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ricxviTi sistemebi 

gavixsenoT, rogor farTovdeboda Cveni codna ricxvebis Sesaxeb. viwyebdiT 

naturaluri ricxvebiT: 1,2,3,. . . maT TvlasTan da gadanomrvasTan dakavSirebuli 

pirvelive amocanebidan viyenebT. 

naturalur ricxvTa simravleze gvaqvs metobis da naklebobis mimarTebebi, 

gansazRvrulia Sekrebisa da gamravlebis operaciebi. gavixsenoT am operaciebis 

Tvisebebi: 

Sekrebis komutaciuroba: 𝑎 + 𝑏 = 𝑏 + 𝑎; 

Sekrebis asociaciuroba: 𝑎 +  𝑏 + 𝑐 =  𝑎 + 𝑏 + 𝑐; 

gamravlebis komutaciuroba: 𝑎 ∙ 𝑏 = 𝑏 ∙ 𝑎; magaliTad: 3 ∙ 5 = 5 ∙ 3; 

gamravlebis asociaciuroba: 𝑎 ∙  𝑏 ∙ 𝑐 = (𝑎 ∙ 𝑏) ∙ 𝑐; 

e.w. gamravlebis neitraluri elementi: ricxvi 1: 𝑎 ∙ 1 = 𝑎; 

gayofis operacia yovelTvis ar sruldeba: Tu mocemulia 𝑎 da 𝑏 

baturaluri ricxvebi da arsebobs 𝑐 naturaluri ricxvi, iseTi, rom: 

𝑎 = 𝑏 ∙ 𝑐 

maSin vityviT, rom 𝑎 iyofa 𝑏_ze, winaaRmdeg SemTxvevaSi vityviT, rom 𝑎 ar 

iyofa 𝑏_ze. 

Tu 𝑎 iyofa 𝑏_ze, maSin, aucileblad 𝑏 ≤ 𝑎 , radgan 𝑎 = 𝑏𝑐 .  

Sebrunebuli debuleba ar aris swori: Tu 𝑏 ≤ 𝑎 , maSin aqedan ar 

gamomdinareobs, rom 𝑎 iyofa 𝑏_ze. magaliTad: 5 ≤ 17 magram 17 ar iyofa 5_ze. 

Tumca samarTliania Teorema naSTiani gayofis Sesaxeb: 

Tu 𝑏 ≤ 𝑎 da 𝑎 ar iyofa 𝑏_ze, maSin arsebobs naturaluri ricxvebi 𝑞 da 𝑟 

iseTi, rom 

𝑎 = 𝑏𝑞 + 𝑟 ,  sadac 𝑟 < 𝑏;   𝑟 naSTia. 

magaliTad: 5 ≤ 17 magram gvaqvs: 

17 = 5 ∙ 3 + 2 

aq 5 aris arasruli ganayofi, 2_ki naSTi. 

amasTanave, ricxvTa wyvili (𝑞, 𝑟) erTaderTia.  anu: 

Tu: 𝑎 = 𝑏𝑞1 + 𝑟1 ,  da  𝑎 = 𝑏𝑞2 + 𝑟2 ;     𝑟1 < 𝑏; 𝑟2 < 𝑏; 

maSin: 𝑞1 = 𝑞2 da 𝑟1 = 𝑟2 .Tu naturaluri ricxvi 𝑐 aris 𝑎 da 𝑏 naturaluri 

ricxvebis gamyofi, maSin is am ricxvebis saerTo gamyofia. 



saerTo gamyofebs Soris udidess udidesi saerTo gamyofi ewodeba. 

sxla gavecnoT udidesi saerTo gamyofis povnis evklides algoriTms: 

vTqvaT, 𝑎 ≥ 𝑏 da gvsurs vipovoT 𝑎 da 𝑏_s udidesi saerTo gamyofi. Tu 𝑎 

iyofa 𝑏_ze, maSin 𝑏 aris 𝑎 da 𝑏_s udidesi saerTo gamyofi: 𝑏 =u.s.g.(𝑎; 𝑏). 

Tu 𝑎 ar iyofa 𝑏_ze, maSin vwerT: 

𝑎 = 𝑏𝑞1 + 𝑟1; 0 < 𝑟1 < 𝑏. 

Tu 𝑏 iyofa 𝑟1_ze unaSTod, maSin: 

u.s.g. 𝑏; 𝑟1 = 𝑟1 da maSin: u.s.g. 𝑎; 𝑏 =u.s.g. 𝑏; 𝑟1 = 𝑟1. 

xolo Tu ara maSin: 

 𝑏 = 𝑟1𝑞2 + 𝑟2 , 0 < 𝑟2 < 𝑟1(anu 𝑎-s Caenacvleba 𝑏; 𝑏-s Caenacvleba 𝑟1). 

am process vagrZelebT sanam gayofa unaSTod ar Sesruldeba. 

Tu 𝑟𝑛 ukanaskneli aranulovani naSTia, maSin: 

𝑟𝑛 =u.s.g.(𝑎; 𝑏). 

mag.1): vipovoT u.s.g.(248;64). 

248 = 64 ∙ 3 + 56 

64 = 56 ∙ 1 + 8 

56 = 8 ∙ 7 

maSasadame:     8=u.s.g.(248;64).  

mag.2): vipovoT u.s.g.(123;14). 

123 14 
112 8 

14  11 
11  1 

11 3 
9  3 

3  2 
2  1 

2  1 
2  2 
0 

  

ukanaskneli aranulovani naSTi=1. 

e.i. u.s.g.(123;14)=1. Sesabamisad es 

ricxvebi urTirTmartivi ricxvebia. 



mag3): vipovoT u.s.g.(72;92). 

92 72 

72  1 

72 20 

60 3 

20 12 

12 1 

12 8 

8  1 

8  4 

8  2 

0 

evklides algoriTmi SeiZleba bloksqemiT warmovadginoT: 

𝒆_dasawyisia 

u.s.g= 𝑟._bolo. 

meore blokSi 𝑎_s 𝑏_ze 

gayofisas naSTis povnaa. 

mesame blokSi 𝑎 ∶= 𝑏 da 

𝑏 ∶= 𝑟 niSnavs, rom 𝑎_s 

eniWeba 𝑏_s mniSvneloba 

da 𝑏_s eniWeba 𝑟_is 

mniSvneloba da Semdeg 

ukve vpoulobT 𝑏_s 𝑟_ze 

gayofiT miRebul naSTs. 

manam, sanam ar gveqneba  

"𝑟 = 0", cikli meordeba. 

naturalur ricxvebTan erTad skolaSi gavecaniT nuls da dadebiT 

racionalur ricxvebs: 
1

2
 ,

17

5
 ,

2

5
 , … maTi saWiroeba, metwilad, gazomvebis 

amocanebma dagvanaxa. naturaluri ricxvebic SeiZleba Caiweros wiladebis 

saxiT: 1 =
1

1
 , 5 =

5

1
 . 

ukanaskneli aranulovani naSTi=4. 

e.i. u.s.g.(92;72)=4.  

ara 

k
i
 

𝒆 

𝒂, 𝒃 

vip.𝒓. 

𝑟 = 0 

u.s.g.=𝑟. 

𝑎 ∶= 𝑏 

𝑏 ∶= 𝑟 



gavixsenoT dadebiTi racionaluri ricxvebis Cawera aTwiladebis saxiT 

(sasruli an usasrulo). magaliTad: 
1

2
= 0,5 ; 

1

3
= 0,333… = 0, (3) _usasrulo 

perioduli aTwiladi, periodia 3 . 

Semdeg daviwyeT mTeli uaryofiTi ricxvebisa da uaryofiTi racionaluri 

ricxvebis Seswavla. 

mteli dadebiTi ricxvebi (naturaluri ricxvebi), mTeli uaryofiTi 

ricxvebi da nuli qmnis mTel ricxvTa ℤ simravles. naturalur ricxvTa ℕ 

simravle ℤ simravlis qvesimravlea. 

 ℤ simravleSi gvaqvs ori operacia _Sekreba da gamravleba, Tumca, 

Sekrebas aqvs damatebiTi Tviseba, rac kargad Cans Semdeg CamonaTvalSi: 

   Sekreba:   gamravleba: 

1. 𝑎 + 𝑏 = 𝑏 + 𝑎 (komutaciuroba)           𝑎𝑏 = 𝑏𝑎 (komutaciuroba) 

2. 𝑎 +  𝑏 + 𝑐 =  𝑎 + 𝑏 + 𝑐(asociaciuroba)    𝑎 𝑏𝑐 =  𝑎𝑏 𝑐 (asociaciuroba) 

3. 𝑎 + 0 = 𝑎 (0_Sekrebis neitraluri elementi) 𝑎 ∙ 1 = 𝑎(1_gamravlebis neitraluri elementi) 

4. 𝑎 +  −𝑎 = 0                            𝑎 ∙ 𝑎−1 = 1 ; roca 𝑎 ≠ 1 

5. 𝑎 + 𝑥 = 𝑏 maSin 𝑥 = 𝑏 − 𝑎 (𝑥 ucnobia)     𝑎𝑥 = 𝑏  maSin  𝑥 =
𝑏

𝑎
  ; roca 𝑎 ≠ 0(𝑥 

ucnobia) 

 𝑎 ricxvis gayofa nulisagan gansxvavebul 𝑏 ricxvze: 

𝑎

𝑏
= 𝑎 ∙

1

𝑏
  

yvela monakveTis sigrZe ricxviT rom gamoisaxos, saWiro gaxda 

racionalur ricxvTa ℚ simravlis gafarToeba axali ricxvebiT. 

𝐴𝐵𝐶 marTkuTxa samkuTxedis kaTetebi 𝐴𝐶 = 𝐵𝐶 = 1. 

aseTi samkuTxedis hipotenuzis kvadrati 2-is tolia. 

magram ar arsebobs racionaluri ricxvi, romlis 

kvadrati 2-is tolia. hipotenuzis sigrZe iracionaluri 

ricxviT gamoisaxeba: 𝑥 =  2 . 

usasrulo araperioduli aTwiladi warmoadgens iracionalur ricxvs. 

iracionalur ricxvTa simravle aRiniSneba _ 𝕀 asoTi. 

𝑥 

C 

B 

A 1 

1 



racionalur ricxvTa ℚ simravle da 𝕀 iracionalur ricxvTa simravleebi 

Sedis ufro farTo _namdvil ricxvTa ℝ simravleSi.  ℝ-namdvil ricxvTa 

simravle ℝ = ℚ ∪ 𝕀 . 

ℚ < 𝑅 , maSasadame  2 ∈ ℝ . 

yoveli racionalluri ricxvi usasrulo perioduli aTwiladis saxiT 

Caiwereba, yoveli usasrulo perioduli aTwiladi raRac racionalur ricxvs 

warmoadgens. magram arsebobs araperioduli aTwiladebic, magaliTad: 

0,1010010001… (pirveli erTianis Semdeg erTi nulia, meore erTianis Semdeg ori 

nuli da a.S.). usasrulo araperioduli aTwiladebis saxiT warmogvidgeba 

iracionalur ricxvTa 𝕀 simravle. 

namdvil ricxvTa simravleSi moqmedebebis Tvisebebi: 

komutaciuroba: 𝑎 + 𝑏 = 𝑏 + 𝑎              𝑎𝑏 = 𝑏𝑎  

asociaciuroba: 𝑎 +  𝑏 + 𝑐 =  𝑎 + 𝑏 + 𝑐    𝑎 𝑏𝑐 =  𝑎𝑏 𝑐  

                 𝑎 + 0 = 𝑎                  𝑎 ∙ 1 = 𝑎 

                 𝑎 +  −𝑎 = 0              𝑎 ∙ 𝑎−1 = 1 ; Tu 𝑎 ≠ 1. 

yovelTvis ixsneba gantoleba: 

gantolrba:   𝑎 + 𝑥 = 𝑏     𝑎𝑥 = 𝑏  da 𝑎 ≠ 0 

amoxsna:       𝑥 = 𝑏 − 𝑎 ;   𝑥 =
𝑏

𝑎
  ; 



namdvili ricxvebi ricxviTi wrfis(sakoordinato wrfis) wertilebiT 

gamoisaxeba.  

suraTze racionaluri ricxvebia 

warmodgenili. isini `racionaluri 

wertilebiT~ gamoisaxeba. maT garda gvaqvs 

`iracionaluri wertilebi~ romlebic 

iracionalur ricxvebs gamosaxavs. 

yovel wertils erTaderTi namdvili ricxvi (racionaluri an iracionaluri) 

Seesabameba. 

-1 3 2 1 

5

4
 

1

4
 

0 
𝑥 



gantolebebi da gantolebaTa sistemebi 

wrfivi gantoleba ase Caiwereba: 

𝑎𝑥 = 𝑏 

𝑎 da 𝑏 raime ricxvebia, 𝑥-iT ucnobia aRniSnuli. Tu 𝑎 ≠ 0 , am gantolebas 

aqvs erTaderTi amonaxseni: 

a𝑥 =
𝑏

𝑎
 

Tu 𝑎 = 0 da 𝑏 = 0 maSin gantolebas uamravi amonaxsni aqvs. 

Tu 𝑎 = 0 da 𝑏 ≠ 0 maSin gantolebas ara aqvs amonaxsni. 

gaixseneT meore xarisxis erTucnobiani gantoleba _kvadratuli 

gantoleba da fesvis formulebi. 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 

𝑎 ≠ 0 

wrfivi orucnobiani gantoleba ki ase Caiwereba: 

𝑎𝑥 + 𝑏𝑦 = 𝑐    (1) 

am gantolebis amonaxsni ewodeba ricxvTa wyvils (𝑥0; 𝑦0)_s, romlisTvisac 

𝑎𝑥0 + 𝑏𝑦0 = 𝑐 

Tu ucnobebis koeficientebi 𝑎 da 𝑏 orive nulia da 𝑐 ≠ 0 , gantolebas ara 

aqvs amonaxsni. 

Tu 𝑎 = 0 , 𝑏 = 0 da 𝑐 = 0 gantolebas uamravi amonaxsni aqvs. 

im (𝑥; 𝑦) wyvilTa erTobliobas, romlebic (1)_s akmayofilebs, gantolebis 

grafiki ewodeba. 

Tu 𝑎 an 𝑏 ar aris nuli, maSin gantolebis grafiki sakoordinato 

sibrtyeze gamoisaxeba wrfiT. 

magaliTad: 𝑥 + 𝑦 = 7 , 

sakmarisia ori wertili vipovoT,  

𝑥 = 0, 𝑦 = 7; 

𝑥 = 7, 𝑦 = 0. 

  

𝑥 + 𝑦 = 7 

7 

7 0 



ganvixiloT wrfivi orucnobiani gantolebaTa sistema: 

𝑎1𝑥 + 𝑏1𝑦 = 𝑐1 

𝑎2𝑥 + 𝑏2𝑦 = 𝑐2 

Tu yvela ricxvi 𝑎1 , 𝑏1 , 𝑎2 , 𝑏2 , 𝑐1 , 𝑐2 nolia, maSin sistemas uamravi amonaxsni 

aqvs. 

Tu 𝑎1 = 0, 𝑎2 = 0, 𝑏1 = 0, 𝑏2 = 0 da 𝑐1 an 𝑐2 ≠ 0 , maSin sistemas ar aqvs 

amonaxsni. aseT SemTxvevaSi vityviT rom sistema araTavsebadia. 

vTqvaT 𝑎1 , 𝑎2 , 𝑏1, 𝑏2 ricxvebidan erTi mainc ≠ 0 , vTqvaT 𝑎1 ≠ 0. maSin gvaqvs: 

𝑥 +
𝑏1

𝑎1
𝑦 =

𝑐1

𝑎1
      ∙ (−𝑎2)     −𝑎2𝑥 − 𝑏1

𝑎2

𝑎1
𝑦 = −𝑐1

𝑎2

𝑎1
 

𝑎2𝑥 + 𝑏2𝑦 = 𝑐2            𝑎2𝑥 + 𝑏2𝑦 = 𝑐2    

 

 𝑎2𝑥 + 𝑏2𝑦 = 𝑐2    

  𝑏2 − 𝑏1
𝑎2

𝑎1
 𝑦 = 𝑐2 − 𝑐1

𝑎2

𝑎1
      (1) 

aqedan: 

 𝑦 =
𝑎1𝑐2−𝑎2𝑐1

𝑎1𝑏2−𝑎2𝑏1
         𝑦 =

 
𝑎1 𝑐1
𝑎2 𝑐2

 

 
𝑎2 𝑐2
𝑎1 𝑏2

 
  

CavsvaT pirvel gantolebaSi, miviRebT: 

 𝑥 =
𝑐1𝑏2−𝑐2𝑏1

𝑎1𝑏2−𝑎2𝑏1
        𝑥 =

 
𝑐1 𝑏1
𝑐2 𝑏2

 

 
𝑎1 𝑏1
𝑎2 𝑏2

 
  

e.i. roca 𝑎1𝑏2 − 𝑎2𝑏1 ≠ 0 maSin sistemas erTaderTi amonaxsni aqvs. 

Tu 𝑎1𝑏2 − 𝑎2𝑏1 = 0 da 𝑎1𝑐2 − 𝑎2𝑐1 ≠ 0 maSin (1) _s da maSasadame, sistemas ara 

aqvs amonaxsni. 

Tu 𝑎1𝑐2 − 𝑎2𝑐1 = 0 maSin uamravi amonaxsni aqvs da yoveli (𝑥; 𝑦) ,romelic 

akmayofilebs pirobebs:  

𝑥 =
𝑐2

𝑎2
−

𝑏2

𝑎2
𝑦     (_  𝑦 nebismieria) 

aris sistemis amonaxsni.  



 

vTqvaT, kvlav 𝑎1 ≠ 0 da 𝑏2 − 𝑏1
𝑎2

𝑎1
 , 

aRvniSnoT 
𝑎2

𝑎1
= 𝑘, maSin 𝑎2 = 𝑎1𝑘 da 𝑏2 = 𝑏1𝑘; gveqneba: 

 𝑎1𝑥 + 𝑏1𝑦 = 𝑐1  

 𝑘𝑎1𝑥 + 𝑘𝑏1𝑦 = 𝑐2 

da am sistemas maSin da mxolod maSin aqvs amonaxsni roca 𝑐2 = 𝑘𝑐1 

maSasadame, roca 𝑎1 ≠ 0 , 𝑎1𝑏2 − 𝑎2𝑏1 = 0 , maSin sistemas maSin da mxolod 

maSin aqvs amonaxsni, roca meore miiReba peirvelisgan 𝑘 =
𝑎2

𝑎1
 _ze gamravlebiT. 

samucnobiani wrfivi gantolebaTa sistema 

gantolebaTa sistemis amoxsna gausis meTodiT 

(gamoricxvis meTodiT) 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1 

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏2 

      …    +      …      + ⋯ +  …           =   … 

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + ⋯ + 𝑎𝑚𝑛 𝑥𝑛 = 𝑏𝑚 

mocemul sistemaSi 𝑎11 ≠ 0, winaaRmdeg SemTxvevaSi gadavaadgilebT 

gantolebebs sistemaSi. 

sistemis amonaxsnebia: 

1. (roca bolo miRebuli sistemis matrici `samkuTxedis~ saxisaa) 

sistemas aqvs erTaderTi amonaxsni. 

2. (roca bolo miRebuli sistemis matrici `trapeciis~ saxisaa) 

sistemas aqvs usasrulod bevri amonaxsni. 

3. sistema maSin da mxolod maSinaa araTavsebadi (ar aqvs amonaxsni) Tu 

gamoricxvis romelime safexurze miviRebT: 0𝑥1 + 0𝑥2 + ⋯ + 0𝑥𝑛 = 𝑏 

saxis gantolebas, sadac 𝑏 ≠ 0 . 

sxva SemTxvevas adgili ar eqneba. 



gausis meTodiT amoxsnis safexurebi: 

1). (pirvel gantolebaSi 𝑎11 ≠ 0; winaaRmdeg SemTxvevaSi gadavaadgilebT sistemaSi) 

yovel 𝑖-ur gantolebas(2 ≤ 𝑖 ≤ 𝑚) davumatoT (−
𝑎𝑖1

𝑎11
)-ricxvze gamravlebuli 

pirveli gantoleba, xolo pirveli gantoleba ucvleli davtovoT. miviRebT 

mocemuli sistemis tolfas sistemas, romlis yvela gantolebidan, pirvelis 

garda, gamoricxuli iqneba 𝒙𝟏 ucnobi. 

sistemidan amovagdebT 0𝑥1 + 0𝑥2 + ⋯ + 0𝑥𝑛 = 0  saxis gantolebebs. 

2). Tu miRebul sistemaSi ar gamovlinda araTavsebadoba (0𝑥1 + 0𝑥2 + ⋯ + 0𝑥𝑛 ≠ 0) 

gadavdivarT meore safexurze. 

 𝑎22 ≠ 0; 

miRebul sistemaSi mesame da yovel momdevno gantolebas davumatebT saTanado 

ricxvebze gamravlebul meore gantolebas. meore safexuris damTavrebis Semdeg 

gamoricxuli iqneba 𝒙𝟐 ucnobi. 

 Tu sistema Tavsebadia gadavdivarT momdevno safexurze da vagrZelebT 

process manam, sanam ar miviRebT 2 an 1 ucnobiani gantolebiT daboloebul 

gantolebaTa sistemis matrics. 

 Sedegi: 

1) Tu romelime safexurze araTavsebadoba gamovlinda e.i. sistemas ara 

aqvs amonaxsni. 

2) Tu sistema Tavsebadia da miviRebT `samkuTxedis~ saxis(erTucnobiani 

gantolebiT daboloebul) gantolebaTa sistemis  matrics e.i. sistemas 

aqvs erTaderTi amonaxsni.  

3) Tu miviRebT `trapeciis~ saxis(orucnobiani gantolebiT daboloebul) 

gantolebaTa sistemis matrics e.i. sistemas aqvs uamravi amonaxsni. 

sxva SemTxvevas adgili ar eqneba. 

mag.1) : amovxsnaT gausis meTodiT (gamoricxvis meTodiT): 

𝑥1 + 3𝑥2 + 𝑥3 = −3 (1)  

2𝑥1 + 𝑥2 − 2𝑥3 = 3 (2)   ∙ (−2)  

𝑥1 + 2𝑥2 + 𝑥3 = −2 (3)   ∙ (−1) 

 𝑥1 + 3𝑥2 + 𝑥3 = −3  (1) 

=>    −5𝑥2 − 4𝑥3 = 9   (4) 

 −𝑥2 = 1   (5) 

meore gantolebas vamatebT −
𝑎21

𝑎11
= −2 

ze gamravlebul (1) gsntolebas. 

mesame gantolebas vamatebT −
𝑎31

𝑎11
= −2 

ze gamravlebul (1) gsntolebas. 

miviReT erTucnobiani gantolebiT 

daboloebuli ( `samkuTxedis~ saxis ) matrici. 

e.i. sistemas aqvs erTaderTi amonaxsni. 

 



miviReT erTucnobiani gantolebiT daboloebuli ( `samkuTxedis~ saxis ) 

matrici. e.i. sistemas aqvs erTaderTi amonaxsni. 

(5) –dan: 

𝑥2 = −1;  CavsvaT (4) _Si, gveqneba: 

−5 ∙  −1 − 4𝑥3 = 9 sadac: 𝑥3 =
9−5

−4
= −1; 

𝑥3 = −1;  CavsvaT 𝑥3 da 𝑥2 mniSvnelobebi (1) _Si: 

𝑥1 + 3 ∙  −1 +  −1 = −3; 

𝑥1 = −3 + 4 = 1; 

𝑥1 = 1. 

e.i. sistemis erTaderTi amonaxsnia: (1;-1;-1) 

mag.2) : amovxsnaT gantolebaTa sistema gausis meTodiT: 

  𝑥1 + 𝑥2 − 𝑥3 = 2  

 𝑥1 + 2𝑥2 + 3𝑥3 = 0   -1     => 

2𝑥1 + 3𝑥2 + 2𝑥3 = 1   -2 

𝑥1 + 𝑥2 − 𝑥3 = 2  

𝑥2 + 4𝑥3 = −2              => 

𝑥2 + 4𝑥3 = −3       -1 

𝑥1 + 𝑥2 − 𝑥3 = 2  

𝑥2 + 4𝑥3 = −2  

0𝑥2 + 0𝑥3 = −1  

mag.3) : 

𝑥1 + 𝑥2 − 3𝑥3 + 𝑥4 = 0  

𝑥1 + 𝑥2 + 𝑥3 + 2𝑥4 = 5   -1       => 

𝑥1 + 2𝑥2 − 𝑥3 + 𝑥4 = 3   -1  

_miviReT araTavsebadi sistema, e.i. 

sistemas ara aqvs amonaxsni. 

 



𝑥1 + 𝑥2 − 3𝑥3 + 𝑥4 = 0   (1) 

         4𝑥3 + 𝑥4 = 5   (2) 

         𝑥2 − 3𝑥3 = 3   (3)   

gamovTvaloT (2) _dan 𝑥3 : 

𝑥3 =
5−𝑥4

4
=

5

4
−

1

4
𝑥4 ; 

𝑥3 =
5

4
−

1

4
𝑥4; 

gamovTvaloT (3) _dan 𝑥2: (CavsvaT 𝑥3)  

𝑥2 + 2  
5

4
−

1

4
𝑥2 = 3; 

𝑥2 = 3 −
5

2
+

1

2
𝑥4 =

1

2
+

1

2
𝑥4; 

𝑥2 =
1

2
+

1

2
𝑥4; 

gamoviTvaloT (1) _dan 𝑥1: (CavsvaT 𝑥2 da 𝑥3) 

𝑥1 + 𝑥2 − 3𝑥3 + 𝑥4 = 0; 

𝑥1 +  
1

2
+

1

2
𝑥4 − 3 ∙  

5

4
−

1

4
𝑥4 + 𝑥4 = 0; 

𝑥1 = −
1

2
−

1

2
𝑥4 +

15

4
−

3

4
𝑥4 − 𝑥4 =

13

4
−

9

4
𝑥4; 

𝑥1 =
13

4
−

9

4
𝑥4; 

pasuxi: sistemas aqvs usasrulod bevri amonaxsni. sistemis zogadi 

amonaxsnia: 𝑥1 =
13

4
−

9

4
𝑥4 ;  𝑥2 =

1

2
+

1

2
𝑥4;  𝑥3 =

5

4
−

1

4
𝑥4 ; sadac 𝑥4 nebismieri ricxvia. 

determinantebi 

(meore da mesame rigis) 

 
𝑎11 𝑎12

𝑎21 𝑎22
 = 𝑎11𝑎22 − 𝑎12𝑎21 e.i meore rigis determinanti udris mTavari 

diagonalis (| ⋱ |) elementebis namravlisa da damxmare diagonalis (| ⋰ |) 

elementebis sxvaobas.  

miviReT orucnobiani gantolebiT 

daboloebuli (`trapeciis~ saxis) 

matrici. e.i. sistemas aqvs 

usasrulod bevri amonaxsni. 

