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Preface

In game theory, in addition to theories such as incomplete information and bounded
rationality, issues such as the uncertainty of future and limited knowledge (limited
information or poor information) are also involved. However, based on the divi-
sion of game-theory issues with respect to information, which is popular in the
academic field, the completion or incompletion of information mainly refers to the
symmetry and asymmetry information of players. Some deficiencies exist to some
extent, such as ignorance of information loss. In the fact, due to many factors both
stochastic and nonstochastic, the gain and loss in any two games cannot be con-
stant even in the strictest conditions, which cannot be precise and obvious. Loss of
information commonly exists when the analysis condition of classical game theory
is hard to be satisfied.

People tend to understand systems incompletely, which is in most cases pre-
sented in the form of “grey” rather than that of “white.” In the study of game
theory, all the issues are almost grey. However, research on such information loss
is rare in classical game theory, and most recent research has been carried out in a
simplified method (by simply considering grey systems as white ones), resulting in
a forecasting function that is far from satisfactory in a real situation.

This book mainly discusses issues of limited rationality as well as limited knowl-
edge according to abundant theories of the grey system. Moreover, the grey matrix,
grey bimatrix, and grey evolutional game model that are closer to real situations
are established here, in addition to the effective design of concepts of solutions and
their systems. The framework of grey bimatrix and grey evolutional game models is
established so as to solve some economic problems more effectively.

The book consists of eleven chapters and one summary chapter, the first three
of which are composed by Sifeng Liu, while Chapters 4—8 were written by Zhigeng
Fang. Chapters 9 and 10 were written by Hongxing Shi, and Jeffrey Forrest wrote
Chapter 11. The staff involved in this study also include Yong Tao, Chuanmin Mi,
Aiging Ruan, Zhendong Xu, Benhai Guo, Baohua Yang, Hui Wu, Bin Yu. Zhigeng
Fang was also in charge of compiling this book.



xviii W Preface

The research in this book was sponsored by the Research Foundation for
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Research Foundation for the Excellent and Creative Teamwork in Science and
Technology in Higher Institutions of Jiangsu Province and the Foundation for
the Master’s and Doctoral Programs in the Eleventh Five-Year Plan in Nanjing
University of Aeronautics and Astronautics. Many references and research achieve-
ments of experts were investigated during the writing of this book. In addition, the
authors very much appreciate the assistance rendered by the publisher.

Readers are welcome to point out and correct any errors and omissions in the
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Abstract

This book introduces classic game theory into the realm of grey system theory with
limited knowledge (or information loss), or the problem of information loss into
the field of game theory. It greatly enriches the research of game theory as well as
its research category and theory system, and boosts the philosophy and theory of
grey systems.

Originating from real economic problems, the book has achieved the follow-
ing results: establishing grey matrix game model based on pure and mixed strate-
gies; proposing the concepts of grey saddle points, grey mixed strategy solutions
and their corresponding structures; putting forward the models and methods of
risk measurement and evaluation of optimal grey strategies; and raising and basi-
cally solving the problems of grey matrix games. Included are definitions of the
test rules of information distortion experienced during calculation, the design of
tokens based on new interval grey numbers, and new arithmetic laws to manipulate
grey numbers. The method of backward induction presented here has solved the
Centipede Game paradox that has perplexed academic circles for a long time, and
greatly enriched and developed the core methods of subgame Nash perfect equilib-
rium analysis as a result.

The book caters to advanced undergraduate students and graduate students in
such majors as economics, management, and system engineering. It can also be
used as a reference for management staff, researchers, and engineering and tech-
nology professionals.
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Chapter 1

Introduction

This chapter reviews the research background and analyzes the current defects
existing in game theory. Based on these findings, this chapter proposes research
ideas, research content, and the framework of the full text.

1.1 Background, Meaning, and Purpose of the Research

1.1.1 Background

Game theory began in 1944, marked by the publication of Game Theory and Economic
Behavior, written cooperatively by John Von Neumann and Oskar Morgenstern.
By the 1950s, cooperative game theory had developed to its peak; noncoopera-
tive game theory also appeared at that time. The two papers of J. F. Nash (“The
Equilibrium of N Persons’ Game” [1950] and “Non-cooperative Game” [1951])
clearly put forward the Nash equilibrium, and Tucker formulated the example of
the “Prisoners’ Dilemma” (1950).

Their works laid the cornerstone for modern game theory. R. Seleten (1965)
introduced dynamic analysis into game theory and put forward the first impor-
tant improvement of the Nash equilibrium (or the subgame perfect Nash equilib-
rium) as well as its solution—backward induction. J. C. Harsany (1967) introduced
incomplete information factors into game analysis and defined the basic equilib-
rium concept of the incomplete information static game—the Bayesian-Nash equi-
librium; after that, he constructed the basic theory of the incomplete information
game. Later on, the dynamic game theory of incomplete information developed
rapidly. In 1991, Furdenberg and Tirole defined their basic concept as the per-
fect Bayesian-Nash equilibrium. Since the 1970s, game theory has been formed
as a complete system. Roughly from the 1980s, game theory has gradually been

1
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accepted as a part of mainstream economics. Especially in aspects of modern oli-
gopoly theory and information economics, the application of game theory to eco-
nomics has received considerable success. To a certain extent, we can even treat it
as the foundation of microeconomics. In 1994, the Nobel Prize in Economics was
awarded to Nash, Harsany, and Seleten for their pioneering work in the develop-
ment and application of game theory.

Reviewing the development of research on and application of game theory, we
can now say that game theory has produced far-reaching effects by its success-
ful application not only in economics but also in many other fields. Taking the
“Prisoners’ Dilemma” as an example, we can see that its definition and solution
had a significant impact on disciplines in different fields such as economics, soci-
ology, political science, and criminal psychology. The theory of the “Two-Level
Game” is related to the interaction between domestic and international factors in
international negotiations, and has made great contributions to resolving interna-
tional problems on regional conflicts and relations between different countries with
respect to economy and polity.

Game theory has had a profound impact on the field of management and is
likely to form a new cross-discipline of the game theory of management (Hou
Guangming and Li Cunjin, Game theory on management: An emerging cross-
discipline, Beijing Institute of Technology Journal, Social Science Version, 2001).
Noncooperative game theory is extremely likely to provide a support for the unified
integration of different social sciences (Myerson, Roger B., 1999). Game theory has
transformed the economy, and it will revolutionize sociology (Li Junlin, The ratio-
nal, balanced, and the evolution of game theory: On the review of the development
of game theory, Nankai Economic Research, 2000, 4).

We know that the rational hypothesis of mainstream economy has been treated
as an extremely facilitated premise for analysis. As a branch of economics, game
theory has targeted main actors’ behaviors. In the game theory point of view,
actors’ behaviors are in line with the rational principle, which is the same as main-
stream economics. Game theory, however, requires a higher and more stringent
rationality on actors’ behaviors than that of mainstream economics (Xie Shiyu,
Evolutionary game theory under the conditions of limited rationality, Journal of
Shanghai University of Finance and Economics, 2001, 10). Noncooperative game
theory—based on /imited rationality—has beautiful, rigorous mathematical rea-
soning and modeling; economists have found that almost all economic problems
can be transformed into actors’ interactive problems (Li Junlin, Rational, balanced,
and the evolutionary game theory).

In reality, the concept of people’s conduct as totally rational has understandably
caused widespread suspicion. In the development of game theory, in order to verify
the consistency between theory and reality, some scholars designed a number of
game experiments for participation by many people; in the process of those experi-
ments, the choice of the participants’ actual strategies was observed to see whether
they complied with game theory predictions—hence, it was called experimental
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game theory. Experimental results and theoretical prediction, however, are not
always consistent with each other, mainly because of the hypothesis of actors’ ratio-
nal behaviors in game theory.

An important hypothesis of game theory is that both actors work from a base of
common knowledge. For example, assuming that rationality is the common knowl-
edge to each actor—that is, “all participants are rational, and all participants know that
participants are all rational, and all participants know that all participants know that
all participants are rational,” and so on. This is an unimaginably infinite process, and it
is too stringent to be guaranteed in the real world, which is one of the greatest confu-
sions encountered by classic game theory. When facing complicated, decision-making
issues, the rationality as performed by actors cannot meet the requirements of game
theory. Not only will people’s personal choices result in mistakes, but collective decision-
making will likewise result in faulty choices. Frequent conflicts of human society, the
blindness and low efficiency in the process of choosing leaders in enterprises, and so on,
are all the evidence of incomplete rationality in collective decision-making.

Classic game theory cannot resolve the rational confused issues, and therefore
evolutionary game theory was developed. Evolutionary game theory abandoned
the hypothesis of total rationality in classic game theory. The players are regarded
as having limited rationality, which results in their own evolution by means of
intercompetition, and evolutionary game theory gives a reasonable explanation of
the formation of players” habits (Maynard Smith, ]., 1982). In the 1960s, biologists
started to explain some biological phenomena using evolutionary game theory; in
particular, Maynard and Price (1973) and Maynard (1974) put forward the basic
concept of evolutionarily stable strategy (ESS). The theory gradually has been
widely used in the fields of ecology, sociology, economics, and so forth.

Recent papers on theoretical research and the application of evolutionary
game theory have taken up a major portion of all the game papers, and the theory
will play an increasingly important role (Friedman, Daniel, On economy appli-
cations of evolutionary game theory, journal of Evolutionary Economics, 1998,
8, 15-34). The main foreign journals that currently publish articles on evolu-
tionary game theory and related contents are Evolutionary Economics, Journal of
Mathematical Biology, International Journal of Game Theory, and the Review of
Economic Design.

If the development of classic game theory, which made a great impact on the
fields of economy and sociology, was unexpected, even higher expectations have
been placed on evolutionary game theory. In the entire process of the develop-
ment, game theory has gradually improved itself by means of resolving the prob-
lems raised by reality. Game theory has made surprising developments. Not long
ago, we made a detailed search for articles published in recent years on the research
and the application of game theory.

We found a total of more than 80 articles in Chinese and 442 articles in English
that are related to several aspects of the research and the application of game theory.
In a preliminary study of these articles, we found that both classic game theory



4 m Grey Game Theory and Its Applications

and evolutionary game theory are based on classic mathematics, and the major
problems that can be resolved are identified as follows: complete information static
game, complete information dynamic game, incomplete information static game,
incomplete information dynamic game, and evolutionary game based on limited
rationality.

In reality, in addition to cases of incomplete information or limited rationality,
there are situations of uncertainty or limited knowledge (or called limited informa-
tion, poor information) of the future, as well as other issues (Liu Sifeng et al., Grey
System Theory and Irs Applications, Science Press, 1999). In game theory, “incom-
plete information” has a specific meaning: a game that meets the assumption of
a payoff as a function based on common knowledge to all of the participants is
called a complete information game, while others are called incomplete informa-
tion games. Total rationality is where the participants in the game always aim for
their own maximum interests whether in a certain or uncertain environment, they
have the judgment and decision-making capabilities to pursue their own maximum
interests, and they use their perfect judgment and decision-making capabilities in
the interactive game environment. Participants not only have perfect rationality,
but they also trust the rationality of each other. Except for rational common knowl-
edge, the rationality that meets the requirements of the hypothesis is called limited
rationality (Xie Shiyu, Evolutionary game theory under the conditions of limited
rationality, Journal of Shanghai University of Finance and Economics, 2001, 10).
These issues are not widely covered in current game theory, especially the limited
knowledge of issues.

We know that—Dbecause of the aspects of cognitive ability, knowledge level,
time, and other varieties of factors—the limited knowledge of people (“grey” infor-
mation) is widespread. People cannot totally understand the system—that is, the
systems confronted by people are often not “white,” but “grey.” In the following
four general cases, system information manifests as incomplete information, or grey

(Liu Sifeng et al., Grey System Theory and Its Applications, Science Press, 1999):

Incomplete information of elements (parameters).
Incomplete structural information.
Incomplete information of border.
Incomplete information of operational behaviors.

BN

It can be inferred that many of the issues related to game theory are grey. Current
game theory uses oversimplified approaches (a simplified grey system is a white sys-
tem) to resolve the problems in reality, and therefore the forecast and guiding role
of game theory is greatly reduced.

In the handling of some uncertain information issues, classic game theory has
shown the application of a grey-system mind. Take the Grasp-Money Game as an
example of an incomplete information issue (Zhang Weiying, Game Theory and
Economics of Information, Shanghai People’s Publishing House, 1996.6). This game
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Table 1.1 Incomplete Information Grasp-Money Game

Player 2
Grasp Not
Player 1
Grasp -1, -1 1+6,0
Not 0,1+6, 0,0

made the introduction of two types of participants, and assumes that in the interval
of [-€, +¢€], the 0; obeys uniform distribution. The profit and loss value matrix is
shown in Table 1.1. Until now, the literature resolving the game issues systematically
by means of grey system theory have been extremely rare.

Compared with other uncertain mathematical theories (probability and sta-
tistics, fuzzy math, and so forth), grey system theory has its own unique research
objective, research field, and research methods. To a certain extent, we may say that
in the process of handling the issues as limited knowledge and limited rationality,
the grey system theory could provide wealth theory and other certain methodolo-
gies. If we could combine grey game theory with other game theories (classic game
and evolutionary game), the game model would be more in line with people’s social
and economic lives in reality, as well as with people’s intuitive feelings, and then the
model would be more widely applicable.

This book studies and solves the problems of limited rationality and limited
knowledge in game theory by means of the wealth theory and the relevant methods
of grey system theory. By creating a grey matrix, grey bimatrix (two-matrix), and
grey evolutionary game model that are more connected with economic problems
in reality, by designing a simple and efficient concept and structure system of the
explanation, by completing some of its basic research, and by creating and designing
the framework (system) of a grey matrix, grey bimatrix, and evolutionary game the-
ory, this book contributes to solving the real economic issues by means of providing
a powerful tool—the grey matrix, grey two-matrix, and evolutionary game theory.

1.1.2 Significance of the Topic

Academic circles have broadly accepted two ways to divide game theory research:
one from the angle of the participants’ action order—which divides game theory
into static and dynamic games—and the other from the angle of one’s knowl-
edge about the characteristics, strategic space, and payment functions of the other
related counterparts—which academic circles divided into complete information
and incomplete information games. The latter mainly concerns the understanding
of the competitors’ related information in the game. To be more precise, complete
and incomplete information in this situation mean symmetric and asymmetric
information respectively.
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Table 1.2 Game Profit and Loss Value of Two Color-TV Oligopoly
Manufacturers Competing for Market Shares Based on Symmetric
Loss Information

Manufacturer-2

Strategy-1 Strategy-2

Manufacturer-1 | Strategy-1 | [a,,by] [cyy,d}] [@15,D15] [Cyp,d5]
Strategy-2 | [a,,b51] [C51,051] (220,025 [Ca5, 5]

In addition to symmetric and asymmetric information, there possibly is another
situation. Owing to grey information problems—such as uncertainty of the future,
finite knowledge, and small samples (or poor information)—all counterparts may
not clearly understand the characteristics, strategic space, and payment functions of
the others or of themselves, even based on symmetric information. In this situation,
we call it lost information. For example, in a comparably closed color-TV market,
two oligopoly manufacturers compete for market share by action on a variety of
strategies such as lower prices, better service, more product functions, and higher
quality. For various reasons, the players cannot make an accurate estimate about
the profit and loss in different situations, however. Even under strict conditions, the
profit and loss value of any two games cannot be the same, as they are affected by
regular and random factors. In reality, the profit and loss value matrix is grey and
lacks information, and does not present clear and accurate resolution, as Table 1.2
shows.

Table 1.2 demonstrates the profit and loss value of two color-T'V oligopoly
manufacturers competing for market share based on symmetric loss information.
In the table, [al-j, bij] and [cl-j, a’ij], where i=1, 2,..., m,and j=1, 2,..., n) mean
the income intervals of grey manufacturer 1 and grey manufacturer 2, respectively,
result from the lack of corresponding information of the profit and loss value; the
ellipses represent the omitted strategies or profit and loss values.

Academic circles have not paid enough attention to lost information in the
division of game information,!? as shown in Table 1.3. Although in recent years
some scholars have begun to study the game with lost information and have made
some improvement in this field, the establishment of the whole theory system has
a long way to go. Research in the following theory areas remains blank: static
non-zero-sum grey games based on symmetric lost information, dynamic games
based on symmetric lost information, and static and dynamic games based on
asymmetric lost information, as shown in Table 1.3.

By using the rich ideological nutrition and related methods of grey system
theory, this book will mainly study and solve grey game issues based on symmet-
ric lost information, as well as find and perfect the methods for identifying the
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Table 1.3 Classification of Game Theory and Corresponding Concepts
of the Equilibrium

Action

Order
Information Static Dynamic
No loss [Symmetric Static game of Dynamic game of
information symmetric symmetric information:
information: Nash subgame perfect Nash
equilibrium (Nash equilibrium (Seleten 1965)
1950, 1951)
Asymmetric Static game of Dynamic game of
information asymmetric asymmetric information:
information: perfect Bayesian-Nash
Bayesian-Nash equilibrium (Seleten 1975;
equilibrium (Harsany | Kreps and Wilson 1982;
1967, 1968) Furdenberg and Tirole 1991)
Loss Symmetric loss | Grey matrix game: Dynamic game of
information grey saddle point symmetric loss
(Zhigeng Fang and information: equilibrium=?
Sifeng Liu 2003, 2005)
Static game of
symmetric loss
information:
equilibrium=?
Asymmetric Static game of Dynamic game of
loss information | asymmetric loss asymmetric loss
information: information: equilibrium=?
equilibrium=?

Note: Question mark (“2”) represents a theory blank.

characteristics, strategic space, and payment function of the game issues. After that,
the book will construct the concept and the structural system of game results,
using the Nash equilibrium and its approaches, which is one of the core concepts of
noncooperative game theory, to fill in the blanks in this field. Furthermore, in some
certain scope, research results should be expanded to fields of static game based on
symmetric lost information and asymmetric lost information game theories, and
further discussion is necessary before establishing game theory system based on lost
information. Related research results of game theory will be applied to economic
and social fields, and a game model with higher explanation and forecast abilities
should be made to meet the requirement of reality.
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1.1.3 Research Target

From the aspect of economic and social realities, this book will abstract grey matrix
game theory based on lost information, by which we can resolve related problems.
This book will also abstract the risk theory issues of grey game equilibrium results
based on lost information, and establish the theory and method system of grey
game equilibrium results based on aspects of risk measurement, prevention, and
control. The capacity—which contains explanations and predictions of grey game
theory when treating the problems in reality—will be upgraded.

A second target is an exploration of the fatal flaw in the classical Cournot oli-
gopoly model as well as the related oligopoly output-making competition model.
A descriptive game structure model that is of strong universality to the realistic
decision-making situations will be constructed. The book also focuses on a kind
of game equilibrium analysis and the existence of an equilibrium point under the
condition of a game with lost information. Then, it will establish the concepts and
resulting rules, like the framework of the incomplete static game of profit and loss
value information and of grey potential equilibrium.

When focusing on the phenomenon that backward induction’s paradox does
not match the reality, this book also reveals the root of the paradox of backward
induction, and will design a backward induction grey number structured algo-
rithm of multistage static game theory. The paradox of the Centipede Game will be
cracked, thus describing a third target of this book.

When considering the fact that the classic model cannot make a prediction in
one-off game results or in periods of short-term economic equilibrium, this book
constructs the game theory chain model, which is based on evolutional game the-
ory in a symmetrical or asymmetrical situation. We found that the restrictions
requested by the classical model are too strict to be satisfied in reality. Taking this
factor into consideration, and based on the assumption of limited rationality, this
book finds the optimal grey quotation model, which is based on ideal quotation
and assessment with the precise value and experience.

1.2 Status of Research and Development

Game theory began in 1944, and by the 1950s, cooperative game theory had
developed to its peak; noncooperative game theory also began to appear at that
time. After nearly sixty years of development, noncooperative game theory was a
completely theoretical system. It mainly involves the following aspects: complete
static information, complete dynamic information, incomplete static information,
incomplete dynamic information, and so on. At present, the application of game
theory covers almost every field of the economic and social life of people, and it
is of great success. In the entire process of development, game theory gradually
improved itself by means of resolving the problems raised by reality. As in classic
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game theory, there are many issues that cannot be satisfactorily resolved; academic
circles hasten the birth of many new theories, such as the following:

1. Fuzzy Game. In the process of decision-making, we bring inspired informa-
tion and knowledge into the framework of classic game theory, and through
the use of a strategy set fuzzy subordination, put the strategic selection refer-
ence—which cannot be disposed of by traditional game equilibrium—into
the framework of the fuzzy game. Thus, we can get the equilibrium resules
of fuzzy game, and the best strategy for each of the participants in the end.
All of this is a constant process of studying, judging, and adjusting.

2. Evolutionary Game. The theory is the combination of game analysis and
a dynamic evolutionary process that is based on individuals with limited
rationality, and treats the group as the research target. It holds the opinion
that individuals in reality are not completely rational, and that decision-
making is realized by means of various dynamic processes, such as imitat-
ing each other, study, and mutation. The theory of an evolutionary game is
an innovation in the methods of economics, because the theory established
a new framework for analysis based on denying the foundation of tradi-
tional theory, which is the hypothesis of people with rationality. Through
the combination of the latest contributions in different theoretical fields,
such as ecology, sociology, psychology, and economics, evolutional game
theory provides a new vision for researching various economic behaviors
and for investigating the equilibrium of the process.

3. Experimental Game. Experimental game theory is a special game theory.
Experiment can provide people useful information by observation. This
kind of information cannot be easily gotten from game theory. Because
of the habit of analyzing the structure of the game by the concepts of
equilibrium and refinement, experimental knowledge is always treated as
insignificant; at the same time, the role of experimental knowledge in the
players’ reactions to a certain game is even ruled out. In a nonstrategic
environment, people could make a reasonable strategy according to the
principles of an optimal conditional expectation utility, but in the strategic
environment only by means of relying on players’ rationality can people
easily make definite prediction—and even though the prediction is made,
the credibility of it in reality is questionable. In the field of applied econom-
ics, the issues cannot be solved only by rationality. Only when rationality
and experimental knowledge are combined can we get a solution. There is
a strong complementarity between experiment and rationality: rationality
can provide an analyzing framework for experimental information, and
the experiment can offer a checking method for rationality.

Xu Jiuping, a professor in Sichuan University, published an academic paper named
“Zero-Sum Two-Person Games with Grey Number Payoff Matrix in Linear
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Table 1.4 Game Theory and Its Application Retrievals

Retrieval Search Retrieval Retrieval Retrieval
Source Terms Strategy Time Results
Chinese game keywords 1999-2007 14489
academic
periodical net
Chinese game keywords 1999-2007 2976
master’s
thesis full-text
database
Chinese game keywords 1999-2007 913
doctoral
dissertations
full-text
database
Elsevier game theory | keywords 1999-2007 547
Springer game theory | summary 1999-2007 960
El Village game theory | subject/title/ 1999-2007 13639
abstract
1S Web of game theory | keywords 1999-2007 1624
Science (SCI)

Programming,” which was related to the solution of grey payoff matrix, but the paper
did not definitively lay out the concept of grey game theory and equilibrium results.

In the process of researching academic theses on game theory and its applica-
tion from related resources, we recently reviewed thousands of related articles in
Chinese and English. The research field has been extended to economics, sociology,
the environment, politics, and so on. Table 1.4 shows the detail.

No matter whether it is domestic or foreign literature, treacment of the uncer-
tain game theory issues—as a research target and as a definitive scientific theory of
grey game—has never been found.

The thesis of this book mainly involves game theory, grey system theory, and
other research domains that are the application of grey system ideas, theories,
and methods in game theory. It is used to resolve the game problem of bounded
knowledge (or lost information) that universally exists but is not involved
(or cannot be solved) in classical game theory. We can say the subject pulls the
problem of missing information into the game theory domain and makes game
theory widespread to the grey system domain of bounded knowledge and poor
information.
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1.3 Research and Technology Roadmap
1.3.1 Main Content

From the aspect of the economic and social realities, this book abstracts grey matrix
game theory based on lost information, by which we can resolve related problems,
and initiates research on the mechanism of matrix game theory issues (grey macrix
game) based on interval grey numbers. It also constructs the grey matrix game
model based on pure strategy and puts forward the conception and structure system
of grey saddle point and grey mixed strategy. This book abstracts the risk-theory
issues of grey game equilibrium results based on lost information, and establishes
the theory and method system of grey game equilibrium results based on aspects of
risk measurement, prevention, and control. The capacity—which contains explana-
tion and prediction of grey game theory when treating the problems in reality—
will be upgraded. The grey matrix game theory will then almost be finished.

This book also reveals that there is a fatal flaw in the classical Cournot oligopoly
model as well as in the related oligopoly output—making competition model. Some
new suppositions of a duopoly game are re-established, including the game-purpose
supposition, the time-order supposition, bounded rationality, and knowledge sup-
position. A descriptive game structure model that has strong universality to the
realistic decision-making situations is constructed. This book brings forward the
concepts of the damping loss and the total damping cost when the first decision-
maker completely seizes the whole market, and designs related algorithms.

Grey Game Theory and Its Applications in Economic Decision-Making proposes
one kind of game equilibrium analysis and the existence of its equilibrium point
under conditions of incomplete game information. It also establishes the frame-
work of a static game whose information of profit and loss value is correspond-
ingly incomplete, as well as the concepts of equipollence, and superior and inferior
potential degree of grey numbers in the range of gain and loss value; the Nash
equilibrium of grey potential pure strategy; dominant pure strategy of grey poten-
tial; and the position judging rule of grey number relationships among ranges. This
book proves:

If for the N-person stable game that has incomplete profit and loss information,
there exists a Nash equilibrium of grey potential pure strategy, then we can apply
the method of grey potential advantaged and disadvantaged strategy, grey potential
marking method, and grey potential arrow method in different situations.

Then the equilibrium point can be conveniently found.

When focusing on the phenomenon that backward induction’s paradox does
not match reality, this book reveals the root of the paradox of backward induction,
and constructs a new kind of dynamic game model structure. Then it designs a
backward grey number structured algorithm, and establishes the concept system of
the termination and guide Nash equilibrium of multistage dynamic game theory,
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Figure 1.1 Technique route of the project. A: from the aspect of the economic
and social realities with abstracted grey matrix game theory based on lost infor-
mation; B: research on existence of the solution; C: grey absolute pure strategy
equilibrium; D: grey potential pure strategy equilibrium; E: grey mix strategy
equilibrium; F: psychological assumption of game based on incomplete informa-
tion; G: solving grey absolute strategy, grey potential pure strategy, and grey mix
strategy; H: grey matrix solution of game equilibrium; I: existence of game risk
based on incomplete information; J: risk of grey absolute strategy, grey potential
pure strategy, and grey mix strategy solutions; K: research on risk evaluation,
prediction, and control; L: resolution of the theory problems of grey matrix game
equilibrium; M: research on a static, nonmatrix game problem based on incom-
plete information; N: research on the existence of the solution; O: analysis of grey
potential Nash equilibrium and grey mix strategy solution; P: risk analysis of grey
potential Nash equilibrium and grey mix strategy solution; Q: research on risk
evaluation, prediction, and control of a grey equilibrium solution; R: Resolution
of the theory problems of grey matrix game equilibrium of static, nonmatrix game
based on symmetrical incomplete information; S: design of a new kind of dynamic
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while providing a convenient and effective balanced analyzing method that is of
better use for cracking the paradox of the Centipede Game.

When focusing on the fact that the current model cannot make predictions to
one-off game results or to periods of short-term economic equilibrium, this book
constructs the game chain model, which is based on evolutional game theory in a
symmetrical or asymmetrical situation, and the model profoundly reveals the rela-
tionship of players’ interdependence and intertransformation in the process of the
game. It also sets up the recurrent relation of each player’s individual quantities and
expected income on average in each step of the evolution game.

It has been found that there are some defects in the classical first-price sealed auc-
tion model, whose conditions are restricted too much to fit the real situation. This
book designs grey correction factors of experiential ideal quotations, and accord-
ing to the hypothesis of limited rationality, establishes an optimal grey quotation
model based on accurate evaluation of value and experiential ideal quotation.

1.3.2 Technical Route

Supposed research program and feasibility analysis: The project is supposed to be
divided into four steps for further discussion, from easy to hard, simple to complex,
and theory research to application utility (see Figure 1.1).

In the first step, this book treats game theory issues in reality based on incom-
plete microeconomic information between individuals, which is abundant in eco-
nomic and social life, as the research target, and abstracts grey matrix game theory
of interval grey tokens based on incomplete symmetry information.

In the second step, for solving the issues of grey matrix game, the book con-
structs a game model and puts forward the conception and structure of grey equi-
librium results, the theory and methods for solving it, and the approaches for risk

Figure 1.1 (Continued).

game model structure, and establishment of the concept system of termination
and guide Nash equilibrium of a multistage dynamic game, while providing a
convenient and effective balanced analysis method, which is of better use for
cracking the paradox of the “Centipede Game.” Furthermore, when focusing on
the fact that the current model cannot make predictions in a one-off game or in
a period of short-term economic equilibrium, we constructed the game chain
model, which is based on the evolutional game in a symmetrical or asymmetrical
situation. Then, according to the hypothesis of limited rationality, an optimal grey
quotation model based on accurate evaluation of value and experiential ideal
quotation was established; T: through the combination of theoretical research
achievements and related economic and social practice, the information provided
here can make a great contribution to the development of economics and society,
while upgrading the theory and promoting the improvement of practice.
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analysis and control. All of the contributions fill in the blanks of equilibrium results
in the grey matrix and perfect the theory of the grey matrix game.

The third step, based on former theoretical research achievements into aspects
of the grey matrix game, expands the research field to game issues of a static non-
matrix based on incomplete information, and constructs the concept and the struc-
tural system of the game solution, using the Nash equilibrium and its approaches,
which is one of the core concepts of noncooperative game theory—rto fill in the
blanks in equilibrium results of grey games. It perfects the theoretical system of a
static grey game based on incomplete information.

The fourth step, so as to resolve the existing problems in the field of game theory
with the application of grey systematic thought, designs a new kind of dynamic
game model structure, and establishes the concept system of the termination and
guide Nash equilibrium of multistage dynamic game theory, while providing a con-
venient and effective balanced analysis method, which is of better use for cracking
the paradox of the Centipede Game. when focusing on the fact that the current
model cannot make predictions in one-off game results or in periods of short-term
economic equilibrium, this book constructs a game theory chain model that is based
on the evolutional game in a symmetrical or asymmetrical situation. According to
the hypothesis of limited rationality, it then establishes an optimal grey quotation
model based on accurate evaluation of value and experiential ideal quotation.

During the fifth step, through the combination of theoretical research achieve-
ments and related economic and social practice, this book makes a great contribu-
tion to the development of economy and society, while upgrading the theory and
promoting the improvement of practice.

1.4 Main Innovative Points and Characteristics

1.4.1 Main Innovative Points

This book, for the first time, and with the application of the thought and theory of
grey systems, deals with game issues such as limited rationality, limited knowledge,
and uncertainty in the future. Then it designs a simple, effective solution for grey
linear programming and the grey matrix in a grey matrix game. This book abstracts
the risk-theory issues of grey game equilibrium results based on lost information,
and establishes the theory and method system of grey game equilibrium solutions
based on the aspects of risk measurement, prevention, and control. The construc-
tion of grey matrix game theory has almost been finished.

Treating economic problems in reality as the research background, this book
establishes the characteristics and strategy of a grey two-matrix game as well as
the characterization methods of the pay-off function. It also establishes the frame-
work of a static game whose information of profit and loss value is correspondingly
incomplete, and investigates the concepts of equipollence, and superior and inferior
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potential degrees of grey numbers in the range of profit and loss values; the Nash
equilibrium of grey potential pure strategy; the dominant pure strategy of grey
potential; and the position judging rule of grey number relationships among ranges.
The article proves that if, for the N-person stable game that has incomplete profit
and loss information, there exists a Nash equilibrium of grey potential pure strat-
egy, then we can apply the method of grey potential advantaged and disadvantaged
strategy, the grey potential marking method, and the grey potential arrow method
in different situations. Then the equilibrium point can be conveniently found.

Grey Game Theory reveals the root of the paradox of backward induction, and
constructs a new kind of dynamic game model structure. Then it designs a back-
ward grey number structured algorithm, as well as establishes the concept of the
termination and guide Nash equilibrium of multistage dynamic game theory, while
providing a convenient and effective balanced analyzing method that is of better
use for cracking the paradox of the Centipede Game.

A descriptive game structure model that is of strong universality to the real-
istic decision-making situations of oligopoly in an output-making competition is
constructed. This book also brings forward the concepts of the damping loss and
the total damping cost when the first decision-maker completely seizes the whole
market, and it designs related algorithms.

By constructing the game chain model, which is based on the evolutional game
whether in a symmetrical or asymmetrical situation, this book reveals the evolu-
tionary game phenomenon of biotic wrong-test. The book builds the optimal grey
quotation model with limited rationality based on accurate evaluation of value and
experiential ideal quotation, and finds that a bidder’s optimal grey quotation depends
not only on values the bidder itself estimates but also on values the rivals estimate
and on a menace reflection grey coeflicient. The optimal grey quotation of a bidder is
not the halfvalue of goods at auction but is generally higher than half the value.

1.4.2 Main Characteristics

For the first time (according to the results of our search; related grey systems are rare)
from the aspect of the economic and social practice, this book abstracts grey matrix
game theory of an interval grey token based on incomplete symmetry information. Then
it expands the classic game theory into the field of grey numbers, which enlarges the
application scale of game theory and enriches the theory and thought of grey systems.

With the application of the thought and theory of a grey system, this book deals
with game issues based on incomplete information, which is caused by factors such
as limited rationality, limited knowledge, uncertainty in the future, and so forth.
Three important theoretical issues solved are as follows:

First, a game equilibrium of grey game is well resolved.
Second, we provide a reasonable explanation for the equilibrium of a grey matrix
of static nonmatrix game issues based on incomplete information.
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Third, this book provides the solution of the Centipede Game, which has puz-
zled theory circles for a long time.

This book mainly researches the field of game theory, and solves a series of
fundamental problems not many people are involved in—namely, game theory
and its equilibrium, and the risks of an equilibrium solution on the condition
of incomplete information. Game theory has produced far-reaching influence in
many disciplinary fields, such as economics, sociology, political science, and crimi-
nal psychology.

From the aspect of the economic problems in reality, this book researches the
mechanism and regulation of the game chain issues based on an interval grey num-
ber matrix, two-matrix games, and evolutionary games.

This book constructs the framework system of game theory based on grey data
and applies game theory to economic life to solve realistic problems.



Chapter 2

Study of the Grey Matrix
Game Model Based
on Pure Strategy

2.1 Study of the Simple Grey Matrix Game
Model Based on Pure Strategy

In a two-player finite zero-sum game, the revenue matrix the two players take is
largely predetermined by the players. People never give precise judgments about
game results in advance because of such factors as incomplete information, the
system’s design ability, and random fluctuation.

Judging by the result of the two-player finite zero-sum game—even though the
total sum all players get from the game is zero, and the backward value of the game
is clear, with the effect of all the actual random and nonrandom factors—the actual
game results are not necessarily the same each time, even if the pure strategy were
to be exactly repeated each time.

For example, two oligopolies, A and B, carve up a relatively closed TV market.
In order to grab more market share, they act on all kinds of strategies (lowering the
price, providing high-quality service, increasing product functions, and improving
the quality of the products) to compete with each other. Due to a variety of rea-
sons, the competing players cannot precisely estimate the revenues beforehand for
all possible conditions. Even with relatively strict limitations, influenced by all the
random and nonrandom factors, a player in a game won’t have the exact revenue
twice. In reality, the revenue matrix of a two-player finite zero-sum game is racher
grey rather than fully clear and precise.

17
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2.1.1 Construction of a Simple (Standard) Grey
Matrix Game Model Based on Pure Strategy

2.1.1.1 Analysis of a Grey Game Profit and Loss Value Matrix

Definition 2.1 Grey matrix: If there is any grey number al-j(®); i=12,...,m,
j=12,...,nin elements of a matrix, this matrix is called a grey number matrix, or a
grey matrix for short, expressed as A(®)= [al_]_ (®)] si=12,mj=12,.. . ,n

mX

Definition 2.1 is used to explain that if there is one or more elements of
a matrix that are grey numbers, this matrix will be called a grey matrix for
short.

Definition 2.2 Grey matrix game: For the two-person limited zero-sum game,
if the profit and loss value matrix for the players’ assessment in advance is a gray
matrix, we can then refer to the game as a grey matrix game, which is expressed as
é/(®) = {SII,SZ/;A/(@))}, where 51/ = {0({,0(/2,...,0(1”} is the strategy set of Player 1;
Sz/ =1 i, /2,,[3;} is the strategy set of Player 2; and A'(®)is the grey profit and
loss value matrix for players to judge in advance.

Since the assessment of the profit and loss value for various games could be
different from each other, we will consider the following two situations. First,
learning is the same for the two players, which means that they will make deci-
sions according to the same predictive grey profit and loss value matrix. The
grey profit and loss value matrix is common knowledge and can be formulated
as Eq. (2.1):

[‘Zfl’bl()l} [‘lloz’blozj [d{)n’bl(;]

40 (®)= [agvb;l:l [432’1732} [“Sn’ézon:l @.1)

[‘ngl’b:n] [‘Zzz’b::;z] ':d:)nn’br?m:l

whereaf < bl_(_), i=12,..,mj=12,..,n

Second, the assessment of the profit and loss value for any possible situa-
tion could be different from that determined by the two players, and the two
cannot send the assessment to each other—that is, the grey profit and loss
value matrix is 7ot common knowledge but is the secret of the players, and
the profit and loss value matrix of Player 1 and Player 2 can be formulated as
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Egs. (2.2) and (2.3):
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2.1.1.2 Size Comparison of Interval Grey Numbers

In this book and in follow-up studies, in order to discuss the problem conveniently,
the grey numbers we discuss will be limited to interval grey numbers (and we call
them grey numbers for short) because the interval grey number is the most repre-
sentative grey number of all kinds of grey numbers; according to actual situations,
the upper or lower bound of grey numbers that have no upper or lower bounds can
be assumed to be a prodigious number, and this kind of the grey number can be
transformed to the interval grey number.

Because size comparison of the grey number will be involved in the solving

process of the standard grey matrix game, we will study the size comparison of the
simple interval grey number first.

Definition 2.3 Size comparison of the grey number: For two grey number ® €
[2,6](a £ b) and ® € [e,d] (c < d), if they can fit following four conditions, these

two interval grey numbers are called simple interval grey numbers (simple grey
numbers for short).
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[a, b] [c, d]

Figure 2.1 Grey number [a, b] < [c,d] represented on a number axis.

B

a,b] J[cd]

Figure 2.2 Grey number [a, b] < [c, d] represented on a number axis.

1. When &6 < ¢, then [4,6] < [c,d]; that is, [4,6](a < b) is less than [e,d] (c £ d).
This can be expressed in a number axis, as shown in Figure 2.1.

2. When 6<c, then [4,6] < [c,d]; that s, [2,6)(a < 6) is less than or equal to [¢,4]
(c < d). This can be expressed in a number axis, as shown in Figure 2.2.

3. When 2 = ¢, b = d, and the obtained numbers of two grey numbers
are the same (Y, =7,), it meets that@1 =vY,a+(1-7v,)b,y, €[0,1],
®2 =v,c+({1-v,)d,y, €[0,1],and Y, = Yz.Then [2,6] = [¢,d]; that is, grey
number [#,6](a < b) is equal to grey number [c,d] (¢ < d). This can be
expressed in a number axis, as shown in Figure 2.3.

4. When a=c¢, b=d, and the obtained numbers of two grey numbers are not
the same (y, #7,):

If Y, <7, then ®>® (that is [4,6] > [c,d]), and grey number [4,6](z < b) is
larger than grey number [c,d] (¢ £ d). This can be expressed in a number
axis, as shown in Figure 2.4

~

[a, b] [c, d]

Figure 2.3 When obtained numbers are the same, grey number [, b]=[c, d]
represented on a number axis.

[c,d] [a, b]

Figure 2.4 When v, > v, Cgrey number [a,b] > [c,d] represented on a number
axis.
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[a, [c,

Figure 2.5 When v, < vy, grey number [a, b] < [c,d] represented on a number
axis.

If Y, >, then R} <Q (that is [4,6] < [¢,d]), and grey number [2,6](a < b) is
smaller than grey number [¢,d] (c < d). This can be expressed in a number
axis, as shown in Figure 2.5

Definition 2.3 gives us some simple grey forms in which it is easy to compare
sizes. If we want to compare sizes of other forms, we need more information, such
as the concrete numerical value of the obtained numbers of every grey number. In
the following study, in order to use these simplest grey forms with easy-to-compare
sizes from Definition 2.3, we will give it a definition, as shown in Definition 2.4.

Definition 2.4 Comparable simple grey number set: For two arbitrary grey num-
bers of a grey number set A(®) = {®|@ = [ﬂil , bz'Z 1, i=1,2,...,m}, where the two arbi-
trary grey numbers are represented in a number axis, there are just four conditions
that can appear, which are regulated by Definition 2.3 (shown in Figures 2.1-2.5).
That is, either two numbers are coincident and their obtained number is known or
their intersection (except the endpoints) is a null set. We can call these grey number
sets either comparable grey number sets or noncomparable grey number sets.

We have to judge maximum and minimum numbers from some grey numbers
in many conditions. A definition of this problem is shown in Definition 2.5.

Definition 2.5 Maximum and minimum decidable grey number: For a grey num-
ber set A(®) = {®|®i = [ail,biz], i=1,2,...,m}, where all the grey numbers of this set
are represented on a number axis, if a grey number [4,,,6,, ] is either coincident with
all the other grey numbers (and the obtained number is known) or their intersection
(except the endpoints) is a null set, we can call this grey number a size-decidable

grey number, or decidable grey number for short.

In all the decidable grey numbers, the grey number that is at the leftmost end
of the number axis is called the minimum decidable grey number, and the grey
number at the rightmost end of the number axis is called the maximum decidable
grey number.

Example 2.1 Forsomegreynumbers® [-1,2], ® =[-1,2], ® =[-1,0], ® =13,4],
we can determine that ® < ®,, ® < ®,, ® <®_If ® and ®, have the same obtained
number, then ® =®; lf'Y1 < YZ, “then ® 2®; Y and if v, S Y,, then® <@, If the
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[-1.0]

Figure 2.6 Number axis of decidable grey numbers.

obtained number oféq and ® is not decidable, then the size 0f®1 and ® cannot

be determined (it is therefore incomparable), and the size of ®, ®,, and ® cannot
be determined (and it is also incomparable). In all these grey numbers, ® =[3,4]
is the maximum decidable grey number. There is no minimum decidable grey
number of these grey numbers; see Figure 2.6.

Theorem 2.1 The sufficient and necessary conditions of comparable grey num-
ber set: For m grey numbers ® = [az‘l’bﬂ]’i =1,2,...,m, the suficient and necessary
conditions of a comparable grey number set A(®) = {®|@ = [ﬂil,bﬂ], i=1,2,...,m},
which is composed of these 72 grey numbers, are that these 7 grey numbers are all
decidable grey numbers.

Proof: Sufliciency: For m grey numbers ® = [an,biz], i=12,...,m,if these
m grey numbers are all decidable grey numbers, then from Definition 2.5, we
know that in these 7 grey numbers ® =[z,,6_], i=1,2,...,m, any grey number
® =[a b LLi=12,. mis either corncrdent wrth all the other grey numbers (and
the obtarned number is known) or their intersection, except the endpoints, is a
null set.

According to Definition 2.4, grey number set A(®)={®®, =[a,,b,],i=

1,2,...,m}, which is composed of these m grey numbers ® = [a 6,1, 0= 2
must be a comparable grey number set.
Necessity: For m grey numbers ® [a ,0.,1,7=1,2,...,m, they can compose a

comparable grey number set A(®) = {®|® [Ia /7 =12, mb.

According to Definition 2.4, any grey number® [ﬂkl’b 1, j=# of this set
is either coincident with all the other grey numbers (and the obtained number is
known) or their intersection, except the endpoints, is a null set, and according to
Definition 2.5, this grey number ® =[4, ,b,,], j = k is a decidable grey number.

When £ =1,2,...,m, the situations are all the same, and therefore these m grey

numbers are decidable grey numbers.

Theorem 2.2 Relationship of comparable grey number set and maximum
and minimum decidable grey numbers: For a comparable grey number set
A(®) = {®|® [a,b];i .»om; j=1,2,...,n}, there must be maximum and
minimum decrda[])le grey numbers of the set; otherwrse, it could not be true.
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Proof: For a comparable grey number set A(®) = {®|®i = [aj,b,]; i=1,2,...,m
j=12,...,n},according to Definition 2.4, all the grey numbers of/the set are com-
parable, so we can get the maximum and minimum decidable grey numbers after
comparing every grey number with the others.

However, for a set A(®)= {®|@3 = [a],,b],]; i=12,...,m; j=1,2,...,n} that has
maximum and minimum decidable grey numbers, according to Definition 2.5,
we can judge its maximum and minimum decidable grey numbers, but we cannot
always compare the size of other grey numbers. Because of this, this set might not
be a comparable grey number set.

2.1.1.3 Modeling of Standard Grey Matrix Game

In order to conveniently study the grey matrix game problem, we first consider the
situation where learning is the same for the two players, which means that they
will make decisions according to the same predictive grey profit and loss value
matrix: the grey profit and loss value matrix is based on common knowledge.
(A discussion about the situation where learning is not same for the two players
will be studied in the following chapter.) In order to conveniently discuss the
model and possibly keep its realistic meaning, we set some assumptions for the
model discussion:

1. The game strategy sets for both players are all finite sets and are based on
their mutual knowledge.

2. In the game, the preassessed price-margin matrices for both players are all
interval grey matrices and are based on their mutual knowledge.

3. In the game, the real result of each game is of zero sum.

4. Both players participating in the game are rational people, and their game
behaviors are likewise rational.

Definition 2.6 Grey game strategy: In the process of a grey game, the strategy
used by players is called grey game straregy.

Definition 2.7 Rigorous standard grey game strategy: In the process of a grey
game, if the game value grey set of all the players’ grey game strategies is a compa-
rable grey number set, the grey strategy in this grey game process is the rigorous
standard grey game strategy.

Definition 2.7 regulates the rigorous standard grey game strategy. It shows that
there is a characteristic of the grey game value of the rigorous standard grey game
strategy of a playera. (i =1,2,...,m) and the rigorous standard grey game strategy
of another player Bj(j =1,2,...,n); a pair of grey numbers are either coincident to
each other (and the obtained number is known) or their intersection, except the
endpoints, is a null set.
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Definition 2.8 Rigorous standard grey game: In the process of a grey game, if
strategies of the players are all rigorous standard grey game strategies, we call this
game a rigorous standard grey game.

Definition 2.9 Rigorous standard grey matrix game: If the rigorous standard grey
game is a two-player finite zero-sum game, we call this game a rigorous standard
grey matrix game, and it is represented as é°(®) = {510,55;1210(@))}, where Slo is the
rigorous standard grey strategy set of the Player 1, S; is the rigorous standard grey
strategy set of the Player 2, and A°(®) is the predictive rigorous standard grey game
profit and loss value matrix of Players 1 and 2.

Theorem 2.3 Comparable conditions of A°(®): Foraprofitand loss value matrix

A (®) of any rigorous standard grey matrix game G (®) = {SIO,S; ; A’ (®)}, every
grey number of A°(®) must meet the comparability condition: two arbitrary
grey numbers in the matrix are either coincident to each other (and the obtained
number is known) or their intersection, except the endpoints, is a null set.

Proof: Assume the game matrix of a rigorous standard grey matrix game
G'(®)={S",S!; A°(®)}is shown as Eq. (2.1), that is, A°(®) = A"(®).

According to Definition 2.6, the strategy of every player in the rigorous standard
grey matrix game is the standard grey game strategy. According to Definition 2.4,
in the process of a rigorous standard grey matrix game, grey game value grey num-
bers of Player 1’s rigorous standard grey game strategy Oc? (i=1,2,...,m)and Player
2’s grey game strategyBO_ (j=1,2,...,m)are either coincident to each other (and the
obtained number is kno]wn) or their intersection, except the endpoints, is a null set
(that is, it meets the comparability conditions).

Example 2.2 Rigorous standard grey game matrix of Players 1 and 2 is shown as
Eq. (2.4):

BY B B
- o |1 1231 [34]
AO ® — 1 ’ ’
@)1= [1 3003 @4

According to Eq. (2.4), we get the profit and loss value of Player 1 by a game
with two rigorous standard grey strategies, o, and o) , of Player 1 and three rigor-
ous standard grey strategies, B, B9, and B}, of Player 2, where the grey numbers
of the matrix are either coincident to each other (and the obtained number is
known) or their intersection, except the endpoints, is a null set. To a determined
whitenization number of Eq. (2.4), we can take it as a particular grey number; for
example, whitenization number 3 can be taken as grey number [3,3].
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Theorem 2.4 A°(®) has the same form and comparability as A: Profit and loss value
matrix A°(®) of a rigorous standard grey matrix game G'(®) = {Slo , S;) ; A°(®)} has
the same form and comparability as profit and loss value matrix A of the common
whitenization number matrix game G(®) ={S, ,S,; 4}

Proof: Assume A°(®) of G°(®) = {SIO,S;;;IO((@)} is shown as Eq. (2.1), and 4 of
G(®)=1S,,S,;4} is shown as Eq. (2.5).

ﬂll alZ aln
A= 4y Ay T4, 2.5)
ﬂml ﬂmZ amﬂ

Equation (2.5) can be rewritten as the grey form of Eq. (2.6). By comparing
Eq. (2.1) and Eq. (2.6), we find that the two matrices have the same form.

The essential difference of a common grey game matrix and a whitenization
game matrix is that, from the view of the whitenization game matrix, every element
of the matrix is a determined unique whitenization number, and there is no doubt
that these whitenization numbers are either coincident to each other or their inter-
section is a null set; size comparisons of them are easy. They have a good property
of comparability, and it is useful for game determination. From the view of a com-
mon grey game matrix, however, every element is the interval grey number that has
endpoints that are determined unique whitenization numbers, so the grey numbers
are not always coincident to each other (although the obtained number is known)
or their intersection, except the endpoints, is a null set. So it is hard to compare the
sizes of these grey numbers—that is, they do not have comparability, so we cannot
get a game determination.

[dll’ﬂll] [dlz’ﬂIZ] [ﬂln’dln]
A = [a21 ’.‘Zzl] [‘Zzz’.dzz] [aZn’.‘ZZn] 2.6)
[ﬂml’ﬂml] [ﬂml’ﬂnﬂ] o [ﬂmn’ﬂmn]

According to Theorem 2.3, profit and loss value matrix A°(®) of the rigorous
standard grey matrix game G°(®) ={S,}; A”(®)} meets the conditions that two
arbitrary grey numbers in the matrix are either coincident to each other (and the
obtained number is known) or their intersection, except the endpoints, is a null set.
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Therefore, A°(®) of G*(®) = {510,55;1:10(@))} and 4 of G(®)={S, ,S,; At have the
same property of comparability.

According to Theorem 2.4, ;lo(@) of G° (®) = {SO SO A0(®)} has same form and
comparability with A of G(®) ={S, , S, ; A} in other words A° (®) is an extension or
a more general form of A, and 4 is a partrcular form of A° (®). We can consrder that
G'(®) = {510 SO A° (®)}is an extension of a more general form of G(®)= {S,.S, 4}
and G(®) = {S S, ; A} is a particular form of G*(®) = {SO 0. A°%(®)}.

In Deﬁnrtron 2 4, we get the concept of a rigorous standard grey matrix
game; in the game of G*(®) = {SO SO A (®)}, every grey element of A°(®) meets
the comparability condition, and they have a good property of comparability.
Using this property, we can compare sizes of grey numbers, and we might con-
tinue to decide the solution in the sense of pure strategy. According to Theorem 2.2,
however, A°(®) needs a higher requirement. We can relax limitation of A%(®)
by considering that it does not affect deciding the solution of a grey matrix
game in the sense of pure strategy.

Deﬁnrtron 2 10 Standard grey matrix game: For a grey matrix game

G (®) = {S /8" A/ (®)}, there is a minimum (maximum) decidable grey number in
every row (column) of A (®), and the maximum (minimum) decidable grey num-
ber exists in the minimum (maximum) grey number set that is gotten from every
row (column). We call the grey matrix game the standard grey game strategy set,
and A(®) is the standard grey profit and loss value matrix of the player 1.

According to Definitions 2.9 and 2.10, by comparrngG(@) {8,855 ;l(®)}
and G°(®) = {SO SO A% (®)}, we know that the requrrement ofS S2 and A(®) in
G(®) is much lower than the requirement ofS SO and A°(®) 1nG (®); in fact,
according to Definition 2.9, A°(®) is a comparable grey number set [shown as Eq.
(2.4)], and according to Definition 2.10, the requirement of A(®) is that it has
maximum and minimum decidable grey numbers in the determined situation.

A(®) is an extension of A°(®), and A°(®) is a particular form of A(®).

Theorem 2.5 Relatronshrp of G*(®) and G(®) : For a rigorous standard grey
matrix gameG (®) = {SO SO A°(®)} it must be a standard grey matrix game
G(®) {S,.S, A( )} otherwrse, it could not be true.

_ Proof: According to Definition 2.9, for a rigorous standard grey matrix game
G (®) = {SO SO A" (®)), A°(®)is a comparable grey number set (shown in
Definition 2. 4) however, according to Definition 2.10, for a standard grey matrix
game G(®) {s, A(®)} the requirement of A(®) is that it has maximum
and minimum decrdable grey numbers in the determined situation (shown as
Definition 2.5).

According to Theorem 2.3, any A°(®) must meet the requirement of Definition

2.10, so G0(®) {SO SO AO(®)} must beG(®) {5,,5,; A(®)} otherwise, it could

not be true.
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2.1.2 Solution of a Simple (Standard) Grey Matrix
Game Model Based on Pure Strategy

2.1.2.1 Concept of Pure Strategy Solution
of a Standard Grey Matrix Game

The standard grey matrix G (®)= {8,853 A(®)} is an extension of the classical matrix
game G ={S,, 5 ; A}. When we define the concept of a pure strategy solution for a
standard grey matrix, we use the basic assumption of rational behavior in the classic
matrix game G. In the process of a standard gray matrix game G(®), if both players
have no flukes or adventures and each considers that the rival will try to make his
opponent own the least, then each will surely try to make decisions based on the
most profitable situation from a set of mutually worst situations. This is the safest
and most acceptable manner. Hence, we get the concept of the pure strategy solu-
tion of a standard grey matrix game G(®), as shown in Definition 2.11.

Definition 2.11 Pure strategies solution of standard grey matrix game: For a
standard grey matrix game G~(®)={SI,SZ;A(®)}, if there are pure strategies
like o ., . that are composed of situation (o . [3 ), this can make [a b 1<
[a*,,bi ,.]]S[a, ,b, ] come into existence, where i=1,2,...,m and j —1, . ,n 3
situlation (Oc B ) is called the solution of a standard grey matrix game in the sense
of pure strategy

o. B is the grey optimum pure strategy of Player 1 and Player 2, respectively.

The defrayal of Player 1[a. .,b6. .] is called the value of a standard grey matrix
game G(®) = {5, S,, A(®)}, sggﬁed as V_(®).

According o Deﬁnmon 2.11, we know that the standard grey matrix game
G~(®) = {51,52;;1(@)} must have a pure strategy o ., . if the solution would exist
in the sense of pure strategy. The corresponding number of rows i and number
of columns ] in the strategy o. B] can make the game value [2. y b .] fit for
[a b 1<[a zj"bfj']s[ﬂi‘j’bf]] where i=L2,...,m and j=12,...,n. The posi-
tive 1nteger (i i ") is called the grey saddle point of a grey matrix game G(® )=
{5,,S,; A(®)} because the game value of this saddle point is a grey number.

The game composed of G(®) ={S,, S A(®)} is the grey matrix game with a grey
saddle point. The grey profit and loss value matrix A(®) must therefore have a grey
saddle point if the grey matrix game has a solution in the sense of pure strategy.
Otherwise, if the grey profit and loss value matrix A(®) has a grey saddle point
(i, "), the solution of the grey matrix game is the grey situation (0( B ), which is
composed of optimal grey pure strategies o, B corresponding to grey $addle point
@ 5.

The grey game value V. (®) is just[a. ,b .1, which is in the corresponding grey
saddle point (i, ] ")in the grey profit and lost value matrix A(®). It is the smallest
grey number in7 rows and the biggest in ;" columns of grey matrix A(®).
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Table 2.1 Decision Table of Grey
Matrix Game

By B, B, m/_i n[al_j , bl_/_ 1
Oy 1,11 [ [23] | [3,4] | [-1,1]
) [1,2] 1,21 | (4,51 |[1,2]"
max(a;, b1 | 121" | (23] | [4,5]

ij’

We can investigate some solutions of a simple grey matrix game to explain the
above point. The grey profit and loss value matrix A(®) of a standard grey matrix
game G(®) ={S,,S,; A(®)} has grey elements [« a; ] (,j) is the grey saddle point of

A(®) and [ﬂ,j,b ] is game value of grey matrix A(®) O is the optimal pure strategy
of Player 1, B is optimal pure strategy of Player 2, and Oc B ) is the solution of
grey matrix game G(®)= {S,,5,; A(®)}.

Example 2.3 The profit and loss value matrix of a standard grey game

G(®)={S,,S,; A®)} of Players 1 and 2 is shown in Eq. (2.7); and in the second
row of A(®), the obtained numbers of grey number [1,2] are the same:

B, B, B

21 021 [4,5]

~ o

A®)= ! l

&,

(2.7)

From Eq. (2.7), we can get results shown in Table 2.1. Hence, max, m|n
[a;,b;]1=min, max, [a,,b,]1=1a,, b, ]=112].

UM i’
The game value of the grey matrlx V.(®)=11,2] solution of the grey matrix

game G(®) = (S, S,; A®)} is (o, B,), whereoc andp, are the grey optimal pure

17727
strategies of Player 1 and Player 2 respectively.

2.1.2.2 The Sufficient and Necessary Term and the Property of
Pure Strategy Solution of Standard Grey Matrix Game

From Example 2.3, we know that whether the standard grey matrix game has a
solution in the sense of pure strategy (or the grey profit and loss value matrix A(®)
has a grey saddle poin) is directly related to whether elements of the grey profit and
lossvaluematrix ;1(®) meetstheconditions max, min [al.].,bij] = min ; max, [ﬂij’b{j]'
We will extend the fact to a more general situation.

Theorem 2.6 Profit and loss relationship of players: In a standard grey matrix
game G(®)={S,S,; JA®)), A®) = {[a b I}is anm X n order grey matrix, then

max, mm [a b ]<m1n max, [LZZ] bl]]
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Proof: For every i=1,2,...,m; there must be a min [a ,0,]1 < max, [a !7]
that is. mm /9 < max, a, Hence max; min [ﬂij,b’,j]ﬁmax [al] ét]]; that is, max
min b <max a,

\X/e get max, mm [a b 1< min ; max, [al.].,bl.j]; that is, max; min; 4; < min,
max, a,.

The significance of Theorem 2.6 is that it demonstrates that the minimum
profit of Player 1 is less than maximum loss of Player 2.

In a following section, we will discuss the existence of the sufficient and neces-
sary terms for a standard grey matrix game solution in the sense of pure strategy.

Theorem 2.7 Thesufficientand necessary conditions of a pure strategy solution: For
astandard grey matrix game G(®) = {S, A(®)} the sufficient and necessary con-
ditions that having a solution (or that the grey profit and loss value matrix has a sad-
dle point) in the sense of pure strategy are max, min], [aij,b’,j] = min], max, [aij,bl,j].

Proof: Sufficiency: Let min [z, /7 ]be the biggest position where i = i and let
max [a b ] be the smallest wléere] j - Then

min[z. ,b. ] = max min[al],,bij]
st / (2.8)
max[a. ,b. ]= min max[a..,b. ]
i ijlij j i 777
From max, mm [a b 1= min]_ max, [al,]_,bl_j],we get
infa, ,b, ]1= a.,b.
minla, .6, 1= mada.0,] @9)

According to the definition of minimum, min].[al,j,bi.j] < [ﬂi*j* ,17;], ], and max;
[4 b 1<]a. .,b. .].

’From the defimtlon of maximum, we get that for any7=1,2,...,m, there is
a <a,

7 From’ the definition of maximum, we get that

xla..b.]2a.. (2.10)

iy g ij

From Egs. (2.9) and (2.10), we obtain min la.,b.]12(a..,b..].
ijoij ijooij
According to the definition of minimum, for anyj=1,2,...,n,there is
la.,b.12[a..,b..].S0 for anyi=12,....,m;j=12,...,n,we get [dij"by‘] <
.6 1<[a. .6 ].
i i . N

By Definition 2.11, we know that the grey matrix game G(®) = {5,,S,; A(®)} has

its solution (¢t ., .).
i
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Necessity: If the grey matrix game G(®) = {51,52;;1(@)} has a solution, from
Definition 2.11 we know that there is ac ., . that can make [al_,,bi,] <
(2. .,b..1<[a. ,b. | reasonable for anyi=1,2,.. .,n{zandj -1,2...n 7

i i

Therefore,
max[a .,b . ]1<[a..,b..]<minla. ,b. ] (2.11)

i /A ijoij j ijoij

Because of min . max . [2_,6. ] < max[a .,6 .], min [2. ,b. ]< max min [z ,b_],
J z g9 i i i Joij ig z J g9
from Eq. (2.11)

min max[z,,b.]<max min[z,,b.] (2.12)
; Ty p PR A

and from the definitions of maximum and minimum, we get min; (2
(a.,b.]< max [a_,b. ], then
3275 it Y%

byl <

i

Irljin[ay,bij] < m]m max (2.13)

Choosing the maximum of 7 from both sides of Eq. (2.13), we get

max min[z,,b.]<min max[a.,b.] (2.14)
; FRRAN ; PRARL

From Egs. (2.12) and (2.13), we get max, minj [al,],,bl,j] = min], maxi[al,j,bij]

Inference 2.1 If grey matrix game G~(®):{SI,SZ;/~I(®)} has a solution(at.,B .) in
the sense of pure strategy, then the game value V. (®) = [al,], ’bff] must meét the
condition[z. .,b. .]=max min [z_,b.]=min max, [4.,b._].
i i i j i
Proof: From Definition 2.11, we get
la.,b.1<[a..,b..1<[a. ,b. 1,i=12,...m;j=12,...,n (2.15)
iy i i
Choosing the maximum and minimum from both sides of Eq. (2.15), then
max [a .,b6 . ]1<[a..,b..]< minj[‘l* ,b. ], and according to Eq. (2.8), we get
a0, baslO 20

j i i
min max[a .,6.]<[a..,b..]<max minf[a. ,b. ] (2.16)
J PR i i i :

The grey matrix game 6’(@):{51,52;1&(@)} has a solution, and accord-
ing to Theorem 2.7, we know that both sides of Eq. (2.16) must be equal, so

[ai,j, ’bfj‘ 1= max, mmj[al_j,bl_j] = min, maxl_[al_j,bij].

Theorem 2.7 explains the sufficient and necessary term that shows the exis-
tence of the standard grey matrix game solution in the sense of pure strategy. This
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theorem can be restated with the concept of grey saddle pornt the sufficient and
necessary term that a standard grey matrix game G(@) {s, A(@)} has a solu-
tion is that there must be at least one grey saddle point. However, there might be
more than one saddle point.

Theorem 2.8 Indifference and interchangeability of grey saddle points: Assu-
ming that @, jk ), (z' yj A ) are grey saddle points of the standard grey matrix game
1

é(@) {8,,5,s A( )} then (4, ,],e ), (4, ,]k ) are grey saddle points of the grey matrix
game, and game values in the grey saddle points are the same; that is,

[al. b, }z[al. b }z[al. b, :Iz[al. b, ]
by Sy Yy Tk by by~ hyTky Ty " Ty Ty by Tk " Ty Ty

Proof: Because (i, , j, ),(i, , j, ) are grey saddle points of the game, we get
1 1 2 2

I:d’]'/el ’bl'f/el :| < |:dl'1q//el ’bz;ljkl :I < [ﬂiklj’bilqj :|; I:ﬂisz ’bﬁ/ez ] < I:ﬂikzjkz ’bisz/ez ] < [ail)zj’bikzj :I’

i=12,...,m;j=12,...,n,where k and k, are codes of the grey saddle points,

respectively.
So, [ﬂikljkl ’bikljkz J< [ﬂikzjkl ’birszz ]=< [dikzjkl ’ bikzjkl] < [dirl/'/q ,bikljkl I= [di/elj/ez ’bl'/e, Jy .
Then, [% " ,bl.k jkl] = [ﬂiszkz ’birzj/ez] = [di;,lj/ez ’biklsz] = [al.}?z]./e1 ,/742 i
And we get[a /ez’b"/ ]S[al " ’b, " ]S[at J bi”], i=L2,...,mj=12,..,n

Then (7, ,]k ) is a grey saddle pornt of grey game G(®) = { 1,52;1:1(®)}, We can
prove that 1(z , ]k ) is a grey saddle point in the same way.

Theorem 2.8 explains that a grey saddle point of the grey matrix game has two
propertres (1) interchangeability of a grey saddle point; that is, if (OL [3] ) and
[3 ) are solutions of grey matrix game G(®)= {S,,S, ; A®)}, then 0( [’) )

and (OL . ,p h) are solutrons too; and (2) indifference of grey saddle point; that 1s,

if ( OL B )and ( Ock B are solutions of grey matrix game G(®) = {S, 2;zzl(®)},
then the grey game value V (®) =q, i ,blkljkl] = [d’szlez ’blkz.]/ez]
2.1.2.3 Relationship between Pure Strategies of Standard

and Rigorous Standard Grey Matrix Games

We have proved that the rigorous standard grey matrix game; G (®) = {SO S; s AY(®)
is a particular form of the standard grey matrix game G(®) ={S,,S,; A(®)}, and

G(®) {5,583 A(®)} is an extension of G*(®) = {SO SO A0(®)} We erl now prove
that the pure strategy solution of G(®) is the pure strategy solution of G°(®).

Lemma 2.1 Position of pure strategy solution: In any standard grey matrix game
G(®) = {S,.S, ;s A®)}, if a solution in the sense of pure strategy is in existence,
then we can get its game value (grey number) from the minimum-maximum (max-
imum-minimum) decidable grey number in the row (column).
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Proof: Assume the grey game matrix A(®) of G(®) = {5,.S, ; A(®)} is as shown
in Eq. (2.11):

m’m[a] blj]
, b, b
(2,,,6,,] [2,,,6,,] a,,,0,,] [‘ﬁq blq]
[2,,,6,,] [a,,,6,,] a0, (a,,,0,,]
A®) = :
la,.0,,]
[aml ’bml ] [ﬂmZ ’bm2] e [dmn ’bmn]
max{[a;,5,] [a,,6,,] o ay,,0,,1}

(2.17)
According to Eq. 2.17, if the sequence
Infin[ﬂij ’ b’/] - iEIqI,lri,ArAlA,s{[dlq ’ blq ]) [dZV > blr]’ e [ﬂm.r ’ bms]} (218)

is the minimum decidable grey number in every row of A(®); and the sequence

maxla,,b,]= max {la,.6,),.6,]....[2,,5,,1 (2.19)
is the maximum decidable grey number in every column of 1Zl(®) then accord-
ing to Definition 2.1 and Theorem 2.3, we know that game valueV_(®)
of grey matrix game G(®) in the sense of pure strategy must be the maximum
of Eq. (2.18) and the minimum of Eq. (2.19), and the two are equal, that is:
max, min],[al,j,bl,j] = minj max, [‘lij’bzy]’ and then

V,(®= max min {la .6 Ll[a,.b,]....[a, .6 1}

G JE12, 0 i€ s s

= min max {{a,,6 Lla b 1..[a b ]}

JEL2, o mi€u vy w wn = wn

In this way, the pure strategy o .,p ., which corresponds to row and column
i, j*,where the game values VG(®)Z aré called the grey optimal pure strategies of
Players 1 and 2, respectively, the situation (¢t ., .) is the solution of the standard
grey matrix game in the sense of pure strateg}zr.
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Hence, ifé(@) = {S1 S, ,;I(@)} has a solution in the sense of pure strategy, we
can get game value (grey number) from minimum-maximum (maximum-minimum)
decidable grey number in the row (column).

Theorem 2.9 Relationship between pure strategies of G(®) and ~G~0 (®): A pure strat-
egy solution of the standard grey matrix game G(®) = 1S, , S, ; A(®)} is surely a pure
strategy solution of the rigorous standard grey matrix game G" (®) = {510 , Sf ; A°(®)).

Proof: Assume the grey game matrix A(®) of G(®) = {5,.5, ; A(®)} is as shown
in Eq. (2.11).

According to Lemma 2.1, if G(®) = {s,.S ; A(®)} has a solution in the sense
of pure strategy. We can get its game value 2grey number) from the minimum-
maximum (maximum-minimum) decidable grey number in the row (column);
the pure strategy o ., 3 ., which corresponds with row and column ', j, where the
game values VV_(®) aré called grey optimal pure strategy of Player 1 and Player 2,
respectively. The sicuation (ov.,B .) is the solution of a standard grey matrix game
in the sense of pure strategy.

Is the pure strategy solution of G(®) the pure strategy solution of G'(®):?

We consider the problem where a standard grey game matrix A(®) [as shown
in Eq. (2.17)] is not a rigorous standard grey matrix game matrix 1210(®). There
must be some elements in A(®) where the relationship between these elements can-
not meet the requirement of a decidable grey number. These grey numbers are
either totally coincident (the obtained numbers are known) or their intersection is a
zero set. ~

We can determine that in A(®), these undetermined grey numbers are not grey
elements in the set of minimum grey numbers in every row and column in A(®)
[Eq. (2.17), and they are not grey elements in the set of maximum grey numbers in
every row and column in ;1(®) [Eq. 2.11); otherwise, it contradicts the definition
of a standard grey game matrix.

We can use some way to transform 1Zl(®), into A° (®),and this will not change
the solution of the former standard grey matrix game G(®) = {S,.S, ; A(®)}.

_To sum up, a pure strategy solution of the standard grey matrix game
G(®) =1S,,S,; A(®)} is surely a pure strategy solution of the rigorous standard
grey matrix game G'(®) = {SIO,S;;A°(®)}.

The significance of Theorem 2.9 is that it explains, in the sense of pure strat-
egy, a pure strategy solution of standard grey matrix game G(®), which is a lower
requirement of the players, is the same with a pure strategy solution of the rig-
orous standard grey matrix game G°(®). This means that if we want to judge
whether there is a solution to a grey matrix game in the sense of pure strategy,
we just need to determine the strategy of the standard grey matrix game, and we
do not need to accurately determine the strategy of the rigorous standard grey
matrix game.
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To sum up the above studies, we know that the relationship between a classical
whitenization number matrix, and standard and rigorous standard grey matrix games
is that the former is a special case of the latter, and the latter is an more general exten-
sion of the former. If we can get a pure strategy solution to the standard grey matrix
game G(®), we can get the pure strategy solution of the rigorous standard grey matrix
game G (®). We also know that no matter what the obtained number of every grey ele-
ment (where all the obtained number of elements in A(®) are a certain number, game
problem G(®) becomes a classical matrix game problem G), and the game value is

VG(®)=[”i‘j*’bff]’Where[d,-*j*’bfj*]:maxz‘ minj,[ag,,by]:minj maxi[czij,by].

2.2 Study of a Pure Strategy Solution of a Grey Matrix
Game Based on Unilateral Strategy Analysis

2.2.1 Analysis of Grey Game Revenue Matrix

Theorem 2.10 The matrix consisting of the extracted left terminal points from the
grey game matrix 1:1/?,/6 =0,1,2 is called the game decision-making matrix that is
most conservative for Player A and most optimistic for Player B, while the matrix
consisting of extracted right terminal points is called the game decision-making
matrix most optimistic for A and most conservative for B.

Proof: A grey matrix A* E=0,1,2is made up of regional grey numbers. If
there are whitened elements, we can make each a grey number whose left and
right terminal points are the same whitened number and thus change them
into regional grey numbers. The regional grey numbers have the property that
at <b' (k=0,1,2i=1,2,...,m; j=1,2,...,n) —that is, each regional grey num-

g _ _ . . .
ber’s left terminal point has a smaller value than the right terminal point.

_ We can extract the left terminal points of all the elements in the grey game matrix
(A*,k=0,1,2) to forma game decision-making matrix whose right terminal points
form another matrix that is the most conservative for Player A and most optimistic
for Player B, and most optimistic for A and most conservative for B, respectively.

Considering the limited length of this chapter, we will only discuss the kind
of matrix as shown in Eq. (2.1) and we will discuss the matrices in Egs. (2.2) and
(2.3) in other chapters.

2.2.2 Model Construction

In a grey matrix game, where each player knows that his rival is also rational and
will try to make him get the least rather than expecting any fluke, he will then
choose the best from the most disadvantageous outcomes that are probable for him
and will make his decisions based upon those choices. This is the sensible behavior
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and is also a safe way that both players can accept in reality. According to this
hypothesis of sensible behavior, the players can only make decisions based on the
matrix of the most conservative values in grey matrix games.

Definition 2.12 Assume that G~={Sl,~52;;1} is a grey matrix game, where
S ={o,0,....00 }, S, = B,:B,,--B, 1A= {‘le’bq}mxn; if Players A and B both
make game decisions according to their respective most conservative value matrix
Al —{a b and A> —{b} ,then the game decisions are called the unilac-
eral conservative game dec151ons of A and B, expressed asG' =1{5,S,; A'tand
G’ = {5,,8,3 A? } respectively.

Definition 2.13 Assume thatG' = {51,52;1211} and G? = {SI,SZ;;IZ} are the unilat-
eral conservative game decisions of Players A and B respectively in the process of
making the players’ unilateral conservative game decision, and

max ming, =min maxa, =4, . (2.20)
i J i J ]

max mmb =min maxb, =b, (2.21)
i J i J 7 i J

If Egs. (2.20) and (2.21) are true, and we also assume thatV =a. V2 b
and thus call V(1 and VC2 the value of gamesG and G> respectlvely, then the pure
conditions (o', Bl and (0 ,B°.) that satisfy Egs. (2. 20) and (2 21) respectively are
called the solutions (or balance condltlons) of games G'and G? with the pure strate-
gic sense, respectively. o', [31 and o’ B are the best pure strategies of Player A of
game G and Player B of game G, l

Theorem 2.11 Assume thatG = {8,5,; A} is a grey matrix game. Then for the
unilateral conservative game dccmonsG ,k=1,20f Players A and B, whereG"
stands for the unilaterally conservative decisions of Player A and G*stands for
the unilaterally conservative decisions of Player B, the sufficient and necessary
conditions for a solution with the pure strategic sense is that there exist pure
conditions (ock B* ),k =1,2 under which forany ;= 1,2,...,mand j = 1,2,...,m, the

J,
inequality a < a . < a _in which #=1,2 s true.
i

Theorem 2.11 mamly explains the sufficient and necessary conditions for a solu-
tion to G*,k=1,2 of pure strategic sense when each player of the grey matrix game
G= {S,,5, A} takes unilaterally conservative game decisions. (See Theorem 1 of
Ref. 5 for a similar proof of this theorem.)

Theorem 2.12 The sufficient and necessary conditions for an overall condition
(integrated) best solution to the grey matrix game G ={S,,S,; A} of pure strategic
sense are as follows.
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The players’ single unilateral conservative game decisions are solvable under the
pure strategic sense. From each unilateral conservative game decision G k=12,
Players A and B can acquire their own best grey pure strategy, (x andB
respectively.

Proof of this theorem is divided into two steps.

First, we prove the sufficiency of the theorem. We assume that the grey revenue
matrix of the grey matrix game G = {51,52 ; A} is expressed as

[ﬂll’b ] [”12’17 ] [dln’bln]
1’4 _ [ﬂZI’b ] [‘Zzz’bzz] [dZW’bZn] (222)
|iﬂml 4 bml] [ﬂm2 4 me] o [ﬂmn 4 bmn]

Wherea <b i=12,...,mj=12,.
From Eq '(2.22) we can get the conservative value matrix B' and B? of Players 4
and B respectively as

ﬂll 412 dln
~ a. a “ee a.
Bl _| % 22 2n (2.23)
dml ﬂml dmn
11 12 1n
B = b21 bzz bZn (2.24)
ml m2 o bmﬂ

Judging from the known conditions, Player A can acquire his best grey pure
strategy O. . and 3 o i=12,...,m;j=12,...,nfrom Eq. (2.23) with correspond-

ing game Values V =a. o+ Player B can also acquire his best strategy o ,and B
E=12,....ml= 1 2,. ,n from Eq. (2.24) with game values of V b/e‘)/

With the best grey pure strategy of each player as o, and [31 where
i=12,...,ml=12,...,n,we get a grey overall pure conditionl(oc,,ﬁ .)and the
game values under thlS condition[a, » bl 1'] for the grey revenue matrix Eq. (2.22),
as shown in Table 2.2.
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Table 2.2 Best Unilateral and Overall Conservative Solutions of Grey
Matrix Game G ={S,,S,;A} of Pure Strategy

Bl p, By | ... Bo . B B Min
A
o |l byl | lag byl | oo | lago byl || ays byl ... | [a1p b1pl
oy | [agp byl [ [agy bool | --v | [agjo, byjol | ... | [agm boyel .o | [agy bapl
a0 |[a0y, bo]|[a09 bool| ... [asojo, bsoio] v | (a0 byl a0, b, | a0 bopl*

[a;50, bjsjol*

Qe ([ Byl (@ Bl | - | @sj0 Byl |- | | (@ Dy oo | (@ by

[@;us bysps]**

o |[Bmp bmil|[@m2s Pmal | <+ | (@0 Dol || [@pue bl | -+ |[@mpy Dl

[a0p bop]®

Max .. .. o gy %0 b»*jo]i

(@5 bjspe] ™

In Table 2.2, the grey numbers underlined and noted with an asterisk (*) are the
unilaterally conservative solutions for the players, and the shaded and those with a
double asterisk (**) are the game solutions for grey overall pure conditions.

