibrium of the
game’s only subgame is (L,R’). Thus, Requirements 1 through 3
do not guarantee that the player’s strategies are a subgame-perfect
Nash equilibrium. The problem is that player 3’s belief (p = 0)

®Fudenberg and Tirole (1991) give a formal defintion of perfect Bayesian equi-
librium for a broad class of dynamic games of incomplete information. Their
definition addresses issues like those raised in footnote 2. In the simple games
analyzed in this chapter, however, such issues do not arise, so their definition is
equivalent to Requirements 1 through 4 Fudenberg and Tirole provide condi-
tions under which their perfect Bayesian equilibrium is equivalent to Kreps and
Wilson's sequential equilibrium.
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is inconsistent with player 2’s strategy (L), but Requirements 1
through 3 impose no restrictions on 3’s belief because 3’s infor-
mation set is not reached if the game is played according to the
specified strategies. Requirement 4, however, forces player 3's be-
lief to be determined by player 2’s strategy: if 2’s strategy is L
then 3’s belief must be p = 1; if 2’s strategy is R then 3’s belief
must be p = 0. But if 3’s belief is p = 1 then Requirement 2 forces
3’s strategy to be R/, so the strategies (A,L,L’) and the belief p = 0
do not satisfy Requirements 1 through 4.

As a second illustration of Requirement 4, suppose Figure 4.1.4
is modified as shown in Figure 4.1.5: player 2 now has a third pos-
sible action, A’, which ends the game. (For simplicity, we ignore
the payoffs in this game.) As before, if player 1's equilibrium
strategy is A then player 3’s information set is off the equilib-
rium path, but now Requirement 4 may not determine 3’s belief
from 2’s strategy. If 2’s strategy is A’ then Requirement 4 puts
no restrictions on 3’s belief, but if 2’s strategy is to play L with
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Figure 4.1.5.

probability g4;, R with probability g, and A’ with probability 1 —
g1 — 42, where g1 + g > 0, then Requirement 4 dictates that 3's
belief be p = 41/(q1 + g2)-

To conclude this section, we informally relate perfect Bayes-
ian equilibrium to the equilibrium concepts introduced in earlier
chapters. In a Nash equilibrium, each player’s strategy must be a
best response to the other players’ strategies, so no player chooses
a strictly dominated strategy. In a perfect Bayesian equilibrium,
Requirements 1 and 2 are equivalent to insisting that no player’s
strategy be strictly dominated beginning at any information set.
(See Section 4.4 for a formal definition of strict dominance begin-
ning at an information set.) Nash and Bayesian Nash equilibrium
do not share this feature at information sets off the equilibrium
path; even subgame-perfect Nash equilibrium does not share this
feature at some information sets off the equilibrium path, such
as information sets that are not contained in any subgame. Per-
fect Bayesian equilibrium closes these loopholes: players cannot
threaten to play strategies that are strictly dominated beginning at
any information set off the equilibrium path.
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As noted earlier, one of the virtues of the perfect Bayesian equi-
librium concept is that it makes the players’ beliefs explicit and so
allows us to impose not only Requirements 3 and 4 but also further
requirements (on beliefs off the equilibrium path). Since perfect
Bayesian equilibrium prevents player i from playing a strategy
that is strictly dominated beginning at an information set off the
equilibrium path, perhaps it is not reasonable for player j to be-
lieve that player i would play such a strategy. Because perfect
Bayesian equilibrium makes the players’ beliefs explicit, however,
such an equilibrium often cannot be constructed by working back-
wards through the game tree, as we did to construct a subgame-
perfect Nash equilibrium. Requirement 2 determines a player’s
action at a given information set based in part on the player’s be-
lief at that information set. If either Requirement 3 or 4 applies
at this information set, then it determines the player’s belief from
the players’ actions higher up the game tree. But Requirement 2
determines these actions higher up the game tree based in part
on the players’ subsequent strategies, including the action at the
original information set. This circularity implies that a single pass
working backwards through the tree (typically) will not suffice to
compute a perfect Bayesian equilibrium.

4.2 Signaling Games

4.2.A Perfect Bayesian Equilibrium in Signaling Games

A signaling game is a dynamic game of incomplete information
involving two players: a Sender (S) and a Receiver (R). The
timing of the game is as follows:

1. Nature draws a type t; for the Sender from a set of feasible
types T = {t1,...,t1} according to a probability distribution
p(t;), where p(t;) > 0 for every i and p(t1) +--- +p(ty) = 1.

2. The Sender observes t; and then chooses a message m; from
a set of feasible messages M = {my,...,my}.

3. The Receiver observes m; (but not ¢;) and then chooses an
action ay from a set of feasible actions A = {aq,...,ax}.

4. Payoffs are given by Us(t;,m;,ax) and Ug(t;, m;,ax).
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In many applications, the sets T, M, and A are intervals on the
real line, rather than the finite sets considered here. It is straight-
forward to allow the set of feasible messages to depend on the
type nature draws, and the set of feasible actions to depend on
the message the Sender chooses.

Signaling models have been applied extremely widely in eco-
nomics. To suggest the breadth of possible applications, we briefly
interpret the formal structure in 14 in terms of the three applica-
tions to be analyzed in Sections 4.2.B through 4.2.D.

In Spence’s (1973) model of job-market signaling, the
Sender is a worker, the Receiver is the market of pros-
pective employers, the type is the worker’s productive
ability, the message is the worker’s education choice,
and the action is the wage paid by the market.

In Myers and Majluf’'s (1984) model of corporate in-
vestment and capital structure, the Sender is a firm
needing capital to finance a new project, the Receiver
is a potential investor, the type is the profitability of the
firm’s existing assets, the message is the firm's offer of
an equity stake in return for financing, and the action
is the investor’s decision about whether to invest.

In some applications, a signaling game is embedded within a
richer game. For example, there could be an action by the Re-
ceiver before the Sender chooses the message in step 2, and there

could be an action by the Sender after (or while) the Receiver
chooses the action in step 3.

In Vickers's (1986) model of monetary policy, the Fed-
eral Reserve has private information about its willing-
ness to accept inflation in order to increase employ-
ment, but the model is otherwise a two-period version
of the complete-information repeated game analyzed in
Section 2.3.E. Thus, the Sender is the Federal Reserve,
the Receiver is the market of employers, the type is
the Fed’s willingness to accept inflation in order to in-
crease employment, the message is the Fed’s choice of
first-period inflation, and the action is the employers’
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expectation of second-period inflation. The employ-
ers’ expectation of first-period inflation precedes the
signaling game, and the Fed’s choice of second-period
inflation follows it.

For the rest of this section, we analyze the abstract signaling
game given in 14, rather than these applications. Figure 4.2.1
gives an extensive-form representation (without payoffs) of a sim-
ple case: T = {t1,t2}, M = {my,mp}, A = {ay,a2}, and Prob{t;} =
p. Note that the play of the game does not flow from an inijtial
node at the top of the tree to terminal nodes at the bottom, but
rather from an initial move by nature in the middle of the tree to
terminal nodes at the left and right edges.

Recall that (in any game) a player’s strategy is a complete
plan of action—a strategy specifies a feasible action in every con-
tingency in which the player might be called upon to act. In a sig-
naling game, therefore, a pure strategy for the Sender is a function
m(t;) specifying which message will be chosen for each type that
nature might draw, and a pure strategy for the Receiver is a func-
tion a(m;) specifying which action will be chosen for each message

a, Sender a,
m, t, m,
| f |
a, | 4 | %
| |
Receiver ® Nature Receiver
| |
| 1-p | a,
qo |
&—
m t, m,
a, Sender a2

Figure 4.2.1.
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that the Sender might send. In the simple game in Figure 4.2.1,
the Sender and the Receiver both have four pure strategies.

Sender Strategy 1: Play m; if nature draws ¢ and play m; if
nature draws f,.

Sender Strategy 2: Play m; if nature draws t; and play m, if
nature draws f,.

Sender Strategy 3: Play m; if nature draws t; and play m if
nature draws f;.

Sender Strategy 4: Play m; if nature draws t; and play m; if
nature draws f».

Receiver Strategy 1: Play a; if the Sender chooses m; and play
ay if the Sender chooses n1,.

Receiver Strategy 2: Play a; if the Sender chooses m; and play
a, if the Sender chooses m;.

Recetver Strategy 3: Play aj if the Sender chooses m; and play
a if the Sender chooses ;.

Receiver Strategy 4: Play aj if the Sender chooses m; and play
a, if the Sender chooses n1;.

We call the Sender’s first and fourth strategies pooling because each
type sends the same message, and the second and third separating
because each type sends a different message. In a model with more
than two types there are also partially pooling (or semi-separating)
strategies in which all the types in a given set of types send the
same message but different sets of types send different messages.
In the two-type game in Figure 4.2.1 there are analogous mixed
strategies, called hybrid strategies, in which (say) #; plays m; but
t, randomizes between m; and ms,.

We now translate the informal statements of Requirements 1
through 3 in Section 4.1 into a formal definition of a perfect Bayes-
ian equilibrium in a signaling game. (The discussion of Figure 4.1.5
implies that Requirement 4 is vacuous in a signaling game.) To
keep things simple, we restrict attention to pure strategies; hybrid
strategies are briefly discussed in the analysis of job-market sig-
naling in the next section. We leave it as an exercise to define a
Bayesian Nash equilibrium in a signaling game; see Problem 4.6.
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Because the Sender knows the full history of the game when
choosing a message, this choice occurs at a singleton information
set. (There is one such information set for each type nature might
draw.) Thus, Requirement 1 is trivial when applied to the Sender.
The Receiver, in contrast, chooses an action after observing the
Sender’s message but without knowing the Sender’s type, so the
Receiver’s choice occurs at a nonsingleton information set. (There
is one such information set for each message the Sender might
choose, and each such information set has one node for each type

nature might have drawn.) Applying Requirement 1 to the Re-
ceiver yields:

Signaling Requirement 1 After observing any message m; from M, the
Receiver must have a belief about which types could have sent m;. Denote
this belief by the probability distribution u(t; | m;), where u(t; | m;) > 0
foreach t;in T, and

> ult | m) =1.

tieT

Given the Sender’s message and the Receiver’s belief, it is straight-
forward to characterize the Receiver’s optimal action. Applying
Requirement 2 to the Receiver therefore yields:

Signaling Requirement 2R For each m; in M, the Receiver’s action
a* (m;) must maximize the Receiver’s expected utility, given the belief u(¢; |
m;) about which types could have sent m;. That is, a* (m;) solves

max Z w(t; | mp)Ug(t;, m;j, ax)
A LeT

Requirement 2 also applies to the Sender, but the Sender has com-
plete information (and hence a trivial belief) and also moves only
at the beginning of the game, so Requirement 2 is simply that the
Sender’s strategy be optimal given the Receiver’s strategy:

Signaling Requirement 2S5 For each t; in T, the Sender’s message
m*(t;) must maximize the Sender’s utility, given the Receiver’s strategy
a*(m;). That is, m*(t;) solves

max Us(t;, mj,a*(m;)).
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Finally, given the Sender’s strategy m*(t;), let T; denote the set
of types that send the message m;. That is, t; is a member of
the set T; if m*(t;) = m;. If T; is nonempty then the information
set corresponding to the message m; is on the equilibrium path;
otherwise, m; is not sent by any type and so the corresponding
information set is off the equilibrium path. For messages on the
equilibrium path, applying Requirement 3 to the Receiver’s beliefs
yields:

Signaling Requirement 3 For each m; in M, if there exists t; in T such
that m*(t;) = mj, then the Receiver’s belief at the information set corre-
sponding to m; must follow from Bayes’ rule and the Sender’s strategy:

p(ti)

Sopt)

LET;

pu(ti | my) =

Definition A pure-strategy perfect Bayesian equilibrium in a signal-
ing game is a pair of strategies m* (t;) and a*(m;) and a belief u(t; | m;)
satisfying Signaling Requirements (1), (2R), (2S), and (3).

If the Sender’s strategy is pooling or separating then we call the
equilibrium pooling or separating, respectively.

We conclude this section by computing the pure-strategy per-
fect Bayesian equilibria in the two-type example in Figure 4.2.2.
Note that each type is equally likely to be drawn by nature; we
use (p,1 — p) and (g,1 — g) to denote the Receiver’s beliefs at his
or her two information sets.

The four possible pure-strategy perfect Bayesian equilibria in
this two-type, two-message game are: (1) pooling on L; (2) pool-
ing on R; (3) separation with t; playing L and t, playing R; and
(4) separation with t; playing R and t; playing L. We analyze
these possibilities in turn.

1. Pooling on L: Suppose there is an equilibrium in which
the Sender’s strategy is (L,L), where (m',m'") means that type #;
chooses m’ and type t, chooses m’. Then the Receiver’s infor-
mation set corresponding to L is on the equilibrium path, so the
Receiver’s belief (p, 1 —p) at this information set is determined by
Bayes’ rule and the Sender’s strategy: p = .5, the prior distribu-
tion. Given this belief (or any other belief, in fact), the Receiver’s
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best response following L is to play u, so the Sender types t; and ¢,
earn payoffs of 1 and 2, respectively. To determine whether both
Sender types are willing to choose L, we need to specify how the
Receiver would react to R. If the Receiver’s response to R is u,
then type t;’s payoff from playing R is 2, which exceeds t;’s payoff
of 1 from playing L. But if the Receiver’s response to R is d then
t; and t; earn payoffs of zero and 1 (respectively) from playing R,
whereas they earn 1 and 2 (respectively) from playing L. Thus, if
there is an equilibrium in which the Sender’s strategy is (L, L) then
the Receiver’s response to R must be d, so the Receiver’s strategy
must be (u,d), where (a’,a"") means that the Receiver plays a’ fol-
lowing L and a” following R. It remains to consider the Receiver’s
belief at the information set corresponding to R, and the optimal-
ity of playing d given this belief. Since playing d is optimal for the
Receiver for any g < 2/3, we have that the [(L,L), (4,d),p = .5,4]
is a pooling perfect Bayesian equilibrium for any g4 < 2/3.

2. Pooling on R: Next suppose the Sender’s strategy is (R, R).
Then g = .5, so the Receiver’s best response to R is d, yielding
payoffs of 0 for t; and 1 for t,. But t; can earn 1 by playing L,
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since the Receiver’s best response to L is u for any value of p, so
there is no equilibrium in which the Sender plays (R, R).