 



 

𝑎11

𝑎21

𝑎31

   

𝑎12

𝑎22

𝑎32

   

𝑎13

𝑎23

𝑎33

 = 𝑎11𝑎22𝑎33 + 𝑎12𝑎23𝑎31 + 𝑎13𝑎21𝑎32 − 𝑎13𝑎22𝑎31 − 𝑎11𝑎23𝑎32 − 𝑎12𝑎21𝑎33 

samkuTxedebis meTodi (wesi). 

sqematurad: 

 

mesame rigis determinantebis gamosaTvlelad samkuTxedebis wesis 

garda SeiZleba agreTve visargebloT sxva xerxiT, romelsac qvia 

sarusis wesi: 

varianti 1)  determinantebs marjvniv mivuweroT misive pirveli ori 

sveti: 

𝑎11

𝑎21

𝑎31

  

𝑎12

𝑎22

𝑎32

  

𝑎13

𝑎23

𝑎33

  

𝑎11

𝑎21

𝑎31

  

𝑎12

𝑎22

𝑎32

  

(+) –niSniT aRniSnul xazebze mdebare elementebis namravlebi aviRoT (+) 

niSniT xolo (_) niSniT aRniSnul xazebze mdebare elementebis namravlebi ki 

(_) niSniT. 
varianti 2). am SemTxvevaSi mesame rigis determinants qveS mivuweroT misive 

pirveli ori sveti: 

 
 

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

 
   



gantolebaTa sistemis amoxsna 

krameris formulebiT 

𝑛 _ucnobian 𝑛 _wrfiv gantolebaTa sistemis amoxsnis matriculi Cawera. 

krameris Teorema: 

ganvixiloT wrfiv gantolebaTa sistema, romelSic gantolebaTa ricxvi da 

ucnobTa ricxvi erTmaneTis tolia: 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1 

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏1 

  ⋯          ⋯              ⋯           ⋯        ⋯ 

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑛 𝑥𝑛 = 𝑏𝑛 

vTqvaT am sistemis matrici 𝐴 =  𝑎𝑖𝑗  𝑛
 gadaugvarebelia. mocemuli 

sistemidan Caweril 𝐴 matriculi gantolebis orive mxares marcxnidan 

gavamravlebT  𝐴 matricis Sebrunebul 𝐴−1 matricze, miviRebT: 𝑥 = 𝐴−1𝐵, rac 

gvaZlevs am sistemis amoxsnis matricul Canawers. 

𝑥 = 𝐴−1𝐵 tolobiT SeiZleba damtkicdes krameris Teorema: 

Tu sistemis determinanti: 

∆=  

𝑎11
𝑎21

⋯
𝑎𝑛1

   

𝑎12
𝑎22

⋯
𝑎𝑛2

   

⋯
⋯
⋯
⋯

   

𝑎1𝑛
𝑎2𝑛

⋯
𝑎𝑛𝑛

   

gansxvavebulia nulisagan, maSin sistemas aqvs erTaderTi amonaxsni, 

romelic gamoiTvleba formulebiT:  

sadac ∆𝑖 aris sistemis e.w. damxmare determinanti. romelic miiReba sistemis 

determinantisagan, Tu masSi 𝑖-ur svets SevcvliT 𝐵 svetiT.  (𝑖 = 1,2, … , 𝑛):   

𝑥1 =
∆1

∆
;    𝑥2 =

∆2

∆
;    𝑥3 =

∆1

∆
. 



∆1=  

𝑏1

𝑏2

⋯
𝑏𝑛

   

𝑎12
𝑎22

⋯
𝑎𝑛2

   

⋯
⋯
⋯
⋯

   

𝑎1𝑛
𝑎2𝑛

⋯
𝑎𝑛𝑛

  ; 

∆2=  

𝑎11
𝑎21

⋯
𝑎𝑛1

   

𝑏1

𝑏2

⋯
𝑏𝑛

   

⋯
⋯
⋯
⋯

   

𝑎1𝑛
𝑎2𝑛

⋯
𝑎𝑛𝑛

  ;    ⋯   ; 

∆𝑛=  

𝑎11
𝑎21

⋯
𝑎𝑛1

   

𝑎12
𝑎22

⋯
𝑎𝑛2

   

⋯
⋯
⋯
⋯

   

𝑏1

𝑏2

⋯
𝑏𝑛

  . 

mag.1): amovxsnaT gantolebaTa sistema krameris formulebiT: 

4𝑥 + 3𝑦 = 7  

2𝑥 + 4𝑦 = 5  

∆=  
4 3
2 4

 = 16 − 6 = 10  

∆1=  
7 3
5 4

 = 28 − 15 = 13  

∆2=  
4 7
2 5

 = 20 − 14 = 6  

𝑥 =
∆1

∆
=

13

10
 ; 

𝑦 =
∆2

∆
=

6

10
=

3

5
 ; 

pasuxi:  
13

10
;

3

5
 .  

mag.2): amovxsnaT gantolebaTa sistema krameris formulebiT: 

𝑥 + 2𝑦 − 𝑧 = 0  

2𝑥 + 𝑧 = 1  

𝑦 + 2𝑧 = 3   



∆=  
1 2 −1
2 0 1
0 1 2

 = 0 + 0 +  −2 − 0 − 8 − 1 = −11  

∆1=  
0 2 −1
1 0 1
3 1 2

 = 0 + 6 − 1 − 0 − 0 − 4 = 1  

∆2=  
1 0 −1
2 1 1
0 3 2

 = 2 +  −6 + 0 − 0 − 0 − 3 = −7  

∆3  
1 2 0
2 0 1
0 1 3

 = 0 + 0 + 0 − 0 − 12 − 1 = −13  

𝑥 =
∆1

∆
= −

1

11
  ;    𝑦 =

∆2

∆
=

−7

−11
=

7

11
    ;     𝑧 =

∆3

∆
=

−13

−11
=

13

11
  .   

pasuxi: sistemis amonaxsnia  −
1

11
 ;  

7

11
 ;  

13

11
  . 

 

 



dasabuTebis xerxebi 

yovel debulebaSi, romelsac vasabuTebT, SeiZleba gamovyoT piroba, 

daskvna da aRweriTi nawili. am ukanasknelSi (romelic SeiZleba 

gamocalkevebulic iyos) SeiZleba aRwerili iyos obieqtebi, romelTa 

Tvisebebsac vasabuTebT. 

Tumca, debuleba, romelsac vasabuTebT, SeiZleba mokled asec CavweroT: 

𝒑 => 𝑞. vcdilobT, rom 𝑝_s WeSmaritebidan miviRoT 𝑞_s WeSmariteba, rac 

niSnavs imas, rom 𝑝_dan gamomdinareobs 𝑞, es Canaweri mokled SeiZleba asec 

CavweroT: `Tu 𝑝 , maSin 𝑞 ~. 

arsebobs debulebis damtkicebis pirdapiri xerxi, roca vaxerxebT avagoT 

dasabuTebaTa jaWvi, romlis yvela rgoli iqneba `𝑞~.  magaliTad: 

vasabuTebT: 𝑝 => 𝑟 , 𝑟 => 𝑠 , 𝑠 => 𝑔 , maSin gveqneba: 𝑝 => 𝑞. 

Tumca, arsebobs debulebis dasabuTebis arapirdapiri xerxic, debulebis 

dasabuTeba sawinaaRmdegos daSvebis meTodiT:  vuSvebT, rom dasasabuTebeli 

𝑞_debuleba mcdaria. Tu aseTi daSvebidan msjelobiT mivalT pirobis 

uaryofamde, maSin davaskvniT, rom Cveni daSveba mcdaria, anu 𝑞_debuleba 

WeSmaritia. zogjer amboben: sawinaaRmdegos daSvebam absurdamde migviyvana. 

magaliTad: davamtkicoT sawinaaRmdegos daSvebis meTodiT, rom ar 

arsebobs racionaluri ricxvi, romlis kvadratic oris tolia. 

davuSvaT sawinaaRmdego _vTqvaT, arsebobs racionaluri ricxvi, romlis 

kvadrati 2_is tolia, es racionaluri ricxvi SeiZleba  ukveci wiladis saxiT 

warmovadginoT: 
𝑚

𝑛
 ; maSasadame, 

 
𝑚

𝑛
 

2

= 2; aqedan: 𝑚2 = 2𝑛2, 

amrigad, 𝑚2 luwi ricxvia, maSin 𝑚 ricxvic luwia, 𝑚 = 2𝑚1 , anu: 

4𝑚2 = 2𝑛2 , 𝑛2 = 2𝑚1
2 . 

e.i. 𝑛2 luwia, maSin  𝑛 ricxvic luwia. 𝑛 = 2𝑛1, amrigad, 
𝑚

𝑛
=

2𝑚1

2𝑛1
 _miviReT 

winaaRmdegoba: 
𝑚

𝑛
 ar aris ukveci wiladi. e.i. Cveni daSveba mcdaria da ar 

arsebobs racionaluri ricxvi romlis kvadratic oris tolia. 

zogjer, debulebis  dasabuTebisas, gamoiyeneba intuiciuri msjeloba 

_kerZo magaliTebis ganxilvis safuZvelze keTdeba zogadi daskvna. WeSmaritia 

Tu ara ase miRebuli daskvna? Tu ganxiluli magaliTebi yvela SesaZlo 

SemTxvevas ar moicaven, maSin ase miRebuli daskvna mxolod varaudi (hipoTeza) 

SeiZleba iyos. 



roca zogadi daskvna kerZo (ara yvela)  SemTxvevebis ganxilvis 

safuZvelze keTdeba _aseT meTods arasruli induqcia ewodeba. arasruli 

induqciiT miRebuli daskvna SeiZleba ar iyos WeSmariti. 

msjelobis meTods, roca daskvna yvela SesaZlo SemTxvevis safuZvelze 

keTdeba, sruli induqcia ewodeba. am meTodiT miRebuli daskvna WeSmaritia. 

axla SevexoT debulebis damtkicebis meTods, romelsac maTematikuri 

induqciis meTodi ewodeba. 

vTqvaT, dasamtkicebeli gvaqvs debuleba, romelic Seicavs 𝑛 naturalur 

ricxvs, aRvniSnoT igi 𝑝 𝑛 ⋯ , amasTanave, vTqvaT SemowmebiT dadginda: 

1). 𝑝 𝑛  WeSmaritia, roca 𝑛 = 1. 

2). im varaudiT, rom 𝑝 𝑘  WeSmaritia, mtkicdeba 𝑝(𝑘 + 1)_is WeSmaritebac. 

maSin 𝑝 𝑛  WeSmaritia nebismieri 𝑛 _isTvis. 

magaliTi: davamtkicoT rom 1 + 2 + 3 + ⋯+ 𝑛 =
𝑛 𝑛+1 

2
. 

1). SevamowmoT 𝑛 = 1_saTvis: roca 𝑛 = 1, gvaqvs 1 =
1 1+1 

2
= 1_WeSmaritia. 

2). (induqciis daSveba) vTqvaT, 1 + 2 + 3 + ⋯+ 𝑘 =
𝑘 𝑘+1 

2
;  maSin: 

 1 + 2 + ⋯+ 𝑘 +  𝑘 + 1 =
𝑘 𝑘+1 

2
+  𝑘 + 1 =

𝑘 𝑘+1 +2(𝑘+1)

2
=

 𝑘+1  𝑘+2 

2
. 

maSasadame, toloba 1 + 2 + 3 + ⋯+ 𝑛 =
𝑛 𝑛+1 

2
 sworia maSinac, roca 𝑛 = 𝑘 +

1. analogiurad SeiZleba damtkicdes, rom: 13 + 23 + ⋯+ 𝑛3 =  
𝑛 𝑛+1 

2
 

2

 . 

davamtkicoT maTematikuri induqciis meTodiT bernulis utoloba: 

Tu 𝒽 < −1, maSin  1 + 𝒽 𝑛 ≥ 1 + 𝑛𝓀. 

1). SevamowmoT roca 𝑛 = 1 

1 + 𝓀 ≥ 1 + 𝓀 sworia. 

2). davuSvaT, WeSmaritia:  1 + 𝒽 𝑘 ≥ 1 + 𝑘𝓀, maSin: 

 1 + 𝒽 𝑘+1 =  1 + 𝒽 𝑘 1 + 𝒽 ≥  1 + 𝑘𝒽  1 + 𝒽 = 1 +  𝑘 + 1 𝒽 + 𝑘𝒽2; 

radgan 𝑘𝓀2 ≥ 0 amitom: 

 1 + 𝒽 𝑘+1 ≥ 1 +  𝑘 + 1 𝒽   



kombinatorika 

kombinatorika aris maTematikis nawili, romelic Seiswavlis sasruli 

simravlis elementebisgan sxvadasxva kombinaciis Sedgenisa da am kombinaciebis 

raodenobis dadgenasTan dakavSirebul sakiTxebs. 

kombinatorikis erTerTi mniSvnelovani wesi aris gamravlebis wesi. vTqvaT, 

saWiroa Tanmimdevrulad, erTmaneTis miyolebiT 𝑘 moqmedebis Catareba, 

(elementebis SerCeva). Tu pirveli moqmedebis Sesruleba SeiZleba 𝑛1 sxvadasxva 

gziT, meore moqmedebis Sesruleba SeiZleba  𝑛2 gziT, . . . , 𝑘_uri moqmedebis 

Sesruleba SeiZleba 𝑛𝑘 gziT, maSin yvela 𝑘 moqmedeba erTad SeiZleba 

SevasruloT 𝑛1 ∙ 𝑛2 ∙ 𝑛3 ∙, ⋯ ,∙ 𝑛𝑘 gziT. 

magaliTi 1).  

Tu 𝐴_dan 𝐵_mde gzis SerCeva 

SeiZleba 3 sxvadasxva xerxiT, 𝐵_dan 

𝐶_mde ki 4 sxvadasxva xerxiT, maSin 

erTdroulad 𝐴_dan 𝐵_mde da 𝐵_dan 

𝐶_mde gzis SerCevaTa ricxvi, anu 𝐴_dan 

𝐶_mde Casvlis SesaZleblobaTa ricxvi iqneba 3 ∙ 4 = 12 . 

magaliTi 2). ramdeni iseTi orniSna ricxvi SeiZleba SevadginoT romelSic 

gamoyenebuli iqneba mxolod cifrebi: 1, 3, 5 ? (cifrebis gameoreba SeiZleba). 

pirveli cifris SerCevaTa ricxvia 3. 

meoris ---------------------------------------------- 3. 

sul -------------------------------------------------- 3 ∙ 3 = 9. 

xolo Tu cifrebis gameobeba ar SeiZleba maSin gveqneba: 3 ∙ 2 = 6 ricxvi. 

vTqvaT gvaqvs 𝑛_elementiani simravle. am simravlis elementebis nebismier 

dalagebas 𝒏_elementiani gadanacvleba ewodeba.  

magaliTad:  

vTqvaT gvaqvs 3_elementiani simravle: 𝐴 = {1; 2; 3}. 

am simravlis elementebis dalagebebi iqneba: 1,2,3;  1,3,2;  2,1,3;  2,3,1;  3,1,2;  3,2,1.  

C 

B 

𝐴 



𝑛_elementian gadanacvlebaTa ricxvi aRvniSnoT 𝑃𝑛_iT. 

maSin: 

𝑃𝑛 = 1 ∙ 2 ∙ 3 ∙,⋯ ,∙ 𝑛  

rac asec Caiwereba: 

𝑃𝑛 = 𝑛!       𝑛! = 1 ∙ 2 ∙ 3 ∙, ⋯ ,∙ 𝑛     

damtkiceba: 𝑛_elementiani gadanacvlebis Sedgenisas pirvel adgilZe 

SeiZleba iyos nebismieri elementi 𝑛 elementidan. meore adgilze nebismieri 

elementi danarCeni 𝑛 − 1 elementidan, anu gvaqvs SerCevis 𝑛 − 1 SesaZlebloba 

da a.S. 

amitom 

𝑃𝑛 = 𝑛 𝑛 − 1 ∙,⋯ .∙ 2 ∙ 1 . 

 

 

წყობა 

_elementiani wyoba _elementisgan ewodeba _elementiani simravlis 

_elementian dalagebul qvesimravles. 

magaliTad: vTqvaT, gvaqvs samelementiani simravle: 

. 

SevadginoT orelementiani wyoba: 

(1,2), (2,1), (1,3), (3,1), (2,3), (3,2). 

sul gvaqvs 6 orelementiani wyoba. 

_elementian wyobaTa ricxvi Sedgenili  elementisgan aRiniSneba ase: 

 

rogorc zemoT vnaxeT:   

vipovoT , aq pirvel adgilze elementis SerCevaTa ricxvi aris , 

meore adgilze ki  da a.S.  მე- -ე   adgilze ki . 

amitom: 

 



es formula asec Caiwereba:a 

  

ჯუფთება 

_elementiani jufdeba _elementიდან ewodeba _elementiani 

simravlis nebismier qvesimravles. maTi raodenoba ase aRiniSneba: 

  

ვთქვათ gvaqvs  _elementiani  ჯუფთება n  ელემენტიდან m

nC . Tu TiToeul 

ჯუფთებაში  movaxdenT  raodenobis gadanacvlebebs, miviRebT yvela წყობას, e.i. 
m

n

m

n AmC  ! . 

საიდანაც        
!m

A
C

m

nm

n   

anu:   

 

 

 wyobaTa ricxvis formulebi: 

1.  ; 

2.  ; 

3.  

aq SevTanxmdeT: , e.i.  da . 

 მე-3  formula SeiZleba asec wavikiTxoT: _elementiani simravlis 

qvesimravleebis raodenoba aris . igi SeiZleba sxvadasxva xerxiT 

davamtkicoT, magaliTad maTematikuri induqciis meTodiT: 

Tu , erTelementian simravles ori qvesimravle aqvs, carieli 

simravle da TviT es simravle, . 

e.i.  _is dros es WeSmaritia. 

 



vTqvaT, _elementian simravles aqvs  qvesimravle (Cveni daSvebiT), 

yvela es qvesimravle aris _elementiani simravlis qvesimravlec. kidev 

erTi imdeni qvesimravle miiReba, Tu TiToeuls davamatebT _e elements, 

sul: . 

Teorema damtkicebulia. 

meore Tvisebis mixedviT aigeba paskalis samkuTxedi, striqonebSi gvaqvs: 

 nulovan striqonSi _ 1; 

 pirvel striqonSi _  da ; 

 meore striqonSi _ ; 

 mesame striqonSi _ ; 

და ა.შ. 

axla davamtkicoT niutonis binomis formula: 

(𝑎 + 𝑏)𝑛 = 𝐶𝑛
0𝑎𝑛 + 𝐶𝑛

1𝑎𝑛−1𝑏 + ⋯+ 𝐶𝑛
𝑛𝑏𝑛 

viyenebT maTematikuri induqciis meTods: 

1) n=1, ფორმულა ჭეშმარიტია 

2) n=k, ვთქვათ,  

(𝑎 + 𝑏)𝑘 = 𝐶𝑘
0𝑎𝑘 + 𝐶𝑘

1𝑎𝑘−1𝑏 + ⋯+ 𝐶𝑘
𝑘𝑏𝑘 

gaviTvaliswinoT, rom: 

,  ,   

,   

maSin jufTebaTa ricxvis  meore formulis gamoyenebiT, miviRebT: 

. 

maSasadame, Teorema WeSmaritia _sTvis, maSasadame is WeSmaritia 

nebismieri xarisxis maCveneblisaTvis. 

niutonis binomis formulaSi  Sesakrebia, _e Sesakrebi SeiZleba 

ase CavweroT: 

 

 

 



koordinatebi wrfeze 

wrfeze virCevT aTvlis sawyiss (raime 0 wertils), samasStabo erTeuls (𝑢 

monakveTs) da mimarTulebas, romelic dadebiTad CaiTvleba. 

suraTze dadebiTi 

mimarTuleba isriTaa naCvenebi. am 

wrfes vuwodoT sakoordinato 

wrfe. (SeiZleba vixmaroT 

terminebi: `ricxviTi RerZi~, 

`ricxviTi wrfe~). 

wertilis koordinati aris arCeuli masStabis erTeulebSi manZili aTvlis 

sawyisidan, aRebuli plius an minus niSniT, imisda mixedviT, es wertili 

sawyisidan dadebiTi mimarTulebiT mdebareobs Tu ara. aTvlis sawyiss 

koordinatTa saTavesac vuwodebT. 

koordinatTa saTavis koordinati nulis tolia. 

ixmareba aRniSvnebi: 𝑀(−7) , 𝐴(𝑥) , da a.S. 𝑀(−7) aRniSnavs 𝑀 wertils, 

romlis koordinatia -7, 𝐴 𝑥  

aRniSnavs 𝐴 wertils, romlis 

koordinatia 𝑥. 

𝑥 ricxvis moduli, (absoluturi sidide) ewodeba manZils 𝐴(𝑥) wertilidan 

koordinatTa saTavemde da ase aRiniSneba:  𝑥 . 

 𝑥 = 𝑥 ;   Tu 𝑥 ≥ 0; 

 𝑥 = −𝑥 ;  Tu 𝑥 < 0. 

magaliTad:  −3 = 3. 

vTqvaT mocemulia 

sakoordinato wfeze wertilebi: 

𝐴 𝑥1  da 𝐵 𝑥2 , maSin maT Soris 

manZili 𝜚 ase gamoiTvleba: 

𝜚 𝐴; 𝐵 =  𝑥2 − 𝑥1 . 

magaliTad: 𝐴(−7) da 

𝐵(−1). maT Soris manZilia: 

𝜚 𝐴; 𝐵 =  −7 − (−1) = 6 . 

  

1 𝑢 0 

𝑀(−7) 0 

𝐵(𝑥2) 𝐴(𝑥1) 0 

𝐵(−1) 𝐴(−7) 0 



koordinatebi sibrtyeze 

gavataroT sibrtyeze ori urTierTmarTobuli RerZi. erT-erTs am 

RerZebidan vuwodoT abscisaTa RerZi (an 𝑥 RerZi, an 𝑜𝑥 RerZi). meores 

ordinatTa RerZi (an 𝑦 RerZi, an 𝑜𝑦 RerZi). 

RerZebis mimarTulebebs ise virCevT, rom 

saaTis isris sawinaaRmdego mimarTulebiT 

90𝑜  _iT mobrunebisas, 𝑜𝑥 RerZis dadebiTi 

naxevarRerZi SeuTavsdes 𝑜𝑦 RerZis dadebiT 

naxevarRerZs. 

RerZebis gadakveTis wertils koordinatTa 

saTave ewodeba da is 𝑜 wertiliT aRiniSneba. is 

warmoadgens aTvlis sawyiss orive RerZisaTvis. 

samasStabo erTeulebi am RerZebisaTvis, rogorc wesi, erTidaigivea. 

vTqvaT 𝑀 wertili sibrtyis nebismieri wertilia. am wertilidan davuSvaT 

marTobebi 𝑜𝑥 da 𝑜𝑦 RerZebze. 𝑀1 da 𝑀2 aris am marTobebis RerZebTan 

gadakveTis wertilebi. _ 𝑀1 da 𝑀2 wertilebs 

ewodeba 𝑀 wertilis gegmilebi koordinatTa 

RerZebze. 

𝑀1 wertili 𝑜𝑥 RerZze mdebareobs. amitom 

mas Seesabameba garkveuli 𝑥 ricxvi _misi 

koordinati am RerZze. zustad aseve, 𝑀2 

wertils Seesabameba garkveuli 𝑦 ricxvi _am 

wertilis koordinati 𝑜𝑦 RerZze. 

amrigad, sibrtyis yovel 𝑀 wertils Seesabameba ori, 𝑥 da 𝑦 ricxvi, 

romlebsac 𝑀 wertilis dekartes marTkuTxa koordinatebi ewodeba. 𝑥 ricxvs 

ewodeba 𝑀 wertilis abscisa, 𝑦 ricxvs _am wertilis ordinati. 

nebismier or ricxvs (𝑥 da 𝑦-s) Seesabameba sibrtyis garkveuli wertili, 

romlisTvisac, 𝑥 abscisaa da 𝑦 ki _ordinati. damyarebulia urTierTcalsaxa 

Sesabamisoba sibrtyis wertilebsa da garkveuli TanamimdevrobiT aRebul 𝑥 da 

𝑦 ricxvTa wyvilebs Soris. 

maSasadame, 𝑀 wertilis marTkuTxa koordinatebi sibrtyeze, am wertilis 

gegmilebis koordinatebia. 

𝑀 wertilis koordinatebi ase Caiwereba: 𝑀 𝑥, 𝑦 . xSirad imis nacvlad, rom 

Tqvan: `wertilis koordinatebia (3,-8)~, amboben mokled: `wertili (3,-8)~. 

  

𝑦 

𝑥 

90𝑜  

𝑜 

M 

𝑀1 

𝑀2 

𝑦 

𝑥 𝑜 



𝐴 𝑥1 , 𝑦1  

𝐵(𝑥2 , 𝑦2) 

𝑦 

𝑥 𝑜 

𝑀 𝑥; 𝑦  

𝐴 𝑥1 , 𝑦1  

𝐵(𝑥2 , 𝑦2) 𝑦 

𝑥 𝑜 

koordinatTa RerZebi sibrtyes oTx meoTxedad 

hyofs. pirvel meoTxedad iTvleba meoTxedi 𝑜𝑥 da 𝑜𝑦 

RerZebis dadebiT naxevarRerZebs Soris. Semdegi 

numeracia mimdinareobs saaTis isris sawinaaRmdego 

mimarTulebiT. 

manZili or wertils Soris sibrtyeze  

jer ganvixiloT kerZo SemTxveva, vipovoT 

manZili koordinatTa saTavidan 𝑀 𝑥, 𝑦  

wertilamde. cxadia 𝑀1 𝑥  da 𝑀2 𝑦  

wertilebidan saTavemde manZilia |𝑥| da |𝑦|_ia. 

piTagoras Teoremis Tanaxmad, 𝜚 𝑂, 𝑀 = 𝑥2 + 𝑦2 

(manZili 𝑂 wertilidan(saTavidan) 𝑀 wertilamde 

aRvniSneT 𝜚 𝑂, 𝑀 _iT). 

vipovoT 𝐴 𝑥1, 𝑦1  da 𝐵(𝑥2, 𝑦2) 
wertilebs Soris manZili. suraTis 

mixeviT: 

𝝔 𝑨;𝑩 =   𝒙𝟐 − 𝒙𝟏 𝟐 +  𝒚𝟐 − 𝒚𝟏 𝟐 , es 

aris 𝐴 da 𝐵 wertilebs Soris 

manZilis formula. 

monakveTis gayofa mocemuli fardobiT 

vityviT, rom 𝑀 wertili hyofs 𝐴𝐵 

monakveTs 𝜆 fardobiT, Tu 
𝐴𝑀

𝑀𝐵
= 𝜆 . 

suraTze warmodgenil SemTxvevaSi 

gvaqvs: 

  

M 

𝑀1 

𝑀2 

𝑦 

𝑥 𝑜 



𝐴𝑀

𝑀𝐵
=

𝑥−𝑥1

𝑥2−𝑥
       

𝑥−𝑥1

𝑥2−𝑥
= 𝜆       𝑥 − 𝑥1 = 𝜆 𝑥2 − 𝑥  

𝐴𝑀

𝑀𝐵
=

𝑦−𝑦1

𝑦2−𝑦
       

𝑦−𝑦1

𝑦2−𝑦
= 𝜆       𝑦 − 𝑦1 = 𝜆 𝑦2 − 𝑦  

𝑥 + 𝜆𝑥 = 𝑥1 + 𝜆𝑥2       𝑥 =
𝑥1+𝜆𝑥2

1+𝜆
  

𝑦 + 𝜆𝑦 = 𝑦1 + 𝜆𝑦2       𝑦 =
𝑦1+𝜆𝑦2

1+𝜆
  

Tu 𝜆 = 1, miviRebT monakveTis Suaze gayofis formulebs: 

𝑥 =
𝑥1+𝑥2

2
 ; 𝑦 =

𝑦1+𝑦2

2
 

es formulebi WeSmaritia wertilebis nebismieri mdebareobisaTvis. 

wertilis koordinatebi sivrceSi 

sivrceSi unda aviRoT sami sakoordinato RerZi: 𝑥 RerZi _ abscisaTa 

RerZi, 𝑦 RerZi _ordinatTa RerZi da 𝑧 RerZi _aplikatTa RerZi. maT sivrcis 

erTidaimave 𝑜 wertilze erTmaneTis 

marTobulad vatarebT. amasTanave, RerZebis 

mimarTulebebs ase varCevT: Tu 𝑥𝑦 sibrtyes 𝑧 

RerZis dadebiTi naxevarRerZidan SvxedavT, 

maSin 𝑥 dadebiTi naxevarRerZis 𝑦 

naxevarRerZTan SesaTavseblad saWiroa 

pirvelis 90𝑜_iT mobruneba (saaTis isris 

sawinaaRmdego mimarTulebiT). 

axla koordinatTa sibrtyeebi 

ganvixiloT: 

𝑥𝑦 sibrtye _gadis 𝑥 da 𝑦 RerZebze da aris (𝑥, 𝑦, 0) saxis wertilTa 

simravle(𝑥 da 𝑦 nebismieri ricxvebia). 