Table 2.2 shows that, for the grey matrix game G= {S1 ,S)s ;1}, the game value a..
ina. _,b. .]of its grey overall pure condition is an improvement on the pure strategic

i . . . . .
conservative solution 2.  of Player A. Player A will be satisfied with solution . . until
more game information’ becomes clearer or new information can improve the solution.
Similarly, for Player B, the game value b infa. » bl . . ] of the grey overall pure condi-
tion is an improvement on the pure strateglc conservative solution & , .. Player B will be
satisfied with solution b until other game information gets clearer or new informa-
tion can improve the solution. For the grey matrix game G = {5,,5,; ; A}, the gaming
solution[a. .,6. ] of the grey overall pure condition is like a saddle point called the
grey saddle poilnlt under grey overall pure conditions.

Second, we prove the necessity of the theorem.
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If the grey matrix game(~;= {51,52;121} has [ﬂi‘/‘,bl_,l*]as the best overall (inte-
grated) solution of pure strategy—that is, there exists a grey saddle point of
grey overall pure condition—then, for Player A, according to the above analy-
sis, the grey overall pure strategy solution must be greater than or equal to his
unilaterally conservative pure strategic solution o, that is, min{dl_]_} =a.,%a..,
i=12,..,m j=1,2,...,n ro

Similarly, for Player B, the solution to unilaterally conservative pure strategy Bl*
is gotten by min{4,} = /750 . < 171'*1"’1' =12,...,mj=12,...,n.

In this way, based on the unilateral conservative value matrix, we finish the dem-
onstration by getting unilaterally conservative solutions of Players A and B, pure

strategically, expressed as [ﬂi*jo , bfj" Jand [asol* , bs"l' ].

The demonstration for Theorem 2.12 is constructive; it explains the process of
solving the problem of the grey matrix two-player finite zero-sum games based on
pure strategy.

2.2.3 Case Study

A purchasing agent of a certain unit makes decisions on the coal stock in autumn
for heating in the following winter. It is known that minimum and maximum coal
consumption are 15 tons and 17 tons for a normal winter season, 10 and 11 tons
for a warmer winter, and 20 and 22 tons for a colder winter, respectively. Assume
that coal prices in winter change with the extent of cold, which are 10-11, 15-16,
and 20-22 Yuan per ton for the warmer, normal, and colder climates respectively,
and assume that the coal price in autumn is 10 Yuan per ton. What stock should
the agent make in autumn in order to keep the lowest expense of the unit, on the
condition that there is no exact winter weather forecast for the upcoming season?

This stock problem can be taken as a game problem. Taking the purchasing agent
as Player A, he has three strategies (expressed as grey numbers): purchasing [10,11],
[15,16], or [20, 22] tons in autumn, expressed as O}, O, and 0, respectively.

Taking Nature as Player B (which might be dealt with as a rational player), it
(the winter climate) has three strategies too: being warmer (the coal price is [10,11]
for each ton), being normal ([15,16]), or being colder ([20,22]), expressed as 3, B,,
and 3, respectively.

Make the actual expense of coal for winter heating (which is the total expense of
the autumn purchase and the winter replenishment) stand for the revenue of Player
A, and we get the matrix shown in Table 2.3.

In Table 2.3, the grey numbers with an asterisk (*) are the unilaterally conser-
vative solutions of the players, while those with a double asterisk (**) are the game
solutions to the grey overall pure conditions.

The process to get the grey revenue matrix in Table 2.3 is as follows:

For a warmer winter (when Player B chooses strategy B3,), by choosing strategy
o, Player A has the revenue - {[10,11] - [10,11]} = [-121,-100].
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Table 2.3 Grey Revenue Matrix of the Unit’s Winter Heating
and the Grey Matrix Game

A B B, B, B, Min

o [-121,-1001] [-233,-160] | [-385,-280] [-385,-280]

o, [-170,-150] [-170,-1501 | [-324,-210] [-324,-210]

0 [-220,-200] | [-220,-200] | [£220,=200] [-2207,-200"T"

Max [-121,-100] | [-170,~150] | [F2205=2007"

For a normal winter (when Player B chooses strategy [3,), by choosing strategy
o, Player A has the revenue — {[10,11] - [10,11] + {[15,17] — [10,11]} - [15,16]}
= [-233,-160].

For a colder winter (when Player B chooses strategy B3;), by choosing strategy o,
Player A has the revenue — {[10,11] - [10, 11] + {[20, 22] — [10,11]} - [20,22]}
= [-385,-280].

By the same process, we get the additional data in Table 2.3.

According to Theorem 2.12 and judging by Table 2.3, the grey matrix game
solution of this problem is (0t;,3;)—that is, it is reasonable to stock [20,22] tons of
coal in autumn.

2.3 Example Analysis of the Grey Matrix Game
Model in Stock Speculation for Immediate
Price-Margin Based on Pure Strategies

An investor has $200,000 in October 2003 and wants to buy stocks of a listed
company in Xi City, China. There are three investing strategies to choose from:
buying $200,000 of stocks early in October; buying $100,000 of stocks early in
October and investing the extra money otherwise, for which the monthly earning
ratio is 0.1%; and buying no dollar stock early in October and using all the money
for another investment, for which the monthly earning ratio is also 0.1%. However,
there are three possible occasions for the stock at the end of October, which are:
a good market with stock price P® [5.5,6] (dollars per stock); a better market
with stock price P® [5,5.5] (dollars per stock); and a worse market with stock
price P®=[4,5]. In early October 2003, if the investor bought $200,000 of stocks
with P ®=15,5.2], or bought $100,000 of stocks with P/® [5,5.1], how could the
investor earn the largest profits in the stock market, neglectmg all other fees?

This stock investment can be regarded as a grey game problem. We refer
to the investor as Player 1, who has three game strategies as mentioned before,
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Table 2.4 Grey Price-Margin Value Matrix and Grey Matrix
Game of an Investor in October 2003

S By By ® Min
(x1® [1.154, 4.000] | [-0.770,2.000] | [-4.615, 0.0001] [-4.615, 0.000]
0(2® [0.884, 2.100] | [-0.096, 1.100] | [-2.057, 0.100] [-2.057, 0.100]
0(;@ [0.200, 0.200] | [0.200, 0.200] [0.200, 0.2001"" [0.2007, 0.2007]
Max | [1.154,4.000] | [0.200, 2.000] [0.200%, 0.2007]

Note: F: the first; S: the second. The grey value with * represents the one-sided
conservative solution for the player, and the value with ** is the game
solution under a globally grey pure strategy game.

0(?,0(?, and Oc;@, and we regard the market variation as Player 2 (a rational player),

and treat the possible three occasions as three grey game strategies, B?, ;x), Bf

We treat the gained profit by the investor in October 2003 as the earnings of

Player 1 in the game, and then obtain the matrix as shown in Table 2.4.



Chapter 3

Pure Strategy Solution
of a Grey Matrix Game
Based on an Interval
Grey Number Not to Be

Determined Directly

3.1 Study of a Pure Strategy Solution and Risk of
a Grey Matrix Game Based on Interval Grey
Number Not to Be Determined Directly

3.1.1 Background

Using the interval grey number, we can easily express every player’s game value, which
is difficult to represent accurately in white numbers. So we call the game profit and
loss value matrix that consists of those interval grey numbers as a grey profit and loss
value matrix, A(®), and we call the matrix game decided by the grey profit and loss
value matrix a grey matrix game, G(®) = {Sl,Sz,A(®)}.[4"2’13] S, =1{o,,0,,...,00 }
stands for a player’s strategies, S, = {B,,[,,....B,} stands for another player’s strate-
gies, and A(®) is the grey profit and loss value matrix that is determined by the play-
ers using the interval number in advance [as shown by Eq. (3.1)].

41
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[all’bll:I [dll’bIZ] |:aln’blnj|
A(@) = [ﬂZl’bZI:| [dZZ’bZZ] [dZn’bZn] (3 1)
L [aml > bml ] [ﬂmZ > bm2:| [dmn > bmn ] |

Previous studies have generalized the classical matrix game method to a matrix
game problem based on interval grey numbers, established the model of a matrix
game problem based on a standard interval grey number, and discussed its pure
strategies. The foundation of the discussions is that the large and small relations
of grey numbers in A(®) can be determined directly, but in case where the large
and small relations of grey numbers in A(®) cannot be judged directly, no effective
solution was provided.

However, it is very common when big and small relations of interval grey num-
bers cannot be determined directly in A(®) (as shown by Figure 3.1). We call this
kind of matrix, A(®), a substandard grey profit and loss value matrix,>'¥ and we
call the game decided by the A(®) a substandard grey profit and loss value matrix
game, G(®) ={S,S,, A(®)}. G(®)is one of the most widespread, extensive, and
generalized ones of all grey matrix games. Based on previous studies about the stan-
dard grey profit and loss value matrix game G°(®), this chapter presents a detailed
study on the pure strategy solution of G(®).

3.1.2 Judgment on the Relationship of the Superior,
Inferior, and Equipollence Position Degrees
That Include Mixed Ranges

For judging the optimum pure strategy solution of a substandard grey profit and
loss value matrix game when some internal number information of the interval
grey numbers is unknown, we must find a method that can easily judge the big
and small grey elements in A(®). Here, we define conceptions of superior, inferior,
and equipollence position degrees between two grey numbers so that we can easily
judge them under other situations.

Figure 3.1 Big and small relations of interval grey numbers could not be judged
directly.
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Figure 3.2 Big and small relations of interval grey numbers.

Definition 3.1 Conceptions of superior, inferior, and equipollence position degrees:
For two interval grey numbers® €la, b] ® €la,, b 1 andb >b 2a, (as
shown Figure 3.2), we can divide their intersection range ® U ®, into three parts,
[a al, [ﬂs,,b ], and [b b 1 according to the position of the two endmost grey
numbers on the axis. [aﬂ,b ]is the intersection range, ®l] U ®xt, between the two
interval numbers, so:

1. We call this mixed range, ® U® ,an equipollence position range,

i 4

EPDy—m =% * >0 (where z]%n‘ stands for® compared to® )is the
equipollence’ posrtlon degree of the interval number ® compared ®,
and EPD__ . =— 20 is the equipollence position degree of the interval

number C;)jycompared to ®

2. We call the range [bl b, ] , which is divided by the two endmost grey
numbers at the right of the mixed range on the axis, as the superior posi-
tion range of one grey number [4,,6,] compared to another one [alj,b 1;
SPD, . = b" ©>0is the superior position degree of interval number
®, compared ©®.

3. We call the range [6,6,], which is divided by the two endmost grey
numbers at the left of the mixed range on the axis, as the inferior posi-
tion range of one grey number [4,,6,] compared to another one [al],b 1

o = " e % <0 is the inferior position degree of interval number
@j compared’

]tol]®

We have given the position relationship of two grey numbers in Definition 3.1,
but what relationship exists among the three positions for one grey number com-
pared to another?

Theorem 3.1 The relationship of superior, inferior, and equipollence position
degrees: For two interval numbers ® and ® , the sum of the superior, inferior, and
equipollence positions’ absolute values of one grey number compared to another
among them is 1, as |EDP, |+|SDP;_, J+|IDP; .| = 1, |EDP,_,|+|SDP,_,|+|
IDP, | =

st—ij

st—ij st—ij
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Proof: For two interval grey numbers ® € [al,],,bl,,] and ® e [aﬂ,bﬂ], they have
only two relationships on the axis as follows:

1. ® is not mixed with ®; namely, bj <a, or b < a,.
2. ® is mixed with ® . Because of its complex1ty, we divide this case into
four parts:
(@ 17 > b 2a (as shown in Figure 3.2)
(b) b > bﬂ 2a; (as shown Figure 3.2, changing the position of ® and ® in
thlS case)
(c) ® becomes a subset of ® ; namely, @; < a,, b, < b,

(d) ® becomes a subset of®ij; namely, ast < aij, bst < blj.

Taking the case 2(a), for instance, we give the proof process, which is the same
as the others. As shown in Figure 3.2, we write superior, inferior, and equipollence
position degrees of ® compared to ® , and give the sum of its absolute value [as
shown Eq. (3.2)].

b, —a a .
i St st i
IE'P 1]—):!|+ LSDP—)Z|+|] y—).rl| 7[1 +0+ -

Definition 3.2 The relationships’ judgment rules of interval grey number position:
For two grey numbers, we call the sum of the superior and inferior position degrees
of one compared to the other as the number’s position, and it is abbreviated to posi-
tion. If the position is positive, we call it a positive position, and call the relevant grey
number a superior grey number; if the position is minus, we call it a minus position,
and call the number an inferior position grey number; and if position is zero, we call
it an equal position, and call the number an equipollence position grey number.

From Definition 3.2, we know, for two grey numbers® € [ﬂ b Jand® €

[a,.b ],

IfSDP L TIDP,_ >0, we say that ® compared to ® exists in a positive posi-
tion; ® is the s super10r grey number, and ® is the inferior grey number,
markecjl as ® > ®

If SDP + [DP o '« 0, we say that ® compared to ® exists in a minus position;
® 1s the 1nfer10r grey number, and ® is the superlor grey number, marked
as ® < ®

If SDP +[DP ., =0, we say that® has an equal position with® ; ® and
® are the equlpollence position grey number, marked as ®=0,

In Definition 3.2, this chapter uses some mathematical operators such as >, <,
and =, which stand for the position relationships among grey numbers rather than
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Figure 3.3 Transferable nature of the position.

their meaning in math, and we similarly define the big and small judgment rules on
two grey numbers. However, whether the relationships among grey numbers can
pass down is very important for judging, so we define Theorem 3.2 as follows.

Theorem 3.2 The transferable nature of big and small position relationship
among interval grey numbers: Given two interval grey numbers ®,€ls b, i ®

l],
€la,, b,),and ®, €la,, b, where ®,< ®,,and ®,, < ®,(as shown in Flgure 3. 3)
then ®,<®,.

uv> 7 uv- s s

Proof: According to Definition 3.1 and ®;< ®,, ®,,< ®,, we know thar the
margin between superior and inferior position degrees of ®,, compared to ®; is
more than or equal to zero [as shown Eq. (3.3)], and the margin between superior
and inferior position degrees of ®,, compared to ®,, is less than or equal to zero [as

shown Eq. (3.4)]:

b —b. a —a b +a )—(a +b)
SDP - IDP == ¥ __7 o 7Y >0 (3.3

uv—ij uv—ij b —a b —a b —a

uy uv uv uv uv uv

b —b a —a b +a)—(a +b6)
SDP _[DP — st w o __ st L/ St st uv uv 2 0 (34)
St—uy St—uy b” _ ﬂst bﬁ _ ﬂ“ b —a

st st

The margin between the superior and inferior position degrees of ®,, compared
to ®; is shown in Eq. (3.5) as follows:

b:t _bz” ﬂ:t _di' (bst +ﬂ:t)_ (ﬂi' +bz)
SDP  —IDP = 7 7 = S — (3.5)
Stg)l] ﬂ%l] b st - d:t bst - d:t b - d

From Eq. (3.3), we get(b, +a )2 (‘lz'j + bl_j ), then,

(bst + ﬂ:t) - (ﬂt] + bz; ) 2 (bft + ﬂxt) - (ﬂut/ + buu) (36)
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From Eq. (3.4), we get
b, +a,)—(a, +b )20 (3.7)
From Egs. (3.5), (3.6), and (3.7), we get

SDP  —IDP._ 20 (3.8)

SE—>, st—>if

So, using Eq. (3.8) and Definition 3.2, we obtain ®,< ®,..

According to the rules in Definition 3.2, we can easily make a judgment on
some grey numbers in A(®) about the position. Although the position is not always
the grey numbers’ sizes, the judgment rules bring us a method for solving the pure
strategy solution position in G(®).

3.1.3 The Position Optimum Pure Strategy
Solutions and the Answers

Lightly judging some interval grey numbers’ sizes can easily resolve the pure strat-
egy solution in a substandard grey matrix game G(®) ={S,,S,, A(®)}. Sutra matrix
gamelP~" considered people’s “rational behavior”; namely, if both players do not
want to run a risk or do not feel lucky, they instead think of how the other side
would try to make his opponent get less. They would choose the most favorable
case that would appear from among the worst. This is a method both sides can
accept, so we can study conceptions such as optimum pure strategies, the solution,
pure situation, and so on, under the grey number position. Here, we define some
conceptions about G(®).

Definition 3.3 Position optimum pure strategy solution: Given a substandard grey
matrix game G(®) {S,,S,, A(®)}, where S, ={a.,,0t,,....00 1, S, = B,:8,....8,}
and A(®) = ([ ])mX there is a pure strategy hke o [3 under the position of grey
number that can make Eq. (3.9) come into existence as follows:

[ﬂij"by‘] <la..,b..1<]a, ,b. ] (3.9)

i I
where i=12,...,m; j=12,...,n

The situation (OL B is called the solution of G(®) = {S,.5,, A(®)} under the
position pure strategies: Oc ,B . is the players’ grey position optlmum pure strate-
gies, signed position optimum pure strategy for short; and the defrayal of Player 1
[a..,b. .]is called the grey game value G(®) = {S,,S,, A(®)}, signed by V,_(®).

Z]Frolm Definition 3.3 we know that G(®) = {s, S , A(®)} must have a solution

o. B if the solution would exist. An opposite number of rowsi and number

of columns 7 in the solutlon(x B can make the game value[a. .,6. .]fic for
i
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Eq. (3.9). The pair of positive whole numbers (z'*,j*) is called the saddle point of a
grey matrix game G(®) ={S,, S, , A(®)} under the grey position optimum pure strat-
egies, signed position saddle point; the grey number([z. .,4. .]in A(®), which is
determined by (7 , 2 ) is called the position saddle pointl of glre]y matrix A(®).

The grey game Value V.(®)isjust[a. .,b. .],which is in the opposite rows and
columns of (i, j )m A(®) It is the smajllest grey number on position ini rows,
and the biggest in j* columns.

Theorem 3.3 The sufficient and necessary term that the position optimum
pure strategy solution is in existence: For a substandard grey matrix game
G(®) ={S,,S,, A(®)}, the sufficient and necessary term that has a solution or a

saddle point under the position pure strategy is:>-18!

max minf[z,,b.]=min max[a,,b. ] (3.10)
,- FRREAR ; PR

Proof: Sufficiency: Let min]. [al.].,/?l.].] be the biggest position wheni = i ,and let
maxl.[al.j,bij] be the smallest when j = j*, then

min [ﬂi*j,bi*j]=max min[‘l,ybg]

/ ‘ i (3.11)
max [a4..,b. ]=min max[a,,b,]
7 i*j2 70 ; PR

From max, min [4,,6,]=min. max/[a,,6,], we get
i it Y% j it %

min[z, ,b. ]=max[a .,b ] (3.12)

J tyot i g g

According to the definition of minimum, we get min,[a,,,bf‘] <la..,b..],
then max[a ,b ]S[a,,,b*.]. o o
And from thé definition of maximum, we get that for anyi =1,2,...,m, there is
a.<a,.and
i i

x(a.,b.12a.. (3.13)

i g g ]

From Egs. (3.12) and (3.13), we obtain rnm[a b, 12a. .,b. ]
ijoi 7
According to the definition of mlmmum again, for any j=1,2,...,, there is
b.

[a.,b.12(a..,b. .];sofori=1,2,...,m;j=1,2,...,n, then [a b 1< a. .,b. ]
ij ij ij ij lj lj L]
S[ﬂ;j,bf ]

By Definition 3.3, we know that the grey matrix game G(®) = (S, S, A(®)} has
its solution, (ot .,[ .).
i
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Necessity: If the grey matrix game G(®)={S,S,, A(®)}has a solution,
from Definition 3.3 we know that there is a o.,p.that can make
la.,b.1<[a..,b. .1<[a. ,b. ]reasonable for anyi=1,2,...,m; j=L2,...,n.

i i

i
Therefore,

max[a .,b.]<[a..,b, .]<minla, ,b. ] (3.14)

P AN jooAi

Because of min; max [« ,b6,]< max [« .,b.]and min [2. ,b. ] < max, min,
i ij JTij iy 4 J

la,5 b, from Eq. (3.14),
min max [al.].,bi].] < max m_in[al.].,bij] (3.15)
j i i j
and from the definitions of maximum and minimum, we get minj[zzij, bij] <
[al.].,bij] < max, [%’by]’ then
mjin[‘ly’by] < mjln ml?‘x[‘ly’by] (3.16)
Choosing the maximum for 7 from both sides of Eq. (3.16), we get
max min[alj.,bl.].] < min max[al.].,bij] (3.17)

i J J i

From Egs. (3.15) and (3.17), we get max, min [‘Zi]"bg-] = min; max, [aij’bij]'

We must make one thing clear: We used the signs for choosing big or small that
belong to sutra math, but we mean the size of the grey numbers’ positions different
from their real sense of large or small.

3.1.4 Case Study

After a systemic study of the solution of the substandard grey matrix game
G(®)= {S,,S,, A(®)} under position pure strategies, we would resolve a real matter
using the above theory of a pure strategy solution based on its grey position.

Example 3.1 One buyer wants to know how much coal he could store.”! In natu-
ral conditions, 25 tons of coal is necessary in a normal winter, 20 tons in a warmer
winter, and 40 tons in a colder winter. We assume that the price of coal would
vary depending on the weather. It would move between [1,2] (century/ton), [1,1.5],
and [1,3] in those three conditions. And if the price moved between 1 and 1.2 in
autumn, how much should the buyer store without an exact weather forecast of
the coming winter?
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Table 3.1 Position Optimum Pure Strategy Solution of G(®)

Strategies B, B, B, m/_in[a,./., b;]
ol [-24,-20] [-34,-25] [-69,-35] [-69,-35]
o, [-25,-15] [-30,-25] [-60,-35] [-60,-35]
O3 [-42,-35] [-42,-35] [-42,-35] [-42,-35]
mala, b;] | [-25-151 | (30,251 | (42,351

Note: * = position optimum pure strategy solution

Solution: This problem can be regarded as a countermeasure or a game. The
buyer is Player 1 and he has three strategies: buying 20, 25, or 40 tons, signed
o, 0, and o;. We can take Nature as Player 2, which also has three strategies:
natural, warmer, or colder, signed B, ,B,, and B;. From the topic, we can get a grey
profit and loss value matrix as shown in Eq. (3.18):

B B2 B3

Oy | [-24,-20] [-34,-25] [-69,-35]
A®)=a,| [-25-15] [-30,-25] [-60,-35] (3.18)
o. | [-42,-35] [-42,-35] [-42,-35]

3

From Table 3.1, we know that the optimum pure strategy solution of this game
is (a5,B,); namely, storing 40 tons of coal is suitable in autumn and the game value
is [-42,-35].

3.1.5 Summary

Akey step in solving for a pure strategy of the grey matrix game G(® ) = {S5,,5,, A(® )
is that the interval grey number in the A(®) cannot be put in order directly in light
of its values. In fact, we cannot solve the problem if the relationship of the interval
grey number cannot be determined accurately and easily. After studying character-
istics and laws in G(®) ={5,,5,, A(® )} this section deems that we determine the
pure strategy solution mainly based on the hypothesis of players’ rational behaviors
and the key precondition is that we can arrange the grey elements of the profit and
loss value matrix A(®) = ([al,j ,bt_j D, .-

Considering people’s finite knowledge and logos in the grey matrix game,
this chapter found a judgment system about the position relationship of interval
grey numbers that well satisfies the judgment request of G(®) under the grey
numbers position. There are many differences about big and small relationships
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between a grey number and its position. If the number satisfies the size rela-
tion, it also satisfies the position; the same is true in reverse. So it can be seen
that, compared with position relationship, the number relationship has a stricter
request on the judgment condition. It is the direct spread of sutra math in the
grey field. The latter has the looser request as it is more generic in spread about
the number size.

3.2 Study on Strategy Dominance and Its Optimum
Solution of Grey Matrix Game Based on Interval
Grey Numbers Not to Be Determined Directly

3.2.1 The Dominance Analysis of Position
Optimum Pure Strategy

Definition 3.4 Position dominance: Suppose there is a substandard grey matrix
game G(®) = {S,, S,, A®)%}. where S, ={B,.B,,....B,}, A®)=([a,,6,]),,,, and

forall j=1,2,...,n, we have

’] i

la, .6, 121a, b, ] (3.19)

077710 k05770

If all positions of elements in row 7’ in A(®) are beyond or equal to them, we say
that Player 1’s pure strategy O, , is dominant to o,
Likewise, to alli =1,2,...,m, we have

[a0.601=[a,.6,] (3.20)

i il

If all positions of elements in column ;° in A(®) are less than or equal to them-
selves, we say that Player 2’s pure strategy 3 , is dominant to Bz“'
j

Theorem 3.4 The rule of position strategy dominance of a substandard grey
matrix: Suppose there is a substandard grey matrix game G(®) ={S,,S,, A(®)},
where § ={o,,0,,...,0 }, S, =1{B,.B,,....B,} andA(@):([ﬂij,bl].])mxn.If pure
strategy o, is dominant by one of the other pure strategies®;>--->%,,> a new
matrix solutionG’: G’ = (Sl',SZ',A') can be obtained, where S, ={a,,0,...,0 },

A =([ a bl )m—l)Xn’ [aij',,bl_]',] = [al,j,bl_j], i=2,3,...,m; and j=1,2,...,n. Therefore,
we have
1. VG’(@) = VG(@)

2. The optimum pure strategy of Players 1 and 2 in G’(®) are the same as in
G(®).
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Proof: Let o, be dominant to o, as

[azj,sz]z [alj,blj], j=12,...,n (3.21)
G’(®) has a solution; that is to say, there is a[al,'*],*,bl,'*],*], making
[a’.,b" 1<[a’. .,b" 1<]a b ] (3.22)
i ryoot oty

where i=2,3,....m j=12,...,n
Since O, is dominant to o, from Eq. (3.21), we get

[a,,,6,,1 12,6, 1= 1a; .6} 1< [a’ .. b ]

Therefore, (4. .,b. .1=a’. .,0" .].
i A
So we have Vo) =V, ), which implies the optimum pure strategy of Players
1 and 2 in G’(®) are the same as in G(®).

Deduction: If o, is not dominant by one of the other pure strategieso.,,...,0,,
but by a convex linear combination of a.,,...,0 , the conclusion of Theorem 3.4
is still tenable.

3.2.2 Case Study

In order to stabilize the financial system and the macroeconomy, the banking indus-
try needs a forward-looking method to lift loan-loss provisions. During a period
of economic expansion and rapid growth of credit, adequate provisions are needed
to cushion losses from the current recession. The policy of dynamic provisioning is
such a method. Dynamic provisioning is able to release the cycle-dependent behav-
jors of merchant banks to some extent, and the impact on profit sheets and balance
sheets caused by loan loss will be more moderate. Through the lens of a merchant
bank lifting its loan-loss provisions, we will apply the method of the grey matrix
game to lift the appropriate level of loss provisions dynamically.

Example 3.2 Consider a certain merchant bank that needs to lift its loan-loss provi-
sions. We know that loans requiring loss provisions are 100 units in normal time,
while during economic booms and stagnant periods they are 90 and 110 units
respectively. In order to stabilize the financial system and the macroeconomy, the
banking industry needs a forward-looking method to lift its loan-loss provisions.
Lifting proportions vary dynamically. When the economy is doing well, the propor-
tion and opportunity costs are higher. Considering these factors, we can suppose
the unit price as 1 to 1.4 in a boom period, 1 to 1.2 in a normal period, and 0.5 to
0.8 in a stagnant period. Assume the current lifting unit price of this bank is 1. What
is the optimum amount of loan-loss provisions the bank needs to lift at present?
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This can be regarded as a matrix game problem, in which the bank is Player 1.
The three strategies, o, 0,,, and o, are methods to lift its loan-loss provisions due
to different situations of economy: rising, normal, and stagnant. Let the economic
situation be Player 2, and the three strategies B, B,, and B; be a rising economy, a
normal economy, and a stagnant economy. Now taking the expense this merchant
bank spends on lifting its loan-loss provisions as a gain of Player 1, we can get a
grey game matrix:

[-90,-90] [-102,-100] [-106,-100]
A®)=| [-100,-100] [-100,-100] [-108,-105]

[-110,-110] [-110,-110] [-110,-110]

According to Theorem 3.4, since the second row is dominant to the third, we
know that the third row can be ruled out. We get:

[-90,-90] [-102,-100] [-106,-100]
A®)=
[-100,-100] [-100,-100] [-108,-105]

For A(®), since the second column is dominant to the first, we can rule out
the first column. We get:

[-102,-100] [-106,—-100]
A®)=
[-100,-100] [-108,-105]

According to rules of judgment of the relations among interval grey number
positions, we know that the second column of A,(®) is dominant to the first, and
so we rule out the first column. We get:

[-106,-100]
A®)=
[-108,-105]

Since we have max [a;,b,]1=[-106,-100]in A,(®), the optimum solution of a

L AN d . . .
position pure strategy is (a1,ﬁ3) : the bank should lift 90 units of its loan-loss provi-
sions, which is suitable for a rising economy.

3.2.3 Summary

We are unable to solve the grey matrix game problem based on interval grey numbers
that are not directly determined. The sticking point is how to judge their big and



Pure Strategy Solution of a Grey Matrix Game ®m 53

small relations. After studying the characteristics and laws in G(®) = {S,, S, , A(®)},
applying the ideas of a grey system, and considering that players in a grey matrix
game are of finite knowledge and logos, we have constructed the judgment rule
system, and given a rule of strategy dominance under a grey number position and
a pure strategy solution. As a grey matrix game based on interval grey numbers not
to be judged directly, there are differences between a pure strategy solution under
a grey number position and sutra math, which means that risk exists when mak-
ing decision by means of the pure strategy solution under a grey number position.
Further study is required if we want to judge and measure risk. Otherwise, if a
pure strategy solution of G(®) under a position of pure strategy doesn’t exist, the
existence of a mixed strategy solution also needs further research.

3.3 Study of Risk of Position Optimum Pure
Strategy Solution Based on a Grey
Interval Number Matrix Game

3.3.1 Identity and Definition of Overrated
and Underestimated Risks of Position
Optimum Pure Strategy Solution

Example 3.3 Two oligarchic manufacturers carve up a relatively closed TV market
of a certain area. They compete with each other in order to seize more market
share. They can choose one of the following two strategies: Strategy 1, depre-
ciating and providing high-quality service, or Strategy 2, adding new functions
to the product and improving its quality. However, due to a variety of reasons,
the manufacturers (players) cannot make precise estimates of the increasing mar-
ket shares that would result from practicing the two strategies (game profit and
loss value) beforehand. In fact, even under certain restrictions, it is impossible to
make any two profit and loss values of such a game completely the same, due to
random and nonrandom factors. However, based on past experience, they can
obtain a relatively accurate estimate about the interval grey number of a profit
and loss value for this contest aiming at market shares, as shown in Eq. (3.23). In
Eqg. (3.23),04, B, represents Strategy 1 used by Players 1 and 2 respectively, and
o,, B, represents Strategy 2. In this way, Eq. (3.23) becomes a problem of the type
G®)={S,,$,, A®)}, which is a grey matrix game.

p1 p2
agy| 571 4] (3.23)
Ca,| 81 [110]

Solution: We can get the position pure strategy solution of this problem after
applying the relevant method provided by Ref. 21, as shown in Table 3.2.
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Table 3.2 Position Optimum Pure Strategy Solutions of G(®)

Player 2 B, B, mjin[ a,, b,;]
oy a; (®) =1[57] | a,(®)=1[4,9] 5,71
= = 1,8
Player 1 0l a, (®) =[1,8] | ay(®)=1[1,10] [1,8]
max|a;, by 5,71 [4,9]
J

Note: * = Position optimum pure strategy solution

Table 3.2 indicates that in such game processes, as described in Example 3.3,
both players have pure strategy solutions under a grey position. When both players
apply pure Strategy 1, the optimum game value for them isV.(® ) =a,,(® ) =[5, 7].

For problems of a grey matrix game, G(® ) = {S,, S,, A(® )}, there are differences
between meanings of pure strategy solutions under a grey number position and
sutra math. This means that risk exists when making decisions by means of the
pure strategy solution under a grey number position.

Example 3.3 indicates that such kinds of equilibriums, or a grey position saddle
point, exist, based on the meaning of the grey position. If the two players can
only get a certain amount of grey information, this is a makeshift equilibrium that
enables players’ profits to maximize. If no further information can be obtained
by the player, such a game decision is the optimum one to him. However, there
are differences between meanings of pure strategy solution under grey number
positions and sutra math that, in a sense, reflect the risk of game decision-making
under a grey position.

In Example 3.3, if the game profit and loss value matrix is composed of A(® )'s
right and left extreme points respectively, as shown in Egs. (3.23) and (3.24), it
becomes the classical problem of matrix games, G, and G,. The game solution
of these two can be easily gotten based on matrix game theories: When Players
1 and 2 get their optimum pure strategy, o,, B,, respectively, the game value is
Ve =4; when o, B, , the game value is V;,=8.)

pr B2
A= “ ‘1‘ ] (3.24)
(XZ
B‘I BZ
o 7 9
_ 3.25
A a2[8 10} 3.25)

From the viewpoint of after the event, by comparing a pure strategy solution
of a given grey matrix game problem based on the meaning of position, with the
solution of G, and G,, we can know that:
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1. G;'s game value is V', = 4, and the left extreme point value of G(®)’s grey
game value is LVC*(® )= Min{Vé(@ )} =5, which is one unit more. This means
for G(®), if the same situation as G, happens, the player can only get four
rather than five units of market share. Risk comes, which overestimates by
one unit the game profit value.

2. G,’s game value is V', = 8, and the right extreme point value of G(®)’s
grey game value is RV_(® )=Max{V.(®)}=7, which is one unit less. This
means for G(® ), if the same situation as G, happens, the player can get as
much as eight rather than seven units of market share. Risk comes, which
underestimates by one unit the game profit value.

The risk analysis about pure strategy solution in Example 3.3, based on the mean-
ing of position, is universal in a sense. For problems of a grey matrix game, there are
no more forms of uncertainties of pure strategy solutions based on the meaning of
position. Therefore, we will give the definition of these two forms of uncertainty.

Definition 3.5 The risk of overestimation for Player 1: Given a problem of grey
matrix game G(®) ={S$,,S,, A(®)}, if its optimum position pure strategy solution
exists, and the optimum game value is Vg(@) [a] b ], then from an ex-post

viewpoint, we can call 6* i = —(Vk - LV (®)), o j " >]0 the margm between the

optimum game value V .,and the value of its left extreme point LV (®) = ¢z , as the
overestimation risk of game # for Player 1, the value of which can be measured
by G/ng/a 1

Definition 3.6 The greatest risk of overestimation for Player 1: Given a problem of
grey matrix game G(®) ={S,,S,, A(®)}, if its optimum position pure strategy solu-
tion exists, we call the greatest of all the overestimated Values G gn (B=1,2,...,0),
and the greatest risk of overestimation for Player 1 as o high1 = Maxk 1{(S high. 1}

Definition 3.7 The risk of underestimation for Player 1: Given a problem of grey
matrix game G(®) ={S,,S,, A(®)}, if its optimum position pure strategy solution
exists, and the optlmum game value is V (®)= [a] 17]] then from an ex-post view-
point, we can callGh L= =Vt - RV (®) Z 1,20, the margin between the opti-
mum game valueV ,and tlgie value of its right extreme point RV (®)= b as the
underestimated risk of game k for Player 1, the value of which can be measured by
Definition 3.8 The greatest risk of underestimation for Player 1: Given a problem of
grey matrix game G(®) ={S,,S,, A(®)}, if its optimum position pure strategy solu-
tion exists, we call the greatest of all the underestimated values (5 (k =1,2,...,00),
and the greatest risk of underestimation for Player 1 as oM P {G o 1}
Theorem 3.5 The risk relationship among players: Given a problem of grey matrix
game G(®) =1{S,,S,, A(®)}, if its optimum position pure strategy solution exists,
and the optimum game value is VG* (®) = [a;,b;], then for the optimum solution of



56 ® Grey Game Theory and Its Applications

this group, the risk of overestimation for Player 1 is equivalent to the risk underesti-
mated for Player 2, and vice versa.

Proof: According to characteristics of the matrix game problem, we can know
that the profit of Player 1 is the loss of Player 2. Given a problem of grey matrix
game G(®)= {55, , A(®)}, the optimum posmon game value is VG( ) = [a b 15
this means the game profit value for Player 1 is [d] b ],and [— [7,-]- ] for Player

The overestimated risk value in game k& (where #= 1,2, 00, which in reality may
arrse) for Player 1 implies: The exact optimum game Value of thrs game for him is
G,Mlunrts less than the extreme left point value LV (®)= a ofV (®) = [a b 1,

as J’kr —o* for Player 2, the exact optimum game Value of this game

;
for him 151]6 i bl:lrhrrluts more than the extreme right point value RV ‘2(®) al_]_ of
Vc:.z(®) = [—bl,j,—aij], as )/“ = Gil,gh‘l - ﬂz’j' Player 2 here undervalued his own game
profit value, leading to the risk of underestimation, the value of which is equivalent
to the risk of overestimation for Player 1, as ka.z Gfﬂgb -

Similarly, if, in game 4 (where #=1,2,...,00 that in reality may arise), the under-
estimated risk value for Player 1 is ot ot (/e = 1 2,...,00), then it means that the over-
estimated risk value for Player 2 is &', gh2 (5 .

In the process of grey matrix game G(®) {S L A(®), the overestimation risk
value for Player 1 is equivalent to the risk of underestimation for Player 2, and vice
versa.

Deduction 3.1 Relationship of the greatest overestimated and underestimated
risk among players: Given a problem of grey matrix game G(®) ={S,,S,, A(®)},
if its optimum position pure strategy solution exists, and the optimum game
value 1sV (®) = [ﬂ b ],then the greatest overestimation risk value for Player
lis equrvalent to tlle greatest underestrmatron risk value for Player 2, shown as

M _ k
Ot = Masx, Ry h o J= Masx, { G, 2} Glo 2,the greatest underestimated risk
Value for Player lis equrvalent to the greatest overestimated risk value for Player 2,
as Glaw.l = k:l{clow.I} Max, { O, /12} G/Jlth

The proof of this deduction is srmrlar to Theorem 3.4, which is relatively simple,
so further details of it are unnecessary here.

The risks of optimum position pure strategy solution for players are mainly
due to the following facts: from the viewpoint of ex-post, in a real-game problem
G(®)=1{S,,S,, A(®)}, decision-making is based on the meaning of grey position in
its grey individual value matrix, which is considered to have few possibilities.

3.3.2 Judgment of Position Optimum
Pure Strategy Solution Risk

If optimum position pure strategy solution of G(®) ={S,,S,, A(®)} exists, we are
concerned about whether risk exists when practicing this strategy and how much risk
we need to bear. In order to solve the problem, we will give the following lemma.
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Lemma 3.1 The most pessimistic and most optimistic value for Player 1: Given
a problem of grey matrix game G(®) =1{S,,S,, A(®)}, if two new game individual
value matrices are composed by the left and right extreme point values of the grey
interval factors in A(®)mm respectively, then the game values ofGL =1{5,,5,,4,}
and G, =15,5,,4,}, determined by{AL}an and{AR}an, are equivalent to the
most pessimistic (least) game value and the most optimistic (greatest) game value
for Player 1 in G(®).

Proof: To prove V =V, (& considering the problem of grey matrix game G(®),
if a new game profit and loss value matrix{A4,} s composed of the left extreme
point value of its grey interval number, then the game problem, determined by
{4,} . becomes a classical game problem of mathematics. Based on the theory
of matrix games, we can get its solution easily. The optimum game strategies for
Players 1 and 2 are 7} (x)and 7, (y) respectively; the game value is V*
Now what we need to prove is thatV is the most optimistic (least) game value
V. (@ for aG(®) problem shown as V VL( o
Assuming that V is not the most pessimistic (least) game value for G(®)
problem, then V () < VL exists; that is to say, among A®) of G(®), at least
one matrix {4} exists that is not composed of the left extreme point value of
A(®) s grey factors completely [as shown in Eq. (3.27)]; the game value of the
game problem, determined by {4 }/ o is the most pessimistic (least) game value of

G(®), shown as V =V

L(®)"

4, 4 4 v a4
ﬂv o ﬂ ﬂv .o ﬂ4
i—1,1 i—1,k—1 i—1,k i—1,n
A = (3.26)
a;, T oy 4, o 4,
ﬂm,l am,kfl ﬂm,k ﬂm 7
al,l dl,/e—l al,/e dl,n
a. o a. a. eee a.
i-1,1 i—1,k—1 -1,k i—1,n
Al = / (3.27)
4 o 4 1 4 o 4,
dm,l am,/e—l dm,/e dm n
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Keeping universality, assume that there are only 4/ -, in {AL}:”X ,which is not
equivalent toa,in{A,} ,shown asz, < a <b,.According to the theory of
partitioned matrlx games, we can drsassemble factors in{4,} and {4, ¥ o, IDIEO
sub-blocks. For convenience, we take the two neighboring factors ofa /eanda , 1o
constitute the two sub-block matrix [as shown In Egs. (3.28) and (3.29)]. Then,
after a proper compartmentalization of other factors, we can get partitioned matri-

/ .
ces 4, and A4, as shown in Egs. (3.30) and (3.31).

A =la

ik k-1 ai e ]

(3.28)
Ai;e = [ oy dz'/,/e ] (3.29)

In this way, only game values /" and V 11, determined by partitioned matrices

A, and AL ,»may not be equivalent, while the game values of the other partitioned

matrices must be the same. In fact, after this matrix sub-block, and based on the
theory of it, we switch the problem that focuses on comparing whetherV and
VL(®) are equlvalent to the problem that focuses on the comparrson betweenV
andV/ If V < V ,then it indicates that, when akturns 1nt0ﬂ (a, <dk) the
game value of this problem wont decrease; and if VLL > VLL then it 1ndrcates that
when «,, turns into dz’k (a,< ﬂl,k ), the game value of this problem will decrease.

A A A
Ay = f‘{ﬂ f‘%ik f‘{ﬂ (3.30)
* a4 > Ay <a,
Vi= (3.32)
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Vv, = (3.33)

According to the theory of matrix games, we can get the game values Vlk and V:,e/
for Egs. (3.28) and (3.29), as shown by Egs. (3.23) and (3. 33) Then, through Eqs
(3.23) and (3. 33) we can know that, because 2, <ﬂz/? then Vk is not less than V
As long asa, <a V <V, ' will be tenable consequentlally According to the the—
ory of the partmoned matrix, game values V,, and V' for the profit and loss value

matrices{A4,} and {AL};M can be worked out thl‘OLLngh Egs. (3.34) and (3.35).

Ay = Vzl* Vz/: V: (3.34)
U
oo Ve

M=l Vi VD 539
R

Similarly, according to the theory of matrix games, we can get the conclusion
that, in Eqs (3. 34) and (3.35), as long as V < V, then VL* is not less than VL*, ; that
is to say, V < V is tenable

As long asak < ak,we can have VL < V/ consequentially. Slmllarly, by using
the same method, we can get that such relatlonshlp exists, V < VL between the
game value of the game problem, which takes{A,} and{A }mX as its profit and
loss value matrix, as long as some factor Of{AL}an is not less than that of{AL}an.
Game value V* determined by {4, } " the profit and loss value matrix composed

of the left extreme point value, is equlvalent to the most pessimistic (least) V, o of
G(®), as V VL( )"

Therefore, the assumption is false, and then the original proposition is true.

By using similar methods as above, we can prove that, given a problem of the
grey matrix game G(®) ={S,,5,, A(®)}, if a new game profit and loss value matrix
{4} ., is composed of the rlght extreme point value ofA(®) ’s grey interval

factors, then the game value of the game problem G, ={S, A }, determined
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by{4,} ., is equivalent to the most optimistic (greatest) game valueV, . for
Player 1 in G(®).

Definition 3.2 The most pessimistic and most optimistic value for Player 2: Given
a problem of grey matrix game G(®) = {S,,S,, A(®)}, the most optimistic (greatest)
and most pessimistic (least) value for Player 2 equals the opposite number of the
most pessimistic (least) and most optimistic (greatest) value for Player 1, marked as
opt(®) = _VL(®)’ Vpa(@) = _VR(®)'

Theorem 3.6 The greatest risk of overestimation for Player 1: Given a problem of
grey matrix game G(®) ={S,,S,, A(®)}, if its optimum position pure strategy solu-
tion exists, and the optlmum game value is V (®)= [ﬂ [7 ], then the greatest over-
estimation risk value 6%/ bigh for Player 1 equals the margm "between a, “and the most
pessimistic (least) game valueV ofG( ), marked as Gh " (al_;, VL(@)

Proof of Theorem 3.6 is 51mple, we can prove it only based on Definitions 3.6 and

3.7 and the relevant conclusions of Lemma 3.1. No further details are necessary.

Theorem 3.7 The greatest risk of underestimation for Player 1: Given a problem of
grey matrix game G(®) ={S,,S,, A(®)}, if its optimum position pure strategy solu-
tion exists, and the optlmum game value is V (®)= [a b ], then the greatest under-
estimation risk ValueG oy for Player 1 equals the margln betweenb and the most
optimistic (greatest) game ValueV ®) of G(®), marked asG ( R(®)— ).

Proof of Theorem 3.7 is 51mple We can prove it only based on Definitions 3.6
and 3.7 and the relevant conclusions of Lemma 3.1; no more details are necessary.

Deduction 3.3 The greatest overestimation and underestimation risk for Player
2: Given a problem of grey matrix game G(®) = {5, S,, A(®)}, if its optimum posi—
tion pure strategy solution exists, and the optlmum game value is V (®) = [¢z b 1,

then the greatest overestimation risk value © ;7 gh2 for Player 2 equals the mar-
gin between (- b ) and the most p6551mlst1c (least) game value V @ = VR(®> of
G(®), marked as(S bigh2 = = (V, R@ bl]) the greatest underestlmatlon risk value

(52/; for Player 2 equals the sum between a] and the most optimistic (greatest)
game value V' v’ 0fG(®) marked ascs ' =(a -V _).

L®)
Proof of Depductlon 3. év is simple; we can prove it only based on Definitions 3.6 and

3.7, the relevant conclusion of Lemma 3.1, and the relationship between profit for play-
ers, indicated by the profit and loss value matrix game. No more details are necessary.

Example 3.4 In Example 3.3, a grey matrix game G(®) = {SI’SZ’A(®)} [as shown
in Eqg. (3.23)], the optimum position pure strategy solution, if such solution exists, is
to try to work out the greatest overestimated and underestimated risk of optimum
position pure strategy solutions for Player 1 and 2.

Solution: In Example 3.3, the game value of optimum position pure strategy
solution |sV (®)= a, (®) [ ] [5,71, whlle the most optimistic (great-
est) and the most peSS|m|stlc (Ieast) game profit is Veg = Vg, =8, Vg, = Vg =4
respectively.
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In this way,

the greatest overestimated risk for Player 1 is o7 " “,] V£(®): 5-4=1;
the greatest underestimated risk for Player 1 is o’ ,;@) b, =8-7=1;
the greatest overestimated risk for Player 2 is o7 M Vo b =8-7=1,
the greatest underestimated risk for Player 2 is o | u; - VL*(®)_ 5-4=1.

3.3.3 Summary

Using the ideas of grey systems and a theory of systems engineering, this section
reveals the laws of grey game decision-making for people with finite knowledge
edge and rationality, and designs the decision-making rule of people in the
process of a grey game: Both players choose the situation of maximum (most
advantage) grey game value position from among the possible situations of min-
imum (most disadvantageous) grey game value positions, which is a compro-
mise method accepted by both sides. Based on this, this section has identified
and defined the overestimated and underestimated risks of position optimum
pure strategy solutions of the grey matrix game, and has designed the arithme-
tic for measurement thereof, which can measure the risk of a position optimum
pure strategy solution.






Chapter 4

Grey Matrix Game
Model Based on Grey
Mixed Strategy

4.1 Grey Mixed Strategy and Grey Mixed Situation
4.1.1 Background

Taking the requirement of game study into consideration, we put forward and
define basic concepts such as grey random events, grey probabilities, and so forth.
We then study the relations between grey events as well as their operation rules,
and prove six important properties of grey interval probabilities. Based on this,
we define the concepts of grey mixed strategies, grey mixed situations, and grey
mathematical expectations, and we construct the framework of solutions to both
grey mixed extensions and grey mixed strategies, which paves the way for further
research on grey matrix games based on mixed strategies.?4

In Chapter 2, we studied problems such as the solution to a grey matrix game,
which has a pure strategic solution; the properties of the solution; the method
adopted to find the solution; and the relationships between standard and nonstan-
dard grey matrix games together with their transition. However, not all grey matrix
game problems have saddle points. In cases where no grey saddle point exists, play-
ers do not simply select a certain strategy but select one strategy with a certain grey
interval probability. This is the grey matrix game problem based on grey mixed
strategy.

63
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In the study of this problem, we need to use concepts of grey events, grey inter-
val probabilities, and so forth, as well as their properties. These concepts are dis-
cussed briefly in order to lay down the foundations for further research.

4.1.2 Relation and Operation of Grey Events

In classical probability theory, an event can be expressed by an accurate whiteniza-
tion number, and its set has a definite boundary. As illustrated in Figure 4.1(a), the
set of event A has a definite boundary. Nevertheless, in the system of grey probabil-
ity, we cannot describe an event with an exact whitenization number. Therefore, we
introduce the concept of grey event.

Definition 4.1 Grey event: We call a subset of experiment E’s sample space S as
E’s random event, or simply, event. If the subset of S can only be described with a
grey number ® =[4,,6,],i=1,2,..., then we call the grey subset of the sample space
S as E’s grey random event, and grey event in abbreviation. In every experiment,
when and only when one sample point of the grey subset appears, we say that a grey
event happens.

From Definition 4.1, grey event A® is expressed by a grey number, and the set
consisting of grey event A® has a grey boundary. In fact, given any grey number
®= [al,,bl,],z' =1,2,...,it can be expressed as Eq. (4.1). In this formula, ais called
the white part of ®, whilec, - v, is called the grey part of ® ;in the grey parte, -y,

1
b.—a,
i

i

we definec. =
. 1
ber unit).

as a grey coefficient, and ¥, as a unit grey number (or grey num-

®, =[a,,b,]1=a,,b]+a,—a,=a,+(0,b,— a,]

1
0,1]=a + Y.
b—a TGt 4.1

i i i

=a, +

1
=a,tcoY; ¢= Y, €10,1,i =1,2,...
b —a,

i i

Since any grey number can be expressed as Eq. (4.1), the grey set expressed
by grey numbers can be illustrated by Figure 4.1(b). If unit grey number Y, is an

Whitenization
number A;

(a) (b)

Grey
part of

A®

Figure 4.1 (a) Set of whitenization numbers Ai. (b) Grey set Ai of grey numbers ®,.
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exact number, then ® is whitened asa whitenization number, and Figure 4.1(b) is
transformed into Figtire 4.1(a). The set of whitenization numbers in Figure 4.1(a)
is a special case of the grey set in Figure 4.1(b) where we let Y, be an exact num-
ber. Figure 4.1(b) can also be said to be an extension of Figure 4.1(a).

Assume the sample space of experiment E is S and A®,B®,A,SD (k=1,2,..)are
grey subsets of S.

1. If A® c B®, we say that grey event B® contains grey event A%; the occur-
rence of event A® leads to the occurrence of event B® inevitably, as illus-
trated in Figure 4.2(a). If A® < B® and B® ¢ A®—that is, if A® = B®—we
say that grey event A% is equal to grey event B®.

2. Grey event A® UB® ={x|e A®orx € B®x}. It is called the sum event of
grey events A® and B®, as illustrated in Figure 4.2(b). When and only when at
least one of A® and B® occurs, grey event A®U B® occurs. Similarly, we call

(b) © )

W
/il

Figure 4.2 (a) A°c B®. (b) A°U B®. (c) A® " B®. (d) A®— B®. (e) A®— B®. (f) A® and
B® are mutually exclusive. (g) A® and B® are complementary events.
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is the sum event of denumerable grey events A1®, A2® e ,Aﬂ®.

3. Grey event A®IB® = {x‘x € A®and x € B®} Itis called the product event of
grey events A® and B®, as illustrated in Figure 4.2(c). When and only when
both A® and B® occur, grey event A®() B (also denoted as A®B®) occurs.
Similarly, (V_, Ak® is the product event of 7 grey events A1®, A2® ,...,Af, and
N, Af is the product event of denumerable grey events Al®,A®,. .. ,Af.

4. Grey event A~ B®={x|x € A®and x & B%} is the difference event of grey
events A® and B®, as illustrated in Figures 4.2(d) and 4.2(¢). When and
only when A® occurs and B® does not occur, grey event A® — B® occurs.

5. IfA®N B®= ¢, we say grey events A® and B® are mutually exclusive. It
means grey events A® and B® cannot happen at the same time. Their basic
grey events are mutually exclusive, as shown in Figure 4.2(f).

6. IfA®UB®=Sand A®N B®= ¢, then grey events A® and B® are converse
grey events or complementary events, as showed in Figure 4.2(g). It means
in every experiment, one and only one grey event of A® and B® will defi-

nitely happen. The complementary grey event of A® is denoted A® and
A®=8~A°.

® ® 4® ® o
U’_, 4, the sum event of 7 grey events 4; 4, »..., 4, ;we say that U, Af

As a matter of fact, in Figure 4.2, for any grey number, if only its unit grey
number specifies a fixed value, then the relation will be transformed into that of
sets of whitenization numbers. The major difference between the above relation
of grey events and that of classical events lies in that the boundary of a grey event
depends on the specified value of its grey number unit. In Figure 4.2, the relation
of grey events is only formal. When their grey number units are specified, a form
of relation may be translated into another one. For example, in Figure 4.2(c), if the
units of grey events A® and B® are specified at a fixed value, the intersection set of
A® and B®— A®( B® may be an empty set. As a result, the relation of A® and B®
in Figure 4.2(c) is transformed into that of mutually exclusive events showed in
Figure 4.2(f).

In the operation of grey events, we usually use the following laws. Suppose A%,
B®, C® are grey events and we have:

Grey Commutative Law: A®UB®=B®U A% A®NB®=B®N A®

A°U(B°UC®) = (4°UB%UC®
Grey Associative Law:

A®ﬂ(B®ﬂC®) — (A®ﬂ B®)ﬂC®

Grey De Morgan’s Law: A®UB®= A®NB% A®NB®= A®UB®

Here, we only generally extend the operation rules of events in classical prob-
ability theory to grey events’ operation fields, in order to make full use of these
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classical events’ fine mathematical properties. If only the unit grey numbery of
a grey event is specified as an accurate number, the operation of grey events can
be transformed into that of classical events. Therefore, the difference of the above
operation rules of grey events and classical events is only exhibited in that form.

4.1.3 Basic Concepts and Properties
of Grey Interval Probability

In classical probability theory, whenn — oo (n is the sample space of a random
experiment), we regard the occurrence frequency of event A-f,(A) as its occurrence
probability P(A4), and probability P(A) is used to measure the possibility of event A’s
occurrence in an experiment. In reality, however, due to the limitations of people’s
time, energy, ability, and other conditions, the sample space 7 of a random experi-
ment is not able to reach infinity. That is to say, P(A) is a theoretical value that is
highly abstract.

Although the occurrence probability of some random events can be inferred
according to the principle of arrangement and combination, it is not true for many
events in the real world, as people can only estimate according to limited statistical
material and cannot find a certain principle or infer the probability of such events
precisely. In classical probability theory, we usually use the average value of an
event’s occurrence time in an experiment to estimate its occurrence probability, and
this surely leads to considerable errors.

Based on the above fact, when estimating the occurrence probability of an
event in reality, we consider the minimum frequency min( ﬁ(A)),z' =12,...,mand
maximum frequency max(fl,(A)),z' =1,2,...,mof an event’s occurrence in a statisti-
cal period as the less possible probability (or called left probability) and the more
possible probability (or called right probability). Then the left and right probability
constitute a most possible probability interval of the event’s occurrence, expressed
as P(A®) = [min(fl_(A)),max(fi(A))],z' =12,...,m. We say that P(A®)is the grey
interval probability of event A. Here, we give a general description of this concept.
Later, we will give a more accurate definition.

Example 4.1 In a certain place, the rainfall conditions in spring for the past 100
years are sorted into rare, acceptable, considerable, and excessive, and we count
these four conditions in this 100 years grouped by every successive 20 years. Then
we get five groups in sum, as illustrated in Table 4.1.

As shown in Table 4.1, the grey interval probabilities of four spring rainfall
conditions—rare, acceptable, considerable, and excessive—in this place are
[0.45,0.65], [0.15,0.40], [0.05,0.20], and [0.00,0.10] respectively.

This shows that for an experimental period, when an accurate occurrence
probability of a certain event and its distribution are not exactly known, we can
estimate the event’s occurrence probability with its minimum and maximum inter-
val frequency, which is more precise than adopting the simple average value esti-
mation method.
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Table 4.1 Statistical and Classification Table of Spring Rainfall Conditions
in 100 Years

Type of Rainfall Rare Acceptable Considerable Excessive
Times | Frequency | Times | Frequency | Times | Frequency|Times| Frequency

1-20 | 10 0.50 5 0.25 3 0.15 2 0.10

Group | 21-40 9 0.45 7 0.35 4 0.20 1 0.05

'kr)iyme 41-60 | 15 0.75 3 0.15 1 0.05 1 0.05

61-80 | 10 0.50 8 0.40 1 0.05 1 0.05

81-100| 13 0.65 6 0.30 1 0.05 0 0.00

Definition 4.2 Grey interval frequency or simply grey frequency: Under the
same conditions, we conductK,(k=1,2,...,K) groups of an experiment in
N(n=1,2,...,N) times each. We can determine the times of event A’s occurrence
in these experiment as follows: in all K groups of experiments, we consider the mini-
mum times of A’s occurrence LA =min,_ , {7, (A4),i=12,..., N} and the maxi-
mum times of its occurrence RA = man:l,Z,...,l({n;a (A),i=1,2,...,N}as the left and
right endpoint values of event A’s occurrence frequency respectively, which is denoted
nf =[LA, RA]. f is called the grey interval frequency (grey frequency in abbrevia-
tion) of event A’s occurrence; LA is the left frequency and A is the right frequency.

The ratio of this interval grey number ®and N-"1}, =AM =14/ R/ i
called the grey interval frequency of event As occurrence, or srmply grey frequency,

and we designate it as fn(A®) =[Lf,Rf],where Lf = L%,,Rf = R‘%\, JLf < Rf.

The frequency in any whitenization number form 7, can be written in the form
ofa grey interval frequencyn =[LA, RA], where LA RA it can also be written as
fn(A [Lf, Rf'], where Lf = L’%\, ,Rf = R%v JLf =

From Definition 4.2, we see easily that grey frequency has the following
basic properties:

1. 0< £ (A®)=[Lf,Rf1<Lthatis,0< LF <1,0< RF <1.
In the experiment of group &, if K is the sample space, then f (K™) @
which is also wrrtten in the form of f (K K®=1=[11].

3. If 4 A®, are mutually excluswe events, then fn(A1® UA2® U

UA4?) = £.( A?)+ﬂ(A2®)+---+j;(A§).
Definition 4.3 Grey interval probability or simply grey probability: Assume E

is a random experiment and S is its sample space. For every grey event A of E, we
specify an interval grey number A®=[4,4]in positive real number range, denoted
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P(A®) =[LA, RA], LA < RA; we call it the grey interval probability of grey event A®
(grey probability in abbreviation). If the set function satisfies the following conditions:

1. For every grey event A®, we have P(A®) =[LA,RA] > 0; that is, LA > 0,
RA = 0;

2.PS) =1

3. SupposeA A .are mutually exclusive events—that is, for i # j,
A®A® =i, 7= 1 2,...—and we have

P(APU APU--) = P(AD) + P(A]) +--- (4.2)

Equation (4.2) is called the denumerable and additive property of grey probability.

Definition 4.4 The sum grey probability of sample space S is 1: Assume the sam-
ple space S of a random experiment E consists of m events,A] LAS,. . Af, that
are mutually exclusive—that is, fori # j, A®A® 0;7, j=1,2,...,m. The sum grey
probability of sample space S equals 1.

P(s®) ZP(A® =LA, ,RA 1+ [LA,, RA, 1+ +[LA ,RA ]

= LA + [0,1]+ + 0 1]+---+ LA + 0,1

14, ) o]
= + ey LA, + [ He+ LA+

LAl R4y = LA2 RAz h RA,~ LA, RE
=[1,1]] . =1

Y1=61Y 2500 Yy =0y 056, SLi=L 2 om Y1=61Y 2500 Y =0y 056, SLi=1,2,.
The equation P(S®)=[1,1]| . =1
Y1=615Y2=63 5+ 0Y =6, 0S¢, S1i=1,2, . om Y1=615Y2=62 5+ =6, 0SS,

i=1,2,..m can be simply written as P(S®) = (1,1]g

Definition 4.4 shows that for a random experiment E, if only the unit grey num-
ber Y, i=12,...,m of m mutually exclusive grey events Al,®,z' =1,2,...,m,which
constitutes the sample space S, specifies an accurate constantc, ,i =1,2,...,m, the
sum grey probability of S equals 1. We make such a definition in order not to go
against the classical definition, which provides grey probability with mathematical
properties as well as classical probability.

From Definitions 4.3 and 4.4 regarding grey probability, we can deduce some
properties of grey probability.

Property 4.1 P(¢®) =[LP(¢), RP(9)] = [0,0].
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Proof: Set A® ¢,(z=1,2,...), and we rewrite it in the form of interval grey num-
ber as

= (2, Ro1=[0,0);|_J 47 =[0,0], and
n=1

AZA? =[LA, LA, RA, - RA,1=10-0,0-01=[9,0],i # j

According to the denumerable and additive property of grey interval probability
[see Eq. (4.2)], we have

P(¢%) = [LP(9), RP(9)] = [UL(A)UR ]=[2LP2RP]
= [i LP ((p),i Rli,(tp)]

Since the two real numbers satisfy LP (@)= 0,RP, (@) = 0,we deduce from the
above equation that

P(¢®) = [LP(9), RP(9)] = [0,0]
Property 4.2 1f A1®’ AP, Afb are mutually exclusive grey events, we have

PATUAT U U AT )= P(A7)+ P(A7)+oox P(47)
= [LP(A ), RP(A )]+ +[LP(A),RP(A)] (4.3)

Equation (4.3) is called the finite and additive property of grey probability.

Proof:Set 4% =A®, =---=¢,and we have A?Aj@ =0,i# j;4, j=1,2,.... Deduced
from Eq. (4.2), we have

P(APU AU 47) = [UAJ ZP(Af)ng(Af)+O

P(48)+ P(AZ)+-+ P(4%)
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Property 4.3 If A®and B®are two grey events and A®  B®, then
P(B®— A®)= P(B®) - P(A®) (4.4)

P(B®) > P(A%) (4.5)

Proof: From A® < B®, we know B®= A®°U(B®— A®) and A%(B®—- A®) = ¢;
from the finite and additive property of grey probability [see Eq. (4.2)], we have

P(B®) = P(A®)+ P(B®— A®)
Thus, Eq. (4.4) is proved.
Then according to the definition of probability, P(B®~ A®) = P([LB, RB]—
[LA, RA]) = 0, and we deduce that P(B®) = P(A®).

Property 4.4 For any grey event A®, P(A®) = P[LA, RA] < 1; that is, P(LA) < 1,
P(RA)<1.

Proof: Since A® C S, from Property 4.3, we have P(A®) < P(§®) =1, that is,

P(A®) = P[LA,RA) < P[LS,RS]=[1,1]

Property 4.5 For any grey event A,
P(A®) = P[LA, RA] = [P(LA), P(RA)] = 1— P(A®) = 1- P[LA, RA]
=[1-P(LA),1- P(RA)]
Proof: Since AU A® =S and A®A® = ¢, from Eq. (4.3), we have
[1,1]= P(S®) = P(A®U A®) = P(A®) = P(A®) = P[LA, RA] = P[LA, RA]
=[P(LA), P(RA)]+[P(LA), P(RA)]

Property 4.6 For any two events A%, B®,
P(A®U B®) = P(A®) + P(B®)— P(A®B®) (4.6)
Proof: Since A% c § from Property 4.3, it follows that P(A® < P(S® =1
As AU B®= A®U(B®— A®- B®) [see Fig. 4.2(b)], and A®U (B®— A®- B®) = ¢,
A®B® c B® from Properties 4.2 and 4.3, we deduce that

P(A®UB®) = P(A®) + P(B®— A®B®) = P(A®) + P(B®) — P(A®B®)
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In fact, Eq. (4.6) can also be extended to the condition of several grey events. For
instance, let Al®, A2® , A3® be any three grey events, then

P(A1®UA2®UA3®) - P(Al®)+ P(Af)+ P(Af)— P(A1®A2®)— P(AI®A3®)
(4.7)
- P(AfAf)+ P(4®A§Af)

Generally, for any 7 grey events A°, AY,...,AY, we can use induction to prove
that

P(A]®UA2(X)U"‘UA§)=2”,P(A,-®)_ 2 P(A?Af)

1<i<j<n

+ 2 P(A®A®A®)+ (17 P( 4242 4°)
1<i<j<k<n

(4.8)

4.1.4 Grey Mixed Strategy and Related Theorems

If there is no pure strategic solution existing in standard grey matrix game

={S A(@)} it is critical for a player to keep his own strategy secret, or he will
give an advantage to his opponent. How can he keep his opponent from knowing
his strategy? The best method is to select his strategy in a random way. In a game,
the players would use some random equipment to determine which pure strategy
they should choose. For every pure strategy, there is a possibility of choosing it—
players select every pure strategy with a grey interval probability. Thus, it is impos-
sible for the opponent to know the player’s pure strategy in advance. Even a player
himself does not know the result of his selection, for the pure strategy is selected at
the last moment with the help of random equipment. Therefore, a player’s former
selection of pure strategy is replaced with the selection of grey interval probability
for every pure strategy.

Definition 4.5 Grey mixed strategy and grey mixed situation Given a grey

matrix game G= {, 1?1(@)} where S, ={o(, ={B,.B,>---.B,}; and
( ) = (d (®)) ,we say that the correspondrng grey probability vectors
X® (1’X®’ ,X)where(x >0,i=1,2,. ”’”2111 [11])and Y®—(}/],

Y5 e 1Y) where ()/ 20,7=1, 2,0, z 1}/ =[L1]g) are in pure strategic set S,
S, for grey mixed strategies for Players 1 and 2 respectively. (X %,V ®) is called the
grey mixed situation.
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We denote the set consisting of all of Player 1’s grey mixed strategies as S that
is, §, ®={X®};and the one consisting of all of Player 2’s grey mixed strategres is S
that is, S® Ve,

In reahry, Player Us (or Player 2’s) grey mixed strategy X ® (orY ) is the dis-
tribution of grey interval probabilities in set S, (or S,), wherex (or Y ) is the grey
probability of Player 1 (or Player 2) selecting pure strategy OL orB ). Therefore,
pure strategy can also be seen as the special situation of a grey mixed strategy.
For example, as Player 1 selects pure strategy o , it is a grey mixed strategy
XP=(0,...0,x°=[1,1],0,. »0).

If Player 1 selects strategyX =(x7, %5 ..., %), and Player 2 selects strategy
Y®=( }/1 )’2’ > yn) the pure strategies o, andB,the two players select respec-
tively can be regarded as independent grey events. Thus, the grey interval probabili-
ties of situation (0L, B s occurrence are x®and y®respect1vely, and the revenue of
Player 1 isa (®) Accordrng to the concept of mathematical expectation, we intro-
duce the notion of grey payment function.

Definition 4.6 Grey payment function: The grey mathematical expectation
E¥%X®Y® = z” Z” (®)x =[LE,RE],LE < RE is called the grey payment
(or grey payment functron) of Player L.

E®(X®Y®) is the function of the grey mixed situation (X ®Y®).

Deﬁnltron 4.7 Grey mixed extension: Assume in a grey matrix game
=1{5,,S, A( )}, X® Y are strategies used by Players 1 and 2 respectively.

s® {X®GR’”|x®>Oz—12 mz 11]}

i=1
S8 = {Y® ER 2 20,j=12,.m, ) y° = [1,1]®}
i=1

E®= E¥(X®Y® z Za (®)x®y®=[LE, RE],LE < RE

=1 j=1

We call G®={S®, 52®’E®} the grey mixed extension of G= {51,52,;1(®)}.

In Definition 4.7, Player 1’s one grey mixed strategy is a grey m-dimen-
sional vector:

X®={xl®,x2®,...,xf3 },le(@:zuxi,in]: [1,1]®,0 < Lxl_,inl,iz 1,2,....m
i=1 i=1
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Player 2’s one mixed strategy is a grey #-dimensional vector:

n n

D 2= Uy By = L1,0€ Ly Ry <1, =12,

j 1

Definition 4.8 Solution for a grey mixed strategy: Suppose G®={S®, SEE®)
is the grey mixed extension of grey matrix gameG ={S,S A(®) IfL for any
X®ES® Y®GS®there exists a grey mixed condmon(X Y )mSl® (X%,
S® {Y®}such that

ESX®Y ) <EXX Y ®)<EUX®Y® 4.9)

Then the grey mixed situation (X ®,Y"®)is the solution of G under a grey mixed
strategy. X ©,Y ©are the optimal grey (mlxed) strategies of Players 1 and 2 respec-
tively. The payment of Player 1 £%(X %Y "®)is called the grey game value of G
under a grey mixed strategy, denoted VG~®

The direct meaning of Definition 4.8 is if X'® Y ®are strategies satisfying
Eq. (4.9), then Player 1 can adopt strategy X ® whatever strategy Y’ ®that Player
2 selects such that the least revenue of Player 1 is ESX®CY™®). E%X %Y ®is
thus the minimum grey expectation value (revenue) Player 1 can get. Player 2’s
selection of strategy ¥ ®makes the maximum grey expectation revenue of Player 1
E®(X ®,Y"®) whatever strategy X ®that Player 1 selects.

In the grey matrix game G for Player 1, he always hopes that he can have the largest
value of £ (X ®,Y ®) by selecting grey mixed strategy X ®. Through the discussion of
pure strategy, we assume that every player adopts rational action, which means Player 1
should select grey mixed strategy X ®such that the following equation holds:

max  min E®(X®,Y®)=vl(®)

x®es®  v®es?
Likewise, Player 2 should select ¥ ®such that his loss is the lowest; that is,

min max E®(X®, Y®)—v(®)

r®es?  x®es®

We can getv, (®),v,(®), which satisfy the conditions above, forS ,S which
are bounded and closed sets in R”, R"; E®(X®,Y®) is the continuous functlon of
X% Y® Then we have the following theorem.

Theorem 4.1 v,(®) < v,(®): Suppose A(®) is the payment matrix of a standard
grey matrix game G ={S,,S5,, A(®)}, then

7,(®)= max  min E®(X®,Y®)< min max E®(X®,Y®)<0,(®)

x®es®  v®esy v®es®  x®es®
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Proof: Firstly, for any X®e 5® Y®e S® we havem1ny® s E®(X®,Y®)<E®
(X®.7%),and max 5 o ming g E®(X® Y®)< maxX® o E2(X®.Y0).
Since the left side of the i inequality is a constant, we have

3(®)= max min E°(X®Y®)< min  max E°(X®Y®)<

X®es®  r®es? r®es®  x®es?

In 1928, Von Neumann proved that in a matrix game of ordinary whiteniza-
tion numbers, the two players have equal game values in any matrix game; that
is,», =v,. This is the famous fundamental theorem on matrix games of accurate
whitenization numbers, namely, the theorem of maximum and minimum values. In
such a case, does a relation such as ”1(®) = v2(®) still exist in a grey matrix game?

Having limited space, we will elaborate the proof of this important theorem in
another place.

4.1.5 Summary

We have proposed basic concepts of grey random events, grey probabilities, and so
forth in this section, studied the relations of grey events and their operational rules,
and proved six important properties of grey interval probabilities. Based on this, we
put forward the concepts of grey mixed strategies, grey mixed situations, and grey
mathematical expectations, and constructed the framework of the solution to grey
mixed extensions and grey mixed strategies, which paved the way for further study
on grey matrix game problems based on mixed strategies.

4.2 Characterization of an Interval Grey Number
and Improvement of Its Operation

4.2.1 Background

Example 4.2 Given interval grey numbersa (®)=T;a,(®)=5;a, (®)=[2,3];
a,,(®)=[0,1and using current operational rules of grey numbers,12>2¢27I we have
the result shown in Eq. (4.10).

However, if we use an ordinary mathematical computation method, the maxi-
mum and minimum values of Eq. (4.10) are shown in Eq. (4. H) 171 That is to say,

the possible range (interval grey number) of Eq. (4.10) should be x(®) =[+,2] when
using the classic mathematical computation method.
()= a,,(®)-a, (®) 3 [0,11-12,3]
(a,(®)+a,,(®)—(a,®+a,(®) (1+[0,1)-(5+[23])
(4.10)

_-3_(13
T 5,71 |7’5

max{x(®)} =§ " »

a =3,a, =0 min{(@)}:% a. =2a, =1 .11
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As we know from the operational results of Eqs. (4.10) and (4. 11) [5 , 7] < 3
which shows it will result in disaccord with the operational results of c|a55|ca|
mathematics when using current operational rules of interval grey numbers.

According to the definition of a grey number’s degree of greyness, we
can comJoute that the degrees of greyness for x(®)and x'(®) are respectively
8/(®)="g=12308and g3(®)= ’|®| 0.7273.

Compared to classical mathematics, this will result in a larger degree of
greyness when using current operational rules of an interval grey number. The
major reason lies in that it may cause the same grey number to specify differ-
ent values under the same computational conditions when we use the tradi-
tional computation method of grey numbers. For example, in Eq. (4.9), when
a,(®=1a,(®=2in the numerator anda,(®)=0,a,(®=3in the denomi-
nator, the left endpoint value of x(® is 1. Thus the value is reduced abnor-
mally. For the same reason, under other condltlons the right endpoint value
is also enlarged abnormally using the traditional computation method of grey
numbers.

Therefore, in order to avoid the drawback of the current grey algebraic com-
putation method, here we only carry out a limited discussion regarding this
problem.

4.2.2 Standard Interval Grey Number and Its Operation

Definition 4.9 Standard interval grey number: If a grey number can be written as
in Eq. (4.12) and (4.3), 4; is called the white part of®i,

® =a+c.y, i=L2,...,n (4.12)

where ¢, -, is called the grey part of ®, wherec, is the grey coefhicient and ¥, is the
unit grey number (or grey number unit), and then we say the grey number expressed
in Eq. (4.12) is the standard interval grey number.[2>:26:27)

Definition 4.9 regulates the standard expression of an interval grey number.
According to Definition 4.9, if there exist two standard interval grey numbers
®p= ag+cg-Yyand ® =—a, —c .Y, that satisty ®, +® =(a, +c.¥, )+
(—ay —cx " Y) =0 & and & are opposite numbers.

If there exist two standard interval grey numbers ® = a;+ ¢ Vg and

—_— I 1
®L= @ - T ®_ and ® are reciprocal numbers.
Theorem 4.2 Standard expression of grey number: Any interval grey number

® =la,b],a, <b,i=1, can be expressed as the standard grey number form in
Definition 4. 5 see Eq. (4.12)].

Proof: Without loss of generality, we can transform (the process is called stan-
dard transformation) any interval grey number ® = [al,,bt,],ai < bl,,z' =12,...,n
shown in Eq. (4.13) and obtain its standard interval grey number
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® = [ai,bl,]= [al_,bl_]+¢zl_ —a,=a +[0,bl_ —al_]= a +(bl_ —ai)[0,1]= a, +(bl_ —al_).yl_

=a, +cl,.7i;
¢, =(b—a)y, €l01,i=12,..
(4.13)

In Eq. (4.13), 4; is called the white part of ®, whilec, - v, is called the grey part
of ®; in the grey partc, -y, we call ¢, = ;1 the grey coeflicient and ¥, the unit grey
number (or grey number unit). s

The constructive proof of Theorem 4.2 shows that any interval grey number can be
expressed in the standard form shown in Eq. (4.13) through standard transformation.

Definition 4.10 Operation rules of standard interval grey number: If we still adopt
classic mathematical operational rules when doing algebraic operations of any of
several standard interval grey numbers F(0) = O{®,,®,,...,® },and let these grey
numbers’ obtained numbers Y.V, € [0,1],=1,2,...,n be exact constants, the min-
imum and maximum values min{F(®)} = min 0(®,,8,,...,9 }|

and max{F(0)} = maxO{® ,, .. "®n}|y,=c,,c,e[o,1].i=1,:we obtain are respectively
considered the left and right endpoint values of F(0)=0{®,,®,,...,® }.This
operation process is called the standard interval grey number’s operation process.

Yi=¢;»¢;€[0,1],i=1,2,...,n

Example 4.3 Given interval grey numbers a;,(®) = 1,a,,(®) = 5,a,,(®) = [2,3],
a,(®)=10,1], if we compute Eq. (4.13) using the operational rules of grey num-
bers in Definition 4.10, the result is shown in Eq. (4.14).

Since a,,(®)=2+[0,1,,=2+v,,,a,,(®)=I[0,1,, =7,,, we have

X(® )= ay) — _ Yoo — 2+ YZT) _ Yo=Y~ 2

- (a11+azz)_(a12+a21) - (1+722)_(5+2+721) - 722+_6_721

Y22_721_2 3.
m ®)}=m =1, =0==;
ax{x(® )} aX{y22+_6_Y21} ‘Yﬂ Va2 7 a1
L } ‘721 =0,75 :12%

min{x(® )} = min{
Yoot —6- Vo

X(®) = [Min{x(® )}, max{x(® )}] = Hﬂ

Adopting the classic mathematical method of finding extreme val-
ues, we similarly obtain the maximum and minimum values of Eq. (4.14):
max{x(®)} = 2,min{x(®)} = 1. Compared with Eq. (4.14), we know the computa-
tion results of the two different methods are the same.
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From Definition 4.2, we know that since the operational rules of standard inter-
val grey numbers use classic mathematical methods of finding extreme value to
determine final results, their computation results certainly equal that of classical
mathematics, without causing the grey number’s degree of greyness in the result
to be enlarged abnormally.