3. Separation, with #; playing L: If the Sender plays the sepa-
rating strategy (L, R) then both of the Receiver’s information sets
are on the equilibrium path, so both beliefs are determined by
Bayes’ rule and the Sender’s strategy: p = 1 and g = 0. The
Receiver’s best responses to these beliefs are u and d, respec-
tively, so both Sender types earn payoffs of 1. It remains to check
whether the Sender’s strategy is optimal given the Receiver’s strat-
egy (u,d). It is not: if type t; deviates by playing L rather than R,
then the Receiver responds with u, earning t, a payoff of 2, which
exceeds ty’s payoff of 1 from playing R.

4. Separation, with t; playing R: If the Sender plays the sepa-
rating strategy (R, L) then the Receiver’s beliefs must be p = 0 and
g =1, so the Receiver’s best response is (u,u) and both types earn
payoffs of 2. If {; were to deviate by playing L, then the Receiver
would react with u; t’s payoff would then be 1, so there is no
incentive for t; to deviate from playing R. Likewise, if t» were to
deviate by playing R, then the Receiver would react with u; t;’s
payoff would then be 1, so there is no incentive for t, to deviate
from playing L. Thus, [(R,L), (u,u),p = 0,49 = 1] is a separating
perfect Bayesian equilibrium.

4.2.B Job-Market Signaling

The enormous literature on signaling games begins with Spence’s
(1973) model, which preceded both the widespread use of exten-
sive-form games to describe economic problems and the definition
of equilibrium concepts such as perfect Bayesian equilibrium. In
this section we restate Spence’s model as an extensive-form game
and then describe some of its perfect Bayesian equilibria; in Sec-
tion 4.4 we apply a refinement of perfect Bayesian equilibrium to
this game. The timing is as follows:

1. Nature determines a worker’s productive ability, n, which
can be either high (H) or low (L). The probability that n = H

is g.

2. The worker learns his or her ability and then chooses a level
of education, e > 0.
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3. Two firms observe the worker’s education (but not the work-
er’s ability) and then simultaneously make wage offers to the
worker.*

4. The worker accepts the higher of the two wage offers, flip-
ping a coin in case of a tie. Let w denote the wage the worker
accepts.

The payoffs are: w — c(n,e) to the worker, where c(n, e) is the cost
to a worker with ability n of obtaining education e; y(n,e) — w to
the firm that employs the worker, where y(7, e) is the output of a
worker with ability n who has obtained education e; and zero to
the firm that does not employ the worker.

We will focus (to some extent here and more so in Section 4.4)
on a perfect Bayesian equilibrium in which firms interpret educa-
tion as a signal of ability and so offer a higher wage to a worker
with more education. The irony of Spence’s (1973) paper was that
wages may increase with education in this way even if education
has no effect on productivity (i.e., even if the output of a worker
with ability n is y(n), independent of ¢). Spence’s (1974) paper
generalizes the argument to allow for the possibility that output
increases not only with ability but also with education; the analo-
gous conclusion is then that wages increase with education more
than can be explained by the effect of education on productivity.
We follow this more general approach.’

It is a well-established fact that wages are higher (on average)
for workers with more years of schooling (see Mincer [1974], for
example). This fact makes it tempting to interpret the variable e
as years of schooling. In a separating equilibrium we might think
of a low-ability worker as getting a high school education and a
high-ability worker a college education. Unfortunately, interpret-
ing e as years of schooling raises dynamic issues not addressed
in the simple game in 14, such as the possibility that a firm will
make a wage offer after a worker’s freshman year in college (i.e.,

“The presence of two firms in the Receiver’s role puts this game slightly
outside the class of games analyzed in the previous section, but see the discussion
preceding equation (4.2.1).

SFormally, we assume that high-ability workers are more productive (e.,
y(H,e) > y(L,e) for every e), and that education does not reduce productivity
(i.e., ¥e(n,€) > 0 for every n and every ¢, where y.(7,€) is the marginal produc-
tivity of education for a worker of ability 7 at education e).
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after a low-ability worker is supposed to have left school but be-
fore a high-ability worker is supposed to have done so). In a richer
game, the worker might choose each year whether to accept the
best current offer or to return to school for another year. Noldeke
and van Damme (1990) analyze a richer game along these lines
and show that: (i) there are many perfect Bayesian equilibria; (ii)
after applying a refinement that is closely related to the refinement
we will apply in Section 4.4, only one of these equilibria survives;
and (iii) this surviving equilibrium is identical to the only equilib-
rium of the simple game in 1-4 that survives after we apply the
refinement in Section 4.4. Thus, we could loosely interpret e as
years of schooling in the simple game in 14, because the results
are the same in the richer game.

Instead, we will sidestep these dynamic issues by interpreting
differences in e as differences in the quality of a student’s perfor-
mance, not as differences in the duration of the student’s school-
ing. Thus, the game in 14 could apply to a cohort of high school
graduates (i.e., workers with exactly 12 years of education), or to
a cohort of college graduates or MBAs. Under this interpretation,
e measures the number and kind of courses taken and the caliber
of grades and distinctions earned during an academic program
of fixed length. Tuition costs (if they exist at all) are then inde-
pendent of e, so the cost function c(n,e) measures nonmonetary
(or psychic) costs: students of lower ability find it more difficult
to achieve high grades at a given school, and also more difficult
to achieve the same grades at a more competitive school. Firms’
use of education as a signal thus reflects the fact that firms hire
and pay more to the best graduates of a given school and to the
graduates of the best schools.

The crucial assumption in Spence’s model is that low-ability
workers find signaling more costly than do high-ability workers.
More precisely, the marginal cost of education is higher for low-
than for high-ability workers: for every e,

c.(L,e) > c.(H,e),

where c.(n, e) denotes the marginal cost of education for a worker
of ability 7 at education e. To interpret this assumption, consider
a worker with education e; who is paid wage w,, as depicted in
Figure 4.2.3, and calculate the increase in wages that would be
necessary to compensate this worker for an increase in education
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Figure 4.2.3.

from e; to e;. The answer depends on the worker’s ability: low-
ability workers find it more difficult to acquire the extra education
and so require a larger increase in wages (to wr, rather than only
to wy) to compensate them for it. The graphical statement of
this assumption is that low-ability workers have steeper indiffer-
ence curves than do high-ability workers—compare I, to Iy in the
figure.

Spence also assumes that competition among firms will drive
expected profits to zero. One way to build this assumption into
our model would be to replace the two firms in stage (3) with a sin-
gle player called the market that makes a single wage offer w and
has the payoff —[y(n,e) — w]®. (Doing so would make the model
belong to the class of one-Receiver signaling games defined in the
previous section.) To maximize its expected payoff, as required by
Signaling Requirement 2R, the market would offer a wage equal
to the expected output of a worker with education e, given the
market’s belief about the worker’s ability after observing e:

w(e) = p(H|e)-y(H,e) + 1 —u(H [e)] - y(L,e), (42.1)

where p(H | e) is the market’s assessment of the probability that
the worker’s ability is H. The purpose of having two firms bidding
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against each other in stage (3) is to achieve the same result without
resorting to a fictitious player called the market. To guarantee that
the firms will always offer a wage equal to the worker’s expected
output, however, we need to impose another assumption: after
observing education choice e, both firms hold the same belief about
the worker’s ability, again denoted by u(H | e). Since Signaling
Requirement 3 determines the belief that both firms must hold
after observing a choice of e that is on the equilibrium path, our
assumption really is that the firms also share a common belief after
observing a choice of e that is off the equilibrium path. Given this
assumption, it follows that in any perfect Bayesian equilibrium
the firms both offer the wage w(e) given in (4.2.1)—just as in the
Bertrand model in Section 1.2.B the firms both offer a price equal
to the marginal cost of output. Thus, (4.2.1) replaces Signaling
Requirement 2R for this section’s two-Receiver model.

To prepare for the analysis of the perfect Bayesian equilibria of
this signaling game, we first consider the complete-information
analog of the game. That is, we temporarily assume that the
worker’s ability is common knowledge among all the players,
rather than privately known by the worker. In this case, com-
petition between the two firms in stage (3) implies that a worker
of ability 1 with education e earns the wage w(e) = y(n,e). A
worker with ability 7 therefore chooses ¢ to solve

max y(n,e) — c(n,e).

Denote the solution by e*(n), as shown in Figure 4.2.4, and let
w*(n) = yln, e (n)]-

We now return (permanently) to the assumption that the
worker’s ability is private information. This opens the possibility
that a low-ability worker could try to masquerade as a high-ability
worker. Two cases can arise. Figure 4.2.5 depicts the case in which
it is too expensive for a low-ability worker to acquire education
e*(H), even if doing so would trick the firms into believing that the
worker has high ability and so cause them to pay the wage w* (H).
That is, in Figure 4.2.5, w*(L) — c[L,e*(L)] > w*(H) — c[L,e*(H)}.

Figure 4.2.6 depicts the opposite case, in which the low-ability
worker could be said to envy the high-ability worker’s complete-
information wage and education level—that is, w* (L) —c[L, e*(L)} <
w*(H) — c[L,e*(H)]. The latter case is both more realistic and (as
we will see) more interesting. In a model with more than two
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Figure 4.2.6.

values of the worker’s ability, the former case arises only if each
possible value of ability is sufficiently different from the adjacent
possible values. If ability is a continuous variable, for example,
then the latter case applies.

As described in the previous section, three kinds of perfect
Bayesian equilibria can exist in this model: pooling, separating,
and hybrid. Each kind of equilibrium typically exists in profu-
sion; we restrict attention to a few examples. In a pooling equilib-
rium both worker-types choose a single level of education, say e,.
Signaling Requirement 3 then implies that the firms’ belief after
observing e, must be the prior belief, u(H | e,) = g, which in turn
implies that the wage offered after observing e, must be

wy =q-y(H,ep) + (1 —q)-y(L,ep). (4.2.2)

To complete the description of a pooling perfect Bayesian equilib-
rium, it remains (i) to specify the firms’ belief u(H | e) for out-of-
equilibrium education choices e # e,, which then determines the
rest of the firms’ strategy w(e) through (4.2.1), and (ii) to show that



Signaling Games 197

both worker-types’ best response to the firms’ strategy w(e) is to
choose e = ¢. These two steps represent Signaling Requirements 1
and 25, respectively; as noted earlier, (4.2.1) replaces Signaling Re-
quirement 2R in this two-Receiver model.

One possibility is that the firms believe that any education level
other than e, implies that the worker has low ability: u(H |e) =0
for all e # e,. Although this belief may seem strange, nothing
in the definition of perfect Bayesian equilibrium rules it out, be-
cause Requirements 1 through 3 put no restrictions on beliefs off
the equilibrium path and Requirement 4 is vacuous in a signaling
game. The refinement we apply in Section 4.4 does restrict the Re-
ceiver’s belief off the equilibrium path in a signaling game; indeed,
it rules out the belief analyzed here. In this analysis of pooling
equilibria we focus on this belief for expositional simplicity, but
also briefly consider alternative beliefs.

If the firms’ belief is

0 forez#e
W(H | &) = ores e (4.2.3)
q fore=ep
then (4.2.1) implies that the firms’ strategy is
L,e) fore
wie) = | Y0 forede (4.2.4)
Wy for e = ep.
A worker of ability n therefore chooses e to solve
max w(e) — c(n,e). (4.2.5)

The solution to (4.2.5) is simple: a worker of ability 5 chooses
either e, or the level of education that maximizes y(L,e) — c(n, e).
(The latter is precisely e*(L) for the low-ability worker.) In the
example depicted in Figure 4.2.7, the former is optimal for both
worker types: the low-ability worker’s indifference curve through
the point [e*(L), w*(L)] lies below that type’s indifference curve
through (ey,w,), and the high-ability worker’s indifference curve
through the point (e, wy) lies above the wage function w = y(L, ).
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y(H,e)

qy(H,e)
+(1-q9yL,e)

y(L,e)

Figure 4.2.7.

In summary, given the indifference curves, production functions,
and value of e, in Figure 4.2.7, the strategy [e(L) = ¢y, e(H) = ¢} for
the worker and the belief p(H | e) in (4.2.3) and the strategy w(e)
in (4.2.4) for the firms are a pooling perfect Bayesian equilibrium.

Many other pooling perfect Bayesian equilibria exist in the ex-
ample defined by the indifference curves and production functions
in Figure 4.2.7. Some of these equilibria involve a different edu-
cation choice by the worker (i.e., a value of ep other than the one
in the figure); others involve the same education choice but dif-
fer off the equilibrium path. As an example of the former, let é
denote a level of education between e, and ¢’, where e’ in Fig-
ure 4.2.7 is the level of education at which the low-ability worker’s
indifference curve through (e* (L), w*(L)) crosses the wage function
w=gq-y(H,e)+(1—q)-y(L,e). If we substitute ¢ for e, in (4.2.3) and
(4.2.4) then the resulting belief and strategy for the firms together
with the strategy [e(L) = &,e(H) = &] for the worker are another
pooling perfect Bayesian equilibrium. As an example of the latter,
suppose the firms’ belief is as in (4.2.3) except that any level of
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education above ¢” is taken to mean that the worker is a random
draw from the ability distribution:

0 fore <e” except fore =g,
pH|e)=q q fore=e,

g fore>é’,

where ¢” in Figure 4.2.7 is the level of education at which the
high-ability worker’s indifference curve through the point (e,, wp)
crosses the wage function w = q - y(H,e) + (1 — q) - y(L,e). The
firms’ strategy is then

y(L,e) for e < e except for e = e,
w(e) =< w, for e = ey

wy fore > e”.

This belief and strategy for the firms and the strategy (e(L) =
ep,e(H) = ey) for the worker are a third pooling perfect Bayesian
equilibrium.

We now turn to separating equilibria. In Figure 4.2.5 (the
no-envy case), the natural separating perfect Bayesian equilib-
rium involves the strategy [e(L) = e*(L),e(H) = e*(H)] for the
worker. Signaling Requirement 3 then determines the firms’ be-
lief after observing either of these two education levels (namely,
u[H | e*(L)] = 0 and p[H | e*(H)] = 1), so (4.2.1) implies that
wle*(L)] = w*(L) and wie*(H)] = w*(H). As in the discussion of
pooling equilibria, to complete the description of this separating
perfect Bayesian equilibrium it remains: (i) to specify the firms’
belief 1(H | e) for out-of-equilibrium education choices (i.e., values
of e other than e*(L) or ¢*(H)), which then determines the rest of
the firms’ strategy w(e) from (4.2.1); and (ii) to show that the best
response for a worker of ability 7 to the firms’ strategy w(e) is to
choose e = e*(n).

One belief that fulfills these conditions is that the worker has
high ability if e is at least ¢*(H) but has low ability otherwise:

0 fore<e*(H)
u(H | e) = { (4.2.6)
1 fore>e*(H).
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The firms’ strategy is then

w(e) = { y(L,e) fore <e*(H) (427)

y(H,e) fore>e*(H).