𝑥𝑧 sibrtye _gadis 𝑥 da 𝑦 RerZebze da aris (𝑥, 0, 𝑧) saxis wertilTa 

simravle(𝑥 da 𝑧 nebismieri ricxvebia). 

𝑦𝑧 sibrtye, romelic 𝑦 da 𝑧 RerZebze gadis, aris  0, 𝑦, 𝑧  saxis wertilTa 

simravle (𝑦 da 𝑧 nebismieri ricxvebia). 

monakveTis 

 𝝀 fardobiT gayofis 

formulebi 

z 

y o 

x 



sivrcis yoveli 𝑀 wertilisaTvis moiZebneba iseTi sami 𝑥, 𝑦  da 𝑧, 

romlebic am wertilis koordinatebia. 

imisTvis, rom vipovoT 𝑥 ricxvi, 𝑀 wertilze gavataroT 𝑦𝑧 sibrtyis 

paraleluri sibrtye, am sibrtyes 𝑜𝑥 RerZTan aqvs gadakveTis 𝑀1 wertili, am 

𝑀1 wertils 𝑜𝑥 RerZze aqvs 𝑥 koordinati. swored 

am ricxvs ewodeba 𝑀 wertilis koordinati 𝑥 

RerZze _𝑀 wertilis abscisa. 

meore koordinatis sapovnelad 𝑀 wertilze 

unda gavataroT 𝑥𝑧 sibrtyis paraleluri sibrtye, 

romelic 𝑦 RerZis marTobulia da kveTs mas 𝑀2 

wertilSi. am 𝑀2 wertilis 𝑦 koordinats ewodeba 

𝑀 wertilis ordinati. Semdeg gavavlebT 𝑥𝑦 

sibrtyis paralelur sibrtyes, romelic kveTs 𝑧 

RerZs 𝑀3 wertilSi. 𝑀3_is koordinati aris 𝑀 wertilis aplikata. 

amrigad, sivrcis yovel 𝑀 wertils Seesabameba ricxvTa sameuli  𝑥, 𝑦, 𝑧 , 

𝑥_abscisa, 𝑦_ordinati da 𝑧_aplikata. 

Tu mocemulia ricxvTa sameuli  𝑥, 𝑦, 𝑧 , maSin mas Seesabameba erTaderTi 𝑀 

wertili, romlis koordinatebia 𝑥, 𝑦 da 𝑧. 

amrigad damyarebulia urTierTcalsaxa Sesabamisoba sivrcis wertilebsa 

da ricxvTa sameulebs Soris. 

yvela is formula, romelic gamoviyeneT sibrtyisTvis, mcire cvlilebebis 

SetaniT, samarTliania sivrcis SemTxvevaSic. 

magalitTad: 𝐴 𝑥1, 𝑦1, 𝑧𝑧  da 𝐵 𝑥2, 𝑦2, 𝑧2  wertilebs Soris manZili ase 

gamoiTvleba: 

𝜚 𝐴; 𝐵 =   𝑥2 − 𝑥1 
2 +  𝑦2 − 𝑦1 

2 +  𝑧2 − 𝑧1 
2  

sivrceSi monakveTis 𝝀 fardobiT gayofis formulebi ase moicema: 

𝑥 =
𝑥1+𝜆𝑥2

1+𝜆
  

𝑦 =
𝑦1+𝜆𝑦2

1+𝜆
  

𝑧 =
𝑧1+𝜆𝑧2

1+𝜆
  

kerZod, 𝜆 = 1 SemTxvevaSi gvaqvs Suaze 

gayofis formulebi: 

𝑥 =
𝑥1+𝑥2

2
;  𝑦 =

𝑦1+𝑦2

2
;  𝑧 =

𝑧1+𝑧2

2
  

𝑀 

𝑀3 

𝑀2 
𝑀1 

z 

y o 

x 

𝐴 𝑥1 , 𝑦1 , 𝑧1  

𝑀 𝑥; 𝑦; 𝑧  

𝐵(𝑥2 , 𝑦2 , 𝑧2) 

z 

y o 

x 



veqtori 

moqmedebebi veqtorebze 

mimarTuli monakveTi vuwodoT monakveTs, romlis boloebs (wertilebs) 

garkveuli TanmimdevrobiT viRebT. pirvel wertils vuwodoTYmimarTuli 

monakveTis saTave, meores bolo. Tu saTave 𝐴 wertilSia, bolo _𝐵 wertilSi, 

aseT mimarTul monakveTs ase CavwerT: 𝐴𝐵      . Tu mimarTuli monakveTis erTi bolo 

emTxveva meores, maSin aseT mimarTul monakveTs vuwodoT nulovani mimarTuli 

monakveTi, magaliTad, nulovani mimarTuli monakveTebia: 𝐴𝐴      , 𝐵𝐵       da a.S 

vTqvaT, 𝐴𝐵       da 𝐶𝐷       ori aranulovani 

mimarTuli monakveTia da isini paralelur 

wrfeebs ekuTvnian. 𝐴 da 𝐶_ze gavavloT sibrtye. 

es sibrtye sivrces or nawilad hyofs, Tu 𝐵 da 

𝐷 wertilebi erTi da imave nawils ekuTvnis, 

maSin vityviT, rom 𝐴𝐵       da 𝐶𝐷       TanamimarTuli 

mimarTuli monakveTebia, winaaRmdeg SemTxvevaSi 

vambobT, rom 𝐴𝐵       da 𝐶𝐷       sawinaaRmdegod 
mimarTuli mimarTuli monakveTebia. pirvel 

SemTxvevaSi vwerT: 

𝐴𝐵      ↑↑ 𝐶𝐷      , 

meore SemTxvevaSi: 

𝐴𝐵      ↑↓ 𝐶𝐷      . 

vTqvaT, 𝐴𝐵       da 𝐶𝐷       erTi da imave wrfes ekuTvnis. vityviT, rom 𝐴𝐵       da 𝐶𝐷       

TanamimarTuli mimarTuli monakveTebia, Tu arsebobs 𝑀𝑁         mimarTuli monakveTi, 

romelic TanamimarTulia rogorc 𝐴𝐵      -si, ise 

𝐶𝐷      -si. anu: 

𝑀𝑁        ↑↑ 𝐴𝐵       da 𝑀𝑁        ↑↑ 𝐶𝐷       , maSin:  𝐴𝐵      ↑↑ 𝐶𝐷      . 

winaaRmdeg SemTxvevaSi 𝐴𝐵       da 𝐶𝐷       
sawinaaRmdegod mimarTuli mimarTuli 

monakveTebia. anu: 

𝑀𝑁        ↑↑ 𝐴𝐵       da 𝑀𝑁        ↑↓ 𝐶𝐷       , maSin:  𝐴𝐵      ↑↓ 𝐶𝐷      . 

or mimarTul monakveTs vuwodoT toli, Tu isini erTnairadaa mimarTuli 

da sigrZeebi toli aqvT.  

𝐴 

𝐶 

𝐷 

𝐵 

𝐷 

𝐵 

𝐴 

𝐷 

𝐶 
𝐵 

𝐴 

𝑁 

𝑀 

𝐶 



yvela mimarTuli monakveTebis simravle iyofa erTmaneTis toli 

mimarTuli monakveTebis klasebad, maT saerTo elementebi ara aqvT. 

TiToeuli klasiT 

ganvsazRvravT axal obieqts 

_veqtors. 

veqtorebs aRvniSnavT: 𝑝 , 𝑞 , 𝑟  da 

a.S. 

suraTze sami xsxvadasxva 

veqtoria gamosaxuli, 𝑝 , 𝑞  da 𝑟 .  𝐴𝐵      , 

𝐶𝐷       da 𝑀𝑁         maTi warmomadgenlebia, 

vwerT: 𝑝 = 𝐴𝐵      ; 𝑞 = 𝐶𝐷      ; 𝑟 = 𝑀𝑁        . 

pirveli tolobis Sesaxeb vityviT: 𝑝  veqtori modebulia 𝐴 wertilSi. meore 

tolobis Sesaxeb vityviT: 𝑞  veqtori modebulia 𝐶 wertilSi. 

Tu mocemulia raime 𝑝  veqtori da 𝐴 wertili, maSin arsebobs erTaderTi 𝐵 

wertili romlisTvisac 𝑝 = 𝐴𝐵      . 

𝑝  veqtoris sigrZe vuwodoT misi Sesabamisi nebismieri mimarTuli 

monakveTis sigrZes. Tu 𝑎 = 𝐴𝐵      , maSin am veqtoris sigrZes ase CavwerT:  𝑎  ,  𝐴𝐵       . 

𝑎  da 𝑏   veqtorebs Soris kuTxe vuwodoT 𝑂𝐴 da 𝑂𝐵 monakveTebs Soris 

kuTxes, sadac 𝑂𝐴      = 𝑎  da 𝑂𝐵      = 𝑏  . 

veqtorebs ewodeba kolinearuli veqtorebi, Tu isini erTi da imave wrfis 

paraleluria. CavTvaloT rom nulovani veqtori nebismieri veqtoris 

kolinearulia. 

veqtorebs ewodeba komplanaruli, Tu isini erTi da imave sibrtyis 

paraleluria. CavTvaloT rom nulovani veqtori da nebismieri ori veqtori 

komplanarulia. 

nulovani veqtori erTdroulad iTvleba TanamimarTulad da 

sawinaaRmdegod mimarTulad nebismieri sxva veqtoris. 

veqtorebis Sekreba 

ori 𝑎  da 𝑏   veqtoris jami ewodeba 𝑐  veqtors, romelic aigeba Semdegi 

wesiT: nebismieri 𝐴 wertilidan gavavlebT 𝐴𝐵      = 𝑎  veqtors, 𝐵 wertilidan 

gavavlebT 𝐵𝐶      = 𝑏   veqtors, maSin 𝑐 = 𝐴𝐶       veqtori aris 𝑎  da 𝑏   veqtorebis jami 

da vwerT: 𝑐 = 𝑎 + 𝑏  . 

𝑝  𝑁 
𝑀 

𝐷 

C 

𝐴 

𝐵 
𝑞  

𝑟  



veqtorebis Sekrebis Tvisebebi: 

1. 𝑎 + 𝑏  = 𝑏  + 𝑎  

2.  𝑎 + 𝑏   + 𝑐 = 𝑎 +  𝑏  + 𝑐   

3. 𝑎 + 0  = 0  + 𝑎 = 𝑎  

4. arsebobs veqtori: −𝑎  iseTi rom: 𝑎 +  −𝑎  = 0   

amasTanave, Tu 𝐴𝐵      = 𝑎 , maSin: −𝑎 = 𝐵𝐴       .   −𝑎 -s ewodeba 𝑎 -s mopirdapire, −𝑎 -s 
sigrZe tolia 𝑎 -s sigrZisa: 

 −𝑎  =  𝑎    da −𝑎 ↑↓ 𝑎 . 

sxvaoba ase ganisazRvreba: 

𝑎 − 𝑏  = 𝑎 +  −𝑏     

Sekrebis meore Tvisebis mixedviT SeiZleba ganvsazRvroT sami da meti 

veqtoris jami: 

𝑎 + 𝑏  + 𝑐 =  𝑎 + 𝑏   + 𝑐   an  𝑎 + 𝑏  + 𝑐 = 𝑎 +  𝑏  + 𝑐  ; aseve: 

𝑎 + 𝑏  + 𝑐 + 𝑑 =  𝑎 + 𝑏  + 𝑐  + 𝑑  da a.S. 

cxadia: 

 𝑎 + 𝑏   ≤  𝑎  +  𝑏   ; 

 𝑎 − 𝑏   ≤  𝑎  +  𝑏   . 

veqtoris ricxvze gamravleba 

𝑎  veqtoris namravli 𝜆 ricxvze ewodeba 𝑏   veqtors, romelic ganisazRvreba 

pirobebiT: 

1.  𝑏   =  𝜆 ∙  𝑎   

2. 𝑏   kolinearulia 𝑎  veqtoris 

3. 𝑏  ↑↑ 𝑎 , Tu 𝜆 > 0   da    𝑏  ↑↓ 𝑎 , Tu 𝜆 < 0. 

Tu 𝜆 = 0, maSin (1)-is mixedviT: 𝑏  = 0  . cxadia,  −1 ∙ 𝑎 = −𝑎 . 

ori veqtoris kolinearulobis piroba: ori aranulovani 𝑎  da 𝑏   veqtoris 

kolinearulobisTvis aucilebelia da sakmarisi, rom moiZebnebodes 𝜆 ricxvi 

iseTi, rom: 

𝑏  = 𝜆𝑎 . 

damtkiceba: Tu 𝑏  = 𝜆𝑎 , maSin, ganmartebis Tanaxmad, 𝑏   da 𝑎  kolinearulia. 

Tu 𝑏   da 𝑎  kolinearulia, maSin moiZebneba 𝜆 ricxvi: 



𝜆 =
 𝑏   

 𝑏   
 ,roca 𝑎 ↑↑ 𝑏    da 𝜆 = −

 𝑏   

 𝑏   
 , roca 𝑎 ↑↓ 𝑏  . 

Tvisebebi: 

1. 1 ∙ 𝑎 = 𝑎  

2.  𝜆 + 𝑝 ∙ 𝑎   = 𝜆𝑎   + 𝑝𝑎    

3. 𝜆 𝑎 + 𝑏   = 𝜆𝑎 + 𝜆𝑏   

4.  𝜆 ∙ 𝑝 ∙ 𝑎   = 𝜆 ∙  𝑝 ∙ 𝑎     

Teorema: Tu 𝑙 1 da 𝑙 2 arakolinearuli veqtorebia, maSin yoveli 𝑎  veqtori, 
romelic komplanarulia am veqtorebis, 

erTaderTi saxiT warmoidgineba, 𝑙 1-is da 𝑙 2-is 

wrfivi kombinaciiT: 

𝑎 = 𝜆1𝑙 1 + 𝜆2𝑙 2. 

damtkiceba: 

Tu 𝑎  veqtori nulovania maSin: 

𝜆1 = 0, 𝜆2 = 0. 

Tu 𝑎  veqtori erT-erTis kolinearulia, magaliTad, 𝑙 1 veqtoris, maSin: 

𝑎 = 𝜆1𝑙 1 + 0 ∙ 𝑙 2 . 

Tu 𝑎  veqtori arcerTis kolinearuli ar aris, maSin samives movdebT erT 

wertilSi. vTqvaT: 𝑂𝐶      = 𝑎 , maSin: 

𝑂𝐶      = 𝑂𝐴      + 𝑂𝐵        

magram: 

𝑂𝐴      = 𝜆1𝑙 1 ,𝑂𝐵      = 𝜆2𝑙 2    e.i. 

𝑎 = 𝑂𝐶      = 𝜆1𝑙 1 + 𝜆2𝑙 2 . 

axla, vTqvaT: 

𝑎 = 𝜆′1𝑙 1 + 𝜆′2𝑙 2, 

maSin: 

0  =  𝜆1 − 𝜆′
1 𝑙 1 + (𝜆2 − 𝜆′1)𝑙 2  

Tu, magaliTad: 𝜆1 ≠ 𝜆′1, maSin: 

𝑙 1 = −
𝜆2−𝜆′1

𝜆1−𝜆′1
∙ 𝑙 2  

𝐶 

𝑂 

𝐵 

𝐴 

𝑎   

𝑙 2 

𝑙 1 



anu 𝑙 1 kolinearulia 𝑙 2-is, rac SeuZlebelia, e.i. 𝜆1 = 𝜆′1, maSin 𝜆2 = 𝜆′2 . 

analogiurad damtkicdeba 

Teorema: Tu 𝑙 1, 𝑙 2 da 𝑙 2, sami arakomplanaruli veqtoria, maSin nebismieri 𝑎  

veqtori erTaderTi saxiT Caiwereba: 

𝑎 = 𝜆1𝑙 1 + 𝜆2𝑙 2 + 𝜆3𝑙 3 . 

 



𝑘   

𝑗  

𝑖  

𝑂 

𝑀 

𝑧 

𝑦 

𝑥 

veqtoris koordinatebi 

vTqvaT, sivrceSi mocemulia 𝑂𝑥𝑦𝑧 

koordinatTa sistema; 𝑖 , 𝑗  da 𝑘   
erTeulovani veqtorebia. isini 

gansazRvraven  𝑂𝑥, 𝑂𝑦, 𝑂𝑧 RerZebis 

mimarTulebebs, suraTze es veqtorebi 

saTaveSia modebuli, 𝑂𝑀        veqtors 

ewodeba 𝑀 wertilis radiusveqtori, 

Tu 𝑀 wertilis koordinatebia 𝑥, 𝑦 da 

𝑧, maSin 𝑂𝑀       = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘   da  𝑥, 𝑦, 𝑧  

sameuls ewodeba 𝑂𝑀        veqtoris 

koordinatebi: 

𝑂𝑀        𝑥, 𝑦, 𝑧 . 

Tu 𝑝  nebismieri veqtoria da modebulia 𝐴 wertilSi, maSin: 

𝑝 = 𝐴𝐵      ; 

magram: 

𝐴𝐵      = 𝑂𝐵      − 𝑂𝐴      = 𝑥1𝑖 + 𝑦1𝑗 + 𝑧1𝑘  −  𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘   =   

=  𝑥2 − 𝑥1 𝑖 +  𝑦2 − 𝑦1 𝑗 + (𝑧2 − 𝑧1)𝑘  ; 

aq 𝐴 =  𝑥1, 𝑦1, 𝑧1  da 𝐵 =  𝑥2, 𝑦2, 𝑧2 . 

maSasadame, 

𝐴𝐵      =  𝑥𝑥 − 𝑥1 , 𝑦2 − 𝑦1, 𝑧2 − 𝑧1   

amasTanave, 

 𝐴𝐵       =   𝑥𝑥 − 𝑥1 2 𝑦2 − 𝑦1 2(𝑧2 − 𝑧1)2  

ori veqtoris skalaruli namravli 

vTqvaT, 𝑎  da 𝑏   aranulovani veqtorebia. am veqtorebis skalaruli namravli 

ewodeba ricxvs, romelic tolia am veqtorebis sigrZeebisa da maT Soris 

kuTxis kosinusis namravlis: 

𝑎 ∙ 𝑏  =  𝑎  ∙  𝑏   cos ∝  



Tu 𝑎  da 𝑏   vetorebidan erTi mainc  nulovania, maSin 𝑎 ∙ 𝑏  = 0. 

Tvisebebi:  

1). nebismieri ori 𝑎  da 𝑏   veqtorisTvis: 

𝑎 ∙ 𝑏  = 𝑏  ∙ 𝑎   

marTlac, Tu erT-erTi nulovania, maSin: 

𝑎 ∙ 𝑏  = 0,   𝑏  ∙ 𝑎 = 0 

Tu 𝑎  da 𝑏   aranulovani veqtorebia, maSin: 

𝑎 ∙ 𝑏  =  𝑎  ∙  𝑏   ∙ cos ∝ =  𝑏   ∙  𝑎  cos ∝ = 𝑏  ∙ 𝑎   

2).  𝑎 ∙ 𝑎 =  𝑎  2 

3). cxadia, ortebisTvis (saTaveze modebul erTeulovan veqtorebs, romlebic 

sakoordinato ReZebis dadebiT mimarTulebebs emTxvevian, ortebi qviaT) gvaqvs: 

𝑖 ∙ 𝑖 = 1 ;  𝑗 ∙ 𝑗 = 1 ; 𝑘  ∙ 𝑘  = 1 . 

𝑖 ∙ 𝑗 = 𝑗 ∙ 𝑘  = 𝑘  ∙ 𝑖 = 0. 

4).  𝜆𝑎 ∙ 𝑏  = 𝜆 𝑎 ∙ 𝑏   = 𝑎 ∙ 𝜆𝑏    

5)   𝑎 1 + 𝑎 2 ∙ 𝑏  = 𝑎 1 ∙ 𝑏  + 𝑎 2 ∙ 𝑏   

 

mesame leqciis mesame gverdi (erTi)  /*skalaruli namravlis gamosaxva 

koordinatebSi . . . veqtoris sigrZe . . . kuTxe or veqtors Soris . . .*/ 

//veqtorTa paralelobisa da marTobulobis pirobebi // 

 

 

veqtorTa marTobulobis piroba, cxadia, ase Caiwereba: 

𝑝 ∙ 𝑞 = 0  

Tu 𝑝 =  𝑥1, 𝑦1, 𝑧1  da 𝑞 =  𝑥2, 𝑦2, 𝑧2 , maSin marTobulobis pirobisTvis gvaqvs: 

𝑥1𝑥2 + 𝑦1𝑦2 + 𝑧1𝑧2 = 0  

𝑝  da 𝑞  veqtorebis paralelobis piroba iqneba iseTi 𝜆 ricxvis arseboba, 

rom: 

𝑝 = 𝜆𝑞   

anu: 



𝑥1 = 𝜆𝑥2  

𝑦1 = 𝜆𝑦2  

𝑧1 = 𝜆𝑧2  

ori veqtoris veqtoruli namravli 

𝑝    da 𝑞  veqtorebis veqtoruli namravli ewodeba 𝑟  veqtors, romlisTvisac 

sruldeba pirobebi: 

1). 𝑟  aris orTogonaluri 𝑝    da 𝑞  veqtorebis, anu 𝑟  aris perpendikularuli 

𝑝    da 𝑞  veqtorebis, rac imas niSnavs, rom: 

𝑟 ∙ 𝑝 = 0,   𝑟 ∙ 𝑞 = 0. 

2).  𝑟  =  𝑝   𝑞  sin ∝ 

3). 𝑝 , 𝑞  da 𝑟  

veqtorebi marjvena 

sistemaa, anu 𝑟  

veqtoridan 𝑝  veqtoris 

moZraoba 𝑞  veqtorTan 

SesaTavseblad xdeba 

saaTis isris 

sawinaaRmdego 

mimarTulebiT. 

am gansazRvrebaSi 𝑝 ≠ 0, 𝑞 ≠ 0; 

Tu 𝑝 = 0 an 𝑞 = 0, maSin veqtoruli namravli: 𝑝 × 𝑞 = 0. 

veqtoruli namravlis Tvisebebi: 

Tu 𝑝  da 𝑞  arakolinearuli veqtorebia, maSin  𝑝 × 𝑞   tolia am veqtorebze 

agebuli paralelogramis farTobis. 

Tu 𝑝  da 𝑞  kolinearuli veqtorebia, maSin: 

𝑝 × 𝑞 = 0    

Tu 𝑝 × 𝑞 = 0, maSin an erT-erTi veqtori 𝑝  an 𝑞  nulovania, an es veqtorebi 

kolinearuli veqtorebia. 

ortebisTvis gvaqvs: 

𝑖 × 𝑖 = 𝑗 × 𝑗 = 𝑘  × 𝑘  = 0    

𝑝  

𝑞  

𝑟  

𝑞  

𝑝  

𝑟  



𝑖 × 𝑗 = 𝑘  ;      𝑖 × 𝑘  = −𝑗 ; 

𝑗 × 𝑖 = −𝑘  ;     𝑗 × 𝑘  = 𝑖 ; 

𝑘  × 𝑖 = 𝑗 ;       𝑘  × 𝑗 = −𝑖  

veqtoruli namravlis Tvisebebi: 

1. 𝑝 × 𝑞 = −𝑞 × 𝑝  

2. 𝜆𝑝 × 𝑞 = 𝜆 𝑝 × 𝑞  = 𝑝 × 𝜆𝑞  

3.  𝑝 + 𝑞  × 𝑟 = 𝑝 × 𝑟 + 𝑞 × 𝑟  

veqtoruli namrvlis gamosaxva 

koordinatebSi 

vTqvaT, 𝑝 = (𝑥1, 𝑦1, 𝑧1) da 𝑞 = (𝑥2, 𝑦2, 𝑧2) maSin 𝑝 × 𝑞 -s koordinatebia: 

𝑦1𝑧2 − 𝑧1𝑦2;  −(𝑥1𝑧2 − 𝑥2𝑧1);  𝑥1𝑦2 − 𝑦1𝑥2 

anu: 

𝑝 × 𝑞 =  𝑦1𝑧2 − 𝑦2𝑧1 𝑖 −  𝑥1𝑧2 − 𝑥2𝑧1 𝑗 +  𝑥1𝑦2 − 𝑥2𝑦1 𝑘    

es toloba SeiZleba asec Caiweros: 

𝑝 × 𝑞 =  
𝑖 𝑗 𝑘  

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

   

radgan: 

 
𝑖 𝑗 𝑘  

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

 = 𝑖 ∙  
𝑦1 𝑧1

𝑦2 𝑧2
 − 𝑗  

𝑥1 𝑧1

𝑥2 𝑧2
 + 𝑘   

𝑥1 𝑦1

𝑥2 𝑦2
   

damtkiceba: 

viyenebT veqtoruli namravlis Tvisebebs: 

𝑝 × 𝑞 =  𝑥1𝑖 + 𝑦1𝑗 + 𝑧1𝑘   ×  𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘   =  

= 𝑥1𝑥2 𝑖 × 𝑖  + 𝑦1𝑥2 𝑗 × 𝑖  + 𝑧1𝑥2 𝑘  × 𝑖  + 𝑥1𝑦2 𝑖 × 𝑗  + 𝑦1𝑦2 𝑗 × 𝑗  + 𝑧1𝑦2 𝑘  × 𝑗  +  

+𝑥1𝑧2 𝑖 × 𝑘   + 𝑦1𝑧2 𝑗 × 𝑘   + 𝑧1𝑧2 𝑘  × 𝑘   =  



= −𝑦1𝑥2𝑘  + 𝑧1𝑥2𝑗 + 𝑥1𝑦2𝑘  − 𝑧1𝑦2𝑖 − 𝑥1𝑧2𝑗 + 𝑦1𝑧2𝑖 =  

=  𝑦1𝑧2 − 𝑧1𝑦2 𝑖 −  𝑥1𝑧2 − 𝑥2𝑧1 𝑗 +  𝑥1𝑦2 − 𝑦1𝑥2 𝑘  . 

sami veqtoris Sereuli namravli  

 

Usami aranulovani veqtoris Sereuli namravli aris ricxvi, romelic 

tolia pirveli oris veqtoruli namravlisa da mesame veqtoris skalaruli 

namravlis: 

 𝑝 , 𝑞 , 𝑟  =  𝑝 × 𝑞  ∙ 𝑟 . 