4.2.3 The First and Second Standard Grey Numbers

Definition 4.11 The first and second standard grey numbers: Given any grey
number ®=[a, bi], (a, < bl,,z' =1,2,...), if we conduct a standard transformation on
the left endpoint value [as in Eq. (4.15)], the standard grey number we get is called
a grey number in the first standard expression, or simply the first standard grey
number, where a, (bi - al,)ygl) and Yi” are called the white part, grey part, and unit
grey number (grey coeflicient) respectively. If we conduct a standard transforma-
tion on the right endpoint value [as in Equation (4.15)], the standard grey number
we get is called a grey number in the second standard expression, or simply the
second standard grey number, where bl_, —(/71, - Lll_)'Yiz) and yf,z) are called the white

part, grey part, and unit grey number (grey coeflicient) respectively.

®'=la,b]=a —a +[a,b]=a +[0,6 —a]=a +(b —a)[0,1]
4.15
=a,+(b,—a)y",(0<y" <1) @)

i

®f= [al,,bl,]z 171, —bl, +[ai,bi]= 171, —[O,bl, —a]= 171, +(17i —ai)[O,l]

’ (4.16)
=4,—(,—a)y?,(0<y? <1)

Any standard grey number can be standardized into expressions of the first and
second standard grey numbers. Although these two expressions of standard grey
numbers are different in form, they are the same in essence, for they express the
same grey number.

Theorem 4.3 The sum of the first and second standard grey numbers™ obtained
number is 1: Given any grey number ®= [al,,bl,],(ai < bi,z' =1,2,...), if we express
it as the first standard grey number (®') and the second standard grey number
(®l,2), where ygl), (0< yi” <1)and 'ygz), 0< Yiz) <1) stand for the two standard grey
numbers respectively, the sum of the standard grey numbers in the two different
expressions equals 1—that is, YEI) + YEZ) =1.

Proof: Without the loss of generality, any given grey number ®; = [4,, 4],
(a,<b,i=1,2,...)can be expressed in the forms of the first and second stan-
dard grey numbers according to Definition 4.5, which is shown in Egs. (4.15)
and (4.16).
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(y}z)) Direction of
obtained number

é (®(

&M 2)

(yl(l)) Direction of
obtained number

Figure 4.3 Relation between the first and second standard grey number’s
obtained number y{" and y®.

As Egs. (4.15) and (4.16) express the same grey number, in spite of the formal
difference between the two expressions of standard grey numbers, they should be
equal in essence, as in Eq. (4.17):

®Y=®2, 4 +(b-ay"=b-0-ay? YO +1P=1 @17)

As we know from Theorem 4.2, the different expressions of the same grey num-
ber have no distinction in essence. We can illustrate this point by Figure 4.3. Even
though the two expressions of standard grey numbers have no difference in essence,
we should adopt one expression in the computational process of one problem in
order to make it comprehensible and avoid the confusion of obtained number, espe-
cially for the same grey number.

4.2.4 Judgment of Quantitative Relations
of Standard Grey Numbers

In Chapter 2, we gave several simple forms of grey numbers whose quantitative
relations can be easily determined by general conditions and the method of their
judgment. Next, we will discuss the forms of compound standard grey numbers
and the judgments of their quantitative relations.

Definition 4.12. Compound standard grey number: If a grey number (®))
is obtained from several standard grey numbers(® )after several times of
adding, subtracting, multiplying, dividing, and other forms of mathematical
operations, it is called a compound standard grey number, or compound grey
number for short, and designated ®, :f(®i/)7i] =minyijf(0), maxyi/f(O)];
(0<y, <Lij=12,..7).

From Definition 4.12, we know that a compound standard grey number is
obtained from a single standard grey number after several mathematical operations.
Also, we can get compound standard grey numbers from a compound standard
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grey number or together with a single standard grey number after such mathemati-
cal operations.

Compound standard grey numbers and the first and second standard grey numbers
have the same expression, which has the white part, grey part, and grey coefficient. Yet
the grey coefficient of its grey part is the compound of several single grey numbers.

Definition 4.13 Judgment of quantitative relation of compound grey numbers:
Given two compound grey numbers® _f(®l])Y ,(0<y,<Li,j=12,...and
® = f(® ) O<y <Lu,v=12,...),if they satlsfy ®, 2®, whatever the
obtamed numbers of v,.(0<v,<Lij=12,andy_, (0<ym’ <1 u,v=12,..)
are, we say that the compound grey number® is smaller than ®. If they satisfy
®K ® whatever the obtained numbers of ¥, ,(0< Y, SLij=12,. .) and

(0<y, <Lu,wv=12,.)are, we say that the compound grey number ® is
equal to ® . Otherwise, we say the relationship between compound grey number
®_ and ®L cannot be determined.B4>¢!

Example 4.4 Given two single standard grey numbers ®, =a+(b-a)y,,
0<y, <1;®, =c+(d-c)y,,(0<y, <), the compound standard grey numbers
obtamed by addmon and subtraction of the two standard grey numbers are ®)
and ®? respectively:

1

1 1
®§‘2’: ® +®,=a+(b-a)y, +c+(d-c)y,=(a+0)+ (b—a)(d—c)[(b—a)v1 +(d—c)Y2]

1 1 1
®?=® -® =a+(b-a)y, ~c—(d-c)y, =(a— -
=®-®=a+(b-a)y, -c-(d-c)y,=(a C)+(b—a)(d—c)((d—c)y1 Yzj

(a+c)+ ! (b] Yyt d1 YzJ]
(b-a)d-c\(b-a) (d=c) ¥, (0<y, <1,i=1,2)

1 1 1
— (a - C) + - 2 0/
l (b- a)(d -C) [(d - C)’Y1 (b— a)YZ]]y’, 0y, <1,i=1,2)

s &2
then ®,2®.
If

1 1 1
(a+c)+ ( Y, + yzj l
’ (b-a)(d-c) \(b-a) (d-c) y, (0y, <1,i=1,2)

—’(a—c)+ ! ((d1 v, - b1 vz]}
(b—a)d-c) -0 (b-a) ¥, 0y, <1,i=1,2)

’

M) @
then ® < ®7.
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1 1 1
+
(b—m@—c>Lb—mY1<d—dYJl |
¥; A0<y; <1,i=1,2)

1 1 o
b-a)d—c) [ [d—a) 1 T (b-a) |
¥, 0y, <1,i=1,2)

i/

then ®!)=®'"”

12°
Otherwise, we say ®!) and ®'% are compound grey numbers whose quantita-

tive relationship cannot be determined.

4.2.5 Case Study

According to the characterization and operational rules of standard grey numbers,
we take a 2 X 2 zero-sum matrix game based on the grey matrix form as an example
and compute the solution of its mixed strategy as shown in Example 4.5.

Example 4.5. Find the solution of grey matrix game G(®) = {S®, %, A(®)} where

A®)= ,(7,, €10,11,7,, €[0,1]).

01 1231 |_| vy 2+7y,
4 2 4 2

Solution: Using the formula of finding a solution to the 2 x 2 zero-sum matrix game’s
mixed strategy (Gan Ying'ai et al., Operation Research, Qinghua University Publish
House, 1990) and the characterization and operational rules of standard grey numbers
provided by this chapter, we have a,(®)=7v,,,a,®)=2+7,,,2,(®)=4,a,(])
= 2, so the optimal grey mixed strategies and grey game values for Players 1 and 2
are respectively shown in Egs. (4.18), (4.19), (4.20), (4.21), and (4.22). Comparison of
computation methods of original and standard grey numbers are demonstrated in
Table 4.2.

X(®)= a,,(®)—a,,(®) _ 2-4
! (2,,(®)+a,(®)—(a,®)+a,(®) (v,,+2-2+y,,+4)

, i, =17,,=0

, i, =0,7,=1

that is, ) 5
X (®)= {} (4.18)
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Table 4.2 Comparison of Computation Method of Original
and Standard Grey Number

Method | Computation Method of | Computation Method of
Original Grey Number Standard Grey Number
Degree of Degree of
Index Result Greyness Result Greyness
x:(®) [5/2, 2/3] 0.5000 [5/2, 2/3] 0.5000
x;(®) [1/5,1] 1.330 [1/3, 3/5] 0.5700
y:(®) [0, 1/3] 2.0000 [0, 1/4] 2.0000
y;(®) [3/5, 4/3] 0.4889 [5/4,1] 0.2222
V(@) [6/5, 41 1.0769 2, 5/2] 0.4444
X (®) = a,(®)-a,(®) _ Vi~ (2+7,,) _ Yu— 277y
: (@, (®)+a,,(®)—(a,(®)+a, (®) (v, +2D—-2+Y,+4) ¥,-7,—4
1 .
3 if,y,=17,,=0
=13 .
Y if,y,=0,7,,=1
that is,
. 13
Q=2 (4.19
X,(®) L 5} )
Y (®)= a,(®)-a,(®) _ 2-(2+7y,) _ P
! (@,(®)+a,(®)—(a,(®+a,(®) (v,+2-2+y,+4) 7v,-7,—4
0, if,y,,=0
= 1 )
7 iy, =17,=1
that is,

. 1
Vi (®)|:sz} (4.20)
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y*(®)= a”(®)—a21(®) _ 711_4 _ Y11_4
2 (an(®)+a22(®))—(a12(®)+a21(®)) (711"'2)_(2"'712"'4) Y= Y,—4
1, if,y12 =0
E/ If/Y]]:O/Y]2:1
that is,
. 4
y2(®)=[5,1} 4.21)
y an(@) C}‘322(69)_‘312(()9) Qa21(®) _ 20711 _(2+Y12) o4 _ 2Oy11 -8-4 Oyu
c (aﬂ(®)+a22(®))—(a12(®)+a21(®)) (711+2)_(2+Y12+4) y11—y12—4
2, if,y12 =0
E/ If/Y11=1/Y12=1
that is,
v(®)= [2%} 4.22)

4.2.6 Summary

This section aimed at the severe problems in current characterizations and opera-
tions of interval grey numbers that result in unnecessarily enlarged degrees of grey-
ness and heavily distorted information. This section defined the standard interval
grey number and the first and second standard grey numbers, and analyzed the
relationship between the first and second standard grey numbers. Furthermore,
it designed the transformation rule from a general interval grey number to a stan-
dard interval grey number, and provided the comparison and operational rules of
standard interval grey numbers, which faitly solves the problems of quantitative
comparisons and operations of interval grey numbers.

4.3 The Maximum-Minimum Grey Game Value and
the Grey Saddle Point of Grey Mixed Strategy

4.3.1 Theorem of the Maximum-Minimum Grey Game Value

In the grey matrix game G= {51,52,1:1(@)}, Player 1 always hopes that by selecting
grey mixed strategy X®he can get the largest game expectation value E®(X ®Y®.
Through the discussion of a grey matrix game with pure strategy, we know that
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every player will adopt rational action—that is, Player 1 should select grey mixed
strategy X ®such that Eq. (4.23) holds:

max  min E°(X®,Y®)=0(®) (4.23)

x®es®  v®es?
Player 2 should select Y ®such that his loss is at most equal to

min max E®(X®,Y®) = v,(®) (4.24)

Y®E52® x® eSl

We can obtain v, (®),v,(®) satistying the above conditions, for S S are respec-

tively bounded and a closed setin R”,R", and E®(X® Y ®) isa successive function.
Therefore, we have the following theorems.

Theorem 4.4 v,(®) <v,(®): Assuming that A(®) is the payment matrix of stan-
dard grey matrix game G = {Sl,Sz,A(®)}, it is true that

7,(®)= max min E®(X®, Y®)<mln maxE®(X® Y®)<V( ®)

x®es®  v®esy r®es?  x®es®

(4.25)

Proof: For any X®ES® Y®ES® there exists min yocs? E®(X®,Y®)<
E®(X®,Y®), so max_, s Mo o E®(X® Y®) <max o E®(X®,Y®). As
the left side of the 1nequahty is a constant, we have

(®)—max min, E®(X®,Y®)< min max E®(X® Y®)<v2(®)

X®es®  y®es? r®es?  x®es?

Theorem 4.5 Theorem of the maximum-minimum grey game value: Assuming
the payment matrix of a grey matrix game is A®) = (a (®)) Li=12,.m,
j=12,...,n, then the game values of players are equal—that is,

v, (®)= max min E E )%, y@
x®es®  v®es? J

=1 j=1

(4.26)
- Y%lei?f’ X®es® sz @ )x )’] B vz(® )

=1 j=1

Proof: For Theorem 4.4, we only need to prove that, (®) < v, (®)is true. From
two important theorems of grey inequality,? one of the following two propositions
is surely true:
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Propos1t10n 4.1 There existsY ®=( )’1 , }’2’ )652® such that ijlaij (®)
}; £0,=1L2,...,m Therefore, for any X®= (x® ® .,xfj) ES1®’ there exists
&z I la (®)x <0, that is, max Pes? ZZV”IZ'; 4 (®)xl.®)/]® <0. So we have

m n ®
1/2(®)— mlny®es£® ma.xX®€Sl o2 12; | (®)x Y <0.

Proposmon 4.2 There exists X®=(x7,x7,...,x2) €S such that X a,(®)
x >0,7=12,...,n. Therefore, for anyY®=(yl® yf, ,y®)eS®, there
exists X" X" a (@)x@}/(,8 > 0 that is, min X' X" a (®) )/ ©>0. So 1,(®) =

—lllt] Y ®es® ]111

n m ®
>
Max o i mmY®€S® XXl a, (®)x; )/]. > 0is true.

Considering both Propositions 4.1 and 4.2, we have 7/1(®) >0, that is,
v, (®) = [vl 7/2] 0< 7/1 < 112, orv,(®) <0, that is, v,(®) = [7/2,212] 7/; < 1122 <0,and
thenv (®) < 0 <v (®) does not hold

Furthermore, we can construct a matrix B(®)—( (®) k), ., =(a l,j,(®)—
[k,k)), ., as Eq. (4.27).
(a2 |-thk) [alyal |-thk) - [a],a |- Tkk]
B(®) = [421,4 ] [&, k] [azz,azz]—[/e,k] [a;n,ah]—[/e,k]
e e L I e B Y B L
4.27)
With the above method, we have Eq. (4.28) where # is any real number:
0, (®)—k<0<v,(® -k (4.28)

Then [21 v, 21—k, k]1<[0,0] < [7/;,7/22]—[/6,/6],[1/11 —/€,7/12 —k]<[0,0]< [11; —/€,7/22
—Fk] does not hold Therefore, v,(®) < k< v,(®)is not true and neither is the
inequality v (®) < v, (®). Hence, we have v, (®) 2 v, (®).

To sum up, by the results of Theorem 4.1 7, (®) < v, (®)and v, (®) 2 v, (®), we
deduce that

7(®)] =0,®)]

Yij=[ij ,OS[Z»].SI,I'=1,2,4 comy j=12, . n Yij=[ij ,OS[[]‘SI,II=1,2,4 Loy j=12, . .n

that is,

1 2 1 2
v(®)=[v,v] =[v,v] = (®)
1 U1y = 0<c,<1,i=1,2,...m, j=1,2,....n 2772 dy = 0<c. <Li=1,2,...m,j=12,....n 2
gy q g g q
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4.3.2 Grey Saddle Point of Grey Mixed Strategy

Having the theorem of the maximum-minimum grey number as the basic theo-
rem of a grey matrix game, we can discuss the grey saddle point of a grey mixed
strategy.

Definition 4.14 Grey saddle point of grey mixed strategy: Let the payment matrix
of grey matrix game be A(®)= (al,j (®)) . -If there exists XE®) e Sl®,Y*® € 52®
such that Eq. (4.29) holds,

EX®Yy®= max  min E(X®,Y®)= min max E(X®,Y®) (4.29)

X%es®  v®es? r®es?  x®es?

we say X ®Y ®sa grey saddle point of the standard grey matrix game under a
grey mixed strategy, and X %Y ®are respectively the optimal grey mixed strat-
egies for Players 1 and 2. (X ® Y "®)is called the grey game’s value, denoted
v(®).

Theorem 4.6 The sufficient and necessary condition for grey saddle point’s exis-
tence: The sufficient and necessary condition for X ® Y ®being the grey saddle
point of grey matrix game G(®) = {S,,S,, A(®)}is

*

EX®Y®)SEX®Y®)SEX®Y®, V X®°eS2Y®eS’  (4.30)
Proof: Sufficiency: As for any X® Y®, there exists
EX®YO)SEX®Y®O)SEX®Y®), V X®°eS2,Y%eS?

Sowehavemaxx® o EX®Y®)<EX™® Y®)<m1n® ®E(X Y®)

Also, the following 1nequahtles are true:

min max £(X%Y® < max F(X&Y™®), min E(X &Y%< max min E(X&Y®)

Y %esP X %es® X%s® v%esp Ces®r®esy
Therefore,

min max E(X%Y®) < E(X"® Y ®) < max min E(X% Y%

v%s, x%%s, X%s; v %s,

(4.31)
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On the other side, for V. X® e Sl®,Y® € Sz®there exists

min E(X®Y®) <E(X®Y® < max E(X®Y®

Y %%s® X%s®

Thus,
max min £(X%Y® < min max F(X%Y® (4.32)

X%es®y es? Y %5 X%es®

By inequalities (4.31) and (4.32), we have

max min £(X%Y® = min max £(X%Y®=EX %Y ™

X%es®y es? Y %5 X%es®

and its standard grey matrix game value »(®) = EX®Y™).
Necessity: Suppose there exist X ®e Sl®,Y*®€ Sz®such that the following equa-

tions hold:

min F(X %Y ®) = max min £(X%Y°

¥ %es® X%y ®es?

max E£(X%Y ® = min max E(X%Y®)

X%s® ¥ %5 x®es®

. . ® ® . ® e
m: min E(X7,Y®)=min m: EX®)Y
Since aXX®ES]® Y®ESZ® ( 5 ) Y®ES£® aXX®ES]® ( 5 ), then we

have

max E(X&Y ®)=min EX®Y)<EX®Y ®< max E(X5Y®
X%es® Y %es® X%es®
= min F(X %Y

v ®es®
Hence, forV X®e Sl®,Y® € 52@, there exists

EX®Y)<max EXCYO<SEX®CY®<min EXEY®SEXEY®

X%s® Y %s®

Theorem 4.7 Commurtability of the optimal grey mixed strategy: Assuming
(X1*®,YI*®) and(X2*®,Y2*®) are respectively the grey saddle points of a stan-
dard grey matrix game G(®)={S,S,, A(®)}, then so are (X1*®,Y2*®) and



88 m Grey Game Theory and Its Applications

(X1*®,Y2*®). In addition, the game values in grey saddle points are equal, that is,
v, (®)=0v,(®) =0, (®) =0, (®), where

0, (@)= E(X%),

1

0, @=E(X%7,%), v, @®)=E(X21), v,@=E(xX,%Y,°)
Proof: As (X 1*®, Yl*®) and (X 2*®, Y2*®) are all grey saddle points of grey mixed strac-
egy in a standard grey matrix game, we have

E(X%Y O <EX Y, )<EX®Y®,i=12,...,mj=12,..,n

EX%Y,)<SEX5Y,)<SEX2Y®,i=12,..,mj=12,.,n
Therefore,

P (Xl*®, Y;@) <F (X;®, Y;®) < E(X*®,Y*®) < E(Xl@)Yl*@) < E(X]*@a’ Y;@)

2 1

that is,

E(X2Y,%)=E(X,%7,%)= E(X,%®) = E(x,%Y,®) = E(x,%Y,°)

Sowededuce E(X®Y,)) < E(X, %V, ) S E(X®Y®),i=1,2,....m,j=1,2,...,
n; that is, E(X|®,Y,®) is a grey saddle point of this standard grey matrix game.

For the same reason, £(X ;®, YI*®) is also a grey saddle point.

Theorem 4.7 explains that standard grey matrix games having a grey saddle
point in a grey mixed strategy sense possess two properties that games of other
forms do not have: one is the commutability of grey saddle points, and the other is
that the game values in grey saddle points are equal.

4.3.3 Summary

This section proved the theorem of the maximum-minimum grey game value
with the theory of a grey system, and laid the theoretical fundament for a grey
matrix game. Based on this, we proposed the concept of grey saddle points of grey
mixed strategy and demonstrated the sufficient and necessary condition for the
existence of grey saddle points and the commutability of a grey mixed optimal
strategy.



Grey Matrix Game Model Based on Grey Mixed Strategy ®m 89

4.4 Properties of a Grey Mixed Strategy
and Its Grey Linear Program Model

4.4.1 Properties of a Grey Mixed Strategy

Theorem 4.8 Commutability of the optimal grey mixed strategy: Assume a grey
matrix game A(®), B(®) satisfies A(®) = «®  B(®)= (a?+ k) " where £isany

l mXn

constant. The relationship between v, (®) and B(®), which are the game values of
A(®), B(®), satisfies Eq. (4.33):

v,(®) = vA(®)+/e (4.33)

The sufficient and necessary condition for (X %, Y ®) to be a grey saddle point of
A(®) is for (X ® ¥ "®) to also be a saddle point of B(®).

Proof:

1. Demonstration of Eq. (4.33). From the theorem of the maximum-
minimum grey game value,® we have

v (®) = max min X®B(®)(Y ®) —max min (ﬂ +k) ©,®
B( ) X%y Bes? (@) Ces®y e 2’;

m n m n
. e ® ® ® ®
= max min E E (d_,)x,)/.-f-/e- E E X7y
X%es®y %es? vty tJ

=1 j=1 =1 j=1

- pin S 3 et

=l j=1

(4.34)

=0 (®)+k

2. Demonstration of the sufficient and necessary condition for (X ©Y®)
being a saddle point of A(®). Because the process is similar to the proof of
the sufficient and necessary condition for a grey saddle point’s existence,!
here we omit it for the limited space.

Theorem 4.9 The sufficient and necessary condition for optimal grey mixed
strategy:

1. Suppose that »(®) is the game value of a grey matrix game A(®), then the
sufficient and necessary condition for X ®to be the optimal grey mixed
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strategy of Player 1 is that
V@ <SEX®Y®), V Y®eS)

2. Supposing v(®) is the game value of grey matrix game A(®), then the suf-
ficient and necessary condition for ¥ "® to be the optimal grey mixed strat-
egy of Player 2 is that

V@ <EX®Y™®), V X%eS?
Proof:

1. Suppose X ®is the optimal grey mixed strategy of Player 1, from
the theorem of the maximum-minimum grey game value,!! we
know there exists the optimal grey mixed strategyY'®such that
E(X%Y'®)(®) < E(X %Y ®),VY®eS holds; that is,

(@ =EXCY)@®)<EX®Y®), V Y®es?

Whereas, suppose X ® satisfies »(®) < E(X %Y ®),VV®e Sz®' According
to the theorem of the maximum-minimum grey game value, there exists
(X' Y'®) such that

EX®YO<EXS®Y®=v(@®<EX"®Y®

Therefore, E(X® Y1®) SEX'®Y'"®) =0(®) < E(X %Y%) and E(X®,Y'®)
SEX®y®)=EX ,Y1®) <SEX®Y®)is true for V X® e8P, V®
€ 87 that is to say, X “is the optimal grey mixed strategy of Player 1.

2. With the same method, supposing that v(®) is the game value of grey
matrix game A(®), we can prove that the sufficient and necessary con-

dition forY ®to be the optimal grey mixed strategy of Player 2 is that
V(@ <EX®Y ),V X®eSP.

Theorem 4.10 Grey game value in grey saddle points: Let (X %Y ®)be a grey
saddle point of grey matrix game A(®), and then

max E(0L, Y ®) =min E(X® [3 =v(®) (4.35)

1<i<m 1<j<n

where 0 is the unit vector whose 7th component’s value is 1 in R” andB is the unit
vector whose jth component’s value is 1 in R”.

Proof: According to Theorem 4.2, we know for any j,1< j<#,there exists
v(®) < E(X*®,B].)>
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so v(®) <m1nE xX® [3 ).
Ify(®)<m1nl<< E(X B ) then o( )<E(X B —12
Therefore, (®) = »(® ) - (2”_1)/]®) <z °B.) _E(X Y ) =0(®).
This contradiction 1nd1cates that v(®) rrun 1< (X ®, ).

With the same method, we can prove that v(®) = max _ E(Ocl, YO

<m

4.4.2 Grey Linear Program Model of Grey Matrix Game

Theorems 4.8, 4.9, and 4.10 provide the grey linear program method with which we
can find the players’ optimal grey mixed strategies.

Theorem 4.11 Grey hnear program model of grey matrix game: Given grey
matrix game G(®) = {S, A(®)} 1f(X ,Y"®)is the optimal grey mixed strat-
egy of the matrix game, then (X™®,Y"®) can be found by solving a grey linear
program problem.

Proof: Withoutloss of generality, assume grey matrix game G(®) = {S,.S, s A®)}
where A(®) = (‘Zg )i

We can find the optimal grey mixed strategy of Player 1, x, ©i=12,.
According to Theorem 4.11, we assume the grey game value of G(®) = {S,.5, A(@)}

satisfies (®) = 0.

Group of inequality:
Zat/ x 2v(®) | Y,=¢; <6, SLi=1,2,..m J=120m
i=1
x© 20 i=12,...,m (4.36)

® _
in - [1,1]"/1=q J<¢; SLi=1,2,...m

=1

has the solution that stands for the optimal strategy for Player 1. Since x/® =
+t@y>%=1,2,...,m, we can transform the group of inequality (4.36) into

m

8 I8, -
2 4% = L, 1]«{, =c, IS¢, <1i=1,2,..m j=12,.m
i=1
i=1 ' v(®) (4.37)
x/%20 i=1,2,...,m
where v(®) = max E(X®, B ) = max min__ X" %%

X®ES® Micjsn x%es® 1<j<n “im1 %t
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Therefore, the problem of finding Player 1’s optimal grey mixed strategy can be
replaced by finding a solution to the following linear program [see Eq. (4.38)]:

. /® /® ®
mm{x1 +x, +---+xm}

m

®_/I® .
Zaif X2 [1’1]7:0 o<, <Lim120m 1L2,...m (4.38)
st = i
x>0 i=12,...,m

Likewise, the problem of finding Player 2’s optimal grey mixed strategy can be
replaced by finding a solution to the following linear program [see Eq. (4.39)]:

max{ %+ y)° +--+ 5%}

7

Zﬂ;)y;(@ <[1L,1] i=12,...,m (4.39)

Yj=¢‘] ,OSCjSl,j=1,2,...,n
R

y£20 F=12,...,n

The proof of Theorem 4.11 is constructive. We can translate the problem of find-
ing the optimal grey mixed strategy of any grey matrix game G(®) ={S, , S, ; A(®)}
into a grey linear program problem.

By the method of finding a solution to the linear program, we can transform
Eqgs. (4.38) and (4.39) into a standard grey linear program problem. Here, we take
the latter as an example; its transformation into a standard form can be seen in

Eq. (4.40) [Eq. (4.38) can be dealt with in the same way.].

max{z} = y;@ 4.40.1
7=1

n

Za® ® _[1,1] i=1,2,...m 4402 (440
i i Py e 080, <1, =125 e U
sty j=1

yE20,j=12..,n 4.40.3

4.4.3 The Concept of a Grey Linear Programming
Model Solution of a Grey Matrix Game

Before discussing how to get the solution of a grey linear programming model of a
grey matrix game, we need to learn the concept of solution of such model.
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Definition 4.15 Grey practical solution: For the grey linear programming problem
of a grey matrix game [such as Eq. (4.8)], we call the solution ¥ ®= (Yl®,Y2®,...,
Y'3®)T,which satisfies constraint condition (4.40.2), the grey practical solution of

this grey linear programming problem. Moreover, the grey practical solution that
maximizes the objective function is defined as the optimum grey solution.

Definition 4.16 Grey radix: For the grey linear programming problem of grey
matrix game é(@) = {Sl S, ,,Zl(®)} [as shown in Eq. (4.40)], if zzl(®) = (af)ﬂxﬂ is
the m X n—dimensional coefficient matrix, the order of which is m; and B(®)=
(ﬂ? ), is the 7 X n—rank nonsingular grey sub matrix, then B(®) = (2® is

ij )mxn
regarded as a grey radix of chis grey linear programming problem. '

From Definition 4.16, we know that grey matrix B(®) = (af)mx” is composed
of m grey column vectors that are linearly independent of each other. To keep universal-
ity, we can assume B(®) as shown in Eq. (4.41):

® ® ®
4, 4, 4,
® ® ®
7 ® a a a ® ® ® ®
B@=(af) =| @ m | =(P% P2 P e, P
ij . . . . J m
mxXm . . . .
2° 2° e 4®
ml m2 mm
(4.41)

Therefore, we can call P®(j=1,2,...,m) the grey radix vector. The grey vari-
able corresponding to it can be called the grey basis variable, or the non-grey-based
variable.

Definition 4.17 Grey feasible basis: For the grey linear programming problem of
grey matrix game G(®) = {S .S, A(®)} [as shown in Eq. (4.40)], we call the grey
basis solution the grey basis feasible solution, and the grey basis corresponding to it

can be called the grey feasible basis.

From the above definitions, we can get a simple structure that depicts the rela-
tionships among solutions of the grey linear programming problem of a grey matrix
game, as shown by Figure 4.4. In the figure, part of the set between the grey practi-
cal solution and the grey radix solution is vivid, while the boundary is not. As long
as the obtained number of all grey numbers in these grey sets is certain, the bound-
ary will be vivid. The relationship among solutions of such grey linear program-
ming problems, shown by Figure 4.4, should be the congruence of solutions of some
whitened linear programming problem, after the grey ones have been whitened.

Theorem 4.12 The feasible domain of G(®)’s linear programming is a
grey convex set: If the grey feasible domain exists for the grey linear pro-
gramming problem of grey matrix gameG(®)={S ,S,; A(®)}, as shown in
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grey practical solution

the grey basis
feasible solution

grey impractical solution

! grey radix
solution

Figure 4.4 The relationships among solutions of the grey linear programming problem.

Eq. 4.42):

_ /® ® /I __ _ /®
D@ ={r"*> Py =11, s g = (L0 S ST (442

=

and there into

® ® ®
ap a4, 4,
® ® ®
y ® a a a ® pH® ® ®
A®)=(af) = = o |=(B®.P8.... P8, P
T ) mxm . . J
a® a® a®
ml m2 mn

then its feasible domain [as shown in Eq. (4.42)] is a grey convex set.24!

Proof: If we want to prove the set composed of all grey points, which satisfies
the constraint condition of linear programming problem as well, is grey convex, we
only need give the proof that a grey point on the line connected by random two
grey points in D(®) is included in it.

® /® _ _ /® .
ij YOI, e i =L 0SYPSLi=1200n (443)

Assume that ¥/"® = (92,922, 9/ Y = (512,505 y/5)T are two ran-
dom points in D(®); Y/® # Y/

Therefore, we have

ZPQJ’;‘? = l]y = 0SeSLj=l2, 0 [1,1],0 < J’/® <lLj=12,..,n

® /® .
ZP Y=L, oo o = LU0 < yS SLj=12,



Grey Matrix Game Model Based on Grey Mixed Strategy ®m 95

Let Y/® (y13 )’23’ ,y:‘?)T be a random point on the connection onI@, Yz@, as
v =a- Y’® +1-w)-Y® (0<a<1)

Each component of Y is Y’® =q- ,? +(1-0)-Y /;9_ Put it into the constraint
j
condition, and we get

Zn,l’@ Y= ZP® oyl +(1-0)-y7 |
Jj=1
:(X.i])j® .yjl ZP® .)/]2 o 2P® .)/]2
j=1

=o-[1,1] +[1,1] —Oc-[l,l]

’Yj1=[]1,0<[]1_1] 1,2,. 7/2=c]2,0<£]2_1] =1,2,. "//»2=cjz,()<£]2_1] =1,2,.

Yj27¢2:05¢,51, =12,

because yP, y'7 20,002 0,102 0,7 =1,2,...,m, 33 20,7 =1,2,...,7
j
Thus it can be seen that y;® € D(®), D(®) is a grey convex set.

4.4.4 Summary

In this section, we have studied the exchangeability of a grey mixed optimum strat-
egy, have given the proof of the necessary and sufficient condition for the existence of
grey mixed optimum strategy, and have drawn a vital conclusion that the grey game
values of Players 1 and 2 are equal. On the basis of these, we have also proved that, for
any grey matrix game problem, we can work out the solution of its grey mixed opti-
mum strategy by working out the solution to a grey linear programming problem.
We have built the structure and system for the solution of the grey matrix game’s grey
linear programming problem based on the theory of grey systems and operations.

4.5 Seeking Solutions of Grey Linear Programming
Model of a Grey Matrix Game

4.5.1 Grey Basis Feasible Solution Corresponds
to the Vertex of a Grey Feasible Domain
Lemma 4.1 The necessary and suflicient condition for the existence of grey basis

feasible solution: Given the grey linear programming model of grey matrix game
G(®)= {51 S, ; A(®)}, as shown in Eq. (4.44), then a practical solution of this grey



96 ®m Grey Game Theory and Its Applications

linear programming problemY e = y1/®, y£®,..., yf)r is a basis feasible solution,
which is that the grey coefficient column vector corresponding to the positive com-

ponent of Y'®is linearity independent.

max{z} = ) 5/ 4.44.1
j=1
® 10 _ _ _
Zaijyj - [1’1]y = 0%c,<Lj=12mm [1’1]®’l =12,....,m 4442
s.t.4 = A

%@2&j=L2qu 4.44.3

Proof:

1. Necessity: We can prove it according to the definition of a grey basis
feasible solution.?!

2. Sufliciency: If grey vectors P1®, P2®,. . .,Pfarc linearity independent, then it
is certain thatk < m.

Theorem 4.13 Grey basis feasible solution corresponds to the grey vertex of grey
feasible domain: Given the grey linear programming model of grey matrix game
G(®) ={S, .S, ; A(®)}, as shown in Eq. (4.44), then the grey basis feasible solution
Y'®of this grey linear programming problem corresponds to the grey vertex of grey
feasible domain D(®).

Proof: To keep universality, we can assume the forward m parts are positive.

Therefore,
® I®_ _
ZP] i = [1’1]‘{].261. 0% <1,j=12,m =[L1g (4.45)
=

Now we will discuss it through two steps, using reduction to absurdity respectively.

1. If Y'® is not the grey basis practical solution, then it will never be the grey
vertex of grey practical domain D(®).

According to Lemma 4.1, we know that, if ¥ /®is not the grey basis feasible solu-
tion, the #-dimensional grey coefficient column vectors P1®’ Pz®,...,Pm®, which cor-
respond to its grey positive component, are grey linear correlated. There is a group
of grey coeflicients, which is not 0 entirely, making:

®p®, L Op® ®Op® _
KITHRT 4tk D, _Oykl,,N{P,],z':l,2,...,m,j:1,2,...,n (4.46)



Grey Matrix Game Model Based on Grey Mixed Strategy m 97

Using a grey number multiple Eq. (4.46) in which u®> 0, then by adding and
subtracting with Eq. (4.45), we can get:

()’1/@_ u®kl®)1)l®+ (yé@_ ®k®) Fe gt (y u®/€m®)])®: 0

m VoY py V=12 m =12,

2+ LRI PE+ (1) 7+ Wk P+ -+ (5 2+ W%k 2) PP = 0

Yy ’Ysz,Yni:l’z" cm, j=1,2,

Now choose:

Yl/®={(yl/®_u®k]®)’(y;® ®k®) ( ®k§),0,0,...,0}

{(7® - 1®k2 ), (7° — 02,512 ~1k2),0,0....,0]

ThroughY®,y/®, we can get Y/®=1y/®+1y/®:y’® is the midpoint of the
connection linked byY'®,y)®.

When p®Is sufficiently small it is can be guaranteed that y/® £p®k® >
0,i=12,...,m; Y'®Y'®are grey practical solutions. Then, Y'®is not the grey ver-

/®
YZ

tex of grey practiclal domain D(®).
2. IfY'®is not the grey vertex of grey feasible domain D(®), then it will never be
the grey feasible solution.
Because ¥ /®is not the grey vertex of grey feasible domain D(®), we can find out
two different points in feasible domain D(®)
T T
Y1/®:(J’/® )’/®"")’1/f) ’ Y2/®=( 1® ’-yln)

11’712 Yo 22’
makng’®—n®Y’® +(1— ®)Y/® 0<n®<1
Assume Y '®is a grey radix feasible solution, and the correspondlng grey. vector
group P, PP,...,P? grey linearity-independent. When j > m, y'®= )/1/]®— J’z/ 0,

because Yl/ Y/ ® are the two grey points of feasible domain, tfley should satisfy
Egs. (4.47) and (4.48):

® —
ZP )’1] [1’1]71’,'#]'/':1,2,‘“,”1 =[L1, (4.47)
j=1 g
ZP]«@ =, =0 (4.48)
j=1

We can get Eq. (4.49) after Eq. (4.47) minus Eq. (4.48):

m

o 1®_ ®)_ _
ZPJ ()llf 'yzf) prj,y),lj,yﬂ/jzl,z,...,m 0® (449)

j=1
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Because Y/® Y/® the grey coeflicient (yl - yz ®) in Eq. (4.49) won’t be 0
entirely. Therefore, the grey vector group P® o Pm® is grey correlated, contrary
to the assumption. ¥/®is not the basis feasible solutlon

4.5.2 The Optimum Grey Game Value Corresponds to the
Vertex of Grey Linear Programming Feasible Domain

Lemma 4.2 The expression of grey vertex for Y®e A®):1f A(®) is a bounded
grey convex set, then any pointY®e A(®) can be expressed by the grey convex
combination of A(®) ’s grey vertex.

Proof: Apply induction to prove:
1. Given a bounded grey convex set A(®) is a grey triangle 4 (®) with three

grey vertexes, as shown in Figure 4.5.

To keep universality, we may assume¥Y"®is one grey point of grey triangle
A (®), shown as Y'®e A (®),and Y® Y® Y® are the three grey vertexes of this
triangle, as shown in Figure 4.5. Try t express grey point Y'"®with the coordinates
of these three grey vertexes.

~ Choose one vertexY ,make a connectionY” ®Y ,and extend to intersect line
Y®Y® with poth Because Y? ., Is a point of connection between Y Y ,we can
use Y, o Y to express lmearlty as shown by Eq. (4.50): ’

=APY®+(1-A%)Y°, 0<A? <1 (4.50)

Because Y"®is a grey point on the connection between Y® and Y%, we get that
Eq. (4.51) is tenable:

L®_ 10 ® ®\ 1 ® ®
Y=y e+(1-22)r% 0<Af<l 451)
7y 4
Y9 L Y
Yis s

Figure 4.5 Triangle’s grey inside point.
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Putting Eq. (4.50) into (4.51), we may get that
Yo =22 (A2 Y0 +(1-22)r2)+ (1-A%)r;?
=AMLY +(1-A2) V2 A% (1-A7 )Y

then ].Lf@ = th?,uz@ =(1- 7\.?),].@@ = 7\.®(1 - 7\.®) and we get that

u1®Y® ]J,1®Y® 1®Y® Zuw@

y =123

=[1,1]5,[0,0]5 <p;® <[1,1]

99

Thus it can be seen, when bounded grey convex set A(®) is grey triangle A] (®)

with three grey vertexes, for any Yi®e A (®), Y'"®can be expressed as the grey

convex combination of 4 (®)’s grey vertexes.

2. Given bounded grey convex set A(®) is a grey quadrangle 4, (®) with four

grey vertexes, as shown in Figure 4.6.

To keep universality, we may assume Y >®as one grey point of grey quadrangle
A, (®), shown as Y*®e A, (®),and Y1® Y® Y® Y®are the four grey vertexes of this
grey quadrangle 4, (®), as shown In Flgure 4. Try to express grey point ¥ *®with

the coordinates of these four grey vertexes.

Choose one grey point in grey quadrangle Y*®e A, (®), make a line rer®

throughY’ 28

Similarly, we can prove,

intersecting with Y ¥y ® on Y5,and Y2y on e

4
—H1®Y®+H2®Y®+H3®Y®+H4®Y® Zu?’®=[1,1]

=[1,1]4,[0,0], <p>® <[L1],

®
® Ys
YA o
® Y
Y13 4
®
Y® Y24
1
®
Y, Y2

¥, i=1,2,3,4

137 24

Figure 4.6 Quadrangle’s grey inside point.
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3. Given bounded grey convex set A(®) is a grey n-polygon with 7 grey points,
the original claim is tenable, as the following formula:

e _ u;;—z,@ Y1® n uz—z,@ Y2® I uz—z,@ Yn®’
4
n—-2,0 __ _ n—2,8
DO =L, [0,0], < <[L1g
=1

4. Given bounded grey convex set A(®) is a grey # + 1 polygon with 7 + 1 grey
points, the original claim is tenable as well.

Assume V" is a grey inside point of A(®), connectY #28 ynb® and extend
Y722 Y intersecting with line Yﬁl ,Yk® on ijl ¥ therefore,

ve,=etre +(1-€?)r2 [0,0], <€? <[L1], (4.52)

n+lk n+l

Thus,

YO =gy 4 (1-2)12

n+l,k?

[0,0], <€3 <[L,1], (4.53)

Putting Eq. (4.52) into Eq. (4.53), we can get:

Y e=ely o (1-e2)(efrE +(1-2f ) V2 )=l Y0 + (1-€)ef v,
+(1-€2)(1-e?)v,2[0,0], <€7,e5 <[1,1],
(4.54)

Putting Eq. (4.51) into Eq. (4.54), we can get:

1 R R A T A T R A L (B s

n+l
+(1-€P)(1-€2 )2
®

_o®
_SZMI

+(1-€2)ely,2 +(1-e2)(1-eP)r?

® ® ® e ® ® e ® ® e ® ® e
Yo+e W Yy +e 0 Yo+ 10, Y+ +E 0 Y T+

_ E?M?Y;a " E?H? Y2® +€(28H(38 Y3® +...+(g;®uf +(1— s‘f)(l—s?))yﬁ +

®,® 1, ®) Oy ®
+eote U Y +(1—82)81Y

n+l

[0,0], <€7,e5,u2 <[L1]g,i=12,...,n+1

(4.55)
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In Eq. (4.55), if we let the coeflicient of YI_®,1' =L2,...,n+1 be ul’?’l’®,l‘ =1,2,.
n + 1 respectively, then we can express Eq. (4.55) by Eq. (4.56):

n+1

n—-1,0 _ n-1,80y,® n—1,80y,® n—-1,0 v,y ® n—-1,0 __
Y WY AN T e T Y Zui - [1,1]71‘ =l
i=1

cey

=[1,1]4,[0,0]y </ <[L1], (4.56)

Thus it can be seen, given bounded grey convex set A(®) is a grey #+ 1 polygon
with 7+ 1 grey point A _ (®), the original claim is tenable as well.
To sum up, the original claim is proved.

Theorem 4.14 The optimum value of grey objective function corresponds to the
vertex of a grey convex set: Given the grey linear programming model of grey
matrix game G(®) = {S,.5,; A(®)}, shown as Eq. (4.44). If its feasible domain
D(®) is bounded, then the grey objective function of this grey linear program-
ming problem is bound to reach optimum on the grey vertex of its grey feasible
domain.

Proof: To keep universality, we can assume Y '®,Y/®,.. Y/ is the grey vertex of
its grey feasible domain. If YO/ ®is not, and the oi)jective function reaches optimum

on it, as
YR C=11. 1)Y= (5%, @\
2y = o 2 T bLesh e =\ o1 Yoz Von

(The standard type is z*® = max{z} = Z;’,zly;@.)
Because YO/ ®is not a grey vertex, it can be grey linearly expressed as Eq. (4.57) by
the grey vertex of this grey feasible domain D(®).

k k
vE=YAXS P20, AC=[L1] 4.57)
i=1 i=1

Yy =12, ok

Therefore,
£

k
c-re=c- Y ey =Y accy; (458)

i=1 =1

We are sure to find out a grey vertex Y/®among all grey vertexes, which can
make y/® the maximum among allY'®. Replace all y/®with Y%, and we get
m 7

k k
Z AECY® < Z ACY®=Cy'®=y'®

i=1 i=1

Then we can get CY/® < CY'®as Y'e<y’®
0 m 0 m
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According to the assumption, C - YO/ ®is maximum, then we can only have
C- Yo@ =CY ,,i®' That is to say, the objective function reaches maximum onY r’i@.

The objective function will reach maximum on several vertexes sometimes. Then
the grey convex combination of these grey vertexes also reaches grey maximum.
Here, we regard such grey linear programming problems as having infinite grey
optimum solutions.

Assume )}1/ ® )}2/ ® ...,Y/®are the grey vertexes when the grey objective function
reaches grey optimum value. IfY "®is the grey convex combination of these grey
vertexes, as

Yirt=12.. ok

A k
ye = le@ﬁ/@, 2D > o,Zx? =[1,1]
i=1 =1

Thus,C-Y'® =C-TLAPY/® =54 APCY/.

AssumeC-Y/®=M,i=1,2,....k;thus,C-Y'®= 2! A% M =M [1,1] = M.

Otherwise, if the feasible domain is unbounded, then it may not have the opti-
mum solution. If it has, it must be on a certain grey vertex. According to the above
discussion, we can get the following conclusion:

_Given a set, composed of all feasible solutions of grey matrix game
G(®)= {S,.S, ;A(®)}’s linear programming problem, it is a grey convex set,
maybe an unbounded domain, it has limited grey vertexes, and then the basis fea-
sible solution of this grey linear programming problem corresponds to a grey vertex
in its grey feasible domain; if it has the optimum solution, it is bound to be gotten
on this grey vertex.

4.5.3 Grey Linear Programming Solution Seeking
of Optimum Grey Game Value

Theorem 4.15 [z_and Rz must correspond to the obtained number of some
grey factors’ units grey number: Given the grey linear programming model of grey
matrix game G~(®)={S1 ,52;121(®)}, shown by Eq. (4.59), then the left extreme
value [z~ of this grey linear programming problem’s grey optimum solution
z;} (min{Zj:1 y;®}), and the right extreme value Rz;) (max{Z;’,:1 y;®}) [as shown In
Eq. (4.11)], is bound to correspond to the obtained number of some grey factors’
units grey number:

z;)= max(z) = 2)/;@ = [Lz*®, Rz(;] =| min Zy;@ , max Z}/;Q (4.59)
= -
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Proof: Given the grey linear programming model of grey matrix game

é(@) =1{5,.5, ;A(@)}, we can transfer it as Eq. (4.60):

z;D: max(z)zz:},j3 :[Lzé,Rz(;]z min Zy;@ ,max Zy;@ 4.60.1
p= =

j=1
agyy +apys +otanyy =L 4.60.2
anye +anys +ootanye =11 4603
agys +anys +otragy, =Ll 4.60.K
S‘t‘ e ss s se s ss s ss s ss s ss s et st st es e an e
agy +agnys ++apy® =11 460.L
ﬂfl)’?"‘”fz)’?"‘"""”fn)’n@:[1’1]@) 4.60.n
yE20,j=12n 4.60.7+1
(4.60)

According to grey curve Egs. (4.60.2), (4.60.3),..., (4.60.n) in Eq. (4.60), we
can draw their corresponding grey curves L1®, L?,...,Li,...[f,...[n@. These curves
compose a grey polygon, as shown in Figure 4.7.

To keep universality, in order to illustrate the problem conveniently, here we
only prove it with a two-dimensional polygon. In Figure 4.7, grey point Pz?® of a
grey convex polygon is composed of the intersection points of grey curve Li,LQLa.
When expressing the grey coeflicient in Eq. (4.60) by the form of standard grey
numbers, we can transfer Egs. (4.60.K) and (4.60.L) into the form of Eqgs. (4.61.K)
and (4.61.L).

(Lakl + (Rﬂkl - L‘lkl)’ykl)}ﬁ@ toet (L‘Zlez' + (Rﬂki - Ld/ei)yla))’i@ +
+e+ (La, +(Ra, — La, )Y, )yS =[11], 4.61.K
(Lay, +(Ray, - L‘ZU)YLI)%@ +e+ (Lay, +(Ray, - LdLi)'YLi).yz‘@ +

teet (LdLn + (RﬂLn - LﬂLn)’YLn).y? = [1’ 1]® 461L
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Figure 4.7 Grey convex polygon sketch map of grey linear programming
problem.

For grey vertex Pf , from Figure 4.7 we know that it is actually a curve, which is a
point set of countless whitenization numbers, formed through the intersecting of grey
curve /% [®. These points continuously distribute on a certain numerical interval.

From Egs. (4.61.K) and (4.61.L), we know for the units grey number 7,
Y,»i=12,...,nof all grey numbers

If the optimum solution z =[Lz, Rz®] of this problem is reached on grey
vertex P , then the left and rlght extreme point values of this problem’s grey opti-
mum solutlon are bound to be determined by the obtained number of units” grey
numbers in Eq. (4.16).

To sum up, suppose there is a grey linear programming problem of grey matrix
game G(®) = {5,.S, ; A(®)} [as shown in Eq. (4.44)]. If its grey feasible domain is
bounded, then the objective function is sure to reach optimum on the grey vertex
of its feasible domain. However, the bounded grey feasible domain D(®) is deter-
mined by the obtained number.

For some grey numbers’ units grey number in A(®), the left and right extreme
point values of this problem’s grey optimum solution must be determined by the
obtained number of some grey numbers’ units grey number in A(®).

Example 4.6. Solve the grey saddle point, based on the meaning of mixed strat-
egies, of grey matrix game G(®)={S, ,S, ; A®)} [and from there into A(®), as Eq.
(4.62) shows]:

A®)=| o 3 1 (4.62)
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min(z,) = min (x1® +x5+ x3®)

(+7,)0% + x5 21
3x5 +2x5 21 4.63)
SEA2XP+ x5 +x9 21,

0<vy,, <1

x?20g,i=12,3
max(zg) = max (y1® +y? +y;®)

(1+Y11)Y1®+2Y§§S1®

3y5 +ys <o (4.64)
s.t. y1® + 2y§) + yf <l

0<vy,, <1

y©20,,j=123

Solution: Transfer this problem into two grey linear programming problems, as
shown by Egs. (4.60) and (4.61).

Aiming at Eq. (4.64), choose grey relaxed variables y§,ys,ye as grey basis
variables, transfer it into a standardized grey linear programming problem, and
search optimization through twiddle iteration by this table.

1
® _
Vi T+7,,

1
242y, (4.65)

vy =%-

y; =0
0<y,, <1

®_ 1
Yoy Yy

_ 2+, (4.66)

2+Y11

5

0<vy,, <1
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. 21+vy,,) 1 2
e e e PR TVl
Y1I +Y11 +Y]1

5]
0<y;<1 3

{0 l} 4.67)
0=yy;<1 "3

y;®=V®')/?:2(1+Y”).f_ 1
2+, 2 200+v,,)
“® o o 21+7vy)

=0, 0=2"T g_¢
Y3 =V Y3 247, ®

The optimum grey strategy for Player 2 is indicated by Eq. (4.67). Obviously,
in Eq. (4.64), the sum of all optimum grey strategies for Player 2 is [1,1], shown by
Eq. (4.68):

3
. . . " 2 1
2=y = [5'1} ! [°'§]+ O =1, oec rimas =V 1le (4.68)

i=1

for grey matrix game G(®) = s, ,SZ;A(@))} land there into A(®) ,as Eq. (4.62) shows].

Because the grey matrix game between Players 1 and 2 is a problem of grey
linear programming, which is mutually dual, from the row of test numbers in
Table 4.3 we can get the grey optimum solution of Player 1’s grey linear program-
ming problem, shown by Eq. (4.66). From Egs. (4.66) and (4.69), we can get the
optimum grey strategy for Player 1, shown by Eq. (4.70):

xP = !
2+ 2y,
® _
X =0 (4.69)
1
®
X2 =—
P2
0<y,, <1
X*®:V®'X®:2+2’YH~ 1 = 1 :I:l l]
! Y24y, 2+2y, 2+7v,, |0<y,<1 L372
X2 =v®x? =0,
KO =8 = 2T 1 Ty, :[i ;] 4.70)
’ P24y 20 24y, [ 2’3
3
zxi@ =11,
i=1

4.5.4 Summary

This section proved two significant theorems: that the feasible domain of é(@)’s
linear programming is a grey convex set and that the grey basis feasible solution cor-
responds to the grey vertex of a grey feasible domain. Based on the proof that any
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Table 4.3 Grey Linear Programming Table Optimization of the Grey
Saddle Point

G 1 1 1 0 0| o
® ® ® ® ® ® e
CB YB b y1 yz y3 y4 y5 y(,
® 1
0 |y, 1 (T+y,)|| O 2 1 0 0 s
0 |y 1 0 3 1 0 110 —
0 |y® 1 1 2 2 0 0| 1 1
-z, 0 1 1 1 0 0 0
Because when0 <y <1, 1+l <1, choose y1® as entering variable, yf as
leaving variable. " o
® 1 2 1
1 y1 vy 1 0 Laatt Y 0 0 -
0 |y 1 0 3 1 0 110 3
0 |yd | 1-- 0 2 2--2 - 0| 1 [1q-—
y6 +y, Iy, Yy, 2 L 1+«{H)
1 -—2-<0 L—+<0
e gt 0 1! 1y By 0 1
Because wgen 0<y, <1,50- 1+1v” )<+, choosey? as entering 0
variable, y " as leaving variable.
1 ® 1 1 0 2 1 0 0
2 1 Lttt Y
=1 3 _ 3 3 3
0 yf’ 2t 2427, 0 0 2+ Yy 242y, 1 2
1__ 1 1-— 1 1 1
1 y2® 2 2y, 0 1 T 2427y 0 2
_ 0 0 -—1-<0 0
z 1 1 L1 _1
® 2 + 2021, Yy, 2021, <0 2

point in a grey convex set can be linearly expressed with the grey vertex of its convex
set, we proved that the grey optimum value of the objective function of the linear
programming for a grey matrix game corresponds to the grey vertex of its convex
set. We also proved that the grey optimum value of it is bound and corresponds to

the obtained number of some grey factors’ unit grey number in grey game matrix
A®) .






Chapter 5

Study of Elementary
Transformations of the
Grey Matrix and the
Invertible Grey Matrix

5.1 Grey Vector Groups and Grey Linear Correlations

5.1.1 Basic Concept of Grey Vectors
and Grey Linear Combinations

Definition 5.1 Grey vector: # X 1 grey matrices are called #-dimensional grey col-
umn vectors, and 1 X n grey matrices are called #-dimensional grey row vectors;
n-dimensional grey column vectors and #-dimensional grey row vectors are together
called #-dimensional grey vectors, and they are also called grey vectors for short.

Definition 5.2 Grey linear combinations: Assume a grey vector group 0L®,Oc?,

® ® ® . . ® _ ® ® ® ® ® _ ® ® .
o o ...,0, in which o7 ={o,007,...,000,...,00 ), o =[Lo, Rou/), 7 =

S e 0L
L2,...,mj=12,...,n are all n-dimensional grey vectors and kl®,/ezcx>,...,/el.®,. .
/ef is a group of grey numbers. If every grey component Yw,yh,ywj,i =1,2,-,m,
j=12,...,nof (x®,06?,/el®i =1,2,...,m meets the conditions, then

®

o y[,,.{/ﬁ@“? +h0S + koo (5.1)

" }Yki’Yarj'

109
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We can say that grey vector 0% can be grey linear represented by the grey

vector group (X?,(X?,...,(l@,...,a‘g

1 m
® ® ®
(VSRR v A o

® . . . . ®
,or 0 is a grey linear combination of o,

Theorem 5.1 Necessary conditions of Ym’V/a"Ym;’iZLZ’“-’m’j:1’2’~--’”

For an arbitrary grey vector o and an arbitrary grey vector group o,

0(?,...,0(?,...,0(3 in which OL;®={OL§,(X?2,...,(X§,... OLl.®n}, if a® can be grey

linear represented by a grey vector group o%,02,...,a%,...,0% that has a
p y g ®y ® ®g p® 1 2 i ”

grey coeflicient group of k7,4, ,....,k ...,k , we can meet the conditions of

Yoir Vi Yoyt = L2 om, j=12,..,m. which is the obtained number of the unit

grey numbers of 0,0, k%i=1,2,...,m.

Proof: To make the proof general, for an arbitrary n-dimensional grey vec-

tor %, a grey vector group 0,0y ,...,0. ,...,0>, and a grey coefficient group

/el® , kz® ey kl,® ees kf , we assume that the obtained number of the unit grey numbers

of this grey coeflicient group meets the conditions that make Eq. (5.1) tenable.
Then we can represent Eq. (5.1) as the form of Eq. (5.2):
k2ol + k0 -+ koo — o =10,0,...,0}

[Lk,, Rk -{[Lot, ,Rot, 1,...[Loi, ,Rou, 1} +...+[Lk,, Rk 1-{[Lo,, ,Rot 1,...,

11° ml’

(Lo, ,Ro 1}—{[Lo,Ro],....[ Lo, Rou 1} = {0,0,...,0}

(Lk, + (Rley — Lk)Y ) - {( Loy, + (ROt — L04, )Y o)
(Lo, +(Ro,, — Low, )Y, )+ -+ (Lk, + (R — Lk )Y, )

{(Lo,, +(Roe, = Lo, )Y, )se-(Loy, +(Ro,, — Lo )y, b=
—{(Lo, + (Rou, = Lov, )Y ) -oo(Loe, +(Ro, — Lo )y, )} = {0,0,...,0}

m

(L + (RE = LE)Y,) (Lo, + (RoL, = LoL,)Y,,0)s o

i=1
(Lo, +(Ro, — Lo, )y, )} —{(Loy, + (Rou, — Loy, )se ... (Lo, +
+(Ro., — La))y,,)} =1{0,0,...,0}

N Lk Lot + Lk, (Rl — L)y

i=1

+ Lo, - (Rk,—Lk)-y, +

ail

+(Rk, — Lk,) - (Rou, — Lo,) Y Yy — (Lo + (Ro, — Loy, |+ +
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| YLk Lo, + Lk (R~ Lk)-,, + Lot, (R, — L)y, +
i=1
+ (Rk, — Lk)-(Ro,,, — Lo, )Y . - Yy — (Lou, + (Rou, — Locn)ym)” =1{0,0,...,0}

If we make Vi, Yoo Youp 0 S VS L0 S ¥, S L0 <y, € Li=1.2,...m, j =
1,2,...,n as the seeking knowledge variables respectively, we can get Eqgs. (5.2.1),
(5.2.2),...,(5.2.n) from the formula above.

N Lk Lo, + Lk, (RE, = Lk) Yy, + Lot - (Rk = Lk,)-Y,, +
i=1

+(Rk, — Lk, ) - (Rou, = Lot,) Yo Yt = (Lot +(Roy — Lo )y, 5.2.1

N Lk, Lot + Lk, (Rk, = Lk}, + Loy, - (Rk, = Lk )y, +

i=1

+(Rk, — Lk, )-(Rou,, — Lov,)) Y, Yy = (Lo, +(Rou, — Lot )Y,,,) 527

where 0S¥, S1,0SY, SLOSY, SLi=L2.m j=12...n

According to the knowledge of linear algebra, we can get the solution by solv-
ing the nonhomogeneous linear equation set (5.2.1)—(5.2.%), which meets the
above conditions.

We can then get the conditions of Yoci”Y/ei"ij’i =1,2,...,m,j=1,2,...,n.which
is the obtained number of the unit grey numbers of OL®,0LZ.®,/@.®1' =L2,...,m.

The grey linear correlation between grey vectors is regulated by some obtained
number conditions. The proof of Theorem 5.1 is constructive, and it explains the
way to solve obtained number conditions for every grey component when the grey
vectors are grey linear correlated.

For a grey vector group (X?,O(?,...,OLZ, ,...,Oti and the grey vector o,
whether 0® can be linear represented by OL?,OL?,. . .,OL?,. ..,Oci) must be decided
in the actual situation. However, when You"Y/ez‘"ij’i =12,...,mj=12,...,n
meets the conditions, 0® must be linear represented or not—there is no the third
choice.

®
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Definition 5.3 N-dimensional basic grey vector group: We call the 7z-dimensional
grey vector group

[1,1] [0,0] [0,0]
[0,0] L1 [0,0]
=] 10,01 |, ¢€=|[0,0] |,... ¢©=| [0,0]
[0,0] [0,0] 1]

an zn-dimensional basic grey vector group, and #-dimensional grey basic group
for short.

Obviously, for an #-dimensional grey vector 0®,no matter what the obtained
number of the unit grey numbers, ¥,,0<7Y, <1,j=12,...,n is any number
between 0 and 1, 0% can be linear represented by an 7- dimensronal basrc grey vector
group; if we assume o =(0”,0f,...,07)", then we get o =ore’ +of

e +- +(X®e®.

Definition 5.4 Equivalent grey vector groups: If every grey vector o,
(i=1,2,...,m) in the grey vector group 0,05 ,...,0, ,...,0L> can be grey lin-
ear represented by the grey vector group [3?,[3?,...,[3?,...,[3?, we can say that
grey vector group OL?,(X?,...,(X?,...,(X? can be grey linear represented by the
grey vector group B?,B?,..., ?,...,B?. If two grey vector groups can be linear
represented with each other, then we say that the two grey vector groups are
equivalent.
®

If grey vector group OL? SOy 5y OL® . OL® can be grey linear represented by grey

vector group B7,BY,. ?,...,B , and grey vector group BY,BY,....B7,...,p% can
be grey linear represented by®gre)(; Vector®group Q?,n?,...,ni . .,T]?, then we can
say that grey vector group o ,0, ,...,0, ,...,0  can be grey linear represented by

grey vector group n?,n?,...,n?,...,n?. This conclusion is called the transitivity
of grey linear representation.

Equivalency of grey vectors groups is a relationship between two grey vec-
tor groups. It is not difficult to prove that there are three properties of the
relationship.

1. Reflexivity: Every grey vector group is equivalent to itself.

Symmetry- If a?,0f, ,Ocl@, L0 is equivalent o B7.B5,....5 ... BY,
then 1 B . ]3® B is equivalent to OL Oc ocl@,...,oci.
3. Transrtivrty Ifoc 0(2 ,...,Oc?,. L0 is equivalentto B, 2 U SN ¢ S

® . ® .® ®

and B7,B5.....57.. ,B: is equrvalent o MM, ,nl »...M,, then
® 8 : ® .® ®

o 500 5., 0 ,...,ocm is equivalent to °,M%,...,n7,..., 7.
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5.1.2 Grey Linear Correlation of Grey Vectors

Definition 5.5 Grey linear independence: For an #-dimensional grey vector group

oc?,ocf,...,oc@,...,ocf, if there is a group of grey numbers k?,kf,...,kl.@,...,/ef

1
that are not zero so that

kol + k0SS + -+ koo =[0,0] =1[0,0], (5.3)

Yoi Vai» =1, 2o

then we say grey vector group o.7,0.%,...,0.,...,0.> is grey linear correlated, or we
say the grey vector group 01,05 ,...,0.7 ,...,00 is grey linear independent.

i

Example 5.1 Grey vector group of,af,0S, asshown in Eq. (5.5)

01 [2,4] [0,0]
of =| [0,0] |,a5 =] [12] |,aF=| [-2,-1] (5.4)
(1 [1,1] 1,31

Because there is a group of grey numbers k° =[-4,-2],k¥ =[1,1,k¥ =[1,1],
we get

kP o + k5 -af + kS -af

=[-4,-2]-{[1,1,[0,01, [T, }" +[1,11-{[2,41,[1,2], [, 1}" +[1,11-{[0, 01, [-2,-11, 1,31}’
= (44 2y )00, +1-{2+2y,,), 1+ v, B +1-00,(=2+7,5,), 1+ 27,3}

= {(=4+27,,),0,(=4 + 27, )} +{(2+2Y,,), (14 Y50, BT +10,(=2+7,5,), (14 27,5

=24 207 + Voo ST+ Yoon T Vo) (24 20y + Ya33))}T
(5.5)

®

5 is O, that is,

In Eq. (5.2), when every component of k- oy + k5 - a§ + k5 -

{224 20Y iy + Y oo ) (1 Yoy + Voizn)r (=24 207 + Y30} =1{0,0,01 (5.6)

to get Eqg. (5.6) tenable, we must get Eq. (5.7) tenable. If we assume that x; =7,
Xy = Yoo1: X3 = Yonrr Xa = Yoo Xy = Vo3 and 0 x; <1,/ =1,2,3,4,5, thenEq. (5.7)
can be expressed as Eq. (5.8):

=2+ 2Y 1+ Vo)) =0

T+ Yg0 + Y3 =0

=2+ 2Y 1t V33) =0

0< YkT’YuZT’YaZZ’Ya32'Ya33 <1
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X, =1-x,
Xy =1-Xx, 5.9
X, =X

0<x <1,i=1234,5

According to Eq. (5.8), we know x,,x,,(0<x,,x, <1)are free variables; once
the values of x;,0<x; <1,i=1,2,3,4,5 meet the conditions of Eq. (5.8), grey vec-
tors a,03,05 are linear correlated.

According to Definition 5.5, we know if a grey vector group is not grey linear
correlated, we call it grey linear independent. This concept can be expressed in

two equivalent ways, as follows:

1. In any grey number group k2, k3,...,k%,..., k% where the vectors are not
all 0, no matter what the obtained number of 7v,;,v,;,0<v,,7, <1
i=12,...,m,j=12,.,nis, Eq. (5.6) cannot be tenable.

2. If we want to get Eq. (5.6) tenable, k%, kY,...,k?,..., k2 must be 0 for all.

It is easier to use the two ways above to prove whether a grey vector group is
linear independent or not.

Example 5.2 Proving that an n-dimensional basic grey vector group ef =
1,0,...,07,e2 =(0,1,...,0),...,e2 =(0,...,0,0)" is linear independent:

Proof 1: For grey numbers k?,k3,...,k%,...,k® that are not O for all, we can get
ke ef +kS e+t kS -e = (k¥ k2,...,k¢) #(0,0,...,0)
So, we can getthat e?,i=1,2,...,m is linear independent.
Proof 2: Assume that grey number group kP, k5,...,k7,...,k° makes
kP -ef + k5 -ef +--+k°-e®=(0,0,...,0 then from k°=0,i=12,...,m,

we can get that k®=k3=k?=---=k>=[0,0]. So €?,i=12,....m is linear
independent.

5.1.3 Theorems about Grey Vectors Grey Linear Correlation

According to definitions of grey vectors grey linear correlation and linear indepen-
dence, we can get some simple and useful conclusions.

1. Any grey vector group that concludes with zero vectors is grey linear
correlated.
2. To a grey vector group of just one grey vector o®, if 0®=0, then the grey
vector group is grey linear correlated; if 0® #0, the grey vector group is
linear independent.
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3. Any extended group of a grey linear correlation grey vector group must be
a grey linear correlation group. That is, if 0(‘13,(12@,...,&1@,...,0(2 is a grey
linear correlation group, afteradding several grey vectors o.° o> ,...,0%
the new grey vector group 0°,0.5,...,0° 0 ,...,0° is grey linear
correlated.

4. Any nonzero partial group of a linear independent grey vector group must
be a linear independent group.

Because it is easy to prove these conclusions, we omit the process of proof here
but we proceed to some propositions that are related to grey vector group grey
linear correlations.

Theorem 5.2 Grey linear correlation of 7-1-dimensional grey vector group: If an
n-dimensional grey vector group

T

o_(® ® ® ®

oy _(411’412""’“1,n—1’”1n) >
® ® ® ® o\ ® ® ® ® o)
o, :(ﬂZI’dZZ""’ﬂZ,nfl’ﬂZn) TETELO :(dml’dmZ""’ﬂm,nfl’ﬂmn)

is grey linear correlated, then the #-1-dimensional grey vector group that is pro-
duced by reducing the last grey component of every grey vector

T T T
®_(® ® ® o_(® o ® ®o_(® ® ®
B _(ﬂn,ﬂlz)...,dl,n_l) B —(421,422,...,412’”71) N _(dml’dmZ”"’ﬂm,nfl)

is also grey linear correlated.

Proof: Because n-dimensional grey vector group 0,05 ,...,07,..., 00 is grey

linear correlated, there is a group of grey numbers £, 4y ,..., k..., kS where

kol + kY oS+ 4 kS -0l =(0,0,...,0) - -
"{ki,’Yw.],z—l,Z,m,m,]—l,Z,...,n

According to the definition, if the vectors are equal, every component of the vec-
tor is equal, and we can get Eq. (5.9):

r T T
® (® ® ® o (& ® ® e (& ® ®
ky -(ﬂll,alz,...,al,ﬁ) +k, '(‘Zz1’”22>---"zz,n—1) +ot k) '(ﬂmpﬂmz’---"zm,m)

=(0,0,...,0) (5.9)

YeiYoujs =125 =1, 2,00 =1
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or
/e1®.B?+k2®_B?+...+/@S-Bi:(o,o,...,())

Vi Yy =125 s j=1, 2,0 =1

For cases where £° k5 ,...,k% ...,k are not all 0, the #-1-dimensional grey vector

group BY,B5.....B7,....pS is grey linear correlated.
Theorem 5.3 Grey linear independence of an 7 + 1-dimensional grey vector group:
If n-dimensional grey vector group 0,05 ,...,0.,...,0 is linear independent,

the n+1-dimensional grey vector group n?,n?,. . .,nl@,. . .,ncj that is produced by
increasing a component to the end of every grey vector is grey linear independent.

Proof: We may use an inverse proof to demonstrate this theorem, hypothesizing
that there is an #-dimensional grey vector group (x?,oc?,...,(x?,. . .,Oci that is lin-
ear independent, and the #z+1—dimensional grey vector group n? ,n? yens ,nl@,. . .,ni
that is produced by increasing a component to the end of every grey vector is grey
linear correlated.

Ifnene,....,n°,....,M5 is grey linear correlated, according to Theorem 5.2, and
if we reduce the last component of n°,15,...,n7,...,n%, we can get the 7-dimen-
sional grey vector group 0,0 ,...,0.,...,0, and therefore this #-dimensional
grey vector group must be grey linear correlated. This is contradictory to the

hypothesis; so the hypothesis is wrong, and the original proposition is right.

It is easy to find that, in Theorems 5.2 and 5.3, the grey component we can
reduce or add is not just the last component, and the number of components we
can reduce or add is not just 1. However, for every vector, the number and the loca-
tion of the grey component we reduce or add must be the same. In this way, we can
extend Theorems 5.2 and 5.3 as follows:

Theorem 5.4 Grey linear correlation of an #—r—dimensional grey vector group: If
n-dimensional grey vector group (xfb,oc?,...,ocl@,...,oci is grey linear correlated,
then the #-r—dimensional grey vector group that is produced by reducing » compo-
nents of every grey vector is also grey linear correlated.
Theorem 5.5 Grey linear independence of an 7 + r—dimensional grey vector group:
If n-dimensional grey vector group o.,0.5,...,0.7,...,0° is linear independent,
then the 7 + r—dimensional grey vector group 1;°,15,...,N%,...,N° that is pro-
duced by increasing » components of every grey vector is grey linear independence.
We can prove Theorems 5.4 and 5.5 in the same way we proved Theorems 5.2

and 5.3.

5.1.4 Summary

In this part, we put forward some concepts of grey vectors, grey linear correlations,
and grey linear independence. We constructed a preliminary theoretical frame sys-
tem of these concepts, and provided a good basis for the study of grey matrix game
models based on grey mixed strategy.
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5.2 Maximum Grey Vector Groups and
the Rank of Grey Matrix

5.2.1 Basic Theorems about Grey Vector
Group Grey Linear Correlations

Theorem 5.6 The sufficient and necessary conditions of grey vector group grey
linear correlations: For a grey vector group that has more than one grey vector, the
suflicient and necessary conditions of this grey vector group of grey linear correla-
tions are that there is at least one grey vector that can be grey linear represented by
other grey vectors.

Proof: Assume that of,af,...,07,...,0> is an n-dimensional grey vector
group (m ( > 2)
If af,af,...,a7,...,0° is a grey linear correlation, there will be a group of

grey numbers k k® .,/el.®,. . .,kf that is not 0 for all, so that

kE ol +kD -0+ + k2 -a® =(0,0,...,0) , (5.10)

Yii 'Yw‘j d=12,..m,j=12,..n

® ®
O(@Ifwe assume that /q@ #1[0,0], then a? =(- Zz) 0(‘28 + (—%)IX? +eeg (_’/:Tg).
So Oc(lx) can be grey linear represented by other grey vectors of this grey vector
group. Generally, in Eq. (5.10), if £° #[0,0], & can certainly be grey linear rep-
resented by other vectors.
If any grey vector (assume as 0(28) in the grey vector group can be grey linear
represented by other vectors, that is, if

OF = k2 0+ 0+ kD ol AR o) et kol
z 1 7 z 7 m

kol kY oS k2 ol (Do RS o) e (5.11)

® ®
+£2.0%=(0,0,...,0)
'Y/e,',“{aﬁ, i=12,..mj=12,..n

where the coefficient of ch.9 is—1=0, then Eq. (5.11) shows that OL1® , 06(29 e O, 0
is grey linear correlated.

Theorem 5.7 Representation method of grey vector group grey linear correlation:

If an n- drmensronal grey vector group o?,0f,...,0,...,a° is linear indepen-
dent, but o, 05 Oc [3 is grey hnear correlated then B® can surely be

rey linear re resented b 0?02, 0., 0, because the obtained number of
grey p y Py

every grey component and their grey coefﬁcrents have to meet some conditions, and
the representation method (grey coefficient) is unique.
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Proof: Assuming that there is a group of numbers £°,£;,....k>,....k>,[® that
is not O for all, where

kE ol + kY oS+ + k208 +1%-B° =(0,0,...,0) _ ,
m m Vi i Yo Ypit = 1,2,.,m,j=12,..n

then we can find that /% #[0,0]. If not, /el®,/e2®, ,kz ,...,/eff will not be 0 for
all, and

® ® ® ® ® ® _
k-0 +ky -0+t k) ocm—(0,0,...,O)MWW:1’2’___!m‘j:1,2!.'_’n

This contradicts the theory that o7,0.%,...,07,...,0> is linear independent.

In thlS Way, we can prove that /® #[0,0], and B® can be grey linear represented
®

by 04065 .., 0 ..., O

Then we will prove that representation method (grey coeflicient) is unique.

Assume that

m*

_ ® ® ® ® ® ®
—{/e1 Otk 0 etk -ocm}

Vi =1 2 =12, ViV =1 215 =12,

(5.12)

|

and
© 4 ={1® 0 +12-0f ++1%-02}
=1,2,.,m, j=1,2,.,n 1 1 2 2 m m

Ypij» =1 ViYVogp =1 20e 7, j=1, 20 m

(5.13)
By subtracting Eq. (5.12) from Eq. (5.13), we find
(k8 =12)- 0P + (kY =12 ) 08+ + (k2 = 12) @2

=(0,0,...,0)

YV ,ij,i=l, 20m, j=1,2,.51m

and because 07,07 ,...,0.7,...,0> is grey linear independent, we get that

B =12 = 0,° =12 =0,k =1 =0,..,k® = [® =

We can find that B® can be grey linear represented by o,a5,...,a7,...,0
and the representation method (grey coeflicient) is unique.

Theorem 5.8 The sufficient and necessary conditions of grey vector group grey
linear independence: The sufficient and necessary conditions of #-dimensional
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grey vector group OL?,OL?,. . .,OL?,...,OC? [shown as Eq. (5.14)] that is linear inde-

pendent are that the determinant rank of the grey matrix A(®) = (Oci8 ,Oci9 ye .,ch)
is O:

T T T
® _ ® ® ® ® _( ® ® ® ® _ ® ® ®
o, —(an,au,...,aln) ,0, —(azl,a a ) seens Ol —(a a a ) (5.14)

222" 2n n1?%n22 > %an

Proof: Necessity: When , 7 =1 the conclusion is tenable; we just have to prove
the situation of #»>2. When (X?,(X?,...,(X?,...,OL? is grey linear correlated, at
least one vector can be grey linear represented by other grey vectors. Assume
that of =& o +47 -0 ... +£5 0.

If we add (—/€2®) times of the second column, (—/€3®) times of the third
column,..., (—kf) times of the 7 column of the grey matrix A(®) to the first col-

umn, we can get the grey matrix A(®) as shown in Eq. (5.15):

® ®
0 4, a,
0 ﬂ® e ﬂ®
AI (®) — 22 n2 (515)
0 ‘lz®n él,i
A® =4 (®
| ( )lyﬂi];;mj,Ogcmjgl,i,]'=l,2,,,.,n | 1 ( )lymj:cm»j,OS[a,-j»Sl,i,j=1,2,...,n
(5.16)
e 0% <L =12,

According to the property of determinants, if the values of determinants of
grey matrices A(®) and 4, (®) are the same, then Eq. (5.16) is tenable.

Sufficiency: We can prove that OL?,OL?,...,OL@

1
fl'Om |A(®)| — 0< <14,7=12 = 0 = 0< <l,,j=1,2 ’
"/mj’fai/’ _[,”vj_ s5hi=L2 . on Yaij’faij’ —[m']'— s j=hL2. . an
We can use the mathematical induction method to prove dimensional 7.
When 7 = 1, the conclusion is surely tenable. Assuming that the conclusion
is tenable to 7z-1-dimensional, we discuss the situation of an #n-dimensional
grey vector group. If there is a 0 vector in z-dimensional grey vector group
® .® 8 ® i. . .
0,00 .., 0L .. .éocn , this greg vector group is a grey linear correlated group. Or
assuming that 2° #0 and 4 #0, then A(®) can be transformed by the grey

dispelling transform of the column to Eq. (5.17).

,...,oc‘f is grey linear correlated

41®1 0 0
B@=| @ b

(5.17)

a> by b
n



120 m  Grey Game Theory and Its Applications

® ®
bzz an
: : - OW =40S4<L 0y j=1,2,000m (5.18)
e . P
2n nn
Because |B(®) . = |A(®)| N =0, .=
Y. =Cuiy V=640 S oty S 1 =1, 2000 Vi =Cai 0 S €y SLinj=1.20m Yaiy

,we can prove that Eq. (5.18) is tenable.