Since e¢*(H) is the high-ability worker’s best response to the wage
function w = y(H,e), it is also the best response here. As for the
low-ability worker, e*(L) is that worker’s best response when the
wage function is w = y(L,e), so w*(L) — c[L,e*(L)] is the highest
payoff that worker can achieve here among all choices of e < e*(H).
Since the low-ability worker’s indifference curves are steeper than
those of the high-ability worker, w*(H) — c[L,e*(H)] is the highest
payoff the low-ability worker can achieve here among all choices
of e > e*(H). Thus, e*(L) is the low-ability worker’s best response
because w*(L) — c[L,e*(L)] > w*(H) — c[L,e*(H)] in the no-envy
case.

We hereafter ignore the no-envy case. As suggested previ-
ously, Figure 4.2.6 (the envy case) is more interesting. Now the
high-ability worker cannot earn the high wage w(e) = y(H, e) sim-
ply by choosing the education e*(H) that he or she would choose
under complete information. Instead, to signal his or her abil-
ity the high-ability worker must choose e¢; > e*(H), as shown in
Figure 4.2.8, because the low-ability worker will mimic any value
of e between ¢*(H) and e; if doing so tricks the firms into be-
lieving that the worker has high ability. Formally, the natural
separating perfect Bayesian equilibrium now involves the strat-
egy le(L) = e*(L),e(H) = e;s] for the worker and the equilibrium
beliefs p[H | e*(L)] = 0 and p[H | es] = 1 and equilibrium wages
wle*(L)] = w*(L) and w(e;) = y(H, e5) for the firms. This is the only
equilibrium behavior that survives the refinement we will apply
in Section 4.4.

One specification of the firms’ out-of-equilibrium beliefs that
supports this equilibrium behavior is that the worker has high
ability if e > e, but has low ability otherwise:

0 fore<e
n(H|e) = ’
1 fore>e,.
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Figure 4.2.8.

The firms’ strategy is then

y(L,e) fore<e
wle) =
y(H,e) fore>es.

Given this wage function, the low-ability worker has two best re-
sponses: choosing e*(L) and earning w*(L), and choosing e; and
earning y(H, e;). We will assume that this indifference is resolved
in favor of e*(L); alternatively, we could increase e; by an arbi-
trarily small amount so that the low-ability worker would strictly
prefer e*(L). As for the high-ability worker, since e; > e*(H),
choices of e > e; are inferior to e;. Since the low-ability worker’s
indifference curves are steeper than the high-ability worker’s, the
latter’s indifference curve through the point (es, y(H, e;)) lies above
the wage function w = y(L,e) for e < e;, so choices of e < e; are
also inferior. Thus, the high-ability worker’s best response to the
firms’ strategy w(e) is es.

As with pooling equilibria, there are other separating equilibria
that involve a different education choice by the high-ability worker
(the low-ability worker always separates at e*(L); see below), and
still other separating equilibria that involve the education choices
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e*(L) and e; but differ off the equilibrium path. As an example
of the former, let & be an education level greater than es; but suffi-
ciently small that the high-ability worker prefers to signal his or
her ability by choosing é than to be thought to have low ability:
y(H,e) — c(H,é) is greater than y(L,e) — c¢(H,e) for every e. If we
substitute é for e, in 4(H | e) and w(e) accompanying Figure 4.2.8,
then the resulting belief and strategy for the firms together with
the strategy [e(L) = e*(L), e(H) = €] for the worker are another sep-
arating perfect Bayesian equilibrium. As an example of the latter,
let the firms’ belief for education levels strictly between e*(H) and
es be strictly positive but sufficiently small that the resulting strat-
egy w(e) lies strictly below the low-ability worker’s indifference
curve through the point (e*(L), w*(L)).

We conclude this section with a brief discussion of hybrid equi-
libria, in which one type chooses one education level with cer-
tainty but the other type randomizes between pooling with the
first type (by choosing the first type’s education level) and sepa-
rating from the first type (by choosing a different education level).
We analyze the case in which the low-ability worker randomizes;
Problem 4.7 treats the complementary case. Suppose the high-
ability worker chooses the education level ¢, (where the subscript
“h” connotes hybrid), but the low-ability worker randomizes be-
tween choosing e, (with probability =) and choosing e;, (with prob-
ability 1 —m). Signaling Requirement 3 (suitably extended to allow
for mixed strategies) then determines the firms’ belief after observ-
ing e, or e,: Bayes’ rule yields®

q

pH o) = o (4.2.8)
and the usual inference after separation yields u(H | e) = 0.
Three observations may help interpret (4.2.8): first, since the high-
ability worker always chooses e, but the low-ability worker does
so only with probability =, observing e, makes it more likely that
the worker has high ability so u(H | e;) > gq; second, as m ap-
proaches zero the low-ability worker almost never pools with the
high-ability worker so u(H | e;) approaches one; third, as 7 ap-
proaches one the low-ability worker almost always pools with the
high-ability worker so u(H | e,) approaches the prior belief 4.

6Recall from footnote 2 in Chapter 3 that Bayes’ rule states that P(A | B) =
P(A,B)/P(B). To derive (4.2.8), restate Bayes’ rule as P(A,B) = P(B| A) P(A) so
that P(A | B) = P(B | A) - P(A)/P(B)
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When the low-ability worker separates from the high-ability
worker by choosing e, the belief u(H | er) = 0 implies the wage
w(er) = y(L,er). It follows that e must equal e*(L): the only
education choice at which the low-ability worker can be induced
to separate (whether probabilistically as here, or with certainty
as in the separating equilibria discussed earlier) is that worker’s
complete-information education choice, e*(L). To see why this is
so, suppose the low-ability worker separates by choosing some
er, # e*(L). Such separation yields the payoff y(L,e;) — c(L,er),
but choosing e*(L) would yield a payoff of at least y[L,e*(L)] -
c[L,e*(L)] (or more if the firms’ belief u[H | e*(L)] is greater than
zero), and the definition of e*(L) implies that y[L, e*(L)] —c[L, e*(L)]
> y(L,e) — c(L,e) for every e # e*(L). Thus, there is no education
choice e; # e*(L) such that the low-ability worker can be induced
to separate by choosing e;.

For the low-ability worker to be willing to randomize between
separating at ¢*(L) and pooling at e;, the wage w(e,) = wy, must
make that worker indifferent between the two:

w* (L) — c[L,e*(L)] = wy — c(L,ey). (4.2.9)

For wy, to be an equilibrium wage for the firms to pay, however,
(4.2.1) and (4.2.8) imply

q

- e YHe) + (e, (4210)

q+(1-q)m

For a given value of e, if (4.2.9) yields wy, < y(H, ¢y), then (4.2.10)
determines the unique value of 7 consistent with a hybrid equilib-
rium in which the low-ability worker randomizes between e* (L)
and ey, while if wy > y(H,ey,), then there does not exist a hybrid
equilibrium involving ej.

Figure 4.2.9 implicitly illustrates the value of = consistent with
the indicated value of e,. Given e,, the wage wy solves (4.2.9),
so the point (e,,w) is on the low-ability worker’s indifference
curve through the point [e*(L),w*(L)]. Given wy, < y(H,ey), the
probability r solves r-y(H, e,)+(1—r)-y(L,e,) = wy. This probability
is the firms’ equilibrium belief u(H | e), so (4.2.8) implies 7 =
g(1 —r)/r(1 — q). The figure also illustrates that the constraint
wy < Y(H,ey) is equivalent to e, < e;, where e; is the education
chosen by the high-ability worker in the separating equilibrium
in Figure 4.2.8. Indeed, as e, approaches ¢, r approaches one, so

Wy
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Figure 4.2.9.

m approaches zero. Thus, the separating equilibrium described in
Figure 4.2.8 is the limit of the hybrid equilibria considered here.

To complete the description of the hybrid perfect Bayesian
equilibrium in Figure 4.2.9, let the firms’ belief be that the worker
has low ability if e < e, but otherwise has high ability with prob-
ability r and low ability with probability 1 — r:

0 fore<e
M(HIB)={ "

r fore> e,
The firms’ strategy is then

{ ]/(L,e) fOI' e < gy
w(e) =
r-y(H,e) + (1 —r)-y(L,e) fore> e
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It remains only to check that the worker’s strategy (e(L) = e, with
probability =, e(L) = e*(L) with probability 1 — 7; e(H) = ¢p) is a
best response to the firms’ strategy. For the low-ability worker,
the optimal e < ¢, is e*(L) and the optimal e > ¢, is e;,. For the
high-ability worker, ¢, is superior to all alternatives.

4.2.C Corporate Investment and Capital Structure

Consider an entrepreneur who has started a company but needs
outside financing to undertake an attractive new project. The en-
trepreneur has private information about the profitability of the
existing company, but the payoff of the new project cannot be dis-
entangled from the payoff of the existing company—all that can be
observed is the aggregate profit of the firm. (We could allow the
entrepreneur to have private information about the profitability
of the new project, too, but this would be an unnecessary compli-
cation.) Suppose the entrepreneur offers a potential investor an
equity stake in the firm in exchange for the necessary financing.
Under what circumstances will the new project be undertaken,
and what will the equity stake be?

To translate this problem into a signaling game, suppose that
the profit of the existing company can be either high or low: = = L
or H, where H > L > 0. To capture the idea that the new project
is attractive, suppose that the required investment is I, the payoff
will be R, the potential investor’s alternative rate of return is v,
and R > I(1+r). The timing and payoffs of the game are then as
follows:

1. Nature determines the profit of the existing company. The
probability that = = L is p.

2. The entrepreneur learns 7 and then offers the potential in-
vestor an equity stake s, where 0 <s < 1.

3. The investor observes s (but not 7) and then decides either
to accept or to reject the offer.

4. If the investor rejects the offer then the investor’s payoff is
I(1 +r) and the entrepreneur’s payoff is =. If the investor
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accepts s then the investor’s payoff is s(# + R) and the en-
trepreneur’s is (1 — s)(w + R).

Myers and Majluf (1984) analyze a model in this spirit, although
they consider a large firm (with shareholders and a manager)
rather than an entrepreneur (who is both the manager and the sole
shareholder). They discuss different assumptions about how the
shareholders’ interests might affect the manager’s utility; Dybvig
and Zender (1991) derive the optimal contract for the shareholders
to offer the manager.

This is a very simple signaling game, in two respects: the
Receiver’s set of feasible actions is extremely limited, and the
Sender’s set of feasible signals is larger but still rather ineffec-
tive (as we will see). Suppose that after receiving the offer s the
investor believes that the probability that 7 = L is g. Then the
investor will accept s if and only if

sigL+ (1 —g)H+R] > I(1 +r). (4.2.11)

As for the entrepreneur, suppose the profit of the existing company
is m, and consider whether the entrepreneur prefers to receive the
financing at the cost of an equity stake of s or to forego the project.
The former is superior if and only if

R
s < .
~— 7+R

(4.2.12)

In a pooling perfect Bayesian equilibrium, the investor’s belief
must be g = p after receiving the equilibrium offer. Since the
participation constraint (4.2.12) is more difficult to satisfy for = =
H than for m = L, combining (4.2.11) and (4.2.12) implies that a
pooling equilibrium exists only if

I(1+7) <_R
pL+(1—-p)H+R ~ H+R

(4.2.13)

If p is close enough to zero, (4.2.13) holds because R > I(1 +7r). If
p is close enough to one, however, then (4.2.13) holds only if

I(1+rH

- >
R—-I1+r)> R

L. (4.2.14)
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Intuitively, the difficulty with a pooling equilibrium is that the
high-profit type must subsidize the low-profit type: setting g = p
in (4.2.11) yields s > I(1 +r)/[pL + (1 — p)H + R], whereas if the
investor were certain that = = H (i.e., g = 0) then he or she would
accept the smaller equity stake s > I(1+r)/(H + R). The larger eq-
uity stake required in a pooling equilibrium is very expensive for
the high-profit firm—perhaps so expensive as to make the high-
profit firm prefer to forego the new project. Our analysis shows
that a pooling equilibrium exists if p is close to zero, so that the
cost of subsidization is small, or if (4.2.14) holds, so that the profit
from the new project outweighs the cost of subsidization.

If (4.2.13) fails then a pooling equilibrium does not exist. A sep-
arating equilibrium always exists, however. The low-profit type
offers s = I(1+r)/(L+R), which the investor accepts, and the high-
profit type offers s < I(1 4 r)/(H + R), which the investor rejects.
In such an equilibrium, investment is inefficiently low: the new
project is certain to be profitable, but the high-profit type foregoes
the investment. This equilibrium illustrates the sense in which the
Sender’s set of feasible signals is ineffective: there is no way for
the high-profit type to distinguish itself; financing terms that are
attractive to the high-profit type are even more attractive to the
low-profit type. As Myers and Majluf observe, the forces in this
model push firms toward either debt or internal sources of funds.

We conclude by briefly considering the possibility that the en-
trepreneur can offer debt as well as equity. Suppose the investor
accepts the debt contract D. If the entrepreneur does not declare
bankruptcy then the investor’s payoff is D and the entrepreneur’s
is m + R — D; if the entrepreneur does declare bankruptcy then the
investor’s payoff is 7 + R and the entrepreneur’s is zero. Since
L > 0, there is always a pooling equilibrium: both profit-types
offer the debt contract D = I(1 + r), which the investor accepts.
If L were sufficiently negative that R + L < I(1 + r), however,
then the low-profit type could not repay this debt so the investor
would not accept the contract. A similar argument would apply
if L and H represented expected (rather than certain) profits. Sup-
pose the type 7 means that the existing company’s profit will be
m -+ K with probability 1/2 and = — K with probability 1/2. Now if
L—K+R < I(1+r) then there is probability 1/2 that the low-profit
type will not be able to repay the debt D = I(1 +r) so the investor
will not accept the contract.
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4.2.D Monetary Policy

In this section we add private information to a two-period version
of the repeated monetary-policy game analyzed in Section 2.3.E.
As in Spence’s model, there are many pooling, hybrid, and sepa-
rating perfect Bayesian equilibria. Since we discussed such equi-
libria in detail in Section 4.2.B, we only sketch the main issues
here. See Vickers (1986) for the details of a similar two-period
analysis, and Barro (1986) for a multiperiod reputation model.

Recall from Section 2.3.E that the monetary authority’s one-
period payoff is

W(r, %) = —cn® — [(b — 1)y* +d(m — 7°))?,

where 7 is actual inflation, 7 is employers’ expectation of infla-
tion, and y* is the efficient level of output. For employers, the
one-period payoff is —(r — 7¢)2. In our two-period model, each
player’s payoff is simply the sum of the player’s one-period pay-
offs, W(n1,75) + W(m, n5) and —(m — n§)2 — (mp — 7§)?, where m;
is actual inflation in period t and 7§ is employers’ expectation (at
the beginning of period ) of inflation in period ¢.