Tu romelime veqtori nulovani veqtoria, maSin Sereuli namravli nulia. 

vTqvaT, 𝑝 , 𝑞 , 𝑟   marjvena sameulia, maSin maTze agebuli paralelepipedis 

moculoba tolia Sereuli namravlis. 

 

// sami veqtoris Sereuli namravli, // /*misi gamosaxva koordinatebSi, 

veqtorTa kolinearuloba da komplanaruloba.*/ 

 

gaixseneT ricxvTa simravleebi da maTi aRniSvnebi  

 



veqtorTa Sereuli namravli 

𝑎 , 𝑏   da 𝑐  veqtorTa dalagebuli sameulis Sereuli namravli ewodeba 𝑎 × 𝑏   

veqtoris skalarul namravls 𝑐  veqtorze. Sereuli namravli ase Caiwereba: 

 𝑎 , 𝑏  , 𝑐  . 

maSasadame: 

 𝑎 , 𝑏  , 𝑐  =  𝑎 × 𝑏   ∙ 𝑐 . 

Sereuli namravlis geometriuli inertpretacia:  

vTqvaT 𝑎 ,  𝑏  ,  𝑐  arakomplanaruli veqtorebia. maTze agebuli 

paralelepipedis moculoba aRvniSnoT 𝑉 asoTi. Tu 𝑎 , 𝑏  , 𝑐  marjvena sameulia, 

maSin: 𝑉 = 𝑆 ∙ ℎ, sadac 𝑆 aris im paralelogramis farTobi, romelic agebulia 𝑎  

da 𝑏   veqtorebze, ℎ ki simaRlea, ℎ -aris 
im monakveTis sigrZe, romelic am 

paralelogramis marTobulia. 

vTqvaT, 𝑔 = 𝑎 × 𝑏  , maSin, cxadia 

 𝑔  = 𝑆, 𝑔  veqtori marTobulia 𝑎  da 𝑏   

veqtorebis da 𝑎 , 𝑏  , 𝑔  marjvena sameulia. 

maSasadame, Tu 𝑎 , 𝑏  , 𝑐  marjvena sameulia, 

maSin 𝑔  da 𝑐  mdebareobs 

paralelogramis erT mxares, amitom paralelepipedis ℎ simaRle tolia: 

ℎ =  𝑐  cos 𝜑. e.i.: 

𝑔 ∙ 𝑐 =  𝑔   𝑐  cos 𝜑 = 𝑆 ∙ ℎ = 𝑉. 

amrigad,  𝑎 , 𝑏  , 𝑐  = 𝑉. maSasadame, roca 𝑎 , 𝑏  , 𝑐  marjvena sameulia, maSin 

Sereuli namravli am veqtorebze agebuli paralelepipedis moculobis tolia. 

Tu  𝑎 , 𝑏  , 𝑐  marcxena sameulia, maSin   𝑎 , 𝑏  , 𝑐    toli iqneba – 𝑉 ricxvis(𝑉 

parlelepipedis moculobaa). 

Sereuli namravlis Tvisebebi: 

1. 𝑎  , 𝑏  , 𝑐  veqtorebis komplanarobisTvis aucilebelia da 

sakmarisi, rom:   𝑎  , 𝑏  , 𝑐   = 0. 

2. nebismieri  𝑎  , 𝑏  , 𝑐  veqtorebisTvis:  𝑎  × 𝑏   ∙ 𝑐 = 𝑎 ∙  𝑏  × 𝑐   anu: 

  𝑎  , 𝑏  , 𝑐   =   𝑏  , 𝑐 , 𝑎   . 

𝑔  

ℎ 

𝜑 
𝑐  

𝑏   

𝑎  



Sereuli namravlis gamosaxva koordinatebSi: 

vTqvaT, 𝑎 =  𝑥1, 𝑦1, 𝑧1 , 𝑏  = (𝑥2, 𝑦2, 𝑧2), 𝑐 =  𝑥3, 𝑦3, 𝑧3 , anu: 

𝑎 = 𝑥1𝑖 + 𝑦1𝑗 + 𝑧1𝑘  , 

𝑏  = 𝑥2𝑖 + 𝑦2𝑗 + 𝑧2𝑘  , 

𝑐 = 𝑥3𝑖 + 𝑦3𝑗 + 𝑧3𝑘  . 

maSin: 

𝑎 × 𝑏  =  
𝑖 𝑗 𝑘  

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

 =  
𝑦1 𝑧1

𝑦2 𝑧2
 𝑖 −  

𝑥1 𝑧1

𝑥2 𝑧2
 𝑗 +  

𝑥1 𝑦1

𝑥2 𝑦2
 𝑘  . 

amitom: 

 𝑎 , 𝑏  , 𝑐  =  𝑎 × 𝑏   ∙ 𝑐 = 𝑥3  
𝑦1 𝑧1

𝑦2 𝑧2
 − 𝑦3  

𝑥1 𝑧1

𝑥2 𝑧2
 + 𝑧3  

𝑥1 𝑦1

𝑥2 𝑦2
 =  

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

   

maSasadame: 

 𝑎 , 𝑏  , 𝑐  =  

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

 . 

Sedegi 1.: 

𝑎 , 𝑏  , 𝑐  veqtorebis komplanarobis piroba ase Caiwereba: 

 

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

 = 0, 

sadac 𝑎 =  𝑥1, 𝑦1, 𝑧1 , 𝑏  =  𝑥2, 𝑦2, 𝑧2  da 𝑐 =  𝑥3, 𝑦3, 𝑧3 . 

polar koordinatTa sistema sibrtyeze 

davafiqsiroT sibrtyeze 𝑂 wertili, da 𝑙 sxivi, vTqvaT 𝑒  aris erTeulovani 

veqtori da gansazRvravs 𝑙-ze mimarTulebas: 

𝑙 

𝜚 

𝜑 

𝑒  

𝑀 

𝑂 



𝑂 wertils ewodeba polusi, 𝑙 RerZs _polaruli RerZi. maSin 𝑀 wertilis 

mdebareoba savsebiT ganisazRvreba ori ricxviT: 

𝜚 =  𝑂𝑀         da 𝜑 kuTxiT, romelsac 𝑂𝑀        veqtori adgens 𝑙 RerZTan. kuTxe 

icvleba [0; 2𝜋] SualedSi.  vwerT: 𝑴 𝝔; 𝝋 . 

Tu sibrtyeze SemoviRebT dekartis koordinatebs, ise, rom saTave 

darmTxves poluss, abscisaTa RerZis dadebiTi mimarTuleba ki polarul RerZs, 

maSin dekartis  𝑥; 𝑦  koordinatebi ase gamoisaxeba  𝜚; 𝜑  polaruli 

koordinatebiT: 

𝑥 = 𝜚 cos 𝜑 da 𝑦 = 𝜚 sin 𝜑  

aqedan: 

𝜚 =  𝑥2 + 𝑦2 ,  cos 𝜑 =
𝑥

 𝑥2+𝑦2
 ,  sin 𝜑 =

𝑦

 𝑥2+𝑦2
 . 

cilindruli koordinatebi sivrceSi 

vafiqsirebT sivrceSi 

𝑂 wertils da masze 

gamaval ∝ sibrtyes. am ∝ 

sibrtyeSi viRebT 𝑙 sxivs, 

romlis saTavea 𝑂. vTqvaT 

𝑛   aris veqtori, romelic 

marTobulia ∝ sibrtyis. 

movdoT 𝑂 wertilSi es 

veqtori. vTqvaT, 𝑀 

sivrcis nebismieri 

wertilia, 𝑀′ ki misi gegmilia ∝ sibtyeze. maSin 𝑀′𝑀           kolinearulia 𝑛   

veqtoris. 𝑀_is cilindruli koordinatebi ewodeba ricxvTa sameuls  𝜚, 𝜑, ℎ , 

sadac (𝜚, 𝜑) aris 𝑀′_is polaruli koordinatebi 𝑙 RerZis mimarT, xolo ℎ ase 

ganisazRvreba: 𝑀′𝑀          = ℎ ∙ 𝑛  . 

SemoviRoT dekartis 

koordinatebi: saTave iyos 

𝑂, xolo 𝑂𝑥 RerZis 

dadebiTi mimarTuleba 

emTxveva 𝑙 RerZs, 𝑂𝑧 

RerZis orti emTxveodes 𝑛   

veqtors. maSin 𝑀 

wertilis cilindruli 

koordinatebiT ase 

𝑦 

𝑥 

𝑧 

𝑀′ 

𝑀 

𝑙 𝑂 

𝑛   

∝ 

𝑀′ 

𝑀 

𝑙 𝑂 

𝑛   

∝ 



gamoisaxeba dekartes koordinatebi: 

𝑥 = 𝜚 cos 𝜑 ,  𝑦 = 𝜚 sin 𝜑 ,  𝑧 = ℎ. 

sferuli koordinatebi 

iseve, rogorc cilindruli koordinatebis SemTxvevaSi, vafiqsirebT 𝑂 

wertils da ∝ sibrtyes, romelic 𝑂_ze gadis, 𝑙 sxivs am sibrtyeSi da 𝑛   

veqtors, romelic marTobulia ∝ sibrtyis. vTqvaT 𝑀 sivrcis nebismieri 

wertilia, maSin 𝑀 wertilis sferuli koordinatebi ewodeba ricxvTa sameuls: 

 𝜚, 𝜑, 𝜃 , sadac 𝜚 =  𝑂𝑀        , 𝜑 aris kuTxe 𝑂𝑀′          veqtorsa da 𝑙 RerZs Soris, 𝜃 aris 

kuTxe 𝑂𝑀        veqtorsa da ∝ sibrtyes Soris. amasTanave, 𝜃 icvleba −
𝜋

2
 -dan 

𝜋

2
-mde, 

𝜃 ≥ 0 roca 𝑀 wertili imave naxevarsferoSia, romelSic aris 𝑛   veqtoris 

bolo, winaaRmdeg SemTxvevaSi 𝜃 ≤ 0. Tu SemoviRebT dekartis koordinatebs 

iseve, rogorc cilindruli koordinatebis SemTxvevaSi da 𝑥, 𝑦, 𝑧 dekartis 

koordinatebia, maSin: 

𝑥 = 𝜚 cos 𝜑 cos 𝜃, 

𝑦 = 𝜚 sin 𝜑 cos 𝜃, 

𝑧 = 𝜚 sin 𝜃. 

 

 



wrfis sxvadasxva saxis gantoleba 

sibrtyeze 

Teorema: 

sakoordinato sibrtyeze wrfis gantoleba moicema Semdegi saxiT: 

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0     (1) 

sadac 𝑎2 + 𝑏2 ≠ 0. 

WeSmaritia Sebrunebuli debulebac: yoveli orucnobiani wrfivi 

gantoleba, anu gantoleba romelsac aqvs (1) saxe, amasTanave 𝑎2 + 𝑏2 ≠ 0, aris 

wrfis gantoleba. 

(1) gantolebas qvia wrfis zogadi gantoleba. 

damtkiceba: 

vTqvaT, mocemulia 𝑑 wrfe da igi paraleluria 𝑂𝑦 

RerZis, kveTs 𝑂𝑥 RerZs wertilSi, romlis koordinatia 𝑎, 

maSin am wrfis gantoleba, cxadia, ase Caiwereba: 

𝑥 = 𝑎    (2) 

es gantoleba, cxadia (1) –saxisaa, aq 𝑦-is koeficienti aris 0, 𝑥-is 

koeficienti aris 1 da a.S. 

Tu wrfe 𝑂𝑥 RerZis paraleluria da kveTs 𝑂𝑦 RerZs 

wertilSi, romlis koordinatia 𝑏, maSin wrfis gantoleba 

iqneba: 

𝑦 = 𝑏     

esec (1) saxis gantolebaa. 

vTqvaT, wrfe arcerTi RerZis paraleluri ar aris. 

wrfis mimmarTveli veqtori vuwodoT mis paralelur 

nebismier veqtors 𝑝 (𝑙;𝑚). cxadia, yvela mimmarTveli 

veqtori kolinearulia da maTi ordinatisa da abscisis 

Sefardeba erTidaigive ricxvis tolia. es ricxvi 

aRvniSnoT 𝑘-Ti, 𝑘 =
𝑚

𝑙
.  

vTqvaT, wrfe kveTs ordinatTa RerZs wertilSi 𝑄(0, 𝑏), mimmarTvel 

veqtorad SeiZleba aviRoT veqtori 𝑝 (1; 𝑘), maSin 𝑀 𝑥; 𝑦  ekuTvnis wrfes maSin 

da mxolod maSin, roca 𝑄𝑀 kolinearulia 𝑝  veqtorisa, 

anu: 

𝑥−0

1
=

𝑦−𝑏

𝑘
 aqedan: 𝑦 = 𝑘𝑥 + 𝑏. 

𝑦 

x 𝑂  𝑎, 0  

 0, 𝑏  

𝑦 

x 𝑂 

𝑝  𝑙,𝑚  

𝑦 

x 𝑂 

𝑀 𝑥; 𝑦  

𝑄 0; 𝑏  

𝑝  1; 𝑘  



maSasadame, am wrfis gantolebas ase CavwerT: 

𝑦 = 𝑘𝑥 + 𝑏    (3) 

am gantolebas hqvia wrfis gantoleba sakuTxo koeficientiT, 𝑘 aris wrfis 

sakuTxo koeficienti. 

axla, vTqvaT, mocemulia (1) gantoleba: 

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0     (1) 

Tu  aq 𝑏 = 0, maSin miviRebT an 𝑂𝑦 RerZis gantolebas  𝑥 = 0 , an 𝑂𝑦 

RerZis paraleluri wrfis gantolebas  𝑥 = −
𝑐

𝑎
  . 

Tu 𝑏 ≠ 0, maSin (1)-dan: 

𝑦 = −
𝑎

𝑏
𝑥 −

𝑐

𝑏
, 

aRvniSnoT −
𝑎

𝑏
= 𝑘 da −

𝑐

𝑏
= 𝑏, miviRebT (3)_gantolebas: 𝑦 = 𝑘𝑥 + 𝑏 anu 

wrfis gantolebas, romlis sakuTxo koeficientia 𝑘. maSasadame, 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

saxiT mocemuli wrfis sakuTxo koeficienti: 𝑘 = −
𝑎

𝑏
 da mimmarTveli veqtoria: 

𝑝  1; 𝑘 = 𝑝  1;−
𝑎

𝑏
 . mimmarTveli veqtori iqneba am 

veqtoris kolinearuli nebismieri veqtori, 

magaliTad: 

 𝒑   =  −𝒃;𝒂 .  

cxadia, veqtori 𝑛   𝑎; 𝑏  aris am veqtoris 

marTobuli, marTlac:  

𝑛   𝑎; 𝑏 ∙ 𝑝 =  −𝑏; 𝑎 = −𝑎𝑏 + 𝑎𝑏 = 0. 

Tu wrfe mocemulia zogadi gantolebiT: 

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0   

maSin veqtori 𝒏    𝒂; 𝒃  misi marTobuli veqtoria da mas ewodeba wrfis 

normaluri veqtori.  

vTqvaT, wrfe ar gadis saTaveze da 

arcerTi RerZis paraleluri ar aris, 

maSin mis gantolebaSi: 

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0     𝑎 ≠ 0,  𝑏 ≠ 0 da 

𝑐 ≠ 0. 

davuSvaT saTavidan wrfeze marTobi. 

ganvixiloT 𝑂𝐾        veqtori. vTqvaT  𝑂𝐾        = ℎ. 

normalis rolSi aviRoT erTeulis 

𝑝 =  −𝑏; 𝑎  

𝑦 

𝑥 

𝑛   

𝑀 𝑥; 𝑦  

𝐾 𝑥0; 𝑦0  

∝ 

𝑂 



sigrZis 𝑛   veqtori, romelic TanamimarTulia 𝑂𝐾        veqtoris, maSin, cxadia: 

𝑛   cos ∝ , sin ∝ .  

𝑀(𝑥; 𝑦) wertili maSin da mxolod maSin Zevs wrfeze, roca 𝑛  ⊥ 𝐾𝑀        , e.i.: 

 𝑥 − 𝑥0 cos ∝ +  𝑦 − 𝑦0 sin ∝ = 0  

𝑥 cos ∝ + 𝑦 sin ∝ −  𝑥0 cos ∝ + 𝑦0 sin ∝ = 0  

magram, 

𝑥0 cos ∝ + 𝑦0 sin ∝ = 𝑂𝐾       ∙ 𝑛  =  𝑂𝐾        ∙  𝑛   ∙ cos 0 =  𝑂𝐾        = ℎ. 

miviReT wrfis normaluri gantoleba: 

 

axla, vTqvaT, 𝑝  𝑙;𝑚  wrfis mimmarTveli veqtoria. davweroT im wrfis 

gantoleba, romelic gadis 𝑀0(𝑥0; 𝑦0) 

wertilze da romlis mimmarTveli veqtoria 

𝑝 (𝑙;𝑚).  𝑀 𝑥; 𝑦  wertili maSin da mxolod 

maSin Zevs wrfeze, roca 𝑝  kolinearulia 𝑀0𝑀           

veqtoris. e.i. arsebobs 𝑡 ricxvi, iseTi, rom: 

𝑥 − 𝑥0 = 𝑡 ∙ 𝑙  

𝑦 − 𝑦0 = 𝑡 ∙ 𝑚  

aqedan miiReba wrfis parametruli saxiT warmodgena: 

 

Tu 𝑙 ≠ 0 da 𝑚 ≠ 0, aqedan miiReba wrfis kanonikuri saxiT warmodgena: 

 

vTqvaT, wrfe gadis 𝑀1 𝑥1; 𝑦1  da 𝑀2 𝑥2; 𝑦2   wertilebze. maSin igi SeiZleba 

ganvixiloT rogorc wrfe, romelic gadis 𝑀1 𝑥1; 𝑦1  wertilze da romlis 

mimmarTveli veqtoria 𝑀1𝑀2
             𝑥2 − 𝑥1; 𝑦2 − 𝑦1 , amitom am or wertilze gamavali 

wrfis gantoleba, roca 𝑥1 ≠ 𝑥2 da 𝑦1 ≠ 𝑦2, ase Caiwereba: 

𝑥 − 𝑥0

𝑙
=

𝑦 − 𝑦0

𝑚
 

𝑥 = 𝑥0 + 𝑡 ∙ 𝑙 

𝑦 = 𝑦0 + 𝑡 ∙ 𝑚 

𝑥 cos ∝ + 𝑦 sin ∝ − ℎ = 0 

𝑀0 𝑥0; 𝑦0  

𝑀 𝑥; 𝑦  𝑝  𝑙;𝑚  



 

 

calke ganixileT SemTxvevebi: 𝑥1 = 𝑥2 da 𝑦1 = 𝑦2 . 

Tu wrfeebi 

mocemulia gantolebebiT: 

𝑦 = 𝑘1𝑥 + 𝑏1  

𝑦 = 𝑘2𝑥 + 𝑏2  

maSin: 

tan ∝2 = 𝑘2  

tan ∝1 = 𝑘1  

suraTze mocemul 

SemTxvevaSi gvaqvs: 

𝜑 =∝2−∝1,  tan𝜑 = tan ∝2−∝1 , 

tan𝜑 =
tan ∝2−tan ∝1

1+tan ∝2∙tan ∝1
  

anu: 

 

_ase SeiZleba gamovTvaloT or wrfes Soris kuTxis tangensi. 

ori wrfis paralelobis piroba: 

𝑘1 = 𝑘2  

ori wrfis marTobulobis piroba: 

𝑘1𝑘2 = −1  

 

tan𝜑 =
 𝑘2 − 𝑘1 

1 + 𝑘1 ∙ 𝑘2
 

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
 

𝑂 

𝑦 

𝑥 

𝑦 = 𝑘2𝑥 + 𝑏2 

𝑦 = 𝑘1𝑥 + 𝑏1 

𝜑 

∝2 ∝1 



sibrtyis sxvadasxva saxis gantoleba 

sibrtyis normali ewodeba nebismier 𝑚    veqtors, romelic misi 

marTobulia. cxadia sibrtye calsaxad ganisazRvreba, Tu mocemulia wertili, 

romelzec igi gadis da normali. 

vTqvaT sibrtye gadis 𝑀0 𝑥0, 𝑦0, 𝑧0  

wertilze da misi normalia 𝑚    𝑎, 𝑏, 𝑐  

veqtori. 𝑀 𝑥, 𝑦, 𝑧  wertili mdebareobs 

sibrtyeze maSin da mxolod maSin, roca 

𝑀0𝑀          ⊥ 𝑚   , anu: 

𝑎 𝑥 − 𝑥0 + 𝑏 𝑦 − 𝑦0 + 𝑐 𝑧 − 𝑧0 = 0       (1) 

es aris im sibrtyis gantoleba, 

romelic gadis 𝑀0 𝑥0, 𝑦0, 𝑧0  wertilze da 

marTobulia 𝑚    𝑎, 𝑏, 𝑐  veqtoris. 

(1)_dan miiReba sibrtyis zogadi gantoleba: 

𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 + 𝒅 = 𝟎       (2) 

sadac: 

𝑑 = −𝑎𝑥0 − 𝑏𝑦0 − 𝑐𝑧0  

Tu sibrtyis normalis rolSi aviRebT e.w. gare erTeulovan normals, 𝑛   

veqtors, romlis bolo da saTave 

sibrtyis mimarT sxvadasxva 

mxaresaa, maSin 

𝑛  =  cos ∝ , cos 𝛽 , cos 𝛾 , ∝, 𝛽 da 𝛾 

aris kuTxeebi, romlebsac adgens 𝑛   

veqtori 𝑂𝑥, 𝑂𝑦 da 𝑂𝑧 RerZebTan. 

maSin (2) miiRebs saxes: 

𝑥 cos ∝ + 𝑦 cos 𝛽 + 𝑧 cos 𝛾 + 𝐷 = 0. 

vTqvaT, 𝑝 =  𝑂𝐾         _aris manZili 

saTavidan sibrtyemde, maSin: 

𝑛  ∙ 𝑂𝐾       = cos ∝𝑥0 + cos 𝛽 𝑦0 + cos 𝛾 𝑧0, 

 𝑛   ∙  𝑂𝐾        =  𝑛   ∙  𝑂𝐾        ∙ cos 0 = 𝑝, 

e.i.: 

𝑝 = cos ∝ ∙ 𝑥0 + cos 𝛽 ∙ 𝑦0 + cos 𝛾 ∙ 𝑧0, 

radgan 𝐾 ekuTvnis sibrtyes, amitom: 

𝑚    

𝑀 𝑥, 𝑦, 𝑧  

𝑀0 𝑥0, 𝑦0 , 𝑧0  

𝑂 𝑦 

𝑥 

𝑧 
𝑛   

𝐾 



𝑥0 cos ∝ + 𝑦0 cos 𝛽 + 𝑧0 cos 𝛾 + 𝐷 = 0  

e.i.:  𝐷 = −𝑝 

maSasadame miiReba gantoleba:     (3) 

 

am gantolebas hqvia sibrtyis normaluri gantoleba. 

raime 𝑀1 𝑥1, 𝑦1, 𝑧1  wertilidan sibrtyemde manZili gamoiTvleba formuliT: 

𝜚 =  
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑

 𝑎2 + 𝑏2 + 𝑐2
  

Tu 𝑚1       𝑎1, 𝑏1, 𝑐1  aris 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 + 𝑑1 = 0 sibrtyis normali, xolo 

𝑚2       𝑎2, 𝑏2, 𝑐2  aris 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 + 𝑑2 = 0 sibrtyis normali, maSin cxadia, 

sibrtyeebs Soris kuTxis kosinusi SeiZleba ase vipovoT: 

cos ∝ =
 𝑚1∙𝑚2 

 𝑚    1 ∙ 𝑚    2 
  

e.i.: 

cos ∝ =  
𝑎1𝑎2+𝑏1𝑏2+𝑐1𝑐2

 𝑎1
2+𝑏1

2+𝑐1
2 𝑎2

2+𝑏2
2+𝑐2

2
   

am formulis mixedviT SeiZleba davweroT ori sibrtyis 

perpendikularobisa da paralelobis pirobebi: 

ori sibrtyis perpendikularobis piroba: 

𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 = 0  

ori sibrtyis paralelobis piroba: 

𝑎1

𝑎2
=

𝑏1

𝑏2
=

𝑐1

𝑐2
  

am tolobebSi igulisxmeba: Tu romelime mniSvneli nulis tolia, maSin 

Sesabamisi mricxvelic nulis tolad unda aviRoT.  