C ii
0L, <10 j=12,.0n
According to induction hypothesis, 7-1 7-1-dimensional grey vectors BS =
® ®\7 ® _(1® ®\T .
(byysensby,) 5B, =(b,,,...,b, )" are grey linear correlated. We find that there

is a group of grey numbers that is not 0 for all so that £BS +---+B2k° =
: . /® ® ®\T

for an n-dimensional gr I gr =(0,b,,,....b

ymisy Oy €12 10T AT dimensional grey vector group B;” =(0,6,,,...,6,,

,...,Bfg =(0,6% .,bﬁ)r, then

20

kEBY -+ k7B =0 (5.19)

Y/,,-j:f;,,'j ,OSf[ijSI iy j=1,2,. . 5m

According to the practical process of dispelling transform from A(®) to B(®),
22
we can find that B?@ = oci.a - ﬂ%afb, and j=1,2,...,n, if we put it to Eq. (5.19).
We can therefore get that B

1 ®
—— Y ka0l kY0 e+ kD o =(0,0,...,0 4 ‘
ﬂ“ L g n n Vi Vi 1= 120 moj =12, m
=2

Because /ef,...,k;g,...,kf are not all 0, the formulas above prove that ocf’,

® ®

[ N o ..,(xf are not grey linear correlated.

Inference 5.1 The sufficient and necessary condition that #-dimensional grey
vector group OL1®,OL(28,. . .,OL?,...,OL? [shown in Eq. (5.14)] is linear independent is
that the value of the determinant of grey matrix A(®) = (06(18,0(?,...,0(;8,. ,0®)
is not 0.

n

Inference 5.2 For m n-dimensional grey vector group Ocix),(x?,...,oc?,...,(xi

(m < m), if there is an m-order non-[0,0] subdeterminant in grey matrix
A(®)=(OL?,OL?,...,OL?,...,OL”@), the grey vector group OL?,OL?,...,OL?,...,OL? is
linear independent.

The conclusion of Inference 5.2 can be proved by Theorem 5.8 and its properties.

Theorem 5.9 Grey linear correlation of the grey vector in which the number of
gray vectors is larger than the dimensional number: An #-dimensional grey vector
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group in which the number of grey vectors is larger than 7 must be the grey linear
correlation grey vector group.

Proof: We just need to prove that the grey vector group that is composed
by n+1 n-dimensional grey vectors is grey linear correlated. Assume that
®_(® ® OV O - ® ® ®\T ® _(® ® ® \T
O = (), @y, )50 = (s @y,) 5o Oy = (@0, ety ) IE
we add a zero component to the end of every grey vector, we will get n+ 1 7+ 1-

L ®_;® ® ® T ~I®_ [ ® ® ® mT
dl/glensmgal g(r;y vecto(;s o, = (a)),a55..a,,,0)" 00" =(a,,,a,),...,4,,,0)" ...,
anJrl = (dnJrl,I’ﬂnJrI,Z” . ”ﬂnJrl,n’O) .

For A’(®)=(oc{®,oc/2®,---,(xffl), we can get that |4 (®)|=0. According to
Theorem 5.8, we find that (x{®,(x/2®,...,ocl’.®,...,ocﬁl
aed. Because o/” has just one more zero component than O, we prove that
laed. B o, has j p han o p h

® ® ® ® . . .
0,0 5.5 0L 5.0, 00 is also a grey linear correlation.

i

is grey linear corre-

Theorem 5.10 Grey linear correlation between grey vector groups: If grey vector group

0(?,0(?,...,0(? can be grey linear represented by grey vector group B?, (29,..., ?,
and 7>, then o”,0),...,0" is surely a grey linear correlation group.
Proof: According to the known conditions, we assume that
o = kiBy + SR o+ 4SBT
o = kY + kBT + o+ kBT (5.20)

o = kSBY + SRS+ EIBY
Grey coeflicients in Eq. (5.20) are composed of 7 s-dimensional grey vectors:

B (®)=(kS.kS 2

11>7122°

) B, (@)= (kS

21272200

) B (@)= (k2D

r127%r22° "

For r > s, this group of coeflicients is grey vectors linear correlated; that is, if
there is a group of grey numbers ql® ,q2® ,...,q?, then

4B (®)+4;B,(®)++4B (®)=0 _ (5.21)
iV 5 =1 2

So we can get Eq. (5.22)

gy 0y + 4505 + o+ gl o]

(B0 KBS ot KD ) g (B0 KBS s K07

=(gPk® + g2k 4+ g2k B + -+ (qPhS + g2k + -+ g7k )B°
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According to Eq. (5.21), if the grey coefficients of B?,B?,...,B? in Eq. (5.22)
are all 0, then

®

® .8 _
T+t g707 =0

® ,® ®
qlal +q2a r YoiYoiri=12s o7
giVoir =050

4045 . q° arenotall 0, s0 0,05 ,...,07 is a grey linear correlation.

Inference 5.3 Grey linear independence between grey vector groups: If grey vector
group 0,05 ,...,0." is linear independent and it can be grey linear represented by
grey vector group By ,BY,....p7, then we can get that r <.

Inference 5.4 Numbers of grey vectors between equivalent grey vector groups:
The number of grey vectors is the same as the number of equivalent grey linear
independent grey vector groups.

Proof: To make the proof general, assume that o, 05 ,...,0.° and B7,87,...,p°
are both grey linear independent grey vector groups, and they are equivalent.
According to Inference 5.3, we know that < sand s <7, so, r=s.

5.2.2 Grey Vector Groups and Grey Rank of a Grey Matrix

Definition 5.6 Maximum grey independent group: If a part of grey vector group

OL?,OL?,,,,,OLJ@, which is assumed as OL?,OL .,ocf, meets that (1) o®,0.® o®

200 10 Wigoee Uy,
) ) . ® ,® ®

is grey linear mdependené, an@d ) every grey v%ctor of a,0,...,0; can be grey
linear represented by o ,0,,...,0, , then o ,0;,...,0 is a maximum grey
. . ® " ® ® -
linear independent group of grey vector group o, ,...,0, or grey maximum

independent group for short.

A maximum grey independent group of a grey linear independent vector group
is the grey vector group itself. If every grey vector of a grey vector group is a zero
vector, this grey vector group has no grey maximum independent group.

According to Definition 5.6, a grey vector group and its grey maximum inde-
pendent group are equivalent.

Example 5.3 Assuming a three-dimensional grey vector group

of =([1,21,0,0),05 = (0,[2,41,0),a5 = ([1,2],[-4,-2],0)

where o, af are grey linear independent, and

{(1 + Yfgﬂ) ’ (_4 + 27?32) / O} - {(1 Yo 1) 0, 0} B {0’ (2 * 2Y§22) ! O}
{ (5.23)

(1 + 7531) ’ (_4 + 2Ya®32) ’ O} = {(1 + 731 1) ,(—2 - 27522) ’ 0}
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According to Eq. (5.23), when v&,, =v&,, and v5,, =1- Y5, S can be grey-
linear represented by o,af, then o, a5 is a grey maximum independent
group, and o, af and of,a are grey maximum independent groups.

Example 5.3 shows that the grey maximum independent group of a grey vector
group is not definitely unique. However, any two maximum independent groups
of the same grey vector groups are equivalent with the former grey vector group;
according to transitivity of equivalence, these two maximum independent groups
are equivalent, and they have the same number of grey vectors.

Definition 5.7 Rank of maximum grey vector group: The numbers of grey vectors
in the maximum grey independent group of a grey vector group is called the grey
rank of the grey vector group (or grey rank number).

Theorem 5.11 Rank of equivalent grey vector groups: Equivalent grey vector
groups have the same rank.

PI‘OOfZ Assume a grey vector group

a’,0f,...,0f (5.24)

and a grey vector group

2BY BT (5.25)

are equivalent. We also assume 0( 0%
group of Eq. (5.24), and Bﬂ, Do Bj[ is the maximum grey independent group
of Eq. (5.25). Because (x 0(12, ,ch is equivalent to Eq. (5. 24) Eq. (5.24) is
equivalent with Eq. (5. 25) and Eq. (5.25) is equlvalent to B ]2, ?. With
the transitivity of equivalence, we can find that (le’(x'zZ’ ,Oc is equlvalent to

® - . .
ORI A the maximum grey independent

B%,B?Z,. . .,B?}. And because they are a grey independent group, they will have the
same number of grey vectors—that is, » =/. The ranks of Eqs. (5.24) and (5.25)
are also the same.

We will put out the concept of grey matrix grey rank. Assume an 7 X n grey
matrix, shown as Eq. (5.26). Every row of grey matrix A(®) is an n-dimensional
row vector. Shown as Eq. (5.27), then 0.°,05,...,0.% is the grey row vector group
of the grey matrix A(®)

® ®
ap, a, e a,
® ® ®
a a a
A®)=| Bt "2 2 (5.26)
ﬂ® ﬂ® ﬂ®
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® _ ® ® ®
o, —(a“,alz,...,am)

@_(® ® ®
o, _(”21’422"""12n) (5.27)
e_(® ® ®
am_(ﬂml’ﬂMZ""’dmn)

In the same way, every column of grey matrix A(®) is an m-dimensional col-
umn vector, and these 7-dimensional column vectors are called the grey column
vector group.

Definition 5.8 Grey row rank and grey column rank: The grey rank of a grey row vec-
tor group of grey matrix A(®) is called a grey row rank of A(®); the grey rank of a
grey column vector group of grey matrix A(®) is called a grey column rank of A(®).

Definition 5.9 Grey determinant rank of A(®): The maximum order of a non-
zero grey subdeterminant of grey matrix A(®) is called a grey determinant rank
of A(®).

The grey determinant rank of a zero vector is 0.

Theorem 5.12 Grey row rank, grey column rank, and grey determinant rank: The grey
column rank and the grey determinant rank of any grey matrix A(®) are the same.

Proof: If A(®) =0, the theorem is tenable, because grey column rank and grey
determinant rank of A(®) are both 0.

Assume that A(®) = (af)mx” is a nonzero grey matrix, and the grey determi-
nant rank of A(®) is r. Then the value of one of the grey r-order subdetermi-
nants in A(®) is not zero, and any other values of the grey subdeterminants that are
higher than 7 order are 0. So we assume values of the left upper angular 7-order grey
subdeterminants are not 0; that is,

® ® ®
a, a, 4,
® ® ®
d a e ﬂ
— 21 22 2.
D(®)= | ? : UL FOY 05y 900,512, (5.28)
® ®
ar] ﬂrZ arr
® ® ®
) 4, 4
D(®): ® ® ® 3i=1)2)‘--)m (529)
a a a .
rl r 7j
a. ﬂ.® a
il ir i
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BY,BY,....BY is the grey column vector group of A(®), and we will prove that
forward columns of the rth column B?,B?,. . .,B? of D(®)in A(®) make up the
grey maximum independent set of grey column vectors in A(®).

Because D(®) # 0 [shown in Eq. (5.28)], according to Inference 5.2 of
Theorem 5.10, we obtain that B7,B5,....° is linear independent. We will
then prove that any column [3® of A(®) can be grey linear represented by

2.BY,...BY. In order to prove ! that, we just need to prove that any B (j>r)
from backward n — r columns of A(®) can always be grey linear represcnted
by B7.B3..B-

Let us consider 7 + 1—order determinant, shown in Eq. (5.29), when i = 1,2,...,7,
and tworowsof D, (®) are thesame; hence, D, (®)=0. When i =r+1,7+2,...,m,
D, (®) is an 7 + l-order subdeterminant of A(®), and we can get D, (®)=0.
Now we can expand D, (®) according to the last row, if we sign the algebraic
complement value of grey elements 4 ,4,...,a. in D, (®) as k°,k,....kY, and
then pay attention to the algebraic complement of grey element af in D, (®),
which is shown in Eq. (5.30). Hence, we get Eq. (5.31). If D, (®) =0, we can make
Eq. (5.32) tenable.

) a,

(_1)r+1+r+1 — D(®) (530)
8

D, (®) =kay +--+k’a; + D(®)-a; (5.31)

kPag +-+k’a; + D(®)-af =0,i=12,...,m (5.32)

According to the construction of D, (®), when j is fixed no matter how we
change i, k%, kY ...,k in Eq. (5.32) are always constants that have no relationship
to i. Hence, we can get Eq. (5.33) tenable.

T T T
® ® ® o ® ® ®
k (411’421’ ‘Zml) +k2 (‘le’ﬂzz’ dmZ) +"'+/€r (‘er’”zr""‘l ) +

+D@)(a2 a8 .a%) =(0,0.....0)"

Y ais Y b OSY gis Y ps SLi=1ior =1, r

then

kEBY + kBT +--+ k7BY + D(®)-BT = (0,0,...,0)" |

Vi Ve OV i Vg SLo =7, 55,
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Because D(®) # 0, according to Eq. (5.33), we know that B? can be linear rep-
resented by B7,B5,....5°.

In this way, we prove that BY,BY,...,B7 is the grey maximum independent
group of the grey column vector set of A(®). Hence, the grey column rank of
A(®) is r, which is equal to the grey determinant rank of A(®).

We can prove that the grey row rank of any grey matrix A(®) is the same as the
grey determinant rank in the same way. So grey row rank, grey column rank, and grey
determinant rank of A(®) are the same number, and we can get Definition 5.10.

Definition 5.10 Grey rank (AR of A(®): For a grey matrix A(®), we define its
grey row rank (grey column rank or grey determinant rank) as the grey rank of this
grey matrix, denoted (A)R.

According to the above analysis, for any grey matrix A(®):

Rank (A)R =grey row rank of A(®) = grey column rank of A(®) = grey
determinant rank of A(®) (5.34)

The continued equality form of Eq. (5.34) opens lots of ways to get the rank of
a grey matrix, it provides a way to solve the problem of getting the rank of a vector
group using grey matrix rank, and it can also be used to determine the grey linear
correlation of a grey vector group.

Let us think of a practical way to get the grey rank of a grey matrix. Under
simple conditions, using grey row rank, grey column rank, or grey determinant
rank to get the grey matrix rank numbers is convenient and feasible. If there are too
many grey elements and few of them are 0, it will be diflicult to solve the problem
in the above way. Theorem 5.13 provides the theoretical basis of practical solutions
to solve grey rank of the grey matrix.

Theorem 5.13 Elementary transformation of A(®) will not change (A)® : For any
grey matrix A(®), if we do elementary transformation to A(®), the grey rank (AR
of A(®) will not change.

Proof: We just need to prove that after one elementary transformation the new
matrix has the same grey rank as the rank of the former grey matrix. To make the
proof general, we can prove it with row transformation.

Assume that after a row elementary transformation, grey matrix A(®) is
changed to grey matrix B(®). If the elementary transformation is a multiplying
transform, the grey row vector group of A(®) and the grey row vector group of
B(®) are equivalent, and hence their grey row rank are the same; that is, they have
equal grey ranks. If the elementary transformation is a row dispelling transform,
such as adding £® times of the second row to the first row, then if the grey row vec-
tor group of A(®) is

yeens O (5.35)
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and the grey row vector group of B(®) will be

of +£%5,05,...,0°0 (5.36)
It is easy to find that Egs. (5.35) and (5.36) are equal, so grey rank (A)® = grey
rank (B)R.
The situation of column elementary transformation is totally the same with row
elementary transformation.

Inference5.5 Elementary transformation of A(®) will not change (A)®: Assuming
an m X n grey matrix A(®), to any m-order grey inverse matrix P(®) and an n-
order grey inverse matrix Q(®), we can get that

grey rank (A)R = grey rank (PA)R = grey rank (QA)R = grey rank (PAQ)R

The sufficient and necessary conditions that 7-order grey matrix A(®) is invert-
ible is that A(®) can be represented as the product of some elementary grey matrices.
So there must be a grey elementary matrix P1® , P2® reeos R® where P® = P1®Pz® .. .R®.
In this way, PPA®) = P1®P2® .. .R®A(®), which is equal to having s times of ele-
mentary transformations, and the transformations will not change the grey rank
(AR of grey matrix A(®). Grey rank (PA)R = grey rank (A)R.

We can prove that grey rank (QA)R = grey rank (AR, grey rank (PAQ)R = grey
rank (A)Rin the same way.

The grey rank number (AR of grey matrix A(®) is just the occurrence number
of 1, which appeared in the standard form of the elementary transformation of A(®).

Example 5.4 Solve the grey matrix A(®) that is shown as Eq. (5.37).

[1,2] 0 0
A®) = 0 [2,4] 0 (5.37)
21 [-4-2] O

Solution: Change all the grey numbers of Eq. (5.37) to the standard form, shown
as Eq. (5.38).
After the elementary transformation, we can get the standard form of A(®),

shown as Eq. (5.39). We can therefore get the grey rank of A(®); that is, (AR = 2.
1+ an) 0 0
A®)=| 0 (2+2v2,) o (5.38)
(1 + 7331) (_4 + 27?32) 0
1 0 O
A®=l 0 1 0 (5.39)
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To sum up, according to the definition of the grey matrix grey rank number,
to a m x n grey matrix A(®), we know that the grey rank (AR < min{m, n}. That
is, the grey rank of the grey matrix will be less than the number of its row and
column. We call the grey matrix in which the grey rank number is equal with the
row number the grey full-row rank matrix; we call the grey matrix in which the
grey rank number is equal with column number a grey full-column rank matrix;
and we call the grey matrix that has no full rank the grey order reducing
matrix. It is easy to find that the grey full-rank matrix is just the grey invertible
matrix.

5.2.3 Summary

This section proved the sufficient and necessary conditions of grey vector group
grey linear correlation; constructed a representation method of grey vector group
grey linear correlation; put forward the concepts of rank of maximum grey vector
groups, grey row ranks of grey matrices, grey column ranks, and grey determinant
ranks; and proved that the elementary transformation of the grey matrix A(®) will
not change grey rank (A)®. Hence, this part of the book provided a solid foundation
for the study of a grey matrix game model based on grey mixed strategy.

5.3 The Elementary Transformation of the Grey
Matrix and Its Grey Invertible Matrix

5.3.1 The Elementary Transformation of the Grey Matrix

Definition 5.11 The elementary transformation of the grey matrix: For a grey
matrix A(®), there are three kinds of transforms, which are called |, ||, and |||
elementary row (column) transformations of the grey matrix:

1. Using nonzero grey number multiples of a row (column) of the grey
matrix

2. Adding some number of times of a row (column) to another row
(column)

3. Interchanging two rows (columns) of the grey matrix with each other

The first elementary transformation is called a grey multiplying transform, the second
elementary transformation is called a grey dispelling transform, and the third elemen-
tary transformation is called a grey interchanging transform. All three kinds of elemen-
tary transformations are called elementary transformations of the grey matrix.

After the elementary transformation, a grey matrix will be changed to another
grey matrix. We call the grey matrix B(®) that is gotten by using elementary
transformation of grey matrix A(®) the equivalent grey matrix of A(®), signed
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as A(®)= B(®). To a nonzero grey matrix A(®), the number of equivalent grey
matrices of A(®) is infinite.

Theorem 5.14 A(®) can be changed to a standard form: Any grey matrix A(®)
can be changed to the form of Eq. (5.40) after the elementary transformation,
where 1% =[1,1],0® =[0,0]

1®
1®
C(®)= 0® (5.40)
0@
1® 0% 0%
0® b® e
B®)=| " - 2 (5.41)
0° by, o by,
1® 0® 0°® 0%
0® 1 0® 0%
D@)=| 0 0° & - &2 (5.42)
0% 0% CSS cfn

Proof: If A(®) is a zero matrix, it has been in the form of the grey matrix
(r=0), shown as Eq. (5.40). Otherwise, we have to make nonzero grey element o ®
in the first row and the first column of the grey matrix by using the grey interchang-
ing transform of the rows and columns. Then, multiplying L to the first row to
change grey element 4 ®_ which is in the first row and first column (1,1) to [1,1]
(or signed as 1%). After some proper dispelling transforms of rows and columns, we
can change the form of the matrix to the form shown as Eq. (5.41).

If 171.]@ (i=12,---,m;j=12,--,n) are all 0, then B(®) is the grey matrix form
(r=1) of Eq. (5.40). Otherwise, do some familiar elementary transformations in the
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2—m rows and 2—7 columns of B(®); that is, change the nonzero grey element in
(2,2) to 1°. After some proper dispelling transforms, we can change other nonzero
elements of the second row and second column to 0%. We should pay attention that
these elementary transformations do not change the value of the first row and first
column. We have changed the form of A(®) to the form of Eq. (5.42) until now.

If we go on, we can get the form of the grey matrix as the form in Eq. (5.40).

The grey matrix C(®), which changes into a new form after elementary trans-
formation of A(®), has the same form as Eq. (5.40), where C(®) is called the grey
standard form after the elementary transformations of A(®). We will then prove
that, in the grey matrix standard form, the number 7 of 1° in the grey matrix is
uniquely determined by grey matrix A(®).

Definition 5.12 Unit grey matrix: For a grey matrix £(®), the elements in its diago-
nal are all 1%, and other elements are all 0®. We can call £(®) a unit grey matrix.

Definition 5.13 Elementary grey matrix: After the elementary transformations of
rows and columns, the new matrix of unit grey matrix E(®) is called an elemen-
tary grey matrix.

Obviously, elementary grey matrices are all grey square matrices. We can get
an elementary grey matrix after some elementary transformations of £(®). Three
elementary transformations corresponding to the three elementary grey matrices

are shown as Eqs. (5.43), (5.44), and (5.45), respectively.

1®

1@

PEARED =] . . RS L | row(k® #0) (5.43)

1@

1®

-th
S A A

P23, jlk®]) = s (5.44)

® .
1 7" row
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_1® }
1®
0° .. .. 1% | row
1®

P, j)= : :

1 L 1T L ow
0®
1®
1®

(5.45)

In three kinds of elementary grey matrices, P®(i[£®]) is the elementary grey
matrix by multiplying 4% to the ith row of £(®) (or multiplying 4% to the ith col-
umn), and it is called a grey multiplying matrix; P (i, j[£®]) is the elementary grey
matrix by adding 4% times of the jth row to the ith row (or adding 4® times of the
ith column to the jth column), and it is called a grey dispelling matrix; P (7, ;) is the
elementary grey matrix by changing the 7th and jth rows with each other (or changing
the ith and jth columns with each other), and it is called grey interchanging matrix.

Theorem 5.15 A(®) can be interchanged with the standard form: Using an
elementary grey matrix to left multiply grey matrix A(®) is the same as doing
some proper elementary transformations of rows; using an elementary grey matrix
to right multiply grey matrix A(®) is the same as doing some proper elementary
transformations of columns.

Proof: From Definition 5.13, we have three kinds of elementary grey matrices.
According to these three kinds of elementary grey matrices, we can prove respec-
tively the following:

1. Using an m-order multiplying grey matrix P2 (i[k®]) to left multiply grey
matrix A(®) .~ enlarges the ith row of A(®) £® times; using an »
order multiplying grey matrix P2(i[k®]) to right multiply grey matrix
A(®), ., enlarges the ith column of A(®) £® times.

2. Using an m-order dispelling grey matrix P®(i[£®]) to left multiply grey
matrix A(®),  adds £® times of the jth row of A(®) to the ith row;
using an n-order dispelling grey matrix P®(i[k®]) to right multiply
grey matrix A(®) ~ adds £® times of the ith column of A(®) to the
jth column.
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3. Using an m-order interchanging grey matrix P2 (i[k®]) to left multiply grey
matrix A(®)  exchanges the ith and jth rows with each other; using an
n-order interchanging grey matrix P2(i[k®]) to right multiply grey matrix
A(®), ., interchanges the ith and jth columns with each other.

Therefore, using an elementary grey matrix to left multiply grey matrix A(®)
is the same as doing some proper elementary transformations of rows; using an
elementary grey matrix to right multiply grey matrix A(®) is the same as doing
some proper elementary transformations of columns.

According to Theorem 5.15, a row (column) elementary transformation of
A(®) can be seen as the same as left (right) multiplying a proper elementary grey
matrix to A(®).

We have to pay attention to the effect of elementary transformation that dispel-
ling grey matrix P, j[/e®]) left or right multiplies with a grey matrix is not the
same as to the row and the column. The change of left multiplication is the 7th row
and the change of right multiplication is the jth column.

Definition 5.14 Grey determinant |A(®)|: The determinant that is constructed
by elements of an #-order grey square matrix A(®) that stays in the former posi-
tion is called the determinant of grey square matrix A(®), grey determinant for
short, signed as |A(®)| or det A(®).

Taking a grey determinant can be seen as a kind of calculation. According to
the property of determinants, we know that to any z-order grey square matrix
A(®) and its grey constant ke, Egs. (4.46) and (4.47) are established.

| AT (®)|=|A®) (5.46)

[£® - A(®)|= (£®)" |A®)| (5.47)

Lemma 5.1 Dispelling transform of grey square matrix cannot change the value of
the determinant: If after many times of grey dispelling transforms (including row
transforms and column transforms) the grey square matrix A(®) is changed to
grey matrix B(®), then |A(®)|=|B(®)|.

Proof: From Definition 5.13, we know several times of grey dispelling
transforms of A(®) is to add several times of some row (column) to another row
(column); in this way, we get the grey square matrix B(®).

According to the property of grey determinants, if we add several grey number
times of a row (column) of a determinant to another row (column), the value of the
determinant will not be changed.

Because of this, we know that the value of the grey determinant that is con-
structed by A(®) is the same as the grey determinant that is constructed by
B(®); thatis, |A(®)|=|B(®)|.
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Lemma 5.2 By using grey dispelling transforms of the row or column, we can
get an upper triangular matrix of A(®): Any grey square matrix A(®) can be
transformed into an upper triangular matrix by using a grey dispelling transform
of the row or column.

Proof: Assume that A(®)= (df)nm. If aﬁ #0%, we can do some proper grey
dispelling transforms of the row to transform the grey elements in the first column
to 0%, expecting the grey element in the position of (1,1).

If aﬁ =0% and grey elements of the first column of A(®) are not all 0% and if
we add a row in which a nonzero grey element of the first column to the first row,
we could make sure that the element in the position of (1,1) is not 0%. We could
add some proper times of the first row to all other rows, and in this way we can
make sure that the elements in the first row that are in the position of (1,1) are all
0%. After some proper grey dispelling transforms, A(®) can be transformed to the
form that is shown in Eq. (5.48).

We could do some proper grey dispelling transforms to other 2—7 rows of A(®)
in the same way and change A (®) to the grey matrix in which every grey element
below the position of (2,2) in the second row is 0°%.

Continuing grey dispelling transforming of the row, we can transform A(®)
to the grey upper triangular matrix that is shown in Eq. (5.49). In Eq. (5.49),
df =c,..., and we cannot eliminate the possibility that some elements in the

1100
leading diagonal are 0°.

‘h ‘1 Cln
0% & &
A (®)= i %2 2.” (5.48)
0% 0?2 cfn
dy *
d®
D(®) = 22 ] (5.49)
: -

In the same way, we could transform a grey matrix to a grey upper triangular
matrix by dispelling transform of the column, but we must do it from the last row.

Theorem 5.16 The determinant on the product of any two grey square matri-
ces is equal to the product of the determinants of two grey square matrices:

Assume that A(®) and B(®) are both z-order grey matrices, then we get that
|A(®) - B(®)|=|A(®)|-|B(®)|.
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Proof: According to Lemma 5.2, there must be the grey dispelling matrix
P (®),7 (®),...,P (®) that could make Eq. (5.50) tenable:

P (®)-P, (®)F (®)A®)
4 -

®
dZZ

=D(®)= : (5.50)

B(®)Q, (®)-+-Q,(®)Q, (®)
fT *
®
- F(®)= fa (5.50)
: P
From Lemma 5.1, we know that |A(®)|=|D(®)|=4d, d;,---d> and B(®)|=
[[F@)= £7 s+ fon-
According to Egs. (5.50) and (5.51), we get that Eq. (5.52) is tenable.
P (®)--P (®)F (®)A®)B®)Q, (®)--Q,(®)Q, (®=D®)F®) (552
If we sign that H(®)=D(®)F(®), then H(®) is a grey upper triangular
matrix, and we could get that Egs. (5.53) and (5.54) are tenable:
difiy *
)
H(®)= D®)F(®)= Dafn (5.53)

® r®
d}mﬁm

P (®)---P, (®) (®)A(®)B(®)Q, (®)---Q,(®)Q, (®) = H(®) (554

This explains that the grey matrices A(®) and B(®) can be transformed to H (®)
by grey dispelling transformation. Hence, we can prove that Eq. (5.55) is tenable.

|A(®)B(®)|=|H(®)|= c2d®c2d® ... 2d% = (c‘ﬁci c® )(dﬁdg---dcx))

1177117227722 nn’ nn nn nn
(5.55)
=|A®)||B(®)]
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5.3.2 Grey Invertible Matrix

Definition 5.15 Grey invertible matrix: For an #-order grey matrix A(®), there is
an n-order grey matrix B(®) that could make

A(®)B(®) = B(®)A(®) = £(®) (5.56)

This means that A(®) is a grey invertible matrix, B(®) is called the grey invert
ible matrix of A(®); B(®) is called the grey invertible of A(®) for short. If we
cannot find a grey matrix that could make Eq. (5.56) tenable, we will say that
A(®) is an irreversible matrix.

It is easy to prove that any elementary matrix can be inverted, and the invertible
matrix of every grey elementary matrix is an elementary matrix that is the same type
as the former grey matrix. The grey invertible of P23[k®) is P® (z'[l%@]), the grey
invertible of P® (i, j[/e®]) is P%(i, j[—k®]), and the grey invertible of P2, 7) is itself.

A grey invertible matrix must be a grey square matrix. Generally, we do not dis-
cuss the invertible matrix of a nongrey square matrix. For grey invertible matrices,
we draw the following conclusions:

1. Because A(®) and B(®) are symmetric in the definition, if A(®) is invert-
ible, its grey invertible B(®) is invertible, and the invertible matrix of B(®)
is A(®). We can say that A(®) and B(®) are invertible of each other.

2. 'The grey invertible of a invertible grey matrix is unique. If B(®), C(®) are
both invertible grey matrices of A(®), then

A(®)B(®) = B(®)A®) = E(®), A®)C(®)=C(®)A®)=E(®)
SO

C(®)=C(®)E(®)=C(®)(A(®)B(®)) = (C(®)A(®))B(®)

= F(®)B(®) = B(®)

Because of this, we can prove that the grey invertible matrix is unique.

After we prove the uniqueness of the grey invertible, we can sign the
invertible grey matrix of A(®) as A(®). Accordingly, A(®) and A7(®)
are invertible of each other, and we could make the conclusion that
If A7(®) is invertible, then (A(®))'= A(®) and
4. If n-order grey matrix A(®) and B(®) are invertible, then A(®)B(®) is

invertible and (A(®)B(®))"'= B1(®)A(®).
In fact,

b

(A®)B®)(B(®)A(®)) = A®)(B(®)B(®)A™(®)
= A®)E(®)A™(®) = A®)A™(®) = E(®)

We can prove that (B7'(®)A4™(®))(A(®)B(®)) = E(®) in the same way.
A(®)B(®) is therefore invertible and (A(®)B(®))™ = B (®)A47(®).
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We can extend the result that if n-order grey matrices
A (®),4,® A (®) are all 1nvert1ble, then A4 (®)AF (®)-- A (®) is
1nvert1ble, and ®)A, (®) A (®) = A (®) A, (®)A] (®)

We can also get that, when (®) is 1nvert1ble, A(®)A( ) A(®) =
A7 (®) is also invertible, and (4”7 (®))" =(A7(®))". If we regulate that
A7 (®) = (A7'(®))", then we get (A" (®)"'=A7"(®).

5. If n-order grey matrix A(®) is invertible, then its transpose A7(®) is also

invertible, and (A7 (®))™' = (A~ (®))”. because when A(®) is invertible,
A®)AN®) = AU ®)A®) = E(®), if we transpose them we can get

(A7 (@) A" (®) = A" (®)(A(®) = E(®)

According to Definition 5.5, A" (®) is invertible, and the invertible
matrix of A7 (®) is just (A'(®))".

Definition 5.16 Adjoint grey matrix: Assume that A(®) = (a®) is an n-order grey
square matrix and assume that the grey algebraic cofactor of cl] in |[A®)] is
1] €, j=12,...,n). Then we say that the grey matrix A" (®) [as shown in Eq. (5.57)]
is the adjoint grey matrix of A(®).
According to the properties shown in Egs. (5.58) and (5.59), we can get Eq. (5.60):

AT Ay A5
. A® ® A®
F@=| % 2 (5.57)
A 4 A,
® 4® , ® 4® ® 4® [A@)). =)
ay Ay +an A+t a, A = . o (5.58)
0%, (i#7)
P L C G
lz Al] + dZZAZj + .“+ﬂmAn] = ® . . (559)
0%, (i # )
|A(®)|
. . A®
A®)A'(®)=A'(®)A®) = [4(®) _A®)| E®)
|A(®)]

(5.60)
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Theorem 5.17 The sufficient and necessary conditions @ of the inverse of A(®):
The sufficient and necessary conditions of the inverse of an z-order grey matrix are
that |A(®)| # 0°.

Proof: If A(®)is invertible, there must be an A7 (®) that makes A(®)A™
(®) = E(®). Picking determinants from two ends, we can get that [A(®)||A™
(®)|=1%; therefore, |A(®)|# 0°.

Therefore, if |A(®)| # 0%, according to Eq. (5.60), we could find that Eq. (5.61)
is tenable.

1 . 1 .
A(®)(A(®)A (®)) = (A(@)A (®)JA(®) = E(®) (5.61)

According to the definition of inverse, from Eq. (5.61), we know that A(®) is
invertible and A7 (®) = W/f(@).

An invertible grey matrix is also called a nonsingular grey matrix, and an irre-
versible grey matrix is also called a singular grey matrix. Whether the value of a
grey determinant is 0% or not is the main difference between the two.

The conclusion of Theorem 5.17 is simple and important. The process of its
proof points out a way to find the invertible matrix—the adjoint grey matrix.

Example 5.5 A known grey matrix A(®) is shown in Eq. (5.62), and we must deter-
mine whether A(®) is invertible or not and try to get A™'(®).

1 [2,3]
A®) = [ o v ] (5.62)
A'(®) =[ 3,41 H23] J=[ 3 Vn 24T ] (5.63)
0 1 0 1

Solution: Because |A®)|=[3,41=3+7,,, v, €[0,1, A®) is invertible. We
can calculate the adjoint grey matrix shown in Eq. (5.63). According to Theorem
5.17, we can get the invertible matrix of A(®) that is shown in Eq. (5.64):

2+Y1p

_ * 3+ _(2+ ) 1 v

A 1(®)=%®)|A (®) = 3+;Z2[ Oyzz 1'Y12 ]: . 51722
3+Y2 (5.64)

(1, €10,11,7,, €[0,1)

Theorem 5.18 The sufficient and necessary conditions @ of the inverse of A(®):
The sufficient and necessary conditions of an inverse of an #-order grey matrix are
that A(®) can be transformed to an z-order grey unit matrix by a series of elemen-
tary transformations.
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Proof: According to Theorem 5.14, A(®) can be transformed to some standard
forms by a series of elementary transformations that is shown in Eq. (5.40). For a
square matrix, any elementary transformation will not change the properties of
any non-0% of the grey determinant; hence, |A(®)| and |C(®)| have to both be
0% or not. Because of that, if A(®) is invertible, the grey elements in the leading
diagonal of C(®) will all be 1°. This explains that A(®) could be transformed
into grey unit matrix E£(®) by grey elementary transformations.

If A®) is irreversible, |C(®)| must be 0%, and A(®) cannot be transformed
to a grey unit matrix.

Theorem 5.19 The sufficient and necessary conditions @ of the inverse of A(®):
The sufficient and necessary conditions of an inverse of an #-order grey matrix are
that A(®) can be represented as the product of several grey elementary matrices.

Proof: Because of the inverse of the grey elementary matrices, sufficiency of the
theorem is obviously right. To the necessity, we will prove it as follows.

Doing a grey elementary transformation once is the same as multiplying a grey
elementary matrix. The fact that an invertible grey matrix can be transformed to
a grey unit matrix by a series of elementary transformations could be likened to
the fact that, for a invertible grey matrix A(®), there must be the grey elementary
matrices B, (®),F, (®),....,P (®), Q, (®),Q,(®),...,Q, (®), which could make
Eq. (5.65) tenable:

A®)=P1(®),7(®),...2(®)Q(®),Q,'(®),....Q (®)  (5.65)

This means that A(®) can be transformed to the unit grey matrix E(®) by
grey elementary row transformations that correspond to the elementary grey
matrices Pl_1 (®), Pz_l (®),..., P,;l (®).

We can prove the transformation of the columns in the same way.

The inference of Theorem 5.19 provides a useful way to get the invertible grey
matrix. Assuming that A(®) isan invertible grey matrix, there must be elementary
grey matrices Q, (®),Q,(®),...,Q,(®) that could make Eq. (5.66) tenable. If we
right multiply 4™ (®) to two ends of Eq. (5.66), we will get Eq. (5.67):

Q(®)--Q, (®)Q, (®)A(®) = E(®) (5.66)
Q,(®)Q, (®)Q,®)E®)= A" (®) (5.67)

By comparing Egs. (5.66) and (5.67), we know that if we add the grey elemen-
tary transformations of rows that could transform A(®) to the grey unit matrix to
the grey unit matrix £(®) one by one, we can get A~'(®) finally.

The concrete way to solve a grey invertible matrix according to the invertible
grey matrix follows.
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Writing the same order unit grey matrix £(®) to the right side of #-order grey
matrix A(®) gets a grey matrix (A(®), £(®)) that has 7 rows and 2% columns.

By doing row grey elementary transformation to the grey matrix (A(®), £(®),
the process of the transformations must do so by transforming A(®) to £(®)
effectively with only row transformations.

After several transformations, when A(®) is transformed to E(®), the right
sub-block (the position of the former E(®)) is just AN(®).

Example 5.6 For a known grey matrix shown in Eq. (5.68), we must solve the
invertible grey matrix A™(®).

1 12,3]
A®) _[ > s ] (5.68)
1 2
A®) = T (5.69)
2 342y,

Solution: Transforming the grey numbers in Eq. (5.68) to the standard grey
numbers that are shown in Eq. (5.69), v,, €[0,1],7,, €[0,1] represent the obtained
number of grey numbers [2,3] and [3,5] in Eq. (5.68).

According to Eq. (5.69), we can construct grey matrix (A(®),E(®)) and do some
elementary transformations to it. (Note that the formulas above the arrows repre-
sent the transformations.)

1 2+ 1 0 o 1 24y 1 0
(A®),E(®)) = 2 2
2 342, O 1 0 2y,-2y,-1 -2 1
. 1T 2+7, 1 0
2¥p=2¥151
—n e,
0 1 -2 1

2722 - 2712 -1 2722 - 2712 -1

1 0 3+2y,, -2-v,
[1-[2}(2+v;5) N ZY22 - 2712 -1 2722 - 2712 -1
0 1 -2 1

2722 - 2712 =1 2722 - 2712 =1

In this way, we can get the grey invertible matrix of Eq. (5.68), which is shown
in Eq. (5.70):

3+2y,, -2-9,
_ 2Y,,=2y,—-1  2y,,—2y,,—1
1 _ 22 12 22 12
A= ) 1 (5.70)

2“/22 - 2712 -1 2722 - 2712 -1
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5.3.3 Summary

In this part of the chapter, we gave strict definitions to the elementary transforma-
tion and invertible grey matrix, and we proved some properties and theorems of the
elementary grey matrix and grey elementary transformations. On the basis of that,
we proved the sufficient and necessary conditions of the inverse of any grey matrix
A(®) and designed many kinds of algorithms to solve the problem of an invertible
grey matrix. We therefore provided convenient and feasible tools for the following
study on grey matrix games.



Chapter 6

Matrix Solution Method
of a Grey Matrix Game

6.1 Matrix Solution Method of a Grey Matrix
Game Based on a Grey Full-Rank
Expanding Square Matrix

In the solution process of the grey matrix game model based on a grey mixed strat-
egy, the grey full-rank matrix is a brief and available method that contains abun-
dant information for solution. We prove in the following that in the grey inverse
matrix of a grey full-rank expansion square matrix, grey elements in the last row
and column correspond respectively to solutions of an optimal grey game strategy
and the grey game values of Players 1 and 2.

6.1.1 Concept of an Expanding Square Matrix
and Its Grey Inverse Matrix

Definition 6.1 Grey game expanding square matrix of players: There is a problem
of grey matrix game G(®)={S,,S,; A(®)} when the grey profit and loss matrix
is the square matrix A®),.,- If we add the column vector (1,1,...,1,0)T and the
row vector (—1,-1,...,—1,0) respectively to the right column and the last row of
A(®) - Here, we call B (®) the

grey game expanding square matrix of Player 1, or for short the grey expanding
matrix of Player 1, such as shown in Eq. (6.1). If we add the column vector
(-1, —1,...,=1,00T and row vector (1,1,...,1,0) respectively to the right column and
the last row of A(®) then we build a new square matrix B,(®) We call

there is a new square matrix B, (@)( T
n

nxn’

nxn’ (n+1)X(n+1) "

141
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B, (®) the grey game expanding square matrix of Player 2, or for short the grey
expanding matrix of Player 2, such as shown in Eq. (6. 2).

[2,,6,] [a,.6,] - 4,4,] 1

B (®)= [421;521] [“22;!722] [ﬂZn;bzn] 1 ©.1)
[ﬂnl’bnl] [ﬂnl’&;ﬂ] T [dnn’bnn] 1
-1 -1 -1 0
(a,,6,] 26,1 - [a,8b,] -1
B, ®) = [ﬂzl;bzl] [“22;b22] [dZn:’bZn] _:1 6.2)

|:élnl’bnl:| [ﬂnZ’bnz] e [ﬂ b ] —1

Example 6.1 The grey profit and loss matrix of grey game CG(®)={S,,S,; A(®)}
is shown in Eq. (6.3). The grey expanding square matrices of Players 1 and 2 are
respectively shown in Egs. (6.4) and (6.5).

y 2 0 [2,3]
A®)=| 0 [3,4] 1 (6.3)
1 2 1

2 0 123 1
Bel=| O B4 1 6.4)
12 11
a0 41 o
20 23] -1
b= 0 B4 1 65)
1 2 1
11 10

Definition 6.2 Grey full-rank expanding square matrices of Players 1 and 2:
In a grey matrix game G(®)=1{S,,S,;A4(®) .} problem corresponding to
the grey expanding square matrices B, (®)(n+l)><(n+l) and B, (®)(n+1)x(”+1> of
Players 1 and 2, if the grey circuit rank of B, (®)(n+l)><(n+l) and B, (®) e xnsn) 18
(B)?D = (B);D = n+1, then we call grey expanding square matrices B, (®)

(n+1)X(n+1)
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and B,(®),, ).+ respectively the grey full-rank expanding square matrices of
Players 1 and 2 of G(®).

Theorem 6.1 A grey full-rank expanding square matrix is an inverse matrix: In
grey matrix game G(®)={S,,S,;A(®) .}, the grey full-rank expanding square
matrices B (®)<n+1) ) and B (®)(n+l)><(n+1) [shown in Egs. (6.2) and (6.3)] are
inverse matrices without fal

Proof: In the problem of a grey matrix game G(®)={S,,5,;4(®) 1} t
grey circuit rank (B)Y =(B)Y =n+1 of the full-rank expanding square matrices
B (®) 1 1yxus) and B, (®) s 1)x(ns1) 19 equal to its module.

Because B (® )(n+l)><(n+l) and B,(® nitx(ns1) AT Grey full rank, the value of
the determlnants is not zero; namely, 1B, (®) e 1yxuan | 05 1B (®) 1y £ O-

Because a necessary and sufficient condmon of an inverse matrix is that the value
of the determinant is not equal to zero, the grey full-rank expanding square matrices
B (®)(n+l)>< (n+1) and B, (®)(”H>X(”H) of G(®) are inverse matrices without fail.

According to Theorem 6.1, based on this method of solving the inverse matrix
of a grey matrix, we can work out the grey inverse matrices B (®) 1 1yx(ne1y and

Bz_' (®)1yx(nery [Eqs. (6.6) and (6.7)] of the grey full-rank expanding square
matrices B (®)(n+1)x(n+1) and B,(® )<n+1 I(mtD)*
|:Ci,1 ’dll,l} [Ci,z ’dll,z} " {Cin dlln} 1 n+1}
N [Cildl} {C;z’d;,z} [C;,n’d;,n} {C n+l’ 2n+1:|
B(®)' = : : :
] e ] [c;,m 2,
bt Fstn] (] [t
n+1,1  n+11 n+1,2 n+1,2 n+ln n+ln n+ln+l  n+ln+l
(6.6)
|:€12,1 )dlz,l} |:Clz,2 )d12,2i| o {clz,n )dlz,n} _612,n+1 ’d12,n+1 1
[02 d? ] {62 d? } [cz d? ] 2 d?
. 2,17 21 22722 20 2m | 2n+17 2,41 |
B(®) = : : : :
{cfl,l ’dj,l} {L‘i,Z ’dj,Z} o |:€i,n ,din} _6}21,n+1 )dj,n-*—li
o] [est] o] [t
n+l,1  n+l11 n+1,2  n+12 n+ln nt+ln n+1,n+1 n+ln+1

6.7)
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Example 6.2 Given a grey matrix game G(®)={S,,S,; A(®),,,} problem where
the grey expanding square matrix of Player 1 is instanced by Eq. (6.8), solve the grey
circuit rank and inverse matrix B{1(®) of this expanding square matrix B, (®).

Solution:
L 1 [3,4] 1 1 34y, 1
B®) =|[46] 2 1|=|4+2y,, 2 1 (6.8)
-1 -1 0 -1 -1 0
1 34y, 1[1® 0 0
B®) E@)=| 4+2y,, 2 1|0 * 0 2= (4+2v,)-f1
Bl+[1]
—1 -1 0|0 0 1
1 3+7, 1 1 00
0 —(10+4y,,+6v,,+2Y,,Y,) —(B+2y,) | -(4+2y,) 1 O
0 2+, 1 1 0 1
1T 3+v, 1

(3+2y,,)
10+47,,+ 67y + 27,7y

1
- 12
10+ 4y, +67,,+ 27,7, 0

1
-3
2+, 0 1 1
2+7,,
1 0 0
(4+2y,,) -1 0
10+4y12+6’Y21+2Y12Y21 1O+4Y12+6Y21+2Y12Y21
1 1
O _
2+7,, 2+7,,
1 3+v, 1
. 0 1 (3+2y21)
% 10+ 4y, +67,,+ 27,7,
0 0 4+7,+27,,
(2+7,,)(10+47,, +6Y,,+2Y,,Y,,)
1 0 0
(4+2y,,) -1 0
10+ 4y, +67,,+ 27,75, 10+ 4y, +67,,+2Y,,7,

2+ 2721 1
(2+Y12)‘ 10+ 4712 + 6721 + 2712721) 10 +4Y12 +6Yz1 + 2712721 2+Y12
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(2+7,,)-(10+4y,, +6Y,,+2Y,,Y,) _

4+7,+27,,
1
1 3+v, 1 442y,
0 1 3+2YZ1 10+4Y12+6"{21+2Y12"{21 X
10+ 4y, + 675+ 27,7 2+ 2y,
0 0 1
4479, + 27y
0 0
_‘] 0
% 10+ 4y, +6Y,,+2Y,,Y,,
247, 10+ 4y, +67,,+ 27,7,
4+79,+27, 4+9,+27,
[1]-[3]
+2
_[ 3+2y, .
T0+4y,, +6Y, + 27,7y
2+7,,
4+7,+27,
1T 3+ 0
0 1712 o 10+ 2y,, +8Y,, + 2Y,,Y 44 B
0 0 1 (447, +27,,) 10+ 4y, +67,,+ 2Y,,Y,)
2+2y,,
44y, + 27y
_ 247, _1O+4y12+6y21+2yuy21
4+Y12+2YZ1 4+Y]2+2Y21
3 10+ 4y, +67,,+ 27,7, 3+ 2y,
(447915 +2Y,)- (10 + 4y, + 67,5, + 2Y1,Y5) A4y, + 27y
249, 10+ 4y, +67,,+ 27,75,
4+v,,+27, 4+7,+27,
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_(3+Y12)'

2+,
447, +27,
; ‘1) 8 10+2y,, + 87, + 2,75, B
0 0 1 (4+7,+27y,)(10+4y, +67, + 27,7,/
242y,
447, + 27,
- 1 L (R
10+ 4y, +6Y,, + 27,7 4+, + 2y,
B 10+4y,, +6Y,,+2Y,,7,, 342y,
(4 +7v,, +27,)« 10+ 4y, +6Y,, +2Y,,7,,) 4+, + 27y
249, 10+4y,, +6Y,, +2Y,,7
4+7,+27,, 4+v,+2y,,

The grey expanding square matrix of Player 1 is a grey full-rank square matrix,
its grey circuit rank is (B)® =3, and the grey inverse matrix is shown in Eq. (6.9):

2+v,,
4+79,+27,
31-1(@) _ 10+2y,, +87,,+ 27,7, _
(447, +27,)-(10+ 4y, +67,,+2Y,,Y,,)
2+ 2y,
4+v,,+27,
_ 1 _ T+7:
T0+47,, +67,,+ 27,7, 4+, +27,,
_ 10 +4y,, +6Y,, + 27,75, 3+ 2y,
(4475, +27,)-(10+ 47, + 675, + 27,,7,,) 4+7,+27,
& 10+ 4712 + 6721 + 2712721
44795, + 27y 44y, +2Y,,
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6.1.2 Optimum Grey Game Strategy and Grey
Game Value of Player 1

Theorem 6.2 The optimum grey game strategy and grey game value of Player
1: In grey matrix game G(®)={S,,S,;A(®) .}, if the grey inverse matrix Bfl
(®)(n+1)><(n+l) [Eq. (6.6)] of grey expanding square matrix B (®)(n+l)><(n+l) of
Player 1 exists, and the value of each grey element of the last row of B/
(®)(n+1)x(”+1) is not less than zero (that is, [n+11,di+11]>0® [c ,11+12’d;:+1z]
0%,....[c) TR A - 0%),then these grey elements respectively correspond to

each optlmum grey game strategy and grey game value of Player 1, namely,

® 1 1 ® 1 1 ® 1 1
x.=|¢c ,d xs =|¢ d veenXo =l C d ,
1 2 n

n+1,1 n+1,1 n+1,2 n+1,2 n+ln n+ln
* 1 1
v, =|c d
®

n+ln+1 n+ln+1

Proof: There is a grey matrix game G(®)=1{S,,5,;4(®) .
tem of inequalities of optimum grey mix strategy x, (®),7=1,2,...,n and opti-
mum grey game value " (®) of Player 1, such as shown in Eq. (6.10):

}, where a grey sys-

n

D 4,@)x, @) 20'®), j=12,...n

i=1

x, (®)=[Lx,,Rx,]2[0,0]=0%, i=12,..,n (6.10)

n n

in (®): Z[in’in] = [1’1]«{1 =¢; 0<¢; <1i=12,..n - 1®

[a,,6,,]- %, (®)+[ay, by, 1- 2, (®) + -+ [a,,b,,1- %, (®)—v (®)=0"

[2,,,6,,]- x,(®)+[a

12°

by ] 3, (@) -+ a b ] x (®) = (®)=

(6.11)

(4, ,b, 1%, (®)+[a, ,b, |- %,(®)+-+[a,,b ]-x (®) —v (®)=0°

xl(®)+x2(®)+---+x”(®)—0~7/*(®) =1%

If we do not consider the restriction request in x,(®)=[Lx,,Rx,]>[0,0],i =
1,2, ..., nin Eq. (6.10) and we replace the inequality to the equation, counterchange
properly, then we get Eq. (6.11). For Eq. (6.11), if we consider x, (®),i=1,2,...,n
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and v (®) as unknown variables of this linear equation, we can overwrite Eq. (6.10)

as Eq. (6.11). Then we hold Eq. (6.11) as a grey matrix, such as shown in Egs. (6.12)
and (6.13).

[2,,,6,,] [ﬂlz’b 1 g,6,] 19
[421 > b ] [ﬂzz > bzz] e [ﬂZn > bZn] 19
(x1(®)>x2(®)3---:xn(®))v*(®))' :
[ﬂnl 2 b ] [dnl 2 an] o [dmz ’bnn] 1®
_1® _1® _1® 0®
=(0%,0°%,...,0%,1%) 6.12)

(x,(®),%,(®),....x, (®),7 (®)) B(®) = (0%,0%,...,0°,1°) (6.13)

In Eq. (6.13), B (®)(”+1)X(n+1) is the grey expanding matrix of Player 1.
Accordmg to the foregomg condition, B, (®), XD has an inverse grey matrix
Bl (®)(n+l)><(n+l)’ the rank (B)O =n+l of which is grey full-rank. According to
the necessary and sufficient condition of a single solution of inhomogeneous linear
systems, Eq. (6.13) has only the solution:

(%,(®),%,(®),...,x,(®),s"(®)- B®)- B (®) = (0°,0°,...,0°,1°)- B (®)
(x,(®),%,(®),.....x,(®).0" (®))=(0%,0%,...,0%,1%)- B(®)

(x,(®),%,(®),....x, (®),s"(®)) = (0°,0°,...,0%,1%).

[ 11’”1I ] [ 12"11 ] [Clln’dl ] [611”“’411”“]
[CZ,I’dZ,l:I |:22’d1 :I I: Con dl :| [2n+1’d21n+1]

[[;111"{1 ] [nrdl ] Iinn’d;nJ [nn+1’d;n+1]

1 1 1 1
I: n+11’dn+11:| [ n+12’dn+l 2] I: Covln? dn+ln:| [ ol n+1’dn+l n+1:|

(5,(®),x,(®),...,x, (®),7"(®))

([ n+ll’dn1+ll] I: n+12’di+12] "”[C:t+l,n’dnl+l,n:I’I:C;+l,n+l’di+l,n+l :I) (6.14)
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According to Eq. (6.14), when coring

x(®) = I: n+ll’di+11j| (®)=|: n+12’di+12J xn(®)=|: Cotin di+lni|’ ;3

_ 1
- I: n+1 n+1 ’dn+1 n+1 :|

the request of Eq. (6.11) would be fulfilled. But Eq. (6.11) is obtained by Eq. (6.10),
which neglects the nonnegativity of x,(®),i=1,2,...,%, so according to the value
of x,(®) fulfills Eq. (6.11), which could fulfill the system of Eq. (6.10) only when
nonnegative.

This shows that, in Eq. (6.14), when x,(®) is nonnegative, the optimum grey
game strategy and grey game value of Player 1 are respectively

(< 1 1 (<

X [ n+ll’dn+ll:| I: n+12’dn+12:| »X,
1 ~ [ 1

|: n+1n dn+ln]’ ®_|:L‘n+l,n+l’dn+l n+1:|

Example 6.3 In the following problem of grey matrix game C(®) = {5, , S,; A®), ..},
the grey expanding square matrix of Player 1 is shown by Eq. (6.8). Solve the
optimum grey game strategy and grey game value of Player 1 in the process of
grey matrix game G(®).

Solution: According to Theorem 6.2 and Eq. (6.9), the optimum grey game
strategy and grey game value of Player 1 are respectively:

&= 2+ 2y, _
1 4+y12+2y21

mm(&) ma (&j =1[0.40,0.67]
4+ Yot 2Y21 0=y12,72951 4+ Tt 2Y21 0<y13,¥21 <1 /

X® = 249,
2 44y, t 2721

. 2+Y12 i ) ( 2+y12 )
min| -2 ,max| 2. =[0.33,0.60]
|: (4+Y12 +2Y21 0<y1272, 1 4+Y12 +2Y21 0<y15¥251

o 10+ 4y, 467, + 2707y mm(m + 4y, + 67, + 2y1zyz1j
® 447, + 2y, 447, + 2y, 0<Y1”21<1,

10+ 4y, +6v, +2
max( Yip ¥ DV Y”Y”] ~12.50,3.14]
44T+ 20 0=v12¥21 <1
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6.1.3 Optimum Grey Game Strategy and Grey
Game Value of Player 2

Theorem 6.3 The optimum grey game strategy and grey game value of Player
2: In grey matrix game G(®)=1{S,,S,; A(®)}, if the grey inverse matrix B !
®)sixiuny [Eq. (6.7)] of grey expanding square matrix B,(®) 41 of
Player 2 exists, and the value of each grey element of the right column of B;'

2 2
(®)(n+1)x(n+1) is not less than zero (namely,[ dn+11] [le,dﬁlz]
0%,....[c? d’

[T S P 0%), then these grey elements respectively correspond
to each optimum grey game strategy and grey game value of Player 2.

n+11’

Proof: In grey matrix game G(®) there exists a grey system of inequalities of
optimum grey mix strategy ¥ (®),7=12,...,n and optimum grey game value v‘;
of players [Eq. (6.15)]:

Y 4,®)y, @ <0 (®)i=12,..n
j=1
7,@®)=[Ly, Ry, ]2[0,0],=12,....n 6.15)
Zyj(@))z[Lyj’Ry/’] = [1’1]«{.:{ 0<c,<1,j=1,2,...n =1°
j=1 j=1
[2,,6,]- 3,(®) +[a,,b,]- 3, @)+ +[a,,.b,] y,(®)—v (®)=0°
[2,),0,,1- ,(®) +[a,,,b ]')’2(®)+"'+[‘Zzn’bzn]')’n(()@)_”*(@):()@
(6.16)

(a,,6,] 5,(®) +[a,,.b,] y,(®)++[a,,b, 1y (®-v (®)=0°

nl’ nn’ " nn

7, ®)+ 5, ®)++y (®)-0v (®)=1°

If we do not consider the restriction request Y (®)= Ly] Ry 12[0,0], /=
1,2,...,nin Eq. (6.15) and replace the inequality in the equatlon counterchange prop-
erly, then we get Eq. (6.16). For Eq. (6.15), if we consider )/ j=12,---,n and v® as
unknown variables of this linear equation and overwrite Eq (6.15) as Eq. (6.16), then
we can hold Eq. (6.14) as a grey matrix, such as shown in Egs. (6.17) and (6.18):

[ﬂ”’b] [dlzsb] [dln’blr/] _1® .yl® 0®
N L w0

. : : FolEl e 6.17)
[dnl > b ] [ﬂnl > bn2] T [ﬂrm > brm] _1® .yn® 0®
1% 1° 1® 0® % 1©
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®
”w ’
1
Vs 0°
2
B@®?-| i =] (6.18)
®
_yn 0®
Je ©

In Eq. (6.18), B,(®),,1)x(ss1) is expanded from the grey profit and loss value
matrix A(®), . From known conditions, B, (®)(n+1)x(n+1) exists, as does invert-
ible grey matrlx B; (®)(n+1)x(n+1) whose grey rank (B) =n+1 is full grey rank.
According to the necessary and sufficient condition of a smgle solution of an inho-
mogeneous linear system, Eq. (6.18) has only the solution

B, (®)-B,(®)(5,(®),5,®),...,y,(®),2 (®)" =B,"(®)-(0%,0°,...,0°,1°)"
(3(®),7,(®),...7,(®), 0" (®)) =B-1(®)>(0%,0°,...,08,1®)"

7 (®)
7,(®)

7,(®)
v (®)

2 g2 2 2 2 2 2
[Cll’dll:l [[1,2’”’1,2] [cl,n’dl,n:l n+1’d1n+l:|

L4
[21%2] (] [fin’:diﬂ] [ ]
Iz

C

][] - ()

nn+1? nn+1:|

c
2 2 2 2 2
I: n+11’dn+ll:| [ n+12’dn+12] o I:Cn+1,n’dn+l,n:| [Cﬂ+1n+l,dﬂ+lﬂ+l]
®
0
®
0
®
0
®
1
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(5,(®), 3,(®),...,7,(®),0" (®)"

([ [t oo i) 619

According to Eq. (6.19), when coring

7 (®)= |:1n+1’d1n+1:| 2,(®)= |:2n+1’dzzn+1:| ’J’n(®)=|:f5,n+1’d5,n+1:|

v (®) |: n+1n+1’dnz+1n+lj|

the request of Eq. (6.16) would be fulfilled. But Eq. (6.16) is obtained from Eq.
(6.15), which neglects the nonnegativity ofyj (®),7=1,2,...,n, so according to the
value of ¥ (®),7=12,...,n, fulfills Eq. (6.16), which could fulfill the system of
Eq. (6.15) only when nonnegative.

This shows that, in Eq. (6.19), when ¥ (®),7=1,2,...,n is nonnegative, the
optimum grey game strategy and grey game value of Player 2 are respectively

)’1(®)=|: 1n+1’d12n+1:| }’2(®)=|: 2n+1’d2271+1] ’)’n(®)_|: nn+1’drfn+lj|

v (®) [ n+1n+1’dnz+1n+l:|

6.1.4 Optimum Grey Game Strategy and Grey
Game Value of Players Based on a Combined
Grey Full-Rank Expanding Square Matrix

Definition 6.3 Combined grey full-rank expanding square matrix of players and
its grey inverse matrix: In grey matrix game G(®) =1{S,,S,; A(®)} where the grey
profit and loss matrix is the square matrix A(®) _ , if we add the column vector
(1,1,...,1,0)" and the row vector (—1,-1,...,—1,0) respectively to the right column
and the last row of A(®) . , there is a new square matrix B, (®)<n+1)x(n+1>. We
call B (®) the player in a grey full-rank expanding square matrix, or grey full
expanding matrix for short, such as shown in Eq. (6.18); if B(®),, (.1, &rey
rank value is (B)® =n+1, we call B(®)(n+l)><(n+l) the grey full-rank expanding
square matrix.
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According to correlation theorems, we can solve the problem of grey matrix
game G(®) and the inverse matrix B! (®) 1 yxnsn) of a combined grey full-rank
expanding square matrix B(®),,,,(,.p» suchasshown in Eq. (6.21):

[411’511] [dlz’b ] [‘Zln’bln] 1
[”21>b21] [”22’622] [”2n’ Zn] 1
B(®) = : : : (6.20)
[ﬂnl’b ] [ﬂnZ’bnz] [ﬂnn’bnn] 1
1 1 1 0
[f1,1>d1,1] [61,2"{1,2] [Cl,n’dl,n] [Cl,nJrl’dl,nJrl]
[62,1 ’dz,l] [52,2 > ”Iz,z] e [fZ,n > dZ,n] [Cz,nﬂ ’dZ,nJrl]
B (®)=
[Cn,l’dn,l] [Cn,Z’dn,Z] [Cn,n’dn,n] [Cn,n+1’dn,n+1]
[[n+1,1’dn+1,1] [Cn+1,2’dn+l,2] [Cn+1,n’dn+l,n] [Cn+1,n+l’dn+l,n+l]

(6.21)

Theorem 6.4 The optimum grey game strategy and grey game value of Player
1: In grey matrix game G(®)={S,,S,;A(®)}, with a grey inverse matrix B~
(®)(n+1)><(n+l) of a combined grey expanding square matrix Bl(®)(n+l)><<n+1) of
Player 1 [such as shown in Eq. (6.21)], if the value of each grey element of the

last row of B_ c(9®)(”+1) (nen) 1S DOT less®than zero (namely[cnﬂyl,dnﬂ,l]20®,
(6,124,120 eyt ir@,i1 0112 07), then these grey elements respec-

tively correspond to each optimum grey game strategy of Player 1 (namely, x;, ®=
[Cﬂ+l 1 ’dﬂ+l 1] X (®) = I:Cn+l 2’dn+1 2:| s X, (®) [ n+1 n’ dn+1,n])' If the value of
each grey element of the last right- hand column of Bf (®)<n+1)x<n+1) is not less than
zero  (namely, [c,,,.d,,, ]2 0%, [¢ Crarp By n]2 0® R AT Ay 0%),

then these grey elements respectively correspond to each optimum grey game
strategy of Player 2 (namely, y, (®)=Ic, .4, @) =Ic 2n+l’a12,n+l]""’

7,®)=lc, .»d,,..1), and the grey game value of the grey game is v (®)=
—u (®) =

Proof: There is a grey matrix game G(®)=1S,,S,; A(®), . } where there exists
a grey system of inequalities of optimum grey mix strategy x, (®),i=1,2,...,n,
7;(®),j=12,...,n and optimum grey game value v"(®) of Players 1 and 2, such
as shown in Egs. (6.10) and (6.15).

[ n+I n+12 n+1,n+l]'
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If we do not consider the nonnegative restriction request x; (®),i=1,2,...,7,
7 (®),j=12,...,n inEgs. (6.10) and (6.15), order vy = —u, , and replace the inequal-
ity to the equation, counterchange properly, then we get Egs. (6.22) and (6.23):

1]~xn(®)+u*(®)=0®

nl’"“n

[dll’b“]'xl(®)+[ﬂ21’b21]'x2(®)+"'+[d

n

(a,,,6,,] x,(®) +[a,,,b,,] x,(®) +---+[a,,,b ]~xn(®)+u*(®) =0°

(6.22)
[a,,,b, ] %,(®) +[a, ,b, |-, (®) ++[a_,b ]-x (®)+u (®)=0°
X, (®)+x,(®) ++x (®)+0-u (®)=1°
[4,,,6,,] ,(®) +[a,,,6,] y,( @)+ +[a,,,6, 1y (®)+u (®)=0°
[2,,,6,,] 3,(®) +[a,,,b,,] 3, ®)+--+][a,,,b, 1 y,(®) +u (®) =0%

(6.23)
[a,,b .1 y,(®) +[a,,b,] 7, @)+ +[a, b ]y (®)+u (®)=0°

)/1(®)+y2(®)+--~+yn(®)+0~u*(®)=1®

ForEqgs. (6.22) and (6.23), ifwe consider x, (®),i =1,2,...,7, ¥ (®),j=12,...,n
and vy as unknown variables of this linear equation, and overwrite Egs. (6.22) and
(6.23) as Egs. (6.24) and (6.25), then for Egs. (6.24) and (6.25) matrix counter-
change, such as shown in Egs. (6.26) and (6.27).

According to Egs. (6.26) and (6.27), when coring

®

® _ _ @
- [[nJrl,Z’dnJrl,Z]""’xn - [Cn+1,n’dn+l,n]’.yl - [Cl,nJrl’dl,nJrl]’

— ®
X = [Cn+l,1’dn+l,l]’

X2

® _ ® _ ) =y =
.yZ - [CZ,n+l’d2,n+l]” . ".yn - [fn,n+l’dn,n+l]’y® - u@ - [Cn+l,n+l’dn+l,n+l]

the requests of Egs. (6.22) and (6.23) would be fulfilled. But Egs. (6.22) and
(6.23) are obtained by Egs. (6.10) and (6.15), which neglect the nonnegativity of
xl@,z' =12,...,n, y,®,j =1,2,...,n, so according to the value of xi®,z' =12,-+,m;,
y?,j =1,2,...,n, it fulfills Egs. (6.22) and (6.23), which could fulfill the system
of inequalities shown in Eqs. (6.10) and (6.15) only when meeting nonnegativ-
ity conditions:
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l2,,6,]  lay,.b,] - la,.5,] 1
[2,,6,,]  [a,,,6,,] [a,,,6,,] 1
(x?,x?,...,xf,u;))- : : : :
[dnl 4 bnl ] [dn2 > an] [ﬂnn > bﬂn] 1®
1% 1° 1° 0%
=(0%,0%,...,0°,1%)
(4,,6,,] [a,:4,] (4,.6,] 1% y® 0®
(4,00 [a35,09,] (4,,.6,,] 1° Nox 0®
: : : Do e T '0'®
[ﬂnl’bnl] [ﬂnz’&nZJ [dnn’bnn] 1® Zz 0®
1® 10 © 0 )

(7, x5 e x® ug) = (02,0%,...,0%,1%)- B (®) = (0%,0°,...,0%,1%)

(6.24)

(6.25)

le, )y, ] le,,,d,,] le,,-d,,] (1154, 0]
le,15d,,] le,,>4,,] e, o d,,,] (e 105 1]
[CM ) dn,l] ¢, 25 dn,Z] e, dn,n] le, > dn,n+1]
(AP ANTY B CAPIT Y (AP B CATIN. St
(6.26)
" 0°
ys 0°
D =BY(®) | -
9. 0°
u(; 1%
e,y ] [esndy,] le,ndy,] ey 0%
le, 1., ] le,,4,,] le,,d,,] (Y AN 0%
le,pd, ] lend, )] le,d, ] (604,00 0®
(i inn] [6,00004,015] (R ST B TR Ay 12

6.27)



156 ®m  Grey Game Theory and Its Applications

Therefore, when x, (®),7=1,2,...,n, V2 (®),7=12,...,n, Egs. (6.24) and (6.25)
meet the nonnegativity constraint, and the optimum grey game strategy of
Players 1 and 2 in grey matrix game respectively are x (®)=|[c, +1,1’dr/+1,1]’
@) =lc, 1,0 0x,@) =, .d,,, and 3@ =lc .4, ,.1,7,®) =

dy, )y, (@)= (e, ir> dn,n+1]’ the grey game value of grey matrix game is

[Cz,n+1’ 21

dﬂ+1,7l+1]

v (®)=—u (®) =—[c

n+ln+1?

Example 6.4 In grey matrix game G(®)={S,,S,; A(®)}, where the grey game
profit and loss value matrix A(®) is shown by Eq. (6.8), solve the optimum grey
game strategy of Players 1 and 2 x,(®),i=12,...,n, y;®),j=12,n in the
grey game.

Solution: Using the same method as shown in Examples 6.2 and 6.3, solve

the grey inverse matrix B7'(®) of a combined grey expanding square matrix
B(®), such as shown in Egs. (6.28) and (6.29):

1 3+7y, 1 ®° 0 0
B®),E@)=| 4+2y,, 2 1 |0 1 0

1 1 0 0o o
347, 1 1 0 0
— 0 —(10+4y,+67,,+2y,,Y,) —-G+2y,) —(4+2y,) 1 O
0 2=, -1 -1 0 1
2+,
Lo o 447, + 27,
10+ 2y, + 8y, + 2v,,Y
3 O ] 0 12 21 12421
0o 0 1 (4+7,,+2Y,,) (10 + 4y, + 67, + 2Y,,7 ;)
2+ 2y,
447, + 27,
_ 1 +v,
10+ 4y, + 6, + 27,754 447, + 27,
: 10+ 4y, +6Y,,+ 27,75, 3+ 2y,
(4 +7,+2Y,)- (10 + 4y, + 67, + 2Y,,Y,) 4+, +27,
2+, _10+4y12+6y21+2y12y21
44+7,+27, 4+, +2y,

(6.28)
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2+7,,
447,27,
é—1(®) — 10+ 2Y12 +8y21 + 2Y12y21
(A+7,,+2Y,,)-(10+4y,, +6Y,, +2Y,,7,)
242y,
447,27,
_ 1 +7,
10+4y,, +6Y,,+2Y,,Y5 447, +27,
B 10447, +67,,+2Y,,Y 5 342y,
(A+7,+2Y,,) - (10+ 4y, +6Y,,+27,,7,) 447, +27,
2+, _10+4y12+6y21+2y12ﬂ{21
447, +27, 447, +27,,

(6.29)

According to Eq. (6.29), we can get the optimum grey game strategy and grey
game value of Players 1 and 2 in the grey matrix game as shown In Egs. (6.30),
(6.31), and (6.32):

2+2y 2+,
x®=—"—""121__—10.40,0.67],x% 12
1 447,127, [ I

=——“—=[0.33,0.60], (6.30
2 A+, + 2y, [ I )

1947y, +127,,+3Y,,Y 3+ 2y

®_ 12 21 12121 —14.75,6.83], y®=— "2 =10.60,0.83

i 4+, +27, [ Iy 447, + 27, [ |
(6.31)

Lo 1047, + 6y + 2V Yy |n[1 0+4y,, +6Y,, + 2y1zy21j
® 447, + 2y, 44y, + 2y, N /
10+4 6 2
ax( + 4y, +67,, + Y12'Yz1j =[2.50,3.14] (6.32)
4+ T F Z’YN 0=y, ¥21<1

6.1.5 Summary

This section defined the concept of a grey full-rank expanding square matrix for Players
1 and 2 in a grey matrix game, and proved that if the last row and right column in the
grey inverse matrix of these grey full-rank expanding square matrix meet nonnegativity
conditions, then the values of these grey elements of a grey inverse matrix correspond
to each optimum grey game strategy and grey game value of Players 1 and 2. On the
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basis of the above, we studied further the combined grey full-rank expanding square
matrix based on Players 1 and 2, and proved the following as well: if the last row and
right column (excluding the grey elements in the right corner) in a grey inverse matrix
of these combined grey full-rank expanding square matrices meet nonnegativity con-
ditions, then the value of these grey elements of the grey inverse matrix correspond to
each optimum grey game strategy and grey game value of Players 1 and 2.

6.2 Construction of an Analogous Grey Full-Rank
Expanding Square Matrix and Its Necessary
and Sufficient Conditions

During the process of a grey matrix game in reality, the grey full-rank expanding
square matrix does not always exist. Generally speaking, a grey full-rank expanding
square matrix does not exist in the following two occasions:

B when the grey profit and loss matrix is not a square matrix
B when the expanding square matrix of a grey profit and loss matrix is not of

full rank

In this situation, how should we construct its grey expanding square matrix and
make sure it is full rank? This section studies how to construct a grey full-rank expand-
ing square matrix, including information regarding optimum solutions when the grey
profit and loss matrix is not a square matrix. We also research the necessary and suf-
ficient conditions for the existence of a grey full-rank expanding square matrix.

6.2.1 Construction of an Analogous Grey
Full-Rank Expanding Square Matrix

Definition 6.4 Long row-dimensional and long column-dimensional grey matrix:
A grey matrix 121(®)an, is called a long row-dimension grey matrix (or column
grey matrix for short) if its row dimensions are more than its column dimensions
(m > n), and long column-dimension grey matrix (or row-dimension grey matrix for
short) if its column dimensions are more than its row dimensions (z > m).

Definition 6.5 Analogous grey expanding square matrix: There is a grey matrix
é(@) = {51’52;121(®)an}’ where A(®)an is not a square matrix, namely, m# .
If A(@)mx” is a long row-dimension grey matrix (m > n), we can consider 7
grey strategy vectors of Player 2 as column strategy vectors, then choose 7 grey
vectors from m grey strategy vectors of Player 1 at random as row vectors. An nXn
dimensional grey square matrix 4,(®),,,.i=12,... analogous to the form of a
grey profit and loss value matrix comes into shape. We can call the grey square
matrix 4,(®),,,,i=12,... the column-dimension grey profit and loss matrix

nxn’
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of grey matrix game G(®)= {S, ,Sz;zzl(®)m} , expressed as %(®)m,l’ =L2,....
The combined grey expanding square matrix constructed by 4,(®),,.i=12,...

is called column together grey expanding square matrix, column grey expanding
square matrix for short, expressed as Bl. (®) s nx(s1yi=12,.... If the square
matrix is grey full rank, it is called a column grey full-rank expanding square
matrix; otherwise, it is called grey rank-decreased.

If A®),,, isalongcolumn-dimension grey matrix (7 < 7), we can consider
m grey strategy vectors of Player 1 as row strategy vectors, then choose 7 grey
vectors from m grey strategy vectors of Player 2 at random as column vectors. An
m X m dimensional grey square matrix 1211. (®),,,,»i=12,... analogous to the
form of a grey profit and loss value matrix comes into shape. We can call the grey
square matrix ;li (@))mX =12, tlle row-dimension grey Eroﬁt and loss matrix
of grey matrix game G(®)={S,,S,; A(®), .}, expressed as A (®),,,i=L2,....
The combined grey expanding square matrix constructed by 4, (®) . ,i=12,...
is called a row together grey expanding square matrix, row grey expanding square
matrix for short, expressed as gl, (®) e xmen>i = 1,2, If the square matrix is
grey full rank, it is called row grey full-rank expanding square matrix; otherwise,
it is called grey rank-decreased.

The column and row combined grey expanding square matrix are called anal-
ogous together grey expanding square matrix, analogous grey expanding square
matrix for short. If they are grey full rank, we call them analogous grey full-rank
expanding square matrix; otherwise, they are called grey rank-decreased.

Example 6.5 There is a grey matrix game G(®)={S,,S,; A®), .} where A®)
is not a square matrix (m # n).

If A®),,, isa longcolumn-dimension grey matrix (m < n), then according to
Definition 6.5, we can list the row together grey expanding square matrix, such as
Eqg. (6.33). If A(®),,,, isalong row-dimension grey matrix (m > n), then according
to Definition 6.5, we can list the column together grey expanding square matrix,
such as Eq. (6.34) (where i=1,2,...):

mxn

lay, by, la, b, - la,,by,] 1
[321/1)2]] la,, byl o &y, byl 1
Bi(®)<m+1>x<m+n = : : : E 6.33)
la,, b, la,b,, - la,, b,
1 1 1 0
la,, b, la, b, - la,b,] 1
la,,b,]] lay,, byl - la,,b,] 1
B (®) ey = : : : (6.34)
[ay,b 1 a,,b,l - la,b,] 1

1 1 1 0



160 ® Grey Game Theory and Its Applications

Theorem 6.5 The number of analogous grey expanding square matrices: In a grey
matrix game é(@) =1{S,,S, ;;1(®)an}, if A(@)mx” is a long row-dimension grey
matrix (m > n), then we can construct a C) =2 column grey expanding
square matrix; if A(®), isalong column-dimension grey matrix (7 < 7), then,
we can constructa C" =2 row grey expanding square matrix.

Proof: Generally, a grey matrix game G(®) = {31,52;121(®) 1, A(@)mx” is not
a square matrix.