The parameter c¢ in the payoff function W(n,n*) reflects the
monetary authority’s trade-off between the goals of zero inflation
and efficient output. In Section 2.3.E this parameter was common
knowledge. We now assume instead that this parameter is pri-
vately known by the monetary authority: ¢ = S or W (for “strong”
and “weak” at fighting inflation), where S > W > 0. The timing
of the two-period model is therefore as follows:

1. Nature draws the monetary authority’s type, c. The proba-
bility that c = W is p.

2. Employers form =%, their expectation of first-period inflation.

3. The monetary authority observes #{ and then chooses actual
first-period inflation, 7.

4. Employers observe m; (but not ¢) and then form =3, their
expectation of second-period inflation.

5. The monetary authority observes 7§ and then chooses actual
second-period inflation, .
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As noted in Section 4.2.A, there is a one-period signaling game em-
bedded in this two-period monetary-policy game. The Sender’s
message is the monetary authority’s first-period choice of infla-
tion, m, and the Receiver’s action is employers’ second-period
expectation of inflation, #§. Employers’ first-period expectation
of inflation and the monetary authority’s second-period choice of
inflation precede and follow the signaling game, respectively.
Recall that in the one-period problem (i.e., in the stage game
of the repeated game analyzed in Section 2.3.E) the monetary au-
thority’s optimal choice of m given employers’ expectation =¢ is

7 (1) =~ 11~ By +dn]

The same argument implies that if the monetary authority’s type
is ¢ then its optimal choice of 7, given the expectation = is

d * e */ e
m[(l ~ b)y* +dnf] = w3 (78, c).

Anticipating this, if employers begin the second period believing
that the probability that c = W is g, then they will form the expec-
tation n§(q) that maximizes

—qm3 (w5, W) — 5> — (1 = q)[m3 (x5, §) — n5]°. (4.2.15)

In a pooling equilibrium, both types choose the same first-
period inflation, say 7*, so employers’ first-period expectation
is 76 = 7*. On the equilibrium path, employers begin the sec-
ond period believing that the probability that c = W is p and so
form the expectation 7§(p). Then the monetary authority of type c
chooses its optimal second-period inflation given this expectation,
namely 73[n§(p),c], thus ending the game. To complete the de-
scription of such an equilibrium, it remains (as usual) to define
the Receiver’s out-of-equilibrium beliefs, to compute the associ-
ated out-of-equilibrium actions using (4.2.15), and to check that
these out-of-equilibrium actions do not create an incentive for any
Sender-type to deviate from the equilibrium.

In a separating equilibrium, the two types choose different
first-period inflation levels, say mw and 75, so employers’ first-
period expectation is 7§ = pmw + (1 — p)ws. After observing my,
employers begin the second period believing that ¢ = W and so
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form the expectation 75(1); likewise, observing =g leads to 5(0).
In equilibrium, the weak type then chooses 73 [r5(1), W] and the
strong type 73 [75(0), S], ending the game. To complete the descrip-
tion of such an equilibrium it remains not only to specify the Re-
ceiver’s out-of-equilibrium beliefs and actions and to check that no
Sender-type has an incentive to deviate, as above, but also to check
that neither type has an incentive to mimic the other’s equilibrium
behavior. Here, for example, the weak type might be tempted to
choose g in the first period, thereby inducing 75(0) as the em-
ployers’ second-period expectation, but then choose 73 [75(0), W]
to end the game. That is, even if 75 is uncomfortably low for the
weak type, the ensuing expectation 7§(0) might be so low that the
weak type receives a huge payoff from the unanticipated inflation
w3 [75(0), W] — 7§(0) in the second period. In a separating equilib-
rium, the strong type’s first-period inflation must be low enough
that the weak type is not tempted to mimic the strong type, in spite
of the subsequent benefit from unanticipated second-period infla-
tion. For many parameter values, this constraint causes 75 to be
lower than the inflation level the strong type would choose under
complete information, just as the high-ability worker overinvests
in education in a separating equilibrium in Spence’s model.

4.3 Other Applications of Perfect Bayesian
Equilibrium

4.3.A Cheap-Talk Games

Cheap-talk games are analogous to signaling games, but in cheap-
talk games the Sender’s messages are just talk—costless, non-
binding, nonverifiable claims. Such talk cannot be informative in
Spence’s signaling game: a worker who simply announced “My
ability is high” would not be believed. In other contexts, however,
cheap talk can be informative. As a simple example, consider the
likely interpretation of the phrase “Hey, look out for that bus!” In
applications of greater economic interest, Stein (1989) shows that
policy announcements by the Federal Reserve can be informative
but cannot be too precise, and Matthews (1989) studies how a
veto threat by the president can influence which bill gets through
Congress. In addition to analyzing the effect of cheap talk in a
fixed environment, one also can ask how to design environments
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to take advantage of cheap talk. In this vein, Austen-Smith (1990)
shows that in some settings debate among self-interested legisla-
tors improves the social value of the eventual legislation, and Far-
rell and Gibbons (1991) show that in some settings unionization
improves social welfare (in spite of the employment distortion de-
scribed in Section 2.1.C) because it facilitates communication from
the work force to management.

Cheap talk cannot be informative in Spence’s model because all
the Sender’s types have the same preferences over the Receiver’s
possible actions: all workers prefer higher wages, independent of
ability. To see why such uniformity of preferences across Sender-
types vitiates cheap talk (both in Spence’s model and more gener-
ally), suppose there were a pure-strategy equilibrium in which one
subset of Sender-types, T1, sends one message, m;, while another
subset of types, T, sends another message, m;. (Each T; could
contain only one type, as in a separating equilibrium, or many
types, as in a partially pooling equilibrium.) In equilibrium, the
Receiver will interpret m; as coming from T; and so will take the
optimal action given this belief; denote this action by a;. Since all
Sender-types have the same preferences over actions, if one type
prefers (say) a; to ay, then all types have this preference and will
send m; rather than my, thereby destroying the putative equilib-
rium. In Spence’s model, for example, if one cheap-talk message
led to a high wage but another cheap-talk message led to a low
wage, then workers of all ability levels would send the former
message, so there cannot exist an equilibrium in which cheap talk
affects wages.

Thus, for cheap talk to be informative, one necessary condition
is that different Sender-types have different preferences over the
Receiver’s actions. A second necessary condition, of course, is that
the Receiver prefer different actions depending on the Sender’s
type. (Both signaling and cheap talk are useless if the Receiver’s
preferences over actions are independent of the Sender’s type.) A
third necessary condition for cheap talk to be informative is that
the Receiver’s preferences over actions not be completely opposed
to the Sender’s. To anticipate a later example, suppose that the
Receiver prefers low actions when the Sender’s type is low and
high actions when the Sender’s type is high. If low Sender-types
prefer low actions and high types high actions, then communica-
tion can occur, but if the Sender has the opposite preference then
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communication cannot occur because the Sender would like to
mislead the Receiver. Crawford and Sobel (1982) analyze an ab-
stract model that satisfies these three necessary conditions. They
establish two intuitive results: loosely put, more communication
can occur through cheap talk when the players’ preferences are
more closely aligned, but perfect communication cannot occur un-
less the players’ preferences are perfectly aligned.

Each of the economic applications just described—cheap talk
by the Fed, veto threats, information transmission in debate, and
union voice—involves not only a simple cheap-talk game but also
a more complicated model of an economic environment. Analyz-
ing one of these applications would require us to describe not only
the former game but also the latter model, which would divert at-
tention from the basic forces at work in all cheap-talk games. In
this section, therefore, we depart from the style of the rest of the
book and analyze only abstract cheap-talk games, leaving the ap-
plications as further reading.

The timing of the simplest cheap-talk game is identical to the
timing of the simplest signaling game; only the payoffs differ.

1. Nature draws a type t; for the Sender from a set of feasible
types T = {#1,...,t} according to a probability distribution
p(t;), where p(t;) > O for every i and p(t1) + --- + p(tr) = 1.

2. The Sender observes ¢; and then chooses a message m; from
a set of feasible messages M = {m;,...,my}.

3. The Receiver observes m; (but not t;) and then chooses an
action a; from a set of feasible actions A = {a1,...,ax}.

4. Payoffs are given by Us(t;,ax) and URg(t;, ax).

The key feature of such a cheap-talk game is that the message
has no direct effect on either the Sender’s or the Receiver’s pay-
off. The only way the message can matter is through its informa-
tion content: by changing the Receiver’s belief about the Sender’s
type, a message can change the Receiver’s action, and thus indi-
rectly affect both players’ payoffs. Since the same information can
be communicated in different languages, different message spaces
can achieve the same results. The spirit of cheap talk is that any-
thing can be said, but formalizing this would require M to be a
very large set. Instead, we assume that M is (just) rich enough to
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say what needs to be said; that is, M = T. For the purposes of this
section, this assumption is equivalent to allowing anything to be
said; for the purposes of Section 4.4 (refinements of perfect Bayes-
ian equilibrium), however, the assumption must be reconsidered.

Because the simplest cheap-talk and signaling games have the
same timing, the definitions of perfect Bayesian equilibrium in the
two games are identical as well: a pure-strategy perfect Bayesian
equilibrium in a cheap-talk game is a pair of strategies m*(¢;) and
a*(mj) and a belief p(¢; | m;) satisfying Signaling Requirements (1),
(2R), (25), and (3), although the payoff functions Ug(t;, mj,ax) and
Us(t;,mj,a) in Signaling Requirements (2R) and (25) are now
equivalent to Ug(t;,ax) and Ug(t;,ax), respectively. One difference
between signaling and cheap-talk games, however, is that in the
latter a pooling equilibrium always exists. Because messages have
no direct effect on the Sender’s payoff, if the Receiver will ignore
all messages then pooling is a best response for the Sender; be-
cause messages have no direct effect on the Receiver’s payoff, if
the Sender is pooling then a best response for the Receiver is to
ignore all messages. Formally, let a* denote the Receiver’s optimal
action in a pooling equilibrium; that is, a* solves

£ Ur (b, 25).
max tieZTip( DUR (t, %)

It is a pooling perfect Bayesian equilibrium for the Sender to play
any pooling strategy, for the Receiver to maintain the prior belief
p(t;) after all messages (on and off the equilibrium path), and for
the Receiver to take the action a* after all messages. The interest-
ing question in a cheap-talk game therefore is whether nonpooling
equilibria exist. The two abstract cheap-talk games discussed next
illustrate separating and partially pooling equilibria, respectively.

We begin with a two-type, two-action example: T = {t1,tx},
Prob(t;) = p, and A = {ar,ay}. We could use a two-type, two-
message, two-action signaling game analogous to Figure 4.2.1 to
describe the payoffs in this cheap-talk game, but the payoffs from
the type-action pair (t;,ax) are independent of which message was
chosen, so we instead describe the payoffs using Figure 4.3.1. The
first payoff in each cell is the Sender’s and the second the Re-
ceiver’s, but this figure is not a normal-form game; rather, it sim-
ply lists the players’ payoffs from each type-action pair. As in
our earlier discussion of necessary conditions for cheap talk to be
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tr ty

ar | x,1 | y,0

ayg | z,0 | w,1

Figure 4.3.1.

informative, we have chosen the Receiver’s payoffs so that the
Receiver prefers the low action (a;) when the Sender’s type is
low (tr) and the high action when the type is high. To illustrate
the first necessary condition, suppose both Sender-types have the
same preferences over actions: x > z and y > w, for example, so
that both types prefer a; to ag. Then both types would like the
Receiver to believe that t = #;, so the Receiver cannot believe such
a claim. To illustrate the third necessary condition, suppose the
players’ preferences are completely opposed: z > x and y > w, so
that the low Sender-type prefers the high action and the high type
the low action. Then #; would like the Receiver to believe that
t = ty and ty would like the Receiver to believe that t = f;, so the
Receiver cannot believe either of these claims. In this two-type,
two-action game, the only case that satisfies both the first and the
third necessary conditions is x > z and y > w—the players’ inter-
ests are perfectly aligned, in the sense that given the Sender’s type
the players agree on which action should be taken. Formally, in a
separating perfect Bayesian equilibrium in this cheap-talk game,
the Sender’s strategy is [m(fy) = tp,m(ty) = ty|, the Receiver’s
beliefs are p(ty | tz) = 1 and p(fr | tg) = 0, and the Receiver’s
strategy is [a(tL) = ar,a(ty) = an]. For these strategies and beliefs
to be an equilibrium, each Sender-type t; must prefer to announce
the truth, thereby inducing the action a;, rather than to lie, thereby
inducing a;. Thus, a separating equilibrium exists if and only if
x>zand y > w.

Our second example is a special case of Crawford and Sobel’s
model. Now the type, message, and action spaces are continuous:
the Sender’s type is uniformly distributed between zero and one
(formally, T = [0,1] and p(t) =1 for all ¢ in T); the message space
is the type space (M = T); and the action space is the interval
from zero to one (A = [0,1]). The Receiver’s payoff function is
Ug(t,a) = —(a — t)? and the Sender’s is Us(t,a) = —[a — (t + b)]%,
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so when the Sender’s type is f, the Receiver’s optimal action is
a = t but the Sender’s optimal action is 4 = £ + b. Thus, dif-
ferent Sender-types have different preferences over the Receiver’s
actions (more specifically, higher types prefer higher actions), and
the players’ preferences are not completely opposed (more specif-
ically, the parameter b > 0 measures the similarity of the players’
preferences—when b is closer to zero, the players’ interests are
more closely aligned).

Crawford and Sobel show that all the perfect Bayesian equilib-
tia of this model (and of a broad class of related models) are equiv-
alent to a partially pooling equilibrium of the following form: the
type space is divided into the # intervals [0, x1), [x1,%2),. .., [Xn—1,1];
all the types in a given interval send the same message, but types
in different intervals send different messages. As noted earlier,
a pooling equilibrium (n = 1) always exists. We will show that,
given the value of the preference-similarity parameter b, there is a
maximum number of intervals (or “steps”) that can occur in equi-
librium, denoted n*(b), and partially pooling equilibria exist for
each n = 1,2,...,n*(b). A decrease in b increases n*(b)—in this
sense, more communication can occur through cheap talk when
the players’ preferences are more closely aligned. Also, n*(b) is
finite for all b > 0 but approaches infinity as b approaches zero—
perfect communication cannot occur unless the players’ prefer-
ences are perfectly aligned.