𝑥 cos ∝ + 𝑦 cos 𝛽 + 𝑧 cos 𝛾 − 𝑝 = 0 



wrfe sivrceSi 

vTqvaT 𝑎 nebismieri wrfea. misi mimmarTveli veqtori vuwodoT 𝑠  veqtors, 

romelic  paraleluria 𝑎 wrfis. vTqvaT 𝑎 wrfe gadis 𝑀0 𝑥0, 𝑦0, 𝑧0  wertilze 

da 𝑠  𝑙, 𝑚, 𝑛  aris 𝑎 wrfis mimmarTveli veqtori. 𝑴 𝒙, 𝒚, 𝒛  mdebareobs 𝒂 

wrfeze maSin da mxolod maSin, roca 𝑀0𝑀           veqtori kooinearulia 𝑠  

veqtoris, anu: 

 𝑀0𝑀          = 𝑡 ∙ 𝑠 , aqedan miiReba wrfis parametruli gantoleba: 

𝑥 = 𝑥0 + 𝑙𝑡  

𝑦 = 𝑦0 + 𝑚𝑡  

𝑧 = 𝑧0 + 𝑛𝑡  

Tu gamovricxavT 𝑡 _s, miiReba wrfis warmodgena kanonikuri saxiT: 

𝑥−𝑥0

𝑙
=

𝑦−𝑦0

𝑚
=

𝑧−𝑧0

𝑛
  

amasTanave, Tu romelime ricxvi, 𝑙, 𝑚 an 𝑛 nulis tolia, maSin Sesabamisi 

mricxvelic nulis tolad unda aviRoT. 

vTqvaT mocemulia ori wrfe: 

𝑥−𝑥1

𝑙1
=

𝑦−𝑦1

𝑚1
=

𝑧−𝑧1

𝑛1
  

da 

𝑥−𝑥2

𝑙2
=

𝑦−𝑦2

𝑚2
=

𝑧−𝑧2

𝑛2
  

maSin am wrfeebs Soris kuTxis kosinuss ase vipoviT: 

cos 𝜑 =  
𝑙1𝑙2+𝑚1𝑚2+𝑛1𝑛2

 𝑙1
2+𝑚1

2+𝑛1
2 𝑙2

2+𝑚2
2+𝑛2

2
   

aqedan miiReba ori wrfis marTobulobisa da paralelobis pirobebi: 

𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 = 0  

da 

𝑙1

𝑙2
=

𝑚1

𝑚2
=

𝑛1

𝑛2
   



sibrtye da wrfe sivrceSi 

yoveli wrfe SeiZleba warmovidginoT rogorc ori sibrtyis 

TanakveTa, e.i. wrfe SeiZleba warmovadginoT sistemiT: 

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 + 𝑑1 = 0  

𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 + 𝑑2 = 0  

es sistema wrfes mxolod im SemTxvevaSi gansazRvravs, roca 

gantolebebiT warmodgenili sibrtyeebi ar aris paraleluri, e.i. roca 

ar sruldeba piroba: 

𝑎1

𝑎2
=

𝑏1

𝑏2
=

𝑐1

𝑐2
  

cxadia wrfis mimmarTveli veqtori marTobulia orive sibrtyis normalis: 

𝑛  1 𝑎1, 𝑏1, 𝑐1  da 𝑛  2 𝑎2, 𝑏2, 𝑐2  veqtorebis. amitom 𝑠 = 𝑛  1 × 𝑛  2 aris wrfis 

mimmarTveli veqtori. viciT, rom: 

𝑠 =   
𝑏1 𝑐1

𝑏2 𝑐2
 ; −  

𝑎1 𝑐1

𝑎2 𝑐2
 ;  

𝑎1 𝑏1

𝑎2 𝑏2
    

amitom am wrfis kanonikuri warmodgena ase Caiwereba: 

𝑥−𝑥0

 
𝑏1 𝑐1
𝑏2 𝑐2

 
=

𝑦−𝑦0

− 
𝑎1 𝑐1
𝑎2 𝑐2

 
=

𝑧−𝑧0

 
𝑎1 𝑏1
𝑎2 𝑏2

 
  

 𝑥0; 𝑦0; 𝑧0  sistemis erT-erTi amonaxsnia _wrfeze mdebare wertilis 

koordinatebia. 

 

 



matricebi  

moqmedebebi matricebze 

matrica ewodeba marTkuTxovan cxrils, romelSic ricxvebi ganlagebulia 

striqonebad da svetebad. 

magaliTad, matrica, romelsac ori striqoni da sami sveti aqvs:  
2 3 1
1 5 1

   

_pirvel striqons adgens ricxvebi: 2,3,1. meores: 1,5,1. 

ricxvebs, romlisganac matrica Sedgaba, vuwodoT matricis elementebi. 

matricebs aRvniSnavT asoebiT: 𝐴, 𝐵, 𝐶,⋯  

matricis elementebi SeiZleba aRvniSnoT erTi asoTi, romelsac ori 

indeqsi aqvs, magaliTad:  𝑎23  , pirveli indeqsi gviCvenebs striqonis nomers, 

meore _svetis nomers.  magaliTi: 

𝐴 =  
𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
   

es aris matrica, romelsac aqvs ori striqoni da sami sveti. 

matrica, romelsac 𝑚 striqoni aqvs da 𝑛 sveti ase Caiwereba: 

𝐴 =  

𝑎11 𝑎12 ⋯ 𝑎1𝑛

𝑎21

⋯
𝑎𝑚1

𝑎22

⋯
𝑎𝑚2

⋯ 𝑎2𝑛

⋯ ⋯
⋯ 𝑎𝑚𝑛

   

SeiZleba es matrica mokled asec CavweroT:  

𝐴 =  𝑎𝑖𝑘 𝑚𝑛  ,  𝐵 =  𝑏𝑖𝑘 𝑚𝑛   

maSin 𝑨 + 𝑩 = 𝑪 iseTi matricaa, romelic ase ganisazRvreba:  

𝐶 =  𝑐𝑖𝑘  𝑚𝑛   da  𝑐𝑖𝑘 = 𝑎𝑖𝑘 + 𝑏𝑖𝑘  . 

magaliTad: 

 
1 2
3 1
2 5

 +  
2 3
3 2
5 3

 =  
3 5
6 3
7 8

    



𝐴 =  𝑎𝑖𝑘 𝑚𝑛  matricis namravli 𝝀 ricxvze aris matrica, romlis 

elementebia 𝜆𝑎𝑖𝑘  , e.i. yvela elementi mravldeba 𝜆 ricxvze. 

nulovani matrica ewodeba matrics, romlis yvela elementi nulia. 

aRvniSnavT ase: 𝜃 .  e.i.: 

𝜃 =  

0 0 ⋯ 0
0 0 ⋯ 0
⋯
0

⋯
0

⋯
⋯

⋯
0

   

matricebze moqmedebebis Tvisebebi: 

1. 𝐴 + 𝐵 = 𝐵 + 𝐴 

2. 𝐴 +  𝐵 + 𝐶 =  𝐴 + 𝐵 + 𝐶 

3. 𝐴 + 𝜃 = 𝐴 

4. Tu 𝐴 + 𝐵 = 𝜃, maSin 𝐵 _s ewodeba 𝐴 _s mopirdapire da ase aRiniSneba: 
𝐵 = −𝐴  

5. 1 ∙ 𝐴 = 𝐴 

6. 𝜆 𝐴 + 𝐵 = 𝜆𝐴+ 𝜆𝐵 

7.  𝜆 + 𝑟 𝐴 = 𝜆𝐴+ 𝑟𝐴 

8. 𝜆 𝑟𝐴 = 𝑟 𝜆𝐴 =  𝜆𝑟 𝐴 

Tu matricis striqonebis ricxvi udris svetebis ricxvs, maSin aseT 

matricas ewodeba kvadratuli matrica. 

matricebis gamravleba 

nebismieri ori matricis gamravleba ar aris gansazRvruli. 

vamravlebT 𝐴𝑚𝑛  matricas 𝐵𝑛𝑙 matricaze da Sedegad viRebT 𝐶𝑚𝑙  matrics, 

romlis elementebi ase ganisazRvreba: 

𝑐𝑖𝑘 = 𝑎𝑖1𝑏1𝑘 + 𝑎𝑖2𝑏2𝑘 + ⋯+ 𝑎𝑖𝑛𝑏𝑛𝑘   

sadac: 𝑖 = 1,2,⋯ ,𝑚  da 𝑘 = 1,2,⋯ , 𝑙 . 

maSasadame, Tu 𝐶 = 𝐴 ∙ 𝐵 , maSin 𝐶 matricis 𝐶𝑖𝑘 elementi miiReba 𝐴 matricis 

𝑖_uri striqonis `gadamravlebiT~ 𝐵 matricis 𝑘_ur svetze, anu 𝐶𝑖𝑘 elementi 

aris 𝐴 matricis 𝑖_uri striqonis elementebis 𝐵 matricis 𝑘_uri svetis 

Sesabamis elementebze namravlTa jami.  



magaliTi: 

vTqvaT, 𝐴 =  
1 2
3
1

5
2
 

32

 es matrici SeiZleba gavamravloT 2 ∙ 2 matricaze, 

𝐵 =  
1 2
5 2

 . maSin: 

𝐴3∙2 ∙ 𝐵2∙2 = 𝐶3∙2  

𝑐11 = 1 ∙ 1 + 2 ∙ 5     𝑐12 = 1 ∙ 3 + 2 ∙ 2  

𝑐21 = 3 ∙ 1 + 5 ∙ 5     𝑐22 = 3 ∙ 3 + 5 ∙ 2 

𝑐31 = 1 ∙ 1 + 2 ∙ 5     𝑐32 = 1 ∙ 3 + 2 ∙ 2 

e.i. 𝐶 =  
11 7
28
11

19
9
 

2∙3

  

cxadia, Tu 𝐴 mravldeba 𝐵_ze, SeiZleba 𝐵 ver gavamravloT 𝐴_ze. 

Tu 𝐴 da 𝐵 erTi da igive rigis matricebia da SegviZlia vipovoT 𝐴 ∙ 𝐵 da 

𝐵 ∙ 𝐴 namravlebi, magram am SemTxvevaSic, sazogadod,  𝐴 ∙ 𝐵 ≠ 𝐵 ∙ 𝐴  

 



gausis meTodi 

vixilavT 𝑛 ucnobian wrfiv gantolebaTa sistemas, romelic Seicavs 𝑚 

gantolebas. 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1  

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥2 = 𝑏2     

⋯  ⋯   ⋯  ⋯  ⋯   ⋯   ⋯   ⋯   ⋯  

𝑎𝑚1𝑎𝑚2 + 𝑎𝑚2𝑥2 + ⋯𝑎𝑚𝑛 𝑥𝑛 = 𝑏𝑚  

sistemis amonaxsni ewodeba  𝑐1, 𝑐2, ⋯ , 𝑐𝑛   𝑛_euls, romelTa CasmiT 

sistemaSi, miiReba swori tolobebi. Tu sistemisTvis arsebobs amonaxsni, 

sistemas qvia Tavsebadi, Tu ara aqvs amonaxsni araTavsebadi qvia. Tu erTze meti 

amonaxsni aqvs, mas qvia ganzRvreli. 

or sistemas qvia tolfasi, Tu maTi amonaxsnTa simravleebi erTidaigivea. 

gausis meTodiT sistemis amoxsnisas Semdeg operaciebs vawarmoebT: 

romelime gantolebas vamravlebT raime ricxvze da vumatebT sxva gantolebebs.  

Tu 0𝑥1 + 0𝑥2 + ⋯ + 0𝑥𝑛 = 0 _maSin aseT gantolebebs amovagdebT. 

Tu romelime gantoleba miiRebs saxes: 0𝑥1 + 0𝑥2 + ⋯ + 0𝑥𝑛 ≠ 0 maSin vwyvetT 

amoxsnas radgan sistemas am SemTxvevaSi amonasxni araaqvs. 

vTqvaT, 𝑎11 ≠ 0 , (romelime koeficienti ≠ 0) -erTerTi procesi aris 

koeficientebis nomrebis Secvla, SegviZlia agreTve gantolebebis gadanacvleba, 

amitom amas yovelTvis mivaRwevT, amitom vigulisxmoT rom 𝑎11 ≠ 0. maSin 

SegviZlia pirveli gantolebis garda yvelgan gamovricxoT  𝑥1 cvladi. 

amisTvis pirveli gantoleba davtovoT ucvleli, xolo yovel Semdgom 

gantolebas davumatoT 
𝑎𝑖1

𝑎11
 _ze gamravlebuli pirveli gantoleba. 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1  

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥2 = 𝑏2      
𝑎21

𝑎11
  

⋯  ⋯   ⋯  ⋯  ⋯   ⋯   ⋯   ⋯   ⋯       ⋯        => 

𝑎𝑚1𝑎𝑚2 + 𝑎𝑚2𝑥2 + ⋯𝑎𝑚𝑛 𝑥𝑛 = 𝑏𝑚    
𝑎𝑚 1

𝑎11
  



𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1  

𝑎22
′ 𝑥2 + ⋯ + 𝑎2𝑛

′ 𝑥𝑛 = 𝑏2
′               => 

𝑎𝑚2
′ 𝑥2 + ⋯ + 𝑎𝑚𝑛

′ 𝑥𝑛 = 𝑏𝑚
′   

𝑐11𝑥1 + 𝑐22𝑥2 + ⋯ + 𝑐1𝑛𝑐𝑛 = 𝑙1  

𝑐22𝑥2 + ⋯ + 𝑐2𝑛𝑥𝑛 = 𝑙2  

𝑐𝑘𝑘𝑥𝑘 + ⋯ + 𝑐𝑘𝑛𝑥𝑛 = 𝑙𝑘  

Tu bolo gantoleba orucnobiania maSin sistemas aqvs usasrulod bevri 

amonaxsni. Tu erTucnobiania maSin sistemas erTaderTi amonaxsni aqvs. 
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leqcia 12 

 

 

gadanacvlebis luwoba da kentoba 

 

gavixsenoT, rom n-elementiani gadanacvleba ewodeba n-elementiani 

simravlis yovel dalagebas. n-elementian gadanacvlebaTa ricxvi aris n! 

gadanacvlebebi SeiZleba SevadginoT pirvel n naturaluri ricxvisgan. 

magaliTad, pirveli sami naturaluri ricxvisgan SeiZleba SevadginoT 6 

gadanacvleba (6=3!); 123, 132, 213, 231 da 321. 

vTqvaT, mocemulia raime gadanacvleba pirveli n naturaluri ricxvisgan. 

vityviT, rom am gadanacvalebaSi raime ori ricxvi qmnis inversias, Tu is 

ricxvi, romelic metia win uswrebs masze naklebs. magaliTad, 132 

gadanacvlebaSi 3 da 2 qmnis inversias. 

am gadanacvlebaSi inversiaTa ricxvi mxolod erTia _ mxolod 3 da 2 

qmnis inversias, inversiaTa ricxvs aseT CavwerT: [1, 3, 2], e. i. [1, 3, 2]=1. 

ganvixiloT 7-elementiani gadanacvleba: 2, 5, 4, 7, 3, 6. aq inversiaTa 

ricxvi aris 7, [2, 5, 1, 4, 7, 3, 6]=7. marTlac, ricxvi 1 qmnis 2 inversias, 

ricxvi 2 _ arcerTs, ricxvi 3 _ 3-s, ricxvi 4 _ 1-s, ricxvi 5 _ arcerTs, 

ricxvi 6 _ erTs, ricxvi 7 _ arcerTs, sul _ 2+3+1+1=7. 

gadanacvlebas ewodeba luwi, Tu masSi inversiaTa ricxvi luwia, 

gadanacvlebas ewodeba kenti Tu masSi inversiaTa ricxvi kentia. Tu 

gadanacvlebaSi or ricxvs adgilebs SevucvliT, maSin, cxadia, 

gadanacvlebis luwoba, an kentoba icvleba _ luwi gaxdeba kenti da kenti 

_ luwi. asec vityviT: transpoziciis Semdeg (ori ricxvis adgilebis 

Secvlis Semdeg) luwi gadanacvleba gaxdeba kenti da kenti gaxdeba _ 

luwi. 

n! gadanacvlebidan naxevari luwia, meore naxevari _ kenti. 
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n-uri rigis determinanti 

 

ganvixiloT n-uri rigis kvadratuli matrica:  

 























nnnn

n

n

aaa

aaa

aaa

A

...

...

...

...

21

22221

11211

 

 

n-uri rigis matricis n-uri rigis determinanti ewodeba am matricis 

elementebis namravlTa jams; TiToeul namravlSi Sedis n Tanamamravli, 

romlebic TiTo-TiTod aris aRebuli TiToeuli striqonidan da TiToeuli 

svetidan. Sesakrebebis raodenoba aris n! TiToeul Sesakrebs aqvs + an – 

niSani, romelic Semdegnairad ganisazRvreba: Tu TiToeul namravlSi 

Tanamamravlebi Sesabamisi svetebis nomrebis zrdis mixedviTaa dalagebuli, 

maSin im namravls, romelSic striqonebis nomrebi qmnis luw gadanacvlebas 

`+~ niSani aqvs, winaaRmdeg SemTxvevaSi _ minus niSani (roca striqonebis 

nomrebi qmnis kent gadanacvlebas). n-uri rigis determinants ase aRvniSnavT: 

 

nnnn

n

n

aaa

aaa

aaa

...

...

...

...

21

22221

11211

 

 

es aris ricxvi, romelic, zemoTTqmulis Tanaxmad, ase gamoiTvleba: 

 

 
)...,,(

]...,,[

21

22221

11211

21

332211

21 ...)1(

...

...

...

...

n

nn

n

iii

iiii

iii

nnnn

n

n

aaaa

aaa

aaa

aaa

 

 

jami vrceldeba yvela gadanacvlebaze, maSasadame, Sesakrebebis 

raodenoba aris n! 

 

Teorema 1.  n-uri rigis determinantSi wevri 
nnklklkl aaa ...

2211
Sedis  

],...,,[],...,[ 2121)1( nn kkklll 
  niSniT. 

 

damtkiceba. SevniSnoT, rom, Tu 
nnklklkl aaa ...

2211
namravlSi or Tanamamravls 

adgilebs SevucvliT, maSin l1, l2, ..., ln da k1, k2, ..., kn gadanacvlebebSi TiTo 
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transpozacia moxdeba, amitom [l1, l2, ..., ln]+[k1, k2, ..., kn] ar Seicvlis luw-

kentovnebas. 

vTqvaT, mocemul gadanacvlebaSi wevrebs ise SevucvaleT adgilebi, rom 

meore indeqsebi adgens mTavar gadanacvlebas: 1, 2, ... n. Tu pirveli indeqsebi 

adgens m1, m2, ..., mn gadanacvlebas, maSin Sesabamisi wevris niSani unda iyos: 
],...,,[ 21)1( nmmm

 . es niSani ki daemTxveva ],...,,[],...,[ 2121)1( nn kkklll 
  niSans. 

n-uri rigis determinantis Tvisebebi. 

determinantSi ori striqonis (an svetis) adgilebis Secvlas vuwodoT am 

striqonebis (svetebis) transpozicia. 

 

vTqvaT, striqonebi gadavnomreT zemodan qvemoT, svetebi _ marcxnidan _ 

marjvniv. yoveli striqonis Secvlas igive nomris svetiT transponireba 

vuwodoT. 

 

I Tviseba. transponirebis dros determinanti ar icvleba. 

 

damtkiceba. vTqvaT, mocemulia determinanti: 

 

nnnn

n

n

aaa

aaa

aaa

D

...

...

...

...

21

22221

11211

  

 

misi transponirebiT miiReba determinanti: 

 

nnnn

n

n

aaa

aaa

aaa

D

...

...

...

...

'

21

22212

12111

  

 

cxadia, pirveli determinantis yoveli Sesakrebis moduli daemTxveva D'-

is romeliRac Sesakrebis moduls, radgan yoveli wevri Sedgeba n  

Tanamamravlisgan, ise, rom TiToeuli striqonidan da TiToeuli svetidan 

TiTo elementi aiReba. analogiurad, D'-is yoveli wevris moduli 

daemTxveva D-s romeliRac wevris moduls. e. i. 
nnkikiki aaa ...

2211
 _ wevri aris 

pirvel determinantSic da meoreSic, magram misi niSani oriveSi erTi da 

igivea da tolia ],...,,[]...,,,[ 2121)1( nn kkkiii 
  pirvel determinantSi niii ....,, 21  striqonebis 

nomrebia, meoreSi _ svetebis. 
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II Tviseba.  determinantis romelime ori striqonis, an svetis  

transpoziciiT determinanti niSans icvlis. 

 

damtkiceba. vTqvaT, mocemulia determinanti: 

 























nnnq

nq

nq

npnn

p

p

aa

aa

aa

aaa

aaa

aaa

D

......

......

......

...

...

...

...

22

11

21

22221

11211

1  

 

p da q nomris mqone svetebis transpoziciis Semdeg miiReba determinanti: 

 























nnnp

np

np

nqnn

q

q

aa

aa

aa

aaa

aaa

aaa

D

......

......

......

...

...

...

...

22

11

21

22221

11211

2  

 

ganvixiloT D1-is raime Sesakrebi niSnis gaTvaliswinebis gareSe: 

niqipiii nqp
aaaaa .........21 21

 

es wevri Sedis D1-Si 
]...,,,[ 21)1( niii

  niSniT. 

es Sesakrebi D2-Sic aris raRac niSniT. vipovoT es niSani. magram D2-Si 

svetebis nomrebi unda davalagoT zrdis mixedviT. amitom ase gadavwerT: 

nipiqiii npq
aaaaa .........21 21

 

aq ukve svetebi zrdis mixedviTaa dalagebuli, radgan aiq moTavsebulia 

svetSi, romlis nomeria p. amitom es namravli D2-Si Sedis 
]...,...,,...,,,[ 21)1( npq iiiii

  

niSniT. 

amrigad, D1-is yoveli wevri aris D2-is wevri da aqvs mopirdapire niSani, 

radgan [i1, i2, ...,  ip,  ... ,  iq,  ... ,  in] gadanacvleba luwia, Tu [i1, i2, ...,  iq,  ... ,  

ip,  ... ,  in] _ kentia da kentia, roca es meore gadanacvleba luwia. 

igive Tviseba WeSmaritia striqonebisTvis, radgan transponirebiT, 

svetebi gardaiqmneba striqonebad. 

 

Sedegi. Tu determinantSi ori striqoni, an ori sveti tolia, maSin es 

determinanti nulia. 

damtkiceba. vTqvaT, ori striqoni tolia. SevucvaloT maT adgilebi. 

erTis mxriv determinanti ar icvleba, meores mxriv _ icvlis niSans, 

amitom determinanti nulia. 
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III Tviseba.  Tu determinantis romelime striqonis, an svetis yvela  

elements raime ricxvze gavamravlebT, maSin determinanti 

gamravldeba am ricxvze. 

 

damtkiceba. msjeloba CavataroT pirveli svetis SemTxvevaSi. 

 

nnnn

n

n

aaa

aaa

aaa

D

...

...

...

...

21

22221

11211

  

nnnn

n

n

aaka

aaka

aaka

D

...

...

...

...

21

22221

11211

1   

 

cxadia, kDaaakakaaakaD
n

n

n

n

n

n

iii

niiii

iii

iii

niiii

iii
 

)...,,(

321

]...,,[

)...,,(

321

]...,,[

1

21

321

21

21

321

21 ...)1(...)()1( . 

 

Sedegi. Tu determinantSi ori striqoni, an ori sveti proporciulia, 

maSin determinanti nulia. 

 

III Tvisebis Sedegi. Tu determinantSi ori striqoni, an ori sveti 

proporciulia, maSin determinanti nulis tolia. 

 

 

IV Tviseba.  vTqvaT, determinantis romelime svetis elementebi ori  

Sesakrebis jamia, aik=bik+cik, anu 

 

nn

n

n

nknknn

kk

kk

a

a

a

cbaa

cbaa

cbaa

D
...

...

...

...

...

...

............

...

...

2

1

21

222212

112111







  

 

maSin D=D1+D2, sadac 

 

nn

n

n

nknn

k

k

a

a

a

baa

baa

baa

D
...

...

...

...

...

...

............

...

...

2

1

21

22212

12111

1     

nn

n

n

nknn

k

k

a

a

a

caa

caa

caa

D
...

...

...

...

...

...

............

...

...

2

1

21

22212

12111

2   

 

damtkiceba: 

21

)...,,(

21

]...,,[

)...,,(

21

]...,,[

21

21

21

21

21

21 ......)1(......)1( DDacaaabaaD
n

nk

n

n

nk

n

iii

nikiii

iii

iii

nikiii

iii
  . 
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Sedegi. determinanti ar Seicvleba Tu romelime striqonis an svetis 

elementebs davumatebT sxva striqonis an svetis elementebisa da raime 

ricxvis ricxvis namravls. 

 

gansazRvreba. n-uri rigis determinantis aik elementis minori Mik ewodeba 

n-1 rigis determinants, romelic miiReba i-uri striqonisa da k-uri svetis 

amoSliT. 

n-uri rigis determinantis aik elementis algebruli damateba Aik ki 

uwodeba ricxvs: ik

ki M )1( . 

 

Teorema. Tu n-uri rigis D determinantSi romelime k-uri svetis yvela  

elementi nulis tolia garda aik elementisa, maSin 

ikik AaD  . 

 

damtkiceba. jer, vTqvaT, i=k=1, e. i. gvaqvs determinanti: 

 

nnn

n

n

aa

aa

aaa

D

...0

...

...0

...

2

222

11211

 , cxadia, 11111111

)...,,(

21

]...,,[

21

21

21 ...)1( AaMaaaaD
n

n

n

iii

niii

iii
  . 

 

ganvixiloT zogadi SemTxveva: 

 

nnnn

inikii

n

n

aaa

aaaa

aaa

aaa

D

...0...

..................

......

..................

...0...

...0...

21

21

22221

11211

  

 

(i–1) transpoziciiT i-uri strioni SeiZleba pirvel striqonad vaqcioT, 

(k–1) transpoziciiT ki k-uri sveti gadaiqceva pirvel svetad da aik 

daikavebs a11-is adgils.  

amitom     ikikikik AaMa   

 

 

determinantis V Tviseba. n-uri rigis determinanti tolia romelime 

striqonis an svetis elementebis maTsave algebrul damatebebze namravlTa 

jamis: 

D=aikAik+a2kA2k+ ... + ankAnk. 
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damtkiceba.  

nnnn

n

n

aaa

aaa

aaa

D

...

............

...

...

21

22221

11211

  

 

igi SeiZleba ase gadavweroT: 

 

nn

n

n

nknn

k

k

a

a

a

aaa

aaa

aaa

D
...

...

...

...

...

...00...

............

0...0...

0...0...

2

1

21

22221

12111







 = 

 

= 

nn

n

n

nknnnn

n

n

nn

k

nn

n

n

nn

k

a

a

a

aaa

aa

aa

a

a

a

aa

aaa

aa

a

a

a

aa

aa

aaa

...

...

...

...

...

...

............

0...

0...

...
...

...

...

...

...

0...

............

...

0...

...

...

...

...

...

0...

............

0...

...

2

1

21

2221

1211

2

1

21

22221

1211

2

1

21

2221

11211

 

= akAk+a2kA2k+ ... + ankAnk. 

 

VI Tviseba: n-uri rigis determinantis romelime striqonis an svetis  

elementebis sxva striqonis an svetis elementebis 

algebrul damatebebze namravlTa jami nulis tolia. 

vTqvaT, 

 

nnns

ns

ns

nknn

k

k

aa

aa

aa

aaa

aaa

aaa

D

...

...

...

...

...

...

...

...

...

............

...

...

22

11

21

22221

11211

  

 

ganvixiloT determinanti: 

 

nnnk

nk

nk

nknn

k

k

aa

aa

aa

aaa

aaa

aaa

D

...

...

...

...

...

...

...

...

...

............

...

...

22

11

21

22221

11211

1   

cxadia, D1=0, meores mxriv, s-uri svetis mixedviT wina Tvisebis gamoyeneba 

gvaZlevs: 

D1=a1k A1s+a2k A2s +...+ ank Ans  

e. i. 

a1k A1s+a2k A2s +...+ ank Ans=0. 
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Sebrunebuli matrica. misi arsebobis piroba. 

kvadratuli A matricis Sebrunebuli ewodeba matricas, romlis namrav-

li mocemul A matricaze erTeulovani matricaa, e. i. aris matrica:  

 

E





















1000

............