If A(@)mxn is a long row-dimension grey matrix (m > n), according to
Definition 6.5, we can choose 7 vectors from 7 row vectors at random, together
with 7 column vectors, to construct an #X 7 column-dimension grey profit and
loss matrix 121,, (®),,»i=12,.... According to the grey profit and loss matrix, we
can list the corresponding analogous together grey full-rank expanding matrix
Ei (®)(n+l)x<n+l)’i: L,2,.... Because it is a combination problem, the number of
analogous together grey full-rank expanding matrices that can be formed is a com-
bination of C, namely, C = 25

If A®),,, is a long column-dimension grey matrix (m < ), we can
list the corresponding analogous together grey full-rank expanding matrix
E’i (®) e x(menoi = 12,.... Because it is a combination problem, the number of
analogous together grey full-rank expanding matrices that can be formed is a com-
bination of C", namely, C”" =

mXn

n!
m!(n—m)! *

6.2.2 Necessary and Sufficient Conditions of Full-Rank
for an Analogous Grey Expanding Square Matrix

Only when the inverse matrix of the analogous grey expanding square matrix exists
can we solve the grey game conveniently according to the grey expanding square
matrix of this kind. According to Definition 6.5, we can list the analogous grey
expanding square matrix of the game. Does an inverse matrix of the analogous
grey expanding square matrix exist? Are they grey full-ranked or not, and in what
situation? Theorem 6.6 mainly solves this.

Theorem 6.6 The necessary and sufficient conditions of full-rank for an analogous
grey expanding square matrix: In the grey matrix game G(®) =1{S,,S, ; A(®), . 1}, the
necessary and sufficient conditions that the analogous grey expanding square matrices
B (®)(m+l)><(m+1)’i =1,2,... and f? (®)(n+1>x(n+1>,i =1,2,... [such as Egs. (6.33) and
(6.34)] are grey full-rank expanding square matrices are that there are no two-row (col-
umn) vectors whose grey elements are correspondingly equal in the row- and column-di-
mension grey profit and loss matrices ;li ®)  ,i=12,...and ;li ®)  ,i=12,....

mxXm nXn

Proof: Sufficient conditions: If there are no two-row (column) vectors
i=1,2,... and
1,2,... and

whose grey elements are correspondingly equal in /~11. (®)
4 (®),,,,i=1,2,..., then we should prove that B, (®)<m+1
B (®)(n+1)x(”+1>,i =1,2,... are full-ranked.

mxXm?’

)X(m+1)’l =
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Because the value of the determinant of grey matrix B(®) is the highest rank
of grey subdeterminant not zero, the grey rank (B)}® of grey matrix B(®) is equal
to the rank of row or column and determinant of B(®) . We can infer that if anal-
ogous together grey expanding square matrices B, (®) e nxmenoi =12,... and
B (®)<n cxanyt = 125 are grey rank-decreased, the value of the subdetermi-
nant of the hrghest rank of the square matrix (m + 1 and 7 + 1 rank determinant)
is sure to be equal to 0.

According to the characters of determinants, if the value of (724 1) and (n+ 1) rank
grey determinants of B (®)(m+1)><(m+l ,i=1,2,... and B (®)(n+1>x(n+1>,z =12,.
required to be 0, then among (2 + 1) and (1 + 1) rank’ grey determinants made up
of B (®) e xmen i =12 and B, (®) ,i=1,2,... at least one of the

three following situations is sure to exist:

(n+1)X(n+1)

Circumstance 1: Two rows (columns) of grey elements are all zero in the
determinant.

Circumstance 2: Two rows (columns) of grey elements are in proportion corre-
spondingly to the determinant, and the value of that proportion is equal.

Circumstance 3: Two rows (columns) of grey elements are completely equal cor-
respondingly to the determinant.

In realrty, Circumstance 1 obviously does not exist in B (®)(m+1)><(m+1) ,i=1,2,...
and B (® )<n+1)x(n+1),z L,2,.... This is determined by the structure and character
of the grey expanding square matrix, such as shown in Egs. (6.33) and (6.34).

For Circumstance 2, if two rows (columns) of grey elements are in propor-
tion correspondingly and have the same proportion in B (®) s xmen i =125
and B (®),,1)x(sen>i =12,..., then the proportion can only be 1, determined
by the structure of B (®)(m+1)><(m+1 ,i=12,... and B (®) (e x(na1)E = 125
The two rows (columns) of grey elements are completely equal correspondrngly in
B (®)(m+l)><(m+l)’l =12,.. and Bz ( )n+l)><(n+1 =12,

From the above, for B (®) e txmen i =125 and B (®)(n+l)><(n+l)’l L,2,...,
Circumstances 2 and 3 belong to the same circumstance, namely, Circumstance 3.

We can infer, then, if the circumstance where in B (®)(m ix(man i =125 and
B (®)(n tx(eny>i = L2, two rows (columns) of grey elements are completely equal
doesnt exist, then Bl (®)<m+1)x(m+1),i =12,... and B (®)(n+l)><(n+1)’i =1,2,... can’t
be grey rank-decreased expanding square matrices but are sure to be grey full ranked.

Secondly necessary condition: If Bi (®)(m+l)><(m+l)’i =12,... and Bl. (®)(n+l)><(n+l)’
i=1,2,... aregrey full ranked, it is impossible that the three circumstances referred
to in grey rank-decreased square matrices would exist. We know from the struc-

ture  of the B (®),,, 1 xmenri =12 and B (®) iyx(uenyt = 12,0
that the three circumstances don’t exist in B (®)(m+1)x(m+1),z L,2,... and
B(®),px(neryi = 1.2,..., 50 there are no two rows (columns) of grey elements that

are completely equal in the corresponding row- and column-dimension grey profit
and loss matrices 4, (®) . ,i=1,2,...and 4 (®),  ,i=12,....

nXxXn
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According to Theorem 6.6, in grey matrix game é(®)={51 ,Sz;zzl(®)
even if A®) .
together grey full-rank square matrices B (®) s tyxmary i =12,...,C" and
B, (®)(”+1)X(ﬂ+l),z’ =12,...,C if there are no two row (column) vectors whose grey

elements are completely correspondingly equal in row- and column-dimension grey
profit and loss matrices 4, (®) _ ,i=12,..and 4 (®) .,i=12,....

mxn}’
is not a square matrix, we still can construct analogous

Example 6.6 There is a grey profit and loss matrix [such as Eq. (6.35)] for a given
grey matrix game G(®)={S,,S,; A®), ,}. The analogous grey expanding square
matrices are as shown in Egs. (6.36), (6.37), and (6.38). Known from the three
formulas, there are no two row (column) vectors whose grey elements are com-
pletely correspondingly equal in its column-dimension grey profit and loss matrix
A (®),.,,i=12,3. As a result, Egs. (6.36), (6.37), and (6.38) are grey full ranked

i 2x27
and are called analogous grey full-rank expanding square matrices.

i 27
A®=| 6 [56] (6.35)
m 2
i 27
B@®=| 6 I[56] 1 (6.36)
11 0
i 207 1
B@=| 11 2 1 (6.37)
T 1 0
) 6 [56] 1
B@=| 11 2 1 (6.38)
1T 1 0

6.2.3 Full-Rank Treatment of an Analogous Grey
Rank-Decreased Expanding Square Matrix

Theorem 6.6 has proved that for a grey matrix game G(®)= {S, ,Sz;le(®)an},
where A(@)mx” is not a square matrix if its row or column grey gain and loss matrix
A®), . .i=12,...0r A(®)  ,i=12,.. can fulfill the necessary and sufficient
conditions of analogous grey full rank expanding square matrix, we can construct
anal~ogous grey full rank expanding square matrix él, (®)(m+l)><(m+l)’i =12,..,C"
or B, (®)<n+1)x(n+1>,i =12,...,C". If th~ere are two row (column) vectors whose grey
elements are correspondingly equal in 4 (®)  ,i=12,...0r A (®) ,i=12,...,
the necessary and sufficient conditions for the existence of an analogous grey

nxn



Matrix Solution Method of a Grey Matrix Game ® 163

full-rank expanding square matrix cannot be fulfilled. Thus, the analogous grey
expanding square matrix is grey rank-decreased according to A (®),,5,,i=1L2,.

or A (®)  ,i=12,...,. Because the inverse of the grey rank-decreased square
matrix doesn’t exist, we should treat this kind of matrix as full rank in order to
work out the grey optimum solutions of the grey game.

Theorem 6.7 Full-rank treatment of an analogous grey rank-decreased expand-
ing square matrix: There is a grey matrix game G(®)=1{S, ,S, A(®)m ,}> where
A(@)mxnis not a square matrix. If there exists a certain analogous grey expand-
ing square matrix B ¢ (®) stk sy OF B, (®),41)x(ns1) that is grey rank-decreased,
we can reconstruct the correspondmg analogous grcy full-rank expanding square
matrix B ()it = L2 08 BL(®) ey E = 12500 which has lower
dlmensmns, by eliminating the same game strategy in the corresponding row- or
column-dimension grey profit and loss matrix ;IK (®), ., or 121 ®),.,-

Proof: There is a grey matrix game G(®) = {S, .S, ;A( )] Where A(@) It
not a square matrix. Suppose that a certain analogous grey expanding square matrix
B, (®) (DX (D) which is grey rank-decreased, exists. (Other forms of the analogous
grey rank-decreased expanding square matrix B, (®) s 1yx(ne) are proved similarly.)
According to the structural character of the analogous grey expanding square
matrix, if the grey expanding square matrix is grey rank-decreased, there definitely
exist two row (or column) vectors whose grey elements are correspondingly equal
in the square matrix. As shown in Eq. (6.39), we suppose the circumstance above:
the grey vector of column s is equal to that of column # and both of them are

a,,b, 1 ay by ) sla b Y

gl( (®)(m+1)><(m+1)
[2,,6,,] - lay0,] (2,56, ] [4,,.0,,,] 1
(2,,,6,,] (2,56, ] (2,56, ] a,,,0,,] 1
[dml ’bml] t [de ’bm](] o [am]( ’bml(] o [ﬂmm ’bmm] 1
1 1 1 1 0
(6.39)
[a,6,] - layb, ] o lagbyl o ay,0,,]
y (®) _ [2,,,6,,] (2,550, ] (2,56, ] [a,,,,0,,,]
K mXm . . . .
[dml ’bml] o [ﬂml( ’me] T [am]( ’bml(] o [dmm 2 bmm]
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According to the construction theorem of an analogous grey expending square
matrix, since there are two columns of vectors whose grey elements are correspond-
ingly equal in B, (®),,, 1) (ns1) then the same situation definitely exists in the
corresponding row-dimension grey profit and loss matrix A, (®) . , such as in
Eq. (6.40), supposing that B, =B, ={[a,,b,, .[a,0,,],.. ,[de,me]}T.

Now we can get rid of one of the two same column vectors in Eq. (6.40), then we get
am m X (m—1) long dimension grey profit and loss matrix, as shown in Eq. (6.41).

According to Eq. (6.41) and the methods of Definition 6.5 and Theorem 6.5, we
can construct C;H analogous grey expanding square matrices whose dimensions
are 1 less than Eq. (6.39), such as that shown in Eq. (6.42) (where i=1,2, -~,Cr’;’71).
If the necessary and sufficient conditions of a grey full-rank expanding square
matrix can be fulfilled for Eq. (6.41), then Eq. (6.42) should be grey full-ranked;
otherwise, we can take similar steps. We can always get the grey full-rank expand-
ing square matrix needed.

[”11’b11] [a12’é12] [ﬂll(’bll(] [‘Zlm—l’blm—l]
~ [d :b ] [ﬂ ’b ] [ﬂ )b ] [ﬂ m,)bm,]
y (®)(,le71= 21. 21 22' 22 21<: 2K 2 1. 2m—1
[ﬂml’bml:| [ﬂml’bnﬂ] [amK’me] [dmm—l’ mm—l]
(6.41)
[”1 1’b1 1] o [41,1( > 171 K] o [‘ll,m—l ’bl,m—l] 1
[‘Zz,l’bz,l] [‘Zz K’bz 1(] [aZ,m—l’bZ,m—l] 1
[‘Zm—l,l’bm—l,l] [”m—l,K’bm—l,K] [dm—l,m—l’bm—l,m—l] 1
1 1 1 0
i=12,..,C""
(6.42)

Theorem 6.8 Full-rank treatment does not change the previous grey_ optlmum
solution: There is a grey matrix game G(®) = {S, A(®) ,} where A(®)

not a square matrix. If a certain analogous grey rank decreased expanding square
matrix B (®)<m+1>x(m+1> or B (®)(n+l)><(n+1) needs full-rank treatment according
to Theorem 6.7, then the treatment doesn’t change the grey optimum solution of
the previous grey game.
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Proof: There is a grey matrix game G®) = {S,,S, ;A®) 1 where A(@)mx”
is not a square matrix. Suppose that a certain analogous grey rank-decreased
expanding square matrix B ¢ (®)rawimery Deeds full-rank treatment according to
Theorem 6.7 (other forms of the analogous grey rank-decreased expanding square
matrix BL (®) s 1yx(ns1) are proved similarly). }

An analogous grey rank-decreased expanding square matrix B, (®),,,, 1) (me1)
is such as that shown in Eq. (6.39); here, for convenience, we suppose that
the grey vector of column s is equal to that of column # both of them are
{a,>0, 1l ay 0505 )50 5la, 56, 1", and other situations are proved similarly. The
solutions contained in the grey game only have the following two circumstances:

mXn

. 5 b} . . . .
Circumstance 1: B (®),,, 1), (.1, doesn’t contain the information for grey opti-
mum solutions. The information definitely exists in other analogous grey
expanding square matrices. Thus, the grey optimum solutions of the pre-
vious grey game wouldn’t be changed however we do full-rank treatment.
Circumstance 2: By (®),,,,1)xns1) contains the information for grey opti-
mum solutions. According to the theorem for the structure and construc-
tion, there definitely exist two columns of vectors whose grey elements
are equal correspondingly in the row-dimension grey profit and loss

matrix A, (®) _ [such as shown in Eq. (6.40)], supposing B, = B, =

{[‘llK’blK]’[ﬂzK’bzk]""’[‘ZmK’me]}T'

In Eq. (6.40), as for the strategy of grey game player, there are two identical
strategies among M from the grey game strategies of Player 2, B, = B, =
(@b Llayge by Lol ob, 1Y

According to the theorem of strategy superiority in a grey game, we can
infer that the grey game strategy B (or B,) of Player 2 is not better than strategy
B,(or B); if Player 2 has taken strategy [, (or[3,), then he would not change B, (or
B,) for B, (or B,) easily, because what he would do would not improve the situation
(and of course, vice versa). Thus, during such processes of a grey game, we can opti-
mize the grey game strategy B, (or [3,) of Player 2 and make it superior, and then
only B, (or B,) remains. We can get an m X (m—1) long row-dimension grey profit
and loss matrix, such as Eq. (6.14). Equation (6.14) still keeps the information of
grey optimum solutions of the previous grey game.

The structure of Theorem 6.7 proves the method of listing analogous grey
full-rank expanding square matrix é](;(®)(7;)m z'=1,2,...,C::_1 or ELZ'(®)(711>)<71’
1,2,...,?:_1 according to some analogous grey rank-decreased expanding square
matrix By (®) 1 iy OF B (®), 11y

Theorem 6.8 has proved that full-rank treatment of the analogous grey rank-
decreased expanding square matrix according to Theorem 6.7 would not change

the optimum solutions of the previous grey game.

=
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6.2.4 Summary

This section mainly designed the method of constructing the analogous grey
expanding square matrix for nonsquare matrix A(®), =~ (m# n), and proved the
necessary and sufficient conditions for the existence of the analogous grey full-rank
expanding square matrix. The section also designed the method of full-rank treat-
ment, which can keep the information for the optimum solutions of the grey game
reliable for an analogous grey rank-decreased expanding square matrix.

6.3 Compound Standard Grey Number
and G(®)’s Infeasible Solution, Feasible
Solution, and Optimal Solution Matrix

In the process of finding a solution by the grey matrix method that is based on the game
problem of a nonsquare grey profit and loss value matrix, we need to involve the concept
of compound grey numbers and how to determine them, so we need to establish the
concepts of an infeasible solution, feasible solution, and optimal solution matrix, and
grasp their relationship and their ability to express the grey game optimal solution.

6.3.1 Concept of Compound Standard Grey
Numbers and Their Determination

Definition 6.6 The first and second standard grey numbers: Given a grey num-
ber ®, =[a,,b, 1,(a, <b,i=1,2,...), if we change its left endpoint number in a
standard way [shown in Eq. (6.43)], the standard number we get is called the first
form of the grey number, or the first standard grey number for short. In it, 4,
(b, —a, )yﬁ”, and 'yil) are called the white part, grey part, and unit grey num-
ber (grey coefficient) respectively. If we change its left endpoint number in a stan-
dard way [shown in Eq. (6.44)], the standard number we get is called the second
form of the grey number, or the second standard number in short, in which &,
—(b, —a, )¥"?, and ¥ are called the white part, grey part, and unit grey number
(grey coeflicient) respectively.

@Y =(a,b)=a,—a,+a,b]=a,+[0,6,—a]=a, + (b —a,)[0,1]

i

=a,+ (b, —a)y,(0<y" <1) (6.43)

i

®Y =[a,b]1=b—b +[a,b]=b—[0,6,—a]=b — (b —a)[0,1]

i

=b—(b—a)y”,0<y? <) (6.44)
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Any standard number can be transformed into the form of the first and second
standard numbers. Although they differ in form, they are the same by nature, for
they express the same grey number.

Theorem 6.9 The sum of the specific value of the first and second standard grey
numbers is 1: Given a grey number ®, =[a,,4,],(2, <b,,i=1,2,...), if we express
it in the form of the first grey number (®ll,) and second standard grey number
(®f), in which yﬁ.l),(O < YEI) <1) and y;z),(O < yjz’ <1) express the two obtained
standard grey numbers respectively, then with regard to the same grey number, the
sum of these two kinds of standard grey numbers is 1, namely, Y +y'? =1.

Proof: Given one grey number ®, =[a,,b, 1,(a, <b, ,i=1,2,...), by Definition
6.6, express it in the form of the first and the second standard grey numbers, shown
by Egs. (6.43) and (6.44).

Equations (6.43) and (6.44) indicate the same grey number, so they are equal
intrinsically regardless of their different forms, shown by Eq. (6.45):

& =@ sa,+ (b, —a) =6~ (,—a)”, v+ =1 (645

i i i

From Theorem 6.9, the expression form of the same grey number with different stan-
dards differs in form, but they are equal intrinsically; we can illustrate this with Figure 6.1.
Even though the two kinds of grey numbers are of no difference in expression, however,
in the process of calculating the practical problems, we had better adopt one kind of stan-
dard grey number for the same problem in order to understand the problem and avert the
confusion of the obtained numbers, especially to the same grey number.

As for the determination problem of a single standard grey number, we have had
a detailed explanation in the theses “Grey Matrix Game Model Research (3) Based
on Pure Strategy: Nonstandard Grey Matrix Game Process Analysis” and “Grey
Matrix Game Model Research (2) Based on Grey Mix Strategy: Grey Surpass Plane
Support Theorem and Two Important Grey Inequalities.” Now we mainly research
the determination problems of compound grey numbers that are calculated by a

(yl,(z)) Direction of

obtained number
1 g 0
i 2
(- &) R N
¢
(@) A ()
. s ~
0 + 1
(y(l)) Direction

i

Figure 6.1 Relationship of first and second standard grey numbers.
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single standard grey number through various kinds of mathematic calculations in
the following text.

Definition 6.7 Compound standard grey number: If a grey number (®,) is ob-
tained through several times of addition, subtraction, multiplication, division,
and other kinds of mathematic calculations, then we call the grey number (®,)
a compound standard grey number, or a compound grey number, expressed by

®,= f(®l.j)w.j = [minyij (0),maxyl.]. f@)], (0< Y, SLij= 1,2,...).

From Definition 6.7, the grey number that is calculated by a single standard
grey number through several times of mathematical calculations is a compound
standard grey number. Also the grey number calculated by compound standard
grey numbers or compound standard grey numbers and a single standard grey
number for several times are also called compound grey numbers.

Compound standard grey numbers have the same expression as the first and the
second standard grey numbers, having a white part, grey part, and grey coefficient.
The only difference is that the grey coefficient of its grey part is compounded by
several grey coeflicients of a single grey number.

Definition 6.8 Determination of a compound grey number: Given any two com-
pound grey numbers ® , = f(®ij)7~’<0 < Y <Lij=12,..)and ®, = f(®m')Y ,
0<y, <lLwwv=12,..), ’

B If no matter what Y, (0<y, <Lij=12,..) and 7,0 < v, < 1,
u,v=1,2,...) are the obtained numbers they both meet ® , 2®,, then
we say that compound grey number ® . is not smaller than ®,.

B If no matter what yl.].,(O < Y, <Lij=12,..) and v, (0 < 7v,) <
1,u,v=1,2,...) are the obtained numbers they can meet ® , <®,, then
we say that compound grey number ® . is smaller than ®,.

B If no matter what value v,,(0<vy, <14j=12,.) and v,,, (0 <,) <
1, u,v=1,2,...) are the obtained numbers they can meet ®, =®,, then
we say that compound grey number ® , equals ®,.

Otherwise, we cannot judge the compound grey numbers ® . and ®,.

Example 6.7 Given two single standard grey numbers ®, = 2 + (b—a)y,,(0< y,<1)
and ®, = c+(d - )y,,(0 <y, <), then through addition and subtraction, the two
standard grey numbers can be compounded to be compounded standard grey
numbers ®) and ®'? respectively.

o _ _ _ _ _ 1 1 1
®,=8®+Q®,=a+(b-a)y,+c+(d-0y, (a+C)+(b—a)(d—C)((b—a)y1+(d—C)YZJ

(6.46)

O _9 @ — _ o A 1 1 B 1
®,=®-®,=a+(b-a)y,-c-(d-c)y,=(a C>+(b—a)(d—c)((d—c)y1 (b—a)Yz)

(6.47)
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If
{(a+c)+ ! ( ! v, + ! yj} -
(b-a)d-c\(b-a) 1 (d-c) Yil0<y; <1i=12)
1 1 1
—da-o)+ ( Y- Y )} 20,
{ (b-a)d-c)\(d~c) 1 (b-a) ™ Y0y 1i=12)

t?en ! >®\.
|

1 1 1
(a+c)+ ( v, + Y )} _
{ (b-a)d-c)\b-a) " (d=c)*)] i,

_{(a—c)+b 1d (d1 71—b1 YZ)} <0,
(b—a)d-o)\(d-c0) (b-a) 102y, €1i=12)

0 . @@
}?en ®]2 < ®12'

1 1 1
(a+0)+ ( v, + Y )}
{ (b-a)d-c)\(b-a) ] (d=0) ’ ¥, (0<y,<1,i=1,2)

—{(a—C)+ b 1d (d1 Y- b1 YZ)} =0,
(b—a)d-c)\(d-c0) (b-a) 102y, <1i=12)

0 _ @2
then ®;, =®.7.

Or we say that ®'!) and ®2 are compound grey numbers we cannot determine.

6.3.2 Concepts of Grey Optimal Solutions, Feasible
Solutions, and Infeasible Solution Matrix

Given any grey matrix game G(®) = {S,,S,; A(@)mm} problem, where there is a profit
and loss value matrix A(®), in the form of a nonsquare matrix. According to the
constructing method of analogous grey full-rank expanding square matrix in Section
6.2, we can construct several analogous grey full-rank expanding square matrices.
What is the meaning of constructing these grey full-rank expanding square matrices
and what is the relationship between the inverse matrix and the optimal grey game
strategy and grey game value of Players 1 and 22 Here we first define the concepts of a

grey optimal solution, a feasible solution, and an infeasible solution matrix.

Definition 6.9 Nonhomogeneous grey linear equation group of grey game: Given
any two grey inequality groups of grey matrix game G®) = {SI,SZ;/ZI((@)W”}
problem [shown in Egs. (6.48) and (6.49)], if we neglect the nonminus con-
straint of variables in the grey inequality groups and make the inequality into an
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equahty, we obtain the game players’ grey strategy variables as x

/®

1 Xy s

1®

m 2

3 X

y2, 98, y'®,—vl; then we can make the inequality group into the form of a
grey matrix equation, as shown in Egs. (6.50) and (6.51), and we call them nonho-

mogeneous grey linear equation groups ofa grey game (matrix equations).

n

® .®
z‘lisz _1/ ,j=12,.

i=1

n

§: ® ® o,
a;y; Svg,i=L2,...,n

j=1

n n

j=1 j=1
(xl@,xé@,...,x;@,—yé)-1§(®) =(0,0,...,0,1)

[a b] la,,,6,,] -+

11°
[4217b ] [ﬂzzﬁbzz]
(xl@,x;@,...,x/@,—vé)- . :
[dml’bml] [ﬂMZ’bMZJ e
1 1

B@® (5%, 50l =0h) =00,

[ﬂll’bll] [”12’512] [‘lln’bln] 1
[”21’ 21] [ﬂzz’ 22] [dZW’bZWJ 1
[dml’bml] [dmZ’meJ [amn’bmn] 1

1 1 1 0

=[Lx;,Rx,]12[0,0],i=1,2,...,n

Zx;@ = Z[in’in] = [1’l]yi:[i,OSCiSl,izl,Z,M,n
i=1 i=1

® _ .
;= [Lyj,Ryj] =2[0,0],/=L2,...,n

[dln bln ] 1 0
[dZn 4 bZn] 1 0
[ﬂmn 4 bmn] 1 0
1 0 1
)T

/®
N 0

/®
)2 0

/®
Jn 0
_v/® 1

_1®

® _ — _1®
2)’;‘ = Z[L)/j’R}’j] = [1’1]Yj=c]»,OS£j§1,j=1,2,...,n =1

(6.48)

(6.49)

(6.50)

(6.51)
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® /e ® 1® /® ® . .
We select x;°,x) 5.c0sX, s Y > Y5 »--s), »—Vg as the variables of the matrix

equation rather than the variables of inequality groups of Eqs. (6.48) and (6.49)
because of the structure constraint of the matrix equations. In matrix Egs. (6.50)
and (6.51), we did not take the grey game strategy variables' nonminus constraint
into consideration.

Definition 6.10 5~ (®)(m +1)X(m 41 8 solution row and solution column: Given any
grey matrix game G(®) = {S,,5,; A®), . 1 problem, if the inverse matrix of its grey
full-rank expanding square matrlx exists, then we say its last row and the right col-
umn is Player Is solution row (solution row in short) and Player 2’s solution column
respectively.

Definition 6.11 G(®)’s infeasible solution, feasible solution, and the optimal
solution matrix: Given any grey matrix game G(®) = {S,,S ’Zl(®)me} problem,
where A(®)m><m is a square rnatrlx, the problem’s grey full- rank expanding matrix
B(®)(m+l)><(m+1) s inverse matrix B~ (®)(m+l)><(m+1) exists.

If in the solution row and solution column of the grey inverse matrix
éfl(®)(m+l)x(mﬂ) (the right down grey element ofBﬁfl(@)(mH)x(mH) excluded) and
all the grey elements are larger than or equal to 0, then we call the grey full-rank
expanding square matrix B(®)(m coxmey  the grey feasible solution matrix of a
grey matrix game G(®) {S,,5,;A®), . 1 problem.

In the solution row and solution column of the grey inverse matrix
1§_1(®)(m+1)x(m+1) (the right down grey element ofg_l(®)(m+1)x(m+l) excluded), if
there exist grey elements that are smaller than 0, then we call the grey full-rank
expanding square matrix E(@)(m \x(msn the grey infeasible solution matrix of a
grey matrix game G(®)={S,5,; A(®), . } problem.

mxXm

Example 6.8 Given a grey matrix game problem G(®)={S,,S,;A®), } where

its profit and loss value matrix A(®), ., is shown as Eq. (6.52), we can get its
grey full-rank expanding square matrix, as shown by Eq. (6.53). Trying to solve
the inverse matrix B7(®) of Eq. (6.53), we can get the solution (the grey element

mxm

values of B™(®)’s solution row and solution column) of a matrix equation that
meets the grey full-rank expanding square matrix [see Egs. (6.54) and (6.55)], as
shown by Eq. (6.56):

~ 2 3 11
A®)=| 7 5 (23] (6.52)
7 6 2

2 3 11 1

- 7 5 247, 1
B(®) = T2 (6.53)

7 6 2 1

1 1 1 0
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2 3 11 1
7 5 2+y, 1
XX Ve ” =(0,0,0, 6.54
(oo ®ve)l T (6.54)
11 1 0
/®
2 3 11 RIRE 0
705 24y, 1| ¥°
¥z 2 =] 0 (6.55)
7 6 2 T vi 0
11 1 0 1
v,
/® =[0.3750,0.3751], x;® =[-0.2857,-0.25001,
=[0.8750,0.9286],y,® =[0.3750,0.6429], (6.56)

y;® =[0,0.3125],y;% = [0.3125,0.3571];\/% =[5.1250,5.2143].

From Eq. (6.56), the solution that satisfies matrix Egs. (6.54) and (6.55) is not
necessarily the game player’s optimal grey strategy and grey game value of the
grey game. This is mainly because we did not give the corresponding constraint
of a nonminus requirement aiming at x°,i=1,2,...,m and y ,j=12,...,n inthe
matrix equation. Therefore, we can come to a conclu510n that Eqg. (6. 53) is a grey
infeasible solution matrix.

Theorem 6.10 There are negative grey elements in the solution row and solution col-
umn of an inverse matrix of an infeasible solution equation: Given any grey matrix
game G(®) = {S,,S A(®) . problem, if the inverse matrix B~ (®)(m+l)><(m+l) of
the infeasible solutlon matrix B(®)(m ADx(mi1) EXISTS, then in the inverse matrix’s
solution row and solution column (the right down elements of B(®)
excluded), there must be one or more negative grey elements.

(m+1)X(m+1)

Proof: By applying the method of disproof to a given grey matrix game
G(®) {5,,8,;A(®), .} problem, assume its infeasible solution square matrix is

B(®)(m+l)><(m+l)’ as shown in Eq. (6.57):
[ﬂll’bll] [“12’b12] [ﬂlm’blm] 1

B [421’521] [ﬂzz’bzz] [‘Zzwbzm] 1

B(®) 4 1yx(min) = : : : : (6.57)
[dml’bml] [amZ’bMZJ [dmm’bmm] 1

1 1 1 0



Matrix Solution Method of a Grey Matrix Game ®m 173

The inverse matrix of the infeasible solution square matrix is B_1(®)( ,
m+1)X(m+1)
shown in Eq. (6.58), and there are no negative grey elements in its solution row and
solution column.

B71(®)(m+1)><(m+1)
[Cl,l’dll] [fl,zfdl,z] [Cl,m’dl,m] [Cl,m+1’dl,m+1]
[Cz,l > ””2,1] [52,2 ’dz,z] e [CZ,M’dZ,m] [Cz,mﬂ ’dz,mﬂ]
[Cm,l’dm,l] [Cm,Z’dm,Z] [Cm,m’dm,m] [Cm,erl’dm,erl]
[fm+1,1’dm+1,1] [€m+1,2’dm+1,2] [[m+l,m’ m+l,m] [fm+1,m+1’ m+1,m+1]

(6.58)

Then, according to the assumption of Eq. (6.58), we can know from the conclu-
sion of Section 6.1 that Eq. (6.58)’s solution row and solution column correspond
to the solution of the grey matrix problem. According to Definition 6.10, Eq. (6.58)
is not a grey infeasible solution matrix but the solution matrix. This contradicts
the assumption. Given any grey matrix game G( )=1{5,,$, A( ) x> iDL its grey
infeasible solution square matrix’s inverse matrix, there must be one or more nega-
tive grey elements in its solution row and solution column (the right down grey ele-

ment values of B7/(®) excluded). So the original proposition is right.

(m+1)X(m+1)

6.3.3 Sufficient and Necessary Condition of the Existence
of a Grey Optimal Solution Square Matrix

After establishing the concepts of the optimal solution, feasible solution, and infea-
sible solution matrices, we will study their relationship further.

Theorem 6.11 The sufficient and necessary condition that the unique grey expand-
ing square matrix é(@) (meDyx(ms1) 1S the optimal solution square matrix: Given any
grey matrix game G(®)=1{S,,S,; A(®),  } problem, if its grey profit and loss value
matrix A(®) s asquare matrix and its unique grey expanding square matrix
is B(®)(m+1)x(m+1) , then the sufficient and necessary condition that B(®)
is the optimal solution square matrix is that B(®)

matrix.

(m+1)X(m+1)

(e x(me1) 1S the feasible square

Proof: First prove the sufficiency. Namely, if a certain feasible solution square
matrix B(®) (o +1)>< wep 1S the unique expanding square matrix of grey game prob-
lem G(®)= {5,,8,; A(®), . 1, the task is to prove that the feasible square matrix

B(®)<m+1 «(ms1) 18 @ grey optimal solution square matrix.
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According to Definition 6.9, with the grey profit and loss value matrix of the
grey matrix game A(®)me, we can get two grey constraint inequality groups [as
Eqgs. (6.48) and (6.49) show] and their corresponding grey matrix equations [as Eqs.
(6.50) and (6. 51) show].

Because B(®)(m+1)x(m+1) is the feasible solution square matrix of A(®)me,
according to Definition 6.11, the inverse matrix B (®) (meDx(men Of Square matrix
B(®) s x(mer)  EXISTS. Then by Egs. (6.50) and (6.51), we can get the solution
of the matrix equation’s unknown variables x/®,x,°,....x/% y/®, y/® ... y/® —oL.

When B(®)( () 1S @ feaSIble solution matrix, the solutions of matrix equa-

tion xl@,x2 . xfn® )/1/® )é@, . y” ,—v are the grey numbers that are not smaller
than 0; B(®), One () is the umque grey expanding square matrix of A(®)me ,

so the solution of B~ (®)<m+1 (D) ’s solution row and solution column is the grey
optimal solution of the grey matrix game G(®) = {S, A(®) problem.

me}

Proof: Necessity: If a certain feasible solution square matrix B(®) (e D) 19 the
unique expanding square matrix of grey game problem G(®) = {S,,S,; A(®)
the task is to prove thart if B(® )(m+1)><(m+l)
then it must be the feasible square matrix.

Apply the method of disproof, and assume B(®),,,, )+ is the grey optimal
solution square matrix, but it is not a feasible solution square matrix.

From Definition 6.11, if B(® )i Dx(men) 1S 1IOE the feasible solution square
matrix, then there must be negative grey elements in B(®)<m )x(mD) ’s solution row
and solution column. Thus from Definition 6.11 for the optimal solution square
matrix, B(®),,,1)x (e 18 certainly not the optimal solution square matrix, and this
is contradictory to the assumption.

So the assumption is incorrect, and original proposition is correct.

m><m}’
is a grey optimal solution square matrix,

Theorem 6.12 The necessary condition that the optimal solutiop matrix of a non-
square matrix exists: Given any grey matrix game G(®) ={S,,5,; A(®),_} problem,
if A(®),,, is notasquare matrix, then the necessary condmon that a certain square
matrix of1ts analogous grey expanding square matrix B. (®)(erl ixmaty i = 1250 LC"
or Bl.(®) enxnenyt = 12,...,C) is the optimal solution square matrix is that the
square matrix is a feasible solution square matrix.

Proof: Given any grey matrix game G(®) = {51,52;121(09)
A(®) «, is not a square matrix.

According to the construction definition related to analogous grey expanding
square matrix in Section 6.2, if A(®), is a long column- or long row-dimen-
sional grey matrix, then we can get its analogous grey expanding square matrix
B(®) s iyimeryt =12, C o BA®) L1 ey ,C". Here, we only
take grey expanding square matrix B,(®),, . ns1)of = 1.2,...,C," for an example
to prove the theorem; the proof of grey square matrix B,(®) .Cl
is similar.

} problem, where

mxXn

(D)t l =
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Each analogous grey expanding square matrix Ei (®)(m+l)x(m+l)’i= L2,..,C"
can be seen as a subsidiary game problem. As for every subsidiary game problem, we
can regard its analogous grey expanding square matrix as unique. If each subsidiary
game problem can obtain its corresponding subsidiary problem’s local grey optimal
solution, then according to the presumption of rational behavior in the grey game
process for the long row-dimensional matrix game G(®)=1{S,,S,; A(®),  } prob-
lem, its grey optimal solution is the smallest of the local optimal solutions.

From thiswe cansee that, in order to make the grey matrix G(®)=1{S,,S,; A(®), _ }
problem have a grey optimal solution, we should first make its subsidiary game
problem BZ. (®)(m+l)><(m+l)’i: 1,2,...,C" have a grey optimal solution, and later
make each subsidiary game problem find a grey optimal solution in its grey expand-
ing square matrix. Then in terms of Theorem 6.11, the analogous grey expanding
square matrix of the subsidiary game problem is unique, and the sufficient and
necessary condition that the analogous grey expanding square matrix is the grey
optimal solution is if it is a grey feasible square matrix.

In reality, if there is subsidiary game problem éK (®)= {SKI,SKZ;;IK (®),,}
that has a unique analogous grey expanding square matrix By (®),,,,1), (1) a0d its
grey expanding square matrix is not a feasible solution square matrix, then accord-
ing to Theorem 6.10, the grey infeasible solution square matrix’s inverse matrix
B;(l (®),,,+1)x(ms1) has negative grey elements in its solution row or solution column.
Later we will prove that if grey elements exist, then the subsidiary grey game prob-
lem must have a zero strategy variable and redundant constraint equation. Having
omitted these zero strategy variables and redundant constraints propetly, we can
transform the subsidiary grey game problem into a less dimensional subsidiary
game problem BK: (®),s=1,2,... so as to make it have a unique analogous grey
expanding square matrix.

The subsidiary grey game problem that has a grey infeasible solution matrix can
always be transferred into a grey game problem of an analogous grey expanding
square matrix that has a unique feasible solution. According to Theorem 6.11, if the
subsidiary game problem has a unique analogous expanding square matrix, then
the sufficient and necessary condition that the analogous grey expanding square
matrix is the grey optimal solution matrix is that it is a grey feasible matrix.

6.3.4 Summary

This section defined standard grey numbers and compound standard grey numbers
and their determination rules. We established the concepts of infeasible solutions,
feasible solutions, and the optimal solution square matrix and proved the sufficient
and necessary condition that A(®) s unique grey expanding square matrix
E(@)(m tx(ms1) 1S the optimal solution square matrix and the necessary condition of
the existence of the optimal solution matrix. In this way, it paves the way for a grey
matrix solving method of grey game problem.
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6.4 G®)’s Redundant Constraint, Zero Strategy
Variables, and Grey Matrix Solving Method

Given any grey matrix game G(®) = {51,52;121(@))%”} problem, its grey full-rank
expanding square matrix’s inverse matrix exists. However, if the grey elements of
its solution row or solution column cannot guarantee the requirement of not being
negative, then the grey elements of its row and column cannot be the solution of the
grey game problem. This section researches the grey matrix solving method when
we cannot get the game player’s optimal grey game strategy and optimal grey game
value of the grey matrix game directly if they take advantage of the grey full-rank
expanding square matrix only.

6.4.1 Zero Strategy Variables in an Infeasible
Solution Square Matrix

According to the inverse matrix of an infeasible solution matrix, we cannot find
the grey optimal solution to the grey matrix game problem. How, then, do we deal
with the problem? When given more general conditions, how can we solve the grey
game problem according to an infeasible solution square matrix that consists of the
information of grey game optimal solution?

Definition 6.12 G(®)’s zero strategy variable: Given any grey matrix game
G(®) = {S, ;1:1(®)an} problem, in the optimal grey mix strategies
S® {x xf,...,xj},%@ ={y1®,yf,...,y}?} of Players 1 and 2, one or more grey
optlmal strategy variables are zero, and we call these grey strategy variables the

zero strategy variables.

Theorem 6.13 The zero strategy Varlable in an infeasible solution matrix: Given
any grey matrix game G(®) = {S A(®)an} problem’s analogous grey expand-
ing square matrix B, (®)(m+l)><(m+l)’l L,2,...,C" or Bl.(®)(n+1>x(n+1),z‘ =12,...,C",
if one or more analogous grey expanding square matrices are infeasible solution
square matrices, then there must be a zero strategy variable in the grey inequality
group constraint that is represented by these infeasible solution square matrices.

Proof: Given any grey matrix game G(®) = {Sl,gz,A(®) } problem where
its analogous grey cxpandmg square matrix is B,(®),, 1), i1t = L2, C)
(B (®) s ixneny i = 1.250-0,C, has a similar proof), 1f the By (®) e 1yximeny ©F
more) square matrix in B, (®)(m ioxmenr i =12,..,C7 s an 1nfea51ble solution
square matrix, then there must be a zero strategy Variable in the grey inequality
group constraint that is represented by the infeasible solution square matrix.

In the process of the grey matrix game, each analogous grey expanding square
matrix 5"5 (®) e x(men»i =12,...,C"  corresponds to one grey profit and loss value
matrix A4,(®) =1,2,...,C”"; in fact, we can regard every grey game problem

mxXn

m><m’l
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G.(®)=15,5,:4(®),,,
subsidiary game problem of grey game G(®)={S,,S,; A(®) _ }.

According to the sufficient and necessary condition that the unique grey
expanding square matrix is the optimal solution square matrix in Section 6.3, as
for the ith subsidiary game, if every El, (®) e x(meny i = 1,2,...,C;” is a unique
feasible solution square matrix, then every B_1 (®)(m ey £ = 12,0, C corre-
sponds to the 7th subsidiary game problem’s optlmal grey game solutlon for the
given grey matrix game G(®)={S,,5,;A(®) .} problem, its optimal solution
should be the optimal grey game strategy and game value after considering all the
optimal grey game solutions of subsidiary game problems that are determined by
B,(®) ()X (ma1)E = LG

By (®)(m+1)><(m+1 in B (®) (x>l =
square matrix, then there must be negative grey elements in By (®)<m Ax(me1)> S
solution row and solution column; we cannot find the optlmal solution of grey
matrix game problem that corresponds to A L (®) . in B (®)(m F2xOn ) directly.

According to Definition 6.10, we know that the solutlons in By (®)(m DX (D)
’s solution row and solution column must correspond to the solutlon of variables

1, determined~by 1Zli(®)me,~z'=l,2,...,Cm, as the 7th

n

1,2,...,C" is an infeasible solution

® /e ® @ ® ® _ 1 . on. H .
XXy sees X, s Iy s Yy seees )y s—Vg iN its grey matrix equation. However, in a
matrix equation, because of its structure constraints, we overlook the nonminus
® _I® ® e I® ® _ I
requirement of grey strategy variables x,”,x, ,...,x,", ¥ »¥, » o y%,—v@) In
these grey 1nequa11ty groups. Therefore, the solutlon of variables XX s
/
N9 yi2 ,—vl of the matrix equation may not be the solutlon ofvarlables of
inequality groups; only when a matrix equation takes over the nonminus require-
: ® " I® /®

ment of variables x;°,x,",...,x,°, )/1 ,)/2 . ,)/ —1/® can the two have the same
solution.

Here we can see that the solution determined by an infeasible square matrix
g . . . . bl .
B, (®)(m fOxnen) 1S only the solution of the matrix equation’s variables

®  I® & 1@ / . .

XA e X5 y2 e Y12 ,—v® rather than the solution ®of/®var1ab/l§s

xl/ ,xz/,.. ,xm/, PP e ¥ ,—vg . Inthe matrixequation, variables x°, x,° ..., x'?,
® | /® ® .

PPy seer ), cannot obtaln proper values when among the 1nterval [0,1] (the

range of grey probability value); they must obtain negative values by Definition
6.10. However, strategy variables x,x; ,....x0, y7, 95 .., yo of a grey game
problem can only obtain grey probability values, so in order to transform vari-
ables xl@,xé@,. ..,xf, )/1/®,)/£®,. ..»),, into a grey game problem’s feasible solution,
we must make those grey strategy variables that correspond to negative ones be
zero. In order to find the optimal solution of a grey matrix game problem’s corre-
spondence to A, (®) in an infeasible solution square matrix B ¢ (®) s Dxoms 1)
we must obtaln some varlables from the grey inequality group’s strategy variables
®  ®

XXy 5 ,xm , )’1 ’)’z I T ® that are determined by A4,(®), ., as zero strategy
variable.

This proves that if one or more analogous grey expanding square matrices are
infeasible solution square matrices, then there must be zero strategy variables in

mXm
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the grey inequality group constraint that are represented by infeasible solution
square matrix.

6.4.2 Redundant Constraint Equation and Zero
Strategy Variables in a Nonsquare Matrix

Definition 6.13 G(®) s grey redundant constraint equation: Given any two grey
inequality groups of a grey matrix game G(®)={S,,S,; A(®), .} problem, after
getting its grey optimal solution, if we put the solutions back to regional inequal-
ity groups, there will be one or more strict grey inequality constraint equations.
We call these grey inequality constraint equations the grey redundant constraint
equations.

Theorem 6.14 The redundant constraint equation and zero strategy variable
of A®), . s grey inequality groups: Given any grey matrix game G(®)=
{5,,8,; A(®), ..} problem that has a unique optimal solution, if A(®) _ isalong
column-dimensional grey matrix, then there must be a redundant constraint equa-
tion in the grey inequality group constraint of Player 1 of the grey game problem,
and Player 2’s strategy variable has a zero strategy variable. If A(@)mxn is long row-
dimensional grey matrix, Player s strategy variable has a zero strategy variable.

Proof: Given any grey matrix game G(®) = {S, ,52;121(®)an} problem, A®)
is not a square matrix. According to A(®),  , we can give the grey inequality con-
straint equation of the grey game, shown in Egs. (6.59) and (6.60):

mXn

7

E ® ® L
a; X, 2vg,j=12,...,n

i=1

xP =[Lx,,Rx,]2[0,0),i=1,2,...,n (6.59)

fob = Z[in’in] = [L1]Y,:ci,osci51,1':1,2,...,;1 =1°
i=1 i=1

n

E: ® ® o,
a;y; Svg,i=L2,...,n

j=1

y; =Ly, Ry;12[0,0], j=1,2,...,% (6.60)

n n

ZJ’? = Z[L}’j’R)’j] = [1’1]7]=[j,0S[j£1,j=1,2....,n =1°

j=1 j=1
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We will first prove the situation when A(@?)mx”
column-dimensional grey matrix. According to A(®)
row-dimensional expanding square matrix BZ. (®) e ximenoi =12,...,C)". Based
on Theorem 6.12, we can solve every A(®)  .i=12,...,C" s subsidiary game
problem corresponding to B. - (®) e nxmen i = 125000, C and thus we can find
the grey game G(®)={S,,S,; A(®),  }’s grey optimal solution; for the grey game
problem that has a unique optimal solution, we can assume that the grey optimal
solution exists in the kth row in the grey expanding square matrix B, (®) i 1yx(ms 1)
that is to say, it can be found in the grey inequality groups (7 groups in all) that are
determined by the 4th row in the grey profit and loss square matrix A (®) .

We know that, given any grey matrix game G®) = {S,,S, A(®)mm} problem,
if A(®)mx” (n > m) is a long column-dimensional grey matrix, then Player 1 has

n(n > m) constraint grey inequality groups. According to Theorem 6.12, Player I’s
rational behavior makes him obtain a group of grey game strategies x.,x5,...,x,
and its grey game value vy is the minimum of the grey game value determlned
by grey expandmg square matrix B, (®) 1,2,...,C" (determined by
B (®),41)x(ms1) S iNVerse matrix B (®)

(where n > m) is a long

(> m), we can write its
mxXn

(m+1)%( m+1)’l

(m+1)X(m+1)/*
Now if B (®),,.1ximeny 1S the optimal solution square matrix, then in

A, (®),,.,,s grey subsidiary game there is no redundant constraint equation. The
m inequalities of Players 1 and 2 determine the optimal solution of their respective
grey games. However, the number of Player 1’s grey constraint inequalities deter-
mined by ’ZI(®)an (n> m) is n; thus for Player 1, the # inequalities have only used
m constraint grey game optimal solutions, and 7— >0 have not been used.

From the obtained numbers of a game player’s rational behavior, Player 1’s
n—m>0 grey inequalities that have not been used to constitute grey game’s opti-
mal inequalities are all redundant constraint equations.

In the grey matrix game that is determined by a long column-dimensional

grey matrix A(®) (n > m), the number of Player 2’s strategy variable is 7 + 1,

mXn
namely, y1® , y2® e yf,vé. However, in the grey game, the number of constraint
grey inequalities that determine Player 2’s optimal grey game strategy is only
+ 1; we can determine Player 2’s optimal grey game solution only by these 72 + 1
grey inequalities (m grey strategy variables and one grey game value variable,
95 e Ve vg); s0 the 7= m >0 strategy variables that have not obtained val-
ues in Player 2’s m + 1 grey inequalities obtain 0.

From this we can see that in the grey matrix game determined by a long column-
dimensional grey matrix 1:1(®)an (n > m), where a unique solution exists, Player 2
has #—m >0 strategy variables at least.

Similarly we can prove that when A(@)mx” (n > m), where a unique solution
exists, it is a long row-dimensional grey matrix; in grey inequality group’s con-
straint of Player 2, there must be 72—7>0 redundant constraint equations, and
Player 1’s strategy variables have m—7>0 zero strategy variables at least.
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6.4.3 Optimal Grey Game Solution in a Nonsquare Matrix

Theorem 6.15 The optimal grey game solution in a nonsquare matrix: Given any
grey matrix game G(®) = {5,,8,;A(®), .} problem, if A(®)  (n>m)isalong
column-dimensional grey matrix, then the grey game’s optimal game value must
be the minimum of a grey game value determined by all the rows’ grey expanding
square matrix BZ (®) i tyx(ms1) = LCrUIf A(®) ,(m > m) is a long row-
dimensional grey matrix, then the grey game’s optrmal game value must be the
maximum of a grey game value determined by all the columns’ grey expanding
square matrix BZ. (®)(n+l)><(n+l>’i =12,..,C".

Proof: Given any grey matrix game G(®) = {51’52;’Zl(®)m><n} problem, we
first consider the situation when analogous grey expanding square matrices
B. (®)(m+1)x(m+1 Ji= C” and E (® )(n+1)x(n+1):i =12,...,C" are both feasible
solutron square matrices (here, we only take B(®)(m+1)><(m+l)’l 2,...,C" for
an example; the proof is similar for B, (®) s ixniy i = 1250, C).

When A(®) . (2> m)isalong column- drmensronal grey matrix, in terms of
Definition 6.5, we can take Player 1’s 7 grey strategy vectors as row strategy vectors,
and then choose 7 grey vectors from Player 2’s 7 grey strategy vectors arbitrarily
as column vectors. In this way, an 7 X m dimensional grey square matrix that is
similar in form with a grey profit and loss value matrix is formed; we use the row-
dimensional grey profit and loss value matrix 4,(®) . ,i=1,2,...,C" to construct
C” row grey expanding square matrices BZ. (®)(m+l)><(m+l) i=12,...,C".

From the perspective of grey game strategy, in the grey matrix game process,
both players adopt rational behavior; Player 1 applies 7 grey strategies to play the
game with Player 2’s 7 grey strategies. Because 7> 7, Player 2 can only use all his
n strategies to play the game with Player 1. He can select from the # strategies’
probability adoption appropriately, while Player 1 can select » more advantageous
strategies from his 7 grey strategies. Player 1 can therefore select from the  strate-
gies” probability adoption more advantageously.

The inevitable result of Player 1 and 2’s grey game strategy choice is that
Player 1 selects 7 strategies from 7 ones arbitrarily and based on the combina-
tions of the plan, he selects one that produces the minimal grey game value in
the game process with Player 2’s z strategies; doing so accords with game players’
rational behaviors.

We know that row grey expanding square matrix gl. (®) i iyximsn i =12,...,C)
includes in the long column-dimensional grey matrix A(®) = (2> m) game all
the possible strategy combinations that Player 2 may adopt to play the game with
Player 1; what strategy Player 2 will select to play the game with Player I's m grey
strategies is completely determined by both sides’ rational behaviors.

So the optimal grey game solution of the grey game has two sides: the optimal
grey probabrhty of Player Us rational choosing 7 grey strategies x°,x5 ...
when in the worst situation, and the optimal grey probability of Player

® .
X, 18

most l/®
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2’s rational choosing  strategies from m grey strategies 3,75 ...,y is least vg
when in the worst situation. ~

From this we can see that in the game process when A(®)  (n> m) is a long
column-dimensional matrix, the optimal grey game value of the grey game must
be the smallest vy of the grey game values that are determined by all the rows’
grey expanding square matrices Ei (®) i 1yx(ms1)o? = C”. 'The grey game
strategy that determines the optimal grey game value 1/® of both Players 1 and 2 is
the optimal grey game strategy. N

For the grey matrix game G(®) ={S,,5,; A(®), .} (n# m) problem, according
to the dimensions of its rows and columns, we can divide it into several subsidiary
grey game problems:

mxXn

B If n > m, then divide it into C” subsidiary grey game problems of
A®)  i=12,..,C"

i mXm

B If #» < m, then divide it into C” subsidiary grey game problems of
A®) . .i=12,.,C".

B The grey optimal solution of the grey game G~(®)={Sl,52;;1(®)mm}
(n # m) problem is the whole grey optimal solution after considering that
each subsidiary grey game problem’s solution as the local grey optimal

solution.

When A(@)mxﬂ (n > m) is a long row-dimensional grey matrix, similarly we
can prove thatif A(®)  (n>m) isalong row-dimensional grey matrix, then the
optimal grey game value of the grey game must be the maximum 7/; of the grey
game values that are determined by all the columns’ grey expanding square matri-
ces B, (®)(n+l)><(n+1)’i =12,...,C" (they are all feasible solution square matrices).
Meanwhrle the grey game strategy of both Players 1 and 2 that determines the
optimal grey game value v, is the optimal grey game strategy.

Secondly, we discuss thessituationin A(®),, , ’sanalogousgrey expandingsquare
matrix BI(®) (e Dx(ma1) = LC” or B (®)(n+1>x(n+1>,i =12,..C, where
there exist one or more analogous grey expanding square matrices B, (®)
or gr (®) (s xns1) that are not feasible solution square matrices (here, we only take
B, (®)(m+])><(m+l) for an example; the proof for B, (®) is similar).

Because EK (®),4 1)x(ms1) 15 DO A feasible solution, we cannot find the solution
of each subsidiary grey game problem in the inverse matrix of all the analogous
grey expanding square matrices B,(®),,,, 1 (in> i = C" directly. There-
fore, we cannot find an optimal solution for the grey game problem G(®) =
{5, A®), } (n#m).

Accordmg to Theorem 6.14, for an infeasible square matrix B & (®) e ey
in By (®)(m DXt if there are negative grey elements in the solution row
and solutron column of the game player matrix, then in the subsidiary grey game

(m+1)x(m+1)

(n+1)x(n+1)
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( ) =18 Kz;zzl]( (®),,,,}> the game players’ strategy variables must be zero
Varlables

Assuming that we remove s zero strategy variables from Player 1’s 7 strategies
(other situations of removing the zero strategy variables are similar), this equals
removing s rows of grey elements. Thus, we transform a subsidiary game problem
of A,(®), .~ in the form of a square matrix into a long column-dimensional
proﬁt and loss value matrix A & (®),—x, Subsidiary problem; its game process
and obtaining the grey game optimal solutions are similar to the above situation.
According to this method, we can finally find the infeasible solution square matrix’s
local optimal solution.

After gaining the local optimal solution of these feasible and infeasible solution
square matrices, we can obtain the optimal grey game strategy and grey game value
of the grey matrix game G(®) = {5,5,;4(®),,,.,} problem.

Similarly we can prove that if A(®)mx” (n > m) is a long column-dimensional
grey matrix, then the optimal grey game value of the grey game must be the mini-
mum v, of the grey game values that are determmed by all the rows’ grey expand-
ing square matrices B, (®)(m+1 ey E = C”, and if A® ) ux, (> m) is a
long row-dimensional grey matrix, then the optirnal grey game value of the grey
game must be the maximum of the grey game values that are determined by all the

columns’ grey expanding square matrices B, (®) e yxuenyi = 12,0, C

The proof of Theorem 6.15 is constructive; the proposition prov1des a grey
matrix method that can solve the grey matrix game G(®)=1{S,,S,;A(®)
(n#m) problem.

mxn}

6.4.4 A®), s Inferior Strategy and Its Redundant
Constraint and Zero Strategy Variable

Definition 6 14 G(®)’s inferior grey strategy: Given any grey matrix game
G(®) = {S, A(®)mm} problem, if any game player’s grey game strategy is sur-
passed by any other better strategy, then we call that game player’s grey game strat-
egy an inferior strategy.

Theorem 6.16 Inferior strategy’s zero strategy variable and redundant constraint:
Given any grey matrix game G(®) = {5,,S,; A(@)mxn} problem, if a grey game strat-
egy of the game player is an inferior strategy, then the game player’s corresponding
strategy’s grey strategy variables must be zero strategy ones.

Proof: Given any grey matrix game G(®) = {51,52;121(®)an} problem, we first
discuss the situation when A(®),  ~isalongcolumn-dimensional grey matrix, and
assume the Hth column grey vector in A(®),  ~ is Player 2s inferior grey strategy
vector [shown by Eq. (6.61); the discussion of Player I’s inferior grey strategy is



Matrix Solution Method of a Grey Matrix Game ® 183

similar]. According to Eq. (6.61), we can get Player I's constraint grey inequality
group, illustrated in Eq. (6.62):

[“11’b11] [le’blH] [‘Zm’bln]
A®) (a6, ] - layysbyyl o lay,,6,,] 6.61)
[ﬂml ’bml] [ﬂmH 4 bmH] o [ﬂmn ’bmn]

E: ®._® L
a; X; 2vg,j=1,2,...,n

i=1

x7 =[Lx,,Rx,]2[0,0],i=1,2,...,n (6.62)

sz@ Z[in’in] = [l’l]y,:fi,osc,st':l,z,u.,n =17
i=1 i=1

As for Player 2, because the Hth grey strategy is an inferior strategy, according
to the game player’s rational behavior in the grey game process, Player 2 will not
adopt the inferior grey game strategy, and the strategy variable corresponding to the
inferior strategy should obtain 0—namely, the zero strategy variable.

From Eq. (6.61), the Hth column grey strategy vector is Player 2’s inferior strat-
egy vector. Then each grey element in the Hth column grey vector is not necessarily
smaller than that of one (or any) column grey strategy vectors that determine Player
2’s grey optimal strategy. So as for Player 1, in the grey inequality determined by
the Hth column grey strategy vector, if we put Player 1’s grey optimal strategy vari-
able value and optimal grey game value in it, then it must be the strict inequality.

According to Theorem 6.15, Player 1’s optimal grey game value is determined by
the grey profit and loss value matrix A(@)iﬂx(n_n that had removed the Hth column
grey strategy vector. In detail, G(®)=1{S,,S,; A(®) _ }’s optimal grey game value
is vg, the smallest of the local optimal solutions of subsidiary grey game problems
that are determined by A(®)iﬂx<n_1), while in the inverse matrix of the analogous
grey expanding square matrix corresponding to v, the grey elements in the solu-
tion row and solution column are the game player’s optimal grey strategy. Because
of the game players’ rational behaviors, their choices of grey game strategies must
make Player 2 establish all the grey game strategy’s numbers, which obtains the
grey matrix equation corresponding to the optimal solution matrix. By Theorem
6.14, the grey inequality’s constraint equation of Player 1 determined by the Hth
column grey strategy vector is a redundant constraint equation.
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6.4.5 G(®)’ Grey Matrix Method Solving Steps

We can conclude grey matrix game é(@) ={$ ,Sz;;1(®)

} problem’s grey matrix

mXn

method solving process as follows:

1.

Example 6.9 Given any grey matrix game G®) = {51,52;/:\(®)

Examine and omit the inferior strategy variables for Players 1 and 2 in the
grey profit and loss value matrix A(®)

Construct A(@) S analogous grey full rank expanding square matrix
B(@)(m+1 man? i = C" or B(®)(n+1)x(n+1),i= 32,..,C". i
i x(meD)>E = L2,...,C" or B;I

Solve  the grey inverse matrix B, (®)( (
Clof B (®)(m+1)x(m+1),l =12,...,C7or B(®) s 1) 1,

(®) (n+1)X(n+1)

z'=1,2,...,C;;. )
If (®) etxmen i =12,0.0,C" (0r BA®), 1y (e1yi = 12,...,C) are all
feasible solution square matrices, then in all the solution rows and solu-
tion columns of grey inverse matrices B (®)(m+l)><(m+l)’i =12,...,C" (or
B (®)(n+l)><(n+1 i=12,...,C"), the minimum (or the maximum) of its
correspondmg grey game value v® is the optimal grey game value of the
grey matrix game G(®)=1{S,S A(®)an} problem; the grey elements

of the solution matrix’s solution rows and solution columns for the grey
game value exist, corresponding to the game player’s optimal grey game

strategy.
If one (or any) square matrix in B(®)<m+1)x(m+1),z L,2,...,C" (or
Bi(®)(n+l)><(n+l)’l 1,2,...,C") is an infeasible solution square matrix,

remove the game player’s zero strategy variables, reconstruct the subsid-
iary grey game problem’s analogous grey expanding square matrix, and
try to solve the optimal solution of the subsidiary grey game problem.

After getting the local optimal solution of the subsidiary grey game problem
that was determined by all the analogous grey expanding square matrices
of the grey matrix game G(®) = {S S, ‘;‘i(®)m><n} problem, try to find the
minimum (or the maximum) vy of the local optimal solution of the sub-
sidiary grey game problem determined by all B (@) i D E = LC"
(or B/(®) s 1yxnsry>i=12,...,C)) as the grey optlmal solution of the grey
matrix game G(®) = {51,52;121(®)an} problem. The grey elements of the
solution matrix’s solution row and solution column that exist in the grey
game value correspond to the game player’s optimal grey game strategy.

} problem’s grey

mxn

profit and loss value matrlx shown by Eq. (6.63), the grey mix strategy of Players
Tand 2 is S ={xZ,x2},55 ={y,ys,v} respectively. Try to disguise the grey
redundant constraint equatlon and zero strategy variable.

~ [1,2] 3 11
A(®)—[ 7 5 [2,4]] (6.63)
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+7,)%° +7x5 2vy  6.64.1

3x1® + 5)(29 > v; 6.64.2
(6.64)
T + (24 2y,,)%) 2v,  6.64.3
X2+ x5 =1° 6.64.4
(4 7,)y7 + 35 +11y7 < v
7YY +5y5 + (24 2y,,)y5 Svg (6.65)

yr+ys +ys =1°

According to Eq. (6.63), we can write the grey game’s grey inequality group [as
Egs. (6.64) and (6.65) show], and the analogous expanding square matrix shown
by Egs. (6.66), (6.67), and (6.68):

i n2 3 1
B@=| 7 5 1 (6.66)
1 10
2 11 1
B@®=| 7 (24 1 (6.67)
1 10
) 300111
B(@®=| 5 [24] 1 (6.68)
T 1 0

X a2 [l i} 69.1

2y,,—11 [9711
X = S - P,i} 69.2 (6.69)
27,11 [1179

119

v 9
© 2y,,-1

. —49+67,, :[49 43} 0.3

| 23=3 56
2y,,—11 2y,,—11
_ _56+2723_3+2711723_3711 :|:§ Q:|
2Y23 -1 19 V11,723, 05Y11,¥2351

+y, X2 +7x3 =(1+7v,,

(6.70)

L 496y, _[4;3 43
© 2y, 11

:|7nr“123r05“{1 17¥2351

1179
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y. =0 6.71.1
2y
®_—n — 6.71.2
2= 2723—11 [9 11} 6.71)

y3®=‘7=[3,2} 6.71.3
2y, =11 119

Through the solving process of analogous grey expanding square matrix Egs.
(6.66), (6.67), and (6.68), we can get the solution as shown in Eq. (6.69). Put Egs.
(6.69.1) and (6.69.2) into Eq. (6.64.1), we know that Eq. (6.64.1) is a strict inequal-
ity, shown by Eq. (6.70). We can see from this that Eq. (6.64.1) is a redundant
constraint equation.

Similarly, we can get the optimal grey game strategy of Player 2, shown by Eq.
(6.71). From Eq. (6.71) we know that y? is the zero strategy variable of Player 2.

6.4.6 Summary

This section has defined the zero strategy variable and redundant constraint equa-
tion, and we also have studied the relationship of zero strategy variables in an infea-
sible solution square matrix, a redundant constraint equation, and a zero strategy
variable in a nonsquare matrix A(@)m «,- On this basis, we designed the basic steps

of solving grey game problem by grey matrix method.



Chapter 7

Potential Optimal
Strategy Solution’s
Venture and Control
Problems Based on
the Grey Interval
Number Matrix Game

7.1 Study of the Venture Problem of a Potential
Optimal Pure Strategy Solution for the
Grey Interval Number Matrix Game

7.1.1 Optimal Potential Pure Strategy Solution
of a Grey Interval Number Matrix Game

In order to resolve the optimal pure strategy problem of the grey matrix game on
the condition that inner number distribution information is unknown, it is neces-
sary to find a way to measure the grey numbers of A(®). Considering that people
without clear inner distribution information of interval numbers might compare
interval grey numbers in a way of potential comparison, here we make use of the
conception of grey potential to compare the frames of interval grey numbers.

187
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Figure 7.1 Relationship between interval grey numbers.

Definition 7.1 Conceptions of superior, inferior, and equipollent potential
degrees: For a random two interval grey numbers ®; € [4;, b,], ®, € [a,, b,] and
b,2 b;> a, (as shown in Figure 7.1), according to the potential of the endpoints
of two grey numbers in the axis, we can divide the sum set range® | ® into

. . g
three parts, [al.j, a,, la, bij], and [b,j, b,], where [a,, bij] is the intersection range
6% (1® between the two interval numbers.

1. We call the intersection range ®l ﬂ@ﬁ the equipollent potential zone;

l._ﬂf . . . .

EPD ,, =7, —-20 is the equlpolfent potential degree of interval number
K Y .. .

®;; compared to ®,, (where 7j—st means that ®, is compared to ®,), and
T . B H H

EPD, ,; ==~ 20is the equipollent potential degree of interval number

st

®,, compared to ®,.

2. 'The range [4;, b,,], which is divided by two right endpoints of two grey num-
bers and is at the right zone of intersection, is called the superhiclrb _ potential
zone of grey number [4,,, b, ] compared to [2;, b;]. SP. s = Ty 2 18 the

superior potential degree of the interval number ® , compared to ®,..

3. 'The range [ﬂij , a,, ], which is decided by the two left endpoints of two
grey numbers and is on the left of the intersection, is defined as the

inferior potential zone of grey number [4;, ;] compared to [4,, b,].

st
—dy—a; . R . . .
IPD. == <0 is the inferior potential degree of interval number ®,,
ij—>st ii a,vj ij
compared to ®,,.

Grey decrease

R
i e
e ke R LR
Y

SRR
Ak
RSUSEULCERRERERRS

Figure 7.2 Change of the right and left values with grey decrease.
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On the basis of these conceptions, we can now make a determination of the
potential degrees among interval grey numbers without difficulty, based on the fol-
lowing determination rules.

Definition 7.2 The determination rules of potential relations of interval grey
numbers: For two random grey numbers, the sum of the superior and inferior
potential degrees of one compared to the other is called the potential difference of
this grey number to the other, or potential in brief. If the potential is positive, it is
called a positive potential, and the corresponding grey number is called a superior
grey number; if the potential is minus, we call it a minus potential, and call the
corresponding number an inferior potential grey number; and if the potential is
zero, we call it an equal potential, and call these numbers equipollent potential
grey numbers.

b.] and

From Definition 7.2, we know that, for two grey numbers ®; € [4;, 6;

®:t € [dst > b:t]’

If SDPI],_W + [D]gj_m > 0, we say that, compared to ®,, ®, is a positive potential;
®; is the superior grey number and ®,, is the inferior grey number, marked
as®,;>®,.

IfSDPZ'ng + [Dlzj%ﬂ < 0, we say that, compared to ®,, ®,; is a minus potential;
®,, is the inferior grey number and ®,, is the superior grey number, denoted
as ®,< ®,,.

If SDP. 4+ IDP._ =0, we say that ®; and ®, have equal potential, and ®;

fj—>st fj—>st J 7
and ®,, are equipollent potential grey numbers, marked as ®;, = ®,,.

In Definition 7.2, some classical mathematical operators, such as >, <, and =, are
used to describe the potential relationships among grey numbers, but their mean-
ings are not the same as the greater and lesser judgments in classical mathematics.

Therefore, according to the rules in Definition 7.2, we can easily make a deter-
mination on some grey numbers in A(®) with respect to their potential meaning.
Although the potential is not always the value of the grey number, the determina-
tion rules bring us a method to find the optimal potential pure strategies solution
of G(®).

Obviously, lightly judging some interval grey numbers’ size can make us eas-
ily resolve the pure strategy solution in substandard grey matrix game G(®) =
{S,S,, A®)}. Following the theory of classical matrix games?®%3! and considering
people’s rational behavior, if both players do not want to run an unnecessary risk
or do not feel lucky, they instead think of how the other side would try to make
his opponent get less. They would therefore choose the most favorable case from
among the worst possible cases. This is a way both sides can accept. It is obvious
that these discussions on concepts such as optimum pure strategies, the solution,
pure situation, and so on are all potential conditions. Here, we define some con-
ceptions about G(®).
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Definition 7.3 Potential pure strategies solution: Given a substandard grey
matrix game G(®) = {S,,S,, A®)}, where S, = {o,,0,,,...,0,}, S, = {B,,B,,...,B,}, and
A®)= ([al_j,bl_j ])W, if there is a pure strategy, o ., ., under the potential mean-
ing, which can make b

[dif’bij*] <la..,b..1<[a. ;6. ], i=12,...m; j=L2,...n

] ] ry ot

come into existence, then situation (o ., .) is called the potential pure strategy
solution of G(®) = {5,,5,, A®). o, Bl'* is ]respectively the grey potential optimum
pure strategy of Players 1 and 2, or potential optimum pure strategy for short; and the
payoff of Player 1[a. .,b. .]is called the grey game value of G(®) = {S,,5,, A(®)},
denoted as V. (®). I

From Definition 7.3 we know that, if G(®) ={S,, S, , A(®)} has a solution, there
should exist a potential optimum pure strategy, o .,[ ., whose corresponding rows

x . ig ..

i and columns ;" can make the game value[a. ., 6. "] meet the conditions of the
z ] z ] N

optimal potential pure strategy solution. The pair of positive whole numbers (i , j )

is called the saddle point of a grey matrix game under the grey potential optimum
pure strategy, or potential saddle point in short, and the grey number[a. .,4, .]in
A(®) that is determined by (7, j°) is called a potential saddle point of glrjey matrix
A(®). The grey game value V;(®) is just the [dff , bl,],] that is the smallest potential

grey number in 7" rows, and biggest potential in ;j* columns.

Example 7.1 There is a comparatively closed color-TV market with two suppliers
in the area. In order to get a larger market share, they compete with each other
by using two strategies: Strategy 1, reducing the price and offering better service,
or Strategy 2, offering more product functions and higher quality. For whatever
reason, these suppliers cannot make an accurate estimate of future profit and loss
values when they select one of the strategies. In fact, even under strict condi-
tions, because of the stochastic and unstochastic system factors, the incomes of
two random times of the closed-TV market (that is, the games) are not always the
same. According to their history of competition experiences, players could make
a relatively accurate judgment about the game results in advance [see Eq. (7.1)].
In Eq. (7.1), o, B, expresses Strategy 1 of Players 1 and 2 respectively, and a,, B,
expresses Strategy 2 of Players 1 and 2 respectively. So Eq. (7.1) constructs a grey
matrix game G(®) = {5,,5,, A®)}.

B, B,
To,| 11,81 [1,10] '

Solution: According to the method for grey potential pure strategy solu-
tion, we solve this potential pure strategy problem. If Players 1 and 2 both take
Strategy 1, the payoff value is Vg(@) =a, (®)=[5,7] (for details, see Table 7.1).
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Table 7.1 Optimal Potential Pure Strategy Solution of G(®)

Player 2 B, B, mjin[a[j ' bij J
o, a;;(®) =[57] | a,(®)=[4,9] [5,71°
Player 1 o, a,,(®) = [1,8] | a(®) =[1,101 | [1,8]
max(a, b, | 571" [4,9]
j

Table 7.1 shows that there exists a potential pure strategy solution for both play-
ers in a game like that of Example 7.1; that is, if Players 1 and 2 both take Strategy
1, then their optimal payoff value is V_(®) = a,,(®) = [5,7].

11
Given a grey matrix game G(®)={S,,S,, A(®)}, the potential meaning is differ-
ent from the pure strategy solution in a classic mathematics meaning. It means
that risk exists when using grey potential pure strategy solutions for decision-

making.

Example 7.1 shows that there is an equilibrium, or grey saddle point, when play-
ers use certain information; it is an expedient measure for players to gain the most.
In other words, unless players use more information, their decisions are optimal.
However, there is a difference between decisions in grey potential meanings and
decisions in classic math situations. The difference shows the risk of game decisions
in grey potential cases to a certain extent.

In Example 7.1, if the payoff matrices are composed of the values of left and
right endpoints in A(®), it constructs two classic matrix games, G, and G,. From
matrix game theory, it is easy to know that the solutions of G, and G, respectively
are that if both Players 1 and 2 take their optimal pure strategy o, f3,, then the
payoff value is V;, = 4; if Players 1 and 2 take pure strategy 0., B, then the payoff
value is V;,=8.

After the event, we can get some facts from the comparison between the poten-
tial pure strategy solution and the pure strategy solutions of G, and G, in the grey
matrix game problem.

1. 'The value of the left endpoint of the grey payoff value of grey matrix game
G(®), LVC;(@) = Mz’n{Vé(@)} =5,is more than the payoff value of
G,V g1 = 4. It means that in a G situation, Player 1 only gets 4 units
of market shares, not 5 units. It bring about a risk of overrating 1 unit
of game income.

2. 'The value of the right endpoint of the grey payoff value of grey matrix
game G(®), RVG* (®) = me{Vé(@)} =7, is less than the payoff value of
G,V's, = 8. It means that in a G, situation, Player 2 gets 8 units of
market shares at most, not 7 units. It bring up the risk of underrating
1 unit of game gain.
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The risk analysis of Example 7.1 is common in potential pure strategy solutions.
Given a grey matrix game, there are only two kinds of risks in its potential pure
strategy solution, and the definitions are given as follows.

Definition 7.4 Overrated risk of Player 1: Suppose there exists an optimal poten-
tial pure strategy solution in a grey matrix game G(®) = 1{S,,S,,A(®)} and the opti-
mal payoff value is V*(®) = [a* b*] After the event, the difference between the

optlmal payoff valueV in thekth ' game and the left endpoint value of V_(®),
LV (®) = i ot (Vk LV (®)), (6*  >0)is called Player I’s overrated

highl —
risk in the kth game, whlch is measured by 6*

high.1
high.1"

Definition 7.5 Maximal overrated risk of Player 1: Suppose there exists an optimal
potential pure strategy solution in a grey matrixkgame G@®) =1{5,,S,, A®)}. We call
the maximal value of all overrated risk values 0, , (k= 1,2,...,0) as the maximal

overrated risk, denoted as (5 = Max_ ‘lG high e

Definition 7.6 Underrated risk of Player 1: Suppose there exists an optimal poten-
tial pure strategy solution in a grey matrix game G(®)=1S,S,, A(®)} and the
optimal pay-off value 1sV (®) = [a b']. After the event, we call the difference,
(52 L= Vk RV (®) (o Z >0), b]etvxjfeen the optlmal payoff value V of the kth

game and “he rrght endpomt value of V (®) = ] RV (®) = /7 the underrated

risk of Player 1 in the 4th game, whrch is measured by c* ol

Definition 7.7 Maximal underrated risk of Player 1: Suppose there exists an opti-
mal potential pure strategy solution in a grey matrix game G®)=1S,,S,, A®)}. We
call the maximal value of all underrated risk values G , (k=1,2,...,0), the maxi-
mal underrated risk for Player 1, denoted as (5 = Max _{o Z e

Theorem 7.1 Risk relations between players: Suppose there exists an optimal
potential pure strategy solution in a grey matrix game G(®) =1{S5,,5,, A(®)} and
the optimal payoff value is VG*(®)= [ﬂ;,b;].The overrated risk of Player 1 is
equal to the underrated risk of Player 2 for this optimal solution, and vice
versa.

Proof: From matrix game theory, we know that the gain of Player 1 is equal to the
loss of Player 2. If there exists an optimal potential pure strategy solution in a grey
matrix game G(®) = {5,,S,, A®)} and the optlmal payoff value is V (®) = [ﬂ; bl;]
then it means the payoff value of Player 1 is [oz b ]and the payoff value of Player 2

is [- b —a].

Player I's overrated risk value 6* bigh (=12, -,00)in the kth game means that
his real optrmal game value in the game is less than LV (®) = a, the left value of
V*( ®) = [“ij b 1, by G/ﬂ ;1 units, as yk . Z] Gh e Meanwlnle, the real optimal
game value of Player 2 is more than RV L(®) = —a,, the right value of

V;(@)Z[ﬂ;,b 1,by© ,,,ghl units, as ¥, = G,”gbl ﬂ;. In other words, Player 2
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underrates his payoff value, which brings about underrated risk, and his underrated
value is equal to the overrated value of Player 1, G = 0

w2~ highl
In a similar way, in the kth game, the underrated value of Player liso} oo (B=
1,2,...,00 ), which means the overrated risk value of Player 2 is G =0, -

leen grey matrix game G(®) = {5,,5,, A(®)}, the overrated risk of Player 1
is equal to the underrated risk of Player 2 in the same grey matrix game, and
vice versa.

Inference 7.1 Relations between the maximal overrated and underrated risks:

Suppose there exists an optimal potential pure strategy solution in a grey matrix

game G®) = {5,,S,, A®)} and the optimal payoff value is V (®) =[a,b ]. The

maximal overrated risk of Player 1 is equal to the maximal underrated risk ofj Player
2, shown as follows:

M
/ﬂgh 1 M { /ﬂg/? 1} I\;IHIX{ low 2} - 01014/.2

The maximal underrated risk of Player 1 is equal to the maximal overrated risk
of Player 2, shown as follows:

_ M
low 1 Mﬂx{ law 1 } de{ htgh 2 } Ghtghl

The proof is simple, like that of the relevant theorems in Ref. 34, so it is omitted
here. In fact, the risk of potential optimal pure strategy solution mainly refers to
the probability when the situation considered to be impossible to happen occurs, in
the process of decision-making according to grey potential.