We conclude this section by characterizing these partially pool-
ing equilibria, starting with a two-step equilibrium (n = 2) as an
illustration. Suppose all the types in the interval [0,x1) send one
message while those in [x1,1] send another. After receiving the
message from the types in [0,x;), the Receiver will believe that
the Sender’s type is uniformly distributed on [0,x;), so the Re-
ceiver’s optimal action will be x;/2; likewise, after receiving the
message from the types in [x1, 1], the Receiver’s optimal action will
be (x1 +1)/2. For the types in [0,x1) to be willing to send their
message, it must be that all these types prefer the action x;/2 to
the action (x; + 1)/2; likewise, all the types above x; must prefer
(x1+1)/2 to x1/2.

Because the Sender’s preferences are symmetric around his or
her optimal action, the Sender-type t prefers x; /2 to (x;+1) /2 if the
midpoint between these two actions exceeds that type’s optimal
action, t+b (as in Figure 4.3.2), but prefers (x;+1)/2 to x; /2 if t+b
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midpoint
(x)/2 (x,+D/2
| | |
| | : |
a=0 ' ) a=1
t+b :
U, (t,a)
Figure 4.3.2.

exceeds the midpoint. Thus, for a two-step equilibrium to exist,
x1 must be the type t whose optimal action t+ b exactly equals the
midpoint between the two actions:

__1 x1 x1+1
X1+b—2[2+ 5 ],

or x;1 = (1/2) — 2b. Since the type space is T = [0,1], x; must
be positive, so a two-step equilibrium exists only if b < 1/4; for
b > 1/4 the players’ preferences are too dissimilar to allow even
this limited communication.

To complete the discussion of this two-step equilibrium, we
address the issue of messages that are off the equilibrium path.
Crawford and Sobel specify the Sender’s (mixed) strategy so that
no such messages exist: all types ¢ < x; choose a message ran-
domly, according to a uniform distribution on [0,x;); all types
t > x1 choose a message randomly, according to a uniform distri-
bution on [x1,1]. Since we assumed M = T, there are no messages
that are sure not to be sent in equilibrium, so Signaling Require-
ment 3 determines the Receiver’s belief after all possible messages:
the Receiver’s belief after observing any message from [0, x1) is
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that ¢ is uniformly distributed on [0,x;), and the Receiver’s be-
lief after observing any message from [x;,1] is that ¢ is uniformly
distributed on [x1,1]. (The use of uniform distributions in the
Sender’s mixed strategy is entirely separate from the assumption
of a uniform distribution of the Sender’s type; the Sender’s mixed
strategy could just as well use any other strictly positive proba-
bility density over the indicated intervals.) As an alternative to
Crawford and Sobel’s approach, we could specify a pure strat-
egy for the Sender but choose appropriate beliefs for the Receiver
off the equilibrium path. For example, let the Sender’s strategy
be that all types ¢ < x; send the message 0 and all types t > x;
send the message x1, and let the Receiver’s out-of-equilibrium be-
lief after observing any message from (0, x1) be that ¢ is uniformly
distributed on [0, x1), and after observing any message from (xi, 1]
be that t is uniformly distributed on [xq,1].

To characterize an n-step equilibrium, we repeatedly apply the
following observation from the two-step equilibrium: the upper
step, [x1,1], is 4b longer than the lower step, [0,x;). This obser-
vation follows from the fact that, given the Sender’s type (t), the
Sender’s optimal action (t + b) exceeds the Receiver’s optimal ac-
tion (f) by b. Thus, if two adjacent steps were of equal length, the
boundary type between the steps (x; in the two-step equilibrium)
would strictly prefer to send the message associated with the up-
per step; indeed, the types slightly below the boundary would
also prefer this. The only way to make the boundary type indif-
ferent between the two steps (and thereby make the types above
and below the boundary strictly prefer their respective steps) is to
make the upper step appropriately longer than the lower step, as
follows.

If the step [xx_1,x¢) is of length ¢ (i.e., xx — x¢—1 = ¢), then
the Receiver’s optimal action associated with this step—namely,
(xx+xx—1)/2—is (c/2)+b below the optimal action for the boundary
type xy—namely, xx +b. To make the boundary type x; indifferent
between the steps [xx—1,%x) and [xk,Xxy1), the Receiver’s action
associated with the latter step must be (c/2) + b above the optimal
action for x;:

Xi+1 + Xk

C
5 —(xk—}—b)—i—}—b,

or

Xgy1 — Xk = ¢ + 4b.
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Thus, each step must be 4b longer than the last.

In an n-step equilibrium, if the first step is of length d, then
the second must be of length d +4b, the third of length 4+ 8b, and
so on. The n™ step must end exactly at t = 1, so we must have

d+d+4b)+---+d+(n—1)4b) = 1.
Using the fact that 1+2 +---+ (n —1) = n(n - 1)/2, we have
n-d+nn—-1)-2b=1. (4.3.1)

Given any n such that n(n—1)-2b < 1, there exists a value of 4 that
solves (4.3.1). That is, for any n such that n(n — 1) - 2b < 1, there
exists an n-step partially pooling equilibrium, and the length of
its first step is the value of d that solves (4.3.1). Since the length
of the first step must be positive, the largest possible number of
steps in such an equilibrium, n*(b), is the largest value of n such
that n(n — 1) - 2b < 1. Applying the quadratic formula shows that
n*(b) is the largest integer less than

%[1+M].

Consistent with the derivation of the two-step equilibrium, n*(b) =
1 for b > 1/4: no communication is possible if the players’ prefer-
ences are too dissimilar. Also, as claimed earlier, n*(b) decreases
in b but approaches infinity only as b approaches zero: more com-
munication can occur through cheap talk when the players’ prefer-
ences are more closely aligned, but perfect communication cannot
occur unless the players’ preferences are perfectly aligned.

4.3.B Sequential Bargaining under Asymmetric
Information

Consider a firm and a union bargaining over wages. For sim-
plicity, assume that employment is fixed. The union’s reservation
wage (i.e., the amount that union members earn if not employed
by the firm) is w,. The firm’s profit, denoted by , is uniformly dis-
tributed on (7, 7g], but the true value of 7 is privately known by
the firm. Such private information might reflect the firm’s supe-
rior knowledge concerning new products in the planning stage, for
example. We simplify the analysis by assuming that w, = 7 = 0.
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The bargaining game lasts at most two periods. In the first
period, the union makes a wage offer, w;. If the firm accepts
this offer then the game ends: the union’s payoff is w; and the
firm’s is m —w,. (These payoffs are the present values of the wage
and (net) profit streams that accrue to the players over the life of
the contract being negotiated—typically three years.) If the firm
rejects this offer then the game proceeds to the second period.
The union makes a second wage offer, w,. If the firm accepts this
offer then the present values of the players’ payoffs (as measured
in the first period) are éw; for the union and é(m — wy) for the
firm, where 6 reflects both discounting and the reduced life of the
contract remaining after the first period. If the firm rejects the
union’s second offer then the game ends and payoffs are zero for
both players. A more realistic model might allow the bargaining
to continue until an offer is accepted, or might force the parties
to submit to binding arbitration after a prolonged strike. Here we
sacrifice realism for tractability; see Sobel and Takahashi (1983)
and Problem 4.12 for an infinite-horizon analysis.

Defining and deriving a perfect Bayesian equilibrium is a bit
complicated in this model, but the eventual answer is simple and
intuitive. We therefore begin by sketching the unique perfect
Bayesian equilibrium of this game.

e The union’s first-period wage offer is
wr = (2207
1= 2@ -3
o If the firm’'s profit, 7, exceeds

o 29, _2-6 .
17926 4-3"
then the firm accepts w]; otherwise, the firm rejects wj.

o If its first-period offer is rejected, the union updates its belief
about the firm’s profit: the union believes that 7 is uniformly
distributed on [0, 7{].

e The union’s second-period wage offer (conditional on w; be-
ing rejected) is
mf  2—6

O B )

TH <w{.
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e If the firm’s profit, 7, exceeds wj then the firm accepts the
offer; otherwise, it rejects it.

Thus, in each period, high-profit firms accept the union’s offer
while low-profit firms reject it, and the union’s second-period be-
lief reflects the fact that high-profit firms accepted the first-period
offer. (Note the slight change in usage here: we will refer inter-
changeably to one firm with many possible profit types and to
many firms each with its own profit level.) In equilibrium, low-
profit firms tolerate a one-period strike in order to convince the
union that they are low-profit and so induce the union to offer a
lower second-period wage. Firms with very low profits, however,
find even the lower second-period offer intolerably high and so
reject it, too.

We begin our analysis by describing the players’ strategies and
beliefs, after which we define a perfect Bayesian equilibrium. Fig-
ure 4.3.3 provides an extensive-form representation of a simplified
version of the game: there are only two values of = (m; and =g),
and the union has only two possible wage offers (wy, and wgy).

In this simplified game, the union has the move at three infor-
mation sets, so the union’s strategy consists of three wage offers:
the first-period offer, w1, and two second-period offers, w, after
w1 = wy is rejected and w; after w; = wy is rejected. These three
moves occur at three nonsingleton information sets, at which the
union’s beliefs are denoted (p,1 —p), (9,1 —¢), and (r,1 —r), re-
spectively. In the full game (as opposed to the simplified game
in Figure 4.3.3), a strategy for the union is a first-period offer w;
and a second-period offer function wy(w;) that specifies the offer
w, to be made after each possible offer w; is rejected. Each of
these moves occurs at a nonsingleton information set. There is
one second-period information set for each different first-period
wage offer the union might make (so there is a continuum of such
information sets, rather than two as in Figure 4.3.3). Within both
the lone first-period and the continuum of second-period infor-
mation sets, there is one decision node for each possible value of
7 (so there is a continuum of such nodes, rather than two as in
Figure 4.3.3). At each information set, the union’s belief is a prob-
ability distribution over these nodes. In the full game, we denote
the union’s first-period belief by pi(7), and the union’s second-
period belief (after the first-period offer w; has been rejected) by
pa(m | wr).
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Nature

Figure 4.3.3.
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A strategy for the firm involves two decisions (in either the
simplified or the full game). Let A;(w; | ) equal one if the firm
would accept the first-period offer w; when its profit is =, and
zero if the firm would reject w; when its profit is . Likewise,
let Ax(wp | m,w1) equal one if the firm would accept the second-
period offer w, when its profit is 7 and the first-period offer was
w1, and zero if the firm would reject w; under these circumstances.
A strategy for the firm is a pair of functions [A;(w; | 7), A2(w> |
m,w1)]. Since the firm has complete information throughout the
game, its beliefs are trivial

The strategies [w;,wy(wq)] and [A1(w; | 7), Aa(we | 7,w1)] and
the beliefs [p1(7), pa(7w | wr)] are a perfect Bayesian equilibrium if
they satisfy Requirements 2, 3, and 4 given in Section 4.1. (Re-
quirement 1 is satisfied by the mere existence of the union’s be-
liefs.) We will show that there is a unique perfect Bayesian equilib-
rium. The simplest step of the argument is to apply Requirement 2
to the firm’s second-period decision A;(w, | m,w;): since this is the
last move of the game, the optimal decision for the firm is to accept
w» if and only if # > wy; wy is irrelevant. Given this part of the
firm’s strategy, it is also straightforward to apply Requirement 2
to the union’s second-period choice of a wage offer: w; should
maximize the union’s expected payoff, given the union’s belief
p2(m | wi) and the firm’s subsequent strategy Ap(ws | m,w;1). The
tricky part of the argument is to determine the belief po(7 | wy),
as follows.

We begin by temporarily considering the following one-period
bargaining problem. (We will later use the results of this problem
as the solution to the second period of the two-period problem.) In
the one-period problem, suppose the union believes that the firm’s
profit is uniformly distributed on [0, m], where for the moment
is arbitrary. If the union offers w then the firm’s best response is
clear: accept w if and only if # > w. Thus, the union’s problem
can be stated as:

max w - Prob{firm accepts w} + O - Prob{firm rejects w},
w

where Prob{firm accepts w} = (m; — w)/m for the relevant range
of wage offers (namely, 0 < w < 7). The optimal wage offer is
therefore w*(m) = m/2.

We now return (permanently) to the two-period problem. We
show first that, for arbitrary values of w; and wj, if the union offers
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w; in the first period and the firm expects the union to offer w,
in the second period, then all firms with sufficiently high profit
will accept wy and all others will reject it. The firm’s possible
payoffs are 7 — w; from accepting w;, §(7 — w») from rejecting w
and accepting w,, and zero from rejecting both offers. The firm
therefore prefers accepting w; to accepting w; if #—w; > §(w—w>),
or

91_1% = 7" (w1, w2),
and the firm prefers accepting w; to rejecting both offers if = —
wy; > 0. Thus, for arbitrary values of w; and wp, firms with
m > max{r*(wi,wz), w1} will accept w; and firms with
m < max{n*(wy,wz), w1} will reject wy. Since Requirement 2 dic-
tates that the firm act optimally given the players’ subsequent
strategies, we can derive Aj(w; | ) for an arbitrary value of ws:
firms with 7 > max{7*(w;, w,),w,} will accept w; and firms with
m < max{m*(wy,w,), w1} will reject wy, where w, is the union’s
second-period wage offer w;(w1).

We can now derive (7 | wq), the union’s second-period be-
lief at the information set reached if the first-period offer w, is
rejected. Requirement 4 implies that the correct belief is that =
is uniformly distributed on [0, #(w;)], where 7 (w,) is the value
of 7w such that the firm is indifferent between accepting w; and
rejecting it but accepting the union’s optimal second-period offer
given this belief—namely w*(w(w;)) = w(w1)/2, as computed in
the one-period problem. To see this, recall that Requirement 4
dictates that the union’s belief be determined by Bayes’s rule and
the firm’s strategy. Thus, given the first part of the firm’s strat-
egy Ai(wi | 7) just derived, the union’s belief must be that the
types remaining in the second period are uniformly distributed
on [0, w], where m; = max{r*(wy,w.),w;} and w, is the union’s
second-period wage offer wy(w;). Given this belief, the union’s
optimal second-period offer must be w*(7;) = m1/2, which yields
an implicit equation for 71 as a function of w;:

m = max{w"(wy,m1/2),w; }.

To solve this implicit equation, suppose w; > 7* (w1, 71/2). Then
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w1 = wy, but this contradicts w; > #*(wq, 7 /2). Therefore, w; <
¥ (w1, m1/2), so m = 7w (wq, 71 /2), or

2un o wn
25 and wZ(wl)_Z—é .

w1 (wr) =

We have now reduced the game to a single-period optimiza-
tion problem for the union: given the union’s first-period wage of-
fer, w1, we have specified the firm’s optimal first-period response,
the union’s belief entering the second period, the union’s opti-
mal second-period offer, and the firm’s optimal second-period re-
sponse. Thus, the union’s first-period wage offer should be chosen
to solve

max w; -Prob{firm accepts w, }
1
+ Swa(w1) - Prob{firm rejects w; but accepts w5}

+ 6 -0 Prob{firm rejects both w; and w,}.