0...10

0...01

 

A-s Sebrunebuls ase aRvniSnavT: A
-1 

e. i.    A
.
A

–1
=E. 

 

 

Teorema.  Tu kvadratuli A matricis determinanti nuli ar aris, 

maSin  

arsebobs erTaderTi matrica, romelic A-s Sebrunebulia da igi  

ase moicema: 



























D

A

D

A

D

A

D

A

D

A

D

A
D

A

D

A

D

A

A

nnnn

n

n

...

............

...

...

21

22212

12111

1 , sadac 

A11, A12, A21, ... , Ann aris A matricis elementebis algebruli damatebebia, D 

aris A matricis determinanti. 

 

damtkiceba. advilad SevamowmebT, rom A
.
A
–1

=A
–1

A=E. 

magaliTad, namravlis c11 elementi ase gamoiTvleba 

;1... 1
1

12
12

11
11 

D

D

D

A
a

D

A
a

D

A
a n

n  

c12 ase gamoiTvleba: 

 

0
0

... 2
1

22
12

21
11 

DD

A
a

D

A
a

D

A
a n

n . 

erTaderToba. 

 

vTqvaT,   B
.
A=E 

maSin  (B
.
A)A

–1
=E

.
A
–1

 

B(A
.
A
–1

)=A
–1

, 

B=A
–1

. 

Tu detA=0, maSin A matrics Sebru-

nebuli ara aqvs. 

marTlac, Tu arsebobs A
-1, maSin 

A
.
A
–1

=E 

det (A
.
A
–1

)=1 

detA0 detA
–1

=0 

radgan   det(A
.
A
–1

)=detA
.
detA

–1
. 
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matricas 























nnnn

n

n

AAA

AAA

AAA

A

...

............

...

...

21

22212

12111

*  vuwodoT A-s mikavSirebuli. maSasadame, 

 

*1 1
A

D
A  ,sadac D aris A-s determinanti. 
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leqcia 13 

 

wrfiv algebrul gantolebaTa sistemis amoxsna 

 

ganvixiloT n-ucnobian n wrfiv gantolebaTa sistema 

 

\a11x1+a12x2+...+a1nxn=b1 

a21x1+a22x2+...+a2nxn=b1 

- - - - - - -   (1) 

an1x1+an2x2+...+annxn=bn    

 

am sistemis amonaxsni ewodeba ricxvTa dalagebul n-euls (1, 2, ... n), 

romlis CasmiT (x1, x2, ..., xn) ucnobTa sistemis nacvlad, anu x1=1, x2=2, ... xn=n 

CasmiT, 

miiReba WeSmariti tolobebi: 

a111+a122+...+a1nn=b1 

a211+a222+...+a2nn=b1 

 - - - - - - 

an11+an22+...+annn=bn 

(1) sistemis determinanti ewodeba n-uri rigis  determinants: 



nnnn

n

n

aaa

aaa

aaa

...

............

...

...

21

22221

11211

  

 

damxmare determinantebi ki ewodeba determinantebs: 

 

nnnn

n

n

aab

aab

aab

...

............

...

...

2

2222

1121

1  ,     

nnnn

n

n

aba

aba

aba

...

............

...

...

1

2221

1111

2  , ... ,  

nnn

n

baa

baa

baa

...

............

...

...

21

22221

11211

 . 

 

e. i. yoveli damxmare determinanti i(i=1, 2, ... n) miiReba -sgan Tavisufali 

wevrebis _ b1, b2, ... bn ricxvebis _ CasmiT i-uri svetSi ucnobebis Sesabamisi 

koeficientebis nacvlad. 
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krameris Teorema. Tu n-ucnobian n wrfiv algebrul gantolebaTa 

sistemis determinanti 0, maSin sistemas erTaderTi amonaxsni aqvs,  

romelic aris 


















 n,...,, 21 , anu 













 n

nxxx ,...,, 2
2

1
1 . 

 

damtkiceba. vTqvaT, (1) sistemis aqvs amonaxsni: (x1, x2, ..., xn) amonaxsnia, 

maSin gvaqvs: 

a11x1+a12x2+ ... +a1nxn=b1 

a21x1+a22x2+ ... +a2nxn=b1 

- - - - - - 

an1x1+an2x2+ ... +annxn=bn 

 

pirveli toloba gavamravloT A11-ze (a11-is algebrul damatebaze), meore 

toloba gavamravloT A21-ze da a. S. bolo toloba gavamravloT An1-ze. 

miRebuli tolobebi SevkriboT. miviRebT: 

x1(a11A11+a21A21+...+an1An1)+x2(a12A11+a22A21+ ... +an2An1)+...  

+xn(a1nA11+a2nA21+ ... +annA1)=b1A11+b2A21+ ... +bnAn1 

aqedan gvaqvs: 

x1 1 , 

radgan   0 ,   



 1

1x . 

analogiurad miviRebT: 









 n

nxx ,...,2
2      (2) 

maSasadame, Tu sistemis amonaxsnia (x1, x2, ... xn) maSin igi moicema (2) 

formulebiT. amonaxsnis erTaderToba damtkicebulia. amonaxsnis 

arsebobaSi rom davrwmundeT, sakmarisia (










 n,...,, 21 ) CavsvaT yvela ganto-

lebaSi ucnobebis nacvlad da davrwmundebiT, rom (2) sistemis amonaxsnia. 

Teorema damtkicebulia. 

gantolebaTa (1) sistema SeiZleba matriculad ase CavweroT: 

A
.
X=B,      (3) 

sadac matricebi A, X da B ase moicema: 























nnnn

n

n

aaa

aaa

aaa

A

...

............

...

...

21

22221

11211

,   























nx

x

x

X
...

2

1

,  























nb

b

b

B
...

2

1

 

vTqvaT, A matricis determinanti nuli ar aris da igi aRvniSnoT  asoTi 

_ detA= (anu A matrica aragadagvarebulia). maSin arsebobs misi 

Sebrunebuli matrica 
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































nnnn

n

n

AAA

AAA

AAA

A

...

............

...

...

21

22212

12111

1  

 

maSin (3) tolobidan (Tu arsebobs X, romelic akmayofilebs (3)-s) gvaqvs: 

A
–1

(A
.
X)=A

–1.
B, 

aqedan 

(A
–1

A)
.
X=A

–1
B, 

aqedan X=A
–1

B, radgan A
–1

A erTeulovani matricaa. 

maSasadame, amonaxsni Tu arsebobs, ase moicema 

 





















nx

x

x

...

2

1

 =A
–1.

B. 

 

is rom A
–1

B amonaxsnia, CasmiT mowmdeba: 

A(A
–1.

B)=(A
.
A
–1

)
.
B=B. 

amrigad, Tu , sistemas aqvs erTaderTi amonaxsni da matriculad es 

amonaxsni ase Caiwereba: 

X=A
–1.

B. 

aqedan advilad miviRebT krameris formulebs: 

 














 n

nxxx ,...,, 2
2

1
1 . 

 

ganvixiloT wrfiv algebrul gantolebaTa sistema, romelic Seicavs m 

gantolebas n ucnobiT: 

a11x1+a12x2+ ... +a1nxn=b1 

a21x1+a22x2+ ... +a2nxn=b1 

- - - - - - 

a1x1+am2x2+ ... +amnxn=bm 

a11, a12, ... ann ricxvebs sistemis koeficientebi ewodeba, b1, b2, ..., b ricxvebs _ 

Tavisufali wevebi. sistemis amonaxsni ewodeba ricxvTa nebismier n-euls _ 

c1, c2 ... cn, romelTa CasmiT x1, x2, ..., xn ucnobebis nacvlad miviRebT WeSmarit 

tolobebs. 

sistemas ewodeba Tavsebadi, Tu mas aqvs erTi mainc amonaxsni, Tu 

sistemis ara aqvs amonaxsni, maSin mas ewodeba araTavsebadi. sistemas 
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ewodeba ganuzRvreli, Tu mas erTze meti amonaxsni aqvs, SevniSnoT, rom 

sistemas Tu aqvs erTze meti amonaxsni, maSin mas aqvs uamravi amonaxsni. or 

sistemas ewodeba tolfasi, roca maT aqvs erTi da igive simravle 

amonaxsnebisa. 

 

sitemis amoxsna gausis meTodiT. 

 

mocemul sistemaze vawarmoebT Semdegi saxiT gardaqmnebs: 1) sistemidan 

amoviRebT Semdegi saxis gantolebebs:  

0
.
x1+0

.
x2+...+0

.
xn=0    (1) 

2) romelime gantolebis orive mxares vumatebT sxva gantolebis 

gamravlebuls raime ricxvze. 

cxadia, am gardaqmnebis Semdeg mocemuli sistemis tolfasi sistema 

miiReba. kidev erTi saxis gardaqmnasac vasrulebT _ ucnobebis 

gadanomrvasac vcvliT. 

Tu sistemaSi erTi mainc Sedis gantoleba: 

0
.
x1+0

.
x2+...+0

.
xn=b  (b0)   (2) 

romelsac, Cans, rom amonaxsni ara aqvs, maSin sistemac araTavsebadia. 

vTqvaT, axali sistema aseTi gantolebas ar Seicavs da CamoSorebulia (1) 

saxis gantolebebic. maSin erTi mainc gantoleba Seicavs nulisgan 

gansxvavebul koeficientian wevrs. SeiZleba vigulisxmoT, rom es aris a11x1 

wevri, e. i. a110. 

pirvel gantolebas vtovebT, xolo yvela danarCenidan gamovricxavT x1 

ucnobis Semcvel wevrebs. magaliTad, Tu pirvels gavamravlebT 
11

21

a

a
 -ze da 

davumatebT meore gantolebas, maSin meoridan gamoricxeba x1 da a. S. 

Sedegad miviRebT mocemulis tolfas sistemas: 

 

mnmnm

nn

nm

bxaxa

bxaxa

bxaxaxa

''...'

...

''...'

...

22

22222

1212111







 

 

cxadia, aq gantolebaTa ricxvi SeiZleba m-ze naklebic iyos, radgan 

amovagdeT (1) saxis gantolebebi. 

vTqvaT, a′22≠0. maSin igive process CavatarebT _ gamovricxavT x2-s meoris 

Semdeg yvela gantolebidan. Sedegad miiReba sistema: 
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mnmnm

nn

nn

nn

bxaxa

bxaxa

bxaxa

bxaxaxa

''''...''

...

''''...''

''...'

...

33

33333

22222

11212111









 

gavagrZelebT am process. sistema moiyvaneba mis tolfas sistemamde: 

 

c11x1+c12x2+...+c1nxn=d1 

          c22x2+...c2nxn=d2 

                  - - - - -  

         ckkxk+...+ckmxn=dk 

 

romelSic c11, c22, ... ck nulisgan gansxvavebuli ricxvebia. 

SeiZleba moxdes, rom gardaqmnis procesSi (2) saxis gantoleba miviRoT, 

maSin sistema araTavsebadia. 

ganvixiloT ori SesaZlo SemTxveva: 

1) k=n. maSin bolo gantoleba miRebul sistemaSi erT ucnobs Seicavs, 

mas erTi amonaxsni aqvs: 
nn

n
n

c

d
x  , CavsvamT am mniSvnelobas wina gantolebaSi 

da vipoviT xn-1-s. Semdeg xn da xn-1-is mniSvnelobebs CavsvamT wina 

gantolebaSi da miviRebT xn-2-s, da a. S. vipoviT yvela ucnobs. e. i. am 

SemTxvevaSi sistemas erTaderTi amonaxsni aqvs. 

2) k<n. maSin ukanaskneli gantoleba Seicavs erTze met ucnobs, mas 

uamravi amonaxsni aqvs da sistemasac uamravi amonaxsni aqvs. 

SevSinoT, rom yvela is gardaqmna, romelsac vawarmoebT gantolebebze, 

faqtiurad xorcieldeba matricaze, romelic Sedgeba koeficientebisa da 

Tavisufali wevrebisgan. 

 

 

magaliTi. 














10103

0372

1023

321

221

321

xxx

xxx

xxx

 

 

amoxsna  























































 

20

10

7

2

1

3

0

1

20

20

10

7

7

2

1

1

3

0

0

1

10

0

10

1

3

2

10

7

3

3

2

1

 

 

e. i. miviReT sistema: 

x1+3x2–2x3=10 

x2–7x3=-20 
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mas aqvs uamravi amonaxsni: meore gantolebidan: 

x2=–20+7x3, CavsvaT wina gantolebaSi da vipovoT x1, x1=70+23x3 

e. i. yvela amonaxsni ase Caiwereba: 

 















ricxvianebismiri3

32

31

720

2370

x

xx

xx
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leqcia 14 

 

 

R
n sivrce 

 

vTqvaT, R namdvili ricxvia simravlea. ganvixiloT namdvil ricxvTa 

dalagebuli n-eulebi, anu n namdvili ricxvi, romlebic gadanomrilia _ a1, 

a2 ... an. SemoviRoT aRniSvna: a

= (a1, a2, ... an). vuwodoT mas n-ganzomilebiani 

veqtori. ganvixiloT n-ganxomilebiani veqtorebis simravle. 

{(a1, a2, ... an), a1R, a2 R 1 ... an R}. 

am simravleSi SemoviRoT operaciebi: 

1) Sekrebis operacia: 

(a1, a2, ... an) + (b1, b2, ... bn)=(a1+b1, a2+b2, ..., an+bn). 

2) R , maSin SemoviRoT: 

λ·(a1, a2, ... an)= (λa1, λa2, ... λan). 

aRvniSnoT: R
n
={(a1, a2, ... an), a1R, a2R1 ... anR}. 

vuwodoT mas ariTmetikuli sivrce. Tu namdvili ricxvebis nacvlad 

aviRebT kompleqsur ricxvebs, gveqneba kompleqsuri ariTmetikuli sivrce _ 

C
n. 

R
n-is nulovani veqtori vuwodoT veqtors: 

0


=(0, 0, ..., 0). 

x


=(a1, a2, ... an) veqtoris mopirdapire veqtori vuwodoT veqtors: 

– x


=(–a1,– a2, ...– an). 

 

 

Tvisebebi: 

1) abba


     5) xx


1  

2) cbacba


 )()(    6) xabxba


)()(   

3) aa


0     7) xbxaxba


 )(  

4) 0)(


 aa    8) yaxayxa


 )(  

 

am Tvisebebis Tanaxmad, SeiZleba ganvixiloT sami, oTxi da a. S. meti 

veqtoris jami, SeiZleba ganvixiloT veqtorTa wrfivi kombinacia: Tu 

kxxx ...,,, 21  veqtorebia, λ1, λ2, ... λk ricxvebi, maSin am veqtorebis wrfivi 

kombinaciaa 

     kk xaxaxa  ...2211 . 

vityviT, rom x

 veqtori wrfivad gamoisaxeba kxxx ...,,, 21  veqtorebiT, Tu 

arsebobs ricxvebi λ1, λ2, ... λk, rom 

x


= kk xxx   ...2211 . 
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vTqvaT, mocemulia matrica: 

 
















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

mnmm

n

n
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22221
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misi yoveli striqoni SegviZlia ganvixiloT, rogorc R
n-is veqtori, 

yoveli sveti aris R
m-is veqtori. 

 

 

gansazRvreba 1. R
n sivrcis kxxx ...,,, 21  veqtorebs ewodeba wrfivad 

damokidebuli, Tu moiZebneba ricxvebi a1, a2, ..., ak, romelTagan erTi mainc ar 

udris nuls, rom WeSmaritia toloba 

kk xaxaxa  ...2211 = 0


   (1) 

 

gansazRvreba 2. R
n sivrcis kxxx ...,,, 21  veqtorTa sistemas ewodeba wrfivad 

damoukidebeli Tu (1) tolobis adgili aqvs mxolod maSin, roca 

a1=a2=...=ak=0. 

am gansazRvrebidan uSualod gamomdinareobs: 

1) Tu veqtorTa sistema Seicavs nulovan veqtors, is wrfivad 

damokidebulia 

2) Tu veqtorTa sistemis erTi veqtori wrfivad gamoisaxeba danarCeni 

veqtorebiT, maSin is wrfivad damokidebulia. Tu sistema wrfivad 

damokidebulia, maSin maT Soris arsebobs veqtori, romelic wrfivad 

gamoisaxeba danarCeni veqtorebiT 

3) Tu sistema wrfivad damokidebulia, maSin yoveli sistema, romelic mas 

moicavs wrfivad damokidebulia. 

4) Tu sistema kxxx ...,,, 21  aris kyyy ...,,, 21  sistemis qvesistema da es 

ukanaskneli wrfivad damoukidebelia, maSin mocemulic wrfivad 

damoukidebelia. 

 

matricis rangi. vTqvaT, mocemulia m×n matrica 
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
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
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vityviT, rom A matricis rangi aris r ricxvi, Tu arsebobs A matricaSi r 

rigis minori, romelic nuli ar aris, xolo yvela ufro maRali rigis 

minori nulis tolia. cxadia, 

a) 0 r min(m, n). 

b) r=0 maSin da mxolod maSin, roca A nulovania 

g) Tu A aris n-uri rigis kvadratuli matrica, maSin r=n maSin da 

mxolod maSin, roca detA0. 

rangis ganmartebidan uSualod gamomdinareobs: Tu matricaSi k-uri 

rigis minorebidan erTi mainc nuli ar aris da k+1 rigis minorebi yvela 

nulia, maSin ufro maRali rigis minorebic nulia da matricis rangi aris 

k. 

matricis elementaruli gardaqmnebi vuwodoT Semdeg operaciebs:  

1) transponirebas 2) ori striqonis, an ori svetis transpozicias 3) 

romelime striqonis an svetis yvela elementis erTi da imave nulisgan 

gansxvavebul ricxvze gamravlebas 4) romelime striqonis an svetis 

elementebisadmi sxva striqonis an svetis elementebis erTi da imave 

ricxvze namravlebis mimateba. 

advili saCvenebilia, rom pirveli sami elementaruli gardaqmniT 

matricis rangi ar icvleba. axla vaCvenoT, rom meoTxe operaciiTac ar 

icvleba rangi. vTqvaT, 

 






















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i
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aaa

aaa

aaa

A

......

....

......

......
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22

11

21

22221

11211

, 

 

gamoyofilia ori sveti (i-uri da k-uri). 

 

me-4 elementaruli gardaqmniT miiReba matrica 
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
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
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




















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ki
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caaaa

caaaa

B

......

....

......

......
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22

11
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222221

111211

 

 

vTqvaT, A matricis rangi aris r, vaCvenoT, rom B-s rangi r. e. i. B-Si r-ze 

meti rigis minori yvela nulia. cxadia, B-s is minori, romlis rigi r-ze 

metia da ar Seicavs i-ur striqons, maSin is igivea, rac Sesabamisi minori A-

Si, e. i. nulis tolia. B-s is minoric, romlis rigi r-ze metia da Seicavs i-

ur svetsac da k-ur svetsac, nulia. Tu B-s minori, romlis rigi r-ze metia 
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Seicavs i-ur svets da ar Seicavs k-ur svets, maSin mas ase warmovadgenT: 

D1+D2, sadac D1 tolia A matricis Sesabamisi minoria da is nulia, D2 ki 

gansxvavdeba A matricis Sesabamisi minorisgan ricxviTi mamravliT da isic 

nulia. 

amrigad, B matricis rangi ar aRemateba A matricis rangs _ r(b)r(A). 

magram A matricac miiReba B-sgan analogiuri elementaruli gardaqmniT, 

amitom 

r(A)r(B). 

e. i.  

r(A)=r(B). 

 

 

ZiriTadi Tეორემა matricis rangis Sesaxeb. Tu matricis rangi aris r, 

maSin am matricaSi arsebobs r striqoni (veqtor-striqoni), an r sveti 

(veqtor-sveti), romelic wrfivad damoukidebelia da yoveli striqoni an 

sveti maTi wrfivi kombinaciaa. 

 

damtkiceba. vTqvaT, A matricis rangi aris r. maSin arsebobs r rigis 

minori, romelic nuli ar aris da yvela ufro maRali rigis minori nulia. 

SeiZleba vigulisxmoT, rom es r rigis minori A matricis marcxena zemo 

kuTxeSia. vaCvenoT, rom pirveli r striqoni wrfivad damoukidebelia, xolo 

yvela sxva striqoni maTi wrfivi kombinaciaa. 

davuSvaT, rom pirveli r striqoni wrfivad damokidebulia, maSin maTgan 

erT-erTi sxvebis wrfivai kombinaciaa. vTqvaT es erT-erTi aris r-striqoni, 

rx = 112211 ...  rr xxx  . 

Tu am r rigis minorSi, romelic nuli ar aris bolo striqons 

gamovaklebT pirvels gamravlebuls λ2-ze, meore striqons, gamravlebuls 

λ2-ze da a. S. wina striqons gamravlebuls λr–1-ze, maSin am striqonSi yvela 

elementi nuli iqneba, minori ar Seicvleba da igi nuli iqneba, rac 

SeuZlebelia. 

axala vaCvenoT, rom yvela sxva striqoni pirveli r striqonis wrfivi 

kombinaciaa. 

ganvixiloT r+1 rigis determinanti 

 

     

klkrkk

rlrrrr

lr

lr

aaaa

aaaa

aaaa

aaaa

...

...

...

...

...

21

21

222221

111211

 

Tu lr, cxadia, igi nulia. 
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Tu l>r, maSin igi (r+1) rigis minoria da maSinac nulia. e. i. misi gaSla 

bolo svetis mixedviT =0. 

0... 12211  rklrrlll AaAaAaAa  

cxadia, 01 rA , radgan emTxveva r rigis minors, amitom aqedan 

rlrllkl aaaa   ...2211 , l=1, ..., n. 

anu 

rnrnnkn

rrk

rrk

aaaa

aaaa

aaaa













...

...

...

...

2211

22221212

12121111

 

 

es niSnavs, rom k-uri striqoni aris pirveli r striqonis wrfivi 

kombinacia. 
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leqcia 15 

 

wrfiv algebrul gantolebaTa sistema. 

kronekur-kapelis Teorema. 

 

ganvixiloT wrfiv algebrul gantolebaTa sistema, romelic Seicavs m 

gantolebas, ucnobebis ricxvi aris n. 

 

a11x1+a12x2+ ... +a1nxn=b1 

a21x1+a22x2+ ... +a2nxn=b2 

- - - - - - 

am1x1+am2x2+ ... +amnxn=bn. 

 

Tu x1=c1, x2=c2, ..., xn=cn Casmis Semdeg miviRebT WeSmarit tolobebs, maSin 

(c1, c2, ... cn)-s ewodeba sistemis amonaxsni. Tu sistemas erTi mainc amonaxsni 

aqvs, maSin mas ewodeba Tavsebadi, Tu ara aqvs amonaxsni, maSin mas ewodeba 

araTavsebadi. sistemas ewodeba gansazRvruli, Tu mas aqve amonaxsni, 

ewodeba ganuzRvreli, Tu mas aqvs uamravi amonaxsni. 

sistemis matrica ewodeba matricas: 
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sistemis gafarToebuli matrica ewodeba matricas: 

 

   


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
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
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kroneker-kapelis Teorema. n-ucnobian m gantolebaTa sistemis 

TavsebadobisaTvis aucilebelia da sakmarisi, rom misi matricis rangi 

toli iyos gafarToebuli matricis rangis. Tavsebadobis SemTxvevaSi 

sistemas aqvs erTaderTi amonaxsni, roca rangi udris ucnobia ricxvs da 

aqvs uamravi amonaxsni, roca rangi naklebia ucnobTa ricxvze. 
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damtkiceba. aucilebloba. vTqvaT sistema Tavsebadia da amonaxsnia  

(c1, c2, ... cn). maSin WeSmaritia tolobebi. 

 

a11c1+a12c2+...+a1ncn=b1 

a21c1+a22c2+...+a2ncn=b2 

- - - - - - 

am1c1+a 2m c2+...+amncn=bm 

 

B matricis bolo svets gamovakloT pirveli sveti, gamravlebuli c1-ze, 

Semdeg gamovakloT meore sveti, gamravlebuli c2-ze da a. S. _ wina sveti, 

gamravlebuli cn-ze. es operaciebi ar cvlis matricis rangs. Sedegad ki 

miiReba matrica 
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
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misi rangi ki tolia A matricis rangis, maSasadame, r(A)=r(B). 

vTqvaT, axla r(A)=r(B)=r. maSasadame, A matricaSi arsebobs r rigis minori, 

romelic ar udris nuls da yvela masze maRali rigis minori nulis 

tolia. igive r rigis minori nulisagan gansxvavebulia B matricaSic da B 

matricis yvela r+1 rigis minori nulis tolia. SegviZlia vigulisxmoT, 

rom r rigis minori romelic nulisgan gansxvavebulia B matricis zeda 

marcxena kuTxeSia. matricis rangis Sesaxeb ZiriTadi Teoremis Tanaxmad, B 

matricis pirveli r striqoni wrfivad damoukidebelia da yvela sxva 

striqoni maTi wrfivi kombinacia. amitom mocemuli sistema tolfasia 

pirveli r gantolebis _ pirveli r gantolebis yoveli amonaxsni mocemuli 

sistemis amonaxsnia da piriqiT. 

 

ganvixiloT ori SemTxveva 

1) r=n. maSin pirveli r gantoleba miiRebs saxes: 

a11x1+a12x2+ ... +a1rxr=b1 

a21x1+a22x2+ ... +a2rxr=b2 

- - - - - 

ar1xq1+ar2x2+ ... +arrxr=br 

am sistemis determinanti ar udris nuls. krameris Teoremis Tanaxmad mas 

erTaderTi amonaxsni aqvs.  

maSasadame, am SemTxvevaSi mocemul sistemis erTaderTi amonaxsni aqvs. 

2) r<n. am SemTxvevaSi pirveli r gantoleba ase gadavweroT: 
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a11x1+a12x2+ ... +a1rx2=b1–a1r+1xrr1 ... –a1nxn 

- - - - - 

ar1x1+ar2x2+ ... +ar2x2=br-arr+1xr+1 ... –arnxn 

xr+1, xr+2, ..., xn ucnobebs vuwodoT Tavisufali ucnobebi. Tu maT mivaniWebT 

raime mniSvnelobebs da sistemis amovxsniT krameris wesiT, miviRebT 

mocemuli sistemis amonaxsns. 

Tavisufal ucnobebs SegviZlia mivaniWoT nebismieri mniSvnelobebi. 

amrigad, am SemTxvevaSi sistema Tavsebadia da aqvs uamravi amonaxsni 

(ganusazRvrelia). 

 

Sedegi. Tu n-ucnobian n gantolebis sistemis determinanti nulis tolia, 

maSin is an araTavsebadia, an ganusazRvrelia. 

 

 

 

erTgvarovan gantolebaTa sistema. 