7.1.2 Measurement of the Optimal Potential
Pure Strategy Solution

Suppose that we can solve a potential pure strategy solution in a grey matrix game
G®) = {5,,S,, A®)}. The key problem is whether there is risk in practicing this
strategy. If so, how much risk will players undertake? To solve the problem, we give
one important lemma.

Lemma 7.1 Most pessimistic and optimistic payoff values of Player 1: Given the
grey matrix game G(®) = {5,,S,, A®)}, the left and right values of all grey inter-
val elements construct new payoff matrices {AL}an and {AR}an respectively. Then
G, = 18,5, A} and G ={S,,S5,, Ay} are made by{4,} and{A,} . 'Their pay-
off values andV are respectively equal to the most pessimistic (mrnrmal) value
VL( & 2nd the most optrmlstrc (maximal) value V}, o, of Player 1.

Proof: We proveV L( ) first. In grey matrix game G(®), all the left values

of all grey interval numbers construct a new payoff matrix{A.}  .Then the game
L mXn
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G, = {8,5,, Ay}, decided by{A4,}  .is a classic accurate math game. Based on
matrix game theory, we solve the solutions easily. The optimal strategies of Players
land 2 are7, (x)and 7, ( ), and the payoff value is V*

Now we prove that V is the most pessimistic (mmlmal) payoff value; that is,

A VL(@
Usmg reduction to absurdlty, if we suppose thatV is not the most pessimis-
tic (minimal) payoff value V' v, ® thenV < V There is a matrix {4, }/ that is

not composed of all values of left cndpomts of the grey elements of A(@) [see
Eq. (7.5)]. In the game dec1ded by {4, } , the payoff value is the most pe531mlst1c

(minimal) payoff value V of game G (®) as follows, for V VL ®)"

a, a4y 4 a4,
4 = 44, 4y g1 oy 4y,
L= (7.4)
a4, e oy Lk e n
am 1 T ﬂm,k—l dm,k ﬂm n
a, a4, a, 4,
4 = gy T e Y T 4y,
L B ﬂ “ee ﬂ d/ “en ﬂ (7‘5)
il i k-1 ik i
am,l am,/efl dm,/e dm n

/. / .. .
If we suppose that only one elem?nt a,in{A4} is different from 2, in {AL}W.X .,
(that is, 2, < a <b,), then according to block matrix game theory, we can divide
elements’ 1n {AL}mX mto some submatrices. We take respectively al,e,a and their

following elements in {4} and {4, } _to construct A, and A [see Eqs (7.6)
and(7.7)] , and divide the other elements to compose matrices A;; and A

Ay =la,, 4] (7.6)

Al;e [LZ a di/, P ] 7.7)
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Here, only payoff values decided by 4,, and AéL may be different, and the other
block matrix payoff values are equal to each other. In fact, after matrix blocking,
we transfer the measured comparison between V and V) g to that between VL , and
V .WhenV,, < V ;> it means that if 4, turns rntoa (a <a . )> then the payoff
wrll not decrease When v, > V! 4, turns into a/ (a <a ) the payoff value will
decrease.

4, Ay A4,
A, =1 4, Ay 4, (7.8)
L Azl Az/e Ats )
4, Ay A4,
Aﬁt =| 4, Az'; A (7.9)
L Azl Az/e o Ats )
Ay Ay Sdy,
Vii= (7.10)
Ay @ Sdy
/
Aoy Ay Sdyy,
g
Vi = (7.11)
/ I <
Lip> e =4

Accorchng to matrix game theory,?¥ the game values of Eqgs. (7.6) and (7.7), V.
andVi ,are demonstrated in Egs. (7.9) and (7.10). From Egs. (7.10) and (7.11), we
know that 1fa <¢zk, V is not less thanV and only whena < a/ lk b V_
<Vlk Therefore, ifa, <ak is true in Egs. (7 6) and (7.7), thenV < V .In fact
accordlng to block matrix game theory, the game values of payoff matrlces {4}

and{A }an can be solved by Egs. (7.12) and (7.13):

mXn
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(Vi v v

A, = Vzi I/zk VLy (7.12)
i e
e o ]

Al = Vl V;f V (7.13)
i v v

In Egs. (7.12) and (7.13), according to block matrix game theory, if V < V.
then it is also true that V; is less than or equal to V| ; that is, V < V

When a; < a is true, then V <V . Deducing in a SImilar way, 1f one or more
elements in {AL}mX are not less than the corresponding elements in{A4,}  ,the
payoff values of the games whose payoff matrices are respectively{A4,}  and
{4, } _are in the relationship V < V : The payoff value of the game whose pay-
off matrix is {AL}mX ,which is composed of the values of left endpoints of all ele-
ments in A(®) 1S equal to the most pessimistic (minimal) payoff valueV, _ of

Vie
G(®); that is, V V @)

So supposmon is wrong and the proposition is right.

In a similar way, we can prove the other parts.

Inference 7.2 Most pessimistic and optimistic payoff values of Player 2: Given
the grey matrix game G(®) = {S,,S,, A®)}, the most optimistic (maximal) and
pessimistic (minimal) payoff values of Player 2 are equal to the minus of the most
pessimistic (minimal) and most optimistic (maximal) payoff values of Player 1
respectively; that is, V (@ = Ve andV . V*( 2@

Based on the relations between the incomes of the players shown in the payoff

matrix game, the proof of the inference above is simple and is therefore omitted here.

Theorem 7.2 Maximal overrated risk of Player 1: Suppose that a problem of poten-
tial pure strategy solution in a grey matrix game G(®) =1{S,,S,, A®)} can be solved
and the optlmal payoff value is V (®)= [zz b ]. The maximal overrated risk value
of Player 1, 6 ) 18 equal to the difference l/)etweena and the most pessimistic

(minimal) payoff value V. _ of G(®); namely, 6 high‘l—(aj VL(®)).

Vie
Theorem 7.3 Maximal underrated risk of Player 1: Suppose that a problem of

potential pure strategy solution in a grey matrix game G(®) ={S,,S,, A®)} can be
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solved and the optlmal payoff value 1sV (®) = [a b,l The maximal underrated
risk value of Player 1, (5 i1 I8 €qual to the difference between b and the most opti-
mistic (maximal) payoff value R(@)of G(®); namely, O /01,4/1 =( —b).

On the basis of Definitions 3.3 and 3.4 and Lemma 4.1, the proof of the two

R(®) i
theorems above is simple and so is omitted here.

Inference 7.3 Maximal overrated and underrated risk of Player 2: Suppose that a
problem of a potential pure strategy solution in a grey matrix game G®) =1{S,,S,,

A(®)} can be solved and the optlmal payoff value is V (®)=]a. ] Player 2’s max-
imal overrated risk value 6/ o 1S equal to the dlfference between (-6 ..) and the

most pesmmlstlc (minimal) payoff value V V (e in the G(®); thatis, 6

(®) ) /4 /;2

(V w®, " by b). Player 2’s maximal underrated risk Value, 24 2 is equal to the sum of
‘Z,] “and the most pessimistic (minimal) payoff ValueV ==V, (@10 the G(®), as
GlowZ_(ﬂz] VL( ))

On the basis of Definitions 3.3, 3.4, Lemma 4.1, and Inference 4.2, the proof is
simple and omitted here.

Example 7.2 In Example 7.1, there exists an optimal potential pure strategy solu-
tion in a game G(®)={S,,5,, A(®)} [as shown in Eq. (7.1)]; solve the maximal over-
rated and underrated risks of Players 1 and 2.

Solution: In Example 7.1, the payoff value of the optimal potential pure strategy
solution |sV (®) = aﬂ( )= [an,b 1= 15,7] and the most optimistic (maximal) and
pesmmxstxc (mlmmal) payoff values of Player 1 are respectively V, ,=V*G,=8 and
V =V*G,=4.

Then, the maximal overrated risk of Player 1 is cshMgh = a;, —V,g)=5-4=1
The maximal underrated risk of Player 1 is (5, = ( ;;@)_b; =8-7=1
The maximal overrated risk of Player 2 is 6} h2: Ve —b;l) =8-7=1
The maximal underrated risk of Player 2 isG}! = (a;. —V, ) =5-4=

In the grey matrix game G(®)={S,,S,, A(®)}, it is hard to measure grey interval
numbers. Unless this problem can be solved well, it means grey matrix game G(®)
hardly goes on. This section builds up the system of determination of the grey
potential, which meets the requirement of determining a pure strategy solution in
the grey potential situation.

However, the potential measurement between grey numbers isn’t the same as
the value measurement in grey numbers. They are greatly different from each other.
The pure strategy solution in a grey potential meaning is different from that in a
classic math meaning. It means there exists risk when making decisions regard-
ing grey potential pure strategy solutions. This section studied the risk, but it did
not involve a mixed strategy solution. For example, if there is no potential pure
strategy solution, what about the mixed strategy solution? If it has mixed strategy
solution, how is it solved? The research into these problems will be elaborated in
other sections.
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7.1.3 Summary

On the basis of conceptions of equipollent, superior, and inferior potential degrees,
this section designed determinant rules of interval grey number potential relations
and explored the players’ decision-making laws in the conditions of finite knowl-
edge and logos. We also designed grey game decision-making rules when a player
chooses the maximum potential degrees of grey game values (the most favorable
situation) and in cases where there are likely to be minimum potential degrees of
grey game values (the most disadvantageous situation), which is a reliable way that
both sides accept. This part of the book also recognized and defined overrated and
underrated risks of potential optimal pure strategies in the grey game, and designed
arithmetic for determining players’ overrated and underrated risks in situations of
potential optimal pure strategies.

7.2 Venture and Control Problems of an Optimal Mixed
Strategy for a Grey Interval Number Matrix Game

7.2.1 Recognition and Definition of the Overrated
and Underrated Risks of the Potential
Optimum Mixed Strategy Solution

From Refs. 5 and 13, we know that the optimum mixed strategy solution for the clas-
sic matrix game G ={S,,S,; A} is an accurate white number, but generally it would
be an interval grey number for a grey matrix game G(® ) ={S,(®),S,(® ); A(®)},
which means that risks exist in the solution. To recognize and define the risks is the

basis of the G(®) research.

Definition 7.8 Overrated and underrated risks of Player 1: Suppose there exists a
potential optimum grey mixed solution in a grey matrix game G(®) = {S, (®) S, (®);
A®)} and the optimal payoff value is V. (®)=[LV,_(®),RV_(®)]= R]
After the event, we call the difference between the optlmal payoff valueV in
the kth game and the left endpoint value of V. (®)= vl LV, (®)
Player I’s underrated risk in the 4th game, Wthh is measured byG i hl,that is,
Gblghl =RV, (®)— Vk = z/ —Vk (c* g 2 >0 ). The difference, denoted as ch 1 =
RV .(®)— Vk =v,— (G .1 20), Wthh is between the right endpoint Value
of V (®) = [ vl RV (®) =v, andV is called an overrated risk of Player 1 in

the kth game, whlch is measured byG

v,, as

high.1"

Theorem 7.4 Risk relations between players: Suppose there exists a potential grey
mixed strategy solution in a grey matrix game G(®) = {5,(®),5,(®); A®)} and the
optimal grey payoff value is V,.(®) =[v,,v,]. The overrated risk of Player 1 is equal
to the underrated risk of Player 2 for this optimal solution, and vice versa.
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Proof: From matrix game theory, we know that the gain of Player 1 is equal to
the loss of Player 2. Suppose there exists a potential pure strategy solution in a grey
matrix game G(®) = {§,(®),S,(®); A®)} and the potential optimal grey payoff value
sV, (®)= [vL,vR].Tl)is means that the payoff value of Player 1 is [v,,v,] and the
payoff value of Player 2 is[-v,, z/R].

Player I’s overrated risk value ot y (k=1,2,...,00) in the kth game means that
his real optimal game value is less tghan RV, (®) =v, ,which is the right value of
V. (® =lv,,v,], by (5/7 g1 = Vk units. Meanwhlle, the real optimal game
value of Player 2, V/e —Vk, is more than RV (®)=-v, ,which is the right
value ofV ,(®)=[-v,,—v,], by'(Ylow2 ——Vk RV L(®) =v —V units. In other

R
words, Player 2 underrates hlS payoft value, whlch brmgs about underrated risk, and

his underrated value is equal to the overrated value of Player l ot Y Zgh‘l

In a similar way, the underrated risk value of Player 1 is (5 . (/e =1,2,...,00) in
the kth game, which means the overrated risk value of Player 2 is 0 =0, | at
the same time.

The overrated risk of Player 1 is equal to the underrated risk of Player 2 in the

same grey matrix game, and vice versa.

Theorem 7.5 Existence of overrated and underrated risks of players: Suppose
there exists an optimal grey mixed strategy solution in a grey matrix game G(®) =
{5/(®),S,(®); A®)} and the optimal grey payoff value is V. (®)=l[v,,v,]. In the
kth game, both the overrated and underrated risks of the players exist in the opti-
mal payoff value V(f , which is an accurate white number because the payoff value
after the event is unique.

On the basis of Definition 7.8, the proof is simple and so is omitted
here. But from Definitions 7.8 and 7.10, we know the difference between
VG/? and RV (®) = v, which is the right value of the optimal grey payoff
Value in a grey matrix game G(®), is the overrated risk of Player 1; that is,

/ﬂ =RV (®)— Vk =v,— Vk The difference between Vk and LV_(®)=v,
the' left Value of the optlmal grey payoff value in a grey matrlx game G(®), 1s
Player 1’s underrated risk; that is, ot = VG/e -LV, (®)= V; -v,.

Therefore, the proposition is true.

low.1

Example 7.3 There is a digital-TV market almost occupied by two suppliers in
an area. Suppose they are preparing for the next round of competition for market
share. Both Player 1 and Player 2 have only two strategies: reducing the price
or improving the quality. A grey matrix game G(®) = {S,(®), 5,(®); A(®)} is used to
describe the competition, whose grey payoff value is shown in Eq. (7.14). Solve the
overrated and underrated risks of Players 1 and 2 in the kth game while the payoff
matrix is A, [shown as Eq. (7.15)].

As in Ref. 37, we describe the interval grey numbers in Eq. (7.14) in the form
of a standard interval grey number [shown in Eq. (7.2)]. According to the method
for the grey game strategy and grey payoff value, the grey optimal game strategy
solution and payoff value in the grey matrix game G(®) are as follows:
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1T 134 1 347,

A®) = =

l[4,6l 2 l [4+2-~{21 2 @14
1 4
A =

3 L 2l (7.15)
X(®) = {x1 (®)=[0.40,0.67] x2(®)= [0.33,0.60]} (7.16)
y(®)= {y1 (®) =[0.17,0.40] y2(®) =[0.60,0.83]} (7.17)

min(lo+4ylz+67“+2Y“Y“] ,
4+ 11 + 2Y2l 0<y1p,70¢<1

Vi®)= =[2.50,3.14]

= [1 0+47,+67,+ 27127211
A+ 27 0=yy5,¥2;51

In the kth game, the payoff value of AisV, =3.In the same game, Player 1's
overrated and underrated risk values arecy,, =RV (®)-V}=3.14-3=0.14
and o}, ,=Vi-LV.(®)=3-2.50= O 50 respectively. Player 2’s overrated
and underrated rlsk values are csh,gh1 RV.(®)-V:=3.14-3=0.14 and
=VE-LV ,(®)=-3-(-3.14)=0.14 respectrvely

G/ow 2

7.2.2 Measurement for Maximal Overrated and Underrated
Risks of the Potential Pure Strategy Solution

Given a grey matrix game G(®) ={S,, §,, A(®)}, suppose there exists an optimal grey
mixed strategy solution. We are concerned not only with whether there exists risk
to practice the strategy but also with how much risk we should undertake.

Definition 7.9 Maximal underrated and overrated risk of Players 1 and 2: Suppose
a solution can be found to a potential grey mixed strategy in a grey matrix game
G®) = {5,(®),5,(®); A®)}. Among all the underrated and overrated risk values
of Players 1 and 2, we call the maximum as their maximal underrated risk values

respectively, denoted as oM igh =Max}_ {o and Max” 1o

lybll /7/72}

Theorem 7.6 Most pessimistic and optimistic payoff values of Player 1: Given a
grey matrix game, the optimal grey payoff value is V. (®) =[v TN The left and
right values of all grey interval elements construct the new payoft matrices {4,}
and {4,} . respectively. ThenG, ={S,S,,A,}and G, ={S,S,, A } are decided
by {A4 . ancl{A . . Their payoff valuesV =v, andV = v, are respectively
equal to the most p6551m1st1c (minimum) value V and the optimistic (maximum)
value V of Player 1.
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Proof: We prove V| VV =, first. In a grey matrix game G(®), all the left
endpoint values of all grey intetval numbers construct a new payoff matrix {4, }
[sece Eq. (7.19)]. Then the game G, = {S,,5,,4;}, decided by{A4 b s a cla551c
accurate math game. On the basis of matrix game theory, we can easily find the
solutions. The optimal strategies of Players 1 and 2 are T, (x) and T, (), and the
payoff value V =v,.

Now we prdVC that VG =, is the most pessimistic (minimum) payoft value

Ql,that is,V,, = V = 1/L

Using reduction to absurdlty, if we suppose that Y, =7, is not the most pes-
simistic (minimum) payoff valueV,, , thenV; L@ < VL "There is at least a matrix
{4t }/ that is not composed of all Values of left endpoints of the grey elements of
A(®)WW In the game decided by { L};X the payoff value, V o L,lS the most
pessimistic (minimum) payoff value of game G(®); that is, V. V =y

) GL.1 G, L
a, 4 . .,
4 = 44, i~1k—1 oy 4y,
|, =
4 o 4 j1 2y o a;, (7.19)
dm,l ﬂm k-1 ﬂm,k dm n
a, a4y a a4,
44, i~1,k—1 A1 Tt Ay,
Al =
L= .. I (7.20)
4, oy Lk %
dm,l ﬂm,k—l dm,k ﬂm n

Suppose only one elementa in{4, } s different from a,in{A} ; that is,
a, < ﬂlk <b,. Accordmg to block matrix gamc theory, we can d1v1de elements in
{4,}  and{4 }mX into some submatrices. We take respectively«, andﬂ and
thelr nelghbormg elementsin{4,} ~ and{4 }mX to construct A, and A [see Egs.
(7.10) and (7.11)], and divide the other elements to compose matrlces to form block

matrices A;; and AZL
Ay=la, 4l (7.21)

a

A =a " (7.22)

ik—1
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A= A A:fk /%,k (7.23)
A=\ 4, AL-L fi,»; (7.24)

Here, only payoff values decided by A;; and AL/L may possibly be different, and
the other block matrix payoff values are equal to each other. If the payoff matrix of
the game is decided by Eq. (7.21) or Eq. (7.22), then the optimal payoff values in
these problems are shown as Eqs. (7.25) and (7.26) based on matrix game theory.

Bipys Ay Sy
V,= (7.25)

a<a

a b

ik’

v, = (7.26)

Accordmg to the above two formulas, we know that V > V asa, < ﬂ ,and V
<Vlk only whenzz <d i <a . .In summary, lfﬂk <ak,thenV.k SV_k In fact,
accordlng to block matrix game theory, the payoff values of{A, b 14 ¥

L'mxn’
I’ »andV/, L ,can be solved by Egs. (7.27) and (7.28):

L
Vi Vi Vi
A, = Ve eV, e V] (7.27)
v, Vi oV,
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Vi Vie Vi
A= Vi v 25)
A Vi =V,

In a similar way, in Egs. (7. 22) and (7.23), 1fV < V_k , then V < V

Ifa 7 < a is true, then V < VL Deducmg in a similar way, if one or more ele-
ments in {A } ,are not less than the corresponding elements in{4,} ., the pay-
off values of the games whose payoff matrices are respectively {4, } and {A }mx”
are in the relationship of VL < V In other words, the payoff Value of the game

whose payoff matrix is {4 }mX ,WlllCll is composed of the values of left endpoints

of all elements in A(®) s equal to the most pessimistic (minimum) payoff value
mxn
1(@) OfG( ) that 1s, V VL(@)

So the supposition is wrong and the proposition is right.
In the similar way, we can prove the left parts.

Inference 7.4 Most pessimistic and optimistic payoff values of Player 2: Given
a grey matrix game G(®) = {5,(®),5,(®); A(®)}, the most optimistic (maximum)
and pessimistic (minimum) payoff values of Player 2 are equal to the minus of the
most pessimistic (minimum) and optimistic (maximum) payoff values of Player 1
respectively; that is, V/, andV -V

GR2 GL 1 GL2 — GR.1"

Theorem 7.7 Maximal overrated risk equal to maximal underrated risk of play-
ers: Suppose there exists a potential mixed strategy solution in a grey matrix game
G®) = {5,(®),5,(®); A®)} and the optimal payoff Value is V. (®=[v,,v,].For
Players 1 and 2, the maximal overrated risk values, 62/ andG g2 ATC equal to

- high.1
maximal underrated risk values, O, ; and 010 ,»whichisv, —v,

Proof: From Theorem 7.6 and Inference 7.4, we know that for Player 1 in a
grey matrix game G(®), the minimal profit of each game is the most pessimistic
(minimum) payoff value V;, , =V, =v,.That means the risk of the minimal payoff
value is his maximum overrated risk, denoted asc’’ bigh =Max_ {
the maximal profit of all games is the most optimistic (max1mum§ payoff value
Ver = Ve =0p which means the risk of the maximal payoff value is his maximal
underrated risk, 0 it = Max’, {(5 J=v,

In a similar way, for Player 2 his max1mal overrated risk value is G2/ /ﬂghz
Max;_ {o" i ,}=v,—v,,and the maximal underrated risk is ol =
Max, {6, = vy = ”L-

In summary, the proposition is right.

According to Theorem 7.7, given a grey matrix game G(®), the maximal over-
rated and underrated risk values of Players 1 and 2 are all equal to v, — v,. Here,
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- ; ,
we set a rule of using 67/ bighino = Vg ¥, 1O Tepresent the players’ maximal overrated

and underrated risk values in game G(®).

Example 7.4 Solve the maximal overrated and underrated risk values of Players
1 and 2 in Example 7.1. As in Example 7.3, the optimal grey payoff value of
G®)isV' (®)=[v, ,v. 1= [2.50,3.14]. According to Theorem 7.7, the maximal

L’"R
overrated and underrated risk values of Players 1 and 2 are as follows:

ol =Maxlol b=l =Max{ot }=v, v, =314-250=064

Mo e ek 1o _ -
=Maxlot, F=c =Max{ot F=v,-v, =314-250=064

hlgh 2 k=1 k=1

7.2.3 Information Venture Control Ability
and Venture Control of Game G(®)

In a grey matrix game G(®) = {5,(®),5,(®); A®)}, which can be solved with an
optimal grey mixed strategy solution, there exists risk for players to make deci-
sions on the basis of the solution because people cannot make accurate judgments
of the results of the game in advance because they have incomplete information.
Therefore, the payoff game matrix is grey.

Theorem 7.8 Conditions of reducing risks in G(®): In a gray matrix game G(®) =
{5,(®),S,(®); A®)}, the relevant condition to reduce risks in the game is that both
Player 1 and Player 2 have some effective information to reduce the grey degree of
one or more elements in game payoff matrix A(®).

Proof: According to grey system theory,® reducing the grey degree of one or
more elements in game payoff matrix A(®) means respective internal contractions
of the left or right endpoint values.

From Theorem 7.6, when the grey degree of one or more elements in A(®)
decreases, which means the contraction of the left or right endpoints, the most pes-
simistic (minimum) and most optimistic (maximum) payoff values will decrease or
stay unchanged.

Thus from Definition 7.8 and Theorem 7.4, we know that the overrated or under-
rated risk value of Players 1 and 2 may decrease but cannot increase with the grey
degree reduction of one or more elements in A(®).

Inference 7.5 Nonrisk conditions in G(®): In a grey matrix game G(®) =
{$1(®),5,(®); A®)}, nonrisk requires the whitenization of all the grey information
in A®), turning A(®) into an accurate whitenization matrix 4, and then the over-
rated and underrated risk values of players will be zero.

The proof is simple, so it is omitted here. According to matrix game theory, given
a game whose payoff matrix is an accurate whitenization matrix 4, the game value
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in the kth game is a constant. Thus from Definition 7.4 and Theory 7.5, the over-
rated and underrated risk values of the players are zero.

Definition 7.10 Information control ability: Suppose there exists some public,
efficient information accepted by both Player 1 and Player 2 in a grey matrix game
G(®) = {5,(®),5,(®); A®)} resulting in the contraction of the left or right end-
point of one or more grey elements to construct a new payoff matrix A[/(®). We
call the difference between the most optimistic and pessimistic game values of
G(®) and G;(@) as the control ability of the overrated and underrated risk respec-
tively, denoted as Pj; and P, and the absolute value of the difference between the
maximal overrated and underrated risk of G(®) and G[/(®) as the maximal venture
control ability, marked as P,.

Example 7.5 In Example 7.3, if there exists some public, efficient information that
can reduce the grey degree of a, (®)in A(®) by turning a,,(®) into aé1(®) =[4.5,5.5]
and A(®) into A/ (®) [as in Egs. (7.29) and (7.30)], solve the maximal overrated and
underrated venture control abilities of this information, marked as P,, and P,.

® ® 1 3+
A@y=| W€ @@ |1 BA "2 7.29)
y(®)  a,®) [4,6] 2 4+2-7,, 2
A (®)= a,(®)  a,(®) | 1 3,41 |_ 1 347, 730,
Y a21(®) a22(®) [4.5,5.5] 2 4~5+Y;1 2

In Example 7.3, the optimal grey payoff value of G(®) is V/(®) = [V, V;] =
[2.50,3.14]. In a similar way, when the payoff matrix is A/ (®), it can be solved as
the optimal grey payoff value V" (®) =[v/ v/ 1=[2.56,3.08].

According to Definition 7.10, this information’s overrated and underrated ven-
ture control abilities, P, and P,, are illustrated in the following formulas:.

P, =v,~V/,=3.14-3.08=0.06 (7.31)

IH R

P, =v, —v, =2.56—2.50=0.06 (7.32)

According to Theorem 7.7, in the situation of A(®) and AI’(®), the maximal over-
rated and underrated risks of Players 1 and 2, G%gh—low and Gmugh-/owf are illustrated
in Egs. (7.33) and (7.34). Then the maximal venture control ability of the informa-
tion Py, is as shown in Eq. (7.35):

M — — —
O pightow = Ve~ Vi =3.14-2.50=0.64 (7.33)
/M _\,/ !/ _ —
O ow =V~ Vi, =3.08-2.56=0.52 (7.34)
M /M _ _
PI/\/I - Ghighflow - Glfhighflow =0.64-0.52=0.12 (735)
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Almost all the game problems in social and economic life are grey games, and thus
are hardly described by classic game theory, which Is based on accurate mathemat-
ics. Grey matrix game G(®) = {5,(®),5,(®); A®)} illustrated by intervals, is the
application of classic game theory in the inaccurate mathematical area. Not only
can game models vividly describe the problems in real life, better explaining the
social and economic problems, but they also makes game theory more integrated
and vivid.

In the process of grey game theory research, the grey matrix game theory is
the basis for further research of different grey games. The main difference between
grey matrix game G(®) and classic matrix game G'={S,,5,; A} is that the optimal
mixed strategy solution of G is an accurate white number while transforming to an
interval grey number in a grey matrix game G(®), which means there is risk in the
solution. So study of risk and venture control is important in G(®) research. In this
chapter, we discussed the recognition, definition, and measurement of that risk as
well as other problems such as venture control ability and venture control of G(®).

7.2.4 Summary

This section defined the overrated and underrated risks of Players 1 and 2 in grey
matrix games, as well as other important concepts such as maximal overrated and
underrated risks and venture control ability of game information. Many relevant
important theories are also proved, such as the risk relations between players, the
existence of overrated and underrated risks of players, the most pessimistic and
optimistic game values of Players 1 and 2, when maximal overrated and underrated
risk value are equal, and conditions for reducing risks and nonrisks. We can better
answer the following important questions in the grey matrix game: Does risk exist?
How is it recognized? How much risk is there? How do we measure and control
the risk?



Chapter 8

Concession and
Damping Equilibriums
of Duopolistic Strategic
Output-Making Based
on Limited Rationality
and Knowledge

The oligopolistic market is a market mechanism in which only several firms are in
competition. It has two main characteristics: there are only several firms (at least
two) that monopolize a professional market, and there is not only mutual competi-
tion but also compromise between the oligopolies. The Cournot competition model
(1838) is the classical model that describes decision-making problems about prod-
uct competition, and now there are many literatures that discuss it.

One of the key topics for research on oligopolistic competition is a discussion of
how the oligopoly can get motion superiority. Gal-Or (1985) did some research on
the firstmaking superiority and the later-making superiority under many different
response functions by studying duopoly models.?8! Dowrick (1986) proved that if
the oligopolies had different response functions in the competing market, they would
strive for the first-making superiority and the later-making superiority.?” Muceller
(1997) studied dependence on the leading oligopoly’s first-making superiority in

207
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specific industrial cycles.l”) Vander Werf and others (1997) thought different exper-
imental methods had obvious effects on results through comparison research on the
experimental methodology of the first-making superiority.“”’ Another key research
is about the output of oligopolies and social welfare. Haan and Marks (1996) stud-
ied the Stackelberg model and the Cournot model from the welfare angle. They
pointed out that if there were market-entering barriers, Stackelberg competition
cannot certainly enhance welfare."!! Okuguchi (1999) studied the duopoly model
and pointed out that if the response functions are different, the game equilibrium
will be different, as well as the profit and ultimate output of the Stackelberg model
and Cournot model.#? Rassenti and others (2000) studied the astringency of the
equilibrium solutions of the repeating Cournot competition game.“? Matsumura
(1999) researched the function of the storage quantity in multistage games by ana-
lyzing the limited multistages of the Cournot duopoly model.“) Huck and others
(2001) studied the model of the Cournot competition game; they also compared the
total quantity and the efficiency of the different models by researching the experi-
mental economic method in duopoly and Cournot models.)

The above research mainly paid attention to the duopoly classical competition
game model. Now there are many scholars who discuss the multioligopoly problem.
Sherali (1983) and others constructed and studied the Stackelberg-Nash-Cournot
model of one firstmaking oligopoly and N later-making oligopolies. They have
proved the existence and uniqueness of the equilibrium solution.l“¢! Afterward,
Sherali (1984) carried on an expansion of Stackelberg duopoly model. He also con-
structed and studied some competition models with many firstemaking oligopolies
and many following oligopolies. He pointed out that the Stackelberg model and
the Cournot model are exceptional cases. He concluded that the profit of the first-
making oligopoly was higher than the later-making oligopoly in the situation of
taking output as a competitive strategy, and the new oligopoly reduces the profits of
the original oligopoly.l”? Daughety (1990) analyzed the equilibrium solutions of the
Stackelberg game in general circumstances, namely 7 firstmaking oligopolies, and
n — m later-making oligopolies.’®) Wolf and Smeers (1997) established a stochastic
Stackelberg-Nash-Cournot model, discussed equilibrium and the related conclu-
sions of the model, and proved it by applying it to the European fuel gas market.l4*!

We can see three main problems based on present research results (see
Figure 8.1).

First, rationality and knowledge suppositions of the players don’t correspond
with reality. Most models assume that players have complete and symmetric deci-
sion-making knowledge (information), and the players are also completely rational.
However, in reality, almost all players have limited knowledge and rationality.

Second, the assumptions of the players’ game purposes do not correspond to
reality. Most models in the past believed that the output-making game purpose of
the player was to make his maximum profit in that game period. However, in real-
ity, almost all of the output-making game players take their strategy profit as their
decision-making starting post.
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Classical decision-making model:
Decision-maker—assume rationality economizer, not
considering the path dependence, to maximize the

current payoff.
<Oligopoly Oligopol)

New policy-making model:
Decision-maker—assume bounded rationality and
information, considering the path dependence,

to maximize the payoff strategically.

Figure 8.1 Comparison between the classic model and the new oligopoly strat-
egy output-making decision-making model.

Third, assumptions about the path dependence of players do not correspond
with reality. Most models have not considered the factor of path dependence. In
fact, decision-makers have strong path dependence.

Zhigeng Fang (the author of this chapter) once researched dozens of certain
monopolistic enterprises to find out how they made their output decisions. The
main points about assumptions of players put forward in this chapter have been
confirmed. For example, at the end of twentieth century, the competitive process
of strategic outputr-making and price-making of some large-scale color television
enterprises, such as Sichuan Rainbow, Shenzhen Kang Jia, and Nanjing Panda,
finally caused the entire industry to suffer losses, which is the best illustration of
our viewpoints.

Based on the assumption of decision-makers’ bounded rationality and knowl-
edge as well as the assumption of the decision-making path dependence, and
considering that the purpose of the players is to maximize the strategy profit, we
developed a new duopoly strategic output-making model. We also did some further
research on many problems, such as the algorithm of output-making, and the attri-
butes, characteristics, and concession equilibrium of the later decision-maker.

8.1 Duopoly Strategic Output-Making Model Based
on the Experienced Ideal Output and the Best
Strategy Decision-Making Coefficient

Based on the assumption of Cournot duopoly model, suppose that a product is pro-
duced by two firms, Firm 1 and Firm 2. Each firm chooses its quantity at the same
time. The quantities are denoted by ¢, and g,, respectively. The aggregate quantity
in the market is therefore Q = ¢, +¢,.Let P denote the market clearing price and
assume the aggregate output of the market is given by P = P(Q) = Q, — Q, where
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Q, is a constant. Assume that there are no fixed costs in the production and the
constant marginal costs of production are ¢, and ¢,. Based on perfect rationality on
both sides, they can choose the quantity that will maximize their profits and will
eventually reach Nash equilibrium.

However, duopolies certainly do not have perfect rationality, and one player
cannot make sure the other is full of rationality. In addition, considering the com-
petitive strategy, the player may sacrifice the current profit in order to seize more
market share, which will kick the rival out of the market when production exceeds
the Nash equilibrium. Nash equilibrium based on the current maximum profit,
however, may not operate automatically if players have imperfect rationality or
other considerations, such as more strategically based output competition in the
long run. In this way, duopolies’ output-making competitive processes cannot be
explained by the Cournot duopoly model. The author surveyed some oligopolistic
firms and found that most output-making processes do not follow the Cournot
duopoly model but largely depend on the path that reflects their or others’ past
experiences. They have great dependence on these direct or indirect experiences.

We will still study the duopolistic strategic output-making game as a conve-
nient example. Based on the practical output-making process and considering
the sequence when an oligopoly fixes its strategy output, we can get their output-
making formulations based on the ideal output and the best strategy extended coef-
ficient, shown in Eq. (8.1).

7, =90+ 7 (Q—q,) (8.1.1)
9, =90, +Y,(Q—q,,) (8.1.2) (8.1)
Q=4q,+q, (8.1.3)

where

1. ¢, and g, denote the outputs that Oligopoly 1 and Oligopoly 2 will choose;
let Q be the market capacity, which is decided by the duopoly’s output.

2. qy and g, represent ideal output based on past experiences, respectively,
that are formed by their direct experience or others” indirect experience,
influenced by the output level of their own, their rival’s, and the market’s
demand conditions. It is believed that under more preferential environ-
mental conditions, productions based on these experiences will lead to
more profit. In fact, if the duopoly is a Cournot output-making duopoly
(conforming to the assumption of Cournot models and based on the fact
that a Cournot oligopoly equilibrium is a Nash equilibrium), we are fully
convinced that the duopoly’s experienced ideal output is the solution of a
Cournot model.
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3. v, and v, describe the intended strategy extended when duopolies consider
their quantity control; we call them the strategy extended coefficients. It is
determined by the decision-maker’s practical producing ability, extended
production ability, value, decision-making customs, social and economic
background, personality, psychological characteristics, moral character,
and so on. If Oligopoly 7 first responds to the market, to make strategy
extended coefhicient first, ¥, ,(i = 1,2), we call it a first decision-making oli-
gopoly (or initiative); otherwise, we call it a later decision-making oligo-
poly (passive). A later decision-making oligopoly will find situations of an
advanced decision-making oligopoly through other ways (for instance, the
oligopoly can be judged according to factors such as its advanced action,
prompt signal, the custom, tradition, and individuality of former action,
and the situation and background of the present action).

4. 'The decision-maker will determine the current output in terms of the sum
of experienced ideal outputg,,(i=1,2) and strategy extended output
Y, (Q—g,,),(i=1,2).g,,(i=1,2) can be decided by comparing the current
situation with the historical situation and referring to some historical sta-
tistical data. v,(Q —¢,,),(i=1,2) reflects the strategy extended produc-
tion in the future market share, and it also can be understood as a strategic
contraction (negative expansion), which is decided by the market, plus fac-
tors as the strategy expands, and minus factors as the strategy contracts.

Theorem 8.1 When two oligarchic manufacturers determine the output, the value
range of strategy extended outputs, ¥, and 7,, are ¥, € [Q_qqm s1Jand Y, € [Q_q;z 1,

01 02
respectively.

Proof: The output should satisfy the following constraint conditions when two
oligarchic manufacturers make decisions.

0<g <Q (8.2.1)
0<¢,<Q (8.2.2) (8.2)
Q=g +q, (8.2.3)

From Egs. (8.1) and (8.2), we can get the value range of strategy extended out-
put, ¥, and 7,, which is shown by Eq. (8.3):

T .

u <y < (8.3.1)

Q_qm ' ( )
8.3

e <y < (8.3.2)

Q -9y,



212 m  Grey Game Theory and Its Applications

From Eq. (8.3), the value ranges of v, and y, are v, €] qu J1]and vy, € [Qq;’Z A1,
respectively. "

Inference 8.1 When the values of strategy extended output ¥, and 7, are respec-
tively 0 and 1, the two oligarchic manufacturers will take the strategy of the expe-
rienced ideal output or the output of market capacity.

The conclusion is obvious based on Eq. (8.1), so the proof is omitted here.

Theorem 8.2 Two oligarchies have the same unit production cost ¢; namely,

C,(9,)=¢q,candC,(q,) = g,c. Their output-making processes satisfy Eq. (8.1), and
the experienced 1deal output ¢,, and g, equals the Cournot equilibrium output 7
and ¢, respectively. Then the optlmal decision of current output is Yl Y, =0and

the optimal output decision is ¢, = ¢, = ¢y, 4, = 4> = Gorr 4 =9, =+ (Q, —¢).

Proof: According to the , as in Eq. (8.1), and the Cournot model, the output dec1sion
of a Nash equilibrium is q; = q; =3(Q, —¢). Letk =Q, —¢, then ql % £ and
based on the known conditions in the proposition, we can getg,, = g,, = g, = .

From Eq. (8.1), considering the optimal decision of Oligopoly 1 to ensure its
maximal profit ”1 , we can get Eq. (8.4):

V[ 440 —24,@Q =) [+ V3[40 + 4, Q- ]+ v,V [-40 + 0,(@Q, - ) |+

1 [q(? _qo(Qo _f)]_ng +qO(Q0 —c)= (8.4)

For the same reason, we can get Eq. (8.5):

V. [4g; - 24,Q =) |+ v [-45 + 2,@Q, = ) [+ 1,7, [ 45 +4,(Q — ) ]+

1,2 - 0@ 0] =302 +,(Q 0= e
Equation (8.4) minus Eq. (8.5) gives Eq. (8.6):
0, —1){340 — 2@ -} +(v) - 73[90 + 9 @Q ) ] =
o= 1{[348 - 4@~ ]+ (0, + 1) [ -2 + 4, @ - |} =0 &0
The solution of Eq. (8.6) is shown in Eq. (8.7):
¥ =9, (8.7.1)
{ — (8.7.2) ®7)
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Placing Eq. (8.7.2) into Eq. (8.4) is meaningless. Based on Eqs. (8.4) and (8.7.1),
we can get Eq. (8.8):

47%_27%2 + iz_i_ﬁ + i2+ﬁ + E_ﬁ _K_ﬁ—o
Y‘9 37193%93%93 9 3

~ 287, ~ 4k7y? ~ 287,

=0
9 9 9
4%y, 4R
_ =0
[(on_L),
Y, =0

In Eq. (8.5), when yi =1, the formula is meaningless, which demonstrates that
Oligopoly 1 has met the market capacity and it is useless to consider an optimal
decision of Oligopoly 2 with regard to maximal profit. Then lety, =0 in Eq. (8.1),
and we can getq, =g, = ¢,,. It shows the optimal output decision of Oligopoly 1
1sq1 9o =3(@Q, —0). .

From Egs. (8.7) and (8.8), we may obtainy, = 0,4, =g, = ¢, = $(Q, —¢).

So for two Cournot oligopolies, the optimal strategy of the current output
is ¥, =v,=0 and the optimal output strategy is ¢, =¢, =g, 9, = 4> = Jo»>

=q,=5Q, —¢)

Theorem 8.2 shows that the Cournot model is a specific case of the oligarchic
model when the relevant parameters of the model are some specific values.

The duopoly strategy of output decision should satisfy Eq. (8.1). If we have to
ensure the maximal profit of the current strategy, the total output of the two oli-
gopoly manufactures is shown in Theorem 8.3.

Theorem 8.3 The experienced ideal outputs of the duopolies are assigned respec-
tively g,,(i =1,2). If their output-making process of decision-making satisfies Eq.
(8.1), then when faced with different first decision-making oligopolies j (j =1,2),
the market product supplyQ2 (j=1,2), which benefits from decision-making
maximization, is decided by the experienced ideal product g, (i =1,2) of the first
decision-making oligopoly and the unit product costc; (i =1,2) of the later deci-
sion-making oligopoly, shown by Eq. (8.9.1) and (8.9.2) separately:

Qz*_j - Ql* — W,] =2 (8.9.1)

3 (8.9
Q;—j - Q2 — W’j =1 (8.9.2)
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Proof: Suppose Oligopoly 2 is the first decision-making oligopoly—namely, it is
assigned the first decision-making coefficient y,—then we might obtain the best
decision-making coefficient y\” for the benefit maximization of Oligopoly 1, and we
also can get Eq. (8.10). According to Eq. (8.10), we may obtain Eqs. (8.11) and (8.12):

_’Yzo(qoz teo - Qo )(701 - %2) +
Y20 {_3%1702 + 5‘](?2 + qozl 902 (Qo -q )} +
+’Y§0 {3%1%2 _4%2 %1(Q0 +2q02(Q0 —q )}+
o _ 7240 (8.10)
V= 2 2
Y20 {(%1 - 3%1%2 + 2%2) + (%1 T - Qo )(%1 - 2%2)} +
_'Yio {(%1 %2) + q01+C Qo)(qm qoz }
0, (901 = 902) + 902 (90, + 6, —Q)}

90 (1_ Yim)"' F02 (1= V)

+'Yzo{(q()1 %2)[%1%2 Gor = 40 (Qy —¢,)+ 40, (Q, — ¢ )]}
{ %19’02 + 47019'(?2 - qgl(QO — ) +49,9,(Q, —¢))— squ - 3752((20 4 )}+
V2 { qmqoz - 2%1752 + 3732 + 431 =290,9,(Q, =)+ 3752(Q0 4 )}+

_qoz - qoz(Qo —c)
Vao{ (4= 300100 + 205 ) + (G + &, = Qg0 = 2000)} +

_Yio {(%1 - qoz)2 +(q0, + ¢, = Q) gy =9y }
90, (901 = 902) + 902(90, T ¢, — QY

(8.11)
’Yio {2(%1 - qoz)2 } + ’Yio {8%1%2 - 67(?2 - 24(?1 } +
) Y2 {_5‘]01%2 + 6@'52 + qél } - 27(?2
I S B B
Y20 {(qm_3401qoz+2qoz)+(%1+c Qo) 901~ 240, } 8.12)

_’Yio {(%1_ qoz)2 + (%1 T4 QD )(%1 902 }
+{qoz (%1 - qoz) T4 (%1 T - Qo )}
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According to the above hypothesis of the duopoly output decision-making pro-
cess, by Eq. (8.1), we can get the supply quantity of the oligopoly that is shown by
Eq. (8.13):

Q* = %1(1—71)+q02(1—Y2) _ qm(l_yim)"'%z(l_yzo)
! 1-v,-7,) (17" -7y)

000~ 90 [ 40000 = 702 — 40 (Q =€)+ 4, (@, =) ]} +
oo |~ ordos + 49000~ 901 (Qy =)+ 44010, (Qy =€) =30, = 300,(Q, =)} +
Y oo |~ dror = 2 + 300+ 0y — 2001902 Q — )+ 3q0,(Qy — )} +
45— 90(Q —¢))
Voo {200 = 40 }+ V20 {840,900 — 645, — 200, +

Y20 {_5%1%2 + 67(?2 + qé} } - 2752

00 {[ 420~ 20005+ 45(Q0 — )+ 40— 240,00, (Q — )+ 43(Q, ) [} +
20 { = + 4 — 90 Q =€)+ 440,90, (Qy =)= 3q0, = 30y (Qy — ¢ )} +
Y a0 {000 = 2000+ 300 + G = 200100 Qg =€)+ 300, (Q, ¢} +
~40,~ 90(Q —¢,)

Vo {200 = 40 }+ V20 {84019, — 645, — 240, +

Y2 {_5‘]01‘]02 + quz + q;l } - zqu

(8.13)

Multiplying the right-hand side of Eq. (8.13) by p +(é0_[ = 07%0) (e obrain
Eq. (8.14): pe

{7000 = 20080+ 95(Q =€)+ 43~ 290,90 (Qy — €)+ 43(Q, ) ]} +
V0 {0000 + 401900 = 40 Qo =€)+ 440,900 (Q = )= 390, — 390, (Q, — ¢, )} +
Yoo { = 00900 = 2000r + 3000+ 40s — 20000 (Qy = ) + 30, (Q, )} +

~40, ~90,(Q — )

Yzo {2(%1 - qoz)2 } + Yio {8701702 - 6752 - zqgl } +
Y20 {_5%1%2 + 67(?2 + qgl} - 27(?2

‘qoz"'(Qo_cl) _ 9 +(Qy 1)
2 2

(90, +(Q) — )]

(8.14)
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Likewise, we may obtain the market equilibrium output when Oligopoly 2 is the
later decision-making oligopoly, as shown in Eq. (8.15):

Q=m0 "0 +(§" —4) (8.15)

8.2 Concession Equilibrium of the Later Decision-
Maker under Nonstrategic Extended Damping
Conditions: Elimination from the Market

In the practical process of duopoly decision-making, considered from the view of
maximizing current profit, the advanced decision-making oligopoly will fulfill its
strategic aim—occupying more market share—Dby two paths: the strategic extended
coeficient y, (i =1,2) and the empiric ideal outputg,,(i =1,2). At the same time,
the later decision-making oligopoly makes its output decision.

An expanding strategy of production capacity is limited by many factors (for
example, practical production capacity, the potential of production expansion,
capital expansion ability, management ability, conception, personality, habits, and
so on), and we call these the strategic extended damping conditions. We consider
this problem in two situations: the first, when there are some damping problems on
certain products, wherey, (7 = 1,2) can be made very close to or equal to 1; and the
second when there may exist certain strategic extended damping problems on some
products, where Y, (i =1,2) cannot be set very high all at one time. This is mainly
because, in reality, producers’ production capacity, investing ability, and manage-
ment ability will be enhanced step by step though construction and study.

We explore the first situation in Theorem 8.4.

Theorem 8.4 There is a duopoly strategy output-making problem. The competitive
process of output-making meets Eq. (8.1); moreover, there is no damping limit to
the strategic extended process. Provided that an oligopoly’s rival makes its decision
first, because of its incomplete rationality, greedy psychology, and certain possibil-
ity of greedy motion, its strategic extended coefficient isy, =7,, >0 (i = 1,2). Then
the oligopoly may possess the best reflection pattern: a concession pattern to deal
with its competitor that is based on current maximum profit. A psychological con-
cession, YEO) (i =1,2), reduces output concession, a reduction of its market shares.

Proof: Provided that Oligopoly 2 is the advanced decision-maker, Oligopoly
1 considers the strategic extended coeflicient of Oligopoly 2 as a constant, and
responds to the advanced decision. Equation (8.9.1) indicates that when Oligopoly
2 responds positively and Oligopoly 1 responses passively, the market supply is Q;
based on the current maximum profit from the duopoly’s view. We can conclude
from Eq. (8.1.2) thatQ =Q, is a constant; when Oligopoly 2 becomes greedier,
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that is to say, ¥, = Y,, increases and its market share, g,, increases, at the same time,
the market share of Oligopoly 1,4, =Q, —¢,, decreases. As long as ¢, and ¢, do
not change, Q, is a constant, so wheny, =7, rises, it will lead to an increase of
g, and a decrease of ¢,. Oligopoly 1 has a decreasing market share and concedes
production.

When Q = Q, is invariable, Oligopoly 2 responds positively and become greed-
ier, and Y, =Y, increases. Combined with the above analysis, Oligopoly 1 has to
concede output with the target of current maximum profit, and ¢, decreases. We
could get Eq. (8.16) from Eq. (8.1). From Eq. (8.16), we could conclude that when
g, decreases, ¥, will respond to the decrease: Oligopoly 1 is making a psychological

concession.

_ (4, =45 8.16
T Q=g0) (8.16)

We can conclude from Theorem 8.4 that under this hypothesis, if the advanced
decision-maker seizes the market first, the later decision-maker will concede in psy-
chology and production, which will lead to a concession equilibrium.

Inference 8.2 In Theorem 8.4, there are no strategic extended damping conditions;
strategic decisions are based on current maximum profit, so the best strategy for the
advanced decision-maker is to eliminate the later decision-maker from the market.

This conclusion of the deduction is obvious, so the process of proof is omitted;
only a qualitative explanation is given here.

We can conclude from Theorem 8.4 that if both of the duopolies’ strategic
decisions are based on current maximum profit, the advanced decision-maker
would achieve the advantage of advanced decision-making. In other words, the
later decision-maker regards the output of advanced decision-maker as a constant
and takes the strategy of production and psychological concession. Combined with
the consideration of these two aspects, the later decision-maker will eventually
be expelled from the market. One reason is that if the advanced decision-maker
chooses a large production (close to or almost equal to the capacity of the market),
the later decision-maker will have no available market. Another reason is that when
the advanced decision-maker makes early game decisions, the later decision-maker
might not be eliminated from the market but, by following the study of decision-
making, it will increase the advanced decision-maker’s output in order to pursue
more strategic decision benefits that would be close to or equal to the capacity of

the market, so at last the late decision-maker will be eliminated from the market
(see Table 8.1).

Example 8.1 Under nonstrategic extended damping conditions, the advanced
strategy extended coefficient ,, increases. The concession-equilibrium simulation
of Oligopoly 1 is shown in Table 8.1. Each correlation formula and the parameter
values are noted in Table 8.1.
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Table 8.1 1,, Increases, 7,, the Concession-Equilibrium of Simulation of
Oligopoly 1

Y2 (chosen) Y;O) 9 9 Q; =q;*+q, u; u,
-1 1 0 4 4 8 0
—0.8 0.6 0.4 3.6 4 7.2 1.2
—0.6 0.2 0.8 3.2 4 6.4 24
-0.4 -0.2 1.2 2.8 4 5.6 3.6
-0.2 —0.6 1.6 2.4 4 4.8 4.8

0 -1 2 2 4 4 6

0.2 1.4 2.4 1.6 4 3.2 7.2
0.4 -1.8 2.8 1.2 4 2.4 8.4
0.6 —2.4 3.2 0.8 4 1.6 9.6
0.8 -2.6 3.6 0.4 4 0.8 10.8
0.999 —2.998 3.998 0.002 4 0.004 11.994

Note: y,, and v,, express the duopoly’s strategic extended coefficients respec-
tively; v\ is the strategic extended response coefficient under the condi-
tion of Oligopoly 1's current maximum profit, when the parameter vy, is
chosen. Q, represents the market supply of production for the advanced
decision-maker. The related variables in the simulation formula can be
seen in the corresponding text. u,=q,-P(Q)-c,-q,u,=q,-P(Q)-c,-q,
represents the income values of Oligopolies 1 and 2 separately; the sim-
ulation parameter’s initial value is q,, = 3,q,, =2,¢, =2,¢, =1,Q, = 8.

Table 8.1 shows that under the nonstrategic extended damping condition, the
concession equilibrium of the later decision-maker is a kind of Nash equilibrium
with certain conditions. Based on current strategic maximum profit, the later deci-
sion-maker regards the decision of the advanced decision-maker as a constant; in
such a situation, the best strategy for the later decision-maker is to exit from the
market before he is eliminated from the market.

8.3 Damping Equilibrium of the Advanced Decision-
Maker under Strategic Extended Damping
Conditions: Giving Up Some Market Share

In this part, we mainly study the duopolies” strategic output-making equilibrium
under certain strategic extended damping conditions.

Theorem 8.5 There is a duopoly strategic output-making problem. If the output-
making competitive process conforms to Eq. (8.1), and the damping condition
restrictions exist in the strategic extended process [the coefficient of strategic exten-
sion can only take certain valuey, =y, , (i = 1,2)], then there is a strategic output-
making equilibrium based on the current maximum benefit.
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Proof: Suppose Oligopoly 2 makes its decision first and Oligopoly 1 makes its
decision later. Because there are some damping constraints in the strategic extended
process of Oligopoly 2 (its strategic extended coefficient is a certain constant
Y, = Y4)> the current decision-making benefit of Oligopoly 2 can be described by
Eq. (8.17):

”2=qz'p(Q)_fz'qzzqz'(Qo_Qli_fz)

(g aeed)

:[2%2_’_(%_%2_“1)720}[%_2fz_qoz+fl] (8.17)

2 2
1
- 2(2%2 +(Q0 92 TG )Yzo)'(Qo —26‘2 o2 +Cl)

In Eq. (8.17), we get the partlal derivatives of its experienced ideal outputg,,,
shown by Eq. (8.18). If we make 8”2 =0 [shown by Eq. (8.19)], then we can get the
empirical ideal output g, of Ohgopoly 2 based on current maximum profit, shown
by Eq. (8.20).

J
aqu 4[ (2-7,0)-(Q) = 2¢, =g, +¢,) + (=124, +(Qy — g5y —¢,)7,)]
1 (8.18)
= Z[(z_ Ya0) (Qy =26, = gy, +¢,) = (290, +(Qy — g, =€, )7 5)]
By making

0
aﬁ: i[(z_’Yzo)'(Qo _262 —qp T4 )_(2%2 +(Q0 907G )YZO)]Z

02
then we can get Eq. (8.19) as follows:
(2_720)'(Q0 _2"2 Gy TG )— (2%2 +(Q0 90 6 )Yzo) =0

(Qy =26, +¢,)(2=7,50) = (Qy =€, )Y50 = 290, (2=73) (8.19)
290, (2=7,0) = (Qy =26, +¢,)(2=7,0) = (Qy =)y
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By Eq. (8.19), we can get Eq. (8.20):

(Q) —2¢,+¢,)(2=7,) = (Q) —¢)Yy
2(2_ 'Yzo)

90 = (8.20)

By Eqgs. (8.1.1) and (8.20), we can get Eq. (8.21); by Eqgs. (8.1.2), (8.20), and (8.21), we
can get Eq. (8.22); and by Eqs. (8.1.3), (8.21), and (8.22), we can get Eq. (8.23):

*_ 0" =(Q0—262+6‘1)(2—'Y20)—(Q0 Yzo (Qo
Ql Ql |702=‘1[;2 4(2 — YZO)
_ 2(Q) —2¢,+¢)—27,,(Q, —¢) n 4Q) —¢,)—2v,(Q —¢,)
42-1v,,) 42-7,,) (8.21)
_ (3Q, —2¢, —¢,) =7, (2Q, —¢,—¢,)
2(2 Ya0)

2Q, —2¢, + ¢, )+, (de, =3¢, = Q) + 720 (c, —¢,)
2(2=7,,)

q; =0 TV (Ql* —qp,) =

(8.22)

QO +2¢,=3¢,) = Y,,(Q, —4e, +3¢,)— Vi (e, —¢,)
2(2_720)

=Q - (8.23)

From Egs. (8.22) and (8.23), we can get the outputs of Oligopolies 1 and 2 based
on the strategic output-making equilibrium of the current maximum profit.

The proof of Theorem 8.5 is a structure process. It proves that strategic
extended process has two solution methods based on the oligopoly strategic
output-making equilibrium problem of current maximum profit under the
damping-limiting condition. The equilibrium of Theorem 8.5 is the result of
the damping conditions of the advanced decision-maker, and we call this the
equilibrium damping equilibrium of the advanced decision-maker, or damping
equilibrium for short.

Although the advanced decision-maker has a decided advantage of first
decision-making, the strategic extended damping conditions make it impossible
for the advanced decision-maker to occupy the entire market quickly. There is
a damping equilibrium to the duopoly that is also a kind of Nash equilibrium
with some conditions. Furthermore, there is a relationship between this damp-
ing equilibrium and the equilibrium of the classic Cournot model, as shown by
‘Theorem 8.6.
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Theorem 8.6 In Theorem 8.5, if both of the duopolies’ strategic extended coefhi-
cients are 0 (neither oligopoly has a strategic extended tendency)—namely, the stra-
tegic extended damping coefficient is so big that both sides are unable to carry on the
extended strategy—then the output of the advanced decision-maker, q;,( j=12),
is six times the equilibrium output of classic Cournot model q;/ (j =1,2), shown by
Eq. (8.24):

q,=06q; (8.24)

Proof: According to the theory of the classic Cournot model, we can get the
duopolies’ equilibrium output of a classic Cournot model, shown by Eq. (8.25).

g _ 1
g = 3@ =2 +6) (8.25.1)

(8.25)
7, =%(QD +¢ —2c,) (8.25.2)

Suppose Oligopoly 2 makes its decision first, and Oligopoly 1 makes a later
decision. According to Egs. (8.22) and (8.23), we can get the damping equilibrium
output of Oligopoly 1 and Oligopoly 2, wheny,, = 0(; = 1,2) and the value of stra-
tegic extended damping is infinite, as shown by Eq. (8.26):

4 =Q, —3¢, +2¢, (8.26.1)
(8.26)
7, =2Q, +¢, —2c,) (8.26.2)
Comparing Eq. (8.26.2) with Eq. (8.25.2), we can get Eq. (8.27):
g, =64, (8.27)

According to a similar principle, when Oligopoly 1 makes its decision first, and
Oligopoly 2 makes a later decision, the conclusion is also right.

Inference 8.3 In Theorem 8.5, if both the oligopolies’ strategic extended coefhi-
cients are 0 (neither oligopoly has a strategic extended tendency)—namely, the stra-
tegic extended damping coeflicient is so big that both sides are unable to carry on
the strategy expansion—then there is a relationship between the supply amount of
market and the one decided by the classic Cournot model, shown by Eq. (8.28):

. o 7Qy —2¢, —5c,

Q -Q'= 3 (8.28.1)
(8.28)
Q,-Q'= 7Q =56 226 (8.28.2)

3
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Proof: According to the classic Cournot model, we can get the equilibrium sup-
ply amount by the classic Cournot model by adding Eq. (8.25.1) to Eq. (8.25.2).The
result is shown by Eq. 29:

L1
Q' =302Q 4 -q) (8.29)

Suppose that Oligopoly 2 makes its decision first and Oligopoly 1 makes a later
decision. By adding Eq. (8.26.1) to Eq. (8.26.2), we can get the equilibrium supply
amount of market production based on this model, shown by Eq. (8.30). Equation
(8.30) minus Eq. (8.29) gives us Eq. (8.31):

Ql* =3Q, —2¢,—¢ (8.30)

. _ 7Q, —2¢, = 5¢,

—Q" 8.31
Q-Q 3 (8.31)

Then suppose Oligopoly 1 makes its decision first and Oligopoly 2 makes a later
decision. In the same way, we can prove that Eq. (8.28.2) is right.

Example 8.2 When strategic extended damping conditions exist, the damping
equilibrium simulation result of Oligopoly 2, which makes its decision first, is
shown by Table 8.2, and the values of each formula and their parameters are
shown in the notes of Table 8.2.

Table 8.2 shows that if there are strategic extended damping conditions, the
advanced decision-maker, Oligopoly 2, has the damping equilibrium on the best
empirical ideal output and the maximum income, and the values of y,, increase as
the curve of u, is continually increasing, as shown in Figure 8.2.

[
The curve for u,
when v, = 0.50

10 1
9
8

The increasing 77
trend of vy 6]

—

4 -

3 -

2_
1_

The curve for u, when y,, = 0.00

T T
0205 1

T T T T T T T T T
15 2 25 3 35 4 45 5 55 6| qp

Figure 8.2 Curve of the relationship between q,, and u, as the values of v,,
change.
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Table 8.2 Damping Equilibrium Simulation Result of Oligopoly 2 When
Strategic Extended Damping Conditions Exist

q02 YZO 0) .

(chosen) | (given) Vi 92 i Q=q+q| Y Uz
0.200 0.818 0.200 2.900 3.100 8.410 0.780
0.500 0.600 0.500 2.750 3.250 7.563 1.875
1.000 0.333 1.000 2.500 3.500 6.250 3.500
1.500 0.143 1.500 2.250 3.750 5.063 4.875
2.000 0.000 2.000 2.000 4.000 4.000 6.000
2.500 =0.111 2.500 1.750 4.250 3.063 6.875
3.000 0.000 | —0.200 3.000 1.500 4.500 2.250 7.500
3.500 -0.273 3.500 1.250 4.750 1.563 7.875
4.000 —-0.333 4.000 1.000 5.000 1.000 8.000
4.500 -0.385 4.500 0.750 5.250 0.563 7.875
5.000 -0.429 5.000 0.500 5.500 0.250 7.500
5.500 —-0.467 5.500 0.250 5.750 0.063 6.875
6.000 -0.500 6.000 0.000 6.000 0.000 6.000
0.200 -0.500 1.650 1.450 3.100 4.205 6.435
0.500 -0.500 1.875 1.375 3.250 3.781 7.031
1.000 -0.500 2.250 1.250 3.500 3.125 7.875
1.500 —-0.500 2.625 1.125 3.750 2.531 8.531
2.000 —-0.500 3.000 1.000 4.000 2.000 9.000
2.500 —0.500 3.375 0.875 4.250 1.531 9.281
3.000 0.500 | -0.500 3.750 0.7500 4.500 1.125 9.375
3.500 —0.500 4.125 0.625 4.750 0.781 9.281
4.000 —0.500 4.500 0.500 5.000 0.500 9.000
4.500 —0.500 4.875 0.375 5.250 0.281 8.531
5.000 —0.500 5.250 0.250 5.500 0.125 7.875
5.500 —0.500 5.625 0.125 5.750 0.031 7.031
6.000 —0.500 6.000 0.000 6.000 0.000 6.000

Note: v,,andy,, stand for the duopolies’ strategic extended coefficients separately;

Q, stands for the market production supply amount when Oligopoly 2 makes
its decision first; the related variables’ simulation formulas can be found in the
corresponding text. u, =q,-P(Q)-c,-q,and u,=gq,-P(Q)-c,-q, stand for
the decision-making income of Oligopoly 1 and Oligopoly 2 separately; val-
ues of the simulation initial parameters are q,, =2,¢, =2,¢c, =1,Q, = 8.
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8.4 Damping Loss and the Total Damping Cost
When the First Decision-Making Oligopoly
Has Occupied the Market Completely

In the competitive process of the duopolies' strategic output-making in order to seize
the market, if the output of some oligopoly is zero, then we say that this oligopoly
has been kicked out of the market. In the duopoly strategy of outpur-making stud-
ied in this section, the first decision-making oligopoly has the absolute initiative
authority (the first decision-making advantage). However, if there exists a certain
damping in the strategic expansion of the first decision-making oligopoly, then it
is impossible for the first decision-making oligopoly to take the method shown by
Theorem 8.7 to occupy the market in one step and to obtain the maximal benefit;
in order to kick the rival out of the market, the first decision-making oligopoly has
to sacrifice present benefit (not act based on maximum benefit decision-making)
and incur some expenses, shown by Theorem 8.8. We put forward Theorem 8.7, in
order to prove Theorem 8.8.

Theorem 8.7 There is a duopoly strategy output-making problem. Its output-
making competitive process satisfies Eq. (8.1), and there is to some extent a damp-
ing condition constraint in its strategy expansion process. If oligopoly 7 (i =1,2)
has the absolute advantage of making its decision first in the market, then that
oligopoly’s output is q;* (i =1,2) when it occupies the market completely (kicks
the rival out of the market), and it experiences ideal output g, (i =1,2) and the
market production supply amount Q,’, (i=1,2) based on making the present
decision-making maximal benefits equal, and they are also equal to Q, —¢
(i=12).

2—i

Proof: Suppose Oligopoly 2 first makes its decision and has the absolute
advantage. Then, according to Theorem 8.3, at this time, the market production
supply amount )based on making the present decision-making benefit maximal
is Q1 u_

According to the meaning of this proposition, if Oligopoly 2 occupies the whole
market, then its output satisfiesq, =Q,.According to Eq. (8.1.2), we can get
Eq. (8.32), and then we can get Eq. (8.33) by Eq. (8.32):

0 = +1,(Q —4y,) (8.32.1)

. (8.32)
=Q, (8.32.2)

2y = Ql* =490 (8.33)
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According to Eq. (8.14) and Eq. (8.33), we can get Eq. (8.34). By integrating
Eqgs. (8.33) and (8.34), we can get Eq. (8.35):

2q,, =90, +(Qy —¢)
9, =Q — ¢

(8.34)

q;* = Ql* =4, =0Q, —¢ (8.35)

By the same principle, it is known that Eq. (8.36) is right when Oligopoly 1 first

makes its decision:
ql** =Q2 =4y =0Q, —¢, (8.36)

Finally, by integrating Egs. (8.35) and (8.36), it is obvious that the proposition

can be proved.

Theorem 8.8 Given a duopoly strategy output-making problem, the competing
process of output-making meets Eq. (8.1), and its strategy expansion includes a
certain damping constraint. If oligopoly (i =1,2) has absolute advantage of first
decision-making, the oligopoly that occupies the market completely (kicks every
competitor out of the market) will get the value u;/ =(Q, —¢, ) (e, ,—¢,).

Proof: Provided that Oligopoly 2 is the advanced decision-maker who has the
advanced absolute advantage, we could get the value concluded from Eqs. (8.17)
and (8.35) when Oligopoly 2 seizes the market completely, shown by Eq. (8.37):

w) =g, pQ)—c, 9, =9, (Q,—Q" —c,)
le*/'(Qo —Ql*/—€2)=(Q0 —¢)(Q, —(Q, —¢,)—¢,) (8.37)
:(QO _Cl)'(fl _52)

In the same way, we could get the value when Oligopoly 1 first makes its deci-
sion and seizes the market completely, which is shown by Eq. (8.38):

*/

w =(Qy—¢,) (6, —¢) (8.38)
Integrating Eq. (8.37) with Eq. (8.38), the original proposition has been proved.

Inference 8.4 In Theorem 8.8, if the first decision-making oligopoly i (i =1,2)
has a marginal cost ¢, (=1,2) that is higher than the marginal coste, ,(7=1,2)
of the later decision-making oligopoly, the first decision-making oligopoly could
not kick the later decision-making oligopoly out of the market.
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The conclusion of this deduction is obvious, so the process of proof is omitted.
Here we only give a qualitative explanation.

By Theorem 8.8, if we considered oligopoly 7 to be the first decision-making oli-
gopoly and its marginal cost of production ¢, (i =1,2) was higher than its competi-
tor, namely ¢, 2 ¢, ,(i=1,2), we could conclude from Theorem 8.8 that if this first
decision-making oligopoly produces products that can fulfill the complete market,
the value is negative; that is, u;/ =(Q, —¢,.,) (¢, ;—¢,;)<0.The final result is that
the first decision-making oligopoly has a loss. We can see that at this time the first
decision-making oligopoly could not eliminate the later decision-making oligopoly
from the market.

Theorem 8.9 Given a duopoly strategy output-making problem, the competing
process of output-making meets the requirement of Eq. (8.1), and there exists a
certain damping constraint in the strategy expansion process, if the first decision-
making oligopolyi (i =1,2) wants to seize the market share completely, there is an
associated cost to do so.

Proof: If Oligopoly 2 is the first decision-making oligopoly and has the absolute
advantage of making its decision first, then we can conclude the value of Oligopoly
2 when it seizes the market completely, shown in Eq. (8.37). From Theorem 8.7, we
could get the damping equilibrium value based on the maximum profit, which is
shown in Eq. (8.39):

”;zq;'P(Q)_Cz'q;Zq;'(Qo_Ql*_cz)

o * (8.39
=((1- Yzo)qoz + Yon] ) (Qo - Ql - 52)

Comparing Eq. (8.38) with Eq. (8.39), it is obvious that u;/ < u; Because u;
is the maximum profit based on all the possible strategy outpue-making, when
there exists damping constraints in the strategy expanding process, %, is only a
special situation all around. From Egs. (8.38) and (8.39), we can get the cost AC,,
which is the value when the oligopoly could seize the market completely, shown in
Eq. (8.40):

e
AC, =u,—u,

. . . (8.40)
=((1=750)90, +V20Q ) (Qy —Q, —¢,) = (Qy —¢,) (e, —¢,) 20

In the same way, we could get the cost AC|, when Oligopolyl makes its decision
first and seizes the market completely, shown in Eq. (8.41):

AC, = ”1* —uI/
. . . (8.41)
=((1=Y,0)90;, +V10Q,) Q) —Q, —¢,)—(Q, —¢,)- (e, —¢,) 20
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Although the first decision-making oligopoly has owned the absolute superior-
ity of seizing the market first, as a result of the existence of the strategic expansion
damping constraints, the oligopoly could not occupy the market in one step. The
oligopoly has to pay a cost in order to occupy the market. Here the cost AC, (i =1,2)
is called the damping cost of the first decision-making oligopoly that intended to
occupy the market completely.

In situations where strategy expansion damping constraints exist, the existence
of the damping cost makes the first decision-making oligopoly pay a cost in order
to occupy market completely.

Definition 8.1 Total damping cost: The first decision-making oligopoly 7 (i = 1,2)
starts at 0, and he will get the values«, (i =1,2;j=0,1,2,...,) several times until
he completely occupies the market. u;k is called the maximum profit when the oli-
gopoly reaches the damping equilibrium at # period. The total sum of u, minus u,
is called the total damping cost, which is shown in Theorem 8.10.

Theorem 8.10 Given a duopoly strategy output-making problem, the competing
process of output-making meets Eq. (8.1) and there exists a certain damping con-
straint in the process of strategic expansion. If the first decision-making oligopoly
i (i=1,2) starts at 0, and terminates at 7 this oligopoly must pay a damping cost in
order to occupy the market completely.

Proof: Provided the oligopoly is the first decision-making oligopoly 7 (i =1,2) and
starts at 0, it will experience strategies 7"and get the value #, (i =1,2;/=0,1,2,...,7)
each time until it completely occupies the marketat 7. Then Oligopoly 2 starts at 0, and
experiences strategies 7. We define each strategy value as , (i=1,2;7=0,1,2,...,2).
If the oligopoly reaches the damping equilibrium, its equilibrium value is u; » and
Aa’zj is called the damping loss every time, which is shown in Eq. (8.42):

Ady = uy —u,(j=0,1,2,....0) (8.42)

From Eq. (8.42), we could get the total damping cost D, in the case where the
oligopoly starts at 0, experiences strategies 7; and occupies the market at # which
is shown in Eq. (8.43):

D, =Y A = (- w,) (8.43)
j=0 j=0

In the same way, we could conclude the same solution, provided that Oligopoly
2 is the first decision-making oligopoly.
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Table 8.3 Stimulation of Damping Cost in Condition That Decision-Maker

Oligopoly 2 Completely Dominates the Market with Different Strategic
Expansion Damping

Y20 (given) Yoz 9> 9, =Q u, Uy uy AG,
0.000 4.000 4.000 6.000 8.000 1.000 6.000 2.000
0.200 3.667 3.900 6.000 8.450 1.089 6.000 2.450
0.300 3.471 3.850 6.000 8.719 1.120 6.000 2.719
0.400 3.250 3.800 6.000 9.025 1.134 6.000 3.025
0.500 3.000 3.750 6.000 9.375 1.125 6.000 3.375
0.600 2.714 3.700 6.000 9.779 1.080 6.000 3.779
0.700 2.385 3.650 6.000 10.248 0.980 6.000 4.248
0.800 2.000 3.600 6.000 10.800 0.800 6.000 4.800
0.900 1.546 3.550 6.000 11.457 0.496 6.000 5.457
1.000 1.000 3.500 6.000 12.250 0.000 6.000 6.250

Note: v,, expresses the strategic expansion coefficient of Oligopoly 2, g,, and
g, respectively express the best experienced ideal output and the pro-
duction output of Oligopoly 2 under the parameter Y, confirmed;
q, =Q, expresses the market capability when all the product are pro-
duced by Oligopoly 2;u,,u, respectively express the income of
Oligopoly 2 when its production outputs areq,andq,, AC, =u,-u,,
and u, expresses the income of Oligopoly 1 with its production output
g, relative tog,; the initial values of stimulation parameters are

9y =2,¢,=2,¢,=1,Q,=8.

Example 8.3 Given a duopoly strategy output-making problem, the competing
process of output-making meets Eq. (8.1), and there exists a certain damping con-
straint in the process of strategic expansion. Provided that Oligopoly 2 makes deci-
sions first, the simulation situation of damping cost in conditions where Oligopoly
2 occupies the market completely with different strategic expansion damping is
shown in Table 8.3.

Table 8.3 demonstrates that, since the damping constraint of strategic expansion
exists, with an increase of y,,, the income of the first decision maker, Oligopoly
2, when it becomes a complete market occupier, will keep on increasing, as will
the damping cost.

Example 8.4 Given a duopoly strategy output-making problem, the competing
process of output-making meets Eq. (8.1), and there exists a certain damping con-
straint in the process of strategic expansion, if Oligopoly 2 makes its decision first,
take y,, = 0.300. The experienced ideal output of the first bout is g{}) = 3.000, and
its experienced ideal output of the sth bout is taken as the actual output of the
(s-Wth boutg{) = g, Take this iteration until the kth bout, take u,, = 0, and finish
the operation. The simulation situation is shown in Table 8.4.

From Table 8.4, it has been demonstrated that the former decision-maker
Oligopoly 2 may kick other oligopolies out of the market by modifying its
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Table 8.4 Stimulation of Damping Cost in Conditions That Oligopoly 2,
Which Makes Decision in Advance, Taking Possession of Market Completely
with y,, = 0.300

Game Bouts | q'3 (given) Q. Uy, u,, Ad,,
1 1.000 1.750 6.125 4.375 2.594
2 1.750 2.388 7.461 3.161 1.258
3 2.388 2.930 8.221 2.283 0.498
4 2.930 3.391 8.595 1.649 0.124
5 3.391 3.782 8.716 1.191 0.003
6 3.782 4115 8.678 0.861 0.041
7 4115 4.398 8.543 0.622 0.176
8 4,398 4.638 8.354 0.449 0.365
9 4,638 4,842 8.140 0.325 0.579

10 4.842 5.016 7.920 0.235 0.799
11 5.016 5.164 7.704 0.169 1.015
12 5.164 5.289 7.500 0.122 1.219
13 5.289 5.396 7.314 0.089 1.405
14 5.396 5.487 7.144 0.064 1.575
15 5.487 5.564 6.991 0.046 1.728
16 5.564 5.629 6.857 0.033 1.862
17 5.629 5.685 6.739 0.024 1.980
18 5.685 5.732 6.635 0.017 2.034
19 5.732 5.772 6.546 0.013 2173
20 5.772 5.806 6.468 0.009 2.251
21 5.806 5.835 6.401 0.007 2.318
22 5.835 5.860 6.343 0.005 2.376
23 5.860 5.881 6.293 0.003 2.426
24 5.881 5.899 6.250 0.003 2.469
25 5.899 5.914 6.213 0.002 2.506
26 5.914 5.927 6.182 0.001 2.537
27 5.927 5.938 6.155 0.000 2.564
D, 40.875
Notes:

1. All the damping cost when Oligopoly 2 has completely taken possession
of the market is D, = X/ _; Ad; Xi_(Uy, —U,)-

2. The income u, =8.719 when damping of Oligopoly 2 is uniform in condi-
tions that the strategic expansion coefficient of Oligopoly 2 who makes
decision in advance vy,, = 0.300.

3. Y, expresses Yy, the strategic expansion coefficient, g and g, respectively
represent the experienced ideal output and the real output of Oligopoly 2
in the second round,u,, andu,, respectively represent the output of
Oligopoly 2 and Oligopoly 1 in the sth round; Ad, represents the damping
cost of Oligopoly 2 in the sth round.

4. The initial values of parameters in the stimulation are y,, =0.30,q,,=2,¢c, =
2,c,=1,Q,=8.
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Ad, Increasing Rate

k Game Times s

Figure 8.3 v,,=0.3, Ad,, curve of the increasing rate.

experienced ideal output. However, according to the maximum current profit
decision-making under this strategic expansion damping condition, Oligopoly 2
will have to pay for such action.

During each bout of the game, the closer the output from that which can kick
the rival out of the market, the lower the rate of output increase will be. Meanwhile,
the damping cost has experienced three periods, namely, steady decrease, rapid
increase, and slow increase, as shown in Figure 8.3.

There are essential differences between the duopoly output-making model based
on bounded knowledge and rationality and the classic Cournot model. The main
differences between them are as follows:

1. The difference of the rationality and knowledge of game players. The classic
Cournot model argues that decision-makers should boast complete sym-
metric knowledge (information) and they have complete rationality. The
model in this book holds the view that the decision-makers only boast
bounded and asymmetric knowledge (information) and they have bounded
rationality.

2. The difference of the game players’ purposes. The classic Cournot model
argues that the output-making purpose of the game players is to maxi-
mize their profits, while the model in this book thinks the purpose of the
output-making game purpose is to maximize strategic profit.

3. 'The difference of the game time-order supposition. The game players make
decisions simultaneously in the classic Cournot model, while the decision-
making of the players in this model is ordered.