Note well that Prob{firm accepts w1} is not simply the probability
that 7 exceeds wj; rathery, it is the probability that 7 exceeds 71 (w1 ):

g — 71 (W1)
TH )

Prob{firm accepts w1} =

The solution to this optimization problem is wj, given at the be-
ginning of the analysis, and 7 and wj are then given by = (w})
and w2 (w7), respectively.

4.3.C Reputation in the Finitely Repeated Prisoners’
Dilemma

In the analysis of finitely repeated games of complete information
in Section 2.3.A, we showed that if a stage game has a unique
Nash equilibrium, then any finitely repeated game based on this
stage game has a unique subgame-perfect Nash equilibrium: the
Nash equilibrium of the stage game is played in every stage, after
every history. In contrast to this theoretical result, a great deal of
experimental evidence suggests that cooperation occurs frequently
during finitely repeated Prisoners’ Dilemmas, especially in stages
that are not too close to the end; see Axelrod (1981) for references.
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Kreps, Milgrom, Roberts, and Wilson (1982) show that a reputation
model offers an explanation of this evidence.”

The simplest exposition of such a reputation equilibrium in the
finitely repeated Prisoners’ Dilemma involves a new way of mod-
eling asymmetric information. Rather than assume that one player
has private information about his or her payoffs, we will assume
that the player has private information about his or her feasible
strategies. In particular, we will assume that with probability p
the Row player can play only the Tit-for-Tat strategy (which be-
gins the repeated game by cooperating and thereafter mimics the
opponent’s previous play), while with probability 1 — p Row can
play any of the strategies available in the complete-information re-
peated game (including Tit-for-Tat). Following common parlance,
we will call the latter Row-type “rational.” The expositional ad-
vantage of this formulation follows from the fact that if Row ever
deviates from the Tit-for-Tat strategy then it becomes common
knowledge that Row is rational.

The Tit-for-Tat strategy is simple and appealing. Also, it was
the winning entry in Axelrod’s prisoners’ dilemma tournament.
Nonetheless, some may find it unappealing to assume that a player
may have only one strategy available, even if it is an attractive
strategy. At the cost of some expositional simplicity, one could
instead assume that both Row-types can play any strategy, but
with probability p Row’s payoffs are such that Tit-for-Tat strictly
dominates every other strategy in the repeated game. (The expo-
sition becomes more complicated under this assumption because
a deviation from Tit-for-Tat does not make it common knowledge
that Row is rational.) Such payoffs differ from those typically as-
sumed in repeated games: to make it optimal to mimic the Column
player’s previous play, Row’s payoffs in one stage must depend
on Column’s move in the previous stage. As a third possibility
(again at the expense of expositional simplicity), one could allow
a player to have private information about his or her stage-game
payoffs, but insist that the payoff in a stage depend only on the

7We showed in Section 2.3.B that cooperation can occur in the infinitely re-
peated Prisoners’ Dilemma. Some authors refer to such an equilibrium as a
“reputation” equilibrium, even though both players’ payoffs and opportunities
are common knowledge. For clarity, one might instead describe such an equi-
librium as based on “threats and promises,” reserving the term “reputation” for
games where at least one player has something to learn about another, as in this
section.
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moves in that stage, and that the total payoff for the repeated
game be the sum of the payoffs in the stage games. In particular,
one could assume that with probability p Row’s best response to
cooperation is cooperation Kreps, Milgrom, Roberts, and Wilson
(hereafter KMRW) show that one-sided asymmetric information
of this kind is not sufficient to produce cooperation in equilib-
rium; rather, finking occurs in every stage, just as under complete
information. They also show, however, that if there is two-sided
asymmetric information of this kind (i.e., if there is also probabil-
ity g that Column’s best response to cooperation is cooperation)
then there can exist an equilibrium in which both players cooper-
ate until the last few stages of the game.

To reiterate, we will assume that with probability p Row can
play only the Tit-for-Tat strategy. The spirit of KMRW’s analysis
is that even if p is very small (i.e., even if Column has only a tiny
suspicion that Row might not be rational), this uncertainty can
have a big effect, in the following sense. KMRW show that there
is an upper bound on the number of stages in which either player
finks in equilibrium. This upper bound depends on p and on the
stage-game payoffs but not on the number of stages in the re-
peated game. Thus, in any equilibrium of a long enough repeated
game, the fraction of stages in which both players cooperate is
large. (KMRW state their result for sequential equilibria, but their
arguments also apply to perfect Bayesian equilibria.) Two key
steps in KMRW's argument are: (i) if Row ever deviates from Tit-
for-Tat then it becomes common knowledge that Row is rational,
so neither player cooperates thereafter, so the rational Row has an
incentive to mimic Tit-for-Tat; and (ii) given an assumption on the
stage-game payoffs to be imposed below, Column’s best response
against Tit-for-Tat would be to cooperate until the last stage of the
game.

To provide a simple look at the forces at work in KMRW's
model, we will consider the complement of their analysis: rather
than assume that p is small and analyze long repeated games, we
will assume that p is large enough that there exists an equilibrium
in which both players cooperate in all but the last two stages of
a short repeated game. We begin with the two-period case. The
timing is:

1. Nature draws a type for the Row player. With probability p,
Row has only the Tit-for-Tat strategy available; with proba-
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bility 1 — p, Row can play any strategy. Row learns his or
her type, but Column does not learn Row’s type.

2. Row and Column play the Prisoners’ Dilemma. The players’
choices in this stage game become common knowledge.

3. Row and Column play the Prisoners’ Dilemma for a second
and last time.

4. Payoffs are received. The payoffs to the rational Row and
to Column are the (undiscounted) sums of their stage-game
payoffs. The stage game is given in Figure 4.3.4.

To make this stage game a Prisoners’ Dilemma, we assume that
a>1and b < 0. KMRW also assume that a + b < 2, so that (as
claimed in (ii) above) Column’s best response against Tit-for-Tat
would be to cooperate until the last stage of the game, rather than
to alternate between cooperating and finking.

Column
Cooperate Fink
Cooperate 1,1 b,a
Row
Fink a,b 0,0
Figure 4.3 4.

As in the last period of a finitely repeated Prisoners’ Dilemma
under complete information, finking (F) strictly dominates coop-
erating (C) in the last stage of this two-period game of incomplete
information, both for the rational Row and for Column. Since
Column will surely fink in the last stage, there is no reason for
the rational Row to cooperate in the first stage. Finally, Tit-for-Tat
begins the game by cooperating. Thus, the only move to be deter-
mined is Column’s first-period move (X), which is then mimicked
by Tit-for-Tat in the second period, as shown in the equilibrium
path in Figure 4.3.5.

By choosing X = C, Column receives the expected payoff p-1+
(1 —p) - b in the first period and p - 4 in the second period. (Since
Tit-for-Tat and the rational Row choose different moves in the first
period, Column will begin the second period knowing whether
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t=1 t=2
Tit-for-Tat C X
Rational Row F F
Column X F
Figure 4.3.5.

Tit-for-Tat C C
Rational Row C F
C C

Column

om0

Figure 4.3.6.

Row is Tit-for-Tat or rational. The expected second-period payoff
p-a reflects Column’s uncertainty about Row’s type when deciding
whether to cooperate or fink in the first period.) By choosing
X = F, in contrast, Column receives p - a in the first period and
zero in the second. Thus, Column will cooperate in the first period
provided that

p+(1—-phb=0. (4.3.2)

We hereafter assume that (4.3.2) holds.

Now consider the three-period case. Given (4.3.2), if Column
and the rational Row both cooperate in the first period then the
equilibrium path for the second and third periods will be given by
Figure 4.3.5, with X = C and the periods relabeled. We will derive
sufficient conditions for Column and the rational Row to cooperate
in the first period, as shown in the three-period equilibrium path
in Figure 4.3.6.

In this equilibrium, the payoff to the rational Row is 1 +4 and
the expected payoff to Column is 1+p+(1—p)b+pa. If the rational
Row finks in the first period then it becomes common knowledge
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t=1 t=2 t=3
Tit-for-Tat C F F
Rational Row C F F
Column F F F
Figure 4.3.7.

that Row is rational, so both players fink in the second and third
periods. Thus, the total payoff to the rational Row from finking
in the first period is a4, which is less than the equilibrium payoff
of 1 +a, so the rational Row has no incentive to deviate from the
strategy implicit in Figure 4.3.6.

We next consider whether Column has an incentive to deviate.
If Column finks in the first period then Tit-for-Tat will fink in
the second period, and the rational Row will fink in the second
period because Column is sure to fink in the last period. Having
finked in the first period, Column must then decide whether to
fink or cooperate in the second period. If Column finks in the
second period, then Tit-for-Tat will fink in the third period, so
play will be as shown in Figure 4.3.7. Column’s payoff from this
deviation is a4, which is less than Column’s equilibrium expected
payoff provided that

1+p+(1—-p)b+pa>a.

Given (4.3.2), a sufficient condition for Column not to play this
deviation is

1+pa>a. (4.3.3)

Alternatively, Column could deviate by finking in the first pe-
riod but cooperating in the second, in which case Tit-for-Tat would
cooperate in the third period, so play would be as shown in Fig-
ure 4.3.8. Column’s expected payoff from this deviation is a+b-+pa,
which is less than Column’s equilibrium expected payoff provided
that

1+p+ (A —-pb+pa>a+b+pa.
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Tit-for-Tat

Column

C F C
Rational Row C F F
F C F

Figure 4.3.8.

a=1 a=1/1-p)

b=—p/(1-p)—

a+b=1

Figure 4.3.9.

Given (4.3.2), a sufficient condition for Column not to play this
deviation is

a+b<1. (4.3.4)

We have now shown that if (4.3.2), (4.3.3), and (4.3.4) hold then
the play described in Figure 4.3.6 is the equilibrium path of a per-
fect Bayesian equilibrium of the three-period Prisoners’ Dilemma.
For a given value of p, the payoffs a and b satisfy these three in-
equalities if they belong to the shaded region of Figure 4.3.9. As p
approaches zero, this shaded region vanishes, consistent with the
earlier observation that in this section we analyze equilibrium co-
operation in short games with high values of p, whereas KMRW
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focus on long games with low values of p. On the other hand,
if p is high enough to support cooperation in a short game, it
certainly is high enough to do so in a long game. Formally, if
a, b, and p satisfy (4.3.2), (4.3.3), and (4.3.4), then for any finite
T > 3 there exists a perfect Bayesian equilibrium in the T-period
repeated game in which the rational Row and Column both co-
operate until period T — 2, after which periods T —1 and T are as
described in Figure 4.3.5. See Appendix 4.3.C for a proof of this
claim.

Appendix 4.3.C

For brevity, we will refer to a perfect Bayesijan equilibrium of a
T-period repeated Prisoners’ Dilemma as a cooperative equilibrium
if the rational Row and Column both cooperate until period T —2,
after which periods T — 1 and T are as described in Figure 4.3.5.
We will show that if 4, b, and p satisfy (4.3.2), (4.3.3), and (4.3.4),
then there exists a cooperative equilibrium for every finite T > 3.
We argue by induction: given that for each 7 =2,3,...,T—1 there
exists a cooperative equilibrium in the 7-period game, we show
there exists a cooperative equilibrium in the T-period game.

We first show that the rational Row has no incentive to deviate
from a cooperative equilibrium in the T-period game. If Row
were to fink in any period t < T — 1, it would become common
knowledge that Row is rational, so Row would receive a payoff
of a in period t and zero in each period thereafter. But Row’s
equilibrium payoff is one in periods ¢ through T — 2 and a in
period T —1, or (T —t — 1) +a, so finking is not profitable for any
t < T — 1. The argument concerning Figure 4.3.5 implies that the
rational Row has no incentive to deviate in periods T — 1 or T.

We next show that Column has no incentive to deviate. The
argument concerning Figure 4.3.5 implies that Column has no in-
centive to deviate by cooperating until period T —2 and then fink-
ing in period T — 1; the argument concerning Figure 4.3.6 implies
that Column has no incentive to deviate by cooperating until pe-
riod T — 3 and then finking in period T — 2. We therefore need
to show that Column has no incentive to deviate by cooperating
until period # —1 and then finking in period ¢, where 1 <t < T—3.

If Column finks in period t, Tit-for-Tat will fink in period
t + 1, so the rational Row also will fink in period t + 1 (because
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finking strictly dominates cooperating in the ¢ + 1% stage game,
after which finking from # +2 to T yields a payoff of at least zero,
whereas cooperating at £ + 1 would make it common knowledge
that Row is rational, resulting in a payoff of exactly zero from
t + 2 to T). Since Tit-for-Tat and the rational Row both cooperate
until period t and then both fink in period  + 1, Column’s belief
at the beginning of period t + 2 is that the probability that Row
is Tit-for-Tat is p. Therefore, if Column cooperates in period t + 1
then the continuation game beginning with period ¢ + 2 will be
identical to a 7-period game with 7 = T — (¢+2) + 1. By the induc-
tion hypothesis, a cooperative equilibrium exists in this 7-period
continuation game; assume it is played. Then Column’s payoff in
periods ¢ through T from finking in period t and cooperating in
period t+1 is

a+b+[T—-({t+2)—1]+p+ (1 —-p)b+pa,

which is less than Column’s equilibrium payoff in periods ¢t
through T,

24+ T~-(¢t+2) -1 +p+(1—p)b+pa (4.3.5)

We have so far shown that Column has no incentive to deviate
by cooperating until period ¢ — 1, finking in period #, and then
cooperating in period ¢+ 1, given that the cooperative equilibrium
will be played in the continuation game beginning with period
t + 2. More generally, Column could cooperate until period t — 1,
fink in periods t through t + s, and then cooperate in period ¢ +
s + 1. Three cases are trivial: (1) if t+ 5 = T (i.e., Column never
cooperates after finking at t) then Column’s payoff is a in period
t and zero thereafter, which is less than (4.3.5); @) ift+s+1=T
then Column’s payoff from t through T is a + b, which is worse
than in (1); and @) if t+s+1 = T — 1 then Column’s payoff
from ¢t through T is a +b + pa, which is less than (4.3.5). It remains
to consider values of s such that t +s+1 < T —1. As in the
case of s = 0 above, there exists a cooperative equilibrium in the
continuation game beginning in period t+s+-2; assume it is played.
Then Column’s payoff in periods ¢ through T from playing this
deviation is

a+b+[T—(t+s+2)=1]+p+(1—p)b+pa,
which is again less than (4.3.5).
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4.4 Refinements of Perfect Bayesian Equilibrium

In Section 4.1 we defined a perfect Bayesian equilibrium to be
strategies and beliefs satisfying Requirements 1 through 4, and
we observed that in such an equilibrium no player’s strategy can
be strictly dominated beginning at any information set. We now
consider two further requirements (on beliefs off the equilibrium
path), the first of which formalizes the following idea: since per-
fect Bayesian equilibrium prevents player i from playing a strategy
that is strictly dominated beginning at any information set, it is
not reasonable for player j to believe that i would play such a
strategy.