 

erTgvarovan gantolebaTa sistema ewodeba Semdeg sistemas: 

a11x1+a12x2+ ... +a1nxn=0 

a21x1+a22x2+ ... +a2nxn=0 

- - - - - - 

am1x1+am2x2+ ... +amnxn=0 

cxadia, es sistema Tavsebadia, mas akmayofilebs nulovani amonaxsni: (0. 0, 

.... 0). x1=0, x2=0, ... xn=0 Casmis Semdeg miiReba WeSmariti tolobebi. am 

amonaxsnisgan gansxvavebul amonaxsns ewodeba aranulovani amonaxsni. 

 

Teorema. imisaTvis, rom erTgvarovan gantolebaTa sistemas hqondes 

aranulovani amonaxsni, aucilebelia da sakmarisi, rom sistemis matricis 

rangi naklebi iyos ucnobTa ricxvze. 

es Teorema kroneker-kapelis Teoremis Sedegia. kerZod, Tu sistema 

kvadratulia, maSin aranulovani amonaxsnis arsebobis aucilebeli da 

sakmarisi piroba iqneba Sesabamisi matricis determinantis nulTan toloba. 

 

Teorema. Tu erTgvarovan gantolebaTa sistemis rangi r naklebia 

ucnobTa ricxvze n-ze, maSin arsebobs sistemis n-r amonaxsni, romelic 

wrfivad demoukidebelia da maTi saSualebiT wrfivad gamosaxeba 

nebismieri amonaxsni. 

am n–r amonaxsns ewodeba amonaxsnTa fundamenturi sistema. 
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damtkiceba. vTqvaT, sistemis matricis rangi aris r da r rigis minori, 

romelic nulis toli ar aris marcxena zemo kuTxeSia. maSin sistema 

tolfasia pirveli r gantolebis: 

 

a11x1+a12x2+...+a1rxr=-a1r+1xr+1- ... -a1nxn 

a21x1+a22x2+...+a2rxr=-a2r+1xr+1- ... -a2nxn 

- - - - -  

ar1x1+ar2x2+...+arrxr=-arr+1xr+1- ... -arnxn 

 

aq xr+1, xr+2+, ... , xn Tavisufali ucnobebia. 

mivaniWoT maT mniSvnelobebi: 

 

xr+1=0, xr+2=0, ... xn=0, 

xr+1=0, xr+2=1, ... xn=0, 

- - - - - 

xr+1=0, xr+2=0, ... xn=1, 

 

am mniSvnelobebisgan Sedgenili determinanti aris 1-is toli 

 

0

1000

....

0...10

0...01

  

es determinanti n–r rigis nulisgan gansxvavebuli determinantia. am 

mniSvnelobebis Casmisa da sistemis amoxsnis Semdeg miviRebT n–r amonaxsns: 

   1e =(1 ,  2 , ... ,  r , 1,  0,  ... , 0) 

   2e =(1 ,  2 , ... ,  r , 0,  1,  ... , 0) 

- - - - 

   4e =(1 ,  2 , ... ,  r , 0,  0,  ... , 1) 

cxadia, es amonaxsnebi wrfivad damoukidebelia, radgan Sesabamisi 

matricis rangi (n–r)-is tolia. axla aviRoT, raime amonaxsni: 

   x =(1 ,  2 , ... ,  r ,  r+1 , ... ,  n).  

ganvixiloT veqtori: 

y = x –r+1 1e –  r+2 2e – ... –  n 2ne =(1 , 2 , ... , r , 0,  0,  ... ,  0) 

(1 ,  2 , ... , r ) es iqneba sistemis amonaxsni. masSi Tavisufali ucnobebis 

mniSvnelobebi nulebia, amitom 1= 2= ... =r=0. 

e. i. x  aris rneee ...,,, 21 veqtorebis wrfivi kombinacia. 

 

kavSiri erTgvarovan da Sesabamis araerTgvarovan sistemebs Soris. 
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ganvixiloT sistema: 

a11x1+a12x2+ ... +a1nxn=b1 

a21x1+a22x2+ ... +a2nxn=b1 

- - - - - -     (1) 

a1x1+am2x2+ ... +amnxn=bm  

vTqvaT  
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maSin sistema ase Caiwereba 

A
.
X=B    (2) 

(1) sistemis Sesabamisi erTgvarovani sistema ki ase Caiwereba 

 

a11x1+a12x2+ ... +a1nxn=0 

a21x1+a22x2+ ... +a2nxn=0 

- - - - - -    (3) 

am1x1+am2x2+ ... +amnxn=0  

 

matriculad es sistema aseT saxes miiRebs: 

A
.
X=0, sadac 










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Tu X1 da X2 (3)-is, anu (4)-is raime amonaxsnebia, maSin, cxadia, maTi wrfivi 

kombinaciac X1+X2 amonaxsnia, radgan A(X1+X2)=(AX1)+(AX2)=0 

amasTanave, viciT, rom, Tu A matricis rangi aris r, arsebobs n-r wrfivad 

damoukidebeli amonaxsni: X1, X2, ... Xn-r da nebismieri amonaxsni maTi wrfivi 

kombinacias, e. i. (3)-is zogadi amonaxsni ase Caiwereba: 

X=X1+X2+ ... n-rXn-r. 

Tu X0 aris (1)-is raime amonaxsni, maSin cxadia X+X0 iqneba (1)-s amonaxsni 

da nebismieri amonaxsni am formuliT moicema, e. i. araerTgvarovanis 

zogadi amonaxsni ase Caiwereba. 

Y=X+X0, sadac X aris Sesabamisi erTgvarovanis nebismieri amonaxsni, 

xolo X0 aris araerTgvarovanis raime amonaxsni. maSasadame, 

araerTgvarovanis zogadi amonaxsni ase Caiwereba 

Y=X0+X1+X2+ ... n-rXn-r. 

sadac X1, X2, ... Xn-r aris erTgvarovanis amonaxsnTa fundamenturi sistema. 
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leqcia 16 

 

 

wrfivi (veqtoruli) sivrce. 

 

vTqvaT, V aracarieli simravlea, R _ namdvil ricxvTa simravle. V-s 

elementebs vuwodoT veqtorebi da ase aRvniSnoT: a


, b


, c


... R-is elementebi 

ricxvebia _ .... 

vTqvaT, gansazRvrulia asaxva: VV  V, e. i. V-s veqtorTa yovel wyvils 

( x


, y

)-s Seesabameba V-s elementi z


, mas vuwodoT vetorTa jami da mas ase 

CavwerT: z


= x


+ y

. 

garda amisa vixilavT asaxvas: RVV, romelic yovel (, x

) wyvils 

Seusabamebs z

 elements da mas vuwodoT  x


 namravli: z


= x


. 

amasTanave, vTqvaT, Sesrulebulia Semdegi pirobebi: 

1) x


+ y


= y


+ x


,  x

V, y


V. 

2) ( x


+ y

)+ z


= x


+( y

+ z

) 

3) arsebobs V-Si elementi 0

, romelsac aqvs Tviseba: x


+ 0


= x


. 

4) yoveli x

-sTvis arsebobs V-Si elementi – x


, iseTi, rom x


+(– x


)= 0


. 

5) 1 x


= x


. 

6) ( x

)=() x


 

7) ( x


+ y

)= x


+ y


 

8) (+) x


= x


+β x

 

 

V simravles, romelSic gansazRvrulia Sekrebis operacia da ricxvze 

gamravlebis operacia ise, rom zemoT CamoTvlili 8 piroba sruldeba, 

ewodeba wrfivi sivrce (veqtoruli) sivrce. 

SevniSnoT, rom am Tvisebebidan uSualod gamomdinareobs: 

– x


=(–1)· x

, 0· x


= 0


, Tu · x


= 0

, maSin an , an x


= 0

. 

 

magaliTi 1. vTqvaT, M aris sivrceSi veqtorebis simravle, romlebic 

mimarTuli monakveTebis saSualebiT ganisazRvreba. aq gvaqvs Sekreba da 

ricxvze gamravleba, yvela 8 piroba sruldeba, es simravle wrfivi sivrcea. 

 

magaliTi 2. ganvixiloT nm   matricebis simravle. es simravlec maTi 

Sekrebisa da ricxvze gamravlebis mimraT wrfivi sivrcea. 

 

magaliTi 3. R
n sivrce _ (x1, x2, ..., xn) namdvili ricxvTa n-eulebis simravle, 

romelSic moqmedebebi asea gansazRvruli: 

(x1, x2, ..., xn)+(y1, y2, ..., yn)= (x1+y1, x2+y2, ..., xn+yn) 

(x1, x2, ..., xn)=(x1, x2, ..., xn) 
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nebismieri V wrfiv sivrceSi SegviZlia SemoviRoT wrfivad damo-

ukideblobisa da wrfivad damokidebulebis cnebebi ise, rogorc iyo R
n-Si. 

 

gansazRvreba. vityviT, rom V veqtoruli sivrce n-ganzomilebiania, Tu 

arsebobs n wrfivad damoukidebeli veqtori, xolo nebismieri sistema n-ze 

meti veqtorisa wrfivad damokidebulia. 

Tu arsebobs n ricxvi iseTi, rom V wrfivi sivrce n-ganzomilebiana, maSin 

n-s ewodeba wrfivi sivrcis ganzomileba, winaaRmdeg SemTxvevaSi, V-s 

ewodeba usasrulo ganzomilebiani. 

 

gansazRvreba. n-ganzomilebiani wrfivi sivrcis nebismier n wrfivad 

damoukidebel veqtors wrfivi sivrcis bazisi ewodeba. 

 

Teorema. n-ganzomilebiani wrfivi sivrcis nebismieri veqtori wrfivad 

gamoisaxeba bazisis veqtorebiT da es gamosaxva eraderTia. 

 

damtkiceba. vTqvaT, neee ...,,, 21  aris n-ganzomilebiani wrfivi sivrcis 

bazisi. x


 nebismieri veqtoria. gansazRvrebis Tanaxmad, yoveli n+1 veqtori 

wrfivad damokidebulia, e. i. x , neee ...,,, 21  wrfivad damokidebul veqtorTa 

sistemaa, amitom arsebobs ricxvebi , 1, n, romelTagan erTi mainc0, 

rom  

0...2211  nneeex     (1) 

cxadia, 0, radgan winaaRmdeg SemTxvevaSi, neee ...,,, 21  wrfivad damokide-

buli sistema iqneba. maSasadame, (1)-dan x  gamoisaxeba wrfivad neee ...,,, 21  

veqtorebiT _  

nneeex   ...2211 . 

Tu garda amisa gvaqvs: 

nneeex   ...2211 , 

maSin 

nnn eee )(...)()(0 222111   . 

radgan neee ...,,, 21  wrfivad damoukidebel veqtorTa sistemaa, amitom 

n  ,...,, 2211 . 

 

nneeex   ...2211  gamosaxvaSi, romelic, rogorc vaCveneT erTaderTia, 

1, n ricxvebs ewodeba x  veqtoris koordinatebi. 

 

Cven ganvsazvreT wrfivi (veqtoruli) sivrce R namdvil ricxvTa 

simravleze, R-is nacvlad Tu aviRebT kompleqsur ricxvTa C simravles da 
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ganvmartavT kompleqsuri ricxvis namravls veqtorze ise, rom Sesruldes 

analogiuri pirobebi, maSin gveqneba kompleqsuri wrfivi sivrce. Cven 

ZiriTadad ganvixilavT namdvil wrfiv sivrces. 

 

veqtorebis Sekrebis dros koordinatebi ikribeba da ricxvze 

gamravlebisas koordinatebi mravldeba ricxvze. 

 

Tu )...,,,( 21 nxxxx  ,  )...,,,( 21 nyyyy  , 

maSin 

)...,,,( 2211 nn yxyxyxyx  , 

)...,,,( 21 nxxxx   . 

 

Teorema. Tu V wrfiv sivrceSi neee ...,,, 21  wrfivad damoukidebel veqtorTa 

sistemaa da yoveli veqtori maTi wrfivi kombinaciaa, maSin neee ...,,, 21  

bazisia. 

 

damtkiceba. neee ...,,, 21  wrfivad damoukidebelia. dasamtkicebelia mxolod, 

rom n-ze meti veqtori wrfivad damokidebulia. vTqvaT, maaa ...,,, 21  veqtorebi 

V sivrcis elementebia da m>n. pirobis Tanaxmad, 

nn eeea 12211111 ...    

nn eeea 22221122 ...    

- - - - - - - 

nnmmmm eeea   ...2211 . 

ganvixiloT matrica 

 

mnnmnn

m

m

A































...

....

...

...

11

21221

11211

 

 

radgan n<m, amitom, cxadia, am matricis rangi r(A)n<m. amitom matricis 

svetebi wrfivad damokidebulia. maT Soris SeiZleba iyos sul didi n 

wrfivad damoukidebeli sveti. e. i. erT-erTi sveti aris sxva svetebis 

wrfivi kombinacia. amitom maaa ,...,, 21  veqtorebidan erT-erTi sxva 

veqtorebis wrfivi kombinaciaa. maSasadame, maaa ,...,, 21  wrfivad 

damokidebul veqtorTa sistemaa. 
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Teorema R
n sivrcis ganzomilebis Sesaxeb. R

n sivrcis ganzomileba n-is 

tolia. 

damtkiceba. ganvixiloT veqtorebi:  

neee ...,,, 21 , 

sadac  1e =(1, 0, ..., 0);  2e =(0, 1, ..., 0); ... ; ne =(0, 0, ..., 1).  

 

  

es sistema wrfivad damoukidebelia _  

0...2211  nn eee   mxolod maSin, roca 0...21  n , radgan es 

veqtori aris: )...,,,( 21 n . 

meores mxriv, yoveli veqtori )...,,,( 21 na   maTi wrfivi kombnaciaa, 

radgan nneeea   ...2211 . 

 

Teorema (bazisamde Sevseba). V wrfiv sivrceSi yoveli wrfivad 

damoukidebel veqtorTa sistema SeiZleba SevavsoT bazisamde. 

 

damtkiceba. vTqvaT, keee ,...,, 21  wrfivad damoukidebel veqtorTa sistemaa. 

Tu V sivrcis yvela veqtori maTi wrfivi kombinaciaa, maSin es yofila 

bazisi da k ganzomilebaa. winaaRmdeg SemTxvevaSi, V-Si arsebobs 1ke  

veqtori, romelic wrfivad ar gamoisaxeba keee ,...,, 21  veqtorebiT. maSin 

keee ,...,, 21 , 1ke  iqneba wrfivad damoukidebel veqtorTa sistema. Tu V-s 

yvela veqtori am veqtorebiT wrfivad gamoisaxeba,^maSin es sistema bazisia, 

winaaRmdeg SemTxvevaSi, avagebT keee ,...,, 21 , 1ke , 2ke  wrfivad damoukidebel 

veqtorTa sistemas. veqtorebis damateba ar SeiZleba gagrZeldes 

usasrulod, Tu V sasrul-ganzomilebiania. amitom aucileblad miviRebT 

neee ,...,, 21  veqtorebs, romlebic wrfivad damoukidebelia da yvela veqtori 

maTi saSualebiT wrfivad gamoisaxeba. e. i. es sistema bazisia da Seicavs 

veqtorebs keee ,...,, 21 . 

 

 

 

veqtorul sivrceTa izomorfizmi. 

 

gansazRvreba. vTqvaT, V veqtoruli sivrcea. 'V  aris meore veqtoruli 

sivrce. vityviT, rom izomorfulia V
1-is Tu arsebobs urTierTcalsaaxa f 

asaxva: 

f:V  'V  iseTi, rom 
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1) )()()( yfxfyxf   da 2) )()( xfxf   , yvela Vx  da Vy  veqtorebis-

Tvis. 

cxadia, Tu V izomorfulia 'V  wrfivi sivrcis, maSin 'V  izomorfulia V 

sivrcis da 

1) )()()( 111 yfxfyxf   ,  

2) )()( 11 xfxf    , yoveli yx ,  veqtorebisTvis 'V  sivrcidan. aq f 
–1 aris 

f-is Seqceuli asaxva (f –1 arsebobs, radgan f bieqciaa). 

 

Teorema izomorfizmis Sesaxeb. M veqtoruli sivrce izomorfulia M
1-is 

maSin da mxolod maSin, roca M da M′-is ganzomilebebi tolia. 

 

damtkiceba. vTqvaT, n aris M da M′-is ganzomilebebi. maTi bazisebi iyos: 

neee ,...,, 21  da neee  ,...,, 21 . 

vTqvaT, nneeex   ...2211  M 

ganvixiloT asaxva: 

xx  , sadac nn eeex   ...2211 . 

cxadia,  

)()()( yfxfyxf  , 

)()( xfxf   , e. i. M izomorfulia M′-is. 

axla, vTqvaT M izomorfulia M′-is. vaCvenoT, rom maSin maTi 

ganzomilebebi tolia. 

davuSvaT sawinaaRmdego, M-is ganzomilebaa n, M′-is _ m da mn. SevniS-

noT, rom M-is nulovan veqtors Seesabameba M′-is nulovani veqtori, radgan 

)()0()()0( xffxfxf  , e. i. 0)0( f . 

garda amisa, cxadia, 

))(...)()()...( 22112211 kkkk xfxfxfxxxf   . 

Tu neee ,...,, 21  bazisia M-Si, maSin, Tu k>n, kxxx ,...,, 21  wrfivad damoki-

debulia, e. i. arsebobs k ...,,, 21 , romelTagan erTi mainc ar udris nuls, 

rom gvaqvs 

0...2211  kk xxx   

aqedan 

0)0())(...)()( 2211  fxfxfxf kk  V′. 

e. i. )(...,),(),( 21 kxfxfxf  wrfivad damokidebulia M′-Si. amitom M′-is 

ganzomileba mn. analogiurad miviRebT: nm. e. i. n=m. 
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leqcia 17 

 

axal bazisze gadasvla 

 

yvela wrfivi sivrce, romlis ganzomileba aris n, izomorfulia R
n-is. 

amitom SeiZleba es sivrce ganvixiloT. yvela Teorema izomorfizmis gamo 

gadaitaneba nebismier sxva sivrceze, romelic imave ganzomilebisaa. 

vTqvaT, R
n-Si gvaqvs ori bazisi: neee ,...,, 21  da neee  ,...,, 21 . pirvel baziss 

pirobiTad vuwodoT Zveli bazisi, meores axali bazisi. cxadia, meore 

bazisis yoveli veqtori wrfivad gamoisaxeba Zveli bazisis veqtorebiT da 

piriqiT. 

nn eaeaeae 12211111 ...  

nn eaeaeae 12211111 ...  

- - - - - -  

 nn eaeaeae 12211111 ... . 

 























nnnn

n

n

A







...

....

...

...

21

22221

11211

,  

 

A matricas ewodeba axal bazisaze gadasvlis matrica, misi svetebi axali 

bazisis veqtorebis koordinatebia. cxadia, svetebi wrfivad damoukidebe-

lia, amitom A matrica aragadagvarebuli matricaa, arsebobs A
–1 matrica, 

romliTac Zveli bazisi gamoisaxeba axliT. 

aviRoT nebismieri x  veqtori. vTqvaT, 

x =(x1, x2, ... , xn), anu    

nnexexexx  ...2211     (1) 

garda amisa, vTqvaT, 

nnexexexx  ...2211    (2)  

gaviTvaliswinoT axal bazisze gadasvlis formulebi. miviRebT: 

 )...(...)...()...( 22112222112212211111 nnnnnnnnnn eeexeeexeeexx   

nnnnnnnnnn exxxexxxexxx )...(...)...()...( 22112222212111212111
  .    (3) 

(1) da (3)-is gamo gvaqvs koordinatTa gardaqmnis formulebi: 
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nnnnnn

nn

nn

xxxx

xxxx

xxxx













...

......

...

...

2211

22221212

12121111

 

matriculad es ase Caiwereba: 

















































nn x

x

x

A

x

x

x

......

2

1

2

1

 

magaliTi. vTqvaT, ji ,  sibrtyeze sakoordinrato RerZebis ortebia, maSian 

ji ,  bazisia. 

Tu koordinatTa RerZebs movabrunebT  kuTxiT saaTis isris sawina-

aRmdego mimarTulebiT, maSin axali RerZebis ortebi ji  ,  agreTve iqneba 

sibrtyeze veqtorTa wrfivi sivrcis bazisi.  

i  adgens α kuTxes i  veqtorTan, xolo j  veqtorTan _ 



2
 an 

2


   

kuTxes. amitom i -is koordinatebi Zvel bazisSi iqneba: cos da sin (
2


  ). 

e. i. cos da sin i =cos i +sin j . j -is koordinatebi iqneba cos( 



2
) da 

sin( 



2
)=cos, anu –sin da cos. 

j=–sin i + cos j . 

e. i. 








 






cossin

sincos
A  

 

maSasadame, gveqneba koordinatTa gardaqmnis formulebi: 

 























y

x
A

y

x
  anu  













cossin

sincos

yxy

yxx
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evkliduri sivrce 

 

vTqvaT, V aris wrfivi sivrce (namdvili wrfivi sivrce). SemoviRoT ori 

veqtoris skalaruli namravli; yovel x  da y  veqtors SevusabamoT ricxvi 

( x , y ) ise, rom yoveli λ ricxvisTvis Sesruldes pirobebi: 

1) ( x , y )=( y , x ) 

2) ( x + y , z )=( x , z )+( y , z ) 

3) (λ x , y )= λ ( x , y ) 

4) ( x , x )≥0, amasTanave es ricxvi nulia maSin da mxolod maSin, roca x =0. 

am operacias ewodeba veqtorebis skalaruli gamravleba; ( x , y )-s ewodeba 

skalaruli namravli. 

( x , x )-s ewodeba x  veqtoris skalaruli kvadrati da ase Caiwereba x 2. 

SevniSnoT, rom 

(0 , y )=(0· x , y )=0·( x , y )=0. 

evkliduri sivrce ewodeba wrfiv sivrces, romelzec SemoRebulia 

skalaruli gamravleba. 

wrfivi sivrcis baziss ewodeba Sesabamisi evkliduri sivrcis bazisi. 

 

magaliTi 1. vTqvaT, M aris samganzomilebiani sivrcis veqtorTa 

simravle. aq gansazRvruli skalaruli namravli akmayofilebs oTxive 

pirobas. M evkliduri sivrcea. 

 

magaliTi 2. R
n-Si SemoviRoT skalaruli gamravleba Semdegnairad: 

Tu ),...,,( 21 nx  , ),...,,( 21 ny  , )...(),( 2211 nnyx   , 

maSin R
n iqneba, evkliduri sivrce. 

or E da E′ evklidur sivrceebs ewodeba izomorfuli, Tu Sesabamisi 

wrfivi sivrceebi izomorfulia da ))(),((),( yfxfyx  , sadac f aris asaxva: 

f:E  E′. 

veqtoris sigrZe evklidur sivrceSi ase ganimarteba: 

),( xxx  . 

cxadia, 0x , maSin da mxolod maSin, roca 0x . 

    xx   . 

amasTanave,   yxyx ),(     (1) 

da     yxyx  )( .    (2) 

davamtkicoT (1). 

ganvixiloT nebismieri t ricxvisTvis 
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);( ytxytx  , cxadia, 

0);(  ytxytx , nebismieri t ricxvisTvis. 

skalaruli namravlis Tvisebebis Sesabamisad gvaqvs: 

0),(),(2),( 2  yytyxxtxx  

radgan kvadratuli samwevri nebismieri t-sTvis 0, amitom misi diskrimi-

nanti (diskriminantis meoTxedi) naklebia an tolia nulis. 

0),)(,(),( 2  yyxxyx  

anu    yxyx ),( . 

axla (2) davamtkicoT: 

),(2),(
222

yxyxyxyxyx  , 

magram 

  yxyxyx  2
222

. 

yxyx ),( . 

e. i.    ,)( 2
2

yxyx    .yxyx   

 

veqtorebs Soris kuTxe ukve SegviZlia am tolobiT SemoviRoT 

||||
cos

yx

yx


 . 

or veqtors ewodeba orTogonaluri, Tu maTi skalaruli namravli 

nulia. 

 

 

 

 

orTonormirebuli bazisi 

 

nxxx ,...,, 21  veqtorTa sistemas ewodeba orTogonaluri, Tu veqtorebi 

wyvil-wyvilad orTogonaluria. 

 

Teorema. orTogonalur aranulovan veqtorTa sistema wrfivad damouki-

debelia. 

 

damtkiceba. vTqvaT, nxxx ,...,, 21  orTogonalur aranulovan veqtorTa siste-

maa. davuSvaT es sistema wrfivad damokidebulia. maSin arsebobs ricxvebi 

, ... , n, romelTagan erTi mainc ar aris nuli, rom 

nn xxx   ...2211 =0. 
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vTqvaT, 01  , gavamravloT skalarulad orive mxare 1x -ze. 

miviRebT 

0|| 11 x , radgan 01  , amitom 01 x , miviReT winaaRmegoba, 

x  veqtors ewodeba erTeulovani, Tu | x |=1. 

Tu nxxx ,...,, 21  orTogonaluria da TiToeuli veqtori erTeulovania, 

maSin am sistemas ewodeba orTonormirebuli sistema. 

 

Teorema. yovel evklidur sivrceSi arsebobs orTonormirebuli bazisi. 

 

damtkiceba. vTqvaT, nggg ,...,, 21  bazisia. avagoT orTogonaluri sistema 

Semdegnairad:  

11 gf  , 

1122 ggf   da  ise SevarCioT, rom ),( 12 ff =0, anu 

0),( 121  ggg   

anu   0)(),( 21121  gggg  . 

radgan 01 g , aqedan  ganisazRvreba. 

f3 ase SevarCioT: 

221133 ffgf   , da  da  ise SevarCioT, rom  

0),( 13 ff  da 0),( 23 ff . 

amasac mivaRwevT. 

Tu am process gavagrZelebT, avagebT nfff ,...,, 21  orTogonalur sistemas, 

romelic wrfivad damoukidebelic iqneba. aqedan miiReba orTonormirebuli 

sistema: 

n

n

f

f

f

f

f

f
,...,,

2

2

1

1 . 

skalaruli namravlis gamosaxva orTonormirebul bazisSi. 

 

vTqvaT,   

nn

nn

eeey

eeex









...

,...

2211

2211
, 

sadac neee ,...,, 21  orTonormirebuli bazisia, maSin advili saCvenebelia, 

rom 

nnyx   ...),( 2211 . 
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leqcia 18 

 

afinuri sivrce 

 

vTqvaT, mocemulia V wrfivi sivrce da A simravle, romlis elementebs 

vuwodoT wertilebi. vTqvaT, Sesrulebulia pirobebi. 

1) yovel or M da N wertilebs A-dan Seesabameba veqtori x V. CavwerT 

ase: MNx  . 

2) yoveli M wertilisa da x V veqtorisTvis arsebobs erTaderTi N 

wertili, rom 

xMN  . 

3) yoveli sami M, N, P wertilebisTvis 

MPNPMN  . 

maSin A simravles vuwodoT afinuri sivrce, romelic V wrfiv sivrces 

Seesabameba. Tu V n-ganzomilebiania, maSin A-s ewodeba n-ganzomilebiani 

afinuri sivrce. 

vTqvaT, A afinur sivrceSi aviReT O wertili. maSin yovel M wertils 

Seesabameba veqtori: AOMx  . am veqtors vuwodoT radius-veqtori. 