4. 'The difference of the model structures. The classic Cournot model is a
model of optimized structure that does not take path dependence into
consideration. This model shows that the current decision-making of the
decision-maker has strong path dependence to the historical decision-
making information, and there is a supposition that the game players will
try their best to maximize their own profits. A descriptive game structure
model that has strong universality to the realistic decision-making situa-
tions is constructed in this chapter. This model well describes the strategic
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decision-making problem between the leading company and the subordi-
nating company, the situation where some first-knowing game players have
an advantage in acquiring decision-making information while others are at
a disadvantage, and the decision-making situation of the classical Cournot
model, because when some parameters are fixed, the model degenerates to
the classic Cournot model.

In this chapter, we did some further research on the model structure, decision-
making algorithms, and the damping equilibrium of the first decision-maker. Some
valuable conclusions have been achieved. However, there are also some other prob-
lems waiting for us to solve, such as whether the Nash equilibration of the duopoly
can be achieved in reality based on the maximum of the strategic profit, under what
kinds of circumstances can the Nash equilibration be achieved, what kind of model
is the best to make the strategic profit maximum, and so on. We will do some fur-
ther studies on these issues in other chapters.

8.5 Summary

The chapter reconstructs the assumption of duopoly decision-makers’ game pur-
poses, the game time-order supposition, as well as the assumption of bounded ratio-
nality and knowledge. Then a descriptive game structure model that has strong
universality to the realistic decision-making situations is established. This model
describes the strategic decision-making problem between the leading company and
the subordinating company and the output decision-making of some first-knowing
game players, and proves that the classical Cournot model is just one of its special
cases. We did some further research on many problems, such as the algorithm of
output-making and its attributes and characteristics, and put forward ten valuable
theorems and four important inferences, such as the concession equilibrium of the
later decision-maker, elimination from the market, the damping equilibrium of
the advanced decision-maker, giving up possession of some market share, and the
concepts of damping loss and total damping cost and their relevant algorithm.
Furthermore, four simulation examples are used to explore some important propo-
sitions and algorithm.






Chapter 9

Nash Equilibrium Analysis
Model of Static and
Dynamic Games of Grey
Pair-Wise Matrices

9.1 Nash Equilibrium of Grey Potential Pure
Strategy Analysis of N-Person Static Games
of Symmetrical Information Loss

Academic circles have broadly accepted two ways to divide game theory research.
One, from the angle of the participants’ action order, divided game theory into
static games and dynamic games. The other, from the angle of one’s knowledge
about his or her counterpart’s characteristics, strategic space, and payment func-
tions, divided it into complete information games and incomplete information
games. In essence, the second way mainly concerns the understanding of others’
information in the game; complete and incomplete information here means sym-
metric and asymmetric information respectively.

In addition to “symmetric” and “asymmetric,” there possibly exists another situ-
ation. Owing to the “grey information” problems such as uncertainty, finite knowl-
edge, and small samples (or little information), all counterparts may not cleatly
understand the characteristics, strategic space, and payment functions of others
and themselves, even based on symmetric information. Here we call it information
loss. For example, in a comparatively closed color-TV market, two oligopolistic

233
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Table 9.1 Game Value of Two Color-TV Oligopoly Manufacturers
Competing for Market Shares Based on Symmetric Information loss

Manufacturer-2
Strategy-1 Strategy-2
Manufacturer-1 Strategy-1 [a51,b14], [C1q,d34] [a15,b1,], [C1pd55]

Strategy-2 [ay1,bx], [y, dy] (820,02, [C0, 5]

[ R y e

Notes: The ellipses represent the omitted strategies or profit and loss values.

manufacturers compete for market shares by taking many strategies such as lower
prices, good service, more product functions, and higher quality. For various rea-
sons, however, the players cannot accurately estimate their profit and loss in dif-
ferent situations. Even under strict conditions, the profit and loss value of any two
games cannot be the same because they are affected by regular and random factors.
In a real-life situation, the profit and loss value matrix is grey and lacks information.
Table 9.1 demonstrates the profit and loss of two color-T'V oligopolistic manufac-
turers competing for market share based on symmetric information loss. In the
table, [aij,bij] and [cy,aﬂj] (i=12,...,m; j=1,2,...,n) mean the income intervals of
grey Manufacturer 1 and grey Manufacturer 2 respectively, resulting from a lack of
corresponding information about profit and loss.

The division of the game information"? without regard to information loss is a
severe mistake by academic circles, and is shown in Table 9.2. Some scholars have
studied the game with an information loss premise. In recent years, Professor Sifeng
Liu and I put forward and researched problems such as matrix games based on infor-
mation loss (grey matrix gamel!-%), established the basic concept of grey Nash equi-
librium, and constructed the basic framework of grey matrix game theory. However,
from the general view of theory system integrity, research in the following theory
areas remains blank: static nongrey games based on symmetric information loss,
dynamic games based on symmetric information loss, static and dynamic games
based on asymmetric information loss, all of which are shown in Table 9.2. This sec-
tion mainly discusses the concept and analysis method of Nash equilibrium of grey
potential pure strategy on N-person static games of symmetrical information loss.

9.1.1 Nash Equilibrium of Grey Potential Pure Strategy

Definition 9.1 Symmetrical information loss of profit and loss: Suppose in a
N-person game, for various reasons, there exists lost information of profit and loss
values that can only be characterized by interval grey numbers, and this loss of
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Table 9.2 Classification of Game Theory and Corresponding Concepts
of Equilibrium
Action Order

Information Static Dynamic

Dynamic game of
Static game of symmetric | symmetric

Symmetric information: Nash information: subgame
information equilibrium (Nash 1950, | perfect Nash
1951) equilibrium (Seleten
1965)
No Dynamic game of
Loss i
Static game of asymmetric

information: perfect
Bayesian Nash
equilibrium (Seleten
1975; Kreps and Wilson
1982; Furdenberg and
Tirole 1991)

asymmetric
information: Bayesian-
Nash equilibrium,
(Harsany 1967, 1968)

Asymmetric
information

Grey matrix game: grey
saddle point (Zhigeng
Symmetric Fang and Sifeng Liu 2003,
information loss 2005); Static game of
symmetric information
loss: equilibrium =2

Dynamic game of
symmetric information
loss: equilibrium =2

Loss

Static game of

Asymmetric asymmetric loss
information loss information:

equilibrium =?

Dynamic game of
symmetric information
loss: equilibrium =2

Notes: In the table, the question mark (“?”) represents a theory blank.

information is a shared knowledge. This situation is called symmetrical informa-
tion loss of profit and loss values, denoted by [/(®) = {1, (®), u,(®),...,u,(®)}-

Definition 9.2 Static game of symmetrical information loss of profit and loss:
Suppose the profit and loss value is U(®) = {u; (®),4,(®),...,u,(®)} in an N-person
static game, and the corresponding strategic set is S(®) = (5,(®),5,(®),... 5,(®)).
Then we call it an N-person static game of symmetrical information loss of profit
and loss value, demonstrated by G(®) = {S(®), U®)}, or G(®) for short.

It is necessary to find a convenient measurement for the grey elements in U(®)
so that we can analyze the game equilibrium of G(®) = {S®), U(®)} without
knowing the inner number distribution information of the interval grey numbers.
Considering that people without clear inner distribution information of interval
numbers compare interval grey numbers is a way of potential comparison, here
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Figure 9.1 Size relation between interval numbers.

we make use of the concept of grey potentials to build and compare the frames of
interval grey numbers.

Definition 9.3 Conceptions of superior, inferior, and equipollent potential degrees:
For two random interval grey numbers ®; € [2;,6,], ®, € [a,.b,] and b,2 b; 2

. (as shown in Figure 9.1), according to the potential of the endpomts of the two
grey numbers in the axis, we can divide the sum set range ®;J ®,, into three parts,

a4, [amb 1, and [b,j,b 1. [czjt,b ] is the intersection range ®i]ﬂ ®,, between the

two interval numbers. Then,

1. We call the intersection range ®;(1®, an equipollent potential zone,
EPD, ,, = ;,i‘,,:[ >0, where ij—st means ®, is compared to ®,, and is

7 ij

the equlpollent potential degree of interval number ®; compared to
®,; EPD,_,; = t_Z’t 2 0 is the equipollent potential degree of interval

number ®;; compared to ®,,.
2. The range [6;,6,], which is divided by the two right endpoints of two grey

numbers and is at the right of the intersection, is called the superior poten-
tial zone of grey number [4,,6,] compared to [4;,6, i1 SPD, )

i st T by—ay,
is the superior potential degree of the interval number ®, compared to ®,.
3. The range [b,],b J, which is decided by the two left endpoints of two
grey numbers, and which is on the left of the intersection, is defined as
the inferior potential zone of grey number [4,,6,] compared to [4,,b,].

IPD; ,, =— 2% <0 is the inferior potential degree of interval number

®; compared w© ®

On the basis of the concepts mentioned above, we can make a determination of
the potential degrees among the interval grey numbers without difficulty. Here we
give the determination rules.

Definition 9.4 The determination rules of potential relation of interval grey num-
bers: For two random grey numbers, the sum of the superior and inferior potential
degrees of one compared to the other is called the potential difference, or poten-
tial in brief. If the potential is positive, it is called a positive potential, and the
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corresponding grey number is called a superior grey number; if the potential is
minus, we call it a minus potential, and the corresponding number is an inferior
potential grey number; and if the potential is zero, we call it an equal potential, and
call these numbers equipollent potential grey numbers.

From Definition 2.2 we know that, for two grey numbers ®; € [,

€ [a,,0.);

b, il and ®;

i

IfSDP;,, + IDP;_,, >0, we say that, compared to ®,, there exists positive
potential in ®;; ®, is the superior grey number and ®,, is the inferior grey

number, marked as ®; > ®,,.

IfSDP;,, + IDP;_,,, <0, we say that, compared to ®,, there exists minus poten-

tial in ® ; ®; is the inferior grey number and ®,, is the superior grey number,
denoted as ®ij <®,

IfSDP;,, + IDP;_,,, = 0, we say that ®; and ®,, have equal potential; ®, and ®,
are equipollent potential grey numbers, marked as ® ;= ®,..

In Definition 9.2, some classical mathematical operators such as >, <, and = are
used to describe the potential relationships among grey numbers, but their meanings
are not the same as the greater and lesser determinations in classical mathematics.

An important problem is whether the potential set of grey numbers is a total
ordered set, so Theorem 9.1 is presented.

Theorem 9.1 Total ordered character of potential comparison: The set of grey
potential relations is a total ordered set.

Proof: First of all, the total ordered set has to be a positive set, in accordance with
transitivity. We prove the potential transitivity of interval grey numbers first.

uu’buv]’ and ®xt €

then we need to prove

Generally, given three interval numbers ®, € [al],b 1, ® € la
b,) (as shown in Figure 9.2), if ®; < ®,, and ®,, < ®

24

(4,
®; < ®,.
According to Definition 9.4 and ®; < ®,,, the difference between the superior

and inferior potential degrees of ®,, compared to ®; is beyond zero, as shown in

Figure 9.2 Potential transitivity of interval grey numbers.
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Eq. (9.1); from ®,, < ®, (already known), the difference between the superior and
inferior potential degree of ®,, compared to ®,, is beyond zero, as shown in Eq. (9.2).
bm/ _bz” _ i — Ay — (bm/ +du1/)_ (ﬂzj +bl]) >0

SDZ);W—W_[DI)W/—W:b —u b —a b —a

.1

bsl - ém/ _ ﬂst - ﬂuu — (bst + ﬂst) - (duv + bm))

SD[):t—mu - IDRt—)ut/ =
b:z —ay b:t —dg b:t —dag

>0 9.2)

The difference between the superior and inferior potential degrees of ®,, com-
pared to ®; can be illustrated in Eq. (9.3):
by—b; a,—a; (by+a,)—(a;+b;)

SDP,_,; — IDP,_; = - L= Z 9.3
! ! bxt —dy bs —dy bxt —dy ( )

According to Eq. 9.1), if (6,, + a,,) > (a;+ bij), then
(bxt + ﬂ:z) - (dij + bf]) > (b:t + ﬂ:t) - (ﬂuu + bmi) (94)

According to Eq. (9.2),
(b:t + dft) - (auv + buv) >0 (95)

Then from Egs. (9.3), (9.4), and (9.5),
SDP, ., — IDP, ,; >0 9.6)

Therefore, according to Eq. (9.6) and Definition 9.2, we can get ®; < ®,..

Second, we have to prove any two elements in the total ordered set have to be com-
parable. In a set of some interval grey numbers ®l-j (G=12,...m;j=12,...,n), itis casy
to prove that according to Definition 9.4, the two elements must have only one relation,
meaning one is more, less than, or equal to the other. So the proof is omitted here.

In summary, the theorem is true.

Definition 9.5 Nash equilibrium of grey potential pure strategy: In an N-person
game G(®) = {S(®), U®)}, we choose one strategy from every single game player
to form a strategy group, marked as S (®) = (51 (®),5,(®),...,5,(®)), and strategy
¥ (®) of Player i is the best countermeasure for the other players’ strategy group

7

S(:') (®) = (51* (®)’ 5; (®)) (R -Yz'*—l (®)15;+1 (®)> Xl -:5; (®)) [SCC Eq (97)]

uz* (5; (®)55; (®)) . -szil (®)s$: (®),5;+1 (®)7 . .,S; (®))
9.7)

> 1, (55(®),5(®),...51(®),5, (®),5;(®),....5,(®))

The comparison between strategy profit and loss values, conducted under the
comparison rule of grey potential degrees in Definition 9.4, is suitable for any s; (®)
€ 5; (®). Then we call §"(®) = (5, (®), 5,(®)....,s,(®))a Nash equilibrium of grey
potential pure strategy for G(®), or grey potential Nash equilibrium in brief.
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Table 9.3 Prisoner’s Dilemma in the Price War of Two Oligopoly
Manufacturers in a Color-TV Market

Manufacturer 2
Price down (1) Price up (2)
Manufacturer 1
Price down (1) [-5,-6], [-4,-5] [2,3], [-8,-10]
Price up (2) [-8,~101, [2,3] (0,11, [0,1]

Example 9.1 Suppose there is a Prisoner’s Dilemma in the price war of two oli-
gopolistic manufacturers in a color-TV market. For various reasons, there exists
symmetric information loss of their profit and loss value, which can be illustrated
in interval grey numbers (unit: 10 million Yuan), as shown in Table 9.3.

Similar to the analysis of the Prisoner’s Dilemma, we can get the price-down
strategy of Manufacturers 1 and 2, where (down, down) is the Nash equilib-
rium point of grey potential pure strategy referring to the determination rules in
Definition 9.4. For more details, refer to Section 9.1.3 in this chapter.

9.1.2 Analyzing Methods of Absolute Grey Superior
and Inferior Potential Relationships of Game G(®)

In the equilibrium analysis of game G(®), if the analysis is based on the absolute grey
relationship between the pros and cons, then we call it an absolute grey superior and
inferior potential relationship analysis of game G(®), which contains two methods: a
dominant pure strategy of grey potential analysis and an iterated elimination of strictly
grey potential dominated strategies analysis. We discuss the first method next.

Definition 9.6 Dominant pure strategy of grey potential: In an N-person game
G(®) = {S(®),U®)}, according to the determination rules of the potential degree
relations between interval numbers in Definition 9.4, if the grey potential of the
profit brought by one player’s strategy is no less than that by other strategies—no
matter what strategies the counterparts take—then it is called his dominant pure
strategy of grey potential, or grey potential dominant strategy for short.

Definition 9.7 Grey potential-dominant equilibrium of pure strategy: In an
N-person game G(®) = {S(®),U(®)}. If each strategy on one certain strategy set
is Grey potential-dominant pure strategy of its game player, the strategy set could
be called “Grey potential-dominant equilibrium of pure strategy” of the Game, or
grey potential dominant equilibrium.

Theorem 9.2 Grey potential dominant strategy equilibrium is a grey potential Nash
equilibrium: If there exists a grey potential dominant strategy equilibrium in an
N-person game G(®) = {S(®),U(®)}, then it is a grey potential Nash equilibrium.

It is obviously true according to Definitions 9.5, 9.6, and 9.7, so the proof is
omitted here.
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In an N-person game G(®), the grey potential dominant strategy is preferred
by all players. From Definitions 9.6 and 9.7, we know that according to the deter-
mination rules of the potential degree relationships between interval numbers in
Definition 9.4, we could find the grey potential dominant strategy for a player, if
there is one.

Example 9.2 Analyze the grey potential dominant strategy and the equilibrium
point for all players in Example 9.1.

For Manufacturer 1, the superior potential degree of the profit of strategy
(down, down) is SPD;,_,, = 1, compared to that of strategy (up, down); and the
superior potential degree is SPD,,_,, = 1 when comparing strategy (down, up) and
(up, up). So all the interval numbers of his price-down strategy profit are his supe-
rior potential grey numbers of the profit brought by his price-up strategies. Thus,
price-down is his grey potential dominant strategy.

Similar to the above analysis, for Manufacturer 2, we can get the same
conclusion.

In summary, the strategy set (down, down) of the two manufacturers is the
equilibrium point of a grey potential dominant strategy. The equilibrium, which
reflects the absolute preference of all the players, is very stable and gives a more
precise prediction of game results. Being able to find such an equilibrium means a
prediction result of the game analysis. However, the optimal strategy changes with
other players, which is the basic characteristic and the principle demonstration of
the mutual dependency of game relationships, but an equilibrium point doesn’t
always exist for every player. That is a limitation of the equilibrium analysis of grey
potential dominant strategy. Therefore, we put forward a second analysis method
of game G(®) based on the absolute grey relationship between the pros and cons
of potential choices.

Definition 9.8 Grey potential disadvantaged strategy: In an N-person game
G(®) = {S(®), U®)}, according to the determination rule of the potential degree
relation between interval numbers in Definition 9.4, if we could find a strategy
whose grey potential of profit and loss is no higher than others after comparing
every pair of strategies, then we call it grey potential disadvantaged strategy.

Definition 9.9 Iterated elimination of strictly grey potential dominated strategies:
In an N-person game G(®) = {S(®),U(®)}, according to the determination rule of
the potential degree relation between interval numbers in Definition 9.4, the analy-
sis, which finds and eliminates the grey potential disadvantaged strategy of each
player repeatedly based on comparing every two strategies, is called the iterated
elimination of strictly grey potential dominated strategies.

Example 9.3 In a game G(®), shown in Table 9.4, find the grey-potential Nash
equilibrium point using the method of iterated elimination of strictly grey potential
dominated strategies.

According to the analysis method of grey potential dominant strategy equi-
librium, we could not find such an equilibrium point in this game. By using the
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Table 9.4 Payoff Matrix of a Game Based on Symmetric Information Loss of

Profit and Loss

Player-2
Strategy-1 Strategy-2 Strategy-3
Player-1
Strategy-1 [1,1.5], [-1,0.5] [1,1.5], [3,3.5] [1,1.5], [-1,0.5]
Strategy-2 [-1,0.5], [4.5,5] [-1,0.5], [2.5,3] [2.5,3], [-1,0.5]

method of iterated elimination of strictly grey potential dominated strategies, how-
ever, we could easily get the grey-potential Nash equilibrium: Strategy 1 of Player
1 and Strategy 2 of Player 2; that is, {[1,1.5], [3,3.5]}.

Iterated elimination of strictly grey potential dominated strategies is a more
effective and useful analysis method compared with the analysis of grey potential
dominant strategy equilibrium, but it still cannot solve all the equilibrium analysis
problems because in many grey games there is no relationship between two grey
potential disadvantaged strategies.

9.1.3 Analysis of Relative Grey Superior and
Inferior Relationships in Game G(®)

In real-life situations, although the analysis methods of absolute grey superior and
inferior relations between strategies is not useful in many games G(®), we can
turn to the relative or conditional grey superior and inferior relationships that may
exist between different strategies to find a new method. Reference 15 researched
the marking method and the arrow method in classic games. Here, according to
Definition 9.4, we use it in the grey potential Nash equilibrium analysis in an
N-person game on symmetric information loss of profit and loss cases—namely,
the grey marking method and the grey arrow method respectively.

The final goal of each player is to maximize his own profit. In a game G(®)
where profit and strategy have mutual influence, the profit of each player depends
not only on himself but also on the other’s strategy, so when making decisions
the players have to take this into consideration. Thus we put forward the corre-
sponding decision-making analysis method—the method of decision analysis.

Theorem 9.3 Grey marking method: Suppose there exists a Nash equilibrium
point of grey potential pure strategy in an N-person game G(®) = {S(®),U(®)}.
We can find the point based on the relative superior and inferior potential relations
among different strategies as well as the determination rule of potential relationship
between interval grey numbers in Definition 9.4.

Proof: Under the conditions in Theorem 9.3, the basic thought is illustrated below.

Find the maximal grey potential number among the strategy values of Player
i against every strategy or strategy combinations of other players, if such strategy
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Table 9.5 Maximal Grey Potential Profit and Loss of One Player’s Strategies
Compared to the Other’s

Player 2
Strategy 1 / !
maX| layer—11,1 = am(@),maXl fayer-
1 per11= || (@), b (®) ®)
a;,(®), by, (®) K K n1 = bii(®)
Player 1 | (®) |
max =ay max in =
i a,(®), b;(®) player-1ij = (@), | plavertin
1 1( maxlplayer—Z/‘,i = bij(®) a;,(®), b, (®)
A1 (®>/
. maX] e i = |- a,(®), b,,(®) ol am(®), by, (®)
b (®)

combinations exist. We call the corresponding strategy of Player 7 a relative best
strategy, which always exists but may not be unique.

Next, based on the first step, Player i must predict the other players’ possible
strategies and his own grey potential optimal strategy after considering all choices
and decisions.

To simplify the discussion of the problem, we take a two-person game as an
example.

Step 1: Find the maximal grey potential number in every strategy result that
Player 1 takes against Player 2, and underline it to make a difference,
as shown in Table 9.5. In the table, max|,,,, ,;; = 4,(®) means Player
1 gets the maximal grey potential game value #,(®) in Strategy i com-
pared to Strategy j of Player 2; max|,,,,_;; = £,(®) means Player 2 gets
the maximal grey potential game value 4,(®) in Strategy j compared to
Strategy 7 of Player 1.

Step 2: In a similar way, find the maximal grey potential number of in every
strategy result Player 2 takes against Player 1, and undetline it to make
a difference, as shown in Table 9.6.

Step 3: In Table 9.6, if there exists a profit value underlined by both Player 1
and Player 2 at the same time, then it is the Nash equilibrium point of
grey potential in this game, and the corresponding strategy is the grey

potential optimal strategy.
Step 4: End.
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Table 9.6 Nash Equilibrium Point of Grey Potential in the Prisoner’s
Dilemma in the Price War of Two Color-TV Oligopoly Manufacturers
in a Region

Manufacturer-2
Price down (1) Price up (2)
Price
Manufactuarer-d | yoony | 1-5,-61, 1-4,-5] (=X [2,3], [-8,~10]
o~ ol
L N
Price
up (2) [-8,-10], [2, 3] <,tE [0,1], [0, 1]

Theorem 9.4 Grey potential arrow method: Suppose there exists a Nash equi-
librium point of grey potential pure strategy in an /N-person game G(®) = {S(®),
U®)}. On the basis of the determination rule of interval grey numbers potential
size relation in Definition 9.4, we could find the equilibrium point and observe
whether one player can increase his grey potential profit value by changing only his
own strategy in every strategy combination.

Proof: Under the conditions of Theorem 9.4, the basic thought is illustrated below.

Analyze every strategy combination in game G(®) and consider whether one player
can increase his grey potential profit value after changing only his own strategy. If he
can, add an arrow into the corresponding profit teams leading to the corresponding
potential profit value after the strategy changes. Finally, conclude the analysis on
every strategy combination and form a predictive result of the game G(®).

To simplify the discussion of the problem, we take a two-person game as an
example.

Step 1: Find the improvement of Player I’s potential profit value of Strategy
i,j=1,2,...,m against every Strategy j,j = 1,2,...,n of Player 2 and use
an arrow to denote the improvement direction.

Step 2: Find the improvement of Player 2’s potential profit value of Strategy
j»j=1,2,...,m against every Strategy 7,7 = 1,2,...,m of Player 1 and use
an arrow to denote the improvement direction.

Step 3: Find the profit grey number team indicated by only the head of the
arrow in all the strategy combinations of Players 1 and 2. According to
Definition 9.5, the grey number is the Nash equilibrium point of grey
potential and the corresponding strategies are the grey potential optimal
strategies.

Step 4: End.
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Example 9.4 Apply the grey potential marking method and grey potential arrow
method in Example 9.1 to find the Nash equilibrium point of grey potential in the
Prisoner’s Dilemma case in the price war of two color-TV oligopoly manufacturers
in a region.

According to Theorems 9.3 and 9.4, it can be solved by the Nash equilibrium
point of grey potential, as in Table 9.6.

From Table 9.6, we know that all the grey game value teams with underlines
and arrow heads are the Nash equilibrium points of grey potential, [-5,-6] and
[-4,-5] to be exact. The corresponding strategy (price down, price down) is the
potential optimal strategy.

9.1.4 Summary

Game theory continuously improves itself by answering real-life questions. Present
academic circles divide game theory research on the basis of the players’ knowl-
edge of the game information, considering mainly whether it presents as symmet-
ric information, but ignores the problem of information loss. This presents a severe
defect. We find that there are still some theory blanks in the present research.
This section puts forward the equilibrium analysis of information loss and the
existence of its equilibrium point. It also examines the N-person static game of
symmetrical information loss of profit and loss and establishes the concept of a
Nash equilibrium point of grey potential pure strategy. To easily find this equilib-
rium, many ways are introduced, such as the advantaged and disadvantaged pure
strategy analysis of grey potential, the grey potential marking method, and the
grey potential arrow method. Figure 9.3 shows the relations between the classic
Nash equilibrium and the Nash equilibrium of grey potential pure strategy, which
can better explain the problems in real life but with some risks. In other words,
under some conditions, unlike the classic Nash equilibrium, the Nash equilibrium
of grey potential pure strategy may not happen automatically, which is further
discussed together with its risks.

Classical
Nash
Equilibrium

Figure 9.3 Relations between classical Nash equilibrium and Nash equilibrium
of grey potential pure strategy.
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9.2 Solving the Paradox of the Centipede Game:
A New Model of Grey Structured Algorithm
of Forward Induction

Backward induction starts analyzing the player’s action from the last stage of the
dynamic game and moves backward to the corresponding player’s action in each
former stage until it reaches the initial stage. Complete induction, deductive rea-
soning, clear thought, and efficient speed have made it a useful method in game
theory and game logic research. But backward induction has two basic hypoth-
eses: a rational hypothesis, meaning every decision-maker is rational, and a same
expectancy hypothesis, which supposes everyone has a correct prediction regarding
each other’s action. However, such hypotheses do not conform to people’s bounded
rationality and are hardly found in real-life situations. Critiques include the famous
paradox of the Centipede Game (Rosenthal, 1981).

Since Zermelo first put forward the idea of backward induction in 1913, the
method was improved and promoted by Seleten in 1965 and 1975, and has attracted
great concern and scholarly interest at home and abroad. Zhang Feng analyzed the
origin of its paradox in “Exploration on the Paradox of Backward Induction”; and
in “On Paradox from Centipede Game,” he discussed limitations and effective-
ness. In “Communicative Rationality and Dissolving of the Paradox of Backward
Induction,” Pan Tianqun introduced the concept of a new cooperative equilibrium
in an actempt to eliminate the paradox. Gao Hongzhen and Wang Jiahui studied
an improvement to the centipede paradox in “New Developments in Research on
Experimental Game Theory.” He Wei, Xu Fei, and Chen Jie gave possible results
of the Centipede Game by using anticipatory psychology in “A New Viewpoint
of Centipede Game: An Application of Anticipate Psychology.” Gary Bornstein
and others designed the experiment of “Centipede Game with Improving of Seven
Points,” based on the belief that a group lacks more altruistic spirit and is more self-
ish than an individual.

Having a general view of all the research mentioned above, almost all the papers
relevant to the Centipede Game reached the same conclusion—that the basic reason
for optimal choice leading to the worst results is the paradox of individual and col-
lective rationality—but they gave no reasonable explanation for the contradiction in
experiment results and people’s initiative. More importantly, there is another prob-
lem: since neither (1,1) nor (100,100) would possibly be the equilibrium point in the
game, does this kind of Nash equilibrium point exist? And if so, how could it be con-
veniently solved? Until now, academic circles have failed in better realizing and solv-
ing this problem; thus, this paradox set the logic of backward induction into doubt.

This section explores the origin of backward induction, and the theory that
micro logic is wrong for overall macro logic neglect, or in other words, a player
focuses on recent interest rather than long-term interest. The section applies overall
system philosophy as well as general thinking and determination rules in designing
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a modern forward induction of grey structured algorithm from a systematical per-
spective. It can solve this problem by providing a convenient and highly efficient
way to calculate the Nash equilibrium of a multistage dynamic game.

9.2.1 Backward Grey Structured Algorithm of a
Dynamic Multistage Game’s Profit Value

The first step in designing the forward induction is the grey structured algorithm
and the subgame division of a multistage game. To simplify the research, we put
forward the following three definitions.

Definition 9.10 Subgame of the original game: In a dynamic game, if the subse-
quent stages from a stage, except the first one, have a set of initial information and
all the required information to form a partial game, then we it a subgame of the
original game.

Definition 9.11 Upper-layer, lower-layer, and lowest-layer subgames: In a dynamic
game, suppose we can get another subgame B from a subgame A, then we say that
game A is the upper-layer subgame compared to B, and B is the lower-layer subgame
of A. If no lower-layer subgame can be gotten from a game, then we call that layer
the lowest-layer subgame.

One specific characteristic of the lowest-layer subgame is that it has no sub-
games and there exists a profit vector under any strategy.

Definition 9.12 Guide strategy of an eternal condition for a lower-layer subgame:
If there exists a lower-layer subgame in subgame A, the strategy that directs B from
A is called the strategy of an external condition of B or the guide strategy for lower-
layer subgame, or guide strategy for short. Subgame B is guided by this external
condition (guide) strategy.

Example 9.5 In a subgame division of the Rosenthal Centipede Game (Rosenthal,
1981), as shown in Figure 9.4, point out the relations between the upper-layer and
lower-layer subgames and the relevant (guide) strategy of external condition.

In the example, if there are N stages in the game, then the lowest-layer sub-
game is the choice of Player 2 between Strategies A, and B,, while its upper-layer
subgame is the choice of Player 1 between Strategies A, ; and B,,;, among which

R0 A

(98, 98) (97,100)  (99,99)  (98,101)

Figure 9.4 Sketch map of Rosenthal Centipede Game (Rosenthal, 1981).
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A, is the (guide) strategy of external condition of its lower-layer subgame. The
game is constructed by many subgames with upper-layer and lower-layer rela-
tions, and the (guide) strategy of external condition of the corresponding lower-
layer subgame is denoted as A;, i = 2,2,...,n.

Then we can get a grey structured algorithm of a dynamic multistage game, as
shown in Proposition 9.1

Proposition 9.1 In an N-person dynamic game, the grey structured algorithm is
demonstrated as follows.

Step 1: Conduct the subgame division of the dynamic game according to
Definitions 9.10 and 9.11.

Step 2: Simplify the grey structured algorithm of the lowest-layer game.
That is, for Player 7 under several strategies of subgames, the minimal
profit value v; is minf{v;,v,,..., 7,5}, and the maximal profit value is
max{v;;,v,..., v;5}. We take the left and right endpoints of the interval
grey numbers respectively to form a profit interval grey number under
the (guide) strategy of external condition of the lowest-layer subgame,
marked as [min{y,;,v,,,..., v}, max{v,,v,,..., v;¢}]. After a similar treat-
ment to all the participants’ strategies, the grey structured algorithm
of the lowest-layer game will be transformed to the profit vector under
its strategy of external condition, ([minfv,,,...,v,¢}, max{v,,...,v¢l],...,
[min{vg,,. .., vgsh, max{vg,,...,vgdl), as shown in Figure 9.5.

Step 3: After Step 2, the original lowest-layer subgame is simplified, and thus
the upper-layer subgame under the strategy of external condition would
construct a new lowest-layer subgame. Practice the grey structured algo-
rithm to the new subgame as in Step 2 until the highest-layer game is
reached.

Step 4: End.

~
Strategy-1 Strategy»j\ S o Strategy-S

ipVaw vk (Vig Vo oo Vi) (Vlj» V2j""7VKj) (Vis Vass =+» Vis)

GNS-Sub
q SEC-Sub rL l

Figure 9.5 Sketch of grey structured algorithm of subgames. SEC: strategy of
external condition; SEC-Sub: strategy of external condition in subgames; GNS-
Sub: grey number structured in subgames.
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Obviously the procedure is true, so the proof is omitted here

([min{y,y,..., 015} max{vyy,.., v, Iminfog,,..., v, max{vg,..., vgddl)

Proposition 9.1 has illustrated the grey structured algorithm of a dynamic mul-
tistage game starting from the lowest-layer subgame to the highest-layer subgame.
As the linear order is totally in contrast with the time order, it can be considered a
backward induction algorithm, to calculate the future possible profit value of the
guide strategies.

Example 9.6 Implement the subgame classification and the simplification of the
grey structured algorithm in the Rosenthal Centipede Game shown in Example 9.5.

The Rosenthal Centipede Game in Example 9.5 can be divided into n — 1 sub-
games, denoted as G, (i = 2,3,...,x) respectively, as shown in Figure 9.6.

According to Proposition 9.1, the subgame process can be simplified as shown
in Figure 9.6 and the future possible incomes after the grey structured algorithm
are illustrated on the guide strategies respectively.

As the grey structured treatment of a dynamic multistage game in Proposition
9.1 formed a new token of dynamic game structure mainly featuring possible future
incomes, which are marked on the guide strategy of the lower-layer subgame, we
propose Definition 9.13.

Definition 9.13 Guide value lower-layer subgame and the guide value struc-
ture of a dynamic game: If all the guide strategies are marked with the possible
future profit values in a multistage dynamic game, then the profit value is called
as the guide value of lower-layer subgame, guide value for short; the structure of a

54197, 1001, [99, 1011}
/[

G,
00], [1, 10]} G,_»:{[98,100], [99, 101]}

Gyd[0, 1

G,:{[0, 100}, [3, 101]} ] G, {98, 100], [100, 101]}
1 1 P
_ E (100, 100
| An—3 TAn—l An
Bn—3 Bn—2 Bn—l Brt
(98,98) | (97,100) | (99,99) | (98,101) G
----- - - G G G
| s n2 ol 1 Backward shirk
-<l\l I T G,— G,
Forward potential T
judgment >
Gy— G,

Figure 9.6 Analysis schematic diagram of grey structured algorithm, backward
induction.
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multistage dynamic game involving guide values is called the guide value structure
of a dynamic game in brief.

Definition 9.13 defines a new structure of a multistage dynamic game after
the grey structured algorithm. When making decisions at any point in the game,
people can compare present and future possible game profit values. They there-
fore discard rationality in every step in the classic backward induction, which
leads to a strange logic with irrational results, as in the Centipede Game. We
believe that the classic explanation to the economic phenomenon—the contra-
diction between individual and population rationality—indicates just one side of
the problem. A more essential problem is that of the contradiction and balance
between recent and long-term interests, or between present and future interests
for players.

9.2.2 The Termination and Guide Nash Equilibrium
Analysis of Grey Structured Algorithm of Forward
Induction in a Multistage Dynamic Game

According to investigation into this problem over many years, involving hundreds
of entrepreneurs, government officers, consulting engineers, technicians, teachers,
university and middle-school students, and housewives, we finally drew a conclu-
sion that (in a similar Centipede Game) people will follow the classic Centipede
Game if there are few but accurate stages; otherwise, they will make decisions based
on a comparison between present and future possible profit values.

In 2005, Zheng Feng, in the article “On Paradox from Centipede Game,” con-
cluded that the classic backward induction was useful when the Centipede Game has
few stages—three to five, for example. But with an increase in the number of stages,
the possibilities of cooperation (or the cooperation stages) on average will increase as
well. The inference provided a good example for the view in this section.

After considering decision habits in dynamic games, we propose four hypoth-
eses for a new grey structured algorithm of forward induction, as follows.

Hypothesis 1: In a multistage dynamic game, practice backward induction of
grey structured algorithm step by step.

Hypothesis 2: If players do not have clear knowledge about the structure of a
multistage dynamic game or the future profit value, they still can estimate
the scope of present and future profit values using interval numbers. In
other words, they use grey numbers to represent profit values.

Hypothesis 3: Based on the time order of the dynamic game, players evaluate
present and future profit values and make a decision according to some
determination rules, such as the potential degree of grey numbers® and the
probability expectation of grey numbers.

Hypothesis 4: Other game hypotheses are required as well.
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Based on these four hypotheses, we can analyze the equilibrium solution of a
multistage dynamic game in the order of time. Thus we put forward the follow-
ing definitions.

Definition 9.14 Grey number structured sequential deduction: Given a guide
value structure of a dynamic game, if the decision analysis follows the order of time
in the game, then we call this balanced analysis a grey number structured sequen-
tial deduction.

Definition 9.15 Termination Nash equilibrium and guide Nash equilibrium:
Analyze the equilibrium using a grey number structured sequential deduction in a
guide value structure of a dynamic game. If the present game realizes the equilib-
rium at a nonguided value, then the game ends; otherwise, the equilibrium reaches
a guide value and the game continues. We call these a termination Nash equilib-
rium and a guide Nash equilibrium respectively.

Proposition 9.2 Given a two-person dynamic game, a decision in each stage
determines whether the game continues. If the current decision-maker realizes the
termination Nash equilibrium, then the whole game ends; if he realizes the guide
Nash equilibrium, then the current game will induce to its lower-layer subgame.
The conclusion of this proposition is obviously true, so the proof is omitted here.

Proposition 9.3 Given a two-person dynamic game, according to the above four
hypotheses, if the current decision-maker evaluates and makes decisions between
present and future game profits based on some determination rules, then there
exists a termination Nash equilibrium under this rule; in other words, the game
algorithm converges.

Proof: In a two-person dynamic game, practice backward induction of the
grey structured algorithm step by step according to Proposition 9.1 and mark the
future profit values with grey numbers aimed at comparing that value with current
income. As shown in Figure 9.7, the first and second profit values demonstrate the
profits of Player 7 and Player j respectively.

([a10 D14l (a9 Bogl) ([ayys b1, Lagys by,))
(a0 by) (a.b,)

Figure 9.7 Termination Nash equilibrium analysis based on guide value struc-
ture of dynamic game.
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In Figure 9.7, if Player i(i = 1, 2) is the current decision-maker in stage 4, then he
will compare the profit [4,;,6,;] in stage # with the interval grey number of future
possible profit 4. If players cannot get distribution and value information of the
structured interval grey number, then we can get the following judgments based on
the rules in Ref. 6. When 4, < ””;r/"’e , then judging from grey potential degree, we
can get 4, > [a,;,6,,]; then (a;,6,) is the termination Nash equilibrium of the game.

When 4, < % , 4 < |a,6,,] which is based on the determination of grey
potential degree, then ([#,,,6,,], [2,,,6,:]) is the guide Nash equilibrium of the
game.

If the current game realizes the guide Nash equilibrium, it will induce to its
lower-layer subgame according to Proposition 9.2.

In a similar way, the termination Nash equilibrium will be realized during a
subsequent subgame mainly because the guide value of the current subgame is the
grey structured value of all the subsequent subgames. We will prove this by reduc-
tion to absurdity.

Proof: Suppose a termination Nash equilibrium in the guide value structure
of a dynamic game cannot exist, as in Definition 9.13. According to Proposition
9.2, the game will realize guide Nash equilibrium in its subgames. In every sub-
game, the current game profit of every player is less than the corresponding guide
value, without other size relations, but this is in contradiction with Proposition 9.1
that the guide value of the current subgame is constructed by the grey structured
numbers of the subsequent subgames’ profit values. So the supposition is wrong,
And in an N-stage dynamic game, if the current kth stage realizes the guide Nash
equilibrium, then the subsequent 7 — £ stages of the subgame will finally realize the
termination Nash equilibrium.

Suppose a player can get distribution and value information of the structured
interval grey number. Then every participant can realize the termination Nash equi-
librium in that stage based on the corresponding expected value judgment rules.

Proposition 9.3 proves the contraction of the grey number structured sequential
deduction and the contraction of the algorithm.

Example 9.7 Apply the grey potential degree and probability expected value judg-
ment rule respectively to solve the termination Nash equilibrium of the Rosenthal
Centipede Game in Example 9.6 (see Figure 9.6).

1. Solve the termination Nash equilibrium of a dynamic game based on the
grey potential degree judgment rule.

As in Figure 9.6, Player 1 makes a decision first in Stage 1. He will compare the
grey potential degrees of 1 unit profit value of guide Strategy A, and [0,100] unit
profit value of strategy B;, which is obviously bigger. Then Player 1 takes guide
Strategy A, and realizes the guide Nash equilibrium. Then Player 2 performs as
the decision-maker. Deducing like this until the G,_th subgame, then Player 2
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would be the current decision-maker and the game profit values of guide Strategy
A,_ and termination Strategy B,_, are [99,101] (units) and 100 (units) respectively.
As the potential degrees of the two interval grey numbers are the same, the two
strategies, A,_, and B,_,, are the same for Player 2. He can terminate the process
by choosing strategy B,_, and realize the termination Nash equilibrium. In this
case, he gets 100 units of profit and Player 1 gets 97 units of profit. He can also
choose Strategy A,_, and pass the decision right to Player 1 to realize the guide
Nash equilibrium.

For the same reason, we can say that there is no difference between the
termination Nash equilibrium Strategy B, and the guide termination Nash
equilibrium Strategy A, in subgame G, _.Taking Strategy B,, both Player 1
and Player 2 get a profit of 99 (units), while if Player 1 takes taking Strategy
A, it will induce to the lower-layer subgame and transfer the decision right
to Player 2.

Subgame G, is a fixed game, in which Player 2 chooses the termination strategy
B, and realizes the termination Nash equilibrium. The profit values of Players 1
and 2 are 98 (units) and 100 (units) respectively.

Under this judgment rule, there exist three possible termination Nash equilib-
riums whose subgames and profit values are G,_, (97, 100), G, (99, 99), and G,
(98, 101) respectively.

2. Solve the termination Nash equilibrium of a dynamic game based on the
determination rule of expected value.

The interval grey numbers of future possible profits of the guide strategies are
actually the discrete grey numbers with a certain appearing probability. For exam-
ple, in the kth stage, the appearing probability of the possible value among the
guide interval grey numbers can be estimated through the probability in the future
n — k stages.

The judgment of termination and guide Nash equilibrium based on the expected
profit values of all the strategies is very simple once the distribution probability of
different values in the guide interval grey numbers is known. In the early process
of the subgame shown in Figure 9.3, it realizes the guide Nash equilibrium under
the determination rule of expected values. We will offer the Nash equilibrium
analysis about the last several subgames.

In subgame G,,_;: Player 1 is the decision-maker and his interval number of game
value is [97, 100], among which the probability of 97, 98, 99, and 100 all equal
0.25, not including this stage. Then the expected guide value is (97+98+99+100)/
4 =98.5 (units) and the profit value of the termination game is 98 (units), so Player
1 will choose the guide Nash equilibrium and pass the decision right to Player 2.

In subgame G, ,: Player 2 is the decision-maker and his interval number of game
value is [99, 101], among which the probability of 99, 100, and 101 all equal 0.33,
not including this stage. Then the expected guide game value is (99+100+101)/
3 =100 (units) and the profit value of the termination game is 100 (units), so the
termination and guide Nash equilibrium are the same to Player 2. If he chooses
Strategy B,_, to realize the termination Nash equilibrium, then the profit for each
player is 97 (units) and 100 (units) respectively. If he chooses Strategy A, _,, then he
will transfer the decision right to Player 1.

In subgame G, _: Player 1 is the decision-maker and his interval number of
game value is [98, 100], among which the probability of 98 and 101 equals 0.50,
not including this stage. Then the expected guide value is (98+100)/2 = 99 (units)
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and the profit value of the termination game is 99 (units), so the two kinds of equi-
libriums are the same to Player 1. If he chooses Strategy B,_, to realize the termina-
tion Nash equilibrium, then the profit for both players is 99 (units). If he chooses
Strategy A,_;, then he will transfer the decision right to Player 2.

In subgame G,: This stage is the lowest-layer subgame so it is easy to know that
the game equilibrium is realized when players choose strategy B, and the profit
values of Players 1 and 2 are 98 (units) and 101 (units) respectively.

Under this determination rule, there exist three possible termination Nash equi-
libriums, whose subgames and profit values are G,_, (97, 100), G, (99, 99), and
G, (98, 101) respectively, and the result is the same as the conclusion of the former
determination rule.

3. Example of the mechanism of classic backward induction

In subgame G, _;: If Player 1 believes Player 2 will choose Strategy B, in sub-
game G,, then he will choose Strategy B, ; in this stage. Deducing in a similar way,
Player 1 will terminate the game by choosing Strategy B, in Stage G, when both of
them win 1 (unit) value.

Therefore, the classic backward induction is a specific conclusion under the
special profit probability and a special example of Player 1’s choice of the termina-
tion Nash equilibrium in the first stage.

9.2.3 Summary

For a long time, the paradox of backward induction disturbed academic circles.
Many scholars realized the great difference between the conclusion of the paradox
and real life, and they researched this problem from different perspectives. We
think the main reasons for this problem lie in the following three aspects:

B In the current game stage of the multistage dynamic game in real life, when
people cannot make a precise prediction about a future game, they need to
estimate the scope of the possible profit value, using interval numbers to
demonstrate, for example; then they will compare such estimated values
with the current game profit and make a decision after evaluation.

B The decision of the current game stage in the multistage dynamic game is
made after a comparison between current and future game profits, which
is neglected by backward induction. The latter just compares current profit
with the profit of the former stage.

B The token of the classic multistage dynamic game structure fails to mark
the guide strategy with the possible future values, which restricts the play-
ers from comparing and analyzing these two values.

For these reasons, the phenomenon of the contradiction between the backward
induction paradox and real-life situations shows that backward induction neglects
the integrity philosophy and is only concerned with recent interest, and other severe
mistakes.
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To overcome these fatal shortcomings of backward induction in the multistage
dynamic game, this section designed a new model based on grey number structured
sequential deduction, which can present a better solution. Meanwhile, it revealed
the essential laws in the multistage dynamic game. In dynamic games with few
stages or in a short-term dynamic game, classic backward induction can better
reveal the essence of the game’s strategies, but the mechanism is just a special case
of the model in this section that performs under an accurate probability of future
profit value.



Chapter 10

Chain Structure
Model of Evolutionary
Games Based on
Limited Rationality
and Knowledge

Evolutionary game theory was born because the traditional game theory fails to
describe problems of limited (or bounded) rational knowledge. Evolutionary game
theory discards full-rationality assumptions and treats the players as living crea-
tures with bounded rationality, who are evolving themselves while competing with
each other. It explains the rationally evolutionary processes of some living creatures
in nature (J. Maynard Smith, 1982). In the 1960s, biologists used the theory to
explain ecosystem phenomena. Especially after the basic concept of an evolution-
ary stable strategy (ESS) was put forward by Maynard and Price in 1973 and by
Maynard in 1974, the theory was broadly applied to ecology, sociology, economy,
and other fields. In recent years, papers on applications of evolutionary game theory
have occupied an increasingly larger percentage of game theory research.

Traditional analysis methods of evolutional game have some deficiencies. Tradi-
tional models lack a kind of suitable structure form that is concretely and vividly
like the payoff matrix structure form of a matrix game, the game tree structure
form of a dynamic game, and other similar forms to express themselves.

255
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This section designs a chain structure model of evolutionary games based on
a symmetric income situation to overcome such limitations. This model could not
only be used to analyze stable long-term trends but also to predict possible short-
term evolutionary trends. It also satisfactorily describes the process of evolutionary
games.

10.1 Chain Structure Model of Evolutionary
Games Based on a Symmetric Case

10.1.1 Establishing a Chain Structure Model
for Evolutionary Games

In the process of evolutionary games based on a symmetric case, the payoff of each
population is independent of its place in the game; the income of one population is
no different whether it is Population g or Population r. We will employ a framework
with populations of similar members and where at each contest a randomly chosen
member of one of the populations plays a game with a randomly chosen member
of the other population.

Given an evolutionary game problem based on a symmetric case, we assume that
a set of strategies is 5, s = 1,2,..., During the game, each member of some popula-
tion chooses a strategy, which is not always the best strategy, after learning from
other players or imitating a neighboring strategy. Here, a circle with s is denoted as a
strategy of an evolutionary game, wheress,(s =1,2,...7) Let p;’jk (j,k=1,2,...,m)
show the transfer proportion from original strategy 7 to a new one, 4, in Population
g at time £, and #, . (j,k=1,2,...,m) show the expected income of Population ¢
when Strategy # is taken at time # An arrow mark whose end denotes the original
strategy and whose head indicates the new strategy of the individual in a game,
together with p; ,k,(j,/e =1,2,...,m) and u”j/e,(j,k =1,2,...,m) describe the pro-
cess of the game. Thus we could geta sketchof an evolutionary game chain model.
We employ Player g (or Player 7) to denote a randomly chosen member of Population
q (or Population 7).

We take just a 2 X 2 symmetric case as an example to discuss the model estab-
lishing this case. One 2 X 2 payoff matrix based on a common symmetric case is
illustrated in Table 10.1. We thus get the sketch of an evolutionary game chain
model at time # (see Figure 10.1).

In Figure 10.1, two circles denote Strategy 1 and Strategy 2 respectively. Four
arrows show, from time # to time #+ 1, the probable strategy transfer conditions of
populations: some players maintain their original strategies, and some players imi-
tate and study from others and change their strategies. No matter what the game
conditions are, the individuals use their payoff strategies to make decisions. If it
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Table 10.1 2 x 2 Payoff Matrix Based on a
Symmetric Case

Population 2 Strategy 1 | Strategy 2

Strategy 1 a,a b,c

Population 1
Strategy 2 cb dd

is a self-round arrow, whose head and end direct to the same strategy, it indicates
the player keeps his original strategy at time £, and the proportion and expected
profit are marked as p u 1= j;i, j =1,2 respectively. If not, it means some of the
individuals who take this strategy at time # change to other strategies at time 7+ 1,
and the notes on the arrows p’“ i # j3i, j=1,2 indicate the proportion
of the population that changes strategles and the corresponding expected profit
respectively.

In the discussion below, we assume that at time # the proportion of players who
choose Strategy 1 is x, and the remaining 1 — x players choose Strategy 2. Therefore,
the proportions of individual quantities, the expected income of individuals, and
the average expected payments of each player are given in Egs. (10.1), (10.2), and
(10.3) respectively.

Then we consider what these members of each population will do and what
their income will be at time 7+ 1.

Py =
(10.1)
u =x-a+(1-x)b
ID;2: -
(10.2)
u,=x-ct+(-x)d
u =x~u1’1+(l—x)-u;2 (10.3)

t+1  t+1
ISTRRSY

Strategy-1

ot
Py ¥n

Strategy-2

tot
Pay Uy

t+1 t+1
Py

Figure 10.1 Sketch of evolutionary game chain model.
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The emphasis of an evolutionary game is a dynamic change of proportion,
whose focus is its growth rate. We use positive signs and negative signs to denote
the direction of growth. In fact, p’“ s J # ks jk=1,2just decides the growth
rate. Based on evolutionary theory, we know that the rate of dynamic alteration is
decided by the speed at which members in this game learn and imitate. Their speed
of learning and imitating mainly lies on two factors:®! the number of imitators,
which influences the scale and the degree of imitation and which could be described
by the proportion of players who choose a certain strategy, and how successful the
original strategy that was imitated is, which affects how hard the decision is and
how much encouragement there is. The more an average payoff for one player is
higher than the expected income of imitator, the greater the number of individuals
who will imitate him. We could assume that the proportion of strategy transfers in
one population from time 7 to time # + 1 is in direct proportion to the quantity of
imitators, and also is in direct proportion to the gap between the average expected
payment of the population and the expected income of individuals. We presume
that both proportionality coefficients are 1.

The states of individuals of each population is described in Egs. (10.4) and
(10.5). Here, um = u”l,z j =1,2 means the payoff of an imitator who transfers his
strategy from time o time £ + 1, equal to the expected income of the imitated, on
the assumption that the cost of learning and imitating is zero. p}" and p."" respec-
tively mean, after sensing the gap between his profic and the average proﬁt at time ¢,
an individual has taken another strategy at time # + 1. The population ;' (or 25:")
who changes their strategy should be in direct proportion to the population who
keeps their strategy. # — u; indicates the difference between the expected profit of
the player who keeps hrs strategy and the average group profit at time 7. — ‘0

Iy B , [01]|”F |
(or ﬁ“l) expresses the proportion of #, — #,, in its absolute value. Here, we pre-
lax (u, —u.
xefoy] 22

sume that the proportionality coeflicients are 1.

Prﬂ _Pt . ur_un
12 11 _
Masx|u, —ultl
xe0,1] (10.4)
uz+1 — ur+1
Py t
g BTy
P =P Max|u —u’
xeloq)l £ 22 (10.5)

uz+1 — ut+1



Chain Structure Model of Evolutionary Games ® 259

We get the parameters of each population who keep their strategy at time #+1
[see Egs. (10.6), (10.7), and (10.8) for more details].

+l ¢t t+1
2N _P11+P21
. (10.6)
w'= g+ (1= g )
f+1_1_ HL_ gt et
Py = Py T PpT Py
(10.7)
= gyt et(1- g, }d
i, =Py iy (10.8)

The parameters of each population who change strategy are showed in Egs.
(10.9) and (10.10):

27— qttl
+2 — t+1 . u,+1 ull
plZ pll deﬁ — ut+1
xefoq] 11 (10.9)

t+2 — 42
ul 2 M22

77— qttl
Pt+2 _ Ptﬂ u;+1 uzz
21 2 = +1
axiu  —u
xefoq| 1 22 (10.10)
t+2 — 0 +2
u21 ull

10.1.2 Imitation of Dynamic Process of Duplication and ESS

Before we consider this imitation experiment, we discuss the important conclu-
sion that if some Strategy 7 (where i = 1,2) is the evolutionary dominant strat-
egy of some player, the expected payoff of an individual who chooses this strategy
must be higher than the average expected payment of its population (# ); that is,
u, 2 u,i=1,2. According to the definition of evolutionary dominant strategy, this
conclusion is absolutely true; otherwise, Strategy 7, i = 1,2, could not be an evolu-
tionary dominant strategy.

In an evolutionary game based on a symmetric case, we find that an individual
keeps his strategy only when this strategy is an evolutionary dominant strategy, and
others will learn and copy his strategy. It is evident that in the future the propor-
tion of individuals who take this evolutionary dominant strategy will increase and
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Degeneration orientation of hawk

Duplication orientation of hawk

I > | < ————0n
foo—d=b
x1=0 3 a-c+d-b xy=1

Figure 10.2 Relation of stable points x;,x,,x; .

at the same time the previously dominant strategy disappears continually. In other
words, when no dominant strategy exists, learning and imitating will disappear. At
this moment, each individual of this population keeps his strategy and the game is
at a comparatively stable state.

For a general 2 X 2 symmetric case, where p;l =0, we can calculate the propor-
tions of individuals who take different strategies in a stable state [see Eq. (10.11)].
Equation (10.11) indicates that in this game there are three equilibrium points,

including the point decided by ESS (evolutionary stable sets).

pr+1 :Pz . U, — Uy =0
2P Maxfu, — uhy|
w0l (10.11)
x, =0, x,=1, X3= A=t
a—c+d—b

In Eq. (10.11), stable point x5, must be in region [0,1], when & = 4, x5 is a mini-
mum value 0, and when 2 = ¢, x; is a maximum value 1. Therefore, Figure 10.2
describes the relationships of these three stable points as horizontal coordinates.

Now the problem is, which of these three stable points is the equilibrium
decided by ESS? Does a given initial state converge at an equilibrium point? How
many generations of replication and evolution does it take, if it is convergent? What
happens to the average expected payment of populations during an evolutionary
game? In order to answer these questions, we designed a simulation procedure in
MATLAB to imitate the famous symmetric Hawk-Dove Game (such as shown in
Table 10.2) based on correlated formulas.

Table 10.2 Hawk-Dove Game Payoff Matrix (v =2, c=1,2)

Population 2 Strategy 1 Strategy 2
Strategy 1 V;C,v;C v, 0
Population 1
S 2 vy
trategy 0,v 2’9
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Table 10.3 Evolutionary Process (Initial x = 1.0000 e~°0%4)

Generation (t + i) pit u,. (‘71%7;@)
0 1.0000 e~004 1.0000 /
1 1.1999 004 0.9999 -0.01%
5 2.4862 004 0.9998 -0.01%
10 6.1731 004 0.9996 -0.02%
15 0.0013 0.9990 —-0.06%
20 0.0032 0.9978 -0.12%
25 0.0077 0.9947 -0.31%
30 0.0180 0.9874 —0.73%
35 0.0387 0.9711 -1.36%
40 0.0718 0.9416 -2.95%
45 0.1091 0.9032 -3.84%
50 0.1377 0.8702 -3.30%
55 0.1537 0.8502 —2.00%
60 0.1612 0.8405 -0.97%
65 0.1644 0.8363 —0.42%
70 0.1657 0.8346 -0.17%
75 0.1663 0.8339 -0.07%
80 0.1665 0.8335 —0.04%
85 0.1666 0.8334 -0.01%
86 0.1666 0.8334 0.00%

In Figure 10.2, the value interval is divided into three parts by x;, x,, x;. During
imitation, we could choose initial values in regions [x,, x5] and [x,, x;]. Table 10.3
and Table 10.4 show the imitation conditions.

In Tables 10.3 and 10.4, (u,+|1|u,) means the growth rate of expected aver-
age payments of an individual in the game. From the results of the above-
mentioned imitation, we discovered there exists a unique equilibrium of ESS,

d=b_ — 12 _ ¢+ When initial values lie in intervals [x,, x3] and [x,, x],

X3 T aterd—b T S-0t12
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Table 10.4 Evolutionary Process (Initial

x =0.9999)

Ceneration | | g, | G
0 0.9999 | —4.9976 /
5 0.9968 | —4.9618 0.72%
10 0.9078 | —3.9290 | 20.82%
15 0.3766 0.3720 109.47%
20 0.2182 0.7582 203.82%
25 0.1843 0.8091 6.71%
30 0.1734 0.8243 1.88%
35 0.1693 0.8298 0.67%
40 0.1677 0.8319 0.25%
45 0.1671 0.8328 0.11%
50 0.1668 0.8331 0.04%
55 0.1667 0.8333 0.02%
56 0.1667 0.8333 0.00%

the process of evolution develops to an equilibrium decided by ESS, x, = é, over

time (see Figure 10.2).

10.1.3 Initial State and Analysis of Replication Dynamics

In the Hawk-Dove Game, that initial value pi" = p’ lies in the interval [x;,x,]

means the proportion of hawks is less than the stable proportion x;. In this case, we
know from Table 10.3 that the quantity of hawks would grow gradually from its ini-
tial value until it reaches stable proportion x;. We call this process the generating pro-
cess of hawks or the degenerating process of doves. When initial I'i = plo , =0.0001,
the generating process of hawks takes 85 generations, during which the expected
average payments of individuals of this system, from % =1.0000, changes decreas-
ingly to stable value % =¢. With respect to individual hawks, its expected pay-
ment increases, while the expected average payment of all individuals of this system
decreases. This, from one point of view, shows that an individual’s rationality some-
times is in contradiction with the rationality of the colony.
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Figure 10.3 Evolutionary process of a hawk.

In the case shown in Table 10.4, the number of hawks goes down gently until it
reaches stable proportion x;. We call this process the degenerating process of hawks
or the generating process of doves. When pﬁri = ])10 , =0.9999, the degenerating
process of hawks lasts for 55 generations, during which the expected average pay-
ment of individuals, from # =—4.9976, grows gradually to stable value # = ¢.
The expected income of individual hawks increases during degeneration, and the
expected average payment of all individuals grows. In this condition, the rationality
of individuals and that of the colony are in accordance.

Comparing the results in Tables 10.3 and 10.4, we found that it takes 85 gen-
erations for hawks to grow from 0.0001 to 0.1667, while it takes only 55 generations
to degenerate. Therefore, we could say that the degenerating process of hawks goes
more quickly than the generating process of hawks.

On the basis of the above analysis and the imitation result in Tables 10.3 and
10.4, we get the generation, replication, and evolutionary process of hawks and
doves respectively, presented in Figure 10.3 and Figure 10.4.

Figures 10.3 and 10.4 respectively illustrate the changes of individual propor-
tion (p; ;ri), individual expected average payment (), and individual growth rate

of expected average payments #%a-%) of hawks and doves.

I |

t+i

Figure 10.4 Evolutionary process of a dove.
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10.1.4 Summary

The chain structure model for an evolutionary game is a good tool to describe the
evolutionary process more vividly and is an easy method with which to model and
analyze many games of real life. Not only could it be used to study long-term stable
trends but it could also be used to predict the probable evolution trajectory in the
near future.

10.2 Chain Structure Models of Evolutionary
Games Based on an Asymmetric Case

10.2.1 Analysis of the Chain Structure
Model of Evolutionary Games

In order to discuss the process of evolutionary games based on an asymmetric
case, we will employ a framework with two or more distinct populations with
bounded rationality and where, in each contest, a randomly chosen member of
one of the populations plays a game with a randomly chosen member of the other
population.

Given an evolutionary game based on an asymmetric case, we assume that the
choice of strategy of each member of every Population i (i = 1, 2,...,m) is j, (j =1,
2,...m); during the game, each member of some population chooses a strategy that
is not always the best, after learning from each other or imitating a neighboring
strategy. Here, a circle with j is called a strategy of evolutionary game, where j,
(j=12,...m). Letp ,(j,k#=1,2,...,m) be the transfer proportion from original
Strategy j to a new one, k, in Populatlon iat time #, and«, ,(j,k=12,...,m)
be the expected income of Population 7 when Strategy # is taken at time # An
arrow mark whose end denotes the original strategy and whose head indicates the
new strategy of an individual in the game, together with p’ e (j,k=1,2,...,m)and

", k,(],/e =1,2,...,m), describe the process of game. Thus we get sketch of an evo-
lutlonary game cham model.

We take a 2 X 2 asymmetric case as an example to discuss a model establish-
ing this case and other problems. One 2 X 2 payoff matrix based on a common
asymmetric case is illustrated in Table 10.5. So according to the above-mentioned

Table 10.5 2 x 2 Payoff Matrix Based on an Asymmetric Case

Population 2 Strategy 1 Strategy 2

Strategy 1 ab c,d

Population 1
Strategy 2 ef gh
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Figure 10.5 Sketch of evolutionary game chain model of a member of Population
i@(i=1,2).

definitions, we get a sketch of an evolutionary game chain model at time # (see
Figure 10.5).

In Figure 10.5, the two circles denote Strategy 1 and Strategy 2 respectively.
Four arrows show, from time ¢ to time 7 + I, the probable strategy transfer con-
ditions of populations: some players maintain their original strategies, and some
players imitate and study from others and change their strategies. No matter what
the condition, individuals make decisions based on their payoff strategy. If it is
a self-round arrow, whose head and end direct to the same strategy, it indicates
the player keeps his original strategy at time £, and the proportion and expected
profit are marked as p! /e,u ol = k; j,k =1,2 respectively. If not, it means some of
the individuals who took this strategy at time # change to other strategies at time
t + 1, and the notes on the arrows p”}e,ut” j #k; j,k=1,2indicate the propor-
tion of population that changes strategies and the corresponding expected profit
respectively.

Because the order of population exerts a certain influence on the process and
on the result of game, an asymmetric game of two populations should be divided
into two categories.

Type I: A member of Population i takes action first and Player s acts subse-
quently. After judging his situation, Player 7 chooses a strategy that could
bring a satisfactory income in the foreseeable future. By analogy, Player s
reacts in the condition that Player 7 had acted. We say that this run of game
ends when the two players of game have made choices. In a similar way, they
continue the next run of game, and from an initial state finally they reach
an equilibrium point that is decided by an evolutionary stable strategy (ESS).
Figure 10.6 shows the process.

Type II: Players 7 and s take actions at the same time. Each of them chooses the
strategy that will make him get his expected payoff after thinking about his
condition. The process of game is illustrated in Figure 10.7, and this evolu-
tionary game ends at the point of equilibrium decided by evolutionary stable
strategy (ESS).
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S: Initial state; A: Action; E: Equilibrium

Figure 10.6 Process of game when some player acts (S: initial state; A: action;
E: equilibrium).

10.2.2 Establishing Chain Structure Model
for Evolutionary Game

Analogous to Section 10.2.1, we could categorize this game into two forms accord-
ing to the order of action (such as Figure 10.6 and Figure 10.7 show). We consider
the situation of one player taking his action first. For convenience, suppose that
Player 1 acts first, then Player 2.

Type I: Some player acts first. In the discussion below, we assume that Player 1
acts first and Player 2 acts later. See the payoff matrix in Table 10.5 and the sketch
in Figure 10.5, and we presume that at time # — 1, the proportion of Players 1 who
choose Strategy 1 is x, and the remaining 1 — x of Players 1 choose Strategy 2; the
proportion of Players 2 who choose Strategy 1 is , and the remaining 1 — y of Players
2 choose Strategy 2. Therefore, the proportions of individual quantity, expected
income of individuals, and average expected payments of Players 1 are given in
Egs. (10.12), (10.13), and (10.14) respectively.

=1 __ =1 _
hyn=%hyn= 1-x

o (10.12)
=Py =17y
wn=y a+(l=y)c

U= y-e+i=y)-g (10.13)

=y + (1= x) (10.14)

HE
) s
o S

S: Initial state; A: Action; E: Equilibrium

Figure 10.7 Process of game when players act together (S: initial state; A: action;
E: equilibrium).
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Then we think about what these members with bounded rationality of
Population 1 will do to improve their income at time z.

The emphasis of an evolutionary game is a dynamic altered by proportion,
whose focus is its growth rate. We use positive signs and negative signs to denote
the direction of the growth rate; p”}e ,u”l j#k; j,k=12just reflects this rate.
Based on evolutionary game theory, we know that the rate of dynamic alteration is
decided by the speed at which members in this game learn and imitate. Their speed
of learning and imitating mainly lie on two factors: One factor is the quantity of
imitators, which influences the scale and the degree of imitation and which could
be described by the proportion of choice of certain strategy; the other factor is how
successful the imitated is, which affects how hard the judgment is and how much
the encouragement there is. The more the average payoff of one player is higher
than the expected income of an imitator, the greater the number of individuals who
will imitate him. We assume that the proportion of strategy transfer in one popula-
tion from time # — 1 to time 7 is in direct proportion to the quantity of imitators
and also is in direct proportion to the gap between the average expected payment
of the population and the expected income of individuals. At the same time, we
presume that both proportionality coefficients are 1.

Thus the states of individuals of Population 1 could be described in Egs. (10.15)
and (10.16). Here ”1 . ,] k =1,2 means the payoff of an individual who trans-
fers strategy from time # — 1 to time # equal to the expected income of the imitated,
and that means the cost of learning and imitating is zero. We get the parameters of
Population 1 at time # [see Eq.(10.17) for more details]. Similarly, Population 2 acts
at time ¢ + 1 and its parameters are illustrated in Eqs. (10.18), (10.19), and (10.20).
In the same way, Player 1 makes his choice at moment of # + 2 based on the situa-
tion of time #+ 1. The repetition of this process continues until both populations
reach the point of equilibrium decided by ESS.

—t—1 t—1
ul —u

t _ =1 1,11
pl,lz - Pi,n ‘,, 1 t_l‘
—u
el 01 L1 (10.15)
— pr-1
Pi,il—Pi,11+P1,21
17:—1 _ ut—l
t _ -1 1 1,22
Pl,zl - Pi,zz ‘,t 1 uH ‘
xE[O 1] 1,22 (10.16)

Pin= 1- Pn= Pi,Ez + P

t

S8 Plzz €+( _Plt,zz)'g
uly = pi - a+ (1= i) (10.17)

27t — 2 . t 2 . t
=Pl ntPo M
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00 = P 'd+(1_P2,22) +h
u; = phyy syt pho,y by,
—r 1
+1 Uy Ty
P Pz 1" Ma
x‘ u, — 2,11‘
x€[0,1]
— (10.19)
t+1 — pt u2 7"2 22
P = P M ‘
x|\l —ul
L T,
t+1 t+1
P = Pzn + P
t+1 1+1
P Pz »ntPn (10.20)

Ut = piih sy s,

Type II: Both players act at the same time. At time #, members of two popula-
tions make their decisions (replicate, imitate, or learn) simultaneously after analyz-
ing the situation of time # — 1. The discussion is similar to that of Type I, and we
give the parameters of the game in Egs. (10.21), (10.22), (10.23), (10.24), (10.25),
and (10.26):

—1 _ —1 _
=% Py =1-x

P=y P =1y

10.21
=phcatphe ( )
woy=pih et g
211 ]’111 b+]’122 f
ush=pii A+ pih b
(10.22)

7t —= pr=1 . ,t—1
w T =pih Pl

=1 — pt—1 t—1
o =P ”211+P 2,22 ”222
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gt=1 _ -1
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-1 1=
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10.2.3 Imitation of Dynamic Process of Duplication and ESS

Before considering the imitation experiment, let us discuss the important con-
clusion that if some Strategy j, (j = 1,2), is the evolutionary dominant strategy
of some player, the expected payoff of the individual who chooses this strategy
must be higher than the average expected payment of its population; that is,
u;’jj > ;;,z',j =1,2. According to the definition of evolutionary dominant strategy,
this conclusion is absolutely true; otherwise, Strategy j (j = 1,2) couldn’t be an
evolutionary dominant strategy.

In an evolutionary game based on an asymmetric case, we find that an individ-
ual keeps his strategy only when this strategy is an evolutionary dominant strategy,
and others will learn and copy his strategy. It is evident that in future the propor-
tion of individuals who take the evolutionary dominant strategy will increase and

at the same time, the “dominant” strategy continually disappears. In other words,
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Table 10.6 Hawk-Dove Game Payoff Matrix (v, = 10, v, = 2, ¢ = 12)

Population 2 Strategy 1 Strategy 2
v,—C v,—C
Strategy 1 L v, 0
gY 5 3 1
Population 1
v, Vv
Strategy 2 0, v. a2
8y 2 )

when no dominant strategy exists, learning and imitating will disappear. At this
moment, each individual of this population keeps his strategy and stays in the state
of equilibrium decided by ESS.

In our imitation experiment, we take one typical asymmetric Hawk-Dove
Game as an example, in which two populations act at the same time. Table 10.6
shows the payoff matrix of that game.

We see the situation of Population 1, in Eq. (10.23), where p/, = 0; then we get
the equilibrium point, presented in Eq. (10.27). Analogous to Eq. (10.25), where
5.5, =0, we could work out the equilibrium shown in Eq. (10.28). In fact, 2
and p2 ,, correspond to ‘jf andjy respectively, which are the increase rates in the
quantity of individuals who take Strategy 1 in Populations 1 and 2. Therefore, Egs.
(10.27) and (10.28) decide all possible equilibrium points (see Figure 10.6 for more
details).

x(l=x)[(a—e+g—c)y+c—gl=0, x =0, x =1, y=;c (10.27)

A= b—d+h-flx+ f-h=0, y =0, y, =1, x=&

In Figure 10.8, A, B, C, D, and E are all points of equilibrium. Which of
them are the points of equilibrium decided by ESS? Does a given initial state con-
verge at an equilibrium point? How many generations of replication and evolution
does it take, if it is convergent? What happens to the average expected payment of
populations during an evolutionary game? In order to answer these questions, we
designed a simulation procedure in MATLAB to imitate the famous asymmetric

Hawk-Dove Game based on correlated formulas. The result of experiment is given
in Table 10.7.
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Figure 10.8 Dynamic process, direction of duplication.

10.2.4 Initial State and Analysis of Replication Dynamics

Figure 10.8 shows the equilibrium and simulating situation of this asymmetric
Hawk-Dove Game. In Figure 10.8, B, E, and D are unstable equilibrium points,
which will not be reached when the initial value has lictle departure from these equi-
libriums. Hence we call these three points the single equilibrium points. In reverse,
A and C, which we call stable equilibrium points, are equilibrium decided by ESS.
All initial states whose values are not equal to that of a single equilibrium point
finally will converge on these stable equilibrium points in a period of evolution.

Figure 10.8 illustrates the Hawk Copy Evolutionary Areas (HCEA) of the
Populations 1 and 2. The horizontal coordinates correspond to the individual pro-
portion ( plt,ll) of hawks of Population 1, and the vertical coordinates correspond to
the individual proportion (2} ) of hawks of Population 2.

By simulation experiment, we get the critical values presented in Table 10.7. In
addition to the unstable equilibrium points (B, E, and D), for the initial states that
are in critical values or that are in the zone close to A, the final equilibrium point of
ESS is A. Analogously, in addition to the unstable equilibrium points (B, E, and D)
and the points in critical values, for the initial states that are in the zone close to C,
the eventual equilibrium point of ESS is C. These points of critical value compose
a critical value curve of HCEA, which is B'E/'D’ in Figure 10.8, and by which area
ABCD is divided into two parts, AB/E'D’ and B/CD'E/. The points whose initial
values are in area AB/E'D’ must converge to point A in a period of time. The arrow
G in this area shows the growth direction of Population 2. The points belonging to
area B'CD'E/ (besides points of curve B'CD'’E’) must converge to C, and arrow F is
the evolutionary direction of Population 1.
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Table 10.7 Simulation of Evolutionary Process
of Hawk-Dove Game

t

—t

Generation | Population Pi i u;

1 0.0833 4.5000

° 2 0.1667 1.0001
1 0.7772 8.1355

> 2 0.0777 -0.0616
1 1.0000 10.0000

10
2 2.0491e7 | -3.2133e70
1 1.0000 10.000

" 2 0.0000 0.0000
1 0.9167 -0.0417

° 2 0.9167 -4.0417
1 0.9748 8.4756

> 2 0.1289 -0.5998
1 1.0000 10.0000

10 2 2.9131e7% | -1.9984e-
1 1.0000 10.0000

" 2 0.0000 0.0000
1 0.3333 2.0000

° 2 0.6667 2.4980e016
1 0.7508 6.3855

’ 2 0.2492 -0.6242
1 1.0000 10.0000

10
2 1.0702e7010 | —4.2807e7010
1 1.0000 10.000

" 2 2.5196e79% | -1.1453e7
1 1.0000 10.000

12
2 0.0000 0.0000
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Curve HC corresponds to an example whose initial value are p! o = 0.0833,
pz ., =0.1667. HC lies in the growth area of Population 1, and it shows the dom-
inant trend: for Population 1 the quantity of hawks increases through learning,
imitation, and replication, while the number of doves reduces; for Population 2,
the quantity of doves increases through learning, imitation, and copying, while the
number of hawks decreases continuously. In the game described by HC, changes
of p/ 1> p,,»and the growth rate of average expected payoff of each population

@) and (uzl ‘-luz> are given in Figures 10.7 and 10.8.

[z | )

in Figure 10.8, the curve H,C, presents the general trend of p;l . which reduces
gradually to an equilibrium point zero decided by ESS along with evolution.
However, the increases of p2 . and pz ,,are 8. 34 percent and 2.21 percent respec-
tively in the first and second steps of the dynamic process. This short-time situation
is not in accord with the general trend; hence, this inconsistency in the evolution
process is called the test-fault of an evolution game. This phenomenon indicates the
existence of a test-fault of a bounded-rational population in an evolutionary game.
Much evidence could be found to prove it in real life.

10.2.5 Summary

A chain structure model for evolutionary games is a good tool to describe the evo-
lutionary process more vividly and is an easy method to model and analyze many
games of real life. Not only can it be used to study long-term stable trends but it also
predicts the probable evolution trace in the short term. This section primarily dis-
cussed the asymmetric case. Chain structure models for evolutionary games based
on asymmetric cases—whose means are flexible, whose forms are lively, and whose
theoretical studies and practical applications are abounding—are convenient for
further study of game problems. Additional studies on chain structure models of
evolutionary games will follow.

10.3 Chain Structure Models of Grey Evolution of
Industry Agglomeration and Stability Analysis

10.3.1 Research Background

Industry geographic agglomeration, as a demonstration of an industry’s optimal
allocation, has become a global economic phenomenon. The study attracts more
and more researchers for its influence on modern regional economic growth.
Researching the formation mechanism and the process of industry agglomeration
is meaningful in a real sense. Game theory has not yet been broadly used in the
research of this area, which mainly focuses on issues of cost. Evolutionary game
theory was born because development of traditional game theory failed; evolution-
ary game theory discarded the full-rationality assumptions of classic game theory
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and treats players as living creatures with bounded rationality who finish self-
evolutions while competing with each other.

The existing game chain model® based on evolutionary game theory can better
explain the generation and development of some social and economic phenomena,
not only suitable for predicting one-off games or those of short-term economic
equilibrium but also for long-term stable evolutionary trends. But this model failed
to consider the incomplete information caused by the actual complexities of an eco-
nomic environment and realistic decision-making. To answer these questions, this
section discusses the evolutionary game of industry agglomeration in the sphere
of an unpredictable income based on the grey game theory.5~1% We consider how
companies learn and take actions during the agglomeration process when there
exists a grey uncertainty about income levels, and we discuss in depth the realiza-
tion and mechanism of the equilibrium.

10.3.2 Establishing a Chain Structure Model
for the Evolutionry Game of Industry
Agglomeration Development

10.3.2.1 Company Learning Mechanisms

Learning is a way to spread knowledge, which embodies the participants’ inter-
actions, time, and maintenance to ensure that knowledge is transferred between
companies. Inidally, the motivation mechanism of an outside environment is the
external driving force to learn; when a dominant strategy is taken, the higher the
income of one company than the average payoff, the greater the number companies
that take this strategy. At that point, the learning ability of company members is
the internal driving force, and the larger the population of that group, the higher
that learning ability will be.