To make this idea more concrete, consider the game in Fig-
ure 4.4.1. There are two pure-strategy perfect Bayesian equilibria:
(L,L’,p=1),and (R,R’,p < 1/2).2 The key feature of this example

Figure 4.4.1.

8Dernving the normal-form representation reveals that there are two pure-
strategy Nash equilibria in this game: (L,L’) and (R,R’). Since there are no
subgames in the extensive form, both Nash equilibria are subgame-perfect. In
(L,L"), player 2’s information set is on the equilibrium path, so Requirement 3
dictates that p = 1. In (R, R’), this information set is off the equilibrium path but
Requirement 4 puts no restriction on p. We thus require only that 2’s belief p
make the action R’ optimal—that is, p < 1/2.
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is that M is a strictly dominated strategy for player 1: the payoff
of 2 from R exceeds both of the payoffs that player 1 could receive
from playing M—0 and 1. Thus, it is not reasonable for player 2 to
believe that 1 might have played M; formally, it is not reasonable
for 1 —p to be positive, so p must equal one. If the belief 1 —p > 0
is not reasonable, then neither is the perfect Bayesian equilibrium
(R,R’,p < 1/2), leaving (L,L’,p = 1) as the only perfect Bayesian
equilibrium satisfying this requirement.

Two other features of this example deserve brief mention. First,
although M is strictly dominated, L is not. If L were strictly dom-
inated (as would be the case if player 1’s payoff of 3 were, say,
3/2) then the same argument would imply that it is not reasonable
for p to be positive, implying that p must be zero, but this would
contradict the earlier result that p must be one. In such a case,
this requirement would not restrict player 2’s out-of-equilibrium
beliefs; see the formal definition below.

Second, the example does not precisely illustrate the require-
ment described initially, because M is not just strictly dominated
beginning at an information set but also strictly dominated. To see
the difference, recall from Section 1.1.B that the strategy s; is strictly
dominated if there exists another strategy s; such that, for each pos-
sible combination of the other players’ strategies, i’s payoff from
playing s; is strictly greater than the payoff from playing s;. Now
consider an expanded version of the game in Figure 4.4.1, in which
player 2 has a move preceding 1’s move in the figure, and has two
choices at this initial move: either end the game or give the move
to 1 at 1’s information set in the figure. In this expanded game, M
is still strictly dominated beginning at 1’s information set, but M
is not strictly dominated because if 2 ends the game at the initial
node then L, M, and R all yield the same payoff.

Since M is strictly dominated in Figure 4.4.1, it is certainly not
reasonable for player 2 to believe that 1 might have played M, but
strict dominance is too strong a test, and hence yields too weak a
requirement. (Since more strategies are strictly dominated begin-
ning at an information set than are strictly dominated, requiring
that j not believe that i might have played one of the former strate-
gies puts more restrictions on j's beliefs than would requiring that
j not believe that i might have played one of the latter strate-
gies.) In what follows, we adhere to the requirement as originally
stated: player j should not believe that player i might have played
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a strategy that is strictly dominated beginning at any information
set. We now state this requirement formally.

Definition Consider an information set at which player i has the move.
The strategy s! is strictly dominated beginning at this information set
if there exists another strategy s; such that, for every belief that i could hold
at the given information set, and for each possible combination of the other
players’ subsequent strategies (where a “subsequent strategy” is a complete
plan of action covering every contingency that might arise after the given
information set has been reached), i's expected payoff from taking the action
specified by s; at the given information set and playing the subsequent
strategy specified by s; is strictly greater than the expected payoff from
taking the action and playing the subsequent strategy specified by s;.

Requirement 5 If possible, each player’s beliefs off the equilibrium path
should place zero probability on nodes that are reached only if another player
plays a strategy that is strictly dominated beginning at some information
set.

The qualification “If possible” in Requirement 5 covers the case
that would arise in Figure 4.4.1 if R dominated both M and L,
as would occur if player 1’s payoff of 3 were 3/2. In such a
case, Requirement 1 dictates that player 2 have a belief, but it is
not possible for this belief to place zero probability on the nodes
following both M and L, so Requirement 5 would not apply.

As a second illustration of Requirement 5, consider the signal-
ing game in Figure 4.4.2. As in Section 4.2.A, the Sender strategy
(m’,m"") means that type #; chooses message m’ and type f, chooses
m”, and the Receiver strategy (a’,a”’) means that the Receiver
chooses action @’ following L and a” following R. It is straightfor-
ward to check that the strategies and beliefs [(L, L), (u,d),p = .5, 4]
constitute a pooling perfect Bayesian equilibrium for any g > 1/2.
The key feature of this signaling game, however, is that it makes
no sense for t; to play R. Formally, the Sender’s strategies (R, L)
and (R, R)—that is, the strategies in which #; plays R—are strictly
dominated beginning at the Sender’s information set correspond-
ing to #1.? Thus, the #1-node in the Receiver’s information set fol-
lowing R can be reached only if the Sender plays a strategy that is

%Since the Sender’s information set corresponding to t; is a singleton infor-
mation set, the Sender’s beliefs play no role in the definition of strict dominance
beginning at this information set. Showing that (R,L) and (R,R) are strictly
dominated beginning at this information set then amounts to exhibiting an alter-
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Figure 4.4.2.

strictly dominated beginning at an information set. Furthermore,
the t,-node in the Receiver’s information set following R can be
reached by a strategy that is not strictly dominated beginning at
an information set, namely (L,R). Requirement 5 therefore dic-
tates that g = 0. Since [(L,L), (u,d),p = .5,4] is a perfect Bayesian
equilibrium only if 4 > 1/2, such an equilibrium cannot satisfy
Requirement 5.

An equivalent way to impose Requirement 5 on the perfect
Bayesian equilibria of the signaling game defined in Section 4.2.A
is as follows.

Definition In a signaling game, the message m; from M is dominated
for type t; from T if there exists another message my from M such that t;s
lowest possible payoff from my, is greater than t;’s highest possible payoff
fromm;:

in Uc(t;. m:. a max Ug(t;, m;, ai).
}I?GHA S(la ],k)>uk€A 5(1’ 7 k)

native strategy for the Sender that yields a higher payoff for ¢; for each strategy
the Receiver could play. (L,R) is such a strategy: it yields at worst 2 for #;,
whereas (R,L) and (R, R) yield at best 1.
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Signaling Requirement 5 If the information set following m; is off the
equilibrium path and m; is dominated for type t; then (if possible) the
Receiver’s belief ju(t; | m;) should place zero probability on type t;. (This
is possible provided mj is not dominated for all the types in T.)

In the game in Figure 4.4.2, the separating perfect Bayesian equilib-
rium [(L,R), (u,u),p = 1,9 = 0] satisfies Signaling Requirement 5
trivially (because there are no information sets off this equilibrium
path). As an example of an equilibrium that satisfies Signaling
Requirement 5 nontrivially, suppose that the Receiver’s payoffs
when type t; plays R are reversed: 1 from playing d and O from u,
rather than 0 and 1 as in Figure 4.4.2. Now [(L,L), (u,d),p = .5,4]
is a pooling perfect Bayesian equilibrium for any value of g, so
[(L,L), (u,d),p = .5,q = 0] is a pooling perfect Bayesian equilib-
rium that satisfies Signaling Requirement 5.

In some games, there are perfect Bayesian equilibria that seem
unreasonable but nonetheless satisfy Requirement 5. One of the
most active areas of recent research in game theory has concerned
the twin questions of (i) when a perfect Bayesian equilibrium is
unreasonable and (ii) what further requirement can be added to
the definition of equilibrium to eliminate such unreasonable per-
fect Bayesian equilibria. Cho and Kreps (1987) made an early and
influential contribution to this area. We conclude this section by
discussing three aspects of their paper: (1) the “Beer and Quiche”
signaling game, which illustrates that unreasonable perfect Bayes-
ian equilibria can satisfy Signaling Requirement 5; (2) a stronger
(but by no means the strongest possible) version of Signaling Re-
quirement 5, called the Intuitive Criterion; and (3) the application
of the Intuitive Criterion to Spence’s job-market signaling game.

In the “Beer and Quiche” signaling game, the Sender is one of
two types: t; = “wimpy” (with probability .1) and t, = “surly”
(with probability .9). The Sender’s message is the choice of whether
to have beer or quiche for breakfast; the Receiver’s action is the
choice of whether or not to duel with the Sender. The qualitative
features of the payoffs are that the wimpy type would prefer to
have quiche for breakfast, the surly type would prefer to have
beer, both types would prefer not to duel with the Receiver (and
care about this more than about which breakfast they have), and
the Receiver would prefer to duel with the wimpy type but not
to duel with the surly type. (Thus, with more conventional labels
for the types, messages, and actions, this game could be a model
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of entry deterrence, much like Milgrom and Roberts [1982].) In
the extensive-form representation in Figure 4.4.3, the payoff from
having the preferred breakfast is 1 for both Sender types, the ad-
ditional payoff from avoiding a duel is 2 for both Sender types,
and the payoff from a duel with the wimpy (respectively, surly)
type is 1 (respectively, —1) for the Receiver; all other payoffs are
zero.

In this game, [(Quiche, Quiche), (not, duel), p = .9,4] is a pool-
ing perfect Bayesian equilibrium for any g > 1/2. Furthermore,
this equilibrium satisfies Signaling Requirement 5, because Beer is
not dominated for either Sender type. In particular, the wimpy
type is not guaranteed to do better by having Quiche (at worst
a payoff of 1) than by having Beer (at best a payoff of 2). On
the other hand, the Receiver’s belief off the equilibrium path does
seem suspicious: if the Receiver unexpectedly observes Beer then
the Receiver concludes that the Sender is at least as likely to be
wimpy as surly (i.e., ¢ > 1/2), even though (a) the wimpy type
cannot possibly improve on the equilibrium payoff of 3 by having
Beer rather than Quiche, while (b) the surly type could improve
on the equilibrium payoff of 2, by receiving the payoff of 3 that
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would follow if the Receiver held a belief g4 < 1/2. Given (a) and
(b), one might expect the surly type to choose Beer and then make
the following speech:

Seeing me choose Beer should convince you that I am
the surly type: choosing Beer could not possibly have
improved the lot of the wimpy type, by (a); and if
choosing Beer will convince you that I am the surly
type then doing so will improve my lot, by (b).

If such a speech is believed, it dictates that g = 0, which is incom-
patible with this pooling perfect Bayesian equilibrium.

We can generalize this argument to the class of signaling games
defined in Section 4.2.A; this yields Signaling Requirement 6.

Definition Given a perfect Bayesian equilibrium in a signaling game,
the message m; from M is equilibrium-dominated for type t; from T if
ti’s equilibrium payoff, denoted U*(t;), is greater than t;’s highest possible
payoff from m;:
L (t)) > max Us(t;, m]-,ak).
€A

Signaling Requirement 6 ("The Intuitive Criterion,” Cho and
Kreps 1987): If the information set following m; is off the equilibrium
path and m; is equilibrium-dominated for type t; then (if possible) the Re-
ceiver’s belief u(t; | m;) should place zero probability on type t;. (This is
possible provided m; is not equilibrium-dominated for all the typesin T.)

“Beer and Quiche” shows that a message m; can be equilibrium-
dominated for ¢; without being dominated for t;. If m, is dom-
inated for #;, however, then m; must be equilibrium-dominated
for t;, so imposing Signaling Requirement 6 makes Signaling Re-
quirement 5 redundant. Cho and Kreps use a stronger result due
to Kohlberg and Mertens (1986) to show that any signaling game
from the class defined in Section 4.2.A has a perfect Bayesian equi-
librium that satisfies Signaling Requirement 6. Arguments in this
spirit are sometimes said to use forward induction, because in inter-
preting a deviation—that is, in forming the belief u(t; | m;j)—the
Receiver asks whether the Sender’s past behavior could have been
rational, whereas backwards induction assumes that future behav-
ior will be rational.

To illustrate Signaling Requirement 6, we apply it to the envy
case of the job-market signaling model analyzed in Section 4.2.B.
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Recall that there are enormous numbers of pooling, separating,
and hybrid perfect Bayesian equilibria in this model. Strikingly,
only one of these equilibria is consistent with Signaling Require-
ment 6—the separating equilibrium in which the low-ability work-
er chooses his or her complete-information level of education and
the high-ability worker chooses just enough education to make the
low-ability worker indifferent about mimicking the high-ability
worker, as illustrated in Figure 4.4.4.

In any perfect Bayesian equilibrium, if the worker chooses ed-
ucation e and the firms subsequently believe that the probability
that the worker has high ability is u(H | e), then the worker’s wage
will be

w(e) = pu(H | e) - y(H,e) +[1 — pH | e)} -y(L,e).

Thus, the low-ability worker’s utility from choosing e*(L) is at
least y[L,e*(L)] — c[L,e*(L)], which exceeds that worker’s utility
from choosing any e > ¢, no matter what the firms believe af-
ter observing e. That is, in terms of Signaling Requirement 5,
any education level e > e; is dominated for the low-ability type.
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Roughly speaking, Signaling Requirement 5 then implies that the
firms’ belief must be u(H | ¢) = 1 for e > e;, which in turn implies
that a separating equilibrium in which the high-ability worker
chooses an education level & > e; cannot satisfy Signaling Require-
ment 5, because in such an equilibrium the firms must believe that
w(H | €) < 1 for education choices between e; and é. (A precise
statement is: Signaling Requirement 5 implies that p(H | e) = 1 for
e > e provided that e is not dominated for the high-ability type,
but if there exists a separating equilibrium in which the high-
ability worker chooses an education level 2 > 5 then education
choices between ¢; and é are not dominated for the high-ability
type, so the argument goes through.) Therefore, the only sep-
arating equilibrium that satisfies Signaling Requirement 5 is the
equilibrium shown in Figure 4.4.4.

A second conclusion also follows from this argument: in any
equilibrium that satisfies Signaling Requirement 5, the high-ability
worker’s utility must be at least y(H, e;) — c(H,es). We next show
that this conclusion implies that some pooling and hybrid equilib-
ria cannot satisfy Signaling Requirement 5. There are two cases,
depending on whether the probability that the worker has high
ability (g) is low enough that the wage function w = g - y(H,e) +
(1 —¢q) -y(L,e) lies below the high-ability worker’s indifference
curve through the point [e;, y(H, e5)].