SevniSnoT, rom yovel wyvils, romelic erTi da imave wertilebisgan 

Sedgeba Seesabameba nulovani veqtori: 

0... NNMM , 

marTlac, 

MNMNMM  , aqedan 0MM . 

koortinatTa sistema ewodeba wertilisa da bazisis erTobliobas: 

(0, neee ,...,, 21 ) aris koordinatTa sistema afinur sivrceSi. M wertilis 

koordinatebi vuwodoT misi radius-veqtoris koordinatebs, e. i. Tu  

nnexexexOM  ...2211 , maSin 

vwerT:    M=(x1, x2 ... xn). 

Tu M=(x1, x2 ... xn), N=(y1, y2 ... yn) 

maSin     ),...,,( 2211 nn xyxyxyMN  . 

marTlac 

OMONMN   (radgan ONMNOM  ). 

aqedan 

MN -is koordinatebia y1–x1, y2–x2, ..., yn–xn. 

koordinatTa sistemas ewodeba marTkuTxa, Tu bazisi orTonormirebuli 

bazisia. 
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vTqvaT, gvaqvs ori sistema: 

( neee ,...,,,0 21 ) da ( neee  ,...,,,0 21 ). 

A iyos neee ,...,, 21  bazisidan axal bazisze _ neee  ,...,, 21  gadasvlis 

matrica. 

vTqvaT, O′=(h1, h2, ... h3) 

Tu MO -is koordinatebi neee ,...,, 21  bazisSi aris (y1, y2, ... yn), maSin gvaqvs 

OOOMMO  . 

 

aqedan  

































































4

2

1

4

2

1

4

2

1

.........

h

h

h

x

x

x

y

y

y

. 

meores mxriv axal bazisze gadasvlis formulebis Tanaxmad, 

















































4

2

1

4

2

1

......

x

x

x

A

y

y

y

 

sabolood gvaqvs koordinatTa gardaqmnis formulebi: 







































































4

2

1

4

2

1

4

2

1

.........

h

h

h

x

x

x

A

x

x

x

. 

kerZod, Tu nn eeeeee  ...,,, 2211 , maSin 







































































4

2

1

4

2

1

4

2

1

.........

h

h

h

x

x

x

x

x

x

 

am formulebs ewodeba koordinatTa gardaqmnis formulebi paraleluri 

gadatanisas. 

 

 



 38 

wrfivi gardaqmna 

 

vTqvaT, V wrfivi sivrcea. ganvixiloT asaxva f:V  V, Tu )(xfy  , maSin y  

aris x -is saxe. x  aris y -is wina saxe. 

vityviT, rom f asaxva aris wrfivi asaxva, Tu sruldeba pirobebi: 

1) )()()( 2121 xfxfxxf   

2) )()( xfxf   . 

 

aqedan gamomdinareobs, rom 

)()()( yfxfyxf   ,   da   nebismieri ricxvebia. 

wrfivi asaxvisas: 0)0( f . 

radgan 0)()()()0(  xfxfxxff . 

 

 

 

 

 

wrfivi asaxvis matrica 

 

vTqvaT, f wrfivi asaxvaa da cnobilia, rom 

nn eeeef 12211111 ...)(    

nn eeeef 12211112 ...)(    

- - - - - -  

nnn eeeef 1221111 ...)(    

 























nnnn

n

n

A







...

............

...

...

21

22221

11211

 

matricas ewodeba f wrfivi asaxvis matrica, misi svetebi aris 

)(...,),(),( 21 nefefef -is koordinatebi. 

axla aviRoT nebismieri x  veqtori da vTqvaT, nnexexexx  ...2211 . 

radgan Vxf )( , amitom nneyeyeyxf  ...)( 2211 , meores mxriv 

.)...(...)...()...(

)...(...)...()...(

)(...)()()(

22112222212111212111

22112222112212211111

2211

nnnnnnnnnn

nnnnnnnnnn

nn

exxxexxxexxx

eeexeeexeeex

efxefxefxxf










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maSasadame, 

y1=11x1+12x2+ ... 1nxn 

y1=21x1+22x2+ ... 2nxn 

- - - - 

yn=n1x1+ n2x2+ ... nnxn 

 

matriculad Y=AX, Y=





















4

2

1

...

y

y

y

,  X=





















4

2

1

...

x

x

x

. 

asec vwerT: Tu )(xfy  , f wrfivi asaxvaa A matriciT, maSin 

xAy  . 

 

 

 

erTi da imave asaxvis matricebs Soris kavSiri sxvadasxvaa bazisebSi. 

 

Teorema. Tu 

neee ,...,, 21      (1) 

da     neee  ,...,, 21     (2) 

ori bazisia V wrfivi sivrcis da A aris f asaxvis matrica (1) bazisSi. 

maSin matrica meore bazisSi moicema formuliT: 

B=T
–1

AT ,    (3) 

sadac T aris (1) bazisidan (2)-ze gadasvlis matrica. 

 

damtkiceba: vTqvaT, ),...,,( 21 nxxxx   (1) bazisSi da ),...,,( 21 nxxxx   meore 

bazisSi. 

),...,,()( 21 nyyyxfy   (1) bazisSi da 

),...,,()( 21 nyyyxfy   (2) bazisSi. 

maSin 

X=TX′    X= 





















4

2

1

...

x

x

x

, X′= 



























4

2

1

...

x

x

x

   (4) 

Y= TY′    Y= 





















4

2

1

...

y

y

y

,  Y′=



























4

2

1

...

y

y

y

    (5) 
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garda amisa, viciT, rom 

Y=AX 

Y′=BX′ 

(4)-dan    AX=ATX′, anu 

TY′=Y=AX=ATX′ 

aqedan    Y′=(T 
–1

AT)Y′, miviReT:  B=T 
–1

AT. 
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wrfivi asaxvis maxasiaTebeli gantoleba 

 

Teorema. Tu f wrfivi asaxvis matrica 

neee ,...,, 21  

bazisSi aris A, xolo neee  ,...,, 21  baziSi aris B. maSin 

det(A–λE)=det(B–λE), 

sadac λ nebismieri ricxvia, E erTeulovani matricaa; anu 

 



























nnnn

n

n

nnnn

n

n

bbb

bbb

bbb

aaa

aaa

aaa

...

............

...

...

...

............

...

...

21

22221

11211

21

22221

11211

 

 

damtkiceba. vTqvaT, T aris pirveli bazisidan meoreze gadasvlis 

matrica, maSin, rogorc viciT, B=T
–1

AT. 

maSasadame, 

det(B–λE)= det(T
–1

AT–λE)=det(T
–1

AT–λT
–1

ET)=det(T
–1

AT–λT
–1

ET)=det(T
–1

(A–λE)T)= 

=detT
–1

det(A–λE)detT=det(A–λE), radgan T·T 
–1

=E. 

 

cxadia, det(A–λE) aris n xarisxis mravalwevri. am mravalwevrs hqvia 

wrfivi asaxvis maxasiaTebeli mravalwevri, xolo gantolebas 

det(A–λE)=0 

hqvia wrfivi asaxvis maxasiaTebeli gantoleba. mas ewodeba agreTve A 

matricis maxasiaTebeli gantoleba.  
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wrfiv asaxvaTa namravli 

 

vTqvaT, f wrfivi asaxvaa da )(xfy  . g meore asaxvaa da )(ygz  . am 

SemTxvevaSi amboben, rom z  miiReba x -sgan f da g asaxvebis mimdevrobiT 

CatarebiT. am axal asaxvas hqvia f da g-s namravli. da ase Caiwereba g  f. e. i. 

g  f( x )=g(f( x )). 

 

Teorema: wrfiv asaxvaTa namravli wrfivi asaxvaa. 

Tu f-is matrica aris A, g-s matrica aris B, maSin g  f-is matrica aris B·A. 

 

damtkiceba. nebismieri 1x  da 2x  veqtorisTvis 

),()()(

)),(()(

2121

2121

xgxgxxg

xxfgxxfg








 

radgan f da g wrfivi asaxvebia. 

maSin gveqneba: 

))(())((

))()(())(())((

21

212121

xfgxfg

xfxfgxxfgxxfg












 

 

vTqvaT, )(xfy  , )(yfz  . 

)(xfgz  , 

 

maSin    Y=AX, Z=BY  

 

X=





















4

2

1

...

x

x

x

, Y=





















4

2

1

...

y

y

y

, Z=





















4

2

1

...

z

z

z

 . 

 

C iyos g  f -is matrica, maSin 

Z=CX. 

maSin gvaqvs: 

Z=BY=(BA)X 

e. i.    C=BA. 
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wrfivi asaxvebis jami 

 

f da g asaxvebis jami ewodeba iseT h asaxvas, romelic ase ganimarteba: 

)()()( xgxfxh  . 

 

Teorema. h asaxvac wrfivi asaxvaa, Tu f da g wrfivi asaxvebia, h-is 

matrica C aris A da B matricebis jami, sadac A aris f-is matrica, B aris 

g-s matrica. 

 

damtkiceba: )()()()()( ygxfyhxhyxh   . 

vTqvaT, )(xfy  , )(yfz  , axla gavixsenoT, rom, Tu f-is matrica aris A, 

maSin 

Y=A·X, 

Tu g-s matrica aris B, maSin 

Z=BX 

Y+Z=CX, Y+Z=(A+B)X. 

e. i.      C=A+B. 

 

 

aragadagvarebuli wrfivi asaxva ewodeba wrfiv asaxvas, romlis matrica 

aragadagvarebulia. yoveli aragadagvarebuli wrfivi asaxva bieqciaa 

(urTierTcalsaxa asaxvaa).  

marTlac, vaCvenoT, rom yoveli y  veqtorisTvis arsebobs erTaderTi x  

iseTi, rom yxf )( , anu 

Y=AX. 

Tu am tolobas ganvixilavT rogorc n-ucnobian gantolebaTa sistemas, 

maSin misi A matrica aragadagvarebulia, amitom sistemas aqvs erTaderTi 

amonaxsni.  

imisaTvis, rom wrfivi asaxva iyos aragadagvarebuli aucilebelia da 

sakmarisi, rom aranulovani veqtoris saxe iyos aranulovani veqtori. 

aucilebloba. vTqvaT, f aragadagvarebulia. yovel wrfiv asaxvas 

nulovani veqtori gadahyavs nulovanSi. magram f urTierTcalsaxaa, amitom 

aranulovani gadadis aranulovanSi. 

sakmarisia. vTqvaT, f wrfiv asaxvas yoveli aranulovani veqtori gadahyavs 

aranulovanSi. davuSvaT sawinaaRmdego _ f ar aris aragadagvarebuli, e. i. 

detA=0, maSin sistemas AX=0 aqvs aranulovani amonaxsni. e. i. (x1, x2, ... xn) 

aranulovani veqtori gadadis nulovanSi. 
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cxadia, aragadagvarebuli wrfivi asaxvebis namravli aragadagvarebulia, 

radgan gamravlebisas matricebi mravldeba da aragadagvarebuli 

matricebis namravli, cxadia, aragadagvarebulia. 

 

 

 

wrfivi asaxvis Sebrunebuli asaxva. 

 

f asaxvas Sebrunebuli uwodeba iseT  asaxvas, romlisTvisac 

xxfxf  )()(    

e. i. f  da f  igivuri asaxvebia. 

am tolobidan gamodis, rom 

AB=BA=E, sadac 

A aris f-is matrica, B aris -s matrica, E erTeulovani matrica. 

aqedan gamodis: imisaTvis, rom arsebobdes Sebrunebuli asaxva 

aucilebelia da sakmarisia rom es asaxva iyos aragadagvarebuli da 

Sebrunebulis matrica am asaxvis matricis Sebrunebulia: 

B=A
-1

. 

 

 

 

wrfivi asaxvis sakuTrivi veqtori 

 

aranulovan x  veqtors ewodeba f wrfivi asaxvis sakuTrivi veqtori, Tu 

arsebobs iseTi λ ricxvi, rom 

xxf )( . 

matriculad es toloba ase Caiwereba: 

AX= λX (an ase xxA  ). 

 

X=





















4

2

1

...

x

x

x

 

 

λ ricxvs ewodeba x  sakuTrivi veqtoris sakuTrivi ricxvi. 
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vTqvaT, 























mnmm

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

aris f wrfivi asaxvis matrica. 

maSin toloba 

AX= λX 

ase Caiwereba  (A–λE)X=0. 

es ki ase Caiwereba: 

(a11–λ)x1+a12x2+ ... +a1nxn=0 

a21x1+(a22x2–λ)+ ... +a2nxn=0 

- - - - - -    

an1x1+an2x2+ ... +(annxn–λ)=0.  

 

am sistemas rom hqondes aranulovani amonaxsni misi determinanti nuli 

unda iyos 

det(A–λE)=0. 

es ki A matricis maxasiaTebeli gantolebaa. maSasadame, sakuTrivi 

ricxvebis sapovnelad unda SevadginoT A matricis maxasiaTebeli 

gantoleba da unda vipovoT am gantolebis fesvebi. am maxasiaTebeli 

ricxvis Sesabamisad vpoulobT erTgvarovani sistemis aranulovan 

amonaxsns. es amonaxsni warmogvidgens sakuTriv veqtors. 

 

 

matricis miyvana diagonalur saxeze (diagonalizacia). 

 

Teorema. imisaTvis, rom f wrfivi asaxvis matrica neee ,...,, 21  bazisSi iyos 

diagonaluri aucilebelia da sakmarisi, rom neee ,...,, 21  veqtorebi iyos 

sakuTrivi veqtorebi. 

marTlac, Tu neee ,...,, 21  sakuTrivi veqtorebia, es tolfasia imisa, rom 

nn eef

eef

eef













)(

...

)(

)(

22

11

 

e. i. )( 1ef -s Seesabameba veqtor-sveti 





















0

...

0

1

, )( 2ef -s  





















0

...

0

2
, )( nef -s  





















n

...

0

0

. 
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magram es svetebi A matricis svetebia: 























n

A







000

....

000

0...0

2

1

. 

Tu 























n

A







000

....

000

0...0

2

1

, maSin miviRebT: nn eefeefeef   )(,...,)(,)( 2211 , 

e. i. neee ,...,, 21 sakuTrivi veqtorebia. 

A matricas ewodeba dayvanadi diagonalur saxeze, Tu arsebobs T 

aragadagvarebuli matrica, rom T
–1

AT _ diagonaluria, anu Tu arsebobs A-s 

msgavsi matrica, romelic diagonaluria. 

A da T
–1

AT matricebis maxasiaTebeli gantolebebi erTi da igivea, maTi 

maxasiaTebeli ricxvebiT erTi da igivea. amitom, Tu n ,...,, 21 s A matricis 

maxasiaTebeli ricxvebia, maSin 























n

B







000

....

000

0...0

2

1

. 

 

Teorema. imisaTvis, rom f asaxvis A matrica iyos dayvanili diagonalur 

saxeze aucilebelia da sakmarisi rom arsebobdes bazisi, romlis 

veqtorebi f-is sakuTrivi veqtorebia. 

 

damtkiceba. aucilebloba. vTqvaT, f-is bazisia neee ,...,, 21 , misi matrica 

aris A da A dayvanadia diagonalur saxeze. e. i. arsebobs aragadagvarebuli 

T matrica iseTi, rom B=T
–1

AT. T aragadagvarebuli matricaaa. is SeiZleba 

ganvixiloT rogorc neee ,...,, 21  bazisidan axal neee  ,...,, 21 -ze gadasvlis 

matricad, maSin axal bazisSi f-is matrica iqneba B=T
-1

AT, romelic 

diagonaluria, amitom es axali bazisi sakuTrivi veqtorebisgan Sedgeba. 

 

sakmarisoba. vTqvaT, A aris f-is matrica neee ,...,, 21  bazisSi da arsebobs 

neee  ,...,, 21  bazisi, romelic Sedgeba f-is sakuTrivi veqtorebisgan. maSin am 

bazisSi f-is matrica diagonaluria _ iyos is D. Tu T aris neee  ,...,, 21 -ze 

gadasvlis matrica, maSin D=T
–1

AT. 

maSasadame, Tu f-is matrica neee ,...,, 21  bazisSi aris A da A dayvanilia 

diagonalur saxeze, e. i. arsebobs T aragadagvarebuli matrica iseTi, rom 
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T
–1

AT=





















n





000

....

000

0...0

2

1

, 

sadac n ,...,, 21  _ A matricis maxasiaTebeli ricxvebia. T ki aris axal 

bazisze gadasvlis matrica. es axali bazisi Sedgeba sakuTrivi 

veqtorebisgan da maTi sakuTrivi ricxvebia n ,...,, 21 . maSasadame, T-s 

asagebad sakmarisia vipovoT A matricis sakuTrivi veqtorebi. 

Tu yvela sakuTrivi ricxvi A matricisa gansxvavebulia, maSin matrica 

miiyvaneba diagonalur saxeze. 

radgan im SemTxvevaSi, roca sakuTrivi ricxvebi gansxvavebulia, 

sakuTrivi veqtorebi wrfivad damoukidebelia da mas aviRebT bazisad. 

 

 

 

orTogonaluri matrica 

 























mnmm

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

 kvadratul matricas ewodeba orTogonaluri, Tu 

Sesabamisi veqtor-svetebi orTonormirebulia.  

),...,,(...,),,...,,(),,...,,( 21222122121111 nnnnnnn aaaxaaaxaaax  orTonormirebulia. 

maSasadame, Tu A orTogonaluria, maSin 










 ji

ji
aa

n

n

kjki
Tu

Tu

,0

,1

1

 ,  

magaliTad, 























 

100

010

001

,
cossin

sincos




 orTogonaluri matricebia. 

 

cxadia, erTeulovani matrica orTogonaluria. 

Teorema. imisaTvis, rom A matrica iyos orTogonaluri aucilebelia da 

sakmarisia, rom A-s transponirebuli _ A
T iyos A-s Sebrunebuli: A

T
=A

–1,^ 

anu Sesruldes piroba: A
T.

A=E. 

es gamomdinareobs matricebis gamravlebis formulebidan. 

aqedan gamomdinareobs, rom orTogonaluri matricis determinanti an 1-

ia, an -1-ia. 

radgan 

det(A
T.

A)=detE 
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detA
T.

detA=1 

(detA)
2
=1 

detA=1 

advili saCvenebelia, rom orTogonaluri matricebis namravli 

orTogonaluria. 

marTlac,   (AB)
T
AB=B

T
(A

T
A)B=B

T.
B=E. 

 

Teorema. orTonormirebuli bazisidan meore orTonormirebul bazisze 

gadasvlis matrica orTogonaluria. 

 

damtkiceba. vTqvaT, neee ,...,, 21  Zveli orTonormirebuli bazisia, neee  ,...,, 21  

– axali. T gadasvlis matricaa.  



















nnnn

n

ttt

ttt

T

...,,,

......

...,,,

21

12111

, 

maSin 

nnnnnn

nn

etetete

etetete





...

......

...

2211

12211111

 

magram orive bazisi orTonormirebulia, amitom  










ji

ji
ee ji

Tu

Tu

,0

,1
),( , 

magram 

    









ji

ji
ttttttee njnijijiji

Tu

Tu

,0

,1
...),( 2211 . 

es niSnavs, rom T matrica orTogonaluria. 

 

 

orTogonaluri gardaqmna ewodeba evkliduri sivrcis iseT asaxvas, 

romlis matrica raime orTonormirebul bazisSi orTogonaluria. 

 

Teorema. wrfivi asaxva maSin da mxolod maSin aris orTogonaluri, 

roca mas orTonormirebuli bazisi gadahyavs orTonormirebul bazisSi. 

 

SeniSvna: Cven yvelgan vixilavT wrfivi sivrcis, kerZod, evkliduri 

sivrcis Tavis TavSi wrfiv asaxvas. cxadia, analogiurad SeiZleba 

ganvmartoT wrfivi asaxva erTi raime wrfivi sivrcisa meore wrfiv 

sivrceSi. maTi ganzomilebebi SeiZleba toli ar iyos. maSin aseT wrfiv 
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asaxvebis matrica SeiZleba ar iyos kvadratuli. im asaxvebs romlebsac 

Cven vixilavT, zog wignSi wrfiv operatorebs uwodeben. 

 

axla davamtkicoT Teorema. vTqvaT, f orTogonaluri gardaqmnaa 

ekvliduri sivrcis da misi matrica neee ,...,, 21  orTonormirebul bazisSi 

aris 























nnnn

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

, 

magram misi svetebi ),...,1()( niefe iii   veqtorebis koordinatebia. 

 

Tu A matrica orTogonaluria, amitom neee  ,...,, 21  orTonormirebuli 

bazisia. 

Tu f asaxvas orTonormirebuli bazisi gadahyavs orTonormirebul 

bazisSi, maSin viciT, rom misi matrica orTogonaluria. 

 

Cven aq gamoviyeneT sityva `gardaqmna~, saqme imaSia, rom orTogonaluri 

gardaqmnis matrica aragadagvarebulia, amitom asaxva, romlis matrica 

aragadagvarebulia urTierTcalsaxacaa, aseT asaxvas ki `gardaqmna~ hqvia. 

 

Teorema. orTogonaluri gardaqmna ar cvlis skalarul namravls. 

 

damtkiceba. vTqvaT, neee ,...,, 21  orTonormirebuli bazisia (evkliduri 

sivrcis). 

nnexexexx  ...2211  

da  

nneyeyeyy  ...2211 , 

maSin skalaruli namravli iqneba: 

nn yxyxyxyx  ...),( 2211 . 

Tu f orTogonaluri gardaqmnaa: 

)(...)()()(

)(...)()()(

2211

2211

nn

nn

efyefyefyyf

efxefxefxxf




 

maSin )(,...),(),( 21 nefefef  orTonormirebuli bazisia. amitom 

nn yxyxyxyfxf  ...))(),(( 2211 . 

 

Sedegi 1. orTogonaluri gardaqmna ar cvlis veqtoris sigrZes. 

Sedegi 2. orTogonaluri gardaqmna ar cvlis kuTxes veqtorebs Soris. 
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leqcia 20 

 

kvadratuli forma 

 

vTqvaT,  























nnnn

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

. kvadratul matricas ewodeba simetriuli, 

Tu igi udris Tavis transponirebuls: 

A
T
=A. 

anu 

aij=aji,   i=1, 2, ... n 

j=1, 2, ... n 

kvadratuli forma ki ewodeba x1, x2, ... , xn cvladebis funqcias, romelic 

ase Caiwereba: 

....2...22),...,,(
1

22

222113113212

2

11121 
 


n

i

n

k

nmmnnkiikn xaxaxxaxxaxxaxaxxaxxxL   (1) 

zogierTi avtori kvadratuli formis gansazRvrebas iwyebs Semdegnairad: 


 


n

i

n

k

kiikn xxaxxxL
1

21 ),...,,( , 

sadac aik SeiZleba toli ar iyos aki ricxvis. maSin gveqneba, magaliTad 

wevrebi: a12x1x1+a21x2x1 maT jams ase CavwerT: 212112212112 )(
2

1
2)( xxaaxxaa   da 

axali aRniSvnebis SemotaniT Sesabamisi koeficientebi Seadgenen simetriul 

matricas. 

vTqvaT, X=





















4

2

1

...

x

x

x

, maSin X
T
=(x1, x2, ..., xn)  da kvadratuli forma matriculad 

SeiZleba ase CavweroT: 

L(x1, x2, ..., xn)=X
T
AX. 

sadac 























nnnn

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

 am kvadratuli formis matricaa. 

ganvixiloT x1, x2, ... xn cvladTa wrfivi erTgvarovani gardaqmna: 

x1=b11y1+b12y2+ ... +b1nyn 

x2=b21y1+b22y2+ ... +b2nyn 

- - - - - - 

xn=bn1y1+ b22y2+ ... +bnnyn. 



 51 

is ase Caiwereba: 

X=BY, sadac .

...

....

...

...

21

22221

11211























nnnn

n

n

bbb

bbb

bbb

B  

vigulisxmoT, 0|| B , gardaqmna aris aragadagvarebuli. 

maSin miviRebT: 

).,...,,()()()()...,,,( 21121 n

TTTT

n yyyLYABBYBYABYAXXxxxL   

miviReT kvadratuli forma, romlis matrica aris B
T
AB. am kvadratul 

formas ewodeba L(x1, x2, ... xn)-is eqvivalenturi. vwerT: 

L(x1, x2, ... xn)  L(y1, y2, ... yn). 

maTi matricebis rangebi tolia. 

 

L(x1, x2, ... xn) kvadratul formas ewodeba kanonikuri, Tu mas aqvs saxe 

L(x1, x2, ... xn)= 22

222

2

111 ... nnnxaxaxa  . 

Tu yvela koeficienti erTis tolia, maSin aseT kanonikur (diagonalur) 

kvadratul formas ewodeba normaruli. 

yoveli kvadratuli formisTvis arsebobs misi eqvivalenturi kanonikuri 

kvadratuli forma. 

roca n=1. maSin gvaqvs: 

L(x1)= 2

111xa . 

es ki kanonikuri formaa. 

davuSvaT yoveli kvadratuli forma m-cvladis (m<n) daiyvaneba 

kanonikur saxeze. 

vaCvenoT, rom maSin n-cvladiani formac eqvivalenturia kanonikuri 

formis. es ki niSnavs, rom, maTematikuri induqciis Tanaxmad, yoveli 

kvadratuli forma eqvivalenturia kanonikuri formis. vigulisxmoT, rom 

011 a . amas yovelTvis mivaRwevT. gamovyoT x1-is Semcveli wevrebi. 

L(x1, x2, ... xn)= ),...,,()2...2( 321112112

2

111 nnn xxxLxxaxxaxa  . 

es SeiZleba ase CavweroT: 

L(x1, x2, ... xn)= 2

1111 )...( nnxaxa  +L2(x21 ... xn). 

magram L2 eqvivalenturia kanonikuri formis, romelic Seicavs y21 ... yn 

cvladebs. 

maSin advili saCvenebelia, rom L(x1, x2, ... xn) eqvivalenturia diagonaluri 

formis L3(y1, y2, ... yn)-is. 

 

inerciis kanoni. yvela kanonikur formaSi, romlebic eqvivalenturi 

mocemuli kvadratuli formis, nulisagan gansxvavebuli koeficientebis 

raodenoba da dadebiTkoeficientebian wevrebis raodenoba erTi da igivea. 
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kvadratul formas ewodeba dadebiTad gansazRvruli Tu cvladebis 

nebismieri mniSvnelobebisTvis misi mniSvneloba dadebiTia. 

vTqvaT, L=X
T
AX,  























nnnn

n

n

aaa

aaa

aaa

A

...

....

...

...

21

22221

11211

 

 

kvadratuli formis dadebiTad gansazRvrulobisTvis aucilebelia da 

sakmarisi dadebiTi iyos yvela mTavari minori: 

a11>0,    .0

...

....

...

...

,...,0,0

21

22221

11211

333231

232221

131211

2221

1211


nnnn

n

n

aaa

aaa

aaa

aaa

aaa

aaa

aa

aa
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