10.3.2.2 Model Construction

Suppose in an evolutionary game of industry agglomeration, the participants
have limited rationality mainly because they use group-decision policy methods
for organizational behavior. Then the participants have a low capacity to realize
the errors and adjust the strategies, making a change of economic action more
like a slow evolution rather than fast learning. During the game, each company of
the population chooses a strategy that is not always the best while learning from
each other or imitating successful companies’ dominant game strategies. Here,
a circle with agglomeration demonstrates that a company takes the agglomera-
tion strategy, while a circle with nonagglomeration means it takes the opposite
strategy. An arrow mark whose end denotes the original strategy a company takes
and whose head indicates the new strategy taken by the same company is used to
describe the process of the game together with the transfer proportion between
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Figure 10.9 Evolutionary game process of Population 1 (p?'11=0.0833,
Py, =0.1667).

strategies and the respective income. Thus, we get sketch of the game chain model
for an evolutionary game of industry agglomeration development, as shown in
Figure 10.9. In addition, taking the uncertain income of an industry agglomera-
tion evolution game as an example, the general payoff value matrix is illustrated
in Table 10.8.

We assume that at time #, the proportion of companies who choose the agglom-
eration strategy is x, and the remaining 1 — x companies choose nonagglomeration.
According to Figure 10.9, we know the alterations of all the companies in the game
from time # to time # + 2, as they maintain the original strategy, learn from each
other, or imitate another.

Py =X
U, = x-®8 +(1-x)-®, (10.29)
=x-(a,+(b,—a)y)+(1-x)(a,+(b,—a,)Y,)

Table 10.8 Payoff Value Matrix of the Industry Agglomeration
Evolutionary Game

Group 2 Agglomeration | Nonagglomeration

Agglomeration ®,® ®,®

171

Group 1
Nonagglomeration ®,®, ®,®,
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pézz -
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Evolutionary game phenomena of test-fault
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Figure 10.10 Evolutionary game process of Population 2 (P11, =0.0833,

P31, =0.1667).

— t+1
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Letting p;l =0, the equilibrium solution is

pt+1 .t ﬁt(®)_ uéz _
T (®)+,
x =0,x. =1,

X = d4+(b4_ﬂ4)y4_ﬂ2_(b2_dz)yz
’ 4, +(bl _dl)yl 4 _(ba —a3)73 ta, +(b4 _44)74 a4, (bz _‘Zz)yz

(10.39)

The stable interval is as shown in Figure 10.10.

10.3.3 Duplication Dynamic Simulation of the
Development of Industry Agglomeration

According to the relevant formulas in a game chain model for an evolutionary
game of industry agglomeration development, a simulation program was designed
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Table 10.9 Payoff Matrix of Industry Agglomeration Evolutionary
Game

Group2 Agglomeration Nonagglomeration
Agglomeration [0.5,1.5], [0.5, 1.5] 0,2

Group 1
Nonagglomeration 2,0 [-5,-4], [-5,~4]

using the MATLAB language to simulate the duplication of a dynamic process of
industry agglomeration development in a specific problem, shown in Table 10.9,
Table 10.10, Table 10.11, Table 10.12, and Table 10.13.

According to the simulation results, there exists a unique grey equilib-
rium interval of evolutionary stable strategy (ESS in brief) in the evolutionary
game of industry agglomeration, [min(xa),max(xg)] =1[0.7273,0.9091], where

Y, :75130 Y, =0, min(x,) = =% =0.7273,and wherey, =0,7, =1,, max(x;) =
Sorosriz = 0-9091.

10.3.4 Stability Analysis of the Industry Agglomeration
Formation and Development

The above experiment shows that the game will finally reach stability in the equi-
librium interval independent of the initial value and the length of the evolution
generations. Since the agglomeration can promote regional economic development,
then why could it not be enlarged infinitely? That discussion follows.

Table 10.10 Evolutionary Process
of Industry Agglomeration game
(min(xy)), Initial Value pY, = 0.0001

Generation (t + i) p;;" u,,

Initial State (0) 0.0001 -3.9990

5 0.0032 | -3.9681
10 0.1024 | -3.0337
15 0.7232 0.3554
20 0.7274 0.3639
22 0.7273 0.3637
23 0.7273 0.3636

25 0.7273 0.3636
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Table 10.11  Evolutionary Process of Industry
Agglomeration Game (min(x;)), Initial Value pY, = 0.0001

Generation (t + i) p;;i u,

Initial State(0) 0.0001 —4.9988
5 0.0032 -4.9617
10 0.1024 —3.8289

15 0.8666 1.2688

20 0.8966 1.3379

25 0.9046 1.3544

30 0.9073 1.3601

35 0.9084 1.3622

40 0.9088 1.3631

45 0.9090 1.3634

50 0.9090 1.3635

51 0.9091 1.3636

52 0.9091 1.3636

Table 10.12 Evolutionary Process of Industry Agglomeration
Game (min(x;)), Initial Value p9, = 0.9999

Generation (t + i) p;;" 7“,.

Initial State (0) 0.9999 0.5001
1 0.9998 0.5002

5 0.9904 0.5091

10 0.7255 0.3600

14 0.7272 0.3634

15 0.7273 0.3638

16 0.7272 0.3636

17 0.7273 0.3637

18 0.7273 0.3636

19 0.7273 0.3636
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Table 10.13 Evolutionary Process of Industry
Agglomeration Game (min(x5)), Initial Value
Pl = 0.9999

Generation (t + i) Pﬁi d,;

Initial State (0) 0.9999 1.4999
1 0.9999 1.4999
5 0.9998 1.4998
10 0.9995 1.4995
15 0.9990 1.4990
20 0.9979 1.4978
25 0.9955 1.4954
30 0.9907 1.4902
35 0.9818 1.4800
40 0.9675 1.4617
45 0.9492 1.4350
50 0.9320 1.4065
55 0.9202 1.3853
60 0.9140 1.3733
65 0.9111 1.3677
70 0.9099 1.3653
75 0.9094 1.3643
80 0.9092 1.3639
83 0.9091 1.3638
84 0.9091 1.3638

The available resources a specific region can provide for the same kinds of com-
panies clustering in a large number are limited, so there exists a maximal density.
With the development of the agglomeration, the marginal profit decreases for those
new entering companies, and then the increasing speed will slow down. If the pop-
ulation of companies in this region surpasses its maximal density, the population
will decrease as a result of the vicious competition for resources. Therefore, the scale
of industry agglomeration stays at a dynamic balanced level.
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Without considering the influence of external conditions like resources, we use
x(?) to represent the number of companies in a region at time 7 the relation between
the number and its increasing rate is:

) _

» x” = ox(z)(0 is a constant) (10.40)
t

The solution is
x(t) = x(0)e™ (10.41)

Equation (10.41) shows the exponential growth of the number of agglomeration
companies in a condition of unlimited resources. There exists a maximal density
when growth is restricted by some external conditions, so we update Eq. (10.40).
Suppose the maximal density in the region is £(k €[4, 4,]) and the agglomeration
saturation degree at time # is denoted as % Then there exists a negative correlation
between the increasing rate and the agglomeration saturation degree. The updated

formula is as follows:

dx(t) x(¢) x(2)
— = _ AP _ 2 4
m x" = ox(z) — o (z) P ox(z) (1 P J (10.42)
The solution is
_ k(0 (10.43)
1+ x(0)e™

1. When x(0) < & lim __x(¢) =k, the number of agglomeration companies
decreases monotonically, corresponding to the dynamic duplication pro-
cess when the initial value is x(0) = 0.0001. During cthis stage, there is still
growth space for agglomeration.

2. When x(0) = 4, that is the dynamic duplication process when the initial
value is in the equilibrium interval. During this stage, the number of
agglomeration companies stays at a dynamic balanced level and compe-
tition is less.

3. When x(0) > & lim __x(#) =k, the number of agglomeration companies
increases monotonically, corresponding to the dynamic duplication process
when the initial value is x(0) = 0.9999. During this stage, because the quantity
of companies has surpassed the maximal number the region could endure, so
it will decrease as a result of the vicious competition for resources.

The above three situations are illustrated in Figure 10.11, Figure 10.12, and
Figure 10.13 respectively.
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Agglomeration No Agglome

¢t ¢t
Py ¥y Py Uny

t+41  t+1
JSTRESY)

Figure 10.11 Sketch of the game chain model for evolutionary game of the
industry agglomeration development.

Degraded direction of industry agglomeration

Evolutionary direction of industry agglomeration

o >
=0

X1

[min(x3), max (x3)] xy=1 ~

Figure 10.12 Stable interval of industry agglomeration.

#(0) = 0.9999

k Equilibrium interval

x(0) = 0.0001

v

Figure 10.13 Stability analysis of industry agglomeration.

10.3.5 Summary

The game chain model for an evolutionary game of industry agglomeration devel-
opment can vividly describe the dynamic duplication process and evolution traits
of its formation and development. It is not only suitable for stable long-term
trends analysis of industry agglomeration but can also be used to predict possible
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short-term evolutionary trends, providing support for the government of an agglom-
eration region to make industry policies. The limitation of the model is that it does
not consider industry agglomeration as self-affected by its scaled economy effect,
meaning the interactive effect between industry agglomeration and regional eco-
nomic development. This section studied the evolution game of industry agglom-
eration just on a symmetric case when the payoff value is uncertain; we will do
further research on the asymmetric case.






Chapter 11

Bounded Rationality Grey
Game Model of First-Price
Sealed-Bid Auction

11.1 Optimal Grey Quotation Model Based
on an Evaluation of Accurate Value
and Experiential Ideal Quotation

Conditions of a classical first-price sealed-bid auction (FPSBA) model are severely
restrictive. It is assumed that bidders have an accurate judgment of the value of the
auction goods and that they act in a strict rationality that does not affect the value
of the goods.

However, bidders do not act in strict rationality in real life. They cannot esti-
mate the value of the goods accurately, and the process of bidding may be affected
by factors that have nothing to do with value—for example, aggressive personalities
or the capital power of one’s rivals.

It is very difficult for bidders to estimate the value of the goods accurately. In
addition, if every bid could offer satisfactory profits to the bidder, he could bid
at higher prices than the rational quoted prices b; (ord’) in the classical FPSBA

j
model. There are big gaps between the rigorous conditions of the classical model
and the processes of the auctions in real life. There is another serious limitation
in the classical model: expected utilities are not always the most satisfactory or
maximum.

285
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For instance, in the auction, assume a bidder who considers the value of the
goods is v; the classical model tells us that his optimal (full-rationality) quoted price
is b —. At the same time, if the probablhty of chnchlng a deal is Prob(b < b ),
then hlS expected payment is u = (v - b ) Prob(b < b ). As for the classu:al
model, we can now conceive of a case where Bidder 7, who is not in strict ratlonahty
(or is in bounded rationality), might quote a higher price (/7 ) than b —, that s,
b/ > /7 There may be three reasons for his quoted prices:

1. Just to match the bid price, even though the price (/7 ) mlght reduce prof-
its, it is likely to helghten the probab1hty (Prob(b < /7 )) of clinching a
deal; that is, 1f/7 < b then Prob(6” < /7 )< Prob(b < b ).

2. There are cases where prlceb of the Bldder i 1mproves his expected
gains; that is, u, —(v —b ) Prob(b < b )> u —(1/ —b ) Prob(b’ <bl,)
for reason of the probablhty (Prob(é )) ’

3. In real life, with an eye to the characterlstlc factors of bidders that have
nothing to do with value, we discover that Bidder i or j, without suffi-
cient reason, believes his rival (Bidder j or i) is acting in strict rationality,
and therefore, their so-called absolute rational quotations are respectively

bandb .
i j

Considering these problems, and starting with the thoughts and concepts
of a grey experience ideal quoted price, the menace of not clinching a deal, and
other auction factors, this section constructs and explains FPSBA grey game
model based on grey value and the grey experience ideal quoted price of auction
goods.

11.1.1 Conditions of Optimal Grey Quotation Model

In a real two-bidder FPSBA, Bidders 7 and j may give an experimental ideal quota-
tion_and 4 respectively, based on the value of the bid, v, and v, (and in a broader
sense, take thore factors into consideration such as opportunity profit), and any
direct or indirect quotation experiences. The values of 4, and b . are mainly decided
by the real-life situation as well as the experiences and md1v1dual psychological
characters of Bidders 7 and j. b, and 4 . do not strictly increase after an increase of
v;and v, in many cases. After giving values to b, and !7 , bidders also need to mod-
1fy them according to the threatened feelings from opponents and some p0551ble
information that may be gotten before bidding, such as estimates of an opponent’s
information, individual psychology characters, and the value type. Bidders 7 and j
might also quote prices Bl_® and B®, which are thought to bring the maximal expec-
tation utility. For the sake of anaiyzing the problems more easily, first we set up the
conditions of models as follows:
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Considering only the actions of two bidders, i and j:

1. Employ #;and #; to denote the evaluation of the bidding goods to Bidders
i and j that are only known to them, but they both know that », and v, all
independently abide by an even distribution in interval [0,1].

2. Letob, andb . be the respective experience ideal quoted prices of Bidders 7
and ;.

3. Because of bounded rationality of Bidder 7, he could quote a higher price (B, )
than the experience ideal quoted price ( b% when he feels enough menace from
his rival, which might or might not come from factors relating to the value of
the goods. At the same time, also due to the limited knowledge of Bidder 4,
he cannot quote a price (Bt,®) that would let his margin be negative number.
Therefore, the grey quoted price of Bidder 7 on a foundation of bounded ratio-
nality, grey quotation in brief, could be presented in Eq. (11.1):

Bl®=[l®bl*:lil,z]bl*:{l+{ ,Zi ]}b,*:{1+[zl _I]Y?}bﬁ

:(1‘7?)'4*”?'%’ (Y?G[O’l]) (11.1)

v, v. v,
Bo=J®-b =1, |-b . ={1+|0,-L—1|b-b ={1+| L —1]-y%} b,
7 J J b* J b* J b* J J
J J J

=(1- Y?)"’f*”?’”j’ (v [0’1]) (11.2)

In Eq. (11.1), the grey quoted price (B®) of Bidder 7 is made up of two parts.
One part is the grey quoted price coefficient ([ ), which is designed according to
the assumption of bounded rationality of the bidder. The other part is the experi-
ence ideal quoted price (4,). The concise forms of Bl,®, by first standard grey trans-
form (or by second standard grey transform), are given in Eq. (11.1). Similarly, we
could get the result B in Eq. (11.2).

With reference to Eq (11.1), when the value of & Y., the menace reflection grey
coefﬁcrent nears zero, the value ofB ® the quoted price, will be nearb Here,
y — 0 means the least menace from a rival. In Eq. (11.2), the condition of the other
bidder is similar. The profit of the winner in this FPSBA is v, — B® if B® > B® or
v~ B, if B®> B , either of which is closer to the experrence quoted prrce, with
Y or Yi approachrng zero. In the extreme condition of ¥, orY berng equal to zero,
the bldder will realize his experrence ideal margin, v, — b or 1/] —b,.

However, if the value of Y orY, approaches 1, the quoted price (B,® or BJ®) will
be continuously close to the value (v; or v) placed on it by the bidder. Therefore the

one who could clinch a deal will gain a]small profit, which isv, — B, ®if B ©> B®
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orv, — Bj@, if B](,8 > Bl,®, and which will be less and less, and finally will decrease to
Zero in extreme situation.

In the bid, Bidder 7 or j quotes a high price, B or B®, that approaches the value, »,
or ;, depending on the menace from his rival, factors o{‘L the bidder, and personal char—
acterlstlcs The smaller the grey coefficient of the quoted price is, the more satisfactory
the bid will be. In the extreme condition of ’Y or Y belng equal to zero, he will realize
his experience ideal margin. On the contrary, the blgger 'Y or Y is, the less satisfactory
the bid will be. When Y, or Y, equals 1, there is no profit margln for the bidder.

In the process of a b1d when Bidder 7 or ] is unsatlsﬁed with the bidding envi-
ronment, he will modify 4, oré, by givingy, or'y a larger number thus getting
less profic. He would realize the]expenence ideal proﬁt by cutting Y, Zor Y smaller.
Therefore, the grey coefficient of the quoted price, Y or y , is actually the modify-
ing coefficient of the experience ideal quotatlon reﬂcctmg the possible menace he
feels in that environment. We denoteY andY as menace reflection coefficient of
Bidders 7 and j respectively, and (1 - 'y®) and (1- Y; ®) are called the stable coefficient
of experience ideal grey quoted price (stable coefficient for short).

Equation (11.1) shows that the grey quoted price (B ) of Bidder 7 is made up of
two parts: (1— y®) b, is the stable part of experience ideal grey quoted price, and
Y, v, is the correctlng term of the possible menace. Equation (11.2) illustrates the
same state of Bidder j.

11.1.2 Design of Grey Quotation and Grey
Expected Utility Model

From the results of the above analysis, we can assume the payments of Bidders i
and j, such as Eqs. (11.2) and (11.3) show, respectively. Thinking about both Eq.
(11.4) and the probability of clinching a deal (Prob{B® <B ), we can compute the
expected utility of Bidder 7 [see Eq. (11.4)].

_ p® . ®_ p®

v, ~B°% i B°>B
w(B%B%, )= L(s, - 8%), i B°=B (11.2)

1 1 ] 1 2 1 1

. ® ®

0, F B°<B

_ p® . ®_ p®

v ~B%  if B®>B
W2(B%B% )=t (v, - B%), i BP=B° (11.3)

J J z J 2 J J J z

. ® ®

0, if B]_ <B

u®=(v, - B°)Prob{ B < B} (11.4)
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Equation (11.4) presents the probability of clinching the deal,
Prob{B® < 8} =Prob{(1-v%) -4, +7% -0, < B}

= Prob z/j < Bi@ B (1_®’Y?) ) b]‘* _ Bi® _(1—®’Y?) . bj*
Y, YS

mainly on the assumption that »; independently abides by an even distribution in
the bounded region [0,1]. Taking the place of probability in Eq. (11.4), we get the
result of Eq. (11.5):
B® —(1-v®)-b..
Max{ul(g} (v —B®)Pr0b{ <B®} (zzl, —Bl,@)- ’ ( 7 ]) !
N j

B,
i

(11.5)
=L(o, B°-B°B%)-L (v, - 8°) (1-7%) -4,
YJ Yj

Equation (11.6) gives the optimal first-order differential condition of Eq. (11.5).
The solution of Eq. (11.5) is illustrated in Eq. (11.7).

a{u@}
i 1 ®
a{Bl@} .ij( ) Y]- ( J) j
Bf=%0{vi +(1—vf’) %].*} (11.7)
%'{% +(1—y?)-b].*}, if,%{'}<vl.,and,%{0}<vj;
B =1v., z'f,%{O}Zvi,and,%{O}<vj; (11.8)
v, z'f,%{'}<vi,and,%{0}21/]
Lo +(1-v8)-6.}, if Ltet<o, and, Loy <y,
BS=1uv, ifoyle 2o and, Sl <o, (10
1/1,, l_f,j{.}<l)j,ﬂlﬂd, 2{.}2111
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Considering Eq. (11.7) with the factor that the bounded rationality quoted
price is not higher than the grey value, we could build the optimal grey quotation
model, which is given in Eq. (11.8). Similarly, Eq. (11.9) shows the optimal quota-
tion model of Bidder j according to symmetric theory of game.

Assume that Bidder 7 bids obeying the rules presented in Eq. (11.8); how can
he calculate the optimal expected utility in this condition? The probability in
Eq. (11.4) is turned into the form in Eq. (11.10) by replacing its corresponding vari-
able by Eq. (11.7).

Prob{ <B®} Prob v],<Bi®_(1_®Y]®) bj*
7

R 1 R o U ) O e e O

) Y] 2
(11.10)

0, o0, <(1-72)-4,.

Prob{ 8% < B® } = y_(lz_;(z)b’ z'f,(l V8 )19 <,,<( —v )b +2-7%;
J

1, oo, 2(1=7% )b +29°.

(10.11)

The probability is between 0 and 1, so0 <Prob{B®< B, ®<1.We therefore
design the quotation probability of Bidder 7 [see Eq. (11 11)] Now let us discuss
their economic meamng \Wlth respect to both the grey probability condition
(B® <B?, (I—Y )b, +Y v; < B®in Eq. (11.4) and the condition that v; obeys
an even dlstrlbutlon 1nterval of [0,1], Figure 11.1 illustrates the win probablhty of
the optimal grey quoted price of Bidder 7. The shadow in Figure 11.1 expresses the
likely quoting range of bidder ;.

In fact, the range can be divided into three categories, as follows:

1. When the optimal grey quoted price (B®) of Bidder 7 locates in the left
range of the grey interval, [(1—- Y; ). b]*,(l—y )- b +7; ®](see Figure 11.1),
the win probability of Bidder 7 must be naught In other words, while
B? <(1- ’Y?) . b].,is true, then Prob{B® < B®} =0
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eeonii=o) [ Pr 0 (B?)
(@ -y®)5,) ///// ///ﬁ« ~y9)b, +y,@)

Figure 11.1 Sketch-map of clinching probability of grey quotation (B?).

2. If the optimal grey quoted prlce (B?) of Bldder iis mcluded in the range
of the grey region,[(1—- Y; ). b] (1- Y, ). b +v; ](see Figure 11.1),
then the win probability of Bldder i should satlsfy this equation:
0< Prob{B® < B®} =, —(1 Y; ©). b2 'Y <L that is to say, when
(I—Y ) !7 <B® <(1— ) /7 +Y; is true, then 0 < Prob{B® < B®}<1

3. In the case that the optlmal grey quoted prlce (B %) of Bidder i lles in the
right range of the grey interval, [(1— ) L= Y; 2)- b+, ?](such as
Figure 11.1 shows) the wm probablllty of Bldder i w1ll necessarlly equal 1;
that is, while B® = (1— -v; )b+ Yls true, then Prob{B® < B®} =1.

Equation (11.11) summarizes the three types mentloned above The expected
utility models of optimal grey quotation of Bidders 7and j (1 ®and #® ) are described
in Egs. (11.12) and (11.13) respectively, which are deduced from E/qs (11.4), (11.7),
and (11.11).

0, if v, S(l—y?)-bj*;

[”i _(1_7?)'@*}2
497

’f’(l_yj‘))'bf‘”i <(1_71®)'/’J‘*+2'Y?

A A AR I T R A

oo, 2(1-72) -6, +2-v%,and, BE > b,

>

(v, = B2 )Prob{BE < B? } =

(11.12)
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0, z'f,z/jS(l—'y;g)-bi*;
—(1-v®). 5. g
(Uj —Bﬁ)Prob{Bi(? <BJ<_X2}: I:”/ (14.";1@) ) :|
uj®*= if’(l_Y,@)'[’i*<”j<(1—71®)~b,.*+2~yf9

(”J‘_Bﬁ)'lz{”f_%[”ﬁ(l_\(?) b J} 1_%[”/_(1_“/1@)'@*]

ifov, 2(1-77) b +2-77

(11.13)

By looking into Eqs (11. 12) and (11. 13) we discover that # ®and u. ® do not
relate dlrectly with B and B ~,and that u, ® (or uj ) has relations w1thv (orv ),

with Y; ®(or Y, ®), and with b (orb ).

11.1.3 Simulation and Analysis of Optimal Grey
Quotation and Grey Expected Utility Model

The states shown in Egs. (11.8) and (11.9) belong to a Bayesian equilibrium of
the - grey auction game, whose outcome of equilibrium is related to grey numbers
(Y and y®) Here we should pay attention to the values of 4, and 4 .. From the
analy51s glven above and from a long-term standpoint, &, andb _,t0a fugh degree,
meet the hypothesis that4, and &, have strictly increasing dlﬂlerentlable relation-
shipstov, andv_ina classical model We draw a conclusion: &, and & , are consis-
tent w1th the qucj)tatlon of a Bayesian equilibrium to a very hllgh deg]ree, b, = -,
bj* ; the values of bl and b . fluctuate surroundlng and -

Observmg that Eqgs. (11.8) and (11.9) are symmetrlc, we take a typical example
of Eq. (11.18) to study the optimal grey quotation of Bidder 7 and its correspond-
ing optimal utility 2% u.. We use the programming language MATLAB to imitate the
values of the optlmal grey quotation and the corresponding optimal utlhtyu of
Bidder . The result of this imitation is given in Table 11.1.

In Table 11.1, Prob {B® < B®} shows the win probability of Bidder i when he
quotes at B - w, is the percent of the probable margin after Bidder 7 bids at B .»and
H., is the percent of the utility when Bidder 7 bids at B.". ®

Comparing the result of imitation in Table 11.1 with the result of a classi-
cal model, the most important conclusions drawn from this section are stated as
follows:
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Table 11.1  Simulations of ,®and ,,® of Bidder i
v, =04 (bi* =0.5v;) PrOb{B;.8 <B?} v, =07 (b/.* = 0'5‘//) PI‘Ob{Bj®< Bi®}
w o VioBE gy U VB U
Vi Vi v, "y
vj Y? BY |Probfe} u? W, | H |y Y/@ BY Prob{e} u? W, | H
0 ]0.200 (1.000 {0.200 |0.500 {0.500 0 |0.500 |1.000 (0.200 [0.286 |0.285
0.2 0.3 (0.200 |1.000 {0.200 {0.500 |0.500 06 0.3 10.455 |0.817 {0.200 {0.350 |0.286
~10.6 {0.200 [1.000 {0.200 [0.500 [0.500 |  |0.6 [0.410 |0.483 [0.140 |0.414 |0.200
0.9 (0.200 |1.000 {0.200 {0.500 |0.500 0.9 [0.365 |0.372 {0.125 |0.479 |0.179
0 ]0.300 [1.000 {0.100 |0.250 [0.25 0 10.55 |1.000 (0.15 (0.214 |0.214
0.4 0.3 10.270 (0.433 [0.056 |0.325 [0.140 0 0.3 10.49 |0.700 (0.147 {0.300 {0.210
" 10.6 [0.24 [0.267 |0.043 |0.400 |0.108 8 0.6 (0.430|0.450 {0.122|0.386 |0.174
0.9 (0.210 |0.211 |{0.040 {0.475 |0.100 0.9 (0.370 |0.367 {0.121 |0.471 |0.173

1. For Bidder 4, B;® and u, ®will increase andy ®will decrease, when other fac-
tors are fixed. As for Bidder j, B andu . will enhance if the evaluation of
goods of Bidder i rises.

2. Under the condition of bounded rationality of bidders, we will see that Bf
or B;? is always higher than halfof v, orv_; itis not a fixed value and always
changes. According to the classical model, the quotation of bidders is only
half of the evaluated value.

3. 'The ideal quotation way should be like this: Try not to create menace to com-
petitors; in other words, do not let them sense the high value of Y?or Y?, then
quote a high price thus to bring a comparably high expected utility.

4. Though the quantity of bidders is finite, the auctioneer still receives comparatively
high value (v, or v, ) by taking advantage of the bounded rationality of bidders.

5. In the case that v is much greater than v, Bidder 7 will achieve satisfactory

u, ®if his B is greater than or equal to v
6. Under the condition that v; is fixed, his B will decrease gradually while y

goes up. In spite of an 1ncrease ofw,, H . goes down continuously because

Prob{ B® < B®} falls off.

11.1.4 Summary

The section, by using the thoughts of grey systems theories, tested the current FPSBA
model, which is too restrictive to fit real-life situations. This section designed a grey
correction factor of experience ideal quotation and built an optimal grey quotation
model based on strict rationality and accurate evaluation. After the first standard grey
number transformation of the grey coeflicient in the model, we found the bidder’s
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menace reflection grey coefficient and drew some conclusions, as the optimal grey
quotation of bidders is not only related to his value but also to the other’s and to
a menace reflection grey coefficient. The optimal grey quotation varies in different
cases, and is generally higher than half of the value. Finally, the model was tested in
the MATLAB language, and some valuable conclusions quite different from the clas-
sical model were obtained, proposing an optimal bidding method for the bidders.

11.2 Optimal Grey Quotation Model Based
on Evaluation of Grey Value and Grey
Experiential Ideal Quotation

We have analyzed the defects that currently exist in the FPSBA model and con-
structed an optimal grey quotation model based on evaluation of accurate value and
experiential ideal quotation. However, bidders cannot estimate the exact value of
the auction goods. Take a project auction, for example. Even successful bidders do
not have a clear knowledge of how much value the project will bring in the future
due to uncertain factors and risks. But based on direct or indirect experience, we
can still make a believable estimate of the value, using grey numbers, which can be
denoted as v = [v v ®] (orv®=[v*,2*]). Bidders can get believable grey numbers
of the experience ideal quota]tlon IIjl dljfferent cases, b = [bL bR] (or b® [bL bR])
after considering the incomplete information.

We therefore revise the model given in Section 11.1 and construct an optimal
grey quotation model based on evaluation of grey value and grey experiential ideal
quotation, which is more suitable to real auctions.

11.2.1 Conditions of Optimal Grey Quotation Model

Here, we assume the conditions of the model given in Section 11.1. The evalua-

tions of auction goods by Bidders 7 and j are denoted by grey numbers 1/1,® = [VI,L , T/iR],

v®=[v",v"] respectively, and we employ two other grey number variables,
b® [b]L [7 “]and b® (6", bR] to denote the experience ideal quoted prices of
Bidders 7 and j respectlve y.

Then we transform these grey value and grey experience quoted prices to their
standard forms by first standard grey transform (or by second standard grey trans-

form) [see Egs. (11.14) and (1.15)]:

zzl.® =[vf,viR]= vf +[0,UI.R —z/f]z z/f +(vl.R —vf) -[0,1] = viL +(ij —z/l.L) . 'y®.

vi

(11.14.1)
J

7/®=|:1)]L yf]=v}+[0,vf—y;:|—#+(7/] —v’ ) [0,1]= 1/L+(v —v’ ) Y®

(11.14.2)
(11.14)
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b2 =[65.6F |=bE+[0,68 - 61 |= b +(bF—0F) 10,10=06] + (65 -5} ) o v
(11.15.1)
bR =067 | = 0+ [0.07 ~ b7 |= bh+{b] — b1 ) (00 = b+ (b = b ) o vf

(11.15.2)
(11.15)

Note that we still assume that »® v [Z/L v, ®]and 1/] [Z/]L v ®] are known only by
Bidders i and ;. 1/1.®= [vf,vl,R] and vj. [v]. v ¥ figure the types of the bidders. They

all know that, when Y®, and Y®, are a certain value, v® [UL v] ®and v®=[v%, v ] all
vi y 3%
independently abide by an even distribution in interval [0 1]

Because of Bidder 7’s bounded rationality, he could quote a higher price (B®)
than the experience ideal quoted price ( b®) such as Eq. (11.16.1) shows], when he
feels enough menace from his rival, which may come from factors of the value type
and the nonvalue type of the bidder. Also due to his bounded rationality, Bidder
i cannot quote a price (B®) that would let his margm be a negative number; that
is, B < 7/ no matter what the values of ¥, and'Y are. Therefore, the grey quoted
pl‘lCCB of Bidder i on a foundation of bounded rationality (grey quotation for
short) could be presented in Eq. (11.16.1).

Bi®=[i®'b’?:|: bz:| bl@ ( be)'(b’f+(bi}’?_bi€)'y2)+y?.yf9

=0+ (68— bE) v [ 6E+(6F = E) v 0P [-¥2, (vP elo.n) (116.)

®
B2=1%-42= {1 5 ] bp={1- yj?)-(bj{ (68 -0t ) v )+y§’?~v§9

=/7ja+(17;i—bj{).yg.—[b;+(z;;i—bj€)-yb®j—yﬂ.y]®, (v elon) (1.162)
(11.16)

In Eq. (11.16.1), the grey quoted price (B, ®) of bidder 7 is made up of two parts:
the grey quoted price coefficient ([l ), which s designed according to the assump-
tion of bidder’s bounded rationality, and the experience ideal quoted price (17 ). The
concise form of B is given in Eq. (11.16.1). Similarly, we could get the resultB in
Eq. (11.16.2).

In Egs. (11.16.1) and (11.16.2), as the value ofy?, an unsuccessful menace
reflection grey coeflicient, nears zero, and the value of Bt,®, the quoted price, will
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be nearb The condition of the other bidder is similar. The margm of the win-
ner in thlS FPSBA is v, —B®,zf B®> B®orv - B®, if B®> B . either of which is
closer to the experlence quoted price with y® Y, or Y ®approachmg zero. In the extreme
condition ofY, orY ®being equal to zero, the bidder will realize experience ideal
margin, v, —b®or z/® b®

However, if the value of y ory; approaches 1, the quoted price Bl®or B®)
will be continuously close to the grey value (zz orv, ®)in bldders point. Therefore,
the one who could clinch a deal will gain profit, U; - B®, if B®> B®or
7/ - B®, if B®> B® which will be less and less, and will finally decrease to zero
in an extreme situation.

We denote v, andy as the menace reflection coeflicient of Bidders 7 and j

respectively, and (1 Y; )and (1- Y, ®) are called the stable coefficients of experience

ideal grey quoted price (stable coeflicients for short). Equation (11.16. I) shows that
the grey quoted price (B®) of Bidder 7 is made up of two parts (1-¥7)-67 is the

stable part of experience ideal grey quoted price, and y 1/ is the correction term of
an unsuccessful menace. Equation (11.16.2) illustrates the same state of Bidder J.

11.2.2 Design of Grey Quotation and Grey
Expected Utility Model

From the result of the above analysis, we could assume the payments of Bidders
i and j, such as Egs. (11.17) and (11.18) show respectively. Thinking about both
Eq. (11.17) and the probability of clinching a deal (Prob® B®< B®} ), we can calcu-
late the expected utility of Bidder 7 [see Eq. (11.19)]. Equatlon (11 19) presents the
probability of clinching the deal mainly on the assumption thatv independently
abides by even distribution in bounded region [0,1]. By taking the place of prob-
ability in Eq. (11.19) by Eq. (11.20), we get the result of Eq. (11.21):

_ p® . ® ®
v, Bi , if BI, >B],
uz@(Bf,Bf;vl_ )= %(”i _Bi®)’ if Bi®=B/® (11.17)
. ® ®
0, if B, <B],
®_ p® . ® ®
v BJ_, if B], >Bl,
[ p® p®, @\ _J1( & po . ®_ p®
u, (B].,Bl.,v].)— 2(1/]. Bj.), lf B]. Bl. (11.18)

0, if BY<B?



Bounded Rationality Grey Game Model ®m 297
ul= (yl,®— Bl,@) Probf’{BJ,® < Bl,®} (11.19)

Prob? { B2 <B® | = Prob? {(1 —v) b2y 0f < BP}

® ®\ ;® ® (1_®) 10
:Pr0b®{y®<Bi —(1‘Vj)'bf*}=Bz’ (1-75)-4 (11.20)

v v
Bl.®—( -5 ) by
Max{ul.} (7/ —B®)Prob®{ <B®} (Z.®—Bl.®)- )
B® ¥
= oo =B 57) = (o - B7) (12774 (1121
J J

Equation (11.22) gives the optimal first-order differential condition of Eq.
(11.21). The solution is illustrated in Eq. (11.23):

a{u,»@}=1(y °_25%)+ L (1-42) 4% =0 (11.22)
B{Bicx)} .Y;® Yj@ j J
- elion) ]
Lleva-y 62} i tisr<o® and Lo <o®
B® =1,°, if 101200 and Ly <0?  (11.24)
o 9‘,%{0}<Vf3,ﬂnd,%{°}20?
% {z/ +( -, ) b®} z'f,%{'}<v?,ana’,%{'}<z/f9
B =10°, i L0202 and, Lop<op (112

v® z'f,%{'}<v?,and,%{0}2vt®
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Considering Eq. (11.23) with the factor that the bounded rationality quoted
price is not higher than the grey value, we could build the optimal grey quotation
model given in Eq. (11.24). Here, conditions are judged by means of a standard
grey number. Similarly, Eq. (11.25) shows the optimal quotation model of Bidder j
according to a symmetric theory of games.

Assuming that Bidder 7 bids obeys the rules presented in Eq. (11.24), how does
he calculate the optimal grey expected utility in this condition? The probability in
Eq. (11.19) is turned into the form of Eq. (11.26) by replacing its corresponding
variable by Eq. (11.23):

o -(i-17) 5

Prob®{ <B®} Probf9 y?< Y]@
B 00 2 o e ) R L A R
- e 298
(11.26)
Prob®{ <B®}
0, ifof <(1-72) - 6%;
= LI N R e
1, ifof 2 (1-7°) 62 +2-7°

The probability is between 0 and 1,0 < Prob{Bj@ < Bl_®} < 1. We therefore design the
quotation probability of Bidder 7 [see Eq. (11.27)]. Now let us discuss their economic
meaning. Both on the grey probability condition (B ®< B, € (1- Y; ®) C‘b® + y ®<B ®)
in Eq. (11.20) and on condition thatz/ obeys an even distribufion in 1ntervals [0, 1]
Figure 11.2 illustrates the win probablhty of the optimal grey quoted price of Bidder 7
in the middle and outside the grey interval. The shaded area in Figure 11.2 expresses the
likely quoting range of Bidder ;.

In fact, the range can be divided into three categories, as follow:

1. When the optimal grey quoted é)rlce (B]®) of Bidder 7 is located in the left
range of the grey interval, [(1-77) - b® (1- ’Y?) : b].®* + ’Y?](see Figure 11.2),
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(Pr ok e} = 0) / (Pr obl (Pr ob%{
— = // —
(- vP)5;®) / _ 7. (BN 7777 \(a

Figure 11.2  Sketch-map of clinching probability of grey quotation B,

—_v®ep ® ®
¥, +7,°)

the win probablhty of Bidder i must be naught In other words, while
B? <(1- Y; ¥%)- b is true, then Prob®{B® < B®}

2. If the optimal grey quoted price (B ®) of B1dder iis mcluded in the range of
the grey region, [(1-7" ) b® 1-7%) %% +v%] (see Figure 11.2), then the
win probablhty of Bléder i should] satls]'fy thljs equation: 0= PfOb@{B °
B} =v? (1 v®)- 6572 Y <1; that is to say, when(1—-7Y; ) b <
B® < (1 Y; ). b®7+7® is true, then 0 < Prob®{B®< B®} <1.

3. In the case that the optlmal grey quoted price (jB ) of Bidder i lles in the
right range of the grey interval, [(1—Y ]) b® (1—Y ) b® T, ?)(such as
Figure 11.2 shows), the wm probablhty of Bldder i w111 necessarlly equal 1;
that is, while B® 2(1- ) b® + Y is true, then Prob® B® < B®} =1.

Equation (11.24) summarizes these three types The expected utility models
of optimal grey quotation of Bidders i and j (u andu . ) are described in Egs.
(11.27) and (11.28) respectively, which are deduced from Egs. (11.20), (11.23),
and (11.25).

0, ifef<(1-v%)- 6%

>

|:1/,® —(I—YQ)J?%]Z
(vi® - B,. )Prob®{ . < B®} : ]

4-9%
TV ) s <fon) sy
(vfa—Bf)J:{ui@ é[v +( - ) !7@]} %[U —(l—y.)-bﬁ:l,

0?2 (1-v2) 62+ 2%, and, BS > 42

(11.28)
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0, if,v?<(1-77)- 6%

(v2 - B) Prob? { B2 < B2} =
us = i (1=92)- 62 <0® <(1-77) - 52 +2-77

(o8 = B2) =2 =L [o2 + (1-v2) 42 [} 1= L [of — (1-77) 47 ]

if 0?2 (1-92) -6 +2-9°
(11.29)

By looking into Eqs. (11.28) and (11.29), we discover thatu and #® do not
relate dlrectly with B®and B® and thatu (oru ) has relatlons w1thv (or y®)

with Y; ®(or Y, ®), and with b (or b®)

11.2.3 Simulation and Analysis of Optimal Grey
Quotation and Grey Expected Utility Model

The states shown in Egs. (11.24) and (11.25) belong to a Bayesian equilibrium of
the grey auction game, whose outcome of equilibrium is related to grey ! numbers
(b® ®*,v(?, (xz,y Y] ®). Here, we should pay attention to the values ofb and b®

From the analy51s glven above and from a long-term standpoint, b®andb 0 a
high degree, meet the hypothesm that 17®and b® have strictly increasing dljf:feren—
tial relations to v, ®and v® v in classical model. We draw the conclusion that /7®and 6%
are consistent with the quo@eatlon of a Bayesian equilibrium to a very hlgh degre]e,
T
Yoi=Coi J Yy “y 2

in another words, the values ofb®and b® fluctuate

surroundmg”—"®| o and
vi~ vi g v

Observing that Eqgs. (11 24) and (11.25) are symmetric, we can take a typical
example of Eq. (11.24) to study the optimal grey quotation of Bidder 7 and its corre-
sponding optimal utility %® u... We use MATLAB to imitate the values of the optimal
grey quotation and the correspondmg optimal utlhtyu of Bidder 7. The result of
the imitation is given in Table 11.2.

In Table 11.2, Prob{B®< B, ®} shows the win probability of Bidder i when he
quotes atB Here w is the percent of the probable margin after Bidder 7 bids at
B® and H| ®1s the percent of the utility when Bidder 7 bids atB Comparing the
results of the imitation in Table 11.2 with the results of a classical model, the most
important conclusions drawn from this section are stated as follows:
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Table 11.2 Simulations of b% and u%.of Bidder i

vE=102,0.41=02+0275,vF=102,03]=02+01% (b%=0.5v)

vP-B? u?
Prob?{BP< B} we=i S pe=e
/ 1 1 vl 1 vl
vy ' B Prob*{e} uy wW? H?
o | 01515, | [1.0000, | [0.0485, | [0.2425, |[0.2425,
0.2015] | 1.0000] | 0.0985] | 0.3283] [0.3283]
=03 03| 101361, | [02132, | [0.0136, | [03195 |[0.0680,

vj 0.1860] 0.3798] 0.0433] 0.3800] 0.1443]

(v®=0.206) 06| 101206 | 101323, | [0.0105 | [0.3970, |[0.0525,
! 2| 0.1706] 0.2157] 0.0279] 0.4313]  |0.0930]

[0.1052, [0.1054, [0.0100, [0.4740, [0.0500,

09 0.1552] 0.1609] 0.0233] 0.4827] 0.0777]

0 [0.1800, [1.0000, [0.0200, [0.1000, [0.1000,

0.2300] 1.0000] 0.0700] 0.2333] 0.2333]

® [0.1560, [0.1467, [0.0065, [0.2200, [0.0325,
Yy = 0.6 03 0.2060] 0.3133] 0.0295] 0.3133] 0.0983]

(v®=0.320) 06| 101320, [ [01133, | [0.0077, | [0.3400, |[0.0385,
! 1 0.1820] 0.1967] 0.0232] 0.3933] [0.0773]

[0.1080, [0.1022, [0.0094, [0.4600, [0.0470,

09 0.1580] 0.1578] 0.0224] 0.4733] 0.0747]

vf: [0.6,0.8]1=0.6+ O.2y“§,v,.®= [0.7,0.91=0.7 +0.2y® (b,?“i = 0.5v;?)

vi

® ® ®
Prob{B® < B W= % He = LV’®
vy ' B? Prob;*{e} uy W? H?
o, |05350, [1oooo, |[o16s0, [[0.2357, [[0.2357,
0.6350]  |1.0000]  |0.2650]  |0.2944]  |0.2944]
. (04795, |[0.7350, |[01621, |[03150, |[0.2316,
v, =07 03 1057951 [1.00000  |0.32051  |035611  |03561]
vo=0740)| gg |04240, [l04600, [[01270, [[03943, [10.1814,
0.5240]  |0.62671  |0.2356]  |0.4178]  |0.2618]
0o |03685, [03683, [[01221, (04736, |10.1744,
04685  |0.4794] 020691  |0.4794]  |0.2299]

(Continued)
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Table 11.2 Simulations of b& and u% of Bidder i (Continued)

v® v® B® Prob e} u® we H®

J / i i* i* i*

[0.5450, | [1.0000, | [0.1550, | [0.2214, | [0.2214,
0.6450] 1.0000] 0.2550] 0.2833] | 0.2833]
[0.4865 | [0.7117, | [0.1519, | [0.3050, | [0.2170,
0.5865] 1.0000] 0.3135] 0.3483] | 0.3483]
0°=0780) | ¢ [0.4280, | [0.4533, | [0.1233, | [0.3886, | [0.1761,
/ : 0.5280] 0.6200] 0.2306] 0.4133] | 0.2562]
(03695, | [0.3672, | [0.1214, | [0.4721, | [0.1734,
0.4695] 0.4783] 0.2059] 0.4783] | 0.2288]

0

0.9

1. For Bidder ;, Bl® andu; ®will increase and'y ®will decrease, when other fac-
tors are fixed. As for Bidder j, B andu . will enhance if the evaluation of
goods of Bidder i rises.

2. Under the condition of bounded rationality of bidders, we will see that B®
or B® is always higher than half of v; or »;, which is not a fixed value and
always changes.

3. 'The ideal quotation way should be like this: Try not to create menace to
competitors; do not let them sense the high value of & Y, ory; ®and then quote
a high price thus to bring a comparably higher expected utlhty

4. 'Though the quantity of bidders is finite, the auctioneer still receives com-
paratively high value (v, or v;) by taking advantage of the bounded ratio-
nality of bidders.

5. In the case that v, is much greater than v;, Bidder 7 will achieve satisfactory
u, @if his B is greater than or equal to v]

6. Under the condition that v, is fixed, a b1ddersB®w1ll decrease gradually

while Y goes up. In spite of an increase of w , H ®goes down continuously
because Prob® B® < B®} falls off.

11.2.4 Summary

There are some of defects in the classical first-price sealed-bid auction (FPSBA)
model, which has so many restrictive conditions that it does not fit a real situation.
Considering uncertain information, this section designed a grey correction factor
of experiential ideal quotation and built an optimal grey quotation model based on
strict rationality by using grey systems theories. An optimal grey quotation model
based on evaluation of grey value and an experiential ideal quotation was built after
concepts of optimal grey quotations and grey expected utilities were put forward. The
model was created using MATLAB, and the effectiveness of the simulation is good.
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11.3 Choice of Stock Agent: A First-Price
Sealed-Bid Auction Game Model
Based on Bounded Rationality

After acquiring stock financing, a company will look for a suitable stock agent to
sell its stock. Such behaviors between companies and dealers could be described
by classical noncooperative game theories, such as the first-price sealed-bid auction
model, the second-price sealed-bid auction model, and the two-sided quoted auc-
tion model.

However, both rationality and judgment are in high demand in the classical
game models; that is, the players not only operate under conditions of complete
rationality but also in the same rationality.>*7) In reality, their rationality and
judgment could not satisfy the model’s requests because of various factors, such
as the actual environment, life experience, knowledge level, emotions, and intel-
lect of the players. There are many differences between the players, which are
too many to imagine. Even for players with the same rationality and judgment
ability, they act quite differently based on their different backgrounds: different
interest groups; facing different political, economic, cultural, and social back-
grounds; and different feelings toward various factors. The conclusion may be
not suitable for realistic decisions, if we describe the stock dealers by these clas-
sical models.

In order to solve this problem, this section discusses the game problems based
on the first-price sealed-bid auction between bounded rationality enterprises and
stock dealers. Here we assume there are only two stock dealers to participate in a
stock auction of a company, namely Dealers 7 and ;.

In a stock auction with two participants, the value of the auction goods (stocks)
is v; for Dealer 7. According to the classical ﬁrst—price sealed-bid auction model,™ the
optimal (rational) quotation of Dealer i is 17 Assume that the win probability at
the time is Prob(b < b ), then the expected payment is u =(v, - b )Prob(b < b ).

An invited pubhc bidding process on the stock dealershlp of an enterprlse
assumes that bounded rationality bidders are in an uncertain decision environ-
ment. They not only need to evaluate the products up for bid but also to estimate
the threats from their opponents that could make deal fail, shown by Figure 11.3.
We can imagine that if Dealer 7 is of bounded rationality, he may quote a higher
price &l,/ > b; thanb =+ b,-/ > b; for the following reasons:

1. Although the expected profit/ u, may be lower than u , it raises the win pos-
sibility if the opponents quotatlon is b that is, if b < b then prob(b; < 4)) <
Prob(4’ < b ).

2. Ifadealer quotes a higher price to enhance the win possibility, under some
situations, the expected profit can be improved to some extent; that is,

ui/ =(v, - bi/)Prob(b; < bl,/) > ”, =(v, - b;)Prob(b; < b;).
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Bounded rationality bidder i Bounded rationality bidder j

Decision environment of Stock Decision environment of

dealership dealer j

of
|]|:| > enterprise

| Rational quotation of i |

/The threat of j to i

Figure 11.3 Bidding process of bounded rationality dealer and j on the stock
dealership.

L A}
0rsrere, | Rational quotation of j |

The threat of i to j \

3. Inareal situation, considering the nonvalue factors of dealers, they don’t
have enough reasons to assume the complete rationality of the oppo-
nents. So in the bidding process, dealers only quote the so-called abso-
lute price, 4 and 4.

j

Considering the problems in the classical first-price sealed-bid model, this sec-
tion introduces the concept and thoughts from a more practical perspective, such
as experience ideal quotation and menace reflection coefficient of an unsuccessful
bid, and studies the first-price sealed-bid auction game model based on bounded
rationality.

11.3.1 Construction of Optimal Quoted
Price Model of Stock Dealers

In a second-price sealed-bid auction on a listed (or unlisted) company stock dealer-
ship, Bidder 7 or j is likely to quote his price in consideration of the value, v, or v,
he places on the goods, and at the same time make an experience ideal quoted price
b, or b]_x, according to his direct or indirect quoted experience. Here, the value v,
or v, has a broad sense, which includes factors such as the opportunity profit that
the bid might bring, the value of 4, and 4 . that are mainly decided by the actual
situation, and the experiences and individual psychological characters of Bidders 7
and .4, and bj,, do not strictly increase after the increase of »; and », in many cases.
After giving values to 171,* and 6 ., bidders also need to modify them according to the
threatened feelings from opponents and some possible information that may be
gotten before the bid—for example, estimates of an opponent’s information, indi-
vidual psychology characters, and the value type. Finally, Bidders 7 and j quote the
prices Bl,® and B®that they think could bring the maximal expectation utility. For
the sake of anafyzing the problems more easily, we set up the conditions of models
as follows:
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1. Presume two bidders, 7 and j.

2. Let v, and v; respectively denote the estimated values of the bid products
of Bidders 7 and J- Suppose that only Bidder i or j himself knows v; or 7,
accurately; that is to say, »; and v; represent value for the type of Bidders i
and j, but both bidders know that »;and #; obey an even distribution in the
zone [0,1] independently.

3. Letob, andb . respectively stand for the experience ideal quoted prices of
Bidders i and J.

4. Considering the bidder’s limited rationality, he might quote a price B that
is higher than his experience ideal quoted price 4., when Bidder 7 feels that
the threat from his opponent is great enough to mﬂuence his success in the
bid. Here, the threat might come from factors of value type and nonvalue
type of the bidder. However, as a result of the bidder’s bounded rationality,
his quoted price is unlikely to make him get a negative profit; that is to
say, Bl_® < v, . Therefore, Bl_®, the quoted price of Bidder 7 based on bounded
rationality (quoted price in short), can be presented in Eq. (11.30.1). The
situation ofB](?is similar [expressed by Eq. (11.30.2):

B®=1°. ={1,Z’}.bﬁ - {1{0,;"—1}}.1@* - {H[!?_IJ'Y’@} b,

=(1-7?). 6. +7v2.0,,(v? €[0,1]) (11.30.1)
B®=7% b, =[1,Uf].b.* ={1+[0,%—1}}.;;.* ={1+[7}j—1].y®}.b.*
J J J b* J b* J é* J J
J J J
=(1=78) 6. +v% 0, (v2 €l0,1)) (11.30.2)
j J j PP\ >
(11.30)

In the process of a bid, when Bidder 7 or j is unsatisﬁed with the bidding envi-
ronment, he will modifyé, and4 by givingy, ory a larger number, thus get—
tmg less profic, but he would reaflze his experience 'ideal proﬁt by cuttlngy or
Y; ®smaller. Therefore, the grey coefficient of the quoted price; ory is actually
the modifying coefficient of the experience ideal quotatlon reﬂectmg the possible
menace he feels in that environment. We denotey and'y as menace reflection
coeficient of Bidders 7 and j respectively, and 1—y®) and 1-v®) are called the
stable coeflicient of experience ideal grey quoted price (stable coeféaent for short).
Equation (11.30. 1) shows that the grey quoted price (B®) of Bidder 7 is made up of
two parts: (1—Y¥) - 4. is the stable part of experience ideal grey quoted price, and
Yl, v, is the correction term of an possible menace. Equation (11.30.1) illustrates
the same state for Bidder ;.
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According to the conditions of the model, we can gain the payment of Bidder 7
orj [as Egs. (11.31) and (11.32) show] and the expectation utility of Bidder 7 [as Eq.
(11.33) shows]. Based on Egs. (11.30), (11.31), (11.32), and (11.33) and on theories of
probability and economics, we get the probability of closing a deal (Prob{B® < B®})
the optimization quoted price (Bl ), and its expectation utility (, ®) model of Bidder
i, shown in Egs. (11.34), (11.35), and (11.36) respectively. The same formulas apply
to Bidder j, which are omitted.

® . ® 4
v —B®, if B> B
®(pe po. \_J1( _ p® . p®_ p® (11.31)
% (Bz' ’Bj’”i]_ 2(”1 B, ) if B'=B,
. ® ®
0, if B"<B
v, =B}, if B®>B°®
u®(B®,B®;zz j= l(1/ —B®), if B®=B? (11.32)
VANV AR | 2\ j j i :
® ®
0, if BY<B
u®=(v, - B°)Prob{B®< B} (11.33)
0, i, S(l—y?)bj*;
® ® Vi _(1_’Y?)b/* ® ® ®
Prob{Bj <B }: o zf,(l—vj)bj* <, <(1—v].)bj*+2vj
J
1, oo, 2 (1- )b +2°
(11.34)
Ho w(i-v2)p.} k<o and Lin<,
®_ 1 1
B®=1v, if, {8} 2v ,and, {8} <v. (11.35)
i i 2 j 2 j
v, if Lo} <o and, Lo} >
j 2 ! 2
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0, ifv < (1— y?)bﬁ;

w! = "f’(l_y?)bf <y < (l_yf)bﬁ +2v; (11.36)

if,v, 2 (1 - yf) b+ 2yj?, and,BY > b

11.3.2 Model Imitation of Optimization Quoted
Price and Expectation Utility and
Analysis of the Main Conclusions

11.3.2.1 Model Imitation

In the classical FPSBA model with two bidders, the quoted price decided by the
Bayesian balance is half of the value that the bid product is thought to have.
Therefore, we could deduce that the values of 4, and b in our model are in accor-
dance with those in classical model to a great extent; that is, 17 =L,b.=2.1In
other words, 4, and 4, fluctuate around % and g

In this section, we only take Bidder 7 as an example to make an simulation for
his optimized quoted price and the maximal utility. For convenience, we still sup-
pose that the values #; and v, of a company’s stock estimated by Bidders 7 and j obey

uniform distribution in zone [0,1].
Making use of Eqgs. (11.30) through (11.36) and c0n51der1ngb =4 b . =-L and

the symmetry principle of the game, we get the situation of the game ih the2 back-
ground of this particular experience ideal quoted price, shown by Egs. (11.37)—(11.42).
According to Egs. (11.37)—(11.40), we can get the related formulas between the optimi-
zation quoted price and the values v, or v;, as well as the threatened reflection coefficient

of Bidders 7 and j, shown by Eqs. (11.43) and (11.44):

7’

1 1 _n® :
5o_ 2 +4vj (1 y]_) if,v, <21/],
i’ . >

b. zf,zzl_ _21/],

i

(11.37)
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v.+
B® =
’ b.
j
0
2v. 1
¥o=9 ———
/ 3v. 3
j
1
0
’Y®: Z_l
' 31/l, 3
1
Prob{ B?< Bj®} -
Prob{ Bl_®< Bj‘?} -
3v,
1 i ® 1
<v + o, 1
2”1 8 (Yz 3
b

%j %ui(l—Y,@) if,vj<2yl.

#:Vj 221}1.

' 1
lf,Z/Z_<2yj

. l <
ZJC’2Vj_Ui<2yj

éf)yl. 227/]

' 1
lf’y/' < 27/1‘

1
lf’zf/i —Z/j<21/l,

if v, 22,
0 v, 22
J i
v, lv <v. <2
/ 2 j
1 T/,Slﬂl
J 2 i
0 v. 22v.
! J
v, lU <v <2
1 2 i
1 V. Sly
1 2 ]

(11.38)

(11.39)

(11.40)

(11.41)

(11.42)

(11.43)
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Table 11.3 Imitation of Optimal Quotation of
Bidder i (B®) and Variation of Parameters Along
with v, '

v, = 0.40, b,. = 0.5v, Prob{B®<%}, W,

v, B? ' y?  |Prob{e}| ¢®

i i

=

0.100 | 0.200 |1.000 |0.000 |1.000 |0.300 |0.750
0.200 |0.200 |1.000 |0.000 |1.000 |0.300 |0.750
0.300 |0.233 |0.556 |0.167 | 0.300 |0.050 |0.714
0.400 |0.267 |0.333 |0.333 | 0.400 |0.053 |0.500
0.500 |0.300 |0.200 |0.500 |0.500 |0.050 |0.333
0.600 |0.333 |0.111 | 0.667 | 0.600 | 0.040 | 0.200
0.700 |0.367 |0.048 |0.833 | 0.700 | 0.023 | 0.091
0.800 | 0.400 | 0.000 |1.000 |0.000 |0.000 |0.000
0.900 | 0.400 |0.000 |1.000 |0.000 |0.000 |0.000

3v.

A 2 Uie) Emet IR

B® = 97 +3

7 J (11.44)

b. if,y%=0

j j

Using MATLAB, we finished the imitation experiment of the parameters of

Bidder 7, including the optimization quoted price B%; the threatened reflection coef-

ficient Y?and y?; the probability of closing a deal, I‘rob{Bj@ < BI,®}; the maximal util-
®

ity uf; andW, =— “; the results are shown in Table 11.3 and Figure 11.4. W, is
1.2 - (B2 y®. Prob{s})
1 —&— Curves 1
0.8 —— Curves 2
06 —&— Curves 3
' —¥— Curves 4
0.4 —&— Curves 5
0.2 —@— Curves 6

01 02 03 04 05 06 07 08 09 (vj)

Figure 11.4 Comparison of parameters B, Y7, when V;=0.40 and V; = 0.60.
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the percentage of the profit that Bidder 7 might acquire from the approved value of
the bid product after quoting his optimization quoted price BZ.

Table 11.3 shows the changes of parameters along with the value of stock deal-
ership Bidder ;j thought might change whenv, =0.40, 6. = 0.5, b =0.52,.In
Figure 11.4, whenv, =0.40and v, = 0.60, the fluctuation of the optimization quoted
price B® of Bidder i is presented by Curves 1 and 2; Curves 3 and 4 reflect the changes
of the threatened reflection coefﬁaenty of Bidder 7 ; and Curves 5 and 6 denote the
fluctuation of the probability of success Prob{B <B ®} at the optimal quoted price.

11.3.2.2 Analysis of the Imitation Conclusions

The imitation results shown in Table 11.3 and Figure 11.4 reveal the following
conclusions compared with the classic model:

1. For Bidder 7, the more he recognizes the value of the stock dealership, the
higher B and “. ® will be (see Figure 11.4); if »; is much higher than v; (that

is, ifv, > 2y ) he will quote an experience ideal pr1ce/7 and then the

p0551b111ty of closmg a deal can reach as high as 1 and win a satisfactory
stable utlhty u... Meanwhile, the menace reflection coefficient of the oppo-
nent, 'y , can hardly exert any influence on the process (see Table 11.3).

2. For Bldder i, when other factors are fixed, if », is not substantially higher
than v (if/ <v, < 21) ), then his optimal quotation B® and menace

reflection coefﬁaenty will increase together with v, HlS u , W, win

probablhty PfOb{B]® < B®} and menace reflection coefﬁaent of the oppo-
nent’s y® will decrease when v; increases.

3. If the value »; is much lower than v(v, < Sv.), then the maximal optimal
quotation of Bidder 7 can be reached and the win possibility is nearly zero. It is
actually impossible to make a bid, so the best strategy for Bidder 7 is to give up.

4. For Bidder i, with the increase of the value v,, his menace reflection coef-
ficient will decrease, as Curves 3 and 4 shown in Figure 11.4.

5. Because of the bounded rationality of Bidder 7, the optimal quotation of
Bidder 7, B, is always higher than half of »,and is always changeable; the case
is the same for Bidder j. In the classical model, it is considered that the maxi-
mal quotation is only half of the value of the auction goods to the bidders.

6. According to the above analysis, the ideal quotation way is to try not to cre-
ate menace to the opponents; in other words, do not let them sense a high
value of Y2 or Y?, and then quote a low price thus to bring a comparably

higher expected utility # (see Table 11.3).

11.3.3 The Strategy in the Bid Process of Stock Dealership

According to theory of the classical FPSBA, in the bid process of stock dealer-
ship, the only way for the enterprises to achieve the biggest profit is to invite as
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many opponents as possible. When quantity of bidders gets to infinite, they could
receive the largest profits; in other words, they can almost acquire the whole of
the buyer’s value. But for all bidders, their highest rational quoted price increases
while the number of the bidders goes up. Their quoted prices are equal to the
whole value they approve to the bid products, when the number of the bidders
gets to infinite.

However, according to the conclusions of this model, in reality—Dbecause of the
existence of asymmetric information, the limitation of the bidder’s knowledge, and
bounded rationality—there are great differences between the conclusions of a clas-
sical model and a real-life situation. In the process of an auction, enterprises could
acquire more buyers’ profit not only by attracting more bidders but also by much
more active methods to pursue the maximal profit. The following two strategies
summarize these measures.

11.3.3.1 Strategy 1: To Enhance Bidder’s Approval
Degree to Enterprise Stock Dealership

Figure 11.5 shows that the higher approval degree the bidder has to the bid product,
the higher bid price he would quote. Generally, the main measures to implement
this strategy are as follows:

1. An enterprise should make efforts to improve its management and the
business environment, which are the best promotions of its value.

2. Attracting more bidders enhances the possibility of the approval degree to
enterprise stock dealership.

3. Appropriate marketing and image propaganda are beneficial to promote
bidders’ knowledge of the enterprise stock dealership’s value.

Enterprises

Strategy 2

Enterprise (BY)

; /
stock < ::l U]
dealership Ol et

Not succeeding menace

Figure 11.5 Influence of enterprise on its stock dealership bidding process.
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11.3.3.2 Strategy 2: To Construct Favorable Environment
for Auction of Stock Dealership

A favorable environment should be like that shown in Figure 11.5. Many competi-
tive bidders engage in the bid and the competition is fierce (bidder cooperation can-
not be allowed). The main measures to implement this strategy are as follow:

1. Attracting more bidders, especially those with great competitive strength,
enhances the competition.

2. Appropriate advertising is beneficial to promote the stock dealership; rel-
evant bidder information, such as knowledge of enterprises’ stock dealer-
ship’s value, competitive strength, and aggressive characteristics, stimulates
a competitive atmosphere of the bidders.

11.3.4 Summary

According to economics, choosing the stock dealers by means of auctions can save
and promote the reasonable allocation of resources. The first-price sealed-bid auc-
tion is an important bidding method, but the classical model involves some severe
defects based on the high requirements of a bidder’s rationality, judgment ability,
and symmetric information. It is impossible to meet these requirements in real
situations. The model in this section liberalizes those conditions, believing the
enterprise’s stock dealership bidding is based on an environment with incomplete
information and bounded rationality of the bidders. The optimal quotations are
decided by the value of the auction goods to the bidder himself as well as his experi-
ence ideal quotation and the threat of an unsuccessful bid if he fails. On the basis of
these, the model also reveals that the bidding can be improved by attracting more
bidders and taking more strategies and measures in the process.



Chapter 12

Summary and Prospect

12.1 Summary

Because of the incomplete information of the elements (parameters), structure,
boundaries, and behavior of the system, together with effects of various random
and nonrandom factors, we are unable to precisely judge the potential effects of
any strategy in realicy. However, our experiences (direct or indirect) allow us
to make more precise judgments on the range of effects. Thus, grey game exists
universally.

Any game can be considered a grey game. Classic games are a special example
of the grey game, while grey game theory is an expansion in the field of incomplete
information (or bounded knowledge). Grey games are the broadening of the bind-
ing conditions of detailed knowledge (where precise information gains of game
strategies can be mastered before implementation) for classic games, so we cannot
solve all the problems of this area completely by applying classic game theories to a
grey game. The solving processes of a grey game are more difficult and complicated
than those for classic games and involve many more factors.

We refer to the structure of classic game theory in research and consider its
system of theory structure as the referring system and its theory demand to solve
the problem as motivation. Abundant thoughts, theories, models, and methods of
systematic science and philosophy, especially grey system theory, are taken into
account in solving grey games by applying the models and methods that can be
used directly and be brought into the research. Great emphasis is laid on a series of
special and complicated problems of grey games raised from the broadening of the

313
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binding conditions of the detailed knowledge for classic games. The key problems
and different points of this book are shown as the following six aspects:

1.

Because of the difficulty of working out the mixed strategy solutions of the
grey matrix game led by the demerits of classic grey number operations of
arithmetic, this book established a new system of grey number operations
of arithmetic to solve the operations of the linear model of grey matrix
games, and constructed the grey matrix game model based on pure and
mixed strategies. It also proposed and established the concepts and struc-
tural system of grey saddle points and grey mixed strategy solutions. The
book proved that solutions under the meaning of grey numbers definitely
exist for any grey matrix game (namely, the theorem of the largest and
smallest grey numbers). A new efficient algorithm of the mixed strategy
solutions of grey matrix games—the inverse solution of grey matrix—was
established and was proved correct by applying the theorem of matrix alge-
bra algorithm. This book researched the risk of the optimum solution of
grey matrix game, the controlling value of information to risk, the strategy
of controlling risk, and so forth, according to the special character of grey
matrix games and classic matrix games. It brought and solved the problems
of risk, measuring and controlling of the optimum mixed solution of grey
matrix games caused by a lack of information in the grey matrix game. It
established and improved the theoretical system of risk measurement and
control in a grey matrix game.

This book solved the theoretical mistake of neglecting the whole logic view-
point of backward induction—the core method for solving classic dynamic
games—Dby applying the whole standpoint of systematic theory and consider-
ing human intuition, thinking, and grey systems. It established a new back-
ward induction method for grey structured algorithms based on a systematic
whole viewpoint and constructed the concept system of “terminating” and
“guiding” Nash equilibrium solutions for multiphase dynamic games as well
as the convenient and efficient equilibrium analysis method. As a result, the
false theory of the Centipede Game was well analyzed and explained.

The book revealed that the most fatal flaw of the classical Cournot oli-
gopoly model as well as the related oligopoly output-making competition
model is the supposition of the game players’ purpose. In this section, some
new suppositions of a duopoly game were established, including the game
purpose supposition, the time-order supposition, and bounded rational-
ity and knowledge supposition. A descriptive game structure model that
has strong universality to realistic decision-making situations was also
constructed. This model could well describe the strategy decision-making
problem between a leading company and its subordinating company with
the existence of the firstknowing game players. It also could be proved
that the classical Cournot game model is a particular kind of this model.
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This section brought forward the concepts of damping loss and total damp-
ing cost when the first decision-maker completely seizes the whole market;
related algorithms were designed.

4. 'The book proposed one kind of game equilibrium analysis and the exis-
tence of an equilibrium point under conditions of incomplete game infor-
mation. It also established the structure of a still game whose information
of profit and loss is correspondingly incomplete, as well as the concepts
of equipollence, superior potential degree, and inferior potential degree of
grey numbers in the range of profit and loss value; Nash equilibrium of grey
potential pure strategy; dominant pure strategy of grey potential; and the
position judging rule of grey number relationships among ranges. This part
of the book proved that for an N-person stable game, if it has incomplete
profit and loss information, there exists a Nash equilibrium of grey poten-
tial pure strategy, then we can apply the method of grey potential advan-
taged and disadvantaged strategy, grey potential marking method, and grey
potential arrow method in different situations. Then the equilibrium point
can be conveniently found and the result of the game can be scientifically
predicted.

5. In order to overcome the limitation that traditional evolutionary game
models could not compute results of one-shot games or in cases of short-
term economic equilibrium, the book designed a chain structure model of
evolutionary games based on symmetric income situations. We discovered
that individuals in the game are in correlated dependence and in conversion
with each other, and established transfer relations between an individual
quantity of each population and expected average payments of interrelated
parts in each step of the game. The book revealed the symmetric Hawk-
Dove Game through simulation experiments.

6. Considering some of defects in the classical first-price sealed-bid auction
(FPSBA) model, the book built a bounded rationality optimal grey quota-
tion model based on evaluation of grey value and experiential ideal quota-
tion. A first standard grey transform to grey number of the model helps to
find the threat-reacting grey number of bidders. The optimum grey quota-
tion of bidders not only relies on the value itself but also on the value of
others and the threat-reacting grey number. The optimum grey quotation
of bidders is not just half the recognized value of the object; in general, it
is higher than half the recognized value. We get some valuable conclusions
that are quite different from those of a classic model through emulation.

The best bidding model for bidders is also suggested.

The actual importance of this book’s research is in solving a kind of grey game
caused by incomplete information, which universally exists and which classic game
theory neglects (or is unable to solve), with the help of the abundant thoughts and
relating means of the grey system theory; constructing and improving its theoretic
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system makes it more widely suitable during the process of solving real problems.
The conclusions explain and guide us better in real life, and thus the project has
important real value.

The theoretical importance of research of the paper is to extend classic game
theory to the area of grey systems of bounded knowledge (or incomplete informa-
tion) and to bring the problem of incomplete information into the area of game
theory. As a result, the area of research objects is extended. The theoretical system
is enriched and developed, as are the thoughts and theoretical systems. Exploration
of the false theory of the Centipede Game, which has puzzled academia for a long
time, will largely improve the theoretical system of core method—backward induc-
tion, for perfect Nash equilibrium analysis in subgame. This project has had a sig-
nificant impact on game theory.

12.2 Research Prospects

The thesis mainly involves game theory, grey system theory, and other research
domains that apply the grey system idea, theory, and method in game theory to
other fields. It is used to resolve the game problem of bounded knowledge (or infor-
mation loss), which universally exists but is not involved (or cannot be solved) in
classical game theory. The subject pulls the missing information problem into game
theory domain and makes game theory widespread to the grey system domain of
bounded knowledge and poor information.

The publication of Game Theory and Economy Behavior by John Von Neumann
and Oskar Morgenstern in 1944 marks game theory’s beginnings. By the 1950s,
cooperation game theory had developed to the peak and noncooperation game
theory came into being. Through nearly sixty years of development, noncoopera-
tion game theory has become an integrated theory system. It mainly involves full
information statistics, full information dynamics, inadequate information statis-
tics, inadequate information dynamic problems, and so on. Within classical game
theory always existed a rational confusion problem that could not be solved satis-
factorily until now. Evolutionary game theory came into being by giving up the
hypothesis of complete rationality of classical game theory, and treats living crea-
ture as players with bounded rationality. They complete their evolution while they
are competing with each other. Evolutionary game theory also interprets how some
players’ behaviors take shape (Maynard Smith, 1982). Especially after Maynard
and Price (1973), Maynard proposed the evolutionary game’s basic concept of evo-
lutionary stable strategy, and it developed rapidly. Nowadays, game theory applies
to almost every field of our economic and social lives, and it has had a brilliant
result. Through the whole history of the development of game theory, it has per-
fected itself while answering real-life questions.

Looking back to the development history of the research and application of
game theory, today we can say that game theory applies successfully not only to
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economics but also to many other fields, and it has had a long-lasting influence. For
instance, the definition and resolution of the Prisoner’s Dilemma have important
effects on several subjects and fields such as economics, sociology, politics, crime
psychology, and so on. For a long time, scholars have paid special attention to game
theory. In recent years, the game theory problem focus on the uncertain game prob-
lem has also aroused the attention of academia. This book is an initiative discussion
of the (grey) game problem based on the uncertainty of poor information and has
gotten some valuable initial results. However, the research of this area is just a start;
in the future, it may break through in problems such as the following:

12.2.1 Research on Grey Matrix Game’s Optimal
Mix Strategy Solution Algorithm

For the problem of grey matrix game G(®), the grey saddle point does not always
exist. If it doesn’t exist, it will have vital academic and practical meaning regarding
how to find the problem’s mixed strategy solution.

The difficulties of solving a grey matrix game’s mixed strategy solution is that
the original grey number operation system cannot meet the needs of the operation;
initial research shows that it is easy to amplify the grey mixed strategy solution
to a meaningless and abnormal black number with original grey number opera-
tion methods. Finding this solution to the operation problem would involve using
standard interval grey number rules; transforming interval grey numbers [4,,6,]in
Eq. (1.1) into the standard form of an interval grey number a; +(bij, _”ij)"Yzj’
where i =1,...,m, j=1,...,n. Divide the grey number into white part a, and grey
part (171.]. - zzl.j) Yy and Y, € [0,1] represents unit interval grey number. The uncer-
tainty of grey numbers caused by information loss mainly reflects on the obtained
number v, €[0,1], and establishes the algorithm model of G(®) by linear pro-
gramming theories of the classical game problem to transform the problem that
cannot be solved by original grey number operation system into another optimized
problem that depends on v, €[0,1]. It is a highly effective and optimized algo-

rithm that considers using advanced thoughts of optimizing algorithms such as the
inheritance algorithm, the ant flock algorithm, and so on to design the solution of
the game’s grey mixed strategy.

A new efficient algorithm of mixed strategy solution of a grey matrix game is the
algorithm design of “the inverse solution of grey matrix.” Although it can solve the
G(®) problem by using the linear programmed algorithm model of the optimal
mixed strategy solution for a grey matrix game based on the inheritance (or ant
flock) algorithm, it is quite complicated and requires a large quantity of work. It is
difficult to apply current computer software to this problem. This project is based
on the thoughts of matrix theory algorithm, and establishes the inverse solution of
a grey matrix, which is a new efficient algorithm of the grey matrix game optimal
mixed strategy solution.
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Figure 12.1 Change of the right and left value with grey decrease.

Using the relative theory of “rank” and “inverse matrix” in classical matrix
theory and the principle of not adopting an inferior strategy in classical matrix
game is another point of research. (To a game player, if his strategy is opposite to
his opponent’s and the yield from the game is not higher than the other’s, then
the strategy is called an inferior strategy. During the game process, a game player
will not use an inferior strategy.) A buildup of the algorithm of G(®) in which
A(®) does a full-rank judgment and the full-rank treatment of a notfull-rank
matrix (which increases the virtual game strategy) to obtain the full-rank treat-
ment grey profit and loss matrix A'(®) does not change the nature of original
game; all game players’ optimal game strategies and the optimal game are not
changed. Then construct an inequality group of game problems by using A4'(®)
to prove that the inverse matrix B™'(®) [see Eq. (12.2)] of A'(®)’s expanding
matrix B(®) [see Eq. (12.1)] must exist. Its solution (which may include a vir-
tual strategy’s solution, and its probability is 0) are all expressed by B(®) [(see
Eq. 12.2 and Figure 12.1).

[ﬂll’bll] [dln’bln] 1
B(®)= : : : (12.1)
[ﬂnl’bnl] e [ann’bnn] 1
1 1 0
[C“ 3 dn ] e [cin p dzn ] B (®) | The optimal game .
: : : _ strategy of player 2+
* I |

(12.2)

[cnlvdnl] es [cnnadnn] Y, (@) JW
,.'rl (®) e xn(®) I@: strategy of the
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12.2.2 Venture Control Problem of the Optimal
Grey Matrix Game Solution

For the game G(®), besides concern about whether it has an optimal solution in
terms of grey numbers and how to solve these problems, people may care more
about whether there is risk and how big the risk is when making decisions based on
these optimal strategy solutions.

Study of risk recognition and definition problems: Consider the maximum
(minimum) possible overrated risk of a game player in G(®) as the most opti-
mistic (pessimistic) forecast judgment; however, a player gets the most pessimistic
(optimistic) result after he evaluates risk. Define the maximum overrated risk value
of Players 1 and 2as O bigsy and o) high,2 Tespectively, and the maximum underrated
risk value as 0}, and © o> and study the interrelationship between these risk
values and the relationship with the optimal grey game value V. (®)=[v,,v,].

Study of risk controlling ability and value of information and venture control
problem of G(®): The root of the risk of G(®) is that poor information restricts
people from making accurate determinations of the game results of each strategy
beforehand and results in the existence of grey elements in game profit and loss
value matrix A(®). The contribution of lowering G(®)’s risk by game players to
decrease the grey degree of some grey elements in A(®) by making use of some
information (shown in Figure 12.2) is different from that by the whitenization
of A(®)’s grey elements (which involves taking advantage of valid information to
lower its grey degree). Information is different in relation to G(®)’s controlling
ability. Further research would involve a study of the value of the information and
risk controlling ability; building up a discovery algorithm model of grey elements
that is sensitive to the risk in A(®), finding the sensitive grey elements and the key
information that influence G(®), and looking for the risk controlling strategy (see
Figure 12.2).

Backward shirk
G,— G

{[a11> a12), [b11, brol} v Sub-game G,
8)

{lay, arol, [b11, bioly
X {lary, @), [byy, byol)

Figure 12.2 Sketch of the solution of the subgame perfect Nash equilibrium by
inverted sequential deduction of grey numbers.
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12.2.3 Solution of a Subsidiary Game’s Grey Potential

This would involve study of the solution of a subsidiary game’s grey potential per-
fect Nash equilibrium and its refined equilibrium, and the risk of a grey potential
solution and its control. Based on the thought of classical subsidiary games and the
perfect Nash equilibrium, study the perfect Nash equilibrium algorithm of solv-
ing subsidiary game by using a grey potential structured deduction and prove its
reasonability.

Further investigation would involve making use of classical thought of thrilling
hand equilibrium and the algorithm rule of interval grey numbers in Ref. 4 to study
the calculating method of both static and dynamic games’ thrilling hand equilib-
rium symbolized by a grey interval number.

One could make use of the theory results of the risk of the optimal grey matrix
game solution and venture control problem in this book, and study the application
of the grey structured algorithm on the recognition and definition of risk when
solving subsidiary game perfect Nash equilibrium solutions by backward induc-
tion. Study of the cumulative and transmission effect as well as the controlling
capacity of the information risk and some relatively essential problems would be
necessary to reveal its intrinsic laws.
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