We first suppose that g is low, as shown in Figure 4.4.5. In this
case, no pooling equilibrium satisfies Signaling Requirement 5, be-
cause the high-ability worker cannot achieve the utility y(H,es) —
c¢(H, &) in such an equilibrium. Likewise, no hybrid equilibrium
in which the high-ability worker does the randomizing satisfies
Signaling Requirement 5, because the (education, wage) point at
which pooling occurs in such an equilibrium lies below the wage
function w = q - y(H,e) + (1 — q) - y(L, ). Finally, no hybrid equi-
librium in which the low-ability worker does the randomizing
satisfies Signaling Requirement 5, because the (education, wage)
point at which pooling occurs in such an equilibrium must be
on the low-ability worker’s indifference curve through the point
[e*(L),w* (L)), as in Figure 4.2.9, and so lies below the high-ability
worker’s indifference curve through the point [es, y(H,e;5)]. Thus,
in the case shown in Figure 4.4.5, the only perfect Bayesian equi-
librium that satisfies Signaling Requirement 5 is the separating
equilibrium shown in Figure 4.4.4.
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We now suppose that g is high, as shown in Figure 4.4.6.
As before, hybrid equilibria in which the low-ability type does
the randomizing cannot satisfy Signaling Requirement 5, but now
pooling equilibria and hybrid equilibria in which the high-type
does the randomizing can satisfy this requirement if the pooling
occurs at an (education, wage) point in the shaded region of the
figure. Such equilibria cannot satisfy Signaling Requirement 6,
however.

Consider the pooling equilibrium at e, shown in Figure 4.4.7.
Education choices e > ¢’ are equilibrium-dominated for the low-
ability type, because even the highest wage that could be paid
to a worker with education e, namely y(H,e), yields an (edu-
cation, wage) point below the low-ability worker’s indifference
curve through the equilibrium point (e,,w,). Education choices
between ¢’ and e’ are not equilibrium-dominated for the high-
ability type, however: if such a choice convinces the firms that
the worker has high ability, then the firms will offer the wage
y(H,e), which will make the high-ability worker better off than
in the indicated pooling equilibrium. Thus, if ¢ < e < ¢’ then
Signaling Requirement 6 implies that the firms’ belief must be
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p1(H | e) =1, which in turn implies that the indicated pooling equi-
librium cannot satisfy Signaling Requirement 6, because in such
an equilibrium the firms must believe that u(H | e) < 1 for edu-
cation choices between ¢ and ¢”. This argument can be repeated
for all the pooling and hybrid equilibria in the shaded region of
the figure, so the only perfect Bayesian equilibrium that satisfies
Signaling Requirement 6 is the separating equilibrium shown in
Figure 4.4.4.

4.5 Further Reading

Milgrom and Roberts (1982) offer a classic application of signaling
games in industrial organization. In financial economics, Bhat-
tacharya (1979) and Leland and Pyle (1977) analyze dividend pol-
icy and management share ownership (respectively) using signal-
ing models. On monetary policy, Rogoff (1989) reviews repeated-
game, signaling, and reputation models, and Ball (1990) uses (un-
observable) changes in the Fed’s type over time to explain the
time-path of inflation. For applications of cheap talk, see the
Austen-Smith (1990), Farrell and Gibbons (1991), Matthews (1989),
and Stein (1989) papers described in the text. Kennan and Wilson
(1992) survey theoretical and empirical models of bargaining un-
der asymmetric information, emphasizing applications to strikes
and litigation. Cramton and Tracy (1992) allow a union to choose
whether to strike or hold out (i.e., continue working at the previ-
ous wage); they show that holdouts occur frequently in the data,
and that such a model can explain many of the empirical findings
on strikes. On reputation, see Sobel’s (1985) “theory of credibility,”
in which an informed party is either a “friend” or an “enemy” of
an uninformed decision maker in a sequence of cheap-talk games.
Finally, see Cho and Sobel (1990) for more on refinement in sig-
naling games, including a refinement that selects the efficient sep-
arating equilibrium in Spence’s model when there are more than
two types.
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4.6 Problems

Section 4.1

4.1. In the following extensive-form games, derive the normal-
form game and find all the pure-strategy Nash, subgame-perfect,
and perfect Bayesian equilibria.

1 1 4 4 0 3
3 2 0 0 2 3

4.2. Show that there does not exist a pure-strategy perfect Bayes-
ian equilibrium in the following extensive-form game. What is the
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mixed-strategy perfect Bayesian equilibrium?

Section 4.2

4.3. a. Specify a pooling perfect Bayesian equilibrium in which
both Sender types play R in the following signaling game.

1,2 u u 0,1
t R
@
f | | d
2,0 I 5 | 3,0
| |
Receiver ® Nature Receiver
| |
0,0 u | .5 | u 1,0
| [
&
t, R
310 4 d 2,2

b. The following three-type signaling game begins with a move
by nature, not shown in the tree, that yields one of the three types
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with equal probability. Specify a pooling perfect Bayesian equilib-

rium in which all three Sender types play L.
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4.4. Describe all the pure-strategy pooling and separating perfect
Bayesian equilibria in the following signaling games.

1, 1 u u 2 /2
t R
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2,0 d .5 | 0,0
| I
Receiver ® Nature  Receiver
| |
0,0 u | .5 I ou 1,0
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1 4 1 I . 5 I 4/ 1
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3,3 u | .5 | u 1,2
I A I
t, R
01e 4 d 20
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4.5. Find all the pure-strategy perfect Bayesian equilibria in Prob-
lem 4.3 (a) and (b).

4.6. The following signaling game is analogous to the dynamic
game of complete but imperfect information in Figure 4.1.1. (The
types #; and f; are analogous to player 1’s moves of L and M
in Figure 4.1.1; if the Sender chooses R in the signaling game
then the game effectively ends, analogous to player 1 choosing R
in Figure 4.1.1.) Solve for (i) the pure-strategy Bayesian Nash
equilibria, and (ii) the pure-strategy perfect Bayesian equilibria of
this signaling game. Relate (i) to the Nash equilibria and (ii) to
the perfect Bayesian equilibria in Figure 4.1.1.

2,1 u
L t R a
- *— ®1,3
[ |
0,08 4 | 5 |
| |
Receiver ® Nature Receiver
| |
O /2 u I . 5 I
| |
o e ®1,3
L tz R a
010 ¢4

4.7. Draw indifference curves and production functions for a
two-type job-market signaling model. Specify a hybrid perfect
Bayesian equilibrium in which the high-ability worker random-
izes.

Section 4.3

4.8. Solve for the pure-strategy perfect Bayesian equilibria in the
following cheap-talk game. Each type is equally likely to be drawn
by nature. As in Figure 4.3.1, the first payoff in each cell is the
Sender’s and the second is the Receiver’s, but the figure is not a
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normal-form game; rather, it simply lists the players’ payoffs from
each type-action pair.

f1 2 i3
a; {0,1]0,0]| 0,0
a | 1,0 1,21 1,0
a3 | 0,0 0,021

4.9. Consider the example of Crawford and Sobel’s cheap-talk
model discussed in Section 4.3.A: the Sender’s type is uniformly
distributed between zero and one (formally, T = [0,1] and p(t) = 1
for all t in T); the action space is the interval from zero to one
(A = [0, 1]); the Receiver’s payoff function is Ug(t,a) = —(a — t)?;
and the Sender’s payoff function is Us(t,a) = —[a — (t + b)]>. For
what values of b does a three-step equilibrium exist? Is the Re-
ceiver’s expected payoff higher in a three- or a two-step equi-
librium? Which Sender-types are better off in a three- than in a
two-step equilibrium?

4.10. Two partners must dissolve their partnership. Partner 1
currently owns share s of the partnership, partner 2 owns share 1—
s. The partners agree to play the following game: partner 1 names
a price, p, for the whole partnership, and partner 2 then chooses
either to buy 1’s share for ps or to sell his or her share to 1 for
p(1 —s). Suppose it is common knowledge that the partners’ val-
uations for owning the whole partnership are independently and
uniformly distributed on [0, 1], but that each partner’s valuation
is private information. What is the perfect Bayesian equilibrium?

4.11. A buyer and a seller have valuations v, and v;. It is common
knowledge that there are gains from trade (i.e., that v, > v;), but
the size of the gains is private information, as follows: the seller’s
valuation is uniformly distributed on [0, 1]; the buyer’s valuation
v, = k- vs, where k > 1 is common knowledge; the seller knows v
(and hence v,) but the buyer does not know v}, (or v5). Suppose
the buyer makes a single offer, p, which the seller either accepts
or rejects. What is the perfect Bayesian equilibrium when k < 2?
When k > 2? (See Samuelson 1984.)
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4.12. This problem considers the infinite-horizon version of the
two-period bargaining game analyzed in Section 4.3.B. As before,
the firm has private information about its profit (), which is uni-
formly distributed on [0, 7], and the union makes all the wage
offers and has a reservation wage w, = 0.

In the two-period game, the firm accepts the union’s first offer
(wn) if © > 71, where the profit-type m; is indifferent between (i) ac-
cepting w; and (ii) rejecting wy but accepting the union’s second-
period offer (w;), and w, is the union’s optimal offer given that
the firm’s profit is uniformly distributed on [0,7;] and that only
one period of bargaining remains. In the infinite-horizon game, in
contrast, wy will be the union’s optimal offer given that the firm’s
profit is uniformly distributed on [0, 7;] and that an infinite num-
ber of periods of (potential) bargaining remain. Although m; will
again be the profit-type that is indifferent between options (i) and
(ii), the change in w, will cause the value of 7; to change.

The continuation game beginning in the second period of the
infinite-horizon game is a rescaled version of the game as a whole:
there are again an infinite number of periods of (potential) bar-
gaining, and the firm’s profit is again uniformly distributed from
zero to an upper bound; the only difference is that the upper
bound is now m; rather than my. Sobel and Takahashi (1983) show
that the infinite-horizon game has a stationary perfect Bayesian
equilibrium. In this equilibrium, if the firm’s profit is uniformly
distributed from zero to n* then the union makes the wage of-
fer w(n*) = br*, so the first offer is bmg, the second bwq, and so
on. If the union plays this stationary strategy, the firm’s best re-
sponse yields 1 = cm,m = cw1, and so on, and the expected
present value of the union’s payoff when the firm’s profit is uni-
formly distributed from zero to n* is V(n*) = d=*. Show that

=2d,c=1/[1+vI—9),and d = [yT—6 — (1 — 6)]/26.

4.13. A firm and a union play the following two-period bargain-
ing game. It is common knowledge that the firm's profit, 7, is uni-
formly distributed between zero and one, that the union’s reserva-
tion wage is w,, and that only the firm knows the true value of =.
Assume that 0 < w, < 1/2. Find the perfect Bayesian equilibrium
of the following game:

1. At the beginning of period one, the union makes a wage
offer to the firm, w;.
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2. The firm either accepts or rejects w;. If the firm accepts w;
then production occurs in both periods, so payoffs are 2w;
for the union and 2(m — wy) for the firm. (There is no dis-
counting.) If the firm rejects w; then there is no production
in the first period, and payoffs for the first period are zero
for both the firm and the union.

3. At the beginning of the second period (assuming that the
firm rejected w;), the firm makes a wage offer to the union,
wy. (Unlike in the Sobel-Takahashi model, the union does
not make this offer.)

4. The union either accepts or rejects w,. If the union ac-
cepts wy then production occurs in the second period, so
second-period (and total) payoffs are w;, for the union and
m — wy for the firm. (Recall that first-period payoffs were
zero.) If the union rejects w; then there is no production.
The union then earns its alternative wage, w,, for the second
period and the firm shuts down and earns zero.

4.14. Nalebuff (1987) analyzes the following model of pre-trial
bargaining between a plaintiff and a defendent. If the case goes
to trial, the defendant will be forced to pay the plaintiff an amount
d in damages. It is common knowledge that d is uniformly dis-
tributed on [0, 1] and that only the defendant knows the true value
of d. Going to trial costs the plaintiff ¢ < 1/2 but (for simplicity)
costs the defendant nothing.

The timing is as follows: (1) The plaintiff makes a settlement
offer, s. (2) The defendant either settles (in which case the plain-
tiff’s payoff is s and the defendant’s is —s) or rejects the offer. (3) If
the defendant rejects s then the plaintiff decides whether to go to
trial, where the plaintiff’s payoff will be d — c and the defendant’s
—d, or to drop the charges, in which case the payoff to both players
is zero.

In stage (3), if the plaintiff believes that there exists some d*
such that the defendant would have settled if and only if d > d*,
what is the plaintiff’s optimal decision regarding trial? In stage (2},
given an offer of s, if the defendant believes that the probability
that the plaintiff will go to trial if s is rejected is p, what is the
optimal settlement decision for the defendant of type d? Given
an offer s > 2c, what is the perfect Bayesian equilibrium of the
continuation game beginning at stage (2)? Given an offer s < 2¢?
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What is the perfect Bayesian equilibrium of the game as a whole
ifc<1/3?7 If1/3<c<1/2?

4.15. Consider a legislative process in which the feasible policies
vary continuously from p = 0 to p = 1. The ideal policy for the
Congress is ¢, but the status quo is s, where 0 < ¢ < 5 < 1; that is,
the ideal policy for Congress is to the left of the status quo. The
ideal policy for the president is , which is uniformly distributed
on [0,1] but is privately known by the president. The timing is
simple: Congress proposes a policy, p, which the president either
signs or vetoes. If p is signed then the payoffs are —(c — p)? for
the Congress and —(t — p)? for the president; if it is vetoed then
they are —(c — 5)2 and —(t — s)2. What is the perfect Bayesian
equilibrium? Verify that ¢ < p < s in equilibrium.

Now suppose the president can engage in rhetoric (i.e.,, can
send a cheap-talk message) before the Congress proposes a policy.
Consider a two-step perfect Bayesian equilibrium in which the
Congress proposes either pr or pn, depending on which message
the president sends. Show that such an equilibrium cannot have
¢ < pr < pu < s. Explain why it follows that there cannot be
equilibria involving three or more proposals by Congress. Derive
the details of the two-step equilibrium in which ¢ = p1 < pg < &
which types send which message, and what is the value of py?
(See Matthews 1989.)

Section 4.4

4.16. Consider the pooling equilibria described in Problem 4.3 (a)
and (b). For each equilibrium: (i) determine whether the equilib-
rium can be supported by beliefs that satisfy Signaling Require-
ment 5; (ii) determine whether the equilibrium can be supported
by beliefs that satisfy Signaling Requirement 6 (The Intuitive Cri-
terion).
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